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ABSTRACT
With higher penetration of renewable generation and market liberalization, operating points of electric power systems become increasingly variable and less
predictable. To ensure economically efficient and secure operation of such systems, fast and robust optimization algorithms are required. Despite considerable research efforts, the development of these algorithms remains a challenge
due to the nonlinearity and high dimensionality of system models. This dissertation focuses on the optimal power flow (OPF) problem, which is at the heart
of techniques used in power system operation and planning. As this problem
is non-convex and highly nonlinear, modern solvers cannot always find its locally optimal or even feasible point. To address this issue, an approximation of
the OPF problem is proposed that helps reduce its complexity without compromising the solution quality. Moreover, the obtained solution is guaranteed to
be physically meaningful. Next, this work presents several computationally efficient techniques for strengthening convex relaxations of the OPF problem. A
tighter relaxation helps provide a better estimate of a globally optimal solution
of the original problem and recover a physically meaningful operating point.
Lastly, this work presents several approaches to incorporating risk-based security indices in the OPF problem. To reduce the computational burden of
solving the resulting problems, decomposition algorithms are employed. The
proposed techniques were tested on grids of various sizes. The results demonstrate that these techniques can potentially help improve optimization tools
used in power system operation.
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KURZFASSUNG
Mit zunehmendem Ausbau erneuerbarer Energiequellen und Marktliberalisierung werden Betriebszustände von Stromversorgungssystemen immer
volatiler und weniger vorhersehbar. Um einen wirtschaftlichen und sicheren
Betrieb solcher Systeme zu gewährleisten, sind schnelle und zuverlässige Optimierungsalgorithmen erforderlich. Trotz erheblicher Forschungsanstrengungen bleibt die Entwicklung solcher Algorithmen aufgrund der Nichtlinearität
und der hohen Dimension der Systemmodelle eine Herausforderung. Diese
Dissertation konzentriert sich auf das Problem der Lastflussoptimierung (optimal power flow; OPF) welches zentral für den Betrieb und die Planung elektrischer Energieübertragungssysteme ist. Da dieses Problem nicht-konvex und
hochgradig nichtlinear ist, können moderne Algorithmen nicht immer eine
optimale Lösung — oder sogar nur eine realisierbare Lösung — finden. Um
dieses Problem zu entschärfen, wird eine Approximation des OPF-Problems
vorgeschlagen, die dazu beiträgt, die Komplexität zu reduzieren, ohne die Lösungsqualität zu beeinträchtigen. Darüber hinaus ist gewährleistet, dass die erhaltene Lösung physikalisch umsetzbar ist. Zudem stellt diese Arbeit mehrere
recheneffiziente Techniken zur Verbesserung konvexer Relaxationen des OPFProblems vor. Eine bessere Relaxation hilft, die global optimale Lösung des
ursprünglichen Problems besser zu approximieren und einen physikalisch umsetzbaren Betriebspunkt wiederherzustellen. Schließlich stellt diese Arbeit
mehrere Ansätze zur Einbeziehung risikobasierter Sicherheitsmerkmale in das
OPF-Problem vor. Um den Rechenaufwand der resultierenden Probleme zu
reduzieren, werden Zerlegungsalgorithmen eingesetzt. Die vorgeschlagenen
Methoden wurden an Netzen unterschiedlicher Größe getestet. Die Ergebnisse
zeigen, dass diese Techniken dazu beitragen können, die im Netzbetrieb verwendeten Optimierungswerkzeuge zu verbessern.
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RÉSUMÉ
Étant donné une plus grande pénétration des énergies renouvelables et la
libéralisation du marché de l’électricité, les points de fonctionnement d’un
réseau électrique deviennent de plus en plus variables et difficiles à prédire.
Pour assurer une gestion économiquement efficace et fiable d’un tel réseau,
des algorithmes d’optimisation rapides et robustes sont nécessaires. Malgré
des efforts de recherche considérables, le développement de ces algorithmes
reste un défi à cause du caractère non linéaire et de la grande dimensionnalité des modèles de réseaux électriques. Ce mémoire traite du problème
de l’optimisation des flux de puissances (en anglais, Optimal Power Flow ou
OPF), qui est au cœur des techniques utilisées dans la gestion et la planification d’un réseau électrique. Comme ce problème est non convexe et fortement non linéaire, les solveurs actuels ne sont pas toujours capables de trouver
une solution localement optimale ou même une solution physiquement faisable. Pour aborder ce problème, une approximation de l’OPF est proposée
et tend à réduire sa complexité sans compromettre la qualité de la solution.
De plus, la faisabilité de la solution obtenue est assurée. Ensuite, ce travail
présente plusieurs techniques efficaces en termes de coûts de calcul pour renforcer la relaxation convexe de l’OPF. Une relaxation plus stricte contribue à
une meilleure estimation de la solution globale optimale du problème original
et permet de retrouver un point de fonctionnement physiquement faisable. Finalement, ce travail présente plusieurs approches pour introduire des indices
de sécurité fondée sur les risques dans l’OPF. Pour réduire les coûts de calcul
dans la résolution des problèmes obtenus, des algorithmes de décomposition
sont utilisés. Les techniques proposées ont été testées sur des réseaux de différentes grandeurs. Les résultats démontrent que ces techniques peuvent potentiellement aider à améliorer les outils d’optimisation utilisés dans la gestion
de réseaux électriques.
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Chapter 1
INTRODUCTION

1.1 Background and Motivation
The electrical grid, also called the electric power system, is arguably the most
complex system ever created by humankind. First electrical grids were built
in the United States and Europe at the end of the 19th century to provide
street illumination. While the full versatility of electricity was yet to be uncovered, early experiments demonstrated that electrical energy was much easier
to transport over long distances than other forms of energy. Hence, it could
be produced where it was cheap and then transmitted to where it was needed
by consumers. This along with the growing range of applications of electrical energy led to a rapid development of power systems, which started in the
1920s. As the demand for electricity increased, so did the size of individual
power plants to exploit the economy of scale. This in turn required higher
voltage levels of power lines to maintain reasonably low transmission losses.
To mitigate the consequences of unexpected disconnections of various system components, individual electrical grids were made increasingly interconnected with each other, resulting in national and transnational grids. Not only
did this increase the reliability of energy supply but it also opened up possibilities for improving economic efficiency of system operation [1]. As a result,
most of the world population today has access to affordable and reliable supply
of electrical energy. Electrification has had a tremendous impact on our societies and was named the greatest engineering achievement of the 20th century
by the US National Academy of Engineering [2].
1

2

OPTIMIZATION OF POWER SYSTEM OPERATION
Modern grids span entire continents and comprise thousands of power

plants and substations that operate at various voltage levels and are interconnected by a complex network of power lines. Operating such systems efficiently and reliably is challenging due to a number of reasons beside their
sheer size. Since electrical energy is transmitted almost instantly and cannot
be stored in bulk quantities yet, its production and consumption must be balanced at all times. This should be done in the most economically efficient way
to maximize social welfare while at the same time satisfying certain operational
constraints. Moreover, this balance should hold even after disturbances such
as sudden disconnections of grid components, which trigger processes that
are too fast for humans to react to. Therefore, maintaining security of system
operation requires certain preventive measures and/or fast-acting automatic
control devices that can quickly steer the grid away from unsafe operation.
Ensuring secure operation can be difficult because most system components
are uncontrollable, which means that many quantities can only be influenced
indirectly. Yet failures to contain disturbances may lead to blackouts, which
typically have high economic cost, as several such events across the globe have
demonstrated [3, 4, 5, 6].
In recent years, the problem of maintaining system security has been exacerbated by increasingly high penetration of renewable generation and distributed energy resources in the grid. While renewable energy sources are environmentally friendly and have zero marginal production cost, they are also
intermittent by nature and have uncertain production forecast [7, 8, 9]. Therefore, these sources are more likely to deviate from the scheduled production
and cause real-time re-dispatch, which is undesirable. In addition, renewable
energy sources in distribution grids make the aggregate loads of these grids
more variable and less predictable. Thus, electrical grids that traditionally had
fully dispatchable generation and largely predictable load now experience considerable uncertainties in energy production and consumption. This in turn
leads to increasingly variable operating conditions, which can put both security and economic efficiency of system operation at risk. To be able to address
this problem effectively, system operators require reliable and efficient tools
for analyzing and optimizing various aspects of system operation. Although
such tools can prevent blackouts and reduce operating costs [10], their devel-
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opment remains challenging due to the complexity and high dimensionality of
the problems arising in grid operation and planning.
A notoriously difficult example of optimization problems for steady-state
system operation is the Optimal Power Flow (OPF) problem. It was first formulated by Carpentier in [11] and has attracted significant attention since
then [12, 13, 14, 15, 16, 17]. The goal of the OPF problem is to find an operating point that satisfies physical and operational constraints and is optimal
with respect to a given objective. This problem is nonlinear, non-convex and
has a large scale for realistic grids. It can be simplified by using the so-called
DC approximation [18,19,20], which results in a convex optimization problem.
However, the quality of the DC OPF solution is inherently limited due to inaccuracies introduced by linearization, which can be significant [21, 22]. At the
same time, solving the exact, also called Alternating Current (AC) OPF problem
is hard due to its complexity. First solution approaches used successive linear
programming [23, 24] or Newton method [25]. They relied heavily on domainspecific knowledge and lacked theoretical convergence guarantees. Recently,
advances in Nonlinear Programming (NLP) techniques enabled the application of general-purpose NLP solvers to the OPF problem. However, modern
state-of-the-art NLP solvers cannot always find a local optimum of the OPF
problem in reasonable time [26, 27]. This calls for the development of more
reliable solution algorithms because for system operators the algorithm’s reliability is of paramount importance [28].
Apart from negatively affecting the reliability of solution algorithms, the nonconvexity of the OPF problem also means that NLP solvers are not guaranteed
to find its globally optimum solution. Yet the ability to find the best operating point is important since even a small improvement in the solution quality
can save billions of dollars yearly in the United States alone [29]. To address
this issue, a number of studies have applied so-called convex relaxations to the
OPF problem. The idea behind them is to expand the problem’s feasible set
in order to make it convex. The solution of the relaxation can be obtained by
reliable algorithms and represents the lower bound on the optimal objective
function value of the original problem. The proposed types of relaxations include semi-definite programming [30], second-order cone [31] and quadratic
convex relaxations [32]. This is a promising research direction because tight
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relaxations, which exist for certain test systems and grid topologies, enable the
recovery of a globally optimal solution of the original problem [33, 34]. However, existing relaxations are not guaranteed to produce physically meaningful
solutions for arbitrary power systems. Hence, further research is needed on
the methods to tighten convex relaxations of the OPF problem.
The economic cost of system operation can also be potentially reduced by
utilizing different security criteria. Traditionally, system security was quantified by deterministic approaches such as the N −1 criterion [35,36]. Despite its
simplicity, this criterion treats all outages equally in terms of both their probability to occur and their effect on the system, which does not reflect reality and
may lead to inefficient operation. To overcome this drawback, probabilistic approaches to system security have been proposed, which are based on a notion
of risk [37, 38]. Risk-based security indices can be used to increase operators’
awareness of the system state [39] and/or optimize system performance by formulating the Risk-Constrained OPF (RCOPF) problem [40, 41]. Due to its large
size for realistic grids, the RCOPF problem is virtually impossible to solve in a
centralized fashion; instead, decomposition methods have to be used. Existing
studies have been largely focused on the DC approximation of the RCOPF problem, which cannot fully capture the system behavior and may yield incorrect
solutions. To improve the solution quality, the application of decomposition
methods needs to be extended to the exact RCOPF problem. In addition, other
formulations of the RCOPF problem, including different risk constraints and
credible contingencies, need to be explored.
Despite a considerable body of research, the OPF problem continues to attract attention from both academia and industry due to its complexity and
practical importance. As the authors of a study published in 2012 describe it,
“Today, 50 years after the problem was formulated, we still do not have a fast,
robust solution technique for the full AC OPF” [29].

1.2 Contributions
This dissertation proposes methods for improving solution techniques used for
optimization of steady-state system operation. The primary focus is on intrahour operational planning, i.e. on optimization problems that are solved every
5-15 minutes. This time frame places particularly strict requirements on the
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robustness and speed of the solution algorithms. Therefore, the methods presented in this work are aimed at helping system operators obtain high-quality
operating points more reliably and efficiently. More specifically, contributions
are made in the following areas:
• Approximations of the OPF problem to improve solvers’ reliability: Currently, existing approximations of the OPF problem may yield physically
meaningless solutions, while large-scale instances of the exact problem remain challenging for NLP solvers. To address this issue, this work proposes
to approximate only nonlinear line flow constraints of the OPF problem,
which reduces the problem complexity while ensuring that the solution is
physically meaningful. First, an in-depth analysis of the feasible set of the
line flow constraint is carried out and the properties of the set’s boundary are
derived. It is shown that while this set is non-convex, for realistic lines and
operating limits it can be closely approximated by several linear constraints.
Based on the set’s properties, the work then proposes a computationally
efficient algorithm for constructing accurate linear approximations of the
line flow constraint. The algorithm is capable of producing both inner and
outer approximations, which allows system operators to choose between
more secure or more cost-efficient operating points. Replacing nonlinear
line flow constraints in the OPF problem with their approximations helps
significantly improve the reliability of NLP solvers without compromising
the quality of the solution.
• Strengthening convex relaxations of the OPF problem: In general, the quality of a convex relaxation of the OPF problem can be improved by enforcing tighter bounds on variables [42, 43] or adding valid inequalities to the
formulation [44, 45, 46]. Unfortunately, existing bound tightening methods
are computationally prohibitive for realistic grids. This work addresses this
problem by proposing three computationally efficient methods for tightening bounds on branch phase angle and voltage magnitude differences. The
first method tightens each bound using only the parameters of the corresponding branch and thus scales linearly with the system size. The other
two methods tighten a particular bound by formulating a convex optimization problem that includes the information of the entire system and admits
a fast analytical solution. All three proposed methods complement each
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other and are highly parallelizable. Due to their low computational complexity, these methods are applicable to large-scale grids. Using them as a
preprocessing step prior to solving a convex relaxation of the OPF problem
improves the quality of the obtained solution. This work also proposes several valid inequalities that can be added to a convex relaxation to strengthen
it and improve the solution quality.

• Decomposition methods for the risk-constrained OPF problem: As there
is currently no benchmark method for quantifying risk of system operation,
a number of different formulations of the RCOPF problem have been proposed, with a majority of them based on the DC approximation. This work
focuses on the exact nonlinear RCOPF problem with a purely technical definition of risk. It presents a Benders-type decomposition method for the
exact RCOPF problem based on so-called Location Security Impact Factors,
which were first proposed in [47] for the DC approximation of the RCOPF
problem. The formulation of the RCOPF problem is then extended to include a possibility of corrective control actions and contingencies with simultaneous outages of multiple elements. The decomposition algorithm is
adjusted accordingly in order to be applicable to this formulation. To reduce
the computation time, a parallelization strategy that minimizes the communication overhead between parallel processors is proposed. Finally, the
formulation of the RCOPF problem with limits on the risk values of individual contingencies is presented along with the corresponding decomposition
method. Such a formulation can provide more flexibility to system operators
compared to the formulation with the limit on the value of the total risk.

1.3 Thesis Organization
The remainder of the dissertation is structured as follows:
• Chapter 2 provides an overview of the role of the OPF problem in system
operation, its formulations, approximations, solution approaches, and main
challenges for developing efficient and reliable solution algorithms.
• Chapter 3 presents a detailed analysis of the feasible set of a line flow constraint and describes the proposed algorithm for producing accurate inner
and outer linear approximations of this constraint.
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• Chapter 4 describes the proposed computationally efficient bound tightening methods and valid inequalities that are used to improve the quality of a
convex relaxation of the OPF problem.
• Chapter 5 proposes several formulations of the risk-constrained OPF problem and describes the corresponding decomposition algorithms that help
reduce the computation time.
• Chapter 6 summarizes the work and suggests future research directions.

1.4 List of Publications
The following papers are associated with this dissertation:
1. D. Shchetinin and G. Hug, “Locational Security Impact Factors for RiskConstrained AC OPF”, Innovative Smart Grid Technologies North America,
Washington DC, USA, February 2015.
2. D. Shchetinin and G. Hug, “Risk-Constrained AC OPF with Risk Limits
on Individual System States”, Powertech, Eindhoven, Netherlands, June 2015.
3. D. Shchetinin and G. Hug, “Decomposed algorithm for risk-constrained
AC OPF with corrective control by series FACTS devices”, Electric Power Systems
Research, vol. 141, pp. 344-353, December 2016.
4. D. Shchetinin, T.T. De Rubira, and G. Hug, “Conservative Linear Line
Flow Constraints for AC Optimal Power Flow”, Powertech, Manchester, UK,
June 2017.
5. D. Shchetinin, T.T. De Rubira, and G. Hug, “On the Construction of Linear Approximations of Line Flow Constraints for AC Optimal Power Flow”, in
press, IEEE Transactions on Power Systems.
6. D. Shchetinin, T.T. De Rubira, and G. Hug, “Efficient Bound Tightening
Techniques for Convex Relaxations of AC Optimal Power Flow”, submitted to
IEEE Transactions on Power Systems.

Chapter 2
OPTIMIZATION OF STEADY-STATE
OPERATION OF POWER SYSTEMS

This chapter provides background information about optimizing the steady
state of an electric power system. Since operating the system is a complex,
multidimensional process, it involves solving various optimization problems
that have different objectives, time scales, and may require different solution
algorithms. To limit the scope of this chapter, only a brief, high-level description of these optimization problems is provided. Instead, the main focus is on
a particular problem of an intra-hour generation dispatch, which has the objective of minimizing the total cost of energy supply in the system. It is one of
the basic problems arising in system operation and represents a building block
of other, more complex problems. Since this problem is non-convex and highly
nonlinear, it is difficult to solve for large-scale power systems. Improving the
reliability and efficiency of solution algorithms for this problem is fundamental to developing better approaches for solving other optimization problems
related to system operation and planning.
Traditionally, optimization was only used for transmission grids because distribution grids had virtually no controllable devices. With the advent of distributed energy resources, demand response systems, and electric vehicles, it
becomes possible to control distribution grids, and thus optimize their operation. However, the application of optimization to the operation of these grids
is still at its inception. For this reason, the remainder of this dissertation will
9
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focus only on the optimization of transmission grids, although the presented
methods can potentially be applied to distribution grids as well.

2.1 Role of Optimization in System Operation
Optimization is indispensable to enabling efficient and reliable operation of
modern power systems. It pervades all time scales and serves multiple purposes. Long-term planning problems have a horizon of several years and typically deal with optimal grid expansion, i.e. installation of new equipment in the
grid to meet future demand without violating security criteria [48]. Mediumterm planning is concerned mainly with optimal outage scheduling, whose
purpose is to ensure that equipment maintenance does not have detrimental
impact on system security [49]. These problems are solved from a week up to
several months in advance. Short term planning, e.g. day-ahead planning, revolves around the so-called unit commitment (UC) problem. Its objective is to
determine generator schedules at every time interval of the next day in order
to meet predicted energy demand without violating physical and operational
constraints [50]. Hence, both the on/off states and production levels of generators are determined. The formulation of this problem depends on the type
of electricity market. The UC problem can also be used in intra-day planning
to refine generator schedules based on updated demand forecast. Another refinement occurs during intra-hour planning wherein the on/off states of generators are assumed to be fixed and the optimal power outputs of in-service
generators are determined [51]. Finally, optimization problems solved close to
real-time operation may involve minimization of generator outputs’ deviations
from the schedule [52], minimization of active power losses through reactive
power control [53], etc.
In addition to generators, various control devices are present in the grid and
can be used to minimize the operating cost or enhance system security. They
include transformers with tap changers and/or phase shifters, synchronous
condensers, capacitor banks, Flexible Alternating Current Transmission Systems (FACTS) [54], High-Voltage Direct Current (HVDC) systems [55], etc. With
the growing number of these devices in the system, their set-points that maximize their utility for system operation can only be determined with optimization. Sometimes, the network topology itself needs to be optimized by con-
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necting or disconnecting certain transmission lines in order to reduce the cost
of system operation or enhance its security [56].
Unfortunately, solving the optimization problems described above is extremely challenging due to their complexity. While the sources of this complexity vary from problem to problem, one source is shared by all of them: the
nonlinearity of equations that describe the steady state model of a power system. A brief overview of this model is presented in the next section.

2.2 Steady-State Model of Power System
The steady state of a power system is defined as balanced operation in which
all voltages and currents represent sinusoidal signals of constant magnitude
and frequency. In reality, the power system is never in the steady state because
of constantly changing loads and various transient processes. Yet in the normal
operation in the absence of large disturbances the evolution of the system state
can be modeled with reasonable accuracy as a series of snapshots, each of
which represents the steady state.
A power system is a three-phase electrical system with primary equipment,
which produces, transfers, and consumes electrical energy, and secondary
equipment, which monitors, controls, and protects primary equipment. Since
the steady-state model of a power system is used to determine or optimize
steady-state regime parameters such as voltages and currents, it only includes
system elements that affect these parameters. Hence, the steady-state model
represents a significant simplification of the full system model. The models
of transmission grids allow further simplification wherein only one of three
phases is explicitly modeled. This is possible because in these grids the phases
are typically balanced, i.e. their regime parameters have almost identical magnitudes and are shifted by 120◦ with respect to the parameters of other phases.
The steady-state model of the transmission system is represented by an
undirected graph (N , L), where N is a set of vertices, also called buses, and

L ⊆ N × N is a set of edges, also called branches. Buses typically model busbars of substations and power stations, while branches model transmission
lines and transformers. Elements that produce or consume electrical energy
are connected to buses. Both buses and branches can include models of various power flow control devices. Based on this graph model, so-called power
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𝑆𝑆𝐺𝐺𝑖𝑖
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𝑉𝑉𝑖𝑖 , 𝜃𝜃𝑖𝑖

𝑦𝑦𝑖𝑖𝑠𝑠𝑠

𝑆𝑆𝐷𝐷𝑖𝑖

Figure 2.1: Model of bus element.

balance equations that represent physical laws governing steady-state system
operation can be derived. These equations are at the heart of all optimization
problems arising in power system operation and planning. A more detailed description of the graph elements and power balance equations is given below.

2.2.1 Buses
Each bus i is characterized by its complex voltage, which in polar coordinates
is represented by voltage magnitude Vi ∈ R+ and voltage phase angle θi ∈ R.
Typically, system operators try to keep the voltage magnitude within a certain
range:

Vimin ≤ Vi ≤ Vimax .

(2.1)

The lower bound Vimin ∈ R+ is needed to maintain system stability and low
energy losses, while the upper bound Vimax ∈ R+ is imposed to prevent damage to equipment, whose insulation is designed for a particular voltage level.
In general, the elements connected to buses include branches, generators,
loads, shunts, and control devices. Figure 2.1 shows the model of a bus with all
types of elements connected to it. For simplicity, only one generator, load, and
shunt are depicted, although any number of them can be connected to the bus.
In practice, many buses in the network have only branches connected to them
because these buses are used to model high-voltage busbars of substations,
which are not directly connected to generators or loads. Generators, loads,
and shunt devices are described by the corresponding steady-state models.
Generators
Each generator i is characterized by its power output SGi := PGi + jQGi ,
where PGi ∈ R and QGi ∈ R are the values of active and reactive power out-
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put, respectively. The active power comes from the mechanical power of the
turbine, whereas the reactive power is related to the excitation current flowing in the rotor winding. A typical control strategy in the steady-state is to
maintain the desired values of PGi (by controlling the turbine) and Vi (by varying QGi ). The range of possible combinations of (PGi , QGi ) is limited by the
so-called capability curve, which is derived from physical limits of equipment
and stability considerations [57]. For simplicity, in the steady-state analysis the
capability curve is often replaced by a box constraint:

PGmin
≤ PGi ≤ PGmax
i
i

(2.2)

Qmin
Gi

(2.3)

≤ QGi ≤

Qmax
Gi ,

min
max
max
where PG
, PG
, Qmin
Gi , QGi ∈ R. Note that since capability curves typically
i
i

enclose convex sets, incorporating them in an optimization problem instead
of (2.2)-(2.3) would not adversely affect the problem complexity.
Loads
In intra-hour planning, load values are assumed to be known. In general,
the load at bus i can be represented by a polynomial model, which includes
the constant power, constant current, and constant impedance components
[58]. Naturally, the power consumed by the constant current and constant
impedance components is a function of the bus voltage magnitude. However, in normal operation tap-changers of step-down transformers at distribution substations are typically able to maintain the voltage magnitude at the
secondary side of the transformer almost constant. Since in the models of
transmission grids the entire networks on the secondary side of the distribution transformers are usually aggregated into an equivalent load, these loads
can be modeled as constant power demand. For bus i, the load is given by

SDi := PDi + jQDi , where PDi , QDi ∈ R are the active and reactive power
demands, respectively.
Shunts
Shunt elements are typically used to model capacitor banks and shunt reactors.
sh
The shunt at bus i is given by its admittance yish := gish + jbsh
i . Here, gi ∈ R is

the shunt conductance and bsh
i ∈ R is the shunt susceptance. The active and
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reactive powers consumed by the shunt are given by

Pish := gish Vi2
sh

Qi :=

−bi Vi2 ,
sh

(2.4)
(2.5)

where Pish , Qsh
i ∈ R.
Control Devices
Various power flow control devices can be connected to buses. They can be
divided in two groups: those that create e.m.f. and those that do not. The first
group includes such devices as synchronous condenser and STATCOM. In the
steady state, they can be modeled as a generator with zero active power output
and known limits on the reactive power output. The second group includes
such devices as Static VAR Compensator (SVC), which is modeled as a variable shunt susceptance between certain bounds. Thus, the models of control
devices represent simple modifications of the generator and shunt models.

2.2.2 Branches
Branches represent power lines and transformers. Although in reality power
lines have distributed parameters, in the steady-state model their parameters
are usually lumped into the π -model. This allows representing both power
lines and transformers with a unified model, which is depicted in Figure 2.2 for
branch (i, j) ∈ L. The series and shunt admittances of the branch are given by

yij := gij + jbij ∈ C

(2.6)

sh

sh

sh

(2.7)

sh

sh

sh

(2.8)

yij := gij + jbij ∈ C
yji := gji + jbji ∈ C,

sh
sh
sh
where gij , gij
, gji
∈ R are conductances and bij , bsh
ij , bji ∈ R are susceptances.
sh
sh
sh
sh
For power lines yij
is equal to yji
, whereas for transformers either yij
or yji
is
sh
zero. Since for power lines gij
models the corona losses and energy losses in in-

sulators, it can typically be neglected for all but ultra-high voltage transmission
lines.
The values of aij , aji ∈ R+ represent the transformer’s tap ratio, which
has a nominal value of one p.u. and can change in discrete steps between its
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Figure 2.2: Model of branch element.

lower and upper bounds. Either aij or aji must be equal to one, depending
on which side of the transformer is connected to which bus. The values of ϕij ,

ϕji ∈ R represent the phase shift of a phase-shifting transformer, which can
vary between given bounds. Either ϕij or ϕji must be equal to zero. For power
lines, aij = aji = 1 and ϕij = ϕji = 0.
Some branches may have series power flow control devices installed in them,
for instance Distributed FACTS devices [59] or Thyristor Controlled Series Compensation (TCSC) [60]. While the full models of these devices are rather complex, in the steady-state they can be represented simply as a variable series
susceptance between the given limits. Thus, these devices can be straightforwardly accommodated by the unified branch model.
All branches have thermal limits, which are based on the maximum allowed
temperature of the conductors. In power lines, they are needed to limit their
sag and thus prevent faults, whereas in transformers and cables they are used
to prevent insulation degrading due to overly high temperatures. These limits
can be modeled as upper bounds on the magnitudes of either apparent power
flows or branch currents. The latter is commonly used by system operators because the current magnitude is directly related to the conductor’s temperature.
The current magnitudes at both ends of branch (i, j) are thus limited by
max
Iij ≤ Iij

Iji ≤

max
Iij
,

(2.9)
(2.10)

where Iij , Iji ∈ R+ are the current magnitudes at the beginning and end of
max
the branch, respectively, and Iij
∈ R+ is the value of the thermal limit. In
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the remainder of dissertation, terms “thermal limit” and “line flow constraint”
are used interchangeably.
Using the unified branch model and the Ohm’s law, one can derive expressions for the values of active and reactive power flows at both ends of branch

(i, j). These expressions are given by
sh
Pij := a2ij (gij + gij
)Vi2 − aij aji Vi Vj (gij cos θij + bij sin θij )

(2.11)

2
Qij := −a2ij (bij + bsh
ij )Vi − aij aji Vi Vj (gij sin θij − bij cos θij )

(2.12)

Pji :=

a2ji (gij

Qji :=

−a2ji (bij

+

gji )Vj2

+

sh

− aij aji Vi Vj (gij cos θij − bij sin θij )

bji )Vj2
sh

+ aij aji Vi Vj (gij sin θij + bij cos θij ),

(2.13)
(2.14)

where Pij , Qij , Pji , Qji ∈ R are active and reactive power flows at the beginning and end of the branch, respectively, and θij ∈ R represents the phase
angle difference across the branch and is defined as

θij := θi − θj − ϕij + ϕji .

(2.15)

The derivation of (2.11)-(2.14) can be found in [61]. These expressions serve as
a basis for constructing the power balance equations.

2.2.3 Power Balance Equations
The power balance equations are derived from the Kirchoff’s laws and relate
complex bus voltages and bus power injections. For each bus, the corresponding power flow equation represents the law of the conservation of energy,
which states that the algebraic sum of powers injected into the bus must be
zero. The system of power balance equations for the network with n buses is
given by
diag(V ∗ )Y V = S ∗ ,

(2.16)

where V ∈ Cn is the vector of complex bus voltages, S ∈ Cn is the vector of
complex bus power injections, the star superscript denotes the complex conjugate, diag(V ∗ ) ∈ Cn×n is a diagonal matrix whose elements are the complex
conjugates of bus voltages, and Y ∈ Cn×n is the so-called nodal admittance
matrix. The entries of matrix Y are defined using the parameters of bus shunts
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and π models of branches:


P 2

sh
yish +
aik (yik + yik
),

Yij :=

k∈Ωi

−aij aji ej(ϕji −ϕij ) yij ,

if i = j
(2.17)
otherwise,

where Ωi is the set of all buses incident to bus i. The real and imaginary parts
of matrix Y are denoted by G and B , respectively.
Splitting (2.16) into the real and imaginary parts, one obtains the power balance equations for active and reactive power. For bus i, these equations can be
expressed as follows:

X

PGk − PDi −

k∈Gi

X

QGk − QDi −

k∈Gi

X

Vi Vk (Gik cos θik + Bik sin θik ) − Gii Vi2 = 0 (2.18)

k∈Ωi

X

Vi Vk (Gik sin θik − Bik cos θik ) + Bii Vi2 = 0, (2.19)

k∈Ωi

where Gi is the set of all generators connected to bus i, and θik is defined according to (2.15).
The power balance equations (2.18)-(2.19) are the cornerstone of analysis
and optimization of the steady state of a power system. For an operating point
to be physically meaningful, i.e. to respect physical laws governing the system,
it has to satisfy these equations.

2.3 Optimal Power Flow Problem
In general, any optimization problem for finding an operating point that is
the best with respect to a given objective and satisfies certain physical and
operational constraints can be referred to as the Optimal Power Flow (OPF)
problem. Mathematically, it can be formulated as follows:
minimize
x

f (x)

subject to g(x) = 0

h(x) ≤ 0,

(2.20a)
(2.20b)
(2.20c)

where x is the variable vector, f is the scalar-valued objective function, g and h
are vector-valued functions that represent equality and inequality constraints,
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respectively. Virtually all optimization problems arising in system operation
can be represented by this general formulation, from linear programming (LP)
problems to mixed-integer nonlinear programming (MINLP) problems.
This dissertation focuses on the problem of determining an optimal generation dispatch in a power system during intra-hour operational planning. Its
detailed description is given below.

2.3.1 Assumptions
Since the considered OPF problem is part of intra-hour planning, a number
of simplifying assumptions can be made. The set of in-service equipment
is assumed to be fixed, which means that the network topology is constant
and on/off states of all generators are known in advance. In addition, in this
time frame the uncertainty of demand can be neglected, i.e. the exact values
of all loads are assumed to be given. Finally, discrete control devices are not
included in the problem formulation as variables. The reason is that these
devices typically include capacitor banks and tap-changers of transformers,
which are used primarily for voltage control. Hence, their parameters are assumed to be fixed when solving the active power dispatch problem. For the
sake of presentation simplicity, the set-points of phase-shifting transformers
and various FACTS devices are also assumed to be fixed.

2.3.2 Problem Formulation
Based on the network model and using the aforementioned assumptions, the
detailed formulation of the considered OPF problem is presented.
Objective
As mentioned above, the objective of the OPF problem is to determine an optimal generation dispatch in the power system. It can be a dispatch with the
smallest supply cost, lowest values of the active power losses, smallest deviation from the given schedule, etc. This work considers the minimization of
the total supply cost in the system. The supply cost of the i-th generator is
modeled as a quadratic function of its active power output PGi :

Ci (PGi ) := χ2i PG2 i + χ1i PGi + χ0i ,

(2.21)
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where χ0i , χ1i ∈ R, and χ2i ∈ R+ are machine-specific cost coefficients.
Therefore, the objective function of this OPF problem is convex. Note that
other commonly used objective functions such as active power losses or deviations from the schedule are convex as well, which is a desirable property in
optimization.

Variables

Let n and m denote the number of buses and generators in the system, respectively. This work considers active PG ∈ Rm and reactive QG ∈ Rm power
outputs of generators as the only decision variables. The dependent variables
are complex bus voltages, which are represented in a polar form by their magnitudes V ∈ Rn and phase angles θ ∈ Rn . While complex voltages can be also
represented in the rectangular form, the polar form is more commonly used.
Hence, the vector of variables x is given by x := [PG , QG , V, θ]. Note that the
voltage phase angle of one bus in the system is fixed and serves as a reference
because the set of solutions of the power flow equations is rotationally invariant with respect to voltage phase angles.

Constraints

The constraints in the OPF problem model various physical and engineering
limitations. To ensure that the solution of the OPF problem satisfies Kirchhoff’s
laws, the power balance equations (2.18)-(2.19) for each bus in the system are
included in the problem in the form of equality constraints. The optimization problem also contains several types of inequality constraints. Bus voltage
magnitudes and generator outputs have lower and upper bounds dictated by
physical properties of the equipment, stability issues, and economic considerations (see Section 2.2.1). Phase angles differences across branches can also be
limited to ensure transient stability in the case of equipment outages. Lastly,
magnitudes of branch currents have thermal limits to prevent faults and equipment damage (see Section 2.2.1).
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Problem Statement
The considered OPF problem is formulated as follows:
minimize
PG ,QG ,V,θ

subject to

X

Ci (PGi )

(2.22a)

i∈G

X

X

PGk − PDi =

(Gij Vi Vj cos θij +
i ∈ N (2.22b)

j∈Ωi

k∈Gi

Gii Vi2 ,

X

QGk − QDi

Bij Vi Vj sin θij ) +
X
=
(Gij Vi Vj sin θij −
Bij Vi Vj cos θij ) −

PGmin
i
Qmin
Gi

Bii Vi2 ,

≤ PG i ≤

PGmax
,
i

i ∈ G (2.22d)

≤ QGi ≤

Qmax
Gi ,

i ∈ G (2.22e)

Vimin ≤ Vi ≤ Vimax ,
min
θij

i ∈ N (2.22c)

j∈Ωi

k∈Gi

≤ θij ≤

max
θij
,

i ∈ N (2.22f)
(i, j) ∈ L (2.22g)

max
Iij
,

(i, j) ∈ L (2.22h)

max
Iji (Vi , Vj , θij ) ≤ Iij
,

(i, j) ∈ L, (2.22i)

Iij (Vi , Vj , θij ) ≤

where G , N , and L are the sets of all generators, buses, and branches, respectively. Problem (2.22) is a highly nonlinear, non-convex optimization problem
with continuous variables. Its non-convexity is due to nonlinear equality constraints (2.22b)-(2.22c) and non-convex inequality constraints (2.22h)-(2.22i).
The non-convexity of problem (2.22) along with its high dimensionality for
large-scale transmission grids make it difficult to solve efficiently and reliably.

2.3.3 Solution Algorithms
Solution algorithms for the OPF problem have been under development for
more than 50 years. Since both the objective function and nonlinear constraints in problem (2.22) are smooth twice-differentiable functions, the majority of proposed solution algorithms represent different variations of firstand second-order derivative-based methods. A thorough review of the history
of developing approaches for solving the OPF problem can be found in [62].
Historically, proposed algorithms were tailored to the solution of a particular
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formulation of the OPF problem. Recently, general-purpose nonlinear programming (NLP) solvers have reached maturity and are now capable of solving large-scale instances of various nonlinear optimization problems. These
solvers are based on the theory of nonlinear constrained optimization, which
was developed in the second half of the 20th century. While the underlying
principle of all modern solvers is the same, namely, start with an initial point
and iteratively improve it until no better point can be found, they differ from
one another in a number of ways, such as
• determining next iterate: line search methods compute a descent direction
and then search for a point along this direction, whereas trust-region methods define a region around the current point, build a simplified model in
this region, and then obtain the new point from the simplified model;
• handling inequality constraints:

interior-point methods use barrier

penalty functions for all constraints to prevent their violations, whereas
active-set methods only consider constraints that become binding during
the solution process and discard non-binding constraints;
• using derivative information: first-order methods use only first derivatives,
whereas second-order methods rely on both first and second derivatives.
A more detailed description of these methods as well as their advantages and
disadvantages can be found in [63, 64]. The comparative analysis of the performance of several state-of-the-art solvers on the OPF problem is available
in [27]. In theory, almost all modern solvers can be efficient even for largescale instances of the OPF problem because they benefit from sparsity and the
graphs representing power networks are extremely sparse. In practice, they suffer from limited robustness as they may sometimes fail to converge and their
convergence speed is sensitive to the starting point.
In recent years, biology-inspired evolutionary algorithms have been applied
to solving the OPF problem [65, 66, 67]. Despite their potential ability to find
a globally optimal solution, they have unstable convergence patterns and no
theoretical convergence guarantees. At the current stage of their development,
these algorithms are unlikely to be used in system operation.
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2.3.4 Challenges
Since the OPF problem is non-convex and highly nonlinear, available NLP
solvers can neither guarantee global optimality nor always find a locally optimal point in reasonable time [26, 27]. In fact, they are not guaranteed to find
a feasible point even if one exists. Another complicating factor is that the OPF
problem can be ill-conditioned due to the inhomogeneity of a power network.
The network admittance matrix usually has entries with vastly different magnitudes, which can make numerical algorithms less stable. For obvious reasons,
system operators are reluctant to use an algorithm with limited reliability, particularly for intra-hour planning. Therefore, in practice the exact nonlinear
OPF problem is typically replaced with an approximation that is easier to solve.

2.4 Approximations of OPF Problem
Over the years, a number of different approximations of the OPF problem
have been proposed. A comprehensive survey of these approximations can
be found in [68]. Existing approaches to approximating the OPF problem can
be divided in two groups: linearizations and convex relaxations.

2.4.1 Linearizations
Traditionally, the majority of approximations of the OPF problem relied on
linearizing the power balance equations. Perhaps the most widely known approach is called the DC approximation [18,19,20], which is based on exploiting
the properties of transmission grids and their typical operating states. In these
grids, susceptances of most branches are much higher than conductances.
In addition, in normal operation voltage magnitudes are maintained close to
their nominal values and phase angle differences across branches are relatively
small. Hence, the following assumptions are made: sin θij ≈ θij , cos θij ≈ 1,

gij ≈ 0 for ∀(i, j) ∈ L, and Vi ≈ 1 p.u. for ∀i ∈ N . Using these assumptions,
one can transform the OPF problem into a quadratic optimization problem,
i.e. an optimization problem with a quadratic objective function and linear
constraints. Since the resulting problem is convex, it can be solved efficiently
and reliably to global optimality. For this reason, variations of DC OPF are
used by system and market operators, who favor reliable solution algorithms
that have theoretical convergence guarantees. Unfortunately, the DC OPF solution typically does not satisfy the power balance equations, i.e. it is physically
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meaningless [21, 22]. The solution quality can be improved by linearizing the
system model around the current operating point [69], approximating active
power losses [70], incorporating voltage magnitudes into the problem formulation [71], etc. However, the accuracy of linear approximations of the power
balance equations remains inherently limited.

2.4.2 Convex Relaxations
Another approach to approximating the OPF problem is based on convex relaxations. They were first applied to the OPF problem for radial networks by
Jabr in 2006 [72] and since then have attracted significant interest from the
research community. The principle behind a convex relaxation is that it encloses the non-convex feasible space of the original problem within a larger,
convex space. Hence, the convex relaxation of the OPF problem represents
a convex optimization problem, which has several advantages over the exact
formulation. First, convex relaxations provide the lower bound on the optimal
value of the objective function of the original problem (assuming it is a minimization problem). Second, numerical algorithms for convex optimization
are well-established, have convergence guarantees, and routinely solve problems with millions of variables and constraints. Lastly, convex relaxations can
provide an infeasibility certificate for the original problem, i.e. the infeasibility
of the convex relaxation certifies the infeasibility of the original problem. Using the classification presented in [68], existing convex relaxations of the OPF
problem can be divided in the following three groups:
• Semidefinite Programming (SDP) relaxations were originally introduced
in [73]. Later, the authors in [33] showed an SDP relaxation of the OPF problem to be tight for a number of test cases. SDP relaxations typically yield
a relatively small optimality gap, which is the difference between the optimal objective value of the relaxation and the objective value of the original
problem obtained by a local solver. The main drawback of an SDP relaxation
is a high computational burden of solving the relaxation for large-scale optimization problems. The reason is that an SDP relaxation operates with
matrix rather than vector variables.
• Second-Order Cone Programming (SOCP) relaxations are based on convexifying individual power balance equations as opposed to SDP relaxations,
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which jointly convexify the entire system of power balance equations. SOCP
relaxations typically lead to larger optimality gaps but have a much lower
computational complexity compared to SDP relaxations. The Quadratic
Convex (QC) relaxation is a particular type of an SOCP relaxation that additionally utilizes the bounds on variables, which helps improve the relaxation quality [32]. A more detailed description of the QC relaxation and its
formulation is given in Section 4.2.
• Linear relaxations are generally weaker than SDP and SOCP relaxations.
However, they have lower computational complexity, which can be advantageous for large-scale power systems.
Despite significant progress in the field of convex relaxations of the OPF problem, existing relaxations cannot yet guarantee the recovery of an optimal solution of the original problem or even a physically meaningful operating point.
Current research efforts are focused on ways to strengthen convex relaxations
in order to improve the quality of their solutions.

2.5 OPF Problem with Security Constraints
The formulation of problem (2.22) includes only the normal state of a power
system, which means that the obtained operating point is secure as long as
all system components stay in service. However, these components can sometimes experience abnormal operating conditions due to various reasons: from
natural causes such as lighting strikes on power lines to internal equipment
faults to human errors [74]. In this case, relay protection systems quickly disconnect faulted elements from the grid. In a system as large as a power grid,
such unexpected outages, which are also referred to as contingencies, occur
frequently. Naturally, these events affect the system state. Initially, transient
processes are triggered and, if the system is stable, they will gradually die out
and the system will move to a new steady-state operating point. This point, if it
exists, may violate some operational constraints such as thermal line limits or
limits on bus voltage magnitudes. Unfortunately, transient processes in power
systems are too fast for humans to be able to respond to them and it may take
less than a minute between a trigger event and a point at which a blackout is
unavoidable [75]. Therefore, system operators must ensure that contingencies
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that are deemed credible do not have undesirable consequences, which can
be achieved by preventive and/or corrective actions [76]. Preventive actions
are focused on finding a normal system state whose natural evolution after
any credible contingency would not be dangerous to the system, whereas corrective actions include fast automatic response following a contingency that
steers the system away from unsafe operation. To ensure that an operating
point obtained from solving problem (2.22) is secure not just in the normal
state but also after all credible contingencies, this problem must be augmented
with security constraints. The exact formulation of these constraints depends
on a particular criterion used to quantify security of system operation. Existing
security criteria can be divided into deterministic and probabilistic criteria.

2.5.1 Deterministic Security Criteria
Traditionally, security of system operation has been quantified using deterministic security criteria, the most common of which is the N −1 criterion. It states
that all operational constraints must be satisfied in the normal system state as
well as after an outage of any single element in the system. Sometimes, contingencies with simultaneous outages of more than one element are considered
(N − k criterion with k > 1), e.g. outages of double-circuit transmission lines.
The advantage of the N − k criterion is its simplicity and unambiguity. Including this criterion into the OPF problem requires incorporating the power
balance equations and operational constraints for each contingency into the
problem formulation.
Despite its simplicity, the N − k criterion has several drawbacks. It does
not take into account the difference in failure rates of system elements and
treats all contingencies in the same way regardless of the degree of operational
constraints violations. In addition, in practice certain operational constraints
such as thermal limits can be violated for a period of time without damaging
equipment or negatively affecting system performance. In fact, even the values of thermal limits are not constant as they depend on such factors as air
temperature and wind speed [77]. Hence, these constraints can potentially be
treated as soft rather than hard constraints, particularly when modeling contingencies. This has prompted the development of probabilistic approaches to
system security.
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2.5.2 Probabilistic Security Criteria
Probabilistic security criteria are based on a concept of risk, which for a certain
event is defined as the product of its probability to occur and the consequences
that will ensue. In power system operation, such events are represented by
contingencies and the total risk is the sum of individual risks of all considered
contingencies along with the normal state. The value of the total risk provides
a quantitative measure of system security, as opposed to the binary N − k
criterion. The risk value can be used as a constraint in the OPF problem to
determine an optimal generation dispatch that satisfies security requirements.
Unfortunately, at this point there is no benchmark method for selecting the
contingencies to be included in the risk calculation as well as quantifying both
the probabilities and consequences of considered contingencies. Proposed
risk metrics vary substantially and are often designed for different purposes
and time-scales. Contingencies for the risk calculation can be chosen either
by the Monte-Carlo approach [78] or from a pre-determined list of outages
that are deemed credible [37]. Existing approaches to quantifying the consequences of credible contingencies can be divided into two groups. The first
group determines the economic effect of contingencies [78, 79] using various
indices such as expected energy not served (EENS), loss of load probability
(LOLP), etc. This approach assumes certain actions from a system operator
and its main application is in medium and long-term planning. The second
group [37, 39] uses a purely technical definition of consequences as functions
of the loadings of system elements. Here, the risk index is independent of any
assumptions regarding the actions of a system operator, but rather reflects the
level of danger to the system if no such actions are undertaken. This approach
is well-suited for short-term planning or system operation.

2.5.3 Solution Approaches
The incorporation of contingencies in the OPF problem significantly increases
its size. For large-scale systems, both deterministic and probabilistic securityconstrained OPF (SCOPF) problems can have millions of variables and constraints. Such problems are virtually impossible to solve in a centralized fashion, which is why various decomposition methods are employed. The most
commonly used method is Benders decomposition [80], which partitions the
OPF problem into a master problem (normal or base case) and slave prob-
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lems (contingencies). First, an optimal generation dispatch for the base case is
determined by solving the master problem. Then, violations of operating constraints in contingencies are determined by solving the slave problems, which
can be done in parallel. In case such violations exist for a particular contingency, a so-called feasibility cut is generated and incorporated as a constraint
in the master problem. The process is repeated iteratively until all operating
constraints are satisfied. Such an algorithm helps significantly reduce the computation time compared to the centralized solution [81].

Chapter 3
LINEAR APPROXIMATIONS OF LINE FLOW
CONSTRAINTS IN OPF PROBLEM

3.1 Background and Overview
As discussed in Chapter 2, the OPF problem is a large-scale, nonlinear, nonconvex optimization problem. Despite significant progress in the field of numerical optimization, the OPF problem remains challenging to solve. From
the theoretical point of view, a major issue is the inability to guarantee the recovery of a globally optimum solution due to the problem’s non-convexity. In
practice, the global optimality is not the main concern for system operators
because they tend to value security over economic efficiency. The reason is
simple: compromising system security increases the risk of cascading events
leading to a blackout, whose economic toll would far outweigh savings in operating costs. Thus, system operators first and foremost require optimization
algorithms that can reliably determine physically meaningful, secure operating points that have high-quality with respect to a given objective. However,
state-of-the-art NLP solvers are not guaranteed to find a feasible or locally optimal operating point in reasonable time [26]. While in many cases these solvers
converge fast to locally optimum points even for large-scale systems, there are
cases for which they either fail to converge or their computation time increases
drastically. In addition, their convergence patterns depend heavily on the starting point.
The complexity of the OPF problem lies in the set of its constraints, which
make the problem non-convex. The nonlinear equality constraints represent
29
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the power flow equations and ensure that the solution satisfies Kirchoff’s laws.
The nonlinear inequality constraints represent operational limits such as restrictions on maximum line flows. To simplify the problem, the nonlinear
constraints are usually replaced with their linear approximations [18], resulting in the DC OPF problem. While the DC OPF problem is easy to solve, the
quality of its solution suffers from the inaccuracies introduced by the linearization [21, 22, 82]. The main issue is that the solution does not satisfy the power
balance equations, which means that it is physically meaningless. While the
linearization of thermal limit constraints per se does not lead to physically
meaningless solutions, it can result in considerable constraint violations. Constructing more accurate linearizations of the nonlinear constraints can help
improve the solution quality of an approximation of the OPF problem.
Existing endeavors to improve the quality of OPF approximations have been
largely focused on incorporating reactive power flows in the DC OPF formulations. In [83], the authors estimate the effect of reactive power flows on
the available transfer capacity using equations derived from the approximations of the nonlinear power flows. Reference [69] proposes linearized models
that capture line losses and approximate apparent power flows. The authors
in [84] use a piecewise linear approximation of the cosine term in the power
flow equations and Taylor series for approximating the remaining nonlinear
terms. Recently, an OPF approximation that includes both voltage magnitudes
and reactive power flows has been proposed in [85]. While all of these formulations represent an improvement over the “classical” DC OPF approximation,
they still cannot ensure the AC-feasibility of the solution and cannot directly
control the approximation accuracy.
This work proposes a hybrid formulation of the OPF problem, wherein only
the constraints on the maximum line flows are linearized. As the power balance constraints are kept in their original form, the solution is guaranteed to
satisfy Kirchoff’s laws. Since NLP solvers can generally handle linear inequality
constraints more efficiently than nonlinear non-convex inequality constraints,
replacing line flow (thermal limit) constraints with linear approximations can
improve the solvers’ performance. Note that the optimization problem remains non-convex because of nonlinear equality constraints, although its complexity is reduced.
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This chapter presents a computationally efficient algorithm for constructing inner and outer approximations of line flow constraints expressed in polar
coordinates. To the best of the authors’ knowledge, related works focus on constructing linear approximations of convex inequality constraints [86], whereas
inequality constraints considered here are in general non-convex. The developed algorithm is based on an in-depth analysis of the properties of the feasible set of a line flow constraint. The obtained properties indicate that the
non-convexity of the feasible set is small for realistic lines and operating conditions, thus it is possible to produce a high-quality approximation. The approximation accuracy is controlled by a number of linear constraints constructed
per nonlinear constraint. Replacing nonlinear constraints with their linear approximations can reduce the complexity of the optimization problem, which
in turn can lead to a more reliable solution of the OPF problem. For the inner
approximation, the solution is guaranteed to be physically and operationally
feasible. If the solution algorithm fails to find a feasible point, one can attempt
to solve the problem again using the outer approximation. This can help establish whether the original problem is infeasible or the infeasibility occurred due
to the approximation error. In general, the choice between the inner and outer
approximations of line flow constraints can depend on a particular problem
being solved. Early ideas and results of this work were presented in [87], while
more recent results were published in [88].
The remainder of the chapter is organized as follows. Section 3.2 presents
the analysis of the feasible set of a line flow constraint. Section 3.3 and Section 3.4 describe the proposed approximation algorithm and the details of its
implementation, respectively. Section 3.5 presents the results of numerical
experiments and Section 3.6 provides the summary.

3.2 Analysis of Feasible Set of Line Flow Constraint
To construct a linear approximation of the line flow constraint, it is essential to
investigate the properties of its feasible set. For simplicity, all formulations in
this section will be given for transmission lines but they can be easily extended
to transformers including phase-shifting transformers. Consider a transmission line between buses i and j represented by a π -model with admittance

g + jb and shunt susceptance bs as shown in Figure 3.1. The shunt conduc-
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Figure 3.1: Model of transmission line.
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tance is neglected as it is orders of magnitude smaller than its susceptance for
all realistic lines. The line current𝜑𝜑is a function of the complex voltages Vi ejθi
𝑉𝑉

𝑖𝑖
and Vj ejθj at both ends of the line. The
current magnitudes at the beginning

and end of the line, denoted by Iij and Iji , are given by

𝑉𝑉
Iij (V𝑉𝑉i ,max
Vj , 𝑗𝑗θij ) =
𝑥𝑥2

q

𝑗𝑗

2
2
P
𝑥𝑥1ij + Qij
Vi

(3.1)

q
2 + Q2
Pji
ji
max
min
𝑥𝑥
𝑉𝑉
2
Iji (Vi , V𝑗𝑗j , θij ) =
,
V𝑉𝑉j𝑖𝑖
𝑉𝑉𝑖𝑖min

(3.2)

𝑉𝑉𝑖𝑖max

where Pij , Pji , Qij , Qji are active and reactive power flows at both ends of the
𝑥𝑥 min

2
line, which are defined according to
(2.11)-(2.14). Substituting (2.11)-(2.14) in

(3.1)-(3.2) yields

Iij (Vi , Vj , θij ) =
Iji (Vi , Vj , θij ) =

q

q



(3.3)


a2 Vi2 + a1 Vj2 − 2Vi Vj a3 sin θij + a4 cos θij ,

(3.4)

a1 Vi2 + a2 Vj2 + 2Vi Vj a3 sin θij − a4 cos θij

where a1 , a2 ∈ R+ and a3 , a4 ∈ R are constant coefficients based on the
parameters of the π model of a line:
2
a1 := g 2 + (b + bs )

(3.5)

a2 := g 2 + b2

(3.6)

a3 := bs g

(3.7)

2

2

a4 := g + b + bs b.

(3.8)
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The following identity between these coefficients can be derived:

a1 a2 ≡ a23 + a24 ,

(3.9)

which will be used later in the analysis.
To ensure secure operation of the power system, the values of current magnitude at both ends of the line are constrained to be below a given limit:
max
Iij (Vi , Vj , θij ) ≤ Iij

(3.10)

max
Iji (Vi , Vj , θij ) ≤ Iij
,

(3.11)

max
where Iij
is the corresponding thermal limit. These two inequalities corre-

spond to constraints (2.22h)-(2.22i) in the OPF problem formulation. For the
sake of presentation simplicity, the subsequent analysis will only concentrate
on the current constraint at the beginning of the line.
The feasiblenset of line flow constraint (3.10), which is denoted
o by I , is de-

fined as I :=

max
(Vi , Vj , θij ) ∈ R2+ × R | Iij (Vi , Vj , θij ) ≤ Iij
. The analysis

of this set is presented below.

3.2.1 Expression for Boundary of Feasible Set
Since the limit on a maximum current flow through the line is an inequality
constraint, this constraint only affects the solution of the OPF problem when
it becomes active. Therefore, it is important to investigate the boundary of

I , which is a surface that consists of all points for which constraint (3.10) is
binding. Hence, the boundary surface is implicitly given by
max
Iij (Vi , Vi , θij ) = Iij
.

(3.12)

Figure 3.2 shows an example of this boundary surface. Let θ̄ij denote the value
of the phase angle difference for a point on the boundary. From (3.12), one can
express θ̄ij using Vi and Vj . Define t ∈ R such that

t := a1

max 2
(Iij
)
Vi
Vj
+ a2
−
,
Vj
Vi
Vi Vj

(3.13)

34

OPTIMIZATION OF POWER SYSTEM OPERATION

Figure 3.2: Boundary of feasible set of line flow constraint.

then (3.12) can be rewritten as

a3 sin θ̄ij +

t
= a4 cos θ̄ij .
2

(3.14)

Let x := sin θ̄ij , then cos2 θ̄ij = 1 − x2 . Squaring both sides of (3.14) and
rearranging terms, one obtains the following quadratic equation in x:




t2
a23 + a24 x2 + a3 tx + − a24 = 0.
4

(3.15)

Solving (3.15) for x yields

r
−a3 t ±
x=

a23 t2 − 4 a23 + a24

2 a23 + a24

  t2
4

− a24


.

(3.16)

Using identity (3.9) and replacing x with sin θ̄ij , one finally obtains

θ̄ij (Vi , Vj ) = arcsin

!
√
−a3 t ± |a4 | 4a1 a2 − t2
.
2a1 a2

(3.17)

Note that since the range of arcsin is [−π/2, π/2], (3.12) and (3.17) are equivalent only for |θ̄ij | ≤ π/2. Given that in steady-state operation θij cannot
exceed π/2, the boundary surface of the feasible set of constraint (3.10) can be



represented as (Vi , Vj , θ̄ij (Vi , Vj )) | (Vi , Vj ) ∈ R2+ .
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An alternative expression for θ̄ij (Vi , Vj ) can be derived using the following
trigonometric identity:

 !
q
a3
2
2
a3 sin θ̄ij − a4 cos θ̄ij ≡ a3 + a4 cos θ̄ij + arctan
.
a4

(3.18)

Using identities (3.9) and (3.18) as well as equation (3.14), one obtains

θ̄ij = ± arccos

t
√
2 a1 a2

!


− arctan

a3
a4


.

(3.19)

Equations (3.17) and (3.19) are equivalent. For a given pair of (Vi , Vj ), they
yield the value of the angle on the boundary surface, which is referred to as the
critical angle. The properties of feasible set I can be investigated by analyzing
(3.17) and (3.19) in conjunction with inequality constraint (3.10).

3.2.2 Deriving Properties of Feasible Set from its Boundary
Equation (3.17) has real-valued solution(s) if the argument of arcsin belongs to
the domain of reals and its magnitude does not exceed one. Using (3.9), it can
be shown that the magnitude of the arcsin argument in (3.17) does not exceed
one for any values of branch parameters and voltage magnitudes. Moreover,
for all branches with nonzero susceptance and conductance coefficients a1
and a2 are strictly positive. Therefore, a real-valued solution of (3.17) exists if
the following inequality holds:

4a1 a2 − t2 ≥ 0.

(3.20)

Substituting (3.13) into (3.20) yields the following system of inequalities:

Vj − αVi ≤ β

(3.21)

Vj − αVi ≥ −β

(3.22)

Vj + αVi ≥ β,

(3.23)

where α, β ∈ R+ are constant coefficients defined as:

r
α :=

a1
a2

(3.24)
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max
Iij
β := √ .
a2

(3.25)

The relation between the solutions of equation (3.17), which represent the critical angles, and inequalities (3.21)-(3.23) is discussed below.
Equation for critical angle has two solutions
This happens when 4a1 a2 − t2 > 0, which means that inequalities (3.21)(3.23) are strictly satisfied. Let these two solutions for a given pair of (Vi , Vj )
−
+
be denoted by θ̄ij
∈ R and θ̄ij
∈ R. According to the orientation of the axes in
−
+
Figure 3.2, θ̄ij
and θ̄ij
correspond to the lower and upper parts of the boundary

surface, respectively. This convention is used in the rest of the chapter. It
follows from (3.19) that the boundary surface is symmetric with respect to the
horizontal plane { (Vi , Vj , − arctan(a3 /a4 )) | (Vi , Vj ) ∈ R2+ }.
To establish whether the feasible set of the line flow constraint (3.10) lies
inside or outside of the boundary surface depicted in Figure 3.2, one can examine ∂Iij /∂θij . The analysis reveals that for any pair (Vi , Vj ) the following
statements hold for the value of Iij :



0 :=
• Iij reaches its minimum for θij
− arctan a3 /a4 ;
L := 0
U := 0
• Iij reaches its maximum for θij
θij − π and θij
θij + π ;
0
L
U
• Iij increases monotonically as θij moves from θij
towards either θij
or θij
.

The proofs of these properties are given in Appendix A. To help understanding, Figure 3.3 provides a visual example of Iij (θij ) for a given pair of (Vi , Vj ).
Based on the obtained properties and (3.17), the following relation between
− +
L
0
U
θij
, θij
, θij
and θ̄ij
, θ̄ij can be established:
−
+
L
0
U
θij
≤ θ̄ij
≤ θij
≤ θ̄ij
≤ θij
.

(3.26)

This means that for a given pair of (Vi , Vj ) constraint (3.10) is satisfied for all
−
+
values of θij in θ̄ij
≤ θij ≤ θ̄ij
(see Figure 3.3). Hence, the feasible set of

constraint (3.10) lies inside the boundary surface depicted in Figure 3.2.
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Figure 3.3: Example of current magnitude as function of phase angle difference for fixed values of bus voltage magnitudes.

Equation for critical angle has one solution
This happens when 4a1 a2 −t2 = 0, which means that one of inequalities (3.21)(3.23) becomes binding. If either (3.21) or (3.22) is binding, solving (3.17) yields
−
+
0
θ̄ij
= θ̄ij
= θij
. Therefore, the upper and lower parts of the boundary surface

intersect along two parallel horizontal lines, which are shown in Figure 3.2 in
red. These lines are referred to as the boundary lines because they represent
the boundaries of the projection of feasible set I onto the (Vi , Vj ) plane. If
(3.23) is binding, equations (3.12) and (3.17) are not equivalent because (3.12)
L
U
is satisfied by θij = θij
or θij = θij
, whose magnitudes are greater than π/2.

Since in practice |θij | ≤ π/2, inequality (3.23) is not binding for any steadystate operating point.
Equation for critical angle has no solution
This happens when 4a1 a2 − t2 < 0, which corresponds to the violation of at
least one of inequalities (3.21)-(3.23). If (3.21) or (3.22) is violated for a given
max
pair of (Vi , Vj ), Iij (Vi , Vj , θij ) exceeds Iij
for any θij . Therefore, this pair

of (Vi , Vj ) does not belong to I . Note that if a given pair of (Vi , Vj ) violates
inequality (3.23), constraint (3.10) is strictly satisfied for any value of θij .
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To summarize, the following properties of feasible set I of constraint (3.10)

were obtained:
• The projection of set I onto the (Vi , Vj ) plane is bounded by inequalities
(3.21)-(3.23). In steady-state operation, (3.23) cannot become active because that would require |θij | > π/2. Hence, only inequalities (3.21)-(3.22),
which describe the boundary lines, are relevant in the steady state. The
0
boundary lines are parallel to each other and horizontal with θij = θij
. The
max
distance between them is linearly proportional to Iij
. Their orientation in

p
a1 /a2 , which in turn depends
primarily on the relation between b and bs , and is equal to one for bs = 0.
the (Vi , Vj ) plane is defined by the value of

−
+
• For any pair (Vi , Vj ) that satisfies (3.21)-(3.22), θij ∈ I if θ̄ij
≤ θij ≤ θ̄ij
,
−
+
where θ̄ij
and θ̄ij
are the critical angles on the boundary of set I determined

from (3.17) or (3.19).
These properties will be used for constructing inner and outer linear approximations of line flow constraints.

3.2.3 Curvature of Boundary of Feasible Set
Next, the curvature of the boundary surface of set I is investigated. To simplify
the analysis, consider a new coordinate system wherein the axes in the (Vi , Vj )
plane are rotated counterclockwise by angle ϕ ∈ R, where ϕ := arctan(α). Let

x1 and x2 denote the new axes (see Figure 3.4a). Since α :=

p
a1 /a2 , the old

and new axes are related through the following linear transformation:

√
√

a1 + a2 Vi =

a1 + a2 Vj =

√
√

a2 x1 −
a1 x1 +

√
√

a1 x2

(3.27)

a2 x2 .

(3.28)

In the new coordinate system, (3.10) can be expressed as:
max
Iij (x1 , x2 , θij ) ≤ Iij
.

(3.29)

Figure 3.4b shows the boundary surface of the feasible set of (3.29), which is
simply a rotated boundary surface of (3.10). As follows from (3.27)-(3.28) and
(3.21)-(3.22), the boundary lines of the feasible set of (3.29) are parallel to the

θ

θ
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𝑥𝑥2

tan 𝜑𝜑 = 𝛼𝛼

𝑥𝑥1

𝜑𝜑

𝑉𝑉𝑖𝑖

(a) Rotation of axes

(b) Boundary surface

Figure 3.4: Example of boundary surface in rotated coordinate system.

𝑥𝑥2

𝑉𝑉𝑗𝑗max

𝑥𝑥2max

𝑥𝑥1

𝑉𝑉𝑗𝑗

𝑉𝑉𝑗𝑗min

min

(a) Along𝑉𝑉x𝑖𝑖 2 axis

𝑉𝑉𝑖𝑖

𝑉𝑉𝑖𝑖max

(b) Along x1 axis

Figure 3.5: Cross-section
of boundary surface along a given axis.
min

𝑥𝑥2

x1 axis. Moreover, the projection of the feasible set of (3.29) onto the (x1 , x2 )
plane, which is denoted by Ix , is such that all points in Ix have
|x2 | ≤ √

max
Iij
,
a1 + a2

∀(x1 , x2 ) ∈ Ix .

(3.30)

Now, consider the cross-sections of the boundary surface along the x1 and
x2 axes as shown in Figure 3.4b. The resulting curves are visualized in Figure
3.5. It shows that for the chosen cross-sections the curvature of the boundary
surface is such that I is convex along the x2 axis and non-convex along the x1
−
axis. In addition, one can see that along the x1 axis the value of θ̄ij
monoton+
ically increases, whereas the value of θ̄ij
monotonically decreases. To prove

40

OPTIMIZATION OF POWER SYSTEM OPERATION

that the boundary has these properties for all cross-sections along x1 and x2
axis, one has to show that:
+
∂ θ̄ij
≤ 0,
∂x1

−
∂ θ̄ij
≥ 0,
∂x1

∀(x1 , x2 ) ∈ Ix

(3.31)

+
−
∂ 2 θ̄ij
∂ 2 θ̄ij
≥ 0,
≤ 0,
2
2
∂x1
∂x1

∀(x1 , x2 ) ∈ Ix

(3.32)

+
−
∂ 2 θ̄ij
∂ 2 θ̄ij
≤
0,
≥ 0,
∂x22
∂x22

∀(x1 , x2 ) ∈ Ix .

(3.33)

The proof of (3.31) is given in Appendix A. For branches with bs = 0, it is
trivial to formally prove (3.32) and (3.33). In case of bs 6= 0, the formal proof
is difficult to obtain due to the complexity of the resulting expressions. However, extensive numerical experiments showed that (3.32) and (3.33) hold for
all realistic lines and operating conditions (0.5 ≤ Vi ≤ 1.5, 0.5 ≤ Vj ≤ 1.5,

|bs | < |b|, |g| + |b| > 0).
The properties of the curvature will be used for constructing the linear approximation of the boundary of set I and the monotonicity property will be
used later in Chapter 4. Note that since set I is non-convex because of (3.32),
its boundary cannot be approximated arbitrarily well with a set of convex constraints using continuous variables.

3.2.4 Impact of Thermal Limit and Voltage Bounds
In the absence of constraints on Vi and Vj , set I is non-empty regardless of the
line parameters and the value of thermal limit. In addition, it is unbounded in
0
the direction of the x1 axis. To see this, set θij = θij
, then the value of Iij is

given by
0
Iij (Vi , Vj , θij
)=

√

a1 Vi −

√

a2 Vj

2

(3.34)

Substituting (3.27)-(3.28) into (3.34), one obtains
0
Iij (x1 , x2 , θij
) = (a1 + a2 ) x22 ,

(3.35)

0
which means that Iij (x1 , 0, θij
) = 0 for ∀x1 ∈ R. Hence, I is unbounded in
max
the direction of the x1 axis even when Iij
= 0.
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In practice, the bounds on bus voltage magnitudes always exist and are enforced by system operators. In the considered OPF problem, these bounds are
represented by constraint (2.22f). For branch (i, j) ∈ L, the voltage magnitudes at buses i and j must satisfy the following constraints:

Vimin ≤ Vi ≤ Vimax

(3.36)

Vjmin

(3.37)

≤ Vj ≤

Vjmax .

Let V denote the set of values of (Vi , Vj ) that satisfy (3.36)-(3.37). To improve
the accuracy of a linear approximation of the line flow constraint, one should
consider the intersection of set I with set V when constructing the approximation. Let this intersection be denoted by S := I ∩ (V × R). Note that in theory,

S can be empty because I and V can have an empty intersection.
It is clear that the tighter the bounds on Vi and Vj are, the better set S can
be approximated. Examples of set S and its boundary for different bounds on
voltage magnitudes and values of thermal limits are presented below. In these
examples, whenever the voltage magnitude of a bus is a variable, its range is
assumed to be ±10% around the nominal value of 1p.u..
Voltage magnitudes at both buses are fixed
If both voltage magnitudes Vi and Vj are fixed, Iij is a function of only one
variable, namely, θij . This can be the case when both bus i and bus j have generators that maintain constant voltage magnitude at their terminals. Figure 3.6
shows the shape of function Iij (θij ) for different line parameters and values of

Vi and Vj . One can see that the ratio between Vi and Vj only affects the minimum value of Iij , whereas bs also shifts the value of θij at which this minimum
is achieved. Depending on the line parameters, bus voltage magnitudes and
thermal limit, constraint (3.10) can be always violated, satisfied for any θij or
satisfied for certain θij . Although the first two cases are unrealistic in practice,
it is easy to check from (3.17) if they can occur for a given line. In the third case,
constraint (3.10) is convex and equivalent to the following constraint:
−
+
θ̄ij
≤ θij ≤ θ̄ij
,

(3.38)

which means that replacing (3.10) with (3.38) does not lead to any approximation error because set S has a linear boundary.
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Figure 3.6: Examples of current magnitude as function of phase angle difference for different values of bus voltage magnitudes and shunt susceptance.

Voltage magnitude at one bus is fixed
Suppose now that only the voltage magnitude at bus i is fixed. Then Iij is
a function of two variables, namely, phase angle difference θij and Vj . Figure 3.7a shows the shape of this function for θij ∈



−π/2, π/2 , and Fig-

ure 3.7b represents a ‘zoomed in’ version of Figure 3.7a for a small range of
0
θij around θij
. Constraint (3.10) is binding for points (Vj , θij ) for which the
surface { (Vj , θij , Iij (Vj , θij )) | (Vj , θij ) ∈ R+ × R } intersects the horizontal
max
plane { (Vj , θij , Iij
) | (Vj , θij ) ∈ R+ × R }. Figure 3.7a and Figure 3.7b show
max
two such planes, which correspond to large and small values of Iij
, respectively. The resulting intersection curves represent the boundary of set S . These
curves are visualized in Figure 3.8, which also shows set S as a shaded area.
max
One can see from Figure 3.8 that for a large Iij
the boundary of S is less
max
nonlinear than for a small value of Iij
. Hence, approximating nonlinear conmax
straint (3.10) requires fewer linear constraints in the case of a large Iij
. On

the other hand, set S is convex for realistic lines with small to medium values
max
of Iij
, which means that constraint (3.10) can be approximated arbitrarily

well by increasing the number of linear constraints. The convexity of S is not
shown formally but confirmed by extensive numerical experiments. Although

S can be slightly non-convex for very high thermal limits, its boundary is then
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(a) High range of θij
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(b) Small range of θij

Figure 3.7: Current magnitude as function of phase angle difference and voltage magnitude of one bus when voltage magnitude of another bus is fixed.

max
(a) Large Iij

max
(b) Small Iij

Figure 3.8: Feasible set of line flow constraint when voltage magnitude of one
bus is fixed.

attained at θij ≥ π/3, which means that in normal operation this limit is not
reached. Note that the same properties hold when Vj is fixed instead of Vi .
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max
(a) Large Iij

max
(b) Small Iij

Figure 3.9: Feasible set of line flow constraint when voltage magnitudes of
both buses are bounded variables.

Voltage magnitudes at both buses are bounded variables
The case of a line between two buses with variable voltage magnitudes is the
most complex case because Iij is a function of three variables, namely, Vi , Vj ,

θij , which is difficult to visualize. The detailed analysis of the feasible set and
its boundary surface for variable Vi and Vj was presented in the previous submax
sections. Here, only the impact of the value of Iij
on set S is demonstrated.
Figure 3.9a and Figure 3.9b show the boundary of S for large and small values
max
max
of Iij
, respectively. For large Iij
, only the upper part of the boundary surface is shown. Several observations can be made from Figure 3.9. First, as in
the case with one fixed voltage magnitude, the boundary of S is less nonlinear
max
max
max
for large Iij
than for small Iij
. Second, for large Iij
all pairs (Vi , Vj ) ∈ V
max
belong to S , whereas for small Iij
some pairs (Vi , Vj ) ∈ V may not be in S

because they are outside the boundary lines. Hence, approximating constraint
max
(3.10) for small Iij
is generally more difficult.

3.3 Approximation Algorithm
This section describes the proposed algorithm for obtaining inner and outer
linear approximations of line flow constraints. First, the algorithm overview is
presented, followed by a detailed description of its main steps.
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3.3.1 Algorithm Overview
The goal of the proposed algorithm is to construct a linear approximation of
the line flow constraint (3.10) efficiently with the desired accuracy using as few
linear constraints as possible. Note that the algorithm only applies to the constraint on the current magnitude. The approximation of the apparent power
constraint requires an investigation of its feasible set and is outside of the scope
of this work. The algorithm assumes constant parameters of the π model of
the branch, i.e. constant resistance, reactance and susceptance. The absolute
values of the branch parameters as well as the ratios between them are not
important, therefore, the algorithm can be applied to branches in the grids of
any voltage level. The main inputs are the approximation type (inner or outer),
maximum desired approximation error in the current magnitude εmax ∈ R+ ,
and maximum number of linear constraints N max ∈ N.
Recall that in the OPF problem both Vi and Vj are bounded by constraints
(3.36)-(3.37), whose feasible set is denoted by V . To improve the approximation
quality, the proposed algorithm only focuses on the boundary of set S := I ∩

(V × R) when constructing the approximation of constraint (3.10). Let x :=

T

Vi , Vj , θij . The algorithm constructs a polyhedron P := x | Ax ≤ c ,

where A ∈ Rm×3 , and c ∈ Rm , such that m ≤ N max , P ∩ (V × R) ⊆ S for

the inner and P ∩ (V × R) ⊇ S for the outer approximation. The maximum
relative approximation error ρ ∈ R+ in the current magnitude is

ρ :=

max
x∈boundary(P)∩V

max
Iij (x) − Iij
max
Iij

.

(3.39)

Ideally, the number of constructed linear constraints m should be the minimum needed to ensure that ρ ≤ εmax . However, it is difficult to compute

ρ precisely. In addition, it is hard to provide theoretical guarantees that the
obtained m is indeed the minimum possible. Since this work focuses primarily on the efficiency of the approximation algorithm, a computationally cheap
estimate of ρ is used and the obtained m may not be the minimum possible
although the algorithm attempts to minimize it.
Figure 3.10 shows the outline of the proposed algorithm, which relies on the
properties of set S to ensure that the approximation is conservative/relaxed.
Its main idea is to first construct the edges of P , which represent the intersec-
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tions of planes that form P and are referred to as the intersection lines, and
then compute the values of A and c. The projections of these edges onto the
(x1 , x2 ) plane are made parallel to the x1 axis. The rows of matrix A represent
the normals of the approximation planes, and the entries of vector c are proportional to the signed distances from the planes to the origin. For brevity, the
entries of c are called plane offsets.
The algorithm first analyzes the upper part of the boundary surface of S
and constructs its approximation if need be. As can be seen from (3.19), the
0
boundary surface is always symmetric with respect to θij
= − arctan(a3 /a4 ).

Hence, the approximation of the lower part of the boundary surface is obtained
by reflecting the approximation of its upper part with respect to the horizontal
0
plane { (Vi , Vj , θij
) | (Vi , Vj ) ∈ R2+ }.

The algorithm for approximating the upper part of the boundary surface
consists of two nested loops. The outer loop iterates over the number of linear
constraints Ncon starting from Ncon = 1. At each iteration, the approximation with Ncon linear constraints (planes) is constructed and the maximum
approximation error in terms of the current magnitude is estimated for each
con
constraint. Let ε ∈ RN
denote the vector of the obtained approximation
+

errors associated with individual linear constraints at a given iteration. The
max
max
loop continues until either maxi εi ≤ εmax or Ncon = Ncon
. Here, Ncon
∈N
max :=
is defined as Ncon
bN max /2c to ensure that half of linear constraints is

used to approximate the upper part of the boundary and the other half is used
for its lower part. The loop also terminates when the change in maxi εi at two
consecutive iterations is smaller than a predefined value. Thus, the goal of the
outer loop is to achieve the desired approximation accuracy with the smallest
possible number of linear constraints.
The goal of the inner loop is to improve the approximation accuracy for a
given value of Ncon by iteratively reducing ||ε||∞ := maxi εi , which defines
the overall approximation error. This is done by reducing the standard deviation of entries of ε, i.e. making them more uniform. Clearly, in this case smaller
approximation errors will increase, whereas larger approximation errors will
decrease. Since the overall approximation error is defined by ||ε||∞ , reducing
large errors at the expense of increasing small errors leads to higher approximation accuracy. To achieve this, at each iteration the projections of the intersec-
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approximation of upper part of boundary

Figure 3.10: Outline of proposed approximation algorithm.
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tion lines onto the (x1 , x2 ) plane are shifted based on the values of entries of ε
at the previous iteration. The loop continues until the number of adjustments
max
Nadj ∈ N reaches a given maximum Nadj
∈ N, or mini εi / maxi εi exceeds
min
r
∈ R+ , which is an algorithm parameter.

This algorithm can be applied for approximating the line flow constraints
at both ends of the branch. Having obtained these two approximations, one
can retain only those linear constraints that are relevant for the intersection
of feasible sets of (3.10) and (3.11). This helps reduce the number of required
linear constraints per nonlinear constraint roughly by half without sacrificing
the approximation accuracy.
Several points should be noted before moving to the detailed description
of the main steps of the proposed algorithm. First, although the subsequent
description assumes that both Vi and Vj are bounded variables, the algorithm
can also be used when either Vi or Vj are fixed. If both Vi and Vj are fixed, the
proposed algorithm is not needed because constraint (3.10) can be replaced
with (3.38) without any approximation error. Second, when approximating
the boundary surface, the algorithm only considers points on the boundary
with |θij | ≤ π/2 because phase angle differences cannot exceed π/2 in steady
state operation. The detailed description of this process is omitted because it
does not significantly affect the algorithm. Next, the computational complexity
of approximating one nonlinear line flow constraint is O(m2 ), where m is a
number of constructed linear constraints. However, for realistic branches and
operating limits the smallest possible approximation error is achieved for m <

20. Therefore, the approximation of one line flow constraint can be assumed
to take constant time. Lastly, the approximations for all line flow constraints
in the OPF problem can be constructed in parallel as these constraints are
independent from each other.

3.3.2 Analysis of Boundary
Prior to constructing the upper part of the approximation, set S and its boundary are analyzed. The approximation should only be constructed if S 6= ∅
and (3.10) can be violated for at least one point (Vi , Vj , θij ) that satisfies (3.36)(3.37) and |θij | ≤ π/2. To check whether S is empty, it suffices to check if there
exists a point (Vi , Vj ) ∈ V that satisfies (3.21)-(3.22). The algorithm does it by
checking whether two points corresponding to the vertices of set V , namely,
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(Vimin , Vjmax )

and

(Vimax , Vjmin ),

49

satisfy (3.22) and (3.21), respectively. Hence,

the algorithm checks whether the following two inequalities hold:

αVimin − β ≤ Vjmax

(3.40)

αVimax + β ≥ Vjmin ,

(3.41)

where α and β are defined according to (3.24) and (3.25), respectively. If either
(3.40) or (3.41) is not satisfied, S = ∅ and the OPF problem (2.22) is infeasible.
Otherwise, the algorithm checks whether (3.10) can be violated. Due to the
shape of S , it is enough to check this for only four points that correspond to
the vertices of V and have θij = π/2. If (3.10) is satisfied for these four points, it
cannot become binding and the approximation need not be constructed. Otherwise, the algorithm obtains the minimum xmin
and maximum xmax
values
2
2
of x2 for the points that belong to the projection of S onto the (x1 , x2 ) plane.
Since S := I ∩(V ×R), the x2 coordinates of the points belonging to its projection onto the (x1 , x2 ) are bounded by either the boundary lines or the vertices
of V . Hence, xmin
and xmax
are computed as
2
2

√

xmin
2
xmax
2

n
o
a2
max −β, Vjmin − αVimax
a1 + a2
√
n
o
a2
:= √
min β, Vjmax − αVimin .
a1 + a2

:= √

(3.42)
(3.43)

These values, shown in Figure 3.11b, are used for computing the projections of
intersection lines.

3.3.3 Calculation of Projections of Intersection Lines
The intersection lines represent the edges of polyhedron P , which approximates the nonlinear set S . Figure 3.11 shows in red an example of the intersection lines for the upper part of the inner approximation and their projections
onto the (x1 , x2 ) plane. The projections are chosen to be parallel to the x1
axis, which is done for two reasons. First, as will be explained later it is used
to ensure that the constructed approximation is indeed conservative/relaxed.
Second, it helps to estimate and reduce the approximation error efficiently. Recall that set S is convex along the x2 axis and non-convex along the x1 axis,
as shown in Figure 3.5. Because of the non-convexity, S cannot be approxi-
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𝑥𝑥2
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𝑉𝑉𝑗𝑗

𝑉𝑉𝑗𝑗min

𝑉𝑉𝑖𝑖min

𝑥𝑥2min
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𝑉𝑉𝑖𝑖max

(b) Projection on (x1 , x2 ) plane

Figure 3.11: Intersection lines and their projections onto (x1 , x2 ) plane.

mated arbitrarily well with P , regardless of the number of constructed linear
constraints Ncon . However, one can eliminate the part of the approximation
error caused by the nonlinearity of the boundary of S along the x2 axis. This
can be achieved by making the projections of the intersection lines onto the

(x1 , x2 ) plane parallel to the x1 axis and setting Ncon →∞. Then the resulting
approximation error is the minimum possible because it is caused purely by
the non-convexity of set S along the x1 axis.
In practice, it is important to achieve the desired approximation accuracy
with the minimum value of Ncon to reduce the size of the resulting OPF problem. The proposed algorithm attempts to accomplish this by iteratively increasing the value of Ncon . For each value of Ncon , the overall approximation error is minimized by making the errors associated with the individual
constraints close to each other and thus reducing the maximum error. The
errors associated with individual constraints are equalized by iteratively adjusting the projections of the intersection lines onto the (x1 , x2 ) plane. Note
that the projections of the outermost (first and last) intersection lines stay
constant, with the x2 coordinates of the points on these lines being equal to
con
xmin
and xmax
, respectively. Let d ∈ RN
denote the vector of distances
2
2
+
between the x2 coordinates of the projections of adjacent intersection lines,
PNcon
thus i=1
di = xmax
− xmin
2
2 . These distances are referred to as widths of the
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constraints. Initially, the widths of all constraints are equal to each other and
the intersection lines are spaced evenly from xmin
to xmax
as shown in Figure
2
2
3.11. After each adjustment, the approximation is constructed based on the
con
projections of intersection lines and vector ε ∈ RN
of the error estimates
+

associated with individual constraints is obtained (see Section 3.3.4 and Section 3.3.5 for details). Let k denote the number of performed adjustments for
(k+1)

the current value of Ncon . At the (k + 1)-th adjustment, the value of di

for

each constraint i is obtained from the values of ε(k) and d(k) using the following update:

s
xmax
2
(k+1)

di

:= d(k)
i

−

NP
con
j=1

xmin
2

(k)
dj

ε̄



s

(k)
εi

ε̄

,

(3.44)

(k)

εj

where ε̄ is the mean value of the elements of ε(k) . Such an update helps redistribute the errors more evenly by penalizing deviations from ε̄. For instance,
(k)

(k+1)

if εi

(k)

< ε̄, it follows from (3.44) that di
> di . Thus, after the adjustment the i-th constraint will be responsible for approximating a larger part of
the boundary surface, which will inevitably increase its approximation error,
(k+1)

i.e. εi
(k+1)

εi

(k)

(k)

> εi . On the other hand, if εi

(k+1)

> ε̄, di

(k)

< di

and thus

(k)

< εi . This procedure corresponds to block B in Figure 3.10.

When a new linear constraint is added to the approximation, the projections
of the intersection lines have to be adjusted again to equalize the elements of ε.
To reduce the number of such adjustments, the algorithm leverages information about the widths of previously constructed constraints instead of spacing
the new projections evenly from xmin
to xmax
. Abusing the notation, let k now
2
2
denote the iteration index of the outer loop of the approximation algorithm,
which means that it is equal to the number of already constructed linear constraints k = Ncon . Clearly, adding a linear constraint corresponds to increasing
the number of entries of vector d by one: d(k) ∈ Rk+ while d(k+1) ∈ Rk+1
+ . In
vector d(k+1) , the new constraint is given index i0 = bk/2c, i.e. it is inserted in
the middle of the list of already existing constraints. Let d0 ∈ R+ denote the
width of this new constraint. The value of d0 is computed from the width(s) of
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adjacent constraint(s):


(k)


d0 := di0 ,

if i0 is odd
(3.45)

(k)

(k)

d + di0 +1


d0 := i0
,
2

if i0 is even.

The reason behind using (3.45) is that adjacent constraints should have similar
widths because they approximate neighboring parts of the boundary surface.
To ensure that

PNcon
i=1

(k+1)

di

= xmax
− xmin
2
2 , i.e. the sum of the widths of all

constraints remains unchanged after adding the new constraint, the elements
of d(k+1) are computed as follows:

(k+1)
di

:=


(k)



γdi ,

γd0 ,



γd(k) ,
i−1

if i < i0
if i = i0

(3.46)

if i > i0 ,

where γ ∈ R+ is a scaling coefficient defined as

γ :=

xmax
− xmin
2
2
.
xmax
− xmin
+ d0
2
2

(3.47)

This procedure corresponds to block A in Figure 3.10.

3.3.4 Construction of Linear Constraints
To construct linear constraints, first the parameters of the intersection lines are
obtained. For Ncon linear constraints there are in total Ncon + 1 intersection
lines. The outermost (first and last) intersection lines are straightforward to
compute because they are given by either the boundary lines or points on the
boundary surface corresponding to the vertices of V used in (3.42) and (3.43).
The procedure for computing all other intersection lines is given below.
Since the projections of these lines onto the (x1 , x2 ) plane are parallel to
the x1 axis and any two adjacent lines lie in the same plane, all intersection
lines are also parallel to each other and thus have the same direction vector



(see Figure 3.11a). In the space of triples x1 , x2 , θij this vector is defined as

p := [1, 0, η]. Here, η ∈ R is the slope of the projection of p onto the (x1 , θij )
plane. The value of η is selected such that the approximation error is reduced.
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Consider the k -th intersection line with k ∈ {2, . . . , Ncon } and the curve
obtained by intersecting the upper part of the boundary surface with a vertical
plane containing this line. An example of such a curve is shown in Figure 3.5b.
Since both the curve and the line are parallel to the x1 axis, all points on the
curve and the line have the same value of x2 denoted by xk2 , which is given by

xk2 := xmin
+
2

k−1
X

dl ,

(3.48)

l=1

where d is the vector of constraints’ widths. To reduce the approximation error, the intersection line has to serve as a good linear approximation of the
boundary curve. This can be achieved by making the intersection line parallel
to the line connecting the end points of the curve, which lie on the edges of
max,k
V . The values of x1 at these end points are denoted by xmin,k
and x1
. For
1

different intersection lines, the slopes of the lines connecting the ends of the
corresponding curves are different. Therefore, the slope η of the direction vector’s projection onto the (x1 , θij ) plane is selected to be the weighted average
of these slopes:
NP
con

η :=

k=2





+
+
θ̄ij
xmax,k
, xk2 − θ̄ij
xmin,k
, xk2
1
1
xmax,k
− xmin,k
1
1
NP
con
ξk

ξk
,

(3.49)

k=2
max,k
where ξk := (x1
− xmin,k
)2 is the weight coefficient proportional to the
1

length of the segment of intersection line projection onto the (x1 , x2 ) plane
bounded by V . These weights are chosen to improve the approximation accuracy because longer line segments approximate larger parts of the boundary,
thus it is important that they be a good approximation of the corresponding
boundary curves.
Once the direction vector has been obtained, one has to find a point through
which each intersection line passes in order to uniquely define it. Clearly, the
segments of these lines whose projections belong to V must lie inside S in the
case of inner approximation and outside it for the outer approximation. To
ensure that the approximation is as tight as possible, the line must touch the
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surface at a point in S . Due to the properties of the boundary curvature along
the x1 axis, for the outer approximation this point is at the boundary of V , i.e.
min,k

either (x1

+ min,k
+ max,k
, xk2 , θ̄ij
(x1
, xk2 )) or (xmax,k
, xk2 , θ̄ij
(x1
, xk2 )). For the in1

ner approximation, this point corresponds to a point in which the line tangent
to the boundary surface is parallel to the direction vector of intersection lines.
The x1 coordinate of this point can be obtained by solving the following onevariable equation:


+
∂ θ̄ij
x1 , xk2
= η,
∂x1

(3.50)

∗,k

whose solution is denoted by x1 . Equation (3.50) is solved using the NewtonRaphson method or the bisection method if the Newton-Raphson fails to converge. Both methods are computationally efficient since the equation has a sin∗,k

∗,k

+
gle variable. Then the point on the boundary surface is (x1 , xk2 , θ̄ij
(x1 , xk2 )).

Using this point and the direction vector, it is trivial to compute the parameters
of the corresponding intersection line.
The algorithm then computes the plane normals and offsets from the intersection lines. For the inner approximation, the planes are guaranteed to be
inside S as long as all intersection lines are inside it. For the outer approximation, it does not suffice to ensure that the intersection lines are outside of

S . Therefore, the planes are shifted outwards without changing their normals.
Due to the properties of S , the planes are guaranteed to be outside S if they
are outside it at the edges of V , i.e. when (3.36) and/or (3.37) is binding. To
reduce the approximation error, each plane must touch the boundary of S at
one point, which is obtained by solving a one-variable problem similar to (3.50)
with the Newton-Raphson or bisection methods. These points are then used
to recompute the plane offsets.

3.3.5 Error Estimation
The approximation error is used as the stopping criterion in the algorithm.
To increase the computational efficiency, the true error defined in (3.39) is replaced with an estimate. The algorithm first estimates the errors εi associated
with the individual planes and then computes the overall approximation error
as maxi εi . The individual errors are also used for adjusting the projections
of the intersection lines onto the (x1 , x2 ) plane. The estimation procedure is
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based on the properties of the boundary surface of S and depends on whether
the approximation is conservative or relaxed.
In the case of inner approximation, the points on the intersection lines have
smaller errors than the points between them. Therefore, for each plane the
algorithm constructs the line segment that lies in the middle of the plane, is
parallel to the intersection lines and is bounded by the edges of V . The error
associated with the plane is estimated as the maximum of the errors at the end
points of the constructed line segment.
In the outer approximation, the points on the intersection lines have higher
errors than the points between them. Therefore, the algorithm first estimates
the errors associated with the intersection lines, with each estimate being the
maximum among the errors at the end and middle points of the corresponding
line segment. The overall approximation error is the maximum among the
error estimates for all intersection lines. The error associated with each plane
is computed as the average of the errors for the two intersection lines belonging
to it. This is done because the adjustment of the intersection lines’ projections
is based on the relative rather than absolute values of the errors associated with
the individual planes. Therefore, for each plane it is important to provide the
error that better reflects its approximation quality compared to other planes.

3.4 Implementation
The proposed algorithm was implemented in the C programming language in
the form of a standalone library called LineFlow. Special care was taken to increase the efficiency and robustness of the algorithm. Since the algorithm does
not rely on any external packages, the library does not have dependencies and
can be built on any machine that has a C compiler. The library was made opensource and is available on Github1 . In addition, two Matlab wrapper functions
were developed. The first function constructs the linear approximation of a
single line flow constraint, which can be used for a detailed analysis of the approximation accuracy. The second function constructs a sparse matrix and a
vector that represent the linear approximation of all line flow constraints in
the system. This approximation can be used in the OPF problem instead of the
1

https://github.com/dmitry-shchetinin/LineFlow
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original nonlinear line flow constraints, for instance by customizing the problem formulation in MATPOWER [89]. In addition, the source code of LineFlow
is included in PFNET2 , which is a library for modeling and analyzing power
networks, and constructing related optimization problems.

3.5 Experiments
This section presents the results of numerical experiments. First, the experimental setup is described, followed by the analysis of the validity and accuracy
of constructed linear approximations as well as their impact on the solution of
the OPF problem.

3.5.1 Experimental Setup
Numerical experiments were carried out using test cases available in PGLib
v18.08 archive [90] and NESTA v0.5.0 archive [91], which contain steady-state
system models in the MATPOWER format. For each system in these archives,
three test cases representing different types of operating conditions are available: with normal, congested, and small branch angle difference conditions.
To assess the approximation accuracy, all branches with unique parameters
were extracted from these test cases. In total, there were 79493 such branches.
For each of them, the limits on the bus voltage magnitudes were extracted
from the parameters of the corresponding buses. For a detailed analysis of
the impact of line flow constraints’ linearization on the solution of the OPF
problem, 29 large-scale systems (from 1354 to 13659 buses) were considered.
Table 3.1 presents their overview. For each of these systems, cases with normal, congested, and small angle difference conditions were used. However, 8
test cases with congested operating conditions were rejected by MATPOWER
preprocessing routines. In addition, case ‘nesta_case1397sp_eir__sad’ was not
included because all considered solvers failed to find a feasible point for this
test case. Hence, in total 78 test cases were considered. Note that for system
‘pglib_opf_case10000_tamu’, only 80% of the branches contained known values of thermal limits, whereas for all other systems the values of thermal limits
were given for all branches.
2

https://github.com/ttinoco/PFNET
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Case Name
Buses
pglib_opf_case1354_pegase† 1354
nesta_case1394sop_eir
1394
nesta_case1397sp_eir?
1397
nesta_case1460wp_eir
1460
pglib_opf_case1888_rte
1888
pglib_opf_case1951_rte†
1951
pglib_opf_case2000_tamu
2000
nesta_case2224_edin
2224
pglib_opf_case2316_sdet
2316
pglib_opf_case2383wp_k
2383
pglib_opf_case2736sp_k
2736
pglib_opf_case2737sop_k
2737
pglib_opf_case2746wop_k
2746
pglib_opf_case2746wp_k
2746
†
pglib_opf_case2848_rte
2848
pglib_opf_case2853_sdet†
2853
†
pglib_opf_case2868_rte
2868
pglib_opf_case2869_pegase† 2869
pglib_opf_case3012wp_k
3012
pglib_opf_case3120sp_k
3120
pglib_opf_case3375wp_k
3375
pglib_opf_case4661_sdet
4661
pglib_opf_case6468_rte
6468
pglib_opf_case6470_rte
6470
pglib_opf_case6495_rte
6495
pglib_opf_case6515_rte
6515
†
pglib_opf_case9241_pegase
9241
pglib_opf_case10000_tamu* 10000
pglib_opf_case13659_pegase† 13659

Generators
260
235
244
285
290
366
432
394
427
327
270
219
431
456
511
819
561
510
385
298
479
724
399
761
680
684
1445
1937
4092
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Branches
1991
1853
1857
1924
2531
2596
3206
3207
3017
2896
3269
3269
3307
3279
3776
3921
3808
4582
3572
3693
4161
5997
9000
9005
9019
9037
16049
12706
20467

†

Test case with congested operating conditions was rejected by
MATPOWER preprocessing routines.
*
80% of branch thermal limits were given.
?
Case with small angle difference conditions was not included.
Table 3.1: Overview of test systems for analyzing impact of linear line flow
constraints on solution of OPF problem.
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The OPF problem was solved in MATPOWER v6.0. Four state-of-the-art NLP

solvers were used: IPOPT v3.12.6, KNITRO v11.0.0, SNOPT v7.2, and MIPS
v1.2.2. A short description of each of them is given below:

• IPOPT (Interior Point OPTimizer) is an open-source interior-point solver
that uses filter line search and includes a feasibility restoration phase [92].
IPOPT can benefit from the exact Hessian information, although it has several Hessian approximation methods. The employed line search promotes
global convergence. The core code is written in C++ and there are interfaces
to several external packages for solving linear systems. In this work, MA57
package is used [93].
• KNITRO (Nonlinear Interior point Trust Region Optimization) is a versatile commercial NLP solver that includes both interior-point and active set
methods [94]. It can choose an appropriate solution method based on the
problem at hand. For the OPF problem, the interior-point algorithm is used,
which is based on trust regions and a merit function to promote convergence. The core code is written in C and there are interfaces to several external packages for solving linear systems. In this work, the default KNITRO
linear solver is used.
• SNOPT (Sparse Nonlinear OPTimizer) a commercial solver that implements a sparse active set sequential quadratic programming method [95]. It
uses quasi-Newton approximations of the Hessian in the quadratic programming subproblem and an augmented Lagrangian merit function to obtain
the search direction. It is most efficient if only some of the variables enter
nonlinearly or many constraints are active at the solution. The core code is
written in Fortran.
• MIPS (MATPOWER Interior Point Solver) is an open-source solver based
on a primal-dual interior-point algorithm [96]. It uses a simple line search,
which makes it fast but only locally convergent. The core code is written
in MATLAB and there are interfaces to several external packages for solving
linear systems. In this work, the default MATLAB method for solving linear
systems is used.
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Since the standard MATPOWER distribution does not contain an interface to
SNOPT, it was developed to allow a fair comparison of the results. All solvers
were provided with the first and, if required, second derivatives of the objective
function and constraints. Note that tuning the solver parameters to achieve the
best possible performance is outside of scope of this work, which is why the
default options were used for each solver. The maximum allowed computation
time for solving a problem instance was set to 30 minutes for IPOPT and KNITRO, and 5 hours for SNOPT as it was found to be a slower solver. For MIPS,
no time limit was set as it converged or failed quickly. The computer used for
performing all experiments was a four-core PC with Intel®CoreTM i7 CPU, 2.80
GHz, 32 GB of RAM, and running the operating system Windows 8.1.

3.5.2 Validation of Results of Approximation Algorithm
To better understand the results produced by the approximation algorithm, a
number of visual examples are provided. Figure 3.12 and Figure 3.13 show the
boundary of the feasible set of line flow constraint (3.10) and its inner and outer
approximations for the branch whose one end is connected to a generator bus
with constant voltage magnitude. In this case, the boundary is represented by
a nonlinear curve and its linear approximation is a set of lines. One can see
that the constructed lines closely matched the shape of the boundary curve
and that a higher thermal limit led to a less nonlinear curve, which required
fewer approximation lines to achieve the desired accuracy. It is clear that for
the given example the approximation error can be made arbitrarily small by
increasing the number of approximation lines. Since each branch has two line
flow constraints: at the beginning and at the end, both of them have to be
approximated. As mentioned before, the algorithm constructs both approximations and then only retains their parts that are relevant for the intersection
of the feasible sets of (3.10) and (3.11). Figure 3.14 provides an example of this,
which shows that such a strategy helped reduce the resulting number of linear
constraints per nonlinear constraint by half.
Figures 3.15-3.17 present the results of the same experiments for the branch
whose both ends are connected to buses with variable voltage magnitudes.
Similar conclusions can be made from these figures with the exception that
the approximation error cannot be made arbitrarily small because of the nonconvexity of the feasible set. Note that the perceived intersections of the con-
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(a) Inner
(b) Outer
Figure 3.12: Approximation for branch with small thermal limit when voltage
magnitude at one bus is fixed.

(a) Inner
(b) Outer
Figure 3.13: Approximation for branch with high thermal limit when voltage
magnitude at one bus is fixed. Only upper part of boundary is shown.

(a) Inner
(b) Outer
Figure 3.14: Approximation for both ends of the branch for branch with small
thermal limit when voltage magnitude at one bus is fixed.
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(a) Inner
(b) Outer
Figure 3.15: Approximation for branch with small thermal limit when voltage
magnitudes at both buses are variables.

(a) Inner
(b) Outer
Figure 3.16: Approximation for branch with high thermal limit when voltage
magnitudes at both buses are variables. Only upper part of boundary is shown.

(a) Inner
(b) Outer
Figure 3.17: Approximation for both ends of the branch for branch with small
thermal limit when voltage magnitudes at both buses are variables.
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Figure 3.18: Average difference between approximation error εest estimated
by proposed algorithm and approximation error εsmp obtained by sampling
method. Comparison was performed for all considered branches and different
values of desired approximation error εmax .

structed linear constraints with the boundary surface are due to the limitations
of MATLAB visualization capabilities.
The approximation algorithm is designed to construct either strictly inner or
outer approximation of the line flow constraint. To validate this, the following
procedure was used for each of 79493 test branches and ten different values
of the desired approximation error (from 1% to 10%). First, the projection of
the constructed polyhedron P onto the (Vi , Vj ) plane, denoted by Pv , was
computed. Then, 10000 uniformly distributed points (Vi , Vj ) that belong to

Pv ∩V were generated. In each of these points, the values of θij at the boundary
of S and at the boundary of P were obtained and compared to each other.
For the upper part of the boundary surface, every point on the boundary of S
should be above the corresponding point on the boundary of P for the inner
approximation and below it for the outer approximation. For the lower part of
the boundary surface, the opposite must hold. The obtained results confirmed
that the constructed approximation was indeed conservative/relaxed for all
considered test branches and desired approximation errors.
Since the developed algorithm only estimates the true approximation error,
the quality of this estimate was assessed. This was done using the sampling
technique described above. For each generated pair of (Vi , Vj ), the approxi-
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(a) Average number of linear
constraints per nonlinear one
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(b) Percentage of branches with actual
error ε smaller than εmax

Figure 3.19: Impact of desired maximum error εmax on approximation.

mation error was obtained by computing the absolute value of the difference
max
between Iij
and the value of Iij at the corresponding point at the boundary

of P . The maximum among these errors for all pairs of (Vi , Vj ) was calculated
and compared to the error estimate obtained by the algorithm. Figure 3.18
shows the difference between these errors for all considered branches and different values of εmax . One can see that this difference ranged from 0.005%
to 0.01% for the inner approximation and from 0.015% to 0.03% for the outer
approximation. Hence, the developed algorithm was able to produce a highquality error estimate that was orders of magnitude smaller than the approximation error itself.

3.5.3 Analysis of Constructed Linear Approximation
Next, a number of experiments were conducted to assess the accuracy of the
constructed linear approximation using all 79493 branches with unique parameters extracted from the considered test cases. Figure 3.19 shows the impact
of the desired approximation accuracy on the constructed approximation. As
the maximum desired error εmax increased, the average number of linear constraints per nonlinear constraint needed to achieve εmax decreased, from 18 for
2% error to 6 for 15% error. Due to the non-convexity of the line flow constraint,
it was not always possible to achieve the desired approximation accuracy. As
can be seen from Figure 3.19b, while the 2% desired error was achieved for
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(a) Percentage of branches with
different values of Ncon

(b) Percentage of branches with actual
error ε smaller than given error ε0

Figure 3.20: Parameters of approximation for 5% desired error.

roughly half of the branches, the 5% error was achieved for 99% and 97% of the
branches in the case of inner and outer approximation, respectively. For this
reason, the approximation with εmax = 5% was used in the OPF problem.
More detailed statistics on the parameters of the linear approximation for
max

ε

= 5% for all considered branches is presented in Figure 3.20. As can be

seen, most branches required 12 constraints for the inner approximation and
14-18 constraints for the outer approximation. While for almost all branches
the desired accuracy was achieved, for certain lines it was impossible to bring
the error below 30%. High approximation errors were mainly caused by the
loose limits on Vi and Vj since for some branches they were allowed to vary

±50% around their nominal values. It was also observed that 3-4 adjustments
of the intersection lines’ projections onto the (x1 , x2 ) plane sufficed to almost
equalize the errors associated with individual linear constraints. This helped
achieve the desired approximation accuracy with fewer linear constraints.
To analyze the impact of the voltage bounds on the approximation quality,
two experiments were performed. In each of them, the bounds on bus voltage
magnitudes for all branches were changed to (1 ± 4V ) p.u., where 4V was
varied from 0.05 to 0.1. In the first experiment, the desired approximation error

εmax was set to 5% and the average number of constructed linear constraints
per nonlinear constraint was recorded. The obtained results are presented in
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(a) Average number of constructed
linear constraints per nonlinear for
5% desired approximation error
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(b) Average approximation error ε
when 10 linear constraints are constructed per nonlinear

Figure 3.21: Impact of bus voltage magnitude range on approximation. Lower
and upper bounds on voltage magnitudes at both buses are defined as 1±4V .

Figure 3.21a, which shows that the looser the voltage bounds became, the more
linear constraints were required. In the second experiment, the number of
constructed constraints was set to 10 and the average resulting approximation
error was measured. As one can see from Figure 3.21, the error ranged from
2.7(3.5)% for 4V = 0.05 to 4.2(5.8)% for 4V = 0.1 in the case of inner(outer)
approximation. These results demonstrate that it was possible to achieve a
high approximation accuracy for the ranges of bus voltage magnitudes deemed
acceptable in normal system operation.
Lastly, the computational efficiency of the proposed algorithm was analyzed.
Figure 3.22a shows the average time required to approximate one nonlinear
constraint for different values of the desired approximation error εmax . Naturally, as the desired approximation accuracy increased, so did the computation
time because more linear constraints had to be constructed. However, the obtained results demonstrate that the developed algorithm was efficient for all
considered values of εmax as it needed on average only 0.05-0.25 milliseconds
per nonlinear constraint. Figure 3.22b shows sorted construction times for all
considered branches for εmax = 5%. One can see that for virtually all branches
the approximation was constructed in less than 0.5 milliseconds and the maximum computation time was under 5 milliseconds. Note that even though the
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(a) Impact of desired approximation
error εmax on average time required
to approximate one constraint

(b) Approximation time for each
branch for desired approximation
error εmax = 5%

Figure 3.22: Computational efficiency of approximation algorithm.

approximation algorithm was implemented in C, the higher level testing was
carried out in MATLAB, which negatively affected the obtained computation
times. These times would be smaller if the testing had also been implemented
in a lower level programming language. In addition, the time needed to approximate all line flow constraints in the OPF problem can be further reduced
by processing individual constraints in parallel.

3.5.4 Impact of Linearizing Line Flow Constraints on OPF
For a detailed analysis of the impact of linearizing line flow constraints on the
solution of the OPF problem, fifteen test cases were selected (see Table 3.2
for the case names). Five of them represented normal operating conditions,
another five represented congested operating conditions (‘api’), and last five
represented small angle difference operating conditions (‘sad’). The inner and
outer approximations of line flow constraints were constructed for all fifteen
test cases. The desired approximation error of 5% was used for each system
and approximation type. For each branch, the approximations of the line flow
constraints at both ends were constructed and then only the linear constraints
relevant for the intersection of the two feasible sets were retained. This helped
reduce the total number of constructed constraints roughly by half. Table 3.2
presents the number of constructed linear constraints relative to the number
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Case

4Cost, %

I.
1354_pegase
0.31
1394sop_eir_api 0.15
1951_rte_sad
0.06
2224_edin_api
0.29
2316_sdet
0.04
2746wop_k_api 0.00
2853_sdet_sad
0.04
3012wp_k
0.05
4661_sdet_sad
0.09
6468_rte
0.00
6495_rte_api
0.57
6515_rte_sad
0.31
9241_pegase_sad 0.04
10000_tamu_api 0.34
13659_pegase
0.01

O.
-0.86
-0.53
-0.06
-0.58
-0.17
0.00
-0.25
-0.11
-0.25
-0.16
-0.79
-3.81
-0.12
-1.00
-0.02

lin
Ncon
nlin
Ncon

I.
5.2
7.0
4.6
4.6
6.6
6.7
6.4
6.7
6.9
3.7
3.9
3.9
4.0
5.4
3.1

O.
6.8
8.4
5.0
4.9
9.4
8.7
9.4
8.8
9.9
3.8
4.0
4.0
4.7
7.2
3.2

Construct.
time, s
I.
O.
0.13 0.40
0.30 0.49
0.15 0.35
0.20 0.48
0.37 1.18
0.46 0.93
0.31 1.06
0.44 1.16
0.69 2.32
0.36 0.62
0.37 0.60
0.40 0.70
0.65 1.13
1.16 3.44
0.33 0.52

Violations
of I max
I.
O.
0
39
0
69
0
7
0
76
0
91
0
3
0
315
0
8
0
134
0
6
0
83
0
45
0
27
0
403
0
106
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Violation
max., %
I.
O.
0
4.6
0
6.4
0
4.0
0
4.3
0
4.7
0
1.4
0
4.9
0
4.2
0
4.7
0
7.9
0
8.4
0
8.8
0
4.3
0
4.9
0
3.9

Table 3.2: Construction of inner (I.) and outer (O.) linear line flow constraints
nlin
and their impact on OPF solution. Ncon
is the total number of original nonlin
linear line flow constraints and Ncon is the total number of their constructed
linear approximations.

of original nonlinear line flow constraints and the construction time for each
system. One can see that the resulting number of linear constraints was 3-10
times the number of nonlinear constraints, depending on the system. However,
despite a high number of produced linear constraints, the construction time
was low for all systems.
Table 3.2 also shows the impact of the inner and outer approximation on the
solution quality. Since the inner approximation reduced the feasible set, it led
to an increase in the cost function value compared to the case with the exact
nonlinear constraints. Naturally, no thermal limits were violated at the solution of the problem with inner approximations of the line flow constraints. On
the other hand, the outer approximation increased the feasible set, which resulted in a lower objective function value. This came at a cost of violating some
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thermal limits at the obtained solution. For several systems, the maximum violation was higher than 5% because the branches with binding thermal limits
were also the ones for which it was impossible to achieve the desired approximation accuracy. However, the approximation generally only had a marginal
influence on the objective function value. Note that the OPF results in Table II
were obtained with IPOPT. However, it was observed that whenever more than
one solver converged for a particular test case, the obtained solutions were the
same across the solvers.
Next, the impact of the linearization of line flow constraints on the reliability
and computation time of the NLP solvers was analyzed using IPOPT, KNITRO,
SNOPT, and MIPS. Each test case was solved by all solvers using the formulations with exact constraints and their inner and outer approximations. Since
the OPF problem is non-convex, the choice of an initial point can play an important role in the solvers’ performance. Two initial points were considered for
each optimization problem: flat start and warm start. The flat start was defined
as a point at which all variables were in the middle between their lower and upper bounds. Hence, all voltage magnitudes were (almost) equal to one and all
phase angles were equal to zero. The warm start was defined as the solution
of the power flow problem for a particular generation dispatch provided in the
MATPOWER data structure3 . The summary of the results is presented in Table
3.3 for the flat start and Table 3.4 for the warm start. Note that the computation
times for the problems with linearized line flow constraints include the time
spent on the linearization.
One can see that MIPS was the least reliable solver, followed by KNITRO.
Both SNOPT and IPOPT were more reliable but SNOPT was the slowest solver,
with its computation time growing quickly with the system size. IPOPT, MIPS,
and KNITRO showed similar results in terms of the computation time. The
RTE systems represented hard test cases for all solvers, especially when the flat
start was used as the initial point. The linearization of line flow constraints
significantly increased the reliability of all solvers except MIPS, particularly for
the flat start. Moreover, the convergence became less affected by the starting
3
The solution of the power flow problem was obtained by the MATPOWER power flow solver
with the default parameters. If for a particular test case the power flow problem could not be solved,
the generation dispatch was perturbed until the solver successfully converged to an operating
point satisfying the power balance equations.

1354_pegase
1394sop_eir_api
1951_rte_sad
2224_edin_api
2316_sdet
2746wop_k_api
2853_sdet_sad
3012wp_k
4661_sdet_sad
6468_rte
6495_rte_api
6515_rte_sad
9241_pegase_sad
10000_tamu_api
13659_pegase

IPOPT
Exact Inner
1.2
2.1
2
3.3
—
6.9
2.2
3.4
2.1
4.9
0.7
2.2
4.8
6.9
3.7
5.7
9.7
14.7
—
54.7
—
38.3
—
48.7
115
33.1
35.2
70.6
294
43.1

Outer
3.2
4.3
11.5
3.7
6.7
2.6
9.6
7.6
21.4
71.3
31.1
36.3
33.9
92.5
43.6

KNITRO
Exact Inner Outer
1.6
2.9
3.2
—
3.2
3.3
—
9.2
21
3.2
8.4
9.4
1.8
4.7
6.8
1.9
5.8
8
3.2
31.6
1465
2.8
8.4
11.8
7.2
—
126
—
30.8
91.6
—
—
—
—
197
250
22.7
42.9
47.7
102
192
301
46.8
73.8
64.1

SNOPT
Exact Inner
27.5
12
18.4
20.3
22.3
25.8
39
70.1
63.8
83.2
12.8
23.5
—
279.4
37.3
29.5
1662
843
327
178
3770
453
544
241
3202 1170
—
2937
3931 5390

Outer
16.3
20.4
26.6
53.1
150
35
285
39
650
216
470
271
2250
2079
5187

MIPS
Exact Inner Outer
2.1
2.3
2.9
1.6
2.5
2.8
—
—
—
3.5
4.1
4.3
3.6
3.5
5
1.3
1.9
2.2
5.7
7.1
10.9
4.1
5.2
6.2
14.9
16.8
19.9
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
—
40.2
—

bold - Problem with linear line flow constraints was solved faster than with original nonlinear constraints.
— - Solver failed to converge.
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Table 3.3: Computation times of considered solvers in seconds when solving OPF problem from flat start.
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Case

Outer
2.7
2.7
3.2
4
4.9
2.7
9.7
5.3
18
9.9
11.5
14.6
33.2
45
37.1

KNITRO
Exact Inner Outer
1.6
2.5
2.8
—
2.6
2.8
—
9.7
11.3
1.7
4.1
4.4
1.9
4.8
7.2
1.1
2.4
3.7
3.1
—
1227
3.2
29.4
10.7
6.5
295
87.6
11.1
21
47.6
8
33.4
180
12.4 1320
29.5
—
40.2
41.9
13.5
37.3
94.4
—
90.8
79.5

SNOPT
Exact Inner
12.8
6
30.1
11.9
9.2
11.2
24.8
38.6
44.9
65.5
9.7
24.4
—
68.5
29.8
22.8
—
263
107
107
2672
338
124
190
4517 1661
2396 1309
1973 6796

Outer
7.8
15
12.1
50.2
76.4
31.8
187
29.3
918
98.3
255
169
1735
1425
3954

MIPS
Exact Inner Outer
—
2.4
2.9
2.2
2.4
3.4
2.4
2.6
2.8
3.7
4.1
4.4
2.7
3.9
5.6
—
1.9
2.6
5.1
7.5
9.7
3.4
5.7
6.7
10.6
17.1
20.6
14.5
12.1
12.9
16
17.7
14.9
16.8
17.7
13.7
—
—
—
21.5
—
34.6
—
—
37.7

bold - Problem with linear line flow constraints was solved faster than with original nonlinear constraints.
— - Solver failed to converge.
Table 3.4: Computation times of considered solvers in seconds when solving OPF problem from warm start.
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1354_pegase
1394sop_eir_api
1951_rte_sad
2224_edin_api
2316_sdet
2746wop_k_api
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3012wp_k
4661_sdet_sad
6468_rte
6495_rte_api
6515_rte_sad
9241_pegase_sad
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IPOPT
Exact Inner
1.7
2.6
0.8
2.1
3.9
2.8
2.4
3.7
1.7
3.6
0.7
2.2
4.5
7
2.6
5.8
10.2
13.8
8.2
9.7
35.2
11
18
13.6
29.1
29.8
14.3
31
57.3
39.4
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Start

IPOPT
KNITRO
SNOPT
MIPS
E.
I.
O.
E.
I.
O.
E.
I.
O.
E.
I.
O.
FS 83.3 98.7 100.0 66.7 83.3 85.9 89.7 97.4 100.0 57.7 60.3 57.7
WS 100.0 98.7 100.0 87.2 93.6 98.7 94.9 98.7 98.7 83.3 89.7 93.6
Table 3.5: Percentage of successfully solved test cases when using exact nonlinear (E.) line flow constraints as well as their inner (I.) and outer (O.) linear
approximations, and starting from flat start (FS) or warm start (WS).

point. Since the warm start represented a good initial point, it helped improve
the performance of all solvers and reduced the impact of the linearization of
line flow constraints on the solvers’ efficiency.
To further analyze the impact of linearization on the solvers’ performance,
additional 63 large-scale test cases were used, thus making a total of 78 considered test cases and 1872 problem instances. Table 3.5 reports the percentages
of successfully solved cases, i.e. the cases for which the solvers converged to
a predefined level of numerical precision. Again, MIPS was the least reliable
solver as it converged only for 58% of the test cases using the flat start and 83%
of the cases using the warm start. This can be explained by the fact that MIPS
has a simple line search algorithm, which makes it only locally convergent. The
linearization of line flow constraints helped MIPS only for the warm start. KNITRO was slightly more reliable than MIPS but its reliability was significantly improved in the cases of inner and outer approximations of line flow constraints.
SNOPT and IPOPT demonstrated the best reliability across all approximation
types (exact, inner, outer) and starting points. IPOPT was also the only solver
that managed to solve all test cases with the exact line flow constraints using
the warm start. However, it struggled with RTE systems when using the flat
start and the exact line flow constraints. Replacing these constraints with their
approximations allowed IPOPT to solve all feasible test cases for both the flat
and warm starting points 4 . Overall, the linearization of line flow constraints
significantly improved the reliability of all employed state-of-the-art solvers
and helped IPOPT solve all considered feasible test cases.
4
Note that one test case, ‘pglib_opf_case2000_tamu__api’, was infeasible for the inner approximation of the line flow constraints, which is why IPOPT demonstrated 98.7% success rate in the
case of inner approximation.
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Solver

IPOPT
KNITRO
SNOPT
MIPS

Start

Flat
Warm
Flat
Warm
Flat
Warm
Flat
Warm

Linearization reduced
computation time
Cases, %
Speedup
I.
O.
I.
O.
20.3 18.5 33.9 41.4
31.2 21.8
1.5
1.6
6.4
4.2
10.8 12.8
3.1
1.5
5.3
7.5
50.0 45.7
3.6
3.3
42.5 42.5
3.6
3.2
7.0
0.0
1.1
—
17.7 20.6
1.2
1.2

Linearization increased
computation time
Cases, %
Slowdown
I.
O.
I.
O.
79.7
81.5
2.0
2.7
68.8
78.2
1.9
2.2
93.6
95.8
3.7
19.2
96.9
98.5
13.5 15.7
50.0
54.3
2.2
2.4
57.5
57.5
2.0
2.4
93.0 100.0
1.3
1.6
82.3
79.4
1.4
1.6

Table 3.6: Impact of linearization of line flow constraints on computation
times of solvers for inner (I.) and outer (O.) approximations.

The impact of linearization on the computation times for all 78 test cases
is presented in Table 3.6. One can see that the choice of the solver and starting point heavily influenced the number of cases for which linearization increased/reduced the computation time and the average speedup/slowdown.
When using the warm start and/or a case not challenging for the solvers, the
linearization of line flow constraints typically increased the computation time
1.5-2.5 times for all solvers except KNITRO. The reason for this is that replacing
the line flow constraints with their approximations increased the total number
of constraints of the optimization problem up to 7 times. However, for the hard
test cases the linearization helped reduce the computation time, particularly
for IPOPT when using the flat start. The results of KNITRO had a large variance
as it in general demonstrated unstable performance. Note that the results in
Table 3.6 were obtained only for those test cases for which both the formulation with the exact constraints and the formulation with their approximations
were successfully solved. Hence, although the linearization increased KNITRO
runtime, it also improved its reliability.
Finally, the impact of the linearization on the number of iterations required for each solver to converge was analyzed. The results are presented
in Table 3.7, which shows the percentage of cases for which linearization in-
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Solver

IPOPT
KNITRO
SNOPT
MIPS

Start

Flat
Warm
Flat
Warm
Flat
Warm
Flat
Warm

Linearization reduced
number of iterations
Cases, %
Speedup
I.
O.
I.
O.
32.8 27.7
1.7
1.8
64.9 71.8
1.5
1.4
10.6 14.6 10.0 7.5
16.9 25.4
2.0
1.5
82.4 84.3
8.9
9.1
83.6 80.8
6.9
8.0
27.9
9.5
1.0
1.0
22.6 27.0
1.1
1.1
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Linearization increased
number of iterations
Cases, %
Slowdown
I.
O.
I.
O.
67.2 72.3 1.2
1.3
35.1 28.2 1.2
1.2
89.4 85.4 2.1
7.0
83.1 74.6 8.1
8.1
17.6 15.7 2.2
3.0
16.4 19.2 6.9
5.3
72.1 90.5 1.2
1.3
77.4 73.0 1.3
1.3

Table 3.7: Impact of linearization of line flow constraints on number of iterations of solvers for inner (I.) and outer (O.) approximations.

creased/reduced the number of iterations and the average speedup/slowdown.
Comparing these values with the results in Table 3.6 reveals that for many test
cases a slower computation time for the OPF problem with linear constraints
was indeed due to a larger problem size rather than an increased number of
iterations. Hence, the linearization of line flow constraints of the OPF problem
did not negatively affect the convergence patterns of the considered solvers.
The presented results show that the linearization of line flow constraints
had a positive impact on the reliability of the considered NLP solvers while
only slightly affecting the optimal objective value of the OPF problem. IPOPT
demonstrated the best performance considering both its reliability and computation time. It was able to solve all feasible test cases with linearized line flow
constraints, with linearization leading to either a significant speedup or minor
slowdown compared to the formulation with the exact constraints. Hence, the
proposed approximation algorithm can potentially help system operators to
solve the OPF problem more reliably.

3.6 Conclusion
This chapter presented a computationally efficient algorithm for constructing
inner and outer linear approximations of the line flow constraints. The algo-
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rithm was implemented as an open-source library and is based on the properties of the feasible set of a line flow constraint, which was analyzed in detail. This set is non-convex but for realistic lines and operating limits it can
be closely approximated by several linear constraints. Incorporating the linear
constraints into the OPF problem instead of the original nonlinear constraints
helps reduce the problem complexity without compromising the quality of the
solution.
Numerical experiments demonstrated that hard large-scale optimization
problems with the linear line flow constraints can be solved more reliably by
all considered state-of-the-art NLP solvers. Despite an increase in the problem size, the computation time for these problems was reduced, particularly
when using the flat start as the initial point. The best-performing solver IPOPT
was able to solve all feasible test cases with linearized line flow constraints for
both the flat and warm starting points. In addition, an extensive analysis of the
approximation accuracy showed that it is possible to achieve a 5% approximation error for almost all realistic lines and operating limits. Since the proposed
approximation algorithm is applicable to any branch with constant parameters, constructed approximations of line flow constraints can be used in any
formulation of OPF problem with voltages expressed in polar coordinates.

Chapter 4
STRENGTHENING CONVEX RELAXATION
OF OPF PROBLEM

4.1 Background and Overview
While the performance of NLP solvers on the OPF problem can be improved
by changing the problem formulation or selecting a better starting point, there
are certain intrinsic drawbacks of non-convex optimization. The problem nonconvexity means that the point returned by an NLP solver is not guaranteed to
be a global optimum. Due to the size of the power industry, the added cost of
even slightly suboptimal operation can be significant. In addition, even globally convergent NLP solvers cannot always find a locally optimal or feasible
point of the OPF problem, which may negatively affect the ability of system
operators to control the grid. Moreover, if an NLP solver fails to converge, it is
impossible to establish whether this occurs because of the numerical difficulties encountered by the solver or the problem is infeasible. These drawbacks
have prompted the application of convex relaxations to the OPF problem.
Convex relaxations enclose the non-convex feasible space of the original
problem within a larger, convex space. Since typical objective functions of the
OPF problem are convex, applying convex relaxations to the OPF problem results in a convex optimization problem, which can be solved by efficient and
reliable numerical algorithms. The solution of a convex relaxation yields a
lower bound on the optimal objective value of the original problem (assuming
it is a minimization problem). It has been shown that this bound is tight for
certain test cases and grid topologies [33, 97], which means a globally optimal
75
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point of the original problem can be recovered from the solution of a relaxation. Another potential benefit of convex relaxations is that they can certify
an infeasibility of the original OPF problem. Indeed, if a convex relaxation is
infeasible, the original problem is guaranteed to be infeasible as well.
The most commonly used types of convex relaxations of the OPF problem
include semi-definite programming (SDP) [30], second-order cone (SOC) [31]
and quadratic convex (QC) relaxations [32]. SDP relaxations have attracted
substantial research interest after Lavaei and Low showed in [33] that these relaxations yield a globally optimal solution of the original problem for a number
of test cases. While they claimed that this would generally be the case for realistic systems, the authors in [98] provided several counterexamples in which an
SDP relaxation leads to physically meaningless solutions. Nevertheless, SDP
relaxations usually lead to a relatively small optimality gap, which is the difference between the optimal objective values of the original problem (obtained
by a local NLP solver) and a relaxation. Arguably the main drawback of SDP
relaxations is their high computational complexity, which makes it difficult to
apply them to large-scale systems. SOCP relaxations have a significantly lower
computational complexity but yield higher optimality gaps because they have
a larger feasible space [99]. In [32], Coffrin introduced the QC relaxation, which
augments a standard SOCP relaxation with extra constraints derived from the
bounds on variables. He showed that the QC relaxation is stronger than a standard SOCP relaxation and neither dominates nor is dominated by an SDP relaxation. Hence, the QC relaxation is an attractive alternative to an SDP relaxation
as it can provide similar results while having lower computational complexity.
For these reasons, this work focuses on the QC relaxation of the OPF problem.
Unfortunately, existing convex relaxations cannot guarantee the recovery of
an optimal solution or even a feasible point of the original OPF problem for arbitrary power systems. Since the solution of a relaxation is in general physically
meaningless, it cannot be implemented in the real system. This limits the adoption of convex relaxations of the OPF problem in industry. In order to make the
solution of a relaxation more useful, one has to improve the relaxation quality
by strengthening it, i.e. making it tighter. One way to strengthen a relaxation
is to add so-called valid inequalities, which are constraints that are redundant
for the original non-convex problem but can reduce the feasible space of a
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relaxation [43, 44, 45, 46]. While this can help improve the solution quality, generating some types of these inequalities may take considerable amount of time,
particularly for large-scale systems. Convex relaxations can also be strengthened by enforcing tighter bounds on variables. In [100], the authors use local
information such as individual bus injections or line flow limits to tighten the
bounds. The proposed procedure is computationally efficient but its effect is
limited because only some system elements are considered for tightening the
bounds on a particular variable. In [42, 43, 44], the authors choose a different
strategy and use the information of the entire system to tighten the individual
variable bounds. This helps produce tighter bounds but in order to tighten
each bound, one has to solve a convex optimization problem with a size of
the same order as the original OPF problem. While individual bounds can
be tightened in parallel, such an algorithm is computationally prohibitive for
large-scale grids.
This chapter proposes three computationally efficient methods for tightening bounds on differences of voltage magnitudes and phase angles across
branches. The first method tightens each bound using only the parameters of
the corresponding branch, resulting in a linear complexity with respect to the
total number of branches in the system. The other two methods tighten a particular bound by formulating a convex optimization problem that includes the
information of the entire system and admits a fast analytical solution. All three
methods complement each other and are highly parallelizable. Due to their low
computational complexity, these methods are applicable to large-scale grids
and can be used as a preprocessor prior to solving the QC relaxation of the OPF
problem. In addition, this chapter proposes several valid inequalities based
on voltage magnitude differences, trigonometric identities, and linearized line
flow constraints. These inequalities are easy to generate even for large-scale
grids and can be straightforwardly incorporated into the QC relaxation of the
OPF problem. The combination of the proposed bound tightening methods
and valid inequalities can help significantly improve the QC relaxation quality.
The remainder of this chapter is organized as follows. Section 4.2 provides
an overview of the QC relaxation. Section 4.3 describes the proposed techniques for tightening bounds on variables of the OPF problem and Section 4.4
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introduces the proposed valid inequalities. Section 4.5 presents the results of
numerical experiments and Section 4.6 provides the conclusion.

4.2 Quadratic Convex Relaxation
Consider a standard formulation of the OPF problem defined in (2.22). The
idea behind the QC relaxation is to replace the non-convex terms in problem
(2.22) by their convex envelopes using the known bounds on variables. This
will make the optimization problem convex at a cost of expanding its feasible space. Observe that constraints (2.22b)-(2.22c) are non-convex because
of the nonlinear terms Vi2 , Vi Vj sin θij , and Vi Vj cos θij . The bounds on variables that enter these terms, namely voltage magnitudes and phase angle differences, are imposed by system operators. If the bounds on a particular θij
are not known, they can be safely assumed to be ±π/2, which is a steady-state
limit. Hence, the feasible set of each of these nonlinear terms is compact and
can be replaced by its convex envelope. The expressions for these convex envelopes are given below.

4.2.1 Convex Envelopes of Nonlinear Terms
Formally, the convex envelope of set F is defined as the smallest convex set C
that contains all points in F : C ⊇ F . For a function f (x) on an interval x ∈


[xl , xu ], set F is defined as F := (x, f (x)) | xl ≤ x ≤ xu . Let us consider
the convex envelopes of each of the nonlinear terms mentioned above.
The convex envelope of the square of a variable is given by


x̌ ≥ x2
D E
x2 :=

x̌ ≤ xl + xu x − xl xu .

(4.1)

where xl , xu ∈ R. Thus, x2 can be replaced by x̌ ∈ R and two convex constraints defined in (4.1). Figure 4.1a presents a visual example with set F shown
in blue and its envelope C shown in light red.
The convex envelopes of Vi Vj sin θij and Vi Vj cos θij can be obtained by
combining and nesting the convex envelopes of bilinear terms and the convex envelopes of trigonometric functions. The convex envelope of the bilinear
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(b) Envelope of xy (lower bounds)

Figure 4.1: Convex envelopes of monomials.

term was proposed by McCormick in [101] and is defined as




xy
ˇ




xy
ˇ
hxyi :=


xy
ˇ




xy
ˇ

≥ xl y + y l x − xl y l
≥ xu y + y u x − xu y u
≤ xl y + y u x − xl y u

(4.2)

≤ xu y + y l x − xu y l .

where xl , xu , y l , y u ∈ R. An example of set F and lower bounds of its envelope

C are shown in Figure 4.1b.
The convex envelopes of sine and cosine functions are presented in [32]. Assuming that the magnitude of the argument of these functions does not exceed

π/2, their envelopes are given by


 m
 m

xm
x
x


x+
− sin
ˇ ≥ cos

sx
2
2
2
sin (x) :=
 m

 m
m

x
x
x


ˇ ≤ cos
x−
+ sin
,
sx

2
2
2

cos (x) :=





ˇ ≥ γc x − xl + cos(xl )
cx
1 − cos(xm ) 2

ˇ ≤1−
x ,

cx
2
(xm )

(4.3)

(4.4)
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(a) Envelope of sin x

(b) Envelope of cos x

Figure 4.2: Convex envelopes of trigonometric functions.

where xl ≥ −π/2, xu ≤ π/2, and coefficients xm ∈ R+ and γc ∈ R are
defined as

n
o
xm := max |xl |, |xu |
γc :=

cos(xl ) − cos(xu )
.
xl − xu

(4.5)
(4.6)

These envelopes are visualized in Figure 4.2 for the case of symmetric lower
and upper bounds on the function argument. In [43], the reader can find a
more detailed description of these convex envelopes and a tighter version of
(4.3) for particular values of bounds on the argument of the sine function. Note
that technically (4.3) and (4.4) are not convex envelopes because their sets C
are not the smallest possible convex sets enclosing F (see Figure 4.2). However,
using linear and quadratic bounds in (4.3)-(4.4) can be beneficial because optimization problems with linear and quadratic constraints can be solved more
efficiently than problems with general convex constraints.
Recently, different envelopes of Vi Vj sin θij and Vi Vj cos θij were proposed,
which are based on trilinear monomials [46]. While they can potentially have
a smaller feasible set C , their consideration is outside of the scope of this work.
Using the convex envelopes defined above, one can construct the QC relaxation of the OPF problem defined in (2.22).
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4.2.2 Problem Formulation
The QC relaxation of the AC OPF problem is formulated as:
minimize

X

PG ,QG ,V,θ,
i∈G
T,T S ,T C ,
S
C
W,W ,W

Ci (PGi )

(4.7a)

subject to Tij = Vi Vj ,

(i, j) ∈ L

(4.7b)

TijS

(i, j) ∈ L

(4.7c)

(i, j) ∈ L

(4.7d)

i ∈N

(4.7e)

(i, j) ∈ L

(4.7f)

(i, j) ∈ L

(4.7g)

i ∈N

(4.7h)

i ∈N

(4.7i)

PGmin
≤ PGi ≤ PGmax
,
i
i

i ∈G

(4.7j)

Qmin
Gi

i ∈G

(4.7k)

i ∈N

(4.7l)

(i, j) ∈ L

(4.7m)

(i, j) ∈ L

(4.7n)

(i, j) ∈ L

(4.7o)

(i, j) ∈ L,

(4.7p)

= sin θij ,

TijC

= cos θij ,
D E
Wii = Vi2 ,
D
E
WijS = Tij TijS ,
D
E
WijC = Tij TijC ,
X
X
PGk − PDi =
(Gij WijC +
j∈Ωi

k∈Gi

X

QGk − QDi

Bij WijS ) + Gii Wii ,
X
=
(Gij WijS −
j∈Ωi

k∈Gi

Bij WijC ) − Bii Wii ,
≤ QGi ≤

Qmax
Gi ,

Vimin ≤ Vi ≤ Vimax ,
min
θij

≤ θij ≤

max
θij
,

E 
2
2
max
Iij
(Vi , Vj , θij ) ≤ Iij
,
D
E 
2
2
max
Iji
(Vi , Vj , θij ) ≤ Iij
,

2 
2
WijS + WijC ≤ Wii Wjj ,
D

S
C
S
C
Here, Tij , Tij
, Tij
, Wii , Wij
, and Wij
represent the convex envelopes of Vi Vj ,

sin θij , cos θij , Vi2 , Vi Vj sin θij , and Vi Vj cos θij , respectively, which are de2
2
fined according to (4.1)-(4.4). The envelopes of Iij
and Iji
in (4.7n)-(4.7o) can
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S
C
be straightforwardly obtained by substituting Wii , Wjj , Wij
, Wij
into equa-

tions (3.3) and (3.4), and squaring their right-hand sides. Problem (4.7) includes extra variables and constraints compared to problem (2.22) because of
the incorporation of the convex envelopes into the formulation. Constraint
(4.7p), which is a rotated second-order cone, is added to strengthen the relaxation [32].
The advantage of problem (4.7) is that it is convex and thus can be solved
to global optimality using convex optimization techniques. However, its feasible space is larger than the feasible space of problem (2.22). Therefore, the
solution of (4.7) represents a lower bound on the value of the objective function of the original problem. This solution is in general physically meaningless,
i.e. it does not satisfy the power balance equations and cannot be directly implemented in the real system. To make this solution more useful, one has to
improve the relaxation quality by making it as tight as possible, which can be
achieved using two different approaches. The first approach is to make the convex envelopes in (4.7b)-(4.7g) tighter, which can be done by enforcing tighter
bounds on variables. The second approach is to add extra constraints to problem (4.7) that reduce its feasible space without eliminating any feasible points
of the original non-convex problem. The proposed bound tightening methods
and extra constraints are presented below.

4.3 Efficient Bound Tightening Methods
The bounds on variables can be tightened using the knowledge of the feasible set of the original problem or its relaxation. For instance, to tighten the
lower(upper) bound on a particular variable, one can solve the optimization
problem with the objective of minimizing(maximizing) this variable subject
to all or some constraints in the QC relaxation (4.7). This is the approach employed by the authors in [42, 43]. The bounds on all variables can be tightened
in parallel and then this procedure can be repeated iteratively until no further
tightening is possible. Clearly, the size of the optimization problem that needs
to be solved to tighten each bound is proportional to the size of the power
system (number of buses and branches) under consideration. Hence, this approach has a high computational cost and would require potentially thousands
of parallel processors for large-scale systems.
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This work presents three bound tightening methods that are computationally efficient even for large-scale grids and thus can be used as a preprocessor
before solving the convex relaxation of the OPF problem. These methods are
designed to tighten the bounds on differences of bus voltage magnitudes and
phase angles across branches. Phase angle differences enter convex envelopes
(4.3)-(4.4) as variables, thus tightening their bounds reduces the feasible set of
these envelopes. The bounds on voltage magnitude differences can be used to
add certain valid inequalities to the QC relaxation (see Section 4.4.2). In principle, one of the proposed methods can also be used for tightening the bounds
on bus voltage magnitudes. However, in practice these bounds are harder to
tighten as was experimentally shown in [42]. Therefore, the tightening of bus
voltage magnitudes is not explicitly considered in this work.
The first proposed method is based on the properties of the feasible set of
individual line flow constraints (2.22h)-(2.22i). The bounds on the difference
of phase angles and voltage magnitudes across each branch are tightened using only the corresponding line flow constraints at the beginning and end of
the branch. The procedure to tighten each bound is constant-time and the
overall computation time grows linearly with the number of branches in the
system. In the other two methods, the information of the entire system is used
to tighten a particular variable bound. The computational efficiency for these
two methods is achieved by formulating an optimization problem for tightening each bound in a way that admits a fast solution.
Several points should be noted before moving to the detailed description
of the proposed bound tightening methods. First, this work primarily focuses
on the computational efficiency, i.e. the presented techniques do not necessarily produce the tightest possible bounds. Second, the proposed methods
can be applied to the OPF problem with any objective function as they do not
depend on it. Lastly, while the QC relaxation (4.7) is considered in this work,
the developed techniques can potentially be used for any relaxation that utilizes the bounds on differences of phase angles and voltage magnitudes across
branches.

4.3.1 Method based on Feasible Set of Line Flow Constraint
The bounds on the phase angle and voltage magnitude differences for a given
branch can be obtained from the feasible set of its line flow constraint. The de-
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Figure 4.3: Example of boundary of feasible set of line flow constraint.

tailed analysis of this set is presented in Section 3.2. Here, only several relevant
properties are briefly stated. Recall that the current magnitudes at both ends
of branch (i, j) ∈ L, denoted by Iij and Iji , are given by

Iij (Vi , Vj , θij ) =
Iji (Vi , Vj , θij ) =

q
q



(4.8)


a2 Vi2 + a1 Vj2 − 2Vi Vj a3 sin θij + a4 cos θij ,

(4.9)

a1 Vi2 + a2 Vj2 + 2Vi Vj a3 sin θij − a4 cos θij

where coefficients a1 , a2 , a3 , a4 are defined in (3.5)-(3.8) for power lines and
have similar expressions for transformers. The values of Iij and Iji are conmax
strained to be below a given limit Iij
:
max
Iij (Vi , Vj , θij ) ≤ Iij

(4.10)

max
Iji (Vi , Vj , θij ) ≤ Iij
.

(4.11)

Since the feasible sets of constraints (4.10) and (4.11) have identical properties,
only the analysis of (4.10)
n is presented. Let I denote the feasible set ofoconmax
straint (4.10), i.e. I := (Vi , Vj , θij ) ∈ R2+ × R | Iij (Vi , Vj , θij ) ≤ Iij
. An
example of the boundary surface of I is presented in Figure 4.3.
0
It was shown that feasible set I is symmetric in θij with respect to θij
=

− arctan(a3 /a4 ). Hence, it suffices to analyze the upper part of I , i.e. the part
+
0
with θij ≥ θij
. The value of the phase angle difference θ̄ij
for a point on the
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upper part of the boundary surface can be expressed through Vi and Vj :
+
θ̄ij
(Vi , Vj )

= arccos

t
√
2 a1 a2

!


− arctan

a3
a4


.

(4.12)

where t is defined according to (3.13). The bounds on θij and Vij := Vi − Vj
can be obtained based on the analysis of (4.12).
Bounds on Voltage Magnitude Difference
Recall that all points (Vi , Vj ) that belong to the projection of the feasible set of
constraint (4.10) onto the (Vi , Vj ) plane must satisfy

−βij ≤ Vj − αij Vi ≤ βij ,

(4.13)

max √
a1 /a2 , βij := Iij
/ a2 . A similar condition can be derived
for all points (Vi , Vj ) that belong to the projection of the feasible set of constraint (4.11) onto the (Vi , Vj ) plane:

where αij :=

p

−βji ≤ Vj − αji Vi ≤ βji ,

(4.14)

√

max
where αji := 1/αij , βji := Iij
/ a1 . Using (4.13) and (4.14), one can con-

struct the following constraint:

γ l ≤ Vi − Vj ≤ γ u ,

(4.15)

where the values of γ l and γ u are obtained from αij , αji , βij , βji , and the
bounds on Vi and Vj as follows:
1. Select two lines that define the boundary of the intersection of the feasible
sets of (4.13) and (4.14). The equation of the first line is given by Vj =

α1 Vi + β1 and the equation of the second line is given by Vj = α2 Vi + β2 ,


where α1 := min αij , αji , α2 := max αij , αji , β1 := βij and β2 :=
−βji if αij ≤ αji , β1 := βji and β2 := −βij if αij > αji .
2. Check if each of these two lines intersects with set V , which represents the
set of pairs (Vi , Vj ) that satisfy the bounds on voltage magnitudes given
in (4.7l). The upper bound on Vij can be tightened only if the first line
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intersects with V , whereas the lower bound on Vij can be tightened only
if the second line intersects with V .

3. Compute the points at which each of the two lines intersects with the edge
of V given by Vi = Vimin and/or Vj = Vjmin . Let the coordinates of these
points be denoted by (Vi,1 , Vj,1 ) and (Vi,2 , Vj,2 ).



4. Compute the values of γ l and γ u as γ l = min Vi,1 − Vj,1 , Vi,2 − Vj,2



and γ u = max Vi,1 − Vj,1 , Vi,2 − Vj,2 .
Constraint (4.15) can be either directly added to the QC relaxation of the
OPF problem or used as a basis for constructing other valid inequalities. The
motivation behind using (4.15) instead of (4.13) and (4.14) is that for realistic
lines αij ≈ 1 and thus the feasible set of (4.15) is only slightly bigger than
the intersection of the feasible sets of (4.13) and (4.14). Clearly, adding one
constraint per branch to the QC relaxation instead of two results in a smaller
increase of the problem size and computation time.
Note that if branch (i, j) represents a transformer with an off-nominal tap
ratio tij , the values of coefficients αij , αji , βij are given by αij :=

p

a1 /a2 /tij ,
√
αji := a2 /a1 /tij , βij := Iij tij / a2 . The same procedure as described
above can be applied to obtain γ l and γ u in this case.
p

max

Bounds on Phase Angle Difference
2
It was provenh in Section
i 3.2 that for any pair of (Vi , Vj ) for which 4a1 a2 − t >
+
0
0, all θij ∈ θij
, θ̄ij
belong to set I . Then, the values of θij that belong to
u
I ∩ (V × R) are upper-bounded by the following limit θij
:

n
o
+
u
θij
= max θ̄ij
(Vi , Vj ) | (Vi , Vj ) ∈ V .

(4.16)

u
In order to compute θij
efficiently, let us use the properties of the boundary

of I . Consider a counterclockwise rotation of the axes Vi and Vj by angle ϕ =

p
arctan a1 /a2 . The new axes are denoted by x1 and x2 and their relation to
Vi and Vj is given in (3.27)-(3.28). In the new coordinate system, the following
+
property holds for θ̄ij
(x1 , x2 ):
+
∂ θ̄ij
(x1 , x2 )
≤ 0,
∂x1

∀(x1 , x2 ) ∈ Ix ,

(4.17)

θ
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𝑁𝑁𝑎𝑎𝑎𝑎𝑗𝑗
(b) Boundary surface

𝑁𝑁𝑎𝑎𝑎𝑎𝑗𝑗

max
𝑁𝑁𝑎𝑎𝑎𝑎𝑗𝑗

(c) Cross-section

Figure 4.4: Boundary in rotated coordinates and its cross-section along x1 axis.
𝑁𝑁𝑎𝑎𝑎𝑎𝑗𝑗

𝑁𝑁𝑎𝑎𝑎𝑎

monotonically decreases as the value of x1 increases. Figure 4.4 provides an
𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐
illustrative example of this for x2 = 0. In addition, the value of x2 for all points

𝑁𝑁𝑐𝑐𝑐𝑐

where Ix is the projection of I onto the (x1 , x2 ) plane. The proof of this state- max
𝑁𝑁
𝑁𝑁𝑐𝑐𝑐𝑐𝑐𝑐
+𝑐𝑐𝑐𝑐𝑐𝑐
ment is given in Appendix A. Hence, for any fixed x2 the value of θ̄ij
(x1 , x2 )

√
𝑉𝑉𝑖𝑖 (x1 , x2 ) ∈ Ix is bounded by |x2 | ≤ Iijmax / a1 + a2 .

𝑉𝑉𝑖𝑖max

m

m

√

max
These properties mean that for each x2 such that |x2 | ≤ Iij
/ a1 + a2 ,

the maximum value of θij for points in set I ∩ (V × R) is achieved at a point
(x1 , x2 ) that belongs to V and has the minimum value of x1 . Since the axes x1
and x2 represent the rotation of the axes Vi and Vj with angle 0 < ϕ < π/2,
the maximum of θij in I ∩ (V × R) occurs at Vi = Vimin and/or Vj = Vjmin .
u
Hence, θij
can be obtained by first solving
+
maximize θ̄ij
(Vi , Vjmin )
Vi

(4.18)

subject to Vimin ≤ Vi ≤ Vimax ,
then solving
+
maximize θ̄ij
(Vimin , Vj )
Vj

(4.19)

subject to Vjmin ≤ Vj ≤ Vjmax ,
u
and taking θij
to be the maximum of (4.18) and (4.19). The optimal solutions

of (4.18) and (4.19) can be obtained analytically from (4.12). Consider as an
example problem (4.18). Disregarding the bounds on Vi , the extremum of
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+
θ̄ij
(Vi , Vjmin ) is achieved at a point with zero gradient:
+
∂ θ̄ij
(Vi , Vjmin )
= 0.
∂Vi

(4.20)

Solving (4.20) for Vi yields point Vi∗ , which is given by

s
Vi∗ =

max 2
a2 (Vjmin )2 − (Iij
)
.
a1

(4.21)

+
Clearly, if Vi∗ ∈
/ [Vimin , Vimax ], θ̄ij
(Vi , Vjmin ) is a monotonic function of Vi in

interval [Vimin , Vimax ]. Hence, the optimal objective value of problem (4.18),
denoted by θVui , can be obtained as


θ̄+ (V ∗ , V min ), if V min ≤ V ∗ ≤ V max
i
j
i
i
i
ij n
o
θVui =
max θ̄+ (V min , V min ), θ̄+ (V max , V min ) , otherwise.
i
j
i
j
ij
ij

(4.22)

The optimal objective value of problem (4.19) is obtained analogously. Then
0
one can use the fact that I is symmetric with respect to θij
= − arctan(a3 /a4 )
l
u
and compute the lower bound on θij as θij
= −θij
− 2 arctan(a3 /a4 ). The

same procedure is repeated for the current constraint at the end of the line to
obtain the maximum range of θij from both (4.10) and (4.11).
One can see that tightening each bound takes constant time and only requires computing the values of several elementary functions of one variable.
Therefore, the computational complexity of this method is linear with respect
to the number of branches in the system. Naturally, the bounds on all θij can
be computed in parallel, which can reduce the computation time.

4.3.2 Method based on Convex Envelopes of Power Flows
In this method, each bound is tightened by solving an optimization problem
based on a convex relaxation of the feasible space of the power balance equations. Therefore, the core principle is similar to what is presented in [43] but
the proposed method has a lower computational complexity. This is achieved
by using different convex envelopes and formulating the optimization problem
for tightening each bound in a way that admits a fast analytical solution.
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(a) Envelope of x2
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(b) Envelope of xy

Figure 4.5: Proposed linear convex envelopes of monomials.

Proposed Convex Envelopes of Nonlinear Terms

As discussed in Section 4.2, one can convexify the OPF problem by replacing
the nonlinear terms in the power flow equations with their convex envelopes
based on (4.1)-(4.4). Consider a different version of (4.1)-(4.4), whereby each
envelope is linear and represents a parallelogram (for one-variable terms) or
parallelepiped (for two-variable terms). The proposed linear envelopes for the
square of a variable and the bilinear term are given by



l
u 2


x̌ ≥ xl + xu  x − x + x
D E
4
x2 :=


L

x̌ ≤ xl + xu x − xl xu ,


yl + yu
xl + xu
xl y l + xu y u


ˇ ≥
x+
y−
xy
2
2
2
hxyiL :=
l
u
l
u
l u


y +y
x +x
x y + xu y l

xy
ˇ ≤
x+
y−
.
2
2
2
Examples of these envelopes are shown in Figure 4.5.

(4.23)

(4.24)
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(a) Envelope of sin x

(b) Envelope of cos x

Figure 4.6: Proposed linear convex envelopes of trigonometric functions.

Assuming that the magnitude of the argument of sine and cosine functions
does not exceed π/2, their proposed envelopes are defined as

sin (x)

L

cos (x)


 m

 m

x
x
xm


ˇ ≥ cos
x+
− sin

sx
2
2
2
:=
 m

 m
m

x
x
x


ˇ ≤ cos
x−
+ sin
,

sx
2
2
2

(4.25)




cx
ˇ ≥ γc x − xl + cos(xl )
:=
 p

cx
ˇ ≤ γc x + arcsin(γc ) + 1 − γc2 ,

(4.26)

L

where xm and γc are defined according to (4.5) and (4.6), respectively. Figure
4.6 presents examples of these envelopes for the case of xl = −xu . Observe
that (4.25) is equivalent to (4.3). If xl ≥ 0 or xu ≤ 0, a tighter version of (4.25)
can be obtained, which is similar in form to (4.26) and not given here for the
sake of presentation simplicity.

Clearly, the linearity of proposed envelopes (4.23)-(4.26) means that they are
less tight than the envelopes defined in (4.1)-(4.4). However, such a formula-
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Table 4.1: Parameters of proposed convex envelopes.

βl

α
sin (x)

L

cos (xm )

cos (x)

L

γc

x2

L

xm cos (xm )− sin (xm ) −xm cos (xm )+ sin (xm )
p

−γc xl + cos xl
γc arcsin (γc )+ 1 − γc2

xl + xu

−

yl + yu
2
xl + xu
αy :
2
αx :

hxyiL

βu

−

(xl + xu )2
4

xl y l + xu y u
2

−xl xu

−

xl y u + xu y l
2

tion allows representing the linear envelope of a function f (x) as

f (x)

L

:=


x̌ ≥ αx + β l ,
x̌ ≤ αx + β u .

(4.27)

or alternatively

f (x)

L

:= αx + β, β l ≤ β ≤ β u .

(4.28)

where the values of coefficients α, β l and β u for considered convex envelopes
are given in Table 4.1, and β is referred to as the offset. Hence, each nonlinear function for the given interval of its argument is represented by a family of
linear functions with the bounded offsets. This representation is used to construct a linear relaxation of the feasible space of the power balance equations.
Bound Tightening Algorithm Based on Proposed Convex Envelopes
The system of power balance equations defined in (2.22b)-(2.22c) contains
nonlinear terms Vi2 for i ∈ N , Vi Vj sin θij and Vi Vj cos θij for (i, j) ∈

L. The term Vi2 can be directly replaced with its proposed linear envelope. The linear relaxations of Vi Vj sin θij and Vi Vj cos θij can be obtained
as hVi Vj iL hsin θij iL L and hVi Vj iL hcos θij iL L , i.e. by combining and nesting the proposed envelopes of the bilinear and trigonometric terms. Using
representation (4.28) for each of these envelopes, one can rewrite the system
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of the power balance equations as

" #
" # "
#
θ
PG
PD
A
=H
−
+ Cy,
V
QG
QD

(4.29)

where H is a generator-to-bus incidence matrix, A and C are constant matrices whose entries are computed based on the admittance matrix and the
parameters α of the envelopes defined in Table 4.1 (see Appendix B for details),
and y ∈ R|N |+5|L| is the vector of the offsets of all envelopes required for the
relaxation of the power balance equations. In principle, the bounds on each

θij can be obtained by solving the following linear optimization problem:
maximize(minimize)
PG ,QG ,V,θ,y

subject to

θij
(4.7j)-(4.7o), (4.29)

(4.30)

yl ≤ y ≤ yu ,
where y l and y u are the lower and upper bounds on y , and their elements are
computed according to Table 4.1. The same can be done for obtaining the
bounds on Vij . Unfortunately, solving problem (4.30) for each θij and Vij is
computationally expensive, particularly for large-scale systems. To address
this issue, the proposed bound tightening method simplifies problem (4.30)
such that it can be solved more efficiently.
Observe that matrix A is square but singular due to the rotational invariance
of (4.29) with respect to θ . Let θi := 0 and let us replace the i-th active power
balance equation with constraint θi = 0. This can only increase the set of
feasible values of V and θ . While in general any i can be selected, it is better
to select a bus with a small nonzero load and as few as possible connected
branches. This helps minimize the impact of removing the active power balance constraint of bus i. The resulting system of equations has the form

" #
" # "
#
θ
PG
PeD
e
e
e
A
=H
−
+ Cy,
V
QG
QD

(4.31)

e is A with its i-th row and column replaced with vectors whose i-th enwhere A
try is one and the rest are zero, and the tilde sign over other vectors/matrices
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e is
means that their i-th element/row was replaced with zero(s). Matrix A
square and invertible. The bounds on differences of bus voltage magnitudes
and phase angles across branches are tightened using (4.31).
Consider as an example branch (i, j) ∈ L. From equation (4.31), θij can be
obtained as

 " # "

#



 
e
e−1 − A
e−1
e PG − PD + Cy
e ,
H
θij =
A
i
j
QG
QD

(4.32)

e−1 )i and (A
e−1 )j are the i-th and j -th rows of the inverse of matrix
where (A
e. Let z := [PG , QG , y] denote the vector of variables, whose lower and upper
A
bounds z l and z u are known from (4.7j)-(4.7k) and (4.28). Then, (4.32) can be
rewritten as

θij = dT z + d0 ,

(4.33)

where d is a known vector and d0 is a known scalar. The upper(lower) bound
on θij can be obtained as an optimal objective value of the following problem:
maximize(minimize)
z

dT z + d0
(4.34)

zl ≤ z ≤ zu.

subject to

The advantage of the formulation of (4.34) is that it can be solved by inspection,
l
u
i.e. the values of θij
and θij
are given by

X

l
θij
= d0 +

dk zku +

k∈Ω−

X

u
θij
= d0 +

X

dk zkl

(4.35)

dk zku ,

(4.36)

k∈Ω+

dk zkl +

k∈Ω−

X
k∈Ω+

where Ω− := k | dk < 0 and Ω+ := k | dk ≥ 0 . Therefore, the algorithm





for computing the bounds on each θij from (4.34) has the complexity O(m),
where m := 2|G| + |N | + 5|L| is the number of elements in z . The bounds on

Vij can be obtained analogously.
Clearly, the feasible space of problem (4.34) is much larger than the feasible
space of problem (4.30). To reduce it without significantly compromising the
computational efficiency of the solution algorithm, one can add a single linear
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l

constraint of the form c ≤ cT z ≤ cu to problem (4.34), which results in the
following optimization problem:

dT z + d0

maximize(minimize)
z

(4.37)

cl ≤ cT z ≤ cu

subject to

zl ≤ z ≤ zu.
Problem (4.37) can be solved by an algorithm similar to a linear programming
(LP) relaxation of the so-called knapsack problem [102], which has the complexity O(m log m). This solution algorithm is described in Appendix B. Since
the purpose of the extra constraint is to further tighten the bounds on θij or Vij ,
it should be relevant to branch (i, j). Numerical experiments have shown that
the best constraint to enforce is the constraint Vimin ≤ Vi ≤ Vimax . Observe
that Vi can be represented as a linear function of z from (4.31):




e−1
Vi = A


n+i

"

e PG
H
QG

#


#
e
PD
e ,
−
+ Cy
QD
"

(4.38)

where n is the number of buses in the network model. Then the values of c, cl ,
and cu are given by
T



e−1

c := A
u

c :=

Vimax



h
n+i



i

e ,
C

e
H

e−1
+ A

"


n+i

l

c :=
#

Vimin



e−1

+ A

"


n+i

#
PeD
,
QD

(4.39)

PeD
,
QD

and problem (4.37) can be solved to obtain the bounds on θij and Vij . In general, the more constraints are added to problem (4.34), the tighter the obtained
bounds are. However, if problem (4.34) had more than one linear constraint,
it would have to be solved by standard optimization algorithms, which would
significantly increase the computation time. Therefore, the proposed method
yields looser bounds than the method presented in [43] but has a better computational efficiency.
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The proposed procedure for tightening the bounds on phase angle differences is summarized in Algorithm 4.1. First, the parameters of convex envelopes are computed using the values of V min and V max , and the initial values

e and C
e are
of θ min and θ max . Based on the constructed envelopes, matrices A
eT is factorized into A
eT = LU . Then, for each θij the
obtained, and matrix A
e−1 )i − (A
e−1 )j is obtained by solving LU pij = eij with
value of pij := (A
forward-backward substitution. Here, eij is a vector whose i-th element is 1,
the j -th element is -1, and the rest are zero. Next, d and d0 are computed, and
l
u
θij
and θij
are obtained from problem (4.34) according to (4.35)-(4.36). Option-

ally, problem (4.37) can be solved instead of (4.34) to obtain tighter bounds on

θij . For this, the values of c, cl , and cu are obtained from (4.38). This in turn ree−1 )i , which is obtained by solving LU pn+i = en+i ,
quires computing pi := (A
where en+i is a corresponding unit vector. Finally, the bounds are updated for
l
min
u
max
those branches for which θij
> θij
and/or θij
< θij
, i.e. the proposed
algorithm produced tighter bounds. Based on the updated values of θ min and
θmax , the convex envelopes are recomputed and the process is repeated iteratively until no further tightening is possible. To reduce the computation time,
a limit can be placed on the maximum number of such iterations. A similar
procedure is used for tightening the bounds on voltage magnitude differences.
However, only one iteration of tightening is possible because the parameters
of the convex envelopes do not depend on the bounds on Vij .

e is factorized only once, tightening each
Since at each iteration matrix A
bound requires several matrix-vector multiplications, with all matrices being sparse. Assume that on average each bus is connected to k other buses.
Then solving system LU pij = eij with forward-backward substitution has the
complexity O(kn), and computing vector d has the complexity O(km). As
explained above, the solution algorithms for problems (4.34) and (4.37) have
the complexity O(m) and O(m log m), respectively. Since in practice k does
not grow with the system size, it can be treated as a constant. Therefore, the
procedure to tighten each bound has the complexity O(m) if problem (4.34)
is solved and O(m log m) if problem (4.37) is solved. Given that the number
of branches in a system is linearly related to the number of buses, the computational complexity of tightening the bounds for all branches is O(mn) or

O(mn log m). Hence, this method is reasonably efficient even for large-scale
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Algorithm 4.1: Tightening bounds based on envelopes of power flows
repeat
set θ min 0 := θ min , θ max 0 := θ max
compute α, β l , β u for all envelopes

e, C
e
compute A
eT = LU
factorize A
foreach (i, j) ∈ L do

. Can be done in parallel


−1
−1
e
e
compute (A )i,· −(A )j,· from LU pij = eij
compute d, d0

(optionally, compute c, cl , and cu from (4.39))
l
u
compute θij
and θij
from (4.34) or (4.37)

end


θmin := max θl , θmin , θmax := min {θu , θmax }
until θ min 0 = θ min , θ max 0 = θ max
return θ min , θ max .

systems. In addition, each bound can be tightened in parallel, thus further
improving the computational efficiency of the proposed algorithm.

4.3.3 Method based on Convex Envelopes of Bus Injections
This method can only tighten the bounds on voltage phase angle differences
across branches. The procedure is also based on a relaxation of the power
balance equations. The difference from the previous method is in how this
relaxation is constructed. Consider the system of n power flow equations represented in the following form:

Y V = I,

(4.40)

where Y := G + jB ∈ Cn×n is the admittance matrix, V := V 0 + jV 00 ∈ Cn
and I := I 0 + jI 00 ∈ Cn are the vectors of complex bus voltages and injection
currents. The prime and double prime superscripts denote the real and imaginary parts of a complex value, respectively. The idea behind this method is to
construct convex envelopes of I 0 and I 00 and use them to tighten the bounds on
phase angle differences based on the bus voltages represented in a rectangular
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form. Each bound is tightened by solving a convex optimization problem that
only includes constraints on I 0 and I 00 and admits a fast solution. First, the proposed convex envelopes of I 0 and I 00 are presented, followed by the description
of the developed bound tightening algorithm.
Proposed Convex Envelopes of Bus Current Injections
Consider bus i ∈ N , whose active and reactive power injections are denoted
by Pi and Qi , respectively. Then the value of I i is given by

Ii =

Pi − jQi
.
Vi0 − jVi00

(4.41)

In the OPF problem, the following constraints are associated with the variables
on the right-hand side of equation (4.41):



Vimin

2

≤ Vi0

2

+ Vi00

2


2
≤ Vimax

(4.42)

Pil ≤ Pi ≤ Piu

(4.43)

Qli

(4.44)

≤ Qi ≤

Qui

where Pil , Qli , Piu , Qu
i ∈ R are the lower and upper bounds on the active
and reactive power injections at bus i, whose values can be obtained from the
bounds on power outputs of all generators connected to bus i and its demand.
Suppose that bus i is a load bus, i.e Pil = Piu = Pi and Qli = Qu
i = Qi . Then
the feasible set of values of |I i | is given by

p

2
2
Pi2 + Q2i
≤ Ii0 + Ii00 ≤
max
Vi

p

Pi2 + Q2i
Vimin

(4.45)

Figure 4.7a shows an example of this non-convex set in blue. Observe that
the tighter the bounds on Vi are, the smaller the feasible set is. However, even
if Vimin = Vimax , computing Ii0 and Ii00 requires the value of the voltage phase
angle at bus i, which is not known in advance. In addition, the convex envelope
of |I i |, shown in Figure 4.7b in red, grows with the absolute values of Pi and

Qi regardless of the distance between the bounds on Vi . This is undesirable
because the feasible set of this convex envelope should be as small as possible
to obtain tighter bounds on phase angle differences from (4.40).
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(a) Feasible set

(b) Convex envelope

Figure 4.7: Feasible set of currentp
injection at load bus i and its convex envelope for Vimin = 0.9, Vimax = 1.1, Pi2 + Q2i = 1 (all values in p.u.).

This problem is addressed by representing the current injection at bus i in a
way that reduces the feasible set of its convex envelope. Let us install a shunt

yish := gish + jbsh
i ∈ C at bus i and replace I i with an unknown current 4I i :=
0
00
4Ii + j 4Ii ∈ C and a current flowing into yish :
I i = 4I i − yish V i .

(4.46)

Since the shunt current depends linearly on V i , the term yish V i can be moved
to the left-hand side of the i-th equation in system (4.40), which only leaves

4I i on its right-hand side. Here, 4I i is needed to compensate for the dependency of the shunt current on the value of Vi . Note that if the value of Vi is
fixed, it is trivial to determine such shunt parameters that I i = −yish V i , i.e.
4I i = 0. As Vi is in general a variable, the goal is to select such gish and bsh
i that
0
00
help construct the tightest possible constraint on 4Ii and 4Ii of the form
4Ii0

2

+ 4Ii00

2

≤ ρi ,

(4.47)

where ρi ∈ R+ , while ensuring that (4.46) together with this constraint and the
bounds on Vi is a relaxation of (4.45). Note that constraint (4.47) represents the
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convex envelope of |4I i | :=

p

(4Ii0 )2

+

(4Ii00 )2 .
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Using (4.41) and (4.46), one

2

can express |4 I i | as
2



|4 I i | =

Pi
+ gish Vi
Vi

2


+

Qi
− bsh
i Vi
Vi

2
(4.48)

The optimal values of gish , bsh
i , and ρi can be obtained from the following optimization problem:
minimize ρi

(4.49a)

gish ,bsh
i ,ρi

subject to


2 
2
h
i
Pi
Qi
min
+ gish Vi +
− bsh
V
, Vimax . (4.49b)
i i ≤ ρi , ∀Vi ∈ Vi
Vi
Vi

Problem (4.49) is a robust optimization problem, which can be solved analytically. Its optimal solution is given by

Qi
Pi
, bsh := min max
Vimin Vimax i
Vi Vi
!

 V max − V min 2
i
i
2
2
ρi := Pi + Qi
.
Vimin Vimax

gish := −

(4.50)

(4.51)

The derivation of (4.50)-(4.51) is presented in Appendix B. Observe that the
smaller the range of Vi is, the tighter the envelope (4.47) becomes, with 4I i =
0 for Vimin = Vimax . Hence, for typical operating limits on Vi the feasible set of
envelope (4.47) is small.
A similar reformulation can be applied to the generator buses. However, if
bus i is a generator bus, Pi and Qi are also variables, which makes the computation of the optimal values of gish , bsh
i , and ρi considerably more difficult. To
simplify this task, the following shunt parameters are assumed:

gish := −

Pil + Piu
Qli + Qui
sh
:=
,
b
,
2Vimin Vimax i
2Vimin Vimax

(4.52)

which are related to the operation of a generator at the middle point of its
feasible set of Pi and Qi . Note that (4.52) becomes equivalent to (4.50) when

Pil = Piu and Qli = Qui . Using these shunt parameters, one can obtain ρi as
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the optimal objective value of the following optimization problem:


maximize
Pi ,Qi ,Vi

Pi
+ gish Vi
Vi

2


+

Qi
− bsh
i Vi
Vi

2

subject to Vimin ≤ Vi ≤ Vimax

Pil

≤ Pi ≤

Piu

Qli ≤ Qi ≤ Qui .

(4.53a)
(4.53b)
(4.53c)
(4.53d)

Unfortunately, problem (4.53) is non-convex. Hence, an NLP solver may return
its local optimum, which does not guarantee that (4.46), (4.47) and the bounds
on Vi represent a relaxation of (4.45). Problem (4.53) only has three variables,
all of which are bounded, and its objective function is smooth. Therefore, the
value of ρi can be obtained with reasonable accuracy by a sampling method,
i.e. by generating a number of uniformly distributed points in the variables’
space and by selecting a point with the highest objective value. Naturally, the
value of ρi is typically higher for generators than for loads because of a larger
feasible set of (4.45) due to variable bus injections.
Applying this procedure to each bus, one can rewrite the system of power
balance equations as

Ŷ V = 4I,

(4.54)

where Ŷij = Yij for all i 6= j and Ŷii = Yii + yish . The advantage of this formulation over (4.40) is that the convex envelope of |4I i | has a smaller feasible set
than the convex envelope of |I i | for each i ∈ N . Using (4.54) and (4.47), one
can tighten the bounds on phase angle differences across branches.
Bound Tightening Algorithm Based on Proposed Convex Envelopes
For each branch, the bounds on phase angle difference are tightened based on
the complex voltages of the buses that the branch is connected to. Consider
branch (i, j) ∈ L and set bus j to be the reference bus, i.e. Vj00 = 0 and

V j = Vj . The value of V i can be expressed through 4I from (4.54), which
requires that matrix Ŷ be invertible. However, this is not necessarily the case.
min
To see this, consider an extreme case when Pil = Piu , Qli = Qu
=
i , and Vi
max
Vi
for each i ∈ N . It then follows from (4.47)-(4.51) that 4I = 0, thus
Ŷ V = 0 for a nonzero V , which means that matrix Ŷ is singular because it
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has a nontrivial null space. To address this problem and ensure that V i can be
expressed through 4I , a special procedure is used.

Let us move the product of the j -th column of Ŷ with Vj to the right-hand
side of system (4.54) and let us remove one equation from this system. Note
that in general any equation can be removed as this can only increase the set
of feasible values of V . To minimize the impact on the values of V i and Vj , it
is better to remove the equation corresponding to a bus that is not incident to
buses i and j and has a large electrical distance to them. For notation simplicity, assume that the last, n-th power balance equation is removed. Then the
following system of linear equations is obtained:

Ỹ Ṽ = 4Ĩ − Ỹj Vj ,

(4.55)

where Ỹ is Ŷ with its j -th column and last row removed, Ỹj is the j -th column
of Ŷ with its last element removed, Ṽ is V with its j -th element removed, and

4Ĩ is 4I its last element removed. Denote the the right-hand side of (4.55) by
J := J 0 + jJ 00 ∈ Cn−1 and rewrite (4.55) as
Ỹ Ṽ = J.

(4.56)

Matrix Ỹ is square and invertible, which allows expressing V i with J . In order
to compute the bounds on V i , let us place constraints on the elements of vector J . Let Ωj denote the set that includes bus j and all buses connected to it,



and let Ωj := N \ Ωj ∪ n . Observe that for any k ∈ Ωj , the corresponding
entry of Ỹj is zero, which means that J k = 4Ĩ k and the following constraint
can be placed on |J k |:

Jk0

2

+ Jk00

2

≤ ρk ,

k ∈ Ωj

(4.57)

where ρk is defined in (4.51) for load buses and can be computed by solving
(4.53) for generator buses. If bus k ∈ Ωj , vector Ỹj has a nonzero corresponding entry, which makes it more difficult to construct a provably tightest possible convex constraint on J k . To simplify this problem, separate bounds are
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placed on the real and imaginary parts of J k :

ρ0k min ≤ Jk0 ≤ ρ0k max ,

k ∈ Ωj

(4.58)

ρ00k min

k ∈ Ωj .

(4.59)

≤

Jk00

≤

ρ00k max ,

0
00
The values of ρ0k min , ρ00
k min , ρk max , ρk max ∈ R, which are not guaranteed to

be the tightest bounds, are obtained based on analyzing J k := 4Ĩ k − Ỹkj Vj
together with (4.47) and the bounds on Vj . For any k ∈ Ωj \ j , the bounds on

Jk0 are computed as

ρ0k max

√

n
o
ρk − max Gkj Vjmin , Gkj Vjmax
n
o
√
:= ρk − min Gkj Vjmin , Gkj Vjmax ,

ρ0k min := −

(4.60)
(4.61)

where Gkj = Ĝkj is the conductance of the k -th element of vector Ỹj . The
bounds on Jk00 are computed analogously using Bkj instead of Gkj . For bus j ,
tighter bounds can be obtained using the fact that Vj00 := 0, which allows one
to set yjsh := 0 and directly determine the bounds on I j from (4.41). Hence,
the bounds on Jk0 are computed as

)
n
o
Pjl
Pjl
:= min
, max − max Gjj Vjmin , Gjj Vjmax
min
Vj
Vj
(
)
n
o
Pju
Pju
min
max
:= max
,
−
min
G
V
,
G
V
,
jj
jj
j
j
Vjmin Vjmax
(

ρ0j min
ρ0j max

(4.62)

(4.63)

and bounds on Jk00 are computed as

(

ρ00j min
ρ00j max

)
n
o
Quj
Quj
:= − max
, max − max Bjj Vjmin , Bjj Vjmax
min
Vj
Vj
(
)
n
o
Qlj
Qlj
min
max
:= − min
,
−
min
B
V
,
B
V
.
jj
jj
j
j
Vjmin Vjmax

(4.64)

(4.65)

Finally, the bounds on θij can be obtained. For this, the value of V i is expressed from (4.56) as



V i = Ỹ −1 J,
l

(4.66)
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Figure 4.8: Relation between bounds on phase angle difference and feasible
set (in red) of values of V i when vector V j lies along the real axis.

where (Ỹ −1 )l is the l-th row of the inverse of Ỹ , and l = i if i < j and l = i − 1
if i > j (recall that Ṽ is V with its j -th element removed). Let this row be
denoted by d := d0 + jd00 . It can be computed by solving Ỹ T d = el , where el
is a corresponding unit vector. Hence, V i is given by





V i = dT J = (d0 )T J 0 − (d00 )T J 00 + j (d00 )T J 0 + (d0 )T J 00 .

(4.67)

u
Since by design vector V j lies along the real axis, θij
can be obtained by max-

imizing the value of Vi00 (see Figure 4.8). The maximum value of Vi00 , which
is denoted by Vi00max , represents the optimal objective value of the following
optimization problem:
maximize
(d00 )T J 0 + (d0 )T J 00
0
00

(4.68a)

J ,J

subject to

Jk0

2

ρ0k min

2

≤ ρk ,

k ∈ Ωj

(4.68b)

≤

ρ0k max ,

k ∈ Ωj

(4.68c)

+ Jk00
≤

Jk0

ρ00k min ≤ Jk00 ≤ ρ00k max , k ∈ Ωj .

(4.68d)

Observe that problem (4.68) can be separated into two problems: an LP problem for k ∈ Ωj and an SOCP problem for k ∈ Ωj . The LP problem, which only
has the bounds on variables, can be solved by inspection. The SOCP problem,
which has a linear objective and circle constraints, admits an analytical solution derived in Appendix B. Combining the optimal objective values of the LP
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and SOCP problems, one obtains the following expression for Vi00max :

Vi00max =

X

d00k ρ0k min +

k∈Ω0j,−

X

d00k ρ0k max +

k∈Ω0j,+

d0k ρ00k max

k∈Ω00
j,+

where Ω0j,− :=

X

+

X

X

d0k ρ00k min +

k∈Ω00
j,−

r

Jk0

2

+ Jk00

2 

(4.69)

ρk ,

k∈Ωj


k | k ∈ Ωj ∧ d00k < 0 , Ω0j,+ := k | k ∈ Ωj ∧ d00k ≥ 0 ,


Ω00j,− := k | k ∈ Ωj ∧ d0k < 0 , and Ω00j,+ := k | k ∈ Ωj ∧ d0k ≥ 0 . Note
that computing Vi00max has the complexity O(n). As follows from Figure 4.8,
the value of θij is maximized when vector V i has the largest imaginary part


while having the smallest possible magnitude:
u
θij

= arcsin

Vi00max
Vimin

!
.

(4.70)

l
The same procedure is used to compute the value of θij
.

The proposed method is summarized in Algorithm (4.2). Since the most
computationally demanding operation for tightening each bound is obtaining
the row of Ỹ −1 , an attempt is made to increase the efficiency of this operation.
Observe that for each bus j , computing the bounds on all θij such that i ∈
Ωj \ j is based on the same matrix Ỹ . Recall that the i-th row of Ỹ −1 can
be obtained from solving Ỹ T d = ei . Hence, for each j matrix Ỹ T can be
factorized into Ỹ T = LU , which has to be only done once. All required rows
of Ỹ −1 can then be obtained by solving LU d = ei with forward-backward
substitution, which has low computational complexity. Clearly, if the bounds
on θij are obtained based on node j , there is no need to compute them based
on node i. Therefore, the number of matrix factorizations can be reduced by
ordering all buses in the descending order of the number of their connections.
Then for each element in the new ordering the set Ω̃j of its unique connections
is obtained, defined as Ω̃j := {i | (i, j) ∈ L ∧ i ∈
/ Ω̃k , k = 1, . . . , j − 1}. Thus,

Ω̃m ∩ Ω̃k = ∅ ∀m 6= k and all branches are only touched once. Due to the
reordering of the buses, for realistic grids Ω̃j is non-empty for roughly a third
of the buses, which reduces the number of required matrix factorizations.
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Algorithm 4.2: Tightening bounds based on envelopes of bus currents
Initialize θ min and θ max from OPF problem data

Ŷ := Y
foreach j ∈ N do
compute yjsh

Ŷjj = Yjj + yjsh
end

No := ordering of buses in N in ↓ order of number of their connections
compute Ω̃j for all j ∈ No
foreach j ∈ No do
. Can be done in parallel
if Ω̃j 6= ∅ then
factorize Ỹ T = LU
foreach i ∈ Ω̃j do


l = i,
if i < j
compute (Ỹ −1 )l from LU d = el , where
l = i − 1, if i > j
compute Vi00min and Vi00max from (4.68)

!
!
Vi00min
Vi00max
u
:= arcsin
, θij := arcsin
Vimin
V min
n
o
n i
o
min :=
l
min
max :=
u
max
θij
max θij
, θij
, θij
min θij
, θij
l
θij

end
end
end
return θ min , θ max .

Assuming that the computational complexity of sparse matrix factorization
is O(nα ) with α > 1, the overall computation complexity of this method for
tightening all bounds is O(nα+1 ). Note that matrix factorizations for different
buses can also be obtained using low rank updates, which can significantly
accelerate the algorithm. Another option is to factorize the matrix for each bus
in parallel, thus reducing the overall computation time.
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4.3.4 Implementation
The proposed bound tightening algorithms were implemented as a MATLAB
package, which was made open-source and is available on Github5 . It requires
that MATPOWER [89] be installed and the input test case be in the MATPOWER
format. The interface function has a wide range of control options over the
algorithms, which can help the user to choose a desired trade-off between the
solution quality and computation time. In addition, the package can optionally
use the KLU algorithm [103], which is part of SuiteSparse distribution and is
specifically designed to efficiently solve linear systems related to circuits. This
can help significantly accelerate certain computations. The interface function
returns the MATPOWER structure. The bounds on phase angle differences are
stored in the corresponding column of the matrix of branch parameters and
the bounds on voltage magnitude differences are stored in a new field added
to the structure.

4.4 Valid Inequalities
Another way to improve the quality of the QC (or any other) relaxation is to
add extra constraints to its formulation that are redundant for the original nonconvex formulation but can reduce the feasible set of the relaxation. This chapter proposes several types of such constraints, also called valid inequalities.

4.4.1 Inequalities based on Linearized Line Flow Constraints
Recall that constraints (4.7n)-(4.7o) in the QC relaxation represent the relaxations of line flow constraints based on the convex envelopes of nonlinear
terms that enter original non-convex constraints. For branch (i, j) ∈ L, these
nonlinear terms include Vi2 , Vj2 , Vi Vj sin θij , and Vi Vj cos θij . Clearly, the
quality of relaxations (4.7n)-(4.7o) depends on how tight the corresponding enS
C
velopes Wii , Wjj , Wij
, and Wij
are. Since it is impossible to directly control

the quality of these relaxations of line flow constraints, the solution of problem
(4.7) can significantly violate original line flow constraints.
To address this issue, one can replace or augment constraints (4.7n)-(4.7o)
with outer linear approximations of the original nonlinear line flow constraints
5

https://github.com/dmitry-shchetinin/BTOPF
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proposed in Chapter 3. Hence, the following linear constraint is incorporated
in problem (4.7) instead of or in addition to (4.7n)-(4.7o):

" #
V
H
≤ h,
θ

(4.71)

where the entries of sparse matrix H and vector h are computed using the
approximation algorithm described in Section 3.3. The advantage of using
(4.71) is that one can directly control the approximation accuracy. Naturally,
the approximation error cannot be made arbitrarily small because of the nonconvexity of the feasible set of the line flow constraint. However, it was experimentally shown that for realistic branches and operating conditions it is
usually possible to achieve the approximation error as small as 5% in terms
of the current magnitude. Suppose that H and h are obtained by setting the
desired approximation error to 5%. Then the solution of the QC relaxation
augmented with constraint (4.71) will not violate a majority of the line flow
constraints by more than 5% regardless of the quality of convex envelopes W ,

W S , and W C . Hence, one can decouple the quality of relaxations of line flow
constraints from the quality of convex envelopes of nonlinear terms that enter
these constraints. Unfortunately, numerical experiments showed that adding
these linear constraints did not make the solution of the QC relaxation more
physically meaningful and did not reduce the optimality gap. Since this work
is focused primarily on making the solution more physically meaningful, the
experimental results with linear approximations of line flow constraints are
omitted. However, these approximations may be useful for other applications,
for instance, optimization-based bound tightening.

4.4.2 Inequalities based on Voltage Magnitude Differences
Several valid inequalities can be obtained based on the difference of voltage
magnitudes across branches. Using the convex envelopes of the square of a
variable and the bilinear term, one can construct the following constraint for
each branch (i, j) ∈ L:

Vi − Vj

2

= Wii − 2Tij + Wjj .

(4.72)
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Constraint (4.72) is non-convex, thus it cannot be directly added to the QC
relaxation. Replacing the equality sign in (4.72) with the inequality sign yields

Vi − Vj

2

≤ Wii − 2Tij + Wjj ,

(4.73)

which is a quadratic convex constraint. Hence, it can be incorporated into the
QC relaxation of the OPF problem. It was independently derived in [46].
Recall that two of the proposed bound tightening methods can produce the
bounds on the difference of voltage magnitudes across branches. Hence, the
following constraint can be generated for branch (i, j) ∈ L:

Vijl ≤ Vi − Vj ≤ Viju ,

(4.74)

where Vijl and Viju are the obtained lower and upper bounds on the voltage
difference. Note that these bounds are also implicitly given by the bounds
on Vi and Vj . To ensure that constraint (4.74) helps reduce the feasible set
of the QC n
relaxation, it should only be added for branches that
o belong to set
Le := L ∩ (i, j) | Vijl > Vimin − Vjmax ∨ Viju < Vimax − Vjmin .

4.4.3 Inequalities based on Trigonometric Identities
Valid inequalities can also be derived using trigonometric identities. Consider
the following identities for branch (i, j) ∈ L:

Vi Vj sin θij + cos θij

2

Vi Vj sin θij − cos θij

2

+ Vi Vj cos θij − sin θij

2

+ Vi Vj cos θij + sin θij

2

≡ Vi Vj

2

+1

≡ Vi Vj

2

+ 1. (4.76)

(4.75)

Replacing nonlinear terms with their convex envelopes yields


2
+ WijC − TijS = Wii Wjj + 1

2 
2
WijS − TijC + WijC + TijS = Wii Wjj + 1


WijS + TijC

2

(4.77)
(4.78)

2
Note that (Vi Vj )2 can also be replaced with Tij
. However, numerical exper-

iments demonstrated that replacing (Vi Vj )2 with Wii Wjj yields tighter constraints. Observe that constraints (4.77)-(4.78) are still non-convex. By changing the equality sign to the inequality sign and replacing Wii Wjj with the up-
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per bounds of its McCormick envelope defined in (4.2), one obtains

2


2
u
u
+ WijC − TijS ≤ Wiil Wjj + Wjj
Wii − Wiil Wjj
+ 1 (4.79)

2 
2
l
l
WijS + TijC + WijC − TijS ≤ Wiiu Wjj + Wjj
Wii − Wiiu Wjj
+ 1 (4.80)


WijS + TijC

2


2
u
u
+ WijC + TijS ≤ Wiil Wjj + Wjj
Wii − Wiil Wjj
+ 1 (4.81)

2 
2
l
l
WijS − TijC + WijC + TijS ≤ Wiiu Wjj + Wjj
Wii − Wiiu Wjj
+ 1, (4.82)


WijS − TijC

l :=
u :=
where Wiil := (Vimin )2 , Wjj
(Vjmin )2 , Wiiu := (Vimax )2 , and Wjj
(Vjmax )2 .

Constraints (4.79)-(4.82) represent convex relaxations of (4.77)-(4.78) and can
be used in the QC relaxation of the OPF problem.
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4.4.4 Augmented Formulation of QC Relaxation
Incorporating all proposed valid inequalities into the QC relaxation yields the
following optimization problem:
minimize

X

PG ,QG ,V,θ,
i∈G
T,T S ,T C ,
W,W S ,W C

Ci (PGi )

(4.83a)

subject to (4.7b) − (4.7o), (4.7p)

e
Vijl ≤ Vi − Vj ≤ Viju ,
(i, j) ∈ L,
2
Vi − Vj ≤ Wii − 2Tij + Wjj ,
(i, j) ∈ L,

2 
2
WijS + TijC + WijC − TijS ≤ Wiil Wjj +
(i, j) ∈ L,
u
u
Wjj
Wii − Wiil Wjj
+ 1,

2 
2
WijS − TijC + WijC + TijS ≤ Wiil Wjj +
(i, j) ∈ L,
u
u
Wjj
Wii − Wiil Wjj
+ 1,

2 
2
WijS + TijC + WijC − TijS ≤ Wiiu Wjj +
(i, j) ∈ L,
l
l
Wjj
Wii − Wiiu Wjj
+ 1,

2 
2
WijS − TijC + WijC + TijS ≤ Wiiu Wjj +
(i, j) ∈ L,
l
l
Wjj
Wii − Wiiu Wjj
+ 1,

(4.83b)
(4.83c)
(4.83d)

(4.83e)

(4.83f)

(4.83g)

Problem (4.83) is referred to as the augmented QC relaxation. Note that it
has the same variables as problem (4.7) but significantly more constraints. Although a larger problem size can increase the computation time, these extra
constraints can also reduce the feasible set of the relaxation and improve the
quality of its solution.

4.5 Experiments
This section presents the results of numerical experiments. First, the proposed
bound tightening methods are investigated, followed by the analysis of the impact of these methods and proposed valid inequalities on the solution quality
of the QC relaxation.
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4.5.1 Experimental Setup
Numerical experiments were carried out using test cases available in PGLib
v18.08 archive [90] and NESTA v0.5.0 archive [91], which contain steady-state
system models in the MATPOWER format. If the bounds on branch phase angle differences were not specified in the test case, their initial values were set to
the steady-state limit of ±π/2. The QC relaxation of the AC OPF problem was
solved by Gurobi v7.5 [104] through its MATLAB interface. To check the quality
of the relaxation solution, the power flow (PF) problem was solved in MATPOWER v6.0 using simultaneous PV/PQ switching of all generator nodes with
reactive power violations. The original non-convex OPF problem was solved
by IPOPT v3.12.6 with the linear solver MA57 through its MATPOWER interface. The computer used for performing all experiments was a four-core PC
with Intel®CoreTM i7 CPU, 2.80 GHz, 32 GB of RAM, and running the operating
system Windows 8.1. Unless otherwise stated, parallel implementation with
four parallel processors was used for the methods based on convex envelopes
of power flows and bus currents.

4.5.2 Analysis of Proposed Bound Tightening Methods
The performance of the proposed bound tightening (BT) methods was first investigated using ten grids of various sizes, from 24 buses to over 13000 buses
(see Table 4.2 for the case names). To analyze the effectiveness of the proposed
methods for tightening phase angle differences across branches, six experiments were carried out for each test case:
1. the bounds were tightened using the method based on thermal limits;
2. the bounds were tightened using five iterations of the method based on
convex envelopes of power flows without an extra-constraint, i.e. solving
problem (4.34) to tighten each bound;
3. the bounds were tightened using five iterations of the method based on
convex envelopes of power flows with an extra constraint, i.e. solving problem (4.37) to tighten each bound;
4. the bounds were tightened using the method based on convex envelopes
of bus current injections;
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5. the bounds were tightened using all three proposed methods6 , without an
extra constraint in the method based on convex envelopes of power flows;
6. the bounds were tightened using all three proposed methods, with an extra
constraint in the method based on convex envelopes of power flows.
The initial bounds on variables provided in the MATPOWER data structures
were ±30◦ for all test cases. Figure 4.9 presents the results of these experiments.
The percentage of branches for which lower and/or upper bounds were tightened is shown in Figure 4.9a. Naturally, the combination of all three methods
produced the best results with at least 98% of tightened bounds. It was closely
followed by the method based on thermal limits, which helped tighten the
bounds for at least 97% of branches. Observe that the incorporation of an extra constraint in the method based on power flows helped increase the number
of tightened bounds by several percent for all test cases. While this method was
on average least effective, it was still able to tighten at least 40% of the bounds.
Figure 4.9b presents the average relative reduction in the distance between
the bounds, i.e. the average reduction in the feasible range of θij . Note that
it was only computed for those branches for which at least one of the bounds
was tightened, which is why two individual methods achieved better average
reduction than all methods combined for the two largest test cases. All methods were able to significantly tighten the bounds, reducing the range on average by 80%, with a smallest reduction of 60% achieved for the largest test case.
The incorporation of an extra constraint in the method based on power flows
helped increase the average reduction achieved by this method alone and in
combination with other methods. The exact improvement depended on the
test case and varied from less than 1% to over 10%. It is worth noting that all
proposed methods were also found to be effective when the original bounds
on phase angle differences were equal to the steady-state limit of ±90◦ .
The computation times for the combination of all three methods are shown
in Table 4.2 and Table 4.3, which also detail the relative time of each method.
One can see that the method based on thermal limits was the fastest, followed
6
When using the combination of all methods, first the method based on thermal limits was
used, followed by the method based on bus currents, and finally the method based on power flows.
The reason is that the method based on power flows is the only one that requires the bounds on
angle differences as an input. Therefore, it should be used the last to leverage tighter bounds
obtained by the other two methods.
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(a) Percentage of branches with tightened lower and/or upper bounds

(b) Average reduction in distance between bounds after tightening
Figure 4.9: Results for proposed bound tightening methods for angle differences. M1 - method based on thermal limits, M2 - method based on power
flows, M3 - method based on bus current injections, all - three methods combined. (w/o) - M2 is used without extra constraint, (w) - M2 is used with extra
constraint. Initial bounds are ±30◦ for all branches.

by the method based on bus currents. The method based on power flows was
the slowest due to the fact that five iterations of this method were used. The
incorporation of an extra constraint in this method further increased its computation time. Overall, the obtained computation times demonstrate that the
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Case

24_ieee_rts
200_tamu
588_sdet
1354_pegase
2383wp_k
3120sp_k
4661_sdet
6495_rte
9241_pegase
13659_pegase

Total
time, s
0.12
0.25
0.70
2.59
7.02
11.4
46.8
66.7
229
385

Relative time of each method, %
thermal
power flows
bus currents
7.68
70.1
22.2
22.0
49.7
28.2
20.2
46.0
33.8
12.7
62.6
24.6
6.83
57.6
35.6
5.72
56.5
37.8
2.38
53.7
44.0
2.52
75.5
22.0
1.35
79.2
19.4
0.99
81.4
17.6

Table 4.2: Computation times for the proposed bound tightening methods for
phase angle differences. Five iterations of the method based on envelopes of
power flows are used, without including an extra constraint.

proposed methods can be applied even to large-scale grids. Since an extra
constraint in the method based on power flows helps produce tighter bounds
but increases the computation time, it can be viewed as a way to control the
trade-off between the speed and quality of results. Note that the computational
efficiency of all proposed methods could still be significantly improved by increasing the number of parallel processors and implementing the algorithms
in a lower level programming language.
Similar experiments were carried out for tightening the bounds on voltage
magnitude differences across branches using the same test cases. Note that
the method based on bus currents was not used because it is not applicable for
tightening the bounds on voltage differences. For each branch (i, j) ∈ L, the
initial values of voltage differences were obtained from the bounds on the corresponding bus voltage magnitudes: Vijl := Vimin −Vjmax , Viju := Vimax −Vjmin .
Recall that the convex envelopes defined in (4.23)-(4.26) depend on phase angle differences and do not depend on voltage magnitude differences. Therefore, only one iteration of the method based on power flows was executed for
tightening voltage magnitude differences. Prior to using these method, the
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Case
24_ieee_rts
200_tamu
588_sdet
1354_pegase
2383wp_k
3120sp_k
4661_sdet
6495_rte
9241_pegase
13659_pegase

Total
time, s
0.19
0.44
1.50
10.1
22.0
29.0
123
231
638
1153
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Relative time of each method, %
thermal
power flows
bus currents
5.02
80.3
14.6
12.7
75.2
12.0
9.73
75.9
14.3
3.59
90.0
6.39
2.49
86.2
11.3
2.34
82.8
14.9
0.81
82.2
17.0
0.80
92.8
6.35
0.52
92.7
6.81
0.33
93.8
5.87

Table 4.3: Computation times for the proposed bound tightening methods for
phase angle differences. Five iterations of the method based on envelopes of
power flows are used, including an extra constraint.

bounds on phase angle differences were tightened by the combination of all
proposed methods.
Figure 4.9 presents the experimental results for all ten test cases. Across all
test cases, the average number of tightened bounds was 75% and the range was
reduced on average by 67%. While this is less effective compared to tightening
angle bounds, the obtained results are still encouraging given that limited information is used for tightening each bound. The incorporation of an extra
constraint in the method based on power flows was helpful for both increasing
the number of tightened bounds and reducing the average distance between
the bounds. Observe that this constraint had a higher impact for tightening
the bounds on voltage rather than angle differences.
The computation time for tightening the bounds on voltage differences for
all ten test cases is given in Table 4.4. Only the time for the combination of all
relevant methods is reported because the relative time of each method was similar to the case of tightening the bounds on angle differences. The presented
results demonstrate that the proposed BT methods are computationally efficient even for large-scale systems. The incorporation of an extra constraint in
the method based on power flows increased the computation time by a fac-
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(a) Percentage of branches with tightened lower and/or upper bounds

(b) Average reduction in distance between bounds after tightening
Figure 4.10: Results for proposed bound tightening methods for voltage differences. M1 - method based on thermal limits, M2 - method based on power
flows, all - two methods combined. (w/o) - M2 is used without extra constraint,
(w) - M2 is used with extra constraint.

tor of 3-4 for most test cases. This is a relatively small increase given that this
constraint helped significantly improve the quality of the BT result.
7
Note that this method was implemented in MATLAB without vectorization, which is why its
computation time is relatively high. Implementing this method in a lower level programming
language would reduce the computation time by several orders of magnitude.
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Case
24_ieee_rts
200_tamu
588_sdet
1354_pegase
2383wp_k
3120sp_k
4661_sdet
6495_rte
9241_pegase
13659_pegase

Without
constraint
0.04
0.10
0.22
0.75
1.54
2.25
7.25
11.7
39.0
67.8
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With
constraint
0.04
0.13
0.38
2.15
4.37
6.70
21.5
45.3
125
234

Table 4.4: Computation times in seconds for the proposed bound tightening
methods for voltage magnitude differences. Combined times of the method
based on thermal limits and the method based on power flows are given.

To further investigate the performance of the proposed BT methods, 38 additional test cases from the PGLib and NESTA archives were considered, thus
making a total of 48 test cases. All of them represent normal operating conditions, and their sizes range from a 5-bus system to a 13659-bus system. First,
these cases were used to assess the computational complexity of each of the
proposed BT methods. For that, the relation between the runtime of each
method and the number of branches in the system was analyzed. Figure 4.11
visualizes this relation. While the methods based on power flows and bus currents are affected by the number of both buses and branches in the system,
the latter has a more direct impact, which is why it was chosen. As expected,
the computation time of the method based on thermal limits increased linearly with the number of branches in the system. Hence, this method has no
practical limitations related to the system size. On the other hand, the method
based on power flows has a super-linear computational complexity. The incorporation of an extra constraint increased the rate of growth of the method’s
runtime but this became evident only for the systems with over ten thousand
branches. Extrapolating the obtained results to larger systems, one can see
this method becomes impractical only for systems with tens of thousands of
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(a) Method based on thermal limits7

(c) Method based on power flows
without extra constraint

(b) Method based on bus currents

(d) Method based on power flows with
extra constraint

Figure 4.11: Computation time for proposed bound tightening methods as
function of number of branches in test case. One iteration of method based on
power flows is used.

branches. Hence, the method based on power flows can be used for a majority
of realistic grids. The computational complexity of the method based on bus
currents is more difficult to assess. Due to its implementation, the runtime
of this method depends on the properties of the graph of a power network.
However, the general trend in Figure 4.11b indicates that its complexity is also
super-linear and similar to the complexity of the method based on power flows.
Therefore, this method is also applicable to all but extremely large grids whose
size exceeds tens of thousands of branches. Note that the computational com-
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Percentage
of tightened
bounds
Average
reduction
of range, %

min.
mean
max.
min.
mean
max.

M1
93.3
99.3
100
31.0
66.1
92.1

M2(w/o) M2(w)
32.1
35.3
68.5
72.4
100
100
40.2
45.3
68.0
74.8
81.3
87.5
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M3
36.4
82.3
100
52.1
71.9
82.5

all(w/o)
98.0
99.8
100
46.5
79.6
92.7

all(w)
98.0
99.8
100
47.3
82.2
93.1

Table 4.5: Aggregate results for proposed bound tightening methods for angle differences for 48 test cases. M1 - method based on thermal limits, M2 method based on power flows, M3 - method based on bus current injections,
all - three methods combined. (w/o) - M2 is used without extra constraint, (w)
- M2 is used with extra constraint. Initial bounds are ±30◦ for all branches.

Percentage
of tightened
bounds
Average
reduction
of range, %

min.
mean
max.
min.
mean
max.

M1
0.00
55.5
100
0.00
56.7
80.6

M2(w/o)
8.75
27.7
50.0
22.5
59.3
86.4

M2(w)
20.3
44.1
85.0
23.5
63.7
88.8

all(w/o)
15.0
65.1
100
25.0
61.9
80.8

all(w)
21.9
74.4
100
26.5
65.4
81.6

Table 4.6: Aggregate results for proposed bound tightening methods for voltage differences for 48 test cases. M1 - method based on thermal limits, M2 method based on power flows, all - two methods combined. (w/o) - M2 is used
without extra constraint, (w) - M2 is used with extra constraint.

plexity of this method can be reduced by using low rank matrix updates instead
of matrix re-factorization. Overall, the obtained results demonstrate that the
proposed BT methods scale well with system size.
Next, the effectiveness of the proposed BT methods was analyzed using all 48
test cases. Table 4.5 and Table 4.6 present the results for tightening the bounds
on angle and voltage differences, respectively. One can see that angle differences were generally easier to tighten. The combination of all proposed BT
methods helped tighten on average 99.8% of the bounds in a test case, and the
average reduction in the distance between the bounds was roughly 80%. Tightening the bounds on voltage magnitude differences was less effective and had
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more variability, with an average of 75% of tightened bounds and 65% of range
reduction. The incorporation of an extra constraint into the method based on
power flows helped improve the results, particularly for tightening the bounds
on voltage magnitude differences. The obtained results demonstrate that the
proposed BT methods could successfully tighten the bounds on voltage and
angle differences for systems of various sizes. In addition, all proposed methods are indeed complementary to each other as no single method significantly
outperformed the other methods.
The proposed BT methods were then compared to the method presented
in [43] (referred to as “standard”) using ten small-sized grids. For these experiments, the combination of all relevant proposed methods was used to tighten
the bounds on voltage and angle differences. To enable a fair comparison, five
iterations were carried out for tightening angle differences for both the standard method and the proposed method based on power flows.
Figure 4.12 presents the comparison for tightening the bounds on angle differences. One can see that both the proposed and standard methods were
able to tighten the bounds for all branches in the system. However, the standard method resulted in a higher range reduction compared to the proposed
method. This was expected because the standard method utilizes significantly more information by solving problem (4.7) with an objective of minimizing (maximizing) particular θij . Nevertheless, the proposed method was
able to capture on average 84% of the range reduction obtained by the standard method. Figure 4.13 presents the same comparison for tightening the
bounds on voltage differences. Here, the difference between the standard and
proposed method is more pronounced. The standard method tightened all
bounds with an average range reduction of 77%, whereas the proposed method
only managed to tighten 59% of bounds with an average range reduction of
52%. As in other experiments, the incorporation of an extra constraint in the
proposed method based on power flows helped improve the quality of the obtained results, particularly for voltage magnitude differences.
The main advantage of the proposed methods lies in their computational
efficiency. Table 4.7 presents the computation times for the standard and the
combination of all proposed methods for tightening the bounds on both voltage and angle differences. It also shows the speedup obtained by the proposed
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(a) Percentage of branches with tightened lower and/or upper bounds

(b) Average reduction in distance between bounds after tightening
Figure 4.12: Comparison of standard and proposed bound tightening methods
for angle differences. (w/o) - method based on power flows is used without extra constraint, (w) - method based on power flows is used with extra constraint.
Initial bounds are ±30◦ for all branches.

methods. Note that these results were obtained using sequential implementation of both the standard and proposed methods. Clearly, the computation
times could be significantly reduced through parallel computations. However,
the speedup would stay roughly the same because the proposed methods can
benefit from the parallelism in the same way that the standard method does.
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(a) Percentage of branches with tightened lower and/or upper bounds

(b) Average reduction in distance between bounds after tightening
Figure 4.13: Comparison of standard and proposed bound tightening methods
for voltage differences. (w/o) - method based on power flows is used without
extra constraint, (w) - this method is used with extra constraint.

As the grid size increased, the proposed methods became progressively faster
than the standard method. For the 500-bus system, this speedup reached
12000 when an extra constraint was used in the proposed method based on
power flows and 46000 when it was not used. Note that the standard method
was not tested on larger grids because of excessively high computation times.
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Case
14_ieee
24_ieee_rts
39_epri
57_ieee
89_pegase
118_ieee
162_ieee_dtc
189_edin
300_ieee
500_tamu

Time
standard
BT, s
32.9
97.7
147
414
3797
2301
7556
3270
10158
26687

Time proposed BT, s
without
with
constraint constraint
0.01
0.01
0.02
0.03
0.02
0.04
0.04
0.07
0.10
0.28
0.11
0.25
0.19
0.52
0.11
0.33
0.37
1.10
0.58
2.26

123
Speedup (×1000)
without
with
constraint constraint
3.47
2.21
5.97
3.65
6.01
4.11
10.2
6.13
39.1
13.7
20.1
9.22
39.6
14.6
28.7
9.82
27.7
9.22
46.3
11.8

Table 4.7: Comparison of proposed and standard bound tightening methods
in terms of computation time.

In summary, the results presented in this section demonstrate that the proposed BT methods can be effective for tightening the bounds on voltage and
especially angle differences. While the resulting bounds are not as tight as the
ones produced by the standard method, the proposed methods can capture a
significant part of the range reduction obtained by it. Moreover, these methods
scale much better with grid size. Therefore, they can be an attractive alternative to the standard method, in particular for large-scale grids.

4.5.3 Impact of Bound Tightening and Valid Inequalities on Solution of QC Relaxation
Next, the impact of BT and proposed valid inequalities on the quality of QC
relaxation was analyzed using fifteen test cases. Five of them represent normal
operating conditions, another five represent congested operating conditions
(“api”), and the last five represent small angle difference operating conditions
(“sad"). The considered test cases range in size from a 118-bus system to a
3375-bus system (see Table 4.2 for case names). Smaller test cases were not
considered because they were examined in other studies, e.g. [42]. Larger test
cases were not used because of high computation times for solving the QC
relaxation.
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Case

588_sdet
1354_pegase
1397sp_eir
2224_edin
2383wp_k
300_ieee_api
1888_rte_api
2736sp_k_api
3012wp_k_api
3120sp_k_api
118_ieee_sad
1394sopeir_sad
2000_tamu_sad
2853_sdet_sad
3375wp_k_sad

Optimality gap, %
base w. BT w. all
1.76
1.25
0.95
2.52
2.31
2.05
4.03
1.34
1.50
5.03
3.46
2.96
0.69
0.51
0.38
0.78
0.47
0.25
0.87
0.70
0.67
10.37 10.29
7.26
0.00
0.00
0.00
22.13 15.59 14.70
9.38
8.62
4.29
14.54 11.73 11.29
0.32
0.26
0.23
2.16
1.77
1.70
0.35
0.27
0.24

Time QC OPF, s
base w. BT w. all
6.9
8.9
28.7
32.4
50.7
109.3
46.7
59.4
85.2
59.1
51.8
220.6
78.8
70.9
124.9
8.1
10.0
20.5
72.2
106.3 252.6
136.5 143.4 323.0
138.6 132.9 602.7
149.3 137.0 496.9
3.9
4.2
21.6
45.4
35.9
177.5
113.1
91.8
547.6
213.9 253.5 755.4
204.1 225.0 797.9

Time
BT, s
2.1
11.7
10.5
31.4
25.4
1.0
21.0
27.5
32.7
35.9
0.4
11.2
32.6
48.2
45.8

Table 4.8: Impact of bound tightening and valid inequalities on optimality gap
and computation time for QC relaxation.

For each considered test case, three instances of the QC relaxation of the
OPF problem were solved. The first is the standard QC relaxation (“base”) defined in (4.7) with the bounds on phase angle differences taken from the MATPOWER data structure. The second is the same relaxation but with the bounds
on phase angle differences obtained by the combination of the proposed BT
methods (“w. BT”). The last is the QC relaxation augmented by the proposed
valid inequalities as defined in (4.83) (“w. all”). For this relaxation, the bounds
on both angle and voltage magnitude differences were obtained by the proposed BT methods. In all experiments, an extra constraint was used for the BT
method based on power flows.
To assess the quality of the solution of the QC relaxation, its optimal objec∗
∗
tive value fQC
was compared to the value fAC
obtained by solving the original

non-convex OPF problem with a local solver. One can see from Table 4.8 that
BT reduced their relative difference in all fifteen test cases. This difference is
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referred to as the optimality gap, which is defined as
Optimality gap :=

∗
∗
fAC
− fQC
× 100.
∗
fAC

(4.84)

Augmenting the QC relaxation by the valid inequalities helped further reduce
the optimality gap. This came at a cost of a higher computation time because
the augmented QC relaxation has significantly more constraints than the standard one. Observe that the time of BT constituted only a fraction of the time
required to solve the QC relaxation (QC OPF), particularly in the case of augmented QC relaxation. Hence, the proposed BT methods can be used as a preprocessing step prior to solving the QC relaxation as they do not significantly
increase the total computation time.
The optimality gap alone cannot serve as an indicator of the relaxation quality because an NLP solver can return a local optimum of the original problem. In this case, there would be a nonzero gap even if the relaxation was tight.
Therefore, another metric was used to measure the quality of the relaxation
solution. The values of complex voltages and generator outputs obtained by
solving the QC relaxation were substituted into the power balance equations
and the absolute values of the resulting bus power mismatches were measured.
Table 4.9 reports the maximum and average values of these active and reactive
power mismatches. As can be seen, BT helped significantly reduce the maximum and average active power mismatches for all test cases, and the valid inequalities helped reduce them further. The values of the average active power
mismatches for the QC solution with BT indicate that the active power balances were close to being satisfied for many buses in several test cases. On
the other hand, BT and the valid inequalities had a mixed impact on the reactive power mismatches. For some test cases, these mismatches decreased,
whereas for the other cases they increased. This occurred because in transmission grids reactive power is mostly influenced by voltage magnitudes, the
bounds on which were not tightened. Nevertheless, BT and the valid inequalities had an overall positive effect on the apparent power mismatches.
Next, the usefulness of the solution of QC relaxation with and without BT
and valid inequalities was assessed. To do this, the power flow (PF) problem
was solved with the active power dispatch and generator voltage set-points
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Case
base
773
54.1
2024
2135
444
17.5
177
379
933
311
1.29
1009
32.1
2635
530

w. all
0.18
0.25
0.14
0.10
0.06
0.09
0.09
0.13
0.04
0.10
0.06
0.11
0.14
0.12
0.06

base
186
6.89
364
32.5
20.1
2.72
66.2
40.4
185
54.0
1.09
810
3.29
93.5
59.7

Reactive power mismatch
maximum
average
w. BT w. all base w. BT
37.8
3.65
2.17
0.78
11.6
7.33
0.17
0.33
2876
1381
1.48
6.65
17.8
87.4
0.29
0.26
11.0
6.49
0.20
0.35
1.14
0.68
0.18
0.07
16.5
6.29
0.23
0.22
8.54
13.0
0.64
0.18
20.7
1.96
0.71
0.18
18.2
6.86
0.74
0.21
0.81
0.77
0.08
0.06
4022
1002
2.83
8.06
4.62
3.18
0.10
0.08
10.3
4.10
0.49
0.26
18.2
32.6
0.75
0.27

w. all
0.14
0.29
2.32
0.40
0.25
0.05
0.13
0.23
0.09
0.31
0.06
2.01
0.13
0.14
0.17

Table 4.9: Bus power mismatches at solution of QC relaxation. All values are in p.u. with Sbase =100 MVA.
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588_sdet
1354_pegase
1397sp_eir
2224_edin
2383wp_k
300_ieee_api
1888_rte_api
2736sp_k_api
3012wp_k_api
3120sp_k_api
118_ieee_sad
1394sopeir_sad
2000_tamu_sad
2853_sdet_sad
3375wp_k_sad

Active power mismatch
maximum
average
w. BT w. all base w. BT
6.46
2.73
14.0
0.23
10.4
5.98
0.92
0.33
219
17.1
8.07
0.47
4.55
5.78
5.80
0.14
2.18
1.56
9.93
0.05
4.28
2.05
0.88
0.22
6.53
2.71
1.23
0.17
1.68
2.19
5.83
0.08
4.47
0.77
5.68
0.06
3.22
1.68
6.33
0.10
1.02
0.80
0.20
0.08
266
29.7
3.30
0.51
5.15
3.85
0.60
0.16
4.54
3.99
7.21
0.13
4.23
4.16
6.61
0.08
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taken from the solution of the QC relaxation. The starting values for the voltage magnitudes and angles in the PF problem were set to the corresponding
values obtained by solving the QC relaxation. The number of iterations until
convergence was measured. If the solution algorithm converged, the number of violations of voltage magnitude constraints (2.22f) and thermal limits
(2.22h)-(2.22i) at the obtained solution was computed, along with the change
in the active power output of the slack bus. The results are presented in Table
4.10. One can see that BT helped the PF solver recover a physically meaningful
operating point, with fewer iterations and only two unsolved cases compared
to five such cases when BT was not used. The combination of BT and the valid
inequalities further improved the quality of the relaxation solution as the PF
problem was solved successfully for all fifteen test cases. Both BT alone and
the combination of the valid inequalities helped reduce the number of violations of voltage constraints at the solution of the PF problem in all but one
case. While the details of these violations are omitted, it was also found that
BT and valid inequalities helped make them less severe. The change in active power output of the slack bus also generally decreased when BT and valid
inequalities were used. On the other hand, the violations of thermal limit constraints seemed relatively unaffected. Note that the PF solver typically failed
when using the flat start, regardless of whether BT was used before solving the
relaxation.
To further investigate the impact of BT and valid inequalities on the quality of the QC relaxation, additional 79 test cases of various sizes were used.
Therefore, the total number of considered test cases was 94. The extra test
cases, which varied in size from a 24-bus system to a 3375-bus system, were
taken from the PGLib and NESTA archives for normal, congested, and small
angle operating conditions. For each extra test case, the same procedure was
carried out as for the initial fifteen test cases, i.e. three instances of the QC
relaxation were solved and the obtained solution was used as a starting point
for the power flow problem.
Table 4.11 presents the aggregate results of the impact of BT and the proposed valid inequalities on the solution of the QC relaxation. One can see that
both BT alone and the combination of BT and the valid inequalities helped
reduce the optimality gap and active power mismatches for all test cases. The
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Case

Violations of
voltage bounds
base w. BT w. all
—
0
0
70
32
29
—
—
27
271
72
70
—
58
28
15
14
15
769
348
572
0
1
0
—
0
0
6
2
2
2
2
2
237
—
178
14
3
11
—
2
0
20
36
34

Violations of
thermal limits
base w. BT w. all
—
18
16
16
18
20
—
—
1
39
39
37
—
5
5
5
5
4
6
6
6
46
48
48
—
21
37
75
69
71
1
1
1
0
—
0
0
0
0
—
164
168
7
8
7

Change in active power
output of slack bus, MW
base w. BT
w. all
—
-12.0
-16.3
32.5
19.6
-6.0
—
—
29.5
-0.6
1.6
-26.0
—
38.0
23.6
42.1
20.8
8.1
15.1 -19.5
-51.5
44.2
116
-1.1
—
-913
-1632
51.3
37.6
12.2
1.4
-0.8
-18.8
58.3
—
2.7
128
98.1
66.2
—
12.9
-7.8
78.6
68.9
47.0

— - Power flow solver failed to converge.
Table 4.10: Solution of power flow problem using result of QC relaxation as starting point.
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588_sdet
1354_pegase
1397sp_eir
2224_edin
2383wp_k
300_ieee_api
1888_rte_api
2736sp_k_api
3012wp_k_api
3120sp_k_api
118_ieee_sad
1394sopeir_sad
2000_tamu_sad
2853_sdet_sad
3375wp_k_sad

Number of iterations
of power flow solver
base w. BT w. all
—
10
9
12
12
12
—
—
12
28
16
12
—
12
12
8
6
6
15
12
12
12
12
9
—
6
8
21
9
9
9
6
9
20
—
15
16
12
12
—
16
10
31
19
19
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Optimality gap decreased
Total runtime increased
Total runtime decreased
WPmax decreased
WPmean decreased
WQmax decreased
WQmax increased
WQmean decreased
WQmean increased

Cases, %
w. BT w. all
100
100
88.3
100
11.7
0
100
100
100
100
71.3
74.5
28.7
25.5
62.8
71.3
37.2
28.7
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Average ratio
w. BT w. all
1.36
1.76
1.55
3.86
1.17
—
92.3
167
37.0
44.8
3.38
8.92
7.63
3.44
2.44
3.35
2.61
1.82

Table 4.11: Impact of proposed bound tightening methods and valid inequalities on solution of QC relaxation.

reactive power mismatches decreased for a majority of test cases, although this
decrease was not as pronounced as for the active power mismatches. The computation time increased for most test cases with BT alone and all test cases with
the combination of BT and the valid inequalities. Note that the computation
time includes the time of the proposed BT methods.
The QC relaxation with BT was only 55% slower compared to the standard
QC relaxation, while the augmented QC relaxation was almost 4 times slower.
However, the valid inequalities significantly improved the quality of the QC
relaxation, reducing the optimality gap and both the active and reactive power
mismatches.
BT and the proposed valid inequalities also simplified the recovery of a physically meaningful operating point from the solution of the relaxation by the
power flow solver. As follows from Table 4.12, they helped increase the number
of instances for which the PF solver converged and reduce the average number
of iterations until convergence. The combination of BT and valid inequalities
helped recover a physically meaningful point for all 94 considered test cases,
compared to only 84% for the standard QC relaxation.
In summary, the obtained results demonstrate that the proposed bound
tightening methods help strengthen the QC relaxation. The incorporation of
the proposed valid inequalities into the QC relaxation further tightens it and
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Percentage of converged cases
Average number of iterations

base
84.0
16.2

w. BT
94.7
11.4

w. all
100.0
10.8

Table 4.12: Impact of proposed bound tightening methods and valid inequalities on solution of power flow problem when using result of QC relaxation as
starting point.

improves the quality of its solution. This can potentially make the QC relaxation more useful to system operators for planning and operational tasks.

4.6 Conclusion
This chapter presented approaches for improving the quality of the QC relaxation of the OPF problem. First, it proposed three complementary, highly parallelizable, computationally efficient methods for tightening bounds on differences of phase angles and voltage magnitudes across branches. The idea
behind all methods is to tighten each bound through solving a convex optimization problem that admits a fast solution. The first method tightens a given
bound by using only the parameters of the corresponding branch, whereas the
other two utilize the information of the entire system. These methods were
made publicly available as an open-source MATLAB-based package. Then,
several types of valid inequalities that help strengthen the QC relaxation were
proposed. These inequalities are based on voltage differences across branches
and trigonometric identities. They can be quickly generated and easily incorporated into the formulation of the QC relaxation of the OPF problem.
The numerical experiments demonstrated that the proposed bound tightening methods helped significantly tighten virtually all bounds on angle differences and majority of bounds on voltage differences. Among the tightened
bounds, the distance between lower and upper bounds was reduced on average by 80% for angle differences and 65% for voltage differences. Unsurprisingly, the resulting bounds were looser than the ones obtained by the standard optimization-based bound tightening method. However, the computation time for the proposed methods was relatively low even for large-scale grids,
particularly compared to the computation time of the standard method. The
bound tightening time also constituted only a fraction of the time required to
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solve the QC relaxation of the OPF problem. Tighter bounds improved the quality of the QC relaxation by reducing the optimality gap and making its solution
more physically meaningful and useful. Incorporating the proposed valid inequalities into the QC relaxation further improved the quality of its solution for
all considered test cases. In particular, a physically meaningful operating point
was recovered by the power flow solver for all test cases using the solution of
the augmented QC relaxation with bound tightening.

Chapter 5
DECOMPOSITION METHODS FOR
RISK-CONSTRAINED OPF PROBLEM

5.1 Background and Overview
So far this work has only considered the optimization of a normal state of a
power system. Yet in practice, system operators must also take into account
various possible contingencies, which are represented by unexpected outages
of system components. Clearly, there is an inherent compromise between the
security of grid operation and the operating cost. With the liberalization of electricity markets and higher penetration of renewable generation, the problem
of balancing security and efficiency of power system operation is becoming
increasingly challenging. Excessively rigorous security criteria may lead to a
sub-optimal generation dispatch, reducing social welfare, whereas sacrificing
security for efficiency may result in major blackouts. Hence, quantifying security of power systems and enhancing it while keeping the total supply cost as
low as possible are important aspects of system operation.
Traditionally, deterministic approaches to quantifying system security have
been used by system operators, the most common of which is the N − 1 criterion [35, 36, 105]. While being simple and straightforward, this criterion has a
number of drawbacks. It is binary, meaning that the system is deemed either
secure or insecure without providing any information regarding the level of security that the current operating point corresponds to. In addition, all outages
are treated equally in terms of their severity for the system as well as their probability to occur, which can lead to operating the system at an unnecessarily
133
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high cost without enhancing its security. To overcome these drawbacks, probabilistic approaches to system security, based on a notion of risk [37, 38, 78, 106],
have been proposed. Risk-based security indices can be used for increasing
operators’ awareness of the system state [39, 107] and optimizing system performance [79,108,109]. In particular, the Risk-Constrained OPF (RCOPF) problem can be formulated [40, 41, 110, 111, 112, 113], which has an objective of
minimizing the total supply cost while keeping the risk below a given value.
In general, security of system operation can be enhanced by generation redispatch [36], load shedding [114, 115], or power flow control [116, 117], e.g. by
means of FACTS devices [54]. The latter is preferable as its cost is limited to the
procurement and maintenance cost of control devices, whereas the other two
reduce social welfare and should be ideally avoided. Since FACTS devices are
fast-acting, they enable the implementation of corrective power flow control
[118], i.e. the set-points of the devices can be changed quickly according to the
state of the system. While FACTS devices are not widely used due to their high
cost, more recent developments such as Distributed FACTS [59] are promising
as they offer potentially reduced installation and maintenance costs, which
can lead to their extensive use.
As there is currently no benchmark method for quantifying risk of system
operation, a number of different formulations of the RCOPF problem have
been proposed. This work considers a purely technical definition of risk presented in [37]. The RCOPF problem is a large-scale, nonlinear, non-convex
optimization problem, which is difficult to solve in a centralized fashion. Existing approaches for decoupling this problem include using Benders decomposition [41] and so-called locational security impact factors (LSIFs) [47, 110].
However, these studies are based on the DC approximation of a power system
model, which means that the obtained solution is typically physically meaningless. In addition, only single-element outages are considered in these studies
and communication overhead between parallel processors is ignored when
analyzing the acceleration of the decomposition algorithm.
This chapter aims to address these issues by presenting several formulations
of the RCOPF problem and corresponding decomposition algorithms. First,
the concept of LSIFs is extended to the AC model of a power system and their
utility for this case is analyzed. The decoupled algorithm presented in [47] is
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augmented to include additional variables and constraints emerging as a result of employing full AC-based power flow equations. Next, corrective control
devices and simultaneous outages of multiple elements in the system are incorporated into the RCOPF problem formulation, and a decomposed solution
algorithm for this problem is presented. For the sake of presentation simplicity,
the focus is only on N − 1 and N − 2 outages, but the proposed algorithm can
be straightforwardly extended to include any N − k outages as credible contingencies. This chapter also examines what the best way of parallelizing the
proposed algorithm is and how communication overhead influences the computation time. In addition, it analyses the impact that series FACTS devices
have on the risk and cost of system operation as well as on the computation
time. Early ideas and results of this work were presented in [119], while more
recent results were published in [120].
In existing RCOPF formulations, only one constraint on the total value of
risk is imposed and it is impossible to control the risk values of individual system states. This can result in some states being more “risky” than others and
although the total risk is below a given value, almost all of it is generated by
only a few states. In a lightly loaded system, such a situation does not pose a
problem because risks of all system states are low and limiting the total risk is
sufficient to ensure that no outage will have a significant impact on the system.
However, for a stressed system with a high value of risk, it is more important
to limit the risk of each credible system state to prevent a potential cascading
outage. To address this issue, this work presents a formulation of the RCOPF
problem in which a risk constraint is imposed on each considered system state.
Such a formulation provides greater flexibility to system operators, who thoroughly know their systems and can choose different risk limits for different
system states based on historical data and current operation point. To solve
the resulting RCOPF problem in a decoupled manner, LSIFs are modified and
incorporated into a proposed iterative algorithm that reduces the computation
time compared to the centralized solution. The main results of this work were
published in [121].
The remainder of this chapter is organized as follows. Section 5.2 presents
the model of the risk employed in this work. Section 5.3 provides an overview
of Locational Security Impact Factors. Section 5.4 describes the nonlinear Risk-
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Constrained OPF problem and the solution algorithm, and Section 5.5 extends
this problem to include corrective control devices and simultaneous outages
of multiple elements. Section 5.6 analyzes the impact of limiting the risk of
individual system states versus total system risk and Section 5.7 provides the
summary.

5.2 Risk Modeling
In general, the risk of a certain event can be defined as the product of its probability to happen and the consequences that it will bring. For a power system,
the events are represented by contingencies and the total risk of system operation is equal to the sum of the risk values of all credible contingencies. It serves
as a quantitative measure of system security and can be used as a constraint
in the OPF problem to determine the most cost-efficient generation dispatch
that satisfies security requirements.
Unfortunately, currently there is no benchmark method to select credible
contingencies as well as to quantify their consequences. Proposed risk indices
vary considerably as they are often designed for different purposes and timescales. Note that this work is not aimed at developing a new risk index and
comparing it with others found in literature. Rather, it adopts already existing
metrics that are deemed well suited for the main focus of this study, which is
intra-hour planning of power system operation.
Two approaches exist to quantify the consequences of credible contingencies. The first approach assesses the economic impact of contingencies
through various reliability indices such as expected energy not served (EENS),
loss of load probability (LOLP), etc [78, 79]. It assumes certain actions from
a system operator and can be applied for medium and long-term planning.
The second approach relies on a purely technical definition of consequences,
which are assumed to be the functions of the loadings of system elements
[37, 39]. The corresponding risk index reflects the level of danger to the system if no actions are undertaken by a system operator. This approach is better
suited for intra-hour planning and, therefore, it is employed in this work. Contingencies for the risk calculation can be selected either randomly using the
Monte-Carlo approach [78] or from a predetermined list of outages deemed
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Figure 5.1: Probability and severity functions in risk model.

credible [37]. In this work, the latter approach is employed, with considering
all N − 1 and, optionally, all N − 2 outages to be credible.
To compute the risk of a certain contingency, the following procedure is used.
First, operational constraints such as line flow limits are relaxed by adding slack
variables:

hp,q (x) ≤ kp h̄p + sp,q ,

sp,q ≥ 0,

(5.1)

where x is the variable vector, hp,q is the operational constraint for element p
in contingency q , h̄p is the limit on this constraint, and sp,q is the corresponding slack variable. The slack variable represents the part of the loading of the
corresponding element that is considered to be unsafe. Coefficient 0 < kp ≤ 1
controls the loading level at which the slack variable becomes non-zero and
starts to contribute to the risk index.
To quantify the consequences of a contingency, so-called severity functions
introduced in [39] are used. For a certain element, the severity function, shown
in Fig. 5.1a, is a quadratic function of its loading. The consequences value for
a given system state is determined as the sum of the severity functions values
for all elements that are still in operation in this state:

cq =

X

ĉp (sp,q ).

(5.2)
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The probability of element p to fail and create contingency q , shown in Fig.
5.1b, is chosen based on [110] to have two components. The first is constant
and represents the outage probability obtained from historical records, and
the second is a quadratic function of the element’s loading before the outage.
The total risk of system operation r is simply the sum of the risks of all considered system states:

r=

C
X

pq cq ,

(5.3)

q=0

where C is the total number of considered contingencies, q = 0 corresponds
to the normal state and its probability p0 is assumed to be equal to one.

5.3 Locational Security Impact Factors
As mentioned above, one potential way of reducing the value of risk in the
system is to re-dispatch generation. It is therefore desirable to have the quantitative measure of the impact that the change of a generator output has on
the system security. A similar idea is used in power system economics, where
LMPs indicate how the total generation cost would be affected if the power consumption at a particular bus were increased by one unit. The authors in [47]
introduced the so-called Locational Security Impact Factors (LSIFs), which represent the sensitivities of the system risk to the changes in active power outputs
of generators. For the i-th generator with the active power output PGi , the
value of the corresponding LSIF ηi is given by

ηi :=

∂r
.
∂PGi

(5.4)

This definition is applicable to both the full AC model of a system and its DC
approximation. LSIFs can provide useful information to system operators as
they indicate which generators to re-dispatch in order to reduce the risk of
system operation. In addition, these sensitivities can be used to decompose
the RCOPF problem. The expression for LSIFs depends on what contingencies
are deemed credible. This work considers two types of contingency lists: with
only single-element outages and with single- and double-element outages. To
limit the scope of the work, only branch outages that do not lead to islanding
are considered.
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LSIFs for Singe-Element Outages
Consider a system with L branches and assume that branch outages do not
result in the islanding of the system. Recall that the probabilities of element
outages are assumed to be the functions of element loadings in the normal
state. The value of the LSIF for generator i can then be expressed as

ηi =

 X

L 
L 
X
∂c0
∂cq
∂pq
+
+
,
pq
cq
∂PGi q=1
∂PGi
∂PGi
q=1

(5.5)

where c0 corresponds to the consequences value in the normal state. This
expression is obtained from (5.3) using the chain rule.
LSIFs for Singe-Elements and Double-Element Outages
If credible contingencies include all N − 1 and N − 2 contingencies, the expression for the total risk (5.3) can be reformulated as


r = c0 +

L
X
q=1



L
X


pq 
c
+
pv|q cv|q 
q

,

(5.6)

v=1,
v6=q

|

{z
cΣ
q

}

where c0 corresponds to the consequences value for the normal system state,

pq and cq are the probability and consequences of a first-level contingency, and
pv|q and cv|q are the probability and consequences of second-level contingency
v provided that first-level contingency q has occurred. Thus, cΣ
q represents the
consequences of the first-level contingency that also include the total risk of all
second-level contingencies associated with this first-level contingency. Such
a formulation allows capturing a cascading effect for contingencies with two
outaged elements, where the probability of a second element to fail is affected
by the system state after the failure of a first element. Hence, it is based on
the assumption that independent simultaneous outages of two elements are
extremely unlikely. It is worth noting that while the consequences value of
a second-level contingency does not depend on the order in which the two
elements were outaged, the corresponding outage probabilities change with
the order as they are the functions of elements’ loadings.
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Using (5.6) and the chain rule, one can obtain the following expression for
the LSIF of the i-th generator:




ηi =

L
X

L
X


∂pq 
∂c0
cq +
pv|q cv|q 
+
+

∂PGi q=1 ∂PGi
v=1,
v6=q


L
X


L
X

L
X

v6=q

v6=q

(5.7)

 ∂cq
∂pv|q
∂cv|q 
.
pq 
cv|q
+
pv|q
 ∂PG +
∂PGi v=1,
∂PGi 
i
q=1
v=1,

The method for calculating LSIFs and their application to decomposing different formulations of the RCOPF problem are explained below.

5.4 Risk-Constrained OPF Problem
First, this work presents the RCOPF problem in which all N − 1 contingencies
are deemed credible, and the decomposed solution algorithm for this problem.
This is an extension of the work presented in [47], which used the DC approximation of a system model, to the full nonlinear model of a power system. In
this problem, the only independent variables are the generator outputs, i.e. no
power flow control devices are considered. First, the problem formulation is
presented, followed by the description of the decomposed solution algorithm
and the results of numerical experiments.

5.4.1 Problem Formulation
To limit the scope of this work, a number of simplifying assumptions are made:
• The risk index only includes line loadings at one end of the line. Other
operational constraints such as bus voltage magnitude limits can be incorporated analogously.
• Limits on bus voltage magnitudes are treated as hard constraints in the
normal state and are omitted in contingency cases. Note that including
voltage magnitudes into the risk index would turn the limits on them into
soft constraints in both the normal state and contingency cases.
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• Voltage magnitude set-points for generators are assumed to be known in
advance and constant across all considered system states. This is done
because according to [28], simultaneous optimization of active and reactive power dispatch can lead to line flows that are unreasonable from an
engineering perspective.
• Reactive power capabilities of generators are assumed to be sufficient to
maintain selected voltage set-points in both the normal state and contingency cases. Hence, the reactive power balances of generator buses need
not be included in the optimization problem.
Based on these assumptions, the following RCOPF problem is formulated:
minimize
x

subject to

X

Ci (PGi )

(5.8a)

i∈G

X

PGk − PDi =

X

Vi,q Vj,q (Gij,q cos θij,q +

j∈Ωi

k∈Gi

i ∈N

(5.8b)

Bij,q sin θij,q ),
−QDi =

X

Vi,q Vj,q (Gij,q sin θij,q −
i ∈ NQ (5.8c)

j∈Ωi

Bij,q cos θij,q ),
PGmin
≤ PGi ≤ PGmax
,
i
i

i ∈G

(5.8d)

Vimin

i ∈N

(5.8e)

(i, j) ∈ Lq

(5.8f)

≤ Vi,0 ≤

Vimax ,

max
Iij (Vi,q , Vj,q , θij,q ) ≤ Ieij
+ sij,q ,

r(s0 , . . . , sL ) ≤ r

max

,

(5.8g)
all for q = 0, . . . , L

where the objective function is as defined in (2.21), G and N are the sets of
all generators and buses, respectively, NQ is the set of all buses that do not
have generators connected to them, Gi is the set of all generators connected
to bus i, Ωi is the set that includes bus i and all buses incident to it, q is the
index of a system state, Gq and Bq are the real and imaginary parts of the admax
max
mittance matrix corresponding to this state, Ieij
= kij Iij
is the reduced

thermal limit as in (5.1), Lq is the set of all branches that are in-service in state
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Set number of cuts 𝑁𝑁𝑐𝑐 ≔0
Solve base case OPF
with 𝑁𝑁𝑐𝑐 cuts

Compute consequences
𝑐𝑐0 𝑐𝑐1 ⋯ 𝑐𝑐𝐿𝐿
Compute risk value 𝑟𝑟
and values of LSIFs

yes

𝑟𝑟 ≤ 𝑟𝑟 max
no

Generate LSIF-based cut
𝑁𝑁𝑐𝑐 ≔ 𝑁𝑁𝑐𝑐 + 1

Record 𝑃𝑃𝐺𝐺

Figure 5.2: Overview of proposed decomposed solution algorithm for RCOPF
problem with all N − 1 outages as credible contingencies.

q , x := [PG , V0 , θ0 , s0 , . . . , VL , θL , sL ] is the vector of variables, sq is the vector
of slack variables related to line loadings in state q , r is the total risk computed
according to (5.3), and r max is the maximum value of risk. Observe that active power outputs of generators stay constant across all considered system
states. However, in contingency cases the active power outputs of generator(s)
connected to the slack bus are allowed to vary to compensate for a change in
losses. Note that this work can be extended to remove the aforementioned
assumptions.
Problem (5.8) has a large scale even for moderately-sized grids because all
single-element outages are considered for the calculation of the total risk value.
To reduce the computational burden, a decomposed solution algorithm is
used.

5.4.2 Decomposition Algorithm
Since LSIFs provide information regarding how to re-dispatch generation in
the system to reduce the total risk, it is possible to decompose problem (5.8) by
employing an algorithm outlined in Figure 5.2. First, the OPF problem for the
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base case (normal state) without any security constraints is solved to obtain
the generation dispatch with the minimum possible total supply cost. Next,
the risk and LSIFs are determined for this generation dispatch and the value
of the risk is compared to a given limit. If the total risk is within the allowed
limit, the process stops. Otherwise, the base case OPF problem is solved again,
this time with an additional linear constraint, which is based on the values of
LSIFs and indicates how the generation should be re-dispatched to reduce the
total risk. The total risk is then recomputed and the process is repeated until
the risk constraint is satisfied.
It is worth noting that this algorithm has a certain similarity to Benders
decomposition, which was shown to be effective for solving the deterministic security-constrained OPF problem. However, in the RCOPF problem because of the coupling risk constraint, Benders decomposition leads to a single
second-stage optimization problem, which includes all contingencies and is
computationally expensive to solve. Similar to Benders decomposition, the
proposed algorithm iteratively constructs feasibility cuts that eliminate parts
of the space of generator outputs leading to the violation of the risk constraint.
However, the proposed algorithm decomposes the RCOPF problem into subproblems for individual system states, which reduces the algorithm complexity.
While there is no theoretical convergence guarantee due to the problem nonconvexity, numerical experiments have shown that the decomposed algorithm
is reliable and efficient. A detailed description of its steps is provided below.
Step 1. OPF problem without security constraints
Initially, the generation dispatch that corresponds to the minimum possible
cost is determined. The following optimization problem is solved:
minimize
PG ,V,θ

subject to

X

Ci (PGi )

(5.9a)

i∈G

X

PGk − PDi =

X

Vi Vj (Gij,0 cos θij +

j∈Ωi

k∈Gi

i∈N

(5.9b)

i ∈ NQ

(5.9c)

Bij,0 sin θij ),
−QDi =

X

Vi Vj (Gij,0 sin θij −

j∈Ωi

Bij,0 cos θij ),
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PGmin
i

≤ PGi ≤ PGmax
,
i

Vimin ≤ Vi ≤ Vimax ,

i∈G

(5.9d)

i ∈ N.

(5.9e)

The obtained values of generator set-points are recorded along with bus power
injections Pi =

P

k∈GiPGk

− PDi for ∀i ∈ N and Qi = −QDi for ∀i ∈ NQ .

Note that at this point no security constraints are considered.
Step 2. LSIFs and Risk Calculation
After obtaining the generation dispatch, the total risk is determined and compared to the given limit. Since all contingencies are decoupled, the following
optimization problem is solved for each contingency q :
minimize cq (s)

(5.10a)

V,θ,s

X
subject to Pi =
Vi Vj (Gij,q cos θij +Bij,q sin θij ),

i ∈ NP

(5.10b)

i ∈ NQ

(5.10c)

(i, j) ∈ Lq ,

(5.10d)

j∈Ωi

X
Qi =
Vi Vj (Gij,q sin θij −Bij,q cos θij ),
j∈Ωi
max
Iij (Vi , Vj , θij ) ≤ Ieij
+ sij ,

where NP is the set of all buses except the slack bus and the value of consequences cq is defined according to (5.2). Along with cq , the values of the
Lagrange multipliers λi,q associated with active power balance equations for
generator nodes are recorded.
Once the consequences for all contingencies have been determined, the
value of the total risk is calculated by solving the following optimization problem for the normal state:
minimize c0 (s) +
V,θ,s

L
X

pq (sq )cq

(5.11a)

q=1

X

Vi Vj (Gij,0 cos θij +Bij,0 sin θij ),

i ∈ NP

(5.11b)

X
Qi =
Vi Vj (Gij,0 sin θij −Bij,0 cos θij ),

i ∈ NQ

(5.11c)

subject to Pi =

j∈Ωi

j∈Ωi
max
Iij (Vi , Vj , θij ) ≤ Ieij
+ sij ,

(i, j) ∈ L,

(5.11d)
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where c0 is the value of consequences for the normal state and pq is the probability of line q to fail.
This two-stage approach is needed because the probabilities of contingencies are assumed to be dependent on the line loadings in the normal state.
Hence, the solution of the optimization problem for the normal state depends
on the values of consequences in contingency cases, which act as weighting
parameters. The optimal objective function value of problem (5.11), which
corresponds to total risk r , is recorded along with the Lagrange multipliers λi,0
associated with the active power balance equations for generator buses. The
obtained value of risk is then compared to the given limit r max . If it is below
the limit, the process stops here. Otherwise, the values of LSIFs are computed
based on (5.5) using the obtained Lagrange multipliers:

ηi = λi,0 +

N
X

pq · λi,q .

(5.12)

q=1

Here, the values of pq are taken from the optimal solution of problem (5.11).
Note that for the fixed generation dispatch and in the absence of controllable
devices in the system the risk can be computed by solving power flow problems
corresponding to the contingency cases and the normal state. However, obtaining the risk by solving optimization problems (5.10) and (5.11) is instrumental
in determining the values of LSIFs, which are used to construct a feasibility cut.
Step 3. Cost/Risk Trade-off
At this step the OPF problem is solved once again, but this time adding the
information obtained from the LSIFs into the constraint set:
minimize
PG ,V,θ

subject to

X

Ci (PGi )

(5.13a)

i∈G

X

PGk − PDi =

X

Vi Vj (Gij,0 cos θij +

j∈Ωi

k∈Gi

i∈N

(5.13b)

i ∈ NQ

(5.13c)

Bij,0 sin θij ),
−QDi =

X

Vi Vj (Gij,0 sin θij −

j∈Ωi

Bij,0 cos θij ),
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PGmin
i

≤ PGi ≤ PGmax
,
i

Vimin ≤ Vi ≤ Vimax ,

X (j) 
(j)
r(j) +
ηi
PGi − PGi ≤ rmax ,

i ∈G

(5.13d)

i ∈N

(5.13e)

j ∈ [k],

(5.13f)

i∈G

where k is the current iteration number. Thus, at each iteration one more LSIFbased constraint is added to the optimization problem. After solving problem
(5.13), the algorithm proceeds to Step 2 to recompute the risk value. Constraint
(5.13f) contains the information regarding how to re-dispatch the generation
in order to reduce the total risk value. Since it is based on the linearization of
the nonlinear system, several iterations are required to reduce the inaccuracies
introduced by such a linearization to an acceptable level. The stopping criteria may include the satisfaction of the risk constraint, reaching a pre-specified
number of iterations, or the change in the total risk on two consecutive iterations being smaller than a given tolerance.
Such an iterative algorithm can help reduce the computation time significantly compared to the centralized method because of the smaller size of each
optimization problem and the possibility to parallelize computations. An additional advantage of the proposed algorithm is that even if it is terminated
before it converges, the dispatch obtained at each iteration is feasible with the
exception of the risk constraint. Thus, if the runtime is limited, once this limit
has been reached, the algorithm can be stopped and the dispatch with the
smallest risk constraint violation can be chosen among the completed iterations. This feature can be useful to system operators, for whom the timeliness
of a solution may sometimes be more important than its quality.

5.4.3 Experimental Results
In this section, the experimental results are presented to show the performance
of the proposed algorithm and compare it to the centralized approach.
Experimental Setup
The IEEE Reliability Test System was used to perform numerical experiments
[122]. The parameters of severity functions were chosen such that their values
are equal to zero for the flows below 70% of the corresponding line limits, 0.5
at 100% and 1 at 120%. The constant term pq,0 in the probability function was
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chosen to be 0.003 and it was assumed that at 120% line loading the line is
tripped with probability 1. The contingency list consisted of the outages of
power lines and transformers in the system that did not lead to islanding.
Two sets of different system configurations, referred to as scenarios, were
used to compare the results of the proposed and centralized methods. In the
first set of five scenarios, the line flow limits were fixed at 100%, 90%, 80%, 70%
and 60% of their initial values, respectively. Naturally, the lower the line limits
are, the higher the value of risk should become. In the second set, the scenarios
differed by the level of total load in the system and the distribution of the load.
In the first two scenarios, the loads were randomly redistributed such that the
total load in the system remained unchanged. Two other scenarios correspond
to a 5% total load increase and decrease, respectively.
The stopping criteria for the proposed algorithm included the satisfaction
of the risk constraint or the change in the total risk being smaller than 10−7
on two consecutive iterations. All experiments were carried out on a 2.5GHz
four-core PC with 16Gb of RAM. The optimization problems were solved by
SNOPT through its MATLAB interface available from TOMLAB.
Performance of Proposed Algorithm
The analysis of the performance of the proposed algorithm is presented for the
base case scenario, i.e. a scenario with the original values of load and line limits.
For this case, the total supply cost in the system in the OPF problem without
security constraints was equal to $33,197 with the corresponding risk value of
0.0068. The maximum allowed value of risk in this case was chosen to be 0.005
and the proposed algorithm was used to solve the RCOPF problem. Figure
5.3 shows the evolution of the total risk and cost over the iterations. After six
iterations, the value of the total risk was reduced to 0.00500002, which is only
0.0004% above the limit. The algorithm then stopped because the subsequent
change in the risk was smaller than 10−7 . As can be seen from Figure 5.3, the
reduction of the risk corresponded to the increase in the total supply cost. The
final total supply cost was equal to $33,545, which was 1.05% greater than for
the OPF problem without security constraints.
It is worth noting that, contrary to the DC case, in the AC case the change
of the slack bus for the algorithm does matter due to the losses in the sys-
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Figure 5.3: Total cost and risk of system operation over iterations.
Case

rmax

Base

0.004

0.9Imax
0.8Imax
0.7Imax
0.6Imax

0.005

Distribution 1

0.002

Distribution 2

0.003

Load Increase

0.003

Load Decrease

0.002

0.2
1.0
2.5

4Cost, %
3 · 10−4
2 · 10−2
4 · 10−7
1 · 10−5
1 · 10−4
2 · 10−3
7 · 10−4
2 · 10−3
1 · 10−3

tcen , s

tdec , s

tpar
dec , s

27.7

47.9

1.29

37.8

68.1

1.84

37.5

34.6

0.94

43.5

63.7

1.72

55.7

83.8

2.26

30.1

69.5

1.88

29.2

33.4

0.90

25.1

58.1

1.57

28.2

34.9

0.94

Table 5.1: Comparison of decomposed and centralized algorithms. tcen is the
computation time of the centralized algorithm, tdec is the computation time
of the proposed method when consequences for all contingencies were compar
puted sequentially, tdec is an estimate of the computation time of the proposed
method when consequences for all contingencies were computed in parallel.

tem. However, conducted experiments showed that its impact on the final
re-dispatch and, consequently, supply cost was negligible.
Comparison of Centralized and Decomposed Algorithms
The results obtained by the proposed algorithm were then compared to the
centralized solution for all ten considered scenarios. For each case, the desired
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risk was set arbitrarily between the initial value and the minimum possible
value. The results of both approaches are presented in Table 5.1. One can see
that the total resulting supply cost obtained by the iterative approach was extremely close to the one obtained by the centralized method for all considered
cases. The computation time for the decomposed algorithm was comparable
to the centralized method. However, all calculations in the proposed algorithm
were performed sequentially, i.e. problems (5.10) were solved in series for all
contingencies. For the considered 24-bus IEEE test system, parallelizing all
computations would make the proposed algorithm up to 37 times faster as
there were 37 considered contingencies. Table 5.1 shows this estimate of the
computation time of the parallelized proposed algorithm. Note that it assumes
that each contingency would be handled by a separate processor and the communication overhead is neglected. However, even if fewer processors were
available, the decomposed algorithm would still be significantly faster compared to the centralized approach. It is worth noting that the bigger the system
is, the faster the proposed algorithm would become compared to the centralized method.
These experimental results demonstrate that the proposed solution algorithm based on the values of LSIFs was able to produce a high-quality solution
while being intrinsically parallelizable. Hence, it can potentially be applied to
larger-scale power systems.

5.5 Incorporating Corrective Control and MultipleElement Outages
Next, the RCOPF problem is extended to incorporate corrective control and
multiple-element outages. As opposed to preventive control, corrective power
flow control enables a quick adjustment of set-points of control devices after
the occurrence of a disturbance to eliminate possible violations of operational
constraints. This may allow system operators to choose a generation dispatch
with a lower total supply cost while still satisfying security requirements. Contingencies with outages of multiple elements are considered in order to take
into account potential danger for the system posed by cascading outages. To
limit the scope of the work, only contingencies from N − 1 and N − 2 lists that
do not lead to islanding are considered. This section presents a steady-state
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XFACTS
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Bus j
Bij

Bij

Figure 5.4: Steady-state model of series FACTS device.

model of series control devices and the formulation of the resulting RCOPF
problem, describes the proposed solution algorithm and its parallel implementation, and provides the results of numerical experiments.

5.5.1 Modeling of Series Power Flow Control Devices

In general, security of a power system depends on both voltage magnitudes at
buses and currents in transmission lines and transformers. However, in this
work only the effect of the line flows on security is taken into account, which is
why series FACTS devices are considered as a means of power flow control. Examples of such devices include the Thyristor Controlled Series Compensator
(TCSC), Static Synchronous Series Compensator (SSSC) [79], and recently developed distributed FACTS (DFACTS) [59] devices. For the steady-state analysis,
all aforementioned devices can be modeled as a variable reactance inserted in
series into the transmission line. This model is shown in Figure 5.4.

By changing the value of XF ACT S , the reactance of a transmission line with
a series FACTS device can be changed, which in turn causes the change in the
line flow, thus enabling power flow control. All power electronics-based FACTS
devices are fast-acting, which allows them to quickly change their set-points
and thus participate in corrective power flow control.
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5.5.2 Problem Formulation
Using the same assumptions as for the RCOPF problem with contingencies
from the N − 1 list, the following optimization problem is formulated:
minimize
x

subject to

X

Ci (PGi )

(5.14a)

i∈G

X

PGk − PDi =

X

Vi,q Vj,q (Gij,q cos θij,q +
i ∈ N (5.14b)

j∈Ωi

k∈Gi

Bij,q sin θij,q ),
−QDi =

X

Vi,q Vj,q (Gij,q sin θij,q −
i ∈ NQ (5.14c)

j∈Ωi

Bij,q cos θij,q ),
PGmin
≤ PGi ≤ PGmax
,
i
i
Vimin

≤ Vi,0 ≤

i ∈G

Vimax ,

Iij (Vi,q , Vj,q , θij,q , Xij,q ) ≤
min
max
Xij
≤ Xij,q ≤ Xij
,

r(s0 , . . . , sC ) ≤ r

max

,

(5.14d)

i ∈ N (5.14e)
max
Ieij

+ sij,q ,

(i, j) ∈ Lq (5.14f)
(i, j) ∈ Fq (5.14g)
(5.14h)
all for q = 0, . . . , C

where Fq is the set of all branches that are in-service in state q and have
FACTS devices installed in them, Xij,q is the reactance of the FACTS device
in branch (i, j) in state q , C is the total number of considered contingencies
which is proportional to L2 , the vector of optimization variables is given by

x := [PG , V0 , θ0 , s0 , X0 , . . . , VC , θC , sC , XC ], the risk r is computed according to (5.6), and the rest is defined as in problem (5.8). Note that for a FACTS
device installed in line (i, j) ∈ F , elements Yii , Yjj , Yij , and Yji of the admittance matrix used in (5.14b)-(5.14c) become variable as they depend on the
reactance of the FACTS device.
Problem (5.14) has a significantly larger size than problem (5.8) for the same
system due to the incorporation of series FACTS devices as variables and a
higher number of considered contingencies. Solving this problem in a centralized fashion for large-scale grids is virtually impossible, which calls for the
application of decomposition methods.
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5.5.3 Decomposition Algorithm
The proposed decomposed solution algorithm is based on an extension of the
solution algorithm for problem (5.8). The algorithm starts with determining
the dispatch with the minimum supply cost and the corresponding risk value.
If the risk is higher than the given limit, the algorithm proceeds with iteratively updating generation dispatch until the risk constraint has been satisfied.
At each iteration, the risk value along with LSIFs for the current dispatch are
determined and a LSIF-based constraint is added to the supply cost minimization problem of the next iteration. The risk is computed in the following way.
First, the consequences for all N − 2 contingencies are calculated. Second,
the consequences for N − 1 contingencies are calculated, which according to
(5.6) include the risk values of corresponding N − 2 contingencies. Finally, the
total risk is obtained. Such a decomposition is possible because for a given dispatch the consequences for all contingencies are independent of each other.
Hence, the only optimization variables are the settings of power flow control
devices, which can be different for each considered system state. The detailed
description of these steps is given below.
Step 1. OPF problem without security constraints
First, the algorithm determines a minimum possible total supply cost in the
system in the absence of security constraints:
minimize
PG ,V,θ,X

subject to

X

Ci (PGi )

(5.15a)

i∈G

X

PGk − PDi =

X

Vi Vj (Gij,0 cos θij +
i ∈N

(5.15b)

i ∈ NQ

(5.15c)

PGmin
≤ PGi ≤ PGmax
,
i
i

i ∈G

(5.15d)

Vimin

i ∈N

(5.15e)

j∈Ωi

k∈Gi

Bij,0 sin θij ),
−QDi =

X

Vi Vj (Gij,0 sin θij −

j∈Ωi

Bij,0 cos θij ),

min
Xij

≤ Vi ≤

Vimax ,

≤ Xij ≤

max
Xij
,

(i, j) ∈ F0 .

(5.15f)
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Clearly, the obtained cost represents a lower bound on the optimal objective
value of the RCOPF problem. The resulting active power outputs of generators
are recorded together with bus power injections Pi =

P

k∈GiPGk

− PDi for

∀i ∈ N and Qi = −QDi for ∀i ∈ NQ .
Step 2. Calculation of Consequences of Second-level Contingencies
Once the initial dispatch has been determined, the consequences for all contingencies with two outaged elements are calculated for this dispatch. Note that
at this point the order in which these two elements are disconnected from the
grid does not matter since the resulting system state is the same. To obtain the
minimum possible consequences cv|q for second-level contingency v caused
by first-level contingency q , the following optimization problem is solved:
minimize cv|q (s)

(5.16a)

V,θ,s,X

X

Vi Vj (Gij,v|q cos θij +Bij,v|q sin θij ),

i ∈ NP

(5.16b)

X
Qi =
Vi Vj (Gij,v|q sin θij −Bij,v|q cos θij ),

i ∈ NQ

(5.16c)

subject to Pi =

j∈Ωi

j∈Ωi
max
Iij (Vi , Vj , θij , Xij ) ≤ Ieij
+ sij ,

(i, j) ∈ Lv|q (5.16d)

min
max
Xij
≤ Xij ≤ Xij
,

(i, j) ∈ Fv|q . (5.16e)

At the optimal solution, the value of Lagrange multiplier for the active power
balance constraint for bus i corresponds to:

λi,v|q =

∂cv|q
.
∂Pi

(5.17)

The optimal values of consequences c̄v|q along with Lagrange multipliers λv|q
are recorded and the algorithm proceeds to the next step.
Step 3. Calculation of Consequences of First-level Contingencies
After the consequences for all considered N − 2 level contingencies have been
determined, the same is done for all considered N − 1 level contingencies
with adding the risk of all corresponding second-level contingencies. Thus, for
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contingency q the following optimization problem is solved:
L
X

minimize cq (s) +
V,θ,s,X

pv|q (sv )c̄v|q

(5.18a)

v=1,
v6=q

X

Vi Vj (Gij,q cos θij +Bij,q sin θij ),

i ∈ NP

(5.18b)

X
Qi =
Vi Vj (Gij,q sin θij −Bij,q cos θij ),

i ∈ NQ

(5.18c)

subject to Pi =

j∈Ωi

j∈Ωi
max
Iij (Vi , Vj , θij , Xij ) ≤ Ieij
+ sij ,

(i, j) ∈ Lq

(5.18d)

min
Xij

(i, j) ∈ Fq .

(5.18e)

≤ Xij ≤

max
Xij
,

At the optimal solution, the value of Lagrange multiplier for the active power
balance constraint for bus i corresponds to:

λi,q

L
X
∂pv|q
∂cq
=
+
c̄v|q .
∂Pi v=1, ∂Pi

(5.19)

v6=q

The optimal values of consequences c̄Σ
q are recorded along with Lagrange multipliers λq and probabilities of second-level contingencies pv|q given the occurrence of first-level contingency q .
Step 4. LSIFs and Risk Calculation
Finally, the total risk of system operation is determined by solving the following
optimization problem:

minimize c0 (s) +
V,θ,s,X

L
X

pq (sq )c̄Σ
q

(5.20a)

q=1

X

Vi Vj (Gij,0 cos θij +Bij,0 sin θij ),

i ∈ NP

(5.20b)

X
Qi =
Vi Vj (Gij,0 sin θij −Bij,0 cos θij ),

i ∈ NQ

(5.20c)

subject to Pi =

j∈Ωi

j∈Ωi
max
Iij (Vi , Vj , θij ) ≤ Ieij
+ sij ,

(i, j) ∈ L

(5.20d)

min
Xij

(i, j) ∈ F0 .

(5.20e)

≤ Xij ≤

max
Xij
,
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At the optimal solution, the value of Lagrange multiplier for the active power
balance constraint for bus i corresponds to:
N

λi,0 =

∂c0 X ∂pq Σ
+
c̄ .
∂Pi q=1 ∂Pi q

(5.21)

If the value of the total risk is below the given limit, the algorithm stops. Otherwise, the values of LSIFs are computed based on (5.7) using the obtained
Lagrange multipliers and outage probabilities:
N
X

ηi = λi,0 +

λi,q pq +

q=1

N
X

N
X

pq

q=1

λi,v|q pv|q .

(5.22)

v=1,
v6=q

These values are used in the risk-cost trade-off step, which is described below.
Step 5. Cost/Risk Trade-off
In order to obtain the most cost-efficient re-dispatch while taking into account
the information provided by LSIFs, the base case OPF problem is solved once
again with an additional LSIF-based constraint:
minimize
PG ,V,θ,X

subject to

X

Ci (PGi )

(5.23a)

i∈G

X

PGk − PDi =

X

Vi Vj (Gij,0 cos θij +

j∈Ωi

k∈Gi

i ∈N

(5.23b)

i ∈ NQ

(5.23c)

i ∈G

(5.23d)

i ∈N

(5.23e)

Bij,0 sin θij ),
−QDi =

X

Vi Vj (Gij,0 sin θij −

j∈Ωi

Bij,0 cos θij ),
PGmin
i

≤ PGi ≤ PGmax
,
i

Vimin ≤ Vi ≤ Vimax ,
min
Xij

max
Xij
,

≤ Xij ≤

X (j) 
(j)
r(j) +
ηi
PGi − PGi ≤ rmax ,
i∈G

(i, j) ∈ F0

(5.23f)

j ∈ [k],

(5.23g)
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where k is the index of the current iteration. Thus, at each iteration one more
linear constraint is incorporated into the optimization problem. After solving
problem (5.23), the algorithm proceeds to Step 2 to recompute the risk value
and the iterations continue until the risk constraint is satisfied. This algorithm
is similar to the solution algorithm for problem (5.8) but it can also handle
contingencies with outages of up to two elements and determine corrective
actions of power flow control devices.
The proposed algorithm can reduce the computation time compared to the
centralized method because it solves a series of smaller-scale optimization
problems instead of one problem of a much larger size. Another advantage
of the proposed algorithm is that at each iteration the consequences of contingencies can be computed in parallel, thus further reducing the computation
time. It is therefore important to implement the algorithm in a way that maximizes the benefits of parallel computations.

5.5.4 Parallel Implementation of Decomposition Algorithm
Consider one iteration of the proposed algorithm, whose overview is presented
in Figure 5.5 with each rectangle corresponding to an optimization problem.
The iteration starts with obtaining a certain generation dispatch. Then the
consequences for all N − 2 contingencies are determined, followed by the
calculation of the consequences for N − 1 contingencies, and, finally, the total
risk. Two points are important to note here. First, the consequences for an

N − 1 contingency can be obtained only after the consequences for all N − 2
contingencies “inside” this contingency have been computed. Second, this
work assumes that the order in which two elements are disconnected does not
affect the resulting system state and the corresponding consequences value,
i.e. ci|j = cj|i for any i and j . This allows computing the consequences for
only half of the considered N − 2 contingencies.
While it seems natural to directly parallelize the loop going over all N − 2
contingencies, such a strategy would result in a significant communication
overhead between the parallel “slave” processors and the “master” processor.
On the other hand, parallelizing the loop going over N −1 contingencies would
require each slave processor to compute the consequences for all corresponding N − 2 contingencies. Therefore, the fact that only half of the N − 2 contingencies has to be computed would not be utilized.
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Figure 5.5: Overview of one iteration of proposed algorithm.

For the aforementioned reasons, the following parallelization scheme is proposed. First, each slave processor is sent an N − 1 contingency with those
corresponding N − 2 contingencies that are not sent to other slave processors.
The slave processor computes the consequences for these N − 2 contingencies and sends the result to the master processor in one block. After this step,
the consequences for all N − 2 contingencies are known. Next, a parallel loop
going over all N − 1 contingencies is organized, but this time each slave processor only has to compute the consequences for the corresponding N − 1
contingency. Once the consequences for all N − 1 contingencies have been
obtained, the master processor is able to calculate the total risk value. Such a
scheme reduces the communication overhead while including only half of the

N − 2 contingencies in the computations.

5.5.5 Experimental Results
This section presents and discusses experimental results that illustrate the performance of the proposed algorithm and the impact of series FACTS devices
on the risk and cost of system operation.
Experimental Setup
The IEEE 24-bus [122] and 118-bus systems were used in this study. The 24-bus
system was used for the comparison of the centralized and proposed methods for solving the RCOPF problem and for all other experiments the 118-bus
system was used. The summaries for both systems are provided in Table 5.2,
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System
Number of buses
Number of branches
Number of generators
Number of FACTS
N − 1 contingencies
N − 2 contingencies
Total number of states
Constraints in RCOPF
Variables w/o FACTS
Variables with FACTS

1
24
38
33
12
37
656
694
50,009
58,350
66,527

2
118
186
54
25
177
15,502
15,680
5,723,381
6,585,833
6,971,741

Table 5.2: Parameters of 24-bus and 118-bus systems.

which also contains the number of considered N-1 and N-2 outages, the total
number of system states as well as the total number of constraints and variables (without and with FACTS devices) in RCOPF problem (5.14). Note that
the number of constraints does not include the bounds on optimization variables.
In order to analyze the effect of corrective power flow control on system performance, series FACTS devices were installed on twelve randomly selected
lines in the 24-bus system and twenty five lines in the 118-bus system. Each
device was chosen to have the regulation range of 50% of the corresponding
line’s reactance both in capacitive and inductive modes. Currently, these devices are expensive and only a few of them are installed in real power grids.
However, recent developments such as DFACTS [59] indicate that the prices
for power flow control devices may decrease in the future, which could lead to
their extensive use. Thus, this work investigates the impact that a high penetration of such devices would have on the risk and cost of system operation as
well as on the complexity of the RCOPF problem.
Apart from the base case, nine different configurations of each system were
developed. These configurations were obtained by randomly changing the
loading pattern based on a normal distribution in order to simulate different
operating conditions. Hence, a total of twenty system configurations were considered for each system, ten with FACTS devices and ten without them.
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The list of selected contingencies included all combinations of outages of up
to two branches that did not lead to islanding of any nodes. Coefficient kp was
chosen to be equal to 0.7, which means that an element starts to contribute to
the consequences value once its loading exceeds 70% of nominal. The severity function was designed such that its value is equal to 0.5 at the operational
limit of a line/transformer and 1 at 120% loading. For simplicity, the constant
term in the probability function, which reflects the statistical outage probability, was chosen to be 0.003 for all outages and the probability of the normal
state was assumed to be 1. The parameters of the probability function were selected in such a way that an element has the outage probability of 0.5 at 100%
loading and 1 at a 20% overload. Note that it is not the purpose of this work
to determine suitable values for the probability and severity functions and the
acceptable value of risk. It is assumed that system operators will be able to
provide these values based on experience and knowledge of their grids.
Unless stated otherwise, all experiments were carried out on a 2.9GHz fourcore PC with 32Gb of RAM. The optimization problems were solved using
solver SNOPT through its MATLAB interface available as part of TOMLAB package. For parallel implementation of the iterative algorithm, four parallel processors, also referred to as workers, were used.
Performance of Proposed Algorithm
To study the performance of the proposed approach, the 118-bus system with
and without FACTS devices was used. First, for each system configuration, the
minimum possible supply cost was determined in the absence of any security requirements. This was done by solving problem (5.15) of Step 1 of the
proposed algorithm. Next, the corresponding total risk value for the obtained
dispatch was calculated. Then, the maximum allowable risk level was set to
30% of the computed initial risk value. To obtain the most cost-efficient generation dispatch that would satisfy this risk constraint, the RCOPF problem was
solved by the proposed algorithm. The algorithm was considered to have converged once the violation of the risk constraint became smaller than 0.001%.
Figure 5.6 and Figure 5.7 show the evolution of the total cost and risk of system operation, respectively, over the iterations for the cases with and without
FACTS devices. The risk and cost are presented in p.u., with the initial values
of the risk and cost chosen as their base values.
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Figure 5.6: Evolution of total supply cost over iterations of proposed algorithm
for 118-bus system.
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Figure 5.7: Evolution of total risk value over iterations of proposed algorithm
for 118-bus system.

A number of observations can be made from the obtained results. First, the
proposed algorithm had a similar convergence pattern both for the cases with
and without FACTS devices. Hence, not only was it able to handle a nonlinear
AC system model, but it also coped with additional nonlinearities introduced
by the presence of multiple series FACTS devices in the system. Second, while
on average the algorithm needed from 13 to 20 iterations to converge with an
average of 17 iterations, in all but one case the violation of the risk constraint
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was already less than 1% after ten iterations. Therefore, by varying the tolerance of the risk constraint violation it is possible to significantly affect the algorithm’s computation time. Additional experiments showed that the smaller
the required reduction in the total risk was, the faster the algorithm converged.
When the desired risk was set to 50% and 70% of the initial value, the average
number of iterations reduced to 13 and 8, respectively.
Overall, the proposed algorithm demonstrated robust convergence for all
considered test cases regardless of the value of risk limit and presence of FACTS
devices in the system.
Comparison of Decomposed and Centralized Algorithms
Next, the results obtained by the proposed algorithm were compared to the
centralized solution in terms of the solution accuracy and computation time.
Since for the 118-bus system the total number of variables was approximately
6.6 million, the RCOPF problem could not be solved in a centralized manner
in reasonable time. For this reason, the 24-bus system was used to compare
the two approaches.
For each test case, the maximum allowable risk level was set to 30% of the
initial risk value corresponding to the most cost-efficient generation dispatch.
Table 5.3 shows the comparison results of the two algorithms for all ten system
configurations without FACTS devices when using two starting points: flat start
and warm start. The flat start is a point with voltage magnitudes equal to 1 p.u.
and phase angles equal to zero, and the warm start is a point obtained from
the solution of the power flow problem for the generation dispatch provided
in the data file. As can be seen from the table, the total supply costs obtained
by the two algorithms were close to each other, which means that both algorithms converged to the same solution. However, the proposed approach was
on average 33 times faster in case of the warm start and 166 times faster in case
of the flat start. Thus, even for a small test system, the decomposed algorithm
was significantly faster and less sensitive to the starting point than the centralized one. Note that the results for the decomposed algorithm were obtained
using only four parallel workers. Adding more parallel processors would have
reduced the computation time of this algorithm even further.
When series FACTS devices are included in the optimization, a lot of independent control variables are added into the RCOPF problem, which signifi-
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Case

4Cost, %

1
2
3
4
5
6
7
8
9
10

1.5 · 10−4
4.0 · 10−5
1.1 · 10−6
2.4 · 10−5
2.8 · 10−5
9.9 · 10−5
5.2 · 10−5
3.2 · 10−5
1.3 · 10−7
3.7 · 10−5

Time centralized, s
flat start
warm start
865.5
217.9
1555.4
179.9
1158.6
2088.6
1499.7
164.8
2075.6
616.7
1903.7
257.5
1752.4
218.5
6911.9
159.2
1842.8
149.7
2079.5
324.0

Time proposed, s
flat start
warm start
31.4
27.9
14.3
14.7
14.2
14.8
8.7
9.0
11.6
11.6
10.3
9.1
18.7
19.1
17.5
16.6
6.8
6.5
14.1
12.8

Table 5.3: Comparison of solutions obtained by decomposed and centralized
algorithms for 24-bus system without FACTS devices.

cantly increases its complexity. With the computational power at the authors’
disposal, it was not possible to carry out simulations for all system configurations for the centralized algorithm in reasonable time. Therefore, only the
base case was considered, for which the resulting difference in the total supply
cost between the centralized and decomposed algorithms was 0.003%. The
computation time was 87 seconds for the decomposed algorithm and 39 hours
for the centralized algorithm. Hence, the decomposed algorithm scales better
with system size than the centralized one and is less affected by the presence
of FACTS devices.
Impact of FACTS Devices on System Operation and Proposed Algorithm
In order to analyze the impact of series FACTS devices on system operation,
the following steps were undertaken. First, for each considered configuration
of the 118-bus system the most cost-efficient generation dispatch in the absence of security constraints was determined. Then, the minimum possible
risk value corresponding to the obtained dispatch was calculated. If no power
flow control devices are installed in the system, the risk of system operation is a
fixed value for a given generation dispatch and no optimization is possible. Series FACTS devices can reroute line flows and reduce the risk without changing
generator outputs except for the slack bus output, which has to be adjusted to
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Figure 5.8: Total risk corresponding to most cost efficient generation dispatch
without security constraints for 118-bus system.

account for a change in active power losses. Figure 5.8 shows the initial values
of the risk for all system configurations. One can see that series FACTS devices
helped reduce the risk of system operation by approximately 50%.
For a better visualization of the impact of series FACTS devices on system
operation, the minimum possible total supply cost was analyzed as a function
of the desired risk level. To do this, several instances of the RCOPF problem
were solved, each time setting a stricter risk limit until the minimum possible
risk value for a given loading pattern was achieved. The resulting curves are
presented in Figure 5.9 for the base case with and without corrective power flow
control. Cutting this graph vertically, one can see the reduction in the supply
cost for a certain risk level that series FACTS devices helped achieve. Similarly,
a horizontal cut shows by how much these devices were able to reduce the total
risk for a certain supply cost. It can be seen from Figure 5.9 that corrective
power flow control by means of series FACTS devices had significant positive
effects on the efficiency and security of system operation.
While series FACTS devices increase the flexibility of the power grid, they
also add complexity to the problem of its optimal control. Therefore, it was
important to understand how these devices affect the speed of the proposed
algorithm for solving the RCOPF problem. As in the previous experiments, the
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Figure 5.9: Total supply cost as function of system risk for 118-bus system.

desired level of risk was set to 30% of the initial risk and the RCOPF problem
was solved by the proposed algorithm. The resulting computation times for
the systems with and without series FACTS devices are shown in Figure 5.10.
One can see that the proposed algorithm was on average four times slower for
the systems with series FACTS devices compared to the case without FACTS
devices. However, this increase was reasonably small considering the number
of introduced control variables.
Impact of Parallelization of Decomposed Algorithm
Parallelization of the proposed algorithm, discussed in Section 5.5.4, can significantly reduce the computation time for the RCOPF problem, which is crucial in system operation. However, the assumption that the decrease in the
computation time is linearly proportional to the number of available processors is overly simplistic because of non-negligible communication overhead
between the processors. To determine the realistic behavior of the parallelized
algorithm, a server with two 2.2GHz Intel Xeon CPUs was used. Since the parallelization occurs within one iteration of the proposed algorithm, all results
were obtained for one iteration of the algorithm. The 24-bus system without
FACTS devices and 118-bus system with and without FACTS devices were used
and the number of parallel workers varied from 0 (no parallelization) to 16
(maximum available on the machine). Figure 5.11 shows the obtain computation time as a function of the number of parallel workers.

Decomposition Methods for Risk-Constrained OPF Problem

165

35
with FACTS
without FACTS

Computation time (min)

30
25
20
15
10
5
0
1

2

3

4

5

6

7

8

9

10

System configuration

Figure 5.10: Impact of FACTS devices on computation time of proposed algorithm for 118-bus system.
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Figure 5.11: Computation time for one iteration of proposed algorithm for
different number of parallel workers.

Several conclusions can be drawn based on the presented results. First, the
relation between the runtime and the number of parallel workers is nonlinear
due to the communication overhead. Second, while in theory each contingency from the N − 1 list can be solved on a separate processor, in practice
fewer parallel processors are required to achieve the best performance. For
instance, when more than 10 processors were used for the 24-bus system, the
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communication overhead outweighed the advantage of solving optimization
problems in parallel and the overall computation time increased. Lastly, the
larger the system size, the more beneficial the parallelization became for reducing the computation time relative to the sequential solution. This happens
because as the system size increases, the time to solve each optimization problem grows faster than the communication overhead.
In general, the optimal number of parallel processors for solving the RCOPF
problem by the proposed algorithm would depend on the system under consideration and on the machine used. However, it is clear that parallelization is
indispensable to solving this problem for large-scale power systems.
The presented experimental results demonstrate that the proposed parallelized algorithm outperformed the centralized algorithm while producing
high-quality operating points. While the incorporation of corrective control
into the RCOPF problem increased the runtime of the proposed algorithm, it
was shown to improve economic efficiency and security of system operation.

5.6 Limiting Risk of Individual System States
The formulations of the RCOPF problem considered so far have the security
constraint imposed on the value of total risk in the system. Employing such
a formulation may lead to a significant difference between the average and
median values of risk for individual system states. That is, there may be a few
high-risk states with most other states hardly contributing to the total value
of risk. Such a high variation of risk across system states is not desirable in
stressed operating conditions in which the impact of any credible outage on
the system should be limited. In addition, system operators might want to
impose different risk limits on the normal state and contingencies and in the
extreme case, all credible system states can be assigned different risk limits.
To address this issue, this work proposes a formulation of the RCOPF problem in which a separate constraint is placed on each considered system state.
For simplicity, only contingencies from the N − 1 list are used and no corrective control actions are incorporated in the problem formulation. However, it
can be straightforwardly extended to include other contingencies and various
power flow control devices.
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5.6.1 Problem Formulation

Using the same assumptions as for problem (5.8), the following optimization
problem is formulated:
minimize
x

subject to

X

Ci (PGi )

(5.24a)

i∈G

X

PGk − PDi =

X

Vi,q Vj,q (Gij,q cos θij,q +

j∈Ωi

k∈Gi

i ∈ N (5.24b)

Bij,q sin θij,q ),
−QDi =

X

Vi,q Vj,q (Gij,q sin θij,q −
i ∈ NQ

j∈Ωi

Bij,q cos θij,q ),
(5.24c)

PGmin
i
Vimin

≤ PG i ≤

PGmax
,
i

i ∈ G (5.24d)

≤ Vi,0 ≤

Vimax ,

i ∈ N (5.24e)

max
Iij (Vi,q , Vj,q , θij,q ) ≤ Ieij
+ sij,q ,

rq (s0,q , sq ) ≤

rqmax ,

(i, j) ∈ Lq (5.24f)
(5.24g)
all for q = 0, . . . , L

where rq = pq (s0,q )cq (sq ) is the risk of state q , rqmax is the corresponding limit,
and the rest is as defined in problem (5.8). In general, the risk limits can be
different for different contingencies. Note that as the probability of a branch to
fail depends on its loading in the normal state, (5.24g) is a coupling constraint.
For contingency q , it includes all slack variables from this contingency and
the slack variable from the normal state corresponding to the branch whose
outage creates contingency q . It is worth noting that by limiting the risk of each
considered contingency the total risk is also limited. While the opposite is also
true, i.e. the limit on the total risk provides an upper bound on the individual
risks, the proposed approach is more flexible. In general, the two approaches
are guaranteed to have the same result only for rqmax = 0, which is equivalent
to the deterministic security-constrained OPF problem.
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Since problem (5.24) has a large scale due to a high number of considered
system states, solving it in a centralized manner comes at a high computational
cost. Therefore, a decomposed solution algorithm is used.

5.6.2 Decomposition Algorithm
Similar to problems (5.8) and (5.14), problem (5.24) can also be solved by a
decomposed algorithm based on LSIFs. Since problem (5.24) includes the risk
constraints on individual system states instead of one constraint on the total risk, the definition of LSIFs is modified accordingly. Specifically, they are
defined as the sensitivities of the sum of violations of all individual risk constraints to changes in generator outputs. For state q , risk constraint violation

ξq is defined as:

r − rmax , if r > rmax
q
q
q
q
ξq =
0,
otherwise.

(5.25)


q | ξq > 0 be a set of system states for which the corresponding
risk constraint is violated. Then for the i-th generator, the corresponding LSIF
ηi is defined as
P
∂ q∈Ωξ ξq
.
(5.26)
ηi =
∂PGi
Let Ωξ :=

Substituting (5.25) into (5.26) and using the fact that rq = pq cq , the following
expression for ηi can be derived:

ηi =

X
X
∂c0
∂pq
∂cq
+
cq
+
pq
.
∂PGi
∂PGi
∂PGi
q∈Ωξ

(5.27)

q∈Ωξ

The following decomposed algorithm based on modified LSIFs is employed,
which has the same principle as the algorithm for solving problem (5.8). First,
the base case OPF problem without risk constraints is solved to obtain the generation dispatch with the minimum possible total supply cost. Next, the risks
and LSIFs are determined for this dispatch and all risk values are compared to
the corresponding limits. If no risk constraints are violated, the process stops.
Otherwise, the base case OPF problem is solved again, this time with an additional LSIF-based constraint, which indicates how the generation should be
re-dispatched to reduce the sum of risk constraints violations. The risk values
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are then determined again and the process is repeated until all risk constraints
are satisfied. A more detailed description of each step is given below.
Step 1. OPF problem without security constraints
First, the OPF problem for the normal state is solved, which has the objective of
minimizing the total supply cost in the absence of risk constraints. This problem corresponds to problem (5.9). The optimal values of generator outputs are
recorded together with the obtained bus power injections Pi and Qi .
Step 2. LSIFs and Risk Calculation
After obtaining the generation dispatch, risk values for all considered system
states are determined. For each contingency q , its consequences are obtained
by solving problem (5.10). Along with the optimal consequence value c̄q , the
values of the Lagrange multipliers λi,q associated with active power balance
constraints for generator buses are recorded. Since for a fixed generation dispatch all contingencies can be treated independently, their consequences can
be computed in parallel.
After obtaining the consequence values for all contingencies, the following
optimization problem with the objective of minimizing the sum of risk constraints violations is solved:
minimize
V,θ,s,ξ

L
X

ξq

(5.28a)

q=0

X

Vi Vj (Gij,0 cos θij +Bij,0 sin θij ),

i ∈ NP

(5.28b)

X
Qi =
Vi Vj (Gij,0 sin θij −Bij,0 cos θij ),

i ∈ NQ

(5.28c)

subject to Pi =

j∈Ωi

j∈Ωi
max
Iij (Vi , Vj , θij ) ≤ Ieij
+ sij ,

pq (sq )c̄q ≤
c0 (s) ≤

rqmax

r0max

+ ξq ,

+ ξ0 .

(i, j) ∈ L,

(5.28d)

q ∈ [L]

(5.28e)
(5.28f)

The values of Lagrange multipliers λi,0 associated with the active power balance constraints for generator nodes are recorded.
If the optimal objective value of problem (5.28) is zero, all risk constraints are
satisfied and the process stops. Otherwise, the values of LSIFs are determined
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based on the recorded Lagrange multipliers:

ηi = λi,0 +

X

λi,q pq .

(5.29)

q∈Ωξ

The value of ηi reflects how much the sum of risk constraints violations would
be affected by the change in the power output of generator i. Note that for
the fixed generation dispatch and in the absence of controllable devices in
the system the risk values for all considered states can be computed from the
power flow problems. However, the employed formulation helps obtain LSIFs,
which are used to update the generation dispatch in order to reduce the risk
constraints violations.
Step 3. Cost/Risk Trade-off
At this step OPF problem with the objective of the total supply cost minimization is solved again, but this time with adding a LSIF-based constraint:
minimize
PG ,V,θ

subject to

X

Ci (PGi )

(5.30a)

i∈G

X

PGk − PDi =

X

Vi Vj (Gij,0 cos θij +
i∈N

(5.30b)

i ∈ NQ

(5.30c)

PGmin
≤ PGi ≤ PGmax
,
i
i

i ∈G

(5.30d)

Vimin

i ∈N

(5.30e)

j ∈ [k],

(5.30f)

j∈Ωi

k∈Gi

Bij,0 sin θij ),
−QDi =

X

Vi Vj (Gij,0 sin θij −

j∈Ωi

Bij,0 cos θij ),

L
X
q=0

≤ Vi ≤

ξq(j) +

Vimax ,

X

(j)

ηi



(j)

PGi − PGi



≤ 0,

i∈G

where k is the current iteration number. Due to the nonlinearity of the system,
more than one iteration is needed for the algorithm to converge. After obtaining the new dispatch, the algorithm returns to step 2 at which the risk constraints are checked again. The algorithm continues until all risk constraints
are satisfied or the maximum iteration number is reached.
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5.6.3 Experimental Results
In this section, the results of numerical experiments are presented and analyzed. First, the performance of the proposed algorithm is studied and compared to the centralized algorithm, followed by the analysis of the proposed
approach versus the approach that limits only the total risk value.
Experimental Setup
The IEEE Reliability Test System [122] was used to conduct numerical experiments. As before, the value of coefficient kp was chosen to be 0.7, which means
that a branch has zero consequences associated with its operation as long as
its loading does not exceed 70% of its thermal limit. The parameters of the
severity function were set such that its value equals 0.5 at the element’s operational limit and 1 at a 20% overload. The value of constant term pq,0 in the
probability function, which represents a statistical outage probability, was chosen to be 0.003 for all elements. The list of credible contingencies included the
outages of all branches that do not lead to islanding. Thus, a total of 38 system
states were considered, one of them being the normal state and the rest being
contingencies from the N − 1 list.
Ten different configurations of the IEEE 24-bus system were developed. The
first represents the base case with all line limits reduced by 15%. In the next
group of three cases, line limits in certain parts of the system were changed
while all other parameters were kept intact. In the first of these cases, the
limits of all transformers were reduced by 20-35%. In the other two cases in
the group, the limits were reduced in the northern and southern parts of the
system, respectively. The next two cases represent a 10% load decrease and increase for all buses with non-zero loads, respectively. The last group contains
four cases, in each of which all line limits were reduced by 15% and the load
was redistributed randomly using a normal distribution.
Analysis of Initial Risk
First, the OPF problem with the objective of minimizing the total supply cost
without security constraints was solved for all ten developed cases. After obtaining the most cost-efficient generation dispatch, the total risk value associated with operating the system at this dispatch was determined for each case
according to (5.3). Then the relative contribution of each individual system
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Case
1
2
3
4
5
6
7
8
9
10

Risk
0.22
1.64
0.33
0.65
0.70
0.74
0.53
4.62
0.29
1.24

r1 , %

r2 , %

r3 , %

r4 , %

44.9
43.0
32.5
46.1
67.3
39.6
40.0
35.3
50.8
37.0

30.2
34.9
26.3
38.2
21.2
36.1
25.6
28.5
20.5
32.2

11.0
16.7
26.3
4.0
0.9
16.7
21.7
22.4
19.4
25.0

1.6
0.4
5.3
3.3
0.9
0.5
4.8
10.3
0.8
0.7

P4

1 ri , %
87.7
95.0
90.5
91.6
90.3
92.9
92.2
96.6
91.5
95.0

Table 5.4: Total risk value and relative contributions of four most risky states
for each system configuration.

state to the total risk value was calculated. Table 5.4 presents the total risk
value and the relative contributions of four most risky states for each case. The
last column in the table represents the aggregate relative contribution of these
four states to the total risk value. If all system states had equal contributions
to the total risk, then given that there were in total 38 considered system states,
the risk of each system state would be approximately 2.6% of the total risk. As
can be seen from Table 5.4, this was not the case. The aggregate contribution of
the four most risky states varied between 88% and 97% with the single riskiest
state contributing from 33% to 67%.
These results demonstrate that the contributions of individual system states
to the total risk are not uniform. Hence, imposing only the constraint on the
total risk value might not always be the best approach. In particular, since
these contributions are not known beforehand, the only way to ensure that the
individual risks stay within a certain limit is to upper bound them by setting
the total risk limit to a desired value. This can result in operating the system at
an unnecessarily high cost and thus should be avoided.
Performance of Proposed Algorithm
Next, the results obtained by solving the RCOPF problem by the proposed algorithm are presented and analyzed. For the base case, the initial risk value was
equal to 0.22 and the maximum risk of an individual system state was equal
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Figure 5.12: Evolution of total cost and sum of risk violations over iterations.

to 0.098. To analyze the algorithm’s performance, the risk limit was arbitrarily
set to 0.01 for each considered system state. Figure 5.12 shows the evolution
of the total supply cost in the system and the sum of risk constraints violations.
The algorithm converged in nine iterations with the most significant changes
of cost and risk violations occurring at the first several iterations.
A similar procedure was carried out for each of the other nine cases and the
results are presented in Table 5.5. One can see that an increase of 1-10% in
the total supply cost was required to eliminate violations of risk constraints,
and in most cases the algorithm converged in less than 10 iterations. Overall,
the algorithm demonstrated robust convergence and was able to eliminate the
violations of risk constraints for all considered test cases. Note that for the first
four cases the minimum possible costs were equal because the load patterns
were the same for all these cases and different line limits did not affect the
initial cost value.
Comparison of Decomposed and Centralized Algorithms
Next, the results obtained by solving the RCOPF problem by the proposed algorithm were compared to the centralized solution in terms of accuracy and
computation time. Table 5.6 presents this comparison for all considered system configurations. As follows from the table, the difference in the total supply
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Case
1
2
3
4
5
6
7
8
9
10

Cost, $
33196
33196
33196
33196
39162
27800
32700
33212
32317
32755

rqmax

P

0.01
0.1
0.01
0.05
0.01
0.01
0.05
0.1
0.01
0.01

0.16
0.65
0.26
0.45
0.60
0.65
0.31
3.68
0.23
1.14

ξq

4Cost, %

niter

1.55
9.69
1.59
1.02
1.03
4.02
2.01
7.82
2.16
5.73

9
9
7
5
9
8
8
10
7
14

Table 5.5: Solution of RCOPF problem obtained by proposed algorithm for ten
considered system
configurations. rqmax is the selected limit for risk of each
P
ξq is the initial sum of risk constraints violations for most costsystem state,
efficient generation dispatch, 4Cost is the relative increase in total supply cost
required to eliminate violations of risk constraints.

cost obtained by the two algorithms was negligible for all test cases. While the
runtime of the sequential implementation of decomposed algorithm was comparable to the runtime of the centralized algorithm, most of the computations
in the proposed algorithm can be parallelized. The last column in Table 5.6
shows a runtime estimate of the parallelized decomposed algorithm assuming
that each contingency would be handled by a separate processor and neglecting the communication overhead. In practice, this speedup would not be as
significant but the decomposed algorithm can still outperform the centralized
method for the considered system using only several parallel processors.
Impact of Limiting Individual vs Total Risk
Lastly, the difference between the RCOPF problem with the constraint on the
total risk and the one with risk constraints for each considered state was analyzed. The results of the comparison are presented in Table 5.7.
Initially, for each test case an arbitrary risk limit was chosen (see second
column in the table). This value was used first as the total risk limit and then as
the limit for each individual system state in the RCOPF problem. The resulting
total supply costs for these two cases were calculated and their difference is
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Case
1
2
3
4
5
6
7
8
9
10

rqmax
0.01
0.1
0.01
0.05
0.01
0.01
0.05
0.1
0.01
0.01

4Cost%
7 · 10−5
3 · 10−4
7 · 10−6
3 · 10−5
1 · 10−5
5 · 10−5
2 · 10−5
1 · 10−4
6 · 10−6
5 · 10−7

tcen , s

tdec , s

tpar
dec , s

4.9
5.5
4.3
5.5
4.5
6.3
5.1
11.4
4.3
7.8

8.9
8.8
7.3
5.4
9.1
7.9
8.0
9.7
7.0
13.2

0.25
0.24
0.20
0.15
0.25
0.22
0.22
0.27
0.19
0.36
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Table 5.6: Comparison of decomposed and centralized algorithms. tcen is the
computation time of the centralized algorithm, tdec is the computation time
of the proposed method when consequences for all contingencies were compar
puted sequentially, tdec is an estimate of the computation time of the proposed
method when consequences for all contingencies were computed in parallel.

shown in the third column of Table 5.7. The cost in the case with the total risk
constraint was always greater than with the individual risk constraints because
it represented a stricter reliability requirement. Therefore, trying to limit the
risks of individual system states by limiting the total risk value may lead to an
unnecessarily high operating cost.

Next, another risk value was chosen for each test case to be the individual
risk limit. These values were then multiplied by the number of considered
system states (38 in this study) and the resulting values were chosen as the
total risk limits (see columns 4 and 5 in Table 5.7). Once again, the optimal
total supply costs were calculated by solving the RCOPF problems. If all system
states had similar contributions to the total risk value, the difference in the
resulting supply cost between the two variations of the RCOPF problem would
be very small. As follows from column 6 of Table 5.7, this was not the case with
the limit on the total risk yielding a more cost-efficient dispatch. However, the
risk value of the riskiest system state for the case with the total risk constraint,
shown in the last column, far exceeded the corresponding individual risk limit.
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Case
1
2
3
4
5
6
7
8
9
10

rset

4C1 ,%

rqmax

rmax

4C2 ,%

maxq {rq }

0.05
0.3
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1

0.68
3.73
1.16
0.42
0.48
0.94
0.92
1.35
0.66
1.02

0.003
0.050
0.005
0.020
0.005
0.005
0.005
0.050
0.005
0.005

0.114
1.90
0.19
0.76
0.19
0.19
0.19
1.90
0.19
0.19

1.00
14.73
1.91
1.79
0.86
1.71
1.32
5.41
1.66
1.74

0.05
0.71
0.06
0.30
0.08
0.09
0.08
0.61
0.10
0.08

Table 5.7: Comparison of impact of limiting total system risk and risks of individual system states.

The obtained results indicate that imposing risks limits on individual system
states provides more control options to system operators and can lead to a
better trade-off between security and efficiency of system operation.

5.7 Conclusion
This chapter presented several formulations of the risk-constrained OPF problem and decomposition algorithms for solving these problems more efficiently.
The considered RCOPF formulations include N − 1 and, optionally, N − 2
contingencies, corrective control enabled by series FACTS devices, and the risk
limits on individual system states and on total risk. The proposed solution
algorithms are based on so-called Locational Security Impact Factors, which
represent the sensitivities of the total risk with respect to changes in generator outputs. These algorithms have a lower computational complexity compared to the centralized algorithms and are inherently parallelizable, which
can further reduce their computation time. The work proposes a parallelization scheme that results in the highest reduction in the computation time due
to low communication overhead between parallel processors.
The proposed algorithms were tested on the 24-bus and 118-bus systems.
The experimental results demonstrate that these algorithms converged to the
same solution as the centralized ones. Hence, they were able to handle non-
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linear AC RCOPF problems and additional nonlinearities introduced by the
presence of multiple series FACTS devices in the system. Furthermore, the decomposed algorithms were substantially faster and less dependent on the starting point than the centralized approaches. The parallelization of the proposed
algorithms helped reduce the computation time, although in practice communication overhead is non-negligible and has to be accounted for. Nevertheless,
parallelization of the proposed algorithms opens up the possibility of their application to larger grids. It was also shown that if multiple series FACTS devices
were present in the system, the efficiency and security of its operation was significantly improved, albeit at a cost of an increase in the time required to solve
the corresponding optimization problem. Finally, the results indicate that only
a few system states had high risk values with other states hardly contributing
to the total risk. Therefore, limiting the risk of each considered system state
provides more control options to system operators compared to constraining
only the total risk. This can help them enhance security of system operation
without an unnecessary increase in the operating cost.

Chapter 6
CONCLUSION AND FUTURE WORK

This dissertation presented techniques for improving performance of solution
algorithms for optimization problems related to power system operation. The
main focus was on the Optimal Power Flow (OPF) problem, which is a basis of
decision-making tools used by system operators. Since this optimization problem is non-convex, nonlinear and has a large scale for realistic grids, it remains
difficult to solve despite decades of research. This work made contributions in
three areas: feasibility-preserving approximations of the OPF problem, methods to strengthen its convex relaxations, and decomposition algorithms for
the OPF problem with risk constraints. The developed techniques are aimed at
helping system operators obtain high-quality, physically meaningful operating
points more reliably and efficiently.
Modern nonlinear programming (NLP) solvers cannot reliably find a locally
optimal or even feasible point of the OPF problem. On the other hand, existing
approximations of this problem cannot guarantee that the solution respects
the laws governing steady-state operation of a grid. To address this, a new approximation of the OPF problem was proposed, wherein only nonlinear line
flow constraints are replaced with their inner or outer linear approximations.
This helps reduce the problem complexity while ensuring that the solution
remains physically meaningful. A computationally efficient algorithm for constructing these approximations was developed and implemented as an opensource C library. The algorithm is based on the properties of the non-convex
feasible set of a line flow constraint, which was analyzed in detail. Extensive numerical experiments demonstrated that it is possible to achieve a 5% approx179
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imation error for virtually all realistic lines and operating ranges. Replacing
nonlinear line flow constraints with their linear approximations helped significantly increase the reliability of state-of-the-art NLP solvers IPOPT, KNITRO,
and SNOPT without compromising the solution quality. The best-performing
solver IPOPT was able to solve all feasible test cases with linear line flow constraints for both the flat and warm starting points. In addition, the linearization
helped reduce the computation time for hard test cases despite an increase
in the problem size. It also made convergence less dependent on the starting point. Future extensions of this work may include the consideration of
branches with flexible parameters such as lines with series FACTS devices and
transformers with tap changers as well as branches with soft line limits. One
can also construct a nonlinear convex approximation of a line flow constraint,
which will help keep the size of the resulting OPF problem unchanged. Lastly,
a similar approximation strategy can be employed for constraints on branch
apparent power flows.
With regards to convex relaxations, existing techniques cannot guarantee
the recovery of a physically meaningful operating point. The solution quality
can be improved by using bound tightening methods but current methods are
computationally prohibitive for large-scale grids. This problem was addressed
here by presenting three computationally efficient methods for tightening the
bounds on phase angle and voltage magnitude differences across branches.
The idea behind all methods is to tighten each bound by formulating a convex
optimization problem that admits a fast solution. The first method tightens
each bound using only the parameters of the corresponding branch, whereas
the other two utilize the information of the entire system. All there methods
have low computational complexity, are complementary to each other and
highly parallelizable. They were implemented as an open-source MATLABbased package. The numerical studies showed that these methods could significantly tighten virtually all angle difference bounds and the majority of voltage
difference bounds. The proposed methods were found to be computationally
efficient even for large-scale grids. They took considerably less time compared
to the time required to solve the convex relaxation of the OPF problem. These
bound tightening methods improved the quality of the relaxation solution as
they reduced the optimality gap and made it more physically meaningful. To
further strengthen the relaxation, several valid inequalities that reduce its fea-
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sible space were proposed. As expected, incorporating these inequalities into
the relaxation helped recover more physically meaningful points with smaller
optimality gaps. Future steps may be focused on producing other valid inequalities and finding the ways to reformulate the relaxation such that its feasible
space is reduced. In addition, the proposed bound tightening methods could
also be improved. To accelerate them, a power system can be partitioned into
several subsystems, and the bounds for each of them can be tightened separately. Another possibility is to improve the implementation by using a lower
level programming language, optimizing parallel processing, and utilizing low
rank matrix updates instead of re-factorization. To produce tighter bounds, a
notion of objective function can be incorporated into the problem to cut off
feasible but irrelevant parts of the search space. Finally, the proposed methods
can be extended to the OPF problem with security constraints.
With regards to the risk-constrained OPF (RCOPF) problem, existing formulations and solution algorithms are largely focused on its DC approximation.
Hence, the obtained solutions may yield physically meaningless and inaccurate with respect to the actual risk in the system. In this work, three formulations of the RCOPF problem were considered. The first includes only singleelement outages as credible contingencies, whereas the second also includes
double-element outages and corrective control by series FACTS devices. Both
of these formulations have one constraint on the total risk. In contrast, the
third formulation has separate risk constraints on individual system states. For
each of these formulations, a decomposed solution algorithm based on Locational Security Impact Factors was presented. These algorithms were found
to converge to the same solution as the centralized ones but they were less
dependent on the starting point and had a lower computation time, particularly in the case of parallel implementation. Despite the communication
overhead between parallel processors, a parallel implementation potentially
allows the application of the proposed algorithms to large-scale grids. It was
also found that corrective control helped significantly enhance system security without increasing the operating cost. Finally, the conducted experiments
demonstrated that it was possible to better control the risk/cost trade-off by
placing risk constraints on individual system states rather than limiting the
total risk. Future directions for enhancing this work may be to apply convex
relaxations to the RCOPF problem to enable the application of reliable decom-
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position algorithms. Another important step is to incorporate load uncertainty
into the RCOPF problem, especially for planning problems with a longer time
horizon. In addition, other control devices should be included in the RCOPF
formulation and their impact on the risk of system operation needs to be assessed. Including extra variables in the RCOPF problem may in turn require
the extension of the proposed decomposition algorithms. Lastly, the ways to
better quantify the risk of system operation should be pursued. This is particularly important in the light of increasing uncertainty of both supply and
demand due to renewable energy sources and demand response systems.
It is worth noting that the techniques developed in this dissertation can potentially be applicable to other problems arising in power system operation
and planning. Therefore, it is hoped that other researchers can benefit from
these techniques in their work on enabling the transition to more reliable, cost
efficient, and sustainable energy systems.
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Appendix A
PROPERTIES OF FEASIBLE SET OF LINE
FLOW CONSTRAINT

This appendix provides the proofs of the properties of the feasible set of a line
flow constraint that are discussed in Section 3.2.
Assumption A.1. Coefficients a1 and a4 defined in (3.5) and (3.8), respectively,
are positive for all realistic branches.
Theorem A.1. For a given pair (Vi , Vj ) ∈ R2+ , the following statements hold for

Iij defined according to (3.3):


0 :=
(a) Iij reaches its minimum for θij
− arctan a3 /a4 ;
L := 0
U := 0
(b) Iij reaches its maximum for θij
θij − π and θij
θij + π ;
0
(c) Iij increases monotonically as θij moves from θij
towards either
L
U
θij
or θij
.

Proof. Let us first prove (a) and (b). Since Vi and Vj are fixed, Iij is a function
of only θij . This function is continuous and differentiable. Hence, the extrema
of Iij (θij ) can be found from ∂Iij /∂θij = 0. The partial derivative of Iij with
respect to θij can be obtained from (3.3) and is given by:


Vi Vj a3 cos θij + a4 sin θij
∂Iij
=q
.
∂θij
a1 Vi2 + a2 Vj2 + 2Vi Vj a3 sin θij − a4 cos θij
193

(A.1)

194

OPTIMIZATION OF POWER SYSTEM OPERATION

Given that Vi > 0 and Vj > 0, equating (A.1) yields

a3 cos θij + a4 sin θij = 0.

(A.2)

Solving (A.2) for θij yields
∗
θij


= − arctan

a3
a4


k ∈ Z,

+ kπ,

(A.3)



Let φ := − arctan a3 /a4 . Since the range of arctan(·) is (−π/2, π/2) and we
∗
only consider θij ∈ [−2π, 2π], θij
∈ {φ − π, φ, φ + π}.

To determine which of these three extrema points are minima and which are
maxima, let us substitute them into (3.3). Using identity (3.9) along with the

√

√

facts that sin(arctan(x)) = x/ 1 + x2 and cos(arctan(x)) = 1/ 1 + x2 , one
obtains

Iij (Vi , Vj , φ − π) =
Iij (Vi , Vj , φ)

=

Iij (Vi , Vj , φ + π) =

√
√
√

a1 Vi +
a1 Vi −
a1 Vi +

√
√
√

a2 Vj

2

(A.4)

a2 Vj

2

(A.5)

a2 Vj

2

.

(A.6)

Since Vi ≥ 0 and Vj ≥ 0, it follows from (A.4)-(A.6) that for a given pair of

0 :=
(Vi , Vj ) Iij reaches its minimum value for θij
− arctan a3 /a4 and its
L :=
0
U :=
0
maximum value for θij
−π + θij
and θij
π − θij
.
Let us now prove (c). For Iij to increase monotonically as θij moves from
0
θij

L
U
towards either θij
or θij
, the following conditions have to hold:

∂Iij
≤ 0,
∂θij
∂Iij
≥ 0,
∂θij

h
i
L
0
∀θij ∈ θij
, θij

(A.7)

i
h
0
U
∀θij ∈ θij
, θij
.

(A.8)

Using trigonometric identity

a3 cos θij + a4 sin θij =

q

a23 + a24 sin θij + arctan



a3
a4

!
(A.9)
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one can rewrite (A.1) to obtain

p



0
a23 + a24 Vi Vj sin θij − θij

∂Iij
=q
.
∂θij
a1 Vi2 + a2 Vj2 + 2Vi Vj a3 sin θij − a4 cos θij

(A.10)

0
Hence, the sign of ∂Iij /∂θij is determined by the sign of sin(θij − θij
). If
0
0
θij ≤ θij
, ∂Iij /∂θij ≤ 0 and if θij ≥ θij
, ∂Iij /∂θij ≥ 0.

−
+
Next, let us prove the monotonicity of θ̄ij
and θ̄ij
along the x1 axis.

Theorem A.2. For a branch with any parameters and any point (x1 , x2 ) ∈ Ix ,
the following statements hold:
(a)

+
∂ θ̄ij
(x1 , x2 )
≤ 0;
∂x1

(b)

−
∂ θ̄ij
(x1 , x2 )
≥ 0.
∂x1

Proof. Let us first prove (a). Recall that
+
θ̄ij

= arccos

t
√
2 a1 a2

!


− arctan

a3
a4


,

(A.11)

where t is defined according to (3.13) using Vi and Vj . Let us now express t
through x1 and x2 using (3.27)-(3.28):

√
√
√
√
a2 x1 − a1 x2
a1 x1 + a2 x2
+ a2 √
−
t :=a1 √
√
√
a1 x1 + a2 x2
a2 x1 − a1 x2
max 2
(a1 + a2 ) (Iij
)
 √
.
− √
√
√
a2 x1 − a1 x2
a1 x1 + a2 x2

(A.12)

+
Substituting (A.12) into (A.11) and taking the partial derivative of θ̄ij
with re-

spect to x1 , one obtains
+
∂ θ̄ij
(a1 + a2 )
= − 2 2√
×
∂x1
Vi Vj 4a1 a2 − t2

  max 2
√
× 2 a1 a2 x1 + (a2 − a1 ) x2 (Iij
) − (a1 + a2 ) x22 .

(A.13)
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Since a1 > 0 and a2 > 0, the sign of

+
∂ θ̄ij
∂x1

is determined by the signs of



√
max 2
2 a1 a2 x1 + (a2 − a1 )x2 and (Iij
) − (a1 + a2 )x22 . From (3.30) it fol

max 2
lows that (Iij
) − (a1 + a2 )x22 ≥ 0 for ∀x2 ∈ Ix . To determine the sign

√
of 2 a1 a2 x1 + (a2 − a1 )x2 , let us first express x1 and x2 through Vi and Vj :


√

√
a2 Vi + a1 Vj
√
x1 =
a1 + a2
√
√
− a1 Vi + a2 Vj
√
.
x2 =
a1 + a2
√

(A.14)
(A.15)



Substituting (A.14)-(A.15) into 2 a1 a2 x1 + (a2 − a1 )x2 yields

 √

√
√
√
2 a1 a2 x1 + (a2 − a1 )x2 = a1 + a2
a1 Vi + a2 Vj > 0.
Hence,

+
∂ θ̄ij
∂x1

≤ 0. Proving (b) is analogous.

(A.16)

Appendix B
FAST SOLUTION ALGORITHMS FOR
BOUND TIGHTENING PROBLEMS

This appendix describes optimization problems and solution algorithms for
tightening the bounds on variables. First, the derivation of matrices in equation (4.29) is presented.
Derivation B.1. Derivation of equation (4.29).
Consider a power system with n buses and m branches. The system of power
balance equations is given by

Gii Vi2 +

X

Vi Vk (Gik cos θik + Bik sin θik ) =

X

PGk − PDi , i ∈ N (B.1)

k∈Ωi

k∈Gi

X

X

−Bii Vi2 +

Vi Vk (Gik sin θik − Bik cos θik ) =

k∈Ωi

QGk − QDi , i ∈ N . (B.2)

k∈Gi

S
By substituting Vi2 with Wii for ∀i ∈ N , Vi Vj sin θij with Wij
and Vi Vj cos θij
C
with Wij
for ∀(i, j) ∈ L, one obtains the following system of linear equations:




" # "
#
W


PG
PD
S


Y0  W  = H
−
,
QG
QD
C
W

(B.3)

where H is a generator-to-bus incidence matrix and Y0 is defined as

"

diag(G)

BE
Y0 :=
−diag(B) GE
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#
G|E|
.
−B|E|

(B.4)
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Here, E is a branch-to-bus incidence matrix of a directed graph, i.e. Eik = 1 if
the beginning of branch k is connected to bus i, Eik = −1 if the end of branch

k is connected to bus i, and Eik = 0 if branch k is not connected to bus i. To
relate W , W S , and W S to V and θ , linear envelopes described in (4.23)-(4.26)
are used:

W = A1 V + y 1

(B.5)

T = A2 V + y 2

(B.6)

T S = A3 θ + y 3
T

C

= A4 θ + y 4
" #
h
i T
W S = A5l A5r
+ y5
TS
" #
h
i T
C
+ y6 .
W = A6l A6r
TC

(B.7)
(B.8)
(B.9)

(B.10)

where A1 ∈ Rn×n , A2 , A3 , A4 ∈ Rm×n , A5l , A5r , A6l , A6r ∈ Rm×m are constant coefficient matrices and y1 ∈ Rn , y2 , y3 , y4 , y5 , y6 ∈ Rm are variable
offsets. The values of the entries of the coefficient matrices are defined according to Table 4.1 as follows:
for bus i:

A1,ii := Vimin + Vimax ,

(B.11)

for branch (i, j), which has index k in the list of all branches:

Vjmin + Vjmax
V min + Vimax
, A2,kj := i
2
 2 n
o
min
max
:= cos max |θij
|, |θij
|
, A3,kj := −A3,ki

A2,ki :=

(B.12)

A3,ki

(B.13)

A4,ki :=

min
max
cos θij
− cos θij
, A4,kj := −A4,ki
min − θ max
θij
ij

min
max
sin θij
+ sin θij
2
Vimin Vjmin + Vimax Vjmax
:=
2

(B.14)

A5l,kk :=

(B.15)

A5r,kk

(B.16)
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A6l,kk :=
A6r,kk :=

min
max
min{cos θij
, cos θij
}
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min
max
max{cos θij
, cos θij
, 1}

+
2

Vimin Vjmin + Vimax Vjmax
.
2

(B.17)
(B.18)

The parameters of the lower and upper bounds of the offsets are computed
analogously according to Table 4.1.
Using (B.5)-(B.10), one can construct the following linear relaxation of (B.3):

 
" # "
#
θ
 
P
P
G
D

D
V  = H Q − Q ,
G
D
y

(B.19)

where y := [y1 , y2 , y3 , y4 , y5 , y6 ] and matrix D ∈ R2n×(3n+5m) is defined as



0


D := Y0 A5r A3
A6r A4

A1
A5l A2
A6l A2

I
0
0

0
A5l
A6l

0
A5r
0

0
0
A6r

0
I
0


0

0
,
I

(B.20)

where 0 and I are all-zero and identity matrices of corresponding dimensions.
Define A ∈ R2n×2n and C ∈ R2n×(n+5m) such that [A − C] := D . Then
(B.19) can be rewritten as

" #
" # "
#
θ
PG
PD
A
=H
−
+ Cy,
V
QG
QD

(B.21)

which is equivalent to (4.29).
Next, a computationally efficient algorithm for solving an LP problem that
has the bounds on variables and one constraint is presented.
Problem B.1. Consider the following optimization problem:
maximize cT x

(B.22a)

x

subject to 0 ≤ x ≤ xu
l

T

(B.22b)
u

a ≤a x≤a ,

(B.22c)
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n

where x, x , c, a ∈ R and al , au ∈ R. Note that in general, the lower bound
on x may not be zero. However, in such a case this problem can be transformed to
problem (B.22) by a simple change of variables. A standard solution algorithm
for problem (B.22) has the complexity O(nα ), with α > 2. We now show that
exploiting the structure of this problem allows to solve it with a greedy algorithm
that has the complexity O(n log n).
Solution Algorithm. The proposed greedy algorithm, which is similar in spirit
to an LP relaxation of the knapsack problem, is summarized in Algorithm B.1.
First, constraint (B.22c) is disregarded and problem (B.22a)-(B.22b) is solved by
inspection, which has the complexity O(n) (see Section 4.3.2). The obtained
objective value represents an upper bound on the optimal objective value of
problem (B.22). Then the satisfaction of constraint (B.22c) is checked. If this
constraint is satisfied, the algorithm stops because the obtained upper bound
is tight. Otherwise, the constraint violation is computed together with the sequence I of indices of x that can reduce the constraint violation at a cost of
decreasing the objective value. If this sequence is empty, the constraint violation cannot be eliminated and thus the problem is infeasible. Otherwise, the
elements in I are sorted in an ascending order of |ci /ai |. Hence, the first element has the largest impact on constraint (B.22c) relative to its impact on the
objective value. The elements in the sorted sequence I are then used successively to eliminate the constraint violation in a way that affects the objective
value the least. If the constraint is still violated after using all elements in I ,
the problem is infeasible. Otherwise, the obtained objective value is the optimal objective value of problem (B.22). The complexity of this algorithm is
bounded by the complexity of sorting the elements of I . Since I can have at
most n entries, the algorithm’s complexity is O(n log n).
Next, the derivation of the optimal shunt parameters and convex envelopes
of bus current injections is presented.
Theorem B.1. Consider the following robust optimization problem:
minimize ρ

(B.23a)

g,b,ρ

subject to


2 
2
P
Q
+ gV +
− bV ≤ ρ,
V
V

h
i
∀V ∈ V l , V u .

(B.23b)
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Algorithm B.1: Fast solution algorithm for LP problem with one constraint
Data: c, a, al , au , xu


P
P
c0 := Ω ci xui , a0 := Ω ai xui , where Ω := i | ci > 0
if a0 < al then
I := (i | ci > 0, ai < 0) ∪ (i | ci ≤ 0, ai > 0)
4a := al − a0
else if a0 > au then

I := (i | ci > 0, ai > 0) ∪ (i | ci ≤ 0, ai < 0)
4a := a0 − au
else
return c0

. Costraint (B.22c) is not binding

end

m := |I|
if m = 0 then
return −∞

. Problem is infeasible

end
sort I s.t. |ci /ai | ≤ |cj /aj |, ∀i < j, i, j ∈ I

i := 1
while i ≤ m and 4a > 0 do

k := Ii
if 4a ≥ |ak xu
k | then
4a := 4a − |ak xuk |
c0 := c0 − |ck xuk |
else

c0 := c0 − |ck 4a/ak |
4a := 0
end

i := i + 1
end
if 4a > 0 then

c0 := −∞
end
return c0

. Problem is infeasible
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where all variables and parameters are real scalars. The optimal solution of this
problem is given by



P
Q
g := − l u , b := l u , ρ := P 2 + Q2
V V
V V

Vu−Vl
V lV u

!2
.

(B.24)

Proof. Observe that this optimization problem is separable in g and b. Hence,
the optimal value of ρ can be obtained as ρ = ρg + ρb , where ρg is the optimal
objective value of the problem
minimize ρg

(B.25a)

g,ρg

2

P
+ gV ≤ ρg ,
subject to
V

h
i
∀V ∈ V l , V u ,

(B.25b)

and ρb is the optimal objective value of the problem
minimize ρb

(B.26a)

b,ρb


2
Q
subject to
− bV ≤ ρb ,
V

h
i
∀V ∈ V l , V u .

(B.26b)

Consider problem (B.25). As this is a robust optimization problem, it is impor-


2
P
+ gV and let us
V
investigate the curvature of f (V ). The second derivative of f (V ) is given by
tant to analyze the worst-case value of V . Let f (V ) :=

6P 2
d2 f (V )
= 4 + 2g 2 > 0
2
dV
V

(B.27)

Since the second derivative of f (V ) is strictly positive for any value of V and
function parameters P and g , f (V ) is a convex function. Therefore, the maximum value of f (V ) in a given interval of V is attained at the end point(s) of this
interval. This in turn means that problem (B.25) is equivalent to the following

Fast Solution Algorithms for Bound Tightening Problems

203

optimization problem:
minimize ρg

(B.28a)

g,ρg

2
P
l
+
gV
≤ ρg
Vl
2

P
u
+ gV ≤ ρg .
Vu


subject to

(B.28b)
(B.28c)

Problem (B.28) is a convex optimization problem. Clearly, at the optimal solution at least one of the constraints must be binding. Hence, there are three
possible cases:
(a) only constraint (B.28b) is binding;
(b) only constraint (B.28c) is binding;
(c) both constraints are binding.
Let us investigate case (a) first. The optimal solution in this case is given by

ρg = 0 and g = −P/(V l )2 . Substituting this value of g into (B.28c) reveals that
(B.28c) is violated whenever V l 6= V u , which means that this is not a feasible
point of problem (B.28). Similarly, case (b) does not lead to a feasible point
either. Hence, the optimal solution of problem (B.28) is attained in case (c),
which means that



P
+ gV l
Vl

Solving (B.29) yields g = ±

P
V

lV u

2

2
P
u
+
gV
.
Vu


=

. Since V l > 0 and V u > 0, the value of g that

minimizes the objective function of problem (B.28) is given by g = −
which corresponds to ρg = P

2

(B.29)

Vu−Vl
V lV u

!2

P
,
V lV u

.

Problem (B.26) can be solved analogously and its optimal solution is given

Q
by b =
and ρb = Q2
V lV u

Vu−Vl
V lV u

!2
. Hence, the optimal solution of
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problem (B.23) is

!

 Vu−Vl 2
Q
P
2
2
.
g = − l u , b = l u , ρ = ρg + ρb = P + Q
V V
V V
V lV u

Lastly, a computationally efficient algorithm for solving an SOCP problem
with simple circle constraints is presented.
Theorem B.2. Consider the following optimization problem:
maximize aT x + bT y

(B.30a)

x,y

subject to x2i + yi2 ≤ ρi ,

i = 1, . . . , n.

(B.30b)

where x, y, a, b ∈ Rn and ρ ∈ Rn
+ . The optimal objective value of this optimization problem, denoted by c∗ , is given by c∗ :=

Pn

i=1

p

(a2i + b2i )ρi .

Proof. Observe that problem (B.30) is separable in i and thus can be decomposed into n optimization problems of the form
maximize ai xi + bi yi

(B.31a)

subject to x2i + yi2 ≤ ρi .

(B.31b)

xi ,yi

Let c∗i denote the optimal objective value of problem (B.31). Then

c∗ =

n
X

c∗i .

(B.32)

i=1

Consider problem (B.31). The objective function represents a line and constraint (B.31b) is a circle constraint. Hence, the objective is maximized when
(B.31b) is binding, i.e. (B.31) is equivalent to
maximize ai xi + bi yi

(B.33a)

subject to x2i + yi2 = ρi ,

(B.33b)

xi ,yi
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The Lagrangian L(xi , yi , λi ) of problem (B.33) is given by

L(xi , yi , λi ) := ai xi + bi yi + λi (x2i + yi2 − ρi ).

(B.34)

The first-order optimality conditions can be written as

∂L(xi , yi , λi )
= ai + 2λi xi = 0
∂xi
∂L(xi , yi , λi )
= bi + 2λi yi = 0
∂yi
∂L(xi , yi , λi )
= x2i + yi2 − ρi = 0.
∂λi

(B.35)
(B.36)
(B.37)

One can express xi and yi through λi from (B.35)-(B.36). Substituting them
into (B.37) yields

p
λi = ±

a2i + b2i
,
√
2 ρi

(B.38)

while the objective function of (B.33) can be rewritten with λi as

c∗i = −

a2i + b2i
.
2λi

(B.39)

Substituting (B.38) into (B.39) and taking into account that problem (B.33) is a
maximization problem, one obtains

c∗i =
Hence, c∗ =

n
P
i=1

c∗i =

n p
P
i=1

q

(a2i + b2i )ρi .

(a2i + b2i )ρi .

(B.40)

