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Abstract
The solution of the many-electron Schrödinger equation in quantum chemistry is
a hard problem for classical computing in the sense that the complexity of the
solution scales exponentially with the number of electrons considered. On the
other hand, the simulation of electronic structure problems has become one of
the most promising candidates to demonstrate quantum advantage in the near
term quantum computing. However, the effect of environmental noise and qubit/gate errors impose important limitations to the simulations of quantum chemistry
problems, which are still mainly confined to proof of principle demonstrations.
Therefore, until fault-tolerant quantum computers with a large number of qubits
become available the need to design ‘robust’ algorithms that can provide a form of
quantum advantage in near-term error-prone quantum hardware is of paramount
importance.
The main target of this thesis is the design of algorithms for the solution of
problems in quantum chemistry that will be effective in the so called noisy intermediate quantum computers (NISQ), both for analog and digital quantum computations. To this end, we focused on methods for the optimization of the fermionic
Hamiltonian and its mapping in the qubit space as well as for the enhancement of
the sampling efficiency in the Hilbert space of all molecular wavefunctions with a
defined number of electrons.
One of the main drawbacks that prevents from an efficient solution of electronic
structure problems in analog-type quantum computers (AQC) is the implementation of the many-electron interaction terms. Currently, AQCs allow only for
2-body interaction terms and thus any physical Hamiltonian needs first to be approximately decomposed into series of 2-local terms in order to be mapped to the
hardware. This approximation step requires the introduction of auxiliary qubits
in an enlarged Hilbert space. State-of-the-art solutions developed so far generate a series of coupling coefficients which are magnitude larger than the ones in
the original Hamiltonian making their implementation in quantum hardware very
impractical. In this thesis we propose an optimization scheme that allows the
decomposition of any many-body Hamiltonian into 2-local interactions without
introducing significant complexity and keeping the size of the coupling coefficients
iii

within a controllable range.
In the digital quantum computing (DQC), or gate model computation, the solution of electronic structure problems in the quantum chemistry is currently based
on hybrid quantum/classical algorithms, where the computationally expensive part
of measuring the expectation value of the quantum mechanical observables is done
in a quantum circuit, whereas the classical optimization and the post-processing
of the result is assigned to a classical computer through a feedback mechanism.
This scheme named hybrid variational quantum eigensolver (VQE) consists of
three main parts: the translation of the system Hamiltonian in the qubit space,
the parametrization of the ansatz (trial wavefunction) and the optimization of
the variational parameters in classical computer. In this thesis we propose new
schemes to efficiently map the original electronic structure Hamiltonian in the
particle-hole representation of the molecular Hamiltonian in second quantization.
We also examine new trial wavefunctions (Ansätze) tuned to best match the physical properties of the selected systems. In particular, we designed strategies for
the optimization of the Hilbert space sampling, for instance introducing particleconserving bias potentials as well as specifically tuned particle-conserving exchange
gates available in current hardware architectures. We also estimate the resource
requirements for different molecules and demonstrate the efficiency of our algorithm for the calculation of the ground state properties of several one-, two- and
three-atomic molecules, as well as of molecular hydrogen on a two-bit quantum
computer. Our study provides clear indications about the future hardware requirements to perform quantum computer calculations of larger molecules (with 10-100
electrons) and highlights the potential scalability issues of these quantum/classical
algorithms.
Finally, in the last part of this work we investigate the performance of this
algorithm of the ground state wave function of a Fermi-Hubbard model Hamiltonian in a triangular lattice. This study helped to shed new light on the level of
entanglement needed to optimally converge to the ground state energy of fermionic
systems providing new strategies for the selection of the most effective quantum
circuits.
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Zussamenfassung
Die Lösung von viel-elektronen Schrödinger Gleichungen in der Quantum Chemie
ist ein schwieriges Problem für klassische Computer im dem Sinne, dass die Komplexität der Lösung exponentiell mit der Anzahl der Elektronen skaliert. Andererseits ist die Simulation von elektronischen Strukturen einer der vielversprechendsten Kandidaten, um die Überlegenheit von Quantencomputern zu demonstrieren.
Dennoch limitiert zurzeit das Rauschen und die Fehlern der Quantum Computer
die Simulationen in der Quantenchemie auf einfache Probleme. Bis fehlertoleranten Quantencomputer mit einer grossen Anzahl von Qubits zur Verfügung stehen,
besteht die Notwendigkeit Algorithmen zu entwickeln, welche in der Lage sind auf
fehleranfälliger Quantenhardware eine Quantenüberlegenheit zu zeigen. In dieser
Arbeit konzentrieren wir uns auf das Design von Algorithmen, die in den so genannten noisy intermediate quantum computers (NISQ) nützlich sein werden, sowohl für analoge als auch für digitale Quantenberechnungen. Um dies zu erreichen
konzentrieren wir uns auf Methoden zur Optimierung des fernionischen Hamiltonians und sein Mapping in den Qubitraum, sowie die Verbesserung der Absuche
des Hilberraums aller molekularen Wellenfunktionen mit einer bestimmten Anzahl
Elektronen.
Eins der grössten Probleme für analoge Quantencomputer, welches eine effiziente Lösung des Elektronen Struktur Problems verhindert, ist die Implementierung der viel-elektronen interaktionen Terme. Zurzeit erlauben AQCs nur 2Körperinteraktionen und somit muss jeder physikalische Hamiltonian durch eine
Reihe von 2-lokalen Hamiltonien approximiert werden, damit er auf die Hardware
geladen werden kann. Dieser Annäherungsschritt basiert auf der Einführung von
Ancillas in einem erweiterten Hilbertraum. Derzeitige Stand der Technik Lösungen
erzeugen eine Reihe von Kopplungskoeffizienten, welche sich in Grössenordnungen
unterscheiden, dies macht die eigentliche Umsetzung auf einen Quantencomputer
sehr schwierig. In dieser Arbeit präsentieren wir ein numerisches Schema, das
die Vereinfachung des viel-körper Hamiltonians zu 2-lokale Interaktionen vollzieht,
wobei die Kopplungskoeffizienten in der selbe Grössenordnung gehalten werden.
Für digitale Quantencomputer und Gate Model Computation basiert die Lösung von Elektronen Struktur Problemen derzeit auf hybride Quanten-/Klassische
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Algorithmen. In dieser Klasse von Algorithmen wird der rechenintensive Teil,
das Messen eines Erwartungswertes von Operatoren von einem Quantencomputer
(durch einen parametrisierten Ansatz) durchgeführt, während für die klassische
Optimierung und Nachbearbeitung der Ausgabe ein klassischer Computer über
einen Rückkopplungsmechanismus gebraucht wird. Ein solches Schema, welches
auch hybrid variational quantum eigensolver (VQE) genannt wird besteht aus drei
Teilen, die Generierung des Hamiltonian im Qubit Raum, die Parametrisierung
des Ansatzes (Trial Wavefunction) und die Optimierung der Parameter in einem
klassische Computer. In dieser Arbeit präsentieren wir eine neue effiziente Transformation des Elektronen Struktur Hamiltonians in das Partikel-Loch Bild des
molekularen Hamiltonians in zweiter Quantisierung. Zusätzlich untersuchen wir
neue Trial Wavefunctions Ansätze, die auf die physikalischen Eigenschaften des
jeweiligen Systems zugeschnitten sind. Insbesondere haben wir Strategien zur Optimierung der Absuche des Hilbert-Raums entwickelt, z.B. die Einführung von
teilchenerhaltenden Bias-Potenziale, sowie speziell abgestimmte teilchenerhaltenden exchange gates welche in aktuellen Hardware-Architekturen bereits verfügbar
sind. Wir schätzen den Ressourcenbedarf für verschiedene Moleküle und zeigten
die Effizienz unseres Algorithmus bei der Berechnung der grundzustands Eigenschaften von mehreren ein-, zwei- und drei- atomigen Molekülen, sowie bei der
Berechnung von molekularem Wasserstoff auf einem zwei qubit quantum Computer. Unsere Studie zeigt die Ansprüche an zukünftige Quantenhardware um
Quantencomputer-Berechnungen von grösserer Moleküle (mit 10-100 Elektronen)
durchzuführen und hebt die potenziellen Skalierbarkeitsprobleme dieser quantum/klassischen Algorithmen hervor.
Schließlich, im letzten Teil dieser Arbeit untersuchen wir die Performanz dieses
Algorithmus für den Grundzustand der Wellefunktion eines Fermi-Hubbard-Modell
Hamiltonians in einem dreieckigen Gitter. Diese Studie lieferte neues Erkenntnisse
über den Grad der Verschränkung, welcher notwendig ist, um die Energie der
fermionischen Systeme optimal in den Grundzustand zu überführen, und führte
zu neue Strategien für die Auswahl der effektivsten Quantenschaltungen.
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Epigraph
῞Απαντα δὲ τὰ μικτὰ σώματα, ὅσα περὶ τὸν τοῦ μέσου τόπον ἐστίν, ἐξ ἁπάντων σύγκειται τῶν
ἁπλῶν. Γῆ μὲν γὰρ ἐνυπάρχει πᾶσι διὰ τὸ ἕκαστον εἶναι μάλιστα καὶ πλεῖστον ἐν τῷ οἰκείῳ
τόπῳ, ὕδωρ δὲ διὰ τὸ δεῖν μὲν ὁρίζεσθαι τὸ σύνθετον, μόνον δ΄ εἶναι τῶν ἁπλῶν εὐόριστον
τὸ [335α] ὕδωρ, ἔτι δὲ καὶ τὴν γῆν ἄνευ τοῦ ὑγροῦ μὴ δύνασθαι συμμένειν, ἀλλὰ τοῦτ΄ εἶναι
τὸ συνέχον· εἰ γὰρ ἐξαιρεθείη τελέως ἐξ αὐτῆς τὸ ὑγρόν, διαπίπτοι ἄν. Γῆ μὲν οὖν καὶ
ὕδωρ διὰ ταύτας ἐνυπάρχει τὰς αἰτίας, ἀὴρ δὲ καὶ πῦρ, ὅτι ἐναντία ἐστὶ γῇ καὶ ὕδατι· γῆ
μὲν γὰρ ἀέρι, ὕδωρ δὲ πυρὶ ἐναντίον ἐστίν, ὡς ἐνδέχεται οὐσίαν οὐσίᾳ ἐναντίαν εἶναι. ᾿Επεὶ
οὖν αἱ γενέσεις ἐκ τῶν ἐναντίων εἰσίν, ἐνυπάρχει δὲ θάτερα ἄκρα τῶν ἐναντίων, ἀνάγκη καὶ
θάτερον ἐνυπάρχειν, ὥστ΄ ἐν ἅπαντι τῷ συνθέτῳ πάντα τὰ ἁπλᾶ ἐνέσται. Μαρτυρεῖν δ΄ ἔοικε
καὶ ἡ τροφὴ ἑκάστων· ἅπαντα μὲν γὰρ τρέφεται τοῖς αὐτοῖς ἐξ ὧνπέρ ἐστιν, ἅπαντα δὲ πλείοσι
τρέφεται. Καὶ γὰρ ἅπερ ἂν δόξειεν ἑνὶ μόνῳ τρέφεσθαι, τῷ ὕδατι τὰ φυτά, πλείοσι τρέφεται·
μέμικται γὰρ τῷ ὕδατι γῆ· διὸ καὶ οἱ γεωργοὶ πειρῶνται μίξαντες ἄρδειν. ᾿Επεὶ δ΄ ἐστὶν ἡ μὲν
τροφὴ τῆς ὕλης, τὸ δὲ τρεφόμενον συνειλημμένον τῇ ὕλῃ ἡ μορφὴ καὶ τὸ εἶδος, εὔλογον ἤδη
τὸ μόνον τῶν ἁπλῶν σωμάτων τρέφεσθαι τὸ πῦρ ἁπάντων ἐξ ἀλλήλων γινομένων, ὥσπερ
καὶ οἱ πρότεροι λέγουσιν· μόνον γάρ ἐστι καὶ μάλιστα τοῦ εἴδους τὸ πῦρ διὰ τὸ πεφυκέναι
φέρεσθαι πρὸς τὸν ὅρον. ῞Εκαστον δὲ πέφυκεν εἰς τὴν ἑαυτοῦ χώραν φέρεσθαι· ἡ δὲ μορφὴ
καὶ τὸ εἶδος ἁπάντων ἐν τοῖς ὅροις. ῞Οτι μὲν οὖν ἅπαντα τὰ σώματα ἐξ ἁπάντων συνέστηκε
τῶν ἁπλῶν, εἴρηται.

Αριστοτέλης, Περί Γενέσεως και Φθοράς, 2, Κεφ. 8
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All the compound bodies–all of which exist in the region belonging to the central
body–are composed of all the ‘simple’ bodies. For they all contain Earth because every
‘simple’ body is to be found specially and most abundantly in its own place. And they
all contain Water because (a) the compound must possess a definite outline and Water,
alone of the ‘simple’ bodies, is readily adaptable in shape: moreover (b) Earth has no
power of cohesion without the moist. On the contrary, the moist is what holds it together;
for it would fall to pieces if the moist were eliminated from it completely. They contain
Earth and Water, then, for the reasons we have given: and they contain Air and Fire,
because these are contrary to Earth and Water (Earth being contrary to Air and Water
to Fire, in so far as one Substance can be ‘contrary’ to another). Now all compounds
presuppose in their coming-to-be constituents which are contrary to one another: and in
all compounds there is contained one set of the contrasted extremes. Hence the other
set must be contained in them also, so that every compound will include all the ‘simple’
bodies. Additional evidence seems to be furnished by the food each compound takes.
For all of them are fed by substances which are the same as their constituents, and all of
them are fed by more substances than one. Indeed, even the plants, though it might be
thought they are fed by one substance only, viz. by Water, are fed by more than one: for
Earth has been mixed with the Water. That is why farmers too endeavor to mix before
watering. Although food is akin to the matter, that which is fed is the ‘figure’–i.e. the
‘form’ taken along with the matter. This fact enables us to understand why, whereas all
the ‘simple’ bodies come-to-be out of one another, Fire is the only one of them which (as
our predecessors also assert) ‘is fed’. For Fire alone-or more than all the rest-is akin to
the ‘form’ because it tends by nature to be borne towards the limit. Now each of them
naturally tends to be borne towards its own place; but the ‘figure’–i.e. the ‘form’–Of
them all is at the limits. Thus we have explained that all the compound bodies are
composed of all the ‘simple’ bodies.

Aristotle, On Generation and Corruption, Book 2, Chapter 8
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Chapter 1
Introduction
In 1981 in one of the most famous talks of Prof. Feyman, he proposed to use quantum
devices to simulate quantum systems. The classical computers would presumably slow
down exponentially when simulating quantum phenomena, whereas a quantum computer
has the potential to counter this problem, where with the term universal quantum computer, we are referring to a fully controllable device build using the currently available
technology.
In general quantum computers are meant to solve so called classically hard problems.
For this reason a new class of complexity problems has been described in literature. This
complexity class is not only based on the traditional complexity theory, but is founded for
the purpose to describe problems of fundamental laws of quantum physics. Namely, there
are proofs in literature [9, 10] showing that there are efficient schemes for the preparation
of highly entangled states in a quantum device. These states have properties well above
the properties of classical states, allowing the sampling of probability distributions with
high correlations that cannot be efficiently sampled with a classical device.
One the best know applications that falls in the class of problems that can be solved
efficiently with a universal quantum computer is the factoring of an integer number to its
prime factors. The algorithm in which the solution of this problem is based on is Shor’s
algorithm [11]. This can be the basis to prove that quantum computers can serve as useful
machines that can surpass classical machines by solving classically intractable problems
for applications with obvious impact in the scientific and non-scientific word. There is a
plethora of other quantum based algorithms that outperform the classical counterparts
(e.g. Grover’s search algorithm, HHL algorithm [12, 13]) for different applications, rising
the hope that when a universal quantum computer will be made, it will be able to
demonstrate the usefulness of the vast Hilbert space of a quantum mechanical system.
Another sign that a quantum computer can differentiate from any other existing
computing paradigms is the lack of any classical algorithms that are able to simulate a
quantum algorithm efficiently. High performance computing simulations of many qubit
systems [14, 15] have demonstrated the limits of simulation for classical computers. Still
there is no persuasive approach that one day we will be able to demonstrate simulations
of quantum computing systems with arbitrary number of qubits. This is a sign that the
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power of a quantum computer when fully exploited will go beyond any classical capabilities even from the most efficiently generated and highly optimised classical schemes.
Even schemes based on reasonable assumptions/approximations (e.g. quantum chemistry
codes) will most probably be outperformed in the upcoming years with the development
of quantum computers.
One the existing obstacles for current hardware is the presence of noise and hardware
errors. If we want to store and process information in a quantum system this system
should be perfectly isolated from the outside word. This would lead to a system that can
fulfil the sole purpose of storing and processing information, but we would never be able
to control it and access it in order to solve any problem. The interaction of the system
with the environment is the main reason for generation of noise, via some decay and
dephasing processes and also some random possible errors that may occur when driving
a quantum system towards a desired operation.
A good aspect is that these errors can be corrected [16], with suitable coding methods
that can go against the effects of decoherence. In this way we can detect and correct
for errors happening within the operational regime of a quantum computer and create
so called logical qubits that are error protected. Even with the most advanced error
correction schemes we will not be able to really observe the nature of quantum mechanics
but we will be able to efficiently encode it and use it for processing information [17].
In order to encode this error correction codes in qubit systems the number of qubits
should be significantly greater than even the largest currently available quantum devices.
The simplest logical qubits proposed in literature require counts of qubits in the order of
100 physical qubits per logical qubit. The exact number is depended on the connectivity
and the physical properties of the system (single qubit errors, gate fidelities etc), but the
qubit counts remains in the same order (or becomes greater). This is an indication that
current hardware needs to be extended towards increased number of qubits and at the
same time better qubits and better gates.
Most of the currently available qubit platforms are based on superconducting qubits,
quantum dots, optical lattices, photons, nuclear spins and topological systems. In principle any two-level quantum mechanical system would be a good candidate for the creation
of a qubit, whereas multilevel systems can be used under the assumption that higher
states can be fully decoupled from the lower two states. All these platforms are transferring information and allowing for quantum operations using the lower two quantum
states (namely |0i and |1i), operating in temperatures of the order of mK.
There is extensive research and literature regarding the fabrication and operation
of qubits and this is one of the greatest challenges in terms of hardware for quantum
computers. The important point is that there is a clear demonstration that quantum
hardware can be constructed and there is existing hope that we will be able to have
many qubit platform in the not-so-distant future, making the need of more and more
efficient algorithms greater.
To this extend the development of algorithms and the use of a quantum computer
can be classified within an analog and a digital framework. The current state of the
art propositions of analog approaches are quantum simulation, quantum annealing and
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adiabatic quantum computation, whereas for the digital model the use of (logical) qubits
as computation units is considered.
Analog approaches are hampered by the need of encoding the problem Hamiltonian
directly in the hardware. Qubit systems are allowing for only two local interactions
(or interactions that only two qubits are involved). Thus we need to decompose any
Hamiltonian to a sum of terms with locality less or equal than 2, before encoding it
in the hardware. In order to perform this operation scalable methodologies based on
perturbation theory in an enlarged Hilbert space have been proposed in the literature.
These methodologies, namely perturbative Hamiltonian gadgets (PHGs), are based on
the use of auxiliary qubits (ancillas) in order to generate an enlarged space that the
ground state properties can approximate the properties of the initial space up to an
error  with the use of perturbation theory. In this way we can encode any k-local in
a 2-local Hamiltonian in an enlarged space that has the same ground state properties
up to an approximation. This encoding of any non-local Hamiltonian in qubits with
the introduction of ancillas for every local term introduces coupling terms with different
interaction strengths. This coupling coefficients are spread in energetic levels with orders
of magnitude difference making the implementation in real quantum devices impossible.
Extended description of the perturbative hamiltonian gadgets is provided in chapter 4
and further literature can be found in [51–53]. In this thesis we are interested into finding
efficient schemes for the reduction of k-local terms into to 2-local terms and we propose
an efficient scheme based on an optimisation routine that allows for coupling terms in
the same order of magnitude without increase in the qubit resources required.
Digital approaches require the use of logical qubits for the generation of a wavefunction that could solve any problem of interest. Currently available hardware architectures
do not allow for implementation of fault tolerant logical qubits, due to the number of
available physical qubits. For this reason the use of physical qubits in synergy with classical algorithms is the state of the art application of a digital quantum computer. The
so called hybrid quantum/classical algorithms have demonstrated significant impact in
many fields like quantum finance, quantum machine learning, quantum optimisation and
of course quantum chemistry that is the main topic of this thesis.
The most known hybrid quantum/classical algorithm is the variational quantum
eigensolver algorithm (VQE). In the framework of the VQE the hard computational part
of generating a trial wavefunction and calculating the expectation value of a quantum
mechanical observable is given to quantum processor (QPU), whereas the parameters of
the trial wavefunction are optimised using a classical computer (CPU). The first important aspect of VQE is the generation of the trial wavefunction. The current approach
for this generation is either using techniques based on traditional quantum chemistry
methods (e.g. unitary coupled cluster) or use new quantum native algorithms. In both
cases the ansatz is parametrised via qubit rotations (either in the single qubit or two
qubit operations) and the goal is the search of the Hilbert in the most efficient way by
varying these parameters. To make the search more efficient the specific properties of
the system need to be encoded and only the part of the Hilbert space relevant to the
problem should be explored (f.e. in a molecular system with know properties only the
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part of Fock space representing the right number of electrons is of interest and should
be explored). The second part of the VQE algorithm is the evaluation of the fermionic
Hamiltonian in the qubit space where the fermion to qubit transformation is of critical
importance for the number of measurements required to construct the expectation value
of the operator. A more detailed analysis of the VQE algorithm can be found and in
particular for chemistry in the following subsection 1.1 and for a more general purpose
in chapter 3, where the theoretical aspects rallied to this work are discussed. Details
regarding the implementation of the VQE and technical aspects about the generation
of the trial wavefunction are also highlighted in chapters 5 and 6. Numerous references
can be found in literature but the most major ones can be found in [47, 56, 58–62].
In this work we explore the possibilities of creating efficient trial wavefunctions both
in the traditional and the quantum native way and propose the transformation of the
fermionic Hamiltonian in the particle/hole picture allowing for fewer circuit evaluations
of the quantum circuit.
In general, the ultimate goal is a universal fault-tolerant quantum computer that runs
arbitrary algorithms much faster than a classical computer either in an analog or a digital
way. However, millions of physical qubits and high-fidelity gate operations are required
to implement a universal fault-tolerant quantum computer, a system that currently is
not available. For the purpose of providing a NISQ framework to work with quantum
chemistry problems this thesis is based on the solution of problems related to quantum
chemistry in the near future quantum devices.

1.1

Quantum Chemistry in a quantum computer

Quantum devices with a couple of hundred physical qubits with limited or no error
correction are likely to become available in the near future. With it comes the question
how to exploit these devices for useful calculations. In this thesis, we discuss how the
variational quantum eigensolver can be run on near-term quantum devices to tackle
optimisation problems that are exponentially hard on classical computers.
We differentiate between two types of optimisation problems. The first kind is quantum optimisation problems, such as finding the ground state of a complex molecule or
the simulation of its dynamics. In these problems, optimisation typically involves minimization of the total energy as described by the energy expectation value of a non-trivial
Hamiltonian as a function of some molecular parameters, such as interatomic distances.
The second kind is classical optimisation problems which can usually be mapped onto
a relatively simple Ising-type Hamiltonian. In both cases, exponential scaling of the required computational resources with the problem size can make the problems hard to
solve or even in-tractable on classical computers.
Quantum computers operate on Hilbert space, which grows exponentially as 2N with
the number of qubits N . By using this vast state space with the help quantum entanglement, we can boost the efficiency in finding the right solution with exponential
speedup [13, 18–21]. A more careful analysis shows, however, that the speed-up for classical optimisation problems is in many cases rather modest [22–24]. In contrast, one can
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benefit from quantum speed-up in problems that are directly related to the quantummechanical description of nature itself. A prominent example, that also consists as the
main topic of this thesis, is finding the many-electron wavefunction of a molecular system.
Classical computers fail to solve such problems exactly for more than a few tens of electrons because of the exponential increase of Hilbert space with the number of electrons.
The simulation of the electronic structure of molecular and condensed matter systems
is a challenging computational task as the cost of resources increases exponentially with
the number of electrons when accurate solutions are required. The large state space of a
quantum computer can be used to simulate a chemical system and calculate its properties, including correlations and reaction rates, once the challenge of efficiently mapping
the fermionic problem to the available qubit hardware is overcome.
In fact, on a quantum device the natural way is to solve the chemical system in second
quantization [20, 21, 25–50] formulated in terms of fermionic annihilation and creation
operators. Because of the different statistics there is no direct one-to-one mapping:
each fermion operator must be represented by a string of qubit operators, which induces
long-range qubit-qubit correlations in the system and places demanding requirements on
the connectivity and the number of gates. Evaluating the Pauli operators of the qubit
Hamiltonian allows to find the ground state of the system.
The approach to tackle this problem can be either from the adiabatic quantum computation model or the digital quantum computation. The first requires efficient encoding of
the solution to the lowest eigenstate of the Hamiltonian that supports universal adiabatic
quantum computation. The main obstacle in the current implementation of hardware
for adiabatic quantum computation is the support of only at most two-body (so called
two-local) interactions. This restriction in hardware implementations requires efficient
schemes for approximating the many-body Hamiltonian with good accuracy with only
two-local interactions. State of the art approaches, namely Perturbative Hamiltonian
Gadgets(PHGs) described in [51–53], consist a solution to this problem. In exchange
for the locality reduction, auxiliary qubits that span the Hilbert space are introduced,
increasing the complexity of the experimental implementation.
Another important aspect related to the PHGs is the required spectral gap between
the physical subspace encoding the solution of the system Hamiltonian and the subspace
introduced by the ancillas. The required spectral gap in order to reduce the approximation error is many order of magnitudes making experimental implementation of such
schemes prohibitive in current hardware. Approaches to simulate quantum chemistry
problems via adiabatic simulations in two qubit system [54, 55], indicate that when the
locality problem will be resolved the implementation in hardware will be possible.
The simulation of the quantum evolution of chemical systems in a gate based computation requires decomposition into discrete time steps and accordingly long gate sequences [20, 29, 56]. Various algorithms for quantum simulation have been designed
to that end, e.g. the quantum phase estimation [57]. With these algorithms the challenges for practical applications lie in the efficient mapping of the electronic Hamiltonian
onto the quantum computer and in the required number of quantum gates that remains
prohibitive on current and near-term quantum hardware [35] without quantum error cor-
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rection schemes [16]. The gate errors and decoherence restrict the number of sequential
gate operations that can be performed while keeping a meaningful, coherent quantum
state. Moreover, connectivity between qubits is limited by the physical routing of the
wires on a qubit chip. This is why a new class of hybrid classical quantum algorithms,
called the variational quantum eigensolver (VQE) [47, 56, 58–66], holds a lot of prospects
for near-term quantum-computing systems (see Fig. 1.1).

Figure 1.1: Schematic of a hybrid quantum classical computing architecture.
On the other hand, variational quantum eigensolver (VQE) methods [60, 67] can
produce accurate results with a modest number of gates [49] using for instance algorithms with low circuit depth [50] and do not require a direct mapping of the electronic
Hamiltonian onto the hardware.
In quantum chemistry the variational quantum eigensolver is used to calculate ground
states [47, 56, 58–62] of chemical systems. Recently, the molecular ground state energy of
hydrogen and helium have been computed via VQE in proof of concept experiments using
NMR quantum simulators [26, 68, 69], photonic architectures [60] or nitrogen-vacancy
centers in diamond [70]. Although very accurate energy estimates are obtained, quantum
simulation of larger systems remains an intractable problem on these platforms because
of the difficulties arising in scaling them up to more than a few qubits. For this reason
trapped ions [71–74] and superconducting qubits [75–77] have become promising candidates to carry out VQE-based quantum simulations in particular for quantum chemistry
applications. For instance, the ground state energies of molecules like H2 [56, 78, 79], LiH
and BeH2 [78], as well as the energy spectrum of the four eigenstates of H2 [48, 79], have
already been measured on general purpose superconducting qubit platforms. In these
experiments, a heuristic approach based on gates already available in hardware, such as
C-Phase, CNOT or bSWAP, is employed. However, computing larger molecules with
more orbitals in the active computational space becomes impractical with this method.
Without further constraints, the dimension of the Hilbert space accessed via the parameterized gate sequences in the VQE grows exponentially with the number of required
qubits N . The probability to reach the wanted ground state decreases accordingly. It
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is, thus, important to use a set of entangling gates that matches the specifics of the
problem [49]. For quantum chemistry calculation, each qubit typically represents the
population of an electronic orbital [80, 81]. Since the number of electrons ne for a given
molecular system or a chemical reaction is constant, the total number of qubit excitations
is also constant. Exchange-type interactions, which preserve the number of excitations
on the qubit processor are, therefore, better suited than other two-qubit gates to compute molecular eigenstates [48, 49, 82]. In fact, using only excitation-preserving gates
constrains the accessible
state space to a subspace of the full 2N -dimensional Hilbert

N
space: only the ne -dimensional manifold with ne electrons is explored in VQE. Such
a reduced search space is beneficial for both the construction of a reduced molecular
Hamiltonian [67] as well as for the expansion of the trial wavefunction [49].
The same variational quantum eigensolver can be applied to other physical systems in
condensed matter such as the Fermi-Hubbard model [19, 32, 83–86] and spin systems [87–
90].
Although hybrid algorithms are inherently robust against certain errors as shown
in [49, 63, 91], they are not resilient against decoherence and gate errors, which may lead
to inaccurate estimates of the expectation values. Currently available error-correction
schemes, such as those based on surface codes [16], require a significant number of qubits,
rendering quantum simulations of practical systems challenging in the near future. Still,
novel schemes that do not require ancillas or code qubits can help mitigate induced errors,
enabling longer and bigger quantum computations. Such error mitigation schemes [92, 93]
need to be developed further and tested to improve accuracy without the full overhead
of error-correction codes for universal quantum computing.
This thesis is structured as follows: The basic theory concepts and a summary of
quantum chemistry techniques used in a quantum computer are highlighted in Chapter 3. A general reduction scheme for the reduction of k- to 2-local terms for adiabatic
quantum computing is discussed in the Chapter 4. Following, different aspects of the
application of hybrid quantum/classical algorithms are evaluated. Efficient trial wave
function generators and the particle/hole symmetry in the fermionic Hamiltonian are
described in Chapter 5. In Chapter 6 we perform a numerical study and an evaluation of the entanglement requirements for a quantum native scheme used to parametrize
the wavefunctions for hybrid quantum/classical algorithms. The last Chapter 7 gives a
general overview of the applications of quantum chemistry on a quantum computer and
provides insights on future ideas and applications for near term quantum devices.
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Chapter 2
Quantum Chemistry in a Nutshell
In this chapter we present the basic concepts of quantum chemistry used throughout this
thesis.
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2.1

Electronic Structure Calculation

Computational quantum chemistry is about the calculation of the atomic and molecular
electronic structure in chemical systems. This is obtained through the solution of the
Schrödinger equation associated to the corresponding molecular Hamiltonian for fixed
nuclear positions. In most cases, the molecular Schrödinger equation is solved within
a given basis set composed by localized (atom centered) Gaussian functions (note that
other functional forms are possible like for instance Slater-type orbitals or plane-waves.
However, in this work we will focus on Gaussian-type basis functions). In practice, the
basis set is not complete and therefore it does not span the full Hilbert space associated to the system. However, this approach enables the representation of the molecular
Hamiltonian in the so-called second quantized formulation, which is very convenient for
quantum computing. For more information about molecular basis sets and second quantized formalism we refer to the specialized literature [94].

2.2

The molecular Hamiltonian in first-quantization
within the Born-Oppenheimer approximation

In this thesis we deal with the molecular non-relativistic Schrödinger equation within the
Born-Oppenheimer approximation. The Schrödinger equation is (we use atomic units:
~ = 1, melec = 1, eelec = 1)
Ĥmol (R, r)Ψmol (R, r) = E(R, P) Ψmol (R, P, r, p)

(2.1)

where r = (r1 , r2 , . . . , rNel ) are the electronic collective coordinates and R = (R1 , R2 , . . . , RNnu )
the nuclear collective coordinates. Further,
◦ E is the energy of the system.

◦ Ψmol is the function of the positions of all the electrons and nuclei (no spin dependence).
◦ Hmol is the molecular Hamiltonian composed of the kinetic energy terms of electrons and nuclei, and the interaction (Coulomb) energy between electrons and
nuclei.
For a system of nuclei and electrons with no external fields (neglecting magnetic and
spin interactions)
X
X
1 X 1 2 1 X 2 X ZI ZJ
ZI
1
Ĥmol = −
∇I −
∇n +
−
+
(2.2)
2
MI
2 n
|RI − RJ |
|RI − rn | n<m |rm − rn |
I

I<J

In

where the indices I, J run over the nuclear positions and the indices n, m over the electrons. In the Born-Oppenheimer approximation we neglect some of the coupling terms
between the electrons and nuclei so that we can simplify the molecular wavefunction and
Hamiltonian as
Ψmol (R, r) = Ψnucl (R) Ψelec (r; R)
(2.3)
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and
Ĥmol = T̂nucl (P, R) + Ĥelec (p, r; R)

(2.4)

which ignores the dependence of Ĥelec on the nuclear momenta. In this way, one can now
solve the molecular Schrödinger equation for the electrons treating the nuclear positions
as fixed parameters (indicated by (; R)). The energy of the system will therefore become
a function of the nuclear positions, E(R), defined as
Ĥelec (p, r; R)Ψelec (r; R) = E(R) Ψelec (r; R)

(2.5)

The collection of all possible energies E(R) for the different nuclear positions R defines
the potential energy surface, V (R) of the system.
The transformation of the electronic Schrödinger equation in second quantization is
presented together with the corresponding mapping to the qubit space in Chapter 3.

2.3
2.3.1

The many-electron wavefunction and the Slater
determinant
Simplified Notation for the Hamiltonian

The Hartree-Fock (HF) theory is based on the assumption that the many-electron wavefunction of the system can be described by a single Slater determinant made of oneelectron molecular orbitals. Before doing that, we further simplify the notation by introducing the following one- and two-electrons operators:
X
1
ZI
ĥ(i) = − ∇2i −
2
|ri − RI |

(2.6)

v̂(i, j) =

(2.7)

I

1
|ri − rj |

The electronic Hamiltonian becomes
X
X
Ĥel =
ĥ(i) +
v̂(i, j) + VN N
i

(2.8)

i<j

Since VN N is just a constant for the fixed set of nuclear coordinates {R}, it doesn’t
affect the electronic wavefunctions but only shifts the corresponding eigenvalues by a fix
amount.

2.3.2

The Hartree-Fock Energy Expression

The starting point in the Hartree-Fock theory is the assumption that the electronic
wavefunction can be approximated by the anti-symmetric wavefunction given by the
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so-called Slater determinant

1
|φm1 (r1 )φm2 (r2 ) . . . φmN (rN )| = √
N!

φm1 (r1 ) φm2 (r1 ) · · · φmN (r1 )
φm1 (r2 ) φm2 (r2 ) · · · φmN (r2 )
.
.
.
.
.
.
.
.
.
.
.
.
φm1 (rN ) φm2 (rN ) · · · φmN (rN )

expressed in a to-be-specified set of one-electron molecular orbitals basis {φ1 (r1 ), . . . , φNel (rNel )}.
The corresponding energy expression will then become
EHF = hΨ|Ĥel |Ψi.

(2.9)

with Ψ = Ψ(r1 , r2 , . . . , rN ) given by Eq. 2.3.2.
Inserting this Ansatz for the many-electron wavefunction in the Schrödinger equation
one finally gets
X
1X
EHF =
hi|h|ii +
[ii|jj] − [ij|ji],
(2.10)
2
i

ij

where the one electron integral is (xi = (ri , si )) 1
Z
hi|h|ji = dx1 φ∗i (x1 )h(r1 )φj (x1 )
and a two-electron integral (Chemists’ notation) is
Z
1
[ij|kl] = dx1 dx2 φ∗i (x1 )φj (x1 ) φ∗k (x2 )φl (x2 ).
r12

(2.11)

(2.12)

In the case of Gaussian-type basis functions all above integrals can be computed efficiently
(analytically) using classical computers.

2.3.3

The Hartree-Fock Equations

The HF molecular orbitals entering the definition of the HF Slater determinant are
obtained through a minimization procedure applied to the HF energy in Eq. (2.10) under
the constraint that the orbitals integrate to one electron.
This optimization can be accomplished using the Lagrange’s method with the functional L defined as
X
L[{φi }] = EHF [{φi }] −
ij (hi|ji − δij )
(2.13)
ij

where ij are the undetermined Lagrange multipliers and hi|ji is the orbital overlap
integral
Z
hi|ji = φ∗i (x)φj (x)dx.
(2.14)
1

R

dxi =

P

s∈{α,β}

R

dri
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Setting δL = 0 one obtains the Hartree-Fock equations defining the orbitals

X Z
2 −1
h(x1 )φi (x1 ) +
dx2 |φj (x2 )| r12 φi (x1 )−

(2.15)

j6=i

−

X Z

−1
dx2 φ∗j (x2 )φi (x2 )r12


φj (x1 ) = i φi (x1 ),

(2.16)

j6=i

where i is the energy eigenvalues associated to orbital φi .
After some rearrangement one arrives at the Hartree-Fock self consistent equations
f ({φ(x)})φi (x) = i φi (x).

(2.17)

where f ({φ(x)}) is the Fock operator
f ({φ(x)}) = h(x) +

X
j

Jj (x) − Kj (x).

(2.18)

composed by the Coulomb term
Jj (x1 ) =

Z

−1
,
dx2 |φj (x2 )|2 r12

(2.19)

and the exchange term
Kj (x1 ) φi (x1 ) =

Z



−1
φi (x2 )
dx2 φ∗j (x2 )r12

φj (x1 ) .

(2.20)

Note that the solution of the Hartee-Fock equations requires a self-consistent procedure
since the resulting Hartree-Fock orbitals enter the definition of the Fock-operator itself.

2.3.4

Matrix representation of the Hartree-Fock equation

The Hartree-Fock equations can be reformulated as a self-consistent eigenvalue problem
with the introduction of a basis set (in our case of Gaussian-type orbitals {χµ }) leading
to
K
X
φi (x) =
Dµi χµ (x)
(2.21)
µ=1

for each spin orbital i. This leads to
X
X
f (x)
Dνi χν (x) = i
Dνi χν (x).
ν

(2.22)

ν

Multiplying by χµ (x) and integrating over x yields
Z
Z
X
X
Dνi dxχ∗µ (x)f (x)χν (x) = i
Dνi dxχ∗µ (x)χν (x) ,
ν

ν
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2.4 The Post Hartree-Fock expansions
which can be further simplified introducing the matrix elements
Z
Sµν =
dx1 χ∗µ (x1 )χν (x1 ),
Z
Fµν =
dx1 χ∗µ (x1 )f (x1 )χν (x1 ).

(2.25)

Finally the Hartree-Fock-Roothaan equations can be written in matrix form as
X
X
Sµν Dνi
Fµν Dνi = i

(2.26)

(2.24)

ν

ν

or simply
FD = SD

(2.27)

where  is a diagonal matrix of the orbital energies i . The HF orbitals are ordered
according to their energies i and the Nel lower ones are used to construct the ground
state HF wavefunction using eq. (2.3.2).

2.4

The Post Hartree-Fock expansions

The scope of all post Hartee-Fock methods is to improve the HF solution by increasing
the space of all possible many-electron wavefunction from a single Slater determinant
(in Hartree-Fock theory) to a set of (in principle infinite) Slater determinants. In the
construction of the new wavefunction we will make use of ‘excited’ Slater determinants
in which both occupied HF orbitals (i.e., with indices i ≤ Nel ) as well as virtual (or
unoccupied) HF orbitals (i.e, with indices i > Nel ) are used.
The most general solution of the eigenvalue equation
ĤΨj (r; R) = Ej Ψj (r; R)

(2.28)

can be given as a linear combination of wavefunctions that belong to a complete basis
set of Nel -wavefunctions {Φi },
M
X
|Ψj i =
cij |Φi i
(2.29)
i=1

The Nel -electron basis functions |Φi i can be written as substitutions or “excitations”
from the HF reference determinant, as
X
X
X
rs
rst
|Ψi = c0 |Φ0 i +
cra |Φra i +
crs
crst
(2.30)
ab |Φab i +
abc |Φabc i + . . .
ra

a<b,r<s

r<s<t,a<b<c

where |Φra i means the Slater determinant formed by replacing orbital a in |Φ0 i with
orbital r, etc. Every N -electron Slater determinant can be described by the set of N
orbitals from which it is formed, and this set of orbital occupancies is often referred to
as a configuration.
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The energy associated to the many-electron ground state wavefunction |Ψi in Eq. (2.30)
is lower than the corresponding HF energy EHF and the difference is called correlation
energy,
Ecorr = EΨ − EHF
(2.31)
where EΨ = hΨ|Ĥ|Ψi.
The main drawback of the expansion in Eq. (2.30) is the scaling of the number of
terms as a function of the number of electrons in the system. The full Configuration
Interaction (CI) approach that includes all possible excited configurations for a given
basis set scales exponentially with Nel and therefore it cannot be applied to systems with
more than few electrons (in the order of 10).
Other systematic expansions have beed developed to speed-up the convergence of
the series in Eq. (2.30). The Coupled Cluster (CC) method introduce in Chapter 3 and
mapped to qubit space in Chapter 5 is nowadays considered one of the most successful
and accurate methods in quantum chemistry with a scaling that ranges from (Nel6 ) (when
only doubly excited Slater determinats are considered) to (Nel7 ) and more when higher
excitations are included.
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Chapter 3
Quantum Chemistry in a Quantum
Computer
Adapted from ref. [67]. Quantum optimization using variational algorithms on near-term
quantum devices, N. Moll, P. Kl. Barkoutsos, L. Bishop, J. M. Chow, A. Cross, D. J.
Egger, S. Filipp, A. Fuhrer, J. M. Gambetta, M. Ganzhorn, A. Kandala, A. Mezzacapo,
P. Müller, W. Riess, G. Salis, J. Smolin, I. Tavernelli and K. Temme, Quantum Science
and Technology, 3, 3 (2018).

In this chapter we analyze the basic concepts for simulating quantum chemistry in a
quantum computer. We analyze the different components of quantum algorithms and we
argue on the applications of this algorithms in near term quantum computers.
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3.1

Exploring Hilbert space for quantum chemistry simulations

To exploit near-term quantum devices, applications and algorithms have to be tailored
to current quantum hardware with only tens or hundreds of qubits and without full
quantum error correction. One main constraint is the limited quantum volume that
restricts the depth of meaningful quantum circuits. Still, a small-scale quantum computer
with hundred qubits can process quantum states that cannot even be stored in any
classical memory. A natural way to make use of this quantum advantage is via a hybrid
quantum-classical architecture: A quantum co-processor prepares multi-qubit quantum
states |Ψ(θ)i parametrized by control parameters θ. The subsequent measurement of a
cost function Eq (θ) = hΨ(θ)|Hq |Ψ(θ)i, typically the energy of a problem Hamiltonian
Hq , serves a classical computer to find new values θ in order to minimize Eq (θ) and find
the ground-state energy
Eqmin = min (hΨ(θ)|Hq |Ψ(θ)i) .
θ

(3.1)

This variational quantum eigensolver approach to Hamiltonian-problem solving has been
recently applied in different contexts [56, 60, 63, 78, 95, 96]. In fact, the Hamiltonian
Hq can take many forms, the only requirement being that it can be mapped to a system
of interacting qubits with a non-exponentially increasing number of terms. Here we
evaluate Hamiltonians that describe fermionic condensed-matter or molecular system
(Section 3.2).
In detail, the variational quantum eigensolver method consists of four main steps as
shown in Figure 3.1. First, on the quantum processor a tentative variational eigenstate,
a trial state, |Ψ(θ)i is generated by a sequence of gates parameterized by a set of control
parameters θ. In the ideal case, this trial state depends on a small number of classical
parameters θ, whereas the set of gates is chosen to efficiently explore Hilbert space.
In particular, the class of states forming the solution to the minimization problem in
Eq. (3.1) has to lie within the set of possible trial states. Suitable gate sets which
provide a good approximation to the wanted target state, which minimizes the cost
function, have been found for both classical optimization problems [64] and quantum
chemistry problems (see also Section 3.2). Aside from these considerations, it is also
essential that hardware constraints be taken into account. As not all gates are directly
realizable in hardware, decomposing them into those available in the quantum hardware
adds extra overhead in circuit depth. An alternative is, therefore, to use a heuristic
approach based on gates that are readily available in hardware [78] as discussed below.
Second, once the trial state has been prepared and the expectation value of the
problem Hamiltonian Hq is determined. The problem Hamiltonian can be decomposed
αN
into Pauli strings Pα = σ1α1 ⊗ σ2α2 ⊗ . . . σN
with single-qubit Pauli operators σij ∈
{1, σix , σiy , σiz } and the identity operator 1,
X
Hq =
hα Pα .
(3.2)
α
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fermionic problem

qubit Hamiltonian

classical cost function

prepare trial state
optimize

adjust parameters

measure expectation values

quantum

classical

calculate energy

solution

Figure 3.1: Variational quantum eigensolver method. The trial states, which depend on a few classical parameters θ, are created on the quantum device and used
for measuring the expectation values needed. These are combined on a classical computer to calculate the energy Eq (θ), i.e. the cost function, and find new
parameters θ to minimize it. The new θ parameters are then fed back into the algorithm. The parameters θ ∗ of the solution are obtained when the minimal energy
is reached.
N denotes the number of qubits. To determine the expectation value of each Pauli operator in Pα , each single qubit’s population is measured repeatedly for a given number of
experiments with identical trial state preparation |Ψ(θ)i. This corresponds to measuring
σjz for each qubit; other Pauli operators can be determined by applying a pre-rotation
on the qubit before the measurement that effectively rotates the measurement axis. To
determine the expectation value of the Pauli strings, the measurement outcomes are
multiplied for each run of the experiment and then averaged.
P
In a third step, the cost function Eq (θ) = hΨ(θ)|Hq |Ψ(θ)i =
hα hΨ(θ)|Pα |Ψ(θ)i is
α

calculated by summing up the expectation values of Pα with corresponding coefficients
hα .
Finally, the value of Eq (θ) is minimized as a function of the parameters θ. A classical optimization algorithm processes Eq (θ) and provides new parameters θ. For each
parameter set, a new set of gates for trial state preparation has to be loaded onto the
quantum processor. As this requires rather time-consuming re-programming of the quantum hardware, it is important that only a minimal number of queries should be made
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to the quantum processor. Moreover, the calculated expectation values will be noisy
because of the limited sampling statistics of the qubit state. Therefore, classical robust
optimizers have to used that can handle the noise on the measured expectation values
and scale favorably with the number of parameters as described in Section 3.3. The procedure ends when the minimum of Eq (θ) in Eq. (3.1) is reached within a given accuracy
and the optimal parameters θ ∗ are found.

3.2

Quantum chemistry with qubits

To demonstrate the potential of a quantum processor with limited quantum volume, one
needs to consider quantum algorithms that provide a large scaling advantage compared
with their classical counterparts. The solution of the electronic structure problem in
quantum chemistry belongs to this class: Because of the exponential scaling of the problem, it is impossible to find an exact solution to the Schrödinger equation of systems
with more than a few tens of electrons on a classical computer. Several approximations
have been introduced to access the properties of large-scale systems with more than 1000
electrons on high-performance computers. The aim is to reach the required accuracy
for chemical energies (∼ 50 meV). One approach is to approximate the many-electron
Hamiltonian itself using, for example, density-functional theory [97]. There, the original
system of interacting electrons is replaced by a fictitious one of non-interacting electrons
moving in a modified external potential that allows, at least in principle, the original
exact solution to be recovered.
An alternative approach starts from the exact Hamiltonian and attempts to find
suitable approximations for the system wavefunction in the many-electron Hilbert space.
This calculation can, in principle, be performed either within the first or the second
quantization formalism. In first quantization, all spatial integrals have to evaluated on
the quantum computer. For this reason, approaches based on second quantization are
more suited for first-generation quantum devices. In this case, all spatial integrals are
evaluated beforehand on a classical computer, whereas the sampling of the Hilbert space
is performed in the orbital configuration space spanned by molecular Slater determinants.
This approach maps naturally to the variational method described above (Section 3.1).
It starts from the one-electron basis states that are obtained by solving the Hartree-Fock
equation. These Hartree-Fock orbitals are then used to construct an anti-symmetrized
product wavefunction, the Slater determinant, which is used as a starting point for a
perturbative expansion. In this expansion a controlled series of excited configurations is
added until a sufficiently accurate approximation of the ground state is found.

3.2.1

Mapping fermions to qubits

The electronic Hamiltonian in second quantization is given by
X
X
HF =
tij a†i aj +
uijkl a†i a†k al aj ,
ij

ijkl
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where the operators a†i and ai create and annihilate electrons in the i-th orbital. The parameters tij and uijkl describe the one- and two-electron interactions and can be efficiently
computed classically as the overlap integrals of the orbitals in the basis set [98]. The
two-electron term scales at most with the number of orbitals to the fourth power [21, 99]
and does not grow exponentially, which would prohibit efficient computation even on a
quantum computer.
Because ai and a†i , unlike the Pauli spin operators, follow fermionic commutation
rules {ai , aj } = 0, {a†i , a†j } = 0, {ai , a†j } = δij , a direct implementation of Eq. (4.1) on a
qubit-based quantum processor is not feasible without a mapping from fermionic to Pauli
operators. The fermionic nature of electrons implies that many-electron wavefunctions
must be anti-symmetric with respect to particle exchange. This is reflected in the way
fermionic creation and annhilation operators act on state vectors:
a†i |f0 , . . . , fi−1 , fi , fi+1 , . . . , fn i

= δfi ,0 pi |f0 , . . . , fi−1 , 1, fi+1 , . . . , fn i

ai |f0 , . . . , fi−1 , fi , fi+1 , . . . , fn i = δfi ,1 pi |f0 , . . . , fi−1 , 0, fi+1 , . . . , fn i.

(3.4)
(3.5)

Pi−1

Here pi = (−1) k=0 fk denotes the parity and fi ∈ {0, 1} the occupation number of the
(†)
fermionic orbital i. The naive replacement of the fermionic operators ai by Pauli ladder
operators σi± = (σ x ±iσ y )/2 does, however, not reproduce Eqs. (3.5) because σi± describe
distinguishable particles with no special symmetries.
A variety of mappings have been developed that guarantee that the fermion statistics
are captured on a system of qubits [100–102]. Among those, the Jordan-Wigner mapping
[80] is particularly intuitive: It is based on a one-to-one mapping of fermionic to qubit
occupations, i.e. the occupancy information is stored locally. To take into account the
parity information pi in Eqs. (3.5), fermionic operators are translated as
a†i → 1⊗i−1 ⊗ σ − ⊗ (σ z )⊗N −i
⊗i−1

ai → 1

+

z ⊗N −i

⊗ σ ⊗ (σ )

,

(3.6)
(3.7)

where N is the total number of qubits considered. It is obvious that calculating the parity
when acting on qubit i requires the knowledge of all state occupations j < i, which is
accomplished by the σ z terms in Eq. (3.7). However, this introduces a non-locality in
the mapping and, when inserted into the Hamiltonian in Eq. (4.1), gives rise to long
sequences of σ z operators intercalating between σ ± operators of length k, known as klocal terms. This means that a fermionic wavefunction is spread out over O(N ) qubits,
posing fidelity issues in the readout process of the expectation value of the Hamiltonian.
Recent schemes for tapering off qubits in mapped fermionic Hamiltonians [102, 103],
based on fermionic symmetries, can partially alleviate the hardware requirements necessary for performing simulations of fermionic systems. These second-quantized tapering
schemes exploit symmetries in the mapped qubit Hamiltonian to reduce the simulation
space needed to host the mapped fermionic system.
The Jordan-Wigner transformation [80] consists of a local occupancy map and a
non-local, O(N ), parity function, whereas the binary-tree transformation encodes both
operations on maps that scale O(log(N )) with the number of qubits [81, 101, 102], which
is a clear advantage compared with the Jordan-Wigner transformation.
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3.2.2

Coupled cluster trial wavefunctions

Once a mapping of fermions to qubit has been chosen, suitable trial states for the VQE
have to be prepared on the quantum processor. At best, these trial states incorporate the
structure of the problem Hamiltonian and known properties of the solution state, such
as the total number N of fermions. While one could aim to find a gate set that allows
one to generate all possible excited Slater determinant configurations, which is known as
the full configuration interaction (FCI) approach, the number of states scales factorially
with the number of electrons, a clear obstacle for computing larger molecules. One
way to improve the efficiency is to use a coupled-cluster approach for creating the trial
states, which allows a systematic sampling of all relevant excited Slater determinants up
to a given excitation degree. In conventional quantum chemistry, these coupled-cluster
expansions are used as a benchmark for all other approaches.
In the unitary coupled-cluster (UCC) approach [104], which is a variational version
of the commonly used coupled-cluster method [105], the unitary operator U (θ) that is
used to generate a trial wavefunction |Ψ(θ)i from the reference state |Φi is given by
|Ψ(θ)i = U (θ)|Φi = eT (θ)−T

† (θ)

|Φi.

(3.8)

It is constructed by exponentiation of the cluster operator T (θ) defined as
X
T (θ) =
T(k) (θ)

(3.9)

k

with
T(1) (θ) =

X

θ(i) a†j ai ,
(j)

X

T(2) (θ) =

i∈occ
j∈unocc

θ(i,j) a†l a†k aj ai , ... .
(k,l)

(3.10)

i,j∈occ
l,k∈unocc

Here, the coefficients θ describes a vector of parameters that will be optimized using VQE.
A common choice for the reference state |Φi is the ground-state Slater-determinant made
up of the lowest-energy molecular orbitals obtained from the solution of the Hartree-Fock
equation.
The coefficients θ of the cluster operators are not independent and their value decreases with the order of the excitation. Therefore, this expansion is typically truncated at the double (UCCSD) or triple level (UCCSDT) of excitation without significantly reducing the accuracy. In fact, the exponentiation of the cluster operator
T (θ) introduces higher uncorrelated excitations at each level of truncation, e. g., for
T (θ) = T(1) (θ) + T(2) (θ)
T (θ)

e

= 1 + T(1) (θ) + T(2) (θ) +

2 (θ)
T(1)

2!

+ T(1) (θ)T(2) (θ) +

2 (θ)
T(2)

2!

+ ... ,

(3.11)

the expansion produced triplet and quadruple excitations in the first few terms of the expansion (fifth and sixth terms, respectively). Despite the compactness of this expansion,
the number of coefficients θ increases already in UCCSD with the number of orbitals
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Figure 3.2: Heuristic preparation of trial states for the variational quantum eigensolver based on single-qubit gates U (θ) interleaved by entangling operations Uent
as described in the text.

to the fourth power, which impacts the efficiency of the classical optimization of the
trial state |Ψ(θ)i. In practice, in the case of large molecular systems the limited achievable circuit depth in current quantum devices requires a further truncation of the series
in Eq. (3.11). Thus, while the coupled cluster method guarantees in principle an efficient convergence towards the exact ground state, its implementation in state-of-the-art
quantum computers requires further studies in terms of how different approximations
(truncations) affect the accuracy of the solution.

3.2.3

Hardware-efficient trial states suitable for near-term
quantum hardware

A much simpler approach is, therefore, the heuristic generation of the trial state with
unitary operations that are more suited to the available quantum hardware [78]. Independently of the particular problem to be solved, one may choose trial states that can
be efficiently generated in current quantum hardware and at the same time allow the
generation of highly entangled states that are close to the target state.
This approach is showcased in the examples provided in Sections 3.2.4. As shown
in Fig. 3.2, the preparation of the heuristic trial states comprises two types of quantum
gates, single-qubit Euler rotations U (θ) determined by the rotation angles θ and an
entangling drift operation Uent acting on pairs of qubits. The N -qubit trial states are
obtained by applying a sequence of D entanglers Uent alternating with the Euler rotations
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on the N qubits to the initial ground state |00 . . . 0i,
D−times

z
}|
{
D
1
|Φ(θ)i = U (θ)Uent . . . U (θ)Uent U 0 (θ)|00 . . . 0i

(3.12)

This gate sequence has a total number of p = N (3D + 2) independent angles.
To be more specific, the single-qubit operations are decomposed into
h rotations iabout
q,i
q
q
q
q
q,i
the x− and the z−axes, U (θ) = Z q,i X q,i Z q,i , with X (θj ) = exp −iθjq,i σqx /2 (and
Z q (θjq,i ),

θ1

θ3

θ2

( θ))

similarly for
Y
denoting the unitary operation acting on qubit q at the i-th
position in the gate sequences. The heuristic approach does not rely on the accurate
implementation of specific two-qubit gates and can be used with any Uent that generates
sufficient entanglement. A natural choice can be the cross-resonance gate [106, 107] as a
two-qubit gate suited for the fixed-frequency superconducting qubit architecture as used,
for example, for the IBM Q experience [77].

3.2.4

Small molecules calculated with the variational quantum eigensolver

As an application of the method described above, we present the calculation of the
ground-state energy of simple molecules such as the hydrogen molecule: The starting
point is the Hamiltonian in second quantization in Eq. (4.1) with the one-body terms,
tij , representing the kinetic energy of the electrons and the potential energy that they
experience in the presence of the nuclei,
!
Z
2
∇21 X
Zn
tij = dx1 φi (r1 ) −
+
φj (x1 ),
(3.13)
2
|r1 − Rn |
n=1

and the Coulomb repulsion terms
Z Z
uijkl =
dr1 dr2 φ∗i (r1 )φj (r1 )

1
φ∗ (r2 )φl (r2 ).
|r1 − r2 | k

(3.14)

Zn are the nuclei charges Zn (n = 1, 2), and each wavefunction φi (x1 ) orbital is a 1s
orbital centered at the one hydrogen atom. We assume that the system is in its spin
singlet state. After reduction [102] a two-qubit Hamiltonian is obtained
HH2 = f0 1 ⊗ 1 + f1 σz ⊗ σz + f2 σz ⊗ 1 + f3 1 ⊗ σz + f4 σx ⊗ σx

(3.15)

with f0 = −1.0524, f1 = 0.01128, f2 = 0.3979, f3 = 0.3979, and f4 = 0.1809. These
coefficients are calculated at the equilibrium distance of 0.74 Å using Eqs. (3.13) and
(3.14).
We evaluate the ground state of the Hamiltonian in (3.15) on an ideal quantum simulator [108] using a heuristic trial wavefunction approach (Section 3.2.3) with an increasing
number of entangling steps (one, two and four). Here, the single qubit rotations of heuristic trial wavefunctions where implemented as U i (θ) = Y (θ0i )Z(θ1i ) and the entanglement
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Figure 3.3: Quantum simulation of the hydrogen molecule on an ideal quantum
simulator. At the equilibrium geometry and no entangler block in the circuit, the
energy converges to a state with an energy that is about 50% too high. With
two or more entanglers, the exact energy is obtained. The inset shows the entire
dissociation profile for a hydrogen molecule calculated with four entangling steps.

was introduced via control phase gates [108]. Figure 3.3 shows that a single entangling
step is not sufficient to converge towards the correct energy value, whereas two or more
entanglers can reproduce the expected results within a few tens of optimization steps in
the rotation-angle space θ.
This method can be extended to larger molecules. For lithium hydride (LiH) and
beryllium dihydride (BeH2 ) the second-quantized fermionic Hamiltonian is constructed
using a minimal set of atomic orbitals [78] (labelled by the conventional hydrogenic
quantum numbers). In beryllium dihydride the basis is composed of the 1s, 2s, 2px orbitals associated to beryllium, and the 1s orbital associated to each hydrogen atom. This
results in a total of ten spin orbitals. The two innermost 1s spin orbitals of beryllium are
assumed to be completely filled. The remaining eight spin-orbitals of beryllium dihydride
are reduced to six by exploiting spin-parity symmetries [102]. Similarly, the lithium hydride is mapped onto four qubits. It is demonstrated numerically that in the absence of
noise, a number of entangling steps D = 8 and D = 28 are required to achieve chemical
accuracy for lithium hydride and beryllium dihydride, respectively, for the given experimental connectivity. However, the combined effect of decoherence and finite sampling
limits the optimal depth for optimizations on current quantum hardware to between zero
and two entanglers, which results in deviations of the simulated bond-dissociation ener-
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gies from the real values. Decreasing the effective error rates or applying error-mitigation
schemes as discussed in [109] will improve the accuracy of the simulations.

3.3

Classical robust optimizers for measured expectation values

The optimization cycle of the VQE (see Section 3.1) involves evaluation of the cost
function on a real quantum device, e. g., a superconducting quantum processor, and
adjustment of the variational parameters using classical optimization algorithms (see
Section 3.1). In the latter, several important aspects need to be considered for successful
application of the VQE.
First, the optimization could get stuck in a local minimum that would correspond
to an excited state of the system. Using a suitable optimization routine can prevent
finding such false minima. Gradient-descent methods may be combined with simulated
annealing steps or strategies that involve starting from multiple initial points. In this
context, in [61] a greedy search with multiple starting points is alternated with a Powell
search, showing good performances on Hubbard lattices of up to twelve sites.
Second, because of the limited number of samples of the Hamiltonian terms on the
quantum computer one only has access to a noisy energy (cost) value. The error in the
√
energy estimation goes as O(1/ s), with s the number of samples taken. Grouping Pauli
operators into commuting sets [63, 78] that can be measured with the same state preparation and post-rotations reduces the number of separate measurements and enables more
averages and better sampling statistics. Still, the choice of the optimizer must take into
account that the cost function is affected by stochastic fluctuations. In fact, while unitary
coupled-cluster methods and other analytical variational circuits in principle support the
use of gradient-based methods that increase the efficiency of the optimization [110], an
imperfect knowledge of the unitary gates implemented in a given quantum device and
statistical noise render gradient-based approaches less useful. Derivative-free methods,
such as Nelder-Mead and the TOMLAB method, have been tested for optimization of
the hydrogen molecule, resulting in a superior performance of the latter method in the
presence of stochastic noise [63].
Third, time overheads due to repeated sampling and the number of function evaluations to update the variational parameters will affect the performance of the optimization. In this spirit, the use of a simultaneous perturbation stochastic approximation
(SPSA) [111], used in [78] for molecular structure problems, provides both a constant
overhead in terms of the number of variational parameters and robustness with respect
to stochastic fluctuations. Extensions of the SPSA method that include approximations
to the Hessian matrix can be explored to improve the speed of the optimization in the
final steps, where estimating second derivatives helps achieve faster convergence [112].
In contrast, additional savings in time overhead in SPSA optimizations that rely on just
one evaluation of the cost function per update step [113] could further improve the performance in large-scale quantum problems where sampling is particularly difficult. While
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simultaneous perturbation methods can be very useful in the optimization of fermionic
problems, for classical problems, the ease of evaluating the cost function may favor standard gradient-descent or derivative-free routines.
Another critical aspect is the improvement of the classical control hardware for running the VQE on a quantum device: measurement of the cost function with sufficient
accuracy requires repeated sampling of the output state and thereby also repeated cycles
of qubit initialization, application of the quantum gates and qubit measurement. The
speed of the execution of the optimization can be improved on the hardware side by using
integrated active reset techniques. In the case of superconducting qubits this is true for
both qubits and resonators [114, 115]. Moreover, the costly time overhead in synthesizing
and loading control pulses onto the quantum processor for trial-state preparation can be
reduced by short-latency field-programmable gate-array-based control and measurement
architectures such that time overheads are solely related to the execution of the quantum
gates and the readout of the qubits.
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Chapter 4
A general reduction scheme for
fermionic Hamiltonians
Adapted from ref [116]. Barkoutsos, P. K., Moll, N., Staar, P. W. J., Mueller, P., Fuhrer, A.,
Filipp, S., Troyer, M. and Tavernelli, I. (2017). Fermionic Hamiltonians for quantum simulations:
a general reduction scheme, (3), 2-7.

Many-body fermionic quantum calculations performed on analog quantum computers
are restricted by the presence of k-local terms, which represent interactions among more
than two qubits. These originate from the fermion-to-qubit mapping applied to the electronic structure Hamiltonians. Current solutions to this problem rely on perturbation
theory in an enlarged Hilbert space. The main challenge associated with this technique
is that it relies on coupling constants with very different magnitudes. This prevents its
implementation in currently available architectures. In order to resolve this issue, we
present an optimization scheme that unfolds the k-local terms into a linear combination
of 2-local terms, while ensuring the conservation of all relevant physical properties of the
original Hamiltonian, with several orders of magnitude smaller variation of the coupling
constants.
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4.1

Introduction

Recent advances in the fields of quantum simulation and quantum computing are driven
by the emergence of scalable quantum computing platforms based for instance on superconducting or ion trap qubits [117–121]. This stimulated further interest for the
simulation of the electronic structure problem using these quantum devices [21, 26, 28,
29, 42, 54, 61, 110]. However, the quantum simulation of fermionic systems with current quantum hardware faces the problem of encoding fermionic Hamiltonians in a qubit
lattice that inherently follows qubit statistics. To address this issue, several fermionto-spin mappings have been developed [80, 100]. The most commonly used scheme is
the Jordan-Wigner transformation, which maps a local fermionic Hamiltonian to a local
spin Hamiltonian suitable for applications in analog quantum simulations and quantum
computing in general [80]. Such transformations introduce many-body interaction terms
(known as k-local), which cannot be implemented in the current analog quantum simulator architectures. This is a non-trivial problem that was analyzed by Kempe et. al. [51]
. A solution to this problem consists in the reduction of the k-local terms into a linear
combination of 2-local terms in an enlarged Hilbert space. The most commonly used reduction scheme is based on t he “Perturbative Hamiltonian Gadgets” (PHGs) introduced
by Kempe et. al. [51] and further extended by other research groups [52, 53, 122–124].
In PHGs auxiliary qubits (ancillas) are introduced, which add to the set of physical
qubits that describe the original Hamiltonian increasing the degrees of freedom of the
system. The spectrum of the enlarged Hilbert space (Hp ⊗ Ha ) consists of a physical
branch (Hp ) associated with the ancillas ground state separated from all other higher
lying branches (corresponding to the excited ancillae’ space, ) by an energy gap ∆,
ensuring the non-mixture between the physical and the unphysical quantum states.
This method has the advantage of being analytic, providing a way of controlling the
accuracy of the results by means of a single parameter. The main drawback is that its
accuracy can only be improved at the expense of spreading the coupling strengths of
the 2-local terms over several orders of magnitude, making these techniques unsuited for
practical implementations.
In view of this, we develop a rigorous numerical scheme that provides an accurate
reduction of fermionic Hamiltonians to 2-local qubit Hamiltonians while keeping full control of the values of the coupling strengths. This may enable the simulation of fermionic
systems in an analog quantum computer architecture with all coupling strengths situated
in an achievable magnitude range.

4.2

k-local terms

The Hamiltonian describing a many-electron system in second quantization is:
(1)

(2)

ĤF = ĤF + ĤF =

X

tij âi â†j +

ij

X
ijkl
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uijkl âi â†j âk â†l

(4.1)
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where â†i and âi are the creation and annihilation operators of an electron in the orbital i
(1)
(2)
and tij and uijkl parametrize the one- and two- electron interaction terms, ĤF and ĤF ,
respectively. For the first term of Eq. (4.1) the spin Hamiltonian obtained using the
Jordan-Wigner transformation becomes

(1)

ĤF =

i>j
X
hi,ji

+

i<j
X
hi,ji

tij (1⊗i−1 ⊗ σ̂ − ⊗ σ̂z⊗j−i−1 ⊗ σ̂ + σ̂z ⊗ 1⊗N −j−1 )
(4.2)
⊗i−1

tij (1

+

⊗ σ̂ ⊗

σ̂z⊗j−i−1

−

⊗N −j−1

⊗ σ̂ σ̂z ⊗ 1

)

where N is the total number of orbitals. A similar procedure also applies to the
(2)
interaction term ĤF . The corresponding Hamiltonian in qubit space will acquire the
form
M


X
ĤF =
ci P̂1i ⊗ P̂2i ⊗ · · · ⊗ P̂Ni
(4.3)
i=1

where ci is the coefficient of each k-local term, M it the total number of terms and N
the total number of qubits. P̂αi represents a Pauli operator, with P̂αi ∈ {σ̂x , σ̂y , σ̂z , 1} and
α ∈ N labels the position in the array of qubits. To simplify the notation, we introduce
the following contracted form of the tensor products (for α < β)
P̂αi ⊗ Pβj = 1⊗α−1 ⊗ P̂αi ⊗ 1⊗β−α−1 ⊗ P̂βj ⊗ 1⊗N −β .

(4.4)

The locality ki of every term i is defined as the number of operators that are different
from 1.
Although Hilbert space is not affected by the above transformations, the order of
many-body interaction terms increases to max{ki } for i ∈ {1, . . . , M } in Eq. (4.3). The
value of ki varies depending on the transformation scheme used and on how the qubits
are ordered and connected as it is evident from Eq. (4.2) [43, 102, 125]. For the JordanWigner transformation the locality is O(N ).

4.3

Perturbative Hamiltonian Gadgets

The ‘gadgetization’ process is a hierarchical procedure that reduces k-local terms to
2-local terms in several steps (k-local → (k-1)-local) [52, 126]. The main difficulties
associated with this approach are (i) to address simultaneously a linear combination of
k-local terms (cross-gadgets [53]) and (ii) to cope with a large spread of magnitudes
of coefficients in the 2-local gadget Hamiltonian. The latter occurs because the 2-local
interaction strength between physical qubits and ancillas grows polynomially with ∆ [54].
It is known [53, 54, 124] that for the convergence of the gadget spectrum very large values
(of the order of 106 to 108 atomic units, a.u.) of the spectral gap ∆ are required. However,
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the implementation of this large range of coupling strengths is not achievable in current
superconducting qubit circuits nor in any other known quantum computer architecture.
This work will improve on both points (i) and (ii), making the gadgetization procedure a
valid approach for the implementation of k-local Hamiltonians (with k > 2) on currently
available analog quantum computer hardware. The number of ancillas and the nature
of the required coupling terms (in the space Hp ⊗ Ha ) is chosen according to Cao et.
al. [53] since it also allows cross-gadgetization, namely the simultaneous gadgetization
of two or more k-local terms.
In order to achieve magnitude-homogeneity of the coupling strengths, we propose a
new scheme that uses embedding of Hp into a 2-local Hamiltonian in a larger Hilbert
space spanned by additional ancilla states and also uses a numerical optimization process
for the derivation of the coupling strengths. This procedure will guarantee full control
over the error (of the physical energy spectrum and the reduced density matrix) while
keeping the coupling strengths within a suitable range for practical purposes.
Recursive reduction schemes have been previously discussed in literature [53, 126,
127]. Each of the iterations requires addition of ancilla qubits with the effect of extending the Hilbert space. The last step in the reduction process therefore deals with a
Hamiltonian of the form
Ĥ3L =

M3
X
i=1



ci P̂γii (1) ⊗ P̂γii (2) ⊗ P̂γii (3)

(4.5)

where M3 is the total number of 3-local terms and γi maps the three operators to the
corresponding qubits in the sequence (using the simplified notation in Eq. (4.4)). For
this last iteration, we assume that the final number of qubits is N (among which we have
already introduced km − 3 ancillas per k-local term).
The reduction of the 3-local terms consists in calculating the set of coefficients di in
the extended space Hp ⊗ Ha with N + M3 qubits
Ĥ2L =

M2
X
i=1



di P̂ζii (1) ⊗ P̂ζii (2)

(4.6)

where ζi maps one operator into Hp and the other into Ha for each index i.
The reduction of k-local terms into series of 2-local interactions requires embedding
of the original Hamiltonian into an enlarged Hilbert space, H = Hp ⊗ Ha span by
the state vectors of the physical np -qubit Hamiltonian (∈ Hp ) and of the na -ancilla
(auxiliary qubit) Hamiltonian (∈ Ha ). The PHG approach [51–53, 122, 126, 127] allows
the generation of a gadget Hamiltonian (∈ H) of the form H̃ = Ĥ0 + V̂ with ||Ĥ0 || ∼
O(∆)  ||V̂ || ∼ O(1), such that the corresponding effective k-local Hamiltonian, Ĥeff
obtained from perturbation expansion in V̂ , shares the same low energy spectrum as
the original Hamiltonian H̃ in H. By matching the k-local Ĥeff Hamiltonian with the
k-local physical Hamiltonian (Ĥeff ≡ Ĥphys ⊗ Π̂, where Π̂ is the projector onto the
ancilla ground space) it is possible to uniquely determine the structure of the 2-local
gadget Hamiltonian H̃ in the enlarged Hilbert space H. The spectral gap ∆ controls the
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accuracy of the embedding of the Hp into the gadget Hamiltonian H̃. Ĥ0 is proportional
to ∆ and therefore guarantees an energy separation between the physical and ancilla
subspaces. Increasing ∆, the energy gap between the ground and excited ancilla spaces
increases, improving the convergence of the perturbation expansion in V̂ and therefore
the match with the physical eigenspectrum associated to the ancillas ground space.
Projecting the effective Hamiltonian, H̃ in the low energy subspace H̃− will reproduce
the spectrum of the initial system, whereas the high energy subspace H̃+ will be depended
on the value of ∆.






H+ 0
V++ V+−
H̃++ H̃+−
H=
V =
(4.7)
H̃ =
0 H−
V−+ V−−
H̃−+ H̃−−
Here we employ the terms of the Hamiltonian as used by Cao et. al. [53] for a 3-body
term of the form α(P1 ⊗ P2 ⊗ P3 ) described as
Ĥ0 = ∆(|1i h1|)u

(4.8)

V̂ = µP3 ⊗ (|1i h1|)u + (κP1 + λP2 ) ⊗ Xu +

(4.9)

+V1 + V2 + V3

V̂1 =

1
1
(κP1 + λP2 )2 − 2 (κ2 + λ2 )µP3
∆
∆
V̂2 = −

1
(κP1 + λP2 )4
∆3

V̂3 =

m
X

V̄ij

(4.9a)
(4.9b)

(4.9c)

i=1

where,

κ = sgn (a)

λ=

µ=

|a|
2

|a|
2

1

|a|
2

1

3

1
3

3

∆4
3

3

∆4

1

∆2

(4.10a)

(4.10b)

(4.10c)

Instead of calculating coefficients κ, λ and µ and fixing the coefficients of every term
of the Hamiltonian analytically, we numerically vary the coefficients of each of the above
terms.
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4.4

Locality Reduction Optimizer

In this work, instead of applying perturbation theory for the derivation of the coefficients di in Eq. (4.6) we design an optimization scheme which maps the original k-local
Hamiltonian into a 2-local Hamiltonian (Eq. (4.6)) while restricting the value of physical
observables to a desired error threshold.
The key improvement of this procedure is that it allows to map Ĥ3L (in Hp ) into Ĥ2L
(in Hp ⊗ Ha ) with arbitrary precision while keeping all coefficients of the Hamiltonian
within the same order of magnitude. In the PHG approach, the error in the spectrum
decreases linearly with an exponential increase of ∆ (and ultimately of the coefficients
di ). In contrast to this, our approach allows to reach the same accuracy solely by tuning
the value of the coefficients without increasing their spread.
We first consider the selection of terms derived in [53], which defines the maps ζi for
a subset M20 of terms in Eq. (4.6). We then complete the list of 2-local terms by adding
00
a set of additional M2 terms selected according to their relevance. This is assessed for
instance by evaluating their contribution to the cost function in an optimization with
00
(M20 + 1) 2-local terms. The inclusion of the additional M2 terms offers the possibility to
perform the optimization in a larger parameter space leading to more accurate solutions
with a better suited distribution of the coefficients di .
The cost function D is composed by the linear combination of three distances. The
first measures the average difference of low energy part of the eigenspectrum in Hp (i =
1, . . . im ) as computed with Ĥ3L and Ĥ2L , where im is the number of eigenvectors that
span Hp . The second computes the average error for the density matrix, n, associated
to the eigenspace of Hp . In Hp ⊗ Ha , the density matrix corresponding to each eigensubspace is obtained through a partial trace over Ha . Finally, the last component ensures
the existence of a sizable energy gap between the upper part of the lower energy spectrum
in Hp and the lower edge of the spectrum in Ha .
In summary, the coefficients di are obtained by minimizing the locality-reductionoptimizer (LRO) cost function
D = min [α1 C1 + α2 C2 + α3 C3 ]
{di }

C1 =

im
X
(pi − p⊗a
)2
i

(4.11a)
(4.11b)

i=0

C2 =

im
X
i=0

C3 =

min

||npi − Tra np⊗a
||
i
(ai ) −

i∈{1...2na }

max (pi )

i∈{1...2np }

(4.11c)
(4.11d)

where p stands for Hp and p ⊗ a for Hp ⊗ Ha , i are the eigenvalues and ni = |ξi ihξi | is
the density matrix associated with the ith eigenvector |ξi i. The weights α1 , α2 and α3
can be varied according to the corresponding importance of each criterion.
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Figure 4.1: Total relative error in the energy spectrum
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the target Hamiltonian (Ĥ2L ) as a function of the absolute maximum deviation
dm of the optimized di parameters, dm = maxij |di − dj | for the PHG and LRO
approaches.

As a demonstration of the accuracy of our approach, we apply the optimization
scheme to the reduction of a 3-local term of the form Ĥ3L = σˆx (1) ⊗ σˆz (2) ⊗ σˆx (3) , which
typically arises in a fermionic Hamiltonian of a 3-qubit system (Eq. (4.2)). In a first
test, we restrict the optimization to the same subspace of 2-local terms selected by PHG
approach [53], which is spanned by 9 terms with coefficients d0 to d8 (LRO-9).
The optimization is performed using the cost function in Eq. (4.11) with im = 8
corresponding to the full spectrum of Ĥtarget . All criteria were considered equally important and the weight parameters ({αi }3i=1 ) were set to 1. As starting conditions, we
used uniform distributions of coefficients: d0i = 1, d0i = 101 , d0i = 102 , d0i = 103 , and
d0i = 104 . We observe that the cost function has several deep minima separated by large
barriers that cannot be overcome by standard optimization schemes. The value of the
cost function at the different minima decreases uniformly as a function of the magnitude
of the initial parameters and saturates for values of the initial conditions in the order of
d0i = 102 . Fig. 4.1 shows the dependence of the relative error in lower part of the energy
spectrum (first 8 eigenvalues) as a function of the absolute maximum deviation dm of the
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Figure 4.2: Converged parameter sets {di }8i=0 for the 2-local terms in Eq. (4.6)
corresponding to the Ĥtarget = σ̂x(1) ⊗ σ̂z(2) ⊗ σ̂x(3) . Color code: blue, PHG coefficients according to Cao [53]; green, LRO coefficients using 9 2-local terms; red,
LRO coefficients using 10 2-local terms (that include the extra σ̂x(3) ⊗ σ̂z(4) term).
The shaded areas highlight the different parameter ranges in log-scale.
optimized di parameters, dm = maxij |di − dj |. The green dots correspond to the errors
obtained at cost function values of D = 1, 10−2 , 10−4 , 10−6 and 10−8 a.u. (Eq. (4.11b)).
Interestingly, the LRO approach can be pushed to very high accuracy (< 10−6 Hartree)
with dm values of the order of 102 .

4.5

Locality Reduction Optimizer with extra terms

The results can be further improved by adding an extra term of the form d9 (σ̂x(3) ⊗ σ̂z(4) )
in the optimization (LRO-10). This term is selected as the one with the highest impact
on each possible 2-local term of the total cost function. As expected, this additional
degree of freedom allows for a further decrease of the cost function, while the minimum
is obtained for a set of parameters {di }9i=0 contained in a narrow range about 102 . Fig. 4.2
shows the spread of the parameters di obtained using the different approaches. In general,
LRO allows for a dramatic decrease of the spread of dm , which goes from about 108 for
PHG to less than 40 for the LRO-9 approach.
To validate our results, we evaluate the density matrix n(1−4) associated with the

36

A general reduction scheme for fermionic Hamiltonians

(a)

(b)

(c)

Figure 4.3: Analysis of the density matrix. (a) LRO converged density matrix
n(1−4) of the full Hamiltonian in Hp ⊗ Ha , and (b) corresponding reduced density matrix. The difference from the exact density matrix evaluated for reference
Hamiltonian, Ĥ3L , is given in panel (c).

4-dimensional eigenspace corresponding to the lowest eigenvalue 1 = −1. Fig. 4.3
(3+1) dimensional Hilbert space H ⊗ H
shows the LRO density matrix np⊗a
p
a
(1−4) in the 2
P4
r
(Fig. 4.3(a)) together with the corresponding reduced density matrix n(1−4) = Tra i=1 np⊗a
i
(Fig. 4.3(b)). For the full converged solution, the LRO approach gives a maximum error
||np(1−4) − nr(1−4) || in the density matrix of less than 10−6 (Fig. 4.3(c)), where np(1−4) is
the reference density matrix evaluated using the 3-local target Hamiltonian, Ĥtarget .

Finally, we performed a stability analysis of the LRO solution in order to assess
the dependence of the accuracy in the physical observables (eigen-spectrum and density
matrix) on the numerical precision of the optimized parameters di . This is of particular
relevance if we think about the implementation of the transformed 2-local Hamiltonian
into a physical quantum device. In this case, it is important to know what kind of
precision for the coupling strengths is required in order to obtained a desired accuracy.
To this end, in Fig. 4.4 we monitor the dependence of the total relative error of the
reduced density matrix, n(1−4) , as a function of the variation in the parameters d1 to
d3 . We observe that a variation of 1% of the coefficients leads to about 10% error in the
density matrix. More interestingly, in order to achieve an accuracy of 10−6 for n(1−4) a
10−4 % precision in the coupling strengths, di , is required. While this level of accuracy
is easily achieved numerically, it is not yet clear if experimental implementations will be
able to reach it as well.
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Figure 4.4: Analysis of the dependence of error in the reduced density matrix
nr(1−4) on the 3 most sensitive parameters d1 , d2 and d3 .

4.6

Conclusions

In conclusion, the simulation of fermionic systems using a quantum computer requires the
transformation of the original Hamiltonian into an equivalent spin Hamiltonian. This procedure introduces k-local interaction terms among qubits, which pose a serious challenge
to their implementation in available quantum computer architectures. In this work, we
derived a numerical approach for the reduction of k-local to 2-local terms in spin Hamiltonians. The scheme is applied iteratively, reducing the k-locality in steps of 1. At each
iteration, the Hilbert space is enlarged through the addition of (at least) one additional
ancilla qubit, which allows the reduction of the k-local terms into a linear combination
of (k − 1)-local terms. The method is based on an optimization procedure (named LRO)
that selects the most relevant (k − 1)-local terms and optimizes the corresponding coefficients preserving the physical properties (eigen-spectrum and density matrix) of the
original system. In particular, we show in full details how to perform the reduction of
a 3-local term into a linear combination of 2-local term in the enlarged Hilbert space
Hp ⊗ Ha . While the PHG method leads to a spread of coupling strengths di that scales
exponentially with the prescribed inverse error threshold, our method does not have this
restriction. In fact, our optimization approach leads to parameter sets that lie within

38

A general reduction scheme for fermionic Hamiltonians
the same order of magnitude and are fully compatible with the self-interaction terms
(1-local) of the original physical Hamiltonian. Finally, the analysis of the stability of
the LRO solution reveals the level of accuracy required for the coefficients in order to be
able to successfully simulate the transformed spin Hamiltonian on a realistic quantum
computer.
Although these strict requirements can possibly be a limiting factor for application
in current analog quantum simulators, the use of the LRO scheme allows for a significant
reduction of the coefficients spread. This constitutes an important step towards future
simulations of the electronic structure problems in analog quantum approaches.
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Chapter 5
Particle-Hole Hamiltonian and
Efficient Trial Wavefunctions for
Hybrid Quantum Classical
Algorithms
Adapted from ref [49]. Barkoutsos P. K., Gonthier J. K., Sokolov I., Moll N., Salis
G., Fuhrer A., Ganzhorn M., Egger D.J., Troyer M., Mezzacapo A., Filipp S., and
Tavernelli I. (2018),Quantum algorithms for electronic structure calculations: Particlehole Hamiltonian and optimized wave-function expansions, Phys. Rev. A 98, 022322
and
ref [48]. M. Ganzhorn, D.J. Egger, Barkoutsos P. K., P. Ollitrault, G. Salis, N. Moll,
A. Fuhrer, P. Mueller, S. Woerner, I. Tavernelli and S. Filipp (2018), Gate-efficient
simulation of molecular eigenstates on a quantum computer, arXiv: 1809.05057 [quantph]
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In this chapter we investigate methods to improve the efficiency and scalability of
quantum algorithms for quantum chemistry applications. We propose a transformation
of the electronic structure Hamiltonian in the second quantization framework into the
particle-hole (p/h) picture, which offers a better starting point for the expansion of the
trial wavefunction. The state of the molecular system at study is parametrized in a way to
efficiently explore the sector of the molecular Fock space that contains the desired solution.
To evaluate the gain of this transformation we evaluate the numerical requirements for the
simulation of molecules with different trial wavefunctions. In parallel, a key requirement
to perform simulations of large quantum systems on near-term quantum hardware is the
design of quantum circuits that ca be executed within the available coherence time. To this
end, we explore several trial wavefunctions to identify the most efficient parameterization
of the molecular ground state. Taking advantage of known post-Hartree Fock quantum
chemistry approaches and heuristic Hilbert space search quantum algorithms, we propose
a new family of quantum circuits based on exchange-type gates that enable accurate calculations while keeping the gate count (i.e., the circuit depth) low. A way to stay within
the limits of coherence is to reduce the number of gates by implementing a gate set that
matches the requirements of the specific algorithm of interest directly in hardware. Here,
we show that exchange-type gates are a promising choice for simulating molecular eigenstates on near-term quantum devices since these gates preserve the number of excitations
in the system. In the last part I report on the experimental implementation of a variational algorithm on a superconducting qubit platform to compute the eigenstate energies
of molecular hydrogen. For this experiment, we utilize a parametrically driven tunable
coupler to realize exchange-type gates that are configurable in amplitude and phase on two
fixed-frequency superconducting qubits.
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5.1

Introduction

The original idea that a quantum computer can potentially solve many-body quantum
mechanical problems more efficiently than classical algorithms is due to R. Feynman
who proposed to use quantum algorithms to investigate the fundamental properties of
nature at the quantum scale [128, 129], while there are still no classical algorithms with
favourable scaling that find the ‘exact’ solution of quantum mechanical problems.
Designing quantum algorithms for quantum chemistry calculations requires reformulating the fermionic problem into qubit operators. This includes (i) the mapping of the
original electronic structure Hamiltonian into the corresponding qubit Hamiltonian; (ii)
the preparation of suitable trial wavefunctions, and (iii) the development of an optimization scheme that converges to a ground state solution compatible with the nature
of the quantum circuit. As for the mapping (i), we will work in the second quantization
formalism (SQ) of quantum mechanics. The main reason for this choice is that the degrees of freedom are encoded in the expansion coefficients of the electronic wavefunction.
This avoids the costly discretization of the physical space needed in the first quantization
(FQ) picture. The SQ approach has the clear advantage of being readily applicable to
small molecular systems using state-of-the-art quantum architectures, while methods in
FQ will require a larger number of qubits even for the simulation of small systems such
as H2 .
The SQ Hamiltonian is formulated in the Hartree-Fock (HF) basis and mapped to the
qubit space using either the Jordan-Wigner [80], the Bravyi-Kitaev or parity mapping
transformations [81, 102]. This formalism was already successfully applied to the study
of a number of small size molecular systems, from molecular Hydrogen [56, 74, 78, 79],
H2 , to Beryllium dihydrate, BeH2 [78]. While the scaling of this approach is not yet fully
understood, the complexity of the problem can be reduced by the encoding of specific
symmetries directly at the Hamiltonian level. For example, one can restrict the action
of the SQ Hamiltonian to the sector of the Fock space that corresponds to the desired
number of electrons [103] or implement symmetry constraints [102].
Using different systematic expansions of the many-electron wavefunction [67], several
quantum chemistry approaches have been proposed that can reach an arbitrary precision
for the ground state energy of the molecular Hamiltonian [50, 91, 130]. The most commonly used variational approaches are full Configuration Interaction (full CI) [131] and
Coupled Cluster (CC) [132]. However, for all these approaches the scaling as a function
of the number of degrees of freedom N (e.g., number of electrons or number of basis functions) is very unfavorable: O(N !) in full CI 1 and O(N 10 ) for the CC approach when the
expansion is truncated at the fourth order in the electronic excitation operator, named
CCSDTQ (S stands for single, D for double, T for triple and Q for quadruple excitations). At present, the CCSD(T) expansion (that includes an approximated treatment
of the triples excitations [132, 133]) with a scaling O(N 7 ) is often considered the ‘gold
1


The correct scaling will be


Nb
, where Nb is the number of basis functions and Nel is the
Nel

number of electrons.
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standard’ for quantum chemistry calculations. Energies computed at CCSD(T) level of
theory have an error that lies within the so-called chemical accuracy (errors less than
1 - 5 kcal/mol = 0.043 - 0.22 eV) for many systems (i.e., when no strong static correlation
or multi-reference character of the ground state is present [134, 135]). The exponential
scaling of Hilbert space as function of the number of qubits in quantum computers opens
up new possibilities for the calculation of accurate electronic structure properties using
quantum devices.
The trial wavefunction, can be prepared with either of two main strategies. First,
one can translate classical approaches (full CI, CC, and alike) in the qubit language by
designing circuits parametrized in the angles of single and two-qubit gates. This method
(that we name classically inspired approach, CLA) was pioneered by several research
groups worldwide [31, 110, 123] using the CC Ansatz truncated at different levels of excitations. This approach suffers from different drawbacks, e.g. the number of parameters
(gate angles) increases significantly with the number of electrons, impacting seriously the
efficiency of the parameter optimization and limiting therefore the scaling to larger systems. The second approach, named heuristic sampling [78], prepares the trial state using
single qubit rotations and hardware efficient entangler blocks that span the whole qubit
register. This heuristic approach (HEA) does not have any equivalent ‘classical’ counterpart since it was designed to exploit the unique capabilities of the quantum hardware.
In both cases (CLA and HEA trial wavefunctions), the optimization of the parameters,
point (iii), is done using a classical optimization algorithm (e.g. the Simultaneous Perturbation Stochastic Approximation (SPSA) algorithm [112]). The overall approach falls
therefore into the class of the Variational Quantum Eigensolver (VQE) algorithm, where
the exponentially hard part of the problem (the sampling of the wavefunction space)
and the calculation of the Hamiltonian expectation values are performed in the quantum
hardware, while the parameter optimization is done in a classical computer. The purpose
of this work is to develop efficient quantum algorithms for quantum chemistry calculations that require a minimal number of gate operations in order to reduce the errors in
near-term quantum device calculations.

5.2

Particle-Hole Hamiltonian

The particle-hole (p/h) representation [136] provides a better reference trial wavefunction
that improves the performance of the VQE optimization algorithm. The optimization in
the particle-hole framework is performed using two different trial wavefunction Ansätze,
described in chapter 5: the UCC-based expansion [110] and the heuristic approach [78].
To improve the efficiency and scalability of these methods we investigate different approximations and their associated errors.
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5.2.1

Hamiltonian in the particle-hole picture

We start with the electronic structure SQ Hamiltonian in the Hartree-Fock orbitals basis
max
{φi (r)}N
i=1 [94],
X
X
Ĥ el =
hij â†i âj +
gijkl â†i â†j âl âk
(5.1)
ij

ijkl

where hij = hi|ĥ|ji are the one-electron integrals defined as
hi|ĥ|ji =

Z

M

X ZI
1
dr1 φ∗i (r1 ) − ∇2r1 −
2
R1I

!
φj (r1 )

(5.2)

I=1

and gijkl = hij|ĝ|kli the two-electron terms given by
Z
1
hij|ĝ|kli = dr1 dr2 φ∗i (r1 )φ∗j (r2 ) φk (r1 )φl (r2 ) .
r12

(5.3)

Here RI , ri ∈ R3 are the coordinates of atom I and electron i, respectively. In Eq. (5.2) M
is the total number of atoms in the system, ZI are the atomic numbers, ∇2r1 = ∂x21 +∂y21 +
∂z21 , R1I = |r1 − RI |, and r12 = |r1 − r2 |. Throughout the paper we use the ‘physicists’
notation for the definition ofLthe two-electron integrals [94]. The Hamiltonian in Eq. (5.1)
max
⊗N with particle number N ∈ {0, . . . N
acts in the Fock space F = N
max }, where
N =0 AH
H is the one-particle Hilbert space and A the anti-symmetrizing operator.
To move to the p/h representation, we start with the definition of a new vacuum
state in the N -particle sector of the Fock space
|Φ0 i =

N
Y
i=1

â†i |vaci ,

(5.4)

which coincides with the Slater determinant solution of the HF problem with N electrons.
The set of HF orbitals contributing to |Φ0 i are called occupied {φi (r)}N
i=1 , while all other
Nmax
high energy orbitals are called unoccupied or virtual, {φi (r)}i=N +1 . In this work, we will
use the following notation for the orbital indices: i, j, k, l: for occupied orbitals; m, n, p, q:
for virtual (unoccupied) orbitals; r, s, t, u for either types. A generic state can then be
generated from the new ground state |Φ0 i using excitation operators that create holes
within the set of occupied orbitals and particles within the unoccupied or virtual set.
For instance, the excitation operator â†m âi excites one electron from the occupied HF
orbital φi (r) into the unoccupied orbital φm (r). The holes and particles generated by
the excitation operators with respect to the ground state |Φ0 i are called quasi-particles.
The corresponding creation and annihilation operators are defined by
b̂†i = âi
b̂†m = â†m
b̂i =

â†i

b̂m = âm
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(hole creation)

(5.5)

(particle creation)

(5.6)

(hole annihilation)

(5.7)

(particle annihilation)

(5.8)

5.2 Particle-Hole Hamiltonian
and still fulfill the fermionic anti-commutation relation statistics. In the ‘quasi-particle’
framework we can define a normal ordering operator N̂b [. . . ]. With N̂b we define an
equivalent electronic structure Hamiltonian in the particle-hole (p/h) picture that has
|Φ0 i as reference (vacuum) state. This Hamiltonian is
X
hr|F̂ |siN̂b [â†r âs ]
Ĥ p/h =EHF +
rs

1X
+
hrs|ĝ|tuiN̂b [â†r â†s âu ât ]
2 srtu
where
EHF =

X
i

hi|ĥ|ii +

1X
(hij|ĝ|iji − hij|ĝ|jii)
2

(5.9)

(5.10)

ij

is the reference energy and hr|F̂ |si is the Fock matrix
X
hr|F̂ |si = hr|ĥ|si +
(hri|ĝ|sii − hri|ĝ|isi) .

(5.11)

i

In Eq. (5.9), the normal ordering operator N̂b acts on the p/h operators {b̂r , b̂†s }, which
appear after applying the transformations in Eq. (5.5)-(5.8).
The advantage of this transformation is evident if we think about perturbation theory
applied to the ground state in Eq. (5.4). Only after redefining the normal ordering as in
Eqs. (5.5)-(5.8) it is possible to obtain an efficient perturbative expansion using Wick’s
theorem, which independent of the number of electrons in the system. Note that the
transformation to the p/h picture can be obtained by applying a rotation to the HF
ground state or by performing the transformation described above leading to the p/h
Hamiltonian in Eq. (5.9). For practical convenience, we chose the second approach as in
the VQE algorithm the Hamiltonian is a measured quantity while the wavefunction is
encoded in the qubit register and therefore it should be kept in its original form 2 .

Effective Core Potentials. The number of degrees of freedom can be reduced by
replacing the inert electrons in the innermost nuclear shells of Eq. (5.2) with an effective
2

To implement the UCCSD wavefunction Ansatz, we expand the Hamiltonian in the basis
function of the occupied and virtual HF orbitals, with a number of occupied orbitals equal to
the number of electrons in the system. This picture has the advantage of allowing a simple
interpretation of the expansion of the reference wavefunction in terms of excited configurations
(Slater determinants) Further manipulations of the molecular Hamiltonians in the unmodified
second quantized form (Eq. (5.1)) or in the p/h formulation can be used to further reduce
the number of required qubits. One possibility, is to apply the projection scheme introduced
in [103, 137], which allow to restrict the search space from the entire Fock space to the sector
of the Hilbert space with the selected number of electrons. However, this procedure will make
the physical interpretation of the UCC expansion less evident and the mapping to the quantum
circuits more cumbersome. For these reasons, in this work we will restrict to the simplest map
that encodes each basis function in a different qubit.
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core potential given by
hECP
=
ij

Z

!
M
X
1
dr1 φ∗i (r1 ) − ∇2r1 −
VECP (r1I ) φj (r1 )
2

(5.12)

I=1

where VECP (r1I ) is defined in ref. [138].
In practice, this allows us to restrict the number of basis functions and consequently
the number of HF orbitals (and therefore qubits) used to expand the Hamiltonians Ĥ el
(Eq. (5.1)) and Ĥ p/h (Eq. (5.9)).

5.3

Trial wavefunctions

The trial wavefunctions are constructed applying a set of perturbations (‘excitations’) to
the HF ground state wavefunction, |Φ0 i. The perturbations are controlled by a set of
parameters (gate angles) that are then optimized until convergence is reached.
We can identify two main classes of trial wavefunctions: The first one, based on the
CC Ansatz, provides a controllable and intuitively simple expansion of the initial HF
wavefunction combined with an efficient parameterization of the final state, minimizing
therefore the number of independent parameters. The unitary version of the CC approach
(UCC [139]), is more suited for applications in quantum computing due to the properties
of the applied gate operations. While often implemented as a variational approach, UCC
still differs from the truly variational version of CC (vCC) [140]. However, the difference
between the UCC and variational-CC energies is in general very small [141].
The second class of trial wavefunctions is based on quantum algorithms that have
no strict classical equivalent. In fact, these approaches are not based on a controlled
perturbative expansion around a zero-order solution (e.g., the HF state) but instead
they aim at sampling in the most efficient way possible the relevant portion of the Hilbert
space that contains the solution.

5.4
5.4.1

Classically Inspired Ansatzes
The UCC Ansatz

In UCC the trial wavefunction is parametrized using the following Ansatz
~

~ = eT̂ (θ)−T̂
|Ψ(θ)i

† (θ)
~

|Φ0 i

(5.13)

~ = T̂1 (θ)
~ + T̂2 (θ)
~ + · · · + T̂n (θ)
~ is the excitation operator to order n with
where T̂ (θ)
X
~ =
T̂1 (θ)
θim â†m âi
(5.14)
i;m

~ =
T̂2 (θ)

1 X m,n † †
θi,j ân âm âj âi
2
i,j;m,n
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(5.15)

5.4 Classically Inspired Ansatzes
m,n
(with equivalent expressions for higher orders) and θ~ = {{θim }, {θi,j
}, . . . } is a collective
vector for all expansion coefficients. In the following, we will restrict our implementation
~ + T̂2 (θ),
~ the extension to higher excitations does not
to the UCCSD case i.e, T̂ = T̂1 (θ)
imply any further development but only requires the implementation of longer circuits
that are at present unpractical from experimental, as well as simulation perspectives.
The correlation energy of the system (i.e., the correction to the HF energy) is given by
~ Ĥ p/h |Ψ(θ)i−E
~
hΨ(θ)|
HF using the p/h Hamiltonian of Eq. (5.9). The VQE algorithm will
~
find the optimal θ parameters from which the correlated ground state energy is obtained

~
EGS = EHF + EUcorr
CCSD (θmin )

(5.16)

where EHF = hΦ0 |Ĥ el |Φ0 i.
The circuits for the implementation of the UCCSD trial wavefunction (see Fig. 5.1)
are constructed following the prescriptions in [31, 110, 142] and implemented in the IBM
software package QISKit [143].
Particularly challenging for the implementation of UCCSD expansion is the mapping
to circuits
of the exponentiation in Eq. (5.13), which results in a circuit depth that scales



Nocc
× Nqubits , where Nocc (Nvir ) is the number of occupied (virtual)
× Nvirt
as O
2
2
orbitals that take part to the excitations. In this work, we therefore investigate the
impact of some approximations used for the implementation of the UCC expansion in
quantum circuits. In particular, we will focus on the effect of applying an increasing
number of Trotter steps, n, in the approximation of the expansion
e(Â+B̂) = lim



n→∞

Â

B̂

en en

n

,

(5.17)

in the case of non-commuting operators Â and B̂. This situation occurs for instance
mn (â† â† â â −
when dealing with terms of the form Â = θim (â†i âm − â†m âi ) and B̂ = θij
i m k n

â†n â†k âm âi ).
Finally, it is important to stress that the classical (non-variational) CCSD approach [132]
leads in fact to a set of closed equations for the parameters in Eqs. (5.14) and (5.15) by
fully exploiting the commutation relation of the T̂1 and T̂2 operators and the properties of the normal ordering operator. However, these properties are not applicable in
the ‘variational’ UCCSD formulation due to the replacement of the T̂i by the (T̂i − T̂i† )
operators for i = 1, 2.

Selection of the Active Space. In the UCC approach one can further reduce the
Hilbert space in which to search to a subspace generated by the ‘reduced’ operators
X 0 †
~ =
T̂10 (θ)
θim0 âm0 âi0
(5.18)
i0 ;m0

~ =
T̂20 (θ)

0

0

θim0 ,j,n
â†n0 â†m0 âj 0 âi0
0

X
i0 ,j 0 ;m0 ,n0
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(a)

(b)

Figure 5.1: Circuits for the exponentiation of the single (a) and double (b) excitation operators (â†p âr − h.c.) and (â†p â†q âr âs − h.c.), which contribute to T̂1 and T̂2 ,
respectively. The p, q indices refer to virtual and r,s to occupied orbitals. The
generic state |.i corresponds to |1i in case it is part of the occupied manifold and
|0i otherwise. The repeated units across several qubits are shown in dashed lines.
The definition of the gates that span more than two qubits (dashed lines) is given.
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where the indices i0 , j 0 run over a subset of occupied orbitals: i0 , j 0 ∈ {iF − Nocc , . . . , iF },
and m0 , n0 over a subset of virtual orbitals: m0 , n0 ∈ {iF +1, . . . , iF +1+Nvir }; iF is index
of the highest occupied HF orbital, Nocc is the number of occupied and Nvir is the number
of virtual orbitals included in the expansions in Eqs. (5.18) and (5.19). This is similar
to the Complete Active Space self-consistent field (CASSCF) method used to reduce the
costs of CI calculations [144]. The selection of the active space is often dictated by the
nature of the orbitals involved in the expansion and the overlaps among them. Using an
active space in quantum algorithms shortens the overall circuit depth therefore making
better use of the limited qubit coherence time [145].

5.4.2

Approximations in UCCSD

The q-UCC expansion operator for the HF ground state |Φ0 i is given by
~

†

~

~ = eT̂ (θ)−T̂ (θ)
Û (θ)
(5.20)
~ = T̂(1) (θ)
~ + T̂(2) (θ)
~ restricted to the single T̂(1) (θ)
~
With the excitation operator T̂ (θ)
~ excitations, Eq. (5.20) becomes
and double T̂(2) (θ)
~ T̂
(θ)+

T̂

~
~ T̂ † (θ)
~ T̂ † (θ)−
(θ)−

(2)
~ = e (1)
(2)
(1)
.
(5.21)
Û (θ)
P
P
† †
†
~
~
Substituting T̂(1) (θ) = ij θij âi âj and T̂(2) (θ) = ijkl θijkl âi âj âk âl , Eq. (5.21) reads

~ = exp
Û (θ)

X

θij â†i âj +

ij

X

θijkl â†i â†j âk âl

(5.22)

ijkl

!
−

X

θij â†j âi

ij

−

X

θijkl â†l â†k âj âi

(5.23)

ijkl

with θ~ = ({θij }, {θijkl }) and θij , θijkl ∈ R. Using the Trotter approximation to the
~ − T̂ † (θ)
~ and B̂ = T̂(2) (θ)
~ − T̂ † (θ),
~ Eq. (5.23)
first order eÂ+B̂ ≈ eÂ eB̂ with Â = T̂(1) (θ)
(1)
(2)
becomes


X
~ = exp 
Û (θ)
θij (â†i âj − â†j âi )
ij


× exp 


X
ijkl

(5.24)

θijkl (â†i â†j âk âl − â†l â†k âj âi ) .

Applying once more the Trotter expansion to first order we get


Y
~ =
Û (θ)
exp θij (â†i âj − â†j âi )
ij

×

Y
ijkl



exp θijkl (â†i â†j âk âl − â†l â†k âj âi ) .
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At this point, we apply the Jordan-Wigner transformation defined by âj = 1⊗j ⊗
1
⊗N −j−1 and â† = 1⊗j ⊗ 1 (X̂ − iŶ ) ⊗ Ẑ ⊗N −j−1 with the Pauli matrices
j
2 (X̂ + iŶ ) ⊗ Ẑ
2
{X̂ = σ̂ x , Ŷ = σ̂ y , Ẑ = σ̂ z } and j = [0, .., Nq − 1] where Nq is the number of qubits. For
i > j > k > l, without loss of generality, Eq.(5.25) can be expressed as



~ =
Û (θ)

Y
i>j

×


i−1
O
iθ
ij
exp 
σ̂z,a (σ̂y,j σ̂x,i − σ̂x,j σ̂y,i )
2

Y
i>j>k>l

a=j+1

exp

 iθ

ijkl

8

k−1
O
b=l+1

σ̂z,b

i−1
O

σ̂z,a

a=j+1

(5.26)

× (σ̂x,l σ̂x,k σ̂y,j σ̂x,i + σ̂y,l σ̂x,k σ̂y,j σ̂y,i

+ σ̂x,l σ̂y,k σ̂y,j σ̂y,i + σ̂x,l σ̂x,k σ̂x,j σ̂y,i

− σ̂y,l σ̂x,k σ̂x,j σ̂x,i − σ̂x,l σ̂y,k σ̂x,j σ̂x,i


− σ̂y,l σ̂y,k σ̂y,j σ̂x,i − σ̂y,l σ̂y,k σ̂x,j σ̂y,i ) .

Using the assignment Â = σ̂y,j σ̂x,i and B̂ = −σ̂x,j σ̂y,i all commutators [Â, [Â, B̂]],
1
[B̂, [Â, B̂]] and [Â, B̂] vanish. Therefore, the Glauber’s formula eÂ+B̂ = eÂ eB̂ e 2 [Â,B̂]
simplifies exactly to eÂ+B̂ = eÂ eB̂ (similarly fo the double excitation terms). Therefore,
the q-UCCSD expansion operator can finally be written as
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i−1
O
iθ
ij
~ =
Û (θ)
exp 
σ̂z,a (σ̂y,j σ̂x,i )
2
i>j
a=j+1


i−1
O
iθij
× exp −
σ̂z,a (σ̂x,j σ̂y,i )
2
Y

a=j+1

×

Y

exp

 iθ

8

i>j>k>l

× exp
× exp
× exp

 iθ

ijkl

8
 iθ

ijkl

8
 iθ

ijkl

8


× exp −


× exp −


× exp −


× exp −

k−1
O

ijkl

k−1
O

i−1
O

σ̂z,b

i−1
O

b=l+1

a=j+1

k−1
O

i−1
O

σ̂z,b

b=l+1

iθijkl
8
iθijkl
8
iθijkl
8
iθijkl
8



σ̂z,a (σ̂y,l σ̂x,k σ̂y,j σ̂y,i )



σ̂z,a (σ̂x,l σ̂y,k σ̂y,j σ̂y,i )



a=j+1

b=l+1
k−1
O

σ̂z,a (σ̂x,l σ̂x,k σ̂y,j σ̂x,i )

a=j+1

b=l+1

σ̂z,b

i−1
O

σ̂z,b

k−1
O

a=j+1

b=l+1

i−1
O

σ̂z,b


σ̂z,a (σ̂x,l σ̂y,k σ̂x,j σ̂x,i )

a=j+1
i−1
O

σ̂z,b

σ̂z,a (σ̂y,l σ̂y,k σ̂y,j σ̂x,i )



a=j+1

b=l+1
k−1
O


σ̂z,a (σ̂y,l σ̂x,k σ̂x,j σ̂x,i )

a=j+1

b=l+1
k−1
O

i−1
O

σ̂z,b

b=l+1
k−1
O

(5.27)

σ̂z,a (σ̂x,l σ̂x,k σ̂x,j σ̂y,i )

i−1
O

σ̂z,b


σ̂z,a (σ̂y,l σ̂y,k σ̂x,j σ̂y,i ) .

a=j+1

Q
~ =
In a more compact way Û (θ)
i>j Ûij
i>j>k>l Ûijkl , notice that its parts
[Ûij , Ûi0 j 0 ] 6= 0, [Ûij , Ûi0 j 0 k0 l0 ] 6= 0 and [Ûijkl , Ûi0 j 0 k0 l0 ] 6= 0 when sets {i, j, k, l}, {i0 , j 0 , k 0 , l0 }
share same indices (e.g. i 6= i0 , j 6= j 0 , k 6= k 0 , l = l0 ).
Q

5.5
5.5.1

Quantum Computing Native Ansatzes
Heuristic Trial Wavefunctions

In addition to the UCC Ansatz, in this work we also investigate the adjustment of
the HEA approach to the p/h formalism. In particular, we design particle conserving
entangler blocks to constrain the wavefunction search to the sector of Hilbert space with a
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constant number of particles and we investigate the advantage of using hardware specific
exchange-type gates [146–148]. The preparation of the heuristic trial states comprises
~ with angles θ~ and an
two types of quantum operations, single-qubit Euler rotations Û (θ)
~
entangling drift operation Ûent (θ) acting on pairs of qubits. The N -qubit trial states are
obtained by applying a sequence of D entanglers Ûent alternating with the Euler rotations
on the N -qubits to the HF ground state |Φ0 i,
D−times

z
}|
{
D ~
1 ~
~
~ 0i
|Ψ(θ)i = Û (θ)Ûent . . . Û (θ)Ûent Û 0 (θ)|Φ

(5.28)

The choice of the initial HF state |Φ0 i improves the efficiency of the searching algorithm,
avoiding Barren plateaus in Hilbert space [149].
This gate sequence has p = N (3D + 2) independent angles. In full analogy with our
UCC approach, we make use of the particle-hole Hamiltonian Ĥ p/h expressed in terms
of the HF orbitals instead of the original Hamiltonian in second quantization (Eq. (5.1))
as done in [78]. Within this framework the most suited entangler blocks are made up of
particle-conserving gates, i.e. gates that conserve the number of excited qubits.
More specifically, the single-qubit operations are decomposed into rotations about
~ = Ẑ qq,k X̂ qq,k Ẑ qq,k , where
the x− and the z−axes, Û q,k (θ)
θ1

θ2

θ3

h
i
X̂ q (θjq,k ) = exp −iθjq,k σ̂qx /2

(5.29)

denotes the unitary operation acting on qubit q at the i-th position of the gate sequence
(similarly for Ẑ q (θjq,k )) [142, 150].

Excitation Conserving Ansatzes (or Particle Conserving)
(1−3)

In this work, we investigate the performance of three different entangler blocks, Uent
(Fig. 5.2), composed by: (1) the particle conserving two-parameter exchange-type gate,
defined by


1
0
0
0
0
cos θ1
eiθ2 sin θ1 0

U1,ex (θ1 , θ2 ) = 
(5.30)
0 e−iθ2 sin θ1 − cos θ1 0
0
0
0
1
parametrized by the angles θ1 and θ2 [148], (2) the particle
exchange-type gate

1
0
0
0
cos 2θ
−i sin 2θ
U2,ex (θ) = 
0 −i sin 2θ
cos 2θ
0
0
0

conserving single-parameter

0
0

0
1

(5.31)

parametrized by angle θ [146], and (3) the entangler block composed by all-to-all CNOT
gates, UCNOT . Note that U2,ex is a special case of U1,ex , but the entangler block associated
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to it (Fig. 5.2, panel b) also comprises single qubit rotations. The first two gates are, for
example, capable of implementing directly in hardware a particle-conserving SWAP gate
in a single step. The structures of the three entangler blocks used in this work are shown
in Fig. 5.2. Note that in the first case there is no need to introduce one-qubit rotation
gates.
The last entangler does not conserve the particle number and therefore the optimization can explore alternative paths through regions of the Fock space that have a different
number of electrons than in the initial state. To constrain the final number of electrons
to a fixed number N , we can add an extra potential term to the p/h Hamiltonian
p/h

ĤN

= Ĥ p/h + µ (hN̂ i − N )2

(5.32)

where N̂ is the number operator and µ is a tunable parameter. This term can be switched
on gradually during the optimization to increase flexibility during the first steps of the
optimization.

Definition of the gate operations spanning multiple qubits In the case of
the operation spanning multiple qubits (see dashed boxes in Figs. 5.1 and 5.2), we used
the following schemes (assuming nearest-neighbor connectivity)
The top circuit describes the decomposition of the composite one-qubit operation
(dashed box in the l.h.s.) into a sequence of one-qubit operations between the starting
qubit, qi and the final one, qi+N , each one parametrized by a different set of angles. A
similar procedure applies to the two-qubit operations as shown in the lower panel. The
operator UOP stands for one of the operators discussed in Section 5.5.1.

Decomposition of the exchange gates in elementary gates The two exchange gates U1,ex and U2,ex can be directly implemented in a single step using the
approach outlined in [146–148]. For sake of completeness, in order to emphasize the gain
in gate count here we report their decomposition into elementary gates [151]. The result
is summarized in Fig. (5.4) for Ui,ex (with i = 1, 2)
Where, for the U1,ex :


U1,ex

1
0
0
iφ sin(θ)
0
cos(θ)
e
=
0 e−iφ sin(θ) −cos(θ)
0
0
0

and the UA ,UB and UC gates are

UA =

UB =

0
e−iφ

e−iφ
0



cos(θ) sin(θ)
sin(θ) −cos(θ)
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(a)

(b)

(c)

(1)

(2)

Figure 5.2: Definition of the three entangler blocks: (a) Uent , (b) Uent and (c)
(3)
Uent , composed by the U1,ex , see Eq. (5.30), U2,ex , see Eq. (5.31) and CNOT gates,
respectively. The repeated units across several qubits are shown in dotted boxes.
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Figure 5.3: Definition of single- and two-qubit gate blocks (dashed lines) that span
multiple qubits.

Figure 5.4: Decomposition of an exchange gate (i = 1, 2) between qubit n and m
into their elementary gates.
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0 eiφ
eiφ 0


Uc =


,

and for U2,ex :


U2,ex

1
0
0
0
cos
2θ
−i
sin
2θ
=
0 −i sin 2θ
cos 2θ
0
0
0


0
0

0
1

the UA ,UB and UC gates are:


0 1
UA =
1 0

UB =

5.5.2


cos(2θ) −isin(2θ)
−isin(2θ) cos(2θ)


0 1
.
Uc =
1 0

Advantages of the use of Particle-Hole Hamiltonian in
VQE

All calculations are performed using the 6-31G basis [152, 153] set leading to a Hilbert
space of dimension 28 (where 8 corresponds to the total number Nmax of HF orbitals,
occupied and virtual) for the case of molecular hydrogen.However, as discussed in Section 5.6.1, we also used active spaces to further restrict the search of the ground state
wavefunction to a smaller sector of the Hilbert space.

5.5.3

The particle/hole Hamiltonian

The choice of the p/h Hamiltonian introduced in Section 5.2.1, Eq. (5.9), brings several
important advantages compared to the plain molecular Hamiltonian in second quantization (Eq. (5.1)). By shifting the reference state to the HF ground state, we achieve faster
convergence since the optimization only concerns the correlation energy, which in general
amounts to only a few percent of the total energy. In Table 5.1, we compare the performance of the VQE algorithm for the optimization of the electronic structure of H2 based
on the p/h and plain molecular Hamiltonians (Eq. (5.1) and Eq. (5.9), respectively). The
calculations are done for both types of wavefunction Ansätze: UCCSD and heuristic. In
the UCCSD case, the circuit corresponding to the exponentiation of the operators T̂1
and T̂2 (in Eqs. (5.14) and (5.15)) is the same for both Hamiltonians and therefore we
do not expect any benefit from the p/h approach in terms of the reduction of the gate
count. However, the optimization of the parameters becomes notably more efficient using
the p/h Hamiltonian. The number of BFGS iterations required to achieve a convergence
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of 10−7 Ha decreases from 53 for the plain Hamiltonian to 27 in the p/h case. Most
importantly, the number of circuit measurements required for the full optimization also
drops from 3383 × Ns for the plain Hamiltonian to only 1471 × Ns in the p/h formalism,
where Ns is the number of shots used to evaluate the energy. Combining these effects,
we observe an overall speed-up in the p/h implementation of UCCSD of about a factor
2 to 3.

Table 5.1: Statistics on the simulation of the ground state energy for H2 using the
original Hamiltonian in second quantization (Eq. (5.1)) and the p/h Hamiltonian
(Eq. (5.9)). Results are given for the UCCSD expansion (with a single Trotter step,
(1)
(2)
(3)
see Section 5.6.1) and three heuristic approaches using Uent , Uent and Uent gates.
Comparison is based on: number of Pauli strings evaluations for determination of
the gradients in parameter space (Eval.), number of optimization steps in the BFGS
algorithm (Iter.), number of single-qubit (1qG) and two-qubit (2qG) gates, total
number of parameters (Par.), and the number of entangling blocks (D). Definitions
of the different Heuristic Ansätze can be found in Section 5.5.1
SQ Hamiltonian
UCCSD
Heuristic
(1)
(2)
(3)
Uent
Uent
Uent
Full Equil Full Equil Full Equil Full
Eval.(103 ) 3.3
35 38.4 12.5 19 28.6
53
740 812 59
88 420
Iter.
708
0
0
64
96 112 >144
1qG
2qG
608
56
70
56
84 392 >504
Par.
15
112 140 120 180 112 >144
D
8
10
8
12
14 >18
SQ Particle-Hole Hamiltonian
UCCSD
Heuristic
(1)
(2)
(3)
Uent
Uent
Uent
Full Equil Full Equil Full Equil Full
3
Eval.(10 ) 1.5
21.4 32.1 10.7 14.8 17.2
Iter.
27
421 578 52
78 254
1qG
708
0
0
64
96 112 >144
2qG
608
42
70
56
84 392 >504
Par.
15
84 140 120 180 112 >144
D
6
10
8
12
14 >18
(1)

The situation is similar in the heuristic wavefunction approach using either Uent or
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(2)

Uent entangler blocks (see also 5.5.1). In these cases, the number of entangler blocks, D
D
in Eq. (5.28), is increased until convergence of the final energy is reached, i.e., |Eheur
−
D
Eexact | < , where Eheur is the energy of the heuristic approach with D blocks and 
is the chemical accuracy. Column ‘Equil’ in Table 5.1 reports the values required for
convergence at the equilibrium position (∼ 0.7 Å), while ‘Full’ refers to the numbers
obtained when convergence is imposed over the entire dissociation path (maximum value
over the entire dissociation path). At each value of D, the number of iterations of
the classical optimizer (‘Iters’ in Table 5.1) is determined by the convergence criteria
set for the energy difference between two consecutive iterations (< 10−7 Ha). We first
observe that using the p/h Hamiltonian (at the equilibrium distance, ‘Equil.’) the same
accuracy (10−7 Ha) can be achieved with only 6 entangler blocks compared to the 8
required when using the plain Hamiltonian. This has the effect of reducing, at least
(1)
in the case of the Uent , both the number of parameters (from 112 to 84) and the total
number of gate operations (from 56 to 42). As in the UCCSD case, also in the heuristic
approach the number of iterations as well as the number of circuit evaluations drop
significantly when using the p/h Hamiltonian. For the case in which chemical accuracy
is required at all distances (Table 5.1, columns ‘Full’), we see an overall gain for the
heuristic implementation of the p/h approach of about a factor 3 to 4 compared to
standard SQ Hamiltonian (Eq. (5.1)).
We also note that the convergence with the CNOT entanglers requires in general a
larger number of resources and in some cases (CNOT/Full in Table 5.1) it is not possible
to reach a solution within chemical accuracy with less than 18 blocks.

5.6
5.6.1

Results in a noise free Simulator
The UCCSD Ansatz

The quantum algorithm based on the UCCSD Ansatz for the molecular wavefunction is
obtained by directly mapping the exponentials in Eqs. (5.14) and (5.15) into the corresponding quantum circuits (see Fig. 5.1). In this work we investigate two developments of
the UCC approach that lead to a simplification of the corresponding quantum algorithm
by reducing the circuit depth. The first one is based on the restriction of the Hilbert
space using an active space as described in Section 5.6.1. The other one consists on the
exploitation of the variational character of the UCCSD Anzatz, which introduces the possibility of ‘absorbing’ the effect of some approximations (e.g., the Trotter decomposition)
through a suitable modification of parameters used to span the wavefunction space.

Active space in the UCCSD approach We start with the simulation of the
hydrogen molecule. As mentioned above, the 6-31G basis set [152] leads to a Hilbert
space spanned by 8 HF orbitals, 2 occupied and 6 virtuals (i.e., unoccupied). Note that
in order to keep a one-to-one correspondence with the classical UCCSD algorithm we
do not perform any additional reduction of the Hamiltonian as was done in previous
studies [103].
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Figure 5.5: Upper panel: Dissociation profile of the H2 molecule for different
definitions of the active space (AS). AS 4 (orange triangles): only 2 occupied
and 2 virtual orbitals are considered in the definition of the T̂1 and T̂2 operators;
AS 6 (green squares): 2 occupied and 4 virtual orbitals; AS 8 (blue circles): 2
occupied and 6 virtual orbitals. The red (gray - no symbols) curve corresponds to
the reference HF calculation and the black one is the analytic solution evaluated
using the p/h Hamiltonian expanded in the full (8 qubit) space. Lower panel:
Corresponding energy errors along the dissociation profile. The blue (gray) shaded
area corresponds to the energy range within chemical accuracy.

Fig. 5.5 shows the dissociation profile for the H2 molecule computed using VQE
approach and the UCCSD Ansatz with different sizes of the active space (AS) ranging
from a minimum of 4 to the full space.
For all choices of the active space, we observe a noticeable improvement of the evaluated dissociation curve compared to the zero-order approximation given by HF profile
(red line). More interestingly, the results obtained with the smallest AS (AS4) already
provide a qualitatively correct curve that runs approximately in parallel to the exact
solution obtained by diagonalizing the p/h Hamiltonian in the chosen basis set (6-31G).
By increasing the size of the active space we observe a gradual improvement of the quality of computed dissociation curve with errors that approaches chemical accuracy (set to
0.5 × 10−2 Ha). Fig. 5.6 reports the same energy profiles for the asymmetric stretch of a
O-H bond of a water molecule.
The exact solution is computed using a direct diagonalization of the p/h Hamiltonian
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Figure 5.6: Upper panel: Dissociation profile of the H2 O molecule for different
definitions of the active space (AS). AS 8 (orange triangles): 4 HF orbitals (starting
form the highest occupied one, see inset) and all virtual orbitals are considered in
the definition of the T̂1 and T̂2 operators; AS 10 (green squares): 6 occupied and
all virtual orbitals; AS 12 (blue circles): 8 occupied and all virtual orbitals. The
red (gray - no symbols) curve corresponds to the reference HF calculation and the
black one is the analytic solution evaluated using the p/h Hamiltonian expanded
in the full (12 qubit) space. Lower panel: Corresponding energy errors along the
dissociation profile. The blue (gray) shaded area corresponds to the energy range
within chemical accuracy.
generated using the first 12 lowest energy HF orbitals, among which 8 are occupied. In
this case the different active spaces (AS4, AS6, AS8) are defined by the size of occupied
HF orbitals included in the expansions for the T̂1 and T̂2 operators (see inset of Fig. 5.6).
As for the case of the hydrogen molecule, the correction to the HF profile is large for
all choices of the active space and the error decreases monotonically as the number of
electrons included increases. The largest deviations are measured for the intermediate
bond lengths, while the error goes below the line delimiting chemical accuracy (shaded
blue region) at the distances below the equilibrium value (< 1 Å) and in the dissociation
limit (> 2 Å). The intermediate range corresponds to geometries close to the so-called
Coulson-Fisher point where spin-symmetry breaking can occur [154].
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Table 5.2: Summary of the different simulations used to describe the approximations in UCCSD. More details in the text.

Ediag
an
EUCCSD

an/n

EUCCSD

Description

Approximations

diagonalization of Ĥ p/h

Exact

analytic UCCSD (matrix repr.)
using exact exponentiation

Truncation at T̂2

analytic UCCSD (matrix repr.) Truncation at T̂2

circ/n

EUCCSD

using n Trotter steps

& Trotter error

UCCSD/VQE in circuits

Truncation at T̂2

using n Trotter steps

& Trotter error

Trotter error in UCCSD A major drawback of the UCCSD implementation are
the errors introduced by the Trotter factorization (Eq. (5.13)).
an/n
In this section, we investigate the convergence of the energy EUCCSD as a function of
the number of Trotter steps, n. The expansion in Eq. (5.13) can be written
(T̂1 −T̂1† )+(T̂2 −T̂2† )

e



(T̂1 −T̂1† )/n (T̂2 −T̂2† )/n

≈ e

e

n

,

(5.33)

and becomes exact in the limit n → ∞. To this end, we designed a series of test
calculations, which probe the origin of the different errors arising from the truncation at
second order in UCCSD and the used of the Trotter decomposition.
To simplify the discussion, we report a summary of the different simulations and the
corresponding approximations in Table 5.2.
As a reference, we take the first eigenvalue from the diagonalization of the p/h Hamilan
tonian in Eq. (5.9), Ediag . The energy EUCCSD
is evaluated using optimization of the
UCCSD coefficients in the matrix representation of the expansion in Eqs. (5.14) and (5.15)
an
is a measure for the
(exact exponentiation in Eq. (5.13)). The difference Ediag - EUCCSD
error introduced by the truncation of the excitation operator at second order T̂ = T̂1 + T̂2 .
an/n
circ/n
Finally, the energies EUCCSD and EUCCSD are computed using the approximated Trotter
expansion with n steps, Eq. (5.33), in the matrix and circuit representations (Fig. 5.1),
respectively. This energy difference provides a clear measure of the error introduced by
the truncation of the Trotter expansion to n-order. Due to the perfect agreement between
an/n
circ/n
the values of EUCCSD and EUCCSD (data not shown), in the following we will only use
circ/n
EUCCSD .
In Fig. 5.7, we summarize the results for the Trotter approximation in the Hydrogen
molecule. Without loss of generality, we will focus on a single geometry corresponding to
a bond length of 0.592 Å. As reference energy we take the analytic value Ediag . The exact
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UCCSD expansion coefficients are obtained using the VQE algorithm and the analytic
representation of the exponentiations in Eqs. (5.14) and (5.15). Using these coefficients
an
θopt (corresponding to the energy EUCCSD
), we recompute the energies
opt/n
EUCCSD (n) = hψT r (θ~opt , n)|Ĥ p/h |ψT r (θ~opt , n)i

(5.34)

using a n-steps Trotter expansion. |ψT r (θ~opt , n)i corresponds to the state obtained using
the the optimized angles θ~opt and the right-hand side of Eq. (5.33) (with variable n)
instead of the exact expression (left-hand side of Eq. (5.33)). The error with respect to
the exact energy is given by the green circles in Fig. 5.7. Interestingly enough, when we
apply the VQE approach and therefore a full reoptimization of the parameters at each
value of n, we obtain the energies (Fig. 5.7, red triangles)
circ/n
~ n)|Ĥ p/h |ψT r (θ,
~ n)i ,
EUCCSD (n) = minhψT r (θ,
θ~

(5.35)

circ/n

which show a negligibly small error |Ediag -EUCCSD (n)|, independent from the number
of Trotter steps (see also [155]). Already with n = 1 we measure an error smaller than
10−10 Ha, i.e., well below chemical accuracy. This result implies that the flexibility introduced by the large number of parameters in VQE can variationally absorb the Trotter
error even at n = 1. Therefore, the UCCSD approach based on VQE algorithm deviates
from what would be the one-to-one mapping of the classical CCSD expansion, becoming
a mixed CLA-HEA approach that we name q-UCCSD. This very important result can
enormously impact the future implementation of the UCCSD Ansatz in quantum circuits
for large molecules since the Trotter expansion can be implemented in one step, reducing
the circuit depth.

5.6.2

Quantum Native Ansatzes

In this Section we further develop methods of the heuristic wavefunction Ansatz that
were introduced in [78]. As in the case of UCCSD, we begin by encoding the qubits
the occupancy of the molecular HF orbitals instead of atomic ones. Then, following
the developments in the theory section, we combined the heuristic VQE approach with
the p/h Hamiltonian, which provides a more efficient starting point for optimization
of the ground state energy. Within this framework, we also made use of the ECPs to
decrease the number of degrees of freedom. In particular, we compared the level of
accuracy and the efficiency of the three entangler blocks defined in Section 5.5.1 (see
Fig. 5.2). In the case of the non-particle conserving entangler (UCNOT ) the chemical
potential term of Eq. (5.32) is added to the p/h Hamiltonian. The number of entangler
blocks for each heuristic Ansatz is fixed by imposing an energy accuracy of 10−7 Ha at
the equilibrium position. By increasing the number of blocks it is possible to achieve
convergence within chemical accuracy along the entire dissociation profile, at the cost of
further increasing the circuit depth (see Table 5.1). The dissociation curve for the H2
and H2 O molecules computed using the p/h Hamiltonian and the three entangler blocks
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Figure 5.7: Convergence of the Trotter error as a function of the Trotter expansion
coefficient n in Eq. (5.33) for the UCCSD energy of H2 at a bond length of 0.592 Å.
The reference energy, Eexact , corresponds to Ediag from Table 5.2. Green circles:
opt/n
analytic dependence of the Trotter error (EUCCSD in Eq. (5.34)). Red triangles:
Trotter errors obtained after the optimization of the angles θ~ at each value of n
circ/n
using the VQE approach (EUCCSD (n) in Eq. (5.35)).
(1−3)

Uent are shown respectively in Figs. 5.8 and 5.9. As reference, we also plot the HF
profile and the reference curve obtained from the diagonalization of the p/h Hamiltonian.
(1)
(2)
We observe that both particle-conserving entanglers (Uent , and Uent ) produce very
similar profiles with very small deviations around the equilibrium position that become
increasingly larger as the distance between the two hydrogen atoms increases. The non
(3)
particle-conserving entangler (Uent ) shows larger deviations over the entire distance range
(compared to the exact energy, Ediag ). The reason for this discrepancy can be twofold.
It may arise form a sampling deficiency of the CNOT gate sequence, or by an intrinsic
convergence problem related to the much larger size of the sampling space (the Fock space
with variable number of electrons). Comparing with the UCCSD results, we observe that
with the quoted number of entangler blocks we do not achieve chemical accuracy at large
(1)
distances (R > 1.3 Å). On the other hand, in the case of the water molecule both Ûent
(2)
and Ûent entanglers are within chemical accuracy all along the dissociation path.

64

Particle-Hole Hamiltonian and Efficient Trial Wavefunctions for Hybrid
Quantum Classical Algorithms

0.90

Energy[Ha]

0.95
1.00
1.05

HF
(1)
Uent
(2)
Uent
(3)
Uent
UCCSD
Chem. Acc.

1.10
E-Eexact [mHa]

1.15

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

20
0

0.6

0.8

1.0

1.2 1.4 1.6
Bond distance [Å]

1.8

2.0

2.2

Figure 5.8: Dissociation profiles of the H2 molecule computed using the p/h Hamiltonian and the heuristic Ansatz for the trial wavefunction. The blue crosses and
(1)
(2)
green dots are obtained using the particle-conserving entanglers Uent and Uent ,
respectively. The cyan triangles are computed using the non particle-conserving
(3)
operator circuit Uent . The blue (gray) shaded area corresponds to the chemical
accuracy energy range. For all entrangler types, the number of repeated blocks, D
in Eq. (5.28), was set to 8.

5.7

Resource estimates of elementary gates for simple molecules

In this section, we demonstrate in simulation that the circuit depth required to achieve
chemical accuracy in a VQE algorithms can be significantly reduced by using exchangetype gates, which would allow the simulation of larger quantum systems on near-term
quantum hardware.
Efficient VQE algorithms for the solution of electronic structure problems in quantum chemistry are formulatedm as already mentioned, in a second quantization framework [67, 91]. In this context, the molecular Hamiltonian is represented as a sum of
one and two-body terms and then mapped to the qubit space using a fermion-to-qubit
transformation, like the Jordan-Wigner [80] or the parity mapping transformation [102].
Suitable trial states for VQE can be computed with a unitary coupled cluster (UCC)
ansatz [104]. However, the complexity of the trial state generation increases rapidly with
the size of the system, precluding the simulation of larger systems on near-term quan-
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Figure 5.9: Dissociation profiles of the H2 O molecule computed using the p/h
Hamiltonian and the heuristic Ansatz for the trial wavefunction. The blue crosses
(1)
(2)
and green dots are obtained using the particle-conserving entanglers Uent and Uent ,
respectively. The cyan triangles are computed using the non particle-conserving
(3)
operator circuit Uent . The blue (gray) shaded area corresponds to the chemical
accuracy energy range. For all entrangler types, the number of repeated blocks, D
in Eq. (5.28), was set to 20.
tum hardware using the UCC ansatz [49, 67]. Alternatively, a heuristic generation of
trial states by a sequence of unitary operations can also be efficiently implemented on
near-term quantum hardware [49]. In the original formulation [78], the heuristic trial
wavefunction was generated in the full Fock-space, thus including states with all possible
numbers of electrons. With each qubit being mapped to the population of an electronic
orbital this corresponds to a Hilbert space spanned by the 2N basis states {i1 , i2 , ..., iN }
with ik = 0, 1. However, in quantum chemistry the solution of interest lies usually in
the sector of the Hilbert space with
P a well defined number of electrons ne , i.e. a space
spanned by all basis states with k ik = ne . It is therefore advantageous to generate
trial states that are part of this restricted subspace by designing circuits that conserve
the total number of excitations over the entire qubit register.
The simplest method to do this is to prepare the initial state by exciting ne qubits
e.g. |11 , 12 , ..., 1ne , 0, ..., 0i and apply only gates that exchange excitations between qubits
without creating (σ̂ + ) or annihilating (σ̂ − ) new excitations. The corresponding two-qubit
operation is an exchange-typegate generated by (σ̂ + σ̂ − + h.c.). The size of the restricted
subspace is then given by nNe ≤ 2N . Close to half-filling with ne ≈ N/2, the advantage
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Circuit depth

105
104

excitation-conserving (exchange-type)
excitation-conserving (decomposed exchange-type)
non excitation-conserving (CNOT)
T1 limit

103
102
101
100
H2

BeH2

LiH

H2 O

Figure 5.10: Circuit depth required to achieve chemical accuracy for the ground
state energy with a VQE algorithm for the H2 , LiH, BeH2 and H2 O molecules. Non
excitation-conserving circuits based on CNOT gates (red squares) are compared
to excitation-conserving circuits based on exchange-type gates (blue circles) and a
decomposition thereof into CNOT’s (yellow triangles). In some cases, only a lower
boundary to the circuit depth could be estimated (empty symbols). Bounded by
the T1 time in the currently available hardware, only circuits within the grey region
can be practically implemented without error mitigation or reduction schemes (see
text).

is small since nNe ≈ 2N/2 . For many molecules however, the number of electrons is

typically ne ≈ N/10 [156] and the size of the restricted subspace nNe ≈ (N/ne )ne is
significantly smaller than that of the full Hilbert space.
In a VQE simulation, the size of the explored subspace is directly connected to the
circuit depth required to reach a certain accuracy. Assuming error free gates and using
the minimal basis set of atomic orbitals typically used in quantum chemistry [157], we
estimate the circuit depth required to achieve chemical accuracy in a VQE simulation of
the molecules H2 , LiH, BeH2 and H2 O (see Fig.5.10). Heuristic non excitation-conserving
circuits, based e.g. on CNOT gates [78], can in principle achieve chemical accuracy
for these molecules. However, the required circuit depth becomes prohibitively large
for molecules bigger than H2 as the circuit runtime exceeds the best relaxation times
T1 ∼ 100 µs currently available in superconducting hardware. On the other hand, circuits
based on excitation-conserving exchange-type gates require a much shorter circuit depth
and achieve chemical accuracy for all studied cases within the T1 limit without further
amendments (Fig.5.10). Clearly, the wanted excitation-preserving two-qubit gate could
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be decomposed into the available universal gate set [142], e.g. using CNOT gates. But
this comes at the expense of a ninefold increase in circuit depth (Fig.5.10) that can
be avoided by using application specific hardware and gates. We note that additional
reduction schemes can be used to minimize the number of qubits as demonstrated in
Ref. [78] for H2 , LiH, BeH2 and as discussed in the following for the proof-of-principle
determination of the ground state of H2 .

5.8

Estimation of circuit depth and required hardware size

In this section we elaborate on the estimation of the circuit depth required to achieve
chemical accuracy in the calculation of molecular eigenstates. To construct the circuits
that perform the calculation, different methods can be used. Here we employ the heuristic
approach with the use of excitation-conserving gates as described in [49] and the nonexcitation-conserving hardware efficient approach introduced by [78]. The convergence
to the minimum energy values is achieved by using a Variational Quantum Eigensolver
(VQE).

D-times with depth L
qN |1i
qN−1 |1i
qN−2 |.i
qN−3 |.i
...
q3

|.i

q2

|.i

q1 |0i
q0 |0i

UEX
UEX
UEX

..
.

..
.
UEX

..
.
UEX

UEX

Figure 5.11: Heuristic excitation-preserving circuit.
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5.8.1

Heuristic excitation conserving circuits

On an N -qubit system, the quantum circuit typically consists of D blocks of N − 1
excitation-preserving gates UEX , with each individual block having an effective circuit
depth of L (Fig. 5.11). Using QuTiP [158], we estimate the minimum number of blocks
D0 required to achieve chemical accuracy for the ground state energy at the equilibrium
point of each molecule, as described in Ref. [49]. We report the total circuit depth D0 ·L in
Table 5.3 and Fig. 1 of the main text. We assume error free gates and nearest neighbour
connectivity, which is currently implemented in most hardware platforms [56, 76, 78].
All molecules are described in STO3G basis [153] and a Jordan Wigner transformation is
used for the mapping to qubit space. Additionally, effective core potentials [49] are used
for LiH, BeH2 and H2 O reducing the number of qubits by 2. We note that introducing
gates errors and/or reducing the connectivity will result in a longer circuit depth.
Furthermore, we calculate the effective runtime of the generated quantum circuit
(Table 5.3), assuming gate times of 200 ns for CNOT gates [159], 170 ns for exchange
type gates (see section for RB) and 25 ns for single qubit gates.

Table 5.3: Statistics for the simulation of molecules and corresponding circuit
depth and runtime.
Molecule
H2
LiH
BeH2
H2 O

Qubits
N
4
10
12
12

Blocks
D0

Circuit Depth D0 · L
Exchange
8
28
36
40

4
14
18
20

Decomp.
72
252
324
360

Circuit runtime (µs)
Exchange
0.68
4.76
6.12
6.8

Decomp.
4.5
31.5
40.5
45

In order to compare with hardware architectures where exchange-type gates are
not naturally available we also state the required circuit depth when decomposing an
exchange-type gate into a sequence of two-qubit gate primities [151] in Table 5.3. In the
first step of the decomposition, a controlled change of basis (Rz ) is performed followed by
a general controlled rotation (in this case Rx ) and then undoing the controlled of change
basis.
qj
UEX

•

UB (φ)

•

UA (θ)

•

UC (θ)

=

qi
and the UA ,UB and UC gates are
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θ

e−i 2
0

!




cos φ
−i sin φ
0 eiφ
, ÛB (φ) =
, ÛC (θ) = iφ
ÛA (θ) =
−i sin φ
cos φ
e
0
(5.36)
To further decompose these gates in a CNOT primitive set of gates we need to follow
the same procedure for every controlled rotation. The final circuit has the form
0
θ
ei 2

qj
UEX =
qi

Rz

θ
2
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−π
2



Rz

−θ
2



Ry

 
φ
2

Ry
•



−φ
2



Rz
• Rz

π
2



−θ
2



•
Rz

θ
2



Using this gate transformation we can substitute the UEX with a series of single
and two qubit rotations that result to the same circuit, but with an ninefold increase
in the circuit depth. Nevertheless, for the studied molecules the circuit runtime is still
within the T1 limit (see Fig. 1, main text) which would allow an implementation on the
corresponding quantum hardware.

5.8.2

Heuristic non excitation-conserving circuits

To simulate molecules with non excitation-conserving circuits we implement the scheme
introduced by Kandala et. al. in Ref. [78] using CNOT gates primitives. In this heuristic approach, the quantum circuits are constituted of D blocks containing single qubit
rotations Rn (θk ) and an entangler circuit UENT based on CNOT operations, with each
block having an effective circuit depth of L (Fig. 5.12). Using the open source library
QISKIT AQUA Chemistry [160], we estimate the minimum number of blocks D0 required
to reach chemical accuracy for the ground state energy at the equilibrium point of each
molecule and report the total circuit depth D0 · L and effective circuit runtime in Table
5.4. The simulation assumes error free gates and all-to-all connectivity, making these
requirements the best case scenario for the corresponding computations. Errors in the
gates and smaller connectivity will result in larger circuit depth.
The calculations for LiH molecule indicate that for acquiring the ground state properties within chemical accuracy the circuit runtime exceeds the available T1 times (see
Fig. 1, main text). These results indicate that the non-excitation conserving heuristic
approach, even for error free gate simulations, yield circuits that are too long, making the
simulation intractable in near-term hardware. For BeH2 and H2 O molecules we did not
find a solution within chemical accuracy for circuits with depth up to 26 blocks within a
reasonable computation time. Further increase in the number of blocks would probably
allow for convergence, but the obtained circuit depths will be prohibitive in the available
hardware.
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Table 5.4: Statistics for the simulation of molecules and corresponding circuit
depth and runtime.

5.9

Molecule

Qubits
N

Blocks D0

H2
LiH
BeH2
H2 O

4
10
12
12

5
14
>26
>26

Circuit
Depth
D0 · L
80
1890
>5850
>5850

Circuit
runtime
(µs)
7.3
208.9
>626
>626

Real hardware implenetation of exchange gate
for H2 molecule

We implement such an exchange-type gate based VQE algorithm on a hardware platform consisting of two fixed-frequency superconducting qubits coupled via a tunable

D-times with depth L
qN |1i

RN (θk )

qN−1 |1i

RN −1 (θk )

qN−2 |.i

RN −2 (θk )

qN−3 |.i

RN −3 (θk )

...

UENT

..
.

q3

|.i

R3 (θk )

q2

|.i

R2 (θk )

q1 |0i

R1 (θk )

q0 |0i

R0 (θk )

Figure 5.12: Heuristic non-excitation-preserving circuit.
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coupler [146, 147] and determine the ground state energy of molecular hydrogen.
An exchange-type gate primitive can naturally be realized in a tunable coupler architecture, described in references [146, 147]. The device consists of two fixed-frequency
transmon qubits Q1 and Q2 linked via a tunable coupler (TC), i.e. a frequency-tunable
transmon. The implementation of this gate describes an exchange-type interaction between |10i and |01i. The resulting two-qubit gate operation is described by the unitary
operator


1
0
0
0
0
cos θ/2
ieiϕ sin θ/2 0

ÛEX (θ, ϕ) = 
(5.37)
0 ie−iϕ sin θ/2
cos θ/2
0
0
0
0
1
This gate operation corresponds to the gate U1,ex described in section 5.5.1 up to phase.
The ground state energy of molecular hydrogen is computed with a VQE algorithm
using the SWAP primitive described above. Using a parity mapping transformation [102],
we map the fermionic second-quantized Hamiltonian of molecular hydrogen to the twoqubit Hamiltonian
ĤH2 = α0 II + α1 ZI + α2 IZ + α3 ZZ + α4 XX

(5.38)

where αi denote pre-factors that are classically computed as a function of the bond length
of the molecule in the STO-3G basis. The corresponding values are stated in Table 5.5.
To compute the ground state at a given bond length, the VQE searches for a state
~
~ = hψ(θ)|
~ ĤH |ψ(θ)i
~ using a classical
|ψ(θ)i that minimizes the energy of the molecule E(θ)
2
~
optimization routine [60]. First, an initial trial state |ψ(θ0 )i is constructed and the energy
E(θ~0 ) is calculated by measuring the expectation value hψ(θ~0 )|Ôi Ôj |ψ(θ~0 )i of each term
in Eq. 5.38 on the quantum hardware, where Ô = {I, X, Y, Z}. Suitable trial states are
~ = a(θ)
~ |01i + b(θ)
~ |10i and can be realized in a single step with the
of the form |ψ(θ)i
exchange-type gate primitive ÛEX (θ, ϕ) (and a single initial qubit flip X̂π ) in our tunable
coupler architecture
|ψ(θ, ϕ)i = ÛEX (θ, ϕ)X̂π |00i
= ie

−iϕ

sin (θ/2) |01i + cos (θ/2) |10i .

(5.39)
(5.40)

All trial states |ψ(θ, ϕ)i are therefore probed from the one-excitation manifold by
scanning the parameters θ(τ ) and ϕ(ϕΦ ). A simultaneous pertubation stochastic approximation (SPSA) algorithm is then used to determine a set of (θopt , ϕopt ) corresponding to
a state |ψ(θopt , ϕopt )i that minimizes the energy E(θopt , ϕopt ) for the given bond length
(see Methods). By changing the parameters αi in Eq. 5.38 and running the VQE again
for the modified Hamiltonian, we compute the ground state energy of molecular hydrogen
as a function of the bond length (Fig. 5.13).
For each bond length, we perform five runs of the experiment and plot the minimum
value for the ground state energy and the median value for all excited state energies (symbols in Fig 5.13(a)). Comparing this experimental solution with the exact solution from a
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R(Å)
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00
1.10
1.20
1.30
1.40
1.50
1.60
1.70
1.80

α0
-0.75374
-0.86257
-0.94770
-1.00712
-1.04391
-1.06321
-1.07028
-1.06924
-1.06281
-1.05267
-1.03991
-1.02535
-1.00964
-0.99329
-0.97673
-0.96028

α1
0.80864
0.68881
0.58307
0.49401
0.42045
0.35995
0.30978
0.26752
0.23139
0.20018
0.17310
0.14956
0.12910
0.11130
0.09584
0.08240

α2
-0.80864
-0.68881
-0.58307
-0.49401
-0.42045
-0.35995
-0.30978
-0.26752
-0.23139
-0.20018
-0.17310
-0.14956
-0.12910
-0.11130
-0.09584
-0.08240

α3
α4
-0.01328 0.16081
-0.01291 0.16451
-0.01251 0.16887
-0.01206 0.17373
-0.01150 0.179005
-0.01080 0.18462
-0.00996 0.19057
-0.00901 0.19679
-0.00799 0.20322
-0.00696 0.20979
-0.00596 0.21641
-0.00503 0.22302
-0.00418 0.22953
-0.00344 0.23590
-0.00280 0.24207
-0.00226 0.24801

Table 5.5: Prefactors defining the Hamiltonian HH2 in the STO-3G basis for different bond length R
diagonalization of the Hamiltonian ĤH2 yields the accuracy ∆E (symbols in Fig. 5.13(b)).

For the ground state, ∆E decreases with the bond length while staying above chemical
accuracy (defined here by 6.5 mHa as in [49]). In order to understand this behavior, we
study the influence of decoherence effects on the accuracy. Using the decoherence rates
from Table 5.5 and a Lindblad-type master equation (see Methods), we simulate ground
and excited state energies which now deviate from the exact solution due to decoherence
effects (dashed lines in Fig. 5.13(a) and (b)). The numerical simulations are in good
agreement with the experimental data indicating that decoherence has a strong influence
on the measured accuracy in our experiment.

5.10

Conclusions

In this chapter we evaluate the advantage of use of a transformed Hamiltonian in comparison with the electronic Hamiltonian. In particular, we show that the reformulation of
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Figure 5.13: Experimental VQE solution for the ground state solution for the
excited states of molecular hydrogen using a tunable coupling architecture. (a)
SPSA convergence curve for the equilibrium point of H2 molecule. The shaded
area depicts the variation in between 5 independent convergence runs. (b) Top:
Accuracy for ground state energies as function of bond length. Bottom: The green
dashed lines correspond to the expected accuracy including decoherence effects in
simulation. The depicted ground state energy is the minimum (median) value from
a set of 5 measurements. Red dotted line corresponds to the calculated HF energy
and the blue solid line to the exact energy in STO3G basis set.
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the molecular Hamiltonian in second quantization using the particle-hole (p/h) picture
brings important advantages in terms of computational efficiency and accuracy. By shifting the reference state from the vacuum to the HF wavefunction, this approach provides
a better starting point for a systematic expansion of the molecular wavefunction, which
leads to a faster convergence of the correlation energy Ecorr = EGS − EHF . By replacing core electrons with the corresponding effective core potentials, we obtain a modified
p/h-Hamiltonian, which can reproduce ground state molecular energies within chemical accuracy using a reduced number of qubits. awe The p/h Hamiltonian shows clear
advantages compared to the original Hamiltonian in terms of implementation (shorter
circuit depth) and convergence efficiency (smaller number of iterations). In conclusion,
we show that within the p/h-formalism it is possible to design valid quantum algorithms
for the solution of electronic structure problems in near-term quantum computers with
a favourable scaling in terms of parameters and gate counts.
Additionally, we also investigate the implementation of two different wavefunction
Ansätze for the optimization of the ground state energy within the Variational Quantum
Eigensolver (VQE) algorithm. The first one is based on an adaptation of the Coupled
Cluster expansion series used in quantum chemistry. We show that within the VQE
framework the exponentiation of the cluster operators (see Eq. (5.13)) can be efficiently
approximated with a single Trotter step, while keeping a good level of accuracy for the
ground state energy (errors below 10−10 Ha in simulations). This surprising result can
be explained with the flexibility of the variational quantum algorithm, which relies on
an efficient parametrization of the Hilbert space that can ‘absorb’ the error introduced
by the Trotter approximation. As such, this VQE implementation of the CC approach
looses its original one-to-one correspondence with the original classical algorithm and
acquires a different, variational, character. For this reason we introduced the q-UCC
acronym to define the quantum version of the classical CC approach. The use of a single
Trotter step has also important implications for the implementation of the CC algorithm
in real hardware since it implies a drastic reduction (of about a factor 103 ) in the number
of gates required. The second approach is based on the heuristic wavefunction expansion
introduced originally in Ref. [78]. In this case, we proposed a set of specialized exchangetype two-qubit gates, which substantially improve the efficiency of the entangler blocks
used to generate the trial wavefunctions in the VQE approach. The success of both
exchange-type gates is related to their particle-conserving property, which enables to
restrict the sampling of the Hilbert space within the relevant subspace with the correct
number of electrons.
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Chapter 6
Entanglement requirements for
hybrid quantum-classical algorithms
Recent advances in hybrid quantum-classical algorithms allow us to find the ground state
of Hamiltonians, arising in quantum chemistry and optimization problems. This can be
achieved by searching the full Hilbert space via sequential application of single-qubit rotations and entanglement blocks (multi-qubit gates). First results indicate that the high
dimensionality of the molecular Hilbert space enforces us to use of a large number of
entanglement blocks. In this way, we reach a critical circuit depth for state of the art
quantum architectures with limited coherence times, which imposes important restrictions
for near term applications. In order to reduce the number of gate operations, we investigate different entanglement schemes and evaluate their properties by means of a set of
descriptors that includes concurrence, site occupation, and convergence efficiency. We
discuss the scalability of this approach, the cost of the experimental implementation in
near future quantum devices, and the computational advantage of their application in
variational quantum eigensolver optimizers. We also investigate the scalability of these
blocks in systems consisting of more than 3 qubits
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6.1

Introduction

Recent technological advancements in the superconducting qubit technology for quantum
computing purposes have triggered the development and the implementation of different
quantum algorithms. These quantum algorithms are for example designed to simulate
many-body physical systems [38, 56, 78, 79, 85, 109, 148, 161]. However, due to engineering restrictions like the limited connectivity, read-out and gate errors, finite tuning precision and short coherence times, calculations on real quantum hardware are still mainly
confined to proof-of-principle studies using ‘noise intermediate-scale quantum’ (NISQ)
computers based on short depth circuits. In order to take the maximum advantage from
state-of-the-art quantum computers for the calculation of electronic structure properties
of simple Hamiltonians, we exploit the use of quantum-classical hybrid algorithms like the
Variational Quantum Eigensolver (VQE) [60] which constrains the quantum calculation
to the evaluation of quantum mechanical expectation values while the state optimization
is performed using a classical algorithm.
Thanks to theoretical and experimental progress, the VQE algorithm has demonstrated its capability of finding the ground state energies of small di- and tri-atomic
molecular systems such as the hydrogen molecule, lithium hydride and beryllium dihydride [46, 56, 78]. However, the scaling to larger systems with NISQ hardware is still
hampered by the requirement of low circuit depths. There is therefore the urge to optimize the structure of quantum circuits used in VQE applications.
A first step in this direction was taken by the proposal of a hardware-efficient Variational Quantum Eigensolver that exploits the available connections of a quantum device
to parametrize the trial wave function for the ground state, without significantly increase
the overall circuit depth [78]. The main element of the quantum algorithm consists of a
series of repeating entangling blocks made of single-qubit rotations and two-qubit gates,
which need to sum up to less than a few hundred of operations in order to be executed
within the characteristic decoherence time of NISQ computers (i.e., a few hundreds of
µs). Preliminary results show that for the solution of the electronic structure of small
molecules NISQ computes can provide valid results within acceptable error thresholds
(in some cases even within the so-called chemistry accuracy, 2 kcal/mol for the selected
basis set). However, the scalability of this approach is still questionable and therefore a
more efficient encoding of the trial wave function in the qubit register is highly desirable
when dealing with larger systems.
In this chapter we focus on the design of the most efficient and scalable VQE entangler
blocks for the determination of the ground state wave function of spinless Fermi-Hubbard
Hamiltonians. 1 . We investigate the efficiency of the different entanglers by monitoring
the optimization process from different initial states and operate a selection based on
accuracy and speed of convergence. Additionally, we keep track of of the amount entanglement that is generated during the convergence scheme. This is done for two 3-qubit
1
We diversify this work from the work presented in Chapter 5, since here we are always using
the so called heuristic ansatz without preservation in the number of particles or other properties
of the system under research
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Hamiltonians that share the spectrum, but differ in the character (separable and entangled) of their eigenstates. After reviewing the basic notions of the VQE algorithm,
in Section 6.3 we introduce model systems (Fermi-Hubbard Hamiltonians) used for the
characterization of the optimal VQE circuit. Additionally, we define entanglement measures to monitor the convergence process and we characterize setups for our numerical
simulations. In Section 6.4, we discuss the results of the simulations in terms of generated
entanglement and speed of convergence. The conclusions are drawn and the outlook is
given in the last section.

6.2

The Variational Quantum Eigensolver

In this section we elaborate on different aspects of the hybrid quantum-classical Variational Quantum Eigensolver (VQE) algorithm. In Section 6.2.1 we present the general
formulation of the algorithm. In Section 6.2.2 we discuss the parametrization of the wave
function and the aspects related to the entangler blocks.

6.2.1

The VQE algorithm

The VQE is an algorithm that targets the minimum energy state (ground state) of a
physical system represented by a Hamiltonian H. The basis of operation for the VQE
is the variational principle. Given a bounded Hamiltonian H, its expectation value with
respect to a given normalized wave function (vector) is always greater or equal to the
Hamiltonian’s ground state energy, i.e.
∀|ψi ∈ H, hψ|ψi = 1 :

hψ| H |ψi ≥ Eg ,

(6.1)

where Eg is the ground state energy [94]. Therefore Eq. (6.1) can be interpreted as a cost
function, which is minimized in the optimization process in order to find an approximate
value of Eg .
In the hybrid approach the variational optimization procedure is divided into two
steps. The first is taking place in a quantum processing unit (QPU) and the second one
in a classical processing unit (CPU). The QPU is responsible for measuring the expectation value of Pauli operators with respect to the parametrized quantum state (so-called
trial wave function) that is constructed in the quantum circuit. Later these values help to
infer the energy expectation value and are passed to the CPU, where the new parameters
are generated according to the classical optimization scheme. The new parameters are
used to create an updated trial wave function, that is measured. We repeat this process
for a chosen number of iterations. One can summarize the whole VQE cycle in six steps
that are consecutively and repeatedly performed. One single iteration for an N -qubit
Hamiltonian H consists of:
(a) on the QPU:
1. preparation of the initial state |φi = |0i⊗N ,
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D-times
qN −1

|0i

R(θ~qN )

N
UM

qN −2

|0i

R(θ~qN −1 )

N −1
UM

...

|0i

R(θ~q... )

q1
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R(θ~q1 )

1
UM

q0

|0i

R(θ~q0 )

0
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UENT

(a)

...
UM

(b)

Figure 6.1: Quantum circuit for the parametrization of the wave function creation
for an N -qubit system. Circuit part (a) corresponds to the the repeating part of
the circuit consisting of single-qubit rotations and entanglers. Part (b) corresponds
to the post rotations generating the appropriate measurement basis.
2. generation of the trial wave function in the quantum circuit parametrized by a set
of parameters θ~i
|ψ(θ~i )i = U (θ~i ) |φi ,
3. modular measurement of the trial wave function, in order to find the expectation
values of Pauli operators,
(b) on the CPU:
4. evaluation of the Hamiltonian’s expectation value hHi|ψ(θ~i )i , as a sum of the previously measured operators,
5. generation of new parameters θ~i+1 according to the classical optimization scheme,
6. transfer of the updated parameters to the QPU and repetition from step 1.
Application of VQE without restriction in the occupation number of the system allow
us to find the state with the global energy minimum within the Fock space.

6.2.2

Quantum circuit structure and trial wave functions

Now we scrutinize the VQE algorithm in more detail. Its main goal is to create a quantum
state, such that we have a high probability of drawing a state near the ground state.
The state is parametrized using a series of single-qubit rotations followed by an entangler block that spans the required length of the qubit register. This block sequence
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is repeated for a variable number of times allowing more degrees of freedom for the
optimization procedure. The unitary circuit operation can be described as
D−times

z
}|
{
D
1
~
~
~
U (θ) = UM UR (θ )UENT . . . UENT UR (θ )

(6.2)

and the parametrized state as
~ = U (θ)
~ |φi
|ψ(θ)i

(6.3)

where UR (θ~k ) is the rotation operation characterized by θ~k , UEN T is the unitary describing the entangler, |φi = |0i⊗N is the initial state of the quantum register, and UM is
responsible for changing the measurement basis. The quantum circuit corresponding to
this unitary is depicted in Figure 6.1.
Since the rotation R(θ~qki ) acts only locally on each qubit it can be decomposed into a
tensor product of single-qubit rotations [142]. In an N -qubit system the rotation in the
k-th block is
N
−1
O
UR (θ~k ) =
R(θ~qki )
(6.4)
i=0

where R(θ~qki ) can be visualized as a rotation on the Bloch sphere of qubit qi . In our case
we define it as
R(θ~qki ) = Rz (αqki )Rx (βqki )Rz (γqki ).
(6.5)
Under this definition the number of independent parameters is increasing as 3N D for an
N -qubit system with D blocks for the trial wave function parametrization.
The nature of the entangler block can vary from case to case and its purpose is to
guarantee an efficient scan of the relevant part of the Hilbert space.

6.3

The models

We limit ourselves to spinless Fermi-Hubbard Hamiltonians constructed from triangular
plaquettes (Fig. 6.2), for which one can easily identify their ground states properties.
Additionally, we analyze a 3-qubit Hamiltonian that has separable eigenstates, to probe
the impact of entanglement generation on the speed of convergence. Through numerical
and statistical analysis we quantify performance of various entangles and select the best
suiting ones.

6.3.1

Fermi-Hubbard Hamiltonians

In order to simulate a system of interacting spinless fermionic particles we employ the
Fermi-Hubbard model Hamiltonian of the following form

X †
HHub = −t
cj ci + c†i cj ,
(6.6)
hi,ji
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Figure 6.2: Sketch of the Fermi-Hubbard system under study. Vertices i = 0, 1, 2
represent sites that can be either occupied or unoccupied by spinless fermionic particles. Hopping of particles between sites is governed by equal coupling strengths
depicted as triangle’s edges. The dashed lines in (e) represent the periodic boundary condidtions.
where hopping of the particles (represented by creation c†i and annihilation ci operators) is
allowed only for the adjacent sites hi, ji, and happens with the strength rate parametrized
by the value t, which we later set up to t = 1.
First let us investigate the three-site (three qubits) case that constitutes the basic plaquette for further considerations. In order to implement second quantized Hamiltonians
on a quantum chip, one needs to employ the Jordan-Wigner transformation [80] or the
Bravyi-Kitaev transformation [81]. They describe a correspondence between the state of
fermionic particles and qubits. A qubit in the |0i state corresponds to an unoccupied
site, while |1i to an occupied one. In our case the Hamiltonian is given by the following
form
1
X0 X1 + Y0 Y1 + X1 X2 + Y1 Y2
H∆1 =
2

+ X0 Z1 X2 + Y0 Z1 Y2

(6.7)

where Xk , Yk , Zk are Pauli matrices acting on the k-th qubit (k = 0, 1, 2). We will refer
to the above Hamiltonian as ∆1 . It is depicted in Fig. 6.2 (a).
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Hamiltonian (6.7) has the ground state
1
1
|Ψ∆
g i = √ (|001i + |010i + |100i) ,
3

(6.8)

with the corresponding ground state eigenenergy Eg = −2. The full spectrum of the
three-sites Fermi-Hubbard model reads as
(−2, −1, −1, 0, 0, 1, 1, 2).

(6.9)

The ground state is a particular example of an entangled state, that has non-zero concurrence, but zero three-tangle (see Section 6.3.3). Therefore, our convergence algorithm
requires exploration of the non-zero entanglement part of the Hilbert space in order
to find the ground state. Based on the statistical observations for the basic plaquette
Hamiltonian, we expand our analysis to 4-, 5- and 6-qubit Hamiltonians. They display a
similar geometric structure as H∆1 , namely they are composed of triangular plaquettes
(see Fig. 6.2 for their diagrammatic representations). For ease of reading, we will refer
to these Hamiltonians as ∆k , where k indicates the number of basic plaquettes present in
the Hamiltonian. In the 6-qubit case, one can distinguish nonequivalent arrangements of
triangular plaquettes. Therefore, we investigate all possibilities: a linear form ∆L
4 (Fig.
6.2 (d)), a periodic (living on a ring) form ∆P4 (Fig. 6.2 (e)) and a stacked form ∆S4 (Fig.
6.2 (f)).

6.3.2

Separable Hamiltonian

The second Hamiltonian type under consideration has the same spectrum as H∆1 (6.9),
but the corresponding eigenvectors are separable. We construct it as a local rotation of
a diagonal Hamiltonian H1 = diag(−2, −1, −1, 0, 0, 1, 1, 2)

 

1
1
HSEP = Z ⊗ √ (Z − X) ⊗ X H1 Z ⊗ √ (Z − X) ⊗ X .
2
2

(6.10)

The ground state of the above Hamiltonian is
1
|ΨSEP
i = √ (|001i − |011i) = |0i ⊗ |−i ⊗ |1i ,
g
2

(6.11)

where |−i = √12 (|0i − |1i), this state is manifestly separable, and can be reached by
applying local rotations in the VQE scheme, only. Therefore, it is a good candidate for
the discussion on the relevance of the entanglement and its role in quantum computation.

6.3.3

Entanglement Measures

Due to a rich structure of entanglement in multipartite systems, we limit our entanglement analysis to the basic plaquette, where one may distinguish quantum correlations
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within each possible bipartition (pairs (i, j)) or within the entire system (tripartite entanglement). In order to quantify the amount of entanglement of the trial wave function
along the optimization process, we define common entanglement measures [162].
For (i, j)-bipartition, we use the notion of concurrence [162] defined as


Ci,j := max 0, λ1 − λ2 − λ3 − λ4 ,
(6.12)
where λk are eigenvalues (in decreasing order) of the Hermitian matrix
q
√
√
ρi,j ρ̃i,j ρi,j ,
Mi,j =

(6.13)

with ρ̃i,j = (Y ⊗ Y )ρi,j (Y ⊗ Y ), and ρi,j being the reduced state describing qubits i and
j. Concurrence can take values in the interval Ci,j ∈ [0, 1], with separable states having
0 concurrence, and maximally entangled states (e.g. Bell states) having concurrence of
1.
To evaluate tripartite entanglement, we employ the measure of three-tangle, that is
defined as

2
2
2
,
(6.14)
τ3 ≡ τ (i : j : k) := Tj,k
− Ci,j
+ Ci,k
where Ci,j is the concurrence between qubit i and j, and
q
Tj,k := 2 − 2 Tr(ρ2j,k ),

(6.15)

Three-tangle takes values in the interval [0, 1], and nonzero values occur when genuine
tripartite entanglement is present (from the GHZ class [X]).
In this article, we propose to measure the amount of entanglement in the VQE optimization process by integrating the concurrence and the three-tangle over the entire
process. This amounts in summing up the contributions of the entanglement over all
iterations, expressed as
C̄k,l =

I
1 X (i)
Ck,l ,
I

τ̄3 =

i=1

I
1 X (i)
τ3 ,
I

(6.16)

i=1

(i)

(i)

where I is the number of iterations, Ck,l and τ3 are respectively the concurrence between
qubit k and l and three-tangle for the i-the iteration of the VQE cycle.

6.3.4

Simulations

The simulations of the different VQE optimizations are performed on a classical digital
computer using the Quantum Toolbox in Python package (version 4.2.0) [158]. All analyses assume perfect conditions – no noise, no measurement errors and high numerical
precision. Since we simulate the generation of the trial wave function, we can access all
information of our system, in particular we can follow how expectation values of energies
or entanglement are changing throughout the convergence process.
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Table 6.1: Optimization parameters for different Hamiltonians. Table parameters
are: NoI: Number of Iterations, NoC: Number of Calibrations, NoR: Number of
Repetitions, NoB: Number of Blocks.
Hamiltonian
∆1
∆2
∆3
∆S4
∆L4
∆P4

NoI
1000
2000
4000
6000
6000
6000

NoC
100
200
250
300
300
300

NoR
1000
500
100
100
100
100

NoB
3
5
8
12
12
12

We focus in more detail on the basic plaquette, for which we test 21 different entanglers (UENT in Fig. 6.1), with varying number of blocks (parameter D of Fig. 6.1). Based
on the performance of these entangler for the basic plaquette, we select arguably the
best ones, and use them to discuss entanglement properties of the trial wave function.
Additionally, we use analogous blocks for higher dimensional systems, that are built of
of basic plaquettes.
In the simulations we use a stochastic direct search scheme – Simultaneous perturbation stochastic approximation (SPSA) – that has proved to be suitable in hybrid scenarios
[78], and set the parameters {α, γ, c} = {0.602, 0.101, 0.01} as reported in [78]. For different Hamiltonians we tune the algorithm with different numbers of iterations (how many
times one needs to measure a trial wave function), calibration steps (number of runs to
adjust SPSA parameters), repetitions (number of random initialization of the full VQE
cycle) and entangler blocks that are collected in Table6.1 that were selected according
to preliminary simulations. Based on this setup, we check the fraction of converged
instances within a 2% threshold of the ground state energy.

6.4
6.4.1

Results
Efficiency of the Entanglers – Speed of Convergence

The Basic plaquette Hamiltonian
For the 3-qubit Hamiltonian ∆1 (6.7) we investigate the efficiency of 21 different entanglers (see Table 6.2), that is characterized by the speed of convergence. Based on
numerical analysis we have selected quantum circuits composed of three blocks. This
number proved to be sufficient to reach near the ground state energy for most instances.
The results are collected in Table 6.2. As expected, we observe that in cases where the
two-qubit gates do not span the full qubit register (e.g. Entangler 0 - the Identity - and
Entangler 6 - Table 6.2) we fail to generate the necessary bipartite entanglement required
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Table 6.2: Comparison of different entanglers under study. We emphasize the
minimal number of blocks for which we can observe convergence of the VQE algorithm applied to the basic plaquette’s Hamitlonian H∆1 . The convergence speed is
described by the percentage of runs out of 1000 which converge to accuracy within
a 2% threshold of ground state energy for three blocks circuits. Gate actions are
explained in the appendix.
ID

Circuit

0

0%

I

2
•
4

•

ID

Speed

•

•
•

6

5

84.1%

0%

8

•

62.3%

82.4%

85.6%
•
• •

H

Z

96.7%

•

•

7

9

•

•

• •
•

Speed

• •

3

98.8%

•

•

1

•

•

Circuit

• •

• •

• •

84.7%

81.7%

Z

•

10

•

•
Z

•
Z

11

95.9%

•
64.6%
Z

•

Z
12

• •

•

Z

Z
13

64.2%

• •

Z
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Z • •
• •

Z

95.4%
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ID

14

Circuit
• •
Z

ID

Circuit

15

• • H

Z
• •
Z

16

•
•

18

QF T

20

Speed

×
• ×

98.8%

Speed

93.8%

• •
17

70.8%

19

34.9%

•
•

83.1%

•×•

73.5%

•
•

×

74.2%

•
for convergence. Furthermore, we notice that the other structures allow for convergence
on a different statistical level. Hence, we scrutinize five selected entanglers (Entanglers
1-5) that exhibit similar overall speed of convergence and are constructed with 2-3 twoqubit gates. Our in depth analysis shows additional discrepancies in the speed monitored
during the course of convergence (Figure 6.3). We notice that on average the VQE for
Entanglers 3,4 and 5 converges slower than for Entanglers 1 and 2. One can explain this
difference by the type of correlations that are created by the entanglers. Entangler 3 and
5, are more suitable to construct states from the GHZ class (with non zero three-tangle),
while Entangler 1,2 and 4 are better in generating bipartite concurrence, which is present
in the ground state. Moreover, one observers that entanglers composed of CX gates are
superior to ones with iSWAP, since CX has higher entangling power [163](in fact of the
maximal value) than iSWAPs i.e. they can generate more bipartite entanglement (in
particular Bell states). Therefore, we analyze the entanglement generation in the trial
wave function along the convergence process.
For a fixed random initial set of angles, we simulated the VQE algorithm 100 times
and calculate statistical quantities (see Table 6.5 and Figures 6.6 and 6.7) of the entanglement (bipartite concurrence and three-tangle). As the SPSA algorithm is stochastic
in nature, we anticipate for all these runs a different convergence behavior. The ground
1
state wave function |Ψ∆
g i has zero three-tangle and non-zero concurrence. Hence we
expect to generate bipartite entanglement in instances of convergence (see Fig. 6.6).
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(#)
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Figure 6.3: Convergence of the VQE with three blocks for Fermionic Triangle
Hamiltonian. All convergences are within a precision of 2% of the energy for
1000 runs. Each simulation is done with 100 calibration steps and 1000 iterations.
Plots depict the following entanglers used as blocks (red): Ent. 1 (convergence of
967/1000), (blue): Ent. 2 (988/1000), (green): Ent. 3 (824/1000). On top of the
plots, we show the percentage of runs which converge within the intervals of 200
iterations.
Moreover, we can create three-tangle in the early stages of the optimization procedure
(before convergence), which needs to gradually disappear when approaching the ground
state.
Additionally, the speed of convergence depends on the number of blocks that compose
the circuit. The more blocks are present, the more single-qubit rotation angles have to
be optimized by the VQE algorithm. Figure 6.5 shows that an increase in the number
of blocks leads to faster convergence of the algorithm regarding the number of iterations
on the QPU. However, in a realistic scenario, hardware restrictions will limit the circuit
depth due to fast growing destructive influences (related to gate errors and limited coherence times). Also an increase in the number of blocks leads to more parameters the
CPU has to optimize. Therefore, one needs to gauge between the number of iterations
required to converge, the number of parameters needed to be optimized and the intrinsic
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Figure 6.4: Convergence of the VQE with three blocks for Fermionic Triangle
Hamiltonian. All convergences are within a precision of 2% of the energy for 1000
runs. Each simulation is done with 100 calibration steps and 1000 iterations. Plots
depict the following entanglers used as blocks (red): Entangler 4 (convergence of
841/1000), (blue): Entangler 5 (856/1000). On top of the plots, we show the
percentage of runs which converge within the intervals of 200 iterations.

Table 6.3: Speed of Convergence for different Hamiltonians
Ent.
1
2
3
4
5

Converged within the number of iteration
1-200 201-400 401-600 601-800 801-1000 Total
71.4
72.6
25.3
29.7
23.3

%
%
%
%
%

18.5%
20.8%
32.7%
34.9%
39.6%

4.6%
4.3%
15.0%
14.5%
16.3%
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2.0%
0.9%
8.4%
4.6%
6.0%

0.2%
0.2%
1.0%
0.4%
0.4%

96.7%
98.8%
82.4%
84.1%
85.6%
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Figure 6.5: Speed of convergence for different number of blocks in the VQE quantum routine optimizing the energy of the Fermionic Triangle Hamiltonian. Red
color corresponds to three blocks, blue to five, and green to ten blocks. Entanglers
1, 2, 3 are ordered from top to bottom in the left side ((a),(b),(c)) and entanglers
4 and 5 in the right side ((d),(e)).
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Figure 6.6: Concurrence (top panel) and three-tangle (bottom panel) present in
the trial wave functions during the optimization process for the Fermionic Triangle Hamiltonian. Solid lines represent average values for both three-tangle and
concurrence, while shades show the region between maximal and minimal values
of entanglement measures obtained in 200 different runs of the VQE. Subplots
correspond to different entanglers (a,d) Ent. 1, (b,e) Ent. 2 and (c,f) Ent. 3.
Each computation uses three blocks, 100 calibration steps (not displayed) and
1000 iterations of the SPSA optimization scheme.
hardware imperfections, which limit the amount of quantum operations.

Separable Hamiltonian
For the case of the basic plaquette Hamiltonian, the ground state is an entangled state. In
this section we extend the analysis to the separable Hamiltonian (6.10) with the ground
state (6.11) being a product state. This allows us to compare the speed of convergence for
different types of Hamiltonians and the role of entanglement in the process of convergence.
For the separable Hamiltonian, one can converge to the ground state applying local
operations (one qubit gates) without entanglers (only identity blocks). It is also possible
to approach the ground state energy using blocks composed of two-qubit gates. However,
in all cases considered, the presence of entanglement generating gates slows down the
convergence procedure (see Fig. 6.9).
For the separable Hamiltonian - in contrast to the ∆1 - the ground state has neither
bipartite concurrence nor three-tangle. Therefore, at the end of the optimization (if
converged), both Cij and τ3 are in proximity of zero. As expected from the nature
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Figure 6.7: Concurrence (top panel) and three-tangle (bottom panel) present in the
trial wave functions during the optimization process for the separable Hamiltonian.
Solid lines represent average values for both three-tangle and concurrence, while
shades the region between maximal and minimal values of entanglement measures
obtained in 100 different runs of the VQE. Subplots correspond to different entanglers (a,d) Ent. 1, (b,e) Ent. 2 and (c,f) using Ent. 3. Each computation uses
three blocks, 100 calibration steps (not shown) and 1000 iterations of the SPSA
optimization scheme.

Table 6.4: Speed of convergence
Entangler
Ent.
Ent.
Ent.
Ent.
Ent.

1
2
3
4
5

∆2
98.8%
100%
86.6%
85.6%
93.6%

Speed of convergence
∆3
∆L4
∆P4
89%
99%
51%
33%
58%

92

80%
92%
18%
6%
19%

97%
99%
13%
10%
13%

∆S4
94%
94%
15%
15%
29%
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Figure 6.8: Concurrence (top panel) and three-tangle (bottom panel) present in the
trial wave functions during the optimization process for the separable Hamiltonian.
Solid lines represent average values for both three-tangle and concurrence, while
shades the region between maximal and minimal values of entanglement measures
obtained in 100 different runs of the VQE. Subplots correspond to different entanglers (a,c) Ent. 4, and (b,d) Entangler 5. Each computation uses three blocks,
100 calibration steps (not shown) and 1000 iterations of the SPSA optimization
scheme.
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Figure 6.9: Convergence of the VQE with three blocks for the separable Hamiltonian. All convergences are within a precision of 2% of the energy for 1000 runs.
Each simulation is done with 100 calibration steps and 1000 iterations. Plots depict entanglers 1 (red), 2 (blue), 3 (green) and 0 (Identity) used as blocks. On top
of the plots, we show the percentage of runs which converge within the intervals
of 200 iterations.
of the ground state wave function, the amount of average entanglement (Eq. (6.16)) is
systematically smaller in the case of the separable Hamiltonian than for the H∆1 over
the entire optimization path. However, this shows that in both cases the path from the
initial state to the ground state leads along entangled regions of the Hilbert space, that
are unnecessary for reaching the ground state, i.e. we visit three-tangle parts (for ∆1
Hamiltonian) or entangled parts (for the separable Hamiltonian) in both concurrence
and three-tangle.

Larger Hamiltonians
Based on the observation for the basic plaquette, we examine Hamiltonians describing
larger systems (Fig. 6.2 (b)-(f)) composed of adjacent triangular plaquettes. We check

94

Entanglement requirements for hybrid quantum-classical algorithms
Table 6.5: Mean and standard deviation of integrated entanglement (concurrence
C̄ij and three-tangle τ̄3 ) according to Eqs. (6.16) over 100 runs of the VQE algorithm.
Ent
Ent. 1
H∆1

Ent. 2
Ent. 3
Ent. 4
Ent. 5
Ent. 1

HSEP Ent. 2
Ent. 3
Ent. 4
Ent. 5

C̄01

C̄02

C̄12

τ̄3

0.612±0.063

0.606±0.059

0.627±0.040

0.086±0.082

0.634±0.027

0.617±0.035

0.632±0.025

0.065±0.044

0.553±0.088

0.493±0.117

0.479±0.167

0.267±0.187

0.589±0.077

0.560±0.087

0.575±0.060

0.166±0.114

0.580±0.070

0.539±0.089

0.570±0.104

0.182±0.133

0.018±0.014

0.021±0.018

0.031±0.016

0.007±0.003

0.036±0.021

0.033±0.017

0.043±0.025

0.007±0.003

0.016±0.014

0.015±0.008

0.008±0.010

0.006±0.003

0.588±0.077

0.560±0.087

0.575±0.060

0.165±0.114

0.579±0.070

0.539±0.089

0.570±0.104

0.182±0.133

whether the performance of selected entangling blocks is preserved, i.e. whether we reach
near the ground state with similar statistical accuracy.
Our investigation limits to selected entanglers, that are constructed as natural extensions of entanglers 1-5, such that, they span the full qubit register. We display results
S
P
for the speed of convergence in Table 6.4 for Hamiltonians ∆2 , ∆3 , ∆L
4 , ∆4 , and ∆4 .
One observes, that entanglers of type 1 and 2 perform well in all investigated cases,
while these of types 3-5 are less trustworthy, and their performance is strongly problem
dependent.
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6.4.2

Scaling of Entangler blocks

The entangler blocks used for the triangles consisting of more than 3 sites are depicted
in Table 6.6. In general the scaling is based on the entangler used for the 3 qubit case
and then scale it up for systems of more than 3 qubits.

6.5

Conclusions

In this chapter, we investigated the performance of the Variational Quantum Eigensolver algorithm for the determination of the ground properties of Fermi-Hubbard models through a systematic analysis of a series of trial wave functions and corresponding
quantum circuits. In particular, we focused on the analysis of the three site Hamiltonian, for which we additionally create a separable Hamiltonian with the spectrum but
different eigenstructure. To assess the exact physical properties, all our calculations were
performed using high precision simulations of the quantum circuits on a classical hardware numerical, i.e. without including any type of noise source as it occurs in NISQ
calculations.
Particular care was given to the study of the amount of entanglement created during
the optimization process and its impact on the convergence of the algorithm. We found
that a variety of circuits ensures the convergence of the algorithm towards the correct
ground state, creating the needed amount of entanglement. However, the process of
entanglement creation is circuit specific, with some circuits introducing more tripartite
and others more bipartite entanglement. Additionally, in the case of the Hamiltonian
with a separable ground state eigenvector, entanglement is decreasing the efficiency of the
VQE algorithm slowing down the convergence process. Therefore, one needs to proceed
cautiously when referring to entanglement as a resource for potential quantum speed-up,
and always take into account the physical nature of the problem at study. Entanglement
between arbitrary or not suitable parties may hamper the convergence process.
Within the model Hamiltonians considered in this work, we found that entanglers
build using CX gates provide faster convergence than the ones based on CZ or (i)SWAP
gates. This is a promising result, since CX gates are a natively implemented gate on
many available NISQ quantum devices (e.g. IBM QX).
Additionally, entanglers composed of fewer gates potentially perform better on the
real devices because of limited impact of the gate errors and fidelities on the final results.
For these reasons, we argue that the type 1 entanglers are the entanglers of choice for the
Fermi-Hubbard-type models (of all investigated dimensionalities) described in this work.
Also one has to bare in mind that the efficiency of the VQE depends on the number
of blocks the circuit is built from. Further analysis is needed in order to determine the
scaling properties of the minimal numbers of blocks needed for convergence.
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Table 6.6: Scaling of Entanglers
∆2

Ent.1

•

Ent.2

•

•

•

•

•

•
• • • •

• • •

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

•

∆P,L,S
4

∆3

•

•

• • • • •

Ent.3

Ent.4

•
•

•
Ent.5

•

•
•

•
•
•
•

•
•

•

•

•

•
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•

•
•

•
•
•
•

•
•

•

•

•

•

•
•

•
•

•
•

•
•

•

•

•
•

•

•

•
•

•

•
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Chapter 7
Conclusion and Outlook
Current and near-term quantum processors will most likely be limited to a few hundred,
maybe a thousand qubits, and operate without quantum error correction. If the qubits
and their control were ideal, the computational power of quantum devices with a couple hundred qubits would already dwarf that of any classical computer and could show
quantum advantage.
Near-term devices operating under the adiabatic quantum computing protocol with
restrictive qubit interaction will require significant effort to reduce the encoding of the
second quantized Hamiltonian. The need of schemes that allow reduction of k-local
terms to 2-local terms is evident and the exchange of accuracy to spectral properties of
the enlarged system needs to be reconsidered. In this thesis, we proposed a scheme (LRO)
that allows the solve this highly complex problem without the overhead of completely
unrealistic coupling requirements. Our scheme works as an extension to already existing
perturbative techniques. To ensure the robustness and exactness, we introduced strict
criteria that allow for arbitrarily good approximation of the many-body Hamiltonian
with terms of maximum locality of 2.
The next steps towards adiabatic quantum chemistry simulations in multiqubit quantum devices would be the evaluation and extension of our scheme to allow for more
efficient cross-term reduction and take into account the resource requirements of the different problems. Generalization of the introduced criteria and evaluation of the resource
requirements for different fermion-to-qubit mappings would also be an important point
to be evaluated and would allow for polynomial control precision. Another aspect that
should be raised related to the LRO scheme is the sensitivity of the optimized parameters.
Further enhancement in the optimization procedure that would allow for a more robust
outcome need to investigated. Extended research will provide insights that will allow for
the solution of this problem and create the foundation for the preparation of adiabatic
quantum chemistry simulations of fermionic Hamiltonians for systems consisted of more
than two qubits.
As far as the applications in the gate model of quantum computation are concerned,
we argued that near-term devices with increased decoherence time and significantly lower
gate errors are essential to find suitable methods to use quantum effects efficiently for
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Figure 7.1: Qubit resources needed for quantum chemistry. Qubit numbers up to
ten are based on existing experiments, whereas the resources for larger molecules
are estimates. From left to right: hydrogen molecule, lithium hydride, beryllium
hydride, iron sulphor (Fe-S) cluster in DPH2 complex of Pyrococcus Horikoshii
(PDB entry code 3LZD), and Fe-S clusters sequence in cytochrome B560 subunit
of mitochondria (PDB entry code 3SFD).
quantum chemistry simulations. We have discussed that a promising way forward is to
consider hybrid quantum-classical architectures in which the quantum processor is used
to generate trial quantum states that could not be stored in conventional memory. The
variational quantum eigensolver method can be used to solve any type of problem that
can be cast into a physical Hamiltonian.
The current state of the art encompasses proof of concept simulations of small
molecules: In the context of superconducting qubits the hydrogen molecule has been
simulated with two qubits [56, 78] and larger molecules such as lithium hydride and
beryllium dihydride have been simulated with seven qubits [78]. As the size of the systems under study grows in electron number so does the required number of qubits, for
example, the simulation of the electronic structure of small organic molecules such as benzene and ethane [28] already requires tens to hundreds of qubits. In the case of strongly
correlated electrons, even the simplest systems made of a few atoms, for instance the
chromium dimer [164], quickly become intractable for classical computers when accurate
numerical solutions are required. To address strongly correlated problems of practical
relevance such as the nitrogen fixation catalytic center in bacteria [41] or the iron-sulphur
clusters in the respiratory chain protein complexes [165, 166] (see Figure 7.1) quantum
processors with significantly better properties are needed.
To achieve this, the capabilities of next-generation quantum processors have to improve along several directions:
1. Improvement of coherence and qubit control, as well as development of errormitigation schemes.
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2. Hardware-efficient and problem-specific trial state preparation when using variational quantum eigensolver.
3. Efficient circuit optimization by code optimizers and improved mappings from
fermions to qubits.
4. Classical parameter optimization methods suited for variational quantum eigensolver.
As for (1), current best error rates of ∼ 10−4 for single and ∼ 10−3 for two-qubit
gate fidelities in the case of superconducting qubit architectures do not provide sufficient
accuracy for more complex quantum calculations. The coherence time of qubits has to be
improved, e.g., by improving fabrication techniques or chip designs. The control pulses
for qubits and their interaction have to be optimized to avoid systematic gate errors.
Any remaining errors have to be compensated by error-mitigation strategies.
As for (2), trial states that require only a variation of a few parameters to prepare the
targeted solution state are required. It is an open question how to construct suitable trial
states for a general problem set. One may speculate that some combination of heuristic
and problem-specific approaches is best suited for the variational quantum eigensolver,
like the hardware-efficient trial wavefunctions which obey certain physical constraints, for
example, to conserve the particle number in the quantum chemistry context. Moreover,
enlarging the set of available gates, e. g. by exploring coupling primitives that allow
different types of interactions between two or more qubits to be realized [146, 147] is
considered to create problem-specific trial states and render the VQE efficient.
In this thesis, we demonstrated some efficient trial wavefunction generators based on
the use of particle conservation and hardware efficient implantation of exchange gates.
The use of particle-hole symmetry in the Hamiltonian and the restriction to the part of
Hilbert space encoding the right number of excitations, allows for more efficient implementation of the aforementioned schemes.
At the same time, the use of entanglement as a resource for quantum computation
and the design of entangler blocks that are of particular interest can reduce the circuit
depth allowing for implementation in problems of larger scale. The use of the minimum
number of 2-qubit gates (that usually are more error-prone) will reduce the noise of the
quantum hardware and span only parts of the Hilbert space that are of interest for the
particular problem.
As for (3), different fermions-to-qubits maps have been proposed which do not require
the creation of entanglement over the entire qubit space. Among the different variants of
the Jordan-Wigner and binary-tree methods, one can envisage approaches that perform
better in the presence of system-specific noise. Moreover, it may be possible to identify
new maps into qubits, which are especially suited for variational quantum eigensolvers
and that can exploit, for instance, the use of additional ancilla qubits to further reduce
the number and the complexity of the gates. Of particular interest is also the possibility
to optimize quantum circuits using post-processing tools at compilation [41]. The use of
high-level languages for the generation and the manipulation of quantum circuits will
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indeed offer the possibility to rationalize the qubit resources, thus reducing the circuit
depth and therefore the time to solution.
As for (4), specialized classical optimizers that can deal with large stochastic fluctuations resulting from queries to the quantum processor in the VQE are required. The
possibility that optimization routines get trapped in false local minima or the effect of
high noise render the robustness of optimizers of critical importance for near-term applications. Even the use of quantum-enhanced optimization schemes may be envisaged.
Although, several promising approaches to make use of near-term devices with hundreds of qubits and limited coherence times have been developed, overcoming the remaining problems is still a challenge. Tackling this will allow us to solve tangible problems,
most likely in quantum chemistry and/or material science. While at present these obstacles seem to be in path for solution for near-term devices, the need of pure quantum
algorithms seems imminent. Going beyond the VQE will be a problem that the scientific
community will eventually have to face and it seems to be an intriguing problem for
research for quantum chemistry applications in a quantum computer.
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