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Abstract

We consider generalized linear transient advection-diffusion problems for differential
forms on bounded domains in R™. These involve Lie-derivatives with respect to a pre-
scribed smooth vector field. We construct both, new Eulerian and Semi-Lagrangian
approaches for the discretization of the Lie-derivative in the context of a Galerkin ap-
proximation based on discrete differential forms.

While the discretization of scalar advection-diffusion has attracted immense atten-
tion in numerical analysis, there has been little research on the non-scalar case, even
though the non-scalar advection-diffusion problems are relevant for numerical modeling.
The so-called magnetic advection-diffusion problem in quasistatic electromagnetism, the
main motivation of this thesis, is an important example for such a non-scalar advection-
diffusion problem.

It is the language of differential forms and in particular the notion of exterior deriva-
tives and Lie derivatives that allows for a unified treatment of many different advection-
diffusion problems, including the scalar case and the magnetic advection-diffusion prob-
lem. The calculus of differential forms reveals the intrinsic structure of such problems,
that might be blurred by the “metric overhead” carried by vector calculus.

Our main interest will be robustness of the methods, that is sustained performance for
very small and even vanishing diffusion. Thus, the core part of the thesis is devoted to
convergence analysis and numerical studies of the Eulerian and semi-Lagrangian methods
for the generalized advection problems. For fully discrete schemes and fixed polynomial
degree of discrete forms we prove a priori error estimates in terms of mesh width A and
timestep size 7. While for the Eulerian schemes the proofs of the estimates are adapted
from the scalar case we present an entirely new approach for the analysis of fully discrete
semi-Lagrangian methods. Thereby we can give convergence results that account for all
discretization steps involved in the derivation of fully discrete semi-Lagrangian schemes.
We even get convergence results for lowest order approximation spaces.
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Zusammenfassung

Wir betrachten verallgemeinerte lineare zeitabhinginge Advektions-Diffusions-Probleme
fir Differentialformen auf beschrankten Gebieten im R™. Die Formulierung dieser Prob-
leme basiert auf sogenannten Lie-Ableitungen zu einem vorgegebenen glatten Vektorfeld.
Wir présentieren neue Methoden zur Diskretisierung der Lie-Ableitung im Rahmen von
Galerkin Approximationen mit diskreten Differentialformen. Diese beinhalten sowohl
Eulersche als auch semi-Lagrangesche Ansétze.

Wiéhrend die Diskretisierung des skalaren Advektions-Diffusions-Problems ein grosses
und vielbeachtetes Forschungsgebiet in der Numerik ist und obwohl auch die nicht-
skalaren Advektions-Diffusions-Probleme in der numerischen Modellierung wichtig sind,
gibt es relativ wenig Forschung zu diesen nicht-skalaren Problemen. Das magnetische
Advektions-Diffusions-Problem im quasistatischen Elektromagnetismus, die Hauptmoti-
vation dieser Arbeit, ist ein wichtiges Beispiel fiir ein solches nicht-skalares Advektions-
Diffusions-Problem.

Dank dem Formalismus der Differentialformen, und hier insbesondere dank den Be-
griffen der dusseren Ableitung und der Lie Ableitung, ist eine einheitliche Behandlung
verschiedener Advektion-Diffusion-Probleme, einschliefilich des skalaren Problems und
des magnetischen Advektions-Diffusions-Problems, moéglich. Das Kalkiil der Differen-
tialformen verdeutlicht die solchen Problemen gemeinsame innere Struktur, die durch
den “metrische Overhead” von Vektorrechnung verwischt werden koénnte.

Unser Hauptinteresse gilt der Robustheit der Methoden, d.h. gleichbleibend gute
Ergebnisse und gute Effizienz bei Problemen mit sehr kleinem oder sogar verschwinden-
dem Diffusionsterm. Das Kernstiick der Arbeit sind daher Konvergenzaussagen und
numerische Experimente zu den Eulerschen und semi-Lagrangeschen Methoden fiir ve-
rallgemeinerte Advektions-Probleme. Fiir komplett diskrete Methoden und Approxi-
mationsraume mit festem Polynomgrad beweisen wir a priori Fehlerabschatzungen in
Abhéngigkeit der Diskretisierungsparameter Gitterweite h und Zeitschrittweite 7. Wah-
rend bei den FEulerschen-Methoden die Beweise der Abschitzungen eine Verallgemei-
nerung der Beweise fiir den skalaren Fall sind, stellen wir bei der Analyse von semi-
Lagrangeschen Verfahren einen véllig neuen Ansatz dar. Damit sind wir zum Einen
in der Lage samtliche Diskretisierungsschritte bei semi-Lagrangeschen Methoden in der
Konvergenzanalyse explizit zu beriicksichtigen. Zum Anderen erhalten wir sogar fiir
Approximationsrdume mit niedrigstem Polynomgrad Konvergenzaussagen.
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1 Introduction

The topic of this thesis is the efficient and stable numerical solution of transient general-
ized advection-diffusion problems. The problem is studied mainly with the intention to
solve the so-called magnetic advection-diffusion problem encountered in magnetohydrody-
namics. Magnetohydrodynamics describes the motion of fluids in electromagnetic fields
and has important applications in geophysics, astrophysics and engineering. Magneto-
hydrodynamic theories describe for example the Earth’s magnetic field, astrophysical
plasmas or high-voltage circuit-breakers.

In classical scalar advection-diffusion problems a weighted Laplace operator models
the diffusion, while a transport operator, a first order differential operator parametrized
by a given velocity field, models the advection part. When the scale of the diffusion
operator is very small compared to the transport operator, standard numerical methods
for elliptic and parabolic problems fail. The stable discretization of such singularly
perturbed problems is very challenging and has attracted immense attention in numerical
analysis.

We use the language of differential forms to generalize the scalar advection-diffusion
problem. In these generalized advection-diffusion problems for differential formsm, the
so-called Hodge-Laplacian models the diffusion and the Lie-derivative models the advec-
tion. This model not only includes the classical scalar problem but also the magnetic
advection-diffusion problem. As in the classical case, the problem type of the generalized
problems changes in the limit of vanishing diffusion and numerical algorithms specifically
designed for the Hodge-Laplace operators fail.

The intention of placing magnetic convection-diffusion problems in the abstract frame-
work of differential forms is twofold. First we can treat many different problems at once.
Second, the formulation in terms of differential forms accentuates the common structure
inherent in advection-diffusion models. We can take advantage of the numerous works on
the scalar problem to find new methods. One example is the idea of upwinding, which
forms the basis of most stable methods for the scalar problem. Due to the unifying
language of differential forms we can introduce a natural notion of upwind discretiza-
tion for generalized transport operators [33]. The discontinuous Galerkin method and
the so-called semi-Lagrangian time-stepping schemes are other classical techniques that
we could extend to the general case. While the formulation and the implementation of
such algorithms is straightforward to deduce from the scalar ones, the numerical anal-
ysis required the development of novel techniques to prove for example a priori error
estimates.

The outline of this thesis is the following: In Chapter @ we introduce first the basic
concepts related to differential forms. The presentation follows basically the presentation
in [3] supplemented by detailed explanations on the Lie derivatives and the contraction
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operators that are related to advection models. Afterwards, we summarize the known
results on finite element discrete differential forms spaces, that will later be the major
approximation spaces for solving advection-diffusion problems. While the elements of
these spaces inherit certain global continuity properties, there is a second important
class of approximation spaces, introduced in Section 222 with elements with no global
continuity. We close this chapter with a discussion on so-called constraint preserving
finite volume schemes and accentuate the advantages of discrete differential forms spaces
for designing such schemes.

The next chapter, Chapter Bl is devoted to the formulation of advection-diffusion of
differential forms. We also show that the magnetic advection-diffusion problem, more
precisely the magnetoquasistatic equations in moving conductors, is such an advection-
diffusion problem for differential forms. Then in Section B4l we elaborate well-posedness
of advection-diffusion problems for various parameter regimes. The chapter concludes
with a short review of numerical methods for the scalar problem.

Since the approximation of diffusion of differential forms is standard, in the subsequent
two ChaptersHland B the main chapters of this thesis, we focus on the limiting problem,
i.e. the advection problem for differential forms.

Chapter Hl deals with the stationary case. We present stabilized Galerkin methods
that can be considered as a generalization of standard stabilized discontinuous Galerkin
methods for classical scalar advection problems. While the convergence analysis for ap-
proximation spaces with no global continuity (Section EET2) is fairly standard, the con-
vergence analysis for the finite element differential forms spaces in Section requires
subtle approximation results. Another interesting method, at least from a theoretical
point of view, are the characteristic methods presented thereafter in Section For
these we can also give a rigorous convergence results for general advection of differential
forms.

Finally, ChapterH presents Eulerian and semi-Lagrangian methods for the non-station-
ary advection problem. We prove conditional stability of an explicit and unconditional
stability of an implicit timestepping scheme. The fully discrete semi-Lagrangian schemes,
defined in Section BEZTl for the advection of differential forms, allow for convergence
results that reflect explicitly the various approximation parameters. Such results are
rare even for the classical scalar problem. Moreover, we present in Theorem a
convergence result for lowest order approximation spaces and for timesteps in the order
of the meshsize. For the scalar case, these assertions have been proved only for very
special problems, e.g. for constant velocity.

A short discussion on the implication of the obtained results for the magnetic advec-
tion-diffusion problem is given in the last Chapter Bl



2 Preliminaries

Large parts of this thesis take advantage of the language of differential forms to present
the different methods for solving advection problems. The notion of differential forms
enables us to accentuate the main ideas of discretization methods [35, p. 266] in hid-
ing technical details such as partial integration in a unifying notation. By now it is
widely appreciated that thinking in terms of co-ordinate free differential forms offers
considerable benefits as regards the construction of structure preserving spatial dis-
cretizations, cf. [64, Sect. 1.2]. The so-called discrete exterior calculus (DEC) [3,24,37],
or, equivalently, the mimetic finite difference approach [14,44-46], or discrete Hodge-
operators [11,35] have shed new light on existing discretizations and paved the way for
new numerical methods. Therefore, we first give in section Bl a short introduction
to the concept of differential forms and establish the notation. Table BTl and
summarize correspondences of operations on differential forms and operations on scalar
or vectorial functions. Afterwards a summary of candidate finite element approxima-
tion spaces for differential forms is given in section These are piecewise polynomial
spaces with different global continuity properties.

2.1 Differential Forms

We refer to the books [17] and [48] for an comprehensive introduction to differential
forms. Here, the presentation and the notation is adapted from [3] and [4].

For a vector space V, dimV = n , and a non-negative integer k, Alt* V denotes the
(Z)—dimensional set of alternating real-valued k-linear forms on V. For w € Alt/ V and
n € Alt* V the wedge product w An € Alt/TF V is given as:

(WAL, Vigr) = D _sign(0)w(Vo(r)s - - Vo) (Va(it1) - - > Va(i+k)):
where the sum runs over all permutations o of {1,...j + k}, for which o(1) < 0(2) <
o(j)and o(j+1) <o(j+2)...0(j + k). sign(o) is the sign of permutation o. The
wedge product is anti-commutative in the following sense:

wAn= (-1 nAw, weAlt!V,ne AltFV. (2.1)

If V is an oriented vector space with inner product, there exists a unique alternating
n-linear form vol € Alt" V, called volume form, such that vol(ey,...,e,) = 1 for all
orthonormal, positively oriented bases {e;}I"; of V. Further, the inner product on V
gives rise to an inner product on AltF V:

(w,n) := Zw(vo(l), e Va))N(Va(1)s - Va(k))s (2.2)

o
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where the sum is over increasing sequences o : {1,...,k} — {1,...n} and {v;}, is
an arbitrary orthonormal basis. For a fixed w € Alt* V' the wedge product w A n,m €
Alt"*V induces a linear map Alt" % — R. The Riesz representation Theorem then
ensures, that there exists a xw € Alt"* V such that:

wAn= (kw,n)vol, VneAlt" *V. (2.3)

The linear map w — *w mapping alternating k-linear forms to alternating (n — k)-linear
forms is called the Hodge star operator. The definitions of the volume form vol and inner

product (Z2) give
w(es(1),-- > €q(k)) = Sign(0) *x W(€s(kt1), - - - »€x(n)) (2.4)

for positively oriented bases {e;}! ; and permutations o, thus the Hodge star operator
is an isometry. As a consequence we derive

* ()w) = (=1)F=Ry, e ARV (2.5)

Now, let 2 C R™ be a smooth Riemannian n-dimensional oriented manifold. At each
point & € Q) the tangent space T} is an n-dimensional vector space and we can define
alternating forms Alt" T,Q. A differential k-form w is then the map, assigning to each
z € Q an element w, € Alt* T,Q. A differential k-form w is called smooth if the map

= wy(vi(x),...,vi(x)) (2.6)

is smooth for smooth vector fields v;(z),...vi(x), with v;(z) € T,Q. Then A* (Q)
denotes the set of smooth differential k-forms on €, in particular A° (Q) = C>® () .
The definition of the wedge product of alternating forms can be extended to differential
forms by a pointwise definition:

(WAN)y =wg ANy, wE A (Q),ne AP (Q) (2.7)

Since we assume 2 C R™ to be a smooth Riemannian manifold, i.e. the spaces AltF T,w
are endowed with an inner product, there exists a measure on {2 and we can define
integrals of O-forms w € A (Q): [, wvol and L*inner products on AR (Q):

(w,n)Q:/Q (wx,nm)vol:/ﬂw/\*n, w,nEAk (Q). (2.8)

Completion of A¥ () in the norm HWH%Mk(Q) = (w,w)q yields the Hilbert space L2A¥ (Q2).
Due to the assumptions on 2, we can define the Sobolev spaces H™ (§2) and WP () for
functions with m > 0 derivatives in L2 (2) and LP (Q) [81, Section 1.3]. Analogously we
define Sobolev-spaces W™PA¥ (Q) and H™A* (Q) of differential forms by requiring that
the map @) is in W7 (Q) and H™ (Q2). In the following |[-[|yym.ppr ) (-lwmearq))
and ||| grm ok () (|| gmar(q)) Will denote the corresponding (semi)-norms. Another im-
portant family of Hilbert spaces is defined via the notion of the exterior derivatives. For
Q C R™ the exterior derivative dw of a k-form w € A¥ (Q) is given as [3, page 15]:

k+1

dwe(vi(@), ... vir1(z) = > _(~10,we(vi(@), ..., V(@) ..., Ve (z),  (2.9)
j=1
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where the hat shall indicate a suppressed argument. dy, is the partial derivative in
direction v;. Then we define the spaces H AF(Q) containing differential forms w €
L2A¥ (Q) with exterior derivatives in LZAF ! (Q):

HA* (Q) = {w e L2AF (Q), dw € L2AFL (Q)). (2.10)

The spaces HAF () are Hilbert space with norm H-||§{Ak(ﬂ) = ||'H%2Ak(ﬂ) +|d '||%2Ak(ﬂ).
In particular HA? (Q) and HA™ (Q) are equal to H'A? (Q) and L2A™ (), respectively.
For 0 < k < n the spaces HA¥ (Q) are strictly between the spaces L2A* () and H'A¥ (Q)
[22]. The exterior derivative satisfies a Leibniz rule with respect to the wedge product:

dwAn) =dwAn+ (—1YwAdny, weA (Q),neA(Q), (2.11)
and the exterior derivative of an exterior derivative vanishes:
dod = 0. (2.12)

This second property ensures that the range of the exterior derivative of differential
k-forms is contained in the kernel of the exterior derivative of k + 1-forms:

Range(d : AF (Q) — A¥1(Q)) € Ker(d : AL (Q) — AFF2(Q))

Therefore the de Rham sequence, i.e. the sequence of mappings:

At L LA Q) — 0 (2.13)

0— A (Q)
is a so-called cochain complez. For our oriented Riemannian manifold €2 this extends to
the L? de Rham complex:

0— HA(Q) -& HA' (Q) -

4 HA™(Q) — 0. (2.14)
The quotient spaces Ker(d : A1 (Q) — A¥+2(Q))/Range(d : A* (Q) — A*1(Q)), the
de Rham cohomology spaces, are finite dimensional vector spaces, whose dimension is
given by the Betti numbers of the domain Q [81, Section 2.6]. For contractible  the
quotient spaces vanish.

It is this de Rham cohomology technique, a tool belonging to algebraic and differential
topology that has become more and more important also in numerics. It turned out that
a rigorous translation to a finite dimensional setting paves the way to superior numerical
methods [3,4]. We will present these ideas in detail in the next chapter.

Another remarkable property of differential k-forms is the possibility to define integra-
tion on k-dimensional manifolds without additional structures such as measure or metric.
For a continuous differential k-form w and an oriented, piecewise smooth, compact k-
dimensional submanifold f C € the integral [ P is well-defined. Further, if ¢ : Q —

is a smooth map between the manifolds Q and €', the pullback ¢* : A¥ (V) — AF (Q)
maps differential forms on €’ to differential forms on Q:

(@ wW)a(vi(@), ..., Vi(2)) = W) (De(Vi(T)), - . ., Do (Vi(x)))- (2.15)
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The Jacobian D¢, is a linear map T;Q — Ty)Q'. If (Déy)i<ij<n € R™™ is the
matrix representation of D¢, with respect to a basis {e;}! | of T,,Q2 and a basis {e}} ,
of Ty)Y, and (Déy),s,, € R¥*¥ denotes that submatrix that comsists of the rows
o'(1),...,0'(k) and the columns o(1),...,0(k) then [77, Page 610]

(¢*w)x(ea(1)7 . 7eO'(k‘)) = Z det <(D¢$)0",U> (A)(b(x) (e;/(l), e 7e;_/(k))7 (216)
where o and ¢’ are increasing sequences {1,...,k} — {1,...,n}. The quantities

det ((D(ﬁx)a/J) are refered to as the k-minors of D¢,. For convenience we introduce

for ¢ and x fixed the operator My (¢;) : AltF Td)(m)Ql — Alt* T,Q such that for w €
AltF Td)(m)Q/

(M (62)0) (€o(1)s - - - s €oy) = > dlet ((D%)o,p) W€y nel)- (217)

If ¢ is an orientation-preserving diffeomorphism we have for all oriented, piecewise
smooth, k-dimensional submanifolds f:

fw = , AR (). 2.18
fioum L = =

For the pullback of the inclusion map 92 — €, the trace onto 92, we use the symbol
tr, thus Stokes law reads [3, page 16]:

/de:/mtrw. (2.19)

For the more general case of inclusion maps ¢ : Q' — Q, with dim(Q) < dim(Q) — 1,
Q' C Q we introduce the notation

tro o = V. (2.20)

The pullback and in particular the trace respect both the wedge product and exterior
derivative:

d(¢p*w) = ¢*(dw), " (wAN) =d*wA@P*n, (2.21)
and
d(troqw) = tror o(dw),  trgro(w An) = tro gw Atrg o . (2.22)

Further, we need to define the so-called contraction or interior product ig : AFL(Q) —
A¥ (Q) parametrized by a Lipschitz continuous velocity field 8 : Q — R”, ie. B(z) €
T.8:

(igw)z(vi(x),...,vi(2)) = wz(B(x), vi(x),. .., vi(x)). (2.23)
A standard density argument shows that ig : L2AF*1 (Q) — L2A* (Q) is bounded map.

We use the standard notations W (), |B|yym» (o) and ||B|[yym.s ) to denote Sobolev
spaces, Sobolev semi-norms and Sobolev norms of vector valued functions with m > 0
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derivatives in LP (2). The contraction operator together with the exterior derivative
forms the so called Lie derivative Lg: A¥ () — AF (Q):

Lgw:=igdw +digw. (2.24)
Since the contraction ig satisfies similar to the exterior derivative a Leibniz rule:
isgwAn) =igwAn+ (=1)wAign, weA(Q),neA(Q), (2.25)
we get a Leibniz rule also for Lie derivatives:
La(wAn) =LgwAn+wAlgn, wel (Q),neA"(Q). (2.26)

Instead of (Z24]) we could equivalently define the Lie derivative by means of the flow
function X;(x) := X(t,z) induced by velocity 3. Here, X : Q@ x R — Q is the flow

function if
BXt (1’)

5 = BX(a), Xolx) == (2.27)
One can then show that [50, p. 142, prop. 5.3]
0X}w
Lew = ——li=0. 2.28
B = gy =0 (2.28)

This definition of the Lie derivative gives rise to a new perspective on the contraction
operator. To motivate this we apply ([Z28]) to some k-form w and integrate over some
k-dimensional manifold M:

1
/ Lgw=1lim - [ Xw—-w
M =0T Jm

(S,
= lim — w — w .
THOT(XT(M) M

We define a k + 1-dimensional manifold

extr(M, X;) = LTJ Xs(M), (2.29)
s=0

and orient extr(M, X;) such that the orientation of
dextr(M, X;)x, () and X, (M)
coincide. Then the orientations

dextr(M, X;)pr and M,
Oextr(M, X7)| extr(om,x,) and extr(OM, X;)

do not coincide and this yields

1
/Lﬁw:lim— / dw—|—/ w .
M T=0T \ Jextr(M,X,) extr(0M,X,)
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Comparing this with (224 we find
. 1
/ igw = lim — w. (2.30)
M 720 T Jextr(M,X,)

We will later use this characterization in order to derive semi-Lagrangian time stepping
schemes.

Since the inner product (Z8) makes the space of differential forms to a Hilbert space,
we introduce here also the formal adjoint of the exterior derivative

*ow=(—D)Fdxw, weAk(Q), (2.31)
the formal adjoint of the contraction:
xjgw = (—1)Figrw, weAF(Q), (2.32)
and the formal adjoint of the Lie derivative:
*(6jg+igdlw =*Lgw=—Lgrw, weA(Q). (2.33)

With these definitions we derive the following integration by parts formulas from the
Leibniz rules (ZIT), @27) and @20) for w € A7 (Q) and n € A* (Q):
dwA*n) =dwAxn+ (=17 TFw Axdn,

ig(wAxn) =igwA*xn+ (=1 Fw A *jgn,

Lg(wA*n) =Lgw Axn—wAxLg1.
Note that these formulas are valid for j +n —k > n, by the convention that dw and igw
are set to zero whenever w € A7 () with j > n. Later, the cases k = j + 1, k = j and
k = j — 1 will be of particular importance. For convenience, we write these cases here in
terms of bilinear forms (-,)sq AP (Q) x AR (Q) — Rand (-,-)g : A¥(Q) x AR (Q) — R
and bilinear mappings (-, )y ¢ : AFL(Q) x AF(Q) — R.

Proposition 2.1.1. Let w € A*¥=1(Q),n € A¥(Q), then
(w,n)aﬁtr = /{m tr(wA*n) = (dw,n)q — (w,0n)q - (2.34)

Let w € AF(Q),n € A¥(Q), then

(w, "7)59”6 = /8Q tr i,@(w A*n) = (i[@ w, n)aﬂ,tr + (w,jﬁ n)BQ,tr (2.35)
and
(%W)ag,g = (ng,n)ﬂ - (W7£B77)Q- (2.36)
Let w € AL (Q) € AR (Q), then
0= (igw:ng — (w,ign)q- (2.37)
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correspondence

x — w(x) u(z) == w(x)
() v i=w(z)(v)

x — {(v1,ve) — w(x)(vi,v2)} u(x) - (vi X va) := w(x)(vy, va)
(2)

z = {(v1,va,v3) = w(z)(v1, v2,v3)} | u(w)det(vi, va, v3) == w(x)(v1, va, v3)

c

2= {v = w()(v)} x

w N = O

Table 2.1: Correspondences of forms w with scalar functions u or vectorial functions u.

Proof. The proof follows by direct calculations from the Leibniz rules ([Z1]), (28] and
(226]) and the definitions of the adjoint operators (Z31), (Z32) and Z33). O

Remark 2.1.2. The bilinear form (-,-)aq g introduced in ([Z30) is in general not positive
semidefinite. By defining a velocity B:

B = < )bﬂ B-na#0
laq 0 B.ng=0

with ng(x) € T2 outward pointing normal of 082, the bilinear form (-,-) g, 5 is positive

semidefinite. To see that property, we recall that wA*w is proportional to the volume form
vol of Q (follows from ([Z8)) and that the volume form on 0Q is given by ing vol|,, [81, p.
26]. Hence linearity of ig in B yields:

(w,w)aﬂﬁ:/ B notrin, (w A *w).
[2)9]

The sign of (B - n

For completeness we also introduce the Sobolev space for the adjoint exterior derivative

0:

determines the sign of (w,w)yq g and (B-n > 0.

Q)\aﬂ Q)\ag

H*A*(Q) = {w e L2AF (), dw € L2A* 1 (Q)}. (2.38)
The space H*AF (Q) is a Hilbert space with the norm H-||§{*Ak(ﬂ) = H'||%2Ak(ﬂ) +
16132 Ak-1(g)- Finally we will need Sobolev spaces of differential forms with prescribed

traces:
HAF (Q,9) = {w e HA* (Q) trw = ¢},

H*A* (Q,¢) = {w € H*A* (Q) trxw = ¥}.
Another important entity will be the operator Lg+ Lg. This operator is obviously
symmetric:
In Table and we listed the correspondences of Lg+ Lg for the forms in R? and
R2. From these representations we easily infer
| (1, Lgw + Law)g| < ClBlywr(y 1wl p2an @) 17l L2ax ) (2.40)

and it can be shown that this results holds also in the general case of R".
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k| HA*(Q) tr o
0| H () u(x) u((x))
1| H(curl, Q) nq(2) x u(z) D) u((x))
2| H(div,Q) u(z) -ng(x) det Do(x)Dé(x)  u(p(x))
3 L?(Q) det Dop(x)u(d(z))
k dw igw dw ipw
0 | gradu uf3
1| carlu B-u —divu —-uxp
2| dive uxf@ curlu B-u
3 uf3 —gradu
LB w EB w ng w + Elg w
B -gradu —div(uB) —udiv 3

DpBu+ (DB)Tu — udivg
udiv@ — DBu — (DB)Tu
udiv 8

grad(B - u) + curlu x 8
curl(u x 8) + Bdivu
div(uB)

curl(8 x u) — Bdivu
B x curlu — grad(8 - u)

w N = O

—03-gradu

Table 2.2: Correspondences of spaces and operations on forms w with spaces and opera-
tions on scalar functions u or vectorial functions uin R3. ¢ is a diffeomorphism
and D@3 is the Jacobi matrix. The correspondences of Lg+ Lg follow from
standard vector calculus identities, see e.g. [47, cover page].

10
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k| HA*(Q) tr o*
0| H'(Q) u(x) u(¢(x))
1| H@iv,2) u(e) no(z) det Dé(x)Do(z)  u(d(x))
2 L?(Q) not defined det Do (x)u(o(z))
k dw igw ow igw
0 | Rgradu uRB
1 divu u-R8 divRu (G-u
2 uB —gradu
k Lg w ﬁﬁ w Lﬁ w + ﬁﬁ w
0 B -gradu —div(uB) —udiv 3
1 | Rgrad(u-RB) + Bdivu div(Ru)RB —grad(3-u) udivl@ — DBu— (DB)"u
2 div(uB) —B-gradu wdiv 3

Table 2.3: Correspondences of spaces and operations on forms w with spaces and op-
erations on scalar functions u or vectorial functions u in R%. ¢ is a diffeo-
morphism, D is the Jacobi matrix and R € R?*? is a rotation matrix with
entries (R)H == 0, (R)12 == 1, (R)Ql = —1 and (R)22 =0.

11
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Proposition 2.1.3. Let B € W (Q), then ) holds for any w,n € L*A* () and
QCR".

Proof. Let n,w € A¥(Q). If @ denotes an extension of w to A* (R") we deduce from

22 and @ZID):

(77,(Lﬂ+ﬁﬁ)w)ﬂ:hml ﬁA*(@—XfTG))—l/ﬁ/\(*@—XiT*(D)
=0T Jo T Jo

1 _ _ . -
:7]_11%; Qn/\(XfT*w—*XfTw)

1
= lim — / X:nA*w—/n/\*XiTw .
=0T X_(Q) Q
By formulas ([Z8) and (I17) we find for the second term in the last line
/ nA *XiT(D = / (ﬁx, Mk(X_7—7m)a)X_T(m)) vol .
Q Q

From the expansion DX, = id, + 7D83, + O(7?), the definition of My(-) and Taylor
expansion of det() we infer

/ﬁ/\*X*TCD:/(T_]:B,@X_T(m) —TM%(X,T,;B)(DX_T(:B))V01+O(72),
Q Q

where M}, (X_,,) : Alt* Tx_, () X—(Q) = AltF T,Q is defined for an alternating form
w e A" Ty (X (Q) by

(M;(X*Tﬂr)w) (ea(l)a s aea(k)) = Ztl‘ (Adj((In)U’,U)(Dl@x)U/,U) w(elo’(l)’ s ae;’(lg))a

with Adj and tr the adjunct and trace operator for matrices, I, € R™*™ unit matrix and
o and o’ increasing sequences {1,...,k} — {1,...,n} and {e;}!, and {e}! | basis of
T, and Tx_ ()X (). Similarly we deduce

/ X Ao = / (ﬁXT(x) + TM;C(XT,x)ﬁXT(x), W) vol +O(T2).
X_7(9) X_-(Q)

where M, (X,,) @ AltF T () X, (Q) — Alt T, is defined for n € Alt* T_(,) X () by

(M;(Xﬂx)?]) (ea(l)7 (R 7ea(k)) = Z tr (Adj(([n)ﬁ/,O)(Dﬁx)U/,U) 77(957/(1)7 s 7e:7/(k))'

12
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where here {€/}" , is a basis of T’ X, ()X~ (€2). Collecting all these results we get:

T—0T

.1 _ _ _
(n’ (L:G+£B)w)ﬂ = hm — (/ (nXT($)’wx) VOI_ / (77$7wX‘r(x))V01>
X_. () Q

T—0

+ lim </ (M;C(Xm)nXT(x),ww)vol—l—/(nx,M;(X_TJ)wXT(x))vol>
X_ () Q

.1 _
:71_1_%; Q(Tl$7wX_7-(ZB))(XiT VOI_VOI)

+ </Q(M;€(X0’$)%’%)V01+/Q(nx’M;c(XOJ:))wx)Vd)
— </Q(M§§(X0,m))77xawx)vol+/S)(UI,MQ(X()’m)wm)vol)

- (nx7wm)MIn(X07$)V01.
Q

This result holds for any extension of w and 7 and the assertion follows by density of
A* (Q) in L2A* (Q), since M, () depends only on the Jacobian of 3. O

2.2 Discrete Differential Forms

To live up to their name, discrete differential forms spaces Ai (7) should inherit the prin-
cipal mathematical structure of differential forms spaces HA* (€2), namely the de Rham
complex (ZT4)). The first spaces of discrete differential forms, also called Whitney forms
were introduced by Whitney [87] as a tool in algebraic topology. Later, these low order
polynomial spaces were rediscovered by many different authors as finite element spaces
in computational electromagnetism [1,6,9,10,52,66] or mixed problem formulations [73].
Here, we will stay with the systematic presentation in [3] and [4], giving conforming dis-
crete differential forms spaces, i.e. AF (T) C HAF(Q), with arbitrary local polynomial
degree. For the sake of completeness we also present some non-conforming approxima-
tion spaces, that yield de Rham complexes with approximative exterior derivatives. Such
spaces are of particular interest in finite volume schemes.

2.2.1 Conforming Discrete Differential Forms

Let Pr(R™) and H,(R™) be spaces of polynomials in n variables of degree at most r and
of homogeneous polynomial degree r respectively, with the convention that P,(R™) and
H,(R™) are the empty space for r < 0. We then define polynomial differential forms,
P,AF(R™) and H,A*(R™), as those elements w € A¥ (R") such that the map

T we(Vl,...,Vg), Vi,...vg €R"

is in P.(R") and H,.(R"), respectively. The L? de Rham complex ([T3) extends to
polynomial subcomplexes:

0 — HAOR™Y) —4 M, AN RY) <L, AR — 0

13
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and
0 — P,AR™) L P AYRY) -SSP AR — 0.

Later, we will use some of these polynomial differential forms for constructing piecewise
polynomial finite element spaces on simplicial decompositions that inherit the continuity
conditions of piecewise smooth elements in HA* (Q). However, it has turned out that
there is another important space of polynomial differential forms between P,_;A*(R™)
and P, A*(R™), for such constructions. To characterize this space we introduce the Koszul
differential [3, p. 29]k : AFTL(R™) — A* (R™) :

(kw)z(V1, ..o, Vi) = we(x(T), V1,... VL), (2.41)

where x(z) is a vector of length |z| located at x and pointing opposite to the origin. The
Koszul differential is an instance of the contraction operator ([Z23]). Concrete realization
in R? can be translated from the corresponding realization in Table EZIl In contrast to
the exterior derivatives d, the Koszul differential increases the polynomial degree and
decreases the form degree when applied to homogeneous polynomial forms [3, page 30]:

Kt Hp AF(R™Y) > Hog  AFLHRD).
In particular, a simple calculation with ([Z28]) gives the identity [3, p.31]:
(dk+rdw=(r+kw, weHA*RY). (2.42)

With this identity it is easy to establish a direct sum decomposition of H,A¥(R") for
r,k >0 with r+ %k > 0 [3, p. 32]:

H,A*(R™) = kH,_ AFTL(R™) @ d H,  AFL(R™). (2.43)
But since the space P,A*(R™) obviously permits the decomposition:
PAR(R?) = P AF(R) + H, AR (R™)
it is clear that the space
PTAFR?) = P AFR?) + kH,_ AFFHR™)

lies between P,_1 A*¥(R™) and P, A¥(R"™). Before we present now the finite element spaces
based on P,A¥(R™) and P A¥(R™) we remark two important properties. First both
spaces are invariant under pullbacks of affine maps. Second the construction of the
reduced spaces applies also to polynomial spaces defined on affine subsets of R™ [4, p.
331].

Let now 7 be a finite set of n-simplices determining a simplicial decomposition of 2. A
set of n-simplices is a simplicial decomposition if the union of all elements is the closure
of 2 and if the intersection of any two elements is either empty or a common subsimplex.
d-simplices f are the image of affine subsets of R" under affine maps, hence we can define
polynomial differential forms P,.A*(f) and P A*(f) on d-simplices. Ay4(T) is the set

14
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of d-subsimplices of any simplex T and similar A4(7") the set of all such subsimplices
in 7. A(T) and A(7) denote the sets of all subsimplices of simplex 7" and mesh 7.
Then, we tend to define finite element spaces P,.A*(7) and P, A*(7) on the mesh 7
in choosing P.A*(T) and P A*(T) as the local spaces on all n-simplices 7. The only
missing part for a proper definition of the finite element space is a choice of degrees of
freedom associated with particular subsimplices. The keystep in there is the following
characterization of the dual spaces P,.A*(T)* and P~ A*(T)* stated in [4, Theorem 5.5]
and proved in [3, Sections 4.5 and 4.6]. See also [34].

Theorem 2.2.1. Let r, k, and n be integers with 0 < k <mn and r > 0, and let T be an
n-simplex in R™.

1. To each f € A(T), associate a space WF(T, f) C P AF(T)*:
WHET, f) = {w /ftr;nfw AN 1N E Prpaim (AR}
Then WE(T, f) = PrjrkfdimfAdimf_k(f) and

PARD) = @ WHT. ).

feA(T)
2. To each f € A(T), associate a space Wi~ (T, f) C PAR(T)*:
WE(T, f) = {w— /ftrT,fw AN | 1€ Prik—dim f—1 AT ITR(F)].

Then Wf’f(T, f) =2 Prik—dim f—1Adimf_k(f) and

PrAMT) = @ WH(T, f).
JEA(T)

For k = 0 this is a standard result of H! (2)-conforming finite elements [80]: an
element of P, A°(T) vanishes if it vanishes at the vertices, its moments of degree at most
r—2 vanish on each edge, its moments of degree at most —3 vanish on each 2-subsimplex
and so on. Since the space P ;i fAdim J=k(f) is defined for 1 < r + k — dim f and
0 < dim f — k < dim f we find that the dual space of P,A*(T) is the span of certain
moments on all k- to 7+ k — 1-subsimplices of T. And similar the dual space of P A*(T)
is the span of certain moments on all k- to r + k — 1-subsimplices.

Theorem 22Tl shows that the dual spaces P,A*(T)* and P A*(T)* are direct sums of
certain spaces of functionals, whose definition is completely local, i.e. it depends only on
specific subsimplices f. By requiring these functionals to be single valued for elements
sharing the same subsimplex f we obtain global finite element spaces.

15
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Definition 2.2.2. The first family of finite element differential forms P A*(T) is:

— Ak
P = fwe by, flr 6P }

l(w|T1) = l(w‘TQ)Vl € PAR(TY)* NP AF(Ty)*

The second family of finite element differential forms P.AF(T) is:

T
PTAk(T) = {w e L2AF Q) Wiy € PA(T) and }

l(w‘Tl) = l(w‘TQ)Vl c PrAk(Tl)* N fPrAk(TQ)*

To conclude that the two spaces P A¥(7) and P,A¥(T) are conforming, i.e. that
PAR(T) c HA* () and P,A¥(T) C HA* (), we recall the following characterization
of piecewise smooth differential forms due to Stokes’ law (ZI9) [3, Lemma 5.1]:

Lemma 2.2.3. Let w € L2A* (Q) be piecewise smooth with respect to the triangulation
T. The following statements are equivalent:

1. we HA* (Q),

2. tro sw is single valued for all f € Ap_1(T),

3. tro fw is single valued for all f € Aj(T),k <j<n—1.

As a corollary, we get the following Theorem stated and proved in [3, p. 59]:
Theorem 2.2.4.

PoAR(T) = {w € HAR(Q), w), € PoAN(T) },
PoAR(T) = {w € HA*(Q), w, € P;A’“(T)} :
Further, since

dP AHT) C dPrpi AFHT) € PAR(T) € P AP

PradHT) ) PraANT)
or — or

P AT PrAM(T)

we get several different polynomial subcomplexes of the de Rham complex. That poly-
nomial subcomplex that is built from the first family

0— PoAYT) L PoAl(T) - L AT — 0,

is called higher order Whitney complex, because it coincides for r = 1 with the one
introduced by Whitney [87].

Finally we have to show, that our finite element differential forms spaces P.A*(T)
and P, A¥(T) not only inherit the de Rham complex, but also approximate HA¥ (Q).

16
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This means, for every w € HA* (Q) we need to give approximations wy € P.A*(T) or
wp, € P AF(T), such that the error, measured in a certain norm, tends to zero, when we
refine the mesh 7 successively. As usually, we will define a global projection operator by
means of local elementwise operators. The characterization of the dual spaces P, A*(T)*
and P A*(T)* in Theorem EZZT shows that for 0 < k < n, r > 0, w € P.A¥T) is
uniquely determined by the quantities

/ftrT,fw/\n, n e ;_Fk_dimfAdimf*k(f), feAT (2.44)
and w € P AK(T) is uniquely determined by the quantities

/trmw ANy 1 E Prik—dimf 1 AR, f € AT. (2.45)
f

Therefore we can define local projection operators IT¥ : AF (T') — P.A*(T) and
¥~ : A% (T) — P A¥(T) by requiring:

/ftrT,f(w —I*w)Anp=0, ne r_+k,dimfAdimf7k(f)a [ €AT

and
/trT,f(W —TP w)An=0, 1€ Prih-dims1A™ITF(f), feAT.
!

This gives the global projection operators, called canonical projection operators, again
denoted with TI¥ and T1¥~:

(wa)‘T = wa‘T and (Hf’fw)‘T = Hf’fw‘T. (2.46)
For these we can prove standard interpolation error estimates [3, Theorem 5.3].

Theorem 2.2.5. Let Ty, be a family of triangulations of € indexed by the discretization
parameter
h = maxdiam 7.

TeT
We assume mesh regularity, i.e. there exists a constant C, > 0 such that
h" < C|T|, VT €T

Denote by IIj, the canonical projection for AF (Q) onto either P.A*(T) or 777T+1Ak(’]').
Let 1 < p < oo and "Tjk <r+1. Then IIj, extends boundedly to W*PA¥ (Q), and there
exists a constant C' independent of h, such that

”w — thHLQA’“(Q) < Chmin(s’r—i_l) HWHWSJ’A’f(Q) :

17
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The larger the degree k of the form the less smoothness need to be assumed. As
in the standard finite element theory we get best approximation results without such
smoothness assumption by using Clement interpolation operators [21]. This yields the
following approximation estimate (see [4, page 338] and [4, Theorem 5.8]).

Theorem 2.2.6. Let T, be a family of triangulations of Q) indexed by the discretization
parameter

h = maxdiam 7.
TeT

We assume mesh reqularity, i.e. there exists a constant C, > 0 such that
" < C|T|, VT € T

Assume the A§ (T) is either P,A*(T) or P, A¥(T). Let 1 < p < oo and "T?k <r+1.
Then there is a constant C independent of h, such that

inf ||jw—wp < CR™PEHD) ]| e, .
e =l (I

Since the Hodge operator is an isometry we obtain from Theorem an approxima-
tion result for the approximations of n — k-forms in the finite element differential form
spaces P, A" % and P A"k,

Corollary 2.2.7. Let Tj, be a family of triangulations of ) indexed by the discretization
parameter

h = maxdiamT.
TeT

We assume mesh regqularity, i.e. there exists a constant C, > 0 such that
B" < CIT|, ¥T €T,

Assume the A¥ (T) is either P, A" *(T) or *P A"H(T). Let 1 < p < oo and "T?k <
r+ 1. Then there is a constant C independent of h, such that

inf Jlw—wallpzar@) < CR™ T Wl pemar )
WhE ﬁ(

More explicit definitions of interpolation operators rest upon certain choices of ba-
sis functionals spanning the local degrees of freedom spaces W* (T, f) and W (T, f).
By Theorem E.ZT] this is equivalent to fixing a basis of the local polynomial spaces

T_+k_dimfAdimf*k(f) and PHk,dimf,lAdimf*k(f). We can conclude that the defini-
tion of the finite element differential forms ([ZZ22)) allow to choose between different basis
functions. Examples are hierarchical basis functions or problem adapted basis functions
that give small condition numbers for the stiffness matrices.

Another important property of these canonical interpolation operators is the commu-
tativity with exterior derivatives [3, Lemma 5.2]:
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Lemma 2.2.8. The following four diagrams commute:

AF@Q) —2  ARL(Q) AF(@Q) —2  ARL(Q)
| [t | |-
PAF(T) —2— P, AFFL(T) PAR(T) —2 PoARY(T)
AF(Q) —2  ARI(Q) AF(Q) —2  ARL(Q)
Hﬁ"l Jn’ﬁ“" Hﬁ"l lﬂ’ﬁi}

PoART) —Ss PoARFYT)  PoANT) —2 P, AFHY(T)

It is Theorem and Lemma that finally justify the name finite element
differential form spaces for the spaces P,A*T and P A*7T. Theorem establishes
standard finite element approximation estimates. A “corollary” of Lemma 228 says that
the finite element differential forms spaces P, A¥7 and P~ A*T are not only contained in
the Sobolev spaces of differential forms HA* (Q), but also that the cohomology spaces
of differential forms and finite element differential forms have the same dimensions [4,
Section 5.5]. The proof is based on so-called smoothed projection operators that are
defined for the spaces HA* (2) and commute with the exterior derivative [4, Theorem
5.9]. With these one deduces the isomorphy of the cohomology spaces of differential
form and finite element differential forms from the classical result for Whitney forms.
We refer to [4, Section 5.5] for the detailed argumentation. Both P,.A*(7) and P~ A¥(T)
deserve the name conforming discrete differential forms. One recognized advantage of
this abstract treatment of finite element spaces is a unifying convergence analysis for
general second order boundary value problems, including Poisson-type and Maxwell-
type problems [35]. It is the notion of the Hodge Laplacian d § + 0 d, that unifies many
common second order differential operators. Hence, studying source problems, eigenvalue
problems and preconditioning for this Hodge Laplacian simultaneously shall cover many
different problems. We refer to [3] for a detailed discussion. Many Hodge Laplacian
problems in R? and R? have been subject to intensive research before. It is thus not
surprising that in the cases R? and R? the finite element differential forms P,A* and
P~ A* correspond to classical finite element spaces (see Tables 24l and EZH).

Furthermore, there exist finite element differential forms spaces on hexahedral triangu-
lations [36, page 276] and finite element differential forms spaces with non-homogeneous
polynomial degree [36, page 273]. All these spaces can be considered as name finite
element differential form spaces, since they feature both finite element approximation
properties, like those in Theorem ZZHl and the de Rham cohomolgy (ZI4]) of smooth
differential forms. We close this section with a discussion of lowest order finite element
differential forms spaces P, AF also called Whitney forms, due to Whitney [87).
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k A¥(T)  Classical finite element space

0 | P.A°(T) Lagrange elements of degree < r [19]

1 | P.AY7T) Brezzi-Douglas-Marini H (div,{2) elements of degree < r [15]
2 | P.A%(T) discontinuous elements of degree < r

0 | P-A%7) Lagrange elements of degree < r [19]

1 | P-AY(T) Raviart-Thomas H(div,(2) elements of degree < r — 1 [73]

2 | PA%(T) discontinuous elements of degree < r — 1

Table 2.4: Correspondence between finite element differential forms and classical finite
element spaces for R2.

k AF(T)  Classical finite element space

0 | P.A%T) Lagrange elements of degree < r [19]

1 | P.AY7) Nédélec 2nd kind H (curl, ) elements of degree < r [67]

2 | P.A%(T) Nédélec 2nd kind H(div, ) elements of degree < r [67]

3 | P,A3(T) discontinuous elements of degree < r

0 | P-A%(7) Lagrange elements of degree < r [19]

1 | PoAYT) Nédélec 1st kind H (curl,§2) elements of degree < r — 1 [66]
2 | PmA%(T) Nédélec 1st kind H (div,2) elements of degree < r — 1 [66]
3 | P-A3(T) discontinuous elements of degree < r — 1

Table 2.5: Correspondence between finite element differential forms and classical finite
element spaces for R3.
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2.2 Discrete Differential Forms

d-simplex f¢ basis forms

(f)) Ai

(f; ,fo) Aigrad \; — \jgrad \;

(210, 1) Aigrad \; x grad \; — A\jgrad \; x grad \; + A\, grad \; x grad \;
( fk7fl) VOl(f3)717 f3:( 1'07 ‘gaf]gaflo)

Table 2.6: Vector correspondences of basis forms of Whitney forms in R3, k-simplices
are specified by their k vertices.

Whitney Forms

Recall that Ag(7) is the set of all k-simplices of 7. In words, Ag(7) is the set of vertices,
A1(7) the set of edges etc. Additionally, N denotes the cardinality of Ag7, i.e. Ny is
the number of vertices, N1 the number of edges etc. We impose an arbitrary numbering
on k-simplices of the mesh 7, i.e.

A ( ) (fl )z 1 flk k‘—simplex,

The dual space P, AF¥(T)* is then spanned by the integral values on all k-simplices:
PrAR(TY = (19N with  1F(w) == / w  fFe Ap(T). (2.47)
ft

The degrees of freedom 19 of P; A%(7) are point evaluations on all vertices, the degrees
of freedom I} of P, A'(T) are line integrals on all edges etc. The basis form b} €
Py AR(T) € HAF(Q) dual to the degrees of freedom I can be expressed in terms of
the barycentric coordinate functions A; of n-simplices T' and their gradients d A;. If I =
(Lo, - .. It) denotes the index set of the vertices f?o, . f?k of some k-simplex fF € Ay(7T),
then [4, Formula 4.3]:

k

k
b =0 =Y (=1 [\ dAg (2.48)

=0 I=11#j

The basis forms b?, associated to vertices fio, are the barycentric coordinate functions
;. For a basis form b}, associated to an edge fi1 that is oriented from vertex f?l to f?Q
we get:

bl =X, dAp, — A, d g,

In table 228l we list the corresponding vector representations of basis forms in R3. With
this it follows directly from Stokes law that the restriction of the discrete exterior derivate
to Whitney forms

d: Py AR(T) — PrARY(T)
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can be represented as incidence matrix Dy, € RVk+1% Nk

. 0 fkgofttt
(Dg)i,j = D;’,;H = / . b? =<1 fj’»“ C Bfikﬂ,induced orient. coincide
' of; -1 f]k co fik“,induced orient. don’t coincide
(2.49)

These incidence matrices can be used to find a recursive definition of the basis forms.
For a k-simplex f* and a k — 1-simplex f*~! with f*=1 c 9fF let M =" denote the
barycentric coordinate function associated to that vertex of f* that is not in f*~'. Then
we have [12, Definition 23.1]:

bpo = b = N,
NO 1 0 0
1_ 0 1_¢0
by =bf =Y (Do)ijd M de) = > Dil)\fz P dbso,
j=1 FOEnN(T)
Nl 2 1 1
2_ fl 2_ r1
by = b = (D) M lidby = Y Dj;g)\fz Pdbp,
i=1 F1ea(T)
bps =07 = ...

and in general

Nk_1
k_ pk=1 - k=1 ¢k_ rk—1
b = b =Y (DAl de T = Y Di,c M b, (2.50)
J=1 fEleA,_1(T)

By the definition of the incidence matrices the summation over all £ —1 simplices reduces
to a summation over those k — 1-simplices that are adjacent with k-simplex fF, i.e (ZZ50)
is a well determined formula. See Figure LTl for a sketch. In essence the lowest order
differential forms P; A¥(7) are represented by numbers associated to each k-simplex
while exterior derivatives are represented as incidence matrices. This idea appears very
frequently in the literature when it comes to discretization of problems formulated in
terms of grad, curl or div-operators. Certain finite volume schemes [88], the mimetic
finite differences [45,46], the cell method [54], the finite integration technique [20,79,86]
and the discrete exterior calculus [24] are very closely related to Whitney forms, even
though some of these methods are derived completely decoupled from the differential
forms or the finite element framework.

2.2.2 Non-Conforming Discrete Differential Forms

Conforming finite element spaces for 0-forms exhibit global continuity. On the other hand
there exist competitive Galerkin methods for scalar problems that are based on approxi-
mation spaces that do not enforce any kind of global continuity [2]. Such Discontinuous
Galerkin methods have been successfully applied to various kinds of second order bound-
ary value problems including source and eigenvalue problems for Maxwell [16,38,40].
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2.2 Discrete Differential Forms

;)

Figure 2.1: Sketch on recursive definition of Whitney basis forms: bf,i =NdAj—Aid N
according to (Z48]) or by =bypod A1 — bsod AET7 according to (Zh{).
i J

In light of these results we define non-conforming approximation spaces for differential
forms.

Definition 2.2.9. Let r > 0. The space of non-conforming discrete differential forms is
PINK(T) i= {w e LA (Q), w), € PAF(T)).

In contrast to conforming discrete differential forms the case r = 0, i.e. piecewise
constant approximation, is included here. As for the conforming spaces we have standard
approximation estimates for non-conforming discrete differential forms as well:

Theorem 2.2.10. Let 7}, be a family of triangulations of ) indexed by the discretization
parameter

h = maxdiam 7.
TeT

We assume mesh regqularity, i.e. there exists a constant C, > 0 such that
|h|" < CH|T|, VT € Tp. (2.51)

Let 1 <p< oo and "T?k <r—+1. There is a constant C' independent of h, such that

. o min(s,r+1)
whe;?/{k(T) o thHLQAk(Q) <Ch HWHWS”’M(Q) '

Proof. The assertion follows directly from Theorem and Corollary 22271 O

Note that the elements of PIAF(7) do not have a well-defined exterior derivative.
Only its restriction to n-simplices is well-defined

(d’]’ wh)‘T = dwh\T' (2.52)

23



Preliminaries

Further, we get a commuting diagram for r > 2:

PAKT) —2— P, AFL(T)

PINR(T) —22 pd ARHL(T),
where i denotes the inclusion map P, A* — PIAK. Since P, A¥(T) is subset of PIAF(T)
we can not use the cohomology groups of conforming discrete differential forms to char-
acterize those of non-conforming discrete differential forms. Nevertheless we deduce
d7 d7 = 0, which justifies the name non-conforming discrete differential forms. In Chap-
ter @l we define exterior derivatives of non-conforming discrete differential forms in the
sense of distributions. Thereby the de Rham complex is lost but better approximation
properties are attained.

2.2.3 Constraint Preserving Finite Volume Schemes

For the sake of completeness we attach here a discussion on so-called constraint preserv-
ing finite volume schemes. Such schemes are of great importance for the treatment of
conservation laws.
We consider the following generic model problem for some time dependent k-form
w e AF(Q):
Ow +dg(w) =0, (2.53)

where ¢ is a mapping A¥ (Q) — A*~1(Q). For simplicity we consider here only the
Cauchy problem and assume that w(t) is compactly supported. In many applications,
g is defined in a pointwise sense and for £ = n our model problem (Z53)) is a standard
conservation law, corresponding to

opu + divg(u) = 0.

We readily deduce that the evolution of the exterior derivative of the solution w is
constant:

dw(t) =dw(0) V. (2.54)

Moreover, by the common assumption of compactly supported w(t) and an application
of the Leibniz rule ITI), we get for any constant ¢ € PyA"*(R"):

/nw(t) Ae= /nw(O) ne Vi (2.55)

In R? the property ([Z3d]) corresponds either to the curl constraint (k = 1) or the div-
constraint (k = 2). The property (Zh3)) corresponds to a preservation of total mass of
each component of a vector representation of w. Since this holds for any representation,
i.e. choice of basis of R3, this is a global metric independent constraint.

Finding approximations to (Z13]) that preserve both the constraints (255) and 54
has attracted considerable attention in the finite volume literature [23,28,44,59,62,84,85].
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2.2 Discrete Differential Forms

In classical finite volume schemes, both scalar and vector valued functions are represented
by degrees of freedom associated to cell centers. While the preservation of total mass is
the standard feature of finite volume schemes, the preservation of the constraint (£54])
requires sophisticated modifications of standard finite volume schemes. Finite volume
schemes that preserve certain approximated values of the exterior derivative are called
constraint preserving finite volume schemes.

Constraint Preserving Finite Volume Schemes on Cartesian Meshes

In order to get a rough idea on constraint preserving finite volume schemes the main
principles of such schemes shall be sketched here. In contrast to earlier presentations,
e.g. those in [59,62,84], we provide here a unifying framework, that allows for constraint
preserving finite volumes schemes for k-forms in R™. An appropriate counterpart of
the de Rham complex (ZI3)) is at the bottom of this unifying framework. To keep the
presentation simple we will nevertheless stick to the case n = 3. But it will be clear that
this framework extends straight forwardly to the general case.

We consider a uniform Cartesian mesh in R? with mesh sizes Az, Ay and Az in z, y
and z-directions respectively. It consists of cells [ml_% (g1 )X [yj_% S/ ) X [%—%7 gl ),
centered at mesh points (z;,y;, zx) = (1A, jAy, kAz), (i,j,k) € Z3. We introduce the
averaging operators

ary 10K + ar- 1. K

MO J K =

2 b
a 1 +a 1
IJ+1 K IJ-1 K
[hya1 K = s Eiy (2.56)
argr+1 + ar k-1
Hzag g K =
b b 2
and difference operators:
Gyl —a;_1
0z01, 7K = Ity K =3, /K
TS Az ’
a 1 —a 1
LJ+3K 1LJ-1.K
dyar gk = Ay , (2.57)
a 1 —a 1
d.ar, 5K = LKy LJIK—3
z 1y AZ

With these we define the following approximation 0}, 4, O, and 0, . to 0,, 9, and 0.:

ah,x = 6:1:,U/y,ufza
ah,y = ,U*m(sy,ufza
8h,z = /’L$My52'

Next, we need to introduce scalar and vectorial finite volume spaces with degrees of
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freedoms associated to cell centers (x;,y;, z) or vertices (xi+%,yj+%,zk+%):

2

=A{uijr €R, (i,5,k) € Z3},
111,
={uijr €R, (i + 5t §7k+ 5) € 2%},

= {ui7j,k - (uil,j,kvuz?,j,kvuij,k) € Rg? (i7j7 k) € 23}7

N

(2.58)

SO

o1 1 1
= {ui7j,k = (u%’jk,uij’k,uij’k) € Rg, (Z + 5,] + 5,]{3 + 5) S Zg}
There are two important remarks on the previous definitions. First we see that

ah,:ra 8h,ya 8h,z 0 Se = Sy,
ah,:ra 8h,ya 8h,z 0 Sy = Se

and second, we have a commuting property:

ah,acah,y = ah,yah,xa
ah,zah,ac = ah,xah,za
ah,yah,z = ah,zah,y-

Finally, we define the discrete counterparts of div, curl and grad:

. ._ 1 2 3
divpur gk = Ohatf gk + Onyul gk + On U7 g K

3 2
Onyur i — Onzu g g
curlyus j g = 8h,zu]7J,K - 8h,qu,J,K )
2 1
vy gk — OnyUs gk (2:59)

On,2WI,J,K
gradh ul,‘LK = ahyuLJ,K
On,2U1,7,K

With these we get the two cochain complexes:

grad,, curly, divy,

S, —"'V, —' V., — S, (2.60)

and 4 .
S, B2y, ey dvn g (2.61)

Analogue sequences can be found in R2. From the cochain complexes (Z60) and (Z51)
we get the appropriate finite volume spaces and definitions of approximative exterior
derivatives for the discretization of our generic model problem (Zh3]). If we approximate,
e.g. in the case k = 1, w by degrees of freedom associated to vertices (cell centers), we
need to represent the discrete counterpart g, of g by degrees of freedoms on the cell
centers (vertices). Then, the quantity curly wy, is automatically preserved during the
evolution. Note, that a proper definition of the discrete counterpart of g builds on a
proper choice of so-called numerical flux functions [53], since the approximation of w
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has no well defined values at vertices (cell centers). Because we concentrate here on
the preservation of constraints, we do not discuss numerical flux functions in detail and
refer to [55-58] for an extensive study of numerical flux functions within the presented
framework.

Averaging and difference operators (Z56) and ZI1) have been introduced in [62] for
curl-preserving finite volume methods. In [59] this idea is extended to div-preserving
schemes. Similar ideas appeared elsewhere [84]. A comprehensive treatment of constraint
preserving finite volume schemes with average and difference operators seems to be
limited to tensor-product meshes.

Discrete Differential Forms and Preservation of Total Mass

To overcome these limitations we move on to the discretization of our model problem
EZ53) in terms of the Whitney forms introduced in Section EZZTl We stay here with
the Whitney forms introduced for simplical triangulations. However, the results hold
for any other triangulation, e.g. quadrilateral meshes for which one can define Whitney
forms.

We consider a simplicial triangulation 7 and approximate w and g with Whitney k-
and k — 1-forms wy, € P;A¥(T) and g, € Py A*Y(T). wy is non-smooth on k — 1-
simplices. Thus, to define g5 one has to adapt the idea of numerical fluxes [53] of finite
volume schemes: gy is an expansion in basis forms bé“_l:

Ng—1

gh = Z gibi !
i=1

with coefficients g; € R, associated to k — 1-simplices fik_l. Ideally we would take g; to
be ffgc_l g(wp). But since ffgc_l g(wp) is not well-defined, one defines the coefficients g;

as functions of the values [ it g(wh‘ sn) instead:
i J

6 = o ( /f 9 /f 9 >> ,

which indeed are well defined. For pointwise defined g the value [ i1 g(wh‘ fn) is non-
i J

zero only if n-simplex f/" is adjacent with fikfl. For k = n this gives the standard finite
volume scheme with numerical flux functions g; associates to n — 1 simplices fjﬂ*l, A
clever choice of flux functions g; for given g is subject to intensive research and shall not
discussed in detail here.

Finally we end up with the discrete problem for wy, € Py A*(7):

Oywyp, +d gh(wh) = 0. (2.62)

The solution wy, to the discrete problem ([ZE2) has the property dwy,(t) = dwp(0) since
Py AR(T) € HA* (Q) and dd = 0. To show that also the total mass is preserved we
prove the following Lemma.
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Lemma 2.2.11. We consider simplicial triangulations T of Q@ C R™. T denotes n-
simplices, s is a fired k — 1-simplex with k < n and s ¢ 02. Let by denote the Whitney
basis-form [Z2R) associated to s, then for all c € PoA*(R™)

;/Tdbs/\c:o.

Proof. Let s = Up.sen,_,(7)T denote the union of all n-simplices that share the k — 1-
simplex s. Then we deduce:

Z/db/\c— > /db/\c

T:s€Ap_1(
=y / trop(bs A ¢
T:seA,_(T) 79T
2.
See Figure for an illustration of the three steps.
1. The support of d by consists of all n-simplices T with s € Ax_1(T).
2. Leibniz rule (ZTIT) on each n-simplex T" and d ¢ = 0.

3. The sum over all n-simplices 7" can be written as a sum over all (n — 1)-simplices
f with f C Q.

o [ C 0Q,: For those facets f with f C 0€); we have trybs = 0, since for
Whitney basis forms try b, = 0 for all f that do not contain s. This follows
because (1, is the support of b, and tr is single valued for Whitney k—1-forms,
k <n.

o [ C QO f ¢ 0: The integrals over facets f with f C Qg, f ¢ 99 appear
twice with different signs, since the induced orientations are different for the
two adjacent elements. But since try(bs A ¢) = trybs A tryc is single valued
by the continuity of tr b, and c these integrals vanish as well.

O

Remark 2.2.12. By the geometrical decomposition of the dual space of the space of local
high order finite element differential forms [3, page 53-54] we have more generally:

;/TdbsAc:O,

for all local basis forms by € P.A*(T) or by € P A¥(T) associated to simplex s and
c € PIA™F(R™).
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T /

TN

Figure 2.2: Illustration for the proof of Lemma Z2ZTTl In this situation, £ = 1 and n = 2,
the k — 1-simplex s is a vertex and by is the barycentric coordinate function
associated to vertex s. The gradients in the surrounding elements scaled by
the volumes of the elements sum up to zero. The gradients are depicted with
black arrows.

As a corollary we get mass preservation for the Whitney form discretization ([Z62).

We only need to show
Z/ dgn(wn) Ae=0,
T JT

for arbitrary constant n — k forms ¢ € PoA" *(R"). By the definition of g;, we have the
expansion gn(wp) = D> sen, (1) @sbs With real valued coefficients as = as(wp, g). Then
we see immediately

Z/dgh(wh)/\c:Z/Zasdbs/\c:ZasZ/dbs/\c:O.
T T T T g s T T

Since only a Cauchy problem has been considered we do not encounter the case s € 9f2.
For boundary value problems we will obtain preservation of mass modulo an in- and
outflow flux of mass across the boundary.

Remark 2.2.13. The proof of Lemma (ZZII)) uses canonical properties of lowest or-
der Whitney forms. Therefore the assertion on automatic mass preservation of the
discretization of (Z53)) with Whitney forms holds also for other than simplicial triangu-
lations.

In light of these results, a discretization of ([Z53)) in terms of conforming differen-
tial forms seems to be the method of choice when it comes to constraint preservation.
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Obviously, a big drawback is the non-standard degrees of freedom, that are difficult to
implement in usual finite volume codes.

Constraint Preserving Finite Volume Schemes and Discrete Differential Forms

Now, we will explain how to deduce finite volume schemes from our Whitney forms
discretization (Z62), that allow for a notion of exterior derivatives. This gives finite
volume schemes preserving an approximation of the constraint (254I).

In light of remark BZZT3], here and in the subsequent discussion, T' stands for finite
volume cells of the triangulation 7. On simplicial meshes cells are the n-simplices. Our
discrete differential forms spaces Py AF(7) are the counterparts to the cell centered finite
volume spaces introduced in (Z5S).

Let Ay : A¥ (Q) — PIA*(T) denote the standard finite volume averaging operator that
assigns a piecewise discontinuous differential form @, € PIA¥(7) to each differential form
w such that fT wp, = fT Apw = fTw, for all cells T. Applying the averaging operator
Ay, to both sides of equation (Z62), yields the following scheme for wj, € Py A*(T):

Oywp, + Ap d gp(wp) = 0.

If we assume further, that the numerical flux g; € P, A*~1(7) is not a function of
wp, € Py AFY(T) but a function of &, € PIA¥(T), ie. gn(wn) = gn(@n), we get a
finite volume scheme for &), € PSA¥(T) formulated entirely in terms of cell centered
unknowns:

Oy, + Ap d gh(&v)h) = 0. (2.63)

Clearly, the averaging procedure does not destroy the preservation of constraint (Z55):
the scheme (ZG3)) preserves the total mass of the solution wy,. Moreover, we can find
approximations dj, of exterior derivatives d such that even dj, wy,(t) is constant: We call
an operator dj defined on PgAk (T') approximative exterior derivative, if there exists a
linear operator Cj, defined on P; A¥*1(T) such that:

dp Apwn = Cpdwy, Vwy, € PrART). (2.64)

For &y, € PIAK(T) solving ([Z63) we deduce that dj, &p,(t) is constant in time, since
dp Apdgp(wp) = Cpddgp(wy) = 0. (2.65)
If there exists a right inverse A} : PIAR(T) — Py A¥(T) of Ay, ie. ApAf = id, then

we have for wy, € PgAk
dp @, = Cpd Al &y,. (2.66)

The right inverse A; permits the identity AhA}TAh = Ay, hence A; is a mass preserving
reconstruction operator:

/ah:/Ah&V)h:/AhAZAh&v)h:/Az&v)h
T T T T
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From that perspective the representation ([ZGHO) reads as: The approximative exterior
derivative dy, of wy, is a linear operator of the well defined exterior derivative of a re-
construction of wy, in the space Py AF(T). How such approximative exterior derivatives
can be actually constructed is indicated by ([ZG0). Provided that a right inverse of A}T
is found, we could choose any C}, define d;, by ([Z86]) and try to show that (Z64]) holds
true. Note that this procedure simplifies a lot, if we restrict the definition of dj, to dis-
crete forms on submeshes. Since dwy, is piecewise constant, a submesh should contain
at least two elements.

Let us illustrate this last idea for structured Cartesian and unstructured triangular
meshes.

1. Discrete divergence on Cartesian meshes
Assume a Cartesian mesh in R?2. The submesh for which we define an approxi-
mative exterior derivative consists of the four cells sharing the same vertex. The
submesh and the numbering schemes are depicted in figure Z3 The degrees of

11 12

8 3 9 4 10
6 7

3 1 4 2 S
1 2

Figure 2.3: Numbering of edges and cells.

freedom of discrete differential 2-forms are associated to the cells, those of 1-forms
to the edges. The matrix representation Do of div reads:

10 -1 1 0 -1 0 0 0 O O O
D, — o1 0 -1 1.0 -1 0 0 0 0 O
00 0 0 0 1 -1 1 0 -1 0
oo o0 o000 1 0 -11 0 -1

The degrees of freedom of averaged 1-forms are associated to the cells as well. In
here we first list all the second components sorted according to the corresponding
square number and then the first components. The matrix A representing the
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averaging Ay is:

-1 0 000 -1 0 0O0OO0O O O
0 -1 000 O -1 000 0 O
0O 0 000 -1 0 0O0OO0O -1 0
A:l o 0 000 0 -10O0O0O O -1
2 0o 0 110 O O O0OO0OO O O
o o0 011 0 0 O0O0OO0O O O
0O 0 000 O O 110 0 O
0o 0 000 O O 011 0 O
From this, one computes a right inverse:
-4 0 2 0 0 0 0 O
0o -4 0 2 0 0 0 O
o o o0 0 4 -2 0 0
o o o o0 2 2 0 0
o 0o o0 0 -2 4 0 O
L AT 7n-1 | -2 0 -2 0 0 0 0 O
AT=ATAATDT =3 0 5 0 2 0 0 0 0
o o o0 0 o 0 4 -2
o o o0 o0 o o0 2 2
o o o o0 o0 0 -2 4
2 0 -4 0 O 0 0 O
o 2 0 -4 0 0 0 O

The first column says that a discontinuous function that has vanishing first com-
ponent everywhere and non-vanishing second component only on the first cell is
reconstructed as discrete differential form that has non-vanishing first components
on the first and third cell. Nevertheless the averages of the reconstruction are the
same. Next, we compute the matrix representation of div AZ:

2 0 40 —24 0 0
1l 0 =204 =42 0 0

+_1
DoAY =31 4 0 20 0 0 -2 4
0 —402 0 0 —4 2

Recall that the ith line corresponds to the divergence on the ¢th square. The
divergence on the 1st line for example is a finite difference stencil using the second
components on cells 1 and 3 and the first components on 1 and 2. It is now
very natural to assign the average of the four divergence values to the vertex
that is shared by all four cells, i.e. we propose a C} with the following matrix
representation:

C=—(111 1).
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Next, we define the matrix representation of dp:
1
Dh:CD2A+:§( -1 -1 11 -1 1 -1 1)

and check that indeed
D;,A = CD.,.

We want to emphasize, that this is exactly the same stencil we would get in terms
of averaging and difference operators in ([Z29). Such calculations can be done in
principle for any kind of mesh, once we have finite element like discrete differential
forms on such meshes.

In the general case of unstructured grids the explicit computation of the right
inverse A; does not seem to be very satisfactory albeit realizable.

. Discrete divergence on triangular meshes

Let T, f and e denote the oriented n-, n — 1-, and n — 2-simplices (cells, faces,
edges) of a simplicial mesh. In light of the previous example we would like to define
approximative exterior derivatives d; that assign values to vertices on the basis of
the discrete form values on surrounding cells. For a fixed vertex v we therefore
consider C}, to be the average value over all cells that share v, i.e.

ZT:UGA(T) Jrdivws
ZT:UEA(T) |T| ’

Then Gauss law and normal continuity of wy, € Py A"~ Y(7T) give

Cy, div wy, := wp, € PI_A"A(T).

St
ZT:UEA(T) DTt ffT,v Whp
> rvea) T ’

Chp div wp, = (2.67)

where fr, is that face of 7' that is opposite to vertex v and D;T’” the incidence
matrix of cells and faces ([249). |T'| is the volume of n-simplex T'. We observe
that the right hand side of ([Z81) is also well-defined for w;, € PIA*(T). However,
because of ([24])) and the midpoint quadrature rule

Arb _— J ntl ~
/f~ ( h fT,v)‘T {0 T#T

T,v

this suggests to define

1
divy, wy, 1= nt Z DF‘];T’U / “nlr-
nZT:UGA(T) ’T‘T:v eA(T) 5

, U

So far, divy, is just a candidate definition for the discrete divergence. It remains to
prove

divy, Apwp, = Cj, div wy, Ywy € 'Pl_Anfl(T)

The crucial step is the following Lemma.
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Lemma 2.2.14. For a fived vertex v and n — 1-form wy, € Py A" Y(T):

. n-+1 Y
> [ave =" 5 D [,
)T () i

T:veA(T T:veEA

Proof. Let x7 denote the barycenter of a n-simplex T', then Apwy,,, = wi(x7)XT)
with yr the characteristic function of 7. The discrete n— 1-form wy, € Py A" (7))
is an expansion in basis forms b associated to n — l-simplices f with coefficients

(wn) f:

Wh = Z(wh)fbf.
!

For barycentric coordinate functions A/ ¢ associated to the vertex in f that is
opposite to e we can write

by=> DM “db,,

with incidence matrix D% of edges and faces and basis forms b, associated to edges
e (Z20). Then we compute:

/fT XTwh(TT) = Z (wh)f/ xTbs(xr)

v fEA(T) fT,v

n
= (Wh)fT,v—nJrl + ) (Wh)f/ xrby(zr)
fr
FEA(T) f# T,

n 1
= — 4+ g g <db.
(wn) fr.. n+1 on)s ° /fT,v n+1 7

FEA(T),f#frw

v

. n 1 e e
= (Wh) fr., ot > (wnr Y. 1P P
FeA(T), f#frw e

For each n — 1-simplex f in the last sum exists only one n — 2-simplex e such that
DS, D% # 0. Further, if we multiply this equality with D;T’“ and sum over all

n-simplices T' sharing vertex v, there is exactly one other n-simplex T that shares
both f and e, i.e. D} D% # 0. But for these we deduce (see Figure 2.
T,v

fT,'U f’l:,v _ fT,v ff,v f f
(DfDj, + DD )= (Df'Dj, +D*Dj )+ (D} +DL) DS
fro I
— (DJ""D§,, + DIDF) + (D "D, +DLDS)

:;Dg §+;fo =0,



2.2 Discrete Differential Forms

where we used first that positive orientation of n-simplices 7" implies <D£} + D;) =

0 and second that dod = 0 and that any a n — 2 subsimplex e of an n-simplex T
is subsimplex of exactly two n — 1 subsimlices of T'. That gives:

fTv n fTv
D; = D .
Y Dy /f : xrwp(zr) = — 1 ) (W) ir,

T:veA(T) v T:veA(T)

Hence we can conclude:

> [ave= ¥ DI,
)

T:veA(T T:veA(T)
n+1 o
=— T:g(ﬂ D7 /fT’U Apwp,.
O
1w
c T

f

Tv T

v

Figure 2.4: Hlustration for the proof of Lemma 222141
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3 Generalized Advection-Diffusion Problem

3.1 Introduction

In this chapter we introduce the generalized advection-diffusion problem for differen-
tial forms and show that the eddy current model in moving conductors can be formu-
lated within this framework. We also illustrate the main challenges on approximation
of advection-diffusion problems for the example of the well studied scalar advection-
diffusion problems. In light of our motivating example of the eddy current problem
with high magnetic Reynolds number we focus on the case of small diffusion, or equiv-
alently large advection. We conclude that viable numerical methods for such singular
perturbed problems build on practical numerical methods for the limiting case. We
derive adequate boundary conditions and show well-posedness in appropriate spaces.
The following chapters will deal with different discretization strategies of such advection
problems.

Recall the two classical linear transient 2nd-order advection-diffusion problems for an
unknown scalar function u = u(z,t) on a bounded domain @ C R™:

Ou—edivgrad u+ 3-gradu = f inQ,

u = gp onlp,
ng-gradu = gy only, (3.1)
u(-,0) = wp
and
Ou —edivgrad u+div(u@) = f inQ,
v = gp onlp,
ng-gradu = gy only, (3:2)
u(-,0) = wp.

The non-negative parameter ¢ € R will be called diffusion constant, 3 : Q — R stands
for a given smooth vector field and f : Q — R is a given source function. For div3 =0
problems (B]) and (B2) coincide. The boundary splits into two disjoint parts 'y UT'p =
00, with 'yNT'p = { }. gp and gn are the boundary data on I'p and I'y. Note that the
advection operators 8-grad v in (B)) and div(u 3) in (B2) are the vector representation
of Lie derivatives of 0-forms and n-forms (Table Z3)).

Solving the advection-diffusion problems numerically is usually challenging in the case
of dominant advection, because we encounter a singular perturbation. In the limit
of vanishing diffusion the problem type changes from parabolic to hyperbolic and the
standard methods for parabolic problems usually fail. We refer to [76] and the many
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references cited therein for an overview of numerical methods for the stationary singularly
perturbed advection-diffusion problems.

It is the notion of the Lie derivative ([Z24]) that permits generalizations of scalar
advection operators to differential forms. The generalized advection-diffusion problems
for time dependent differential forms are:

Ow(t) +eddw(t) +y1ddw(t) +igdw(t) +y2digw(t) = ¢(t) in Q CR",
trw:wD on FD s

3.3
tr(xdw) =vYn onTly, (3:3)
w(0) = wo
and
Ow(t) +eddw(t) +nddw(t) —djgw(t) — 2jgdw(t) = p(t) inQCR,
trw:wD on FD y (34)

tr(xdw) =v¢Yy on Iy,
w(0) =wp .

These are equations for an unknown time dependent k-form w(t) € A*¥ (Q), 0 <k < n, on
the domain © C R™. d and ig are the exterior derivative ([23) and contraction operator
ZZ3). ¢ and jg are there formal adjoints ([Z31]) and (Z32)) and * is the Hodge operator
([23). The source term ¢ is a n — k-form. The boundary data ¢p and ¢ are in A¥ (I'p)
and A" k1 ('n). 71 and 7, are non-negative scalar parameters. Depending on the
choice of 1 and 7 well-posedness will require additional boundary conditions.
Equations (B3)) and BZ)) are identical if 9 = 1 and Lgw + Lgw = 0, compare
233). In Tables and we listed the operators corresponding to Lg + Lz in R3 and
R2. Clearly, since dw = 0 for w € A?(Q) problems 1)) and [EZ) are generalizations
of problems [B3) and (B4]). Before we proceed in discussing well-posedness of certain
variational formulations of problems ([B3]) and B4l) we show that the magnetoquasistatic
electrodynamic equations in moving conductors can be formulated as [B3)) and B4).

3.2 Magnetoquasistatic Electrodynamic Equations in Moving
Conductors

We consider Q C R3 and Maxwell’s system in the magnetoquasistatic approximation.
This reduced model, also called eddy current model, is a system of equations for the
magnetic field h € Al (), the electric field e € A! (Q), the magnetic induction b € A (Q),
the current density j € A% (Q) and imposed current density f € A% (Q):

de= -0 curlE = -0,B in Q, (3.5a)
dh=j+f curlH=J+F in Q, (3.5b)
J=*s(e—igbh) J=0(E+ 8 x B) in Q, (3.5¢)
*,h =0 vH=B in Q. (3.5d)
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3.2 Magnetoquasistatic Electrodynamic Equations in Moving Conductors

Commonly the boundary 92 splits into two disjoint parts . UT, = 9Q, T'.NTy ={}
and one imposes the boundary conditions

tre=¢9g. nxE=G, onl,, (3.6)
trh=g, nxH=G, onl}. '

By (B3al)-B.Ad) these conditions imply

tr(x,-1dh) +tr(igh) = ge + tr(x,-1f) on I,
tr(x,-1de) = —0ign on I'p,.

For simplicity we assume in the sequel that the Hodge operator x, and x, encodes linear
scalar material laws, i.e.

/Qe/\*ae/ = (e,ae’)Q

for a uniformly positive o : Q — R. Eliminating in system (B35al)-(@B.35d]) all fields except
h yields:

Oph+d0 'dh—djguh=560""f in Q,
tr(o ' xdh) —tr(xjgph) = ge +tro '« f on I\, (3.7)
trh = gy on I'y,
where we used that igh = igxuh = — x jguh by [Z32). Solenoidal initial magnetic

induction d b(0) = 0 implies db(t) = 0 by (BXZal). Hence a solution of the system (Bhal)-
BXAd) with solenoidal initial magnetic induction db(0) = 0 is also a solution to the
problem:

Oph+60 "dh+ydo dh—djgpuh —Y2jgdph =60 f in Q,
tr(c !t xdh) — tr(xjgph) = ge +trotxf onl., (3.8)
trh =gy on I'y,

which is a problem of type B4 for the 1-form h.

On the other hand we could introduce a vector potential a € A' () and scalar poten-
tial ¢ € A (Q) with b = da and e = —9;a — d ¢. Eliminating all fields except a and ¢
yields:

a+o 'sptdatigda+dp=0""%f inQ,
—tr(Ora +d o) = ge on I, (3.9)
tr(xp~tda) = gp on I'y.

But since for arbitrary A € A () also @/ = a +d\ and ¢/ = ¢ — 9\ yield da’ = b and
—0ia’ —d ¢’ = e we could choose here ¢ =y~ 5a+ 7o iga: if ¢ # yip~toa+ v iga
we could find A solving the scalar advection-diffusion problem:

IN+ i SdA+ 12igd A =¢ —yip da—1iga (3.10)
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and get ¢ = yp~1da’ + y2iga’. Hence gauging allows for a problem formulation of
type B3):
(9ta—|—0_15,u_1da+iﬁda—kwld,u_léa—l—wgdiﬁa:0_1f in €,
—tr(@ta+71dﬂfl5a+72di5a) = ge on I, (3.11)
tr(xp~tda) = g on I'y.
Once again we would like to stress that different choices for v, and v, in (BX) and
(BII) will require different boundary conditions in order to establish well-posedness in

certain Sobolev-spaces. Actually the boundary conditions (Bl stated here imply certain

additional conditions. The trace tr commutes with exterior derivative d and we deduce:
tr(de) =dge on T,

—optr(b) =d on I,

v ir(b) = dg. ¢ (3.12)

tr(dh) =dgp on I'y,

)

tr(«se —x5igb+ f) =dgy on I'.

We will see that in some cases some of these conditions need to be imposed explicitly.

3.2.1 Perfect Conductor Limit

In the limit o — oo both the formulation ([BF]) for the magnetic field h with 5 = 1 and
the formulation BIT]) for the vector potential a with 71 = 0 and 2 = 1 reduce to first
order transport problems:
Oy *yh+Lgx,h =0 inQ,
tr(igxuh) =ge on T, (3.13)
trh =g, on I}y,

and
Bta—l—Lﬁa:O inQ,
—tr(da+diga) =g onT, (3.14)
tr(x,~1da) =gn, on T,
The Lie derivative Lg ([Z28]) is the derivative of the pullback X;w(tg) with respect to ¢
at t = 0, where X; is the flow induced by 8. Hence, the formal solution to a transport
problem on entire R”, w € A* (R™):

Ow+Lgw(t)=0 inR" (3.15)
is given as:
w(t) = X*,w(0). (3.16)

In the case of a bounded domain 2 C R", the solution also depends on the boundary
values:

(Xitw(o))x, X,—(z) ¢ 0OV T € [0,1];

<X:(:v)ftw(t($)))m, Xi(a) () € O (3.17)

(w(t), =
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If a trajectory through a point = hits the boundary at some time 0 < t(z) < t, the
solution w at  depends on the values on the boundary. Since tr and pullback X*, do
not commute, we see that the well-posedness of transport problems cannot be guaranteed
by prescribing only the traces: traces determine only the tangential components forms.

3.3 Functional Analytic Framework for Variational Problems

In this section we will give a short review of the functional analytic framework, which
is used to establish existence and uniqueness of solutions to variational formulations of
boundary value problems. The main reference is the textbook [27].

3.3.1 Stationary Problems

Let W and V be normed vector spaces with norms ||-||;, and ||-||;,. Furthera: WxV — R
is a bounded sesquilinear form, i.e. it satisfies the continuity estimate:

la (u,0) | < Cllully [lolly  VueWoeV,

and f is a continuous linear form on V, i.e. f € V’'. The following Theorem [27, Theorem
2.6] establishes well-posedness of the variational problem: Find u € W such that

a(u,v) = f(v), YveV. (3.18)

Theorem 3.3.1 (Banach-Netas-Babuska). Let W be a Banach space and let L be a re-
flexive Banach space. L' is the dual space of L. Let a: W x L +— R be a bounded bilinear
form and let f € L'. Then problem BIX) is well-posed if and only if:

da > 0, inf sup 2 () =
weW e [Jully o]l

(Vu € W,a(u,v) =0) = (v=0).

)

This Theorem is basically a rephrasing of the open range Theorem and open mapping
Theorem from functional analysis. For the special case W = L the Theorem is also
known as the Lax-Milgram-Lemma [27, Lemma 2.2].

Lemma 3.3.2 (Lax-Milgram). Let V in BIR) be a Hilbert space, leta:V xV — R be a
bounded bilinear form and let f € V'. Assume that the bilinear form a is coercive, i.e.
there exists a > 0 such that

a(v,v) > alvll}, YoeV. (3.19)

Then, the problem BIR) is well-posed with a priori estimate:

1
lully < — 11 £lly
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3.3.2 Non-Stationary Problems

The well-posedness results for time dependent problems distinguish again between a sym-
metric and a non-symmetric setting. If V' denotes a Banach space we define C* ([0, T]; V)
to be the set of V-valued functions u(t) € V that are k-times continuously differentiable
with respect to t. Similarly we define the space L? (]0,T[; V) to be the set of V-valued
functions u(t) € V, whose norm in V is in L?(]0,7[). dyu denotes the distributional
time-derivative of u € L2 (]0,T[; V).

We start with the non-symmetric setting. Let L be a separable Hilbert space with
inner product (-,-);,. Let A : D(A) C L — L be a linear, maximal and monotone
operator, i.e.

Vfe L, Jve D(A),v+Av=f (3.20)

and

Vv € D(A), (Av,v)r > 0. (3.21)

It can be shown that in this case the space W = D(A), equipped with the scalar product
(u,v); + (Au, Av), is a Hilbert space. We define a bilinear form a as a (u,v) = (Au,v),
for all w € W and v € L and consider the following model problem:

For f € C1([0,T); L) and uyp € W, find u € C* ([0, T]; L) N C° ([0, T]; W) such that

dyu, +a(u,v) = (f, , YveLVt>0,
(diu,v) g, (u,v (f,v)p v (3.22)
,U

(u(0),v), = (uo,v), Vve€ L.
The Hille-Yosida Theorem [27, Theorem 6.52] gives existence and uniqueness:

Theorem 3.3.3 (Hille-Yosida). Let L be a separable Hilbert space with inner product
(+,)- Let A: D(A) C L — L be a linear, mazimal and monotone operator and
a(u,v) = (Au,v); for allu € D(A) andv € L. For all f € C* ([0,T]; L) and up € D(A)
the problem [B22) has a unique solution.

In the symmetric case we assume a (+,) to be a bilinear form on V' x V| where V is

a Hilbert space such that V' C L = L' C V'. Hence the duality pairing (-,-)y 1 can be

viewed as an extension of the scalar product on L. We consider the following problem:

For f € L2(]0,T[;V') and ug € L, find u € L*(]0,T[;V) with dyu € L?(]0,T[; V')
such that

(deu, v)yr v +a(u,v) = (f,v)yry, YveV,vt>0,

£(0) = o (3.23)

Existence and uniqueness are due to a result of J.L. Lions [27, Theorem 6.6].

Theorem 3.3.4 (J.L. Lions). Let V' C L be two Hilbert spaces, V' dense in L, with norms
|-Ily and ||-||,. Leta:V xV — R be a bounded bilinear form. Assume that there exists
a >0 and v > 0 such that

2 2
a(u,u) +ylluly = alluly,  YueV.

Let f € L2 (0, T[; V') and ug € L, then problem BZ3) has a unique solution.
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3.4 Variational Formulations

3.4 Variational Formulations

Now, we state variational formulations of the generalized advection problems (B3] and

B3). We will differentiate between

e c>0ande=0;

.fylzoafyzzoand717é07'727é0'

The key formulas in the derivation of the variational formulations are the various in-
tegration-by-parts formulas (Z34)-Z37). We will not discuss in detail admissible sets
of boundary conditions but accentuate the stability properties of different formulations
with respect to €. The main result will be the observation that in the limit ¢ = 0 well-
posedness requires a different set of boundary conditions than the case ¢ > 0. We will
see that as in the scalar case one only has to impose boundary conditions in the inflow
part of the boundary. Further, and this is a distinctive property of the non-scalar case,
it is not enough to prescribe the standard Dirichlet data, i.e. the trace of the unknown
form. This is in perfect agreement with the solution formula (BIT): the traces fix only
tangential components. For advection problems with velocity fields, that have vanishing
normal component everywhere on the boundary, we do not face this special feature.

3.4.1 Well-Posedness: Case ¢ >0, 71 =0, 15 =0

We consider the Dirichlet problems [B3)) and 2l with I'p = 9Q, ¢ > 0, 73 = 0 and
Yo = 0. We set V.= HA*(Q,9p) and Vy = HAF (Q,0) and assume that p can be
extended to HAF (Q). A variational formulation for a problem of type (B3 is:
For ¢ € L?2(]0,T[;VJ) and wy € V, find w € L%(]0,T[; V) with dyw € L? (0, T[; V)
such that for all n € Vj:
{dw, vy +e(dw,dn)g + (idw,m)g = (p. vy, (3.24)
w(0) = wp. '

This corresponds to the initial value problem: Find w such that:
Ow+dedw+igdw=¢inQ, trw=1ypond, w(0)=uwo.

Similar a variational formulation for a problem of type B4l with is I'p = 9Q, € > 0,
71 =0 and v = 0:

For ¢ € L?(]0,T[; V§) and wy € V, find w € L?(]0,T[; V) with dyw € L? (0, T[; V)
such that for all n € Vj:

(diw,mv' v +e(dw,dn)q — (w,igdn)g = (g, Mv' v,

ol(0) = i (3.25)

This corresponds to the initial value problem: Find w such that:
Ow+dedw—djgw=¢inQ, trw=1vpond, w(0)=uwo.
Lemma BTl proves coercivity for the bilinear form in (24 and (B2H).
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Lemma 3.4.1. Ife > 0, there are v > 0 and k(g) > 0 such that for allw € Vp
e(dw,dw)g + (igdw,w)g +7 (. w)g = Kllw|Farq):

Proof. The proof is based on a generalization of the proof of a Lemma in [30, Lemma
2.1]. We set y =&~} HBH%VO,OO(Q) and £ = 3 min(e, 7). Then for all w € V

e(dw,dw)g + (igdw,w)q + 7 (w,w)q
2 2
> e[[dwllzapmeiq) = VIE Iwll p2ar(o) ld wll p2paner @) + 7 lwllz2 k@)
€ 2 g 2 :
2 5 lldwllzzare o) + 5 wllz2ar()

2
= Kllwllgak )

Theorem 3.4.2. Problems B24) and B2H) are well-posed if € > 0.

Proof. This follows directly from Lemma BTl and Theorem B34l O

Remark 3.4.3. Note that the result of Theorem[3.7.3 is particularly weak when € is small.
We encounter v — oo and k — 0 for e — 0.

3.4.2 Well-Posedness: Case ¢ >0, 11 =¢, 12 =1

We consider the advection-diffusion problems [B3)) and B4]) with I'p = 9Q, ¢ > 0,
Y1 = &, 792 = 1 and assume that ¥p can be extended to a function in H AF (©). We
set V.= HAF(Q,¢p) N H*A* (Q) and Vo = HA* (Q,0) N H*A* (). The variational
formulation of an advection-diffusion problem of type B3 is:

For ¢ € L?2(]0,T[;V]) and wy € V, find w € L%(]0,T[;V) with dyw € L? (0, T[; V)
such that for all n € Vj:

<dtw’ 77>V/,V +e (d w, d 77)9 +e (6 w, 0 77)9 + (I,G d w, 77)9 + (wa.jﬁ 577)9 = <¢’ 77>V/,V,
w(0) = wp.
(3.26)
This formulation corresponds to the initial boundary value problem:

Ow+dedw+dedw+igdw+digw =, in ),
trw =1p, on 0f2,
tr(edw —igw) =0,  on 09,
w(0) = wp.

Similar, the variational formulation of problem of type ) for the setting I'p = 99,
€>0,v=cand o =1Iis:
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For ¢ € L2(]0,T[;V) and wp € V, find w € L?(]0,T[; V) with dyw € L? (]0,T[; V{)
such that for all n € Vj:

<dtw777>V/,V +e€ (d w, d n)Q +e€ (5(")7577)9 - (w7 I,@dn)Q - (J,85W777)Q @777>V',V7

{
w(0) = wp.

(3.27)
This is a variational formulation of the initial boundary value problem:

Ow+dedw+dedw—jgdw —djgw=¢, inQ,
trw =1p, on I,
trow =0, on 0f),
w(0) = wp.

Lemma B2 proves coercivity for the bilinear forms in (B26) and ([B21).

Lemma 3.4.4. Ifc > 0, there are v > 0 and k(g) > 0 such that for allw € Vp

e(dw,dw)g+e(dw,dw)g + (igdw,w)g + (w,jgdw), + 7 (W,w)g

> & (IllFrar@) + Il arce) ) -

Proof. The proof is based on a generalization of the proof of a Lemma in [30, Lemma

2.1]. We set v =&~} HBH%VO,OO(Q) and £ = 3 min(e, 7). Then for all w € V

(idw,w)q < V7€ Wl L2k [dwll L2pr+1 (0
and
(j,B 50}701)9 < WVE Hw”LQAk(Q) ”5WHL2A'€—1(Q)7
hence
e lldwllfzprsroy + e 18wl Fopr-1(q) + (Bdw,w)g = (W,igdw), +7 (W w)g

€ 2 € 2 2
2 5 lldwlizeareg) + 5 10 wllzzae—1(q) + 7 lwllz2nr(q)

>k (IllFrar@) + 9l arce) ) -
U
Theorem 3.4.5. Problems [B26l) and B2D) are well-posed if € > 0.
Proof. This follows directly from Lemma BZ4 and Theorem B34 O

Remark 3.4.6. Note that the assertion of Theorem [37.9 is particularly weak when € is
small. We encounter v — oo and kK — 0 for e — 0.
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3.4.3 Well-Posedness: Case ¢ =0, 11 =0, 1o =1

In this case the boundary 0f2 splits into inflow part I'y, with Bjaa - o < 0, outflow part
T'out with :3|BQ -nq > 0 and characteristic part I'g with ,8|BQ -ng = 0. We consider
advection problems ([B3]) and B4) with e =0, v3 = 0, 72 = 1 and impose the boundary
conditions trw = trip,trigw = trigyp on the inflow part I'y, with ¢p € AF (R™\ Q).
The two bilinear forms (-,-)p, g and (-,-)p, g introduced in (Z35) are negative and
positive definite since (3 - ng)r,, < 0 and (B - ng)|r.,, > 0. This gives rise to two
semi-norms ‘w’%m,fﬁ =1 (w,w)r, g and \w[%mﬁ =1 (W, W), g0 Weset W ={we
L2AR(Q),Lgw € L2AF(Q), wlp, —g < oot and L = L?AF (Q) and equip W with the
norm
2 2 2
wllyy = ||W||L2Ak(§2) + ||L,3w||L2Ak(Q) .
Without loss of generality we can assume ¢yp = 0. We set V = {w € W, trw =
0,trigw = 0}. The variational formulation of an advection problem of type B3 is:
For ¢ € C1 ([0, T]; L) and wy € V, find w € C* ([0, T); L) N CY ([0, T]; V) such that for
all n € L:
(dw,n)q + (ipdw,n)q + (digw,n)q = (9,1,
(w(0),mgq = (wo,M)q -

This is a variational formulation of the initial boundary value problem:

(3.28)

Ow+igdw+digw =, in (),
trw =0, on I}y,
trigw =20, on I,
w(0) = wp.

Since we can always introduce a rescaling ' = e *w in ([B2Z8) the following Lemma
establishes the crucial step for proving well-posedness.

Lemma 3.4.7. Assume that there exists o € A° (Q), a > 0, such that
aw/\*w—i—%(Lﬁ—i—E,@)w/\*wa/\*w, Vw e AF(Q). (3.29)
The operator A:V C L+ L, defined as
(Aw,n)g = (aw,n)q + (Lw.n)g, Vel

1s a maximal monotone operator.

Proof. The operator A is monotone and it only remains to prove maximality (B20),
which is equivalent to existence and uniqueness of solutions of the following variational
formulation:

For f € L find w € V such that

((a+Dw,n)g+ (Lgw,n)g = (f;n)q, YnelL

To prove existence and uniqueness we verify the assumptions of Theorem B3TL
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3.4 Variational Formulations

e The bilinear form
a(w,n) = ((a+w,n)g+ (Lgw,n)q

is continuous on V' x L.

e We continue in proving the inf-sup-condition in Theorem B3l First the positivity

conditions and the Leibniz rule for Lie derivatives ([Z36]) imply L*-stability:

a(w,w) =((a+1Nw,w)g + (Lgw,w),

= (@ + D@l + 5 (Lp + Lol g + 5 ((©0)p 0+ ©:0)0,0)

2
>2 ||wl|7, -

The last inequality follows from (8- ng)r,,, > 0 and the imposed boundary con-

ditions, since

(w,w)rim@:/ tlriﬁu)/\tlH«.u—l—(—1)"6/F trw Atrigw,

in in

by Z33), [32) and ZI). The L2-stability implies

a(wn) _ alw,w)

sup > > 2wl -
nel lnllg lwllf g
We set aq = [l + 1| oo ) and deduce
a+ Dw, + (Lgw,
sup 29 _ ((a+Dw,n)g + (Lgw,n)g
nel Il ner Il
L
o 8o (0t Dy
nel  Inllg nel Il
Lgw,n
ner  nlly
aq a (Wﬂ?)
> ILpwllpopey — 22 sup 221
PN g et Tl

This yields

2
a2 1 a(w,m) 2 2
e 4 7) (su > LpwlZapeqy + Il
<( 2/ "4 <nEL Il Al T

i.e. the inf-sup-inequality

N

. a(w,n) 2)”
inf sup ———"— > 2(1+ (24 a1)
weV per, ||WHW ||77HL ( )

(3.30)
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3 Generalized Advection-Diffusion Problem

e Next we establish the injectivity condition in Theorem B3l Let n € L such that
a(w,nm) =0 for all w € V. A density argument gives (a 4+ 1)n + Lgn = 0, which
implies in particular n € W. Testing with w € A¥ () NV we find tr+n = 0 and
trigxn = 0 at I'oy and deduce

1 1
= (an,mo+5 (0, Lang+ (1:Lamg) — 5 ((n,n)pm,g + (77777)1“()““,3)
> Hn”%QAk(Q) )
ie. n=0.

O

Remark 3.4.8. The identity B30) shows that we could impose the boundary conditions
differently. For the following four conditions we can show well-posedness:

1. trigw =trigyp and trw = trYp on Lin;

2. trigw =trig¢p and trigxw = trigxp on I'iy;

3. trxw = trxYp and trw = tryp on Liy;

4. trxw =trxp and trigxw = trigxp on I'i,;
Theorem 3.4.9. Problem [B2Y) is well-posed.

Proof. In introducing v = exp(—at)w we can always write (B28) in terms of the operator
a + Lg instead of Lg, hence well-posedness follows from Lemma BZ7 and Theorem
)., ) ]

Next we consider the advection problem of type ([B3)) for the adjoint Lie derivative Lg.
We impose the boundary conditions trw = tr¢p,trigw = trig+p on the inflow part I';,
with ¢p € A¥ (R"\ Q). We set W = {w € L*A*(Q),Lgw € L*A*(Q) , |w|, _g < oo}
and L = L?A* (Q) and equip W with norm

2 2 2
lwliw = ||WHL2A1€(Q) + HﬁﬁWHmAk(Q) :

We assume again homogeneous boundary conditions and set again V = {w € W trw =
0,trigw = 0}. The variational formulation of (B4 is:
For ¢ € C1([0,T); L) and wy € V find w € C* ([0, T]; L) N C° ([0, T]; V) such that for
all n e L:
dyw, — (0jgw, — (jgdw, = (¢, ,
(diw,n)g — (Sigw.n)g — (i30w.n)g = (¥,n)q (3:31)

(w(0),mg = (wo,M)q-
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3.4 Variational Formulations

This is a variational formulation of the initial boundary value problem:

Ow —jgdw —djgw =, inQ,
trw =0, on Iy,
trjgw =0, on I,

w(0) = wp.

Analogue to Lemma BA1 we get the following result on existence and uniqueness for
the stationary problem.

Lemma 3.4.10. If there exists o € A° (Q), a > 0, such that
QW N w — % (Lg+Lg)wArw > wAHw, Ywec A (Q).
The operator A:V C L L, defined as
(Aw,n)g i= (aw,n)q = (Law,n)q, YneL
1s a maximal monotone operator.

Theorem 3.4.11. Problem [B31) is well-posed.

Proof. Follows from Lemma and Theorem O

Remark 3.4.12. The positivity conditions in Lemmas [5.4.1 and [34.10 are conditions
on B and partial derivatives of B, since Lg+Lg = C(8,DB)id by @40). Table [Z2
summarizes explicit values of C(B3,DB) for the different forms in R3.

Remark 3.4.13. If B has vanishing normal components everywhere on the boundary we
do not need to impose boundary conditions.

3.4.4 Discussion

In light of the results of Theorems and B-ZTTl we change in the variational formula-
tions (26) and (B24)) the boundary conditions. Instead of V- = HA¥ (Q,v¥p)NH*A* (Q)
and Vo = HAF(9,0) N H*A* (Q) we set V = HA* (Q,¢p) N H*A* (Q,0) and V =
HAF (9,0)NH*A¥ (9,0). Then the variational formulation (E2ZH) for advection-diffusion
problems of type [B3) corresponds to the initial boundary value problem:

Ow+dedw+dedw+igdw+digw =, in,
trw =1p, on O,
tr(xw) =0,  on 01,
w(0) = wp.

49



3 Generalized Advection-Diffusion Problem

The variational formulation B21) for advection-diffusion problems of type (B4l corre-
sponds to the initial boundary value problem

Ow+dedw+dedw—jgdw —djgw=¢, inQ,
trw =1p, on 09,
trxw = 0, on 01},
w(0) = wp.

Under the positivity assumption of Lemmas B2 and B-ZT0 we can prove uniform
L2-stability for the bilinear forms in the variational formulations (B26) and (EZ1).

Lemma 3.4.14. If there exists a € A° (Q), a > 0, such that
aw/\*w%—%(quLEB)w/\*w >wAxw, YweAr(Q),
then for w € HA* (Q,0) N H*A* (Q,0)
e(dw,dw)g +e(dw,0w)g + (igdw,w)g + (w,jgdw), +a(w,w)g
> elldwl|Fzpr 0y + € 6 wll72ar ) + 0l F2ar(e) -

If there exists o € A (Q), a > 0, such that
1
QW N *w — §(L5+£5)w/\*w >wAxw, YweA*(Q),
then for w € HA* (Q,0) N H*A* (Q,0)

e(dw,dw)g +e(dw,dw)q — (jﬁéw,w)ﬂ— (w,igdw)y + a(w,w)q

> e|[dwl|Fzpr 0y + € 6 wllT2ar ) + Wl F2ar(e) -

Proof. The proof follows by (Z34)), (Z36) and Z37) from

. ) 1 1
(igdw,w)q + (w,Jﬁéw)Q = §(L,3+£,3w,w) — 5/

1
triﬁw/\*w—i——/ trwAxjgw
o9 2 Joq

O

For k = 0 we find from Table that Lg + Lg corresponds to — div 3, hence we have
found a generalization of the scalar advection-diffusion problem. It is somehow irritating
that we need to impose boundary conditions on both trw and tr*w which is different
from the pure diffusion problem. There well-posedness can be guaranteed by imposing
conditions on either of these two.

It well is well known that Galerkin discretizations for variational problems in the spaces
HAF () N H*A* (Q) need to be formulated with caution. At first glance the simplest
choice for approximation spaces would be some H'A* (Q)-conforming space. But there
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3.5 Numerical Methods for the Scalar Problem

are situations [22], e.g. 2 non-convex, where the complement of HA¥ (Q) N H*AF () N
H'AF (Q) in HAF (Q) n H*AF (Q) is non-trivial. In that case there are w in HAF () N
H*A* () that can not be approximated by H'A* (Q)-conforming approximation spaces
and we can not guarantee that the solution of a Galerkin scheme based on such spaces
will converge to the right solution.

In the following chapters we will therefore present Galerkin discretizations with ei-
ther HA* (Q)-conforming approximation spaces, H*AF (Q)-conforming approximations
spaces or L2AF (Q)-conforming approximation spaces.

3.5 Numerical Methods for the Scalar Problem

To motivate the subsequent chapters we recall here a few important issues for solving non-
stationary advection-diffusion methods and give short references to the main methods.

The numerical methods for the scalar advection-diffusion problems Bl and (B2
have to deal with two main difficulties when the diffusion parameter ¢ is small:

1. The analytical solution of the stationary advection-diffusion problem can have very
steep layers along characteristic lines or at the outflow boundary. In such cases
the standard numerical methods for elliptic problems usually suffer from so-called
spurious oscillations: the numerical solution is highly oscillatory on the entire
domain. Only very fine discretizations, meaning very expensive discretizations, can
yield reasonable numerical solutions. If one uses the methods of lines approach with
implicit numerical integrators for the non-stationary problem, it will be crucial to
have cheap and stable methods for the stationary problem.

2. Explicit time-stepping schemes on the other hand, that would circumvent the suc-
cessive solution of stationary advection-diffusion problems, face serious stability
issues when the diffusion parameter tends to zero. Is is for example well known
that the explicit Euler method and spatial discretization with central finite differ-
ences will be unconditionally unstable for the limit problem.

This first issue is addressed in designing numerical methods that work even in the limit
case of advection problems. Here the methods of choice are the Discontinuous Galerkin
methods [42,51,74], Galerkin/Least-Squares methods [43] or subgrid viscosity techniques
[27]. We also refer to the monograph [76] for a detailed discussion of such methods.
Compared to standard Galerkin methods the non-standard methods permit stability
and error estimates in certain mesh dependent norms ||-||, that are stronger than the
L?-norm, even for e = 0. Although numerical experiments confirm the superior quality
of solutions of non-standard methods the usual error estimates of type:

lw = wnll, < Ch®

do not justify this rigorously. As for the standard Galerkin methods the constant C
depends here on higher order derivatives of the solution w. In the case of layers this
constant can be very large. The ultimate justification of non-standard methods are lo-
calized error estimates that bound the error on subdomains by constants that depend
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3 Generalized Advection-Diffusion Problem

only on slightly larger subdomains. This proves that steep layers of the analytical so-
lution do have very little influence on the approximation quality in regions away from
these layers. We refer to [31] for such estimates for Discontinuous Galerkin methods and
to [65] and [76, Theorem 3.41] for a Galerkin/Least-Squares method.

Another issue that is frequently neglected are the different boundary conditions for
the limit problem. While for € > 0 well-posedness requires boundary conditions on the
entire boundary, the limiting advection problem needs boundary conditions only on the
inflow part of the boundary. It is shown in [7] that an appropriate treatment of boundary
conditions can improve the quality of the numerical solutions of non-standard schemes.
Here, the key technique is to enforce the boundary conditions weakly such that in the
limit e = 0 only those on the inflow part remain. This basic idea goes goes back to [68]
and is related a Lagrange multiplier technique for enforcing boundary conditions [82].
In Discontinuous Galerkin methods for advection-diffusion problems such a treatment
of boundary conditions appears naturally in the derivation [42].

A recent result [78] shows even that Galerkin methods that are non-standard only in
the treatment of the boundary conditions yield numerical solution that do not suffer from
spurious oscillations. To illustrate this we consider the following Galerkin formulation/
of the stationary advection-diffusion problem: Find uj, € V;, ¢ H'A?(Q), where V}, is
finite dimensional, such that

eai(up, v) + az(up,v) = (f,v)q +eli(v) +l(v), Yv eV, (3.32)
where
ai(u,v) := (gradu,gradv), — (ng - gradu,v)yq — (u,ng - gradv)yo + (au,v),q ,
az(u,v) = (B -gradu,v)g — (8- nou,v)p,

Li(v) = (04977))397
la(v) = — (B - nqg, U)rin .

The stabilization parameter « is anti-proportional to the local mesh size h. For ¢ > 0
the variational formulation (B32)) is a discretization of the boundary value problem:

—edivgradu+ @ -gradu = f, wu =g on 0S. (3.33)

In the limiting case ¢ — 0 we get a variational formulation for the advection problem with
weakly enforced Dirichlet boundary conditions on the inflow part I';, of the boundary.
Then ([B32) is a discretization of the boundary value problem:

B-gradu=f, wu=gon [y,. (3.34)
For the solutions of (B32) we can prove the following local estimates [78, Theorem 5.1].

Theorem 3.5.1 (Schieweck). Let Vj, € H'AY (Q) be the standard Lagrangian finite ele-
ment space with local polynomial degree v > 0 on some uniform mesh with mesh size h
and uy, the solution of the discrete problem B32). Assume div@ > 0, u € H™ 1A% (Q)
for the solution u of [B34) and u € H? () for the solution u of B33). Furthermore,
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3.5 Numerical Methods for the Scalar Problem

let Qo C Q be a subdomain excluding all boundary layers in the sense that there exists a
constant C independent of € such that:

_1 ~ ~
€ 2fu =l g1 po(qy) + llu = Ul 2p0 () < Ce.

Then for e < h and m :=2 — 5, it holds

[ = wnllr2p0(00) < C (A7 +B") [l grrs1p0(2)- (3.35)

The original results in [78] apply also to non-uniform meshes. The convergence es-
timate (B30) states that in the case when h is sufficiently larger than e the error in a
domain excluding the boundary layer is independent of € and converges with rate r.

Let us illustrate this result for the data Q = [0,1], f(z) = sin(1llwz), ¢g(0) = 0,
g(1) = 0, B = 1 and piecewise linear approximation » = 1. For small € the analytical
solution has a steep boundary layer at x = 1. The standard method, i.e. formulation
B32) with strongly imposed boundary conditions will yield numerical solutions with
large oscillations on the entire domain. For moderate diffusion, i.e. € = 1 the L?-error of
the numerical solution with weakly imposed boundary conditions does not differ much
from the error of the solution with strongly imposed boundary conditions (Figure BI).
This changes dramatically when we decrease € to 1076 (Figure B2)) and 10~'2 (Figure

—%— strong
—H— weak
2

107 10° 10

Figure 3.1: L?-error on [0,0.889] of the numerical solutions with weakly imposed and
strongly imposed boundary conditions, € = 1.

B3). Figures and illustrate the L2-error for solutions of the different methods on
the interval [0, 0.889] excluding the boundary layer. For both methods we see convergence
of second order for h large enough, but the error of the solution with weakly imposed
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3 Generalized Advection-Diffusion Problem

boundary conditions is orders of magnitude smaller. The numerical solution does not
suffer form spurious oscillations. Figure 4] shows the typical numerical solutions for

. —— weak
[ hl\2

10" 10 100 100 10° 10
‘he Le=10""6

Figure 3.2: L%-error on [0,0.889] of the numerical solutions with weakly imposed and
strongly imposed boundary conditions, ¢ = 1076,

e = 107 on three different meshes. When the mesh size h is larger than e the solution
with strongly imposed boundary conditions is highly oscillatory, while the solution with
weakly imposed boundary conditions yields quite accurate approximations.

The difference between the two methods is the e-dependency of the error for fixed
h. In case h > e the error of the method with strongly imposed boundary conditions
increases dramatically when ¢ decreases (Figure B).

In conclusion we find that the method of lines with implicit numerical integrators yields
valuable methods for the non-stationary problem if the spatial discretization accounts
for a proper treatment of the limit problem.

An entirely different approach that circumvents both the stability constraint of ex-
plicit numerical integrators and the difficult treatment of stationary advection-diffusion
problems are the so-called semi-Lagrangian methods. Semi-Lagrangian methods com-
bine the partial time derivative and the advection operator as one operator. For the
limiting problem, the advection problem, the Lagrangian methods are known to be un-
conditionally stable. Further, in the advection-diffusion case we only need to solve sta-
tionary parabolic problems, that do not cause the difficulties encountered for stationary
advection-diffusion problems.

In view of the rationale that good numerical methods for singularly perturbed advec-
tion-diffusion problems should provide also good solutions for the limit problem we will
focus in the following chapters on stationary and non-stationary advection problems.
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15

10

1010 L. -

L2-error

—x— strong
~ —b— weak
—— _hr2

7 8 9 10 11 12

10 10 1 10 10 10
th_l, e=10"12

Figure 3.3: L%-error on [0,0.889] of the numerical solutions with weakly imposed and
strongly imposed boundary conditions, ¢ = 1076,

In Chapter Bl we present stabilized methods for the generalized stationary advection-
diffusion problem for differential forms. In the next chapter, Chapter B we use these
stabilized methods to introduce Eulerian methods for the non-stationary problem and
present the semi-Lagrangian methods, as an alternative method.
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Numerical solutions with strongly (left) and weakly (right) imposed bound-
ary conditions on three different meshes with 1.) h = 7.81251073 (top),
2.) h = 4.882810"* and 3.) h = 3.051810~° (bottom) for problem (B33
with right-hand side f = sin(11mz), velocity 3 = 1 and boundary data
u(0) = u(1) = 0. The analytical solution has a steep layer in the vicinity of
x = 1. The solution with strongly imposed boundary conditions is highly os-
cillatory for larger mesh size h. The solution with weakly imposed boundary
conditions yields good solutions for small and large mesh sizes.
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10

10 T
—*—— strong
—b>— weak
10° R
10° | R
—
o
=
=
<)
10° | R
10*10 | i
10’15 i i i i
107 10° 10° 10%

he=' h = 6.10351075"

Figure 3.5: L%-error on [0,0.889] of the numerical solutions with weakly imposed and
strongly imposed boundary conditions, h = 6.1035107°.
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4 Stationary Advection Problem

The method of lines is a popular method to solve non-stationary problems. If we use such
methods with implicit time integrators for the generalized advection-diffusion problem of
type (B3)) or B3]), we have to solve iteratively stationary advection-diffusion problems.
Since we focus here on advection-diffusion problems with dominating advection, we have
to solve iteratively singularly perturbed stationary advection-diffusion problems. In the
scalar case this is known to be a difficult task as outlined in Section

Good numerical methods for the scalar stationary advection-diffusion problem, like the
SUPG/SDFEM-method [43] or discontinuous Galerkin method with upwind fluxes [42,
51,74], yield admissible solutions even for the limiting problem, the advection problem.
Further, since discretization of generalized diffusion problems for differential forms is
well established nowadays [3,36] we can focus here as well on numerical methods for
stationary advection problems.

In this chapter we present two different stabilized Galerkin methods for the stationary
advection problems

aw+Lgw = o, in €,
trw = trip, on I, (4.1)
trigw =trigyp, on Iy
and
aw —Lgw = @, in €,
trw = tr {ED, on I'iy, (4.2)

triga):trilglzp, on I'i,

with data ¢, & € L2A*(Q) and ¢p,¢¥p € A (R"\ Q). a € A°(Q) is a given scalar
parameter and 3 : ) — R™ is a given Lipschitz continuous velocity field. The advection
problem (BT is the limiting problem of an advection-diffusion problem of type B3).
Problem (32) is the limiting problem of a generalized advection-diffusion problem of
type (B.4).

We have shown in Lemma B that ([I) is well-posed for w € W, with W = {w €
L2AR(Q),Lgw € L2A* (Q), lwlp,, —g < oo} under the assumption that there exist ag €
R, ag > 0 with

1
aw/\*w+§(L,3+£,3)w/\*wZaow/\*w, Vw e AF(Q). (4.3)

Similar LemmaBZT0 proves well-posedness of ([B]) for @ € W= {we L2AF(Q),Lgw €
L2AF(Q), |lwlp, g < oo} if there exist ag € R, ag > 0 with

1
aw/\*w—§(L,3—|—/J,3)w/\*w2aow/\*w, Vw e AF(Q). (4.4)
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Stationary Advection Problem

By 39 and Proposition we know that Lg+ Lg is a self-adjoint operator on
L2AF (Q), ie. ([@E3) and @) are positivity assumptions on the self-adjoint operators
aid + 2 (Lg+ Lg) and aid — & (Lg+ Lg). In particular the assumption @) and @)
are assumption on the problem parameters o and 8. We refer to the Tables and
for concrete representation of Lg+ Lz as non-differential operator for forms in R?
and R3. For the cases k = 0 and k = n we recover the standard positivity assumptions
o — %div,@ > ap and a + %divﬁ > . In introducing in (B3)) and B3] a scaling
W' = e®w with appropriate o/ € R we can always take the positivity assumptions E©3)
and () for granted.

Note that problems (Il and [2) are two different advection problems for k-forms.
Replacing in problem (2) the k-form w with the k-form *w, where w is a n — k form
we obtain a problem of type 1] for w. This means that it is enough to study problem
(&), if we consider both discrete differential k- and n — k forms as approximation spaces
for the advection problem (ET) for k-forms.

We will first introduce a family of stabilized Galerkin methods for advection problems
of k-forms that include the Discontinuous Galerkin methods for scalar advection prob-
lems. The second family of methods, so-called characteristic methods, presented there-
after is inspired by semi-Lagrangian time-stepping schemes. Here the ”time”-parameter
T appears as an artificial, user-defined parameter. We show that our stabilized Galerkin
methods are the limit of the characteristic methods when 7 — 0.

4.1 Stabilized Galerkin Methods

The derivation of the method for k-forms corresponds to the derivation of the Discon-
tinuous Galerkin method for scalar advection in [13]. Accordingly we get stability and
consistency of the method in the general case. The convergence proofs we give afterwards
will cover only the different cases in R3. The proofs involve certain technicalities that
can not be expressed with the limited notations from exterior calculus introduced here.
Since R3 is our main interest this is no severe limitation. Apparently, similar results for
the lower-dimensional cases R? and R! follow by identical arguments.

4.1.1 Derivation of the Method

Let 7 be a simplicial triangulation of 2. We will call the oriented n-simplices T € A, (7)
and n— 1-simplices f € A,,_1(7) elements and facets of the mesh 7. An oriented facet f
has a distinguished normal ny. If a facet f is contained in the boundary of some element
T then either ny = N, or ny = —Ngj,. Then w' and w™ denote the two different
restrictions of w € A* (Q) to f, e.g. wt = wy,., where element T has outward normal
ny. With these restriction we define also the jump [w] ;= wt —w™ and the average
{w}, = 2wt +w™). For f C 9Q we assume f to be oriented such that ny points
outwards. Let F° and F? be the set of interior and boundary facets. .7:9,.7:_? c F?is
the set of facets on the inflow and outflow boundary.
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4.1 Stabilized Galerkin Methods

Further let A]fl (7') denote some piecewise polynomial approximation space for differ-
ential k-forms. Here Ai (7T') could be either one of the conforming approximation spaces
P.A*(T) or P A*(T) but also the non-conforming space PAAF(T) or even xP,. A" *(T)
or ¥P A" F(T).

We fix some element T, test [ II) with «n, n € A¥ (T), integrate the product over T
and apply the Leibniz rule for Lie derivatives (Z30)):

(aw,n)p + (W, Lgn)p + (W, Morg = (L)
Summing this equation over all elements yields:
(0w, Mg+ Y (W, Lamp+ > Wnorg = (L.0)q,
T T
or, if we write the sum over boundaries of elements as sum over facets:
(aw, n)g +Z w,Lgmp+ Y (w — (W) st D Wimpg= (wim)g
feFe feF?

The identity

@) o= ) e = (Wlpdmy) 4 (@3p0)),,  @45)

shows
(w+a77+)f73 - (w_,n_)f”@ = ({w}f’ [U]f))c”@

for solutions w € W of the advection problem (II), since w is non-smooth only across
characteristic faces, i.e. those faces f with ny -3 = 0. But for f with ny-3 = 0 we have
() 75 =0, anyway. We are now in the position to define a stabilized Galerkin scheme
for the advection problem (EI)):

Find wy, € A¥ (7) such that:

a(wn,m) =1(n), VneAj(T), (4.6)
with
()= (pmg— > (Wp,n)pg (4.7)
fer?
and
a () == (aw, n)g +Z wLamp+ S (W)
JeFONF2 (4.8)
£ (@plily) 4 (erlpliy), o

feFe
where c; is a stabilization parameter that need to be specified later. Since the stabiliza-
tion terms <cf (W]}, [7] f>f,8 vanish for w € W solution to (II), the derivation proves

consistency.
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Stationary Advection Problem

Lemma 4.1.1. The variational formulation [8) is consistent with problem EJ]).

Remark 4.1.2. The choice cy = %‘ZEQ yields a scheme with so-called upwind fluxes:

<{°"}f’ [”]f)fﬁ+ (Cf W, [n]f> P

b f
(T aag) 5 (1 o))
<2<1+|ﬁ-nf| T ey bils 73

When we want to implement our variational formulation we realize that the evaluation
of the terms (w,Lgn), requires knowledge of first order derivatives of B due to Lg =
djg+ig0. Therefore, the representation of a (w,7) in the following proposition is much
more convenient for implementation. See also the Appendix for a representation
of a (w,n) in vector proxies in R3.

Proposition 4.1.3. The following equality holds for all w,n € Ai (T):

a (Wﬂ?) = (OM,U)Q + Z (iﬁd W,U)T + (W,Jﬁ577)T

T
+ 3 (isfwds] 1) ([w]f,Jg{n}f)ftr+ @ [w]f,[n]f)m
feFe ’ ’
+ Z (iBWﬂ?)ﬁtr - Z (W7J',377)f7tr-
feFON\F? feF?@

Proof. The proof follows from the Leibniz rules for exterior derivatives (ZI1l) and con-
tractions [Z23) and the identity w™ Ant —w™ An~ = [w] A {n}; + {w}; [1];:

Z (w,émn)T = Z (dW7J,877)T_ (wvlﬁn)aT,tr

T T

Y st~ (oo
Z |,3dwn Z (w,jlgn)f’tr

T fe]-'f’
- Z ,JBT} fitr o (wi’jﬁni)ﬁtr
feFe
:Z (lﬁdwan)T - Z (w’jﬁ n)f,tr
T feF?
- fezfo ( Wl {U}f> ({w}f’JB [n]f>f,tr '
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4.1 Stabilized Galerkin Methods

Then we get
a(w,n) =(aw,n)q +Z (w,igdn)y + (igdw,mp+ > (win)sg
fEFONF2
3 (ply), ,+ (el )
feFe U
=Y (wisn) = 2 (Wpdatny), + (@dpdally),
fero feFe ’ ’
and the assertion follows from (Z30)). O

If we use conforming discrete differential forms spaces as approximation spaces the
bilinear form in proposition simplifies further.

Proposition 4.1.4. For w,n € P,A¥(T) and w,n € P-A*(T) it holds:

a (Wﬂ?) = (OM,U)Q + Z (inW,U)T + (waj,@(;n)T

+ ) <'B {why, ] ) + (Cf s [w]f’[n]f>fv“

feFe
+ Z (iﬂw’n)ﬁtr - Z (w’jﬁ 77)f7tr .
feFONF? feF?o

For w,n € ¥P, A" ¥(T) and w,n € ¥P; A"~F(T) it holds:

a (w777) = (Oéwﬂ?)n + Z (i,@dw777)T + (wajﬁén)T

T
— Z < £ {W}f) (Cf Wl is [n]f>f,tr
feFe
+ D (pwmpe— > (wigh) -
feFO\F? fer?

Proof. Recall that (w,n);, = ff tr(w) A tr(xn), tr(w];) = 0 for w € P AF(T) or w €
P-AF(T) and tr(x [w]f) =0forwe *73 A"R(T) or w € ¥P7 A" F(T). O

We proceed by proving stability in the mesh dependent norm:

||w||h—||w||L2Am)+ZH W, ot 2 Ml gt 2 el ype 49)

feFo\F? fer?

with the obvious definition HH?”B = (w,w);g- [l is a norm for any choice ¢y with
ctB-ny > 0, because then (wa,w)f,@ is non-negative according to remark
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Stationary Advection Problem

Lemma 4.1.5. Assume the parameter cy satisfies for all faces f the non-negativity con-
dition
Cf,B Ry > 0

and [E3)), i.e. that « and ( are such that there is a positive constant ag with
aw A *w + = (Lg—}—ﬁg)w/\*w>aow/\*w Yw e A¥(Q).

Then we have for all w € AF (T):
a(w,w) > min(ag, 1) [lw]} -

Proof. This follows from the Leibniz rule [38), starting from (EJ)):

a(w,w) =(aw,w)q + Z (w,Lgw)p + Z (w,w)r 3
T

feFoONF?
£ (@), + (el lely)
feFe
(aw,w) —i—Z( Lg—i-ﬁg)) + Z (w,w)fﬂ
T ferorFo
3 (hplely), ,+ (erlelplely)
fE]-'O
5 2 (k) (1 t0)y) =5 3 @l
f feFo
:ET: ( Lg+£ﬁ) >T+g;o (es [w]f,[w]f>fﬁ
+% > (w’w)f,ﬁ_% >, Ww)ig
feFoONF2 fere
> min(a, 1) |w]]7,
since (w,w); 5> 0for f € FoN\ FO. O

Remark 4.1.6. If we have in Lemma[[.1.] that c; = 0 then
a(w,w) > min(ag, 1) ] 72px(q) -

Remark 4.1.7. All assertions on convergence of Galerkin schemes, e.g. Theorems[f. 1.8
118 will be based on Lemma 1.3 That means they will assume ). For concrete
problems with solution w and Galerkin solution wy, it would be enough to assume L*-
stability of a (wy, — wp, Wn — W), where Wy, is the L?-orthogonal projection of w.
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4.1 Stabilized Galerkin Methods

4.1.2 Convergence: Non-Conforming Discrete Differential Forms in R"

Now, we prove convergence of our formulation (6 for the non-conforming discrete
differential forms space A (T) = PIAF(T).

Theorem 4.1.8. Assume that 3) holds for o and 3 in BTl and that cy in [@H) is
such that
cf,@-nf>0 VfeFe.

Let w € W and wy, € AF(T) be the solutions to the advection problem Bl and its
variational formulation @B). If additionally A¥ (T) = PIAF(T) and w € H™HTA* (Q),
r >0, we get with C > 0 independent of mesh size h := maxp(hr)

1
lw = whll, < CH*2 [|wl grsapr (-

Proof. Let @, denote the L2-projection of w on PYA¥(T). Then stability (Lemma ETH)
and consistency (Lemma ELTT]) show

min(ag, 1) lwn — @nll} < a(wh — @n,wn — ) = a (10, 74)

with 7 := w — @, and vy, = wyp — @,. Let @), denote the L?-projection of B onto
(PSA(T))", then Lg, v, € PIAK(T), ie. (n,Lg, )y =0, and

a (777 th) = (0”/7 'Yh)Q + Z (777 (ﬁﬁ - ﬁBh)Vh)T + Z (777 th)ﬁB
T feFNF?

+ 2 ({77}f’hh]f>mJr <Cf [n]f,hh]f)m.

feFe

(4.10)

The pairing ([77] > [ml f> = <c £y [l f) 5 is a semi-definite bilinear form by the

fycfﬁ
assumption c¢y3-ny > 0. Hence Cauchy-Schwarz inequalities yield:
0 0
(na’Yh)f,ﬁ < Hnl!f,g H’Yh”f,ﬁa for f e F7\ F2,
1 -1 o}
ST e Y Y
(et tt+ il bmly) <l gl ol f

(777 ([’,3 - E,@h)’Yh)T < Hn”LQAk(T) H(ﬁﬁ - Eﬁh)7h|’L2Ak(T) )
(an,yn)q < HO‘HWO@OAO(Q) ||77\|L2Ak(ﬂ) ||7h\|L2Ak(Q)-
Analogous to the scalar case, we find
e the multiplicative trace inequality [2]
M7, 6 < OO Il T2ar(r) + hplnlrasery)s

with diameter hy of face f and C' > 0 depending on the minimum angle of 7" and

B,

65



Stationary Advection Problem

e the estimate

H(EB _Eﬁh)WhHmAk(T)
<18 = Bulwro ) Il L2k ) + 18 = Brll ey nl g1k ),

e the inverse inequality,

|7h|H1Ak(T) = Ch? ||7hHL2Ak(T) )
with element diameter A and C > 0 independent of hp.

These results follow from those for the scalar case by an argument for vector proxies.
In conclusion we find with C' > 0 independent of h

_1 _ 1 _ _
lwn — @l < C max <h 2 ||w = @nll p2prr) + h2flw — wh||H1Ak(T)> lwn — @nlly, -

Then triangle inequality and the approximation estimates in Theorem Z2T0 yield the
assertion. |

For the particular choice Af (7)) = PJAF the formulation ([EB) can be seen as finite
volume scheme. In the case £ = 2 and n = 3 we discover an upwind finite volume scheme
that reduces to the one in [29] for Cartesian grids.

1 Bny

2 |Bny]’
k=2 and A} (T) = PA%(T). Let B denote the vector correspondence to w € PSA%(T).
B has three components B that are piecewise constant on the elements T. A simple

calculation shows that Lgw corresponds to —DBTB. We introduce the coefficients

B;T = min <0, /aT B‘f -nr dS>
6;',T 1= max (0,/Tﬁf -y dS>

and find that the variational formulation (EH) is

( [ L + mi - i i .
oBj, —(DBB)j, + 3y > (@T i~ 5f,TB|T-) =Fi., ViandVT,
feF\F?

Remark 4.1.9. Consider the variational formulation [EH) with ¢y = n =3,

where T~ # T is the other adjacent element of fr if fr ¢ 0Q and B! = 0 otherwise.

l7—

Note that the coefficients B;{T and ﬂ;T select the upwind values of B and follow from
our particular choice of ¢y (see Remark [[-1.3). Lemma [{-1.9 and Theorem [{-1.8 prove

stability and convergence of such finite volume schemes.

For the non-stabilized scheme, i.e. ¢y = 0 in (fH), we get a sub-optimal convergence
estimate, since we have to use another inverse inequality to bound the facet integrals
vl . by L2-norms on elements [13, p. 1902].
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4.1 Stabilized Galerkin Methods

Remark 4.1.10. Assume that @3) holds for a and 8 in [Tl and that cy = 0 in @G).
Let w € W and wy, € A¥(T) be the solutions to the advection problem Bl and its
variational formulation @B). If additionally w € H™YAF (Q) and AF (T) = PIAF(T),
r >0 for we get with C' > 0 independent of mesh size h

lw = whll2pr) < CR[|wll grsiakq)-

In particular we have no convergence for r = 0: If we work with piecewise constant
approximation spaces PgAk we can not prove that the numerical solution of the non-
stabilized scheme converges.

The crucial step (EEI) in the proof of Theorem EET¥ is based on the property Lg, v, €
A¥(T) for 4;, € AF (T) and piecewise constant velocity fields 3, € (PSAO(T))n. For ap-
proximation spaces Aﬁ (7)) with global continuity properties this will not follow straight
forwardly. At first, we can only give a suboptimal estimate.

Theorem 4.1.11. Assume that [3)) holds for o and § in @) and that cy in @H) is
such that

cf,B-nf >0, erfo.

Letw € H™ AR (Q) and wy, € AY (T) be the solutions to the advection problem Bl and
its variational formulation @B). If additionally either A (T) = P.A¥(T), AF(T) =
P;HAk(T), A (T) = «P, A R(T) or AF(T) = *P;HA"_]“(T) we get with C > 0
independent of the mesh size h := maxp(hr)

lw = whlly, < CA|lw]l grapr(ey-

Proof. The proof is similar to the proof of Theorem LS, but without step (EI0).
This means that we need an additional inverse estimate that causes the non-optimal
rate. ]

This result is very unsatisfactory, because it does not prove convergence for lowest
order conforming discrete differential forms. In the next section we show therefore how
to establish optimal convergence estimates for conforming discrete differential forms
spaces in R3. As explained earlier, the proofs involve certain technicalities that can not
be expressed with the limited notations from exterior calculus introduced here.

4.1.3 Convergence: Conforming Discrete Differential Forms in R?

Notation: We use here boldface letters to denote the vector proxies of 1-form and 2-
forms. Non-boldface letters stand for O-forms or 3-forms. While we keep the introduced
notion for the various spaces, e.g. HA' (Q) instead of H (curl, ), we use now [ £2(0)

(Il z2()) and [l gy (Il () to denote L? and Sobolev norms of scalar (vectorial)
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Stationary Advection Problem

functions. Besides the obvious correspondences to L? and Sobolev norm for differen-

tial forms we have e.g. that H,/Cf,@ ‘ny- HLQ(f) and Hw/Cf,@ ‘ny- HLQ(f) corresponds to
H'Hf,cf,@’ compare (Z30).

The convergence results for the advection problems for 3-form and 0-forms are classical
results in numerical analysis. The approximation spaces are either piecewise polynomial
globally discontinuous or piecewise polynomial globally continuous approximation spaces
and the convergence proofs are standard theory of either discontinuous or continuous
Galerkin methods (see [27, page 265] and [13]). To adapt to the proof of TheoremELT8 we
need to introduce so-called averaging interpolations operators mapping non-conforming
discrete differential forms to conforming discrete differential forms. Such interpolation
operators have been used previously in the analysis of Discontinuous Galerkin meth-
ods ( [41, Appendix], [39, Appendix] and [49]). Here, we need averaging interpolation
operators for discrete 0-forms, 1-forms and 2-forms. As a result we get the following ap-
proximation results on conforming approximation for discontinuous scalar and vectorial
functions.

Proposition 4.1.12. Let u € PIAYT) = xPIAX(T) and u € PIN(T) = «PIN3(T) =
*PpA3(T). Then there existu' € P,AYT) C Py ANT), us? € P,A*(T) C P AX(T)
and u® € P,A(T) C P 1 A%T) such that

2
Hu—uCJHiQ(Q) <c | ) hf/f‘[u]f xnf‘ ds+ > hf/fyuxnf\Q ds |, (4.11)
fere ferd

2
Ju = 02| < Ca [ Y hf/([u]f-nf‘ s+ 3 hf/|u-nf|2 as |, (4.12)
fere reFo

and

2
Hu—uc’OHig(Q) < (s Z hf/f‘[u]f‘ ds + Z hf/f\uIQ ds |, (4.13)

fere feFo

where hy is the diameter of facet f and C1, Cy and C3 are independent of the mesh size.

Proof. The proof of (1) can be found in [41, Proposition 4.5]. We give here only a
sketch of the proof. By Theorem B2l the dual space of polynomial differential forms
P.AY(T) on elements T is the span of degrees of freedoms I associated to T, degrees
of freedom [; associated to faces f € Ay(T) and degrees of freedom [, associated to
edges e € A((T). Since a v € P.A(T) satisfies for any face f with f € Ay(T1) and
[ € Ag(T3) lp(viy) = lf(v|y,) and for any edge e with e € Ay(T7) and e € A(T3)
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4.1 Stabilized Galerkin Methods

le(V|y,) = le(v)y, ), we can define u®! € P,AY(7) to be that function with

Ir(u®') = Ip(u), Vir € (P.ANT))",
§:7ufeA2uqlf0HT)
27 fens(r) L
_ E:TmeagavleOHT)

lp(ush) = , Vi e (PANT)),

(4.14)

lo(u®t) , Vi€ (PANT))".

ZT: e€Ao(T) 1

The averages of the local degrees of freedom of u define the conforming approximation
u®!. Norm equivalence on finite dimensional spaces and a technical scaling argument
proves the assertion. The proof of [I2) and #I3) follows similarly. O

1-Forms in R3
The advection problem (El) for 1-forms corresponds to
au+curlux B+grad(u-8)=1f, in(,
B+ grad (u-B) : (4.15)
u|Fin = g? m Fin-

For convenience we rewrite also the discrete variational formulation ([EH) in vector proxy
notation: Find u € A} (7), such that:

a(w,v)=1(v), VYveAl(T), (4.16)
with
l(v) == (£,v)g— Y (&) (4.17)
fer?
and
a(u,v) i=(au,v)g =Y (weurl(vx @)+ Bdivv),+ > (u,v)4
T fEFONF?

(4.18)
+ Z <{u}f’ [V]f>f,8 + <Cf [V]f, [u]f)f,@_

feFe ’ ’

The stability assumption (3] of Lemma corresponds by Table to positive
definiteness of (2ac — 29 — div@)id + D3 + DBT and we have stability

a(u’u) > min(a(]al)HuHia Vu € A117, (T)
for a choice cy, such that ¢;3-n; > 0. We get the following convergence result for
H (curl, Q)-conforming approximation spaces P,A'(T) or P, AN(T).

Theorem 4.1.13. Assume that 3) holds for o and § in [@IH), i.e. there exists oy > 0
such that (2o — 209 + div @)id — DB — DBT is positive definite and assume that croin

EIR) is such that
Cfﬁ ‘nyf > 0.
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Let u € W and v, € A} (T) be the solutions of BEIH) and BEIR). Then if u €
H™ A (Q) and Ay (T) = PrANT) or A}, (T) = P, AN(T) we get with C > 0 indepen-
dent of the mesh size h = maxp(hr)

1
lu—wpll, < OH* 3 [[ul ggrs -

Proof. Let 1, denote the L2-projection of u onto the A,l1 (7)) and define 1 := u—uy and
vp, = up — Up. At first we recall that by Theorem

1l 22y < CP [l gre -
Then by stability, consistency and v, € A}, (T):
min(ap, 1) u — sl < a(m,7,) -

Let 3;, be the L2-projection of B onto (PgAO(’T))n. As in the proof of Theorem
we add and subtract the Lie-derivative with respect to the projected velocity field 3,,.
But since this time ), (77, Lg, 'yh) + 7 0 we need to prove additionally

. _1
Z (n, curl(yy, X By) + By divyy)p| < Ch™2 ||nl] L2 gy Va4 -
T

Since we have by Table 233l for piecewise constant 3, the local identity Lg, = — Lg, this
is implied by

_1
> (.8, x curlyy)p| < Ch7% |nll g2 1vnll, (4.19)
T
and
_1
> (mgrad (8y, - v))r| < Ch™2 ||nll L2 ¥4l - (4.20)
T

We use the approximation results of Proposition to prove the two assertions (EEI)
and [@Z0). Let wo! € P.AYT) and w*® € P,.1A%(7) be the conforming approxima-
tions of B, x curl~y, € PIAY(T) and By, - v, € PL,;A%T). Since n = u— w1, and both
wol € P.AYT) and grad w®? € P.AY(T) we find

Z (n,ﬁh x curl~y, — wc’l)T
T

< |mll g2 [|Bn x curly, — WC’1HL2(Q)

> (m.8y, x curly,)

T

and

> (n,grad (8, - v, —w’)),

T

> (n.grad (8, -7,))
T

< Coh ™ mll 2oy 18n - v = 0 210
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The approximation results (LI1) and ([EI3) give

IN

H,Bh x curl-y, — Wc’lHiQ(Q)

o [ 3 [l x curtny x|

2
L) + E (B, x curlyy,) X nf”]_,?(f)
feFe feFo

and

2
180 -0 = w Ny < Cotr | 30 (18-l o,y + D0 1081y
fere feFo

Further we have by inverse inequalities, approximation properties of 3; and normal
continuity of curlwy, € HA? (Q):

x curl X n ‘
|18 carty, ]|,

< ||i(8s - ) x curly) x|

peapy T [18 % curtyil

< Cyhz leurl vyl L2y umy) + H [curlyy]; -ngB— B -ny [curl'yh f‘

L*(f)

< C3h™2 1Vl 22z 0m) + Ca Hﬁlnf

< Coh ™ lyalgacryumy + Cah™ [ my vhftwf

and similar by tangential continuity of v, € HA! (Q):

\\[ﬁh-vh1f\L2(f)s\\[< ) vhf\w It

< Csh? Ivall L2y um) + HB rbvn f‘ 2’

with constants C'3, Cy and Cs independent of A, and T1 and 75 those elements that share
f. Hence we have proved

18, x curl~y,;, — HL2 < Cgh™> 175l
and
1
18n - vn — wc’OHLg(Q) < CrhE vl
which yields estimates (EL19) and (E20). O

A similar convergence result is obtained for H(div,(2)-conforming approximation
spaces P.A%(T) or P, A%(T).
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Theorem 4.1.14. Assume that 3) holds for o and (§ in [@IH), i.e. there exists oy > 0
such that (2o — 20 — div B)id + DB + DBT is positive definite and that cy in EIF) is
such that

Cfﬁ -ny > 0.
Let u € W and uj, € A} (T) be the solutions of @EIH) and @EIR). Then if u €
H™AY(Q) and A}, (T) = «P,A*(T) or Ay (T) = *Py 1 A*(T) for we get with C > 0
independent of h := maxp(hr)

1
[ =, < CHT2 ul| o g -

Proof. As in the proof of Theorem EET.T3] the crucial step is a proof of the estimate

. _1
> (m,curl(yy, x By) + By, divyy)p| < Ch72 [nll 2y vnls - (4.21)
T

This time n = u — 0y, 4, € A} (7) C xHA?(Q), is the L2-projection error for
H (div, 2)-conforming approximation spaces and we can work directly with the adjoint
Lie-derivative curl(y, x B;) + B} div~y;,,. We recall that by Corollary EZZ1

1l g2y < CRH[ull g -

Let wo! € P, 1AY(T) and w2 € P.A%(T) be the conforming approximations of 3;, x
v, € P LANT) and B, divy, € PIAX(T). Since n = u — @, and both curlw®! €
P.A%(T) and w? € P, A*(T) we find

Z (n, curl(yy, X By))r

T

< Coh™ M nll L2y [|vn % Br - WC’IHLQ(Q)

and

Z (0, By divyy) ¢

T
The approximation results ([EI1l) and IZ) give

< Il 2oy [1Bn divyn = w2l L2 -

[ > By = WC’IH2L?(Q)

< Cih Z H[’Yh X ﬁh]f x nf‘ ;(f)
fere

+ Z | (v % Bp) x nf”?:,?(f)
feF?

and

1By divy, — WC’ZHf'ﬁ(Q) S

Coh Z H[BhdiV’yh]f-nf‘

2
L2(f) + Z (B, divyy) - nf”iﬂ(f)
feFe feFo
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Inverse inequalities, approximation properties of 3,, normal continuity of «;, and tan-
gential continuity yield:

H[’)’h X By an‘

poip < |0 < Bu = x|, < )y < my|

L2(f L3(f)
1
< Cab |l gz, + B+ s bl = -8,
1
< ot vl aeromy + 8- by,
and
div -n‘ SH — B)div -n‘ —|—H -ny|div ‘
H['Bh ’Yh]f f L2(f) [(Br —B) 'Yh]f f L2(f) B-ny [ Vh]f L2(f)
_1 _
< CaH il + C6h ™ 80y bl |,
with constants Cs, Cy and C5 independent of h, and T7 and 75 those elements that share
f. Hence we deduce (EZT]). O
2-Forms in R?
The advection problem () for 2-forms corresponds to
au+curl(ux @)+ Bdivau=f£f, inQ, (4.22)

ur, =g, in .

The discrete variational formulation [H]) in vector proxy notation is: Find u € A% (7)
such that:

a(u,v)=1(v), VYveAi(T), (4.23)
with

(V)= EV)g— D (8 V)pp (4.24)

fer?
and
a(u,v) :=(au,v), — Z (u,curlv x B+grad (B -v)) + Z (W, v); g
T feFNF?
(4.25)

+ > ({u}f’[v]f>f,,3+ <Cf [V]f’[u]f)f,ﬁ'

feFe
The stability assumption of Lemma (E) corresponds by TableZZto positive definiteness
of (2a — 2 4 div B)id — DB — DBT and we have stability
a(u,u) > Cllully, YueAZ(T)

for a choice ¢y, such that cy3-ny > 0.

As for the advection problem for 1-forms we can prove convergence for both H (curl, )
and H (div, 2)-conforming approximations. We omit the proofs, because they build on
exactly the same arguments as the proofs of Theorems and ET.T4
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Theorem 4.1.15. Assume that @3) holds for o and 3 in [@E2D), i.e. there exists oy > 0
such that (2o — 2aq + div B)id — DB — DBT is positive definite and that cy in [EZD) is
such that

Cfﬁ “ny > 0.
Let u € W and uj, € A} (T) be the solutions of @EZD) and @EZH). Then if u €
H™A%(Q) and A; (T) = PrAX(T) or A7 (T) = P AX(T) for we get with C > 0
independent of the mesh size h := maxy(hr)
1
o1 = wall, < O+ ] ey, (4.26)

Theorem 4.1.16. Assume that for a and § in EZA) there exists ag > 0 such that
(a —ag — 2 div@)id + DB + DBT positive definite and that cy in @25 is such that

Cfﬁ “ny > 0.
Let u € W and v, € A7 (T) be the solutions of BEZD) and BEZH). Then if u €

H™1A2(Q) and A}, (T) = P, AYNT) or A}, (T) = P, AY(T) for we get with C > 0
independent of the mesh size h := maxp(hr)

el
lu—wpl, < CR7F3 ful| s - (4.27)

4.1.4 Numerical Experiments

In this section we set Q C R? and look at the advection problem

aw— Lgw = @, in Q c R?,

(4.28)
wiry, = T;Z)Da on Fina
for 1-forms w € A' (Q). From Table B3 we find that this corresponds to
au+grad(8-u) — Rdiv(Ru)3 =f, in Q,
grad(8 - u) (Ru)3 (4.20)
u|Fin = g’ on Fin
. 0 1 . . S 1

with R = 1 0 and u doubling for w. We consider approximation spaces Aj, (7) =

PIAL(T) with no global continuity, approximation spaces A} (7) = P AY(T) with
global normal continuity and approximation spaces

A} (T) = (P ANT)) " == RP;AY(T)
with tangential global continuity. The case A} (7) = P;AY(T) corresponds to that

setting, where we use conforming discrete n — k-forms to approximate Lie derivatives of
k-forms.
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4.1 Stabilized Galerkin Methods

Experiment 1: Smooth Data

We set 2 = [0,1]?, a = 2 and take:
0.66(1 — 22)(1 — 42
J&; < ( ) 4 )> :

0.2 + sin(mwz) cos(mzx)
and chose f and g such that

(4 5)

is the solution.
With this data we compute

DB+ (DB)" — (div B — a)(id)
B ( — B2(1 — y?) + wsin(rz) sin(ry)  —32(1 — %)y + 7 cos(mz) cos(my) )
—53(1 — a?)y + mcos(ma) cos(my) 4+ s2a(1 —y?) — wsin(mrz) sin(my),

i.e. the stability assumption (E4) requires this matrix to be positive definite. The sketch
of the values of the eigenvalues on €2 in Figure L1l shows that for our choice of parameters
the assumption holds true.

Figure 4.1: Sketch of two eigenvalues of the matrix DB+ (DB)” — (div 8 — «)(id). The
blue plane is the (z,y)-plane. In the entire domain 2 both eigenvalues are
positive.

We first determine numerical convergence rates for stabilized schemes with stabiliza-
tion cy 1 Bng Figures B2, and 4] show the error in the semi-norm

218 ny]
2
2 2 2
= e, X Ielget 3 el
feFe ’ feFO\F? fer?
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Stationary Advection Problem

The rates of convergence confirm the theoretical results of Theorems ELT.H], and
ETI4 Figures 5 B0 and B show the error in the L?-norm. The rates of convergence
improve by % compared to the theoretical results. This phenomenon has also been
observed for stabilized Galerkin methods for scalar advection. Only on certain very
special meshes one could find there that the theoretical results are also sharp for the
L?-norm [70,89].

T T T 7 T T T T T T 17T T T
1071 1
1073 - 1
—
Q
=~
—~
g
<= -5 [ |
—_— 1":0
T =
1077 A r=2
/// —_— 1":3
/// _— T =
- 1
10—9, 7770(hr+§) |
| | 1 1 1 L 1 1
102 1071
h

Figure 4.2: Experiment 1: Discontinuous approximation spaces A}IL (T) = PIAY(T) and
stabilization. The results coincide with the assertions of Theorem

Second we determine numerical convergence rates for the non-stabilized schemes, i.e.
cy = 0. Figures L8] and show the error in the L2-norm. For A} (7) = PIAN(T)
and 7 odd the experiments confirm the theoretical results in Remark EET.T0, while for r
even we observe even higher rates (see L8)). This is also known from the scalar problem.

For A} (T) = P, AN (T) and A}, (T) = (P, AN(T)) * the results coincide with Theorem
ELTTT (see Figures B9 and ELI0).
Experiment 2: Non-Smooth Data
We set in problem EZ29) Q = [-1,1]?, a =0
_ (44 +y)
g_<4+$>, (4.30)

f=0and

B 1 + sin(0.57x) sin(0.57y)

&= (—0.5 + cos(0.5mx) cos(0.57ry)) ) (4.31)
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4.1 Stabilized Galerkin Methods

109

—_
3
\V]
—_
3
—

Figure 4.3: Experiment 1: Conforming approximation spaces A} (7) = P, JrlAl (7) and
stabilization. The results coincide with the assertions of Theorem

100

10~

1075

1076

107711111 | | | N I S | 1 1

102 10-!
h
Figure 4.4: Experiment 1: Non-conforming approximation spaces A}L (7) =

(77; JrlA1 (’T))J' and stabilization. The resultes coincide with the assertions
of Theorem
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Stationary Advection Problem

T T T T T T T T T T T T T
107t 1
1073 1
8 /”/,,
21075 i
g
= -
077 r ro1 |
—_— = 2
1079 | = )
— =
R O(hr+1)
10_11 S " " " e " =
1072 1071
h

Figure 4.5: Experiment 1: Discontinuous approximation spaces A+ (7) = PIAY(7) and
stabilization. As for the scalar problems we observe on ad-hoc meshes super-
convergence for the L?-error compared to the theoretical results.

100

—_
9
[\
—_
9
—

Figure 4.6: Experiment 1: Conforming approximation spaces A} (7) = P, JrlAl (7) and
stabilization. As for the scalar problems we observe on ad-hoc meshes super-
convergence for the L2-error compared to the theoretical results.
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4.1 Stabilized Galerkin Methods

L2-error
—_
S
B
HH\‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘ T \HHH‘

1075
1076
1077
10_811111 | | | N N N | | |
102 1071
h
Figure 4.7: Experiment 1: Non-conforming approximation spaces A}L (7) =

(P A (’Z'))L and stabilization. As for the scalar problems we observe on
ad-hoc meshes super-convergence for the L?-error compared to the theoreti-
cal results.
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100 [ :

10—2 |

1074

-error

0}‘q 10—6 |

10—8 |

——r =4

10710 |- - o(h") ||
I | | | | I N B | | |

1072 1071

Figure 4.8: Experiment 1: Discontinuous approximation spaces A}IL (T) = P;‘Al(T) and
no stabilization. For r odd the results coincide with the assertions of Remark

ETTIO

T T 11 T T T T T T 171 T T

107°

106

1077

| | 1 1

107!

._.
3
[N}

h

Figure 4.9: Experiment 1: Conforming approximation spaces A} (7) = P, JrlAl (7) and
no stabilization. The results coincide with the assertions of Theorem EET.TT1
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T T 11 T T T T T T 171 T T

1071

1072

1073

-€rror
T T T
Ll

N

10~*

L

107°

106

I O(hr)

I | | | S N I N I I | | |

102 1071
h

Figure 4.10: Experiment 1: Non-conforming approximation spaces A}IL (7) =

(77; JrlA1 (’Z'))L and no stabilization. The results coincide with the asser-
tions of Theorem EETTIL

Since @ is linear we can derive a closed form expression of the solution. This time
the stability assertion (4] is violated. Since we observe convergence for our Galerkin
schemes we can be confident to have the situation outlined in Remark LT/l Figure

BT and show the numerical convergence rates for stabilized schemes, where
1 By
“I218m,
of the vertex (—1,1) we observe reduced convergence rates. Figure EEI4 visualizes a

characteristic error distribution.

Since the analytic solution is in this case non-smooth along the trajectory

4.1.5 Appendix

For convenience we write here explicitly the representation of the bilinear form a (-,-)
for forms in R? stated on proposition EET23. For these cases an implementation does not
require partial derivatives of 3.
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—_
=)
=]

T T T 1T

1
’ - O(h'*3)
| | 1 1 1 L 1 1

1072 1071

—_
3
(=)
TTTT

Figure 4.11: Experiment 2: Discontinuous approximation spaces A} (7) = PIAY(T)
with stabilization.

|-|,-error
[
3
[\o}
T
Lol

—
9
ot
r
|

Figure 4.12: Experiment 2: Conforming approximation spaces A}, (7) = Py leAl(’T) with
stabilization.
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—_

9
ot

M

| 1 1 | I N | 1 1

1072 1071

Figure 4.13: Experiment 2: Non-conforming approximation spaces A,l1 (7) =
(P;HAI( ))L with stabilization.
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Figure 4.14: Experiment 2: Characteristic distribution of the error.
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Stationary Advection Problem
o k=0:
a(u,v) = [ auvdx + /B-graduvdm
(o) = [ >
— Z /B ny [u] {v},dS — /B necy [u ds

feFe

— Z /B nyuv ds,

reFo’t

/fvda:— Z /,8 nygvdsS

fer?
e k=1:

a(u,v) = /Qozuvdac%—Z/ (curlu x 3) - vd;c—/ - Bdivvdex
. Z/B {uj;[vly -nydS - / ><nf {V}f><6>

feFe
+ Z /Cf,@ Ilf ] ds
feFe
+ Z /B uv-nydS — Z/uxnf (vxp@)d
feFONF2 feF?
[(v) = /f vdx—fezfa/gxnf (vxpB)d

o k=2

a(u,v):/Qauvda:—i—Z/,B-vdivuda:—/Tu-(curlvxﬁ)daz
30 [ (< 8) - (W % ng) 0= [ )y omy (v -Bas

feFe
+ Z /Cf,@ nf ] ds
feFe
+ ) /ux,@ (v x ny) dS — Z/u nyv - 3ds,
feFNF2 feF?
|(v) = /fvd:c—Z/g n;v-BdS
feF?
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4.2 Characteristic Methods

a(u,v) :/Qauvda:—Z/tuﬁ-gradvda:
T

+ /Tﬁ-nf{u}f[v]fdﬁ/%cfﬁ-nf[u]f[v]fds

feFe
+ Z /B ‘nyuvdS,
feFoNF?
| (v) = vdx — -n ds
=1 > /f B nsqv
feF?
4.2 Characteristic Methods
Recall the identity (Z28)
BtXfw

for the pullback X; induced by the flow of the velocity field 3, i.e.

BXt(m)
ot

We will use this identity to introduce so-called characteristic methods for the advection
problem of differential forms. Characteristic methods for scalar stationary advection
problems have been introduced in [8], convergence for scalar advection problems in R?
was proven in [5]. Although we do prove convergence for characteristic methods for
k-forms in R™ we do not consider these characteristic methods as practical methods for
the stationary advection problem (). But, we will show that the characteristic meth-
ods are closely related to our stabilized Galerkin methods, which will be an important
property for the analysis of non-stationary problems. For the scalar problems such close
relationship has been recognized earlier [5].

Let X; be the flow of the velocity field 8 and 7 a fixed parameter. Here we assume that
3 is defined on an open neighbourhood of 2. The flow X_; induces the decomposition
Q= Qi UQg, with X_(Qin) NQ = {} and X_-(Qp) C Q. Further we have X, (Q) =
Qo U Qoyt with Qoue = X (2) \ Qo (see Figure ETH).

Here again Aﬁ (7') denotes some piecewise polynomial approximation space on the
triangulation 7 for k-forms in €.

We then define the characteristic Galerkin scheme for the advection problem EI):
Find wy, € A¥ (T) such that:

ar (wha 77) =l ("7) , Vne Ai (T) ) (4'33)

=B(Xi(2), Xo(z)==z. (4.32)

with

1 1.,
ar (w7 77) = (aw, 77)(2 + ; (wv 77)9 - ; (Xfrwv 77)90 , wE L2Ak (Q) ) (434)

85



Stationary Advection Problem

i

Qout

/)

Qo

iy

i

/
% i

iy

i

Figure 4.15: Illustration for definition of the domains g, Q;, and Qgy: the black lines
and the light blue lines bound Q and X (£2), respectively. The black shaded
area is (i, and the light blue shaded area is Qgyt.

and

() = @+ = (Fpom), - (435)

in

where {/; p(x) is an extension of ¥p onto iy, that is constant along the characteristic lines
of B. More precisely, if we define for = € Qi the time #(z) such that Xyy_-(z) € Tin
we set

¥p(@) = (X ¥p) (@)

To evaluate the bilinear form a; (w,n) one needs to solve the ordinary differential
equation ([Z32) to determine X,. We postpone the details of an implementation to the
Chapter H on Lagrangian methods.

Convergence

As for the stabilized Galerkin methods we prove convergence in a mesh dependent norm,
but here the natural norm depends also on 7. We define

1
2 2 X 2
H‘UHh,T = Hw”LQAk(Q) + 2 H‘“ - X—TwHLQAk(QO)

1

(4.36)
+ o lwll72ak (04 T o I —TWHL2A’C(Qout)

and prove stability of the formulation ([33]) in this norm.
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4.2 Characteristic Methods

Lemma 4.2.1. Assume that o and B in @I are such that there is a positive constant
o with

1
aw A *w + o (WA*w—wAXEx X5 w) > aqwAxw, Yw e A (Q). (4.37)

Then we have for all w € A¥ (T):

ar (W,W) > Inil’l(Oé(], 1) Hw||i2z7’r :

Proof.
1 |-
ar (wv w) = (ch, w)Q + ; (w7 w)ﬂ - ; (X*Tw’ w)QO

1 1 * *

= (ch, w)Q + E (w7 w)Qo o ; (X*Tw’ X*TW)QO

1 \ N 1
+ > (w— X w,w— X_Tw)QO + - (w,w)g,,

1 1 * *

= (aw,w)q + 2 (w,w)q — 2 (X270, X20) g U,

3 (0 X = X+ 5 g, + 5 (X X
> min(ao’ 1) ||wHi,T )

where the last estimate follows from the positivity assumption ([@37) by the following
identity:

(w,w)g — (X w, XiTw)QOUQout = /Qw A *w — /Qw ANXExX* w. (4.38)
U
The identity

WA*w—wAXFH X w=wA(w—XIxw)+wA (Xixw—XFx X" w)

9 (4.39)
:Tu)/\*(LB—l-ﬁ,@)w—i-O(T ),

w € A* (), shows that the stability assumption [31) in Lemma BEZTlis very similar to
the stability assumption of the stabilized Galerkin methods in Lemma

1
ow /\*w+§(L5—i—£5)w/\*w > agw A Hw, Yw e AF(Q).

The next Lemma gives a continuity estimate for a, (w,n).

Lemma 4.2.2. For w € L?>A*(Q) and n € AF (T), 7 sufficiently small we have

c
ar (w,n) < \/—; ||W\|L2Ak(sz) HUHh,r

with C'= C(B) > 0 independent of T and mesh size h.
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Stationary Advection Problem

Proof. First we rewrite a;:

ar (w,n) = (aw,n)q +1(w Ma + (X* w, X2 =n)g,
__(X* w X*TW)QO

=(aw Mg + (X w, X* - n) + l(w ma

. (X* w X*TU)QOUQOM + = (X* w X_Tn)

out

and estimate then the individual terms in the last sum:

| (aw, n)q| < HaHLOOAO(Q HWHLMk(Q H77||L2Ak(ﬂ),

‘; (X—’Tw7X—7'77 - 77)90 < : ”W”L2Ak \/— H77 X TnHL2Ak(Qo) ’
1 1, . X
'; (w,n)g = — (XZrw, X2n) gouau | < CB) lwll 2k ||77||L2Ak(sz) ;
. 1+Cr
- (X w X,Tn) Q| SV — |l p2Ax (Q) \/, HX*TnHLQAk (Qout) *

The third estimate is based on the identities ([38)), [E39) and the bound [Z40). The

second and fourth estimate use boundedness of the pullback for sufficiently small 7 (see

Proposition EE2Z3)):
HXiTwHL2Ak(QOUQout) <v1+Cr HWHL2A’“(Q) :

1 1

For sufficiently small 7 we have both [|o]| e () < 772 and C(8) < 772 and we deduce
the assertion. O

Proposition 4.2.3. For sufficiently small T there exists C = C(8) > 0 independent of T
such that

HXiermAk(Qouﬂout) < VI OT[|@ll 2pr (@) -

Proof. For n = 2 and n = 3 the assertion follows immediately from the explicit repre-
sentation of the pullbacks in Tables and We find e.g. for differential forms w in
R3 with vector correspondences u or u:

>

NN*\*

2 %
3

>

/N TN /N /N
S o N %
B R
S— N N N
~—~~
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4.2 Characteristic Methods

and compute

2
HXiTwHL2Ak(QoUQout) - (Xi’fw’ XiTw) L2A*(Q0UQout)

:/w/\X:*XfTw
Q

§(1+C(,8)T)/w/\*w,

Q
since DX, = id +7DB + O(7?).
The proof for the general case uses the notion of k-minors introduced in (ZI7). By
density of A* (Q) in L2A* (Q) it is enough to consider w € A¥ (Q). Recall that vol is the
volume form on  and that we have by (ZJ)

* 2 * *
Xl 2 r o0 = /Qougm (XZw),, (XZrw), ) vol.

Then by ZI7) for w and vol we find:

* 2
X 0|2 Ak (o020m) = /Q o (Mk(X_70)wx_, (2), Mk(X—70)wx_, (2)) VOL,
0 out
< SUPP(Mk(X—m))Z/ (Wx_ (@) Wx_.(2)) VOL,
:L‘EQ QOUQout

< sup (p (LX) 0 (M (X)) [ ) vol,

where p denotes the spectral radius. The assertion follows, since we have My (X_; ;) =
id +7M) (Xo,5), with M (Xo ) = M} (DB(z)) defined in the proof of Proposition ZZT3l
O

This time we do not have consistency of the methods. But we can control the consis-
tency error and prove convergence.

Theorem 4.2.4. Assume that o, 3 and T in ) are such that there is a positive constant
o with

1
aw A *w + > (WA*w —wAXEx X5 w) > awArw, Ywe AR (Q). (4.41)

Let w € H™ AR (Q) and wy, € AY (T) be the solutions to the advection problem (@)
and its variational formulation @33). If additionally Ai (T') permits the approzimation
property
inf |lw-— < CR™ Y w]| 4r ,
neAk(T) | 77||L2Ak(sz) > [wll g7 +1AR(Q)
we get with C > 0 independent of mesh size h := maxy(hr) and 7:

_1 1
o = wnllyr <€ (R41775 473 ol oo g
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Stationary Advection Problem

Proof. Let @, denote the L>-projection of w onto AF (7), then:
2 -2 - 2
lw = whllp, < llw =&l + llon —whlly, -

The stability estimate in Lemma EEZT] yields

min(ao, 1) H(Dh — whHiJ <ar ((Dh —W,Wp — wh) +ar (w — Wh,WhH — wh) .
We find for the consistency error a, (w — wp, np), 7n € A¥ (T) by the definition of a, (-, -),
l-(-) and aw + Lgw = ¢

|ar (w = wh, mw)| = |ar (w, ) = 1- (7n)]

1 1, ., 1/~
‘; (@, mm)q = — (X2 w.mm) g, — — <¢D,nh>ﬂ = (Lgw,m)q

in

1 1 -~
(— (w — XfTw) —Lg w,nh> + <— <w — ¢D> —Lg Wﬂ?h)
T Qo T Q

A bound for the first term in the last inequality follows from Taylor expansion

1 1 [T P XFw
—(w—X* w)—Llgw=— [ (- : d
- (w ,Tw) 8w - /0 (—s) o s

and we find

1 *
<— (w—X"w) —Lg w777h>9 < C7|1Bllwee @) ol rzar@) el 24k @)
0

T

with C' independent of h. Recall that ¢p(z) = <X:($)_T¢D) (z) with Xy, (z) € T'in
and ¥p = w on I'y,. Whence Taylor expansion for the second term yields

‘ <% <w—1zD) - L,@W777h>ﬂ

<(C HLBWHLgAk(QiH) th”L2Ak(Qin)

in

1
< C72 [|Bllwroe o @l mara) 1nlln - »

since (27’)7% 7l L2ak (0, < I8l - That means that we have the following bound for
the consistency error:

1 _
|ar (w = wh,@h — wp)| < CT2 Bllwzec (o) Wl g2ar@) 10 = wally, - -
The continuity estimate in Lemma gives:
1, _

ar (O —w,0p —wp) <COT72 [|wp, — w”L?Ak(Q) [wn = whllp -

In summary we find
. _ _1 1
min(ao, 1) |0, — whll,, < C <hr+17' 2 + 7'2) Wl grr+1ak (@)

and

hr+1

— _1
llwn — w”h,r <C T 2 ||W\|Hr+1Ak(Q)a

which yields the assertion. O
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4.2 Characteristic Methods

The proof of the Theorem E24] assumes that the bilinear form a, (w,7n) can be eval-
uated exactly for discrete forms w,n € AZ (7). Real implementations will barely match
this assumption. The standard technique to evaluate bilinear forms for piecewise smooth
finite element functions is the use of local, i.e. elementwise, quadrature rules of sufficient
accuracy. This simple approach will fail for our characteristic methods due to the term
(XiTw,n) Q0 While 7 is piecewise smooth on the mesh 7, the pullback X* w of w is
picewise smooth on X (7). X, (7) is the image mesh of mesh 7 (see Figure EL10). A
sound approximation of (XfTw,n) 0, Must split integration over {2y in a sum of inte-
grals over intersections of elements of 7 with elements of X (7). This might be very
expensive.
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/ I \ N
\ \ > ~\ \
! ~ \ S,
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1 / N\ ~ \ N
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Figure 4.16: A mesh 7 (blue, solid lines) on Q = [0, 1]? and its image mesh X, (7) under
the flow induced by 8 = (g sin(2rz) sin(27y), 15 sin(27z) sin(27y)).

Characteristic Methods and Stabilized Methods

As mentioned earlier there is a very close relationship between these characteristic meth-
ods and the stabilized Galerkin methods. The stabilized Galerkin methods are the limit
case of characteristic methods when the parameter 7 tends to zero.

Theorem 4.2.5. Let A]fl (T) be a piecewise polynomial approximation space of k-forms.
Let a(w,n) and ar (w,n) be the two bilinear forms defined in EX) and E3A). Further
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Stationary Advection Problem

nf,B.
B

assume that cy = %| The limit lim,_0ar (w,n) exists and

lin%]aT(w,n) =a(w,n), w,nEAi(T).

Proof. By Leibniz rule (Z30)) we find

a(w,n) =(ew, g+ > (Lgw,n)p— > (W14
T

fer?

+ 3 (Wlperlly—tny)

feFe

(4.42)

We first prove

liml(w—X;fw,n)QO Z (Lgw,n) + Z < wlpcpln {n}f) (4.43)

T—0 T feFo

with ¢y = % ’2; g’ . T and f denotes n-simplices and n — 1-simplices of the mesh. w and 7

are picewise smooth on the mesh 7 and X* w is piecewise smooth on the mesh X, (7).
For any two elements T,T" € A, (7) we define the patches

Po(T,T') =T N X(T') N .

Then we split the integration over {2y in a sum of intgrals over the patches:

1 . 1 *
—(w=XTwm)g = D (W= Xwm) g
Py(T, 1)

Each of the integrals in the last sum has smooth integrands. We distinguish now three
different cases (see Figure ELTT):

o T 4T and A,_1(T)UA,_1(T") = {}, i.e. the elements T and T’ do not share
any facet f: Since |Py(T,T")| = O(7%) we find by the Lebesgue’s dominated con-
vergence theorem:

1 «
Jing = (w0 = XEr0m) iy = 0

o T #T and A, 1(T)UA,_1(T") = {f}: Here |Py(T,T")| = |extr(f, X;)| + O(7?)

and the orientations of Py(7T,T") and extr(f, X,) coincide if 8-ny > 0. We use

the coefficent ¢y to reflect the change of orientation. Let ¢y denote the piecewise
constant extension of ¢y to extr(f, X,) (see Figure EETH)), then we find:

2

1 .
iy~ (w0 = X5rw.) gy = 0 (w0 = X008 .

2 ~ ~
= lim — / wa/\*n—/ X wAx |
=0T extr(f,Xr) extr(f,X7)
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4.2 Characteristic Methods

To determine the limit values of the last two terms we recall that w and n are
discontinuous across facet f. But because the extrusion extr(f, X;) is an extrusion
of f in the direction of the flow, the limit selects the values from the downwind
side for w and 7 and the values from the upwind side for X_,w (see Figure EEIT]).
According to Remark the downwind and upwind values of w are given as

{w}; —cp [w]; and {w} + cf [w] ;. We get by (Z30)
ll_,n%% (w- XiTw’”)PO(T,T/) ZQ/fo ig (({w}f ¢ Mf) A* <{n}f Y [n]f>)
—-2/§th3<<{w}f-FCfﬂdf)/\*({U}f——cfhﬂf)>

=([w],c — .

(lper g = nly)
Note that for any f the existence of T, T' with A,_1(T)U A,—1(T") = {f} and
f € PRy(T, T") imply f € F°.

e T =T": Since |Py(T,T)| = O(7°) we find by the Lebesgue’s dominated convergence
theorem:

.1 "
}_Er(l) ; (w - X*Tw’ n)pO(TJ*) = (L,Bw’ 77)T :

This proves [Z3)). Similarly we deduce

li =— .
TE% (W,U)Qm Z (w’n)ﬁﬁ
fer?
and get the assertion. O
A corollary of Theorem says that the norm ||-[|;, is the limit of the norm ||-/, ..
Lemma 4.2.6. Let A’,ﬁ (T) be a piecewise polynomial approzimation space of k-forms and

assume cy = %|:fg| in @) then
i

tim [l = ol Voo € AK (7).

Proof. The same arguments as in the proof of Theorem show:

! e i
}.{% E Hw — X*TWHL2AI€(QO) = f;o H[W]f‘ f,Cf,B’

1 )
lli% o Hw||L2Ak(Qout) = Z H""Hf,%g,
feFOF?

and

o1 2 2
limy o= ol Gean,) = 2o Iwlf
feF?
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Stationary Advection Problem

X (T")
T/

Figure 4.17: Hlustration for proof of Theorem Discrete k-forms w € AZ (7),k>0
are discontinuous across edges of the triangulation 7 (black, solid lines).

Their pullbacks X* _w are discontinuous across edges of the triangulation
X-(7T) (blue, dashed lines), the image of 7.

Figure 4.18: Illustration for the definition of ¢; in the proof of Theorem
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5 Non-Stationary Advection Problem

In this chapter we will present numerical methods for the non-stationary advection
problems

Ow+aw+Lgw = ¢, in ,
trw =tryp, on [y,
| ¥p in (5.1)
tr |,3w=trl,6¢D, on Iy,
UJ(O) = wo, n Q,
and
0w+ aw —Lgw = @, in €,
trf):tr~, on [y,
¥p in (5.2)

tr Iﬁ&v) =trig JD, on I'y,,
JJ(O) = wo, in Q

with data ¢, & € L2A*(Q) and ¢p,¢¥p € A¥(R"\ Q). a € A°(Q) is a given scalar
parameter and 3 : €2 — R" is a given Lipschitz continuous velocity field.

Again we consider (1) and (B22) as the limiting problems of advection-diffusion prob-
lems of type B3) and (B4). We have shown in Theorems and BTl that ([&.1I)
and (B2) are well-posed in appropriate spaces.

As for the stationary problem in Chapter B it is enough to study the problem (B&.1I).
We will present two different families of timestepping methods for tackling the advection
problem (&1]). These are the Eulerian methods and the Lagrangian methods. The former
are based on spatial discretization to which some numerical timestepping procedure is
applied. In our case we use the stabilized Galerkin methods from Chapter Hl for the spatial
discretization and explicit and implicit Euler timestepping methods as timestepping
procedures. Lagrangian methods dispense with a fixed mesh and approximately track
the flow induced by the velocity field 3.

5.1 Eulerian Methods

Eulerian methods for the non-stationary advection problem (BJI) build on semi-discre-
tization in space. The resulting system of ordinary differential equations is solved with
standard numerical integrators. Here, we will use the stabilized Galerkin discretization
from Chapter HE for the semi-discretization in space and simple lowest order one step
Fuler methods as numerical integrator. Since the main objective is a comparison with
the semi-Lagrangian methods from the next section we do not provide an analysis for
higher order numerical integrators, even though the formulations are straight forward.
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Non-Stationary Advection Problem

In the following A’,j (7)) denotes again some piecewise polynomial approximation space
of differential k-forms on a triangulation 7" of Q, i.e. AF(7) c L2A*(Q), AF (7T) C
HA* (Q) or AF(T) c xHA™ * (Q).

The semi-discrete variational formulation of (&) is: Find wy € C1 ([0,T]; A} (7))
such that

(Bewn,n)g +a (wh,m) =1(n), Vte[0,T], Vne A (T)
wp,(0) = wo,

where a (wp,n) and | () are defined in (@) and [EF]).

The stability estimate for a (wp,n) in Lemma and convergence estimates as in
Theorems and show that the solutions wp(t) of (B3] are accurate
approximations to w(t):

(5.3)

Theorem 5.1.1. Let w and wy, be the solution to &) and [B3). Assume that [E3)
holds for o and (B in [B&1l). Assume in the definition ) of a(-,-) that the parameter
cy satisfies for all faces f the positivity condition

ctB-ny > 0.
Further assume that the Ritz-Galerkin projection Pyw(t) € A¥ (T) with
3 (Puo(t),n) = a (w(t),n), Ve AL (T)
fulfills the estimate
lw(t) = Pao (@l 2ar(ay < Ceb™ 2|l grrs1pn(a (5.4)
for w € H™ AR (Q) and C, > 0 independent of h. Then we have
— min(ap,1)

e, [w(t) = wh(O)l 2ar) < Nlw(0) = wr(0)|| L2pn(o) €

where c(w) = Ccmax;co 7] (MH&TWG)HHT“A’“(Q) + Hw(t)”Hr+1Ak(Q))-

Proof. We set v, (t) :== Ppw(t) — wp(t) and find
@em(t),mq +a (yn(t),n) = (OcPrw(t) — Brw(t), n)g
because a (Ppw(t) —w(t),n) = 0. Let &y = min(ap,1) for the constant «p in E3).
Setting n = =y, the stability in Lemma and Young’s inequality yield:
P 1 2 . 2
i3 ROl z2ax @) + a0 [lva(®)lIz2an @)
Qg 2 1 2
< 5 I Ollz2ax ) + a0 [0 Phw (t) — Qpwn(t) || 7240 (0) »

or

_ 1
Or v (8172 ax (0 + @0 Ivn (B T2 an () < % 10: Pre (t) — Bswn(8) [ 72 an(qy) -
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5.1 FEulerian Methods

The Gronwall’s Lemma [27, Lemma 6.9] gives then:

_ 1 — e~ @ot
2 2 - 2 2r+1 2
(O 24k @) < wn(0) |72k e~ + C; P Rt R [[0sw () 17415 02)

and

—ag

[SIES

lw(t) = wn(@)ll 2ar ) < lwn(0)] L2ak )€

+ Ot B, (—H&tw( M gr+1ak () + ||w(t)HHT+1Ak(Q)> :

O

Remark 5.1.2. In Chapter [ we have proved [BA) for the following cases:
o A¥(T)=PINY(T) (Theorem -1.3),

e n=3,k=1and A} (T) =P.AF or A} (T) =P, | A*, (Theorem [[-T.13),

)=
e n=3,k=1and A} (T) =P, A" * or A} (T) =P, A" *, (Theorem [[-1.17),
)=

(

(
en=3,k=2and Ak (T P, A or Afl (T) = PT_HA]“, (Theorem [1.19),

(T

e n=3k=2and A} (T) =+P,A" ¥ or A} (T) =P, A" ¥, (Theorem [-I10).

Given a positive number N, we set 7 = %, t" = ™ for 0 < n < N and con-
sider a partitioning of the time interval in the form [0,7] = UN_l[t" t"*1]. We intro-
duce I" () == (¢(t"),m)q — > jero (¥n(t"),n); 5. and consider now two different time

stepping schemes for constructing sequences (wh)nN: wp € AZ (7), that approximate

(W),

e Explicit Euler time stepping scheme:
Find (w,’f)nNzo, w € AF (T), such that for all n € AF (7):

0’

(wgan)g = (w(0)777)97

1 (5.5)
(@i —wilm)g 2 (whin) = 1" ().
e Implicit Euler time stepping scheme:
Find (W)Y, wi € Af (T), such that for all 5 € Af (7):
(w27 77)Q = (W(O), 77)(2 5
1 (5.6)

1 1 1
- (w2+ —Wﬁaﬁ)g +a (WZ+ 577) ="t (77)
Note that in any case the two schemes (B8] and (B3 treat the right hand sides implicitly.
Similar to the analysis of parabolic problems we can prove convergence of these schemes.
We give here only the proof for the explicit scheme, the proof for the implicit scheme
follows analogue.
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Non-Stationary Advection Problem

Theorem 5.1.3. Let (w(t"))Y (wZ)Nzo be the solution to &) and ). Assume

n=0’ n
that [@3)) holds for o and (B in &J]). Assume in the definition X)) of a(-,-) that the
parameter cy satisfies for all faces f the positivity condition

ctB-ny > 0.
Further assume that the Ritz-Galerkin projection Pyw(t) € A¥ (T) with
a(Puw(t),n) =a(w(t),n), VneAy(T)
fulfills the estimate
lw(®) = Pro(®)l2neey < Ceh” 2 [wllgessneoy

for w € H™T'A* (Q) and C. > 0 independent of h. Let C(h) be a positive function of the
mesh size h such that

a(w,n) < CM) wllpaaniey Il Yw,n € AL (T). (5.7)
Then if T < kmin(ag, 1)C(h)72,0 < k < 1, we have

n n r+l
Jmax, (") = p2aey < C (K72 4 7).

with C' > 0 independent of T and h.

Proof. The proof is similar to the proof of Theorem 7.1.15 in [26]. Let w}' := Pyw(t"),

then

T, _ _
— (@ = @) +a @) =" () + (B n),
with

(R“%mg=(3@?1—wn—@mwx@ ) - ).

T

We define v} := @0} — wj’ and find:

1
— (T =g +atim = (R n)g.
We take n = 27'7£+1 and use 2p(p — q) = p> + (p — ¢)? — ¢*
2 2
H'YZHHLWC(Q) + e - Vi llz2an o) T 272 (i)

< |")’IZLH%2A1€(Q) + 27 HRnHHLMk(Q) H'YZHHBM(Q)

< il Zeak) + @lo HRnHHi?Ak(Q) + Qo7 HWT“H;A’“(Q) ’

98



5.1 FEulerian Methods

where @y = min(ayg, 1) with ag the constant in ([3]). Continuity and stability of a (-, -)
and Young’s inequality give for x > O:

a(v ) =a(thant) +a (i =t
> ao [y = CO) i = | penegey 0

n+1 C(h)2 n n+1 2
Hh rag [l el HL2A'€(9)

i

KO
> ao |7 5 I -

Combining the last two results we get:

It Woaneiy + (1= ST g = o8y + 701 = ) [
2
< il eak) + d_o HRMIHL?M(Q)’
and in particular for 7 < C’j(%()) :
(1+7ao(1 - k) H’YhHHLzAk < ”’Yﬁ”%%'f(g) + O% HRnJFIHi?A’“(Q) :

A discrete Gronwall’s Lemma [26, Lemma 7.1.12] yields for this recursion and x > 0

—ao(l—k)t™

1 A
1901l Loarcqy + A T 2% 1R Lonk ey

From the definitions of R™ and I" () we infer

Vil 2ak() <€

n r4l
HR JrlHLQAIC(Q) <Ce tgﬁ}:ﬁ] <h i Hatw(t)HL?Ak(Q) +7 Hafw(t)HLQAk(Q)>

+ Cﬁtrerigg] (IIatso(t)HLzAk(Q) + \|3t¢D(t)\|LzAk(aQ)) :
This proves the assertion. O
It remains to specify C(h) in &1).
Remark 5.1.4. From the definition @S) of a (w,7), w,n € A¥ (T) we deduce by inverse

inequalities:
a(w,n) =(aw,n)q +Z w,Lgn)p Z (w,n);p
feFONFD
3 (@), + (erlplily)

feFe

<C ol 2arqey (17l enr ey + 5" Il 2ancey

_1
+ O Wllpaney | D2 Iwllpeat 2 ||y
feFe

FEFO\F? ferB

<Ch™! Wil L2 Ak () 175, -
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Non-Stationary Advection Problem
If we have A§ (T) = PIA*(T) then

(w,Lgn)y < C(DP) HWHL2A'€(Q) HnHLQA’f(Q) )

hence
1
a(w,n) <Ch™2 ||lwll 2pr (o [l -

By remark BT we have in the general case C((h) = Ch~! in (&) which yields
the timestep constraint 7 = O(h?). Only for piecewise constant approximation space
A¥(T) = PA*(T) we find C(h) = Ch™2,ie 7= O(h). This is the standard timestep
constraint for upwind finite volume or finite difference schemes for scalar advection
problems. That result means that for explicit Euler timestepping and for lowest order
approximation spaces A]fl (T) =Py AF or A’fz (T) = «P; A" k > 0, we have to impose
the strict timestep constraint 7 = O(h?).

For the implicit scheme (.6l), on the other hand, we have stability and convergence
for timestep sizes 7 independent of the mesh size h.

Theorem 5.1.5. Let (w(t"))Y (w,?)ﬁfzo be the solution to (BI) and ([BHl). Assume in

n=0’

the definition @) of a(-,-) that the parameter cy satisfies for all faces f the positivity
condition
Cfﬁ -ny > 0.

Further assume that the Ritz-Galerkin projection Pyw(t) € A¥ (T') with
a(Pyw(t),n) =a(w(t),n), VneAy(T)
fulfills the estimate
lw(®) = Pro(®)l2neey < Ceh” 2 [wllgessne oy
for w € HAF(Q) and C. > 0 independent of h. Then we have

n n r—l—l
Jmax (i) = fllzanay < C (K75 7).

with C' > 0 independent of T and h.

5.1.1 Numerical Experiments

In this section we set Q = [-1,1]> C R? and look at the non-stationary advection
problem for a vector u

dpu+grad(B8-u) — Rdiv(Ru)g =£f, inQ,
ur, =g, onli (5.8)
u(0) =up, inQ
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5.1 FEulerian Methods

0 1
-1 0
RP; AY(T) that are globally tangential continuous. The velocity field

with R = < > We consider approximation spaces Aj (7) = (Py AYT ))l =

5 <0.66(1 - z2)(1 - y2)>

N sin(7z) sin(my)

has vanishing normal components on the boundary, i.e. we have no inflow boundary
Iy, = {}. The data f and ug is such that

sin(7x) sin(7y)
u = cos(2mt) <(1 — )1 - y2)>
is the solution. For a timestep 7 = 0.8h? we observe convergence for both the explicit and
the implicit schemes (see Figure Bl). For a timestep 7 = 0.8h we do observe convergence
only for the implicit scheme (see Figure [Z). In contrast to instability phenomena
with parabolic problems, the instability appears only after sufficient refinements. For a
timestep 7 = 0.2h we do not reach this limit (see Figure B3]), but we can not guarantee
that for even smaller meshes the error will not explode.

100 |- i

} i ,
S
o

EI-)' . -
IS

1071 i

| —e— explicit | |

- implicit | |

- --—- O(h) |

| | | | | | |
10—1.4 10—1.2 10—1 10—0.8 10—0.6 10—0.4 10—0.2
h

Figure 5.1: Experiment: Convergence rate of the L?-error at ¢t = 0.4 for simulations on
interval [0,0.4] for timestep size 7 = 0.8h2.
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—e— explicit
implicit

——- 0(h)

108

10°

10%

10°

L2-error

102
10!
100

1071

1072 &= \ \ \ \ \ \
10—1.4 10—1.2 10—1 10—0.8 10—0.6 10—0.4 10—0.2
h

Figure 5.2: Experiment: Convergence rate of the L?-error at ¢t = 0.4 for simulations on
interval [0,0.4] for timestep size 7 = 0.8h.

1070.5 I a
[
o
P
g
S

1071 - a

—e— explicit
implicit

- o)

I I I I I I I
10—1.4 10—1.2 10—1 10—0.8 10—0.6 10—0.4 10—0.2
h

Figure 5.3: Experiment: Convergence rate of the L?-error at ¢t = 0.4 for simulations on
interval [0, 0.4] for timestep size 7 = 0.2h.
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5.2 Semi-Lagrangian Formulations

5.2 Semi-Lagrangian Formulations

Throughout this section we will assume for simplicity that the velocity 8 has vanishing
normal components on the boundary 92 of the domain. The formal solution of our
advection problem ([.Jl) with v = 0 is

t
W) = X* o + / X*_o(r)dr.
0

Semi-Lagrangian methods are based on such a representation of the solution. Let P :
L2A* (9) + AF (T) denote an abstract projection operator, where A¥ (T) denotes again
some piecewise polynomial approximation space of differential k-forms on a triangulation
T of Q, i.e. A (T) C L2AF(Q), AR (T) C HA* () or AF (T) C xHA™ * ().

We consider again a partitioning of the time interval of the form [0, 7] = UnN:_O1 [t e

with " = 7n and 7 = % The semi-Lagrangian timestepping scheme for constructing

N, wi e AF (T), that approximate (w(t™))N_, is:

sequences (wj),_,

e abstract semi-Lagrangian timestepping:
Find (wZ)N wi € AF (T), such that:

n=0"’

wl) = Pw(0)

n+1 * n e * (59)
wp =P X wy + P X7 ip(T)dr.
t’rl

For the scalar advection problem such methods have been formulated and analysed
in [25,61,63,71,72,83]. For L?-continuous projections we can prove convergence of our
abstract semi-Lagrangian scheme for k-forms in R™.

Theorem 5.2.1. Let Afl (T') be a piecewise polynomial space of discrete differential k-
forms such that for P in &3) and for r > 0:

lw = Prwll ronn(y < Ceh"™ Hlwll grrsana (5.10)

with C, independent of h. Let w and wy, be the solutions to (1)) and (BEX). Additionally

we assume

[1Pawll L2k () < lwllp2pr() - (5.11)
Then we have
n n r+1/_—1 n
ngigXNHw(t ) = willpeari) S CR (T + 1)021111%\7 lw (@) gr+1ax () (5.12)

with C' > 0 independent of h and T.

Proof. To bound the error ||w(t") — w}|| ;2 Ak(q) We add and subtract the projection
Prw(t™), use Cauchy-Schwarz inequality, formulas (B and (B9 and the assumption
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ETI):
[w(®) = will2ar@) < lw™) = Paw@ ) p2ar) + [Paw(t”) = will 24k @)
< Jlw(™) = Paw(™)ll 2 pr (o) + | X2wE ™) = X0h ™ 2arcq)

< w(t") = Pho(t™)l papray + Ce [l ™) = b ™| oaney -

In the last inequality we have C. = /1 + C7 according to Proposition Then a
discrete Gronwall-like inequality (see Appendix[EZ4) and the approximation assumption
ET0) yield:

Ctn

e

-1 . .
Joo(t") = | sy < e [w®) = Puo®)l| o

+ e () — w/gHLQA’C(Q)

Ctn

e -1 ;
SCcThrJrl féljagxn Hw(t]) “HT+1Ak(Q)

+ Cefmmp Hw(to) HLMk(Q)

and the assertion follows by (&10). O

Remark 5.2.2. For 7 = O(h) the estimate in Theorem [Z1 is suboptimal in compari-
son with the approzimation assumption [IW). In particular for r = 0, e.g. the cases
AF(T) = Py AR, AR (T) = PEAF and AF (T) = «P; A"F, we can not prove convergence.
This phenomenon is also observed for semi-Lagrangian methods of scalar transport prob-
lems. Up to our knowledge there exists no proof of convergence for the case r = 0, except
for certain simplified problems in R' and R? with constant velocity [63].

We present now two different concrete choices for the projection operator Pj,. The L?-
orthogonal projection gives rise to the so-called semi-Lagrangian Galerkin method. The
canonical approximation operators associated with the finite element like approximation
spaces A]fl (T) yield semi-Lagrangian interpolation methods. While the L2-projection is
L?-continuous most practical interpolation operators lack this property. Hence Theorem
BE2T1 will not give convergence for such semi-Lagrangian interpolation schemes.

5.2.1 Semi-Lagrangian Galerkin Methods

Let ITj, denote the L*-projection operator onto A¥ (7):
(Whw, g = (@, Mg, Vi€ A, (T).

An actual implementation of (E9) will require more approximations than simply spec-
ifying P, = IIj,. This needs to be done very carefully [61] to preserve the nice stability
properties of semi-Lagrangian schemes established in Theorem B2l

(i) Approximate flow map. First we would like to introduce approximations X,
of the flow map X, that depend on both €2 and the timestep 7. Since we have 2 C R"
we can consider the difference X, (x) — X, (x) and require consistency in the following
sense:
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5.2 Semi-Lagrangian Formulations

o X, :Q— Qis T-piecewise smooth,

e there are l1,lo > 1 such that for h — 0 and 7 — 0

< O(hl1T+Tl2).
(5.13)

16 = Xrllwooe(q) < OGHTr475) and [ Xr = Xy g

A simple construction of approximate flow maps relies on the nodal basis functions
\; spanning the space P, A°(7) of continuous piecewise polynomial Lagrangian finite
element functions of degree ;. The degrees of freedom associated to these basis functions
are point evaluations at particular nodal points a; defined by affine coordinates inside
the simplices of the mesh. Then we define

X, (x) = Z Xrihi(%), (5.14)

where the coefficients X'm are approximations to the trajectories X, (a;) of the degrees
of freedoms a; with

1X+(a;) = Xril <O(71) for 7—0, (5.15)

see figure 5.4l for an illustration. This approximation is consistent by construction. The

D N ~ N N ~
D | 1[N YN~ N \ \ N NN
AR "\ \ ~J N \ AN o\ N
\ \ ! ~ 1 \ \ \ < N \
\ ! > 1 =
\ ! SN VR SN \ \ S o= N\
\ \ g ™ RN N\ S~ A
~ T NG T < T A ~ RN
NG - < ~ \ N\ —— , N \
- = I~ N = - \ i
\ ~ T \ \ \
N 1 = ! N N
\ ~ \ \ \ I R~ N
\ { ~ ! ~1! N \ \ ! AN | N
— X —
N S (== -:\—§§\\ \I ~
— N — = - N\ B A
~ -2 - —
™ —\\: ‘\ 1N\ NN \\ = ~ N \
A O~ 3 3 N N \ \
D DN e R \ \
J ~ [ NI \/ N N A \ R
PR L Y A N = \ N
- < + = — DN \ \|
~. N \ N = — Y 4 ! AN — S
RS N § ! " e h\
I i N
~ I f > | \ \ N
~ N [ s X \ [ I
NI 2 ~ = \ >
NG B =~ \ \ SO =~ 1 N 1] DN
-~ \ DN i ~ \ W\ ~
J A NN ~ —= - N D N
> \ VRS D NS A > \ \ =
\ 1 v N \ N \ \\ N ‘
< ~ N\, ~
Ny \\I RN . ~ 2 \ A N \ S
sy n Ny SO < \ R ) -~
3 Q N <\ \ N N X

Figure 5.4: Illustration of the approximation of the trajectories X,. Left: The fixed
mesh 7 (blue solid lines) and its image X(7") under the exact flow. In the
general case X (7) consists of non-polynomial curved polygons. Right: A
low order consistent approximation X, (7) (black solid lines) of X, (7). Here
we used linear Lagrangian elements and exact trajectories for the vertices,
hence X,(7) has again straight edges and the vertices of X,(7) and X (7)
coincide.
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Non-Stationary Advection Problem

errors HXT — XTHWOvOO(Q) and HXT — X’THWLOO(Q) split into an error due to approxima-
tions of the trajectories of the degrees of freedom, which is assumed to be of order O(7'2),
and an error due to interpolation in Lagrangian finite element functions. The bound on
the interpolation error follows from standard interpolation estimates for Lagrangian fi-
nite elements [18]. If ITj, denotes the interpolation operator onto P, A°(7) we have for
s=0,1:

15, = T X ey = 17 — i —T0 (X, — id) e

S Chl1+178 |XT - id|Wl1+l,oo(Q)
S Chl1+178’7' |B|Wl1+l,oo(ﬂ) 5

where the last inequality follows from (ZZ1).
(ii) Approximation of source. We have to approximate the time integration of the
right-hand side in (B9). Since ¢ does not depend on w it is reasonable to choose some

quadrature method for the approximation Q(y,t,t + 7) ~ ttJrT ©(s)ds which satisfies

dm
< C7t™ max
t<s<t+T

/HT e(s)ds — Q(p,t,7) , m>1. (5.16)
t

qm (s)

Now we are in a position to formulate fully discrete semi-Lagrangian timestepping
schemes.

e Semi-Lagrangian Galerkin method
Find (W), wi € Af (T), such that for all 5 € A} (7):

n
(w27 77)(2 = (w07 77)9 )

n vk n vk n 4n (517)
(wh+1777)g = (X—Twh777)ﬂ+ (Q(Xs_tnle(P(s)at 7t +1)777)Q'

For £k = 0 and continuous piecewise linear approximation spaces this is exactly the
scheme in [72].

Now the pullbacks are represented as piecewise polynomials. The right-hand side in
(BETD) can be computed exactly, by determining the intersection of all elements 7" of the
mesh 7 with all elements X,(T") of the transported mesh X, (7) (see Figure for
illustration). At a first glance this seems to be very expensive. Nevertheless we think
that at least for the case of low order approximations such schemes are competitive
methods, since semi-Lagrangian schemes enjoy unconditional stability. Moreover, for
discontinuous finite element approximation spaces, i.e. the natural approximation spaces
for k-forms, k > 0, there is hardly any other choice.

Remark 5.2.3. Inspired from standard finite element techniques one could be tempted to

split the inner product (X'iTwh, 77)Q i a sum of integrals over elements of T and apply

some quadrature rule there. We will call this scheme the quadrature-based scheme:
Find w' € A¥ (T) such that for all n € Af (T):

(wlow 77)9 = (WO’ 77)9 )

: ) 5.18
(W hmgn = (X whn) g, + (Q(X e mnd(s), ", 0" ) n)g .
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Figure 5.5: The inner products on the right-hand side of the Galerkin projection scheme
(BETD) pair finite element functions defined on two different meshes, namely
the fixed mesh (blue dashed lines) and the approximated transported mesh.
Since in both meshes the facets are polynomial, we can algorithmically de-
termine a partitioning of {2 such that all appearing finite element functions
are smooth on each part. The finite element functions and the pullbacks are
polynomials, hence the inner products can computed exactly.

with

@man =3 D wirw(@ir) M) (519)

T 7

for suitable quadrature points (x;); and quadrature weights (w;r);. Compared to the
projection scheme this reduces the computational cost, since only the flows for the quadra-
ture points need to be computed. Nevertheless this scheme is questionable since we apply
quadrature on domains with discontinuous integrands. Our numerical experiments sup-
port these doubts.

In analogy to Theorem 2Tl we can prove convergence for the solutions of the Galerkin
projection scheme (BI7). A crucial step is the following Proposition:

Proposition 5.2.4. Let X, be a consistent approzimation to X, according to (EL3).
Then

HXiTw - XiTwHLQAk(Q) < Cl(hllT + 7—l2)||(")||H1Ak(Q)’ (5'20)
with C; independent of T and h.

Proof. The proof follows the lines of the proof of Proposition By the definition

(X)) we have

X0 = Xl pega = /Q (X0 — X5 w) (X0 — X)) vol,
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where (+,-) is the inner product on alternating forms defined in (Z2)). In what follows o
and o’ are increasing sequences {1,...,p} — {1,...,n} and ey, ..., e, is a basis of R™.
For fixed = €  and 7 we introduce the abbreviations w, (e,) := w, (eg(l), ... ,ea(p)) ,
wx = wyx_ () and X, := X . (x). Then we find

(XiTw)x (eo) = Mk(Xm)WX (eo) and (XiTw)m (ea) = Mk(Xm)WX (eU)
where My(+) is the operator introduced in (ZI7). Together this yields
(XiTw — XiTw)x (eo) = (Mk(Xm)WX — Mk(X:v)WX) (eo)
+ (Mp(Xp)wx — Mp(Xa)wy) (e0)

For each ¢’ we have that wx(e,/) is a function of X, i.e. for smooth differential forms
Taylor expansion yields

wx(er) = wg(ey) + (X — X)awww(ea/)\x:)(-i-s()(—f()
for some s with 0 < s < 1. We find
S 2
[X2,w = X2 0oy < @1 + a2,

with
S V)2
a1 =supp (Mk (Xz) — My, (Xx)) sup My, (X_7z)| HWH%M’C(Q)
x €T

and
az = sup p (My, (X.))” sup M (X_r0)| || X — X ||y ) [l F1a8 2
x x

where p(-) denotes the spectral radius. We get the bound

[ X2 w = XiTwHiQAk(Q) <

_ 9 S 2 2
C|lX_; - X—T\Wl,oo(g) [wll72ak () +C [ X_THWO’OO(Q) wlEana)
and the assertion follows by [&13]). O

Theorem 5.2.5. Let w(t) and (w,’f)nN:O be the solution of &Il and ([BIL). Further
assume, that the approximation X, is consistent with X, according to (BI3)). The ap-
prozimation of the time integration of the right-hand side in ([&I1) is assumed to be of
order m according to (BI6l) Then for h and T sufficiently small

1
ny _,.n - r+1 l la—1 n
Og%xNuw(t ) = Wil p2ar () <C <<1+ T) R R >Ogla§xNHw(t M 145 ()

+C (Tmil +7hh + Tl2) C(y).
(5.21)
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Proof. The proof is similar to the proof of Theorem BEZTl The additional approximations
give additional consistency errors in the recursion for the error [[w(t") — wp |l ;2 5% @)

[w(@) = willp2ar) < o) = Taw ()] 24 0) + Haw(t™) — will L2k
< lw (™) = Maw @) L2 a0 ()
+ HHthTw(tn_l) - HhXiTwlrzthLM’“(Q)
tn

i [ X (o)~ QUL () 117

tn— L2AK(Q)

=k + F> + E3

For the second term in the last line we find by L?-stability, Proposition and Propo-
sition b2 and [ > 1:

By <||X* w(t") — Xiﬂ—wi?_luLQAk(Q)
<[ X w ™) = X wp | popr o) + (X = X5) 0@ o pr
<1+ Cr) ot = @i papr(ay + CHB T+ 7 [ 1 v

For the term E5 we get by Proposition BEZ4t

tn -

Es < X n@(s)ds — Q(XI_n@(s), t" 1, t")
fn L2Ak ()

tn

< X n@(s)ds — Q(XI_n@(s), t" 1, t")

tn—1 L2Ak(Q)
tn tn
+ X np(s)ds — X np(s)ds
tn—l tn—l LgAk (Q)

(™4 7R+ T2 C ().
We can use a discrete Gronwall-like inequality (see Appendix BZ)):

[w(t") = willp2ar@) <
e(C’—I—C’l)Tn -1

(CH )T 15 (lo8) = Dot 2 ps gy + Gl 7+ 7)) gy

e(CJrCl)Tn -1

+ W(Tm + T2hll + Tl2+1)C((p) + e(C’-l—CL)Tn—l Hw(tO) - w2HL2Ak(Q)

and the assertion follows. O

Although we have now a proof of convergence that reflects explicitly the various dis-
cretization parameters, still, we do not have convergence for lowest order polynomial
approximations spaces. In the next section we will give a proof of convergence of such
schemes. This proof is very much inspired by the convergence proof for the explicit
Eulerian scheme.
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Convergence of Lowest Order Method

Since we focus on low order approximation spaces we use now lowest order collocation
methods and consider the following semi-Lagrangian scheme for problem (B&1I):

e Low order semi—Lagrangian Galerkin time stepping scheme:

Find (W), wi € Af (T), such that for all 5 € Af (7):

(wlow 77)9 = (WO’ 77)9 )

(Withm) g = (X win) g+ 7 (0" n)g - (5.22)

This is basically the semi-Lagrange Galerkin method in (BI7) where we assume here
that (X *wp,m )Q can be evaluated exactly and choose a low order quadrature (BI6)
for the evaluation of the right hand side. These simplifications are made to accentuate
the main arguments. Recall that we assumed vanishing normal components of 3 at the
boundary 9. Hence we can rewrite the semi-Lagrangian scheme (B.22) in terms of the
bilinear form

1 1,
ar (Wﬂ?) = (awan)ﬂ + ; (W,U)Q - ; (Xfrwan)g
introduced in ([E34) for the characteristic methods, where in this case @ = 0. We find

an equivalent formulation that resembles the explicit Eulerian schemes (B.0):

o Find (w)™_, wp € AF (T), such that for all n € Af (7):

(wfou 77)9 - (w07 77)(2 )

1 (5.23)

T

( n+1 n+1

Wh _WZ’U)Q+37(W2J7): (90 ’77)9

In light of Theorems and it is very likely that this scheme converges at least
for sufficiently small timesteps 7 also for lowest order spatial approximations. Moreover,
we can even prove convergence for sufficiently small timesteps under the assumption that
ar (+,-) allows for a Ritz-Galerkin projector.

Theorem 5.2.6. Let (w(t")))_ (wh) o be the solution to [BIl) and [Z3)). Assume

n=0’
that B is such that there is a constant ao > 0 with

o (WA*w —wAXEx X5 w) > agw Axw, Yw €AY (Q). (5.24)
-

If additionally Aﬁ (T') permits the approximation property:

inf |lw-— < Ch Y |w]| 1y
v lw =nll 2ar) < Wl rr+1 A% 02)

we get for sufficiently small T
+1_ -1 1
Jmax [w(t") = il paguey < O (W77 4t 7).

with C' > 0 independent of T and h.
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Proof. By Theorem E-24] we have a Ritz-Galerkin projection Pyw(t) € AF (T) with

ar (Pyw(t),n) :=a(w(t),n), VneA(T)

that fulfills the estimate
1 1
Jw(t) = Pro(®)ll2arqey < Co (B3 4 78) ol grasngey

for w € H™1AF (Q) and C; > 0 independent of h.
Let @} := Ppw(t"), then

1
- (@ptt —wp,m) g +ar (@h,m) = (™), n),+ (B, n),

with

1

(741, = (F(@RH = 6) = Ba(t)n) + (M)l (ol ))g

We define v} := @' — wp’ and find:

1

T

(= pm)q +ar () = (R™ M n) g

or, equivalently
1

; ('7]7—,?—’—1 - XiT’YZﬂ?)Q = (Rn+1a77)9 .

We take n = QTW}TFI and use 2p(p — q) = p> + (p — ¢)? — ¢*

H'YZHH;M(Q) + - Xir'YI?H;Ak(Q)

= HXLW?H;M(Q) +27 HRn+1HL2Ak(Q) H%?JFIHL?A’C(Q)
« T 2 2
S HX—T'YZH;M(Q) T HRnHHLMk(Q) AT H'YZHHLWC(Q) ’
for k > 0. By Proposition we deduce

14+ Cor

2
H%TLLHHBAR(Q) = _ar

VR 12 a0 0 + m HRm_lui?Ak(Q) '

From the definition of R™ we infer

1B ] gy <

r+1_—1 1 2
Cs tfef[lgl’%] ((h T2 4 or2) [0k ()] p2nk () + 7 Hatw(t)HL2Ak(Q) +7 ||3t80(t)||L2Ak(Q))

hence the assertion follows from the discrete Gronwall-like inequality (see Appendix

B27]).
O
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Remark 5.2.7. Theorem [ZZ8 gives convergence for 7 = O(h) and lowest order spatial
approzimation spaces. The assumption (24 here is stricter than the assumption (E31)
for the characteristic methods. While the assumption [E3D) can always be taken for
granted due to rescaling ' = e® w the assumption B24) s an explicit assumption on
the velocity field 3. Howewver, a proof of convergence for the semi-Lagrangian scheme for
the rescaled variables follows the same lines as the proof of Theorem [2ZA, and we can
in particuar establish convergence for T = O(h) and lowest order approximation spaces.

Remark 5.2.8. For non-vanishing normal components of 3 at the boundary we can prove
the same results as in Theorem [ZA without any additional technicalities for the follow-
ing formulation:

e Find (wﬁ)ﬁfzo, wp € A (T), such that for alln € A} (T):

(wfow 77)9 = (wOa 77)(2 )
1

1 *
; (wirzH_l’n)Q - ; (X—TWZW)QO = (@nﬂ,ﬁ)g - (T/J?)H,??)Q

in

5.2.2 Semi-Lagrangian Interpolation Methods

Without doubt, the semi-Lagrangian Galerkin methods have apparent advantages com-
pared to the Eulerian methods. They do not have the strict timestep constraints of
explicit Eulerian methods, while the algebraic systems remain positive definite. For
very large problems the positive definiteness is important to speedup the simulation
time with appropriate linear solvers. The disadvantage of semi-Lagrangian methods is
the need to evaluate inner products of finite element functions that are defined on two
different meshes.

We present here another family of semi-Lagrangian methods that decimates this dis-
advantage for low order approximation spaces. They build on the interpolation oper-
ators (Z40]) that are defined via the degrees of freedom of the differential form finite
element spaces A¥ (7). In case of the non-conforming discrete differential form spaces
AF(T) = PIAR(T) the degrees of freedom could be simple point evaluations. Such
schemes would strongly resemble the quadrature-based Galerkin schemes in Remark
But since the quadrature-based schemes are dubious we will exclude the spaces
PIA* in the following discussion. Second we will treat the two problems (5] and (5-2)
separately. If IIj, is a canonical projection operator (48] for P, _HA’LC or P,A* based
on the canonical degrees of freedom of type ([ZZH) and (ZZ4l), then II,X* _ x wp with

n

wp, in P +1Ak or P,AF is not well-defined for k < 5: the degrees of freedom contain

the functionals w — [ Pz with f k-subsimplices of the mesh, that are not defined for
n — k-forms like X* _x wy. Rephrasing this for the case R3: line integrals are not well
defined for 2-forms.

In what follows we assume again that the velocity has vanishing normal components
on the boundary of Q. Let X, be an approximation to the flow X, that is consistent
according to (BEI3) and Q(¢,t, s) a quadrature method as in (16]). Let now II;, denote
a canonical approximation operator (Z40]) that is based on the degrees of freedom of the
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5.2 Semi-Lagrangian Formulations

approximation space Al,i (7). The degrees of freedoms are certain moments associated
to subsimplices of the mesh. We define then a fully discrete interpolation based semi-
Lagrangian method.

e semi-Lagrangian interpolation method for problem (&)
Set Af (T) = P,AF(T) or Af (T) = P,y AF. Find (W), wp € AF(T), such
that for all n € AF (7):

(whn) g = (Mpwo,n)q

o y (5.25)
(W;LH—la n)Q = (HhX—Twlrll7 77) Q + (Q(Hth—t"‘H(p(S)? tn7 tn+1)’ n)ﬂ '

e semi-Lagrangian interpolation method for problem (&.2)
Set Af (T) = P,AF(T) or AF(T) = P, AR Find (@)Y, &p € Af(T), such
that for all 7 € Af (7):
(&2’ ﬁ)g = (Hh&Oa 77)9
(@hHh M) = (X X2, Gf, X57) (5.26)
+Q ((Kwrs T XS 3(5), Ka 7)o" 7).
To motivate the definition of the semi-Lagrangian scheme (.26l for problem (E2) we

prove a consistency result in the following proposition.

Proposition 5.2.9. For smooth w € A* (Q) and piecewise smooth n € A§ (T) we have

1
. ((pw,n)g — (X:HhXiTw,X;fn)Q) + (Lgw,n)g| — 0 for h,7—0.

Proof. Due to X_(2) =  we compute
(Ipw,n)q — (XALX* w, X)), = [ nAxIw — | Xin AxXI X5 w
@ Q Q
:/ n A *Ilpw — / Xin A +ITpw
Q Q
+ / Xin A Tpw — / X A X" w
Q Q
+ / Xin AL X" w— / X A*XII, X5 w
Q Q

=A1 + Az + A3

As in the proof of Theorem we find with T and f denoting n- and n — 1 simplices

_1Bnm
and Cf—imil,

tim 24y = 3 (Lon )y — 3 (Inly.ex [yl — (o))

)
7—0 T T f fyﬁ
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or using Leibniz rule (Z36) and formula [H) we get

lim lAl = — Z (n, Lgpw)p — Z (Cf [n]f + {n}ﬁ [th]f>fﬁ
7 :

T—0 T
T

By introducing 7 := X*n and w := X*II;, X* w we find for A3 by the same arguments
as in the proof of Theorem

lim lAg = - Z (LgIpw,n), — Z <[th]f’cf ;- {n}f)

Since w is smooth we find also:

1
lim —Ay = Z Iy Lgw,n),

T—0 T
T

Collecting the results for A;, A; and A3 we get:

1
lim |— ((than)ﬂ - (X:HhXiTwaX:n)Q) + (5,801,77)9 =

T—0|T

(I Lgw — LaTlhw,n)g + (Lgw — LgThw,n)g =2 <[th]f’ cy [n]f)f,@
f b

and the assertion follows, since for smooth w all II}, Lgw—LgIIjw — 0, Lgw—LgTpw —

0 and [w]; — 0 when h — 0. O

Remark 5.2.10. At first glance there seems to be a simpler way to define semi-Lagrangian
interpolation schemes for problem (B.2):

e wrong semi-Lagrangian interpolation method for problem (B2
Set Af (T) = PAR(T) or AF(T) = P, AF. Find (W)Y, wi € Af(T), such
that for alln € A¥ (T):

(wlg,a 77)9 = (tho’ 77)9

n+1 n ok ok (527)
(wh ,77)9 = (wh? HhXTn)Q + Q ( (QD(S), Hhthurlfsn)Q s Lis tiJrl) .
Note that the consistency result of proposition [Z.9 will not apply for this scheme since
X¥n is non-smooth in any case.

As we mentioned earlier we can not prove convergence of such interpolation schemes,
since the interpolation operators lack of L?-stability. We think that it might be possible
to give convergence results analogue to the proof of Theorem The difficult part
here is the analysis of the stationary problem that would establish the appropriate Ritz-
Galerkin projections.

Nevertheless it is worth to consider such semi-Lagrangian interpolation-schemes. This
is mainly for two reason:
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e In accurate semi-Lagrangian Galerkin schemes we have to determine in each it-
eration all intersections of n-simplices of the fixed mesh with n-simplices of the
transported mesh. The canonical interpolation operators (Z48]) are based on mo-
ments of subsimplices. Hence in accurate semi-Lagrangian interpolation schemes
we only need to find intersections of n-simplices of the fixed mesh with [-simplices
of the transported mesh, where by Theorem EZZTk <1 <7+ k — 1 for A} (T) =
PrAF(T) or A (T) = *P,A"¥(T) and k <1 < r+k for A} (T) = P, A¥(T) or
AN (T) = <P, JrlA”*k(’T). For low order approximation spaces the interpolation
schemes are cheaper.

e We know that for ¢ = 0 in (l) the exterior derivative of the initial data is pre-
served during the evolution. Since exterior derivative commutes with a canon-
ical approximation operator (Lemma [ZZ8) the same holds true for the semi-
Lagrangian interpolation scheme (BZH]).

There is a remarkable difference between the two methods (EZ0) and ([28]). While
the first method is basically a non-variational method, the second scheme ([B.26)) is again
a Galerkin method. But still the use of a canonical approximation operator simplifies
the algorithmic treatment compared to the semi-Lagrangian Galerkin methods (B17)
introduced previously.

We close the presentation of semi-Lagrangian interpolation schemes with algorithmic
details on an efficient implementation for lowest order conforming discrete 0- and 1-forms.

Nodal interpolation of transported Whitney 0-forms

To determine the interpolation I, X*w;, € P1A%(7) for a transported conforming dis-
crete O-form X*wy,wy, € P1AY(T) it is by linearity enough to consider the basis functions
A; defined in (Z48). The canonical degrees of freedom of Whitney 0-forms are point
evaluations at the vertices f0 € Ag(7) of the triangulation. Hence we can represent the
mapping I, X* : P1A%(T) — P1A%(T) by a matrix operator P with entries

(P2),; = N(X- () (5.28)

that maps the expansions coefficients of wy, to the coefficients of I, X*wy,. This means
that in each time step we need the points X, ( fzo) €  that are determined by the
approximation of the flow. When we use in (BId]) linear Lagrangian elements it is
enough to solve ([Z27)) approximatively for the vertices fZO . We not only need to find the
position but also the location within the mesh. To find the element, in which X, (f?) is
located we trace the path of the trajectory from one element to the next. Based on this
data the matrix entries (B28) can be assembled element by element (see Figure B.).

Nodal interpolation of transported Whitney 1-forms

The canonical degrees of freedom of lowest order conforming discrete 1-forms are line
integrals over all oriented 1-subsimplices of the triangulation. Hence, the interpola-
tion of a transported discrete 1-form X:wy,wy, € Py AY(7) is determined through the
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I
f()
T _
4 XT( 10)
T3
7
T
Ty

a; = Xi(f))

Figure 5.6: To determine the location of X, (f?) we move along the trajectory X.(f?)
starting from fZO and identify the crossed elements 17,75, T3 and T4. In this
case (Pg)z‘k , (Pg)u and (Pg)im are the only non-zero entries in the i—th row
of PY.

interpolation of transported basis forms X;*bﬂ, where b1 are the basis forms asso-
J J

ciated to edges fj1 € Ay(7) and defined in (ZZ8). By the interpolation condition

ffil (X w, — Xiwp) = 0,Yf} € A1(T) we find for I, X* : Py AYT) — PLAYT) a

matrix representation PL, mapping the expansion coefficients of wy, to those of ITj, X *wy,.

The matrix entries

1 — Y * —
(P7),, = | Xibp _/X,(ﬂ)bﬂ (5.29)

J J
£

are path integrals of basis forms by associated to 1-subsimplices fjl € Ay(7) along
J

the transported 1-subsimplex X, (f!) (see Figure B)). When we use linear Lagrangian
elements to define the approximative flow X in (5I4)) the transported 1-simplex X, (f})
is again a straight line. To determine the entries of the i-th row, where f} € Ay(7) is
oriented from vertex fJ to vertex fJ, we trace the path from X, (f?) to X, (f3) and
calculate for each crossed element the line integrals for the attached basis functions. If
e.g. the line crosses an element from point a to point b and if this element contains
an edge fjl, that is oriented from vertex flo to fU (see Figure ), then the element
contribution to (Pi)ij is:

/X,(f;)nT by = Aga(@Agg () = Agg (@0 ().

J
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Figure 5.7: The transported 1-subsimplex X7 (f!) (black curved line) is approximated
by a straight line X7 (f!) (black dashed line). In the case depicted here all
basis function associated with 1-subsimplices fj1 of elements 17, T5 and T3

yield a nonzero entry (P})Z i

Figure 5.8: The line from a to b is the intersection of the approximation of the trans-
ported edge with element T
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5.2.3 Numerical Experiments
In this section we take 0 C R? and look at the advection problem for u

Ju+grad(B8-u) —Rdiv(Ru)8 = f inQ,

u(0) = ug inQ,
with R = <_01 (1)>

We approximate u by lowest order discrete 1-forms uy, € (P A (T))J‘ = RP;AY(T)
on a triangular mesh 7. In the following we will study the performance of the semi-
Lagrangian Galerkin schemes B11 and the semi-Lagrangian interpolation schemes

(5.30)

The discrete space (Pf Al (T))J‘ consists of tangentially continuous, piecewise polyno-
mial functions, with piecewise constant exterior derivatives. The basis functions are
associated to the edges of the mesh and the degrees of freedom are line integrals on
edges. We further use in (I4)) continuous piecewise linear Lagrangian finite elements
to approximate the flow function X,. To this end we use, if not stated differently, ex-
plicit Euler timesteps to determine the flow of the vertices. Thus, the transported mesh
X, (T) is again a mesh with straight edges. The collocation method in (EI6) for evalu-
ating the right-hand sides uses the end point of the integration interval. In the following
experiments we link the timestep size 7 to the mesh size h by :

h
— 5.31
T (5.31)

where +y is some constant. Mostly, we will take v < 1, since solving an entire advection-
diffusion problem with non-vanishing diffusion would dictate such a timestep restriction.

Example 1: Generic right-hand side
We consider 2 = [~1,1]? and choose in (E30) the velocity

p=-0-aa-a ().

That data f and ug is chosen such

o sin(mxy ) sin(mwxy)
u = cos(2mt) <(1 — )1 - x%)) .
is the solution. With this choice we have in (B30) a non-zero right-hand side f.

In Figures we monitor the convergence for different v values. We observe here
convergence of order 1 in the L?-norm for both the Galerkin and the interpolation
scheme. In Theorem (2.8 we have proved convergence of order % for the semi-Lagrangian
Galerkin scheme. We believe that this discrepancy is due to super convergence effects.
Although we could not prove convergence for the interpolation scheme, our experiments
underpin the hypothesis that the interpolation schemes are only perturbations of the
Galerkin schemes, hence have similar approximation properties.
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I 1T | [~e-18(y = 0.25)
: GS(vy = 0.25)
1001 i IS(y = 0.5)
B i GS(y =0.5)
- | |- IS(y=0.8)
3 i A GS(y =0.8)
g i i O(h)
GI.) - B
X
1071 | g
i m s
107! 10°
h
Figure 5.9: Example 1: Convergence rates of the L?-error at ¢t = 0.4 for the semi-

Lagrangian interpolation scheme (IS) and the semi-Lagrangian Galerkin
scheme (GS) on time interval [0,0.4] for v = 0.25, v = 0.5 and v = 0.8.
The convergence is of order O(h), while we proved convergence of order

O(h3).
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Example 2: A non-convergent fully-discrete scheme

The drawback of the Galerkin projection scheme is obviously the requirement to calculate
the inner products (XiTwh, n)Q exactly. A cheaper remedy, similar to standard finite
element techniques, would be the quadrature-based scheme introduced in remark B.2.3]

We consider the same data for problem (E30) as in Example 1. Figure shows the

10° |- .
o | |
2 i |
5 ]
9 | |
i —o—v=10.2 |
v=04

1071 | -7 =06 ]
i o) |

| | | | | | |

| |
1071.81071.6107141071.2 1071 1070.81070.61070.41070.2
h

Figure 5.10: Example 2: Convergence rate of the L?-error at t = 0.4 for a quadrature-
based semi-Lagrangian scheme (I8 on the time interval [0,0.4] with low
order quadrature and v = 0.2, v = 0.4, v = 0.6 and v = 0.8.

convergence rate of a quadrature-based scheme build on the barycenters as quadrature
points. Only for a few first refinements we see some sort of convergence, breaking
down when we refine further. We observe the same phenomena if we use higher order
quadrature rules to approximate the inner products. This result is as expected, since the
quadrature-based scheme applies quadrature on domains with discontinuous integrands.

Example 3: Vanishing right-hand side and closed initial data

If we choose 8 in (30) such that div3 = 0 and u(0) = R3, then u = R3 is a valid and
a closed solution, i.e. div Ru = 0. Table Bl shows the values of the exterior derivatives
of solutions of the interpolation scheme and the Galerkin scheme on a series of refined
meshes. As expected, the interpolation schemes preserve the closedness of the initial
data. The Galerkin scheme in contrast fails. Note that for the Galerkin projection
schemes the error not even decreases if the mesh is refined.
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meshwidth | interpolation | Galerkin
0.7995 1.11071° 0.63
0.4257 2.710~1 0.76
0.2120 5.91071° 0.97
0.1077 1.310~15 1.35

Table 5.1: Example 3: L2mnorm of the exterior derivative divRu(0.4) for the semi-
Lagrangian interpolation scheme and the Galerkin scheme in time interval
[0,0.4] on a series of refined meshes.

Example 4: Rotating hump problem 1

Here, we would like to study the behaviour of the interpolation scheme for the rotating
hump problem. We consider problem (E30) on a circular domain 2 := {(x1,x2)
22 + 22 < 1} with source term f = 0, the velocity field:

»= ()

wy(x) = L ERATC) Vit (2~ 0.25)7 <05
B (X Va? + (v2 —0.25)2 > 0.5

and initial data

with

4
f(x) = cos (71'\/1’% + (22 — 0.25)2> . (5.32)
The exact solution is

cos(t) —sin(t)

u(t,x) = (R() "up(R()x), R(t):= (Sm(t) con(t) )

Figure B.I0l shows an example of a triangulation of € and a plot of the modulus of
u(0). In order to study the impact of the approximation of the flow map, we use both (i)
the explicit Euler method, and (ii) the explicit midpoint method in order to determine
the positions of the vertices of the advected mesh. In Figure we see that the global
rate of convergence is not affected by these methods. Tables and B3 list the L2-
errors of numerical solutions at ¢ = 27 for different mesh sizes h and timestep sizes 7.
The numbers convey the need for balancing h and 7, with higher order integration of
trajectories allowing larger timesteps. For fixed meshsize h we observe that the minimal
error is not attained for the minimal timestep size, but for some medial values of 7.
This observation is due to the negative power of 7 in the estimate of Theorem
Second, when comparing the numbers of the two schemes, we see that the minimal error
of the scheme with explicit midpoint method is attained for larger values of 7 than for
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Figure 5.11: Example 4: A triangulation of the
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Figure 5.12: Example 4: Convergence rates of L2-error at t = 0.57 for the interpolation
scheme with explicit midpoint rule (MM) and explicit Euler method (EE)
on time interval [0,0.57] for v = 0.2, vy = 0.4, v = 0.6 and v = 0.8.
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7\h | 0.420 0.210 0.105 0.052 0.026
1.5707 | 1.86 189 1.86 1.88 2.33
0.783 | 1.86 1.88 1.88 2.01 2.36
0.3926 | 1.84 1.82 1.80 2.01 232
0.1963 | 1.85 =~ 1.79 1.52 1.51 1.79
0.0997 | 1.85 1.80 1.54 1.06 1.02
0.0498 | 1.85 1.81 1.9 1.18 @ 0.63
0.0249 | 1.85 1.81 161 1.26 0.79
0.0124 | 1.85 1.81 162 1.30 0.88
0.0062 | 1.85 1.81 163 1.31 0.92

Table 5.2: Example 4, rotating hump: L?-error at ¢t = 27 of the solution of the interpo-
lation scheme (B2H) with explicit Euler method for different discretization
parameters timestep 7 (rows) and mesh size h (columns).

the scheme with explicit Euler method. This reflects the higher order approximation
properties of the explicit midpoint method, that appear explicitly in the estimate of
Theorem .23

For our choice of data we find that the solution fulfills divRu = 0 for all times,
which we expect to hold also for the numerical solution produced by the interpolation
scheme. Yet, Table B4l confirms this only for small times and fine meshes. We blame
this on the approximate flow maps that will not map € exactly onto itself; backward
trajectories may leave the domain and there may be edges, whose image under the flow
will be at least partly outside the fixed mesh. In our implementation of the interpolant
1, X* _wy, we simply ignore the contribution of such edges, thus destroying the closedness
property, see Figures As long as wyp, has compact support away from 02 this effect
remains invisible. Yet, inevitable artificial diffusion will make supp wy, spread, reach 912,
and interpolation errors will pollute dwy, see Figures T4 and Perversely, this
happens earlier for the midpoint rule than the Euler method, because for the rotating
flow the latter introduces a stronger drift towards the center, which partly offsets outward
numerical diffusion.

Example 5: Rotating hump problem 2

We consider again the rotating hump problem, i.e. (30) on a circular domain € :=
{(z,y) : 2% +y? < 1} with source term f = 0, the velocity field:

2= (%)
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7\h | 0.420 0.210 0.105 0.052 0.026
1.5707 | 1.85 1.86 191 212 247
0.7853 | 1.v9 153 151 1.70 1.80
0.3926 | 1.83 1.6 | 0.99 0.55 0.50
0.1963 | 1.84 1.72 1.23 0.60 0.22
0.0997 | 1.84 1.77 149 085 0.33
0.0498 | 1.85 1.79 1.6 1.15 0.52
0.0249 | 1.85 1.80 1.9 1.24 0.79
0.0124 | 1.85 1.81 1.61 1.28 0.87
0.0062 | 1.85 1.81 1.62 131 0.92

Table 5.3: Example 4, rotating hump: L?-error at ¢t = 27 of the solution of the interpo-
lation scheme (:20)) with explicit midpoint method for different discretiza-
tion parameters timestep 7 (rows) and mesh size h (columns).

|| div Ruy,(0.257)]|o,1 || div Ruy,(0.57)lo,1 | div Ruy,(7)llo,1
Euler Midpoint Euler Midpoint Euler Midpoint
021 (15-100% 1.7-1073 | 1.5-100"* 4.6-107% | 6.2-107° 1.1-1072
0.11|41-100"%* 73.107% | 3.1-107* 46-10° |3.1-107% 53-107*
052 [82-100% 59.107° | 92.100*% 45.1078 | 9.1-107* 2.1.10°6
026(19-1073 19.-1002 |21-107% 18-1072 |21-10713 1.2.10710

h

Table 5.4: Example 4, interpolation scheme, with ~ = 0.8: The error
|| div Rup, (0.257) |01, || div Rup(0.57)]o,1 and || div Rup(7)||o,1 for solutions
uy, of the interpolation scheme with explicit Euler and explicit midpoint meth-
ods for different mesh sizes h.
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Figure 5.13: Example 4: Plot of the modulus of uy(0.57) (left) and divRuy(0.57)
(right), with uj obtained by the interpolation scheme with explicit mid-
point rule on a mesh with mesh size h = 0.0521 and v = 0.8.
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Figure 5.14: Example 4: Behavior of || div Ruyljo,1 as a function of ¢, with u;, produced
by the interpolation scheme with explicit midpoint rule (EM) and explicit
Euler (EE) on meshes with different mesh sizes for the time intervall [0, 0.57]
and v = 0.8.
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Figure 5.15: Example 4: Behavior of || div Ruyljo,1 as a function of ¢, with u;, produced
by the interpolation scheme with explicit midpoint rule (EM) and explicit
Euler (EE) on meshes with different mesh sizes for the time intervall [0, 27]
and v = 0.8.
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Here we take very smooth initial data (see Figure B.T9)

(2—0.5)2 442
up = e Towr L G) : (5.33)

Although semi-Lagrangian methods in principle permit very large timesteps, there are
some subtle details to be considered. In each timestep there is a huge number of ordinary
differential equations to be solved approximately up to some accuracy. We would like
to stress here that the choice of the numerical integrator strongly affects the numerical
solution. To examine the influence we use one timestep of

e explicit Euler method
e implicit Euler method

e implicit midpoint method

to determine the vertices of the transported mesh at ¢ = 7. For our specific choice of

the velocity function 3, in all three cases the update can be computed explicitly. See
Figures .16l B.T1 and (left) for the corresponding transported meshes. It is well
known [32, p. 12] that for our rotating problem

e the explicit Euler method gives an expanding solution;
e the implicit Euler method gives a collapsing solution;
e the midpoint rule gives a norm preserving solution.

We therefore encounter here that in comparison to the given circular domain the trans-
ported mesh covers

e a larger domain with the explicit Euler;
e a smaller domain with the implicit Euler;
e a domain of similar size with the midpoint rule.

These differences explain the quantitative differences of the solutions in Figures BT,
BET7 and We could of course increase the number of timesteps to obtain more
accurate solutions for the two Euler methods. Nevertheless we will encounter problems
on the boundary of the domain. Even if the velocity 8 has vanishing normal components
on the boundary on the domain, the approximate flow X, used in any semi-Lagrangian
methods doesn’t need to map the domain € onto itself, i.e. in general X _,(Q) # Q.

Finally we would like to stress, that it is mainly the projection onto the fixed initial
mesh, that introduces numerical diffusivity. Therefore, we consider

(2—0.5)2 442
uy = 67$ <i> (534)
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Figure 5.16: Example 5 with one explicit Euler step. Left: Mesh (blue) and transported
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mesh (red). The solid segments indicate the rotation. Right: Solution
at t = 7, for one Lagrangian time step. The black circle indicates the
trajectory of the analytical solution.
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Figure 5.17: Example 5 with one implicit Euler step. Left: Mesh (blue) and transported
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mesh (red). The solid segments indicate the rotation. Right: Solution
at t = 7, for one Lagrangian time step. The black circle indicates the
trajectory of the analytical solution.
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Figure 5.18: Example 5 with one step of the midpoint rule. Left: Mesh (blue) and
transported mesh (red). The solid segments indicate the rotation. Right:
Solution at ¢ = 7, for one Lagrangian time step. The black circle indicates
the trajectory of the analytical solution.

as initial data (see Figure EI9)), take the implicit midpoint rule with very small local
timesteps to compute the transported meshes and determine the solution at t = m with
1, 4, 16 and 64 Lagrangian timesteps. Since each Lagrangian timestep maps the iterated
solution back onto the initial mesh, it is the solution with just one Lagrangian timestep
that suffers least from numerical diffusion (see figure B.20).

Figure 5.19: Example 5: Modulus of the initial solutions (left) and (B34).
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Figure 5.20: Example 5: Numerical solutions at ¢ = « for initial data as in figure .19,
computed with 1.) upper left: 1 timestep (y &~ 68), 2.) upper right: 4
timesteps (y ~ 17), 3.) lower left: 16 timesteps (v ~ 4) and 4.) lower right:
64 timesteps (v ~ 1).
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5.2.4 Appendix
A Discrete Gronwall Inequality

The recursion
bo = Qo

biv1 <aip1 +(1+C1)b;;, C >0

implies

eCNT -1
by < max a; + e“N7h.

- Ct  1<i<N

Proof by induction:
byt < any1+ (1+7C)by

eCN’T -1 N
<ant1+ (1+70) <T max a; +e Tb0>

eCN’T -1

= an1 + (1 +70) < max ai> +(1+ TC)eCNTbO

Ct  1<i<N
1+C 1+C
+ T + + TeCN’T

< max q; <1 — > + (14 C1)eN7hg

T IKi<NA1 Cr Cr
C(N+1)T
e -1
<———— max a;+ eC(NH)TbO.
Cr 1<i<N+1
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6 Conclusions

6.1 Galerkin Methods for Magnetoquasistatic Equations in
Moving Conductors

With the tools presented in the preceding chapters we are now in the position to state
fully discrete Eulerian and Lagrangian timestepping schemes for the magnetoquasistatic
equations in moving conductors (Bhal)-(BAd).

For the sake of better readability, we stick here to an entirely vectorial notation.
Electromagnetic fields are denoted by bold face capital letters, so that the eddy current
model reads:

curlE = -0,B in €, (6.1a)
curlH=J+F in Q, (6.1b)
J=0(E+3xB) in €, (6.1c)
uH=B in Q. (6.1d)

In Section we have shown that this can be reformulated as a second order advection-
diffusion problem for either the magnetic field H (B3)):

OypuH + curlo ! curl H + grad o ! divH + B div(pH) + curl(zH x 8) = curlo 'F
or for the vector potential A BIT):
oA +curl p ' curl A + grad ' divA + ocurl A x 8 +ograd(3-A) =F.

We aim to find numerical solutions {H}}¥ . HY € Vj, or {AL}MY ) Al €V}, approxi-
mating {H(t;)}Y, and {A(t;)}Y, at discrete time points t; = iT and 7 = %, where V},
is a finite dimensional approximation space. The most important candidates for V}, are
the H (curl, Q)-conforming spaces P,A'(7) and P, A'(7) and the L? (Q2)-conforming
spaces PIAY(7). The discretization of the diffusion part curlcurl + graddiv in such
spaces is known and we refer to [60, Page 191] for H (curl, Q)-conforming spaces and
to [69] for L? (Q2)-conforming spaces.

Combining these discretizations of curlcurl+ grad div with the explicit Eulerian
schemes (B0) or implicit Eulerian schemes (6] for the advection problem, one obtains
Eulerian timestepping schemes for the complete advection-diffusion problem. Since we
have proved convergence of the schemes (BH) and (B6), we get timestepping schemes
for the advection-diffusion problem that are stable even for small diffusion coefficients.
Moreover we can even choose whether we want to treat the diffusion part explicitly or
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implicitly. Since stability of explicit timestepping schemes for parabolic problems re-
quires strong restrictions on the timestep size an implicit treatment appears preferable.
Still it might be beneficial to consider a semi-implicit setting where only the advection
part is treated explicitly. The resulting algebraic system is symmetric positive definite
and there are fast solvers for such systems available. However, in this case the timestep
size is limited by the stability constraint in Theorem B3l For the space Vj, = Py AY(T)
we could prove stability for 7 = O(h). For the H (curl, Q)-conforming approximation
spaces, in contrast, the result of Remark B.T.4] and the numerical experiments in Section
BT indicate that the timestep choice 7 = O(h) will not guarantee stability. Hence,
in view of timestep constraints, the semi-implicit scheme is in general not advantageous
compared to fully explicit timestepping schemes.

Another possibility to solve the complete advection-diffusion problems is to combine
the discretization of curlcurl+ graddiv with one of the semi-Lagrangian timestep-
ping schemes in Chapter Semi-Lagrangian schemes have the advantage that they
are unconditionally stable, while the algebraic systems that need to be solved in each
timestep remain positive definite. A disadvantage is definitely the expensive evaluation
of the right-hand side. Only for low-order approximation spaces we might use the semi-
Lagrangian interpolation schemes (528 and (B26]), that are then less expensive than
the semi-Lagrangian Galerkin schemes (EI7).

Finally it will strongly depend on the concrete problem setting whether an Eulerian
timestepping scheme or a semi-Lagrangian scheme has an overall better performance.

6.2 Summary and Outlook

In Section we presented a unifying framework to derive finite volume schemes from
schemes for discrete differential forms. In doing so, constraints, that are preserved on
the continuous level, can be consistently replaced in finite volume schemes by approxi-
mations. We think, that within this framework it is possible to define approximations
of exterior derivatives for very general triangulations, such that ([Z&4) is fulfilled. This
means one finds finite volumes spaces and discrete exterior derivatives that build a
cochain complex similar to the complexes ([Z60) and (ZET]).

We believe that the convergence order O(h”'%) given for the stabilized Galerkin meth-
ods in Theorems T8 EET.T3] EET.T4, and are sharp for estimates in L?-
norms. For the scalar case this has already been shown in [70,75,89]. Although the
experiments in Section BLI4] show convergence rates of order O(h"*1), we expect that
on special meshes, meshes that are adapted to the velocity field, a convergence of order
O(h”'%) would be observed.

The analysis of the semi-Lagrangian interpolation schemes introduced in Section
seems to be much harder than the analysis of the semi-Lagrangian Galerkin schemes in
BZT. The standard analysis as in Theorems B2ZT] and fails, because of the lack of
continuity of most interpolation operators in L?. In Theorem we have presented
a new approach to analyse semi-Lagrangian methods and proved convergence even for
lowest order approximations spaces. This approach is inspired by the analysis of the
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6.2 Summary and Outlook

Eulerian methods in Section Bl and uses so-called Ritz-Galerkin projectors defined via
spatial discretizations of the stationary problem. For the case of the semi-Lagrangian
Galerkin methods we used the characteristic method in Section to define such Ritz-
Galerkin methods. If it would be possible to define and analyse characteristic methods
for the interpolation scheme this would allow a different kind of convergence analysis for
semi-Lagrangian interpolation schemes.
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