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Abstract. Let £ be a holomorphic vector bundle on a complex manifold X such that
dim¢ X = n. Given any continuous, basic Hochschild 2n-cocycle 19, of the algebra Diff,, of
formal holomorphic differential operators, one obtains a 2n-form fg ., (D) from any holo-
morphic differential operator D on £. We apply our earlier results [J. Noncommut. Geom.
2 (2008), 405-448; J. Noncommut. Geom. 3 (2009), 27-45] to show that [y fe p,, (D)
gives the Lefschetz number of D upto a constant independent of X and £. In addition,
we obtain a “local” result generalizing the above statement. When 19, is the cocycle from
[Duke Math. J. 127 (2005), 487-517], we obtain a new proof as well as a generalization
of the Lefschetz number theorem of Engeli-Felder. We also obtain an analogous “local”
result pertaining to B. Shoikhet’s construction of the holomorphic noncommutative residue
of a differential operator for trivial vector bundles on complex parallelizable manifolds.
This enables us to give a rigorous construction of the holomorphic noncommutative residue
of D defined by B. Shoikhet when & is an arbitrary vector bundle on an arbitrary compact
complex manifold X. Our local result immediately yields a proof of a generalization of
Conjecture 3.3 of [Geom. Funct. Anal. 11 (2001), 1096-1124].

Key words: Hochschild homology; Lie algebra homology; Lefschetz number; Fedosov con-
nection; trace density; holomorphic noncommutative residue
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1 Introduction

1.1. Let X be a connected compact complex manifold such that dim¢ X = n. Let £ be a holo-
morphic vector bundle on X. In this paper, the term “vector bundle” shall hence forth mean
“holomorphic vector bundle”. Let Diff(£) denote the sheaf of holomorphic differential operators
on &. Let Qg&' denote the Dolbeault resolution of the sheaf Ox of holomorphic functions on X.
Let Diff*(€) = Qg&' ®oy Diff(€) and let Diff*(£) = I'(X, Diff*(£)). There is a suitable topology
on Diff*(€) which we describe in Section 2. Recall that any global holomorphic differential
operator D induces an endomorphism of the Dolbeault complex K*¢ :=T'(X, Qg&' ®oy €) that
commutes with the 0 differential. The Lefschetz number of D, also known as the supertrace
of D,

str(D) := > (—=1)"Tr(D)|yi(x )
i
therefore makes sense. More generally, let £ be a vector bundle with bounded geometry on an
arbitrary complex manifold X of complex dimension n. The reader may refer to Section 2.2

for the definition of “bounded geometry”. There is a complex hoch(Diff(£)) of “completed”
Hochschild chains that one can associate with Diff*(£). This is a complex of (c-soft) sheaves
of C-vector spaces on X. Let I'. denote “sections with compact support”. Suppose that o €

I'.(X, hoch(Diff(£))) (see Section 2 for precise definitions). Let o denote the component of «
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with antiholomorphic degree 0. For any t > 0, apge *2¢ is a trace class operator on the (graded)
Hilbert space K®¢ 12 of square integrable elements of K®*¢ (Theorem 4, part 1). The supertrace
str(ape t2¢) of age ¢ is given by the formula

str (aoe_m‘f) = Z (—=1)"Tr (aoe_mg )k

- £,L2
1

We may define the Lefschetz number of « to be

. —tA
t]iglo str (aoe 5).
When X is compact and a = D is a global holomorphic differential operator on £, this coincides
with the Lefschetz number of D defined earlier (any vector bundle on a compact manifold is of
bounded geometry).

1.2. Let Diff;, denote the algebra C[[y1, ..., yn]][01,...,0n] (0; :== 8%1) of formal holomorphic
differential operators. Denote the complex of continuous normalized Hochschild cochains of
Diff,, with coefficients in Diff; by C*(Diff,). Let w9, be a cocycle in C?"(Diff,). For an al-
gebra A, let M, (A) denote the algebra of r x r matrices with entries in A. Then 1)y, extends to
a cocycle ¢ in C?"(M,.(Diff,,)) by the formula

Y5, (Ao ® Do, ..., Aopy1 @ Dopy1) = tr(Ag -« - Aapt1)V2n (Do, - . ., Dang1). (1)

Note that the group G := GL(n,C) x GL(r,C) acts on the algebra M, (Diff,,) with GL(r,C)
acting by conjugation and GL(n,C) acting by linear coordinate changes. It can be checked
without difficulty from (1) that if 19, is GL(n)-basic, then ¢4, is G-basic. We will define the
term basic carefully in Section 3.2.2.

Given a basic Hochschild 2n-cocycle 19, a Gel'fand—Fuks type procedure (which extends
a construction from [10] and [17]) enables one to construct a map of complexes of sheaves

—~—

e © hoch(Diff(E)) — Q2~*,

where the target has the usual de Rham differential (see Section 3.2 for details). Our extension
of the construction from [10, 17] is made possible by a result from [7] (Theorem 5) showing
the existence of a “good” choice of Fedosov connection on the bundle Bg of fibrewise formal
differential operators on £. fg 4, induces a map of complexes

—_—~—

fe o+ Te(X, hoch(Diff(£))) — Q2" *(X).

The subscript ‘¢’ above indicates “compact supports”. As a map of complexes of sheaves,
f& b, depends upon the choice of a Fedosov connection on Bg. Nevertheless, as a map in the
bounded derived category D’(Shc[X]) of sheaves of C-vector spaces on X, fg ,, is independent
of the choice of Fedosov connection on the bundle of fibrewise formal differential operators on £
(see Proposition 15). Let 7o, denote the normalized Hochschild cocycle from [11]. Let [---]

denote “class in cohomology”. Since HH?"*(Diff,) is 1-dimensional, the ratio % makes sense.

1.3. One of the main results in this paper (proven in Section 3) is the following.

P

Theorem 1. If a € I'.(X, hoch(Diff(£))) is a 0-cycle,

[2n] . “tAg
an] tliglo str(aoe )

[ S e) = (2"
X

A special case of the above theorem, when o = D is a global holomorphic differential operator
on X and when X is compact is as follows.
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Theorem 2.

[¢2n]

[72n]

/ fein (D) = (2mi)" 2200 0 (D).
X

Theorem 1 is proven using results from [18] and [19]. If 19, is known explicitly, fg(a) can in

principle be locally calculated explicitly for a € I'.(X, hoch(Diff(E))).

1.4 In particular, if we put v, to be the normalized Hochschild cocycle 79, of [11], the
2n-form fg 5, (D) was denoted in [10] by xo(D). We therefore obtain a different proof of the
following Lefschetz number theorem of [10] as well as a generalization of this result.

Engeli-Felder theorem [10]. If X is compact and D € T'(X, Diff(£)),

str(D) = (2;.),1 | ()

We sketch in a remark Section 3.5 why the map o — fX [ 4y, (@) may be viewed as an
“Integral of ¢4 over X” in some sense. Upto this point, this paper completes our work in [18]
and [19] by combining the results therein with an extension of the trace density construction
of [10] using a more delicate choice of Fedosov connection on Bg.

1.4.1. Let us briefly summarize our approach to Lefschetz number formulae for differential
operators in [18; 19] and the current paper. Our approach is to show that the two sides of

Theorem 1 coincide upto a constant fact C(1)2,) independent of X and £ such that C(¢,) =

W’Qn]

[T2n]

beyond proving that a — lim str(age
t—o0

C(72p). Compared to the approach in [10], the analytic routine part of this step is minimal:

—tA¢) vanishes on 0-boundaries (which required only the

most basic heat kernel estimates (see [18])), this step requires a few simple, natural arguments
from [18, 19] and the current paper. C(72;,) can then be determined by computing both sides of
Theorem 1 for the identity operator on (P')™" (see [19]). In particular, the local, more general
result of Theorem 1 is an integral part of our approach and the Engeli-Felder formula follows
as a direct corollary of this result. As far as this author can see, local results like Theorem 1 do
not appear in the approach in [10].

1.5. We proceed to prove Conjecture 3.3 from [20] in greater generality. In [20], B. Shoikhet
starts with a particular 2n 4+ 1 cocycle Wo, 41 € Ci?eﬂ(g[fogl(Diffn), C) called a lifting formula.
He then attempts to construct a map of complexes

©: Ci(gl™(Diff(€)),C) — Q> *(X).

For any global holomorphic differential operator D on &, he refers to the number [ ©(E11(D))
as its holomorphic noncommutative residue (whenever X is compact). Since WUgp 41 is not GL(n)-
basic, this cannot be done as directly as in [20] unless X is complex parallelizable and £ is trivial
(as per our understanding).

One can construct a complex of “completed” Lie chains ITi/e(Diff(é’)) of gllin(Diff(£)) (see
Section 2.4). This complex is analogous to m(Diff(S )). For a trivial vector bundle £ (with
bounded geometry) on a parallelizable (not necessarily compact) complex manifold X, we con-
struct a map of complexes of sheaves

A5, ) Lie(Diff(£))[1] — Q3

using B. Shoikhet’s lifting formulas. Let a € T'o(X, Lie(Diff(€))[1]) be a nontrivial 0-cycle. The
component ag of a of antiholomorphic degree 0 is a finite matrix with entries in Diff?(&).
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Theorem 3.

/X /\(\IJQn—H)(CY) =C. lim StI‘(Tr(oéo)e_tAs)7

t—o00
where C is a constant independent of X and E.

We prove Theorem 3 in Section 4.2. The methods used for this are similar to those used
in [18] and [19]. In Sections 4.2.5 and 4.2.6, we provide a rigorous (though not as explicit as
we had originally hoped for) definition of B. Shoikhet’s holomorphic noncommutative residue
of a holomorphic differential operator D on & for the case when £ is an arbitrary vector bundle
over an arbitrary compact complex manifold X. Theorem 3 easily implies that this number is C'
times the Lefschetz number of £ (C' being the constant from Theorem 3). We also remark that
if we replace ¥o, 11 by a GL(n)-basic cocycle Og, 11 representing the cohomology class [Wa, 1],
Theorem 3 holds in full generality (i.e., for arbitrary vector bundles with bounded geometry
over complex manifolds that are not parallelizable). Indeed, the proof of Lemma 5.2 of [10] can
be modified to show the existence of such a GL(n)-basic representative of [Wa,11]. This settles
Conjecture 3.3 of [20].

Convention 0. We now state some conventions that stand throughout this paper.

(i) The term complex shall be understood to mean a complex with homological grading with
one exception that we point out in (iv) below.

(ii) The term double compler will mean “complex of complexes”. Let {C},,} be a double
complex with horizontal and vertical differentials dj and d, respectively. One associates
two total complexes Tot®(C) and Tot'(C') with the double complex C', where

(Tot®(C)), = Dprq=nCpq:  (Tot™(C)), :=Mprg=nCpyq-

The differential we use on the shifted total complexes Tot®(C)[k] and Tot™(C)[k] will
satisfy d(z) = dp(z) + (—1)ld,(2) for any homogenous element z of Tot(C)[k].

(iii) The DG-algebras that we work with naturally come with cohomological grading. If A®
is a (cohomologically graded) DG-algebra, we automatically view it as a homologically
graded algebra by inverting degrees (i.e., elements of A™ have chain degree —n). The
notation A® in this case is still continued in order not to introduce unnatural notation.
The same principle holds for DG-modules over DG-algebras that we work with.

(iv) When computing the hypercohomology of a complex F, of sheaves on X, we convert F,
into a complex with cohomological grading by inverting degrees.

(v) For a complex F, of sheaves on X, He(F) shall denote the (graded) sheaf of homologies
of Foe.

e~ —

2 The Hochschild chain complex I'( X, hoch(Diff(£)))
and other preliminaries

2.1. Let Diff*(£)(U) denote T'(U, Qgg' ®oy Diff(€)). Let A® be any DG-algebra. Let Co(A®)
denote the complex of Hochschild chains of A®*. Whenever necessary, Co(A®) will be converted to
a cochain complex by inverting degrees. Note that the differential on C,(Diff*(€)(U)) extends
to a differential on the graded vector space @ Diff*(E2*)(U*)[k — 1] where £%¥ denotes the
vector bundle 7€ ® - - ® 7€ on XF* (with j X* — X denoting the projection to the j-th

factor). We denote the resulting complex by é\.(l)iff' (E)0)).
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Let hoch(Diff(£)) denote the sheaf associated to the presheaf
U — C.(Diff*(€)(U))

of complexes of C-vector spaces. Note that left multiplication of a homogenous element of
Diff*(£)(U) by a smooth function on U is well defined. It follows that each Diff*(£¥*)(U*) is
a graded left C*°(U)-module via

f.D:=mi(f).D forall feC®U), D e Diff*(E¥)(U").
Hence, hoch/(_iiﬁ(g)) is a complex each of whose terms is a module over the sheaf of smooth
functions on X (though the differential is not compatible with this C*°-module structure). It

—~—

follows that hoch(Diff(£)) is a complex of flabby sheaves on X. Therefore,

H. (T(X, hoch(Diff(€)))) =~ H* (X, hoch(Diff(£))). 2)
Here, one must convert the chain complex hoch/(Bff(é’)) into a cochain complex by inverting
degrees before taking hypercohomology.

Proposition 1.

P

H;(I'(X, hoch(Diff(£)))) ~ H*"(X,C)  whenever 0<i < 2n.

Proof. Note that the differential on the Hochschild chain complex Co(I'(U, Diff(£))) extends to
a differential on the graded vector space @;I'(U*, Diff(€%))[k — 1]. Call the resulting complex
Co(T'(U, Diff(£))). One can then consider the sheaf Cq(Diff(£)) associated to the presheaf

U+ Co(L (U, Diff(€)))

of complexes of C-vector spaces. We claim that the natural map of complexes from é\.(Diff(E )

to hoch(Diff(£)) is a quasiisomorphism. To prove our claim, it suffices to verify that the
natural map of complexes from C, (Diff(€)) to hoch(Diff(€)) locally induces an isomorphism
on cohomology sheaves. Indeed, on any open subset U of X on which £ and T)l(’0 are trivial,
the natural map from T'(U*, Z_Diff(é’m)) to I'(U*, Diff*(£%*)) is a quasiisomorphism (since Oy
is quasiisomorphic to (Qg&;,@) and T'(U*, Diff(€¥F)) is a free module over T'(U*, Oxx)). The
desired proposition then follows from (2) and the fact that é\.(Diff(S)) is quasiisomorphic to
the shifted constant sheaf C[2n]. This fact (see [18, Lemma 3]) is also implicit in many earlier
papers, for instance, [5]. |

P

Convention 1. Whenever we identify H;(T'(X,hoch(Diff(£)))) with H**~{(X,C), we use

—~

the identification coming from a specific quasiisomorphism between Cq(Diff(E)) and C[2n]. This
quasiisomorphism is constructed as follows. “Morita invariance” yields a quasiisomorphism
between C,o(Diff(£)) and Co(Diff(X)) (see the proof of Lemma 3 of [18]). By a result of [5],

Co(Diff(X)) is quasiisomorphic to C[2n]. The quasiisomorphism we shall use throughout this
paper is the one taking the class of the normalized Hochschild 2n-cycle

0 0
Z sgn(a) <1azlaaz7"'72nvaz>
0€Son ! "

to 1[2n] on any open subset U of X with local holomorphic coordinates z1, ..., z,. We remark
that in the above formula, any permutation ¢ in Ss, permutes the last 2n factors leaving the
first one fixed. We denote this identification by Bg as we did in [18].
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2.1.1. As in [18], we define a topology on Diff*(€) as follows. Let Diff<¥*(&) denote
X, Qgé' ® Diff<*(€)) where DiffS*(£) denotes the sheaf of holomorphic differential operators
on & of order < k. Equip £ and Qg&' with Hermitian metrics. Equip DiffS¥*(€) with the
topology generated by the family of seminorms {|| - |4 ks | K C X compact, s € I'(K,E @ Q°),
¢ a C*= differential operator on £} given by

1Dl]g,5c,s = Supfl[¢D(s)(2)]| | = € K7}

The topology on Diff*(£) is the direct limit of the topologies on the Diff<**(&). More generally,
for any open subset U of X, one can define a topology on I'(U, Diff*(£)) in the same way.

2.2. Let £ be a holomorphic vector bundle on an arbitrary connected complex manifold X.
Let Ag denote the Laplacian of £ (for the operator dg). This depends on the choice of Hermitian
metric for £ as well as on a choice of a Hermitian metric for X. Recall that Ag = A + F where
A¢ is the Laplacian of a C*-connection on & (see Definition 2.4 of [2]) and F' € T'(X,End(€)).

Definition 1. We say that £ has bounded geometry if for some choice of Hermitian metric on &,
there exists a connection Vg on & such that Ag = A® + F, where A¢ is the Laplacian of V¢ and
F e I'(X,End(€)), and all covariant derivatives of the curvature of V¢ as well as those of F are
bounded on X. In particular, any holomorphic vector bundle on a compact complex manifold
has bounded geometry.

Let € be a vector bundle with bounded geometry on X. Let K®¢ ;2 denote the Hilbert space
of square integrable sections of K®¢. Then, e *A¢ makes sense as an integral operator on K®¢ ;2
for any ¢t > 0 (see [9]). Let I'. denote the functor “sections with compact support”. Suppose that

a € T'o(X,hoch(Diff(£))) is a O-chain. Let ag denote the component of o with antiholomorphic
degree 0. We recall the main results of [18] and [19] in the following theorem.

Theorem 4.
(1) For any 0-chain o, oy e tA¢ s a trace class operator on K®¢ 12 for any t > 0.
(2) Further, if a is a 0-cycle,

lim str(age "2¢) = (27:2)71 /X[a],

t—o00

where [a] denotes the class of o in H2"(X,C).

Remark 1. Let us recall some aspects of [18] and [19]. When X is compact, the linear functional
: —tAg
a tliglo str(age ) (3)

—_—

on I'c (X, hoch(Diff(£))) is really an extension of the Feigin-Losev—Shoikhet—Hochschild 0-cocycle
of Diff*(£). We therefore, denote the linear functional given by (3) by I}}%icsh. To show that the

P

Feigin-Losev—Shoikhet cocycle indeed gives a linear functional on Ho(I'(X, hoch(Diff(£)))) takes
the sole computational effort in this whole program. The crux of this is a certain “estimate” of
the Feigin—Losev—Shoikhet cocycle (Proposition 3 of [18]). This estimate is proven in “greater
than usual” detail in [18]. It is done using nothing more than the simplest heat kernel estimates
(Proposition 2.37 in [2]).

The second part of Theorem 4 can be exploited to extend the Feigin—Losev—Shoikhet cocycle

P

to a linear functional on certain homology theories that are closely related to hoch(Diff(£)).
2.3. Cyclic homology. One obtains a “completed” version of the Bar complex of
(U, Diff*(€)) by replacing T'(U, Diff*(£))®* by I'(U*, Diff*(€¥*)). Sheafification then gives
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e~

us a complex bar(Diff(£)) of sheaves on X having the same underlying graded vector space as

hoch(Diff(£)). One can then construct Tsygan’s double complex
1-t N 1-t
% R <— c . <— o

hoch(Diff(€)), +—— bar(Diff(€)), +——— hoch(Diff(£)), +—— -

hoch(Diff(€)), +—— bar(Diff(£)), +—— hoch(Diff(£)), +—— ---

hoch(Diff(£)), «+—— bar(Diff(€)), +—— hoch(Diff(£)), «—— ---

1—t N 1—t

The total complex of this double complex is denoted by Cycl(Diff(€)). Here, the operator ¢
acts on I'(U, Diff*(£))®* by

Dy @@ Dy, — (_1)k(_1)dk(d1+~.-+dk_1)Dk D1 ®---Q Dp_1,

where the D; are homogenous elements of I'(U, Diff*(£)) of degree d;. t then extends to

P

L(U*, Diff*(£¥)) by continuity. It further extends to a map from bar(Diff(£)) to hoch(Diff(E))
by sheafification. Similarly, N is the extension of the endomorphism 1+t + > 4 --- + tF~1 of

I'(U, Diff*(£))®* to a endomorphism of the graded vector space hoch(Diff(€)). One can also

—_—~— e/~

consider the Connes complex Co(Diff(€)) := hoch(Diff(£))/(1—t). There is a natural surjection

o~

IT : Cycl(Diff(£)) — Co(Diff(£)) given by the quotient map on the first column of the double
complex (4) and 0 on other columns. We omit the proof of the following standard proposition.

Proposition 2. II is a quasi-isomorphism.

Applying the linear functional I2¢% on the first column of the double complex of com-

pactly supported global sections of the double complex (4), one obtains a linear func-
tional I}?Egl on I'o(X, Cycl(Diff(£))). Moreover, the endomorphism 1 — ¢ of the vector space

I'.(X, hoch(Diff(£)),) kills the direct summand Diff’(€). By definition, 1% («) depends only
on the component of o in Diff’(£). It follows that IBoh vanishes on the image of 1 —¢. It

P

therefore, induces a linear functional on I'.(X, Co(Diff(£))) which we will denote by I5°s. More

explicitly, if o is a O-chain in I'.(X, Co(Diff(£))), I5 s (@) = lims, oo str(age *A¢) where ap is the
component of « in Diffo(é’ ). The following proposition is a consequence of part 2 of Theorem 4.

Proposition 3. I}gﬁ'gl and IS0 descend to linear functionals on Ho(Te(X, Cycl(D/_\if/f(E)))) and
Ho(To(X, Cycl(Diff(£)))) respectively.

Proof. We have already observed that If%ﬁcsh vanishes on the image of 1 — ¢ in

—_—

I'c(X, hoch(Diff(£)),). That it also vanishes on the image of the Hochschild boundary b of

e

I'.(X, hoch(Diff(£))) is implied by part 2 of Theorem 4. The desired proposition then follows

from the construction of Igﬁ’gl and I}gfs- [ |



8 A.C. Ramadoss

We recall from [19] that

—_—~—

Hy(T.(X, Cycl(Diff(€)))) ~ H*"(X, C).

It follows from Proposition 2 that

Ho(T'o(X, Co(DIff(€)))) =~ H(X, C)
as well. Denote the natural projection from T'.(X, hoch@ﬁ(f))) to T'e(X, Co(?);ff/(é'))) by p.
The following proposition is immediate from the definition of Igfs.

Proposition 4. The following diagram commutes.

Ho (X, hoch(DIF(£)))) 22 Hy(I'.(X, Co(DIFF(£)))
| e Igs |
C < C

Note that if 3 is a nontrivial 0-cycle of I'c (X, hochTﬁff(S ))), the above proposition and Theo-

rem 4 together imply that II%?S (p(B)) = o= Jx1B] # 0. Therefore, IEQI?S is a nontrivial linear

(2mo)™
functional on Ho(I'<(X, Co(Diff(£)))).

2.4. Lie algebra homology. We begin this subsection by reminding the reader of a con-
vention that we will follow.

Convention 2. Let g be any DG Lie algebra with differential of degree 1. By the term
“complex of Lie chains of g”, we shall refer to the total complex of the double complex {C), ; :=
(APg)_glp > 1}. The horizontal differential is the Chevalley-Eilenberg differential and the
vertical differential is that induced by the differential on g. Note that our coefficients are in the
trivial g-module, and that we are brutally truncating the column of the usual double complex that
lies in homological degree 0. In particular, if g is concentrated in degree 0, we do not consider
Lie O-chains of g.

2.4.1. Recall that Diff*(£) is a sheaf of topological algebras on X. Over each open
subset U of X, the topology on I'(U, Diff*(£)) is given as in Section 2.1.1. It follows that
gl,.(Diff*(£)) is a sheaf of topological Lie algebras on X with the topology on I'(U, gl,.(Diff*(£)))
induced by the topology on T'(U, Diff*(£)) in the obvious way. Treating I'(U, gl (Diff*(£)))
as the direct limit of the topological vector spaces I'(U,gl,.(Diff*(£))) makes gli(Diff*(€))
a sheaf of topological Lie algebras on X. In this case, the complex of “completed” Lie chains
al.le(F(U,g[g’(Diff'(E)))) is obtained by replacing AFT(U, gIi®(Diff*(£))) by the image of the
idempotent -; > oes, sen(o)o acting on gl (C)®F @ T (U*, Diff*(E¥F)). Here, o acts on the fac-
tors gi"(C)®* and T(U*, Diff*(£¥F)) simultaneously. In an analogous fashion, one can construct
the complex (A]l,le(F(U, gl (Diff(£)))). Note that al,le(F(U, glln(Diff(£)))) is quasi-isomorphic to
(Ajl,le(F(U, gl (Diff*(£)))) since the columns of the corresponding double complexes are quasi-
isomorphic.

Definition 2. We define Iji:a(Diff(S )) to be the complex of sheaves associated to the complex
of presheaves

U+ G (D(U, gl (DIt (£)))
of C-vector spaces on X.

In the proposition below, the subscript ‘c’ indicates “compact supports”.
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Proposition 5.
H; (X, Lie(Diff(£)))) ~ H.*(Sym™'(C2n + 1] © C[2n + 3] & - --)).

Proof. Recall from [12] as well as Section 10.2 of [15] that for any C-algebra A, we have an
isomorphism

HY (9150 (4)) = Sym=" (HC.(A)[1]).
Section 10.2 of [15] shows the following facts
(i) The complex CLe(gllin(A)) gifin(c) 18 @ commutative and cocommutative DG-Hopf-algebra.

(ii) One has a quasiisomorphism from the primitive part Prim(Cl,ie(g[f)gl(A))g[fin((c)) to the
Connes complex CJ(A)[1].

(iii) The natural map of complexes CL¢(gllin(A4)) — Clie(gifin(A)) (fin(cy IS a quasi-isomorphism.

g

It follows from these facts (and the Milnor-Moore and PBW theorems) that one has the
quasi-isomorphisms

CE (gl (A)) = CL (IR (A)) gim oy = Sym™" (Prim(C (gl (A)) yoin )
Sym=! (Prim(CJ* (9152 (4)) ggin ) — Sym="(CI(A)[1]),
Sym=!(CCa(A)[1]) = Sym="(CL(A)[1)).

The reader should recall that we follow Convention 2 when defining the Lie chain complex.
The last quasi-isomorphism above is induced by the standard quasi-isomorphism from CCq(A)
to C)(A). The discussion of Section 10.2 of [15] goes through with the obvious modifications
when the algebra A is replaced the sheaf of topological algebras Diff(£) and Lie algebra and cyclic
chains are completed in the sense mentioned above (see Section 2.3.3 of [4] for a similar assertion
in the C* case). Recall from [22] (see also [23, 18]) that the completed cyclic chain complex
of Diff(€) is quasi-isomorphic to C[2n] & C[2n + 2] & ---. It follows that al.le(g[gl(l?iff(é')))
is isomorphic to Sym=!(C[2n + 1] ® C[2n + 3] @ ---) in the derived category D(Sh¢(X)) of
sheaves of C-vector spaces on X. Further note that al,le(g[igl(Dif (€))) is quasi-isomorphic to
Lie(Diff(€)) (since Ox is quasi-isomorphic to Qg{). Hence, H(Lie(Diff(€))) is isomorphic to
H (Sym="(C[2n + 1] © C[2n + 3] @ - - -)) for all i.

As in Section 2.1, one argues that Lie(Diff(£)) is a complex of flabby sheaves on X. Hence,
H;(T.(X, Lie(Diff(£)))) is isomorphic to H *(Lie(Diff(£))), proving the desired proposition. B

Note that Sym=!(C[2n+1]®C[2n+3]@- - -) is a direct sum of copies of the constant sheaf C
concentrated in homological degrees > 2n + 1. Let a(n, i) denote the number of partitions of i
into pairwise distinct summands from the set {2n+1,2n+3,2n+5, ... }. By Proposition 3.2.2
of [14],

Corollary 1. H;(T.(X, I?fe(Diff(S)))) ~ @jeZHZ(X, C)*i+9) for all i € Z. In particular,
Hy (To(X, Lie(Diff(€)))) ~ H2"(X,C) and H;(T'.(X, Lie(Diff(£)))) ~ 0 Vi < 0.

2.4.2. For any algebra A, we have a map of complexes
L: CF(gl(A)[] — CH(A),

where the right hand side is the Connes complex of A (the quotient of the Hochschild chain
complex of A by the image of 1 —t). To be explicit, a Lie k 4+ 1 chain My A - -+ A M}, maps to
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the k-chain Zaesk Mo ® My(1) @ -+ - @ My of C)(My(A)) for N sufficiently large. One then
applies the generalized trace map to obtain a k chain in C;\(A).

It is easily verified that the map L extends by continuity to a map of complexes
from al.le(F(U,g[fo;‘f’(Diff'(E))))[l] to the completed Connes complex for I'(U,Diff*(£)). By
sheafification followed by taking g/lc\)?@l sections, it further yields a map of complexes from
(X, I%(Diff(é‘))[l]) to I'.(X, Co(Diff(£))) which we shall continue to denote by L.

Proposition 6. L induces a nonzero map from

—~—

Ho(To(X, Lie(Diff(£))[1]))  to  Ho(Te(X, Co(Diff(€)))).

Proof. Recall from [15] that for any algebra A, L induces an isomorphism between the
primitive part of HY¢(gll"(A4)) and HC,_1(A). For the topological algebra I'(U, Diff*(£)) on
a sufficiently small open subset U of X, it induces an isomorphism between the primitive part
of H.(@l,le(F(U,g[iion(Diff'(E))))) and the completed cyclic homology of I'(U, Diff*(£)). In par-

ticular, it induces an isomorphism between

Hy, (G (DU ol (DI (€)[1])  and  Hyy (Cy(D(U, glf (DifF (£))))

both of which are isomorphic to C. The desired proposition follows from this. |

It follows from Propositions 4 and 6 that the map Il%‘js o L induces a nonzero linear functional
on Ho(Tc(X, Lie(Diff(€))[1])). We will denote this linear functional by Il ¢ at the level of chains

as well as on homology. Note that if « is a 0-chain in I';(X ,I%(Di'ff(é‘))[l]), the component
of L(a) in Diff’(&) is Tr(ap) where ag is the component of « in gli?(Diff’(£)) and Tr is the
usual matrix trace. Therefore,

e y(a) = tlipoao str(Tr(ozo)e_tAg).

Let F be another holomorphic vector bundle on X. There is a natural map ¢ : Diff*(€) —
Diff* (€ & F) of DG-algebras on X. ¢ induces a map

. To(X,Lie(Diff(€))[1]) — Te(X, Lie(Diff(€ & F))[1]).

Proposition 7. The following diagram commutes

Ho(T(X, Cie(Ditf(€)) 1)) 2D Ho (I (X, Tie(Ditf(E & F))[1)))
| e e |
C SRLIEN C

Proof. Let o be a 0-chain in FC(X,ITi:a(Diff(S))[l}). Clearly, Tr(z(a)o) = ¢(Tr(ap)). It then
follows immediately that

lim str(Tr(z ~tAcer) = lim str(T —tAe
Jim s r(Tr(z(ao))e ) Jim s r(Tr(ag)e )
provided the Hermitian metric on £ @ F is chosen by retaining that on £ and choosing an
arbitrary Hermitian metric on F. Part 2 of Theorem 4 however, implies that on homology,
Ill:lig 7 g independent of the choice of Hermitian metric on £ & F. This proves the desired
proposition. |
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3 Differential forms computing the Lefschetz number

3.1. Fedosov differentials. The material in this subsection is a by and large a rehash of
material from [10] and [20]. We extend a Gelfand-Fuks type construction from [10] in this
section. This construction is a version of a construction that was originally done in [13] by
I.M. Gel’fand and D.B. Fuks for Lie cocycles with trivial coefficients for the Lie algebra of
smooth vector fields on a smooth manifold. We begin by recalling the construction from [10].

3.1.1. Let r be the rank of £. Let J,& denote the bundle of p-jets of local trivializations of £.
In particular, J;€ is the extended frame bundle whose fiber over each z € X consists of the set
of all pairs comprising a basis of T)I(’(; and a basis of &,. The group G := GL(n,C) x GL(r,C)
acts on the right on J,& for each p7. More specifically, given a local isomorphism of bundles
C* x C" — &, GL(n,C) acts by linear coordinate transformations on C™ and GL(r,C) acts by
linear transformations on C". This makes J1& a principal G-bundle. Let J.& denote @JPE .
Since the natural submersions J,1€ — J,€ are G-equivariant, the natural map Jo& — Ji€
descends to amap Jo&/G — J1E/G = X. Since the fibres of this map are contractible (see [10]),
there exists a smooth section ¢ of Joo€/G over X. This is equivalent to a G-equivariant section
of Joo& over J1E. This section is unique upto smooth homotopy.

3.1.2. Let O, denote C|[y,...,yn]]- Let W, denote the Lie algebra of formal holomorphic

n

vector fields (i.e., those of the form Y fi(y1,...,yn)0; with f; € O, and 9; := a%_). Let W, ,
i=1 !

denote the Lie algebra W, x gl,.(O,). This semidirect product comes from the action of W),
on gl(O,,) by derivations. We recall from [10] that there is a map of Lie algebras from W, , to the
Lie algebra of holomorphic vector fields on J,& which yields an isomorphism W,,, — T, ;’OJOOE
for each ¢ € J&. This is equivalent to a W), ,-valued holomorphic 1-form 2 on J& satisfying
the Maurer—Cartan equation

1
dQ +5[0,9) = 0.

Since there is a natural map of Lie algebras W, , — M,.(Diff,,), 2 may be viewed as a Maurer—
Cartan form with values in M, (Diff,,).

We clarify that for each ¢ = (¢,) a point in J&, T(;’OJOOS = @T;;OJPE and Q;’OJOOE =
@Q;prg, etc. This is compatible with the definition of J.& as @Jpé‘. This enables us to
make sense of tangent and cotangent spaces of the “infinite dimensional complex manifold” J..&,
and hence, make sense of vector fields and differential forms on J.&.

3.1.3. Consider the bundle B¢ := J1€ x¢ M, (Diff,,) of algebras with fiberwise product. Any
trivialization of J1&€ over an open subset U of X yields an isomorphism of algebras

C>(U, Bg) ~ C*=(U, M, (Diff,,)). (5)
More generally, a trivialization of J1£ over U yields an isomorphism of graded algebras
Q*(U,Be)) — Q°(U, M, (Diff,,)).

The G equivariant section ¢ : J1&€ — Joo&€ allows us to pull back €. This gives us a one form w :=
©*Q € QY(J1E, M,.(Diff,))“. This in turn yields a flat connection D on the bundle of algebras Be.
Let us be explicit here. Given a trivialization of J;€ over U, w descends to a M, (Diff,,) valued
one form wy on U satisfying the Maurer—Cartan equation. The isomorphism (5) identified the
connection D with the “twisted” de Rham differential d + [wy, —]. More generally, the DG-
algebra (Q°(U, Bg), D) is identified with the DG-algebra (Q*(U, M, (Diff,)),d + [wy, —]). Over
any open subset U of X, the degree 0 sections D of 0°(Bg) satisfying

DD =0
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are in one-to-one correspondence with holomorphic differential operators on £ over U. The
differential D is a Fedosov differential on the sheaf Q®(Bg) of DG-algebras on X.

3.1.4. Fedosov differentials have earlier been constructed in a holomorphic setting in [16],
followed by [6] and more recently, [7]. Construction of a Fedosov differential D on Q°®(Bg) has
been explained in [7] (see also Dolgushev, [8]) in the case when & = Ox. This goes through with
minor modifications for the case when £ is arbitrary. This is a more “careful” construction of
a Fedosov differential: it has the following special property (Part 2 of Theorem 10.5 of [7]: note
that we do not need Part 1 of this result).

Theorem 5. There is a map of sheaves of DG-algebras
Diff* (&) — (2°*(B¢), D).

Given that the construction of the Fedosov differential D from [7] is a priori different from
that of [10], one would like to know whether the Fedosov differential D from [7] can also be
obtained via the construction from [10] outlined earlier. The reason why we need this relationship
will become clear in later sections. The following paragraphs give a partial affirmative answer to
this question that suffices for us. To be precise, the next paragraph shows that there exists a G-
equivariant section ¢ : J1E — Joo& associated with any Fedosov differential on Q°*(Bg). Further,
Proposition 8 in Section 3.1.5 shows that for every D € T'(U, Diff(£)), the section of Bs over U
that D yields via ¢ (via the construction in Section 3.1.3) coincides with the flat (with respect
to D) section of Bg corresponding to D. We also point out that on any open subset U of X on
which J;€ is trivial, any trivialization of J;€ over U identifies the DG-algebra (Q*(U, Bg), D)
with the DG-algebra (Q°*(U, M, (Diff,)), d + [wy, —]) for some M, (Diff,,)-valued Maurer—Cartan
form even in the construction of [7].

3.1.5. The argument here follows Section 4.3 of [11]. Consider any point (x, F') of J;&
(F being an extended frame over x). For any holomorphic differential operator D on &£ over
a neighborhood of xz, we have a unique section D of Q(Bg) satisfying DD = 0. The frame F
identifies D with an element of M, (Diff,,). This yields an isomorphism of algebras

©: Jets,Diff(E) — M, (Diff,,).

Moreover, since the above isomorphism preserves the order of the differential operator, we obtain
an isomorphism

0: JetszEnd(E) — M, (Op).

This corresponds to an element in the fibre of Jo& over x. We therefore, obtain a section ¢ :
J1€ = J€. 1t is easy to verify that this section is G-equivariant. Note that the isomorphism 6
induces an isomorphism 6 from Jets, Diff(£) to M, (Diff,,).

Proposition 8. 0 coincides with ©.

Proof. Note that M, (O,,) and Id ® W,, generate M, (Diff,,) as an algebra. It therefore suffices
to check that 6~! and ©~! coincide on M, (Oy,) and Id ® W,,.Observe that the image of W, , :=
Wy, x gl,.(Oy,) in M, (Diff,,) is precisely the space of all elements of the form X = D+ f for some
D € 1d ® W, and some f € M, (O),). We shall continue to denote this image by W,, ..

Claim. Every derivation of M, (O,,) is of the form [X,—]| where X € W, ,. Further, if
X € M, (Diff,) and [X, —] is a derivation of M, (Oy,), then X € W, ;.

We first prove the proposition assuming our claim. Indeed, ©~! restricted to M,.(O,,) coin-
cides with 1 restricted to M, (O,) (both of which coincide with 6~1). For any X € W, and for
any g € My(Oy), [071(X),071(g)] = 6-1([X, g]) = 0-1([X, g]) = O~ 1([X,g)) = [071X,07g]. It
follows that for any X € Wy, 71(X) — ©71(X) commutes with all elements of Jets,End(E).
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In other words, —(X) — ©~1(X) must be an element of 7! (id ® Oy) for all X € W,,. In
particular, if X € id ® W,,, then §71(X) = ©71(X) + 0~!(g) for some g € id® O,,. In this case,
071 (X%) =07 HX?) +07HX).07 g) + 07 (9).0 1 (X) + 67 (¢?)
=071 (X?) +07'(29X) + 071 ([X, 9] + ¢*).
It follows that 6~ (X2)—©~1(X2) isin 0~ (id® O,,) only if g = 0. This shows that ! and ©~!

coincide on id ® W,, as well.
Our claim remains to be proven. Recall (from [15] for instance) that for any algebra A,

HH (A) ~ Der(A, A)

" Inner derivations’

In our case, the composite map
W, — HH' (O, 0,) — HH (M,.(0,), M,(0,,))

is an isomorphism. The first arrow above is the Hochschild-Kostant—Rosenberg map. The
second arrow above is the cotrace. It follows that for any derivation ¢ of M, (Diff,), there is an
element v of W), such that the image of v under the above composite map coincides with that
of ¢ in HHY(M,.(0,),M,(O,)). Consider the derivation ¢ := [id ® v, —] of M.(OQ,). It is easy
to verify that the image of ¢ — o in HH*(M,.(0,,), M,.(O,,)) is zero. Hence, ¢ — ¥ is an inner
derivation. In other words, as derivations on M, (0,,), ¢ = [id ® v + f, —] for some v € W,, and
some f € M, (O,,). This proves the first part of our claim. The second part of our claim is then

easy: if [X, —] is a derivation of M,.(O,,), then [X, —] = [Y, —] as derivations on M,.(O,,) for some
Y € W,. Hence, X —Y commutes with every element in M, (O,,). This shows that X —Y is
an element of id ® O,,. |

3.2. A Gel’fand—Fuks type construction. We now recall and extend a construction
from [10].

3.2.1. Let A be any DG-algebra. Let w € A! be a Maurer—Cartan element (i.e., an satisfying
dw + w? = 0). Let A, denote the DGA whose underlying graded algebra is A but whose
differential is d + [w, —]. Let Cq(A) denote the complex of normalized Hochschild chains of A.
Let (w)* denote the normalized Hochschild 0-chain (1,w, ...,w) (k copies of w). Denote the set
of (p, q)-shuffles by Shy, ;. There is a shuffle product

Xx: A AP @ A® A% — A @ A®PHI,

(ap,a1,...,ap) @ (bo, Gpt1,- .., apiq)
— Z sgn(0)(aobo, G—1(1)s - - » Go=1(p)s o1 (p1)5 - - s o1 (pq) ) -
0€Shy 4

Note that Ce(A) = ®p>14 @ A®F[k — 1] as graded vector spaces. The differential on C4(A)

extends naturally to a differential on C'(A) := [[ A ® A®¥[k — 1] making the natural map of
E>1
graded vector spaces a map of complexes. One has the following proposition due to Engeli and

Felder [10]. Though [10] used normalized Hochschild chains, their proof goes through in the
current context as well.

Proposition 9. The map

ClA,) = ClA),  zooxd ()W)
k

1 a term by term isomorphism of complexes.
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3.2.2. Recall that GL(n,C) acts on a formal neighborhood of the origin by linear coordinate
changes. This induces an action of GL(n,C) on Diff,,. The derivative of this action embeds the
Lie algebra gl,, in Diff,, as the Lie subalgebra of operators of the form ij a;rkyk0j. We say
that the normalized cocycle o € CP(Diff,,) is GL(n,C)-basic if a is GL(n,C)-invariant and if

P :

Y (=) a(ag, . .., ai-1,a,ai41,...,a,) = 0 for any a € gl,, and any ao, ..., a, € Diff,. More
i=1

generally, G := GL(n,C) x GL(r,C) acts on M, (Diff,,). The action of GL(n,C) on M, (Diff,,)
is induced by the action of GL(n,C) on Diff,, and GL(r,C) acts on M, (Diff,,) by conjugation.
The derivative of this action embeds g := gl,, @ gl, as a Lie subalgebra of M, (Diff,,) of elements
of the form }_, ; a;x2£0; ®idyx, + B where B € M,(C). Again, a cocycle a in CP(M, (Diff,)) is

P .
said to be G basic if « is G-invariant and ) (—1)’+1a(a0, ey @i—1,Q, Gig1, - - -, Gp) = 0 for any
i=1
a € gand any ao, ..., a, € M, (Diff,,). The following proposition is immediate from equation (1).

Proposition 10. If ¥s, is GL(n,C)-basic then 5, is G-basic.

We also recall that a cocycle o € CP(M,(Diff,,)) is said to be continuous if it depends only
on finitely many Taylor coefficients of its arguments.

3.2.3. Let 9%, be a continuous, G-basic Hochschild 2n-cocycle of M, (Diff,,). Evaluation
at 5, gives a map of graded vector spaces

CI(Q* (U, M, (Diff,)),d) — Q2" ~*(U),
(000, 1 0pp) 1 (0 - At A Aoy
for all a,...,a, € M,(Diff,,), wi,...,w, € Q*(U). (6)

By convention, 15, (ao, ..., ap) = 0 if p # 2n.

Proposition 11. The map (6) is a map of complexes (with Q?"~P(U) equipped with the diffe-
rential (—1)PdpR).

Proof. Note that any Hochschild p-chain « of A := (Q2°*(U, M,.(Diff,,)),d) can be expressed as

a sum of terms Y, o; where o; has de Rham degree i and is an element of A® AP, By definition,
Py, (o) = Y5, (aon—p). Let 6 denote the differential on the Hochschild chain complex of A. Then,

(0c)2n—p = (—1)Pdpr2n—p + dhochO2n—p+1. Since b, is a cocycle, ¥h, (dhoch®2n—p+1) = 0. The
desired proposition is now immediate. |

Observe that there is a natural map of complexes Co(Q°*(U, Bg), D) — CI(Q*(U, Be), D).
Also, the graded involution on Q°*(U) acting on QP(U) by multiplication by (_1)L§J is a map
of complexes between (Q227"~*(U),(—1)%dpr) and Q?*~*(U). Recall from Section 3.1.4 that
a trivialization of J1€ over U identifies (2°(U, Bg), D) with Q2 (U, M, (Diff,,)) where w is a
M, (Diff,,)-valued 1-form on U satisfying the Maurer—Cartan equation. By Propositions 9 and 11,
we have a map of complexes

Co(Q°(U,Bg), D) — Q*"*(U). (7)

Explicitly, the map (7) maps a chain p € C,(Q2*(U, Bg), D) to

(—1) 5= g, (ﬂ x Z(l)k(w)’“> ,
k

where /1 is the image of y in C)(Q%,(U, M, (Diff,.))).

Proposition 12. The map (7) is independent of the trivialization of J1€ used.
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Proof. A different trivialization of J1€ over U differs from the chosen one by a gauge change
g:U — G. A section p of Q*(U, Be) transforms into g.u. The Maurer—Cartan form w is replaced
by g.w—dg.g~t. That ¢4, (ax >, F(w)¥) = ¢85, (9. x 3", £(g.w —dg.g~1)F) is immediate from
the fact that ¢35, is G-basic. This proves the desired proposition. |

It follows that the map (7) gives a map of complexes of presheaves
(U= Co(Q°(U, Be), D)) — (U = Q*"*(U)). (8)

Note that whatever we said so far is true for any Fedosov differential no matter how it was
constructed. Of course, the map of complexes of presheaves (8) depends on the Fedosov diffe-
rential D. It follows from Theorem 5 that we obtain a composite map of complexes of presheaves

(U = Co(DIL*(E)(U))) = (U = Co(Q°(U, Be), D)) — (U = Q*"*(U)). (9)

Proposition 13. The composite map (9) extends to a map of complexes of sheaves

hoch(Diff(£)) — Q3.

Proof. Denote the composite map (9) by fe. For each open subset U of X, fg¢ yields a map of
complexes from C,(Diff*(£)(U)) to Q**~*(U). As described in Section 2.1.1, (/]\.(Diff’(é’)(U))
has the structure of a (graded) locally convex topological vector space. One can verify with-
out difficulty that the subcomplex Co(Diff*(£)(U)) is dense in Cq(Diff*(€)(U)) and that the
differential of Cq(Diff*(€)(U )) is continuous. Similarly, Q2"~*(U) has the structure of a (graded)
complete locally convex topological vector space and the de Rham differential is continuous with
respect to this topology.

Suppose that fg is continuous. Then, fg extends to a map of complexes from (/]\.(Diff’ &)W))
to Q?"~*(U) for each U. This can be easily see to yield a map of complexes of presheaves

(U = Co(Diff*(E)(U))) — (U = Q2=*(U)).

On sheafification, f yields a map of complexes of sheaves

hoch(Diff(£)) — Q3~*

proving the desired proposition. Indeed, continuity of fg¢ follows from continuity of 5, . Since
5, is continuous, C'-norms of f(ap ® --- ® ay) over a compact subsets of U are estimated
by C"-norms of finitely many Taylor coefficients of the images d; of the a; in Q*(U, Bg) over
compact subsets of U. |

The map of complezes of sheaves obtained in Proposition 13 depends on the cocycle 1a,. We
shall denote this map by fe,,- Recall that there is a natural map of complexes of sheaves

~

Co(Diff(€£)) — hoch(Diff(£)). Let U be a subset of X with local holomorphic coordinates
21, ..., 2p such that £ is trivial over U. By Convention 1, the standard generator for the homology
of I'(U, Ce(Diff(£))) is a cycle cg(U) mapping to the normalized Hochschild 2n-cycle

d o

> sgn(o)o (1de @ 1,1dg ® 21,1de @ 2—, ..., Idg ® 2, Idg ® 5 — | .
e 0z Oz,

g 2n

Let cj,, denote the normalized Hochschild 2n-cycle

d 9
> sgn(o)o (Idm @1, 1dpsr @ Y1, Idser @ =,y ooy Iy @ Yy Iy @ >
O'ESZTL 8y1 8yn

of M,.(Diff,,). Note that 15, (ch, ) makes sense since 13, is G-basic.
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Proposition 14. fg 4, (ce(U)) = 13,,(c5,,).

Proof. Note that any element D of Diff(£)(U) gives a holomorphic M, (Diff;,)-valued function D
on Joo €|y, satisfying dD + [, D] = 0 where 2 is the Maurer-Cartan form from Section 3.1.2.
It follows that there is a map of complexes

Co(Diff(E)(U)) = Co((Q*°(Joo&|rr, My (Diff,)), d + [, —]))
— CHQ*Y(J &y, M, (Diff,))).

The last arrow is by Proposition 9. Evaluation at 3, followed by applying the involution
L5]

multiplying p-forms by (—1)"27 therefore yields a map of complexes

Co(Diff(E)(U)) — "V (Jllvr).
Given a section ¢ : J1& — Joo& and a trivialization of J1& over U, one has a composite map
Co(Diff(E)(U)) = Q> *0(J Ely) = Q¥ (J1€|y) — Q> *(U). (10)

The middle arrow above is pullback by the section ¢ : J1€ — J5&. The rightmost arrow above
is pullback by the section of J1& arising out of the trivialization of J;£ that we have chosen
over U. Any section ¢ : J1€|y — Joo€|u is unique upto homotopy. It follows from this that the
composite map (10) is unique upto homotopy for a fixed trivialization of J;€ over U. This fact
and the proof of Proposition 12 together imply that the image of cg(U) under (10) is independent
of the precise choice of ¢ and of trivialization of J1€ over U. To compute it, we could choose ¢
to be the section taking 822- to the formal derivative 8%1- and z; to y; + a; at (ai1,...,a,). In this
situation, the image of cg(U) is indeed seen to be 95, (c5,,) in homological degree 2n.

For any section ¢ of Joo&|y over J1€ and for any trivialization of J1€ over U, the map (10)
takes (Dy, . . ., Day) to 1 (Do, ..., Dy) where D is the section of Q°(U, M, (Diff,,)) corresponding
to D (satisfying dD + [w, D] = 0 where w is as in Section 3.1.3). Let ¢ be a section of Joo&|ys
over J; & associated with the Fedosov differential D on Q°(Bg) as in Section 3.1.5. Proposition 8

implies that fg ., takes (Dy,...,Day,) to Y5 (D, . .. ,D,,). Thus, fepon(ce(U)) = 5, (ch,). N

3.3. Properties of fg,.. Let D’°(Shc[X]) denote the bounded derived category of
sheaves of C-vector spaces on X. Then, the map fg ,,, of Proposition 13 induces a morphism
in D’(Shc[X]). Recall that the natural embedding of C into Q*(U) for any open U C X is
a quasi-isomorphism. This induces a quasiisomorphism of complexes of sheaves C — Q% on X
between the constant sheaf C and Q%.

Proposition 15. The following diagram commutes in DP(Shc[X])

hoch(Diff(£)) —&— Q2

[ |

C[2n] — C[2n]
2n

In particular, the map fe in DP(She[X]) is independent of the choice of Fedosov connection
on Bg.

—_—~—

Proof. As objects in D?(Shc[X]), hoch(Diff(£)) as well as Q3 are isomorphic to the shifted
constant sheaf C[2n]. Since C is an injective object in the category of sheaves of C-vector spaces
on X (since it is flabby),
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It follows that it is enough to verify this proposition for each open subset U of X with local holo-
morphic coordinates on which £ is trivial. For such a U, the generalized trace map maps cg(U)
to a 2n-cycle mapping to the normalized Hochschild 2n-cycle

0 0
r Z sgn(o)o (1721’821"“’%’8,2)'

O'ESQn

It follows from Convention 1, Section 2.1 that Bg(ce(U)) = r. Therefore, 1cg(U) is a 2n-cycle
mapped to 1 by Bg. It follows that fg(ﬁgl(l)) = 1fe(ce(U)) = 244, (ch,). The last equality
[5,] [t2n]

is by Proposition 14. However v5,(ch,) = {24477 (c5,). But {2 = len
2n 2n n
Further, since 7o,(con) = 1 (see [11]), 75,(c5,) = r by (1). Therefore, 195 () = [Y2n] g

[T2n]
proves the desired proposition.

by equation (1).

Since fg 4, is a map of complexes of sheaves, the map

P

(X, hoch(Diff(€)) » C,  aw /X Fe (@) (11)

—_——

descends to a (nonzero) linear functional on Ho(I'.(X, hoch(Diff(£)))). We shall denote this
linear functional by [ fe ys, -

3.4. Proof of Theorem 1. Proposition 15 implies that [fg ,, ()] = ban) [a] in H2"(X,C)

 [r2n]

—_—

for any O-cycle a in I'.(X, hoch(Diff(€)). Theorem 1 follows immediately from this observation
and Theorem 4.
3.5. Remarks. fg ,,, induces a map of complexes

C.(Diff*(£)) — Q*"*(X).

This can equivalently be viewed as a family ©; € QI(C?"~*(Diff*(£))) of cochain valued forms
satisfying the differential equations

dprO; = £00;41,

where ¢ is the differential on the Hochschild cochain complex C*"~¢(Diff*(£)). In particular,
Oy, is a 2n-form with values in C°(Diff*(€)). When X is compact, [y ©g, is precisely the
Hochschild 0-cocycle (11). This viewpoint seeing (11) as coming from “integrating ¢4, over X”
is taken by [20].

More generally, there is a modified cyclic chain complex Cycl(Diff(€)) related closely to

—~—

—~—

hoch(Diff(£)) (see Section 2.3). The construction of this section can be repeated for a continuous
G-basic cyclic 2n + 2p-cocycle va, 40, (see [17, 22]). One obtains a map of complexes

I'.(X, Cycl(Diff(£))) — Q2" T2P~*(X)
as a result. When X is compact, and k£ > p, the above map on the 2k-th homology yields a map
H2n—2k (X, (C) ® H2n—2k+2 (X, C) DD HQn(X, C) N 222k (X, (C)

It would be interesting to understand this map further.
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4 Integrating the lifting formula ¥y, 4

We begin by outlining the construction of Ws, 11 in Section 4.1. Section 4.2 is devoted to proving
Theorem 3.

Notation. For any algebra A, M, (A) will denote the algebra of r x r matrices with entries
in A. glf"(A) will denote the Lie algebra of finite matrices with entries in A. My (A) will denote
the algebra of infinite matrices M with entries in A such that the (7, j)-th entry of M vanishes
whenever |i — j| > C(M) where C(M) is a constant (depending on M).

4.1. About the lifting formula ¥y, 4.

4.1.1. The only explicit fact about the Lifting formula Ws, 11 that we shall use in this paper is
its form. Let WDiff, denote the algebra C[[y1,...,yallly; - vy 07 -, 0 ][0n, - - -, Ol
(0 = Biyi) of formal pseudodifferential operators. The coefficient at y;'---ytort--- 9,1
defines a linear functional on WDiff,,. This functional vanishes on commutators of elements of

UDiff,. We therefore call it a trace and denote it by Trypir, : UDiff, — C (see [1]). Recall
that the “usual” matrix trace T i yields a linear map from g[ilon(A) to A for any algebra A.

It can then be verified that Trypiss, o Tlrg[g<>n yields a trace on the algebra glgl(qlDiffn).

For any a € A, let a ® 1o, denote the diagonal matrix a € My (A). Let D;, 1 < i < 2n
be the derivations on glfi*(WDiff,) given by D; = ad(In(z;) ® 1s) for 1 < i < n and D; =
ad(In(9;—pn) ® 1) for n+1 < ¢ < 2n. We recall from [21] that [D;, D;] = ad(Qi; ® 1) for some
elements @;; of WDiff,.

Consider the set S of all markings of the interval [1,2n — 1] such that

(i) Only finitely many integral points are marked.

(ii) The distance between any two distinct marked points is at least 2.

Note that the “empty” marking where no point is marked is also an element of S.
Let t € S be a marking of [1,2n — 1] marking the integers i1, ...,i;. Define

O(t)(Ar, - .., Aont1) = Alta p(Trepiss, © Tryn(Prio -+ 0 Pang14)),
where

if j is marked, Pj;= A4;Q;;+1 and Pjy1= A,
P;y = Dj(A;) if j and j—1 are not marked and j # 2n+1,

Popi1t = Aopta.

Note that 0 and 2n should be thought of as unmarked by default in the above formula. If ¢ is
the “empty” marking,

O(t)(Ar, - .., Aong1) = Alta p(Trepiss, © Tryen (D1(A1) -+ - Dan(Azn) Azn1))-

Theorem 6 ([21]). The linear functional

(Al, ey A2n+1) —> Z O(t)(Al, ce ,A2n+1)
tesS

is a 2n + 1-cocycle in CI (gl (UDiff,,); C).

‘The natural inclusion of algebras Diff, C VUDiff, extends to an inclusion glf™(Diff,) ¢
glg‘(‘IfDiffn). The formula from Theorem 6 therefore, gives us the cocycle

W1 € CHH (gl (Diff,), C).

W41 is referred to as a lifting formula.
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4.1.2. Note that for any algebra A, we have isomorphisms
M, (A4) @ M,.(C) ~ M,y (A)

of algebras. Taking the direct limit of these isomorphisms, we obtain a map of algebras (and
therefore, Lie algebras)

im = QI (M (A)) = My (A) @ gl (C) — gIE (A).-

It follows that Wa, 1 yields a cocycle in Cirt!(glli*(M,,(Diff,)), C) as well. We denote this
cocycle by W5 .

For M € M,,(Diff,,), M ® id shall refer to the element i,,(M ® id) of M (Diff,,). For any
p > m, let ¢, @ My, (Diff,) — M, (Diff,,) denote the natural embedding obtained by “padding
with zeros”.

Proposition 16. If Ay,..., Az, M € M, (Diff,) and By, ..., Ba, € My(Diff,,) then

Tt (A1 ® By) @1id, ..., (A2, ® Bap) @ id, tmmeip(M) @ Er 1)
= \Ifg:,b_,'_l(Al & ld, e ,A2n & ld, M ® El,l)-

Proof. It is enough to show that for any t € S,

O(t)((Al ) Bl) ®id,..., (Agn D an) ® id, Lm7m+p(M) & E171)
:O(t)(Al®id,...,A2n®id,M®E171). (12)

The summands on the left hand side of (12) are of the form Tryp;ss, o Trg[g? (X10---0X,) where
Xi=(4;®B;)®id or X; = tymm4p(M) @ Eq1 or X; = A®id for some element X of WDiff,,. It
is easy to see that this summand does not change if each X; of the form X; = (4; @ B;) ®id
is replaced by A; ®id. Doing this however transforms the sum on the left hand side to that on
the right hand side. [ ]

4.2. Constructing Shoikhet’s holomorphic noncommutative residue in general.

4.2.1. Let g be a DG-Lie algebra. Then, {C), := (APg)"?|p > 1} becomes a double complex
whose horizontal differential is the Chevalley—Eilenberg differential and whose vertical diffe-
rential is that induced by the differential intrinsic to g. We denote the complex Tot®(Cl.)
by Cl¢(g). Similarly we denote Tot'!(C, o) by CLMi€(g). There is a natural map of complexes
from Cl¢(g) to CIMie(g). Let w € g' be a Maurer-Cartan element. Let g, denote the twisted
Lie algebra whose underlying differential is d + [w, —].

Proposition 17. There is a natural map of complezes
Cl;[,lie(gw) N Cl;[,lie(g),

1 o
(907'-->gk)*_> E 7(907"'agk7w>w7"'7w) (] (,L)S).
Jj=0

Proof. Since this proposition is completely analogous to Proposition 2.4 of [10], we shall only
sketch the proof. Denote the differential of g by d. Let dcr denote the Chevalley—Eilenberg
differential. Let (w)? :=w A -+ Aw j times.
Step 1. One first notes that
JG =1

dep(w) = 75— [w,w] A (@) = —j(j — Ddw A ()7 = —jd(w'™).



20 A.C. Ramadoss

The middle equality above is because w is a Maurer-Cartan element. It follows that if ¢; :=
%(w)j, then

dcggj = —dgj-1. (13)

Step 2. Let go,...,gr be homogenous elements of g. Let d; denote the degree of g;. Let
G:=go -+ A gk. One then verifies (by a direct calculation) that

der(G A ¢7) = (depG) A ¢j + (1) T'G Adegg; + (—1)°F T (ad(w)G) A dp_1. (14)

The desired proposition follows from equations (13) and (14) after inserting the relevant
definitions and summing over k. |

Notation. In some situations in this section, we find it better to specify the differential
of a DG-Lie algebra: if d is the differential on a DG-Lie algebra g we often denote Cl,ie(g) and
CIblie(g) by Cle(g,d) and CIMe(g, d) respectively.

4.2.2. Let D be the Fedosov differential on Q°®(Bg) chosen as in Section 3.1.4. This choice
ensures that there is a morphism Diff*(€) — Q°(Bg) of sheaves of DG-algebras on X. Let U be
an open subset of X on which Ji€ is trivial. Recall that any trivialization of J1€ on an open
subset U of X induces an term by term isomorphism of sheaves DG-algebras (2*(Bg)y, D) —
(Q2, (M, (Dift,)), d+ [w, —]). Also, w® 1y is a Maurer-Cartan element in gl (Q® (U, M,.(Diff,,)))
for any sufficiently large natural number N. Here 15 denotes the N x N identity matrix “padded
with 0’s” on the right and bottom to obtain an element of g[gg’ (C). We will continue to denote
this element by w for notational brevity.

One therefore has the following composite map of complexes

Cl.le(g[folon(Q°(U7 Bg), D)) E— Cl.le(g[(f;on(Q.(U, Mr(lefn))v d+ [U.), _D)

0l l (15)

CILle(gIfin(Q® (U, M, (Dift,)), d)) +—— CIMie(gil(Qe (U, M, (Diff,)), d + [w, )

The horizontal arrow on top is from the isomorphism of (Q*(U, Bg),D) with (Q°*(U,M, (Diff,,)), d+
[w, —]) induced by ¢. The vertical arrow on the right is the natural map mentioned in Sec-
tion 4.2.1. The horizontal arrow on the bottom is from Proposition 17. Let Z9,41 be any
continuous 2n+1 cocycle in CZ" ™ (gllIn(M,. (Diff,,)), C). As in Proposition 11, Section 3.2.3, eva-

lie

luation at Zy,,; ;1 yields a map of complexes from CIHe(gllin(Q® (U, M, (Diff,,)), d))[1] to Q2*—*(U)
(with the differential on Q?"~P being (—1)dpr). Composing this map with 6, and applying the

involution multiplying a p-form by (—1) L%J, we obtain a map of complexes
(9, Z2nr1)s - CLO(AILN(Q (U, Bg), D)[1] = Q*"~*(U).

Explicitly, if € Cle(gli(Q*(U, Be), D)),
_ 2n—p 1_ .
(0, Zams1)a () = ()T Y0 S (A wh), (16)
k

where [i is the image of y in Cge(g[gl(Q'(U, M, (Diff,)),d + [w, —])). In particular, we obtain a
map of complexes

CJo (T (U, gl (DIff* (€)))[1] = Q*"~* (V).
Proposition 18. The above map extends to a map
A(Zans1) : Lie(Diff(€))[1] — Q2r—*

of complezes of sheaves of C-vector spaces on U.
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Proof. This follows from the continuity of Zs,+1. The argument proving this is completely
analogous to the proof of Proposition 13. However, since 9,41 may not be G := GL(n,C) x
GL(r,C)-basic, we can only guarantee the existence of a map of complexes of sheaves over U. W

Corollary 2. If X is complex parallelizable and & is trivial, AN(Eon+1) yields a map of complexes
of sheaves Lie(Diff(£))[1] — Q3~* on X.

Proof. The obstruction to globalizing A(Z2,,4+1) comes from the fact that there is no consistent
way of choosing a section of J1& over X in general. |

Remark 2. If =y, is GL(n) x GL(r)-basic, A(E2p+1) yields a map of complexes of sheaves
Lie(Diff(£))[1] — Q3~* for arbitrary (not necessarily complex parallelizable) X and arbitrary
(not necessarily trivial) £. The proof of this assertion is completely analogous to that of Propo-
sition 12.

4.2.3. Properties of A(ZE2p41).

Proposition 19. For a fized trivialization of J,E, the map induced by A(Egpns1) in DP(She[U])
depends only on the class of Zopi1 in Hir ™ (M, (Diff,,)).

Proof. We will show that if 5,41 is a coboundary, then (¢, Z2,+1)« is null-homotopic. The
homotopy we shall provide will automatically yield a homotopy between A(Eg,+1) and 0.
Recall that the map (p,Z9,4+1)« was obtained by composing the map 6 from the commu-
tative diagram (15) with evaluation at Zg,4+1 followed by multiplying p-forms by (—1)L%J.
If Z9p41 = dB, evaluation at B gives a homotopy between evaluation at Zs,41 and 0.
This proves that (¢,Z2,41)« is null-homotopic when =Zs,41 = df. Explicitly, if © €

Cge(g[fogl(Q‘(U,‘Bg), D)), our homotopy maps x to (—1)L2n_21_pJ >k w8 A wk) where fi is the
image of y in Cge(glgg(Q'(U, M, (Diff,,)),d + [w, —])). It is easy to see that since 3 is a continuous
cochain, our homotopy yields a homotopy between A(df) and the 0 map. |

Proposition 20. The map induced by \(Ea,41) in DP(She[U]) is independent of the trivializa-
tion of J1€ chosen.

Proof. Let h be a Lie subalgebra of g. Let Hj (g,h) denote the Lie algebra cohomology of g
relative to h (with coefficients in the trivial module). The proof of Lemma 5.2 of [11] goes
through with minor modifications to show that
HiH (ol (M, (Diff,))., 152 @ gl & g,) o~ Hit ™ (100 (M, (Diff,,))).

It follows that there exists a G-basic cocycle ©gp1 such that [O2n+1] = [Eont1] in
HiH (gl (M, (Diff,,))). By Proposition 19, A(E2,41) = A(O2,,41) as a morphism in D®(She[U]).
The proof that A(©2y,+1) is independent of the chosen trivialization of J;€ (as a morphism in
D®(Shc[U])) is identical that of Proposition 12 (with the obvious modifications). [

Proposition 21. The map induced by \(Zg,41) in DP(She[U]) is independent of the Fedosov
differential D on Q*(Bg) (for a fized trivialization of J1E over U).

Proof. From the discussion in Section 2.4.1, Iji/e(Diff(E))[l] is isomorphic to C[2n] ® V in
D’(Shc[U]) where V is a direct sum of shifted constant sheaves concentrated in homological
degree > 2n + 2. Also, Q**~* is isomorphic to C[2n] in D®(Shc[U]). Since C is an injective
object in the category of sheaves of C-vector spaces, Home(ShC[U])(V,Q[ZnD = 0. It therefore,
suffices to show that A\(Z2,41) applied to a fixed 2n cycle generating the 2n-st homology of
(U, Lie(Diff(£))[1]) is independent of the choice of Fedosov differential.
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In fact, since Ji€ is trivial over U, the 2n-th homology of F(U,I?i/e(Diff(é’))[l]) is in fact
. ~ i .
generated by a 2n-cycle ci®(U) in Co (D(U, gl (Diff(£))))[1] (see Section 2.4.1).
As in the proof of Proposition 14, given any (G-equivariant) section ¢ : J1€ — Js&, one has
a composite map of complexes

Gl (D (U, gl (DIfF(E))))[1] — Q27O (JnElr) — Q2 (J1E) — Q2*(U)). (17)

The “restriction” of the first map above to CL¢(I'(U, glfi*(Diff(£))))[1] is constructed just like

the analogous map in the proof of Proposition 14. The middle arrow is ¢* where ¢ : J1€ = Jo€.

The third is the pullback by the chosen section of J1£. Since ¢ is unique upto homotopy, the

image of clgie(U ) under the composite map (17) is independent of . Finally, Proposition 8 tells

us that if ¢ is the section associated with the Fedosov connection D on Bg (as in Section 3.1.5),
lie

the image of ci°(U) under the composite map (17) coincides with the image of ci°(U) under the
~li .
“restriction” of \(225,41) to C:e(F(U, gl (Diff(£))))[1]. This proves the desired proposition. M

Propositions 20 and 21 show that the map induced by A\(Z2,+1) in D?(Shc[U]) is independent
of the choices made to define it. Let F be another holomorphic vector bundle on X. Let ¢
denote the natural map of sheaves of DG-algebras between Diff*(£) and Diff*(€ ¢ F). Note
that + induces a map of sheaves ¢ : ITi/e(Diff(E))[l] — I/J\i:e(Diff(E @ F))[1] on X. Let r and s be
the ranks of £ and F respectively. Recall that for every positive integer m we have the lifting
cocycle U | described in Section 4.1.2 (U], | = Wop q).

Proposition 22. The following diagram commutes in D’(Shc[U])
Lie(Diff(£))[1] —— Lie(Diff(€ & F))[1]
[ Ao A5 |

2n—e id 2n—e
QU QU

Proof. Recall that there is a natural map of complexes from (Ajl,le(F(U, gl (Diff(£))))[1] to
(U, f;ive(Diff(E))[l]) (and similarly for £ @ F). As observed while proving Proposition 5, this
map is an isomorphism on homology, and the constant sheaf of U corresponding to the homology
of al.le(F(U, Diff(£)))[1] is isomorphic to IE%(Diff(é'))[l] in D°(Sh¢[U]). Tt therefore, suffices to
show that the following diagram commutes upto homology

. (T(U, g (Ditf(€))))[1] —— C,°(D(U, gl (Ditf(€ & F))))[1]

[ 20w A5 | (18)
QQUn—o id Q%]n—o

By arguments paralleling the proofs of Propositions 20 and 21, we are free to choose the
sections U — Joo&ly and U — J(€ @ F)|y that we shall use. Fix holomorphic coordinates
Z1,...,2n on U. Fix a trivialization of £ over U. Also fix a trivialization of F over U. If {e;}
and {f;} are the ordered bases of I'(U, £) and I'(U, F) (over I'(U, O)) we have chosen in our trivi-
alizations, we trivialize £EBF by choosing the ordered basis {e1, ..., e, f1,..., fs} of T(U,E & F).
With these choices, we obtain sections of J1€ and J1(€ @ F) over U. The chosen coordinate
system and trivialization of & identify I'(U, Diff(£)) with M, (Diff(U)). The (G-equivariant)

section of J,& we choose is the one that maps B%i to % and f(z1,...,2,) to

0
(al,...,an)Hza—fl
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Let D € T(U, gl (Diff(€))) be arbitrary. Let D denote the flat section of C> (U, gl (M, (Diff,,)))
corresponding to D. Note that by our choices of sections of J&€ and Jo (€ & F),

— ~

D) = tprisD.

It follows from equation (16) and Proposition 16 that the following diagram commutes literally
(not just upto homology)

C (LU, gl (Diff(E))[1] —— C (N (U, gl (DIH(E @ F))))[1]

lx(%) A5, S)l (19)
2n—e id 2n—e
Q" — Q

Since CLe(T(U, gIt™ (Dif£(€))))[1] is dense in Cu® (D(U, glf (Diff(€))))[1] (and similarly for £&F),
and since all the maps involved in diagram (19) are continuous, commutativity of diagram (18)
follows (note that this “commutativity on the nose” of diagram (18) is with our convenient
choice of section of J.&|y over J1&|y as well as our choice trivialization of J1& over U). This
proves the desired proposition. |

We remark that our proof of Propositions 20, 21 and 22 go through for arbitrary complex
parallelizable manifolds. Further, if Zy,,11 is replaced by a GL(n) x GL(r)-basic cocycle having
the same class in cohomology, Proposition 20 is replaced by the obvious analog of Proposition 12,
which goes through for arbitrary X and arbitrary £ with bounded geometry. Similarly, if Uo, 41
is replaced by a GL(n)-basic cocycle representing the same cohomology class, Propositions 21
and 22 hold for arbitrary X and arbitrary £ and F with bounded geometry.

4.2.4. Proof of Theorem 3. For this subsection, we shall assume that X is complex
parallelizable, £ is trivial and £ has bounded geometry. The first two assumptions can be re-
moved if Wony1 is replaced by a GL(n)-basic cocycle representing the same cohomology class.
By Propositions 20 and 21, for any choice used in the construction of A(¥4, ), the map

/MSMQ:DMiMﬁW&mD%C aH/ bit)
X

induces the same map on the 0-th homology of I'o(X, Lie(Diff(€))[1]). On the other hand, we
saw in Section 2.4.2 that Ihisg induces a map on the 0-th homology of I'.(X, I_Te(Diff(S))[l]) as
well. By Corollary 1, Ho(I'o(X, Lle(lef(S))[l])) is a 1-dimensional C-vector space. It follows
that as linear functionals on Ho(I'c (X, Ij\i:e(Diff(E))[l])),

t@mzwnzcwe>$§

Propositions 7 and 22 together with the nontriviality of I;isg on homology imply that C(X, &) =

C(X,& @ F) for any vector bundle F with bounded geometry on X. This shows that C(X,€)
is independent of £.

For the rest of this subsection assume that £ = Ox. Let U be an open subset of X with
holomorphic coordinates that identify U with an open disk in C". Choose a nontrivial 0-cycle «
of T'.(U,Lie(Diff(£))[1]). Note that after making the necessary choices, the construction of
A(Wop+1) is local in nature. It follows that

/A Wopi1)( /)\ Uopi1) (Jet), (20)

where j : U — X is the natural inclusion.
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Further, if ¢ is an element of Diff’(X) that is compactly supported on U,
str(qbe_mx) = str(qbe_tAU) (21)

for any t > 0. In the right hand side of the above equation, we think of ¢ and e *AU as
endomorphisms of the space of square integrable sections of K®op,. To see this, note that
if p(x,y) is the kernel of e *Ax

o) - |

X

str(ope(z, z))|dz| = /(]Str(¢pt($v$))|d$| = str(pe1A0).

The second equality above is because ¢ is compactly supported on U. The third equality
above is because the heat kernel on U is unique once the choice of Hermitian metric on K*®p,, is
fixed (see [9]). It follows from equation (20) (in the case when £ = Ox) and equation (21) that
C(X,€) is independent of X as well. This proves Theorem 3.

4.2.5. For this subsection, let X be an arbitrary compact smooth manifold. Let Fo be
a complex of sheaves on X such that each F; is a module over the sheaf of smooth functions
on X. Suppose also that F, is in D?(Shc[X]). Let 4 := {U;} be a finite good cover of X.
Consider the double complex C(4, F,) where

Cp’q(u7 ]:.) = G9]'1<-~-<ijC(Uvjl n---N Ujpaj:q).

Here, I'. denotes “sections with compact support”. The vertical differential in this double
complex is induced by the differential on F,. The horizontal differential § is given by the
formula

N

(001 oipes = D (@)oo

jo=1

Here, ()i, ...i, denotes the component of a chain a € C'k.yl(il, Fo) in Te(Usyy N---NU;,, Fr). We
also follow the convention that if i1 < --- < i, (a)ig(l)y,,,%(k) = sgn(o)(a);,,...i, for any permuta-
tion o of 1,...,k. The following proposition is a trivial modification of Proposition 12.12 of
Bott and Tu [3]. We therefore, omit its proof.

Proposition 23.
(1) The map

Tote(C(WL, F) = Te(X, Fa),  a D (a);

18 a quasi-isomorphism.

(2) Hy(Tote (C(U, Fo))) =~ HoP(X, Fo).

The subscript ‘¢’ on the right hand side in this proposition stands for “compact support”.
The chain complex F, needs to be converted into a cochain complex by inverting degrees in
order to make sense of the hypercohomology in the above proposition.

Let a be 0-cycle in I'.(X, F,).

Proposition 24. Suppose that F, is acyclic in negative degrees. If X is compact, there exist
0-cycles o of T'e(U;, Fo) such that Y (o] = [ in Ho(Te(X, Fo)).

Proof. We use a “staircase argument”. By Proposition 23, there exists a 0-cycle & of

Tote (C'(44, Fs)) such that [&] maps to [a] under the quasi-isomorphism in Proposition 23. Note
that & = > ;5 dx where &; is a —k + 1-chain in ®j,<..<;, (U, N -+ N Uy, Fo). Let N(&)
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be the largest integer such that dn) # 0. Then, dyg ) is a cycle in ®j,«...c;,Ie(Uj; N

"N Ujy sy Fo ). Since, F, is acychc 1n negative degrees, ) = 08 for some 3 where 0 is
the differential on @), <...<j,I'e(Uj; N ++- N Ujy ), Fo). Let d denote the differential in the bi-
complex Tote(C(4, F,)). View (3 as a chain in Tote(C(L, Fs)). Then, & + dj is homologous
to & On the other hand, N(& + dB) = N(&) — 1. It follows that repeating this procedure
eventually gives a O-cycle in @®;I'.(U;, Fe) homologous to &. This proves the desired proposi-
tion. |

4.2.6. Shoikhet’s holomorphic noncommutative residue: definition. Let X be an
arbitrary compact complex manifold and let € be an arbitrary vector bundle on X . Let i := {U;}
be a finite good cover of X. Let D be a global holomorphic differential operator on £. Note
that E;1(D) is a 0-cycle in T'o(X, Lie(Diff(£))[1]). Applying Proposition 24 to the complex
I/J\i:e(Diff(E))[l] of sheaves on X, we see that there exist 0-cycles a; in I'o(Uj, I:\i/e(Diff(é’))[l]) such
that > .[oy] = [E11(D)] in HO(FC(X,I/‘\i:e(Diff(E))[l])). Define the holomorphic noncommutative
residue of D to be the sum

=3 [ AW,

One can make the choices used to define A(V5, ;) in the U; arbitrarily. We also remark that
A5, 1) is not globally defined on X in a direct way (at least as far as we can see). By
Theorem 3,

lie £ lie,&
Z/ (Wop41) (i) = C. ZIFeLs = Clpys (Zai)
i
lie,& A
= C.Ius (En (D)) =C. Jim str(De t8e) = C.str(D).
This proves Conjecture 3.3 of [20] in greater generality.

Alternatively, one can sidestep the complications that arose while defining NC(D) as follows.
Let ©2,41 be a GL(n)-basic cocycle representing the cohomology class [Ua,41] (its existence
is proven following the proof of Lemma 5.2 in [10]). Construct the cocycles ©5, ,; from O, 1
exactly as the W5 ,, were constructed from Wy,;1. The cocycles ©5, ., are GL(n) x GL(r)-
basic representatives of the class [¥5, ,,]. Then, A\(©%4,,,) is a globally defined 2n-form and
define

NC(D) = [ N©%,1)(En (D))
The two definitions of NC(D) given here are equivalent by Proposition 19.
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