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Preface

Reliability, structural safety and ductility are key aspects in the design of timber structures. Due

to natural growth characteristics, the mechanical properties of timber exhibit a higher variability

compared to other building materials, and the prediction of the load bearing capacity of struc-

tural timber members is subjected to large uncertainties. Further, structural timber members

exhibit a brittle failure behaviour under bending, tension and shear. Glued laminated timber

(glulam) is one of the most important products used in timber engineering. The bending resis-

tance of glulam beams is governed by the strength of weak links (e.g. knots, grain deviations,

finger joints). In the scope of a research project in cooperation with the industrial partner Roth

Burgdorf AG, fibre reinforced glulam beams are developed that allow for a significant increase of

the resistance and reliability. Moreover, fibre reinforced glulam beams can be designed in order

to fail in a ductile manner by mobilising the ductile failure behaviour of timber in compression.

Thus, the non-linear behaviour of fibre reinforced glulam can be exploited in statically indeter-

minate systems to redistribute bending moments.

The present research report was written as a PhD thesis (ETH Dissertation No. 24860) by

Lukas Blank and comprises the results of a comprehensive experimental analysis and analytical

studies on the structural behaviour of fibre reinforced glulam beams with a particular focus on

the bending resistance and the deformation capacity. The objective of the research project is

the implementation of fibre reinforced glulam beams in the building practice as reliable and

ductile structural timber products. The project fits well into the overall research strategy of the

institute – the development of innovative solutions for timber structures.

I would like to thank Lukas Blank for his careful experimental and theoretical contribution

and the high commitment in the elaboration of fundamental knowledge and the development

of analytical models for the design of fibre reinforced glulam beams. Further, I would like to

gratefully acknowledge the support by the industrial partner Roth Burgdorf AG and the Swiss

Commission for Technology and Innovation (CTI).

Zurich, March 2018

Andrea Frangi
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Abstract

The bending resistance of glued laminated timber (glulam) beams is governed by the strength of

weak links located in the tension zone. Weak links may be formed by knots, knot clusters, finger

joints, grain deviations, or other natural timber flaws. By reinforcing the tension zone with high

strength fibre materials, the bending resistance can be significantly improved. According to the

linear-elastic lamination theory, the stresses in the tension zone are distributed to the timber

and the reinforcement proportionally to the material stiffness. However, this theory explains

only partially the frequently observed increase of the bending resistance that occurs due to the

reinforcement. As soon as cracks are initiated in the timber, the reinforcement receives higher

stresses in the close vicinity of the cracks. The reinforcement exerts a crack-bridging effect and

impedes further crack growth. This leads to an increase of the bending resistance, which is

significant even for small reinforcement ratios. With a sufficiently high reinforcement ratio, a

brittle failure in the tension zone can be fully prevented. In this case, the behaviour of the com-

pression zone governs the bending resistance. In contrast to the tensile failure, the compressive

failure is ductile and characterised by gradual softening. With additional shear reinforcement,

also the brittle shear failure can be prevented. If the brittle failure modes are excluded, the

resulting non-linear bending behaviour allows to redistribute bending moments in statically in-

determinate system. In this thesis, the load bearing behaviour of fibre reinforced glulam beams

in the ultimate limit state is investigated. Models to evaluate the bending resistance and the

deformation capacity are developed.

The first part of this thesis has a theoretical character and addresses basic aspects of softening

behaviour. In reinforced glulam beams, softening is caused by the formation of compression folds

in the compression zone and by progressive crack growth in the reinforced tension zone. Hence,

softening represents an important feature that need to be considered in models for reinforced

glulam. Basic relations for a mechanically coherent consideration of softening behaviour are

presented. Analytical solutions for the mechanical response of elementary softening components

are derived.

In the second part, the behaviour of reinforced glulam made of softwood is investigated. The

experimental campaign conducted in the course of this research project is briefly described, and

relevant aspects of the material behaviour of softwood timber (spruce) and fibre composites are

examined. On the grounds of the theoretical part of the thesis, new mechanic-based models for

the bending resistance and the deformation capacity of reinforced glulam are developed. The

models represent well the behaviour of the conducted experiments. It is further shown that the

bending resistance as well as the deformation capacity are size dependent. This size dependency

is a consequence of the softening behaviour and acts in addition to the size effect associated with

the volume-dependent number of weak links. Finally, the structural performance of reinforced

glulam in statically indeterminate systems is analysed. Based on the conducted studies, it is

concluded that the benefit of a reinforcement with regard to the ultimate load is most distinctive

for small to moderate beam heights and spans.
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Kurzfassung

Der Biegewiderstand von Brettschichtholzträgern wird massgeblich bestimmt durch die Fes-

tigkeit von Schwachstellen im Biegezugbereich. Schwachstellen werden durch Äste, Astgruppen,

Keilzinkungen, Faserabweichungen oder andere Wuchsmerkmale des Holzes gebildet. Mittels

einer Bewehrung der Zugzone mit hochfesten Faserwerkstoffen kann der Biegewiderstand deut-

lich erhöht werden. Nach der linear-elastischen Verbundtheorie werden die Spannungen im

Biegezugbereich proportional zu den Materialsteifigkeiten auf das Holz und die Faserbewehrung

verteilt. Diese Theorie vermag jedoch die von mehreren Forschern experimentell beobachtete,

durch die Bewehrung bewirkte Traglaststeigerung nur partiell zu erklären. Nach der Initiierung

von Rissen im Holz wird die Bewehrung in Rissnähe stärker aktiviert. Die Bewehrung be-

wirkt einen gewissen Rissüberbrückungseffekt und eine Hemmung des Risswachstums im Holz.

Dieser Effekt führt auf eine Erhöhung des Biegewiderstands, auch bei tiefen Bewehrungsgehal-

ten. Darüber hinaus kann mit einem ausreichend hohen Bewehrungsgehalt ein sprödes Versagen

des Biegezugbereichs vollständig ausgeschlossen werden. In diesem Fall wird das Verhalten der

Druckzone limitierend für den Biegewiderstand. Im Gegensatz zum spröden Holzzugbruch ist

ein Druckversagen duktil und charakterisiert durch eine graduelle Entfestigung. Ferner kann

mit einer zusätzlichen Schubverstärkung auch der spröde Schubbruch ausgeschlossen werden.

Werden die spröden Versagensmechanismen verhindert, erlaubt das resultierende nichtlineare

Biegetragverhalten in statisch unbestimmt gelagerten Trägern eine Umlagerung von Biegemo-

menten. Im Rahmen dieser Arbeit wird das Tragverhalten von faserbewehrtem Brettschichtholz

im Grenzzustand der Tragsicherheit analysiert und es werden Modelle zur Beschreibung des

Biegewiderstands sowie des Verformungsvermögens entwickelt.

Der erste Teil der Arbeit verfügt über einen theoretischen Charakter und adressiert grundle-

gende Aspekte von Strukturen mit entfestigendem Verhalten. Bei faserbewehrtem Brettschicht-

holz entsteht entfestigendes Verhalten durch die Formierung von Druckfalten im Biegedruck-

bereich sowie durch die Rissentwicklung im faserbewehrtem Zugbereich. Entfestigendes Verhal-

ten verkörpert damit ein wichtiges Phänomen welches in der Modellbildung von faserbewehrtem

Brettschichtholz berücksichtig werden muss. Die grundlegenden Zusammenhänge für eine mech-

anisch kohärente Berücksichtigung von entfestigendem Verhalten werden beleuchtet. Analytische

Lösungen für das mechanische Verhalten von elementaren entfestigenden Komponenten werden

entwickelt.

Der zweite Teil widmet sich der Beschreibung des Tragverhaltens von faserbewehrtem Brett-

schichtholz. Dazu werden die im Rahmen des Forschungsprojekts durchgeführten Experimente

kurz vorgestellt und es werden die relevanten Materialeigenschaften von Nadelholz (Fichte) und

Faserverbundmaterialien diskutiert. Aufbauend auf dem theoretischen Teil der Arbeit werden

anschliessend mechanisch fundierte Modelle zur Bestimmung des Biegewiderstandes sowie des

Verformungsvermögens von faserbewehrtem Brettschichtholz entwickelt. Die Modelle bilden

mit guter Übereinstimmung das Verhalten der durchgeführten Experimente ab. Es wird zu-

dem gezeigt, dass der Biegewiderstand sowie das Verformungsvermögen einem Grösseneffekt
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unterliegen. Dieser Grösseneffekt ist eine Konsequenz des entfestigenden Verhaltens und wirkt

zusätzlich zu jenem Grösseneffekt, welcher mit der volumenabhängigen Anzahl von Schwach-

stellen im Holz im Zusammenhang steht. Abschliessend wird die Tragfähigkeit von faserbe-

wehrtem Brettschichtholz in statisch unbestimmten Systemen unter Berücksichtigung einer Mo-

mentenumlagerung analysiert. Basierend auf den durchgeführten Studien wird gezeigt, dass die

grösste Traglaststeigerung bei kleinen bis mittleren Trägerhöhen und Spannweiten erzielt werden

kann.
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Chapter 1

Introduction

1.1 Background

This thesis is part of a research project which was initiated by the Institute of Structural

Engineering (IBK) of ETH Zurich and the glulam manufacturer Roth Burgdorf AG (Burgdorf,

Switzerland). The project was funded by the Commission for Technology and Innovation (CTI),

project No. 16006 PFIW–IW. The project’s objective is the development of fibre reinforced glued

laminated timber (glulam) beams which can be manufactured efficiently by incorporating few

supplementary production steps in the largely automated glulam fabrication. To date, reinforc-

ing glulam involves labour-intensive manual production steps which cause high production costs.

By industrialising the processes, economically competitive fibre reinforced glulam products seem

feasible. Apart from the development of prototypes and the design of the production processes,

the load bearing behaviour of fibre reinforced glulam needs to be studied. Even though much

research has already been dedicated to reinforced glulam, coherent mechanic–based design mod-

els are not yet available. The research task covered in this thesis comprises the study on the

load bearing behaviour of reinforced glulam beams subjected to bending action.

1.2 State of the art

Reinforcing wood with other materials is not a new idea. The so-called “flitch beam” in which

a metal plate is positioned between timber joists is known since the 19th century. A review

on early works concerning reinforced wood is provided by Bulleit [31], Dagher et al. [36], and

Krueger [93]. Silker (1962) [131] bonded aluminium sheets between selected laminations of hor-

izontally and vertically laminated beams with an epoxy resin. Other early reinforcement strate-

gies were adopted from methods developed for reinforced concrete. At the US Forest Products

Laboratory (Madison, Wisconsin), Bohannan (1962 [24], 1964 [25]) used steel tendons to pre-

stress glulam similar to post-tensioned concrete. Peterson (1965) [114] bonded pre-tensioned

steel strips to glulam. Experiments in the United Kingdom were conducted by Lantos, who

tested glulam post-tensioned with steel tendons (1964) [96] and glulam reinforced with steel

rods bonded into groves (1970) [97]. Also in the sixties the first experiments with glass fibre

reinforcements bonded to timber were reported. Early small-scale experiments were conducted

by Wangaard (1964) [143] and Biblis (1965) [17] at Yale University (New Haven, Connecticut)

and by Theakston (1965) [137] at the University of Guelph (Guelph, Ontario). The ability to
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form very thin facings with a high strength to weight ratio was recognised as a main advantage

of fibre products compared to other reinforcing materials. The number of publications about

fibre reinforced timber increased substantially in the years after. However, commercial applica-

tions were found mainly in the transportation and packaging industry. Reinforced wood panels

were used for producing cargo shipping containers, railroad cars, and truck vans [31]. In the

building sector, applications outside the laboratories remained rare. Bulleit et al. [32] identified

several possible reasons: First, fibre materials were not commonly used in the building industry.

Second, the costs of fibre materials and resins were high. Third, additional costly steps were

required in the fabrication process. Nowadays, the situation is not much different, even though

the material prices have decreased significantly. Efficient fabrication processes which comply

with the largely automated glulam production need yet to be developed.

One of the largest experimental campaigns with fibre reinforced glulam was conducted by

Tingley [138] at the Oregon State University in the mid 90’s. This project led to several patents

and the commercialisation of a fibre reinforced glulam product under the trademark FiRP®

glulams. More than 300 bridges and buildings have been constructed with this system, predom-

inately in North America (Gilham [70]). The growing interest in reinforced glulam led to the

release of the ASTM standard D7199–07 [8]. A few projects with reinforced glulam have also

been realised in Europe. In Switzerland and Austria, a few glulam manufacturers are licensees

of the FiRP® system. However, practical applications of reinforced timber in Europe are more

frequently related with retrofitting and post-strengthening of existing structures. One example

is the restoration of a historic wooden bridge near Sins, Switzerland, which was built and de-

signed in 1807 by Joseph Ritter. In a pioneering application of carbon-fibre reinforced wood,

the bridge could be preserved with minimal interference with the historic structure (Meier and

Meier et al. [106, 107]). The versatility of fibre reinforcements offers many possibilities for a sub-

sequent application to existing structures. Corresponding methods are not standardised yet and

some uncertainty prevails regarding the long-term behaviour. The state of the art is reviewed

by Schober et al. [128]. Apart from that, some other niche applications for reinforced timber

have been identified. Fuhrmann & Steurer [66] focused on an improvement of the reliability of

ladder beams with reinforced wood.

A vast number of scientific publications have been issued on the subject of reinforced timber.

Regardless of that, reinforced glulam products have not yet penetrated the market in Europe.

A further point that might be appended to the list of reasons stated by Bulleit et al. is a yet

insufficient understanding of the structural behaviour of reinforced glulam. The presently applied

calculation methods are based on semi-empirical models (e.g. the US technical evaluation [81]).

This represents an unsatisfactory situation for the engineers due to the black-box character of

the models and few possibilities to conduct plausibility checks. In addition, an integration of

the methods into the current European and Swiss building codes is not provisioned.

The heterogeneity of different reinforcing systems, the consideration of different wood species,

as well as wood products, and different national timber grading standards complicate the com-

parison of the results obtained by different researchers. However, the scientific community

generally agrees that an increased bending resistance, a reduction of the scatter of experimental
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results, and an improved ductility can be achieved with reinforced compared to unreinforced

glulam. Even partial consensus exists on how the bending resistance of reinforced glulam should

be modelled. However, a coherent calculation model that does not rely on calibrated empirical

factors and which is capable to predict adequately the bending resistance on a characteristic

level is not yet available. With regard to the ductility, there is no practicable model available

that is capable to quantify the deformation capacity of reinforced glulam.

1.3 Aim

This thesis aims to contribute to a better understanding of the structural behaviour of fibre

reinforced glulam beams subjected to bending action. The research includes an experimen-

tal campaign and theoretical analyses. Coherent mechanic-based models shall be developed to

predict the bending resistance and to quantify the deformation capacity. The structural perfor-

mance in statically indeterminate systems with consideration of the non-linear behaviour shall

be investigated. Focus is laid on the reinforcing system that was recently developed at ETH

Zurich in close collaboration with Roth Burgdorf AG (Burgdorf, Switzerland). However, the

basic principles of the models shall be widely applicable.

1.4 Overview

In Chapter 2, the thermodynamic fundamentals of inelastic material behaviour are examined.

The thermodynamic approach provides the conditions for essentially two applications that are

relevant in this thesis: First, the development of constitutive laws which preserve the fundamen-

tal laws of thermodynamics. Second, the stability analysis of systems with inelastic material

behaviour. After this preliminary, the mechanical response of elementary structural compo-

nents that exhibit softening behaviour is elaborated. The behaviour of these components is

later consulted in order to describe the behaviour of reinforced glulam.

In Chapter 3, the experiments conducted in the course of this research project are presented

and the main results and observations are summarised. The recently developed reinforcing

system for glulam is briefly described.

In Chapter 4, basic aspects of the material behaviour of softwood timber and fibre composites

are examined. It is focused on features and material properties that are relevant for describing

the structural behaviour of reinforced glulam.

In Chapter 5, a model to describe the ultimate resistance of reinforced glulam beams with

a sheet, tape, or plate type of tensile reinforcement is presented. In order to obtain resistance

predictions on the 5% fractile level, a simple concept concerning the selection of input parameters

is proposed. A probabilistic verification of this concept is appended. A parametric study is

conducted to illustrate the influence of each input parameter. Finally, a comparison of model

predictions with experimental results is provided.
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In Chapter 6, a model to describe the deformation capacity of reinforced glulam is presented.

Based on this model, the load bearing behaviour of reinforced glulam beams in statically inde-

terminate systems is studied.

1.5 Limitations

This thesis addresses the short-term behaviour of fibre reinforced glulam in the ultimate limit

state. In the serviceability limit state, the behaviour is well approximated with the linear-elastic

lamination theory according to which stresses are distributed proportionally to the elastic moduli

of the constituent materials. Furthermore, an interior application is presumed (service class 1

according to EN 1995–1–1 [46] or humidity class 1 according to SIA 265 [130]). The thesis focuses

on bonded sheet, tape, or plate types of fibre reinforcements. Pre-stressed reinforcements are

not considered.
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Chapter 2

Basic aspects of softening behaviour

The non-linear behaviour of reinforced glulam is governed by softening material behaviour. So

far, the feature of softening has received comparably little attention in the field of structural

engineering. Usually, design models are applied that approximate the behaviour of building

materials with an ideally brittle or a perfectly plastic material behaviour. However, describing

the behaviour of reinforced glulam by employing either approximation leads to a significant

underestimation or overestimation of the structural performance. Softening in reinforced glulam

is caused by the formation of compression folds. In addition, the progressive crack growth in

the reinforced tension chord can be considered as a type of softening. The relevant aspects of

softening behaviour are discussed in this chapter.

Softening corresponds to an irreversible process. In the first part of this chapter, the thermo-

dynamic fundamentals of irreversible processes are briefly introduced. Conditions for thermo-

dynamically admissible constitutive laws are examined. Conditions for mechanical equilibrium

and stability of structural systems with an inelastic behaviour are derived. It is not the aim

to express the relations in the most general form or to provide hard mathematical proofs, but

to illustrate the governing relations in a precision and depth adequate for this thesis. In the

subsequent sections, elementary softening structural components are discussed in detail. This

includes a softening bar, a corresponding reinforced bar, and a softening beam forming a hinge.

Closed-form analytical solutions for the mechanical response are derived. Some of these solutions

will be consulted in Chapter 5 to describe the behaviour of reinforced glulam.
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2.1 Thermomechanical principles

The fundamental thermodynamic relations, which describe the interaction of temperature, heat,

and work, are briefly examined in this section. In a thermodynamic analysis, the physical

system under consideration is separated from its surrounding. The boundary between system

and surrounding is a matter of choice. The system may be formed by just an infinitesimal

continuum element, a single structural component, or a complex structural system that includes

the loading mechanism. The surrounding represents the rest of the universe. Between the system

and the surrounding, numerous interactions are possible. Traditionally, the object of interest

in the discipline of thermodynamics has been for a long time some portion of matter whose

state is defined by a uniformly distributed pressure, volume and temperature (Ziegler [150]). In

problems of continuum mechanics, the variables pressure and volume are replaced with the stress

and strain tensors, and if the system is in motion, the principles of linear and angular momentum

have to be included in the thermodynamic relations. In contrast to traditional thermodynamics,

continuum mechanics is concerned with stresses and strains which are in general not uniformly

distributed. The consolidation of the two disciplines thermodynamics and continuum mechanics

is denoted as thermomechanics [150]. A comprehensive introduction to thermomechanics is

provided in the books from Malvern [104], Houlsby & Puzrin [80] and Ziegler [151].

2.1.1 The first and second law of thermodynamics

A thermodynamic problem is concerned with a change of state of a system. The thermodynamic

state of a system shall be completely defined by a set of variables. These variables are denoted

as the state variables. At least one of them is of a thermal nature (either the entropy or the

temperature). The state variables may have a scalar or tensorial character. Depending on the

system and the phenomena of interest, the governing state variables differ. For example, when

one describes the state of a gas in a vessel, the kinematic state variable corresponds to the

volume. For static, continuum mechanical problems, the strains represent the kinematic state

variables. For dynamic problems, the kinematic state variables correspond to the deformation

rates. If softening, fracture, or damage is involved, one or several further state variables are

required to define the state of the system in the process of failure. This might be the length of

a crack, a damage variable, or any other parameter describing the state of failure. In chemical

problems, state variables which define the amount of the chemical constituents are required.

Other state variables arise for electrical problems. In continua, the state variables are in general

field variables, which are functions of the spatial position (e.g. ui � uipx, y, zq, εij � εijpx, y, zq).
For convenience, it is assumed in this section that the distribution of the field variables, or more

generally the complete thermodynamic state, can be characterised by a finite set of discrete and

independent state variables1. A rigorous continua formulation can be obtained by formulating

the thermodynamic relations for a partial volume, using the Gauss divergence theorem to convert

1This approach corresponds to the so-called lumped parameter approach.
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surface into volume integrals, and eliminate the integrals by employing validity for arbitrary

subsets of the considered volume (see e.g. Ziegler [151]). The mechanical work conducted on the

system is defined with (2.1). Equal indices imply summation according to Einstein’s summation

convention. Herein, Ak corresponds to the thermodynamic force associated with the kinematic

state variable ak.

dW � Akdak (2.1)

In this thesis, the focus lies on mechanical systems in static equilibrium. It is assumed that any

change of state occurs slowly, so that the kinetic energy can be neglected and the temperature

is uniformly distributed in the system2. With this restriction, the change of state of the system

can be formulated in terms of differentials. The inclusion of dynamic or viscose behaviour would

require a rate dependent setting.

According to the first law of thermodynamics, there exists a (scalar) state function U, called

the internal energy, such that the change of the internal energy from one state to the other is

governed by Condition (2.2).

dU � dW � dQ � Akdak � dQ (2.2)

The first law states that the change of the internal energy is equal to the mechanical work dW

conducted on the system plus the heat supply dQ. This law corresponds to the rule of energy

conservation. The internal energy is additive over the constituent subsystems. The change of

the internal energy is path independent, thus it depends only on the initial and final state of the

system. Accordingly, the internal energy constitutes a thermodynamic potential. If the internal

energy U � Upak,Sq is given as a function of the kinematic state variables and the entropy,

which constitute its natural variables, all thermodynamic properties defining the current state

of the system can be deduced from the internal energy. Unlike dW and dQ, which obey their

own laws, dU is a total differential.

According to the second law of thermodynamics, there exists a (scalar) state function S,

called the entropy, such that Condition (2.3) holds for a transition between two states. Herein,

θ denotes the temperature, which is defined thermodynamically as θ � BU
BS , with θ ¡ 0.

θdS ¥ dQ (2.3)

The entropy is additive over the constituent subsystems. The law can be stated differently by

separating dS in two parts. Unlike dS, the increments dSprq and dSpiq are not total differentials

of a state function.

dS � dSprq � dSpiq (2.4)

dSprq � dQ

θ
the external entropy supply (2.5)

dSpiq ¥ 0 the internal entropy production (2.6)

2In a rigorous field formulation, this assumption would be untenable. Heat conduction and thermal dissipation

are neglected if a uniform temperature is assumed.
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The second law states that in a possible state transition of an isolated system (dQ � 0), the

system’s entropy increases or remains constant at most. If dS � dQ
θ , the change of the system’s

entropy corresponds to the external entropy supply. No entropy is produced internally, hence

dSpiq � 0. Such a change maintains thermodynamic equilibrium and is by definition reversible,

which clarifies the superscript (r). For a change with dS ¡ dQ
θ , the change of the system’s entropy

is larger than the external entropy supply. Such a change is irreversible because additional

entropy is produced internally with dSpiq ¡ 0. The irreversibility clarifies the superscript (i).

According to the principle of maximum entropy, a change of state occurs in the direction that

maximises the entropy. The following statements can be made [13]:

dSpiq � dS � dQ

θ

$'''&'''%
  0 change cannot occur

� 0 change can occur and is reversible

¡ 0 change must occur and is irreversible

(2.7)

The entropy S can be viewed as a measure of disorder, and the second law implies a metaphysical

preference for disorder3 [104]. By inserting (2.5) into (2.2) and employing (2.4), the Gibbs

equation (2.8) is obtained.

dU � dW � θdSprq � dW � θdS � θdSpiq (2.8)

Rearranging (2.8) with regard to the work yields:

dW � dU � θdS � θdSpiq (2.9)

Writing the total differential of U explicitly by means of the partial derivatives with respect to

its natural variables ak and S yields:

dW � BU

Bak dak � �
�
�7
θ

BU

BS dS � θdS � θdSpiq

� BU

Bak dak � θdSpiq
(2.10)

It follows that the work input can be separated in two parts. A quasi-conservative part governed

by the state function U and a dissipative part related to θdSpiq.

dW � dW pqq � dW pdq (2.11)

dW pqq � BU

Bak dak (2.12)

dW pdq � θdSpiq (2.13)

3A more concise definition of the entropy grounds on statistical mechanics. The entropy describes the number

of micro-states a system can assume, whereas a specific micro-state is defined by the position and velocity

of each molecule in the system. If some molecules maintain some “order”, less micro-states are possible. The

probability of an unforced spontaneous regular organisation of the molecules is so small compared to any arbitrary

“disordered” micro-state that a spontaneous formation of the molecules into an “ordered” state can be virtually

excluded. Therefore, the entropy can spontaneously increase but not decrease without external interaction.
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Accordingly, the (thermodynamic) forces can be separated in quasi-conservative4 forces with

superscript (q) and dissipative forces with superscript (d).

A
pqq
k � BU

Bak quasi-conservative forces (2.14)

A
pdq
k � Ak �A

pqq
k dissipative forces (2.15)

The term θdSpiq has the form of a work and is denoted as dissipative work dW pdq � A
pdq
k dak.

With (2.1), the work input can be denoted as:

dW �
�
A
pqq
k �A

pdq
k

	
dak (2.16)

By inserting this relation into the Gibbs equation (2.8), the dissipative terms cancel and one

obtains:

dU � A
pqq
k dak � θdS (2.17)

2.1.2 Thermodynamic potentials

The internal energy

The first thermodynamic potential has been introduced with the first law of thermodynamics

and corresponds to the internal energy U � Upak,Sq. According to (2.14) and the definition of

the temperature, the quasi-conservative thermodynamic forces and the temperature are obtained

as partial derivatives of the internal energy with regard to its natural variables:

A
pqq
k � BU

Bak (2.18)

θ � BU

BS (2.19)

Since the entropy cannot be directly controlled in an experiment, the internal energy Upak,Sq
is often not a convenient state function to work with. With the Legendre transformation, the

internal energy can be transformed into other thermodynamic potentials with different natural

variables.

The Legendre transformation is an invertible transformation of a function into a new function

with different variables. It is required that the original function is smooth and strictly convex.

A function fpx, y, zq is transformed into a function gpu, y, zq, whereas u � Bf
Bx . The new function

reads gpu, y, zq � fpxpuq, y, zq�uxpuq and contains the same information as the original function

but depends on u instead of x. The Legendre transformation preserves all information of the

original function.

4Conservative entities can be deduced from a potential function. The prefix “quasi” indicates that the entity may

have a thermal dependency [151].
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The Helmholtz free energy

Equation (2.19) allows to conduct a Legendre transformation of the internal energy where the

functional dependency on the entropy is replaced with a dependency on the temperature. A

new potential function called the Helmholtz free energy F � Fpak, θq is obtained. Since all

information is preserved by the transformation, the Helmholtz free energy is a thermodynamic

potential analogous to the internal energy U and contains all properties of the current thermo-

dynamic state of the system if expressed with its natural variables ak and θ. The Helmholtz

free energy corresponds to the recoverable, though not necessarily elastic, energy of the system

and is additive over the constituent subsystems.

F � U � θS (2.20)

The change of the Helmholtz free energy reads (with application of the chain rule):

dF � dU � Sdθ � θdS (2.21)

With dU according to (2.8), the term θdS cancels:

dF � dW � θdSpiq � Sdθ (2.22)

Alternatively, with (2.17) inserted in (2.21), the change of the Helmholtz free energy can be

written as:

dF � A
pqq
k dak � Sdθ (2.23)

According to (2.23), the change of the Helmholtz free energy corresponds for isothermal con-

ditions to the quasi-conservative part of the work input. Writing the total differential of F

explicitly by means of the partial derivatives with respect to its natural variables ak and θ, one

obtains:

BF
Bak dak �

BF
Bθ dθ � A

pqq
k dak � Sdθ (2.24)

By comparison of the terms on the left and right side of (2.24), the thermodynamic forces and

the entropy are obtained as partial derivatives of the Helmholtz free energy with regard to its

natural variables:

S � �BFBθ (2.25)

A
pqq
k � BF

Bak (2.26)

Relation (2.26) encompasses the theorem of Castigliano5 as a special case. By employing isother-

mal conditions, excluding irreversible processes, and considering the loading mechanism as part

of the (isolated) thermodynamic system in equilibrium, the Helmholtz free energy corresponds

to the total potential energy Π. Castigliano’s theorem reads:

A
pqq
k � BΠ

Bak (2.27)

5Often, this theorem is denoted as Castigliano’s second theorem. However, the literature is not consistent with

regard to the naming.
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The Gibbs free energy

With A
pqq
k � BF

Bak according to (2.26), a new thermodynamic potential called the Gibbs free

energy G � GpApqq
k , θq can be obtained with the Legendre transformation of Fpak, θq. The

functional dependency on the kinematic state variables is replaced by a dependency on the

quasi-conservative forces.

G � F�A
pqq
k ak (2.28)

The change of the Gibbs free energy reads (with application of the chain rule):

dG � dF� akdA
pqq
k �A

pqq
k dak (2.29)

Replacing F with (2.23) leads to:

dG � �akdApqq
k � Sdθ (2.30)

Writing the total differential of G explicitly by means of the partial derivatives with respect to

its natural variables A
pqq
k and θ, one obtains:

B G

BApqq
k

dA
pqq
k � B G

Bθ dθ � �akdApqq
k � Sdθ (2.31)

By comparison of the terms on the left and right side of (2.31), the kinematic state variables

and the entropy are obtained as partial derivatives of the Gibbs free energy with regard to its

natural variables:

ak � � B G

BApqq
k

(2.32)

S � �B G

Bθ (2.33)

At this point, it is convenient to introduce the concept of the complementary work according to

Engesser [50]. The complementary work is obtained through a multiplication of the kinematic

variables ak with the infinitesimal change of the thermodynamic forces dAk.

dW � � akdAk (2.34)

Relation (2.32) encompasses the theorem of Engesser as a special case. By employing isothermal

conditions, excluding irreversible processes, and considering the loading mechanism as part of

the (isolated) thermodynamic system in equilibrium, the negative Gibbs free energy corresponds

to the total complementary potential energy Π�. Engesser’s theorem reads6:

ak � BΠ�

BApqq
k

(2.35)

6A similar condition to Engesser’s theorem is denoted as Castiglianos first (sometimes the second) theorem, which

however is derived from Π instead of Π� and reads ak � BΠ{BA
pqq
k . Only in the case of linear-elastic materials

Π equals Π� and Castigliano’s first theorem holds true. In contrast, Engesser’s theorem as well as the (second)

theorem of Castigliano, which are complementary to each other, can be applied to general (non-linear) elastic

materials.
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The enthalpy

With S � �B G
Bθ according to (2.33), the last thermodynamic potential called enthalpy H �

HpApqq
k ,Sq can be obtained with a Legendre transformation of GpApqq

k , θq. The enthalpy rein-

troduces the entropy as natural variable, which renders the enthalpy usually less suitable for

structural problems.

H � G � Sθ (2.36)

If G is replaced with (2.28) and (2.20), the enthalpy reads:

H � U ���θS �A
pqq
k ak ���Sθ � U �A

pqq
k ak (2.37)

With the term on the right-hand side of (2.37), it becomes apparent that the enthalpy can also

be directly derived with a Legendre transformation of the internal energy U. Nonetheless, to

proceed in the correct order, the internal energy shall be derived from the enthalpy. The change

of the enthalpy reads (with application of the chain rule):

dH � dG � Sdθ � θdS (2.38)

By replacing dG with (2.30), the term Sdθ cancels:

dH � �akdApqq
k � θdS (2.39)

Writing the total differential of H explicitly by means of the partial derivatives with respect to

its natural variables A
pqq
k and S, one obtains:

BH
BApqq

k

dA
pqq
k � BH

BS dS � �akdApqq
k � θdS (2.40)

By comparison of the terms on the left and right side of (2.40), the kinematic state variables and

the temperature are obtained as partial derivatives of the enthalpy with regard to its natural

variables:

ak � � BH
BApqq

k

(2.41)

θ � BH
BS (2.42)

Since ak � � BH
BApqqk

, the internal energy U is obtained again with a Legendre transformation of

the enthalpy: U � H �A
pqq
k ak.

The chain of Legendre transformations of the thermodynamic potentials is illustrated in

Figure 2.1. Each potential contains the same information, expressed with different variables.

The Helmholtz and Gibbs free energies are usually well-suited for the application to structural

problems since often isothermal conditions are assumed (dθ � 0). In contrast, the internal energy

and the enthalpy are well-suited for isentropic conditions (dS � 0). In structural mechanics,

two major applications of thermodynamics can be identified. One application concerns the

definition of constitutive relationships that satisfy the fundamental thermodynamic laws. The

other application concerns the stability of dissipative structural systems.
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Internal energy

Upak,Sq
dU � A

pqq
k da� θdS

A
pqq
k � BU

B ak , θ � BU
BS

Helmholtz free energy

Fpak, θq
dF � A

pqq
k dak � Sdθ

A
pqq
k � BF

B ak , S � �BF
Bθ

Gibbs free energy

GpApqq
k , θq

dG � �akdApqq
k � Sdθ

ak � � B G

B Apqqk
, S � �B G

Bθ

Enthalpy

HpApqq
k ,Sq

dH � �akdApqq
k � θdS

ak � � BH
B Apqqk

, θ � B G
BS

F � U � θS

G � F�A
pqq
k ak H � G � Sθ

U � H � akA
pqq
k

Fig. 2.1: Chain of Legendre transformations of the thermodynamic potentials according to

Collins & Houlsby [33].

2.1.3 Dissipative constitutive laws

A unit continuum element is considered as the thermodynamic system. The forces Ak are

identified as the stress tensor σij , the kinematic state variables ak as the strain tensor εij .

Furthermore, the change of state is denoted in terms of rates instead of differentials (e.g. daÑ
d
dta � 9a). This notation shall be assumed for this paragraph. The strain tensor, however, is

not sufficient to define uniquely the state of the system in case of inelastic material behaviour.

To consider the strain history, it is common to introduce a further type of state variable which

is called internal variable and herein denoted with αkl. The internal variable is not associated

with an external stress. Consequently, an internal variable cannot be controlled directly in an

experiment since it does not enter the work conducted on the system. Internal variables are

controlled by the system itself. Often, the internal variable αkl is identified as the plastic strain

in the theory of plasticity, or as the damage variable in continuum damage mechanics7. In

a broad sense, the internal variable stores the “loading history” or the “progress of failure”.

The thermodynamic potentials are then functions of three types of state variables, comprising

a kinematic or force type variable, an internal variable, and a thermal variable: Upεij , αkl,Sq,

7The internal variable is denoted herein with two indices since it is often identified as the plastic strain. However,

the internal variable can assume a scalar or vectorial character as well.
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Fpεij , αkl, θq, Gpσpqqij , αkl, θq, and Hpσpqqij , αkl,Sq8. The following considerations are based on

the Helmholtz free energy.

It is assumed that the dissipation θ 9Spiq is governed by a dissipation function D, which

may be dependent on the state variables εij , αkl, θ, and their rates 9εij , 9αkl, 9θ. According to the

second law of thermodynamics, the dissipation function has to be always non-negative. The

rate dependency prevents the formulation of D as a state function, since the rate variables are

not state variables. The first law of thermodynamics according to (2.22) reads after employing

(2.16) in the notion considered in this paragrpah:

9F � 9W � θ 9Spiq � S 9θ � σ
pqq
ij 9εij � σ

pdq
ij 9εij � θ 9Spiq � S 9θ (2.43)

A generic mechanical dissipation function of type Dpεij , αij , 9εij , 9αijq with dissipative stress σ
pdq
ij

associated with 9εij and generalised dissipative stress χ
pdq
kl associated with 9αkl is introduced.

Herein, σ
pdq
ij and χ

pdq
kl represent functions of the state variables as well as their rates. The

dissipation shall have no thermal dependency.

D � σ
pdq
ij 9εij � χ

pdq
kl 9αkl (2.44)

In many cases, D can be formulated as a gradient of a potential function Φ of the state and the

rate variables, whereas the state variables are considered merely as parameters [85]. Then, Φ is

called dissipation potential and the dissipative stress and generalised stress read:

σ
pdq
ij � BΦ

B 9εij
(2.45)

χ
pdq
kl �

BΦ
B 9αkl

(2.46)

For example, a simple perfectly plastic dissipation function in a one dimensional case can be

defined with Φ � σy| 9α|. Then, D � BΦ
B 9α 9α � sgnp 9αqσy 9α. Herein is σpdq � 0 and χpdq � sgnp 9αqσy

[85]. Replacing θ 9Spiq in (2.43) with D and writing the rate of F explicitly by means of the

partial derivatives, the first law reads:

BF
Bεij 9εij � BF

Bαkl 9αkl � BF
Bθ

9θ � σ
pqq
ij 9εij � σ

pdq
ij 9εij � pσpdqij 9εij � χ

pdq
kl 9αklq � S 9θ (2.47)

Since BF
Bθ � �S, all thermal terms cancel in (2.47), which is due to the assumption of a uniform

temperature and thereby the neglection of heat conduction and associated thermal dissipation.

In a rigorous field formulation, terms related with the heat flow and the temperature gradient

would not cancel. However, it is often assumed that the mechanical and thermal dissipations are

independent of each other (see Houlsby & Puzrin [80], Chapt. 3) and can be treated separately.

This assumption is adopted at this point since the focus in this thesis is laid primarily on

isothermal conditions. After grouping the terms, one obtains:�
σ
pqq
ij � BF

Bεij



9εij � χ

pdq
kl 9αkl � BF

Bαkl 9αkl � 0 (2.48)

8The internal variable is considered as a passive variable in the Legendre transformations of the thermodynamic

potentials.
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The last term on the left-hand side in (2.48) can be defined as a quasi-conservative generalised9

stress:

χ
pqq
kl � � BF

Bαkl (2.49)

With σ
pqq
ij � BF

Bεij analogous to (2.26), the following relation for the generalised quasi-conservative

and dissipative stress associated with the change of the internal variable is obtained.�
χ
pqq
kl � χ

pdq
kl

	
9αkl � 0 (2.50)

The relation implies that a change of the internal variable is associated with the generalised dissi-

pative stress. Furthermore, the difference pχpqqkl �χpdqkl q is always orthogonal to 9αkl. According to

Ziegler’s orthogonality postulate [151], the even stronger statement that χ
pqq
kl is equal to χ

pdq
kl can

be made. With this approach, the constitutive law is fully determined by two functions: a ther-

modynamic potential and a non-negative dissipation function. Constitutive relations that are

derived from these two functions automatically satisfy the fundamental laws of thermodynamics.

Provided that the dissipation can be derived from a dissipation potential, (2.50) reads:�
χ
pqq
kl �

BΦ
B 9αkl



9αkl � 0 (2.51)

With Ziegler’s hyptohesis χ
pqq
kl � χ

pdq
kl , Equation (2.51) constitutes the orthogonality of the

generalised stress with regard to the dissipation potential. The constitutive relations based on

Ziegler’s postulate and isothermal conditions read:

σ
pqq
ij � BF

Bεij (2.52)

σ
pdq
ij � BΦ

B 9εij
(2.53)

χ
pqq
kl � � BF

Bαkl p� χ
pdq
kl �

BΦ
B 9αkl

(2.54)

D � BΦ
B 9εij

9εij � BΦ
B 9αkl

9αkl ¥ 0 (2.55)

Regarding the rigorous rate dependent field formulation of the thermodynamic relations and

implications of Ziegler’s orthogonality hypothesis, the reader is referred to the relevant literature

[33, 80, 150, 151].

Figure 2.2 illustrates three (one-dimensional) constitutive laws and the corresponding rela-

tions between the stress–strain path, the work terms, the thermodynamic potentials, and the

dissipation. Figure 2.2(a) depicts an elastic constitutive law. The areas corresponding to the

Helmholtz and negative Gibbs free energies are marked with the hatching. They correspond to

the specific deformation energy π and specific complementary energy π�. Figure 2.2(b) depicts

9Depending on the physical nature of the internal variable, the generalised stress does not necessarily possess the

unit force per area. This clarifies the attribute “generalised”.
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Fig. 2.2: (a) An elastic constitutive law; (b) an elastic–plastic constitutive law; (c) a damage softening

constitutive law.

an elastic–plastic constitutive law with a hardening evolution law. The dissipated energy is

marked with the dark shading. The thermodynamic potentials and the dissipation are functions

of an internal variable α, which is identified as the plastic strain. Figure 2.2(c) depicts a dam-

age softening behaviour with a generic evolution law. The thermodynamic potentials and the

dissipation are again functions of an internal variable α, which is identified as a damage variable

that causes the stiffness to decrease.

2.1.4 Mechanical equilibrium and stability of conservative systems

Mechanical equilibrium of an isolated elastic system is provided if no change of the kinematic

state variables occurs spontaneously. The conditions for mechanical equilibrium can be deduced

from Equation (2.22) if isothermal conditions are employed with dθ � 0. To exclude a spon-

taneous reaction, Condition (2.7) requires that the internal entropy production is zero for any

possible change of state: θdSpiq � 0. If the mechanical work input dW contains conservative

loads10 exclusively (no dissipative processes), it is convenient to consider the loading mechanism

as part of the thermodynamic system. The Helmholtz free energy is then composed of two parts

F � Fsys � Floads, where Floads corresponds to the potential energy of the loads and replaces

the term �dW . Then, Equation (2.22) reduces to dF � 0, which represents the condition

for mechanical equilibrium. The Taylor expansion of the Helmholtz free energy at a state of

10Loads which can be written as a partial derivative of a potential function (e.g. dead loads).
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equilibrium subjected to small perturbations δak reads:

F � F0 � δF� 1

2!
δ2F� 1

3!
δ3F� ... (2.56)

δF � BF
Bai δai (2.57)

δ2F � B2F

BaiBaj δaiδaj (2.58)

δpξqF � BpξqF
Bai...Bak δai...δak (2.59)

Herein, δF, δ2F, and δξF denote the first, second and ξ-th variation of the Helmholtz free

energy. Since only the change of F is of interest, the constant F0 is irrelevant. The equilibrium

state requires in its close neighbourhood that δF � 0. Hence:

δF � BF
Bak δak � 0 for all δak Ñ BF

Bak � 0 (2.60)

This corresponds to a stationary point of the Helmholtz free energy potential. However, this

condition does not guarantee stability of the equilibrium state. A stable equilibrium state is

obtained if any small perturbation of the equilibrium state conducted by varying the state vari-

ables δak slightly causes θdSpiq   0 exclusively. Such processes cannot occur spontaneously.

The second law of thermodynamics precludes this from happening. Hence, the equilibrium state

is stable. On the other hand, if a single perturbation δak leads to θdSpiq ¡ 0, a spontaneous

change is inevitable. Without an external input, the equilibrium state would change sponta-

neously to a state of disequilibrium. Hence, for small perturbations δak, the second variation

of the Helmholtz free energy clarifies whether entropy is produced internally in the close neigh-

bourhood of the equilibrium state. In conservative systems, the second law of thermodynamics

implies that a stable equilibrium state corresponds to a local minimum of the Helmholtz free

energy functional.

δ2F � B2F

BaiBaj δaiδaj ¡ 0 for all δak Ñ B2F

BaiBaj is positive definite (2.61)

If the second variation is zero, higher order variation have to be considered. It can be shown that

not only the Helmholtz free energy but all thermodynamic potentials U,F, G, and H assume

an extremal value for a stable equilibrium state.

For isothermal conditions and conservative forces exclusively (no dissipative processes occur

in the system), and if the loading mechanism is considered as part of the thermodynamic system,

the Helmholtz free energy F is equal to the total potential energy Π. Under these restrictions,

only (non-linear) elastic material behaviour is allowed. Thus, the minimum principle of the

total potential energy follows with (2.60) and (2.61) eventually from the first and second law of

thermodynamics.

2.1.5 Mechanical equilibrium and stability of dissipative systems

A system shall be composed of two (mechanical) components. One component obeys a con-

stitutive law with a certain (mechanical) dissipation capacity. The dissipated energy in this
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component is governed by a non-negative dissipation function D, which is a function of the

state variables (including internal variables) and the direction of change. In the process, en-

tropy dS
piq
diss is produced internally in the dissipative component that equals D. The constitutive

law of the remaining system does not dissipate energy, hence its behaviour is reversible. The

entropy production in the remaining system is denoted with θdS
piq
res. The internal entropy pro-

duction of the whole system is θdSpiq � θdS
piq
diss � θdS

piq
res � D � θdS

piq
res. According to (2.22), the

following relation holds:

θdSpiq � D � θdSpiqres � dW � dF� Sdθ (2.62)

The temperature shall be distributed uniformly in the whole system, hence there is no heat

conduction or thermal dissipation. Isothermal conditions prevail with dθ � 0. If the external

mechanical work input dW contains conservative loads exclusively, it is convenient to consider

the loading mechanism again as part of the thermodynamic system. The term dW vanishes

since it is included in dF. After rearranging Equation (2.62), one obtains:

dF�D � �θdSpiqres (2.63)

Analogous to (2.7), the following statement can be made with regard to the internal entropy

production in the non-dissipative component:

dSpiqres

$'''&'''%
  0 change cannot occur

� 0 critical case

¡ 0 change must occur and is irreversible

(2.64)

If a process causes θdS
piq
res ¡ 0, entropy is produced internally and a change of state must occur.

In contrast, a process which yields θdS
piq
res   0 cannot occur since the internal entropy production

in the non-dissipative component cannot be negative. A critical case exists for θdS
piq
res � 0. In

contrast to Condition (2.7), such a process might still be irreversible since internal entropy might

be produced in the dissipative component. Hence, the process does not occur spontaneously if:

dF�D ¡ 0 (2.65)

Condition (2.65) cannot be formulated as a minimum principle of a state function since D is

not a potential function of the state variables only. Provided that the initial state is a state in

mechanical equilibrium, stability is assured if Condition (2.65) is met for any small perturbation

of the state variables.

Griffith’s crack stability condition

Griffith’s crack stability condition [75] can be directly linked with Condition (2.65). According

to Griffith, a crack propagates if the energy release rate G caused by a unit extension of the

crack length α equals the fracture toughness Gc of the material.

G � Gc (2.66)
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The energy release rate G is defined as the negative change of the total potential energy Π

due to a unit extension of the crack. In a component in plane stress conditions with thickness

b, the energy release rate is defined with (2.67). The energy release rate further corresponds

to the change of the Helmholtz free energy of the structure–load system. It represents the

thermodynamic force driving the change of the system. The crack length α is an internal

variable of the associated thermodynamic system.

G � �1

b

BΠ

Bα � �1

b

BF
Bα (2.67)

Inserting (2.67) in (2.66) yields:

�1

b

BF
Bα � Gc (2.68)

By multiplying with b and employing a unit crack extension dα, which represents the change of

the thermodynamic system, one obtains:

�BFBα dα � Gcbdαloomoon
D

or: (2.69)

dF�D � 0 (2.70)

Relation (2.70) corresponds to Condition (2.65) with exception of the equality sign. This is due to

the fact that Griffith deduced his crack stability condition from the first law of thermodynamics.

The inequality relation of Condition (2.65) results from the second law of thermodynamics

according to which it becomes clear that crack stability requires:

G ¤ Gc or � dF   D (2.71)
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2.2 Softening bar
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Fig. 2.3: Bar subjected to tension: (a) bar with a softening zone; (b) stress–strain law; (c) solution

space of the load–displacement path; (d) stability of the solution; (e) stress–strain law based on a constant

fracture energy; (f) stress–separation law based on a constant fracture energy; (g) solution based on a

constant fracture energy.

2.2.1 Problem definition

In this section, a bar with a softening material behaviour subjected to tension is considered.

Using a strain softening constitutive law appears to be a simple approach to consider softening

material behaviour. Accordingly, such approaches have been frequently pursued in the literature.

With this example, it is shown that strain–softening material behaviour causes unrestricted

failure localisation and zero energy dissipation and is not suitable to describe the softening

behaviour of structural elements. To resolve the problem of zero energy dissipation, stress–

displacement relations for localised failure regions will be introduced.
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Due to its simplicity, similar examples have been regularly used to address the mechanical

treatment of strain softening behaviour (e.g. Hillerborg [78], Muttoni [112], Marti et al. [105],

Jirásek [84]). The bar illustrated in Figure 2.3(a) is loaded with a tensile force. As soon as

the tensile strength of the bar is reached, a failure zone of a certain size lf evolves, in which

the material begins to soften. The bilinear stress–strain diagram of Figure 2.3(b) and Equation

(2.72) describe the constitutive relation. A softening behaviour whose state of failure is defined

exclusively by the local strain is denoted as strain softening behaviour. The strain in the failure

zone is denoted with ε̃. The tilde p˜q indicates the variable used to control the system. Since

the bar contains only a single zone in softening state, the complete response of the system can

be obtained by monotonically increasing the variable ε̃ until the bar is completely separated.

This is not necessarily the case if the load F or the displacement u is controlled. Outside the

failure zone, the bar is still in an undamaged state with strain εel � σ{E. Due to the monotonic

(strain) loading with 9ε̃ ¡ 0, whereas the dot 9p q denotes the time derivative, or more general,

the process derivative, the resulting response of the system is the same for plastic softening

and damage softening11. However, Figure 2.3(b) illustrates damage softening behaviour since

unloading causes no residual stress in the stress–strain diagram.

σ �

$'''&'''%
Eε in initial state ε ¤ εu

E pεu �mpε� εuqq in failure state ε ¡ εu and 9ε ¡ 0

0 at full separation ε ¥ εr � εu

�
1� 1

m

� (2.72)

m ¤ 0 (2.73)

The equilibrium and compatibility conditions require:

F � σA (2.74)

u � ε̃lf � εel pl � lfq (2.75)

The equilibrium conditions require the stress to be equal in the whole bar. If the mechanical

properties are homogeneous, the bar might soften in any position along its length. In the

present example, the precise position of the failure zone is irrelevant. As soon as the failure zone

evolves, the softening behaviour is confined within the length lf since the equilibrium conditions

prevent that the stress reaches the strength ft a second time. The load–displacement response

as function of the variable ε̃ is obtained from the equilibrium and compatibility conditions and

reads:

11Using the current strain as a variable to define the state of failure is admissible for a monotonic strain increase

only. By accepting this limitation, many relations can be written in a simpler form. In a general formulation

according to Section 2.1, the (kinematic) strain variable need to be separated from an additional (internal)

variable describing the state of failure (e.g. a damage variable or plastic strains). The nature of the internal

variable reveals whether the non-linearity is a consequence of damage or plastic behaviour.
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For ε̃ ¤ εu:

F pε̃q � EAε̃ (2.76)

upε̃q � ε̃l (2.77)

For ε̃ ¡ εu:

F pε̃q � EA pεu �mpε̃� εuqq (2.78)

upε̃q � ε̃lf � pεu �mpε̃� εuqq pl � lfq (2.79)

The solution is illustrated in Figure 2.3(c). The softening path in the load–displacement diagram

depends on the length of the failure zone lf . Its slope is:

dF

du
� dF

dε̃

dε̃

du
� mEA

lf �mpl � lfq (2.80)

In a displacement controlled experiment, the behaviour is stable for a slope dF {du ¤ 0 and

unstable for a slope dF {du ¥ 0. In the latter case, the response of the structure would require

that the force and displacement are reduced simultaneously, which is usually not feasible in an

experiment. This kind of behaviour is called a snap-back instability (Fig. 2.3 (d)). In a force

controlled experiment, the behaviour would be always unstable. The corresponding limits for lf

leading to a stable or unstable behaviour are listed in Table 2.1. It can be seen that the length

of the failure zone lf is essential for the system’s behaviour. This poses a problem because this

length is not defined by the equations of continuum mechanics.

2.2.2 Wood’s paradox and strain softening behaviour

Wood [145] noted that with a strain softening constitutive law, softening behaviour cannot be

adequately described. Nothing hinders the failure zone length lf to localise in an infinitely

small zone in case of a stress peak, or at some position with slightly smaller strength in case

of a uniformly distributed stress. According to (2.80), the slope of the softening path in the

load–displacement diagram approaches EA{l in case of a localisation with lf tending towards

zero, independent of the softening slope ratio m. The consequence is a snap-back instability

of the bar (Bažant [10]). The softening path with slope EA{l is congruent to the path of

elastic unloading. This leads to Wood’s paradox, according to which the elastic unloading path

represents theoretically the only possible solution for the softening load–displacement path in

case of a strain softening material behaviour. Consequently, the strain softening approach is not

adequate to consider softening of structural elements.

2.2.3 Stability analysis of the softening bar

The strain softening bar can be analysed on the grounds of the thermomechanic relations derived

in Section 2.1. A stability analysis is conducted which investigates whether the failure of the

bar progresses spontaneously for a prescribed displacement. For this analysis, the Helmholtz

free energy F is selected as the governing thermodynamic potential, isothermal conditions are
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lf dF {du signpdF {duq Experiment behaviour

l mEA{l
...

... � stable if displacement controlled

ml{pm� 1q �8
ml{pm� 1q �8

...
... + snap-back instability

0 EA{l

Tab. 2.1: Dependency of the bar behaviour on the length of the failure zone lf .

employed, and a displacement control is assumed. The external work input is zero and the

Helmholtz free energy corresponds to the elastic energy stored in the system. The state variables

of the system are given with the strain in the failure zone ε̃ and the failure zone length lf .

These entities are sufficient to define clearly the state of the system. In addition, the strain εel

represents a state variable. However, by employing the compatibility condition12 (2.75), εel can

be expressed in terms of ε̃. The stability of the system shall be evaluated at the point where

the strength is reached and softening is initiated. At this equilibrium point, the displacement

and the strain are related with:

u � εul (2.81)

For the time beeing, the state variable lf shall be fixed artificially at a constant value. Therefore,

the only change of state that need to be considered corresponds to an increment dε̃ which shall

be strictly positive (monotonic loading). To conduct the stability analysis, the change of the

Helmholtz free energy and the dissipation function are required. The Helmholtz free energy

can be separated in two parts. A first part Fe, corresponding to the elastic energy stored in

the bar regions not in failure state with length l � lf , and a second part Ff , corresponding to

the remaining elastic energy in the failure zone with length lf . The latter corresponds to the

recoverable energy that is obtained if the failure zone would be unloaded completely.

Fe � 1

2
Eε2

elA pl � lfq (2.82)

Ff � 1

2
σpε̃qε̃Alf � 1

2
pft �mEpε̃� εelqq ε̃Alf (2.83)

By applying the chain rule and product rule, the derivative of the Helmholtz free energy with

regard to the state variable associated with the change of state reads:

BF
Bε̃ � BFe

Bε̃ � BFf

Bε̃ � Eεel
Bεel

Bε̃ A pl � lfq � 1

2
pft �mEpε̃� εelqqAlf � 1

2
mEε̃Alf (2.84)

12According to Section 2.1, the Helmholtz free energy depends on kinematic type state variables. Accordingly,

the compatibility conditions have to be used to relate the state variables. In contrast, the Gibbs free energy

would require to relate the state variables with the equilibrium conditions.
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The strains and displacements are related through the compatibility condition (2.75):

εel � u� ε̃lf
l � lf

and the derivative with regard to ε̃ : (2.85)

Bεel

Bε̃ � � lf
l � lf

(2.86)

For the case of the bilinear stress–strain behaviour according to Figure 2.3(b), the dissipation

function D is obtained through division of the dissipated energy at full separation by pεr � εuq
and multiplication with the change of state dε̃. The dissipated energy corresponds to the area

below the stress–strain relation multiplied with the volume of the failure zone. One obtains:

D � 1

2
ftp1�mqAlfdε̃ (2.87)

Now, the condition of stability (2.65) can be consulted to investigate whether the equilibrium

point at maximum stress is stable or a change of state occurs spontaneously. Stability is provided

if:

BF
Bε̃ dε̃�D ¡ 0 (2.88)

Inserting (2.84) and (2.87), and replacing u, εel, and Bεel
Bε̃ with (2.81), (2.85), and (2.86), one

obtains, after some transformations, the condition for a stable equilibrium point:

�m   lf
l � lf

or equally:
ml

m� 1
  lf (2.89)

The condition for stability is a function of the softening slope ratio m and the size of the failure

zone lf . If lf would not be held artificially constant, it is always possible that lf assumes a

value, in the limit zero, such that the Condition (2.89) is violated and the behaviour is unstable.

According to the second law of thermodynamics, this would correspond to an internal entropy

production in the system, which actually must occur provided it can possibly occur. Hence,

relaxing the constraint on lf causes inevitably an unstable behaviour. The strain softening

constitutive law does not violate the fundamental laws of thermodynamics per se. However, the

dissipation function obtained from the stress–strain law does not account for the localisation

phenomenon by leaving lf unconstrained. The problem is ill-posed and allows zero energy

dissipation failure.

2.2.4 Stress–displacement approach

It is an experimental fact that a fracture process dissipates a certain amount of energy. Wood’s

paradox arises from an insufficient definition of the constitutive behaviour. A solution which

is compatible with the localisation phenomenon is found with the definition of the softening

constitutive law in terms of stresses and displacements rather than stresses and strains (Bažant

[10]). Hereinafter, it is assumed that the failure localises in a single failure plane, which obeys

a stress–separation law σ � δ. The area below the stress–separation relation corresponds to

the required energy per cross-sectional area for a complete separation, the so-called fracture
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energy Gf . The stress–separation law serves as a representative model for the micro-mechanical

processes involved in the fracture process that are beyond the scope of the analysis. The stress–

separation law is therefore considered as a material characteristic. In this thesis, a particular

emphasis is laid upon the linear stress–separation law according to Figure 2.3(f). This type of

softening law is fully defined with the strength and the fracture energy Gf or alternatively with

the strength and the softening slope kδ. Failure is initiated with σ � ft. Thereafter, the stress

decreases with increasing separation. Complete separation is reached with δ � δr. For δ ¥ δr, no

stress is transmitted through the failure plane. The constitutive law of the failure plane reads:

σ � ft

�
1� δ

δr



with 0 ¤ δ ¤ δr (2.90)

δr � 2Gf

ft
(2.91)

kδ � �ft

δr
� � f2

t

2Gf
(2.92)

The failure zone with length lf is now composed of an elastic part which is unloading, and a

discrete failure plane exhibiting the separation δ as illustrated in Figure 2.3(f). The strain ε̃ is

now considered as a smeared strain along the failure zone as illustrated in Figure 2.3(e). The

slope ratio m depends on the failure zone length. This issue is illustrated in Figure 2.3(e) with

the dashed lines. The slope ratio can be expressed in different ways by using either the elastic

energy stored in the failure zone Uel,f or Hillerborg’s critical length lcr [79].

Uel,f � f2
t

2E
lfA (2.93)

lcr � GfE

f2
t

(2.94)

m � 1

1� 2GfE
f2
t lf

� 1

1� GfA
Uel,f

� 1

1� 2 lcr
lf

(2.95)

For large fracture energies, the stress–strain softening slope ratio is approximately:

m � � f2
t lf

2GfE
� kδ

lf
E

(2.96)

The compatibility condition within the failure zone requires:

ε̃ � εel � δ

lf
� εu

�
1� δ

δr



� δ

lf
or (2.97)

δ � lf pε̃� εuq p1�mq � lf
ε̃� εu

1� f2
t lf

2GfE

(2.98)

Inserting Equation (2.90) in the equilibrium condition (2.74) and Equation (2.97) in the com-

patibility condition (2.75) leads to a unique load–displacement path for the bar according to

Figure 2.3(g). The solution is independent of the length of the failure zone lf , and it is actually

not necessary to introduce the failure zone and the smeared strain ε̃ at all. In that case, the

separation δ assumes the function of the system controlling variable and is therefore denoted
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with δ̃. The solutions for F pε̃q and upε̃q according to (2.78) and (2.79) are still valid as long as

lf and m are chosen consistently according to (2.95).

For ε̃ ¤ εu:

F pε̃q � EAε̃ (2.99)

upε̃q � ε̃l (2.100)

For ε̃ ¡ εu or δ̃ ¡ 0:

F pδ̃q � Aft

�
1� δ̃

δr

�
(2.101)

upδ̃q � δ̃ � lεu

�
1� δ̃

δr

�
(2.102)

dF

du
� dF

dδ̃

dδ̃

du
� �Aft

δr

1

1� ftl
δrE

� EA

l

1

1� 2GfE
f2
t l

(2.103)

From (2.103) it follows that the behaviour is stable in a displacement controlled experiment if

the dissipated energy GfA is larger than the elastic energy Uel stored in the system. Otherwise, a

snap-back instability occurs. Muttoni [112] defined the ratio Uel{pGfAq as the softening stability

factor χs.

Uel � f2
t

2E
lA (2.104)

χs � Uel

GfA
(2.105)

2GfE

f2
t l

� GfA

Uel
� 1

χs
¡ 1 Ñ dF

du
  0

stable in displacement

controlled experiment
(2.106)

2GfE

f2
t l

� GfA

Uel
� 1

χs
  1 Ñ dF

du
¡ 0 snap-back instability (2.107)

The example illustrates that softening can be equivalently described with a discrete or smeared

consideration of fracture: The discrete approach corresponds to Hillerborg’s fictitious crack

model [78, 79], where softening localises in a discrete crack plane. The behaviour of the crack

plane is described with a stress–separation law. The smeared approach corresponds to Bažant

and Oh’s crack band model [15]. Softening localises within a failure zone of a certain size.

The behaviour of the failure zone is described by a softening stress–strain law, whereas the

softening slope ratio m is adjusted according to the size of the failure zone. The authors of the

two approaches used the fracture energy as the governing parameter to describe coherently the

softening slope of the stress–separation and stress–strain law.

2.2.5 Summary

The aforementioned example illustrates that strain softening behaviour causes unrestricted fail-

ure localisation and zero energy dissipation in the failure process. A coherent description of
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softening behaviour requires the introduction of a material related fracture parameter, which

might be a fracture energy, a stress–separation law, a characteristic length, or any other entity

that serves as so-called localisation limiter. If the stress–strain law is based upon such a frac-

ture parameter, the problem of zero energy dissipation can be prevented. It has been further

illustrated that softening can be equally considered as a distributed feature according to Bažant

& Oh’s crack band model, or a discrete feature according to Hillerborg’s fictitious crack model.
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2.3 Reinforced softening bar
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Fig. 2.4: Reinforced bar subjected to tensile loading: (a) geometry, reinforcement and bar stress distri-

bution, shape function gpxq; (b) constitutive law.

2.3.1 Problem definition

With this example, the interaction of a softening bar containing a weak link with a bonded

reinforcement is investigated. The ability of the reinforcement to locally bridge an initiated

crack and to allow stresses in the bar that are higher than the weak link strength is illustrated.

The softening bar of Section 2.2 is reinforced with two layers of reinforcement and subjected

to tensile loading according to Figure 2.4(a). Even though the treatise in this section is generic,

the bar is associated with a softwood timber board and the reinforcement is associated with a

high strength fibre material, which is bonded to the timber. The indices “t” (timber) denote

properties of the bar, the indices “f” (fibre) denote properties of the reinforcement. The mechan-

ical relations derived for this composite element will be used in Chapter 5 to characterise the

interaction between the timber and the reinforcement in the tension zone of reinforced glulam

beams. The material behaviour of the bar and the reinforcement shall be linear-elastic. A weak

link in the midpoint of the bar has a certain tensile strength ft. The weak link might be formed

by a knot, a knot cluster, or any other type of timber flaw. To the left and right of the weak link,

the strength of the bar shall be significantly higher. As soon as the stress reaches the strength,

the bar softens according to the prescribed stress–separation law of Figure 2.4(b) and Equation



2.3. Reinforced softening bar 29

(2.108).

σt,p �
�

1� δ̃

δr

�
ft (2.108)

δr � 2Gf,t

ft
(2.109)

The failure localises in a discrete plane at x � 0. Hence, a discrete approach to fracture

analogous to Hillerborg’s fictitious crack model is considered. The reinforcement shall have an

infinite strength. The ratios of the elastic moduli and cross-sectional areas are denoted with:

n � Ef

Et
(2.110)

% � Af

At
(2.111)

2.3.2 Elastic state

In the elastic phase, the strains are the same for the bar and the reinforcement and constant

along the whole length. The relations of the linear-elastic lamination theory prevail according

to which the stresses are distributed proportionally to the elastic moduli of the constituent

materials.

εtpxq � εfpxq � ε0 (2.112)

σt � Etε0 (2.113)

σf � Efε0 (2.114)

F � Afσf �Atσt � EtAt p1� n%q ε0 (2.115)

u � ε0l (2.116)

2.3.3 Softening state

The separation in the softening plane δ̃ is used to control the system. Monotonic loading is

considered, hence
9

δ̃ ¡ 0. The progress of softening leads to a reduction of the bar stress and

strain adjacent to the softening plane. To maintain equilibrium, the stress and strain in the

reinforcement increase in the close surrounding of the softening plane. This causes a slip s and

shear stresses between the bar and the reinforcement. At some distance lb, the influence of the

weak link vanishes. From there on, the slip is zero, the bar and reinforcement strain are the same,

and the stresses split analogous to the elastic state. The stress distributions are schematically

illustrated in Figure 2.4(a). The distributions of stresses and strains in the close surrounding

of the softening plane depend on the shear–slip relation of the bond. The function of the stress

increase in the reinforcement is affine to the function of the stress decrease in the bar since the

stress changes are caused by the same shear stress. Due to the linear-elastic behaviour outside

the softening softening plane, the strain distributions are affine as well. Hence, the stresses and

strains in the reinforcement and the bar can be described generally by using a normalised shape



30 Chapter 2. Basic aspects of softening behaviour

function gpxq, which represents the localisation of stresses and strains as shown in Figure 2.4(a).

For the time being, this shape function is treated as an unknown, and general relations are

derived for arbitrary functions gpxq. Later on, the shape function will be analytically identified

by solving the shear–slip differential equation.

The strain distributions in the bar and reinforcement are written as functions of the corre-

sponding stress or strain value in the softening plane (σt,p{Et or εf,p), the strain at the boundaries

ε0, and the shape function gpxq. The shape function gpxq is continuous and meets conditions

(2.119).

εtpxq � ε0 �
�
σt,p

Et
� ε0



gpxq (2.117)

εfpxq � ε0 � pεf,p � ε0q gpxq (2.118)

gp0q � 1; gplbq � 0; gp�xq � gpxq; gpxq ¡ gpx� dxq for x ¥ 0 (2.119)

The corresponding stress distributions read:

σtpxq � ε0Et � pσt,p � ε0Etq gpxq (2.120)

σfpxq � ε0Ef � pσf,p � ε0Efq gpxq (2.121)

Compatibility condition

The strain field in the reinforcement according to (2.118) has to be continuous. This is not the

case for the bar strain field according to (2.117) due to the separation δ at x � 0. However, at

x � �lb, the same relative displacement must prevail in the bar and reinforcement. Hence, the

compatibility condition can be formulated as follows:» lb
�lb

εfpxq dx �
» lb
�lb

εtpxq dx� δ̃ (2.122)

Inserting (2.117) and (2.118) in (2.122), yields:» lb
�lb
��ε0 � pεf,p ���ε0 q gpxq dx �

» lb
�lb
��ε0 �

�
σt,p

Et
���ε0



gpxq dx� δ̃

εf,p

» lb
�lb

gpxq dx � σt,p

Et

» lb
�lb

gpxq dx� δ̃

It is practical to define a failure zone length lf as follows:

lf �
» lb
�lb

gpxq dx (2.123)

Then, the reinforcement strain at the softening plane can be written as:

εf,p � σt,p

Et
� δ̃

lf
(2.124)

The right-hand side of Equation (2.124) corresponds to Equation (2.97), which describes the

smeared bar strain in an equivalent failure zone of length lf according to the smeared approach
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to fracture (analogous to Bažant and Oh’s crack band model). The smeared strain is composed

of the true elastic strain in the bar and the separation divided by the length of the failure zone.

Equation (2.124) states that the smeared bar strain is equal to the true reinforcement strain at

the position of the softening plane. Hence, (2.123) provides with the corresponding failure zone

length lf the link between the discrete and the smeared approach to fracture for the present

example. The stress distributions according to the smeared approach are illustrated with the

dotted lines in Figure 2.4(a). Global results, such as the load–displacement response and the

maximum and minimum stresses, are equal in both approaches. However, local results such

as the stresses and strains at some specific position x differ. In contrast to the softening bar

example of Section 2.2, the failure zone length lf is uniquely defined by the function gpxq and

as such by the shear–slip behaviour of the bond. In what follows, the smeared approach is not

further pursued. Within the discrete approach to fracture, the length lf can be viewed as just

some variable of the structural system.

Equilibrium condition

Inserting (2.108) in (2.124) yields the reinforcement stress and strain at the failure plane as a

function of the variable δ̃:

εf,p �
�

1� δ̃

δr

�
ft

Et
� δ̃

lf
(2.125)

σf,p � n

�
1� δ̃

δr

�
ft � Ef

δ̃

lf
(2.126)

Based on equations (2.108) and (2.126), the force acting on the composite element can be

calculated to:

F � Afσf,p �Atσt,p �
�

1� δ̃

δr

�
ftAt p1� n%q � EfAf

δ̃

lf
(2.127)

The equilibrium condition requires that F is constant for any cross-section along the length.

At x � lb, the slip equals zero and Equation (2.115) applies. By equating F from (2.115) with

(2.127), the strain at the boundaries and the corresponding bar and reinforcement stresses are

obtained:

ε0 �
�

1� δ̃

δr

�
ft

Et
�
�

n%

1� n%



δ̃

lf
(2.128)

σt,0 �
�

1� δ̃

δr

�
ft � Et

�
n%

1� n%



δ̃

lf
(2.129)

σf,0 � n

�
1� δ̃

δr

�
ft � Ef

�
n%

1� n%



δ̃

lf
(2.130)

Therewith, all entities required to describe the complete stress and strain distributions with

equations (2.117), (2.118), (2.120), and (2.121) are derived as a function of separation δ̃ and the

shape function gpxq. It has to be noted that gpxq and lf are in general also functions of δ̃.
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Displacement

The displacement is obtained by integrating the strain of the bar (or the reinforcement).

u �
» l{2
�l{2

εtpxq dx� δ̃

� pl � 2lbq ε0 �
» lb
�lb

εtpxq dx� δ̃

� �l ���2lb� ε0 ����2lbε0 �
�
σt,p

Et
� ε0



lf � δ̃

� ft

Et
l �

�
1� n%

1� n%

l � lf
lf

� f2
t l

2Gf,tEt



δ̃

(2.131)

Bond force

The bond force corresponds to the difference of the reinforcement (or bar) forces between the

softening plane and the boundaries. With (2.126) and (2.130), the bond force reads:

Fb � Afpσf,p � σf,0q

� EfAf

�
δ̃

lf
�
�

n%

1� n%



δ̃

lf

�

� EfAf

�
1

1� n%



δ

lf

(2.132)

Since the bar is reinforced with two layers of reinforcement, each with a cross-sectional area of
1
2Af , the bond force as defined above corresponds to the sum the shear stresses acting on both

reinforcement layers. If the eccentricity is neglected, all previously derived relations are equally

valid if only a single reinforcement layer with cross-sectional area Af is considered.

2.3.4 Shear–slip differential equation

As mentioned previously, the bond shear–slip relation defines the yet unknown function gpxq and

the variables lf and lb, which will uniquely define the acting stresses, strains, the slip, the force,

and the displacement for a given δ̃. In what follows, the differential equation of the flexible bond

problem is derived. It is convenient to conduct a change of the coordinate system with a shift

of the origin by �lb. The new origin is located where the slip is equal to zero: ξ � x� lb. The

derivative with regard to ξ is denoted with the dash: f 1 � d
dξfpξq. According to the free-body

diagram of Figure 2.5(a), the compatibility condition and its derivative are given with (2.133)

and (2.134).

s � uf � ut (2.133)

s1 � εf � εt � σf

Ef
� σt

Et
(2.134)
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Fig. 2.5: (a) Reinforced bar geometry, cross-section, and free-body diagram of the differential element;

(b) constant shear–slip relation and qualitative distributions of the slip and the stresses; (c) decreasing

shear–slip relation and qualitative distributions of the slip and the stresses.

The equilibrium conditions require:

dσf � τ
b

Af
dξ Ñ σ1f � τ

b

Af
(2.135)

dσt � �τ b

At
dξ Ñ σ1t � �τ b

At
� �τ b

Af
% (2.136)

After differentiating (2.134) and inserting (2.135) and (2.136), the differential equation of the

flexible bond problem (2.137) is obtained. In general, τ is a function of the slip s: τ � τpsq. For

simple shear–slip relations, closed form solutions can be obtained. The differential equation was

set up in the year 1938 by Volkersen [142]. A detailed historical review about the flexible bond

problem is given by Ulaga [139]. Derivations of closed form solutions for many basic shear–slip

relations were described for example by Czaderski [35]. Two of these solutions are used in what

follows. Note that for the cross-section drawn in Figure 2.5(a), one could cancel the width b in

equations (2.135), (2.136), and (2.137) if Af or At is replaced with tf or tt, respectively. However,

it makes sense to keep the variable b since it represents the bond surface of a more general type

of reinforced cross-section. For example, in a cross-section with a rebar type of reinforcement,

the bond width would correspond to the circumference of the rebar.
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s2 � b

EfAf
p1� n%q τpsq � 0 (2.137)

2.3.5 Solution with a constant shear stress

The shear stress shall be constant with τ � τR, independent of the slip s. The slip distribution

is found by integrating (2.137) twice. At ξ � 0, the slip is zero and the strain in the bar equals

the strain in the reinforcement. Hence, the boundary conditions read sp0q � 0 and s1p0q � 0,

and the following solution for the slip is obtained:

s � b

EfAf
p1� n%q τR

ξ2

2
(2.138)

s1 � b

EfAf
p1� n%q τRξ (2.139)

s2 � b

EfAf
p1� n%q τR (2.140)

The slip is a quadratic function with regard to ξ or x. The stresses and strains in the bar and

reinforcement in the localisation region of the weak link are linearly distributed along x or ξ.

This is due to the constant shear stress that causes the stress change. Hence, the shape function

gpxq and failure zone length lf can be directly written as:

gpxq � 1� |x|
lb

(2.141)

lf �
» lb
�lb

gpxq dx � lb (2.142)

The reinforcement strain at the softening plane can be written with (2.135):

εf,p � ε0 �
» lb

0

1

Ef
σ1f dξ � ε0 � τR

b

EfAf
lb (2.143)

By inserting εf,p from (2.125) and ε0 from (2.128) in (2.143), and using lf � lb according to

(2.142), the bond length and failure zone length is obtained as a function of δ̃:

lb � lf �
d
δ̃

EfAf

bτRp1� n%q (2.144)

With (2.141) and (2.144), all stresses, all strains, the slip, the force F , the total bond force

Fb and the displacement u can be written as function of the variable δ̃. With a limited bond

fracture energy Gf,b, the maximum slip corresponds to:

sr � Gf,b

τR
� δlimit

2
(2.145)

The associated maximum bond length lb,limit is obtained by inserting δlimit � 2Gf,b{τR in (2.144).

As soon as this limit is reached, the bond force cannot be further increased. A shear crack will
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propagate between the bar and the reinforcement if the composite element is further loaded.

The subscript “limit” refers to entities acting at the point of bond failure.

lb,limit �
d

2Gf,bEfAf

τ2
Rbp1� n%q (2.146)

The corresponding bond force is obtained by multiplication of the shear stress with the maximum

bond length lb,limit and the bond width b.

Fb,limit � τRlb,limitb �
d

2Gf,bEfAfb

p1� n%q (2.147)

Stresses and forces at the point of maximum resistance

The maximum force acting on the composite element is found by setting the derivative of the

force according to Equation (2.127) with regard to δ̃ equal to zero. The subscript “max” refers

to entities acting at the state of maximum resistance of the composite element. Note that the

individual entities are not necessarily achieving a maximum themselves. This is the case only

for the force F and the stresses σt,0 and σf,0.

d

dδ̃
F

!� 0 (2.148)

With (2.144) inserted in (2.127), the derivative reads:

d

dδ̃
F � d

dδ̃

��
1� δ̃

δr

�
ftAt p1� n%q � EfAf

δ̃

lf

�

� d

dδ̃

��
1� δ̃

δr

�
ftAt p1� n%q � EfAf

d
δ̃
bτRp1� n%q

EfAf

�
!� 0

(2.149)

Equality in (2.149) is met with (2.150). Herein, Equation (2.109) has been used to replace δr

with Gf,t and ft. The bond length lb,max is obtained by inserting (2.150) in (2.144).

δmax � 1

4

�
n%

1� n%


�
2Gf,tEt

f2
t


2� bτR

EtAt



(2.150)

lb,max � lf,max � 1

2

�
2Gf,tEt

f2
t


�
n%

1� n%



(2.151)

The ratio δmax{lf,max reduces to:

δmax

lf,max
� 1

2

2Gf,tEt

f2
t

bτR

EtAt
(2.152)
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The corresponding stresses and forces in the state of maximum resistance are obtained by in-

serting (2.150) and (2.151) into (2.108), (2.126), (2.127), (2.129), (2.130), and (2.132):

σt,0,max � ft � 1

4

�
n%

1� n%


�
2Gf,tEt

f2
t


�
bτR

At



(2.153)

σt,p,max � ft � 1

4

�
n%

1� n%


�
2Gf,tEt

f2
t


�
bτR

At



(2.154)

σf,0,max � nft � n
1

4

�
n%

1� n%


�
2Gf,tEt

f2
t


�
bτR

At



(2.155)

σf,p,max � nft � n
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2.3.6 Solution with a linearly decreasing shear stress

The shear stress shall be linearly decreasing with increasing slip according to Figure 2.5(c).

τpsq �
�

1� s

sr



τR (2.159)

sr � 2Gf,b

τR
(2.160)

The resulting inhomogeneous differential equation according to (2.137) reads:

s2 � b

EfAf
p1� n%q

�
1� s

sr



τR � 0 (2.161)

A compact form is obtained with the abbreviation η:

η2 � b

EfAf
p1� n%q τR

sr
(2.162)

s2 � η2s � η2sr (2.163)

The trigonometric homogeneous solution reads shpξq � c1 sinpηξq � c2 cospηξq, the particular

solution reads sppξq � sr. The general solution reads spξq � shpξq � sppξq. At ξ � 0, the slip

is zero and the strain in the bar equals the strain in the reinforcement. Hence, the boundary

conditions read sp0q � 0 and s1p0q � 0, and the following solution for the slip can be obtained:

s � sr p1� cospηξqq (2.164)

s1 � srη sinpηξq (2.165)

s2 � srη
2 cospηξq (2.166)

By inserting η2 in the general differential equation (2.137), a relation for the shear stress distri-

bution is obtained.

s2 � η2 sr

τR
τ � 0
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Rearranging the differential equation with regard to τ and inserting (2.166) yields the shear

stress distribution:

τ � τR cospηξq (2.167)

The slip at the softening plane ξ � lb is equal to half of the separation δ̃.

sr p1� cospηlbqq � δ̃

2
(2.168)

The bond length as a function of δ̃ is thus:

lb � 1

η
acos

�
1� δ̃

2sr

�
(2.169)

The stress change in the bar and reinforcement is equal to the integral of the shear stress.

Accordingly, gpξq is proportional to sinpηξq. With the boundary conditions gp0q � 0 and gplbq �
1, the function g is defined as:

gpξq � sinpηξq
sin pηlbq or gpxq � sin pη px� lbqq

sinpηlbq (2.170)

The parameter lf is found by integration of gpxq:

lf � 2

» lb
0
gpξq dξ � 2

» lb
0

sinpηξq
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� �2

η

1
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1
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�2sr
� �1

�
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δ̃

ηsr

(2.171)

Since the bond length lb is an arcus-cosinus function of δ̃, the term sinpηlbq has an inconvenient

form for further mathematical transformations. With the trigonometric identity sinpacospzqq �?
1� z2, the failure zone length can be written alternatively as:

lf � 1c
δ̃
sr

�
1� δ̃

4sr

	 δ̃

ηsr
(2.172)

The ratio δ̃{lf reads:

δ̃

lf
�
gffe δ̃

sr

�
1� δ̃

4sr

�
ηsr (2.173)

The limit bond length lb,limit is reached when τ attains zero at the softening plane, which is the

case for ηξ � π{2. As soon as this limit is reached, the bond force cannot be further increased.
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A shear crack will propagate between the bar and the reinforcement if the composite element is

further loaded.

lb,limit � π

2η
� π

2

d
2Gf,bEfAf

τ2
Rbp1� n%q (2.174)

The corresponding limit bond force is obtained by integration of the shear stress along lb,limit

and multiplication with the bond width b:

Fb,limit �
» lb,limit

0
τb dξ �

» lb,limit

0
τR cospηξqb dξ � bτR

η
�
d

2Gf,bEfAfb

p1� n%q (2.175)

The limit bond force is equal for the decreasing and the constant shear–slip relation as can

be seen by comparing (2.147) with (2.175). The same limit bond force can be derived for a

linearly increasing shear–slip relation with τpsq � s � τR{sr [35]. The linearly increasing shear–

slip relation is not presented at this point, since it does not reflect any softening, damage, or

inelastic behaviour. As a consequence, it predicts a sharp increase of stresses at the position of

the softening plane. It is reported in the literature that this does usually not reflect well the

flexible bond behaviour observed in experiments for reasonable loads (Ulaga [139]). In addition,

the linearly increasing shear–slip distribution is not compatible with the presented approach of

the reinforced bar since the boundary conditions cannot be satisfied with the general analytic

solution of the corresponding differential equation. The homogeneous differential equation and

the general solution for the linearly increasing shear–slip relation read:

s2 � η2s � 0

s � c1 sinhpηξq � c2 coshpηξq

The hyperbolic functions do not allow to satisfy at the same time the boundary conditions of

zero slip and equal bar and reinforcement strain (sp0q � 0 and s1p0q � 0).

Stresses and forces at the point of maximum resistance

The maximum force acting on the composite element is found by setting the derivative of the

force according to (2.127) with regard to δ̃ equal to zero.

d

dδ̃
F � d

dδ̃

��
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�
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�
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4sr

�
ηsr

� !� 0

(2.176)

Equality in (2.176) is met with (2.177). Herein, Equation (2.109) has been used to replace δr

with Gf,t and ft.

δmax � 2sr

����1� 2c�
2Gf,tEt

f2
t

	2 �
τR
sr

	�
n%

1�n%
	�

b
EtAt

	
� 4

��� (2.177)
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The corresponding stresses and forces in the state of maximum resistance are obtained by in-

serting (2.172) and (2.177) into (2.108), (2.126), (2.127), (2.129), (2.130), and (2.132).

2.3.7 Behaviour of the reinforced softening bar

The stresses in a short and long composite element of length 250 and 2000 mm respectively

are illustrated in Figure 2.6. The stresses are plotted versus the bar separation δ̃ in the first

column of diagrams, versus the total specimen elongation u in the second column of diagrams,

and versus the average strain εm � u{l in the third column of diagrams. The curves in the first

column of diagrams are valid for both element lengths. The black and grey curves represent

the solutions based on the constant and decreasing shear–slip relation, respectively. Continuous

lines denote the stresses at the boundaries of the localisation zone (at x � �lb), dashed lines

denote the stresses at the softening plane (at x � 0). The used parameters are listed in the

caption. The selected parameters are reasonable for a bar made of spruce with a carbon fibre

reinforcement. A tensile fracture energy of Gf,t � 10 N{mm has been used for the bar, which is

a small value that represents the rather brittle failure of a weak link in spruce.

Maximum resistance

The normalised force acting on the composite element F {pAtftq at the end of the elastic regime

achieves the value 1 � n% � 1.27 (Fig. 2.6(a,b,c)). This value corresponds to the normalised

resistance according to the linear-elastic lamination theory. As soon as failure is initiated, the

bar begins to soften but the force still increases. With the considered parameters, a maximum

normalised resistance of 1.42 and 1.41 is reached for the constant and decreasing shear–slip

relation respectively. Up to this point, the bar softened to approximately 90 % of its initial

strength (Fig. 2.6(d,e,f)). Simultaneously, the stress in the reinforcement increases significantly

(Fig. 2.6(g,h,i)).

At the boundaries of the localisation zone, the stress in the bar exceeds the strength ft of

the weak link by 11 %. Without the reinforcement, the weak link strength would limit the bar

stress. Hence, this stress increase is made possible by the reinforcement and its ability to bridge

locally the initiated failure in the weak link. The reinforced bar example illustrates that the

interaction between the bar and the reinforcement might lead to a higher bar stresses compared

to what would be predicted with the linear-elastic lamination theory. Hence, the example of the

reinforced bar describes the crack-bridging effect of the reinforcement.

Deformation behaviour

In a tensile experiment, usually the elongation u or the average strain εm � u{l is recorded.

As can be seen in Figure 2.6(b), neither the short nor the long specimen are able to elongate

considerably in the softening regime. The long specimen with length l � 2000 mm suffers

a snap-back instability almost immediately after the maximum resistance is reached. In a

tensile experiment, the specimen would fail in an instant. The short specimen with length
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Fig. 2.6: Reinforced bar subjected to tensile loading: (a,b,c) force; (d,e,f) stresses in the bar; (g,h,i)

stresses in the reinforcement. The black curves correspond to the constant, the grey curves to the

decreasing shear–slip relation. Continuous lines denote the stresses at the boundaries x � �lb, the

dashed lines denote the stresses at the softening plane. The white points indicate the transition from the

elastic to the softening regime. The shaded points in (a,b,c) indicate a bond failure with Fb � Fb,limit.

The results are illustrated for a short bar l � 250 and long bar l � 2000. The following parameters have

been used: ft � 24, Et � 11000, Ef � 220000, At � 40 � 200, Af � 180 � 0.6, n% � 0.27, Gf,t � 10,

Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).



2.3. Reinforced softening bar 41

l � 200 mm is stable in a displacement controlled test in theory, but the load drop is still very

sharp. Considering that the linear stress–separation law is a smooth model for the real, much

more coarse behaviour of a weak link in softwood timber, the experimental recording of the

post-failure branch would be still very difficult. Hence, it is likely that a real experiment does

not indicate any obvious signs of softening.

Figures 2.6(c,f,i) provide the corresponding stress–strain diagrams that are obtained from

the stress–displacement relation with εm � u{l. Compared to the long specimen, the short

specimen has an apparent higher maximum strain capacity. However, both diagrams for the

short and long specimen are based on the same fracture energy and deformation capacity of the

weak link. This emphasises again that the stress–strain relation of a softening element with a

certain fracture energy is size dependent.

Parametric study

A parametric study concerning the resistance and stresses in the reinforced bar is provided in

Figure 2.7. The left column of diagrams depicts the force acting on the composite element. The

central column of diagrams depicts the bar stress outside the localisation zone. The right column

of diagrams depicts the reinforcement stress at the softening plane. These stresses represent the

maximum bar and maximum reinforcement stress in the composite element. The forces and

stresses are plotted versus the separation δ̃ in the softening plane.

Figures 2.7(a,b,c) illustrate the influence of the bond shear strength τR. The higher the bond

shear strength, the higher is the resistance as well as the bar and the reinforcement stress. Since

the bond fracture energy is not varied, the increase of the bond shear strength comes at the

cost of a reduced maximum slip sr according to equations (2.145) or (2.160). Accordingly, an

increase of the shear strength leads to a decrease of the deformation capacity.

In figures 2.7(d,e,f), the bond fracture energy is varied. Increasing the bond fracture energy

increases the deformation capacity. With regard to the maximum resistance, the influence of

the bond fracture energy is small (with a decreasing shear–slip relation) or even absent (with

a constant shear–slip relation), provided that the bond failure does not occur premature to the

actual peak force. However, it does have an influence on the reinforcement stress.

In figures 2.7(g,h,i), the tensile fracture energy is varied. The higher the bar tensile fracture

energy, the higher is the total resistance as well as the bar and reinforcement stress. If the

deformation capacity is limited by the bond failure, the bar tensile fracture energy does not

affect the deformation capacity. This is the case for all curves in figures 2.7(g,h,i) except for the

curves based on a decreasing shear–slip relation with a small fracture energy of Gf,t � 5 N{mm.

In this case, the bar separates completely before a bond failure occurs. Hence, for rather ductile

bonds, the bar tensile fracture energy governs the deformation capacity.

In figures 2.7(j,k,l), the reinforcement ratio is varied. The higher the reinforcement ratio, the

higher are the resistance and the bar stress. The maximum reinforcement stress decreases with

an increasing reinforcement ratio. The deformation capacity is not affected by the reinforcement

ratio.
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Fig. 2.7: Parametric study concerning the influence on the force (left column), the maximum bar stress

(central column) and the maximum reinforcement stress (right column): (a,b,c) variable bond shear

strength; (d,e,f) variable bond fracture energy; (g,h,i) variable bar tensile fracture energy; (j,k,l) variable

reinforcement ratio. The black curves correspond to the constant, the grey curves to the decreasing shear–

slip relation. The shaded points indicate a bond failure with Fb � Fb,limit. The following parameters

have been used as basis: ft � 24, Et � 11000, Ef � 220000, At � 40 � 200, Af � 180 � 0.6, n% � 0.27,

Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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2.3.8 Idealised stress–strain behaviour of the bar

Based on the constant shear–slip relation, an idealised stress–strain relation for the bar is derived.

It represents a constitutive relation for the bar that takes implicitly into account the interaction

of the bar and the reinforcement in the close surrounding of a weak link and the resulting non-

linear behaviour. The idealised stress–strain relation can be applied within classical engineering

models to consider the beneficial crack-bridging effect of the reinforcement. In Chapter 5, the

idealised stress–strain relation is applied in a cross-sectional analysis to predict the bending

resistance of reinforced glulam. The idealised stress–strain relations accounts for the apparent

timber strength increase of fibre reinforced timber, which was frequently observed by researchers

who conducted experiments with reinforced timber beams (see Sect. 5.1.2).
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point of
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Fig. 2.8: Bar stress–strain relation (gray) and idealised stress–strain relation (black): (a) in case of

a bond failure prior to the peak stress; (b) in case of a bond failure between the peak stress and the

snap-back instability; (c) in case of a bond failure after the snap-back instability. The bond failure is

marked with the black point.

The average strain of the bar is denoted as εm and is obtained by dividing the elongation u

of the composite element by its length l. The rather complex relation between the average strain

εm and the stress in the bar σt,0 outside the region influenced by the weak link is simplified with

three straight line segments according to Figure 2.8. The first line segment simplifies the loading

phase up to the stress maximum. The stress maximum is governed either by the bond failure

or the shape of the stress–strain curve. The second line segment corresponds to a horizontal

plateau, which ends as soon as εm reaches its maximum either due to a snap-back instability

or a bond failure. At this point the plateau is cut since both cases result in a brittle failure of

the bar. This issue is described with the third and vertical line segment. In Figure 2.8(a), the

idealised strength and idealised ultimate strain are limited by the bond failure, which is marked

with the black point. In Figure 2.8(b), the bond failure occurs after the peak stress but prior to

a (possible) snap-back instability. In Figure 2.8(c), the bond failure occurs after the snap-back

instability. In this case, the snap-back instability limits the idealised ultimate strain.
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The difference of the constant and the decreasing shear–slip relations with regard to the

resulting maximum stress and maximum strain is small, as can be easily deduced from fig-

ures 2.6(c,f,i). Therefore, the constant shear–slip relation is selected as basis for the idealised

mechanical parameters since the mathematical transformations are much simpler and the re-

sulting equations have a much more convenient form.

Maximum stress

Repeating (2.153), the maximum stress in the bar reads:

σt,0,max � ft � 1

4

�
n%

1� n%


�
2Gf,tEt

f2
t


�
bτR

At



This requires that δmax ¤ δlimit according to equations (2.145) and (2.150), otherwise the bond

fails before the peak stress is reached. However, for mechanical parameters commonly used

for spruce glulam and decent reinforcement ratios, this condition is usually satisfied. In case

of violation, the maximum bar stress has to be evaluated at the point of bond failure. With

(2.129), δ̃ � δlimit according to (2.145), and lf � lb,limit according to (2.146), the bar stress at

bond failure reads:
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(2.178)

Average strain

With u according to (2.131) and lf according to (2.144), the average strain of the reinforced bar

reads:

εm � u

l
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� 1
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f2
t l
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��
(2.179)

The average strain would correspond to the measured strain of a tensile experiment if local strain

variations along the specimen are disregarded. This would be the case if long gauge lengths are

used to measure the strain.

Average strain at the point of a snap-back instability

Depending on the length and the mechanical parameters of the composite element, a snap-

back instability might occur. This happens if εm does not increase with increasing δ̃. At the

corresponding critical point, the derivative of εm with regard to δ̃ is equal to zero.

dεm
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The condition is satisfied for δ̃ � δsnapback.

δsnapback � n%
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By inserting (2.181) in (2.179) one obtains after some transformations the average strain at the

point of the snap-back instability:

εm,snapback � ft
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� l
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(2.182)

The first term of (2.182) is equal to εu. The second term corresponds to the (apparent) strain

increase in the bar due to the interaction of the bar and the reinforcement. This second term

in (2.182) has to be positive which is the case for:

2Gf,tEt

f2
t l

  1� n% (2.183)

Note the similarity of (2.183) with the stability condition of the unreinforced softening bar

(2.106). If condition (2.183) is not met, the reinforced bar does not exhibit a snap-back insta-

bility. This happens for rather short lengths l or high tensile fracture energies Gf,t. In this case,

the reinforced bar behaviour is actually stable in a deformation controlled experiment.

Average strain at bond failure

The average strain at the point of bond failure is found by inserting δlimit according to (2.145)

in (2.179) with lb,limit according to (2.146).
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The tangent of the stress–strain relation can be consulted to identify whether the bond failure

occurs prior or after a possible snap-back instability. A negative tangent (or its inverse) indicates

that the bond failure occurs in a stable phase before occurrence of a snap-back instability. In

contrast, a positive tangent (or its inverse) indicates that the bond failure happens either before

the peak stress, or in the unstable phase after initiation of a snap-back instability. It is slightly

more convenient to compute the inverse tangent. The inverse tangent at the point of bond

failure can be derived as a product of the stress and average strain derivatives with regard to

the variable δ̃:
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Both product terms that form together the inverse tangent are provided below. The first term of

the product was already given with (2.180). Herein, it is written in a slightly different way. The

second term is obtained by inserting (2.144) in (2.129) and taking the derivative with regard to δ̃.
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The inverse tangent reads:
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If the term in the brackets is negative, the inverse tangent is negative. This leads to the bounded

condition for the denominator of the second term in the brackets:
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With δ̃ � δlimit � 2sr � 2Gf,b{τR, this condition can be written as:
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If equality is reached on the right-hand side of (2.190), the tangent is horizontal at the point of

bond failure. In this specific case, the points of the peak stress and bond failure are identical.

The condition on the right-hand side is equal to the condition δmax ¤ δlimit and condition (2.191).

If equality is reached on the left-hand side of (2.190), the tangent is vertical at the point of bond

failure. In this specific case, the points of bond failure and snap-back instability are identical.

The condition on the left-hand side of (2.190) is equal to the condition δlimit ¤ δsnapback and

Condition (2.192). Note that if Condition (2.192) is not met, thus indicating a snap-back

instability prior to the bond failure, the snap-back instability condition (2.183) is automatically

satisfied. Hence, checking the condition for the snap-back instability according to (2.183) is

actually not necessary.

Condition for a bond failure after the peak stress:

2Gf,tEt

f2
t

¤ 2lb,limit
1� n%

n%

(2.191)

Condition for a bond failure before (a possible) snap-back instability:

2Gf,tEt

f2
t l

¥ 1� n%

1� n%
�

l
2lb,limit

	 (2.192)

Constructing the idealised stress–strain diagram

The idealised strength fid is limited either by the peak stress or by the bond failure. The

idealised ultimate strain εid,u is limited either by the bond failure or the snap-back instability.

To construct the ideal stress–strain relation, the flow chart of Figure 2.9 can be consulted, which

respects all possible bounds of the idealised stress–strain relation. All required equations are

repeated below the flow chart.
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Fig. 2.8(a)
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Fig. 2.9: Flow chart to construct the idealised bar stress–strain relation.
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Fig. 2.10: Required reinforcement strength dependent on the sectional reinforcement ratio, the length,

and the reinforcement elastic modulus. The following parameters have been used: ft � 24, Et � 11000,

At � 40 � 200, Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).

Size effect

It is noteworthy that neither σt,0,limit nor σt,0,max are dependent on the specimen length l. Hence,

there is no size effect with regard to the idealised strength fid. In contrast, the length l influences

εm,limit and εm,snapback, and thus the idealised ultimate strain εid,u. The longer the specimen,

the shorter is the horizontal plateau.

Required reinforcement strength

A prerequisite for taking advantage of the horizontal plateau in the idealised stress–strain re-

lation of the bar is a sufficient reinforcement strength. The required reinforcement strength

follows from (2.126), (2.144) and δ̃ according to the corresponding bound “limit” (2.145) or

“snapback” (2.181). Combining these equations leads to the required reinforcement strength for

the corresponding bound:

σf,p,limit � nft

�
1� ft

τR

Gf,b

Gf,t



� Fb,limit

Af
p1� n%q (2.193)
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��1� 1

2

�
n%

1� n%


 f2
t l

2Gf,tEt

f2
t l

2Gf,tEt
� 1

1�n%

�� (2.194)

In Figure 2.10, the required reinforcement strength based on equations (2.193) and (2.194) is

plotted for different reinforcement ratios, different specimen lengths, and different reinforcement

elastic moduli. For a glass or carbon fibre reinforcement with an elastic modulus of � 80000 or

� 220000 MPa respectively, the required strength is less than what is usually measured in tensile

tests. Only for very short lengths and very small reinforcement ratios, the required reinforcement

strength might become critical. Hence, the interaction between a fibre reinforcement and a

timber board is limited usually by the bond failure or the snap-back instability prior to the

reinforcement failure.
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Parametric study

Figure 2.11 depicts the results of a parametric study in analogy to Figure 2.7, evaluated for the

idealised stress–strain relation and for three different specimen lengths. The left, central and

right column of graphs correspond to specimen lengths of 250, 850 and 2000 mm respectively.

The findings of the parametric study according to Section 2.3.7 remain valid: An increase of the

bond shear strength with a constant bond fracture energy leads to an increase of the strength

and a decrease of the ultimate strain (Fig. 2.11(a,b,c)). An increase of the bond fracture energy

causes primarily an increase of the ultimate strain (Fig. 2.11(d,e,f)). An increase of the bar

tensile fracture energy increases the strength and ultimate strain (Fig. 2.11(g,h,i)). Likewise, an

increase of the reinforcement ratio increases the strength and the ultimate strain (Fig. 2.11(j,k,l)).

As can be readily seen by comparing the graphs based on different specimen lengths, the idealised

strength is not subjected to a size effect. However, the ultimate strain is strongly influenced

by the specimen length. Whereas the short specimen with l � 250 mm exhibits a distinct

horizontal plateau, almost no plateau is recognisable in the diagrams for the long specimen with

l � 2000 mm for any parameter variation. Hence, the longer the specimen, the more brittle is

the behaviour.

2.3.9 Summary

The example of a bar with a bonded reinforcement has been considered. The bar contains

a single weak link that softens according to a stress–separation law. This composite element

represents a fibre reinforced timber lamination with a flaw. The stress and strain distributions

have been analytically derived for the complete process of failure and for two different shear–slip

relations of the bond. The load–displacement behaviour of the composite element is non-linear

after failure initiation. In the non-linear phase that follows after an initial linear-elastic phase,

the resistance can be further increased. The non-linearity is caused by the interaction of the

bar, the reinforcement, and the bond in the close vicinity of the weak link. The interaction

can be viewed as a local crack-bridging effect. A consideration of the elastic phase exclusively,

thus disregarding the crack-bridging effect, would lead to an underestimation of the resistance

of the composite element. The crack bridging effect explains the frequently observed “apparent

strength increase” of timber attached to a reinforcement.

An idealised stress–strain behaviour has been derived for the bar, based on the response

of the composite element. This simplified relation is composed of a linear-elastic phase and a

perfectly plastic phase with a certain length of the horizontal plateau, which is size dependent.

This idealised stress–strain relation can be used in conventional engineering models to take

implicitly into account the complex interaction of the bar, the reinforcement, and the bond in

the close vicinity of a weak link. The application of this simplified model requires a sufficient

margin of the reinforcement strength, since the reinforcement stress in the close vicinity of the

weak link increases distinctively.
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Fig. 2.11: Parametric study analogous to Figure 2.7 with regard to the idealised stress–strain relation

for three different lengths (left, central and right column of graphs): (a,b,c) variable bond shear strength;

(d,e,f) variable bond fracture energy; (g,h,i) variable bar tensile fracture energy; (j,k,l) variable rein-

forcement ratio. The grey curves correspond to the underlying σt,0 � εm relation based on the constant

shear–slip relation. The shaded points indicate the bond failure. The following parameters have been

used unless specified differently: ft � 24, Et � 11000, Ef � 220000, At � 40 � 200, Af � 180 � 0.6,

n% � 0.27, Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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Fig. 2.12: Beam segment forming a hinge: (a) hinge region with softening plane; (b) constitutive law;

(c) stress and strain distributions in the softening plane; (d) shape function gpxq and failure zone length

lf .

In the remaining sections of this chapter, beam segments which obey a softening constitutive law

are considered. This section covers a very general treatment and considers a generic, not further

specified softening material behaviour and arbitrary cross-sections. The subsequent sections

cover two specific cases of softening behaviour. Basic features derived in these sections will be

later employed in Chapter 5 to describe the behaviour of reinforced glulam.

2.4.1 Problem definition

A beam segment shall be subjected to a bending moment and a normal force according to

Figure 2.12(a). The material behaviour until failure initiation shall be linear-elastic. The cross-

section may have an arbitrary shape. In the midpoint of the beam segment, softening occurs

as soon as the strength is reached. The failure localises in a single cross-section denoted as the

softening plane. The softening plane obeys a generic softening constitutive law with prescribed

stress–separation relation according to Figure 2.12(b). The strain ε in the associated stress–

strain law is considered as a smeared strain. In analogy to (2.97), it is composed of a linear-

elastic part εel and the separation δ divided by the yet unknown failure zone length lf . The local
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separation in terms of the strains reads:

δ � pε� εelq lf (2.195)

The softening plane represents a weak link in the beam. The strength adjacent to the softening

plane is higher and the material behaviour outside the softening plane remains linear-elastic. As

a consequence of the localised failure, the stresses and strains are perturbed in some neighbouring

region denoted as the hinge region adjacent to the softening plane. At some distance from the

softening plane xh, the disturbances dissolve and the stresses and strains settle according to the

classical linear-elastic beam theory. The zone in the softening plane which has not reached its

strength is denoted as the elastic zone. The zones which are in a softening state are denoted

as the softening zones. The stated plane stress problem is slightly simplified. Shear stresses

and stresses perpendicular to the x-direction are considered merely as reactions required by the

equilibrium conditions. This assumption is in line with the classical Euler–Bernoulli beam theory

which neglects shear strains. Accordingly, plane sections remain plane in the elastic zone of the

cross-sections as well as in cross-sections outside the hinge region (Navier–Bernoulli hypothesis).

With this assumption, the compatibility conditions become one-dimensional. Without further

specification of the problem, some general relations are derived. These include relations for

the stress and strain field13 σpx, zq, εpx, zq in the hinge region, the curvature distribution χpxq,
the failure zone length lf , and the hinge rotation ϕ. The stress and strain distributions in the

softening plane are indicated with the subscript “p”, the stress and strain distributions outside

the hinge region are indicated with the subscript “0”.

2.4.2 Strain field trial function

The trial function according to (2.196) represents a general solution for the strain field in the

hinge region. The solution satisfies the equilibrium and compatibility conditions in each point

of the hinge region as will be shown in the subsequent paragraphs. The function gpxq, which is

hereinafter denoted as the shape function, corresponds to a continuous function which is twice

(at least piecewise) differentiable and obeys the conditions (2.197). These conditions imply that

gpxq is symmetric at x � 0 and decreases monotonically for positive x. An exemplary shape

function is shown in Figure 2.12(d).

εpx, zq � ε0pzq �
�
σppzq
E

� ε0pzq


gpxq (2.196)

gpxq � gp�xq; gp0q � 1; gpxhq � 0; gpxq ¡ gpx� dxq for x ¥ 0 (2.197)

2.4.3 Curvature distribution

Since plane sections remain plane in the elastic zone, the curvature can be derived by considering

two different material fibres located in the elastic zone which are vertically separated by ∆z (see

13Hereinafter, the stress σ and strain ε refer to the normal stress and strain components σx and εx if not specified

explicitly.
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Fig. 2.12(c)).

χpxq � 1

∆z

�
εpx, z �∆zq � εpx, zq



� 1

∆z

�
ε0pz �∆zq �

�σppz �∆zq
E

� ε0pz �∆zq
	
gpxq

�ε0pzq �
�σppzq

E
� ε0pzq

	
gpxq


 (2.198)

In the subsequent steps, the strains in (2.198) are replaced with curvature entities. The strain

in the elastic zone corresponds to the curvature multiplied with the distance to the neutral axis.

In general, the position of the neutral axis varies within the hinge region. Hence, the neutral

axis is not a straight line. It is convenient to set the reference axis, and therewith the origin

of z, equal to the neutral axis outside the hinge region. The shift of the neutral axis position

in the softening plane with regard to the reference axis is denoted with zs. The strains can be

denoted in terms of curvatures as follows:

ε0pzq � χ0z (2.199)

σppzq
E

� χppz � zsq in the elastic zone only (2.200)

Inserting these relations in (2.198) yields:

χpxq � 1

∆z

�
χ0p�z �∆zq �

�
χpp���z � zs �∆zq � χ0p�z �∆zq

	
gpxq

����χ0pzq �
�
χpp���z � zs q ����χ0pzq

	
gpxq



� 1

��∆z

�
χ0��∆z �

�
χp��∆z � χ0��∆z

	
gpxq




χpxq � χ0�pχp � χ0q gpxq (2.201)

Equation (2.201) describes the curvature distribution along x. Its formal shape is equal to the

the shape of the strain field.

2.4.4 Verification of the equilibrium conditions

The equilibrium of stresses has to be satisfied independently in the softening plane and the

cross-sections outside the hinge region. Since no additional forces are applied within the hinge

region, the externally applied bending moment M equals the moment of stresses outside the

hinge region M0 and the moment of stresses in the softening plane Mp. All moments have to be

calculated with regard to the same reference axis14 which is chosen hereinafter as the origin of

14It is possible to calculate the internal moment of each cross-section with a different reference axis if no external

normal force N is applied.
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the coordinate z.

M0 �
»
Eε0pzq z dA � χ0EI (2.202)

Mp �
»
σppzq z dA (2.203)

M �M0 �Mp (2.204)

The moment equilibrium in the hinge region is satisfied if the internal moment obtained with

the trial function equals the external moment for any x. This requirement is satisfied with the

trial function (2.196). The proof reads:

Mpεpx, zqq �
»
Eεpx, zqzdA

�
»
Eε0pzqz dA p1� gpxqq �

»
σppzqz dA gpxq

�M0 p1� gpxqq �Mp gpxq �M

The same verification can be conducted for the force equilibrium along x with N � N0 � Np,

which leads to Npεpx, zqq � N0p1�gpxqq�Npgpxq � N . Hence, provided that the cross-sections

at the position of the hinge region boundary and the softening plane are in equilibrium with

the externally applied forces, the strain field according to (2.196) ensures that each cross-section

within the hinge region satisfies the equilibrium conditions.

2.4.5 Verification of the compatibility condition

To set up the compatibility condition, it is necessary to know the contraction or expansion along

the reference axis. In the special case of zs � 0, the strain along the reference axis is zero. In

general, zs � 0, and if the reference axis is located within the elastic zone, the strain along the

reference axis reads:

εrefpxq � εpx, 0q � ��
�*0

ε0p0q �
�
σpp0q
E

���
�*0

ε0p0q


gpxq

� σpp0q
E

gpxq � χpp0� zsqgpxq � �χpzs gpxq
(2.205)

The curved shape of the neutral axis follows with zspxq � εrefpxq
χpxq . If the reference axis is located

within the softening zone, the strain along the reference axis with consideration of the discrete

separation δ at x � 0 can be written with the Dirac-delta function ιpxq:

εrefpxq � εpx, 0q � δp0qιpxq � σpp0q
E

gpxq � δp0qιpxq (2.206)

ιpxq �
$&%8 for x � 0

0 else
(2.207)

» 8
�8

ιpxqdx � 1 (2.208)
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The strain field according to (2.196) does not yield a continuous displacement field. At x � 0,

a gap (or a penetration) is present in the softening zones of the softening plane. This gap

corresponds to the separation δ. The compatibility condition can be formulated by considering

two vertical planes located at �xh on both ends of the hinge region. The two planes rotate by³
χdx and move by

³
εref dx relative to each other. Corresponding points at equal z-coordinate

move by
³
χz dx +

³
εref dx relative to each other. Hence, the compatibility condition with

consideration of the separation requires:» xh

�xh

χpxqzdx�
» xh

�xh

εrefpxqdx �
» xh

�xh

εpx, zqdx� δpzq (2.209)

By inserting the strain field (2.196), the curvature distribution (2.201), and the strain along the

reference axis (2.205) in (2.209), the compatibility condition reads:» xh

�xh

χ0z � pχpz � χ0zq gpxqdx�
» xh

�xh

χpzs gpxqdx

�
» xh

�xh

ε0pzq �
�
σppzq
E

� ε0pzq


gpxqdx� δpzq

Replacing ε0pzq with χ0z and integrating the parts which are independent of x yields:

��
��2xhχ0z � pχpz ���χ0z q

» xh

�xh

gpxqdx� χpzs

» xh

�xh

gpxqdx

� ����2xhχ0z �
�
σppzq
E

���χ0z


» xh

�xh

gpxqdx� δpzq

Hence, δ can be denoted as:

δpzq �
�
χppz � zsq � σppzq

E


» xh

�xh

gpxqdx (2.210)

The comparison with δ according to the constitutive law (2.195) provides relation (2.211) which

links the smeared strain, the separation of each fibre in the softening plane, the curvature, and

the shape function. The smeared strain in the softening plane is hereinafter denoted as εp. It is

emphasised that εp is a not a true strain measure but rather an auxiliary notation to consider

the separation δ in the familiar stress–strain space. The smeared strain εp is not part of the

true strain field εpx, zq.

δpzq �
�
εppzq � εel,ppzq



lflooooooooooomooooooooooon

(2.195)

�
�
χppz � zsq � σppzq

E


» xh

�xh

gpxqdxloooooooooooooooooooooomoooooooooooooooooooooon
(2.210)

(2.211)

Since εel,p � σp{E, Equation (2.211) declares the smeared strain εp and the failure zone length

lf , where the latter is the integral of gpxq as illustrated in Figure 2.12(d).

lf �
» xh

�xh

gpxqdx (2.212)

εppzq � χppz � zsq (2.213)
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It is remarkable that for the smeared strain in the softening plane εp, the hypothesis of plane

sections remaining plane applies. However, for the true strain εpx, zq this hypothesis applies

in the elastic zone only. The formulation of εp allows to draw the diagram of smeared strains

according to Figure 2.12(c). With the failure zone length defined according to (2.212), Equation

(2.195) can be used to transform a stress–separation law into a stress–strain law in a coherent

way. This transformation can be conducted with any generic (localised) stress–displacement

relation. In Chapter 5, this transformation is used to introduce the interaction of the timber

and the reinforcement in the vicinity of a weak link, which has been derived in Section 2.3, in a

cross-sectional analysis of a beam. The transformation illustrates that the stress–displacement

relation has to be derived from an element of length lf according to (2.214).

εp � 1

lf
pδ � εel,plfq � u

lf
(2.214)

In the derivation it was implicitly assumed that the reference axis is located in the elastic zone

by using Equation (2.205) for εrefpxq. However, the derivation can be conducted accordingly

with the reference axis located in the softening zone and εrefpxq according to (2.206). Hence,

equations (2.212) and (2.213) are generally applicable.

2.4.6 Hinge rotation

For the structural analysis of beams, it is convenient to replace the softening beam segment with

a localised hinge that can be described with a moment–rotation relation. The total rotation is

obtained by integrating the curvature χpxq along the hinge length. If the hinge is considered

as a discrete point, the linear-elastic part of the curvature needs to be subtracted. Hence, the

hinge rotation reads:

ϕ �
» xh

�xh

χpxqdx�
» xh

�xh

χ0pxqdx (2.215)

Inserting the relation for χpxq according to (2.201) yields:

ϕ � pχp � χ0q
» xh

�xh

gpxqdx � pχp � χ0q lf (2.216)

Am alternative interpretation of the failure zone length can be drawn from (2.216). The failure

zone length lf can be considered as the effective hinge length which yields the hinge rotation if

multiplied with the local increase of the curvature pχp � χ0q. In Chapter 5, the effective hinge

length will be denoted with the variable lh,eff .

2.4.7 Stress fields

Since no volume forces are present, the equilibrium conditions require in each point:

σx,x � τxz,z � 0 (2.217)

τzx,x � σz,z � 0 (2.218)

τxz � τzx (2.219)
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Herein, the comma denotes the partial derivative with regard to the following variable. The

stress distribution σxpx, zq in the hinge region is defined through the strain distribution εpx, zq.
The other stress components are found by integration. For a rectangular cross-section, the

integration is given with (2.221) and (2.222). The integration needs to start at a beam edge

where the boundary condition is known with τxz � σz � 0.

σx � Eεx (2.220)

τxz � �
» z
zinf

d

dx
σx dz (2.221)

σz � �
» z
zinf

d

dx
τzx dz (2.222)

Since the variables x and z are decoupled in the strain field according to (2.196), the following

dependencies can be directly deduced: the stress distribution σx is affine to the shape function

gpxq, the stress distribution τx is affine to its first derivative d
dxgpxq, and the stress distribution

σz is affine to its second derivative d2

dx2 gpxq. Therefore, the shape function gpxq has to be (at

least piecewise) twice differentiable. At points where the first derivative is not continuous, stress

singularities in σz arise. If the shape of the cross-section is more complex, the integrals have to

be formulated accordingly.

2.4.8 Summary

A beam segment forming a hinge due to softening material behaviour has been considered. Soft-

ening causes the localisation of failure in a single plane denoted as the softening plane. The

stresses and strains adjacent to the softening plane are perturbed within the hinge region. A

solution for the stress and strain distributions in the hinge region which satisfies the equilib-

rium and compatibility condition in each point has been provided. In addition, the curvature

distribution and the hinge rotation have been analytically derived. An important entity is the

failure zone length. The failure zone length can be used to transform consistently a softening

stress–displacement relation into a smeared stress–strain relation. Moreover, the failure zone

length is equal to the effective hinge length, which relates the inelastic part of the curvature

with the global hinge rotation.

It is remarkable that the solution has a very general applicability. Softening might occur in

the tension zone, the compression zone, or both. No specification with regard to the softening

stress–separation law has been made in the derivation. Hence, the solution is valid for any

type of softening stress–separation law (linear, non-linear, with or without residual strength).

No limitation has been made with regard to the shape of the cross-section. The relations are

derived for a loading combination composed of a normal force and a bending moment.

With the proposed approach, the procedure of solving a softening hinge problem can be re-

duced to classical cross-sectional analysis and the choice of an appropriate shape function gpxq.
If only the moment–rotation behaviour is of interest, it is sufficient to choose an appropriate

effective hinge length. The shape function gpxq is not completely defined by the stated hinge
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problem. Theoretically, any function gpxq which meets the required conditions represents an

admissible shape function. This is a consequence of neglecting the shear strains εxz and normal

strains εz. Hence, a realistic shape function gpxq and the effective hinge length might be depen-

dent on the cross-section geometry, the type of softening law, and the disregarded components

of the elasticity tensor. For orthotropic elasticity in plane-stress conditions, these are the elastic

modulus E2, the shear modulus G12, and the Poisson ratio 15v12. A closely related feature has

been observed in the example of the reinforced bar of Section 2.3, in which the corresponding

shape function is governed by the shear–slip behaviour, or more general, by the transversal

transmission of stresses.

15Orthotropic elasticity in plane-stress conditions requires that ν21{ν12 � E2{E1.
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Fig. 2.13: Beam segment forming a hinge subjected to bending: (a) hinge region with softening plane;

(b) constitutive law; (c) stress and strain distributions in the softening plane in Regime 1; (d) stress and

strain distributions in the softening plane in Regime 2; (e) cubic and bell-shaped function; (f) model used

for the numeric analysis: a beam in four-point bending condition subjected to displacements w.

2.5.1 Problem definition

The softening hinge problem of Section 2.4 is elaborated for a rectangular cross-section and a

linear stress–separation law, which is symmetric with respect to the tensile and compressive

behaviour, hence ft � fc and Gf,t � Gf,c � Gf . The corresponding smeared stress–strain law

is bilinear. The constitutive law in tension is provided with (2.223) and (2.224) and illustrated
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in Figure 2.13(b). It corresponds to the constitutive law already used for the softening bar

of Section 2.2. The beam segment is subjected to pure bending action. The variable that is

used to control the system is chosen to be the curvature in the softening plane χ̃. The beam is

subjected to monotonic loading, thus 9χ̃ ¡ 0. The symmetry of the constitutive law implies that

the position of the neutral axis is constant. This simplifies the analysis since it is sufficient to

consider only the tension (or compression) zone to derive the M–χ̃ relation. In what follows,

the derivation is based on the tension zone with tensile strength ft.

σ �

$'''&'''%
Eε in initial state ε ¤ εu

E pεu �mpε� εuqq in failure state ε ¡ εu and 9ε ¡ 0

0 at complete separation ε ¥ εr � εu

�
1� 1

m

� (2.223)

m � 1

1� 2GfE
f2
t lf

1

1 �m
� 1 � f2

t lf

2GfE
1 � 1

m
� �1 �m

m
� 2GfE

f2
t lf

(2.224)

δ � pε� εuq p1�mq lf in failure state ε ¡ εu and 9ε ¡ 0 (2.225)

According to (2.212), the failure zone length or effective hinge length lf depends on the shape

function gpxq which will be later discussed in Section 2.5.4.

lf �
» xh

�xh

gpxqdx (2.226)

The stability condition for a single material fibre in the softening hinge requires according to

(2.106):

2GfE

f2
t lf

¥ 1 (2.227)

The stress gradient s in the softening zone is constant as illustrated in Figure 2.13(c,d). This

results from the condition of plane sections remaining plane with regard to εp (see Sect. 2.4.5)

and the linear stress–separation law. The stress and strain at the bottom edge of the beam

are denoted with σp,inf and εp,inf . In what follows, it is distinguished between different regimes.

Regime 0 applies before εp,inf reaches εu. Regime 1 applies after failure is initiated and εp,inf ¡ εu.

Regime 2 applies after the edge fibre softened completely and thus εp,inf ¡ εr. The depth of the

zone in softening state is denoted with a. The depth of the zone which is fully released from

stresses is denoted with c. For c ¡ 0, a gap opens along which no stress is transmitted. The

following relations hold:

εp,inf � χ̃
h

2
(2.228)

χu � 2εu

h
� 2ft

hE
(2.229)

χr � 2εr

h
� 2εu

h

�
1� 1

m



� χu

�
1� 1

m



� χu

2GfE

f2
t lf

(2.230)

Mu � χuEI (2.231)

I � bh3

12
(2.232)
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The subsequent relations describe the size of the softening zone a0, the softening depth a, the

zero stress depth c, and the stress gradient s. In Regime 0: a ¤ 0 and c   0. In Regime 1: a ¡ 0

and c ¤ 0. In Regime 2: a ¡ 0 and c ¡ 0.

a0 � εr

χ̃
� εu

χ̃
� �h

2

χu

mχ̃
(2.233)

a � h

2
� εu

χ̃
� h

2

�
1� χu

χ̃



(2.234)

c � h

2
� εr

χ̃
� h

2

�
1� χu

χ̃

�
1� 1

m




(2.235)

s � ft

a0
� �mEχ̃ (2.236)

2.5.2 Bending moment

Regime 0: initial state

Regime 0 corresponds to the linear-elastic state prior to any initiated failure.

Mpχ̃q �Mu
χ̃

χu
(2.237)

Regime 1: failure progress

In Regime 1, χ̃ ¡ χu and the softening depth evolves with a ¡ 0 . Of special interest in Regime 1

is the stress σp,inf at the bottom edge of the beam. With equations (2.228) and (2.229), the

constitutive law in the softening state can be written for σp,inf in terms of curvatures.

σp,inf � Eh

2
pχu �mpχ̃� χuqq (2.238)

The moment can be written as a sum of a linear-elastic part, corresponding to the internal

moment associated with the stress triangle 1-3-5, and a softening part, associated with the

stress triangle 2-3-4 according to Figure 2.13(c).

M � bh2

6
Eεp,inflooooomooooon

linear part

� 2b
1

2
pEεp,inf � σp,infq a

�
h

2
� a

3



loooooooooooooooooooomoooooooooooooooooooon

softening part

(2.239)

With the constitutive law (2.238) and relations (2.231), (2.232), (2.234), the moment can be

transformed to a function of the variable χ̃. After some steps of transformations, one obtains:

Mpχ̃q �Mu

�
χ̃

χu
� p1�mq

�
3

2
� χ̃

χu
� 1

2

�
χu

χ̃


2
��

(2.240)

Regime 1 ends with χ̃ � χr.



62 Chapter 2. Basic aspects of softening behaviour

Regime 2: gap opening

In Regime 2, χ̃ ¡ χr and the zero stress depth evolves with c ¡ 0. The moment corresponds to

twice the tensile force (triangle 1-2-3 in Fig. 2.13(d)) times the distance to the reference axis:

M � 2
1

2
bft

�
h

2
� c



looooooomooooooon

tensile force

1

3

��
h

2
� a



�
�
h

2
� c




loooooooooooooooomoooooooooooooooon

reference axis distance

(2.241)

With equations (2.229), (2.231), (2.232), (2.234), (2.235), and several steps of transformations,

the moment as a function of the variable χ̃ reads:

Mpχ̃q �Mu
1

2

�
χu

χ̃


2�
1� 1

m


�
2� 1

m



(2.242)

The moment as function of the curvature is plotted in Figure 2.14(a). The transition between

the regimes is marked with the black and white points. Regime 1 is particularly relevant for

two reasons. First, it involves the point of maximum resistance. Second, Regime 1 covers the

relevant softening part with a reasonable residual resistance.

2.5.3 Strains and stresses

Strain field in hinge region

The strain field of Section 2.4 according to (2.196) is employed which reads:

εxpx, zq � ε0pzq �
�
σppzq
E

� ε0pzq


gpxq with ε0 � M

EI
z (2.243)

The strain components εxz and εz are assumed to be zero according to the simplification of the

hinge problem.

Stress field in hinge region

The stress distribution σxpx, zq in the hinge region is defined by the strain distribution εxpx, zq
and the linear-elastic constitutive law. The other stress components are found by integration

according to Section 2.4.7. In Regime 1, the stress components read:

For z ¥ h
2 � a

σxpx, zq � M

I
z � E

�
p1�mqχu

h

2
�mχ̃z � M

EI
z

�
gpxq (2.244)
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(2.246)
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Fig. 2.14: (a) Moment–curvature diagram, dependency on the fracture energy for an orthotropic ma-

terial; (b) corresponding moment–rotation diagram; (c) comparison of the moment–rotation diagram for

an isotropic and orthotropic material and simplification of the softening phase; (d) comparison of the

moment–rotation diagram for two different shape functions gpxq for an orthotropic material; (e) size effect

with regard to h for an orthotropic material. The points mark the transition between Regime 0 and 1

(black) and Regime 1 and 2 (white). The following parameters were used unless specified differently:

h � 600, ft � 24, E � 11000, orthotropic material: lf � 2.5h{?π (SI units [N] and [mm]).



64 Chapter 2. Basic aspects of softening behaviour

For |z|   h
2 � a
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2.5.4 Shape function

The stated problem is not sufficiently restrictive to reduce the space of admissible shape functions

gpxq to a unique solution (see Sect. 2.4). It is reasonable to choose a convenient shape function

and compare the stress fields with the stress distributions of the numerically solved general plane

stress problem. The shape function (2.250) meets the conditions (2.197) and leads to a good

agreement with the stress distributions of the general plane stress problem. The parameter p

corresponds to xh, which marks the end of the hinge region.

Cubic function:

gpxq � 1

p3
pp� |x|q3 with p � xh (2.250)

d

dx
gpxq � � 3

p3
pp� |x|q2 sgnpxq (2.251)

d2

dx2
gpxq � 6

p3
pp� |x|q (2.252)

lf �
» p
�p
gpxqdx � p

2
(2.253)

The first derivative (2.251) is not continuous at x � 0, and consequently, σz has a local stress

singularity at this point (see Sect. 2.4.7). Stress singularities cannot occur in real materials

since the strength is not infinite. The space of admissible shape functions gpxq could be further

limited to functions whose first derivative is strictly continuous within the hinge region from

�xh to xh (including the point x � 0). This limits the space to bell-shaped functions. The

bell-shaped function (2.254) is proposed due to its simplicity. Since this function approaches

a value of zero asymptotically, the boundary of the hinge region xh is theoretically located at

an infinite distance. Practically, a reasonable small value of gpxq is rapidly approached. The

parameter p can be used to control the spread of the function.
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Bell-shaped function:

gpxq � e
�
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πx
p

	2

(2.254)
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π
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Both shape functions are illustrated in Figure 2.13(e). For orthotropic materials, the following

relation for p yields a good agreement with the numerical solution of the general plane stress

problem. The indices 1 and 2 refer to the longitudinal and transversal material directions.

p � h

�
E1?

2G12E2


 1
3

(2.258)

For an isotropic material with parameters E � E1 � E2, ν12 � 0, G12 � E1{2, p equals h.

Parameters which are commonly used for spruce are E � E1 � 11000, E2 � 370, G12 � 690,

which yield p � 2.5h.

Equation (2.258) is the result of a parametric study with the associated general plane stress

problem of the softening beam with consideration of all components of the orthotropic elasticity

tensor. The numerical solutions for the study were generated with the finite element software

Abaqus (Simulia) with an implicit solution scheme. A beam in a four-point bending setup accord-

ing to Figure 2.13(f) was modelled. An orthotropic, linear-elastic constitutive law was applied.

A single row of elements along the central vertical plane of the beam had a limited strength and

exhibited a softening material behaviour after failure initiation. The Hashin damage constitu-

tive law was used to simulate the linear softening behaviour with a prescribed fracture energy.

Quadrilateral elements (Abaqus type CPS4R) with a reduced integration scheme were used.

The element size in the hinge region corresponded to h{40. A displacement controlled loading

with applied displacements w at one-third of the span was employed.

In the finite element solutions it has been observed that immediately after failure initiation,

the region with perturbed stresses grows rapidly in x-direction from zero to a certain length

which remains approximately constant until the beam softened completely. This constant length

represents the length of the hinge region. The parametric study indicates that the length of the

hinge region primarily depends on the beam height h, the longitudinal and transversal modulus

of elasticity E1 and E2, and the shear modulus G12. The Poisson ratio ν, the strength ft, and the

fracture energy Gf do not exert a significant influence on the length of the hinge region. Hence,

the parameters xh and p can be considered as functions of the elasticity tensor components, the

beam height, and the type of softening law16. The parameters xh and p can be considered as

independent of the variable χ̃.

16The parametric study has been conducted with rectangular cross-sections exclusively. The cross-section shape

might influence the hinge length as well.
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For different elastic parameters, the resulting stress distributions based on the analytic solu-

tion with the bell-shaped function (2.254), the cubic function (2.250), and the numerical finite

element solution are plotted in Figure 2.15. Qualitative distributions of each stress compo-

nent are plotted in Figure 2.16. The corresponding principal stress orientations are shown in

Figure 2.17.

Both the cubic function and the bell-shaped function provide good approximations of the

corresponding general plane stress solution, which considers all components of the elasticity

tensor. The bell-shaped function is slightly preferred due to the absence of stress singularities

and the slightly better agreement with the general plane stress solution. The stress singularity

of σz based on the cubic shape function is illustrated with the vertical line in Figure 2.15(d).

Interestingly, the numerical solution exhibits a pronounced stress peak in this point too. It is

readily possible that the general plane stress solution leads to a stress singularity as well.

2.5.5 Maximum bending resistance

The point of maximum bending moment is achieved in Regime 1. Setting the derivative of M

with regard to χ̃ equal to zero leads to a relation for the curvature at maximum bending moment

Mmax.

χmax � χu

�
2GfE

f2
t lf


p 1
3q

(2.259)

Mmax �Mpχmaxq (2.260)

The maximum bending moment is reached as soon as softening progresses to a certain depth of

the cross-section. This depth follows from (2.234) and (2.259):

amax � h

2

�
1�

�
f2

t lf
2GfE


 1
3

�
(2.261)

2.5.6 Hinge rotation

According to (2.201) and (2.216) the curvature distribution and the hinge rotation read:

χpxq � χ0 � pχ̃� χ0q gpxq with χ0 � M

EI
(2.262)

ϕ � pχ̃� χ0q lf (2.263)

With ϕpχ̃q according to (2.263) and Mpχ̃q according to (2.240 or 2.242), the moment–rotation

behaviour of a discrete hinge can be described as a function of the variable χ̃. The moment as

function of the hinge rotation is plotted in Figure 2.14(b). Figure 2.14(d) shows a comparison of

the moment–rotation behaviour for the two proposed shape functions. The resulting difference

is hardly noticeable. In fact, the shape function influences the moment–rotation behaviour

only through the effective hinge length lf , which is similar in both considered shape functions.

A comparison of the moment–curvature and moment–rotation behaviour for different effective
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Fig. 2.15: Comparison of the analytic and numeric stress distributions in the hinge region for different

elasticity parameters: (a,b,c,d) for isotropic elasticity; (e,f) for orthotropic elasticity (parameters for

spruce); (g,h) for orthotropic elasticity (alternative parameters). The remaining parameters used for the

plots are h � 600, b � 100, ft � fc � 24, Gf � 350, l � 18h and χ̃ � χr (SI units [N] and [mm]).
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(a) (b)

(c) (d)

(e) (f)

Fig. 2.16: Qualitative distribution of the stress components at χ̃ � χr for a bell-shaped or cubic function

gpxq. (a,b) σx; (c,d) τxz; (e,f) σz. The stress components have a positive sign if the distribution is plotted

on positive side of the reference grid-line (positive with regard to the x or z direction).
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Fig. 2.17: Principal stress orientations: (a) with a bell-shaped function gpxq; (b) with a cubic function

gpxq.

hinge lengths lf is shown in Figure 2.18. The moment–curvature behaviour of Figure 2.18(a) is

strongly dependent on lf . However, the curvature represents a local entity. More relevant for

the structural behaviour is the global moment–rotation behaviour of the hinge. As illustrated in

Figure 2.18(b), the effective hinge length lf affects mainly the maximum resistance. The rotation

capacity is hardly influenced by lf .

By inserting Mpχ̃q according to (2.240) or (2.242) into the relation for the hinge rotation

(2.263), exact but cumbersome relations for χ̃pϕq can be found by solving cubic equations.

Nonetheless, the moment can theoretically be formulated as a function of the hinge rotation

M �Mpϕq.

For ϕ ¤ ϕr (Regime 1):

χ̃pϕq � 1

3
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(2.264)

For ϕ ¡ ϕr (Regime 2):

χ̃pϕq � 1
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(2.265)

Whereas:

ϕr � ϕpχrq � χulf
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(2.266)

Simplification of the global moment–rotation behaviour

A powerful simplification of the moment–rotation behaviour for rather ductile materials can be

derived in Regime 1. Replacing χ0 in the relation for the hinge rotation (2.263) with M{EI,

and inserting M from Regime 1 according to (2.240) yields:

ϕ �
�
χ̃� M

EI



lf � �χu p1�mq
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2
� χ̃

χu
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Fig. 2.18: Dependency of hinge behaviour on the effective hinge length lf : (a) Moment–curvature

diagram; (b) corresponding moment–rotation diagram. The points mark the transition between Regime 0

and 1 (black) and Regime 1 and 2 (white). The following parameters were used: h � 600, ft � 24,

E � 11000, Gf � 360 (SI units [N] and [mm]).
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tends to zero rapidly for χ̃ ¡ χu. The relation between ϕ and χ̃ becomes

linear:
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χu



lf for χ̃ " χu (2.268)

Again, the relation for the hinge rotation according to (2.263) is considered, χ0 is replaced with

M{EI, and the relation is rearranged with regard to M :

M � EI

�
χ̃� ϕ

lf



(2.269)

Equation (2.268) can be resolved with regard to χ̃ and inserted into (2.269). The linearised

Mpϕq relation for Regime 1 is obtained:

M � 3

2
Mu � EI

f2
t

2GfE
ϕ or alternatively: (2.270)

M � 3

2
Mu � kδIϕ with kδ � � f2

t

2Gf
(2.271)

The first term of (2.271) corresponds to the moment resistance MR for a perfectly plastic

behaviour (with Gf � 8). The second term considers the moment reduction due to softening.

The softening gradient EI
f2
t

2GfE
� kδI corresponds to the limit softening gradient of the exact

Mpϕq relation. The softening gradient is a function of the moment of inertia I and the material

parameters ft, Gf , kδ exclusively. It is remarkable that neither the choice of the shape function

gpxq nor the effective hinge length lf exert any influence on the simplified Mpϕq relation. The

simplified moment–rotation behaviour is plotted in Figure 2.14(c).
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2.5.7 Size effect

In Figure 2.14(e), the moment–rotation behaviour is plotted for a constant set of material pa-

rameters and a variable beam height h. With increasing height, the normalised peak moment

decreases, the softening slope increases and consequently, the rotation capacity decreases. These

dependencies can be directly deduced from the simplified moment–rotation relation (2.271).

Consequently, the softening hinge is subjected to a size effect that affects the deformation ca-

pacity and the maximum bending moment.

2.5.8 Summary

Based on the generic treatment of the softening hinge according to Section 2.4, the behaviour of

a beam with a rectangular cross-section subjected to bending has been considered. The beam

softens according to a linear stress–separation law in the tension and the compression zone. An-

alytical solutions for the moment M , the hinge rotation ϕ, and all stress components σxpx, zq,
τxzpx, zq, σzpx, zq in the hinge region have been derived. The solutions respect the equilibrium

conditions, the compatibility conditions, and the constitutive law in each point. However, the

solutions are dependent on a shape function which is not uniquely defined. Two convenient

shape functions have been proposed which are completely defined with a single parameter. An

analytical expression for this parameter has been developed which provides a good agreement

with the general plane stress problem of the softening beam for isotropic and orthotropic materi-

als. It has been shown that the global moment–rotation behaviour is not sensitive with regard to

the selection of the shape function. A simple approximation for the moment–rotation behaviour

has been provided. This approximation assumes that the softening path in the moment–rotation

diagram is linear. In fact, this approximation represents a limit which is rapidly approached by

the exact solution.
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2.6 Formation of an asymmetric softening hinge in a beam
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Fig. 2.19: Beam segment forming a hinge subjected to bending: (a) hinge region with softening plane;

(b) constitutive law; (c) stress and strain distributions in the softening plane in Regime 1; (d) stress and

strain distributions in the softening plane in Regime 2.

2.6.1 Problem definition

The softening hinge problem of Section 2.4 is elaborated for a rectangular cross-section and a

linear stress–separation law. The corresponding smeared stress–strain law is bilinear. In contrast

to the previous section, softening occurs only on the tension side of the beam. It is assumed

that the compressive strength is infinite. Apart from that, the problem is identical with the

symmetric hinge problem according to Section 2.5. The constitutive law in tension is provided

with (2.272) and (2.273) and illustrated in Figure 2.19(b). It corresponds to the constitutive

law already used for the softening bar of Section 2.2. The position of the neutral axis in the

softening plane is not equal to its position outside the hinge region. The neutral axis outside
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the hinge region shall define the reference axis and the origin for the coordinate z.

σ �

$'''&'''%
Eε in initial state ε ¤ εu

E pεu �mpε� εuqq in failure state ε ¡ εu and 9ε ¡ 0

0 at full separation ε ¥ εr � εu

�
1� 1

m

� (2.272)

m � 1

1� 2GfE
f2
t lf

1

1 �m
� 1 � f2

t lf

2GfE
1 � 1

m
� �1 �m

m
� 2GfE

f2
t lf

(2.273)

δ � pε� εuq p1�mq lf in failure state ε ¡ εu and 9ε ¡ 0 (2.274)

According to (2.212), the failure zone length or effective hinge length depends on the shape

function gpxq which will be discussed in Section 2.6.4.

lf �
» xh

�xh

gpxqdx (2.275)

The stability condition for a single fibre in the softening hinge requires according to (2.106):

2GfE

f2
t lf

¥ 1 (2.276)

The stress gradient s in the softening zone is constant as illustrated in Figure 2.19(c,d). This

results from the condition of plane sections remaining plane with regard to εp (see Sect. 2.4.5)

and the linear stress–separation law. The stress and strain at the bottom edge of the beam

are denoted with σp,inf and εp,inf . In what follows, it is distinguished between different regimes.

Regime 0 applies before εp,inf reaches εu. Regime 1 applies after failure is initiated and εp,inf ¡ εu.

Regime 2 applies after the bottom edge fibre softened completely and thus εp,inf ¡ εr. The depth

of the zone in softening state is denoted with a. The depth of the zone which is fully released

from stresses is denoted with c. For c ¡ 0, a gap opens along which no stress can be transmitted.

The following relations hold:

ht � h

2

�
1� 2zs

h



(2.277)

hc � h

2

�
1� 2zs

h



(2.278)

εp,inf � χ̃ht � χ̃
h

2

�
1� 2zs

h



(2.279)

χu � 2εu

h
� 2ft

hE
(2.280)

χr � 2εr

h
�
1 � 2zs

h

� � 2εu

h
�
1 � 2zs

h

� �1 � 1

m



� χu�

1 � 2zs
h

� �1 � 1

m



� χu�

1 � 2zs
h

� 2GfE

f2
t lf

(2.281)

Mu � χuEI (2.282)

I � bh3

12
(2.283)

The subsequent relations describe the size of the softening zone a0, the softening depth a, the

zero stress depth c, and the stress gradient s. In Regime 0: a ¤ 0 and c   0. In Regime 1: a ¡ 0

and c ¤ 0. In Regime 2: a ¡ 0 and c ¡ 0.
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a0 � εr

χ̃
� εu

χ̃
� �h

2

χu

mχ̃
(2.284)

a � h

2
� zs � εu

χ̃
� h

2

�
1� 2zs

h
� χu

χ̃



(2.285)

c � h

2
� zs � εr

χ̃
� h

2

�
1� 2zs

h
� χu

χ̃

�
1� 1

m




(2.286)

s � ft

a0
� �mEχ̃ (2.287)

2.6.2 Bending moment

Regime 0: Before failure initiation

Regime 0 corresponds to the linear-elastic state prior to any initiated failure.

Mpχ̃q �Mu
χ̃

χu
(2.288)

Regime 1: failure progress

In Regime 1, χ̃ ¡ χu and the softening depth a evolves. Of special interest in Regime 1 is the

stress σp,inf at the bottom edge of the beam. With equations (2.279) and (2.280), the constitutive

law in the softening state can be written for σp,inf in terms of curvatures.

σp,inf � Eh

2

�
χu �m

�
χ̃

�
1� 2zs

h



� χu




(2.289)

The total tensile force can be separated in a linear part Ft,1 associated with the stress triangle 1-

3-5, and a softening part Ft,2 associated with the stress triangle 2-3-4 according to Figure 2.19(c).

Ft,1 � 1

2
bhtEεp,inf � 1

2
b
h

2

�
1� 2zs

h



Eεp,inf (2.290)

Ft,2 � �1

2
ba pEεp,inf � σp,infqlooooooooomooooooooon

χ̃Ep1�mqa

(2.291)

With the constitutive law (2.289) and Equation (2.279), the two components read:

Ft,1 � 1

2
bEχ̃

�
h

2


2�
1� 2zs

h


2

(2.292)

Ft,2 � �1

2
bEχ̃

�
h

2


2

p1�mq
�

1� 2zs

h
� χu

χ̃


2

(2.293)

The sum of both tensile force components is:

Ft � 1

2
bEχ̃

�
h

2


2
��

1� 2zs

h


2

� p1�mq
�

1� 2zs

h
� χu

χ̃


2
�

(2.294)
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The total compressive force is:

Fc � �1

2
bEχ̃h2

c � �1

2
bEχ̃

�
h

2


2�
1� 2zs

h


2

(2.295)

The force equilibrium Ft � Fc � 0 leads to an equation for the position of the neutral axis:

0 � 1

2
bEχ̃

�
h

2


2

������
�

1� 2zs

h


2

�
�

1� 2zs

h


2
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� 8zs
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� χu

χ̃
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0 � 8zs

h
� p1�mq
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h
� χu
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(2.296)

Equation (2.296) is quadratic with regard to zs. The solution for the position of the neutral axis

reads:

zs � h

2

�
1� χu

χ̃
� 2

1�m



� h

d
� 1

1�m

�
1� χu

χ̃
� 1

1�m



(2.297)

Or alternatively:

zs � h

�
f2

t lf
2GfE

� 1

2

�
χu

χ̃
� 1




� h

d�
f2

t lf
2GfE

� 1


�
f2

t lf
2GfE

� χu

χ̃



(2.298)

The moment in the softening plane can be written as a sum of the force components Fi multiplied

with the corresponding eccentricity di with regard to some reference point (not to be confused

with the reference axis). Since no external normal force N is applied, a reference point in the

softening plane at arbitrary depth z can be chosen, but it is convenient to set the reference point

equal to the neutral axis in the softening plane. The two force components of the tension zone

Ft,1 and Ft,2 are considered separately, since their eccentricities can be easily derived from the

triangular stress distributions. The eccentricities and the moment read:

dt,1 � 2

3
ht � 1

3
h

�
1� 2zs

h



(2.299)

dt,2 � ht � 1

3
a � 1

3
h

�
1� 2zs

h



� 1

6
h
χu

χ̃
(2.300)

dc � �2

3
hc � �1

3
h

�
1� 2zs

h



(2.301)

M � Ft,1dt,1 � Ft,2dt,2 � Fcdc (2.302)

Regime 2: gap opening

In Regime 2, χ̃ ¡ χr and the zero stress depth evolves with c ¡ 0 . The curvature χr at the regime

transition has to be evaluated iteratively due to its dependency on zs by assuming χr, evaluating

zs with (2.297) and computing a new χr with (2.281). The procedure is repeated until χr
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converges, which requires just few iteration steps. The forces in the tension and compression zone

are associated with the stress triangles 1-2-3 and 1-4-5 respectively according to Figure 2.19(d).

Ft � 1

2
b pht � cqEεu � 1

2
bE

χ2
u

χ̃

�
h

2


2�
1� 1

m



(2.303)

Fc � �1

2
bEχ̃h2

c � �1

2
bEχ̃

�
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2
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1� 2zs

h


2

(2.304)

The force equilibrium Ft � Fc � 0 leads to an equation for the position of the neutral axis:

0 � 1

2
bE

�
h

2


2
�
χ2

u

χ̃

�
1� 1

m



� χ̃

�
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(2.305)

0 � χ2
u

�
1� 1

m



� χ̃2

�
1� 2zs

h


2

(2.306)

Equation (2.306) is quadratic with regard to zs. The solution for the position of the neutral axis

reads:

zs � h

2

�
χu

χ̃

c
1� 1

m
� 1

�
(2.307)

Or alternatively:

zs � h

2

�
χu

χ̃

d
2GfE

f2
t lf

� 1

�
(2.308)

The moment in the softening plane can be written as a sum of the force components Fi multiplied

with the corresponding eccentricity to the reference point di. The eccentricities and the moment

read:

dt � 1

3
pht � a� ht � cq � 1

3

h

2

χu

χ̃

�
2� 1

m



(2.309)

dc � �2

3
hc � �1

3
h

�
1� 2zs

h



(2.310)

M � Ftdt � Fcdc (2.311)

The moment as function of the curvature is plotted in Figure 2.20(a). The transition between the

different Regimes is marked with the black and white points. Regime 1 is particularly relevant

for two reasons. First, it involves the point of maximum resistance. Second, Regime 1 covers the

relevant softening part with a reasonable residual resistance. It is remarkable that all transition

points are located on a horizontal line with moment Mu. It can be proven analytically that this

is a feature of the linear-elastic stress distribution with one-sided linear softening.
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Fig. 2.20: (a) Moment–curvature diagram, dependency on the fracture energy for an orthotropic ma-

terial; (b) corresponding moment–rotation diagram; (c) comparison of the moment–rotation diagram for

an isotropic and orthotropic material; (d) comparison of the moment–rotation diagram for two different

shape functions gpxq for an orthotropic material; (e) size effect with regard to h for an orthotropic ma-

terial. The points mark the between Regime 0 and 1 (black) and Regime 1 and 2 (white). The following

parameters were used unless specified differently: h � 600, ft � 24, E � 11000, orthotropic material:

lf � 3.7h{?π (SI units [N] and [mm]).
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2.6.3 Strains and stresses

Strain field in hinge region

The strain field of Section 2.4 according to (2.196) is employed which reads:

εxpx, zq � ε0pzq �
�
σppzq
E

� ε0pzq


gpxq with ε0 � M

EI
z (2.312)

The strain components εxz and εz are assumed to be zero according to the simplification of the

hinge problem.

Stress fields

The stress distribution σxpx, zq in the hinge region is defined by the strain distribution εxpx, zq
and the linear-elastic constitutive law. The other stress components are found by integration

according to Section 2.4.7. In Regime 1, the stress component σx is provided below. The

relations for τxz and σz are cumbersome because of zs � 0 and the integration with regard to z.

Therefore they are not given here explicitly. It is recommended to compute τxz and σz with a

numerical integration scheme.

For z ¥ h
2 � a � h

2
χu

χ̃ � zs

σxpx, zq � M

I
z � E

�
p1�mqχu

h

2
�mχ̃ pz � zsq � M

EI
z

�
gpxq (2.313)

For |z|   h
2 � a � h

2
χu

χ̃ � zs

σxpx, zq � M

I
z � E

�
χ̃ pz � zsq � M

EI
z

�
gpxq (2.314)

2.6.4 Shape function

In Section 2.5.4 two shape functions gpxq have been proposed for the case of symmetric softening

and compared with a finite element solution. The same shape functions are proposed for the

case of asymmetric softening.

Cubic function:

gpxq � 1

p3
pp� |x|q3 with p � xh (2.315)

d

dx
gpxq � � 3

p3
pp� |x|q2 sgnpxq (2.316)

d2

dx2
gpxq � 6

p3
pp� |x|q (2.317)

lf �
» p
�p
gpxqdx � p

2
(2.318)
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Bell-shaped function:

gpxq � e
�
�
πx
p

	2

(2.319)
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2
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(2.320)

d2gpxq
dx2

�
�

4

�
π

p


4

x2 � 2

�
π

p


2
�
e
�
�
x
p

	2

(2.321)

lf �
» 8
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gpxq � p?
π
� p

1.77
(2.322)

For orthotropic materials, the following relation for p yields a good agreement with the numerical

solution of the general plane stress problem. The indices 1 and 2 refer to the longitudinal and

transversal material directions.

p � 3

2
h

�
E1?

2G12E2


 1
3

(2.323)

Apart from the additional factor of 3{2, Equation (2.323) is equal to Equation (2.258) developed

for the case of symmetric softening. For an isotropic material with parameters E � E1 � E2,

ν12 � 0, G12 � E1{2, p equals 3{2h. Parameters which are commonly used for spruce are

E � E1 � 11000, E2 � 370, G12 � 690, which yield p � 3.7h.

The proposed function p is the result of a parametric study with the corresponding general

plane stress problem of the softening hinge, which considers all components of the orthotropic

elasticity tensor. The general plane stress problem was solved numerically with the finite ele-

ment model described in Section 2.5.4. The observations made for symmetric softening apply

equally to the case of asymmetric softening. For different elastic parameters, the resulting stress

distributions based on the analytic solution with the bell-shaped function (2.319), the cubic func-

tion (2.315), and the numerical finite element solution are plotted in Figure 2.21. Qualitative

distributions of each stress component are plotted in Figure 2.22.

Both the cubic function and the bell-shaped function lead to good approximations of the

corresponding general plane stress solution. The bell-shaped function is slightly preferred due to

the absence of stress singularities and the slightly better agreement with the general plane stress

solution. The stress singularity of σz based on the cubic function is illustrated with the vertical

line in Figure 2.21(d). Interestingly, the numerical solution exhibits a pronounced stress peak

in this point too. It is possible that the general plane stress solution leads to a stress singularity

as well.

The different formulation of the parameter p for the cases of symmetric and asymmetric

softening is explained with the type of softening law. In the latter case, the stresses are redirected

by a larger vertical distance compared to the symmetric case. Hence, a longer region is affected

by the stress redistribution.
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(a)

Numeric
Bell-shaped function
Cubic function

(b)

(c) (d)

(e) (f)

(g) (h)

Fig. 2.21: Comparison of the analytic and numeric stress distributions in the hinge region for different

elasticity parameters: (a,b,c,d) for isotropic elasticity; (e,f) for orthotropic elasticity (parameters used

for spruce); (g,h) for orthotropic elasticity (alternative parameters). The remaining parameters used for

the plots are h � 600, b � 100, ft � fc � 24, Gf � 600, l � 18h and χ̃ � χr (SI units [N] and [mm]).
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(a) (b)

(c) (d)

(e) (f)

Fig. 2.22: Qualitative distribution of the stress components at χ̃ � χr for a bell-shaped or cubic shape

function gpxq: (a,b) σx; (c,d) τxz; (e,f) σz. The stress components have a positive sign if the distribution

is plotted on positive side of the reference grid-line (positive with regard to the x or z direction).
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Fig. 2.23: Dependency of hinge behaviour on the effective hinge length lf : (a) Moment–curvature

diagram; (b) corresponding moment–rotation diagram. The points mark the transition between Regime 0

and 1 (black) and Regime 1 and 2 (white). The following parameters were used: h � 600, ft � 24,

E � 11000, Gf � 360 (SI units [N] and [mm]).

2.6.5 Hinge rotation

According to (2.201) and (2.216) the curvature distribution and the hinge rotation read:

χpxq � χ0 � pχ̃� χ0q gpxq with χ0 � M

EI
(2.324)

ϕ � pχ̃� χ0q lf (2.325)

With ϕpχ̃q according to (2.325) and Mpχ̃q according to (2.302) or (2.311), the moment–rotation

behaviour of a discrete hinge can be described as a function of the variable χ̃. The moment as

function of the hinge rotation is plotted in Figure 2.20(b). Figure 2.20(d) shows a comparison

of the moment–rotation behaviour for the two proposed shape functions gpxq. A comparison of

the moment–curvature and moment–rotation behaviour for different effective hinge lengths lf is

provided in Figure 2.23. The conclusions drawn for the symmetric softening are valid also for

the case of asymmetric softening: the effective hinge length lf influences the maximum bending

resistance. The rotation capacity is only weakly influenced by lf .

2.6.6 Comparison with the symmetric softening hinge

In Figure 2.24, the two cases of a symmetric softening hinge (Sect. 2.5) and an asymmetric soft-

ening hinge are directly compared. The maximum moment is in general higher with asymmetric

softening for reasonable fracture energies. However, since the effective hinge length lf is 50%

larger in the case of asymmetric softening, it is possible that for very small fracture energies,

the maximum bending resistance is actually smaller as can be seen in Figure 2.24(d). If the

same effective hinge length would be applied, asymmetric softening always would always yield

a higher moment resistance.
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Fig. 2.24: Comparison of the cases of symmetric and asymmetric softening with regard to the moment–

curvature and corresponding moment–rotation behaviour: (a) & (b) for isotropic elasticity; (c) & (d)

for orthotropic elasticity (with parameters used for spruce). The points mark the transition between

Regime 0 and 1 (black) and Regime 1 and 2 (white). The following additional parameters were used:

h � 600, ft � 24 (SI units [N] and [mm]).

2.6.7 Summary

Based on the generic treatment of the softening hinge according to Section 2.4, the behaviour

of a beam with rectanglular cross-section subjected to bending has been considered. The beam

softens according to a linear stress–separation law in the tension zone only. In analogy to

Section 2.5, analytical solutions for the relevant entities are derived. Furthermore, the two cases

of symmetric and asymmetric softening have been compared.

In Chapter 5, the analytical solutions are consulted to describe the softening behaviour of

reinforced glulam beams. In reinforced glulam, softening occurs in the tension and compression

zones due to progressive crack growth of the timber and the formation of compression folds.

However, since different failure phenomena are involved, the softening behaviour of reinforced

glulam does not perfectly match with either case of symmetric or asymmetric softening. Nev-
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ertheless, presuming a reasonable choice of parameters, the assumption of symmetric softening

represents a reasonable and conservative approach with regard to the relevant part (Regime 1)

of the moment–rotation behaviour.
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Chapter 3

Experiments with reinforced glulam

This chapter covers the relevant experiments with reinforced glulam beams that were conducted

in the scope of this study. The main results and observations are illustrated briefly. The

experimental campaign comprises material tests of the timber and the fibre reinforcements,

bending tests with small-scale unreinforced and reinforced glulam beams in a four-point and

two-span bending setup, and full-scale unreinforced and reinforced glulam beams in a four-point

and three-point bending setup. A detailed report of all conducted experiments is provided by

Blank & Frangi [19].

3.1 Aim of the experiments

The experimental work was organised in two phases. The aim of the first phase was to study

the basic structural behaviour of reinforced glulam and the development of a practical and well-

performing reinforcing system. In this phase, small-scale bending experiments were conducted

since small-scale experiments can be performed with low expenses. The second phase was

concerned with the structural performance of reinforced glulam in a structural scale.

3.2 Reinforcing system

A reinforcing system has been developed in close collaboration with the glulam manufacturer

Roth Burgdorf AG (Burgdorf, Switzerland). The reinforcing system provides a high structural

performance and complies with requirements of an industrial production. Glass and carbon

fibres were considered as suitable and efficient reinforcing materials. Due to the good mechanical

properties of fibre materials, a high reinforcing effect can be achieved with comparatively small

reinforcement ratios. The fibre reinforcements can be integrated in glulam with a wet-lamination

process. This is convenient since glulam itself is a wet-laminated product. Hence, the application

of the fibre reinforcement in an industrialised process requires only a few additional production

steps in existing glulam production facilities. Furthermore, manifold semi-finished fibre products

are available on the market. Fibre fabric tapes were considered as particularly suitable. They

can be woven to “endless” prefabricated tapes and winded on coils. In case of long beams,

there is no need to make joints of the reinforcement. In addition, the handling of coils seems

more practicable compared to long prefabricated FRP plates or rebars. Moreover, the fabric

tape can be customised in order to optimise the impregnation of the fibres. A single adhesive
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Fig. 3.1: Side view and cross-section of a reinforced glulam beam.

is used to form simultaneously the fibre matrix and the bond to the timber during the wet-

lamination process. In the tested specimens, a one-component polyurethane adhesive certified

for the commercial glulam production was used. This choice was motivated by the fact that wood

lamination adhesives comply well with the hygroscopic properties of wood. The fabric tapes are

inserted between the glulam laminations into a small recess. One reinforcement layer is composed

of several tapes laminated on top of each other. Clearly, it is reasonable to concentrate the

reinforcement layers in the outermost laminations of the tension zone. However, the production

of very thick reinforcement layers composed of many tapes is problematic. At some point,

it is more convenient to split the required reinforcement into several layers, not just from a

productional but also from a structural point of view. The higher the concentration of the

reinforcement, the larger are the local stresses that have to be transferred between the timber

and the reinforcement, particularly in the vicinity of cracks in the timber. The capacity of

the bond to transfer these stresses is limited. If the tensile reinforcement is more distributed,

local stresses are more dispersed as well. Hence, it is worth to consider a separation of the

tensile reinforcement into several reinforcement layers. The fabric tape width measures slightly

less than the width of the glulam beam in order to allow the subsequent planing of the glulam

surfaces and to preserve the appealing surface quality of the wood. Photos of one of the tested

reinforced glulam beams are provided in Figure 3.1. The reinforcement is not visible on the

beam faces.
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3.3 Materials

3.3.1 Timber

The timber used in all experiments corresponded to Norway spruce (Picea abies), grown in

central Europe with strength grade T14.5, which yields glulam of grade GL24h. The small-scale

experiments were composed of visually graded timber. The full-scale experiments were composed

of timber graded with the Goldeneye 706 and Viscan grading devices (Microtec, Brixen, IT)1.

The quality of the boards was controlled by means of non-destructive investigations of the

complete lamination stock and destructive tensile tests with a sample of timber boards. In the

non-destructive investigations, the timber board strength and stiffness was estimated with the

model developed by Fink [53]2. According to the quality control, the visually graded timber

boards used for the small-scale experiments did not meet the requirements of the strength grade

T14.5. This might be due to the fact that the boards were planed after the grading from a

thickness of 46 mm to the final thickness of 10 mm. The machine graded timber boards for the

full-scale experiments met accurately the requirements of the strength grade T14.5.

3.3.2 Fibre reinforcement

The fibre fabric tapes specified in Table 3.1 were used as tensile reinforcement of the glulam

beams. However, the properties of the finalised reinforcement layers are not exclusively depen-

dent on the fibre fabric properties. As discussed in Section 4.4, the fibre matrix, the fabrication

and curing processes exert a significant influence on the mechanical properties of the finalised

reinforcement layer. It is difficult to determine the mechanical properties of the reinforcement

layer from the constituent materials alone. Reliable mechanical properties need to be deduced

from material tests with the finalised composite. To determine the tensile strength and stiffness

of the reinforcement layer, a new type of tensile test specimen was developed. This specimen,

which is illustrated in Figure 3.2(b), is actually a fibre–timber composite element. The timber

is an important factor since it influences the curing process of the adhesive by providing mois-

ture. To minimise the influence of the timber on the measured strength and stiffness, the wood

grain is oriented perpendicular to the fibre direction in the middle part of the specimen, and

the timber is planed to a minimal thickness. The elastic modulus of the reinforcement layer is

determined by subtracting the stiffness of the timber from the measured specimen stiffness. The

reinforcement strength, however, can be directly deduced from the maximum specimen load.

The timber does not contribute to the resistance at maximum load due to premature cracking

perpendicular to the grain. The results of the tensile experiments are listed in Table 3.2.

1The timber stock was graded into the grade combination T14.5 and T26, whereas only the boards of strength

grade T14.5 were used in the experimental campaign.
2The strength and stiffness of each board can be estimated based on a knot parameter (tKAR or a Goldeneye 706

X-ray parameter) and the board dynamic modulus of elasticity Edyn,F.
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UD fabric tape for small-scale experiments Type (A) Type (B)

Material Glass Carbon

Fibre type
Abahsain ECR MPDR

1200/17
Toho Tenax HTA40

Tape width [mm] 75 80

Filament density %f [g{m3] 2.6� 106 1.76� 106

Construction (Rovings/cm) 3.5 4.3

Tex / Roving [g/1000 m] 1200 800

Filaments / Roving 2000 12000

Filament diameter [µm] ca. 17 ca. 7

Net weight of warp mf,net [g{m2] 420a 344a

Weight (gross, warp & weft) [g{m2] 460 350

Supplier Suter-Kunststoffe AG, Fraubrunnen (CH)

Ideal net thickness tf,tape [mm] 0.1615 0.1955

UD fabric tape for full-scale experiments Type (C) Type (D)

Material Glass Carbon

Fibre type Owens Corning SE1500 Toho Tenax HTS40

Tape width [mm] 180 180

Filament density %f [g{m3] 2.63� 106 1.77� 106

Construction (Rovings/cm) 4.2 4.2

Tex / Roving [g/1000 m] 1200 800

Filaments / Roving 2000 12000

Filament diameter [µm] ca. 17 ca. 7

Net weight of warp mf,net [g{m2] 504a 336a

Weight (gross, warp & weft) [g{m2] 600 420

Supplier Tissa AG, Oberkulm (CH)

Ideal net thickness tf,tape [mm] 0.1916 0.1898

a The weight is calculated based on the tex value and construction.

Tab. 3.1: Data of UD fibre fabric tapes.
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Small-scale experiments Glass Type (A) Carbon Type (B)

No. of specimens 8 8

Strength ff :

Mean [MPa] 1704 2225

Coefficient of variation CV [ - ] 0.046 0.093

Fibre modulus of elasticity Ef :

Mean [MPa] 75811 218159

Coefficient of variation CV [ - ] 0.058 0.051

Full-scale experiments Glass Type (C) Carbon Type (D)

No. of specimens 8 8

Strength ff :

Mean [MPa] 1663 2640

Coefficient of variation CV [ - ] 0.020 0.025

Fibre modulus of elasticity Ef :

Mean [MPa] 85468 221980

Coefficient of variation CV [ - ] 0.036 0.032

Tab. 3.2: Summary of the fibre tensile test results.

gauge length

clamping jaw
300 200

800
clamping jaw

300

l1 = 184 88free length

cl
am

pi
ng

 ja
w

45
0

clamping jaw

hollow piston cylinder
short stroke cylinder

specimen

t =
 1

2

b = 100

6
6bf ==

250

400

250

900

d = 4 mm

fibre UD 
fabric tapes

(a) (b)

Fig. 3.2: (a) Tensile test machine for fibre composite tensile tests; (b) fibre composite specimen.
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3.4 Small-scale four-point bending tests

Test series A comprised a total of 45 reinforced and unreinforced small-scale glulam beams. The

primary aim was to study the basic structural behaviour and the failure mechanisms of reinforced

glulam with the reinforcing system described in Section 3.2. In this section, the results from 39

of the 45 experiments of series A are reported. These experiments are considered as important

for the scope of this thesis. The remaining 6 experiments were reinforced with a different system

which was not further investigated. With regard to those experiments, the reader is referred to

the test report [19].

3.4.1 Specimens

The small-scale specimens had dimensions of 100�100�2000 mm. The specimens were equipped

from end to end with one or two layers of reinforcement. Thin timber boards with a thickness of

10 mm were used in the tension and the compression zone of the specimens in order to achieve

a reasonable timber homogenisation similar to glulam of a structural scale. In the core of

the cross-section, timber boards with a thickness of 30 mm were used. The specimens did not

contain finger joints. Based on the board data of the preceding non-destructive investigations,

the boards were specifically positioned in the specimens in order to create beams with a rather

low strength. Boards with a low dynamic modulus of elasticity and significant knot clusters were

positioned in the tension zone of the specimens. The specimen cross-sections are illustrated in

Figure 3.3.
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Fig. 3.3: Specimen cross-sections.

3.4.2 Test setup

The test setup is illustrated in figures 3.4 and 3.5. The span corresponded to 1800 mm. The

loads were applied at one third of the span with hydraulic actuators. The oil pressure was

controlled with a hand operated pump. At six positions, denoted in Figure 3.5 with w and

subscripts (l,m,r) for left/middle/right and (f,b) for front/back, the deflection of the specimens

was measured with displacement transducers. Two additional transducers measured the actuator

stroke. The force was determined for a first set of specimens with the hydraulic pressure. In

a second set, the force was determined with additional load cells that were mounted on the
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actuators. The actuator stroke was increased monotonically until the end of the experiment.

The experiments were stopped in case of a brittle failure, if the residual load was small, or if the

actuator stroke limit of 200 mm was reached.

Fig. 3.4: Photo of the small-scale four-point bending test setup.
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3.4.3 Results

A compilation of the experimental results is provided in Table 3.3 (mean values) and tables 3.4,

3.5 (individual values). The corresponding load–displacement diagrams of the reinforced speci-

mens are provided in Figure 3.6. A general discussion of the results is provided in Section 3.8.

Label Fibre type nreinf ρtot Fmax fm σm,crack Em,g

[%] [kN] [MPa] [MPa] [MPa]

A0 – 1..15 none – 0.000 13.7 49.4 43.2 12539

ARG1 – 1..3 A (glass) 1 0.517 15.4 55.5 42.1 11980

ARG2 – 1..3 A (glass) 2 1.034 16.3 58.7 44.9 12767

ARG2 – 4..6 A (glass) 2 0.517 17.6 63.2 59.9 14256

ARK1 – 1..3 B (carbon) 1 0.147 15.9 57.2 36.2 11875

ARK1 – 4..6 B (carbon) 1 0.587 20.2 72.8 60.1 16350

ARK1 – 7..9 B (carbon) 1 0.440 19.2 69.1 60.8 13036

ARK2 – 1..3 B (carbon) 2 0.293 15.1 55.3 48.7 12178

ARK2 – 4..6 B (carbon) 2 0.587 18.0 64.8 57.0 14465

Tab. 3.3: Compilation of the results from the small-scale four-point bending experiments (mean values).

fm denotes the nominal bending strength, σm,crack corresponds to the nominal stress at the point where

the first crack was observed, Em,g is the global modulus of elasticity (assuming a homogeneous cross-

section).

Label Fibre type nreinf ρtot Fmax fm σm,crack Em,g

[%] [kN] [MPa] [MPa] [MPa]

A0 – 1 none – 0.000 12.5 45.2 40.6 11493

A0 – 2 none – 0.000 12.7 45.8 30.9 13321

A0 – 3 none – 0.000 12.5 44.9 44.9 13343

A0 – 4 none – 0.000 14.0 50.3 50.3 14522

A0 – 5 none – 0.000 18.3 66.0 59.6 14153

A0 – 6 none – 0.000 12.5 44.9 42.2 12242

A0 – 7 none – 0.000 11.7 42.2 32.8 12034

A0 – 8 none – 0.000 15.0 53.9 45.5 14042

A0 – 9 none – 0.000 18.3 66.0 47.0 14996

A0 – 10 none – 0.000 18.4 66.2 66.2 14188

A0 – 11 none – 0.000 9.2 33.0 30.6 10191

A0 – 12 none – 0.000 10.7 38.6 36.3 10653

A0 – 13 none – 0.000 15.4 55.5 41.5 11592

A0 – 14 none – 0.000 14.7 52.8 52.5 10885

A0 – 15 none – 0.000 9.9 35.5 26.3 10426

Tab. 3.4: Compilation of the results from the small-scale four-point bending experiments (unreinforced

beams). fm denotes the nominal bending strength, σm,crack corresponds to the nominal stress at the

point where the first crack was observed, Em,g is the global modulus of elasticity.
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Label Fibre type nreinf ρtot Fmax fm σm,crack Em,g

[%] [kN] [MPa] [MPa] [MPa]

ARG1 – 1 A (glass) 1 0.517 14.3 51.3 37.7 10772

ARG1 – 2 A (glass) 1 0.517 15.9 57.3 46.3 12544

ARG1 – 3 A (glass) 1 0.517 16.1 57.9 42.2 12625

ARG2 – 1 A (glass) 2 1.034 16.8 60.4 47.4 11497

ARG2 – 2 A (glass) 2 1.034 16.1 57.9 51.4 13099

ARG2 – 3 A (glass) 2 1.034 16.1 58.0 35.9 13706

ARG2 – 4 A (glass) 2 0.517 17.3 62.4 56.6 14540

ARG2 – 5 A (glass) 2 0.517 15.9 57.2 53.1 13456

ARG2 – 6 A (glass) 2 0.517 19.4 70.0 70.0 14772

ARK1 – 1 B (carbon) 1 0.147 13.7 49.3 32.0 10959

ARK1 – 2 B (carbon) 1 0.147 14.6 52.4 33.9 12163

ARK1 – 3 B (carbon) 1 0.147 19.4 69.8 42.7 12503

ARK1 – 4 B (carbon) 1 0.587 19.7 71.1 68.6 16067

ARK1 – 5 B (carbon) 1 0.587 18.7 67.5 39.6 15634

ARK1 – 6 B (carbon) 1 0.587 22.2 79.8 72.1 17350

ARK1 – 7 B (carbon) 1 0.440 17.5 62.9 38.0 12612

ARK1 – 8 B (carbon) 1 0.440 18.5 66.6 66.5 11936

ARK1 – 9 B (carbon) 1 0.440 21.6 77.9 77.9 14559

ARK2 – 1 B (carbon) 2 0.293 15.1 54.4 41.7 11053

ARK2 – 2 B (carbon) 2 0.293 15.1 54.5 51.9 12917

ARK2 – 3 B (carbon) 2 0.293 15.8 57.0 52.4 12564

ARK2 – 4 B (carbon) 2 0.587 18.4 66.1 59.1 15295

ARK2 – 5 B (carbon) 2 0.587 19.2 69.2 69.2 15788

ARK2 – 6 B (carbon) 2 0.587 16.4 59.1 42.6 12312

Tab. 3.5: Compilation of the results from the small-scale four-point bending experiments (fibre reinforced

beams). fm denotes the nominal bending strength, σm,crack corresponds to the nominal stress at the point

where the first crack was observed, Em,g is the global modulus of elasticity (assuming a homogeneous

cross-section).
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Fig. 3.6: Load–displacement diagrams of the small-scale four-point bending experiments. The nor-

malised load σm � 2Fl
bh2 corresponds to an equivalent bending stress. The cross x marks a brittle failure

of the reinforcement (small crosses for partial reinforcement failures during the experiment), the asterisk


 marks a brittle failure due to shear. The black point  denotes a manual experiment abort due to a

small residual load.
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3.5 Small-scale two-span bending tests

A total of 16 experiments with small-scale beams in a two-span setup were conducted in test

series B and reported in detail in the test report [19]. Series B comprised reinforced and unre-

inforced beams. The focus of this test series was concerned with the capacity of fibre reinforced

glulam beams to redistribute bending moments in a two-span system. In this section, the results

of four beam experiments that are considered as representative for the test series are presented

in detail. With regard to the other experiments, the reader is referred to the test report [19].

3.5.1 Specimens

Small-scale glulam beams were fabricated analogous to the four-point bending experiments ac-

cording to Section 3.4. The selected representative specimens from test series B are specified

in Table 3.6. This selection covers specimens with and without shear reinforcement. The shear

reinforcement proved to be crucial with regard to the moment redistribution capacity. The

specimens had dimensions of 100� 100� 3880 mm. In contrast to the four-point bending spec-

imens, the beams were fabricated with randomly selected timber boards. The specimens were

reinforced from end to end on the top and bottom side of the cross-section. Two of the speci-

mens contained a shear reinforcement. The shear reinforcement was made with four countersunk

chipboard screws (Ø6� 120 mm with a thread length of 70 mm) positioned on each side of the

middle support. The screws perforated the top reinforcement layers. The bottom reinforcement

layers of the shear reinforced specimens were cut in the region of the middle support on a length

of total 500 mm. An illustration of the cross-sections and the layout of the shear reinforcement

is provided in Figure 3.7.

3.5.2 Test setup

The test setup is illustrated in figures 3.8 and 3.9. The two spans had each a length of 1840 mm.

Each span was loaded with a single hydraulic actuator. Each actuator force was separated with

a free rotating steel element in two equal point-loads acting on the specimen. The position

of the loads was optimised in order to achieve a moment versus shear ratio comparable to a

continuously loaded two-span beam. The oil pressure was controlled with a hand operated

Label Fibre type nreinf ρtot Bottom Shear

[%] reinforcement reinforcement

BRK 2 - 1 B (carbon) 2� 2 2� 0.880 continuous no

BRK 2 - 2 B (carbon) 2� 2 2� 0.880 continuous no

BRK 2 - 3 B (carbon) 2� 2 2� 0.880 cut at support B yes

BRK 2 - 4 B (carbon) 2� 2 2� 0.880 cut at support B yes

Tab. 3.6: Specification of the two-span bending test specimens.
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pump. At ten positions, denoted in Figure 3.8 with w and subscripts (1,2) for span 1/2, (l,m,r)

for left/middle/right, and (f,b) for front/back, the deflection of the specimens was measured with

displacement transducers. Two additional transducers measured the actuator stroke. The forces

were recorded with load cells that were mounted on the actuators and below the support plates.

With the force measurements it was possible to calculate the distribution of the bending moment

and the shear force in the statically indeterminate system. The actuator stroke was increased

monotonically. The experiments were stopped as soon as a brittle failure occurred. In the shear

reinforced specimens, the final failure corresponded to a shear failure in the unreinforced shear

zone between the maximum span moment and the end of the member.

3.5.3 Results

A compilation of the experimental results is provided in figures 3.10 to 3.13. A general discussion

of the results is provided in Section 3.8.
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Fig. 3.8: Test setup of the small-scale two-span bending experiments.
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Fig. 3.9: Photos of the small-scale two-span test setup.
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Fig. 3.10: (a,b,c,d) Results of specimen BRK2 – 1 with photos at maximum load (top) and at experiment

end (bottom). Black curves are associated with span 1, grey curves with span 2. The asterisk 
 marks

a brittle failure due to shear (from span 2 towards support C). The nominal stress is σm � 6M
bh2 .
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Fig. 3.11: (a,b,c,d) Results of experiment BRK2 – 2 with photos at maximum load (top) and at

experiment end (bottom). Black curves are associated with span 1, grey curves with span 2. The asterisk


 marks a brittle failure due to shear (from support B towards span 1). The nominal stress is σm � 6M
bh2 .
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Fig. 3.12: (a,b,c,d) Results of experiment BRK2 – 3 with photos at maximum load (top) and at

experiment end (bottom). Black curves are associated with span 1, grey curves with span 2. The asterisk


 marks a brittle failure due to shear (from span 2 towards support C). The nominal stress is σm � 6M
bh2 .
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Fig. 3.13: (a,b,c,d) Results of experiment BRK2 – 4 with photos at maximum load (top) and at

experiment end (bottom). Black curves are associated with span 1, grey curves with span 2. The asterisk


 marks a brittle failure due to shear (from span 1 towards support A). The nominal stress is σm � 6M
bh2 .
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3.6 Full-scale four-point bending tests

Test series C comprised a total of 30 reinforced and unreinforced glulam beams in a structural

scale. The aim of series C was to investigate the behaviour and performance of reinforced glulam

in the scale of real structural elements.

3.6.1 Specimens

Full-scale glulam beams were tested in a four-point bending setup according to EN 408 [48].

The specimens had dimensions of 200 � 600 � 11400 mm. The timber boards were randomly

selected and finger jointed to glulam laminations. The specimen cross-sections are illustrated in

Figure 3.14.
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Fig. 3.14: Specimen cross-section with one and three reinforced laminations.

3.6.2 Test setup

The test setup is illustrated in figures 3.15 and 3.16. The span corresponded to 10800 mm.

The loads were applied at one third of the span with hydraulic actuators. The oil pressure

was controlled with a hand operated pump. At six positions, denoted in Figure 3.15 with

w and subscripts (l,m,r) for left/middle/right and (f,b) for front/back, the deflection of the

specimens was measured with displacement transducers. The force was recorded with load cells

mounted below the support plates. The specimens were loaded in two cycles. A first cycle was

conducted to determine the stiffness of the specimen. After complete unloading, a second cycle

was conducted in which the actuator stroke was increased monotonically. The experiments were

stopped in case of a brittle failure, if the residual load was small, or if the actuator stroke limit

of 500 mm was reached.
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Fig. 3.15: Test setup of the full-scale four-point bending experiments.



106 Chapter 3. Experiments with reinforced glulam

Fig. 3.16: Photos of the full-scale four-point test setup.
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3.6.3 Results

A compilation of the experimental results is provided in Table 3.7 (mean values) and Table 3.8

(individual values). The corresponding load–displacement diagrams of the reinforced specimens

are provided in Figure 3.17. A general discussion of the results is provided in Section 3.8.

Label Fibre type nreinf ρtot Fmax fm σm,crack Em,g Em,l

[%] [kN] [MPa] [MPa] [MPa] [MPa]

C0 none – 0.000 96.0 28.2 28.1 11574 11941

CG1x5 C (glass) 1 0.144 110.9 32.1 30.6 11905 11335

CG3x3 C (glass) 3 0.259 119.3 36.5 30.2 11414 10891

CG3x5 C (glass) 3 0.431 132.7 38.5 35.8 12368 11980

CG3x7 C (glass) 3 0.604 125.0 37.4 23.5 11810 12028

CK1x3 D (carbon) 1 0.085 107.1 31.1 25.7 11840 12097

CK3x2 D (carbon) 3 0.171 124.0 35.8 27.9 12346 12619

CK3x3 D (carbon) 3 0.256 126.2 36.3 28.7 12284 12339

CK3x5 D (carbon) 3 0.427 144.6 42.1 27.4 12845 12745

Tab. 3.7: Compilation of the results from the full-scale four-point bending experiments (mean values).

fm denotes the nominal bending strength, σm,crack corresponds to the nominal stress at the point where

the first crack was observed, Em,g and Em,l are the global and local modulus of elasticity (assuming a

homogeneous cross-section).
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Label Fibre type nreinf ρtot Fmax fm σm,crack Em,g Em,l

[%] [kN] [MPa] [MPa] [MPa] [MPa]

C0 – 1 none – 0.000 86.8 25.6 25.6 11758 12502

C0 – 2 none – 0.000 78.2 23.2 22.6 11854 11177

C0 – 3 none – 0.000 74.3 21.9 21.9 10944 12055

C0 – 4 none – 0.000 99.4 29.3 29.3 11734 11680

C0 – 5 none – 0.000 114.5 33.4 33.4 11472 11486

C0 – 6 none – 0.000 122.8 35.8 35.8 11684 12745

CG1x5 – 1 C (glass) 1 0.144 107.1 31.1 31.1 12371 11463

CG1x5 – 2 C (glass) 1 0.144 108.9 31.4 31.4 11882 11142

CG1x5 – 3 C (glass) 1 0.144 116.8 33.7 29.3 11464 11401

CG3x3 – 1 C (glass) 3 0.259 112.6 34.6 25.0 11082 10298

CG3x3 – 2 C (glass) 3 0.259 122.1 37.3 36.2 11094 10693

CG3x3 – 3 C (glass) 3 0.259 123.3 37.6 29.4 12067 11682

CG3x5 – 1 C (glass) 3 0.431 134.0 38.9 34.5 11845 11227

CG3x5 – 2 C (glass) 3 0.431 142.9 41.5 40.5 12579 12540

CG3x5 – 3 C (glass) 3 0.431 121.4 35.2 32.2 12680 12174

CG3x7 – 1 C (glass) 3 0.604 127.4 38.9 24.1 11591 11344

CG3x7 – 2 C (glass) 3 0.604 127.0 38.5 22.0 12555 13297

CG3x7 – 3 C (glass) 3 0.604 120.4 34.7 24.4 11284 11444

CK1x3 – 1 D (carbon) 1 0.085 119.7 34.7 18.5 12394 13453

CK1x3 – 2 D (carbon) 1 0.085 106.3 30.8 30.8 11734 11551

CK1x3 – 3 D (carbon) 1 0.085 95.4 27.7 27.7 11392 11288

CK3x2 – 1 D (carbon) 3 0.171 140.0 40.6 16.8 12397 12269

CK3x2 – 2 D (carbon) 3 0.171 115.7 33.4 33.2 12511 13210

CK3x2 – 3 D (carbon) 3 0.171 116.3 33.5 33.5 12131 12378

CK3x3 – 1 D (carbon) 3 0.256 117.1 33.8 32.3 12600 13415

CK3x3 – 2 D (carbon) 3 0.256 131.4 37.8 26.9 12471 12123

CK3x3 – 3 D (carbon) 3 0.256 130.1 37.5 26.7 11782 11479

CK3x5 – 1 D (carbon) 3 0.427 143.5 41.6 35.5 13107 12364

CK3x5 – 2 D (carbon) 3 0.427 134.3 39.5 23.1 13046 12827

CK3x5 – 3 D (carbon) 3 0.427 156.2 45.0 23.4 12381 13043

Tab. 3.8: Compilation of the results from the full-scale four-point bending experiments (mean values).

fm denotes the nominal bending strength, σm,crack corresponds to the nominal stress at the point where

the first crack was observed, Em,g and Em,l are the global and local modulus of elasticity (assuming a

homogeneous cross-section).
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Fig. 3.17: Load–displacement diagrams of the full-scale four-point bending experiments. The normalised

load σm � 2Fl
bh2 corresponds to an equivalent bending stress. The cross x marks a brittle failure of the

reinforcement (small crosses partial or complete reinforcement failures during the experiment), the asterisk


 marks a brittle failure due to shear. The black point  denotes a manual experiment abort due to a

small residual load.
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3.7 Full-scale three-point bending tests

Test series D comprised a total of 12 reinforced and unreinforced glulam beams in a structural

scale, including three beams reinforced with beech laminated veneer lumber. The aim of series

D was to investigate the deformation capacity of reinforced glulam in the scale of real structural

elements. The beams of series D were tested in a three-point bending setup and contained a shear

reinforcement. This section covers only the fibre reinforced specimens. The beams reinforced

with beech laminated veneer lumber did not exhibit a ductile behaviour and are not considered

as relevant for this thesis. With regard to those experiments, the reader is referred to the test

report [19].

3.7.1 Specimens

The specimens had dimensions of 200� 600� 6600 mm and are illustrated in Figure 3.18. The

timber boards were randomly selected and finger jointed to glulam laminations. Threaded rods

of type SFS WB-T Ø20 mm, positioned in a 45� angle formed the shear reinforcement. The

shear reinforcement perforated the tensile reinforcement. A specification of the specimens is

provided in Table 3.9. The reinforcement ratio is provided as gross and net value, whereas the

net value is based on timber and fibre cross-sections which are reduced in width by once or twice

the threaded rod diameter: ρtot,net � pAf,tot,netq{pbnethq.

Label Fibre type nreinf ρtot,gross ρtot,net Shear reinf.

[%] [%]

DG3x7 – 1..2 C (glass) 3 0.604 0.596 single-row

DG3x10 – 1..2 C (glass) 3 0.862 0.838 double-row

DK3x5 – 1..2 D (carbon) 3 0.427 0.422 single-row

DK3x7 – 1..2 D (carbon) 3 0.598 0.581 double-row

Tab. 3.9: Specification of the three-point bending test specimens.

3.7.2 Test setup

The tree-point bending setup was chosen in order to represent the state of stress of a two-span

beam at the middle support as illustrated in Figure 3.19. The span corresponded to 6000 mm.

This span yields a ratio of the bending moment versus the shear force similar to a two-span beam

with a slenderness of λ � l{h � 24. According to the code SIA 265 [130] paragraph 4.2.7.2,

and EN 1995–1 [46] paragraph 6.1.7, the shear resistance need to be verified at a cross-section

in a distance h from the support. By neglecting the shear deformations, the ratio M{V in

the two-span beam subjected to a distributed load equals 3.09 m for a height of 600 mm. The

corresponding ratio of the test setup is M{V � 3.0 m. The test setup is illustrated in figures 3.20

and 3.21. The load was applied in the midpoint of the span with hydraulic actuators. The oil
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pressure was controlled with a hand operated pump. At six positions, denoted in Figure 3.20

with w and subscripts (l,m,r) for left/middle/right and (f,b) for front/back, the deflection of

the specimens was measured with displacement transducers. The force was recorded with load

cells mounted below the support plates. The specimens were loaded in three cycles. A first

cycle was conducted to determine the stiffness of the specimen. After complete unloading, a

second cycle was conducted in which the actuator stroke was increased until the maximum load

was presumably reached. After unloading once more, a third cycle was conducted in which the

actuator stroke was increased monotonically.

3.7.3 Results

A compilation of the results is provided in Table 3.10. A general discussion of the results

is provided in Section 3.8. The bending moment is calculated according to Equation (3.1),

assuming that the point load is uniformly distributed along the length of the load application

plate c (see Fig. 3.22). The span and length of the load application plate are l � 6000 mm and

c � 460 mm, respectively.

M � 1

4
F
�
l � c

2

	
(3.1)

The reinforcement ratio ρtot and the nominal strength fm are calculated with gross as well as

net cross-sectional dimensions 3. The net cross-sectional dimensions exclude the projected areas

covered by the threaded rods.

ρtot,gross � Af,gross

bh
ρtot,net � Af,net

bneth
(3.2)

fm,gross � 6Mmax

bh2
fm,net � 6Mmax

bneth2
(3.3)

The elastic specimen stiffness is based on gross cross-sectional dimensions since the weakening

due to the threaded rods is local. To evaluate the deformation capacity in the softening phase,

characteristic moment–rotation curves are calculated based on the displacement measurements.

It is assumed that a local hinge formed at some position close to the beam midpoint. The

measured displacements of the neutral axis are then separated into an elastic part wi,el and a

residual non-linear part wi,nl as illustrated in Figure 3.22. The elastic part corresponds to the

elastic deformation of the beam according to the Timoshenko beam theory and can be calculated

based on the elastic stiffness measured in the first loading cycle. The difference between the

measured total displacements and the calculated elastic displacements corresponds to the non-

linear part of the displacements. By associating the non-linear displacements with the localised

hinge, the hinge rotation ϕ can be constructed with two straight line segments, connecting the

left or right support with the corresponding left or right non-linear displacement wl,nl, wr,nl. By

3The reinforcement ratio and the nominal strength based on net cross-sectional dimensions are provided because

the model to predict the resistance of reinforced glulam according to Chapter 5 is based likewise on net cross-

sectional dimensions.
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Fig. 3.20: Test setup of the full-scale three-point bending experiments.
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Fig. 3.21: Photos of the full-scale three-point test setup.
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doing this, a characteristic moment–rotation curve of the hinge is obtained, which is hereinafter

denoted as the hinge characteristic. The detailed calculation procedure is provided in the test

report [19]. The procedure is based on the implicit assumption that no shear cracks are present.

When significant shear dislocations evolve, the calculated hinge rotation becomes inaccurate.

The load–displacement diagrams and the hinge characteristics are provided in Figure 3.23. The

line style of the hinge characteristics change from a solid line to a dashed line as soon as a

significant shear dislocation was observed in shear a crack.

6600
1800 1200
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wrwmwl

wl,nl wm,nl wr,nl

wl,el wm,el wr,el

wl,nl wm,nl wr,nl

6600 - xhxh

c
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Fig. 3.22: Separation of the measured displacements into elastic displacements wi,el according to the

linear-elastic beam theory and non-linear deformations wi,nl caused by the local hinge rotation ϕ.

Label Fibre type nreinf ρtot,gross ρtot,net Fmax fm,gross fm,net Em,g Em,g,reload

[%] [%] [kN] [MPa] [MPa] [MPa] [MPa]

DG3x7 – 1 C (glass) 3 0.604 0.596 388.6 46.4 51.6 11612 9419

DG3x7 – 2 C (glass) 3 0.604 0.596 347.7 41.5 46.1 11988 9339

DG3x10 – 1 C (glass) 3 0.862 0.838 374.7 44.0 55.2 11846 9158

DG3x10 – 2 C (glass) 3 0.862 0.838 356.9 41.6 52.2 12253 9925

DK3x5 – 1 D (carbon) 3 0.427 0.422 339.5 40.4 44.9 11913 9531

DK3x5 – 2 D (carbon) 3 0.427 0.422 340.7 40.7 45.2 11752 9013

DK3x7 – 1 D (carbon) 3 0.598 0.581 336.7 39.6 49.6 13001 11111

DK3x7 – 2 D (carbon) 3 0.598 0.581 349.8 41.1 51.5 13315 10650

Tab. 3.10: Compilation of the results from the full-scale three-point bending experiments. fm,gross and

fm,net denote the nominal bending strength associated with gross or net cross-sectional dimensions, Em,g

is the global modulus of elasticity (assuming a homogeneous cross-section), Em,g,reload is the associated

modulus evaluated in the last reloading step.
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Fig. 3.23: Load–displacement and moment–rotation diagrams of the full-scale three-point bending ex-

periments. The asterisk 
 marks the formation of a longitudinal shear crack. The line style in the

moment–rotation diagrams changes from a solid line to a dashed line as soon as a significant shear

dislocations in a shear crack were observed.
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3.8 Discussion

A brief interpretation of the experimental results is provided in this section. The interpretations

focus on the full-scale experiments since these experiments are representative with regard to the

behaviour of real structural elements. However, the findings and interpretations are applicable

accordingly to the small-scale experiments.

3.8.1 Bending failure modes

Fig. 3.24: Exemplary compression fold and tensile crack pattern of specimen DK3x5 – 2 (the photo was

taken at the end of the experiment).

Brittle specimens

The experiments can be divided in two groups. The first group comprises the specimens that

exhibited a brittle failure in the tension chord. This kind of behaviour was observed in the

full-scale specimens of type CG1x5, CG3x3, CG3x5, CK1x3, CK3x2, and CK3x3. A brittle

failure occurs either due to a reinforcement tensile failure, or a severe load drop caused by an

instantaneous, significant growth of the crack pattern in the tension zone without reinforce-

ment failure. In the first case, the reinforcement strength represents the limiting factor. In

the latter case, the reinforcement is not sufficiently stiff to prevent the crack pattern to grow

instantaneously. The stiffness might not only be influenced by the reinforcement elastic modu-

lus but also by the activated bond length for the local stress transfer between the timber and

the reinforcement. Specimens with an insufficient reinforcement stiffness suffer a load drop to

a certain residual load. Specimens with low reinforcement ratios might exhibit both types of

brittle failure modes (strength or stiffness related). Usually, carbon reinforced specimens fail

more often due to a limited reinforcement strength and glass reinforced specimens fail more

often due to a limited stiffness. The two failure modes can be observed best on the specimens
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with an intermediate reinforcement ratio. In the glass reinforced specimens CG3x5, the rein-

forcement stiffness represented the limiting factor since all specimens suffered a distinct load

drop without reinforcement failure. In contrast, the carbon reinforced specimens CK3x3 did not

exhibit any significant load drops premature to the reinforcement failure. Generally speaking,

both the reinforcement stiffness and the strength represent important parameters for the load

bearing capacity of moderately reinforced specimens.

Ductile specimens

The second group comprises the strongly reinforced specimens, whose bending behaviour is

considered as ductile. The reinforcement does not fail and the specimens do not exhibit any

significant load drops. This group comprises some specimens of type CG3x7, the specimens of

type CK3x5, and the specimens of series D. The non-linear behaviour is caused by progressive

crack growth in the tension zone and the formation of compression folds. A single macroscopic

compression fold forms preferably at distinct knot clusters, or in the case of the three-point

bending setup, at the edge of the load application plate due to local biaxial compressive loading

(see Fig. 3.24). Compressive softening causes a rather smooth progress of the load–displacement

diagram. The progressive growth of the crack pattern in the tension zone causes sawtooth

shaped features in the load–displacement diagram. A ductile bending behaviour does not pre-

vent a brittle shear failure. The shear failure represented the limiting factor with regard to

the deformation capacity in all strongly reinforced specimens of series C and D with none or

insufficient shear reinforcement. Hence, a sufficient shear reinforcement is required in order to

take advantage of the ductility in a statically indeterminate structural system.

Fig. 3.25: Left: exposed reinforcement with cracks originating at the perforation of the shear rein-

forcement and running in parallel to the fibre direction; right: exposed reinforcement located in the

compression zone with a kinkband.

The ductility is primarily the result of the rather ductile timber compressive behaviour.

This raises the question whether a reinforcement located in the compression zone may exert

a negative influence on the moment redistribution capacity. Some of the small-scale two-span

experiments of series B were reinforced in the tension as well as the compression zone at the

middle support. In those specimens, no obvious influence of the compression reinforcement was
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observed. According to Section 4.4.2, the compressive strength of the fibre reinforcement is

primarily dependent on the matrix stiffness and strength. Due to the rather soft fibre matrix,

which is formed by the polyurethane adhesive, a rather low reinforcement compressive strength

is expected. Figure 3.25 depicts a subsequently exposed reinforcement, in which a kinkband was

formed at the position of a timber compression fold. It seems that a compression reinforcement

(in the reinforcing system considered herein) does neither exert a significant positive nor negative

influence on the resistance or the overall ductility. However, this issue leaves room for further

research. So far, it is not recommended to include a compression zone reinforcement in statically

indeterminate systems.

3.8.2 Softening behaviour

The softening phase of reinforced glulam is caused by the formation of compression folds and

progressive crack growth in the tension zone. At some point, the deformations in the compression

zone localise in a single macroscopic compression fold. The behaviour of such can be idealised

with a linear stress–displacement relation as discussed in Section 4.2. How to consider the pro-

gressive crack growth is less clear, since crack propagation in glulam is of a very complex nature.

Nonetheless, as can be seen from the hinge characteristics according to figures 3.23(b,d,f,h), the

softening phase is approximately linear until occurrence of significant shear dislocations. This

observation is essential since it allows to compare the experimentally measured softening be-

haviour with the analytical solutions of the softening hinges developed in sections 2.5 and 2.6.

As reported in Section 2.5.6, the moment–rotation behaviour contains a linear softening segment

in the case of symmetric softening. Symmetric softening describes simultaneous softening in the

tension and compression zone with an equal linear softening slope. In this type of softening, the

position of the neutral axis remains constant. In contrast, asymmetric softening, where either

the tension or the compression zone softens, does not lead to linear softening segments in the

moment–rotation diagram and the position of the neutral axis is strongly shifted. A comparison

of the moment–rotation curves of the two types of softening is provided in Figure 2.24. Since the

experimental hinge characteristic can be well approximated with a linear segment, the progres-

sive crack growth in the reinforced tension chord complies approximately with the assumptions

of symmetric softening and thereby with a linear softening behaviour. Furthermore, it was ob-

served that the neutral axis of the experimentally tested specimens did not deviate significantly

from the initial position located slightly below the beam centreline. This qualitative observation

can be made by comparing to which depth the tensile cracks and the compression fold progressed

during the experiment as illustrated in Figure 3.26. It can be concluded that the assumption

of symmetric softening approximates well the softening behaviour of reinforced glulam. The

linear softening segment can be described with Equation (2.271). With a bending resistance of

MR, the hinge characteristic can therefore be approximated with a model hinge characteristic

according to Equation (3.4).

Mpϕq �MR � kδIϕ (3.4)
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Fig. 3.26: Depth of tensile cracks and compression fold of specimen DG3x7 – 2.

The model hinge characteristic and the experimentally measured hinge characteristics are plotted

in Figure 3.27. The model hinge characteristic is based on the parameters kδ � �0.5 N{mm3

and MR according to the mean maximum resistance of the experiments, which corresponds to

a nominal bending strength of σm,gross � 42 MPa.

Analogous to the full-scale experiments, the hinge characteristic can be determined for the

small-scale four-point specimens with the procedure described in Section 3.7.3. This is appro-

priate for the specimens of type ARG1 – 1..3, ARG2 – 1..3, ARK1 – 4..6, and ARK2 – 4..6,

which exhibited considerable non-linear deformations. The experimental hinge characteristics

and the model hinge characteristic are plotted in Figure 3.28. The parameters of the model

hinge characteristic are again kδ � �0.5 N{mm3 and MR � 7 kNm, corresponding to a nominal

bending strength of σm � 42 MPa. The experimental hinge characteristics of the small-scale

experiments are much more irregular compared to the full-scale experiments. This irregularity

can be explained with unbalanced softening in the tension and the compression zone. It is a

consequence of the high tensile strength of the timber in the small-scale experiments, which is

related to the low probability of distinct weak links located in the region of maximum stress.

The crack pattern in the tension zone developed rather late. In an early state, softening occurred

predominantly in the compression zone. This kind of behaviour is rather similar to the case of

asymmetric softening, which results in a high resistance and a non-linear hinge characteristic.

Yet, at some point the crack pattern in the tension zone grew. It can be seen in Figure 3.28

that the experimental hinge characteristics approach for large hinge rotations the model hinge

characteristic, which is based on symmetric softening.

In conclusion, the model hinge characteristic according to the case of symmetric softening

approximates well the behaviour of reinforced glulam in a structural scale. For small-scale

beams, the model hinge characteristic represents an approximation on the safe side.
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Fig. 3.27: Experimental hinge characteristic (grey curves) of the full-scale three-point bending exper-

iments (plotted until occurrence of distinct shear dislocations) and model hinge characteristic (black

curves) according to Equation (3.4). The model hinge characteristic (solid line) is based on the parame-

ters kδ � �0.5 N{mm3 and MR � 504 kNm.
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Fig. 3.28: Experimental hinge characteristic (grey curves) of the small-scale four-point bending experi-

ments (ARG1 – 1..3, ARG2 – 1..3, ARK1 – 4..6, ARK2 – 4..6) and model hinge characteristic (black curve)

according to Equation (3.4). The model hinge characteristic is based on the parameters kδ � �0.5 N{mm3

and MR � 7 kNm.
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Fig. 3.29: Formation of shear cracks at the middle support in the two-span experiments. Top left:

BRK2 – 1; top right: BRK2 – 2; bottom left: BRK2 – 3 (shear-reinforced); bottom right: BRK2 – 4

(shear-reinforced).

3.8.3 Shear resistance and shear reinforcement

If the brittle failure of the tension chord is prevented by a sufficiently strong tension reinforce-

ment, the deformation capacity of reinforced glulam is limited by the shear capacity. Throughout

the test series, shear failures occurred in strongly reinforced specimens at some point in the soft-

ening phase. Typical shear failures are illustrated in Figure 3.30. In most cases, a longitudinal

shear crack formed closely to the interface between the innermost reinforcement layer and the

timber. Usually significant wood fibre or wood substrate remnants remained on the delami-

nated reinforcement layers. According to this observation, the timber shear resistance seems to

constitute the limiting factor. It is therefore not assumed that a significant improvement of the

timber–reinforcement bond quality causes an equivalent increase of the shear resistance. The

maximum bending resistance has been always achieved with and without a shear reinforcement.

However, if the deformation capacity of reinforced glulam is activated to redistribute moments

in statically indeterminate systems, a sufficient shear reinforcement is crucial to prevent the

brittle shear failure.
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Fig. 3.30: Typical shear failures of reinforced glulam without shear reinforcement (test series C). From

top to bottom: specimens CG3x7 – 1, CK1x3 – 2, CK3x5 – 3 (two photos for each specimen).

Shear reinforcement in the small-scale two-span beams

Specimens BRK2 – 1..2 were not equipped with a shear reinforcement, specimens BRK2 – 3..4

were reinforced at both sides of the middle support with four chipboard screws Ø6 mm (see

Fig. 3.7). Specimens BRK2 – 1,3,4 achieved a complete redistribution of the bending moments

by mobilising the maximum bending resistance simultaneously at the middle support and in the

span. Specimen BRK2 – 2 suffered a shear failure before the bending moment in the span reached

its maximum. The shear crack originated at the tensile crack pattern above the middle support

and progressed to the span, causing a separation of the upper reinforcement from the timber
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core. This kind of shear failure was actually observed in all tension-only reinforced specimens of

test series B, with exception of specimen BRK2 – 1 (all specimens of test series B are described in

detail in the test report [19]). Nonetheless, a complete redistribution of the bending moments was

occasionally achieved in the specimens without a shear reinforcement. In the shear-reinforced

specimens BRK2 – 3..4, shear cracks were initiated as well. However, the cracks propagated only

for a very short distance. The equipped shear reinforcement was sufficient to prevent further

crack propagation. The crack patterns of specimens BRK2 – 1..4 are illustrated in Figure 3.29.

To summarise, a comparably moderate shear reinforcement was sufficient in the small-scale two-

span bending experiments in order to prevent a significant propagation of longitudinal shear

cracks.

Shear reinforcement in the full-scale beams

Motivated by the fact that a moderate shear reinforcement was sufficient in the small-scale two-

span bending experiments to arrest shear cracks, a moderate shear reinforcement was applied in

the full-scale three-point bending experiments. However, the propagation of shear cracks could

not be prevented in the full-scale experiments. Yet, formation of the shear crack did not cause

immediately a severe load drop or a significant shear dislocation in the specimens DG3x10 – 1,

DK3x5 – 2, DK3x7 – 1, and DK3x7 – 2. After formation of the shear crack, two phases could

be distinguished: A first phase, in which shear dislocations were not significant or even fully

prevented by the shear reinforcement. In this phase, no relevant impact of the shear crack was

observed in the load–displacement diagram. In a second phase, whose starting point coincided

with a further rise of the tensile crack pattern in the hinge region, the shear dislocation in the

crack started to increase significantly. From there on, the drift in the shear crack governed the

further course of the load–displacement path. The threaded rods were pulled slowly through the

specimens. Hence, the second phase can be associated with the pull-out failure of the threaded

rods. Since the pull-out failure corresponds to a rather ductile failure mode, a brittle collapse

did not occur in the displacement controlled experiments. Apart from the tensile action, a dowel

action of the threaded rods was observed for large shear dislocations. In specimens DG3x7 – 1,

DG3x7 – 2, DG3x10 – 2, and DK3x5 – 1 significant shear dislocations occurred simultaneously

with the formation of the shear crack. Except for specimen DG3x10 – 2, these specimens were

all equipped only with five threaded rods on each side of the beam. To summarise, the shear

reinforcement in test series D was at least slightly underdesigned in the case of the double-row

arrangement (10 threaded rods each side), and distinctively underdesigned in the case of the

single-row arrangement (5 threaded rods each side).

Perforation of the tensile reinforcement

In series B and D, the shear reinforcement perforated the tensile reinforcement. In specimen

DK3x5 – 1, the lowermost reinforcement layer was exposed after the experiment. A photo is

provided in Figure 3.25. Shear cracks formed in the reinforcement at the edges of the perforation

and progressed parallel to the fibre direction. The fibres located in the projected area of the
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threaded rods were released from the stresses. However, the cracks did not spread laterally. No

rupture of fibres running alongside of the threaded rods was observed.
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Chapter 4

Material behaviour

Basic aspects of the material behaviour of timber and fibre reinforcement materials are discussed

in this chapter. The aim is not to provide a complete coverage of all material characteristics. It

is focused on features that are relevant for the behaviour and the modelling of reinforced glulam

fabricated according to Section 3.2. Each subsequent section includes a short discussion with

regard to the mechanical parameters that are employed in Chapter 5 to model the behaviour of

reinforced glulam. The parameters are primarily related to glulam of the strength grade GL24h.

4.1 Timber tensile behaviour parallel to the grain

The tensile behaviour of timber is usually modelled with a linear-elastic and ideally brittle

constitutive law. If the stress reaches the tensile strength, the timber separates instantaneously.

This model is sufficient for most problems in timber engineering. However, the behaviour after

initiation of tensile failure cannot be generally considered as irrelevant. An exemplary case where

the post-failure tensile behaviour is of high relevance is discussed in Section 2.3. A bar that

represents a timber lamination is strengthened with a bonded reinforcement layer and subjected

to tensile loading. In case of an ideally brittle behaviour, the interaction with the reinforcement

is trivial. In the pre-failure state, the load is distributed between the timber lamination and

the reinforcement according to the linear-elastic lamination theory. In the post-failure state,

the load is completely taken by the reinforcement. On the grounds of such a simple type of

interaction, the resistance of reinforced glulam obtained in experiments cannot be coherently

explained as discussed in Section 5.1.2. It is necessary to consider the post-failure behaviour

of timber. In the post-failure state, a crack is initiated but the timber lamination is not yet

completely separated.

4.1.1 Mechanism of tensile failure

It is an experimental fact that a fracture process dissipates a certain amount of energy. In the

field of fracture mechanics, this issue is recognised for example with Griffith’s crack stability con-

dition [74, 75] according to which crack propagation is governed by the balance of the released

energy versus the dissipated energy (see Sect. 2.1.5). The tensile failure of a timber lamination

is associated with grain rupture, and thus a crack propagating across the grain. In terms of
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fracture mechanics, this corresponds to a Mode I crack propagation with a 1LR or LT crack ori-

entation. Evaluating the corresponding fracture properties for timber is problematic. Achieving

a stable crack propagation in an experiment is challenging. Moreover, the anisotropic material

structure and the weak fracture properties with regard to shear and tension perpendicular to

the grain renders it difficult to provoke this type of crack orientation. Franke [62] developed

an eccentric test configuration for clear wood specimens, for which he reported a stable crack

propagation in the LR and LT crack orientation. He reported a mean Mode I fracture energy

of 30.9 N{mm for the LT and 46.1 N{mm for the LR crack orientation. The corresponding CVs

were determined to 0.13 and 0.62 respectively. However, the results of clear wood specimens

cannot be directly adopted for timber containing natural flaws. A tensile failure of structural

timber is usually initiated in the close vicinity of knots, knot clusters, finger joints, or other

flaws with deviated grain structure. In the scale of the grain structure, a tensile failure of a

weak link involves many different cracking modes along as well as across the grain. Hence, crack

propagation in a weak link is of a very complex nature and depends on the specific morphology

of the weak link. On these grounds, the tensile fracture energy of structural timber associated

with a tensile failure in grain direction should not be considered as an intrinsic material pa-

rameter. It rather corresponds to a representative material parameter taking into account the

complex micro-mechanical processes of the weak link tensile failure. For the structural analysis,

the simplification of the complex fracture processes with the concept of a fracture energy is a

valuable approach. Hereinafter, the corresponding Mode I fracture energy with a LR or LT

crack orientation for structural timber is termed the tensile fracture energy and denoted with

Gf,t.

Fracture problems are subjected to size effects. The size dependency can be used for the

determination of the fracture properties from experiments (Bažant & Planas [16]). By following

such an approach, an adequate tensile fracture energy for glulam can be obtained. The subse-

quent paragraphs concerning the fracture related size effect and the determination of the tensile

fracture energy summarise the study of Blank et al. [18].

4.1.2 Fracture related size effect

Figure 4.1 illustrates size effects associated with fracture. The vertical axis corresponds to

the nominal strength of the structure σN, the horizontal axis corresponds to the structure size

d. According to linear-elastic fracture mechanics (LEFM) the nominal strength of a structure

containing a sharp crack can be written in the form σN � c 1?
d
, where c is a constant and d

corresponds to a size measure of the specimen. A derivation of this relation is provided for

example by Leicester [98], Aicher & Reinhardt [1], or Blank et al. [18]. Herein, it is assumed

that the structure is scaled uniformly in all dimensions. It is therefore irrelevant which specific

measure (length, height, ...) is associated with d. The size effect according to LEFM is illustrated

in Figure 4.1 with the dashed line in the double-logarithmic scale.

1L (longitudinal), R (radial), T (tangential). First letter: crack plane; second letter: crack direction.
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For infinitely small structures, LEFM predicts an infinite strength, which is obviously a theo-

retical result. In fact, the nominal strength of small notched structures is strongly influenced by

the size of the fracture process zone, which is a zone ahead of the crack-tip in which the material

exhibits a softening behaviour. In LEFM it is assumed that the fracture process zone is negligi-

bly small compared to the structure size. This assumption looses its legitimacy for sufficiently

small structures since the size of the fracture process zone is a rather constant parameter and

dependent on the micro-structure of the material (Aicher & Reinhardt [1], Bažant & Chen [14],

Smith et al. [132]). An improved determination of the nominal strength can be made by means

of non-linear fracture mechanics (NLFM), where the fracture process zone is explicitly modelled

with an adequate non-linear constitutive law. With this approach, the nominal strength for

small notched structures is bounded from above by the normalised perfectly plastic resistance,

which is denoted in Figure 4.1 with σN,pl. The size effect according to NLFM approaches the

perfectly plastic resistance in the small-scale limit and the LEFM size effect law in the large-scale

limit. This behaviour resulting from a non-negligible size of the fracture process zone is denoted

as quasi-brittle (Bažant & Planas [16]).

On the large-scale end, LEFM predicts a nominal strength that approaches zero. This

represents a case where the pre-existing sharp crack is scaled equally to the size of the struc-

ture. However, this does not represent a realistic situation for large structures. According

to Anderson [6], fracture can be considered as a nucleation and growth process. The LEFM

approach covers the growth process exclusively and requires initially the existence of a sharp

crack. However, such a crack needs to nucleate in the first place. Crack nucleation on a smooth

surface is usually associated with a certain stress, corresponding to the tensile strength of the

material (Bažant & Planas [16], Hillerborg et al. [79]). Alternatively, local material inhomo-

geneities or other anomalies that lead to stress concentrations can be considered as equivalents

of a pre-existing crack (Serrano et al. [129]). Such features are related to the inherent material

morphology. Therefore they have to be excluded from scaling. But then, the size effect accord-

ing to LEFM does not apply since the geometry is not scaled perfectly uniformly. It can be

concluded that the nominal strength in the large-scale limit is bounded from below, either by a

certain crack formation stress or a condition for crack propagation from a local stress concen-

tration. The corresponding lower bound can be viewed as the tensile strength of the material.

In conclusion, the nominal strength of unnotched structures approaches in the small-scale limit

the normalised perfectly plastic resistance and in the large-scale limit the normalised ideally

brittle resistance (Gustafsson [76]). The size effects for notched and unnotched structures are

illustrated in Figure 4.1 with the solid lines.

Quasi-brittleness describes a material behaviour which is size dependent. Quasi-brittle struc-

tures approach a ductile behaviour if they are very small and an ideally brittle behaviour if they

are very large. In the case of very small structures, the fracture process zone extends over a

considerable part of the structure. In the case of very large structures, the fracture process zone

is negligibly small. Quasi-brittle behaviour is associated with materials whose micro-structure is

characterised by a distinct inhomogeneity. A considerable part of the studies on quasi-brittle be-

haviour focuses on the fracture behaviour of plain concrete. However, the fundamental findings
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Fig. 4.1: Dependency of the nominal strength on the specimen size d (length, height,...) in a double-

logarithmic scale (figure replicated from Blank et al. [18]).

are principally independent of the material. A comprehensive review on quasi-brittle behaviour

is provided by Bažant & Chen [14]. An important outcome of the past research is Bažant’s

size effect law for quasi-brittle behaviour [11, 12], which describes the course of the solid lines

illustrated in Figure 4.1. Bažant’s size effect law has been applied to the fracture behaviour of

wood by several researchers [1, 2, 3, 37, 111].

4.1.3 Determination of the fracture energy from the size effect

Blank et al. [18] determined the tensile fracture energy of spruce glulam indirectly on the grounds

of the resulting size effect. They used the results of experimentally tested glulam beams made

of Norway spruce (Picea abies) with well-known timber board setup, timber board properties,

position of finger joints, and distribution of knot clusters. The test specimens are listed in

Table 4.1. To obtain these properties, each timber board was analysed in advance in high detail

and strength and stiffness related indicators were recorded. Throughout the glulam production

process, track was kept of the position and orientation of each timber board in the glulam

beams. The beams ranged from 100 to 1000 mm in height and had a span to depth ratio of

approximately 18. A part of the beam experiments are published by Fink and Fink et al. [58,

54]. In addition, the unreinforced small-scale beams of Section 3 were part of the study.

With the approach developed by Fink [53], each beam can be virtually reconstructed with

consideration of the specific spacial distributions of the tensile strength and the stiffness. Tim-

ber is considered as a material which is composed of clear wood sections and weak sections,

where the latter contain knots or knot clusters. Weak sections and clear wood sections are gen-

erally denoted as timber board sections. Based on the non-destructively measured indicators,

the tensile strength and stiffness of each timber board section and finger joint can be estimated

with a regression model [56, 57]. The procedure is illustrated in Figure 4.2(a). By conduct-
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Strength Height Width Span Board thick- Ratio Ratio No. of meanpfm,testq
class h [mm] b [mm] l [mm] ness t [mm] l{h t{h specimens [MPa]

GL24 h 100 100 1800 10 18.0 10 15 49.5

GL24 h 320 115 5680 40 17.8 8 12 33.4

GL36 h 320 115 5680 40 17.8 8 12 47.6

GL24 h 600 158 10960 40 18.3 15 4 32.6

GL36 h 600 158 10960 40 18.3 15 4 38.7

GL24 h 1000 178 18160 40 18.2 25 2 28.3

GL36 h 1000 178 18160 40 18.2 25 2 41.9

Tab. 4.1: Four-point bending experiments with Norway spruce glulam considered by Blank et al. [18].

ft

x

weak sections clear wood sections

Distribution of knot clusters and finger joints

Distribution elastic modulus

Distribution the tensile strength

(a) (b)

true strength 
distribution

estimated strength 
distribution

Fig. 4.2: (a) Timber board divided into weak sections and timber board sections, true and estimated

strength distribution; (b) exemplary distribution of knot clusters, finger joints, elastic modulus, and

tensile strength of a reconstructed glulam beam (Figure replicated from Blank et al. [18]).

ing an estimation of each timber board section in a glulam beam, the strength and stiffness

distribution of a specific beam can be reconstructed in a high degree of detail. An example of

reconstructed strength and stiffness distributions is illustrated in Figure 4.2(b). Based on this

approach, Fink et al. [55] were able to simulate the experimentally tested load bearing capacity

of glulam beams with a good accuracy. For a detailed description, the reader is referred to the

corresponding literature [18, 53]. This modelling approach has the valuable advantage that the

positions and characteristics of the weak links are not random but explicitly included in the

simulations. By applying this approach to beams of different sizes, the size effect associated

with Weibull’s weakest link theory [144] is automatically considered in the simulations.

Blank et al. reconstructed the beams listed in Table 4.1 and simulated the bending strength

with a Matlab based finite element program. For the material tensile behaviour, they applied

an ideally brittle constitutive law (Model A) or a linear softening constitutive law (Model B).

Afterwards, they compared the results. Shear failure, compression failure, or a failure perpen-
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Fig. 4.3: Comparison of the tested versus the simulated bending strength fm. (a) With an ideally

brittle constitutive law; (b) with a linear softening constitutive law based on a tensile fracture energy of

Gf,t � 10 N{mm. Each cross x corresponds to the result of a specific beam. The mean over all beams of

a certain size is marked with the circle � (figure replicated from Blank et al. [18]).

dicular to the grain was not considered in the simulations. This simplification is adequate since

the governing failure mode of unreinforced glulam beams subjected to bending corresponds to

the tensile failure. The softening behaviour of Model B introduces the quasi-brittle size effect

discussed in Section 4.1.2. It requires an additional input parameter which corresponds to the

tensile fracture energy. Figure 4.3 illustrates the quality of the predictions based on Model A or

B, whereas a constant tensile fracture energy of Gf,t � 10 N{mm was used in Model B. Model A

underestimated the resistance of the tested beams with a rather small size. The smaller the

size, the more pronounced was the underestimation. In Figure 4.3(a), a size effect can be ob-

served which is not captured with the ideally brittle material behaviour. The size effect cannot

be attributed to the Weibull type size effect since the simulations implicitly included this size

effect. In contrast, Model B, which accounts for the quasi-brittle size effect, led to reasonable

results for all considered beam sizes. Moreover, with Model A the accuracy of the predictions of

the smallest beams was subjected to a high scatter. With Model B, the scatter was similar for

each beam size, except for the largest size which is due to the small number of specimens. The

absolute values of the experimentally tested and simulated strength values (based on Model B)

are provided in Figure 4.4. Blank et al. summarised that glulam should be considered as quasi-

brittle. In addition, a constant tensile fracture energy of Gf,t � 10 N{mm was proposed as an

appropriate tensile fracture energy for softwood glulam made of Norway spruce. This value

is significantly smaller than the value proposed for clear wood by Franke [62]. Certainly, one

reason is that the failure in glulam is associated with weak sections and not with clear wood.

Furthermore, the method of determining the tensile fracture energy is very different in the two

studies. Since the tensile fracture energy is rather a representative parameter for certain micro-
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Fig. 4.4: Experimentally tested versus simulated bending strength with Model B (figure replicated from

Blank et al. [18]).

mechanical processes than an intrinsic material parameter, it likely depends on the prevailing

test constraints. For example, a knot cluster which is embedded in a glulam beam is constrained

differently compared to the same knot cluster in a direct tensile test. In the glulam beam, the

knot cluster is more constrained since it is glued on one or both faces to other timber boards.

This might influence the fracture process on the scale of the material structure.

4.1.4 Simple model for the tensile behaviour

In a structural design, the scale of the problem and the available information hardly allow to

take into account the specific morphology of each weak link in a timber structure. Instead,

a simplified approach is considered according to which the tensile fracture energy Gf,t serves

as a representative material parameter. The tensile fracture energy takes into account the

complex micro-mechanical processes involved in the tensile failure of timber that contains natural

flaws. Based on the tensile fracture energy, a linear softening stress–separation law is defined

as illustrated in Figure 4.5. Even though the linear softening path might not represent the

true course of softening in a perfect way, the use of a realistic fracture energy ensures that

the dissipated energy in the process of failure is consistent. Furthermore, the linear softening

path has the valuable advantage that the analytical consideration of the softening behaviour is

facilitated.

4.1.5 Parameters for modelling reinforced glulam

In Chapter 5, the tensile strength ft, the elastic modulus Et, and the tensile fracture energy Gf,t

of timber are required to calculate the bending resistance of reinforced glulam. The parameters
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Fig. 4.5: (a) Stress–strain law with a softening slope that depends on the tensile fracture energy; (b)

stress–separation law.

selected to model the conducted experiments of Chapter 3 are briefly discussed in the subsequent

paragraphs.

Tensile strength in grain direction

In timber engineering it is distinguished between the tensile and the bending strength of a timber

member. However, both strength parameters are primarily related with the resistance to tensile

stresses. The tensile strength is used if the corresponding member is loaded in uniform tension,

the bending strength is used if the member is loaded in pure bending. The difference between

the two parameters is related with the probability of significant weak links located in the highly

stressed region. In the case of pure bending action, this region covers only a small part of the

cross-section. Accordingly, the bending strength is higher. The bending strength represents the

nominal strength of the member edge fibre. It implicitly includes the so-called lamination effect

(Falk & Colling [51]). Based on this reasoning, the model tensile strength ft is set equal to the

bending strength of the glulam grade if the loading is dominated by bending.

Characteristic level:

The timber boards used in the experiments of Chapter 3 are graded to strength grade T14.5,

which yields glulam of strength grade GL24h with a bending strength of fm,k � 24 MPa. Ac-

cordingly, a model tensile strength ft � 24 MPa is used to predict the resistance of the conducted

experiments on a characteristic level.

Mean level:

The mean tensile strength for a specific timber grade cannot be directly read from codes. In

the JCSS probabilistic model code for timber [83] a lognormal distribution with a CV of 0.15

is proposed to model the bending strength of glulam. This results in a mean bending strength

of fm,mean � 31 MPa for the glulam strength grade GL24h. Accordingly, a mean model tensile
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strength of ft � 31 MPa is used to predict the resistance of the conducted experiments on a

mean level.

Size effects:

Two size coefficients for the timber strength parameters are considered. Thin laminations exert

a positive influence with regard to bending strength due to an improved homogenisation of the

glulam beam. According to EN 14080 [44], the characteristic bending strength of glulam can be

increased for a lamination thickness smaller than 40 mm with the size coefficient kt according

to Equation (4.1).

kt � 1.0 ¤
�

40

t


0.1

¤ 1.05 (4.1)

The second size coefficient addresses the beam height. Eurocode 5 [46] proposes the size coeffi-

cient kh according to Equation (4.2).

kh � 1.0 ¤
�

600

t


0.1

¤ 1.1 (4.2)

The lower and upper bounds of both size coefficients were implemented to simplify the practical

application and to limit the size influence in practical applications. According to these bounds,

the maximum strength is achieved for a lamination thickness of 25 mm and beam height of

230 mm. However, experimental results do not indicate these bound (see e.g. Lam [95]). Hence,

in this thesis the model tensile strength is corrected with the factors kt � kh, but the normative

bounds of kt and kh are neglected.

Elastic modulus

The mean value of the elastic modulus is selected as proposed in SIA 265 [130]. For glulam

with strength grade GL24h, the corresponding glulam elastic modulus is Em,mean � 11000 MPa.

This value is in line with the experiments described in Section 3. The JCSS probabilistic model

code [83] proposes a CV of 0.13. However, this value seems too large as already reported by

Fink [53]. The experiments conducted by Fink [58] indicate a CV of approximately 0.04–0.05,

Schickhofer [127] reported a CV of 0.04–0.06, Falk et al. [52] reported a CV of 0.06–0.075. For

the probabilistic study in Section 5.5, an average CV of 0.05 was selected for the elastic modulus.

Tensile fracture energy

According to Section 4.1.3, a tensile fracture energy of Gf,t � 10 N{mm is applied. With the

model according to Figure 4.5 and a tensile strength of ft � 24 MPa, the separation at zero

stress transfer corresponds to 0.83 mm. This seems to be a very small value. However, as will

be shown in Chapter 5, even a small tensile fracture energy might have a distinct effect on the

bending resistance of reinforced glulam. The method used to determine the tensile fracture

energy does not provide information with regard to its variability. A rather conservative CV of

0.5 is assumed, which is in the order of magnitude reported by Franke [62] for clear wood. Due
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to the uncertainty with regard to the variability, the probabilistic study in Section 5.5 considers

a CV of 0.5 and 1.0 to illustrate its influence.

4.2 Timber compressive behaviour parallel to the grain

4.2.1 Mechanism of compressive failure

It is generally recognised that the timber compressive failure in grain direction corresponds a

rather ductile failure mode. It is often described as local compressive kinking. In a strongly sim-

plified way, wood can be considered as an aggregation of hollow core fibres. In softwood, a fibre

represents a tracheid with a length to diameter ratio of approximately 100:1 (Dinwoodie [40]).

The dry wood substance, which is composed to 97–99% of cellulose, hemicellulose and lignin,

has an approximate density of 1500 kg{m3 (Smith et al. [132]). Softwood timber has a density of

less than one third of that value. Roughly two thirds of the timber volume is therefore covered

by voids. The fibrous wood structure and the voids allow the fibres to buckle laterally when

subjected to high compressive stresses. Since each fibre is embedded in the collective, the fibres

do not buckle independently. Fine longitudinal fissures forming a lamella structure and deprive

the lateral stability of the fibres (Bariska and Kučera [9]). With continuous loading, the buck-

ling region spreads and forms a local kinkband. On a macroscopic scale, compressive kinking

causes local softening of the material. Kučera and Bariska [94] investigated the compressive

failure modes of the wood structure with a scanning electron microscope and identified several

microscopic buckling and cracking modes of the cell walls.

σ
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δ
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kinking
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Steady-state 
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small 
hole

Fig. 4.6: Compressive stress–displacement behaviour of spruce in the fibre direction. From left to right:

linear-elastic range; incipient kinking under increasing load; transient kinking under decreasing load;

steady-state kinking under constant load (figure replicated from Poulsen [117]).
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Poulsen et al. [117] studied the process of compressive kinking. They conducted experiments

with small spruce (Picea abies) clear wood specimens subjected to uniform compression. The

specimens were clamped between two lateral plates that allowed in-plane deformations only.

Through a glass window in the lateral plates, the kinking mechanism was video recorded. A

small hole in transversal direction triggered the kinkband formation behind the glass window.

The authors identified for wood three stages of fibre kinking according to Figure 4.6: incipient

kinking, transient kinking and steady state kinking. These stages had already been used by

Moran et al. [110] to describe the compressive behaviour of carbon fibre composites. Incipient

kinking is initiated at strongly misaligned fibres. The initially linear load–displacement curve

becomes non-linear. The load continues to increase until the peak load is obtained which marks

the end of incipient kinking. Incipient kinking is followed by transient kinking, in which the

localised kinking regions spread and coalesce to a kinkband. Beside a concertina-like axial fibre

compression, the fibres in the kinkband incline. This leads to a macroscopic lateral dislocation.

The peak load decreases with increasing fibre rotation until volumetric lock-up hinders further

rotation. Volumetric lock-up occurs after the fibres are axially compressed to approximately

50% of their original length and inclined with an angle of approximately 60� to the grain direc-

tion. This corresponds to the end of transient kinking. In the phase of steady state kinking,

further deformation occurs due to broadening of the kinkband in the surrounding material at

an almost constant stress. The kinkband increases its width through bending and compressing

of undistorted fibres on the edges of the kinkband. Due to the constant fibre inclination, the

lateral macroscopic dislocation increases accordingly. Paulson et al. reported a stress level at

steady state kinking of approximately 80% of the peak stress for spruce. They observed that

the peak load depends significantly on the initial fibre misalignment, whereas the steady state

kinking stress is almost constant. The authors remarked that the steady state stress appears

to be a lower bound of the peak stress and should be regarded as an important parameter in

structural design.

Due to the complexity of the compressive failure mechanism, the term compression fold

is used further on to denote a localised macroscopic compressive failure in a structural scale.

The compression fold encompasses the kinkband formation and other accompanying failure

mechanisms such as local fissures and splitting.

4.2.2 Behaviour at large deformations

In strongly reinforced timber beams, a ductile bending behaviour can be achieved by taking

advantage of the ductile compressive behaviour of timber. However, the compressive failure

leads to a localisation of deformations due to the softening behaviour. The localisation manifests

in a dominant compression fold. The compressive behaviour subjected to large deformations is

of major interest since a large amount of energy needs to be dissipated within the dominant

compression fold. So far, many studies on the compressive behaviour focused on the peak stress

and the shape of the stress–strain curve in the small strain range. A comprehensive study in
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Fig. 4.7: Stress–strain (engineering strain) curves from uniform compression tests at a low strain rate: (a)

experiments of small spruce cylinders with dimensions Ø20� 25 mm conducted by Wouts et al. [146]; (b)

experiments of spruce cubes with the dimensions 100�100�100 mm conducted by Neumann et al. [113].

this range2 was conducted by Glos [72]. He conducted 960 experiments with 180 mm long

segments cut from spruce timber boards with different cross-sections3. Glos proposed a stress–

strain relationship with a non-linear hardening phase up to the peak stress and a softening phase

in which the stress approaches asymptotically a residual strength. Glos [73] approximated the

residual strength with 85% of the peak stress. This value is comparable with the steady state

stress level according to Poulsen et al. [117].

Wouts et al. [146] investigated the crushing behaviour of spruce and beech. They conducted

compressive tests of laterally unconstrained small clear wood specimens at different strain rates

subjected to large displacements. They observed two major failure modes which they denoted

as kinking mode and shearing mode. The kinking mode corresponds to the previously described

mechanism studied by Poulsen et al. The authors remarked that in the experiments from

Poulsen et al., failure modes other than the kinking mode were prevented by the particular test

conditions. For the beech experiments of Wouts et al. conducted at low strain rates, the kinking

mode was reported to be the governing failure mode. The spruce experiments conducted at

low strain rates exhibited both the kinking and shearing mode (see Fig. 4.7(a)). The shearing

mode is characterised by local deformations and a subsequent misalignment of the specimen,

eventually causing longitudinal splitting. The shearing mode does not exhibit the characteristic

peak and steady state stress levels. It rather causes gradual softening after the peak stress.

The stress–strain curves of all spruce specimens softened with segments of a variable slope to

approximately 10 to 50% of the peak stress.

2Glos [72] plotted the stress–strain relation up to a maximum compressive strain of ε � 0.008.
3Regular timber board cross-sections for producing glulam were considered. 80% of the boards had a thickness

between 28 and 32 mm and 70% of the boards had a width between 130 and 170 mm.
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Fig. 4.8: Stress–strain (engineering strain) curves from uniform compression tests with small spruce

cubes of dimensions 40 � 40 � 40 mm conducted by Franke [62]: (a) specimens with the grain direction

oriented in load direction; (b) specimens with the grain direction oriented at 22.5� to the load direction.

Neumann et al. [113] investigated the crushing behaviour of medium sized spruce (Picea

Abies) cubes. The cubes of strength grade C24 had dimensions of 100 � 100 � 100 mm. The

specimens were subjected to uniform compression at different strain rates and large displace-

ments. A comparison was made between laterally unconstrained cubes and cubes that were

encapsuled laterally with a 1 mm steel sheet. The average stress–strain curve of 10 uncon-

strained cubes tested at a low strain rate featured an almost linear softening branch down to

approximately 40% of the peak stress as illustrated in Figure 4.7(b). From there on, the soft-

ening proceeded with smaller inclination until a residual strength of approximately 25% of the

peak stress was reached at a strain of approximately 0.6. The corresponding average curve of

the encapsuled specimens featured a softening branch to approximately 50% of the peak stress.

The authors concluded that a generally valid softening curve cannot be defined for timber in the

post-peak range and that the behaviour is significantly dependent on the lateral constraints.

Franke [62] conducted quasi-static uniform compression experiments with small-scale spruce

cubes subjected to large deformations. The cubes had dimensions of 40� 40� 40 mm. Different

grain to load angles were considered. The stress–strain curves of the experiments with a grain to

load angle of 0� and 22.5� are illustrated in Figure 4.8. The specimens loaded in grain direction

exhibited the typical peak stress and a rather sharp drop to a stress level, from which the

softening proceeded with smaller inclination. Most specimens with a grain direction oriented at

22.5� to the load direction softened almost linearly to a strongly scattering residual strength.

Franke reported a shearing type of failure.

Recently, quasi-static uniform compression tests with spruce (Picea abies), beech (Fagus

sylvatica), and ash (Fraxinus excelsior) according to EN 408 [48] were conducted at ETH
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Zurich4. The experiments were conducted with a servo-hydraulic universal testing machine

(Schenk 480 kN type PC480C). The specimens had a cross-section of 48� 48 mm and lengths of

50, 100 and 300 mm. The load was applied with fixed steel plates (no rotational degree of free-

dom). The strains were deduced from the displacement between the steel plates divided by the

specimen length. The stress corresponded to the measured force divided by the cross-sectional

area of the specimen. Loading was stopped as soon as the stress dropped below approximately

50% of the peak stress. The resulting stress–strain curves are illustrated in Figure 4.9.

Based on the referred studies, it seems reasonable to approximate the compressive softening

behaviour of spruce with a linear softening branch. A reliable residual strength level cannot be

identified in die diagrams from the different experimental studies.

4.2.3 Simple model for the compressive behaviour

Figure 4.9 illustrates that the shape of the softening branch in the stress–strain diagram depends

on the specimen length. This is a direct consequence of the localisation phenomenon. According

to Woods paradox [145] (see Sect. 2.2.2), softening behaviour cannot be defined coherently with

a stress–strain relation only. This would cause unrestricted failure localisation and zero energy

dissipation. A stress–strain relation can be used if the slope of the softening branch is adapted

to the specimen length. A simplified model is illustrated in Figure 4.10. The softening branch

of the stress–strain law depends on the stress–displacement (or rather stress–penetration) law of

the compression fold. The softening slope ratio m in the stress–strain diagram is not a material

parameter. This is analogous to the behaviour of the softening bar subjected to tension which

has been thoroughly discussed in Section 2.2. In figures 4.9(a,b,c), a smeared stress–strain

relation is plotted for each specimen size with the dashed line. This stress–strain relation is

based on a stress–displacement law for the compression fold according to Figure 4.10(b) and a

linear-elastic behaviour for the material outside the compression fold. The parameters are the

same for each specimen size. The resulting inclination of the softening branch agrees well with

the experiments for each specimen length. Hence, the size dependency of the experimentally

measured stress–strain curves can be well explained with the local stress–displacement behaviour

of the compression fold. The model of Figure 4.10 is conservative since volumetric lock-up

prevents complete compression softening to a strength of zero.

4.2.4 Parameters for modelling reinforced glulam

In Chapter 5, a compressive behaviour according to Figure 4.10 is assumed. The experimental

results illustrated in Figure 4.9(a,b,c) indicate that the softening slope is not significantly depen-

dent on the compressive strength. Accordingly, a constant softening slope kδ is considered. In

addition to the elastic modulus, which has already been discussed in Section 4.1.5, the compres-

sive strength fc and the softening slope kδ are required to describe the compressive behaviour of

4The author expresses his thanks to Jelena Ogrizovic who conducted the experiments and gave permission for

plotting the experimental data.
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Fig. 4.9: Stress–strain diagrams from uniform compression tests conducted at ETH Zurich (by J. Ogri-

zovic): (a,b,c) spruce specimens, (d,e,f) ash specimens, (g,h,i) beech specimens with specimen lengths of

50 to 300 mm. The strain corresponds to the end-plate displacement divided by the specimen length.

For comparison, the dashed line in the diagrams of the spruce specimens depicts a smeared stress–strain

relation. This relation is based on a stress–displacement law for the local compression fold according to

Fig. 4.10(b) and a linear-elastic behaviour of the material outside the compression fold. The parameters

(strength fc, the elastic modulus Et, and the softening slope kδ) are the same for each specimen size.

timber. The parameters selected to model the conducted experiments of Chapter 3 are briefly

discussed in the subsequent paragraphs.
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Fig. 4.10: (a) Stress–strain law with softening slope that depends on the compression fold behaviour;

(b) stress–displacement (or rather stress–penetration) law of the compression fold.

Compressive strength in grain direction

The model compressive strength fc is set equal to the bending strength of the glulam grade if

the loading is dominated by bending. This is in line with the code provision in EN 14080 [44,

see Table 6] according to which the characteristic compressive strength of glulam is set equal to

the characteristic bending strength.

Characteristic level:

The timber boards used in the experiments of Chapter 3 are graded to the strength grade

T14.5, which yields glulam of strength grade GL24h with a bending strength of fm,k � 24 MPa.

Accordingly, a model compressive strength of fc � 24 MPa is used to predict the resistance of

the conducted experiments on a characteristic level.

Mean level:

Mean strength values are not covered by the current European or Swiss codes. The JCSS

model code [83] proposes a lognormal distribution to represent the variability of the compressive

strength of glulam but without providing information with regard to the CV. Only a few studies

exist that comprise broad statistical data on the compressive strength of spruce timber in a

structural scale.

Frese et al. [63, 64] conducted fifty experiments with short struts of spruce glulam of strength

grade GL24h. The specimens with a length of 480 mm and a cross-section of 80 � 200 mm

were subjected to uniform compression loading. They reported a mean compressive strength

of 42.1 MPa. However, the ultimate strength resulting from the uniform compression tests

is not necessarily representative for the model parameter fc, which describes the compressive

stress acting at the onset of softening at some governing weak link in the timber. In a uniform

compression test of glulam, a single weak link has a rather small influence on the total resistance.
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If a weak link begins to soften, all laminations can be activated to distribute the locally released

stress due to the uniform strain profile. On the contrary, the strain gradient in the cross-section

of a beam allows only a few neighbouring laminations to be activated efficiently. The onset

of compression softening is therefore rather related with the compressive strength of a single

lamination than the uniform compressive strength of a glulam member.

Steiger [134, 135] tested solid timber struts made of Swiss grown Norway spruce with lengths

of 1000 to 1500 mm and cross-sections of 60 � 120 mm to 140 � 240 mm. Premature buckling

of the struts was prevented with lateral constraints. For different strength grades C22 to C40

according to EN 338 [47] they reported compressive strength values (median–values) of 25.9

to 32.1 MPa. A lower compressive strength for solid wood compared to glulam is reasonable

since there is no lamination effect in solid timber. Furthermore, the study included compression

tests on small prisms, bending tests on beams, and tension tests on squared timber. Based on

these experiments, Steiger & Arnold [136] investigated the relation of the tensile, compressive,

and bending strength of solid Norway spruce timber. They reported the regression equation

fc,0,mean{fm,mean � 2.56x�0.34, where x denotes the characteristic bending strength fm,k of the

timber grade. Hence, for a characteristic and mean bending strength of 24 MPa and 531 MPa

respectively, fc,0,mean{fm,mean � 0.87, and a mean compressive strength of fc,0,mean � 27 MPa is

obtained for solid spruce timber of grade C24.

The approach of setting the model compressive strength equal to the bending strength yields

a mean value of fc � 31 MPa for the strength grade GL24h. This value is appropriate with

regard to the preceding discussion about the test series from Steiger and Frese et al. and lies

between the mean compressive strength of spruce glulam and solid spruce timber. A lognormal

distribution and a CV of 0.15 are used for the probabilistic study in Section 5.5 in order to

achieve a consistent characteristic model compressive strength of 24 MPa.

Size effect:

In Section 4.1.5, the size coefficients kh and kt for the glulam bending strength have been intro-

duced. In order to keep the concept of the model parameter selection in Chapter 5 consistent,

it is assumed that the size coefficients apply to the model tensile and compressive strength (ft,

fc) since both parameters are related with the bending strength. This is a simplification.

Softening slope

The dependency of the softening behaviour on the lateral constraints (Neumann et al. [113])

makes it difficult to deduce an appropriate softening slope for reinforced glulam from uniform

compression tests. Herein, a different strategy was pursued. The softening slope is directly

deduced from the reinforced glulam experiments conducted in this study. In Section 3.8.2, a

softening slope of kδ � �0.5 N{mm3 was reported, which represents well the softening behaviour

5With a lognormal distribution and a CV of 0.15 according to the JCSS model code, the mean bending strength

of glulam with strength grade GL24h corresponds to 31 MPa.
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of reinforced glulam. The corresponding compressive fracture energy can be calculated as:

Gf,c � � f2
c

2kδ
(4.3)

With a characteristic strength of fc � 24 MPa, a compressive fracture energy of 576 N{mm is

obtained. The corresponding local displacement at zero stress transfer is δr � �48 mm. With

a mean strength of fc � 31 MPa, a mean compressive fracture energy of 961 N{mm is obtained.

The corresponding local displacement at zero stress transfer is δr � �62 mm.

So far, no study has been conducted with regard to the variability of the softening slope.

However, a few studies exist that were concerned with the variability of the compressive fracture

energy. The softening slope is coupled with the compressive fracture energy and the compressive

strength through Equation (4.3). Hence, the variability of the compressive fracture energy

encompasses the variability of both the compressive strength and the compressive softening slope.

Neumann et al. [113] evaluated the dissipated energy of the uniform compression tests reported in

Section 4.2.2 at a compression to 50% of the initial length. They reported a corresponding mean

dissipated energy density of udiss � 12 Nmm{mm3 and a standard deviation of 3.22 Nmm{mm3

for the experiments conducted at low strain rates. The corresponding dissipated energy at 50%

compression is udiss
V
A � 1200 N{mm with a CV of 0.268. The dissipated energy is slightly larger

than the mean compressive fracture energy of 961 N{mm obtained with kδ � �0.5 N{mm3 and

Equation (4.3). It has to be noted that the experiment type, the specimen size, and the lateral

constraints are different in the bending test setup and the uniform compression test setup.

Nonetheless, the experiments of Neumann et al. hint the order of magnitude of the variability

of the compressive fracture energy. The variability of the softening slope has to be necessarily

smaller than the variability of the compressive fracture energy. A CV of 0.22 is used to model

the variability of the compressive softening slope in the probabilistic study of Section 5.5.

4.3 Timber shear behaviour
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Fig. 4.11: (a) PTENF & LTENF (parabolic and linear tapered end notched flexural) specimen; (b)

Wernersson specimen; (c) compact shear specimen; (d) notched strip specimen.

For unreinforced glulam beams, characteristic shear strength values can be found in the relevant

codes. However, as reported in sections 3.8.3 and 5.7, the formation of shear cracks in reinforced
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glulam is influenced by the crack pattern in the tension zone. The crack pattern facilitates the

nucleation and propagation of shear cracks due to emerging discontinuities and stress concen-

trations. The effect is comparable to the reduced shear strength of notched beams. Accordingly,

shear cracks have been observed in the experiments of Chapter 3 at relatively low shear forces.

The anisotropy of timber causes shear cracks to propagate parallel to the grain. The governing

fracture parameter is represented by the Mode II fracture energy of timber. This parameter rep-

resents an upper bound with regard to the bond fracture energy, which is a parameter required

to describe the bending behaviour of reinforced glulam according to Chapter 5. The parameter

will be further discussed in Section 4.5. At this point, a brief overview of softwood Mode II

fracture energies reported in the literature is presented.

Determining an intrinsic Mode II fracture energy is complex since it is very difficult to

achieve a pure shear loading as well as a stable crack propagation in an experiment. Several

different types of test configurations have been proposed. An overview is provided by Aicher et

al. [4]. The RILEM TC-133 Committee [4] proposed the so-called (linear or parabolic) tapered

end notched flexural specimen (LTENF, PTENF) shown in Figure 4.11(a). The specimen is

loaded in three-point bending conditions. After a certain crack extension, the specimen is

unloaded. The load and the midpoint deflection are recorded during the experiment. The

fracture energy is defined as the dissipated energy divided by the newly created crack surface.

It is evaluated from the work conducted by the point load and which equals the area below the

load–displacement diagram. Several test series were conducted at different test facilities and

reported in [4]. Secondary, intransparent effects in the unloading phase of the experiments were

reported, which complicated the determination of the fracture energy. Therefore, the authors

compared different methods to evaluate the fracture energy from the load–displacement curve.

They proposed to use a modified load–displacement curve which is trimmed in the unloading

phase as illustrated by the shaded area in the load–displacement diagram of Figure 4.11(a).

Furthermore, difficulties with determining the correct crack surface were reported. In spite of

the difficulties, a Mode II fracture energy in the order of magnitude of Gf,II � 0.6 to 1.0 N{mm

was reported for Norway spruce with the proposed evaluation method. Variabilities with a

CV in the range of 0.11–0.29 were obtained in the different test series. Jockwer [86] evaluated

different experimental studies (Aicher et al [4]6, Riberholt et al. [123], Stefannson [133]) on

the Mode II fracture energy of spruce and reported a mean value of Gf,II � 1.15 N{mm. In

his evaluation, different test configurations were considered (end notched flexural specimens,

Wernersson specimens, and compact shear specimens according to Fig. 4.11(a,b,c)). Boström

[28] tested the Mode II fracture energy with a double sided notched Wernersson specimen made

of Scots-pine. He reported a mean value of Gf,II � 0.815 N{mm and a CV of 0.18 for a RL

oriented crack system. Xu et al. [147] tested the Mode II fracture energy of spruce with a

notched strip specimen according to Figure 4.11(d). The specimen was optimised in order to

limit the influence of stresses perpendicular to the crack orientation. They reported a mean

value Gf,II � 0.88 N{mm and a CV of 0.20 for a TL oriented crack system.

6Jockwer used the fracture energies based on untrimmed load–displacement curves.
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4.4 Fibre reinforcement

In this study, unidirectional (UD) glass and carbon fibre fabric tapes are used to reinforce glulam

in the tension zone. A moisture curing polyurethan adhesive forms the fibre matrix. Provided

that the bond quality is sufficient, the governing parameters for the mechanical performance of

the fibre reinforcement are the tensile strength and the elastic modulus. The bond quality is

further discussed in Section 4.5. In this study, four different fibre products made of either glass

or carbon fibres according to Table 3.1 were selected for the experiments described in Chapter 3.

Glass fibres are selected because they are widely used in different industries, readily available,

and moderately priced. Carbon fibres are selected due to the high mechanical performance.

However, the findings of this thesis are not limited to these two types of fibre materials. As

long as an appropriate mechanical performance and a sufficient bond quality to the timber is

provided, the model presented in Chapter 5 can be used to determine the behaviour of reinforced

glulam also with other types of fibres.

4.4.1 Tensile behaviour

The mechanical properties of a fibre composite depend on the fibre and matrix properties, the

adhesion properties, and the quality of the fabrication process. The latter includes the quality

of the fibre impregnation, the curing process, the resulting content of voids in the composite,

and local distortions of the fibre orientation. Due to these numerous dependencies, it is difficult

to determine the composite properties from the constituent materials alone. The properties of

the fibre composite should therefore be deduced from material tests of the final product. In the

case of the reinforcing system described in Section 3.2, the fibre composite is finalised with the

completion of the glulam curing process. The wood represents an important factor in the curing

process of the adhesive since it supplies moisture. Hence, a representative tensile specimen for

the fibre reinforcement cannot be fabricated without being enclosed by wood and subjected to

the same curing conditions as the reinforced glulam beams. Therefore, a new type of composite

tensile test specimen was developed which is described in Section 3.3.2. The experimentally

tested mechanical tensile properties of the fibre reinforcements are listed in Table 3.2.

In this thesis, the reinforcement tensile strength and elastic modulus is associated with the

net fibre fraction of the cross-section, excluding the fraction of the adhesive7. A corresponding

effective fibre layer thickness can be calculated from the net fabric weight (weight of fibres in

longitudinal direction exclusively) and the fibre density according to equations (4.4) to (4.6).

7The precise amount of polyurethane adhesive is difficult to control since a possible excess of the applied adhesive

is squeezed out during the application of the curing pressure.
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mf,net � Tex � Rovings/cm

10
in g{m2 (4.4)

tf,tape � mf,net

%f
(4.5)

Af,tape � bftf,tape (4.6)

4.4.2 Compressive behaviour

In this study, the behaviour of fibre reinforcements subjected to compression is not of primary

interest since the reinforcement is used to reinforce the tension zone of glulam. Some researchers

investigated reinforced timber beams with a fibre reinforcement located on the tensile as well

as on the compressive side in order to maximise the bending resistance or the stiffness [7,

69, 77, 92, 101, 121, 148]. It might be worth to review such strategies for the retrofitting of

existing structures. However, for newly fabricated beams it seems more convenient to increase

the resistance of glulam in the compression zone with hardwood laminations, which have a

significantly higher strength and a slightly higher stiffness compared to softwood laminations.

It has to be considered that an increase of the compressive resistance comes at cost of a decrease

in ductility. Depending on the structural system at hand, this might actually reduce the overall

robustness. With regard to the stiffness, massive fibre reinforcement ratios would be necessary

to achieve a relevant benefit. Positioning a reinforcement in the compression zone is not efficient

with the reinforcing system described in Section 3.2. However, the compressive behaviour is

briefly discussed since it is not irrelevant. In the case of two-span systems that are reinforced

on the bottom and top side of the cross-section, it might be convenient to produce reinforced

glulam with a continuous end to end bottom reinforcement. Consequently, a reinforcement is

present in the compression zone at the middle support. This was the case in some of the tested

two-span beams described in Section 3.5.

The compressive failure mechanism of a fibre reinforced polymer (FRP) shares many simi-

larities with the compressive failure of wood (see Sect. 4.2). According to Moran et al. [110],

the compressive failure mechanism of FRPs can be characterised with a kinkband formation

and separated in three stages denoted as incipient kinking, transient kinking, and steady state

kinking. The same stages were later identified for wood by Poulsen et al. [117] (see Sect. 4.2 and

Fig. 4.6). Fibre crushing is mentioned as a further failure mechanism by Budiansky & Fleck [30].

The referred studies conclude that the FRP compressive strength σc is primarily a function of

the matrix shear yield strength τm,y, the matrix yield strain γm,y, and the initial fibre misalign-

ment φ. For an ideally elastic–perfectly plastic fibre matrix, the compressive strength can be

calculated with the following relation [110]:

σc � τm,y

γm,y � φ
(4.7)

Kläusler [90] investigated the mechanical properties of classical polyurethane wood adhesive

films. He reported a tensile strength in the range of 20..34 MPa and an elastic modulus of
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800..1500 MPa, depending on the climate conditions during the curing process. The assumption

of a ductile behaviour of the adhesive is reasonable as illustrated by the stress–strain curves

illustrated in Figure 4.12. The experiments revealed an ultimate strain of approximately 25..30%.

Estimating from these curves a matrix shear strength of τm,y � 15 MPa, a shear modulus of G �
500 MPa, and assuming a typical initial fibre misalignment of 3� according to Moran et al. [110],

the order of magnitude of the compressive strength corresponds to σc � 180 MPa. However,

reliable compressive strength values should be deduced from material tests. Nevertheless, this

approximate calculation indicates that the reinforcement compressive strength can be assumed

to be only a small fraction of the reinforcement tensile strength.
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Fig. 4.12: Results of tensile tests from Kläusler [90] and Kläusler et al. [91] with adhesive films cured at

different climatic conditions. The adhesive corresponds to a conventional polyurethane wood lamination

adhesive.

As discussed in Section 3.8, the reinforcement located in the compression zone in the test

specimens did not cause any obvious influence, neither on the maximum resistance nor on the

ductility. Compression folds that formed in the timber propagated through the fibre reinforce-

ment as illustrated in Figure 3.25(b).

4.4.3 Parameters for modelling reinforced glulam

The model of Chapter 5 requires the reinforcement tensile strength and elastic modulus as input

parameters. The mean values of the reinforcement strength and elastic modulus are selected

according to the (rounded) test results listed in Table 3.2. The strength variability for the

glass and carbon fibre reinforcement (type C and D) with a CV in the range of 0.020–0.025

is very small. In the probabilistic study of Section 5.5, a higher CV of 0.05 is considered for

the reinforcement tensile strength to account for possible uncertainties related with the small

number of test specimens. For the elastic modulus, a CV of 0.03 is applied.
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4.5 Bond between the fibre reinforcement and the timber

4.5.1 Bonding fibre reinforcements to wood

To date, epoxy based adhesives are widely used for bonding fibre reinforced products to timber.

Especially the gap-filling properties, the low clamping pressure, the high strength, and the

good bonding properties on many materials renders epoxy resins a primary choice. However,

for a sheet, tape, or plate type of fibre reinforcement, as considered in this study, the gap

filling property is less important. In addition, the glulam production plants already include

the apparatus for the pressure application in the curing process. Furthermore, concerns have

been expressed by researchers with regard to the durability of bonding fibre reinforcements to

wood with epoxies due to the hygroscopic properties of wood [65, 102, 119, 128, 141]. Some

researchers recommend the use of additional coupling agents to improve the durability.

As a viable alternative for bonding fibre reinforcements to wood, commercial wood-laminating

adhesives have been considered by several researchers. Wood-laminating adhesives are cost-

efficient compared to epoxy resins. Experiments with specimens conditioned in an ambient

climate and specimens subjected to moisture cycles have been conducted in several studies.

Gardner et al. [67] tested composites of FRP plates and yellow poplar specimens. The speci-

mens were bonded with a resorcinol formaldehyde, an epoxy, or an emulsion polymer isocyanate

adhesive. They reported an adequate shear strength for all tested adhesives in ambient condi-

tions. The resorcinol formaldehyde adhesive was found to remain integral under the exposure of

moisture induced swelling and shrinkage of wood. Raftery et al. [119] conducted shear experi-

ments with glass and fulcrum pultruded FRP reinforcements bonded to Irish grown sitka spruce

with different types of commercial wood-laminating adhesives. Durable bonds could be achieved

with some of the tested adhesives. They further remarked that not only the type of adhesive

but also the specific product influences the bond quality. Rowlands et al. [126] investigated the

shear strength and the durability with different fibre products bonded to maple or Douglas-fir

with ten different adhesives, among them different epoxy resins, resorcinol formaldehyde resins

and phenol resorcinol formaldehyde resins. They bonded unidirectional fibres, fibre fabric prod-

ucts, and phenol formaldehyde pre-impregnated woven fabrics to the timber. Glass, graphite,

and Kevlar fibre materials were considered. In ambient conditions, the resorcinol formaldehyde,

phenol resorcinol formaldehyde, and epoxy resins performed well and achieved a high shear

strength in combination with the glass and carbon products. After moisture cycling, deteriora-

tion of the shear strength was generally observed. The deterioration was most distinctive with

the epoxy resins. Only the phenol formaldehyde pre-impregnated fabrics were able to reach a

shear strength similar to the specimens which were not subjected to moisture cycles. Jordan [89]

pre-impregnated fibre fabrics with a conventional wood-laminating adhesive (a phenolic resor-

cinol formaldehyde). He reported that the shear resistance of the reinforcement–wood interface

can be equal to the shear resistance without a reinforcement. Furthermore, he reported a good

shear resistance after the moisture cycles.
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The aforementioned studies indicate that bonding fibre fabric products directly to timber

with a conventional wood-laminating adhesives is feasible. From an economical point of view,

this is a very promising approach since a single type of adhesive can be used for all bonded

interfaces in reinforced glulam. A bond system with a conventional wood-laminating adhesive

is therefore used in the reinforcing system described in Section 3.2.

4.5.2 Parameters for modelling reinforced glulam

The bond shear strength τR and the bond fracture energy Gf,b are important parameters with

regard the performance of reinforced glulam. In the experiments of Chapter 3, a shear failure at

the interface between the reinforcement and the timber was frequently observed in the strongly

reinforced beams. If the shear crack propagated along the reinforcement layers, usually signifi-

cant wood fibre or wood substrate remnants remained on the reinforcement layers as reported

in Section 3.8.3. The timber is therefore identified as the limiting factor with regard to the

shear transmission. Based on this observation, it is reasonable to limit the mechanical bond

parameters to the shear parameters of the timber.

Bond shear strength

The EN 14080 [44] provides minimum requirements and a standard test method for the glueline

shear strength of glulam. It is reasonable to employ the same minimum requirements to the

bond shear strength of reinforced glulam. According to the minimum requirements, the average

shear strength has to be at least 6 MPa. In Chapter 5, this value is applied to model the bond

shear strength τR of reinforced glulam. Block shear tests with composite specimens that contain

a fibre reinforcement in the glueline were conducted by the manufacturer of the reinforced

glulam beams of Chapter 3. Specimens with different fibre products and different quantities of

applied adhesive were considered. For an adhesive quantity of approximately 250 g{m2 or more,

consistent experimental results were obtained with a mean block shear strength of 8.3 MPa and a

CV of 0.09. A rounded mean value of τR � 8.0 MPa and a CV of 0.1 are used for the probabilistic

study in Section 5.5.

Bond fracture energy

Based on the preceding discussion, a mean bond fracture energy Gf,b equal to the timber Mode II

fracture energyGf,II � 0.8 N{mm is employed to model the reinforcement–timber bond behaviour

in Chapter 5. This value represents a rather conservative average for spruce. For the probabilistic

study, a CV of 0.25 is selected. These values are in line with the test results of the Mode II

fracture energy of softwood reported by Aicher et al. [4], Boström [28], and Xu et al. [147].
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Chapter 5

Bending resistance of reinforced

glulam

A model to determine the bending resistance of reinforced glulam is presented in this chapter.

The model is formulated for a sheet, tape, or plate type of reinforcement which is externally

bonded or inserted between the glulam laminations. The basic principles of the model are widely

applicable. However, the referred mechanical parameters are determined for the reinforcing

system described in Section 3.2. In the first part, existing models to calculate the bending

resistance are briefly reviewed. Some shortcomings and the need for a new model are discussed.

In the second part, the new model is presented in detail. The third part addresses the mechanical

parameters of the model. In the fourth part, model predictions are compared with experimental

results. The fifth part covers a parametric study. The sixth part addresses briefly the design of

a shear reinforcement for ductile systems.

5.1 Literature review

5.1.1 Existing models

The bending resistance of reinforced timber has been the subject of a vast number of scientific

publications. Several researchers conducted bending tests and proposed models to calculate the

bending resistance of reinforced timber beams. However, the diversity of applied reinforcing

systems complicate the comparability of models and test results from different researchers. The

systems differ with regard to the reinforcing materials, the arrangement of the reinforcement in

the cross-section, and the bond system. Common reinforcing materials are FRP plates, FRP

rods, wet-laminated fibre tapes, steel rebars, or steel chords. The situation is further complicated

by the large variety of different wood species, different wood products (mostly sawn timber or

glulam), and the different scales of the experiments. Some researchers applied an additional

reinforcement in the compression zone. In spite of the heterogeneity of the systems, there seems

to be a consensus with regard to some features of the proposed models. They are generally

based on cross-sectional analysis and the linear-elastic lamination theory according to which

the stresses are distributed proportionally to the elastic moduli of the constituent materials.

It is assumed that plane sections remain plane and that the reinforcement is bonded to the

timber with perfect composite action. An exemplary stress distribution for a reinforced glulam
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Fig. 5.1: Illustration of the basic features of existing models from the literature: (a) fibre reinforced

glulam cross-section and stress distribution; (b) stress–strain relation with compression softening (Bazan–

Buchanan model); (c) stress–strain relation with a perfectly plastic compressive behaviour.

cross-section is illustrated in Figure 5.1(a). The timber tensile behaviour and the reinforcement

behaviour are usually modelled with a linear-elastic and ideally brittle behaviour. The main

differences between the existing models are related with the failure regimes and the timber

material behaviour in compression.

Plevris and Triantafillou [115] considered compression softening according to the model from

Malhotra and Bazan [103], which was slightly adapted by Buchanan [29] and is often denoted

as the Bazan–Buchanan law. This law assumes a constant softening slope ratio m as illustrated

in Figure 5.1(b), which is considered as a material parameter. The model from Plevris and Tri-

antafillou was adopted by a large group of researchers [27, 60, 68, 69, 99, 101, 128, 148, 149].

Dziuba [43] proposed a perfectly plastic behaviour in compression as shown in Figure 5.1(c).

This assumption was adopted by another group of researchers [26, 59, 71, 82, 124, 125]. A third

group of researchers did not introduce any non-linearity in the material behaviour [32, 61, 88,

108, 118]. Van de Kuilen [140] assumed a more complex non-linear stress–strain relation for the

compressive behaviour, which was originally derived by Glos [73].

With regard to the failure regimes, all above mentioned models include the tensile failure

of the timber as an essential failure regime. Many authors do not consider the reinforcement

failure as crucial, based on the reasoning that the ultimate tensile strain of the reinforcement

is usually larger compared to the timber. Accordingly, the timber failure occurs prior to the

reinforcement failure. The reinforcement failure is included only in a few proposed models [82,

101, 115]. Some models include a compressive limit strain as an additional failure criterion [27,

26, 59, 82, 99, 124, 148, 149].

5.1.2 Shortcomings of existing models

Concerning the interaction of the reinforcement and the timber

As pointed out by Johns and Lacroix [88], strength predictions of fibre reinforced timber based on

models that distribute the stresses in the tension zone according to the linear-elastic lamination

theory lead to rather disappointing results. The stiffness ratio of thin reinforcement layers is
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very small in relation to the comparatively massive timber cross-sections. The lion’s share of

the tension chord force is carried by the timber and the utilisation factor of the reinforcement is

rather poor. This is particularly the case for softwood beams in a structural scale since natural

flaws such as knot clusters cause a low admissible tensile strain. However, this conclusion has

been contradicted by many experimental studies conducted with reinforced softwood timber.

Johns and Lacroix [88] tested a total of 150 small sawn timber beams of Canadian SPF

(spruce, pine, fir) with cross-sections of 39 � 89 mm (two-by-four). To allow a direct compar-

ison of reinforced and unreinforced specimens, each timber beam was cut into two specimens

with a comparable distribution of flaws. One specimen was reinforced with a glass or carbon

fibre reinforcement, the other served as unreinforced reference specimen. The specimens were

tested in a four-point bending setup. They reported that a simple calculation model based

on the linear-elastic lamination theory significantly underestimates the experimentally obtained

strength increase due to the reinforcement. The authors presumed that the reinforcement layer

is able to arrest cracks in the timber, confine local failures, and bridge defects, and consequently

the wood is able to withstand higher stresses. This interaction is often denoted as the “appar-

ent” increase of the tensile strength or ultimate tensile strain. Romani and Blaß [124] tested

38 glulam beams made of Norway spruce reinforced with a carbon or aramid FRP plate. The

beams were tested in a four-point bending setup. A focus was laid on producing beams with

a rather low resistance by positioning low quality boards on the tension side of the beams.

They proposed a design model for the bending resistance based on cross-sectional analysis and

the linear-elastic lamination theory. Based on the comparison of the experimentally tested and

calculated resistances, they reported that the model leads to conservative predictions. Gen-

tile et al. [68] tested 26 sawn Douglas fir beams with or without a reinforcement in a four-point

bending setup. The reinforcement was made with glass FRP bars glued into grooves. They

found that their model, which is based on cross-sectional analysis and the linear-elastic lamina-

tion theory, significantly underestimates the experimentally obtained strength increase due to

the reinforcement. They reasoned that reinforced timber needs to be distinguished from normal

timber and has to be considered as different material with improved mechanical properties. To

correct the underestimation of the model, they increased the timber strength and ultimate strain

with a calibration factor of 1.3. The same reasoning followed Yang et al. [148]. They used a

factor of 1.4, which was calibrated with 46 experiments of Douglas fir glulam beams with an

FRP bar or plate reinforcement. Glǐsović et al. [71] tested 15 glulam beams made of Norway

spruce that were unreinforced or reinforced with carbon FRP sheets. In their analytical model

they used a corresponding calibration factor for the timber tensile strength of 1.25. Raftery

and Harte [118] tested 26 low-grade glulam beams made of Irish Sitka spruce with or without

a glass FRP sheet reinforcement. Their analytical model based on the linear-elastic lamination

underestimated both the unreinforced and the reinforced beams. However, the underestimation

of the reinforced beams was markedly more significant.

In the opinion of the author, an empirical determination of a constant strength increase

factor for the timber due to the presence of a reinforcement is not representing a satisfying

approach. The approach cannot account for possible dependencies on geometrical parameters,
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the wood species, the bond quality, the reinforcement ratio, the reinforcement strength, or its

elastic modulus. The application is restricted to beams which are identical to the beams on which

the strength was calibrated. Furthermore, considering timber attached to a reinforcement as a

different material is conceptually questioned since the timber is not altered by the application

of the reinforcement. To the present day, there is no mechanical model available which can

quantify the apparent strength increase of softwood timber due to presence of a reinforcement.

Concerning the timber compressive behaviour

Malhotra and Bazan [103] proposed a simple bilinear stress–strain relation to represent the

compressive behaviour of the timber. Buchanan [29] proposed to consider the slope ratio m in

the softening phase as a material constant. These two assumptions form the so-called Bazan–

Buchanen law. This law is frequently applied in strength prediction models of reinforced timber.

Moreover, it is proposed in the standard ASTM D7199 (2012) [8]. However, as thoroughly

discussed in Section 2.2, the definition of a strain–softening constitutive law without adjustment

of the softening slope to any kind of a fracture related parameter or a characteristic length is

mechanically not a consistent approach. Such a material definition causes unrestricted failure

localisation and zero energy dissipation according to Wood’s paradox (see Sect. 2.2.2). Hence,

the softening slope ratio m cannot be a material constant.

So far there is no analytical strength prediction model for reinforced timber available that

incorporates compressive softening in a mechanically coherent way. Only those strength pre-

diction models which do not incorporate softening, for example by assuming a perfectly plastic

compressive behaviour, are mechanically consistent from a theoretical point of view. However,

especially for strongly reinforced timber beams, it is crucial to take the softening behaviour into

account.

5.2 Model to predict the bending resistance

A new model for predicting the bending resistance of reinforced glulam is presented in this

section. The model is based on the analysis of the cross-sectional plane in which the deformations

localise. Localisation occurs due to tensile cracks, the formation of a dominant compression fold,

or both. The model is formulated for a tape, sheet, or plate type of reinforcement. The following

assumptions are employed:

� A linear-elastic and ideally brittle behaviour of the reinforcement.

� An idealised stress–strain relation for the behaviour of the reinforced timber laminations.

The idealised parameters considers implicitly the interaction of the timber, the reinforce-

ment, and the bond after the formation of tensile cracks.

� A linear softening behaviour of the timber in compression based on a mechanically consis-

tent softening slope.
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� The hypothesis of plane sections remaining plane (Navier–Bernoulli hypothesis).

The last point is fundamental for the application of cross-sectional analysis. In general, plane

sections do not remain plane in case of softening material behaviour. However, at the particu-

lar plane in which the deformations localise, the assumption is admissible as shown in Section

2.4.5. The new model takes into account the shortcomings of existing models mentioned in

Section 5.1.2: The frequently observed apparent increase of the tensile strength and ultimate

tensile strain of timber due to the presence of a reinforcement is considered with a mechanical

model. The compressive softening behaviour is based on a stress–displacement law of a dom-

inant compression fold. This corresponds to a mechanically consistent approach to consider

compressive softening behaviour without causing zero energy dissipation. The model does not

include calibration factors or other unexplained parameters.

The model consists of two different regimes that represent two different stages of damage

in the tension chord of the beam. In what follows, it is assumed that the acting moment is

positive, causing tensile stresses on the bottom edge and compressive stresses at the top edge

of the beam. The curvature χ̃ is positive for a positive moment M . The cross-section contains

one or several layers of reinforcement. The reinforcement ratio of reinforcement layer i reads:

ρi � Af,i

bh
(5.1)

The total reinforcement ratio is ρtot �
°
i ρi. According to Figure 5.2, the following relations

hold:
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I � bh3

12
(5.6)

Failure criteria

The following failure criteria denoted with (I, T, F, or C) are considered: Criterion (I) is con-

nected with the mechanical model to consider the apparent increase of the timber strength and

ultimate strain. The model was discussed in Section 2.3. The criterion describes the loss of

interaction of the reinforcement with the timber in the tension zone of the beam. As soon as a

crack is initiated in a timber lamination, the reinforcement might be able to bridge the crack

locally and impede further crack growth. The capacity to bridge a crack is limited, and two

relevant cases can be distinguished. In case one, the capacity of the bond to transfer the local

shear stresses between the timber lamination and the reinforcement is exceeded. Local shear
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cracks detach the reinforcement from the timber, and the timber lamination fails in tension. In

case two, softening of the timber lamination causes at some point a local snap-back instability.

Accordingly, the lamination tensile failure cannot be further prevented by the reinforcement.

In both cases, the timber lamination fails but the reinforcement layer remains intact for the

time being. The rather complex local failure processes are simplified with idealised mechanical

parameters for the timber lamination. The remaining criteria correspond to rather classical

strength or capacity limits. Criterion (T) represents the tensile failure of a timber laminations

which is not attached to a reinforcement. Criterion (F) denotes the tensile failure of a reinforce-

ment layer. Criterion (C) denotes that the timber compressive capacity limits the maximum

resistance.

Reference axis

If the beam is subjected to a moment and a normal force, it is necessary to define a reference

axis. In general, the reference axis can be arbitrarily positioned as long as the external and

internal forces and moments are based on the same reference axis. In the structural analysis

of composite cross-sections, it is common practise to define the neutral axis as the reference

axis. With this choice, the curvature is zero if the cross-section is subjected to a normal force

exclusively. However, due to the non-linear material behaviour, the position of the neutral axis

depends on the acting moment and normal force. Furthermore, the position of the neutral axis

varies along the hinge region as discussed in Section 2.4.3. Therefore, the neutral axis is not a

convenient choice if the material behaviour is non-linear. Hereinafter, the reference axis is set

equal to the centreline of the beam . This choice corresponds to the common practise in the

structural analysis of reinforced concrete.

5.2.1 Regime 1

The reinforced glulam cross-section is illustrated in Figure 5.2(a). In Regime 1, tensile failure

is initiated in the governing weak links in the bottom laminations of the beam. Small tensile

and shear cracks in the close vicinity of weak links might have evolved but they do not coalesce

to macro-cracks. The timber in the tension zone is largely intact and carries the major part of

the tension chord force. The reinforcement is locally activated in the close vicinity of the cracks

and impedes further crack growth. Idealised stress–strain relations are used for the reinforced

timber laminations which take into account the interaction of the timber, the reinforcement,

and the bond. The stress and strain distributions within the cross-section are illustrated in

Figure 5.2(b).

Interaction of the timber and the reinforcement

The interaction of a timber lamination and a reinforcement in the close vicinity of a weak

link has been thoroughly discussed in Section 2.3. The main features are briefly repeated. A

bar with a certain length is bonded to a reinforcement and softens in a discrete weak link
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Fig. 5.2: Regime 1: (a) glulam cross-section; (b) stress and strain distribution; (c) idealised timber

material properties; (c) reinforcement material properties.

according to Figure 5.3(a). The bar represents a timber lamination, the weak link represents

a knot cluster, finger joint, or any other flaw in the timber. With the progress of softening,

a localisation of deformation occurs in the bar and the reinforcement. While the stress in

the weak link drops, the stress in the reinforcement increases locally. This leads to a non-

linear force–displacement behaviour of the reinforced bar. A corresponding stress–strain relation

(σt,0 – εm) that represents the global behaviour of the bar has been derived analytically. Now,

the reinforced bar of Figure 5.3(a) is virtually inserted in the tension zone of the beam cross-

section as illustrated in Figure 5.3(b). To consider the non-linear interaction of the bar and

the reinforcement in the cross-sectional analysis, the rather complex non-linear stress–strain

relation of the bar is simplified with an idealised stress–strain relation, composed of a linear-

elastic phase and a small perfectly plastic plateau. This idealised stress–strain relation has been

derived in Section 2.3.8. It respects a possible loss of interaction of the timber lamination with

the reinforcement due to a limited shear capacity of the bonded interface or a local snap-back

instability. With the application of idealised mechanical parameters fid, εid,y, εid,u to the timber

laminations that are attached to a reinforcement layer, the interaction of the timber and the

reinforcement in the close vicinity of weak links is implicitly included in the cross-sectional

analysis.
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and corresponding shape function and effective hinge length.

The idealised mechanical parameters depend on the length of the associated reinforced bar.

This length is well defined by the compatibility conditions of the hinge region as discussed in

Section 2.4. The preservation of the displacement and strain compatibility requires that the

transformation of a generic softening stress–displacement law into a stress–strain law has to be

conducted for an element with length lh,eff according to Equation (2.214). The resulting stress–

strain law can be used in a cross-sectional analysis. Hence, the length of the associated reinforced

bar has to be equal to the effective hinge length of the beam. The procedure is illustrated in

Figure 5.3.

Assigning the idealised mechanical parameters

Each reinforcement layer is assigned to one timber lamination only. The lowermost reinforce-

ment layer is assigned to the bumper lamination, the second reinforcement layer to the second

lamination from the bottom, and so on. The small eccentricity of the reinforcement layer with

regard to the lamination centroid is neglected. This might not seem to be conservative for the

bumper lamination. However, in Regime 1 the influence of cracks is local (they do not yet coa-
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lesce to macro-cracks). Thus, a single reinforcement layer might actually reinforce a lamination

below and above as long as the corresponding weak links are sufficiently far apart. In that

sense, the approach of assigning each reinforcement layer to one lamination only is a conserva-

tive approach, especially for laminations that are bonded on both sides to a reinforcement layer.

Nevertheless, from a conceptual point of view it is reasonable to consider each reinforcement

layer only once. The corresponding lamination reinforcement ratio is denoted with the character

%i to distinguish from the beam reinforcement ratio ρi.

%i � Af,i

bt
(5.7)

The idealised stress–strain relation can be computed according to the flow chart of Figure 5.5

for each reinforced lamination. This flow chart is a repetition of Figure 2.9 with the notation

adapted according to this chapter. The bar length l is replaced with the effective hinge length

lh,eff as previously discussed. The cross-section of the bar is replaced with bt since the variable

At is already used for the cross-sectional area bh. The bond width is denoted with bb since the

variable b denotes the beam width. With the procedure according to the flow chart, the local

failure mechanisms in the vicinity of a weak link are implicitly considered. These mechanisms

involve local timber softening, a local snap-back instability, and a local bond failure. A further

mechanism would be the reinforcement tensile failure. However, as discussed in Section 2.3.8,

reinforcement tensile failure does usually not represent a critical failure mode in Regime 1.

Regime 1 is usually governed by the loss of interaction of the timber with the reinforcement due

to a local snap-back instability or a bond failure. A reinforcement tensile failure can be excluded

by satisfying the reinforcement minimum requirements according to Figure 5.4.

Cross-sectional analysis

The constitutive law for the timber tension and compression zone is given with equations (5.8)

and (5.9) respectively, and illustrated in Figure 5.2(c). Note that the compressive strength fc

is positive, but the compressive ultimate strain εu,c and strain at zero stress transfer εr are

negative parameters. The parameter m corresponds to the softening slope ratio in the stress–

strain diagram. It is a parameter which depends on the parameters of the softening stress–

displacement law of the dominant compression fold (fc, Gf,c, kδ), the elastic modulus Et, and

the effective hinge length lh,eff . The effective hinge length is further discussed in Section 5.3.

The reinforcement is considered with a linear-elastic behaviour according to Figure 5.2(d).

Tension zone (ε, εid,y, εid,u ¡ 0):

σ �

$'''&'''%
εEt for ε ¤ εid,y

fid for εid,y ¤ ε ¤ εid,u

0 for ε ¥ εid,u

(5.8)



160 Chapter 5. Bending resistance of reinforced glulam

Compression zone (ε, εu,c, εr   0):

σ �

$'''&'''%
εEt for ε ¥ εu,c

εu,cEt �mEtpε� εu,cq for εu,c ¥ ε ¥ εr

0 for ε ¤ εr � εu,c

�
1� 1

m

� (5.9)

m � 1

1� 2Gf,cEt

f2
c lh,eff

� 1

1� Et
kδlh,eff

  0 (5.10)

The stability condition for a single material fibre in the compressive softening zone requires

according to (2.106):

2Gf,cEt

f2
c lh,eff

¥ 1 (5.11)

The following curvature related parameters are used to simplify the formulations:

χu,t � 2εid,y

h
� 2fid

hE
(5.12)

χu,c � �2εu,c

h
� 2fc

hE
(5.13)

The subsequent relations describe the softening depth on the tension side at, the softening depth

on the compression side ac, the size of the softening zone a0,c, and the stress gradient s.

at � h

2
� zs � εid,y

χ̃
� h

2

�
1� 2zs

h
� χu,t

χ̃



(5.14)

ac � h

2
� zs � �εu,c

χ̃
� h

2

�
1� 2zs

h
� χu,c

χ̃



(5.15)

a0,c � �εr

χ̃
� �εu,c

χ̃
� �h

2

χu,c

mχ̃
(5.16)

s � fc

a0,c
� �mEχ̃ (5.17)

Depending one the mechanical properties, it is not a priori clear whether the tensile or the com-

pressive zone represents the limiting factor with regard to the maximum resistance in Regime 1.

An iterative approach is proposed according to which χ̃ is continuously increased until one of

the failure criteria is met. Hence, the solution procedure is best implemented in a spreadsheet.

For a given curvature, softening might be initiated in both the tension and compression zone

(Case 1a), the tension zone only (Case 1b), or in the compression zone only (Case 1c). For the

three possible cases, the stresses, forces, and the bending moment can be calculated according

to the subsequent paragraphs. With the strains on the top and bottom edge of the cross-section,

the relevant case can be identified for each curvature increment.

if εinf � χ̃ht ¥ εid,y Ñ softening in the tension zone (5.18)

if εsup � �χ̃hc ¤ εc,u Ñ softening in the compression zone (5.19)
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Case 1a) softening in tension and compression

Softening is initiated in the tension as well as the compression zone. This case is often governing

at maximum resistance in case of pure bending action and a compressive strength fc smaller than

the idealised tensile strength fid. The following cross-sectional force components are calculated

individually: Ff corresponds to the force acting in the reinforcement, Ft,1 corresponds to the

linear part of the timber tensile stresses that form the stress triangle 1-3-5, Ft,2 considers the

softening part in tension corresponding to the stress triangle 2-3-4, Fc,1 corresponds to the linear

part of the timber compressive stresses that form the stress triangle 1-7-9, Fc,2 considers the

softening part in compression corresponding to the stress triangle 6-7-8. The corner points are

indicated in Figure 5.2(b). The force components can be written as:

Ff � χ̃
¸
i

EfAf,i pzf,i � zsq � nEtbhχ̃
¸
i

ρi pzf,i � zsq (5.20)

Ft,1 � 1

2
bhtEtεinf � 1

2
bEtχ̃h

2
t (5.21)

Ft,2 � �1

2
batEt pεinf � εid,yq � �1

2
bEtχ̃a

2
t (5.22)

Fc,1 � 1

2
bhcEtεsup � �1

2
bEtχ̃h

2
c (5.23)

Fc,2 � �1

2
bac pEtεsup � σsupq � 1

2
bEtχ̃a

2
cp1�mq (5.24)

The force equilibrium leads to a quadratic equation for the neutral axis position. The sum of

the internal force components equals the external force N .

¸
F � Ff � Ft,1 � Ft,2 � Fc,1 � Fc,2 � N (5.25)

Inserting equations (5.20) to (5.24) into (5.25) yields:

1

2
bEtχ̃

�
h2

t � h2
c � a2

t � a2
cp1�mq�� nEtbhχ̃

¸
i

pρi pzf,i � zsqq �N � 0 (5.26)

By inserting equations (5.2), (5.3), (5.14), and (5.15) into (5.26), sorting the terms with regard

to zs, and multiplying each term with �h2

4m
8

bEtχ̃h2 , a quadratic equation for zs is obtained:

z2
s �

h

m

�
χu,c

χ̃
p1�mq � χu,t

χ̃
�m� 2n

¸
i

pρiq
�
zs

� h2

4
� h2

4m

���
χu,t

χ̃


2

� 2
χu,t

χ̃

�
�
��

χu,c

χ̃


2

� 2
χu,c

χ̃

�
p1�mq

�8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
� 0

(5.27)
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With the abbreviations A,B,C, the current position of the neutral axis for a given χ̃ reads:

A � 1 (5.28)

B � h� h

m

�
χu,c

χ̃
p1�mq � χu,t

χ̃
� 2n

¸
i

pρiq
�

(5.29)

C � h2

4 � h2

4m

���
χu,t

χ̃

	2
� 2

χu,t

χ̃



�
��

χu,c

χ̃

	2
� 2

χu,c

χ̃



p1�mq � 8n

h

°
i pρizf,iq � 8N

bEtχ̃h2

�
(5.30)

zs � 1

2A

�
�B �

a
B2 � 4AC

	
(5.31)

To compute the moment for a given χ̃, the eccentricities of each force component with regard

to the reference axis are required:

dt,1 � 2

3
ht � zs � h

3

�
1� zs

h

	
(5.32)

dt,2 � ht � 1

3
at � zs � h

3

�
1� zs

h
� 1

2

χu,t

χ̃



(5.33)

dc,1 � �
�

2

3
hc � zs



� �h

3

�
1� zs

h

	
(5.34)

dc,2 � �
�
hc � 1

3
ac � zs



� �h

3

�
1� zs

h
� 1

2

χu,c

χ̃



(5.35)

The total moment reads:

M �NzN � Ft,1dt,1 � Ft,2dt,2 � Fc,1dc,1 � Fc,2dc,2 � Etbhχ̃n
¸
i

pρi pzf,i � zsq zf,iq (5.36)

Case 1b) softening in tension only

If the compression strength fc is distinctively larger compared to the idealised tensile strength

fid, or if a significant tensile normal force is present, the compression zone might not reach the

softening regime. Hence, Fc,2 � 0. Equivalently to (5.25) and (5.26), the equilibrium of forces

requires:¸
F � Ff � Ft,1 � Ft,2 � Fc,1 � N (5.37)

1

2
bEtχ̃

�
h2

t � h2
c � a2

t

�� nEtbhχ̃
¸
i

pρi pzf,i � zsqq �N � 0 (5.38)

By inserting equations (5.2), (5.3), (5.14), and (5.15) into (5.38), sorting the terms with regard

to zs, and multiplying each term with h2

4
8

bEtχ̃h2 , a quadratic equation for zs is obtained:

� z2
s � h

�
χu,t

χ̃
� 1� 2n

¸
i

pρiq
�
zs

� h2

4
� h2

4

���
χu,t

χ̃


2

� 2
χu,t

χ̃

�
� 8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
� 0

(5.39)
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With the abbreviations A,B,C, the current position of the neutral axis for a given χ̃ reads:

A � �1 (5.40)

B � �h� h

�
χu,t

χ̃
� 2n

¸
i

pρiq
�

(5.41)

C � �h
2

4
� h2

4

���
χu,t

χ̃


2

� 2
χu,t

χ̃

�
� 8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
(5.42)

zs � 1

2A

�
�B �

a
B2 � 4AC

	
(5.43)

The total moment reads:

M �NzN � Ft,1dt,1 � Ft,2dt,2 � Fc,1dc,1 � Etbhχ̃n
¸
i

pρi pzf,i � zsq zf,iq (5.44)

Case 1c) softening in compression only

If the compressive strength fc is distinctively smaller compared to the idealised tensile strength

fid, or if a significant compressive normal force is present, the tension zone might not reach the

softening regime. Hence, Ft,2 � 0. Equivalently to (5.25) and (5.26), the equilibrium of forces

requires:¸
F � Ff � Ft,1 � Fc,1 � Fc,2 � N (5.45)

1

2
bEtχ̃

�
h2

t � h2
c � a2

cp1�mq�� nEtbhχ̃
¸
i

pρi pzf,i � zsqq �N � 0 (5.46)

By inserting equations (5.2), (5.3), (5.14), and (5.15) into (5.46), sorting the terms with regard

zs, and multiplying each term with �h2

4p1�mq
8

bEtχ̃h2 , a quadratic equation for zs is obtained:

z2
s �

h

1�m

�
χu,c

χ̃
p1�mq � p1�mq � 2� 2n

¸
i

pρiq
�
zs

� h2

4
� h2

4p1�mq

�
�
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χu,c

χ̃
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χ̃

�
p1�mq � 8n

h

¸
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pρizf,iq � 8N

bEtχ̃h2

�
� 0

(5.47)

With the abbreviations A,B,C, the current position of the neutral axis for a given χ̃ reads:

A � 1 (5.48)

B � h� h

1�m

�
χu,c

χ̃
p1�mq � 2� 2n

¸
i

pρiq
�

(5.49)

C � h2

4
� h2

4p1�mq

�
�
��

χu,c

χ̃


2

� 2
χu,c

χ̃

�
p1�mq � 8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
(5.50)

zs � 1

2A

�
�B �

a
B2 � 4AC

	
(5.51)

The total moment reads:

M �NzN � Ft,1dt,1 � Fc,1dc,1 � Fc,2dc,2 � Etbhχ̃n
¸
i

pρi pzf,i � zsq zf,iq (5.52)
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Failure criteria in Regime 1

Three failure criteria are relevant:

Failure of the reinforcement–timber interaction: (I)

The idealised tensile strain capacity is reached in a lamination that is attached to a reinforcement

layer with εinf � εid,u. If this criterion is governing, the analysis can be continued with Regime 2,

in which a higher resistance might be achieved.

εinf ¡ εid,u Ñ failure of a reinforced lamination (5.53)

Timber tensile failure: (T)

The tensile strain capacity is reached in a lamination that is not attached to a reinforcement

layer with1 εpzf,iq � εu,t � ft{Et. In this case, the resistance in Regime 1 might be higher if

the reinforcement is distributed to a more timber laminations. If this criterion is governing, the

analysis can be continued with Regime 2, in which a higher resistance might be achieved.

εpzf,iq ¡ εu,t Ñ failure of an unreinforced lamination (5.54)

Compressive capacity reached: (C)

The moment decreases with increasing curvature. In this case the softening behaviour in com-

pression represents the limiting factor. A further increase of the reinforcement ratio does not

have a significant effect on the resistance. If the compressive limit is reached in Regime 1, it is

not necessary to consider Regime 2. The maximum resistance in Regime 2 is necessarily smaller.

Mpχ̃�∆χq  Mpχ̃q Ñ compressive capacity reached (5.55)

Minimum reinforcement strength

The reinforcement tensile failure (F) is not specifically considered in Regime 1. In the case

of a glass and carbon fibre reinforcement, the reinforcement failure does usually not represent

a critical failure mechanism in Regime 1. The required reinforcement strength to exclude the

reinforcement failure can be calculated according to Section 2.3.8 (the length l need to be ex-

changed with the effective hinge length lh,eff). In Figure 5.4, the required reinforcement strength

is evaluated for different sizes (or effective hinge lengths) as a function of the reinforcement

elastic modulus Ef and the lamination reinforcement ratio %. With the glass and carbon fibre

reinforcements according to Section 3.3.2, the minimum strength requirement is met with a

sufficient margin.

1If no bumper lamination is present, each reinforcement layer is assigned to the adjoining lamination above. In

this case, the failure criterion reads εpzf,i � tq ¡ εu,t.
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Fig. 5.4: Required reinforcement strength as a function of Ef for different lh,eff and % � Af{pbtq according

to Section 2.3.8.

Simple approximation for the bending resistance in Regime 1

As shown in Section 2.3.8, the horizontal plateau of the idealised stress–strain relation is size

dependent. With increasing beam size or effective hinge length, the size of the idealised yield

plateau diminishes. Hence, for beams above a certain size, the idealised timber stress–strain

relation can be considered as linear with strength fid. In case of rather low reinforcement

ratios, the failure of a beam subjected to pure bending is governed by the failure criterion

(I). Compression softening does not influence the resistance significantly. The resistance can

therefore be approximated with a linear-elastic cross-sectional analysis and an idealised timber

strength2 fid.

zs �
°
i pnρizf,iq

1�°i pnρiq
(5.56)

χmax � fid

Et

�
1

h
2 � zs

�
(5.57)

Mmax � χmax

�
EtI �

¸
i

pEfAf,i pzf,i � zsq zf,iq
�

(5.58)

2Each timber lamination whose strain exceeds εu,t has to be attached to a reinforcement layer.
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Fig. 5.5: Flow chart to construct the idealised timber stress–strain relation.
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5.2.2 Regime 2
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Fig. 5.6: Regime 2: (a) glulam cross-section; (b) stress and strain distribution; (c) timber material

properties; (c) reinforcement material properties.

In Regime 2, minor cracks coalesce to macro-cracks in the tension zone. Tensile cracking of

softwood glulam beam can be described as a combination of grain rupture and crack propagation

along the grain. The grain structure promotes crack propagation along the radial and the

tangential plane, independent of the orientation of the initial crack. This behaviour is explained

by the Cook–Gordon mechanism [34]. Local cracks propagate along the grain until another

strong grain deviation diverts the crack direction, or the failure progressed with further grain

rupture. These effects lead to a cascade shaped crack pattern. The complex timber morphology

renders it very difficult to predict the failure process in the tension zone. Thus, the process of

cracking in the tension zone is not considered in detail in the proposed model. Instead, the limit

case of a fully developed cracked pattern in the timber tension zone is assumed in Regime 2.

Neglecting the intermediate states of the crack pattern represents a conservative approach.

The timber tension zone does not contribute to the load sharing in longitudinal direction. It

merely allows the stress transfer to the reinforcement layers via shear and transversal stresses.

The tension chord force in the softening plane is completely carried by the reinforcement. The

reinforced glulam cross-section is illustrated in Figure 5.6(a). The stress and strain distributions

in the cross-section are illustrated in Figure 5.6(b).
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Cross-sectional analysis

The constitutive law used for the timber in the compression zone has already been described with

equations (5.9) and (5.10). It is illustrated again in Figure 5.6(c). A participation of the timber

in the tension zone is neglected. The reinforcement is considered with a linear-elastic behaviour

according to Figure 5.2(d). It is distinguished between two cases. Case 2a and Case 2b consider

the states with and without softening in the compression zone, respectively.

Case 2a) softening in compression

This is the regular case for rather small normal forces. The following cross-sectional force

components are calculated individually: Ff corresponds to the force acting in the reinforcement,

Fc,1 corresponds to the linear part of the timber compressive stresses that form the stress triangle

1-3-5, Fc,2 considers the softening part in compression corresponding to the stress triangle 2-3-4.

The corner points are indicated in Figure 5.6(b). The force components can be written as:

Ff � χ̃
¸
i

EfAf,i pzf,i � zsq � nEtbhχ̃
¸
i

ρi pzf,i � zsq (5.59)

Fc,1 � 1

2
bhcEtεsup � �1

2
bEtχ̃h

2
c (5.60)

Fc,2 � �1

2
bac pEtεsup � σsupq � 1

2
bEtχ̃a

2
cp1�mq (5.61)

The force equilibrium leads to a quadratic equation for the neutral axis position. The sum of

the internal force components equals the external force N .

¸
F � Ff � Fc,1 � Fc,2 � N (5.62)

Inserting equations (5.59) to (5.61) into (5.62) yields:

1

2
bEtχ̃

��h2
c � a2

cp1�mq�� nEtbhχ̃
¸
i

ρi pzf,i � zsq �N � 0 (5.63)

By inserting equations (5.3), (5.10), and (5.15) into (5.63), sorting the terms with regard to

their dependency on zs, and multiplying each term with �h2

4m
8

bEtχ̃h2 , a quadratic equation for zs

is obtained:

z2
s �

h

1�m

�
χu,c

χ̃
p1�mq � p1�mq � 2� 2n

¸
i

pρiq
�
zs

� h2

4
� h2

4p1�mq

�
�
��

χu,c

χ̃


2

� 2
χu,c

χ̃

�
p1�mq � 8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
� 0

(5.64)
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With the abbreviations A,B,C, the current position of the neutral axis for a given χ̃ reads:

A � 1 (5.65)

B � h� h

m

�
χu,c

χ̃
p1�mq � 2n

¸
i

pρiq
�

(5.66)

C � h2

4
� h2

4m

�
�
��

χu,c

χ̃


2

� 2
χu,c

χ̃

�
p1�mq � 8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
(5.67)

zs � 1

2A

�
�B �

a
B2 � 4AC

	
(5.68)

To compute the moment for a given χ̃, the eccentricities of each force component with regard

to the reference axis are required:

dc,1 � �
�

2

3
hc � zs



� �h

3

�
1� zs

h

	
(5.69)

dc,2 � �
�
hc � 1

3
ac � zs



� �h

3

�
1� zs

h
� 1

2

χu,c

χ̃



(5.70)

The total moment reads:

M �NzN � Fc,1dc,1 � Fc,2dc,2 � Etbhχ̃n
¸
i

pρi pzf,i � zsq zf,iq (5.71)

Case 2b) no softening

If the compressive strength fc is distinctively larger compared to the idealised tensile strength

fid, or if a large tensile normal force is present, the compression zone might not reach the

softening regime. Hence, Fc,2 � 0. Equivalently to (5.62) and (5.63), the equilibrium of forces

requires:¸
F � Ff � Fc,1 � N (5.72)

� 1

2
bEtχ̃h

2
c � nEtbhχ̃

¸
i

pρi pzf,i � zsqq �N � 0 (5.73)

By inserting Equation (5.3) into (5.73), sorting the terms with regard to zs, and multiplying

each term with h2

4
8

bEtχ̃h2 , a quadratic equation for zs is obtained:

�z2
s � h

�
1� 2n

¸
i

pρiq
�
zs � h2

4
� h2

4

�
�8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
� 0 (5.74)

With the abbreviations A,B,C, the current position of the neutral axis for a given χ̃ reads:

A � �1 (5.75)

B � �h� 2hn
¸
i

pρiq (5.76)

C � �h
2

4
� h2

4

�
�8n

h

¸
i

pρizf,iq � 8N

bEtχ̃h2

�
(5.77)

zs � 1

2A

�
�B �

a
B2 � 4AC

	
(5.78)
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The total moment reads:

M �NzN � Fc,1dc,1 � Etbhχ̃n
¸
i

pρi pzf,i � zsq zf,iq (5.79)

Failure criteria in Regime 2

Two failure criteria are relevant:

Tensile failure of the reinforcement: (F)

The tensile strain capacity is reached in the outermost reinforcement layer.

εpzf,iq ¡ εu,f Ñ reinforcement failure (5.80)

Compressive capacity reached: (C)

The moment decreases with increasing curvature. In this case the softening behaviour in com-

pression represents the limiting factor. A further increase of the reinforcement ratio does not

have a significant effect on the resistance.

Mpχ̃�∆χq  Mpχ̃q Ñ compressive capacity reached (5.81)

Comparison of Regime 1 and 2

The bending resistance as a function of the total reinforcement ratio, normalised with the resis-

tance of an unreinforced beam is schematically illustrated in Figure 5.7. The ultimate resistance

corresponds to the maximum of Regime 1 and 2 according to the hatching. In Regime 1, the

resistance factor equals one3 for a reinforcement ratio of zero. In Regime 2, the resistance factor

yields zero since a reinforcement is required for the tension chord force. Depending on the mate-

rial and geometrical parameters, the resistance in Regime 2 might be higher or lower compared

to the resistance in Regime 1.

5.2.3 Calculation scheme

Due to the incremental approach and the different failure regimes, it is reasonable to program the

bending resistance with a spreadsheet. A flow chart of a possible program is shown in Figure 5.8.

All failure criteria are written in terms of limit strains. The incremental approach is necessary

since the maximum resistance does not necessarily coincide with one of the strength criteria.

The flow chart proposes to evaluate the complete moment–curvature relation until occurrence

of either a brittle reinforcement failure εpzf,iq ¡ εf,u, or complete softening of the timber edge

fibre in compression εsup   εr. This approach ensures that the point of maximum resistance

is covered within the range of the considered curvature increments. The point of maximum

resistance can be read subsequently from the moment–curvature relation: MR � max
�
Mpχ̃q

	
.

3In small specimens in which the stability condition (2.106) is satisfied in the tension zone (without a reinforce-

ment) the nominal bending resistance is higher than the material strength parameter.
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0
0

1

Fig. 5.7: Schematic illustration of the bending resistance according to Regime 1 and 2.

5.3 Model parameters

Material parameters

The model requires several input parameters. On one hand, these are the classical strength

and stiffness parameters of the constituent materials: the timber tensile strength ft, the timber

compressive strength fc, timber modulus of elasticity Et, the reinforcement strength ff , and the

reinforcement modulus of elasticity Ef . These parameters can be deduced from simple standard-

ised experiments. For glulam, characteristic strength and stiffness parameter are provided in the

relevant codes. On the other hand further parameters that govern the non-linear behaviour are

required: the timber tensile fracture energy Gf,t, the timber compressive softening slope kδ, the

bond fracture energy Gf,b, and the bond shear strength τR. These parameters are more difficult

to obtain. The codes do not refer do these parameters and corresponding experiments are rather

complex and not standardised. Some of the parameters, such as the fracture energies, serve as

simplified substitutes for complex micro-mechanical processes. The fracture energies are often

subjected to a large scatter and test results often depend on the method of testing.

The design of reinforced timber beams should comply with the safety concepts of the current

European and Swiss codes. Hence, the characteristic bending resistance has to represent the

5% fractile value of a population of reinforced timber beams. The input parameters, which are

subjected to a certain scatter, have to be selected appropriately in order to obtain a reliable

characteristic resistance value. At this point, a simplified approach with regard to the parameter

selection for a structural design is proposed. The timber and reinforcement strength parameters

(ft, fc, ff) influence the bending resistance directly. Accordingly, the characteristic bending

resistance is based on characteristic strength values on a 5% fractile level of the constituent

materials. Furthermore, it is common practise in engineering design to use mean values of the
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Fig. 5.8: Flow chart of a program to compute the moment–curvature relation.
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elastic moduli (Et, Ef). It is however not obvious what percentiles of the remaining parameters

(Gf,t, Gf,b, kδ, τR) should be used in order to obtain an adequate characteristic bending resistance.

These parameters have a resistance type of character. However, using 5% fractile values for each

of the parameters would clearly lead to a conservative design. Since reliable experimental data

of these parameters is missing yet, an extensive probabilistic analysis seems not expedient.

Therefore, a rather heuristic approach is followed according to which these parameters are

treated as material constants, or in case of Gf,b and τR as constants of the reinforcing system.

Mean values or rationally justified values are employed. Each parameter has been discussed in

the corresponding section of Chapter 4 for the glulam strength grade GL24h and the reinforcing

system considered in this thesis. This simplified concept does indeed lead to adequate resistance

predictions on a characteristic level. This will be shown in Section 5.4 in comparison with

the conducted experiments. A probabilistic legitimation of the simplified concept is provided

in Section 5.5. To compare the model predictions with the experiments on a mean level, the

characteristic strength parameters need to be replaced with mean values, the other parameters

remain the same. A compilation of the employed mechanical parameters for modelling the

experiments described in Chapter 3 is provided in Table 5.1.

Parameter Value

Timber:

ft 24 MPa � khkt (charact.) / 31 MPa � khkt (mean)

fc 24 MPa � khkt (charact.) / 31 MPa � khkt (mean)

Et 11000 MPa

kδ �0.5 N{mm3

τR 6.0 MPa

Gf,t 10 N{mm

Gf,b 0.8 N{mm

Reinforcement (small-scale beams):

ff (Glass) 1700 MPa

ff (Carbon) 2220 MPa

Ef (Glass) 76000 MPa

Ef (Carbon) 220000 MPa

Reinforcement (full-scale beams):

ff (Glass) 1660 MPa

ff (Carbon) 2640 MPa

Ef (Glass) 85000 MPa

Ef (Carbon) 220000 MPa

Tab. 5.1: Compilation of the deterministic model input parameters according to Chapter 4.
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Effective hinge length

In sections 2.5.4 and 2.6.4, the effective hinge length was theoretically determined for two cases:

for a cross-section that softens symmetrically on the tension and compression side, and for a

cross-section that softens asymmetrically on the tension or compression side only. A comparison

with the experiments of Chapter 3 demonstrated that the case of symmetric softening approx-

imates well the softening behaviour of reinforced glulam. Softening in the compression zone is

caused by formation of compression folds. Softening in the tension zone is caused by progressive

crack growth. A detailed discussion on this subject was provided in Section 3.8.2. The corre-

sponding effective hinge length lh,eff follows from equations (2.257) and (2.258). If combined,

the following relation for the effective hinge length is obtained:

lh,eff � h?
π

�
E1?

2G12E2


 1
3

(5.82)

With parameters E � E1 � 11000, E2 � 300, G12 � 650 for softwood glulam of strength grade

GL24h according to EN 14080 [44], the effective hinge length corresponds to:

lh,eff � 1.5h (5.83)

It has to be noted that the effective hinge length lh,eff is a substitutional measurement. The

stresses and strains in the hinge region are distorted approximately along twice the length lh,eff .

Effective cross-section dimensions

The bending resistance of the proposed model is based on net cross-sectional dimensions. This

is important in particular for beams that contain a shear reinforcement made of threaded rods.

bÑ bnet (5.84)

bb Ñ bb,net (5.85)

Af,i Ñ Af,i,net (5.86)

ρi Ñ Af,i,net{pbnethq (5.87)

ρtot Ñ
¸
i

Af,i,net{pbnethq (5.88)

%i Ñ Af,i,net{pbnettq (5.89)

It makes obviously sense to base the resistance of the tension chord on net cross-sectional di-

mensions. This is is line with the current codes (e.g. SIA 265 [130] paragraph 3.3.3.3 and 6.1.1.8

or EN 1995–1–1 [46] paragraph 5.2) and corresponds to common practise in timber engineering.

However, the codes allow to neglect the cross-sectional reduction in case of compression loading.

But this contradicts a study conducted by Enders-Comberg & Blaß [49]. They demonstrated

that threaded rods located in the timber compression zone lead to a reduction of the compres-

sive strength. Uniform compression tests revealed for specimens that contained threaded rods,
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screws, or bolts a strength reduction in the magnitude of the ratio Anet{Agross. Only with glued-

in rods, no strength reduction was detected. Hence, it makes sense to consider net cross-sectional

dimensions for the compression zone as well.

Furthermore, the use of net cross-sectional dimensions is adequate for the fibre reinforce-

ments. As discussed in Section 3.8.3, the perforation of the unidirectional fibre reinforcement

by the threaded rods leads to cracks in the reinforcement on the edges of the perforation. These

cracks propagate perfectly aligned with the fibre direction and release the fibre rovings located

in the projected area of the rods from the stresses. Hence, if a shear reinforcement with threaded

rods is present, the threaded rods should be positioned strictly in a row in order to weaken the

reinforcement as less as possible. Using net cross-sectional dimensions for the tension zone, the

compression zone, and the reinforcement represents a simple and consistent approach to consider

the weakening by the shear reinforcement within the cross-sectional analysis.

5.4 Comparison of model predictions with experiments

Results obtained with the model of Section 5.2 are compared with the bending experiments de-

scribed in Chapter 3 and experiments from the literature. In order to obtain model predictions

of the characteristic and mean bending resistance, a simplified concept concerning the parameter

selection has been presented in Section 5.3. A comparison of the predicted and experimentally

tested bending resistance on a characteristic and mean level is provided in Section 5.4.1. A com-

parison of the predicted and experimentally observed failure modes is provided in Section 5.4.2.

5.4.1 Comparison of the predicted and experimentally tested resistance

Comparison on a characteristic level with experiments conducted in this study

A comparison of the predicted characteristic bending resistance with the experimental test re-

sults is provided in Figure 5.9(a). This comparison covers the 56 reinforced glulam beams tested

in a single-span setup described in Chapter 3 (24 small-scale experiments, 32 full-scale exper-

iments). Only one experiment is located slightly below the predicted characteristic resistance.

According to a frequentistic approach to probability, one would expect approximately 3 of total

56 experiments (theoretically 2.8 specimens) to be located below the prediction. If only the

full-scale specimens are considered, 1 to 2 (theoretically 1.6 specimens) would be expected to be

located below the prediction. The model prediction meets the requirement of a characteristic

resistance.

Comparison on a characteristic level with experiments from the literature

Figure 5.9(b) illustrates model predictions in comparison to experimental results reported in the

literature according to Table 5.2. The list comprises sufficiently documented experiments that

are conform with the area of application of the proposed model. This includes fibre reinforced

softwood glulam beams with a thin sheet, tape, or plate type of tensile reinforcement which
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Fig. 5.9: Comparison of model predictions with experiments on a characteristic level: (a) comparison

with the experiments of this study; (b) comparison with experiments from the literature. Marks in black:

experiments of Chapter 3; marks in dark grey: experiments that use a classical wood-laminating adhesive

to bond the reinforcement to the timber; marks in light grey: experiments that use an epoxy based or

a not further specified adhesive to bond the reinforcement to the timber. In shear reinforced specimens

with threaded rods, net cross-sectional dimensions are used to normalise the resistance MR.
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Reference
Fibre

material
Adhesive

Wood

species
Grade

Cross-section

bh [mm]�[mm]

Slender-

ness l{h No.

Blank 2018

Chapt. 3

C or G

fabric
PU*

Norway

spruce
T14 (GL24h)

100 � 100

200 � 600

18

18

24

32

Blaß & Romani 2000

[22]

C or A

FRP

PU* or

Epoxy

Norway

spruce

MS7, MS10,

MS17 (GL20h to

GL24h)

100 � 310 13.5 37

Blaß et al. 2003

[23]

C or A

FRP

PU* or

Epoxy

Norway

spruce
MS10 (GL24h) 100 � 316 15.2 21

Raftery & Harte 2011

[118]
G FRP Epoxy

Irish Sitka

spruce
C16 (GL20h)

96 � 190

96 � 215

18

15.9

5

5

Raftery & Rodd 2015

[120]
G FRP PRF*

Irish Sitka

spruce
C16 (GL20h) 96 � 215 15.9 5

Tingley 1996 (D.fir)

[138]
A FRP

not

specified
Douglas fir

V3-1600 or No.1

(GL20h)

130 � 394

130 � 394

130 � 533..546

64 � 610

130 � 654..692

222 � 1054..1092

12.8

28.6

13.1..13.7

15

17.2..18.2

14.8..15.3

2

2

5

4

2

8

Tingley 1996 (pine)

[138]
A FRP

not

specified

Ponderosa

pine

E-stacking,

assumed SPF

No.1/2 (GL20h)

64 � 610

64 � 610

64 � 610

64 � 610

9

11.5

14.5..15

18

4

3

13

4

Jordan 1998

[89]
G fabric PRF*

Eastern

hemlock
No.2 (GL20h) 86 � 178 18.8 25

Yang et al. 2016

[148]
G FRP Epoxy

North

American

Douglas fir

No.2 (GL20h) 75 � 300 19 12

Dagher et al. 1996

[36]

C or G

FRP

not

specified

Eastern

Hemlock
No.2 (GL20h) 81 � 310 15.7 9

Dorey & Cheng 1996a

[41]

C or G

fabric
Epoxy

Canadian

SPF

n.a., assumed

No.1/2 (GL20h)
40 � 240 16 4

Dorey & Cheng 1996b

[42]
G fabric Epoxy

Canadian

SPF

n.a., assumed

No.1/2 (GL20h)
40 � 240 16 6

Ribeiro et al. 2009

[122]
G FRP

not

specified

Maritim

pine

low quality,

assumed (GL20h)
50 � 50 14.2 10

Tab. 5.2: Reinforced glulam experiments from the literature. The column “Grade” indicates the tim-

ber grades according to the national grading system. Comparable European glulam strength grades are

provided in brackets. Abbreviations: A (aramid), C (carbon), G (glass), FRP (fibre reinforced polymer),

SPF (spruce pine fir), PU (polyurethane), PRF (phenolic resorcinol formaldehyde). E-stacking: lamina-

tions with low elastic modulus are positioned on the tension side. The asterisk (*) marks conventional

wood-laminating adhesives.
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is either externally bonded or inserted between the laminations. The experiments differ with

regard to the fibre material, the fibre matrix, the adhesive used to bond the reinforcement to

the timber, the wood species, the strength grade, the beam dimensions, and the test setup

(either four-point or three-point bending). Some specimens contain finger joints, others do

not. Furthermore, the production quality is likely to be subjected to some variation. Some of

the specimens were fabricated by glulam manufacturers, other specimens were hand-made by

technicians or researchers.

Due to the different timber species, origins, and different national grading systems, it is dif-

ficult to obtain reliable characteristic timber strength values for many of the listed experiments.

In most of the experiments listed in Table 5.2, the beams were made with rather low graded

timber, since most researchers expected a more significant benefit from the reinforcement in

combination with timber of low quality. To obtain characteristic timber strength values, the

reported timber grade was translated into the European timber grading system with the code

EN 1912 [45]. In some publications, the timber grade is not reported. In these cases, the timber

grade is estimated based on qualitative informations provided in the publication. Based on the

European strength grade, the corresponding characteristic glulam strength was defined accord-

ing to EN 14080 [44]. Thereafter, the model parameters are defined according to sections 4.1

and 4.2. However, this procedure might not always lead to adequate characteristic strength

parameters. For example, the Maritim pine wood of the small-scale experiments conducted by

Ribeiro et al. [122] (experiments marked with a +) was assigned to the glulam strength grade

GL20h with this procedure. However, the authors reported that the timber was of a low quality

and its usage is restricted to non-structural applications. This might be a reason for the overes-

timation of the characteristic bending resistance of those experiments. Due to lack of data, the

remaining mechanical parameters for the timber and the reinforcing system (Gf,t, Gf,b, kδ, τR)

are assumed to be equal to the values in Table 5.1. These values are adequate for the reinforcing

system considered in this study, but not necessarily for other systems. The fibre matrix in the

experiments listed of Table 5.2 is usually not formed by a wood-laminating adhesive. Systems

with pre-cured FRP products dominate the list. Only Jordan [89] followed a comparable pro-

duction process, in which the fibre matrix as well as the adhesion to the timber was formed by

a wood-laminating adhesive (PRF). As can be seen from Figure 5.9(b), the experiments from

Jordan (marked with an �) are well predicted with the proposed model. The one distinctively

overestimated experiment failed due to an early shear failure in the timber. The grey scale of the

marks indicates the type of adhesive used to bond the reinforcement to the timber. Experiments

marked in black correspond to the system according to Section 3.2, experiments in dark grey

use a wood-laminating adhesive, and experiments in light grey use an epoxy based adhesive or

an adhesive that is not specified in the publication.

The predicted resistance of the experiments from the literature is difficult to judge, con-

sidering the heterogeneity of the experiments and the uncertainty with regard to the input

parameters. However, the point clouds obtained with the own experiments and the experiments

from the literature are comparable with regard to the extent, shape, and position. The scatter

of the experiments from the literature is larger, which however is not surprising due to the
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heterogeneity of the experiments. Nevertheless, it can be stated that the applicability of the

proposed model is not limited to the reinforcing system considered in this study. However, for

other systems, the corresponding input parameters have to be verified first or obtained in the

first place from experiments.

Comparison on a mean level with experiments conducted in this study

A comparison of the predicted mean bending resistance with the experimentally tested bending

resistance is provided in Figure 5.10. The resistance on a mean level is slightly underestimated

with the model4. The mean timber strength parameters were estimated as described in Sec-

tions 4.1 and 4.2. In contrast to the characteristic strength parameters, the mean values are

not defined by the timber strength grade. Hence, the slight underestimation is not considered

as critical. For the practical design, a reliable estimation of the characteristic resistance is of

higher relevance.
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Fig. 5.10: Comparison of model predictions with experiments on a mean level. In shear reinforced

specimens with threaded rods, net cross-sectional dimensions are used to normalise the resistance MR.

5.4.2 Comparison of the failure modes

In figures 5.11 and 5.12, the bending resistance is plotted as a function of the reinforcement ratio

for cross-sections according to the full-scale and small-scale experiments of Chapter 3. The char-

4meanpMR,test{MR,meanq � 1.05
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acteristic bending resistance is normalised with the resistance of unreinforced glulam5. Hence,

the values on the vertical axis can be interpreted as the resistance increase factor due to the

reinforcement. The solid and dashed line correspond to the model resistance with characteristic

and mean timber strength parameters respectively. Changes of the governing failure criterion

are indicated with black points on the characteristic resistance curve. The failure criteria are

denoted with (I, T, F, C) according to Section 5.2. The transition from Regime 1 to Regime 2

on a characteristic level is indicated with the vertical line. The curves exhibit a kink where the

regime changes, which is due to the simplification of considering a largely intact timber tension

zone in Regime 1 and a fully cracked tension zone in Regime 2. The experiments of Chapter 3

are included in the diagrams. The circles � and triangles O indicate the test results of the

four-point and three-point bending experiments respectively.

The bending failure of the experiments can be roughly divided into ductile and brittle modes.

A failure is considered as ductile if the specimen exhibited softening, the reinforcement remained

intact, and no instantaneous and severe load drops occurred prior to a shear failure6. In the

model, a ductile failure behaviour is associated with criterion (C). If the maximum resistance is

limited by any of the other failure criteria, a brittle failure behaviour is predicted. The results can

be summarised as follows: All experimentally tested beams which failed in a brittle manner are

properly predicted with a brittle governing failure criterion (I, T, or F). All beams whose model

resistance is governed by the ductile failure criterion (C) exhibited a ductile failure behaviour in

the experiment. Some specimens with a model resistance governed by a brittle failure criterion

(I, T, F) still exhibited a ductile failure behaviour in the experiment. To achieve a ductile failure

behaviour according to of Figure 5.11(c,d), a reinforcement ratio of ρtot � 0.0073 for glass and

ρtot � 0.0059 for carbon reinforced glulam is required. Yet, the experiments of type CG3x7 and

DG3x7 with a smaller reinforcement ratio of ρtot � 0.006 failed in a ductile manner. The same

applies to the carbon reinforced experiments of type CK3x5 and DK3x5 with ρtot � 0.0042.

This behaviour can be explained if the timber contributed to some extent to the tensile stringer

force, even though large cracks were present. Load sharing between the reinforcement and the

timber reduces the required reinforcement ratio to achieve a ductile failure behaviour. The same

logic can be observed in Figure 5.12 with the carbon reinforced small-scale experiments. The

small-scale experiments of type ARK1 – 4..6 (with one reinforced board) and ARK2 – 4..6 (with

two reinforced boards) with a reinforcement ratio of ρtot � 0.006 exhibited a ductile failure

behaviour even though the reinforcement ratio was not sufficient for failure criterion (C). Hence,

evaluating the required reinforcement ratio for a ductile failure behaviour with the proposed

model leads to a safe design.

5The size coefficients kh and kt are included in fm,k.
6Note that a ductile bending behaviour does not exclude a brittle failure due to shear.
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Fig. 5.11: Characteristic and mean bending resistance as a function of the reinforcement ratio of full-

scale beams with reference height h � 600 mm. The circles � mark the four-point bending experiments

and the triangles O mark the three-point bending experiments of Section 3. (a) Beam with one glass rein-

forced lamination; (b) beam with one carbon reinforced lamination; (c) beam with three glass reinforced

laminations; (d) beam with three carbon reinforced laminations. SI units [N] and [mm] are used.
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Fig. 5.12: Characteristic and mean bending resistance as a function of the reinforcement ratio of small-

scale beams with height h � 100 mm. The circles � mark the experimental results of Section 3. (a)

Beam with one glass reinforced lamination; (b) beam with one carbon reinforced lamination; (c) beam

with two glass reinforced laminations; (d) beam with two carbon reinforced laminations. SI units [N]

and [mm] are used. Note that the for ρtot � 0, the nominal strength increase is not equal to one. This

is a consequence of the small beam size. For sizes that small, the stability condition (2.106) is satisfied

and allows a non-linear tensile behaviour analogous to sections 2.5 and 2.6 even without a reinforcement.

The nominal bending resistance is consequently larger than the material strength parameter.
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5.5 Probabilistic study

In order to obtain a reliable characteristic bending resistance, a simplified concept concerning

the parameter selection was presented in Section 5.3. This deterministic concept is justified

with a comparison of the predicted mean and characteristic bending resistance based on results

obtained probabilistically. The probabilistic results are generated with a Monte-Carlo simulation

and varying material input parameters. The input parameters are modelled as uncorrelated7

random variables. The comparison is made for four full-scale beam cross-sections analogous to

the experimentally tested beams (two glass and two carbon reinforced cross-sections with either

one or three reinforced laminations) and for different reinforcement ratios. The reinforcement

ratio is continuously increased from 0 to 0.01 with increments of 1.5�10�4. For each reinforcement

ratio increment, 1000 realisations of the bending resistance are generated. The probabilistic

mean and characteristic bending resistance correspond to the mean and 5% fractile value of the

1000 realisations. The comparison of the probabilistic and deterministic results is illustrated in

Figure 5.13. The probabilistic representation of each input parameter is summarised in Table 5.3.

These parameters have been discussed in detail in Chapter 4. As mentioned in Section 4.1.5, a

large uncertainty prevails with regard to the coefficient of variation of the tensile fracture energy.

Therefore, the probabilistic results are computed twice to illustrate the influence of the tensile

fracture energy variability. The CV of the tensile fracture energy is either 0.5 or 1.0, whereas

the latter represents a conservative assumption.

The mean and characteristic bending resistance based on a deterministic input is illustrated

with the black curves (a solid line for the characteristic and a dashed line for the mean bending

resistance). The corresponding probabilistic resistance is illustrated with the grey shaded curves.

A small difference between the related probabilistic curves, which assume a different CV for

the tensile fracture energy, can be detected for small reinforcement ratios. In Regime 2, the

tensile fracture energy does not influence the bending resistance. Hence, the probabilistic curves

are identical for large enough reinforcement ratios. Even though the variability of the tensile

fracture energy is considerable, its influence of the characteristic bending resistance is fairly

small. Hence, the variability of the tensile fracture energy has only a minor influence on the

mean and characteristic bending resistance. The probabilistic curves do not exhibit the typical

kink where the regime changes since the regime transition point is subjected to a variability as

well. The deterministic curves agree very well with the corresponding probabilistic curves. It can

be concluded that the presented deterministic approach for the parameter selection according

to Section 5.3 is suitable for practical dimensioning purposes.

7Assuming uncorrelated random variables is a simplification. It is known that the timber modulus of elasticity is

correlated with the timber strength parameters. However, as will be shown in the parametric study (see Fig. 5.17

and Fig. 5.18), the timber elastic modulus has only a minor influence on the predicted resistance. Therefore,

this simplification is reasonable.
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Fig. 5.13: Deterministic and probabilistic bending resistance as a function of the reinforcement ratio.

(a) Beam with one glass reinforced lamination; (b) beam with one carbon reinforced lamination; (c) beam

with three glass reinforced laminations; (d) beam with three carbon reinforced laminations. SI units [N]

and [mm] are used.
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Parameter Distribution Mean CV

Timber:

ft Lognormal 31 MPa 0.15

fc Lognormal 31 MPa 0.15

Et Lognormal 11000 MPa 0.05

�kδ Lognormal 0.5 N{mm3 0.22

τR Lognormal 8.0 MPa 0.1

Gf,t Lognormal 10 N{mm 0.5 or 1.0

Gf,b Lognormal 0.8 N{mm 0.25

Reinforcement:

ff (Glass) Lognormal 1660 MPa 0.05

ff (Carbon) Lognormal 2640 MPa 0.05

Ef (Glass) Lognormal 85000 MPa 0.03

Ef (Carbon) Lognormal 220000 MPa 0.03

Tab. 5.3: Probabilistic representation of the model input parameters.

5.6 Parametric study

The influence of the individual input parameters on the bending resistance is discussed in this

section. The parametric study is conducted for beams subjected to bending action on a charac-

teristic level.

5.6.1 Geometrical parameters

Figures 5.14 and 5.15 illustrate the influence of the geometrical parameters on the bending

resistance of beams with either a carbon or glass reinforcement. The bending resistance is

normalised with the bending resistance of unreinforced glulam. Hence, the values on the vertical

axis can be interpreted as the resistance increase factor. The bending resistance of unreinforced

glulam includes the size coefficients kh and kt according to equations (4.1) and (4.2). Accordingly,

the size effects illustrated in figures 5.14 and 5.15 act in addition to the glulam strength size

dependency.

Influence of the beam height

The influence of beam height h is shown in figures 5.14(a) and 5.15(a). The lamination thickness

of t � 40 mm is kept constant. To achieve a constant relative position of the reinforcement

centroid (at 0.1h measured from the bottom side), the number of reinforced laminations varies

with the beam size. The white or black point (�, ) indicate whether the maximum bending

resistance is achieved in Regime 1 or Regime 2 respectively. The governing failure criterion is
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Fig. 5.14: Carbon reinforced glulam; parametric study with geometrical parameters: (a) influence of

the height h with a constant reinforcement centroid at 0.1h; (b) influence of the number of reinforced

laminations nreinf with a constant lamination thickness t � 40 and a variable reinforcement centroid; (c)

influence of the lamination thickness with a constant reinforcement centroid at 0.1h for a cross-section

height of h � 600; (d) influence of the lamination thickness with a constant reinforcement centroid at

0.1h for a cross-section height of h � 1000. The governing failure criterion is indicated with characters

T (timber tensile failure), I (reinforcement–timber interaction failure), F (fibre-reinforcement failure), C

(limited compressive capacity). The white or black point indicates that the maximum resistance occurs

in Regime 1 or Regime 2 respectively. In graphs with variable ρtot, these points are positioned where the

range of the corresponding regime begins. Unless specified differently, the following parameters are used:

b � 200, bb � 180, t � 40, ft � fc � fm,k � khkt � 24, ff � 2640, Et � 11000, Ef � 220000, kδ � �0.5,

Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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Fig. 5.15: Glass reinforced glulam; parametric study with geometrical parameters: (a) influence of

the height h with a constant reinforcement centroid at 0.1h; (b) influence of the number of reinforced

laminations nreinf with a constant lamination thickness t � 40 and a variable reinforcement centroid; (c)

influence of the lamination thickness with a constant reinforcement centroid at 0.1h for a cross-section

height of h � 600; (d) influence of the lamination thickness with a constant reinforcement centroid at

0.1h for a cross-section height of h � 1000. The governing failure criterion is indicated with characters

T (timber tensile failure), I (reinforcement–timber interaction failure), F (fibre-reinforcement failure), C

(limited compressive capacity). The white or black point indicates that the maximum resistance occurs

in Regime 1 or Regime 2, respectively. In graphs with variable ρtot, these points are positioned where the

range of the corresponding regime begins. Unless specified differently, the following parameters are used:

b � 200, bb � 180, t � 40, ft � fc � fm,k � khkt � 24, ff � 1660, Et � 11000, Ef � 85000, kδ � �0.5,

Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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indicated with the characters I, T, F, C according to Section 5.2. It can be seen in the diagrams

that the influence of the height is different in Regime 1 and 2. In Regime 1, the height effect

is noticeable for small beams only (h ¤ 600 mm). The height effect in Regime 1 is governed by

the plateau length of the idealised stress–strain relation that is applied to the reinforced timber

laminations. The plateau length decreases with increasing beam height and vanishes at certain

height. From there on, the idealised parameters are fully determined by the idealised strength

fid, which is not size dependent. In Regime 2, the height effect is much more pronounced and

governed by the compressive softening behaviour. The curvature at maximum resistance in

Regime 2 is distinctively larger compared to Regime 1. Accordingly, compressive softening in

Regime 2 progresses significantly more and becomes a dominating factor. The size effect due to

softening behaviour is discussed in detail in Section 2.5.7.

Influence of the number of reinforced laminations

In figures 5.14(b) and 5.15(b), the bending resistance is plotted for a different number of re-

inforced laminations. The lamination thickness of 40 mm remains constant. Therefore, the

centroidal distance of the reinforcement with regard to the reference axis decreases with an in-

creasing number of reinforced laminations. Obviously, the reduction of the centroidal distance

exerts a negative influence on the bending resistance. However, too few reinforced laminations

may also reduce the resistance in Regime 1. If the governing failure criterion changes from type

I to T, which means that an unreinforced lamination located above the reinforced tension chord

limits the resistance, a further distribution of the reinforcement might be beneficial. In general,

failure criterion T should be prevented since it limits the maximum resistance unnecessarily.

Influence of the lamination thickness

Figures 5.14(c,d) and 5.15(c,d) illustrate the influence of the lamination thickness for two differ-

ent beam heights. The relative position of the reinforcement centroid is kept constant at 0.1h

measured from the bottom edge. A small lamination thickness is beneficial in Regime 1 since it

positively influences the idealised mechanical parameters. Regime 2 is not significantly affected

by the lamination thickness. With a sufficiently thin lamination thickness, it may be the case

that the maximum resistance is achieved in Regime 1 for any reinforcement ratio ρtot as shown

in the case of figures 5.14(d) and 5.15(d) with a lamination thickness of 20 and 25 mm. For one

part, this is an effect of the high resistance in Regime 1. For the other part, the pronounced

size dependency leads to a rather low resistance in Regime 2 in case of large cross-sections.

5.6.2 Reinforcement properties

Influence of the reinforcement elastic modulus

Figures 5.16(a,b) illustrate the influence of the reinforcement elastic modulus on the bending

resistance. The comparison is made for a beam height of 600 and 1000 mm. A high elastic

modulus is beneficial for the bending resistance in both regimes. In Regime 1, it improves the
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Fig. 5.16: Reinforced glulam; parametric study with mechanical reinforcement parameters: (a) influence

of the elastic modulus for a cross-section height of h � 600; (b) influence of the elastic modulus for a

cross-section height of h � 1000; (c) influence of the reinforcement strength for a cross-section height of

h � 600; (d) influence of the reinforcement strength for a cross-section height of h � 1000. The points

indicate that the governing regime changes to Regime 1 (white point) or Regime 2 (black point) for

increasing ρtot. Unless specified differently, the following parameters are used: b � 200, bb � 180, t � 40,

ft � fc � fm,k � khkt � 24, ff � 2640, Et � 11000, Ef � 220000, kδ � �0.5, Gf,t � 10, Gf,b � 0.8, τR � 6

(SI units [N] and [mm]).
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idealised mechanical parameters fid and εid,u. Moreover, the share of the tensile stringer force

that is initially taken by the reinforcement is large in case of a high elastic modulus. In Regime 2,

a high reinforcement elastic modulus reduces the curvature at maximum resistance, which in

turn reduces the progress of compression softening.

Influence of the reinforcement strength

Figures 5.16(c,d) illustrate the influence of the reinforcement strength on the bending resistance.

In Regime 1, the reinforcement strength has no influence on the bending resistance, provided

that the reinforcement meets the minimum strength requirement according to Figure 5.4. In

Regime 2, a high reinforcement strength is obviously beneficial for the load bearing capacity.

The higher the reinforcement strength, the lower the required reinforcement ratio to achieve the

ductile failure criterion C.

5.6.3 Timber material parameters

Figures 5.17 and 5.18 illustrate the influence of the timber material properties on the bending

resistance of beams with either a carbon or glass reinforcement.

Influence of the timber strength grade

The influence of the timber strength grade is illustrated in figures 5.17(a) and 5.18(a). In

Regime 1, the increase of resistance is higher for low strength timber compared to high strength

timber. This effect results from the relations defining the idealised mechanical parameters (fid

or εid,u) according to Figure 5.5. The corresponding relations are composed of the associated

timber parameter (ft, or εu,t � ft{Et) and an additional term that describes the improvement

due to the non-linear interaction with the reinforcement after failure initiation. A high timber

tensile strength influences this additional term negatively. In Regime 2, the timber strength

grade affects the increase of resistance if the failure criterion F is governing. If failure criterion

C is governing, the increase of resistance is independent of the timber strength grade. Note

that in figures 5.17(a) and 5.18(a), the increase of resistance with the timber of the highest

strength grade corresponds to the curve with the smallest resistance increase factor, which

is due to the normalisation with the characteristic bending strength of unreinforced glulam. If

absolute resistance values are compared, the highest strength grade provides the highest bending

resistance.

Influence of the timber elastic modulus

The influence of the timber elastic modulus is illustrated in figures 5.17(b) and 5.18(b). In

Regime 1, the idealised mechanical parameters are only weakly dependent on the timber elastic

modulus. The bending resistance in Regime 2 is barely affected by the timber elastic modulus.
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Influence of the compressive softening slope

The influence of the timber compressive softening slope is illustrated in figures 5.17(c) and

5.18(c). As previously mentioned, compressive softening does not progress significantly in

Regime 1 due to rather small curvatures at maximum resistance. Hence, the resistance in

Regime 1 is just slightly affected by the compressive softening slope in case of small to mod-

erate reinforcement ratios. In contrast, the resistance in Regime 2 depends strongly on the

compressive softening slope due to an advanced softening progress.

Influence of the bond shear strength

The influence of the bond shear strength is illustrated in figures 5.17(d) and 5.18(d). In Regime 1,

a high bond shear strength exerts a positive influence on the idealised strength fid. Regime 2 is

not influenced by the bond shear strength.

Influence of the tensile fracture energy

The influence of the tensile fracture energy is illustrated in figures 5.17(e) and 5.18(e). In

Regime 1, a high tensile fracture energy influences the idealised mechanical parameters positively.

The bending resistance in Regime 2 is not affected by this parameter.

Influence of the bond fracture energy

The influence of the bond fracture energy is illustrated in figures 5.17(f) and 5.18(f). Only very

small values of the bond fracture energy cause a difference in the diagrams. For the specific case

considered, the idealised mechanical parameters fid, εid,u are not bounded by the bond failure

for reasonable values of the bond fracture energy. The critical bound corresponds to a local

snap-back instability. The bond fracture energy is more relevant for small beam sizes.
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Fig. 5.17: Carbon reinforced glulam; parametric study with timber parameters: (a) influence of the

timber grade; (b) influence of the elastic modulus; (c) influence of the compressive softening slope; (d)

influence of the bond shear strength; (e) influence of the tensile fracture energy; (f) influence of the bond

fracture energy. The points indicate that the governing regime changes to Regime 1 (white point) or

Regime 2 (black point) for increasing ρtot. Unless specified differently, the following parameters are used:

h � 600, b � 200, bb � 180, t � 40, ft � fc � fm,k � khkt � 24, ff � 2640, Et � 11000, Ef � 220000,

kδ � �0.5, Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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Fig. 5.18: Glass reinforced glulam; parametric study with timber parameters: (a) influence of the timber

grade; (b) influence of the elastic modulus; (c) influence of the compressive softening slope; (d) influence

of the bond shear strength; (e) influence of the tensile fracture energy; (f) influence of the bond fracture

energy. The points indicate that the governing regime changes to Regime 1 (white point) or Regime 2

(black point) for increasing ρtot. Unless specified differently, the following parameters are used: h � 600,

b � 200, bb � 180, t � 40, ft � fc � fm,k � khkt � 24, ff � 1660, Et � 11000, Ef � 85000, kδ � �0.5,

Gf,t � 10, Gf,b � 0.8, τR � 6 (SI units [N] and [mm]).
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5.7 Shear reinforcement

If a brittle failure of the tension chord is prevented by a sufficiently strong tensile reinforcement,

the deformation capacity of reinforced glulam is limited by the shear behaviour. Throughout the

test series of Chapter 3, longitudinal shear failures occurred in strongly reinforced specimens at

some point in the softening phase. The shear resistance is strongly influenced by the softening

progress. Accordingly, it is related with the extent of the crack pattern in the tension zone and

the softening progress of the dominating compression fold. As shown in sections 2.5 and 2.6,

softening and the formation of a hinge cause significant local shear stresses, even in the case of

pure bending action. These shear stresses act in addition to the shear stresses resulting from

the transfer of vertical loads to the supports. As illustrated in figures 2.16 and 2.22, these shear

stresses assume a local maximum approximately at half of the softening depth in the hinge region.

Furthermore, the growth of the crack pattern in the tension zone causes many discontinuities

where shear cracks may nucleate. Shear failures have been observed in the experiments at loads

levels that are distinctively smaller than the shear resistance of unreinforced glulam. Usually,

a longitudinal shear crack formed above or directly at the reinforcement–timber interface of

the innermost reinforcement layer. Several issues promote the formation of shear cracks in this

position. First, as previously mentioned, shear stresses induced by hinge formation achieve a

local maximum in this region. Second, additional local shear stresses occur due to the stress

transfer between the timber and the reinforcement in the close vicinity of cracks. Third, the

reinforcement represents a discontinuity along which cracks preferably progress as explained by

the Cook–Gordon mechanism [34]. To ensure a ductile behaviour, all brittle failure modes have

to be excluded. If the deformation capacity is activated to redistribute moments in statically

indeterminate systems, sufficient shear reinforcement is crucial to prevent brittle shear failures.

5.7.1 Shear reinforcement of glulam with screws or threaded rods

Blaß & Krüger [21] investigated the influence of a shear reinforcement on the shear resistance

of glulam with an I-shaped cross-section and the possibility to re-establish the shear capacity of

glulam that failed due to shear. Threaded rods Ø16 mm, fully threaded screws Ø12 & 13 mm, or

glued-in bars Ø12 mm, positioned in a 45� inclination constituted the shear reinforcement. For

unreinforced glulam, a mean shear strength of 4.35 MPa with a CV of 0.127 was reported. With

a shear reinforcement, an increase of the shear strength up to 33% was achieved if the shear

reinforcement was mounted in an undamaged state of the timber. In a further test series, the

failed unreinforced glulam beams of the first test series were equipped with a shear reinforcement.

The authors reported that the initial shear capacity can be re-established. They proposed to

calculate the horizontal force FR,h that can be transmitted through the crack with a single rod

type element with Equation (5.90). Herein, Rax denotes the axial resistance, which corresponds

to the minimum of the rod tensile resistance and the pull-out resistance, and µ is the friction

coefficient of the crack surfaces. The latter depends on the smoothness of the shear crack plane

and the crack opening. The mechanism of the shear load transfer according to Equation (5.90)
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can be associated with a representative truss, in which the tension member is inclined with

45� and the compression member is inclined with acotpµq. The authors reported that a coarse

crack plane may cause interlocking and increase the friction. Friction coefficients in the range of

approximately 0.1 to 0.5 were reported. These values were back-calculated from the experimental

results. However, the authors remarked that in some of the retrofitted specimens, the cracks did

not close completely when the shear reinforcement was mounted. Möhler & Maier [109] reported

friction coefficients for sawn spruce surfaces in the range of 0.3 to 0.6.

FR,h � Rax
1� µ?

2
(5.90)

For threaded screws up to Ø12 mm, the characteristic and mean axial pull-out resistance can

be calculated according to Blaß et al. [20] with the following relations:

Rax,mean �
0.6
?
d l0.9ef %

0.8
t,mean

1.2 cos2pαq � sin2pαq (5.91)

Rax,k �
0.52

?
d l0.9ef %

0.8
t,k

1.2 cos2pαq � sin2pαq (5.92)

According to the technical approval DIBt Z 9.1–777 [38], the characteristic pull-out resistance

of the threaded rods used in the full-scale three-point bending experiments of Chapter 3 (type

SFS WB T Ø20) can be calculated for any inclination between 45� and 90� with:

Rax,k � 70 � 10�6%2
t,klefd (5.93)

The variable α denotes the shaft to grain angle, %t the timber density, lef the anchorage length,

and d the nominal rod or screw diameter. Blaß & Krüger proposed to design the shear reinforce-

ment such that it covers the total shear force that has to be transferred through the cracked

plane. A dowel action of the rods or screws is neglected.

Dietsch [39] investigated the effect of a shear reinforcement in glulam by calculating its

influence on the shear compliance. He used the so-called γ–method to consider the semi-rigid

composite action between the rod and the timber. A good agreement of the calculated and

the experimentally tested shear strength and stiffness of shear reinforced glulam was obtained.

Based on the theoretical and experimental study, he concluded that the influence of the shear

reinforcement on the strength and stiffness in the unfractured state is rather small, since only

a small fraction of the shear load is actually transferred to the reinforcement. Dietsch reported

that an increase of the shear resistance up to 20% is possible.

Jockwer et al. [87] tested the shear resistance of partially cracked glulam beams. The glulam

beams were slit laterally in the neutral axis to a depth of 2�23% or 2�30% of the beam width to

simulate pre-existing cracks. In phase 1, the glulam beams were tested in a three-point bending

setup until a shear crack occurred in one half of the span. In phase 2, the shear resistance was

restored with threaded rods or fully threaded screws, and the specimens were loaded again until

the non-reinforced half of the span failed. In phase 3, the second half was reinforced and the

beams were tested until failure due to shear, bending, or compression perpendicular to the grain
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(at the point of the load application). In agreement with the findings from Blaß & Krüger, the

authors reported that the shear capacity of cracked glulam beams can be re-established with

threaded rods and fully threaded screws. However, a distinct reduction of the global stiffness

was reported between phase 1 and 2 up to 50%. Jockwer et al. included both the axial resistance

as well as the dowel action to calculate the shear resistance of the retrofitted glulam according

to Equation (5.94).

FR,h � Rax pcospαq � µ sinpαqq �Rdow psinpαq � µ cospαqq (5.94)

5.7.2 Performance of the shear reinforcement in the experiments

Small-scale two-span experiments

The approach from Blaß & Krüger can be used to determine the shear capacity of glulam

reinforced by rod type elements in case of a fully fractured state of the timber. The timber

participates to the shear load transfer only with the activation of friction in the crack plane.

In the shear reinforced two-span experiments of Section 3.5 (Specimens BRK2 – 3..4), it was

possible to arrested initiated shear cracks with a local shear reinforcement. This represents a

different situation since the shear load needs to be transferred only in a local region with the shear

reinforcement. An estimation of the acting shear force in the crack and the resistance of the shear

reinforcement can be made based on the free body diagram of Figure 5.19(a) and Equation (5.90).

The shear crack was initiated below the innermost tensile-reinforcement layer (see Fig. 3.29). The

corresponding anchorage length of the shear reinforcement is lef �
?

2 � 20 � 28 mm. The mean

density of the lamstock used for the fabrication of the specimens corresponded to � 430 kg{m3

at 12% moisture content. According to (5.91), the mean axial pull-out resistance of a single

screw Ø6 mm equals 4.4 kN. By assuming a friction coefficient of µ � 0.5, the total horizontal

force that can be transmitted through the crack corresponds to 4 � 4.4 kN1�0.5?
2
� 18.6 kN. The

acting force can be estimated with a division of the shear force by the lever arm of the tension

and compression chord dv and multiplication with the crack length lcr. In doing so, it is assumed

that the tension zone of the timber at the support is fully cracked. Estimating conservatively

both distances to 70 mm, the shear force transmitted through the crack is equal to the vertical

shear force. The maximum of the latter measured in the experiments of specimens BRK2 – 3..4

corresponded to 37 kN in the mean. According to this rough estimation, the shear reinforcement

was significantly underdesigned. Nonetheless, the applied shear reinforcement was sufficient to

prevent a brittle shear failure and allowed a complete moment redistribution. The simple model

on which the estimation was based is not capable to explain the good performance of the shear

reinforcement in the experiments.

Three-point bending experiments

Encouraged by the fact that a rather moderate shear reinforcement was sufficient in the small-

scale two-span experiments to arrest shear cracks, a moderate shear reinforcement was used in

the full-scale three-point experiments of Section 3.7. A fully developed crack pattern in the hinge
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Fig. 5.19: Free body diagram of: (a) two-span bending experiments according to Section 3.5; (b)

three-point bending experiments according to Section 3.7.

region and a shear crack above the innermost reinforcement layer is assumed as illustrated in

Figure 5.19(b). The shear force that needs to be transmitted through the shear crack equals the

force in the tension or compression chord. A design of the shear reinforcement on a characteristic

level can be based on the approach of Blaß & Krüger. With a characteristic timber density of

380 kN{m3 according to SIA 265 [130] and an anchorage length of lef � 120 � ?2 � 170 mm, the

corresponding axial resistance of a single threaded rod Ø20 mm according to Equation (5.93)

equals 34.4 kN. By assuming a friction coefficient of 0.5, the characteristic horizontal shear

resistance according to (5.90) associated with a single rod corresponds to FR,h � 36.5 kN. The

maximum stringer force of the specimens of type DG3x10 and DK3x7 on a characteristic level

according to the model explained in Section 5.2 corresponds to Fc,k � �967 kN and �1105 kN,

respectively. Accordingly, approximately 30 threaded rods would be necessary on each side of

the span. The specimens of series D were equipped maximally with only 10 threaded rods

each side. Nonetheless, even though the shear reinforcement was significantly underdesigned

according to this simple estimation, a good performance was achieved in most specimens with

10 rods each side of the span as discussed in Section 3.8.3.

5.7.3 Conclusion

A good performance was achieved in the small-scale two-span experiments and in many of the

full-scale experiments in the three-point setup with a moderate shear reinforcement. However,

according to the employed simple calculation models, the shear reinforcement was significantly

underdesigned. Further research on the shear capacity of tension and shear reinforced glulam is

required. In particular, the following issues should be addressed in a further research project.

The pull-out resistance of rod type elements depends on the anchorage length, whereas the

anchorage length depends on the position of the shear crack. It was observed that the shear crack

occurs usually close to the innermost reinforcement layer. Therefore it seems worth to investigate

how reliably and subjected to which limitations the position of the shear crack can be controlled

with the number of tension-reinforced laminations. If the threaded rod perforates the tensile

reinforcement, the pull-out resistance might be also influenced by the tensile reinforcement.
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The horizontal force that can be transmitted through a longitudinal shear crack depends

on the mobilised friction in the crack. Researchers proposed to choose the friction coefficient

conservatively [21, 39]. This grounds on the experience from the repair of existing shear cracks.

Complete crack closure is difficult to achieve in a subsequent repair, but the crack closure affects

the mobilised friction. If the conservative approach is necessary for a shear reinforcement that

is mounted in the uncracked state remains a matter to investigate.

The possibility to arrest initiated shear cracks with a shear reinforcement is of high relevance.

Since crack propagation can be analysed with a balance of the released versus the dissipated

energy (see Chapt. 2.1), crack propagation is a system dependent problem. Consequently, the

shear behaviour of reinforced glulam might be different in single-span or two-span systems. In

the conducted single-span experiments, shear cracks could not be arrested with the equipped

shear reinforcement. In the two-span system, crack arrest was achieved. If crack arrest is

feasible, it might be sufficient to allocate a concentrated shear reinforcement close to the hinge

to prevent the longitudinal crack propagation. In addition, crack propagation problems are

subjected to size effects as discussed in Section 4.1.2. Further research is necessary to investigate

under which conditions crack arrest can be achieved with a shear reinforcement. Until a better

understanding of the shear resistance of reinforced glulam is available, the shear reinforcement

should be designed conservatively.

5.8 Summary and discussion

A new model to predict the bending resistance of reinforced glulam has been formulated. The

model is based on fundamental mechanical relations and does not include empirical calibra-

tion factors. Predictions of the bending resistance are conducted with a cross-sectional stress

and strain analysis. In the relevant cross-section, the deformations localise due to a softening

behaviour, which is related with the growth of the crack pattern in the tension zone and the

formation of compression folds. Compression softening is considered in a mechanically consis-

tent way as discussed in sections 2.2 and 4.2. In the tension zone, the model considers the local

interaction of the timber and the reinforcement after crack initiation with idealised mechan-

ical parameters, which implicitly include the crack-bridging effect of the reinforcement. The

idealised parameters have been derived and discussed thoroughly in Section 2.3. The bending

resistance further depends on the effective hinge length. This parameter relates the response

of the analysed local cross-section with the response of the associated hinge region. The hinge

region encompasses the softening cross-section as well as the adjacent sections with perturbed

stresses and strains. The governing relations have been derived in sections 2.4 to 2.6. With

this approach, the localisation phenomenon associated with softening behaviour and resulting

size effects are consistently taken into account. The model considers two different regimes that

relate to different states of failure of the tension zone. In Regime 1, cracks are initiated in the

tension zone but they do not yet coalesce to major macro-cracks. The reinforcement in the

tension zone is activated locally in the close vicinity of the initiated cracks. In Regime 2, the

crack pattern in the tension zone is fully developed and the tension chord force is completely
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Fig. 5.20: Characteristic bending resistance as a function of the reinforcement ratio of full-scale beams

with reference height h � 600 mm. The solid line corresponds to the normalised resistance calculated

with the proposed model. The dashed line corresponds to the normalised resistance calculated with a

simplified model that considers a behaviour of the tension zone according on the linear-elastic lamination

theory. (a) Beam with one glass reinforced lamination; (b) beam with one carbon reinforced lamination;

(c) beam with three glass reinforced laminations; (d) beam with three carbon reinforced laminations. SI

units [N] and [mm] are used.



200 Chapter 5. Bending resistance of reinforced glulam

taken by the reinforcement. Regime 1 and Regime 2 are relevant for low and high reinforcement

ratios respectively.

In order to obtain resistance predictions on a 5% fractile level or a mean level, a practicable

and simple concept concerning the parameter selection has been proposed and verified with a

probabilistic study. The new model provides good results in comparison with the experimental

results of the 56 small-scale and full-scale single-span experiments described in Section 3. The

tested variations include different specimen sizes, different reinforcement materials, different

reinforcement ratios, and a different number of reinforcement layers. A parametric study has

been conducted, which illustrates the influence of the geometrical and mechanical parameters.

In Figure 5.20, results obtained with the proposed model are compared to results obtained

with a simplified model. The simplified model includes only features that are usually considered

in existing models for the bending resistance of reinforced glulam (see Sect. 5.1). It is based on

Regime 1 exclusively and assumes a behaviour in the tension zone according to the linear-elastic

lamination theory. It neglects the non-linearity in the tension zone due to the interaction of

the timber and the reinforcement after crack initiation (the crack-bridging effect). However, the

softening behaviour in compression is coherently included in the simplified model. It can be

seen that the proposed model yields a higher resistance compared to the simplified model for

any reinforcement ratio. This explains the frequently reported underestimation of the bending

resistance if predictions ground on simple models based on the linear-elastic lamination theory.

The model demonstrates that a fibre reinforcement in the tension zone can lead to a sig-

nificant increase of the bending resistance. For glulam beams of strength grade GL24h in a

structural scale (with a height of 600 mm) and 1% reinforcement ratio, a nominal characteris-

tic bending strength of approximately 36 or 42 MPa can be achieved with a glass or a carbon

fibre reinforcement, respectively (see Fig. 5.11 or Fig. 5.20). Also with distinctively smaller

reinforcement ratios, a significant increase of the resistance can be achieved.
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Chapter 6

Deformation capacity of reinforced

glulam

In the first section of this chapter, a model to describe the deformation capacity of reinforced

glulam is presented. In the subsequent sections, the load bearing capacity in statically indeter-

minate systems is investigated. The activation of the deformation capacity requires sufficient

tension and shear reinforcement. In order to achieve a ductile bending behaviour, the failure

criterion (C) shall govern the bending resistance according to the model described in Chapter 5.

6.1 Hinge characteristic

In sections 2.4 to 2.6, the behaviour of a beam that forms a hinge due to a linear softening

constitutive law has been thoroughly discussed and closed-form analytical solutions for the me-

chanical response have been provided. It has been shown that the softening material behaviour

leads to a localisation of deformations. Due to this localisation, the behaviour can be idealised

with a discrete hinge and an associated moment–rotation relation, which is denoted as the hinge

characteristic. In the case of symmetric softening according to Section 2.5, which is based on

a linear softening constitutive law in the tension as well as the compression zone, the softening

path of the hinge characteristic is close to linear over a significant range of hinge rotations.

The non-linear behaviour of reinforced glulam beams is governed by features that can be

modelled with softening behaviour. In the compression zone, softening is caused by the formation

of compression folds. In the tension zone, the progressive growth of the crack pattern can be

considered as a kind of softening. Those experiments of Chapter 3 that exhibited a rather ductile

behaviour confirmed the deformation localisation after the peak resistance. The experimentally

observed behaviour can be well approximated with a discrete hinge and a linear softening path.

A more detailed discussion is provided in Section 3.8.2. Hence, the softening behaviour of

reinforced glulam complies largely with the assumptions of symmetric softening. This allows

to employ the simplified moment–rotation relation according to Equation (2.271) to describe

the hinge characteristic. With a bending resistance MR calculated according to Chapter 5, the

model hinge characteristic reads:

Mpϕq �MR � kδIϕ (6.1)
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Fig. 6.1: Experimental hinge characteristics (grey curves) of the full-scale three-point bending exper-

iments (plotted until occurrence of distinct shear dislocations) and model hinge characteristic (black

curves) according to Equation (6.1). The model hinge characteristic (solid line) is based on the param-

eters kδ � �0.5 N{mm3 and MR � 504 kNm. The dashed lines represent the model hinge characteristic

with the 5% and 95% fractile value of kδ (�0.70 or �0.34 respectively) based on a CV of 0.22 according

to Section 5.5 and Table 5.3.

The softening parameter kδ can be determined with the experiments. The appropriate value of

kδ � �0.5 N{mm3 has already been reported in sections 3.8.2 and 4.2.4. In addition of beeing

a parameter of the hinge characteristic, kδ corresponds to the slope of the stress–displacement

behaviour of the governing compression fold according to Section 4.2. It further represents a

substitute parameter for the mechanisms causing progressive crack growth in the reinforced

tension chord. However, as soon as a large share of the tension chord force is transferred to the

reinforcement, progressive crack growth in the tension zone is mainly the effect of the increasing

deformation localisation in the compression zone. The parameter kδ is therefore primarily related

to the compressive behaviour. A comparison of the model hinge characteristic with experimental

hinge characteristics is provided in Figure 6.1.

Employing a hinge characteristic with a linear softening slope until zero residual resistance

is a conservative approach. The theoretical hinge characteristic based on a linear softening con-

stitutive law is illustrated in Figure 2.14. The softening slope is close to linear for a significant

range, but approaches the value of zero asymptotically. Furthermore, volumetric lock-up oc-

curs at some point and prevents compressive softening until zero stress transfer (see Sect. 4.2).

Nevertheless, the experimental results illustrated in Figure 6.1 indicate that the simplification

is reasonable.
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6.2 Redistribution of bending moments

The load bearing behaviour of two-span beams and continuous beams subjected to a distributed

load is analysed. The moment redistribution capacity resulting from the hinge characteristic

is taken into account. The results are compared with the elastic limit of a reinforced and an

unreinforced beam. Glulam of quality GL24h with a nominal bending strength of 24 MPa is

considered. A nominal bending strength of 36 MPa is assumed for reinforced glulam.

6.2.1 Two-span beam
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Fig. 6.2: (a) Beam with fixed and pinned support, which represents a symmetric two-span beam; (b)

differential beam element; (c) hinge characteristic.

A symmetric two-span beam is represented by the single span beam with a fixed and a pinned

support according to Figure 6.2(a). The sign convention is shown in Figure 6.2(b). As soon

as the beam reaches its elastic limit, a hinge forms and a rotation αh occurs at the position

of the fixed support. It is assumed that the beam contains tension and shear reinforcement

that are sufficient to prevent the brittle tensile failure and significant shear cracks. The hinge

characteristic according to Figure 6.2(c) is given with:

Mh � �pMR,h � kδIϕq (6.2)

The rotation at the fixed support corresponds to one half of the hinge rotation of the two-span

beam:

αh � 1

2
ϕ (6.3)

For a prescribed load q and a given moment at the fixed support Mh, the rotation can be

calculated with the principle of virtual forces by applying a unit rotation in B.

αh � l

�
1

3EI
� 1

GAvl2



Mh � ql3

24EI
(6.4)
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The moment in B in the elastic state is obtained by setting αh � 0. The moment Mh,el reads:

Mh,el � �ql
2

8

1

1� 3EI
GAvl2

(6.5)

Returning to the general case of Equation (6.4), one obtains the load q as a function of the

hinge rotation ϕ by replacing Mh with (6.2), using (6.3) to replace α with ϕ, and resolving the

equation with regard to the load q:

q � 24EI

l3

�
ϕ

2
� l

�
1

3EI
� 1

GAvl2



pMR,h � kδIϕq



(6.6)

With q as a function of ϕ, all other entities of interest can be calculated according to the classical

beam theory.

VA � ql

2
� Mh

l
(6.7)

VB � �ql
2
� Mh

l
(6.8)

xs � VA

q
� l

2
� Mh

ql
(6.9)

Ms � VAxs � qx2
s

2
� 1

2q

�
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2

(6.10)
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The hinge rotation can be increased until the maximum span moment Ms reaches the bending

resistance MR,s. The corresponding moment distribution is illustrated with the dashed line in

Figure 6.2(a). At this point, a bending failure occurs in the span, or a kinematic mechanism is

obtained in case of a sufficient span reinforcement. The ultimate load is reached in either case.

With Ms �MR,s, one obtains from (6.10) a quadratic equation for q:

q � 1

2MR,s

�
ql

2
� Mh

l


2

(6.12)

The solution for q reads:

q � 4

l2

�
MR,s � 1

2
Mh �

b
MR,s pMR,s �Mhq



(6.13)

By equating (6.13) with (6.6), one obtains with (6.2) a relation for the corresponding hinge

rotation:

ϕmax �
MR,s �

�
3
2 � 6EI

GAvl2

	
MR,h �

a
MR,s pMR,s �MR,h � kδIϕmaxq

3EI
l �

�
3
2 � 6EI

GAvl2

	
kδI

(6.14)

Equation (6.14) has to be solved iteratively. Few iterations are usually sufficient due to the

square root dependency on ϕmax in the term on the right-hand side.
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In Figure 6.3, the results are illustrated for beams with different height h and slenderness λ

that are reinforcement on the top and bottom side of the cross-section. The bending resistance

MR,s equals MR,h and corresponds to a nominal bending strength of 36 MPa. In figures 6.3(a,b),

the ultimate load qmax is normalised with either the load at the elastic limit qel (left axis) or the

ultimate load qref of an unreinforced reference beam with a nominal bending strength of 24 MPa

(right axis). It can be readily seen that the span length l governs the capacity to increase the

load after hinge formation. The ratio of the ultimate limit load versus the elastic limit load

is approximately the same for any height or slenderness as long as the span remains constant.

The ratio is exactly the same if the shear deformation is neglected. For very small span lengths,

the ratio according to the theoretical plastic limit is approached. If the shear deformations are

neglected, the plastic limit load corresponds to qpl � 11.66 �MR,h{l2 � 1.46 � qel. Figures 6.3(c,d)

illustrate the softening progress of the hinge at ultimate load. Again, the length l corresponds

to the governing parameter with regard to the ratio of the residual hinge moment versus the

maximum hinge resistance. Figure 6.3(e) depicts the mid-point deflection1 at ultimate load in

relation to the deflection at the elastic limit (left axis) and the deflection of the reference beam

(right axis). Figure 6.3(f) depicts the hinge rotation at maximum load.

In Figure 6.4, the same results are illustrated for beams that contain a reinforcement at the

top side only. Hence, the span is not reinforced. The bending resistance in the span MR,s is

equal to the bending resistance of the reference beam MR,ref .

1The maximum deflection differs in maximum 4% to the mid-point deflection.



206 Chapter 6. Deformation capacity of reinforced glulam

0 600 1200 1800 2400
0.6

0.8

1

1.2

1.4

1.6
(a)

1

1.2

1.4

1.6

1.8

2

2.2

2.4

0 600 1200 1800
0

30

60

90

120

150
(f)

0 600 1200 1800
0.5

1

1.5

2

2.5

3
(e)

1

1.5

2

2.5

3

3.5

4

4.5

0 600 1200 1800
0

0.2

0.4

0.6

0.8

1

1.2
(c)

0 1 2 3 4
104

0.6

0.8

1

1.2

1.4

1.6
(b)

1

1.2

1.4

1.6

1.8

2

2.2

2.4

0 1 2 3 4
104

0

0.2

0.4

0.6

0.8

1

1.2
(d)

Fig. 6.3: Results at maximum load of two-span beams with a top and bottom reinforcement: (a) load

bearing capacity (ultimate resistance versus elastic resistance or reference beam resistance) as a function

of h; (b) load bearing capacity as a function of l; (c) hinge moment versus hinge resistance as a function of

h; (d) hinge moment versus hinge resistance as a function of l; (e) midpoint deflection (ultimate deflection

versus elastic deflection or reference beam deflection); (f) maximum hinge rotation. The reference beam

behaves brittle with a nominal bending strength of MR,ref � 24 MPa. Remaining parameters used:

MR,h �MR,s � 36 MPa, E � 11000 MPa, G � 650 MPa, kδ � �0.5 N{mm3, λ � l{h.
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Fig. 6.4: Results at maximum load of two-span beams with a top reinforcement only: (a) load bearing

capacity (ultimate resistance versus elastic resistance or reference beam resistance) as a function of h;

(b) load bearing capacity as a function of l; (c) hinge moment versus hinge resistance as a function of h;

(d) hinge moment versus hinge resistance as a function of l; (e) midpoint deflection (ultimate deflection

versus elastic deflection or reference beam deflection); (f) maximum hinge rotation. The reference beam

behaves brittle with a nominal bending strength of MR,ref � 24 MPa. Remaining parameters used:

MR,h � 36 MPa, MR,s � 24 MPa, E � 11000 MPa, G � 650 MPa, kδ � �0.5 N{mm3, λ � l{h.
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6.2.2 Continuous beam
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Fig. 6.5: (a) Beam with fixed supports, which represents a continuous beam; (b) differential beam

element; (c) hinge characteristic.

In accordance with the previous section, a continuous beam is considered, which is represented

by the single span beam with fixed end supports according to Figure 6.5(a). The sign convention

is shown in Figure 6.5(b). As soon as the beam reaches its elastic limit, hinges form at both

ends and a rotation occurs at the position of the fixed supports. It is assumed that the beam

contains tension and shear reinforcement that are sufficient to prevent the brittle tensile failure

and significant shear cracks. The hinge characteristic according to Figure 6.5(c) is given with:

Mh � �pMR,h � kδIϕq (6.15)

The rotations at the fixed supports correspond to one half of the hinge rotations of the continuous

beam:

αh � 1

2
ϕ (6.16)

For a prescribed load q and given moments at the fixed supports Mh, the rotation can be

calculated with the principle of virtual forces by applying a unit rotation in A or B.

αh � l

2EI
Mh � ql3

24EI
(6.17)

The moment in A and B in the elastic state is obtained by setting αh � 0. The moment Mh,el

reads:

Mh,el � �ql
2

12
(6.18)
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Returning to the general case of Equation (6.17), one obtains the load q as a function of the

hinge rotation ϕ by replacing Mh with (6.15), using (6.16) to replace α with ϕ, and resolving

the equation with regard to the load q:

q � 24EI

l3

�
ϕ

2
� l

2EI
pMR,h � kδIϕq



(6.19)

With q as a function of ϕ, all other entities of interest can be calculated according to the classical

beam theory.

VA � ql

2
(6.20)

VB � �ql
2

(6.21)

xs � l

2
(6.22)

Ms �Mh � ql2

8
(6.23)

wm � 1

EI

�
5

384
ql4 � 1

8
Mhl

2



� 1

GAv

ql2

8
(6.24)

The hinge rotation can be increased until the maximum span moment Ms reaches the bending

resistance MR,s. The corresponding moment distribution is illustrated with the dashed line in

Figure 6.5(a). At this point, a bending failure occurs in the span, or a kinematic mechanism is

obtained in case of a sufficient span reinforcement. The ultimate load is reached in either case.

With Ms �MR,s, one obtains from (6.23) an equation for q.

q � 8

l2
pMR,s �Mhq (6.25)

By equating (6.25) with (6.19), one obtains with (6.15) a relation for the corresponding hinge

rotation:

ϕmax � 2MR,s �MR,h

3EI
l � kδI

(6.26)

Figures 6.6 and 6.7 depict the results analogous to the previously considered case of a two-span

beam.
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Fig. 6.6: Results at maximum load of continuous beams with a top and bottom reinforcement: (a)

load bearing capacity (ultimate resistance versus elastic resistance or reference beam resistance) as a

function of h; (b) load bearing capacity as a function of l; (c) hinge moment versus hinge resistance

as a function of h; (d) hinge moment versus hinge resistance as a function of l; (e) midpoint deflection

(ultimate deflection versus elastic deflection or reference beam deflection); (f) maximum hinge rotation.

The reference beam behaves brittle with a nominal bending strength of MR,ref � 24 MPa. Remaining

parameters used: MR,h �MR,s � 36 MPa, E � 11000 MPa, G � 650 MPa, kδ � �0.5 N{mm3, λ � l{h.
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Fig. 6.7: Results at maximum load of continuous beams with a top reinforcement only: (a) load bearing

capacity (ultimate resistance versus elastic resistance or reference beam resistance) as a function of h;

(b) load bearing capacity as a function of l; (c) hinge moment versus hinge resistance as a function of h;

(d) hinge moment versus hinge resistance as a function of l; (e) midpoint deflection (ultimate deflection

versus elastic deflection or reference beam deflection); (f) maximum hinge rotation. The reference beam

behaves brittle with a nominal bending strength of MR,ref � 24 MPa. Remaining parameters used:

MR,h � 36 MPa, MR,s � 24 MPa, E � 11000 MPa, G � 650 MPa, kδ � �0.5 N{mm3, λ � l{h.
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6.2.3 Analysis of stability

As observed in the previous sections, the span length is a governing parameter with respect to

the capacity to increase the load after hinge formation. Above a certain length of the span, the

load cannot be further increased after hinge formation. A condition for this length is obtained

with a stability analysis of the beam according to Section 2.1. The Helmholtz free energy

F is selected as the governing thermodynamic potential, isothermal conditions are employed,

and a load control with prescribed q is assumed. The Helmholtz free energy can be separated

in three parts: the first part Fq corresponds to the potential energy of the loads, the second

part Fb corresponds to the elastic energy stored in the beam, the third part Fh corresponds

to the recoverable energy, which is obtained if the failure zone is unloaded completely. The

hinge rotation and the curvature distribution correspond to the kinematic state variables of the

system. The latter can be expressed as a function of the hinge rotation since the beam behaviour

is linear-elastic along the span. Hence, the hinge rotation ϕ remains the only state variable that

needs to be considered. The change of state is given with dϕ and shall be strictly positive2

(monotonic loading). For simplicity, shear deformations are neglected. The equilibrium point

at hinge formation is analysed.

Two-span beam

At the point of hinge formation, the moment in B is given with:

Mh � �MR,h � �ql
2

8
(6.27)

The three parts of the Helmholtz free energy are provided below. The factor 2 takes into account

that there are two spans but only a single hinge.

Fq � �2

» l
0
qwdx (6.28)

Fb � 2

» l
0

1

2
EIχ2dx (6.29)

Fh � 1

2
Mhϕ (6.30)

F � Fb �Fq �Fh (6.31)

To perform the stability analysis, the change of the Helmholtz free energy with regard to the

change of state is required. A unit rotation dϕ � 2dα is employed at the position of the hinge.

This unit rotation causes the unit deflection of the beam dwpxq. The deflection curve is a

fourth-degree polynomial: dwpxq � c0� c1x� c2x
2� c3x

3� c4x
4. With the boundary conditions

2Using the current hinge rotation as variable to define the state of failure is admissible for a monotonic rotation

increase only. By accepting this limitation, many relations can be written in a simpler form. In a general

formulation according to Section 2.1, the (kinematic) state variable need to be separated from an additional

(internal) variable describing the state of failure (e.g. a damage variable or plastic strains). The nature of the

internal variable reveals whether the non-linearity is a consequence of damage or plastic behaviour.
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dwp0q � 0, dwplq � 0, dw2p0q � �dMp0q{EI � 0, dw1plq � �dα, the unit deflection and the

associated curvature are given with:

dwpxq � 1

2

�
x� x3

l2



dα (6.32)

dw2 � �3x

l2
dα � �dχ (6.33)

Potential energy of the loads:

The change of Fq is obtained by taking the derivative of (6.28) with regard to w, employing the

unit deflection dw, and integrating along the length. Since the system is load controlled, the

load q is a constant parameter.

dFq � �2

» l
0
pq dwqdx (6.34)

With (6.27) and (6.32), the integration of (6.34) yields:

dFq � �2
ql2

8
dα � �MR,hdϕ (6.35)

Elastic strain energy in the beam:

The change of Fb is given:

dFb � 2

» l
0
p EIχloomoon

M

dχqdx (6.36)

The moment distribution M after hinge formation can be written as the sum of the linear-

elastic moment distribution plus the change due to the rotation α. The latter part can be

directly deduced by integrating (6.33) with regard to α and multiplying with �EI.

M �
�
ql

2
� MR,h

l



x� q

x2

2looooooooooooomooooooooooooon
linear-elastic distribution

�3EIx

l2
α (6.37)

By inserting (6.37) and (6.33) into (6.36) and integrating along l, one obtains:

dFb � 2
3EI

l
α dα � 3EI

2l
ϕ dϕ (6.38)

Recoverable energy in the hinge:

According to (6.30), the recoverable energy in the hinge reads with (6.2):

Fh � 1

2
pMR,h � kδIϕqϕ (6.39)

(6.40)
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The change of Fh is obtained by taking the derivative of (6.28) with regard to ϕ and employing

the unit rotation dϕ.

dFh � 1

2
MR,hdϕ� kδIϕ dϕ (6.41)

Dissipation function:

The dissipation function is obtained from the hinge characteristic. The fracture energy cor-

responds to the complete area below the moment–rotation path. The dissipation function D

corresponds to the area which is swept in an increment dϕ according to Figure 6.2(c). The

dissipation function reads:

D � 1

2
MR,hdϕ (6.42)

Stability condition:

Stability is provided if the condition dF�D ¡ 0 according to (2.65) is satisfied. With (6.35),

(6.38), (6.41), (6.42), and ϕ � 2α, dϕ � 2dα, the stability condition reads:

dF�D ¡ 0

�MR,hdϕloooomoooon
dFl

� 3EI

2l
ϕ dϕloooomoooon

dFb

� 1

2
MR,hdϕ� kδIϕ dϕloooooooooooomoooooooooooon

dFh

� 1

2
MR,hdϕloooomoooon

D

¡ 0

The stability condition reduces to:

3E

2l
¡ �kδ or � 3E

2kδ
¡ l (6.43)

If this condition is satisfied, the load increases after hinge formation. In case of violation, the

maximum load is obtained at the elastic limit. With the material parameters kδ � �0.5 N{mm3

and E � 11000 MPa, equality in (6.43) is obtained with l � 33000 mm. When this length is

approached, the ratio qmax{qel tends towards one as can be readily seen in figures 6.3(b) and

6.4(b).

Continuous beam

By following the same procedure, the stability condition for the continuous beam is obtained.

Only one span is considered and a hinge appears at each end of the beam. However, only

half of the recoverable and dissipated energy of the hinges is associated with the span under

consideration. The three parts of the Helmholtz free energy are provided below for the continuous

beam setup.

Fq � �
» l

0
qwdx (6.44)

Fb �
» l

0

1

2
EIχ2dx (6.45)

Fh � 1

2
Mhϕ (6.46)

F � Fb �Fq �Fh (6.47)



6.3. Approximation of the maximum load 215

With the boundary conditions dwp0q � 0, dwplq � 0, dw1p0q � dα, dw1plq � �dα, the unit

deflection and the associated curvature read:

dwpxq � 1

2

�
x� x2

l



dα (6.48)

dw2 � �2x

l2
dα � �dχ (6.49)

The change of the Helmholtz free energy portions and the dissipation function read:

dFq � �MR,hdϕ (6.50)

dFb � EI

l
ϕdϕ (6.51)

dFh � 1

2
MR,hdϕ� kδIϕ dϕ (6.52)

D � 1

2
MR,hdϕ (6.53)

The stability condition requires:

E

l
¡ �kδ or � E

kδ
¡ l (6.54)

With the material parameters kδ � �0.5 N{mm3 and E � 11000 MPa, equality in (6.54) is

obtained with l � 22000 mm. When this length is approached, the ratio qmax{qel tends towards

one as can be readily seen in figures 6.6(b) and 6.7(b).

6.3 Approximation of the maximum load

Above a certain length of the span, the ultimate load corresponds to the elastic limit load. If the

shear deformations are neglected, this certain length is not dependent on the slenderness λ or

the beam height h. On the downside, the ultimate load approaches the theoretical plastic limit

load if the span approaches a length of zero. This size dependency, featuring the approach to the

plastic or elastic limit for small or large spans respectively, is in line with size effect associated

with quasi-brittle behaviour (see Sect. 4.1.2). Since the elastic and plastic limit loads can be

easily calculated, as well as the critical span length, a fast approximation of the ultimate load

can be obtained with a linear interpolation. Herein, lcr corresponds to the critical span length

obtained for equality in equations (6.43) or (6.54), qel and qpl correspond to the elastic and

plastic limit load. The approximation lies on the save side.

qmax � max

$&%qel � pqpl � qelq l
lcr

qel

(6.55)

6.4 Summary and discussion

As soon as the peak resistance of reinforced glulam is exceeded the deformations localise due to

formation of compression folds and progressive crack growth in the tension zone. A model to
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describe the deformation capacity of tension and shear reinforced glulam is proposed. The be-

haviour is approximated with a discrete hinge and a linear softening moment–rotation behaviour,

which is denoted as the hinge characteristic. The slope of the hinge characteristic is a function

of the compressive softening slope in the stress–displacement diagram and the cross-sectional

moment of inertia.

The load bearing behaviour of two-span and continuous beams has been analysed. It has

been shown that the capacity to increase the load after hinge formation depends on the type of

static system, the length of the span, and the material parameters. Above a certain length of

the span, the ultimate load corresponds to the elastic limit load. For small span lengths, the

ultimate load approaches the theoretical plastic limit load. A method for a fast approximation

of the ultimate load has been proposed. In the case of regular apartment and office buildings,

the relevant range of spans is often below 8 meters. In this case a significant load increase after

hinge formation is feasible with reinforced glulam. The capacity to increase the load is more

restricted in long span structures, for example sport halls with spans in the range between 15 and

30 meters. If two-span or continuous beams are reinforced on the top side only, the ultimate load

cannot be increased significantly after hinge formation. This is because the moment capacity of

the beam is already used efficiently in the linear-elastic range.
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Chapter 7

Summary and outlook

7.1 Summary

The behaviour of reinforced glulam beams subjected to bending has been studied. Softening ma-

terial behaviour has been identified as a relevant feature for describing the non-linear behaviour

in the ultimate limit state. Softening occurs in the compression zone due to the formation of

compression folds. In addition, the formation and growth of the crack pattern in the reinforced

tension zone can be viewed as some kind of softening. A mechanic-based model for the bending

resistance of reinforced glulam is proposed. The model takes into account the different types

of softening in a mechanically coherent way. With the model, it is shown that even small rein-

forcement ratios can improve the bending resistance distinctively. Bending tests with reinforced

glulam beams have been conducted to verify the proposed model. The model predictions agree

well with the results of the experiments.

With a sufficiently high reinforcement ratio, the bending resistance is governed by the ductile

compression behaviour of the timber. If the brittle failure modes are prevented with a tension

and shear reinforcement, a ductile bending behaviour can be achieved and bending moments

can be redistributed in statically indeterminate systems. A model has been presented that

describes the deformation capacity of tension and shear reinforced glulam. The model assumes

a discrete hinge that forms as soon as the maximum bending resistance is reached. A linear

softening moment–rotation relation, also denoted as the hinge characteristic, is employed. The

hinge characteristic approximates well the behaviour of the experimentally tested reinforced

glulam beams. In statically indeterminate systems, it is found that the increase of the load

bearing capacity after hinge formation depends on the span length. This is a consequence of the

softening behaviour. For very short spans, the ultimate load approaches the theoretical limit

based on a perfectly plastic behaviour. For spans above a certain length, the ultimate load is

reached at the elastic limit, simultaneously to the hinge formation. In many practically relevant

cases, the load can be significantly increased after hinge formation.
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Summary of each chapter

In the subsequent paragraphs, a brief summary of each chapter is provided.

In Chapter 2, basic aspects of softening material behaviour are discussed. In the first part,

the fundamental thermodynamic relations governing dissipative (inelastic) material behaviour

are examined. In the subsequent parts, the behaviour of elementary structural components that

exhibit a softening behaviour is investigated. The considered components include a bar, a rein-

forced bar, and a beam that forms a hinge. With the softening bar according to Section 2.2, it is

illustrated that softening behaviour cannot be described coherently with a stress–strain relation

exclusively. This would cause unrestricted localisation of strains and zero energy dissipation.

Instead, constitutive stress–displacement relations are introduced to take the localisation phe-

nomenon into account. By describing softening with a stress–displacement relation, a consistent

energy dissipation in the process of failure is obtained. With the reinforced bar according to

Section 2.3, the interaction of the softening bar with a bonded reinforcement is investigated. The

example is of direct relevance for the behaviour of reinforced glulam. It can be associated with

a reinforced timber lamination, which is extracted from the tension zone of reinforced glulam.

The mechanical response of the reinforced bar is non-linear. A simplification is proposed that

implicitly considers the interaction of the timber and the reinforcement after crack initiation.

This simplification is later employed to model the behaviour of the tension zone in reinforced

glulam. In sections 2.4 to 2.6, the behaviour of a beam that forms a local hinge due to softening

material behaviour is discussed. The softening behaviour localises in a single plane denoted as

the softening plane. Adjacent to this plane, the stresses and strains are perturbed. The affected

region is denoted as the hinge region. Analytical solutions for the moment–rotation behaviour

as well as the state of stresses and strains in the hinge region are derived. For two specific

cases, denoted as symmetric softening and asymmetric softening, the solutions are elaborated

in detail. In the first case, softening occurs simultaneously in the tension and compression zone

of the beam. In the second case, softening occurs in either the tension or compression zone

exclusively. It is shown that the mechanical response can be represented with a discrete hinge

in the framework of the classical beam theory. Furthermore, it is illustrated that the maximum

resistance as well as the deformation capacity are subjected to a size effect.

In Chapter 3, the reinforcing system for glulam that has been developed in the course of

this research project is described. The conducted experimental campaign is outlined. The

campaign includes basic material tests, small-scale bending experiments in a four-point bending

setup, small-scale experiments in a two-span bending setup, full-scale experiments in a four-point

bending setup, and full-scale experiments in a three-point bending setup. The experimental re-

sults are summarised and briefly discussed. Depending on the reinforcement ratio, a brittle or a

ductile bending behaviour is observed. Progressive crack growth and the formation of compres-

sion folds cause a softening behaviour and the localisation of deformations in ductile specimens.

The softening phase can be well approximated with a discrete hinge and a linear softening
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moment–rotation relation. The observed behaviour is related with the analytical solution of

symmetric softening discussed in Section 2.5. The experiments emphasise that a sufficient shear

reinforcement is crucial in order to achieve a ductile bending behaviour.

In Chapter 4, basic aspects of the material behaviour of timber and fibre reinforcements

are discussed. It is focused on features that are relevant for this thesis and are considered in

Chapter 5 to model the behaviour of reinforced glulam.

In Chapter 5, a model to calculate the bending resistance of reinforced glulam beams is pre-

sented. The localisation of deformations is coherently taken into account based on the relations

derived for a softening beam according to sections 2.4 to 2.6. The local interaction of the timber

and the reinforcement in the tension zone is considered and grounds on the analytical solution

of the reinforced bar of Section 2.3. The model considers two regimes that relate to a different

state of failure in the tension zone. In Regime 1, the timber is largely intact. The main part of

the tension chord force is taken by the timber. The reinforcement is activated locally to bridge

initiated cracks in the vicinity of weak links. In Regime 2, the initiated cracks coalesce to macro-

cracks. A fully developed crack pattern is assumed and the tension chord force is taken entirely

by the reinforcement. In order to obtain resistance predictions on the 5% fractile level, a prac-

ticable concept concerning the parameter selection is proposed and probabilistically justified. A

comparison of model predictions with experimental results is provided. The model is capable

to predict appropriately the characteristic bending resistance and the failure behaviour of the

experimentally tested reinforced glulam beams. A parametric study is included to demonstrate

the influence of each model parameter. A short discussion is appended with regard to the design

of a shear reinforcement for reinforced glulam beams.

In Chapter 6, a model to describe the deformation capacity of reinforced glulam is presented.

The model is based on the analytical relations derived for a softening beam in sections 2.4 to 2.6.

As soon as the peak load is reached, the deformations localise in a discrete hinge, whose behaviour

is described with a linear softening moment–rotation relation. Based on this model, the load

bearing behaviour of reinforced glulam in statically indeterminate systems is investigated. Two-

span beams and continuous beams are considered. It is found that the resulting capacity to

increase the load after hinge formation depends on the span length. For very short spans,

the ultimate load approaches the theoretical limit based on a perfectly plastic behaviour. For

spans above a certain length, the ultimate load is reached at the elastic limit, simultaneously

to the hinge formation. This finding is in line with the size effect associated with quasi-brittle

behaviour. Accordingly, the largest benefit with respect to the increase of the load bearing

capacity is obtained with small to moderate spans. A simple approximation of the load increase

after hinge formation is presented, which is based on the elastic limit load and the theoretical

plastic limit load.
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7.2 Outlook

The findings of this thesis lead to some topics that require further research. For a practical

application of the considered reinforced glulam system, primarily three relevant topics are iden-

tified.

Shear resistance of tension and shear reinforced glulam

If the deformation capacity of reinforced glulam is activated to redistribute moments in stat-

ically indeterminate systems, a sufficient shear reinforcement is crucial in order to prevent a

brittle shear failure. A good performance with a moderate shear reinforcement was achieved

in the experiments described in Chapter 3. However, as discussed in Section 5.7, the shear re-

inforcement was significantly underdimensioned according to existing dimensioning approaches.

Further research should focus on the shear behaviour of tension and shear reinforced glulam and

the design of the shear reinforcement. Relevant points to address in a further research project

have been discussed in Section 5.7.

Long-term behaviour

Glass and carbon fibres are not prone to creep. Creep in FRPs is related predominantly with the

properties of the fibre matrix. Accordingly, the deviatoric stresses and stresses perpendicular

to the fibre direction are relevant with regard to creep (Lou & Schapery [100]). The behaviour

of unidirectional fibre reinforcements in fibre direction is therefore not significantly affected by

long-term loading. The long-term behaviour of reinforced timber is dominated by the mechano-

sorptive creep behaviour of the wood. Plevris & Triantafillou [116] investigated theoretically and

experimentally the creep behaviour of FRP reinforced timber beams. They used a rheological

constitutive law based on a Burger element to model the mechano-sorptive behaviour of wood

and a power law expression for the creep behaviour of the FRP. The authors reported a beneficial

influence of the reinforcement on the long-term deformations. In a constant climate, the benefit

is less distinctive since only a slight stress redistribution from the timber in the reinforcement

takes place over time. If the composite element is subjected to a variable climate (hygrothermal

cycling) a significant reduction of the relative creep deformation and a large stress redistribution

was reported. The authors stated that the creep deformation can be reduced by more than 50%

in a variable climate with a carbon FRP area fraction of 1%.

A potentially negative influence might be exerted by the relatively thick polyurethane bond

lines of the reinforcement layers. As described in Section 3.2, the polyurethane adhesive forms

simultaneously the matrix of the fibre fabric tapes and the bond to the timber. This results in

comparatively thick adhesive layers. As reported by Aicher et al. [5], creep effects in polyurethane

adhesives are dependent on the bond line thickness. The potential influence should be investi-

gated with long-term experiments with reinforced glulam beams.
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General type of loading

The focus in this thesis was laid on beams subjected to bending action. A first step to a

more general type of loading has been made by considering an additional normal force in the

formulation of the resistance according to Chapter 5. In case of a small normal force, the

presented concepts are readily applicable, however, it has to be noted that the characteristic

timber strength parameters depend on the type of loading. If the normal force becomes a

significant factor with regard to the load bearing capacity, additional experiments should be

conducted in order to confirm or to extend the presented models.
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Nomenclature

Abbreviations

glulam Glued laminated timber

AFRP Aramid fibre reinforced polymer

CFRP Carbon fibre reinforced polymer

CV Coefficient of variation

FRP Fibre reinforced polymer

GFRP Glass fibre reinforced polymer

LEFM Linear-elastic fracture mechanics

NLFM Non-linear fracture mechanics

RH Relative humidity

Tex Mass per unit length [g/1000m]

tKAR Total knot area ratio

UD Unidirectional

Upper-case Roman letters

A Cross-sectional area; thermodynamic force

Apdq Dissipative part of the thermodynamic force

Apqq Quasi-conservative part of the thermodynamic force

Af Reinforcement cross-sectional area

Af,gross Gross reinforcement cross-sectional area

Af,net Net reinforcement cross-sectional area

At Bar cross-sectional area; timber cross-sectional area

Av Effective shear area

D Dissipation function

E Elastic modulus

E1 Elastic modulus in principal material direction 1

E2 Elastic modulus in principal material direction 2

Ef Reinforcement elastic modulus

Et Bar elastic modulus; timber elastic modulus

Em,g Bending elastic modulus based on global measurements according to EN 408 [48]

Em,l Bending elastic modulus based on local measurements according to EN 408 [48]

F Force; load

Fb Bond force

Fb,limit Maximum bond force

Fb,max Bond force at peak load

Fc Compressive force
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Ff Reinforcement force

Fmax Peak load

FR,h Horizontal shear resistance associated with a single rod

Ft Tensile force

G Energy release rate; shear modulus

G12 Shear modulus with respect to the principal material orientation 12

Gc Fracture toughness

Gf Fracture energy

Gf,II Timber Mode II fracture energy

Gf,b Bond fracture energy

Gf,c Compressive fracture energy

Gf,t Tensile fracture energy

I Cross-sectional moment of inertia

M Bending moment

M0 Bending moment outside the region of localisation

Mh Moment at the position of the hinge

Mmax Maximum bending moment

Mp Bending moment in the softening plane

MR Bending resistance

MR,h Bending resistance at the position of the hinge

MR,k Characteristic bending resistance (model prediction)

MR,mean Mean bending resistance (model prediction)

MR,s Bending resistance in the span

MR,test Experimentally tested bending resistance

Ms Moment in the span

Mu Linear-elastic bending resistance

N Normal force

N0 Normal force outside the region of localisation

Np Normal force in the softening plane

dQ Heat supply increment

Rax Axial pull-out resistance

Rdow Resistance based on dowel action
9Spiq Rate of internal entropy production

dSpiq Internal entropy production increment (irreversible)

dSprq External entropy supply increment (reversible)

Uel Elastic strain energy of the system

Uel,f Elastic strain energy of the failure zone

V Volume; shear force

dW Work increment

dW pdq Dissipative part of the work increment

dW pqq Quasi-conservative part of the work increment

dW � Complementary work increment

Lower-case Roman letters
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a Kinematic state variable; softening depth; distance

9a Rate of change of the kinematic state variable

a0 Size of the softening zone

a0,c Size of the softening zone in compression

ac Softening depth in the compression zone

at Softening depth in the tension zone

b Width

bb Bond width

bnet Net width

c Zero stress depth; length of load application plate; constant

d Size; nominal rod diameter

dc Eccentricity of compression force with regard to the reference axis

dt Eccentricity of tension force with regard to the reference axis

fc Compressive strength

ff Reinforcement tensile strength

ff,req Required reinforcement tensile strength

fid Idealised strength

fm Nominal bending strength

fm,gross Nominal bending strength based on gross cross-sectional dimensions

fm,net Nominal bending strength based on net cross-sectional dimensions

fm,k Characteristic glulam bending strength according to EN 14080 [44]

ft Tensile strength

g shape function

h Height

hc Height of the compression zone

ht Height of the tension zone

kh Glulam height coefficient

kt Glulam lamination thickness coefficient

kδ Softening slope in the stress–displacement diagram (negative value)

l Length

lb Bond length

lb,limit Bond length at maximum bond force

lb,max Bond length at peak load

lcr Critical length; crack length

lef Anchorage length

lf Failure zone length; effective hinge length

lf,max Failure zone length at peak load

lh,eff Effective hinge length

m Softening slope ratio in the stress–strain diagram

mf,net Net weight of fibre fabric (fibres in longitudinal direction only)

n Ratio of the reinforcement versus timber elastic modulus

nreinf Number of reinforced laminations in a glulam cross-section

p Parameter of the shape function g(x)

q Distributed load

qel Distributed elastic limit load
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qmax Distributed peak load

qpl Distributed plastic limit load

qref Distributed peak load of an unreinforced reference beam

s Slip; softening gradient

sr Maximum slip at shear failure or at zero stress transfer

t Thickness; lamination thickness

tf,tape Ideal net thickness of fibre fabric tape

u Displacement; elongation; energy density

uf Reinforcement displacement

ut Bar displacement

w Deflection

wm Midpoint deflection

xh Half of the hinge region length

zN Eccentricity of the external normal force with regard to the reference axis

zf Eccentricity of the reinforcement layer with regard to the reference axis

zs Eccentricity of the neural axis with regard to the reference axis

Upper-case Greek letters

Π Total potential energy (including the loading mechanism)

Π� Complementary total potential energy (including the loading mechanism)

Φ Dissipation potential

Lower-case Greek letters
9α Rate of change of the internal state variable

αh Inclination at the position of the hinge

δ Separation or displacement
9δ Displacement rate

δlimit Separation at bond failure

δmax Separation at peak load

δr Separation or displacement at zero stress transfer (rupture)

ε Strain; strain tensor

9ε Strain rate

ε0 Strain outside the region of localisation

εel Elastic part of the strain

εel,p Elastic part of the strain in the softening plane

εf Reinforcement strain

εf,p Reinforcement strain in the softening plane

εid Idealised strain

εid,y Idealised yield strain

εid,u Idealised ultimate strain

εinf Strain at the bottom beam edge

εsup Strain at the top beam edge

εm Average strain

εm,limit Average strain at bond failure
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εm,snapback Average strain at occurrence of a snap-back instability

εp Strain in the softening plane

εp,inf Strain in the softening plane at the bottom beam edge

εp,sup Strain in the softening plane at the top beam edge

εref Strain along the reference axis

εt Bar strain; timber strain

εr Strain at zero stress transfer (rupture)

εu Strain at failure initiation

εu,c Strain at compressive failure initiation

εu,t Strain at tensile failure initiation

η Substitution parameter

θ Temperature
9θ Temperature rate of change

ι Dirac-delta function

λ Slenderness l{h
µ Friction coefficient

ν Poisson’s ratio

π Potential energy (without the loading mechanism)

π� Complementary potential energy (without the loading mechanism)

ρ Sectional reinforcement ratio of glulam

ρtot Total sectional reinforcement ratio

ρtot,gross Total sectional reinforcement ratio based on gross cross-sectional dimensions

ρtot,net Total sectional reinforcement ratio based on net cross-sectional dimensions

% Sectional reinforcement ratio of the bar or a single lamination

%f Filament density

%t Timber density

σ Stress; stress tensor

σ0 Stress outside the region of localisation

σc Compressive stress

σf Reinforcement stress

σf,0 Reinforcement stress outside the region of localisation

σf,0,max Reinforcement stress outside the region of localisation at peak load

σf,p Reinforcement stress in the softening plane

σf,p,limit Reinforcement stress in the softening plane at bond failure

σf,p,max Reinforcement stress in the softening plane at peak load

σf,p,snapback Reinforcement stress in the softening plane at occurrence of a snap-back instability

σm Nominal bending stress

σm,crack Acting bending stress when the first crack was observed

σN Nominal strength

σp Stress in the softening plane

σp,inf Stress in the softening plane at the bottom beam edge

σp,sup Stress in the softening plane at the top beam edge

σt Bar stress; timber stress

σt,0 Bar or timber stress outside the region of localisation

σt,0,limit Bar or timber stress outside the region of localisation at bond failure
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σt,0,max Bar or timber stress outside the region of localisation at peak load

σt,p Bar stress in the softening plane

σt,p,max Bar stress in the softening plane at peak load

σy Yield stress

τ Shear stress

τR Bond shear strength

ϕ Hinge rotation

ϕmax Hinge rotation at failure

χ Curvature; generalised stress

χ0 Curvature outside the region of localisation

χpdq Dissipative part of the generalised stress

χpqq Quasi-conservative part of the generalised stress

χp Curvature in the softening plane

χr Curvature at complete separation

χs Muttoni’s softening stability factor

χu Curvature parameter

χu,c Curvature parameter based on the compressive strength

χu,t Curvature parameter based on the tensile strength

α Internal state variable; shaft to grain angle; inclination

Special characters

F Helmholtz free energy
9F Helmholtz free energy rate of change

G Gibbs free energy

H Enthalpy

S Entropy

U Internal energy
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[9] Bariska, M. and Kučera, L. “On the fracture morphology in wood”. Wood Science and Technology

19.1 (1985), pp. 19–34.
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