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Abstract
Electrical power is largely converted to or from mechanical energy using
electric motors. Several applications have driven the miniaturization of
these machines, which requires high rotational speeds to achieve a desired
power level at a decreased size. Rotational speeds of several hundred
thousand revolutions per minute (rpm) have been used industrially, and
drive systems in research environments have reached rotational speeds of
up to one million rpm. The highest measured rotational speed achieved
with an electrically driven rotor was 37.98 million rpm and dates back
to 1947. Since then, this speed has not been reproduced or exceeded,
despite subsequent eﬀorts. In conjunction with the application-driven
trend toward high rotational speeds, this has fostered interest in the
underlying physical limitations regarding the achievable rotational speed,
independent of a speciﬁc application. To explore these boundaries and
to provide technological solutions for the related challenges, the design
and implementation of an electric motor capable of reaching 40 million
rpm is reported in this work.
Submillimeter scale steel spheres are used as rotors, which were selected based on their structural and dynamic stability. To limit bearing
and gas friction losses at such ultra-high rotational speeds, the rotor
is magnetically suspended inside a vacuum without mechanical contact.
Acceleration is carried out by the principle of a solid rotor induction machine, for which a detailed analytical model is provided. A suitable stator
design using power ferrite cores for magnetic ﬁeld frequencies in the megahertz range is developed. The design of an optical sensor system, which
measures the rotor position without mechanical contact in all degrees of
freedom, is outlined. This system provides the input to the high bandwidth digital control scheme required for active magnetic stabilization of
the rotor. A power electronic converter system capable of generating the
high frequency drive currents as well as the bearing currents necessary
for magnetic suspension is presented. All subsystems were assembled to
provide an experimental prototype of the ultra-high-speed motor.

Abstract

During a series of acceleration experiments with various rotor sizes and
materials, a rotational speed slightly above 40 million rpm was reached
with a rotor of 0.5 mm in diameter, which is, to the knowledge of the
author, the highest rotational speed achieved by an electrically driven
rotor to date. Circumferential speeds exceeding 1000 m/s and centrifugal
accelerations of more than 4 × 108 times the gravitational acceleration
were reached. The results open up new research possibilities, such as the
testing of materials under extreme centrifugal load, and provide insights
for the development of future ultra-high-speed electric drive systems.

Kurzfassung
Elektrische Energie wird in einer Vielzahl technischer Anwendungen mittels Generatoren aus mechanischer Energie gewonnen oder in Elektromotoren in solche umgewandelt, wobei der Miniaturisierung i. Allg. hohe Bedeutung zukommt. Um die Maschinengröße bei gleichbleibender Leistung
zu verringern ist der Einsatz hoher Drehzahlen notwendig. Drehzahlen
von mehreren hunderttausend Umdrehungen pro Minute (U/min) werden
bereits im industriellen Umfeld eingesetzt. Mit Antriebssystemen unter
Laborbedingungen konnten bis zu einer Million U/min erreicht werden.
Die höchste gemessene mit einem elektrisch angetriebenen Rotor erzielte Drehzahl wurde bereits 1947 publiziert und lag bei 37,98 Millionen
U/min. Trotz nachfolgender Versuche konnte dieser Drehzahlwert seither nicht reproduziert oder überschritten werden. Dieser Sachverhalt, in
Kombination mit dem genannten anwendungsgetriebenen Entwicklungstrend zu hohen Drehzahlen, resultierte im Interesse an den zugrundeliegenden physikalischen Limitierungen hinsichtlich der unabhängig von einer speziﬁschen Anwendung erreichbaren Drehzahlen. Zur Untersuchung
dieser Grenzen und um technologische Lösungen für die damit in Bezug
stehenden Herausforderungen zu erforschen beschreibt die vorliegende Arbeit die Entwicklung und Implementierung eines Elektromotors welcher
imstande ist Drehzahlen von bis zu 40 Millionen U/min zu erreichen.
Aufgrund ihrer strukturellen und dynamischen Stabilität werden Stahlkugeln mit Größen im Submillimeterbereich als Rotoren eingesetzt. Um
Verluste aufgrund von Lager- und Gasreibung bei hohen Drehzahlen zu
begrenzen wird der Rotor im Vakuum kontaktfrei magnetisch gelagert.
Seine Beschleunigung erfolgt nach dem Prinzip einer KurzschlussläuferAsynchronmaschine für welches ein detailliertes analytisches Model präsentiert wird. Ein geeignetes Statordesign welches Leistungsferrite als
Kerne verwendet und für Magnetfeldfrequenzen im Megahertzbereich geeignet ist wird präsentiert. Weiterhin wird die Entwicklung eines optischen Sensorsystems, welches in der Lage ist die Position des Rotors
in allen Freiheitsgraden kontaklos zu messen, vorgestellt. Dieses System

Kurzfassung

stellt die Eingangssignale für ein digitales Regelungsschema bereit das
zur aktiven magnetischen Stabilisierung des Rotors benötigt wird. Ein leistungselektronisches Konvertersystem zur Generierung der hochfrequenten Antiebsströme sowie der Spulenströme für die magnetische Lagerung
wird vorgestellt. Alle Subsysteme wurden zu einem funktionsfähigen experimentellen Prototyp des Ultrahochgeschwindigkeitsmotors kombiniert.
Im Rahmen einer Reihe von Beschleunigungsexperimenten mit verschiedenen Rotorgrößen und Materialien konnte eine Drehzahl von über
40 Millionen U/min bei einem Rotordurchmesser von 0.5 mm erreicht
werden. Nach Wissen des Autors entspricht dies der höchsten jemals mit
einem elektrisch angetriebenen Rotor erreichten Drehzahl. Umfangsgeschwindigkeiten von mehr als 1000 m/s und Zentrifugalbeschleunigungen
oberhalb des 4 × 108 -fachen der Erdbeschleunigung wurden erreicht. Die
Ergebnisse eröﬀnen neue Forschungsmöglichkeiten, beispielsweise im Bereich von Materialtests unter extremen zentrifugalen Belastungen und liefern Erkenntnisse für die Entwicklung zukünftiger elektrischer Antriebssysteme im Höchstdrehzahlbereich.

Notation
Unless otherwise stated directly in the text, the following notation is used
throughout this thesis.
Symbols - Latin
a
ar
A
A
b
B
c
cp
cv
Cs
C
d
D
e
E
E
f
f
F
h
H
i
I
I
I
J
k

radius
centrifugal acceleration
area
magnetic vector potential
mechanical damping
magnetic ﬂux density
speed
speciﬁc heat at constant pressure
speciﬁc heat at constant volume
shape factor
capacity
diameter
electric displacement
error
Youngs’s modulus (Chapter 2)
electric ﬁeld
frequency
linearized force around operating point
force
height
magnetic ﬁeld
current
current value
stress invariant (Chapter 2)
moment of inertia
current density
mechanical stiﬀness

m
m/s2
m2
Vs/m
Ns/m
T
m/s
J/(kgK)
J/(m3 K)
F
m
C/m2
N/m2
V/m
Hz
N
N
m
A/m
A
A
N/m2
kgm2
A/m2
N/m

Notation

kf
ks
ki
Kn
L
L
m
m
M
M
Ma
n
Nu
p
p
P
P
Pr
Q̇
r
R
R
Re
t
T
v
v
V
V
w
W
x, y, z

thermal conductivity
force/displacement constant
force/current constant
Knudsen number
inductance
angular momentum (Chapter 2)
mass
magnetic moment
magnetization
molar mass (Chapter 4)
Mach number
rotational speed
Nusselt number
pressure
power density (Chapter 4)
power
transmission probability (Chapter 8)
Prandtl number
rate of heat ﬂow
radius
resistance
magnetic reluctance (Chapter 5)
Reynolds number
time
torque
velocity
voltage
voltage value
volume
energy density
energy
spatial directions

W/(mK)
N/m
N/A
H
Nms
kg
Am2
A/m
kg/mol
rpm
N/m2
W/m3
W

W
m
Ω
1/H
s
Nm
m/s
V
V
m3
J/m3
J
m

Symbols - Greek
α
αth
γ
δ

displacement angle
thermal accommodation coeﬃcient
heat capacity ratio
shape ratio (Chapter 2)

◦

Notation

δ



θ
ϑ
λ
μ
μ
ν
ν
ρ
ρ
σ
σt
σ
σ
τ
τ
ϕ
Φm
Φ
ω

skin depth (Chapter 4)
permittivity
strain (Chapter 2)
emissivity (Chapter 4)
polar angle
temperature
mean free path
permeability
dynamic viscosity
kinematic viscosity
Poisson’s ratio (Chapter 2)
electrical resistivity
mass density
mechanical stress (Chapter 2)
tangential-momentum accommodation
coeﬃcient (Chapter 4)
decay constant (Chapters 7 & 8)
electrical conductivity
shear stress (Chapter 2)
time constant
azimuthal angle
magnetic scalar potential
magnetic ﬂux
angular frequency

Subscripts
b
c
c
c
Cu
dc
drv
ec
el
ext
f
f

bearing
coil
compressive (Chapter 2)
continuum (Chapter 4)
copper
direct current
drive
eddy current
electrical
external
ﬁeld
ﬂuid (Chapter 4)

m
F/m

rad
°C or K
m
H/m
Ns/m2
m2 /s
Ωm
kg/m3
N/m2

1/s
S/m2
N/m2
s
rad
Vs/m
Wb
rad/s

Notation

fm
g
in
i
m
m
max
meas
mech
min
PM
r
r
ref
r, ϕ, z
s
s
sw
t
t
v
x, y, z

free molecular (Chapter 4)
gravitational
internal
current
magnetic
motor
maximum
measured value
mechanical
minimum
permanent magnet
radial
rotor
reference value
spatial directions in cylindrical coordinates
displacement
shape
switching
tangential
tensile
von Mises
spatial directions in Cartesian coordinates

Constants
c
g
kB
NA
0
μ0
σB

speed of light
gravitational acceleration
Boltzmann constant
Avogadro constant
vacuum permittivity
vacuum permeability
Stefan-Boltzmann constant

3 × 108 m/s
9.81 m/s2
1.381 × 10−23 J/K
6.022 × 1023 1/mol
8.854 × 10−12 F/m
4π × 10−7 H/m
5.670 × 10−8 W/(m2 K4 )

Notation

Conventions and Operators

B
f (. . .)
d
∂
∇

vector
function of
diﬀerential operator
partial derivative
nabla operator

Abbreviations
2D
3D
ac
ADC
AMB
dc
DSP
FEM
FFT
FPGA
fps
iGSE
LED
MSPS
NIR
ODE
PC
PCB
PID
PM
PSD
PWM
rpm
SAM
UTS
VSM

two-dimensional
three-dimensional
alternating current
analog-to-digital converter
active magnetic bearing
direct current
digital signal processor
ﬁnite element method
fast Fourier transform
ﬁeld programmable gate array
frames per second
improved general Steinmetz equation
light emitting diode
megasamples per second
near infrared
ordinary diﬀerential equation
personal computer
printed circuit board
proportional-integral-derivative
permanent magnet
position sensitive device
pulse-width modulation
revolutions per minute
spin angular momentum
ultimate tensile strength
vibrating sample magnetometer

Chapter 1
Introduction
1.1 Motivation and Objectives
Electric motors and generators are used in numerous ﬁelds today. Fueled
by applications such as centrifuges, drive systems for turbo compressors,
machining spindles, ﬂywheels, and generators for microscale gas turbines,
a trend toward miniaturization and increased power density of these machines has developed in recent years [1]. This trend is facilitated by
motors featuring low torque and high rotational speeds [2]. Some applications, such as rotating mirror optical systems, directly demand high
rotational speeds [3]. These developments sparked interest in the underlying physical limitations regarding the achievable rotational speed, independent of a speciﬁc application. Historically, signiﬁcant eﬀorts have
been made to push the limits of the achievable rotational speeds. While
the latter were generally limited to values below 100 000 revolutions per
minute (rpm) until the 1920s [4], rapid developments facilitated a rotational speed of almost 38 million revolutions per minute (Mrpm) in a
laboratory environment by 1947 [5]. However, such speeds could not
be reproduced in subsequent attempts with similar setups [6, 7], despite
several technological advancements. This resulted in the aforementioned
speed having been considered the world record for the highest rotational
speed achieved with an electrically driven rotor for almost 70 years.
The objective of this thesis is to reproduce and break the rotational
speed record from 1947. For this purpose, the underlying physical boundaries are identiﬁed and concepts for expanding the applicability of electric
machines to such ultra-high rotational speeds are presented. The theoretical background, design, and implementation of an electric motor capable
of reaching 40 Mrpm are outlined in this work. The developed techno1
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Meso scale

Nano scale
Micro scale

10-8

10-7

10-6

Macro scale

10-5
10-4
Rotor size (m)

10-3

10-2

10-1

Figure 1.1: Deﬁnition of scales used for categorization of the surveyed systems.

logical solutions are aimed at providing insights for future generations of
high-speed electrical drive systems.

1.2 History of Ultra-High-Speed Rotation
To put this work into historical context, a brief overview of achieved rotational speeds over time is provided in this section. The focus is placed on
identifying the research works, laboratory setups, and technologies that
facilitated high-speed rotation rather than on providing a comprehensive
review. The surveyed systems are categorized chronologically and based
on the scale of the employed rotor, for which a deﬁnition is provided in
Fig. 1.1.
Macro- and Mesoscale Systems
Early works aimed at reaching high-speed rotation were fueled by the
desire to generate high centrifugal accelerations in centrifuges for rapid
sedimentation [8]. The centrifugal acceleration ac = ω 2 r, where ω denotes the angular frequency of rotation and r denotes the radius of the
considered point, is directly linked to high rotational speeds. Centrifuges
in which the rotor was suspended by ball bearings were used in laboratory
experiments in the 1920s and reached rotational speeds in the range of
30 000 rpm [9]. By using oil lubricated journal bearings and an oil-turbine
drive, the achievable rotational speed was increased to 160 000 rpm by the
end of the 1930s [10].
Imbalances of the rotor and the associated forces that need to be carried by the employed bearings become increasingly problematic at high
rotational speeds. Accordingly, contact-free suspension of the rotor by
means of gas bearings was used in subsequent motor setups aimed at
2
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achieving high rotational speeds. The technique was proposed in [11],
where a rotor of 11.7 mm in diameter was spun at 660 000 rpm. A rotational speed of 1.3 Mrpm, which was reached with a rotor of 9 mm in
diameter suspended and driven by hydrogen, was reported in [4]. The
achievable rotational speed employing such a suspension system is inherently limited by gas friction and the properties of the gas ﬂow. Overcoming these limitations required the development of a technique that can
be applied to rotors spinning in a vacuum.
The suspension of rotors by means of magnetic forces was initially
proposed in 1937 at the University of Virginia [12] and the majority of
subsequent developments took place at the same institution. Rotational
speeds of up to 72 000 rpm were reached with a rotor suspended in vacuum at very low frictional torques during initial experiments [13]. By
1941, the attained rotational speed had successively been increased to
6.6 Mrpm, which was reached using a steel sphere of 2.38 mm in diameter as a rotor [14, 15]. In 1946, J. W. Beams et al. published the results
of several acceleration experiments, during which a maximum rotational
speed of 23.16 Mrpm was achieved with a 0.795 mm steel sphere shortly
before mechanical failure of the rotor due to centrifugal loading occurred
[16]. Extension of these results by the same researchers led to a rotational
speed of 37.98 Mrpm, which was achieved with a 0.521 mm sphere [5]. In
1950, an experiment using a sphere with a diameter of 0.396 mm was
published [17]. Because of the small size of the rotor, it was not possible
to measure its rotational speed and the mechanical limit, which was estimated to be at 48 Mrpm, was not reached. Such high rotational speeds
could not be reproduced in closely related experiments for more than six
decades, despite signiﬁcant technological advancements, especially in the
ﬁeld of the control electronics. In experiments published in 1979, the
smallest levitated rotor had a diameter of 1.5 mm and reached a rotational speed of 12.64 Mrpm [6]. In 2005, a rotational speed of 2.88 Mrpm
attained with a 1 mm sphere and limited by gas friction under medium
vacuum conditions was published [7].
Micro- and Nanoscale Systems
Signiﬁcant research eﬀort has been invested to demonstrate high power
densities in microelectromechanical systems (MEMS) by reaching high
rotational speeds. In 2004, a MEMS electric induction motor was pre3
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sented, in which a gas-bearing-supported 4 mm rotor reached 55 000 rpm
[18]. The same bearing type was used in [19] to reach a rotational speed
of 1.7 Mrpm using a micro air turbine. A rotational speed of 29 600 rpm
was achieved using an electrostatic bearing in a variable-capacitance micromotor [20].
By further downscaling the rotor and using a quadrupole ion trap,
graphene ﬂakes with diameters of approximately 0.4 μm were levitated
in [21]. By using circularly polarized light to drive the ﬂake, a maximum
rotational frequency, which was inferred from modulated light scattered
oﬀ the rotating ﬂake, in the range of 330 Mrpm (5.5 MHz) was obtained.
In 2013, Arita et al. used simultaneous optical trapping and rotation of
4.4 μm spherical birefringent vaterite crystals in high vacuum to demonstrate a stable rotation rate of 5 MHz and 600 Mrpm (10 MHz) for short
durations, before the particle disintegrated [22]. As of this writing, the
latter value is listed by Guinness World Records as the “Highest manmade RPM” [23].
The recently evolved research area of nanoelectromechanical systems
(NEMS) oﬀers the potential for further downscaling of the rotor [24].
Nanowires with diameters of 150–400 nm and lengths of 800 nm–10 μm
have been driven by various techniques and used as rotors in nanomotors.
In [25], such a rotor was driven by an electric ﬁeld to rotate around its
transverse axis, reaching a rotational speed of ∼ 18 000 rpm. Driving
rotors of similar size to rotate around their longitudinal axis by means of
ultrasound led to rotational speeds in the range of 150 000 rpm [26] and
using propulsion by rotating magnetic ﬁelds, precession at 1 kHz near a
surface was demonstrated [27]. In [28] spherical gold nanoparticles with
an average radius of 200 nm were trapped in water against a glass surface
and accelerated to approximately 180 000 rpm (3 kHz) by a polarized laser
beam. The achievable rotational speed was limited by the occurring drag
torques and substantial heating of the particle due to absorption of the
laser power. Driving smaller gold nanorods by resonant light scattering
led to rotational speeds of up to 2.52 Mrpm (42 kHz) [29]; the speeds
were limited by the same factors as in [28], due to the similarities of the
employed techniques.
An overview of the aforementioned works based in their evolution is
provided in Fig. 1.2. Furthermore, Fig. 1.3 provides an overview of the
achieved rotational speeds depending on the rotor diameter and identiﬁes
the mechanical stress limit for mesoscale systems.
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1.3 Potential Applications
Despite the goal of exploring the physical limitations of ultra-high-speed
rotation independent of a speciﬁc application in this work, a short overview
of potential target areas into which the ﬁndings could be transferred is
provided here. High rotational speeds are directly linked to high losses
and reduced reliability of conventional bearing technologies, such as ball
and journal bearings. The magnetic bearing technology used in this work
including the developed sensor systems and control schemes could beneﬁcially be applied in ﬁelds where high rotational speeds are required,
resulting in lower losses, increased reliability, and maintenance-free operation. The only remaining limit to the achievable rotational speeds is
then imposed by the mechanical construction of the rotor.
Two main reasons for the use of ultra-high rotational speeds can be
identiﬁed, namely the achievement of high power densities in small-scale
drive systems and a direct requirement imposed by the desired application. Subsequently, both directions are brieﬂy explored.

1.3.1 Small-Scale Drives
Miniaturization of electrical drive systems is usually linked to increased
rotational speeds to provide a desired power level despite the low achievable torques. From scaling laws based on the principles of electromechanical energy conversion, it can be shown that high power densities
are achieved for small-scale machines if the rotational speed can be increased suﬃciently [2, 30]. An overview of such systems featuring both
high power and high rotational speed, is provided in [1, 31–35]. Typical
applications include turbo compressor systems, generators for microscale
gas turbines, machining spindles, and ﬂywheels. The rotational speeds
of industrially available electrical drives are limited to below 500 000 rpm
even for specialized systems to date and speeds of up to 1 Mrpm have
been demonstrated in research setups. Figure 1.4 shows the trend toward
ultra-high rotational speeds and its continuation, including exemplary
ﬁelds of applications. The targeted rotational speed of this work has
been added.
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1.3.2 Optical Systems and Research Instruments
Several optical setups which are applied, e.g., in scanners, high-speed
imaging, and laser systems feature rotating optical components that are
used to alter the spatial or temporal behavior of a light beam [3]. This
diverted beam is used to scan an area and the scanning speed of the
system is limited by the rotational speed of the aforementioned optical
components. In a high-speed camera capable of recording 25 million
frames per second, a three-faced polygon mirror is rotated at speeds of
up to 1.2 Mrpm by a helium gas turbine [36, 37]. The lifetime of this
turbine is limited by the employed ball bearings and could be greatly
enhanced by the application of a magnetic suspension technique such as
presented in this work. Its high potential in optical systems was already
outlined in [38], where a magnetically suspended mirror rotating at high
rotational speeds was presented.
Ultra-high rotational speeds, such as achieved in this work, also open
up new research possibilities for studying the behavior of materials under extreme centrifugal loads, e.g., in the ﬁeld of materials science. Aside
7
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from investigating failure mechanisms in bursting experiments [39], studies of more complex phenomena, such as the strength and adhesion of
thin ﬁlms applied to the rotor, are possible [40]. Because of the use of
mesoscale rotors, centrifugal accelerations of 108 times gravity can be
achieved. This provides the basis for hypergravity experiments at much
higher levels in the ﬁeld of physics.

1.4 State of the Art
As systems of various sizes and power levels employing high rotational
speeds have already been presented in the previous sections, the scope is
limited to mesoscale systems and the achievement of highest rotational
speeds here.
In 1946, an experimental setup for suspending small scale rotors in
vacuum was presented in [16]. This setup, including an explanation of
its components, is provided in Fig. 1.5. A magnetic suspension technique
as initially proposed in [12] was used and the setup is a revised version of
that used earlier in [15]. The rotor was actively suspended in the vertical
direction by adjusting the current in a solenoid based on the position of
the rotor. The latter was measured using a sensing coil that was placed
below the rotor. Passive damping of the rotor in the horizontal direction
was implemented by using a damping needle suspended in a ﬂuid at its
lower end and magnetically coupled to the rotor at the top. The rotor
was accelerated by the principle of a solid rotor induction machine. The
highest measured rotational speed attained with this or a similar setup
was 37.98 Mrpm, which was initially published in 1947 [5]. An overview
of the general research activities at the time is provided in [41].
A similar setup was used in a study published in 1979, which was
aimed at developing a research instrument for the study of nuclear atomic
phenomena, which requires the generation of ultra-high centrifugal ﬁelds
[6]. The highest measured rotational speed in this study was 12.64 Mrpm.
The experiments of [16] were revived in 2002, where a setup with a
ferrite magnetic circuit on the stator side was used [42, 43]. The highest achieved rotational speed was 2.88 Mrpm, which was limited by gas
friction [7].
In summary, the highest measured rotational speeds of electrically
8
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Figure 1.5: Cross-sectional view of the experimental setup used in [16].

driven rotors, which constitute the basis for this work, were already
achieved in the 1940s and were not reproduced or exceeded in the meantime, despite subsequent attempts.

1.5 Challenges
The design and implementation of an electric motor that is capable of accelerating a rotor to speeds of several tens of million rpm and achieve the
highest measured rotational speed of an electrically driven rotor involve
several challenges:
 A rotor that is mechanically capable of reaching the desired ultrahigh rotational speeds has to be selected. Its diameter has to be in
the submillimeter range to limit the occurring mechanical stresses
and a material featuring high speciﬁc strength has to be used. Moreover, low tolerances to prevent rotor imbalances and the dynamic
stability of rotation around the desired axis have to be guaranteed.
 The employed suspension system for the rotor needs to feature
extremely low friction as high power loss would otherwise result and
9
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prevent the achievement of ultra-high rotational speeds. To reduce
gas friction drag, a suspension technique that can be employed in
vacuum has to be developed and applied. The absence of suﬃcient
natural damping requires active stabilization of the rotor in all
translatory degrees of freedom (DOF). Successful application of a
magnetic suspension technique requires knowledge of the magnetic
material properties of the rotors, which is not commonly available.
 A suitable drive system that is capable of accelerating the rotor
without mechanical contact and through the wall of a vacuum chamber needs to be developed. Comprehensive knowledge of the entailed losses in the rotor, occurring drag torques due to gas friction,
heat transfer mechanisms between the rotor and its environment,
and the resulting rotor temperature is necessary. The latter has
to be limited such that mechanical stability of the rotor can be
guaranteed.
 A machine stator featuring low electromagnetic losses at ﬁeld frequencies in the megahertz range is required. As this exceeds the
frequencies occurring in common electric machines by far, a significantly diﬀerent design needs to be developed.
 A sensor system for accurately measuring the position of the submillimeter size rotor in all dimensions is required. This system has
to be capable of measuring without contact from a distance of several millimeters (more than 10 times the rotor diameter) through
the wall of the vacuum chamber. Moreover, it must be free of interference with the magnetic bearing and drive systems. In addition, a
sensor system with a bandwidth of several hundreds of kilohertz for
reliable measurement of the rotational speed needs to be developed.
 Power electronic converters capable of the combined generation of
drive currents in the megahertz range and currents for magnetic suspension of the rotor need to be developed. A corresponding control
system featuring high linearity, accuracy, and speed is necessary for
successful stabilization of the rotor due to its low inertia.
 The design and integration of the overall motor system have to
feature very low tolerances and precise placement of all necessary
components closely around the rotor is challenging due to the conﬁned space. The integration of a well-sealed vacuum system and
decoupling of vibrations originating from the employed pumps are
10
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Table 1.1: Physical properties of a rotor spinning at 40 Mrpm

Parameter
Rotor sphere radius
Density of rotor material
Rotational speed
Rotational frequency
Sphere volume
Rotor mass
Moment of inertia
Rotational Energy
Circumferential speed
Centrifugal acceleration

Symbol
a
ρr
n
f
V
m
I
W
v
ar

Value
0.25
7610
40 000 000
666.67
0.065
0.50
1.25 × 10−14
0.11
1047 (3770)
4.4 × 109 (4.5 × 108 )

Unit
mm
kg/m3
rpm
kHz
mm3
mg
kg·m2
J
m/s (km/h)
m/s2 (g)

necessary for successful operation of a practical experimental setup.
Suitable procedures for handling and preparation of rotors down to
0.5 mm in size are required to achieve repeatable experimental conditions for obtaining quantitative statistical results.
To illustrate some of the aforementioned challenges, Table 1.1 provides
an overview of characteristic physical quantities for a spherical rotor of
0.5 mm in diameter spinning around an axis through its center of mass
at 40 Mrpm.

1.6 Outline of the Thesis
The goal of this thesis is to achieve a new record for the highest measured
rotational speed of an electrically driven rotor. This requires exceeding
a rotational speed of 37.98 Mrpm which was already published in 1947
and has not been reproduced afterward. For this purpose, the design
and implementation of an electric motor that is capable of reaching such
ultra-high rotational speeds are presented. Based on an identiﬁcation
of the physical boundaries, concepts for expanding the applicability of
electric machines to this speed range are developed and implemented.
After this introduction, the process for selecting a suitable rotor based
on its magnetic and mechanical properties is outlined in Chapter 2. The
chapter also provides measured results for the magnetic properties of
11
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spherical steel rotors, which are relevant for the suspension of these rotors.
In Chapter 3, the concept of magnetic suspension at low friction losses
is introduced and analyzed in detail. The selection of a suitable topology
for active stabilization of the rotor in all DOF is outlined alongside an
analytical calculation of the magnetic suspension forces. Furthermore,
the design and optimization of a magnetic actuator for suspending the
rotor against the gravitational force which integrates a vacuum system
is presented.
Chapter 4 provides models for the occurring drive torque and rotor
losses based on analytical solutions for the underlying ﬁeld problem of
a spherical rotor spinning in a rotating magnetic ﬁeld. In conjunction
with analytical mathematical descriptions of the windage losses and heat
transfer rates between the rotor and its environment in various gas ﬂow
regimes, a thermal model of the rotor is derived. The latter provides
the basis for assessing admissible operating conditions under which ultrahigh rotational speeds can be achieved.
Suitable stator topologies for generating rotating magnetic ﬁelds in the
megahertz range at low high–frequency losses are presented in Chapter 5.
Designs employing power ferrite materials for guiding the magnetic ﬂux
toward the rotor are outlined, for which the achievable acceleration rates
are only restricted by the thermal limit of the rotor.
Chapter 6 presents optical sensor systems for measuring the rotor position in all DOF as well as its rotational speed without contact through
the wall of a vacuum chamber. The system has a bandwidth of several hundreds of kilohertz. Both sensor systems operate from a distance
equivalent to a multiple of the rotor diameter, due to the limited available
space in the vicinity of the rotor.
The power electronic converter system required for generating the high
frequency drive currents as well as the currents necessary for magnetic
stabilization of the rotor is presented in Chapter 7. The same chapter
details the employed control structures and their implementation on a
system consisting of a combination of a digital signal processor (DSP)
and a ﬁeld programmable gate array (FPGA).
Chapter 8 describes the developed and implemented setup of the ultrahigh-speed motor. Results regarding the performance of the developed
magnetic bearing systems are provided and the models of Chapter 4 are
12

1.7. Scientific Contributions

veriﬁed experimentally. Exemplary acceleration curves derived from a
series of run-up experiments during which approximately 50 rotors of
diﬀerent sizes and materials were accelerated to their bursting speeds
are provided. A quantitative statistical analysis of the achieved rotational speeds is carried out alongside a comparison to the failure models
introduced in Chapter 2. The failure mechanism of the rotors is investigated using high-speed-image recordings of the rotor explosion and a
subsequent microscopic analysis of the rotor fragments. Measured results
for an acceleration experiment during which a rotational speed slightly
above 40 Mrpm was reached are provided.
Chapter 9 concludes the thesis and provides an outlook on future work.

1.7 Scientiﬁc Contributions
The following list summarizes the main contributions presented in this
thesis.
 In [C1] and [J1], the assessment of suitable rotor materials with
an emphasis on their magnetic properties is presented. Measured
results for the magnetization curves of steel spheres subsequently
used as rotors are provided which were previously unavailable in
the literature.
 [C6] presents magnetic actuators for active stabilization of the rotor in all DOF alongside the required position sensors. Such a
suspension system is a prerequisite for achieving ultra-high rotational speeds as previously employed passive damping of the rotor
in the horizontal direction cannot reliably be applied due to the
small rotor sizes required in this work.
 A feasibility analysis for passive stabilization of the rotor by means
of an electrodynamic bearing, which does not require the rotor to
be ferromagnetic and can, therefore, be applied to a wide variety
of materials, is provided in [C2].
 In [C3], various stator designs suitable for drive ﬁeld frequencies in
the megahertz range are demonstrated. Designs employing ferrite
core materials to increase the magnetic ﬂux density at the rotor facilitate acceleration rates of the rotor up to its thermal limit, which
13
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had not been attained previously. This facilitates the conduction
of rapid and repeatable acceleration experiments.
 [C4] presents an analysis of the interaction between the drive system and active magnetic suspension of the rotor in the horizontal
direction as outlined in [C6]. Guidelines for choosing the magnitudes of the respective ﬂux density are provided, such that the
decelerating torque generated by the suspension system does not
impair the acceleration of the rotor.
 The occurring rotor losses due to the drive system and a thermal
model of the rotor are studied in [C5]. Based on the provided
ﬁndings, the operating conditions of the motor can be chosen such
that a critical rotor temperature is not exceeded and the material
retains its full mechanical strength to reach ultra-high rotational
speeds.
 In [J3], an overview of historical and recent developments in the
ﬁeld of ultra-high-speed rotation is presented, followed by a summary of the magnetic suspension technique used for the submillimeter-size rotors. The motor torque and drag torques are analyzed
alongside the entailed losses and resulting rotor temperature. A
detailed quantitative statistical analysis of the achieved rotational
speeds in ∼ 50 acceleration experiments, which were carried out using various rotor sizes and materials, is provided. During these experiments, a rotational speed slightly above 40 Mrpm was reached.
An assessment of the rotor failure mechanisms is provided based
on high-speed recordings of rotor explosions and subsequent microscopic analyses of the fragments.

1.8 List of Publications
Parts of this work have been published or are being considered for publication in international journals or conference proceedings. These publications are listed below.
The publications [J2] and [C7] present works in the areas of electric machines and magnetic bearings which were conducted during the research
period at the Power Electronics Systems Laboratory and are not directly
related to this project.
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Chapter 2
Rotor Selection
The achievable rotational speed of an electric machine is usually limited
by the occurring drag torques, which are generated, e.g., by friction in
the employed bearings, eddy currents, and air friction. Consequently,
the achievable rotational speed is constricted by thermal limitations. If
the aforementioned losses can be made suﬃciently small, the achievable
rotational speed is ultimately limited by the centrifugal stress occurring
in the rotor and the capability of the rotor material to withstand this
stress.
To provide an understanding of the requirements for rotors being mechanically capable of reaching rotational speeds of several tens of millions
of rpm, this chapter provides an overview of mechanical failure mechanisms. Suitable materials are assessed based on their capability to withstand high centrifugal stress and guidelines for selecting a suitable rotor
shape are provided based on the dynamic rotational stability.
As the suspension and driving techniques applicable to the rotor depend on its material and shape, the rotor selection is a prerequisite for
the analyses of subsequent chapters.

2.1 Mechanical Limit
The maximum mechanical stress σmax inside a spinning rotor occurs
along the axis of rotation and can be calculated as
σmax = Cs ρr ωr2 a2 ,

(2.1)
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where ρr , ωr , and a denote the density of the rotor material, its angular
rotational frequency, and the rotor radius, respectively. The factor Cs
is used to account for the inﬂuence of the rotor shape on σmax . The
rotor material needs to be capable of withstanding this stress, as rotor
failure would occur otherwise. The maximum stress a certain material
can withstand is characterized by the ultimate tensile strength for ductile
materials and the yield strength for brittle materials.
The rotational speed limit for a given rotor material and shape can be
expressed by the achievable circumferential speed as

1 σmax
vmax = ωmax a =
,
(2.2)
Cs ρr
which is independent of the rotor diameter. This shows that the achievable rotational speed is governed by the relation
nmax ∝

1
.
a

(2.3)

This limit can also be observed when analyzing the achieved rotational
speeds of previous mesoscale systems, for which an overview is provided
in Fig. 2.1. These systems used steel spheres as rotors for which the
diameters have to be well below 1 mm to attain the desired rotational
speeds. To achieve high rotational speeds for a given radius, the rotor
should consist of a material that has a high strength to density ratio and
is shaped to yield a small value of Cs . These two properties are analyzed
subsequently.

2.1.1 Stress-Strain Curve
The maximum stress that a given isotropic material is able to withstand
before fracturing is commonly determined by recording the occurring
stress σ dependent on the strain  during a tension test with applied
uniaxial force F using a macroscopic specimen [44]. An exemplary stressstrain curve typical of steel is shown in Fig. 2.2(a). Initially, a linear
elastic relation between the applied strain and the resulting stress in the
material can be observed, where the stress-strain relationship is described
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Figure 2.1: Overview of achieved maximum rotational speeds for mesoscale systems
employing spherical steel rotors.

by the modulus of elasticity (Young’s modulus) as
E=

σ
= const


(2.4)

up to the proportional limit stress. The elastic behavior often extends
into a non-linear region up to the yield strength. Beyond this point, deformations are plastic and the specimen does not return to its original
shape and size upon removal of the load. Strain hardening occurs in ductile materials, during which the stress and strain increase further. Plastic
ﬂow leads to a decrease of the cross-sectional area of the sample, which
is referred to as necking. To assess the transverse strain t (contraction)
that occurs due to the axial strain  (expansion) in the direction of the
applied force, the Poisson’s ratio deﬁned as
ν=−

dt
d

(2.5)

is used. For the considered steels ν ≈ 0.3 holds and was used for the
subsequent considerations unless otherwise noted. As the original crosssectional area A0 of the sample is commonly used in the engineering
sciences, the apparent stress (F/A0 ) decreases in a suﬃciently ductile
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Figure 2.2: (a) Qualitative stress-strain curve typical of steel including characteristic
values and regions. (b) Cauchy stress tensor describing a general multiaxial state of
stress.

material, where necking becomes substantial. However, the actual stress
F/A in the material increases further, as A is decreased. The reversal
point on the stress-strain curve used in engineering is the maximum stress
that occurs in this curve and is referred to as the ultimate tensile strength
(UTS).
Brittle materials, such as cast iron, carbon ﬁber, and ceramics, rupture
without noticeable prior deformation. Failure occurs during linear elastic
deformation.
For the considered uniaxial state of stress, the conditions under which
fracture of the specimen occurs are directly obtained from the measurements. Tabulated values for the mechanical characteristics of materials
are usually obtained from such tests.

2.1.2 Failure Criteria
Rotation leads to a centrifugal force acting on the rotor. This results
in a multiaxial state of the mechanical stress inside the rotor material.
Consequently, the state of stress at a point inside the rotor is expressed
as a second-order tensor (Cauchy stress tensor). This is illustrated in
Fig. 2.2(b), where all stress components that can occur on the faces
of an elemental volume are shown. These components consist of normal stresses σ directed perpendicular to the faces of the cube and shear
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stresses τ that are parallel to the faces of the cube. The subscripts 1,
2, and 3 denote the unity vector directions of the employed coordinate
system.
To obtain an estimate of the achievable rotational speed for a given
rotor material, the multiaxial state of stress has to be compared to material properties obtained by uniaxial tensile testing. For this purpose,
several combined stress theories exist in the literature that provide diﬀerent measures based on which material failure is predicted [45]. Usually, a
speciﬁc combination of the components from the general state of stress is
used to provide a single stress value that can be compared to the uniaxial
case.
An overview of commonly used failure criteria relevant for the materials considered in this work is provided below. For these criteria to be
applicable, the rotor materials are assumed to be isotropic.
Maximum Normal Stress Theory (Rankine’s Theory)
Failure in the multiaxial state of stress is predicted if any of the maximum principal normal stresses is equal to or exceeds the maximum
normal stress at which failure occurs in an uniaxial test for the same
material. Principal normal stresses occur on planes where the shear
stresses are zero. For any given point inside the material, the principal normal stresses represent local extrema. Derivation of the principal
stresses based on the corresponding principal planes yields the so-called
general stress cubic equation
σ 3 − I1 σ 2 + I2 σ − I3 = 0,

(2.6)

of which the principal normal stresses are the solutions. Here, I1 , I2 , and
I3 are referred to as stress invariants and are given by
I1 = σ11 + σ22 + σ33
I2 =
I3 =

2
2
2
σ11 σ22 + σ22 σ33 + σ33 σ11 − τ12
− τ23
− τ31
2
2
σ11 σ22 σ33 + 2τ12 τ23 τ31 + σ11 τ23
− σ22 τ31
−

(2.7)
(2.8)
2
σ33 τ12
.

(2.9)

The principal normal stresses σ1 , σ2 , and σ3 correspond to the highest,
lowest, and intermediate absolute value of the solutions to (2.6), respectively.
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As the strength of the considered material might be diﬀerent for tensile
and compressive loading, the theory predicts failure if any of the following
conditions is fulﬁlled for tensile loading
σ 1 ≥ σt

σ2 ≥ σt

σ 3 ≥ σt

(2.10)

σ1 ≤ σc

σ2 ≤ σc

σ3 ≤ σc

(2.11)

or
for compressive loading, where σt and σc denote the maximum tensile
strength and compressive strength of the material for the uniaxial state
of stress, respectively. This failure theory provides good estimates for
materials that fail by brittle fracture, such as ceramics, cast iron, and
some martensitic steels. For ductile materials, a theory based on the
distortion energy inside the material is more suitable.
Distortion Energy Theory (von Mises Theory)
Rather than directly using the state of stress as a measure, this theory
uses the distortion energy per unit volume inside the material. It predicts
failure if the value of this energy in the multiaxial state of stress equals
or exceeds that at which failure occurred for the same material in the
uniaxial test. The theory was developed as an improvement to the total
strain energy theory. It is based on the postulate that the total strain
energy can be divided into two parts, namely the dilatation energy and
the distortion energy. The former is associated solely with a change in
volume. Contrarily, the distortion energy is associated only with a change
in shape. It is assumed that failure in materials with ductile behavior
is exclusively related to the distortion energy. A detailed derivation is
provided in [45]. The von Mises stress is a measure for the distortion
energy per unit volume in the multiaxial state of stress and is given in
terms of the principal normal stresses as

1
σv =
[(σ1 − σ2 )2 + (σ2 − σ3 )2 + (σ3 − σ1 )2 ].
(2.12)
2
Failure is predicted if
σv2 ≥ σt2 .

(2.13)

This theory was found to yield results that are in good agreement with
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experimental data for ductile materials, such as structural steel. Despite
its derivation for the elastic range, an extension to the plastic range has
been found to be valid.

2.2 Rotational Stability
Aside from the mechanical stability of the rotor, which is necessary for it
to withstand high centrifugal forces, the rotor also has to be dynamically
stable with regard to rotation around the desired axis. An arbitrary body
features three distinct moments of inertia in the directions of its principal
axes, referred to as principal moments I1 , I2 , and I3 . For the considered
rotors with homogeneous density, the principal axes coincide with the
axes of symmetry. The components of the angular momentum of a rotor
about its center of rotation are governed by Euler’s rotation equations.
If the rotor is freely suspended without external torques acting on it, the
 has to be constant, while
magnitude of its angular momentum vector L
the direction of this vector may change. In addition, the kinetic energy
has to remain constant. With the angular frequencies of rotation ω1 , ω2 ,
and ω3 around the respective axes, this yields the two conditions
L2 = I12 ω12 + I22 ω22 + I32 ω32 = const

1
W =
I1 ω12 + I2 ω22 + I3 ω32 = const,
2

(2.14)
(2.15)

where (2.14) describes an angular momentum sphere and (2.15) represents an energy ellipsoid. During rotation of the body, the tip of the
angular velocity vector has to inscribe a curve that represents the intersection of the sphere with the ellipsoid.
Rotational stability can be assessed by studying small perturbations
of the axis of rotation. Such disturbances commonly occur in practical
systems, e.g., through small imbalances. For a body with three distinct
moments of inertia, it is found that rotations about the principal axes
with the smallest and largest moments of inertia are stable, while rotation about the principal axis with the intermediate moment is unstable
(exponential growth of small disturbances) [46]. For a body with a symmetry axis, I1 = I2 = I3 holds, where I3 is associated with the axis of
symmetry. Rotation is only stable around the distinct axis of symme23
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try, while rotations about the other two principal axes are found to be
(marginally) unstable. If I1 = I2 = I3 holds exactly, no axis of rotation
is stable. However, this exact case is usually not encountered in practice
due to small asymmetries or material density variations.
Up to this point, it was assumed that energy is conserved. However,
energy can be dissipated in practical systems by friction and other loss
mechanisms. The only possibility for the rotational energy to decrease
 is to change the spin axis to one
while maintaining the magnitude of L
with a larger moment of inertia. For a rotor with I1 < I2 < I3 , initially
spinning around the principal axis 1, the kinetic energy is given as W =
1 2
2 L1 /I1 . By changing its orientation to the principal axis 3, the energy is
decreased to W = 12 L21 /I3 , as I3 > I1 . Consequently, in practical systems
where energy dissipation occurs, only rotation about the principal axis
with the largest moment of inertia is permanently stable. This has been
observed in [15], where rotors were bent and destroyed as they became
rotationally unstable about their initial axis of rotation that featured a
moment of inertia diﬀerent from the maximum one. Therefore, the shape
of the rotor needs to be chosen accordingly to prevent its premature
failure before the mechanical strength limit is reached.

2.3 Material Selection
The actual density and tensile strength of a rotor depend on a variety of
factors, such as the raw material, the use of additives, forming/sintering
processes, heat treatment, and ﬁnishing techniques. To provide meaningful data for selecting a suitable rotor material, the relevant characteristic
values were obtained from datasheets of small spheres in the millimeter
and submillimeter range, which are commonly used in ball bearings. The
results were used to calculate the strength to density ratio, referred to
as the speciﬁc strength, which is shown in Figure 2.3. The listed steels
exhibit the highest speciﬁc strength and are, therefore, most suitable for
attaining high rotational speeds before mechanical failure occurs. Typical ceramics as employed in ceramic ball bearings exhibit very high compressive strengths. However, their tensile strength is signiﬁcantly below
that of steel due to their brittleness. Plastics feature a comparably low
density, but their tensile strength is also much lower.
Several (ﬁber) composites exist that have much higher speciﬁc strengths
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Plastics

Figure 2.3: Speciﬁc strength of various materials.

than the listed materials, where the exact values depend on the used composition and manufacturing method. Due to the longitudinal shape of
the raw material and the resulting anisotropy when processed into the desired shape, it is currently not easily possible to manufacture precise and
well-balanced rotors, especially in the desired submillimeter-size range.
Carbon-based atom structures, such as graphene, carbon nanotubes, and
fullerenes, oﬀer signiﬁcantly higher speciﬁc strengths than conventional
bulk materials. In fact, monolayer graphene has been tested to be the
strongest material to date [47]. The three-dimensional assembly of such
structures to form larger-scale objects is not yet easily possible and the attainable mechanical performance is signiﬁcantly below that on the nanoscale [48]. For these reasons, neither ﬁber composites nor carbon-based
atom structures are currently suitable as rotor materials for achieving
ultra-high rotational speeds using a mesoscale system. However, especially carbon-based materials would oﬀer the possibility to increase the
achievable rotational speeds signiﬁcantly if suitable synthesis methods
become available in the future.
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2.4 Stress Distributions and Moments of
Inertia
To apply the failure criteria stated in Section 2.1.2, it is necessary to
obtain the state of stress throughout the rotor that is caused by the
centrifugal force. The absolute value of this stress depends on ρr , ν, as
well as the shape and size of the rotor. The subsequent considerations
will be used to determine rotor shapes that yield low mechanical stress
for a given material and size. For this purpose, solutions for the stress
distribution of diﬀerent rotor shapes, namely thin disks, long cylinders,
and ellipsoids, including detailed treatment of the particular case of a
sphere, are provided. In the subsequent calculations, the rotor material
is treated as homogeneous, isotropic, and elastic. The rotor is assumed to
spin at constant angular frequency ωr around the z axis. The corresponding ﬁeld of the centrifugal body force is then given as ρr ωr2 (xex + yey ) or
ρr ωr2 rer in cylindrical coordinates. The rotational stability around this
axis is assessed by means of the respective moment of inertia.

2.4.1 Thin Disk
A three-dimensional analytical solution for the stress distribution in a
rotating solid disk with diameter a and height h << a rotating about
its symmetry axis is outlined in [49]. The stresses along the axes of a
cylindrical coordinate systen are obtained to be



3+ν 2
ν(1 + ν) h2
σr = ρr ωr2
(2.16)
(a − r2 ) +
− 3z 2
8
6(1 − ν) 4



1 + 3ν 2 ν(1 + ν) h2
2 3+ν 2
2
σ ϕ = ρr ω r
(2.17)
a −
r +
− 3z
8
8
6(1 − ν) 4
σz = 0.

(2.18)

By letting h → 0, the two-dimensional solution commonly used in the
literature is obtained [50]. This shows that the occurring mechanical
stress can be divided into two parts, namely the radial stress and the
hoop stress, which represent principal normal stresses. Both stresses
attain their maximum values, which are equal, at the center of the disk
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(r = z = 0)
3+ν
(2.19)
ρr ωr2 a2 .
8
It can be shown that by introducing a hole of diameter b at the center
of the disk and letting b → 0 (pin hole), the maximum circumferential
stress is doubled, while the radial stress remains the same. This stress
concentration makes such rotor shapes unsuitable for ultra-high-speed
rotation, as the lack of material at locations where the occurring stress
would be maximum in a solid rotor signiﬁcantly lowers the mechanical
stability of the rotor.
σ 1 = σv =

For a solid disk or cylinder rotating about its symmetry axis, the moment of inertia is given as
Is =

1
1
ma2 = ρr πa4 h.
2
2

For rotation around its transverse axis
1
1
It = ma2 + mh = ρr πa2 h
4
12



h2
a2
+
4
12

(2.20)

(2.21)

holds. From the rotational stability requirement Is > It , it immediately
follows that
√
h < 3a,
(2.22)
which is fulﬁlled for a disk.

2.4.2 Long Cylinder
A solution for the stresses in an elastic solid cylinder with free ends and
h >> a rotating about its symmetry axis is obtained as
3 − 2ν 2
(a − r2 )
8(1 − ν)
1
σϕ = ρr ωr2
(3 − 2ν)a2 − (1 + 2ν)r2
8(1 − ν)
ν
ρr ωr2 (a2 − 2r2 ).
σz =
4(1 − ν)
σr = ρr ωr2

(2.23)
(2.24)
(2.25)
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The results are similar to that of a solid disk with the maximum stresses
occurring at the center of the rotor (r = 0), yielding
σ1 =

3 − 2ν
ρr ωr2 a2
8(1 − ν)

(2.26)

σv =

3 − 4ν
ρr ωr2 a2 .
8(1 − ν)

(2.27)

and

While the occurring von Mises stress is lower than that for a disk, rotational stability around the longitudinal axis by the criterion of (2.22)
is not attained. Consequently, a long cylindrical rotor is unsuitable for
reaching ultra-high rotational speeds, as it will change its axis of rotation
or bend before the mechanical stress limit is reached [15, 33, 34].

2.4.3 Ellipsoid
The stress distribution in a rotating ellipsoid has been studied in [51] and
[52]. The ellipsoid is described in Cartesian coordinates by its standard
form
x2
y2
z2
+
+
= 1 with ry ≤ rx ,
(2.28)
rx2
ry2
rz2
where rx , ry , rz describe the radii in the respective directions. The ellipsoid is assumed to rotate about the z axis. For the general case of
rx = ry = rz , it is cumbersome to obtain a closed-form analytic expression for the stress distribution [53]. Therefore, a semi-analytical approach with numerically computed scaling constants is used here. It can
be shown that the occurring stresses due to rotation are of the form




y2
z2
x2
(2.29)
σx = σ0 K1x 1 − 2 − K2x 2 − K3x 2
rx
ry
rz




y2
x2
z2
(2.30)
σy = σ0 K1y 1 − 2 − K2y 2 − K3y 2
ry
rx
rz




z2
x2
y2
(2.31)
σz = σ0 K1z 1 − 2 + K2z 2 − K3z 2
rz
rx
ry
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K1 xy
2(1 − ν) rx2


K2 yz
= −σ0
2(1 − ν) rx2


K3 xz
,
= −σ0
2(1 − ν) rx2

τxy = −σ0

(2.32)

τyz

(2.33)

τxz

(2.34)

with

1
ρr ωr2 rx ,
(2.35)
4
which corresponds to the average value of σx on the central section x = 0
of the ellipsoid. Based on the necessary boundary conditions that the
stresses vanish at the surface of the ellipsoid, the 12 coeﬃcients in (2.29)–
(2.34), which depend only on the two shape ratios
σ0 =

δyx =

ry
rx

and

δzx =

rz
,
rx

(2.36)

can be solved for numerically [52]. To obtain the principal normal stress
and the von Mises stress, (2.6) and (2.12) are used, respectively.
The moments of inertia around the principal axes of an ellipsoid of
uniform density and mass m are given as
Ix =

m 2
(r + rz2 ),
5 y

Iy =

m 2
(r + rz2 ),
5 x

and Ix =

m 2
(r + ry2 ), (2.37)
5 x

yielding the rotational stability conditions
δzx < 1

and δyx > δzx ,

(2.38)

which have to be fulﬁlled simultaneously.

2.4.4 Sphere
For the particular case of a sphere, which represents a subset of the
solution for the ellipsoid (rx = ry = rz = a), a closed-form analytic
solution for the stresses can be obtained in cylindrical coordinates as
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[54, 55]

(5ν 2 − ν − 12)(a2 − r2 ) + (9 + 7ν)z 2
5(ν − 1)(7 + 5ν)


2
−
ν
−
12)a2 + (4 + 7ν + 5ν 2 )r2 + (9 + 7ν)z 2
(5ν
σϕ = ρr ωr2
5(ν − 1)(7 + 5ν)


2
(3 − 6ν − 5ν )(a2 − 2r2 − z 2 )
σz = ρr ωr2
5(ν − 1)(7 + 5ν)


(3 − 6ν − 5ν 2 )rz
τrz = ρr ωr2
.
5(ν − 1)(7 + 5ν)


σr = ρr ωr2

(2.39)
(2.40)
(2.41)
(2.42)

The resulting maximum principal normal stress and the von Mises
stress distributions on a vertical cross-sectional plane through the center
of a sphere with radius a = 0.25 mm rotating at 40 Mrpm are shown in
Fig. 2.4. It can be seen that the stress reaches its maximum in the center
of the sphere (x = y = z = 0) and decreases toward the outside. At the
poles, the considered stresses are zero. The maximum von Mises stress is
slightly higher than the maximum principal normal stress, which results
in the prediction of failure at lower rotational speeds.
For a sphere δyx = δzx = 1 holds, which results in I1 = I2 = I3 . Therefore, no preferred stable axis of rotation exists in theory. In practice,
slight deviations of the moments of inertia will exist due to imbalances
and inhomogeneities of the material density. As a consequence, the rotational axis will self-align to the largest moment of inertia during spin
up.

2.4.5 Comparison
A comparison of diﬀerent rotor shapes is carried out based on the occurring maximum values of the principal normal stress and the von Mises
stress. For each shape, the constant Cs as used in (2.1) was determined
for the maximum normal stress (Rankine) and the distortion energy (von
Mises) failure criteria. The results are provided in Table 2.1 with numerical values calculated for ν = 0.3. To obtain high rotational speeds, the
shape factor Cs should be as low as possible. The lowest shape factor for
materials failing by brittle failure is obtained for a sphere followed by a
thin disk. If ductile failure occurs, the lowest shape factor is attained by
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Figure 2.4: Maximum principal normal stress σ1 (left) and von Mises stress σv
(right) distributions on a vertical cross-sectional plane through the center of a sphere
with radius a = 0.25 mm made from 100Cr6 (1.3505) chrome steel and rotating at
40 Mrpm.

Table 2.1: Rotor shape factors for diﬀerent failure criteria

Shape
Thin disk
Thin disk w/ pinhole
Long cylinder
Sphere

Cs (Rankine)
3+ν
0.413
8
3+ν
4
3−2ν
8(1−ν)
2

5ν −ν−12
5(ν−1)(7+5ν)

Cs (von Mises)
3+ν
0.413
8

0.825

3+ν
4

0.825

0.429

3−4ν
8(1−ν)

0.321

0.398

3+2ν
7+5ν

0.424

a long cylinder. However, this shape is unsuitable for high-speed rotation
as discussed in Section 2.4.2.
An optimization of the rotor shape can be performed using the equations presented in Section √
2.4.3 and results in a prolate spheroid (rz >
rx = ry ) that fulﬁlls rz < 3rx . For the desired geometries with diameters of less than 1 mm, the complexity of the rotor shape is restricted by
manufacturability. The symmetry and related balance of the rotor are
important factors which are determined by the achievable tolerances and
can cause premature failure of the rotor under centrifugal loading if not
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fulﬁlled to a lower limit. Consequently, the availability of manufacturing
techniques for producing the desired rotor shape with high precision has
to be considered in the selection process.
Spheres made from the steels with the highest speciﬁc strengths considered in Section 2.3 are readily available due to their use in ball bearings. Nominal diameters into the submillimeter range are available for
miniature applications. The tolerances of such steel balls are classiﬁed in
grades [56]. For the grade with the lowest tolerances (G3), the mean diameter of a single sphere is within ±5.3 μm of the nominal diameter. The
diameter variation, referring to the diﬀerence between the largest and the
smallest diameter of the same ball, is below 0.08 μm. The same value describes the deviation from an ideally spherical shape, which is obtained as
the greatest radial distance between a sphere circumscribed around the
ball surface and any point on the ball surface itself in all planes passing
through the center of the sphere. Due to these low tolerances and their
easy availability from materials with high speciﬁc strengths, such steel
balls are mechanically well suited for use as rotors in the ultra-high-speed
motor.

2.5 Magnetic Characterization of Steel
Spheres
To achieve suﬃciently low frictional torque at ultra-high rotational speeds,
a magnetic suspension system for the rotor as described in detail in Chapter 3 is used. For this reason, the magnetic properties of the materials
from which the steel balls are manufactured are of interest. While their
mechanical characteristics and detailed material composition are usually
documented in the literature [56], insuﬃcient information is available regarding the magnetic properties. The latter are strongly dependent on
the raw material and manufacturing techniques, similar to the mechanical attributes [57]. Consequently, magnetic characterization should be
carried out using specimens that are of the same size as the employed
rotors. This makes it impossible to use a closed magnetic circuit measurement, as commonly employed in magnetic characterization [58, 59].
Instead, open circuit measurements using a vibrating sample magnetometer (VSM) (PMC MicroMag 3900) have been carried out to record the
magnetization curves of various materials. In this measurement tech32

2.5. Magnetic Characterization of Steel Spheres

nique, the sample is introduced into a homogeneous external magnetic
 of which the magnitude is slowly varied to cover the desired range.
ﬁeld H,
This external magnetic ﬁeld causes the sample to attain a magnitudedependent magnetic moment m.
 By mechanically vibrating the sample
in the direction perpendicular to its magnetization, a voltage is induced
in stationary pick-up coils placed in its vicinity due to the relative movement. As the induced voltage is proportional to m,
 the magnetic properties of the sample can be inferred from it [60]. Aside from the magnetic
moment, the induced voltage also depends on the sample geometry as
studied in [61, 62]. To eliminate the necessity of compensating this effect, and to obtain high accuracy, the instrument was calibrated with a
spherical reference sample of similar dimensions to the rotors (chemically
pure Ni d = 1 mm, cf. [63]).

The measurements were carried out with spherical samples of 0.5 to
1.4 mm in diameter. The tested materials were found to exhibit isotropic
magnetic properties, which was veriﬁed by repeated measurements after
rotation of the sample. For isotropic materials, the magnetization of the
sample can be obtained from the measured magnetic moment as
M=

m
,
V

(2.43)

where V denotes the sample volume. The magnetization curve is obtained as
B = μ0 (H + M ),
(2.44)
of which the slope yields the local relative permeability μr as
μr =

dM
+ 1.
dH

(2.45)

The measured magnetization curves for several steels commonly employed
for the spheres of ball bearings are shown in Fig. 2.5(a). These martensitic chrome steels, which are identiﬁed by the material numbers 100Cr6,
X65Cr13, X47Cr14, X46Cr13, and X105CrMo17 exhibit almost identical
characteristics regarding the initial value of μr . The narrow hysteresis
loop, as shown in the inset, exhibits low remanence, which is favorable
for usage in conjunction with the magnetic suspension and saturation
occurs above 1 T. The initial relative permeability is ≈ 4 and is listed for
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Figure 2.5: Measured magnetization curves of common ball bearing steels (a) and
carbide balls (b).

the diﬀerent materials in Table 2.2, where the stated conductivity values
were taken from the respective datasheet if available.
In addition, the magnetization curves of two exemplary materials for
carbide balls were recorded, for which the results are shown in Fig. 2.5(b).
Such materials exhibit a signiﬁcantly diﬀerent magnetic behavior with
wider hysteresis loops and lower values of the saturation ﬂux density.
This behavior is caused by their composition consisting of a crystal structure containing tungsten carbide and cobalt, which causes high hardness
of these materials. Closer inspection shows that the overall magnetization curves consist of multiple smaller hysteresis loops, which correspond
to the aforementioned composition elements. Due to the relatively high
remanence and the low saturation ﬂux density, these materials are less
suitable for magnetic suspension.
Based on the analyses presented in this chapter, it can be concluded
that steel spheres as intended for use in ball bearings can be used as
rotors in the considered ultra-high-speed motor. The steels used for such
balls exhibit high tensile strengths and linear magnetic properties with
low hysteresis and high saturation ﬂux densities. The employed manufacturing techniques result in low tolerances and high sphericity, which
are both favorable properties for attaining ultra-high rotational speeds.
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Table 2.2: Electromagnetic properties of diﬀerent rotor materials

Material Number
100Cr6
X65Cr13
X47Cr14
X46Cr13
X105CrMo17
TC3
TC2

σ (MS/m)
∼ 4.6
∼ 1.8
∼ 1.8
∼ 1.8
∼ 1.3
-

μr
4.13
4.14
4.12
4.17
4.09
3.46
4.47

The suspension and rotation of such spheres by means of electromagnetic
forces is considered in the subsequent chapters.
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Chapter 3
Magnetic Suspension
To achieve ultra-high rotational speeds, a submillimeter-size steel rotor
has to be suspended and accelerated in vacuum. This chapter provides
a short overview of suspension concepts commonly used for the rotors
in electric machines along with a discussion of their limitations for application in this work. Subsequently, the concept of active magnetic
levitation, which is found to have favorable properties at the desired rotational speeds, is analyzed in detail. This includes an analytical model
for the generated force and the selection of a suitable topology for stabilization of the rotor in all translatory degrees of freedom. Moreover,
an actuator design which allows for magnetic force coupling through a
vacuum chamber wall is presented.

3.1 Concepts
Conventional electric machines employ ball bearings to ﬁx the translatory
degrees of freedom of the rotor, while allowing for its free rotation. Such
bearings require mechanical contact between the rotor and the stator
via a rolling element, which generates mechanical friction losses. These
losses increase with the rotational speed and the loading of the bearing.
Models for the diﬀerent loss components in ball bearings are outlined in
[56]. The highest rotational speed achieved with ball bearings is in the
range of 1 Mrpm, which results in bearing losses in the range of 10 W with
reduced lifetimes in the range of hours [33]. Consequently, ball bearings
are unsuitable for the desired rotational speeds of several tens of million
rpm due to excessive losses. Moreover, the use of oil or grease as a
lubricant usually prevents their application in vacuum environments and
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a suspension of the rotor requiring mechanical contact would be diﬃcult
to manufacture due to the small geometry and extremely low tolerances.
Contactless gas bearings, in which the rotor is suspended on a gas
cushion, allow signiﬁcantly lower losses due to the absence of mechanical
contact. Such bearings have already been employed during early high
speed tests as discussed in Section 1.2 and are also being explored for
electrical drive systems [35]. Models for the losses due to air friction in
such bearings are provided in [64]. The loss power scales quadratically
with the rotational speed under laminar conditions without slip and is
inversely proportional to the bearing clearance between the rotor and the
stator, which would have to be very small for the considered case due
to the small rotor geometry. In addition, the bearing journal or bushing
of gas bearings usually contains microstructure grooves to prevent whirl
instability phenomena. Due to the small dimensions, the implementation
of such structures is not feasible for the considered case. As the surrounding gas is used as an inherent part of this bearing type for lubrication and
to provide load carrying capability, operation in vacuum is not possible.
This prevents leveraging the advantages of spinning the rotor in vacuum
as outlined in Section 4.4.
Suspension of the rotor by means of electromagnetic forces is the only
contactless bearing technology that can be applied in vacuum or at low
pressures. Magnetic bearings have been employed in electric machines
of various sizes down to several millimeters and can also be integrated
to employ the same magnetic circuit of the machine with either using
separate dedicated bearing windings or combined windings for bearing
force and torque generation [65, 66]. The former topology is commonly
referred to as self-bearing, while the latter is commonly referred to as
bearingless. Contrarily, the utilization of electrostatic forces has been
favored for micromotors and MEMS devices [20, 67–69] due to available
production techniques and the higher energy density limits for small air
gaps.
As the steel rotor considered for obtaining high rotational speeds exhibits ferromagnetic properties, it can be levitated by means of magnetic
forces as well as electrostatic forces. An electrostatic levitator that can
be used to suspend conductive and insulating materials, independent of
their ferromagnetic properties was presented in [70]. A comparison between the achievable energy density for an electric and a magnetic ﬁeld
can be used to assess which suspension technique is favorable at the con38
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sidered scale (cf. [71]). In an electric ﬁeld, the energy density in a linear
isotropic region is given as
wel =

1 2
E
2

(3.1)

1 2
B ,
2μ

(3.2)

and that in a magnetic ﬁeld as
wm =

where , μ, E, and B denote the electric permittivity, magnetic permeability, and the magnitudes of the electric ﬁeld as well as the magnetic
ﬂux density, respectively. The maximum value of B in air gaps is limited by saturation of ferromagnetic materials and can be estimated to be
in the range of 1 T. The maximum value of E is limited by the breakdown ﬁeld strength, which is EB ≈ 3 MV/m for air at ambient pressure
and large air gaps. Using these values in (3.1) and (3.2) yields energy
densities of 40 J/m3 for electric ﬁelds and 400 kJ/m3 for magnetic ﬁelds,
which illustrates the dominance of magnetic systems at the macroscopic
scale. However, signiﬁcantly higher energy densities can be attained in
electric ﬁelds on the micro scale due to an increase of EB as governed by
Paschen’s law [72]


C2 p
C1
EB =
with k = ln
,
(3.3)
ln(pd) + k
ln(1 + γ −1 )
where C1 , C2 , p, γ, and d denote two empirical constants, the gas pressure, the secondary ionization coeﬃcient (Townsend coeﬃcient) of the
considered gas, and the air gap length, respectively. The values of C1
and C2 depend on the product pd and can be found in the literature
[73]. For ambient pressure conditions, this results in an increase of the
admissible breakdown electric ﬁeld and, consequently, an increase of the
electric ﬁeld energy. Considering the aforementioned ﬂux density of 1 T,
the electric ﬁeld energy density exceeds that of the magnetic ﬁeld at a
gap distance of ≈ 5 μm. In a vacuum much higher electric ﬁelds can be
attained in theory due to the lack of gas ionization. However, the applicable voltage is usually limited by practical constraints. Considering a
maximum admissible voltage of 1 kV, which is rather high for small-scale
systems, and reducing the maximum attainable magnetic ﬂux density to
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Figure 3.1: Electric energy density limits according to Paschen’s law and for a ﬁxed
voltage (red) as well as magnetic energy density for diﬀerent ﬂux densities (blue).

10 mT, the electric energy density is only higher than the magnetic one
for air gaps below 300 μm. These relations are illustrated in Fig. 3.1.
As these air gap dimensions are below those expected in the ultrahigh-speed motor and because of the diﬃculties associated with handling
voltages in the kilovolt range, while magnetic ﬂux densities in the range
of 10 mT can easily be attained, magnetic suspension is employed in this
work.
In principle, reluctance forces and/or Lorentz forces can be used for
magnetic suspension. A classiﬁcation of magnetic bearings and magnetic
levitation principles is provided in [65, 66, 74].
The magnetic reluctance force acts perpendicular to the surface of materials of diﬀerent relative magnetic permeabilities μr . The rotor has to
consist of a ferromagnetic material to achieve suﬃciently high forces. In
accordance with Earnshaw’s theorem [75], it is not possible to obtain
stable suspension of the rotor with a static magnetic ﬁeld. Consequently,
magnetic levitation by means of the reluctance force requires active control of the rotor position.
In contrast, passive electrodynamic levitation of the rotor is possible
by using the Lorentz force, which acts perpendicular to the ﬂux density.
A force is only generated if the rotor consists of a conductive material.
Eddy currents are induced inside the rotor by placing it into an alternating magnetic ﬁeld. A repelling Lorentz force is generated from the
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interaction of the external magnetic ﬁeld with these eddy currents. The
magnitude of this force depends on the conductivity of the rotor material, its shape, as well as the magnitude and frequency of the external
magnetic ﬁeld [76–78]. If the rotor is made from a ferromagnetic material, an additional reluctance force, which counteracts the Lorentz force,
is generated. For a rotor levitated above an actuator coil, the magnetic
ﬁeld and the eddy currents inside the rotor are increased if the rotor
approaches the coil. This increases the repulsive force, which makes it
possible to achieve passive suspension without the requirement for active
control [79, 80]. However, translatory oscillations of the suspended object
are weakly damped, resulting in stability issues. Moreover, for objects
suspended against gravity, the entailed eddy current losses easily result
in temperatures which cause the suspended objects to melt, especially
under vacuum conditions. While this is beneﬁcial for levitation melting
applications [81], it is undesired for reaching ultra-high rotational speeds.
For these reasons, electrodynamic levitation is unsuitable for application in the ultra-high-speed motor and is not considered further. Instead,
active magnetic suspension of the rotor is treated in detail in the remainder of this chapter.

3.2 Principle of Active Magnetic Levitation
Force generation by an active magnetic bearing (AMB) is based on the
interaction between the external magnetic ﬁeld generated by the bearing
actuator (electromagnet) and the rotor ﬁeld. The employed rotor can
be a permanent magnet or consist of a ferromagnetic material that is
magnetized by the external ﬁeld. The magnetization stemming from an
external magnetic ﬁeld points into the same direction as the ﬂux lines
and causes a magnetic reluctance force Fm into the opposite direction.
This force can be used to counteract the gravitational force Fg to levitate
the rotor without mechanical contact as shown in Fig. 3.2 for a system
with one degree of freedom.
The magnetic force is a function of the current ﬂowing in the coil of the
electromagnet, which is subsequently referred to as the bearing current
ib , and the distance zb between the rotor and the actuator. The rotor
position is continuously measured by a position sensor and fed into a
controller that actively regulates the bearing current via a power ampli41
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Figure 3.2: Functional principle of an AMB.

ﬁer such that the rotor maintains its reference position z0 . If the rotor
is a permanent magnet and is assumed to maintain its orientation, an
attracting or repelling force can be generated by reversing the direction
of the bearing current. For ferromagnetic rotors that are not permanent
magnets, only attracting forces can be generated due to remagnetization
of the rotor.
If the system is assumed to be linear, the reluctance force as generated
by the electromagnet can be obtained by calculating the derivative of the
magnetic energy
1
Wm (zb , ib ) = L(zb )i2b
(3.4)
2
with respect to the rotor position zb , resulting in
Fm (zb , ib ) =

1 ∂L(zb ) 2
i2
ib ≈ C b2 ,
2 ∂zb
zb

(3.5)

where the approximate relation L(z) ∝ 1/z has been employed and C
denotes a constant.
Despite these nonlinearities, which are also aﬀected by saturation for
small air gaps and high currents, linear control schemes can usually be
applied by linearization around an operating point as
fm (z, i) = Fm (zb , ib ) − mg
i = ib − i0
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Figure 3.3: Linearization around the operating point: relationship between the magnetic force and displacement (a), and between the magnetic force and electromagnet
current (b).

z = zb − z0 ,
where i0 denotes the bearing current at the desired rotor position z0 and
fm , i, z denote deviations from the desired operating point as shown in
Fig. 3.3. Using (3.6) in (3.5) yields
fm (z, i) = ks z + ki i,

(3.7)

where ks , ki denote the force per displacement and force per current
constant, respectively. This linearization is illustrated in Fig. 3.3. It can
be seen that ks is negative, corresponding to a decreasing force for an
increased distance between the rotor and the electromagnet. This shows
that the system is passively unstable and requires active control of the
electromagnet current, as described in detail in Chapter 7.

3.3 Force Calculation
Aside from calculating the magnetic force exerted on the rotor via the
magnetic energy as outlined in (3.5), it can also be obtained by solving
the underlying magnetic ﬁeld problem. This oﬀers the possibility to
assess the inﬂuence of the magnetic properties of the rotor material on
the bearing force generation.
 ext with magIntroducing the rotor into the external magnetic ﬁeld H


netic induction Bext = μ0 Hext , as generated by the electromagnet, results
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 . The latter depends on H
 ext and the magnetic
in its magnetization M
properties of the rotor material as characterized by its B-H curve. To
obtain the reluctance force, the calculations are separated into the four
following steps:
1. The magnetic ﬁeld due to the magnetized rotor is calculated without the presence of an external magnetic ﬁeld. For this purpose,
the rotor is treated as if it was a permanent magnet.
2. The solution for a magnetized sphere in an external ﬁeld is obtained
by superimposing the result from the previous step and the external
magnetic ﬁeld.
 of the rotor dependent
3. An expression for the magnetization M
on the external ﬁeld is obtained based on the magnetic material
properties.
 ext
4. The reluctance force is calculated from the interaction between B
.
and M
The ﬁeld problem is solved based on Maxwell’s equations
 ·B
 =0
∇


 ×H
 = ∂ D + J,
∇
∂t

(Gauss’s law)

(3.8)

(Ampère’s law)

(3.9)

 denotes the electric displacement ﬁeld. In addition, the material
where D
 = μH
 is used. As the magnetic ﬁeld varies slowly with time,
relation B

displacement currents are negligible (∂ D/∂t
= 0), and the principles of
magnetostatics can be applied. Due to the absence of current carrying
conductors in the region of interest (J = 0), (3.9) becomes
 ×H
 = 0.
∇

(3.10)

Consequently, a magnetic scalar potential Φm can be introduced as
 = −∇Φ
 m.
H

(3.11)

By treating the rotor as a permanent magnet with a given magnetiza , (3.8) can be written as
tion M
 ·B
 = μ0 ∇
 · (H
 +M
 ).
∇
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Using (3.11), this becomes a magnetostatic Poisson equation

where

∇2 Φm = −ρm ,

(3.13)

 ·M

ρm = −∇

(3.14)

denotes the eﬀective magnetic volume charge density, which is used as
a mathematical analogy to the electrical volume charge density used in
electrostatics. Similarly, the surface magnetic charge density is deﬁned
as
 · n,
σm = M
(3.15)
where n denotes the normal vector of the considered surface.
 = M0ez , a solution for Φm
For a uniformly magnetized sphere with M
in spherical coordinates is found as [82]
⎧ 1
⎪
r≤a
(3.16a)
⎪
⎨ 3 M0 r cos θ
Φm (r, θ) =
3
⎪
⎪
⎩ 1 M0 a cos θ r > a.
(3.16b)
3
r2
Consequently, the magnetic ﬁeld and magnetic induction inside the sphere
are
 in = − 1 M

H
(3.17)
3
 in + M
 ) = 2μ0 M

 in = μ0 (H
(3.18)
B
3
for a linear medium.
To obtain the ﬁeld inside the sphere placed in an external magnetic
ﬁeld, the internal magnetization and the external ﬂux density are superimposed, yielding
 in = 1 B
 ext − 1 M

H
(3.19)
μ0
3
 ext + 2μ0 M
.
 in = B
B
3

(3.20)

By not treating the rotor as a permanent magnet any more and instead
letting its magnetization result from the applied external magnetic ﬁeld,
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Figure 3.4: Normalized magnitude of the magnetic induction inside and outside of
the sphere for varying distance from the actuator coil.

a general expression for the magnetic induction inside the sphere is found
 from (3.19) and (3.20) as
by eliminating M
 ext ,
 in + 2μ0 H
 in = 3B
B

(3.21)

 in = μ(|H
 in |)H
 in for
where the B-H curve of the rotor material yields B
isotropic materials.
The resulting magnetic induction inside and outside the rotor is displayed qualitatively in Fig. 3.4, where the electromagnetic actuator was
modeled as a solenoid. The ampliﬁcation of the magnetic induction inside the rotor is clearly visible. If the rotor material is assumed to be
 can be obtained
isotropic and linear (no saturation and hysteresis), M
by using
 in = μ0 μr H
 in ,
B
(3.22)
where μr is the relative permeability of the rotor material. Using this
relation in (3.19) and (3.20) and rearranging yields


3 μr − 1 

(3.23)
M=
Bext .
μ0 μr + 2
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 ext , the magnetization increases
This shows that for a given value of B
 ext /μ0 .
rapidly for small values of μr and asymptotically approaches 3B
,
The total magnetic force acting on a body with magnetization M
volume V , and bounding surface S can be obtained from the elementary
force law as
ˆ
ˆ
 ext dV +
 ext dS.
Fm =
ρm B
σm B
(3.24)
V

S

To obtain an analytic solution, two further simplifying assumptions are
introduced, namely:
 of the rotor is uniform with magnitude M0
• The magnetization M
and direction ez and is caused by the magnitude of the external
 ext | at the center of the rotor (z = z0 ).
magnetic induction |B
• The magnitude of the external magnetic induction varies linearly
over the diameter of the sphere, with its gradient being determined
 ext (z0 )|/∂z.
by ∂|B
Geometrical representations of these simpliﬁcations have been added to
Fig. 3.4. The smaller the sphere is with respect to the electromagnet used
for its suspension, the better these assumptions are justiﬁed. Therefore,
good agreement of the results obtained by using the actual and simpliﬁed problem statement is expected for the considered submillimeter-size
rotors.
A uniform magnetization inside the sphere yields ρm = 0 and the magnetic surface charge is obtained as σm = M0 cos(θ). Due to symmetry,
 ext is relevant for the force generation while
only the z component of B
the other components can be chosen arbitrarily. Incorporating the aforementioned simpliﬁcations, this is written as


∂Bz (z0 )

z + Bz (z0 ) ez .
Bext =
(3.25)
∂z
The resulting force, including the magnetization determined by (3.23), is
obtained as


4πa3 μr − 1
∂Bz (z0 )

Fm =
Bz (z0 )
ez .
(3.26)
μ0
μr + 2
∂z
This shows that for given values of Bz (z0 ) and ∂Bz (z0 )/∂z, the reluctance
47

Chapter 3. Magnetic Suspension

force levels oﬀ for high values of μr . For the considered rotor materials
with μr ≈ 4, about 50 % of the maximum possible reluctance force is
obtained. As the magnetization of the sphere is directed into the same
direction as the external magnetic induction, the resulting force is always
directed toward the bearing coil. In the case of vertical suspension of the
rotor, this force is counteracted by the gravitational force
Fg = mg =

4 3
πa ρr g,
3

(3.27)

where m denotes the rotor mass. The gravitational force exhibits the
same dependency on a as the reluctance force. Consequently, the external
magnetic ﬁeld and, therefore, the current through the electromagnet are
expected to be independent of the sphere radius for identical levitation
heights z0 .

3.4 Topologies
Stabilization of the rotor in all translatory degrees of freedom requires
multiple actuators. Consequently, an arrangement of electromagnets has
to be used. If the reluctance force is used to counteract the gravitational
force in order to levitate the rotor in the vertical (axial) direction, as
shown in Fig. 3.2, the horizontal (radial) translatory degrees of freedom
are generally passively unstable. Stabilization can be achieved by combining multiple AMBs or by a suitable design of the axial actuator.
An overview of possible topologies is provided in Fig. 3.5, where the
actuators in the horizontal y-direction have been omitted for clarity purposes. The radially-placed actuators can be used to generate the motor
torque (see Chapter 4) and magnetic suspension forces simultaneously,
which is advantageous due to the conﬁned space around the rotor.
The topology shown in Fig. 3.5(a) requires active stabilization of rotor movements in all translatory degrees of freedom. It is universally
applicable to various rotor shapes, such as spheres, disks, and cylinders.
By shaping the tip of the axial actuator core such that the ﬂux is
concentrated at the desired horizontal equilibrium position of the rotor,
passive radial centering can be achieved (Fig. 3.5(b)). The generated
restoring force is proportional to the radial displacement of the rotor,
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Figure 3.5: Overview of magnetic suspension topologies. (a) Topology for active
control of all degrees of freedom. (b) Topology featuring passive radial stiﬀness of
the rotor due to a centering core. (c) Topology featuring passive radial stiﬀness and
damping of the rotor due to a damping needle. (d) Topology using permanent magnets
to passively stabilize the rotor in the axial direction while active control in the radial
direction is required to achieve levitation.

corresponding to a passive radial stiﬀness. However, no passive damping
of rotor oscillations can be obtained. The setup is suitable for levitating
spherical and cylindrical rotors. A disk-shaped rotor is prone to tilting
around the horizontal axes and would require modiﬁcation of its shape
to be levitated in such a setup. Introducing a hump in its horizontal
center would provide an attraction point for the reluctance force below
the centering core. However, such modiﬁcations are not easily feasible
due to the small overall dimensions of the rotor.
Figure 3.5(c) shows a topology in which a ferromagnetic damping needle with its lower end ﬂoating in a viscous ﬂuid is placed below the rotor.
The rotor and the needle are both magnetized by the electromagnet of
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the axial bearing. Consequently, the needle follows horizontal oscillations
of the rotor due to magnetic coupling. The energy of the oscillation is dissipated by ﬂuid drag at the lower end of the needle. Such an arrangement
was used in the historical studies [6, 41] and works suﬃciently well for
rotors larger than ∼ 1 mm. Contrarily, it was found to be unsuitable for
the desired smaller rotor sizes [17] due to unreliable magnetic coupling
between the damping needle and the rotor.
In the aforementioned topologies, the gravitational force was counteracted by an AMB. Another possibility is to use permanent magnets
to achieve passive axial stabilization. A general overview of the stability of various permanent magnet levitation systems is provided in [83].
Figure 3.5(d) shows a topology in which passive axial stabilization is
achieved by the bias ﬂux of permanent magnets, which are used to magnetize the rotor. The setup can be used for disk-shaped and spherical
rotors, while long cylinders cannot be stabilized as they are prone to tilting. Levitation of the rotor is passively unstable in the radial direction
and requires active control. Further, axial damping of the rotor cannot
be achieved passively and the setup is sensitive to the symmetry of the
magnetic bias ﬁeld. Asymmetries result in drag torques due to eddy currents, which are particularly problematic at ultra-high rotational speeds.
Due to these unfavorable properties, this and other topologies employing
magnetic bias ﬁelds generated by permanent magnets are not considered
further in this work.
Instead, the setup of Fig. 3.5(b) combined with active magnetic damping in the radial direction is used in this work to fully stabilize the rotor.
In order to provide design guidelines for the required actuators, system
models for the translatory dynamics of the levitated rotor in the axial
and radial directions are provided below. These models are also used to
develop suitable control structures in Chapter 7.

3.5 System Model
The axial actuator of the topology shown in Fig. 3.5(b) with a centering
core is considered, for which a schematic cross-sectional view is displayed
in Fig. 3.6(a). The diameter of the centering core is considered to be
in the same range as the rotor diameter. A dynamic model for the
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Figure 3.6: (a) Overview of the axial actuator and equivalent circuit of the coil
(inset). Components of the dynamic system models in (b) the axial and (c) radial
direction.

translatory behavior of the rotor in the axial and radial direction can be
developed separately.
The rotor is stabilized actively in the axial direction (Fig. 3.6(b)) by
means of closed-loop feedback control, which ensures that Fm = Fg at
the desired levitation height z0 . Consequently, the dynamic behavior of
the rotor is determined by the controller parameters. If a proportionalintegral-derivative (PID) feedback controller is used, the mechanical stiﬀness kz and damping bz can be adjusted by the proportional and differential part, respectively. The resulting closed-loop behavior is that
of a damped spring-mass pendulum with two complex poles, which is
described by the ordinary diﬀerential equation (ODE)
z̈(t) +

kz (z)
Fm (i(t), z)
bz (z)
ż(t) +
z(t) = g −
.
m
m
m

(3.28)

Fm depends on the coil current ib that is controlled by a power ampliﬁer.
The latter applies a voltage vb across the terminals of the coil which
introduces an additional dynamic behavior based on the rate at which
ib can be adjusted. Based on the equivalent circuit model of the electromagnet coil with inductance L and resistance R, as shown in the inset
of Fig. 3.6(a), it is described as
i̇b (t) +

R
1
ib (t) = vb (t).
L
L

(3.29)
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In order to stabilize the mechanical system of (3.28), the electrical time
than the
constant of the RL circuit τel = L/R has to be much smaller

period of oscillations of the mechanical system Tmech ≈ 2π m/kz , where
kz can be adjusted within a certain range by the controller. Despite
the relatively small value of Tmech due to the low mass of the rotors
in this work, the aforementioned condition can easily be satisﬁed by an
appropriate coil design.
The rotor is passively stable in the radial direction (Fig. 3.6(c)) due
to a concentration of the magnetic ﬂux below the centering core. The
translatory dynamics of the uncontrolled
system in the radial direction

with positional variable r(t) = x2 (t) + y 2 (t) is described by a similar
ODE as
br
kr
r̈(t) + ṙ(t) + r(t) = 0,
(3.30)
m
m
where kr and br denote the passive radial stiﬀness and passive radial
damping, respectively.
The axial and radial forces due to a displacement of the rotor by
an angle α are obtained as Fr (α) = Fm (dm , ib ) · sin α and Fz (α) =
Fm (dm , ib ) · cos α, respectively, where dm denotes the mean geometric air
gap length between the coil and the rotor as shown in Fig. 3.6(c). The
radial stiﬀness is obtained as
kr =

∂Fr (r = 0)
.
∂r

(3.31)

A quantitative estimate of kr can be obtained if a mathematical description for ∂L(dm )/∂dm can be found (see (3.5)). In [7], the empirical
expression
ΔL
(3.32)
L(dm ) = L0 +
1 + c · dm
was used for the inductance of the electromagnet coil. The variables
L0 , ΔL, and c denote the inductance of the coil without the rotor, the
maximum variation of the coil inductance and a constant, respectively.
These parameters can be obtained by measurements or electromagnetic
ﬁnite element method (FEM) simulations. Due to the small inﬂuence
of the rotor on the coil inductance, ΔL was found to be less than 1 %
of L0 for the considered geometries, which makes results obtained by
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(3.32) prone to error. Instead, kr was obtained directly from 3D FEM
simulations as outlined in the next section.
Damping of translatory radial movements of the levitated rotor is solely
caused by gas friction, which is proportional to the velocity ṙ(t). Oscillations of the rotor are damped by converting the associated energy into
frictional energy in the gas.
Under atmospheric pressure conditions, radial damping is due to laminar gas friction and is obtained as
br,c = 6πμa,

(3.33)

where μ denotes the dynamic viscosity of the surrounding gas [84]. Values
in the range of 10−7 Ns/m are expected for br,c based on the evaluation
of (3.33) for submillimeter-size rotors. At pressures in the high vacuum
range, free molecular ﬂow conditions apply and the remaining damping
can be expressed as


4 π
br,fm =
+
πρa2 c̄,
(3.34)
3
6
where ρ and c̄ denote the density and mean speed of molecules of the
surrounding gas, respectively [85]. This yields values in the range of
10−9 Ns/m. Both of the aforementioned values of the damping coeﬃcient are at such a low level that even small disturbances cause weakly
damped oscillations of the rotor in the radial direction. If the occurring
displacement from the equilibrium position becomes too large, the magnetic suspension becomes unstable. This underlines the requirement for
additional radial damping, which is implemented by AMBs in this work.

3.6 Axial Actuator Design
Subsequently, the design of the axial actuator is outlined. The radial
actuators are combined with the drive coils of the stator, for which design
guidelines are presented in Chapter 5. Based on the aforementioned
considerations, the following requirements for the axial actuator of the
practical system can be derived:
1. A high magnetic force Fm per current ib should be generated to
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minimize ohmic losses Pc = Ri2b in the coil. This can be achieved
by using a ferromagnetic core to guide the magnetic ﬂux toward
the rotor.
2. For the same reason, the coil should have a low series resistance R.
3. The inductance L of the coil has to be suﬃciently low, such that
τel << Tmech is satisﬁed.
In addition, the actuator should allow for the integration of a vacuum
system around the rotor, which is required to achieve ultra-high rotational speeds. Due to the absence of continuum gas ﬂow convection,
heat transfer rates in a vacuum are signiﬁcantly lower than under atmospheric pressure conditions, which limits the cooling capability of the
actuator coil. Specially sealed feedthroughs would be required to feed
the lead wires for the actuator coil through the wall of the vacuum chamber. For these reasons, the electromagnet coil should not be placed inside
the vacuum. Instead, an actuator using magnetic coupling though the
chamber wall was developed as shown in Fig. 3.7(a). The centering core
is placed inside the vacuum tube, while the coil and yoke are placed on
the outside. As shown by the ﬂux lines, the magnetic ﬂux generated
by the coil is initially guided by the yoke and then coupled across the
air gap to the ferromagnetic centering core, which guides it toward the
rotor. For this magnetic coupling to be feasible, the vacuum tube has
to consist of a non-ferromagnetic material. As the magnetic ﬁeld for the
axial suspension of the rotor changes slowly and eddy current losses are
negligible, the yoke and centering core can be manufactured from a solid
ferromagnetic material. The characteristics of the magnetic suspension
force in such a system are predominantly determined by the shape of the
lower tip of the centering core close to the rotor and were studied using
3D magnetostatic FEM simulations. The resulting normalized forces in
the axial and radial directions are shown in Fig. 3.7(b) for a ﬂat as well
as a semi-spherical tip of the core and the parameters given in the legend. The radial force is signiﬁcantly lower than the axial force around
the radial center and the expected cos(r) and sin(r) dependency can be
observed for the axial and radial forces, respectively. The radial stiﬀness is determined as outlined in (3.31). A ﬂat lower end of the core
yields a higher axial force for a given current and a higher passive radial
stiﬀness compared to the semi-spherical end. The latter has the only
advantage that the axial force drops less rapidly for a radially displaced
rotor, resulting in a more constant axial bearing current.
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Figure 3.7: (a) Setup of the axial actuator with an integrated vacuum system. The
magnetic coupling is illustrated by the added ﬂux lines. (b) Normalized force characteristics in the axial and radial directions for diﬀerent tip shapes of the centering
core.

While the radius rtip of the centering core is limited to ∼ 1 mm in the
considered system to leave suﬃcient clearance to the inner wall of the
vacuum tube, it can be designed to yield favorable magnetic force properties. Figures 3.8 and 3.9 show the values of ki and kr for varying values of
rtip as obtained by simulations for a rotor diameter of 1 mm and 0.5 mm,
respectively. Again, it can be seen that a ﬂat lower end of the core yields
favorable properties for the entire range of the considered values. While
ki exhibits a rapid increase for small values of rtip /a, which is due to the
increased cross-sectional area for guiding the magnetic ﬂux toward the
rotor, it starts to level oﬀ at higher values. Contrarily, kr shows a maximum at rtip ≈ 0.8 mm or 1.6 and 3.2 times the rotor radius for the rotor
with a = 0.5 mm and a = 0.25 mm, respectively. Below the maximum,
the small size of the tip limits the ﬂux density at the rotor, resulting in
lower reluctance forces. This explains the approximately identical loca55
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Figure 3.8: Force per current ki (a) and passive radial stiﬀness kr (b) for varying
ratios of the tip diameter and the rotor diameter. Results are shown for a rotor with
1 mm in diameter.

tion of the maxima despite the diﬀerent rotor radii. Above the maximum,
the ﬂux density around the horizontal equilibrium position of the rotor
becomes more homogeneous, resulting in a decreased restoring force.
Consequently, rtip = 0.8 mm was chosen for the implemented actuator
design. To achieve a high magnetic force per coil current, the employed
coil of the electromagnet consists of ∼ 350 turns of copper wire, resulting
in an inductance of several hundreds of μH.
If the generated magnetic ﬁeld used for suspension and the rotor are
ideally symmetrical around the vertical axis through its center of mass,
rotation can be attained without hysteresis and eddy-current losses as
the magnetization remains constant. In practice, asymmetries will cause
periodical remagnetization of the rotor, which results in a residual drag
torque. The latter has initially been quantiﬁed in [13] and is of high
interest for the determination of spin down rates in magnetically suspended spinning rotor vacuum gauges [86], where eﬀects caused by the
rotation of the Earth’s magnetic ﬁeld (Coriolis eﬀect) need to be compensated in order to obtain high precision results [87]. For the considered
ultra-high-speed motor, the residual drag torques were found to be at
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Figure 3.9: Force per current ki (a) and passive radial stiﬀness kr (b) for varying
ratios of the tip diameter and the rotor diameter. Results are shown for a rotor with
0.5 mm in diameter.

negligible levels comparable to those generated by gas friction drag at
low pressures in the high vacuum range (see Chapter 4).
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Chapter 4
Drive and Loss Models
The lack of direct mechanical contact to the rotor and operation in a
vacuum limit the applicable physical principles for driving the rotor. In
this chapter, possible concepts are brieﬂy discussed, before a detailed
model for driving the rotor by means of electromagnetic ﬁelds is provided.
Acceleration of magnetically suspended millimeter-scale rotors by light
pressure was studied in [88]. Light directed tangentially at the periphery
of the rotor was found to generate a torque. A diﬀerent technique of
using the spin angular momentum (SAM) of circularly polarized light is
frequently employed in micro and nanoscale systems [22, 28]. A lightinduced torque is generated by transfer of the SAM to an absorbing
particle placed in the light beam. Other optical rotation techniques rely
on speciﬁc rotor properties, such as a shape asymmetry or birefringence,
which are not attainable or undesired for the considered rotors. While
the achievable torques are suﬃciently high to reach rotational speeds of
several million rpm with rotors in the nanometer range, they are at a
low absolute level. Moreover, absorption of the radiation power leads to
signiﬁcant heating of the rotor, which decreases its mechanical strength.
To overcome the aforementioned disadvantages, electromagnetic torque
generation by the principle of a solid rotor induction machine is used in
this study. A rotating magnetic ﬁeld induces eddy currents inside the
conductive rotor and a torque is generated based on the interaction between these eddy currents and the external magnetic ﬁeld. A historically
relevant work in this context is [89].
In the following sections, models for the torque and eddy current losses
inside the rotor are presented based the analytical solution of the underlying electromagnetic ﬁeld problem. Subsequent derivations closely follow
and extend those presented in [90]. To obtain valid solutions for the
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2

1

(a)

(b)

Figure 4.1: Stationary and rotating coordinate systems used for the calculations.

motor torque with the rotor materials used during experiments, the simpliﬁcations introduced in this reference have been omitted. Solutions for
a similar ﬁeld problem but with spatial stationarity are presented in [91].

4.1 Electromagnetic Field Problem
4.1.1 Setup and Coordinate Systems
The electromagnetic ﬁeld problem is formulated for a solid spherical rotor
with radius a, permeability μ, and conductivity σ located at the origin of
a stationary Cartesian coordinate system with unit vectors (ex , ey , ez )T .
The sphere is assumed to rotate at constant angular velocity ω
 = ωrez
around the z axis in an orthogonally-directed, homogeneous, and timeinvariant magnetic ﬁeld with ﬂux density
 0 = B0ex .
B

(4.1)

This setup is shown in Fig. 4.1(a). It should be noted that only the
diﬀerence between the mechanical rotational frequency of the rotor ωr
and that of the magnetic ﬁeld ωf is relevant for the solution of the ﬁeld
problem. This diﬀerence is subsequently referred to as the slip frequency
ω, according to the naming conventions of induction machines.
A second Cartesian coordinate system with unit vectors (e1 , e2 , ez )T
that is ﬁxed to the sphere and rotates at the same angular velocity, as
shown in Fig. 4.1(b), is introduced. With respect to this coordinate
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system, the external magnetic ﬁeld rotates with angular velocity −ω
around the z axis. Due to the shape of the rotor, it is convenient to
further introduce a spherical coordinate system with unity vectors (er ,
eθ , eϕ )T that is ﬁxed to the rotating sphere. The magnetic ﬂux density
is transformed accordingly, yielding
 0 = Re{B0bejωt },
B

(4.2)

⎛ ⎞ ⎛ ⎞
⎛ ⎞ ⎛ ⎞
1
1
ex
e1
b = ⎝j ⎠ · ⎝ey ⎠ e−jωt = ⎝j ⎠ · ⎝e2 ⎠
ez
ez
0
0
⎛
⎞ ⎛ ⎞
sin θ(cos ϕ + j sin ϕ)
er
= ⎝cos θ(cos ϕ + j sin ϕ)⎠ · ⎝eθ ⎠ .
eϕ
j cos ϕ − sin ϕ

(4.3)

with

The subsequent analyses are carried out in the rotating frame of reference
ﬁxed to the spinning sphere.

4.1.2 Basic Equations
The employed basic equations
 ·B
 =0
∇

 ×H
 = ∂ D + J
∇
∂t

 ×E
 = − ∂B ,
∇
∂t

(Gauss’s law)

(4.4)

(Ampère’s law)

(4.5)

(Faraday’s law)

(4.6)

with material relations
 = E

D
 = μH

B

J = σ E

(4.7)
(4.8)
(4.9)
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are similar to those used in Section 3.3. However, the considered ﬂux density varies with angular frequency ω. An assumed maximum frequency
 60 Mrpm corresponds to a wavelength in vacuum of
fmax = 1 MHz =
λmin = c/fmax = 300 m, where c ≈ 3 × 108 m/s is the speed of light.
As this is much larger than the considered geometries, wave propagation eﬀects can be neglected and the ﬁeld quantities can be considered
to change simultaneously throughout the entire region of interest. As a

result, the displacement current density ∂ D/∂t
is negligible with respect
 This is veriﬁed by
to the conduction current density J.

max|jωmax E|


max|σ E|

⇒

ωmax 0
≈ 1.2 × 10−11
σ

1, (4.10)

where the transformation ∂/∂t → jω and σ = 4.55 × 106 S/m, corresponding to the highest conductivity of the employed rotor materials
(see Section 2.5), have been used. Consequently, the magnetoquasistatic

approximation ∂ D/∂t
= 0 can be employed without introducing signiﬁcant errors.
Since J = 0 in the region of interest inside the sphere, the ﬁeld problem
 which is related to
is solved based on the magnetic vector potential A,
the ﬂux density by
 =∇
 × A.

B
(4.11)
Moreover, the Coulomb gauge is used, yielding
 ·A
 = 0.
∇

(4.12)

From (4.6), the relation between the electric ﬁeld and the magnetic vector
potential results as

 = − ∂A
E
(4.13)
∂t
and (4.9) can be rewritten as

∂A
J = −σ
.
∂t

(4.14)


Using ∂ D/∂t
= 0 in (4.5) in conjunction with (4.8) and (4.14) yields

 ∇
 × A)
 + μ0 μr σ ∂ A = 0,
∇(
∂t
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4.1. Electromagnetic Field Problem

which can be simpliﬁed to
 + μ0 μr σ
− ΔA


∂A
= 0,
∂t

(4.16)

where Δ denotes the Laplace operator.

4.1.3 Solution for the Magnetic Vector Potential
A solution for the magnetic vector potential is obtained based on the
boundary conditions of the magnetic ﬁeld and magnetic ﬂux density as
 A detailed account of these conwell as asymptotic requirements for A.
ditions is provided in Appendix A.1. Based on these considerations and
(4.2), an ansatz according to
 = 1 B0 Re{F (r)b × rejωt },
A
2
with

⎛ ⎞ ⎛ ⎞
r
er
r = ⎝0⎠ · ⎝eθ ⎠
0

(4.17)

(4.18)

eϕ

can be used as a solution of (4.11) for the entire space, where F (r) is a
complex-valued function. This is equivalent to
⎫
⎧
⎛
⎞ ⎛ ⎞
0
er
⎬
⎨
1
 = B0 r Re F (r) ⎝
⎠ · ⎝eθ ⎠ ejωt
A
(4.19)
j cos ϕ − sin ϕ
⎭
⎩
2
eϕ
− cos θ(cos ϕ + j sin ϕ)
in spherical coordinates.
Detailed derivation steps for F (r) are provided in Appendix A.2. Here,
only the results that foster understanding of the subsequent solutions are
provided.
The solution for F (r) is separated based on the considered region and
63

Chapter 4. Drive and Loss Models

is obtained as

⎧
f (cec r)
⎪
⎪
⎪
⎨ [1 + D(cec a)] f (c a)
ec
F (r) =
 a 3
⎪
⎪
⎪
⎩ 1 + D(cec a)
r

r≤a

(4.20a)

r > a,

(4.20b)

with
D(cec a) =

(2μr + 1)g(cec a) − 1
(μr − 1)g(cec a) + 1

(4.21)

g(cec a) =

1 − (cec a) cot(cec a)
(cec a)2

(4.22)

f (cec r) =

sin(cec r) cos(cec r)
−
(cec r)3
(cec r)2

(4.23)


1−j
,
−jμσω =
δ

(4.24)

cec =

where δ denotes the skin depth

δ=

2
.
σωμ

(4.25)

4.1.4 Magnetic Flux Density
Based on this solution, the magnetic ﬂux density inside and outside the
rotor can be calculated using (4.11). Inserting (4.19) yields
⎧⎡
⎛
⎞
sin θ(cos ϕ + j sin ϕ)
⎨
 =B0 Re ⎣F (r) ⎝cos θ(cos ϕ + j sin ϕ)⎠
B
⎩
j cos ϕ − sin ϕ
⎫
⎛
⎞⎤ ⎛ ⎞
0
er
⎬
r ∂F (r) ⎝
+
cos θ(cos ϕ + j sin ϕ)⎠⎦ · ⎝eθ ⎠ ejωt .
⎭
2 ∂r
eϕ
j cos ϕ − sin ϕ

(4.26)

This shows that the external ﬂux density B0 is scaled by the function
F (r) as well as r/2 · ∂F (r)/∂r. To analyze this and the subsequent
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Table 4.1: Parameters used in the calculations

Rotor radius
Flux density
Conductivity of the rotor
Relative permeability of the rotor
Conductivity of the environment
Relative permeability of the environment

a
B0
σ
μr
σ
μr

0.25 mm
1.5 mT
4.55 MS/m
4
0 S/m
1

results further, an exemplary set of system parameters, which are similar
to those attained during experiments, is used. These parameters are
listed in Table 4.1.
Figure 4.2 shows the aforementioned scaling functions for two exemplary slip frequencies. While the magnitude of the ﬂux density is almost
homogeneous throughout the rotor for f = 100 kHz, a reduction at the
center of the rotor and ampliﬁcation toward its surface can be observed
for f = 1 MHz due to the skin eﬀect. This is also visible in the top row
of Fig. 4.3, which shows the ﬂux density distribution inside the sphere
as obtained by (4.26). In the xy-plane, the ﬂux density only features
components in er and eϕ directions, while Bθ = 0 due to cos θ = 0.
Moreover, results from 3D FEM eddy current simulations using the parameters of Table 4.1 are shown in the bottom row of Fig. 4.3 to verify
the presented model. Direct comparison shows an excellent agreement
of the calculated and the simulated results. The ﬁeld distribution for
f = 10 MHz illustrates that the validity of the model extends to higher
ﬁeld frequencies. At this frequency, the center of the rotor is ﬁeld-free,
while the ﬂux density is concentrated at the surface. For rotor materials
with higher values of μr and σ, this eﬀect occurs already at lower slip
frequencies (cf. [90]). The maximum ﬂux density occurs at r = a and is
shown in Fig. 4.4 with respect to B0 over a wide range of slip frequencies.
For practically attainable values of f , the ampliﬁcation is below a factor
of three. This, together with the limitation of B0 to a few millitesla by
thermal constraints (see Section 4.6), prevents the occurrence of ﬂux densities that would cause saturation of the rotor material. Consequently,
the implicit assumption of a linear magnetic behavior of the material
(μr = const) is well satisﬁed.
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Figure 4.2: Real and imaginary parts of the scaling functions F (r) and r/2·∂F (r)/∂r
for a slip frequency of 100 kHz (a) and 1 MHz (b).

4.1.5 Current Density Inside the Rotor
Similar to the magnetic ﬂux density, the current density inside the rotor
can be obtained from the magnetic vector potential by using (4.14) as
⎫
⎞ ⎛ ⎞
0
er
⎬
⎠ · ⎝eθ ⎠ ejωt .
− cos ϕ − sin ϕ
⎭
eϕ
− cos θ(j cos ϕ − j sin ϕ)
(4.27)
The resulting current density distributions inside the rotor are shown in
Fig. 4.5 for the same conditions as used in Fig. 4.3. The current densities
describe current loops inside the rotor, for which J is directed perpendicular to the xy-plane. The direction of the current ﬂow in these loops has
been marked in the plots of the top row. Similar to the ﬂux density, the
current density is increasingly concentrated at the rotor surface for high
⎧
⎛
⎨
1
J = − B0 σωr Re F (r) ⎝
⎩
2
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Figure 4.3: Magnitude of the magnetic ﬂux density inside and in the vicinity of the
rotor cut through the xy-plane (z = 0) at slip frequencies of 100 kHz (a), 1 MHz (b),
and 10 MHz (c). Images in the top row were obtained by using the presented model,
while those in the bottom row show results of 3D FEM eddy current simulations.
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Figure 4.4: Ratio of the maximum occurring magnetic ﬂux density inside the sphere
and B0 depending on the slip frequency.
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Figure 4.5: Magnitude of the current density inside the rotor cut through the xyplane (z = 0) at slip frequencies of 100 kHz (a), 1 MHz (b), and 10 MHz (c). Images
in the top row were obtained by using the presented model, while those in the bottom
row show results of 3D FEM eddy current simulations. The direction of the current
ﬂow is marked in the plots of the top row.

slip frequencies. Again, comparison of the calculated results with those
obtained by simulations shows an excellent agreement.
The ﬂux density as well as the current density exhibit their maximum
values along the circumference of the rotor at an azimuthal angle that
increases with the slip frequency.

4.2 Motor Torque
The motor torque acting on the sphere originates from the interaction of
the magnetic ﬂux density with the eddy current density, which results
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 The overall motor torque is obtained by
in a Lorentz force F = J × B.
 as
integrating the torque per volume dT = r × (J × B)
ˆ2πˆπ ˆa
Tm =
0

0



 r2 sin θdrdθdϕ.
r × J × B

(4.28)

0

Alternatively, the rotor can be treated as a magnetic dipole with moment m,
 from which the torque is equivalently calculated as
 0.
Tm = m
 ×B

(4.29)

The magnetic vector potential and the dipole moment are related by
 × r
 = μ0 m
,
A
4π r3

(4.30)

from which the magnetic dipole moment for the considered setup is obtained as (cf. [82])
⎧
⎛ ⎞ ⎛ ⎞⎫
1
ex ⎬
⎨
2π 3
⎝
⎠
⎝
m
 =
a B0 Re F (a) j · ey ⎠ ,
⎩
⎭
μ0
ez
0

(4.31)

with the resulting torque
Tm = −B0 my ez .

(4.32)

The negative sign in (4.32) originates from the statement of the problem,
which considered a sphere rotating with angular slip frequency ω with
respect to a standing magnetic ﬁeld (cf. Sec 4.1.1). Consequently, the
resulting torque is a breaking torque, which is identical in magnitude
to the drive torque that is obtained for a magnetic ﬁeld exceeding the
rotational frequency of the sphere by the same value. As a result, the
motor torque is considered to have a positive value in the subsequent considerations, causing an acceleration of the rotor in the counterclockwise
direction. The resulting torque characteristic for the parameters listed
in Table 4.1 is shown in Fig. 4.6.
From (4.31) and (4.32), it can be seen that the motor torque scales
quadratically with B0 and cubically with a. Neglecting the occurring
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Figure 4.6: Torque characteristic depending on the slip frequency f as obtained by
the presented model and 3D FEM simulations.

drag torques, the angular acceleration of the rotor is obtained as
ω̇r =

Tm
,
I

(4.33)

where the moment of inertia I of a sphere is given as
I=

2
8
ma2 =
πρa5 .
5
15

(4.34)

As this scales with the rotor radius to the power of ﬁve, the acceleration
rate is expected to scale with 1/a2 .

Interaction with Radial Magnetic Bearing
Based on the outlined model, it is possible to study the interaction of
the drive and radial AMB discussed in Chapter 3. Due to this AMB,
the magnetic ﬁeld at the rotor consists of two components, namely, a
rotating one for torque generation and a stationary one for bearing force
generation. Aside from the desired reluctance force in the radial direction,
the latter also results in an undesired breaking torque. The magnitude
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Figure 4.7: Flux density components and magnetic dipole moments as generated by
the drive (blue) and radial magnetic bearing (red).

of this torque is obtained by considering the dipole moments as caused
by the magnetic drive and bearing ﬁelds separately, as schematically
illustrated in Fig. 4.7. The rotor is considered to rotate with mechanical
angular frequency ωr in the counterclockwise direction. With respect to
 b as generated
the rotor, the spatially stationary magnetic ﬂux density B
by the AMB rotates in the clockwise direction with the same angular
frequency. Due to the mechanical rotation, the resulting magnetic dipole
 b by a slip angle αb . In addition, the magnetic
moment m
 b leads B
 d of the drive spins with the angular slip frequency ω
ﬂux density B
with respect to the rotor. As this ﬁeld rotates faster than the sphere to
generate a motor torque, the related magnetic dipole moment m
 d lags
the ﬂux density by the slip angle αd . Using (4.32), the resulting torques
are obtained as
(4.35)
Td = Bd md,y ez
and

Tb = −Bb mb,y ez .

(4.36)

Aside from these torque components, two additional components exist
 b and m
 d . As the vectors
due to the interaction of m
 d with B
 b with B
within these pairs rotate with diﬀerent frequencies, the resulting torque
components have zero average value and cause a pulsation of the torque
with the angular frequency of the drive ﬁeld ωd = ωr +ω. The components
can be written as
 b = Bb [md,x sin(ωd t) − md,y cos(ωd t)] ez
Tbd = m
d×B

(4.37)
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and
 d = Bd [mb,x sin(ωd t) − mb,y cos(ωd t)] ez .
b×B
Tdb = m

(4.38)

Due to the respective slip angles, a phase shift of these torque components
exists, which is accounted for by considering the x and y components of
the magnetic dipole moments separately. The overall torque acting on
the rotor is calculated as the sum of all torque components. Due to
the passively stable design in the axial direction, stabilization of the
rotor by the radial AMB is only necessary for short time intervals during
 b is only present during such
operation of the motor. Consequently, B
instants under normal operating conditions, resulting in an uncritical
temporary decrease of the acceleration rate of the rotor.

4.3 Rotor Losses
Ohmic eddy current losses occur inside the rotor, due to the ﬁnite conductivity of its material. The overall rotor losses are obtained by integrating
the loss density pec = J 2 /σ over the volume of the sphere as
ˆ2πˆπ ˆa
pec r2 sin θdrdθdϕ.

Pec =
0

0

(4.39)

0

These losses rise quadratically with the slip frequency in the region of its
feasible values (cf. (4.27)) and are shown in Fig. 4.8. For the considered
spherical rotors, the losses scale with the the radius to the power of
ﬁve. However, the amount of energy that can be dissipated from the
rotor scales with its surface area and, therefore, only quadratically with
the radius. The resulting thermal limit constrains the attainable motor
torque and rate of acceleration, especially for larger rotors.

4.4 Windage Losses
Windage losses due to the relative velocity between the spinning rotor
and the stationary medium (gas) in its surroundings generate a drag
torque that counteracts the motor torque obtained in Section 4.2. Other
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Figure 4.8: Ohmic eddy current losses inside the rotor depending on the slip frequency.

losses, such as bearing friction, are at very low levels due to magnetic
suspension of the rotor. Consequently, the minimum motor torque has to
be high enough to overcome the windage losses at the desired rotational
speed. For a detailed assessment, models for the drag torques under
various pressure conditions are required and presented in this section.

4.4.1 Gas Flow Regimes
The physical mechanisms governing drag torque generation due to windage
losses depend on the considered gas ﬂow regime. To determine the prevalent nature of the gas, the mean free path is used as a characteristic value.
It represents the average distance a gas particle travels between two successive collisions and depends on the statistical motion of the particles.
Its value is calculated as
λ= √

kB ϑ
,
2πpd2m

(4.40)

where kB , ϑ, p, and dm denote the Boltzmann constant, the absolute
temperature in Kelvin, the pressure, and the molecular diameter, respectively. The corresponding ﬂow regime is obtained by relating the mean
free path to the size of the considered geometries. This ratio is referred
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Figure 4.9: Overview of gas ﬂow regimes, (a) continuum ﬂow, (b) slip ﬂow, and (c)
free molecular ﬂow.

to as the Knudsen number
Kn =

λ
λ
= ,
l
a

(4.41)

where the radius of the spherical rotor serves as the characteristic dimension l of the considered system [92]. Under atmospheric pressure conditions (1.01 × 105 Pa) at room temperature, λ is in the range of 10−8 m,
which is much smaller than the dimensions of the considered geometries,
resulting in Kn < 0.01. Consequently, the occurring gas ﬂow is characterized by collisions of gas molecules among each other. This ﬂow is referred
to as continuum ﬂow and is modeled using a continuum mechanical approach. It can be subdivided into being fully laminar, fully turbulent, or
in an intermediate state. As the pressure is lowered (medium vacuum
range), λ increases and the nature of the gas becomes more and more
ambiguously determined by a combination of gas-to-gas and gas-to-wall
interactions. The ﬂow in this transition regime is commonly referred
to as slip ﬂow for 0.01 < Kn < 0.1 and transition or Knudsen ﬂow for
0.1 < Kn < 10 (λ ≈ l) in the literature [93, 94]. Modeling of drag torques
in this region is diﬃcult due to the indeﬁnite nature of the gas ﬂow and a
common approach is to use interpolated models from other ﬂow regimes.
At low pressures in the high vacuum range, the mean free path becomes
large compared to the size of the considered geometry and the nature
of the gas is determined by gas-to-wall interactions. This situation is
referred to as free molecular ﬂow and is treated by means of statistical
mechanics. An overview of the considered gas ﬂow regimes is provided in
Fig. 4.9. To provide a point of reference for the prevalent nature of the
gas ﬂow for a submillimeter-size rotor (a ≤ 0.5 mm) over a wide range of
gas pressures, air (dm ≈ 3.87 × 10−10 m) is considered as the surround74
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Figure 4.10: Vacuum qualities and Knudsen numbers with associated ﬂow regimes
for submillimeter-size rotors.

ing medium at a temperature of 25 ◦ C (298.15 K). The resulting vacuum
conditions, Knudsen numbers, and ﬂow regimes are shown in Fig. 4.10.
It can be seen that a pressure of ∼ 10−1 Pa is suﬃciently low to attain
free molecular ﬂow conditions, due to the small rotor size.

4.4.2 Drag Torques
Subsequently, analytical models for the occurring drag torques in the
various gas ﬂow regimes are presented. Together with the heat transfer
considerations presented in Section 4.5, the most suitable ﬂow regime for
attaining ultra-high rotational speeds is identiﬁed.
Continuum Flow
In this regime, further subdivision of the nature of the gas ﬂow is necessary to obtain a solution for the drag torque. To determine whether
the ﬂow is laminar viscous or turbulent (cf. Fig. 4.9(a)), the Reynolds
number
ρvl
ρa2 ω
Re =
=
(4.42)
μ
μ
is used, where ρ, v, and μ denote the density of the ﬂuid, its relative
velocity to the object, and its dynamic viscosity, respectively. The latter
is given as
1
μ = ρcλ,
(4.43)
2
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where c is the mean thermal molecular speed of the gas, which is obtained
based on the Maxwell-Boltzmann distribution [93] as

8kB T
,
(4.44)
c=
πm
where m = M/NA is the mass of a single molecule, which is obtained
by dividing the molar mass M by the Avogadro constant NA . For air at
25 ◦ C, this yields a value of c = 466.9 m/s. The value of Re at which the
transition from laminar to turbulent ﬂow occurs depends on the geometry
and nature of relative motion (linear, rotating) and is often determined
experimentally. In addition, the Mach number
Ma = aω/c,

(4.45)

which relates the obtained circumferential speed to the speed of sound
c in the medium, has to be considered to obtain a model for the drag
torque.
The windage losses occurring for a sphere with smooth surface rotating
at constant angular velocity was analyzed over a wide range of Reynolds
numbers in [95]. The investigations in this study are based on the following assumptions:
(a) The ﬂuid is incompressible with constant density ρ, which usually
necessitates Ma << 1
(b) The viscosity μ is constant
(c) The considered ﬂuid is a Newtonian ﬂuid, yielding a linear proportionality of the viscous stress to the strain rate.
Due to the small rotor radii, the occurring Reynolds numbers are limited
to values below ∼ 30 000, which suggests that a laminar boundary layer
around the sphere exists for all attainable rotational speeds based on the
mechanical strength of the rotor. Up to these Reynolds numbers, the
nature of the ﬂow can be subdivided into three regions.
For 0 < Re  10, laminar creeping ﬂow conditions apply. The solution
of the Navier-Stokes equation [96] for this case yields an angular velocity
for the ﬂuid at a distance r from the center of the sphere of
ωf =
76

a3 ω
r3

(4.46)
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and a drag torque of
T1 = 8πμa3 ω.

(4.47)

For 10 < Re < 1 000, the transition from an entirely laminar creeping
ﬂow to a laminar boundary layer ﬂow occurs. Over this range, the laminar ﬂow region is restricted to a layer of decreasing thickness δ around
the surface of the sphere. Several solutions have been proposed in the
literature speciﬁcally for this region. It was found in [95] that the drag
torques obtained by (4.47) are in good agreement with experimental results up to Re ≈ 50. Above this value, a corrected version of the solution
for the subsequent region as obtained in [97] can be used, yielding
1
3
8
T1→2 = 3.27(ρμ) 2 a4 ω 2 + πμa3 ω.
3

(4.48)

In the region 1 000 < Re < 40 000, a laminar boundary layer around
the sphere is present and governs the generation of the drag torque, while
turbulent ﬂow occurs further away. The solution for the drag torque
1

3

T2 = 3.27(ρμ) 2 a4 ω 2

(4.49)

as obtained in [97], which takes into account that δ varies across the
degree of latitude of the sphere, can be used.
The outlined models for the various regions were found to be within
4 % of measured values, except for small regions of intermediate Reynold
numbers [95]. In theory, Mach numbers > 1 could be obtained at the
desired rotational speeds, for which assumption (a) would no longer be
valid. This was analyzed in [98], suggesting that the general form of the
drag torque
1
3
T = A(ρμ) 2 a4 ω 2
(4.50)
(cf. (4.49)) as obtained in [99], where A is an empirical constant, may
be extended to the case of a compressible ﬂuid.
It should be noted that the presented results assume a sphere rotating
in an inﬁnite ﬂuid. In experiments, the ﬂuid is usually bounded by a
container that aﬀects the ﬂow. However, as the drag torque only depends
on the ﬂow in the boundary layer immediately in contact with the rotor
surface, for which δ << a holds, a containment is expected to have a
negligible eﬀect as long as it is suﬃciently far away from the rotor. This
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Figure 4.11: Geometry used for analytical calculation of the drag torque under free
molecular ﬂow conditions.

was experimentally veriﬁed in [98]. Eﬀects related to static walls in the
vicinity of the rotor have been analyzed in [100, 101] for some particular
geometries.
Free Molecular Flow
In contrast to continuum ﬂow conditions, no further subdivision of this
regime is necessary and a model for the drag torque can be obtained from
analytical considerations [94]. Due to the large mean free path compared
to the dimensions of the considered geometries, molecules moving away
after contact with the rotating sphere do not interact with incoming
molecules.
A visualization of the following derivations is provided in Fig. 4.11. For
a gas of pressure p = nkB ϑ with particle number density n, the particle
ﬂow onto each surface area element dA of the rotor is given as
dqN =

nc̄
dA.
4

(4.51)

Upon contact with the rotor, a gas particle receives the linear momentum σt mvt , where σt denotes the tangential-momentum accommodation
coeﬃcient (see below). The tangential velocity of the surface element dA
of the sphere is given as vt = ωr a sin θ. Based on the law of the conservation of momentum, the retarding force acting on the surface element is
obtained as
1
dF = ρc̄σt ωr a sin θdA.
(4.52)
4
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Using dT = a sin θdF and dA = 2πa2 sin θdθ, the overall drag torque
acting on the rotor is obtained by integration as
ˆ π
1
2
ρc̄σt ωr πa4 sin3 θdθ = ρc̄σt ωr πa4 .
(4.53)
Tfm =
2
3
0
This can equivalently be written in terms of the pressure as
Tfm =

16
σt a4 ωr p.
3c

(4.54)

As Tfm ∝ p, the deceleration rate of a spinning sphere that is suspended
with low frictional torque can be used for pressure measurements. Such a
setup is referred to as a spinning rotor pressure gauge [86, 94, 102, 103].
The dimensionless tangential-momentum accommodation coeﬃcient
σt used in the previous equations represents a measure for how close
scattering of gas molecules at the rotor surface is to the case of ideally
diﬀuse scattering governed by the cosine law [104]. For the technically
smooth surfaces of the considered spheres, the value of σt has been found
to be ≈ 1. Detailed models for determining σt are provided in [94, 105–
107], and need to be taken into account in case of a rough rotor surface
or if high precision of the results is required, such as in vacuum gauge
devices.

Slip and Transition Flow
Due to the indeﬁnite nature of the gas ﬂow in this region, the formulation
of an analytical model for the drag torque based on ﬁrst principles is diﬃcult. An approximate method for obtaining a solution for the transition
regime is described in [108]. The approach is based on the assumption
that (4.46) and (4.47) are valid in this regime with altered boundary conditions, such that the angular velocity of the gas ωf (r) at radius a does
not have to be equal to that of the rotor surface ωr to allow for slip. As
the gas molecules approach the surface of the sphere from diﬀerent parts
of the ﬂow ﬁeld, they exhibit variable characteristics. It is supposed that
a fraction
1
dN = e(a−r)/λ dr
(4.55)
λ
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Figure 4.12: Drag torque for a spherical rotor with radius a = 0.25 mm rotating at
n = 40 Mrpm surrounded by air at various pressures.

of the molecules had its last collision with another gas molecule within
the spherical shell with inner radius r and outer radius r+dr [109]. Based
on (4.53), the drag torque resulting from these molecules is obtained as
dT =

2
ρc̄σt πa4 [ωr − ωf (r)]dN.
3

(4.56)

The overall torque is calculated by integration as
ˆ ∞
ˆ ∞
2
4
T =
ρcσt πa
dT =
[ωr − ωf (r)]e(a−r)λ dr,
3λ
r=a
a

(4.57)

which is conveniently expressed as the ratio
a
1
Tfm
a
=
G3
+
T
σt
6λ
λ

with G3 (x) = x3 ex

ˆ

∞

x

1 −t
e dt,
t3

(4.58)

where a/λ can be replaced by the reciprocal of the Knudsen number
according to (4.41).
To compare the drag torque across the various regimes, numerical values are calculated from the presented models for a sphere with a =
80
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0.25 mm rotating at n = 40 Mrpm in air at variable pressure. The result is shown in Fig. 4.12. The drag torque Tw can be reduced from
the range of μNm at atmospheric pressure and low vacuum conditions to
well below pNm under high vacuum conditions. The minimum required
motor torque is expected to be of the same order of magnitude, based
on which the entailed rotor loss power can be obtained (see Section 4.3).
The associated windage loss power is given as
Pw = Tw ωr ,

(4.59)

which is in the range of watts for atmospheric pressure conditions and
below the μW range for high vacuum conditions. To assess the resulting
rotor temperature, the heat transfer between the rotor and its surroundings needs to be studied as it limits the dissipation of losses.

4.5 Heat Transfer
Heat transfer between the rotor and its environment takes place by convection, conduction, and radiation. Convective heat transfer is closely
related to the ﬂow condition as assessed in the previous section and the
same division based on the nature of the surrounding gas ﬂow is applicable.
The subsequently presented heat transfer models consider the spherical
rotor to have a uniform temperature distribution. This assumption is well
justiﬁed due to the small size of the rotor and the low thermal resistance
of its material with respect to the thermal resistance between the rotor
surface and its surroundings.

4.5.1 Convection and Conduction
Continuum Flow
In the case of continuum ﬂow, the heat transfer between the sphere and
the surrounding ﬂuid is mainly caused by convection, for which the general heat transfer rate is given as
Q̇conv = h̄c Ar (ϑr − ϑa ),

(4.60)
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where h̄c , Ar , ϑr , and ϑa denote the average heat transfer coeﬃcient, the
surface area of the rotor, the rotor temperature, and the ambient temperature, respectively. The value of h̄c depends on Re and is commonly
substituted by the dimensionless Nusselt number
Nu =

2ahc
,
kf

(4.61)

where hc and kf denote the unit surface convective heat transfer coefﬁcient of the rotating sphere and the thermal conductivity of the ﬂuid,
respectively. Here, the diameter of the sphere (2a) has been used as the
characteristic length of the considered geometry. Therefore, the Nusselt
number expresses the ratio of heat transfer due to convection and the hypothetical heat transfer due to conduction that would occur in a resting
ﬂuid. Due to the curved surface of the sphere and the resulting variation
of the ﬂuid boundary layer thickness, hc depends on the considered surface element. Consequently, (4.61) provides a value for the local Nusselt
number. To obtain the overall heat transfer between the sphere and the
environment, the average heat transfer coeﬃcient is calculated as
¨
1
hc =
hc (θ, ϕ)dA.
(4.62)
Ar
A

Using this value in (4.61) yields the average Nusselt number Nu.
Besides the considered geometry, the convective heat transfer rate also
depends on the characteristics of the surrounding ﬂuid, which are assessed by the Prandtl number
Pr =

cp μ
,
kf

(4.63)

where cp is the speciﬁc heat at constant pressure. The Prandtl number
represents the ratio of the viscous diﬀusion rate and the thermal diﬀusion rate of a ﬂuid, which is ≈ 0.71 for air under atmospheric pressure
conditions.
Due to the rotation, the heat transfer is determined by forced convection while free convection eﬀects are negligible [110]. Therefore, it is
possible to express the average Nusselt number as a function of Re and
Pr. Such a function was obtained empirically for a rotating sphere in
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[110]. For the aforementioned value of Pr, it was found that

0.43 Re0.5 Pr0.4
for Re ≤ 5 × 105
Nu =
0.67
0.4
0.066 Re
Pr
for 5 × 105 < Re < 7 × 106 .

(4.64)

Free Molecular Flow
For the free molecular ﬂow region, a similar derivation as carried out in
Section 4.4.2 yields


1
γ + 1 ϑr
Q̇fm = pc̄αth πa2
−1 ,
(4.65)
2
γ − 1 ϑa
which is referred to as the free molecular heat conduction, where γ denotes the heat capacity ratio γ = cp /cv and cv is the speciﬁc heat at
constant volume [111, 112]. The thermal accommodation coeﬃcient αth
is a measure for the energy carried away by gas molecules leaving the
rotor surface. Values of αth = 0.87 − 0.95 are found in the literature for
polished metal surfaces and air as a gas [113].

Slip and Transition Flow
Similar to the drag torque, an expression for the heat transfer in this
region can be obtained by interpolation between the continuum and the
free molecular limit. To obtain the continuum limit, the heat transfer by
conduction between two concentric spheres is used, where the radius of
the outer sphere is chosen to go to inﬁnity, yielding
Q̇c = 4πkf aϑr .

(4.66)

Based on this result, the heat transfer rate in the slip and transition
regime is found as [108]
a
a
Q̇fm
1
+ ∗ G1
=
αth
2λ
λ∗
Q̇

ˆ
with G1 (x) = xe

∞

x

1 −t
e dt,
t

(4.67)
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where λ∗ is the heat-conduction mean free path deﬁned as
λ∗ =

4kf
.
(γ + 1)cv ρc

(4.68)

4.5.2 Radiation
Besides the aforementioned heat transfer mechanisms of conduction and
convection, heat is also transferred between the rotor and its surroundings by means of thermal radiation, independent of the ﬂow regime. The
rate of radiation from a surface with temperature ϑr is given by the
Stefan-Boltzmann law as
Q̇rad = r σB Ar ϑ4r ,

(4.69)

where r denotes its emissivity and σB is the Stefan-Boltzmann constant.
For a polished steel surface such as that of the rotor  ≈ 0.1 holds. The
net radiative heat transfer between the rotor surface and its surroundings
is obtained by considering the diﬀerence between the radiation leaving
the rotor surface and that arriving from the environment. The resulting
heat transfer is obtained as


σB ϑ4r − ϑ4a
Q̇rad = 1−r
(4.70)
1−a ,
1
Ar r + Ar Fr→a + Aa a
where a and Aa denote the emissivity and surface area of the surroundings, respectively [114]. Fr→a denotes the view factor from the rotor
surface to its ambient surfaces. As the rotor is fully enclosed by the vacuum tube, the view factor is equal to one. Moreover, Aa >> Ar holds,
for which (4.70) simpliﬁes to


Q̇rad = r σB Ar ϑ4r − ϑ4a .
(4.71)
The total heat transfer from the rotor is given as
Q̇ = Q̇conv + Q̇rad .

(4.72)

While convective heat transfer dominates at high pressures, the majority
of heat is transferred by radiation at pressures in the high vacuum range.
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Figure 4.13: Calculated rotor temperature for Tm = Tw and a spherical rotor with
radius a = 0.25 mm rotating at n = 40 Mrpm surrounded by air at various pressures.

Radiative heat transfer increases rapidly for high rotor temperatures due
to its biquadratic dependency.

4.6 Rotor Temperature
Using the presented heat transfer models, the expected rotor temperature
can be obtained based on the power balance
Pec = Q̇fm + Q̇rad .

(4.73)

Setting Tm = Tw corresponds to the case for which the windage losses are
exactly compensated by the motor power and yields Pec = Pw , if other
losses are neglected. Using the windage loss power from Section 4.4.2,
the expected rotor temperature can be obtained as shown in Fig. 4.13.
Despite a high rate of energy transfer, this temperature would exceed
1000 ◦ C under atmospheric pressure conditions, due to the high required
motor torque. This is not attainable in practice, as the UTS of the
rotor material would be signiﬁcantly lowered by the high temperature, as
discussed in Chapter 2. As the required motor torque drops signiﬁcantly
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at lower pressures, the expected rotor temperature decreases, despite
a lowered heat transfer rate. The latter drops less rapidly than the
drag torque because of the pressure-independent heat transfer by thermal
radiation. The lowest rotor temperatures are, therefore, expected at
pressures in the range of ≤ 10−2 Pa, where most of the heat transfer
is due to radiation. Consequently, operation of the motor under such
pressure conditions is necessary to achieve ultra-high rotational speeds.
The estimated rotor temperatures have to be considered as a lower
limit, as all drag torques aside from that caused by gas friction have
been neglected. In practice, the rotor temperature can be signiﬁcantly
higher, especially for high motor torques (high acceleration rates). Based
on (4.39) and (4.71), an admissible operating range of f and B0 for a
deﬁned maximum rotor temperature can be obtained. For the considered materials, the rotor temperature should be limited to below 150 ◦ C
at high rotational speeds to prevent weakening of the material. The rotor temperature is shown in Fig. 4.14 for diﬀerent operating points and
the admissible operating range has been marked. Only thermal radiation has been considered for the heat transfer between the rotor and
its surroundings. Within this range, it is desirable to obtain as much
torque as possible per temperature increase of the rotor. Therefore, the
torque-to-temperature ratio
TTR =

Tm
ϑr

(4.74)

is introduced to determine the slip frequency fT T R,max at which the highest motor torque per temperature increase of the rotor is generated. The
results are displayed in Fig. 4.15 for a maximum rotor temperature of
150 ◦ C and show that fT T R,max rapidly decreases for an increase of B0
and is mostly bound to values below 200 kHz. The T T R scales approximately linearly with B0 in the considered region. This means that high
torques are preferably attained by using a low current density inside the
rotor and a high external magnetic ﬂux density. For such operating conditions, losses mostly occur in the stator for which cooling is less critical.
Based on the presented ﬁndings, the operating conditions can be chosen such that a high acceleration rate is attained while not exceeding a
critical rotor temperature.
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Figure 4.14: Rotor temperature depending on the slip frequency and external magnetic ﬂux density (system parameters as listed in Table 4.1).
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Chapter 5
Stator Design
To generate the magnetic ﬁeld for driving the rotor, a suitable machine
stator is necessary. The latter has to be designed for ﬁeld frequencies in
the megahertz range, which is signiﬁcantly higher than the frequencies
occurring in conventional electric machines.
At least two coils that are placed along two linearly-independent horizontal axes are required for generating a rotating magnetic ﬁeld in the
horizontal plane. However, such an arrangement results in additional undesired magnetic forces. These forces can be eliminated by using three
coils, which are placed radially around the rotor at an angle of 120 ◦
apart. A rotating magnetic ﬁeld is generated by shifting the phase of the
impressed drive currents in the coils by 0 ◦ , 120 ◦ , and 240 ◦ . To measure
the position of the rotor in all translatory degrees of freedom, a sensor system consisting of multiple sensors is required. Preferably, these sensors
id
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Figure 5.1: Generation of the rotating magnetic ﬁeld for driving the rotor by four
radially placed coils. The magnetic ﬁeld is shown for the instant at which i1 and i3
reach their maximum and minimum values, respectively, while i2 = i4 = 0 as marked
by the red line in the corresponding current waveforms.
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should be placed apart by an angle of 90 ◦ . However, this is impossible
when using a stator consisting of three coils, as the desired space is occupied by windings. Consequently, an arrangement of four coils as show
in Fig. 5.1 is used, which oﬀers suﬃcient space for the sensors between
the coils. The rotating magnetic ﬁeld is generated by phase shifting the
drive currents in the coils denoted by 1, 2, 3, and 4 by 0◦ , 90◦ , 180◦ , and
270◦ , respectively. In this chapter, possible stator designs are presented
and analyzed. Based on the ﬁndings, a design consisting of four separate
coils with ferromagnetic cores to guide the magnetic ﬂux is chosen.

5.1 Drive Current Modulation
Due to the limited space around the rotor, a combined usage of the stator for drive torque and radial bearing force generation is desirable. This
makes it necessary to superimpose the drive and bearing currents in the
stator coils. To reach the desired ultra-high rotational speeds, ﬁeld frequencies in the megahertz range are required. Due to these high frequencies, the generation of sinusoidal drive currents, e.g., by pulse-width modulation (PWM) [115], is not easily possible, as such modulation schemes
require a signiﬁcantly higher switching frequency of the employed power
electronic converter. Generating a sinusoidal drive current by using a
resonant coupling circuit consisting of the stator winding and a capacitor would be possible in principle. However, the drive frequency has to
be adjustable over a wide range and the coil also has to carry the bearing current, which is in the range of several tens of hertz, depending on
the rotor dynamics. Due to these large diﬀerences and variations of the
frequency contents of the coil currents, an approach based on resonant
coupling is not suitable. Instead, fundamental frequency modulation of
the coil voltages is used (see Chapter 7).
Figure 5.2 shows the resulting voltage and current waveforms, which
feature a rectangular and trapezoidal shape, respectively. The obtainable
discrete voltage levels across the coils are +Vdc , −Vdc , and 0 V, where
Vdc denotes the dc-link voltage. The coil current is directly related to
the voltage across its terminals by
ˆ
1
ic (t) =
vc (t)dt,
(5.1)
L
90

5.1. Drive Current Modulation

Imax
p Imax
iL(t)

vL(t)

Vdc
0
-Vdc
0

Tsw/2

t
-p Imax
-Imax

Tsw

Figure 5.2: Output voltage (black) and current (red) for a full-bridge inverter using
block commutation.

where the wire resistance has been neglected. Consequently, the achievable peak current magnitude is given as
Imax =

Vdc
,
4Lfsw

(5.2)

where fsw denotes the switching frequency. By setting vc = 0 during
intermediate time intervals between commutation from +Vdc to −Vdc
and vice versa, the shape of the inductor current is altered such that the
tip of the triangular current waveform is cut oﬀ and the maximum drive
current is reduced to pImax .
The model for the motor torque, which is presented in Section 4.2,
 0 rois based on the assumption of an external magnetic ﬂux density B
tating with a single angular frequency ω0 , which corresponds to purely
sinusoidal drive currents. In order to employ the model in conjunction
with the obtained non-sinusoidal drive currents, a Fourier series-based
analysis is performed by individually assessing the contribution of each
harmonic component to the torque generation. The waveform of the
current is given in the normalized time domain as
⎧
2Imax
⎪
t ∈ 0, p π2
⎨ π t


ic (t) = pImax
(5.3)
t ∈ p π2 , 1 − p2 π
⎪




⎩
p
p
2Imax
pImax − π
t− 1− 2 π
t ∈ 1 − 2 π, π ,
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where p ∈ (0, 1]. This is equivalently represented by the Fourier series
∞

x(t) =

a0 
+
[ak cos(k(ω0 t − φ0 )) + bk sin(k(ω0 t − φ0 ))] ,
2

(5.4)

k=1

where k, ω0 , and φ0 denote the harmonic order, the fundamental angular
frequency corresponding to 2πfsw , and a phase shift angle, respectively.
The current waveform has zero average value and is odd, resulting in
a0 = 0 and ak = 0, respectively. The coeﬃcients bk are given as
bk =


 π
π !
4Imax
−
sin(kπ)
−
sin
n(p
−
2)
.
sin
kp
(πk)2
2
2

(5.5)

A positive contribution of the k th harmonic component to the overall
torque is obtained if bk > 0, corresponding to B0 rotating in the counterclockwise direction. Contrarily, components with bk < 0 generate a
decelerating torque. Considering B ∝ I yields
Tm ∝

∞


sgn(bk ) · b2k .

(5.6)

k=1

Altering the value of p by controlling the modulation accordingly (see
Section 7.2.2) can, therefore, be used to control the motor torque and the
occurring losses in the system within a certain region, as shown below.

5.2 Losses
Aside from losses in the actuator of the axial magnetic suspension system
and eddy current losses inside the rotor, additional losses occur in the
stator. The latter can be subdivided into coil and core losses. Subsequently, the respective loss models are discussed to provide a benchmark
for the comparison of diﬀerent stator topologies and to identify the most
suitable one for the ultra-high-speed motor.
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5.2.1 Copper Losses
Ohmic losses originate from the resistance Rc of the coil and can be
obtained as
t0ˆ
+Tsw
Rc
Pr = pr (t) =
i2c (t)dt.
(5.7)
Tsw
t0

These losses can equivalently be calculated based on the provided harmonic analysis as
∞ 2

bk
Pr = Rc ·
,
(5.8)
2
k=1

which makes it possible to analyze the contribution of each harmonic
component.
The overall resistance Rc of the drive coil is comprised of its dc resistance Rdc and its ac resistance Rac , where the latter is caused by the
skin and proximity eﬀects
Rc = Rdc + Rac,skin + Rac,prox .
Rdc is calculated as
Rdc =

4l
,
σw πd2w

(5.9)

(5.10)

with l, σw , and dw denoting the wire length, its conductivity, and its
diameter, respectively. Detailed models for estimating the ac losses can
be found in the literature [116–118]. At a frequency of 1 MHz, the skin
depth is ≈ 6.6 × 10−5 m (σCu = 58 MS/m, μ = μ0 ). For maximum
utilization of the available copper area, litz wire consisting of 35 twisted
strands with a diameter of 0.1 mm each is used. Compared to a single
solid wire of equal outer diameter, it features a higher dc resistance but
eﬀectively minimizes the contribution of the ac resistances. As a ﬁrst
simplifying approximation, which is expected to yield fair results,
Rc ≈ Rdc

(5.11)

can be used. A more detailed analysis requires the knowledge of the
magnetic ﬁeld distribution in each winding to asses the contributions of
skin- and proximity losses. While analytical expressions can be found
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for the subsequently presented air coil design [91], this is not possible
without further simpliﬁcations for designs employing ferromagnetic cores.
Therefore, these losses were determined using 3D FEM simulations.

5.2.2 Core Losses
A stator core made from ferromagnetic material can be used to guide the
magnetic ﬂux that is generated by the stator coils toward the rotor and to
reduce stray ﬁelds. Magnetic cores made from laminated silicon steel are
commonly employed in conventional electric machines. Sheet thicknesses
of several tenths of millimeters with intermediate insulation are used to
reduce eddy current losses. While such materials have favorable magnetic
properties, such as high relative permeability and saturation ﬂux density,
the occurring eddy current and hysteresis losses in the core rise rapidly
with the ﬁeld frequency, making them unsuitable for applications above a
few kilohertz. Amorphous alloys, such as Metglas 2605SA1 [119], feature
a signiﬁcantly decreased sheet thickness (25 μm) and, therefore, decreased
high frequency losses. Such materials have been used for the design of
high speed machines [33–35] in the past. While favorable properties are
attained up to ≈ 100 kHz, the occurring core losses are still relatively
high in the megahertz range. Therefore, a power ferrite material, which
allows operation up to several megahertz, is used for the stator core in this
work. Such materials usually have a lower saturation ﬂux density than
the aforementioned ones. However, this is uncritical for their application
in the ultra-high-speed motor, as the occurring ﬂux densities are limited
to well below 100 mT by the rotor losses (see Section 4.3).
In the subsequent analyses, the material Ferroxcube 3C90 [120] is considered. Other ferrite materials with similar properties can be selected,
where the decision criteria should be based on the occurring ﬁeld frequencies, magnitude of the magnetic ﬂux density, and temperature of
the core.
The overall core losses can be modeled by the Steinmetz equation
β
Pc,SE = Vc Cfsα Bs,pk
,

(5.12)

where Vc , fs , and Bs,pk denote the core volume, the ﬁeld frequency,
and the peak value of the ﬂux density, respectively. C, α, and β are
material-dependent Steinmetz parameters. These parameters were cal94
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Table 5.1: Ferrite 3C90 material characteristics

Parameter
Value

μi
≈ 2300

C
0.94

α
1.52

β
2.68

culated from the material datasheet [120] and are listed in Table 5.1,
where μi denotes the initial relative permeability. The magnetic ﬂux
density varies throughout the core volume and its distribution has to be
obtained prior to loss calculation.
The relation of (5.12) is only valid for sinusoidal variations of the
magnetic ﬂux density and excitation currents. As the currents are nonsinusoidal in the considered case, a generalized model for the core loss has
to be used. The improved general Steinmetz equation (iGSE) considers
arbitrary variations of the ﬂux and is given as
Pc,iGSE = Vc Ci fs (ΔB)β−α ·

"
ˆTs "
" dB "α
"
"
" dt " dt,

(5.13)

0

where ΔB denotes the peak-to-peak variation of the magnetic ﬂux density
and Ts is the period of its variation [121]. The absolute value of the
derivative |dB/dt| is used to account for increased core losses due to
high slew rates. The constant Ci is related to the previously considered
Steinmetz parameters by


√
Γ 2+α
C π
2
,
· 
Ci =
(5.14)
(2π)α · 2β−α Γ 1+α
2
where Γ denotes the gamma function. For the trapezoidal current and
ﬂux waveforms, as discussed in Section 5.1, this yields

α
4fs Bt,pk
Pc,iGSE = Vc Ci p(2Bt,pk )β−α
,
(5.15)
p
where Bt,pk denotes the peak value of the trapezoidal waveform. To
assess the inﬂuence of the non-sinusoidal excitation on the overall core
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Figure 5.3: Ratio of Pc,iGSE to Pc,SE (see text for explanation) as obtained by the
presented model and by simulations.

losses, the ratio
ξ=

Pc,iGSE
Pc,SE

(5.16)

has been calculated for Bt,pk = Bs,pk . By using ξ as a correction factor,
the core losses can be obtained for the occurring waveforms based on
the well-documented material properties for a sinusoidal excitation. It
is displayed in Fig. 5.3 for diﬀerent values of p. It can be observed
that the core losses are higher for the trapezoidal waveform than for a
sinusoidal waveform with identical peak magnitude for most values of p.
The calculations are in good agreement with values that were obtained
by transient 3D FEM electromagnetic simulations for values of p close to
unity. The deviations at low values of p result from an underestimation of
the losses by the iGSE, as it neglects losses due to dc bias and relaxation
eﬀects. Analytic models for taking these losses into account have been
presented in the literature [122, 123] but require additional modeling
complexity.

5.3 Topologies
Various stator topologies can be used for the ultra-high-speed motor.
The most simple one is a stator consisting of air coils and was used in
similar experiments [6, 41]. In addition, a ferromagnetic core can be used
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Figure 5.4: Magnetic circuit of a stator consisting of air coils.

[7]. The primary goal is to design a stator that yields a high magnetic
ﬂux density at the rotor while generating low losses. Subsequently, three
possible topologies, one consisting of air coils and two featuring ferrite
cores, are analyzed and compared.

5.3.1 Air Coils
The magnetic circuit of a stator consisting of air coils is illustrated in
Fig. 5.4 for the same instant as considered in Fig. 5.1 at which the current
in two of the coils is zero. The ﬂux Φ as generated by the coils has to
pass through the surrounding air, which is modeled by the magnetic
reluctance Ra , to reach the vacuum tube and the rotor. The reluctance
of the vacuum tube, which consists of a series of reluctances (glass, air,
rotor), is modeled by Rvt and remains constant, independent of the stator
design. The ﬂux lines are closed through the ambient air, resulting in a
large leakage ﬂux due to the high reluctance Rs .
To achieve a high ﬂux density at the rotor, the coil design has to be
optimized to yield a minimum distance between the individual turns and
the rotor. As the maximum current is constricted by (5.2), the inductance
of the coil should be as low as possible. This is illustrated by considering
the magnetic energy in a volume V , which can generally be expressed as
ˆ
1
 · BdV.

Wm =
H
(5.17)
2
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Figure 5.5: Ratio ν for the nth winding and geometrical parameters for a conical air
coil design with magnetic ﬂux density density (inset).

Assuming constant magnitudes of H and B throughout the considered
volume, using H = B/μ0 in the absence of ferromagnetic materials, and
equivalently writing the magnetic energy using the coil inductance yields
Wm =

B2
1
V = LI 2 .
2μ0
2

By inserting (5.2) in (5.18) it follows that B ∝

(5.18)


1/L.

These requirements result in a conical coil shape, such as displayed
in the inset of Fig. 5.5, for which the individual turns are located closer
to the rotor than for a cylindrical coil. Yet, the increased radii of the
turns which are located further away from the rotor also increase their
inductance values. Exact analytical solutions for the magnetic ﬁeld as
generated by conical helix coils have been presented in [79]. By approximating the coil as multiple separated concentric loops, the inﬂuence of
each winding can be assessed.
The magnitude of the ﬂux density along the axis of the coil as generated
by a single loop can be calculated by the Biot-Savart law as
Bn =
98

μ0 · ic · rn2
,
2(dn + rn2 )3/2

(5.19)
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where ic , rn , and dn denote the current ﬂowing in the loop, the radius
of the loop, and the distance from the center of the loop to the center
of the rotor for the nth loop, respectively. The corresponding inductance
can be approximated by
 


8rn
Ln ≈ μ0 rn ln
−2 ,
(5.20)
rw
where rw denotes the wire radius [124]. If multiple loops are combined
to a conical coil, the distances to the center of the sphere and the radii
of the individual loops are obtained as
rn = r0 + 2a · n · sin(α)

(5.21)

dn = d0 + 2a · n · cos(α),

(5.22)

and
respectively. Here, r0 and d0 denote the radius and distance of the ﬁrst
loop, respectively, and α is the semiangle of the cone. The minimum
distance d0 is determined by the requirements of the setup, such as the
geometry of the optical path for the position sensors and the vacuum
system, and should be as small as possible. For each loop, the ratio
ν = Bn /(ic Ln ), which relates the generated ﬂux density at the rotor
per current to the inductance of the winding, has been calculated for
diﬀerent values of α. The results are shown in Fig. 5.5 and illustrate
that ν decreases for windings which are further away from the rotor, as
expected. This occurs less rapidly for coil designs with a larger semiangle
α.

For the practical implementation, a high ﬂux density at the rotor and
a low coil inductance were obtained by choosing a semiangle of 15 ◦ and
three layers of 15 turns each (see Section 5.4). The resulting ﬂux density
distribution was obtained by 3D FEM simulation for a magnitude of
B0 = 5 mT at the center of the motor without the rotor in place and is
displayed in the inset of Fig. 5.5. A rotor with a diameter of 1 mm has
been added to the ﬁgure as a dimensional reference.
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5.3.2 Ferrite Core Designs
By inserting a ferrite core along the axis of symmetry of the stator coils,
the inductance is increased due to the high relative permeability μr of
the core material. This decreases the achievable peak value of the drive
current for a given dc-link voltage, but a signiﬁcantly better guidance of
the magnetic ﬂux toward the rotor is achieved. The equivalent magnetic
circuit of such a system with four individual ferrite cores is shown in
Fig. 5.6. While Rvt remains the same, the magnetic reluctance Ra is
decreased due to the smaller distance between the the vacuum tube and
the tip of the ferrite core. The core features a low reluctance Rc . Due to
the presence of the other ferrite cores in the vicinity of the vacuum tube,
additional undesired bypass reluctances Rb are introduced, which model
the tendency of the ﬂux lines to close through an adjacent ferrite core
instead of being guided through the vacuum tube to the opposite core.
Based on the magnetic circuit, the condition
Rb > Rs + 4Ra + 2Rvt + Rc

(5.23)

for the ﬂux to be guided through the vacuum tube can be formulated.
As a consequence, Rb should have a high value, which can be achieved
by a suitable design of the ferrite core tips that maximizes the distance
to an adjacent core. Moreover, as for the air coils, Ra should be made
small by placing the ferrite cores as close as possible to the rotor. The
stray reluctance Rs can be signiﬁcantly reduced by using a ferrite yoke.
These considerations result in various possible stator designs of which
three are displayed in Fig. 5.7. A spherical rotor of 1 mm in diameter has
been added to the ﬁgures as a dimensional reference. The design shown
in (a) consists of four individual ferrite cores and is equivalent to that
discussed above. In (b), a ferrite yoke has been added to decrease Rs . As
a consequence, the available space for a sensor system is limited to that
between the coils and constricted by the yoke in the outward direction.
Other topologies, such as the one displayed in (c) mitigate this problem
by placing the yoke at a diﬀerent vertical level than the rotor. However,
such a design yields an increased core volume, which results in additional
losses as outlined in (5.12) and (5.13). Therefore, the core volume should
be kept small in order to limit the core losses. However, it has to be
suﬃciently large to prevent saturation and excessive local concentrations
of the ﬂux density. Moreover, a lower limit on the core volume is also
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Figure 5.6: Magnetic circuit of a stator consisting of four coils with individual ferrite
cores.

Rotor

(a)
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(c)

Figure 5.7: Exemplary stator designs employing ferrite cores: (a) four individual
cylindrical ferrite rods, (b) an additional yoke is used to reduce the stray ﬂux, and
(c) a design to yield increased radial space in the vicinity of the rotor by placing the
yoke at a diﬀerent vertical level.

imposed by the requirement for mechanical stability. Furthermore, the
design ﬂexibility is signiﬁcantly restricted by manufacturing constraints,
as discussed below.
101

Chapter 5. Stator Design

(a)

(b)

(c)

Figure 5.8: Photographs of the implemented stator designs: (a) conical air coils,
(b) individual coils comprising a ferromagnetic core, and (c) coils with ferromagnetic
cores and an additional yoke to decrease the stray ﬂux.

5.4 Implementation and Comparison
Ferrite materials are highly brittle, which prevents the use of common
machining techniques, such as milling. Due to their low conductivity,
wire cutting usually cannot be applied. Instead, sintering is commonly
used to attain the desired shape. The associated high tooling costs make
this process unsuitable for a prototype implementation as considered here.
As a result, the possible core shapes are limited by commercially available
geometries for the desired ferrite material. The presented designs were
manufactured from these geometries by using a grinding and polishing
process.
Photographs of the implemented designs are shown in Fig. 5.8. The air
coil shown in (a) was designed according to the guidelines of Section 5.3.1
with three winding layers consisting of 15 turns each. The windings
were manufactured using litz wire (35 twisted strands with a diameter of
0.1 mm each). Four of these coils are mounted on a 3D-printed support
each and placed at an angle of 90 ◦ apart around the rotor.
The design employing individual ferrite cores is shown in (b). The fer102
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rite cores are manufactured from commercially available ferrite rods with
a diameter of 6 mm and a length of 25 mm, which are inserted into cylindrical coils. A ﬂat area was ground to the sides of the rods, yielding a
width of the stator teeth facing the rotor of 2 mm. This concentrates the
magnetic ﬁeld close to the rotor and increases the air gap between adjacent cores, thus increasing the bypass reluctance Rb , as discussed above.
The cores feature a height of 6 mm facing the rotor, which ensures a constant torque and radial bearing force for diﬀerent axial rotor positions.
The distance between two opposite core tips is chosen such that suﬃcient
space for the vacuum tube and the sensors is provided. The windings
consist of a single layer with 11 turns of litz wire and were designed to
yield a high drive current for the employed inverter and dc-link voltage
(see Chapter 7).
The design shown in (c) additionally features a yoke to decrease the
stray reluctance Rs , which further increases the ﬂux density at the rotor.
It is based on ferrite cuboids with a square cross-section of 6×6 mm2 and
a length of 25 mm. The poles have the same geometry as before and the
yoke is assembled by stacking multiple cuboids. Due to their ﬁxed length,
some additional material overlap at the corners exists. The individual
cores should be strung together without unnecessary intermediate air
gaps, as the latter would increase the reluctance. Therefore, the cuboids
are held in place by a 3D-printed frame. The windings consist of 7 turns
of the same litz wire that was used for the other designs.
A design as shown in Fig. 5.7(c) was not implemented due to manufacturing constraints. However, the performance of such a design is
expected to be similar to that of a ﬂat design comprising a yoke (see
below).
In order to select the most suitable stator design for the ultra-highspeed motor, a comparative analysis of the presented implementations
was carried out. The assessment was performed based on the achievable
magnitude of the magnetic ﬂux density at the rotor per required coil
current and the occurring stator losses.
As the magnetic ﬂux density varies inside and outside the cores, its
distribution was obtained using 3D FEM simulations. The magnitude of
the ﬂux density per stator current in ampere-turns (AT) at the center
of the motor was obtained as listed in Table 5.2. The results are shown
without the rotor in place to exclude its inﬂuence on the ﬂux density. It
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Table 5.2: Comparative analysis of the achievable ﬂux density per coil current for
the presented designs

Ferrite cores

9.17 μT/AT

73.6 μT/AT

1

28.5

Air coils

Copper losses

Ferrite cores
with yoke
255.7 μT/AT

Core losses

0

0
Air coils

Individual
ferrite cores

0.80

0.25

0.10

0.62

0Ö5
0.38

Pnorm

0.75

Ferrite cores
with yoke

Figure 5.9: Comparison of occurring losses for the presented stator designs.

can be seen that the lowest ﬂux density magnitude per AT is generated
by the air coil design, while signiﬁcantly higher values can be achieved
by using ferrite cores.
The occurring stator losses were studied using eddy current simulations
at a frequency of 500 kHz. The simulations were carried out for a ﬂux
density magnitude of B0 = 5 mT at the center of the motor for all designs.
For easy comparability of the results, the losses were normalized to the
overall losses occurring in the design with individual ferrite cores. The
results are shown in Fig. 5.9. While there are no core losses for the air coil
design, the resulting conduction losses are excessively high. It is apparent
that the overall losses can be signiﬁcantly reduced with the ferrite core
designs. The overall losses are similar for both designs with increased
core losses for the design featuring a yoke, due to the higher core volume.
For the chosen operating conditions, the absolute losses for the designs
employing ferrite cores are in the range of a few watts, while those of
the air coils easily reach several tens of watts. Therefore, the thermal
limit of this design is reached even for low ﬂux densities. Contrarily, the
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ferrite core designs are thermally uncritical and additional cooling can
easily be provided by a regular fan, if required.
As the design comprising a yoke does not yield signiﬁcantly lower losses
and the achievable torque is limited by the rotor temperature, the stator
featuring individual ferrite cores was used during most of the experiments
(see Chapter 8). This yields the additional beneﬁt of a more ﬂexible
adjustment of the individual components in the vicinity of the rotor.
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Closed-loop control of the rotor position in the axial and radial direction
requires suitable sensors to provide the inputs for the controllers. An
additional sensor system is required for measuring the rotational speed
of the spinning ball. Both measurements have to be performed without
mechanical contact through the wall of the vacuum tube. An evaluation
of physical principles for contactless measurement of the rotor position
in the ultra-high-speed motor is provided in this chapter. Subsequently,
the design and implementation of a position sensor system based on
optical transmission and a rotational speed sensor based on reﬂection
are presented.

6.1 Principles
Various physical principles, such as inductive, capacitive, magnetic, acoustic, and optical sensing, oﬀer the possibility to measure the rotor position
without mechanical contact. However, their applicability is restricted by
the considered application. Subsequently, the suitability of each principle
is discussed.
Eddy current sensors are commonly used for inductive position sensing in bearingless machines and magnetic bearings [65, 66, 125]. In these
sensors, eddy currents are induced in a conductive measurement target
by an excitation coil. These eddy currents generate a secondary magnetic ﬁeld that can be picked up by a sensing coil. A displacement of
the measurement target results in a change of the coupling factors between the excitation coil and the target, as well as the target and the
sensing coil. As a result, the information about the position of the tar107
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get can be extracted from the induced voltage and current ﬂow in the
sensing coil. By using suitable modulation and demodulation schemes,
excitation and sensing can be performed using the same coil. Various
methods that use the inductance, resistance, or a combination of both to
extract the positional information exist. For measuring the position of
submillimeter-size spheres, the employed sensing (and excitation) coils
should be of the same dimensions as the rotor to yield suﬃcient sensitivity [126]. The radius of a circular coil provides a good estimate for
the maximum distance over which measurements can be carried out with
suﬃcient sensitivity. Consequently, the distance between the sensing coil
and the rotor would have to be in the submillimeter range. For the considered setup, this is not feasible due to the wall of the vacuum tube.
Furthermore, eddy current sensors are based on the same physical principles as the drive system of the rotor considered in Chapter 4, and similar
ﬁeld frequencies in the range of several hundreds of kilohertz are commonly used. Therefore, interferences between the two systems are likely
to occur, which would require additional eﬀort regarding the necessary
ﬁltering and signal processing. In [86], the rotational speed of a steel
sphere during rundown experiments was measured by an inductive pickup coil. This was possible due to the absence of an external drive ﬁeld,
which would otherwise have been signiﬁcantly larger than the rotor ﬁeld.
The employed principle relied on the existence of a radial component of
the rotor magnetization to induce an alternating voltage with the same
frequency as that of the mechanical rotation in the sensing coil. The rotors considered in this work consist of soft magnetic materials with a low
remanence (see Section 2.5). Consequently, a remaining magnetization
due to the drive system after it has been shut oﬀ cannot be guaranteed.
Instead, a radial component generated by the axial magnetic bearing
would have to be used. However, such a component generates undesired
drag torques and should, therefore, be minimized by design. For the
aforementioned reasons, eddy current sensors are unsuitable for obtaining reliable measurements of the position or rotational speed of the rotor
in the ultra-high-speed motor and are not treated further.
Capacitive sensors use the dependency of the capacitance between a
target and the sensing device to obtain a positional information. This
requires a deﬁned electrical potential of the sensing device and the target.
As the rotor is levitated without contact, its electrical potential cannot
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Figure 6.1: Principles of (a) transmission and (b) reﬂection for optical position
sensing.

be held at a deﬁned value, which makes capacitive sensing unsuitable for
the considered application.
The ﬂux density in electric machines is commonly measured using Hall
eﬀect sensors to determine the rotor angle. In bearingless machines and
magnetic bearings, this principle can also be used to determine the translatory position of the rotor. The measured magnetic ﬁeld consists of the
combination of the magnetic ﬁeld generated by the rotor and that of the
stator. Measuring the position of the rotor requires that its ﬁeld component can reliably be separated from the overall ﬁeld. This is possible if the
stator ﬁeld can be compensated for or if the rotor ﬁeld dominates. The
latter is usually the case for permanent magnet rotors and suitable sensor
placement. However, due to the low remanence of the rotors considered
in this work, this condition is not fulﬁlled and the measured magnetic
ﬁeld would mainly consist of that generated by the stator, which makes
application of this principle unsuitable.
Acoustic displacement sensors can be used over relatively large distances of several meters, but the spatial resolution is usually limited to
the centimeter range [125]. Moreover, they cannot be used to measure
the rotor position through the wall of the vacuum tube or in vacuum.
These considerations leave optical displacement sensing as the most
suitable option for measuring the rotor position. It does not interfere
with the magnetic ﬁeld of the motor and is, therefore, expected to yield
a high signal quality. While it is not inﬂuenced by the vacuum and
can operate over relatively wide distances with high spatial resolution,
optical sensing requires a transparent vacuum chamber around the rotor.
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Two diﬀerent methods for determining the rotor position are shown in
Fig. 6.1. The rotor can be used to obstruct the transmissive path of light
between a source and an optical sensor and its position can be inferred
from the position of the shadow that is cast onto the sensor. In a diﬀerent
approach, light from a source is reﬂected at the rotor and captured by
an optical sensor. The position at which the reﬂected light strikes the
sensor depends on the position of the rotor. This principle is commonly
referred to as triangulation and works most reliably if the target surface
is ﬂat or features a curvature with a large radius. As this is not the case
for the considered spherical rotors, reliable position measurements can
only be obtained using the transmission principle.

6.2 Optical Position Sensors
In order to use a sensor system based on optical transmission, a glass
tube with an inner and outer diameter of 4 mm and 6 mm, respectively,
is used as a vacuum chamber around the rotor. Such tubes are commercially available and feature a high surface quality and favorable optical
properties. While a cylindrical shape results in optical distortions of the
projected image of the rotor shadow, it features higher mechanical stability for withstanding the area forces due to the vacuum compared to
shapes exhibiting ﬂat surfaces and sharp corners.
A variety of sensors is suitable for use in an optical transmission system, for which an overview is provided in [127]. Segmented photodiodes,
which produce an analog photocurrent proportional to the amount of
incident light, can be used to infer the position of the rotor from the
position of its shadow. At least two segments are required to measure
the rotor position in a single axis and photodiodes with four segments
can be used to measure the rotor position in two degrees of freedom. The
sensitivity of such sensors is determined by the ratio of the area of the rotor shadow and the overall sensor area. Consequently, if the same sensor
is used for various rotor diameters, the sensitivity decreases for smaller
rotors. This problem can be mitigated by employing a charge-coupled
device (CCD) or a complementary metal-oxide-semiconductor (CMOS)
sensor, as commonly used in various imaging systems. Such sensors feature a discrete pixel structure, where the size of a pixel is much smaller
than the considered rotors. Both sensor types are available with linear
110

6.2. Optical Position Sensors

or areal pixel arrangements, allowing for the one- or two-dimensional determination of the rotor position. Data processing for these sensors is
signiﬁcantly more complicated than for the aforementioned analog sensors. For a sensor with a square-shaped active area, the illumination
values of n2 pixels, where n is the number of pixels per row and column,
have to be sampled and processed. This, in conjunction with the required
exposure time, usually limits the achievable frame rates to a few hundred
frames per second (fps) for commonly available sensors and reasonable
data processing complexity. These issues are addressed by sensors that
are speciﬁcally designed for the acquisition of projection data, referred
to as proﬁle sensors [128, 129]. Instead of providing the light intensity
for each pixel individually, the light intensity is integrated over each row
and column. This reduces the number of required readout procedures to
2n and frame rates of several thousand fps can be achieved. However,
acquisition and processing of the output signals is still signiﬁcantly more
complicated than for analog sensors.

6.2.1 Position Sensitive Device
For the selection of a suitable sensor for measuring the rotor position in
the ultra-high-speed motor based on the optical transmission principle,
the availability and electrical package of the device played an important
role. A two-dimensional position sensitive device (PSD) sensor based on
the photoelectric eﬀect was chosen (Hamamatsu S5990-01) [130] due to
its ease of use regarding the signal acquisition. The device features an
active area of 4 × 4 mm2 in a compact package that allows for placement
of the sensor in close proximity to the rotor. The schematic structure and
equivalent circuit of the sensor are displayed in Fig. 6.2(a) and Fig. 6.2(b),
respectively. The pn-junction of the device is modeled as an ideal diode
with parallel junction capacitance Cj and shunt resistance Rsh . The
generated photocurrent is represented by a current source and the value
of Rp depends on the centroid position of the incident light (see below).
Details regarding the semiconductor-level implementation of the sensor
and its noise characteristics can be found in [131, 132]. A light spot
shining onto the active area (p-doped layer) of the PSD generates an
electric charge at its incident position that is proportional to the light
intensity. This charge is driven through a high resistivity layer of the
semiconductor to the output electrodes located at the boundary of the
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Figure 6.2: (a) Schematic structure and (b) equivalent circuit model of the employed
position sensitive device (PSD) sensor.

active area, which results in measurable photocurrents. The employed
two-dimensional PSD features two orthogonally-placed pairs of output
electrodes. These electrodes (anodes) are connected to the terminals A1
and A2 as well as A3 and A4 for the x and z direction, respectively. The
device features a common cathode C which is connected to an n-doped
layer on the opposite side of the resistive layer. As shown in Fig. 6.2(a),
the electrodes (blue lines) are not implemented as straight structures.
Instead, they are dragged out toward the corners of the active area. Such
a structure is chosen to reduce interaction between the electrodes near the
corners, thereby increasing the output linearity of the sensor for incident
light close to the circumference. This arrangement is referred to as a
pin-cushion type PSD.
The chosen sensor features a spectral response range from λ = 320 −
1100 nm with the peak sensitivity occurring at λp = 960 nm in the near
infrared (NIR) range. In order to generate high photocurrents and obtain
a high sensitivity, operation close to this wavelength is necessary. Light
emitting diodes (LEDs) with a housing diameter of 5 mm, half-angle
φ = ±10 ◦ (angle at which the radiation intensity is halved with respect to
frontal incidence), and a wavelength at peak emission of 950 nm (Osram
LD 274) were used as light sources. This provides good optical matching
with the sensor. To eliminate optical disturbances from external sources,
particluarly from those in the visible range, optical longpass edge ﬁlters
with a cut-on wavelength of ≈ 700 nm were mounted in front of the active
sensor area.
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A relation between the centroid position of the incident light and the
photocurrents measured at the electrodes can be derived by considering
the resistance Rp as symbolized in the equivalent circuit representation
of the sensor (Fig. 6.2(b)). It is determined by the distance between the
incident light spot and the considered electrode as well as the resistive
layer of the sensor. Generally, Rp is diﬀerent for each electrode (except
for incident light exactly at the center of the active area), and can be
obtained from the general formula
l
Rp = ρ ,
A

(6.1)

where l, ρ, and A denote the distance between the incident light spot and
the considered electrode, the resistivity of the sensor layer, and the crosssectional area over which the photocurrent is conducted, respectively. As
ρ and A are constant over the entire active area of the sensor, Rp ∝ l
holds. Therefore, the position of the light spot can directly be obtained
from the ratio of the currents. For an incident light spot as shown in
Fig. 6.3(a), the position is calculated as
xl =

lx (ix2 + iz1 ) − (ix1 + iz2 )
2 ix1 + ix2 + iz1 + iz2

(6.2)

zl =

lz (ix2 + iz2 ) − (ix1 + iz1 )
,
2 ix1 + ix2 + iz1 + iz2

(6.3)

where lx and lz denote the distance between the corners of the electrodes
in the x and z direction, respectively. The calculated position corresponds to the centroid of the incident light. As long as the light spot is
entirely projected onto the active area, the sensor currents are linearly
dependent on its position. A position detection error occurs if part of the
light spot is projected outside of the active area. Rather than detecting
the position of an incident light spot, the sensor is used to detect the
position of the projected rotor shadow in this work. The sensor is fully illuminated with the exception of the shadow area as shown in Fig. 6.3(b).
The centroid of the light is obtained from geometrical considerations as
xl = −

As
· xs
A0 − As

and zl = −

As
· zs ,
A0 − As

(6.4)

where A0 = lx lz and As = πrs2 denote the active sensor area and the area
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Figure 6.3: (a) Front view of the employed pin-cushion type PSD sensor with incident
light spot. (b) Determination of the centroid of the incident light from the rotor
shadow projected onto the active area.

of the rotor shadow, respectively. The position of the rotor is obtained
by using (6.2) and (6.3) in (6.4) and rearranging for xs and zs . The
radius of the shadow rs is proportional, but not necessarily equal, to the
rotor radius a. The shadow of the rotor is usually larger than the rotor,
due to the projection with diverting light rays from the optical source.
Moreover, distortion of the shadow occurs due to the curved surfaces
of the glass cylinder used as a vacuum chamber. It can be observed
from (6.4) that the sensitivity of the centroid position with regard to the
position of the rotor shadow decreases quadratically with a due to the
scaling with the ratio of As and A0 . This means that in order to achieve
high sensitivity for small rotors, a sensor with a small active area has to
be used or part of the area near the circumference should be masked to
prevent illumination.
In order to measure the rotor position in all translatory degrees of
freedom, two sensors are arranged around the vacuum tube at an angle
of 90 ◦ apart as shown in Fig. 6.4. The combined drive and radial bearing
coils (see Chapter 5) are placed along the axes denoted by x and y  . As
both sensors measure the rotor position in two dimensions, the z direction
is measured twice. Averaging of the two sensor values can be applied to
reduce the noise of the signal in this direction.
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Figure 6.4: Cross-sectional view of the motor setup including the two position sensors
and corresponding light sources.

6.2.2 Signal Conditioning
A signal conditioning circuit that converts the photocurrents into suitable
signals for the digital controller is required. The corresponding circuit
diagram is provided in Fig. 6.5, where three of the identical channels
have been omitted for clarity. The anodes of the reverse-biased PSD sensors are each connected to separate analog operational ampliﬁer (opamp)
stages. The ﬁrst stage consists of a transimpedance ampliﬁer that converts the photocurrent into a voltage. The gain of this stage is set by the
feedback resistor Rf as
Vout = −Rf Iin
(6.5)
and was set to 120 000 in this particular case. To ensure stability of the
circuit, a capacitor Cf is added in parallel to the resistor, which yields a
lowpass ﬁlter characteristic of the circuit with cutoﬀ frequency
f3dB =

1
.
2πRf Cf

(6.6)

This frequency has to be suﬃciently high to yield the desired bandwidth
of the system. By considering the poles and zeros of the ampliﬁer circuit in the frequency domain, a minimum value for Cf that guarantees
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Figure 6.5: Signal conditioning circuit for one channel. The same circuit is used four
times per sensor.

stability of the circuit can be derived [133]. This value is obtained as
#
C + Ccm
√ j
Cf =
.
(6.7)
2 2πfGBW Rf
Here, Cj and Ccm denote the junction capacitance of the sensor (see
above) and the common mode input capacitance of the opamp, respectively. The sum of these two capacitances form the overall input capacitance of the ampliﬁer circuit. Ccm and the gain-bandwidth product, which is denoted by fGBW , are determined by the chosen opamp.
Due to the negative output voltage of this stage, a subsequent inverting ampliﬁer with unity gain, which also implements additional lowpass
ﬁltering, is used. The combined cutoﬀ frequency of both stages is chosen in the range of a few kilohertz to yield suﬃcient dynamics. Both
stages are implemented using a high slew rate rail-to-rail ampliﬁer (TI
TLV2774). The output voltage at the second stage is sampled by a 12bit analog-to-digital converter (ADC), which features a sampling rate of
up to 1 megasamples per second (MSPS) (ADCS7476). The digital signal is buﬀered, level-shifted (MC74VHC1G125), and transmitted to an
FPGA for further processing. The necessary clock (CLK) and chip select
(CS) signals for controlling the ADCs are supplied by the FPGA. The
aforementioned circuit stages are implemented four times per sensor to
process each photocurrent separately. Calculation of the position of the
rotor shadow according to (6.4) is carried out digitally by the controller.
An annotated photograph of the implemented sensor hardware is shown
in Fig. 6.6. The main printed circuit board (PCB) contains the aforemen116
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Inverter
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Figure 6.6: Annotated photograph of the designed sensor hardware.

tioned circuit components. In addition, a voltage regulator and charge
pump inverter (Sipex SP6661), including the necessary ﬁlters, are implemented on the board to generate symmetrical supply voltages of ±5 V for
the transimpedance ampliﬁers. A vertically attached PCB contains the
PSD sensor facing toward the rotor. The visible white plastic parts are
used to mount the aforementioned NIR ﬁlters. The system was designed
to feature a narrow shape close to the sensor in order to ﬁt the conﬁned
space around the rotor.
To validate the functionality of the designed system, a rotor was ﬁxed
to a copper wire with a diameter of 40 μm and suspended inside a glass
tube. A high precision optical positioning table was used to displace the
rotor horizontally inside the glass tube in front of the sensor. The voltage
vx was calculated from the four conditioned output signals of the sensor
as
vx = (vx1 + vz2 ) − (vx2 + vz1 ).
(6.8)
A linear dependency between the radial position of the rotor and the
output signal is obtained for rotor displacements of up to ≈ 0.8 mm
from the equilibrium position (xs = 0) as shown in Fig. 6.7. As the
horizontal position of the sphere approaches the inner wall of the glass
tube and the edges of the active sensor area, a nonlinear behavior can
be observed due to optical eﬀects. However, the obtained linear range
is larger than the rotor diameter and, therefore, suﬃcient for obtaining
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Figure 6.7: Measured sensor output for varying radial rotor displacement.

reliable measurements of the rotor position that can be used as inputs
for the controller.

6.3 Rotational Speed Sensor
The rotational speed of the rotor is measured using the optical reﬂection
method. As stated above, measuring the rotor position based on this
method would require detection of the position or incident angle of light
reﬂected by the rotor, which is diﬃcult due to its spherical shape. Compared to this case, measuring the rotational speed is less critical as the
reﬂective properties of the rotor surface can be used. As a consequence,
only the light intensity has to be measured. If part of the rotor surface
is marked to yield diﬀerent reﬂective properties, modulation of the light
scattered from the rotor with the rotational frequency occurs. In this
work, the rotor was prepared prior to an experiment by putting a single
black mark on its surface. This was achieved by placing the rotor onto
a relatively rigid sponge and pushing a black permanent marker against
the upward facing part of the rotor surface. As a result, the part of the
rotor facing the sponge remains unmarked. Despite the high rotational
speeds and centrifugal forces, the applied mark was found to remain on
the surface. Moreover, the applied layer of paint did not result in any
critical imbalances of the rotor.
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Figure 6.8: (a) Concept for measuring the rotational speed based on the reﬂected
light of the marked rotor. (b) Circuit of the employed signal ampliﬁer.

The two LEDs used for the position sensor system also serve as light
sources for the speed sensor. Due to the conﬁned space around the rotor,
the reﬂected light is captured by an optical waveguide with an active diameter of 1000 μm and guided toward a receiver, as shown in Fig. 6.8(a).
The chosen photodiode (Avago SFH250) is intended for use in high-speed
optical communication systems, features rise and fall times in the range of
10 ns, and reaches ≈ 80 % of its peak spectral sensitivity at the used wavelength of 950 nm. The employed ampliﬁer circuit for signal conditioning is
similar to that of the position sensors and is displayed in Fig. 6.8(b). The
diode is used in the photoconductive mode with a negative bias voltage
to decrease its junction capacitance, thereby, increasing its speed. The
ﬁrst stage consists of a high gain transimpedance ampliﬁer (TI OPA380)
that was designed to yield a stable transimpedance bandwidth of 1 MHz,
which is equivalent to a rotational speed of 60 Mrpm. Due to this high
bandwidth requirement, attaining a high cutoﬀ frequency (see (6.6)) and
ensuring stability of the circuit based on the condition of (6.7) is more
diﬃcult than for the position sensor system. As a consequence, the gain
of the ﬁrst stage was limited and a second non-inverting stage was added
to achieve additional ampliﬁcation (TI OPA2350). Due to its high overall gain, the circuit is highly sensitive to noise and was, therefore, placed
in a shielded metal housing. A laboratory supply with additional ﬁlters
consisting of common mode chokes as well as LC lowpass stages was used
to provide the necessary symmetrical supply voltages. The output signal
of the circuit was measured by an oscilloscope which calculates its fast
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Fourier transform (FFT) in real time. The result shows a distinct peak
at the rotational frequency. Harmonic components could be observed but
are much smaller in magnitude and can, therefore, clearly be separated
from the desired signal. This yields a reliable method for obtaining the
rotational frequency over the entire speed range.
To minimize the eﬀect of constant ambient illumination, which yields
a dc oﬀset of the signal, ac-coupling is used. For the same reason, and to
prevent saturation of the circuit output, the waveguide should be placed
such that it faces into the same direction as one of the LEDs. This yields
low ambient illumination and high intensity of the reﬂected light.
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Chapter 7
Control and Power Electronics
This chapter provides an overview of the employed control structures
and power electronic circuits for generating the necessary coil currents.
Moreover, the corresponding hardware implementations are presented.
Figure 7.1 provides an overview of the structure consisting of a cascaded
control system for stabilizing the rotor in the axial direction as well as
a position controller for each horizontal axis. All currents have to be
controlled individually, requiring a separate power ampliﬁer for each coil.

7.1 Control
Due to the diﬀerent plant and actuator characteristics, control of the
axial and radial translatory degrees of freedom are considered separately.
Suspension of the rotor in the axial direction is passively unstable and
the employed actuator coil has an inductance of several hundreds of microhenries, which limits the achievable dynamics of the bearing current.
Contrarily, radial magnetic suspension of the rotor is passively stable and
requires additional damping. The employed coils have an inductance of
a few microhenries, thus, not imposing any relevant constraints on the
current dynamics.

7.1.1 Axial Suspension
Recalling the linearized magnetic force of the actuator around the desired
operating point (z0 , i0 ) from (3.7) and using f = mz̈(t) yields
mz̈(t) = ks z(t) + ki i.

(7.1)
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Figure 7.1: Overview of the (a) axial and (b) radial control structures including the
necessary power ampliﬁers.

For the open loop system, only the oﬀset current i0 at the desired operating point will ﬂow in the coil. Contrarily, the deviation i (see (3.6)),
which is used to dynamically control the generated magnetic force, is
zero. A solution to (7.1) is z(t) = expλt , which results in the characteristic polynomial
mλ2 + ks = 0
(7.2)
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with eigenvalues λ1,2 = ± |ks |/m. This shows that the open loop system is unstable, as λ1 is located in the right half of the complex plane.
Consequently, active control is mandatory.
Many possibilities of varying complexity exist for the design of a suitable control law [134, 135]. As rotors of various sizes and dynamics have
to be stabilized in this work, a robust control scheme independent of an
accurate model of the mechanical plant is required. Moreover, the control
parameters should be easily adjustable for diﬀerent rotors. Therefore, a
PID feedback control structure is used in this work.
According to Fig. 3.6(b), the closed-loop behavior of the suspension
system is desired to be similar to that of a damped spring-mass oscillator. As a consequence, the linearized magnetic bearing force around the
chosen operating point should exhibit a behavior described by
fm = kz z + bz ż.

(7.3)

In conjunction with (3.7), this yields the required bearing current as
i(z) =

(kz + ks )z + bz ż
.
ki

(7.4)

The resulting diﬀerential equation of the closed-loop system (cf. (3.28))
yields the characteristic polynomial
mλ2 + bz λ + kz = 0

(7.5)

with eigenvalues
λ1 = −σ + jω

λ1 = −σ − jω,

and

(7.6)

where σ and ω are given as
bz
σ=
2m


and

ω=

kz
b2
− z2 ,
m
4m

(7.7)

respectively. Both conjugate complex eigenvalues are located in the left
half of the complex plane, which shows that the system is stable. For
bz = 0 (zero damping), the system is limit-stable. The displacementproportional (P ) and velocity-proportional diﬀerential (D) feedback parts
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Figure 7.2: Closed-loop eigenvalues of the magnetic suspension system in the axial
direction depending on P and D.

of the control can directly be identiﬁed from (7.4) as
P =

kz + ks
ki

and

D=

bz
.
ki

(7.8)

In magnetic suspension systems, P is usually chosen to yield a stiﬀness kz
that is in the same range as the bearing stiﬀness ks [65]. The diﬀerential
part is chosen to yield suﬃcient damping without decreasing the system
dynamics. Therefore, the critically-damped
case represents an upper
√
useful limit, resulting in 0 < bz < 2 mkz . The position of the eigenvalues

of the closed-loop system are moved along circles with radius kz /m as
shown in Fig. 7.2. The position controller uses the desired levitation
height of the rotor as a reference input. In order for the controller to
adjust the current in the bearing coil such that this value is reached as
a stationary operating point, an additional integral (I) feedback part of
the control is used to reach stationary accuracy of the system.
Up to this point, the dynamics of the bearing coil have been neglected
and it was assumed that the coil current follows the voltage that is applied across its terminals by the power ampliﬁer without delay. This
assumption is well satisﬁed for coils with a small inductance. However,
for larger inductances, the dynamic behavior of the current as outlined
in (3.29) has to be taken into account. To obtain increased dynamics
of the coil current based on the applied voltage, an additional controller
can be used in a cascaded control structure. Instead of feeding the out124
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put of the position controller to the input of the power ampliﬁer directly,
it is used as the reference input to a current controller. This controller
requires a sensing circuit for the coil current and is usually implemented
with P D feedback parts. Stationary accuracy of this controller is not
required, as it is obtained by the outer position control loop. The overall
system dynamics are increased as only the closed-loop eigenvalues of the
inner control loop are relevant for the position controller. Moreover, no
detailed model of the suspension coil is required. For such a structure to
operate properly, the inner current control loop has to be executed significantly faster (> 10 times for the given system) than the outer position
control loop. Besides a suﬃciently fast controller implementation, this
also requires high bandwidth current sensing.
The resulting overall control structure is provided in Fig. 7.3. The sensors were assumed as ideal with unity transfer function. In the practical
system, additional digital lowpass ﬁlters are implemented for the position
signal to reduce signal noise. This yields favorable damping behavior of
the closed-loop system, as the high frequency noise would otherwise be
ampliﬁed signiﬁcantly by the D-part of the controller.
With the illustrated structure, it was possible to levitate rotors with diameters of 0.5 – 2 mm with the same actuator and only minor adjustment
to the control parameters.

7.1.2 Radial Stabilization
Due to the ferromagnetic centering core, the rotor has a preferred equilibrium position that is imposed by the setup. The dynamic behavior of
the magnetically suspended rotor in the radial direction is described by
(3.30). This open-loop system is passively stable as both eigenvalues are
located in the left half of the complex plane. However, they are located
close to the imaginary axis, corresponding to a low damping factor dr .
As a result, slight disturbances of the rotor position cause oscillations,
which are weakly damped and result in the axial magnetic suspension
to become unstable if displacements become too large. Therefore, the
main requirement for the radial position control is to implement a diﬀerential feedback part in order to achieve additional damping. An optional
P -part can be used to adjust the dynamics of the radial system.
The overall control structure is shown in Fig. 7.4 for which an explana125
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Figure 7.3: Detailed structure of the control system for axial suspension of the rotor.
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tion is provided subsequently. Only one power ampliﬁer and electromechanical actuator model are shown, while the remaining three have been
omitted for clarity.

As rotation around a radial position that is diﬀerent from the passive
equilibrium would result in eddy current losses, an integral part of the
controller is not required and would yield undesirable results. Instead,
the rotor is allowed to rotate around its principal axis of inertia to eliminate dynamic forces due to potential small imbalances. This is achieved
by a dead band around the equilibrium position in which no control action occurs. The threshold values for this dead band (xt , yt ) can be
adjusted depending on the rotor size and expected imbalances. For the
implementation of such as dead band as well as the P -part of the controller, knowledge of the equilibrium position is required. The latter is
obtained from slow moving-average steady state ﬁlters. The outputs of
these ﬁlters are used as reference inputs for the controllers. Due to the
low inductance of the radial bearing coils, no additional inner current
control loop is required. Two separate identical position controllers are
implemented for the x and the y axis. As the radial bearing coils are
rotated by an angle of 45 ◦ with respect to the position sensors, a transformation of the controller outputs uc,x and uc,y equivalent to the Givens
rotation
  


 
x
cos ϕ − sin ϕ
x ϕ=45◦ 1 x − y
=
= √
(7.9)
y
sin ϕ cos ϕ
y
2 x+y
has to be carried out. This part of the control also takes into account
that only attracting bearing forces can be generated by a single coil, as
the rotor is not a permanent magnet. The controller outputs are routed
to diﬀerent coils on opposing sides of the rotor according to their signs,
resulting in the signals uc,1 to uc,4 . The signals ud,1 , ud,2 , ud,3 , and ud,4 ,
which are necessary for generating the drive currents, feature phase shifts
of 0 ◦ , 90 ◦ , 180 ◦ , and 270 ◦ , respectively. They are superimposed onto
the aforementioned signals before being passed on to the power ampliﬁer.
The control structure was found to yield robust stabilization of the rotor
in the radial direction as demonstrated in Chapter 8.
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Figure 7.4: Detailed structure of the control system for active radial stabilization of
the rotor.
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Figure 7.5: Implemented control hardware consisting of an FPGA and a DSP.

7.1.3 Implementation
The controllers, as shown in Figs. 7.3 and 7.4, have to be executed simultaneously to achieve stabilization of the rotor in all translatory degrees
of freedom. Therefore, all controllers, the generation of the switching
signals for the power ampliﬁers, and the control of the sensor ADCs are
implemented digitally using a ﬁeld programmable gate array (FPGA) (Altera EP3C16), which was programmed in VHDL. This allows for fast and
accurately timed execution of all processes. Execution frequencies for the
current controller in the range of the switching frequency can be reached.
The control parameters and characteristics of the employed digital ﬁlters
can be adjusted online via a USB interface to a PC. To implement this
communication and other protocol-based sequential tasks, which would
be ineﬃciently implemented on the FPGA, an additional digital signal
processor (DSP) (TI TMS320F2810) is used. Communication between
the DSP and the FPGA is realized via a memory interface. An annotated
photograph of the implemented PCB containing the control hardware is
shown in Fig. 7.5. The connection to the two position sensors is established via shielded ribbon cables to ensure signal integrity. The interface
to the power electronics PCB (described below) for switching and ADC
signals is provided using a ﬂexible ﬂat cable (FFC).
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7.2 Power Electronics
Power electronic circuits are used to generate the bearing currents for
magnetic suspension of the rotor, as well as the drive currents for its
acceleration. These purposes impose diﬀerent requirements on the converter system, which are discussed below.

7.2.1 Topology Selection
Several circuit topologies can be used to generate the required currents
in the drive and bearing coils. In general, these topologies can be divided
into analog and switching ampliﬁers. The former employ linear output
drivers in which the coil voltage vc is regulated by adjusting the voltage
drop over a transistor. One of the most simple circuits is the complementary emitter follower as displayed in Fig. 7.6(a). An input voltage vin is
ampliﬁed by a pair of npn- and pnp-transistors. By using a symmetrical
supply voltage Vdc , positive and negative coil currents can be obtained.
Several alterations and improvements of this circuit featuring improved
output linearity and biasing of the transistors exist [133]. Analog circuits
employing operational ampliﬁers, such as the Howland current pump, are
treated in detail in [136, 137] and have been applied in several magnetic
bearing applications [7, 65]. As the diﬀerence between the supply voltage and the voltage applied across the coil has to be dissipated in the
employed semiconductors, these circuits suﬀer from high power losses,
regardless of their particular implementation. This disadvantage is overcome by switching power ampliﬁers, such as the H-bridge topology shown
in Fig. 7.6(b). Bidirectional current ﬂow in the coil can be achieved with
a single positive supply voltage and regulation is obtained by PWM of
the switching signals [115]. Switching results in a triangular ripple of the
bearing current. In order to prevent negative eﬀects on the stability of
the magnetic suspension, the switching frequency has to be suﬃciently
high. Moreover, the dead time, which is required to prevent short circuits
in the bridge legs, results in a nonlinear dependency of the output voltage and current of the bridge on the modulation duty cycle, as shown in
Fig. 7.6(c). As long as a minimum duty cycle is not reached to overcome
the dead time, the output voltage remains small before rising linearly as
desired.
To overcome this disadvantage, several adapted circuit topologies, such
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Figure 7.6: (a) Emitter follower as an example for a linear power ampliﬁer circuit,
(b) H-bridge switching converter, and (c) nonlinearity of the output voltage at small
duty cycles due to the required dead time.

as the opposed current converter or dual-buck, have been proposed in
the literature [138–140]. These ampliﬁers employ biasing to overcome
the aforementioned zero-crossing distortion, which results in improved
linearity but also generates additional losses. This could beneﬁcially
be applied to supply the actuator for axial suspension of the rotor (see
Chapter 3). However, due to the relatively low required output currents,
the losses caused by biasing were found to be in the same range as those
of an analog ampliﬁer. Instead, an H-bridge converter is used and the
nonlinearity due to dead time is compensated for by the digital control.
The same topology is used for generating the currents in the radial
coils. The drive currents feature a high frequency up to the megahertz
range, while the superimposed bearing currents are in the range of 10 Hz.
Due to the high drive frequencies, the H-bridge converter is controlled by
a modiﬁed fundamental frequency switching scheme as explained below.

7.2.2 Modulation Scheme
Pulse-width modulation requires a switching frequency that is signiﬁcantly higher than the desired output frequency. This is easily obtained
for the axial bearing current and such a modulation scheme is used. Only
attractive bearing forces can be generated, independent of the direction
of the bearing current. Therefore, negative bearing currents are elimi131
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nated by the control as they would render the system unstable. Instead,
the current is set to zero until the gravitational force has caused the rotor
to fall back to its reference position. As a consequence, the corresponding
H-bridge is operated similar to a buck converter by permanently switching T3 oﬀ and T4 on (see Fig. 7.6(b)), while modulating the switching
signals of the left half-bridge.
As the frequency of the drive currents ranges from several hundreds
of kilohertz to a few megahertz, PWM is no longer applicable. Instead,
a fundamental frequency switching scheme, as illustrated in Fig. 7.7, is
used. A symmetrical triangular counter is implemented on the FPGA
that allows for the adjustment of the switching and the drive frequency by
adjusting its maximum value Cmax . A separate compare value is used for
the left (red) and right (blue) half bridge to obtain the respective switching signals. If both compare values are set to Cmax /2 (dashed lines),
the coil voltage is switched to alternate between +Vdc and −Vdc without
any intermediate phases, resulting in a triangular coil current. Symmetrically moving the compare values away from Cmax /2 (solid lines), such
that they feature a distance of ΔC counter ticks, results in intermediate phases between the commutation from +Vdc to −Vdc and vice versa
during which the applied coil voltage is zero (black line). Consequently,
the current peaks are truncated, yielding a trapezoidal waveform. Therefore, the value of p, which denotes the ratio of the peak values of the
trapezoidal and the triangular currents as discussed in Chapter 5, can be
adjusted by choosing ΔC accordingly. The shown waveforms illustrate
the case p = 0.5. As discussed above, the currents for radial stabilization
of the rotor have a signiﬁcantly lower frequency than the drive currents.
Therefore, they can be considered as a slowly varying average value of
the drive currents. Such a non-zero average value can be implemented by
shifting the compare values asymmetrically around Cmax /2 while leaving
ΔC constant (dotted lines). The oﬀset of the average of the two compare
values (black dotted line) from Cmax /2 is determined by the output of
the radial position controller.
All four combined drive and radial bearing currents are generated according to this scheme. To implement a 180 ◦ phase shift between two
opposite coils, the switching signals of the left and right half bridge are
reversed. A phase shift of 90 ◦ between adjacent coils is implemented by
using two otherwise identical counters that are phase-shifted by 90 ◦ . As
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Figure 7.7: Modulation scheme for the switching signals resulting in trapezoidal
drive currents superimposed onto the radial bearing currents.

a result, one counter is used to generate the switching signals for coils 1
and 3, while the second counter is used for coils 2 and 4.

7.2.3 Implementation
In order to control the currents in the axial suspension coil and the four
radial coils individually, ﬁve H-bridges are required. The bridge that
supplies the axial suspension coil additionally requires a current sensing
circuit, which is implemented by symmetrical shunt resistors in each leg,
as shown in Fig. 7.8. The voltage drop across these resistors is measured
using an instrumentation ampliﬁer circuit, as shown in Fig. 7.9. The
output of this circuit is sampled by an ADC (LTC2361), buﬀered, and
relayed to the digital control hardware. The shunt resistors and current
sensing circuit are omitted for the drive channels.
Aside from this diﬀerence, all ﬁve H-bridges are implemented identically using discrete N-channel MOSFETs (FDD3682). These MOSFETs
are driven by half-bridge gate drivers with only one signal input featuring
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Figure 7.9: Instrumentation ampliﬁer circuit used for current sensing.

internal dead time generation and shoot through protection (MIC4102).
Both aforementioned components are rated for a maximum voltage of
100 V. An annotated photograph of the implemented power electronic
converter PCB is shown in Fig. 7.10. The functional groups for generating the currents for the drive and radial AMB as well as for the axial
magnetic suspension have been marked using red and blue lines, respectively. All logic input and output signals are routed via buﬀers from and
to the control board.
The employed dc-link voltage for the axial magnetic suspension system
was 24 V. Once levitation of the rotor is obtained, the inductor current is
in the range below 100 mA, depending on the levitation height. However,
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Figure 7.10: Annotated photograph of the power electronic converter PCB.

signiﬁcantly higher currents are required for attaining initial levitation.
The switching frequency of this H-bridge was chosen as fsw = 100 kHz
to yield suﬃcient dynamics and a low current ripple. The current sensing circuit features a maximum bandwidth of 125 kHz, facilitating fast
current control between consecutive switching cycles.
The dc-link voltage of the drive and radial AMB coils was varied in
the range of ≤ 48 V to adjust the drive current, which reached maximum
values of ≈ 8 A. The switching frequency of the four H-bridges was
varied to adjust the drive frequency. With the employed components,
frequencies of up to ≈ 1.5 MHz are possible. The electrolytic capacitors
visible in Fig. 7.10 are only used for low-frequency buﬀering of the dc-link
voltage. Additional ceramic capacitors for high-frequency buﬀering are
mounted on the back of the PCB close to the respective bridges.
The presented converter system was designed with the primary goal of
providing high robustness, and reaching a high power density was not a
concern. If the design of a compact integrated system is to be pursued in
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the future (see Chapter 9), the use of modern gallium nitride (GaN) widebandgap semiconductor switches is expected to yield signiﬁcant beneﬁts.
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Chapter 8
Experimental Results
To verify the models presented in the previous chapters and to obtain
measured results for the achievable rotational speeds, an experimental
setup for the ultra-high-speed spinning ball motor was designed and implemented. This chapter provides an overview of this setup and presents
the result of various acceleration experiments based on which the achievable rotational speeds are assessed. Moreover, the performance of the
magnetic suspension system is analyzed and the torque model presented
in Chapter 4 is veriﬁed experimentally. The occurring failure mechanism
of the rotors at ultra-high rotational speeds is investigated by means of
microscope images and related to the models of Chapter 2.

8.1 Setup
An annotated overview of the experimental setup is shown in Fig. 8.1.
Subsequently, an explanation of the relevant components is provided.
Structural Parts of the Motor
The structural parts of the motor are visible on the left hand side of
Fig. 8.1 and consist of various platforms on which the necessary components are mounted. The four coils used for driving and stabilizing the
rotor in the radial direction, the position sensors, the light sources, and
the optical waveguide for the speed sensor are mounted on the adjustable
stator platform. The latter can be used for the combined vertical adjustment of all aforementioned components. In addition, the radial position
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Figure 8.1: Annotated overview of the experimental setup.

of each component can be adjusted individually using high precision micrometers.
The coil for axial suspension of the rotor against the gravitational
force is mounted on a ﬁxed platform above the stator and is designed
as outlined in Chapter 3. Above its upper end, it contains a vacuum
ﬁtting (Swagelok) that connects an exchangeable glass vacuum tube to
the rest of the vacuum system. Vacuum-tight sealing of the glass tube
at its lower end below the rotor is achieved using epoxy resin. The
ferromagnetic centering core is mounted inside the vacuum chamber at
the level of the adjustable centering core platform and extends downward
to slightly above the rotor. By adjusting the height of the aforementioned
platform, the position of the centering core is adjusted in the vertical
direction, allowing for the alteration of the levitation height of the rotor
with respect to the stator and axial actuator.
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Vacuum System
To allow for the vertical adjustment of the centering core platform, ﬂexible hoses are used. All vacuum system components are manufactured
from stainless steel to yield high cleanliness, gas tightness, and suﬃcient
mechanical strength, which makes the vacuum system suitable for reaching pressures in the high vacuum range.
The pressure is measured by a full range gauge (Pfeiﬀer Vacuum PKR
251), which is suitable for pressures from 5 × 10−7 Pa to 105 Pa in air.
However, its rated accuracy of ≈ ±30 % is only reached in the range from
10−6 Pa to 104 Pa due to the employed measurement techniques. As such
a wide range of pressures cannot be measured using a single physical principle, the gauge employs two separate measurement systems, namely a
Pirani and a cold cathode system, both of which conduct indirect gasdependent pressure measurements. The former uses a heated metal wire
that is introduced into the vacuum chamber. The gas pressure is determined indirectly from the heat transfer occurring at the wire, which
depends on the number of gas molecules in its vicinity. In the employed
sensor, this principle is used for the upper pressure range from 10−2 Pa
to 104 Pa. Below a pressure of 1 Pa, the cold cathode system can be used.
In such systems a voltage in the kV range is applied between a cathode
and an anode to accelerate electrons. Upon traveling through the gas
in the vacuum chamber, they ionize gas molecules, which results in a
discharge current that is proportional to the gas pressure. By employing
a cylindrical design of the electrodes in combination with an external arrangement of permanent magnets, referred to as an inverted magnetron,
electrons can be made to travel on spiral trajectories, which increases the
sensitivity of the device and extends its applicability to lower pressure
ranges (see [94] for details). Due to the permanent magnets in the sensor,
it should be installed suﬃciently far away from the magnetic suspension
system to prevent interference. At the same time, its location should be
suﬃciently close to the rotor to minimize measurement errors caused by
pressure gradients in the vacuum chamber. Therefore, the sensor was
installed directly above the mechanical support structure of the motor
and attached to the overall system using a tee pipe.
All vacuum tubes, except for the one directly around the rotor, have
an inner diameter of dT = 40 mm (ISO-KF DN 40), which results in
relatively large dimensions of the overall setup. A large diameter is ben139
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eﬁcial for reducing pressure gradients inside the vacuum chamber, which
are related to the throughput under free molecular ﬂow conditions by
qpV =

c
AP (p1 − p2 ),
4

(8.1)

where p1 and p2 denote the considered pressure levels and A = πd2T /4
is the cross-sectional area of the tube. P deﬁnes the transmission probability of a gas molecule through the tube, which is given for a tube with
length lT  dT as
4 dT
.
(8.2)
P =
3 lT
Consequently, qpV ∝ d3T holds. Therefore, a larger tube diameter also
makes it possible to reach the desired vacuum pressure quicker, which
reasons the choice of the tube diameter.
The vacuum is generated by a two-stage pump system consisting of a
membrane pump that is capable of reaching medium vacuum pressures
(Pfeiﬀer Vacuum MVP 015-2) and a turbomolecular pump (Pfeiﬀer Vacuum HiPace 80) with a theoretical ﬁnal pressure limit of < 10−6 Pa,
which is shown on the right hand side of Fig. 8.1. The former is connected
to the exhaust side of the turbomolecular pump. To reduce vibrations
that originate from the pump system to a minimum, a ﬂexible vacuum
tube, which is ﬁxed to an external frame prior to connection with the
motor setup, is used at the pump inlet. Moreover, the motor structure
is placed on ﬂexible rubber pads and features additional weights at its
bottom to reduce vibrations. The membrane pump is connected via a
bendable plastic tube and placed on the ﬂoor to eliminate vibrational
coupling.
With the described setup, ﬁnal vacuum pressures in the upper 10−4 Pa
range can be reached, which corresponds to high vacuum conditions. For
reaching lower pressures in the ultra-high vacuum range, signiﬁcant additional eﬀort including bake-out of the vacuum chamber would be required
[93]. As discussed in Chapter 4, this would not yield an advantage in
terms of the drag torque acting on the rotor as the desired free molecular
ﬂow range is reliably reached already at pressures of 10−1 Pa. Evacuation
of the system to 10−1 Pa and 10−2 Pa is reached within approximately
10 min and 30 min, respectively. Reducing the pressure to below 10−3 Pa
requires several hours.
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The vacuum glass tube is usually destroyed by steel fragments after
mechanical failure of the rotor occurs. Other more robust transparent
materials, such as acrylic glass, were tested but found to yield inferior
optical properties. To prevent loose debris from exiting the experimental setup, it is placed under a protective cover, which is closed during
acceleration experiments.
Electronics and Measurement Instruments
The power electronic system and control electronics are shown in the
center of Fig. 8.1 and are supplied by laboratory power supplies. The
control electronics is connected to a PC that is used to adjust the control
parameters and to visualize the sensor output data. The sensor signals
are transmitted via shielded cables between the acquisition boards and
the control electronics PCB to prevent cross coupling with the high frequency drive currents. Additional shielding around the twisted lead wires
of the drive coils is employed. The output signal of the speed sensor is
connected to an oscilloscope (Agilent MSO6034A) which determines the
frequency of the modulated signal by calculating its FFT in real time.
The oscilloscope is connected to a PC for data analysis purposes.

8.2 Magnetic Suspension Performance
After assembly of the setup, the gains and signal ﬁlters of the digital
control system for vertical suspension of the rotor were adjusted to yield
stable levitation at the desired position. Figure 8.2 shows a detailed
annotated view of the motor components in the vicinity of the rotor. The
inset shows a zoomed view of the levitated rotor, which was successfully
stabilized without any mechanical contact.
To validate the theoretical model of the dynamic translatory behavior of the magnetically suspended rotor as outlined in Section 3.5, the
parameters of the experimental system were identiﬁed by measuring the
natural frequency ωn and decay rate σ of radial oscillations. As radial
stabilization could not reliably be obtained under vacuum conditions, the
measurements were carried out at atmospheric pressure for the passively
damped system. The result is shown in Fig. 8.3(a), which illustrates that
oscillations are weakly damped and require more than 100 s to subside.
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Figure 8.2: Photograph of the experimental setup with a magnetically suspended
rotor. All relevant motor and sensor components including a zoomed view of the
levitating rotor inside the glass vacuum tube are shown.

Table 8.1: Identiﬁed parameters of the experimental system

Rotor radius
Rotor mass
Decay rate
Natural frequency
Passive radial damping
Radial stiﬀness

a
m
σ
ωn ≈ ω 0
br = br,c = 2mσ
kr = ω02 m

0.4 mm
≈ 2 mg
0.023 s−1
52.4 s−1
0.93 × 10−7 Ns/m
5.60 mN/m

This underlines the problem of low passive radial damping as discussed
in Chapter 3. Based on the assumption that ωn ≈ ω0 , which is justiﬁed
due to the low damping factor, the system parameters were obtained
as listed in Table 8.1. The measured values for the passive radial stiﬀness and radial damping are within the expected range as identiﬁed by
theoretical considerations in Section 3.5.
To verify the performance of the proposed active radial damping by
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Figure 8.3: Rotor dynamics in the horizontal direction (a) without and (b) with
active magnetic damping.

means of a magnetic bearing, the translatory behavior of the rotor as
a response to a similar disturbance as that in the previous considerations was measured under high vacuum conditions. The result is shown
in Fig. 8.3(b), which illustrates that the damping factor is more than
100 times larger than in the previous measurements. Oscillations subside within less than 2 s, thereby greatly increasing the stability of the
magnetic suspension system. Reliable and robust magnetic suspension
of the rotor in all translatory degrees of freedom, as attained by the
presented AMB structure, is the prerequisite for reaching ultra-high rotational speeds.
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8.3 Torque Characteristics
The torque model presented in Chapter 4 was veriﬁed through acceleration experiments during which the slip frequency f varied depending on
the rotational speed of the rotor. The overall torque acting on the rotor
was obtained from the angular acceleration rate as
T = I ω̇r ≈ I

Δωr
Δt

(8.3)

with the moment of inertia
I=

2
8
ma2 =
πρa5 .
5
15

(8.4)

Using (8.3) requires the calculation of the angular acceleration as the
small diﬀerence of two comparably large quantities containing measurement noise. To avoid the problems associated with this procedure, a
polynomial was ﬁtted to the experimental data. Only data points with
an error between this polynomial and the measured values of less than
0.5 % (usually smaller) and at instants for which measurement values
exist were used to obtain the angular acceleration.
A comparison of the modeled and measured torque characteristics
of the motor including drag due to air friction is shown in Fig. 8.4.
A rotor of 0.5 mm in diameter was used and the ﬁeld frequency was
chosen as 800 kHz, corresponding to a synchronous rotational speed of
48 Mrpm. The pressure at high rotational speeds during the experiment
was 1.35 × 10−2 Pa. The shown error bars result from the calculation of
the angular acceleration based on rotational speed measurements. The
latter have a worst-case resolution of 500 Hz (30 000 rpm). The shaded
blue area represents the ±30 % uncertainty of the pressure measurement
(see above). The torque increases with the angular slip frequency due to
a higher eddy current density inside the rotor, as expected. The residual
between the measured and the modeled torque, as shown in the inset, is
< 15 % for all slip frequencies and < 5 % for f > 250 kHz. The increased
deviation at low slip frequencies (high rotational speeds) is attributed
to the low relative level of the motor torque, which increases the eﬀect
of the drag torque caused by active magnetic damping in the horizontal
direction.
144

8.3. Torque Characteristics

80
Experiment
Motor torque model
with air friction drag

70

50
40
30

0

Residual (%)

Rotor torque T (pNm)

60

20
10
0

0

100

200

-5
-10
-15

200 300 400 500 600 700

300
400
500
Slip frequency f (kHz)

600

700

800

Figure 8.4: Comparison of the measured and modeled torque characteristics of the
motor for a 0.5 mm rotor.

Figures 8.5(a) and 8.5(b) show the corresponding current density distributions inside the rotor for slip frequencies of 150 kHz and 700 kHz,
respectively. These distributions were obtained by a harmonic analysis
to take the trapezoidal shape of the drive currents and magnetic drive
ﬁeld into account, where the scaling factor p = 0.5 was used during the
experiments and calculations (see Chapter 5 for details).
The resulting rotor temperature, as obtained by the models presented
in Chapter 4, is shown in Fig. 8.6 for the same experimental conditions.
While the temperature is undesirably high for high slip frequencies (low
rotational speeds), it decreases to uncritical values for slip frequencies
f  400 kHz (high rotational speeds) and approaches the ambient temperature for f → 0 due to decreasing eddy current losses. For the provided case, critical rotor temperatures are only obtained for rotational
speeds n < 24 Mrpm, which is less than 60 % of the bursting speed of the
considered rotor. For higher rotational speeds, at which the strength of
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Figure 8.5: Current density distributions inside the rotor on the horizontal plane
through its equator at slip frequencies of (a) 150 kHz and (b) 700 kHz, respectively.

the material is critical, the rotor temperature is bound to uncritical values below 150 ◦ C. As the initial heating of the sphere at lower rotational
speeds does not cause permanent alteration of the material structure,
which is only anticipated to occur at temperatures  600 ◦ C for the considered materials [141], it is not expected to have a detrimental eﬀect
on the achievable rotational speed. If a rotor temperature below 150 ◦ C
over the entire range of rotational speeds is desired nevertheless, this can
be achieved by controlling the slip frequency accordingly, which results
in a lower acceleration rate. The inset of Fig. 8.6 shows the ratio of heat
transfer between the rotor and the environment due to radiation and free
molecular conduction. It can be seen that heat transfer due to radiation
is roughly 40–130 times higher than that caused by free molecular conduction. Consequently, the rotor temperature is expected to remain in
the same range even for very low vacuum pressures.

8.4 Achieved Rotational Speeds
Three exemplary acceleration curves to the bursting speeds of diﬀerent
rotors are displayed in Fig. 8.7. The shown rotational speeds were only
limited by the mechanical stress due to centrifugal forces. The rate of
acceleration is decreased at higher rotational speeds due to the lower slip
frequency. It can be observed that smaller rotors are accelerated faster, as
discussed in Section 4.2. The shown error bars represent the 500 Hz resolution of the speed measurements. The highest rotational speed achieved
in this work was 40.26 Mrpm (a = 0.25 mm), for which the distribution of
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Figure 8.6: Rotor temperature over the considered slip frequency range. The inset shows the ratio of heat transfer between the rotor and the environment due to
radiation and free molecular conduction.

the maximum principal normal stress inside the rotor shortly before its
explosion is shown in the inset of Fig. 8.7. The used rotor material was
100Cr6 (1.3505) martensitic chrome steel (ρr = 7610 kg/m3 , ν = 0.3).
In order to obtain a statistically signiﬁcant number of samples for
quantitative analyses, a series of ∼ 50 experiments with various rotor diameters, materials, and initial material conditions was carried out. High
variability was observed for the bursting speeds as shown Fig. 8.8. The
displayed error bars show the 95 % conﬁdence intervals for the respective mean. The observed variations are attributed to ﬂuctuations in the
thermal treatment, initial stress conditions, and potential ﬂaws of the
rotor materials. Moreover, anisotropies of residual stresses may cause a
dependency of the achievable rotational speed on the axis of rotation.
An initial theoretical estimate of the achievable rotational speed was
obtained using the maximum normal stress theory (see Section 2.1.2).
The maximum value of σ1 in the center of the sphere was compared to
the UTS σt of the material and failure was predicted if σ1 ≥ σt . A value
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Figure 8.7: Acceleration curves for rotors of diﬀerent diameters to their bursting
speeds. The inset shows the maximum principal normal mechanical stress inside
the rotor for the highest achieved rotational speed of 40.26 Mrpm shortly before its
explosion.

of σt = 1570 N/mm2 was used, which is commonly found in the literature
for the UTS of small size ball bearing spheres made from 100Cr6 material
[141–143]. The obtained achievable rotational speeds (theory curve in
Fig. 8.8) are in good agreement with those obtained experimentally for
the bigger spheres tested in this study but underestimate the mean of
the achievable rotational speeds for smaller spheres by up to 46 %. In
[39], this was attributed to a decreasing probability of ﬂaws in the rotor.
An improved estimate for the achievable rotational speed was obtained
by measuring the hardness of rotors of the same size and from the same
manufacturing batch as those used in the acceleration experiments. The
samples were prepared by grinding and polishing to expose diﬀerent inner surfaces. On these surfaces, the Vickers hardness was determined
at multiple locations using a microhardness tester (Wolpert MXT-α).
All measured hardness values were within 5 % of their mean for rotors
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0.794 mm and 0.8 mm, illustrating the inﬂuence of the material and thermal treatment
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without any additional material treatment. The UTS obtained from the
mean value of these measurements based on the model provided in [144]
was found to be higher than the aforementioned tabulated value. The
attainable rotational speeds estimated based on these results are shown
in Fig. 8.8 as lines with square markers alongside the respective UTS values. The deviation from the mean value of the experimentally obtained
rotational speeds is reduced to less than 12 %.
Further experiments were carried out with rotors that were thermally
treated prior to acceleration to reduce and equalize initial mechanical
stresses. The thermal treatment consisted of heating the rotors to 650 ◦ C
with subsequent slow cooling to room temperature. All obtained hardness measurements for such rotors were within 2 % of their mean. The
hardness, UTS, and bursting speeds of these samples were signiﬁcantly
decreased. The spread of the attained rotational speeds was greatly reduced with the range of all measured values lying within 2 % of their
mean. The predicted rotational speeds are within ∼ 5 % of the mea149
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sured values for these samples, which is a signiﬁcant improvement over
previous studies [6, 39]. The remaining underestimation of the achievable rotational speed is attributed to the conservative estimates for the
UTS based on the hardness [144] and the assessment of failure based on
Rankine’s theory [45]. Some plastic ductile material ﬂow near the axis
of rotation is expected to occur, which redistributes and, thereby, lowers
the stress inside the rotor.

8.5 Failure Mechanisms
To investigate the occurring failure mechanism at ultra-high rotational
speeds more closely, the bursting of rotors was recorded by means of
high frame rate photography. A high-speed camera (Photron FASTCAM SA1.1) was used to record 100 000 frames per second (fps) at a
shutter speed of 1/283 000 s. The low exposure time requires high intensity lighting, which was provided by a high brightness LED (Advanced
Illumination SL073) pointed directly into the camera lens from the opposite side of the rotor. The resulting images are provided in Fig. 8.9 and
shown the rotor shadow. At 100 000 fps the attained image resolution is
192x160 px with a spatial resolution of ∼23 μm/px (≈ 6 % of the rotor
radius) for the chosen ﬁeld of view. Higher frame rates would be possible,
but the spatial resolution would be decreased due to a smaller number
of recordable pixels.
Figure 8.9 shows a time lapse sequence of rotors (a = 0.4 mm) exploding due to a high centrifugal force. In (a), the levitated rotor is still
intact one frame before exploding. Frame (b) shows a rotor fractured
into multiple parts. Rotor fractures hitting the inner wall of the vacuum
glass tube, which are marked by red bars in all frames, are shown in
(c). Complete disintegration of the rotor occurs within less than 10 μs.
Therefore, the sequence was assembled by combining images from two
diﬀerent rotor explosions at 21.3 Mrpm (a), (c), as well as 23.4 Mrpm (b)
to enhance the temporal resolution. No obvious deformation of the rotor
is visible prior to explosion. Slight optical distortions are due to the circular glass vacuum tube. After hitting the walls of the vacuum chamber,
the latter is destroyed by the inertia of the rotor fragments. The images
conﬁrm that the achievable rotational speed is only constricted by the
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Figure 8.9: Rotors exploding due to high centrifugal force. High-speed image sequence showing a rotor (a = 0.4 mm), initially intact (a), fractured into multiple
parts (b), and individual fractures hitting the wall of the vacuum glass tube (c).

mechanical stress limit of the rotor and that the latter is levitated in a
stable manner until material failure occurs.
Subsequent to rotor failure, suﬃciently large fragments were collected
and their microscopic properties, particularly those of the fracture surfaces, were examined. Initial inspection of the rotor fragments was carried out using a zoom microscope (Leica M205 FA). Multifocus images
were generated by recording a stack of multiple images focused on different parts of the fragments followed by their digital assembly. Such
pictures are displayed in Fig. 8.10 and show that most of the larger fragments exhibit a wedge shape (a) and no signiﬁcant deformation of the
outer spherical contour. Some of the edges seem damaged and are contaminated by glass particles due to the collision with the vacuum tube.
Closer inspection of an exemplary surface of one of the fragments (b)
exhibits mostly characteristics typical of brittle tensile fracture, which
validates the appropriateness of the used failure theory.
In addition, three-dimensional surface structures of the fragments were
recorded using a laser scanning confocal microscope (Zeiss LSM 880).
The same surface as shown in Fig. 8.10(b) is displayed in Fig. 8.10(c)
including its three-dimensional structure. The acquired image data has
a spatial resolution of 0.35 μm in the x and y directions and 0.49 μm in
the z direction, respectively. It shows that there are no apparent voids or
defects at which stress concentration and commencement of the failure
could have occurred, which is in agreement with the theory stated in [39].
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Figure 8.10: Microscope images of exploded rotor fragments. (a) Overview of recovered larger wedge-shaped rotor fragments of a 0.8 mm diameter rotor. (b) Detailed
view of one exemplary surface of the fragments (red box). (c) Three-dimensional view
of a fracture surface highlighting its structure.
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In summary, the experimental ﬁndings are in good agreement with the
models provided in the previous chapters. A new highest measured rotational speed of 40.26 Mrpm for an electrically driven rotor was achieved
and a quantitative study of the achievable rotational speeds for various
rotors was presented.
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Chapter 9
Conclusion
9.1 Summary
A historical overview of high rotational speeds and their ﬁelds of application has shown that the highest rotational speed achieved by an electric
motor dates back to 1947 and had not been reproduced or exceeded since.
Recent years have shown an application-driven trend toward ultra-high
rotational speeds, which sparked interest in the underlying limits and
challenges.
To investigate and extend these boundaries, the modeling, design, and
implementation of an ultra-high-speed electric motor has been presented.
Guidelines for selecting suitable rotor materials and geometries have been
provided based on their speciﬁc strength and dynamic rotational stability,
respectively. To reduce bearing friction, a magnetic suspension system,
by which the rotor is levitated without mechanical contact, has been employed. An actuator that allows for the integration of a vacuum system
was designed, and a suitable topology for active magnetic stabilization of
all translatory degrees of freedom of the rotor was developed and implemented. A detailed analytical model of the drive, which operates by the
principle of a solid rotor induction machine, has been provided. In combination with mathematical models for the air friction losses and heat
transfer mechanisms between the rotor and its environment, the thermal
behavior of the rotor was assessed. It was shown that spinning the rotor
under vacuum conditions is necessary. Suitable stator designs capable of
handling the required magnetic ﬁeld frequencies in the megahertz range
were designed by employing power ferrite materials. A transmissive optical sensor system, which is capable of measuring the rotor position in
all degrees of freedom through the wall of the vacuum chamber, was de155
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veloped and implemented. Moreover, a sensor system for measuring the
rotational speed of the rotor based on the modulation of scattered light
has been demonstrated. A power electronics converter system and fully
digital control structure for the combined generation of high-frequency
drive currents and the coil currents for magnetic suspension of the rotor
was presented.
The aforementioned components were combined to implement an experimental prototype of the ultra-high-speed motor. The latter was used
to evaluate the performance of the active magnetic suspension system,
which was found to yield the desired damping and stable levitation of the
rotor throughout the entire attainable range of rotational speeds. The
experimentally identiﬁed system parameters were found to be in good
agreement with the provided theoretical values. The torque characteristics of the machine were veriﬁed through acceleration experiments and
found to match the provided models. To provide a statistically signiﬁcant number of samples for quantitative analyses, a series of acceleration
experiments to the bursting speeds of diﬀerent rotors was conducted.
An investigation of the failure mechanism was carried out by high-speed
imaging of the bursting process and subsequent microscopic analysis of
the rotor fragments. It was shown that the presented failure models are
suitable for predicting the achievable rotational speeds if close attention
is given to the exact rotor material properties, such as the tensile strength
and initial stress conditions.
During the acceleration experiments, ultra-high rotational speeds were
successfully reached in a repeatable manner. The highest rotational
speed achieved in this work was 40 260 000 rpm with a rotor of 0.5 mm
in diameter. To the author’s knowledge, this is the highest measured
rotational speed achieved by an electric motor to date. It succeeds that
published in 1947, which had not been reproduced or exceeded for almost
70 years.

9.2 Outlook
This thesis has provided insights into suitable technologies and their application for achieving ultra-high rotational speeds. Transferring these
ﬁndings to future drive systems will facilitate higher rotational speeds
and power densities.
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Possible areas of future research include:
 The presented experimental setup is relatively large due to the adjustment possibilities of the individual components. A signiﬁcantly
smaller, more integrated system would provide the possibility to
demonstrate ultra-high rotational speeds in a high density setup.
 If such a system can be manufactured with suﬃciently low tolerances, further downscaling of the rotor, and, thereby, an increase
of the achievable rotational speed seem possible. High precision
manufacturing techniques, such as those employed for PCB manufacturing could beneﬁcially be applied. Using even smaller rotors
would additionally require a redesign of the position sensor system
to yield suﬃcient sensitivity.
 An integrated system would also require an increased power density
of the power electronic converter system. Due to the high frequency
operation, GaN wide-bandgap semiconductor switches are expected
to yield signiﬁcant beneﬁts.
 New rotor materials, such as carbon-based atom structures, are
highly promising with regard to their speciﬁc strength and would
facilitate signiﬁcantly increased rotational speeds without further
downscaling of the rotor. As soon as suitable manufacturing techniques that allow for precise mesoscale assembly of such materials
become available, such rotors should be tested.
 If a higher motor torque is required, a rotor consisting of a permanent magnet could be employed. This would result in various
challenges. The achievable rotational speed for the same rotor size
would be lower than for the employed steels, due to the lower speciﬁc strength of common PM materials. Operation of the motor
based on the principle of a synchronous machine would require alterations to the stator design. Field-oriented control of the drive and
bearing currents at ultra-high rotational speeds would be highly
demanding with regard to the required control.
 Circumferential speeds of up to 1047 m/s and centrifugal accelerations of 4.47 × 108 g were reached in this work. Such high accelerations open up new possibilities for hypergravity and materials
testing experiments. To provide a suitable setup for such experiments, several adjustments to the current system, particularly with
regard to the vacuum chamber, would be necessary.
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 Possibilities for application of the presented principles to future
drive systems have to be analyzed based on the desired ﬁelds of use.
A partial redesign of the system components has to be undertaken
according to the imposed requirements.
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Appendix A
Magnetic Drive Field
Derivation
This appendix provides the calculation steps and boundary conditions
based on which the solution for the magnetic vector potential of the
drive ﬁeld inside and outside the rotor, as presented in Section 4.1.3, was
obtained.

A.1 Boundary Conditions
Calculation of the vector potential is divided into two regions, namely,
that inside the sphere (r ≤ a) and that around it (r > a). As the
surrounding is not conductive, σ = 0 holds outside the sphere, which
simpliﬁes

 + μ0 μr σ ∂ A = 0
− ΔA
(A.1)
∂t
to
 = 0.
ΔA
(A.2)
Two boundary conditions result from the requirements that the radial
component of the magnetic ﬂux density Brad and the tangential component of the magnetic ﬁeld Htan have to be steady, corresponding to
out
in
 · ||A||
 =0
 = 0 ⇔ Brad
− Brad
= 0 ⇒ (n × ∇)
(A.3)
n · ||B||
 = 0 ⇔ H out − H in = 0 ⇒ n × || 1 ∇
 × A||
 = 0,
n × ||H||
tan
tan
μ0 μr
(A.4)
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where n denotes the normal vector to the considered surface.
Far away from the sphere (r  a), the magnetic ﬂux density is homogeneous and not inﬂuenced by the rotor. Consequently, the vector
potential additionally has to fulﬁll the asymptotic condition

with

 −→ A
0 = 1 B
 0 × r
A
2

(A.5)

⎛ ⎞ ⎛ ⎞
er
r
r = ⎝0⎠ · ⎝eθ ⎠ .
0
eϕ

(A.6)

A.2 Vector Potential
Based on (A.5) and the formulated rotating magnetic ﬂux density
 0 = Re{B0bejωt },
B

(A.7)

the ansatz

 = 1 B0 Re{F (r)b × rejωt }
A
2
is used for the solution of
 =∇
 ×A

B

(A.8)
(A.9)

in the entire space. F (r) denotes a complex-valued function that describes the ampliﬁcation of the external magnetic ﬂux density B0 in the
various regions and has to be chosen such that (A.1) and all aforementioned boundary conditions are satisﬁed. In spherical coordinates, this
can be rewritten as
⎫
⎧
⎞ ⎛ ⎞
⎛
er
0
⎬
⎨
1
 = B0 r Re F (r) ⎝
⎠ · ⎝eθ ⎠ ejωt . (A.10)
j cos ϕ − sin ϕ
A
⎭
⎩
2
eϕ
− cos θ(cos ϕ + j sin ϕ)
For the space inside the sphere, using (A.10) in (A.1) results in F (r)
having to fulﬁll the ODE
∂ 2 F (r) 4 ∂F (r)
− jμσωF (r) = 0 for r ≤ a.
+
∂r2
r ∂r
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A solution can be obtained as


sin(cec r) cos(cec r)
F (r) = C1
−
= C1 f (cec r),
(cec r)3
(cec r)2

(A.12)

where C1 denotes an integration constant and the eddy current constant
was deﬁned according to [90] as
cec =


1−j
−jμσω =
δ

with the skin depth


δ=

2
.
μσω

(A.13)

(A.14)

In the space around the sphere, the condition σ = 0 simpliﬁes (A.11) to
∂ 2 F (r) 4 ∂F (r)
+
∂r2
r ∂r

for r > a,

(A.15)

for which the solution

1
(A.16)
r3
with two additional integration constants C2 and C3 can be obtained.
F (r) = C2 + C3

To fulﬁll the boundary condition of (A.3),
F out (r → a) − F in (r → a) = 0

(A.17)

has to hold. Using (A.12) and (A.16) yields
F (r) = C1

f (cec r)
f (cec a)

and
F (r) = C2 + C3
respectively. Moreover,

 a 3
r

(A.18)

,

C1 = C2 + C3

(A.19)
(A.20)

has to hold. The asymptotic condition of (A.5) yields
F (r) → 1

for r  a,

(A.21)
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which resutls in C2 = 1.

The boundary condition of (A.4) results in the diﬀerential equation


∂F out (r → a)
1
out
r
+ 2F (r → a)
μ0
∂r
(A.22)


1
∂F in (r → a)
−
r
+ 2F in (r → a) = 0.
μ
∂r
From this, C3 can be derived as
C3 = D(cec a) =

(2μr + 1)g(cec a) − 1
,
(μr − 1)g(cec a) + 1

(A.23)

where
g(cec a) = f (cec a)

1 − (cec a) cot(cec a)
cec a
=
.
sin(cec a)
(cec a)2

This results in
F in (r) = [1 + D(cec a)]
and
F out (r) = 1 + D(cec a)

f (cec r)
f (cec a)

(A.24)

(A.25)

 a 3

.
(A.26)
r
Inserting this solution into the ansatz (A.8) and taking the material
relations into account yields
%
$
 = 1 B0 Re [1 + D(cec a)] f (cec r) b × rejωt
A
(A.27)
2
f (cec a)
and

%
$
f (cec r) 
B0
2
jωt
b
×

r
e
Re
(c
a)
[1
+
D(c
a)]
J =
ec
ec
2μa2
f (cec a)

for r ≤ a and
 = 1 B0 Re
A
2
162

%
$
 a 3 
jωt

b × re
1 + D(cec a)
r

(A.28)

(A.29)

A.2. Vector Potential

for r > a. These solutions have been used for the considerations presented in Chapter 4.
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