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Abstract
Bayesian calibration of dynamic computer models, particularly building physics and energy models, is
not yet a procedure made easy for non-experts in machine learning and statistical methods. Prevailing
methodologies, such as the Kennedy & O’Hagan (KOH) framework, require generating a surrogate
model of a computer model’s output. This is to allow for the many numbers of iterations required by
the Bayesian inference process, often in the order of thousands, to be carried out in a computationally
feasible manner. The process of generating such an emulator has been found to be too arduous, or
altogether infeasible, for calibration problems of dynamic, time-varying computer models. Recently,
an alternative methodological interpretation of the Bayesian calibration process was presented by
Tuo & Wu which might alleviate this barrier. Tuo & Wu surmised that stochastic optimisation of
a computer model’s root-mean square error could satisfy Bayesian calibration criterion, requiring
relatively fewer iterations of the Markov Chain Monte Carlo (MCMC) process in comparison to a
KOH-based approach to dynamic model calibration. This paper presents the first adaptation of Tuo &
Wu’s method for the building energy model calibration problem specifically. A framework is proposed
for the calibration process that comprises two steps. First, an emulator of a building energy model’s
root-mean-square-error (RMSE) is produced and verified. Second, one calls on this emulator to infer
posterior predictions of calibration parameters that minimize the computer model’s RMSE. Two case
studies illustrating the new framework’s use are presented, one of a toy analytical building energy
model, and another of a real-world calibration problem of an monitored office space in Singapore.
Keywords: calibration, gaussian processes, bayes, simulation, emulation, buildings, energy systems
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1. Introduction
Based on the latest findings of the International Panel of Climate Change, through their 5th
Assessment report of 2013 [1], the annual energy consumption of the global building stock is viewed to
be responsible for around 19 % of global greenhouse gas (GHG) emissions - amounting to 9.2 GtCO2 eq
in 2010. This number is now set to reduce significantly over the following decades in accordance with
the landmark Paris Agreement on Climate Change struck in 2015 [2]. With renewed vigor unseen
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since the period dominated by the Kyoto Protocol on climate change, international organizations,
national governments, and global industry are in the process of developing new policy pathways,
incentive schemes, and technology options for an immediate reduction in building-attributed GHG
emissions [3]. Particularly in the highly-regulated building markets of Europe, North America, and
East Asia, redevelopments of building codes and standards are increasingly looking towards the use of
building energy simulation tools to facilitate decision-making and code-compliance for energy-efficient,
low-carbon building design and retrofits [4].
However, whilst regulatory bodies and research institutions are continuing to encourage the use of
building simulation modeling tools and techniques in industrial practice, there remains two persistent
barriers to the success of building energy simulation in the real world: 1) the frequently-encountered
performance gap represented by the discrepancy between expert-driven model predictions of building
energy use and actual energy use data [5, 6, 7, 8], and 2) the lack of low-cost, robust techniques for
model calibration. Reddy [9] and Coakley et al. [10] have written detailed reviews on the development
and history of calibration methods for building energy models, the former in 2006 and the latter in
2014, and both touch on these issues.
At the infancy of the building energy simulation field, the accuracy of simulation outcomes were
often compared to available data through estimates of net percent error, or difference, over aggregate simulation time periods [11, 4]. Whilst simple to estimate, applying calculations of net percent
difference could lead to false characterizations of simulation accuracy as the effect of time-dependent
simulation over-estimates could counteract similar under-estimates within the entirety of a simulation’s duration. The net difference method would also provide little insight in regards to whether
model input parameters, when declared calibrated or tuned, would have any resemblance to their true
physical values. Hornberger and Spear [12] are attributed a seminal quote on this particular matter
dating to 1981, stating that ’with judicious fiddling, [any complex model] can be made to produce
virtually any desired behavior, often with both plausible structure and parameter values’.
Improved calibration metrics were proposed in the mid-1990s to partly address this issue. The
Mean Bias Error (MBE), Root-Mean Square Error (RMSE), and Coefficient of Variation of RMSE
(CVRMSE), are metrics that collectively allow modelers to discern the fit, or appropriateness, of
a transient model’s output to available transient data [10], penalizing transient over-estimates and
under-estimates in equal fashion. These metrics are today well-recognized and often-applied in calibration exercises, with their use codified in the calibration-relevant sections of standards and guidelines
from the American Society of Heating, Refrigeration, and Air-Conditioning Engineers (ASHRAE)
[13], the Efficiency Valuation Organization [14], and the US Department of Energy [15].
Yet, while metrics for evaluating calibration precision were solidified in the mid-1990s, the underlying methodologies for undertaking calibration of building energy models did not substantially
evolve. Until the mid-2000s, the majority of proposed calibration methods for building energy models
relied, to one extent or another, on combinations of heuristics, the expert judgment of modelers, and
trial-and-error in the process of determining calibrated model input variables [9]. Systematic, algorithmic methods for calibration, whilst having been proposed and tested as early as 1989 [16, 17], did
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not gain prominence until relatively recently. Perhaps starting with the work of Sun and Reddy [18]
in 2006, a new class of building energy model calibration methodologies that draw direct parallels to
computational optimisation techniques has solidified itself. Computational optimisation refers to the
use of algorithms to determine model input parameters that result in an optimum objective function
value. In the context of calibration, an optimisation-based method identifies the values of model
input parameters which directly minimize the CVRMSE, RMSE, or another relevant error term of
the model. Examples of optimisation-based calibration include the use of Goodness-of-Fit methods
[19], genetic algorithms [20], and meta-model-based parameter search [21, 22].
Most recently, a new subset of the optimisation-based approach to building energy model calibration has developed using statistical techniques and a probabilistic representation of model uncertainty
derived from Bayes theorem. The focus of this paper is to develop new insight towards the improved
use of this particular approach in the buildings and energy sciences.
1.1. Bayesian calibration of building energy models
In 2001, Kennedy & O’Hagan [23] laid out the path for a ’Bayesian’ approach to computer model
calibration. In contrast to frequentest or deterministic methods, Bayesian calibration accounts for
uncertainty in model inadequacy, observation error, and parameter variability - all leveraged by the
prior assumptions of a modeler. Bayesian calibration bends potentially biased expert notions of model
behaviour and tracks uncertainty in model input. This aspect makes it a suitable method to account
for all salient types of uncertainty when calibrating complex computer models. Equally important is
that Bayesian calibration treats unknown parameters probabilistically. It suggests that the objective
of calibration is not only to fit a model accurately to observed data, but to improve one’s knowledge
of the inherent uncertainty in the model itself and the model’s input parameters.
Building energy models (BEMs) are computer models used to predict the energy demand and
consumption of buildings. Current approaches of Bayesian calibration to BEMs vary in terms of
model resolution, calibration period, calibration duration, and calibration metrics. Model resolution
refers to the time interval used by a BEM to predict energy demand. A calibration period refers to
the time interval of field measurements and/or BEM output used for calibration, such as monthly
energy consumption. The calibration duration refers to the number of calibration periods used for the
comparison of measurements to model output. Last, calibration metrics refers to both the parameters
used to compare field measurements to model output, such as electricity consumption, as well as the
parameters used to benchmark the model’s performance. ASHRAE Guideline 14 [24] recommends
a Normalized Mean Biased Error (NMBE) below 5% and a CVRMSE below 15% for BEMs with
monthly calibration periods. This recommended CVRMSE threshold increases to 30% for hourly
calibration periods.
Approaches to Bayesian calibration of BEMs are currently extensive, with a review of significant
contributions in this field summarized in table 1. For an office building in the UK, Heo et al. [25]
calibrated a quasi-steady-state BEM developed from the CEN-ISO calculation standards [26], as well
as a dynamic BEM using the EnergyPlus simulation software [27]. The authors calibrated both
3

models to monthly natural gas consumption for a period of two years. In a similar experiment with
an EnergyPlus model at hourly time-steps, Li et al. [28] was able to reduce the CVRMSE of model
predictions to 10% for an office building in Atlanta, U.S.A. The authors repeated the experiment using
two linear surrogate models to emulate the output of the EnergyPlus model, with model predictions
for both models falling within a CVRMSE of between 11% and 17%. Kim et al. [29] introduced
the calibration of an EnergyPlus model for an office building in South Korea, simulated at 1-minute
time-steps. Similar to the work of Kim et al., Heo et al. [25] and Li et al. [28] used Gaussian process
models to facilitate Bayesian inference of unknown parameters as per Kennedy & O’Hagan’s method.
They were able to reduce the CVRMSE of predicted daily gas consumption for space heating to
within 3%.
At the urban scale, Booth et al. [30] calibrated a monthly-resolution CEN-ISO-derived BEM for
937 residential buildings in the UK. In their approach, the authors used Bayesian linear regression
to infer posterior distributions of energy use intensity (EUI) for close to 30,000 residential buildings.
Recently, Sokol et al. [31] calibrated a dynamic (i.e., hourly-resolution) EnergyPlus model for 2662
residential buildings in Cambridge, U.S.A. The authors used EUI data of 399 of those buildings
to derive estimates of yearly energy consumption for the entire sample. The CVRMSE of model
estimates after calibration was 66%.
Whilst the reviewed studies exhibit various configurations of calibration problems and models,
ranging from small model resolutions to large calibration periods, there remains an open gap in the
literature. Until present, it has been difficult for researchers to apply Bayes theorem in order to
calibrate a dynamic BEM with a small model resolution (i.e., hour-by-hour or minute-by-minute) at
an equally-small calibration period and large calibration durations (i.e, an entire year). The basis for
this gap is best explained by reviewing the mechanics of the Kennedy & O’Hagan Bayesian calibration
method, described in the following section.
1.2. The Kennedy & O’Hagan process and the challenge of calibrating dynamic models
In their seminal paper, Kennedy & O’Hagan made two contributions in establishing the Bayesian
calibration process, both of which remain at the heart of most current applications of Bayesian
calibration in the buildings and energy sciences. First, they formulated an observation model for
representing the discrepancy between field observations and model predictions:

z(x) = y(x, Θ) + δ(x) + ε(x)
where:

z represents real data, observations or field measurements
y represents model predictions
x represents any number of controlled or known input parameters, x ∈ x,
such as (e.g., weather, location, etc.)
Θ represents the unknown model parameters to be calibrated, θ ∈ Θ
δ represents model bias (i.e., epistemic uncertainty)
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(1)

ε represents measurement error (i.e., aleatoric uncertainty)

Ref.

[25]

Context

Office

BEM

ISO 13790

Surrogate

Resol-

Model

ution

None

Monthly

Period

Duration Metric

Monthly

Two

CV(RMSE)

years

of gas consump-

building

tion
[25]

Office

EnergyPlus

None

Hourly

Monthly

building

Two

CV(RMSE)

years

gas

of

consump-

tion
[28]

Office

EnergyPlus

building

GPR, LM,

Hourly

LI, LQ

Daily +

One year

NMBE,

Monthly

CV(RMSE),

Peak

and CRPS
of chilled water
consumption

[29]

Office

EnergyPlus

None, GPR

Minutes

Daily

Four days

building

MBE,
CV(RMSE)
of total electricity consumption

[32]

Retail

EnergyPlus

LM

Hourly

Monthly

building

Five

RMSE and R2

months

of end-use heating demand

[30]

Residential

ISO 13790

LM

Monthly

Yearly

One Year

building

EUI (gas and
electricity)

stock
[31]

Residential

EnergyPlus

building

Polynomial

Hourly

Monthly

Regression

stock

Two

CV(RMSE)

years

and

MBE

of

EUI (gas and
electricity)

Table 1: Existing applications of Bayesian calibration of BEMs, and comparison between BEMs used, model resolution,
calibration period, calibration period, and calibration metric. Nomenclature as follows: CVRMSE - Co-variance Root
Mean Square Error; CRPS - Continuous Rank Probability Score; NMBE - Normalized Mean Biased Error, GPR:
Gaussian Process Regressor; LM - Linear Main Regressor; LI - Linear Interaction Regressor; LQ - Linear Quadratric
Regressor; EUI - Energy Use Intensity

Kennedy & O’Hagan showed how posterior predictions for unknown parameters Θ could be inferred by sampling from the Bayes’ formulation of equation (1). This would take the form:

p(Θ, x, δ, ε|z) ∝ p(z|Θ, x, δ, ε)p(ε)p(δ)p(x)p(Θ)
5

(2)

This equation (10) would be on its own sufficient to undertake the Bayesian calibration process. As
with any other Bayesian inference problem, one could employ a Markov-chain Monte Carlo (MCMC)
sampling method to evaluate the parameter search space and generate posterior distributions of
p(θ1 , θ2 , · · · , ε|z). In this process, the computer model would be called at each sampled (θ1 , θ2 , · · · , ε)
in order to estimate the likelihood function p(z|θ1 , θ2 , · · · , ε). However, as it is feasible that an MCMC
process would require potentially thousands of iterations in order to sufficiently render posterior
distributions of a problem’s unknown parameters, undertaking the MCMC process by calling on the
computer model for predictions of p(z|θ1 , θ2 , · · · , ε) could be a computationally expensive undertaking.
This is where Kennedy & O’Hagan defined the second crucial step to their method. They described
how posterior predictions for a problem’s unknown parameters could be inferred directly from the
process of generating a Gaussian Process Regression (GPR) model of the computer model itself.
Whilst doing so would require a modeller to still generate, ex-ante, a substantial dataset of computer
model predictions, the number of simulations required would be significantly less than that required by
the MCMC process [33]. This step, which Kennedy & O’Hagan established as both a mathematical
framework and elegant algorithm, made it possible to undertake Bayesian calibration of complex,
computationally expensive models. It is why their method has become so ubiquitous in the domain
of model calibration and uncertainty quantification.
However, applying the Kennedy & O’Hagan process is not without its own challenges for certain
problems. The most relevant one for this paper is Kennedy & O’Hagan’s bundling of the Bayesian
inference problem with a Gaussian process. The challenge is that Gaussian Process Regression, which
can be a robust method of generating a model emulator, is not amenable to high-order problems.
To generate a GPR emulator of a computer model with a large parameter search space and time
vector, such as a building energy model which predicts energy consumption over several thousands
of hours per year, could require a simulation dataset as large, or larger, than that required by the
calibration routine’s MCMC process [34]. It is perhaps why there have been few studies using the
original Kennedy & O’Hagan approach to minimize the long-term predictive error of a transient
computer model [33], and fewer still to have approached this for a dynamic BEM specifically [35].
1.3. Emulate-then-calibrate: an alternative to the Kennedy & O’Hagan framework
From the current literature on Bayesian calibration, there appears to exist two informal schools
of thought in terms of how to frame Bayesian calibration methodologies. First, and by far the most
widely applied class of frameworks is the emulate-and -calibrate (EAC) approach. The Kennedy
& O’Hagan method is the staple of this class, and others have followed in formulating their own
incarnations of it [36]. EAC approaches resolve the Bayesian inference problem of eq. (10) at the
same time as generating an emulator of the computer model under analysis. As discussed in the
prior section, EAC-based calibration has been found to be methodologically elegant and robust for a
wide number of problems. However, the requirement to undertake Gaussian processing of a computer
model, as in the case of the Kennedy & O’Hagan method, may not be feasible for high-order, transient
computer models.
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Another practical challenge of the EAC class of approaches is that there is currently a lack of
available, regularly-updated, and user-friendly software libraries to perform EAC-based calibration
for arbitrary problems. Though Marc Kennedy incorporated his and O’Hagan’s method as a packaged
software called GEM, the software is available in MS Windows only, and has not been maintained since
2009 [37]. Whilst a few R packages for undertaking the Kennedy & O’Hagan process have meanwhile
become publicly-available, these have also been found to have bugs or are not well-maintained code
repositories at present [38].
The second, and more recently-developed calibration class of frameworks, emulate-then-calibrate
(ETC), emerged to provide respite to some of EAC’s challenges. In 2010, Conti and O’Hagan described
a revised process for undertaking Bayesian calibration of dynamic models, including the evaluation
of three different approaches to the emulation of dynamic models for the purposes of calibration
[33]. Their process was defined by first generating a fast emulator of the computer model, and then
separately calling on this emulator in a following MCMC sampling algorithm. A similar framework
was proposed by Bayarri et al. [39] and Farah et al.[18]. By decoupling the emulation and calibration
process into two steps, these works showed that one would have greater control on the selection
of a computer model’s emulator. For instance, in the work of Farah et al., the authors set out to
undertake Bayesian calibration of a dynamic epidemic model of the A/H1N1 influenza virus using
the ETC process [40]. For their emulator, they derived a hybrid GPR surrogate model, known as a
dynamic linear model Gaussian Process (DLM-GASP), and which was developed previously in the
work of Liu and West [41].

2. Proposal and scope of study
This paper presents an approach to Bayesian calibration of dynamic computer models, with the anticipated target user group of building energy simulation experts with general knowledge of Bayesian
statistics and machine learning processes. A reformulation of Kennedy & O’Hagan’s original observation model for Bayesian calibration is proposed, and in doing so, a new, ETC-based, framework is
derived that can perform Bayesian calibration of a dynamic model over small calibration periods and
large calibration durations.
Section 3 introduces the methodology and general approach. Section 4 illustrates the framework’s
use for a simple toy problem. Section 5 provides an example of the framework’s use for a real BEM
calibration problem. Section 7 summarizes the work and points towards areas of future work.
In general, the purpose of this work is to present and explain the proposed calibration approach
only, its benefits, and drawbacks. A critical discussion on the overall value of calibrating BEMs at
small calibration periods is outside the scope of this study.
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3. Proposed calibration framework
3.1. Derivation of a new observation model for Bayesian calibration
Recently, Tuo and Wu [42] proposed that Kennedy & O’Hagan’s observation model can be reformulated as follows for the calibration of deterministic computer model output:

ε(x, t, Θ) = z(x, t) − y(x, t, Θ)
where:

(3)

ε is the net distance between measurements and model predictions attributed to all

salient types of error and discrepancies

In establishing (3), Tuo and Wu suggested it is not vital to represent measurement error and
model bias as discrete terms. One can use an aggregate discrepancy term, ε, that is assigned a-prior
estimates by a modeler. Tuo and Wu’s isolation of field measurements and model predictions to one
side of equation (3) also speaks to what may be viewed as the core purpose of the calibration process:
to identify ’true’ values each unknown parameters, θ, that minimizes the ’distance’, or discrepancy,
between the model and field measurements. Tuo and Wu represent this goal mathematically as the
process of searching over the domain Ω for posterior values of each θ, denoted by θ∗ , which result in
minimizing the Euclidean distance, L2 , of the discrepancy ε:
θ∗ = arg min kε(·, θ)kL2 (Ω)

(4)

θ∈Θ

Tuo and Wu’s formulation of the calibration objective in (4) can be rewritten using metrics that
are likely to be more familiar to buildings and energy scientists. The Euclidean norm, L2 of ε as it
relates to θ is determined by the sum-of-squares discrepancy between field measurements z and model
predictions y. Thus, for a dynamic BEM, the L2 norm of ε is analogous to the root-mean-square
error (RMSE) of y versus z over a known simulation and calibration duration T. On this basis, the
following calibration objective for an unknown parameter set Θ can be written in terms of minimizing
the RMSE of the computer model, such that:
θ∗ = arg min RMSE(·, θ)
θ∈Θ

Ω

(5)

where:

RMSE(x, Θ) =

v

2
uP
u
t t∈T z(x, t) − y(x, t, Θ)
Nt

(6)

Equation (5) is the basis of the new observation model for the dynamic calibration process. It
defines the calibration problem as a process of minimizing a computer model’s RMSE, which is a
single metric that captures the aggregate effect of time-varying error. One final step is required
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in deriving the final form of the observation model. Let it be now proposed that one produces a
surrogate model R̃ to emulate RMSE, such that:

R̃(x, Θ) ≈ RMSE(x, Θ)

(7)

Let it also be proposed that, if it is not possible to find parameter values θ ∈ Θ which minimize
R̃ to absolute zero, this signifies the existence of an intrinsic error, Υ, due to the combined effect of
measurement uncertainty and model bias. This error can be assigned a-priori estimates by a modeler
using the following equation:
sP
Υ(x) = α ·

z(x, t)2
+β
Ny

t∈T

(8)

where: α is the user-estimated, average fraction error that field measurements y deviate from
model predictions z at each time step t (either due to measurement error and/or model bias); and β
is a user-defined baseline error that applies at all time steps for the same reasons. β is defined in the
same units as field measurements y.
With R̃ and Υ, the final form of the proposed observation model for Bayesian calibration is formed:

R̃(x, Θ) ≈ Υ(x)

(9)

A-posteriori predictions for all θ in eq. (9) can now be inferred from the following Bayes model:

p(Θ|x, R̃, Υ) ∝ p(R̃|Υ, Θ, x)p(Θ)p(x)

(10)

Equation (10) states that the most-likely values for unknown parameters θ ∈ Θ are found where
the root-mean-square error of the surrogate model R̃ is minimized and equal to the inherent aleatoric
and epistemic uncertainty of the surrogate model, computer model, and measurements, Υ.
3.2. Emulation of R̃
As the emulation of the computer model’s RMSE by R̃ does not require incorporation of time as
a discrete variable, this means that rendering R̃(Θ, x) covers a considerably narrow parameter search
space than if an emulator of the BEM’s dynamic output would be attempted. The result is that,
whilst a BEM’s dynamic output is difficult to emulate with a standard GPR surrogate model, this
should not be the case for rendering a GPR surrogate model of the a dynamic BEM’s RMSE.
In the real-world case study undertaken in this paper, the Scikit-learn Gaussian Process Regression
Python library is used to render the emulator R̃ [43]. Scikit-learn applies the algorithm developed
by Rasmussen and Williams [44], and it allows users to develop GPR models in a near-automated
matter using a standard application programming interface (API).
3.3. Workflow and implementation
Figure 1 provides a process flow diagram of the proposed calibration framework. It follows the
ETC convention, hence it calls on separate algorithms for computer model emulation and Bayesian
9

calibration. As described above, the Scikit-learn Python library is called upon for the former step.
For the Bayesian calibration process, the PyMC3 Python library for Bayesian inference is used [45]. A
set of application scripts to undertake the overall workflow have been developed into an open-source
Python script bundle known as ’CaPyBaRA’. At time of writing, CaPyBaRa’s source code and
documentation is available on Github at https://github.com/architecture-building-systems/
CaPyBaRA.
Stored descriptions of a-priori distributions of unknown model parameters

1. Pre-process I
A user assigns
prior distributions to
unknown computer
model input
parameters to be
calibrated

Parameter
screening can be
undertaken to
isolate the number
of parameters to be
calibrated

2. Sample and simulate
A simulation case
of the computer
model is parameterized
by sampling from
the prior distributions. It is
then simulated by the
computer model

3. Pre-Process II
The RMSE of each
simulated “a-priori”
case is calculated
and stored
in a data file
(i.e., CSV)

Repeat until desired number of simulation cases
needed for step 4 (Emulate) are conducted and processed

4. Emulate
A GPR surrogate
model is generated which
predicts the computer
model's RMSE as a
function of the model's
uncertain input parameters

5. Calibrate
Posterior distributions
of the model's unknown
input parameters are
inferred from
MCMC sampling of
emulated model
predictions

CaPyBaRa Python script package

Figure 1: Workflow of the proposed emulate-then-calibrate approach

As CaPyBaRa was developed particularly with buildings and energy modelling calibration problems in mind, the script bundle is also deployed within the open-source software City Energy Analyst
[46, 47].
It should be noted that in figure 1, it is indicated that a recommended part of the very first step
of the process is to undertake some form of parameter screening in order to identify the key model
parameters to be calibrated. Algorithmic parameter screening techniques such as the Morris method
or Sobol method have been considered integral to prior applications of Bayesian calibration of BEMs
[25, 29]. For brevity, however, the calibration parameters chosen for the examples presented in the
following sections have been selected by heuristics alone.

4. Toy problem: generic periodic model with stochastics
To evaluate the proposed calibration framework under easily-repeatable conditions, a toy problem
is established using an arbitrary periodic time-series model with a known solution. In equation (11),
the objective function y is evaluated against an assumed time vector, t, and model parameters θ1
through θ7 . A normally-distributed noise parameter, ε introduces a degree of stochastics to the model
analogous to measurement error and epistemic uncertainty.

y(t, Θ, ε) = θ1

˙
sin π(θ2 + t)
12 + θ7

+


 πt 
sin π(θ3 + t)
+ θ4 sin
+ θ6 + N (0, ε2 )
θ7
θ5

(11)

Fixed values for the model parameters have been established to represent a ’known’ solution of
y(t, Θ, ε) that is used to generate a dataset of virtual field measurements. These values, denoted with
the symbols Θ̄ and ε, and a plot of the resulting objective function are provided in figure 2.
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Objective value, f(t)

500
400
300
200
100
0
100

0

100

200

300

400

500

600

Time vector, t
Figure 2: Emulation of field measurement data set; objective function y(t, Θ̄, ε) evaluated under known parameters θ¯1
= 100, θ¯2 = -6, θ¯3 = -4, θ¯4 = 100, θ¯5 = 500, θ¯6 = 175, θ¯7 = 0, and ε = 20)

Figure 2, which indicates the value of the objective function for 600 time steps, illustrates how
one could consider the toy model’s output to be analogous to the output of a dynamic BEM. Peaks
and troughs are evident over small time horizons, similar to diurnal peaks and troughs in energy use.
A peak and trough is also evident over a larger time horizon, representative of a seasonal change in
energy use. There is also some apparent stochastic behaviour at very small time steps, which can be
attributed to the error term ε or by the model behaviour induced by coefficients θ1 through θ7 .
The goal of this toy problem is to determine whether the proposed calibration framework can reliably infer the known values of parameters θ1 to θ7 based on a varying assortment of prior predictions.
4.1. A-priori cases of input parameter uncertainty
Six test cases described in table 2 express different a-priori estimates of model parameters θ1
through θ7 . Cases 1 through 3 can be considered an assortment of reasonable a-prior estimates. This
is to say that, for these cases, the mean of each parameter’s predicted values already corresponds
to its known value, though the deviation of predictions does vary. Cases 4 through 6 exist to emulate increasingly poor, or unreasonable, a-priori predictions, where the bulk of initial estimates for
parameters θ1 through θ7 diverge from their known values.

4.2. Calibration process
As the toy problem’s objective function, eq. (11), is computationally inexpensive to evaluate, it
is not necessary to render an emulator of the toy model’s RMSE. Instead, the Bayes’ MCMC process
directly calls output of the toy model with the following equation:

RM SE(y, Θ, Θ̄, ε, Nt ) =

v

2
u
u PNt
u t=1 y(t, Θ, 0) − y(t, Θ̄, ε)
t
Nt

(12)

where: θ¯1 = 100, θ¯2 = -6, θ¯3 = -4, θ¯4 = 100, θ¯5 = 500, θ¯6 = 175, θ¯7 = 0, ε = 20, and Nt = 600
(i.e., the number of model time steps).
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Table 2: A-priori estimates of parameter set Θ in comparison to solution values. Uncertainty shown is considered
normally distributed.

A-priori estimates of parameter set Θ
Case

θ1

θ2

θ3

θ4

θ5

θ6

θ7

1

100 ± 10

-6 ± 0.6

-4 ± 0.4

100 ± 10

500 ± 50

150 ± 15

0 ± 0.05

2

100 ± 25

-6 ± 1.5

-4 ± 0.8

100 ± 25

500 ± 75

150 ± 40

0 ± 0.1

3

100 ± 50

-6 ± 3

-4 ± 2

100 ± 50

500 ± 100

150 ± 80

0 ± 0.5

4

120 ± 30

-3.5 ± 2.5

5±1

30 ± 30

150 ± 90

100 ± 50

-0.25 ± 0.2

5

25 ± 15

2 ± 1.5

2±2

175 ± 15

350 ± 25

0 ± 30

-0.6 ± 0.3

6

225 ± 50

0±2

-7 ± 1.5

-50 ± 25

700 ± 200

300 ± 20

1 ± 0.4

100

-6

-4

100

500

150
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Solution

A total of 10000 MCMC steps are undertaken for the Bayesian inference with a 1000-step burnin period. The Metropolis-Hastings algorithm is used for this process, in its default configuration
provided by the PyMC3 Python library. The entire problem is evaluated using a MacBook Pro
laptop running a 2.9 GHz Intel Core i5 processor and 16 GB of RAM.
4.3. Results
It required approximately 15 minutes for the MCMC process to render posterior distributions
of the parameter set Θ for each of the six cases identified for the toy problem. Figure 3 provides
a comparison between a-priori estimates of each calibration parameter, the posterior distributions
rendered upon calibration, and the known solution of each parameter.
To illustrate the effect of the calibration process on dynamic model output, figures 4 and 5 illustrate
the direct output of the toy model for 600 time-steps before and after calibration. Figure 4 reflects
Case 4 and figure 5 reflects Case 5. In gray are overlays of 1000 different estimates of the toy model,
each generated from a random sample of the prior distribution of the model parameters. In red are
overlays of 1000 estimates of the toy model from randomly sampling the posterior distributions of
the calibrated model parameters. The known solution is illustrated in black.
The overall effect of the calibration process on each case is illustrated in figure 6. The figure
provides distributions of the CVRMSE for each case, comparing 1000 prior-generated model estimates
to 1000 posterior-generated model estimates.
4.4. Discussion
The general observation of the toy problem’s results is that the proposed calibration process
accomplishes what it is intended to do. Figure 6 shows that the distributions of posterior-generated
CVRMSE for each case are substantially improved upon (i.e., reduced) in comparison to a-priori
estimates. This is confirmed visually in figures 4 and 5 where the time-varying output of the calibrated
model more closely matches the known solution than the pre-calibrated cases.
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Figure 3: Prior and posterior distributions of calibration parameters A through G for Cases 1 through 6

In reviewing figure 3, for most parameters and cases, the mean value of posterior distributions for
parameters θ1 through θ7 are in direct proximity to their assumed known value. There are exceptions,
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Figure 4: Comparison of Case 4 model output for 1000 prior predictions, 1000 posterior predictions, and the assumed
field measurement data over 600 time-steps
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Figure 5: Comparison of Case 5 model output for 1000 prior predictions, 1000 posterior predictions, and the assumed
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Figure 6: Comparison of the coefficient of variation of the RMSE (CVRMSE) between pre-calibrated and post-calibrated
model estimates for each Case

however. The apparent insensitivity of posterior distributions for parameter θ2 on the CVRMSE of
model predictions suggests that parameter θ2 may not be suitable for Bayesian calibration. Executing
a parameter screening process prior to calibration would perhaps result in a recommendation to omit
parameter θ2 from the calibration exercise.
Case 4 provides another special case. The prior estimates of Case 4’s unknown parameters are
characterized by considerably broad distributions, at least in comparison to the other cases, and are
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not centered near the model’s known solution. The prior estimate of parameter θ3 for Case 4 is
especially far from the known value of parameter θ3 , suggesting a very low likelihood that MCMC
steps would approach the known value during the calibration process. The result is that Case 4 finds
itself locked to a local minima of the model’s output, where the RMSE approaches zero yet not as
close to zero as other cases with better prior estimates of parameter θ3 . This outcome appears to be
consistent with Bayes’ theorem. The accuracy, or relevancy, of posterior distributions inferred by any
MCMC process decreases as the a-priori estimates of unknown parameters worsens.
Overall, the toy problem illustrates that the proposed calibration framework is viable for a simple,
computationally inexpensive polynomial model. A test of the calibration method for a more complex,
real-world problem, is undertaken in the following section.

5. Applied example: Calibrating a dynamic BEM of a real building case
This example investigates the capability of the proposed calibration framework for a practical
problem - that of a real building and dynamic building energy model. The subject of this example
is the ’3for2’ pilot implementation project constructed in Singapore in 2015. Described further in
Schlueter et al. [48], the case represents a 550 m2 single-floor office space constructed within a larger
multi-purpose educational facility. The office space serves a a living laboratory of an unconventional
air-conditioning system for the Tropics. The system utilizes façade-integrated decentralized ventilation units (DVUs) and radiant chilled ceilings in order to satisfy space cooling requirements in a
physically compact form. A floor plan of the ’3for2’ space is provided in figure 7. The illustration
indicates that a total of 8 DVUs are installed. Half of these units operate as dedicated outdoor air
systems (DOAS), others as recirculated-air fan coil units (FCUs), and together they provide latent
cooling and ventilation to occupied areas via a ducted, underfloor displacement ventilation system.
Passive chilled beams (PCBs), which are not shown in the figure, are installed in each room and suspended from the ceiling. Each room of the floor plan represents a dedicated sensible cooling control
sub-zone for the purposes of ensuring that indoor dry-bulb air temperature set-points are satisfied on
a room-by-room basis. The latent cooling and ventilation system, however, has been organized into
four zones only, each labeled in figure 7. Each of these zones receive mechanical ventilation from only
one pair of DVUs.
The 3for2 space is monitored by over 700 sensors and control points, including room air temperature, humidity and CO2 sensors; chilled water temperature and water flow sensors throughout the
system’s sensible cooling distribution network; temperature, humidity, CO2 and air velocity sensors
throughout the system’s latent cooling and ventilation ductwork; and many others. These sensors all
capture and store data at no greater than 5-minute time intervals. For the period under analysis in
this paper, field measurements collected in the month of June 2016 are to be used for BEM calibration. That month represented the first and only month in 2016 when the entire 3for2 air-conditioning
system operated under a constant, so-called ”baseline” control regimen unimpeded by ongoing research experiments. Hourly electricity consumption attributed to end-use energy services during this
period is illustrated in figure 8.
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Figure 7: Floor plan of 3for2 project area, including identification of Zone 2 used for the calibration problem
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Figure 8: Monitoring electricity consumption for the 3for2 area for the month of July 2016 (Note: Average chiller plant
efficiency for the monitored period was 0.6 kWe/RT)

5.1. BEM of the 3for2 system and calibration scope
In a prior work, a dynamic BEM of the 3for2 office space was created using the TRNSYS simulation platform [49], inclusive of simulation components representing building physics, occupancy,
and individual air-conditioning and mechanical ventilation (ACMV) components. The comprehensive
model was required for evaluating technology options during the early design stage of the project.
With the 3for2 space now constructed, the breadth of performance data collected at the project site
makes it possible to reduce the model complexity and calibration problem to only those physical conditions that remain difficult to measure or monitor directly. These refer to the quality and condition
of the building’s fabric and building physics parameters, including façade U-values, façade radiative
properties, infiltration, etc.
On this basis, a new TRNSYS model has been developed for ’Zone 2’ of the 3for2 space, as indicated in figure 7. It comprises four private office spaces and one multi-person office space. The
schema of the TRNSYS model is shown in figure 9. It indicates that all salient parameters related
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to occupancy patterns, lighting and plug loads, and the bulk of the ACMV system’s operation are
provided to the model from measured data alone and are not internally modeled. The main mathematical process of the model is to evaluate building physics, represented by a TRNSYS Type 56
multi-zone building proforma, and estimate the sensible cooling output of PCB clusters located in
each of the zone’s rooms to satisfy indoor air temperature set-points.
Field measurements
(5 min. time intervals)
Outdoor weather
(temperature, humidity,
solar radiation, wind)

All
data

Data reader
Type 9

Total
sensible
cooling
demand

Building
physics model
Type 56

Flow rate, temperature, and
humidity of mechanical
ventilation to each room

Output printer
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Room dry-bulb temperature
Operation schedule

Occupancy rates
per room
Lighting and plug load
energy use per room

Room 5
Room 4

System operation
schedule

Room 3
Room
dewpoint
temperature

Room 2
Room 1

CWS
temperature
calculator
Custom equation

.
qPCB

PCB model
Custom equation

TCWS

.
VPCB

PID controller
for PCB
flow rate
Type 23

Figure 9: Schema of TRNSYS simulation model for calibration problem

A custom submodel has been devised to estimate the sensible cooling throughput of the PCBs in
each room. The model represents polynomial regression of empirical test data gathered at the 3for2
project site during its commissioning and initial operation in late 2015 and early 2016. It correlates
instantaneous PCB sensible cooling output to chilled water supply temperature, chilled water supply
flow rate, and room dry-bulb air temperature. Initially derived in Rysanek et al. [50], and revised
for this work, the model is described by the equation:

q̇pcb,r =



2
a · Npcb · V̇cws
· b · (Tr − Tcws ) − c
2 + d · (T − T
V̇cws
r
cws )

(13)

valid for:
16.5 ≤ Tcws ≤ 19.521.5 ≤ Tr ≤ 26.50 ≤ V̇cws ≤ 360

(14)

where: q̇pcb,r is the rate of sensible cooling provided by the total PCBs controlled by a single control
valve in a room, r, in Watts; Npcb are the number of PCBs in the sub-zone; V̇cws is the average chilled
water flow rate to each PCB, in L/hr; Tr is the average room air dry-bulb temperature in ◦ C; Tcws
is the chilled water supply temperature in ◦ C; and a, b, c, and d are model coefficients. For Rooms 1,
2, and 3 of figure 7, a = 0.5, b = 122.1, c = 268, and d = 288.5. For Rooms 4 and 5, a = 1, b = 53.9,
c = 121.7, and d = 295.7. Equation (13) is accurate to within +/- 10 Watts of measurements for the
validity range and coefficients given.
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5.2. A-priori estimates of calibration parameters
Upon commissioning of the 3for2 space’s air-conditioning system in 2015, it was observed that
several of the building’s fabric and structural systems, when installed, did not conform to design expectations in terms of material selection, dimensioning, and tolerances. The result was that measured
sensible cooling energy consumption did not match original BEM estimates undertaken during the
building’s design stage. A selection of parameters viewed heuristically to be most uncertain, and most
relevant to the building’s physics, have been chosen for the calibration problem. These parameters,
and the prior distributions given to them, are listed in Table 3.
Parameters 1 through 5 represent the internal thermal mass of individual rooms, attributed to
furniture, office supplies, and exposed mechanical systems. Adjustments to these parameters may also
supplement any misrepresentation of the thermal mass of the building’s structure. Parameters 6 and 7
reflect the U-value of the 3for2 space’s ceiling and floor respectively. Uncertainty in these parameters
is attributed to any likelihood that the grade of construction materials used, or the thicknesses of
insulation material as-installed differed from design specifications. Parameter 8 reflects the same type
of uncertainty in regards to the single shaded exterior wall of room 1, shown by a dashed line in figure
7. Parameter 9 represents the thermal performance of the unglazed portion of the building’s façade.
Here again the uncertainty is due to the likelihood that the insulation materials installed are either
thermally less-effective or not as thick than intended by design. Parameter 10 reflects uncertainty in
the net albedo of the exterior ground surface. Parameters 11 and 13 are described in table 3.
Parameters 14 through 16 are the only parameters in this calibration problem that are intended
to correct for error in specific field measurements. They apply specifically to the weather station used
to record live climate data.

5.3. Simulation procedure
A total of 7000 TRNSYS simulations of sensible cooling demand for the period of June 28 to
July 31, 2016 are undertaken and used to generate a dataset of RMSE(x, Θ) for the model emulation
process, with an additional 1000 simulations used to test the emulator’s output. TRNSYS version
17.1 is used as the computer model [51]. The Latin Hypercube sampling process is used for assigning
parameter values to each simulation, in line with the prior Bayesian calibration work of Heo et al.
[25].
The TRNSYS simulation time-steps are 5 minutes in duration. The first simulated week (i.e.,
June 28 - July 4) is treated as a ’burn-in’ period in order to allow for modelled thermal inertial effects
to reach equilibrium. Hence, RMSE(x, θ) is calculated only for the period of July 5 to July 31.
All simulations are conducted on a desktop PC operating with dual Intel Xeon E5-2687W processors, and 32 GB of memory (RAM). The PC allows for 28 TRNSYS cases to be simulated in
parallel.
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Table 3: A-priori estimates of uncertain parameters, Θ for model calibration

Θ

θ1 ,θ5

Symbol

cp,r

Description

Unit

Internal thermal mass of rooms

Prior distribution
Type

Lower

Center

Upper

kJ/K

Triangular

500

1000

5000

kJ/K

Triangular

500

1000

2500

W/m2 K

Triangular

1.0

1.15

1.5

r=1 and r=5
θ2 ,θ3 ,θ4

cp,r

Internal thermal mass of rooms
r=2 to r=4

θ6

Ubnd,ceil

U-value of ceiling

2

θ7

Ubnd,f loor

U-value of floor

W/m K

Triangular

0.1

0.85

1.0

θ8

Ubnd,wall

U-value of west-facing exterior

W/m2 K

Triangular

0.66

1.3

1.4

W/m2 K

Triangular

0.2

0.475

1.4

-

Triangular

0.01

0.03

0.5

-

Triangular

0.001

0.9

1.0

ACH

Triangular

0.01

0.03

0.25

-

Triangular

0.02

0.18

0.35

% offset

Triangular

-5

0

5

% offset

Triangular

-15

0

15

% offset

Triangular

-10

0

10

wall in room 1
θ9

Uf,cladding

U-value of insulated aluminium
cladding across façade

θ10

ρgnd

Net surface albedo of exterior
ground

θ11

αf,cladding

Radiative absorptivity of façade
cladding

θ12

ACH

Average, steady-state infiltration
rate across all rooms

θ13

WFR

Window-frame ratio of façade
glazing

θ14

γT ext

Steady-state offset to account
for error in outdoor temperature
measurements

θ15

γQsol

Steady-state offset to account for
error in outdoor solar insolation
measurements

θ16

γT bnd

Steady-state offset to account for
error in above-floor temperature
measurements
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5.4. Results
It required approximately 16 hours to simulate the 7000 a-priori cases used to generate the model
emulator. Figure 10 presents a box plot comparison of modelled hourly sensible cooling demand to
field measurements for the entire a-priori simulation dataset and for the period between Monday July
11 to Friday July 15, 2016. Figure 11 compares the load duration curve between a-priori simulations
and field measurements for the entire calibration period between July 5 and July 31st.
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Figure 10: Comparison of pre-calibrated model results to field measurements; total sensible cooling demand versus time
for a 5-day sequence within the simulation period
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Figure 11: Comparison of pre-calibrated model results to field measurements; peak sensible cooling load duration curves
for the simulated period

The GPR surrogate model, R̃, was generated to emulate RMSE(x, θ), using the Scikit-learn
Python package as discussed in section 3. Posterior distributions of the calibration parameters were
inferred by MCMC sampling through the Bayes’ model set out in equation (10). A total of 10,000
MCMC steps are undertaken, with a burn-in period of 500 steps. It required approximately 45 minutes and 15 minutes for the CaPyBaRa script to resolve the GPR surrogate model and undertake the
Bayesian inference process respectively.
The generated posterior distributions for the calibration parameters are compared to their prior
distributions in figure 12.
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Figure 12: Prior and posterior distributions of probability density for uncertain parameters

The effect of the inferred posterior distributions on model calibration are investigated by generating a new 7000-simulation dataset generated from samples of the posterior distributions .
Figures 13 and 14 compares a-posteriori modelled sensible cooling demand and sensible cooling
load duration curves for the same periods as illustrated for the a-prior simulation cases in figures 10
and 11.
To illustrate the overall effectiveness of the calibration process, figures 15 to 17 illustrate the improvement of the post-calibration model in predicting key metrics for typical BEM problems. Figure15
compares the range of predicted peak sensible cooling demand between pre-calibrated simulations
(generated from a-prior input parameter distributions) and post-calibrated simulations (generated
from posterior input parameter distributions). Making reasonably accurate predictions of peak sensible cooling demand is desired for making appropriate decisions with respect to cooling / energy
system configuration and sizing. The same applies to the prediction of sensible cooling load factor,
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Figure 13: Comparison of calibrated model results to field measurements; total sensible cooling demand versus time for
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Figure 14: Comparison of calibrated model results to field measurements; peak sensible cooling load duration curves
for the simulated period

with a similar comparison of results for this metric given in 16. It appears evident from both figures
that the mean values of post-calibrated results on these two metrics is considerably closer to field

3HDNVHQVLEOHFRROLQJORDGN:

measurements than the pre-calibrated results.
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Figure 15: Box plots of predicted peak sensible cooling load and comparison between pre-calibrated model results,
calibrated model results, and field measurements

Last, figure 17 compares the coefficient-of-variation of the RMSE between pre-calibrated and
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Figure 16: Box plot of predicted sensible cooling load factor and comparison between pre-calibrated model results,
calibrated model results, and field measurements
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Figure 17: Calculated CVRMSE of pre-calibrated and calibrated simulation datasets

post-calibrated simulations. Here, the overall performance of the Bayesian calibration process is
perhaps best expressed. Upon calibration, the mean CVRMSE of a-posteriori simulations is 0.38,
which is upwards of 40-50% improved upon the a-priori simulation dataset. Whilst a CVRMSE or
RMSE of zero is never reached, overall the results indicate that the a-posteriori simulations express
significantly reduced error in model predictions on a transient basis. A discussion on whether this
can be considered ’calibrated’ is still required, however.
5.5. Discussion
The general observation of the case study is that, as intended, the result of undertaking the
proposed Bayesian calibration process produces a noticeable reduction in the RMSE of predicted
hourly sensible cooling demand within the investigated air-conditioning zone for the month of July
2016. The posterior distributions of the unknown input parameters have also shifted in ways that
appear physically feasible.
The robustness of the GPR emulation step was not investigated in detail. As previously discussed
in this paper, a self-standing software package, Scikit-learn, was used to render the GPR surrogate
model and prior literature has established the procedure and validity of the tool for similar applica23

tions. Nevertheless, in undertaking this case study, a strong correlation was observed between the
size of the a-priori simulation dataset and the accuracy of the GPR emulator in predicting computer
model output outside of the a-priori search space. This is a known matter and further discussion can
be found in the methodological foundation of Scikit-learn [44].
It was previously stated that 7000 TRNSYS simulations were used to train the GPR emulator
for this case study. This number resulted from a degree of trial-and-error, as attempts to generate
a workable GPR emulator with a dataset with only 3000 or 5000 TRNSYS simulations repeatedly
failed or resulted in a GPR emulator expressing high predictive error. This points to the likelihood
that the BEM’s RMSE, as a function of its input parameters (θ, x) is not a smooth function, but one
beset by considerable non-linearities. It’s viewed that a more thorough study on the smoothness of
BEM RMSE with respect to input parameter variability would be helpful for future applications of
the proposed calibration method.
Overall, the proposed Bayesian calibration approach was applied to minimize a TRNSYS model’s
error in predicting hourly sensible cooling demand for one HVAC zone in a building, as well as infer
improved predictions of the building’s unknown fabric properties. Whilst the results indicated that
the former occurred, more questions were raised than answered in respect to whether the posterior
predictions of the building’s façade properties were reasonable and robust.
For instance, if the model would be deemed ’calibrated’ with respect to the prediction of hourly
sensible cooling demand of the entire air-conditioning zone, would this mean that the ’calibrated’
model should also provide accurate predictions of sensible cooling demand on a room-by-room basis
(i.e., for each room independently in the five-room zone)? Should the ’calibrated’ model be able to
predict hourly measured indoor air temperatures on a room-by-room basis? The answer to these
questions should be yes, in principle, if the spirit of calibration is to render a model as physically
accurate as possible. These questions have yet to be investigated in detail, not only for this study,
but within the BEM research community overall. This is not least due to the lack of buildings where
field measurements can be collected across such wide scales of metrics and hierarchies. Further study
on this matter is nevertheless warranted, and will form part of future work.

6. Summary and Conclusions
This paper has presented a new approach for undertaking calibration of dynamic building energy
models for small calibration periods near or equal to a model’s resolution. The basis of the approach
was to decouple Kennedy & O’Hagan’s Bayesian calibration method into separate steps for model
emulation and calibration, and generate a surrogate model of the RMSE of computer simulations. As
doing so makes it possible to render a surrogate model using a standard GPR emulator, the overall
calibration process becomes less sophisticated and can be undertaken using presently-available, opensource software code developed with non-expert users in mind.
Two examples of the proposed approach were provided, one of a toy problem consisting of a
periodic polynomial function with a known solution, the second of a practical context involving
calibrating the dynamic BEM of a real built environment. Both examples resulted in the posterior
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derivation of model parameters that minimized the dynamic error, or RMSE, of model predictions.
However, just as with related Bayesian calibration studies, the benefit of the calibration method
was found to be subject to the appropriateness of a-priori parameter estimates and the ability to
successfully render a surrogate model of the BEM’s RMSE.
This work may prove useful for researchers and practitioners wishing to calibrate a BEM at small
time-steps. It may be similarly applicable to researchers in other fields with similar needs to calibrate
dynamic time-series computer models. Several areas of observed shortcomings, issues, and matters
for future study were nevertheless identified in the discussion sections of this paper. In the view of
the authors, the most pressing is to investigate whether and how the proposed calibration method is
amenable to multi-output calibration. It was observed that whilst one can now calibrate a BEM to a
single dynamic output, such as the transient sensible cooling demand of an entire cooling zone, this
may not necessarily result in calibration of other outputs, such as sensible cooling demand or indoor
air temperature on a room-by-room basis.
As a final point, over the course of developing this work, it became evident that there are similarities between the proposed calibration method and general approaches for stochastic and robust
optimisation. Leaving Bayes language aside, the proposed calibration process is effectively a Monte
Carlo sampler that aims to characterize the distribution of model parameters that are most likely to
reduce the model’s RMSE to zero. It could be possible to apply the same technique for an optimisation target, such as determining the distributions of model parameters that most likely achieve a
minimum energy consumption threshold. This and other ideas, are left for future study.
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