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Abstract

Quantum optics, the study of light at the level of its building blocks,
has been one of the frontiers of science. The arena of quantum optics
has been fruitful for investigations of a wide range of interesting questions, from those on the fundamental structures in driven dissipative
systems to those on applications of quantum information processing
and quantum communication.
The first part of this thesis is concerned with one of the holy grails
of quantum optics: an efficient transfer of energy (coupling) between
single photons and matter degrees of freedom. From a certain point
of view, the problem of efficient coupling is purely geometrical. The
efficiency of coupling between an atom and light is difficult because it is difficult to shape the wavefunction of a single photon such
that it overlaps perfectly with the matter degree of freedom (emitter).
The first contribution of this thesis is addressing this issue by considering an emitter which perfectly matches the single photon plane-wave.
Moreover, luckily, such an emitter is already realized in nature in the
form of a two-dimensional crystal. We show that a new generation
of two-dimensional semiconductors, transition metal dichalcogenide
(TMD) monolayers, have especially favorable characteristics for allowing highly efficient coupling between photons and matter degrees
of freedom.
One of the most important goals in realizing an efficient coupling
between photons and matter degrees of freedom is that unlike photons, matter excitations interact with each other. Hence, if we would
like to have photons which act as if they interact, one possible way
iii
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is to first convert them into matter excitations, and then transfer the
correlations due matter interactions back to photons. As the second
contribution of this thesis, we demonstrate that TMD monolayers placed within a cavity can help us create photons which avoid each other
as if they interact. The effect can be simply understood as the TMD
monolayer acting as a filter for photons, such that it only allows the
passage of one photon at a time.
Besides being the fundamental building block of light, photons also serve as mediators of interactions between charged particles. In a
sense, two positive charges repel each other because there is always
a photon which lets them know that they are close to one another.
On the other hand, systems of many interacting particles behave in
a completely different way then when they are alone. It may even be
argued that all physical phenomena at some level emerge from the
behavior of many interacting constituents. Given this point of view,
it is crucial to find ways to control photons in order to control the
interactions that they mediate between matter degrees of freedom.
As the third contribution of this thesis, we analyze an experimental
scheme where the control of photonic degrees of freedom can allow
an experimentalist to modify the strength and range of interactions
between matter. In particular, we propose squeezed photon states as
a resource to control such interactions.
The second part of this thesis is concerned with the emergent phenomena arising in a system of many interacting particles. In particular, the fourth contribution of this thesis considers the combination
of two fascinating phenomena which emerges such condensed matter systems: superconductivity and geometric effects in lattice band
structures. Separately, both superconductivity and the non-trivial geometrical effects in lattice systems are well-established subfields of condensed matter physics. Yet only more recently, the combination of
these two phenomena were investigated in the context of topological
superconductors, as well as other superconducting states which emerge on top of band structures with non-trivial geometry. In our study,
we attempt at clarifying one of the ways that the non-trivial geometry
associated with the lattice band structure may affect the dynamics of
an emergent superconducting state. Surprisingly, our analysis shows
that one of the most robust characteristics of the superconductor, vortices enclosing a quantum of magnetic flux, can be modified due to
geometrical effects.
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Zusammenfassung

Quantenoptik, die Erforschung von Licht auf der Ebene seiner Bausteine, bewegt sich an den Grenzen der Wissenschaft. Dieses Gebiet
hat sich als ergiebig erwiesen zur Untersuchung einer Vielzahl von
interessanten Fragen über die fundamentalen Strukturen in getriebenen dissipativen Systemen bis zu Anwendungen in der Quanteninformationsverarbeitung und Quantenkommunikation. Der erste Teil
dieser Dissertation befasst sich mit dem heiligen Gral der Quantenoptik: Der effizienten übertragung von Energie zwischen einzelnen
Photonen und Materie-Freiheitsgraden. In gewisser Hinsicht ist das
Problem einer effizienten Kopplung rein geometrisch. Eine hohe Effizienz in der Kopplung zwischen einem Atom und Licht zu erzielen ist eine Herausforderung, weil es schwierig ist eine Wellenfunktion eines einzelnen Photons so zu formen, dass sie perfekt mit dem
Materie-Freiheitsgrad (dem Emitter) überlappt. Das erste Kapitel der
vorliegenden Dissertation befasst sich mit dieser Problematik durch
Betrachtung eines Emitters, der perfekt mit einer ebenen Welle eines einzelnen Photons überlappt. Zum ist in der Natur einen solcher
Emitter glücklicherweise bereits in Form eines zweidimensionalen
Kristalls realisiert. Wir zeigen, dass eine neue Generation von zweidimensionalen Halbleitern, einatomige Schichten von dichalcogeniden übergangsmetallen (TMD), besonders vorteilhafte Eigenschaften
besitzen, um eine hocheffiziente Kopplung zwischen Photonen und
Materie-Freiheitsgraden zu ermöglichen. Einer der wichtigsten Schritte in der Umsetzung einer effizienten Kopplung zwischen Photonen
und Materie-Freiheitsgraden ist, dass Materie-Anregungen (im Gegensatz zu Photonen) miteinander wechselwirken. Wenn wir also efv
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fektive Wechselwirkungen zwischen Photonen haben wollen, ist eine
mögliche Lösung sie zunächst in Materie-Anregungen umzuwandeln,
um dann anschliessend die Korrelationen der wechselwirkenden Materie auf die Photonen zu übertragen. Im zweiten Kapitel dieser Dissertation zeigen wir, dass uns TMD Monoschichten in einer Kavität
helfen können Photonen zu erzeugen, welche sich gegenseitig vermeiden als ob sie miteinander wechselwirkten. Man kann diesen Effekt im Grunde genommen so verstehen, dass die TMD Monoschicht
als Filter für Photonen fungiert, so dass nur jeweils ein Photon zur
gleichen Zeit passieren kann. Photonen sind nicht nur die grundlegenden Bausteine von Licht, sondern dienen auch als Vermittler von
Wechselwirkungen zwischen geladenen Teilchen. In gewisser Weise
stossen sich zwei positive Ladungen nur ab, weil es immer noch
ein Photon gibt, das sie einander von ihrer Nähe wissen lässt. Systeme bestehend aus vielen wechselwirkenden Teilchen verhalten sich
grundlegend anders die einzelnen Teilchen alleine. Man kann sogar
argumentieren, dass alle physikalischen Phänomene zu einem gewissen Grad aus dem Verhalten vieler wechselwirkender Teilchen hervorgehen. Aus dieser Sicht erlangt man Kontrolle über die Wechselwirkung zwischen den Materie-Freiheitsgraden wenn man in der Lage
ist Photonen gezielt zu manipulieren. Im dritten Beitrag zu dieser
Dissertation analysieren wir einen experimentellen Aufbau, in welchem der Experimentalist die Stärke und den Bereich der MaterieWechselwirkungen zu verändern, indem er die photonischen Freiheitsgrade kontrolliert. Insbesonders, schlagen wir vor gequetschte
Lichtzustände als Hilfsmittel zur Kontrolle eben solcher Wechselwirkungen zu verwenden. Der zweite Teil dieser Dissertation befasst
sich mit Phänomenen die aus Vielteilchenwechselwirkungen hervorgehen. Das vierte Kapitel dieser Dissertation betrachtet die Kombination zweier faszinierender Phänomene die in derartigen Systemen
kondensierter Materie hervorgehen: mit Supraleitung und geometrischen Effekten in Bandstrukturen von Kristallgittern. Einzeln betrachtet sind beides etablierte Gebiete in der Physik kondensierter Materie.
Dennoch wurde die Kombination beider Phänomene erst kürzlich untersucht, sowohl im Zusammenhang mit topologischen Supraleitern
als auch in anderen supraleitenden Zuständen die aus Bandstrukturen mit nicht-trivialer Geometrie hervorgehen. In unserer Arbeit
versuchen wir eine der Möglichkeiten klarzustellen wie nicht-triviale
Geometrie in der Gitter-Bandstruktur die Dynamik eines emergenten
supraleitenden Zustands beeinflusst. überraschenderweise zeigt unsere Analyse, dass eine der stabilsten Eigenschaften des Supraleiter –
vi

nämlich dass ein Vortex ein ganzzahliges Flussquantum einschliesst?
durch geometrische Effekte verändert ist.
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Chapter 1

Introduction

This preface provides a brief introduction and background to the
main motivations and concepts relevant to the scientific investigations
carried out in this thesis. We also provide an outline of the following
chapters.

1.1

Dissipative quantum systems

Dissipation is part of all physical phenomena because no system can
be completely isolated. While we have all experienced the effects of
dissipation in the macroscopic realm, whenever we wait for a cup
of hot coffee cool down, a microscopic description of dissipative processes turns out to be much more subtle. One of the challenges in
describing dissipative systems microscopically is that in many experimental situations, the characterization of the environmental degrees
of freedom can be done only up to statistical uncertainty. To solve this
issue, it is necessary to generalize the states we consider to describe
a quantum system. Such a generalization is provided by the density
matrix, which was first introduced by [1]. However, the use of the
density operator by itself is not enough to describe the irreversible
dynamics of a system due to its interaction with its environment. In
order to understand the dynamics of the system alone, one needs to
average the dynamics of the system over all the possible configurations of the environmental degrees of freedom. This procedure was
first carried out by Nakajima [2] and Zwanzig [3], using projector
methods. Later, under further assumptions regarding the dynamics
1
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of the environment, a Markovian Master equation was derived to describe the averaged dynamics of the system [4]. The most important
assumption in this derivation is that the time scales associated with
environmental dynamics is much faster than those of the system.
On the other hand, the physics of a system bilinearly coupled to an
environment consisting of a continuum of harmonic oscillators can
be investigated using quantum Langevin equations [5]. By the virtue
of taking into account the dynamics of the environmental degrees of
freedom, the Langevin equations also provide a clear link between
dissipation and quantum measurements. In particular, using the
quantum Langevin equations, it is possible to derive equations relating the input and output fields in an experimental setup [6–8]. The
simplest way to understand this connection intuitively is to note that
any experimental measurement involves a continuum of, ideally noninteracting degrees of freedom: current measurements need leads, optical measurements require free electromagnetic fields and fiberoptic
cables, etc.
We also emphasize that the relevance of dissipative quantum systems
has increased drastically with the advent of experimental systems
for quantum information processing, where a quantum bit (qubit)
of information can be stored and manipulated in superconducting
Josephson junctions [9], quantum dots [10, 11], and single trapped
atoms [12, 13]. In all of these setups, high fidelity control operations
and measurements of the state of the qubit are only possible with a
detailed understanding of the microscopic dissipative processes that
are relevant for a particular implementation.

1.2

Atom-photon interactions

Perhaps in no other subfield of physics than quantum optics are the
dissipative quantum systems more relevant. In particular, quantum
optics is concerned with manipulation and measurement of quantum
mechanical systems using light. Thus, the systems that are of interest
for quantum optics are those where the quantum state dissipate into
a continuum of radiation modes. The light emitted from a system can
be consequently measured and analyzed using photodetectors.
Luckily, in some respects, the experimental scenarios of quantum optics come with some simplifications. In particular, because the time
scale associated with the interactions between an optical system and
2
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the electromagnetic environment is usually much longer than the frequency of the environmental modes, the requirements for Markovianity are very well satisfied [7]. This makes quantum optics setups to
be a great experimental framework for the application of Lindblad
Master equations [8], which are relatively easy to manipulate.
However, one of the main challenges of experimental quantum optics
research is the lack of efficient coupling between the electromagnetic
modes which can be used as the input and output ports of a system,
and the radiation modes that the system decays into. For example,
consider a single atom as our system. A single atom has a dipole
transition which decays into its electromagnetic environment by emitting a photon whose spatial wavefunction is the familiar dipole radiation pattern. However, the overlap between the dipole radiation
pattern and the electromagnetic modes which are used for the drive
input or measurement purposes is typically small. As a result of this
weak overlap, it is not feasible to manipulate or measure the state of
the atom at a single-photon level. Moreover, even when the mode
overlap is perfect, physical systems with many degrees of freedom
may result in the relaxation of the initial excitation into other system
degrees of freedom. For instance, if the system has a continuum of
phonon excitations, then the excited state can decay into phonons,
which are not accessible to radiation. In general, the ratio between
the decay rate of the system into radiation degrees of freedom which
are used as input-output ports, and its decay rate into all other degrees of freedom gives the so-called cooperativity parameter. Hence,
it is desired to design setups where the cooperativity parameter is
enhanced.
One of the most fruitful developments in quantum optics in the past
few decades is the enhancement of the cooperativity parameter via
the use of cavities [11, 14]. Intuitively, this enhancement results from
the fact that any incoming photon go through many round-trips inside the optical cavity, before it is emitted into the continuum. As a
result, the atoms inside the cavity are much more likely to decay into
the cavity modes rather than other radiation modes. The cooperativity can also be enhanced by shaping the spatial profile of the input
and output modes with high-quality mirrors to increase their overlap
with the dipole emission profile [15]. As we will further discuss in
the main text of the thesis, yet another way of increasing cooperativity is by shaping the modes of the system such that they have a large
overlap with the input and output modes [16–18]. In particular, for
3
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a translationally invariant system, the collective degrees of freedom
can be described as plane waves which have a strong overlap with
the plane waves of the radiation modes.
Once a large cooperativity between the system and the input-output
modes is achieved, not only can we manipulate and measure the system in question, but also we can imprint the characteristics associated with the system onto the output photons. Thus, photons can
be used as an important building block of a quantum network, as
they provide an efficient way of communicating quantum information between spatially separated quantum systems [19]. More generally, systems with large cooperativity can be used as sources of
non-classical states of light. For instance, consider the scenario where
the system in question cannot be excited by two photons at once.
That is, if we send in two-photons into the system simultaneously,
only one of them is converted to an excitation of the system, while
the other is reflected. Then, the output of the system is a sequence of
non-overlapping photons. Such a setup realizes the so-called ”photonblockade” scenario [20].
Lastly, we note that although atoms are historically the workhorse of
the quantum optics experiments, many aspects of the physics can be
realized in extended arrangements of atoms, in particular, quasi-twodimensional semiconductor heterostructures [21–23]. In a semiconductor, the atoms are replaced by positronium-like excitations called
excitons, which can be trapped inside mesoscopic defects called quantum dots [11, 22, 24].

1.3

Topological and geometric aspects of condensed
matter systems

The physical effects due to the non-trivial topology of the quantum
mechanical wavefunctions have been one of the main focusses of condensed matter physics since the discovery of the Quantum Hall Effect
(QHE) nearly three decades ago [25, 26]. While the QHE is observed
in two-dimensional (2D) metals under magnetic field, similar topological states have been proposed in other 2D systems, where the
non-trivial topology was induced by lattice effects [27] or spin-orbit
interaction [28,29]. The non-trivial topology of these insulating states
results in unconventional response characteristics such as quantized
Hall conductance. It was also predicted [30, 31] and measured [32]
4
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that the quantized conductance is a result of chiral or helical edge
channels which are which are protected from backscattering due to
the bulk topology.
The non-trivial topology of the above systems can be expressed as an
integral of a Berry curvature [33] associated with a chosen band over
the Brillouin zone [34]. In particular, when the chemical potential is
set within a single-particle band gap, the Hall response is given by
the integral of the Berry curvature over the Brillouin zone, and can
be proven to be quantized [26,35]. On the other hand, when the chemical potential is set to be within a single-particle band, the physically
relevant quantity is the integral of the Berry curvature over the Fermi
surface [36], which is not quantized. Nonetheless, the conductor still
has response characteristics arising from Berry curvature. In particular, it exhibits anomalous Hall conductance [37, 38], which was also
observed experimentally [39].
The study phenomena arising from the single-particle Berry phase
and electron-electron interactions has also provided fascinating insights into the organizational principles of interacting quantum mechanical systems. For instance, the archetypal example of interacting
topological phases, the Fractional Quantum Hall Systems (FQHS) [40]
exhibits a Hall conductance that shows robust features at certain fractions of the conductance quantum. Moreover, the FQHS have gapped
excitations can be assigned a fraction of the electric charge [41–43].
Similarly to the non-interacting systems, the physics of the fractional
Hall effect can also be realized in lattice systems [44,45] in the absence
of an external magnetic field.
However, most importantly for this thesis, so far most of the systems
where the combination of intrinsic Berry curvature and the electronelectron interactions lead to interesting physics do not provide a clear
connection between the interacting and non-interacting phases. In
particular, in many systems, a perturbative treatment of the interaction effects impossible because the single-particle band structure is energetically flat. As a result, our understanding of the interacting topological phases come primarily from variational wavefunctions [41, 43]
and numerical studies [46, 47].
A more clear relationship between the physics arising from the Berry
curvature in single- and many-particle systems can be obtained by
shifting the focus from topological quantities, given by integrals of
Berry curvature over the Brillouin zone, to Berry curvature itself,
5
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which is defined locally in the momentum space. Indeed, using this
approach, it was shown that the Berry curvature results in modifications of both spectral [48–50] and transport [51] properties of excitonic bound states in interacting semiconductor systems. Moreover,
Refs. [52, 53] demonstrated that the single-particle Berry curvature
can be related to an associated curvature for the superconducting
gap function. In this thesis, we will be taking a similar approach
to investigate the effects of the Berry phase on the vortex states of a
superconductor.

1.4

Outline of the Thesis

In this thesis, we present results towards two main goals. Our first
goal is to explore the physics arising from dissipation and particleparticle interactions in the realm of quantum optics, with the motivation of realizing devices and procedures that allow quantum information processing in the optical domain. Our second goal is to build
a framework that allows for establishing a clear connection between
the phenomena arising from a non-trivial geometric Berry curvature
in the single-particle and many-body frameworks.
In Chapter 2, we present our prediction and consequent experimental realization of the remarkable response properties of 2D transition
metal dichalcogenide (TMD) monolayers. In particular, we establish
an analogy between the single-particle scattering properties of a 2D
TMD monolayer embedded in the three-dimensional electromagnetic
field and driven by a plane-wave external field, and the scattering
properties of a zero-dimensional (0D) emitter coupled embedded in
a one-dimensional electromagnetic field. Using this analogy, we deduce that at the excitonic resonance, the TMD monolayer can serve
as a perfect mirror of weak incident light. We also investigate the effects of exciton-exciton interactions in the mean-field level and show
that, remarkably, the TMD monolayer can serve as a perfect mirror
for arbitrarily strong incoming fields, up to quantum fluctuations on
top of the mean field. When the interaction effects are not negligible
compared to the radiative decay rate, we show that the quantum fluctuations result in the emission of non-classical light called two-mode
squeezed vacuum. In terms of the experimental realization of these
properties, we present the data for the reflection and transmission
from a single TMD monolayer. In order to fit the experimental data,
our initial theoretical treatment should be modified to take into ac6
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count the effects due to the excitonic disorder potential, as well as the
dielectric environment realized in the experimental setup. Our successful fit to the experimental data with a realistic disorder potential
attests to the fact that the disorder is the major contributor to the nonradiative decay rate of excitons in low temperatures and low drive
powers. However, unfortunately, the combined effect of strong radiative dissipation and weakened exciton-exciton interactions have not
allowed the experimental observation of effects due to the excitonic
non-linearities.
In Chapter 3, we search for a solution to the lack of observations
arising from exciton-exciton interactions for a single TMD monolayer.
To this end, we study a system where the TMD monolayer is placed
within an optical cavity, which by the virtue of interference inhibits
the radiative decay rate of the excitonic degrees of freedom. However, the effects of exciton-exciton interactions are still jeopardized by
the fact that the disorder-induced excitonic decay rate is much faster
than the rate of interactions. Fortunately, we show that the cavity
resonance can also be used to drastically reduce the adverse effects
of disorder on coherent interactions between excitons. In particular,
we show that because of the non-Markovian nature of the disorderinduced excitonic decay rate, the energy renormalization of the exciton due to its coupling to the cavity can be used to inhibit the effects
of disorder. We treat our problem analytically within the scattering
matrix approach. Using realistic parameters for the exciton-exciton
interaction strength and a disorder self-energy extracted from experimental fits, we demonstrate that the effective interaction strengths can
be large enough to observe perfect anti-bunching of the transmitted
photons. Our results indicate that even if the perfect anti-bunching
cannot be realized in an experimental setting where additional decay processes overwhelm the effects of interactions, the applications
of TMD-cavity setups where the single monolayer can be used as a
source of two-mode squeezed vacuum, are realistic.
In Chapter 4, we focus our attention away from the TMD monolayers
and towards the squeezed light that they generate. In particular, we
ask the question whether the squeezed light generated by a non-linear
bosonic mode can be used as a resource for enhancing the photon
mediated interactions between atoms. To simplify the matter, we consider a single mode driven non-linear cavity, whose steady state can
be described as a vacuum of so-called squeezed operators. Expressing the atom-cavity interaction in terms of the squeezed operators, we
7
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show that, under certain assumptions, the form of the atom-photon
interactions is approximately the same, while the strength of interactions is exponentially enhanced. Moreover, when the squeezed cavity
degrees of freedom can be adiabatically eliminated using a SchriefferWolff (SW) transformation, the squeezed cavity mode can induce interactions between pairs of atoms. Having established the squeezed
cavity vacuum as a resource for enhancing atom-atom interaction in
the Hamiltonian setting, we investigate the effects of cavity dissipation on our setup. Unfortunately, we find that the dissipation has
a detrimental effect on the effective interactions between the atoms.
We find that the as soon as the non-linear cavity is allowed to decay the heating processes result in a large thermal population in the
squeezed cavity degree of freedom, which results in considerable deterioration of quantum correlations between the atoms even for small
enhancements.
Lastly, in Chapter 5, we present our results regarding the second
goal we established in this thesis. In order to establish a clear connection between the single-particle Berry phase and its effects for a
many-body system, we consider a system whose single-particle dynamics is described by a simple massive Dirac model, which has a
non-trivial Berry curvature as well as a rotationally invariant band
dispersion. In order to study the effects of interactions on top of this
system, we consider a conventional superconductor, as described by
a Bardeen-Cooper-Schrieffer (BCS) variational ansatz, projected onto
the conduction band of the massive Dirac model. Using second quantized many-body operators, we proceed to show that the expectation
value of the Cooper pair relative angular momentum acquires an unconventional fractional contribution proportional to the Berry phase
enclosed inside the Fermi surface. Furthermore, using the transformation properties of the superconducting gap function and the London
equations for the supercurrents in a BCS superconductor, we show
that the fractional contribution to the Cooper pair angular momentum has profound effects on the response properties of the superconductor. In particular, we argue that in the case of rotationally invariant Fermi surface the orbital contributions to the supercurrents result
in the stabilization of vortex excitations which enclose only a fraction
of the magnetic flux compared to the conventional flux quantum.
Finally, we conclude the thesis with a brief outlook on the future
research topics that can be considered with the background of the
results established in this manuscript.
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Chapter 2

Atomically thin semiconductors as
nonlinear mirrors

2.1

Introduction

Monolayers of transition metal dichalcogenides (TMD) such as MoSe2
or WSe2 constitute a new class of two-dimensional (2D) direct bandgap semiconductors. They provide a much-desired companion to
graphene monolayers [54] in the design of future optoelectronic devices built by stacking different 2D materials with different electrical
and optical properties [55]. In particular, the optical bandgap and
large mobility of TMD monolayers make them ideal candidates for
efficient electronic transistors [56] and diodes [57], while their optical
excitations exhibit unconventionally large binding energies [58, 59].
Remarkably, recent experiments have demonstrated predominantly
spontaneous-emission limited exciton transition linewidths in clean
MoSe2 flakes embedded in hexagonal boron nitride (hBN) layers [60].
Since radiative broadening dominates over disorder-induced inhomogeneous broadening, TMD monolayers can be considered as ideal 2D
optical materials.
In the following, we show that disorder-free monolayers of TMD’s
can act as perfect mirrors for weak laser fields. The experimental scenario that we consider is depicted in Fig. 2.1. Specifically, we calculate
the transmission and reflection spectrum of a 2D semiconductor with
an excitonic resonance, which corresponds to a bound state of a conduction band electron and a valence band hole. When the excitons
decay purely radiatively, the TMD monolayer would reflect all of the
9
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incoming laser fields that are resonant with the exciton.
For strong fields, on the other hand, the repulsive interactions between excitons result in a shift of the excitonic frequency to higher
frequencies. Yet suprisingly, the perfect extinction of strong fields
can still be realized albeit for a narrow parameter range. Moreover,
exciton-exciton interactions lead to the generation of two-mode squeezed
vacuum (TMSS), which consists of pairs of correlated photons.

Figure 2.1: (a) The schematic of the experimental setup. A collimated coherent laser
field is incident on a transition metal dichalcogenide (TMD) monolayer. In addition
to coherent transmitted and reflected fields, a two-mode squeezed-state (TMSS) is
generated due to exciton-exciton interactions. Unlike the coherent fields, the TMSS is
emitted into a large solid-angle. (inset) Electromagnetic field can be characterized as
consisting of right (left) propagating input rin (lin ) and output rout (lout ) modes.

After a brief introduction to the TMD band-structure (Section 2.1.1),
we use the Heisenberg-Langevin equations and the associated inputoutput relations (Section 2.2), we show that this result holds for weak
resonant light fields of different polarizations at any incidence angle. We further discuss the perfect reflection is a direct consequence
of the in-plane momentum conservation of excitons and photons in a
flat defect-free 2D crystal (Section 2.2.2). In Section 2.3, we investigate
the reflection properties of the TMD monolayer when it is driven by
a strong laser field. In this regime, the interactions between the excitons within the monolayer become relevant. We discuss the effects
of exciton-exciton interactions in the mean-field approximation, and
show that the TMD monolayer can almost perfectly reflect the incoming laser field, no matter how strong it is (see Section 2.3.1) Moreover,
in Section 2.3.2 by taking into account quantum fluctuations, we show
10
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that the extinction of such a nonlinear mirror is limited (for light intensities leading to maximal reflection), and the transmitted field is
in a two-mode squeezed state (TMSS).
In Section 2.4, we discuss the experimental realization of perfect extinction in TMD excitons. In particular, we discuss two principal effects that need to be taken into account for a satisfactory understanding of the experimental results. First, the real TMD monolayer suffers
from disorder which breaks the translational symmetry. In Section
2.4.1, we introduce disorder models in condensed matter systems and
discuss treatment of disorder-induced decoherence effects within the
second-order Born approximation (SCBA), and coherent potential approximation (CPA). Secondly, we give a brief account of the transfer
matrix formalism for calculating the reflection/transmission spectra
of heterostructures consisting of multiple layers with different optical
conductivities (Section 2.4.2).

2.1.1

Band structure of TMD monolayers

The conduction and valence band dispersion of the TMD monolayers are to a large extent determined by the symmetry considerations
of the hexagonal lattice structure obeying 3-fold rotational symmetry, (i.e., C3h ), and the fact that the relevant atomic orbitals have a
d-wave character. The hexagonal lattice symmetry entails that states
at the conduction and valence band edges can be labeled by an additional valley degree of freedom, which corresponds to the high symmetry points of the Brillouin zone (see Fig. 2.2). Moreover, numerical
simulations based of density functional theory [61] have shown that
the conduction band orbitals near the high-symmetry points have dz2
character, while the valence band orbitals can be expressed as

E
1 
d x2 −y2 + iτ d xy ,
(2.1)
|viτ = √
2
where τ = ±1 depends on the valley index. Consequently, the conduction band electrons transform under the trivial representation of
the C3h symmetry group, while the valence band electrons transform
under the following rule
R2π/3 |viτ = eiτ2π/3 |viτ ,

(2.2)

while transforming trivially under the reflection operation with respect to the monolayer plane.
11
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Figure 2.2: Schematic TMD band structure near the high symmetry points K and K 0
(i.e., valleys ) of the Brillioun zone. Each valley dispersion is described by a massive
Dirac model. The spin-orbit interactions split the valence band dispersion such that the
spin and the valley degrees of freedom are locked.

The symmetry properties of the states near the K and K 0 points put
constraints on the terms in the effective k · p Hamiltonian [62] for each
valley. Briefly, the k · p Hamiltonian takes into account the effects
due to the orbital structure within the unit cell perturbatively. The
derivation makes use of the Bloch’s theorem, which states that for a
single-particle Hamiltonian with lattice translational symmetry,
H = h̄2 ∇/(2m) + V (x),

(2.3)

with V (x + R) = V (x), for a set of real lattice vectors R, the singleparticle wavefunctions can be written as
ψn,k = eik·x un,k (x),

(2.4)

where un,k (x) = un,k (x + R), and k is the wavevector which determines how the wavefunction transforms under translations by R. Using the wavefunction in Eq. (2.4), the kinetic energy term in the Hamiltonian can be written as
p2 ψn,k (x) ≡ −h̄2 ∇2 ψn,k (x) = eik·x (p − h̄k)2 u∗n,k (x)


= eik·x p2 − h̄k · p + h̄2 k2 u∗n,k (x) (2.5)
12
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The k · p approximation is a perturbative expansion of the unperturbed Hamiltonian
H0 = p2 /(2m) + V (x),

(2.6)

with respect to the perturbation
HI =

h̄k · p
h̄2 k2
+
.
2m
m

(2.7)

We observe that the k · p Hamiltonian transforms non-trivially under
3-fold rotations. It is straightforward to show that under rotations by
2π/3

1
p− k + ei2π/3 + p+ k − e−i2π/3 ,
(2.8)
R2π/3 [k · p] R2π/3 =
2
where we define k ± ≡ 1/2(k x ± k y ) and p± ≡ 1/2( p x ± py ), while
R2π/3 implements rotations by 2π/3. Because the matrix elements
h H i should be invariant under C3h , the k · p terms only contribute
to the off-diagonal elements in the Hamiltonian. Similarly, the p2
term, by the virtue of being invariant under C3h , contributes only
h̄
to the diagonal elements. As a result, defining 2m
hc| p+ |vi ≡ v F ,
e
and denoting the bandgap at the high symmetry points by ∆, the
Hamiltonian near the high symmetry momenta ±K is
H = d(k).σ,

(2.9)

d T = (±v F k x , v F k y , ∆/2),

(2.10)

where

and σ is the vector of Pauli matrices with σ+ ≡ |cihv|. Hence, the
low energy bandstructure of each valley degree of freedom can be described accurately by a massive Dirac model, whose non-trivial Berry
curvature [63] has profound effects on the dynamics of the TMD
monolayer. We will further discuss some of the interesting effects
of the Berry curvature for a BCS superconductor in Chapter 5.
Lastly, we can include the large spin-orbit interaction for the valence
band electrons in the low energy Hamiltonian by repeating the above
symmetry analyses to the Hamiltonian describing the spin-orbit interaction
HSO =

h̄ 1
[∂r V (r )] L · S,
4m2 c2 r

(2.11)
13

2. Atomically thin semiconductors as nonlinear mirrors
where L and S denote vectors for the angular orbital momentum and
spin operators, and V (r ) is the Coulomb interaction experienced by
the electrons. The final result is [61, 63]
H = d(k).σ − λτ

σz − 1
sz ,
2

(2.12)

where λ is the strength of the spin-orbit interaction and sz is the z
projection of the electronic spin.

2.1.2

Excitons in TMD monolayers

The interaction effects in TMD excitons has also been explored. In
the absence of a Fermi surface, the attractive Coulomb interactions
between the conduction band electrons and the valence band holes
result in positron-like bound states called excitons [22], which can
be excited by electromagnetic radiation. Since excitons are strongly
bound two-fermion states, they obey bosonic statistics. The expectation value of the distance between the electron and the hole is quantified by the excitonic Bohr radius, which is similar to its Hydrogenic
counterpart in 2D.
Most importantly for the work presented in the following two chapters, excitons in TMD monolayers have ultra-large binding energy of
∼ 0.5 eV [59], which is comparable to the semiconducting bandgap.
The large binding energy entails a small excitonic Bohr radius a B , and
hence a fast radiative decay rate through the relation [22]
γ = µ2

ωexc 1
1
| ϕ(r = 0)|2 ∝ 2 ,
2ε 0 h̄c
aB

(2.13)

where µ is the excitonic dipole moment ωexc is the excitonic resonance
frequency and ϕ(r ) is the wavefunction of the two-dimensional exciton.

2.2

Transmission and reflection through a TMD layer

In this section, we show that a TMD monolayer acts as a perfect and
atomically-thin mirror for radiation that is resonant with radiatively
broadened excitons. In the limit of weak but resonant incident laser
field, destructive interference between the incident field and the field
generated by the TMD excitons leads to perfect extinction.
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Figure 2.3: The reflection from the 2D TMD layer for weak near-resonant pump. Destructive interference between the directly transmitted field and the field generated by
the TMD excitons lead to a suppression of transmission and an enhancement of reflection. For perfect coupling efficiency η = 1 between the input light and the excitons on
the TMD layer, the system constitutes a perfect mirror. Imperfect coupling efficiency
due to the non-radiative lifetime of the excitons reduces the reflection maxima to η 2 .

Figure 2.3 (a) depicts the experimental system we analyze. We assume near-resonant monochromatic light incident on a monolayer
TMD, whose excitonic excitations have the ladder operators xk , which
obey bosonic commutation relations (i.e., [ xk , xk0 ] = δk,k0 ). We model
the electromagnetic environment that the excitonic field couples to in
terms of right and left propagating field modes whose ladder operators are denoted as rk and lk , respectively. We assume a defect-free
flat TMD monolayer and a large excitation spot such that in-plane
momentum k is conserved, and the total Hamiltonian can be written
as
H=

∑ H (k) = ∑ [ HTMD (k) + Hbath (k) + Hint (k)] ,

(2.14)

k

where
Hbath (k) =
Hint (k) =

Z ∞
−∞

Z ∞

−∞

h
i
dωω rk† (ω )rk (ω ) + lk (ω )lk (ω ) ,
dωκeiθ/2 xk† [rk (ω ) + lk (ω ) + h.c.] ,

and HTMD , which is to be specified self-consistently, gives us the set
of equations sufficient to solve for r and γ̄ (see Section 2.3.3). To simplify the expressions, we have set h̄ = 1 and expressed frequencies
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in a frame rotating with the incident coherent field frequency ω p . Parameters κ and θ/2 are the strength and the phase of the coupling,
respectively. The bath operators are properly
p normalized using the
appropriate density of states [e.g., rk (ω ) = ρenv (k, ω )rk (k z ) ]. The
density of states of the environment depends on the in-plane momentum and frequency in the rotating frame of ω p as ρenv (k, ω ) =
ω +ω p
1√
. Similarly the coupling constant κ (ω ) also includes
c
(ω +ω p )2 −(ck)2
p
a factor ρenv (k, ω ). In the following, we only consider in-plane
wave-vectors for which the electromagnetic bath can be treated as
Markovian. However, we note that the density of states for the bath
degrees of freedom depends strongly on frequency in the close vicinity of the excitonic wavenumber k = (ω0 + ω )/c, where the Markovian approximation breaks down, resulting in polariton formation
for the excitons which are polarized transverse to the direction of the
momentum [64]

2.2.1

Heisenberg-Langevin equations for the excitons in TMD
monolayers and the input-output relation

When the coupling strength between the radiative modes does not
change appreciably in the frequency window relevant for the exciton dynamics, the Markovian approximation can be used to derive
the Heisenberg-Langevin equations (see Chapter 3 for details). The
Heisenberg-Langevin equation of motion for xk is given by
i
[ HTMD , xk (t)]
h̄

i 2γ
√ h
− ie−iθ γ rkin (t) + lkin (t) +
xk (t) ,
2

ẋk (t) =

(2.15)

where γ ≡ 2πκ 2 is the radiative decay rate of TMD excitons into the
right (left) moving modes in the Markov approximation. In Eq. (2.15),
the right (left) moving input noise operator, rkin (lkin ) is defined as
R∞
rkin (t) ≡ −∞ e−iω (t−t0 ) rk (ω )dω, with t0 < t. The input-output relation in frequency space is [8, 65]
√
(2.16)
rkout (ω ) = rkin (ω ) − ieiθ γxk (ω ),
where ω is the frequency label of the bath modes, and rout (ω ) is
defined the same way as rin (ω ) but with t0 ↔ t f > t. The inputoutput relation allows us to express the output fields in terms of the
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input fields once we solve the equation of motion of xk in terms of
the input noise operators [65]
We first consider a non-interacting exciton system where
HTMD (k) = ωexc (k ) xk† xk ,

(2.17)

with ωexc (k ) = ωexc + k2 /(2mexc ) − ω p , where ωexc , is the exciton
energy in the lab frame. We then obtain the solution
to Eq. (2.15)

√
as xk (ω ) = −i e−iθ γ G0 (ω, k) rkin (ω ) + lkin (ω ) , where we introduced the free propagator
G0 (ω, k) ≡

1
.
γ − i [ω − ωexc (k)]

(2.18)

The quantity −γG0 (ω, k ) can also be understood as the reflection coefficient of the TMD system. Remarkably, at resonance [ω = ωexc (k)],
the propagator is purely real and equal to the density of states
G0 (ωk , k) = γ−1 .
Hence, using Eq. (2.16) we find that the expectation value of rkout (ω )
over a right moving coherent field is zero and the reflection is perfect,
cf. Fig. 2.3 (b).
A simplified picture of the perfect cancellation of the incoming signal and the transmitted signal is the following. The transition amplitude of the input field is given by the coherent sum of two paths,
one along which the incoming light does not interact with the TMD
monolayer and the other along which the incoming light is converted
into an excitonic excitation of the TMD monolayer and subsequently
decays into the output modes. For weak drive fields, we can ignore
the interaction effects between the excitons, and the combined inputTMD-output system can be modeled by three harmonic oscillators
i − T − o.
Then, noting that at the resonance frequency the phase difference between the drive field and an harmonic oscillator is π/2, we deduce
that the phase difference between the input oscillator i and the driven
oscillator T, as well as the phase difference between the oscillators T
and the output oscillator o, is π/2. As a result, the difference between the transition amplitude which includes interaction with the
TMD layer and the amplitude which does not include such an interaction is π, resulting in a deconstructive interference between the two
amplitudes.
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2.2.2

Role of momentum conservation

The crucial point of the total reflection property of the TMD excitons is the assumption of momentum conservation in the plane of
the TMD monolayer, which applies for defect-free monolayers. Due
to in-plane momentum conservation, Hint (k ) describes the coupling
between a single harmonic oscillator mode and a one-dimensional radiation field reservoir with ρenv (k, ω ) ∝ 1/c, and k  (ω + ω p )/c
such that the reservoir is Markovian. The transmission/reflection
problem is therefore formally equivalent to the corresponding problem for a single quantum emitter coupled to an optical or microwave
waveguide [9], in the limit of a weak incident coherent field where
anharmonicity can be neglected.
The effect of coupling to additional decay channels such as the elastic
scattering rate γdis due to disorder and the non-radiative recombination rate γNR can be taken into account by replacing γ → γ̄ =
γ + γdis + γNR in the expression for G0 (ω, k). In this case, we obtain
the following output operator at resonance
rkout (ωk ) ≈ (1 − η )rkin (ωk ) − ηlkin (ωk ),

(2.19)

where η ≡ γ/γ̄ is the coupling efficiency of the TMD excitons to the
electromagnetic modes, with the identical in-plane momentum, k. As
a result, the peak reflectivity at resonance is given by η 2 , as shown in
Fig. 2.3 (b).
We emphasize the above result is valid for the Markovian limit of the
disorder-induced decay rate, denoted by a constant function γdis (ω ) =
γdis . However, as we show below, the disorder-induced decay rate
can, in general, depend on the frequency. In Section 2.4.1, we will
use the dependence of the disorder-induced self-energy in combination with the weak interactions between the exciton to realize strong
anti-bunching at the output of a weakly driven TMD monolayer in a
cavity.

2.2.3

Polarization dependence, Exciton exchange interaction

When the input coherent field is incident on the TMD layer at an
angle θinc 6= 0 the polarization of the incoming light becomes important. The two relevant polarization degrees of freedom in the case of
non-zero incidence angle are
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1. transverse electric (s-) polarization: the electric field is always
perpendicular to the propagation direction and parallel to the
2D plane of the TMD monolayer.
2. transverse magnetic (p-) polarization: the polarization vector
of the magnetic field is perpendicular to both the propagation
direction and parallel to the 2D plane of the TMD monolayer.
Due to the negligible thickness of the TMD monolayer, and the fact
that the exciton couples to the electric field, the coupling constant for
the p-polarized light is reduced with respect to the s-polarized light
by a factor cos2 (θinc ). The role of polarization can be described, by
using an additional polarization label ε = s, p describing polarization
of the incoming light. Then the input output relation is written as
out
in
rk,ε
(ω ) ≡ [1 − γε G0 (ω, k)] rk,ε
( ω ),

where again we assumed that the left moving input modes are in the
vacuum state.
In the absence of disorder, the in-plane momentum conservation ensures that the transmitted field vanishes for any incidence angle as
long as the generated 2D excitons have a perfect overlap with the incident field polarization: this is the case for an incident transverse- (s-)
polarized field. Remarkably, longitudinal- (p-) polarized fields also
yield perfect extinction since the generated longitudinally-polarized
exciton couples exclusively to p-polarized outgoing radiation. On the
other hand, any superposition of s- and p- polarized fields will have
finite transmission: this is a consequence of the finite energy splitting
of the transverse and longitudinal exciton resonances induced by the
long-range electron-hole exchange interaction [66]. The effect of the
electron exchange interaction can be understood by considering the
following Coulomb interaction terms in second quantization
V̄exch =

∑0

cv †
cτ,k v†τ,k0 v−τ,k0 +q c−τ,k−q ,
Vτ,q

(2.20)

k,k ,q

where Vqcv ≡ hv, τ, k0 ; c, τ, k |V̂ |v, −τ, k0 + q; c, −τ, k − qi is the expectation value of the Coulomb interaction with respect to the two-particle
states |v, τ, k0 ; c, τ 0 , ki. It is clear from the form of this interaction
Hamiltonian and that the optically active excitons are superpositions
of electron-hole pairs from in the same valley, the term in Eq. (2.20)
mixes the excitons in the two valleys, resulting in a splitting between
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the polarization directions longitudinal and transverse to the exciton’s wavevector. In particular, electron-hole exchange interactions
in a TMD monolayer ensure that the excitonic excitations that couple
to s- and p-polarized light are spectrally distinct and lead to parabolic
(linear) dispersion for s-(p-) polarized excitons [66]. Thus, although
both s- and p-polarized incident light would exhibit perfect extinction on their respective resonances, the reflectivity is below unity for
any ω p when the incoming light is in a superposition of the s- and p
polarizations.

2.3

Interactions and Squeezed light production

In this section, we explore the effects associated with the excitonic
non-linearities. These effects are relevant when the TMD monolayer is
strongly driven by the input field such that many excitons are present
inside the TMD monolayer at a given time. Intuitively, in the lowest
order approximation, the repulsive excitonic interactions will cause
the excitonic resonance to shift to higher frequencies (blue shift).
Intuitively, the blueshift can be understood as a result of the repulsive
potential that each new exciton experiences due to the mean-field
of excitons already residing inside the TMD monolayer. Since the
frequency shift will invalidate the resonance condition, discussed in
Section 2.2.1, we expect that the there is a finite transmission of the
drive field at high drive powers. However, we find that the strong
extinction of the mean transmitted field is still possible when the incident field is tuned to the higher (lower) frequencies with respect to
the excitonic resonance for repulsive (attractive) exciton-exciton interactions. We find that for fine-tuned laser detunings and intensities,
the extinction of the transmitted coherent field is near unity, and it
is only limited by the interaction induced depletion of the excitonic
mean-field. Intuitively, the depletion describes the interaction processes where pairs of excitons scatter out of the excitonic mean-field,
which is at the drive frequency and momentum. Since interactions
respect the translational symmetry along the TMD monolayer, the
momenta of the two scattered excitons has to add up to the in-plane
momentum of the laser drive. When these excitons eventually decay
into pairs of photons with correlated momenta. The state that the output photons are in can be described as a two-mode squeezed vacuum
TMSS (see Fig. 2.1)
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Luckily, both the Heisenberg-Langevin equations as well as the inputoutput relations are still valid in the presence of interactions. Hence,
the effects of exciton-exciton interactions can be taken into account by
including the interaction term in the system Hamiltonian
"
#
g
int
HTMD
= ∑ ωexc (k) xk† xk + x0† x0† x0 x0
2
k

+

g
2

0

∑(xk† x−† k x0 x0 + x0† x0† xk x−k + 4x0† x0 xk† xk ),

(2.21)

k

where we kept the highest order terms that would dominate the dynamics in the limit of a large coherent amplitude in the driven exciton
mode k = 0. We also assumed repulsive contact interactions g > 0
and excluded the k = 0 mode in the sum ∑0k .

Figure 2.4: The reduction of reflection due to the depletion of the k = 0 coherent state
for three different values of g while keeping gβ2 = 3.5 constant. All parameters are
plotted in the units of γ. In the limit that g → 0 (orange line), the depletion does not
modify the reflection maximum, since in this limit, the excitonic density at resonance is
infinite. For g = 1.75 (g = 0.35) [green (blue) line], the depletion reduces the reflection
maximum down to ≈ 0.9 (≈ 0.97). The green shaded area indicates the region where
the mean-field treatment is expected to be not reliable for this choice of g. Here, a
depletion ratio of the coherent exciton density exceeding 10 % is used as a benchmark.
The black arrows indicate the hysteresis curve. The faint blue curve is the same as Fig.
2.3 for η = 1.

2.3.1

Mean-field treatment

In the mean-field limit, the second line of Eq. (2.21) is neglected. We
can then calculate the density of particles at k = 0 when the system
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is driven by a coherent state whose plane wave is normally incident
on the TMD plane
√
hrkin=0 (ω = 0)i = β γ
solving the Heisenberg-Langevin equation and substituting in the
mean-field at k = 0, we obtain


h x0 i = −i e−iθ γβ Ḡ (0, 0)
(2.22)
where
Ḡ (ω, k) =

1
γ − i [ω − ω̄ (k)]

with the renomalized excitonic dispersion
ω̄k = ωexc (k ) + (2 − δk,0 ) g|ψ0 |2

(2.23)

and |ψ0 |2 ≡ h x0† x0 i is the number of excitons at mode k = ω = 0. The
excitonic density obeys the following self-consistency equation

|ψ0 |2 = γ2 | Ḡ0 |2 | β|2 ,

(2.24)

2
which is
√ third order in |ψ0 | , resulting in bistable solutions for (ω −
ω0 ) > 3γ [67] .

Following the discussion in the previous section, the condition for
perfect extinction is ω̄0 = 0. This condition implies that, perfect
extinction occurs when the exciton flux through the TMD layer equals
the photon influx:
γ|ψ̃0 |2 = γ| β|2 = γ

ω p − ωexc (k = 0)
,
g

(2.25)

where |ψ̃0 |2 denotes the density of excitons at perfect extinction. We
emphasize that in this mean-field limit, perfect extinction is possible for any positive (negative) value of g in the TMD monolayer as
long as the pump is blue (red) detuned by an amount determined by
Eq. (2.25) from the bare excitonic resonance. Naturally, the expression in Eq. (2.25) interpolates to the non-interacting case when both g
and the detuning is taken to zero. Figure 2.4 (a) shows the mean-field
reflection spectrum (yellow) as ω p is tuned across the resonance for
gβ2 = 3.5: the excitonic system is bistable for this choice of parameters and the unity reflection can be obtained as ω p is tuned across the
bare excitonic resonance from high to low frequencies.
22

2.3. Interactions and Squeezed light production

2.3.2

Quantum fluctuations and generation of two-mode
squeezed vacuum

To take into account the effect of quantum fluctuations on top of the
coherent excitonic field ψ0 , we solve the equations of motion for these
fluctuations up to linear order. In our analysis, we assume a single
parabolic dispersion (s-polarized) excitonic dispersion for simplicity.
The solution for the k 6= 0 excitonic operators are

√ 
xk (ω ) = −i e−iθ γ G (ω, k)
n
o
∗ in †
× nin
(
ω
)
+
U
[
Ḡ
(−
ω,
−
k
)]
(
n
)
(−
ω
)
,
(2.26)
k
−k
in
in
2
where nin
k ( ω ) ≡ rk ( ω ) + lk ( ω ), U ≡ −igψ0 , and the dressed propagator is
[ Ḡ −1 (−ω, −k)]∗
G (ω, k) ≡ −1
.
Ḡ (ω, k)[ Ḡ −1 (−ω, −k)]∗ − |U |2

Eq. (2.26) allows for a clear interpretation when contrasted with the
solution of the non-interacting problem above. The first difference
†
between the two is the extra noise term U [ Ḡ (−ω, −k)]∗ (nin
−k ) , which
describes the particle number violating coupling between the excitons
and the fluctuations of the electromagnetic vacuum. Microscopically,
this is allowed due to the interactions mediated by the excitonic coherent state. Secondly, both noise terms are now propagated by the
dressed propagator G (ω, k). We note that the imaginary part of the
poles of G (ω, k) gives the excitation spectrum for the dissipative excitonic condensate, while the real part of the poles gives the dissipation
rate of the corresponding modes [see Fig. 2.5 (b-c)]. We further note
that the functions G (k, ω ) and G (k, ω )U [ Ḡ (−ω, −k)]∗ can be thought
of as the normal and anomalous propagators for the weakly interacting excitonic condensate coupled to a Markovian bath.
Using the input-output relation, we find the solution for the right
moving output operator
in †
rkout (ω ) = uk (ω )rkin (ω ) + vk (ω )(r−
k ) (− ω )
in †
+ ūk (ω )lkin (ω ) + v̄k (ω )(l−
k ) (− ω ),

(2.27)

where
uk (ω ) = 1 − ūk (ω ) = 1 − γG (ωk )
vk (ω ) = v̄k (ω ) = γG (ωk )U [ Ḡ (−ω, −k)]∗ .
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The form of the solution in Eq. (2.27) ensures that

h(rkout )† (ω )rkout (ω )i 6= 0
even for k 6= 0. Physically, this means that the input coherent population at k = 0 is depleted out into output modes with k 6= 0. As a
result, the perfect reflection condition in Eq. (2.25) cannot be satisfied
even at resonance [i.e., ω̄ (0) = 0]. Thus, the reduction of reflection
can be viewed as a renormalization of the decay rate γ of the coherent
density of excitons with k = 0, due to repulsive interactions.
Eq. (2.27) also describes the squeezing of the right moving output
noise. The correlations between the ±k modes manifest in the fact
that the fluctuations in the output field are superpositions of input
noise with ±k. Using the expressions above, we can calculate the
variance in the quadrature fluctuations
2
(∆X±
)(k, ω ) ≡

1
2
out
out †
h||(r−
k ) (− ω ) ± rk ( ω )|| i,
2

where ||o ||2 ≡ o † o. We plot the squeezing and anti-squeezing spectra
at perfect extinction in Fig. 2.5, where we consider the limit g → 0
while keeping gβ2 constant. We observe that at resonance (i.e, ω̄ (0) =
0), the dispersion of the fluctuations follow the equilibrium Bogoliubov dispersion. Because the excitons are coupled to both right and
left propagating baths, the squeezing properties of the output field
are similar to those of a non-degenerate optical parametric oscillator
(OPO) implemented by a two-sided cavity [8, 68].

2.3.3

Optical sum rule

Next, we need to formalize the intuition that the interaction induced
depletion of the incoming drive field results in the reduction of reflectivity from the TMD monolayer. The physical concept which deserves
our consideration is the conservation of photon flux. That is, as long
as we neglect non-radiative decay rate of the excitons (e.g., due to
their interactions with phonons), the number of photons that are put
into the TMD monolayer via the drive field over a unit time is equal
to the number of photons which leave the TMD monolayer through
all possible radiation modes.
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Figure 2.5: The anti-squeezing (left) and squeezing (right) spectra at ∆ = gβ2 = 3.5,
in units of γ. For this detuning and coherent exciton density, the fluctuations on top
of the coherent field have a Bogoliubov-like spectrum of an interacting bosonic system.
The red and the green lines show the dispersion of the particle and hole excitations,
respectively. These lines are determined by the real part of the poles of the dressed
propagator G (ω, k ). The black line is the decay rate of the excitations, which in this
case is equal to −γ, and is given by the imaginary part of the poles of the dressed
propagator G (ω, k). The bandwidth of squeezing is determined by the decay rate of
the excitons. While there is no upper bound for anti-squeezing in the g → 0 limit, the
largest squeezing that can be achieved is limited to ≈ 3 dB since the excitonic system
is coupled to two separate radiation baths.

The conservation of input and output photon fluxes in the absence of
absorption can be expressed as

∑

ZZ

dωd2 k h(σkout )† (ω )σkout (ω )i − h(σkin )† (ω )σkin (ω )i = 0.

σ =r,l

Next, we calculate the relevant expectation values using the expressions derived for the output fields, assuming that the incoming coherent field has an in-plane momentum of k = 0. The expectation values
can be calculated using Eq. (2.27) above

h(rkin )† (ω )rkin (ω )i = γβ2 δk,0
h(lkin )† (ω )lkin (ω )i
h(rkout )† (ω )rkout (ω )i

(2.28)

=0

(2.29)
2

2

= |t| γβ δk,0 + |vk (ω )|

2

= |1 + r |2 γβ2 δk,0 + |vk (ω )|2 + |v̄k (ω )|2
h(lkout )† (ω )lkout (ω )i = |r |2 γβ2 δk,0 + |vk (ω )|2 + |v̄k (ω )|2 ,

(2.30)
(2.31)

where the contributions |vk (ω )|2 result from the quantum depletion
of the incoming coherent field to the k 6= 0 modes due to interactions.
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Carrying out the integration, we obtain

|r |2 − Re(r ) +

1
4π 3

ZZ ∞
−∞

d2 kdω

|vk (ω )|2
= 0.
γβ2

(2.32)

Lastly, defining the total quantum depletion into the right and left
propagating output modes
2D ≡

1
2π 3

ZZ ∞
−∞

d2 kdω

|vk (ω )|2
,
γβ2

we obtain the expression of what is know as the optical theorem in
the context of scattering theory [69].

|r |2 − Re(r ) + D = 0,

(2.33)

However, Eq. (2.33) cannot be solved to give both reflectivity r and
the depletion D. To resolve this problem, we define the reflection
coefficient r through its relation to the propagator Ḡ
r=−

γ
γ̄ − i [ωexc (0) + g|r |2 β2 ]

(2.34)

where the parameter γ̄ = γ̄D > γ is the renormalized radiative decay
rate of the coherent density of excitons at k = 0. Importantly, γ̄ takes
into account the decay of the k = 0 excitons through depletion and
ensures that the optical theorem in Eq. (2.33) is satisfied. The set
of equations given by Eq. (2.33-2.34) allows for a solution for both
reflectivity r and the depletion D.
We emphasize that assuming negligible depletion of the coherent
state, we can relate the density of the excitons to the amplitude β
of the excitation laser by
n = h x0† x0 i = |r |2 β2 .

(2.35)

However, the quantum depletion is significant in the vicinity of the
excitonic bistability threshold [67], where the real part the dressed
propagator’s [G (k, ω )] pole, which specifies the decay rate of singleparticle excitations, approaches zero [70], causing vk (0) to diverge.
However, in the limit where g is taken to zero while keeping gβ2 constant (i.e., thermodynamic limit [71]), the region where the depletion
is significant shrinks down to a point at the bistability threshold. This
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effect can also be understood as a consequence of the γβ2 term in the
definition of depletion D.
Moreover, the description of our system through a mean-field and
linear fluctuations is, strictly speaking, not valid for calculating any
steady-state quantity. Indeed, an analysis using the Fokker-Planck
equation [72, 73] shows that in the steady-state the bistability curve
disappears, making it impossible to reach the unit reflectivity regime.
However, as pointed out by Ref. [73], the mean-field theory remains
valid when the ramp of the laser drive is fast compared to the timescale associated with the decay rate of single-particle excitations. As
this decay rate tends to infinity as the system is tuned to the bistability threshold, the mean-field theory is valid for most experimental
situations.
The reduction of reflectivity for two different values of g with appropriately scaled pump power is shown in Fig. 2.5 (a). In the figure,
we also indicate the region of the pump frequency ω p where the
depletion of the excitonic condensate is a significant fraction of the
excitonic density (green shaded region); in this parameter range, the
mean-field treatment is expected to be unreliable.

2.4

Experimental realization

In this section, we consider the realization of the atomically thin mirror as proposed above. The experimental sample that was used in
this realization as well as the measured and calculated transmission
and reflection spectra are shown in Fig. 2.6. We immediately notice
that the maximum reflectivity is less than unity and that neither the
transmission T or the absorption A = 1 − ( R + T ) lineshapes are
Lorentzians. In the following, we describe these experimental features by taking into account the two main complications which arise
from the actual experimental implementation. Namely, these complications are that the TMD monolayer suffers from a disorder potential which breaks the in-plane translational symmetry, and that the
monolayer is embedded in a dielectric environment which increases
its stability. A realistic treatment in both of these aspects is crucial to
extract reliable values for the reflectivity of the TMD monolayer.
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Figure 2.6: (top) The experimental sample used in the demonstration of the high
reflectivity of the TMD monolayer. (bottom) Fit using Eq. (2.36) and CPA to treats
the effects of a disorder potential with Ec = σ (see Section 2.4.1) and the maximum
value of the imaginary part of Σdisorder is 0.8 meV and the radiative decay rate 1.3 meV.
The effects of the dielectric environment of the TMD monolayer is taken into account
using the Transfer Matrix method (Section 2.4.2). The excitonic resonance frequency
is indicated by the vertical dashed line.

2.4.1

Treating Disorder for Excitons in Quantum Wells

The effects of disorder on the excitonic dynamics is taken into account
through the excitonic Greens function, given by [17]
Gx (ω, k) ≡
28

1
,
Σtot (ω, k) − i [ω − ωx (k )]

(2.36)
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where Σtot (ω, k ) is the total self-energy, which includes the decay
rates of the exciton with energy h̄ω and momentum h̄k due to static
disorder as well as dynamical processes due to phonons etc. Then,
the reflection coefficient is given by r (ω, k) = −γGx (ω, k ), with the
radiative decay rate γ. In the following, we only consider the effect of quenched disorder. We discuss the calculation of the disorderinduced self-energy Σdis (ω, k), using different approximations which
allow for a progressively more detailed picture of the effects of disorder at the single-particle level. Specifically, we will consider: Fermi’s
Golden Rule, self-consistent Born approximation (SCBA), and coherent potential approximation (CPA), and compare the resulting reflection spectra to that which is experimentally obtained.
Fermi’s Golden rule
The expression for the decay rate due to disorder to the lowest order
approximation is given by the Fermi’s Golden rule,
γFGR (ω, k = 0) =

∑ hVV i(q)δ(ωexc (q) − ω ),

(2.37)

q

where, h· · · i denotes the fourier transform of the average over an
ensemble of disorder realizations (i.e., disorder averaging)

hVV i(q) =

Z

drhV (0)V (r)ieiq·r .

(2.38)

Notice that the disorder averaging allows one to treat the properties
of the disorder potential as if it was translationally invariant. The
above expression predicts a highly asymmetric function of frequency
ω, since the density of states for the excitons vanishes for frequencies
below the ωc (k = 0). However, it is important to note that the decay
rate calculated from the Fermi’s Golden Rule assumes that the states
which the initial state decays into have an infinite lifetime. In other
words, the final states are assumed to be all translationally invariant excitonic states with a well-defined momentum. In order to take
into account the fact that the scattered excitonic states also experience
the disorder potential, we use the self-consistent Born approximation
(SCBA) [74]. The diagrammatic expressions for the disorder averaged
propagator in the Fermi’s Golden rule (FGR) and (SCBA) are given
in Fig: 2.7.
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Figure 2.7: The diagrammatics of the disorder averaged Green’s function in the Fermi’s
Golden rule and self-consistent Born approximations. (top) The infinite order perturbation series in the Fermi’s Golden rule (FGR) approximation. The solid lines represent the
exciton propagator. Each triangle stands for a second-order interaction process between
the exciton and the disorder potential where the exciton is excited in a virtual state.
(middle) The infinite sum can be written recursively in the form of a Dyson equation,
which defines the self-energy ΣFGR . (bottom) The Dyson equation for the SCBA. The
self-energy ΣFGR now includes the renormalized propagator itself.

Self-consistent Born approximation
Within SCBA, the self-energy Σdis (ω, k = 0) due to disorder can be
written as a self-consistency condition
h̄Σdis (ω, k) =

Z

d2 q
hVV i(k − q)
,
2
(2π ) h̄ω − h̄ωexc (q) − h̄Σdis (ω, q)

(2.39)

where we set ωexc (k = 0) = 0. We emphasize that by neglecting
the self-energy term in the denominator of the integrand, we retrieve
the Fermi’s Golden rule expression in Eq. (2.37). Also, notice that
the frequency argument on both sides of the equation is the same as
we are considering a static disorder potential. Before we discuss the
general solution of the Eq. (2.39), which can be obtained by numerical
iteration, let us first consider some simpler limits that demonstrate
the relevant physical parameters.
First, we consider contact interactions such that the disorder average
hVV i0 (k − q) is a constant with respect to excitonic momenta {q}.
Notice that the excitonic states which contribute to the decay of the
initial state need to obey (consider k = 0)
q
hVV i0 (q)
> 1,
(2.40)
h̄ωexc (q)
because the interaction strength between the k = 0 exciton and k = q
exciton should be stronger than the detuning between the two states.
30

2.4. Experimental realization
Then, within the contact approximation, we obtain.
1
d2 q
2
(2π ) h̄ω − h̄ωexc (q) − h̄Σdis (ω )


Z ∞
1
≈ i hVV i0 N (0)
dωexc Im
h̄ω − h̄ωexc − ih̄ImΣdis (ω )
0
(2.41)

h̄Σdis (ω, k ) = hVV i0

Z

where N (0) is the two-dimensional density of states of the excitons.
Notice that for the contact interaction and constant density of states
in 2D, the imaginary part of the self-energy is independent of the exciton momentum. The self-consistent solution to the above equation
results in a constant imaginary part of the self-energy in Eq. (2.36),
for frequencies in the vicinity of the renormalized exciton frequency.
Hence, the exciton absorption has a Lorentzian lineshape, contrary to
the experimental observation in Fig. 2.6 (b). The discrepancy between
the approximation for contact interactions for disorder and the experimental observation indicates that the finite length-scale associated
with the disorder autocorrelation function satisfy Eq. (2.40).
Another limit that we can consider in the context of Eq. (2.40) is
the limit of infinite excitonic mass, for which we can verify that the
inequality in Eq. (2.40) is satisfied for all q, and the self-energy is
independent of the exciton momentum. Using the infinite mass assumption, we can obtain the following approximation
d2 q
hVV i(k − q)
(2π )2 h̄ω − h̄ωexc (0) − h̄Σdis (ω )
A
≡
,
(2.42)
h̄(ω − ωexc (0)) − h̄Σdis (ω )

h̄Σdis (ω, k ) ≈ h̄Σdis (ω ) =

Z

R d2 q
hVV i(q). The imaginary part of the
where we defined A ≡
(2π )2
self-energy which satisfies the above self-consistent equation which
describes a semicircle with radius 2A centered at the exciton transition frequency ωexc (q = 0). The most important difference between the self-energies obtained through the contact interaction and
the infinite-mass approximations is the frequency dependence of the
imaginary part of the self-energy Σdis (ω ) which dramatically effects
the reflection, transmission, and absorption through Eq. (2.36).
Although we observed that the absorption spectrum obtained through
the infinite mass approximation is in general good agreement with
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our data, it naturally fails to reproduce the asymmetry of the absorption line in Fig. 2.6 (b). Therefore, in order to fit our data, we need
to solve Eq. (2.39) self-consistently. To this end, we assume a Gaussian disorder auto-correlation function whose Fourier transform can
be parametrized as


h̄ωexc (q)
hVV i(q) = σ2 exp −
,
(2.43)
Ec
and assume that the self-energy is independent of momentum for
2 −2

ξ
is the
simplicity. In the parametrization above, we used Ec ≡ h̄ 2m
kinetic energy associated with the correlation length ξ for an exciton
with mass mexc ≈ me , and σ defines the variance of the magnitude of
the disorder potential.

The physics associated with the parameters σ and Ec is summarized
in Fig. 2.8, where the excitonic states which contribute to the decay
rate of the k = 0 exciton are inside the shaded region. The energy
and momentum scales
√ which define dimensions of the shaded region
are given by σ and 2mexc Ec , respectively. Intuitively, the infinite
mass approximation is valid when all the excitonic scattering states
in the shaded region have the same energy compared to Ec  σ
(solid line). On the other hand, the contact interaction approximation
is valid when Ec  σ (dashed line).

Figure 2.8: The parameters characterizing the disorder potential.

Using only the imaginary part of the self-energy calculated from the
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above model, we achieved a very good agreement with the transmission and reflection measurements. Our fit gives Ecq
= 0.4 meV, which
h̄2 (2π )2

1
corresponds to a disorder correlation length of ξ =
eme 0.02 ≈ 80
nm, with the electric charge e and me , the band mass of the TMD exciton. However, when the real part of self-energy is also put into the
expression in Eq. (2.36), we still observe a discrepancy between the
calculated and measured reflection spectrum. The observed discrepancy is due to the fact that the self-consistent Born approximation
does not take into account the so-called crossing diagrams (see Fig.
2.9) [74] which lead to quantum interference between transition amplitudes, and subsequently localization. In the next section, we use a
more powerful coherent potential approximation (CPA), which takes
into account the crossing diagrams and therefore, improves the fits to
the experimental measurements.

Figure 2.9: A crossing diagram that is neglected in the ΣSCBA .

Calculating the disorder self-energy in the coherent potential approximation (CPA)
Here, we briefly discuss the method used to calculate the self-energy
of the exciton in a disorder potential. We closely follow the exposition by Zimmermann et. al [75], where the conventional coherent
potential approximation (CPA) [76, 77], is extended to include the effects of disorder potentials with a finite auto-correlation length. This
extension is hence called the correlated CPA. The correlated CPA partitions the disordered system into a central cluster and the rest of
the system, which can be considered as an effective translationally
invariant medium. The self-energy of the effective medium is calculated self-consistently using the condition that the disorder averaged
Green’s function of the cluster is equal to the Green’s function of the
effective medium.
Correlated CPA smoothly interpolates the disorder potential within
the central cluster and the effective medium with the help of a nonlocal ansatz for the the effective disorder potential. In practice this
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means that the disorder potential term V (r )ψ(r ) in the single-particle
Schroedinger equation is replaced by a convolution term taking into
account the non-local correlations with respect to two variables r and
r0
V (r ) →

Z



dr 0 V0 g(r )δ(r − r 0 ) + Σ(r − r 0 , z)(1 − g(r 0 )) ψ(r 0 ), (2.44)

where g(r ), describes the spatial correlations in the disorder potential. In other words, it gives the most likely value of the value of the
disorder potential given that we know the value of the disorder potential at r = 0, V0 . We also note the natural normalization condition
g(0) = 1, and the boundary condition that g(r → ∞) = 0.
As a result, the Green’s function G(r, r 0 , z) of the complete system
satisfies
!
h̄2
2
−
∇ + V0 g(r ) − h̄z G(r, r 0 , z)
(2.45)
2mexc r

+

Z

Σ(r − r 00 , z)(1 − g(r 00 ))G(r 00 , r 0 , z)dr 00 = −δ(r − r 0 ).

In reciprocal space, this differential equation can be written as
"
#

Gk,k0 (z) = Gk (z) δk,k0 + (V0 − Σk (z)) ∑ gk,k00 Gk0 ,k00 (z) ,

(2.46)

k00

with the Green function of the effective medium
Gk (z) ≡

1
.
h̄z − ωexc (k) − Σk (z)

(2.47)

Thus, Σk (z) can be interpreted as the self-energy of the effective
medium, where as the sum over momenta k0 takes into account perturbation due to the smooth interpolation between the effective medium
and the specific value of the disorder potential at the center of the
cluster.
While the ansatz in Eq. (2.44) breaks the translational invariance, we
recover the translational symmetry by integrating over all possible
positions for the central site within the cluster, as well as all possible
values of V0 with an appropriate weighting factor. The CPA determines the value of the self-energy by requiring that Green’s function
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of the effective medium equals the approperiately averaged Green
function of the whole system
G (r − r 0 , z ) =

1
Ω

Z

dr0

Z

dV0 P(V0 )G(r − r0 , r 0 − r0 , z; V0 ),

(2.48)

where, for Gaussian auto-correlated disorder potential, we need to
use
P(V0 ) = √

1
2πσ

2

2

e−V0 /(2σ ) ,

(2.49)

where σ determines the variance of the magnitude of the disorder
potential. Hence, in Fourier space we obtain
Gk (z) = hGk,k (z, V0 )iV0 .

(2.50)

Secondly, the extended CPA ansatz assumes that the Green’s function Gk,k0 can be factorized in the following form (see Ref. [75] for
justification)

Gk,k0 (z; V0 ) = Gk (z) Hk0 (z; V0 ),

(2.51)

which reduces the self-consistency condition for k = k0 to

1 = h Hk0 (z, V0 )iV0 =

1
1 − (V0 − Σ(z)) Rk (h̄z; {Σ})


,

(2.52)

V0

where
Rk (h̄z; Σ) =

gk − k 0
.
k0 − Σk0 (z)

∑0 gk−k0 Gk0 (z) = ∑0 h̄z − ε
k

k

(2.53)

We note that the lowest order expansion of Eq. (2.52) is equivalent to
second-order self-consistent Born approximation [75].
In the following, we further ignore that the mixing between the selfenergies in different momenta in the above expression and assume
that we can write the self-consistency equation as


1
1 − (V0 − Σ(z)) Rk (h̄z − Σk )



= 1,

(2.54)

V0
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g

0

where Rk (h̄z) = ∑k0 h̄zk−−εk 0 . The self consistency condition in Eq.
k
(2.54) can be cast as a root finding equation in the following form

w

1
√
2σ



1
− Σk
Rk (h̄z − Σk )

r



−i

2
σR(h̄z − Σk ) = 0,
π

(2.55)

with
w(z) =

i
π

Z ∞ − t2
e
−∞

z−t

dt

(2.56)

for a given momentum k and frequency z.
For our simulations, we have used the following for the spatial correlation of the disorder potential (Ω is the system volume)
gk =

8πη 2
1
,
Ω (1 + (kη )2 )3

(2.57)

which results from exponential correlations with correlation length η.
This form of gk at k = 0 yields
R0 (h̄z) =

s2 + 4s + 3 + 2 log (−s)
,
Ec (1 + s)3

(2.58)

where s = h̄z/Ec . As shown in Ref. [75], the difference between
Gaussian correlations vs. exponential correlations change the shape
of Σk (z) only slightly. The results presented in Fig. 2.6 are only for
the exponential correlated disorder potential.
Given the above expressions the determination of the self-energy is
reduced to a root finding task for each k and z. Finally, inserting
the expression in Eq. (2.58) into the self-consistency condition in Eq.
(2.55), the value of self-energy Σ0 (z) ≡ Σdis (z) can be solved as a
function of frequency z using numerical iteration. We note that in
agreement of our discussion of the self-energy in the SCBA in the
previous subsection (see Fig. 2.8), the form of the self-energy in correlated CPA is only determined by the ratio Ec /σ. The fit of the
reflection spectrum using CPA Ec /σ = 1 gives very good agreement
when both the real and the imaginary parts of the self-energy were
included (see f ig : CPAExpFit).
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Figure 2.10: The numerically evaluated disorder contribution to the excitonic self-energy
at zero momentum. (b) Fit using Eq. (2.36) and CPA for the disorder with Ec = σ and
the maximum value of the imaginary part of Σdisorder is 0.8 meV and the radiative decay
rate 1.3 meV . For this fit both real and imaginary parts of the disorder self-energy are
included.

2.4.2

Transfer Matrix Method

For the experiments presented in Ref. [60], the TMD monolayer is not
free-standing, as assumed by the theory described in the previous
section. On the contrary, the monolayer is encapsulated by layers of
dielectric materials which improve its optical properties and provide
stability (see Fig. 2.11). This dielectric environment has effects on the
experimentally measured reflection spectra which are independent
of the optical properties of the TMD monolayer. In order to disentangle the effects due to the dielectric environment and the TMD layer,
we use the transfer matrix formalism, which allows for an easy treatment of light scattering in layered structure, once the reflectivity and
absorption of each layer are known [78].
More specifically, the transfer matrix T maps the forwards (E+ ) and
backwards (E− ) propagating modes on one side of a heterostructure
to those on the other side. In matrix form,


E1+
E1−





= T1,2 ·

E2+
E2−


(2.59)

Moreover, the matrix T can be factorized into two matrices M and
P which account for the reflection from interfaces between individual
layers and the propagation of light within each dielectric layer, respec37

(a)

2. Atomically thin semiconductors as nonlinear mirrors
(b)

Vg

Einr

Eoutr

Eoutl
Top
hBN
Bottom
hBN
Graphene
MoSe2

Graphene - 2L
Top hBN - 33 nm
TMDC - ML
Bot. hBN - 7nm
Fused Silica - 500 µm
Gold Contact

25μm

(c)

Figure 2.11: The samplexis embedded in a multilayer dielectric structure. The thicky
nesses of each dielectric layer were measured using atomic force microscopy.
z

tively. Hence, we write
 + 
 + 
4K
Ei+1
Ei
Transmission
= Pi,i+1 · Mi,i+1 ·
−
Ei
Ei−+1
Excitation

Spectrometer

Reflection

where

e−iδi 0
0
eiδi

1
1
=
r
ti,i+1
i,i +1


(2.60)



Pi,i+1 =
Mi,i+1

(2.61)

−ri+1,i
ti+1,i ti,i+1 − ri+1,i ri,i+1


,

(2.62)

and δi = kni cos (θi )li is the propagation phase through layer i, with
ni and li denoting the refractive index and thickness of the layer, respectively. The incidence angle with respect to the normal is denoted
by θi . In the interface matrix Mi,j , ti,j and ri,j are the transmission and
reflection coefficients from the ith to jth layer. The relation between
the input and the output electric fields of the heterostructure with N
layers can then be written as a concatenation of the transfer matrices
of the individual layers
 + 
 + 
 + 
Ein
Eout
Eout
= M0,1 · T1,2 · T2,3 · · · T N −1,N ·
≡ T·
.
−
−
−
Ein
Eout
Eout
(2.63)
The transfer matrix T of the heterostructure encodes the transmission
(t) and reflection (r) coefficients of the whole structure according to
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the following ratios between its components
t=

1
T00

;

r=

T10
.
T00

(2.64)

The transmission and reflection coefficients for the TMD interface can
be calculated by using the input-output formalism.
While the transmission and reflection coefficients ri,i+1 and ti,i+1 for
interfaces between two dielectric layers can be calculated from the
well-known Fresnel equations [79], the propagation phases of for each
layer was calculated using the thickness measurements using atomic
force microscopy. On the other hand, the transmission and reflection
coefficients for the TMD monolayer were obtained with the help of
Eq. (2.47) within CPA.

2.5

Conclusions and Outlook

Our findings demonstrate that conservation of momentum in a translationally invariant TMD monolayer ensures near-unity reflection of
the incident light that is resonant with the fundamental exciton transition. This observation generalizes recent similar predictions for
two dimensional atomic dipole arrays [80, 81] to solid-state systems
where exciton-exciton and electron-exciton interactions enrich the excitation spectrum [82] and allow for new ways of optical manipulation. We show that exciton-exciton interactions lead to unusual
saturation properties where reflection could increase with increasing
light intensity and is limited only by the depletion of the coherent
state of excitons. In this limit, the transmitted light has both broadband squeezed state as well as coherent state components. Lastly,
we discussed the complications to our theoretical proposal which we
encountered during the experimental realization of the TMD mirror.
We showed that the CPA treatment of the perturbations due to the disorder potential gives satisfactory results for the measured reflection
and transmission spectra.
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Chapter 3

Interaction induced photon blockade
using an atomically thin mirror
embedded in a microcavity

3.1

Overview and Introduction

Overview of photon-photon interactions
From the perspective of quantum information processing, photons
provide the most convenient physical degree of freedom for quantum
communication. However, the realization of nonperturbative and deterministic interactions between single photons remains an outstanding challenge. The interactions of photons in the vacuum are negligible at optical frequencies, as two-photon interactions necessitate the
creation of virtual electron-hole pairs whose creation require energies
much larger than that of the optical photons [69]. Hence, interacting photons are realizable only when the photons are in a dielectric
medium, where the energy required to excite electron-hole pairs is reduced to the energy scale of the dielectrics’ bandgap. As a result, for
photons in a dielectric medium, the interactions between the virtual
electron-hole pairs may translate into effective interactions between
photons.
Given the above discussion, one can determine the challenges that an
experimentalist needs to overcome to achieve this milestone as:
1. realizing efficient light-matter (emitter) coupling
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2. ensuring strong interactions (nonlinearity) between the quanta
of matter excitations consisting of electron-hole pairs.
While the latter induces quantum correlations between the matter
excitations, the former ensures that these correlations are faithfully
transferred to propagating light modes that are experimentally accessible.
The figure of merit for the efficiency of light-matter coupling is cooperativity C, which measures how faithfully the emitter decays into
a set of photonic modes that can be subsequently detected, as compared to its decay into undetected degrees of freedom. In short, C > 1
means that the mode overlap between the emitter and the experimentally accessible photonic modes is better than that between the emitter and the undetected modes. Generically, there are two routes to
improve this mode matching. The first option is to manipulate the
photonic degree of freedom, either by tightly focusing the light mode
onto the emitter [15], or by modifying the photonic density of states
via a cavity [83]. Secondly, C can be increased by designing the emitter degree of freedom. Specifically, in a many-emitter system [84, 85]
one can employ collective states which have a large overlap with the
experimentally accessible radiation modes [86, 87]. In the following,
we combine these two options and consider a many-emitter system
placed inside a cavity.
As for the second challenge, the strength of interactions between the
matter excitations should be larger than the total decay rate of the
emitter degrees of freedom. The main challenge in this regard comes
from the fact that the interactions between the collective neutral excitations in a dielectric are short-ranged. The effects arising from such
short-range interactions strongly depend on the confinement of the
relevant excitations. In particular, the interaction effects vanish with
decreasing confinement, since two excitations can avoid each other
whenever they are separated by a distance larger than the interaction
range. As a result, when a single microscopic emitter is placed in
an optical cavity, a large cooperativity C  1 is sufficient for strong
effective photon-photon interactions, because of the intrinsic anharmonicity of the energy levels of the strongly confined atom. If, on the
other hand, the matter excitations are delocalized, ensuring C  1 is
no longer sufficient.
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Photon-photon interactions induced by 2D crystals
In this chapter, we propose to address these experimental challenges
by coupling the collective excitations of a two-dimensional (2D) crystal of emitters to a zero-dimensional optical microcavity. The advantages of using a 2D crystal of emitters for the realization of effective
photon-photon interactions can be summarized as follows. A 2D crystal provides a maximal enhancement of the cooperativity for N emitters, by the virtue of being in the highest density configuration [17,18],
which is translationally symmetric along the plane of the monolayer.
The translational symmetry entails that the collective excitations of
the 2D crystal can be labeled by a lattice momentum k, which allows
for nearly perfect overlap between the excitonic modes and the delocalized modes of the cavity.
However, as mentioned in the previous subsection large coupling efficiency of the delocalized excitations in a 2D crystal comes at the cost
of reducing the effects of short-range interactions (nonlinearity) at the
single excitation level. In particular, for a 2D crystal with short-range
interactions, the interaction strength between collective excitonic excitations is reduced ∝ N. On the other hand, the cooperativity is also
increased N-fold, when N emitters are interacting in unison with the
cavity mode. Therefore, the ratio between the coupling efficiency and
the interaction strength remains constant.
As a result, the strong photon-photon interactions can be observed
only if the interaction strength U between the excitonic quanta exceed their total decay rate Γexc . In this work, we show that the total
decay rate of the excitons in a 2D crystal of emitters can be artificially
inhibited to realize efficient photon-photon interactions. That such
an inhibition of excitonic decay rates is possible stems directly from
the constraints that translational invariance imposes on the decay processes in the 2D crystal.
The two main non-radiative decay mechanisms for the excitations in
a crystal are those induced by quenched disorder and phonon scattering. Importantly, both of these decay mechanisms arise from the
fluctuations in the emitter positions with respect to the crystalline order, and hence are intrinsically different from their counterparts in
random ensembles of emitters. Most importantly for the following,
both disorder and phonons constitute non-Markovian decay mechanisms. Here, non-Markovian simply means that the decay rate is a
frequency- and momentum-dependent function with a finite band43
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width, with respect to the time-scale of the system dynamics. That
is, both phonon- and disorder-induced decay mechanisms cause transitions between the system degrees of freedom only when the initial
and the final states of the system are separated by an energy difference smaller than the energy scales associated with the system. While
the quenched disorder potential causes transitions between all states
which have the same energy, the phonon-induced transitions connect
states which differ from each other by a fixed energy and momentum,
as determined by the phononic dispersion relation.
In the following, we study excitons in the new class of 2D direct
band semiconductors consisting of transition metal dichalcogenide
(TMD) monolayers such as MoSe2 or WSe2 [23, 56–58]. From the perspective of our work, the very large ratio of radiative decay rate to
non-radiative line-broadening (see Section 2.1) is the main characteristic of TMD’s which distinguish them from other quasi-2D crystals
of emitters such as the conventional III-V quantum wells [88, 89]. As
demonstrated in Refs. [82, 90, 91] the large radiative line broadening
of the excitons in TMD monolayers results in new degrees of freedom called polaritons when the TMD monolayer is placed within a
cavity. In short, polaritons should be considered linear superpositions
of the excitons in the TMD monolayer and the photons in the cavity.
Importantly, the energy splitting between the two polariton modes
(Rabi splitting) is much larger than that observed with a III-V quantum well. This strong renormalization of the excitonic dispersion due
to its coupling to the cavity photons is the main ingredient we use
to inhibit the non-Markovian decay processes for the excitons in the
TMD’s. As a result, resonant excitation of the polaritonic resonance
yields strong photon antibunching even in the limit where the interaction strength is arbitrarily smaller than the non-Markovian disorder
broadening and the radiative linewidth of the bare exciton.
We start this chapter by introducing the Heisenberg Langevin equations in a more general setting than that discussed in Chapter 2.
In particular, in Section 3.1.1, we derive the Heisenberg Langevin
equations and the associated input-output relations for a quasi-onedimensional (1D) multi-emitter system. Then, using the input-output
relations, we derive the equivalent of scattering theory which relates
the transition probabilities for a given input and output states to the
observables of the system under investigation (Section 3.1.4).
Next, we apply the formalism described in Section 3.1 to investigate
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the TMD-microcavity setup and discuss the particular advantages of
using the excitons in a TMD monolayer in order to realize the strong
antibunching at the output port of the system. The disorder-induced
non-Markovian polariton decay rate is obtained in the correlated coherent potential approximation (CPA) discussed in Chapter 2.

3.1.1

Heisenberg Langevin equations and input-output relations for multiple emitters

In this section, we derive the Heisenberg Langevin equations and the
associated input-output relations for multiple emitters coupled to a
Markovian radiation bath. To this end, we consider the following
Hamiltonian
H = Hsys + Hbath = Hint ,

(3.1)

where
Hbath =

∑ h̄ωq bq† bq

(3.2)

q



Hint = −ih̄ ∑ f qi ai† bq − f qi∗ bq† ai .

(3.3)

qi

The commutation relations of the non-interacting bath ladder operatrors are [bq , bq†0 ] = δq,q0 , and we do not yet specify the algebra of the
system operators other than the constraint that [ ai (t), a†j (t)] ∝ δij , and
[ ai (t), a j (t)] = 0, such that the light field couples to a set of degrees
of freedom which are otherwise independent.
We next eliminate the radiation modes by solving for their evolution
and substituting them back into the evolution of the emitter degrees
of freedom. The equation of motion for the bath operators is then
(using ḃq = i/h̄[ H, bq ])
ḃq (t) = −iωq bq (t) + ∑ f qi∗ ai (t),

(3.4)

i

whose solution for times t after some initial time t0 is
bq (t) = e−iωq (t−t0) bq (t0 ) +

Z t
t0

dτe−iωq (t−τ ) ∑ f qi∗ ai (τ ).

(3.5)

i
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Substituting this solution into the equation of motion for the atomic
operators ai (ȧi = i/h̄[ H, ai ]),
ȧi (t) = i/h̄[ Hsys , ai (t)] + ∑ f qi bq (t)[ ai† , ai ],
(i )

(3.6)

q

we obtain
(i )

ȧi = i/h̄[ Hsys , ai ]
(

+ ∑ f qi

e−iωq (t−t0) bq (t0 ) +

q

Z t
t0

dτe−iωq (t−τ ) ∑ f qj∗ a j (τ )

)

[ ai† , ai ].

j

(3.7)
In the following, we analyze the last two terms in the above equation
in more detail.
Let us first consider the second term in Eq. (3.7). In a 1D geometry, we
can use the relation f qj = | f qj |eiql j 1 . In this context, the assumption
of Markovian coupling between all emitters and the bath degrees of
freedom imposes | f qj |eiql j = | f j |eiql j We introduce the right rin (t) and
left lin (t) moving input noise operators in the following manner

| f i | ∑ eiqli e−iωq (t−t0) bq (t0 )|[ ai† , ai ]
q

= | fi |

∑+∑

q >0

≡

!
eiqli e−iωq (t−t0) bq (t0 )[ ai† , ai ]

q <0

(i )
(i )
| f i |(rin (t) + lin (t))[ ai† , ai ],

(3.8)

Most importantly for the following discussion, all Markovian noise
operators are uncorrelated in time. That is they obey the following
commutation relations
(i )

( j)†

[rin (t), lin (t0 )] = 0
(i )

(3.9)

( j)

[rin (t), lin (t0 )] = 0
i
† 0
[rin
(t), (r j )in
(t )]
i
† 0
[lin
(t), (l j )in
(t )]

(3.10)
0

∝ δ(t − t − (li − l j )/c)

(3.11)

∝ δ(t − t0 + (li − l j )/c),

(3.12)

1 In Section 3.1.3, we discuss the validity of the 1D approximation in different experimental scenarios.
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where in reality, there is a finite width to the delta functions, given
by the bandwidth ∆ of the bath. From this point of view, the Markovian approximation can be understood as the condition that the bath
coherence time τ ≡ 2π
∆ being much shorter than the time scales associated with the dynamics of the system degrees of freedom. Moreover,
in the case of many emitters coupled to the same bath, we assumed
that the bath modes which are resonant with emitters i and j have
the same frequencies which are both centered around a distribution
of bath modes around a frequency ω. Lastly, given the commutation
relations in Eq. (3.12), we can equivalently write

( j)

(i )

rin (t) = eiω (li −l j )/c rin (t)
( j)

(i )

lin (t) = e−iω (li −l j )/c lin (t).

(3.13)

On the other hand, if the these two emitters had very different timescales, then the associated noise operators do commute, and the noise
operators cannot be related to one another through Eq. (3.13).

Next, we consider the third term in Eq. (3.7), which describes the
interaction between the emitters i and j, induced by the common bath
degrees of freedom

Aij ≡ ∑ f qi
q

Z t
t0

dτe−iωq (t−τ ) ∑ f qj∗ a j (τ )[ ai† , ai ]

= ∑ | f i || f j |
q,j

j

Z t
t0

dτeiq(li −l j ) e−iωq (t−τ ) a j (τ )[ ai† , ai ].

Separating the contributions from the right and the left-moving bath
modes and converting the sum to the integral in accordance with the
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Markovian approximation, we obtain

∑ | fi || f j |

Z t
t0

j

= ∑ | f i || f j |
j

+

Z ω0 +∆/2
ω0 −∆/2

≈ ∑ | f i || f j |
j

Z t
t0

dτ

∑+∑

q >0

Z t

!
eiq(li −l j ) e−iωq (t−τ ) a j (τ )[ ai† , ai ]

q <0

ω0 +∆/2

dωq ρ iωq (li −l j )/c −iωq (t−τ )
e
e
t0
ω0 −∆/2 2π 2

dωq ρ −iωq (li −l j )/c −iωq (t−τ )
e
e
a j (τ )[ ai† , ai ]
2π 2
dτ

Z

ρ
2



dτ δ[(li − l j )/c − (t − τ )] + δ[(li − l j )/c + (t − τ )] a j (τ )[ ai† , ai ],
(3.14)

where ∆ is the bandwidth of the Markovian bath, and ρ is the density
of state of the right or left-moving modes.
Importantly, the causality condition (i.e., τ 6 t) together with the
Markovian approximation which gave the delta functions in the integrand of Eq. (3.14) result in the following conditions
1. right-moving modes mediate interactions between the emitter i
and j with lij ≡ li − l j > 0
2. left-moving modes mediate interactions between the emitter i
and j with that lij < 0.
To see this formally, we re-write the definite integrals
Z t
−∞

dτ =

Z ∞
−∞

dτΘ(t − τ ),

(3.15)

where
Θ( x ) ≡



1
0
1/2

for
for
for

x>0
x<0 ,
x=0

and we used the assumption that for all times t, the difference t − t0 is
much longer than the inverse bandwidth of the bath to set t0 → −∞.
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Carrying out the τ integral, we obtain


ρ
Aij = ∑ | f i || f j | Θ(lij ) a j (t − lij /c) + Θ(−lij ) a j (t + lij /c) [ ai† , ai ]
2
j
ρ
= ∑ | f i || f j | eiω j |lij |/c a j (t)[ ai† , ai ],
2
j

(3.16)

where in the last step, we made the assumption that the internal dynamics of the emitters due to their coupling to the radiation modes is
much slower than their intrinsic frequency ω j , in order to write
a j (t + lij ) ≈ a(t)e−iω j lij /c

∀lij .

(3.17)

As a result, we have the following equation of motion for the ith atom
h
ih
i

i 
(i )
(i )
ȧi (t) =
Hsys , ai (t) + | f i | rin (t) + lin (t) ai† , ai
h̄
ρ
ρ
+ | f i |2 ai (t)[ ai† , ai ] + | f i | ∑ | f j | a j (t)eiω j |lij |/c [ ai† , ai ]. (3.18)
2
2
j 6 =i
More generally, the equation of motion for a generic system operator
a is given by

i 
Hsys , a(t)
h̄
#
"
h
i
ρ
(i )
(i )
iω j |lij |/c
†
+ ∑ | f i | ai , a rin (t) + lin (t) + ∑ | f j | a j (t)e
2
i
j
#
"
ρ †
(i ) †
(i ) †
− ∑ | f i | rin (t) + lin (t) + ∑ | f j | a j (t)e−iω j |lij |/c [ ai , a] .
2
i
j

ȧ(t) =

(3.19)
When, additionally, the distribution of the transition frequencies we
are given is narrower than (c/lij )min , we can set
ωj = ω

∀ j.

In this approximation, the terms in the equation of motion which
do not include the noise terms can be described by a non-Hermitian
effective Hamiltonian of the form
Heff = Hsys + H,

(3.20)
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where
ρ
H = −ih̄ ∑ | f i || f j | eiω |lij |/c ai† a j .
2
ij

(3.21)

Lastly, we note that if we are only interested in photons propagating in one direction, then we recover the equation of motion for the
cascaded quantum systems [8]
h
i

i 
(i )
Hsys , ai (t) + | f i |rin (t) ai† , ai
ȧi (t) =
h̄
| f |2 ρ
ρ
+ i ai (t)[ ai† , ai ] + | f i | ∑ | f j | a j (t)eiω j |lij |/c [ ai† , ai ]Θ(∆lij )
4
2
j 6 =i
(3.22)

3.1.2

Input-output relation

In order to derive the input-output relations, we define the output
field through the back-propagated solution of the photonic degrees
of freedom
bq (t) = e−iωq (t−t1 ) bq (t1 ) +

= e−iωq (t−t1 ) bq (t1 ) −

Z t
1
t

i

Z t
t1

dτe−iωq (t−τ ) ∑ f qi∗ ai (τ )

dτe−iωq (t−τ ) ∑ f qi∗ ai (τ ).

(3.23)

i

Equation (3.23) looks almost the same as Eq. (3.5) apart from the fact
that t < t1 and the minus sign for the second term. Using Eq. (3.23)
and the equation of motion in Eq. (3.6), we can define the right and
left-moving output noise channels as
"
!
#

∑+∑

| fi |

q >0

≡| f i |

h

eiqli e−iωq (t−t1 ) bq (t1 ) [ ai† , ai ]

q <0

(i )
(i )
rout (t) + lout (t)

i

[ ai† , ai ].

(3.24)

Compared to the case of the input fields, the non-noise terms have
the same form as Eq. (3.14) apart from a minus sign
Āij ≡ − ∑ | f i || f j |
j

a j (τ )[ ai† , ai ],
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t1

dτ


ρ
δ(lij /c − (t − τ )) + δ(lij /c + (t − τ ))
2
(3.25)
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where again, the first term encodes the interactions mediated by rightmoving modes and the second term that is mediated by left-moving
modes. Taking t1 → ∞, and evaluating the τ integral, we obtain an
expression for the effective interactions between the emitters in the
case of back-propagated fields
Āij = − ∑ | f i || f j |
j

×

Z ∞
−∞



dτΘ(τ − t) δ(lij − (t − τ )) + δ(lij + (t − τ )) a j (τ )[ a†j , ai ]

= − ∑ | f i || f j |
j

ρ
2

ρ
Θ(−lij ) a j (t − lij ) + Θ(lij ) a j (t + lij ) [ a†j , ai ]
2

ρ
= − ∑ | f i || f j | a j (t)e−iω j |lij | [ a†j , ai ],
2
j

(3.26)

which has exactly the same form as Eq. (3.16), except the overall
minus sign and the complex conjugation of the phase. As a result of
these differences, the sign of the decay terms is reversed while the
sign of the effective interactions remains the same.
Lastly, separating the contributions from the right- and the left- moving modes, and substracting the two equations of motion for ai (t) for
the forward and backward propagating boundary conditions, we find
(i )

(i )

a relation between the input and output noise operators rin and rout
(i )

(i )

(i )

(i )

rout (t) = rin (t) + Fr,i
lout (t) = lin (t) + Fl,i ,
where
ρ
ρ
Fr,i = | f i | ai (t) + ∑ | f j | eiω j ∆lij a j (t),
2
2
j 6 =i

(3.27)

ρ
ρ
Fl,i = | f i | ai (t) + ∑ | f j | e−iω j ∆lij a j (t)
2
2
j 6 =i

(3.28)

Commuation relations of the input and output operators with the
system operators
To clarify the interpretation of operators bin and bout (b = r/l) as those
which describe the inputs to and outputs from the system, we derive
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their commutation relations between the system operators. Consider
the formal solution for ai (t) obtained from integrating the Heisenberg
Langevin equation. Obviously, the evolution of the operator ai (t)
does not have any contribution from the noise operators bin (t0 ) for
t0 > t. Therefore,

[ ai (t), bin (t0 )] = 0

t0 > t

∀i.

(3.29)

Using the same reasoning for the output operators, we obtain

[ ai (t), bout (t0 )] = 0

3.1.3

t0 < t

∀i.

(3.30)

The validity of the 1D model in quantum optics experiments

The validity of the 1D system analyzed in the previous section extends beyond systems where the photons are confined in one dimension by a slab of dielectric material. For any experimental scenario,
where the light emitted from any one of the emitters is focused onto
the others via Gaussian optical elements, we can write the mode functions of the electromagnetic field as those of a Gaussian beam with
wavelength λ, in homogeneous medium traveling along the ẑ direction [92],
√
 √

ω0
x
y
Elm (r) ∝ E0
H
2
Hl
2
ω (z) l
ω (z)
ω (z)


2
2
2
2
x +y
x +y
× exp −
−
ikz
,
(3.31)
−
ik
2R(z)
ω ( z )2
where x, y, and z p
are spatial coordinates, Hl are the Hermite polynomials, ω (z) ≡ ω0 1 + (z/z0 )2 is the width of the Gaussian beam in
the plane transverse to the propagation direction, R(z) = 1z (z2 + z20 )
is the radius of curvature for the wavefront. The minimum width ω0
πω 2

defines the Gaussian beam and the Rayleigh length z0 = λ 0 . The
Gaussian beam can be transformed using refractive optical elements,
which modify ω0 . The rules of transformation is given by the ”ABCD”
law [92].
Using the above wavefunctions for the common radiation modes, we
can calculate the matrix elements for atomic transitions. As long as
we are considering these modes to be the only ones which mediate interactions between the emitters, the phase difference of the coupling
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between emitter i and j is eilij ω/c in the Markovian approximation.
The coupling to all radiation modes which are not focused on different atoms in this fashion can be taken into account by introducing a
new decay rate independent of | f i2 |ρ.

3.1.4

Scattering Matrix approach to calculating photon statistics of light scattered by emitters

The input-output relations derived in the previous subsection, together with the Markovian approximation, allows us to express all
quantities which are accessible in a quantum optics experiment by
correlation functions of the system operators alone.
Scattering Matrix
Quantum optics experiments collect information about an optically
active system by shining light on it and measuring the scattered output [93]. Therefore, in order to analyze quantum optics experiments,
we need a way of calculating the output field scattered from the system for a given drive input.
The quantity that encodes the probability amplitudes for being in an
output state given an input state is the scattering matrix S, whose
matrix elements are defined by the expectation values of the input
and output noise operators
{ b 0 };{ b }

0
†
S{ pi };{ki } = hΠi bout,i
( pi )Πi bin,i
(k i )i,
i

i

(3.32)

where Π denotes products, and the expectation value is taken with
respect to the electromagnetic vacuum. Keeping consistency with the
following sections, bi = {r, l }. Input and output momenta are given
by {k i } and { pi }, respectively.
Therefore, the scattering matrix gives a straightforward way to calculate the correlation functions of the output field given an input
drive. Let us consider the two examples that are the most relevant for
quantum optics experiments. First, consider a reflection-transmission
experiment, as described in Chapter 2. The relevant quantity is the
one-particle S-matrix element
0

0†
Sb,b
p;k = h bout ( p ) bin ( k )i.

(3.33)
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In particular, the reflection probability of a right-moving photon at
an incoming frequency ω = ck due to elastic scattering is given by
†
Rk = |rk |2 = |hlout (k)rin
(k)i|2 .

(3.34)

In other words, the reflection probability measures the probability
that the photon is in the left-moving output state with momentum
k given that the input is a right-moving photon with momentum k.
Similarly, the transmission probability of a right-moving photon at
an incoming frequency ω = ck is given by
†
Tk = |tk |2 = |hrout (k)rin
(k)i|2 ,

(3.35)

On the other hand, if there are inelastic scattering processes (for instance the scatterer has phononic or electronic degrees of freedom
which can absorb part of the incoming light), then the off-diagonal
† ( k )i with k 6 = k 0 , can be
elements of the S-matrix such as hrout (k0 )rin
relevant.
We can extend the use of the scattering matrix to measure higherorder correlations in the output field given an incoming drive field
at a fixed energy. In particular, we can consider the four-wave mixing processes which convert the two right-moving input photons at
energy ck, ck0 to two right-moving output photons with cq, cq0 , respectively. The relevant S-matrix element is then
r,r
0 †
0 †
Sqq
0 ;k 0 k = hrout ( q )rout ( q )rin ( k )rin ( k )i.

(3.36)

We also note that in general, the number of input and output field
does not need to be the same. Such S-matrix elements are relevant
when we are considering processes where one or more incoming photons are scattered into non-radiative internal states of the scatterer.
Finally, we need to consider the fact that many quantum optics experiments measure the time-dependent correlations in the scattered
(output) light field. For instance, in the following sections, we would
like to calculate the time-dependent correlations of the light scattered
from a TMD monolayer in a cavity, when the system is driven continuously with photons with energy ck. The time-dependent quantities
in this scenario, can be easily calculated by taking the Fourier Transform of the outgoing photon momenta. More concretely, consider
the second order degree of coherence g(2) (t − t0 ) of the right-moving
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output field [93]
g2 ( t − t 0 ) ≡

G (2) ( t − t 0 )
hr † (t)r † (t0 )rout (t0 )rout (t)i
≡ †out 0 out 0
,
† ( t )r
(
1
)
(
1
)
0
hrout (t )rout (t )ihrout
G (t) G (t )
out ( t )i
(3.37)

where all averages are taken with respect to the output field. The
denominator is the conventional normalization, which ensures that
for a single frequency coherent output state g2 (τ ) = 1.
We can express g(2) (τ ) using the S-matrix by noting that the numerator of the second order degree of coherence is measuring the probability that the scattered state has an occupation at both t and t0 for a
system that is continuously driven at frequency E0 ≡ ck. The probability amplitude that the photon occupation in the output wavefunction
is unity at times both t and t0 is
ψ2 (t, t0 ) =

Z

dqdq0 icq0 t0 +icqt
e
Sq,q0 ;k,k .
2π

(3.38)

As a result, we obtain
2

g (2) ( τ ) =

πψ2 (τ, T )
,
t( E0 /2)2

(3.39)

where T = t + t0 , τ = t − t0 . The factor of π comes from the normalization of the Fourier Transform and the symmetry factor which
avoids overcounting the processes where the two input-momenta are
swapped.
Relating the S-matrix to the correlations of the system
Any good experimental scheme involves a clear-cut definition for the
system under investigation, the measurement apparatus, and an uncomplicated link which connects the system’s dynamics to that of the
measurement apparatus. In the case of quantum optics experiment
the input and the output modes provide such an uncomplicated link.
Besides the fact that the excitations in these radiation modes evolve
under a free Hamiltonian, the description of the system’s coupling to
the photonic modes is further simplified because of the Markovian
nature of the radiation bath.
Given these simplifications associated with the radiative modes, we
expect that it is possible to ”factor out” the evolution of the radiation
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modes in the S-matrix elements and express them only in terms of
the system correlation functions. Indeed, the input-output relations
that are derived in Section 3.1.2 provide a simple prescription for
this task [94]. Due to the commutation relations in Eq. (3.29), it
is more convenient to work in the real time representation of the Smatrix elements. For an S-matrix element involving n incoming and
n outgoing particles, we have
{ b };{ b 0 }

S{ q };{ k } =

Z

Πi dti dti0 c(qi ti −ki t0 )
i h bout ( t ) · · · bout ( t n ) b † ( t ) · · · b † ( t n )i,
e
1
in 1
in
(2π )n
(3.40)

For the rest of this section, we will concentrate on how to express the
integrand of Eq. (3.40) in terms of the system operators. To this end,
we first write the S-matrix only using the input field operators using
the input-output relation in Eq. (3.1.2). Because the output operators
in this expression all commute with each other, we can write
h
i
√
√
† 0
† 0
h T (bin + γF (t1 )) · · · (bin + γF (t1 )) bin
(t1 ) · · · bin
(t1 ) i, (3.41)
where we define the time-ordering operator T, which puts the an operator with time argument t to the left of another operator with time
argument t0 as long as t > t0 . Thanks to the commutation relation in
Eq. (3.29), this time ordering operation allows us to commute all the
input operators bin to the right of the system operators. Noting that
the bin operators all commute with one another, the integrand in Eq.
(3.41) can be expanded in terms of the following form
† 0
h T [ F (t1 ) · · · F (tm )] bin (tm+1 ) · · · bin (tn )bin
(t1 ) · · · bin (t0n )i,

(3.42)

where m < n denotes the number of system operators in a given term
† (t0 ) =
in the expansion. Next, using the commutation relation bin (t), bin
0
δ(t − t ), we can simplify the above expression such that we are left
† operators. Orderwith a sum of expectation values with only m bin
† operators from left to right according to increasing time
ing the bin
arguments, and using the input-output relation in Eq. (3.1.2) one last
time, we re-write Eq. (3.42) as
h



i
†
†
h T F (t1 ) · · · F (tm ) bout
(t10 ) + γF (t10 ) · · · bout
(t0m ) + γF (t0m ) i,
(3.43)
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Finally, using Eq. (3.29) and the time ordering operator, we can com† operator, resulting in terms which
mute all terms which include a bout
are only expectation values of the system operators of the form
h
i
h T F (t1 ) · · · F (tm ) F † (t10 ) · · · F † (t0m ) i
(3.44)
Lastly, we the evolution of the operators F (t) appearing in the expectation value in Eq. (3.44) is only governed by the non-Hermitian
Hamiltonian which does not involve the input and output noise operators [94]. The result can be understood by the fact that the expectation values of the single particle propagators do not involve the noise
operators. Since higher-order correlations can be calculated through
free propagators and interaction matrix elements, the noise operators
do not affect the measured correlation functions.

3.2

Proposal for strong photon-photon interactions in
2D semiconductors

We argue below that the cavity-TMD system we analyze allows for the
observation of strong photon-photon interaction effects in the second
order degree of coherence measurements.

3.2.1

Model

The Hamiltonian of the cavity-TMD system is
H = HTMD + Hcavity + Hint + Hlaser + Hbath + Hdis

(3.45)

where
HTMD =

∑ ωexc (k|| )xk†|| xk||
k ||

+ Ux − x

∑0

xk†

|| +q

k || ,k || ,q

xk†0 −q xk0 xk|| ,
||

||

Hcav = ωc a†c ac ,
Hbath =

∑ ωk bk† bk + ∑
k

h

i
ξ k a†c bk + h.c. ,

(3.46)

(3.47)
(3.48)

k
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Hint =

∑

h

i
gc F ∗ (k || ) xk† ac + h.c. ,
||

k ||

Hlaser = [Ω0 ac + h.c.] ,
Hdis =

∑0

k || ,k ||

Vk|| ,k0 xk† xk0 .
||

||

||

(3.49)

(3.50)
(3.51)

Here, we assumed that the exciton transition is coupling to a single zero-dimensional (0D) fundamental cavity mode ac in a structure where the photonic confinement along the z-direction is much
stronger than the lateral confinement. To simplify the expressions,
we set h̄ = 1 and expressed frequencies in a frame rotating with
the incident optical frequency ω L . As a consequence, ωexc (k || ) →
ωexc (k || = 0) − ω L + k2|| /(2mexc ) and ωc → ωc − ω L ; here, k || denotes
the in-plane momentum of the exciton. The exciton-exciton interaction is described as a contact interaction with strength Ux− x ; this is
justified in the low density limit of interest. By integrating out the
cavity coupling to free-space vacuum modes bk described by Hbath in
Markov approximation, we obtain the Heisenberg equations of motion that includes the cavity decay at rate κc ≡ ξ 2 ρ(ωc ), where ρ(ωc )
is the density of states of the free space radiation modes, as well as
the associated noise terms (see Section 3.1.1 for details).
To describe the coupling between the excitons and the cavity mode,
we used the expansion ac = ∑k|| F (k || ) ak|| , where F (k || ) is the Fourier
transform of the cavity mode function in the plane of the TMD flake,
and ak|| are the annihilation operators for the 2D field modes of momentum k || . Due to conservation of in-plane momentum in a translationally invariant 2D cavity-exciton system, each exciton mode with
in-plane momentum k [17,18,80,95] couples exclusively to a√single 2D
cavity mode with identical momentum with strength gc = Γrad c/Lz .
Here Γrad is the spontaneous emission rate of excitons in free-space,
c is the speed of light and Lz is the length of the 2D cavity along
the direction orthogonal to the monolayer plane. The case where a
0D cavity mode couples to 2D excitons can also be described approximately by gc , if the in-plane mode confinement is weak such that
F (k || ) can be approximated by a delta function δk|| ,0 . In this regime,
the eigenmodes of the coupled system will consist of lower and upper polariton modes that are split by an energy ' 2gc . We also note
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that translationally invariant excitons embedded in a cavity acquire
a finite radiative decay rate Γ LP = κc gc2 /∆2c exclusively due to their
coherent coupling to the cavity with a finite cavity loss rate κc .
The quantity Ω0 in Eq. (3.50) is the coupling strength between the
coherent probe laser and the cavity field. Hdis describes the processes
where the excitons are scattered by disorder. The disorder potential
is characterized by the variance of the disorder strength and the disorder correlation length, denoted by σ and ξ, respectively. The disorderinduced decay rate is determined by the imaginary part of the corresponding self-energy =[Σdis (ω )] ≡ γd (ω ). We calculate the disorder
averaged self-energy in the correlated coherent potential approximation (CPA) introduced in Section 2.4.1. Correlated CPA allows us to
2 2

determine the disorder parameters h̄2mξx = σ ≈ 1.5 meV and consequently ξ ≈ 50 nm by a fit to experimental data in Section 2.4. Here,
we took the TMD exciton mass m x to be equal to the bare electron
mass me . Most importantly for the results discussed below, the correlated CPA approach allows us to fully capture the non-Markovian
nature of the disorder-induced decay rate. With these parameters, the
energy window in which γd (ω ) is non-zero is typically of the same
order of magnitude as its maximum value δdis ≈ 1 meV (see inset of
Figure 3.1).

3.2.2

Calculation of single particle and two-particle correlation functions

Calculation of g1 (ω )
Given the concrete model for the cavity-TMD system in the previous
section, transmission and reflection spectrum of the cavity-TMD system can be calculated as a function of the probe frequency as (see
Section 2.2)
κc
t(ω ) = i Gc (ω ),
(3.52)
2
r(ω ) = t(ω ) − 1.
(3.53)
where Gc (ω ) is the propagator of an excitation inside the cavity. The
propagator can be calculated as a matrix element of the resolvent of
the single particle effective Hamiltonian Heff [96]
 
 
1
c ,
(3.54)
Gc (ω ) = c
ω − Heff (ω )
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where |ci is the bare cavity wavefunction, and the effective ’Hamiltonian’ for the disordered TMD layer is written as


g0
ωc + i κ2c
H=
,
(3.55)
g0
ωexc − Σdis (ω )/2
in the basis of the bare cavity and exciton wavefunctions. In the equation above, Σdis (ω ) = R[Σdis (ω )] + iI[Σdis (ω )] , is the self-energy due
to the disorder potential as it is calculated using the correlated CPA.
In the following the eigenvalues of Heff are denoted by ε n ∈ C with
n = 1, 2. For the rest of this chapter, we concentrate on the effects of
disorder alone, and only comment on the effects of phonon scattering
in Section 3.2.3
Consequently, the propagator can then be calculated as


1
ω − ωexc − Σdis (ω )/2
− g0
−1
(ω − H ) =
,
− g0
ω − ωc + i κ2c ,
DetHeff
(3.56)
where
Det( Heff ) = [ω − (ωc + i

κc
)][ω − ωexc − Σdis (ω )/2] − g02
2

(3.57)

Using Eq. (3.53) the transmission is given by
2

1
κc
|t(ω )|2 =
2 [z − (ω + i κc )] −
c
2
[z−ω

g02
exc − Σdis ( ω ) /2]

.

(3.58)

The single-particle transmission properties of the optical systems affect the photon-photon interactions drastically. The conventional wisdom [97, 98] suggests that probe photons injected at an energy where
the single-particle transmission has the sharpest features result in
the largest amplification of the interaction effects in photon correlations.
When the probe laser is tuned on resonance with the sharp transmission peak, injection of the first photon into the cavity-exciton system
will shift the resonance by ≈ Ux− x . Since the conditional probability
that the successive photons will be transmitted (reflected) is strongly
reduced (enhanced) when Ux− x is much larger than the width of
the transmission peak, we expect to see strong photon antibunching
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[g(2) (0) < 1] (bunching [g(2) (0) > 1]) in the transmitted (reflected)
light.
We now analyze the conditions which result in the sharpest features
in the transmission spectrum in the absence of disorder or phononinduced decay rates. To this end, we first identify the excitation frequencies when the transmission is zero and unity. The difference
between the excitation energies resulting in zero and unity transmission gives us an approximate width of the features of the transmission
spectrum.
First, we notice that when the coupling gc between the exciton and
the cavity is zero, the transmission reaches unity at the resonance frequency of the cavity, and the transmission spectrum is a Lorentzian
with width κc /2 as expected. Secondly, when the excitonic decay rate
induced by disorder is neglected, the transmission of the of the cavityTMD system is zero at the excitonic resonance frequency ωexc , independently of the remaining parameters g0 , κc , and ωc . On the other
hand, we observe that in the absence of disorder, the transmission is
unity when the denominator is iκc /2. The condition for unity transmission is then when

(ω̄ − ωc )(ω̄ − ωexc ) − g02 = 0
q
ωc − ωexc − 4g02
ωc + ωexc
→ ω̄ =
±
,
2
2

(3.59)

which define the resonance frequency of the so-called upper and
lower polariton modes of the cavity-TMD system. Thus, in the absence of disorder, the transmission goes from zero to unity between
the bare exciton and the polariton frequency. As a result, the sharpest
features of the transmission spectrum has the width that is smaller
than
q
ωc − ωexc − 4g02
ωc − ωexc
±
.
(3.60)
δtrans =
2
2
There are two regimes that we can consider to understand such sharp
features of the transmission spectrum. First, we consider the situation when the exciton-cavity detuning ωc − ωexc is positive and much
larger than the coupling strength g0 and κc . Then the cavity content
of the two polariton modes is highly imbalanced. The polariton mode
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with the lower energy mode having a mostly excitonic character and
the polariton resonance is close to the exciton resonance, resulting in
a jump in the transition from zero to unity in a frequency window of
width
(detuned)

δtrans

≈−

g02
.
ωc − ωexc

(3.61)

Notice that this width is much smaller than the perturbative approximation of the polariton line-width, given by
2

g0
ΓLP ≈
κc ,
(3.62)
ωc − ωexc
in the assumed regime of κc  |ωc − ωexc |. Indeed, in the situation
described above, the transmission peak at the polariton resonance can
c
be highly asymmetric as the ratio |ω −κω
is increased. In particular,
c
exc |
the transmission peak decays much faster towards higher frequencies
(i.e., bare excitonic resonance), then it decays towards lower frequencies.
On the other hand, when the exciton-cavity detuning vanishes, then
the transmission jumps from zero to unity in a frequency window of
res = g. However, in this situation the width of the peak from zero
δtrans
to unity transmission can be much smaller than g. To see this, note
that near excitonic resonance (ωexc = ωc ), we can approximate the
transmission in Eq. (3.58) by
 2 2
2

|t(ω )| ≈ 1 −

2g
κc

δ2 +

2g2
κc

(3.63)

where we assumed that δ ≡ ω − ωexc  κc /2. Hence, the transmis2g2
sion dip near the excitonic resonance has a width γEIT ≈ κc , which is
much smaller than g when g  κc . We note that the dip in the transmission can be related to the sharp features observed in three-level
schemes for electromagnetically induced transparency (EIT) which
has played a crucial role in the realization of photon-photon interactions in atomic systems such as Rydberg atoms [97, 98].
Second order correlations of the output photons
For weak drive powers, the g2 (τ ) function can be calculated using the
S-matrix method developed in [96, 99], The g2 (τ ) can be calculated
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from the two particle S matrix
Sr,r
p p

1 2 ;k 1 k 2

+



= t ( k 1 ) t ( k 2 ) δ p1 k 1 δ p2 k 2 + δ p1 k 2 δ p2 k 1

(κc /2)2
(2π )2

Z

0

0

dt10 dt20 dt1 dt2 eip1 t1 +ip2 t2 −ik1 t1 −ik2 t2 ×

× hT x0 (t10 ) x0 (t20 ) x0† (t1 ) x0† (t2 )ic ,

(3.64)

where the expectation value is taken with respect to the cavity field,
and { p} and {k} denote the set of outgoing and incoming photon frequencies, respectively. The first term above is the contribution from
unconnected diagrams, where the two incident excitations do not interact with each other, while the second term is due to the connected
diagrams where the two excitations interact with interaction strength
U.
The contribution from the connected diagrams can be approximated
with the help of the two-particle T matrix, which is exact for low
densities [100].
0
0
(κc /2)2
dt10 dt20 dt1 dt2 eip1 t1 +ip2 t2 −ik1 t1 −ik2 t2 hT x0 (t10 ) x0 (t20 ) x0† (t1 ) x0† (t2 )ic
(2π )2
(κc /2)2
= −i
δk1 +k2 + p1 + p2 Gcx ( p1 ) Gcx ( p2 )T(k1 + k2 ) Gxc (k1 ) Gxc (k2 )
2π
+ ( p1 ↔ p2 ),
(3.65)

Z

The T matrix for our setup can be represented by a single number
T( ω ) =

Ux − x
,
1 − Ux− x Π xx (ω )

(3.66)

since the only degree of freedom which exhibit non-linearity is the
exciton. Above, Π xx (ω ) is the bare two-exciton propagator given by
Π xx (ω ) =

i
2π

Z

dω 0 Gx (ω 0 ) Gx (ω − ω 0 ).

(3.67)

The two-particle propagator can also be written using the two-particle
(2)

effective Hamiltonian Heff ≡ Heff × I + I × Heff as
!
1
Π xx =
.
(2)
ω − Heff (ω ) xx

(3.68)
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The equality can be shown by using the spectral decomposition of the
Green’s function in Eq. (3.67), and applying the residue theorem, not(2)

ing that the eigenvalues of Heff are given by additive combinations
of the eigenvalues of the effective single-particle Hamiltonian.
The T-matrix defined above has the form of an effective interaction
where the denominator [1 − Ux− x Π xx (ω )] describes the screening of
the bare interaction by the resonances in the system. Thus, when the
bare two particle propagator Π xx (ω ) is near a two-particle resonance
at complex frequencies ε n + ε m with n, m = 1, 2, the effective interaction strength between two-excitons can be modified appreciably;
eventually giving rise to Feshbach resonances [101] where the effective interaction strength diverges. Such resonance result in bunching
in the output signal of the system.
Intuitively, the second term in Eq. (3.64) describes the evolution of
two cavity photons with frequency k1 and k2 , which transition into
the excitonic state before interacting through the effective interaction
given by the T matrix, transitioning back to the cavity and eventually
being emitted to the output field.
We next consider the experimental situation where the system is driven
continuously by a weak drive at frequency E/2. In order to calculate
the second order correlation function of the outgoing photons with
respect to the time delay between their arrivals, we need to Fourier
transform with respect to the outgoing frequencies p1 , p2
dp1 dp2 ip1 t1 +ip2 t2 r,r
e
S p ,p ;E/2,E/2
1 2
2π
iE/2
(
T
)
e
= 2t( E/2)t( E/2)
2π

iE/2( T )  Z
e
2
−ipτ
− i (κc /2)
dpe
Gcx ( E/2 − p) Gcx ( E/2 + p) ×
(2π )2

ψ2 (t1 , t2 ) =

Z

× T( E) Gxc ( E/2) Gxc ( E/2) + (τ ↔ −τ ),

(3.69)

where we have defined T = t1 + t2 , τ = t1 − t2 , and p = p1 − p2 .
Finally, we calculate g(2) (τ ) by inserting the expression in Eq. (3.38)
into Eq. (3.39).
Before we proceed, note that expression in Eq. (3.69) can be further simplified for τ = 0, by noting that the p-integral gives the
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off-diagonal element of the two-particle Green’s function
Z

2π
Πccxx ,
dpe−ipτ Gcx ( E/2 − p) Gcx ( E/2 + p) =
i

(3.70)

with
*
Πccxx (ω ) ≡=

x, x

1
(2)

ω − Heff (ω )

+
c, c

.

(3.71)

Discussion of the numerical results
We numerically calculate the transmission spectrum and g(2) (τ ) in
the presence of disorder using the scattering matrix formalism discussed in the previous section. We discuss the results for two situations: when the cavity and the TMD exciton are in resonance, and
when the cavity if detuned to frequencies much higher than that of
the excitonic transition. In the first case, we assume ωexc (k = 0) = ωc
and κc > 4gc where the coupled system exhibits no polariton splitting but a dark resonance in transmission. From the discussion leading to Eq. (3.63) we know that in the absence of a non-radiative decay
rate, the width of the transmission dip on resonance is given by gc2 /κc .
Now, consider a total non-radiative decay rate γT = γd [ωexc (0)] + γ M
of the TMD excitons, which can separated into its Markovian or nonMarkovian decay rates, which we denote by γM and γd (ω ), respectively. Then the condition for the observation of a dark resonance is
given by gc2 /κc > γT (k = 0). Observation of quantum correlations
between transmitted photons in this regime would in turn require
Ux− x ' g02 /κc > γT (0).
This simple analysis indicates that strong photon antibunching is in
principle observable even when the radiative decay rate of the cavity
is much larger than the interaction strength (i.e., Γrad  Ux− x ).
Moreover, the frequency width δdis of the disorder-induced non-Markovian
decay rate (see Inset of Fig. 3.1), can qualitatively change the statistics of the output photons. When gc2 /κc ≤ δdis , the effects of disorder
can be approximated by that of an effective Markovian reservoir. In
the opposite limit gc2 /κc > δdis , disorder has a vanishing effect on the
transmission and exciton-exciton interactions can render the system
anharmonic even in the limit Γrad  Ux− x . All in all, we find that
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Figure 3.1: Transmision (|t|2 ) spectrum of the lower polariton for κc = 0.2 meV ,
∆c = 100 meV for increasing values of the cavity coupling gc = 14.5 − 17.5 meV, with
1.5 meV intervals. The energy ωexc (0) = 0 in the rotating frame. The red dashed line
is the rescaled low energy tail of the disorder-induced decay rate γd (ω ), which is nonMarkovian. The blue solid traces take account of the decay of the k = 0 exciton due
to disorder analyzed using correlated coherent potential approximation (CPA), where
2 −2

ξ
δdis = 1 meV and Ec ≡ h̄ 2m
= σ, where ξ is the correlation length of the disorder
potential and σ is the variance of the disorder potential (see Section 2.4.1). The dashed
green traces only consider a Markovian dephasing rate γM = δdis /100 = 0.01 meV, for
illustration purposes. Lastly, the black dashed trace is depicted to serve as a reference
for the transmission of the lower polariton for gc = 14.5 meV, if neither Markovian
dephasing nor disorder-induced decay is taken into account. As the gc is increased
such that the gc2 /∆c  δdis , the lower polariton resonance is red-shifted, and eventually
reaches an energy region where the disorder-induced decay rate is negligible. As a
result, the adverse effects of the disorder induced decay become negligible, while the
effect of Markovian dephasing persists. The peak transmission for the case of Markovian

dephasing is given by
due to disorder.

2
Γ LP
Γ LP +γM .

Inset: the imaginary part of the excitonic self-energy

strong photon
in this limit can only be observed only if
 antibunching

Ux− x ≥ max δdis , gc2 /κc .
To overcome the limitations of the resonant scheme, we consider a
second scenario where we assume a large detuning between the cavity and exciton resonances [∆c = ωc − ωexc (k = 0) > gc ]. In this limit,
the coupled system exhibits a narrow bright resonance red detuned
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from the bare exciton resonance by gc2 /∆c (see Eq. 3.61). Moreover,
due to the strong non-Markovian character of the disorder broadening, we find that it is possible to completely suppress the adverse
effects of γd (ω ), if the frequency renormalization of the exciton [ as
given by δtrans(detuned) in Eq. (3.61)] is larger than the width of the
non-Markovian decay rate induced by disorder.

1.4
1.2
g(2) (τ)

1.0
0.8
0.6
0.4
0.2
0.0
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0

-2

2

4

Γeff τ
Figure 3.2: time-dependent second order correllation function g(2) (τ ) when the incoming photons are resonant with the lower polariton in the case of CPA disorder (in red and
green ) and Markovian dephasing (in black). U = 0.02 meV (in red) U = 0.01 meV (in
Green), gc = 20 meV , κc = 0.1 meV , ∆c = 100 meV. Disorder self-energy is calculated
2 −2

ξ
such that δdis = 1 meV, and Ec ≡ h̄ 2m
= σ, where ξ is the correlation length of the
disorder potential and σ is the variance of the disorder potential (see Section 2.4.1).
For these parameters and interaction strength U = 0.02 meV, the Markovian dephasing
with γM = δdis completely destroys the transmission peak of the lower polariton and
results in a flat g(2) (0) ≈ 1, implying Poissonian statistics. The blue dashed line is to
guide the eye and represents the exponential decay with the radiative decay rate (Γ LP )
of the lower polariton.

We demonstrate this effect In Fig. 3.1, by plotting the transmission
spectrum of the lower polariton for different values of gc from 14.5 −
17.5 meV with 1.5 meV intervals, as well as the rescaled low energy
tail of the non-Markovian decay rate induced by disorder. We observe that the unity transmission at the lower polariton resonance is

67

3. Interacting photons in 2D semiconductors
recovered as the detuning of the lower polariton from the bare exciton
exceeds δdis (i.e., gc2 /∆c > δdis ). As a result, we expect to obtain strong
photon antibunching even in the limit where Ux− x < δdis , gc2 /κc , as
long as the exciton-exciton interaction strength is larger than the radiative width Γ LP of the lower polariton [Fig. 3.2]


Ux− x > max Γ LP ≡ κc gc2 /∆2c , γd .
In stark contrast, Markovian processes that lead to a much smaller
exciton decay rate γM → 0.01 meV substantially diminish the transmission peak (dashed green lines in Fig. 3.1). The value of γM is set
to demonstrate the contrast between the adverse effects of Markovian
and non-Markovian processes, and is not based on a microscopic description of out system. We discuss the possible sources of γM in the
next section.

3.2.3

Experimental parameters

For the g(2) (τ ) calculation depicted in Fig. 3.2 we choose the following parameter values
∆c = 100 meV
δdis = 1 meV

gc = 20 meV
Ux− x ' 10 − 20 µeV.

Moreover, the disorder potential is taken to be characterized by the
2 −2

ξ
relation h̄2m
= σ. The experimentally reported values of gc range
x
from 10 meV to more than 40 meV, depending on the employed cavity structure. Recent experiments demonstrating TMD monolayers as
atomically thin mirrors indicate that in clean samples disorder broadening can indeed be as narrow as 0.5 meV and possibly lower. The
principal unknown parameter is Ux− x : the value we chose was motivated by recently measured interaction strength of GaAs excitons
confined to A = 2µm2 [102, 103]. While a detailed calculation taking
into account non-local screening effect [104, 105] has not been carried
out for Ux− x , we expect TMD exciton interaction strength to be comparable to that in GaAs.

To further enhance Ux− x it is desirable to use a heterobilayer structure
where an intra-layer exciton couples resonantly to an inter-layer (indirect) exciton by coherent electron or hole tunneling (J); such structures
have been implemented in GaAs structures to realize dipolar polaritons [106] with enhanced interactions [107, 108]. In the limit where
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the indirect exciton is tuned into resonance with the bright resonance
and gc2 /∆c > J > ∆dis is satisfied, it would be possible to obtain a
bright resonance with a permanent dipole moment.
In the g(2) (τ ) calculations depicted in Fig. 3.1 (green and red curves),
we take into account radiative decay and disorder scattering, but neglect line broadening of excitons stemming from coupling to additional reservoirs (γM ). Long-wavelength phonon-excitons coupling,
can lead to γM > 0 and limit the minimum achievable linewidth of
the bright polariton resonance. We emphasize, however, that due to
the non-Markovian character of the phonon bath at ultra-low temperatures, strong exciton-cavity coupling could strongly suppress both
of these channels, when gc2 /∆c > ω ph , where ω ph is the characteristic phonon resonance. Another potential Markovian exciton decay
channel is the disorder-mediated coupling of the polariton modes to
guided mode polaritons [109, 110]. Similarly to the phonon-induced
decay rate, this decay mechanism is strongly suppressed as long as
gc2 /∆c is larger than the longitudinal-transverse (LT) splitting [109,
110] of the guided modes of the TMD monolayer. The inhibition of
the decay rate induced by coupling to the guided modes is due to the
small exciton fraction and light-like dispersion of the guided mode
polaritons. Moreover, this decay channel may be suppressed by using in-plane photonic band-gap structures [111] eliminating guided
modes that are resonant with the polariton mode.

3.3

Conclusions

In summary, we show that the photon blockade regime can be achieved
in a cavity-TMD system even when the exciton-exciton interaction
strength is much smaller than the cavity and exciton radiative decay
rates. The resilience of quantum correlations to disorder scattering
stems from the non-Markovian nature of the associated exciton coherence decay. Remarkably, the only fundamental requirement for
observation of strong photon antibunching is Ux− x > γ M . Given the
immense possibilities for controlling the excitonic properties of TMD
monolayers using electrical gates or a structured dielectric environment, we expect the demonstration of photon blockade to establish
cavity-TMD system as a building block of strongly correlated photonic systems.
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Chapter 4

Engineering matter interactions using
squeezed vacuum

4.1

Introduction

The accurate control of quantum degrees of freedom lies at the heart
of many disciplines of current research. The application of quantum
control ranges from digital quantum information processing [9, 10, 12,
112–114], where we use the control of a few well-isolated quantum
bits to harness the quantum correlations, all the way to the manipulation of collective degrees of freedom in complex many-body systems [13, 115–117]. Interactions play a key role in most of these quantum control schemes, either by providing a resource for entanglementgeneration between few quantum bits or for the emergence of collective degrees of freedom in many-body systems. On the other hand,
all interactions that are relevant for atomic and condensed matter
physics are mediated by the quantum fluctuations of the electromagnetic field vacuum. Consequently, controlling the latter can be used to
engineer the strength and range of inter-particle interactions. Recent
experiments have used this premise to demonstrate novel quantum
phases or entangling gates by embedding electric dipoles in photonic
cavities [118] or waveguides [119], which modify the electromagnetic
fluctuations. This leaves us with the challenge of modifying the electromagnetic vacuum in the vicinity of the emitters in order to achieve
spatial and temporal control over their interactions, and to induce
non-trivial quantum correlations.
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As was the case for the discussion of photon-photon interactions in
Chapter 3, efficient interactions between light and matter degree’s
of freedom is crucial for the implementation of effective interactions
between the emitters. Typically, the low efficacy of light-matter interactions result in even lower efficiency of the higher order effective interactions between pairs of emitters. As a result, it is desired to implement procedures to enhance the strength of the interactions between
the emitters and photons. In this chapter, we present such a procedure, where the atom-light interactions are enhanced by coupling
the atoms to a non-linear cavity, whose intracavity field is has amplified fluctuations. Furthermore, we discuss control schemes which
allow for time- and space- dependent control of the cavity-emitter
interactions, and finally study a scheme where the emitters and the
non-linear cavity can be spatially separated from one another.
In Section 4.2, we consider a system where the emitters are placed
within a non-linear cavity. We show that the interactions between
emitters and the cavity-mode is enhanced and the cavity-mode is
squeezed. In Section 4.3, we introduce the Schrieffer-Wolff (SW) transformations and discuss the physics of Raman transitions in three-level
atoms. In particular, we demonstrate how such transitions can be
used to implement time- and space- dependent control of the atomcavity interactions. In Section 4.4, we use the SW transformation in
a system where many emitters are coupled to a cavity field through
Jaynes Cummings type interactions, and show how the cavity field
mediates interactions between the emitters.
Next, in Section 4.5, we discuss a scheme where the emitters and the
cavity are spatially separated. Since in this scheme, the different emitters are connected by a continuum of photonic modes, the formalism
introduced in Chapter 3 is appropriate. In Section 4.5.1, we write
down the Heisenberg-Langevin equations describing our system and
prove that the interactions between the non-linear cavity and the emitters are enhanced as in Section 4.2. However, when the dissipation
is included, the enhancement of the interactions between the emitters
and the cavity comes at a price. In particular, the dynamics of the
squeezed cavity modes is drastically compromised due to dissipation.
In order to investigate these effects, we introduce the Lindblad Master equation in Section 4.5.2. Using the Master equation, we prove
that under certain assumptions, the evolution of the squeezed cavity
mode coupled to the electromagnetic vacuum is identical to that of a
linear cavity mode coupled to a thermal radiation bath. Lastly, in Sec72
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tion 4.5.3, we analyze the detrimental effects of the thermal occupation of the squeezed cavity mode, which dephases the atomic degrees
of freedom, and drastically reduces the utility of the traveling-wave
setup.

4.2

Enhancement of the atom-cavity coupling due to
cavity non-linearity.

In this Section, we consider a system consisting of many emitters
and a non-linear cavity mode, and describe how the non-linearities
of the cavity mode can result in an enhancement between the cavity
mode and the emitters, as compared to the coupling in the case of a
linear cavity. Throughout this chapter, the non-linearity entails that
the second quantized Hamiltonian of the cavity modes cannot be diagonalized through unitary transformations. Physically, this follows
from the presence of interaction processes where the number of initial
and final photons are different from each other.
The specific Hamiltonian of the non-linear resonator we would like
to consider is


(0)
(4.1)
Hcav = ωcav a† a + ωb b† b + ga2 b† + h.c. ,
where g is the strength of the non-linear interaction between modes
a and b, where a single photon in mode b can couple to a state where
the mode a has double occupancy. The operators a and b are the ladder the ladder operators for the cavity-modes whose transition frequencies are given by ωcav and ωb , respectively. The materials which
allow such interaction processes are called χ(2) non-linear materials,
because two field amplitudes contribute to the materials’ polarization
response [92]. Next, we drive mode b externally with a coherent tone
and establish a coherent state | βi of excitations in mode b. In the following, we assume that the field amplitude β  1, such that expectation values of observables involving the operators of the b mode have
a dominant contribution from the coherent field amplitude. Hence, in
the following, we replace operators b with β up to first order in quantum fluctuations. As a result, in a frame rotating with the parametric
drive frequency ωb /2, the mean-field Hamiltonian for the non-linear
cavity now reads
ε
(0)
Hcav = ω0 a† a + ( a2 + h.c.),
2

(4.2)
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Figure 4.1: The setup we consider where a single mode non-linear cavity is coupled to a
trapped atomic system (TAS) within the cavity. The cavity mode can be endowed with
non-linearities by placing a material which has a χ(2) non-linearity for electromagnetic
field modes near the cavity resonance frequency. Using a Raman scheme, as discussed
in Section 4.3, one can experimentally determine which atoms couple to the non-linear
cavity mode in a time- and space- dependent manner using programmable reflective
elements (PRE).

where ε ≡ 2βg is the strength of the parametric drive and ω0 ≡
ωcav − ωb /2 is the cavity frequency in the frame rotating with ωb /2.
Next we consider a bilinear coupling between the non-linear resonator
and a two-level emitter, whose transition frequency is given by ωat ,
and gc is the strength of the coupling between the cavity field and
the dipole transition of the emitters. This coupling can be established
by coupling both the non-linear crystal and the emitter to the same
cavity-mode (see Fig. 4.1), or embedding an emitter inside the nonlinear crystal. The Hamiltonian in the rotating frame of the parametric drive frequency is
H = Hcav + Hat + Hint
i
h̄ h
ωat
= h̄ω0 a† a + ε ( a† )2 + a2 + h̄
2
2

∑ σiz + ∑(h̄gc aσi+ + h.c.),
i

i

(4.3)
where σ describes the two-level system. The Jaynes-Cummings type
interaction term is due to the rotating-wave approximation (RWA),
which neglects the contributions from the rapidly oscillating terms
proportional to aσi− and a† σi+ , All parameters are assumed to be real
and positive.
It turns our that we can diagonalize the Hamiltonian of the non-linear
cavity by introducing the squeezed operators (similar to those dis74
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cussed in Section 2.3)
h
i
as ≡ ua + va† ,

(4.4)

where the definition u ≡ cosh (s) with |u|2 − |v2 | = 1 ensures that as
obeys bosonic commutation relations. Moreover, the transformation
defines the squeezing parameter as
log (u + v) = s ≡

1
ω+ε
log (
).
4
ω−ε

(4.5)

In terms of as operators, the cavity Hamiltonian can now be written
in a diagonal form
i
h̄ h
Hcav = h̄ω0 a† a − ε ( a† )2 + a2
2
q
= h̄ ω02 − ε2 a†s as ≡ ωs a†s as .

(4.6)

Moreover, the total Hamiltonian reads
H=

h̄ωs a†s as

ωat
+ h̄
2

∑

σiz

+ h̄g

i

h

uas + va†s

i

∑
i

!
σi+

+ h.c. .

(4.7)

We notice that since the squeezed cavity operator is a linear combination of creation and annihilation operators, using squeezed operators reintroduce non-number preserving terms ∝ as σ− . In the large
squeezing limit where s > 1, we are allowed to perform a second
RWA to neglect these terms if the renormalized cavity frequency ωs
and the atomic transition frequency ωat satisfy the conditions
ωs − ωat
 1,
ωs + ωat

ges
 1.
ωs + ωat

(4.8)

If the requirements for the validity of a second RWA are satisfied,
then we can approximate the Hamiltonian in Eq. (4.7) by
h
i
g
ωat
σiz + h̄ es ∑ as σi+ + a†s σi+ ,
H ≈ h̄ωs a†s as + h̄
(4.9)
∑
2 i
2
i
which has the same form as our initial Hamiltonian in Eq. (4.3), but
written in terms of the squeezed cavity operators. The crucial difference between the initial Hamiltonian in Eq. (4.3) and that in Eq. (4.9)
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is that the atom-cavity interactions are exponentially enhanced. However, we note the caveat that the RWA conditions in Eq. (4.8) becomes
more difficult to satisfy because as we increase the squeezing parameter s, the renormalized frequency ωs approaches zero in the frame
rotating with ωb /2.
Without the RWA, the terms in Eq. (4.7) can be re-organized
 g h
i
h
i

ωat
g
y
H = h̄ωs a†s as + h̄
σiz + h̄ es as + a†s σix + e−s as − a†s (iσi ) ,
∑
2 i
2
2
(4.10)
Hence, when the squeezing parameter s  1, then the system is
well described by Rabi Hamiltonian [8] with exponentially increased
interaction strength [120].

4.3

Spatial and temporal control of the atom-cavity interactions

In the previous section, we have described a way to implement an
exponential enhancement of the atom-cavity interactions using a nonlinear cavity-mode. Importantly, the strength of the interaction between the atoms and the cavity depends on the parametric drive amplitude ε, which can be manipulated in time, without changing the
properties of the atomic degrees of freedom. The question that we
ask in this section is whether it is possible to control the atom-cavity
interactions also in a spatially selective way. An affirmative answer
to this question is found by considering atomic transitions which involve two photons, which are called Raman transitions. The crucial
advantage of using the Raman transitions is that when one of the photons involved in the transition is acquired from a coherent drive, it is
possible to control which atom should go under a Raman transition
by focusing the coherent field at the location of the selected atom (see
Fig. 4.1).
The spatial profile of the coherent drive can be manipulated using
electro-optical modulators such as Digital Mirror Devices (DMD’s)
[121], and spatial light modulators (SLM’s) such as acusto-optical
modulators, which diffract light using sound waves [122, 123]. Using SLM’s and DMD’s, the spatial profile of the drive modes near
the emitters can be determined with diffraction limited resolution.
Moreover, thanks to the programmability of SLM and DMD’s, the
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spatial profile can be modified in a time-dependent fashion (up to
frame rates of 100 kHz for DMD’s), allowing for the implementation
of time-averaged and time-dependent atom-cavity interaction Hamiltonians.

4.3.1

Effective Dynamics of atoms with two-photon transitions

The Raman scheme that we will consider in this Section makes use of
the separation of the energy scales given by the different atomic states.
That is, we consider unperturbed systems where the Hilbert space
can be separated into two subspaces whose dynamics take place at
different time-scales. The Raman scheme that we will present in this
Section introduce weak, perturbative interactions between the high
and low energy subspaces in order to control the dynamics of the
low energy states.
Clearly, in order to treat such a situation more formally, we need a perturbation theory. The particular method we introduce here is called
the Schrieffer-Wolff transformation [124] which is based on unitary
canonical transformations. As an introduction to the idea underlying
this method, consider a generic Hamiltonian of the form
H = H0 + V,

(4.11)

where H0 is the unperturbed Hamiltonian whose spectrum can be
separated into its high and low energy sectors, and V is a perturbative
interaction term which couples the eigenstates from these two sectors.
We would like to make use a unitary canonical transformation of the
form
U = eλS ,

(4.12)

in order to eliminate the term which is linear in V. In what follows,
we use λ as the small parameter of our perturbative analysis. A formal expression for the transformed Hamiltonian can be written using
the Baker-Haussdorf formula
eλS He−λS = H0 + V + λ[S, H0 ] + λ[S, V ] +

λ2
[S, [S, ( H0 + V )]] + · · ·
2
(4.13)
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Considering this expression, we see that the V term can be eliminated
by ensuring
λ[S, H0 ] = −V.

(4.14)

Importantly, we note that in order to be able to satisfy the above
condition, the transformation matrix S should have elements only offdiagonal with respect to the eigenbasis of H0 . Therefore, expanding
the transformed Hamiltonian up to first order in λ gives us an effective Hamiltonian which is second order in V, where there a no
terms which couple states between the high and the low energy manifolds. In the next subsection, we apply SW transformation to obtain
the effective Hamiltonian describing the evolution of the low energy
subspace, in a Raman scheme.
Effective Dynamics for a three-level system
Consider an emitter with three internal states, |0i, |1i, and |ei. We
assume that the states |0i, and |1i have nearly degenerate energies,
both of which are much lower than that of the excited state |ei (see
Fig. 4.2). We also consider the situation that initially, the transitions
between the two lower energy states |0i and |1i are forbidden. In
the following, we will implement an interaction between the two lowenergy internal states by off-resonantly driving the high-energy state
|ei. Consequently, using this scheme allows time and space dependent control over the transitions between |0i and |1i using an external
drive.
The atomic Hamiltonian we consider may then have the form Htot =
Hcav + HRaman
HRaman = ω1 |1ih1| + ωe |eihe|

( g1 |eih1| a1 + g|eih0| ac + h.c.)

ε  2 iωb t
−iωb t
ac e
+ a2†
Hcav = ωc a†c ac +
c e
2

(4.15)
(4.16)

where g and g1 are the strength of the dipole transitions and a1 and ac
are the ladder operators for the free photon mode and the non-linear
cavity mode, respectively. Next, in a way similar to that described
in the Section 4.2, we inject a coherent state of amplitude β 1 into
the mode a1 at frequency ω̄, hence replacing the operator a1 → β 1
and defining gβ 1 ≡ Ω1 as the Rabi frequency. In order to write the
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Hamiltonian in a time-independent form, we go to the rotating frame
via the following transformation
U † HU ≡ H̃,

(4.17)

URF = e−iHRF t ,

(4.18)

where

with
HRF =

ω
ωb †
a ac + b |eihe| + (ωb − ω̄ ) |1ih1|.
2 c
2

(4.19)

The resulting atomic Hamiltonian is
H̃Raman = δ1 |1ih1| + δe |eihe|

+ (Ω1 |eih1| + g0 |eih0| ac + h.c.)

ε 2
H̃cav = δc a†c ac +
ac + a2†
c
2

(4.20)
(4.21)

with the definitions

ω 
δe ≡ ωe − b
2

ωb 
δc ≡ ωc −
2


ωb
δ1 ≡ ω1 −
+ ω̄ .
2

(4.22)
(4.23)
(4.24)

Next, assuming that the detuning δe is much larger than the coupling
strengths g0 , Ω1 , and δc , we can use the SW transformation to decouple the dynamics of the excited level |ei from that of the low lying
states |1i, and |0i and the cavity mode. In particular, we use the
transformation of the form U † HU, where


(1)
(0)
U = exp λ1 I− + λ0 I− ,
(4.25)
and
(0)


1 
g0 |eih0| ac − g0∗ |0ihe| a†c
δc − δe
1
≡
(Ω1 |eih1| − Ω1∗ |1ihe|) .
δ1 − δe

λ0 I− ≡

(4.26)

(1)

(4.27)

λ1 I−
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Figure 4.2: The Raman scheme. The transitions between the low energy states |0i
and |1i, are induced by a combination of an off-resonant coherent drive, whose Rabi
frequency is Ω1 , and the cavity vacuum field, whose coupling to the |ei-|0i transition
is given by g0 . The detunings are defined as δe1 = δe − δ1 and δec = δe − δc .

As a result, we obtain (up to constant terms) the effective Hamiltonian
for the low energy atomic states and the cavity as
Raman
Heff
≡ U † H̃tot U ≈ J (|0ih0| − |1i h1|) a†c ac + ωat |1ih1| + δ̄c a†c ac +


 ε
a2c + a2†
.
(4.28)
+ geff |0ih1| a†c + h.c. +
c
2

In the effective Hamiltonian in Eq. (4.28), we defined the following
parameters


1
1
∗
geff = g0 Ω1
+
(4.29)
δ1 − δe
δc − δe

| g0 | 2
δc − δe
2| Ω1 |2
ωat = ω1 +
δ1 − δe
| g0 | 2
δ̄c = δc +
,
δc − δe
J=−

(4.30)
(4.31)
(4.32)

and projected out the terms describing the dynamics of the excited
level |ei. We should also emphasize that we neglected the O(λ)
contributions which involved transitions between |0i and |ei, since
these terms are rapidly oscillating and already have a small effect
on the dynamics. The second and third terms in Eq. (4.28) give the
renormalization of the cavity and the low energy atomic states due to
their coupling to the excited state |ei, and the first term is the cavityphoton-number dependent shift of the transition frequency between
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the low energy atomic states. Assuming that the cavity state is given
by a vacuum of squeezed photons (i.e., a†s as |cavi = 0), this term gives
a constant shift of detuning between the atomic states |0i and |1i.
Most importantly for our discussion, the effective coupling strength
between the |0i → |1i transition and the non-linear cavity mode can
be tuned using the field amplitude Ω1 of the coherent drive. Crucially, if we now place many atoms inside the cavity, the strength of
the coupling between the internal states |0i i and |1i i of the ith atom is
determined by the local intensity of the coherent drive field through
the Rabi frequency Ω1 (ri ) of the coherent drive at the location ri .

4.4

Effective interactions between emitters in a Jaynes
Cummings system

In the last Section, we used a unitary transformation in order to eliminate the dynamics of a high energy state and derived the effective
Hamiltonian governing the low energy emitter and cavity degrees of
freedom. In this section, we will use the same approach to understand the effective interactions between the emitters assuming that
the cavity frequency is much higher than that of the emitters. For
simplicity, we we start from the Jaynes Cummings Hamiltonian in
Eq. (4.9), and assume that the frequency ωs of the squeezed cavity
modes is still much larger than the atomic transition frequency ωat .
The Hamiltonian using the squeezed cavity operators in the RWA is
H ≈ h̄ωs a†s as + h̄

ωat
2

es

∑ σiz + h̄ 2 ∑
i

i

h

i
gi as σi+ + gi a†s σi+ .

(4.33)

We can formally write the condition for the squeezed cavity-mode
being largely detuned with respect to the atomic transition as
gi e s
1
2∆s

∀i,

(4.34)

where ∆s = (ωs − ωat ). Then, the Hamiltonian in Eq. (4.9) can be
diagonalized with respect to the cavity and atomic occupations via a
unitary transformation [125]
D = eλI− ,

(4.35)
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where
ges
2∆s
I− ≡ a†s J − − as J + ,

λ≡

and the collective emitter operators defined as
 
gi
+
J ≡∑
σi+ .
g
i

(4.36)
(4.37)

(4.38)

The action of D on the cavity and the system operators up to O(λ2 )
can be calculated using the Baker-Haussdorf formula introduced in
the previous section. The effective Hamiltonian after the unitary
transfomation is
JC

Heff = e−λI− HeλI−

= h̄ωs a†s as +

h̄
2


ωat + 2



( ges )2 † z 1 + −
+ O ( λ2 ).
as as J + J J
4∆s
2
(4.39)

We note that if we were to expand the Hamiltonian to the next order
in λ, we would find that the the Hamiltonian above is valid as long as
the total occupation of the atomic and the cavity degrees of freedom
obeys [125]
∆2s
1
=
.
ntot  ncrit =
2
4λ
( ges )2
We observe that after the transformation, the above effective Hamiltonian contains induced spin-flip interactions between the emitters that
are coupled to the non-linear oscillator. In particular, the interactions
can be read off from the third term in Eq. (4.39)


( ges )2 † z 1 + −
HI ≡ h̄
as as J + J J ,
4∆s
2

(4.40)

which includes two interaction terms, the Lamb shift/ spin exchange
interaction term, which is independent of the number of photons
in the squeezed cavity-mode; and the so-called AC Stark shift term,
which independently shift the transition frequencies of each atom,
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but depends on the number of squeezed cavity photons. Assuming that the cavity mode is a vacuum of the squeezed cavity mode
a†s as |cavi = 0, the effective dynamics in the low energy subspace can
be is governed by the effective Hamiltonian
JC

Heff = h̄

ωat
2

∑ σiz + h̄ ∑ χeff σi+ σj− ,
ij

i

(4.41)

i< j

where the effective spin exchange coupling
ij

χeff =

gi g j e2s
,
4∆s

(4.42)

is enhanced with respect to the Jaynes Cummings Hamiltonian with
a linear cavity degree of freedom.
Implementation of finite range interactions
We note that in a many-body setting, using the Raman scheme can be
used to implement time and space dependent interactions between
emitters coupled to a non-linear cavity. Moreover, it is interesting
to note that such spatial and temporal control of interactions opens
up the possibility for the implementation of translationally invariant
and finite-range atom-cavity interactions with arbitrary spatial dependence [126].
There are two main ideas required for the implementation of translationally invariant interaction potentials between emitters. First, we
notice that the in a system where interactions between emitters are
ij
disordered (i.e., χeff obey a distribution with respect to i and j), the
effective dynamics of the system can be described by disorder averaged quantities. In particular, if the interactions are implemented
using speckle patterns sampled from an ensemble characterized by
a finite-range spatial autocorrelation function, the disorder averaged
interactions will approximate finite range interactions with the autocorrelation length.
However, we may not be sure that the disorder averaging is valid
for a given system. This brings us to the second idea that in our
setup we can simulate disorder averaging step by time averaging. In
particular, when the cycling rate τc−1 of a time-periodic Hamiltonian
implemented by the DMD is much faster than the intrinsic time scales
of the atoms, then the evolution of the atomic system can be described
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by a time-averaged Hamiltonian. More formally, the time-averaging
is valid when [127]

| Hat |τc  1.

(4.43)

Experimentally, the lower limit of | Hat | is determined by the lifetime
of the atomic states, whereas the cycling rate can be up to 100 kHz for
DMD’s. Remarkably, any translationally invariant interaction potential can be obtained by time-averaging over of many speckled vacuum
modes [128]. As long as the time averaging condition in Eq. (4.43)
holds, the time-averaged Hamiltonian is the same as the Hamiltonian that is disorder averaged. As a result, for realizations of speckle
patterns sampled from an ensemble characterized by a finite-range
spatial autocorrelation function, the time-averaged Hamiltonian effectively simulates finite-range interactions whose spatial dependence is
given by the speckle autocorrelation function.
To summarize, we showed how the interactions between emitters can
be enhanced using a non-linear cavity, and discussed how such a
scheme may allow implementation of translationally invariant and
finite range interactions. In the next section, we propose an extension
of this model, where the emitters do not need to be embedded inside
the non-linear cavity. By separating the emitters and the cavity, we
hope to achieve spatial control of the induced interactions without
the Raman scheme discussed in Section 4.3.

4.5

The squeezed setup in traveling-wave geometry

Until now, we have discussed the situations where the atoms were
placed in a non-linear cavity. However, experimentally, confining
atoms inside an optical cavity is not desirable for applications where
scalability of the setup is important [19] because the length of the cavity determines the maximum distance between any two atoms. On
the other hand, for large cavities, the analysis we presented above cannot be applied, since the single-mode approximation can no longer be
applied once the round-trip time a photon in the cavity becomes comparable to the time-scale of the coupling between the atoms and the
cavity.
In order to address the issue of scalability, we consider a 1D system,
similar to the one discussed in Chapter 3. In order to investigate
whether the presence of a non-linear cavity enhances the interactions
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between two given atoms, we choose one of the emitters to be the
non-linear oscillator. Moreover, for simplicity, we only consider two
atoms and place the non-linear cavity at a distance l from both atoms
(see Fig. 4.3).
We remind the reader that in order to implement this setup in practice,
one needs to use high numerical aperture optical elements to collect
and focus the light from each emitter onto the others (see Section
3.1.3 for more discussion). The radiation emitted into all other modes
that are not collected in this manner can be treated by an additional
independent decay rate for each emitter.
The most important difference between the setup described above
and the models discussed in the previous sections is that the coupling
between the nonlinear cavity-mode and the atoms occurs through a
continuum of radiation modes. In principle, the coupling through
a continuum results in collective decay processes involving an atom
and the cavity degree of freedom. However, as we show in Section
4.5.1, the distances between the atoms and the non-linear cavity can
serve as a way of eliminating the collective decay processes between
the atoms and the cavity. Importantly, the distances can be arranged
to result in only unitary coupling between the atoms and the cavity.
Then, assuming that the decay rate of the cavity is much larger than
that of the atoms, we obtain an approximate description of the setup
depicted in Fig. 4.3, which is the same as the model studied in Section 4.4, albeit with a finite cavity decay rate. Thus, as long as the
effects of the cavity decay can be neglected, the interactions between
the two atoms can be enhanced in the same manner as described in
Section 4.4. However, we proceed to show even a small decay rate of
the non-linear cavity has detrimental effects for the coherence properties of the atoms. To show this, we first prove that the decay of the
non-linear cavity into the electromagnetic vacuum can be described
as decay into a thermal field when the decay processes are expressed
using the squeezed cavity operators. Hence, unlike the analysis in
Section 4.4, where we assumed that the cavity is in a vacuum state
with respect to the squeezed operators as , we need to consider the
effect of a thermal occupation of the squeezed cavity state on the effective interactions between the atoms. In Section 4.5.3, we show that
the thermal fluctuations in the squeezed cavity mode dephase the
atomic transitions. We find that a useful enhancement of the interactions induced by the squeezed cavity field may be experimentally
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Figure 4.3: The quasi-1D experimental setup under investigation in this Section. The
non-linear cavity is placed a distance l0 away from both atoms in order to eliminate
the collective decay processes involving the cavity and the atomic degrees of freedom.
Moreover, we consider a scenario where the decay rate κc of the cavity is much larger
than those of the two atoms. The decay into the electromagnetic modes other than
those which connect the atoms and the cavity can be taken into account by additional
independent decay rates for each emitter. We also note that the phase shift upon
reflection from the cavity mirror is not taken into account.

challenging.

4.5.1

Atom field coupling in the traveling-wave geometry

Given the setup in Fig. 4.3, the starting point of our discussion is the
equation of motion in Eq. (3.19)

i 
Hsys , a(t)
h̄
"
#
h
i
ρ
(
i
)
(
i
)
iω
|
l
|
/c
+ ∑ | f i | ai† , a rin (t) + lin (t) + ∑ | f j | a j (t)e j ij
2
i =1,2,c
j
#
"
ρ †
(i ) †
(i ) †
−iω j |lij |/c
− ∑ | f i | rin (t) + lin (t) + ∑ | f j | a j (t)e
[ ai , a ] ,
2
i =1,2,c
j

ȧ(t) =

(4.44)
where the number subscripts label the atoms and c is the cavity degree of freedom. For the following discussion, we will always assume
that the cavity decay rate is much larger than its atomic counterparts,
and neglect the dynamics caused by such direct interactions between
the atoms, as well as the independent decay rates of the two atoms.
Thus, noting that we will re-visit this assumption in Section 4.5.3, we
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arrive at the following equation of motion

i 
Hsys , a(t)
h̄
h
ih
i
0
ρ
(i )
(i )
+ ∑ | f i | ai† , a rin (t) + lin (t) + | f j | a j (t)eiω j |lij |/c
2
i,j

ȧ(t) ≈

h
i
0
ρ
(i ) †
(i ) †
− ∑ | f i | rin (t) + lin (t) + | f j | a†j (t)e−iω j |lij |/c [ ai , a] , (4.45)
2
i,j
where the summation ∑0 only includes terms where at least one of
the indices is the cavity.
We also remind the reader that Eq. (4.45) is valid in the Markovian
approximation which requires that the evolution of the emitter operators is slow compared to the time it requires light to travel from one
end of the system to the other. More formally, since the cavity decay
rate is much larger than its atomic counterparts, we require
c/|lij |  | f c |2 ρ ≡ κc ,
where we defined the cavity decay rate.
In the following two paragraphs, we answer the following questions
1. What are the conditions for the realization of purely unitary
interactions between the two atoms and the nonlinear cavity?
2. What is the effect of coupling to a continuum of radiation modes
for the squeezed cavity mode?
Using the answers to these questions, we derive the effective equation
of motion of an arbitrary system operator a.
Condition for unitary interactions between the non-linear cavity and
the atoms
We would like to eliminate the collective decay processes which involve an atom and the non-linear cavity. Assuming that both atoms
are places a distance l from the non-linear cavity as in Fig. 4.3, it is
clear from Eq. (4.45) that this can be achieved by tuning l = l0 such
that




1
1
|kat l0 | = 2π m +
,
(4.46)
|k s l0 | = 2π n +
4
4
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where k i = ωi /c are the wavevectors for light resonant with the oscillation frequency of ai , and n ∈ N. The resulting equation of motion
can then be written as
"
#
i
ρ †
ȧ(t) ≈
Hsys + ∑ | f i || f c | ac ai + h.c., a(t)
h̄
2
i
h
i
κc
−
{ a, a†c ac } − 2a†c aac
(4.47)
2 h
i
i
h
ih

+ | f c | a†c , a

(c)

(c)†

(c)

(c)†

rin (t) + lin (t) − | f c | rin (t) + lin (t) [ ac , a] .

(4.48)
As a result, when l = l0 the system depicted in Fig. 4.3 can be approximated by the setup considered in Section 4.4, where the atoms were
directly coupled to the non-linear cavity. The equivalence between
the Hermitian parts of the dynamics can be established by assigning
gi ≡

ρ
| f c | f i |.
2

(4.49)

The important difference is that now the the non-linear cavity decays
into the electromagnetic vacuum with decay rate κc . Hence, besides
the effects of cavity dissipation, the atom-atom interactions induced
by the non-linear cavity will be enhanced by a factor of e2s , compared
to the linear cavity 1 . However, it is important to note that decay
of the non-linear cavity into vacuum results in drastically different
dynamics than that of a linear cavity. In particular, as we discuss in
the next paragraph, the cavity decay into the vacuum with respect
to the bare cavity mode ac mimics decay into a thermal field with
respect to the squeezed operators as .
Effect of dissipation on the squeezed cavity mode
In this Section we clarify the effects of the non-vanishing cavity decay
on the steady state of the non-linear cavity. We find that in the basis
of the squeezed operators as in Eq. (4.4), the cavity field is has a
thermal population. Then, writing the non-Hermitian part of the
1 We note that in this setup, the strength of interactions mediated by the linear
cavity is smaller or equal to the effective interaction | f i || f j |ρ/2 not including the cavity
mode, as expected. Thus, for a linear cavity, the terms of order | f i || f j |ρ/2 cannot be
neglected. For a further discussion see Section 4.5.3
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cavity Hamiltonian in terms of squeezed cavity operators, we obtain
i
κc h
−
{ a, a†c ac } − 2a†c aac =
2

o
κc n  †
a, uas (t) − vas (t) uas (t) − va†s (t)
=−
2
 

+ κc ua†s (t) − vas (t) a uas (t) − va†s (t) .
(4.50)
We notice again that because the bare cavity operator is a linear combination of the squeezed operators, the equation of motion involves
terms ∝ a†2
s . We can show that these contributions oscillate rapidly
by going to the interaction picture with respect to the diagonalized
hermitian cavity Hamiltonian Hs ≡ h̄ωs a†s as with the help of the transformation
as (t) = eiHs t/h̄ âs (t)e−iHs t/h̄ = âs (t)eiωs t ,

(4.51)

where âs (t) denotes the slow-varying part of the squeezed cavity field.
Hence, the effects of the dissipative terms proportional to a2s (t) and
a2†
s become negligible as long as they oscillate rapidly with respect to
the cavity decay rate. Equivalently, if the condition
2ωs  u2 | f c |2 ρ/2 = u2

κc
,
2

(4.52)

is satisfied, the contribution from terms a2s (t) and a2†
s ( t ) become negligible. Thus, the equation of motion for the system operator a can be
approximated by
"
#
i
†
ȧ(t) ≈
Hsys + ∑ gi (uas − vas ) ai + h.c., a(t)
h̄
i
i
h
κc
− { a, u2 a†s as + v2 as a†s } + κc u2 ( a†s aas ) + v2 ( as aa†s )
2 h
ih
i
(c)

(c)

+ | f c | ua†s − vas , a rin (t) + lin (t)
h
ih
i
(c)†
(c)†
− | f c | rin (t) + lin (t) uas − va†s , a .

(4.53)

Admittedly, the equation of motion above does not reveal much about
the steady state dynamics of the cavity field. In particular, the noise
terms do not easily yield to interpretation. In order to calculate the
steady state of the non-linear cavity, we next derive the Lindblad master equation associated with Eq. (4.53).
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4.5.2

Lindblad Master Equation

The Lindblad Master equation describes the evolution of a density
operator, an object that takes into account the probabilistic nature of
the system on both the quantum and the classical level. Given a basis
of states |ψi i for the combined bath plus system Hilbert space, the
density operator has the general form
ρtot =

∑ αij |ψi i

ψj ,

(4.54)

ij

where the complex coefficients αij are such that tr(ρ) = 1 and ρ is
semidefinite. Given the density operator, the expectation value of an
observable A is given by

h Ai ≡ tr[ Aρtot ].
In the following, we will derive the equation of motion for the socalled reduced density operator, defined by
ρ̄(t) = trB [ρtot (t)] ,

(4.55)

where trB denotes the trace over the bath degrees of freedom.
The Lindblad Master equation given the Heisenberg-Langevin equations can be derived as follows [8, 129]. Consider the scenario where
the density matrix of the emitter system and the radiation modes can
be written as a product of the form at some initial time t0
ρ(t0 ) = ρ B (t0 ) ⊗ ρsys (t0 ),

(4.56)

where ρ B (t0 ) and ρsys (t0 ) denote the density matrices of the electromagnetic and the system degrees of freedom at t = t0 . Moreover, for
the setup under question, the initial state of the electromagnetic density matrix is the vacuum (i.e., ρ B (t0 ) = |vacihvac|). The evolution of
the density matrix ρtot is generated by the total Hamiltonian of the
system and the radiation modes
ih̄∂t ρtot (t) = [ Htot , ρtot (t)]

→ ρtot (t) = U (t)ρtot (t0 )U † (t)

(4.57)



Z t
U (t) = T exp (−i
dt0 Htot (t0 )/h̄) ,

(4.58)

where
t0
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with the initial condition U (t0 ) = I.
Next, in order to derive the equation of motion for the reduced density matrix ρ̄, we write the expectation value of a generic system operator a as

h a(t)i = tr [ a(t)ρtot (t0 )]
h
i
= tr U † (t) a(t0 )U (t)ρtot (t0 ) = trsys [ a(t0 )ρ̄(t)],

(4.59)

where trsys is the trace over the system degrees of freedom. To derive the equalities in Eq. (4.59), we used the evolution of the system
operator a(t0 ), and the cyclicity of trace. Therefore, the expectation
value of the left hand side of the Heisenberg Langevin equation in Eq.
(4.45) can be written as

h∂t a(t)i = trsys [ a(t0 )∂t {ρ̄(t)}].

(4.60)

The equation of motion for the density matrix ρ(t) can now be derived
by equating the left and the right hand side of Eq. (4.60). Using the
equation of motion in Eq. (4.53), we notice that using the fact that the
initially the electromagnetic field is in the vacuum we can simplify
the above equation of motion, since
†
bin (t)ρtot = ρtot bin
(t) = 0,

(4.61)

where b = {r, l }. Therefore, the noise terms do not participate in
the evolution of the expectation value. After some straightforward
manipulations and using the evolution operator U (t) to transfer the
time dependencies onto the density matrix, we can finally write the
Lindblad Master equation for the reduced density matrix

i 
ρ̄(t), Hsys + HInt
h̄ 
o
1n
†
†
+ ns κc as ρ̄(t) as −
ρ̄(t), as as
2

o
1n
†
†
+ (ns + 1)κc as ρ̄(t) as −
ρ̄(t), as as
,
2

i 
≡
ρ̄(t), Hsys + HInt
h̄
κc
κc
− ns L( as )ρ − (ns + 1) L( a†s )ρ
2
2

ρ̄˙ (t) ≈

(4.62)
(4.63)
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where we defined v2 ≡ ns and u2 − v2 = 1 (see Eq. 4.4), and
h
n
oi
L( as )ρ ≡ − 2a†s ρ̄(t) as − ρ̄(t), as a†s .

(4.64)

The interaction Hamiltonian in Eq. (4.5.2) for a single atom is given
by
HInt ≡ g1 (ua†s − vas ) ai + h.c.,

(4.65)

which has the same form as the interaction Hamiltonian in Eq. (4.7).
By comparing the Lindblad equation above to the well known equation for a linear cavity evolving under the influence of a thermal
state [8] we found that when written in terms of the squeezed operators, the non-linear cavity evolves under a dissipative bath with a
thermal occupation given by ns . We conclude that the steady state of
the non-linear cavity decaying into the vacuum is a thermal state in
the basis of squeezed operators as .
To summarize, although the interaction strength induced by the squeezed
cavity photons is increased by the enhancement factor e2s /4, this enhancement of interactions comes at a cost of introducing thermal photons into the squeezed cavity-mode. In the next Section, we study the
how this thermal occupation leads to dephasing of coherent superpositions of the atoms.

4.5.3

Dephasing of the atomic degrees of freedom due to
the coupling to a thermal cavity mode

In order to discuss the effects of the thermal squeezed cavity population on the dissipative dynamics of the atoms, we apply the SW
transformation discussed in Section 4.4 to the squeezed cavity Jaynes
Cummings system. Most importantly for the dissipative dynamics,
we note the action on the transformation D in Eq. (4.35), onto the
squeezed cavity operator as [125]
e−λI− as eλI− = as + λ ∑ σi− +
i
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σiz + · · · .
2 ∑
i

(4.66)
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Therefore, applying D onto Lindblad Master equation in Eq. (4.5.2),
and expanding up to third order in λ,
i
i h
JC
ρ̄(t), Heff
h̄
λ2 z
κc
λ2 z
κc
− ns L[ as (1 +
J )] − (ns + 1) L[ a†s (1 +
J )]
2
2
2
2
κc
κc
− ns λ2 L( J − ) − (ns + 1) λ2 L( J − ),
2
2

ρ̄˙ (t) ≈

where we have used the fact that the cavity and the atomic degrees of
freedom rotate in very different frequencies (see Section 4.5.1). In Eq.
(4.5.3) it should be understood that the terms of order O(λ4 ) are to
be neglected. We also note that because the SW transformation only
affects the system operators, the contribution of the noise operators
acting on the initial vacuum state is still vanishing. The effective
Hamiltonian after the SW transformation is given by Eq. (4.39)
JC

Heff = e−λI− HeλI−

= h̄ωs a†s as +

h̄
2


ωat + 2



( ges )2 † z 1 + −
+ O ( λ2 ).
as as J + J J
4∆s
2
(4.67)

The most important contribution to the above Lindblad Master equation from the cavity dissipation is the decay of the atoms through the
cavity into a thermal bath. The decay rate γκ of atomic coherences
due to such processes is


1
λ2 κc ρ̄01 (t) ≡ γκ ρ̄01 (t)
ρ̄01 (t) = − ns +
2
In order for our setup to be of practical use, the strength of the cavity
mediated effective interactions between the atoms through the cavity
has to be stronger than the cavity induced decay. This criterion can
be formalized by the following inequality
 2 2s 
g e
4∆s
χ
= h
i h s i2
γκ
ge
ns + 21 2∆s κc

≈

∆s
< 1.
κc (ns + 1/2)

(4.68)
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While this condition can be easily satisfied, it is clear it cannot be
satisfied at the same time with the requirement that the effective interactions mediate by the non-linear cavity mode is larger than the
effective interactions between the atoms without the non-linear cavity. To this end we consider the ratio

χ
=
γ

g2 e2s
4∆s

γ





=

2s

e
κc γ 4∆
s

γ



=

κc e2s
,
4∆s

(4.69)

where for the second equality we assumed that all atoms have the
same coupling constant to the squeezed cavity mode, and plugged in
2s
√
g ≈ κc γ. Crucially, for large squeezing ns ≈ e4  1/2, we have
χ
γ
≈ .
γκ
χ

(4.70)

As a result, the condition for having the cavity induced decay rate
smaller than the cavity induced interactions is the same as the condition for the cavity induced interactions being larger than the radiative decay rate of the atoms into the free space. Moreover, for large
squeezing, where the occupation of the squeezed cavity modes is
much larger than unity, an atom coupled to the cavity will eventually
decay into a completely mixed state. This result entails that the use
of the squeezed cavity mode in the traveling-wave geometry is not
useful for engineering interactions between atoms.

4.6

Conclusion

In this chapter, we proposed squeezed vacuum as a valuable resource
for engineering interactions in artificial quantum many-body systems.
The most important advantage of using squeezed vacuum engineering of the dipole interactions is that the spatial profiles of the electromagnetic vacuum modes can be modified dynamically using Raman type transitions. Using this dynamical control, we showed how
to implement arbitrary finite-range interaction potentials in a timeaveraged fashion.
We would like to emphasize that the idea of using the squeezed vacuum to engineer interactions between dipoles is platform independent. Thus, it can be used to deterministically generate entanglement
between any two atomic dipoles whether they are implemented via
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quantum dots, NV centers [130], or real atoms, opening up new possibilities for hybrid systems. Lastly, the proposed setup can also be
implemented for other vacuum fluctuations such as phonons in crystals or condensates. Hence, one can enhance the interactions between
these phonons and other electronic degrees of freedom [131].
However, we have also demonstrated the fragility of squeezed vacuum based enhancement of atom-light interactions, with respect to
the dissipation of the photonic degree of freedom. In particular, we
demonstrated that in the basis of squeezed fluctuations, the photonic
mode experiences a thermal population in the environmental degrees
of freedom. This heating effect eventually destroys the quantum coherence in the atomic degrees of freedom. Moreover, the heating effect will also be present irrespective of the bosonic degree of freedom
which mediates the interactions between the atoms. As an outlook, it
would be beneficial to investigate non-linear bosonic systems where
the anomalous terms implement interactions ∝ ab where a and b represent different modes.
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Chapter 5

Tunable Flux Vortices in 2D Dirac
Superconductors

In this Chapter, we discuss geometrical effects in weakly interacting
many-body systems. The realization that the Hilbert space of a quantum mechanical system can be endowed with a nontrivial geometry
resulted in the discovery of a plethora of novel phenomena both in the
single- and many-particle realms. In particular, the geometric considerations associated with single-particle wavefunctions have led to the
initial discovery and eventual classification of non-interacting topological insulators (TIs) [30, 132–134], as well as to the investigation of
the properties associated with defects in these phases [135–138]. On
the other hand, the fascinating physics arising from the interplay between geometry and particle-particle interactions was investigated in
the framework of fractional quantum Hall systems (FQHS’s) [41, 139]
and their lattice analogs such as fractional Chern Insulators (FCI’s)
[44, 45].
Although the non-trivial geometry encoded in the Quantum Mechanical wavefunction has important consequences for both non-interacting
and interacting systems, our understanding of the relationship between geometrical effects in non-interacting systems and their interacting counterparts is far from complete. Here, we consider an example where such a relationship can be clearly demonstrated. We show
how a Bardeen-Cooper-Schrieffer (BCS) superconductor [140] on the
conduction band Fermi surface of a massive Dirac model (MDM) inherits the Berry curvature of its constituent single-particle states. In
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order to shed light onto how this happens, we calculate the Berry
curvature associated with two-particle states which make up the superconductor, and find that it is given by the sum of that of its singleparticle constituents.
Interestingly, in combination with the fact that the dispersion relation of the MDM is rotationally symmetric, the Berry curvature of
the two-particle states entails that the angular momentum expectation value of the Cooper pair acquires a contribution that is a fraction
of h̄. Moreover, this additional angular momentum results in a fractional contribution to the orbital currents in the BCS superconductor.
We show that this unconventional contribution to the orbital currents
modifies the quantization of the magnetic flux enclosed by a vortex
in a (BCS) superconductor. In particular, the smallest magnetic flux
that a vortex can enclose is given not by the conventional flux quantum [141], but by the integral of the Berry curvature enclosed inside
the Fermi surface. Because the Berry curvature enclosed by the Fermi
surface can be varied by changing the chemical potential, the minimal flux that a vortex can enclose can be electrically tuned. Our work
also demonstrates the importance of variational ansätze in making
a clear connection between the Berry phases of single-particle and
many-body wavefunctions.
We start with a discussion the single-particle MDM, which has a nontrivial Berry curvature and a rotationally symmetric dispersion relation. Next, in Section 5.1.1 we introduce attractive interactions and
project them onto the conduction band Fermi surface of the MDM.
We observe that the angular momentum components of the projected
interactions are shifted with respect to the angular momentum of the
bare interaction matrix-elements, due to the Berry curvature associated with the conduction band. In Section 5.1.2, we proceed with
the mean field treatment of interactions with the help of a BCS variational ansatz, and show that the expectation value of the angular
momentum operators with respect to the BCS state has an additional
fractional contribution (see Section 5.1.3). We then start our discussion of the effect of this fractional angular momentum expectation
value on the response characteristics of the BCS state. In particular,
we consider the orbital supercurrents which can be described by configurations of the superconducting gap function where the relative
coordinate of the Cooper pair is rotated as a function of its centerof-mass coordinate. In Section 5.2.1, we parametrize the slow variations of the relative coordinate of the Cooper pairs, and observe that
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the slow orbital rotations result in a phase accumulation that is proportional to the Berry phase enclosed by the Fermi surface. Then
we use a description of the interacting system using the functional
field integral, and derive the Ginzburg-Landau (GL) free energy, including the contributions from the spatially varying superconducting
gap function (Section 5.2.2). In Section 5.2.3, we discuss the Meissner effect in superconductors within the functional field integral formalism and derive the associated London equations, which govern
the response of the superconductor in the presence of external magnetic fields. Lastly, we repeat the calculation of flux quantization in
superconductors including the fractional contribution to the orbital
currents, and derive the minimum magnetic flux that a vortex can
enclose.

5.1

Model

The two-dimensional (2D) MDM is the simplest model with a nontrivial Berry flux enclosed by the Fermi surface and a rotationally
symmetric energy dispersion. The Hamiltonian has the form
H0 (k) =



†
f 1,k

†
f 2,k





[d(k) · σ − µ1]

f 1,k
f 2,k


,

(5.1)

where σ = (σx , σy , σz ) is the vector of Pauli matrices, 1 is the iden† ( f ) are the creation (annihilation) operators for
tity matrix, and f i,k
i,k
particles with momentum k and spin or pseudo-spin label i. In the
following, we let |c(k)i and |v(k)i denote the eigenvectors of H0 (k),
which correspond to conduction and valence bands, respectively. The
single-particle Hamiltonian is parametrized by d(k) = (vF k x , vF k y , δ),
with (i) 2δ characterizing the minimum energy gap between the conduction and valence bands, (ii) the Fermi velocity vF , and (iii) the
chemical potential µ, which we set to lie in the conduction band.
We note that the single-particle Hamiltonian in Eq. (5.1) is a good
effective low-energy description a for family of real materials, most
notably transitional metal dichalcogenide (TMD) monolayers (see Section 2.1.1) near the high symmetry K points [142, 143], or surfaces of
three-dimensional (3D) topological insulators in the proximity of a
ferromagnetic insulator [144].
To calculate the Berry curvature, we first need the eigenvectors of the
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Hamiltonian, given by
ψ± = p

1



d3 ± d
d1 − id2

2d(d ± d3 )


,

(5.2)

q
where d = ∑i d2i . Using d1 = v F k x , d2 = v F k y , d3 = δ, the eigenvectors can be parametrized as
ψc =
v





ψ =

cos (θk /2)
eiϕk sin (θk /2)

(1)



e−iϕk sin (θk /2)
− cos (θk /2)

≡

αc,k

!

(2)

αc,k

(1)



≡

αv,k

!
,

(2)

(5.3)

αv,k

where θk = arccos (δ/ε k ), with ε2k = δ2 + v2F k2 , and ϕk = arctan (ky/kx )
is the angle of the wavevector on the circular Fermi√surface with a
µ2 − δ2

given Fermi energy ε F and a Fermi momentum k F ≡
. Through vF

δ
√
out the discussion below, we set θk = θ F = arccos
. The
δ2 +v2F k2F
p
eigenvalues are εc/v
= ± δ2 + (v F k F )2 − µ.
k
Berry flux inside the Fermi surface is
I
FS

dk · Ac =

I
FS

Im(hψc |∇k ψc i).dk


δ
= 2π sin (θ F /2) = π (1 − cos(θ F )) = π 1 −
εF
2



≡ ϕcB (k).
(5.4)

Hence, when the Fermi energy is much larger than the gap m, cos (θ F ) = 0,
yielding ϕcB = π, whereas in the other limit ϕcB = 0. Similarly, for the
valence band
I
FS

dk · Av =

I
FS

Im(hψv |∇k ψv i)

= −2π sin2 (θ F /2) ≡ ϕvB (k) = − ϕcB (k),

(5.5)

and the total Berry phase is zero as expected. The minus sign for the
Berry phase of the valence band comes from the opposite sign of the
eiϕk factor in the eigenvectors of the conduction and valence bands.
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5.1.1

Interaction matrix-elements in the band basis

In this Section, we introduce attractive interactions to the non-interacting
MDM in Eq. (5.1). In general, the interaction between the electrons
can be written in second quantization and in the (pseudo-) spin basis
(m, n ∈ {1, 2}) as

∑

Hint =

k1 ,k2 ,k3 ,k4 ,m,n

Vkn,m
,k
1

2 ,k3 ,k4

†
f m,k
f† f
f
,
1 n,k2 n,k3 m,k4

(5.6)

where Vkn,m
< 0 for all {ki }, and Vkn,m
∝ δk1 +k2 ,k3 +k4 en1 ,k2 ,k3 ,k4
1 ,k2 ,k3 ,k4
sures momentum conservation.
For BCS superconductivity, which we will consider in the next sections, the only relevant degrees of freedom are the zero momentum
Cooper pairs consisting of electrons on the conduction band Fermi
surface [140]. Hence, we only consider the terms where k1 = −k2
and k3 = −k4 in Eq. (5.6). Projecting the interaction Hamiltonian
onto the conduction band, we obtain
H̃int =

∑0 Uk,k0 c†k c†−k ck0 c−k0 ,

(5.7)

k,k

†

(2)
(1)
where c†k |0i ≡ αc,k f 1,k + αc,k f 2,k |0i = |c(k)i. The strength of the
interaction projected to the conduction band is
Uk,k0 =

∑ Vk,n,m
−k,k0 ,−k0 αck

n,m

(n)∗ (m)∗ (m) (n)
αc−k αck0 αc−k0

.

(5.8)

In the context of our work, the most remarkable feature of the projected interaction in Eq. (5.7) is that when we restrict the momenta
(l )

on the Fermi surface (i.e., k = k F k̂), the coefficients Uk of the partialF

(l ) i ( ϕk − ϕ 0 )
wave expansion, defined through Uk k̂,k k̂0 = ∑l Uk e F k F , are
F
F
F
(l )
redistributed with respect to the coefficients Vk of the bare interacF

tion. For example, in the MDM in Eq. (5.1), and s-wave interactions
in the orbital basis V (l ) ∝ δl,0 , the partial-wave coefficients of the interaction projected onto the conduction band is purely p-wave. In
(l )

particular, Uk ∝ δl,1 , with
F

(1)

Uk

F


 (0) 
ϕB  ϕB
= Vk12
1
−
,
F
2π 2π

(5.9)
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(l )

where we used the constraints (Vknn )(l ) = 0 and Uk = 0 for even l
F
F
arising from the fermionic anti-commutation relations obeyed by op† and c , c† , respectively. In general, when the bare
erators f m,k , f m,k
k k
interaction potential has multiple partial-wave components, the coef(l )

ficients Uk are given by
R

(l ) 
ϕ B 2  12 (l −1) 
ϕB  ϕB
(l )
1
−
Uk = Vk11
+
V
1
−
kF
F
F
2π
2π 2π

 ( l −2) ϕ 2
B
22
+ VkF
.
(5.10)
2π
Therefore, the redistribution of the partial-wave components can be
understood as a direct consequence of the non-trivial Berry phase
enclosed by the single-particle Fermi surface.

5.1.2

Superconductivity and the BCS ansatz

In the previous section, we studied the effect of the Berry curvature
on an interacting massive Dirac system projected on its conduction
band. We showed that the single-particle states have an associated
non-trivial Berry curvature, which results in a shift of the angular
momentum components of the interaction matrix-elements that are
projected onto the conduction band Fermi surface. In this section, we
investigate how these modifications are reflected in the characteristics
of a BCS superconductor, whose Cooper pairs consist of electrons on
the conduction band Fermi surface. As is well known, in the weak
coupling regime, the Fermi surface has a superconducting instability with respect to attractive interactions [145]. The superconducting
ground state can be expressed through a variational ansatz, called the
BCS ansatz [140]


|BCSi = ∏ uk + vk c†k c†−k |0i,
(5.11)
k

where |0i is the electronic vacuum of the conduction band. The variational parameters of the BCS ansatz are solved for a self-consistently
using the BCS gap equation
∆ck =

c
∗
0 uk vk ,
∑0 Ukk

(5.12)

k

where ∆k is the superconducting gap function, and the quantity u∗k vk ≡
Fk is the expectation value of the Cooper pair

hBCS|ck c−k |BCSi = u∗k vk
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We note that the BCS gap equation is a self-consistent equation, because the BCS ansatz in Eq. (5.11) is the ground state of the interacting
Hamiltonian projected on the conduction band. The projected Hamiltonian Hc = ( H0 )c + ( H̄int )c can be re-written up to constant terms
as
Hc = εck c†k ck + ∆ck c†k c†k + h.c.,

(5.13)

where we inserted Eq. (5.12). In the following, we take the angular
momentum component with the largest interaction matrix-element to
be the only relevant one. That is, Fk can be written as | Fk |eil0 ϕkF where
l
l0 maximizes |Uk0 ,k0 |. We also note that because we are considering
F

F

spinless fermions and a single band, l0 is odd. Taking the expectation
value of the interacting Hamiltonian with respect to the BdG ansatz
and minimizing with respect to the variational parameters, uk and vk ,
we find
s 
s 


εck
εc
1
1
1− c
vk =
1 + kc
(5.14)
uk =
2
Ek
2
Ek
uk vk =

∆ck
,
2Ekc

(5.15)

q
(εck )2 + (∆ck )2 . Before we proceed, we also note that
where Ekc ≡
using uk and vk , we can define the coherence length ξ of the superconductor by evaluating the equal-time spatial correlator
∆ck
dk ik(r−r0 )
q
e
(5.16)
2π
2 (εck )2 + (∆ck )2
h
i
h
i
v
∝ exp −h̄ Fc (r − r 0 ) ≡ exp −ξ −1 (r − r 0 ) , (5.17)
∆

hBCS|cr cr0 |BCSi =

Z

∂ εc

where v F ≡ kh̄ k is the Fermi velocity of the conduction band, and we
assumed that the gap function is isotropic (i.e., ∆k = ∆).

5.1.3

Angular momentum expectation value of the BCS superconductor

Naively, one would expect from the above discussion that the expectation value of the many-body angular momentum operator is h̄l0 nc ,
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where we defined the number of condensed pairs as nc ≡ ∑k Fk .
However, a more careful calculation shows that this conclusion is incorrect in the presence of the non-trivial Berry curvature. In this
section, we show that the angular momentum expectation value of
the BCS ansatz in Eq. (5.11) has an additional contribution due to the
angular momentum encoded in the ϕ B (k F ) enclosed inside the Fermi
surface.

Figure 5.1: (a) The fractional angular momentum of single-particles on a circular Fermi
surface enclosing non-zero Berry flux ϕB . Similar to the magnetic field in real space,
the Berry curvature carries an intrinsic angular momentum which is acquired by the
single-particle states on the Fermi surface. Specifically, the Berry flux ϕB enclosed by
the Fermi surface determines the fractional part of the angular momentum associated
with the states on the Fermi surface. (b) The fractional angular momentum due to the
Berry flux can be considered as the momentum space analog of the anyon construction
in real space as first proposed in Ref. [146, 147].

The expression for the relative angular momentum of Cooper pairs
is derived by taking the expectation value of the relative angular momentum operator [148]
c
Lrel
=−

1
(r̂i − r̂ j ) × ( p̂i − p̂ j ),
2 i,j∑
6 =i

(5.18)

with respect to the BCS wavefunction in Eq. (5.11). To evaluate the
expectation value, we first write the operator in second quantization
and in momentum space. Anticipating that the only terms that are
relevant for calculation are the contributions from the Cooper pairs,
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we only consider two-particle states with zero total momentum. Suppressing the spin labels and projecting onto the conduction band as
in the previous sections, we obtain
Lrel =

=−

1
∑0 hc(k), c(−k)|(r̂1 − r̂2 )|c(k), c(−k)i × (2h̄k)c†k0 c†−k0 c−k ck
2 k,k
(5.19)

The expectation values of the position operators in this basis can be
shown to be [139, 149]

hc(k0 )|r̂ |c(k)i = −i∂k δ(k − k0 )
+ iδ(k − k0 )

Z
u.c.
0

dru∗k (r )∂k uk (r )

= −i∂k δ(k − k ) + i huk |∂k uk iδ(k − k0 )
= [−i∂k + A(k)] δ(k − k0 )

(5.20)

where we used the Bloch’s theorem, such that hr|c(k)i = eik·r uk (r )
with uk ( x + Rlat ) = uk ( x ), for a real lattice vector Rlat , and defined
the Berry connection A(k) = i huk |∂k uk i. Similarly, we can calculate
the similar expectation value for the Cooper pair with zero center-ofmass momentum

hk0 , −k0 |(r̂1 − r̂2 )|k, −ki
=

Z
Z

dr1 dr2 hk0 , −k0 |r1 , r2 i(r1 − r2 )hr1 , r2 |k, −ki
0

dr1 dr2 e−ik (r1 −r2 ) u∗k0 (r1 )u∗−k0 (r2 ) (r1 − r2 ) eik(r1 −r2 ) uk (r1 )u−k (r2 )


Z
= −i∂k + i
dr1 dr2 u∗k (r1 )u∗−k (r2 ) (∂k uk (r1 )u−k (r2 )) δk−k0

=

u.c.

= [−i∂k + A(k) − A(−k)] δk−k0
= [−i∂k + 2A(k)] δk−k0 ,

(5.21)

where we used the fact that A(−k) = − A(k) for the MDM. Thus, the
relative momentum operator can be written as
c
Lrel
=

= h̄ ∑

kk0




−i∂k δ(k − k0 ) × k c†k0 c†−k0 c−k ck

+ h̄ ∑ [2A(k) × (k)] c†k c†−k c−k ck .

(5.22)

k
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While the first term is the conventional contribution from the angular
momentum number l0 , we have obtained an additional contribution
to the angular momentum expectation value from the single particle
ϕ (k )
Berry phase A(k). Noting that for the MDM A = k1 B2π F ê ϕ , and for
F
a cylindrically symmetric Fermi surface, the momentum k is along
the radial direction, we can write the contribution from the Berry
phase as
c Berry
h Lrel
i
= h̄

ϕ B (k F )
π

∑ c†k c†−k c−k ck .

(5.23)

k

As a result, expectation value of the relative angular momentum operator is
1
c
h Lrel
i ≡ − hBCS| ∑ (r̂i − r̂ j ) × ( p̂i − p̂ j )|BCSi
2
i6= j

ϕ (k )
= h̄ ∑ F ∗ (k) −i∂ ϕ F (k) + ∑ F ∗ (k)h̄ B F F (k)
π
k
k


ϕ (k )
= nc h̄ l0 + B F .
π

(5.24)

We observe that the expectation value of the angular momentum operator is shifted with respect to the naive guess above by twice the
angular momentum associated with ϕB (kF ) in Eq. (5.4).
Before we proceed, note that the above expression for the angular
momentum expectation value is consistent with the eigenvalue of the
2ϕ (k )
covariant derivative in momentum space, D ϕ = −i∂ ϕ + B2π F . This
result can be intuitively understood by considering the analogy between the single-particle wavefunctions on the Fermi surface enclosing the Berry flux ϕB , and the wavefunctions of a particle on a ring
which encloses a magnetic flux ΦMag (see Fig. 5.1). As discussed
in Ref. [146, 147], in both cases, the eigenfunctions have angular momenta whose values are shifted with respect to their conventional integer values in a similar fashion (i.e., by a fraction associated with ϕB
or ΦMag ). Thus, the unconventional expectation value of the Cooper
pair angular momentum can be understood as the sum of the shifted
angular momenta of their constituent particles.
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5.2

Ginzburg Landau Theory and supercurrents

In this section, we answer the following question: what are the physical effects of the fractional angular momentum expectation value of
the Cooper pairs? As we show below, one interesting consequence
of the fractional angular momentum is its effect on the orbital currents. However, before we delve into the details of how to calculate
an expression for supercurrents, we emphasize that the currents in
the superconductor should be considered as spatially dependent variations of the superconducting gap function as a response to external
fields. Thus, we first need to understand the possible variations that
a superconducting state with fractional angular momentum can exhibit. Clearly, the variation associated with the relative orientation
of Cooper pairs, which is conjugate to the angular momentum is the
quantity of interest. In Section 5.2.1, we show how to parametrize
a spatially dependent configuration of the gap function ∆( R), where
the orbital coordinate of the Cooper pair is rotated slowly compared
to the coherence length η of the superconductor. To this end, we
make use of the fact that the rotation of the relative coordinate of the
2D Cooper pair can be understood in the momentum space as the
rotation of the relative momentum in the opposite sense.
Next, in Section 5.2.2, we briefly introduce the currents in superconductors using the functional field integral formalism. We calculate
the contribution from spatial gradients of the gap function to the
Ginzburg-Landau free energy. In Section 5.2.3, we derive the London
equation for the supercurrents, which describes how a superconductor expels external magnetic fields. Putting it all together, we conclude with the derivation of the flux quantization in superconductors
whose Cooper pairs have a fractional angular momentum.

5.2.1

Transformation properties of the gap function

In Section 5.1.2, we wrote down the expression for the superconducting gap function in the band basis of the massive Dirac Hamiltonian.
However, crucially, the effect of orbital rotations is much clearer when
we consider the superconducting gap function in the orbital basis,
where the relative momentum can be rotated independently of the
pseudo-spin degree of freedom. To clarify this point, we note that
the single particle massive Dirac Hamiltonian H0 (k) is not invariant
under the rotations of the momentum, but under joint rotations of
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the momentum and the pseudo-spin σ. That is,
eiLθ H0 e−iLθ = H0 ,
where L ≡ −i∂ ϕk +
band basis, we find

σz +1
2 .

(5.25)

Moreover, when we transform L onto the
U † LU = −i∂ ϕk .

(5.26)

Therefore, the rotations of the momentum in the band basis, also involve rotations in the pseudo-spin σ, in disguise. That is, in order
to disentangle the orbital and the pseudo-spin rotations, we need to
work in the orbital basis. In the following, we first express the gap
function in Eq. (5.12) in the orbital basis. Then, we show that when
the relative momentum of the Cooper pair is rotated slowly with respect to the coherence length of the superconductor, the gap function
in the band basis simply acquires an overall phase which is linearly
dependent on the rotation angle.
Let us first remember how the superconducting gap parameter ∆k
transforms under the unitary transformations Uk which diagonalize
the free ”normal state” Hamiltonian. In the mean field theory of superconductivity, the Bogoliubov de-Gennes Hamiltonian in Eq. (5.13)
is given by
HBdG (k) =

1
2



H0 (k)
¯k
∆

∆k
− H0T (−k)


,

(5.27)

where
∆k =



∆k,aa
∆k,ba

∆k,ab
∆k,bb


,

(5.28)

and we have assumed that the spin degree of freedom is frozen.
The transformation which diagonalizes the free Nambu-Gorkov Hamiltonian, is implemented by the unitary matrix

Uk =
U†k =
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Uk
0

0
∗
U−
k

Uk†
0

0



† )∗
(U−
k

(5.29)

,

(5.30)
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where
Uk† =



cos (θk /2)
sin (θk /2)eiϕk

− sin (θk /2)e−iϕk
cos (θk /2)


.

As a result of the transformation, we obtain


ε c (k)
0
†
Uk H0 (k)Uk =
≡ H0band (k)
0
ε v (k)

(5.31)

(5.32)

with
ε c/v (k) = ±

q

v2F |k|2 + δ2 − µ.

(5.33)

Applying this transformation to HBdG , we easily find the transformation properties of the gap function
  †
 


Uk
0
H0 (k)
∆k
Uk
0
·
·
∗
† )∗
¯k
0 U−
∆
− H0T (−k)
0 (U−
k
k


band
†
∗
H0 (k) Uk ∆k (U−k )
=
.
(5.34)
∗ ∆
†
¯
U−
− H0band (k)
k k Uk
Next, as in Section 5.1.2, we use the fact that when chemical potential
µ lying inside the conduction band of the MDM, the ground state gap
function has a non-zero value only for the conduction band. That is,
the gap function in the band basis has the form


˜k 0
∆
†
∗
ˆ
∆k ≡ Uk ∆k (U−k ) =
.
(5.35)
0 0
˜ k = ∆e
˜ il0 ϕk for the angular momentum label l0 which has
Here ∆
the maximum attractive interaction strength U l0 given by Eq. (5.9).
Using the above transformation property, we obtain the following
gap function in the orbital basis representation


1 0
†
˜
∆k = ∆k Uk
(U−k )∗
0 0


cos2 (θk /2)
−sin (θk )2eiϕk
˜
= ∆k
.
(5.36)
sin (θk )2eiϕk − sin2 (θk /2)ei2ϕk
The non-trivial Berry phase of the normal state Hamiltonian, the gap
function has drastically different forms in the band and orbital bases.
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Most importantly, we emphasize that the gap function in the orbital
basis has Cooper pairs with different angular momenta. This characteristic can be understood as a result of the fact that the normal state
Hamiltonian H0 (k) is not invariant under the rotations of the momentum k. That is, the angular momentum is not a good quantum
number.

Figure 5.2: The schematic representing the spatial configuration of the gap function we
consider to calculate orbital supercurrents. The pitch λ of the rotation is much larger
than the superconductor’s coherence length ξ.

We are now in a position to calculate the change in the superconducting gap function when the relative degree of freedom of the Cooper
pair is rotated with respect to an initial orientation (see Fig. 5.2). The
rotation of the relative momentum of the Cooper pair by an azimuthal
angle ϕ0 can be implemented by the transformation R(k ) defined as
ϕ k → ϕ k + ϕ0 ;

θk → θk ,

(5.37)

which results in (from now on we neglect the overall phase due to l0
for simplicity)
˜ †
∆ R(k) = ∆U
R(k)



1
0

0
0



UR(−k)

∗

.

(5.38)

We emphasize that only the gap function ∆k is rotated and the diagonal blocks H0 (k) are untouched. Physically, this corresponds to the
rotation of the Cooper pair relative momentum with respect to the
underlying lattice. Next, diagonalizing the H0 (k), we obtain the gap
function in the band basis using Eq. (5.34)
˜ kU†
∆ R(k) = ∆U
R(k)
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1
0

0
0



UR(−k)

∗ h

i
T
U−
k .

(5.39)
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As a result, we find that the rotated gap function in the band basis is
∆ R(k) =

= ∆˜

hkc| R(k)cihkc| R(k)vi
(hkc| R(k)ci)2
hkc| R(k)vihkc| R(k)ci
(hkc| R(k)vi)2

!
,

(5.40)

where we used
Uk UR† (k)



=

hkc| R(k)ci hkv| R(k)ci
hkc| R(k)vi hkv| R(k)vi


.

(5.41)

Given the parametrization of the gap function derived above, we next
consider a configuration where the relative coordinate of the Cooper
pair is rotated uniformly, such that the rotation angle ϕ0 depends on
the center-of-mass position R as ϕ0 (R) = q · R, where |q| = 2π/λ
is the magnitude of the orbital rotation wavevector. The pitch λ of
the orbital rotation is much slower than the healing length of the
F
superconductor (i.e., λ  ξ = h̄v
).
|∆|
Next, we show a slow rotation can be parametrised using the overall
phase of the superconducting gap function in the band basis. To this
end, we first evaluate the matrix-elements in Eq. (5.40) are given by

hkc| R(k)ci = cos2 (θk /2) + sin2 (θk /2)e−iϕ0


1
hkc| R(k)vi = sin (θk )e−iϕk 1 − e−iϕ0 .
2

(5.42)
(5.43)

Next we consider the ∆cc component. The difference between the two
gap functions separated by δr  λ is
cc
∆cc
k ( R0 + δr ) − ∆k ( R0 )



= ∆˜ 2 cos2 (θk /2) sin2 (θk /2) e−iϕ0 (δr ) − 1


4
i2ϕ0 (δr )
+ sin (θk /2) 1 − e

≈ i2q · δr sin2 (θ/2)∆˜ k = iq · δr

ϕB ˜
∆,
π

(5.44)

where we assumed ϕ0 (R) = 0. Treating the difference equation as a
differential equation, we obtain the following parametrization for the
111

5. Tunable Flux Vortices in 2D Dirac Superconductors
gap function
ϕ
∂∆cc
ϕ
k (R)
˜ i πB q·R .
= iq B ∆˜ (R) → ∆cc
k ( R ) ≈ ∆e
∂R
π

(5.45)

This result can be understood as a consequence of the fractional angular momentum expectation value in Eq. (5.24) that is in Section
5.1.2. Due to the non-trivial Berry flux enclosed by the Fermi surface,
the gap function transforms under slow orbital rotation as if it has
a fractional angular momentum. We also see that a slow orbital rotation with pitch λ contributes to the center-of-mass momentum of
2ϕ
the Cooper pair by an amount λB , which is proportional to twice the
Berry phase ϕ B enclosed by the Fermi surface. Lastly, we note that
the changes in the other three components of the gap function can be
safely neglected when we assume that δ in the massive Dirac Hamiltonian is much larger than the superconducting gap function. We will
demonstrate this point more explicitly in the following Section.

5.2.2

Gradient contribution to the Ginzburg Landau (GL)
free energy

In this Section, we treat the contributions from the orbital currents in
a Dirac superconductor using the functional field integral [150]. The
functional integral method gives us a way of calculating the free energy of our system from which we can derive an expression for the orbital currents. It is important to clearly state that the treatment which
follows is quite conventional, and similar treatments can be found in
Refs. [145, 150]. However, a detailed derivation of the gradient contributions to the GL free energy is necessary to see the influence of the
single-particle Berry curvature on the response characteristics of the
Dirac superconductor.
Our starting point to derive the free energy is the fermionic partition
function, given by


Z = tr e− β( Ĥ −µ N̂ ) ,
(5.46)
where β = k 1T with k B the Boltzmann constant and T temperature,
B
and µ is the chemical potential. Using the Grassmann variables ψ, ψ̄
instead of the fermionic operators f , f † , the partition function for a
generic fermionic system with two-body interactions can be written
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as
Z=

Z

D (ψ̄, ψ)e−S[ψ̄,ψ] .

(5.47)

The action S[ψ̄, ψ] can be written terms of the Grassmann variables
as,
S[ψ̄, ψ] =

Z β
0

dτ [ψ̄(τ )(∂τ − µ + H0 )ψ(τ ) + ψ̄(τ )ψ̄(τ )Uψ(τ )ψ(τ )] ,
(5.48)

where τ is the imaginary time, and ψ(τ ) are vectors whose components are the momentum and the pseudospin labels of the MDM. In
this Section, we work in the band basis. Expanding the both the single particle and the interaction terms in this basis, we find


1
S[ψ̄, ψ] = ∑ ψ̄k (−iωn 1 − µ1 + H0 (k))ψk + ∑ Uq ψ̄k0 −q ψ̄k+q ψk ψk0  ,
β
k
k0 ,q
(5.49)
where k ≡ {k, ωn }, with ωn = (2n + 1)πk B T/h̄ are the Matsubara frequencies for the fermionic fields. The fourier transforms with respect
to the imaginary time are defined as
1
ψn = p

Z β

β

0

dτψ(τ )eiωn τ

(5.50)

Each field ψk is a vector with two entries standing for the conduction
(c) and the valence (v) bands (i.e., ψk ≡ (ψkc , ψkv ) T ).
Next, we use an important trick to treat the two-body interactions:
Hubbard-Stratonovich transformation [150], which introduces an auxilliary bosonic field ∆ ( serving as a generalization of the BCS mean
field introduced in Section 5.1.2) through a ”fat unity”
"
#
Z
−1
¯
¯
1 ≡ D (∆, ∆) exp − β ∑ ∆q U (q)∆−q ,
(5.51)
q

where we included the normalization factor into the functional measure of the integral. Multiplying the above partition function with 1,
and then shifting the integration variable
∆q → ∆q +

i
β

∑0 Uq,k0 ψk0 ψ−k0 ,

(5.52)

k
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the two-body interaction term cancels, and we are left with the partition function written in terms of the ∆ and ψ fields:
Z

Z=

¯ ψ̄,ψ]
¯ ∆) D (ψ̄ψ)e−S HS [∆,∆,
D (∆,
,

where the Hubbard-Stratonovich action is
S HS =

∑ ψ̄k [−iωn + HBdG (k)] ψk + β∆¯ k U

!
−1

(k )∆k

.

(5.53)

k

The action above is our starting point for the derivation of the Ginzburg
Landau description of the superconductor.
First, we would like to find an effective description of the gap function
∆ without any reference to the electronic degrees of freedom. This can
be achieved by integrating out the electronic fields {ψ, ψ̄} in Eq. (5.53).
Notice that the fermionic fields can be integrated exactly because the
action in Eq. (5.53) is bilinear in the fermion operators. The Gaussian
integration over the fermionic field can be taken using the identity
Z

D (ψ̄, ψ)e−ψ̄

T Aψ

= det( A).

(5.54)

As a result, we obtain
"
#
Z
−1
2
¯
Z = D (∆, ∆) exp − β ∑ U |∆k | + log{Det[−i ω̂ + HBdG (k)]} ,
k

k

(5.55)
where ω̂ is a diagonal matrix whose entries are the Matsubara frequencies ωn .
We have now obtained an action which is in principle highly nonlinear (the log terms can be expanded to infinite order in ∆). Here, we
will consider the situation where the gap function is small, and expand the action up to second order in ∆ [145,150]. Such an expansion
gives us the Ginzburg-Landau free energy to the matching order in
∆. To expand the action with respect to ∆, we first use the identity
log{Det[ A]} = tr{log[ A]},

(5.56)

where the traces is over both the energy/momentum and the band
R
¯ ∆)e−S[∆,∆¯ ] , where
indices. The result is Z = D (∆,
S[∆] =

∑ βUk−1 |∆k |2 − tr{log[−iω̂ + HBdG ]}.
k
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Next, we can expand the tr log(· · · ) term in the action for small values
of the gap parameter by defining
G0−1 ≡ G −1

∆ =0

≡ [−i ω̂ + HBdG ]

.

(5.58)

∆ =0

Then we have the following expansion of the tr log(· · · ) term
tr log(G−1 · · · ) = tr log(G0−1 + ∆ · · · ) = tr log[G0−1 (1 + G0 ∆)]

= tr log[G0−1 ] + tr log[(1 + G0 ∆)]
= tr log[G0−1 ] −

∞

1
tr(G0 ∆)2n ,
2n
n=0

∑

(5.59)

where we note that only the even powers of ∆ survive because ∆ is
an off-diagonal matrix.
The contribution to the Ginzburg Landau (GL) free energy that is
second order in spatial gradients of the gap function has the following
form
1
Fgrad = − tr[ G0 ∆]2
2


 p
1
Gp 0
G
0 ∆
= − tr
¯ 0
∆
0 Gh
0
2
 p

h
¯
1
G ∆G ∆
0
= − tr
h ∆G
p∆
¯
0
G
2
h
i
= −tr G p ∆G h ∆¯ .

0
Gh



0
¯
∆

∆
0



(5.60)

In the above, we define

G0 ≡

Gp
0

0
Gh


,

(5.61)

as the Green’s function in Nambu space, with the matrix-elements

( G p )−1 (ωn , k) ≡ −iωn I2 − H0band (k)
( G h )−1 (ωn , k) ≡ −iωn I2 + H0band (−k)
with I2 the 2 by 2 identity matrix.
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We can then evaluate the trace over the band indices
h
i
¯
Fgrad = −tr G p ∆G h ∆

  cc
 h
 p
0
∆
∆cv
Gc
Gc
0
= tr
p
∆vc ∆vv
0 Gvh
0 Gv
 cc


¯
¯ cv
∆
∆
×
vc
¯
¯
∆
∆vv

 p cc
  h cc
p
¯ cv
¯
Gch ∆
Gc ∆
Gc ∆cv
Gc ∆
= tr
p
p
¯ vv
¯ vc Gvh ∆
Gvh ∆
Gv ∆vc Gv ∆vv
p
p
= trk [ Gc ∆cc Gch ∆¯ cc + Gc ∆cv Gvh ∆¯ vc
p
p
+ Gv ∆vc Gch ∆¯ cv + Gv ∆vv Gvh ∆¯ vv ],

(5.62)

where trk denotes the trace over the energy/momentum labels which
can be expressed, as the following. Taking the first term as our example and noting that the Green’s function are diagonal in momentum
Gkk ≡ Gk and the gap function depends only on the center-of-mass
momenta ∆kl ≡ ∆q , we obtain


1
p cc h ¯ cc
G
∆
G
∆
c
c
β∑
kk
k




1
p
¯ cc
Gch ∆
= ∑ Gc ∆cc
β k,l
kl
lk




1
p
= ∑ Gc
(∆cc )kl Gch (∆¯ cc )lk
β k,l
kk
ll
p

¯ cc ] =
trk [ Gc ∆cc Gch ∆

(5.63)

using l − k = q and shifting k → k − q/2, we arrive at the following
equality
p

¯ cc ]
trk [ Gc ∆cc Gch ∆
 
 
1
p
= ∑ Gc
(∆¯ cc )q
(∆cc )q Gch
β k,q
k +q/2
k −q/2

≡ ∑ χpair (q)|(∆cc )q |2 ,

(5.64)

q

where χpair (q) ≡
lation function.
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β

 
p
∑k Gc


k +q/2

Gch


k −q/2

is the Cooper pair corre-
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To obtain the contribution from the gradients of ∆, we next calculate
χpair (q, 0) for zero frequency transfer
χpair (q, 0) =

−

1
β

1

1

∑ ∑ −iωm − ε k+q/2 −iωm + ε k−q/2 .

(5.65)

ωm k

We can do the sum over the fermionic Matsubara frequencies ωn ,
for any function h(ωn ) as follows. First, we express the sum as an
integral over the complex plane using an auxiliary function whose
poles are at the iωn . For fermionic Matsubara frequencies ωn = (2n +
1)πk B T, we write

∑ h ( ωn ) =
ωn

−β
2πi

I
C

dz

h(−iz)
,
e βz + 1

(5.66)

where the contour of integration encloses the poles of e βz1+1 . We can
then deform C such that it is pushed to infinity expect for the points
where it comes near a pole of h(−iz). Then the residue theorem says
h(−iz)
that the integral can be written as a sum of residues of e βz +1 at the
poles of h(−iz)


h(−iz)
,
(5.67)
∑ h(ωn ) = β ∑ Res eβz + 1
ωn
z=zk
k
where Res denotes the residues. Applying this technique to
h(−iz) ≡

1
β

1

1

∑ −z − ε k+q/2 −z + ε k−q/2 ,
k

we find
χpair (q, 0) =

=∑

∑

k σ =±

=−∑
k

Res

1
1
1
−z − ε k+q/2 −z + ε k−q/2 e βz + 1

1 − n F (ε k+q/2 ) − n F (ε k−q/2 )
.
ε k+q/2 + ε k−q/2

z=σε k−σq/2

(5.68)

In the above, we defined the Fermi-Dirac distribution as
n F (ε) ≡

e βε

1
,
+1
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and we used the fact that n F (−ε) = 1 − n F (ε).
As mentioned before, we are considering spatial variations of the superconducting gap function, which occur at length scales much bigger than the coherence length ξ, which is in turn much larger than the
length scale associated with the inverse Fermi momentum. Thus, we
can expand the expression in Eq. (5.68) for small momenta q, using
the Fermi velocity vF
εck+q ≈ εc (k) + h̄vF · q.

(5.69)

Next, writing the momentum sum as an integral, and noting that the
single particle dispersion is symmetric, we obtain
χpair (q, 0) ≈

Z

d2 k 1 − 2n F (εck ) − ∂2ε n F (εck )(h̄v F · k)2
.
2εck
(2π )2

(5.70)

Lastly, we separate the q dependent and independent components of
the pair correlation function, and use the following two identities
Z

d2 q ( q · v )2 f ( q ) =
Z

dε

v2
2

Z

d2 qq2 f (q),

Z

d2 k
(2π )2

→ν

Z

∂2ε n F (ε)
4c0
7ζ (3) 1
≡
=
2
2
ε
2π (k B T )
( k B T )2

dε

(5.71)
(5.72)

where ζ is the Riemann Zeta function, to obtain
χpair (0, q) = χpair (0, 0) − c

νv2F 2 2
h̄ q
k B T2

(5.73)

For the rest of the chapter, we define the parameter m∗ describing the
current response of the superconductor
p

¯ cc ]
tr[ Gc ∆cc Gch ∆

≡−
ω n =0

h̄2
2m∗

∑ q2 |(∆c )q |2 ,

(5.74)

q

where ∆c ≡ ∆cc . Fourier transforming back to real space, we find that
the gradient term for the gap function projected to the conduction
band has the form
cc
Fgrad
=
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h̄2
|∇∆c ( R)|2 ,
2m∗

(5.75)
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where the derivative is with respect to the center-of-mass position
R of the Cooper pair. Crucially, the contribution to the free energy
due to the terms other than the first term in Eq. (5.62) are negligible
p/h
because the Green’s function of the valence band Gv (ωn , k) for k ≈
k F results in a denominator of the order of δ + 2µ, which is much
larger than the magnitude of the superconducting gap ∆. Neglecting
the contribution of the terms involving Gv to the gradient term in the
GL free energy is equivalent to the projection of the system to the
conduction band Fermi surface.
The orbital current contribution to the GL free energy
We are now in a position to calculate the contribution of a slowly varying rotation of the Cooper pairs’ relative momentum to the GL free
energy. Then by varying the free energy with respect to an external
electromagnetic field Ae.m. , we can find the expression for the supercurrents. In the following, we neglect the variations of the magnitude
of the superconducting gap ∆( R), but only concentrate on the spatial
variations its overall phase. In particular, we consider the following
three sources
1. Coupling of the charged Cooper pairs to a spatially varying
electromagnetic vector field Ae.m.
2. Variations in the U (1) phase of the superconducting gap function ∆( R)
3. Rotations of the Cooper pairs relative coordinate (as discussed
in Section 5.2.1).
It is also important to note that due to the phase rigidity of the superconductor, the contributions from all three sources need to result in
an overall phase that is single-valued with respect to all R. Moreover,
both the U (1) phase of the superconductor, as well as the relative orientation ϕ( R) of the Cooper pairs should be single-valued functions
of R.
Each of the above contributions changes the overall phase of the superconducting gap function with a different coefficient. As we have
discussed in Section 5.2.1, a slow rotation of the Cooper pairs’ relative
orientation ϕ( R) leads to the parametrization
∆( R) = ∆ei(l0 +

ϕB
π ) ϕ( R)

.

(5.76)
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On the other hand, the coupling to a spatially varying vector potential
results in
∆( R) = ∆e−i2eA( R) ,

(5.77)

and lastly, a U (1) phase which depends R, gives
∆( R) = ∆eiθ ( R) .

(5.78)

Taking all these sources into account, the gradient contribution to the
GL free energy density is
Fgrad =

h̄2 nc
2m∗




e
ϕ 
− 2 Ae.m. ( R) + ∇θ ( R) + l0 + B ∇ ϕk ( R)
h̄
π

2
,
(5.79)

where nc ≡ |∆|2 is the density of Cooper pairs. In the above expression, we omit the kF dependence of the Berry flux for simplicity,
assuming that the superconducting gap is small. Lastly, taking the
variation of the free energy with respect to Ae.m. , we find that the
expression for supercurrent including the effect of a variation in the
relative orientation of the Cooper pair as


δF
h̄2 nc
e
ϕB
Js =
= ∗ − 2 Ae.m. ( R) + ∇θ ( R) + (l0 +
)∇ ϕk ( R) .
δAe.m.
m
h̄
π
(5.80)
While the first and the second term in the above expression can be
attributed to the charge and mass currents in a conventional superconductor, respectively, the third term is attributed to the orbital currents and contains the effect of the Berry flux enclosed by the Fermi
surface. We note that because the normal state has a rotationally
symmetric (isotropic) Fermi surface, the energy associated with the
orbital currents goes to zero for configurations where the wavelength
of the variation is taken to infinity.

5.2.3

Meissner effect and Vortices in weakly interacting Dirac
Superconductors

Using the GL free energy derived in the previous section, we can
proceed to show the one of the most fundamental characteristics of
a superconductor: repulsion of magnetic fields (i.e., Meissner effect).
120

5.2. Ginzburg Landau Theory and supercurrents
Moreover, the expulsion of magnetic fields play a crucial role in the
quantization of magnetic flux in superconductors. In what follows,
we are going to continue to neglect the fluctuations in the magnitude
of the gap function ∆( R). Although this assumption is not strictly
valid for 2D superconductors, the Meissner effect is seen also in thin
superconducting slabs, albeit its effectiveness is reduced with slab
thickness [151]. This section follows closely the treatment in [150].
In order to derive the Meissner effect, we consider the following action which describes both the coupling of the superconductor to electromagnetic vector potential Ae.m. , as well as the fluctuations of the
electromagnetic field. We work in the classical approximation, where
the dependence on τ is frozen
β
S[Θ, Ae.m. ] =
2

Z

dR

2



nc
m∗



2e
∇Θ − Ae.m.
h̄





+ (∇ × Ae.m. ) .
(5.81)

In the above action, we put together the contributions from the variations in the U (1) field and the relative orientation ϕ together in the
field Θ. Since the action in Eq. (5.81) is quadratic in the the Θ field,
we can carry out the integration that will give us the effective action
for the electromagnetic vector potential alone. Variations of this effective action then gives us the decay of the magnetic fields inside of a
superconductor.
The integration over the Θ field can be carried out in the momentum
space, where the action in Eq. (5.81) becomes
β
S[Θ, Ae.m. ] =
2

−

∑
q



nc
[ Θ q q2 Θ − q
m∗

4ei
Θq q · Ae.m. (−q) +
h̄



2e
h̄

2

Ae.m. (q) · Ae.m. (−q)]

+ [q × Ae.m. (−q)] . [q × Ae.m. (q)] .
(5.82)

Then, Gaussian integration gives the effective action of the electro121
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magnetic field
Seff [Ae.m. ] =

+

β
2

∑
q

nc
m



2e
h̄

2
Ae.m. (q) · Ae.m. (−q)


[q · Ae.m. (q)][q · Ae.m. (−q)]
.
q2

(5.83)

Lastly, splitting Ae.m. into its longitudinal and transverse components
with respect to q using


q(q · Ae.m. )
q(q · Ae.m. )
||
⊥
Ae.m. = Ae.m. −
+
≡ Ae.m.
+ Ae.m. ,
q2
q2
such that we can write down the action only for the physical compo⊥ . As
nents such as the magnetic field B = iq × Ae.m. (q) = iq × Ae.m.
||

a result, in the Coulomb gauge Ae.m. = 0 we find that the following
effective action of the electromagnetic vector potential
!
 
β
nc 2e 2
⊥
2
⊥
⊥
Seff [Ae.m. ] = ∑
+ q Ae.m
· Ae.m
.
(5.84)
2 q
m h̄
The most important result that stems from this action is that the
transverse component of the electromagnetic vector potential is now
gapped by the presence of a density of Cooper pairs. In a sense, one
can say that the photons have acquires mass [152] as it is screened
by the fluctuations in Θ. Consequently, the correlations of the electromagnetic field have now acquired a finite range, called the London
penetration length λ L . That is, the effects of the electromagnetic field
in one location r does not effect the physics in another location r0 if
the distance between the points is much larger than λ L . To further
⊥ ], with respect to A⊥ ,
demonstrate this, we vary the action Seff [Ae.m.
e.m
and transform back to real space
!
 
nc 2e 2
2
⊥
− ∇ Ae.m
= 0.
(5.85)
m h̄
Taking the curl of the above equation, we obtain the London equation
[141]
!
 
nc 2e 2
− ∇2 B( R) = 0,
(5.86)
m h̄
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whose solutions decay in space with the decay constant
λL .

q

nc
m

2e
h̄



≡

The screening mechanism which we have described above has important consequences for magnetic-field-induced vortices in a superconductor. Consider the situation where a slab of superconductor experiences an in-plane magnetic field. A vortex solution is the ground
state for such a configuration for a certain type of superconductors
(type ll) [141], where the energetic cost of repulsing the external magnetic field is larger than the energetic cost to create a vortex (i.e.,
λ L  ξ). The vortex configuration lets the external magnetic field
to pierce through the superconductor (see Fig. 5.3), but due to the
Meissner effect, the magnetic field still decays with the λ L away from
the vortex core, until it vanishes for distance l  λ L .

Figure 5.3: The illustration of the configuration of the superconducting gap function
ϕ
which stabilizes a vortex with fractional magnetic flux quantum Φ0 πB . The singlevaluedness of the gap function is satisfied only if the relative coordinate of the Cooper
pairs rotate by a multiple q of 2π around the vortex. Such a configuration realizes an
adiabatic evolution of the gap function as a function of the center-of-mass position.
The Berry flux acquired by the gap function contributes to the overall phase of the
superconductor, modifying the conventional fluxoid quantization.

What does the decay of the external magnetic field inside a superconductor entail about the configuration of the superconducting gap
function ∆( R) away from the vortex core? In order to understand this,
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we add the B2 term to the gradient term of the Ginzburg Landau free
energy Eq. (5.79). Varying the the free energy with respect to the vector potential, and taking the curl, we now obtain the second London
equation [141]
 
nc 2e −2
2
−∇ B = −
B = ∇ × Js
m h̄
 
m 2e −2
2
∇ × Js = −λ−
→B=−
(5.87)
L ∇ × Js .,
nc h̄
where for the first equality, we used Eq. (5.86). Intuitively, second
London equation states that for a superconductor, the magnetic field
serves as a source of rotating screening currents, making the superconductor a perfect diamagnet.
In the context of vortices, the second London equation entails that
away from the vortex core, where the magnetic field vanishes, the
supercurrents are irrotational
I
C

dl · Js = 0,

(5.88)

where C denotes a path around the vortex core, and we assumed that
the distance between any point on C and the vortex core is much
larger than the effective London penetration length [151, 153] of the
2D superconductor.
That the Eq. (5.88) leads to the quantization of the magnetic field flux
through the core of the vortex can be understood by noting the singlevaluedness of the U (1) phase of the superconductor, as well as the
relative orientation ϕ of the Cooper pairs. Inserting (5.80)H into (5.88),
we find the minimum value of the magnetic flux Φv ≡ C dl · Ae.m.
the vortex can accommodate
Φv =

2πh̄
[ p + (l0 + ϕB /π )q] ,
2e

(5.89)

where p, q ∈ Z denote the winding numbers of the U (1) phase and
the orientation angle ϕ of the Cooper pairs along the contour, respectively. The minimal magnetic flux Φmin enclosed by the vortex core in
a superconductor on a band with non-trivial Berry curvature is given
by setting q = 1 and p = −l0 :
Φmin =
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h
ϕ /π ≡ Φ0 ϕB /π.
2e B

(5.90)

5.3. Conclusion
Given that 2ϕB can be interpreted as the geometric Berry phase acquired by the Cooper pair wavefunction as the orientation of the pair
is adiabatically rotated by 2π, the configuration with q = 1 corresponds to a vortex with fractional flux quantum Φmin that is stable
due the screening of the electromagnetic field by the geometric phase
[see Fig. 5.3 (a)].

5.3

Conclusion

In conclusion, we have demonstrated a direct relation between a nontrivial single-particle Berry phase enclosed by an isotropic Fermi surface and the modification of the fluxoid quantization in the associated BCS superconductor. To this end, we have demonstrated how
the Berry curvature of the single-particle states is inherited by the
Cooper pairs of a BCS superconductor, leading to a fractional relative
angular momentum expectation value of the Cooper pairs. When the
relative coordinate of the Cooper pairs rotate in a spatially dependent way, the superconducting gap function acquires a phase which
comes into dynamics in the same way as the variations of the U (1)
phase of the gap function, and can screen an external magnetic field.
The constraint that the relative orientation of the Cooper pairs is a
single-valued function with respect to the center-of-mass coordinate
of the superconducting gap function, results in vortices which can
enclose an unconventional amount of magnetic flux. Specifically, the
magnetic flux enclosed by the vortices can be tuned by tuning the
chemical potential and can take values which are a fraction of the
conventional flux quantum. Lastly, we emphasize that our approach
based on the second quantized operators in combination with the
variational ans atze provides a powerful tool to study the effects due
to the single-particle geometry in many-body response characteristics
in a non-perturbative fashion.
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Chapter 6

Conclusions and Outlook

This thesis can be considered as a sum of two parts. The first part
was mostly concerned with the quantum optics experiments and their
theoretical descriptions, while the second part was concerned with
the condensed matter systems and the effects that emerge from a
non-trivial band geometry in superconductors.
The first two chapters argued that a new generation of two-dimensional
(2D) semiconductors called transitions metal dichalcogenides (TMD)
provide an exciting platform for non-linear quantum optics experiments. The most important feature of the TMD’s is that their lowest
energy excitations, called excitons, exhibit very strong coupling to the
electromagnetic radiation. In particular, the radiative decay rates of
excitons is an order of magnitude stronger than their counterparts in
conventional III - V semiconductor heterostructures. Moreover, when
the TMD monolayers are encapsulated in other another 2D semiconductor, hexagonal BN2 , the detrimental effect of disorder can be substantially reduced, resulting in a nearly ideal optical material. We
demonstrated both theoretically and experimentally that even a single TMD monolayer can act as a near perfect mirror at frequencies
near its excitonic resonance.
While in this thesis we have discussed the experimental scenarios that
involve a single TMD monolayer, it is also possible to create layered
materials with multiple monolayers to realized systems with interesting properties. In this respect the analogy that we have established
between a TMD monolayer embedded in 3D radiation modes and a
zero-dimensional (OD) emitter coupled to one-dimensional (1D) radi127
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ation modes can be of great interest. Especially, using the formalism
presented in Chapter 3, one can consider the layered structure as an
array of emitters in a 1D geometry, and investigate the spatial arrangements of the layers which will yield narrow features in the transmission spectrum. In particular, it may be possible to create collective
modes of multiple monolayers which have a long radiative lifetime
as well as protection from the disorder induced decay mechanisms
as was discussed in Chapter 2. The narrow features of such layered
structures may then be good candidates for sources of non-classical
light.
Moreover, interesting in-plane dispersion relations can in principle
be realized when the monolayers are separated by much a distance
much larger than the wavelength of the excitonic transition. To see
why, we note that the analysis we provide in Chapter 3 predicts
that the dissipative and dispersive contribution to the interactions
between any two emitters is going to be determined by the propagation phase of resonant light between the two emitters. As a result,
we expect periodic features in the in-plane dispersion relation whose
periodicity is determined by the excitonic transition frequency and
the distance between the two monolayers. Lastly, we note that due to
the non-trivial Berry curvature associated with the valley degrees of
freedom, TMD monolayers are interesting candidates for single-atomthick polarization-dependent optical elements.
In Chapter 4, we investigated a method for enhancing the interactions
between atoms and light using a non-linear cavity mode. On the
other hand, such an enhancement does not need to be implemented
between an optical cavity and emitters embedded inside it, but whenever we can couple an atom to a non-linear oscillator degree of freedom, such as lattice phonons, plasmons, or phononic excitations of an
excitonic condensate, which was discussed in Chapter 2. In particular,
the squeezed excitations of an interacting excitonic condensate can
serve as a multi-mode analog to the single mode setup that we have
considered in this thesis. By coupling emitters to such an excitonic
condensate, we may be able to induce strong interactions between the
emitters to realize correlated many-body states. In this many-mode
setting, it may be possible to further control the spatial dependence of
interactions by engineering the dispersion of the excitonic degrees of
freedom using photonic crystal structures [111]. Moreover, given the
fragility of the proposed scheme to dissipation, it is highly desired
to study different non-linear cavity setups, in a hope to find a more
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robust scheme for enhancing atom-photon interactions.
The results presented in Chapter 5 are perhaps the most exciting
ones in this thesis. In particular, the combined use of variational
ansätze and the second quantized position operators allows one to
investigate the many-particle cousins of the single particle phenomena arising from a non-trivial Berry curvature. Importantly, the variational ansätze allows one to approach interacting many-body systems which cannot be treated under perturbation theory. Thus, for
instance, systems where interactions lead to exotic bound states, such
as excitons and polarons [82] are easily approachable with the toolset
developed in Chapter 5. Another interesting avenue of research is
the investigation of the Berry phase effects in many-body systems
where the excitations of the interacting system do not have a continuous symmetry, unlike the rotationally symmetric Cooper pairs in
Chapter 5. Lastly, the second quantized formalism can be extended
to Berry curvature effects not only on the position operators, but also
functions of the position operators involving terms higher order in
the position operator. For instance, we can extend the formalism in
Chapter 5 to include the effects of the Berry phase on the quadrupole
and octupole moments.
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Patrick Back, Sina Zeytinoğlu, Aroosa Ijaz, Martin Kroner, Ataç
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Sina Zeytinoğlu, Ataç Imamoğlu, Sebastian Huber, “Tunable flux
vortices in 2D Dirac Superconductors”, in preparation
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