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A B S T R AC T

Perovskite structure manganites show a rich variety of structural, magnetic, and electronic phases, whose coexistence and coupling give rise
to diverse physical properties. The orthorhombic manganites (o-RMnO3 ,
where R is a rare-earth cation or Y) possessing frustrated magnetic
orders are especially interesting since they belong to the class of socalled magnetoelectric multiferroics, in which magnetism and ferroelectricity coexist. It has been shown experimentally, that the establishment of these frustrated magnetic orders in o-RMnO3 with small
R cations give rise to a spontaneous electric polarization which can be
manipulated by an applied magnetic field. Understanding of the mechanism underlying these effects is important for potential development
of multifunctional devices as well as for fundamental understanding of
magnetoelectric phenomena.
Multiferroic o-RMnO3 have been the focus of intensive investigation in the past decades, however, there are still many open questions
about their properties. For example, different experimental groups have
reported contradictory data about the magnetic order as well as the directions and amplitudes of measured electric polarizations and these
contradictions have not been explained. The microscopic mechanism
of the establishment of the frustrated magnetic orders as well as the
evolution of the magnetic ground state across the series with changing
R cation is also currently debated. Another issue is the order of magnitude difference between experimentally measured values of the electric
polarization and those theoretically predicted for some representatives
of the series. Moreover, the difference in the magnetic and ferroelectric
properties of bulk samples and strained films of o-RMnO3 was not previously understood. The work in this thesis addresses these questions
using first-principles electronic structure calculations and Monte Carlo
simulations.
The first part of the project is devoted to finding a microscopic
model Hamiltonian which can provide an accurate treatment of the
magnetism in o-RMnO3 . I show that these systems demonstrate strong
non-Heisenberg behavior, and that higher-order exchange interactions,
such as biquadratic and four-spin ring exchanges, have to be taken into
account for a proper description of their magnetism.
Next, I address the origins of the inconsistencies in the measurements of the magnetic and ferroelectric properties of o-RMnO3 . I use
a model Hamiltonian including Heisenberg, biquadratic and four-spin
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ring exchanges as well as anisotropic terms (Dzyaloshinskii-Moriya
interaction and single-ion anisotropy) to describe their magnetism and
extract all the corresponding coupling and anisotropy constants using
density functional theory. Then, I perform Monte Carlo simulations using the extracted couplings and show that the different magnetic orders
can be stabilized in these systems by small variations of the exchange
interactions allowing me to explain the contradictory experimental reports. Moreover, I identify several exotic ground states favored by
four-spin ring exchange interactions, which had not previously been
reported.
Finally, I analyze the relationship between crystal structure and multiferroic orders in o-RMnO3 . In particular, I focus on how the internal lattice parameters (Mn-O bond lengths and Mn-O-Mn bond angles) evolve under chemical pressure and epitaxial strain, and how
these structural variations affect the microscopic exchange interactions,
long-range magnetic order and electric polarization. I show that chemical pressure and epitaxial strain are accommodated differently by the
crystal lattice of o-RMnO3 , which is key for understanding the difference in the magnetic and ferroelectric properties between bulk samples
and strained films.
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Z U S A M M E N FA S S U N G

Perowskit-Manganate zeigen eine große Vielfalt an strukturellen, magnetischen und elektronischen Phasen, deren Koexistenz und Kopplung
zu ihren vielfältigen physikalischen Eigenschaften führen. Orthorhombische manganate (o-RMnO3 , R ist ein Seltenerd-Kation oder Y) mit
frustrierten magnetischen Ordnungen sind besonders interessant, da
sie zur Klasse der sogenannten magnetoelektrischen Multiferroika gehören, in denen Magnetismus und Ferroelektrizität gleichzeitig existieren. Es wurde experimentell gezeigt, dass die Etablierung dieser frustrierten magnetischen Ordnungen in o-RMnO3 mit kleinen R Kationen
zu einer spontanen elektrischen Polarisation führt, die durch ein angelegtes Magnetfeld manipuliert werden kann. Das Verständnis der zugrunde liegenden Mechanismen ist wichtig für die mögliche Entwicklung von multifunktionalen Geräten sowie für das grundlegende Verständnis magnetoelektrischer Phänomene.
Multiferroische o-RMnO3 wurden in den letzten Jahrzehnten intensiv untersucht, es gibt jedoch noch viele offene Fragen zu ihren Eigenschaften. Zum Beispiel berichteten verschiedene experimentelle Gruppen widersprüchliche Daten über die magnetische Ordnung sowie die
Richtungen und Amplituden der gemessenen elektrischen Polarisationen und diese Widersprüche wurden nicht erklärt. Der mikroskopische
Mechanismus der Etablierung der frustrierten magnetischen Ordnungen sowie die Entwicklung des magnetischen Grundzustands über die
Serie hinweg aufgrund der Veränderung des R-Kations wird derzeit
ebenfalls diskutiert. Ein weiteres Problem ist die Größenordnung der
Differenz zwischen den Werten der elektrischen Polarisation, die experimentell gemessen wurden, und denen, die theoretisch für einige
repräsentative Strukturen der Serie vorhergesagt wurden. Außerdem
wurde der Unterschied in den magnetischen und ferroelektrischen Eigenschaften von Bulk-Proben und unter Spannung stehenden dünnen Schichten von o-RMnO3 vorher noch nicht vollständig verstanden. In meiner
Arbeit beschäftige ich mich mit dieser Fragen unter Verwendung von
Elektronenstruktur Rechnungen und Monte-Carlo Simulationen.
Der erste Teil der Doktorarbeit ist der Suche nach einem mikroskopischen Modell Hamiltonian gewidmet, der eine genaue Behandlung des
Magnetismus in o-RMnO3 liefern kann. Ich lege dar, dass diese Systeme ein starkes Nicht-Heisenberg-Verhalten zeigen und die Wechselwirkungen höherer Ordnung, wie z.B. biquadratische und Vier-Spin-
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Ring-Austausch-Kopplungen, für eine korrekte Beschreibung ihres Magnetismus berücksichtigt werden müssen.
Als nächstes gehe ich auf die möglichen Ursachen der Inkonsistenzen in den Messungen der magnetischen und ferroelektrischen Eigenschaften von mehreren o-RMnO3 Bulk-Materialien ein. Ich verwende
den Modell Hamiltonian einschließlich Heisenberg, biquadratischer
und Vier-Spin-Ring-Austausch-Kopplungen sowie Anisotropie-Terme
(Dzyaloshinskii-Moriya Wechselwirkung und Einzel-Ionen-Anisotropie) zur Beschreibung ihres Magnetismus, und extrahiere alle entsprechenden Kopplungs- und Anisotropiekonstanten mittels DFT. Dann
führe ich Monte-Carlo Simulationen mit den extrahierten Kopplungen
durch und stelle fest, dass die verschiedenen magnetischen Ordnungen
in diesen Systemen durch kleine Variationen der Wechselwirkungen
stabilisiert werden können, was mir ermöglicht die widersprüchlichen
Berichte über Messungen ihres Magnetismus und ihrer Ferroelektrizität zu erklären. Außerdem identifiziere ich mehrere exotische Grundzustände, die durch Vier-Spin-Ring-Austausch-Wechselwirkungen begünstigt werden, über die bisher nicht berichtet wurde.
Schließlich analysiere ich die Beziehung zwischen Kristallstruktur
und multiferroischen Ordnungen in o-RMnO3 . Insbesondere konzentriere ich mich darauf, wie sich die internen Gitterparameter (Mn-OBindungslängen und Mn-O-Mn-Bindungswinkel) unter chemischem
Druck und epitaktischer Verzerrung entwickeln und wie sich diese
Variationen der Struktur auf die mikroskopischen Austausch-Wechselwirkungen, die langreichweitige magnetische Ordnung und die elektrische Polarisation auswirken. Ich zeige, dass chemischer Druck und
epitaktische Dehnung durch das Kristallgitter von o-RMnO3 unterschiedlich aufgenommen werden, was der Schlüssel zum Verständnis der
Unterschiede in den magnetischen und ferroelektrischen Eigenschaften
zwischen Bulk-Proben und verzerrten Filmen ist.
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1.1

I N T RO D U C T I O N

Ferroics, materials which possess spontaneous and switchable longrange order (ferromagnetic, ferroelectric or ferroelastic) [1, 128], are
widely used in modern technology. One of their applications (in particular, of ferromagnets and ferroelectrics) which is of paramount importance, is in memory elements which store digital information through
the orientation of the ferroic order [129]. The fast development of the
information technologies requires constant improvement of the technical characteristics of these memory elements (namely, making them
faster, more sustainable and energy efficient) and their miniaturization
without increase in the production costs. A promising route to achieve
this can be a combination of several ferroic orders in one material.
Materials in which two or more ferroic orders coexist are called multiferroics. Initially this term was used to describe single phase materials with coexisting ferromagnetism, ferroelectricity and/or ferroelasticity [113]. Nowadays it is used more broadly to include materials
in which ferroelectricity coexists with any type of the magnetic order
such as ferro-, ferri- or antiferromagnetic, as well as multiphase materials [31, 128]. Multiferroics are extremely interesting since they offer
the possibility to combine the functionalities of their parent orders and
may also demonstrate novel features arising from their coupling, as
shown schematically in Fig. 1. For example, the combination of ferromagnetic and ferroelectric orders in one compound can be potentially
used in production of four-state memory elements with both magnetic
and electric bits. The coupling between these two orders, in turn, can
provide the possibility of controlling the states of magnetic bits with
electric fields, instead of currents which are used to generate magnetic
fields. This may allow a decrease in the size, energy consumption and
heat production of memory elements, as well as significant speed up
the processes of reading and writing of data bits. [31].
Among single phase multiferroics, the most interesting are those
in which ferroelectricity is induced by inversion-symmetry-breaking
magnetic order, since their ferroelectric properties can be easily manipulated by applied magnetic field and vice versa. The paradigmatic representatives of such multiferroic materials are orthorhombic perovskite
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Figure 1: Ferroics and multiferroics and possible ways to control their spontaneous orders: polarization P in ferroelectrics can be manipulated
by electric field E, magnetization M in ferromagnets by magnetic
field H, strain ε in ferroelastics by stress σ. In magnetoelectric multiferroics P can be controlled by H and M by E as indicated by
green arrows. Based on Ref. [129].

manganites (o-RMnO3 , R is a rare-earth cation or Y). These materials
are the focus of this study.
In this chapter I give an introduction to the field of magnetoelectric multiferroics in the context of the orthorhombic perovskite manganites. First, I briefly describe two major classes of ferroic materials
(ferromagnets and ferroelectrics) and explain how magnetism and ferroelectricity can be combined in a single phase. In particular, I focus
on the mechanisms of magnetically induced ferroelectricity. Following
that, the general properties of the series of orthorhombic perovskite
manganites are described. I also present here a review of experimental
and theoretical studies of their magnetic and ferroelectric properties to
date and state the open questions in the field which are addressed in
this thesis.
1.2
1.2.1

F E R RO I C S

(Ferro)Magnets

Perhaps the most widely used ferromagnets are transition metals (TM)
which contain partially filled d shells; examples are Fe, Ni, Co as well
as their alloys. These materials exhibit a phase transition from a high
- temperature paramagnetic phase, in which the magnetic moments on
atoms are randomly oriented, to an ordered phase, in which the mag-

1.2 F E R R O I C S
(a)

(b)

M

H

(c)

P

E

P M
H
E

Figure 2: Hysteresis in ferroics and multiferroics: (a) shows a typical hysteresis loop in ferromagnets, (b) in ferroelectrics, (c) in an ideal
magnetoelectric multiferroic.

netic moments are parallel to each other, and the resulting spontaneous
magnetization M can be switched by an external magnetic field. This
transition occurs at a critical temperature which is called the Curie
temperature, TC . Below this temperature the energy of the exchange interactions between the spins on neighboring TM sites prevails over the
energy of thermal fluctuations and gives rise to the ordered state. Ferromagnetic samples often do not show a macroscopic magnetization due
to the presence of domains, which are regions of opposite magnetization. Application of an external magnetic field leads to reorientation
of the domains so that their magnetization directions align parallel to
the field [47, 121]. This results in hysteretic behavior of magnetization
versus magnetic field as shown in Fig. 2 (a). These properties of ferromagnets make them useful for applications in permanent magnets and
electromagnets, transformer cores, memory devices and others.
In addition to ferromagnets in which the local atomic magnetic moments align parallel to each other, materials with other kinds of ordering of the magnetic moments exist. For example, in antiferromagnets
the magnetic moments on atoms have antiparallel orientation, and the
net magnetization is zero in this case; in ferrimagnets magnetic moments of unequal size are aligned antiparallel to each other providing
a net magnetization [47, 121].
1.2.2

Ferroelectrics

Ferroelectrics are materials with spontaneous electric polarization P
that can be switched by an external electric field; often they show
a phase transition from high-temperature dielectric phase to a lowtemperature ordered phase. Similar to ferromagnetic materials, ferroelectrics often have domains with different polarization directions and
show hysteretic behavior of P with respect to an applied electric field,
see Fig. 2 (b). These materials are widely used in actuators and transducers (due to their piezoelectricity), capacitors (due to their high di-
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electric permittivity) and memory devices (since they have multiple
stable states with different polarization orientations) [47, 108, 121].
Ferroelectric materials can be divided into two classes - proper and
improper ferroelectrics. In proper ferroelectrics the relation between
the high-symmetry paraelectric structure and the ferroelectric structure
can be described with the Landau theory of phase transitions, with polarization as the primary order parameter. In improper ferroelectrics,
on the other hand, polarization is a secondary order parameter which
is coupled to a primary order parameter such as nonpolar lattice distortion or to a magnetic order [108].
The electronic instability towards polar distortion which occurs in
proper ferroelectrics such as the perovskite TM oxides containing TM
cations with empty d shells (for example, BaTiO3 , PbTiO3 , Pb(ZrTi)O3
and others), can be explained in terms of the second-order Jahn-Teller
(SOJT) effect [9]. The energy of the distorted system can be expanded
with respect to the polar distortion Q as:

E=E

(0)

δH
+ h0|
δQ

"
1
δ2 H
|0iQ +
h0| 2
Q=0
2
δQ

Q=0

|0i − 2

δH
X |h0| δQ
|ni|2
n

E(n) − E(0)

#

Q2 + ...,
(1.1)

where H is the full Hamiltonian, E(0) and |0i are the energy and the
ground state wavefunction of the undistorted phase described by the
Hamiltonian H(0) and |ni is an excited state with energy E(n) .
The first-order term in Q in Eq. 1.1 describes the usual Jahn-Teller
(JT) distortion and is nonzero only in the case of a centrosymmetric
distortion Q, therefore, cannot induce ferroelectricity. The first secondδ2 H
|0iQ2 , describes the Coulomb repulsion which
order term, h0| δQ
2
Q=0

may occur when the ions are displaced from their centrosymmetric
positions while the electrons stay in the same positions as in the highsymmetry structure. This term is always positive and, in order to obtain ferroelectricity in the system, it should be small (which is the case
when the d shells of TM cations are unoccupied). The last term in
Eq. 1.1 describes the change in the electronic system due to the ionic
displacements (covalent bond formation). It is always negative and,
therefore, favors a polar distortion. Therefore, the establishment of ferroelectricity in conventional perovskite TM oxides is determined by
competition between these two terms [127]. Other mechanisms for ferroelectricity will be described in Sec. 1.3.2

1.3 M U LT I F E R R O I C S

1.3
1.3.1

M U LT I F E R R O I C S

Challenge in combining magnetism and ferroelectricity

In magnetoelectric multiferroics magnetic and ferroelectric orders occur simultaneously below a certain temperature. Ideally, the magnetic
and ferroelectric orders coexist and are coupled in a single phase material, opening the possibility of controlling magnetization by an electric
field and polarization by a magnetic field (see Fig. 2 (c)), which is
promising in terms of future technological applications. However, the
search for single phase magnetoelectric multiferroics has proven to be
very challenging [47, 69, 124]. Indeed, great effort was put into finding such systems among perovskite transition metal oxides since many
good ferroelectrics belong to this class of materials [47]. However, as
was explained in Sections 1.2.1 and 1.2.2, the chemical requirements
for the establishment of magnetism (partially filled d shells) and conventional ferroelectricity (empty d shells) are incompatible in these
compounds, and, therefore, these two orders tend to exclude each other.
This observation was made by Hill [47] in 2000 and stimulated a search
for magnetoelectric multiferroics among materials with other mechanisms for inducing ferroelectricity.
1.3.2

Classification of multiferroics

Magnetoelectric multiferroics are usually classified based on the mechanism which drives their ferroelectricity [18, 69]. All multiferroics can
be divided into two classes - type I and type II multiferroics - which I
introduce in the following.
In these multiferroic systems ferroelectricity and magnetism occur independently of one another, for
example, due to presence of electronic lone pairs or the specific geometry of the crystal lattice. In these systems the ferroelectric order
is normally established at higher temperature than the magnetic one
(see Fig. 3 (a)). They usually demonstrate relatively large values of the
electric polarization (P is in the range of ≈5 - 100 µC/cm2 ). However,
the coupling between the magnetism and ferroelectricity in type I multiferroics is quite weak. Below I briefly summarize the mechanisms
inducing ferroelectricity in type I multiferroics:
Lone pairs: The anisotropic distribution of pairs of valence electrons
which do not participate in bond formation (so-called lone pairs) can
produce spontaneous electric polarization in materials. A prototypical
example of such systems is BiFeO3 , in which the 6s2 lone pairs of the
M U LT I F E R R O I C S O F T Y P E I
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Figure 3: Classification of multiferroics. Based on Ref. [31]

Bi3+ ions order at high temperatures (TC ≈ 1100 K) [124] and give
rise to an electric polarization (measured P in BiFeO3 single crystals
and thin films can reach up to 100 µC/cm2 [140]). The antiferromagnetic order of the Fe3+ moments sets in in BiFeO3 at lower temperature
TN ≈ 640 K [124], therefore, this material is a room-temperature single phase multiferroic [31]. Other examples of multiferroic materials
in which ferroelectricity likely appears due to the ordering of lone pairs
are BiMnO3 [118] and PbVO3 [69].
Geometric ferroelectricity: Ferroelectricity may originate from ionic
displacements which occur to improve the space filling in the system.
The primary examples of such ferroelectrics are hexagonal manganites (h-RMnO3 with R=Dy,...,Lu or Sc, Y, In) in which tiltings of the
MnO5 bipyramids are accompanied by shifts of R cations and give rise
to electric polarization [136]. In these systems the ferroelectricity appears below TC ≈1200 K (P ≈ 5 µC/cm2 ) and the Mn3+ moments
order below TN ≈120 K [31].
Charge ordering: Charge ordering is often observed in transition
metal oxides in which transition metal ions can have mixed valence, for
example, perovskite manganites Pr1−x Cax MnO3 or La1−x Cax MnO3 ,
iron oxides LuFe2 O4 or Fe3 O4 and the rare-earth nickelates RNiO3 .
Extra TM electrons can be localized at the corresponding sites (sitecentered charge ordering) or can be shared between different sites
(bond-centered charge orgering); mixed ordering is also possible [12].
If the charges and/or bonds order in a non - symmetric pattern, this can,
in principle, induce an electric polarization. This mechanism, however,
is highly debated at the moment. For example, for LuFe2 O4 , in which
Fe2+ and Fe3+ (and O anions) form a bilayered superstructure, some
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Figure 4: Mechanisms for inducing ferroelectricity by noncollinear magnetic
orders. Purple spheres indicate TM cations, green spheres ligands.
(a) illustrates the antisymmetric exchange striction (inverse DM interaction) mechanism, (b) shows electric polarization induced by a
cycloidal spin spiral according to the phenomenological model proposed by Mostovoy.

studies indeed found ferroelectricity [53, 95] while others did not [42,
112]. In general, measurements of electric polarization in systems with
charge ordering are hampered by their finite conductivity [12].
In this class of multiferroics inversion-symmetry-breaking magnetic order induces an electric polarization so that magnetic order and ferroelectric order emerge simultaneously, see Fig. 3 (b). Among all single phase multiferroics, these are
extremely interesting since they demonstrate high tunability of the ferroelectric properties by an applied magnetic field and vice versa [31].
Electric polarization has been observed in systems with noncollinear
orders such as spin spirals as well as in materials possessing specific
collinear orders. Several mechanisms have been proposed to explain
how magnetic orders can induce electric polarization and below I introduce the most common of them:
Antisymmetric exchange striction (inverse Dzyaloshinskii - Moriya
interaction): According to this mechanism, the presence of noncollinear
magnetic order favors lowering of the crystal symmetry to a polar
group in which ferroelectricity is allowed. It was demonstrated by
Sergienko and Dagotto [116] that the corresponding lattice distortion is
displacements of ligands situated between neighboring TM ions such
as to minimize the energy of Dzyaloshinskii - Moriya (DM) interaction
[23, 90] between TM spins. The Hamiltonian of the DM interaction
(DMI) between spins Si and Sj on the nearest-neighboring (NN) TM
sites i and j has the following form:


HDM = Dij Si × Sj ,
(1.2)


where Dij is the DM vector, Dij ∝ d × rij (rij is a unit vector along
the line connecting sites i and j and d is a displacement of a ligand
M U LT I F E R R O I C S O F T Y P E I I
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Figure 5: Different types of spiral orders for a one - dimensional spin chain.
(a) cycloidal spiral, (b) transverse conical spiral, (c) screw spiral,
(d) longitudinal conical spiral. Only cycloidal and transverse conical spiral orders induce an electric polarization P according to the
inverse DM [116], KNB [65] and Mostovoy [91] models.

from the line connecting the ions i and j, see Fig. 4 (a)). Clearly, the
energy lowering contribution from DMI increaseswhen dis increased.
For a spin chain with a cycloidal spiral order, the Si × Sj terms have
the same sign for all pairs of NN spins, therefore the ligands all displace in the same direction resulting in an electric polarization [18]:

P∝

X
hi,ji



rij × Si × Sj ,

(1.3)

Since the DMI is an effect due to spin-orbit coupling, the resulting polarization is proportional to the spin-orbit coupling constant and, therefore, it is relatively weak.
Katsura-Nagaosa-Balatsky model: Katsura, Nagaosa and Balatsky
suggested an alternative mechanism inducing electric polarization in
the materials with noncollinear spin orders (KNB model). According
to this mechanism, electric polarization can appear even without lattice modulation and can have a purely electronic origin [65]. In the
KNB model a TM-O-TM cluster was considered. with the spins on the
TM ions (Si and Sj , respectively) having noncollinear orientation determined by exchange and anisotropy fields created by other magnetic
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ions in the system. The authors demonstrated that the spin-orbit coupling and electron hopping between the d states of the TM ions via the
p states of oxygen lead to a distortion of the electronic density [63]
which induces electric polarization in the same form as Eq. 1.3.
A similar expression for P was obtained by Mostovoy using a phenomenological approach based on Ginzburg-Landau theory [48] to explain ferroelectricity in systems with spiral order [91]:
P ∝ e × q,

(1.4)

where e is the spin rotation axis and q is the wavevector of the spiral (see Fig. 4 (b)). From this equation one can see that the electric
polarization originating from this mechanism is perpendicular to the
spin rotation plane and to the propagation vector of the spin spiral.
Therefore, one would expect to observe P in systems with cycloidal
and transverse conical spiral orders, but not with screw or longitudinal
conical spirals (see Fig. 5).
Examples of systems in which ferroelectricity is induced by noncollinear orders are TbMnO3 [71], DyMnO3 [72], LiCu2 O2 [100, 115],
LiVCuO4 [114], MnWO4 [6, 133], CoCr2 O4 [146], Ni3 V2 O8 [79] and
others [135].
Symmetric exchange striction: As was shown by Sergienko et al. in
2006 [117], the presence of certain collinear magnetic orders can also
lead to a symmetry lowering lattice modulation and induce an electric
polarization. In this case, however, the ionic displacements occur in
the system such as to lower the energy of the Heisenberg exchange interactions [117]. The Heisenberg Hamiltonian has the following form:

HHeis =

X
hi,ji

Jij Si · Sj ,

(1.5)

where Si and Sj are the spins on sites i and j, and Jij indicates the
exchange interaction between them. As will be described in detail in
Sec. 1.4.2.1, in TM oxides the exchange interactions are determined
by electron hopping between the d (or f ) states of the TM ions via the
p states of oxygens (so-called superexchange). The strength and sign
of the superexchange interactions depend on the TM-O-TM bond geometry (TM-O bond lengths and TM-O-TM bond angles) [68, 101].
How the energy of the Hamiltonian of Eq. 1.5 can be optimized by
ionic displacements can be demonstrated with the example of a linear
chain of TM ions with up-up-down-down spin arrangement. We consider TM ions with one eg electron per site and assume that the orbital
ordering presented in the system is such that the occupied eg orbital
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(a)

p
eg

(b)
P

Figure 6: Symmetric exchange striction. TM ions are highlighted in purple,
oxygen ions in green. Red arrows indicate spins, black arrows ionic
displacements. (a) shows an ordering of eg orbitals (occupied orbitals are highlighted in blue, unoccupied in gray, p orbitals of O
ions are also shown) resulting in FM exchange between the spins
on NN TM ions, (b) shows ionic displacements favored by the presence of an up-up-down-down spin order, and the resulting induced
electric polarization P.

on one site overlaps with the empty eg orbital on the neighboring site
(via oxygen p states) as shown in Fig. 6 (a). According to the Goodenough - Kanamori - Anderson (GKA) rules (see Sec. 1.4.2.1) [3, 38,
60], this orbital ordering favors ferromagnetic (FM) coupling between
spins on NN TM sites and this coupling is the strongest if the TM-OTM bond angle is 180o . However, if the other couplings in the system (for example, antiferromagnetic (AFM) next-nearest-neighboring
(NNN) Heisenberg or higher order exchanges) impose the state shown
in Fig. 6 (b), electron hopping occurs only between eg states on NN
TM sites with parallel spins, since it is forbidden between those with
antiparallel spins by Hund’s rules. Therefore, the energy of the system
can be lowered if it modifies its geometry so as to increase this hopping
[150]. This can be achieved, for example, by increasing the TM-O-TM
bond angles through shifting the ions as shown in Fig. 6. These ionic
displacements give rise to an electric polarization:
X

P∝
cij Si · Sj ,
(1.6)
hi,ji

where cij is a unit vector along one of the crystallographic directions.
Since the energy scale of Heisenberg exchanges is higher than that of
DMI, this mechanism is expected to induce significantly larger polarizations than those originating from the antisymmetric exchange striction.
Symmetric exchange striction is considered to be the origin of ferroelectricity in o-RMnO3 (R=Ho,...,Lu) [105, 116, 150], TbMn2 O5 [52]
and YMn2 O5 [17], Ca3 (Co,Mn)2 O6 [19] and others [135].
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Figure 7: Perovskite structures ABX 3 . Green spheres indicate A cations, purple spheres - B cations and red spheres X anions. (a) shows the perfect cubic structure, (b) and (c) orthorhombically distorted structure
of o-RMnO3 (A=R, B=Mn, X=O).

Spin-dependent p-d hybridization: In 2006 Jia et al. [56] revisited
the KNB TM-O-TM model in the limit of strong Hund’s coupling.
They showed that in this case an electric polarization parallel to the
TM-O-TM axis can be induced:
Ppd ∝ (Si · eik )2 eik ,

(1.7)

where Si is a spin on TM site i and eij is a vector along the TM-O bond.
Clearly Ppd is independent of the relative orientation of the TM spins
in the cluster, but depends on the orientation of spin Si with respect to
the TM-O-TM axis.
This mechanism is likely the origin of the ferroelectricity in CuMO2
(M=Fe or Cr) , CuB2 O4 and others [134].
1.4

BAC K G RO U N D O N P E ROV S K I T E M A N G A N I T E S

The structural family of perovskites consists of a large number of materials whose crystal structure is related to those observed in the mineral CaTiO3 . The general formula of perovskite compounds is ABX 3
and the vast majority of them are oxides and fluorides (X=O or F, respectively). The ideal perovskite structure has cubic symmetry, with
space group Pm3̄m, as shown in Fig. 7 (a) [59, 143]. This perfect structure, however, is not very common in the perovskite family and usually distortions which lower the crystal symmetry, such as distortions
or rotations of the BX 6 octahedra, occur. Systems with the perovskite
structure attract enormous scientific interest since they are very flexible with respect to structural distortions, chemical variations and defect
formation, which gives rise to an extreme variety of their physical properties and provides numerous ways to control them. For example, extensive research on perovskite TM oxides in the last decades revealed
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that they can demonstrate such exotic phenomena as metal-insulator
transitions [134], multiferroicity [71], colossal magnetoresistance [58],
high-temperature superconductivity [7], and others [68].

1.4.1

Crystal structure of o-RMnO3

The orthorhombic perovskite manganites, o-RMnO3 (R=La,...,Lu or
Y), have an orthorhombically distorted perovskite structure with Pbnm
symmetry (space group #62). The unit cell of o-RMnO3 contains 20
atoms (four formula units) as shown in Fig. 7 (b) and (c). The major
distortions which distinguish this structure from the perfect cubic perovskite are the Jahn-Teller distortions of the MnO6 octahedra, GdFeO3
- type (GFO) rotations and tiltings of these octahedra and small antiferroelectric shifts of the R cations from their ideal positions.
In o-RMnO3 each Mn3+ cation has
four electrons in 3d levels and is situated in the middle of a MnO6
octahedron (see Fig. 7). The cubic crystal field of the perfect MnO6
octahedron splits the five-fold degenerate 3d levels into a lower energy
t2g triplet (dxy , dxz and dyz ) and a higher energy eg doublet (d3z2 −r2
and dx2 −y2 ), see Fig. 8. Such a splitting occurs due to the different
distribution of the electronic charge in t2g and eg states. Namely, the
lobes of the eg wavefunctions are directed towards the surrounding
JA H N - T E L L E R D I S T O RT I O N
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Figure 10: Different combinations of (a) eg orbitals and (b) Jahn-Teller
modes Q2 and Q3 . Based on Ref. [68].

O2− anions (Fig. 9) and, therefore, feel a strong Coulomb repulsion
from them. This increases the energy of the eg states. The lobes of
the t2g wavefunctions, in turn, are placed between O2− anions (Fig. 9).
Therefore, they experience weaker Coulomb repulsion and their energy
is lower than that of the eg states [61, 68, 77].
The four Mn 3d electrons occupy t2g and eg orbitals according to
Hund’s rules and the Pauli principle, which result in full occupation of
the spin majority t2g states and single occupation of the spin majority
eg states (see Fig. 8). The double degeneracy of the eg states is then
unfavorable according to the Jahn-Teller theorem [55], resulting in a
lattice distortion that lowers the symmetry of the crystal field and lifts
this degeneracy. Namely, the systems undergo a distortion of MnO6
octahedra which favors the occupation of a certain eg state at each Mn
site, and this state can be represented as a linear combination of d3z2 −r2
and dx2 −y2 orbitals:
E
E
θ 2
θ
2
2
2
|θi = cos 3z − r + sin x − y ,
2
2

(1.8)

T = (Tz , Tx ) = (cos θ, sin θ).

(1.9)

or in vector form:

Here θ is an orbital mixing angle. Any resulting occupied eg state can
be related to a point in the θ plane (see Fig. 10 (a)).
The corresponding distortion of the MnO6 octahedron can be written as:
Q = Q3 cos φ + Q2 sin φ,

(1.10)

13

14

B A C K G R O U N D A N D M O T I VAT I O N

(b)

(a)
3

3

5

4
2

1
6

5

4
2

1
6

Figure 11: Normal Jahn-Teller modes: (a) Q2 and (b) Q3 .

or in vector form
Q = |Q| (cos φ, sin φ).

(1.11)

Here Q2 and Q3 are orthorhombic and tetragonal JT modes [61, 137],
respectively, and φ determines the weights of these JT modes in the
total distortion of the MnO6 octahedron. The displacements of the O
anions corresponding to these modes are shown in Fig. 11 and are
given by the following equations:
1
Q2 = √ (x1 − x4 − y2 + y5 )
2

(1.12)

1
Q3 = √ (2z3 − 2z6 − x1 + x4 − y2 + y5 ) ,
6

(1.13)

and

where x, y and z are the coordinates of the oxygen anions which surround the Mn cation and the indexes enumerate the O anions (see Fig.
11). φ in Eqs. 1.10 and 1.11 can be estimated using a simple formula:
√
3(l − s)
tan(φ) =
,
(1.14)
2m − l − s
where l, m and s are the lengths of the long, medium and short Mn-O
bonds in the MnO6 octahedron [67]. The possible distortions of each
octahedron can be represented on the φ plane as shown in Fig. 10 (b).
The energy of a single octahedron can be written to the lowest order
in T as:
E = −gT · Q + k |Q|2 ,

(1.15)

where the first term describes the orbital-lattice interaction (g is the
electron-phonon coupling constant) and the second the elastic energy.
This energy is minimized when φ=θ [11].
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Since in o-RMnO3 , the MnO6 octahedra are connected to each other,
their distortions are not independent, resulting the so-called cooperative JT effect. These cooperative distortions of the octahedra lead to
the occupation of a particular eg orbital at each Mn site, and give rise
to a long range orbital ordering with orbital mixing angles for two
nearest-neighboring Mn sites i and j within the ab planes related by
θi = −θj . This is called antiferro-orbital ordering. The orbital mixing angles corresponding to the NN Mn ions along the c direction are
equal, giving ferro-orbital ordering. In bulk o-RMnO3 the values of θ
are close to ±120o , which corresponds to the ordering of the alternating orbitals with nearly |3x2 − r2 i and |3y2 − r2 i character (see Fig.
10) [39].
GdFeO3 - T Y P E D I S T O RT I O N

In 1926 Goldschmidt [37] introduced
tolerance factor τ which quantifies the mismatch of ionic sizes in systems with perovskite structure ABX 3 , and allowing one to predict its
symmetry lowering [83, 143]. τ is defined as:
τ =√

rA + rX
,
2(r B + r X )

(1.16)

where r A , r B and r X are the ionic radii of A, B and X, respectively.
Table 1 summarizes the ranges of values of τ in which certain crystal
structures are stabilized [94]. In particular, the range of values 0.8 6
τ < 0.89 corresponds to the case in which r A is small and the structure distorts to optimize its coordination environment around the A
cation. This is normally achieved by rotations and tiltings of BX 6 octahedra, which result in a lowering of the crystal symmetry.
Table 1: Value ranges of tolerance factor τ in which certain structural types
are stabilized

τ>1

Hexagonal

0.89 6 τ 6 1

Cubic perovskite

0.8 6 τ < 0.89

Distorted perovskite

τ < 0.8

Trigonal

For o-RMnO3 τ is in the range between 0.89 for LaMnO3 and 0.83
for LuMnO3 . As a result, the volume of the o-RMnO3 unit cell reduces
from R=La to Lu due to increasing cooperative rotations and tiltings of
MnO6 octahedra. The pattern of these rotations and tiltings is similar
to that observed in GdFeO3 (a− a− c+ in Glazer’s notation [36]). These
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Figure 12: Possible geometries of d-p-d superexchange paths. (a)-(d): 180o
TM-O-TM bond angle: (a) e1g -pσ -e1g superexchange, (b) t12g -pπ t12g superexchange, (c) e1g -pσ -e0g superexchange and (d) e0g -pσ -e0g
superexchange. In (c) and (d) the empty orbitals are not colored;
(e) 90o TM-O-TM bond angle: d1 -p-d1 superexchange.

GFO distortions in o-RMnO3 result in the reduction of both Mn-O-Mn
bond angles and the distances between O(1) and O(2) ions shown in
Fig. 7 (c).
Octahedral tiltings in orthorhombically distorted perovskite structure are usually accompanied by small shifts of R cations which also tend to optimize
their coordination environment [8].
A N T I F E R R O E L E C T R I C S H I F T O F R C AT I O N S

1.4.2
1.4.2.1

Magnetism in o-RMnO3
Superexchange mechanism

In the quantum mechanical formalism, the establishment of long-range
magnetic order is driven by electron hopping between the transition
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metal or rare-earth cations with partially filled d or f shells. In transition metal oxides TM cations are separated by oxygen anions. Since
the d orbitals of TM cations are very localized, it is unlikely that an
electron hopping occurs directly between them, but rather it occurs via
the p states of intermediate oxygen anions. This mechanism is called
superexchange [2, 3, 38, 40, 60, 68, 75, 101, 141]
There are several factors which determines the strength and sign
(FM or AFM) of the superexchange interactions in TM oxides. In particular, they depend on the coordination of the TM cations, geometry of superexchange paths (TM-O-TM bond angles) and occupation
of d states on each TM cation. These dependences were explained in
the works of Goodenough [38, 40], Kanamori [60] and Anderson [2,
3] (so-called Goodenough-Kanamori-Anderson, GKA, rules). Below I
summarize those of them which are important for understanding the
magnetism in o-RMnO3 .
Coordination of TM cations: The coordination (for instance, octahedral or tetrahedral) of TM cations in crystals sets certain orthogonality
relations between its d orbitals and p orbitals of nearest-neighboring
oxygen anions due to their different angular dependences. These relations determine which d and p orbitals can form covalent bonds with
each other [60]. In perovskite transition metal oxides TM cations are
octahedrally coordinated. In this case TM eg orbitals can form strong
covalent bonds with O p orbitals which are aligned along the line connecting TM and O ions (pσ orbitals) as shown in Fig. 12 (a). t2g states,
in turn, are orthogonal to pσ states by symmetry, since rotation of the
coordinate system around the line connecting TM and O anion changes
the sign of the t2g orbitals, but not of the pσ orbitals, and no bonds can
be formed. On the other hand, TM t2g orbitals and O p orbitals which
are perpendicular to the TM-O bond (pπ orbitals) are nonorthogonal
and a covalent bond can be established between them (Fig. 12 (b)).
Geometry of superexchange path and orbital occupation: The simplest geometry of the superexchange path corresponds to TM-O-TM
bond angle of 180o . Assume that each TM cation has one electron on
the magnetically active d orbital:
• e1g -pσ -e1g superexchange. If the occupied eg orbitals on different
TM sites point towards each other and the superexchange proceeds via the same pσ orbital (see Fig. 12 (a)), this leads to a
strong antiferromagnetic exchange interaction, as illustrated in
Fig. 13 (a). Ferromagnetic coupling is forbidden by the Pauli
principle.
• t12g -pπ -t12g superexchange also results in antiferromagnetic coupling, but it is weaker than that of the e1g -pσ -e1g , because the over-
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Figure 13: Interactions favored by superexchange mechanism for different
TM-O-TM bond geometries and orbital occupations. The hoppings back are not shown for simplicity. Based on Ref. [101].
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lap between t2g and pπ orbitals is smaller than that between eg
and pσ states (Fig. 12 (b)).
• e1g -pσ -e0g superexchange. This occurs in systems having JT active ions, for example, Mn3+ (t32g e1g ) or Cu2+ (t62g e3g ). These systems exhibit an ordering of the eg orbitals such that an occupied
eg orbital on one TM site (TM1 ) points towards an empty eg orbital on the other TM site (TM2 ) (see Fig. 12 (c)) and the electron
hopping occurs between them. This results in ferromagnetic coupling favored by on-site exchange interaction (Hund’s coupling)
between the unpaired spins on the d orbitals on the TM2 site as
illustrated in Fig. 13 (b).
• e0g -pσ -e0g superexchange. In this case (Fig. 12 (d)) the intraatomic
exchange interactions between the unpaired spins on different d
orbitals on both TM1 and TM2 favor overall antiferromagnetic
coupling, as illustrated in Fig. 13 (c).
A 180o TM-O-TM bond geometry can be realized, for example, in
systems with the perfect cubic perovskite structure, or in tetragonally
or orthorhombically distorted (due to the JT effect) perovskite structures without octahedral tiltings. When tiltings are present, the TMO-TM bond angles reduce, which decreases the overlap between the d
orbitals of the TM cations and the p orbitals of the O anions. If the deviation from 180o is not too large, the above considerations hold. In this
case, however, one has to keep in mind that the decreasing d-p overlaps
result in reducing coupling strengths. This reduction is stronger for the
eg states than for t2g s due to their geometry.
A TM-O-TM bond can also have a 90o angle (see Fig. 12 (e)), for
example, in systems with edge-sharing TMO6 octahedra. Then the d
orbital on site TM1 overlaps with the O p orbital which is orthogonal
to the d orbital on site TM2 (for example, d3x2 −r2 on TM1 overlaps
with pσx which is orthogonal to d3y2 −r2 orbital on TM2 ). Since there
is no electron hopping between different orbitals on the same O site,
the electron from TM1 cannot reach TM2 (or vice versa). In this case
superexchange is mediated by Coulomb exchange on the oxygen site,
which favors a triplet for two electrons in its different orbitals. This
results in overall ferromagnetic coupling between spins on TM sites
(see Fig. 13 (d)).

S U P E R E X C H A N G E I N o- R MnO3

In o-RMnO3 the superexchange
interactions between the spins on neighboring Mn 3+ sites gives rise
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Figure 14: d-p-d superexchange paths within the ab planes of o-RMnO3 .
(a) shows the eg -pσ -eg paths, empty orbitals are not colored; (b)
shows the t2g -pπ -t2g paths.

.
to their long-range magnetic orders 1 . The electronic configuration of
Mn3+ ions is t32g e1g , therefore, each exchange coupling is determined
by contributions from both eg and t2g orbitals mediated by the p states
of O anions (see Fig. 14). Within the ab planes, the presence of ordering of the eg orbitals (due to cooperative JT distortion of the MnO6
octahedra) results in superexchange between an occupied eg orbital
on one Mn site with an empty eg orbital on the nearest-neighboring
Mn site through the pσ states of O anions. As was described above in
this section, this favors FM coupling between the eg spins. The electron hopping between t2g orbitals via the pπ states of O anions, in
turn, favors AFM coupling of the t2g spins. Therefore, within the ab
planes the contributions from eg and t2g states compete with each other.
For the 180o Mn-O-Mn bond, the magnitude of the eg -pσ -eg contribution is expected to be larger than that of the t2g -pπ -t2g , because the eg
states are oriented towards the pσ states of O, which gives a stronger
overlap between these states and, as a consequence, stronger coupling.
The resulting NN exchange within the ab planes is then expected to
be FM. The relative strengths of eg -pσ -eg and t2g -pπ -t2g contributions,
however, can be changed by varying the Mn-O-Mn bond angles and
Mn-O bond lengths (the amplitudes of the GFO and JT distortions, respectively). For example, in the series of bulk o-RMnO3 , the reducing
radius of the R cation from La to Lu (chemical pressure) leads to a reduction of Mn-O-Mn bond angles from ≈ 155o to ≈ 140o [150]. This
is expected to strongly reduce the eg -pσ -eg contribution due to the geometry of the corresponding orbitals. On the other hand, the t2g -pπ -t2g
1 In all o-RMnO3 except for LaMnO3 , LuMnO3 and YMnO3 , the R cations have
unpaired f -electrons whose spins can form a long-range order. However, the ordering
temperatures of these f -electron spins are much lower than those of the d-electron
moments of the Mn3+ cations. In this work we neglect all the effects which may
arise from the ordering of the f -electron spins of R cations.
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contribution should be less affected due to the less anisotropic shape of
the t2g orbitals within the ab planes. The GFO distortion can also affect
the strength of the next-nearest-neighboring (NNN) exchange interactions along the b direction by changing the lengths of the O(1)-O(2)
bridges (see Fig. 7 (c)). Namely, an increasing GFO distortion brings
oxygen ions O(1) and O(2) closer to each other, which enhances the
hybridization between their p orbitals and produces stronger coupling.
The change in the Mn-O bond lengths affects the overlap integral between the orbitals taking part in the superexchange and should modify
both eg and t2g contributions. For the eg states, variation of the MnO bond lengths can also change their mixing angle on each Mn site,
which may also affect the interaction between the eg spins.
Along the c direction the superexchange occurs between empty eg
states mediated by pσ orbitals and between singly occupied t2g states
mediated by pπ orbitals. In both cases the resulting coupling is antiferromagnetic according to the GKA rules. Therefore, along the c
direction eg and t2g contributions reinforce each other [152].
1.4.2.2

Spin model Hamiltonians

In this section I introduce the microscopic spin model Hamiltonians
which are relevant for describing the magnetic phase diagram of oRMnO3 .
One of the simplest microscopic
models to describe magnetism in TM oxides is the Heisenberg model,
Eq. 1.5. This model can be derived from a single-band Hubbard Hamiltonian [51] in the case of half-filling and the limit of t/U1, which is
a reasonable limit for Mott insulators. The Hubbard Hamiltonian is
written as follows:
X †
X
H = −t
(ciσ cjσ + c†jσ ciσ ) + U
n̂j↑ n̂j↓ ,
(1.17)
H E I S E N B E R G H A M I LT O N I A N

hi,jiσ

j

where the first term describes the kinetic energy of the electrons (t
is the hopping parameter, and c†iσ and ciσ are operators of creation
and annihilation of electrons with spin σ on site i) and the second
term describes on-site Coulomb repulsion (U is the parameter of onsite Coulomb repulsion, and n̂j↑ = c†j↑ cj↑ is the occupation number
operator). Second-order perturbation theory in t gives the correction to
the energy in the form of Eq. 1.5, with the exchange coupling constant
Jij proportional to t2 /U [26, 132].
H I G H E R - O R D E R I S OT RO P I C E X C H A N G E S

Exchange interactions of higher orders than the usual bilinear exchange originate from
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fourth-order perturbation theory in t (t/U  1). These couplings are
expected to be negligible compared to the bilinear Heisenberg terms,
since their strength is proportional to t4 /U3 , which is much smaller
than t2 /U if t/U  1. However, several experimental and theoretical studies have demonstrated that these terms can be significant in
some systems and have to be included in the spin model Hamiltonian
to accurately describe their magnetism [26]. These higher-order terms
are:
• Second-neighbor exchange: This term has the same form as Eq.
1.5, but the coupling constant is proportional to t4 /U3 .
• Biquadratic exchange:
X
HBQ =
Bij (Si · Sj )2 .

(1.18)

<i,j>

It was demonstrated by Harris and Owen [43] that the results
of a paramagnetic resonance study of the Mn2+ -Mn2+ pairs in
MgO containing ≈ 1% of Mn ions can be fitted more accurately
to a model Hamiltonian that includes both Heisenberg and biquadratic terms than into a pure Heisenberg Hamiltonian. Later,
it was shown that this term is essential to explain the experimentally observed anomalous behavior of the sublattice magnetization in MnO [109]. Moreover, it was demontrated that the
biquadratic interaction lifts the degeneracy between the 90o spiral and up-up-down-down phases for a 1D chain [62] and a 2D
lattice of spins [44] with competing NN and NNN Heisenberg
exchanges and, therefore, can be the origin of so-called E-type
AFM order in o-RMnO3 (see Sec. 1.4.2.3).
• Three-spin coupling:
X
H3sp =
Lijk (Si · Sj )(Sj · Sk ).

(1.19)

<i,j,k>

This term describes the consecutive electron hoppings between
three sites (i, j and k). It has been shown by Michaud and Milá
[87] that these couplings can give rise to a variety of unconventional collinear (some of them are degenerate) and helical
phases for the 2D square lattice of spins S=1 depending on the
relative strength of these couplings and the Heisenberg NN interactions. In general, the effects of three-spin couplings have not
been widely investigated.
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• Four-spin ring interactions:
X


H4sp =
Kijkl Si · Sj (Sk · Sl )
<i,j,k,l>



+ (Si · Sl ) Sk · Sj − (Si · Sk ) Sj · Sl .

(1.20)

This term describes the consecutive electron hoppings in foursite (i, j, k and l) plaquettes. It was found to be essential to reproduce the magnetic phase diagram of solid 3 He [111], to describe
the magnetic excitation spectrum measured for La2 CuO4 and to
reproduce the temperature dependence of the magnetic susceptibility measured for La2 CuO4 and YBa2 Cu3 O6 [110]. Such couplings were also found to be significant in spin-ladder cuprates
such as SrCu2 O3 , Sr2 Cu3 O5 and CaCu2 O3 using ab initio embedded cluster calculations [14].
D Z YA L O S H I N S K I I - M O R I YA I N T E R A C T I O N

Antisymmetric exchange interaction in the form of Eq. 1.2 was first introduced by Dzyaloshinskii in 1958 to explain the weak ferromagnetism observed in antiferromagnetic α−Fe2 O3 , MnCO3 and CoCO3 , based on the Landau
theory of phase transitions and symmetry considerations [23]. In 1960
the same expression was derived by Moriya by including spin-orbit
coupling in the superexchange mechanism [90]. Moriya also formulated a set of rules which determine when the DM interaction can occur depending on the symmetry of the bond between two ions, and
what the direction of the DM vector is in each case. These rules are
summarized in Table 2 for pairs of sites i and j.
Table 2: Relations between symmetry of the bond between ions i and j and
direction of the DM vector Dij . rij is the vector along the line connecting the sites i and j and C is in the middle of this line.

Center of inversion at C

Dij =0

Twofold rotation axis ⊥rij and going
through C

Dij ⊥ to this twofold
axis

n-fold (n > 2) rotation axis ||rij

Dij || to this n-fold
axis

Mirror plane ⊥rij and going through C

Dij || to this mirror
plane

Mirror plane which includes rij

Dij ⊥ to this mirror
plane
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(αab ,βab ,γab )

(-α ab,β ab,γab )

(αab ,βab ,γab )

(-α ab,β ab,γab )

(-α c,-β c,γc )
(α ab,-βab ,γab )

(-α ab,-βab ,γab )

c
(α ab,-βab ,γab )

(-α ab,-βab ,γab )

b

Figure 15: Dzyaloshinskii-Moriya vectors assosiated with different Mn-OMn bonds in o-RMnO3 . Based on Ref. [126].

Solovyev et al. [126] demonstrated that, due to the symmetry of oRMnO3 crystals, the DM vectors defined along the Mn-O-Mn bonds
c
in the ab planes (Dab
ij ) and along the c direction (Dij ) can be described
in terms of five parameters: αab , βab and γab for Dab
ij and αc and βc
c
for Dij (see Fig. 15).
S I N G L E - I O N A N I S OT RO P Y ( S I A )
Magnetic anisotropy causes
the magnetic moments in a sample to align along one or more preferred
crystallographic axes, and results in different magnetization processes
when magnetic field is applied along different directions. Single - ion
anisotropy originates from the electrostatic interaction between the orbital state of a magnetic ion i with the surrounding field created by
all the other atoms in a system. This crystal-field interaction leads to
a quenching of the orbital moment and is transmitted to the spin moments through the spin-orbit coupling [20]. For uniaxial anisotropy, the
corresponding Hamiltonian has a form:

HSIA = A

X

S2i,α ,

(1.21)

i

where A is an anisotropy constant and α denotes one of the crystallographic directions.
1.4.2.3

Phase diagram of bulk o-RMnO3

The complex interplay between lattice, orbital and spin degrees of freedom described in Sec. 1.4.2.1 gives rise to a rich variety of magnetic
phases in o-RMnO3 . The experimentally determined magnetic phase

Temperature (K)

Temperature (K)
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E-AFM
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A-AFM
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Y

Eu1-xY x
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Y1-yLu y

Lu

IC sinusoidal
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E-AFM

20
10

T
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30
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E
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1.12

TN1
TN2
TN3

ab
spiral
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1.06

1.04
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Figure 16: Phase diagram of bulk o-RMnO3 . Based on Ref. [54].

diagram of bulk o-RMnO3 is shown in Fig. 16. Lowering the temperature causes a transition from the paramagnetic phase to a low temperature phase, in the case of R=Eu,...,Lu via an incommensurate sinusoidal phase [131]. The three primary low temperature phases in this
phase diagram are [152]:
• A-type AFM (A-AFM) order [142] (propagation vector qb =0).
In this order the Mn3+ spins are aligned along the b axis and
ferromagnetically coupled within the ab planes. These planes
are stacked antiferromagnetically along the c direction (see Fig.
17 (a)). The A-AFM phase is found in o-RMnO3 with large R
cations (R=La,...,Gd) [142, 144, 146, 152]. Several studies on
these compounds [122, 144], as well as on mixed systems such
as Eu1−x Yx MnO3 with x=0-0.02, reported A-AFM order with a
weak ferromagnetic component of the spins along the c axis [45,
147].
• Spiral order. Spiral orders have the form of zigzag chains of
spins rotating either within the ab or bc planes. These chains
are coupled ferromagnetically with neighboring chains along the
a direction and antiferromagnetically along the c axis (see Fig.
17 (b)). Incommensurate (IC) spiral orders with the spins rotating within the bc plane have been reported for TbMnO3 and
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(b)

(a)

c

a

A-AFM

(c)

IC spiral

E-AFM

b

Figure 17: Low temperature magnetic phases observed in o-RMnO3 : (a)
shows A-AFM order, (b) incommensurate spiral phase, (c) E-AFM
order.

DyMnO3 (qb ≈ 0.28 and 0.36, respectively) with [33, 66]. For
mixed-crystal systems Gd1−x Tbx MnO3 [149] and Eu1−x Yx MnO6
[147] ab spiral orders have been observed. Commensurate spiral
orders have also been reported, for example, in Gd0.7 Tb0.3 MnO3
the spiral order has a propagation vector qb =0.25 [149].
• E-type AFM (E-AFM) order (propagation vector qb =1/2). This
order consists of zigzag chains of alternating pairs of up-up and
down-down Mn3+ spins aligned along the b axis. These chains
are ferromagnetically coupled with neighboring chains along the
a axis and antiferromagnetically along the c axis as shown in Fig.
17 (c). E-AFM order has been reported for o-RMnO3 with small
R cations: TmMnO3 [106], YbMnO3 [50] and LuMnO3 [98]. EAFM order with the spins canted from the b axis within the bc
plane has been observed in TmMnO3 and LuMnO3 [34].
For the o-RMnO3 which are on the border between spiral and EAFM phases, measurements of the magnetism give contradictory results. For example, for HoMnO3 Munõz et al. [92] reported E-AFM
order, while Brinks et al. [13] observed an incommensurate order with
a propagation vector qb =0.431 and identified this order as a sinusoidal
spin density wave. Magnetic order with a similar incommensurate qb
was later reported for HoMnO3 by Lee et al. [81] and for ErMnO3
by Ye et al. [151]. In the latter case, however, the authors did not
make a conclusion about the type of the observed magnetic order. For
YMnO3 an IC ac spiral (qb =0.078) [107], sinusoidal spin density wave
(qb =0.435) [93] and E-AFM orders [99] have been reported (in the latter case, the conclusion about the magnetic phase was reached based
on study of the structural modulation).
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J3nn

J(B)c

Jdiag

c

Jb

Ja

J(B)ab

a
b

Figure 18: Heisenberg and biquadratic exchange interactions in o-RMnO3 .
Only Mn3+ ions are shown (purple spheres).

1.4.2.4

Microscopic mechanisms of the evolution of the magnetism
in o-RMnO3

Establishment of A-AFM order in o-RMnO3 with large R (R=La,...,Gd)
cations is favored by their orbital ordering which was described in detail in Sec. 1.4.2.1. Further decrease of the R cation radius (increasing
GFO distortion) causes the magnetism in the o-RMnO3 series to evolve
first to a spiral and then to the E-AFM phase. The microscopic mechanism of such an evolution of the magnetism is highly debated at the
moment. Moreover, the type of magnetic order and the origin of the
inconsistencies between different measurements of the magnetism in
systems with R=Ho, Er and Y are not yet fully understood. For example, Kimura et al. [70] described the evolution of the magnetism
across the o-RMnO3 series in terms of a simple 2-dimensional (for
ordering within the ab plane only) Heisenberg Hamiltonian (Eq. 1.5)
including FM exchange interactions between NN Mn3+ spins (Jab ), as
well as small FM NNN coupling (Ja ) along the a direction and AFM
NNN exchange along the b direction (Jb ) (see Fig. 18). As was described in Sec. 1.4.2.1, increasing GFO distortion reduces the strength
of the Jab couplings (due to reduced FM eg -pσ -eg superexchange interactions) and increases the Jb couplings (due to reduced O(1)-O(2)
bridge lengths, see Fig. 7 (c)). If Jb /|Jab | <0.5, this Hamiltonian gives
A-AFM order as the ground state, while for Jb /|Jab | >0.5 the spiral
order has the lowest energy. Mochizuki et al. [89] performed Monte
Carlo simulations that suggested that increasing Jb with reducing R
radius is the main driving force for the evolution of the magnetism.
However, as was shown by Kaplan and Mahanti [64], establishment
of the E-AFM order cannot be understood within the framework of a
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simple Heisenberg model, which gives the same energies for the 90o
spiral and E-AFM states. Later, it was demonstrated that this degeneracy can be lifted by biquadratic in-plane exchange interaction Bab
(see Eq. 1.18 and Fig. 18) [44, 62]. In turn, Solovyev suggested that
third NN Heisenberg couplings within the ab plane (J3ab ) are crucial
to stabilize E-AFM phase [125].
Note, that the weak ferromagnetism observed in several o-RMnO3
(described in Sec. 1.4.2.3) as well as stabilization of either ab or bc spiral cannot be explained in terms of isotropic models (Heisenberg, biquadratic and other higher order terms). Solovyev et al. [126] showed
that spin cantings from the b axis within the bc planes giving rise to
weak ferromagnetism are favored by αc components of the interplane
DM vectors (see Fig. 15), while γab components favor the cantings
of spins within the ab planes. Mochizuki and Furukawa [88] demonstrated using Monte Carlo simulations that the DM interactions between the NN ions within the ab planes and SIA favor the establishment of the ab spiral, while DM interactions along the c axis favor bc
spirals. They also showed that the DM interactions can lead to an alternate modulation of spin spirals so that the angles between the neighboring spins are no longer the same (for an ab cycloid this is caused by
c components of DM vectors on in-plane Mn-O-Mn bonds). Furthermore, in the limit of large Jb , they obtained metastable states which
can be represented as coexisting spiral and E-AFM orders. The authors suggested that the presence of these metastable phases can be an
alternative explanation for the measurements of the magnetism in oRMnO3 with R=Ho, Er and Y, for which IC orders with qb ≈ 0.4 were
reported.
1.4.3

Ferroelectricity in o-RMnO3

It was discovered in 2003 by Kimura et al. [71], that the establishment of an inversion-symmetry-breaking IC bc spiral magnetic order
at T ≈ 27 K in TbMnO3 gives rise to a spontaneous electric polarization P ≈ 0.08 µC/cm2 || c. It was also observed that the application of an external magnetic field allows one to manipulate the magnitude and the direction of this polarization, namely, P can be switched
to the a axis by H||b or a [72]. Later, it was demonstrated, that the
spin helicity can be manipulated in this material by an applied electric
field [148]. Therefore, TbMnO3 is a type-II multiferroic which demonstrates a strong interplay between magnetism and ferroelectricity. Following the discovery of Kimura, multiple studies of the multiferroicity
in o-RMnO3 with spiral spin orders were performed. For example, P
similar to that of TbMnO3 was reported for DyMnO3 [41, 72]. In the
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mixed Eu1−x Yx MnO3 systems with x=0.2 and 0.3 possessing ab spiral orders, a P of maximum 0.07 µC/cm2 was measured along the a
axis and the switching of P to the c direction with increasing x was observed. The latter occurs due to establishment of a bc spiral ordering
in the Eu1−x Yx MnO3 with x larger than 0.3 [45]. From the theory side,
several mechanisms for the ferroelectricity induced by spiral orders
were proposed, in particular, the KNB model [65] and inverse DM interaction [116, 145] (these mechanisms were briefly introduced in Sec.
1.3.2). Both mechanisms rely on spin-orbit coupling which is intrinsically weak in o-RMnO3 , which explains the relatively small values of
the resulting electric polarizations. These small P amplitudes as well as
low ordering temperatures are the main factors which make o-RMnO3
with spiral magnetic orders impractical for technological applications.
In 2006 Sergienko et al. [117] theoretically predicted, based on a
model study, that symmetric exchange striction, which becomes active in o-RMnO3 with small R cations having E-AFM order, should
lead to at least one order of magnitude higher electric polarizations
than those observed in the systems with spiral orders (P ≈ 0.5 − 12
µC/cm2 ). This prediction was supported by first-principles calculations of P in HoMnO3 with E-AFM imposed, which gave P ≈ 6
µC/cm2 ||a [105]. Later, Yamauchi et al. [150] obtained similar values
of P for other o-RMnO3 with R=Er, Tm and Lu. These works stimulated intensive experimental studies of the ferroelectic properties of
these materials. However, these studies gave results contradicting both
each other and the theoretical predictions. First, the largest experimentally determined values of P in bulk o-RMnO3 with small R did not
exceed 0.24 µC/cm2 [16, 54, 99] which is much smaller than the values predicted from first principles. In addition, the measurements of P
for the o-RMnO3 with R=Ho, Er and Y gave contradictory results. For
example, for HoMnO3 Lorenz et al. [82] reported P||a reaching a maximum of ≈ 0.008 µC/cm2 , which is even smaller than the polarization
reported for TbMnO3 with IC spiral order. This P demonstrated interesting behavior with decreasing temperature: only a small increase in
P occured (up to 0.0012 µC/cm2 ) at the lock-in temperature of the
Mn3+ moments, but it drastically increased below the ordering temperature of Ho3+ f -electron moments, underlying their importance in
inducing ferroelectricity in this compound. The same group performed
measurements of P in YMnO3 and a very different behavior of P was
revealed. Namely, its magnitude was significantly larger than that in
HoMnO3 (P ≈ 0.025 µC/cm2) and it showed a strong increase already at the lock-in temperature of the Mn3+ moments. The origin
of the polarization in YMnO3 , however, could not be understood in
terms of the IC ac spiral or sinusoidal spin orders [93] that had been
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reported earlier for this compound since both orders are expected to
give zero polarization according to the mechanisms of the magnetically induced ferroelectricity described in Sec. 1.3.2. Moreover, Y3+
has an empty f -shell and, therefore, P cannot be explained as an effect
arising from the ordering of the f -electron moments. Later, Feng et al.
[30] reported P ≈ 0.07 µC/cm2 ||a for HoMnO3 . Interestingly, in these
measurements P started to increase already at the ordering temperature
of Mn3+ which is similar to the behavior reported by Lorenz et al. for
YMnO3 , but not for HoMnO3 . Lee et al. [81] observed in HoMnO3 P
reaching a maximum of 0.15 µC/cm2 along the c direction in HoMnO3
showing a drastic increase only below the ordering temperature of the
Ho3+ moments. For ErMnO3 Ishiwata et al. [54] reported P||a reaching
up to 0.06 µC/cm2 , while Ye et al. [151] did not observe any sizable
electric polarization.
1.4.4

o-RMnO3 under pressure and strain

As we saw in Sec. 1.4.2.1, the microscopic exchange interactions in oRMnO3 are largely determined by their crystal structure, in particular,
by the amplitudes of the GFO and JT distortions. The effect of GFO
distortion manifests in the magnetic phase diagram of bulk o-RMnO3 ,
by its increasing amplitude (due to substitution of the R cation by those
having smaller radii) leading to the evolution of the magnetism from
A-AFM to E-AFM states via a set of incommensurate phases. In Sec.
1.4.3 it was also shown that this evolution of the magnetism clearly affects the ferroelectric properties of these materials and larger P values
are achieved in most cases in the compounds possessing E-AFM order
compared to the systems with spiral orders. These facts indicate that
the multiferroic properties of o-RMnO3 can be manipulated or even optimized by structural variations, for example, due to hydrostatic pressure or epitaxial strain.
This, indeed, was confirmed experimentally. For example, Makarova
et al. in their neutron diffraction study of TbMnO3 samples under
isotropic pressure observed that high pressures (> 3.6 GPa) lead to
the evolution of the magnetism from the spiral to the E-AFM state [84].
Later, Aoyama et al. showed that this evolution of the magnetism leads
to a drastic increase in the electric polarization (up to ≈ 1 µC/cm2 ) in
TbMnO3 compared to that reported for bulk samples at ambient pressure. The direction of the polarization is also different in this case (P||a)
[5].
Recent progress in epitaxial growth of high quality films of o-RMnO3
opened the possibility of further fine tuning of the crystal lattices. This
fine tuning can be achieved by appropriate choice of the mismatch be-
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tween the lattice parameters of the substrate and film, as well as their
relative orientations, which allows one to strain a film by a specific
amount. Moreover, by choosing a certain film thickness one can obtain
either the lattice parameters which are close to that of substrate (thin
films) or relaxed, bulk-like parameters (thick films). Experimental studies of the o-RMnO3 films have demonstrated that epitaxial strain is a
more versatile tool for manipulating not only structural, but also ferroelectric and magnetic properties of these materials, than the isotropic
pressure. Indeed, several groups investigated YMnO3 films of different thicknesses grown on different substrates and reported different
magnetic orders and electric polarizations for these films. For example,
Fina et al. investigated the ferroelectric properties of weakly strained
films of YMnO3 grown on Nb:SrTiO3 (001) and (110)-oriented substrates, and reported P ≈ 0.09 µC/cm2 along the c axis. Based on
the amplitude and direction of the measured P, the authors suggested
that the magnetic order in this film is a bc spiral [32]. A resonant Xray diffraction (XRD) study of a thin film of YMnO3 grown on an
(010)-oriented YAlO3 substrate revealed an IC magnetic order with
qb ≈ 0.49 at low temperatures [139]. The authors suggested that this
order is a coexisting spiral and E-AFM state similar to that predicted
by Mochizuki et al. [89] for o-RMnO3 with R=Ho, Er and Y. They also
assumed that the large P||a (≈ 0.8 µC/cm2 ) which was previously measured by Nakamura et al. in an YMnO3 thin film of the same thickness
grown on the same substrate [96] can be explained by the presence of
the E-AFM state in this mixed phase. Another XRD study of structural
modulation in YMnO3 films of different thicknesses grown on (110)oriented SrTiO3 substrates suggested that the magnetism in YMnO3
can evolve from E-AFM to A-AFM with increasing strain [57].
Both the magnetism and ferroelectricity in strained and bulk-like
films of HoMnO3 grown on (010)-oriented YAlO3 substrates were
studied using resonant XRD measurements and PUND (Positive-UpNegative-Down) method, respectively [119]. It was observed that the
relaxed film of o-HoMnO3 (120 nm) shows qb ≈ 0.41 which is close
to that of the bulk samples, whereas in strained films qb can reach
≈ 0.49. For all these films an enhancement of P compared to the bulk
samples was observed (P reached up to 0.65 µC/cm2 ).
Recently, Shimamoto et al. [120] reported a study of the ferroelectric properties of a series of o-RMnO3 (R=Gd,...,Lu) thin films (10-15
nm) grown on (010)-oriented YAlO3 substrate. The polarizations measured in these films reach up to P ≈ 1 µC/cm2 (except TbMnO3 with
P ≈ 2 µC/cm2 ) and is aligned along the a axis. The authors concluded
that both the large polarization values and their direction can be explained by the presence of E-AFM order in all these films. This sug-
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gests that systems possessing A-AFM or spiral orders in bulk samples
can be pushed to the E-AFM state by applying strain.
1.5

PERFORMED RESEARCH

In this thesis I perform a thorough investigation of the magnetic and
ferroelectric properties of bulk samples and strained films of o-RMnO3
using DFT calculations and Monte Carlo simulations. The main aims
of this work are to understand the mechanisms which drive the evolution of the magnetism across the series of bulk o-RMnO3 as well as to
clarify the origin of the inconsistencies in the measurements of their
magnetic and ferroelectric properties. Moreover, to determine possible ways to manipulate and improve the multiferroic properties of oRMnO3 by studying how these properties depend on structural modifications caused, for example, by epitaxial strain.
The first part of the project is devoted to the study of the microscopic
exchange interactions in bulk o-RMnO3 with the goal of finding the
model Hamiltonian which can accurately describe their magnetism. In
this part I addressed the following questions:
• Is a simple Heisenberg model sufficient to accurately describe
the magnetism in o-RMnO3 ?
• How strong is the interaction between spin and orbital degrees
of freedom and how does it affect the exchange interactions in
o-RMnO3 ?
• Is it essential to include higher order exchange interactions in
the model Hamiltonian?
In the second part of the project I address the origin of the inconsistencies in the measurements of the magnetic and ferroelectric properties of bulk o-RMnO3 with small R cations on the example of HoMnO3
and ErMnO3 . For studying the magnetism I employ model Hamiltonian which includes Heisenberg, biquadratic and four-spin ring exchange interactions as well as anisotropic terms (DM interaction and
SIA). I answer these questions:
• Which magnetic phases have the lowest energies in HoMnO3
and ErMnO3 in terms of the aforementioned model Hamiltonian?
• Are these phases stable with respect to small variations of the
exchange couplings and anisotropies?

1.5 P E R F O R M E D R E S E A R C H

• What values of the electric polarizations can be induced by the
obtained magnetic ground state phases?
Finally, in the third part of the project, I investigate the relationship
between crystal structure and multiferroic orders in o-RMnO3 . This
work is performed in collaboration with experimental groups at Paul
Scherrer Institut (PSI, Villigen, Switzerland). In this part I answered
the following questions:
• How do the chemical pressure and epitaxial strain affect the internal lattice parameters of o-RMnO3 ?
• What are the effects of these variations on the microscopic exchange interactions and on the long-range magnetic order?
• Can these effects explain the large differences in the values of
the electric polarizations measured in bulk samples and strained
films of o-RMnO3 ?
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This chapter gives a brief introduction to the computational methods
which are used in this thesis. First I introduce the basic concepts of density functional theory (DFT), which is a versatile and accurate quantum
mechanical approach for studying a wide range of materials properties
from first principles. DFT is the main tool used in this work to investigate the structural, magnetic and ferroelectric properties of o-RMnO3 .
Next, I explain the Monte Carlo methods, in particular the Metropolis
algorithm and replica exchange techniques, which were used in this
work to determine the ground state magnetic phases in o-RMnO3 .
2.1

D E N S I T Y F U N C T I O N A L T H E O RY

Density functional theory (DFT) is a powerful approach which allows
investigation of the ground state properties (at T=0 K) of various systems (molecules, solids, nanostructures, surfaces and interfaces) starting from first principles (or equivalently ab initio) of quantum mechanics. It is based on solving the Schrödinger equation for systems
of many interacting electrons and nuclei using a set of approximations
which do not rely on any empirical parameters. These approximations
allow one to convert the many-body interacting problem to a singleparticle problem in which interactions between electrons are treated
on the mean-field level. The history of DFT started in 1964 with the
landmark publication of Hohenberg and Kohn entitled "Homogeneous
electron gas" [49]. Following this work many studies contributed in
building the foundation of DFT (in particular, the Kohn-Sham ansatz
introduced in 1965 [74]) as well as in development of efficient computational algorithms based on this theory. Due to its universality and accuracy in describing and predicting the properties of different systems,
DFT became an indispensable tool in modern computational solid state
physics, chemistry and materials science. Owing to that Walter Kohn,
the inventor of DFT, was awarded the Nobel Prize in Chemistry in
1998. Below I summarize the main ideas of DFT, while more details
can be found in excellent books which were used to write this chapter
(for example, Refs. [35, 46, 73, 85])
Any solid consists of large number of interacting ions and electrons.
Ideally, in order to study the properties of solids within the quantum
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mechanical framework, one should solve the many-body Schrödinger
equation of the form:



T̂e (r) + T̂n (R) + V̂ee (r) + V̂nn (R) + V̂en Ψ(r, R) = EΨ(r, R).

(2.1)

The first term, T̂e (r), is the kinetic energy of electrons (in atomic units,
a.u.):
T̂e (r) = −

N
X
∇2
i

2

i=1

,

(2.2)

where N is the number of electrons in the system and r=r1 ,...,rN defines the positions of all electrons. Laplace operators ∇2i are taken with
respect to the coordinates of each electron.
The second term, T̂n (R), is the kinetic energy of the nuclei (in a.u.):
M
X
∇2I
T̂n (R) = −
,
2MI

(2.3)

I=1

where MI is the mass of I nucleus, M is the number of nuclei in the
system and R=R1 ,...,RM are the positions of the nuclei. Laplace operators ∇2I are taken with respect to the coordinates of each nucleus.
The third term, V̂ee (r), is the energy of Coulomb repulsion between
electrons (in a.u.):
V̂ee (r) =

1X 1
,
2
|ri − rj |

(2.4)

i6=j

where i and j run from 1 to N.
The fourth term, V̂nn (r), is the energy of Coulomb repulsion between the nuclei (in a.u.):
V̂nn (R) =

1 X ZI ZJ
,
2
|RI − RJ |

(2.5)

I6=J

where ZI and ZJ are atomic numbers, I and J run from 1 to M.
The last term, V̂en (r), is the energy of Coulomb attraction between
electrons and nuclei (in a.u.):
V̂en (r, R) = −

X
i,I

ZI
.
|ri − RI |

(2.6)

E in Eq. 2.1 is the total energy of the system in the state described
by the many-body wavefunction Ψ(r, R). Hypothetically, if one would
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solve Eq. 2.1 and determine the ground state eigenfunction Ψ0 (r, R), it
would be possible to calculate all equilibrium properties of the system. In practice, however, this coupled partial differential equation
with 3(N+M) variables is impossible to solve for systems in which
N and M is very large (such as in solids). Therefore, to tackle this
problem, approximations have to be introduced.
The first simplification, the so-called Born-Oppenheimer approximation [10], can be made if the nuclei are effectively static on the timescale of the electrons. This is usually the case because their masses are
very large compared to that of the electron. This allows one to neglect
kinetic energy of nuclei and to decouple the dynamics of electrons
from the dynamics of nuclei, so that the Coulomb repulsion energy between nuclei (Enn ) can be treated as a constant. Then, Eq. 2.1 can be
rewritten in the following form:


Ĥe ΨR (r) = T̂e (r) + V̂en (r) + V̂ee (r) ΨR (r) = Ee ΨR (r), (2.7)

where Ee = E − Enn . In Eq. 2.7 the positions of the nuclei R enter
only as external parameters and the electrons are considered as moving
in the fixed potential created by the nuclei. Thus, the full many-body
problem is now reduced to a many-body electron problem with Hamiltonian Ĥe . Nevertheless, finding the quantum states of the system of
N electrons using Eq. 2.7 is still very complex task, as it is a coupled
differential equation with 3N variables.
Fortunately, it was shown by Hohenberg and Kohn (1964) [49] and
Kohn and Sham (1965) [74], that the many-body electron problem
can be substituted by a single-particle description, in which the central
quantity is the electron density, rather than an electronic wavefunction.
These pioneering works built the core of DFT.
The theorems of Hohenberg and Kohn [49] state that the total energy E of any system of interacting electrons in an external potential
is a unique functional of the electronic density n and the exact ground
state energy, which is a global minimum of E[n], is determined by the
ground state density. These means that, once the ground state density
is found, any observable can be calculated. However, the exact form of
this functional,
Z
F[n] = drn(r)Ven (r) + hΨ[n]|T̂e + V̂ee |Ψ[n]i,
(2.8)
is not known.
In 1965, Kohn and Sham [74] introduced an ansatz in which the
system of interacting electrons in its real potential was mapped onto
a system of noninteracting electrons with the same density, but in the
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effective Kohn-Sham potential, VKS . This mapping is achieved by representing the functional of Eq. 2.8 in the following form:
Z
XZ
∇2
E = F[n] = drn(r)Ven (r) −
drφ∗i (r) φi (r)+
2
i
(2.9)
ZZ
0
1
0 n(r)n(r )
drdr
+ Exc [n],
2
|r − r 0 |
where the first three terms define the total energy in the independent
electron approximation (first - external potential, second - kinetic energy, third - Hartree energy; φi (r) is a single electron wavefunction)
which can be determined exactly. The last term, Exc , is the so-called
exchange-correlation energy, which is unknown and consists of all the
energy contributions which are different between the systems of interacting and noninteracting electrons. According to the HohenbergKohn variational principle, the ground state density n0 minimizes F[n]:
δF[n]
δn

n0

= 0.

(2.10)

This leads to the following set of equations, called the Kohn-Sham
equations, for the wavefunctions φi (r):


∇2
−
+ VKS (r) φi (r) = εi φi (r),
(2.11)
2
with
VKS (r) = Ven (r) + VH (r) + Vxc (r).

(2.12)

Here VH is a Hartree potential and Vxc is the exchange-correlation
potential, which is defined as:
Vxc =

δExc [n]
δn

n(r)

.

(2.13)

Once the φi (r) are found, the electronic density can be calculated as:
X
n(r) =
|φi (r)|2 ,
(2.14)
i=occ

where summation is performed over occupied states.
If Exc [n] were known, it would be possible to solve the Kohn-Sham
equations exactly. In reality, since Exc is small relative to the kinetic
and Hartree energies, use of good approximations for Exc is sufficient
in many cases for obtaining accurate results.
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2.1.1

Approximations for the exchange-correlation energy

Below I summarize the approximations for the exchange-correlation
energy which are relevant for this work.
( L D A ) The LDA is the
simplest and most widely used approximation for the exchange - correlation energy. It was first proposed in the paper of Kohn and Sham
in 1965 [74]. The LDA treats the inhomogeneous electron system as
locally homogeneous. In this case Exc [n] can be written as:
Z
LDA
Exc [n] = n(r)xc (n(r))dr,
(2.15)
L O C A L D E N S I T Y A P P R O X I M AT I O N

where xc (n(r)) is the exchange-correlation energy (per particle) of a
homogeneous electron gas with density n(r). In this case Exc [n] depends only on the electron density at position r and not on its variation
around that position. xc (n(r)), in turn, can be represented as:
xc (n(r)) = x (n(r)) + c (n(r)).

(2.16)

x is an energy of electron in homogeneous electron gas, which is
given by [22, 123]:


3 3n(r) 1/3
.
(2.17)
x (n(r)) = −
4
π
An analytical expression for c (n) cannot be written down, however,
it can be calculated numerically using quantum Monte Carlo simulations for the homogeneous electron gas. These were first performed
by Ceperley and Alder (1980) [15], and parametrized by Perdew and
Zunger (1981) [103], as well as Vosko, Wilk and Nusair [138].
It is well established that LDA usually gives accurate values (1-2%
compared to experiment) for bond length, bond angles and vibrational
frequencies. Dielectric properties (e.g, dielectric constants, piezoelectric coefficients) are often underestimated by ≈10%. It also tends to
overestimate the binding energies of molecules and cohesive energy
of solids by ≈10-20%, which leads to slightly underestimated bond
lengths.
G E N E R A L I Z E D G R A D I E N T A P P R O X I M AT I O N ( G G A )
A more
accurate description of systems with inhomogeneous electron density
can be reached by adding nonlocal corrections to the LDA. The expression for Exc [n] is written then in the more general form:
Z
GGA
Exc [n] = xc [n, |∇n|, ∇2 n, ...]|r dr.
(2.18)
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One of the most accurate and widely used versions of the GGA was introduced by Perdew, Burke and Ernzerhof (PBE) [102]. In this version
Exc is written as:
Z
Exc [n] = n(r)LDA
(2.19)
xc (n(r))Fxc (n, ξ, s)dr,
where Fxc (n, ξ, s) is the enhancement factor over the local exchange
and correlation, which depends on the local density n, magnetization
density ξ (for spin-polarized calculations), and density gradient s =
|∇n(r)|/(2kF n), in which kF is a Fermi wavevector.
Compared to LDA, GGA tends to give improved binding and atomic
energies, and more accurate values of bond length and bond angles.
DFT+U

In bare LDA and GGA, the same exchange-correlation potential is used for all states (s, p, d and f ). This often leads to an incorrect description of systems containing transition metal or rare-earth
cations with partially filled d or f states, since they, being very localized, are treated on the same level as delocalized s and p orbitals. For
example, the opening of the energy gap in Mott-Hubbard insulators is
often not captured within these approximations.
The localization of d and f states gives rise to strong on-site correlations, meaning that if an electron occupies a state localized at a certain
site, addition of the second electron to this site has a penalty energy
cost U. A simple model for describing this effect was introduced by
Hubbard in the famous Hubbard Hamiltonian (see Eq. 1.17) [51]. In
the LDA+U approximation [4], delocalized (s, p) and localized (d, f )
electrons are distinguished by adding for the latter two a Hubbard-like
P
on-site repulsion term, 1/2U i6=j fi fj (fi =0 or 1 is the occupancy of d
or f orbital). The LDA+U total energy is then written as:
1 X
1
ELDA+U = ELDA + U
fi fj − UN(N − 1),
2
2

(2.20)

i6=j

where the first term is the usual LDA energy and the last term is the
Coulomb interaction energy of N d- or f -electrons with (N − 1) other
P
electrons (N =
i fi ), which needs to be subtracted from ELDA to
avoid double counting.
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2.1.2

Practical approach for solving Kohn-Sham equations

BASIS SET
Solution of the system of Kohn-Sham equations requires one to choose a set of basis functions ϕα for expanding the
Kohn-Sham orbitals:

φj (r) =

L
X

cjα ϕα (r),

(2.21)

α=1

where j labels the band and L is the dimension of the basis set. While
several options exist, I will focus in the following on the plane-wave
basis set which is commonly used to describe periodic crystals.
Following Bloch’s theorem, the electronic wavefunction in a periodic potential can be expanded in a plane-wave basis set (Bloch waves)
as:
X
φjk (r) = eikr
Ck (G)eiGr ,
(2.22)
G

where k is a wave vector and G are the reciprocal lattice vectors. In
principle, this Fourier series should contain an infinite number of terms.
In practice, however, the sum is truncated and a finite number of G
vectors is used. Namely, the summation runs up to a certain Gmax , so
that only plane waves with an energy lower than a certain cutoff energy,
Ecut = |Gmax |2/2, are considered:
1
|k + G|2 < Ecut .
2

(2.23)

Ecut is chosen in simulations such as to reach sufficient accuracy within
a reasonable computational time.
The electronic states of different energies
contribute differently to the properties of physical systems. Core states
are tightly bound to the nuclei, do not feel the chemical environment
and do not participate in chemical bonding. Due to their high binding
energies, they largely determine the total energies of most materials.
Valence states, in turn, are more spatially extended and responsible for
the formation of chemical bonding. They define transport, magnetic,
ferroelectric and many other materials properties.
In DFT calculations, the Kohn-Sham wavefunctions need to be expanded in a certain basis set, for example, plane waves. To accurately
describe the strong spatial variation of the core states in the vicinity of
the core, one has to include a very large number of plane waves in their
expansion, which makes the calculations computationally very heavy.
The pseudopotential method is an approximation in which the core
P S E U D O P OT E N T I A L S
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Figure 19: Self-consistent scheme of typical DFT calculations.

electrons are treated as part of the ionic cores (such as they would be
in a free ion), which allows one to exclude their Kohn-Sham wavefunctions from the calculations. In valence wavefunctions, the oscillating
part near the core is replaced by a smooth and nodeless function up
to a certain cutoff radius rc , while beyond rc it exactly matches the
all-electron wavefunction. The screened due to presence of core electrons nuclear potential is constructed so that inside the pseudization
region (r<rc ) the solution of the Kohn-Sham equations gives exactly
the pseudo-wavefunction, while outside this region (r>rc ) it gives the
unmodified Kohn-Sham potential obtained from all-electron calculations.
SELF-CONSISTENT KOHN-SHAM SCHEME
After all necessary
approximations are made, the Kohn-Sham equations can be solved self
- consistently as illustrated in Fig. 19.

2.2

MONTE CARLO METHOD

Monte Carlo (MC) methods are numerical algorithms which are widely
used nowadays to solve problems in statistical physics and chemistry.

2.2 M O N T E C A R L O M E T H O D

In particular, these methods allow calculation of the properties of systems which consist of large numbers of particles by treating them in
a probabilistic fashion rather than searching for exact solutions. For
example, these methods are applied to investigate magnetic systems,
polymers, complex biological molecules, growth phenomena, critical
phenomena and others. In this work, MC simulations are employed to
determine the ground state magnetic phases for considered representatives of the o-RMnO3 series based on the certain spin model Hamiltonian. In particular, we use the MC Metropolis algorithm combined
with overrelaxation moves and the replica exchange technique. Below,
I summarize the main idea of MC simulations and briefly introduce
all applied techniques. The details of these methods can be found in
the books of Newman [97], Landau and Binder [78], and Lesar [80],
which were used for writing this chapter.
Monte Carlo simulations often describe physical systems in the canonical ensemble (temperature T , number of particles N and volume V
are constant), for which a probability to find a system in specific configuration µ is defined as (Boltzmann distribution):
e−βEµ
,
(2.24)
Z
where β = 1/kB T , kB is Boltzmann constant, Eµ is the energy of the
system in configuration µ and Z is the partition function. The latter is
defined as:
X
Z=
e−βEµ ,
(2.25)
ρµ =

µ

where the sum is over all possible states of the system. Expectation
values for many physical observables of interest can be found as:
X
1X
hAi =
A µ ρµ =
Aµ e−βEµ .
(2.26)
Z
µ
µ
For most systems, however, Z cannot be estimated exactly due to the
very large number of possible states. Nevertheless, this problem can be
overcome by employing certain approximation techniques. One way is
to consider not all possible states, but only those that are probable (for
example, the configurations with very high energies have low probabilities) according to a certain probability distribution, such as Boltzmann
distribution. This is called importance sampling. The standart approach
to obtaining this sampling is to use a Markov process.
Almost all Monte Carlo algorithms rely on Markov processes, which
are mechanisms of generating the sets of states according to Boltzmann probability distribution. For a Markov process the transition probability from some initial state µ to a new state ν, P(µ → ν), should
satisfy the following conditions:
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• P(µ → ν) should not change over time;
• P(µ → ν) should depend only on the properties of the states µ
and ν (and not on the earlier states of the system);
• Sum rule:
X
ν

P(µ → ν) = 1.

(2.27)

By using the Markov process repeatedly in MC simulations, the socalled Markov chain of states (µ → ν → ξ →...) can be produced.
In order to ensure that these states have probabilities defined by the
Boltzmann distribution, two more conditions should be satisfied by
the Markov process - ergodicity and detailed balance. The ergodicity
condition requires that the Markov process should be able to reach any
state of the system from any initial state, if it is run for long enough.
The detailed balance condition ensures that the Boltzmann distribution
(and not any other) is reached after a system achieves equilibrium. The
system is considered to be at equilibrium if:
X
X
ρµ P(µ → ν) =
ρν P(ν → µ),
(2.28)
ν

ν

which can be simplified using Eq. 2.27 to:
X
ρµ =
ρν P(ν → µ).

(2.29)

ν

Clearly, this can be guaranteed by:
ρµ P(µ → ν) = ρν P(ν → µ),

(2.30)

which is the condition of detailed balance. If the expression for Boltzmann probability, Eq. 2.24, is substituted in Eq. 2.30, one can see that
the transition probabilities should satisfy the following condition:
P(µ → ν)
ρν
=
= e−β(Eν −Eµ ) .
P(ν → µ)
ρµ

(2.31)

Generally speaking, transition probabilities P(µ → ν) can be represented as:
P(µ → ν) = g(µ → ν)A(µ → ν),

(2.32)

where g(µ → ν) is a selection probability (the probability that, if the
initial state of the system is µ, the algorithm will give a new state ν)
and A(µ → ν) is an acceptance ratio (defined as, if the initial state
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of a system is µ and an algorithm gives ν as the new state, the latter
should be accepted a fraction A(µ → ν) of times and the rest of the
time system stays in the state µ). Then:
P(µ → ν)
g(µ → ν)A(µ → ν)
=
.
P(ν → µ)
g(ν → µ)A(ν → µ)

(2.33)

Thus, the MC algorithm should generate random new states ν from
previous states µ with a set of probabilities g(µ → ν) and these new
states ν should be accepted with ratios A(µ → ν), which satisfy Eq.
2.33.
2.2.1

Metropolis algorithm

The most famous and widely used MC algorithm was introduced by
Metropolis et al. [86] in 1953. In this algorithm the selection probabilities are chosen to be equal for all possible states ν and for all other
states they are set to zero. In this case the detailed balance condition
has the following form:
A(µ → ν)
P(µ → ν)
=
= e−β(Eν −Eµ ) .
P(ν → µ)
A(ν → µ)

(2.34)

To satisfy this equation, acceptance ratios A(µ → ν) for trial moves
(µ → ν) are chosen such that:

e−β(Eν −Eµ ) , if E − E > 0
ν
µ
A(µ → ν) =
(2.35)
1,
otherwise.
This means, that if the energy of the system in a new state ν is lower or
equal to that of the initial state µ, then the new state is always accepted.
In the case that it is higher in energy, the new state ν is accepted with
the probability given in Eq. 2.35.
Since in this project we are interested in finding the minimal energy
configuration of a spin system described by a specific model Hamiltonian, in Fig. 20 we show the standard implementation of Metropolis
algorithm for this particular case.
2.2.2

Overrelaxation

In 1987 Creutz [21] suggested a modified version of the Metropolis
algorithm with a specific choice of trial moves and demonstrated that
this choice significantly reduces the autocorrelation times. Namely, the
trial change of a variable is chosen such that, on the one hand, it is as
far as possible from the old value of the variable and, on the other hand,
this does not give a large energy penalty.
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Figure 20: Standard implementation of Monte Carlo Metropolis algorithm.
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Figure 21: Parallel tempering: swaps between replicas of a system at neighboring temperatures.

2.2.3

Parallel tempering

Parallel tempering, or replica exchange, is a powerful technique which
allows to efficiently simulate systems with complex energy landscapes
while avoiding trapping in local energy minima. It was found to be very
efficient for studying polymers and complex biomolecules, as well as
structural and magnetic properties of solids. This method was first introduced in the manuscript of Swendsen and Wang (1986) [130]. The
main idea of this approach is to simulate in parallel N replicas of the
original system, each in a canonical ensemble at a different temperature Ti . Usually T1 < T2 < ... < TN and T1 is the temperature
of interest. Replicas at high temperatures can sample large volumes
of the phase space. Lower temperature replicas, in turn, sample much
smaller volumes of the phase space, and therefore, can be trapped in
local energy minima. In the parallel tempering technique, good sampling is reached by allowing swapping of the configurations between
the replicas at neighboring temperatures (see Fig. 21). The swaps between replicas i and j are accepted with a probability:
Pij = min[1, e(βi −βj )(Ei −Ej ) ],

(2.36)

where βi = 1/kB Ti and Ei is the energy of the ith replica. This automatically satisfies a detailed balance condition. The numbers of replicas and temperatures are chosen such as to get the best balance between quality of the sampling and computational cost. The highest
temperature, TN , should be large enough to ensure that all the replicas are not trapped in local energy minima. The number of replicas, N,
should be sufficient to provide the configuration exchange between all
neighboring replicas [24].
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O RT H O R H O M B I C P E ROV S K I T E M A N G A N I T E S

In this chapter I present our work on finding a model Hamiltonian
that accurately describes the magnetism in o-RMnO3 . Note, that here I
discuss only the isotropic coupling terms and do not take into account
DM interactions and single-ion anisotropies. The effects of anisotropic
terms will be considered in the next chapters. The main motivation
of this work is the existing controversy surrounding the microscopic
mechanism for the evolution of the magnetism across the o-RMnO3
series. In particular, the origin of the frustrated magnetic orders, such
as incommensurate phases and E-AFM order, which form in o-RMnO3
with R smaller than Gd, is not yet fully understood (as was detailed in
Sec. 1.4.2.3).
We first address a simple Heisenberg Hamiltonian and use first principles calculations to examine whether it is sufficient for a description of the magnetism in o-RMnO3 . We show that the DFT energies
of o-RMnO3 with R=Pr, Tb and Lu calculated imposing different magnetic orders cannot be accurately mapped onto the Heisenberg Hamiltonian. After analyzing several possible sources of this non-Heisenberg
behavior, we conclude that it originates from strong higher-order exchange interactions (biquadratic and four-spin ring exchanges) which
are usually neglected. We also demonstrate that the evolution of the
magnetism across the series of bulk o-RMnO3 likely occurs due to reduction of the NN FM in-plane Heisenberg exchanges (Jab in Fig. 18)
with decreasing R radius, which makes the effect of other couplings
(NNN Heisenberg and higher-order couplings) more pronounced.
The chapter is structured as follows: First I describe our preliminary
DFT calculations for TbMnO3 in which non-Heisenberg behavior was
indicated. Then I present, in the included paper, a thorough analysis
of the microscopic exchange interactions in o-RMnO3 and our current
understanding of the origin of the non-Heisenberg behavior in these
systems.
3.1

F I R S T I N D I C AT I O N O F N O N - H E I S E N B E R G B E H AV I O R

First we consider the most widely studied multiferroic orthorhombic
perovskite compound, TbMnO3 . If one assumes that the magnetism
in this material is fully described by the Heisenberg Hamiltonian (Eq.
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1.5) and considers only the couplings between NN Mn3+ spins (Jc and
Jab , Fig. 18), then the total energy of the system can be written as:
X
E=
Jij Si · Sj + E0 ,
(3.1)
hi,ji

where E0 is the energy of all other nonmagnetic interactions. Using this
equation, we can write the energies of the TbMnO3 unit cell for four
collinear magnetic orders typical for orthorhombic perovskite manganites (A-AFM, C-AFM, G-AFM and FM [142], these orders are shown
in Fig. 2 of the paper presented in Sec. 3.2):
EA−AFM = 8Jab − 4Jc + E0 ,
EC−AFM = −8Jab + 4Jc + E0 ,
EG−AFM = −8Jab − 4Jc + E0 ,

(3.2)

EFM = 8Jab + 4Jc + E0 ,
in all the equations setting S=1. From these one can see that the coupling Jab can be estimated using the energies EA−AFM and EG−AFM
as:
1
1
(EA−AFM − EG−AFM ) ,
(3.3)
∆EAG =
16
16
and the obtained value should be the same or at least very similar to
that calculated using the energies of the system with FM and C-AFM
orders:
Jab =

Jab =

1
1
(EFM − EC−AFM ) .
∆EFC =
16
16

(3.4)

Similarly for the coupling Jc :
1
1
Jc = ∆EFA = (EF−AFM − EA−AFM )
8
8

(3.5)

and
1
1
Jc = ∆ECG = (EC−AFM − EG−AFM ) .
(3.6)
8
8
We use DFT to calculate the energies of the 20 atom unit cell of TbMnO3
with all the aforementioned orders imposed 1 . Then we use the DFT
1 DFT calculations are performed using the Vienna ab initio Simulation Package
(VASP) [76]. We employ the generalized gradient approximation with Hubbard U
correction (GGA+U) for the exchange-correlation potential in the form of PBE [104].
The parameter of the on-site Coulomb repulsion for the Mn d states is set to U=2 eV
and the on-site exchange interaction to JH =0 eV. The cutoff energy for the plane
wave basis set is 600 eV. We use a Γ -centered 5×5×3 k-point mesh. Spin-orbit
coupling is not included in the calculations. The effects which may arise from the
ordering of the f -electron moments of the R cations are eliminated by using pseudopotential for Tb in which f -states are frozen in the core.

3.2 E F F E C T S O F B I Q U A D R AT I C A N D R I N G E X C H A N G E I N T E R A C T I O N S

energies to calculate Jab according to Eqs. 3.3 and 3.4 and Jc using
Eqs. 3.5 and 3.6. The resulting values of these couplings are presented
in Table 3. From this one can see, that the values of Jab obtained using ∆EAG and ∆EFC are significantly different (by more than 1 meV)
while they should be very similar if the Heisenberg model is sufficient
for the description of the magnetism. A similar discrepancy is found
for Jc coupling, for which ∆EFA or ∆EFC even give different signs.
Table 3: Heisenberg exchange interactions Jab and Jc (in meV) calculated
using DFT energies of TbMnO3 with A-AFM, C-AFM, G-AFM and
FM orders imposed.

Jab

Jc

∆EAG

∆EFC

∆EFA

∆ECG

-6.74

-5.32

2.57

-0.27

As will be described in detail in the paper presented in Sec. 3.2,
these inconsistencies in the values of Js are also found when other theoretical approximations are used to calculate the energies of the aforementioned collinear orders [25, 125, 150], which means that this result
is not an artifact of the applied electronic structure method. This finding motivated us to look closely at the microscopic exchange interactions in o-RMnO3 and to clarify whether this inconsistency originates
from NNN Heisenberg couplings or other strong couplings beyond the
Heisenberg Hamiltonian.
3.2

E F F E C T S O F B I Q U A D R AT I C A N D R I N G E X C H A N G E I N T E R AC T I O N S

The manuscript "Biquadratic and ring exchange interactions in orthorhombic perovskite manganites" by Fedorova N. S. et al., Ref. [27]
Copyright (2015) by the American Physical Society, presents a thorough study of the microscopic exchange interactions in the o-RMnO3
(R=Tb, Pr, Lu) based on first-principles electronic structure calculations. This manuscript is published in Physical Review B. I performed
and analyzed all DFT calculations, participated in development of the
methods for calculating higher-order exchange interactions and implemented them in the scripts, participated in interpretation of the results
and wrote the manuscript.
First, we considered TbMnO3 and calculated a set of Heisenberg
couplings up to third NN within the ab planes and second NN along
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the c axis using several approaches. In all cases we observed clear
deviations from the behavior predicted by the Heisenberg model and
concluded that this model is not sufficient to accurately describe the
magnetism in this system.
Next, we investigated whether the presence of orbital ordering in
TbMnO3 can explain this non-Heisenberg behavior. As was described
in Sec. 1.4.2.1, the orbital and magnetic orderings are closely related in
o-RMnO3 . Our idea was that the variations of the spin alignment which
are necessary for calculating the exchange couplings can, in principle, modify the orbital ordering in the system. If this variation is large
enough, this could explain the observed deviation from the Heisenberglike behavior. However, we found that the change in the orbital state
due to the variation of the magnetic order in the system is quite small
and showed that it cannot cause this deviation. Moreover, we found
that systems in which orbital ordering is absent (for example, hypothetical TbCrO3 and TbFeO3 crystals obtained by substituting Mn3+
ions by Cr3+ and Fe3+ , respectively), demonstrate non-Heisenberg behavior as well.
Then we investigated whether higher-order exchanges, such as biquadratic and four-spin ring interactions, might be an origin of this
behavior. We presented the methods of calculating these couplings using DFT and showed that they are of the same order of magnitude
as the Heisenberg exchanges in TbMnO3 . We also showed that by including these terms in the model Hamiltonian one can significantly
improve the description of the magnetism in this system. Moreover,
we checked how all extracted exchange interactions can be affected by
the parameters of the calculations (on-site Coulomb repulsion U and
on-site exchange interaction JH ). Even though we found that different
choices of these parameters can significantly affect the amplitudes of
the coupling constants, the calculated higher-order terms were significant for all reasonable values of U and JH .
Finally, we investigated how both Heisenberg and higher-order exchange interactions evolve across the series of bulk o-RMnO3 . For
that we calculated the same set of exchange couplings for PrMnO3 ,
TbMnO3 and LuMnO3 . We showed, that the coupling which is affected
most due to the increasing GFO distortion is the NN in-plane Heisenberg exchange Jab . This led us to conclude that the evolution of the
magnetism across the series of bulk o-RMnO3 occurs largely due to the
decrease in this coupling which makes the effects of other exchanges
(NNN Heisenberg and higher-order couplings) more pronounced.
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We use ab initio electronic structure calculations within the generalized gradient approximation (GGA+U)
to density functional theory to determine the microscopic exchange interactions in the series of orthorhombic
rare-earth manganites, o-RMnO3 . Our motivation is to construct a model Hamiltonian (excluding effects due
to spin-orbit coupling), which can provide an accurate description of the magnetism in these materials. First,
we consider TbMnO3 , which exhibits a spiral magnetic order at low temperatures. We map the exchange
couplings in this compound onto a Heisenberg Hamiltonian and observe a clear deviation from the Heisenberg-like
behavior. We consider first the coupling between magnetic and orbital degrees of freedom as a potential source
of non-Heisenberg behavior in TbMnO3 , but conclude that it does not explain the observed deviation. We find
that higher order magnetic interactions (biquadratic and four-spin ring couplings) should be taken into account
for a proper treatment of the magnetism in TbMnO3 as well as in the other representatives of the o-RMnO3 series
with small radii of the R cation.
DOI: 10.1103/PhysRevB.91.165122

PACS number(s): 75.30.Et, 71.15.Mb, 75.47.Lx, 75.85.+t

I. INTRODUCTION

Perovskite manganites, RMnO3 (R = rare-earth cation),
show a great variety of structural, magnetic, and electronic
phases whose coexistence and interplay give rise to the large
diversity of their physical properties. Orthorhombic RMnO3
(o-RMnO3 ) exhibiting frustrated magnetic orderings are of
particular interest as they belong to the family of so-called
magnetoelectric multiferroics—materials, where magnetic
and ferroelectric orders are simultaneously presented [1–3].
Indeed, it has been shown experimentally, that the establishment of a spiral ordering of Mn3+ spins in TbMnO3 and
DyMnO3 is accompanied by the appearance of a spontaneous
electric polarization which can be manipulated by an applied
magnetic field [4]. Recently a magnetically induced electric
polarization was also observed in o-HoMnO3 [5], which
has an E-type antiferromagnetic order (E-AFM) [6]. Despite
the fact that these effects occur at quite low temperatures,
the understanding of their mechanisms is important for the
fundamental physics of magnetoelectric phenomena and for
potential development of multifunctional devices.
In this work we address the question of the origin of
the frustrated magnetic orderings which cause the multiferroic properties in o-RMnO3 . According to experiment,
the magnetic structure in the series of o-RMnO3 evolves
from A-AFM to the spiral and then to the E-AFM state
with decreasing radius of the R cation, which favors the
enhancement of orthorhombic distortion. This in turn changes
the relative strength of nearest-neighbor (NN) and further
neighbor exchange interactions between Mn spins in these
materials [7,8]. This evolution of the magnetic order is usually
described within the framework of a Heisenberg model with
competing NN and next-nearest-neighbor (NNN) exchanges.
Indeed, qualitatively, this model gives the spiral as a ground
state for a certain ratio between NN and NNN couplings
3+

*
†
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[3,9,10]. However, as we will show in details in Sec. II B,
application of this model for quantitative description of the
exchanges in o-RMnO3 gives contradictory results. Moreover,
it was shown recently, that the E-AFM state cannot be obtained
from the Heisenberg Hamiltonian [11].
Here we present the results of our studies of the microscopic
magnetic couplings in the series of o-RMnO3 using firstprinciples electronic structure calculations with the goal of
finding a model Hamiltonian which can accurately describe
the magnetism in these materials. We restrict ourselves to the
analysis of the exchange interactions which are independent
of spin-orbit coupling, thus single-ion anisotropy (SIA) and
Dzyaloshinskii-Moriya interaction (DMI) are excluded in this
work. First we consider TbMnO3 with spiral spin ordering.
We map the exchanges in this compound onto the Heisenberg
model and find a clear deviation from Heisenberg-like behavior. We investigate the extent to which this deviation originates
from the presence of the orbital ordering in TbMnO3 and
show that the coupling between magnetic and orbital degrees
of freedom cannot provide the observed deviation. Then we
explore the effect of exchange couplings of higher orders
than the bilinear exchange (biquadratic and four-spin ring
couplings), which are usually neglected. We demonstrate that
the higher order contributions are significant in TbMnO3 and
other o-RMnO3 with small radii of the R cation (independently
of the choice of the DFT+U parameters, which are used in
the calculations) and that they have to be included in the
model Hamiltonian for an accurate description of the magnetic
properties of orthorhombic manganites.
This article is organized as follows: In Sec. II we
describe the crystal structure, the orbital ordering and its
relation to the magnetic properties in o-RMnO3 , and explain
the motivation of our research. Here we also introduce
the methods which we use in our calculations and specify the
computational details. In Sec. III we calculate the microscopic
exchange couplings in TbMnO3 and show that they cannot
be described by the Heisenberg Hamiltonian. In Sec. IV we
discuss the possible sources of the non-Heisenberg behavior
in TbMnO3 ; in particular, we investigate the effects of orbital
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Q = Q3 cos ϕ + Q2 sin ϕ.

(d)

(1)

The state |ψ is uniquely defined by the angle θ which is
called the orbital mixing angle. The corresponding distortion
of the octahedron can be written as a linear combination of
two normal Jahn-Teller modes Q2 and Q3 [15,20] [Figs. 1(c)
and 1(d), respectively]:

a

b
(c)

O

a superposition of dz2 and dx 2 −y 2 states [19]:
 
 
θ
θ
|dz2  + sin
|dx 2 −y 2 .
|ψ = cos
2
2

(2)

The value of ϕ can be estimated with the simple formula,
√

 
Q2
3(l − s)
ϕ = arctan
= arctan
,
(3)
Q3
2m − l − s

FIG. 1. (Color online) Crystal structure of o-RMnO3 : (a) side
view; (b) top view (R ions are not shown). (c) and (d) Representation
of the normal modes of Jahn-Teller distortion Q2 and Q3 , respectively.

ordering, structural distortions, and higher order exchange
couplings. In Sec. V we analyze how the choice of DFT+U
parameters, specifically the on-site Coulomb repulsion U and
on-site exchange interaction JH , affects the resulting values
of microscopic exchange interactions in TbMnO3 . In Sec. VI
we extend our analysis on the other representatives of the
o-RMnO3 series, namely, PrMnO3 and LuMnO3 . Finally, in
Sec. VII we summarize our work and give a conclusion.

II. MOTIVATION, THEORETICAL
BACKGROUND, AND METHODS

where l, m, and s are the lengths of the long, medium and short
Mn-O bonds in the octahedron [21]. The ground-state value of
θ is determined by the balance between the energy gain due to
the orbital-lattice interaction and the elastic energy cost [22].
For a single octahedron this occurs at ϕ = θ .
Since the oxygen octahedra are interconnected, their distortions and, therefore, the occupied orbital states on neighboring
Mn ions are not independent. Below a certain temperature, this
leads to a long-range orbital ordering with the orbital mixing
angles for two neighboring Mn sites i and j in the ab plane
related by θi = −θj (antiferro-orbital orientation). For nearest
neighbors along the c direction they are equal (ferro-orbital
orientation).
The GFO distortion is characterized by almost rigid
cooperative rotations of the MnO6 octahedra, which result
in the reduction of Mn-O-Mn bond angles and O(1)-O(2)
distances [see Fig. 1(b)]. In the series of o-RMnO3 this
distortion increases with decreasing radius of the R cation
from La to Lu.

A. Jahn-Teller and GdFeO3 -type distortions in o-RMnO3

B. Frustrated magnetism in o-RMnO3

The o-RMnO3 have an orthorhombically distorted perovskite structure (see Fig. 1) with space group Pbnm (#62)
and 20 atoms per unit cell [4,12–14]. The deviation from
the perfect cubic perovskite structure includes the Jahn-Teller
distortion of the MnO6 octahedra [15], their cooperative
tiltings [16] (the so-called GdFeO3 -type, GFO, distortion) and
small antiferroelectric displacements of R cations from their
ideal positions [17]. While the latter structural distortion has
been shown to influence the ferroelectric properties, its effect
on the magnetism is negligible and we do not consider it in
this work.
In o-RMnO3 each Mn3+ ion resides in the middle of an
oxygen octahedron with four electrons in 3d levels. The crystal
field of the perfect octahedron splits the fivefold degenerate d
levels into triply degenerate t2g lower-energy levels and doubly
degenerate eg levels with higher energy. Electrons occupy the
orbitals according to Hund’s rules and the Pauli principle,
which leads to full occupation of the spin majority t2g states
and single occupation of the spin majority eg states. Lowering
of the symmetry of the crystal field due to the Jahn-Teller effect
[18] lifts the degeneracy of the eg electronic state and favors
the occupation of a certain orbital which can be represented as

The combination of Jahn-Teller and GFO distortions
in o-RMnO3 determines their magnetic properties [23].
According to the Goodenough-Kanamori-Anderson rules
[24–26], the presence of the orbital ordering of the type which
was described in the previous section favors FM exchange
coupling between neighboring Mn spins in the ab planes
and AFM coupling along the crystallographic c direction.
This promotes the establishment of A-AFM ordering for
R = La . . . Gd. However, further decreasing the size of R
cation in the series of o-RMnO3 (and, therefore, increasing
the GFO distortion) causes the transition to the spiral (R = Tb,
Dy) and then E-AFM states (R = Ho . . . Lu). One can consider
the change in the relative strength of FM NN and AFM NNN
couplings in the ab plane as an origin of this transition.
Indeed, increasing GFO distortion decreases NN exchange as
it strongly depends on the Mn-O-Mn bond angles. On the other
hand, it enhances the AFM exchange between NNNs along the
b axis through the path Mn-O(1)-O(2)-Mn due to the reduction
of O(1)-O(2) distances [see Fig. 1(b)]. This strong AFM NNN
exchange causes magnetic frustration [8].
The simplest microscopic model which is often used to
discuss this evolution of the magnetic order is the Heisenberg
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model:
HHeis =



Jij Si · Sj ,

PHYSICAL REVIEW B 91, 165122 (2015)

(a)

(4)

i,j 

Jab

3

where Jij indicates exchange interactions between spins Si
and Sj . As exchange interactions are short ranged, usually
only the couplings between first- and second-nearest neighbors
are taken into account [3]. This model qualitatively explains
the establishment of spiral magnetic ordering. Indeed, for oRMnO3 the ratio,
Jb
1
> ,
|Jab |
2

(b)

4

Jc
2
1

(5)

for ab plane FM NN exchange Jab and AFM NNN exchange Jb
along the axis b gives a spiral (with a propagation vector along
the b axis) as a magnetic ground state [27]. However, the source
of E-AFM ordering is still under debate. For example, Kimura
et al. [8] stated that the two-dimensional Heisenberg model
with FM NN and certain competing AFM NNN couplings
in the ab plane can give E-AFM ordering, whereas Kaplan
and Mahanti [11] demonstrated that such a state cannot occur
in this model. Later it was shown for the example of a onedimensional spin chain, that addition of a biquadratic nearestneighbor exchange interaction of the form,

jkl (Sk · Sl )2 ,
(6)
Hbq =
k,l

to the Heisenberg Hamiltonian gives rise to E-AFM order
[10]. Then the importance of biquadratic coupling in the
establishment of an E-AFM state was also confirmed for the
two-dimensional case [28]. In turn, Solovyev [29] claimed that
it is crucial to consider the exchange interaction between the
third nearest neighbors in the ab planes to stabilize the E-AFM
state.
Aside from the disagreement on the source of the EAFM order, the application of the Heisenberg model for
a quantitative description of the magnetism in o-RMnO3
gives ambiguous results. Assuming that the magnetism in
o-RMnO3 is fully described by the Heisenberg Hamiltonian
and considering only the couplings between NN spins, the total
energy can be written as

Jij Si · Sj + E0 ,
(7)
E=
i,j 

where E0 includes all other (nonmagnetic) interactions. Therefore, one can see that the difference in the total energies
of the unit cell of o-RMnO3 with A-AFM and G-AFM
orientations [see Figs. 2(a) and 2(b), respectively] of Mn3+
spins (EAG ) defines the value of exchange coupling Jab .
Moreover, this value should be the same as that given by
the difference in the energies of FM and C-AFM [Figs. 2(d)
and 2(c), respectively] states (EFC ). Similarly, the NN
exchange Jc along the c axis can be extracted from the
following energy differences: EFA = E(FM)-E(A-AFM)
and ECG = E(C-AFM)-E(G-AFM) and the obtained values
should be the same for these two cases. The energies of FM,
A-AFM, C-AFM, and G-AFM states have been calculated by
several groups for the series of o-RMnO3 applying different
theoretical approaches [29–31]. Using the published values

(d)

(c)

c

b
a

FIG. 2. (Color online) Collinear magnetic orderings (in WollanKoehler notation [6]) of the Mn spins within the perovskite unit cell:
(a) A-AFM, (b) G-AFM, (c) C-AFM, and (d) FM. Jc and Jab indicate
the NN exchange couplings along the c axis and within the ab planes,
respectively.

of these energies, we calculate for each case EAG and
EFC , which define Jab and should give the same results.
However, we find that the obtained values E are significantly
different. The same is found for Jc , where EFA and ECG
give in some cases even different signs. As an example,
we present in Table I the values of Jab and Jc in LaMnO3
obtained using the generalized gradient approximation in
the form of Perdew, Burke, and Ernzerhof (GGA-PBE)[30],
Hartree-Fock approximation (HFA) [29], and GGA with the
Perdew-Wang-91 functional (GGA-PW91) [31]. We would
like to point out, that we do not compare the values of Jc
and Jab obtained with different approximations and presented
in different rows of Table I. For each approximation we
compare two values of Jab (Jc ), which were obtained using
EAG and EFC (EFA and ECG ) and, in principle, should
give very similar values. Table I also demonstrates that the
inconsistencies in the values of exchanges are not related to
the choice of the exchange-correlation potential. It should be

TABLE I. The exchange parameters Jab and Jc (in meV)
calculated with different theoretical approaches for LaMnO3 using
normalized values of spins | Si |=| Sj |=1.
Jab

Jc

Method

EAG

EFC

EFA

ECG

GGA-PBE [30]
HFA [29]
GGA-PW91 [31]

−27.7
−4.75
−18.0

−22.5
−1.25
−14.6

0.5
10.0
5.0

−10.0
3.0
−1.75

165122-3

FEDOROVA, EDERER, SPALDIN, AND SCARAMUCCI

PHYSICAL REVIEW B 91, 165122 (2015)

noted that the addition of the biquadratic term [Eq. (6)] in the
Hamiltonian cannot explain these results as it cancels out in
each energy difference.
These inconsistencies have not been addressed in the
literature and require further investigation. On one hand, they
could arise from the presence of strong NNN couplings. On the
other hand, they could point to the presence of other significant
couplings beyond the Heisenberg Hamiltonian, which have to
be taken into account for a proper theoretical analysis of the
magnetism in o-RMnO3 .
C. Mapping of DFT onto the Heisenberg model

In order to examine the relevance of the Heisenberg model
for o-RMnO3 and to clarify the inconsistencies in the previous
theoretical results, we perform a thorough analysis of the
microscopic exchange couplings by mapping the results of
density functional theory (DFT) [32,33] calculations onto
the Heisenberg Hamiltonian. For that purpose we use two
approaches, described below in this section and based on
certain modifications of the initial magnetic states. In this
context we point out that in the DFT calculations periodic
boundary conditions are applied and a variation of a state of
a Mn spin on one site leads to the same variation of Mn spin
states on all periodically equivalent sites.

except those describing the exchange interaction between
sublattices 1 and 2, cancel out. As a result, the parameter
J12 does not contain contributions from couplings between the
spins of sublattices 1 and 2 and those of other sublattices and,
therefore, should not depend on the orientation of spins that
do not belong to the sublattices 1 and 2.
2. Noncollinear calculations

This approach is based on the calculation of the total energy
of the system when some spins are rotated away from an initial
collinear state [36] and can be illustrated by the example of
the unit cell with four magnetic ions. We consider A-AFM
ordering for spins in the unit cell as a starting point and rotate
the spins of ions 2 and 4 [see Fig. 2(a)] by an angle α keeping
them antiparallel to each other until we reach G-AFM ordering
[Fig. 2(b)].
The energy of the system as a function of α within the
Heisenberg model can be written as
E(α) = −4Jc S 2 + 8Jab S 2 cos α + E0 ,

and can be calculated using DFT. The resulting curve should
fit the form,
f (α) = A1 + B1 cos α,

1. Calculations with collinear spin configurations

The first approach, described in detail in Refs. [34,35], is
based on calculations of the total energy of the system with
collinear spin alignment when the spin states on two sites
(let us denote them as 1 and 2) within the given unit cell are
modified. If the magnetism in the system is fully described by
the Heisenberg Hamiltonian, its total energy can be written as
follows:
E = nJ12 S1 · S2 + S1 · h1 + S2 · h2 + Eall + E0 ,

(8)

where n is the number of equivalent bonds with
 exchange
coupling J12 , which connect ions 1 and 2, h1 = i=1,2 J1i Si ,


h2 = i=1,2 J2i Si , and Eall = i,j =1,2 Jij Si · Sj ; E0 contains
all nonmagnetic energy contributions. Taking into account
periodic boundary conditions, one should consider the first
term in Eq. (8) as the Heisenberg exchange interactions
between spins of magnetic sublattices 1 and 2 [spin on the site
1 (or 2) and on all translationally equivalent sites], the second
(third) term as the coupling of the spins of the sublattice 1 (2)
with all other sublattices except 2 (1), and Eall as the exchange
couplings between all magnetic sublattices apart from 1 and
2. The number of sublattices is determined by the size of
chosen unit cell. Four different collinear configurations of the
spins 1 and 2 are possible—up-up, up-down, down-up, and
down-down and the corresponding energies can be calculated
using DFT. Then, the exchange interaction between sublattices
1 and 2 can be found using the formula,
E↑↑ + E↓↓ − E↑↓ − E↓↑
.
(9)
4nS 2
For a more direct comparison with other materials we prefer
not to normalize our reported values of Ji by S 2 (thus we set
S = 1 for Mn). Substituting in this expression the energies
E↑↑ , E↓↓ , E↑↓ , and E↓↑ using Eq. (8), one sees that all terms,
J12 =

(10)

(11)

if the Heisenberg model provides an accurate description (independently of the number of considered exchange couplings
as periodic boundary conditions are applied) and the fitting
parameter B1 should define the exchange coupling constant
Jab = B1 /8S 2 . Jc can be extracted similarly by rotating spins
on sites 3 and 4 from G-AFM to C-AFM ordering [from
Fig. 2(b) to 2(c), respectively].
D. Computational details

We perform spin-polarized electronic structure calculations
using the Vienna Ab initio Simulation Package (VASP) [37]
within the projector-augmented plane wave (PAW) method of
DFT. We use the GGA+U approximation for the exchangecorrelation potential (in the form of Perdew, Burke, and
Ernzerhof [38]). Unless otherwise stated, we apply an on-site
Coulomb repulsion of U =2 eV to the Mn d states as implemented in Liechtenstein’s scheme [39] and set the parameter of
the effective on-site exchange (Hund’s rule) interaction JH =
0 eV. This is equivalent to using Ueff = U − JH = 2 eV in
Dudarev’s scheme [40]. We do not include spin-orbit coupling
in our calculations, thus neither SIA nor DMI (nor any other
magnetic interactions with relativistic origin) can contribute
to the resulting total energies. To eliminate the effects from
the ordering of the f-electron moments of rare-earth ions, we
use pseudopotentials for R with the f states frozen in the
core. The value of the energy cutoff is set to 600 eV. In all
calculations we fix the crystal structures to the experimental
ones [12,41,42] to isolate any contributions from spin-lattice
coupling. To construct the set of projected Wannier functions
[43] we use the WANNIER90 [44] code and the VASP2WANNIER90
interface [45].
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FIG. 3. (Color online) Heisenberg interactions in TbMnO3 ,
which are considered in this work. Mn atoms within the 40-atom
supercell are highlighted with dark purple. Light purple circles
indicate Mn ions which belong to the neighboring supercells. NN
exchanges are indicated in red, second NN in blue, and third NN in
green.

III. DEVIATION FROM HEISENBERG MODEL

We start with the analysis of the microscopic exchange
couplings in the most studied multiferroic orthorhombic
perovskite compound TbMnO3 [46,47]. We initially assume
that the magnetism in this material is fully described by
the Heisenberg Hamiltonian [Eq. (4)] and limit ourselves to
consideration of the exchange couplings up to third NN within
the ab, bc, and ac planes. In our notation Jc and Jab are the
NN exchanges along the c axis and in the ab plane (see Fig. 3)
respectively; Ja corresponds to the second NN exchange along
the a direction, Jb —along the b axis and Jdiag couples second
NN in adjacent ab planes; J3ab , J3bc , and J3ac are exchanges
between third NN in the ab, bc, and ac planes, respectively.
We extract these parameters applying the method described in
Sec. II C 1. For this purpose we consider an 80 atom supercell
(the orthorhombic unit cell [12] is doubled in the a and b
directions) and a -centered 3 × 3 × 5 k-point mesh. For each
J we choose the corresponding spin pair in the supercell and
calculate the total energies of the system for the four possible
orientations of spins in this pair (up-up, up-down, down-up,
down-down). We keep the rest of Mn spins fixed first in the FM
state (FM case) and then in the A-AFM state (A-AFM case).
Note that for Jdiag and J3ab there are two types of spin pairs
which are not related by symmetry operations of the P bnm
space group and we calculate these coupling constants for both
of them. The obtained values of J are presented in Table II. We
TABLE II. Values of NN and NNN exchange interactions (in
meV) in TbMnO3 calculated for FM and A-AFM cases using U =
2 eV and JH = 0 eV. d(Mn-Mn) indicates the Mn-Mn distance (in
Å) corresponding to each Ji .
Jc
Jab
Ja
Jdiag
Jb J3ab J3bc J3ac
d(Mn-Mn) 3.701 3.940 5.293 5.406 5.838 7.881 6.913 6.459
FM
A-AFM

3.68 −4.62 −0.06 0.97 1.10 1.11 0.11 −0.02
−0.85 −5.16 −0.32 −0.10 0.68 1.26 0.007 0.03

FIG. 4. (Color online) Forty atom supercell of TbMnO3 (side
view) with magnetic orders which were used to calculate the exchange
parameter Jc . Tb and O ions are not shown.

find that for our chosen values of U and JH , Jb is rather weak
relative to Jab for both (FM and A-AFM) cases and according
to Eq. (5) cannot produce the spiral state in TbMnO3 . The other
possible source of frustration could be the AFM coupling J3ab
which is stronger even than the second NN in-plane couplings
Ja and Jb . The importance of J3ab was already pointed out in
Ref. [29], where strong or weak J3ab couplings were proposed
depending on the relative orientation of the occupied d orbitals
on the interacting sites (two inequivalent-by-symmetry spin
pairs). However, we obtain the same value of J3ab for both
orbital orientations. Similarly, we obtain identical values of
Jdiag for the two symmetry inequivalent spin pairs. Therefore
we introduce only one coupling constant for both Jdiag and
J3ab . The third NN couplings, J3bc and J3ac , were found to be
weak in comparison with the other couplings and they will not
be considered further in this work.
The key result of these calculations is that the values
of the exchanges, especially Jc , have different magnitudes
and in some cases even different signs for FM and A-AFM
cases while within the Heisenberg description they should be
equal (or at least very similar). We point out that such an
inconsistency cannot arise from further neighbor exchange
couplings. Indeed, as we discussed in Sec. II C 1, all further
neighbor contributions cancel each other in Eq. (9).
To double check this result and to determine its origin, we
extract Jc , which shows the largest inconsistency, with the
same method using a 40-atom supercell (20-atom unit cell
doubled along the b axis, 7 × 4 × 5 -centered k-point mesh).
We calculate the total energies switching the direction of spins
1 and 2, but now the rest of the spins are kept in the states
shown in Fig. 4. The new calculated Jc values are presented
in Table III. One can see that the Jc value obtained using
state (a) (which is A-AFM order) is in agreement with the
Jc value which was found using the 80 atom supercell and
starting from the same magnetic state. Interestingly, the values
of Jc are similar for the states (a) and (b), where the closest
surroundings of spins 1 and 2 are identical. In turn, if the states
differ by the direction of one spin in the nearest neighborhood
of the considered spin pair [such as between states (a) and
(c) or (c) and (d)], Jc changes by approximately the same
amount (in average by 1.85 meV). This suggests the presence
of strong couplings beyond the Heisenberg Hamiltonian which
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TABLE III. The values of the exchange coupling constant Jc
(in meV) in TbMnO3 calculated using the magnetic states shown
in Fig. 4. E4sp indicates the contributions to the values of Jc from
four-spin ring exchange K between Mn spins confined in adjacent ab
planes.

(b)

(a)

(c)

b

Jc
E4sp

(a)

(b)

(c)

(d)

−0.88
−4K

−0.68
−4K

0.92
0

2.84
4K

involve in some way the magnetic interactions between the
nearest-neighboring Mn spins.
Another check can be done by the method described in
Sec. II C 2. To apply this method we consider a 20-atom unit
cell and a 5 × 5 × 3 k-point mesh. We rotate the spins on sites
2 and 4 from A-AFM to G-AFM ordering (see Fig. 2) and
calculate the energies E of the system (relative to the energy
of A-AFM order) for several values of spin rotation angle α
between 0◦ and 180◦ . E(α) and its fitting to f (α) [Eq. (11)] are
presented in Fig. 5 (black dots and blue line, respectively). One
can see that E(α) shows clear deviation from the cosinusoidal
behavior predicted by the Heisenberg model.
These results lead us to the conclusion that the Heisenberg
Hamiltonian in its usual form is not able to accurately describe
the magnetism in TbMnO3 and more couplings have to be
taken into consideration.
IV. ORIGIN OF NON-HEISENBERG BEHAVIOR
A. Orbital ordering

First, we investigate whether the observed non-Heisenberg
behavior can originate from the presence of the orbital ordering
in TbMnO3 . Indeed, as was already described in Sec. II B,
the magnetic and orbital orderings are related as far as the
coupling of spins on neighboring Mn3+ ions is determined
by the occupation of their particular orbitals through the
superexchange mechanism. To take this behavior into account,
0.12

Energy (eV)

0.10
0.08
0.06
0.04
B2 55.3 meV
C2 18.1 meV

0.02
0.00
0

50

100

150

α (deg.)
FIG. 5. (Color online) Dependence of the energy E (relative to
the energy of A-AFM order) of TbMnO3 on the rotation angle α of
spins from the A-AFM to G-AFM state calculated using U = 2 eV
and JH = 0 eV. The results of DFT calculations are shown by dots
and the fitting to the Heisenberg model [Eq. (11)] by the blue line.
The red line indicates the fitting to a Hamiltonian which includes
bilinear and higher order exchange couplings [Eq. (15)], B2 and C2
are the fitting parameters, which define the sizes of the bilinear and
higher order terms, respectively.

a

FIG. 6. (Color online) (a) Ideal cubic perovskite structure;
(b) purely JT distorted structure (tetragonal); (c) fully JT+GFO
distorted structure (orthorhombic) of TbMnO3 .

the ordinary superexchange was generalized for the case of
systems with orbital degeneracy by Kugel and Khomskii [19].
They introduced a model Hamiltonian, in which, besides the
Heisenberg exchange, they included terms describing orbitalorbital and orbital-spin couplings. The latter gives the change
in the orbital ordering with variation of the spin alignment (or
vice versa) and, if it is large enough, can explain the different
values of exchange obtained for A-AFM and FM cases as
well as the deviation from Heisenberg behavior observed in
noncollinear calculations.
The occupied eg orbital |ψ for each Mn3+ ion is uniquely
defined in terms of the orbital mixing angle θ by Eq. (1).
To extract θ for TbMnO3 , so as to trace its evolution with
structural distortions and to estimate the strength of coupling
between orbitals and spins we perform the following analysis:
We construct a perfect cubic perovskite structure for TbMnO3
using a 20-atom unit cell and keeping the volume of each MnO6
octahedron equal to the experimental one [see Fig. 6(a)]. Then
we start to apply the JT modes Q2 and Q3 (without GFO
distortion) in such a way that Qi,applied = aQi,exp [thus the
angles ϕ, which are defined by Eq. (3), are equal for all values
of a]. a is varied from 0 to 1 and Qi,exp corresponds to the
structure with the full JT distortion [Fig. 6(b)]. To reach a
more transparent description of the orbital ordering, we use
a representation in terms of Wannier functions [48] (WF),
which, unlike Bloch functions, are localized in space and have
minimal overlap with the surrounding orbitals. To construct
a set of eg like WFs, we proceed similarly to Refs. [43,49].
We calculate the Bloch functions within GGA+U (using the
structures corresponding to different a), and for each structure
we define an energy window, in which eg bands are located,
based on projected densities of states and band structures.
Then, using the VASP2WANNIER90 interface and WANNIER90
code, we construct four WFs via projection of atomiclike |dz2 
and |dx 2 −y 2  orbitals centered on two Mn sites (1 and 2) on the
majority spin Bloch bands within the chosen energy window.
Then we calculate the occupation matrices in the basis of these
WFs for several values of a and two types of ordering of the Mn
magnetic moments (A- and G-AFM). Solving the eigenvalue
problem for these matrices, we find |ψi  (i = 1,2) and, thus,
θi . We plot θ1 as a function of a starting from a=0.4 (see
Fig. 7, left half of the graph), since smaller amplitudes of JT
distortion give a metallic ground state. θ2 has the same values
as θ1 , but the opposite sign.
As we expected, the calculated θ are different for A- and
G-AFM orderings. With increasing JT distortion from 40%
to 100% the mixing angles for both AFM orders change by
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FIG. 7. (Color online) Orbital mixing angle as a function of the
amplitudes of JT and GdFeO3 -type distortions for G-AFM and
A-AFM magnetic orderings in TbMnO3 . In the part of the graph
highlighted with violet (cyan), only the amplitude of the JT (GFO)
distortion is varied. ϕ is determined using Eq. (3).

approximately 6◦ and tend to the value of ϕ ≈ 114◦ which is
imposed by the structure [ϕ is calculated using Eq. (3) and
experimental lengths of long, medium, and short bonds in
Mn-O octahedra]. It is important, that the difference in the
orbital mixing angles θ between A- and G-AFM orderings
(in other words, the variation of the orbital ordering by the
change in the magnetic structure) is quite small for the whole
range of JT distortion amplitudes and reaches a maximum of
θ ≈ 3◦ . In order to check whether such a small variation
of the orbital mixing angle θ can cause the deviation from
Heisenberg behavior which was found in Sec. III, we perform
the calculations of the total energies rotating the spins from
A-AFM to G-AFM ordering and using the structures with
different amplitudes of JT distortion (a = 0.4 and 1). The
obtained angular dependencies of the total energy and their
fittings to f (α) [Eq. (11)] are shown in Figs. 8(a) and 8(b).
It is clearly seen that the calculated E(α) fit well with the
Heisenberg Hamiltonian for both amplitudes of JT distortion.
Therefore, one can conclude, that the variation in θ associated
with the change in the magnetic order is not sufficient to
explain the large deviation from the Heisenberg model which
was observed in our previous calculations. It should be taken
into account, however, that the energy scale is 4–6 times larger
than in the case where we perform the calculations using the
experimental crystal structure (Fig. 5). This is because in the
latter case the exchange energy is reduced by the presence of
GFO distortion. Thus, it is also possible, that the contribution
from θ is not significant in comparison with the strong
exchange energy within the tetragonal structure, but could be
important when the orthorhombic distortion comes into play.
Therefore, we are motivated to analyze next the effect of GFO
distortion on the orbital and magnetic orderings.
To investigate the variation of the orbital mixing angle
by GFO distortion we again construct four projected WFs.
In this case, to initialize projections, we introduce a local
coordinate system for each MnO6 octahedron in such a way
that x, y, and z axes are aligned as much as possible along

PHYSICAL REVIEW B 91, 165122 (2015)

FIG. 8. (Color online) Dependence of the energy E (relative to
the energy of A-AFM order) on the rotation angle α of spins
from A-AFM to G-AFM state for the structures of TbMnO3 with
different amplitudes of JT and GFO distortions. Dots indicate the
results of DFT calculations; lines show the fittings to the Heisenberg
Hamiltonian [Eq. (11)]. (a) and (b) show the values for the structures
with 40% and 100% JT distortion, respectively, without octahedral
tiltings; (c) and (d) show the values for the structures with the full JT
distortion and 60% and 100% GFO distortion, respectively. Plot (d)
was obtained using the crystal structure which unlike the experimental
one does not include the antiferroelectric displacements of R cations,
thus it is not identical to the one shown in Fig. 5.

the long, short, and medium Mn-O bonds, respectively. Other
than that, we proceed in the same way as before: Starting
from the fully JT distorted structure [Fig. 6(b)], we gradually
increase the octahedral rotations to reach the experimentally
observed Mn-O-Mn bond angles. The final structure is shown
in Fig. 6(c); in comparison with the experimental structure,
this one does not include a small antiferroelectric shift of Tb
cations. We calculate the orbital mixing angles as a function
of the amplitude of GFO distortion for A- and G-AFM
orderings (Fig. 7, right part of the graph). Then we perform
spin rotations from A- to G-AFM ordering with 60% and
100% GFO distorted crystal structures. Corresponding angular
dependencies of the total energy are presented in Figs. 8(c)
and 8(d).
We find that increasing GFO distortion causes smaller variation of the orbital mixing angle (≈1.5◦ −3◦ ) in comparison
with JT distortion for both magnetic orderings. Moreover, it
almost does not affect θ between different types of magnetic
ordering (indeed, curves for A-AFM and G-AFM stay almost
parallel). However, it induces and enhances the deviation of
E(α) from f (α) as shown in Figs. 8(c) and 8(d). Therefore we
conclude that non-Heisenberg behavior originates from the
modification of Mn-O-Mn bond angles due to the reduction of
the energy of the exchange interactions between NN Mn spins,
which makes weak energy contributions more significant.
In order to check whether these weak contributions are
provided by θ , we perform the same spin rotations for two
compounds which do not contain JT active ions (therefore,
3 0
do not have an orbital ordering), TbCrO3 (Cr3+ : t2g
eg )
3+
3 2
and TbFeO3 (Fe : t2g eg ). In these calculations we use
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FIG. 9. (Color online) Dependence of the energy E (relative to
the energy of A-AFM order) on the rotation angle α of spins from
the A-AFM to G-AFM state for compounds without orbital ordering:
(a) TbCrO3 and (b) TbFeO3 . Dots correspond to the results of DFT
calculations; lines show the fittings to the Heisenberg Hamiltonian
[Eq. (11)].

the structure of TbMnO3 with Mn3+ replaced by Cr3+ and
Fe3+ , respectively, which allows us to modify the strength of
NN exchange interactions by changing the occupation of d
orbitals without any variation of the crystal structure. Indeed,
in TbCrO3 magnetic couplings are mostly provided by the
hopping processes between t2g orbitals (mediated by oxygen
p states) as eg orbitals are empty, whereas in TbFeO3 both
t2g and eg states of one spin direction are fully occupied and
participate in exchange interactions. Moreover, the eg orbitals
in octahedral coordination have stronger overlap with O p
states than the t2g due to their geometry, and therefore provide
stronger coupling. As a result, one can expect significantly
larger magnitudes of NN exchanges for TbFeO3 than for
TbCrO3 .
The calculated E(α) are presented in Fig. 9. Both compounds exhibit deviations of E(α) from the cosinusoidal
behavior even in the absence of an orbital ordering. Notably,
the deviation is stronger for the case of TbCrO3 than for
TbFeO3 . We assume that in TbCrO3 the couplings which are
not considered in the Heisenberg Hamiltonian are comparable
in magnitude with NN exchanges between the Mn t2g states and
cause a stronger deviation from cosinusoidal behavior, whereas
in TbFeO3 they are not significant relative to the strong
NN exchange and the Heisenberg model works sufficiently
well. Thus, the observed non-Heisenberg behavior cannot be
explained by the presence of the orbital ordering. Instead, it
appears in the materials where the energy of the exchange
couplings is reduced by the modification of Mn-O-Mn bond
angles or by the occupation of the orbitals participating in the
superexchange.
B. Higher order exchange couplings

Next we investigate whether exchange couplings of higher
order than the usual bilinear term might be responsible for
the observed deviation from the Heisenberg model. Generally
speaking, the higher order exchanges as well as the bilinear
coupling can be derived from a half-filled Hubbard model in
the limit t/U
1 (which is applicable for insulators),
 †

†
H = −t
n̂j ↑ n̂j ↓ ,
(ciσ cj σ + cj σ ciσ ) + U
(12)
i,j ,σ

and annihilation of electrons with spin σ in the Wannier
†
state w(r − Rj ), and n̂j ↑ = cj ↑ cj ↑ is the occupation number
operator. Second-order perturbation theory in t gives the
energy correction in the form of Heisenberg exchange, whereas
the fourth order gives biquadratic, four-spin ring interactions
and additional contributions to NNN couplings. The four-spin
ring term describes the consecutive hopping processes between
NN ions forming a four-site plaquette and has the following
form [50,51]:
H4sp ∝ [(Si · Sj )(Sk · Sl ) + (Si · Sl )(Sk · Sj )
− (Si · Sk )(Sj · Sl )],

(13)

where i, j , k, and l enumerate spins of the plaquette. For the
Heisenberg model to be valid, all higher order terms should be
negligible compared with the bilinear term. As their strength
is defined by t 4 /U 3 , and that of the bilinear term by t 2 /U , this
should be the case in the limit of small enough t/U . However,
several theoretical and experimental groups found that in some
compounds these terms are significant. For example, it was
shown that the results of a paramagnetic resonance study
[52] of pairs of Mn2+ ions in MgO fit much better with a
Hamiltonian that includes biquadratic exchange Hbq [Eq. (6)]
than with the ordinary Heisenberg Hamiltonian. Later, the
significance of Hbq was invoked to explain the establishment
of the E-AFM ordering [10] as we mentioned in Sec. II B.
The four-spin ring interaction was found to be important to
explain the dispersion of the magnetic excitations in La2 CuO4
measured using inelastic neutron scattering experiments [53].
It was also shown to be significant in the spin-ladder cuprates
SrCu2 O3 , CaCu2 O3 , and Sr2 CuO4 using ab initio quantum
chemistry embedded cluster calculations [54].
First, let us check whether the presence of the higher order
terms can explain the inconsistent values of the exchange
coupling constant Jc in TbMnO3 which were obtained in
Sec. III starting from different states with collinear spin
alignment. We already mentioned that the addition of Hbq
cannot affect the resulting values of exchanges as the applied
method considers the energy differences between states with
collinear spin orientations and in these differences biquadratic
terms always cancel out. Fourth-order contributions to NNN
interactions, if present, are already included in the analysis as
they cannot be distinguished from the bilinear NNN couplings.
To introduce the terms describing the four-spin ring exchanges
we have to consider the couplings between spins in the
plaquettes confined in the ab planes as well as from those
that contain pairs of Mn spins from neighboring ab planes.
We denote the corresponding coupling constants as G and
K [see Fig. 11(a)]. Thus, we can write the energies E↑↑ , E↑↓ ,
E↓↑ , and E↓↓ for the 80 atom supercell of TbMnO3 in A-AFM
and FM cases including four-spin interactions and put them
in Eq. (9) to extract Jc . In this way we find that the in-plane
ring exchanges G cancel each other for both cases in the linear
combinations of these energies and obtain (for S = 1)
Jc (A − AFM) → Jc − 4K, Jc (FM) → Jc + 4K.

(14)

j

where t is a hopping parameter, U describes the on-site
†
Coulomb repulsion, cj σ and cj σ are operators of creation

This result shows that the presence of K is the most likely
origin of the difference in the obtained values of Jc . Using
Eq. (14) and values of Jc (A − AFM) and Jc (FM) which were
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obtained in Sec. III, one finds the value of K ≈ 0.6 meV for
TbMnO3 .
The same can be done for the 40-atom supercell of TbMnO3
with magnetic configurations shown in Fig. 4. As before,
here we find that the in-plane four-spin couplings G cancel
each other. The contributions to Jc arising from the interplane
ring exchanges obtained for these states are summarized in
Table III. One can see the relation between these contributions
and the values of Jc which were calculated with DFT using the
structures (a)–(d) and presented in the first line of Table III.
Indeed, for the states (a) and (b), the interplane four-spin
exchanges contribute exactly the same to Jc (E4sp = −4K),
and the values of Jc which we extracted using DFT for these
states are very similar. States (a) and (c) as well as (c) and
(d) have contributions to Jc which differ by 4K. Notably,
the Jc values which we extracted for these states vary by
approximately the same amount (in average 1.85 meV). This
gives the value of K ≈ 0.5 meV, which is in agreement with
the value of K obtained using Eq. (14). Thus we confirm the
presence of the strong four-spin interplane exchange couplings
in TbMnO3 and show that the addition of these couplings to
the model Hamiltonian can explain the inconsistent values of
NN exchanges which were found in Sec. III.
The size of the in-plane four-spin coupling can be estimated
similarly by choosing the appropriate collinear spin states and
calculating energy differences for them. However, we proceed
in a different way. As we already calculated the total energies of
the 80 atom supercell of TbMnO3 for a large number (namely
54) of inequivalent magnetic collinear states, we can write
the energies of these states using the model Hamiltonian that
includes bilinear and four-spin ring couplings and construct
an overdetermined system of linear equations, where the
unknowns are the exchange coupling constants (bilinear ones
(see Fig. 3): Jc , Jab , Ja , Jdiag , Jb , J3ab , and four-spin ones
[Fig. 11(a), G and K]). To build this system of equations we
use only the states which are insulating and take the energy of
the A-AFM state as a reference. Then we use the least mean
square method to extract all coupling constants. The obtained
values are presented in Table IV. We find that the in-plane
four-spin coupling G is negligible in comparison with the
interplane one K. Further investigation is required to find an
explanation for this observation.
Using our extracted values of the coupling constants, we
calculate the expected energies of all 54 states using the
considered model Hamiltonian. We plot them versus the
energies of these states (referred to the energy of the A-AFM
state) calculated using DFT in order to examine how well our
model predicts the magnetic properties of the system (ideally,
model and DFT energies should be the same). The result is
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FIG. 10. (Color online) Energies of the 80 atom supercell of
TbMnO3 with 54 inequivalent collinear magnetic configurations
(referred to the energy of the A-AFM state) predicted by (a) the pure
Heisenberg Hamiltonian and (b) the Hamiltonian, which includes
bilinear and four-spin ring couplings, and plotted versus the energies
of corresponding states calculated using DFT. Ideally, the model
and DFT energies should be equal and points should lie on the
dashed line. Insets show the deviations of the model energies from
those calculated using DFT. Each bar corresponds to one considered
magnetic configuration.

presented in Fig. 10(b). Similarly, we extract the coupling
constants and calculate the energies of the magnetic states
using the pure Heisenberg Hamiltonian (in an overdetermined
system of equations, the only unknowns are the bilinear
coupling constants: Jc , Jab , Ja , Jdiag , Jb , and J3ab ). The
model energies plotted versus the energies obtained from
first-principles calculations are shown in Fig. 10(a). Moreover,
we extract the deviations of the energies predicted by both

TABLE IV. Coupling constants (in meV) for bilinear (Jc , Jab , Ja , Jdiag , Jb , and J3ab ), four-spin ring (G and K), and biquadratic (jc and jab )
exchanges calculated using different values of U and JH (in eV) for TbMnO3 , PrMnO3 , and LuMnO3 .

TbMnO3
PrMnO3
TbMnO3
LuMnO3

U

JH

Jc

Jab

Ja

Jdiag

Jb

J3ab

G

K

jc

jab

2.0
3.0
1.0
1.0
1.0

0.0
1.0
0.0
0.0
0.0

1.22
4.78
1.79
4.26
3.76

−6.01
0.02
−14.16
−3.86
−0.48

−0.47
−0.29
−0.48
−0.37
−0.55

0.31
0.22
0.88
0.58
0.53

0.65
0.68
0.26
0.85
0.93

1.21
0.96
3.25
1.77
1.75

−0.05
0.07
−0.07
−0.02
0.15

0.50
0.28
0.80
0.77
0.66

−0.81
−0.62
−2.61
−0.47
−0.37

−2.29
−1.44
−2.95
−2.09
−2.29
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Hamiltonians from their values obtained with DFT for each
considered magnetic state. These deviations are summarized
in the bar charts shown in the insets in Fig. 10. One can
see that the Hamiltonian which includes both bilinear and
four-spin terms gives much better agreement with the results
of DFT calculations than the pure Heisenberg Hamiltonian. We
repeat this analysis also for the Hamiltonian which involves six
bilinear exchange couplings and only interplane four-spin ring
coupling K, as G was found to be negligible. The extracted
coupling constants as well as the deviations between model
and DFT energies remain almost the same as those which
were obtained using the full Hamiltonian (which includes also
G). This means that the addition of just one parameter K into
the model Hamiltonian can already significantly improve the
description of the magnetism in the considered compound.
The effect of the higher order exchange interactions in
TbMnO3 can also be examined using noncollinear calculations. The simplest approach is to map the angular dependence
of the total energy, obtained in Sec. III from the spin rotations
from A-AFM to G-AFM orderings, to the Hamiltonian which
includes bilinear, biquadratic, and four-spin ring interactions
by fitting to the function,
g(α) = A2 + B2 cos(α) + C2 cos2 (α).

4

E(α) = E + 4Jab cos(α) + 8Jdiag sin(α)
(16)

where the third term is given by spins 1 and 4 and all other
terms by spins 3 and 4 (S=1) and E includes the exchange
couplings which are constant at every α for the considered

(b)

jab

4
3

3
K

jc

G

c

2

b

2
1

1

a
FIG. 11. (Color online) Magnetic orderings which are used to
extract the biquadratic exchange interactions: (a) jab in the ab planes
(G and K indicate four-spin ring exchange couplings in plaquettes
of Mn spins confined in the ab planes and those containing pairs of
spins from neighboring ab planes, respectively); (b) jc along the c
axis (violet dashed rectangle indicates a rotation plane of spin 4).

magnetic states and other nonmagnetic interactions. The
coupling constants can be extracted by fitting to the function:
f (α) = A1 + 4Jab cos(α) + 8Jdiag sin(α)

(15)

The result is shown in Fig. 5 and clearly demonstrates that
the introduction of the higher order couplings into the model
Hamiltonian greatly improves the fitting. The strengths of these
couplings are determined by the fitting parameter C2 . Note
that this term includes the contributions from four-spin ring
exchanges as well as from the in-plane biquadratic couplings
and that these terms cannot be separated. Similar behavior of
E(α) was found in Ref. [36] for hexagonal YMnO3 using ab
initio calculations within the LDA+U approximation, where
it was discussed only in terms of bilinear and biquadratic
exchanges.
To complete the analysis of the full model Hamiltonian
we need to estimate the coupling constants which define the
biquadratic exchanges in TbMnO3 . For this we only take
into account the biquadratic interactions between the nearest
neighbors in ab planes and along the c axis and denote the
corresponding coupling constants as jab and jc (see Fig. 11).
The problem can be simplified if we eliminate the contribution
from four-spin interplane ring exchanges by considering the
magnetic states which set to zero at least one scalar product in
each of the three terms in Eq. (13). This can be achieved by
setting three Mn spins in the unit cell perpendicular to each
other as shown in Fig. 11. By rotation of the remaining spin
the angular dependence of the total energy can be obtained and
the coupling constants can be found from the corresponding
fittings. To extract jab we start from the magnetic state shown
in Fig. 11(a) and rotate spin 4 by an angle α from 0◦ to 180◦
in the ac plane. The energy of this system can be written as
follows:
+ 4jab cos2 (α) + 8G cos2 (α),

(a)

+ (D1 + 8G) cos2 (α),

(17)

where we set the values of Jab , Jdiag , and G to those which
were extracted in the collinear calculations and presented in
the first line of Table IV. D1 /4 defines jab = −2.29 meV. We
proceed in a similar way to extract the coupling constant jc .
Starting from the magnetic state presented in Fig. 11(b) and
rotating spin 4 by α from 0◦ to 180◦ in the ac plane, we obtain
E(α). One can see that in the considered magnetic state neither
in-plane nor interplane four-spin ring couplings contribute to
E(α) and fitting to
g(α) = A2 + 2Jc cos(α) + 8Jdiag sin(α) + D2 cos2 (α), (18)
gives jc = D2 /2 = −0.81 meV.
Thus we demonstrate that the higher order exchange interactions are significant in TbMnO3 (especially the four-spin
ring interplane coupling K and biquadratic in-plane coupling
jab ) and have to be included in the model Hamiltonian to
properly describe the magnetic properties of this material.
V. U AND JH DEPENDENCE OF EXCHANGE COUPLINGS

In general, microscopic exchange interactions calculated
within the DFT+U approach are sensitive to the choice of
the on-site Coulomb repulsion U and the on-site exchange
interaction JH . Indeed, as was shown in Ref. [55] for the
case of LaMnO3 , the effective eg hopping amplitudes depend
significantly on U . In addition JH has been shown to have large
effects on the magnetic ground state of noncollinear magnets
[56]. Therefore, it is important to investigate how the relative
strength of bilinear and higher order terms varies with these
parameters.
First, we analyze the effect of U by performing spin
rotations from A-AFM to G-AFM states (see Sec. II C 2)
within the 20-atom unit cell of TbMnO3 and setting U = 4 eV
and 8 eV (with JH = 0 eV). We map the obtained E(α)
(relative to the energy of the A-AFM state) onto both the pure
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FIG. 12. (Color online) Dependencies of the energy E (relative to the energy of A-AFM order) of TbMnO3 on the rotation angle α of spins
from A-AFM to G-AFM state calculated using (a) U = 4 eV and JH = 0 eV; (b) U = 8 eV and JH = 0 eV; (c) U = 3 eV and JH = 1 eV. The
results of DFT calculations are shown by dots. The blue line indicates the fitting to the Heisenberg model [Eq. (11)] and the red line—fitting to
a Hamiltonian which includes bilinear and higher order exchange couplings [Eq. (15)]. B2 and C2 are the fitting parameters of Eq. (15), which
define sizes of the bilinear and higher order terms, respectively.

Heisenberg Hamiltonian and then on the Hamiltonian that also
includes biquadratic and four-spin ring terms, by fitting to f (α)
[Eq. (11)] and g(α) [Eq. (15)], respectively. The size of bilinear
and higher order terms are defined by fitting parameters B2 and
C2 of Eq. (15). The obtained curves and corresponding fitting
parameters are summarized in Figs. 12(a) and 12(b). One can
see that for both values of U , the addition of biquadratic and
four-spin ring terms to the model Hamiltonian significantly
improves the fitting of DFT energies. Although the effect of
these terms seems less pronounced for the case of U = 8 eV,
the reason for this is the drastic increase of the bilinear
couplings with respect to the higher order contributions, which
are less affected by increasing U .
Next, to investigate the effect of JH we set U = 3 eV and
JH = 1 eV corresponding to the same value of Ueff = U −
JH = 2 eV, which was used in all calculations described in
the previous sections. We extract again E(α) for TbMnO3 by
rotating spins from A-AFM to G-AFM order. The obtained
angular dependence of the energy of the system (relative to
the energy of A-AFM order) and its fits to f (α) [Eq. (11)] and
g(α) [Eq. (15)] are presented in Fig. 12(c). We find that the
addition of JH in the calculations strongly changes the energy
of magnetic interactions. Indeed, the energy scale is reduced
by more than a factor of 5 relative to the case of U = 2 eV and
JH = 0 eV (see Fig. 5). By comparing the fitting parameters
B2 and C2 for these two cases one can see that the strength
of the bilinear couplings is sharply reduced by the addition of
JH . Moreover, it makes the effect of higher order terms even
more significant as their magnitude is now larger than the one
of the bilinear terms.
To understand which exchanges have the strongest JH
dependence we extract all coupling constants separately for the
full model Hamiltonian (which includes bilinear, biquadratic,
and four-spin ring terms). We calculate the total energies of 45
inequivalent collinear spin configurations using the 80 atom
supercell of TbMnO3 and setting U = 3 eV and JH = 1 eV.
Then we construct an overdetermined system of equations
with exchange couplings Jc , Jab , Ja , Jdiag , Jb , J3ab , G and K
as variables, and with the E-AFM energy as the reference.
Using the least mean square method we obtain all these
couplings. After that we extract biquadratic NN in-plane jab
and interplane jc couplings by the same procedure as was
described in Sec. IV B. All obtained values of exchanges are
presented in Table IV. One can see that Jc and especially Jab

drastically change on the addition of JH and the latter even
changes sign, while other couplings are affected much less by
JH . In this case, Jb becomes strong enough in comparison to
Jab to provide a spiral state according to Eq. (5). Moreover,
this result confirms that all higher order couplings K, jc , and
jab become more significant for JH = 1 eV as they are now
even stronger than the bilinear NN in-plane term.
Thus we find that both U and JH have a dramatic effect on
the values of the calculated exchange couplings (especially, the
bilinear NN ones) and have to be accurately chosen to relate
the results of DFT calculations to experimental data. Understanding of this behavior of the exchange couplings and determination of the values of U and JH that give the best agreement
with the experiment, requires further investigations, which go
beyond the scope of the present paper. Nevertheless, we can
definitely say that the higher order terms are significant and
have to be considered for all reasonable values of U and JH .
VI. EXCHANGE INTERACTIONS IN OTHER O-RMNO3

Finally, in this section we investigate the evolution of the exchange couplings in o-RMnO3 with increasing GFO distortion
due to decrease in the radius of the R cation. For this purpose
we consider PrMnO3 and LuMnO3 , which have among the
largest and the smallest R radii in the series of o-RMnO3 ,
respectively. We set U = 1 eV (and JH = 0 eV) for Mn d
states, which gives the correct magnetic ground state for both
considered systems. We calculate the total energies of these
systems within the 80 atom supercells (experimental unit cells
[41,42] are duplicated along a and b directions) for 34 and 32
inequivalent collinear magnetic states, respectively. By writing
the expressions for the energies of these magnetic states using
the model Hamiltonian that includes bilinear and four-spin
ring exchange interactions, we obtain overdetermined systems
of equations with respect to six bilinear and two four-spin ring
couplings for each compound. In both cases the lowest energy
state was taken as the reference (the A-AFM state for PrMnO3
and the E-AFM state for LuMnO3 ). We solve these systems
of equations using the least mean square method and find the
values of all coupling constants (Table IV). For comparison, we
calculate the exchange couplings in a similar way for TbMnO3
for the considered value of U . From Table IV one can see that
the increasing GFO distortion has the strongest effect on the
in-plane NN coupling Jab which changes by more than one
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FIG. 13. (Color online) Energies of the 80 atom supercells of PrMnO3 (a) and (b), TbMnO3 (c) and (d), and LuMnO3 (e) and (f) with more
than 30 inequivalent magnetic configurations (referred to that of the lowest-energy state) predicted by the pure Heisenberg Hamiltonian (blue
dots) and the Hamiltonian which includes bilinear and four-spin ring exchanges (red dots) and plotted versus the energies of corresponding
states calculated using DFT.

order of magnitude from Pr to Lu. It also enhances Jb as we
expected (see Sec. II B). However, the behavior of the other
coupling constants (particularly the absence of a trend in the
variation of Jc and Ja , and the strong change in some coupling
constants and weak change in others) with the variation of
Mn-O-Mn bond angles still requires further analysis.
As the next step, we use the extracted values of the
exchange couplings to calculate the energies of all considered
magnetic states within this model Hamiltonian and plot them
versus the energies of these states which we calculate using
DFT [see Figs. 13(b), 13(d), and 13(f)]. For comparison,
we extract similarly the coupling constants using the pure
Heisenberg Hamiltonian for each compound, then calculate
the energies of all states, predicted by this Hamiltonian, and
plot them versus the DFT energies of these states [Figs. 13(a),
13(c), and 13(e)]. The insets in all resulting graphs show the
deviations of the model energy from the DFT energy for
each considered state. From Fig. 13 we find that the model
Hamiltonian which includes both the bilinear and four-spin
ring exchanges gives much better agreement with the results
of the first-principles calculations. One can conclude that the
Heisenberg model works relatively well for PrMnO3 , since
the model and DFT energies almost coincide in Fig. 13(a).
However, if one compares the E values which were obtained
for the bilinear-only case [see insets in Figs. 13(a), 13(c),
and 13(e)], one can see that they are similar and even larger
than those of TbMnO3 and LuMnO3 , but small relative to the
energy scale of the bilinear couplings, in particular, Jab (see
Table IV). When GFO distortion increases and Jab drops (as
in TbMnO3 and LuMnO3 ), the E due to the non-Heisenberg
terms become significant. However, when the four-spin ring
couplings are added in the model Hamiltonian [Figs. 13(b),
13(d), and 13(f)], the E values reduce drastically.
Finally, we extract the biquadratic couplings jc and jab
for PrMnO3 , TbMnO3 , and LuMnO3 (see Table IV) applying

the method which was described in detail at the end of
Sec. IV B. For all compounds we obtain strong negative
in-plane biquadratic couplings jab , which favor collinear
alignment of spins within the ab planes and can drive an
evolution of a magnetic order from a spiral to an E-AFM
state for systems with large GFO distortions. This confirms
the finding of Ref. [10], where the biquadratic exchange
interaction was claimed to be important in the establishment
of the E-AFM order. The in-plane coupling jc is found to be
much more affected by GFO distortion than jab . Again, the
origin of this behavior still has to be clarified.
Thus we show that the Heisenberg Hamiltonian cannot
accurately predict the magnetic properties of o-RMnO3 with
large GFO distortions. In these materials the bilinear couplings
become comparable in magnitude with the biquadratic and
four-spin ring interactions and it is essential to include the
latter two into the model Hamiltonian for proper analysis of
the magnetism.
VII. SUMMARY AND CONCLUSIONS

In summary, we investigated the microscopic exchange
couplings in the series of o-RMnO3 in order to find a model
Hamiltonian (excluding effects due to spin-orbit coupling like
SIA and DMI) which can properly describe the magnetism in
these materials. The work was motivated by the inconsistencies
in the results obtained in several theoretical studies when the
exchange couplings in o-RMnO3 was mapped onto the Heisenberg Hamiltonian as well as by the absence of agreement
on the origin of the E-AFM order in o-RMnO3 with small
R cations (R = Ho . . . Lu). We started our analysis from the
most studied multiferroic orthorhombic manganite, TbMnO3 ,
and estimated the exchange couplings with several approaches
(collinear and noncollinear) using DFT. We observed a clear
deviation from the behavior predicted by the Heisenberg
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model. In the next step we explored whether the observed
non-Heisenberg behavior originates from the presence of
the orbital ordering in TbMnO3 and its coupling with the
Mn spins. To check this, we analyzed the changes in the
orbital mixing angle with structural distortions (Jahn-Teller
and GFO) and with variation of the magnetic ordering using
the Wannier function representation. We found that the orbital
mixing angle indeed can be affected by the magnetic order,
however, we showed that this variation is quite small and
is almost unchanged by the structural distortions. In turn,
we found that the deviation from Heisenberg behavior does
not appear when the amplitude of JT distortion is varied. It
appears only with increasing GFO distortion, which decreases
the energy of the NN exchange interactions and makes the
weak energy contributions more important. We demonstrated,
however, that these weak contributions do not originate from
the variation of the orbital ordering. Indeed, compounds which
do not have an orbital degree of freedom (such as TbCrO3 and
TbFeO3 ) also exhibit a deviation from the energy behavior
predicted by the Heisenberg model. Finally, we investigated
the effects of exchange couplings of higher order than the
ordinary bilinear exchange (biquadratic and four-spin ring
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interactions), which are usually neglected. We demonstrated
that the higher order contributions are significant (especially
interplane four-spin ring exchange K and biquadratic inplane coupling jab ) and can be comparable with the bilinear
exchanges for o-RMnO3 with small radii of R cations. We
showed that the inconsistent values of the exchange couplings
which were obtained from the collinear calculations within the
Heisenberg model (Sec. III) can be explained only by addition
of the four-spin ring couplings into the model Hamiltonian.
Moreover, we proved that such a model Hamiltonian predicts
the DFT energies of o-RMnO3 with much higher accuracy than
the pure Heisenberg Hamiltonian independently of the values
of U and JH , which are used in the calculations. The finding of
the strong negative in-plane biquadratic exchange interaction
jab , which favors a collinear spin alignment within the ab
planes, is in agreement with the suggestion of Refs. [10,28]
that Hbq is crucial in the establishment of the E-AFM
state.
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U N C O N V E N T I O NA L M AG N E T I C O R D E R S I N
O RT H O R H O M B I C P E ROV S K I T E M A N G A N I T E S

This chapter is devoted to the study of the magnetic and ferroelectric
properties of bulk HoMnO3 and ErMnO3 based on first-principles electronic structure calculations and Monte Carlo simulations. The goal of
this work is to clarify the origin of the inconsistencies in the measurements of the magnetism in bulk o-RMnO3 with small R cations or Y, as
well as the contradictory directions and amplitudes of the electric polarizations reported for these systems by different experimental groups
(as was described in detail in Secs. 1.4.2.3 and 1.4.3). Another goal is
to understand possible effects which can arise due to the presence of
higher order exchange interactions whose importance for the accurate
description of the magnetism in o-RMnO3 was demonstrated in the previous chapter (Ch. 3). In particular, we focus on effects arising from
four-spin ring couplings since they have not yet been investigated for
these materials to the best of my knowledge. We show that inter-plane
four-spin ring exchange can stabilize exotic magnetic phases which we
called w-spiral, H-AFM and I-AFM. We demonstrate that the presence
of these unconventional phases can resolve the existing contradictions
in the measurements of the magnetism and ferroelectricity in several
o-RMnO3 .
This work is presented in the manuscript "Four-spin ring interaction
as a source of unconventional magnetic orders in orthorhombic perovskite manganites" by Fedorova N. S. et al., Ref. [28], which is currently available on arXiv.org and submitted for publication in Physical
Review B. I performed and analyzed all DFT calculations for HoMnO3
and a part of the DFT calculations for ErMnO3 . I also performed and
analyzed all presented Monte Carlo simulations, identified the w-spiral
phase, participated in the interpretation of the results and wrote the
manuscript. The Monte Carlo code was provided by Dr. Andrea Scaramucci and was adapted for o-RMnO3 by Amadé Bortis during the work
on his master thesis which I mentored. Amadé also implemented all
necessary exchange coupling terms which were missing in the initial
version. H-AFM and I-AFM orders were first identified by Christoph
Findler during the work on his master project, which I mentored.
In this paper we investigated the magnetism in bulk HoMnO3 and
ErMnO3 based on a model Hamiltonian that included Heisenberg, biquadratic and four-spin ring exchanges as well as DM interactions
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and SIA. We started by calculating all the considered microscopic exchange interactions and anisotropies by mapping the results of DFT
calculations onto this model Hamiltonian. We found that most of the
couplings are relatively large which may result in strong competition
between them and lead to magnetic frustration.
Next, the extracted couplings and anisotropies were used in a series
of MC simulations in order to determine the ground state magnetic
phases in HoMnO3 and ErMnO3 . For both compounds we obtained EAFM order with the spins slightly canted away from the b axis as the
lowest energy state.
In the next step, we performed another set of MC simulations, in
which each exchange coupling was varied by up to a maximum of 30%
from its value obtained using DFT while all the other coupling and
anisotropy constants were kept fixed to their initial values. We found
that small variations of several couplings can lead to the stabilization of
magnetic phases different from E-AFM in both HoMnO3 and ErMnO3 .
Among these phases were A-AFM, cycloidal spiral as well as new wspiral, H-AFM and I-AFM orders. We showed that these new magnetic phases are favored by inter-plane four-spin ring interaction. We
assume that small differences in the lattice parameters of the experimentally investigated samples (due to different synthesis conditions or
the presence of defects) may be enough to provide such a variation of
the exchange interactions and may explain the contradictory magnetic
measurements. By calculating magnetic structure factors for w-spiral
order along different directions in reciprocal space, we showed that
its presence can be an alternative explaination for the results of neutron diffraction measurements (Refs. [13, 81, 151]) for HoMnO3 and
ErMnO3 , in which incommensurate magnetic orders with qb ≈0.4 were
found.
Then we used DFT to calculate the electric polarizations which can
be induced by w-spiral, H-AFM and I-AFM orders. We found that
w-spiral order induces a small electric polarization along the c axis,
which can explain the unexpected polarization direction (P||c) which
was observed by Lee et al. [81] in o-HoMnO3 , and the fact that no
sizable P has been measured in o-ErMnO3 . In turn, we showed that
the I-AFM order can give rise to P||a with small amplitude, which is in
agreement with the values reported from the experiments for o-RMnO3
with small R cations.
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We use ab initio electronic structure calculations in combination with Monte Carlo simulations to
investigate the magnetic and ferroelectric properties of bulk orthorhombic HoMnO3 and ErMnO3 .
Our goals are to explain the inconsistencies in the measured magnetic properties of the orthorhombic
perovskite manganites (o-RMnO3 ) with small rare-earth (R) cations or Y, as well as the contradictions between the directions and amplitudes of the electric polarizations reported by different
experimental groups. Our computations stabilize several exotic magnetic orders (so-called w-spiral,
H-AFM and I-AFM), whose presence resolve the contradictions in the measured magnetic and ferroelectric properties of o-RMnO3 . We show that these orders emerge due to strong four-spin ring
exchange interactions.

I.

INTRODUCTION

Magnetoelectric multiferroics, materials which possess
magnetic and ferroelectric orders in a single phase, are
the focus of intensive investigation as the coexistence
and coupling between these two orders may open new
avenues for the development of multifunctional devices
[1–4]. Those compounds in which an electric polarization is induced by an inversion-symmetry-breaking magnetic order are especially interesting as they provide high
tunability of their ferroelectric properties by applying a
magnetic field or vice versa [5]. The paradigmatic representatives of this class of materials are the orthorhombic
manganites, o-RMnO3 , where R is a rare-earth cation,
typically with relatively small radius, or Y. In o-RMnO3
the complex interplay between lattice, spin and orbital
degrees of freedom leads to the establishment of frustrated magnetic orders, such as an incommensurate (IC)
spiral [6, 7] or an E-AFM order [8], which induce a spontaneous electric polarization P . The appearance of P
in systems with IC spiral order is usually considered to
be an effect due to spin-orbit coupling [9, 10]. Since this
coupling is weak, the resulting electric polarization is relatively small. For example, in TbMnO3 the measured
electric polarization reaches a maximum P ≈0.08 µC/cm2
[6], which is three orders of magnitude weaker than that
of proper ferroelectrics. On the other hand, it was theoretically predicted that in systems possessing E-AFM
order, P emerges due to symmetric exchange striction
and this mechanism should provide at least two orders of
magnitude larger polarization values compared to those
of systems with a spiral order [11, 12]. Following these
predictions, numerous experimental studies of the magnetic and ferroelectric properties were performed for oRMnO3 with small R cations (R=Ho...Lu), for which the
∗
†
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E-AFM order was expected to be the magnetic ground
state [13–15]. However, as we will describe in detail in
Sec. II A, these studies gave contradictory results for the
measured values of their magnetic and ferroelectric properties. In particular, there is still no agreement on the
type of magnetic ordering in o-HoMnO3 , o-ErMnO3 and
o-YMnO3 , which are on the borderline between the spiral
and the E-AFM phases in the magnetic phase diagram of
the o-RMnO3 series [16, 17]. Moreover, the theoretically
predicted polarization values have not been experimentally observed for bulk samples of these materials and
this has not been explained. There are also contradictions between the amplitudes and directions of the electric polarizations reported for these systems by different
groups [13–15].
In this work we combine ab initio electronic structure
calculations and Monte Carlo (MC) simulations to investigate the magnetic and ferroelectric properties of bulk
o-HoMnO3 and o-ErMnO3 . We consider only effects due
to the ordering of Mn3+ spins and do not take into account those arising from the ordering of R3+ moments.
We describe the magnetism in terms of a model Hamiltonian which includes isotropic Heisenberg, biquadratic
and four-spin ring exchange interactions as well as the
Dzyaloshinskii-Moriya interaction (DMI) and single ion
anisotropy (SIA). We extract the exchange couplings and
anisotropies by mapping the results of density functional
theory (DFT) calculations onto the considered model
Hamiltonian and use them in a series of MC simulations
in order to determine the magnetic ground states in these
systems. We report several exotic magnetic orders that
have not been previously identified and which are favored
by strong four-spin ring exchange interaction. We show
that the presence of these magnetic orders can resolve the
inconsistencies in previous theoretical and experimental
studies of the magnetic and ferroelectric properties of
these materials.
This article is structured as follows: in Sec. II A we
describe the crystal structure and magnetic properties
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(a)

(b)

c

b
b

a

Figure 1. Crystal structure of o-RMnO3 (Pbnm notation):
(a) view in the bc plane, (b) - in the ab plane. Blue spheres
indicate R ions, purple - Mn ions, red - O ions.

of o-RMnO3 , and the possible mechanisms by which the
different magnetic orders can induce electric polarization.
We also summarize the existing experimental and theoretical results, which motivated this study. In Sec. II B
we introduce the model Hamiltonian that is used to describe the magnetism in these materials. In Sec. III we
specify the computational details. In Sec. IV we describe
the analysis performed and the results obtained for oHoMnO3 and o-ErMnO3 . Here we also introduce three
exotic magnetic orders which may be stabilized in these
systems by strong four-spin ring exchange interactions.
In Sec. V we present the values of different observables
which may help to identify these exotic magnetic orders
experimentally. Finally, in Sec. VI we summarize all the
key findings of our investigation.

planes and antiferromagnetic (AFM) interactions along
the c axis [21–24]. Thus, it leads to the establishment of
A-AFM order [25] in o-RMnO3 with R=La,...,Gd. Further decrease in the radius of the R cation, however, leads
to a change in the magnetic ground state in o-RMnO3 .
Indeed, in TbMnO3 and DyMnO3 an IC spiral order is
stabilized at low temperatures, while in o-RMnO3 with
R=Ho,...,Lu early magnetic measurements reported the
presence of E-AFM order [8, 25]. Such an evolution of
the magnetic order occurs due to the increasing GFO distortion, which is favored by the small size of the R cation
and results in the reduction of the Mn-O-Mn bond angles
[26]. This weakens the overlap between the d states of Mn
and p states of O, which in turn decreases the strength
of the FM exchange between NN Mn spins within the
ab planes and makes the effect of other couplings (such
as further-neighbor interactions, higher-order exchanges
and anisotropic coupling terms) more pronounced [16].
In o-RMnO3 with R=Tb,...,Lu the establishment of
the IC spiral or E-AFM orders is accompanied by the
appearance of a spontaneous electric polarization [6, 13,
14, 17]. In the systems with spiral order, emergence of
the ferroelectricity is usually explained as an effect due to
spin-orbit coupling. P can be of purely electronic origin
[9] and can also have a contribution originating from the
antisymmetric exchange striction [10] (or inverse DMI),
that is the displacements of the O2− anions such as to
minimize the energy of the DMI between the spins on the
neighboring magnetic sites [5]. The electric polarization
created according to this mechanism can be written as
follows:
X
PAS ∝
eij × [Si × Sj ] ,
(1)
hi,ji

II.
A.

MOTIVATION AND BACKGROUND

Magnetism and ferroelectricity in o-RMnO3

The orthorhombic rare-earth manganites adopt the orthorhombically distorted perovskite structure with Pbnm
(#62) space group (see Fig. 1) [18]. Two primary structural distortions reduce the crystal symmetry from cubic
to orthorhombic: A Jahn-Teller (JT) distortion of the
MnO6 octahedra [19] and a GdFeO3 -type (GFO) cooperative rotation and tilting of these octahedra [20]. The
strengths of these distortions across the o-RMnO3 series
are responsible for the trends in the magnetic properties. In o-RMnO3 each Mn3+ ion has four electrons in
the 3d levels (t32g e1g ). The cooperative JT distortion of
the MnO6 octahedra results in the establishment of longrange ordering of the eg orbitals (staggered orbitals with
3x2 −r2 /3y 2 −r2 character) within the ab planes. According to the Goodenough-Kanamori-Anderson rules, this
ordering favors ferromagnetic (FM) superexchange interactions (through the p states of O2− ) between the eg spins
on the nearest neighboring (NN) Mn3+ sites within the ab

where the summation is over pairs of NN spins Si and
Sj on sites i and j and eij is the unit vector connecting
sites i and j. Based on this formula one would expect the
electric polarization in a system with spiral order to be
perpendicular to the propagation vector of the spiral (q)
and to the spin rotation axis. For example, for TbMnO3 ,
which possesses an IC spiral order with a propagation
vector q=(0,0.28,0) and the spins rotating within the bc
plane, Eq. 1 gives the electric polarization along the c
axis, which was indeed observed experimentally [6]. For
an ab spiral, in turn, the polarization is expected along
the a axis. The amplitudes of polarizations induced by
this mechanism, however, are small (three orders of magnitude smaller than those of conventional ferroelectrics),
because the spin-orbit coupling, which drives them, is intrinsically weak. On the other hand, for systems with EAFM order, an alternative mechanism inducing the electric polarization was proposed by Sergienko et al [11]. It
is based on symmetric exchange striction leading to an
increase in Mn-O-Mn bond angles between neighboring
Mn ions with parallel spins and to a decrease in these angles between the ions with antiparallel spins within the ab
planes to minimize the energy of the Heisenberg exchange
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interactions. The expression for the electric polarization
induced by this mechanism is:
X
PS ∝
Πij (Si · Sj ) ,
(2)

J3nn

hi,ji

where Πij is a unit vector along one of the crystallographic directions. For E-AFM order the resulting PS is
parallel to the a axis. As the energy scale of the Heisenberg interactions is usually higher than that of the DMI,
the amplitude of the electric polarization generated by
E-AFM order is expected to be larger than that of spiral
order. For example, the amplitude of P predicted in Ref.
11 for o-HoMnO3 ranged between 0.5-12 µC/cm2 , which
is at least one order of magnitude larger than the polarization measured in TbMnO3 . Later this prediction was
confirmed by Berry phase calculations which gave P≈6
µC/cm2 for o-HoMnO3 [12].
The theoretical prediction that large P values should
be induced by E-AFM order triggered multiple studies
of the magnetic and ferroelectric properties of o-RMnO3
with small R (Ho,...,Lu and Y) for which E-AFM is
expected to be the magnetic ground state [13–15, 17].
These studies, however, gave contradictory results. Indeed, there is still no agreement on the type of magnetic order in these compounds, as different magnetic
structures were reported by several groups even for systems with the same R. For example, in early neutron
diffraction measurements on powder o-HoMnO3 , commensurate E-AFM order (with qb =0.5) of Mn3+ spins
was observed [8]. However, in neutron diffraction experiments performed by different groups an IC magnetic
order with qb ≈0.4 was found in this material [14, 27],
and it was identified as a sinusoidal spin density wave
with Mn spins aligned along the b direction. Magnetic
states with similar IC modulation vectors were also reported for o-YMnO3 [28] and o-ErMnO3 [13]. In the
latter case, however, the authors did not make a definitive conclusion about the type of the observed magnetic
order. A theoretical study based on MC simulations suggested that the observed state could consist of coexisting
spiral and E-AFM orders, however, this phase coexistence was metastable in these simulations [29, 30]. The
results of measurements of the electric polarization (P)
in these materials are even more puzzling. For example, Lorenz et al. [15] observed P ||a reaching a maximal
value of ≈0.01 µC/cm2 for o-HoMnO3 . Later Feng et
al. [31] reported P in the range of 0.01-0.07 µC/cm2
(different values for differently synthesized samples) for
the same material. All the measured values are much
smaller than those predicted theoretically [11, 12] and
this disagreement between theory and experiment is still
not understood. Furthermore, Ref. 15 showed an interesting temperature dependence of P in o-HoMnO3 it started to increase below the lock-in temperature of
the Mn3+ spins and a sharp increase in P occurred only
below the ordering temperature of Ho3+ moments, pointing to a significant role of the R3+ moments in inducing

K

J(B)c

Jdiag

c

Ja
Jb

a

J(B)ab

b
Figure 2.
Heisenberg, biquadratic and four-spin ring exchange interactions considered in this work. A 1×2×1 supercell of the conventional o-RMnO3 unit cell (only Mn ions) is
shown. NN Heisenberg and biquadratic couplings are highlighted in red, NNN Heisenberg couplings in blue and fourspin ring exchanges in green.

a ferroelectric order in this system. Interestingly, measurements by the same group for o-YMnO3 (Y3+ has an
empty f -shell) revealed a different behavior - P ||a showed
a significant increase already at the lock-in temperature
of the Mn3+ moments and its amplitude was larger than
that of o-HoMnO3 . The appearance of Pa in o-YMnO3 ,
however, is not understood, since the sinusoidal magnetic
order, which was reported for this material, should provide zero polarization within the framework of the aforementioned mechanisms for inducing P . Later measurements of P in o-HoMnO3 by Feng et al. showed a similar
temperature dependence of P to that observed in Ref. 15
for o-YMnO3 , but not for o-HoMnO3 . Notably, another
measurement of the electric polarization in a sample of oHoMnO3 with IC magnetic order (qb ≈0.4) gave P aligned
along the c axis [14], and for o-ErMnO3 with a similar
magnetic ordering no sizable P was observed [13].
Therefore, to better understand the magnetism and
ferroelectricity in o-RMnO3 and their cross-coupling, it
is important to clarify the origin of the inconsistencies
described above, to determine possible magnetic phases
in these materials and the mechanism of their establishment, and to define how these magnetic phases can induce an electric polarization. In this article we present a
detailed analysis of the magnetic and ferroelectric properties of o-HoMnO3 and o-ErMnO3 , for which many contradictory results have been reported.

B.

Model Hamiltonian

We study the magnetism in o-RMnO3 based on the
following model Hamiltonian:
H = HHeis + HBQ + H4sp + HSIA + HDM ,

(3)
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where
X

HHeis =

<i,j>

HBQ =

X

<i,j>

H4sp =

X

<i,j,k,l>

Jij (Si · Sj ) ,

(4)

2

Bij (Si · Sj ) ,

(5)

Kijkl [(Si · Sj ) (Sk · Sl )

+ (Si · Sl ) (Sk · Sj ) − (Si · Sk ) (Sj · Sl )] ,
HSIA = A

X

2
Si,b
,

(6)
(7)

i

HDM =

X

<i,j>

Dij · [Si × Sj ]

.

(8)

It includes the following terms: (i) the usual Heisenberg Hamiltonian (Eq. 4). In its simplest form (including
only AFM Jc and Jb and FM Jab , see Fig. 2), the Heisenberg Hamiltonian can explain the establishment of the
A-AFM order (if Jb /|Jab |<0.5) and the evolution of the
magnetic phase to the IC spiral (for Jb /|Jab |>0.5) [29]. In
addition to these three couplings, we include the Heisenberg interactions up to third NN within the ab planes
(Ja and J3nn ) and second NN along the c axis (Jdiag ),
see Fig. 2. The further-neighbor couplings are not taken
into account, since they were found to be negligible in
our previous work [32]; (ii) Biquadratic exchange interactions (Eq. 5). It was demonstrated that the in-plane
biquadratic couplings play a crucial role in the establishment of E-AFM order [33, 34]. In the pure Heisenberg model E-AFM order is degenerate with a 90◦ spiral, while biquadratic exchange favors magnetic phases
with collinear spin orientations. We include in our model
the NN biquadratic couplings Bab and Bc (see Fig. 2);
(iii) Four-spin ring exchange interactions (Eq. 6). We
showed in our previous work [32] that the energies of oRMnO3 calculated using DFT cannot be accurately fitted to the isotropic model Hamiltonian which includes
only the Heisenberg and biquadratic couplings, while the
addition of the four-spin ring terms significantly improves
the fitting. The possible effects of these interactions on
the magnetic order in o-RMnO3 , however, were not investigated before to the best of our knowledge. Here
we consider the exchanges between spins in plaquettes
within the ab planes (Kab ) and interplane ones (Kc ) as
shown in Fig. 2; (iv) Single-ion anisotropy (SIA), Eq. 7,
which corresponds to the magnetic easy axis along the b
direction. (v) Dzyaloshinskii-Moriya interactions (DMI).
We consider DM vectors Dij defined along Mn-O-Mn
bonds in the ab planes (Dab
ij ) and along the c direction
(Dcij ). It was demonstrated in Ref. 35, that due to the
o-RMnO3 crystal symmetry, the DM vectors can be rep-

resented in terms of five parameters: αab , βab and γab for
c
Dab
ij and αc and βc for Dij . It was shown that the αc
component of the DM vectors Dcij (see Fig. 3 in Ref. 35)
causes the small canting of the spins from the b axis towards the c axis, which was observed experimentally for
several representatives of the o-RMnO3 series [36, 37]. In
turn, the γab components of the Dab
ij vectors give rise to
cantings of the Mn3+ spins towards the a axis and also
favor the establishment of the ab spiral state [38]. To
enable these states in our simulations, we consider the
parameters αc and γab to be nonzero, while neglecting
the other DM parameters.
As will be described in detail below, we extract all
the exchange coupling and anisotropy constants for oHoMnO3 and o-ErMnO3 by mapping the results of ab
initio electronic structure calculations onto this model
Hamiltonian (Eq. 3) and perform a series of MC simulations using the obtained couplings to determine the
corresponding ground states of this Hamiltonian.

III.

COMPUTATIONAL DETAILS

All ab initio electronic structure calculations are
performed using the projector-augmented plane-wave
method of DFT [39, 40] as implemented in the Vienna
ab initio Simulation Package (VASP) [41]. We employ
the generalized gradient approximation plus Hubbard U
(GGA+U ) for the exchange-correlation potential in the
form introduced by Perdew, Burke and Ernzerhof in the
version revised for solids (PBEsol) [42]. In this study we
do not consider effects which may originate from ordering
of the f -electron moments of the R cations, therefore we
use pseupodentials for R elements in which f electrons
are treated as core electrons. The parameter of on-site
Coulomb repulsion U for the d states of Mn is set to 1
eV as it gives a reasonable size of the band gaps and correct magnetic ground states for many o-RMnO3 . The
cutoff energy for the plane wave basis set is 600 eV. All
the calculations with 20-atom unit cells are done using
a Γ-centered 7×7×5 k-point mesh. For 80-atom 2×2×1
supercells (obtained by doubling the 20-atom unit cell
along the crystallographic a and b directions) we choose
a 3×3×5 k-point mesh, while for 1×2×2 supercells (with
the 20-atom unit cell doubled along the b and c axes) we
use a 7×3×2 k-point mesh.
Unless otherwise specified, the structural optimizations are performed using 20-atom unit cells and imposing A-AFM order of the Mn spins. The structure is considered to be relaxed when the Hellmann-Feynman forces
acting on the atoms are below 10−4 eV/Å. In cases when
the volume is allowed to relax, we ensure that the components of the stress tensor are smaller than 0.1 kbar.
Monte Carlo simulations are performed using an internally developed code based on the Metropolis algorithm
[43] combined with over-relaxation moves [44]. Since we
are dealing with systems with many competing exchange
interactions, which give a complex free energy landscape,
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we employ the replica exchange technique [45, 46]. For
every system we simulate in parallel M =200 replicas,
each at a different temperature. Temperatures are distributed exponentially with Tk =T0 /αk , where T0 =0.005
meV is a temperature of interest, k=1...M − 1 and
α=0.962 (this value is chosen so that the highest temperature TM −1 is bigger than the absolute value of the
strongest exchange interactions in the considered systems). Unless otherwise specified, we perform simulations with 12×40×12 unit cells and 4×100×4 unit
cells each containing 2 Mn atoms: Mn1 (0,0.5,0) and
Mn2 (0.5,1,0) and apply periodic boundary conditions
in all directions. We repeat the calculations using open
boundary conditions along the b direction to ensure that
the choice of boundary conditions does not affect the
(in)commensurability of the obtained magnetic ground
states. Since we work with systems with numerous competing exchange interactions, we perform calculations
starting from different types of magnetic order (A-AFM,
E-AFM, random orientation and H-AFM, the latter will
be described below) to ensure that the results are not
affected by the starting configurations and the systems
are not trapped in a local energy minimum.

IV.

RESULTS AND DISCUSSION
A.
1.

HoMnO3

Magnetic order

First we investigate the magnetic properties of oHoMnO3 . We begin our analysis by optimizing the volume and ionic positions of the bulk crystal structure of
o-HoMnO3 using DFT. We start from the experimentally
reported structure [14] for which incommensurate magnetic order with qb ≈0.4 was observed. The obtained lattice parameters together with the experimental data are
summarized in Table I. We calculate all the couplings
described above by mapping the results of DFT calculations onto the considered model Hamiltonian (see Eq. 3).
First we extract the Heisenberg and four-spin ring couplings by constructing an 80 atom supercell and calculating the energies of Neq =32 inequivalent collinear magnetic orders (all the states are insulating). Note that the
spin-orbit coupling is not included in these calculations
(DMI and SIA are excluded). We use the obtained energies to construct an overdetermined system of equations,
in which the left-hand side of each equation is written using Eqs. 4 and 6 and the coupling constants Jc , Jab , Ja ,
Jdiag , Jb , J3nn , Kab and Kc (see Fig. 2) are unknowns.
The lowest energy configuration (E-AFM order) is taken
as a reference. We solve the system of equations using
the least mean square method and find all the couplings
mentioned above (see Table II). We note that the extracted couplings can be affected by the set of considered
equations. Generally speaking, when one has a relatively
large number of equations Neq in the system, adding or

removing one or more does not change the resulting coupling constants much. Nevertheless, as one can see from
Appendix A, an uncertainty of up to ≈ ±25% from the
values presented in Table II is possible.
In the next step we extract the biquadratic couplings
Bab and Bc using the approach described in detail in
Sec. IVB of our previous work [32]. We perform a set
of calculations of the total energies E of o-HoMnO3 using a 20-atom unit cell in which one of the Mn spins is
rotated by an angle α from 0 to 180◦ starting from a
specific noncollinear spin state. The couplings Bc and
Bab are obtained from fitting the calculated E(α) to the
functions f (α)=C1 + C2 cos(α) + C3 cos2 (α). Note that
this method takes the C2 parameters extracted from the
fitting to the Heisenberg Hamiltonian so that the uncertainty we mentioned previously in the C2 values propagates into the biquadratic couplings, which are a part
of the parameter C3 (it also contains the four-spin ring
part, which is known from the previous calculations). To
extract the components of the DM vectors (γab and αc )
and the SIA (A), we employ the method proposed in
Sec. IIC of Ref. 47. We perform calculations of the energies of a 20-atom unit cell with noncollinear magnetic
orders including spin-orbit coupling. All obtained coupling constants are summarized in Table II. One can see
that almost all the couplings which we extracted using
DFT for o-HoMnO3 are relatively strong and competition between them may result in magnetic frustration.
In order to determine the ground state of our Hamiltonian (Eq. 3) for o-HoMnO3 , we perform a series of
MC simulations using the calculated exchange couplings
listed in Table II. We define the type of the resulting
magnetic orders based on the calculations of the following quantities: order parameters for A-AFM, E-AFM,
H-AFM and I-AFM states (see Eqs. B1-B7 in Appendix,

Table I. The experimental and theoretically optimized lattice
parameters of bulk o-HoMnO3 and o-ErMnO3 . a, b and c are
the lattice constants (space group Pbnm, #62); s, m and l are
the short, medium and long Mn-O bonds in the MnO6 octahedra; IPA and OPA are the Mn-O-Mn bond angles within the
ab planes and along the c direction, respectively. All distances
are in Å, all angles are in degrees.

a
b
c
s
m
l
IPA
OPA

HoMnO3
powder
Exp[14]
PBE
5.269
5.203
5.845
5.772
7.370
7.301
1.913
1.936
2.174
143.85
141.08

ErMnO3
powder
Exp[13]
PBE
5.227
5.186
5.792
5.759
7.327
7.282
1.910
1.911
1.938
1.936
2.194
2.170
143.66
143.32
141.91
140.15

6
Table II. Calculated Heisenberg (Jc , Jab , Ja , Jdiag , Jb , J3nn ), four-spin ring (Kab and Kc ) and biquadratic (Bab and Bc )
exchanges, components of DM vectors (γab and αc ) and single-ion anisotropies (A) (in meV) in bulk o-HoMnO3 and o-ErMnO3 .

R
Ho
Er

Jc
4.23
4.20

Jab
-4.49
-3.81

Ja
-1.02
-0.99

Jdiag
0.70
0.69

Jb
0.87
0.95

J3nn
2.69
2.68

(a)

c=0.5

(b)

c=0

Kab
0.29
0.28

Kc
0.90
0.90

Bab
-2.27
-2.25

Bc
-0.51
-0.45

γab
-0.57
-0.58

αc
-0.42
-0.40

A
-0.48
-0.49

a
b
2

c=0.5

c=0

c

1

b
Figure 3. Magnetic ground state (w-spiral) obtained using MC simulations for o-HoMnO3 (system with 2×14×1 crystallographic unit cells is shown, purple spheres denote the Mn ions). (a) and (b) show the spins (red arrows) in the ab planes at
c=0.5 and c=0, respectively; (c) illustrates the orientation of spins within the bc planes.

H-AFM and I-AFM orders will be described later in this
section) and magnetic structure factors (Eqs. C1 and
C2) along different directions in reciprocal space. We
find that the ground-state ordering of Mn spins in oHoMnO3 is the E-AFM order with a propagation vector
q=(0,0.5,0). The spins are mostly aligned along the b
axis and have negligible a and c components which are
favored by the DMI. It should be noted, however, that
the only simulations which converge to this state are
those starting from perfect E-AFM order, while simulations using other magnetic orders as starting configurations give states corresponding to local energy minima
with slightly higher energies. Such a behavior was not
observed in MC simulations that we performed for other
representatives of the o-RMnO3 series such as GdMnO3
and TbMnO3 (both bulk and thin films). This is an
indication of competition between different exchange interactions in o-HoMnO3 resulting in multiple magnetic
states with very close energies, which makes it very hard
to find a global energy minimum in MC simulations.

As we mentioned above, the methods which we use to
extract the bilinear, biquadratic and four-spin ring exchanges allow an uncertainty of up to ±25% for each
considered coupling. In order to check whether such a
variation of the exchange couplings may lead to different
magnetic ground states, we perform the following analysis. We repeat the MC simulations using the set of
couplings, obtained by solving the overdetermined system of equations with respect to all bilinear and fourspin ring couplings, that differs most strongly from those
obtained with Neq =32 (see the couplings corresponding
to Neq =33 in Table IX of Appendix A). We find that
this set of couplings gives a different magnetic ground
state for o-HoMnO3 . This state, which we call w-spiral
order, is shown in Fig. 3. The magnetic structure factors calculated for this order along (0,q,1) and (0,q,0)
directions in reciprocal space are shown in Fig. 4 (a) and
(b), respectively. One can see that this order gives peaks
at (0,±0.43,1) corresponding to a propagation vector of
q=(0,0.43,0), which is similar to that reported from ex-
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(a)

(0q1)

(b)

(0q0)

Figure 4. Magnetic structure factors along (a) (0,q,1) and
(b) (0,q,0) directions in reciprocal space calculated for the wspiral ordering obtained in MC simulations for o-HoMnO3 . qb
is in reciprocal lattice units.

periment (qb ∼ 0.4) [14, 27]. We find also that it produces
peaks at (0,±0.43,0) and (0,±0.29,0), with much smaller
intensities than that at (0,±qb ,1).
Next, in order to identify which terms in the Hamiltonian of Eq. 3 are responsible for the establishment of
the exotic w-spiral state, we perform a series of MC sim-

Table III. Magnetic ground states obtained using MC simulations for o-HoMnO3 and o-ErMnO3 by varying one of the
exchange couplings by ±30% with all other couplings kept
fixed to those listed in Table II. The variation of Ja , Jdiag ,
Kab , Bab , Bc , γab , αc and A did not lead to a change of the
ground state (E-AFM remains), therefore they are omitted in
this table.

J
Jc
Jab

HoMnO3
-30%
H-AFM qb =0.5
+30%
Spiral qb =0.18

J3nn

-

Kc

+30%
w-spiral qb =0.43

ErMnO3
-30%
H-AFM qb =0.5

ulations in which one of the exchange couplings is varied by ±30% while all the others are kept fixed to those
listed in Table II. We run the simulations with a system
size of 4×100×4 MC unit cells (Fig. 13) and employ periodic boundary conditions in all directions. Since the
exchange couplings in Table II give E-AFM order as the
ground state, we use this order as the starting configuration in all the simulations with varied couplings. The
results of our simulations are summarized in Table III.
From this one can see that variation of three exchange
couplings may lead to stabilization of a magnetic state in
o-HoMnO3 different from the E-AFM order: (i) increase
of the four-spin ring exchange Kc results in the establishment of the w-spiral order with qb =0.43 shown in Fig. 3;
(ii) increasing the NN in-plane Heisenberg coupling Jab
gives a spiral ordering with a propagation vector along
the b axis qb =0.18 (a state with such a propagation vector, however, has not been reported for o-HoMnO3 to the
best of our knowledge); (iii) reduction of the NN Heisenberg coupling Jc favors an order which we call H-AFM. A
sketch of this order is shown in Fig. 5 (a). It has a propagation vector q = (0, 0.5, 0) and gives peaks in the magnetic structure factors at (0,±0.5,1) and (0,±0.5,0) with
the same intensity (see Fig. 6).
Notably, the H-AFM
magnetic state is degenerate (if we calculate its energy
using Eq. 3) with another order, which we call I-AFM.
This order has a propagation vector q = (0, 0.5, 0.5) and
is shown in Fig. 5 (b). A similar order with q=(0.5,0,0.5)
was reported from neutron diffraction experiments on the
o-RNiO3 series[48, 49]. This order does not give peaks in
the magnetic structure factors at either (0,q,1) or (0,q,0).
To check whether the I-AFM state might be favored over
H-AFM (or vice versa) in o-HoMnO3 due to effects such
as exchange striction or distortion of the electronic density, we perform the following DFT calculations: We construct a 1×2×2 supercell of o-HoMnO3 (the fully relaxed
unit cell of o-HoMnO3 is doubled along the b and c directions) and relax the ionic positions within this supercell
imposing E-AFM, H-AFM and I-AFM orders. After that
we use these optimized structures to calculate the total energies of o-HoMnO3 with corresponding magnetic
orders. The obtained energies with respect to the energy of the E-AFM order (the lowest energy state for
o-HoMnO3 in DFT) are presented in Table IV. We find
that I-AFM order is lower in energy than H-AFM by ≈0.8

Table IV. DFT energies per spin (in meV) (relative to the
energy of the E-AFM order) and electric polarizations (in
µC/cm2 ) calculated for o-HoMnO3 and o-ErMnO3 imposing
E-AFM, H-AFM and I-AFM orders.

-30%
A-AFM
+30%
w-spiral qb =0.45

E-AFM
H-AFM
I-AFM

HoMnO3
E
P
0
4.09, || a
2.19
0.34, || c
1.38
0.12, || a

ErMnO3
E
P
0
4.06, || a
2.13
0.35, || c
1.38
0.12, || a
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(a)

(a)

(0q1)

(b)

(0q0)

2

1

(b)

2

c

1

a
b

Figure 5.
Magnetic orders that can be stabilized in oHoMnO3 by strong interplane four-spin ring exchange coupling Kc . (a) shows a magnetic unit cell (1 × 2 × 1 crystallographic unit cells) of so-called H-AFM order with q=(0,0.5,0);
(b) is a magnetic unit cell (1 × 2 × 2 crystallographic unit
cells) of so-called I-AFM order with a propagation vector
q = (0, 0.5, 0.5). Purple spheres denote Mn ions and red
arrows show the spins of these ions.

meV per spin. Note, that all three orders (E-, H- and IAFM) are very close in energy and we assume that any
of them may, in principle, be stabilized in real samples of
o-RMnO3 . Favoring one of these states over the others
can occur due to different synthesis conditions which may
provide slightly different bond angles and bond lengths
and, therefore, different exchange couplings in the systems.
The fact that the variation of the interplane couplings
may drastically change the magnetic ground state is interesting in its own right, as in all previous works the role
of the interplane couplings was considered only to explain
an antiferromagnetic orientation of spins along the c direction. Furthermore, we see that the w-spiral, H-AFM
and I-AFM (Fig. 3, 5 (a) and 5 (b), respectively) orders
minimize the energy contribution from the four-spin ring
interplane exchange (Eq. 6). Indeed, for H-AFM and IAFM orders each interplane four-site plaquette contains
one pair of spins which are parallel to each other (pair 1)
and one pair in which the spins are antiparallel to each

Figure 6.
Magnetic structure factors (a) along (0,q,1) direction and (b) along (0,q,0) direction calculated for the HAFM ordering observed in MC simulations for o-HoMnO3
using Jc =0.7Jc0 , where Jc0 is the value presented in Table II,
while all the other couplings are kept fixed to those in Table
II. qb is in reciprocal lattice units.

other (pair 2), which gives a contribution to the energy of
-2Kc per spin according to Eq. 6. For the w-spiral order
the spins of pair 1 (see Fig. 3) are almost parallel to each
other, while the spins of pair 2 are almost antiparallel to
each other and the spins of pair 1 and pair 2 are nearly
perpendicularly oriented. This also gives a contribution
between -Kc and -2Kc per spin to the total energy. For
comparison, for the E-AFM order the contribution to the
energy of the system from the four-spin ring exchange is
+2Kc per spin (note that the only couplings which give
different contributions to the total energies of E-AFM
and H-AFM (I-AFM) states according to Eq. 3 are Jc
and Kc and the contributions due to other exchange interactions or anisotropies are equal). Therefore, w-spiral,
H-AFM and I-AFM orders may become the lowest energy
states when either Kc is increased or Jc is reduced (AFM
Jc cannot further compete with strong Kc ). Thus we conclude that these orders are favored by the four-spin ring
interplane coupling Kc .
Finally, we double check the results of Monte Carlo
simulations by calculating the exact energies of different magnetic states which may, in principle, occur in o-
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Table V. Exact energies per spin (in meV) of A-AFM, EAFM, bc and ab cycloidal spirals with qb =0.43 (CSbc and
CSab ), bc cycloidal spiral with qb =0.18, w-spiral, H-AFM (energy is equal to I-AFM) and sinusoidal (SIN) orders calculated
for o-HoMnO3 and o-ErMnO3 using Eq. 3 and exchange couplings extracted from DFT and listed in Table II.

State
A-AFM
E-AFM
CSbc qb =0.43
CSab qb =0.43
CSbc qb =0.18
w-spiral
H-AFM
SIN

HoMnO3
-14.197
-15.523
-12.224
-12.223
-14.439
-15.177
-14.884
-7.533

ErMnO3
-12.629
-15.418
-11.870
-11.869
-14.999
-14.832
-7.364

RMnO3 (A-AFM, cycloidal spiral with qb =0.43 and the
spins rotating within ab (CSab ) and bc (CSbc ) planes and
sinusoidal order (SIN) with qb =0.43 which was described
in Ref. 27) and of those which we found in our MC simulations (E-AFM, H-AFM (or I-AFM), cycloidal spiral
with qb =0.18 and w-spiral with qb =0.43) using Eq. 3 and
the set of couplings for o-HoMnO3 listed in Table II. The
energies per spin obtained for each aforementioned magnetic order are presented in Table V. One can see that,
with the couplings presented in Table II, E-AFM is indeed the lowest energy state compared to all other states
listed in Table V. The w-spiral state is the second lowest
in energy and differs from E-AFM by ≈0.35 meV per spin.
Note that cycloidal spiral orders and sinusoidal order SIN
with qb =0.43 are significantly higher in energy than all
the other considered orders, therefore we conclude that
the w-spiral with qb =0.43 is more likely to form in this
system than the other incommensurate states.
In the next step, we define more precisely the ranges of
the three exchange couplings (Kc , Jc and Jab ) in which
the transition from E-AFM to another ground state takes
place. We calculate the exact energies of E-AFM, HAFM (I-AFM) and w-spiral orders for the values of fourspin ring coupling Kc =Kc0 +iKc0 , where i=0.1,...,0.4 and
Kc0 is the value presented in Table II, keeping all the
other couplings fixed to those in Table II. The obtained
energies as functions of Kc are presented in Fig. 7 (a).
One can see that an increase of Kc by ≈12% (which is
just 0.11 meV) favors the establishment of w-spiral order
in o-HoMnO3 . H-AFM (or I-AFM) order, in turn, is
higher in energy than the w-spiral in the whole range of
the considered values of Kc . Then we perform thesame
calculations varying Jc in the range Jc0 , Jc0 − 0.4Jc0 with
a step of 0.1Jc0 (see E(Jc ) in Fig. 7(b)). In this case the
decrease of the coupling (by ≈12%, which is ≈0.51 meV)
stabilizes first the w-spiral state and then, when Jc is
reduced by more than 20% (≈0.85 meV),the H-AFM (or
I-AFM) order becomes the lowest energy state. Finally,
we compare the energies of the E-AFM order and bc spiral

(a)

(b)

(c)

Figure 7.
Exact energies (per spin) of different magnetic
phases of o-HoMnO3 as functions of Kc , Jc and Jab . (a) shows
the energies of the E-AFM (E), w-spiral (wSp) and H-AFM
(H) or I-AFM orders as functions of Kc ; (b) shows the energies
of the same orders as functions of Jc ; (c) demonstrates the
energies of the E-AFM and cycloidal spiral (CSp) orders with
qb =0.18 as functions of Jab . Dashed lines indicate the initial
values of the corresponding couplings extracted using DFT
and presented in Table II.

0
with propagation vector of qb =0.18 for the values of Jab
0
0
0
0
from Jab to Jab +0.4Jab with a step of 0.1Jab and the
resulting E(Jab ) is shown in Fig. 7(c). One can see that
the cycloidal spiral with qb =0.18 can become the lowest
energy state if the absolute value of Jab is increased by
≈15% (0.7 meV).
Thus we find that within the uncertainty of the method
which we use to extract the microscopic bilinear and
higher order exchange interactions, several magnetic
ground states are possible in o-HoMnO3 : E-AFM, cy-
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(b) H-AFM

(a) E-AFM

(c)

I-AFM

c=0

b
a

PMn

PMn

PMn

PO

PO

PO

PMn

PMn

PMn

PO

PO

PO

c=0.25

c
a
PO

PO

Figure 8. Electric polarizations due to the displacements of Mn and O ions caused by (a) E-AFM, (b) H-AFM and (c) I-AFM
orders. 1×2×2 o-HoMnO3 supercell is shown (only Mn (purple spheres) and O (red spheres) ions). Blue arrows on the Mn ions
indicate their displacements, gray arrows - the shifts of the O anions. Green arrows indicate the direction of spins of the Mn
ions. PM n is the contribution to the electric polarization arising from the displacements of the Mn ions, PO the corresponding
contribution from the oxygens. Note, that for the E-AFM and H-AFM orders the directions of the spins at c=0 are equivalent
to those at c=0.5 and the same holds for the spin directions at c=0.25 and c=0.75. For I-AFM order, however, the spins at
c=0 are antiparallel to the spins at c=0.5 and the spins at c=0.25 are antiparallel to those at c=0.75.

cloidal spiral with qb =0.18, w-spiral with qb =0.43 and
H-AFM (or I-AFM since it has the same energy as HAFM within the framework of the considered model, Eq.
3). w-spiral, H-AFM and I-AFM phases are favored by
strong interplane four-spin ring exchange Kc . Since all
these states are very close in energy, one or another could
be favored in real samples of o-HoMnO3 depending on
the synthesis conditions and the quality of the samples,
since slightly different Mn-O bond lengths and/or Mn-OMn bond angles in different o-HoMnO3 samples can give
different sets of exchange couplings which may favor various magnetic phases. This may explain the experimental
observations of both E-AFM order with qb =0.5 [8] and
IC order with qb ≈ 0.4 [14, 27] in different samples of
o-HoMnO3 . We find, however, that the IC phase is more
likely to be a w-spiral state than a sinusoidal spin density wave, since the former is significantly lower in energy
than the latter within the framework of the considered
model (Eq. 3). To verify this, further experimental investigations or reconsideration of the existing data are
required.

2.

Ferroelectric order

Next we calculate the electric polarizations P which are
induced in o-HoMnO3 by the magnetic orders observed
in the MC simulations described in the previous section.
We start by considering the commensurate magnetic orders (E-AFM, H-AFM and I-AFM). We perform Berry
phase calculations using the 1×2×2 supercells in which
the ionic positions were optimized imposing E-AFM, HAFM and I-AFM orders (the supercell in which the positions were relaxed with A-AFM order is used as a reference high symmetry structure). The resulting P values
are summarized in Table IV. One can see that E-AFM order gives the largest electric polarization (4.09 µC/cm2 )
among these magnetic phases and P is aligned along the
a direction in agreement with Refs. 50 and 12. In turn,
H-AFM and I-AFM orders induce P values which are at
least one order of magnitude smaller than that of the EAFM order. Moreover, the P arising from the H-AFM
order is aligned along the c direction. To clarify the origin
of the differences in P for E-AFM, H-AFM and I-AFM
orders, we analyze the displacements of Mn and O ions
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Table VI. Displacements of the Mn and O ions within the 1×2×2 supercells of o-HoMnO3 and o-ErMnO3 from their positions
in the corresponding centrosymmetric structures due to the presence of the E-AFM, H-AFM and I-AFM orders. Oab
p indicates
oxygen ions placed between the NN Mn ions with parallel spins within the ab planes, Oab
ap denotes the oxygen ions between the
NN Mn ions with antiparallel spins within the ab planes. Ocp and Ocap indicate the oxygen ions between the NN Mn ions along
the c direction with parallel and antiparallel spins, respectively. All displacements are in Å.

Mn
Oab
p
Oab
ap
Ocp
Ocap

Mn
Oab
p
Oab
ap
Ocp
Ocap

∆x
-0.1187
0.1849
0.1287
-0.1367

E-AFM
∆y
0
0
0
0

∆x
-0.1165
0.1847
0.1246
-0.1354

E-AFM
∆y
0
0
0
0

∆z
0
0
0
0

∆z
0
0
0
0

∆x
0
0
0
0
0

HoMnO3
H-AFM
∆y
0
0
0
0
0

∆x
0
0
0
0
0

ErMnO3
H-AFM
∆y
0
0
0
0
0

due to the presence of these orders from their positions
in the centrosymmetric structure obtained with A-AFM
order. The contributions to P due to the displacements
of Mn and O ions within the ab and ac planes are obtained using the point charge model (with ionic charges
Mn: (3+) and O: (2-)) and presented in Fig. 8. Exact magnitudes of the displacements are summarized in
Table VI. One can see that in the case of E-AFM order
the major contribution to P originates from the displacements of the Mn and O ions within the ab planes. This
displacement pattern was explained in Ref. 50 in terms
of asymmetric electron hopping between the eg orbitals
of Mn ions. Namely, hopping of the eg electrons occurs
only between Mn ions with parallel spins within the ab
planes and is forbidden between Mn ions with antiparallel
spins. The ions shift such as to enhance this hopping by
increasing the Mn-O-Mn bond angles between the corresponding Mn ions [50]. The ionic displacements are
the same in the ab planes with different c values and,
therefore, they reinforce each other and result in strong
P aligned along the a axis. For the H-AFM and I-AFM
orders the pairs of Mn ions with parallel and antiparallel
spins alternate not only within the ab planes, but also
along the c direction (in the E-AFM order the spins on
the NN Mn ions along the c axis are always antiferromagnetically oriented). The dominating contributions to the
superexchange interactions between the Mn spins along
the c axis are due to electron hopping between the t2g orbitals (through the pπ states of O anions), which occurs
only between t2g states with antiparallel spins. Because
of the geometry of the participating orbitals, the hop-

∆z
-0.0096
-0.0028
0.0209
-0.0438
0.0408

∆z
-0.0093
-0.0021
0.0202
-0.0439
0.0411

∆x
-0.0062
-0.0027
0.0049
-0.0071
0.0143

I-AFM
∆y
0
0
0
0
0

∆z
0
0
0
0
0

∆x
-0.0076
-0.0041
0.0043
-0.0032
0.0141

I-AFM
∆y
0
0
0
0
0

∆z
0
0
0
0
0

ping is almost independent of the Mn-O-Mn bond angles
and is defined rather by the Mn-O distances. Therefore,
to enhance this hopping, the Mn and O ions move in
the direction that reduces the distances between the Mn
ions with antiparallel spins. The overall ionic shifts result in the maximal energy gain from both in-plane and
interplane superexchanges. From Fig. 8 one can see that
for both H-AFM and I-AFM orders the Mn and O ions
move within the ab planes similarly to the case of the
E-AFM order, but these displacements occur in the opposite directions for the neighboring ab planes (for example, at c=0 and c=0.25) and, therefore, the corresponding
contributions to the electric polarization almost exactly
compensate each other.
In the H-AFM order the spins on NN Mn ions along the
c axis form ferromagnetic and antiferromagnetic stripes
alternating along the b direction (see Fig. 5 (a)). Pc originates from the inequivalent displacements of the Mn ions
with parallel and antiparallel spins (a and b components
of the displacement vectors sum up to zero). This in turn
favors small shifts of the in-plane oxygen anions along the
c direction giving an additional contribution to Pc . The
P contributions due to the displacements of the interplane oxygens in FM and AFM stripes, in turn, almost
fully cancel each other. In the I-AFM order each Mn ion
has two NN Mn ions along the c direction, one with parallel and one with antiparallel spin. The Mn ions move
so as to bring the NNs with antiparallel spins closer to
each other and to separate those with parallel spins. The
a components of the displacement vectors provide Pa ,
while the b and c components cancel each other. The
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magnitude of Pa is reinforced by displacements of the interplane O anions positioned between Mn ions with antiparallel spins. Note that in all cases there is a sizable
contribution to the electric polarization arising from the
distortion of the electronic density favored by the presence of these magnetic orders, as was shown in detail by
Yamauchi et al. [50] for the E-AFM order in o-HoMnO3 .
Next we consider the incommensurate w-spiral order
and calculate the polarization PAS due to the inverse
DMI using Eq. D1. We find that PAS =(-0.003,0,0.769)
per spin suggesting a polarization along the c axis for this
magnetic order. The maximal possible absolute value for
the components of the vector PAS is 2, which would occur for a cycloidal spiral with 90 degree angles between
the neighboring spins. A spiral with a modulation vector
of qb =0.25, which is close to that of TbMnO3 , and spins
rotating within the bc plane, produces PAS =(0,0,1.41).
Therefore, for our predicted spiral state we expect polarization values smaller than those of typical cycloidal
S
spirals. We also calculate the Pab
and PcS contributions
to the electric polarization using Eqs. D2 and D3, respectively. In both cases we obtain negligibly small values.
Thus we conclude that the w-spiral order is a plausible
magnetic ground state for the o-HoMnO3 single crystal
investigated by Lee et al. as it is consistent with the
magnetic measurements and produces an electric polarization in the direction observed experimentally. In turn,
the presence of I-AFM order can provide a possible explanation for the spontaneous polarization P ||a with small
amplitude, which was observed in a different samples of
o-HoMnO3 [15, 31]. In this case, however, one should
keep in mind that I-AFM order is not entirely consistent with the magnetic measurements performed so far
(it does not give peaks in the magnetic structure factors
at either (0,q,1) or (0,q,0)), therefore more investigations
in which both magnetic and ferroelectric orders are investigated for the same sample are required.

B.

ErMnO3

In this section we investigate the properties of oErMnO3 by repeating the procedure described previously
for o-HoMnO3 . First we theoretically optimize the volume and ionic positions of the experimental crystal structure reported in Ref. 13. The experimental and optimized lattice parameters are presented in Table I. Then
we use this relaxed structure to extract a set of microscopic exchange interactions by mapping the results of
DFT calculations onto the Hamiltonian of Eq. 3. The resulting couplings are presented in Table II. One can see
that these couplings are very similar to those obtained
for o-HoMnO3 and changing R from Ho to Er (which results in increased GFO distortion and reduced Mn-O-Mn
bond angles within the ab planes) leads only to a reduction (in absolute value) of the in-plane NN exchange
Jab (see Fig. 2). Next, we use these couplings to find the
ground state of the model Hamiltonian (Eq. 3) in a series

(a)

(0q1)

(b)

(0q0)

Figure 9. Magnetic structure factors (a) along (0,q,1) and (b)
along (0,q,0) directions in reciprocal space calculated for the
w-spiral ordering observed in MC simulations for o-ErMnO3 .
qb is in reciprocal lattice units.

of MC simulations. Similarly to o-HoMnO3 , we find that
E-AFM order with the spins slightly canted away from
the b axis is the ground state for o-ErMnO3 , but this
state is obtained only when the simulations start from
the perfect E-AFM order, which indicates strong competition between different exchange interactions resulting
in multiple states with very close energies. We also observe that the w-spiral order becomes a ground state if we
use in our MC simulations a set of couplings obtained by
solving the system of equations with Neq 6= 32, which differs strongly from that presented in Table II (see the couplings corresponding to Neq =33 in Table IX in Appendix
A). The magnetic structure factors calculated for this
state show peaks at (0,±0.42,1) giving qb =0.42, which is
in agreement with the experimentally determined value
of qb =0.433 [13]. Similarly to the case of o-HoMnO3 ,
peaks at (0,±0.42,0) and (0,±0.26,0) with much smaller
intensities were obtained as well (see Fig. 9). We also exS
tracted the polarizations PAS , Pab
and PcS using Eqs. D1,
D2 and D3, respectively. We find that the w-spiral order
induces PAS =(-0.005,0,-0.773). Therefore, P is expected
S
along the c axis in o-ErMnO3 (Pab
and PcS are negligible)
if this magnetic order is stabilized.
Next we verify that the w-spiral state occurs in oErMnO3 as a result of the interplane four-spin coupling
Kc and check whether different magnetic states can be
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(a)

(b)

(c)

Figure 10. Exact energies (per spin) of different magnetic
orders calculated for o-ErMnO3 as functions of Kc , Jc and
J3nn . (a) shows the energies of E-AFM (E), w-spiral (wSp)
and H-AFM (H) orders as functions of Kc ; (b) shows the
energies of the same orders as functions of Jc ; (c) shows the
energies of E-AFM and A-AFM orders as functions of J3nn .
Dashed lines indicate the initial values of the corresponding
couplings extracted using DFT and presented in Table II.

stabilized by changing the other exchange interactions.
For this purpose we run MC simulations in which one of
the considered couplings is varied by ±30% of the value
presented in Table II while all the others are kept equal
to those in Table II. We find that, in contrast to the
case of o-HoMnO3 , a reduction of J3nn leads to the establishment of A-AFM order. The results of the change
of the interplane couplings, however, are in agreement
with those of o-HoMnO3 : an increase in Kc leads to a
transition from E-AFM to w-spiral order with qb = 0.45,
and a reduction of Jc leads to the establishment of HAFM order with qb =0.5. Since the energy of H-AFM

order is equivalent to that of I-AFM order, we perform
the following calculations to check which of these two orders will more likely form in o-ErMnO3 : We construct a
1×2×2 supercell (the fully relaxed o-ErMnO3 unit cell is
doubled along the b and c directions) and relax the ionic
positions within this supercell imposing E-AFM, H-AFM
and I-AFM orders. Then we use these relaxed structures
to calculate the total energies of the o-ErMnO3 supercell
with the corresponding magnetic orders and the electric
polarizations which are induced by these orders. The results are presented in Table IV. We find that E-AFM is
the lowest energy state in DFT, while I-AFM is the state
with the second lowest energy and is more favorable in
this system than H-AFM order (by 0.75 meV per spin).
The obtained values and the directions of the electric polarizations induced by E-AFM, H-AFM and I-AFM orders in o-ErMnO3 are very close to those calculated for
o-HoMnO3 .
Next, we calculate the exact energies of the A-AFM,
E-AFM, H-AFM (I-AFM), CSbc and CSab and SIN states
with qb =0.43 and w-spiral with qb =0.42 using Eq. 3 and
the couplings from Table II. One can see that with this set
of the exchange parameters, E-AFM is the lowest energy
state (confirming the result of our MC simulations) and
the w-spiral state is the second lowest in energy (differing
from the E-AFM order by 0.42 meV per spin). Then
we calculate the exact energies of E-AFM, H-AFM (IAFM) and w-spiral orders as a function of Kc (Kc is
varied in the range (Kc0 ,Kc0 +0.4Kc0 ) with a step of 0.1Kc )
and Jc (the values of Jc are considered in the interval of
(Jc0 ,Jc0 − 0.4Jc0 ) with a step of -0.1Jc ). The results are
shown in Fig. 10. One can see that an increase in Kc
by approximately 13% (which is just 0.12 meV) from the
value of Kc0 presented in Table II favors the establishment
of w-spiral order in o-ErMnO3 . When Kc is increased by
more than 30% (0.27 meV), the H-AFM order becomes
the lowest energy state. Reduction of Jc by ≈14% (0.59
meV) leads to the stabilization of the H-AFM (I-AFM)
order. Finally, by reducing J3nn by more than 25% (0.67
meV), the A-AFM order can be favored over the E-AFM
state.
Thus we demonstrate that in o-ErMnO3 , similarly to
o-HoMnO3 , the strong interplane four-spin ring exchange
Kc may lead to the establishment of exotic magnetic orders such as the w-spiral, H-AFM or I-AFM. In general,
these three orders, as well as E-AFM order, are close in
energy within the framework of the model of Eq. 3 and
we assume that any of these states can be stabilized in
the real materials depending on the synthesis conditions
and quality of the investigated samples. The presence
of w-spiral order can explain the result of the neutron
diffraction measurements performed for o-ErMnO3 by Ye
et al. [13], in which an IC magnetic order with qb =0.433
was observed. Since the electric polarization induced by
w-spiral order is relatively small and appears along the c
direction (not in the a direction as usually expected for
o-RMnO3 with small R), this can be a possible explanation for why the electric polarization was not found in
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Table VII. Positions and intensities of the magnetic peaks given by the E-AFM, H-AFM and I-AFM orders, as well as w-spiral,
cycloidal ab and bc spirals and sinusoidal order with qb =0.43. The first number gives the position of the peak, the second its
intensity (the maximal intensity is 1), "-" indicates that no peak was obtained for this direction in reciprocal space for the
corresponding magnetic order.

(h,k,l)

E-AFM

H-AFM

I-AFM

(0,q,0)

-

0.5, 0.25

-

(0,q,0.5)
(0,q,1)
(0,q,1.5)

0.5, 0.5
-

0.5, 0.25
-

0.5, 0.5
-

(0,q,2)

-

0.5, 0.25

-

(0,1+q,0)
(0,1+q,0.5)
(0,1+q,1)
(0,1+q,1.5)
(0,1+q,2)

0.5, 0.5
-

0.5, 0.25
0.5, 0.25
0.5, 0.25

0.5, 0.5
-

w-spiral
0.43, 1.1·10−3
0.29, 1.5·10−4
0.43, 0.35
0.43, 1.1·10−3
0.29, 1.5·10−4
0.43, 0.15
0.43, 1.1·10−3
0.43, 0.15

CSab , CSbc

SIN

-

-

0.43, 0.5
-

0.43, 0.25
-

-

-

-

-

Table VIII. Directions and relative magnitudes of the electric polarizations induced by the E-AFM, H-AFM and I-AFM magnetic
orders, as well as the w-spiral, cycloidal ab and bc spirals and sinusoidal order with qb =0.43.

P
Direction
Amplitude

E-AFM
||a
Large

H-AFM
||c
Medium

I-AFM
||a
Medium

the preliminary pyroelectric current measurements performed by this group.

V.

SUGGESTIONS FOR FUTURE
EXPERIMENTS

In this section we summarize the values of the observables expected in systems with the exotic magnetic orders
(w-spiral, H-AFM and I-AFM) reported in Sec. IV, together with corresponding values for E-AFM, sinusoidal
and cycloidal ab and bc spiral orders (with qb = 0.43)
to assist in the possible determination of these states
in future experimental studies. We perform calculations
of the magnetic structure factors along different directions in reciprocal space for all these orders. The wspiral configuration is adopted from our MC simulations
for o-HoMnO3 and all other spin configurations are constructed using the corresponding values of qb and the relative phases between the spins within the magnetic unit
cells. The positions of the peaks and their intensities are
presented in Table VII (note that the maximal intensity
is 1). In Table VIII we present the directions and relative
magnitudes of the electric polarization induced by these
orders.

w-spiral
||c
Small

VI.

CSab
||a
Small

CSbc
||c
Small

SIN
0

SUMMARY AND CONCLUSIONS

In summary, we investigated the magnetic and ferroelectric properties of o-HoMnO3 and o-ErMnO3 using ab
initio calculations and Monte Carlo simulations. The
magnetism in these compounds was treated in terms of
a model Hamiltonian (Eq. 3), which includes the Heisenberg, biquadratic and four-spin ring exchanges as well
as anisotropic terms (DMI and SIA). First, we extracted
all the considered microscopic exchange interactions by
mapping the results of DFT calculations onto this model
Hamiltonian. We found that almost all the coupling constants are relatively large which may result in strong competition between them and lead to magnetic frustration.
Then we performed a series of MC simulations using the
obtained exchange couplings and found that the magnetic
ground state in both systems is the E-AFM order with
the spins slightly canted away from the b axis. However,
we also observed that small variations of the exchange
interactions (within the uncertainty of the method which
we used to calculate them) may stabilize other magnetic
states such as A-AFM, cycloidal spiral, w-spiral, H-AFM
and I-AFM orders). We assume that small differences
in the lattice parameters of the experimentally investigated samples (due to different synthesis conditions or
the presence of defects) may be enough to provide such
a variation of the exchange interactions and may explain
the contradictory magnetic measurements. The key find-
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Table IX. Heisenberg (Jc , Jab , Ja , Jdiag , Jb , J3nn ) and four-spin ring (Kab and Kc ) exchanges (in meV) in bulk o-HoMnO3 and
o-ErMnO3 calculated using the DFT energies of different numbers (16, 20, 24, 28, 32, 33) of inequivalent collinear magnetic
configurations.

N
16
20
24
28
32
33

Jc
4.33
4.48
4.35
4.30
4.23
4.98

Jab
-4.45
-4.38
-4.43
-4.45
-4.49
-4.13

Ja
-0.98
-1.04
-0.97
-0.98
-1.02
-1.01

HoMnO3
Jdiag
Jb
0.71 1.29
0.75 1.28
0.73 1.28
0.72 0.96
0.70 0.87
0.88 0.88

J3nn
2.58
2.56
2.55
2.70
2.69
2.69

Kab
0.07
0.14
0.17
0.19
0.29
0.28

Kc
0.95
1.02
0.95
0.93
0.90
1.10

ing of this work is the existence of three new, low energy magnetic orders – w-spiral, H-AFM and I-AFM –
which are favored by strong interplane four-spin ring interactions (previous works treated the evolution of the
magnetic phases in the o-RMnO3 series in terms of the
competition between the exchange interactions within
the ab planes). The presence of the w-spiral order can
explain the results of neutron diffraction measurements
(Refs. 13, 14, and 27) for o-HoMnO3 and o-ErMnO3 , in
which incommensurate magnetic orders with qb ≈0.4 were
found. Since the w-spiral order induces a small electric
polarization along the c axis, it can also explain the unexpected polarization direction (P ||c) which was observed
by Lee et al. [14] in pyroelectric current measurements
for o-HoMnO3 , and the fact that no sizable P was measured in o-ErMnO3 . In turn, the I-AFM order can give
rise to P ||a with small amplitude, which is in agreement
with the values reported from the experiments. This,
however, should be checked by measuring the magnetic
and ferroelectric properties for the same samples of oHoMnO3 or o-ErMnO3 , because magnetic peaks corresponding to I-AFM order have not been experimentally
reported to date.

Jc
4.31
4.44
4.32
4.11
4.20
4.94

Jab
-3.78
-3.72
-3.77
-3.86
-3.81
-3.46

Ja
-1.04
-1.04
-0.96
-0.99
-0.99
-0.99

(a)

ErMnO3
Jdiag
Jb
0.71 1.29
0.74 1.28
0.72 1.28
0.67 0.86
0.69 0.95
0.87 0.96

c=0

J3nn
2.57
2.57
2.56
2.77
2.68
2.68

(b)

Kab
0.14
0.16
0.19
0.18
0.28
0.27

Kc
0.99
1.02
0.95
0.87
0.90
1.10

c=0.5

b
1

2

a
Figure 11. The spin configuration whose DFT energy deviates most from that predicted by the pure Heisenberg Hamiltonian (2×2×1 supercell containing 16 Mn ions. The Mn
ions are indicated by the purple spheres. Red arrows show
the spins on these ions). It corresponds to C-AFM order with
two spins (1 and 2) switched.
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Here we discuss how the Heisenberg and four-spin ring
exchange interactions that we calculate for our model
Hamiltonian (Eq. 3) are affected by the details of the fitting procedure. As described in Sec. IV A 1, we extract
the Heisenberg and four-spin ring couplings by calculating the DFT energies of many inequivalent collinear magnetic states and constructing an overdetermined system
of equations with respect to these couplings. This system is then solved using the least mean square method.
The resulting couplings can be affected by the number
of equations which are included in the system. In Table
IX we present the values of the Heisenberg and four-spin
ring couplings which were obtained for o-HoMnO3 and
o-ErMnO3 using 16, 20, 24, 28, 32 and 33 equations.
One can see that, for most of the couplings, varying
the number of considered equations between 16 and 32
leads to a variation in the obtained values of up to 10%

16

(a)

(c)

(b)

(d)

Figure 12. Energies of the 80 atom supercell (in eV) of o-HoMnO3 with 32 ((a) and (b)) and 33 ((c) and (d)) inequivalent
collinear magnetic orders predicted by different magnetic model Hamiltonians and plotted versus the energies of the corresponding states calculated using DFT (the energy of the E-AFM order is taken as a reference). (a) and (c) show the energies
predicted by the pure Heisenberg Hamiltonian, (c) and (d) by the Hamiltonian which includes both Heisenberg and four-spin
ring exchanges. The insets on each plot show the differences between the model and DFT energies and each bar corresponds
to one of the considered magnetic configurations.

(the exception is Kab , but this coupling is in general very
weak). However, the addition of just one equation (33)
changes the values of the interplane couplings by up to
25%. The spin configuration corresponding to equation
33 is a C-AFM order with two spins switched (see Fig.
11).
In order to clarify the origin of such a significant change
in the values of the interplane couplings we focus on the
case of o-HoMnO3 and perform the following analysis.
We consider first 32 inequivalent collinear magnetic orders whose energies were calculated for this system using DFT as described in Sec. IV A 1. We assume that
the energies of these states can be described by a pure
Heisenberg Hamiltonian (Eq. 4) which includes only the
couplings Jc , Jab , Ja , Jdiag , Jb and J3nn (see Fig. 2). We
construct an overdetermined system of equations with
respect to these couplings by writing the energies of the
32 considered magnetic configurations within this model
Hamiltonian and using the corresponding DFT energies
(with respect to the energy of the E-AFM order) as the
right-hand sides of these equations. By solving this system of equations we find all the aforementioned Heisenberg couplings. Then we use the extracted couplings to

calculate the energies of these 32 magnetic states and
plot them versus the energies which were obtained using
DFT. The result is shown in Fig. 12 (a) and the inset in
this figure shows the difference between the model and
DFT energies for each considered state. One can see that,
in principle, the DFT energies of many considered configurations cannot be treated accurately within the pure
Heisenberg Hamiltonian (∆E reaches up to 0.01 eV per
supercell with 16 Mn atoms, which corresponds to 0.625
meV per spin). After that we repeat the procedure, but
now with state 33 included in the system of equations.
The obtained plot of the model energies versus DFT energies is presented in Fig. 12 (c). The point which shows
the largest deviation between model and DFT energies
corresponds to structure 33 (∆E reaches 0.045 eV per
supercell with 16 Mn atoms, which gives 2.81 meV per
spin). Finally, we add four-spin ring interactions back to
the model Hamiltonian and find all the couplings using
32 and 33 equations. Then we calculate again the corresponding model energies and plot them versus the DFT
energies. The result is shown in Figs. 12 (b) and (d).
Clearly, the addition of the four-spin ring term significantly improves the fitting of the DFT energies onto the

17

µE
2 =

Mn2

b
a

model Hamiltonian for all the states, including state 33.
Thus we can conclude that the four-spin ring terms are
particularly important for describing the energy of this
state and this can be a reason why its addition significantly affects the resulting interplane couplings. Since
we cannot justify whether this state should be included
in the system of equation or excluded from it, we take
the uncertainty in the values of the extracted exchange
couplings to be ±25%.
Appendix B: Magnetic order parameters

In our MC simulations we consider unit cells containing
two Mn atoms with the coordinates Mn1 : (0,0.5,0) and
Mn2 : (0.5,1,0) as shown in Fig. 13. We refer to these as
MC unit cells in the following. Note that in this case Mn
ions with the coordinates (0,0.5,1) and (0.5,1,1) correspond to the Mn sites with the coordinates (0,0.5,0.5) and
(0.5,1,0.5) of the o-RMnO3 crystallographic unit cell. We
perform simulations with system sizes N =Na ×Nb ×Nc
MC unit cells, where Na , Nb and Nc are the numbers
of MC unit cells along the a, b and c directions, respectively. In order to determine the type of ground state Mn
spin ordering obtained in the simulations we calculate the
following order parameters:
(i) A-AFM order:
1
2N

1
=
2N

x,y,z=0

(−1)y+z (Sxyz
− Sxyz
2 ).
1

(B3)

(iii) H-AFM order.
The general expression for the H-AFM order parameters is easier to write in terms of the supercell containing four Mn ions (our MC unit cell is doubled along
the c direction): Mn1 : (0,0.5,0), Mn2 : (0.5,1,0), Mn3 :
(0,0.5,1) and Mn4 : (0.5,1,1). Note, that this MC supercell is equivalent to the o-RMnO3 crystallographic unit
cell (only Mn ions are considered).
µH
1

1
=
4N s

Nas (Nbs ,Ncs )−1

X

(−1)y (Sxyz
1

x,y,z=0

+ Sxyz
+ Sxyz
− Sxyz
2
3
4 ),

(B4)

where x, y and z enumerate the supercells along the a,
b and c directions; Nas = Na , Nbs = Nb , Ncs = Nc /2
are the number of supercells along each direction and
N s =Nas ×Nbs ×Ncs gives the total number of supercells.
For other types of H-AFM domains:
µH
2

µH
3

1
=
4N s

1
=
4N s

Nas (Nbs ,Ncs )−1

X

(−1)y (Sxyz
1

x,y,z=0
+ Sxyz
−
2

Sxyz
+ Sxyz
3
4 ),

(B5)

Nas (Nbs ,Ncs )−1

X

(−1)y (Sxyz
1

x,y,z=0
− Sxyz
+
2

Sxyz
+ Sxyz
3
4 ),

(B6)

Na (Nb ,Nc )−1

X

(−1)z (Sxyz
+ Sxyz
1
2 ),

(B1)

x,y,z=0

µH
4

where x, y and z enumerate the MC unit cells along the a,
b and c directions, Sxyz
is the spin of Mn1 in the MC unit
1
cell with certain x, y and z and Sxyz
is the spin of Mn2
2
in the same MC unit cell. For perfect A-AFM order with
the spins aligned along the b axis µA =(0,±1,0), the sign
is different for the two different orientations of A-AFM
domains.
(ii) E-AFM order:
µE
1

X

E
±µE
1 and ±µ2 account for the four types of E-AFM
domains.

Mn1

Figure 13. Two-atom unit cell of o-RMnO3 which is used
in our MC simulations. Mn ions are shown by the purple
spheres.

µA =

Na (Nb ,Nc )−1

1
2N

Na (Nb ,Nc )−1

X

x,y,z=0

(−1)y+z (Sxyz
+ Sxyz
1
2 ),

(B2)

1
=
4N s

Nas (Nbs ,Ncs )−1

X

x,y,z=0
+ Sxyz
2

(−1)y (−Sxyz
1
+ Sxyz
+ Sxyz
4 ).
3

(B7)

In total there are 8 types of H-AFM domains (±µsW
i ,
i=1,...,4).
(iv) I-AFM order. Similarly to the H-AFM case we
write the expression for the order parameters for I-AFM
order using the 4-atom supercell. The equations have
the same form as for the H-AFM order with the only
difference being (−1)y in each equation is replaced with
(−1)y+z .
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Appendix C: Magnetic structure factors

In order to identify the modulation vectors for the magnetic states which we obtain in our MC simulations, we
calculate the absolute values of the magnetic structure
factors for Mn moments along different directions in reciprocal space such as:
S(q) = s∗ (q) · s(q),

(C1)

where
2N
1 X
s(q) =
Si e2πiRi q .
2N i=1

(C2)

i enumerates the Mn ions in the considered system, N
is the number of MC unit cells (each containing 2 Mn
ions), Si is the Mn spin on site i, Ri is a position of site
i; in most cases we consider q=(0,qy ,0) and (0,qy ,1) and
qy takes the values from [-0.5,0.5] with a step of 1/Nb ,
where Nb is the number of unit cells along the b direction.

where eb is a unit vector along the b direction, Si is the
spin on site i, the Si± a ± b are the spins on the NN Mn
2
2
sites within the ab planes with respect to Si and N is the
number of MC unit cells in the considered system.

The P S contributions (of spin origin) are obtained
from:
S
Pab
=

+ Si− a + b
2

2

2N
1 X
Si · (Si+ a + b
2
2
4N i=1

− Si+ a − b − Si+ a − b )
2

2

2

2

(D2)

within the ab planes, and
PcS =

2N
1 X
(Si · (Si+c − Si−c ))
4N i=1

(D3)

(D1)

along the c axis. Since our MC unit cells contain only 2
atoms, c in Eq. D3 corresponds to c/2 of the crystalloS
graphic unit cell of o-RMnO3 . Note, that Pab
and PcS as
AS
well as P
do not give estimates for the magnitudes of
the electric polarizations induced by the corresponding
mechanisms. This is because the ionic displacements are
not considered, there are no coefficients accounting for
the difference between NN Mn sites with FM and AFM
oriented spins for the collinear spin orders, and the fact
that P induced by symmetric exchange striction is larger
than that arising due to weak DMI is not taken into account.
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5

R E L AT I O N S H I P B E T W E E N C RY S TA L
S T R U C T U R E A N D M U LT I F E R R O I C O R D E R S I N
O RT H O R H O M B I C P E ROV S K I T E M A N G A N I T E S

In this chapter I present the study of the relationship between crystal
structure and multiferroic orders in o-RMnO3 based on first-principles
electronic structure calculations combined with Monte Carlo simulations. This work is performed in collaboration with experimental groups
at PSI, who grew the set of thin films of o-RMnO3 and performed nonresonant and resonant X-ray diffraction measurements of their lattice
parameters and magnetic modulation vectors, respectively. Our goal
is to clarify the origin of the difference in the magnetic and ferroelectric properties of bulk samples and strained films of o-RMnO3 and to
understand possible ways to manipulate these properties by structural
variations. We investigate how the internal lattice parameters (Mn-O
bond lengths and Mn-O-Mn bond angles) of o-RMnO3 evolve under
chemical pressure and epitaxial strain and how this structural evolution
affects the microscopic exchange interactions and long-range magnetic
order. We show that chemical pressure and epitaxial strain affect the
crystal lattice of o-RMnO3 differently and that this can explain the differences between the magnetic properties of bulk samples and strained
films. However, we conclude that our findings cannot fully explain the
differences in the electric polarizations measured in bulk samples and
strained films of o-RMnO3 as was described in detail in Secs. 1.4.3 and
1.4.4.
Our work is presented in the manuscript "Relationship between crystal structure and multiferroic orders in orthorhombic perovskite manganites" by Fedorova N. S. et al., Ref. [29] which is currently available
on arXiv.org and is submitted for publication in Physical Review Materials. I performed and analyzed most of the DFT calculations and
all Monte Carlo simulations, participated in the interpretation of the
results, wrote the theoretical part of the manuscript and partially its
introductory parts. The DFT calculations for the bulk samples and the
films of LuMnO3 were performed by Christoph Findler and for the film
of ErMnO3 by Amadé Bortis during their work as master students in
the Materials Theory group supervised by me. The investigated films
of o-RMnO3 were grown by members of the Thin Films and Interfaces
group at PSI under the supervision of Prof. Dr. Thomas Lippert and
Dr. Christof W. Schneider, X-ray diffraction measurements were per-
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formed by members of the Microscopy and Magnetism Group at PSI
under the supervision of Dr. Urs Staub.
First, the set of thin films of o-RMnO3 were grown and non-resonant
and resonant X-ray diffraction measurements were performed for these
films in order to determine their lattice parameters and magnetic modulation qb , respectively. It was found that the qb values of the films can
differ significantly from those of the bulk samples. This result served
as a starting point for the following theoretical study.
To clarify the origin of this difference we performed a theoretical
analysis of the evolution of the lattice parameters and atomic positions
in the o-RMnO3 series, both for bulk samples and strained films. oRMnO3 with R=Gd, Tb, Ho, Er, Yb and Lu were considered. We began
our analysis by optimizing the crystal structures of several bulk and
strained o-RMnO3 and analyzed the trends in the Mn-O bond lengths
and Mn-O-Mn bond angles. We found that reducing the radius of the
R cation in bulk o-RMnO3 leads to decreasing Mn-O-Mn bond angles
within the ab planes and along the c axis, while the Mn-O bond lengths
stay almost constant throughout the series. In contrast, applying strain
primarily affects the Mn-O bond lengths relative to the corresponding
bulk samples; bond angles vary under strain only in the samples with
the smallest unit cell volumes.
Next, we investigated how these structural changes affect the magnetism in these systems. For that purpose we extracted sets of Heisenberg, biquadratic and four-spin ring exchanges as well as DMI and
SIA for all the considered bulk samples and strained films by mapping the DFT energies of multiple magnetic configurations onto the
considered model Hamiltonian. We found that the structural variations
due to chemical pressure and epitaxial strain affect the microscopic exchange interactions differently. Indeed, the reduction of the Mn-O-Mn
bond angles due to decreasing radius of the R cations in bulk samples
of o-RMnO3 leads to a significant decrease in the absolute value of
the NN Heisenberg in-plane exchange Jab and a small increase in the
NNN Heisenberg coupling Jb (see Fig. 18). All other couplings and
anisotropies remain almost constant with respect to the R radius. From
this we confirmed that the evolution of the magnetic order across the series of bulk samples is dominated by the reduction in Jab , which makes
the effect of the other couplings (such as NNN Heisenberg couplings,
biquadratic and four-spin ring exchanges, DMI and anisotropies) more
pronounced. In our Monte Carlo simulations we determined the magnetic ground states of the considered model Hamiltonian for bulk oRMnO3 using the extracted exchange coupling and anisotropy constants, and found that the calculated modulation vectors agree well
with the available experimental data.

R E L AT I O N S H I P B E T W E E N C RY S TA L S T R U C T U R E A N D M U LT I F E R R O I C I T Y

For films of o-RMnO3 , we demonstrated that a variation of the MnO bond lengths by applying strain may have a drastic effect on both
the in-plane and inter-plane NN Heisenberg couplings (Jab and Jc , respectively) and the magnitudes of the NNN Heisenberg couplings (Jb
and J3nn ) and of the higher order exchanges (biquadratic and four-spin
ring exchanges) can be affected as well. Expansion and compression
of the Mn-O bonds have opposite effects on the magnitudes of the exchange couplings. We showed that by expanding l, the coupling Jab
can be significantly reduced. For example, in the film of GdMnO3 the
effect is bigger than that from the reduction of the Mn-O-Mn bond
angles when Gd is substituted by Lu. This leads to an evolution of
the magnetic phase from A-AFM in the bulk sample to E-AFM in the
film. Interestingly, we also found that a suppression of the inter-plane
Heisenberg coupling Jc , which occurs, for example, in tensile strained
films of LuMnO3 , and an increase in the four-spin ring coupling Kc can
stabilize exotic magnetic orders, such as H-AFM or I-AFM, in these
systems, and we showed using DFT calculations that I-AFM order is
more energetically favorable than H-AFM order.
Finally, we used DFT to investigate how the electric polarization
would evolve in bulk and strain o-RMnO3 if it was induced by one of
the magnetic phases which we obtained in our MC simulations. We
found that the calculated P which can be induced by E-AFM order is
significantly larger than the experimentally measured P for both bulk
and films of o-RMnO3 . In the latter case, P was found to be highly
strain dependent, namely, it increased with tensile strain along the a
and c directions and vice versa. This behavior, however, has not been
observed experimentally. Indeed, the measured P values are similar for
both compressively and tensile strained films (as was described in Sec.
1.4.4). We find that the P values calculated with I-AFM order imposed
are the closest to those measured experimentally. However, in our MC
and DFT calculations I-AFM had the lowest energy only in the tensile
strained films of LuMnO3 . Therefore, we concluded that our findings
cannot fully resolve the puzzling reported values of P in o-RMnO3 .
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We use resonant and non-resonant X-ray diffraction measurements in combination with firstprinciples electronic structure calculations and Monte Carlo simulations to study the relationship
between crystal structure and multiferroic orders in the orthorhombic perovskite manganites, oRMnO3 (R is a rare-earth cation or Y). In particular, we focus on how the internal lattice parameters
(Mn-O bond lengths and Mn-O-Mn bond angles) evolve under chemical pressure and epitaxial
strain, and the effect of these structural variations on the microscopic exchange interactions and
long-range magnetic order. We show that chemical pressure and epitaxial strain are accommodated
differently by the crystal lattice of o-RMnO3 , which is key for understanding the difference in
magnetic properties between bulk samples and strained films. Finally, we discuss the effects of these
differences in the magnetism on the electric polarization in o-RMnO3 .

I.

INTRODUCTION

The last two decades have seen major activity in the
study of magnetoelectric multiferroics, an exciting class
of materials that exhibit ferroelectric polarization alongside magnetic order. Interest in these materials largely
stems from the possibility of controlling one order using the stimulus that usually controls the other, offering
great potential for development of novel multifunctional
devices1,2 . Among single phase multiferroics, interesting candidates for future technological applications are
those in which ferroelectricity is induced by inversionsymmetry-breaking magnetic order (multiferroics of type
II)3 , since their ferroelectric (magnetic) properties can be
easily tuned by applied magnetic (electric) field4,5 . Type
II multiferroics are usually frustrated magnets in which
competing exchange interactions give rise to several magnetic phases with similar energies. As a result, transitions
between them can be driven by control parameters such
as chemical or hydrostatic pressure, epitaxial strain, or
even by ultrashort light pulses6,7 , offering multiple routes
to manipulating and controlling their properties8 .
The orthorhombic RMnO3 (o-RMnO3 ), in which R is
a rare-earth cation or Y, are prototypical representatives
of type II multiferroics. It was discovered in 20035 that
in bulk o-TbMnO3 the establishment of an incommensurate spiral magnetic order9 gives rise to a spontaneous
electric polarization whose direction and magnitude can
be manipulated by an external magnetic field. This effect, however, occurred at quite low temperatures and
the measured values of the electric polarization were relatively small compared to those of conventional ferro-

electrics. Nevertheless, this discovery stimulated experimental and theoretical studies aiming to understand and
improve the multiferroic properties of systems with frustrated magnetic orders. In particular, it was theoretically
predicted that E-type antiferromagnetic order (E-AFM),
which was observed in early neutron diffraction measurements in o-HoMnO3 10 and expected to be a magnetic
ground state in other o-RMnO3 with small R, may induce
an electric polarization at least one order of magnitude
higher than that of spiral-order systems11,12 . The experimental verification of this prediction, however, gave
contradictory results. On one hand, the predicted polarization values have not yet been measured experimentally
for bulk o-RMnO3 13–15 . Moreover, magnetic orders different from E-AFM were reported for R=Ho, Er, Y16,17
and there is still no agreement about the type of these orders, the mechanisms of their establishment, or the directions and magnitudes of the electric polarizations which
they induce. On the other hand, increased polarization
values were observed in structurally modified o-RMnO3
samples. Indeed, it has been shown that the spiral order in o-TbMnO3 can evolve to E-AFM under isotropic
pressure18 and this evolution significantly enhances the
electric polarization in this system19 . Variations of the
magnetic modulation vector and enhancement of electric polarization were also observed in epitaxially strained
films of o-RMnO3 20–22 . The microscopic origin of such
an evolution of the magnetic order in strained samples as
well as the difference in magnitudes of the electric polarization between bulk and strained samples of o-RMnO3 ,
however, are still not understood.
In this work, we present a systematic study of the relationship between the crystal lattice and the magnetism in
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Figure 1.
Crystal structure of o-RMnO3 . Green spheres
indicate R3+ cations, purple - Mn3+ cations and red - O2−
anions. (a) shows the view in the bc plane, (b) in the ab plane
(only Mn and O ions are shown).

o-RMnO3 using X-ray diffraction measurements, density
functional theory (DFT) and Monte Carlo (MC) simulations. We focus specifically on how the microscopic
exchange interactions can be varied by controlling the
crystal lattice using chemical pressure or epitaxial strain
and how these variations affect the long-range magnetic
order. First, we employ non-resonant and resonant X-ray
diffraction measurements to determine the lattice parameters and magnetic modulation vectors, respectively, in a
set of epitaxially strained o-RMnO3 films. We show that
the magnetic modulation vectors in highly strained films
can differ significantly from those in bulk samples and
relaxed films having the same R cation. Next, we use
DFT to calculate the internal coordinates for the experimentally reported crystal structures of several o-RMnO3
bulk samples (from the literature) and films (both from
the literature and our new measurements) and analyze
how the internal lattice parameters evolve across the series. We find that chemical pressure affects primarily the
Mn-O-Mn bond angles, while epitaxial strain is accommodated by changes in the Mn-O bond lengths. To study
the magnetism, we employ a model Hamiltonian which
includes Heisenberg, biquadratic and four-spin ring exchange couplings, as well as Dzyaloshinskii-Moriya interactions (DMI) and single-ion anisotropy (SIA). We extract the exchange couplings and anisotropy constants
by mapping the results of DFT calculations onto this
model Hamiltonian and analyze how they are affected
by the structural variations in bulk samples and films
of o-RMnO3 . We show that variations of the Mn-O-Mn
bond angles caused by chemical pressure have a strong
effect on the in-plane nearest-neighboring (NN) Heisenberg exchange while all the other couplings stay almost
constant with changing R. In turn, changes in the Mn-O
bond lengths caused by epitaxial strain affect both inplane and inter-plane NN Heisenberg couplings as well
as next-nearest-neighboring (NNN) couplings and higher
order exchanges. Then we use the calculated exchanges
and anisotropies in a series of Monte Carlo simulations

to determine the magnetic ground states and corresponding magnetic modulation vectors qb . The latter are then
compared to experimental values reported in the literature and obtained in this work through resonant X-ray
diffraction measurements. We show that for most bulk
and strained systems our model Hamiltonian and calculated couplings reproduce well the experimentally reported values of qb . Moreover, we find that unconventional H-AFM and I-AFM orders can be stabilized in the
strained films of o-LuMnO3 . Finally, we discuss the nature of the ferroelectricity that is induced in bulk and
strained o-RMnO3 by the magnetic phases obtained in
our MC simulations.
This article is organized as follows: In Sec. II A we
describe the crystal structure and its relation to microscopic exchange interactions in o-RMnO3 . In Sec. II B we
introduce the magnetoelectric phase diagram of bulk oRMnO3 and summarize the literature data on studies of
the magnetic and ferroelectric properties of o-RMnO3 under hydrostatic pressure and epitaxial strain. In Sec. III
we present the details of the experimental procedure and
the results of our X-ray diffraction measurements. Then,
in Sec. IV we introduce the magnetic model Hamiltonian
which is used to describe the magnetism in o-RMnO3 and
summarize the details of our DFT and MC simulations.
In Sec. V we present the results of our theoretical study
of the evolution of internal lattice parameters in bulk and
films of o-RMnO3 . In Sec. VI A we present the calculated
exchange couplings and anisotropies for all considered oRMnO3 samples. In Sec. VI B we show which magnetic
phases are stabilized in MC simulations using the calculated exchange coupling and anisotropy constants for the
considered o-RMnO3 samples. In Sec. VII we present the
electric polarizations calculated for several representative
bulk and strained o-RMnO3 using the magnetic phases
obtained in our MC simulations. Finally, in Sec. VIII we
summarize the main results of our investigation.

II.
A.

BACKGROUND AND MOTIVATION

Crystal structure and exchange interactions in
o-RMnO3

The o-RMnO3 have P bnm (#62) symmetry and differ from the perfect cubic perovskites by the presence
of Jahn-Teller (JT) distortions of the MnO6 octahedra23
and GdFeO3 -type (GFO) tiltings of these octahedra24
(see Fig. 1). The JT distortions lift the degeneracy of
the singly occupied majority spin eg states of the Mn3+
ions (3d4 : t32g e1g ). The resulting occupied eg state on each
Mn site i can be represented as a linear combination of
|dz2 i and |dx2 −y2 i orbitals:
θ 
θi 
i
|φi i = cos
|dz2 i + sin
|dx2 −y2 i,
2
2
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3

(b)
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Figure 2. d-p-d superexchange paths within the ab planes in
o-RMnO3 . (a) eg -pσ -eg superexchange paths. The cooperative JT distortion of MnO6 octahedra favors the ordering of
the eg orbitals such that an occupied eg orbital (colored) on
one Mn site overlaps with an empty eg orbital (white) on the
neighboring Mn site via the pσ state of oxygen. (b) t2g -pπ -t2g
superexchange paths.

where θi is the orbital mixing angle, which is determined
by the balance between the energy of the orbital-lattice
interaction and the elastic energy25 . A simple estimate
of θi can be made using the following formula26 :
!
√
3 (l − s)
θi = arctan
,
(2)
2m − l − s
where s, m and l are the lengths of short, medium and
long Mn-O bonds in the MnO6 octahedron. The cooperative character of the JT distortions leads to an ordering
of the occupied eg orbitals with θi = −θj on the NN Mn
sites i and j within the ab planes, and θi = θj along the
c direction. The GFO distortion in o-RMnO3 reduces
the unit cell volume and so is larger for R cations with
smaller radii. This distortion reduces the Mn-O-Mn bond
angles and decreases the lengths of the O(1)-O(2) bridges
within the ab planes (see Fig. 1 (b)).
The magnetic ground state in o-RMnO3 is defined by
the network of competing exchange couplings between
the spins on NN and NNN Mn sites. Each superexchange interaction contains contributions from both eg
and t2g orbitals mediated by the p states of O anions.
The crystal structure plays an important role in defining the relative strength of NN and NNN exchange couplings as well as the contributions from eg and t2g states
to each coupling. Indeed, for interactions within the ab
planes, the presence of the eg orbital ordering described
above leads to superexchange between an occupied eg
orbital on one Mn site with an empty eg orbital on the
NN Mn site through the pσ states of O (see Fig. 2 (a)).
This favors ferromagnetic (FM) coupling between the eg
spins according to the Goodenough-Kanamori-Anderson
(GKA) rules27–29 . The t2g states, in turn, form covalent
bonds with the pπ states of O anions (see Fig. 2 (b))
and electron transfer along the path t2g -pπ -t2g favors antiferromagnetic (AFM) coupling of the t2g spins. Thus
eg and t2g contributions compete with each other within

the ab planes. In general, the eg -pσ -eg contribution is
expected to be larger than that of the t2g -pπ -t2g in absolute values, because the eg states are directed towards
the pσ states of O, which provides a stronger overlap between them and, therefore, stronger coupling. Thus the
resulting NN exchange within the ab planes is expected
to be FM. Nevertheless, the relative strengths of eg -pσ eg and t2g -pπ -t2g contributions can be changed by varying the bond angles and bond lengths (the amplitudes of
the GFO and JT distortions, respectively), which can be
achieved by hydrostatic or chemical pressure, or epitaxial strain. In fact, the change in the Mn-O bond lengths
affects the overlap integral between the orbitals participating in the superexchange, and should modify both
eg and t2g contributions by decreasing as bond lengths
increase and vice versa. One has to keep in mind that
variation of the Mn-O bond lengths can also change the
mixing of the two eg states on each Mn site (in other
words, the orbital mixing angle), which can in turn affect the eg -pσ -eg interaction. The variation of Mn-O-Mn
bond angles is expected to influence the eg -pσ -eg coupling
significantly due to the geometry of this bond (the coupling decreases with reducing angle and vice versa), while
the t2g -pπ -t2g should be less affected due to the isotropic
character of t2g orbitals within the ab planes. Changes in
the GFO distortion can also modify the NNN exchange
interactions along the b direction due to variation of the
lengths of the O(1)-O(2) bridges (see Fig. 1 (b)). Indeed, an increasing GFO distortion brings oxygens O(1)
and O(2) closer to each other, which enhances the hybridization between their p orbitals and leads to stronger
coupling. Along the c direction the interactions occur
between empty eg states mediated by pσ orbitals and between singly occupied t2g states mediated by pπ orbitals;
both are antiferromagnetic according to the GKA rules.
Therefore, in this case eg and t2g contributions reinforce
each other30 .

B.

Experimental phase diagram of bulk o-RMnO3

The interplay between lattice and spin degrees of freedom described in Sec. II A manifests in the magnetic
phase diagram of bulk o-RMnO3 (see Fig. 3), which was
experimentally established through multiple studies of
magnetic order in these materials. At low temperatures,
o-RMnO3 with larger R ion species (R=La,...,Gd) exhibit an A-type AFM ordered ground state (A-AFM,
modulation vector qb = 0)32 which is favored by their
orbital ordering. Decreasing the radius of the R cation
increases the GFO distortion, which leads to an evolution
of the magnetic order, initially to incommensurate (IC)
spiral structures (R=Tb, Dy) and then to E-type AFM
order (E-AFM, qb = 1/2; R=Tm, Yb and Lu). Conflicting reports exist for the intermediate radii of Ho and
Y. For o-HoMnO3 both E-AFM order10 and incommensurate order with qb ≈ 0.433 , identified as a sinusoidal
spin density wave, have been reported. For o-YMnO3
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Figure 3. Phase diagram of bulk o-RMnO3 , following Ref. 31.
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an IC ac spiral (qb = 0.078) and sinusoidal spin density wave (qb = 0.435)34 have both been observed, and
E-AFM order has been reported based on a study of
the structural modulation at low temperatures. Lastly,
an incommensurate magnetic structure has also been reported for o-ErMnO3 17 , with a similar propagation vector (qb = 0.433) to that of o-HoMnO3 and o-YMnO3 ,
but the magnetic structure was not specified. In Ref. 31
this phase was discussed in terms of coexisting spiral and
E-AFM phases. In our recent theoretical study based on
DFT and Monte Carlo simulations for o-HoMnO3 and oErMnO3 , we demonstrated that this IC magnetic phase
is likely a "w-spiral" order35 . Since all the aforementioned magnetic phases can be described by the modulation vector q=(0, qb , 1), the evolution of magnetism
across the series of bulk o-RMnO3 can be represented as
a variation of qb with decreasing radius of the R cation
(rR ). In Fig. 4 we summarize the literature values of the
modulation vectors qb reported for bulk o-RMnO3 (single
crystals and powders)17,33,34,36–40 shown as red open circles versus rR . One can see that qb varies systematically
with rR , from qb = 0 for the A-AFM phase to qb = 1/2
for the E-AFM phase. The two contradicting values for
R = Ho and Y are also presented.
The microscopic mechanism that drives this evolution
of magnetism in bulk o-RMnO3 is still debated. It was
initially considered in terms of competing Heisenberg exchange interactions between NN and NNN Mn3+ spins
within the ab planes: the relative strengths of these interactions are directly affected by the increasing GFO
distortion (decreasing Mn-O-Mn bond angles)30,43 . Ref.
44 suggested that an increase of the GFO distortion primarily affects the NNN in-plane coupling Jb (see Fig.
6), and that this causes the evolution of magnetism.

Figure 4.
Magnetic modulation vector qb as function of
radius of the R ion. Literature data for bulk powder samples
of o-RMnO3 are presented as empty circles. Films (literature
data from Refs. 20, 41, and 42 and our new measurements)
are indicated by filled circles. The dashed line indicates the
trend for bulk materials, and the green solid line that for
relaxed films. The blue line shows the discrepancy between
bulk samples and strained films with the same R ion. qb is in
reciprocal lattice units.

However, recent theoretical studies have demonstrated
that this effect mainly reduces the NN coupling Jab , and
that magnetic order evolves because the effect of other
couplings (such as NNN Heisenberg and higher order
exchanges) becomes more pronounced45,46 . In Ref. 47
the importance of the interaction between third-nearestneighboring Mn spins within the ab planes (J3nn in Fig.
6) was demonstrated. Moreover, it was shown that biquadratic exchange interactions play a key role in stabilizing E-AFM over spiral order48,49 . We recently found
that inter-plane four-spin ring exchange interactions (Kc
in Fig. 6) are crucial to explain the establishment of the
w-spiral state in o-HoMnO3 and o-ErMnO3 , as well as
two unconventional commensurate magnetic phases (socalled H-AFM and I-AFM) which can, in principle, form
in these systems35 .
Understanding the interplay between ferroelectricity
and magnetism has been a central motivator for studying this family of materials. IC spiral and E-AFM orders
break inversion symmetry and induce an electric polarization in o-RMnO3 , making them type II multiferroics.
For the spiral orders, the electric polarization is usually
treated as an effect arising from spin-orbit coupling and
is explained in terms of the spin-current model50 and/or
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Recent experimental studies have demonstrated that
structural modifications due to hydrostatic pressure or
epitaxial strain can stabilize magnetic phases in oRMnO3 that are different from those that are stable in
unperturbed bulk samples. Moreover, the electric polarization in such structurally modified samples can be significantly larger than in bulk samples. For example, the
magnetic order in o-TbMnO3 evolves under high pressure from a spiral to the E-AFM state18,19 which produces P ≈ 1 µC/cm2 . It was recently demonstrated that
films of o-RMnO3 with R=Gd,...,Lu epitaxially grown
on YAlO3 yield electric polarizations of up to 1 µC/cm2
(for o-TbMnO3 P of up to 2 µC/cm2 was measured),
suggesting that the E-AFM phase is likely stabilized22 .
Strain was also found to affect or even tune the magnetic
modulation vector41 . This effect was detailed in a recent
study on o-HoMnO3 films. A strained film of o-HoMnO3
(32 nm [010]-oriented film grown on YAlO3 substrate)
was shown to possess a magnetic modulation vector of
qb ≈ 0.49, while a relaxed film (120 nm) had qb ≈ 0.42,
which is close to that of bulk o-HoMnO3 33 . Both films
showed enlarged polarization values compared to bulk

LuMnO

HoMnO

TbMnO

X-ray intensity (arb. units)

antisymmetric exchange striction51 . Since spin-orbit coupling is weak in o-RMnO3 , the resulting electric polarization is relatively small (P ≈ 0.1 µC/cm2 )5,52 . In systems with E-AFM order, the proposed mechanism for
the magnetically induced electric polarization is symmetric exchange striction. It was theoretically predicted by
Sergienko et al.11 that this mechanism should provide
significantly enhanced polarization values (P ≈ 0.5 − 12
µC/cm2 ) compared to systems with spiral order. This
prediction was confirmed later by Berry phase calculations for o-HoMnO3 (P ≈ 6 µC/cm2 )12 . However, to
the best of our knowledge, the predicted polarization
values for E-AFM order have not been experimentally
detected in bulk o-RMnO3 ; the largest P values were reported for o-LuMnO3 and o-YMnO3 , reaching 0.17 and
0.24 µC/cm2 , respectively15,53 , which is at least an order
of magnitude smaller than P obtained from first principles. This contradiction between theory and experiment
is still not fully understood. Moreover, measurements of
P in o-RMnO3 with R=Ho, Er and Y gave contradictory
results. For example, in Ref. 14 P ≈ 0.009 µC/cm2 was
observed in o-HoMnO3 along the a axis, while Ref. 16 reported P ≈ 0.15 µC/cm2 along the c direction. In both
cases the importance of the Ho3+ f -electron moments in
inducing P was underlined, since P demonstrated a drastic increase only below their ordering temperature. Ref.
14 reported P ≈ 0.025 µC/cm2 for o-YMnO3 . The origin
of this value is not yet understood since neither the reported sinusoidal spin density wave nor the ac spiral are
expected to produce an electric polarization according to
the mechanisms of magnetically induced ferroelectricity,
described above. This also cannot be explained by an
ordering of R3+ moments as Y has an empty f -shell. In
o-ErMnO3 no sizable polarization was measured by Ye
et al.17 , while Ishiwata et al. reported P ≈ 0.06 µC/cm2
for this compound31 .
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Figure 5.
Magnetic intensity from reciprocal space scans
along the [010] direction, taken using resonant X-ray diffraction at the Mn L3 edge. Data are from [010]-oriented films
of orthorhombic TbMnO3 , HoMnO3 and LuMnO3 . qb is in
reciprocal lattice units.

o-HoMnO3 54 . In spite of these advances in structural
manipulation, the underlying mechanism behind the evolution of magnetic order in the strained samples as well
as the enhancement of the polarization remain to be understood.
From all the literature data summarized above, it
is clear that both magnetism and ferroelectricity in oRMnO3 can be manipulated by structural variations,
such as hydrostatic or chemical pressure or epitaxial
strain. Since the ferroelectricity in these materials is
governed by magnetism, an understanding of the relationship between the crystal lattice and magnetic orders
is of primary importance for potential optimization of
their multiferroic properties.

III.

EXPERIMENTS ON CRYSTALLINE FILMS

As a basis for studying the effects of epitaxial strain on
the relationship between the lattice and magnetic order,
we measured the lattice parameters and magnetic modulation vectors of a selection of epitaxially grown films.
These were grown by pulsed laser deposition using stoichiometric ceramic targets of the corresponding hexagonal RMnO3 materials. Further growth details are found
in Ref. 41. A full list of films discussed here is available
in Table I of the Supplemental materials.
Non-resonant X-ray diffraction (XRD) was employed
to measure lattice constants to high precision using the
Surface Diffraction end station of the Materials Science
beam line of the Swiss Light Source (SLS)55 . The lattice
constants were determined by collecting precise motor
positions of several reflections and computing the best fit
to a UB matrix of an orthorhombic crystal. The photon
energies used were all between 8 and 10 keV. Diffracted
intensities were collected using a Pilatus 100K detector56

6
mounted on the detector arm. In both experiments samples were mounted on the cold head of a Janis flow cryostat. The measured lattice parameters for all considered
o-RMnO3 films are summarized in Table I of the Supplemental materials.
Resonant X-ray diffraction (RXD) experiments were
conducted to probe antiferromagnetic order. These were
done using the RESOXS UHV diffraction end station57
at the SIM beam line58 of the SLS. Photon energies
used correspond to the Mn L3 absorption edge using
π-polarized incident light (electric field in the scattering plane). Data were taken at 10 K. Scattered intensities were collected using an IRD AXUV100 photodiode. Scans were conducted along the [010] direction of
reciprocal space, following the (0,qb ,0) magnetic reflection. This reflection provides a direct and unequivocal
measure of the modulation parameter qb . In Fig. 5 we
present as an example the scans for [010]-oriented oTbMnO3 (150 nm), o-HoMnO3 (120 nm) and o-LuMnO3
(104 nm) films.
In Figure 4 we present our measured qb values for oRMnO3 films with different R ions and different levels
of strain (see details in Table I of Supplemental materials) alongside the literature values for bulk samples and
additional literature values for films. Two notable observations can be made. First, despite having the same
R ion, relaxed films follow the gradual trend of the bulk
samples, while highly strained films tend towards locking to the commensurate qb = 1/2 value. Second, for the
lower rR values (Tm, Yb, and Lu), the bulk o-RMnO3
samples have qb = 1/2, but relaxed films do not reach this
value, and instead show a gradual evolution of qb . These
film-bulk discrepancies support the idea that small variations in the crystal lattice have a strong effect on the
position of a material in the magnetic phase diagram and
serve as a motivation for our theoretical study of the relationship between qb and the crystal lattice in o-RMnO3 .

IV.

COMPUTATIONAL DETAILS
A.

Spin model Hamiltonian

In order to accurately describe the complex magnetic
phase diagram of the o-RMnO3 series (see Sec. II B), we
employ the following spin model Hamiltonian:
H = HHeis + HBQ + H4sp + HSIA + HDM ,

(3)

where
HHeis =

X

Jij (Si · Sj ),

(4)

Bij (Si · Sj )2 ,

(5)

<i,j>

HBQ =

X

<i,j>
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c

Ja

Jb
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Figure 6.
Heisenberg (Jc , Jab , Ja , Jb , Jdiag , J3nn ), biquadratic (Bc and Bab ) and four-spin ring (Kc and Kab )
exchange interactions considered in the model Hamiltonian
of Eq. 3. The 40 atom o-RMnO3 supercell (1×2×1 of the
20-atom unit cell) containing 8 Mn ions (purple spheres, the
lighter spheres indicate Mn ions in neighboring cells) is shown
(R and O ions are not shown).

H4sp =

X

<i,j,k,l>

Kijkl [(Si · Sj ) (Sk · Sl )

+ (Si · Sl ) (Sk · Sj ) − (Si · Sk ) (Sj · Sl )] ,
X

(6)

2
Si,b
,

(7)

Dij · [Si × Sj ].

(8)

HSIA = A

i

HDM =

X

<i,j>

The first term, HHeis (Eq. 4), is a Heisenberg Hamiltonian, where Jij are exchange interactions between spins
Si and Sj on Mn sites i and j, respectively. A HHeis
including only AFM Jc and Jb and FM Jab (see Fig. 6)
can explain the establishment of the A-AFM and spiral
orders, the latter occuring if the NNN Jb is large enough
to compete with NN Jab . We extend our model by including also the second NN couplings along the c direction (Jdiag , see Fig. 6) and second (Ja ) and third NN
exchanges (J3nn ) within the ab planes. Further neighbor
couplings are not taken into account since we showed in
our previous work that they are negligible in comparison
with those mentioned above45 .
The second term, HBQ (Eq. 5), describes the biquadratic exchange interactions between spins Si and Sj .
It has been demonstrated that the biquadratic couplings
between NN spins within the ab planes, Bab , are crucial
for establishment of E-AFM order48,49 . In this work we
consider NN biquadratic couplings, both within the ab
planes (Bab ) and along the c direction (Bc ) (see Fig. 6).
The third term, H4sp (Eq. 6), corresponds to the fourspin ring exchange couplings, which arise from consecutive electron hoppings between the NN Mn ions forming
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four-site plaquettes. We recently showed that the energies of different magnetic orders calculated using DFT
for several o-RMnO3 cannot be accurately fitted to the
isotropic spin Hamiltonian including only Heisenberg and
biquadratic exchanges, and the four-spin ring terms need
to be included to provide an accurate description of the
magnetism45 . Moreover, we found that the presence of
strong inter-plane four-spin ring exchange Kc can stabilize several exotic magnetic orders in o-RMnO3 such
as incommensurate w-spiral and commensurate H-AFM
and I-AFM (see Ref. 35 for details). Here we include
in the analysis the four-spin interactions in two types of
plaquettes: those within the ab planes (Kab ) as well as
inter-plane (Kc ) plaquettes (Fig. 6).
The fourth term, HSIA (Eq. 7), is a single ion
anisotropy which sets the magnetic easy axis along the b
direction.
The fifth term, HDM (Eq. 8), describes the
Dzyaloshinskii-Moriya interactions. We consider DM
vectors, Dij , which are defined both for Mn-O-Mn bonds
along the c direction and within the ab planes59,60 . As
shown in Ref. 60, due to the symmetry of o-RMnO3 crystals, their DM vectors can be described using five parameters: αab , βab and γab for the in-plane DM interactions
c
(Dab
ij ) and αc and βc for the inter-plane ones (Dij ) (see
Fig. 3 in Ref. 60). The αc components of the Dcij vectors
favor a canting of the Mn spins from the b axis towards
the c axis59,60 , which was experimentally observed for
several o-RMnO3 61,62 . The γab components of the Dab
ij
vectors can favor stabilization of the ab spiral instead of
the bc spiral59 . In this work we consider only αc and γab
and neglect all other components of the DM vectors.

B.

First-principles calculations

All density functional calculations are performed using
the Vienna Ab initio Simulation Package (VASP) based
on the projector-augmented plane wave (PAW) method
of DFT63 . We employ the generalized gradient approximation with Hubbard U correction (GGA+U ) for the
exchange-correlation potential in the form of Perdew,
Burke and Ernzerhof (PBE) revised for solids (PBEsol)64
as it gives better agreement between theoretically optimized and experimental lattice parameters for the considered systems in comparison with the standard PBE65 .
The parameter of the on-site Coulomb repulsion for the
Mn d states is set to U =1 eV and the on-site exchange
interaction to JH =0 eV since these values give reasonable sizes of the band gaps and correct magnetic ground
states for many o-RMnO3 . The f states of the rare-earth
elements are treated as core states. The cutoff energy for
the plane wave basis set is 600 eV. All the calculations
using the 20 atom unit cells (structural relaxations, calculations of the biquadratic couplings, DMI and anisotropy
constants) are performed with a Γ-centered 7×7×5 kpoint mesh. For the 80 atom (2×2×1) supercells (calculations of the Heisenberg and four-spin ring exchanges)

we use a Γ-centered 3×3×5 k-point mesh and for 80-atom
1×2×2 supercells (calculations of electric polarizations)
we use a Γ-centered 7×3×2 k-point mesh. For the lattice
optimizations the structures are considered to be relaxed
if the Hellmann-Feynman forces acting on the atoms are
smaller than 10−4 eV/Å and, when the volume is allowed
to relax, the components of the stress tensor are smaller
than 0.1 kbar. All the structural relaxations are performed with A-AFM order imposed. Spin-orbit coupling
is included only in the calculations of the DMI and SIA.

C.

Monte Carlo simulations

Monte Carlo simulations performed in this work are
based on the Metropolis algorithm66 combined with overrelaxation moves67 . We employ the replica exchange
technique68,69 which is efficient in finding a global energy minimum in systems with many local energy minima, which is the case for frustrated spin systems with
many competing interactions. For each compound we
simulate in parallel M =200 replicas, each at a different
temperature. The range of temperatures is defined as
Tk =T0 /αk , where T0 =0.005 meV is the temperature of
interest, k=1...M − 1 and α=0.962 (this value gives the
maximal temperature TM −1 larger than the strongest exchange interactions in the considered systems). We consider unit cells containing two Mn atoms (in the following
we call this the MC unit cell) - Mn1 (0,0.5,0) and Mn2
(0.5,1,0) - and perform simulations for different system
sizes (12×40×12 and 4×100×4 MC unit cells). We apply periodic boundary conditions in all directions and
double check the results using open boundary conditions
along the b direction (and periodic along the a and c
axes) to ensure that the modulation vectors of the obtained magnetic structures are not affected by the choice
of boundary conditions. We also perform calculations
starting from different types of magnetic order - A-AFM,
E-AFM, H-AFM (see our recent work, Ref. 35, for the
details about the latter state) and random orientation as an additional check that the results are not affected
by the starting configurations and the systems are not
trapped in a local energy minimum.

V. CALCULATED EFFECTS OF CHEMICAL
PRESSURE AND EPITAXIAL STRAIN ON THE
CRYSTAL LATTICE

First we calculate how the o-RMnO3 crystal structure
evolves under chemical pressure and epitaxial strain. We
start by considering bulk o-RMnO3 and analyze how the
internal lattice parameters vary with the radius of the
R cation. For this purpose we consider several representatives of the o-RMnO3 series (namely R=Gd, Tb,
Ho, Er, Yb and Lu) and fully optimize their lattice
parameters and internal coordinates using DFT, with
the experimentally reported structures as the starting
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measured ﬁlms (incl. Lu 104 nm)

Lu 26 nm ﬁlm

inv104 Lu ﬁlm

(a)

(c)

(e)
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Figure 7. Theoretically optimized structural parameters of strained films and bulk o-RMnO3 versus the radius of the R cation:
(a) and (b) give the Mn-O-Mn bond angles within the ab planes (IP angle) and along the c direction (OP angle), respectively;
(c), (d) and (e) show short (s), medium (m) and long (l) Mn-O bond lengths of the MnO6 octahedra, respectively; (f) shows
the lengths of the O(1)-O(2) bridges (see Fig. 1 (b)) within the ab planes. Bulk samples are shown by empty circles, strained
films by filled circles. For LuMnO3 the triangles denote calculations for hypothetical films which are compressively strained in
the ac plane by the same amount but in the opposite direction as the experimentally measured tensile strained films. LuMnO3
26 nm film and the corresponding inverse case are highlighted in gray, 104 nm film and the inverse case in black. Compressive
strain within the ac planes of the o-RMnO3 films is shown by the violet color, tensile strain by the blue color. The dashed lines
connecting the data points for bulk o-RMnO3 are guides to the eye.

point10,17,37,70–72 . This allows us to make a direct comparison between our findings for bulk samples and for
strained films, for which the internal coordinates are not
readily measurable. In Fig. 7 we present the obtained
lengths of the short (s), medium (m) and long (l) Mn-O
bonds within the MnO6 octahedra, the O(1)-O(2) distances (see Fig. 1 (b)) as well as the Mn-O-Mn bond
angles within the ab planes (IPA) and along the c axis
(OPA) versus the R radius. The exact values for all the
optimized lattice parameters together with the experimentally reported values are summarized in Table II of
the Supplemental materials. From Fig. 7 (a) and (b) one
can see that in bulk o-RMnO3 the volume reduction due
to decrease in the radius of the R cation is almost fully
accommodated by reducing the Mn-O-Mn bond angles
within the ab planes and along the c direction. As a secondary effect, the O(1)-O(2) distances also decrease as
the R radius decreases (Fig. 7 (f)). In turn, the s and
m Mn-O bond lengths (Figs. 7 (c) and (d), respectively)
are almost constant across the series of the bulk samples
and l bonds decrease slightly from Gd to Lu (Fig. 7 (e)).
This is in agreement with literature experimental data30
as well as with previous theoretical reports46,73 .
In the next step, we investigate the effects of strain on
the crystal structure of o-RMnO3 . For this we consider a
set of [010]-oriented o-RMnO3 films (with the same R as
in the bulk samples described previously in this section)
grown epitaxially on YAlO3 substrates. The experimen-

tal lattice parameters of the o-GdMnO3 and o-TbMnO3
films are taken from Refs. 22 and 74 and for the other
films we use values measured in this work. The lattice
mismatch between the film and the substrate results in
either compressive or tensile strain in the ac planes: For
o-GdMnO3 and o-TbMnO3 films the a and c lattice constants are strongly compressed compared to the corresponding bulk values, which in turn leads to an increase
in b; in o-YbMnO3 and the two o-LuMnO3 films (26 nm
and 104 nm) the effect is opposite - a and c are increased
and b is reduced; in o-ErMnO3 the a lattice constant
is compressed, while b and c are increased. For comparison we also consider a o-HoMnO3 film grown on a
NdGaO3 substrate, for which the a and c lattice constants of the film are extended and b is significantly reduced. To simulate the epitaxially strained films, we constrain the lengths listr (i = a, c) of the a and c lattice
constants to the values:
listr = (1 + i )libulk ,

(9)

where libulk is the corresponding lattice parameter of the
relaxed bulk crystal structure described above and i is
the experimental strain applied to the ith lattice constant. Then we use DFT to optimize the length of the
b lattice parameter, which is perpendicular to the substrate, and the ionic positions. In Fig. 7 we present the
Mn-O-Mn bond angles, Mn-O bond lengths and O(1)-
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bulk
measured ﬁlms
Lu 26 nm ﬁlm
inv104 Lu ﬁlm
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Figure 8. Orbital mixing angles θ in strained films and bulk
o-RMnO3 versus the radius of the R cation rR . Bulk samples are shown by empty circles, experimentally measured
strained films by filled circles. For o-LuMnO3 the triangles
denote calculations for hypothetical films which are compressively strained in the ac plane by the same amount but in
the opposite direction as the experimentally measured tensile
strained films. The 26 nm o-LuMnO3 film and the corresponding inverse case are highlighted in gray, the 104 nm film
and the inverse case in black. Compressive strain within the
ac planes of the o-RMnO3 films is shown by the violet color,
tensile strain by the blue color. The dashed lines connecting
the data points for bulk o-RMnO3 are guides to the eye.

O(2) distances of the optimized strained crystal structures (together with the corresponding parameters for
the bulk structures) versus the radius of the R cation
(all lattice parameter values are summarized in Table III
of the Supplemental materials). When we compare each
bulk sample with its corresponding strained film(s), we
see that applying strain (both compressive and tensile)
affects mostly the m and l Mn-O bonds of the MnO6 octahedra while the s bonds as well as both IP and OP Mn-OMn bond angles remain almost unchanged between bulk
and strained samples. For m and l bonds, compressive
and tensile strains clearly have opposite effects: in the
first case (R=Gd, Tb) m is reduced and l is increased
(due to increase in the b lattice constant), and vice versa
in the latter case (R=Yb, Lu).
Next, to check whether the effect of compressive strain
can be different in systems with small unit cell volume, we
simulated two hypothetical films of o-LuMnO3 in which
we artificially compressed the a and c axes of the fully
optimized bulk crystal structure by the same amount
as they expanded in the experimentally studied tensile
strained o-LuMnO3 films (26 nm and 104 nm) described
above. These hypothetical films will be called inv26 and
inv104, respectively, in the following. The obtained lattice parameters for the inv26 and inv104 o-LuMnO3 films
are also shown in Fig. 7. One can see that indeed the
trend in variation of m and l bonds is the same (the amplitude is larger) as in the compressively strained films
(o-GdMnO3 and o-TbMnO3 films) with larger unit cell
volumes. In this case, however, the inter-plane Mn-O-Mn
bond angles are also reduced from their bulk values.

To understand how these lattice variations affect the
orbital ordering in o-RMnO3 , we estimate the orbital
mixing angles θ using Eq. 2 and our optimized values
of s, m and l Mn-O bond lengths for all considered bulk
samples and films of o-RMnO3 . The calculated θ are presented in Fig. 8. One can clearly see that, since the Mn-O
bond lengths are almost constant across the series of bulk
samples, θ also shows only small variations. By applying
strain, however, the orbital mixing angles can be significantly changed with respect to the corresponding bulk
values. For example, for bulk LuMnO3 θ≈112o and, according to Eq. 1, the occupied eg orbitals on neighboring
Mn sites i and j within the ab planes have a character
close to either |3x2 − r2 i (on site i) or |3y 2 − r2 i (on
site j). For the 26 nm film of LuMnO3 , however, θ is
significantly reduced (97o ), which affects the character of
the occupied orbitals, with the weight of |3z 2 − r2 i state
increasing and that of |x2 − y 2 i going down, see Eq. 1.
Thus we see that chemical pressure and epitaxial strain
are accommodated by the crystal structure of o-RMnO3
in different ways. In particular, the former leads to a
change in the Mn-O-Mn bond angles (GFO distortion)
while the latter affects mostly the Mn-O bond lengths
(JT distortion) in the opposite way for compressive and
tensile cases. Variation of the JT distortion in o-RMnO3
films changes their orbital ordering compared to bulk
samples. Since the magnetism in the o-RMnO3 is closely
related to the magnitudes of the JT and GFO distortions
(as described in detail in Sec. II A), the fact that the
chemical pressure and epitaxial strain affect these distortions differently can be key to understanding of distinct
magnetic (and, therefore, ferroelectric) properties of bulk
and strained films of o-RMnO3 .

VI. CALCULATED EFFECTS OF CHEMICAL
PRESSURE AND EPITAXIAL STRAIN ON THE
MAGNETISM
A.

Microscopic exchange interactions

In order to develop better insight into how these structural variations due to chemical pressure and epitaxial
strain affect the magnetic properties of o-RMnO3 , we
analyze their effects on the microscopic exchange interactions. We extract all the considered Heisenberg, biquadratic and four-spin ring exchanges as well as the
parameters of DMI and SIA (see Sec. IV A and Fig. 6)
by mapping the DFT energies of different magnetic configurations calculated for all the studied bulk o-RMnO3
(R=Gd, Tb, Ho, Er, Yb, Lu) on the model Hamiltonian of Eq. 3. The methods which we use to extract the
Heisenberg, biquadratic and four-spin ring exchanges are
described in detail in our previous work (see Sec. IVB of
Ref. 45), while for calculations of DMI and SIA we employ the approach proposed in Sec II C of Ref. 75. We
show the extracted couplings Jc , Jab , Jb , J3nn , Bab and
Kc versus the radius of the R cations in Fig. 9 (plots for
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the other coupling constants are presented in Fig. 1 of
the Supplemental materials and the exact values of all
the extracted couplings are summarized in Table IV of
the Supplemental materials.)
One can see that the decreasing radius of the R cation
from Gd to Lu (resulting in the reduction of the Mn-OMn bond angles) in bulk o-RMnO3 , leads to a drastic
decrease in the absolute value of the FM NN Heisenberg exchange Jab from -7.04 meV in o-GdMnO3 to -2.20
meV in o-LuMnO3 (Fig. 9 (b)). In contrast, all the other
couplings remain almost constant across the series. The
drop in Jab can be explained by the significant reduction
of the FM contribution from the eg -pσ -eg superexchange,
which is strongly dependent on the Mn-O-Mn bond angles. In contrast, the AFM t2g -pπ -t2g contribution remains unchanged since it is much less affected by the
variation of the bond angles due to the geometry of the
participating orbitals. The latter also explains why the
inter-plane NN Heisenberg couplings Jc are nearly the
same for all the considered bulk samples of o-RMnO3 as
these couplings are mostly determined by the t2g -pπ -t2g
superexchange. Clearly, there is also a small effect on the
NNN Heisenberg coupling Jb (see the inset in Fig. 9 (c)),
which increases with reducing R. This occurs because of
the decrease in the distance between the ions O(1) and
O(2) shown in Fig. 1 (b), which results in larger overlap between their p orbitals along the Mn-O(1)-O(2)-Mn
superexchange path. We can conclude that the evolution of the magnetic order in bulk o-RMnO3 is mostly
due to the reduction of Jab , because the effect of other
couplings (NNN Heisenberg, higher order couplings and
anisotropic terms) becomes more pronounced when the
strong FM NN exchange is reduced.
Next, we perform similar calculations of the exchange
coupling and anisotropy constants for the films of oRMnO3 to determine how they are influenced by the
structural variations caused by epitaxial strain. The resulting couplings are presented in Fig. 9; see also Fig.
1 and Table V of the Supplemental materials. As we
showed in the previous section, the application of strain
affects the Mn-O bond lengths, whereas the Mn-O-Mn
bond angles in most cases change only slightly from their
values in the corresponding bulk samples. First we consider four films which are compressively strained within
the ac plane (o-GdMnO3 , o-TbMnO3 , o-LuMnO3 inv26
and inv104) and for which the b lattice constants are expanded, resulting in a reduction of m and increase in l
Mn-O bond lengths compared to the bulk samples. As
one can see from Figs. 7 (d) and 9 (a), the decrease in
m by 0.02 - 0.04 Å provides a significant increase in the
coupling Jc (for example, by 3.46 meV for a thin film of
o-GdMnO3 relative to the corresponding bulk sample).
This can be explained by the increased overlap between
the d orbitals of Mn and p states of O participating in the
superexchange. The increase in l (by 0.02-0.04 Å, Fig. 7
(e)), in turn, results in a drastic reduction in the absolute
value of Jab coupling relative to the bulk samples for oGdMnO3 and o-TbMnO3 , and for o-LuMnO3 films this

coupling even changes sign from FM to AFM (see Fig.
9 (b)). The latter likely occurs because the AFM contribution from the t2g states start to dominate over the
FM eg contribution. The increase in the NNN coupling
Jb (see Fig. 9 (c)) originates from the reduction of O(1)O(2) distance, which is a secondary effect of the increase
in l. Interestingly, the higher order couplings (Kc and
Bab ) are affected by the variation of the bond lengths
while they show almost no dependence on the bond angles (see insets in Figs. 9 (e) and (f)). For the tensile
strained films, the variation of the couplings is opposite
to the case of compressive strain. For example, in the
o-LuMnO3 26 nm film, Jc is reduced to almost 0 meV
due to the increase of m Mn-O bond lengths and Jab is
increased in absolute value to -8.7 meV, which is even
stronger than the same coupling in bulk o-GdMnO3 , by
decreasing l. The four-spin ring inter-plane exchange Kc
increases with tensile strain and starts to compete with
the weak Jc .
Thus we demonstrated that the microscopic exchange
interactions in o-RMnO3 evolve differently under chemical pressure and epitaxial strain. Specifically, the substitution of smaller R in bulk o-RMnO3 results in an increased GFO distortion and leads to the reduction of the
NN in-plane Heisenberg coupling Jab and a slight increase
in the NNN coupling Jb , while all the other couplings are
almost constant across the series of the bulk samples. On
the other hand, the change in the Mn-O bond lengths
caused by epitaxial strain affects strongly both in-plane
and inter-plane NN Heisenberg exchanges, and leads to
a smaller variation of other coupling constants (NNN
Heisenberg, biquadratic and four-spin ring exchanges).
The changes are clearly different for compressive and
tensile strain. The evolution of each coupling depends
on whether the structure and, consequently, the Mn-O
bond lengths are expanded or reduced in the relevant
direction.

B.

Monte Carlo simulations

In the next step we perform a series of Monte Carlo
simulations using the calculated exchange couplings and
anisotropy constants for bulk samples and strained films
of o-RMnO3 to determine their ground state magnetic
phases. This also serves as a check of how well the model
Hamiltonian of Eq. 3 reproduces the experimentally measured magnetism in these systems.
First, we consider bulk o-RMnO3 and determine the
magnetic ground states for the systems with R=Gd, Tb,
Ho, Er, Yb and Lu using the exchange coupling and
anisotropy constants listed in Table IV of the Supplemental materials. Since the methods which we use to calculate these constants allow an uncertainty in their values
of up to ±10-25% (see our previous work for details, Ref.
35), we take the lower boundary of this uncertainty range
and check whether the experimentally observed magnetic
ground states can be reproduced for all systems within
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Figure 9. Calculated exchange coupling constants versus the radius of the R cation: (a)-(d) show the Heisenberg exchanges
Jc , Jab , Jb and J3nn , respectively; (e) shows the biquadratic in-plane exchanges Bab and (f) the four-spin ring couplings Kc .
Bulk samples are indicated by the empty circles, experimentally measured strained films by the filled circles. For o-LuMnO3
the triangles denote the hypothetical films which are compressively strained in the ac plane by the same amount but opposite
direction as experimentally measured tensile strained films. The o-LuMnO3 26 nm film and the corresponding inverse case are
highlighted in gray, the 104 nm and inv104 nm cases in black. Compressive strain within the ac planes of the o-RMnO3 films
is shown by the violet color, tensile strain by the blue color. The dashed line connecting the data points for the bulk o-RMnO3
is used to guide the eye.

Table I. DFT energies per spin (in meV) (relative to the energy of the E-AFM order) calculated for bulk and strained
o-LuMnO3 (26 nm and 104 nm films) imposing E-AFM, HAFM and I-AFM orders.

bulk
104 nm
26 nm

E-AFM
0
0
0

H-AFM
1.75
-0.68
-3.56

I-AFM
0.93
-1.78
-5.18

this range of parameters. For that purpose we perform
for each compound a set of MC simulations in which one
of the exchange couplings (Jc , Jab , Ja , Jdiag , Jb , J3nn ,
Kab , Kc , Bab , Bc , γab , γc ) or anisotropy (A) presented
in Table IV of the Supplemental materials is varied by
±10% while all the others are kept fixed to the values
presented in Table IV of the Supplemental materials. In
these simulations the system size is 4×100×4 MC unit
cells. For each compound, the lowest energy state obtained in the MC simulations with the couplings and
anisotropy constants listed in Table IV of the Supplemental materials is used as a starting configuration. We
determine the types of obtained magnetic phases by calculating the order parameters (for A-AFM, E-AFM and
H-AFM orders) and magnetic structure factors along different directions in reciprocal space; the positions of the

peaks in the magnetic structure factors give the modulation vectors of the resulting magnetic phases.
In Fig. 10 (a) we present the modulation vectors qb of
the minimum energy phases obtained in our MC simulations for bulk o-RMnO3 together with the experimentally
reported values. We find that for o-RMnO3 with R=Gd,
Ho, Er, Yb, Lu our model Hamiltonian (Eq. 3) and the
calculated couplings reproduce well the experimentally
reported qb values. For o-TbMnO3 we obtain a spiral
order with qb = 0.2 as the lowest energy state (the experimental value is qb = 0.28) using periodic boundary
conditions in all directions, while with open boundary
conditions along the b axis we obtain qb = 0.22. Interestingly, for R=Tb, Ho and Er several magnetic phases can
be stabilized by varying the exchange couplings by ±10%
of their values listed in Table IV of the Supplemental materials. This behavior is likely due to a competition between exchange interactions in these compounds (almost
all calculated couplings are relatively strong), resulting
in multiple low-energy magnetic states with very close
energies. The favoring of one state over another in the
real samples may occur due to different synthesis conditions resulting in slightly different lattice parameters.
For example, in o-TbMnO3 samples, both A-AFM order
and an incommensurate cycloidal spiral can be the lowest energy states. In o-HoMnO3 , in turn, a cycloidal spiral, w-spiral and E-AFM orders can be readily stabilized.
The latter two can be the magnetic ground states in o-
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(a)

exp.
MC

(b)

exp.
exp., Lu 26 nm
MC
MC, Lu 26 nm

Figure 10. Experimentally determined and calculated modulation vectors of the ground state magnetic phases in bulk and
strained o-RMnO3 . (a) shows qb for bulk o-RMnO3 , (b) for
the films of o-RMnO3 . Black circles indicate experimentally
determined (exp.) qb , purple circles calculated qb (MC). The
gray circle in (b) indicates the experimentally measured qb in
the 26 nm film of LuMnO3 , and the green circle shows the calculated qb for this film; the qb values for the 104 nm LuMnO3
film are shown with the usual black (measured) or purple
(calculated with MC) circles (note that the purple circle at
qb =0.5 is obscured by the green circle). qb is in reciprocal
lattice units.

ErMnO3 as well (see our previous work for the details,
Ref. 35). This can explain the contradictory experimental reports of the magnetic and ferroelectric properties of
the o-RMnO3 that are on the border between spiral and
E-AFM phases in the magnetic phase diagram described
in Sec. II B.
Next, we perform the same analysis for the strained
films of o-RMnO3 . The modulation vectors of the ground
state magnetic phases obtained in our MC simulations
and the corresponding experimental values are presented
in Fig. 10 (b). We find that for o-GdMnO3 , o-TbMnO3
and o-ErMnO3 films the lowest energy magnetic phase is
E-AFM with the spins slightly canted away from the b
axis, which agrees with the experiments22,74 . For the oLuMnO3 104 nm and 26 nm films, the experimentally reported qb values are 0.486 and 0.479, respectively. In our
MC simulations we observe magnetic phases with similar incommensurate qb values for these films, however we

find these phases to be metastable. For the 104 nm film
the calculated lowest energy state is H-AFM order with
qb =0.5. Note, that H-AFM is degenerate with I-AFM order with q=(0,0.5,0.5) within the framework of the model
Hamiltonian of Eq. 3, however the latter state does not
give the experimentally observed peak in the magnetic
structure factor at (0,qb ,0) (see Ref. 35). For the 26 nm
film both H-AFM (or I-AFM) and A-AFM states can
be stabilized in the simulations. The presence of the HAFM (or I-AFM) order in these films of o-LuMnO3 is
interesting since one would rather expect the establishment of A-AFM order in o-RMnO3 with such a strong
NN in-plane Heisenberg exchange Jab (-5.48 and -8.68
meV, respectively). H-AFM (or I-AFM) order is enabled
due to drastic suppression of the NN inter-plane Heisenberg coupling Jc combined with an increased inter-plane
four-spin ring interaction Kc which favors this order. The
only sample for which we did not reach an agreement
with experiment is the o-HoMnO3 film. The experimental value of qb =0.413 was not found even in the range of
the couplings of ±30% of the values presented in Table
V of the Supplemental materials. We believe that this is
due to an experimental limitation. The low homogeneity
of this sample likely causes inconsistencies between the
RXD and XRD experiments, as they may probe slightly
different positions and volumes of the sample.
To double check the results of our MC simulations for
the films of o-LuMnO3 (26 nm and 104 nm) in which
unconventional H-AFM or I-AFM orders were obtained
as the lowest energy states, and to clarify whether one
of these states might be favored in these systems by, for
example, exchange striction or another distortion of the
electronic density, we perform the following analysis: We
construct a 1×2×2 supercell for each film (the theoretically optimized unit cell is doubled along b and c direc-

Table II. Electric polarizations (in µC/cm2 ) calculated for
bulk and strained GdMnO3 , ErMnO3 and LuMnO3 imposing
E-AFM, H-AFM and I-AFM orders. The value of P corresponding to the ground-state magnetic phase is in bold font.

E-AFM
bulk
10 nm

4.17 ||a
3.16 ||a

bulk
30 nm

4.06 ||a
3.85 ||a

26 nm
104 nm
bulk
inv104
inv26

5.17 ||a
4.60 ||a
4.09 ||a
3.54 ||a
3.22 ||a

H-AFM
GdMnO3
0.08 ||c
0.31 ||c
ErMnO3
0.35 ||c
0.36 ||c
LuMnO3
0.18 ||c
0.16 ||c
0.40 ||c
0.10 ||c
0.06 ||c

I-AFM
0.11 ||a
0.17 ||a
0.12 ||a
0.17 ||a
0.77 ||a
0.45 ||a
0.19 ||a
0.05 ||a
0.26 ||a

13
tions) and optimize the ionic positions within this supercell imposing E-AFM, H-AFM and I-AFM orders in turn.
Then we calculate the energies of these with their corresponding magnetic orders. The results are presented in
Table I. For comparison, the corresponding energies calculated for bulk o-LuMnO3 are also presented. One can
see that E-AFM order is the lowest energy state for bulk
o-LuMnO3 . Tensile strain along the a and c directions
favors the establishment of I-AFM order in both the 104
nm film and 26 nm films.
Thus we showed that MC simulations based on the
model Hamiltonian of Eq. 3 and the exchange couplings
calculated using DFT accurately reproduce the experimentally determined magnetic phase diagram of both
bulk and strained o-RMnO3 . We find that, in those bulk
o-RMnO3 that lie near the boundary between IC spiral and E-AFM phases, different magnetic orders can be
stabilized by small variations (±10%) of the exchange interactions. In real materials, such small variations could
arise from slightly different lattice constants due to different synthesis conditions and/or the presence of defects.
This could explain the contradictory values reported for
the measured magnetism and ferroelectricity in these materials. Our simulations also confirmed that E-AFM can
be stabilized in o-GdMnO3 , o-TbMnO3 and o-ErMnO3
by epitaxial strain. Finally, we discovered an unconventional I-AFM order, which is degenerate with H-AFM order in the MC simulations, but lower in energy in DFT,
in the 26 nm and 104 nm films of o-LuMnO3 . This order is enabled by the increased inter-plane four-spin ring
exchange interactions Kc and drastically reduced interplane NN Heisenberg couplings Jc caused by the longer
m Mn-O bonds.

VII.

ELECTRIC POLARIZATION IN BULK
AND STRAINED o-RMnO3

Finally, in order to understand how the chemical pressure and epitaxial strain affects the electric polarization
in o-RMnO3 , and to check whether the presence of the
magnetic phases which were obtained in our MC simulations can resolve the contradictions in the reported
measured values of P , we perform the following analysis:
We consider bulk and strained films of o-GdMnO3 , oErMnO3 and o-LuMnO3 (for the latter both experimentally studied and hypothetical inv26 and inv104 films).
For each system we construct 1×2×2 supercells by doubling the theoretically optimized unit cells along the b
and c axes, and relax the ionic positions within these
supercells imposing E-AFM, I-AFM and H-AFM orders.
Then we perform Berry phase calculations using these relaxed structures with the corresponding magnetic orders
imposed. The obtained polarizations, with the supercell
in which the positions were relaxed with A-AFM order
taken as the reference high-symmetry structure, are summarized in Table II. One can see that P calculated for
bulk o-RMnO3 with E-AFM order imposed is almost un-

affected by the size of the R ion. All the values are at
least an order of magnitude higher than those measured
experimentally, in agreement with previous theoretical
reports46,73 . (Note, that for R larger than Gd, Refs. 46
and 73 reported an enhancement in P with R). Compressive strain along the a and c axes reduces P in the films
of E-AFM o-GdMnO3 and inv104 and inv26 hypothetical films of o-LuMnO3 by up to 1 µC/cm2 . Tensile strain
along the same direction, in turn, increases P ; for example, for the 26 nm film of o-LuMnO3 P increases by more
than 1 µC/cm2 . Our calculated values are inconsistent
with the recent experimental study of P in the series of
o-RMnO3 thin films, in which P ≈ 1 µC/cm2 along the a
axis was reported for all R=Gd,...,Lu except Tb, where
P ≈ 2 µC/cm2 was reported22 .
Our calculated P values induced by H-AFM order
are aligned along the c axis and their amplitudes are
at least an order of magnitude smaller than those induced by E-AFM order. While the absolute values
of P are less affected by structural modifications compared to the E-AFM case, the fractional changes are
equally dependent. This direction of P, has to our knowledge been experimentally observed only in systems with
spiral magnetic orders (o-TbMnO3 5,52 , o-DyMnO3 52 ,
o-Eu1−x Yx MnO3 76 and o-Gd1−x Tbx MnO3 39 ), in bulk
samples of o-HoMnO3 16 with incommensurate order
(qb ≈0.4) and in weakly strained films of o-YMnO3 77 . In
earlier work, Ref. 35, we showed that P ||c in o-HoMnO3
can be explained by the presence of w-spiral order. IAFM order induces a small polarization along the a axis,
with the value of P =0.77 µC/cm2 that we obtain for the
26 nm o-LuMnO3 film being close to the experimentally
measured value of P ≈ 1 µC/cm222 . The I-AFM phase,
however, is the ground state only in the 26 nm and 104
nm o-LuMnO3 films according to our MC and DFT calculations.
In conclusion, in spite of the fact that our DFT calculations correctly capture the various magnetic orderings in
o-RMnO3 films and bulk samples, we are not able to reproduce the experimentally reported ferroelectric polarizations in many cases. The wide spread in the reported
values of ferroelectric polarizations in different samples
of o-RMnO3 , the consistently low values for E-AFM bulk
crystals, as well as the similar values across the series of
o-RMnO3 films remain unexplained.

VIII.

SUMMARY AND CONCLUSIONS

In summary, we studied the effects of chemical pressure and epitaxial strain on the crystal structure and
multiferroic orders of the o-RMnO3 series using X-ray
diffraction measurement techniques (XRD and RXD),
first-principles calculations and Monte Carlo simulations.
In our RXD measurements we observed that the magnetic modulation vectors qb measured for o-RMnO3 films
can differ significantly from those of bulk samples. To
clarify the origin of this difference we used DFT to deter-
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mine how the lattice parameters evolve in the o-RMnO3
series, for both bulk and thin-film samples. We then
studied the effect of these lattice variations on the microscopic exchange interactions. We found that reducing
the radius of the R cation in bulk o-RMnO3 leads to
decreasing Mn-O-Mn bond angles within the ab planes
and along the c axis, while the Mn-O bond lengths stay
almost constant throughout the series, with only the l
bonds decreasing slightly. In contrast, strain primarily
affects the Mn-O bond lengths relative to the corresponding bulk samples, with bond angles varying under strain
only in the samples with the smallest unit cell volumes.
Next, we showed that reduction of the Mn-O-Mn bond
angles due to decreasing R-cation radius in bulk oRMnO3 leads to a significant decrease in the absolute
value of NN Heisenberg in-plane exchange Jab (see Fig.
6) and a small increase in the NNN Heisenberg coupling
Jb . All other couplings and anisotropies remain almost
constant with respect to R radius. From this finding
we concluded that the evolution of the magnetic order
across the bulk series is dominated by the reduction in
Jab , which makes the effect of the other couplings, such
as NNN Heisenberg couplings, biquadratic and four-spin
ring exchanges, DMI and anisotropies, more pronounced.
For films of o-RMnO3 , we demonstrated that variation
of the Mn-O bonds by applying strain can have a drastic
effect on both in-plane and inter-plane NN Heisenberg
couplings (Jab and Jc , respectively), and the magnitudes
of the NNN Heisenberg couplings (Jb and J3nn ) and of
higher order exchanges (biquadratic and four-spin ring
exchanges) can also be affected. Expansion and compression of the Mn-O bonds have opposite effects on the
magnitudes of the exchange couplings.
In our Monte Carlo simulations we determined the
magnetic ground states of the model Hamiltonian of Eq.
3 for bulk and strained o-RMnO3 using the extracted
exchange coupling and anisotropy constants, and found
that the calculated modulation vectors agree well with
the available experimental data. We showed that in
those bulk o-RMnO3 on the boundary between IC spiral
and E-AFM states in the magnetic phase diagram (Fig.
3), different magnetic orders can be stabilized by small
variations of the exchange couplings. This can explain
the contradictory experimental reports of their magnetic
and ferroelectric properties. For compressively strained
o-GdMnO3 and o-TbMnO3 films we confirmed the reported evolution of the magnetic order to the E-AFM
phase. This occurs due to a drastic reduction of the NN
in-plane Heisenberg coupling Jab caused by the increasing
length of the l Mn-O bonds. For tensile-strained films of
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o-LuMnO3 we found that suppression of the inter-plane
Heisenberg coupling Jc and increase in the four-spin ring
coupling Kc can stabilize exotic magnetic orders such as
H-AFM or I-AFM, with I-AFM having the lower DFT
energy.
Finally, we used DFT to analyze how the electric polarization would evolve in bulk and strain o-RMnO3 if it
were induced by one of the magnetic phases which we obtained in our MC simulations. The values of P calculated
on imposing E-AFM order were significantly larger than
the experimentally measured values for both bulk and
films of o-RMnO3 , and in the latter case is highly strain
dependent, increasing with tensile strain along the a and
c directions and vice versa. This behavior, however, has
not been reported experimentally, where measured P values are similar for both compressively and tensile strained
films. We find that the P values calculated with I-AFM
order imposed are closest to those measured experimentally. However, in our MC and DFT calculations I-AFM
is the lowest energy phase only in the tensile strained
films of o-LuMnO3 . Therefore, our findings cannot fully
resolve the puzzling behavior of P in o-RMnO3 .
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I.

CRYSTAL STRUCTURES

Table I present a list of all crystalline films indicated in the experimental section (Sec. III of the main text). The
last entries are values taken from literature. Error estimates of qb values are smaller than the last digit. All substrates
were YAlO3 unless otherwise indicated. The incommensurate modulation qb varies with temperature. qb values here
are given at the experimental base temperature of 10 K.
In Table II we summarize experimentally reported (Refs. 5–10) and theoretically optimized lattice parameters of
bulk o-RMnO3 (R=Gd, Tb, Ho, Er, Yb, Lu), which were discussed in Sec. V of the main text. Table III shows
the experimentally measured (Refs. 3 and 4 and our measurements) and theoretically optimized lattice parameters
of the corresponding strained films (see Sec. V of the main text). We provide .cif files for all theoretically optimized
structures in Supplemental materials.

Table I. Experimentally acquired parameters of epitaxial o-RMnO3 films. Thickness (t) and substrate normal (n) are controlled
growth parameters. qb is deduced from RXD experiments at the Mn L edges. Error estimates of qb values are smaller than the
last digit (unless otherwise indicated). Lattice constants were deduced in conventional XRD experiments.

R t (nm)
Yb 400
Er
400
Er
30
Ho
240
Ho
120
Tm 400
Tm
56
Lu
104
Lu
400
Lu
90
Lu
78
Lu
26
Tb
10
Tb
200
Y
40
Tb
14
Gd
10

n
[010]
[010]
[010]
[010]
[010]
[010]
[110]
[010]
[110]
[110]
[010]
[010]
[010]
[010]
[010]
[010]
[010]

qb
0.4747
0.4496
0.5015
0.4007 ± 0.0001
0.4138 ± 0.0002
0.4625
0.4704 ± 0.0001
0.4861
0.4956
0.4933 ± 0.0001
0.4857
0.4797
0.4539 ± 0.0001
0.2619 ± 0.0001
0.491
0.5
0.5

a (Å)
5.223 ± 0.004
5.235 ± 0.002
5.1735 ± 0.0005
5.275 ± 0.001
5.2748 ± 0.0007
5.235 ± 0.001
5.221 ± 0.001
5.2200 ± 0.0001
5.191 ± 0.002
5.175 ± 0.002
5.230 ± 0.005
5.220 ± 0.005
5.259 ± 0.001
/
??
5.182
5.183

b
5.771
5.799
5.828
5.789
5.779
5.779
5.757
5.753
5.760
5.717
5.766
5.734
5.801
5.8014

(Å)
± 0.007
± 0.002
± 0.001
± 0.005
± 0.005
± 0.001
± 0.004
± 0.005
± 0.004
± 0.001
± 0.005
± 0.005
± 0.001
± 0.0001
??
5.936
5.976

c
7.361
7.359
7.360
7.392
5.420
7.3737
7.342
7.3797
7.365
7.370
7.380
7.492
7.355

(Å)
± 0.008
± 0.002
± 0.001
± 0.001
± 0.004
± 0.0008
± 0.005
± 0.0008
± 0.004
± 0.002
± 0.007
± 0.007
± 0.001
/
??
7.367
7.372

Comment

Grown on NdGaO3
Grown on NdGaO3
Windsor et al.1

Wadati et al.2
Shimamoto et al.3
Shimamoto et al.4

Table II. Experimentally reported (Exp.) and theoretically optimized (PS) lattice parameters of bulk o-RMnO3 . a, b and c
are the lattice constants of Pbnm (#62) orthorhombic unit cell; s, m and l denote short, medium and long Mn-O bonds of
MnO6 octahedra; dO is the distance between oxygens O(1) and O(2) shown in Fig. 1(b) of the main text; IPA and OPA are
the Mn-O-Mn bond angles within the ab planes and along the c direction, respectively. All the lengths are in Å and all the
angles are in degrees.

a
b
c
s
m
l
lO−O
IPA
OPA

GdMnO3
Exp.5
PS
5.318
5.261
5.866
5.807
7.431
7.367
1.911
1.916
1.944
1.934
2.228
2.182
3.097
3.071
145.98 145.80
145.68 145.38

TbMnO3
Exp.6
PS
5.293
5.240
5.838
5.797
7.403
7.342
1.905
1.915
1.940
1.934
2.221
2.180
3.057
3.047
145.36 145.08
145.04 143.19

HoMnO3
Exp.7
PS
5.257
5.203
5.835
5.771
7.361
7.301
1.904
1.912
1.944
1.936
2.223
2.173
3.020
3.007
144.08 143.85
142.46 141.08

ErMnO3
Exp.8
PS
5.227
5.186
5.792
5.759
7.327
7.282
1.910
1.911
1.938
1.936
2.194
2.170
2.993
2.990
143.66 143.32
141.91 140.15

YbMnO3
Exp.9
PS
5.216
5.154
5.799
5.725
7.299
7.253
1.879
1.908
1.940
1.940
2.262
2.160
2.907
2.959
140.51 142.32
140.27 138.40

LuMnO3
Exp.10
PS
5.190
5.137
5.785
5.706
7.282
7.241
1.899
1.907
1.942
1.942
2.206
2.155
2.967
2.945
142.26 141.81
139.30 137.51

Table III. Experimentally measured and theoretically optimized lattice parameters of films of o-RMnO3 . a, b and c are the
lattice constants of Pbnm (#62) orthorhombic unit cell; s, m and l denote short, medium and long bonds of MnO6 octahedra;
dO is a distance between oxygens O(1) and O(2) shown in Fig. 1(b) of the main text; IPA and OPA are the Mn-O-Mn bond
angles within the ab planes and along the c direction, respectively. All the lengths are in Å and all the angles are in degrees.

a
b
c
s
m
l
lO−O
IPA
OPA

GdMnO3
10 nm
Exp.4
PS
5.183 5.128
5.976 5.935
7.372 7.309
1.909
1.915
2.204
3.000
144.81
145.09

TbMnO3
14 nm
Exp.3
PS
5.182 5.130
5.936 5.893
7.367 7.307
1.909
1.921
2.195
2.990
144.30
143.88

II.

HoMnO3
120 nm
Exp.
PS
5.275 5.220
5.780 5.736
7.429 7.368
1.914
1.951
2.164
3.025
143.89
141.50

ErMnO3
30 nm
Exp.
PS
5.174 5.132
5.828 5.780
7.360 7.315
1.908
1.940
2.167
2.970
142.95
140.93

YbMnO3
400 nm
Exp.
PS
5.224 5.161
5.771 5.699
7.361 7.315
1.909
1.953
2.153
2.973
142.27
138.85

26
Exp.
5.220
5.734
7.492
-

LuMnO3
nm
104
PS
Exp.
5.167 5.220
5.595 5.753
7.450 7.379
1.910
1.990
2.120
3.008
141.75
138.72
-

nm
PS
5.167
5.651
7.338
1.909
1.965
2.141
2.978
141.85
138.02

EXCHANGE INTERACTIONS AND ANISOTROPIES

In Tables IV and V we summarize the Heisenberg (Jc , Jab , Ja , Jdiag , Jb and J3nn ), biquadratic (Bc and Bab ) and
four-spin ring (Kc and Kab ) exchange interactions as well as the Dzyaloshinskii-Moriya interaction (DMI, γab and αc )
and single ion anisotropy (A) parameters calculated using DFT for bulk samples and films of o-RMnO3 , respectively.
In Fig. 1 we present the calculated couplings Ja , Jdiag , Bc , Kab , γab and αc and anisotropies A versus the radius
of the R cations for the bulk and film geometries.
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Table IV. Heisenberg (Jc , Jab , Ja , Jdiag , Jb , J3nn ), four-spin ring (Kab and Kc ) and biquadratic (Bab and Bc ) exchanges,
components of DM vectors (γab and αc ) and single-ion anisotropies (A) (in meV) calculated using DFT for bulk o-RMnO3 .

R
Gd
Tb
Ho
Er
Yb
Lu

Jc
4.34
4.35
4.33
4.20
4.03
3.96

Jab
-7.04
-6.03
-4.44
-3.81
-2.73
-2.20

Ja
-0.99
-0.96
-0.95
-0.99
-0.96
-0.94

Jdiag
0.75
0.73
0.72
0.69
0.68
0.68

Jb
0.67
0.76
0.95
0.95
1.07
1.13

J3nn
2.82
2.75
2.69
2.68
2.68
2.70

Kab
0.24
0.23
0.21
0.28
0.28
0.28

Kc
0.91
0.90
0.92
0.90
0.94
0.96

Bab
-2.25
-2.20
-1.75
-2.25
-2.22
-2.29

Bc
-0.44
-0.43
-0.42
-0.45
-1.13
-0.88

γab
-0.57
-0.57
-0.57
-0.58
-0.58
-0.61

αc
-0.50
-0.47
-0.42
-0.40
-0.37
-0.35

A
-0.47
-0.48
-0.48
-0.49
-0.48
-0.47

Table V. Heisenberg (Jc , Jab , Ja , Jdiag , Jb , J3nn ), four-spin ring (Kab and Kc ) and biquadratic (Bab and Bc ) exchanges,
components of DM vectors (γab and αc ) and single-ion anisotropies (A) (in meV) calculated using DFT for the films of oRMnO3 . Lu(1) correspond to 104 nm film, Lu(2) - 26 nm film, Lu(3) - inv104 case, Lu(4) - inv26 case.

R
Gd
Tb
Ho
Er
Yb
Lu(1)
Lu(2)
Lu(3)
Lu(4)

3

4

5
6
7

8

9
10

Jc
7.80
4.35
2.60
4.18
2.88
1.98
0.14
5.85
6.67

Jab
-1.27
-6.03
-6.51
-2.79
-4.29
-5.48
-8.68
1.23
3.22

Ja
-0.82
-0.96
-1.00
-0.97
-1.02
-1.10
-1.16
-0.82
-0.78

Jdiag
0.70
0.73
0.72
0.69
0.69
0.68
0.78
0.71
0.65

Jb
1.02
0.76
0.79
1.02
0.95
0.87
0.85
1.37
2.16

J3nn
2.22
2.75
2.90
2.61
2.85
3.04
3.48
2.31
1.46

Kab
0.20
0.23
0.21
0.27
0.29
0.33
0.12
0.25
0.77

Kc
0.71
0.90
0.99
0.90
1.01
1.08
1.32
0.83
0.67

Bab
-1.82
-2.20
-2.33
-2.23
-2.39
-2.65
-2.52
-1.74
-2.65

Bc
0.43
-0.43
-1.21
-0.62
-0.54
-2.16
-4.71
0.31
0.07

γab
-0.51
-0.57
-0.63
-0.60
-0.63
-0.70
-0.96
-0.52
-0.44

αc
-0.42
-0.47
-0.51
-0.44
-0.45
-0.48
-0.69
-0.23
-0.09

A
-0.52
-0.48
-0.44
-0.47
-0.44
-0.41
-0.33
-0.52
-0.57
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bulk

measured ﬁlms (incl. Lu 104 nm)

Lu 26 nm ﬁlm

inv104 Lu ﬁlm

(a)

(c)

(f)

(b)

(d)

(g)

inv26 Lu ﬁlm

(e)

Figure 1. Calculated exchange couplings, components of DM vectors and anisotropy constants versus the radius of the R
cation: (a) and (b) show the Heisenberg exchanges Ja and Jdiag , respectively; (c) - biquadratic interplane exchanges Bc ; (d) four-spin ring couplings Kab ; (e) - SIA A; (f) and (g) - the components of DM vectors γab and αc , respectively. Bulk samples
are shown by the empty circles, experimentally measured strained films - by the filled circles. In most cases filled and empty
circles are on top of each other. For LuMnO3 the triangles denote the films which are compressively strained in the ac plane
by the same amount (but opposite direction) as experimentally measured tensily strained films. LuMnO3 26 nm film and
corresponding inverse case are highlighted in gray, 104 nm and inv104 case - in black. Compressive strain within the ac planes
of the o-RMnO3 films shown by the violet color, tensile strain - by the blue color. Dashed line connecting the data points for
the bulk o-RMnO3 is used to guide eye.
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In this thesis I presented a detailed study of the magnetic and ferroelectric properties of o-RMnO3 based on first-principles electronic structure calculations and Monte Carlo simulations. The obtained results
have improved the understanding of the physics of this family of materials in the following ways.
In the first part of the project I demonstrated that:
• A simple Heisenberg model is not sufficient to accurately describe the magnetism in o-RMnO3 ;
• The deviation from Heisenberg-like behavior cannot be explained
by the presence of orbital ordering and its coupling to Mn3+
spins in o-RMnO3 ;
• Non-Heisenberg behavior originates from the presence of higherorder couplings such as biquadratic and four-spin ring exchanges;
• The evolution of the magnetism with increasing GFO distortion
likely occurs due to decreasing NN Heisenberg exchanges which
makes the effects of other couplings (NNN and higher order couplings) more pronounced.
In the second part of the project I showed that:
• In o-RMnO3 , which are on the border between spiral and EAFM phases in the magnetic phase diagram of the o-RMnO3 series, the strong competition between exchange interactions leads
to several magnetic phases with very close energies. One of these
phases can be favored over the others by small variations of the
exchange interactions. Small differences in the lattice parameters between different investigated samples, for example due to
synthesis conditions or presence of defects, can be sufficient to
provide such small variations of the exchange couplings, explaining the inconsistencies in measurements of the magnetic and ferroelectric properties of these systems;
• Strong four-spin ring exchange interactions in o-RMnO3 with
R=Ho or Er can stabilize the low-energy w-spiral, H-AFM and
I-AFM phases. These phases were not previously reported for
o-RMnO3 to the best of our knowledge.
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Finally, in the third part of the project, in collaboration with experimental groups at Paul Scherrer Institut (PSI, Villigen, Switzerland), I
demonstrated that:
• Chemical pressure and epitaxial strain are accommodated differently by the o-RMnO3 crystal lattice. In particular, the former
affects mostly the Mn-O-Mn bond angles while the latter affects
the Mn-O bond lengths;
• Variations of Mn-O-Mn bond angles affect the microscopic exchange interactions in o-RMnO3 differently compared to variations of Mn-O bond lengths. This explains the differences in
the magnetic properties of bulk samples and strained films of
o-RMnO3 ;
• The magnetic phases which are stabilized in our calculations cannot fully explain the inconsistencies in the reported values of the
electric polarization measured in bulk samples and films of oRMnO3 .

BIBLIOGRAPHY

[1] K. Aizu. In: Phys. Rev. B 2 (1970), pp. 754–772.
[2] P. W. Anderson. In: Phys. Rev. 79 (2 1950), pp. 350–356.
[3] P. W. Anderson. In: Phys. Rev. 115 (1 1959), pp. 2–13.
[4] V. I. Anisimov, F. Aryasetiawan, and A. I. Lichtenstein. In:
Journal of Physics: Condensed Matter 9.4 (1997), p. 767.
[5] T. Aoyama, K. Yamauchi, A. Iyama, S. Picozzi, K. Shimizu,
and T. Kimura. In: Nature Comm. 5 (2014), p. 4927.
[6] A. H. Arkenbout, T. T. M. Palstra, T. Siegrist, and T. Kimura.
In: Phys. Rev. B 74 (18 2006), p. 184431.
[7] J. G. Bednorz and K. A. Müller. In: Zeitschrift für Physik B
Condensed Matter 64.2 (1986), pp. 189–193.
[8] N. A. Benedek and C. J. Fennie. In: The Journal of Physical
Chemistry C 117.26 (2013), pp. 13339–13349.
[9] I. B. Bersuker. In: Chemical Reviews 101.4 (2001), pp. 1067–
1114.
[10] M. Born and R. Oppenheimer. In: Annalen der Physik 389.20
(1927), pp. 457–484.
[11] J. van den Brink. In: New Journal of Physics 6.1 (2004), p. 201.
[12] J. van den Brink and D. I. Khomskii. In: Journal of Physics:
Condensed Matter 20.43 (2008), p. 434217.
[13] H. W. Brinks, J. Rodriguez-Carvajal, H. Fjellvåg, A. Kjekshus,
and B. C. Hauback. In: Phys. Rev. B 63.9 (2001), p. 094411.
[14] C. J. Calzado, C. de Graaf, E. Bordas, R. Caballol, and J.-P.
Malrieu. In: Phys. Rev. B 67 (13 2003), p. 132409.
[15] D. M. Ceperley and B. J. Alder. In: Phys. Rev. Lett. 45 (7 1980),
pp. 566–569.
[16] Y. S. Chai, Y. S. Oh, L. J. Wang, N. Manivannan, S. M. Feng,
Y. S. Yang, L. Q. Yan, C. Q. Jin, and Kee Hoon Kim. In: Phys.
Rev. B 85 (18 2012), p. 184406.
[17] L. C. Chapon, P. G. Radaelli, G. R. Blake, S. Park, and S.-W.
Cheong. In: Phys. Rev. Lett. 96 (9 2006), p. 097601.
[18] S.-W. Cheong and M. Mostovoy. In: Nature Materials 6 (2007),
p. 13.

115

116

Bibliography

[19] Y. J. Choi, H. T. Yi, S. Lee, Q. Huang, V. Kiryukhin, and S.-W.
Cheong. In: Phys. Rev. Lett. 100 (4 2008), p. 047601.
[20] J. M. D. Coey. Magnetism and Magnetic Materials. Cambridge
University Press, 2010.
[21] M. Creutz. In: Phys. Rev. D 36 (2 1987), pp. 515–519.
[22] P. A. M. Dirac. In: Mathematical Proceedings of the Cambridge Philosophical Society 26.3 (1930), 376–385.
[23] I. Dzyaloshinsky. In: Journal of Physics and Chemistry of Solids
4.4 (1958), pp. 241 –255.
[24] D. J. Earl and M. W. Deem. In: Phys. Chem. Chem. Phys. 7 (23
2005), pp. 3910–3916.
[25] R. A. Evarestov, E. A. Kotomin, Yu. A. Mastrikov, D. Gryaznov,
E. Heifets, and J. Maier. In: Phys. Rev. B 72 (21 2005), p. 214411.
[26] P. Fazekas. Lecture notes on electron correlation and magnetism. World Scientific Publishing Co., 1999.
[27] N. S. Fedorova, C. Ederer, N. A. Spaldin, and A. Scaramucci.
In: Phys. Rev. B 91 (16 2015), p. 165122.
[28] N. S. Fedorova, A. Bortis, C. Findler, and N. A. Spaldin. In:
arXiv:1803.09299 (2018).
[29] N. S. Fedorova et al. In: arXiv:1805.02172 (2018).
[30] S. M. Feng, Y. S. Chai, J. L. Zhu, N. Manivannan, Y. S. Oh, L.
J. Wang, Y. S. Yang, C. Q. Jin, and K. H. Kim. In: New Journal
of Physics 12.7 (2010), p. 073006.
[31] M. Fiebig, T. Lottermoser, D. Meier, and M. Trassin. In: Nature Reviews Materials 1 (2016), p. 16046.
[32] I. Fina, L. Fàbrega, X. Martí, F. Sánchez, and J. Fontcuberta.
In: Applied Physics Letters 97.23 (2010), p. 232905.
[33] T. Finger, K. Binder, Y. Sidis, A. Maljuk, D. N. Argyriou, and
M. Braden. In: Phys. Rev. B 90 (22 2014), p. 224418.
[34] M. Garganourakis, Y. Bodenthin, R. A. de Souza, V. Scagnoli,
A. Dönni, M. Tachibana, H. Kitazawa, E. Takayama-Muromachi,
and U. Staub. In: Phys. Rev. B 86 (5 2012), p. 054425.
[35] F. Giustino. Materials modelling using Density Functional Theory. Oxford University Press, 2014.
[36] A. M. Glazer. In: Acta Crystallographica Section B 28.11 (1972),
pp. 3384–3392.
[37] V. M. Goldschmidt. In: Naturwissenschaften 14.21 (1926), p. 477.

Bibliography

[38] J. B. Goodenough. In: Phys. Rev. 100 (2 1955), pp. 564–573.
[39] J. B. Goodenough and J.-S. Zhou. In: J. Mater. Chem. 17 (23
2007), pp. 2394–2405.
[40] J. B. Goodenough, A. Wold, R. J. Arnott, and N. Menyuk. In:
Phys. Rev. 124 (2 1961), pp. 373–384.
[41] T. Goto, T. Kimura, G. Lawes, A. P. Ramirez, and Y. Tokura.
In: Phys. Rev. Lett. 92 (25 2004), p. 257201.
[42] J. de Groot, T. Mueller, R. A. Rosenberg, D. J. Keavney, Z.
Islam, J.-W. Kim, and M. Angst. In: Phys. Rev. Lett. 108 (18
2012), p. 187601.
[43] E. A. Harris and J. Owen. In: Phys. Rev. Lett. 11 (1 1963),
pp. 9–10.
[44] L. X. Hayden, T. A. Kaplan, and S. D. Mahanti. In: Phys. Rev.
Lett. 105 (4 2010), p. 047203.
[45] J. Hemberger, F. Schrettle, A. Pimenov, P. Lunkenheimer, V.
Yu. Ivanov, A. A. Mukhin, A. M. Balbashov, and A. Loidl. In:
Phys. Rev. B 75 (3 2007), p. 035118.
[46] J. Henk. Concepts and methods in electronic structure calculations. Max-Planck-Institut für Mikrostrukturphysik, 2009.
[47] N. A. Hill. In: The Journal of Physical Chemistry B 104.29
(2000), pp. 6694–6709.
[48] P. C. Hohenberg and A.P. Krekhov. In: Physics Reports 572
(2015), pp. 1 –42.
[49] P. Hohenberg and W. Kohn. In: Phys. Rev. 136 (3B 1964),
B864–B871.
[50] Y. H. Huang, H. Fjellvåg, M. Karppinen, B. C. Hauback, H.
Yamauchi, and J. B. Goodenough. In: Chemistry of Materials
19.8 (2007), pp. 2139–2139.
[51] J. Hubbard. In: Proc. Roy. Soc. London A: Mathematical, Physical and Engineering Sciences 285.1403 (1965), pp. 542–560.
[52] N. Hur, S. Park, P. A. Sharma, J. S. Ahn, S. Guha, and S.-W.
Cheong. In: Nature 429 (2004), p. 392.
[53] N. Ikeda et al. In: Nature 436 (2005), p. 1136.
[54] S. Ishiwata, Y. Kaneko, Y. Tokunaga, Y. Taguchi, T. H. Arima,
and Y. Tokura. In: Phys. Rev. B 81 (10 2010), p. 100411.
[55] H. A. Jahn and E. Teller. In: Proceedings of the Royal Society of London A: Mathematical, Physical and Engineering Sciences 161.905 (1937), pp. 220–235.

117

118

Bibliography

[56] C. Jia, S. Onoda, N. Nagaosa, and J. H. Han. In: Phys. Rev. B
74 (22 2006), p. 224444.
[57] F. Jiménez-Villacorta, J. A. Gallastegui, I. Fina, X. Marti, and
J. Fontcuberta. In: Phys. Rev. B 86 (2 2012), p. 024420.
[58] S. Jin, T. H. Tiefel, M. McCormack, R. A. Fastnacht, R. Ramesh,
and L. H. Chen. In: Science 264.5157 (1994), pp. 413–415.
[59] M. Johnsson and P. Lemmens. Handbook of Magnetism and
Advanced Magnetic Materials. American Cancer Society, 2007.
[60] J. Kanamori. In: Journal of Physics and Chemistry of Solids
10.2 (1959), pp. 87 –98.
[61] J. Kanamori. In: Journal of Applied Physics 31.5 (1960), S14–
S23.
[62] T. A. Kaplan. In: Phys. Rev. B 80 (1 2009), p. 012407.
[63] T. A. Kaplan and S. D. Mahanti. In: Phys. Rev. B 83 (17 2011),
p. 174432.
[64] T. A. Kaplan and Mahanti S.D. In: arXiv:0904.1739 (2009).
[65] H. Katsura, N. Nagaosa, and A. V. Balatsky. In: Phys. Rev. Lett.
95 (2005), p. 057205.
[66] M. Kenzelmann, A. B. Harris, S. Jonas, C. Broholm, J. Schefer,
S. B. Kim, C. L. Zhang, S.-W. Cheong, O. P. Vajk, and J. W.
Lynn. In: Phys. Rev. Lett. 95 (8 2005), p. 087206.
[67] D. I. Khomskii. In: Physica Scripta 72.5 (2005), p. CC8.
[68] D. I. Khomskii. Transition Metal Compounds. Cambridge University Press, 2014.
[69] D. Khomskii. In: Physics 2 (2009), p. 20.
[70] T. Kimura, S. Ishihara, H. Shintani, T. Arima, K. T. Takahashi,
K. Ishizaka, and Y. Tokura. In: Phys. Rev. B 68 (2003), p. 060403.
[71] T. Kimura, T. Goto, H. Shintani, K. Ishizaka, T. Arima, and Y.
Tokura. In: Nature 426 (2003), p. 55.
[72] T. Kimura, G. Lawes, T. Goto, Y. Tokura, and A. P. Ramirez.
In: Phys. Rev. B 71 (22 2005), p. 224425.
[73] J. Kohanoff. Electronic structure calculations for Solids and
molecules. Cambridge university press, 2006.
[74] W. Kohn and L. J. Sham. In: Phys. Rev. 140 (4A 1965), A1133–
A1138.
[75] H. A. Kramers. In: Physica 1.1 (1934), pp. 182 –192.

Bibliography

[76] G. Kresse and J. Furthmüller. In: Phys. Rev. B 54 (16 1996),
pp. 11169–11186.
[77] K. I. Kugel’ and D. I. Khomskii. In: Zh. Eksp. Teor. Fiz. 64
(1973), pp. 1429–1439.
[78] D. P. Landau and K. Binder. A guide to Monte-Carlo simulations in statistical physics. Cambridge Univ. Press, 2009.
[79] G. Lawes et al. In: Phys. Rev. Lett. 95 (8 2005), p. 087205.
[80] R. LeSar. Introduction to Computational Materials Science:
Fundamentals to Applications. Cambridge Univ. Press, 2013.
[81] N. Lee, Y. J. Choi, M. Ramazanoglu, W. II Ratcliff, V. Kiryukhin,
and S.-W. Cheong. In: Phys. Rev. B 84.2 (2011), p. 020101.
[82] B. Lorenz, Y.-Q. Wang, and C.-W. Chu. In: Phys. Rev. B 76 (10
2007), p. 104405.
[83] M. W. Lufaso and P. M. Woodward. In: Acta Crystallographica
Section B 60.1 (2004), pp. 10–20.
[84] O. L. Makarova, I. Mirebeau, S. E. Kichanov, J. RodriguezCarvajal, and A. Forget. In: Phys. Rev. B 84 (2 2011), p. 020408.
[85] R. M. Martin. Electronic Structure: Basic theory and practical
methods. Cambridge Univ. Press, 2014.
[86] N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H.
Teller, and E. Teller. In: The Journal of Chemical Physics 21.6
(1953), pp. 1087–1092.
[87] F. Michaud and F. Mila. In: Phys. Rev. B 88 (9 2013), p. 094435.
[88] M. Mochizuki and N. Furukawa. In: Phys. Rev. B 80 (13 2009),
p. 134416.
[89] M. Mochizuki, N. Furukawa, and N. Nagaosa. In: Phys. Rev. B
84 (14 2011), p. 144409.
[90] T. Moriya. In: Phys. Rev. 120 (1 1960), pp. 91–98.
[91] M. Mostovoy. In: Phys. Rev. Lett. 96 (6 2006), p. 067601.
[92] A. Muñoz, M. T. Casáis, J. A. Alonso, M. J. Martínez-Lope, J.
L. Martínez, and M. T. Fernández-Díaz. In: Inorg. Chem. 40.5
(2001), pp. 1020–1028.
[93] A. Muñoz, J. A. Alonso, M. T. Casais, M. J. Martínez-Lope, J.
L. Martínez, and M. T. Fernández-Díaz. In: Journal of Phys.:
Cond. Mat. 14.12 (2002), p. 3285.
[94] U. Müller. Inorganic structural chemistry. John Wiley and Sons,
Ltd., 2006.

119

120

Bibliography

[95] A. Nagano, M. Naka, J. Nasu, and S. Ishihara. In: Phys. Rev.
Lett. 99 (21 2007), p. 217202.
[96] M. Nakamura, Y. Tokunaga, M. Kawasaki, and Y. Tokura. In:
Applied Physics Letters 98.8 (2011), p. 082902.
[97] M. E. J. Newman and G. T. Barkema. Monte Carlo methods in
statistical physics. Claredon Press, 2001.
[98] H. Okamoto, N. Imamura, B. C. Hauback, M. Karppinen, H.
Yamauchi, and H. Fjellvåg. In: Solid State Comm. 146.3 (2008),
pp. 152–156.
[99] D. Okuyama et al. In: Phys. Rev. B 84 (5 2011), p. 054440.
[100] S. Park, Y. J. Choi, C. L. Zhang, and S-W. Cheong. In: Phys.
Rev. Lett. 98 (5 2007), p. 057601.
[101] E. Pavarini, E. Koch, R. Scalettar, and R. Martin. The Physics
of Correlated Insulators, Metals, and Superconductors. 2017.
[102] J. P. Perdew, K. Burke, and M. Ernzerhof. In: Phys. Rev. Lett.
77 (18 1996), pp. 3865–3868.
[103] J. P. Perdew and Alex Zunger. In: Phys. Rev. B 23 (10 1981),
pp. 5048–5079.
[104] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, O. A. Vydrov, G. E.
Scuseria, L. A. Constantin, X. Zhou, and K. Burke. In: Phys.
Rev. Lett. 100 (13 2008), p. 136406.
[105] S. Picozzi, K. Yamauchi, B. Sanyal, I. A. Sergienko, and E.
Dagotto. In: Phys. Rev. Lett. 99.22 (2007), p. 227201.
[106] V. Yu. Pomjakushin et al. In: New Journal of Physics 11.4
(2009), p. 043019.
[107] S. Quezel, J. Rossat-Mignod, and E.F. Bertaut. In: Solid State
Communications 14.10 (1974), pp. 941 –945. ISSN: 0038-1098.
[108] K. M. Rabe, M. Dawber, C. Lichtensteiger, C. H. Ahn, and
J.-M. Triscone. Springer Berlin Heidelberg, 2007.
[109] D. S. Rodbell, I. S. Jacobs, J. Owen, and E. A. Harris. In: Phys.
Rev. Lett. 11 (1 1963), pp. 10–12.
[110] M. Roger and J. M. Delrieu. In: Phys. Rev. B 39 (4 1989),
pp. 2299–2303.
[111] M. Roger, J. H. Hetherington, and J. M. Delrieu. In: Rev. Mod.
Phys. 55 (1 1983), pp. 1–64.
[112] A. Ruff, S. Krohns, F. Schrettle, V. Tsurkan, P. Lunkenheimer,
and A. Loidl. In: The European Physical Journal B 85.8 (2012),
p. 290.

Bibliography

[113] H. Schmid. In: Ferroelectrics 162.1 (1994), pp. 317–338.
[114] F. Schrettle, S. Krohns, P. Lunkenheimer, J. Hemberger, N.
Büttgen, H.-A. Krug von Nidda, A. V. Prokofiev, and A. Loidl.
In: Phys. Rev. B 77 (14 2008), p. 144101.
[115] S. Seki, Y. Yamasaki, M. Soda, M. Matsuura, K. Hirota, and
Y. Tokura. In: Phys. Rev. Lett. 100 (12 2008), p. 127201.
[116] I. A. Sergienko and E. Dagotto. In: Phys. Rev. B 73 (2006),
p. 094434.
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