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Abstract
The fully implicit (FI) method is widely used for numerical modeling of
multiphase flow and transport in porous media. This method is unconditionally stable, but that comes at the cost of a high computational cost.
It entails iterative linearization and solution of fully-coupled linear systems
with mixed elliptic/hyperbolic character. However, in methods that treat
the near-elliptic (flow) and hyperbolic (transport) parts separately, such as
multiscale formulations (Jenny et al., JCP 2003, Møyner and Lie, JCP 2016),
sequential solution strategies are used to couple the flow (pressures and velocities) and the transport (saturations/compositions). The most common
sequential schemes are: the implicit pressure explicit saturations and compositions (IMPES), and the sequential fully implicit (SFI) schemes. Problems of
practical interest often involve tightly coupled nonlinear interactions between
the multiphase flow and the multi-component transport. For such problems,
the IMPES approach usually suffers from prohibitively small timesteps in
order to obtain useful solutions. The SFI method, on the other hand, does
not suffer from a temporal stability limit, but experience indicates that complex interphase mass transfer behaviors often lead to large numbers of SFI
outer iterations compared with the FI method. SFI schemes solve the fully
coupled system in two steps: (1) Construct and solve the pressure equation
(flow problem). (2) Solve the coupled species transport equations for the
phase saturations and phase compositions. In SFI, each outer iteration involves this two-step sequence. Here, we demonstrate that the convergence
difficulties are directly related to the treatment of the coupling between the
flow and transport problems, and we propose a new SFI variant based on a
nonlinear overall-volume balance equation. The first step consists of forming
and solving a nonlinear pressure equation, which is a weighted sum of all the
component mass conservation equations. A Newton-based scheme is used to
iterate out all the pressure dependent nonlinearities in both the accumulation and flux terms of the overall-volume balance equation. The resulting
pressure field is used to compute the total-velocity. The second step of the
new SFI scheme entails introducing the overall-mass density as a degree-offreedom, and solving the full set of component conservation equations cast in
the natural-variables form (i.e., saturations and phase compositions). During the second step, the pressure and the total-velocity fields are fixed. The
SFI scheme with a nonlinear pressure extends the SFI approach of Jenny et
al. (JCP 2006) to multi-component compositional processes with interphase
mass transfer. The proposed compositional SFI approach employs an overall
balance for the pressure equation; however, unlike existing volume-balance
sequential implicit (SI) schemes (Acs et al., SPEJ 1985; Watts, SPEJ 1986;

Trangenstein and Bell, SIAM 1989; Pau et al., Comp. Geosci. 2012; Faigle
et al., Comp. Meth. App. Mech. Eng. 2014; and Doster et al., CRC
2014), which use overall compositions, this SFI formulation is well suited
for the natural variables. We analyze the ‘splitting errors’ associated with
the compositional SFI scheme, and we show how to control these errors in
order to converge to the same solution as the FI method. We also show
that phase-potential upwinding is incompatible with the total-velocity formulation of the fluxes, which is common in SFI schemes. We observe that
in cases with strong capillary pressure or gravity, it is possible to have flow
reversals. These reversals can strongly affect the convergence rate of SFI
methods. We employ phase upwinding (PU) as well as a new hybrid upwinding (HU) scheme. HU determines the upwinding direction differently
for the viscous, capillary pressure and buoyancy terms in the phase velocity
expression. The use of HU leads to a consistent SFI scheme in terms of both
pressure and compositions, and it improves the SFI convergence significantly
in settings with strong capillarity and/or buoyancy. Finally, we use the multiscale restriction-smoothed basis (MsRSB) method (Møyner and Lie, JCP
2016) for the parabolic pressure operator. For a wide parameter range, we
show that the proposed SFI algorithm is as robust as the FI method with
a comparable convergence rate. This sequential scheme then allows the design of robust numerical methods that are optimized for the sub-problems of
flow and transport. Thus, we strongly recommend using this SFI method for
sequential formulations in general, and multiscale formulations in particular.

Résumé
La méthode fully implicit (FI) est largement utilisée pour la modélisation
numériques des écoulements multiphasiques multi-composants dans les milieux poreux. Cette méthode est inconditionnellement stable, mais au prix de
coûts de calcul élevés. Elle comprend une succession de linéarisations et de
solutions de systèmes linéaires couplés de type mixte elliptique/hyperbolique.
Cependant, les méthodes traitant le problème elliptique (écoulement) et le
problème hyperbolique (transport) séparément, telles que les formulations
multi-échelles (Jenny et al., JCP 2003, Møyner et Lie, JCP 2016), utilisent
des stratégies séquentielles pour coupler l’écoulement (pression et vitesse) et
le transport (saturations et compositions). Les schémas séquentiels les plus
utilisés sont le schéma implicite en pressure et explicite en saturations et compositions (IMPES) et le schéma séquentiel fully implicit (SFI). Les problèmes
d’intérêt pratique impliquent souvent des interactions non-linéaires couplées
entre l’écoulement multiphasique et le transport multi-composants. Pour ces
problèmes, l’app-roche IMPES souffre habituellement de pas de temps trop
petits pour être utiles. La méthode SFI, de son côté, ne souffre pas d’une
limite de stabilité sur le pas de temps mais requière habituellement, pour les
cas avec transfert complexe de masse entre les phases, beaucoup d’itérations
par rapport à la méthode FI. Les schémas SFI résolvent le problème couplé en
deux étapes : (1) Construire et résoudre une équation de pression (problème
d’écoulement). (2) Résoudre le problème couplé de transport des composants
pour les saturations et les compositions. Pour les méthodes SFI, chaque
itération globale implique ces deux étapes en séquence. Ici nous démontrons
que les difficultés de convergence sont directement liées au traitement du
couplage entre le problème d’écoulement et le problème de transport, et
nous proposons une nouvelle variante de la méthode SFI basée sur une
équation non-linéaire d’équilibre du volume global. Une première étape consiste à construire et à résoudre l’équation de pression non-linéaire, qui est une
somme pondérée des équations de conservation de la masse des composants.
Un schéma de Newton est utilisé pour converger toutes les non-linéarités
dépendantes de la pression à la fois dans les termes d’accumulation et dans
les termes de flux de l’équation d’équilibre du volume global. Le champs de
pression résultant est utilisé pour calculer la vitesse totale de l’écoulement.
La deuxième étape du nouveau schéma SFI consiste à introduire la densité
massique globale comme un nouveau degré de liberté et à résoudre avec les
variables naturelles (càd, saturations et compositions des phases) l’ensemble
des équations de conservation. Au cours de cette deuxième étape, les champs
de pression et de vitesse totale sont figés. Le schéma SFI avec pression
non-linéaire étend l’approche SFI de Jenny et al. (JCP 2006) aux procèdes

compositionnels multi-composants avec transfert de masse entre les phases.
Les approches SFI conventionnelles emploient une équation d’équilibre du
volume global; cependant, contrairement aux schémas séquentiels implicites
(SI) existants avec equation d’équilibration des volumes (Acs et al., SPEJ
1985; Watts, SPEJ 1986; Trangenstein and Bell, SIAM 1989; Pau et al.,
Comp. Geosci. 2012; Faigle et al., Comp. Meth. App. Mech. Eng. 2014;
and Doster et al., CRC 2014), qui utilisent les compositions globales, cette
formulation SFI est adaptée aux variables naturelles (saturations et compositions des phases). Nous analysons les ‘erreurs de découplage’ associées
au schéma SFI compositionnel, et nous montrons comment contrôler ces erreurs de façon à converger vers la même solution que la méthode FI. Nous
montrons aussi que le décentrage amont en fonction du potentiel de chaque
phase (PPU) est incompatible avec les formulations à vitesse totale utilisées
par les schémas SFI. Nous observons que dans les cas avec forte pression capillaire ou forte gravité, il est possible d’avoir des changements de direction des
écoulements. Ces changements peuvent fortement affecter la convergence des
méthodes SFI. Nous utilisons le décentrage amont en fonction de la vitesse
de chaque phase (PU) ainsi qu’un nouvel algorithme de décentrage hybride
(HU). Le schéma HU décide un décentrage amont différent pour les termes
visqueux, capillaire ou gravitaire de la vitesse de chaque phase. L’utilisation
de HU rend consistant la résolution des systèmes de pression et de compositions du schéma SFI et améliore la convergence significativement dans les
cas à forte pression capillaire et forte gravité. Finalement, nous utilisons la
méthode multiscale restriction-smoothed basis (MsRSB, Møyner et Lie, JCP
2016) pour l’opérateur parabolique associé au système de pression. Pour
une grande amplitude de paramètres, nous montrons que notre algorithme
SFI est aussi robuste que la méthode FI avec des taux de convergence comparables. Ce schéma séquentiel permet donc la construction de méthodes
numériques optimisées pour chacun des sous-problèmes écoulement et transport. Nous recommandons fortement l’utilisation de cette méthode SFI pour
les formulations séquentielles en général, et les formulations multi-échelles en
particulier.
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Part I

Introduction and Motivations

3
The content of this part is adapted from the previously published papers “Modified Sequential Fully
Implicit Scheme for Compositional Simulation” by Moncorgé et al. [50], “Sequential Fully Implicit Formulation for Compositional Simulation Using Natural Variables” by Moncorgé et al. [52] and a paper
currently in peer review “Consistent Sequential Fully Implicit Scheme for Multiscale Compositional Flow”
by Moncorgé et al. [46]. Most of the text is similar with the introductions of these publications.

There has been growing interest in multiscale formulations for modeling
flow and transport processes to manage subsurface water and hydrocarbon
resources, and the sequestration of CO2 . Multiscale finite element (MsFE)
methods have been first proposed by [1, 3, 8, 27]. Subsequently, Jenny et
al. [29] proposed the multiscale finite-volume method (MsFV). The original
MsFV approach deals with the flow (pressure and total velocity) in a multiscale manner, while the transport (saturations) problem is usually solved on
the reference fine grid. The method has been extended to account for compressibility and buoyancy effects and for multiscale treatment of the transport
problem [30, 86] as well as recent works addressing real reservoir geometries
with the multiscale restriction-smoothed basis (MsRSB) method [40, 54, 55],
but the developments have not reached the level of general-purpose utility.
In compositional reservoir simulation, the interphase mass transfer can
often be captured by the so-called black-oil formulation, where the chemical equilibrium between the hydrocarbon liquid and vapor fluid phases is
expressed as a function of pressure [4, 64]. For most enhanced oil-recovery
(EOR) processes, however, the interphase mass transfer requires more complex treatment using equilibrium ratios (K-values), or cubic equations-ofstate (EOS) [2, 10, 22, 32, 59, 82, 84]. EOS-based compositional formulations differ - mainly - in the splitting of the unknowns (degrees-of-freedom)
into primary and secondary sets. For detailed descriptions and comparisons
of the different compositional formulations, we refer to [5, 80]. The MsFV
framework has been extended to black-oil [38, 54] and to compositional multicomponent two-phase problems [23].
The mathematical properties of the flow problem (near elliptic pressure
equation) are very different from those of the transport problem (near hyperbolic saturations/compositions equations). The different characters of the
flow and transport problems provide an opportunity to use different (specialized) discretization schemes and solution methods. Sequential strategies were
originally developed to be able to simulate reservoir models that were too
large - in terms of numbers of cells and number of components - for the fully
implicit (FI) solution scheme. The simplest sequential strategies are based
on the implicit pressure explicit saturation (IMPES) approach [4, 11, 69, 73].
The explicit treatment of the transport problem in IMPES schemes leads to
limits on the timestep that can be used [13]; these stability limits can be quite
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severe for highly detailed heterogeneous reservoir models. To help deal with
these restrictions, semi-implicit methods were introduced for immiscible multiphase problems [18, 42, 60] and then extended to black-oil [33, 72]. Acs et
al. [2], Watts [82], Trangenstein and Bell [77, 78], Dicks [16], Pau et al. [63],
Faigle et al. [20] and Doster et al. [17] developed sequential implicit (SI) formulations for compositional multi-component flows. These SI formulations
consist of a pressure solution step, in which an IMPES pressure equation is
solved, followed by an implicit solution of the transport, whereby the totalvelocity field is fixed. One SI iteration is computationally more efficient than
a FI iteration. SI methods are more stable than IMPES methods, but they
suffer from conditional stability due to the semi-implicit treatment of the
velocity. In addition, in SI schemes, volume balance errors may accumulate
with time, especially for three-phase systems. The sequential fully implicit
(SFI) method was proposed for the MsFV method by Jenny et al. [30]. The
SFI scheme leads to the same numerical solution of the FI method; thus, it
is consistent and mass conservative. The SFI algorithm consists of an outer
loop for the coupled system of flow and transport, and an inner loop. The inner loop is made up of two loops performed in sequence: one for the pressure
equation and one for the saturations/compositions equations. The pressure
and the total-velocity are kept fixed for the saturations/compositions loop.
The SFI scheme is quite efficient compared with the FI method for a wide
range of problems in which the interphase mass transfer is weakly coupled
to the flow problem. For problems with tightly coupled nonlinear interactions due to complex interphase mass transfer, the SFI scheme suffers from
convergence difficulties that translate into large numbers of outer iterations
and/or smaller timesteps compared with the FI method [39].
Our objective is to design SFI schemes with nonlinear convergence rate
comparable with FI formulations across the full range of compositional simulations of practical interest. The reasons are: (1) Multiscale formulations
strongly rely on using sequential treatment of the flow (near-elliptic) and
transport (hyperbolic) problems; thus, in order for multiscale methods to
replace the existing single-level formulations that are in wide use, the SFI
approach must have nonlinear convergence rates comparable or superior to
FI solution schemes. (2) Sequential treatment of flow and transport makes
it possible to employ high-order approximations to improve the solution accuracy of the nonlinear hyperbolic transport system.
In Part II of the thesis, fundamentals of simulation of multi-component
and multiphase flow in porous media are reviewed. The mathematical description of the physical phenomena is described. Then the finite volume
method with the description of the spatial and temporal discretizations is
introduced. We then review the fully implicit method, the sequential im-
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plicit method and the sequential fully implicit method used in porous media
simulation. We finally present the usual linear solver as well as the multiscale
finite volume solver.
In Part III of the thesis, we study the extension of the usual SFI method
used for dead-oil and black-oil formulations to compositional formulation.
The pressure equation is the total-mass balance equation. For nc components, the transport system is solved with nc − 1 equations. We analyze the
nonlinear coupling between multiphase flow and multi-component transport
for systems that involve complex interphase mass transfer in heterogeneous
reservoir models, and we propose a modified SFI (mSFI) method. The modification complements the ‘standard’ pressure equation with local pressuresaturations/compositions coupling terms. This algorithm can be viewed as a
domain decomposition method where some parts of the reservoir are treated
with the SFI method and other parts are treated with the FI method. We
show across a wide parameter range that the mSFI algorithm has convergence properties that are similar to, and sometimes even better than, those
of the FI method. This approach is efficient as long as the fraction of cells
that have both liquid and vapor phases is relatively small. However, when
the number of cells experiencing phase appearance/disappearance grows, this
approach becomes expensive.
In Part IV of the thesis, we propose a new SFI scheme with a nonlinear pressure equation that can be seen as an adaptation of the previous
SI methods which work with overall compositions, to an SFI scheme for
the natural-variables formulation. Acs et al., Watts, Trangenstein and Bell,
Dicks, Pau et al., Faigle et al. and Doster et al. employ a linearized ‘volume
balance’ equation. Coats [11] showed that this equation is equivalent to the
IMPES pressure equation and that it is possible to build the same equation
by algebraic manipulations of the usual material balance equations. Møyner
et al. [53, 57] use this pressure for their SI method for compositional flow.
The use of a linearized overall-volume balance leads to nonlinear convergence
difficulties, especially when the coupling between the flow and transport is
strong. We propose a nonlinear ‘volume balance’ equation for compositional
flow. The nonlinear pressure equation simplifies to the pressure equation of
Young [83] for immiscible and incompressible multiphase flow, to the pressure equation for immiscible multiphase flow of Jenny et al. [30] and to
the pressure equation of Lee et al. [38] and Møyner and Lie [54] for blackoil formulation. In the second step of solving the transport, we keep the
conservation equations of all the components. Upon convergence, the mass
conservation equation of each of the components is satisfied subject to the
desired tolerance; however, some discrepancies in the overall-volume balance
and the total-velocity persist. We analyze the nature of these splitting-errors

6
for compositional displacements, and show that we need to control both
splitting-errors to recover the fully implicit solution. The volume splittingerrors are very local and have rarely a large effect on the overall flow. On the
contrary, the total-velocity splitting-error, has never been documented before
and has a much larger support. We finally demonstrate that the parabolic
pressure and the hyperbolic composition systems are easier to solve using
widely available linear solvers compared with the specialized solvers (e.g.,
CPR-AMG [7]) that are needed to deal with the full system with mixed
parabolic-hyperbolic behaviors.
In Part V of the thesis, we use the MsRSB method for the parabolic
operator. We also show that usual phase-potential upwinding (PPU) is incompatible with the total-velocity formulation of the fluxes, which is common
in SFI schemes. We observe that in cases with strong capillary pressure or
gravity, it is possible to have flow reversals. These reversals can strongly affect the convergence rate of SFI methods. We employ phase upwinding (PU)
as well as a new hybrid upwinding (HU) scheme with viscous, capillary and
gravity effects defined for two, three or more phases combined with a SFI
method. HU determines the upwinding direction differently for the viscous,
capillary pressure and buoyancy terms in the phase velocity expression. The
use of HU leads to a consistent SFI scheme in terms of both pressure and
compositions, and it improves the SFI convergence significantly in settings
with strong capillarity and/or buoyancy. We demonstrate the robustness of
the HU-based SFI algorithm across a wide parameter range. Results for realistic compositional models with gas and water injection are presented and
discussed.
We finally conclude with general remarks and outlook.

Part II

Simulation of Multi-Component
and Multiphase Flow in Porous
Media
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The content of this part is adapted from the previously published papers “Modified Sequential Fully
Implicit Scheme for Compositional Simulation” by Moncorgé et al. [50], “Sequential Fully Implicit Formulation for Compositional Simulation Using Natural Variables” by Moncorgé et al. [52] and a paper
currently in peer review “Consistent Sequential Fully Implicit Scheme for Multiscale Compositional Flow”
by Moncorgé et al. [46]. Most of the text and equations are similar with the introductory sections of these
publications.

1

Mathematical Description

We describe the physical phenomena of multi-component and multiphase
flow in porous media. The generalized isothermal compositional formulation
is our target. The formulation accounts for interphase mass transfer as well
as compressible flow with capillary-pressure and gravity effects. We describe
the system with the natural-variable formulation [10]. Other choices of variable formulations are possible [5, 80]. In these other formulations, extensive
degrees-of-freedom (variables), such as the overall number of moles, or mass,
of a component, are used. The advantage of using natural variables is first
to facilitate the development of semi-implicit schemes with different levels
of implicitness [13, 43, 66], and second, to enable binary thermodynamic
constraints between phases to be written in terms of pressure and phase
compositions. Pressure and phase compositions are the physically meaningful intensive variables governing the equilibrium and their use gives more
flexibility on the ways to enforce the thermodynamic constraints during the
solution process.

1.1

Natural-Variable Compositional Formulation

We assume that we have nc components. The number of unknowns in the
case of flow of np phases is 2np + nc np . They are: np phase pressures, Pp , np
saturations of each phase, Sp , nc np component mole-fractions, xp,c for each
phase p and component c. To close the system, 2np + nc np equations are
required.
1.1.1

Mole conservation equations

The conservation of mole for each component, c, is written as:
"
#
"
#
X
X
X
∂
φ
xp,c ρp Sp + ∇ ·
xp,c ρp up =
xp,c ρp qp ,
∂t
p
p
p

(1)
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where φ is the porosity, ρp are the phase mole densities and qp are the source
terms. The component mole-fractions xp,c of phase p are fixed to injected
values xinj
p,c in case of positive source term qp ≥ 0. The velocity of each phase
is given by Darcy’s law:
up = −λp K (∇Pp − ρp g∇D) ,

(2)

where λp are the phase mobilities, K is the rock permeability, ρp are the
phase mass densities, g is the gravitational acceleration and D is the depth.
The total velocity
X
ut = −K
λp (∇Pp − ρp g∇D)
(3)
p

is the sum of the phase velocities. The phase velocities
up =

λp
ut + Ψ p
λt

can be expressed as functions of the total velocity, where λt =
total mobility and
Ψp = K

X λp λq
q

λt

(4)
P

[(∇Pq − ρq g∇D) − (∇Pp − ρp g∇D)]

p

λp is the

(5)

represents the capillary pressure and gravity contributions for each phase.
1.1.2

Constraint equations

The notion of conservation equations and constraint equations is similar to
the one described by Aziz and Wong [5]. The 2np + nc (np − 1) constraint
equations are local equations (i.e, only involve variables of the cell for a finite
volume discretization). We have np + 1 fraction constraints:
nc
X

xp,c = 1, for each phase p

(6)

c=1

and

X

Sp = 1.

(7)

p

These equations are used to eliminate one composition variable per phase in
addition to one saturation by expressing them directly as functions of the
other variables. We also have the np − 1 capillary-pressure relationships:
Pp = P + Pcp (S1 , ..., Snp ),

(8)
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where Pcp are the capillary pressures between the phase p and a reference
pressure that is chosen as the gas phase pressure (i.e. P = Pg ). These
equations are used to directly write the phase pressures as functions of the
reference pressure and the saturations.
1.1.3

Binary thermodynamic constraint equations

The remaining nc (np − 1) constraint equations are binary thermodynamic
constraints. When a component c is present in phases p and q, the chemical
potential of the component c in phase p has to be equal to the chemical
potential of the component c in phase q. These local equilibrium constraints
are enforced only when both phase p and phase q are present in the cell. For
this thesis, we will only concentrate on binary thermodynamic constraints
for the hydrocarbon components between the gas and the oil phase and on
the water component that can only exist in the aqueous phase (i.e. xg,w =
xo,w = 0.0, xw,w = 1.0 and xw,c = 0.0 for all hydrocarbon components c).
However, this formulation is general enough to describe advanced processes
with interactions with aqueous components or with a solid phase such as
polymer flood or surfactant-polymer flood with microemulsion phase [47, 62].
We define nh as the number of hydrocarbon components and if we take into
account the water component, we have then nc = nh + 1.
Three different models for the phase equilibrium are used in the reservoir
simulation community. The simplest formulation is the black-oil model [4,
64], which accounts for two hydrocarbon components, whereby the phase
compositions are direct functions of the (gas-phase) pressure; that is, for
each hydrocarbon component c
xg,c = xsat
g,c (P )
xo,c = xsat
o,c (P ).

(9)
(10)

The second model is the K-value compositional formulation, which accounts
for many hydrocarbon components. The equilibrium is represented by correlations [15] for each hydrocarbon component c
xg,c = Kc (P ) xo,c .

(11)

Finally, the most general formulations are based on the Peng-Robinson [65],
Redlich-Kwong [67] and Soave-Redlich-Kwong [71] cubic equations of state
(EOS) models. The general approach for EOS can be written as [44] for each
hydrocarbon component c
fˆc,g (P, xg,1 , ..., xg,nh ) = fˆc,o (P, xo,1 , ..., xo,nh ).

(12)

1.2 Phase-Split Algorithm
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These last equations are also general enough to describe Eqs. (9), (10) and (11).
It is a common approximation to use a reference phase (in this case the gas
phase pressure) instead of the pressure of each phase for the thermodynamic
equilibrium constraints.

1.2

Phase-Split Algorithm

We describe the phase-split (or ‘flash’) algorithm for situations with nh hydrocarbon components that can only exist in the gas and the oil phases and
a water component that can only exist in the aqueous phase. The phasesplit algorithm is equivalent to solving a nonlinear system of nh equations
and nh variables. The pressure P and the number of moles per hydrocarbon
component Nc are fixed, and we solve for each hydrocarbon component c (nh
equations)




Ynh
Nnh − Ynh
N1 − Y1
Y1
ˆ
ˆ
− fc,o P,
, ...,
gc (Y1 , ..., Ynh ) = fc,g P, , ...,
V
V
L
L
(13)
with the unknowns Yc as the number of moles of component c in the gas
phase (nh unknowns). The total number of moles in the gas phase is written
as
X
Yc
(14)
V =
c

and the total number of moles in the oil phase is written as
L=

X

(Nc − Yc ) .

(15)

c

At convergence the mole-fraction of the gas phase is computed as
P
Yc
βg = P c
,
c Nc + Nw

(16)

the mole-fraction of the water phase is computed as
Nw
,
c Nc + Nw

βw = P

(17)

and the mole-fraction of the oil phase is computed as
βo = 1.0 − βg − βw

(18)
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with Nw the number of moles of the water component. The mole-fractions
of the gas and oil phases are given for each component c by
Yc
V
Nc − Yc
=
.
L

xg,c =
and xo,c

(19)
(20)

The phase-split algorithm finds the global minimum of the total Gibbs energy of the system. An important first step is to determine the number of
phases of the mixture with a stability analysis [45]. The stability analysis is
a very fast check for a few local minima of the Gibbs energy if the mixture
is stable or unstable. If the mixture is stable with one hydrocarbon phase,
no further work is needed. If on the contrary, the mixture needs two hydrocarbon phases, further computations are needed to determine the exact
compositions of each phase. As the system of equations is very nonlinear and
several local minima of the total Gibbs energy of the system are possible, the
solution process involves a combination of successive substitution algorithms,
acceleration with the dominant eigenvalue method [61] and finally a Newton
method when we are in the vicinity of the solution. More details can be
found in [45].

1.3

Treatment of Wells

The wells are modeled as one dimensional objects with no volume. They are
defined by a trajectory in the reservoir and the instantaneous composition
in the well is equal to the volumetric average of all the various compositions
entering the well.

2

Finite Volume Method

We use the finite volume method. Each cell (i.e., control volume) has uniform
values for the np phase pressures, the np phase saturations and the nc np
component mole-fractions. The number of cells is ncell .

2.1
2.1.1

Spatial Discretization
Phase-potential upwinding

The discretized volumetric rate of phase p from Darcy’s law (2) between cell s
and cell t reads
Qp = T λppu
(21)
p Φp
with T being the flow transmissibility between cell s and cell t. The potential
difference for phase p is
Φp = P s − P t + Φcp + Φgp

(22)

with the difference of the pressure from cell s to cell t, i.e.,
P s − P t,

(23)

Φcp = −(Pcsp − Pctp )

(24)

the capillary contribution

and the gravity contribution
Φgp = −

ρsp + ρtp
g (Ds − Dt ).
2

(25)

The mobilities are computed by phase-potential upwinding (PPU) [64]:
 s
λp if Φp ≥ 0
ppu
λp =
(26)
λtp otherwise.
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If Qp ≥ 0, the flow goes from cell s (source) to cell t (target), and if Qp < 0,
the flow goes from cell t to cell s. The total volumetric rate Qt is defined by:
X
X
Qt =
Qp = T
λppu
(27)
p Φp .
p

p

The volumetric rate of phase p can be written in total-volume formulation
as
"
#
X
λppu
p
Qp = P ppu Qt + T
λppu
(Φp − Φq ) .
(28)
q
λ
q
q
q
2.1.2

Hybrid upwinding

Hybrid upwinding (HU) is a technique that uses different upwinding for the
different driving forces. HU computes the viscous term based on the sign
of the total volumetric rate. It has been first introduced in the context of
reservoir simulation for solving the transport equations of immiscible twophase flow with gravity using explicit discretization in time by Eymard et
al. [19]. Implicit hybrid upwinding (IHU) was proposed by Lee et al. [37]
and Hamon et al. [24]. Lee and Efendiev [36] proposed a solution for viscous
and gravity systems with three phases. Hamon et al. [25] proposed recently
an extension including capillarity, and they demonstrated the approach for
immiscible and incompressible two-phase systems. The IHU discretization
of the volumetric rate for phase w in case of two-phase flow (w and o) with
gravity can be written as
Qhu
w =

λgw λgo
λvw
Q
+
T
(Φg − Φgo ) .
t
λvw + λvo
λgw + λgo w

(29)

The total volumetric rate is written as
ppu
Qt = T (λppu
w Φw + λo Φo )

(30)

with λppu
computed by phase-potential upwinding of each phase with Eq. (26).
p
The mobilities of the viscous term are chosen by total-volumetric rate upwinding:
( λs
w
if Qt ≥ 0
λvw
λsw +λso
=
(31)
t
λw
v
v
λw + λo
otherwise.
λt +λt
w

o

The mobilities for the gravity term are chosen using the following criteria
( λs λt
w o
if Φgw − Φgo ≥ 0
λgw λgo
λsw +λto
=
(32)
t
s
λw λo
λgw + λgo
otherwise.
t
s
λ +λ
w

o

2.2 Temporal Discretization

2.2
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Temporal Discretization

The main algorithms used in reservoir simulation are IMPES [4] and FI
methods. For the IMPES scheme, in the flux terms, the pressure is taken
implicit but the other variables are taken explicit. This treatment introduces
limitations on the timestep size by Courant-Friedrichs-Lewy (CFL) -like criteria [13, 43]. These stability limits can be quite severe for highly detailed
heterogeneous reservoir models with high flow rates. The FI method or firstorder implicit (backward Euler) in time method is then preferred. The FI
method is very robust and allows for large timesteps, but is computationally
expensive and more diffusive than the IMPES method.
The adaptive implicit (AI) method [21, 76] has been introduced to combine the advantages of both IMPES and FI methods. An IMPES method
is employed for the cells in the reservoir where the CFL criteria is honored;
otherwise, FI discretization is used. The cells traversed by wells are always
treated with the FI discretization.

3

Nonlinear Solvers

3.1

Fully Implicit Method

Defining R the residual of the (2np + nc np )ncell equations and A the Jacobian
of the (2np + nc np )ncell equations and variables, a Newton-Raphson iteration
for the FI method can be written as





Acc Acp
δC
Rc
=−
(33)
Apc App
δP
Rp
with the subscript “p” referring to the total-mole (or total-mass) equation
or the gas-phase pressure and the subscript “c” referring to all the other
equations and variables. The gas-phase pressure is “P ” and all the other
variables are noted as “C”. δP and δC are the variations of the variables P
and C. With | |∞ denoting the infinity norm and  a tolerance, the NewtonRaphson algorithm for the FI method can then be written as:
compute Rc and Rp from equations (1), (6), (7), (8), (12)
while max(|Rc |∞ , |Rp |∞ ) >  do
compute Acc , Acp , Apc , App from equations (1), (6), (7), (8), (12)

 
 
−1 

C
C
Acc Acp
Rc
compute
=
−
P
P
Apc App
Rp
compute phase-split if mixture is unstable
recompute Rc and Rp from equations (1), (6), (7), (8), (12)
end
Algorithm 1: FI method
After each update, the saturations and mole-fractions are restricted to
remain in the physical space (i.e., between zero and one). When the saturation of a phase becomes negative, we reset its value to zero and assume that
the fluid-phase has disappeared. After updating the variables, a thermodynamic stability test is performed on cells with only one hydrocarbon phase.
If this test returns that the mixture is unstable, then, in order to smooth

3.1 Fully Implicit Method

19

out discontinuities, we set the saturation of the phase appearing to a small
value (e.g., 0.001 [10]) and we converge the phase-split algorithm to compute
the composition for the new phase. This allows the next Newton-Raphson
iteration to lead the system to the correct solution. This algorithm is then
not a ‘true’ Newton-Raphson method. This is because the local binary thermodynamic constraint equations can change from one iteration to the next
due to the appearance, or disappearance, of a fluid phase.
In practice, the Jacobian matrix of (2np + nc np )ncell equations and (2np +
nc np )ncell variables is never built in memory. An optimized equivalent Jacobian system of nc ncell equations and nc ncell variables is built using the
concept of primary and secondary variables. This concept is explained in the
following section.
Algorithm 1 can also describe the AI method. The Jacobian matrix parts
of the IMPES cells have a specific structure with only derivatives with respect
to pressure for the off-diagonal terms. This structure allows the compression
of the Jacobian matrix a second time to obtain an even smaller equivalent
matrix. Representing only the equations relative to the cell i, the Jacobian
matrix A can be separated into a diagonal term D and an off-diagonal term
F multiplied by the variations δP and δC over all the cells. The system of
equations relative to the cell i can be written as:

 


 

δC
Rc
Fcc Fcp
Dcc Dcp
.
(34)
=−
,
Rp i
Fpc Fpp
δP
Dpc Dpp
i
If the cell i is IMPES, the structure of the equations relative to the cell i is

 
 



Dcc Dcp
0 Fcp
δC
Rc
,
=−
,
(35)
Dpc Dpp
0 Fpp
δP
Rp i
i
that is equivalent to


Dcc Dcp
0 D˜pp

 
 



0 Fcp
Rc
δC
,
=−
δP
0 F˜pp
R̃p i
i

(36)

with
−1
D˜pp = Dpp − Dpc Dcc
Dcp ,
−1
F˜pp = Fpp − Dpc Dcc Fcp ,
−1
Rc .
and R̃p = Rp − Dpc Dcc

This is illustrated later in Figure 2(b).

(37)
(38)
(39)
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3.2

3 NONLINEAR SOLVERS

Primary and Secondary Variables

The total number of unknowns is 2np +nc np . They are np phase pressures, Pp ,
np saturations of each phase, Sp and the nc np component mole-fractions xp,c
for each phase p and component c. Equations (6) are used to eliminate one
composition variable per phase, Eq. (7) is used to eliminate one saturation
and Eqs. (8) are used to remove np −1 pressures. The remaining variables are
nc np independent variables. The number of primary independent variables
equals the number of conservation equations, nc , and the number of secondary independent variables equals the number of binary thermodynamic
constraint equations, nc (np −1). The binary thermodynamic constraint equations Eqs. (12) are local to each cell and are used to build Jacobian matrices
only for the primary variables. When we build a Jacobian matrix, we can
express independently for each cell the change of the secondary variables δVs
as functions of the change of the primary variables δVp by


∂G
(Vp , Vs )
δVs = −
∂Vs

−1 

∂G
G(Vp , Vs ) +
(Vp , Vs ) δVp
∂Vp

(40)

with G, Vp and Vs being, for each cell, the vectors of binary thermodynamic constraint equations, primary variables and secondary variables, re∂G
∂G
and ∂V
the matrices with the derivatives of the binary
spectively, and ∂V
p
s
thermodynamic constraint equations wrt the primary variables and the secondary variables, respectively. At the Jacobian building, the square matrix
∂G
of size nc (np − 1) is inverted for each cell. The Jacobian building phase
∂Vs
is bandwidth limited and eliminating the secondary variables by this Schur
complement approach is much more efficient than creating large Jacobian
matrices [28]. The Jacobian matrix is solved by the linear solver, giving the
change of the primary variables δVp . The change of the secondary variables
δVs is then recovered cell by cell by Equation (40). When a phase does not
exist, the binary thermodynamic constraint equations are replaced by setting
the composition values of the missing phase to fixed values.
In case of nh hydrocarbon components that can exist in the gas and the
oil phase and a water component that can only exist in an aqueous phase,
the equations are the nc = nh + 1 mole conservation equations and the nh
equations representing the binary thermodynamic equilibrium between the
gas and the oil phase. The binary thermodynamic equilibrium equations
between the aqueous phase and the other phases do not exist as only the
water component is present in an aqueous phase. For oil-water cells, the
primary variables are P , Sw , xo,1 to xo,nh −1 ; for gas-water cells, the primary
variables are P , Sw , xg,1 to xg,nh −1 ; and for gas-oil-water cells, the primary

3.3 Newton Damping and Timestep Control
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variables are P , Sg , Sw , xg,2 to xg,nh −1 . We define the primary component
variables the set of primary variables with the pressure excluded.

3.3

Newton Damping and Timestep Control

The main heuristic safeguarding techniques used are damping of the variation
vector in Eq. (33) in order to keep the variation of the variables within
acceptable ranges. Typically, we keep a maximum variation for the pressure
of 1000.0 psi and a maximum variation for the saturations and the molefractions of 0.2. The simplest heuristic for the timestep control is to target a
maximum saturation variation of 0.2. For a given converged timestep δtn+1
between time tn and tn+1 , we choose the new timestep δtn+2 for the simulation
between time tn+1 and tn+2 as
0.2
(41)
δtn+2 = δtn+1
maxp,i Spi,n+1 − Spi,n
with Spi,n and Spi,n+1 being the saturations of phase p for cell i at time tn and
tn+1 , respectively [68].

3.4

Sequential Implicit and Sequential Fully Implicit
Methods

Acs et al. [2], Watts [82], Trangenstein and Bell [77, 78], Dicks [16], Pau et
al. [63], Faigle et al. [20] and Doster et al. [17] developed SI formulations
for compositional multi-component flows. In these SI formulations, extensive
degrees-of-freedom (variables), such as the overall number of moles, or mass,
of a component divided by the pore volume, are used. The SI algorithm
consists of a pressure solution step, followed by an implicit solution of the
transport whereby the pressure and the total-velocity fields are fixed. The
developers of SI formulations noted that it is not possible to satisfy all the
governing nonlinear equations exactly, and that some inconsistencies must
be tolerated. The formulations of Acs et al., Watts, Trangenstein and Bell,
Dicks, Pau et al., Faigle et al. and Doster et al. consider the pressure
equation as a ‘volume balance’ equation; in the second step of solving the
transport, they keep the conservation equations of all the components. Upon
convergence, the mass conservation equation of each of the components is
satisfied subject to the desired tolerance; however, some discrepancies in
the overall-volume balance persist. These errors may accumulate with time,
especially for three-phase systems.
The sequential fully implicit (SFI) method was first proposed to model
multiphase fluid flow without mass exchange in the context of the multiscale
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finite volume method [30]. The SFI approach was later extended to the blackoil formulation [38, 54], and recently for compositional multi-component flow
by Hajibeygi and Tchelepi [23] and Møyner et al. [53, 58]. In these previous
works, the SFI algorithm consists of solving repeatedly until full convergence two different implicit systems in sequence: (1) a pressure equation
and, (2) a saturations/compositions system. During the solution of the saturations/compositions system, the pressure and the total-velocity are fixed.
For nc components, a coupled set of nc − 1 component conservation equations is solved in the saturations/compositions step. The conservation equation of the component removed in the saturations/compositions system is
then relaxed. The SFI scheme sequentially solves the near-elliptic pressure
equation and then the near-hyperbolic transport equations as described by
Algorithm 2, in which R is the residual, A the Jacobian matrix, , p , and
c are convergence tolerances and the subscript “p” refers to the total-mole
(or total-mass) equation, or the gas-phase pressure, and the subscript “c”
refers to the nc − 1 component equations, or the nc − 1 primary component
variables.
compute Rp and Rc
while max(|Rp |∞ , |Rc |∞ ) >  do
while |δP | > p do
compute App and Rp
compute δP = −A−1
pp · Rp
P = P + δP
compute phase-split if mixture is unstable
end
compute and freeze total velocity ut
while |δC| > c do
compute Acc and Rc
compute δC = −A−1
cc · Rc
C = C + δC
compute phase-split if mixture is unstable
end
recompute Rp and Rc
end
Algorithm 2: SFI method
The SFI method can be efficient for many problems; however, when the
coupling between the flow and transport is too strong, the SFI method often requires many more Newton iterations and/or much smaller timesteps
compared with the FI method.

4

4.1

Linear Solver

CPR(AMG,BILU0)-FGMRES

The mixed pressure-compositions systems arising from the fully implicit algorithm are solved by FGMRES with constrained pressure residual (CPR)
preconditioner [81]. The CPR approach decouples at the linear level the
near-elliptic part of the system and the hyperbolic part of the system. Algebraic Multi-Grid (AMG) [26, 74] is used as the first stage preconditioner
for the near-elliptic part and block incomplete lower-upper factorization with
zero fill-in (BILU0) is used as the second stage preconditioner for the hyperbolic part [7]. Practical reservoir simulation uses inexact Newton with fixed
forcing term. The linear solver stops when the L2-norm of the residual is
reduced by a factor of 1000.

5

Multiscale Finite Volume

The MsFV method [29] has been extended to unstructured grids with the
MsRSB method [55]. We take as example the 220×60-cell 2D permeability
field from [9] in Figure 1(a) and we partition the domain into 66 coarse
domains by METIS [31] as shown in Figure 1(b). Figure 1(b) also depicts a
specific coarse domain that has been circled in red. Figure 1(c) represents
the restriction operator for the coarse domain shown in Figure 1(b). The
yellow color represents values of unity and the blue color represents values of
zero. Figure 1(d) represents the prolongation operator for the coarse domain
shown in Figure 1(b). Values of the prolongation operator also range between
zero and one. We note that the support of the prolongation operator is larger
than the support of the restriction operator. The restriction operator for all
the coarse domains is represented as a matrix R with the number of rows
being the number of coarse domains and the number of columns being the
number of cells. The prolongation operator for all the coarse domains is
represented as a matrix P with the number of rows being the number of cells
and the number of columns being the number of coarse domains. For an
incompressible case, the fine scale pressure of the linear pressure system
App p = bp

(42)

is computed by 1) solving for a coarse pressure pc with
App p = bp ,
App (P pc ) ≈ bp and
(RApp P) pc = Rbp or Mms pc = Rbp

(43)
(44)
(45)

with the multiscale operator Mms , 2) prolongating the coarse pressure pc to
a fine scale pressure
p = P pc .
(46)
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(a) -2.3 (dark blue) ≤ log10(K) ≤ 3.7 (yellow) field of the 2D
model with 220×60 cells.

(b) METIS partitioning with a coarse domain identified.

(c) Restriction operator for the given coarse domain.

(d) Prolongation operator for the given coarse domain.

Figure 1: MsRSB restriction and prolongation operators for a given coarse
domain for a 2D example.

Part III

Modified Sequential Fully
Implicit Scheme for
Compositional Flow (Splitting
Error on Material Balance
Equation)

29
The content of this part is adapted from a previously published paper “Modified Sequential Fully
Implicit Scheme for Compositional Simulation” by Moncorgé et al. [50] and corresponds to the sections 2
and 3 of [50]. Most of the text, figures and equations are identical with the corresponding sections of the
publication.

The SFI scheme is quite efficient compared with the FI method for a wide
range of problems in which the interphase mass transfer is weakly coupled to
the flow problem. For problems with tightly coupled nonlinear interactions
due to complex interphase mass transfer, the SFI scheme suffers from convergence difficulties that translate into large numbers of outer iterations and/or
smaller timesteps compared with the FI method [39]. In this part, we analyze the nonlinear coupling between multiphase flow and multi-component
transport for systems that involve complex interphase mass transfer in heterogeneous reservoir models, and we propose a modified SFI (mSFI) method.
The modification complements the ‘standard’ pressure equation with local pressure-saturations/compositions coupling terms. This method can be
viewed as a domain decomposition method with some parts of the reservoir
treated by the SFI method and other parts treated by the FI method. We
show across a wide parameter range that the mSFI algorithm has convergence properties that are similar to, and sometimes even better than, those
of the FI method. Compositional fluids with two, six, and eleven components are considered. Formulations based on K-values and EOS were tested
for both depletion and recompression test cases with interphase mass transfer
and crossing of the phase boundaries.

6

CFL Limit for Explicit Treatment of Thermodynamics

We derive criteria for the degree of coupling across pressure, saturations, and
compositions. The formulation accounts for compressible gas-oil flow with
capillary pressure, gravity and interphase mass exchange. We study how
errors in the pressure impact the other variables, especially in the presence
of interphase mass transfer. We derive CFL-like numbers for the saturations
and compositions. These CFL numbers give an indication of the degree of
the coupling strength across pressure, saturation, and composition when a
sequential (explicit) solution algorithm is employed.
First, we derive the CFL number for explicit treatment of the gas-phase
saturation for a gas-oil flow in one-dimension (x). The fractional-flow is given
by:




λo ∂(ρg − ρo )gD
λg
λo (ρg − ρo )
∂D
λg
1+ K
≈
1+
gK
(47)
fg =
λt
ut
∂x
λt
ut
∂x
and the gas-phase velocity can be written as:
ug = fg ut −

λg λo ∂Pcgo
K
λt
∂x

(48)

with the capillary pressure between the gas and the oil phase Pcgo = Pg − Po .
The total-mobility is λt = λg + λo , the total-velocity is ut = ug + uo , and the
fractional-flow and the velocity of the oil phase are, respectively, fo = 1 − fg
and uo = ut − ug . We get the total-mass equation as the sum of each
mole balance Eq. (1) of component c multiplied by the molar weight of the
t
component. Assuming a constant φ, neglecting the spatial gradient ∂u
and
∂x
the cross-derivatives in the linearized total-mass equation, one obtains:
∂S
∂S
∂ 2S
= −aSt
+ dS 2 −
∂t
∂x
∂x

∂
∂P

(ρg fg + ρo fo ) ut ∂P
ρg − ρo
φ ∂x

(49)
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with S = Sg , So = 1 − S,
∂fg ut
≥0
∂Sg φ

(50)

λg λo K 0
P ≥ 0.
λt φ cgo

(51)

aSt =
and
dS =

Defining the phase-split function F S (P, z) = Sg with z as the overall molefraction for each component, we approximate
 S −1
∂P
∂F
∂S
≈
,
(52)
∂x
∂P
∂x
which leads to an equation for the derivatives of S; that is,
∂S
∂ 2S
∂S
∂S
= −aSt
+ dS 2 − aSf
∂t
∂x
∂x
∂x
with

(53)



(ρg fg + ρo fo ) ∂F S −1 ut
=
≥ 0.
(54)
ρg − ρo
∂P
φ
This is the standard saturation equation with an additional term that accounts for phase transitions. Discretizing equation (53) with the space and
time increments δx and δt, and performing a Neumann stability analysis
leads to the CFL number for the explicit treatment of the thermodynamics
term but the implicit treatment of the advection and diffusion terms (CFL
saturation ‘flash’, ie CFLSF ):
aSf

∂
∂P

CFLSF =

δt
−1
2aSf δx
δt
2aSt δx
+ 4dS δxδt2 + 1

(55)

and the usual CFL number [13, 43] for the explicit treatment of the advection
and the diffusion terms (CFL saturation CFLS ):
CFLS = δt aSt

1
1
+ 2dS 2 .
δx
δx

(56)

These equations are derived in Appendix C.
We now derive the CFL number for explicit treatment of the composit
tions. With constant φ, neglecting the spatial gradient ∂u
and the cross∂x
derivatives in the linearization of Equation (1) for the conservation of mole
of component c, one obtains for one-dimension flow:
∂xo,c
Kc ρg fg + ρo fo ut ∂xo,c
=−
−
∂t
Kc ρg Sg + ρo So φ ∂x

∂
∂P

(Kc ρg fg + ρo fo )
ut ∂P
xo,c
Kc ρg Sg + ρo So
φ ∂x

(57)
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with xg,c = Kc xo,c . Defining the phase-split function F c (P, z) = xo,c , we
approximate
 c −1
∂P
∂F
∂xo,c
≈
,
(58)
∂x
∂P
∂x
and one obtains an equation with only derivatives of xo,c ; that is,
∂xo,c
∂xo,c
∂xo,c
= −act
− acf
∂t
∂x
∂x

(59)

xg,c ρg fg + xo,c ρo fo ut
xg,c ρg Sg + xo,c ρo So φ

(60)

with
act =
and
acf

 c −1
g fg )
o fo )
+ xo,c ∂(ρ∂P
xg,c ∂(ρ∂P
∂F
ut
xo,c
.
=
xg,c ρg Sg + xo,c ρo So
∂P
φ

(61)

This is the standard compositional balance, but with an additional term
accounting for phase transition effects. This equation is used to obtain the
CFL numbers (stability limits) due to phase-transition (CFL composition
‘flash’, ie CFLXF ) and flow (CFL composition CFLX ), respectively. The
results are:
CFLXF =

δt
2acf δx
−1
δt
2act δx
+1

and CFLX = δt act

1
.
δx

(62)
(63)

Note that the maximum values refer to those obtained over all the components in the system. A physical argument for these criteria is the following: if
we have a gas-oil cell at equilibrium, and a light component is injected, then
the pressure and the gas saturation will start to increase. If, on the contrary, a
heavy component is injected in a small proportion, then the pressure and gas
saturation of the cell will start to decrease. Thus, depending on the composition entering the cell, the pressure can go up or down, so that changes in the
pressure and saturations/compositions are tightly coupled. If the model has
several cells, then the problem is more complicated. The CFLSF and CFLXF
values are measures of the strength of the pressure-saturations/compositions
coupling. When the coupling is weak, it means that the pressure will follow
the current trend, if the composition content is well approximated. As a result we can decouple pressure from the other variables. When this coupling
is strong, then if there is an error in the composition entering the cell, the
pressure change can go in the wrong direction.

7

mSFI Algorithm

Here, the modified SFI (mSFI) approach is described. The pressure update
in the FI method (33) can be written as


Acc Acp
Apc App



δC
δP





Rc
= −
Rp
P = P + δP


(64)
(65)

with δC discarded. Note that App is a sparse matrix with scalar elements,
whereas Acc is a sparse matrix with block elements of size (nc − 1) × (nc −
1). This pressure update is equivalent to a standard FI iteration; however,
computational gains are possible, if only the important components of Acc
and Apc are considered. Therefore, matrices Accr and Apcr are introduced,
which are approximations of Acc and Apc . Accr and Apcr are block-diagonal
matrices with some off-diagonal blocks for cells with mass transfer between
the fluid phases, specifically,
• For cells that currently experience mass transfer between the fluid
phases (i.e. cells that have both gas and oil present during the current iteration).
• For cells that have experienced mass transfer between the fluid phases
during the current timestep.
• In addition, to limit discontinuities due to removing or adding the
coupling terms, for all cells adjacent to those for which one of the
first two criteria are met.
We are interested in using timesteps comparable to the FI method. For such
compositional simulations, the CFLSF and CFLXF can have very large values during a Newton iteration, and that can destabilize the overall Newton
path of a scheme such as the SFI method. Instead of strictly monitoring
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the various CFL numbers during the iterations for a given timestep, we employed a simple strategy for the mSFI implementation. A cell that has two
hydrocarbon phases (gas and oil) during the current iteration retains fully
implicit coupling. In order to ensure that no instabilities propagate to a
neighboring cell, we retain full implicit coupling to all the neighbors of a
two-hydrocarbon-phase cell. Since most of the cells in a reservoir model are
not expected to experience mass transfer between the fluid phases, Accr and
Apcr are likely to be nearly block-diagonal. The mSFI pressure update is
then approximated by



Accr Acp
Apcr App



δC
δP





Rc
= −
Rp
P = P + δP.


(66)
(67)

The system associated with the FI procedure for a 2D problem with 10 cells
is shown in Figure 2. In sub-plot (a), Acc is grey, Acp is green, Apc is lightblue and App is dark-blue. Figure 2(b) shows the corresponding system for
the AI method assuming that the first four cells are treated using the IMPES
method. In these representations, white space indicates zero coefficients. A
detailed look at the Figure 2(b) indicates that the AI-based system can be
decomposed into two smaller systems: one for the explicitly treated transport
equations and one system for the implicitly treated flow problems. The later
sub-system, which is of mixed parabolic-hyperbolic type, can be solved using
the CPR-AMG approach [7]. Figure 2(c) shows the corresponding system
for the proposed mSFI method (66). In this figure, light-green indicates
matrix blocks that are zero in mSFI, but are non-zero in the corresponding
AI system of Figure 2(b). The CPR-AMG solver can be used to deal with
the sub-system obtained using the AI and mSFI schemes. In our studies,
we have observed practically the same number of linear solver iterations for
systems described by Eqs. (64) and (66). Moreover, if mass transfer occurs
in a small portion of the reservoir model, the cost of solving system (66) is
equal to the cost of inverting an AI matrix with mainly IMPES-like cells,
which is much cheaper than inverting system (64) of the FI method. After
each pressure update, a stability test and possibly a phase-split algorithm
are applied in order to check if the pressure has crossed the bubble-point and
˜ which
to set a value for the appearing phase. We introduce the matrix I,
consists of zeros except for ones on the diagonal, where additional coupling
terms are required. With this definition, the mSFI component update can
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(a)

(b)

(c)

Figure 2: The systems associated with a 2D problem with 10 cells. (a) shows
the FI system; (b) shows the AI system when the first four cells are treated
using IMPES. Here, Acc is grey, Acp is green, Apc is light-blue and App is darkblue. White space indicates zero entries. The corresponding mSFI system
is shown in (c), where light-green indicates matrix blocks that are zero in
the mSFI system, but are non-zero in the corresponding AI system. A first
hyperbolic-only system is formed with the composition equations of the first
four cells and a second mixed parabolic-hyperbolic system is formed with
all the pressure equations but only the composition equations of the last six
cells.

be described as follows:

compute δPh from a mSFI pressure
iteration
i
−1
˜
δC = Acc · Rc − I · Acp · δP
C = C + δC.

(68)

This component update entails a pressure system computation, a transport
system computation, and a stability test followed possibly by a phase-split
computation. The block-matrix Acc is solved by GMRES preconditioned
by BILU0. We use the computed δP in regions where the additional coupling terms are needed for the transport system, and we keep the usual SFI
transport system in regions where no additional coupling terms are required.
Note that two pressure systems and one component system are solved for
each mSFI iteration. There is not outer or inner iteration as for the conventional SFI method. The mSFI method is described in Algorithm 3.
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compute Rc and Rp
while max(|Rc |∞ , |Rp |∞ ) >  do
% pressure update
compute Accr 
, Acp , Apcr

 and A
pp 
Accr Acp
δC
Rc
=−
Apcr App
δP
Rp
discard δC and update P = P + δP
compute phase-split if mixture is unstable
% saturations/compositions update
compute Acc
recompute Accr , Acp , Apcr , App , Rc and Rp
%
 first step isto
 compute
 a δP


Accr Acp
δC
Rc
=−
Apcr App
δP
Rp
discard δC and keep δP
% saturations/compositions
update
with localized coupling
h
i
−1
˜
δC = Acc · Rc − I · Acp · δP
C = C + δC
compute phase-split if mixture in unstable
recompute Rc and Rp
end
Algorithm 3: mSFI algorithm

The cost of one mSFI iteration is equivalent to two AI matrix inversions,
and one Acc matrix inversion. The cost of solving the pressure system with
AMG is given as
cAM G = αAM G ncell log(ncell )
(69)
with αAM G being a constant, and ncell being is the number of cells in the
model. The cost of one BILU0-GMRES iteration is given as
cILU = αILU nz

(70)

with αILU being a constant, and nz is the number of non-zero entries in
the matrix. For the cases we tested, the FI and AI systems required the
same number of CPR iterations, nCP R . We observed that the essentially
hyperbolic (transport) problem represented by the matrix Acc requires less
BILU0-GMRES iterations compared with the FI or AI formulations with
R
∈ [1.2, 3], where nILU is the number of required BILU0CPR; that is, nnCP
ILU
GMRES iterations. We introduce the number of non-zero block-entries, nbz ,
for a block matrix (block structure of the matrix due to several equations and
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variables per cell), and the fraction cF I of FI cells in the mSFI iteration. For
the FI update, the number of non-zero entries in the matrix is: n2c nbz with nc
the number of components. For the mSFI pressure update, constructing the
pressure system and ignoring the cross-terms at the boundary with the FI
cells, the number of non-zero entries in the matrix is (1−cF I +cF I n2c ) nbz . For
the mSFI composition update, the number of non-zero entries in the matrix
is (nc − 1)2 nbz . The complexity ratio of one mSFI iteration versus one FI
iteration can be written as:
i
h
2
G
+
α
(1
−
c
+
c
n
)
+ nILU αILU (nc − 1)2
2 nCP R cAM
ILU
FI
FI c
nbz
i
h
.
(71)
G
2
+
α
n
nCP R cAM
ILU c
nbz
If we only consider the cost of the AMG solver by setting αILU in equation (71) to zero, we observe twice as many AMG solves in one mSFI iteration
compared with one FI iteration. These AMG solves for the mSFI method
can be replaced by a multiscale method. Since the second pressure solution
in mSFI is required only in regions with mass transfer, we anticipate that it
can potentially be obtained at a low computational cost. If we only look at
the cost of the BILU0-GMRES iterations by setting cAM G in Equation (71)
to zero, we obtain
R
(1 − cF I + cF I n2c ) + (nc − 1)2
2 nnCP
ILU

nCP R 2
n
nILU c

.

(72)

Figure 3 shows the cost ratio of BILU0-GMRES for one mSFI iteration to
one FI iteration for various coupling fractions cF I with nh = 6 and nh = 11
R
hydrocarbon components, no water component and nnCP
= 1.2, 2 and 3.
ILU
We see that the cost of the BILU0-GMRES part in one mSFI iteration can
be more than three times lower than for one FI iteration for the cases with
nCP R
= 3, if the coupling fraction cF I is kept close to zero. The mSFI
nILU
R
scheme for the cases with nnCP
= 3 is two times less expensive per iteration
ILU
R
if cF I = 0.1. For the cases with nnCP
= 1.2, 2 and 3, the cF I values have to
ILU
be smaller than approximately 0.18, 0.3 and 0.35, respectively, in order that
one mSFI iteration cheaper is than one FI iteration. The latter condition is
expected to be applicable in practice, since usually much less than 20% of the
cells in field-scale models would experience mass-transfer between the fluid
phases during a given timestep. Moreover, in our numerical experiments it
has been observed that the mSFI sequential algorithm can outperform the
FI method in terms of the required number of overall iterations, when gas
appears or disappears. This is due to the local constraints representing the
gas-oil phase equilibrium, which are added, or removed, after each Newton
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Figure 3: Cost ratio of BILU0-GMRES for one mSFI iteration to that of one
FI iteration for various coupling fractions cF I , hydrocarbon components nh ,
R
.
no water component, and ratios nnCP
ILU
iteration in the FI method based on the natural-variables formulation. For
instance, if a model which is initially saturated with oil gets depleted during
the first Newton iteration, the component updates in the FI method will not
take into account the appearance of the gas phase. On the contrary, in the
mSFI iteration, the phase-split computations after the pressure update detect the change in the phase-state (appearance of gas), which is then taken
into account during the component update. The scenario is similar for recompression. We believe this is the primary reason why the mSFI method
can converge in fewer iterations than the FI method.
Note that if Accr and Apcr in the mSFI algorithm are set to Acc and Apc ,
then the first pressure update is exactly the same as in the FI method. But
then, only if the subsequent phase-split computations, Jacobian and residual
updates are skipped, and if I˜ is an identity matrix, the same component
update as in the FI method is obtained. On the other hand, if Apcr and
Acp are set to zero, then the mSFI method is identical to one SFI pressure
iteration followed by one SFI composition iteration. A variant of the mSFI
method would be to compute δP , and to update the compositions with δC =
A−1
cc ·(Rc −Acp ·δP ) without doing the phase-split computation. Based on our
experience, however, this approach usually takes more iterations compared
with the mSFI algorithm presented above.

8

Numerical Experiments and Discussion

Numerical tests of the mSFI algorithm were performed using a previously
developed reservoir simulator [47]. Four different fluids, and two different
reservoir models are considered. The fluids are: (i) 2-hydrocarbon component fluid “2HC” with a K-value function of pressure for the mass exchange
formulation; (ii) 11-hydrocarbon component fluid “11HC”, also with pressure
dependent K-values; (iii) the fluid model of the SPE comparative solution
project 5 [35], “SPE5-0”, with the Peng-Robinson cubic equations of state
without the impact of composition on molar densities and viscosities (values
taken for reference gas and oil compositions); (iv) the fluid “SPE5” of the
full SPE comparative solution project 5 with correlations for the densities
and viscosities. The models are: (a) homogeneous 1D model with 50 cells;
(b) heterogeneous 2D model with 220×60 cells taken from the top layer of
the “SPE10” problem [9]; the corresponding permeability field is shown in
Figure 1(a). More details on the numerical setups are given in Appendix D.
In order to compare the different methods, an extremely tight convergence
criterion was applied, i.e. a timestep is considered converged, if for each component and for each cell the relative material-balance error is smaller than
10−6 .
In a first test series, the reservoirs are initially 100% filled with oil, and
depletion occurs at the right boundary, where a low pressure (below bubble
point) is applied; the other boundaries are impermeable. In this setting,
the low pressure diffuses into the domain, and gas appears near the right
boundary. Obviously, this phase-change is strongly coupled to the pressure
evolution. In a second test series, the two fluid phases are re-compressed by
injecting at the right boundary. In addition to these depletion and recompression test cases, a more realistic 2D simulation study with the “SPE5”-fluid
and the permeability field of Figure 1(a) is presented. The light component
is injected at the lower-left corner, and oil is produced at the upper-right corner; for this case it was found that the mSFI convergence is similar to that of
the FI method, and that it is consistently better than the convergence rates
of the SFI and IMPES methods.
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Depletion Test Cases

Figure 4 shows the gas-phase saturation profiles for the 1D 50-cell model
after one depletion timestep, which is much larger than the timestep allowed
for the IMPES algorithm (CFL limit). The results for the four different fluids
are summarized in Table 1. CFLS , given by Eq. (56), is the CFL number for
the explicit treatment of saturation, and CFLX , given by Eq. (63), is the CFL
number for the explicit treatment of compositions. The IMPES algorithm is
stable, if both CFLS and CFLX are less than one [12]. The results show that
the mSFI method converges in the same number (or even less) iterations
compared with the FI method. Note that FI coupling is only needed in
the region where gas appears during the timestep. The SFI method does not
converge for the cases with fluids “2HC” and “11HC”; therefore, the coupling
terms in the gas region are critically important. The CFLSF and CFLXF
numbers, given by Eqs. (55) and (62), give an indication of the coupling
strength between the pressure and the component transport equations. For
these two test cases, even if these numbers are not extremely large during
the last iterations, during the early iterations, the CFLSF can reach values
between 3000 and 5000 and the CFLXF reaches 400. This strong coupling
between the pressure and the transport due to interphase mass transfer has
a very negative impact on the conventional SFI method. This motivated the
development of the modified SFI scheme, whereby the additional coupling
is accounted for in the construction of the pressure equation. As soon as
the gas phase appears in the cases with the “2HC” and “11HC” fluids, the
coupling between pressure and transport becomes so strong that overshoots
appear in the SFI solutions. With these fluids, even with a reduced timestep
size, the SFI method only converges as long as no gas appears. Unlike the
cases with “2HC” and “11HC”, the SFI method converges for the “SPE5-0”
and “SPE5” fluids. For those two test cases, during all the SFI iterations,
the CFLSF and CFLXF values remain below one, which reflects that the
thermodynamic coupling is weak. With the “SPE5-0” and “SPE5” fluids,
however, 17 and 31 SFI iterations are required, respectively, compared with
7 and 15 mSFI iterations. In summary, for these 1D depletion test cases, the
same timestep size can be chosen for the mSFI method as for the FI method,
and the convergence rates are similar (same or fewer number of iterations
for the mSFI method than for the FI method except “SPE5” requiring 1.5
times as many iterations). The IMPES method, on the other hand, requires
much smaller timesteps, and the SFI method either does not converge at all,
or requires up to 2.4 times more iterations than the mSFI method.
The same depletion scenario was studied for the 2D model with 220×60
cells; the results are summarized in Table 2. Figures 5(a), 5(b), 5(c) and 5(d)

8.1 Depletion Test Cases
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Table 1: Depletion results for the 1D model with 50 cells. ∞ denotes non
converging cases.
fluid
2HC
11HC
SPE5-0
SPE5

CFLS /
CFLX
3/4
3/3
24 / 6
21 / 5

CFLSF /
CFLXF
0.9 / 1
0.5 / 27
0.12 / 0.7
0.17 / 1

initial/final cells
with gas
0% / 46%
0% / 24%
0% / 32%
0% / 36%

FI
coupling
48%
78%
46%
68%

FI
iterations
7
6
7
10

mSFI
iterations
4
6
7
15

SFI
iterations
∞
∞
17
31

Figure 4: Sg profiles versus cell number for the 1D depletion test cases after
one timestep.
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Table 2: Depletion results for the 2D model with 220×60 cells. The asterisk
denotes the use of another version of the mSFI method where δP is not
localized for the δC update and ∞ denotes non converging cases.
fluid
2HC
11HC
SPE5-0
SPE5

CFLS /
CFLX
55 / 180
125 / 140
500 / 140
450 / 125

CFLSF /
CFLXF
29 / 2.3
1 / 1771
1/1
1 / 1.4

initial/final cells
with gas
0% / 33%
0% / 19%
0% / 16%
0% / 17%

FI
coupling
37%
45%
19%
41%*

FI
iterations
8
8
24
10

mSFI
iterations
7
7
8
10*

SFI
iterations
∞
∞
∞
∞

show the gas saturation profiles after one timestep; starting with 100% oil
in the whole reservoir. From Table 2 it can be seen that the mSFI method
is stable for very large CFL numbers. Since the density and viscosity of
the “SPE5-0” fluid do not depend on composition, a smaller number of cells
require FI coupling compared to the case with the “SPE5” fluid. The mSFI
method converges in almost the same number of iterations as the FI method,
while the SFI method does not converge in either case. For example, with
the “SPE5-0” fluid the mSFI method converges in 8 iterations, whereas the
FI method requires 24 iterations. For the “SPE5” fluid, another version
of the mSFI method had to be used in order to achieve convergence: in
many oil-only cells, the impact of composition change on pressure is large,
and the SFI assumption for the composition update is too strong. While
the presented mSFI method does not converge in this case, convergence is
achieved, if we do not localize δP for the δC update in Equation (68), in
which case I˜ is the identity matrix. With this modification, convergence was
achieved in 10 iterations with 41% of cells requiring FI coupling. In practice,
this modification is not used.
For the above test cases, neither capillarity pressure nor gravity have been
considered. The simulation runs were repeated with small and large capillarypressure and gravity effects. Again very similar convergence properties have
been observed for the mSFI and FI methods. However, due to the stronger
coupling between flow and transport, more cells require FI treatment in the
mSFI method. The mSFI method is advantageous, since its convergence
properties are comparable to those of the FI method at a cost per iteration
closer to that of an SFI iteration.

8.2

Re-Compression Test Cases

We consider challenging cases in which recompression from 100% gas to 100%
oil takes place in two timesteps. This is achieved by applying a high-pressure
value at the right boundary. Note that for all four fluids this creates ex-

8.2 Re-Compression Test Cases

(a) “2HC” fluid.

(b) “11HC” fluid.

(c) “SPE5-0” fluid.

(d) “SPE5” fluid.

Figure 5: Sg maps for the 2D depletion test cases after one timestep.
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Table 3: Recompression results for the 1D model with 50 cells. ∞ denotes
non converging cases.
fluid
2HC
11HC
SPE5-0
SPE5

CFLS /
CFLX
100 / 1.2
520 / 7
70 / 5
100 / 5

CFLSF /
CFLXF
0.97 / 0.98
1 / 264
0.98 / 1
0.98 / 1.09

(a)

initial/final cells
with gas
66% / 0%
54% / 0%
68% / 0%
72% / 32%

FI
coupling
68%
56%
70%
74%

FI
iterations
7
12
12
12

mSFI
iterations
6
9
10
10

SFI
iterations
∞
∞
∞
∞

(b)

Figure 6: Sg profiles versus cell number for the 1D recompression test cases
at the beginning (left) and at the end (right) of the second timestep.
tremely challenging problems with shocks and huge CFL numbers.
Table 3 and Figure 6 show the results for the second timestep with the
1D model. The fraction of cells with FI coupling cannot be smaller than
the maximum percentage of cells with gas during the timestep. For all the
test cases, this fraction is close to optimal, and the mSFI method converges
in fewer iterations that the FI method. Note that for all these test cases
the (standard) SFI method does not converge, even if the timestep size is
reduced dramatically.
The same two-step recompression process was performed for the 2D 220×60
model. The results are summarized in Table 4 and Figures 7 and 8. With the
fluids “2HC”, “11HC” and “SPE5-0”, the mSFI method works well; that is,
it converges in about the same number of iterations as the FI method with
FI coupling in only those cells with gas and all in situations where SFI does
not converge. For the “SPE5” fluid case, 25% more iterations are necessary
with the mSFI method compared with the FI method. As in the 1D test
cases, the SFI method does not converge for any of the four 2D cases. Based
on our investigations, we conclude that the mSFI method is a very promising

8.3 Realistic Case
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Table 4: Recompression results for the 2D model with 220×60 cells. ∞
denotes non converging cases.
fluid
2HC
11HC
SPE5-0
SPE5

CFLS /
CFLX
8500 / 90
10000 / 140
1050 / 85
1450 / 75

CFLSF /
CFLXF
18 / 7
15 / 52
1/1
1/1

initial/final cells
with gas
74% / 0%
60% / 13%
63% / 16%
66% / 18%

FI
coupling
75%
60%
65%
68%

FI
iterations
9
17
27
15

mSFI
iterations
10
16
31
20

SFI
iterations
∞
∞
∞
∞

solution strategy with convergence behavior comparable to the FI method.

8.3

Realistic Case

Here, assessment of the mSFI method for a more realistic scenario is presented. The light component of the “SPE5” fluid is injected at the lower-left
corner of the “SPE10” top layer model depicted in Figure 1(a), and oil is produced from the upper-right corner. Initially, the entire reservoir is saturated
with oil, and at the end of the simulation 16% of the domain contains gas.
The standard heuristic rule of Eq. (41) is employed for timestepping, i.e., the
timestep size is chosen such that the maximum saturation change is close to
0.2. The FI method requires 77 timesteps with an average of 3.8 Newton
iterations. The average maximum CFLS and CFLX values per timestep are
39 and 72, respectively, with maximum values of 206 and 236. The maximum
CFLSF and CFLXF values per timestep have averages of 3350 and 15300, respectively, with maximum values of 6e4 and 4e5. The final gas saturation is
shown in Figure 9. If the SFI method is used for this test case, the nonlinearities due to interphase mass transfer are so severe that the method requires
timesteps that are up to 1000 times smaller to converge. With the mSFI
method, on the other hand, convergence is achieved in 88 timesteps, which is
close to the 77 timesteps required by the FI method. With an average of 5.5
iterations per timestep and an average of 7% FI coupling, the mSFI method
is more efficient than the FI method. Note that this scenario and behavior
are expected to be representative of practical compositional simulation studies. The mSFI and FI methods have similar convergence properties, while
many more Newton iterations and smaller timesteps are required by the SFI
method.
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(a) “2HC” fluid at beginning of timestep.

(b) “2HC” fluid at end of timestep.

(c) “11HC” fluid at beginning of timestep.

(d) “11HC” fluid at end of timestep.

Figure 7: Sg maps for the 2D recompression test cases with the fluids “2HC”
and “11HC”.

8.3 Realistic Case
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(a) “SPE5-0” fluid at beginning of timestep.

(b) “SPE5-0” fluid at end of timestep.

(c) “SPE5” fluid at beginning of timestep.

(d) “SPE5” fluid at end of timestep.

Figure 8: Sg maps for the 2D recompression test cases with the fluids “SPE50” and “SPE5”.
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Figure 9: Gas saturation at the end of the simulation (some blue pixels are
due to inactive cells).

9

Conclusions

A modified SFI method is proposed, in which the SFI operator is complemented with local approximations of the coupling terms between pressure
and transport. This method decouples the mixed parabolic/hyperbolic problem into a parabolic pressure equation with some contributions from the cells
with mass transfer between the fluid phases and a hyperbolic transport problem. The method was tested using one and two dimensional depletion and
recompression test cases with two, six, and eleven-component fluids; both
K-values and EOS-based formulations were employed. We show that the
mSFI method converges for problems where the coupling is too strong for
the standard SFI scheme to converge. More importantly, we show that the
mSFI algorithm has convergence properties that are similar to those of the
FI method across the wide parameter range investigated. This approach is
efficient as long as the fraction of cells that have both oil and gas phases is
relatively small. However, when the number of cells that experience phase
appearance/disappearance grows, this approach becomes expensive. As a result we recommend using the SFI scheme with splitting error on the volume
balance equation described in the following parts of this thesis.

Part IV

Sequential Fully Implicit
Scheme for Compositional Flow
(Splitting Error on Volume
Balance Equation)
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The content of this part is adapted from a previously published paper “Sequential Fully Implicit Formulation for Compositional Simulation Using Natural Variables” by Moncorgé et al. [52] and corresponds
to the sections 2 and 3 of [52]. Most of the text, figures and equations are identical with the corresponding
sections of the publication.

In this part, we propose a new SFI scheme with nonlinear pressure equation that can be seen as an adaptation of the previous SI methods which
used overall compositions, to an SFI scheme for the natural-variables formulation. The generalized compositional formulation, which accounts for multicomponent, three-phase flow with interphase mass transfer, is the target of
this work. We first present a variant of the natural-variables formulation,
whereby the system is augmented by an additional equation and an additional variable. Then, we introduce the nonlinear volume-balance equation
that we solve, followed by solving the full set of transport equations. We analyze the splitting errors and explain how to control them in order to recover
the FI solution. We finally demonstrate the performance of the compositional
SFI scheme for very challenging test cases.

10

Extended Natural-Variables Formulation

The overall mole-fraction of a component, zc , can be expressed in terms of
the natural variables as:
P
p xp,c ρp Sp
zc = P
.
(73)
p ρp Sp
To compute the thermodynamic values of the saturations and the molefractions, we first compute the overall mole-fractions with Eq. (73), we then
solve the phase-split system of Eqs. (13) to get the mole-fractions of each
phase βp from Eqs. (16), (17), (18) and the thermodynamic values of the
mole-fractions xg,c and xo,c from Eqs (19) and (20). Finally, we use βp to
compute the normalized thermodynamic values of the saturations (normalized values needed for the relative permeabilities and the capillary pressures
functions):
thermo
Sp

βp
ρp

=P

βq
q ρq

.

(74)

In addition to the usual system of equations and variables, we employ
an additional constraint equation and an additional variable. We choose the
total-mole density, ρt , as the additional variable for two reasons. First, ρt is
an intensive variable, but unlike a saturation or a mole-fraction, it is not a
fraction; second, the phase-split computations are independent of ρt . Let us
define
βp
(75)
Spthermo = ρt
ρp
as the ‘thermodynamic saturation’ of phase p. It is the volume of phase p
divided by the pore-volume. At convergence, the sum of the thermodynamic
volumes of the fluid phases must equal the pore volume. The usual phase
saturation, Sp , is referred to as the ‘flow saturation’. With the definition of
the thermodynamic saturations, the following relationship is always satisfied:
X
X  βp 
X
thermo
ρp Sp
=
ρp ρt
= ρt
βp = ρ t .
(76)
ρp
p
p
p
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The additional constraint equation is the ‘thermodynamic volume equation’,
namely,
X
X βp
= 1.0.
(77)
Spthermo = ρt
ρ
p
p
p
If the thermodynamic volume equation is satisfied, then the thermodynamic
saturations and the flow saturations are equal, and the following relationship
holds:
X
X
ρt :=
ρp Spthermo =
ρp Sp .
(78)
p

p
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Nonlinear Volume-Balance Equation

The temporal discretization of the material balance Equations (1) can be
written as:
"
!#n+1 "
!#n
X
X
φ zc
ρp Sp
ρp Sp
− φ zc
= δtf˜cn+1
(79)
p

p

with δt the time increment. The contributions from the fluxes and the wells
for a component c are:
"
#
X
X
f˜cn+1 = −∇ ·
xp,c ρp up +
xp,c ρp qp .
(80)
p

p

The superscripts n and n + 1 refer to the previous and current timesteps. The
SFI nonlinear volume-balance equation for immiscible flow [30] was obtained
as follows: each mole (mass) conservation equation was multiplied by the
inverse of the molar (mass) density of the phase, and then summed together.
When the flow is immiscible, the inverse of the molar density of the phase is
the molar volume of that phase. The equivalent of the molar volume of each
phase for compositional flow is the partial molar volume of each component.
We define the partial molar volume of component c as:
VTc =

∂VT
∂Nc

(81)

where VT is the total fluid volume and Nc is the number of moles of component c. Appendix E details the computation of the partial molar volumes
for the specific case of the black-oil formulation [4, 64]. In the case of ideal
mixing effects (as it is the case for immiscible multiphase flow), the following
relationships are satisfied for each phase p:
X
c

xp,c VTc =

1
.
ρp

(82)
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As stated by Watts [82], the partial molar volumes, the overall mole-fractions
and the overall specific volume P 1ρp Sp satisfy the following relationship:
p

X

1
.
p ρp Sp

(83)

zc VTc = P

c

In this paper, the pressure equation is obtained as the weighted sum of the
nonlinear conservation Equations (79); the weights are the partial molar
volumes. The result can be written as
"
!#n+1
X
X
φ zc
ρp Sp
VTn+1
=
c
p

c

!#n

"
X

VTn+1
φ zc
c

c

X

ρp Sp

p

+ δt

X

f˜cn+1 .
VTn+1
c

c

Using relationship (83), it follows that
"
!#n+1
X
X
VTn+1
φ zc
ρp Sp
= φn+1 ,
c
c

(85)

p

and the new nonlinear pressure equation can be written as:
"
!#n
X
X
X
φn+1 =
VTn+1
φ
z
ρ
S
+
δt
VTn+1
f˜cn+1 .
c
p p
c
c
c

(84)

p

(86)

c

Equation (86) is the nonlinear overall volume-balance. This equation describes the pressure field that equilibrates the system if the flux terms are
taken as implicit functions of the pressure, but the overall mole-fractions
are from the previous composition update. In our SFI solution strategy,
we use the Newton method to iterate out the pressure nonlinearities in the
overall-volume balance; thus, the derivatives of the partial molar volumes
with respect to pressure are required. During the pressure solution stage,
the overall mole-fraction of each component (in the control volume), zc , is
kept fixed. The binary thermodynamics constraint equations (12) are used
to get the derivatives of xg,c and xo,c with respect to P , and equation (74)
is used to get the derivatives of the Sp with respect to P . After each Newton iteration (pressure solution), a phase-split computation is performed for
each cell. Then, the saturations and mole-fractions for each phase are reset
to their thermodynamic equilibrium values. Recent research show that the
cost of the phase-split calculations can be reduced to a small fraction of the
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total simulation cost [34, 45, 79]. In the next part of this thesis, we prefer to
use an approximate phase-split algorithm. Equation (86) is identical to the
pressure equation of the SFI method for the dead-oil (immiscible multiphase
flow with no mass transfer) [30], where the phase densities are used for the
decoupling. It is also identical to the decoupling used by [38, 54] for the
black-oil formulation.

12

Compositional System

The second step of the sequential methods consists of freezing the pressure
and total-velocity fields and advecting the components. Writing the phase
velocities in terms of the total-velocity and substituting into Eqs. (1), rewriting the source terms, and adding the total-mole density, ρt , as an additional
variable in the accumulation terms leads to the conservation of mole for each
component c in ‘transport form’:
" P
#
"
!

#
X
X
λp
λp
∂
p xp,c ρp Sp
φ P
xp,c ρp
=
xp,c ρp
qt .
ρt + ∇ ·
ut + Ψp
∂t
λt
λt
p ρp Sp
p
p
(87)
To deal with the transport, two classes of methods have been proposed. The
first class uses variables that represent the full fluid content. This is the case
for Acs et al. [2], Watts [82], Trangenstein and Bell [77, 78], Dicks [16], Pau et
al. [63], Faigle et al. [20] and Doster et al. [17]. The variables used are: the
total number of moles (mass) of each component, or the total number of mole
(mass) of each component divided by the pore volume. This is equivalent to
updating the overall density of component c
P
p xp,c ρp Sp
ρt ,
(88)
ξc = P
p ρp Sp
and recomputing all the other variables by phase-split computations.
Since these formulations are based on total-mole (total-mass) variables, it
is not possible to employ a natural-variables (i.e., saturations-based) formulation that can skip the phase-split computations. In the natural-variables formulation, the binary thermodynamic equilibrium constraints (12) are solved
simultaneously with the conservation equations (87) by the Newton method,
and the phase-split computations are only used when a fluid phase appears.
After convergence of the coupled system of component conservation equations, the moles (mass) of each component are conserved; however, the thermodynamic volume equation (77) may not be satisfied exactly. Since this
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error is local, Acs et al. [2], Watts [82], Pau et al. [63], Faigle et al. [20]
and Doster et al. [17] proposed to accept the timestep, but to introduce
a local relaxation term in order to keep the error bounded in time. Dicks
[16] studied the thermodynamic volume error and introduced a smoothing
algorithm that locally perturbs the material balance. Trangenstein and Bell
[77, 78] mentioned that the pressure equation is a linearization of the thermodynamic volume error, and that it could be possible to add an outer-loop
on the pressure and the compositional system. However, in their applications, they accept the timestep after one outer-loop. No study exists of the
convergence rate of the outer iterations.
The second class of methods [23, 30, 38, 50, 53, 54, 58] uses saturations
and mole- or mass-fractions. Since the composition variables are only fractions, it is necessary to remove one conservation equation during the solution
of the coupled transport. It then means that the pressure equation is not
considered a volume-balance, but rather a total-mole or total-mass conservation law. In immiscible situations, with the exception of small time scale
transient situations, flow and transport usually can be considered decoupled.
But for compositional systems, flow and transport usually cannot be decoupled, and it is thus necessary to perform several outer iterations to reduce
to an acceptable tolerance. Recently, this second class of methods has been
abandoned, that is, the first class of methods is preferred for both SFI [51]
and SI [57] approaches.
Here, we propose to converge the system as in the first class of methods with our new extended natural-variables formulation. The pressure and
the total-velocity are frozen. The total-mole density is used as an independent variable, and we converge the transport system with the nc conservation
equations (87). The variables are the nc −1 primary component variables and
the additional total-mole density variable ρt . The advantage of this formulation - compared with using the number of moles, or mass, per component
- is that for the compositional update, we retain the benefits of the naturalvariables formulation. At convergence, all the components are conserved to
the prescribed tolerance; however, the thermodynamic volume equation may
not be satisfied. We define the total-velocity error as the difference between
the total-velocity based on the latest variables after the compositional update
and the total-velocity obtained from the pressure solution and frozen during the compositional update. We show that the total-velocity error, which
had not been identified before, is present in the invaded regions, and that
it is the primary source of nonlinear convergence problems associated with
the splitting scheme. This total-velocity error is particularly important in
regions experiencing appearance/disappearance of the gas phase during the
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timestep. The thermodynamic volume residual is defined as
X
Rthermo =
Spthermo − 1.0

(89)

p

and the relative total-velocity residual as
Rut =

1 f
(u − ut ),
ut t

(90)

where uft is the total-velocity, which is kept fixed during the composition
update, and ut is the total-velocity computed by Eq. (3) with the latest updated variables. Upon solving the nonlinear pressure equation, two strategies
are possible. The first strategy consists of continuing with outer iterations
until the dimensionless residuals |Rthermo |∞ and |Rut |∞ fall below a tight tolerance. For strongly coupled flow and transport, even a tolerance of 0.01
may take many outer iterations, or no convergence may be achieved at all.
This strategy is not practical, as it requires too many iterations in order to be
competitive with methods like mSFI. The second strategy consists of relaxing
the tolerances of |Rthermo |∞ and |Rut |∞ in order to achieve convergence with
less outer iterations. Another measure of the total-velocity error is based
on the divergence of the total-velocity. The dimensionless divergence of the
total-velocity is written as
P
j,i
j (Qt )
(91)
∇ · ut =
i
max( Vδt , maxj (| (Qt )j,i |))
where j are the cells surrounding cell i. (Qt )j,i is the total volumetric rate
from cell j to cell i (positive if entering cell i, negative if leaving cell i), V i
the pore volume of cell i. The divergence of the total-velocity error is defined
by the dimensionless residual
j,i P
f
Q
− j (Qt )j,i
t
j
=
 j,i
i
max( Vδt , maxj (| Qft
|), maxj (| (Qt )j,i |))
P 

R∇·ut

(92)

 j,i
where Qft
are the total volumetric rates from cell j to cell i that have
been frozen during the composition update.
For challenging test cases, we observe that tolerances of 0.2 for |Rthermo |∞ ,
0.4 for |Rut |∞ and 0.1 for |R∇·ut |∞ are good enough for strongly coupled flowtransport problems. From this point on, we can accept the timestep with
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the converged accumulation terms computed with the quantities ξc . The
accepted volume balance error:
X

Spthermo − Sp
(93)
p

can be added to the pressure system in order to not propagate this error.
However, the volume-balance equation (86) already prevents the propagation
of the volume-balance error that potentially exists at time tn by equilibrating
volumes at time tn+1 . Adding the volume-balance error does not change
the results, but may perturb the solution in some situations. We do not
recommend its use.
The algorithm of this second strategy is described in Algorithm 4 with
R representing the residual of Eqs. (87) and (12), P the pressure of the gas
phase, C all the other variables and , P , C , thermo , ut and ∇·ut tolerances.
while |R|∞ >  or |Rthermo |∞ > thermo or |Rut |∞ > ut or
|R∇·ut |∞ > ∇·ut do
freeze zc
while |δP |∞ > P do
compute Jacobian and residual of volume-balance equation wrt
variable P (86)
solve and update P = P + δP
compute phase-split and reset Sp and xp,c
end
unfreeze zc
compute and freeze total-velocity ut
while |δC|∞ > C do
compute Jacobian and residual of Equations (87) wrt variables
C
solve and update C = C + δC
compute phase-split if mixture is unstable
end
compute R of equations (87) and (12)
compute Rthermo , Rut and R∇·ut
unfreeze total-velocity ut
end
Exact conserved quantities are ξc from Eqs. (88)
Algorithm 4: Compositional SFI method
In the case of immiscible multiphase flow with one component per phase,
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our solution and the solution of Jenny et al. [30] are identical. This is not
the case for black-oil formulations, where the solution of Lee et al. [38] and
Møyner and Lie [54] is relaxing the material balance of one component.

13

Comparison with Other Compositional Pressure Equations

Similar to the nonlinear volume-balance equation, we use the gas-phase pressure P and the overall mole-fractions zc for each component c. The overall
mole-fractions zc are fixed, and the binary thermodynamic constraint equations (12) are used to get the derivatives of xp,c wrt P . Equation (74) is
used to get the derivatives of the saturations with respect to P . Sequential
formulations for compositional flows where derived in a semi-implicit context
by Acs et al. [2], Watts [82], Trangenstein and Bell [77, 78], Dicks [16], Pau
et al. [63], Faigle et al. [20] and Doster et al. [17]. In these previous methods, the pressure equation is derived by linearizing the difference between
the sum of the thermodynamic volumes of each phase and the pore volume.
The resulting pressure equation accounts for the change of volume of the
fluids due to the advection of the compositions. We refer to Watts [82] for
the derivation of the ‘linearized volume-balance pressure equation’ that can
be written in semi-discretized in time form
#
"
P
X
∂ p ρp Sp
φ
dφ
+P
(P n+1 − P n ) = δt
VTc f˜cn+1 .
(94)
ρ
S
dP
∂P
p
p
p
c
In a semi-implicit situation, we would first converge
"
#n
P
X
∂ p ρp Sp
dφ
φ
+P
(P n+1 − P n ) = δt
VTnc f˜cn+1
dP
ρ
S
∂P
p p p
c

(95)

and then switch to the implicit composition update. In a SI situation we
would converge the equation
#ν
"
P
X
∂ p ρp Sp
φ
dφ
(P ν+1 − P n ) = δt
VTνc f˜cν+1
(96)
+P
dP
ρ
S
∂P
p p p
c
until |P ν+1 − P ν | is small, where the superscripts ν and ν + 1 denote the
old and new pressure iteration levels. Coats [11] built a pressure equation by
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algebraic manipulations of the usual material balance equations, and Møyner
et al. [53, 57] use this pressure for their SI method for compositional flow.
Coats’ pressure equation in a SI setting is equivalent to converging the equation
"
!#ν+1
X
X
VTνc φ zc
ρp Sp
=
c

p

!#n

"
X
c

VTνc φ zc

X
p

ρp Sp

+ δt

X

VTνc f˜cν+1

(97)

c

until |P ν+1 − P ν | is small, where the superscripts ν and ν + 1 denote the old
and new pressure iteration levels, and zcν+1 is taken at the latest composition
iteration level.
The overall compressibility of the system can dramatically change during
the transition from a state with only liquid phases present to a state where a
gas phase is present. Moreover, VTc can be very strong functions of pressure
as seen in the relationship (82). It is then possible to encounter cases where
the pressure equations (96) and (97) do not converge. It is then necessary to
use both the derivatives of the compressibility and the partial molar volumes.
The linearized equation (96) and the nonlinear volume-balance equation (86)
are only equivalent for incompressible immiscible systems. The Coats’ pressure equation (97) and the nonlinear volume-balance equation (86) are different because VTc depend on pressure, and the left-hand-side of (97) is only
equals to φn+1 at convergence. However, when the Coats’ pressure equation
converges, the solution is the same as the nonlinear volume-balance equation.
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Results and Discussion

Developments have been done in an in-house research reservoir simulator
[47]. We use the nonlinear strategies described in Part II. In addition, if the
value of the total-mole density ρt after a Newton iteration is negative, it is
set to zero, and if the variation of ρt over a Newton iteration is larger than
the maximum
allowed value, i.e., if |δρt |∞ > maxp ρp , the value of ρt is set to
P
ρt = p ρp Sp . More details on the numerical setups are given in Appendix
D.

14.1

1D Test Cases

In this section we test our compositional SFI algorithm using 1D models;
first for dead-oil and then for live-oil fluids.
14.1.1

Dead-oil

First, the compositional SFI algorithm is tested for cases with no mass transfer between the fluid phases. We consider injection of water into a reservoir
saturated with dead-oil. With a CFL number of 140, the FI method converges
in 16 Newton iterations for the first timestep. The SFI method was stopped
after one outer iteration of Algorithm 4. The first outer iteration of the SFI
method consists of three pressure iterations and 16 compositional iterations.
The results are shown is Figure 10(a). The saturation fronts obtained with
the FI and SFI methods are in very good agreement, but the pressure profiles
are quite different. For the SFI method, the material balance equations are
satisfied, but the splitting errors |Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are, respectively, 2e-3, 0.55 and 0.04. Figure 11 shows the profiles of the three splitting
errors. Rthermo is very small, Rut has large values across the 1D domain, and
R∇·ut is around 1% except for some localized areas. The total-velocity errors
have an impact on the absolute value of the pressure; however, since the
system is immiscible and the divergence of the total-velocity is correctly reconstructed, the transport is already correct during the first outer iteration.
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Two outer SFI iterations (a total of 6 pressure iterations and 18 compositional iterations) are required to fully converge the system with |Rthermo |∞ ,
|Rut |∞ and |R∇·ut |∞ set to 1e-5, 1e-2 and 6e-3, respectively. These results
are shown in Figure 10(b), and one can observe that the profiles obtained
with the FI and SFI methods are identical.
In the second test case, injection of dry-gas into a dead-oil reservoir is
considered. The gas, which is less dense, less viscous, and more compressible than the oil phase, is injected with a CFL number of 780. The ratio of
the oil to gas mass densities is 735; the ratio of the oil to gas viscosities is
8.1, and the ratio of the oil to gas compressibilities is 0.005. For the first
timestep, the FI method converges in 42 Newton iterations. The SFI method
was stopped after one outer iteration. The results are shown in Figure 12(a).
The figure shows that the pressure and saturation profiles obtained with the
FI and SFI methods are quite different. The first outer iteration of the SFI
method consists of eight pressure iterations and seven compositional iterations (|Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are 0.40, 0.81 and 0.12). Three outer
SFI iterations consisting of 18 pressure and 12 compositional iterations are
required to converge the SFI method. The results are shown in Figure 12(b),
and it can be observed that the profiles obtained with the FI and SFI methods
are identical.
As a last dead-oil case, gas injection with gravity is considered. Gas
is injected into a reservoir initially filled with pure oil, and a CFL number
of 65 was applied. The FI method converged in 16 Newton iterations for
the first timestep. The SFI method was stopped after one outer iteration.
The results are shown in Figure 13(a), which depicts pressure and saturation
profiles as functions of depth. The pressure and saturation profiles obtained
with the FI and the SFI methods are quite different. The first outer iteration
of the SFI method consists of 14 pressure iterations and eight compositional
iterations (|Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are 0.25, 0.73 and 0.16). Three
outer SFI iterations consisting of 27 pressure and 13 compositional iterations
are required to converge the SFI method. For this test case with initially
pure oil in the reservoir, it is not possible to reach convergence if the usual
linearized pressure equation (96) or the Coats pressure equation (97) are
employed. The results are shown in Figure 13(b), and it can be observed
that the profiles obtained with the FI and SFI methods are identical.
14.1.2

Depletion of a live-oil reservoir

Now that the algorithm is validated for dead-oil cases, we consider a depletion
case with the “SPE5” fluid [35]. The reservoir is originally saturated with
pure oil, and we drop the pressure at the right-side. In one timestep with
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 10: Water injection: pressure and water saturation profiles versus cell
number for the FI and the SFI methods.
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Figure 11: Water injection: thermodynamic volume error Rthermo , totalvelocity error Rut and divergence of the total-velocity error R∇·ut versus cell
number for the SFI method after one outer iteration.
a CFL number of 56, gas appears on the right side of the reservoir. The
FI method requires seven iterations to converge. One outer iteration of the
SFI method consisting of six pressure and three compositional iterations
was employed (|Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are 0.36, 0.07 and 0.05).
The pressure and gas saturation profiles for the FI and SFI methods are
shown in Figure 14. The SFI method converges to the correct solution in one
outer iteration even if the maximum thermodynamic volume error is 36%.
Figure 15 shows the profiles of the three splitting errors: Rthermo is very small
except for a large value of 36% for a single cell where the gas phases appears,
Rut is small except for some values not exceeding 7%, and R∇·ut is very small
except for a value of 5% for a single cell. In two outer iterations (consisting
of nine pressure and four compositional iterations), |Rthermo |∞ , |Rut |∞ and
|R∇·ut |∞ decrease to, respectively, 1e-3, 2e-3 and 2e-3.
14.1.3

Gas injection in a live-oil reservoir

This test case starts with the initial state shown in Figure 10(b). Livegas is injected into the reservoir. The “SPE5” fluid is used, whereas the
light component is injected. Figure 16(a) shows the pressure and saturation
profiles after one timestep with a CFL number of 60 obtained using the FI
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 12: Injection of dry-gas: pressure and gas saturation profiles versus
cell number for the FI and the SFI methods.
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 13: Injection of dry-gas with gravity: pressure and gas saturation
profiles versus cell number for the FI and the SFI methods.
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Figure 14: Depletion of live oil: pressure and gas saturation profiles versus
cell number for the FI and the SFI methods.

Figure 15: Depletion of live oil: thermodynamic volume error Rthermo , totalvelocity error Rut and divergence of the total-velocity error R∇·ut versus cell
number for the SFI method after one outer iteration.
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and the SFI methods. The FI method required 22 iterations to converge.
One outer iteration of the SFI method consisting of three pressure and 11
compositional iterations was employed (|Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are
4.95, 0.89 and 0.57). The SFI solutions with one outer iteration are different
from the FI results. For complete convergence, 27 iterations (three outer,
9 pressure and 18 compositional iterations) were required; the profiles are
shown in Figure 16(b).
The next test case describes injection of wet-gas into a reservoir initially
filled with live-oil. Figure 17 shows pressure and gas saturation profiles after
one timestep with a CFL number of 64 using the SFI method; once after
one outer iteration consisting of three pressure and 11 compositional iterations and once after full convergence (requiring in total three outer iterations
consisting of 9 pressure and 20 compositional iterations). The FI method requires 37 iterations to converge. After one outer iteration of the SFI method
the spiltting-errors |Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ are 10.2, 0.90 and 0.52,
respectively.
The next test case starts with the initial state of Figure 18(a) and live-gas
is injected into the reservoir. Figure 18(b) shows pressure and gas saturation
profiles after one timestep with a CFL number of 76 for the FI method and
the SFI method stopped after one outer iteration. The FI method requires
10 iterations to converge. One outer iteration of the SFI method requires
three pressure and 9 compositional iterations. The saturation profiles look
identical, but the pressure profiles are different. Figure 19 shows the thermodynamic volume error Rthermo , the total-velocity error Rut and the divergence
of the total-velocity error R∇·ut profiles for the SFI method. |Rthermo | has values up to 8%, |Rut | has values up to 34% and |R∇·ut | has values up to 14%.
On the contrary to the total-velocity error Rut that has a support on the
whole 1D domain, Rthermo and R∇·ut have only non-zero values in localized
areas. This is an indication that when the compressibility and thermodynamic effects are not too strong we can reconstruct the correct transport in
one outer iteration. Table 5 shows the evolution for the SFI method of the
thermodynamic volume error, the total-velocity error, the divergence of the
total-velocity error as well as the divergence of the total-velocity in function of the number of outer iterations. We observe that the splitting errors
|Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ decrease with the outer iterations. At some
point, the divergence of the total-velocity, ∇ · ut , converges to the true value,
since the flow is compressible.
Starting from the final state of Figure 17, water is injected for one timestep
with a CFL number of 190. Figure 20 shows the pressure and the two saturations profiles after this timestep. The FI method required 18 iterations
to converge. One outer iteration of the SFI method required three pressure
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 16: Gas injection after water injection: pressure and saturations profiles versus cell number for the FI and the SFI methods.
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 17: Gas injection: pressure and gas saturation profiles versus cell
number for the FI and the SFI methods.
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(a) Initial SFI and FI profiles.

(b) SFI profiles after one outer iteration and converged FI profiles for a
timestep with a CFL number of 76.

Figure 18: Gas injection: pressure and gas saturation profiles versus cell
number for the FI and the SFI methods.
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Table 5: Gas injection: evolution of the thermodynamic volume error, the
total-velocity error, the divergence of the total-velocity error and the divergence of the total-velocity in function of the number of outer iterations.
Outer iterations
1
2
3
4
5
6

P iterations
3
2
1
1
1
1

C iterations
9
2
1
1
1
1

|Rthermo |∞
0.08
0.02
1e-3
3e-5
2e-6
2e-8

|Rut |∞
0.34
0.02
2e-4
7e-6
1e-6
4e-8

|R∇·ut |∞
0.14
0.02
3e-4
6e-6
2e-6
4e-8

|∇ · ut |∞
0.14
0.02
3e-3
3e-3
3e-3
3e-3

and 16 compositional iterations. After this outer iteration, the maximum
values of |Rthermo |∞ , |Rut |∞ and |R∇·ut |∞ were 0.34 (in cell 39), 0.89 (in cell
1) and 0.05 (in cell 1), respectively. The pressure and gas-saturation profiles
obtained after one iteration with the SFI and FI methods are different. To
achieve convergence, SFI scheme required two outer iterations consisting of
a total of 6 pressure and 18 compositional iterations.
Similar test cases have been simulated with the ”system 1” fluid from
[85] and the decane/CO2 /methane fluid from [58], and the same observations
apply.

14.2

2D Test Cases

In this section, we present 2D test cases with gas and water injection.
14.2.1

2D Case-1: gas and water injection

The first test case is the same as Part III (except that in this part, we do
not have anymore inactive cells). The light component is injected into multicomponent oil at the lower-left corner of the model; the producer, for which
the bottom-hole pressure (BHP) is set to 4000 psi, is located at the upperright corner of the model. See Figure 21(a). We study the behaviors for one
particular timestep. Figure 21 shows the solution of the SFI method after one
outer iteration. The mass balance equations are converged, but the residuals
Rthermo and Rut are ‘relaxed’. The CFL numbers for explicit treatment of
saturation (CFLS ), given by Eq. (56), and compositions (CFLX ), given by
Eq. (63), are 33 and 224 for the timestep, respectively. The FI method
converges in 6 iterations. For the SFI method, we summarize in Table 6
the evolution of the errors in the thermodynamic volume, total-velocity, and
divergence of the total-velocity, as functions of the number of outer iterations.
We observe that the splitting errors decrease with the outer iterations. Since
the flow is compressible, the divergence of the total-velocity ∇ · ut converges
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Figure 19: Gas injection: thermodynamic volume error Rthermo , total-velocity
error Rut and divergence of the total-velocity error R∇·ut versus cell number
for the SFI method after one outer iteration.
to the correct nonzero value.
Table 6: Evolution of the thermodynamic volume error, the total-velocity
error, the divergence of the total-velocity error and the divergence of the
total-velocity as functions of the number of outer iterations for 2D Case-1.
Outer iterations
1
2
3
4
5
6

P iterations
2
2
2
1
1
1

C iterations
6
3
1
1
1
1

|Rthermo |∞
0.07
9e-3
1e-3
9e-5
6e-6
6e-7

|Rut |∞
0.29
7e-2
7e-3
1e-3
1e-4
1e-5

|R∇·ut |∞
0.44
0.12
9e-3
1e-3
1e-4
1e-5

|∇ · ut |∞
0.44
0.18
8e-2
8e-2
8e-2
8e-2

After one outer iteration with two pressure and six compositional solves,
we observe highly localized errors at the front between the gas and the oil
phases in the thermodynamic volume equation with values that amount up
to 7%. The cells with errors of more than 1% for the volume are plotted in
Figure 21(b). Total-velocity errors as large as 29% are observed, and they
have a large support as seen in Figure 21(c). The cells with errors of more
than 5% in the total-velocity are plotted in Figure 21(d). Figure 21(e) shows
that errors greater than 5% in the total-velocity divergence are localized.
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(a) SFI profiles after one outer iteration and converged FI profiles.

(b) Converged SFI and FI profiles.

Figure 20: Water injection: pressure and saturations profiles versus cell number for the FI and the SFI methods.
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Nevertheless, the largest error is about 44%. For this timestep, we required
three outer iterations (a total of six pressure and 10 compositional solves) to
converge to the FI solution.
We now study the behaviors for the full simulation. The first period
involves injection of the light-component at a rate of six MSCF/Day; the
second period entails water injection at a rate of four STB/Day, and the
third period involves light-component injection at a rate of six MSCF/Day.
This injection strategy leads to complex behaviors with gas fronts chased
by water fronts that force the gas to dissolve back into the oil phase. FI
requires 399 timesteps and SFI requires 401 timesteps to run the simulation.
Figures 22(a), 22(b) and 22(c) show the gas saturation profiles at the end of
each of the three periods. For the first period, the average CFL numbers for
the explicit treatment of saturation (CFLS ) and for the explicit treatment
of compositions (CFLX ) are 40 and 71, respectively, and the corresponding
maximum values are 204 and 228. For the second period, the average values
of CFLS and CFLX are 39 and 15, respectively, and their maximum values
are 500 and 136. For the third period, the average values of CFLS and
CFLX are 182 and 191, respectively, and the maximum values are 635 and
490. Figure 23 shows the cumulative number of Newton iterations for the FI
method and the cumulative number of pressure and composition iterations
for the SFI method, as well as the percentage of gas in the model for both the
FI and SFI methods. For this test case, the SFI method requires 26% more
pressure iterations and 55% more composition iterations than the FI method
Newton iterations. The percentage of gas is exactly the same for both models.
Figure 24 shows the cumulative number of CPR(AMG,BILU0)-FGMRES
iterations required by the FI method and by the pressure solve of the SFI
method and the cumulative number of BILU0-GMRES iterations required
by the SFI method for the compositional system. Both the full system of
the FI method and the pressure systems of the SFI method require around 5
CPR iterations to converge, but the compositional systems of the SFI method
only require 2.2 BILU0-GMRES iterations to converge. As a result, for this
test case the SFI method takes 33% more linear pressure iterations than the
FI method, but only 65% of the FI linear composition iterations. This test
case is quite challenging for SFI methods, as the coupling between flow and
transport is strong.
14.2.2

2D Case-2: gas and water injection

The second test case is challenging for the FI method, but easier for the SFI
method. Water is injected at the top-left corner at a rate of four STB/Day
and gas is injected at the bottom-left corner at a rate of one MSCF/Day. Pro-
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(a) Sg .

(b) Volume error above 1%. Error ranges from -7% to +7%.

(c) Total-velocity error reaches up to 30%.

(d) Velocity error exceeding 5%.

(e) Divergence of velocity error exceeding 5%. Error ranges from -39% to +44%.

Figure 21: Maps for 2D Case-1 after application of one outer iteration of the
sequential algorithm.
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(a) After gas injection at the end of the first period.

(b) After water injection at the end of the second period.

(c) After gas injection at the end of the third period.

Figure 22: Gas saturation for 2D Case-1.
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Figure 23: Cumulative Newton iterations for the FI method and cumulative
pressure and composition iterations for the SFI method for 2D Case-1. The
percentage of gas in the model for the FI and SFI methods is also shown.
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Figure 24: Cumulative CPR iterations for the systems of the FI method and
the pressure of the SFI method and cumulative BILU0-GMRES iterations
for the composition systems of the SFI method for 2D Case-1.
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duction occurs at the top-right and bottom-right corners, where the BHP is
set to 4000 psi. To increase the velocity of the water phase, the porosity in
the 20 top layers (out of 60 layers) is reduced by a factor of 100. Note that
such contrasts are realistic and represent low porosity corridors. Both the FI
and SFI methods require 19 timesteps to converge. Figures 25(a) and 25(b)
show the water and gas saturation maps at the end of the simulation. A
large part of the reservoir has been flooded by water and experiences very
fast velocities; gas is only present in the lower part of the reservoir. While
there is no gas-phase in the reservoir initially, at the end of the simulation
almost 8% of the cells have gas. The average CFL number per timestep is
480 and the corresponding maximum value is 1140. Figure 26 shows the
cumulative number of Newton iterations for the FI method and the cumulative number of pressure and composition iterations for the SFI method as
well as the percentage of gas in the model for both the FI and SFI methods.
For this case, the SFI method requires 36% fewer pressure iterations and
17% more composition iterations than Newton iterations for the FI method.
The percentage of gas for the models is exactly the same. Figure 27, shows
the cumulative number of CPR(AMG,BILU0)-FGMRES iterations for the
FI method and the pressure solves of the SFI method and the cumulative
number of BILU0-GMRES iterations for the compositional system of the SFI
method. The full system of the FI method requires in average around 8 CPR
iterations to converge, while the pressure system of the SFI method requires
around 6 CPR iterations to converge. The compositional system of the SFI
method requires in average 5.3 BILU0-GMRES iterations to converge. As
a result, the SFI method for this test case takes 49% of the linear pressure
iterations and 78% of the linear composition iterations of the FI method.
The strong oil-water flow is challenging for the FI method and very well
handled by the SFI method, and the mild compositional effects are handled
well by both methods. This is a configuration that is close to real reservoir
simulation scenarios.

14.3

3D Test Cases

The 3D model here represents an anticlinal formation. The fluid is modeled as
a two-component compositional black-oil formulation. There are four water
injectors and six producers. Figure 28 shows the model and the gas saturation
at the end of the simulation. Figures 29 and 30 show the injection and
production profiles for each phase as well as the average reservoir pressure.
We observe that the FI and SFI produce exactly the same results. The FI
method converges in 304 timesteps and the SFI method in 361 timesteps.
Figure 31 shows the cumulative Newton iterations for the FI method, the
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(a) Water saturation at the end of the simulation.

(b) Gas saturation at the end of the simulation.

Figure 25: Saturation maps for 2D Case-2.

Figure 26: Cumulative Newton iterations for the FI method and cumulative
pressure and composition iterations for the SFI method for 2D Case-2. The
percentage of gas in the model for the FI and SFI methods is also shown.
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Figure 27: Cumulative CPR iterations for the systems of the FI method and
the pressure of the SFI method and cumulative BILU0-GMRES iterations
for the composition system of the SFI method for 2D Case-2.
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cumulative pressure and composition iterations for the SFI method as well
as the percentage of gas in the model for both the FI and SFI methods.
We see that the percentage of gas in the model changes quite rapidly, and
that both methods capture exactly the same physics. These rapid changes
are due to the complexity of the medium with strong contrasts between the
geological facies. The SFI method requires 20% fewer pressure iterations
than the FI method requires Newton iterations and 15% more composition
iterations than the FI method requires Newton iterations. Figure 32 shows
the cumulative number of CPR(AMG,BILU0)-FGMRES iterations for the
FI method and the pressure solves of the SFI method and the cumulative
number of BILU0-GMRES iterations for the compositional system of the
SFI method. The CPR(AMG,BILU0)-FGMRES system of the FI method
requires in average 4.2 iterations, while the pressure system of the SFI method
requires in average 3.1 linear iterations and the composition system of the
SFI method requires in average 2 linear iterations per system. As a result,
the number of linear iterations from the pressure systems of the SFI method
amounts to 58% of the number of CPR iterations for the coupled system of
the FI method, and the number of linear iterations from the composition
systems of the SFI method amounts to 55% of the number of CPR iterations
for the coupled system of the FI method.
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Figure 28: Gas saturation map for the anticlinal model. The water injectors
are the blue arrows and the producers are the green arrows. Plotted with
ResInsight [75].
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Figure 29: Liquid rates (water injection/production and oil production) profiles for the FI and SFI methods for the anticlinal model.

Figure 30: Average reservoir pressure and gas production rate profiles for
the FI and SFI methods for the anticlinal model.
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Figure 31: Cumulative Newton iterations for the FI method and cumulative
pressure and composition iterations for the SFI method for the anticlinal
model. The percentage of gas in the model for FI and SFI methods are also
shown.
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Figure 32: Cumulative CPR iterations for the FI method and cumulative
linear iterations for the pressure and composition systems for the SFI method
for the anticlinal model.

15

Conclusions

We proposed a new compositional sequential fully implicit (SFI) solution
scheme with a nonlinear pressure equation for compositional flow simulation. The compositional SFI scheme needs an extended natural-variables
formulation. The pressure equation used here is obtained as a weighted sum
of the nonlinear component conservation equations, and it can be seen as a
nonlinear overall-volume balance. This pressure equation is different from
the ‘usual’ pressure equations used in compositional sequential formulations,
which are obtained as linear combinations of the linearized component conservation equations or by linear combinations of the component conservation
equations with constant coefficients. The nonlinear volume-balance equation simplifies to the usual volume-balance equation used by SFI methods
for dead-oil and black-oil systems. There are two splitting errors associated with the compositional SFI scheme: (1) volume balance errors, and (2)
total-velocity errors. Our analysis indicates that the volume-balance errors
are highly localized around fronts where a phase change takes place; however,
the errors in the total-velocity field can be quite large with large spatial support that spans the invaded regions of the reservoir. The total-velocity error
associated with the sequential-implicit split is the primary cause of nonlinear
convergence problems for SFI schemes including ours. Here, we demonstrate
that the splitting errors can be reduced to arbitrarily small values when a
nonlinear pressure equation is used. Moreover, we show how to effectively
control the splitting errors in order to achieve convergence to any desired tolerance. We tested the compositional SFI approach for challenging test cases
in 1D, 2D and 3D. For strongly coupled problems, the SFI algorithm requires
a few more iterations than the FI method, but for weakly coupled cases, the
sequential algorithm requires fewer iterations than the FI method. Overall,
the compositional SFI scheme enjoys convergence properties that are very
competitive with the fully implicit method, even when the coupling between
the flow and the transport is quite strong. The SFI formulation has several
advantages, however. With the sequential formulation, the parabolic and
hyperbolic operators of compositional multi-component flow and transport
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are now identified and decoupled. As a result, it is now possible to design
specific numerical methods optimized for each sub-problem. That includes
the use of specific linear solvers for the parabolic and hyperbolic operators,
as well as opening the door for advanced (high-order) spatial and temporal
discretization schemes. Finally, this new SFI scheme is well suited for multiscale compositional formulations that rely on sequential coupling of the flow
and transport problems.

Part V

Consistent Sequential Fully
Implicit Scheme for Multiscale
Compositional Flow

97
The content of this part is adapted from a paper currently in peer review “Consistent Sequential
Fully Implicit Scheme for Multiscale Compositional Flow” by Moncorgé et al. [46] and corresponds to the
sections 2, 3, 4 and 5 of [46]. Most of the text, figures and equations are identical with the corresponding
sections of the publication.

The usual method to discretize the fluxes in reservoir simulation is the
phase-potential upwinding (PPU) [64]. For the SFI method, the flow system
uses the standard PPU discretization of the fluxes and the transport system
uses the total-velocity formulation of the fluxes based on PPU. We show that
the total-velocity formulation of the fluxes based on PPU in case of strong
capillary, or gravity, effects, has inconsistencies that result in downwinding,
which is numerically unstable. These instabilities decrease the convergence
rate or may even prevent the convergence of the transport system of the
SFI scheme. We show that we can remove the inconsistencies between the
flow and the transport systems by using a total-velocity formulation of the
fluxes based on the phase upwinding (PU) technique of Brenier and Jaffré
[6] for both the flow and the transport systems. We also show that using
a total-velocity formulation of the fluxes based on hybrid upwinding (HU)
for both the flow and the transport systems removes these inconsistencies as
well as improves the convergence rate of the SFI method. In this work, we
propose a new HU method with capillary and gravity effects for two, three
or more phases and validate our new method for the FI and SFI methods for
very challenging two- and three-phase test cases. The HU scheme makes SFI
consistent in terms of pressure and composition systems, and it converges
for tightly coupled problems for which PPU and PU fail. We also observe
situations where the SFI method with HU is superior to the FI method with
PPU. We demonstrate the robustness of the new SFI algorithm across a
wide parameter range. Results for realistic compositional models with gas
and water injection are presented and discussed.

16

Phase-Split Algorithm for Pressure System

We employ the nonlinear overall volume-balance described in Part IV. In
order to converge the overall volume-balance equation, we keep the overall
mole-fraction of each component zc fixed, and we update the pressure using
the Newton method. After each Newton update of the pressure, we perform
a second step, where the overall mole-fractions zc are kept constant, but the
saturations Sp and the mole-fractions xp,c are updated. The second step
is explained here for situations with nh hydrocarbon components that can
exist in the gas and the oil phases. The water component can only exist
in an aqueous phase. The phase-split algorithm is equivalent to solving a
nonlinear system of nh equations and nh variables: the pressure P and the
number of moles per hydrocarbon component Nc are fixed, and the system
of nh Eqs. (13) is solved with as unknowns the number of moles in the gas
phase per hydrocarbon component Yc . After a pressure update δP of the
nonlinear overall volume-balance, if a cell contains both gas and oil phases,
instead of solving precise phase-split computations, approximate phase-split
computations are performed. The change of pressure from P to P + δP
changes the number of moles per component c in the gas phase from Yc to
Yc + δYc . Thus, we compute the change of composition δY by solving


∂G
∂G
(P, Y) δY = − G(P, Y) +
(P, Y) δP
(98)
∂Y
∂P
with G, Y, δY and ∂G
being the vectors of the components gc , Yc , δYc
∂P
∂gc
∂gc
and ∂P , respectively, and ∂G
the matrix with the elements ∂Y
. The new
∂Y
d
compositions for the gas and oil phases are then
Yc + δYc
d (Yd + δYd )
Nc − Yc − δYc
= P
.
d (Nd − Yd − δYd )

xg,c = P
and xo,c

(99)
(100)
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The new mole-fraction of the gas phase is given as
P
(Yc + δYc )
βg = Pc
,
c Nc + Nw

(101)

and βw and βo are given by Eqs. (17) and (18). The saturations are updated
as
βp
ρp

Sp = P

βq
q ρq

.

(102)

For cells that do not have both gas and oil phases, we first update the saturations with Eq. (102) with the mole-fractions βp kept constant. Then we
test, if a new phase appears with a stability analysis followed by a phase-split
computation, if the mixture is unstable [45]. The phase-split algorithm for
the pressure system is described in Algorithm 5.
For each cell:
if all phases are present in the mixture then
Update saturations and compositions solving Eq. (98)
else
Update saturations with Eq. (102) and βp constant ∀p
Do a stability analysis of the mixture [45]
if mixture is unstable then
Converge fully the phase-split system of Eqs. (13) to get a good
estimate of the new phase composition and set the saturation
of the new phase to an small value S

Algorithm 5: Phase-split algorithm for pressure system

17

Phase-Split Algorithm for Compositional
System

When the pressure is solved, we compute the total-velocity field. The second
step of the sequential fully implicit method consists of freezing the pressure and total-velocity fields and transporting the components. We converge
together the nc mole conservation equations in their transport form, i.e.,
Eqs. (87), and the nc (np − 1) equations representing the thermodynamic
equilibrium, i.e., Eqs. (12). This system of equations ignores the thermodynamic volume equation (77). After an update of the compositions, for cells
that do not have all the possible phases present, we test with a stability
analysis if a phase appears. If the mixture is unstable, we converge fully the
phase-split algorithm. The phase-split algorithm for the composition system
is described in Algorithm 6.
For each cell:
if all phases are present in the mixture then
Do nothing
else
Do a stability analysis of the mixture [45]
if mixture is unstable then
Converge fully the phase-split system of Eqs. (13) to get a good
estimate of the new phase composition and set the saturation
of the new phase to an small value S

Algorithm 6: Phase-split algorithm for composition system

18

Full Algorithm

After convergence of the coupled system of component conservation equations, the moles of each component are conserved; however, several splitting
errors appear. They were described in Part IV in Eqs. (89) and (90). The
SFI algorithm is described in Algorithm 7 with R representing the residual of
Eqs. (87) and (12), P the pressure of the gas phase, C all the other variables
and , P , C , thermo , ut and ∇·ut tolerances.

while |R|∞ >  or |Rthermo |∞ > thermo or |Rut |∞ > ut or
|R∇·ut |∞ > ∇·ut do
freeze zc
while |δP |∞ > P do
compute Jacobian and residual of volume-balance Eq. (86)
solve and update P = P + δP
use Algorithm 5 for phase-split
end
unfreeze zc
compute and freeze total-velocity ut
while |δC|∞ > C do
compute Jacobian and residual of Eqs. (87) and (12)
solve and update C = C + δC
use Algorithm 6 for phase-split
end
compute residual R of Eqs. (87) and (12)
compute Rthermo , Rut and R∇·ut
unfreeze total-velocity ut
end
Exact conserved quantities are ξc from Eqs. (88)
Algorithm 7: Compositional SFI method
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For challenging test cases, we observe that tolerances of 0.2 for |Rthermo |∞ ,
0.4 for |Rut |∞ and 0.1 for |R∇·ut |∞ are good enough to reproduce strongly
coupled flow-transport problems.

19

Discretization of the Fluxes

The volumetric rate of phase p can be written in total-volume formulation
as
#
"
X
λppu
p
(Φp − Φq )
(103)
λppu
Q̄p = P ppu Qt + T
q
λ
q
q
q
and Qt defined in Eqs. (22), (26) and (27). We can obwith Φp , λppu
p
serve that there is an inconsistency between the total-volume formulation
of Eq. (103) and the choice of the mobilities by phase-potential upwinding
(PPU) of Eq. (26). At convergence, for each phase p, Q̄p = Qp with Qp from
Eq. (21), which implies that Q̄p and Φp , have the same sign. However, as
there is no guarantee that Q̄p and Φp have the same sign along the Newton
path, some convergence difficulties may appear. This possible upwinding inconsistency is present in the fully implicit method, but it is playing a more
important role in sequential schemes. For the compositional transport system of sequential methods, the total volumetric rate is frozen at a fixed value
Qft . The volumetric rate for each phase is written as
"
#
X
λppu
p
f
Q̃p = P ppu Qt + T
λppu
(Φp − Φq ) .
(104)
q
λ
q
q
q
P
By construction, p Q̃p = Qft is always satisfied, but nothing prevents getting numerical solutions of the nonlinear transport system with different signs
for Q̃p and Φp . This could result in situations of downwinding, which is numerically unstable. This inadequacy in the upwinding between the pressure
and the composition systems occurs in situations with strong capillarity or
gravity forces. An important contribution from Brenier and Jaffré [6] does
not employ PPU for the total-velocity based formulation; instead they use
phase upwinding (PU). We define the potentials
X
Ξp = α + T
λΞq (Φp − Φq )
(105)
q
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with a fixed constant α and
λΞp


=

λsp
λtp

if Ξp ≥ 0
otherwise.

(106)

Note that the expression of Ξp is recursive, since we need to get the sign of
each Ξp to obtain the mobilities. If the different fluid phases, p, are ordered
by increasing phase potential, Φp (i.e., p < q equivalent to Φp ≤ Φq ), Brenier
and Jaffré prove that for each phase p the following potential
Θp = α + T

X
q<p

λtq (Φp − Φq ) + T

X

λsq (Φp − Φq )

(107)

q>p

and the potential Ξp have the same sign. This allows to have a non-recursive
expression for the signs of the potentials Ξp . When a total-volume or a
total-velocity formulation is used, PPU is inadequate and phase upwinding
(PU) should rather be employed. Phase upwinding for the total-volume
formulation is written with the Φp ordered by increasing values as

λpu
p =




λsp



λtp

P
if Qt + T q<p λtq (Φp − Φq )
P
+ T q>p λsq (Φp − Φq ) ≥ 0
otherwise.

(108)

In addition to phase upwinding, in the context of sequential methods,
it is important to devise strategies limiting the number of outer iterations
between the pressure and composition updates. Since the total volumetric
rate is fixed while solving the compositional transport system, a solution
that relies on upwinding of the total volumetric rate is more likely to be
consistent at the end of a composition system than a solution that allows for
phase switching. Hybrid upwinding (HU) is a technique that uses different
upwinding for the different driving forces. HU computes the viscous term
based on the sign of the total volumetric rate. It has been first introduced
in the context of reservoir simulation for solving the transport equations of
immiscible two-phase flow with gravity using explicit discretization in time by
Eymard et al. [19]. Implicit hybrid upwinding (IHU) was proposed by Lee et
al. [37] and Hamon et al. [24]. Lee and Efendiev [36] proposed a solution for
viscous and gravity systems with three phases. Hamon et al. [25] proposed
recently an extension to capillarity, and they demonstrated the approach for
immiscible and incompressible two-phase systems. If we separate the viscous,
capillary, Φcp , and gravity, Φgp , contributions of the phase-potential Φp , the
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discretization of the volumetric rate for phase p can be written as
λvp
P
=
Qhu
Q
p
v t
q λq

λcp X c c
c
P
+ T
λ
Φ
−
Φ
q
p
q
c
q λq q

λgp X g g
+ TP g
λq Φp − Φgq .
q λq q

(109)

For the volume-balance Eq. (86), the total volumetric rate is written as
X
(110)
Qt = T
λppu
p Φp
p

with λppu
computed by phase-potential upwinding of each phase with Eq. (26)
p
and for the composition update, Qt is fixed to Qft . For both the pressure and
the compositions systems, the mobilities of the viscous term are chosen by
total-volumetric rate upwinding:
 s
λp if Qt ≥ 0
v
(111)
λp =
λtp otherwise.
The mobilities for the capillary term are chosen based on the Brenier and
Jaffré potential with α = 0, and the phases are re-ordered by capillary potentials Φcp (i.e., p < q equivalent to Φcp ≤ Φcq )
λcp =




λsp



λtp


P
if q<p λtq Φcp − Φcq 
P
+ q>p λsq Φcp − Φcq ≥ 0
otherwise.

(112)

The mobilities for the gravity term are chosen using the Brenier and Jaffré
potential with α = 0, and the phases are re-ordered by gravity potentials Φgp
(i.e., p < q equivalent to Φgp ≤ Φgq )
λgp =




λsp



λtp


P
if q<p λtq Φgp − Φgq 
P
+ q>p λsq Φgp − Φgq ≥ 0
otherwise.

(113)

It is important to notice that the capillary potentials Φcp are functions of
saturations only. The upwinding directions depend on the saturation values
and are independent of the total volumetric rate. In addition, the gravity
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potentials Φgp that are functions of the mass densities have no dependency on
saturations and a mild dependency on the compositions. So the upwinding
directions for the gravity term rarely change during the composition update
with the HU scheme. Our new HU scheme is defined for any number of
phases (two, three or more) whereas the previous HU schemes are defined
for two phases or three phases. If we drop the capillary part and only look
at two-phase flow, Qhu
p is equivalent to the two-phase viscous and gravity
system from Hamon et al. described in Eq. (29). The three-phase solution
is different with the three-phase viscous and gravity system from Lee and
Efendiev [36] because in their case, some oil phase contributions can flow in
opposite directions.

20

Linear Solvers

The linear solver for the fully implicit algorithm is FGMRES with CPR preconditioner. AMG is the first stage preconditioner and BILU0 the second
stage preconditioner. The linear solver for the pressure systems of the sequential fully implicit algorithm is the multiscale solver explained hereafter.
The linear solver for the composition systems of the sequential fully implicit
algorithm is BILU0-GMRES. The linear solvers stop when the L2-norm of
the residual has reduced by a factor of 1000.

20.1

Multiscale Solver

We use the multiscale restriction-smoothed basis (MsRSB) method [55]. The
prolongation operator P is computed from the incompressible pressure equation without the capillary and gravity terms, i.e.,
"
!
#
X
∇·
λp K ∇P = 0,
(114)
p

ensuring a partition of unity. The MsRSB method is used as a preconditioner
for the GMRES linear solver. One MsRSB preconditioning step of the linear
pressure system
App δp = bp
(115)
consists of 1) solving for an approximate coarse pressure δpc with
App δp = bp ,
App (Pδpc ) ≈ bp and
(RApp P) δpc = Rbp or Mms δpc = Rbp

(116)
(117)
(118)

with the multiscale operator Mms , 2) prolongating the approximate coarse
pressure δpc to a fine scale pressure
δp = Pδpc ,

(119)

108

20 LINEAR SOLVERS

and 3) applying a smoothing algorithm S, i.e.,
δp = δp + S −1 (bp − App δp) .

(120)

In our test cases we use 10 smoothing iterations with S = ILU0 and we stop
the linear pressure solver when the L2-norm of the residual has reduced by
a factor of 1000 or when the change of δp is less than 0.1 psi.

21

Results and Discussion

Developments have been done in an in-house research reservoir simulator [47]
with some C code from the Matlab Reservoir Simulation Toolbox [70] for the
MsRSB computations of the prolongation operator P and the restriction
operator R. The FI method with PPU uses the standard discretization of
the fluxes of Eq. (21) and the FI method with PU and HU use a total-volume
discretization of the fluxes. The SFI method with PPU uses the standard
PPU discretization of the fluxes for the flow problem and the total-volume
discretization of the fluxes based on PPU for the transport problem. The
SFI method with PPU-PU uses the standard PPU discretization of the fluxes
for the flow problem and the total-volume discretization of the fluxes based
on PU for the transport problem. The SFI method with PU and HU use
total-volume discretizations of the fluxes for both the flow and the transport
problems. More details on the numerical setups are given in Appendix F.

21.1

1D Test Cases

21.1.1

1D water injection in an oil reservoir with capillary pressure

First we present an injection of water into a reservoir initially filled with oil
with capillary pressure between the water and the oil phase. We inject water
at a timestep corresponding to a CFL value of 520. For this timestep, the
FI method with PPU or with PU converges in 14 Newton iterations and the
FI method with HU converges in 13 Newton iterations. The SFI method
with PPU does not converge and the SFI method with PPU-PU and PU
converge in 2 outer iterations consisting of six pressure iterations and 16
composition iterations and the SFI method with HU converges in 2 outer
iterations consisting of six pressure iterations and 15 composition iterations.
Figure 33 represents the pressure and the water saturation profiles for the
SFI method after one timestep.
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Figure 33: Water injection: pressure and water saturation profiles versus cell
number for the SFI method.

21.1.2

1D gas injection in a live-oil and water reservoir with capillary pressure

For this second test case, we have three phases with both capillary pressure
between the gas and the oil phase as well as capillary pressure between the
oil and the water phase. The initial state is the final state of the previous test
case, where we have taken a second timestep. We inject gas at the left-handside and we take one large timestep equivalent to a CFL number of 2900.
For this timestep, the FI method with PPU, PU or HU does not converge,
and neither does the SFI method with PPU. The SFI method with PPU-PU
converges in four outer iterations consisting of nine pressure iterations and
26 composition iterations, the SFI method with PU converges in four outer
iterations consisting of nine pressure iterations and 25 composition iterations
and the SFI method with HU converges in four outer iterations consisting of
nine pressure iterations and 32 composition iterations. Figure 34 represents
the pressure, the gas and the water saturation profiles for the SFI method
after one timestep.

21.2 2D Test Cases

111

Figure 34: Gas injection: pressure, gas and water saturation profiles versus
cell number for the SFI method.
21.1.3

1D gas injection in a live-oil reservoir with capillary pressure

For this third test case, we have capillary pressure between the gas and the
oil phase. Initially the reservoir is filled with live-oil. We inject gas at the
left-hand-side and we take a large timestep with a CFL number of 2200. For
this timestep, the FI method with PPU, PU or HU does not converge, and
neither does the SFI method with PPU. The SFI method with PPU-PU, PU
or HU converges in four outer iterations consisting of 12 pressure iterations
and 33 composition iterations. Figure 35 represents the pressure, the gas and
the water saturation profiles for the SFI method after one timestep.

21.2

2D Test Cases

21.2.1

2D gravity test with two phases

We now consider 2D test cases inspired from the lock exchange test case from
[25]. In this first test case, there is only gravity and no capillary pressure.
We have an oil phase in red that is lighter than a water phase in blue.
Figure 36 shows the evolution with time of the solution, where the lighter
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Figure 35: Gas injection: pressure and gas saturation profiles versus cell
number for the SFI method.
phase moves above the heavy phase. We compare together the FI and SFI
methods combined with PPU, PU and HU and the SFI method combined
with PPU-PU. Tables 7 and 8 show the number of timesteps and the number
of nonlinear iterations for the flux discretizations based on PPU, PU and HU
for both the FI and SFI methods, as well as for the SFI method with PPUPU. The FI method with PPU needs 34 timesteps, 49 timesteps with PU and
20 timesteps with HU. This corresponds to cumulative Newton iterations
of 371, 433 and 209, respectively. The SFI method with PPU needs 118
timesteps, 62 with PPU-PU and PU and 52 with HU. This corresponds to
cumulative pressure iterations of 583, 258, 259 and 243, respectively, and
cumulative composition iterations of 1855, 980, 1030 and 646, respectively.
HU leads to better results for the FI and the SFI methods. The process is
very challenging for the SFI method that always requires smaller timesteps
than the FI method. The CFL values of the timesteps of the SFI method
with HU have an average of 10 and a maximum value of 34. The splitting
error tolerances of the SFI method have been set to a tight tolerance of 1%
relative error for this benchmark study. In practical situations we would
stop the outer-loop before reaching this tight tolerance and still recover the
correct profiles.

21.2 2D Test Cases

113

Table 7: Number of timesteps for 2D gravity test with two phases.
FI
SFI

PPU
34
118

PPU-PU
62

PU
49
62

HU
20
52

Table 8: Cumulative iterations for 2D gravity test with two phases.
FI Newton
SFI P iterations
SFI C iterations

(a)

PPU
371
583
1855

PPU-PU
258
980

PU
433
259
1030

HU
209
243
646

(b)

(c)

Figure 36: Maps for 2D gravity test with two phases. (a) shows the initial
state; (b) shows an intermediate state; (c) shows the final state.
21.2.2

2D gravity and capillary pressure with two phases

We reproduce the same test case with several capillary pressure values. We
only present the result with a maximum capillary pressure of 25.0 psi. Figure 37 shows the evolution of the solution with time. We observe that the
transition between the two phases is now diffuse. Tables 9 and 10 show the
number of timesteps and the number of nonlinear iterations for the flux discretizations with PPU, PU and HU for both the FI and SFI methods, as well
as for the SFI method with PPU-PU. The FI method with PPU needs 31
timesteps, with PU 30 timesteps and with HU 18 timesteps. These correspond to cumulative Newton iterations of 253, 256 and 171, respectively. The
SFI method with PPU has very big issues converging whereas PPU-PU and
PU only need 16 timesteps and HU only 15. The CFL values of the timesteps
of the SFI method with HU have an average of 900 with a maximum value
of 2500. The SFI method is actually able to take larger timesteps than the
FI method. The splitting error tolerance for the SFI method has been set to
1% relative error.
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Table 9: Number of timesteps for 2D gravity and capillary pressure test with
two phases (∞ means not converging).
FI
SFI

PPU
31
∞

PPU-PU
16

PU
30
16

HU
18
15

Table 10: Cumulative iterations for 2D gravity and capillary pressure test
with two phases (∞ means not converging).
FI Newton
SFI P iterations
SFI C iterations

(a)

PPU
253
∞
∞

PPU-PU
136
412

(b)

PU
256
133
421

HU
171
150
412

(c)

Figure 37: Maps for 2D gravity and capillary pressure test with two phases.
(a) shows the initial state; (b) shows an intermediate state; (c) shows the
final state.
21.2.3

2D gravity case with three phases

We continue the test case with an inclusion of a third phase that is a gas
phase. The gas phase in Figure 38 that is shown in red color is very light
and has very low viscosity. It is going to flow upward. The oil phase that
is shown in green color is going to flow downward with respect to the gas
phase but upward with respect to the water phase. The water phase is always
flowing downward. Figure 38 shows the evolution of the solution with time.
Tables 11 and 12 show the number of timesteps and the number of nonlinear
iterations for the flux discretizations with PPU, PU and HU for both the
FI and SFI methods as well as for the SFI method with PPU-PU. The FI
method with PPU needs 168 timesteps, with PU 34 timesteps and with HU
32 timesteps. These correspond to cumulative Newton iterations of 1245, 585
and 358, respectively. The FI method with HU converges in less timesteps
than with PU and also with fewer Newton iterations per timestep. The SFI

21.2 2D Test Cases
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method with PPU needs 300 timesteps, with PPU-PU 114 timesteps, with
PU 120 timesteps and with HU 88 timesteps. These correspond to cumulative
pressure iterations of 1147, 677, 674 and 623, respectively, and cumulative
composition iterations of 2178, 1915, 1937 and 1422, respectively. We only
report the Newton iterations or the pressure or composition iterations that
have resulted in convergence. The FI method with PPU needs to chop the
timestep 114 times during the whole simulation, while the SFI method with
PPU-PU chops 68 times, with PU 72 times and with HU 51 times. The
CFL values of the timesteps of the SFI method with HU have an average of
15 with a maximum value of 90. The splitting error tolerance for the SFI
method has been set to 1% relative error.
Table 11: Number of timesteps for 2D gravity test with three phases.
FI
SFI

PPU
168
300

PPU-PU
114

PU
34
120

HU
32
88

Table 12: Cumulative iterations for 2D gravity test with three phases.
FI Newton
SFI P iterations
SFI C iterations

(a)

PPU
1245
1147
2178

PPU-PU
677
1915

(b)

PU
585
674
1937

HU
358
623
1422

(c)

Figure 38: Maps for 2D gravity test with three phases. (a) shows the initial
state; (b) shows an intermediate state; (c) shows the final state.

21.2.4

2D gravity and capillary pressure case with three phases

We reproduce the same test case with capillary pressures between the gas
phase and the oil phase as well as capillary pressure between the oil phase
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and the water phase. Figure 39 shows the evolution of the solution. Tables 13 and 14 show the number of timesteps and the number of nonlinear
iterations for the flux discretizations with PPU, PU and HU for both the
FI and SFI methods, as well as for the SFI method with PPU-PU. The FI
method with PPU needs 42 timesteps, with PU 39 timesteps and with HU
30 timesteps. These correspond to cumulative Newton iterations of 382, 422
and 292, respectively. The SFI method with PPU has very large convergence
issues; PPU-PU needs 193 timesteps, PU needs 185 timesteps and HU needs
53 timesteps. These correspond to cumulative pressure iterations of 834, 732
and 460 for PPU-PU, PU and HU, respectively, and cumulative composition iterations of 1505, 1401 and 856 for PPU-PU, PU and HU, respectively.
We only report the Newton iterations, the pressure or composition iterations
that have resulted in convergence. The FI method with PPU needs to chop
the timestep 21 times during the whole simulation and the SFI method with
PPU-PU chops 141 times, with PU 133 times and with HU 34 times. The
CFL values for the SFI method with HU have an average of 140 with a maximum value of 380. The splitting error tolerance for the SFI method has been
set to 1% relative error. In this test case, the total velocity is not constant
when the fluid saturations change. At the end of a converged composition
system, the total-velocity is recomputed by Eq. (3) with the latest updated
variables in order to get the relative total-velocity residual (90). We observe
that for the most challenging situation, that is, when the total-velocity that
is kept fixed during the composition update does not have the same sign as
the recomputed total-velocity, the switching amplitude with the HU scheme
is on average 60% of the amplitude that we get with the PU scheme. This is
an indication that the decoupling scheme based on freezing the total-velocity
is less nonlinear with HU than with the other schemes.
Table 13: Number of timesteps for 2D gravity and capillary pressure test
with three phases (∞ means not converging).
FI
SFI

PPU
42
∞

PPU-PU
193

PU
39
185

HU
30
53

Table 14: Cumulative iterations for 2D gravity and capillary pressure test
with three phases (∞ means not converging).
FI Newton
SFI P iterations
SFI C iterations

PPU
382
∞
∞

PPU-PU
834
1505

PU
422
732
1401

HU
292
460
856

21.2 2D Test Cases

(a)
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(b)

(c)

Figure 39: Maps for 2D gravity test with three phases and capillary pressures
between the gas and oil phases as well as between the oil and water phases.
(a) shows the initial state; (b) shows an intermediate state; (c) shows the
final state.
21.2.5

2D gas and water injection case with capillary pressure

This test case is derived from the gas and water injection case from Part IV.
Here, we have added capillary pressures with maximum values of 25.0 psi.
The fluid from the “SPE5” problem is used. The producer at the top-right
corner of the domain is controlled with bottom-hole pressure at 4000 psi.
We inject the light component in the bottom-left corner for the first period
of 5000 days at a rate of six MSCF/Day. Then we inject four STB/Day of
water for another period of 5000 days. Finally we inject again the light component at a rate of six MSCF/Day for a third period of 5000 days. Shocks
between the phases are created with this injection scenario, while the capillary pressures have a smoothing effect on these shocks. Figures 40(a), 40(b)
and 40(c) show the gas saturation profiles at the end of each of the three
periods. Tables 15 and 16 show the number of timesteps and the number
of nonlinear iterations for the flux discretizations with PPU, PU and HU,
for both the FI and SFI methods, as well as for the SFI method with PPUPU. The FI method needs 241 timesteps with PPU, 256 timesteps with PU,
and 230 timesteps with HU; these correspond to cumulative Newton iterations of 1110, 1140, and 1071, respectively. The SFI method with PPU has
serious convergence problems, while PPU-PU needs 154 timesteps, PU 143
timesteps and HU only 131 timesteps. These correspond to cumulative pressure iterations of 1075, 990 and 968 for PPU-PU, PU and HU and cumulative
composition iterations of 1399, 1320 and 1271 for PPU-PU, PU and HU. The
CPR(AMG,BILU0)-FGMRES system of the FI method requires in average
7.3 iterations, while the pressure system of the SFI method requires in average 5.3 linear iterations and the composition system of the SFI method
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(a) After gas injection at the end of the first period.

(b) After water injection at the end of the second period.

(c) After gas injection at the end of the third period.

Figure 40: Gas saturation for 2D gas and water injection with capillary
pressure case.
requires in average 8.0 linear iterations per system. The SFI method with
HU is able to take much larger timesteps than the standard FI method with
PPU. We only report the Newton iterations or the pressure or composition
iterations that have resulted in converged solutions. The FI method with
PPU needs to chop the timestep 71 times during the whole simulation and
the SFI method with PPU-PU chops 23 times, with PU 18 times and with
HU only 9 times. The CFL values for the SFI method with HU have an
average of 1150 with a maximum of 6900.
Table 15: Number of timesteps for 2D gas and water injection test with
capillary pressure (∞ means not converging).
FI
SFI

PPU
241
∞

PPU-PU
154

PU
256
143

HU
230
131

21.3 3D Test Case
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Table 16: Cumulative iterations for 2D gas and water injection test with
capillary pressure (∞ means not converging).
FI Newton
SFI P iterations
SFI C iterations

21.3

PPU
1110
∞
∞

PPU-PU
1075
1399

PU
1140
990
1320

HU
1071
968
1271

3D Test Case

The 3D model shows an anticline structure. The fluid is a seven-component
Peng-Robinson equation of state. There are four water injectors, one gas
injector and six producers. The simulation is done with the FI method and
the SFI method; both with HU for the fluxes. Figure 41 shows the model
and the gas saturation at the end of the simulation. Figures 42 and 43 show
the injection and production profiles for each phase, as well as the average
reservoir pressure. We observe that the FI and SFI methods produce exactly
the same results. Figure 44 shows the cumulative Newton iterations for the
FI method, the cumulative pressure and composition iterations for the SFI
method, as well as the percentage of gas in the model for both the FI and
SFI methods. We see that the percentage of gas in the model changes quite
rapidly and that both methods capture exactly the same physics. These rapid
changes are due to the complexity of the medium with strong contrasts between the geological facies. The SFI method requires about the same number
of pressure iterations as the FI method requires Newton iterations and 60%
more composition iterations than the FI method requires Newton iterations.
Figure 45 shows the cumulative number of CPR(AMG,BILU0)-FGMRES iterations for the FI method, the cumulative number of MsRSB-GMRES iterations for the pressure solves of the SFI method and the cumulative number of
BILU0-GMRES iterations for the compositional system of the SFI method.
The CPR(AMG,BILU0)-FGMRES system of the FI method requires in average 4.3 iterations, while the pressure system of the SFI method requires in
average 3.9 linear iterations and the composition system of the SFI method
requires in average 2.2 linear iterations per system. As a result, the number
of linear iterations from the pressure systems of the SFI method amounts
to 86% of the number of CPR iterations for the coupled system of the FI
method, and the number of linear iterations from the composition systems
of the SFI method amounts to 80% of the number of CPR iterations for the
coupled system of the FI method.
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Figure 41: Gas saturation map for the anticlinal model. The water injectors
are the blue arrows, the gas injectors the red arrows and the producers the
green arrows. Plotted with ResInsight [75].

Figure 42: Liquid rates (water injection/production and oil production) profiles for the FI and SFI methods for the anticlinal model.

21.3 3D Test Case
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Figure 43: Average reservoir pressure and gas rate profiles for the FI and
SFI methods for the anticline model.
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Figure 44: Cumulative Newton iterations for the FI method and cumulative
pressure and composition iterations for the SFI method for the anticline
model. The percentage of gas in the model for FI and SFI methods are also
shown.
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Figure 45: Cumulative CPR iterations for the FI method, cumulative MsRSB
iterations for the pressure systems of the SFI method and cumulative BILU0GMRES iterations for the composition systems of the SFI method for the
anticline model.

22

Conclusions

The SFI scheme with phase-potential upwinding for the flow problem and
with phase-potential upwinding or phase upwinding for the transport problem, can experience, in cases of strong capillary, or gravity effects, flow reversals that result in numerically unstable downwinding. Using consistent phase
upwinding or hybrid upwinding for both flow and transport does not suffer
from this inconsistency. We extended the hybrid upwinding technique with
capillary and gravity effects to three or more phases and validated our new
method for the FI and SFI methods for very challenging two- and three-phase
test cases. The hybrid upwinding scheme enables the SFI scheme to converge
in many settings where phase-potential upwinding or phase upwinding have
convergence problems. We also observe situations were the SFI method with
hybrid upwinding has a better convergence rate compared to the FI method
with phase-potential upwinding. We use MsRSB-GMRES for the pressure
systems and BILU0-GMRES for the composition systems of the SFI method
and compare these solutions with CPR(AMG,BILU0)-FGMRES for the FIM
systems. We demonstrate the robustness of the new SFI algorithm across a
wide parameter range. Results obtained for realistic compositional models
with gas and water injection are presented and discussed.

Part VI

Conclusions and Outlook
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The content of this part is adapted from the previously published papers “Modified Sequential Fully
Implicit Scheme for Compositional Simulation” by Moncorgé et al. [50], “Sequential Fully Implicit Formulation for Compositional Simulation Using Natural Variables” by Moncorgé et al. [52] and the paper
currently in peer review “Consistent Sequential Fully Implicit Scheme for Multiscale Compositional Flow”
by Moncorgé et al. [46]. Most of the text is similar with the conclusions of these publications.

The objective of this work is to design SFI schemes with nonlinear convergence rate comparable with FI formulations across the full range of compositional simulations of practical interest. The reasons are: (1) Multiscale
formulations strongly rely on using sequential treatment of the flow (nearelliptic) and transport (hyperbolic) problems; thus, in order for multiscale
methods to replace the existing single-level formulations that are in wide
use, the SFI approach must have nonlinear convergence rates comparable or
superior to FI solution schemes. (2) Sequential treatment of flow and transport makes it possible to employ high-order approximations to improve the
solution accuracy of the nonlinear hyperbolic transport system.
The first direction of research studies the extension of the usual SFI
method used for dead-oil and black-oil formulations to compositional formulation. The pressure equation is the total-mass balance equation and for
nc components, the transport system is solved with nc − 1 equations. We analyze the nonlinear coupling between multiphase flow and multi-component
transport for systems that involve complex interphase mass transfer in heterogeneous reservoir models, and we propose a modified SFI method. This
algorithm can be viewed as a domain decomposition method where some
parts of the reservoir are treated with the SFI method and other parts are
treated with the FI method. We show across a wide parameter range that
the mSFI algorithm has convergence properties that are similar to those of
the FI method. This approach is efficient as long as the fraction of cells that
have both liquid and vapor phases is relatively small. However, when the
number of cells that experience phase appearance/disappearance grows, this
approach becomes expensive.
The second direction of research designs a new SFI scheme with a nonlinear pressure equation that can be seen as an adaptation of the previous
SI methods which work with overall compositions, to an SFI scheme for
the natural-variables formulation. In addition, on the contrary to the pressure equations of the other compositional SI schemes, our nonlinear pressure
equation simplifies to the usual pressure equation of sequential schemes for
immiscible multiphase flow and to the usual pressure equation of sequential schemes for black-oil formulation. In the second step of solving the
transport, we keep the conservation equations of all the components. Upon
convergence, the mass conservation equation of each of the components is
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satisfied subject to the desired tolerance; however, some discrepancies in the
overall-volume balance and the total-velocity persist. We analyze the nature
of these splitting-errors for compositional displacements, and show that we
need to control both splitting-errors to recover the fully implicit solution.
The volume splitting-errors are very local and have rarely large effect on the
overall flow and on the contrary, the total-velocity splitting-error, has never
been documented before and has a much larger support. We show that the
splitting errors can be reduced to arbitrarily small values when the nonlinear
pressure equation is used. We finally demonstrate that the usual PPU is
incompatible with the total-velocity formulation of the fluxes, which is used
in SFI schemes. We observe that in cases with strong capillary pressure or
gravity, it is possible to have flow reversals that can strongly affect the convergence rate of SFI methods. We solve this issue by employing PU as well
as designing a new HU scheme with capillary and gravity effects defined for
two, three or more phases. The use of HU leads to a consistent SFI scheme
in terms of both pressure and compositions, and it improves the SFI convergence significantly in settings with strong capillarity or buoyancy. We finally
show that the parabolic pressure and the hyperbolic composition systems are
easier to solve using MsRSB-GMRES for the parabolic pressure systems and
BILU0-GMRES for the hyperbolic composition systems compared with the
specialized solvers (e.g., CPR-AMG) that are needed to deal with the full
system with mixed parabolic-hyperbolic behaviors.
Future works will be: (1) Deriving analytical expressions of the splitting errors for immiscible compressible two-phase systems and for miscible
incompressible two-phase systems. (2) Using the SFI scheme with domain
decomposition to localize the outer iterations in specific areas of the reservoir
in a way close to [56]. (3) Designing SFI schemes with total-velocity fixed
only in regions with immiscible behaviour. (4) Using the SFI method in conjunction with the AI method. (5) Using different approximation orders for
the near-elliptic flow problem and for the hyperbolic transport system.

Part VII

Appendices

A

Nomenclature

• np number of phases
• nc number of components
• nh number of hydrocarbon components
• Pp and P pressure of phase p and gas pressure
• Sp saturation of phase p
• Spthermo thermodynamic saturation of phase p
thermo

• Sp

normalized thermodynamic saturation of phase p

• xp,c mole-fraction of component c in phase p
• zc overall mole-fraction of component c
• φ porosity
• K absolute permeability
• g gravity
• D depth
• ρp and ρp mole density and mass density of phase p
• ρt total-mole density
• Φp , Φcp , Φgp potential of phase p, capillary contribution to the potential
of phase p and gravity contribution to the potential of phase p
• Θp Brenier and Jaffré potential for phase p
• up and ut phase-velocity and total-velocity
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• Ψp capillary and gravity contributions for phase p to the phase velocity
• λp and λt phase-mobility and total-mobility
• fp fractional flow of phase p
• qp and qt volumetric source terms for phase p and total volumetric
source term
• Pcp , Pcgo = Pg − Po and Pcow = Po − Pw capillary pressures between
the phase p and the reference pressure, capillary pressure between the
gas and the oil phases and capillary pressure between the oil and the
water phases
• xsat
p,c and Kc black-oil saturation functions and K-value for component c
• fˆc,p fugacity of component c in phase p
• gc binary thermodynamic constraint for component c
• Yc number of moles of component c in the gas phase
• Xc number of moles of component c in the oil phase
• Nc and Nw number of moles of component c and water component
• V and L total number of moles in the gas phase and in the oil phase
• βp mole-fraction of phase p
• VTc partial molar volume of component c
• VT total fluid volume
• ξc overall density of component c
• Vp and Vs vector of primary and secondary variables
• δt time increment
• δx space increment
• ncell number of cells for the finite volume discretization
• V i volume of cell i
• T flow transmissibility
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• Qp and Qt volumetric rate of phase p and total volumetric rate
• (Qt )j,i total volumetric rate from cell j to cell i
• R restriction operator for MsRSB
• P prolongation operator for MsRSB
• Mms multiscale operator
• p and pc fine scale and coarse scale pressures

B

List of Acronyms

• FI: Fully Implicit
• SI: Sequential Implicit
• SFI: Sequential Fully Implicit
• mSFI: Modified Sequential Fully Implicit
• IMPES: IMplicit Pressure Explicit Saturations and compositions
• AI: Adaptive Implicit
• CFL: Courant-Friedrichs-Lewy
• MsFE, MsFV, MsRSB: Multiscale Finite Element, Multiscale Finite
Volume, Multiscale Restriction-Smoothed Basis
• AMG: Algebraic Multi-Grid
• CPR: Constraint Pressure Residual
• ILU0: Incomplete Lower-Upper factorization with zero fill-in
• BILU0: Block Incomplete Lower-Upper factorization with zero fill-in
• GMRES: Generalized Minimal RESidual method
• FGMRES: Flexible Generalized Minimal RESidual method
• PPU: Phase-Potential Upwinding
• PU: Phase Upwinding
• HU: Hybrid Upwinding
• IHU: Implicit Hybrid Upwinding
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• EOR: Enhanced Oil Recovery
• EOS: Equation Of State
• MSCF: Million Standard Cubic Feet
• STB: Standard Barrels
• RBBL: Reservoir Barrels

C

Stability Analysis for Part III

For the following stability analysis we consider the saturation transport equation
∂S
∂S
∂ 2S
∂S
= −at
+ d 2 − af
.
(121)
∂t
∂x
∂x
∂x
We derive the CFL number for the explicit treatment of the thermodynam2
ics by considering the implicit treatment of the terms at ∂S
and d ∂∂xS2 and
∂x
the explicit treatment of af ∂S
. Time derivatives are approximated by as
∂x
Euler scheme; first-order spatial derivatives are discretized using single-point
upstream weighting (assuming positive at and af values) and second-order
spatial derivatives are discretized with a central scheme:
Sxt+δt − Sxt
∂S
=
= ∆t S,
∂t
δt
∗
Sx∗ − Sx−δx
∂S ∗
=
= ∆x S ∗
∂x
δx
∗
∗
Sx+δx
− 2Sx∗ + Sx−δx
∂ 2S ∗
and
=
= ∆xx S ∗ .
∂x2
δx2

(122)
(123)
(124)

We then obtain the discretized equation
∆t S = −at ∆x S t+δt + d∆xx S t+δt − af ∆x S t .

(125)

Without taking into account boundary conditions, stability can be investigated with a Neumann analysis. Therefore a spectral representation of the
error is considered, where one mode at time t associated with the wavenumber β reads
ξS (x, t) = ξ t e−jβx
(126)
Since (125) also holds for each error mode, one obtains
ξ t+δt − ξ t
1 − cos (βδx) t+δt
1 − e−jβδx t+δt
1 − e−jβδx t
+ at
ξ
+ 2d
ξ
+ af
ξ =0
δt
δx
δx2
δx
(127)

137
and then

δt
1 − e−jβδx
1 − af δx
ξ t+δt
= Mβδt
=
δt
δt
t
−jβδx
ξ
1 + at δx (1 − e
) + 2d δx2 (1 − cos (βδx))

(128)

for the amplification factor of the mode. The stability condition is that
|Mβδt | < 1 for every wavenumber β. While the maximum amplification factor
π
π
, in practice using β = δx
gives a good
is not always reached at β = δx
estimate. The CFL number is then defined as
CF LSF

δt
2af δx
−1
=
.
δt
+ 4d δxδt2 + 1
2at δx

(129)

The usual CFL number for the explicit treatment of saturation is derived by
2
and d ∂∂xS2 and by ignoring
considering the explicit treatment of the terms at ∂S
∂x
. One obtains as stability condition
af ∂S
∂x
2at

δt
δt
+ 4d 2 − 1 < 1
δx
δx

(130)

δt
but in practice, 2at δx
+ 4d δxδt2 is real and positive, resulting in the equivalent
criterion
1
1
(131)
CF LS = δt at + 2d 2 < 1.
δx
δx

D

Description of the Models for Parts III and
IV

The three models used in this study have all cell dimensions of dx = 20 ft,
dy = 10 ft, dz = 2 ft. The 50-cell model has gravity in the first dimension
(when tested) and has constant porosity φ = 0.35 and constant permeability
K = 100 mD. The 220×60-cell model has gravity in the first dimension
(when tested), has constant porosity φ = 0.35, but has its permeability K
from the top layer of “SPE10” comparative solution project [9]. The realistic
model has 220×60 cells with porosity and permeabilities from the top layer
of “SPE10”.
The rock compressibility for all test cases is 1.78e-5 1/psi. The relative
permeabilities are linear for both the oil and the gas phases. The capillary
pressure is usually zero, unless specified. In this second case, a very large nonphysical value of Pcmax = 50.0 psi with the expression Pc = Pg −Po = Sg ·Pcmax
is used.
The component molecular weights for fluid “2HC” are 25.0 lb/lbmol and
50.0 lb/lbmol and are given in Table 17 for fluid “11HC”. For fluids “SPE50” and “SPE5” we refer the reader to [35]. The gas mass densities for the
Table 17: Component molecular weights for “11HC” fluid in lb/lbmol.
C1
16.04

C2
30.07

C3
44.1

C4
58.12

C5
72.15

C6
90.86

C7
111

C8
147.4

C9
192

C10
240.08

C11
387.16

fluids “2HC”, “11HC” and “SPE5-0” are given as
P
,
(132)
0.96RT
where M Wg is the molecular weight of the gas phase, R is the ideal gas
constant and T is the temperature. The gas viscosities for the fluids “2HC”,
“11HC” and “SPE5-0” are given by the CMG-STARS [14] correlation (T in
◦
F, µg in cP)
µg = 0.0136 + 2.111e − 5 T.
(133)
ρg = M W g
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Table 18: Component K-values for the “2HC” fluid.
A
B
C
D
E

CL
0.0
49012.0
0.0
1616.22
-446.78

CH
0.0
0.0
0.0
0.0
0.0

The oil mass densities for the fluids “2HC”, “11HC” and “SPE5-0” are given
as:
ρref
ρo =
,
(134)
1 − CP (P − Pinitial )
where ρref is a reference density, CP the compressibility and Pinitial the pressure at the initial state. For “2HC”, ρref in lb/ft3 is a function of the composition; that is,
1
xL
xH
=
+
,
(135)
ref
ρ
25.0 62.0
whereas for “11HC” and “SPE5-0”, ρref is fixed at 52.0 lb/ft3 and 35.5
lb/ft3 , respectively. The oil phase compressibility CP is 5.0e-6 1/psi for the
“2HC” and “11HC” fluids and 2.5e-5 1/psi for the “SPE5-0” fluid. The oil
viscosities for “2HC”, “11HC” and “SPE5-0” are constant and their values
are 1.3 cP, 1.3 cP and 0.2 cP, respectively. Phase-split is modelled for “2HC”
and “11HC” by the Crookston correlation K-values (with P in psi, T in ◦ F)
−D

Kc (P, T ) = (A + B/P + CP )e T −E

(136)

for each components. The numerical values for “2HC” and “11HC” are given
in tables 18 and 19. The “SPE5” fluid uses the Peng-Robinson equation of
state [65] for density and phase-split calculations, as well as the Lorentz-BrayClark [41] method for the viscosity [35]. “SPE5-0” uses the Peng-Robinson
equation of state only for the phase-split calculation.
The test cases with fluid “2HC” have initial conditions with P = 500.0 psi,
T = 60◦ F, So = 1.0 and xL = 0.2. The test cases with fluid “11HC” have
initial conditions with P = 1100.0 psi, T = 250◦ F and So = 1.0; Table 20
provides the composition values. The test cases with fluids “SPE5-0” and
“SPE5” have initial conditions with P = 4000.0 psi, T = 160◦ F and So = 1.0;
Table 21 provides the composition values. The connection factors for all the
cell-well connections are fixed at 0.3 RBBL.cP/Day-psi. The fluids “2HC”,
“11HC”, “SPE5-0” and “SPE5” are produced respectively at 150 psi, 500
psi, 1800 psi and 1800 psi during the depletion and then the produced fluids
are re-injected. In the realistic test case with fluid “SPE5”, 6 MSCF/Day of
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Table 19: Component K-values for the “11HC” fluid.
A
B
C
D
E

C1
0.5854
4651
4.9 10−5
34.13
7.263
A
B
C
D
E

C2
C3
C4
1.621
2.952
4.754
4884
5833
7198
0.0001653 0.0005153 0.001275
513.4
1055
1618
-143.17
-214.57
-256.37
C7
C8
C9
C10
21.59
27.76
90.62
-966.8
22310
48860
143800
47210
0.02597
0.1234
0.6199
3.148
4337
5978
8036
9814
-345.77
-367.75 -383.43 -393.22

C5
C6
7.934
14.56
9792
15360
0.003337 0.01077
2338
3402
-289.27
-322.57
C11
147500
-19380000
163.4
16090
-403.24

Table 20: Initial oil composition for “11HC” fluid.
C1
0.1890

C2
0.0630

C3
0.0315

C4
0.0504

C5
0.0441

C6
0.0441

C7
0.0441

C8
0.0630

C9
0.0567

C10
0.0819

C11
0.3322

Table 21: Initial oil composition for “SPE5-0” and “SPE5” fluids.
C1
0.5

C2
0.03

C3
0.07

C4
0.2

C5
0.15

C6
0.05

the first hydrocarbon component are injected and production occurs at 4000
psi.

E

Partial Molar Volumes for Black-Oil Formulation

In this appendix, we give more details on the computation of the partial
molar volumes for the specific case of the black-oil formulation [4, 64]. The
black-oil model contains as many components as phases and assumes that,
when mass exchange occurs between the phases, the phase compositions are
direct functions of the gas-phase pressure P ; that is, for each phase p and
each component c
xp,c = xsat
(137)
p,c (P ).
As a result, when mass exchange occurs between the phases, the phase mole
densities ρp are also only functions of the pressure. We can express the
number of moles of each component c
Nc =

X

xp,c Np

(138)

p

in function of the number of moles for each phase p Np . In the black-oil
assumption, as there are as many components as phases, we can reverse the
relationship:
X
Np =
γp,c Nc
(139)
c

with the coefficients γp,c only functions of pressure. The partial molar volume
of component c is then written as:

VTc =

∂VT
=
∂Nc

X∂
p



Np
ρp

∂Nc


=

X ∂Np 1
X
1
=
γp,c .
∂Nc ρp
ρp
p
p

(140)

The phase mole densities have been removed of the partial derivatives as
they are only functions of pressure. Eq. (83) is verified by using Eqs. (139)
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and (140):
X

1 X
Nc VTc
c Nc c

zc VTc = P

c

(141)

!
X
1 X
1
= P
Nc
γp,c
ρp
c Nc c
p
!
1 X X
1
= P
γp,c Nc
ρp
c Nc p
c
1 X Np
= P
c Nc p ρp
=

X

N
P p
c Nc

p

ρp

=

X βp
p

ρp

.

(142)

(143)
(144)

(145)

with βp the mole-fraction of the phase p. By definition, the quantity βρpp is the
volume of phase p divided by the total number of moles. It is then equivalent
to
Sp
βp
=P
,
(146)
ρp
q ρq Sq
giving the relationship
X

zc VTc =

c

X βp
p

ρp

=

X

Sp
1
=P
.
q ρq Sq
q ρq Sq

P
p

(147)

For a system with two hydrocarbon phases, gas and oil, and two hydrocarbon
components, light component l and heavy component h, the partial molar
volumes are written as:


1 − xsat
xsat
o,l
g,h
−
γ
(148)
VTl =
ρg
ρo
 sat

xo,l
1 − xsat
g,h
VTh =
−
+
γ
(149)
ρg
ρo
with γ the inverse of the determinant of the matrix composed by the molefractions of the components in phases
γ=

(1 −

xsat
g,h )(1

1
.
sat sat
− xsat
o,l ) − xg,h xo,l

(150)
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Usually, we express this system of two hydrocarbon components with four
functions of pressure: Rs , Rv , Bg , Bo [4, 64]. The phase compositions are
then written as
Rs
αb + Rs
Rv
= 1
,
+ Rv
αb

xsat
=
o,l
and xsat
g,h

(151)
(152)

the phase mole densities as
ρg =
and ρo =

sc
1 ρsc
l + ρh Rv
Mgw
Bg

(153)

sc
1 ρsc
l Rs + ρh
,
Mow
Bo

(154)

with the molar weights of phase gas and oil as
w
sat
w
Mgw = (1 − xsat
g,h ) · Ml + xg,h · Mh
w
sat
w
and Mow = xsat
o,l · Ml + (1 − xo,l ) · Mh ,

(155)
(156)

in function of the coefficient
αb =

Mlw ρsc
h
Mhw ρsc
l

(157)

with Mlw and Mlw the molar weights of components l and h, respectively,
sc
and ρsc
l and ρh the mass densities at surface conditions of components l and
h, respectively.

F

Description of the Models for Part V

The 1D model used in this study has 220 cells of dimensions of dx = 20
ft, dy = 10 ft, dz = 2 ft. The porosity is φ = 0.2 and the permeability
K = 100 mD. The 2D model has 100×100 cells of dimensions of dx =
dy = dz = 3 ft, porosity is φ = 0.2 and the permeability K = 50 mD in
every direction. The rock compressibility for the 1D and 2D cases is 1.78e5 1/psi. The relative permeabilities are quadratic for the gas the oil and the
water phases. The shape of the capillary pressure between the gas and the
oil phases is provided by Table 22 and the shape of the capillary pressure
between the oil and the water phases is provided by Table 23. For the 1D
cases, the maximum value of the capillary pressure between the gas and the
oil and between the oil and the water phases are taken to the very large
values of 100.0 psi. For the 2D cases, unless specified, the maximum value of
the capillary pressure between the gas and the oil phases is taken at 2.0 psi
and between the oil and the water phases is taken at 25.0 psi. The fluids
Table 22: Shape of the capillary pressure between the gas and the oil phases.
Sg
0.0
0.8
0.9
1.0

Pg − Po
0.0
0.45
0.6
1.0

Table 23: Shape of the capillary pressure between the oil and the water
phases.
Sw
0.0
0.1
0.2
1.0

Po − Pw
1.0
0.6
0.45
0.0

is taken from the “SPE5” comparative solution project [35]. The test cases
have initial conditions with P = 4000.0 psi, T = 160 ◦ F and So = 1.0 except
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for the three-phase 2D test cases that have the initial pressure at saturated
condition of P = 2302.0 psi. Table 24 provides the initial composition for the
gas and the oil phases. The connection factors for all the cell-well connections
Table 24: Initial gas and oil compositions for “SPE5” fluid.
Gas
Oil

C1
0.9587
0.5

C2
0.0139
0.03

C3
0.0119
0.07

C4
0.0122
0.2

C5
0.0030
0.15

C6
0.0003
0.05

are fixed at 0.3 RBBL.cP/Day-psi. For the first 1D test case, 4.0 STB/Day
of water is injected and the producer is controled at 4000 psi. For the second
1D test case, 3.0 STB/Day of component C1 is injected and the producer is
controled at 4000 psi. For the third 1D test case, 3.0 STB/Day of water is
injected and the producer is controled at 4000 psi. For the 2D test cases, the
top-left corner is kept at the initial pressure.

G

SI Metric Conversion Factors

1
psi
1
ft
1
lb
1 mD
1
cP
1 day
1 barrel

= 100000/14.5037 Pa
=
1/3.2808
m
= 1/2.20462262
kg
=
9.869e-16
m2
=
0.001
Pa.s
=
86400
s
=
0.1589873
m3

H
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[49] A. Moncorgé, H. Tchelepi, and P. Jenny. Consistent upwinding for
sequential fully implicit compositional simulation. In 16th European
Conference on the Mathematics of Oil Recovery 2018 (ECMOR XVI).
European Association of Geoscientists & Engineers (EAGE), sep 2018.
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The fully implicit (FI) method is widely used for numerical modeling of
multiphase flow and transport in porous media. It entails iterative linearization
and solution of fully-coupled linear systems with mixed elliptic/hyperbolic
character. However, in methods that treat the near-elliptic (flow) and hyperbolic
(transport) parts separately, such as multiscale formulations (Jenny et al.,
JCP 2003, Møyner and Lie, JCP 2016), sequential solution strategies are used
to couple the flow (pressures and velocities) and the transport (saturations /
compositions). SFI schemes solve the fully coupled system in two steps:
(1) Construct and solve the pressure equation (flow problem). (2) Solve the
coupled species transport equations for the phase saturations and phase
compositions. In SFI, each outer iteration involves this two-step sequence.
Here, we propose a new SFI variant based on a nonlinear overall-volume
balance equation. The first step consists of forming and solving a nonlinear
pressure equation, which is a weighted sum of all the component mass
conservation equations. The resulting pressure field is used to compute the
total-velocity. The second step of the new SFI scheme entails introducing the
overall-mass density as a degree-of-freedom, and solving the full set of
component conservation equations cast in the natural-variables form
(i.e., saturations and phase compositions). During the second step, the
pressure and the total-velocity fields are fixed. The SFI scheme with a nonlinear
pressure extends the SFI approach of Jenny et al. (JCP 2006) to multicomponent compositional processes with interphase mass transfer. We analyze
the `splitting errors' associated with the compositional SFI scheme, and we
show how to control these errors in order to converge to the same solution as
the FI method.
We also show that phase-potential upwinding is incompatible with the totalvelocity formulation of the fluxes, which is common in SFI schemes. We
observe that in cases with strong capillary pressure or gravity, it is possible to
have flow reversals. These reversals can strongly affect the convergence rate
of SFI methods. We employ phase upwinding (PU) as well as a new hybrid
upwinding (HU) scheme. HU determines the upwinding direction differently for
the viscous, capillary pressure and buoyancy terms in the phase velocity
expression. The use of HU leads to a consistent SFI scheme in terms of both
pressure and compositions, and it improves the SFI convergence significantly in
settings with strong capillarity and/or buoyancy.
Finally, we use the multiscale restriction-smoothed basis (MsRSB) method
(Møyner and Lie, JCP 2016) for the parabolic pressure operator. This
sequential scheme then allows the design of robust numerical methods that are
optimized for the sub-problems of flow and transport. Thus, we strongly
recommend using this SFI method for sequential formulations in general, and
multiscale formulations in particular.
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