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Abstract

Accumulating evidence indicates that the human brain copes with sensory uncertainty in

accordance with Bayes' rule. However, it is unknown how humans make predictions when

the generative model of the task at hand is described by uncertain parameters. Here, we

tested whether and how humans take parameter uncertainty into account in a regression

task. Participants extrapolated a parabola from a limited number of noisy points, shown on a

computer screen. The quadratic parameter was drawn from a bimodal prior distribution. We

tested whether human observers take full advantage of the given information, including the

likelihood of the quadratic parameter value given the observed points and the quadratic

parameter's prior distribution. We compared human performance with Bayesian regression,

which is the (Bayes) optimal solution to this problem, and three sub-optimal models, which

are simpler to compute. Our results show that, under our specific experimental conditions,

humans behave in a way that is consistent with Bayesian regression. Moreover, our results

support the hypothesis that humans generate responses in a manner consistent with proba-

bility matching rather than Bayesian decision theory.

Author summary

How do humansmakepredictionwhenthecritical factorthat influencesthequalityof the
predictionishidden?Here,weaddressthisquestionbyconductingasimplepsychophysi-
calexperimentin whichparticipantshadto extrapolateaparabolawith anunknownqua-
draticparameter.Weshowthat in this task,humansperformin amannerconsistentwith
themathematicallyoptimalmodel,i.e.,Bayesianregression.

Introduction
Thebrain evolvedin anenvironmentthat requiresfastdecisionsto bemadebasedon noisy,
ambiguousandsparsesensoryinformation,usingnoisyinformation processingandnoisy
effectors.Hence,decisionsaretypicallymadeundersubstantialuncertainty.Themain idea
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behindBayesianbrainhypothesisis that thebrainusestheframeworkof Bayesianprobabilistic
computationto makeoptimaldecisionsin thepresenceof uncertainty[1±3].Despitevarious
counterexamples,e.g.,[4], a largebodyof researchhasestablishedthatmanyaspectsof cogni-
tion areindeedwelldescribedbyBayesianstatistics.Theseincludemagnitudeestimation[5],
colordiscrimination[6], cuecombination[7], cross-modalintegration[8, 9], integrationof
prior knowledge[10,11]andmotor control [12±14].

Someexperimentalstudieshaveconsideredmorecomplextasks,includingvisualsearch
[15,16],same-differentdiscrimination[17] andchangedetection[18], but mostcanbecast
into theproblemof estimatingahiddenquantityfrom sensoryinput. Much fewerexperimen-
tal studieshavebeenperformedon regressiontasks(but see[19] for anoverview,and,e.g.,
[20±22]).In aregressiontask,theaim is to learnthemappingfrom astimulus� to anoutput �

afterhavingbeenexposedto atraining dataset� ˆ f…��; � �†g�
�ˆ1 of � associationsbetween

stimulus� � andits corresponding� �. Sincethemappingfrom � to � canbeprobabilistic,the
aimof regressionis to find anexpressionfor �(�|�, �). Classificationtasks,suchasobjectrec-
ognition,or self-supervisedtasks,suchasestimatingthefuturepositionof anobjectfrom past
observations,arejustafewexamplesof themanyregressiontasksperformedbyhumanson a
dailybasis.

Themachinelearningliteraturecontainsmanysolutionsto theregressionproblem,includ-
ing nonlinearregression,supportvectormachines,Gaussianprocessesanddeepneuralnet-
works(see[23] for anintroduction). It isunclear,however,howhumansperformregression
tasks.Mostof themachinelearningsolutionsrelyon theassumptionthat themappingfrom �
to � isparametrizedbyasetof parameters�, suchthat theoriginal regressionproblemof find-
ing theposteriorpredictivedistribution �(�|�, �) is replacedbyaparameterestimationprob-
lem,i.e.,finding thebestsetof parameters� � for theparametrizedmapping�(�|�, � � ).
However,thisapproachisnot Bayesiansinceno uncertaintyovertheparameters� is included
in theregressionmodel.

TheBayesianapproachto regressionproceedsin two steps[24]. First,theposteriordistri-
bution overtheparameters�(�|�) is computedfrom theobserveddata�. Then,thisposterior
isusedto computetheposteriorpredictivedistribution by integratingovertheparameters:

�…�j� ; �† ˆ
Z

�…�j� ; �†�…�j�†�� …1†

Takinginto accounttheuncertaintyoverparametersisparticularlyrelevantfor predictions
whenthesize� of thedatasetissmallcomparedto thenumberof parameters.Indeed,taking
into accounttheuncertaintyhelpsto generalizeto unknowndataandtherebyalleviates
overfitting.

Parameteruncertaintyalsoplaysakeyrole in computingpredictivedistribution Eq(1),as
estimated,e.g.,by thevarianceof thepredictivedistribution. In Bayesiandecisiontheory,the
predictivedistribution isusedto minimize theexpectedcostwith respectto thepredictedvari-
able.This is important whenrewardsareunequallydistributed,asis thecasein manybeha-
vioural tasks[25±27].Somerecentwork supportsthenotion thathumansmakesimple
decisionsin awaywhichconformsto Bayesiandecisiontheory[12,28].In morecomplex
tasks,it hasbeenshownthathumansrespondsuboptimally,whichcanbelargelyattributedto
noisyinferenceratherthannoisydecisionmaking[29]. A competingdecisionmodelto thatof
Bayesiandecisiontheoryisprobabilitymatching,whereinrandomsamplesaredrawnfrom
thepredictivedistribution.Severalstudiessupporttheideathathumansuseprobability
matchingin cognitive[30,31]andperceptualtasks[32]. Despitethedifferencesin howpredic-
tion uncertaintyisusedin Bayesiandecisiontheoryandprobabilitymatching,uncertaintyis
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neverthelessanintegralpartof thedecisionmakingprocessin bothcases.Bothof theafore-
mentionedpotentialpitfallsof theregressionproblemÐoverfitting to smalldatasetsandlack
of predictionuncertaintyÐcurrentlylimit thepowerof deepneuralnetworkmodels[33,34].
Thesemodelshavemillions of parametersandtheir performanceimproveswith thenumber
of layers[35,36].To preventoverfitting,training requireseverlargerandmoreexpensive
training sets.

It is interestingto notethatclassicDeepNeuronalNetworks(DNNs) do not useweight
uncertaintyandarethereforelimited in their ability to computepredictionuncertainty.
Recently,theideaof computingtheprobabilitydistribution overweightsin DNNs andusing
thedistribution for predictionhasgainedtractionandhasgivenriseto theso-calledBayesian
NeuronalNetwork(BNN), for example[37,38].Thus,theproposalof BNNsissimplyto apply
Bayesianregressionto DNNs.BNNspromisebetterperformancein thelow dataregime.

Here,weaskthequestionwhetherhumanobserversprocessparameteruncertaintyin
accordancewith Bayesianregression.Weconductedpsychophysicalexperimentsin thelow
dataregimewith asimplegenerativemodelandcomparedBayesianregressionto otherregres-
sionmodelswithout fitting anyhyperparametersotherthanparticipant-specificnoise.The
experimentaldesignmadeuseof thefactthatBayesianregressionpredictsanuncertainty-
modulatedtransitionfrom aunimodalto abimodalresponsedistribution. In eachtrial, we
presentedparticipantswith 4 pointsfrom ahidden,noisyparabola.Thetaskwasto correctly
extrapolatetheparabola,i.e.,to find theverticalpoint of intersectionof theparabolawith a
givenhorizontallocation.Thequadraticparameterof eachparabolawasdrawnfrom a
bimodalprior distribution,designedto maketheparabolasfaceeitherupwardsor downwards.
After recordingtheparticipant'sresponse,weshowedtheparabolafrom whichthestimulus
dotsweregeneratedasfeedback.This feedbackenabledtheparticipantsto learnboth theprior
andthegenerativemodel.Becausewewantedto testto whatextentparticipantsmakedeci-
sionsin accordancewith Bayesianregression,wevariedthelevelof noiseof theparabola.The
rationaleis that thehigherthenoiselevel,thehighertheuncertaintyaboutthecorrectparame-
ter and,accordingto Bayesianregression,themoreparticipantsshouldrelyon theprior and
produceabimodalresponsedistribution.Wefound thatBayesianregressionindeedexplains
participants'responsesbetterthanmaximumlikelihoodregressionandmaximumaposteriori
regression.Moreover,wecomparedaloss-baseddecisionmodelwith asampling-baseddeci-
sionmodelandfoundclearevidencefor thelatter.Indeed,alossbasedmodelwith exactinfer-
encecannotexplainthebimodalityof participants'responsedistributions.

Results

A novelparadigmto test regression
Wedesignedanovelpsychophysicalexperimentin whichparticipantshadto extrapolatea
noisyparaboladisplayedon acomputerscreen.In eachtrial, wechosetheparameter� of the
parabola� = �� 2 from abimodalprior distribution �(�) wherethetwo modesarecenteredat
� = 1 and� = �1 andthevariancesaregivenbys2

p (seeEq5).Theparameter� waseitherpos-
itive (parabolafacingupwards)or negative(parabolafacingdownwards),with thesameproba-
bility, i.e.,0.5.Weselectedfour dotson theparabolawith x-positionscloseto theparabola's
vertexandaddedzero-meanGaussiangenerativenoise	 
 to thedots'y-positions(seeEq4).
Wethenpresentedafifth dot to theright of thestimulus,alwaysat thesamex-position� ? = 2.
Participantscouldmovethefifth dot up anddownalongthey-axisbyusingtheup anddown
arrowkeys.Participantswereaskedto adjustthey-positionsothat thedot correctlyextrapo-
latedtheparabola.During theadjustmenttask,participantssawonly the4-dotstimulusbut
not thegeneratingparabola.After thetheparticipanthadvalidatedhis/herresponse,we
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showedthegeneratingparabolaandtheadjustedpoint asfeedback.Participantswerenaiveto
thepurposeof thestudy.Theywerenot informedabouttheexistenceof aprior distribution of
theparabola'squadraticparameter,theparabola'sbimodalitynor thelevelof generativenoise.

In our mainexperiment,wesetthestandarddeviationof eachprior modeto 	 � = 0.1(if not
specifiedotherwise,assumethisvaluethroughoutthiswork) andfixedthevaluesof x-posi-
tionsto � 1 = �0.3, � 2 = �0.1, � 3 = 0.1and� 4 = 0.3.Wegenerated� 2 (1, . . ., 20)uniquestimuli

� � ˆ f� …�†
� ; � …�†

� g
4

�ˆ1 atalow (0.03),medium(0.1)andhigh (0.4)valueof thegenerativenoise	 
 .

Therationaleis that thehigherthenoiselevel,thehighertheuncertainty(thelowerthelikeli-
hood)andthemoreparticipantsrelyon theprior if theyactconsistentlywith aBayesian
regressionmodel.At eachnoiselevel,weran400trials,repeatingeachuniquestimulus� � 20
times.Thestimuluspresentationorderwasrandomizedwithin eachnoiselevel(Fig1B).Thus,
weobtainedasetof responsesfor eachnoiselevelandfor eachof the20stimuli

R � ˆ f� …�†
1 ; . . . � …�†

20g.Theadvantageof observingseveralresponsesfor thesameexactstimulusis

thatwecancomparetheobservedresponsedistribution to theresponsedistributionspre-
dictedby thedifferentmodels.

Fig 1. Experimentalprotocol. (A): Procedureof asingletrial. First,afixation dot waspresentedfor 1sbeforethe4-dotstimulus
appeared.Observersthenhadunlimited time to adjustthefifth dot with theup anddownarrowkeys.Theythenclickedthespacebarto
confirm thefinal position of theadjustabledot.After theresponse,thegenerativeparabolawasshownfor 1sasfeedback.(B):
Experiment1:Theexperimentconsistedof two sessionson two separatedays.Bothsessionsbeganwith 10practicetrialswith virtually
no noise(	 
 = 10�5 ), followedby4blocksof 50trialsof low noise(	 
 = 0.03).In session1,thelow noiseblockswerefollowedby8blocks
of 50trialsof medium noise(	 
 = 0.1),while in session2,thelow noiseblockswerefollowedby8blocksof 50trialsof highnoise(	 
 =
0.4).In total,eachparticipantcompleted400trialspernoiselevel,with 20repetitionsof 20uniquestimuli. In thisexperiment, 	 � wasset
to 0.1.(C):Experiment2:theexperiment consistedof asinglesessionwhichbeganwith 20practicetrialswith verylow noise(	 
 = 10�2 ),
followedby10blocksof mediumnoise(	 
 = 0.1)trials.Eachblockconsistedof 20trials,with thegenerativeparabolashownasfeedback,
asin Experiment1.Half of the200trialsconsistedof stimuli whichwerepresentedjustonce,whiletheremaining100trialsconsistedof
10repetitionsof 10uniquestimuli. In thisexperiment,	 � wassetto 0.5.SeeMaterialsandmethodsfor moredetails.

https://doi.org/10.1371/journal.pcbi.1007886.g001
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Sevennaiveparticipantstook part in theexperiment.Wedenotethesetof all responsesof

participant
 byR …
†ˆ fR �g
20

�ˆ1
. Thestimuluspresentationorderwasidenticalfor eachpartici-

pant.At thebeginningof eachexperimentalsession,weshowedavirtually noiseless4-dot
stimulus	 
 = 10�5 to familiarisetheparticipantswith thetaskandto estimatetheir internal
noisesources(explainedin moredetailbelow).

In asecondexperiment,wesettheprior standarddeviationto 	 � = 0.5andthegenerative
noiseto themediumlevelof 	 
 = 0.1.Insteadof usingfixedx-positionsfor thestimuli we
addedweakGaussiannoise(seeMaterialandmethods).Werepeated10uniquestimuli 10
timeseach,whichyieldedatotalof 100trials.Fournaiveparticipants(differentfrom those
recruitedfor thefirst experiment)completedtheexperiment.Thekeydifferenceto the	 
 = 0.1
condition in thefirst experimentwasthathere,theprior providedmuchlessinformation
aboutthecurvatureof theparabolas.

In total,westudiedfour differentconditions:threewith 	 � = 0.1and	 
 2 {0.03,0.1,0.4}in
experiment1,andonewith 	 � = 0.5and	 
 = 0.1in experiment2.

Theregressionmodels
Weconsideredfiveregressionmodels(seeMaterialsandmethods).TheMaximumlikelihood
regression(ML-R) modelcomputesonly thepoint estimateof � thatmaximizesthelikelihood
�(� �|�) anddoesnot makeuseof theprior distribution atall.Themaximumaposteriori
model(MAP-R) combinesthelikelihoodwith theprior distribution to computethemodeof
theposteriordistribution �(�|� �). Despitethefactthat it usesthebimodalprior, MAP-Rcan-
not producebimodalresponsesbecauseit relieson apoint estimateof �. TheBayesianregres-
sion(B-R)modelM �� takestheentireposteriordistribution into account:

�…�?j� ?; � �; M �� †ˆ
Z

�…�?j� ?; �†�…�j� �†�� …2†

In B-R,thenoiselevel	 
 playsthecrucialroleof modulatingtherelativestrengthof unimodal
likelihoodandbimodalprior, andhencedeterminesthetransitionbetweenaunimodalanda
bimodalresponsedistribution.Relaxingtheassumptionthat thetruegenerativenoiseis
known,weincludedanadditionalvariantof B-Rthat (deterministically)estimatesthegenera-
tivenoiseŝ 
 for thecurrentstimulus� �. Weindicatethisvariantof B-Rwith asubscript:B-R	 .

Notethat technically,this trial-by-trial noiseestimationcouldalsobeappliedto theother
modelssuchasMAP-R.However,MAP-Rreducestheposteriordistribution overthequa-
draticparameterto apoint estimate.Therefore,anadditionaltrial-by-trial noiseestimation
wouldnot changeits predictionsubstantially,i.e.,it wouldonly shift theunimodalprediction
but wouldnot induceabimodalpredictivedistribution.Thus,wedid not consideracorre-
spondingªMAP-R	 º variant.Asanull model,weincludedprior regression(P-R),which
replacestheposteriorwith theprior, i.e.,it doesnot usethelikelihood.

Forall modelsconsideredherethepredictivedistribution dependsdeterministicallyon the
4-dotstimulus.In thissense,theyrelyon exactinference.Noisyinferenceisanalternative
whichassumesthat theinferenceprocessiscorruptedbynoise[29]. Thisalternativewould
requireanadditionalnoiseparameterwhichgovernsthelevelof inferencenoise(seeS1Text).
Here,weconstrainourselvesto modelswith exactinferenceto remainfitting-free,i.e.,model
predictionsfor agivenstimulus� � haveno freeparameter.Weusedthetruevaluesof the
hyperparametersbecauseweassumethat theparticipantslearnedthegenerativemodelwithin
afewtrials(seeS1Text).Thus,themodelpredictionsrequireno fitting. Formoredetails,see
Materialsandmethods.
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In theplots,wedenotethemodelsby theargumentsof their predictivedistributions,i.e.,�|
�, � ML for MaximumLikelihoodregression(ML-R); �|�, � MAP for MaximumaPosteriori
regression(MAP-R);�|�, � for Bayesianregression(B-R);�|�, �, 	 
 for Bayesianregression
with noiseestimation(B-R	 ) and�|� for prior regression(P-R).

Thedecisionmodels
Weconsideredtwo decisionmodelsthat turn thepredictivedistributionsinto aresponsedis-
tribution: probabilitymatchingandBayesiandecisiontheory.In thecaseof probabilitymatch-
ing, it isassumedthatparticipantsdrawrandomsamplesfrom thepredictivedistribution:
� ? � �…�j� ; D; M†. If not statedotherwise,weusesampling-baseddecisionsthroughoutthis
work.Meanwhile,accordingto Bayesiandecisiontheory,participantsselectaresponseby
minimizing theexpectedlossfunction � ? ˆ ��� �	
 � ?h�…�;� ?†i�…�j�;D;M† . Here,weconsidered

only thesquareloss,which isequivalentto thechoosingmeanof thepredictivedistribution
� ? ˆ h�i �…�j�;M† . Independentlyof theform of thelossfunction, theBayesiandecisiontheory

generatesresponsesfrom thepredictivedistribution deterministically.Whenweuseloss-
baseddecisionmodels,weindicatethisbyaddingtheprefix ª�º: to themodel,e.g.,�: �|�, �
for aloss-baseddecisionmodelappliedto Bayesianregression.

To modelparticipants'responses,wealsoaccountedfor internalsourcesof noise,i.e.,noise
whichis inhereto neuralprocessing,decisionmakingandtheexecutionof motor action[29,
39].Wecallthesumof thesenoisecomponentsmotor noisefor brevity.Themotor noiseis
not amodelparameterbut aparticipant-specificparameter.Wecomputedthemotor noise	 �

for eachparticipantfrom the20responsesto thenoiselessstimulus.To ensurerobustnessto
outliers,weusedtheaveragevaluebetweenthe16%and84%-percentileof theresponsedistri-
bution.Thevaluesof motor noisefor thesevenparticipantsof themainexperimentwere
s…1;...;7†

� ˆ …0:22;0:3;0:74;0:88;0:34;0:37;0:54†,respectivelywhile for thesecondexperiment,
weusedtheaverageof thesevalues,i.e.,0.48becausethenoise-freeresponsesof experiment2
werenot available.Themotor noisewasincludedin themodelsbyconvolvingthepredictive
distribution with aGaussianof variances2

� . In thecaseof loss-baseddecisionmodels,motor
noisewastheonly sourceof responsevariability.

Modality of predictedandobservedresponsedistributions
Fig2(A) showstheresponsesof arepresentativeparticipantalongwith thepredictedresponse
distributionsof thedifferentmodels.BothML-R andMAP-Rignoreoneof themodes(here,
themodecorrespondingto adownward-facingparabola).In addition,theparabolapredicted
byML-R haslowercurvaturethantheparabolaspredictedbyanyof theothermodels(i.e.,the
absolutevalueof theML-R parabola'squadraticparameteris lower)thanthatof theparabola
that theparticipantrespondedwith. A potentialexplanationfor this finding is that,while
ML-R doesnot taketheprior into consideration,humansdo makeuseof theprior. In thelow
noiseregime(	 
 = 0.03,Fig2(B)),thediscrepancybetweentheparticipant'sresponsedistribu-
tion andtheprior regressionmodel'spredictedresponsedistribution in termsof thenumber
of modes(unimodalandbimodal,respectively)rulesout theexplanatoryvalidity of thelatter.
In thehighernoiseregimes(	 
 2 (0.1,0.4),Fig2(C)and2(D)), MAP-RandML-R fail to
accountfor thefactthat theparticipant'sresponsesaredistributedacrossbothmodes.The
finding thatat 	 
 = 0.03MAP-Rmatchestheparticipant'sresponsesoftenwith highaccuracy
providedimplicit evidencethatparticipantsusedtheprior andhadlearnedtheparabola'sgen-
erativemodel.

Fig2(E)illustratestheparticipant'sresponsesin thecondition when	 � = 0.5.Thepartici-
pant'sresponsescoverawider rangeof valuesthanin theconditionsof experiment1 when	 �
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issmaller(i.e.	 � = 0.1).While thegenerativenoise	 
 = 0.1is thesameasin Fig2(B),thiscon-
dition ismoredifficult becausetheprior is lessreliable.Asaconsequenceparticipantsrely
morestronglyon thenoisystimulusandproducemoreresponsevariability.In thisexample,
theresponsesarecloselyclusteredaroundthecenter.B-R	 isattractedmorestronglyto the

Fig 2. Exampleresponses.B-Ris theonly modelthatcanexplainthetransitionfrom unimodalresponse(at low noise,
(B)) to bimodalresponsedistribution (athighnoise,(D)). (A) A samplestimulus(greendots)athighnoiselevel(	 
 =
0.4).For thisspecificstimulus,contoursindicatetheresponsedistributionspredictedbyML-R,MAP-R,B-RandB-R	

(not shownto theparticipant)atvarious� ?. At � ? = 2,werecordedtheparticipant's responses(graydots).Thecross
sectionat � ? = 2 isshownin (D). (BÐE) Thepredictedresponsedistributionsat � ? = 2of ML-R (blue),MAP-R
(orange),B-R(red),B-R	 (darkred),P-R(green)andobservedresponses(gray).As	 
 increases(BÐD), thedata
becomeslessinformative.Consequently,andin accordancewith B-R,theresponsedistribution becomesmore
bimodal.(E) Dueto theweakprior thepredictionsof B-RandB-R	 respondmorestronglyto thedataanddiverge
from themodesof P-Rmorestronlgythanin thepreviousconditions. Theskewnessof B-R	 resultsfrom themixture
of bothGaussiancomponents.

https://doi.org/10.1371/journal.pcbi.1007886.g002
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centerthanB-Rbecausetheformer ismoredrivenby thestimulusdueto underestimatingthe
noise.

B-Routperforms the other models
Fig2.In orderto formallyassessmodelperformance,wenextconductedaquantitativemodel
comparisonacrossall participants.Foreachof thesevenparticipantsindividually,wecom-
putedthelogprobabilitythat theparticipant'sresponsesarisefrom thegivenmodel.We
summedtheselogprobabilitiesfor all of theuniquestimuli � � asameasureof thequalityof
themodel.Fig3(A) showsthesevaluesrelativeto theB-Rbaselinevaluefor eachnoiselevel,
averagedacrossparticipants.Negativevaluesindicatepoorperformancerelativeto B-R.A sub-
ject-levelanalysisshowedthat themodelcomparisonresultswerenot drivenbyanysinglepar-
ticipant'sdata(seeS1Text).Becauseour modelcomparisonis fitting-free,wedo not needto
accountfor differentlevelsof modelcomplexity.Indeed,in thepresentcase,theloglikelihood
comparisonisequivalentto usingtheBayesianInformation Criterion.

AsFig3(A) shows,B-Risamongthehighestperformingmodelsfor all conditions.Asthe
taskdifficulty increases(left to right), P-Rperformanceapproachesthatof B-R.This isbecause
theparameteruncertaintyencodedin theprior becomesmoreimportantandtheresponsedis-
tribution becomesbimodal.NeitherMAP-Rnor ML-R cancapturethisandthereforeperform

Fig 3. Model comparison. Themodelcomparisonshowsthat theB-Rmodelbestexplainsthedata(A, B)andthat
sampling-baseddecisionmodelsoutperformloss-baseddecisionmodels(C). (A) Differencein loglikelihoodwith respect
to B-Raveragedoverparticipantsfor different experimentalconditions. NegativevaluesmeanthatB-Rwinsthe
comparison. B-Riseitherwinning (	 
 2 (0.03,0.1))or equivalentto P-Rbecausethetwo coincideathigh levelsof
parameteruncertainty(	 
 = 0.4and	 � = 0.5).(B) Theexpectedlikelihood of eachmodelfor arandomlyselected
participantshowswhatfractionof participantsarebestdescribedbyamodel.Overall,B-RandB-R	 describethe
populationbest.(C) Loglikelihooddifferencebetweenasamplingandaloss-baseddecisionmodel.Negativevalues
favoursampling.At all otherconditionsandfor all regressionmodels,samplingexplainsthedatabetterthanloss-based
decisionmodelswith exactinference.ForB-R,B-R	 andP-R,loss-basedmodelsdo not predictbimodalresponses.At low
noise	 
 = 0.03,loss-based modelsunderestimatetheresponsevariance. Error barsrepresenttheSEMacrossparticipants.

https://doi.org/10.1371/journal.pcbi.1007886.g003

PLOS COMPUTATIONAL BIOLOGY Bayesian regression explains how human participants handle parameter uncertainty

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007886 May 18, 2020 8 / 23

https://doi.org/10.1371/journal.pcbi.1007886.g003
https://doi.org/10.1371/journal.pcbi.1007886


poorly.Theseresultsareconsistentacrossparticipants(seeS1Textfor asubject-level
analysis).

At low noise	 
 = 0.03,participantsgiveunimodalanswersandthemeanpredictionsof B-R
andMAP-Rareindistinguishable.Thenthemodelthatbettercapturestheresponsevariability
wins.In general,B-Rexplainsthevariabilityof theresponsesbetter.Thevariability isalsothe
reasonwhyP-Rperformsrelativelywellunderthemoredifficult conditions,i.e.,	 
 = 0.03and
	 � = 0.5.

Theaveragedresultsarelargelyconsistentwith asubject-levelanalysis.A notableexception
is thatat 	 
 = 0.03,MAP-Remergesasthebestmodel(closelyfollowedbyB-R)for participants
3,4 and7 (seeS1Text).A Bayesianrandomeffectsanalysisconfirmsthis.Specifically,weused

themodelposterior�…MjR …
††averagedoverarandomlyselectedparticipant
. Thismeasure
reflectstheratio of participantsfor whichmodelM wins.Fig3(B)showsthat theresponsesof
themajority of participantsarebestmodelledbyB-Ror B-R	 . SinceB-Rinterpolatesbetween
MAP-R(at low noise)andP-R(athighnoise),asexpected,at 	 
 = 0.03,i.e.,theeasiestcondi-
tion, theresponsesof someparticipantsarealsowellmodelledbyMAP-Rwhileat themostdif-
ficult condition, i.e.,when	 � = 0.5,theresponsesof halfof theparticipantsarebestdescribed
byP-R(andtheotherhalfbyB-R).

Next,weinvestigatedif samplingor thelossfunction perspectiveexplainstheresponses
better.Fig3(C)depictsthelog likelihoodof loss-baseddecisionmakingcomparedto sampling
for eachmodel.Negativevaluesindicatethatsamplingwins.Samplingexplainsthedatabetter
for all modelsandin all experimentalconditions.Oneexplanationis that thelossmechanism
turnsbimodalpredictivedistributionsinto unimodalpredictivedistributions.Here,weuse
thesquarelosssuchthat the(unimodal)responsedistribution iscenteredon themeanof the
predictivedistribution. In thecaseof P-R,themeanof thepredictivedistribution liesat the
centerof bothmodes.Clearly,thismethoddoesnot capturebimodalresponses.This iswhy
theperformancedifferencebetweenthetwo decisionmodelsissmallestat 	 
 = 0.03,whereall
modelsexceptfor P-Rmakepredictionswhicharecloseto unimodal.

Thesecondexplanationfor thebetterperformanceof samplingis that thelossfunction
approachwith exactinferenceunderestimatesresponsevariability.Theresponsevariability
differsfrom onestimulusto anotherandisoftenhigherthan	 � . Thisexplainsthebetterper-
formanceof samplingfor MAP-RandML-R, sincetheeffectof turning abimodalresponse
distribution into aunimodaloneisabsent.In thesecases,thesampling-baseddecisionmodel
hastheeffectof increasingthevarianceof thepredictedresponsedistribution bys2


 . This leads

to bettermodelperformanceon variableresponsedata,evenin theexperimentalconditions	 


= 0.03whereparticipantsrespondunimodally.
In conclusion,from themodelsconsideredhere,B-Rwith samplingbestexplainspartici-

pants'responses.

B-Rexplainsthe generativenoise-dependentincreasein responsevariance
A keycharacteristicof B-Ris thetransitionof themodel'sposteriorpredictivedistribution
from unimodality to bimodalityas	 
 increases,i.e.,asthedatabecomelessinformative.To
analysethis transition,weusedtheparticipants'responsevariancesat thedifferentlevelsof
generativenoise.

Thevarianceof theresponsedistributionsissensitiveto bimodality.Forexample,if all
responsesaredistributedevenlyacrossbothmodes,thevarianceiscloseto 16,whichcorre-
spondsto thevarianceof theprior P-R.If all responsesarelocatedin asinglemode,thevari-
anceis typicallysmallerbyafactorof ten(e.g.,seeFig2(B)).Weexplainthis in moredetail
below.
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Foreachstimulus� � andfor eachparticipant,wecomputedthevarianceof the20observed
responsess2

� j� �
. Becausewehave7 participants,thisyieldsadistribution over7 � 20= 140

empiricalvariancevaluesateachvalueof 	 
 . Wecomparedthisdistribution with theresponse
variancedistribution predictedby themodels.To achieveahigherresolutionandshowthe
dynamicsof thevarianceasafunction of thegenerativenoise,wegenerated5000uniquesti-
muli from adenselyspaced	 
 insteadof relyingon thesmallnumberof stimuli andnoiselev-
elsusedin theexperiment(seeMaterialsandmethods).

Theempiricalvariancedistribution (gray)andits median(black)areshownin Fig4 along
with thepredictedmedianof thevariancedistribution for eachmodel(color coded).ForB-R
andB-R	 , weplottedthedistribution in Fig4(A) and4(B),respectively.

Themedianof theB-Rvariancedistribution increaseswith thenoiselevel.This isdueto
thefactthatB-R'spredictedresponsedistribution transitionsfrom unimodalto bimodal;this
transitionismodulatedby thegenerativenoise,whichdeterminestherelativecontribution of
theprior andlikelihoodto theresponsedistribution.Consequently,theB-Rmodelis theonly
onefor whichthevariancevaluessmoothlytransitionfrom theMAP varianceat thelow noise
level(	 
 = 0.03)to theP-Rvarianceat thehighnoiselevel(	 
 = 0.4).TheP-Rvarianceremains
constantandtheMAP-Rvarianceincreasesveryweaklyasafunction of thegenerativenoise.
Thevarianceanalysisprovidesfurther evidencefor thesuperiorityof bothB-Rvariantsover
theothermodels.

While B-Rcapturesthegeneraltrend in thedata,it failsto accountfor two keycharacteris-
tics.First,themedianvarianceincreasesslowerthanB-Rwouldpredict,andsecondly,athigh
levelsof generativenoise,B-Rfailsto reproducethelowerpartof thedistribution (where
responsevariancesarecloseto zero).A potentialexplanationfor thisdiscrepancyis thatpartic-
ipantsestimatethenoiseon atrial-by-trial basis.Whenthenoiseaddedto the4-dotstimulus
was,bychance,suchthat thedotsappearedto bewell-alignedon aparabola,participants
would,presumably,underestimatethegenerativenoiseandrespondin awaywhichwascon-
sistentwith aunimodaldistribution.Thefactthat theB-R	 modelcapturestheempirical

Fig 4. Responsevariancesof predictedandempirical distribution s,asa function of generativenoise.B-Rbest
explainstheincreasein responsevarianceasafunction of thegenerativenoise	 
 . Variancesof theempiricalresponse
distributionsfrom all participants(graydots,median:grayline) andpredictedresponsedistributions,corresponding to
thetwo B-Rvariants(median:redline, logprobability: heatmap). B-R(A) InterpolatingbetweenMAP-RandP-R,only
theB-Rvariantscapturetheupwardtrend in thedata.At 	 
 = 0.4,B-Rfailsto accountfor theempiricalresponseswith
close-to-zero variances.(B) At 	 
 = 0.4,B-R	 predictsabimodalvariancedistribution because,in trialswith low noise
estimates, thepredictedresponsedistribution isunimodalandthusvarianceis low.Becauseof theselow-variancetrials,
themedianof B-R	 increasesslowerthanthemedianof B-Randcapturestheempiricalmedianbetter.BecauseML-R and
MAP-Rbehavedidentically,theMAP-Rrepresentsbothregressionmodels.

https://doi.org/10.1371/journal.pcbi.1007886.g004
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variancebetterthanB-Rprovidessomeevidencefor this idea.On sometrials,B-R	 underesti-
matesthetrue 	 
 andappliestheB-Rformalismwith highconfidencein thestimulusdata.In
thesecases,themodelreliesstronglyon thelikelihoodandbimodality,whichnormallyenters
throughtheprior, isnot achieved.Rather,theresultingresponsedistribution isunimodaland
haslow variance.

DespitethefactthatB-R	 describesthequalitativefeaturesof thevariancedistribution bet-
ter thanB-R,it performsworsein termsof log likelihood.Thisshowsthat thelow variance
responsesof humansandof B-R	 do not alwayscoincideon atrial-by-trial basis.

To betterunderstandtherelationbetweenresponsevarianceandbimodality,wedissectthe
varianceof abimodalresponsedistribution to stimulus� � into its components:

s2
� j� �

ˆ s2
� ‡ s2

�j� �
‡ �…1� �†…m1 � m2†

2; …3†

where� 1 and� 2 arethemeansof themodesof theposteriorpredictivedistribution, � is the
mixturecoefficientands2

�jD j
‡ s2

� correspondsto thevarianceof bothmodes.Theunimodal

contribution isnot mode-specificbecausewechoseasymmetricalprior. Thefirst two terms
constituteaunimodalcontribution andthelastterm abimodalcontribution.Thelatter iscon-
trolled by themeandispersion(� 1 � � 2)

2 andaprefactor�(1 � �) that isequalto zerofor � 2 {0,
1} andismaximalfor � = 1/2.To determineto whatextenteachcomponentof thisdissection
ispresentin theresponsedata,wedefinedtheempiricalcounterpartsof � 1, � 2 asthemeansof
theupperandlowermodesof theresponsedistribution and� asthemixturecoefficient,corre-
spondingto thefractionof positiveresponses� > 0.For theunimodalvariancecontribution
s2

�j� �
‡ s2

� , weusedthevarianceof themodewhichcontainsthemajority of responses(see

Methodsfor moredetails).ThecomparisonbetweendataandmodelsshowsthatbothB-R
variantscorrectlypredictthedriver of theobservedvarianceto bethetransitionto bimodality.
Fig5(A) showsthepredictedpositivecoefficient� (median)of themodelsasafunction of the
empirically-observedcoefficientacrossall participantsandstimuli (in themainexperiment).
Asfurther evidencefor thevalidity of theB-Rperspective,bothB-Rvariantscorrectlypredict
thefractionof positiveresponses.Indeed,thesmoothtransitionfrom aunimodalto abimodal
distribution isnicelycapturedbyB-R.In contrast,MAP-Rtransitionssharplyandismore
reminiscentof astepfunction whileP-Rpredictsequallystrongmodesacrossall noiselevel
conditions.

Thebimodaldistribution of responsesdependson theprefactor�(1 � �) andthemeandis-
persion.Fig5(B)showsthemedianvalueof theprefactorasafunction of generativenoise
(acrossall participantsandstimuli). Dataandmodelpredictionsqualitativelymatchthe
behaviourof thevariancein Fig4.Indeed,theothercontributionsto thevarianceareless
important.Themeandispersion,shownin Fig4(C),playstheroleof alargeconstant.The
unimodalcontribution to thevariance,shownin Fig5(D), issmallcomparedto thebimodal
contribution. In conclusion,thecoefficient� playsthedominantrole in determiningthevari-
anceof theresponsedistribution.Becausethetwo B-Rvariantsestimate� sufficientlywell,
theybestmatchtheempiricalvariancedistribution.

Interestingly,all modelsoverestimatetheunimodalvariance,with theexceptionof MAP-R
in thelow noisecondition (Fig5C).TheB-RvariantspredictlargervariancethanMAP-R
becausetheytranslatetheposteriorparameterinto responseuncertainty.P-Rpredictseven
largerresponsevariancebecauseit usestheprior parameteruncertaintywhichisgenerally
largerthantheposteriorone.DespitethefactthatMAP-Rbestdescribesthemedianvariance,
it performsworsethanB-Rin termsof log likelihood.Fig5(C)revealsthatonefactorcontrib-
uting to thepoorerperformanceof MAP-Ris theoccurrenceof unimodal,highvariance
responses.
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In summary,thevarianceanalysisprovidesfurther evidencethatB-Rcapturesthewayin
whichgenerativenoiseinducesatransitionfrom unimodality to bimodalityin participant
responses.However,B-Roverestimatesresponsevariance.Trial-by-trial estimationof the
noiseoffersapotentialexplanationfor whyparticipantsclustertheir responsesmoreunimod-
ally thanpredicted.

Unimodal responsesareoverall bestexplainedby B-R
Thusfar, themain factorbehindthesuperiorityof theB-Rmodel'sperformancerelativeto the
othermodelsis theability of B-Rto capturethebimodalityof responses,i.e.,to correctlyset
themixturecoefficient.However,thepreviousanalysisshowedthatunimodalvariance
decreasesasafunction of generativenoisewhileB-Rpredictsanincrease.It remainsunclearif
B-Rstill winsthemodelcomparisonin aunimodalsettingwhereperformanceis independent
of themixturecoefficient.

To addressthisquestion,weconductedamodelcomparisonon aunimodallyconditioned
dataset.Foreachstimulus� �, weconsideredonly responsesin whichthedominantresponse
modeandthedominantmodeof themodelpredictionscoincided(seeMethodsfor details).
Theconditioningyieldsaunimodaldatasetin thesensethatall predictionsandresponses
belongto thesamemode.To makethemodelcomparisonfair for thebimodalpredictive

Fig 5. Medianof eachof the bimodal responsedistribution variancecomponents acrossall participants andstimuli.
(A) Predictedcoefficientof positivemodeasafunction of theempiricalcoefficient(acrossall noiselevels).ML-R behaves
identicallyto MAP-R.Thus,theMAP-Rcurverepresentsbothmodels.Theshadedareashowsthe40%and60%
quantiles.(B) Prefactorof bimodalcontribution asafunction of generativenoise.Datajitteredfor visibility. (C)
Unimodalcontribution to thevariance. Empirical variancecomputedon modewith majority of responses.(D) Mean
dispersion.Only trialswith bimodalresponsesincluded. Asthestimulusbecomesmorenoisy,humanresponsesandB-R
variantsconformto theprior.

https://doi.org/10.1371/journal.pcbi.1007886.g005
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distributionsof P-RandtheB-Rvariants,weremovedtheinferior modeandnormalisedthe
remainingprobabilitymassto one.

At thegrouplevel,B-Rwinsthemodelcomparisonacrossall conditions,asshownin Fig6
(A). B-Rclearlyoutperformstheothermodelsin two conditionsin particular:at 	 
 = 0.03and
at 	 � = 0.5.

Interestingly,in thebimodaldataset,B-Rdid not emergeasaclearwinner at 	 � = 0.5
becauseP-Rperformedsimilarlywell.Thus,B-Risnot betterthanP-Ratmodellinghowpar-
ticipantsbalancethetwo modes,but oncethemodeischosen,it performsbetter.At 	 
 = 0.1,
B-RandB-R	 outperformtheothermodels.B-R	 winsbyasmallmargin(seeaxisscaling).
However,asubject-levelanalysis(seeS1Text)showsthat theaverageismostlydrivenbypar-
ticipant1,while in thecaseof otherparticipantsall modelsperformsimilarlywell.At 	 
 = 0.4,
no clearwinner emerges.Intuitively, thismakessensebecausethestimulusisnot informative
andall modelsrelymostlyon theprior information about�. Here,B-Rwinsor performssimi-
larly to othermodels.

TheBayesianrandomeffectsanalysis(resultsshownFig6(C))confirmstheprevious
results.Theratio of participantswhoseresponsesarebestdescribedbyagivenmodel

h�…R…
†jM†i 
 indicatesthatB-Rdescribesthepopulationat 	 
 = 0.03andat 	 � = 0.5well.As
in thebimodaldataset,MAP-Rreflectstheresponsesof someparticipantswellat 	 
 = 0.3.At

Fig 6. Unimodal modelcomparison. Theunimodalanalysisconfirmspreviousresults:overallB-Rwith sampling
winsthemodelcomparison. (A) Differencesin loglikelihood on unimodaldata,averagedoverparticipants. Negative
valuesmeanthatB-Rwins.ML-R isomittedbecauseits poorperformancecomplicatesvisualisation. (A) B-Rwinsat
	 
 = 0.03and	 � = 0.5,but not in theotherconditions.(B) All modelsusethequadratic lossfunction to select
responses,with responsevariancegivenby themotor noises2

� . B-Rwith samplingexplainstheunimodaldatabestfor
mostparticipants. High subject-levelvariabilityresultsin largeerrors(seeS1Textfor asubject-levelanalysis).(C,D)
Thefractionof participantsbestdescribedbyagivenmodel.At 	 
 = 0.4,severalmodelsperformwell.Error bars
indicateSEMacrossparticipants.

https://doi.org/10.1371/journal.pcbi.1007886.g006
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 = 0.1,thelog likelihoodperformance(Fig6A) of all modelsissimilarbut B-R	 andMAP-R
win byasmallmargin(seeS1Textfor asubject-levelanalysis).Hence,B-R	 andMAP-Rper-
form bestin theBayesianrandomeffectsanalysis(Fig6C).No clearwinneremergesat 	 
 =
0.4.

Next,werevisitthequestionof whetherparticipantssampleor usealossfunction. In the
bimodaldata,thelossfunction approachwasatadisadvantagebecauseit couldonly produce
unimodalresponsedistributions.Thisdisadvantageisnot presentin theunimodaldataset.To
maketheperformanceof modelsin Fig6(A) and6(B)comparable,weuseB-Rwith sampling
asthebaselinein bothplots.Fig6(B)showsthat,averagingacrossparticipantsandconditions,
B-Rwith samplingoutperformstheloss-basedmodels.Thelargeerrorsin (B) reflectlarge
intersubjectvariability.TheBayesianrandomeffectsanalysisin Fig6(D) confirmsthatB-R
alsowinsat thesubject-levelat 	 
 = 0.03andat 	 � = 0.5.OneexceptionisL:B-R	 at 	 
 = 0.1.
Indeed,thesubject-levelanalysis(S1Text)showsthat in termsof theaveragedloglikelihood
atmiddleandhighnoise	 
 2 (0.1,0.4)participant1 isanoutlier.Forotherparticipants,the
performanceof B-Rwith samplingandtheloss-basedmodelsisverysimilar.Despitethe
higherintersubjectvariability in thecaseof theunimodaldatasetthanin thebimodaldataset,
theunimodalanalysisprovidesconvincingevidenceof thesuperiorityof B-Rwith sampling
overothermodelsconsideredhere.In contrastto themodelcomparisonin thebimodalanaly-
sis,in theunimodalcaseB-Rclearlywinsthemodelcomparisonat 	 � = 0.5.

Discussion
In our experiment,participantsadjustedadot suchthat it coincidedwith on aparaboladeter-
minedby four otherdots.Weusedtheloglikelihoodto compareparticipants'responsesto the
predictionsof tenmodels:fiveregressionmodelsML-R,MAP-R,P-R,B-RandB-R	 combined
with two decisionmodels,i.e.,probabilitymatching(sampling)andBayesiandecisiontheory
(loss-based).B-Rwith samplingbestexplainedtheresponsesacrossvariousexperimentalcon-
ditions.An analysisof theobservedandpredictedresponsevarianceshowedthat themodel
comparisonresultsweremainlydrivenby thetransitionfrom unimodalto bimodalresponses.
Only theB-Rvariantswereableto capturethisaspectof thedata.However,participantsclus-
teredtheir responsesmoreoftenin oneof themodethanB-Rpredicted.Thisresultedin adis-
crepancybetweenthepredictedandempiricalresponsevariances.ForB-R	 , thisdiscrepancy
wassmaller.Thus,onepossibleexplanationfor thediscrepancyis thatparticipantswereesti-
matingnoiseon atrial-by-trial basis.Sincein thevarianceanalysisweconsideredtheresponse
variancefrom all trials,therelativelybetterperformanceof B-R	 heredid not translateinto
superiorperformancein thelog likelihoodanalysis,in whichweanalyzedresponseson atrial-
by-trial basis.B-Rwithout noiseestimationwasmoreaccuratein predictingthemeanandvar-
ianceof thedatatrial-by-trial. In afinal analysis,weconditionedtheresponsesto asingle
modeto eliminatetheeffectsof bimodalitywhichwasthedriving factorbehindmodelcom-
parisonresultsin thefirst two analyses.Thisallowedusto studytheperformanceof B-Rbased
on its meanandvariance.Theanalysisof theunimodaldatasetgenerallyconfirmedtheprevi-
ousresults.B-R	 with samplingeitheroutperformedor performedsimilarly to theother
models.

Our resultssuggestthathumansturn theposteriorpredictivedistribution into aresponse
viaprobabilitymatchingratherthanBayesiandecisiontheory.Thelossfunction approach
failsto explainthebimodalityof responsesto repeatedidenticalstimuli. Onewayto interpolate
betweenBayesiandecisiontheoryandprobabilitymatchingis to presentdistributionsbysam-
ples[40]. Thenumberof samplesusedto approximatethe(predictive)distribution interpo-
latesbetweenbothdecisionmodels.If thenumberof samplesissufficientlylarge,the
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approximateddistribution convergesto thetruedistribution,andweenterthedomainof stan-
dardBayesiandecisiontheory.However,if only asinglesampleisusedfor theapproximation,
probabilitymatchingis recovered.This isbecauseapplyingBayesiandecisiontheoryto aone-
sampledistribution returnsthelocationof thissampleasaresponse.Thenumberof samples
takestheroleof atransitionparameterbetweenclassicalBayesiandecisiontheoryandproba-
bility matching.

[29] In thecontextof acategoricaldecisiontask,Drugowitschetal.[29] showedthatnoisy
inference(ratherthannoisydecisionmakingor noisyperception)explainsthelargestfraction
of participants'responsevariability.Indeed,noisyinferenceoffersaninterestingwayto recon-
cileBayesiandecisiontheorywith bimodalresponses.Conceptualisingthechoicebetweentwo
modesasnoisyinferenceovertwo unimodalmodelsleadsto abimodalresponsedistribution
(seeS1Text).At low generativenoise,thenoisyinferenceprocedureyieldsaunimodal
responsedistribution becausethedifferencebetweenthetwo modelevidencesis large.At high
generativenoise,theevidencesfor bothmodelsaresimilarsuchthat theinferencenoise
becomesthedecisivefactorin theparticipant'sresponse.In thiscase,noisyinferencepredicts
abimodalrespsonsedistribution.Asin Bayesianregression,thetransitionfrom unimodalto
bimodalresponsedistribution dependson generativenoise.However,thespeedof thetransi-
tion alsodependson theinferencenoise,i.e.,afreeparameter.In Bayesianregression,this
transitionspeediscomputedasafunction of thestimulusandtheparametersof thegenerative
model,andno fitting is required.Becausewewantedto studyhowhumansprocessparameter
uncertaintyin afitting-freecontext,wedid not testthenoisyinferencemodelquantitatively.
Futurework is requiredto further exploretherelationshipbetweenBayesianregressionand
noisyinference.

Throughoutthisstudy,weassumedthat thegenerativemodelisknown.In realworld
regressiontasks,thisassumptionis typicallynot justified.Instead,subjectsmustsimulta-
neouslylearnthegenerativemodelandits parameters.Forexample,in thecontextof our
experimentthiswould translateto not informing participantsaheadof time that the4-dotsti-
muli weregeneratedfrom parabolas.Bayesianregressionextendsnaturallyto taskswith
modeluncertainty.TheBayesianapproachto makingpredictionsmakesusenot only of the
expectationovertheposteriorovertheparametersbut alsoof theexpectationovertheposte-
rior overthemodels.Thus,Bayesianregressionwith modeluncertaintyrequiressubjectsto
infer theposteriorovermodelsandto averageoverthisposterior.Comparedto Bayesian
regressionwith aknowngenerativemodel,thismultipliesthecomputationalburdenby the
numberof relevantmodels.It isaninterestingquestionwhethersubjectssolveregressiontasks
with modeluncertaintyby takingadvantageof Bayesianregressionor whethertheyrelyon
point estimatessuchastheMAP-estimatorof themodelposterior.A studyin thecontextof
sensoryfusionsuggeststhelatter[41] but it isunclearto whatextentthis isalsothecasein the
domainof function fitting.

Comparedto toy examples,realworld taskstypicallyinvolvecomplexmodelswith high-
dimensionalparameterspaces.Thismakestheevaluationof theintegralin Bayesianregression
particularlydifficult. Samplingoffersapotentialsolutionbecauseit scaleswell to highdimen-
sionsandintegralsreduceto theevaluationof asum.Recentadvancesin neuronalalgorithms
[42,43]suggestthat,in theory,thebrain canefficientlyencodeprobabilitydistribution via
samples.Thus,samplingprovidesanintriguing directionto further explorepotentiallinks
betweenpsychophysicalexperimentsandneuronalimplementationof uncertainty.

Foragivengenerativemodel,Bayesianregressionandotherregressionmodelsprescribe
howto makepredictionwhenparameteruncertaintyispresent.Forexample,MAP-Rusesa
point estimateof theposteriorwhileB-Rusestheentireposterior.Thus,theperformanceof a
regressionmodelin termsof its ability to modelhumanresponsesdependson two factors:the

PLOS COMPUTATIONAL BIOLOGY Bayesian regression explains how human participants handle parameter uncertainty

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007886 May 18, 2020 15 / 23



ability of theregressionmodelto describehowhumanshandleuncertaintyandthedegreeto
whichthetheoretically-chosengenerativemodelis true to thegenerativemodelinferredby
theobserver.Thepredictionsof theregressionmodelsin our studyarelimited in that they
assumeaparabolicgenerativemodel.A previousstudyreiteratedtheformalequivalenceof
BayesianregressionandGaussianprocessesanddemonstratedtheflexibility with which
Gaussianprocessescanmodelhumanresponsesin acomplexfunction fitting task[19]. In the
caseof theBayesianregressionmodel,theauthorsfit varioushyperparameters,andit was
unclearhowtheycontrolledfor thecomplexityof thefit. Thus,thestudycouldnot answerif
theBayesianregressionmodelperformedwellbecauseof its flexibility in representingdifferent
generativemodelsor becauseit capturedhowhumansprocessparameteruncertainty.In our
work,weremovedtheconfoundingfactorbyenforcingasimplegenerativemodelthrough
feedbackin everytrial. Insteadweremainedfitting-freeandcould,thus,studydirectlyhow
participantsprocessedparameteruncertainty.Therationaleof simplicity ratherthancomplex-
ity hasadvantagesfor theanalysisaswell.Thedifferentmodelsareanalyticallytractableand
thuscanbestudiedsystematically.Additionally, theone-dimensionalresponsespacewaseasy
to visualizeandtheamountof dataneededto comparethepredictiveandempiricaldistribu-
tionswaslimited.

To remainfitting-free,weassumedthatparticipantsknowthegenerativemodel,including
theprior overtheparameters.Without thisassumption,wewouldhavehadto accountfor
potentialtemporaldynamicsof learningwith aparticipant-specific,time-dependentprior. For
instance,it might takeparticipantsanon-negligibleamountof time to learnthegenerative
modelor their responsescouldbeinfluencedby immediatelyprecedingtrials.To avoidsuch
complications,weshowedthegenerativeparabolaaftereachtrial andwechoseafunction that
humanscanlearn[21], i.e.,aparabola.Indeed,afterhavingrun theexperiments,wefound
that therewasno substantiallearningtakingplacebetweenthefirst andthelasttrialsexcept
for somemild learningat 	 
 = 0.1(seeS1Text).To extendour studyto continuouslearning,it
wouldbeinterestingto relaxthei.i.d. assumptionof thestimuli in thegenerativemodel,asin
[44], andinvestigateif aBayesianframeworkmodelstheevolutionof posteriorparameter
uncertaintyaswell.

Wepresentedandanalysedour experimentaltaskwithin theframeworkof regression.
After seeingthetraining data,i.e.,the4-dotstimuli, participantswereaskedto makepredic-
tions.Then,onewayof makingpredictionsis to computetheposteriorpredictivedistribution
bymarginalisingovertheposteriorof themodelparameters.Alternatively,thetaskcanbe
interpretedasinferenceof thepoint wheretheparabolaintersectsaverticalline atachosenx-
positiongiventhe4-dotstimulus.Theposteriorpredictivecorrespondsto theposteriorof the
responselocationgiventhedata.Indeed,thereisaformalequivalencebetweenBayesian
regressionwith linearGaussiangenerativemodelsandGaussianprocesseswith akernelthat
encodesthegenerativemodel(e.g.[19]). Algorithmically,however,Bayesianregressionand
Gaussianprocessinferencediffer.B-Rfocuseson thecompressionof training datainto model
parametersor adistribution of modelparameters,e.g.,theMAP estimatoror posterior.The
training datadoesnot needto bestoredto makenewpredictions.In contrast,Gaussianpro-
cessinferencerequiresthat thetraining dataisstored.Thus,thememoryrequirementsgrow
linearlywith thesizeof thetraining data,whichconstitutesanimportant drawbackof Gauss-
ian processmodels.To distinguishbetweentheB-RandGaussianprocessinferenceperspec-
tives,onewouldneedto designregressiontasksthatcannotbereformulatedasinference
becauseobserverscanneitherseenor remembertheentirestimuluswhentheymakepredic-
tions.Onecouldachievethisbysequentiallypresentingmanytraining datasuchthatmemori-
zationisnot aviableoption but sequentialupdatesof theposteriorare.
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Our work wasinspiredby thegrowingemphasison parameteruncertaintyin themachine
learningcommunity;however,it is important to highlight that function learningandextrapo-
lation havebeenstudiedbefore.Thefunction learningliteraturehasaddressedwhichtypesof
functionshumanscanlearn[45], howbatchor sequentialdatarepresentationaffectslearning
[22], to whatextenthumanbehaviourcanbemodelledbyparametricfunctions[46] andhow
wellhumansextrapolate[21]. However,to thebestof our knowledge,thesestudieshavesofar
failedto conductaminimal experimentto establishthathumansprocessparameteruncer-
tainty in accordancewith Bayesianregression.Our contribution will helpto betterunderstand
thebrain'sremarkableability to learnandgeneralisefrom verylittle dataandunderpinsthe
powerof Bayesianregressionasaframeworkin psychophysicalmodelling.

Methods and materials

Stimulusgenerationfrom the bimodal prior
Here,wedescribein detailhowstimuli aregenerated.On thej�� trial, participantsarepre-
sentedwith astimulusconsistingof � = 4 pointsin a2-dimensionalspace:

� � ˆ f…�…�†
� ; � …�†

� †g
�

�ˆ1 . For themainexperiment(with 	 � = 0.1,seebelow),wefixedthex-values

to (�0.3, �0.1, 0.1,0.3)respectively.For theadditionalexperiment(with 	 � = 0.5,seebelow),
wedrewthex-valuesfrom Gaussianswith means(�0.18, �0.09, 0,0.09)andstandarddevia-
tion 0.09but resampledif theminimal distancewaslessthan0.1betweenanytwo points.In
bothcases,wethengeneratedthey-coordinatesfrom aGaussiangenerativemodelwith apara-
bolicnon-linearityandthe
��������� ���������, � �:

�…�j� ; � �† ˆ N …�;� ��
2; s2


 † …4†

Theparameter� � isdrawnfrom amixedGaussianprior

pg…��†ˆ …�N…��; mp; s2
p†‡ …1� �†N …��; � mp; s2

p†† …5†

wheretheparametersetg ˆ …mp; s2
p; �† consistsof themean� � = 1,mixing coefficient� = 1/2

andthestandarddeviation	 � = 0.1for themainexperimentand	 � = 0.5for theadditional
experiment.Wedenotethetotal setof hyperparameters(suppressedfor notationalclarity),
from theprior andthegenerativeprobability,bya ˆ …g;s2


 †.Eachparameter� � corresponds

to a
��������� ��������. Giventhismodelandgivenastimulus� �, weaskedparticipantsto
predictthey-component� ? at � ? = 2,which isequivalentto mentallyfitting aparabolato the
four stimuluspointsandestimatingthepoint of intersectionwith averticalline at � ?.

To train participantson thegenerativemodelandtheprior, weshowedparticipantsthe
generativeparabolaaftereachtrial. In themainexperiment,weshowedasetof 20uniquesti-
muli for eachof thethreenoiselevels	 
 2 {0.03,0.1,0.4},andeachuniquestimuluswas
repeated20times.Wedenotethesetof the20responsesto thej�� stimulusas

� � ˆ f� …�†
1 ; . . . � …�†

20g.Thisamountsto atotalof 400trialspernoiselevel.Theorderof thestimuli

wasrandomized.For theadditionalexperiment,weset	 
 = 0.1andshowed10uniquestimuli
10times.Fig1showstheexperimentalparadigm.

Regressionmodels
In eachtrial, wemodeltheparticipant'scomputationbyaconsecutiveinferenceandpredic-
tion step.During theinferencestep,themodelassumesthat theparticipantinfersinformation
aboutthequadraticparameter� � basedon thepresenteddata(i.e.,stimulus)� �. Theinferred
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information is thenusedfor asubsequentprediction� ?. Wedescribetheparticipant'soverall
taskascomputingthe���������� ������������: �…�?j� ?; � �; M†.

Prior regression(P-R)isour null model.P-Rassumesthatparticipantsmakepredictions
basedon their prior beliefbut disregardinformation from thestimulus:

�…�?j� ?; � �; M �� †ˆ
Z

�…�?j� ?; �†p…�†�� …6†

Maximumlikelihoodregression(ML-R) reliesonly on thelikelihoodmaximizingparameter,
�  � :

�…�?j� ?; � �; M 
� † ˆ �…�?j� ?; � 
� †

�	�� � 
� ˆ ��� ���
�

�…��j�†
…7†

Maximumaposterioriregression(MAP-R) usestheparameterthatmaximizestheposterior�
(�|� �) = �(� �|�)�(�)/�(� �):

�…�?j� ?; � �; M 
�� † ˆ �…�?j� ?; � 
�� †

�	�� � 
�� ˆ ��� ���
�

�…�j� �†
…8†

Bayesianregression(B-R)usestheentireposteriorfor makingpredictionsbymarginalizing
overit:

�…�?j� ?; � �; M �� †ˆ
R

�…�?j� ?; �†�…�j� �†��

�	�� �…�j� �†ˆ �…��j�†p…�†� � 1…��†
…9†

Bayesianregressionwith noiseestimate(B-R	 ) loosenstheassumptionthatparticipantstreat
	 
 asahyperparameterandinsteadassumestheyuseanestimatês 
 on atrial-by-trial basis.

Usingthemaximumlikelihoodestimatorandthenumberof points = 4:

ŝ 2

 ˆ  � 1

X 

�ˆ1

…�� � � ?� 2
� †

2 �	�� � ? ˆ
X 

�ˆ1

� 4
�

 ! � 1X 

�ˆ1

� ��
2
� : …10†

After substitutingtheestimatês 
 for thehyperparameter	 
 in Eq(9), theposteriorpredictive

distribution iscomputedanalogouslyto B-R.

Participants' internal noise
To predicttheparticipants'responses� from theregressionmodels'output � ?, wehadto
accountfor theinternalnoiseof theparticipants.Wedid thisbyshowinganoise-freestimulus
20timesandfitting aGaussianwith variances2

� to eachparticipant'sresponsedistribution:
�…�j� ?†ˆ N …�; � ?; s2

� †.To berobustagainstoutliers,wetook theaverageof the16%and84%
percentilesof theresponsedistribution asmotor noise.Thepredictedresponsedistribution is
then

�…�j� �; � ?; M† ˆ
Z

�…�j� ?†�…�?j� ?; � �; M†�� ? …11†
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Model comparison
Weusedthelog-likelihoodandthevarianceto comparethepredictedandempiricalresponse
distributions.

Log likelihood. To computethelog likelihoodfor amodelM acrossall responseata
givennoiselevel	 
 , wesummedtheindividual log likelihoodsof eachresponse� (thelogof Eq
(11))acrossall stimuli � �:

L M ��
X20

�ˆ1

X

� 2� �

��� �…�j� �; � ?; M† …12†

Bayesianrandom effects. Thewinning modelof theparticipantaveragedloglikelihood
mustnot necessarilywin themodelcomparisonfor eachparticipant.TheBayesianrandom
effectsanalysisquantifieswhatfractionof participantsaredescribedbyamodel[47]. Specifi-
cally,wereport theexpectedlikelihoodof eachmodelfor arandomparticipant(Eq.(15)in
[47]), i.e.,thenormalisedDirichlet parameter:aM .

Varianceprediction. Asaindependentcomparisonof thedataandthepredicted
responsedistribution,weusedthevarianceof theresponses.Foreachof the20stimuli � � we
obtainedasingleempiricalvaluefrom the20responsesrecorded:

s2
� j� �

ˆ 1
19

X20


ˆ1

…�� …�†� � …�†

 †2 …13†

wherehighvariancevaluesreflectambiguousanddifficult stimuli while low valuesindicate
easystimuli, promptingparticipantsto giveverysimilar responsesacrossrepetitions.Hence,
ateachnoiselevel	 
 , wehaveanempiricalvariancedistribution thatcorrespondsto the20sti-

muli f� �g
2

�ˆ1
0.

For thepredictedvariancedistribution,weusethevariancepredictedbyamodelM in
responseto astimulus� �:

s2
� j� � ;M

ˆ ���‰� j� �; � ?; MŠ; …14†

whereweusedEq(3) for ananalyticalcomputationof thevariance.To improvetheresolution,
weincreasedthenumberof stimulussamples� � to 5000for thetheoreticalprediction.Weuse
theresultingdistribution overs2

� j� � ;M
to computethemedianin Fig4 andthelogdensityin the

background.

Determining the componentsof the variancein the responsedata
To comparethecomponentsof thepredictivevariancein Eq3 to data,wemakethefollowing
definitionsfor asetof responseR �. Theempiricalmixing coefficientis thefractionof positive

responses:

� ˆ
jf� > 0j� 2 R �gj

jR �j

If only oneof themodesispresentin thedata(� 2 {0,1}) thebimodalcontribution vanishes
andwedo not requirethemeansfor thetotal variance.If bothmodesarepresentwecompute
their means:

m1 ˆ �(‰�j� > 0Š m2 ˆ �(‰�j� < 0Š;

PLOS COMPUTATIONAL BIOLOGY Bayesian regression explains how human participants handle parameter uncertainty

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1007886 May 18, 2020 19 / 23



Wedefinetheunimodalvariancecontribution asthevarianceof thedominantmode:

s2
� ‡ s2

� ˆ ���‰� j ~R Š;

where~R is thesetof responsesin thedominantmode,i.e.,themodethathasthemajority of
responses.If no dominantmodeexistsweomit thestimulus.Wedid not usetheinferior mode
to havesufficientsamples(at least11)to estimatethevariance.

Theunimodal dataset
To obtainaunimodaldatasetfrom thefull dataset,weconsideronly responsesandmodelpre-
dictionsif theyhavethesame�������� ����, i.e.,parabolasfacingeitherupwardsor down-
wards.Wedefinethedominantresponsemodeastheonecontainingmorethanhalfof the
responsesandthedominantmodeof themodelastheonecarryingmorethanhalfof theprob-
ability mass.Forexample,if 11responsesfall into theuppermodebut themodelspredicta
downwardparabola,all responsesaredisregarded.However,if themodelspredictanupward
parabolathe11responsesentertheunimodaldataset.Notethat thesymmetricprior ensures
thatB-R,B-R	 andMAP-Rshareadominantmode.Becausethemodelsusethesamelikeli-
hoodterm,theyprocessthestimulusasevidencefor thesamemodeandbreakthesymmetry
in thesamedirection.

Averagedoverparticipants,thefractionof trialspercondition retainedfor theunimodal
datasetis0.994,0.849,0.596and0.703for 	 
 2 {0.03,0.1,0.4}with 	 � = 0.1and	 
 = 0.1,	 � =
0.5,respectively.

Participants
Sevennaiveparticipants(3 females,4 males,ages21-27)participatedin themainexperiment
andfour naiveparticipants(all males,ages21-30)took part in thesecondexperiment.The
experimentswereprogrammedusingcustomsoftwareimplementedin MATLAB. Stimuli
werepresentedon a1920x1080(36pixels/cm)monitor with arefreshrateof 120Hz.Partici-
pantsviewedthedisplaybinocularly.Eachtrial comprisedafixation dot presentedfor 1 sfol-
lowedimmediatelybypresentationof thestimulus(with 5 arcminpoint diameter).
Participantsmovedaredpoint up or downusingtheup anddownarrowkeysto indicatethe
verticalpositionof theparabolaat thegivenhorizontallocation.SeeS1Textfor moredetails.

Ethicsstatement
All participantsgaveinformedconsentin accordancewith protocol384/2011ªCommission
cantonaled'eÂthiquedela recherchesur l'�tre humainº.Participantsprovidedwritten consent
prior to theexperiment.

Supporting information
S1Text. Derivations andadditional details.
(PDF)

S1Data.The file containsonefolder for eachparticipant � 2 {1, . . .11}.Within eachfolder,
thenameof thetext file indicatestheparameters.Theparticipants1.. .7completedfour condi-
tionsof generativenoise	 
 2 {0,0.03,0.1,0.4}andthevarianceparameterwas	 � = 0.1.For
example,thefile subj1_sig_g= 0.1.txtcontainsall trialsof thefirst participantwith generative
noise	 
 = 0.1.Theparticipants8.. .11completedonly onecondition: 	 
 = 0.1and	 � = 0.5.
Sincethevarianceparameterisdifferentfrom its defaultvalue,weindicateit explictelyin the
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file name,e.g.subj8_sig_pi= 0.5_sig_g= 0.1.txt.Eachdatafile contains11columns.Thefirst
eightcolumnsdescribethe� and� coordinatesof thestimuluspoints.Thelastthreecolumns
contain(in thatorder) thestimulusindex� 2 {1, . . .20},thegeneratingquadraticparameter� �

andtheverticallocationof theobservedresponse.
(ZIP)
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