DISS. ETH NO. 25311

UNCERTAINTY PREDICTION AND ACCURACY ASSESSMENT FOR HIGHLY
ACCURATE GNSS-BASED TRAJECTORY AND VELOCITY DETERMINATION

A thesis submitted to attain the degree of
DOCTOR OF SCIENCE of ETH ZURICH
(Dr. sc. ETH Zurich)

presented by
GEO BOFFI
MSc ETH Geom Eng., ETH Zurich

born on 27.01.1987
citizen of Genestrerio (TI), Switzerland

accepted on the recommendation of
Prof. Dr. Andreas Wieser, examiner
Prof. Dr. Steffen Schön, co-examiner
Prof. Dr. Alain Geiger, co-examiner

2018

IGP Mitteilungen Nr. 121
Uncertainty Prediction and Accuracy Assessment for Highly Accurate GNSS-Based Trajectory and
Velocity Determination
Geo Boffi
Copyright ©2018, Geo Boffi

Published by:
Institute of Geodesy and Photogrammetry
ETH Zurich

All rights reserved
ISBN 978-3-03837-008-6

ABSTRACT

Highly accurate trajectory estimation is required in many surveying applications, along with a quality
assessment of the derived parameters like positions and velocities. Quality prediction supports the
planning of the measurements whereas quality control of the measurements and results supports the
interpretation and decision making. However, assessing the accuracy of the estimated trajectory of a
moving object is a problem where the traditional approach to quality prediction and assessment (i.e.
variance propagation) may not be applicable, due to the required assumptions made for processing of
the observations, whose impact is not reflected in the propagated uncertainty. Quality control can be
achieved by comparing the results to ground truth information. However, a suitable reference
measurement system that delivers sufficiently accurate ground truth data, especially under high dynamic
conditions, may be hardly identified and in some cases, reaching the aimed accuracy may be practically
unfeasible. Consequently, the prediction and the assessment of the uncertainty has to be performed
applying an alternative approach.
Within this thesis such an approach is developed for the assessment of the accuracy of kinematic position
and velocity solutions estimated from GNSS observables using a Kalman filter. It substitutes repeated
measurements by numerical simulation, in particular by a Monte Carlo-based numerical simulation
replacing real measurements and ground truth by synthetic observations and assumptions about the
reference trajectory. A sensitivity analysis is essential to allocate the uncertainty of the model outcomes
(e.g. the accuracy of the estimated velocities) to the uncertainty of the input parameters and assumptions.
Such an analysis is performed to identify the most influential parameter(s) and consequently reduce the
computational burden of the extensive numerical simulation by fixing less influential parameters to
chosen values.
Two real case studies requiring the estimation of accurate velocities are used to demonstrate the
proposed approach for accuracy prediction and assessment. On the one hand, the trajectory of a sport
athlete performing a training session in alpine skiing was chosen as an example of a smooth trajectory
with high-variability in the dynamics. On the other hand, a dozer was chosen as representative for objects
moving slowly, under strong vibrations, and performing sharp turns. The results of the sensitivity
analysis showed that the variance of the system noise was the most influential parameter of the
developed simulation with respect to the uncertainty of the model outcomes (i.e. the bias and the
standard deviation of the estimated velocities). The developed Monte Carlo-based numerical simulation
is subsequently applied to investigate the impact of variations of the system noise on the estimated
trajectory and to identify the optimal values of the system noise variance for each epoch. A proposal for
a (near) real-time adaptivity of the system noise variance is presented, which allows adapting the system
noise variance, based on the magnitude of the acceleration of the analyzed trajectory. It is shown that
i

the speed of the investigated moving objects can be determined with a standard deviation of few mm/s
to cm/s and negligible bias.
The investigations confirm that the proposed simulation approach can be applied to predict and assess
the accuracy of estimated trajectories and the corresponding velocities without requiring ground truth
information. Although the present work focuses on GPS-based velocity estimation it can be generalized
to practically all other geodetic applications, where traditional methods for quality control and quality
prediction are not applicable.

ii

ZUSAMMENFASSUNG

Hochgenaue Trajektorien sind in mehreren geodätischen Anwendungen erforderlich. Die Schätzung der
gesuchten Parameter (Positionen und Geschwindigkeiten) soll zusammen mit einer Beurteilung ihrer
Qualität erfolgen. Die Prädiktion der Qualität der Messungen unterstützt die Planung der Messungen;
eine Qualitätskontrolle von Messungen und abgeleiteter Grössen hingegen unterstützt die Interpretation
der Resultate. Die Genauigkeitsabschätzung einer Trajektorie eines sich bewegenden Objekts ist ein
Problem, für das die traditionelle Methode für die Prädiktion und Kontrolle der Qualität (d.h.
Varianzfortpflanzung) nicht anwendbar ist, da sich die Unsicherheit der eingeführten Annahmen für die
Beobachtungsauswertung, nicht in der fortgepflanzten Unsicherheit wiederspiegelt. Qualitätskontrollen
können durchgeführt werden, indem die Resultate mit Referenzwerten verglichen werden. Geeignete,
genügend genaue Referenzdaten sind schwer zu erheben, insbesondere in hoch dynamischen
Situationen. In diesem Fall muss die Qualitätskontrolle anders durchgeführt werden.
In dieser Arbeit wird eine Methodik für eine solche Genauigkeitsprädiktion und -kontrolle von aus
GNSS Messungen abgeleiteten kinematischen Positionen und Geschwindigkeiten mittels Kalman Filter
entwickelt. Wiederholte Messungen werden ersetzt durch eine Monte-Carlo-basierte numerische
Simulation, wobei echte Messungen des untersuchten Systems und des Referenzsystems mit einer
Menge von Annahmen bezüglich der Referenztrajektorie ersetzt werden. Eine Sensitivitätsanalyse ist
wesentlich, um die Unsicherheit des Modelloutputs (zum Beispiel die Genauigkeit der geschätzten
Geschwindigkeit) der Unsicherheit verschiedener Inputparameter und Annahmen zuzuordnen. Eine
Sensitivitätsanalyse erlaubt es zudem, die einflussreichsten Parameter zu identifizieren und somit den
Aufwand für die Berechnungen zu reduzieren, da weniger einflussreiche Parameter wie deterministische
Werte behandelt werden können.
Zwei Anwendungsfälle, bei welchen die Schätzung hochgenauer Geschwindigkeiten erforderlich ist,
werden verwendet, um die Anwendbarkeit der entwickelten Methode für die Genauigkeitsprädiktion
und –kontrolle nachzuweisen. Als Beispiel für eine glatte Trajektorie mit variabler Dynamik wird die
Trajektorie eines Skifahrers während einer Trainingsession im Riesenslalom ausgewählt. Als zweites
Beispiel wird die Trajektorie einer Planierraupe gewählt, welche repräsentativ ist für sich langsam
bewegende Objekte, die sich unter dem Einfluss von starken Vibrationen befinden. Die Resultate der
Sensitivitätsanalyse zeigen, dass die Varianz des Systemrauschens des Kalman Filters der
einflussreichste Parameter für den Modelloutput (Bias und Standardabweichung der geschätzten
Geschwindigkeiten) ist. Monte-Carlo-basierte numerische Simulationen werden anschliessend
verwendet, um die Auswirkungen von Variationen der Varianz des Systemrauschens auf die
Genauigkeit der geschätzten Trajektorie zu untersuchen und damit den epochenweise optimalen Wert
zu identifizieren.
iii

Ein Ansatz für eine in Echtzeit durchführbar Adaption des Systemrauschens wird präsentiert, welcher
die Anpassung der Varianz basierend auf der Beschleunigung der untersuchten Trajektorie erlaubt. Die
Geschwindigkeit der sich in Bewegung befindlichen Objekte konnte mit einer Standardabweichung von
wenigen mm/s bis cm/s und einem vernachlässigbaren Bias geschätzt werden.
Die Untersuchungen bestätigen, dass die vorgeschlagene Methode angewendet werden kann, um die
Genauigkeit von geschätzter Trajektorie und Geschwindigkeit ohne Rückgriff auf Referenzmessungen
zu bestimmen. Obwohl, diese Arbeit sich auf die Schätzung von Geschwindigkeit aus GPS
Beobachtungen fokussiert, kann der gewählte Ansatz verallgemeinert werden auf andere geodätische
Anwendungen, in welchen traditionelle Methoden für Qualitätsprädiktion und –kontrolle ebenfalls nicht
anwendbar sind.
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1

INTRODUCTION

1.1 State of the art
Highly accurate trajectory estimation is required in many surveying applications, e.g., navigation of
unmanned aerial vehicles, positioning of mobile mapping systems, or control of the position of
construction machines. The estimation of the derived parameters, like positions and velocities, has to be
performed along with a quality assessment. Quality prediction supports the planning of the measurement
whereas quality control of the measurements and results supports the interpretation and decision making
(Kuhlmann et al. 2014). In the fields of engineering geodesy and navigation, the quality of the estimates
can be described using a number of characteristics with the corresponding statistical parameters. Among
other, the quality of the unknown parameters is characterized using accuracy, reliability, integrity, and
completeness (Hofmann-Wellenhof et al. 2008; Schweitzer and Schwieger 2011).
The unknown parameters are mainly not directly measurable but determined from other quantities
through a model (ISO 1995). This relates the variable and deterministic input parameters to the unknown
parameters. General frameworks to analyze the uncertainty have been proposed e.g. in the Guide for the
Expression of Uncertainty in Measurements (GUM) (ISO 1995) and in Sudret (2007). Uncertainty
modelling referred to the (GUM) is also applied in engineering geodesy for the evaluation of the
accuracy of a measurement system under investigation, whereas the framework proposed by Sudret
(2007) is mainly applied in civil and mechanical engineering situations.
Quality prediction of geodetic networks is a well-established practice and it is obtained by performing
a least-squares adjustment a priori without any measurement (Baarda 1968). This procedure, called preanalysis, aims at investigating the expected variance of the planned observations and the network
geometry to identify strengths and weaknesses of the networks (Marshall 2002). Least-squares-based
pre-analyses are used successfully when the functional relationship between the observables and the
unknown parameters is well-known. This is the case when all the observations may be collected and
processed together, e.g., using a least-squares adjustment of a geodetic network.
In (near) real-time applications (e.g., in navigation) it is necessary to compute several unknowns for
many epochs in time (Jekeli 2001), e.g., performing an epoch-by-epoch least-squares adjustment. Using
a recursive algorithm allows adding a dynamic model to the computation, e.g., applying a Kalman filter.
Kalman filtering may also be applied to obtain better and smoother results in post-processing
(Gelb 1976), using all the available measurements at different epochs. It yields a complex functional
relationship between the observables and the unknown parameters that must be evaluated numerically
due to the required assumptions made for processing of the observations. Consequently, the uncertainty
cannot be propagated using the traditional quality prediction (namely variance propagation) so that an
alternative approach needs to be applied.
1

A broadly applied class of computational algorithms are Monte Carlo methods (see e.g. Tanizaki 2005;
Lehmann and Scheffler 2011), which allow computing the statistical quantities required to describe the
propagated uncertainty of the model outcomes. This requires designing a computational model with a
reduced order of complexity, which is supposed to simulate the behavior of the system under
investigation. Although it is assumed that the computational model represents the reality, the model
involves approximations that influence the uncertainty of the model outcomes.
As already mentioned at the beginning of this chapter, quality is defined by several characteristics.
However, the focus of this thesis is on accuracy, which is a central characteristic of quality. Assessing
the accuracy of the trajectory of a moving object is a problem where the traditional quality control and
quality prediction are not applicable, due to the assumptions introduced (e.g. in the dynamic model),
whose impact is not reflected by the variance propagation. Depending on the measurement system, a
functional description of the errors affecting the observations may almost be impossible due to many
effects influencing the measurements (see e.g. Tiberius and Kenselaar 2000; Wieser 2002). An
exemplary situation for the mentioned difficulties is the kinematic estimation of positions and velocities
using GNSS applying a recursive algorithm.
An approach for the prediction of the navigational performance of GNSS has been proposed by Geiger
et al. (2014). The method delivers a general assessment of the expected GNSS performance without
needing real measurements. However, this is not sufficient to obtain an exhaustive quality control of a
specific measurement equipment applied to estimate a specific trajectory. Such accuracy assessments
can be achieved by validating empirically a measurement system or a processing approach against
ground truth information. Depending on the investigated situation, this may require performing
measurements under controlled conditions and comparing the processing results to the ground truth. The
latter can be obtained from measurements if the resulting accuracy of those is much better than that of
the system under investigation. Identifying a suitable reference measurement system may be problematic
in case of measurements performed over an extended capture volume, under high-dynamic conditions,
and requiring high-accuracy. Numerical simulations offer the opportunity to overcome the difficulties
of assessing the accuracy in kinematic applications by approximating the situation investigated with a
computational model, where the real measurements and the ground truth are replaced with synthetic
observations and a set of assumptions about the expected reference trajectory.
Models with a large number of input parameters are required to approximate and understand complex
processes similar to the one just introduced. A sensitivity analysis is essential in these situations and it
is defined as the allocation of the uncertainty of the model outcomes (i.e., the measure of the accuracy
of the estimated velocities) to the uncertainty of the model input (Saltelli et al. 2008). Typically, there
are two goals of a sensitivity analysis. The first goal is to establish priorities, meaning identifying the
most influential parameters. The second goal of the sensitivity analysis is a model simplification,
meaning that the parameters with a small influence can be fixed to a deterministic value without
2

significantly affecting the uncertainty of the model output. The methods of sensitivity analysis can be
separated into two categories: local and global sensitivity analyses. A sensitivity analysis with a local
character, varies the input parameters one-at-a-time in the range of possible values while keeping the
other parameters fixed (Saltelli et al. 2008). On the other hand, a global sensitivity analysis additionally
considers the interactions and the combinations of input parameters to obtain a comprehensive
quantification of the influence on the output uncertainty (Saltelli ibid.). Sensitivity analysis is an
important topic in many disciplines like structural mechanics or risk analysis, where different
approaches for global sensitivity analyses are developed and applied (see e.g. Sudret 2007). A review
on the topic of sensitivity analysis in the field of geodesy is given in Schwieger (2005).
Analyzing the quality of the estimated parameters is challenging, in particular for kinematic applications
and if highly accurate measurements in changing environmental conditions over an extended capture
volume are required (see e.g. Kleemaier et al. 2016). In this thesis, two real world study cases
(representative for such a dynamic situation) are chosen to investigate the process of accuracy
assessment of the estimated trajectory and velocities. In this work, the trajectories resulting from the
movement of an alpine skiing athlete and a construction machine are considered. In both cases GNSS is
chosen as the measurement technology, which has been proven to be a suitable measurement system for
applications close to the ones investigated herein (see e.g. Kuhlmann and Heister 2006; Wägli 2009;
Supej 2010; Gilgien et al. 2013). A Kalman filter is selected as the exemplary processing algorithm to
handle the GNSS observations of the application cases investigated. Kalman filter is a standard approach
in geodetic and navigation applications (see e.g. Jekeli 2001; Stebler 2013; Aumayer 2016) and it is a
useful tool to estimate the state vector using noisy observations, which allows adding a dynamic model
to the computation.

1.2 Main objectives of the thesis
The goal of this thesis is to develop an approach for the assessment of the accuracy of kinematic position
and velocity solutions estimated from GNSS observables using a Kalman filter without needing repeated
measurements of the system under investigation and the ground truth but applying a numerical
simulation. This is motivated by the fact that this problem cannot be solved by applying the traditional
method for quality control and quality prediction, namely the variance propagation. A quality control
could be achieved by validating empirically a measurement system or a processing approach against
ground truth information. However, a suitable reference measurement system that delivers sufficiently
accurate ground truth data, even under high dynamic conditions, is difficult to identify and in some case,
reaching the aimed accuracy may be practically unfeasible. Therefore, the main objectives of the thesis
can be summarized as follows:

3

o

A numerical simulation should be developed to provide a synthetic and controlled environment
that allows assessing the accuracy of the estimated positions and velocities.

o

The numerical simulation should allow predicting the accuracy of a specific trajectory, given a
priori knowledge of all the assumptions made in terms of, e.g., expected dynamics, measurement
noise, and processing algorithm.

o

A sensitivity analysis of the model for uncertainty quantification implemented in the numerical
simulation has to be performed in order to identify the relevant parameters. Subsequently, the
numerical simulation should be applicable to identify the optimal value of the most influential
input parameter of the model for the accuracy assessment.

o

The numerical simulation should be used to propose an approach for the improvement of the
accuracy of the estimated solution.

o

Finally, the feasibility of the proposed approach should be demonstrated on real application
cases. The application cases deal as demonstrative examples to present the developed approach.

Although this thesis considers two specific applications where the measurements are GPS observables
and they are subsequently processed using a Kalman filter, the numerical simulation should be
developed such that the replacement of the processing algorithm can occur without modifying the whole
structure of the computational model. Real measurements obtained in the application cases are used as
basis for the investigations.

1.3 Outline of the thesis
This work is structured such that first, important underlying concepts are reviewed in chapters 2 and 3
to introduce the reader to the topics of uncertainty analysis and Kalman filtering. These concepts are
used later in this thesis to explain the development of the approach for the assessment of the accuracy
for highly accurate GNSS-based kinematic measurements which are presented in chapter 4. Finally in
chapter 5 and 6 the developed approach is applied to real case studies. A brief description is given next.
Chapter 2 explains the concepts of uncertainty quantification and the Monte Carlo approach. These are
needed for the development of the numerical simulation. Furthermore, the notion of a formal sensitivity
analysis is shown and finally a short introduction to polynomial chaos expansion (PCE) is given. PCE
is a powerful tool for uncertainty propagation and can be applied as an alternative to Monte Carlo
simulations for the computation of the global sensitivity indices giving an advantage in terms of reduced
computational costs.
Chapter 3 starts with a brief introduction in the required GNSS fundamentals. This is necessary to
understand the application cases investigated later in this thesis, since GNSS observations are
implemented in the numerical simulation as synthetic observations. Thus, the measurement models and
4

the noise quantification for this kind of measurements are explained. Afterwards, the Extended Kalman
filter implemented in the numerical simulation for the kinematic processing of positions and velocities
is presented. A detailed explanation of the dynamic and stochastic model for kinematic processing is
given. Finally, a detailed description of adaptive approaches of the system noise in a Kalman filter is
presented.
Chapter 4 presents the proposed approach developed for the accuracy assessment using a Monte Carlobased numerical simulation without using a ground truth. This chapter shows the process constraints
introduced in the numerical simulation in terms of reference trajectory, measurement type, and
processing algorithm. Subsequently the computational model for uncertainty quantification is defined,
including the input and the output parameters of the numerical simulation. The proposed method is
flexible, since it does not require any ground truth. However, it depends on the uncertainty of the input
parameters and in particular on the process constraints. Therefore, a global sensitivity analysis is
performed. The developed MC-based numerical simulation is applied to investigate the impact of
variations of the system noise on the estimated trajectory and to identify the optimal values of the system
noise variance for each epoch. Finally, a proposal for a (near) real-time adaptivity of the system noise
variance is presented, which allows adapting the system noise variance, based on the magnitude of the
acceleration of the observed moving object.
In chapter 5 and 6, the proposed approach for the assessment of the accuracy for highly accurate GNSSbased kinematic measurements is applied to two application cases for a quantitative evaluation of the
proposed approach. To demonstrate the feasibility of the method and the applicability of the proposed
approach to real case studies these chapters focus on speed. The application case I considers the
trajectory of an alpine skiing athlete measured in a framework of a biomechanical investigation
(chapter 5) whereas the application case II analyzes the trajectory of a construction machine (chapter 6).
First, the models for uncertainty quantification are defined for both specific applications. Second, a
global sensitivity analysis is performed in order to obtain a better understanding of the models and to
identify the influential and the non-influential variable input parameters. Third, the developed models
are applied to analyze the impact of variations of the system noise on the accuracy of the estimated
trajectories and velocities. In order to validate the accuracy assessment obtained from the developed
numerical simulation, in chapter 6 the results of the MC-based simulation are compared to the results of
a real empirical comparison obtained applying an external reference system (i.e., a total station tracking
the GNSS antenna mounted on the roof of the construction machine).
Finally, chapter 7 concludes the thesis with a short summary and a few comments about the relevance
of the presented methods and results and about the perspectives of future work.

5
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2

UNCERTAINTY ANALYSIS

The propagation of random deviations and their quantification in linear and non-linear models is an
essential task in engineering geodesy (Kuhlmann et al. 2014). Both the variable inputs and the
computational model are affected by uncertainties, which in turn have an influence on the uncertainty
of the output of the model (the unknown parameters). Mostly, the variable inputs of the model are
observations (e.g. distances, angles, time differences), that are inevitably affected by random and
systematic deviations (see e.g. Jekeli 2001; Niemeier 2008). The observations are connected to the
output parameters through a functional model. Since the observations are not entirely described in a
deterministic sense, it is necessary to define a stochastic model. The quantification of the uncertainty is
performed using statistic measures like standard deviations, confidence ellipses and variance-covariance
matrices (VCM).
In terms of accuracy prediction while planning a geodetic network, it is a well-established practice to
perform a least-squares adjustment a priori without any measurements in order to propagate the expected
accuracy to the final coordinates (Baarda 1968). This procedure, called pre-analysis, allows predicting
if a certain configuration is able to fulfill the aimed accuracy level (specified a priori 1) and it allows
selecting a proper measurement strategy, considering the available resources (see e.g. Vaníček and
Krakiwski 1986; Ding and Coleman 1996; Schön 2003). However, depending on the choice of the model
and on the quantification of the noise, the obtained a posteriori VCMs quantify the random variations
but they are influenced by the a priori assumptions and they do not deliver any indication about the
correctness of the underlying assumptions. Therefore, the obtained VCMs describe the real accuracy
only in case that all the chosen hypotheses correspond to the reality. In case of a suboptimal design of
the model, mostly due to the impossibility of representing perfectly the reality with the processing filter,
the model establishes a wrong relation between the input parameters and the unknown output
parameters. Consequently, the filter may estimate parameters in a biased way, increasing the error of
the estimates (Gelb 1976). Therefore, the VCM does usually not deliver enough information for the
evaluation of the uncertainty of the obtained unknown output parameters.
A general framework for an exhaustive uncertainty analysis is proposed by Sudret (2007). This can be
well applied for the quantification of the uncertainty of positioning results using a Kalman filter as
investigated within this thesis (the theoretical fundamentals of Kalman filter are presented later in
chapter 3). Figure 2.1 shows a simplified visualization of the framework for the uncertainty analysis.

1

In the process of designing a geodetic network, the operator needs to select the aimed accuracy of the unknown

parameters (primarily the station coordinates) and the expected accuracy of the observations.

7

Figure 2.1: Overview of the process of uncertainty analysis of an exemplary trajectory
inclusive velocities (adapted from Sudret 2007)

{

}

The first step is the definition of the input parameters  = x1UQ , x2UQ , , xNUQinput , the output parameters

{

}

 = y1UQ , y2UQ , , yNUQoutput , and the design of the computational model 2 M UQ for the quantification of the

uncertainty, which relates the variable and deterministic input parameters to the output parameters. In
the application cases investigated in this thesis, M UQ relates measurement noise, the system noise
applied in the kinematic estimation of the positions and further input parameters to quality indicators of
the estimated positions and velocities as output parameters.
The second step corresponds to the quantification of the uncertainty related to the variable input
parameters, meaning identifying the input parameters that are not well known and modelling them in a
probabilistic context. The uncertainty related to the input quantities of the model M UQ for uncertainty
quantification can be categorized according to the Guide to the expression of uncertainty in measurement
(GUM) (ISO 1995). The variations directly determined from a series of observations are defined as

2

Whitin this chapter, the term model ( M UQ ) defines a set of computational steps that relates the input to the

output parameters in the frame of the process of uncertainty quantification. M UQ should not be confused with the
notation M KF describing the processing algorithm for kinematic estimation of positions using Kalman filter
introduced in chapter 3. The estimated vector containing the positioning results X̂ r should not be mixed with
X UQ , which represents the random vector containing all the input random variables in the process of uncertainty

quantification.
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uncertainty of type A, whereas if the variations are brought into the measurement from external sources
they are defined as uncertainty of type B.
The assumed probability density functions (PDF) f X are supposed to describe the expected variability
i

of the assumed set of input parameters  . The association can occur with or without available data. If
empirical data are available, an appropriate distribution is identified by applying methods of descriptive
statistics or statistical inference. Alternatively, if no data are available, the association to the right
distribution is supposed to follow the principle of maximum entropy (Jaynes 1957). The entropy is the
uncertainty associated with a probability distribution (Kapur 1989), which is maximized for the most
suitable distribution given a set of constraints (e.g. positiveness, bounds, moments, …) assumed to be
known a priori. Regarding the application cases considered herein, either the variable input parameters
are Gaussian distributed (for the parameters with a range of possible values, which are assumed to be
unbounded) or uniform (for the parameters with a range of possible values that is assumed to be limited
to certain boundary values). More details about the constraints applied on the specific applications
investigated in this thesis can be found in chapters 4 and 5.
In the third step, the uncertainty needs to be propagated from the input parameters through the
model M UQ . In this thesis, this is obtained by applying a Monte Carlo (MC) simulation to the unknown
output parameters contained in the vector 3 Yˆ UQ = M UQ ( X UQ ) .
The fourth step consists of the sensitivity analysis, which is defined as the quantification of the relative
importance of each of the variable input parameters of the model. Once the influence of each variable
input parameter is known and a better understanding of the problem is provided, the sensitivity analysis
step is supposed to be followed by a model simplification (Saltelli et al. 2008), meaning that the noninfluential variable parameters can be considered as deterministic input parameters. This plays an
important role in the proposed approach for accuracy assessment. Since a general set of assumptions
(e.g. about the geometry of the trajectory investigated) needs to be made a priori, a deeper knowledge
about the influence of each of the input parameters allows reducing the computational costs and
improving the significance of the obtained results. The topic of sensitivity analysis is further covered in
section 2.2.
In the fifth step, once the (non-) influential 4 input parameters are identified, the MC-based numerical
simulation can be applied to the investigated application cases in order to obtain the true errors of the

3

UQ
The general form of a vectorial output Y = Y1

Y2

... YNoutput  of the computational model M UQ is

considered in this thesis, where Y1 , Y2 , ..., YNoutput are random variables and Y UQ is a random vector.
4

It is common practice to define an input parameter with a sensitivity index  1 as non-influential, although

strictly speaking the parameter may have a very small, but yet negligible, influence.
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estimated positions (and velocities) and the corresponding uncertainties of the estimated solutions for
each epoch. Additionally the approach presented later can be applied to identify the optimal value for a
specific input parameter, or to test the suitability of the processing algorithm for the application cases
investigated.
The general framework for uncertainty analysis followed herein can be related to a similar framework
described by the GUM (ISO 1995). The uncertainty framework defined by GUM assumes the
application of the variance propagation and the characterization of the output quantity by a Gaussian or
a t-Distribution, whereas a numerical approximation applying MC is described in (ISO 2008). The
formalism of the framework for uncertainty analysis proposed by Sudret (2007) are used within this
thesis.
The approach for the assessment of the accuracy for kinematic positioning using Kalman filter and the
estimation of the true errors proposed in this thesis is based on a MC-based numerical simulation.
Therefore, in the next section some important concepts about the MC approach are reviewed.

2.1 Monte Carlo simulations
Different strategies for the propagation of the uncertainty may be applied, which can be classified
depending on the required statistical analysis of the response Y UQ (Sudret 2007). MC simulations allow
estimating sample sets of response quantities Ŷ UQ , which may be used to estimate 5 the mean
values μˆ Yˆ , the standard deviations σˆ Yˆ , and the response PDF 6. The user defines a domain of possible
UQ

UQ

inputs for the MC simulation and computes artificial sample sets of numbers that "look like" random,
based on the assumed distribution, using a deterministic algorithm. The set of samples is supposed to
span the entire range of possible situations that the real application will incur. Since the random number
generators only produce standard uniform distributions, the aimed distribution associated to the variable
inputs is generated, e.g. by applying an inverse-transform (see e.g. Devroye 1986). Assuming the
variable input to be independent allows sampling each variable independently. If the input random
vector has dependent components, then an isoprobabilistic transform (see e.g. Lemaire 2009) should be
first applied in order to obtain an approximation of the input vector as a function of a standard normal

5

Since the output of the model Ŷ UQ is a vector, the resulting mean values μˆ Yˆ UQ and the standard deviations σˆ Yˆ UQ

are vectors.
6

The PDF is defined according to the Bayesian statistics, meaning that the probability distribution of a random

variable (anticipating the detailed explanation of chapter 4, the random variables are the quality indicators of the
estimated positions and velocities) given the evidences obtained from an experiment (or in this specific case, from
the numerical simulation).
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vector 7. The process of choosing the appropriate distribution for each of the variable inputs, sampling
according to the distribution, and computing the corresponding outputs is defined as experimental design
(ED) and many studies focus on the optimization of this procedure. Different methods for sampling in
the space of the possible outcomes of the variable input parameters have been proposed (Latin
Hypercube Sampling (Mckay et al. 1979), Sobol' sequnces (Sobol’ 1967), etc. ). MC sampling (obtained
using standard random generators) delivers sample points of Ŷ UQ that are barely sampled in the very
low probability regions 8. This would be inappropriate in risk analysis, where the focus is on computing
small probabilities of failure, while it is appropriate for the applications targeted at in this thesis, i.e. the
prediction of typical accuracies. In this thesis a high number of samples and the corresponding
computational costs are not critical factors since the analysis is assumed to be performed before
(accuracy prediction) or after (accuracy assessment) carrying out the measurements and not necessarily
in real-time. Consequently, the sampling of the input parameters is performed using standard random
numbers generators.
UQ j
UQ j
For the j -th realization of the random input vector X ( ) =  X 1 ( )

X 2UQ ( j ) ... X NUQinput( j )  , the MC

(

)

UQ j
UQ j
simulation computes the corresponding j -th realization of the model Yˆ ( ) = M X ( ) . Afterwards,

{

}

UQ j
the results are aggregated yielding a set Yˆ ( ) , j = 1,..., N sim of N sim samples of the output response of

the model, where N sim is the sample size of the MC simulation. This allows processing the results
statistically and therefore obtaining the corresponding PDF, μˆ Yˆ

UQ

, and σˆ Yˆ

UQ

. The processing is

performed element-wise. For simplicity, the following notation is used herein
μˆ Yˆ UQ =

=
σˆ 2Yˆ UQ

where σˆ Y2ˆ

T

1
N sim

1
N sim

Nsim

∑ Yˆ

j =1

,

(2.1)

j =1

∑ ( Yˆ
−1
Nsim

UQ ( j )

UQ ( j )

− μˆ Yˆ UQ

T

)

2

.

=
σˆ 2ˆ (1)
ˆ
ˆ
ˆ  ˆ
ˆ
ˆ 
σ Yˆ (1) σ Yˆ ( 2) ... σ Yˆ ( N )   σ Yˆ (1) σ Yˆ ( 2) ... σ Yˆ ( N ) 
 Y

(2.2)

σˆ Y2ˆ ( 2)

T

... σˆ Y2ˆ ( N )  and

[ ][ ]

denotes the Hadamard product.
MC simulations are broadly applied in engineering because they are theoretically simple, non-intrusive
(the model M UQ can be a black-box), computationally straightforward, well-suited for parallel
processing, and do not depend on the type or the complexity of the considered problem (see e.g.
Rubinstein 1981; Schuëller 2001). The results of a MC simulation will converge to the exact solution as
long as the sample size N sim is large enough (see e.g. Tanizaki 2005). The sample size N sim depends on
7

In this thesis the input random vector is assumed to have independent components.

8

If the sample size N sim is high enough, the output random vector Ŷ UQ tends to be normally distributed.
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the aimed (1 − α ) confidence interval of the results obtained. Although MC-based simulations have a

(

)

1, ..., N sim tends
low convergence rate of  (1 N sim ) (meaning that the resulting log Yˆ UQ ( j ) − Y UQ , j =

towards a straight line with slope -1 2 ) this approach can be applied to identify the statistical moments
of the quantities of interest, which in the framework of this thesis are the accuracy indicators of the
estimated positions and velocities (see chapter 4).
As mentioned in Sudret (2007), a rigorous use of a MC-based numerical simulation requires that also
the corresponding (1 − α ) confidence interval of the results is calculated and communicated. Since we
are dealing with the estimation of positions and velocities (as it is a typical case in geodetic problems),
the (1 − α ) confidence interval should be computed using the percentile of a t-distribution, when
estimating the mean values and the standard deviations from the same data set. However, if N sim is large,
the distribution of the response Ŷ UQ is supposed to tend to the normal distribution N ( μ Yˆ , σ Yˆ
UQ

UQ

) , due

to the central limit theorem (Proppe et al. 2003). The confidence interval is therefore computed elementwise applying 9
μˆ Yˆ UQ −

uα 2 σˆ Yˆ UQ
N sim − 1

≤ μ Y UQ ≤ μˆ Yˆ UQ +

uα 2 σˆ Yˆ UQ
N sim − 1

,

(2.3)

where uα 2 represents the 1 − α 2 percentile
α 
uα 2 = ‐Φ −1   .
2

(2.4)

min
is defined as
A MC approach is statistically well defined, meaning that the minimal sample size N sim

the largest value of all the minimal sample sizes computed element-wise for the random vector Ŷ UQ
(see e.g. Sudret 2007)


uα 2 ⋅ γˆ Yˆ UQ

min
N sim max 1 + ceil 
=
 ε μˆ

ˆ UQ
Y








2


 .

 

(2.5)

This is obtained by defining the vector of the maximal acceptable relative deviations εμˆ ˆ UQ of the
Y

empirical mean value μˆ Yˆ

UQ

ε μˆ ˆ UQ =
Y

9

μˆ Yˆ UQ − μ Y UQ
μˆ Yˆ UQ

,

(2.6)

For simplicity again a shorthand notation a ≤ b is used actually indicating that the relation holds for each row of

the vectors.
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the estimated coefficient of variation γˆ Yˆ

UQ

of the quantity of interest
γˆ Yˆ UQ =

σˆ Yˆ UQ
μˆ Yˆ UQ

,

(2.7)

and the (1 − α ) confidence interval (Sudret 2007). The ceil -function rounds up to the next integer value.
Once the desired convergence μˆ Yˆ

UQ

− μ Y UQ is fixed (which depends on the application of interest) and

the dispersion of the simulated results with respect to the mean value is assumed to be known (which is
min
min
quantified by γˆ Yˆ ), N sim
can be determined. If (2.7) and (2.6) are inserted in (2.5), N sim
can be
UQ

rewritten as

 u ⋅ σˆ UQ
ˆ
α 2
Y
=
N
max 1 + ceil 

 μˆ Yˆ UQ − μ Y UQ


min
sim






2






(2.8)

which is a reformulation of
μ=
μˆ Yˆ UQ +
Y UQ

min
Figure 2.2: Visualization of N sim
as function of

uα 2 σˆ Yˆ UQ
min
N sim
−1

ε μˆ ˆ UQ
Y

.

(2.9)

and γˆYˆ UQ assuming (1 − α ) =
95% .

min
Figure 2.2 shows how drastically N sim
grows as soon as the required ε μˆ ˆ UQ is low and γˆYˆ

UQ

increases.

Y

If the computational cost is not a constraint, then MC-simulations are a very powerful tool because they
allow modelling complex systems. However, when the computational cost is a decisive criterion,
alternatives to MC-simulations, e.g. polynomial chaos expansion (Sudret 2007), have been proposed in
order to gain efficiency in the computation of the statistical moments. A short description of polynomial
chaos expansion (PCE) is given in the section 2.2.3, since it is a useful tool to perform global sensitivity
analyses.
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2.2 Sensitivity Analysis
Models with a large number of input parameters are required to simulate and understand complex
processes. A sensitivity analysis is essential in these situations and it is defined as the allocation of the
uncertainty of the output Y UQ of a model M UQ to the uncertainty of the model input X UQ (Saltelli et
al. 2008). Due to the complexity of the process investigated, the design of the computational model
M UQ involves approximations (step I and II in Figure 2.1), but it is assumed to be close to the real

process. The approximations have an influence on the uncertainty of the model response.
An analysis of sensitivity aims at investigating how the variability of each variable input affects the
output of the model and its uncertainty. Typically, there are two goals of a sensitivity analysis.
The first goal is to establish priorities, meaning identifying the most influential parameters. These are
assumed to be the ones for which a deeper understanding is necessary in order to reduce the uncertainty
of these specific input parameters and therefore to reduce the uncertainty of the model response.
The second goal of the sensitivity analysis is a model simplification (Saltelli et al. 2008), meaning that
the parameters with a small influence can be fixed to a deterministic value without significantly affecting
the uncertainty of the model output. This allows reducing the complexity of the model and consequently
the computational costs.
In order to establish the priorities, it is necessary to define a quantitative measure of importance to rank
the input parameters (Sudret 2007; Saltelli et al. 2008). This allows gaining a better understanding of
the model through the investigation of the main effects caused by the input parameters. The most
influential factor is defined as the one that causes the greatest reduction in the empirical variance of the
model output if this factor is fixed to its nominal value 10 xi* (Saltelli et al. 2008). This variance 11 can be
defined as

{ } {

}

=
V M UQ ( X ~UQi ) ,
σˆ 2Yˆ UQ : V=
Yˆ ~UQ
i
~i

(2.10)

where X ~iUQ is defined as
=
X ~UQi =
X 1 , X 2 , ... , X i xi* , ... , X Ninput  ,

(2.11)

with all the input factors considered as variables except X i , which is fixed to xi* . However, the nominal
value xi* should consider a range χ i* of possible nominal values. If not, using (2.10) may be
10

The nominal value xi* is a convenient designation, which may in some cases be hypothesized from previous

measurements or good practice but is mainly not obtained from data analysis.
11

{ } {

(

ˆ UQ
=
μˆ Y UQ : E=
Y
E M UQ X ~UQi
The corresponding expected values are defined as
~i
~i

)} .
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problematic, since the computation of σˆ 2Yˆ

UQ
~i

depends on the position of xi* in the range χ i* of possible

nominal values, which is assumed to be representative for the parameter of interest. Defining

{ } and (σˆ )

μˆ Yχˆ iUQ = E σˆ 2Yˆ UQ
*

~i

~i

χi*

ˆ UQ
Y
~i

2

{ } over the whole range χ

= V μˆ Yˆ UQ
~i

*
i

, allows obtaining an indicator of the

influence of the i -th input parameter that is independent of χ i* (assuming that xi* is contained in χ i* ).
2
Following Saltelli et al. (2008), the total variance σˆ Yˆ UQ can therefore be decomposed as follows

{ }

( ).

*
*
2
ˆ UQ
ˆ Yχˆ iUQ + σˆ Yχˆ iUQ
σˆ =
ˆ UQ : V Y= μ
Y
~i

2

(2.12)

~i

The i -th parameter is considered as an influential input parameter when X i fixed to a xi* (varying
within

χ i* ) results in a high value of

σˆ Yχˆ iUQ . In case the remaining parameters
*

~i

ˆ UQ (quantified by μˆ χˆ iUQ ) are
 X 1 , X 2 , ... , X i −1 , X i +1 , ... , X N  are non-influential, the deviations of Y
~i
Y~i
input 

*

χ*

low. Therefore, a large value of σˆ Yχˆ iUQ or a low value of μˆ Yˆ i~UQi indicate that the factor xi is an important
*

~i
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one .
The methods of sensitivity analysis can be separated into two categories: local and global sensitivity
analyses. A sensitivity analysis with a local character, varies the variable input parameters one-at-a-time
in the range of possible values while keeping the other parameters fixed, as it is described by GUM
(ISO 2008). On the other hand, a global sensitivity analysis additionally considers the interactions and
the combinations of input parameters to obtain a comprehensive quantification of the influence on the
output uncertainty (Saltelli et al. 2008).
Numerous studies investigated the topic of sensitivity analysis and its application in many disciplines:
from complex hydrological models (Deman et al. 2016) to earthquake engineering (Mai 2016).
Sensitivity analysis is also applied in geodesy. Ding and Coleman (1996) investigated how the
parameters estimated from a Gauss-Markov model have varying sensitivity to the individual
observations, in order to obtain a better understanding of the model. The contribution of an individual
observation to the accuracy and the reliability of the estimated network was quantitatively measured.
King et al. (2003) and King (2004), following an approach originally presented by Santerre (1991),
investigated how biased signals introduced in the observations propagate to the uncertainty of the
estimated coordinates throughout the least-squares adjustment. Schwieger (2006) proposed to use a
global sensitivity approach (see section 2.2.1) to identify the influence of different processing
approaches at different epochs of a simulated trajectory. The study considered the observations (obtained

12

(

For simplicity the partial variance will still be symbolized by σˆ 2Yˆ UQ instead of using σˆ Yχˆ iUQ
~i

*

~i

).
2
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from GNSS and IMU) as the variable input parameters, the Kalman filter as the model and the estimated
positioning results as the output of the model investigated in the sensitivity analysis. Different
positioning filters were afterwards compared. However, the processing parameters (e.g. system noise of
the Kalman filter) were not considered influenced by uncertainty but as a deterministic input in the
sensitivity analysis.

2.2.1 Local sensitivity analysis
A local sensitivity analysis is interesting as a pre-analysis of the sensitivity in case of models requiring
high computational costs or in situations where it may not be possible to run a sufficient number of MC
simulations and even an approximation of the original model with a PCE may not converge (see
section 2.2.3). The main idea is to rank the input parameters, based on the influence (Tiede et al. 2005).
This can be obtained by simply changing one input at a time and analyzing its effect on the output
(Saltelli et al. 2008) and it can be quantified from the partial derivative of the functional relationship as
described by GUM.

2.2.2 Global sensitivity analysis
A global sensitivity analysis considers, additionally to the single variations of possible values of every
variable input parameter X i (defined as global sensitivity of first order), all the corresponding
interactions and combinations of values between the input parameters (defined as global sensitivity of
higher order). Many approaches for global sensitivity analysis have been proposed, which are mainly
classified in regression-based and variance based methods (Sudret 2007; Saltelli et al. 2008). Examples
of regression-based methods are the standardized regression coefficients approach (it assumes a linear
regression of the output on the input vector), the partial regression coefficients (it is based on regressions
of the model on all inputs except one), or the Pearson correlation coefficient (it measures the effect of
each variable input by the correlation computed with the output of the model). Since these approaches
assume a linear regression, in case of non-linear models the response sensitivity cannot be represented
properly. The variance-based methods are obtained by decomposing the variance of the output as the
sum of the contributions of each variable input. In order to obtain a global sensitivity of higher order,
variance-based methods apply a combination of more variable inputs. Different approaches have been
proposed: e.g. Fourier amplitude sensitivity test (FAST) indices (Cukier et al. 1978) or the total
sensitivity indices proposed by Sobol’ (2001). The computation of both, the FAST indices and the total
sensitivity indices, do not require any linearity or monotonicity of the function. The results obtained in
a comparison between different SA methods (Nguyen and Reiter 2015) show consistent similar
outcomes obtained computing FAST and total sensitivity indices. Within this thesis, the total sensitivity
16

indices are arbitrarily chosen to quantify the sensitivity. These are broadly applied in different and
complex application cases (see e.g. Tiede et al. 2005; Mai 2016).
A first order sensitivity index sˆi for the parameter xi can be described as the normalized partial variance
(Sobol’ 2001)
σˆ Y2ˆ UQ

sˆ i =

.

~i

σˆ Y2ˆ UQ

(2.13)

The interaction between different input parameters xi and xi is contained in the partial variance σˆ 2Yˆ UQ ,
1

2

~ i1 ,i2

which fixes the input factors X i1 = xi*1 and X i2 = xi*2 to the corresponding nominal values. Following
Saltelli et al. (2008), it can be written as:

{{

ˆ UQ X = x* , X = x*
σˆ 2Yˆ UQ = V E Y
i1
i1
i2
i2
~ i1 ,i2

}} − σˆ

2
ˆ UQ
Y
~1

− σˆ Y2ˆ UQ .

(2.14)

~2

σˆ 2Yˆ UQ quantifies the uncertainty caused by the interaction between xi and xi . The corresponding
1

~ i1 ,i2

2

sensitivity index of second order can be written as
sˆ i1 ,i2 =

σˆ Y2ˆ UQ

~ i1 ,i2

σˆ Y2ˆ UQ

.

(2.15)

This can be generalized for any arbitrary subsets of input parameters { xi1 ,..., xik } , kept fixed to their
corresponding nominal values { xi*1 ,..., xi*k } , and the corresponding partial variance can be written as
σˆ Y2ˆ s UQ

~{i1 ,...,is }

. If all the partial variances for all the variable input parameters are summed up, we obtain the

total variance σˆ 2Yˆ

UQ

(Saltelli et al. 2008)
=
σˆ 2Yˆ UQ

Ninput

∑ σˆ

=i 1

2
ˆ UQ
Y
~1

+

Ninput Ninput

∑ ∑ σˆ

=
i1 1 i2 > i1
i1 ≠ i2

2
ˆ UQ
Y

~ i1 ,i2

+ ... + σˆ 2Yˆ UQ

~ i1 ,i2 , ... ,iN

.

(2.16)

input

The total sensitivity index sˆ itot of a certain parameter xi can be calculated as the sum of all sensitivity
indices of any order that contain this specific parameter xi as fixed (Saltelli et al. 2008)
Ninput

Ninput Ninput

=
k1 1
k1 ≠ i

=
k1 1 k2 > k1
k1 ≠ k2
k1 ≠ i

sˆ itot =
sˆ i + ∑ sˆ i , k1 +

∑ ∑ sˆ

i , k1 , k2

+ ... .

(2.17)

A parameter xi showing a low value of sˆ itot can be set equal to a deterministic value without appreciably
affecting the calculated value of the output's uncertainty (Sobol’ et al. 2007). Generally, a parameter is
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considered as non-influential if sˆ itot  1 . Sobol’ et al. (2007) showed that a non-influential parameter
fixed to an arbitrary value causes an approximation error δ YiUQ of the same order of magnitude as sˆ itot .
Following Sobol’ et al. (2007), the expected value of the approximation error is
E {δ YiUQ }= 2 ⋅ sˆ itot .

(2.18)

Sensitivity indices are usually calculated using MC simulations (see e.g. Sobol’ 2001; Saltelli 2002;
Sudret 2008). For the computation of the total sensitivity index it is necessary, among others, to calculate
the mean value μˆ Yˆ

UQ

and the total variance σˆ 2Yˆ

UQ

of the model outputs applying (2.1) and (2.2).

Saltelli (2002) proposed a method for the estimation of the sensitivity indices using MC. An
experimental design of 2 ⋅ N sim samples of the variable input parameters is required and these are
collected in the matrices X UQ ( a ) and X UQ (b )

X

X

UQ ( a )

UQ ( b )

 X 1(1)

 X 1( 2)
=
 ...
 (N )
 X 1 sim

 X 1( Nsim +1)

 X ( Nsim + 2)
= 1
 ...
 ( 2⋅ N )
 X 1 sim

X 2( )

...

X i( )

X 2( 2)

...

X i( 2)

...

...

...

1

X 2(
X 2(
X 2(

Nsim )

Nsim +1)

1)

X N( input

) 
... X N( 2input
,
...
... 

Nsim )
... X N( input


1

... X i(

...

Nsim )

X i(

Nsim +1)

Nsim + 2 )

... X i(

Nsim + 2 )

...

...

...

X 2(

2⋅ Nsim )

...

...

X i(

2⋅ Nsim )

sim
X N( input

(2.19)

+1)



Nsim + 2 ) 
... X N( input
.
...
... 

2⋅ N
... X N( inputsim ) 

...

N

(2.20)

A third matrix X UQ ( c ) is afterwards formed by all the columns of X UQ (b ) , except for the i -th one, which
is taken from X UQ ( a )

X UQ ( c )

The partial variance σˆ 2Yˆ

UQ
~i

~i

UQ ( a )

X 2(
X 2(

Nsim +1)

...

X i( )

...

X i(

...

...

...

2⋅ Nsim )

... X i(

Nsim + 2 )

X 2(

1

2)

Nsim )

sim
X N( input

+1)



Nsim + 2 ) 
... X N( input
.
...
... 

2⋅ N
... X N( inputsim ) 

(2.21)

)) − (μˆ

(2.22)

...

N

is computed applying

=
σˆ Y2ˆ UQ

where μˆ Yˆ

 X 1( Nsim +1)

 X ( Nsim + 2)
= 1
 ...
 ( 2⋅ N )
 X 1 sim

1
N sim

∑ (M (X
Nsim

j =1

UQ ( a )

( j)

) M (X

UQ ( c )

( j)

ˆ UQ ( a )
Y

)

2

,

is the empirical mean value computed applying (2.1). The partial variance σˆ Y2ˆ

UQ
~i

can be

used to calculate the first order sensitivity index sˆ i using equation (2.13). Instead of computing the
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whole summation of the sensitivity indices for all the remaining orders (2.17), it is possible to use the
complementary partial variance σˆ 2Yˆ

UQ
i

σˆ 2Yˆ UQ
=
i

1
N sim

∑ (M (X
Nsim

UQ ( b )

( j)

j =1

) M (X

UQ ( c )

( j)

)) − (μˆ

ˆ UQ ( a )
Y

)

2

(2.23)

for the computation of the total sensitivity index sˆ itot . Subsequently sˆ itot can be computed applying
sˆ itot = 1 −

since the complementary partial variance σˆ 2Yˆ

UQ
i

σˆ 2Yˆ UQ
i

σˆ 2Yˆ UQ

,

(2.24)

gives the first order effect of all the other parameters

except of the parameter xi (Saltelli et al. 2008).
A simple numerical example should highlight the meaning of the sensitivity indices. The
exemplary model M UQ ( ex ) describes a similarity transformation (Figure 2.3) of the vector
 y ex 
 y ex 
η ex 
UQ ( ex )
=  ex  applying the translation vector  0ex  , the
 ex  into the output vector Y
ζ 
x 
 x0 

rotation angle α ex and the scaling factor mex
 α ex 
 ex 
m 
ex
 cos (α ex ) sin (α ex )  η ex 
 ex   y ex 
y 
UQ ( ex )
UQ ( ex ) η
ex
0
  ,
: M
Y = =
=
  ex  + m 
ex
ex 
-sin (α ex ) cos (α ex )  ζ ex 
 ζ   x0 
x 


 y ex 
0
 ex 
x 
 0 

(2.25)

where the input vector X UQ ( ex ) is defined as

X UQ ( ex )

α ex 
 ex 
m 
η ex 
=  ex  ,
ζ 
 y ex 
 0ex 
 x0 

(2.26)

and contains all the variable input parameters.
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ζ ex

x ex [ m ]

η ex
y ex [ m ]
Figure 2.3: Similarity transformation applied in the numerical example

If we consider all the input parameters as random variables, it is necessary to understand
the influence of the uncertainty of the model input X UQ ( ex ) on the uncertainty of the model
output Y UQ ( ex ) . The chosen PDFs of the model input X UQ ( ex ) and the corresponding values
are contained in Table 2.1.
Variable
input

X UQ ( ex )

α ex 
 ex 
m 
η ex 
=  ex 
ζ 
 y ex 
 0ex 
 x0 

Distribution
N (µ =
30°, σ =
1°)
=
U (a 0.99999,
=
b 1.00001)
=
N ( µ 3=
m, σ 0.2 m)
=
N ( µ 1=
m, σ 0.2 m)
=
N ( µ 5=
m, σ 0.3 m)
=
N ( µ 7=
m, σ 0.3 m)

Table 2.1: Variable inputs of the numerical example with the corresponding PDFs.

The sensitivity indices of first order sˆi of the output vector Y UQ ( ex ) are computed applying
(2.13), whereas the total sensitivity indices sˆ itot are computed using (2.24). The sensitivity
indices for all the input parameters are computed for N sim = 1000 . The computation of the
sensitivity indices of exemplary model is repeated 1000 times in order to consider the
variability of the nominal value. The mean values of the estimated sensitivity indices are
contained in Table 2.2 and visualized in Figure 2.4.
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Variable
input

X UQ ( ex )

α ex 
 ex 
m 
η ex 
=  ex 
ζ 
 y ex 
 0ex 
 x0 

x ex

y ex

sˆ i

sˆ itot

sˆ i

sˆ itot

0.00

0.00

0.01

0.00

0.89

0.88

0.24

0.27

0.01

0.01

0.02

0.02

0.00

0.00

0.06

0.06

0.10

0.09

0.00

0.00

0.00

0.00

0.65

0.66

Table 2.2: First and total sensitivity indices for all the variable input parameters.

Figure 2.4: First and total sensitivity indices for all the variable input parameters

The results show that the parameter mex is the most influential one for the output parameter
ex
y ex , whereas the parameter x0ex is the most influential one for x . This can be already

identified computing sˆi . Slight differences are visible when the total sensitivity indices are
considered, meaning that the interactions between the parameters also play a role.
The estimation of sˆ itot even using (2.24) instead of (2.17) requires a high number of MC evaluations
(Sudret 2007), which may be practically unfeasible to compute if N sim is high. Therefore an alternative
computation approach is applied within this thesis, which is presented in the next section.

2.2.3 Sensitivity analysis using Polynomial Chaos Expansion
In case where a single realization Y UQ ( j ) of the model M UQ has high computational costs, it may be
nearly impossible to calculate the necessary MC evaluations to obtain the sensitivity indices (see
section 2.2.2). One of the major disadvantages of MC simulations is that the model responses Ŷ UQ are
investigated point-by-point, meaning that if two samples X UQ ( j ) and X UQ (l ) are almost equal, two
independent realizations of the model are evaluated (Rubinstein 1981). Previous research (see e.g.
Sudret 2008; Crestaux et al. 2009) proposed to compute the sensitivity indices by first approximating
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the response Y UQ of a computational model M UQ of interest with a series of orthonormal polynomials,
and subsequently using the coefficients of the expansion to compute the sensitivity indices.
The main idea is that a random output vector Y UQ can be determined using a multivariate orthonormal
polynomial of degree ξi for each random variable X i , with the corresponding elements defined as
Pξ(i i )
,
Ψ ξ(ii ) ( X i ) =
Pξ(i i )

(2.27)

and the coefficients θξ , resulting in
i

Y UQ= M UQ ( X UQ )=

∑ ...ξ ∑
ξ
1 ∈

Ninput ∈

(N

θξ

1,..., Ninput

Ψ ξ(11) ( X 1 ) ... Ψ ξ N input

)

input

(X ).
Ninput

(2.28)

Pξ(i i ) is the corresponding orthogonal polynomial, which is selected based on the marginal PDF f X i of

the corresponding input parameter. The random variables considered later within this thesis are
assumed to be either Gaussian or uniformly distributed and the associated orthogonal polynomials are
Legendre or Hermite (Abramowitz and Stegun 1972).
For simplicity and following the notation found in the literature (Sudret 2008; Crestaux et al. 2009), the

{

multi-index ξ = ξ1 ξ 2 ... ξ Ninput

} is introduced, so that (2.28) can be rewritten as
Y UQ = ∑ θ ξ Ψ ξ ( X UQ ) ,

(2.29)

ξ∈

where Ψ ξ ( X UQ=
)

Ninput

∏ Ψξ ( X ) . The choice of the polynomials depends on the joint PDF of the input
i

i =1

i

i

random vector X UQ , whereas the coefficients θ ξ need to be computed. This approach is called
polynomial chaos expansion (PCE). However, for practical computations, infinite series expansion
cannot be handled. Therefore a truncation of the series needs to be defined, which can be applied, e.g.
by defining the maximal total degree ξ max of the multivariate polynomials
Ninput

ξ max ≥ ξ =
∑ ξi .

(2.30)

i =1

In case of a truncated series, the summations are computed in a finite set  of multi-indices ξ , meaning
that a truncated PCE can be written as
ˆ UQ ( PCE ) = ∑ θ Ψ ( X UQ ) .
Y
ξ
ξ

(2.31)

ξ∈

The series expansion (2.31) is used to approximate the original model M UQ and can be applied to
calculate the statistical moments or the total sensitivity index (Sudret 2008). The computation process
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typically saves a significant amount of calculation time compared to a MC approach 13. However, a few
extensive computational steps are still necessary. First, it is necessary to define the domain of each of
the input random variables X i . This is described by the corresponding distribution and values. Second,
the experimental design needs to be computed, meaning that the input parameters need to be sampled
according to the corresponding PDFs

X

UQ ( ED )

 X 1(1)

 X ( 2)
= 1
 ...
 (N )
 X 1 ED

X 2(1)

...

X i(1)

X 2( 2)

...

X i( 2)

...

...

...

X 2( NED )

N
... X i( ED )

) 
X N(1input

) 
... X N( 2input
,
...
... 

N ED )
... X N( input


...

(2.32)

and the corresponding N ED realizations of the model

ˆ UQ ( ED )
Y

 Y (1) 
 ( 2) 
Y 
=

 ... 
Y ( NED ) 



(2.33)

need to be computed, e.g., by applying a MC simulation. Third, the coefficients θ ξ are computed, e.g.,
applying a least-square minimization
 θξ(1) 


 θ ξ( 2) 
θˆ := 
=
 ... 
θ

 ξ( Nbasis ) 

(( A

)

PCE T

⋅ A PCE

)

-1

ˆ
⋅ ( A PCE ) ⋅ Y
T

PCE ( ED )

,

(2.34)

where A PCE is the matrix containing all the polynomial basis

A PCE

 Ψ (1(1))
 ξ
 Ψ ( 21)
()
= ξ
 ...

 Ψ ( N(1)ED )
 ξ

Ψ ξ( ( )2)
1

Ψ ξ( ( 2))
2

...
Ψ ξ( ( 2)ED )
N

... Ψ (ξ1( )Nbasis ) 

2
... Ψ (ξ( N)basis ) 
,
...
... 

N
... Ψ (ξ( NEDbasis) ) 


(2.35)

and N basis is the number of basis contained in the series expansion
 ξ + N input 
N basis =  max
.
ξ max



13

(2.36)

This depends strongly on the truncation of the series. An excessively accurate approximation of the model output

ˆ UQ ( PCE ) may have a computation cost close to a computation performed applying a MC simulation.
Y
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The numerical example introduced in the previous section is recalled to explain the
approximation obtained applying a PCE. Table 2.1 is extended with the column containing
the corresponding orthonormal polynomial type (Table 2.3), whereas Table 2.4 contains
an overview of the degrees, the combination of orthonormal polynomials and the
correspondent estimated coefficients 14 for a PCE truncated arbitrarly at ξ 1

max

resulting in the subset  ξ


max

ξ1

max
1

{

X UQ

of multi-indices

≡ ξ∈

Variable input
α ex 
 ex 
m 
η ex 
=  ex 
ζ 
 y ex 
 0ex 
 x0 

≤5

Ninput

(

)

: ξα ex + ξ mex + ξη ex + ξζ ex + ξ yex ≤ ξ
0

max
1

}.

Distribution and values
N (µ =
30°, σ =
1°)

Basis
Hermite

=
U (a 0.99999,
=
b 1.00001)

Legendre

=
N ( µ 3=
m, σ 0.2 m)

Hermite

=
N ( µ 1=
m, σ 0.2 m)

Hermite

=
N ( µ 5=
m, σ 0.3 m)

Hermite

=
N ( µ 7=
m, σ 0.3 m)

Hermite

(2.37)

Table 2.3: Variable input parameters of the numerical example with the corresponding
distribution and the orthonormal polynomials.

14

For simplicity only the first element y ex of the output vector is considered in the approximation of the PCE,

meaning that only five variable input parameters (α ex , mex , η ex , ζ ex , y0ex ) are necessary.
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{

ξ = ξα ex

ξ mex

ξη ex

ξζ ex

ξ yex
0

}

ξ1

max

5

∏ Ψξ( ) ( X )

Ψ=
ξ :

≤5

i

θ̂

i

i

i =1

ξ ( 0) := [ 0 0 0 0 0]

0

1

ξ ( ) := [ 0 0 0 0 1]

1

H1 X yex

ξ ( ) := [ 0 0 0 1 0]

1

ξ ( ) := [ 0 0 1 0 0]

1

ξ ( ) := [ 0 1 0 0 0]

1

ξ ( ) := [1 0 0 0 0]

1

ξ ( ) := [ 0 0 0 0 2]

1

…

…

…

ξ (14) := [ 0 1 0 1 0]

2

P1 X mex H1 X yex

0.100

…

…

…

…

1

8.098

( )
H (X )
H (X )

0.300

0

2

3

4

5

6

1

ζ ex

1

η ex

0.100
0.173

( )
H (X )

3.098

P1 X mex

-0.011

α ex

1

( )

0

H 2 X yex
0

(

…

( )

)

0

Table 2.4: Overview of the degrees, the orthonormal polynomials and the estimated
coefficients for the PCE of the similarity transformation.

Using a least-square approach (2.34), the computational cost of the estimation of θ̂ of the numerical
example is N basis = 252 (2.36). However, in most practical problems, only low order interactions
between the input variables are relevant (Blatman 2009). Therefore, instead of applying (2.30), Blatman
and Sudret (2011) introduced the q- norm of the multi-indices ξ
1q

 Ninput 
ξ q :=  ∑ ξiq  ,
 i =1


(2.38)

and the hyperbolic truncation as


ξ

max
q

{

=
ξ ∈  input : ξ
N

q

≤ ξ

max
q

}.

(2.39)

where 0 < q < 1 , meaning that q = 1 corresponds to the standard truncation scheme (2.30) and q = 0
does not allow any interactions of the polynomials.
The hyperbolic truncation ( q = 0.75 ) can be applied to the numerical example in order to obtain a new
subset 

ξ

max
q

of multi-indices ξ


ξ

max
q

{

≡ ξ∈

Ninput

(

: ξα ex + ξ mex + ξη ex + ξζ ex + ξ yex
0

)

1q

≤ ξ

max
q

},

(2.40)

which reduces the number of elements of the basis to N basis = 86 .
Additionally, N basis (and so the computational costs) can be reduced by selecting only the significant
coefficients θ ξ , i.e., avoiding to compute coefficients with values close to zero. This can be achieved
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by applying a regularized regression technique, e.g. a least angle regression (LAR) (Efron et al. 2004).
A detailed explanation about the computation of the estimation of the coefficients θ ξ applying LAR can
be found in (Blatman 2009).
Once the polynomial chaos basis Ψ ξ ( X UQ ) is defined and the coefficients θ ξ are estimated, a PCE can
be used as a method for second moment analysis for the computation of the expected value 15

UQ PCE
UQ 
=
μˆ Yˆ (PCE ) E=
Yˆ ( )
E  ∑ θ=
) θ0
ξ Ψξ ( X
ξ∈


{

}

(2.41)

and the variance

)
ˆ UQ ( PCE=
σˆ 2Yˆ ( PCE=
V Y
E  ∑ θξ Ψ ξ ( X UQ ) − μˆ Yˆ PCE
)
 ξ∈
2

 
UQ
E  θ 0 + ∑ θξ Ψ ξ ( X ) − θ 0   =
ξ∈ \0
 


{

θξ θξ
∑∑
ξ ξ
i1

i1

i2

}

{

}

2
 
=

 

.

(2.42)

E Ψ ξ1 ( X UQ ) Ψ ξi ( X UQ ) =
∑ θξ 2
2

i2

ξ∈ \0

The advantage of calculating the sensitivity index using a PCE is that once the coefficients θ ξ are
known, one can directly sum up the square of θ ξ with indices ξi > 0 , whereas all the remaining indices
are ξ ~ i = 0 , to directly obtain the partial variances σˆ Y2ˆ (

PCE )
~i

∑θ

=
σˆ Y2ˆ ( PCE
)

ξ∈

~i

ξ

2

, ξ ∈  : ξi > 0, ξ=
0.
\i

(2.43)

The sensitivity indices of first order can subsequently be calculated using
PCE
=
sˆ i( )

1
σˆ

∑θ

2
ˆ ( PCE ) α ∈
Y

ξ

2

, ξ ∈  :=
ξi > 0, ξ \ i 0 .

(2.44)

~i

For the computation of the total sensitivity index sˆ (i PCE ) , all the coefficients θ ξ with the index ξi ≠ 0 are
summed up
=
sˆ itot ( PCE )

15

1
ˆσ 2ˆ ( PCE )
Y

∑θ

α ∈

{ (

ξ

2

UQ
Due to the orthonormality of the polynomials E Ψ ξ X

, ξ ∈  : ξi ≠ 0 .

(2.45)

0 , ξ i ≠ ξ j
.
i = ξj


)} = 0 and E {Ψ ( X ) Ψ ( X )} = 1 , ξ
ξi

UQ

ξj

UQ
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The partial variance σˆ Y2ˆ (

PCE )
~i

and the first order sensitivity index sˆ i( PCE ) are calculated only with the

coefficients θ ξ involving the parameter of interest xi . On the other side, the total sensitivity index
tot PCE
sˆ i ( ) is calculated with all the coefficients θ ξ involving the parameter of interest xi but also the

interactions between xi with the other parameters x\i .
Recalling the numerical example introduced in this chapter, the results of the application
of PCE for the estimation of the sensitivity indices on a concrete example is now presented.
The numerical values of the sensitivity indices computed applying MC ( sˆ itot

(sˆ

tot ( PCE )
i

)

and PCE

) are shown in Table 2.5 and displayed in Figure 2.5. The total sensitivity indices

for the model (2.25) are computed 16 applying (2.24) and (2.45).
Variable
input

MC

E {sˆ

tot
i

PCE

}

sˆ

tot ( PCE )
i

α ex

0.00

0.00

ex

0.89

0.98

m

η
ζ ex

0.01

0.01

0.00

0.00

ex
0

0.10

ex

y

Table 2.5: Sensitivity indices for the output parameter y

0.01
ex

computed applying MC and PCE.

Figure 2.5: Sensitivity indices for the output parameter y ex computed using MC and from the
coefficients of the PCE. The standard deviations of the indices computed applying MC (2.24)
(the simulation is repeated 1000 times) are visualized as stars.

Although the indices processed using the MC approach (2.24) described previously spread around the
corresponding expected values, the values of the sensitivity indices obtained applying MC and PCE for
the numerical example are similar. Later in this thesis, the sensitivity indices computed applying (2.24)

16

The computation is performed using the software UQLab (Marelli et al. 2017).
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are used to analyze the convergence of the PCE approximation of the models for uncertainty
quantifications of the application cases investigated, in particular for the high influential parameters.
In the framework of this thesis, the goal is to propose an approach for the analysis of the accuracy of a
state vector mainly containing positions and velocities. In order to obtain a time series of the accuracy
an epoch-wise accuracy assessment is aimed (see chapter 4). PCE is not applicable to represent the time
PCE
evolution of the response of the model Yˆ ( ) ( tk ) (Mai 2016). Therefore, for the application cases

investigated herein, the use of PCE is restricted to the computation of a global sensitivity analysis and
of the statistical moments of a time-independent model response (e.g. the average standard deviation
over the whole trajectory). For this reason, in the approach presented within this thesis, a PCE cannot
substitute completely a MC simulation. In chapter 4 it will be shown how MC and PCE are applied to
assess the uncertainty for trajectories and velocities estimation using GNSS and Kalman filtering.
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3

KINEMATIC PROCESSING OF POSITIONS AND
VELOCITIES USING GNSS

Formel-Kapitel 1 Ab schnitt 1 Formelabschnitt (nächster)Formel-Kapitel (nächstes) Abschn itt 1 Formelabschnitt (nächster)Formel-Kapitel (nächstes) Abschnitt 1

This thesis aims at quantifying the uncertainty of the state vector x ( t ) containing positions and
velocities estimated kinematically. The application cases investigated require the estimation of
trajectories over a capture volume up to many thousands of m3 (in particular in the application case
investigating the alpine skiing trajectory). The positions and the velocities can be estimated using
different measurement technologies (see Wägli 2009 for a broad overview).
3D camera systems are used (see e.g. Klous et al. 2010; Spörri et al. 2012) in case of a limited capture
volume (delimited by the visibility of the 3D camera system) for applications that require a passive
measurement approach (e.g. for the analysis of the kinematics of sports athletes) by reconstructing the
coordinates of the objects observed in two images. Bürki et al. (2010) developed the system QDaedalus,
consisting of a theodolite combined with a camera, mainly applied for automated astrogeodetic
measurements. Guillaume et al. (2016) further developed QDaedalus for the automated tracking of
aircraft and other flying objects providing positions and attitude.
Inertial measurement units (IMU) are used for trajectory determination of airplanes, mobile-mapping
platforms, UAV, etc. when a high measurement rate is required (see e.g. Chardonnens et al. 2013;
Eling 2016). IMUs offer the advantage of delivering directly the orientation and the acceleration of the
sensor additionally to positions and velocities. However, the main drawback is the significant drift
resulting in absence of frequent calibration constraints.
The applications investigated within this thesis require a capture volume of up to many thousands of m3
and a measurement rate ∆t < 1 Hz , over a few minutes. GNSS has been proved to be a suitable
measurement system for the kinematic acquisition of positions and velocities (assuming satellite
visibility) in application cases close to the ones analyzed in this thesis (see e.g. Scaramuzza 1998;
Wieser 2007; Wägli 2009; Boffi et al. 2016). Therefore, GNSS is chosen herein as the measurement
technology used to deliver the observations processed for the estimation of positions and velocities.
Typically, if the output of the computation of the measurements can be obtained in post-processing, then
all the observations may be collected and processed together e.g. using a least-squares adjustment of a
geodetic network. In (near) real-time (e.g. in navigation) this is not possible and it is necessary to
compute several unknowns for many epochs in time (Jekeli 2001), e.g perfoming an epoch-by-epoch
least-square adjustment. Using a recursive algorithm allows adding a dynamic model to the computation,
e.g. using a Kalman filter. The Kalman filter is used for the estimation of the state vector and the
corresponding VCM (Gelb 1976; Brown and Hwang 1997; Jekeli 2001). Additionally, Kalman filtering
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may also be applied to obtain better and smoother results in post-processing (Gelb 1976), using all the
available measurements at different epochs t ∈ [t0 , te ] , where t0 defines the first epoch and te defines the
last epoch.
Kalman filter is a standard approach in geodetic and navigation applications (see e.g. Jekeli 2001;
Kuhlmann 2003; Ding et al. 2007; Wägli 2009; Stebler 2013; Aumayer 2016). This has been
implemented in the numerical simulation developed within this thesis. However, the general
considerations and analysis within this thesis about Kalman filter may be applicable also for other
processing strategies.
This chapter is structured into two sections. In the first section, the necessary theoretical fundamentals
about GNSS are summarized. In the second section, the theory of Kalman filtering is presented, which
is applied later in this thesis.

3.1 Fundamentals of GNSS
In this section, the fundamentals of GNSS necessary to understand the developed numerical simulation
(chapter 4) are summarized. The equations presented are selected in order to give the reader the
necessary tools to follow the investigated application cases and the obtained results (chapter 5 and 6).
The positions and velocities of the application cases investigated within this thesis are assumed to be
estimated from GNSS pseudoranges Rrs and Doppler observables Drs , where in both cases the subscript
i

i

r means the GNSS receiver, and the superscript si represents the i -th satellite. Carrier phase

observations Φ rs are not considered within this thesis 17, since they are not necessary for the intended
i

applications.

3.1.1 GNSS observations
The details about positioning using GNSS pseudoranges and velocity estimation using Doppler
observables are known and can be found in standard books (e.g. Hofmann-Wellenhof et al. 2008).
Wieser (2007) gives a detailed analysis about the attainable accuracy of GPS based velocity estimation.
In this chapter, only the equations necessary to understand the measurement (section 3.2.2) and the
dynamic model (section 3.2.1) of the Kalman filter implemented in the numerical simulation are
summarized.

17

Carrier phases are only used herein for the computation of accurate Doppler observables, as described in

Wieser (2007). They are not directly used for the estimation of positions.
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The geometric range ρ rs is the norm of the vector connecting the position of the i -th satellite, described
i

by the vector Xs ( tks ) , and the position of the receiver 18 X r ( tk ) in an Earth-centered Earth-fixed (ECEF)
i

i

coordinate system
ρ rs ( tk ) =
K Ω ⋅ Xs ( tks ) − X r ( tk ) ,

(3.1)

ρ rs ( tk )
t = tk −
,
c

(3.2)

i

i

i

where
i

si
k

is the epoch of signal transmission and tk is the epoch of signal reception. The effect of the rotation of
the Earth is approximated using the matrix
K Ω = I3 x3 − ΩE ⋅

ρ rs ( tk )
i

c

,

(3.3)

where
 0

Ω E =  ωE
 0


−ωE

0

0 .
0 

0
0

(3.4)

The Earth rotation rate=
is ωE 7.292115 ⋅10−5 rad s , and c = 299792458 m s is the speed of light in
vacuum. Since ρ rs ( tk ) depends itself on the Earth rotation, an iteration loop is necessary in order to
i

estimate the signal transmission time and the corresponding satellite position with sufficient accuracy.
The observation equation for pseudoranges can be written as

R ( tk ) =K Ω ⋅ Xsi

si
r

 s

ρ rsi ( tk ) 
 tk −
 − X r ( tk )  ⋅ e ri ( tk )
c 


T

,

(3.5)

+c ⋅ δ r ( tk ) − c ⋅ δ si ( tk ) + δ M PR + T PR ( tk ) + I PR ( tk ) + δ r PR ( tk ) + ε rsi PR ( tk )

where esr is the unit vector between the receiver r and the i -th satellite in the Earth-fixed coordinate
i

system, i.e.

18

In order to avoid misunderstanding, the use of the bold upper case X r is reserved for the position vectors (e.g.

of the receiver r ), whereas the bold lower case x is used to define the state vectors, following the notation used
in Hofmann-Wellenhof et al. (2008). X r should not be confused with the general notation X UQ describing the
input random vector of the model for uncertainty quantification M UQ introduced in chapter 2.
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ρ si ( t ) 
K Ω ⋅ Xsi  tk − r k  − X r ( tk )
c 

esri =
.
si

ρ r ( tk ) 
si
K Ω ⋅ X  tk −
 − X r ( tk )
c 


(3.6)

The receiver clock bias is described by δ r , δ s represents the satellite clock bias, δ M PR is the multipath
i

error, T PR is the delay caused by the troposphere, I PR represents the delay caused by the ionosphere,
δ r PR describes the relativistic effects, and ε rs

i

PR

contains the receiver random noise and the unmodelled

residuals errors.
The single point positioning using pseudoranges and the velocity estimation using Doppler observables
are computed in an equivalent way (Kaplan and Hegarty 1997). A full description of the derivation of
the observation equation for Doppler observables is given in (Wieser 2007). The observation equation
for Doppler observables can be written as
 s

ρ rsi ( tk )  
 tk −
 − X r ( tk )  ⋅ e ri ( tk ) ⋅ 1 − δr ( tk )
c 


si
DO

+ T DO ( tk ) − I DO ( tk ) + δ r DO ( tk ) + ε rsi DO ( tk )
k ) + c ⋅ δ ( tk ) + δ M
T


 si
D ( tk ) =− K Ω ⋅ X


−c ⋅ 1 − δ ( t ) ⋅ δ ( t
si
r

(

r

k

)

r

(

)

(3.7)

 is the velocity vector of the receiver, δ
where X s is the velocity vector of the i -th satellite, X
r
r
i

describes the drift of the receiver clock, δ s is the drift of the satellite clock, δ M DO is the multipath
i

error, T DO is the delay caused by the troposphere, I DO represents the delay caused by the ionosphere,
and δ r DO describes the relativistic effects
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. ε rs

i

DO

contains the receiver random noise and the

unmodelled residuals errors.

3.1.2 GNSS measurement errors
The errors affecting the Pseudorange and Doppler observables can be mainly divided into clock errors
(affecting the receiver clock and the satellite clock), multipath errors, atmospheric delays (caused by the
troposphere and the ionosphere), relativistic effects, and the receiver random noise and the unmodelled
residuals errors ( ε rs

i

PR

, ε rs

i

DO

).

The errors caused by the local environment (atmospheric delays and multipath error) are strongly
dependent on the situation investigated. The relativistic effects are assumed to be compensated applying
the model described in Ashby and Spilker (1996). The focus of this thesis is on the general approach for

19

A broad analysis of all the different sources and of the magnitude of the errors that influence the velocity

estimation using Doppler observables is given in Wieser (2007).
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accuracy assessment of kinematic positions and velocities and not on the specific modelling of the GNSS
measurement noise. Therefore, atmospheric delays, relativistic effects and multipath errors are not
further investigated in this thesis. Without considering these variations, the measurement errors of the
pseudoranges and of the carrier phases (and therefore of the derived Doppler observables) are mainly
caused by the thermal noise σ t and by the dynamic stress error ϑe that affect the tracking loop of the
receiver. Following the notation of Kaplan and Hegarty (1997), the standard deviation of the residual
receiver noise for pseudoranges and Doppler observables 20 can be written as
PR
σ=
σ tPR +
ε
si
r

ϑePR
,
3

(3.8)

and

σ εDO =
si
r

σ tCP +

ϑeCP

3 .
2 ⋅ ∆t

(3.9)

where ∆t is the measurement rate. To represent σ εDO two assumptions need to be made: the Doppler
si
r

observables are obtained as a first difference from the actually observed carrier phase values and the
carrier phase measurements are independent and normally distributed (Wieser 2007).
The thermal noise σ t is the random component of the noise and it is approximated as a Gaussian, zeromean independent white noise sequence (Kaplan and Hegarty 1997). The dynamic stress error ϑe is
caused by the jerk in the line-of-sight (LOS)

d 3 ρ rsi
and depends on the noise bandwidth B of the
dt 3

tracking loop. Only third order loop filters will be considered within this thesis, since the applications
investigated consider kinematic measurements using GNSS, even under high-dynamics 21. The standard
deviation of the dynamic stress error in m is approximated as
d 3 ρ rsi
dt 3
.
ϑe =
3
 B 


 0.7845 

(3.10)

Depending on the observation's type, B can be different for carrier phases and pseudoranges and thus
ϑe may be different.

20

The superscripts mean that different values are set to the corresponding parameter, according to the observation's

type.
21

First order loops are sensitive to velocity stress, second order loops are sensitive to acceleration stress, whereas

third order loops are sensitive to jerk stress (Kaplan and Hegarty 1997).
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The tracking loop is responsible for continuously adjusting the code delay and the carrier phase (Kaplan
and Hegarty 1997), which is necessary to extract the information contained in the incoming GNSS
signal. The design of the filter of the tracking loop is a critical issue in the development of a GNSS
receiver. This is achieved by dimensioning B and the order of the filter. These two parameters define
how the receiver will react to noisy signals and to the dynamics (refer to Kaplan and Hegarty 1997 for
more details).

3.2 Kalman filter
Since the applications investigated within this thesis are assumed to estimate kinematic positions and
velocities obtained from GNSS observations using an extended Kalman filter, the necessary
fundamentals about Kalman filter are summarized in this chapter. This thesis aims at assessing the
accuracy of estimated time-discrete trajectories, therefore only the discrete form of the Kalman filter is
shown herein 22. The equations summarized in this chapter are intended to help the reader to understand
the developed numerical simulation for accuracy assessment shown later in chapter 4. The mathematical
notation used in this chapter is based on Brown and Hwang (1997) with a few additions.
Following the standard textbooks (e.g. Brown and Hwang 1997), the processing using a Kalman filter
can be divided into three steps. First, the state vector and the corresponding VCM (section 3.2.1) need
to be defined. Second, the dynamic model and the prediction of the state vector (section 3.2.1) are
described, which corresponds to how the state vector and the VCM are propagated in time as long as no
observations are available. Third, the observation model and the update model are presented
(section 3.2.2).

3.2.1 State vector, dynamic model and state prediction
The state vector considered within this thesis and implemented in the numerical simulation (chapter 4)
contains position, velocity, and terms describing the receiver clock bias and drift 23

22

Refer to the standard textbooks (e.g. Gelb 1976; Brown and Hwang 1997) for the continuous form of the Kalman

filter.
23

The state vector may need to be augmented including additional parameters (atmospheric errors, ambiguity

terms …), depending on the hardware used, the processing applied, the observations available, and the application
of interest. However, the state vector should include only the necessary states, which can be determined from the
available measurements.
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 Xr 
δ 
x =  r  .
 Xr 
  
 δr 

(3.11)

Once an estimate of xˆ (k+ ) (or the initial value 24) of the state vector is given for a certain epoch k it is
necessary to propagate xˆ (k+ ) to the next epoch based on the a priori information before integrating any
observations. A Kalman filter computes the best estimate based on all information available up to and
including epoch k (Jekeli 2001).
The prediction step 25
−
+
xˆ (k +)1 = Φ k , k +1xˆ (k ) ,

characterized by the superscript

( −)

(3.12)

, requires the definition of the dynamic model
=
x k +1 Φ k , k +1x k + w k ,

(3.13)

Q , i=k
,
E {w i w Tk } =  k
0, i ≠ k

(3.14)

where the vector w k describes the system noise, which is assumed to be a Gaussian, zero-mean white
noise sequence and is quantified by the system noise VCM Q k . The dynamic model assumes the forcing
term to be solely stochastic and therefore no deterministic control term is included in (3.13). Φ k , k +1 is
called state-transition matrix 26.
However, if the system noise is correlated, i.e.
∃ i ≠ k : E {w i w Tk } ≠ 0 ,

(3.15)

x needs to be extended to include the correlated part of the system noise (Chui and Chen 2009).

24

An unbiased estimate of the state vector and the corresponding VCM at the initial epoch k = 0 are assumed to

be known.
25

The prediction step is numerically carried out by solving a deterministic differential equation x = Fx . However,

the step is actually based on the stochastic differential equation =
x Fx + Gw , but only the variance propagation
takes the system noise w as a source of growing uncertainty into account. The predicted state vector xˆ (k−+)1
corresponds to the best estimate of the state vector in absence of observations.
26

Φ k , k +1 can be obtained in this case from Φ
=
exp ( Fk ∆tk ) , where ∆tk = tk +1 − tk , and Fk is the system
k , k +1

matrix. Fk is assumed to be constant within the interval [tk +1 , tk ] .
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Assuming temporally uncorrelated system noise, the prediction step of the VCM of the state vector is
performed applying
=
Pˆ k( +−1) Φ k , k +1Pˆ k ΦTk , k +1 + G k Q k G Tk .

(3.16)

3.2.2 Observation model and state update
The observation model (assuming a linear relation between the state vector and the observations) is
=
z k H k xk + v k ,

(3.17)

 R , i=k
.
E { v i vTk } =  k
0, i ≠ k

(3.18)

where z k is the vector containing the observations available at epoch k , H k is the observation matrix
giving the noiseless relation between z k and x k . The measurement noise v k is assumed to be a
Gaussian, zero-mean independent sequence of random vectors (white noise) which is described in the
observation model and is quantified by the VCM R k of the observations. The measurement noise v k
and the system noise w k are assumed to be independent and uncorrelated
E {w i vTk =
} 0, ∀i, k .

(3.19)

In the specific application case investigated within this thesis, the observations model of positioning
using GNSS is well known. On the other hand, the stochastic model of this specific applcation (3.18) is
less known than the functional model (3.17) and it is often simplified to a diagonal VCM (Kermarrec
and Schön 2017). In case of GNSS observations, R k may be modelled based on the signal strength, e.g.
applying an elevation dependent model (see e.g. Rothacher et al. 1997)
σ v2=
( tk ) : V=
{vk }

σ v2 90°
,
cos ( 90° − E s )

(3.20)

i

where E s is the elevation angle of the observed i -th satellite, or the SIGMA- ε model proposed by
Brunner et al. (1999)
i

σ v2 ( tk ) := V {vk } = ξ1 + ξ 2 ⋅10

− ( C / N 0 )k
10

,

(3.21)

where ( C N 0 )k is the carrier-to-noise density value in dB of the observables at epoch k . ξ1 and ξ 2 are
model parameters that need to be estimated for any combination of receiver/antenna type and
signal/observables. The variances of the available observations are contained in the vector
σ 2v ( tk ) = σ v2 ( tk )(1)


σ v2 ( tk )( 2) ... σ v2 ( tk ) N ( )  ,

( )
k
obs

(3.22)
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(k )
where N obs
is the number of available observations at epoch k , and the VCM R k is defined as

R k =diag {σ 2v ( tk )} .

(3.23)

In case of a Kalman filter, each new observation is assumed to be independent from all previous
observations. In practical applications, the time correlations are neglected either due to lack of
knowledge about the covariance model of the observations or in order to simplify the inversion of fully
populated matrices (Kermarrec and Schön 2016). If the time correlation is neglected, it may result in an
overly optimistic accuracy assessment for the estimated position (see e.g. El-Rabbany and
Kleusberg 2003).
If the observations z k are available at epoch k , it is possible to update xˆ (k− ) applying the observation
model (3.17). The best estimate xˆ (k+ ) of the state vector and of the VCM Pˆ k( + ) of the state vector can be
updated with all the available information,
xˆ (k+ ) =
xˆ (k− ) + K k ( z k − H k xˆ (k− ) ) ,

(3.24)

Pˆ k( + ) =
( I − K k H k ) ⋅ Pˆ k( − ) ,

(3.25)

where the Kalman-gain matrix K k is computed as

(

K k = Pˆ k( − ) ⋅ H k T H k ⋅ Pˆ k( − ) ⋅ H k T + R k

)

−1

.

(3.26)

The matrix K k establishes the weight between the new information provided by the observations and a
priori information (Jekeli 2001).
Since the application cases investigated within this thesis refer to moving GNSS receivers, Q k and R k
are not supposed to remain constant over long time intervals, and they are difficult to model properly
because of the dynamics affecting the system (see section 3.2.4). Inappropriately choosing Q k and R k
has a significant impact on the performance of the filter, since Q k and R k are used to compute K k . In
section 3.2.4, a more detailed explanation about adaptive KF is given, which is applied later in this thesis
as a possible solution to the difficulties of modelling the dynamics in the KF.

3.2.3 Linearized Kalman filter and extended Kalman filter
The relations treated here between the available GNSS observables and the estimated parameters are
described by a non-linear vector function
=
z k h ( xk ) + v k .

(3.27)
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This necessitates modifying the measurement model equation (3.17) into a linearized measurement
model, by approximating 27 (3.27) with

( )

=
z k h k x(k ) −
0

∂h k
∂x Tk

( 0)

⋅ Δx k − v k ,

(3.28)

x = xk

which results in a linearized measurement model
=
Δz k H lin.
k Δx k + v k .

(3.29)

∆x k is the vector containing the parameter corrections

∆X r ( tk ) 


 ∆δ r ( tk )  ,
∆x k =
 ( t )
 ∆X
r
k
 

 ∆δ r ( tk ) 

(3.30)

and ∆z k is the vector containing the reduced observations

( )

0
Δz=
z k − h k x(k ) .
k

(3.31)

The VCM R k is also valid for the reduced observations, because the linearization point is deterministic
and does not influence the uncertainty of the observations if 27 holds.
In case of pseudoranges
∂Rrsi ( tk )
∂x Tk

=
⋅ Δx k -esri ( tk ) ⋅ ∆X r ( tk ) + c ⋅ ∆δ r ( tk ) ,

(3.32)

( 0)
x = xk

and Doppler observables
 si ( t ) − X
 ( t ) T
K Ω ⋅ X
Drsi ( tk )
k
k 
r
T
=
⋅ Δx k
⋅ I 3 x 3 − esri ( tk ) ⋅ esri ( tk ) ⋅ ∆X r ( tk ) +
si
ˆ
ˆ
∂x Tk x = x(0)
,
X ( tk ) − X r ( tk )

(

)

(3.33)

k

 ( t ) − c ⋅ ∆δ ( t )
esri ( tk ) ⋅ ∆X
k
k
r
r

the Jacobi matrix is computed as

27

The higher order terms of the Taylor series can be neglected, if x(k0) is close to the true values.
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−esri

∂h k
 si − X
 T
 K Ω ⋅ X
=
=
H lin
r
k
T
∂x k x = x(0) 
⋅ I 3 x 3 − esri ⋅ esri T
k
si
k
ˆ
ˆ

X − Xr


(

c

)

0

0 esri

0

.
−c 



(3.34)

The term due to the internal derivative of the absolute time tk with respect of the receiver time is
approximated as (1 − δr ( tk ) ) ≈ 1 for the computation of (3.33) (Wieser 2007).
In case of a Linearized Kalman Filter (LKF) (see e.g. Brown and Hwang 1997), the linearization is
computed about an assumed nominal trajectory x(k0) = x*k , which does not depend on the measurements,
so that the vector containing the estimated parameters xˆ k at epoch k is computed as
xˆ k= x*k + ∆xˆ k .

(3.35)

The prediction step is computed using
∆xˆ (k +)1 = Φ k , k +1∆xˆ (k

+)

−

(3.36)

and only the update step of the state vector needs to be modified. The updated correction of the state
vector ∆xˆ (k+ ) needs to be calculated applying
LKF
∆xˆ (k+ ) =
∆xˆ (k− ) + K kLKF ( ∆zˆ LKF
∆xˆ (k− ) ) ,
k − Hk

(3.37)

with
H LKF
=
k

∂h k
∂x Tk

,

(3.38)

*
∆zˆ LKF
k = z k − h ( xk ) ,

(3.39)

x k = xˆ *k

and

is computed inserting H LKF
instead of H k in (3.26). The estimated state vector xˆ (k+ ) is then
where K LKF
k
k
obtained from (3.35).
As an alternative, in case that no information about the nominal trajectory are available a priori, the
linearization can be computed at the predicted solution xˆ (k− ) instead of a nominal pre-computed trajectory
xˆ *k . In this case the filter is called Extended Kalman Filter (EKF) (see e.g. Brown and Hwang 1997).

The elements of the observation matrix H EKF
are estimated as above
k
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H EKF
=
k

∂h k
∂x Tk

.

(3.40)

(−)

xk = xˆ k

In case of an EKF, the prediction step is computed using (3.12), whereas the update step (3.24) needs to
be modified
,
xˆ (k+ ) =xˆ (k− ) + K EKF
∆zˆ EKF
k
k

(3.41)

is computed inserting H EKF
instead of H k in (3.26) and ∆zˆ EKF
is estimated applying
where K EKF
k
k
k

( )

∆zˆ kEKF =z k − h xˆ (k− ) .

(3.42)

The EKF needs to be applied carefully, because the trajectory used for the linearization xˆ (k− ) is considered
as the best estimate based on all information available up to and including epoch k − 1 . If the best
estimate is not close enough to the true one (e.g. due to a system model that does not sufficiently
accurately describe the reality of the dynamics involved) the filter can result in a divergent solution (see
e.g. Schlee et al. 1967), meaning that the errors increase continuously although additional observations
are processed. Filter divergence happens when Pk( + ) and K EKF
calculated by the filter become
k
unrealistically small so that the filter does not consider the new observations z k anymore (Gelb 1976).
Particle Filters (PF) (see e.g. Ristic et al. 2004) and Unscented Kalman Filters (UKF) (see e.g. Wan and
Van Der Merwe 2000) are alternative approaches, which do not require a linearization of the
measurement model and do not necessarily assume the dynamic model to be linear. However, the EKF
is a standard approach in geodetic and navigation applications for kinematic estimation using GNSS
observations (see e.g. Jekeli 2001; Wieser 2007; Stebler 2013; Eling 2016) and it is for this reason
implemented in the numerical simulation proposed within this thesis. However, the proposed approach
for the assessment of the accuracy can also be applied to the mentioned alternatives for nonlinear
filtering (particle filters and unscented Kalman filters).

3.2.4 Adaptive Kalman filter
A proper description of the dynamic model (3.13) together with a suitable estimation of the values of
the elements of R k and Q k is very important in the application of Kalman filter in order to obtain
convergence in the filter and realistic values of Pˆ k( + ) (Mohamed and Schwarz 1999). Possibly, the filter
may diverge in case of large values in the diagonal 28 of Q k and simultaneously small values in R k

28

The special case where the diagonal elements of Q k ≈ I ⋅ ∞ corresponds to an epoch-by-epoch least squares

adjustment without any exploitation of the dynamic model, such that Φ k , k +1 and xˆ (k−+)1 are irrelevant.
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(Almagbile et al. 2010). On the other hand, if the elements of Q k are too small, the estimated parameters
contained in xˆ k may converge to a biased solution (Mohamed and Schwarz 1999).
The state vector (3.11) contains positions and velocities of the GNSS receiver. The acceleration error is
modelled as a white noise process, meaning that the position and the velocity errors 29 ( w X and w X )
r

r

are modelled as random walk, produced by integrated white noise. Following the literature (see e.g.
Grewal et al. 2001), the receiver clock bias and drift errors ( wδ and wδ ) are also modelled as random
r

r

walk which results in
 w Xr 


 wδ r 
,
w=
w X r 


 w 
δ
 r 

(3.43)

and a corresponding VCM

{

Q = diag q Xr T

qδ r

q X r T

}

qδr  .

(3.44)

qδ r and qδr can be estimated using the Allan variance plot (see e.g. El-Sheimy et al. 2008), which is a

simple approach that can be applied to determine the dominant noise components describing wδ and
r

wδr . qXr and qX r are in most case approximated based on the expected dynamics.

For computational simplicity and feasibility the system noise variances are fixed to a constant value 30
qk = q* (Ding et al. 2007; Almagbile et al. 2010). However, the dynamics and the geometry of a

trajectory (as it is the case in the investigated application cases) may vary as a function of time, with the
consequence that the dynamic model is not sufficiently accurate anymore, causing a non-white system
noise (Scheding 1997). An accurate forward modelling of a time-varying system noise requires a priori
knowledge about the expected dynamics, data rate, and measurement noise, which may not be available.
An inadequate assumption about the expected system noise may cause divergence of the filter or
introduce biases on the estimated state vector xˆ k and the corresponding VCM Pˆ k( + ) (see e.g. Mohamed
and Schwarz 1999; Ding et al. 2007).
Several authors investigated data driven adaption approaches of the stochastic information, meaning
adapting Q k , R k or even both during the processing. The optimal adaptive approach requires no a priori
information and it is supposed to react rapidly to new observations and changes in environmental

29

30

 are vectors also w and w  are vectors.
Since X r and X
r
Xr
Xr
qk represents a scalar generic diagonal element of Q k at a certain epoch k .
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conditions (Hide et al. 2004). A broad overview of different adaptive Kalman filter methods is given in
Mohamed and Schwarz (1999) and Almagbile et al. (2010). The methods for the adaption of the VCM
are classified as multiple-model-based (MMB) and innovation-based (IB) estimation. Both strategies
use either the innovation sequences vˆ (k− ) (Mohamed and Schwarz 1999) or the residual sequences vˆ (k+ )
(Wang 1999) as indicators of the filter performance (Ding et al. 2007). The innovation sequences 31
−)
−
vˆ (k =
z k − H k xˆ (k )

(3.45)

are defined as the differences between the real observations z k and the observations computed using
the predicted state vector xˆ (k− ) . The residual sequences
+)
+
vˆ (k =
z k − H k xˆ (k )

(3.46)

are computed using the updated state vector xˆ (k+ ) . Both vˆ (k− ) and vˆ (k+ ) are supposed to be Gaussian white
sequences with zero mean in case of an optimal filter (Brown and Hwang 1997).
The MMB methods are computationally more intensive than IB methods as they run multiple Kalman
filters simultaneously with different models for the statistical information (Hide et al. 2004). The MMB
methods use the PDF of the residuals to identify which combination of filters to use.
IB adaption is used in the integration of GNSS and IMU data (Mohamed and Schwarz 1999; Ding et
al. 2007) or for improving the reliability of ambiguity fixing (Wang 1999), assuming that the system
model is sufficient for the intended application. In case of conventional least-squares adjustment, the
estimated solution minimizes the sum of the square residuals
k

∑ vˆ
j = j0

T
j

vˆ j = min .

(3.47)

While a least-squares method aims at finding the smallest error norm according to a unit weight, an
adaptive approach aims at obtaining the weights that will result in the smallest error norm (Mohamed
and Schwarz 1999), and the function to minimize is
k

k

min ,
∑ ln Cˆ vˆ (−) + ∑ vˆ (j−)T Cˆ −vˆ 1(−) vˆ (j−) =
j

=j j0=j j0

(3.48)

j

where Cˆ vˆ ( ) are the estimated VCMs of the innovation sequence vˆ (k− ) (see Mohamed and Schwarz (1999)
−
k

for more details about the derivation of (3.48)). The basic concept consists of making the elements of
ˆ ( −) consistent with the theoretical ones C
ˆ ( −( −)) . Any deviation between
C
v
vˆ
k

k

ˆ ( −) estimated from the
C
vˆ
k

innovation sequences using a few epochs of data up to epoch k , i.e.

31

In case of an EKF, the innovation sequences correspond to the sequences of the reduced observations
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ˆ (−) =
C
vˆ
k

k
1
vˆ (j− ) vˆ (j− ) T ,
∑
k − j0 + 1 j = j0

(3.49)

and the predicted one, i.e.
)
ˆ ( −=
ˆ + H Pˆ ( − ) H T ,
C
R
(−)
k
k k
k
v

(3.50)

k

can be interpreted as an indicator for need of changing Pˆ k( − ) or Rˆ k .
Mohamed and Schwarz (1999) demonstrate that Rˆ k and Qˆ k can be estimated applying
ˆ ( −) − H Pˆ ( − ) H T ,
ˆ
=
R
C
k
k k
k
v

(3.51)

k

and 32
k
1
( ∆c j ∆cTj ) + Pk( +) − ΦPk( +−1)ΦT ,
∑
k − j0 + 1 j = j0

ˆ
=
Q
k

(3.52)

where ∆c j is the state correction sequence
+
−
∆c j = xˆ (j ) − xˆ (j ) .

(3.53)

Alternatively Wang (1999) proposed to estimate Rˆ k applying
ˆ (+) − H P( + ) H T ,
ˆ
=
R
C
k
k k
k
v

(3.54)

k

where Cˆ vˆ ( ) is the VCM of the residual sequences and it is computed applying
+
k

ˆ (+) =
C
vˆ
k

k
1
∑ vˆ (j+ ) vˆ (j+ )T .
k − j0 + 1 j = j0

(3.55)

Almagbile et al. (2010) show that a full estimation of Rˆ k and Qˆ k is problematic because the matrices
are related to each other, meaning that in order to estimate Rˆ k the calculation of the predicted state
covariance Pˆ k( − ) uses Qˆ k (3.16). Within this thesis, the situation analyzed considers Qˆ k requiring an
adaptive approach, whereas Rˆ k can be forward modelled, e.g. applying (3.20) or (3.21).
The estimated VCMs Cˆ v( ) and Cˆ v( ) are very noisy if the dataset is short. This problem cannot be solved
−
k

+
k

by simply extending the size N adpt =k − j0 + 1 of the window, because it would degrade the dynamic
response of the adaptive mechanism (Ding et al. 2007). In order to reduce the effect caused by a short
32

By performing the derivation of (3.48) with respect to Q k and equating it to zero, (3.52) is obtained. The

exhaustive derivation of (3.52) can be found in Mohamed and Schwarz (1999).
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dataset, an adaptive algorithm with fewer estimable parameters is desirable. For this reason, a noise
scaling approach was proposed by Ding et al. (2007) with the goal of autonomously adjusting the
magnitude of the estimated covariance of the system noise Qˆ k in a robust approach. The adaption is
performed applying a scaling factor α̂ Qˆ estimated from the ratio

αˆ Qˆ

k

k


1


vˆ (j− ) vˆ (j− ) T − R k 
tr 
∑
−
+
k
j
1
j = j0


0

,
= 
( −) T
ˆ
tr H P H

{

k

k

k

}

(3.56)

ˆ
so that Q
k +1 can be adapted applying
ˆ =Q
ˆ αˆ ,
Q
ˆ
k +1
k
Q

(3.57)

k

where the square root is used to obtain a smoothing effect.
However, the adaptive methods proposed by Mohamed and Schwarz (1999), Wang (1999), and Ding et
al. (2007) are still sensitive to colored noise, they depend on the length of window N adpt , and they are
tuned based on the history of the system. This means that a latency in the adaption of the system noise
ˆ
is caused, since the estimated Q
k +1 depends on the previous epochs. Therefore an alternative approach

in proposed later is this thesis (chapter 4).

3.2.5 Quality assessment
In the fields of engineering geodesy and navigation, the quality of the estimates can be described using
a number of characteristics with the corresponding statistical parameters. Among others, the quality of
the unknown parameters is characterized using accuracy, reliability, integrity, and completeness
(Hofmann-Wellenhof et al. 2008; Schweitzer and Schwieger 2011).
In case of kinematic processing using a Kalman filter, the accuracy of the estimated state vector x̂ is
quantified by the estimated VCM Pˆ ( + ) after performing the update step. However, Pˆ ( + ) reflects the real
accuracy only if all a priori assumptions are correct, including choice of the models and quantifications
of the noise variances. This means that additional quality indicators are necessary in order to assess the
real accuracy of the results, independently from the processing assumptions.
In the specific case of GNSS, the dilution of precision (DOP) is widely applied as a precision indicator.
The geometric DOP (GDOP) values are computed directly from the trace of the cofactor matrix of the
estimated positions and receiver clock error. The DOP values are a direct measure of the satellite
geometry and of the assumptions about the observation noise quantified by the VCM R k , which is used
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for the computation of Pˆ k( + ) . Additional DOP values are defined, depending on the dimension of the
cofactor matrix used for the computation (more details can be found in Hofmann-Wellenhof et al. 2008).
However, DOP values cannot be directly used to assess the quality of the estimated parameters without
considering that the cofactor matrix of the estimated positions and receiver clock error depends on the
initial assumption of the Kalman filter. Geiger et al. (2014) show that DOP values may be useful to
generalize the prediction of the obtainable accuracy if used in combination with satellite distributions.
The approach proposed aims at predicting the quality of the estimated parameters using GNSS
measurement in a certain situation, in particular analyzing the influence of a masking due to terrain (see
Geiger et al. 2014 for more details about the computation of DOP values using the satellite density).
GNSS observations, and subsequently the estimated state vectors, are assumed to be normally
distributed random variables and the accuracy is mostly quantified by the corresponding VCM. In case
of GNSS observations, this is a reasonable approximation, when no systematic errors affect the
measurements (e.g. in a low multipath environment), since the thermal noise of a GNSS receiver is
commonly assumed to be white and Gaussian distributed (see e.g. Hofmann-Wellenhof et al. 2008).
A rigorous quality indication of the estimated state vector x̂ should provide also a confidence interval
and an indicator describing the reliability of x̂ (see e.g. Teunissen 1998; Sudret 2007; Niemeier 2008).
A confidence interval is expressed as 33
P {xˆ − σ xˆ ⋅ uα 2 < x < xˆ + σ xˆ ⋅ uα 2 } =1 − α ,

(3.58)

where in case of a normally distributed variable uα 2 represents the 1 − α 2 percentile (2.4).
Since the Kalman filter implemented as a model for the kinematic estimation of positions and velocities
is not robust w.r.t. deviations from the a priori assumptions, an error in one of the measurements may
cause a large error in the estimated state vector (see e.g. Wieser et al. 2004). Therefore, a statistical
control aiming at identifying failures is necessary. When the statistical control is performed at epoch k
of interest and only depends on xˆ (k− ) and z k , then the control is defined as a local overall test
(Teunissen 1998). The validity of the model can be expressed in terms of the null hypothesis

{ }

(3.59)

{ }

(3.60)

−
H 0 : E vˆ (k ) = 0 ,

which is tested against the alternative
−
H a : E vˆ (k ) ≠ 0 .

33

The confidence interval is computed applying a generic scalar element of the vectors x , x̂ , and σ x̂ in Eq.

(3.58)

45

in order to test the sensitivity w.r.t. a failure in the measurements and the predicted states. H 0 is then
rejected on a α -significance level if
TkLOM > χ12−α , nk ,

(3.61)

where

LOM
k

T

=

ˆ ( −) vˆ ( − )
vˆ (k− ) T C
k
vˆ
k

nk

,

(3.62)

and χ12−α , n is the (1 − α ) quantile of the χ 2 distribution with nk degrees of freedom. The model chosen
k

is considered to be appropriate when the H 0 is erroneous rejected with probability α .
However, most of the quality indicators require prior knowledge of the expected dynamics and geometry
of the trajectory of interest and they depend on the assumptions taken or necessitate reference values
that in some cases may not be available. An approach for the quality assessment is ideal when the quality
indicators can be calculated in (near) real-time or even before any available measurements and without
needing reference measurements. The procedure for such an assessment in case of GNSS-based position
and velocity estimation is presented in chapter 4, and applied in chapter 5 and chapter 6.
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4.

MONTE CARLO-BASED UNCERTAINTY
QUANTIFICATION FOR TRAJECTORY
ESTIMATION

Formel-Kapitel (nächstes) Abschnitt 1Formel-Kapitel (nächstes) Abschn itt 1Formel-Kapitel (nächstes) Abschn itt 1Formel-Kapitel (nächstes) Abschn itt 1

The concepts of uncertainty analysis, MC-simulations, and sensitivity analysis collected from the
literature and introduced in chapter 2 are here implemented in a MC-based numerical simulation, which
is developed to quantify the uncertainty of the estimated kinematic positions and velocities of any
trajectory of interest.
In this chapter, the proposed approach for the accuracy assessment for trajectory estimation using a MCnumerical simulation is explained. Additionally, this chapter shows how to use the numerical simulation
to compare different EKFs and to analyze the impact of the variations of the system noise on the
accuracy of the estimated positions and velocities. In the following two chapters of this thesis, the
proposed approach is subsequently applied to two concrete application cases for a quantitative
evaluation of the MC-based accuracy assessment.
An introductive example (Boffi et al. 2016) is presented in the next section. The example introduces the
topic of this chapter with a real empirical validation aiming at assessing the accuracy of the velocities
measured with GNSS during dynamics conditions. The example considers a concrete validation
experiment performed on a coaster track which mimics the dynamics of the trajectories analyzed in the
application case I. This example is presented to demonstrate the limits of the empirical validations and
therefore to explain the choice made within this thesis to develop a MC-based numerical simulation for
accuracy assessment for kinematic positions and velocities.

4.1 Experimental accuracy assessment of a GNSS-based velocity
estimation
In engineering geodesy, like in many other engineering application fields, a measurement system or a
processing approach is validated empirically against ground truth information. Often, this requires
performing measurements under controlled conditions and comparing the processing results to the
ground truth. The latter can be obtained from measurements if the resulting accuracy of those is much
better than that of the system under investigation. By repeating the test measurements, the comparison
can be based on a statistical sample. This allows, e.g., assessing the accuracy or identifying optimal
values for certain processing parameters.
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If additionally to different processing settings also various measurement settings need to be validated,
the number of necessary reference measurements increases strongly. This becomes a critical point in
case of time-consuming measurements, since these cannot be carried out using different measurement
settings at the same time.
In the framework of the application cases investigated within this thesis, the concrete trajectories
considered require measurements over a capture volume of many thousands of cubic meters and with
dynamics that vary significantly. Therefore, many challenges arise for the requirements of the reference
measurement system and three general requisites can be identified. First, the validation process needs
to cover an extended capture volume with geometry and dynamics close to the investigated application
case. This excludes procedures performed using a geodetic measurement track (see e.g. Bogatin et
al. 2008; Stempfhuber and Kirschner 2008; Heinz et al. 2017) or a marker-based motion capture
reference system (see e.g. Chardonnens et al. 2012). A geodetic measurement track allows tracking a
prism mounted on a motorized trolley from a total station installed on a stable pillar (Figure 4.1a and b).
A marker-based motion capture reference system applies methods of photogrammetry to reconstruct the
3D trajectory of reflective markers attached to the object to track (Figure 4.1c).

Figure 4.1: (a) Geodetic measurement track at the institute of Geodesy and Photogrammetry
of the ETH Zurich. (b) Railbound reference trajectory at the institute of Geodesy and
Geoinformation of University of Bonn (Heinz et al. 2017). (c) Example of a marker-based
capture reference system (Chardonnens et al. 2012).

Second, the measurements of the test and the reference system need to be repeatable, in order to obtain
a statistically sample of trajectories. In the example of the coaster track, the problem of repeatability can
be solved by measuring an object moving on a fixed path (Figure 4.1b).
Third, the reference measurements have to be performed with an accuracy that is significantly higher
than the measurement system under investigation depending on the standards required by the validation
procedure. The application cases considered in the framework of this thesis requires positions and
velocities estimated with an accuracy in the order of magnitude of cm and cm/s, respectively. These
correspond to a ground truth measurement with an accuracy of few mm for positioning and mm/s for
velocity estimation, which excludes measurement devices typically used in biomechanical investigation
of court-based sports (see e.g. Fontana 2002; Leser et al. 2011) or inertial measurement systems (e.g.
Chardonnens et al. 2013).
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GNSS-based velocity estimation is very accurate and the feasibility of mm/s accuracy has already been
presented in different studies (see e.g. Ford and Hamilton 2003; Zhang et al. 2006; Wieser 2007).
However, as soon as the GNSS-based velocity measurements require to be validated in an environment
close to the conditions of the application under investigation, the fulfillment of the criteria required by
the reference measurement system mentioned earlier becomes problematic.
The exemplary empirical validation analyzed in this section used photocells as a reference measurement
system to derive the mean velocity using an accurate time measurement over a known distance. The
measurements were carried out on a coaster track (Figure 4.2), where the coaster car was equipped with
two sets of GNSS equipment 34 and the photocells system was installed along the track at a selected
validation spot (refer to Boffi et al. 2016 for more details about the validation experiment).

Figure 4.2: Coaster car equipped with two GNSS antennas fixed on the front part (left).
Photocell nodes set up along the track at the validation spot (right, picture A Wieser).

The mean velocity obtained from the GNSS measurements was compared with the mean velocity v i , j
obtained from the photocell system over a known distance di , j along the track between the i -th and the
j -th photocell nodes 35

vi, j =

(t

di , j
j

− ti )

,

(4.1)

where t j and ti are the time measurements. Although the time measurements were accurate, di , j should
be long enough to compensate the uncertainty of the distance measurement. At the same time di , j should
be short enough in order to obtain more information about the change of the velocity along the path.

34

The empirical validation considered only GPS observations.

35

A photocell node is defined as a transmitting and a reflecting element.
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The choice of the ideal di , j for this specific validation experiment, the corresponding uncertainty of the
distance measurement σ d , and the uncertainty of the time measurement σ t influenced the uncertainty
i, j

of the obtained results. The accuracy of the estimated velocity σ v

was obtained with the aid of
i, j

variance propagation

σv =
i, j

 ∂ vi, j

 ∂ti


2


 ∂ vi, j
 ⋅ σ t2i + 

 ∂t j



2


 ∂ vi, j
 ⋅ σ t2j + 

 ∂di , j



2


 ⋅ σ d2i , j .



(4.2)

The three involved measurements (distance and transit times) were assumed to be independent. If the
time measurement had the same standard deviation σ t on all the nodes, a simplified estimation of σ v

i, j

could be obtained
σ v=
i, j

vi, j
di , j

(

2 ⋅ vi, j ⋅ σ t

)

2

+ σ d2i , j .

(4.3)

According to the values and the specifications of the measurement devices used during the experiment
the distance di , j could be determined with a standard deviation of σ d = 2 cm and a standard deviation
i, j

of the time measurement of σ t = 0.04 ms (see Boffi et al. 2016 for more details about the measurement
equipment). Figure 4.3 shows the predicted accuracy σ v

as a function of the mean distance d between
i, j

the photocells and the speed v , assuming approximately equally spaced photocells at distance d and
a constant speed v . This figure can be used to design the setup of this specific validation experiment
by selecting the required accuracy and either the expected speed or the distance between the photocell
nodes.

Figure 4.3: Predicted standard deviation of the mean velocity measured using a photocells
system as a function of mean velocity and distance between photocells (bold lines). The dashed
lines refer to the velocity on the distance-based plot and vice versa.
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The analysis summarized in Figure 4.3 shows the uncertainty of the reference measurements required
to be considered when assessing the results or the reference measurements. Only in case of low speed
or large distance between the nodes, a photocell system could be used as reference system for the
validation of the accuracy of the velocity obtained from GNSS measurements, e.g. with a σ v < 1 cm/s .
Additionally, in case of velocity estimation and for applications performing high dynamics movements,
the mere estimation of the mean value of the velocity between the epoch i and j loses a lot of
information about the variation of the dynamics compared to the instantaneous velocity vector 36.
The example presented in this section shows the limit of an empirical velocity validation, where a
suitable reference measurement system can be hardly identified and in some cases, reaching the aimed
accuracy of the reference measurements can even be practically unfeasible or even impossible. For this
reason, an alternative validation approach, based on MC simulations, is proposed within this thesis.
The main goal of the proposed approach is to obtain an accuracy assessment without needing repeated
measurements of a ground truth. This is replaced by a reference trajectory, which is assumed to be
closely resembling the true trajectory for which the analysis has to be carried out. The numerical
simulation provides a synthetic and controlled environment that allows assessing the accuracy of the
output of the selected processing algorithm. The numerical simulation can be consequently applied to
identify appropriate or even optimized processing settings for a specific application (see section 4.7).
The MC-based approach offers a significant flexibility but still depends on assumptions that will be
analyzed and listed throughout the next sections of this chapter. Following the framework for
uncertainty analysis presented in chapter 2, the first step is to define the computational model M UQ for
uncertainty quantification that relates the input parameters X UQ to the (unknown) output parameters
Y UQ . This step is discussed in section 4.2. Before that, the definition of Y UQ = M UQ ( X UQ ) requires a set

of process constraints. Regarding the concrete application of the trajectories investigated herein, the
constraints refer to the reference trajectory, the measurement type (e.g. GNSS observables), and the
processing algorithm M KF (e.g. the Kalman filter) for the kinematic estimation of positions and
velocities. The process constraints necessary for the development of the MC-based numerical simulation
are presented in the next section.

36

This statement assumes t j − ti to be large compared to the measurement rate, as it was the case in this

experimental validation.
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4.2 Process constraints applied to the Monte Carlo-based
numerical simulation for accuracy assessment
4.2.1 Reference trajectory
In order to obtain an accuracy assessment of positions and velocities with a numerical simulation close
to the ones obtained in the real environment of the application investigated, a coarse general description
of the expected geometry and dynamics of the specific trajectory of interest needs to be known. This
information is necessary to create the reference trajectory and there are two possibilities to obtain a
coarse general description. First, an exemplary trajectory is already measured, which is sufficiently
accurate to describe the movement of the system tracked. Alternatively, the coarse trajectory and the
dynamics can be predicted based on a collection of assumptions about the geometry and the expected
dynamics. In both cases, the resulting reference trajectory is assumed to be close to the real trajectory
for which the analysis is actually carried out 37.
of an exemplary trajectory are available, the discrete points 38 can be filtered
In case the positions Xorig
r
and replaced by a piecewise continuous function (a cubic spline) to obtain a useful, smooth master
 ref is derivated numerically from
reference position vector X ref
r . The master reference velocity vector X r

X ref
r .

A piecewise spline interpolation function S j ( t ) is selected as an interpolant
S j=
(t )

∑ (t − t )
4

4 −i

j

i =1

c j ,i ,

(4.4)

where S ( t ) is defined as
S (t ) =

ref
−1
N meas

∑
j =1

Sj ,

(4.5)

with
orig
X
=
( t ) S ( t ) , t ∈ [ t0 , te ] .
r
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(4.6)

The sensitivity of the proposed numerical simulation to variations of the reference trajectory with respect to the

true one is investigated in chapter 4.6. The numerical results of the sensitivity analysis for both application cases
are presented in chapter 5 and chapter 6.
38

The discrete positions and/or velocities are in most cases the results of processing GNSS measurements using a

post-processing software. Within this thesis, the computation is performed using the MATLAB-based scientific
software KF_run (Wieser 2007), where only GPS observations are processed. The processing settings applied are
assumed to be appropriate to obtain a trajectory representative for the investigated application cases.
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The interpolation function is defined as a cubic polynomial for each interval of interpolation
ref
ref
I j = t j , t j +1  between N meas adjustment positions, with coefficients c j ,i . j ∈ 1, N meas
− 1 is the index of

the polynomial.
Spline interpolations are well documented (see e.g. Reinsch 1967; de Boor 1980) and they are already
used in applications similar to the one investigated in this thesis (see e.g. Skaloud and Limpach 2003;
Wägli and Skaloud 2007). Skaloud and Limpach (2003) showed that cubic splines minimize the
 ref
acceleration X
r

on the curve if compared to other interpolant functions, which is suitable for

trajectories of a sport athlete performing alpine skiing (application case I).
Smoothing splines 39 (Reinsch 1967) are defined as the best interpolant minimizing the cost function
ref
N meas

∑
k =1

te
 ∂2 S (t ) 
2
wk ( Xorig
t
S
t
−
+
λ
min ,
( k ) ( k ))
r
∫  ∂t 2  dt =
t0 

2

(4.7)

where wk is the weight on the interval tk ∈ [t0 , te ] , and λ ∈ [ 0,1] is a specified smoothing factor.
. The challenging aspect of
Smoothing splines apply a form of filtering to the original trajectory Xorig
r
applying a smoothing spline function is to choose wk and λ such that the maximal amount of
is contained in the polynomials S j and at the same time
information about the original positions Xorig
r
the noise is reduced. Skaloud and Limpach (2003) proposed a weighting based on the carrier phase
ambiguity status and set the optimal values of the smoothing factor λ ∈ [ 0.5, 0.75] for the application of
trajectories in the specific discipline of downhill alpine skiing. In case of the trajectory of a construction
machine (application case II) the choice of the interpolant is less critical because of the lower dynamics.

4.2.2 Synthetic GNSS observations
 ref
Once the reference trajectory ( X ref
r ( t k ) , X r ( t k ) , k = 1,..., N meas ) and the observation types are defined (in

this thesis only Doppler observables and pseudoranges are considered as observation type, see
chapter 3), the synthetic observations are computed applying (3.5) and (3.7) using a measurement rate

∆t , which is defined according to the application of interest. GNSS is chosen as the measurement system
for the application cases presented later. For simplicity, only GPS observations are implemented in the
numerical simulation to demonstrate the feasibility of the proposed approach for accuracy assessment.

39

Since the interpolation obtained using smoothing splines does not guarantee the exact reproduction of the

adjustment epochs, additional interpolation error may be introduced with respect to the original trajectory.
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However, since the presented approach does not differ between GNSS and GPS, the term GNSS is used
in this thesis.
The focus of this thesis is not on the specific modelling of the GNSS observations noise, but rather on
the general approach for accuracy assessment of kinematic positions and velocities. Therefore,
atmospheric delays, relativistic effects, and multipath errors are not modelled in the numerical
simulation to reduce the complexity of the generation of the synthetic observations.
The true geometric range ρ rs between the position of the i -th satellite Xs and the position X ref
of the
r
i

i

receiver in ECEF at epoch tk of signal transmission is computed applying (3.1). The synthetic
psuedoranges Rrs are then calculated by applying the satellite clock error δ s and a dynamics-dependent
i

i

receiver random noise ε rs

i

PR

to ρ rs applying (3.5). The synthetic Doppler observables Drs are computed
i

i

 s of the i -th satellite, the satellite clock drift δ s , and a
applying (3.7) using X ref
r , the velocity vector X
i

i

dynamics-dependent receiver random noise ε rs

i

DO

 s , δs ,
. The information required to compute Xs , X
i

i

i

and δ s is obtained from the corresponding ephemerides files (Remondi 1989) and applying a
i

MATLAB-based function implemented in the library of the MATLAB-based scientific software
KF_run (Wieser 2007).
The receiver noise ( ε rs

i

CP

, ε rs

i

PR

) is implemented in the numerical simulation as a white noise using the

MATLAB function normrnd 40, assuming the observation noise of the GNSS observations to be Gaussian
distributed with zero mean (see e.g. Hofmann-Wellenhof et al. 2008). The standard deviations ( σ εPR ,
si
r

σ εDO ) of the measurement noise are calculated using (3.8) and (3.9). The standard deviations ( σ tCP , σ tPR )
si
r

of the thermal noise of the carrier phases, and respectively of the pseudoranges, are implemented in the
numerical simulation as a function 41 of the noise bandwidths B CP and B PR of the respective tracking
loops
σ tCP ≅ mCP ⋅ B CP + c CP ,

(4.8)

and

40

https://ch.mathworks.com/help/stats/normrnd.html (accessed 13.05.2018). This function implements the

ziggurat method for pseudo-random sampling (Marsaglia and Tsang 2000).
41

The vibration-induced oscillator error jitter and the Allan variance-induced oscillator jitter are not directly

implemented in the numerical simulation since they are assumed to be much smaller compared to the thermal noise
(Kaplan and Hegarty 1997; Wieser 2007).
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σ tPR ≅ m PR ⋅ B PR + c PR .

(4.9)

The bandwidths B CP , B PR are either assumed to be known or they are inserted in the numerical
simulation as a variable input parameter sampled according to the corresponding distribution within a
range of possible values (which are assumed to be known). Assuming that σ tCP and σ tPR are known from
previous experience with similar GNSS equipment, the coefficients mCP , c CP , m PR , and c PR can be
estimated. The quantification of the measurement noise using the parameters B CP and B PR is
implemented in the numerical simulation since these two parameters define how the receiver will react
to noisy signals and to the dynamics. However, the step required to convert to noise bandwidth into the
standard deviations σ tCP and σ tPR of the thermal noise is not fundamental and it could be replaced by a
direct sampling of σ tCP and σ tPR according to the corresponding distribution and values. σ tCP and σ tPR
are additionally modelled according to the elevation dependent model (3.20).
The influence of the dynamic stress errors ϑeCP and ϑePR , obtained from (3.10), is presented in Figure 4.4.
This figure shows the computed standard deviations of the thermal noise overlapped with the computed
standard deviations of the dynamic stress error for a specific example taken from the empirical
investigation presented in chapter 5. In Figure 4.4 it can be observed that the effect of the dynamics
stress is significantly higher in the case of carrier phases than pseudoranges and especially for low values
of B CP . Therefore, ϑePR is negligible for the estimation of σ εPR , whereas it is relevant in case of the
si
r

estimation of σ εCP .
si
r

Figure 4.4: Standard deviations of the dynamic stress errors and standard deviations of the
thermal noise for carrier phase (left) and pseudorange (right). For visualization purpose, σ tPR
is cut off at 5 m.
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4.2.3 Kinematic estimation of positions and velocities using an Extended
Kalman filter
In order to obtain a kinematic estimation of positions and velocities using GNSS observations, an EKF
(see section 3.2.3) is selected as the processing algorithm M KF . The vector z k containing all
observations at epoch k (synthetic pseudoranges and Doppler observables) is defined as
 Rrs1 ( tk ) 


 ... 
 R s Nsat t 
( k )  , k 1,..., N
r
z k =
=
meas ,
 Drs1 ( tk ) 


 ... 
 D s Nsat t 
 r ( k )

(4.10)

where N sat is the number of visible satellites and N meas is the number of epochs with available
observations. It is assumed that for each epoch k = 1,..., N meas a position and a velocity solution can be
estimated. The corresponding VCM R k is computed applying (3.23). For each epoch and for each
visible satellite one pseudorange and one Doppler observable are computed and the corresponding two
rows of the observation matrix

H

are computed using (3.40). The reduced observations are

subsequently obtained from (3.42).
The system model (3.13) needs to be defined a priori. In this thesis, the EKF implements a position and
velocity random walk 42, meaning that the VCM Q will have the general structure given in (3.44). The
numerical values of the VCM Q are chosen in accordance to the respective application. These choices
will be discussed for the application cases in chapter 5 and 6. The choice to model the system noise as
a random walk is an established compromise in navigation applications (see e.g. Jekeli 2001; Nurminen
et al. 2014) and it allows reducing the complexity of the computation. The alternative would be a precise
modelling of the dynamics affecting the system tracked, which requires a prior knowledge that is not
always available. Additionally, the system model would be applicable only to the specific modelled
situation. An alternative approach to the appropriate modelling of the dynamics is presented later in this
chapter, which adapts the system noise variance depending on the variability of the dynamics (see
section 4.7).
The Kalman-gain matrix is subsequently computed applying (3.26) and the predicted state vector is
updated using (3.41).

42

The variances qδ r and qδr of the system noise of the clock bias and of the clock drift are also assumed to describe

a random walk (see chapter 3.2.4) and they are kept to a constant value during the whole processing.
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4.3 Computational model for uncertainty quantification
Now that the necessary processing constraints are set, the computational model M UQ for uncertainty
quantification can be defined. Firstly, the input parameters X UQ of the model are described in
section 4.3.1. Afterwards, the (unknown) output parameters Y UQ are presented in section 4.3.2 before
introducing the model M UQ in section 4.3.3.

4.3.1 Definition of the variable input parameters
The input parameters 43 of the model M UQ are assumed to describe the real situation observed, which in
this thesis is a trajectory estimation from GNSS observations using an EKF. The input parameters of the
numerical simulation need to be chosen carefully to represent the real situation and they are assumed to
describe the most important factors that can be influenced during the processing of the measurements
or by the choice of the measurement settings.
In the application cases investigated within this thesis, three categories of inputs of the model M UQ are
defined in order to obtain a better overview of the many parameters introduced into the numerical
simulation. First, the parameters describing the variability of the reference trajectory. Second, the
parameters necessary to generate the synthetic observations and the corresponding measurement noise.
Third, the parameters describing the processing algorithm M KF (in this case the EKF) and in particular
the system noise.
The master reference trajectory is assumed to be close to the one for which the analysis is carried out.
( j)
, j = 1, ..., N sim is necessary in order to avoid
However, a sampling of different reference trajectories X ref
r

an analysis strictly related to one specific trajectory. The MC-based numerical simulation allows
sampling the reference trajectories (used to generate the synthetic observations) inside a 3D corridor
around the master reference trajectory. The 3D corridor is defined as the maximal deviation r ref (set by
the user depending on the application case investigated) of each coordinate with respect to the original
trajectory. In this way, the sensitivity of the numerical simulation with respect to the reference trajectory
can be analyzed (see section 4.5). The sampling of the reference trajectories is obtained by applying
separately a Gaussian process with zero mean vector and covariance function
v ref (τ ) = σ ref e − (τ )

2

(4.11)

to each coordinate of the position vector.

43

For economy of notation, the same symbol is used for the physical quantity and for the random variable of the

corresponding variable input parameter.
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The Gaussian process is added to the time series of the corresponding coordinate. τ is the time lag and
σ ref is the standard deviation of the correlated process, which is defined such that
r ref = 3σ ref .

(4.12)

The squared exponential covariance function (4.11) is chosen to obtain a smoothed sample path. The
variations of the coordinates with respect to the master reference trajectory that exceed r ref are scaled
in order to not overpass the 3D corridor. Figure 4.5 shows three exemplary sampled reference
trajectories obtained from the master reference trajectory represented by the black line.

Figure 4.5: A representative master reference trajectory (black line) of the application case I
ref ( j )

with three exemplary sampled reference trajectories X r

, j = 1, 2, 3 for r ref = 1 m .

The choice of the possible values of r ref is a critical aspect and it depends on the application of interest.
On the one hand, to obtain an investigation independent on the specific geometry and dynamics of the
master reference trajectory, the reference trajectory has to vary significantly with respect to the real one.
On the other hand, the variations should be limited to a reasonable range r ref to preserve the
characteristics of the master reference trajectory.
The description of the 3D corridor of size r ref for each coordinate is a suitable model of the variations
of the reference trajectory as a first approximation. However, in case geometric constraints would be
available, these should be considered. E.g. given by a digital terrain model, the numerical simulation
should consider that the vertical offset is constrained (with respect to the projection of the position vector
on the digital terrain model).
The state vector of the Kalman filter is initialized as
ref
 X ref

r ( to ) + δ X r


0
,
x 0 =  ref
 (t ) + δ X
 ref 
X
o
r
r


0



(4.13)
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where δ X ref
and δ X ref
quantifies the error of the initial position and velocity. These simulate the
r
r
uncertainty about the initial values of the Kalman filter, which may cause a divergence of the filter in
and δ X ref
are
case of inappropriate processing settings. For the investigated applications, δ X ref
r
r
quantified by the variances σ δ X , σ δ X and the expected values μδ X , μδ X of the normally distributed
ref
r

ref
r

ref
r

ref
r

and δ X ref
are randomly drawn from a three dimensional normal distribution
random vectors. δ X ref
r
r
δ X ref
≈ N μδ X , I ⋅ σ 2
r

(

ref
r

),

(4.14)

(

ref
r

).

(4.15)

δ Xref
r

and
2
 ref ≈ N μ
δX
 , I ⋅σ
r
δX

 ref
δX
r

μδ Xref , μδ X ref , σ δ Xref , and σ δ X ref are chosen based on the knowledge available about the initial coordinates
r

r

r

r

and velocity of the trajectory investigated (refer to chapter 5 and 6 for a concrete example).
In this thesis, the parameters required to generate the synthetic measurements are restricted to the
number of visible satellites N sat , the noise bandwidth B PR of the pseudoranges, and the noise bandwidth
B CP of the carrier phases. The noise bandwidths are chosen as input parameters, since B CP and B PR can

often be set directly as a parameter of the GNSS receiver and they are directly related to the measurement
noise (3.8), (3.9), and (3.10). The range of possible values of B CP and B PR depend on the GNSS receiver
used in the application cases investigated. The number of available synthetic observations is quantified
by the number of visible satellites N sat , which is generated according to the assumptions about the
expected real observations. A more realistic description should consider varying obstructions caused by
the vegetation and the topography, loss of lock and the time for reacquisition, and even that the real
satellite distribution changes over time. As a first step, N sat is chosen as input parameter to modify the
number of observations available during the trajectory and to obtain a preliminary useful description
about the variability of the number of observations.
The VCM

P

implemented in the EKF is initialized as

{

}

P0 =
diag σ X2 ref (t ) ⋅ 11x 3 σ δ2 (t ) σ X2 ref (t ) ⋅ 11x 3 σ δ2 (t )  ,
r 0
r
0
r 0 
 r 0

(4.16)

where the diagonal elements quantify the uncertainty about the initial state vector as used within the
EKF and they are considered as variable input parameters of the numerical simulation. The VCMs Q
and

R

are defined as

{

Q =
diag  qX ⋅ 11x 3
 r

qδ

r

qX ⋅ 11x 3
r

}

qδ 
r 

(4.17)
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and

{

R =diag σ R si ⋅ I1xNsat
 r

}

σ Φ ⋅ I1xN  ,

si
r

sat

(4.18)

where σ R , σ Φ , qX , qδ , qX , and qδ are introduced in the numerical simulation as variable input
si
r

si
r

r

r

r

r

parameters. Table 4.1 summarizes all the variable input parameters introduced in this section.
Variable input
parameter

Description

r ref

[m]

Range of the 3D corridor

δ X ref
r

[m]

Error of the initial position

 ref
δX
r

[ms-1]

Error of the initial velocity

N sat

Number of visible satellites

B CP

[Hz]

Measurement noise bandwidth of carrier phases

B PR

[Hz]

Measurement noise bandwidth of Pseudoranges

σ X2

ref
r

( t0 )

[m2]

σ δ2 (t )

[s2]

σ X2

[m2s2]

r

0

ref
r

( t0 )

σ δ2 (t )

[s2s2]

qX

[m2]

r

qδ

Variances of the elements of the initial state vector

0

r

[s2]
r

qX

[m2s2]

Variances of the system noise

r

[s2s2]

qδ

r

σR

[m]

σΦ

[m]

si
r

si
r

Standard deviation of Pseudoranges and carrier phases as
used within the EKF

Table 4.1: List of all the variable input parameters of the model M

UQ

, with a short description.

4.3.2 Definition of the output parameters
The outputs of the model M UQ are selected in order to quantify the accuracy of the estimated positions
and velocities with few scalar values, which are subsequently necessary to perform a global sensitivity
analysis of the model M UQ following the approach discussed in section 2.2. The output parameters are
listed in Table 4.2 and they are computed as:
=
∆ˆ Xˆ
r

1
N meas

N meas

∑ Xˆ ( t ) − Xˆ ( t )
k =1

r

k

ref
r

k

(4.19)
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=
∆ˆ ˆ
Xr

=
σˆ Xˆ
r

=
σˆ ˆ
Xr

1

N meas

N meas

k =1

1
N meas
1
N meas

∑ Xˆ ( t ) − Xˆ ( t )

r

∆ˆ ˆ

Xr

σˆ Xˆ

r

σˆ Xˆ

r

k

ref
r

∑ ( Xˆ ( t ) − Xˆ ( t ) )
k =1

r

k

ref
r

∑ ( Xˆ ( t ) − Xˆ ( t ) )
k =1

k

ref
r

2

k

N meas

r

(4.20)

k

N meas

Output parameter
∆ˆ Xˆ

r

(4.21)

2

k

(4.22)

Description

[m]

Average biases of the estimated positions over the whole
trajectory

 ms -1 

Average biases of the estimated velocities over the
whole trajectory

[m]

Average standard deviations of the estimated positions
over the whole trajectory

 ms -1 

Average standard deviations of the estimated velocities
over the whole trajectory

Table 4.2: List of all the output parameters of the model M

UQ

, with a short description.

Since the scalar outcomes of the model M UQ cause a significant condensation of results, in a later step
the outcomes of the model are not averaged, resulting in a time series of the model outcomes listed in
Table 4.2 (see section 4.6). The resulting time series of the outcomes deliver more information about
the temporal variability of the estimated biases and standard deviations due to the averaging process
over the whole trajectory.

4.3.3 Definition of the model
Figure 4.6 shows the flow chart of the model M UQ for uncertainty quantification, which relates the
variable input parameters to the output parameters using real data to generate the reference trajectory
and the synthetic observations. First, real GNSS observations are processed to obtain the original
 ref is generated inside
exemplary trajectory described by Xorig
. Then, the reference trajectory X ref
and X
r
r
r

the 3D corridor (section 4.2.1). The next processing step in the model M UQ is the generation of synthetic
measurements z k , based on the input parameters that quantify the measurement noise (section 4.2.2)
and the number of visible satellites, and using the information available from the orbit file. The synthetic
observations are processed using the processing algorithm M KF and subsequently the estimated
and velocities X ref
solutions Xˆ r ( tk ) , Xˆ r ( tk ) , k = 1,..., N meas are compared to the reference positions X ref
r
r ,
which allows estimating the true error for this specific solution. The outcomes of the model are
computed applying (4.19), (4.20), (4.21), and (4.22).
61

Figure 4.6: Flow chart of the model for uncertainty quantification. The green parallelograms
represent real input data, the blue parallelograms contain the variable input parameters (defined
by the user), and the red parallelograms are the outcomes of the numerical simulation.

4.4 Use of the computational model
4.4.1 Quantification of the input uncertainty
Based on the framework of the process of uncertainty analysis presented in chapter 2, after defining the
model M UQ , the next step corresponds to the quantification of the uncertainty related to the variable
input parameters. Following the formalism defined in chapter 2, each variable input parameter is
described by a random variable. These are contained in the random vector 44
T
X UQ =  r ref (δ X ref
r )


(δ X )
ref
r

T

N sat B CP B PR σ Xref (t ) σ δ
r

0

r

( t0 )

σ X

ref
r

( t0 )

σ δ

r

T

( t0 )

qX qδ qX qδ σ R si σ Φ si  , (4.23)
r
r
r
r
r
r 

so that the model for uncertainty quantification yields the random vector of the output parameters
Y UQ =  ∆ˆ Xˆ ∆ˆ ˆ σˆ Xˆ σˆ ˆ 
Xr 
r
 r Xr

T

(4.24)

according to Y UQ = M UQ ( X UQ ) .
Once the input parameters required by the numerical simulation are defined, it is necessary to identify
which ones are not well known and modelling them in a probabilistic context, i.e. defining the range of
possible values and the corresponding PDF. In both application cases, the PDFs of the variable inputs
are chosen based on the principle of maximum entropy. Regarding the application cases considered

44

 ref are random vectors since the corresponding variable input parameters are also vectors.
δ X ref
and δ X
r
r
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herein, either the variable input parameters are Gaussian distributed (in case of δ X ref
and δ X ref
r
r , since
these parameters describe the uncertainty of the initial position and velocity) or uniform (for the
remaining input parameters 45). The distributions and the corresponding values for the applications cases
investigated within this thesis are presented and discussed in chapter 5 and 6 (see chapter 2 for an
explanation about the choice of the selected distributions).

4.4.2 Application of Monte Carlo and Polynomial Chaos Expansion
By sampling X UQ according to the corresponding PDFs, a realization X UQ ( j ) of the random vector is
obtained, which in turn results in a realization Y UQ ( j ) of the output random vector. The N sim repetitions
of the sampling of X UQ and the subsequently processing of the realizations with M UQ results in a
statistical sample of model outcomes. Once the N sim realizations of the output random vector are
computed, the uncertainty of the output parameters is estimated applying (2.1) and (2.2) to obtain the
empirical mean μˆ Y

UQ

and the empirical variance σˆ Y . The sampling of the variable input parameters
UQ

and the uncertainty propagation through the model M UQ using MC is visualized in Figure 4.7. For a
better interpretation of the output of the MC simulation, also the confidence intervals of the results
should be provided. Once the sample size N sim is fixed, the (1 − α ) confidence interval can be directly
estimated using (2.3). On the other hand, the relation can be used to define the minimal sample size
min
N sim
. The coefficient of variation γˆYˆ UQ (2.6), the maximal acceptable relative deviation ε μˆ ˆ UQ (2.7), and
Y

α are set to chosen values, which depend on the application of interest (see chapter 5 and 6 for the

specific values). As described in section 2.2.3, the PCE can be used as an alternative approach to
(2.43) and standard deviation σˆ PCE
(2.44)) and the
compute the statistical moments (expected value μˆ PCE
Y
Y
UQ

UQ

sensitivity indices. Following the quantification of the input uncertainty defined in section 4.3, the PDFs
corresponding to the input parameters of the application cases investigated in this thesis are either
uniform or Gaussian. Therefore, Y UQ is approximated by a series expansion of a basis of Hermite and
Legendre orthonormal polynomials with the corresponding coefficients (see section 2.2.3). In order to
reduce the computational costs, the series expansion can be truncated applying an hyperbolic truncation
(2.40). The coefficients are computed applying a least-squares minimization or a least angle regression
using the available experimental design, meaning a sample of the available realizations of X UQ and Y UQ
that are used to estimate the coefficients. The sample size of the experimental design is defined as N ED
and it is assumed to be N ED < N sim .

45

The number of satellites is an integer. The uniformly sampled value for the number of visible satellites is rounded

to the nearest integer value.
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Figure 4.7: Overview of the model M

UQ

. The process of generating synthetic observations

and processing them is repeated N sim times, resulting in a sample of estimated trajectories and
their corresponding true errors, which can be analyzed statistically. The uncertainty of the
variable input parameters is propagated through the model applying MC.

4.4.3 Sensitivity analysis
The model for uncertainty quantification presented so far is flexible because it does not require the
repetition of measurements of a ground truth. However, it still depends on the uncertainty of the input
parameters (section 4.3) and especially on the process constraints (section 4.1).
The sensitivity analysis does not consider the synthetic observations as the only input parameters
affected by uncertainty, but considers the uncertainty of all the input parameters. In this way, the
influence due to the combination of different sources of uncertainty (e.g. a certain level of measurement
noise combined with a specific system noise) may be analyzed. Considering all the sources of
uncertainty, instead of investigating one model compartment at a time, prevents errors caused by
wrongly classifying an important factor as non-influential.
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Following the approach described in section 2.2.2, the total sensitivity index sˆ itot for each of the input
parameters is calculated. A small sˆ itot indicates an input parameter with a low influence that can be set
to a deterministic value (within the range of possible values) hardly affecting the uncertainty of the
model outcomes. The model M UQ can subsequently be simplified by reducing the number of variable
input parameters and considering the non-influential parameters to deterministic values. On the other
hand, the results of the sensitivity analysis allow identifying the influential parameters (with a high value
of sˆ itot ), which require to be further analyzed (see section 4.7).
The computation of the total sensitivity index of the application cases analyzed within this thesis is
obtained from the coefficients of the PCE applying (2.45) using the software UQLab (Marelli et
al. 2017). In the particular case that the PCE does not converge, sˆ itot can be computed using MC
following the approach described in section 2.2.2. The application of PCE reduces the computational
cost to N ED compared to those of a MC-based approach, which is 2 ⋅ N sim ⋅ dim ( X UQ ) .

4.4.4 MC-based epoch-wise accuracy assessment
As mentioned in section 4.2.2, a scalar outcome is necessary to perform a sensitivity analysis of the
model M UQ . However, the outcomes are averaged over the whole trajectory and they mask the temporal
variations of the estimated bias and standard deviations. The differences of the estimated positions and
velocities with respect to the reference values are defined as
ˆ ( t ) − X ref ( t ) ,
∆X r ( tk ) = X
r
r
k
k

(4.25)

 (t ) = X
ˆ ( t ) − X
ˆ ref ( t ) ,
∆X
r
r
r
k
k
k

(4.26)

where k = 1,..., N meas .
An epoch-wise accuracy assessment of a specific trajectory is obtained from the time series of the
estimated biases
=
∆ˆ Xˆ ( tk )

1
N sim

N sim

∑

ˆ ( j ) ( t ) − X ref ( j ) ( t ) ,
X
r
r
k
k

(4.27)

=
∆ˆ ˆ ( tk )

1
N sim

N sim

∑

ˆ ( j ) ( t ) − X
 ref ( j ) ( t ) ,
X
r
r
k
k

(4.28)

1
N sim

N sim

ˆ ( j ) ( t ) − X ref ( j ) ( t )
X
r
r
k
k

r

Xr

j =1

j =1

and standard deviations
=
σˆ Xˆ ( tk )
r

∑
j =1

2

,

(4.29)
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=
σˆ ˆ ( tk )
Xr

1
N sim

N sim

∑
j =1

ˆ ( j ) ( t ) − X
 ref ( j ) ( t )
X
r
r
k
k

2

,

(4.30)

of the estimated positions and velocities.
A brief numerical example is now presented in order to highlight the difference between the epoch-wise
and the averaged accuracy assessment.
The speed of the application case I visualized in Figure 4.5 is used to create a reference trajectory
(including velocity X ref
r ) and subsequently synthetic observations, which are processed with different
VCMs of the system noise but using the same synthetic observations. The epoch-by-epoch comparison
of the estimated solutions with the corresponding reference values results in an epoch-wise accuracy
assessment of the estimated solution. These results are more informative than the averaged values
summarized in Table 4.3.

Variances of the system noise

∆ˆ ˆ

Xr

[ mm/s]

σˆ Xˆ

r

[ mm/s]

qX r = 0.003 m 2 s -3

104.5

10.5

qX r = 0.03 m 2 s -3

28.8

2.7

qX r = 1 m 2 s -3

24.7

3.1

Table 4.3: Averaged outcomes of the model for uncertainty quantification applied to an
exemplary trajectory of the application case I. Bold denotes the best results in the column.

According to Table 4.3, the solution obtained using a variance qX = 0.03 m 2 s-3 yields the lowest standard
r

deviation, whereas the lowest bias is obtained using qX = 1 m 2 s -3 . However, these results are averaged
r

over the whole trajectory and some information may be not interpretable from the average values.
Figure 4.8 visualizes the time series of the resulting biases and empirical standard deviations.
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Figure 4.8: Epoch-by-epoch bias (top) and standard deviations (bottom) of the estimated speed
of the trajectory of the application case I obtained by applying three different system noise
variances. The shadowed areas represent the time series of the estimated standard deviations in

mm/s .

Figure 4.8 shows that, although a system noise variance of qX = 0.003 m 2 s-3 is mostly inappropriate for
r

the processing of the specific trajectory in an EKF, during the first section of the estimated solution
(until tk = 2s ) the EKF applying qX = 0.003 m 2 s-3 obtains the lowest estimated biases and standard
r

deviations. In a similar way, only an epoch-by-epoch accuracy assessment allows identifying that the
solution estimated using qX = 0.03 m 2 s-3 obtains the lowest bias and standard deviation when the speed
r

reaches the local maxima at tk ≅ 9.5s and tk ≅ 11.5s .
The presented epoch-wise accuracy assessment is now applied to investigate the impact of variations of
the system noise on the estimated trajectory.

4.5 System noise optimization
Anticipating the results of the sensitivity analysis performed on the investigated application cases, the
variance of the system noise is one of the most influential parameters of the developed MC-based
numerical simulation. Additionally, the variations of the estimated bias and standard deviations caused
by an inappropriate system noise variance discussed in the previous section and visible in Figure 4.8,
are additional indicators of the influence of the system noise on the accuracy and precision of the
estimated positions and velocities. The studies presented in section 3.2.4 show that adapting the
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VCMs Q and

R

during the process may improve the performance of the Kalman filter. However,

selecting the best method for the adaption of the system noise still remains a challenge. Within this
thesis, the identification of the optimal VCM Q is investigated, while the VCM

R

is assumed to be

known. The proposed model for uncertainty quantification (Figure 4.7) can be slightly modified and
used to investigate the impact of the variations of the VCM Q .
In the application cases investigated, Q is defined as (4.17) and qX and qX are modified in case of an
r

r

accuracy assessment of the estimated positions or velocities.
In order to explain the concept of a MC-based epoch-wise investigation of system noise optimization,
the reference trajectory is assumed to be known 46. However, this assumption can be relaxed at a later
stage by taking into account the fact that the trajectory may not be known precisely.
max
 of N Q possible values of qX and qX needs to be determined.
The ranges  qXmin , qXmax  and  qXmin
 , qX


r

r

r

r

r

r

These values are set based on the expected dynamics along the investigated trajectory and depending on
the measurement rate ∆t . Since the interval of the possible values is vast, the sampling of qX and qX
r

r

is performed logarithmically.
Subsequently, a bank of EKFs process the same synthetic observations each of them applying a different
but constant 47 qX(l ) and qX(l ) . For each epoch k the position error εˆX(ˆl ) ( tk ) and the velocity error εˆX(ˆl ) ( tk )
r

r

r

r

are calculated as the magnitude of the difference between the estimated and the reference vector of the
position and of the velocity
εˆX(ˆl ) (=
tk )

ˆ ( l ) − X ref
X
r
r

εˆX(ˆl ) (=
tk )

ˆ ( l ) − X
 ref
X
r
r

r

r

2

,

(4.31)

.

(4.32)

2

The errors εˆX(ˆl ) and εˆX(ˆl ) are a function of the chosen qX(l ) , qX(l ) , and time tk .
r

r

r

r

Figure 4.9 shows an illustrative example based on the trajectory of the application case I. Figure 4.9
visualizes the velocity error εˆXˆ as a matrix, where the columns represent the time, while the rows
r

indicate the logarithmic variance of the system noise applied in the EKF. The colors of each element of

46

The trajectory is assumed to be obtained from the processing of real GNSS observations and, for the explanation

throughout this section, the reference trajectory is assumed to resemble with sufficient accuracy the trajectory for
which the analysis needs to be carried out.
47

The variances of the system noise stay fixed to a constant value over the whole trajectory.
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the matrix correspond to the magnitude of the error εˆXˆ . The red line highlights the local minimum of
r

the error.

Figure 4.9: Velocity error as a function of the variance of the system noise. The red line
highlights the local minimum errors.

A value for the best constant variance of the system noise q̂X , causing the minimal velocity error εˆXˆ(l )
r

r

averaged over the whole trajectory, can be identified as
εˆXˆ(l ) =
r

1

N meas

N meas

k =1

∑ εˆ( ) ( t )
l
ˆ
X
r

(4.33)

k

l
qˆX r := arg min l εˆXˆ( )

(4.34)

r

and it is visualized in Figure 4.9 as a dashed magenta line.
However, Figure 4.9 shows that none of the constant variances yields a minimal error over the whole

( ) yielding the lowest error at different epochs. The

trajectory, which is shown by a varying min εˆX(ˆl )
r

temporal variations of the lowest error are an indicator that adapting the VCM Q may enhance the
performance of the Kalman filter, since the lowest error is achieved for different variances at different
epochs. Using this kind of analysis, the minimal error can be used to identify the optimal variance of the
system noise. However, the estimated state vector also depends on the respective previous epochs, and
thus its error at a specific epoch tk depends not only on the latest system noise variances qX(l ) ( tk −1 ) and
r

l
qX( r) ( tk −1 ) but also on all the values used for the earlier epochs.

Consequently, the time series of the minimal error in Figure 4.9 cannot be directly used to extract the
optimal variance of the system noise. Therefore an approach for the identification of the optimal system
noise variance in processing batches is proposed. Assuming that qˆX ( tk ) yields the minimal error at the
r
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corresponding epoch k and that qˆX ( tk ) is already found for t ≤ tk , the observations are processed
r

incrementally in short non-overlapping batches of length Tadpt from the epoch tk to the epoch tk +T .
adpt

Within the processing batch the optimal system noise variance q̂X is identified processing the bank of
r

max
 of variances
Kalman filters using the whole range  qXmin
 , qX


r

r

l
qˆXˆ ( tk ) := arg min l εˆX(ˆ ) ( tk )

(4.35)

qˆ ˆ ( tk ) := arg min l εˆ (ˆl ) ( tk ) .
X
X

(4.36)

r

r

r

r

Figure 4.10 visualizes 48 conceptually the processing inside the exemplary m -th batch and the ( m + 1) - th

( ) is represented by the white line. The state

batch, where the identified local minimum error min εˆX(ˆl )
r

vector xˆ ( tk ) within the m -th processing batch is computed applying the optimal system noise variance
q̂X r , delivering the new initial values xˆ ( tk + Tadpt ) of the ( m + 1) -th processing batch. The new initial

values are subsequently used by the bank of EKFs to process the next (same) synthetic observations
applying the whole range of variances. In this way, the estimated initial values, and therefore also the
estimated q̂X computed in the next processing batch m + 1 , are constrained only from the previously
r

estimated optimal variances qˆX ( tk + Tadpt ) but not from all the possible variances of the whole range
r

max
 qXmin

  r , qX r  .

48

For the explanation of the proposed approach, only the estimation of the optimal system noise variance qˆX r ( tk )

is described as an example. However, the same approach is applied for the estimation of qˆXr ( tk ) .
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Figure 4.10: Conceptual representation of the processing applying the bank of Kalman filters
to identify the optimal system noise variance within the exemplary m -th batch (left). The white
line represents the local minimal error. The red line represent the identified optimal system
noise variance of the previous batch, which is applied to reprocess the synthetic observations
to obtain the new initial values. Recursively, the local minimal error is identified in the

( m + 1)

- th computed batch (right).

The length Tadpt of the batch is chosen based on the expected dynamics of the trajectory analyzed. E.g.
the application case I analyzes alpine skiing trajectories performing turns with a frequency of 1 Hz . The
length Tadpt of the batch should not filter the dynamics effect of the trajectory and therefore it should not
exceed Tadpt = 1 s .
By repeating the numerical simulation, the uncertainty of q̂X is propagated through the modified model
r

for the estimation of the variance of the system noise in order to obtain the empirical mean value
µˆ qˆ


X
r

( tk ) =

1
N sim

Nsim

∑ qˆ ( ) ( t )
j =1

j

X
r

(4.37)

k

and the empirical standard deviation
=
σˆ qˆ  ( tk )
Xr

1
N sim − 1

∑ ( qˆ ( t ) − µˆ ( t ) )

Nsim

j =1

( j)


X
r

k

qˆX

k

2

.

(4.38)

r

The approach for the identification of the optimal system noise variance is visualized in Figure 4.11.
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Figure 4.11: Flow chart of the model for uncertainty quantification modified for the estimation
of the optimal variances of the system noise. The green parallelograms represent real input data,
the blue parallelogram contains the variable input parameters, and the red parallelograms are
the output data of the numerical simulation. The yellow parallelograms represent the processing
of the same synthetic observations using an EKF applying a different system noise variance.

Figure 4.12 visualizes µˆ qˆ and the corresponding 95% confidence interval for an illustrative example

X
r

of the reference trajectory is
based on the trajectory of the application case I. The speed profile X ref
r
plotted in Figure 4.12 as an orange line.
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Figure 4.12: Variability of the system noise variance of an exemplary trajectory of the
application case I. The blue line shows the empirical mean value of the identified optimal
system noise variance. The light blue shaded area represents the

95% confidence interval. The

empirical mean values and standard deviations are computed out of N sim = 100 realizations.
The orange line represents the speed profile of the reference trajectory.

The results showed in Figure 4.12 are specific for the investigated trajectory and measurement noise,
which is quantified by the noise bandwidths ( B CP , B PR ). The temporal variations of q̂X are significantly
r

larger than the accuracy of the estimated variance itself, indicating that the presented approach is a useful
process for the identification of the optimal system noise variance. An empirical investigation and a
numerical comparison with other system noise adaptive approaches found in the literature (Mohamed
and Schwarz 1999 and Ding et al. 2007) are presented and discussed in chapters 5 and 6.
Figure 4.12 shows that the optimal system noise variance varies with the temporal variations of the
dynamics. These variations are expected, since the system model of the EKF implemented in the
numerical simulation, described by (3.13), assumes that the acceleration of the observed moving object
can be modelled as a white noise sequence. Based on the results visualized in Figure 4.8 and Figure 4.12
one might argue that a position and velocity random walk is not an appropriate system model for the
exemplary trajectory analyzed, since the system noise may not be uncorrelated over time. However,
finding a correct model of the system dynamics requires a knowledge about the expected dynamics that
is not always available.
For this reason, the approach for the adaption of the VCM Q presented herein is chosen. This approach
aims at compensating the lack of not having modelled the varying dynamics by adapting the system
noise variance while keeping the position and velocity random walk as a system model, which has the
advantage of being a model with reduced computational complexity. In order to analyze the spectral
flatness of the system noise and the suitability of the proposed adaptive processing algorithms, a LOM
test (section 3.2.5) is performed epoch-by-epoch for the application cases investigated (see chapter 5
and 6 for the numerical results).
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Since, as expected, the variations of q̂X are strongly related to the magnitude of the acceleration X
r
r

 is used to model the adaption of the system noise variance. As an example, the
of the trajectory, X
r

 of the observed moving object in the application case I and the
magnitude of the acceleration X
r

estimated q̂X are visualized in Figure 4.13.
r

Figure 4.13: Variability of the system noise variance in relation with the magnitude of the
acceleration of the observed moving object in the application case I. The orange line represents

 . The blue line shows the system noise variance q̂ 
the magnitudes of the acceleration X
r
X
estimated out of N sim = 100 realizations. The blue shaded area represents the

r

95% confidence

interval.

The relation between the acceleration and the optimal system noise variance q̂X visible in Figure 4.13
r

suggests that it may be possible to approximate q̂X

r

as a function of the magnitude of the


acceleration X
r
PR
 ( t ) + cˆ .
qˆX r ( B CP , B=
, ∆t , tk ) cˆ1 ( B CP , B PR , ∆t ) ⋅ X
r
2
k

(4.39)

The parameters ĉ1 and ĉ2 are estimated using a least-squares adjustment using a representative time
series of q̂X as observables. The parameters ĉ1 and ĉ2 depend on the underlying measurement noise
r

 can be obtained in (near) real time, either from an external measurement system or
( B CP , B PR ). X
r

they can be estimated using the output of the EKF of the preceding epochs. The process of the estimation
of the parameters ĉ1 and ĉ2 is visualized in Figure 4.14.
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Figure 4.14: Flow chart of the estimation of the parameters of the model for the adaption of
the system noise variance.

 is that q̂  may be approximated once the parameters
The advantage of modelling q̂X based on X
r
X
r

r

ĉ1 and ĉ2 are known, without requiring any extensive numeric simulations additionally to the ones

necessary for the computation of ĉ1 and ĉ2 . The parameters ĉ1 and ĉ2 need to be estimated for a specific
class of applications knowing the expected measurement noise affecting the observations. As an
example, Figure 4.15 shows a comparison between the estimated optimal system noise variance q̂X

r

obtained as a
obtained from the numerical simulation and the modelled system noise variance q̂Xdyn

r

 applying (4.39) for a section of an exemplary trajectory of the application case I.
function of X
r

Figure 4.15: Optimized and modelled system noise variance for a section of an exemplary
trajectory of the application case I.

The modelled system noise variance q̂Xdyn
mainly approximates the variations of the optimal system

r

noise variance q̂X with the exception of a slightly underestimation of the negative peaks of q̂X . The
r

r

similar pattern of the variances visible in Figure 4.15 indicates that the proposed approach may be useful
to improve the accuracy of the estimated positions and velocities. However, a more concrete analysis is
performed in chapter 5 and 6 in order to assess the improvement of the accuracy of the estimated
positions and velocities due to the proposed dynamics-based adaption compared to a constant system
noise variance and compared to the adaptive approaches described in section 3.2.4.
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All the methods and equations for the accuracy assessment and for the identification of the optimal
system noise variance of a GNSS-based kinematic position and velocity estimation have been introduced
in this chapter. These are now applied in the next two chapters to two real world study cases in order to
assess the accuracy of the investigated trajectories and to identify the optimal system noise variance.
The main idea is to investigate empirically two different situations and thus to evaluate the proposed
approach. The applications cases are assumed to describe two different dynamic conditions. On the one
hand, the trajectory of a sport athlete performing a training session in alpine skiing is supposed to be an
exemplary smoothed trajectory showing high-variability in the dynamics. On the other hand, the
trajectory of a construction machine is assumed to be representative for objects moving slowly, under
strong vibrations, and performing sharp turns. In both cases, the estimation of the velocity is of primarily
interest.
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5.

APPLICATION CASE I: ACCURACY
ASSESSMENT OF THE VELOCITY ESTIMATION
OF AN ALPINE SKIING ATHLETE USING GNSS

Sport scientists are interested in capturing the trajectory and the dynamics of an athlete with high
temporal and spatial resolution, and possibly high accuracy. The estimation of the velocity is of primary
importance for performance analysis (Skaloud and Limpach 2003; Supej 2010; Gilgien et al. 2013) and
injury prevention studies (Spörri et al. 2012; Gilgien et al. 2014; Kröll et al. 2016). GNSS receivers are
particularly well suited for this purpose especially in outdoor sports (Skaloud and Limpach 2003;
Brodie 2009; Wägli 2009; Supej 2010; Gilgien et al. 2013), due to the virtually unlimited operation
range and the inherent capability of yielding location, velocity and time.
In the application case analyzed in this chapter, the accuracy assessment of an alpine skiing trajectory
was investigated. In particular, the goal of the investigation was to assess the accuracy of the estimated
velocity obtained from raw GNSS observations and processed using an EKF. This was achieved by
applying the developed MC-based numerical simulation presented in the previous chapter. To
demonstrate the feasibility of the approach and its applicability to a real case study this chapter focuses
on speed. However, the approach could be easily expanded to the velocity vector by analyzing the
components separately 49. This would generate additional computational burden but it would make no
difference in the methodic. Subsequently, the impact of variations of the system noise on the accuracy
of the estimated velocity was investigated. For completeness, the accuracy of the estimated position are
also presented.
The input parameters of the numerical simulation are defined in section 4.3.1. Since the application case
is focused on the velocity estimation, in this specific case the output parameters of the numerical
simulations were the average bias ∆ˆ Xˆ and standard deviation σˆ Xˆ of the estimated velocity. The output
r

r

random vector of the model for uncertainty quantification for this specific application case was thus
Y UQ =  ∆ˆ ˆ
 Xr

T

σˆ Xˆ  .
r



(5.1)

The application case investigated herein required the model outcomes to be estimated with an accuracy
in the order of a few cm/s.

49

The speed estimate is defined as the magnitude of the velocity vector. However, since the approach does not

differ between velocity and speed, within this chapter the term velocity is used for sake of simplicity.
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5.1 Description of the dataset and process constraints for the
MC-based accuracy assessment
The dataset used in this experimental investigation was collected in the framework of a biomechanical
investigation about the use of GNSS in alpine skiing as a technical instrument for quantitative training
information 50. The raw observations were collected with a measurement interval of ∆t =0.04 s , using a
double-frequency GNSS receiver Javad Alpha carried on a backpack by a skiing athlete. The receiver
was connected to an antenna located on the top of the backpack (Figure 5.1). The athlete performed a
session of giant slalom training runs, where the gate distances were approximately 26 m . In the
framework of the biomechanical investigation, the athlete performed several training runs with similar
characteristics. A single trajectory was arbitrarily selected for the investigation performed in this
chapter.

Figure 5.1: The giant slalom trainings course on the ski slope (left) and the alpine skiing athlete
(right) carrying the backpack with the GNSS receiver and the antenna mounted on the top of it
(Pictures: M. Gilgien).

The collected GNSS carrier phases and pseudoranges were processed differentially using the postprocessing software KF_run (Wieser 2007). A reference station also equipped with a double-frequency
GNSS receiver Javad Alpha, at a distance of approximately 1 km from the gates, was available during
the experiment. For the application case investigated, precise positions Xorig
( tk ) and velocities X orig
( tk )
r
r
were available, which were subsequently required for the generation of the master reference trajectory
applying the approach described in section 4.2.1.

50

The data collection was supported by and performed in cooperation with the Norwegian Ski Federation, Alpine

Skiing Olympiatoppen, and the Norwegian Space Center.
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As mentioned in Chapter 4, the positions Xorig
( tk ) are interpolated and filtered applying a cubic
r
smoothed spline (4.7). For the specific case investigated in this chapter, a smoothing factor 51 of λ = 0.15
 orig , and on the high
was chosen manually based on the quality of the original estimates Xorig
and X
r
r

measurement rate ∆t =0.04 s . The obtained master reference trajectory 52 X ref
r ( t k ) (Figure 5.2)
described a giant slalom trajectory with a duration of approximately 20 s with turns at a frequency of
approximately 1 Hz , and a maximum speed of 65 km h (see Gilgien et al. 2015 for more details about
the characteristics of course and terrain of different alpine skiing disciplines). The reference velocity
vector X ref
r ( t k ) was obtained by deriving the reference position vector with respect to time, resulting in
 ref
 ref
a consistent representation of X ref
r ( t k ) and X r ( t k ) . In an analog way, the acceleration vector X r ( t k )

was computed as the temporal derivative of X ref
r ( tk ) .

Figure 5.2: Part of the master reference trajectory in a local Cartesian coordinate system (left)
with a zoomed detail (top left), speed profile (top right), and norm of the acceleration vector
(bottom right). The black circles represent the original estimates X orig
. The magenta line
r
shows the interpolated spline and the blue arrows visualize the 3D velocity vectors.

After setting the process constraints regarding the reference trajectory (section 4.2.1), the application
needed to be defined in terms of synthetic observations (section 4.2.2). The experimental investigation
51

The range of values proposed by Skaloud and Limpach (2003) was not applied on this situation, since the original

were significantly more accurate than the typical observations used in their study.
estimates Xorig
r
52

The symbol Xorig
represents the original (measured) trajectory. On the other hand, the symbol X ref
represents
r
r

the master reference trajectory used to sample the realizations of the
ref ( j )

Xr

N sim

reference trajectories

, j =1, ... , N sim , which are subsequently used to generate the synthetic observations of the corresponding

MC realizations.
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only considered pseudoranges and Doppler observables as synthetic observations derived from the
frequency L1, in order to simulate a situation closer to the application case investigated, where mainly
single frequency receivers are applied.
Following the structure given in Chapter 4, also the constraints about the kinematic processing had to
be defined. In the application case investigated within this chapter, the system noise was modelled as
position and velocity random walk, where Q had the structure given in (4.17). The receiver clock bias
and drift were also modelled as random walk. Modelling the system noise (of all the elements of the
state vector) as random walk was chosen due to the reduced complexity e.g. compared to estimating the
dynamic model for each specific application case. Its suitability for this application is shown in
section 5.5.

5.2 Definition of the model for uncertainty quantification
Following section 4.3, the model M UQ relates the variable input parameters described by X UQ (4.23),
with the output parameters described by Y UQ (5.1) .
The uncertainty of the variable input parameters is quantified by defining the range of possible values
and the corresponding PDFs from which they are subsequently sampled. These are listed in Table 5.1
with the corresponding descriptions, which are repeated for convenience.
The broad ranges of possible values were chosen on purpose in view of the sensitivity analysis presented
in section 5.4. At a later stage, the range could be restricted taking into account the influence of each
input parameter. The individual parameters and the chosen values are now discussed one by one.
The size of the 3D corridor (around the master reference trajectory) containing all the possible sampled
reference trajectories is quantified by the input parameter r ref (see section 4.3.1). Varying the values of
r ref allows quantifying the variability of the reference trajectory with an input parameter with respect to

the master reference trajectory. The lower boundary was set to r ref = 0 m , which would correspond to
sampled trajectories that are identical to the master reference trajectory. On the other hand, r ref = 10 m
would correspond to sampled reference trajectories, which were very different from the master reference
trajectory. In the framework of the application investigated within this chapter, this was assumed to
contain the typical variations of different trajectories of the same course setting 53 but also to consider a
certain uncertainty about the location of the course settings (see Figure 4.5 for an exemplary sampling
of reference trajectories). As a primary step to investigate the feasibility of the approach proposed in
this thesis, the numerical simulation was developed without additional geometric constraints. As already
53

In alpine skiing, the largest deviations between trajectories are observed in the discipline of downhill skiing. In

giant slalom, the typical variations are 1-2 m (Personal communication M. Gilgien 15.02.2018).
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mentioned, as a first approximation the description of the 3D corridor of size r ref is a suitable model of
the variations of the reference trajectory.
Variable input
parameter

Distribution

Description

r ref

[m]

U (0,10)

δ X ref
r

[m]

N (0,1)

Error of the initial position

 ref
δX
r

[ms-1]

N (0, 0.1)

Error of the initial velocity

U (5,8)

Number of visible satellites

N sat

Range of the 3D corridor

B CP

[Hz]

U (5,50)

Measurement noise bandwidth of carrier phases

B PR

[Hz]

U (5,50)

Measurement noise bandwidth of Pseudoranges

[m2]

U (0.1,100)

σ δ2 (t )

[s2]

U (0.1,100)

σ X2

[m2s2]

U (0.1,100)

σ δ2 (t )

[s2s2]

U (0.1,100)

qX

[m2]

U (0.001,100)

2

[s ]

U (10-20 ,10-16 )

[m2s2]

U (0.001,100)

[s2s2]

U (10-20 ,10-18 )

σ X2

ref
r

r

0

ref
r

r

qδ

( t0 )

( t0 )
0

r

r

qX

r

qδ

r

Variances of the elements of the initial state vector

σR

[m]

U (1,10)

σΦ

[m]

U (0.001, 0.05)

si
r

si
r

Variances of the system noise

Standard deviation of pseudoranges and carrier phases as
used within the EKF

Table 5.1: Description and quantification of the variable input parameters.

The measurements were assumed to begin when the athlete was in a stationary position at the starting
gate. This was assumed to be measured with a GNSS equipment that allowed reaching accuracies with
a standard deviation smaller than σ δ X = 1 m . The starting velocity was assumed to be close to zero,
ref
r

with the exception of the residual motion of the antenna caused by the natural movement of the athlete
in a stationary position. A standard deviation of σ δ X = 10 cm s was assumed to be representative and
ref
r

realistic for this specific situation.
In the application case investigated, the number of available satellites was assumed to vary between
N sat = 5 , which is the minimum number that is necessary to compute a LOM test (see section 3.2.5) and
N sat = 8 , namely the maximum number of satellites available during the original real GNSS

measurements.
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The receiver noise ε rs

i

CP

, ε rs

PR

i

is quantified by the measurement noise bandwidths B CP , B PR , which are

subsequently converted into the corresponding standard deviations of the thermal noise σ tPR , σ tCP
applying 54 (4.8) and (4.9). The range of possible values of B CP and B PR was set to [5 Hz, 50 Hz ] , which
is a typical range of possible bandwidths (Häberling 2015). The ranges of possible values of the
corresponding standard deviations were set to σ tCP = [1,50] mm and σ tPR = [1,10] m , and they were chosen
based on the expected thermal noise of the observations obtained in the application case investigated.
The large range of possible values of the initial VCM P0 was selected on purpose, in order to simulate
a situation without prior knowledge about the variations between initial values of the state vector and
the corresponding true values. The standard deviation σ X

ref
r

( t0 )

of the initial position as used in the EKF

should not be confused with the standard deviation σ δ X of the error of the true initial position.
ref
r

Appropriate values of the variances qX and qX could be identified starting from the expected maximum
r

r

deviations caused by the prediction of the state vector using a random walk model and interpreting these
deviations as 3σ -values of the system noise. The minimum and maximum values of qX and qX chosen
r

r

for this application case are listed in Table 5.2 along with the corresponding 3σ deviations of the
predicted states ("maximum deviations of prediction"). The upper boundary values of the system noise
variances qX = 102 m 2 and qX = 102 m 2 /s 2 corresponded to an unfiltered epoch-by-epoch solution.
r

r

System noise variance

Maximum deviation of prediction

qX = 10-3 m 2

9.5 cm

qX = 10 m

30 m

r

2

2

r

qX = 10-3 m 2 /s 2

9.5 cm/s

qX = 10 m /s

30 m/s

r

2

2

2

r

Table 5.2: Boundary values of the system noise variances with the corresponding maximum
deviations of the prediction.

It is worth mentioning that it is more difficult to interpret the maximum deviation of prediction of the
position, since it is accounted for by qX and qX . However, the range of possible values was mainly
r

r

required to perform the sensitivity analysis and it was therefore chosen to be consistent with the range
of possible values of qX . An appropriate range of values of the variances qδ and qδ was selected
r

54

r

r

As already mentioned in section 4.2.2, the conversion of B CP , B PR in σ tPR , σ tCP is not fundamental and it could

be replaced by a direct sampling of the parameters σ tPR , σ tCP according to the corresponding distributions.
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based on the results of a previous empirical investigation 55. Although the investigation was not
performed with the same receiver used in the application case, the values were assumed to be appropriate
to describe the magnitude of the range of possible values.

5.3 Application of Monte Carlo simulation and Polynomial Chaos
Expansion
In the third step of the process of uncertainty analysis (see Figure 2.1), the uncertainty of the variable
input parameters needs to be propagated through the model, e.g. by applying the MC-based numerical
simulation introduced in Chapter 4.
min
Before the MC-analysis started, the minimal sample size N sim
of the MC simulation was computed

inserting ε μˆ

Yˆ UQ

= 10% and γˆYˆ

UQ

= 2 in (2.5). γˆYˆ UQ was the result of a rough calculation, where the

numerical results obtained from the simulation (see numerical values in Table 5.3) were multiplied by
a factor of two in order to amply approximate the variations of the model outcomes. γˆYˆ

UQ

was estimated

empirically by running the numerical simulation iteratively. A maximal acceptable relative deviation of
ε μˆ ˆ UQ = 10% was chosen, which corresponded to the aimed accuracy of the model outcomes ∆ˆ Xˆ and σˆ Xˆ
Y

r

respectively. This resulted in a minimal sample size N
Subsequently the empirical mean values µˆYˆ

UQ

min
sim

r

= 1538 .

and standard deviations σˆYˆ

UQ

of the model outcomes were

computed using (2.1) and (2.2) applying the range of possible values listed in Table 5.1. The numerical
results are summarized in Table 5.3.
µˆYˆ

Model outcomes
Average bias ∆ˆ X

[ mm/s]

UQ

σˆYˆ

UQ

[ mm/s]

21.9

24.5

401.4

360.9

r

Average standard deviation σˆ X

r

Table 5.3: Empirical mean values and standard deviations computed using the numerical
simulation in the application case I. The input parameters are sampled according to the
distributions and values listed in Table 5.1.

The resulting large values of the estimated mean values µˆYˆ

UQ

and standard deviations σˆYˆ

UQ

resulted from

the broad range of possible values of the variable input parameters (Table 5.1). The results shown in

55

Personal communication: Wieser A (2005), Receiver clock error analysis of several HS GPS receivers and

conventional GPS receivers, Technical report, TU Graz Austria (unpublished work).
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Table 5.3 highlight that the average standard deviation σˆ Xˆ was an important model outcome for the
r

evaluation of the estimated velocity, being an order of magnitude higher than the average bias.
These values should not be misunderstood as the achievable accuracy obtainable using GNSS for the
trajectory investigated in this chapter. The broad range was selected to analyze the sensitivity of the
variable input parameters. Once the influential and the non-influential parameters were identified, the
simulation could subsequently be run with more realistic values of the input parameters (refer to
section 5.5 for model outcomes resulting applying measurement and system noise selected to obtain
accurate positions and velocities).
The accuracy assessment and the results of the sensitivity analysis obtained applying the numerical
simulation were computed for the last 2 3 of the trajectory, which was the section of the trajectory,
where the athlete performed characteristic accelerations of giant slalom. The first 1 3 of the trajectory
was not used, since the athlete began the training run at the starting gate (in a stationary position) before
accelerating to the aimed speed.
In order to reduce the sample size and thus to reduce the computational costs (in particular in view of
the computation of the total sensitivity indices) an approximated model M UQ ( PCE ) for uncertainty
quantification was obtained by applying a PCE (see section 2.2.3). The N ED samples required for the
experimental design had to be computed a priori. These were obtained after sampling the variable input
parameters of the numerical simulation according to the corresponding PDFs and computing the
corresponding realizations of the MC-based simulation
T

ˆ UQ ( j ) =  ∆ˆ ˆ( j ) σˆ ˆ( j )  , j = 1, ... , N .
Y
ED


X
r
 X r

(5.2)

The realizations Ŷ UQ and the matrix A PCE (2.35) containing all the required polynomial bases were
subsequently used for the estimation of the coefficients θξ of the PCE applying a least-squares
minimization (2.34).
Samples influenced by outliers 56 caused by a divergence of the EKF were manually discarded from the
computation of the coefficients of the PCE. An additional reduction of the computational costs was
obtained by applying a hyperbolic truncation approach (2.39) on the estimation of the coefficients.
A visual representation of the PCE approximation of the model outcomes is given in Figure 5.3. The
numerical simulation was run N ED times resulting in a set of sampled input parameters
MC j
X UQ ( j ) , j = 1, ... , N ED and the corresponding realizations of the model ∆ˆ Xˆ ( ) , σˆ Xˆ MC ( j ) , j = 1, ... , N ED .
r

56

r

Although no outliers were simulated, the EKF might diverge due to an inappropriate combination of initial

values and VCMs Q and R .
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The sample size of the experimental design used for the visualization was arbitrarily set to N ED = 1000
for the first trial and it was later optimized. The experimental design was used to compute the
coefficients of the approximated model M UQ ( PCE ) and subsequently the corresponding model outcomes
∆ˆ ˆ

PCE ( j )

Xr

, σˆ Xˆ PCE ( j ) , where j = 1, ... , N ED .The pairs of outcomes ∆ˆ Xˆ PCE , σˆ Xˆ PCE of the approximated
r

r

r

model M UQ ( PCE ) are plotted in Figure 5.3 against the model outcomes ∆ˆ Xˆ MC , σˆ Xˆ MC computed applying
r

r

MC.

Figure 5.3: Visualization of the realizations of the model outcomes: empirical average velocity

ˆˆ
biases (left) and empirical average standard deviations (right) computed with MC ( ∆


Xr

MC

,

σˆ Xˆ MC ) and PCE ( ∆ˆ Xˆ PCE , σˆ Xˆ PCE ). The black lines represents the relationships
r

r

∆ˆ ˆ

Xr

MC

r

=
∆ˆ ˆ PCE and σˆ ˆ MC = σˆ ˆ PCE .
X
X
X
r

r

r

Ideally, the approximation obtained using PCE would have been located on the black lines representing
∆ˆ ˆ PCE and σˆ ˆ MC = σˆ ˆ PCE . Although the results showed a significant dispersion
the relationships ∆ˆ Xˆ MC =
X
X
X
r

r

r

r

around the black lines, the approximated model M UQ ( PCE ) could be used for the estimation of the total
sensitivity indices of the application case investigated herein. The reason of this decision and how to
choose the sample size N ED of the experimental design are explained next.
First, an experimental design of N ED = 1500 samples was generated. Only subsets of the samples were
considered for the estimation of the coefficients θξ and polynomial bases Ψ ξ ( X UQ ) , where the sample
size of the subsets was increased step-wise from N ED = 200 to N ED = 1500 . The estimated sets of
coefficients and polynomial bases were subsequently used to estimate the empirical mean
values µˆY

UQ

(2.41), the empirical standard deviations σˆY

UQ

(2.42), and one exemplary total sensitivity

indices sˆqtot (2.45) of the input parameter qX . Anticipating the results of the sensitivity analysis

X
r

r
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presented in section 5.4, the variance qX of the system noise was chosen since it was the most influential
r

parameter in the application case investigated and the convergence of the time series of this sensitivity
index was representative for the influential parameters.
The resulting subsets of coefficients were not independent, since they were estimated selecting a subset
of samples with modified sample size of the same original N ED = 1500 samples. However, they gave an
indication about the convergence of the PCE approximation compared to the MC simulation. The
coefficients θξ were computed applying two approaches: a least-squares (LS) minimization and a least
angle regression (LAR) (see section 2.2.3).
The time series of the statistics computed for the pairs of model outcomes ∆ˆ Xˆ and σˆ Xˆ are visualized
r

r

in Figure 5.4 as a function of the sample size N ED . The same statistics were computed using MC
applying (2.1), (2.2), and (2.24).

Figure 5.4: Statistics computed applying the PCE as a function of the sample size of the
experimental design (continuous lines) and the corresponding benchmark values obtained by
applying MC (dashed lines). The coefficients of the PCE are estimated applying a least-squares
minimization (blue lines) and a least angle regression (orange lines). The figure shows the
empirical mean values (a,d), the empirical standard deviations (b,e), and the total sensitivity
indices of the variable input parameter qX (c,f). The figures (a), (b), and (c) show the statistics
r

of the average bias of the estimated velocity, whereas (d), (e), and (f) present the same statistics
for the average standard deviation of the estimated velocity.

Note that sˆqtot computed using MC was obtained by applying the approximation method proposed by

X
r

Saltelli (2002) described in section 2.2.2. The computation of the indices using MC simulations has to
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consider a range of possible nominal values. This was performed in a smaller scale 57 as compared to the
numerical example presented in section 2.2.2 (refer to section 2.2 for more details about the variability
of the nominal value). Therefore the indices estimated using MC need to be considered carefully,
meaning that they should be taken into account as a comparable value but not as a ground truth in the
discussion about the approximation using PCE. Although the statistics obtained by applying MC were
scalar values, these are visualized as dashed lines in Figure 5.4.
The time series of µˆY , σˆY , and sˆqtot (obtained from the coefficients estimated applying LAR) show
UQ

UQ


X
r

a faster convergence than those estimated applying LS. This means that a smaller sample size could be
used for the estimation of the coefficients using LAR. However, the total sensitivity indices sˆqtot


X
r

estimated using LS converged to the corresponding value closer to those estimated using MC.
The systematic variations of the time series plotted in Figure 5.4 may be explained by the fact that the
samples of the experimental design were not independent, since the coefficients were estimated from
the same sampled input parameters and the corresponding realizations of model M UQ . The computation
of 1500 independent samples of increasing sample size with the corresponding MC realizations would
have required excessive computation time and it was thus not performed here.
Based on the results showed in Figure 5.4, the coefficients of the PCE were estimated applying a leastsquares minimization and using a sample size of N ED = 1200 , since a larger N ED did not make the
estimated statistics to additionally converge towards the corresponding values computed using MC.
The numerical values of the statistics computed applying MC and PCE are summarized in Table 5.4.
The empirical mean values were approximated by the PCE with a relative error of 4.6 % and 4.3 % .
The empirical standard deviations showed a higher value of the computed relative errors. The total
sensitivity indices computed using MC and PCE did not vary significantly (the relative errors do not
exceed 5.3 % ).
Average bias ∆ˆ X

Model outcomes

Average standard deviation σˆ X

r

r

µ̂∆ˆ [mm/s]

σˆ ∆ˆ [mm/s]

sˆqtotX

µˆσˆ [mm/s]

σˆσˆ [mm/s]

sˆqtotX

MC

21.9

24.5

0.80

401.4

360.9

0.75

PCE

22.9

21.4

0.76

418.7

331.7

0.79

Relative errors

4.6 %

12.6 %

1.3 %

4.3 %

8.1 %

5.3 %

Statistics


X
r


X
r

r


X
r


X
r

r

Table 5.4: Statistical moments and total sensitivity indices computed with MC and PCE.

57

Due to the significantly higher computational costs of a single realization of the model M UQ (ca. 2.5 s compared

to 0.0015 s of the numerical example presented in section 2.2.2), the repetition of the MC simulation was not
feasible for the application case investigated in this chapter
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Based on the results summarized in Table 5.4 and visualized in Figure 5.4c and f, the PCE could be used
as an alternative to MC for the estimation of the global sensitivity indices of the application case
investigated in this chapter. This allowed a substantial reduction of the computational costs compared
to a sensitivity analysis estimated applying MC. The computation of all the total sensitivity indices
sˆitot , i = 1, ..., dim ( X UQ ) for this specific case required merely the generation of N ED = 1200 samples of

the experimental design, whereas the sensitivity analysis computed using MC had a computational cost
min
of 2 ⋅ N sim
⋅ dim ( X UQ ) =
49216 , which is approximately 40 times.

5.4 Sensitivity analysis
A sensitivity analysis was performed to obtain a better understanding of the proposed model M UQ for
the accuracy assessment of the trajectory investigated herein. This allowed identifying the most
influential parameter(s) and simplifying the model M UQ by setting the non-influential parameters
( sˆ itot ≅ 0 ) to fixed values.
The total sensitivity indices were directly computed from the coefficients of the PCE for each pair of
input and output parameters (2.45). No significant differences on the resulting sensitivity indices were
observed by using different experimental designs. For completeness, the empirical mean values and
standard deviations of the estimated total sensitivity indices for each pair of input and output parameters
were estimated using 8 different experimental designs. These are visualized in Figure 5.5.

σR

si
r

σΦ

si
r

Figure 5.5: Total sensitivity indices of the model outcomes (average bias and standard
deviation of the estimated velocities). The bars represent the pairs of the empirical values of the
total sensitivity indices. The error bars visualize the corresponding standard deviations.
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The results of the sensitivity analysis highlighted that the most influential parameter was the system
noise variance qX , which quantifies the velocity random walk. Figure 5.5 shows that also the standard
r

deviation σ Φ of the carrier phases (used to estimate the Doppler observables) as used within the EKF
si
r

was also an influential parameter. To a smaller extent, the uncertainty of the model outcomes depends
on N sat and B CP . N sat needs to be interpreted carefully, since the accuracy the estimated positions and
velocities depends not only on the number of visible satellites but also on the geometry of the satellite
constellation. This aspect was not considered in this application example but in order to assess the
feasibility of the proposed approach, N sat was assumed to be a sufficient approximation of the real case
investigated in this chapter. The remaining input parameters had significantly lower values of the total
sensitivity indices, meaning that they had less influence on the uncertainty of the estimated bias and
standard deviation of the velocity of the application case investigated in this chapter.
The results of the sensitivity analysis allowed identifying the most influential parameter that once fixed
to the corresponding true value, caused the greatest reduction of the variance of the model outcome. The
high value of sˆqtot indicated that qX strongly affected the accuracy of the obtained results and thus, for

X
r

r

the application case investigated, the simulation should apply values for the system noise variance qX

r

accurately chosen and close to the values used for the processing of the real data.
In general, the results obtained have been interpreted as an indicator of the need of further investigations
regarding the choice of the values of the VCMs Q and R . A detailed investigation about the impact of
the variation of the system noise variance is presented in section 5.5.
The input parameters are considered as non-influential when, once setting a certain parameter xi to a
fixed value, the resulting errors δ YiUQ of the model outcomes are smaller than a defined threshold (see
section 2.2.2). A threshold for the application case investigated was set based on the aimed accuracy of
the estimated velocity. The expected values of the errors δ YiUQ were computed applying (2.18) and they
are visualized in Figure 5.6. These are plotted in a logarithmic scale to better show the differences
between the approximation errors caused by the less influential parameters.
The results of a biomechanical study (Kröll et al. 2016) showed that, in giant slalom, the effects of
different equipment used by the same athlete caused velocity differences in the order of magnitude of
0.5 m/s . Assuming that the model outcome (meaning the average standard deviation of the estimated

velocity) should be approximately ten times smaller than the observable differences, a threshold of
E {δ YiUQ } < 0.05 m/s could be set. The threshold is visualized by the red dashed line in Figure 5.6. This

means that for this specific case, all the variable parameters except B CP , qX , and σ CP could be set to a
r

fixed value, within the range of possible values (Table 5.1), resulting in an error of E {δ YiUQ } < 0.05 m/s .
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σR

si
r

σΦ

si
r

Figure 5.6: Pairs of resulting errors of the model outcomes when the corresponding input
parameter is set to a fixed value

For the application case investigated within this chapter, more accurate velocities ( ∆ˆ X < 1 cm/s and
r

σˆ X < 1 cm/s ) would be achievable only when almost none of the variable input parameters would be
r

arbitrarily fixed to a value within the ranges defined in Table 5.1.
To demonstrate the independence of the general conclusions derived from the sensitivity analysis
(b)
) obtained out of
showed in this chapter, a different master reference trajectory (here defined as X ref
r
(b)
) was used to re-compute a sensitivity analysis
different original estimates (here defined as Xorig
r

applying the same input parameters with the same distribution and values as summarized in Table 5.1.
(b)
X ref
was obtained by applying the same approach as described in section 5.1 to the raw GNSS
r

observations collected with the same GNSS equipment in the framework of an analog biomechanical
investigation (refer to Gilgien et al. 2014, 2015a, b for more detail about the biomechanical
(b)
investigation). The master reference trajectory X ref
had a duration of approximately 35 s and a
r

maximum speed of 70 km h and it is visualized with the corresponding profiles of the speed and
acceleration in Figure 5.7.
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ref ( b )

Figure 5.7: Master reference trajectory X r
in a local Cartesian coordinate system (left),
speed profile (top right), and norm of the acceleration vector (bottom right).

For a better understanding of the results of the sensitivity analysis, the empirical mean values and
(b)
standard deviations of the model outcomes for the master reference trajectory X ref
are summarized in
r

Table 5.5.
µˆYˆ

Model outcomes
Average bias ∆ˆ X

r

Average standard deviation σˆ X

r

UQ

[ mm/s]

σˆYˆ

UQ

[ mm/s]

30.7 ( 21.9 )

26.1 ( 24.5 )

694.4 ( 401.4 )

371.7 ( 360.9 )
ref ( b )

Table 5.5: Statistical moments obtained using the master reference trajectory X r

X

ref
r

(and

in parentheses).

Analogously to the first master reference trajectory, the high value of σˆ Xˆ resulted from the broad range
r

(b)
of possible values of the variable input parameters (Table 5.1). Although X ref
and X ref
described two
r
r

trajectories with similar characteristics in terms of geometry and dynamics, and the range of possible
values of the variable input parameters were the same, it resulted in different values of the model
outcomes. This allowed comparing the results of the sensitivity analyses in the case of two trajectories
(similar but not identical) and thus generalizing the obtained conclusions.
(b)
The sensitivity analysis performed for the reference trajectory X ref
(Figure 5.8) showed similar results
r

compared to the sensitivity indices X ref
visualized in Figure 5.5. The results of the sensitivity analyses
r
indicated that in both cases the most influential parameters were B CP , qX , and σ CP . Slight differences
r
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were obtained in the hierarchy of the influent indices compared to the indices plotted in Figure 5.5,
where the parameter B CP obtained a higher value of the total sensitivity index than σ Φ .
si
r

Figure 5.8: Total sensitivity indices of the model outcomes obtained for using the master
ref ( b )

reference trajectory X r

in the numerical simulation. The indices resulting from the
ref ( b )

sensitivity analysis based on the master reference trajectory X r

are plotted as bars (with

the corresponding standard deviations as error bars).

Although the results of the model outcomes (Table 5.5) differed, the general conclusions about the
influence of the variable input parameters obtained from the sensitivity analysis performed using a
(b)
different master reference trajectory X ref
confirmed the assumption that the obtained results could be
r

transferable to other trajectories having similar characteristics in terms of geometry and dynamics (e.g.
different alpine skiing giant slalom trajectories).

5.5 Analysis of the impact of variations of the system noise on the
accuracy of the estimated trajectory and velocities
5.5.1 Approaches to system noise adaptivity
The results of the sensitivity analysis delivered precious information about the importance of the input
parameters of the models. The sensitivity analysis was based on scalar outcomes of the model M UQ . In
order to obtain more information about the temporal variability of the bias and the standard deviations
of the estimated positions and velocities, (4.27), (4.28), (4.29), and (4.30) were applied yielding a time
series of the corresponding model outcomes. The temporal variability allows obtaining accurate
information about the quality of the estimated velocity over the whole trajectory, which is later required
to gain important insights in terms of performance. As already mentioned, the focus of the application
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case investigated is on the velocity. However, the accuracy of the estimated position are also presented
for completeness.
This step was particularly useful to further investigate the impact of different values of the system noise
variances q X on the positions and velocities estimated using the implemented EKF. In section 4.8, an
r

approach for the identification of the optimal time varying variance qˆ X is presented (here defined as
r

( O ) ), which is obtained by applying (4.36) to the empirically estimated 3D velocity error. The model
M UQ (Figure 4.11) was applied to the specific example of the trajectory (visualized in Figure 5.2) of

the application case analyzed in this chapter. The estimated velocities Xˆ (rO ) ( tk ) , k = 1, ... , N meas were
obtained by applying the proposed method ( O ) for the identification of the optimal estimated VCM of
the system noise.
F
ˆ ( M ) , and X
ˆ ( D ) estimated
The estimated velocities Xˆ (rO ) were compared to the velocities Xˆ (rF) , Xˆ (r ) , X
r
r
Opt

applying the methods ( F ) , ( FOpt ) , ( M ) , and ( D ) , which are explained in Table 5.6.
The velocities Xˆ (rF) were estimated applying a constant system noise variance q̂X( F) . This was
r

approximated based on the expected dynamics of the trajectory, which was characterized by a maximum
acceleration of 16 m/s 2 . The approximation of the system noise variance was the result of a rough
calculation where the maximum deviation caused by the prediction of the state vector using a random
walk model was interpreted as a 3σ value of the system noise (analogously to the interpretation given
in section 5.2). In the specific case investigated within this section, the constant system noise variance
was set to qˆX( F) = 0.05 m 2 /s 2 .
r

F
The estimated velocities Xˆ (r ) were obtained by applying a constant system noise variance, which was
Opt

identified as the system noise variance that minimized the velocity error average over the whole
F
trajectory applying (4.33) and (4.34). qX( ) was kept constant over the whole trajectory and it caused
Opt

r

the minimal mean 3D velocity error among all the possible constant values of the system noise variances.
ˆ ( D ) are proposed by Mohamed
ˆ ( M ) , and X
The approaches used for the adaption of the VCM resulting in X
r
r

and Schwarz (1999) ( M ) and Ding et al. (2007) ( D ) (see section 3.2.4 for a detailed description of
these two approaches).
Based on the results of the sensitivity analysis (section 5.4), the system noise variances qX , qδ , and
r

r

qδ were considered as input parameters with small influence on the uncertainty of the model outcomes
r

(see Figure 5.5). The system noise variance qX was kept constant over the whole trajectory and it was
r
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estimated analogously to q̂X( F) ). Strictly speaking, this approximation yielded a value of qX that was too
r

r

large, since qX already allowed for variations of the positions. However, this is assumed to be a
r

sufficiently accurate approximation, since the results of the sensitivity analysis showed that qX was not
r

an influential parameter. In the case of the investigated trajectory, the system noise variance of the
position components was set to qX = 0.1 m 2 . qδ and qδ were set to constant values qδ = 10-16 s 2 and
r

r

r

r

qδ = 10-18 s 2 /s 2 , which were chosen as the largest value out of the corresponding range of possible
r

values introduced in section 5.2 (Table 5.1). The variances qX , qδ , and qδ were kept fixed to the
r

r

r

same values over the whole trajectory for all methods listed in Table 5.7.
The characteristics of the methods for the estimation of the system noise variance of the implemented
EKF are summarized in Table 5.6.
Method

( F)

Description
The variance q̂X( F) of the system noise was approximated based on the
r

expected dynamics of the trajectory and it was kept constant over the
whole trajectory.
F
The variance q̂X( ) was identified using (4.34) and it was determined
Opt

r

(F )

such that it caused the minimal 3D velocity error among all the possible
constant values of the system noise variances. The variance was kept
constant over the whole trajectory

(M)

The system noise was adapted following the approach proposed by
Mohamed and Schwarz (1999).

(D)

The system noise was adapted following the approach proposed by
Ding et al. (2007).

Opt

(O)

The optimal system noise variance q̂X(O ) was identified using (4.36)
r

based on the 3D velocity error (4.32).

Table 5.6: Characteristics of the methods for the estimation of the VCM Q applied in the
EKFs.

As already mentioned in section 4.8, the VCM R was assumed to be known in the framework of this
investigation and, as opposed to the VCM Q , no data driven adaptivity of R was applied herein.
The measurement noise (quantified by B PR and B CP ) applied to the synthetic observations was varied
according to the distributions and values contained in Table 5.1. N sat was set to the same value as in the
original data in order to reproduce a realistic situation close to the application case investigated. The
remaining variable input parameters were assumed not to influence the uncertainty of the model
outcomes (based on the results of the sensitivity analysis of this application). Therefore, they were set
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to the constant values of the original data. These are summarized in Table 5.7 (see Table 5.1 for a short
description).
Input parameter

Value

r ref

0m

δ X ref
r

0m

 ref
δX
r

0 m/s

N sat

8

σ X2

σδ

σ X2

( t0 )

1 m2

( t0 )

1 s2

( t0 )

1 m2 / s2

ref
r

2
r

ref
r

σ δ2 (t
r

0

)

1 s2 / s2

Table 5.7: Non-influential input parameters with the corresponding values.

Since the skiing athlete performed turns with a frequency of approximately 1 Hz and the measurement
interval was ∆t =0.04 s , the averaging time window N adpt of the estimated adaptive VCMs of the system
noise was set to 1 Hz 0.04 s = 25 epochs for the methods ( M ) and ( D ) . Analogously, the length of the
processing batch (Figure 4.11) was set to Tadpt = 1 s .

5.5.2 Results
By carrying out the simulation N sim = 1538 times (based on the estimation of the minimal sample size
presented earlier in section 5.2), from the creation of the synthetic observations to the processing in the
EKFs, a sample of model outcomes was obtained, which were used to assess the influence of the adaptive
approaches on the accuracy of the estimated positions and velocities. The time series of ∆ˆ X , ∆ˆ X , σˆ X
r

r

r

and σˆ X are visualized in Figure 5.9.
r

95

Method

( F)

(F )
Opt

(M)
(D)
(O)

Average bias
[ mm]

Position
Average standard
deviation [ m ]

Average bias
[ mm/s]

Velocity
Average standard
deviation [ m/s ]

31.7

1.000

72.6

0.240

31.2

1.000

31.4

0.253

1.11 ⋅104

447.6

555.7

19.53

4.45 ⋅10

172.9

424.4

16.09

31.1

3

1.001

67.0

0.194

Table 5.8: Average over the whole trajectory of the estimted biases and standard deviations of
the estimated positions and velocities. The model outcomes were computed using the methods
described in Table 5.6 applying a varying measurement noise. Bold denotes the best results.

A limitation of the methods ( M ) and ( D ) is the underlying assumption that the innovation sequence
within the average window N adpt is a stationary white noise sequence (Ding et al. 2007). A violation of
this assumption, e.g. due to a large N adpt and high variability in the dynamics, might cause the large
values of the model outcomes of the methods ( M ) and ( D ) . On the other hand, reducing the average
window might lead to destabilization of the filter and to divergent solutions.
Since adapting the system noise variance according to the approaches ( M ) and ( D ) resulted in very
large values of the estimated bias and standard deviations, the time series of ∆ˆ Xˆ , ∆ˆ Xˆ , σˆ Xˆ , and σˆ Xˆ
r

r

r

r

of these two approaches are not visualized in Figure 5.9.
In terms of position, the methods ( F ) , ( FOpt ) , and ( O ) yielded almost equal results for the estimated
biases and standard deviations, which cannot be distinguished visually in Figure 5.9a, and c. The method

(F )
Opt

yielded the smallest bias whereas ( O ) yielded the smallest standard deviations of the estimated

velocity almost over the whole trajectory. The lowest value of the average bias was reached applying

( F ) , since using this method, the system noise variance was selected based on the norm of the
Opt

F
minimum 3D velocity error as a criterion (4.34). However, q̂X( ) does not necessarily result in the
Opt

r

smallest bias and standard deviation at each epoch.
The analysis showed that the methods ( M ) and ( D ) were not appropriate for this specific situation
according to the results summarized in Table 5.8. The assumptions about the stationarity of the
innovation sequence underlying the methods ( M ) and ( D ) were not met due to the high variability of
the dynamics.
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Figure 5.9: Epoch-wise accuracy assessment of the estimated positions and velocities obtained
using the EKFs applying different methods (Table 5.6): position biases (a), velocity biases (b),
position standard deviations (c), and velocity standard deviations (d). The statistics were
computed epoch-wise over N sim = 1538 samples.

Based on the results obtained, the best method was ( O ) , since it reduced the bias (with respect to ( F ) )
and it yielded the smaller values of the standard deviations over the whole trajectory.
The numerical simulation for the identification of the optimal variance q̂X(O ) was carried out N sim = 1538
r

times, resulting in a statistical sample of optimal system noise variances qˆX(O ) ( j ) , j = 1, ... , N sim , which was
r

subsequently used to estimate the coefficients ĉ1 and ĉ2 of the modelled system noise variance defined
in section 4.8 as a function of the magnitude of the acceleration of the observed moving object (4.39),
here defined as ( Dyn ) . The epoch-wise empirical mean values and standard deviations were computed
applying (4.37) and (4.38), and they are visualized in Figure 5.10. The optimal system noise variance
was identified applying non-overlapping processing batches (see section 4.8 for more details) of
Tadpt = 1 s and Tadpt = 20 s . These were chosen to investigate the influence of different batch lengths on

the estimated q̂X(O ) . Tadpt = 1 s corresponded approximately to the frequency of the turns of the trajectory.
r

On the other hand, Tadpt = 20 s corresponded to the whole time series and no reprocessing of the synthetic
observations was performed. Processing batches with length 20 s > Tadpt > 1 s were not considered, since
anticipating the results presented in Figure 5.10, the length of the batch hardly influenced the modeled
system noise variance.
The estimated q̂X(O ) depends on the chosen reference trajectory and on the measurement noise (quantified
r

by B PR and B CP ). For the identification of the optimal variance q̂X(O ) (and subsequently for the estimation
r
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of the coefficients ĉ1 and ĉ2 ) B PR = 5 Hz and B CP = 25 Hz were set to constant values for all the MC
realizations (see Table 5.9 for the values of the corresponding standard deviations of the thermal noise).

σ

CP
t

Carrier phases
[ mm]
B CP [ Hz ]

[1,5]

Pseudoranges
σ

PR
t

[m]

B PR [ Hz ]

[0.1,10]

25

5

Table 5.9: Standard deviations of the thermal noise and noise bandwidths applied for the
comparison of the different methods for the estimation of the system noise variances.

These values were assumed to be a suitable compromise considering thermal noise and dynamic effects
(see Figure 4.4 for a visualization of the corresponding standard deviations). The coefficients ĉ1 and ĉ2
 ref as observables.
were estimated applying a least-squares adjustment with q̂X(O ) and X
r
r

As already mentioned at the beginning of this chapter, the accuracy assessment was computed over the
last 2 / 3 of the trajectory. Analogously, the coefficients ĉ1 and ĉ2 were also estimated using the last
( )
 ref
2 / 3 of the time series of q̂X r and X
r
O

as observables, meaning the section of the trajectory where the

athlete performed the characteristic giant slalom accelerations. The dynamics-based adaptive variance
q̂X( r

Dyn )

was subsequently modelled applying (4.39) and is visualized by the dashed lines in Figure 5.10.

is plotted in Figure 5.10.
For a better interpretation of the results, also X ref
r
The processing batch of length Tadpt = 1 s causing brief jumps on the estimated time series of q̂X(O ) , which
r

can be observed in Figure 5.10. These artefacts were caused by the resetting of the EKFs to the initial
values obtained from the previous processing batch. The estimated q̂X(O ) applying Tadpt = 20 s resulted in
r

an outlier (at epoch tk = 16.6 s ), whereas applying a processing batch of Tadpt = 1 s the estimated optimal
system noise variances seemed to react faster to the varying dynamics. This might be explained by the
fact that identifying the optimal system noise applying processing batches constrained the estimated
O
q̂X( r ) only on the results of the previous batch, which is assumed to allow the algorithm to react quicker

to the change of the dynamics. However, the modelled system noise variances q̂X(Dyn ) obtained by
r

applying different batch lengths (represented by the dashed lines in Figure 5.10) were almost identical.

98

Figure 5.10: Epoch-wise empirical mean values and standard deviations of the identified
O
Dyn
optimal system noise variances q̂X( ) , modelled system noise variance q̂X( ) , and profile of
r

r

the reference speed (two different batch lengths Tadpt = 1 s and Tadpt = 20 s were applied).
Although the confidence intervals are hardly visible, they show that both estimated system noise
O
variances q̂X( ) obtained similar mean values and standard deviations.
r

The first epochs of the time series of the system noise variances (until approximately tk = 3 s ) showed
a remarkable difference between the modelled q̂X(Dyn ) and the estimated optimal values q̂X(O ) . This
r

r

happened because the athlete began in a stationary position at the start gate, meaning that almost no
dynamics were involved. Therefore, the optimal system noise variance was set to a small value. On the
other hand, the coefficients ĉ1 and ĉ2 were estimated over the last 2 / 3 of the trajectory, where high
variability of the dynamics was involved. For these reasons the resulting modelled q̂X(Dyn ) significantly
r

deviated from q̂X(O ) during the very first part of the time series.
r

When the coefficients ĉ1 and ĉ2 were estimated, the modelled variance q̂X(Dyn ) was applied to estimate
r

positions and velocities and to compare the resulting biases and standard deviations to the same statistics
obtained by applying the methods listed in Table 5.6. The synthetic observations were generated
applying the measurement noise 58 summarized in Table 5.9.
The computation was carried out N sim = 1538 times resulting in a statistical sample of the model
outcomes ∆ˆ X , ∆ˆ X , σˆ X , and σˆ X . The model outcomes were averaged over the whole trajectory and
r

58

r

r

r

The dynamics-based estimation of the optimal variance of the system noise requires the computation of new

coefficients ĉ1 and ĉ2 for each combination of measurement noises applied to the synthetic observations.
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they are summarized in Table 5.10. The time series of ∆ˆ X , ∆ˆ X , σˆ X , and σˆ X are visualized in
r

r

r

r

Figure 5.11. The results summarized in Table 5.10 differ from Table 5.8 since the measurement noise
applied to the synthetic observations is set to the fixed values as described in Table 5.9.
Position

Velocity

σˆ X [ mm s ]

∆ˆ Xr [ mm ]

σˆ X [ mm ]

( F)

19.7

360.5

2.8

27.6

(F )

19.7

360.5

2.6

27.7

(O)

19.7

360.5

6.5

24.6

( Dyn )

19.7

360.5

2.6

27.7

Method

Opt

r

∆ˆ X r [ mm s ]

r

Table 5.10: Average over the whole trajectory of the estimted biases and standard deviations
of the estimated positions and velocities. The statistics of the estimated velocities were
computed applying the methods listed in Table 5.6 and an EKF applying the modelled system
Dyn
noise variance q̂X( ) . Bold denotes the best results.
r

Figure 5.11: Epoch-wise accuracy assessment of the estimated positions and velocities
obtained applying different system noise variances: position biases (a), velocity biases (b),
position standard deviations (c), and velocity standard deviations (d).

In terms of position, the methods ( F ) , ( FOpt ) , ( O ) , and ( Dyn ) yielded almost equal results for the
estimated biases and standard deviations, which cannot be distinguished visually in Figure 5.11a, and c.
This may be explained by high-accurate synthetic observations. The estimated positions and velocities
are mainly influenced by the observations and only to a smaller extent by the system model. The method

( O ) yielded the smallest average standard deviation of the estimated velocities over the whole trajectory,
while ( FOpt ) and ( Dyn ) yielded the smallest average biases. As visible in Figure 5.11d, the standard
100

deviations σˆ Xˆ obtained by applying the methods
r

( F ) , ( FOpt ) , and ( Dyn ) were almost not

distinguishable. Despite the model ( Dyn ) not yielding the smallest estimated standard deviations σˆ Xˆ

r

with respect to ( O ) , it yielded the smallest estimated biases ∆ˆ Xˆ (together with ( FOpt ) ) but having the
r

significant advantage of requiring information which might be available in (near) real-time (i.e. the
acceleration) and a set of pre-computed coefficients.
In order to analyze the spectral flatness of the system noise and the suitability of the methods analyzed
in this section, a LOM test (see section 3.2.5) was performed epoch-wise. The system noise is white, if

{ }

the innovation sequences vˆ (k− ) are normal distributed, with E vˆ (k− ) = 0 , and the test statistics TkLOM is
χ 2 -distributed. The test statistics TkLOM was computed epoch-by-epoch over the N sim = 1538 realizations

of the investigated methods. Since the numerical simulation did not implement outliers on the generation
of the synthetic observations, the null hypothesis (3.59) was expected to be accepted with (1 − α )
probability.
The LOM test showed slightly higher values than expected, where approximately 11 % of the computed
2
TkLOM of the investigated methods ( F ) , ( FOpt ) , ( O ) , and ( Dyn ) was rejected 59 for χ 95,8 . This means that

further investigations are required. However, as preliminary results, the applied processing algorithms
implemented in the numerical simulation were considered suitable to model the system noise of the EKF
used to process the simulated GNSS observations of this application case.
In this chapter, the numerical simulation has been applied to assess the accuracy of the trajectory of an
alpine skiing athlete performing a giant slalom training session and in particular of the estimated
velocities. It has been shown that the estimated biases are an order of magnitude smaller than the
estimated standard deviations and that positions with σˆ X = 36 cm and ∆ˆ X =
2 cm , and velocities with
r

r

σˆ X = 25 mm/s and ∆ˆ X =
3 mm/s could be estimated. The sensitivity of the model M UQ for uncertainty
r

r

quantification applied to this application case has been analyzed with respect to the variable input
parameters (applying the specific distributions and values introduced in this chapter). In particular, the
influence of the variations of the system noise in the EKF has been investigated and the proposed
approach for the adaption of the system noise variance based on the acceleration of the observed moving
object has been compared with two data-driven adaptive approaches and to constant system noise
variances.

59

The simulation was performed with a constant number of visible satellites over the whole trajectory, which

resulted in nk = 8 degrees of freedom.
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The results presented within this chapter have shown that the proposed optimal system noise variance
identified epoch-by-epoch (based on the velocity error) yielded the smallest standard deviations over
the whole trajectory. The proposed forward modelling of the system noise variance based on the
magnitude of the acceleration yielded the smallest biases of the estimated velocities (and positions) with
the advantage of merely requiring information available in (near) real-time and a set of pre-computed
coefficients.
The methods for the accuracy assessment and for the identification of the optimal system noise variance
are now applied in the next chapter to a second application case, which involves different dynamics
(compared to the trajectory of an alpine skier) and again primarily focusing on the estimated velocity.
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6.

APPLICATION CASE II: ACCURACY
ASSESSMENT OF THE VELOCITY ESTIMATION
OF A CONSTRUCTION MACHINE USING GNSS

Formel- Kapitel (näc hstes) Abschnitt 1F ormel-Kapitel (nächstes) Abschnitt 1For mel-Ka pitel ( nächstes) A bschnitt 1For mel-Ka pitel ( nächstes) A bschnitt 1For mel-Ka pitel (nächstes) Abschnitt 1Formel-Kapitel (nächstes) Abschnitt 1

Various application scenarios in machine control and guidance (MCG) require the motion over ground
to be detected and quantified reliably and accurately (see e.g. Gläser et al. 2008; Wieser 2013; Kleemaier
et al. 2016). In particular, the accurate estimation of the velocity is of primary importance for slip control
systems, where the differences between the wheel velocity and the travelling velocity are analyzed
(Osinenko 2014). The wheel and travelling velocities are mainly measured using wheel revolution
sensors and GNSS respectively.
This chapter aims at assessing the accuracy of the estimated velocity obtained from raw GNSS
observations processed in an EKF by applying the developed numerical simulation. The case study
investigated in this chapter 60 differed from the one analyzed in chapter 5 due to significantly lower
velocities (the speed did not exceed 1.5 m/s ), rough movements and vibrations, and a smaller capture
volume. The accuracy assessment was performed by applying the developed MC-based numerical
simulation presented in chapter 4. Analogously to chapter 5, the feasibility of the approach presented
within this thesis was investigated by focusing on speed.
The impact of variations of the system noise on the precision and accuracy of the estimated velocity was
investigated. For completeness, the accuracy of the estimated position are also presented. Due to the
lower velocities and the smaller capture volume, it was possible to perform an empirical comparison of
the velocity obtained from GNSS to the one obtained using an independent reference measurement
system, i.e. a total station. The results of the empirical comparison are presented in this chapter and used
to evaluate the results of the numerical simulation.
The input parameters of the numerical simulation are defined in section 4.2.1. The output of the model
for this specific application case were the average bias ∆ˆ Xˆ and standard deviation σˆ Xˆ of the estimated
r

r

velocity

Y UQ = Y∆ˆ
 Xˆ r

60

T


Yσˆ  ,
ˆ
X
r 

(6.1)

For convenience, some concepts that are already presented in Chapter 5 are repeated in this chapter in order to

avoid reading the entire previous chapter to understand results and the corresponding discussions presented in the
current chapter.
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since the focus was on speed. The application case investigated in this chapter required the model
outcomes to be estimated with an accuracy in the order of a few mm/s .

6.1 Description of the dataset and process constraints for the
MC-based accuracy assessment
The dataset 61 used in this experimental investigation was collected in the framework of a feasibility
study about the potential of accurately measuring the travelling velocity of a dozer (Figure 6.1) using
GNSS, which is subsequently required for the comparison with the wheel velocity for slip detection.
The raw GNSS observations were collected using a double-frequency GNSS receiver Javad Sigma (with
a measurement interval of ∆t =0.05 s ), carried in the machine, with the antenna mounted on the roof of
the machine.

Figure 6.1: The measurement of the velocity of a construction machine is performed with a
GNSS equipment. The antenna is mounted on the roof and the receiver is stored in the machine.

The machine performed typical working patterns on an area with good satellite visibility conditions. In
the framework of the investigation, the working patterns consisted in: driving at constant speed,
decelerating to 0 m/s , and changing the operation directions at quick succession. The situation chosen
for the investigation of this chapter was characterized by the machine driving at constant speed,

61

The data was collected in the framework of the Master's thesis "Feasibility study of reliable motion over ground

determination for slow machinery", Lehmann M (2016). The data collection was supported by and performed in
cooperation with MOBA Mobile Automation AG (http://moba-automation.com/)
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decelerating, performing a sharp turn, and subsequently driving straight at constant speed (see
Figure 6.2).
The collected GNSS raw observations were processed differentially using the post-processing software
KF_run (Wieser 2007). A reference station also equipped with a double-frequency GNSS receiver Javad
Sigma, at a distance of approximately 150 m from the area of the experiment, was available during the
were filtered with a cubic spline (4.7), where the
measurements. The original position estimates Xorig
r
smoothing factor was set to λ = 0 . This was chosen in order to keep the dynamical characteristics of the
(Figure 6.2) could
trajectory of a construction machine such that the obtained reference trajectory X ref
r
be considered as describing a typical trajectory performed by a dozer in working conditions at low speed
( X r ∈ [ 0, 1.5] m/s ). The original dataset collected in the framework of the feasibility study consisted
in a large amount of GNSS raw data collected over many hours. For the investigation presented in this
chapter a representative subset of observations with the duration of approximately 120 s of the original
measurements was arbitrarily chosen. The reference velocity vector X ref
r ( tk ) was obtained by deriving
the reference position vector with respect to time. This delivered a consistent representation of X ref
r ( tk )
 ref
and X ref
r ( tk ) . In an analog way, the acceleration vector X r ( tk ) was computed as the temporal derivative

of X ref
r ( tk ) .

Figure 6.2: Reference trajectory in a local Cartesian coordinate system (left) with a zoomed
detail, speed profile (top right), and norm of the acceleration vector (bottom right). The black
circles represent the original estimates X orig
. The magenta line shows the interpolated spline
r

X ref
r .
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After setting the process constraints regarding the reference trajectory (section 4.2.1), the application
needed to be defined in terms of synthetic observations (section 4.2.2). The investigation presented in
this chapter considered pseudoranges and Doppler observables as synthetic observations derived from
the frequency L1 to simulate the situation analyzed in the feasibility study, where the suitability of
consumer-grade receivers was investigated.
Following the structure given in Chapter 4, also the constraints regarding the kinematic processing had
to be defined. In the application case investigated within this chapter, the system noise was modelled as
position and velocity random walk, where Q had the structure given in (4.17). The receiver clock bias
and drift were also modelled as random walk. Modelling the system noise (of all the elements of the
state vector) as random walk was chosen due to the reduced complexity, e.g., with respect to estimating
the dynamic model for each specific application case. Its suitability for this application case is shown in
section 6.6.

6.2 Definition of the model for uncertainty quantification
Following section 4.2, the model M UQ relates the variable input parameters described by X UQ (4.23),
with the output parameters described by Y UQ (6.1). The range of possible values and the corresponding
PDFs are listed in Table 6.1 with a short description. The broad ranges of possible values were chosen
on purpose in view of the sensitivity analysis presented in section 6.4. At a later stage, the range could
be restricted taking into account the influence of each input parameter.
The input parameters are chosen equally to the ones given in chapter 5, with the exception of the ones
describing the error of the initial position and velocity. For convenience, the descriptions of the
parameters and the corresponding values are given in this section.
The size of the 3D corridor (around the master reference trajectory) containing all the possible sampled
reference trajectories is quantified by the input parameter r ref (see section 4.3.1). Varying the values of
r ref allows quantifying the variability of the reference trajectory with an input parameter with respect to

the master reference trajectory. The lower boundary was set to r ref = 0 m , which would correspond to
sampled trajectories that are identical to the master reference trajectory. On the other hand, r ref = 10 m
would correspond to sampled reference trajectories, which were very different from the master reference
trajectory. In the framework of the application investigated within this chapter, this was assumed to
contain all the variations of different trajectories possibly performed by the dozer. Additionally,
r ref = 10 m was equal to the value chosen in chapter 5 and thus allowed comparing the sensitivity of both

application case. The discussion about the chosen 3D corridor applied to the trajectory of the alpine
skiing is valid also for the trajectory of the construction machine (see section 5.2).
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Variable input
parameter

Distribution

Description

r ref

[m]

U (0,10)

δ X ref
r

[m]

N (0,1)

Error of the initial position

 ref
δX
r

[ms-1]

N (0, 0.1)

Error of the initial velocity

U (5,10)

Number of visible satellites

N sat

Range of the 3D corridor

B CP

[Hz]

U (5,50)

Measurement noise bandwidth of carrier phases

B PR

[Hz]

U (5,50)

Measurement noise bandwidth of Pseudoranges

[m2]

U (0.1,100)

σ δ2 (t )

[s2]

U (0.1,100)

σ X2

[m2s2]

U (0.1,100)

σ δ2 (t )

[s2s2]

U (0.1,100)

qX

[m2]

U (10-3 ,102 )

[s2]

U (10-20 ,10-16 )

σ X2

ref
r

r

0

ref
r

r

qδ

( t0 )

( t0 )
0

r

r

qX

[m2s2]

U (10-3 ,102 )

[s2s2]

U (10-20 ,10-18 )

r

qδ

r

σR

si
r

σΦ

si
r

Variances of the elements of the initial state vector

[m]

U (1,10)

[m]

U (0.001, 0.05)

Variances of the system noise

Standard deviation of pseudoranges and carrier phases as
used within the EKF

Table 6.1: Description and quantification of the variable input parameters.

The measurements were assumed to begin when the construction machine was almost in a stationary
position. As a primary step to investigate the feasibility of the approach proposed in this thesis, the initial
stationary position was assumed to be measured (e.g. using GNSS equipment) reaching accuracies with
a standard deviation smaller than σ δ X = 1 m . The starting velocity was assumed to be close to zero,
ref
r

with the exception of the residual motion of the antenna, even considering the case where the antenna
would have been mounted on a different location, e.g., on the blade of a dozer (see Figure 6.1). A
standard deviation of σ δ X = 10 cm s was assumed to be representative and realistic for this specific
ref
r

situation.
In the application case investigated, the number of available satellites was assumed to vary between
N sat = 5 , which is the minimum number that is necessary to compute the LOM test (see section 3.2.5)

and N sat = 10 , namely the maximum number of satellites available during the original real GNSS
measurements.
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The receiver noise ε rsi CP , ε rsi PR is quantified by the measurement noise bandwidths B CP , B PR , which
were subsequently converted into the corresponding standard deviations of the thermal noise σ tPR , σ tCP
applying 62 (4.8) and (4.9). The range of possible values of B CP and B PR is set to [5 Hz, 50 Hz ] , which
is a typical range of possible bandwidths (Häberling 2015). The ranges of possible values of the
corresponding standard deviations were set to σ tCP = [1,50] mm and σ tPR = [1,10] m , and they were chosen
based on the expected thermal noise of the observations obtained in the application case investigated.
The large range of possible values of the initial VCM P0 was selected on purpose, in order to simulate
a situation without prior knowledge about the variation between the initial values of the state vector and
the corresponding true values. The standard deviation σ X

ref
r

( t0 )

of the initial position as used in the EKF

should not be confused with the standard deviation σ δ X of the error of the true initial position.
ref
r

Appropriate values of the variances qX and qX can be identified starting from the expected maximum
r

r

deviations ∆X r and ∆X r caused by the prediction of the state vector using a random walk model and
interpreting these deviations as 3σ -values of the system noise. The minimum and maximum values of
qX and qX chosen for this application case are listed in Table 6.1. The corresponding 3σ deviations
r

r

of the predicted states ("maximum deviations of predictions") are presented in Table 5.2. The upper
boundary values of the system noise variances qX = 102 m 2 and qX = 102 m 2 /s 2 corresponded to an
r

r

unfiltered epoch-by-epoch solution. It is worth to mention that it is more difficult to accurately quantify
the maximum deviation of prediction of the position, since it is accounted for by qX and qX . However,
r

r

the range of possible values was mainly required to perform the sensitivity analysis and it was therefore
chosen to be consistent with the range of possible values of qX . An appropriate range of values of the
r

variances qδ and qδ was selected based on the results of a previous empirical investigation 63. Although
r

r

the investigation was not performed with the same receiver used in the application case, the values were
assumed to be appropriate to describe the magnitude of the range of possible values.
A measurement interval of ∆t =0.2 s was set in the numerical simulation, since the application
investigated in this chapter aimed also at using consumer-grade receivers that do not necessarily allow
higher measurement rates.

62

As already mentioned in section 4.1.2, the conversion of B CP , B PR in σ tPR , σ tCP is not fundamental and it could

be replaced by a direct sampling of the parameters σ tPR , σ tCP according to the corresponding distributions.
63

Personal communication: Wieser A (2005), Receiver clock error analysis of several HS GPS receivers and

conventional GPS receivers, Technical report, TU Graz Austria (unpublished work).
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6.3 Application of Monte Carlo simulation and Polynomial Chaos
Expansion
In the third step of the process of uncertainty analysis (see Figure 2.1), the uncertainty of the variable
input parameters needs to be propagated through the model, e.g. by applying the MC-based numerical
simulation introduced in chapter 4.
min
Before the MC-analysis started, the minimal sample size N sim
of the MC simulation was computed

inserting ε μˆ

Yˆ UQ

= 10% and γˆYˆ

UQ

= 3 in (2.5). γˆYˆ UQ was the result of a rough calculation, using the

numerical results obtained from the simulation (see numerical values in Table 6.2) and subsequently
multiplying the resulting coefficient of variation by a factor two in order to amply approximate the
variations of the model outcomes. γˆYˆ

UQ

was estimated empirically by running the numerical simulation

iteratively. A maximal acceptable relative deviation of εμˆ

= 10% was chosen, which corresponded to

Yˆ UQ

the aimed accuracy of a few mm/s of the model outcomes (see numerical values in Table 6.2). This
min
resulted in a minimal sample size N sim
= 3459 .

Subsequently the empirical mean values µˆYˆ

UQ

and standard deviations σˆYˆ

UQ

of the model outcomes were

computed using (2.1) and (2.2) applying the range of possible values listed in Table 6.1. The numerical
results are summarized in Table 6.2.
µˆYˆ

Model outcomes
Average bias ∆ˆ X

r

σˆYˆ

UQ

[ mm/s]

2.6

2.9

144.8

256.0

r

Average standard deviation σˆ X

[ mm/s]

UQ

Table 6.2: Empirical mean values and standard deviations computed using the numerical
simulation in the application case II. The input parameters are sampled according to the
distributions and values listed in Table 6.1.

The resulting large values of the estimated mean values µˆYˆ

and standard deviations σˆYˆ

UQ

UQ

resulted from

the broad range of possible values of the variable input parameters (Table 6.1). The results showed in
Table 6.2 highlight that the average standard deviation σˆ Xˆ was an important model outcome for the
r

evaluation of the estimated velocity, being almost an order of magnitude higher than the average bias.
These values should not be misunderstood as the achievable accuracy obtainable using GNSS for the
trajectory investigated in this chapter. The broad range was mainly selected to analyze the sensitivity of
the variable input parameters. Once the influential and the non-influential parameters were identified,
the simulation could subsequently be run reducing the range of possible values (refer to section 6.5 for
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model outcomes resulting from measurement and system noise selected in order to obtain accurate
positions and velocities).
In order to reduce the sample size and thus the computational costs (in particular in view of the
computation of the total sensitivity indices) an approximated model M UQ ( PCE ) for uncertainty
quantification was obtained applying a PCE (see section 2.2.3). The N ED samples required for the
experimental design had to be computed a priori. These were obtained after sampling the variable input
parameters of the numerical simulation according to the corresponding PDFs and computing the
corresponding realizations of the MC-based simulation
ˆ UQ ( j ) =  ∆ˆ ˆ( j )
Y
 X r

T

σˆ Xˆ( j )  , j = 1, ... , N ED .
r

(6.2)



The realizations Ŷ UQ and the matrix A containing all the required polynomial bases were subsequently
used for the estimation of the coefficients θξ of the PCE applying a least-squares minimization (2.34).
Samples influenced by outliers 64 caused by a divergence of the EKF were manually discarded from the
computation of the coefficients of the PCE. An additional reduction of the computational costs was
obtained by applying a hyperbolic truncation approach (2.39) on the estimation of the coefficients.
A visual representation of the PCE approximation of the model outcomes is given in Figure 6.3. The
numerical simulation was run N ED times resulting in a set of sampled input parameters
X UQ ( j ) , j = 1, ... , N ED and the corresponding realizations of the model ∆ˆ Xˆ MC ( j ) , σˆ Xˆ MC ( j ) , j = 1, ... , N ED .
r

r

The sample size of the experimental design used for the visualization was arbitrarily set to N ED = 1000 .
The experimental design was used to compute the coefficients of the approximated model M UQ ( PCE ) and
subsequently the corresponding model outcomes ∆ˆ Xˆ PCE ( j ) , σˆ Xˆ PCE ( j ) , where j = 1, ... , N ED .The pairs of
r

r

outcomes ∆ˆ Xˆ PCE , σˆ Xˆ PCE of the approximated model M UQ ( PCE ) are plotted in Figure 6.3 against the model
r

r

outcomes ∆ˆ Xˆ MC , σˆ Xˆ MC computed applying MC.
r

64

r

Although no outliers were simulated, the EKF might diverge due to an inappropriate combination of initial

values and VCMs Q and R .
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Figure 6.3: Visualization of the realizations of the model outcomes: empirical average velocity

ˆˆ
biases (left) and empirical average standard deviations (right) computed with MC ( ∆


Xr

MC

,

σˆ Xˆ MC ) and PCE ( ∆ˆ Xˆ PCE , σˆ Xˆ PCE ). The black lines represents the relationships
r

∆ˆ ˆ

Xr

r

r

MC

and σˆ ˆ

=
∆ˆ ˆ

PCE

Xr

Xr

MC

= σˆ ˆ

PCE

Xr

.

Ideally, the approximation obtained using PCE would have been located on the black lines representing
∆ˆ ˆ PCE and σˆ Xˆ MC = σˆ Xˆ PCE . Although the results showed a significant dispersion
the relationship ∆ˆ Xˆ MC =
X
r

r

r

r

UQ PCE
around the black lines (particularly in the case of the average bias), the approximated model M ( )

could be used for the estimation of the total sensitivity indices of the application case investigated herein.
The reason of this decision and how to choose the sample size N ED of the experimental design are now
explained.
First, an experimental design of N ED = 1500 samples was generated. Only subsets of the samples were
considered for the estimation of the coefficients θξ and polynomial bases Ψ ξ ( X UQ ) , where the sample
size of the subsets was increased step-wise from N ED = 100 to N ED = 1500 . The estimated sets of
coefficients and polynomial bases were subsequently used to estimate the empirical mean
values µˆY

UQ

(2.41), the empirical standard deviations σˆY

UQ

(2.42), and one exemplary total sensitivity

index sˆqtot (2.45) of the input parameter qX r . Anticipating the results of the sensitivity analysis presented

X
r

in section 6.4, the variance qX r of the system noise was chosen since it was the most influential
parameter in this application case and the convergence of the time series of this sensitivity index was
representative for the influential parameters.
The resulting subsets of coefficients were not independent, since they were estimated selecting a subset
of samples with modified sample size of the same original N ED = 1500 samples. However, they gave an
indication about the convergence of the PCE approximation compared to the MC simulation. The
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coefficients θξ were computed applying two approaches: a least-squares (LS) minimization and a least
angle regression (LAR) (see section 2.2.3).
The time series of the statistics computed for the pairs of model outcomes ∆ˆ Xˆ and σˆ Xˆ are visualized
r

r

in Figure 6.4 as a function of the sample size N ED . The same statistics were computed using MC (2.1),
(2.2), and (2.24). Note that sˆqtot computed using MC was obtained by applying the approximation

X
r

method proposed by Saltelli (2002) described in section 2.2.2. The computation of the indices using MC
simulations has to consider a range of possible nominal values. This was performed in a smaller scale65
as compared to the numerical example presented in section 2.2.2 (refer to section 2.2 for more details
about the variability of the nominal value). Therefore the indices estimated using MC need to be
considered carefully, meaning that they should be taken into account as a comparable value but not as a
ground truth in the discussion about the approximation using PCE. Although the statistics obtained by
applying MC were scalar values, these are visualized as dashed lines in Figure 6.4.

Figure 6.4: Statistics computed applying the PCE as a function of the sample size of the
experimental design (continuous lines) and the corresponding benchmark values obtained by
applying MC (dashed lines). The coefficients of the PCE are estimated applying a least-squares
minimization (blue lines) and a least angle regression (orange lines). The figure shows the
empirical mean values (a,d), the empirical standard deviations (b,e), and the total sensitivity
indices of the variable input parameter

qX r (c,f). The figures (a), (b), and (c) show the statistics

of the average bias of the estimated velocity, whereas (d), (e), and (f) present the same statistics
for the average standard deviation of the estimated velocity.

65

Due to the significantly higher computational costs of a single realization of the model M UQ (ca. 7.5 s compared

to 0.0015 s of the numerical example presented in section 2.2.2), the repetition of the MC simulation was not
feasible for the application case investigated in this chapter
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In general, all the time series of µˆY , σˆY , and sˆqtot showed a smooth convergence and in particular
UQ

UQ


X
r

the results obtained from the coefficients estimated applying LAR converged faster than the ones
obtained applying LS. However, the standard deviation σˆ ∆ˆ


X
r

of the estimated bias seemed not to be

properly approximated by the PCE (Figure 6.4b). This was not expected, since the application case I
presented similar conditions (i.e. very noisy model outcomes) and the approximation applying the PCE
(see Figure 5.4) obtained a relative error of 12 % . This means that for the estimation of σˆY

UQ

in this

application case MC should be applied.
The total sensitivity indices sˆqtot of the estimated bias (Figure 6.4c) estimated using LS converged to

X
r

the value closer to the one estimated using MC. On the other hand, sˆqtot of the estimated standard

X
r

deviation (Figure 6.4f) estimated using LS yielded values closer to those estimated using MC.
Analogously to section 5.4, the systematic variations of the time series plotted in Figure 6.4 can be
explained by the fact that the samples of the experimental design were not independent, since the
coefficients were estimated from the same sampled input parameters and the corresponding realizations
of model M UQ . The computation of 1500 independent samples of increasing sample size with the
corresponding MC realizations would have required excessive computation time and it was thus not
performed here.
Based on the results showed in Figure 6.4, the coefficients of the PCE were estimated applying LAR for
the estimated bias and LS for the estimated standard deviation using a sample size of N ED = 800 , since
a larger N ED did not make the estimated statistics to additionally converge towards the corresponding
values computed using MC.
Average bias ∆ˆ X

Model outcomes

Average standard deviation σˆ X

r

r

Statistics

µ̂∆ˆ [mm/s]

σˆ ∆ˆ [mm/s]

sˆqtotX

µˆσˆ [mm/s]

σˆσˆ [mm/s]

sˆqtotX

MC

2.6

2.9

0.87

144.8

256.0

0.81

PCE

2.6

2.1

0.76

143.0

242.7

0.79

Relative errors

0%

27.6 %

16.1 %

1.2 %

7.3 %

2.5 %


X
r


X
r

r


X
r


X
r

r

Table 6.3: Statistical moments and total sensitivity indices computed with MC and PCE.

Based on the results presented in Table 6.3 and Figure 6.4c and f, the approximation obtained applying
the PCE could be used as an alternative to MC for the computation of the total sensitivity indices of the
investigated application case. In this way, the computational costs could be substantially reduced in
comparison with the computation of the indices obtained applying MC. The computation of all total
sensitivity indices indices sˆitot , i = 1, ..., dim ( X UQ ) for this specific case required merely the generation
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of N ED = 800 samples of the experimental design, whereas the sensitivity analysis computed using MC
min
had a computational cost of 2 ⋅ N sim
⋅ dim ( X UQ ) =
110688 , which is approximately 140 times.

6.4 Sensitivity analysis
A sensitivity analysis was performed to obtain a better understanding of the proposed model M UQ for
the accuracy assessment of the trajectory investigated herein. This allowed identifying the most
influential parameter(s) and simplifying the model M UQ by setting the non-influential parameters
( sˆ itot ≅ 0 ) to fixed values.
The total sensitivity indices were directly computed from the coefficients of the PCE for each pair of
input and output parameters (2.45). No significant differences on the resulting sensitivity indices were
observed by using different experimental designs. For completeness, the empirical mean values and
standard deviations of the estimated total sensitivity indices for each pair of input and output parameters
were estimated using 8 different experimental designs. These are visualized in Figure 6.5.
1
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r
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r

Figure 6.5: Total sensitivity indices of the model outcomes (averaged bias and standard
deviation of the estimated velocities). The bars represent the pairs of the empirical values of the
total sensitivity indices. The error bars visualize the corresponding standard deviations.

The sensitivity analysis highlights that the most influential parameter was the system noise variance qX r ,
which quantifies the velocity random walk. Figure 6.5 shows that the standard deviation σ Φ of the
si
r

carrier phases (used to estimate the Doppler observables) as used within the EKF was also an influential
parameter. The uncertainty of the model outcomes was also moderately influenced by the input
parameters N sat and B CP . N sat needs to be interpreted carefully, since the accuracy the estimated
positions and velocities depends not only on the number of visible satellites but also on the geometry of
the satellite constellation. This aspect was not considered in this work. In order to assess the feasibility
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of the proposed approach, N sat was assumed to be a sufficient approximation of the real case investigated
in this chapter. As expected, the results of the sensitivity analysis were similar to the ones obtained in
section 5.4, since (except for the dynamics and the geometry) many input parameters (and the
corresponding range of values) were chosen similar to those of the application case I. A significant
difference with respect to the results visualized in Figure 5.5 was that, based on the results of the
sensitivity analysis presented here, the input parameter r ref was slightly more influent than in the
application case I. A possible explanation could be given by the sampling of the reference trajectories,
which allowed any movement around the master reference trajectory. The reference trajectories were
sampled applying the same approach as described in section 4.2.1. This resulted in a significant change
in the geometry with respect to the master reference trajectory (see Figure 6.6). For comparison,
Figure 4.5 visualizes the sampling of alpine skiing trajectories.

Figure 6.6: Section of the master reference trajectory (black line) of the application case II in
a local Cartesian coordinate system with three exemplary sampled trajectories
ref ( j )

Xr

, j = 1, 2, 3 .

The total sensitivity indices of the remaining input parameters had significantly lower values, meaning
that they had less influence on the uncertainty of the estimated bias and standard deviation of the velocity
of the application case investigated in this chapter.
The results of the sensitivity analysis allowed identifying the most influential parameter that once fixed
to the corresponding true value, caused the greatest reduction of the variance of the model outcome. The
high value of sˆqtot indicated that qX r strongly affected the accuracy of the obtained results and thus, for

X
r
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the application case investigated, the simulation should apply values for the system noise variance qX r
accurately chosen and close to the values used for the processing of the real data.
In general, the results obtained have been interpreted as an indicator of the need of further investigations
regarding the choice of the values of the VCMs Q and R . A detailed investigation about the impact of
the variation of the system noise variance is presented in section 6.6.
The input parameters are considered as non-influential when, once setting a certain parameter xi to a
fixed value, the resulting errors δ YiUQ of the model outcomes are smaller than a defined threshold (see
section 2.2.2). A threshold for the application case investigated was set based on the aimed accuracy of
the estimated velocity. The expected values of the errors δ YiUQ were computed applying (2.18) and they
are visualized in Figure 6.6. These are plotted in a logarithmic scale to better show the differences
between the approximation errors caused by the less influential parameters.
Assuming that the standard deviation σˆ Xˆ of the velocity estimates required to be smaller than 1 cm/s ,
r

only few parameters can be considered as deterministic input parameters and set to a fixed value (within
the range of possible values given in Table 6.1) without prior knowledge resulting in an error
E {δ ( xi )} < 1 cm/s .

σR

si
r

σΦ

si
r

Figure 6.7: Pairs of resulting errors of the model outcomes when the corresponding input
parameter is set to a fixed value.

6.5 Validation of the simulated accuracy assessment
So far, the numerical simulation has been applied to different reference trajectories with different
dynamics to perform accuracy assessments. In order to evaluate the proposed methods, the accuracy
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assessment (resulting from the numerical simulation) was compared to an empirical validation obtained
comparing the velocity estimated using a GNSS with the ones estimated using an external reference
system (i.e. a total station). The results are discussed in this section.
The position and the velocity of the antenna mounted on the roof of the dozer was measured
independently with a geodetic total station and GNSS, while performing the trajectory presented in the
section 6.1 (see Figure 6.2). The reference measurements were performed using a total station Leica
MS50 operated with a self-developed MATLAB software using the GeoCOM interface (Leica
TS
Geosystems 2005). The total station was located at a horizontal distance of approximately d hor
≈ 30 m

and it tracked a GRZ122 prism mounted below the GNSS antenna (Figure 6.8). Although dynamics
measurements performed with a total station are affected by, e.g., the effect of a dynamic angle reading
with ATR corrections of a GRZ122 prism (Lackner and Lienhart 2016) and the vibrations, the
observations are assumed to be sufficiently accurate to deal as reference measurements while comparing
them to the observations obtained using GNSS. The uncertainties of both measurement system were
taken into account when analyzing the results.

Figure 6.8: The GNSS antenna mounted on the roof of the construction machine was fixed
above a GRZ122 prism. The GRZ122 prism is tracked independently using a total station.

The total station stored the measurements in GeoCOM response strings, which contained the raw
TS
observations (slope distances d3D
, vertical angles v TS , and horizontal angles Hz TS ) and the

corresponding time stamps t TS of the distance measurement (which was recorded internally by the total
station). The measurements of the total station were performed with the minimum obtainable
measurement interval 66 of approximately ∆t TS =
0.04 s .

66

The effective measurement interval is estimated from the recorded time stamp t TS , which is assumed to be

sufficiently stable for the application investigated within this chapter (see Gojcic et al. 2017 for more details about
the characteristics of the internal time of a total station similar to the one used in this experiment). Using the
internal time stamp reduces the time errors due to the transfer of the data through the connection cable between
the total station and the laptop.
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The velocity vector (in a local coordinate system) of the construction machine was computed as
ˆ TS ( t + ∆t TS )
∆X
k
k
r
ˆ TS ( t + ∆t TS ) =
,
X
k
k
r
∆tkTS

(6.3)

where the estimated displacement ∆Xˆ TS
r was computed as
TS
ˆ TS ( t =
ˆ TS ( t ) − X
ˆ TS ( t ) .
∆X
X
r
r
r
k + ∆t k )
k +1
k

(6.4)

X̂TS
was the position vector and ∆tkTS was the measurement interval at epoch k . The magnitude of the
r

velocity vector Xˆ TS
was subsequently compared epoch-wise to the magnitude of the velocity vector
r
ˆ KF_run obtained from the GNSS observations 67 of the dataset described in section 6.1.
X
r

The raw GPS observations 68 were processed using the software KF_run, where the variances of the
system noise were set to qX = 1 m 2 , qX = 1 m 2 /s 2 , qδ = 10-16 s 2 , and qδ = 10-18 s 2 s 2 and they were kept
r

r

r

r

constant over the whole trajectory. The VCM R was adapted applying the elevation dependent variance
model (3.20). The VCM P0( + ) implemented in the EKF is initialized as a unit matrix
P0( + ) = I 4 .

(6.5)

and Xˆ TS
were subsequently computed as
The differences between Xˆ KF_run
r
r
ˆ
∆ X
r

emp

=

ˆ KF_run − X
ˆ TS ,
X
r
r

(6.6)

Where the observations were interpolated for the GPS epochs. The corresponding empirical standard
deviation σˆ

ˆ
∆X
r

emp

of the speed deviations was computed over the whole trajectory.

The time series of Xˆ KF-run
, Xˆ TS
, and ∆ Xˆ r
r
r
µ̂

ˆ emp
∆X
r

and standard deviation σˆ

ˆ
∆X
r

emp

emp

are visualized in Figure 6.9. The empirical mean value

are also given in Figure 6.9.

67

Only GPS observations could be processed in KF-run.

68

The collected carrier phases were used to compute highly precise Doppler observables (see section 3.1.1).
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Figure 6.9: Time series of the speed estimated with GPS and total station (top), and the
corresponding time series of the estimated differences (bottom).

Assuming that σˆ ˆ
∆X

emp
r

is composed by the standard deviation σˆ ˆ
X

TS
r

of velocity estimated with the total

station and the standard deviation σˆ ˆ of the velocity estimated using GPS, σˆ
X
r

ˆ
∆X
r

emp

can be estimated

as
σˆ 2 ˆ = σˆ 2ˆ + σˆ 2ˆ

∆X
r

Subsequently, σˆ ˆ
X

emp

XTS
r

Xr

.

(6.7)

was compared with the outcome of the proposed model M UQ for uncertainty
r

quantification σˆ Xˆ (4.22) obtained by applying the developed numerical simulation.
r

The standard deviation σˆ ˆ
X

TS
r

of the velocity obtained from the observations of the total station is

estimated applying the variance propagation, obtaining
 ˆ TS
 ∆X r
 ∆t TS 2
( k )

σˆ ˆ TS
=
Xr

2

2

 σ 2 TS +  1  σ 2 TS .
ˆ
TS
∆X
r
 ∆t
 ∆tk 


(6.8)

The standard deviation σ ∆Xˆ of the displacement measured using the total station is estimated as
TS
r

σ ∆Xˆ = 2σ Xˆ .
TS
r

The empirical standard deviation σˆ ˆ
X

KF_run
r

TS
r

(6.9)

of the estimated velocity using GPS can be obtained directly

+
as a by-product of the filter from the diagonal elements of the estimated VCM Pˆ ( ) . In order to compare
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the σˆ ˆ
X

obtained from the estimated VCMs with the outcomes of the numerical simulation, the

KF_run
r

average empirical standard deviation over the whole trajectory was subsequently computed applying
σˆ

ˆ KF_run
X
r

=

1

N meas

N meas

k =1

∑ σˆ

ˆ KF_run
X
r

( tk ) ,

(6.10)

where N meas was the number of estimated velocity vectors Xˆ KF_run
.
r
The input parameters of the numerical simulation (described in section 4.2.1) were set to values assumed
to be close to the real ones in order to describe the real situation investigated in this chapter. The values
of the input parameter are listed in Table 6.4 (see Table 6.1 for a short description).
Variable input parameter

Values

r ref

0m

δ X ref
r

0m

 ref
δX
r

0 m/s

N sat

10

B CP

25 Hz

B PR

5 Hz

σ X2

1 m2

( t0 )

ref
r

σ δ2 (t )
r

σ X2

1 s2

0

1 m 2 /s 2

( t0 )

ref
r

σ δ2 (t )

1 s 2 /s 2

qX

r

1 m2

r

10-16 s 2

qX

r

1 m 2 /s 2

r

10-18 s 2 /s 2

r

qδ

0

qδ

Table 6.4: Input parameters of the numerical simulation with the corresponding values.

The variability of the reference trajectory, the error of the initial position and velocity, and the number
 ref
of visible satellites ( r ref , δ X ref
r , δ X r , N sat ) were known from the original measurements. The variances

( σ X2

ref
r

( t0 )

, σ δ2 (t ) , σ X2
r

0

ref
r

( t0 )

, σ δ2 (t ) , qX , qδ , qX , qδ ) describing the processing of the raw GPS observations
r

0

r

r

r

r

in the EKF were set analogously to the processing settings of the software KF_run in order to obtain an
accuracy assessment that considered the influence of the processing of the GPS observations. The choice
of the value of the parameters describing the noise applied to the synthetic observations was a critical
aspect. B CP and B PR were set to the same values as the settings of the GNSS receiver used during the
original measurements. The standard deviations of the thermal noise applied to the synthetic
observations was set to σ tCP = 1 mm and σ tCP = 5 mm . These values were assumed to describe an interval
120

of the measurement noise close to the noise affecting the real GNSS observations collected during the
experiment.
The results of the numerical simulation and the empirical results are summarized in Table 6.5 and
Table 6.6. The empirical standard deviation σˆ

ˆ
∆X
r

contains the uncertainty of the velocity estimated

emp

using the total station.
Empirical validation
(Total station and GPS)
σˆ ˆ

∆X
r

emp

KF_run
(GPS only)
σˆ ˆ
X

Numerical simulation
(GPS only)
σˆ ˆ
X

KF-run
r

r

σ
28.7

CP
t

σ tCP = 5 mm

= 1 mm

14.4

6.9

30.8

Table 6.5: Average standard deviations obtained from the validation experiment, from the
VCM P0( + ) of the EKF implemented in KF_run, and as an outcome of the proposed numerical
simulation. All the values are in mm s .

The standard deviation σˆ Xˆ

KF-run
r

is influenced by the a priori assumptions of the EKF implemented in

the software KF_run and can be therefore interpreted as over-optimistic.
Empirical validation
(Total station and GPS)
µ̂ ˆ

∆X
r

Numerical simulation
(GPS only)
∆ˆ

emp

σ
3.3

CP
t

ˆ
X
r

σ tCP = 5 mm

= 1 mm

0.2

0.1

Table 6.6: Average bias obtained from the validation experiment and as an outcome of the
proposed numerical simulation. All the values are in mm s .

In order to quantify the influence of the uncertainty of the reference measurements and thus compare
the values contained in Table 6.5, the standard deviation σ

ˆ
∆X
r

emp

was modelled as a function of a varying

standard deviation σ X of the estimated positions using a total station, which was computed applying
TS
r

(6.8) and (6.9). Figure 6.10 shows the estimated standard deviation σˆ

ˆ
∆X
r

emp

, obtained by applying (6.7),

where the outcome of the numerical simulation σˆ Xˆ was inserted in (6.7) and the standard deviation of
r

the time measurements was assumed to be very small 69 σ ∆2t  1 . The standard deviation of the
TS

measurement differences between the velocities using the total station and GPS as a function of the

69

According to Gojcic et al. (2017), the total station used in the experiment is assumed to have a drift rate smaller

than 60 ppm , which corresponds to 0.024 ms over a measurement interval of ∆t =0.04 s .
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standard deviation σ X

TS
r

of the positions estimated using the total station is visualized in Figure 6.10.

Two standard deviations σˆ tCP = 1 mm (blue line) and σˆ tCP = 5 mm (magenta line) of the thermal noise
were applied on the synthetic observations of the numerical simulation. The dashed red line visualizes
the empirical standard deviation σˆ

ˆ
∆X
r

emp

.

Figure 6.10: Standard deviations of the measurement differences obtained using the total
station and GPS as a function of the standard deviation

σ X of the positions estimated using
TS
r

the total station. The red dashed line represents the empirical results.

Assuming the standard deviation σ X of the estimated positions to be in a range of [ 0.2 mm, 0.8 mm ] ,
TS
r

and a standard deviation σ tCP of thermal noise to be in a range of [1 mm, 5 mm ] , the results visualized
in Figure 6.10 show that the results of the simulation yielded a realistic accuracy assessment of the
estimated velocity. This means that if the GPS observations had a thermal noise of, e.g. σ tCP = 1 mm , the
positions estimated using the total station would have been estimated with an accuracy of σ X ≅ 0.8 mm
TS
r

in order to yield the empirical standard deviation obtained from the experiment, which were realistic
values considering the measurement equipment used in this experimental validation. The standard
deviation σ X of the estimated position is given as a range of possible values, since the actually σ X in
TS
r

TS
r

kinematic operations is not known.
Since there was no possibility to directly quantify the bias µ̂ Xˆ
station and assuming that µ̂ ˆ
X
contribution to µ̂

ˆ
∆X
r

emp

TS
r

of the velocity estimated using the total

quantified the bias caused by the GPS estimated speed, the main
r

was assumed to be caused by the bias of the speed estimated with the total station.
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However, the estimated bias µˆ

ˆ
∆X
r

emp

= 3.3 mm/s was significantly smaller than σˆ

ˆ
∆ X
r

emp

= 28.7 mm/s and

it could be neglected for the application case investigated.
After having evaluated the numerical simulation, the proposed approach was subsequently applied to
identify the maximal reachable accuracy in the investigated application case and to investigate the
influence of the variations of the system noise on the accuracy of the estimated positions and velocities.

6.6 Analysis of the impact of variations of the system noise on the
accuracy of the estimated trajectory
6.6.1 Approaches to system noise adaptivity
The results of the sensitivity analysis delivered valuable information about the importance of the input
parameters of the models. The sensitivity analysis was based on scalar outcomes of the model M UQ . In
order to obtain more information about the temporal variability of the bias and the standard deviations
of the estimated positions and velocities, (4.27), (4.28), (4.29), and (4.30) were applied yielding a time
series of the model outcomes. This step was particularly useful to further investigate the impact of
different values of the system noise variances on the accuracy of the estimated positions and velocities
estimated using an EKF. In section 4.7, an approach for the identification of the optimal time varying
variance qˆ X is presented (here defined as method ( O ) ), which is obtained applying (4.36) on the
r

empirically estimated 3D velocity error. The estimated velocities Xˆ (rO ) were obtained applying the
proposed method for the identification of the optimal estimated VCM of the system noise of the specific
example of the trajectory analyzed in this chapter (Figure 6.2).
F
ˆ ( M ) , and X
ˆ ( D ) estimated
The estimated velocities Xˆ (rO ) were compared to the velocities Xˆ (rF) , Xˆ (r ) , X
r
r
Opt

applying the methods ( F ) , ( FOpt ) , ( M ) , and ( D ) . The introduced acronyms have the same meaning as
in section 5.6 and they are summarized in Table 5.6.
The velocities Xˆ (rF) were estimated applying a constant system noise variance q̂X( F) . This was
r

approximated based on the expected dynamics of the trajectory, which was characterized by a maximum
acceleration of approyimately 20 m/s 2 . The approximation of the system noise variance was the result
of a rough calculation where the maximum deviation caused by the prediction of the state vector using
a random walk model was interpreted as 3σ -value of the system noise. In the specific case investigated
within this section the constant system noise variance was set to qˆX( F) = 1.8 m 2 /s 2 .
r
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Based on the results of the sensitivity analysis (section 6.4), the system noise variances qX , qδ , and
r

r

qδ were considered as input parameters with a significantly smaller influence on the uncertainty of the
r

model outcomes. The system noise variance qX was kept constant over the whole trajectory and it was
r

estimated analogously to q̂X( F) . The variance qX resulted in qX = 0.1 m 2 for the specific trajectory
r

r

r

investigated herein. qδ and qδ were set to the constant values qδ = 10-16 s 2 and qδ = 10-18 s 2 /s 2 , which
r

r

r

r

were chosen as the largest value in the range of possible values introduced in section 6.2 (Table 6.1). As
already mentioned in section 4.8, the VCM R was assumed to be known in the framework of this
investigation and, as opposed to the VCM Q , no data driven adaptivity of R was applied herein.
The measurement noise (quantified by B PR and B CP ) applied to the synthetic observations was varied
according to the distributions and values contained in Table 6.1. The number of visible satellites was set
to N sat = 8 for comparability with the application case presented in the previous chapter and it was
assumed to reproduce a realistic situation close to the application case investigated. In order to analyze
the applicability of the MC-based epoch-wise investigation of system noise optimization of this
application case, the reference trajectory was assumed to be known.
The remaining variable input parameters were assumed to have a smaller influence on the uncertainty
of the model outcomes (based on the results of the sensitivity analysis of this application case).
Therefore, they were set to the constant values of the original data. These are summarized in Table 6.7
(see Table 6.1 for a short description).
Input parameter

Value

r ref

0m

δ X ref
r

0m

 ref
δX
r

0 m/s

N sat

8

σ X2

ref
r

( t0 )

σ δ2 (t )
r

σ X2

ref
r

0

( t0 )

σ δ2 (t )
r

0

1 m2

1 s2
1 m2 / s2
1 s2 / s2

Table 6.7: Non-influential input parameters with the corresponding values.

The averaging time window of the estimated adaptive VCM of the system noise was set to N adpt = 25
for the adaption of Q̂( M ) and Q̂( D ) . Analogously, the length of the processing batch (Figure 4.11) was
set to Tadpt = 5 s . Although the trajectory investigated in this chapter did not show a clear pattern in the
dynamics, as it was the case in the alpine skiing trajectory, N adpt and Tadpt were assumed to be suitable
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for the variations of the velocity (visible at epochs tk = [93, 96] s in Figure 6.2). The velocity variated
from 0 m/s to 1.5 m/s in approximately 1 s .

6.6.2 Results
By carrying out the simulation N sim = 3549 times (based on the estimation of the minimal sample size
presented earlier in section 6.2), from the creation of the synthetic observations to the processing in the
EKFs, a sample of model outcomes was obtained, which could be used to assess the influence of the
adaptive approaches on the accuracy of the estimated positions and velocities. The numerical simulation
for the identification of the optimal variance q̂X(O ) was carried out ( N sim = 3459 ), resulting in a statistical
r

sample of optimal system noise variances qˆX(O ) ( j ) , j = 1, ... , N sim . The corresponding epoch-wise empirical
r

mean values (4.37) and standard deviations (4.38) were computed and visualized in Figure 6.12.
The time series of ∆ˆ X , ∆ˆ X , σˆ X and σˆ X are visualized in Figure 6.11. The average model outcomes
r

r

r

r

were computed and they are summarized in Table 6.8.
Position
Method

Average bias
[ mm]

Velocity

Average standard
deviation [ m ]

Average bias
[ mm s]

Average standard
deviation [ mm s ]

( F)

38.5

1.323

1.2

46.9

(F )

38.5

1.323

1.2

46.8

108.4

2.74 ⋅105

Opt

(M)
(D)
(O)

4.18 ⋅10

3

4.03 ⋅10

2

5.11 ⋅103

2.37 ⋅102

9.4

396.9

43.5

1.645

15.1

131.6

Table 6.8: Average empirical biases and standard deviations of the estimated positions and
velocities. The model outcomes were computed applying the methods described in Table 5.6
applying a varying level of measurement noise. Bold denotes the best results.

Adapting the system noise variance according to the approaches ( M ) and ( D ) resulted in very large
values of the estimated bias and standard deviations. Reducing the size of the average window N adpt of

(M)

and ( D ) might lead to destabilization of the filter and to divergent solutions. On the other hand,

extending the size of N adpt might violate the underlying assumption that the innovation sequence
within the average window N adpt is a stationary white noise sequence. The approaches ( M ) and ( D )
were therefore considered as inappropriate for the processing of the observations of this application
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case. The time series of ∆ˆ Xˆ , ∆ˆ Xˆ , σˆ Xˆ , and σˆ Xˆ of these two approaches are not visualized in
r

r

r

r

Figure 5.9.

Figure 6.11: Epoch-wise accuracy assessment of the estimated positions and velocities
obtained using the methods listed in Table 5.6: position biases (a), velocity biases (b), position
standard deviations (c), and velocity standard deviations (d). The statistics were computed
epoch-wise over N sim = 3459 samples.

The EKFs applying the methods ( F ) and ( FOpt ) obtained almost equal results for all the computed
outcomes (the times series are hardly distinguishable in Figure 6.11). Unlike the results obtained in the
application case I, the method ( O ) does not deliver the lowest average standard deviation σˆ X of the
r

estimated velocities. Although the results visualized in Figure 6.11d show that the approach ( O ) was
mainly instable during the processing of observations generated in the framework of the application case
II (resulting in many large values in the time series), ( O ) yielded the smallest values of the estimated
standard deviation in some sections of the time series. This means that the method ( O ) needs further
improvement in order to deal with the resulting divergent solutions, which caused the large values of

σˆ X . On the other hand, the results presented in Table 6.8 and Figure 6.11 could be interpreted as
r

indicating that adapting the VCM Q is not be necessary for the application case investigated within this
chapter.
Since the results presented in Figure 5.10 in the previous chapter showed that the length Tadpt of the nonoverlapping batch was not a critical parameter and given a lower dynamics, a comparison between
different lengths of the processing batch was not performed for this application case and the length was
set to Tadpt = 5 s .
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The estimated q̂X(O ) depends on the chosen reference trajectory and on the measurement noise (quantified
r

by B PR and B CP ). For the identification of the optimal variance q̂X(O ) (and subsequently for the estimation
r

of the coefficients ĉ1 and ĉ2 ) B PR = 5 Hz and B CP = 25 Hz were set to constant values for all the MC
realizations (see Table 6.9 for the values of the corresponding standard deviations of the thermal noise).
These values were assumed to be a suitable compromise considering thermal noise and dynamic effects
(see Figure 4.4 for a visualization of the corresponding standard deviations). The coefficients ĉ1 and ĉ2
 ref as observables.
were estimated applying a least-squares adjustment with q̂X(O ) and X
r
r

Carrier phases
σ tCP [ mm ]
B CP [ Hz ]

[1,5]

Pseudoranges

σ

PR
t

[m]

B PR [ Hz ]

[0.1,10]

25

5

Table 6.9: Standard deviations of the thermal noise and noise bandwidths applied for the
comparison of the different methods for the estimation of the system noise variances.

The dynamics-based adaptive variance q̂X(Dyn ) was subsequently modelled applying (4.39) and it is
r

visualized by the green line in Figure 6.12.
In order to analyze the influence of the estimated parameters ĉ1 and ĉ2 , q̂X(Dyn ) (I) obtained applying the
r

I
I
parameters ĉ1( ) and ĉ2( ) estimated for the trajectory of the alpine skier (application case I) is visualized

by the orange line in Figure 6.12.

Figure 6.12: Epoch-wise empirical mean values and standard deviations of the identified
optimal system noise variances (blue), modelled system noise variance using the coefficients
estimated for the trajectory investigated in the application case I (orange) and II (green), and
profile of the reference speed (black).

The lower dynamics involved in the application case investigated herein, resulted in a modelled system
noise variance q̂X(Dyn ) with significantly less temporal variability compared to the results visualized in
r
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Figure 5.10. The orange line in Figure 6.12 shows a biased estimation of the modelled system noise
variance compared to the variances q̂X(O ) and q̂X(Dyn ) , which were computed with the appropriate
r

r

coefficients. This confirmed the assumption that the parameters of the modelled system noise variance
need to be estimated for any combination of measurement noise and in case of a new reference trajectory
influenced by significantly different dynamics.
In order to obtain a fair comparison, the processing algorithms described in Table 5.6 (with the exception
of the method ( M ) and ( D ) ) as well as the EKF applying the modelled system noise variance q̂X(Dyn ) ,
r

here defined as ( Dyn ) , were applied to the same synthetic observations. The synthetic observations are
generated applying the measurement noise 70 described in Table 6.9. The computation was repeated
N sim = 3459 resulting in a statistical sample of the model outcomes. The average model outcomes were

computed and are summarized in
Position
Average standard
deviation [ mm ]

Method

( F)

10.0

379.9

0.1

4.8

(F )

10.0

379.9

0.1

4.8

(O)

11.8

448.6

1.1

29.1

( Dyn )

10.0

379.9

0.1

4.8

Opt

[ mm ]

Average bias

Velocity
Average standard
deviation [ mm/s ]

Average bias

[ mm/s]

Table 6.10 for a comparison. The time series of the ∆ˆ X , ∆ˆ X , σˆ X and σˆ X are visualized in
r

r

r

r

Figure 6.13 for the methods ( F ) , ( FOpt ) , ( O ) , and ( Dyn ) .

70

The dynamics-based estimation of the optimal variance of the system noise requires the computation of new

coefficients ĉ1 and ĉ2 for each combination of measurement noise applied to the synthetic observations.
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Method

Average bias
[ mm]

Position
Average standard
deviation [ mm ]

Average bias
[ mm/s]

Velocity
Average standard
deviation [ mm/s ]

( F)

10.0

379.9

0.1

4.8

(F )

10.0

379.9

0.1

4.8

(O)

11.8

448.6

1.1

29.1

( Dyn )

10.0

379.9

0.1

4.8

Opt

Table 6.10: Average empirical biases and standard deviations of the estimated positions and
velocities. The model outcomes were computed applying the methods described in Table 5.6
and an EKF appying the modelled variance. Bold denotes the best results. The results
summarized in Table 6.10 differ from Table 6.8 since the measurement noise applied to the
synthetic observations is set to the fixed values as described in Table 6.9.

The methods ( F ) , ( FOpt ) , and ( Dyn ) yielded almost equal results for the estimated biases and standard
deviations, which cannot be distinguished visually in Figure 6.13 and in Table 6.10. This may be
explained by high-accurate synthetic observations. The estimated positions and velocities are mainly
influenced by the observations and only to a smaller extent by the system model. The method ( O ) for
the identification of the system noise was instable during the processing of the observations generated
in the framework of this application case and it caused many divergent solutions. As already mentioned,
this could be interpreted as indicating that adapting the VCM Q might not be necessary for the
application case investigated within this chapter.
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Figure 6.13: Epoch-wise accuracy assessment of the estimated positions and velocities
obtained applying different system noise variances: position biases (a), velocity biases (b),
position standard deviations (c), and velocity standard deviations (d).

Although the method ( O ) did not yield the lowest estimated standard deviations, the results obtained
by applying the proposed dynamics-based model ( Dyn ) of the system noise variance were similar to
the ones obtained by applying ( F ) and ( FOpt ) , since the system noise variance obtained applying ( Dyn )
was a mainly constant over the whole trajectory.
Based on the presented results, it can be assumed that the position and velocity random walk
implemented as a system model with constant variance was appropriate for the estimation of the
kinematic positions and velocities of the application case investigated here. Since the dynamics and its
variability were much lower for the trajectory of a construction machine (compared to the trajectory of
an alpine skier), the system noise variance did not require to be adapted.
In order to analyze the spectral flatness of the system noise and the suitability of the methods analyzed
in this section, a LOM test (see section 3.2.5) was performed epoch-wise. The system noise is white if

{ }

−
the innovation sequences vˆ (k ) are normally distributed, with E vˆ (k− ) = 0 , and the test statistics TkLOM is

χ 2 -distributed. The test statistic TkLOM was computed epoch-by-epoch over the N sim = 3459 realizations.

Since the numerical simulation did not implement outliers on the generation of the synthetic
observations, the null hypothesis (3.59) was expected to be accepted with (1 − α ) probability.
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Approximately 6.7 % of the computed TkLOM for α = 5% of the investigated methods ( F ) , ( FOpt ) , ( O ) ,
2
and ( Dyn ) was rejected 71 for χ 95,8
. Although the LOM test showed slightly higher values than 5 % , the

applied processing algorithms implemented in the numerical simulation were considered suitable to
model the system noise of the EKF used to process the simulated GNSS observations of this application
case.
In this chapter, the numerical simulation has been applied to assess the velocity of a dozer performing
working patterns consisting in: driving at constant speed, decelerate to 0 m/s , changing the operation
directions at quick succession. It has been shown that the estimated biases are an order of magnitude
smaller than the estimated standard deviations and that positions with σˆ Xr = 38 cm and ∆ˆ X =
1 cm , and
r

velocities with σˆ X r = 5 mm/s and ∆ˆ X =
0.1 mm/s could be estimated. The sensitivity of the model M UQ
r

for uncertainty quantification applied to the investigated application case has been analyzed with respect
to the variable input parameters (applying the specific distributions and values introduced in this
chapter). In particular, the influence of the variations of the system noise in the EKF has been
investigated.
The results presented within this chapter have shown that the proposed optimal system noise variance
did not yield the smallest standard deviations over the whole trajectory. The method for the identification
of the system noise was instable during the processing of the observations generated in the framework
of this application case and it caused divergence of the solutions. For this reason, adapting the VCM Q
may not be necessary for the application case investigated within this chapter. Based on the presented
results, the approach ( O ) requires further investigations in order to deal with the instability of the filter
that resulted in divergent solutions, since it is expected that ( O ) yield the lowest standard deviation of
the estimated velocities. On the other hand, the proposed dynamics-based model ( Dyn ) of the system
noise variance obtained results similar to ( FOpt ) , with the advantage of merely requiring information
available in (near) real-time and a set of pre-computed coefficients.
The evaluation of the proposed approach for the accuracy assessment against an empirical validation
showed that the numerical simulation yields realistic results. The empirical validation considered only
the velocity estimates. However, the results presented in this chapter have shown that the numerical
simulation yielded an accuracy assessment close to the empirical values by taking into account
reasonable assumptions about the uncertainty of the original measurements used in this experimental
validation.

71

The simulation was performed with a constant number of visible satellites over the whole trajectory, which

resulted in nk = 8 degrees of freedom.

131

7

CONCLUSIONS

The main goal of this thesis was to provide the tools for assessing the accuracy of GNSS-based kinematic
position and velocity solutions without needing repeated measurements of the system under
investigation and the ground truth. This has been achieved by developing a Monte Carlo-based
numerical simulation that replaces the real measurements and the ground truth with synthetic
observations and a set of assumptions about the reference trajectory, since the traditional approach for
quality control and quality prediction (i.e. variance propagation) was not applicable. The proposed
method does not aim at replacing empirical validations, but rather at being complementary, since in
many cases an empirical validation is very time consuming or may not be even possible. The numerical
simulation provides a synthetic and controlled environment that allows assessing the accuracy of the
estimated positions and velocities (derived from real measurements) in post-processing when no ground
truth is available. Additionally, it allows predicting the accuracy of positions and velocities estimated
kinematically, given a priori knowledge about the expected dynamics, measurement noise, and
processing algorithm. Such a quality prediction can be included in the planning before the measurements
are carried out in order to support decisions about the execution of the measurements.
In the framework of this thesis, positions and velocities were assumed to be estimated kinematically
from GNSS measurements using an extended Kalman filter, which implemented a position and a
velocity random walk. The estimated trajectory and the velocity of the moving objects considered in the
applications investigated within this thesis were assumed to be estimated from GNSS pseudoranges and
Doppler observables. Carrier phase observations were not considered, since they were not necessary for
the intended applications, where the primary focus is on estimating highly accurate velocities. The focus
of this thesis was on the general approach for accuracy assessment of kinematic positions and velocities
and not on the specific modelling of the GNSS measurement noise and biases. Therefore, atmospheric
delays, relativistic effects, and multipath errors were not taken into account. The measurement noise
applied to the synthetic observations was determined based on models of the thermal noise and the
dynamic stress error that affect the tracking loop of the receiver. This approximation yielded realistic
outcomes compared to the results obtained by the presented empirical validation. Modelling the system
noise as a random walk is an established compromise in navigation applications and it allows reducing
the complexity of the computation. The alternative would be a more accurate modelling of the system
noise (e.g. as a time correlated error), which requires prior knowledge that may not be available.
Therefore, a position and velocity random walk was implemented as system model. The suitability of
this simplified dynamic model was confirmed by an analysis of the time series of the innovations using
the standard local overall test (Teunissen 1998).
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Once the constraints necessary for the development of the Monte Carlo simulation (about the reference
trajectory, the synthetic observations and the processing algorithm) were set, the computational model
for uncertainty quantification was defined. First, the input parameters of the model were chosen and the
probability distribution functions of the variable input parameters were set. The input parameters were
assumed to represent the real situation and to describe the most important factors that can be influenced
by the choice of the measurement and processing settings of the real measurements (namely the system
noise variance as used within the Kalman filter). Second, the outputs of the model were selected in order
to quantify the accuracy of the estimated positioning solutions with a few scalar values (e.g. average
bias and standard deviation of the estimated velocities). The scalar values were necessary to perform a
sensitivity analysis of the model. In order to obtain additional information about the temporal variability
of the accuracy of the estimated positions and velocities, the whole time series of the estimated epochwise biases and standard deviations were used and analyzed as model outcomes (additionally to the
scalar outputs). Third, the computational model for uncertainty quantification was designed, which
relates the variable and deterministic inputs to the output parameters. The uncertainty of the variable
input parameters was subsequently propagated to the output (unknown) parameters, by the Monte Carlo
simulation using this model.
The model for uncertainty quantification depends on the uncertainty of the variable input parameters
and in particular on the assumptions made about the set of process constraints. A global sensitivity
analysis was performed to identify the contributions of the uncertainty of each variable input parameter
to the uncertainty of the model outcomes. Within this thesis, the total sensitivity indices of the variable
input parameters were calculated from a polynomial chaos expansion. This is an approximation but still
yielded sufficiently indicative results while reducing the computational costs compared to a
conventional approach based on extensive Monte Carlo simulations.
The sensitivity analysis allows identifying the most influential parameter(s) and therefore it supports the
decision about which input parameters require further investigations. The results of the sensitivity
analysis showed that the variance of the system noise was the most influential parameter of the
developed Monte Carlo based numerical simulation with respect to the uncertainty of the model
outcomes (i.e. the bias and the standard deviation of the estimated velocities). The simulation framework
was therefore also applied to analyze the impact of the variations of the system noise of the implemented
extended Kalman filter on the accuracy of the estimated positions and velocities. The numerical
simulation showed that in case of high variability of the dynamics (e.g. a trajectory of an alpine skiing
athlete) an adaptive system noise could significantly reduce the standard deviations of the estimated
velocities. Three approaches for the adaptivity of the system noise variance were tested and an optimal
variance of the system noise was identified thus showing that the developed numerical simulation can
also be applied to identify the optimal values for certain input parameters for a specific application.
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As expected, the variations of the optimal system noise variance were strongly related to the magnitude
of the acceleration of the object observed. Based on the resulting temporal variations of the estimated
optimal system noise variance, one may argue that a position and velocity random walk is not an
appropriate system model for the exemplary trajectories analyzed, since the system noise is not strictly
uncorrelated over time. An alternative approach for the approximation of the optimal system noise
variance for each epoch has been proposed. Once the optimal system noise variance was available over
the whole trajectory, this was used to develop a forward modelling of the system noise variance based
on the acceleration of the observed moving object, which could be obtained from the filter outputs of
the preceding epochs. The proposed approach aims at compensating the lack of modelling the varying
dynamics by adapting the system noise variance while keeping the position and velocity random walk
as a system model. The big advantage of this approach is the reduced computational complexity and the
applicability in (near) real-time.
The presented approach for uncertainty prediction and accuracy is based on a framework for uncertainty
quantification developed in the field of structural monitoring and risk analysis. However, the analogies
and the relations to a similar framework introduced in the Guide to Expression of Uncertainty in
Measurement (and in the corresponding Supplement 1) were also mentioned in the thesis.
The proposed approach was applied to two real world study cases in order to demonstrate the actual
application of the method to assess the accuracy of the estimated velocities, to study the sensitivity, and
to identify the optimal system noise variances. The application cases described two different dynamic
scenarios. On the one hand, the trajectory of an alpine skiing athlete (measured using GNSS) performing
a training session was an exemplary smooth trajectory showing high-variability of the dynamics (i.e.

Xr

2

≅ 1 g/s ). This application requires accurate velocities for performance analysis and injury

prevention studies. On the other hand, the trajectory of a construction machine (also measured using
GNSS) was representative for objects moving with significantly lower velocities (speed does not exceed
1.5 m/s ), performing rough movements and affected by vibrations. In particular, this application requires

highly accurate velocities for slip control systems.
The analysis revealed that, in case of the estimated speed of the alpine skiing athlete, adapting the system
noise variance reduced the standard deviation of the estimated speed by 11% . In this application the
estimated speed could be determined with a standard deviation of σˆ X = 25 mm/s about the true speed
r

and a negligible bias using an L1-only GPS receiver and a 20 Hz data rate with speeds up to 58 km/h .
In the case of the construction machine the speed could be estimated with a standard deviation of
0.1 mm/s using an L1-only GPS receiver and a
σˆ X = 5 mm/s about the true speed and a bias of ∆ˆ X r =
r

5 Hz data rate with speeds up to 6 km/h . The accuracy of the estimated trajectory including velocity of

the construction machine could not be improved by epoch-wise identification of the system noise
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variance. However, in both application cases, the proposed forward modelling of the system noise
variance based on the acceleration (calculated from the estimated trajectory) yielded promising results
in terms of accuracy.
In order to evaluate the numerical results obtained using the proposed approach for the accuracy
assessment, the results of the numerical simulation were compared to the results obtained from an
empirical validation. In the application case of the moving construction machine, it was possible to
perform independent but simultaneous measurements using a total station as an external reference
measurement system (i.e. tracking the GNSS antenna mounted on the construction machine). This
allowed evaluating the numeric results obtained using the proposed approach for the accuracy
assessment. In particular, the differences between the velocities obtained from the two measurement
systems were calculated, and their statistics were compared to the model outcomes of the numerical
simulation. Taking into account also the limited accuracy of the measurements of the total station, the
empirical results were compatible with those of the numerical simulation thus indicating the validity of
the simulation results.
The analysis showed that further improvement requires investigating following aspects:
o

Based on the promising results obtained in this work, it would be interesting to extend the
process constraints and the assumptions introduced in the numerical simulation, in particular
regarding the reference trajectory and the introduction of additional geometric constraints (i.e.
a digital terrain model). This may improve the sampling of different reference trajectories and
make the quality control and quality prediction of the estimated positions and velocities more
realistic, by e.g. considering the vertical movement (with respect to the terrain) as constrained.
In the specific case of GNSS observations, the introduction of additional geometric prior
knowledge given by a terrain model would also allow considering signal obstructions and
satellite coverage.

o

The application cases investigated within this thesis are focused on highly accurate velocities.
In order to extend the accuracy assessment to the estimated positions, also the processing of
differential carrier phase should be implemented in the numerical simulation. This is expected
to obtain a quality control and quality prediction for the position estimates closer to the real
accuracy obtained applying GNSS for kinematic applications.

o

The measurement noise applied to the synthetic observations is modelled as white noise
sequences based only on thermal noise and a component proportional to the jerk in the line-ofsight of the corresponding satellite. Further investigations are worth in order to include a
comprehensive GNSS error modelling including all relevant error sources (in particular
atmospheric delays and correlations) in the process of generation of synthetic observations. E.g.
in the specific case of an application case moving with relatively low velocities such that the
changing environment does not sufficiently mitigate the impact of correlated effects caused by
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multipath. A comprehensive error modelling is expected to result in a more realistic accuracy
assessment.
o

The instability of the adaptive approaches visible in the results of the estimated velocity of the
construction machine, may be explained by the significantly lower dynamics involved. The
presented method for the identification of the optimal system noise variance showed some
difficulties in this situation, where the velocities were significantly lower than in the application
case of alpine skiing. Therefore, based on the presented results, the approach requires further
investigations in order to deal with the instability of the filter that resulted in divergent solutions.

o

The achieved results and the knowledge obtained are related to the specific case of a trajectory
measured using GNSS. It would be interesting to transfer the general approach to other
application cases (e.g. indoor positioning), where the processing of different observations is
performed using alternative nonlinear filters e.g. an unscented Kalman filter or a particle filter.
The numerical simulation has been structured such that the replacement of the processing
algorithm can be made without modifying the whole structure of the numerical simulation.
However, the differences resulting from processing the same type of measurements using an
unscented Kalman filter or a particle filter require the introduction of additional process
constraints and variable input parameters. These aspects require additional investigations but it
would further generalized the approach to other geodetic applications where the quality control
and prediction can not be performed applying the traditional approach (i.e. variance
propagation).

In conclusion, the investigations on the application cases showed that the proposed approach can be
applied to assess the accuracy of an estimated trajectory and the corresponding velocities in agreement
with the presented empirical results. The approach has the significant advantage of not requiring any
ground truth measurement and it can be additionally used for quality predictions. Although the present
work was focused on GPS-based velocity estimation it could be generalized to other geodetic
applications, where traditional methods for quality controls and quality predictions are not applicable.
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ACRONYMS
DLL

Delay Lock Loop

DOP

Dilution of Precision

ECEF

Earth-fixed Earth-centered

ED

Experimental Design

EKF

Extended Kalman Filter

FAST

Fourier Amplitude Sensitivity Test

FLL

Frequency Lock Loop

GDOP

Geometric Dilution of Precision

GNSS

Global Navigation Satellite System

GUM

Guide to the Expression of Uncertainty in Measurements

IB

Innovations-Based

IMU

Inertial Measurement Unit

KF

Kalman Filter

LAR

Least Angle Regression

LKF

Linearized Kalman Filter

LS

Least Squares

LOM

Local Overall Model

LOS

Line-of-Sight

MC

Monte Carlo

MCG

Machine Control and Guidance

MMB

Multiple-Model-Based

OAT

One-at-a-time

PCE

Polynomial Chaos Expansion

PDF

Probability Distribution Function

PF

Particle Filter

PLL

Phase Lock Loop

SA

Sensitivity Analysis

UKF

Unscented Kalman Filter

VCM

Variance-covariance Matrix
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SYMBOLS
Uncertainty Analysis
M UQ

Model for the quantification of the uncertainty

M KF

Processing algorithm for kinematic positioning (i.e. Kalman
filter)

xiUQ

i -th input parameter of the model M UQ

{

 = x1UQ , x2UQ , , xNUQinput

}

Set of all the N input input parameters

X iUQ

Random variable corresponding to the i -th input parameter

X UQ =  X 1UQ

X 2UQ

... X NUQinput 


Random vector of the input parameters

f Xi

Probability density function of the i -th input parameter

χi

Range of all possible values of the i -th input parameter

xi*

Nominal value of the i -th input parameter

χ i*

Range of all possible nominal values of the i -th input
parameter

{

 = y1UQ , y2UQ , , y NUQoutput

}

Set of all the N output output parameters

ˆ UQ = M UQ ( X UQ )
Y

Estimated output random vector

μˆ Yˆ UQ

Vector of the empirical mean values of the model outputs

σˆ Yˆ UQ

Vector of the empirical standard deviations of the model
outputs

X

UQ ( j )

UQ ( j )

=  X 1

(

UQ ( j )

X2

ˆ UQ ( j ) = M UQ X UQ ( j )
Y

UQ j
... X Ninput( ) 

)

j -th realization of the input random vector

j -th realization of the output random vector

N sim

Sample size of the MC numerical simulation

min
N sim

Minimal sample size size of the MC numerical simulation

ε µ̂

Maximal acceptable relative deviation of the estimated mean

ˆ UQ
Y

value
γˆYˆ

UQ

=
X ~UQi =
X 1 , X 2 , ... , X i xi* , ... , X Ninput 

Coefficient of variation
Random vector whose components are the random variables
of all the element except the i -th element, which is fixed to
the corresponding nominal value

ˆ UQ = M UQ ( X UQ )
Y
~i
~i

Random vector of the outputs of the model M UQ computed
with all the element varying, but not the i -th element, which
is fixed to the corresponding nominal value xi* .
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σˆ 2Yˆ UQ

Vector of the empirical partial variances of Yˆ ~UQ
i .

μˆ Yˆ UQ

Vector of the empirical mean values of Yˆ ~UQ
i

μˆ Yχˆ iUQ

Vector of the empirical mean values of σˆ 2Y

~i

~i

*

UQ
~i

~i

(σˆ )
χi*

2

Vector of the empirical variances of μˆ Yˆ

UQ
~i

ˆ UQ
Y
~i

si

Sensitivity index of first order of the i -th input parameter

si1 ,i2

Sensitivity index of second order between the input parameter
xi1 and xi2

sitot

Total sensitivity index of the i -th input parameter

Ψ ξ( i ) ( X i )

i -th orthonormal polynomial of degree ξi

Ψ ξ ( X UQ )

Basis of multivariate orthonormal polynomials

θξ

i -th coefficient of the series expension

i

i

{

ξ = ξ1 ξ 2 ... ξ Ninput

}

Multi-index of all the degrees ξi for i = 1, ... , N input



Finite set of multi-indices ξ

N basis

Number of basis element in the series expansion

N ED

Number of samples of the experimental design

ˆ ( ED ) ( j )
Y

j -th sample of the experimental design

μˆ Yˆ ( PCE )

Vector of the empirical expected value of Ŷ UQ ( PCE )

σˆ Yˆ ( PCE )

Vector of the empirical standard deviation of Ŷ UQ ( PCE )

σˆ 2Yˆ ( PCE )

Vector of the empirical partial variance of Ŷ UQ ( PCE ) computed

~i

with PCE
sˆ (i PCE )

Sensitivity index of first order of the i -th input parameter
computed applying PCE

sˆ itot ( PCE )

Total sensitivity index of first order of the i -th input
parameter computed applying PCE

Kinematic processing of positions and velocities using GNSS
Rrsi

Pseudorange observable

Drsi

Doppler observable

Φ sri

Carrier phase observable

ρ rs

Geometric range between the receiver r and the i -th satellite

i

X r ( tk )

Position vector of the receiver r in ECEF
147

 (t )
X
r
k

Velocity vector of the receiver r in ECEF

Xsi ( tks )

Position vector of the i -th satellite in ECEF

 si ( t s )
X
k

Velocity vector of the i -th satellite in ECEF

tksi

Epoch of signal transmission

KΩ

Earth rotation matrix

ωE

Eart rotation rate

c

Speed of light in vacuum

esri

Receiver-to-satellite unit vector in ECEF

δr

Receiver clock bias

δr

Receiver clock drift

δs

i

δ s

i

Satellite clock bias
Satellite clock drift

δM

PR

Multipath error affecting the pseudoranges

δ M DO

Multipath error affecting the Doppler observables

T PR

Troposphere delay affecting the pseudoranges

T DO

Troposphere delay affecting of the Doppler observables

I PR

Ionosphere delay affecting the pseudoranges

I DO

Ionosphere delay affecting the Doppler observables

δ r PR

Relativistic effects affecting the pseudoranges

δ r DO

Relativistic effects affecting the Doppler observables

ε rs

PR

Random noise and unmodelled residual errors affecting the
pseudoranges the i -th satellite

DO

Random noise and unmodelled residual errors affecting the
Doppler observables the i -th satellite

i

ε rs

i

σt

Thermal noise affecting the tracking loop

ϑe

Dynamic stress affecting the tracking loop

σ εPR
si
r

Standard deviation of the residual receiver noise affecting the
pseudoranges

σ εDO
si
r

Standard deviation of the residual receiver noise affecting the
Doppler observables

B

Bandwidth of the tracking loop filter

x

State vector
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t k ∈ [ t0 , te ]

Discrete k -th epoch in the interval between the first epoch t0
and defines the last epoch te

P

VCM of the state vector

∆t

Measurement rate

Φ k , k +1

State-transition matrix

xˆ (k+ )

State vector updated with the observations available at epoch k

Pˆ k( + )

VCM of the updated state vector at epoch k

xˆ (k−+)1

Predicted state vector at epoch k + 1

Pˆ k( +−1)

VCM of the predicted state vector at epoch k + 1

F

System matrix

G

Noise shaping matrix

w

System noise vector

Q

VCM of the system noise

qX r

System noise variance of the receiver position

qX r

System noise variance of the receiver velocity

qδ r

System noise variance of the receiver clock bias

qδr

System noise variance of the receiver clock drift

zk

Vector whose components are the observations available at
epoch k

(k )
N obs

Number of available observations at epoch k

(k )
N sat

Number of visible satellites at epoch k

H

Observation matrix

v

Measurement noise vector

σv

Standard deviation of the measurement noise

σ v 90°

Standard deviation of the measurement noise at zenith

E si

Elevation angle of the observed i -th satellite

C N0

Carrier to noise density value

R

VCM of the observations

K

Kalman-gain matrix

∆x k

Vector containing the parameter corrections

x*k

State vector of the nominal trajectory

∆z k

Vector containing the reduced observations

vˆ ( − )

Innovation sequence
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ˆ (−)
C
vˆ

Estimated VCM of the innovation sequence

T LOM

Test statistic of the LOM test

+
vˆ ( )

Estimated residual sequence

ˆ (+)
C
vˆ

VCMs of the residual sequence

∆c

State correction sequence

α̂ Qˆ

Scaling factor for the adaption of Q̂

MC-based uncertainty quantification for trajectory estimation
Xorig
( tk )
r

Original position vector

X ref
r ( tk )

Reference position vector

 ref ( t )
X
r
k

Reference velocity vector

r ref

Size of the 3D corridor


δX , δX
ref
r

ref
r

Error of the initial position and velocity

μδ Xref , μδ X ref

 ref
Expected values of δ X ref
r , δ Xr

σ δ X , σ δ X

 ref
Standard deviations of δ X ref
r , δ Xr

r

r

ref
r

∆ˆ Xˆ , ∆ˆ Xˆ
r

σˆ Xˆ , σˆ Xˆ
r

ref
r

Estimated biases of the estimated positions and velocities
r

Estimated standard deviations of the estimated positions and
r

velocities
∆ˆ Xˆ , ∆ˆ ˆ
r

Xr

Average biases of the estimated positions and velocities over
the whole trajectory

σˆ Xˆ , σˆ Xˆ
r

Average standard deviations of the estimated positions and
r

velocities over the whole trajectory
Number of synthetic measurements available

N meas

εˆX(ˆ j ) , εˆX(ˆ j )
r

l-2 norm of the vector of the difference between the estimated

r

and the reference vector of the position and of the velocity
q̂Xr , q̂X r

Estimated optimized system noise variances

Tadpt

Length of the processing batches


X
r

l-2 norm of the acceleration vector

q̂Xdyn

r

Modelled system noise variance

ĉ1 , ĉ2

Coefficients of modelled system noise variance
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