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• The mechanics of chiral beams with
inner normal-shear strain couplings is
elaborated, starting from ﬁrst principles.
• Normal deformations create bending
deﬂections which are proportional to
the material’s shear-normal compliance
coefﬁcient.
• The use of inner strain couplings as an
equilibration mechanism is numerically
and experimentally tested for the ﬁrst
time.
• The bending deﬂections' equilibrating
force is inversely proportional to the
material’s shear-normal coupling
coefﬁcient.
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a b s t r a c t
In the current work, we demonstrate the potential of structures made of chiral artiﬁcial materials to balance
bending loads through tensile loads, exploiting their inner normal to shear strain coupling. To that scope, we employ beam structures which we architecture with tetrachiral unit-cells. For the latter, we quantify their inherently
coupled normal to shear strain behavior, making use of homogenization analysis techniques. We subsequently
derive the equations that characterize the bending mechanics of beams with an inner bending to normal loading
coupling, starting from ﬁrst principles. Thereupon, we compute the normal forces required to equilibrate the effect of bending loads on beam structures, providing relevant closed-form parametric expressions. Using the derived analytical formulas, we carry out both numerical simulations and experiments for the case of cantilever
beams. Results suggest that the coupling of normal and shear deformations can be used as a primal loadbalancing mechanism, providing new possibilities in the control of the artiﬁcial structure's kinematics and overall
mechanics.
© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
During the last decades, a new paradigm has been developed in the
design of materials, in which the material's macroscale properties are
⁎ Corresponding author.
E-mail address: nkaratha@ethz.ch (N. Karathanasopoulos).

designed through the appropriate organization of its inner structure
[1]. A new class of artiﬁcial materials appeared, that have been commonly named as metamaterials [2]. Metamaterials are typically based
on periodic unit-cell arrangements [3], engineered to a μm accuracy
scale thanks to the emergence and development of additive
manufacturing [4,5]. A basic cell is used as the repetitive material unit,
substituting the notion of atoms in conventional materials [6].

https://doi.org/10.1016/j.matdes.2020.108520
0264-1275/© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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For the static or dynamic structural material attributes to be obtained, experimental or numerical studies need to be carried out
[7–9]. The latter can be considerably computationally expensive, if
full-scale ﬁnite element models are employed [10]. A link between the
metamaterial's inner architecture and its equivalent continuum scale
properties can be derived using homogenization analysis methods
[11,12]. Such methods have been primarily based on asymptotic expansion techniques for the static and kinematic variables of the
metamaterial's inner unit-cell architecture [13]. Discrete homogenization methods allow for a complete characterization of the continuumscale compliance matrix, providing closed-form, parametric expressions
for each stiffness component [14].
The design of a wide range of unit-cells has been up to now directed
by the effective volumetric behavior of the arising continuum, quantiﬁed by the Poisson's ratio values. The latter has been long considered
to be a fundamental metric of material performance [15]. Within isotropy, the material's normal and shear modulus are directly and uniquely
related to its effective Poisson ratio value ν, so that a negative Poisson
ratio value entails an increased shear stiffness (G = E/(2(1 + ν)))
[16]. The observation gave birth to a class of artiﬁcial materials, named
as auxetics, as they laterally expand rather than contract when normally
stretched, contrary to most common engineering materials [17–19].
Well-known lattice architectures with an auxetic mechanical behavior
are the so-called re-entrant type unit-cell designs, such as re-entrant
hexagonal or star-shaped lattices [20–24]. Apart from auxetic unit-cell
designs, lattice conﬁgurations that oppose lateral expansion upon normal loading have been devised [25,26]. Representative unit-cells of
the kind are rectangular-shaped lattices or combinations of re-entrant
hexagonal with regular hexagonal lattice architectures, named as
semi-re-entrant structures [26,27]. Moreover, several lattice conﬁgurations with a positive Poisson's ratio that is comparable to the one of
common engineering materials have been reported, typical examples
being honeycomb, kagome or triangular-shaped unit-cell architectures
[26,28].
Artiﬁcial materials have been engineered so as to meet, not only certain effective volumetric behaviors, but primarily to satisfy ﬂexibility
and weight requirements [29–31]. In particular, lightweight materials
with prescribed structural characteristics constitute primal objectives
in different engineering ﬁelds, among others in morphing and composite engineering [32]. Within isotropy, the range of attainable effective
material properties lies within rather conﬁned limits, so that anisotropic
material architectures are required to broaden the feasible design space
[33]. In such a space, the material's normal and shear resistance can be
tuned independently from other primal material parameters, such as
from the material's effective Poisson ratio value [34]. Up to now, different anisotropic unit-cell designs with ultra-soft or ultra-stiff effective
normal material resistance have been contrived [35–37]. Their normal
modulus can be controlled to substantially vary among the different
material loading directions, exceeding the isotropic limits by orders of
magnitude [38,39].
The inner material architecture and the degree of anisotropy of
architected media affect, not only their static, but also their wavepropagation characteristics. More speciﬁcally, dispersion attributes
well differ between isotropic, hexagonal-shaped lattices and anisotropic, auxetic inner material architectures [40–43]. What is more, stiffness anisotropy can be exploited to provide wave propagation isolation
features, both for normal and shear waves [39]. Anisotropic inner mass
density distributions can be as well used to manipulate longitudinal [44]
and ﬂexural [45] waves over certain frequency regions. Such inner material designs form the basis for the engineering of devices with focusing
and subwavelength imaging capabilities; attributes of primal importance in the ﬁeld of non-destructive structural evaluation [46].
Most of the previously reported effective mechanical properties
arise from inner material designs whose effective bulk deformation is
uncoupled from rotations [47,48]. As such, when compressed or tensioned, they simply normally deform, without changing their shape

(Fig. 1). However, this is not uniquely the case for a speciﬁc class of
metamaterials which have been named as chiral due to their inherent
lack of symmetry with respect to their mirror lattice image [49,50]. Up
to now, different chiral lattice designs have been reported, yielding either isotropic auxetic –as for hexachiral lattices [51]- or anisotropic
and non-auxetic effective material behaviors, as in the case of chiraldiamond and tetrachiral lattices [52,53]. For the latter, bulk deformations are coupled to rotations creating a normal to shear strain coupling,
already at the constitutive level [53]. This inherent coupling leads to a
macroscopic response where normal forces induce shear-forces and
vice-versa, so that normal loads induce lateral deformations, as schematically depicted in Fig. 1.
Lateral bending deformations as of the application of normal
forces have been artiﬁcially created with the use of additional structural elements, such as cables. The latter constitute common practice
in the case of structures, for which some load equilibration mechanism needs to be applied to counterbalance bending deﬂections,
with typical macroscale examples being bridge structures [54]. For
such systems, the additional element needs to be eccentrically
placed and normally pre-stressed to create inner moments and
shearing forces that cancel out the bending loading pattern of interest [54,55]. However, the use of advanced materials with an inner
coupling of normal and bending deformations premises a bending
equilibration functionality, which arises from the material's very
constitutive behavior and not from the use of additional elements;
a potential that has not been up to now studied. What is more, the relation between bending and normal deformations remains unknown, along with the constitutive formulation of the effective
macroscale forces and moments.
In the current work, we investigate the potential of artiﬁcial materials to equilibrate bending deformations through tensile loads out of
their constitutive behavior. To that scope, we make use of tetrachiral
unit-cell structures that lead to a macroscopic, homogenized response
with an inherent normal to shear strain coupling. We introduce the artiﬁcial material's architecture and basic constitutive relations in
Section 2. Thereafter, we derive the bending equilibrium equations of
beam elements for the case of materials with an inherent normal to
shear strain coupling, starting from the full order compliance matrix
(Section 3.1). In Section 3.2, we summarize the numerical speciﬁcations
of a cantilever beam architectured with tetrachiral lattices, while in
Section 4 we elaborate the experimental fabrication and testing procedures of micro-architectured tetrachiral cantilever beams. In Section 5,
after summarizing the effective mechanical properties of the tetrachiral
lattice (Section 5.1), we provide the deformation and equilibrium mechanics of cantilever beam structures with inner normal to shear strain
couplings (Section 5.2). We make use of the obtained results to equilibrate the end tip deﬂection of a deﬂected beam structure through tension (Section 5.3), while we analyze both analytically and
experimentally the normal-load induced, bending kinematics
(Section 5.4). We provide an overall discussion on the implications of
the coupling between bulk and shear deformations in Section 5.5 and
conclude in Section 6.

2. Materials and methods
2.1. Metamaterial architecture
Among typical chiral lattice structures [49,51,52], we select the
tetrachiral lattice structure for the present work as a typical anisotropic
unit-cell design with an inherent normal to shear strain coupling. Fig. 2
shows a schematic of the lattice structure along with a detailed view of
its unit cell. The nodes of the primal unit-cell are represented with ﬁlled
black circles, while its periodicity vectors λ1, λ2 in red. In a ﬁrst approximation, the relative density ρ ∗ of the two-dimensional structure with
elements of thickness t and length L are expressed as a function of
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Fig. 1. Schematic representation of the deformation mechanism for a common engineering material and for a material with an inner normal to shear strain coupling.

their slenderness η = L/t and angle θ, as follows:
ρ ¼ 2ðs þ cÞ=η

detailed and exploited at the structural level in the developments to
follow.
ð1Þ

where s and c in Eq. (1) stand accordingly for sinθ and cosθ. Fig. 3a depicts the dependence of the unit-cell architecture on the angle θ, while
Fig. 3b provides the relative density ρ ∗ for different values of the slenderness ratio η and lattice angle θ.
The structure is of chiral nature so that its mirror image is different
from the structure itself [49]. This lack of mirror symmetry is responsible for an unconventional mechanical response, as shown in the sequel.
Different from most engineering materials, no in-plane direction can be
found for which the application of normal stresses does not induce any
shear deformation. In other words, the normal and shear deformations
are coupled in the tetrachiral lattice, which will be mathematically

2.2. Constitutive relations
The elastic constitutive equations are developed for describing the
macroscopic stress-strain response of tetrachiral metamaterials for
plane stress conditions, i.e. for conditions where the structure can deform freely along the out-of-plane direction. For a general anisotropic
solid, the elastic stress-strain relationship may be written in the following form:
2

3 2
εxx
S11
ε ¼ Sσ→4 εyy 5 ¼ 4 S21
2εxy
S31

S12
S22
S32

32
3
σ xx
S13
S23 54 σ yy 5
σ xy
S33

ð2Þ

Fig. 2. Tetrachiral-shaped unit-cell along with its periodicity in dashed lines. The unit-cell internal nodes are denoted with red, while the numbering of the unit-cell's beam elements with
latin characters (a). Different realizations of the unit-cell structures are provided in (b)-(d) for varying lattice angles θ and slenderness ratio values η. The ratio of the total arm length to the
square side length (a + b)/a is provided as a function of the lattice angle θ in (e). (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)
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Fig. 3. Tetrachiral lattice geometry as a function of the angle θ (a). The relative density evolution for different lattice angles θ and element slenderness ratios η (b). Normal and shear
modulus evolution as a function of θ for a lattice with η = 10 normalized with respect to the elastic modulus of the basis material (c). The dependence of the coupling coefﬁcients on
the parameter θ for a lattice with a slenderness η = 10 (d).

where εxx, εyy denote the normal strain components and εxy the mathematical shear strain in an x-y-coordinate frame (small strain setting).
The corresponding Cauchy stress components are denoted as σxx, σyy
and σxy. The relationships among the six independent components of
the symmetric compliance tensor (in the x-y-coordinate system) and
the elastic normal and shear moduli, as well as the Poisson's ratios
read [33]:
Ex ¼

1
1
1
S12
S21
; Ey ¼
; Gxy ¼
; ν yx ¼ −
; νxy ¼ −
S11
S22
S33
S22
S11

S13
S23
S31
S32
;χ
¼
;χ
¼
;χ
¼
S33 y;xy S33 xy;x S11 xy;y S22

Z
Ω

ð4Þ

Using the deﬁnitions of Eqs. (3) and (4), the compliance tensor S of
Eq. (1) is written as follows:
2

1
6 Ex
6
6 −ν xy
S¼6
6 Ex
6
4 χ xy;x
Ex

−νyx
Ey
1
Ey
χ xy;y
Ey

3

χ x;xy
Gxy 7
7
χ y;xy 7
7
Gxy 7
7
1 5
Gxy

2.3.1. Discrete homogenization analysis
We compute the lattice effective mechanical properties using a discrete homogenization analysis technique. As detailed in [13,14], the
stiffness matrix C is obtained through the Riemann integral of the stress
vector contributions Si of each node over the unit-cell.

ð3Þ

We deﬁne the non-dimensional normal to shear χx,xy,χy,xy and
shear to normal coupling coefﬁcients χxy,x,χxy,y, by dividing with respect
to the shear (S33) and normal (S11, S22) compliance-related terms, as follows:
χ x;xy ¼

2.3. Models for computing the constitutive response

X b ib
∂v f
1
∂R
σ
F δ
dx ¼ 0; σ ¼ Si ⊗ i ; Si ¼
g
∂x
∂λ
b∈Ω

In Eq. (6), Fb stands for the normal and transverse forces in each
inner lattice element, while R for the position vectors of the lattice
inner nodes as deﬁned by the periodicity vectors λi of the unit (Fig. 2)
andgfor the Jacobian of their transformation to the Cartesian systemX,
Y. The parameter δib describes the tessellation of the unit-cell, taking
values in the subset δib ∈ [−1, 0, 1]. The stress-vector contributions Si
in Eq. (6) are determined from the asymptotic expansion form of the
equilibrium equations over the lattice geometry. The asymptotic expansion is carried out both for the static and kinematic variables, while the
overall equilibrium writes:
XX



Fb v f ðOÞ−v f ðEÞ ¼ 0

2

ν∈Z b∈Ω

XX

ð5Þ

The components of the material's stiffness tensor C (in the x-y coordinate system) are obtained by inverting the compliance matrix C =
S−1.

ð6Þ

MO wðOÞ þ ME wðEÞ ¼ 0

ð7Þ

ν∈Z 2 b∈Ω

where in Eq. (7), vf(O), w(O) and vf(E), w(E) represent accordingly
the velocity and rotation ﬁelds and MO, ME the moments developed at
the origin and extremity of each inner unit-cell element. We provide
the complete tessellation of the structure entering the equilibrium
equations of Eq. (7) in Table 1, following the nodal and element numbering of Fig. 1a.
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2.3.2. Finite element homogenization analysis
For validation purposes, we compare the discrete homogenization
results with full-scale ﬁnite element models comprised of 11 tetrachiral
cells in each material direction. The unit-cells follow an angle of θ = 15°
while models of different slenderness are constructed by varying the
thickness of its arms, so that η takes discrete values between 5 and 30,
upon increments of 5. Compliance-based moduli veriﬁcations are carried out, applying normal and shear stresses (Eq. (2)). For the normal
stress application, the models are constrained in the middle of their
left side and deformed at their right side along the X direction, upon a
free lateral contraction. For the shear tests, the left side of the models
is constrained and a stress along the Y axis is applied at their right
side. In each case, the elastic modulus Ex, the coupling coefﬁcients χxy,
x, the shear modulus Gxy and the coefﬁcient χx,xy are obtained, using
the deﬁnitions of Eqs. (3)–(4).

To demonstrate the unconventional mechanical response of chiral
metamaterials at the structural level, the mechanical response of a cantilever beam made from the above tetrachiral metamaterial is analysed
in detail. For this, we develop an extended Timoshenko beam theory
(Section 3.1), as well as a detailed ﬁnite element model of a cantilever
beam with a tetrachiral mesostructure (Section 3.2).

We start with the standard kinematics of the Timoshenko beam theory [56]. For the two-dimensional, small strain case, with no axial twist
moment development ϕx and zero out of plane deformations (θy = 0),
the motion of the beam centerline [57] is described through the axial
displacement u(x) and the deﬂection v(x), as depicted in Fig. 4. The displacement of a point with coordinates (x, y) comprised within the beam
then reads:
ux ðx; yÞ ¼ uðxÞ−yθz ðxÞ

ð8Þ

uy ðx; yÞ ¼ vðxÞ

ð12Þ

¼γy

Next, we integrate both the left and right hand sides of Eqs. (11) and
(12) over the cross-sectional area A. We neglect the normal stress term
in the y-direction and introduce the generalized forces N(x) = ∫ σxxdA
(axial force), V(x) = ∫ σxydA (shear force), and Mz(x) = ∫ − yσxxdA
(bending moment) [57]. The resulting normal and shear force equilibrium equations then reads:
S11 N þ S13 V ¼ u0 ðxÞA−θ0 z ðxÞ

Z
ydA ;

ð13Þ

A

|ﬄﬄﬄ{zﬄﬄﬄ}
¼0

ð14Þ

The ﬁnal expressions for the generalized axial and shear forces are
then obtained after substituting the compliances by the corresponding
moduli (Eq. (3)), as follows:
NðxÞ ¼ Ex Au0 ðxÞ−

S13
V ðxÞ
S11

V ðxÞ ¼ Gxy Að−θz þ v0 ðxÞÞ−

3.1. Extended Timoshenko beam theory

ð15Þ
S31
NðxÞ
S33

ð16Þ

In close analogy, an explicit expression for the bending moment is
obtained, when multiplying Eq. (11) with y before integration:
0

Mz ðxÞ ¼ θz ðxÞEx Iz

ð17Þ

with Iz = ∫ y2dA denoting the second moment of inertia. Eqs. (15)–(17)
deﬁne a set of differential equations for the functions u(x), v(x) and θz
(x). In the case of statically-determinate systems, the generalized forces
are known from equilibrium and the solutions for u(x), v(x) and θz(x)
are readily obtained through integration.
3.2. Detailed cantilever beam ﬁnite element model

where θz in Eq. (8) denotes the rotation of beam cross-section around
the z-axis (Fig. 4). According to the previously deﬁned kinematics, we
compute the normal strain ﬁeld component:
∂uðx; yÞ
∂
¼ ðuðxÞ−yθz ðxÞÞ ¼ u0 ðxÞ−yθ0 z ðxÞ;
∂x
∂x

ð9Þ

and the shear strain ﬁeld component, as follows:
2εxy ¼

S31 σ xx þS32 σ yy þS33 σ xy ¼ −θz þ v0 ðxÞ :
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}

S31 NðxÞ þ S33 V ðxÞ ¼ ð−θz þ v0 ðxÞÞA

3. Structural analysis

εxx ¼

5

∂uðx; yÞ ∂vðx; yÞ
þ
¼ −θz þ v0 ðxÞ
|ﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄ}
∂y
∂x

ð10Þ

¼γy

After inserting the stress-strain relations for a fully anisotropic material (Eq. (2)), we have:
S11 σ xx þ S12 σ yy þ S13 σ xy ¼ u0 ðxÞ−yθ0 z ðxÞ;

ð11Þ

Table 1
Tessellation of the tetrachiral lattice unit-cell architecture of Fig. 2a.

In order to numerically study the mechanics of beams architected
with materials with a fully anisotropic constitutive behavior, we construct a beam structure with a length of 222 mm and a height of
55 mm, architected with 30 cells along its length and 8 cells along its
width, as schematically depicted in Fig. 7a. The tetrachiral cells follow
an angle of θ = 15o and are given a slenderness ratio of η = 10. The
modulus of the basis material is Es = 200 GPa, while the out of x − y
plane thickness is 0.84 mm. The cantilever structure is held ﬁxed at its
left end, while a normal force Nl is applied at its right end, as schematically depicted in Fig. 7. The structure is discretized with standard linear
solid elements with a ﬁne enough reﬁnement of approximately 10 solid
elements for each of the arms of the tetrachiral lattice (Fig. 7a).
4. Experimental procedures
We complement the analytical formulations and numerical models
by experiments. In the current section, we detail the fabrication process
and the experimental setup of a micro-architectured cantilever beam.
4.1. Fabrication

Beam (b)

i

ii

iii

iv

v

vi

O (b)
E (b)
δ1
δ2

1
2
0
0

2
3
0
0

1
4
0
0

3
4
0
0

3
1
1
0

4
2
0
1

Micro-architectured cantilever beam structures are fabricated
with the use of a two-photon polymerization technique via a direct
laser writing system provided by Nanoscribe GmbH (Photonic Professional GT). The structures of approximate dimensions of
180 μm × 200 μm × 600 μm (cross section and length respectively,
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Fig. 8) are written on glass substrates with the use of the IP-S photoresist and the dip-in mode with a laser power of 40 mW and
scan speed of 10 mm s−1. For the development process, the structures were dipped in a developer solution (Mr Dev 600) for 12 min
and in isopropyl alcohol bath for another 2 min. Nitrogen gas was
used for drying the samples after the development process was
completed.

4.2. Microstructure imaging
The micro-chiral structures were observed with a Scanning Electron
Microscope (SEM) by FEI (Scios, Dual Beam). From the images captured,
the length, width and height of the specimens were measured, as well
as the feature sizes like wall thickness and the inner tetrachiral arm
length (Fig. 8a). Based on the measurements made, the slenderness
ratio of the tetrachiral cells was computed to be η = 6.5 ± 0.5, with
the variation to be attributed to imperfections during the polymerization and solvation process.

4.3. Compression testing
Uniaxial compression experiments were conducted in order to
obtain the displacement proﬁle of the structures, as schematically
represented in Fig. 4. A custom-made displacement-controlled
microtesting device was used for the purpose of this study [58];
the device features a 5-axis stage on which the glass substrate
with the micro-chiral structures is attached. The structures were
aligned and compressed against a ﬂat punch of 1 mm × 0.5 mm dimensions that is connected to a strain-gaged load cell by Omega
(LCAE 6 N). The ﬂat punch was moved by a piezolegs motor
(Micromo, model LEGS Linear Twin 40 N) at a prescribed speed
of 1 μm s−1. The ﬂat punch was recorded during the compression
with the use of an optical microscope by Keyence (VHX-5000) at
400× magniﬁcation and a frequency of 15 Hz. The displacements
of interest were estimated in a post-processing step by utilizing
the digital image correlation software by Correlated Solutions
(VIC-2D). The corresponding results are summarized in
Section 5.4.

5. Results and discussion
5.1. Elastic properties of the tetrachiral metamaterial
Using the discrete homogenization analysis method
(Section 2.3.1), we compute the elastic and shear moduli as well as
the coupling coefﬁcients of Eq. (4) for the tetrachiral lattice of
Fig. 2. The resulting analytical expressions for the normal and shear
modulus are given as a function of the modulus of the base material

Es as follows:
4Es
ηð8sc4 η2 þ 2c5 η2 −9c2 sη2 −8c3 η2 −4c2 s þ sη2 þ 4c3 þ 6cη2 þ 2sÞ
2 Es
;
¼
ηð−4sc4 η2 þ 4c3 η2 þ 2c2 s þ sη2 −4c3 −2cη2 −s þ 4cÞ

Ex ¼ Ey ¼
Gxy

ð18Þ

The corresponding expressions for the coupling coefﬁcients of
Eq. (3) are computed as follows:






−8s2 c3 η2 þ 6η2 −8 sc2 þ 2s2 η2 þ 2 c þ −2η2 þ 2 s
; χ xy;y ¼ −χ xy;x
2c5 η2 þ 8sc4 η2 þ ð4−8η2 Þc3 −ð9η2 þ 4Þsc2 þ 6cη2 þ sðη2 þ 2Þ

 2  2

 2

2 3 2
2
2
4s c η þ sc −3η þ 4 −s c η þ 2 þ s η −1
¼
; χ y;xy ¼ −χ x;xy
4sc4 η2 −4c3 η2 −2c2 s−sη2 þ 4c3 þ 2cη2 þ s−4c

χ xy;x ¼
χ x;xy

ð19Þ

In Fig. 3c, we provide the dependence both of the normal and of the
shear modulus summarized in Eq. (18), as a function of the angular arrangement of the unit-cell for a slenderness value η = 10. The results indicate that increasing the unit-cell angle θ leads to a lower effective
normal modulus and to an increased shear stiffness. What is more, the
normal to shear coupling coefﬁcient χx,xy decreases for a lattice angle
of 20° with respect to an angle of 5° by approximately 50% (Fig. 3d).
Contrariwise, the χxy,x coefﬁcient increases upon increasing lattice
angle, remaining however almost an order of magnitude lower than
the χx,xy coefﬁcient (Fig. 3d).
In Fig. 5, we present the dependence of the effective normal and
shear moduli (Fig. 5 left), as well as of the normal to shear coupling coefﬁcients (Fig. 5 right) on the lattice slenderness ratio η for a given lattice angle θ, which has been set to 15o and Es = 1. In Fig. 5, we depict
the discrete homogenization results with continuous and dotted lines,
while we use red dots for the full-scale ﬁnite element computation results. The discrete and the continuous homogenization results of Fig. 5
lie in close agreement for all mechanical parameters and slenderness
ratio values η.
Comparing Fig. 3c with the left subplot of Fig. 5, we note that the
inner element slenderness η has a more prominent effect on the normal
and shear moduli than the angular arrangement of the unit-cells. In particular, both the normal Ex and the shear material modulus Gxy decrease
in a hyperbolic manner upon increasing element slenderness η, with
low and high slenderness effective properties to differ by orders of magnitude. Contrariwise, the normal to shear coupling coefﬁcients χxy,x and
χx,xy remain either practically unaffected (χx,xy) or slightly increase for
higher η values. As of the lattices' tetragonal symmetry [34], the corresponding y-axis related coupling coefﬁcients are equal and opposite to
the x-axis ones, so that χxy,y = − χxy,x and χy,xy = − χx,xy; a result
that has been veriﬁed for the analytical formulas of Eq. (19).

Fig. 4. Beam kinematics accounting for Timoshenko mechanics.
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Fig. 5. Normal and shear modulus Ex, Gxy (a) and coupling coefﬁcients χxy,x and χx,xy (b), as a function of the unit-cell element slenderness η for the tetrachiral lattice structure of Fig. 2 with
θ = 15°.

5.2. Deformation and equilibrium mechanics of cantilever beam structures
with an inner normal to shear strain coupling

(l) = 0), as follows:
4

According to the extended Timoshenko-mechanics based theory of
Section 3.1, the deﬂection of an anisotropic cantilever beam for the
case of the concurrent action of a distributed load q and of a normal
load Nl (Fig. 6) is given in the form of a closed-form expression, as follows:


S31
1
vðxÞ ¼
qlx−qx2 =2 þ
Nl x þ
Gxy A
Ex I z
S33
1

2

ql x2 qlx3 qx4
þ
−
−
4
6
24

!
ð20Þ

while the normal displacement ﬁeld as:

uðxÞ ¼

2

S33 Gxy A ql
ql
−
S31 l
8Ex Iz 2Gxy A

!
¼

!
4
2
Ex A
ql
ql
−
χ xy;x l 8Ex I z 2Gxy A

ð22Þ

In complete analogy, we obtain for the case of point load F at the end
of the cantilever (Fig. 6), the following expression for the normal force
Nl:
A

3

Fl
Fl
Nl ¼
−
S31 l 3Ex Iz Gxy A

!

3

Ex A
Fl
Fl
−
¼
χ xy;x l 3Ex Iz Gxy A

!
ð23Þ

5.3. Numerical validation




1
S13
x2
Nl x þ
qlx−q
Ex A
S11
2

ð21Þ

The deﬂection v(x) of Eq. (20) simpliﬁes to the well-known cantile4

ql
Þ upon a
8Ex Iz
distributed load q, if the shear and normal to shear coupling constitutive
contributions are to be neglected. Using Eq. (20), we compute the necessary end-force Nl for the end tip of the cantilever to be equilibrated (v
ver beam tip deﬂection of classical beam theories ðvðlÞ ¼ −

Nl ¼

We load the cantilever beam structure of Section 3.2 independently
once with a distributed load q and once with a point load F (Fig. 6). For a
concentrated load of F = 0.1 KN, we compute a normal traction force
magnitude of Nl = 1.77 KN to equilibrate the beam end tip deﬂection
using Eq. (23). The bending deﬂection due to F amounts to vF(l) =
7.34 mm (downwards). Accordingly, we compute the bending deﬂection created by the normal traction force to be vN l(l) = − 7.25 mm
pointing upwards, in a counter-clockwise rotational direction, thus opposite to the bending deformation created by F. Fig. 7b provides a schematic representation of the deformed specimen structure, created

Fig. 6. Cantilever beam architected with a tetrachiral unit cell (Fig. 2) and a constitutive law with a normal to shear strain coupling.
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Fig. 7. Numerical model of a metamaterial beam structure architected with tetrachiral unit-cells, clamped at its left end, end normally loaded at its right end (a). Its deformed conﬁguration
after the application of an end normal load Nl is depicted in (b).

solely by the application of the normal load Nl. The values exhibit a relative difference of ∣vF(l) − vNl(l) ∣ /vF(l) = 1%, suggesting a very good
agreement of the analytical formula predictions of Section 5.2 with the
numerical results.
In an analogous manner we compute the normal force required to
equilibrate the cantilever beam structure of Section 3.2 when subject
to a distributed load q = 0.01 KN/mm. Using Eq. (22), we obtain a normal load value of Nl = 13.64 KN. The bending deﬂection created by
the distributed load q is vq(l) = 60.8 mm. Applying the traction load Nl
at the end of the cantilever yields an upward, opposite direction deﬂection of vNl(l) = − 58.9 mm. Its absolute magnitude lies in very close
agreement with the one created by the distributed load (∣vq(l) − vNl
(l) ∣ /vq(l) = 3%), counterbalancing the created bending deﬂection.
The results are summarized in Table 2.
5.4. Experimental validation
We subsequently analyze the bending displacement proﬁle created
by the application of normal forces at the tip of the architected
tetrachiral structure. Using the analytical expressions of Eqs. (20) and
(21) for the displacement proﬁles and setting the terms related to the
external bending loads to zero (q = 0), we obtain for the horizontal
and vertical displacement ﬁeld the following expressions:

the position x of interest, being a constant. The displacement ratio is
equal to χxy,x, which is a characteristic parameter for the cantilever
structure's normal to shear strain structural behaviour.
In Fig. 8, we experimentally investigate the bending displacement
proﬁle created upon the application of normal forces, making use of
cantilever beam specimens architected with tetrachiral elements
(Fig. 8a, b). In Fig. 8c, the resulting vertical bending deﬂection v(l) at
the centerline of the cantilever tip is presented as a function of the horizontal displacement u(l), throughout the loading time. In Fig. 8d we
provide the mean displacement ratio based on the slope of Fig. 8c.
We note that the ratio of the tip bending deﬂection to the tip normal
displacement (Fig. 8d) is in close agreement with the analytical predictions of Eq. (24) for the design speciﬁcations of Section 4. In particular,
the ratio of the bending to the horizontal displacement v/u has been
computed to be v/u = 1.97 ± 0.15, providing a mean value of 1.97 coupling coefﬁcient χxy,x. The slope variance is to be primarily attributed to
the variance of the element slenderness ratio η = 6.5 ± 0.5 in the fabrication process (Section 4). It is to note that the bending deﬂection v is
higher than the structures' normal displacement, so that a rather minimal normal strain of 0.5% (u = 3μm) induces a bending deﬂection that is
approximately 1% (v ≈ 6μm) of the cantilever beams' length. We provide a video of the cantilever deformation upon normal loading in the
form of complementary material.
5.5. Discussion

Nl x )

 

S31 Nl x
Nl x
Ex A
S31 Nl x ⇒vðxÞ=uðxÞ ¼ S33 Gxy A = Ex A ¼ S31  Ex
vðxÞ ¼
S33 Gxy A
S31
¼
¼ χ xy;x
S11
uðxÞ ¼

ð24Þ

where in Eq. (24), the deﬁnitions of Eqs. (3) and (4) have been
employed. Eq. (24) suggests that the ratio of displacements v(x)/u(x)
is independent of the magnitude of the normal force applied and of

For the vast majority of common engineering materials, such as
metals, polymers and rubbers, uniaxial normal loads cause deformations within the direction of the load application [47,48]. As such, the
material's bending and normal deformations can be well separated, so
that changes in its bending or normal displacement ﬁeld take place independently under small strains.
Coupling the material's normal and bending deformation modes
provides an additional design degree of freedom. In such a design

Table 2
End tip displacements of the cantilever beam upon the action of point or distributed bending loads concurrently with a normal end force.
Load

F ∣ q (KN| KN/mm)

Nl (KN)

vF/q (mm)

vN l (mm)

ðv F=q −vNl Þ
ð%Þ
v F=q

Point
Distributed

0.1
0.01

1.77
13.64

7.34
60.8

−7.25
−58.9

1
3
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Fig. 8. Micro-architected cantilever beam structure of a length of 600μm (a) architected with tetrachiral unit cells of a slenderness ratio η = 6.5 ± 0.5. The relation of the centerline end-tip
bending deﬂection v(x) to the horizontal displacement is linear for each of the 3 specimens tested (c), with a slope of 1.97 ± 0.15 (d).

domain, bending effects can be modulated by normal loads and vice
versa. For the coupling of the material's mechanics to become feasible,
a non-isotropic constitutive material behaviour is required, so that the
off-diagonal terms of Eq. (2) are non-zero. However, anisotropy does
not uniquely entail a fully populated constitutive matrix [33]. For the
two-dimensional constitutive behaviour of Eq. (2), several anisotropic
inner material designs can be identiﬁed with a decoupled effective normal and bending behaviour, indicative examples being artiﬁcial materials architected with square or re-entrant hexagonal unit-cells [34].
However, when anisotropy is combined with chirality, as in the case
of a metamaterial that is architectured with the tetrachiral unit-cell
structures of Fig. 2, bulk deformations are coupled to rotations. As a result, normal forces induce lateral bending displacements, while bending
loads can be exerted to trigger contraction or extension. For the cantilever beam of Fig. 6, the application of a purely axial load Νl creates a horizontal and a vertical displacement ﬁeld u(x) and v(x) (Section 5.2)
which are related by the normal to shear load coupling coefﬁcient χxy,
x (Section 5.4). The latter varies within rather narrow bounds for the different unit-cell designs (different θ Fig. 3d and η values Fig. 5b), contrary
to the material's normal and shear resistance, which can be tuned to adjust the extensional and bending strength of the cantilever by orders of
magnitude (Fig. 5a).
The mechanical behaviour arising from the constitutive coupling
among normal and shear strains can be effectuated both at a macro
(Section 5.3) and at a microscale (Section 5.4). However, classical
bending theories do not sufﬁce to characterize a mechanical response of the kind, as they a-priori assume simpliﬁed, uncoupled kinematics [56]. As a result, an enhanced constitutive formulation is
required for the coupled mechanics to be captured (Sections 3.1,
5.2). Using the tetrachiral unit-cell structure of Fig. 2, tensile normal
forces need to be applied, in order to counterbalance the end tip
bending deﬂection of the architected cantilever structure
(Section 5.2). The sign and the magnitude of normal load to be applied, directly relates to the normal to shear coupling coefﬁcient
χxy,x (which is strictly positive for the lattice designs of Fig. 5), a parameter that is controlled by the unit-cell design and can be optimized to meet certain objectives for the homogenized response; an
analysis which exceeds the scope of the current work. Moreover,
the applied normal load is proportional to the length of the
architected beam structure, so that higher beam lengths require increased normal forces to equilibrate (Eqs. (22)–(23)).

6. Conclusions
Overall, the current work has analysed the potential of structures
with a non-isotropic and chiral inner material architecture to balance
bending loads though tensile loads, harnessing their inherent coupling
of normal and bending deformations. To that scope, the enhanced formulation required for the description of their coupled normal and bending response has been derived in the context of beam mechanics,
starting from ﬁrst principles. Thereupon, closed-form parametric expressions have been elaborated for the equilibration of cantilever
beam structures under concentrated and distributed bending loads.
The analytical results have been complemented by dedicated numerical
and experimental investigations. The results suggest that the coupling
of normal and shear deformations is a constitutive material behaviour
that can be used as a primal structural deformation control mechanism.
We aspire that the current work provides the basis, not only for the
analysis and design of beam structures of the kind, but also for the engineering of a wide range of structures, such as plates and domes, with an
inherently enhanced kinematic behaviour, which harnesses inner normal to shear couplings to balance macroscopic, externally applied loads.
Nomenclature
ρ*
relative density
η
slenderness ratio
L
lattice element length
t
element thickness
θ
lattice angle
λi
lattice periodicity vectors
ε
strain tensor
σ
stress tensor
S
compliance tensor
C
stiffness tensor
E
normal modulus
G
Shear modulus
ν
Poisson's ratio
χ
coupling coefﬁcients
Fb
lattice forces
M
lattice moments
vf
velocity ﬁelds
w
rotation ﬁelds
δ
tessellation index
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g
ϕx
u
v
A
N
V
Mz
Iz
q
F
Nl

Jacobian
beam axial twist
beam axial displacement
beam deﬂection
beam section area
beam axial force
beam shear force
beam bending moment
moment of inertia
beam distributed load
beam concentrated load
beam axial force
Supplementary data to this article can be found online at https://doi.
org/10.1016/j.matdes.2020.108520.
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