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Abstract
At the dawn of Industry 4.0, it has become apparent that assessment of engineered systems should be informed from the state of the system “as-is”. To this end, data needs to be fused with adequate and efficient
system models. Such system models should account for the underlying physics and the possibly nonlinear
dynamic processes involved. This paper introduces a physics-based parametric formulation for nonlinear
structural systems. A Reduced Order Model (ROM) of the high fidelity system is developed, retaining
the dependencies on system properties and on temporal and spectral characteristics of the excitation. The
ROM formulation relies on i) Proper Orthogonal Decomposition applied to snapshots of the nonlinear response, and ii) manifold interpolation of the resulting projection bases. Its performance is evaluated on a
3D earthquake-excited shear frame with nonlinear couplings. The developed ROM can be exploited for a
number of tasks including monitoring, diagnostics and residual life estimation of critical components.

1

Introduction

Digital twins form a primary contributing factor on the road towards virtualization. In this respect the development of high fidelity representations conditioned on monitoring data extracted from the system ‘as-is’
becomes crucial [1]. However, in the pursuit of increased precision, efficiency is often sacrificed. In tackling
this challenge, model order reduction techniques arise as prime candidates. In this work we use the term
Model Order Reduction, whereas the derived model is referred as a Reduced Order Model (MOR and ROM
respectively) [2]. A generalization of the ROM with respect to parameters that enter the governing equations
is achieved via adoption of a parametric Reduced Order Modeling (pROM) scheme [3].
The goal of this paper is to derive a ROM able to predict the time history response of a nonlinear dynamical
system with parametric dependencies. To achieve this efficiently, the proposed ROM approach must be able
to reproduce the underlying dynamics of the high fidelity representation without any operations that scale
with the original, full order dimension of the problem. This in turn ensures that the derived ROM can be
evaluated without limitations produced by memory, storage or computational load requirements [4].
There have been many different approaches proposed on deriving ROMs under a nonlinear, parametric setting. A comprehensive overview may be found in [2], whereas [5, 6] offer cross-comparison remarks of
established MOR techniques. In this work, the focus lies on parametric, nonlinear dynamical systems that
are modeled based on a Finite Element representation. In capturing their time response, projection-based
Proper Orthogonal Decomposition (POD) is employed as the dominant reduction method for this class of
problems [2, 3].
In this context, a global subspace, henceforth basis, may be assembled for the entire parametric domain. This
approach has been adopted mainly when linear problems are addressed [7, 8] or when the nonlinearity is of

a localized nature [9]. However, in cases with strong nonlinear effects dependent on the parametric state this
approach might lead to a prohibitively high number of basis components.
For this reason, the starting point of this work follows the approach introduced in [7], where a pool of
local POD bases is assembled. Here, locality refers to “the subspace or the respective region of the manifold
where the solution lies at a given parametric input” [7]. This reduction methodology can then be coupled with
interpolation [10] or clustering techniques [11, 12], to approximate the projection basis in a new parametric
point. In addition, hyper reduction is employed to address efficiency limitations produced by projecting the
nonlinear system vectors [13, 14].
In this work, a variant of the pROM method in [7] recently proposed in [15] is implemented, introducing a
new component on the local POD bases technique. By performing the interpolation in a reduced coefficient
matrix, any dependency from the full order dimension is removed and a further reduction of the complexity
of the pROM formulation is achieved. In addition to the work in [15], in this paper, the pMOR framework is assembled by formulating the reduced coefficient matrix in the original space of the problem. This
substantially reduces the dimension during both the manifold projection and interpolation operations.
The performance of the pROM is also evaluated in a multi-parametric context, with dependency pertaining
in the system properties, the temporal and the spectral characteristics of the excitation. Therefore, this work
is perceived as a continuation of [15], focusing on deriving pROMs able to capture the dynamics of structural
systems featuring material nonlinearity, tied to phenomena such as plasticity and hysteresis. This paper is
structured as follows: The problem formulation and the background knowledge is developed in section 2,
the details of the implemented method are presented in section 3 and the performance of the pROM on a 3D
shear frame parametric case study is discussed in section 4.

2
2.1

Problem statement
Nonlinear dynamical system formulation

The response of a nonlinear dynamical system whose configuration depends on l parameters, contained in
the parameter vector p = [p1 , ..., pl ]T ∈ Ω ⊂ Rl , is described by the governing equations of motion:
M(p)ü(t) + g (u(t), u̇(t), p) = f (t, p),

(1)

where u(t) ∈ Rn represents the displacement of the system, M(p) ∈ Rn×n denotes the mass matrix and
f (t, p) ∈ Rn represents the externally applied excitation. The order of the high fidelity system is n, which
physically represents the number of degrees of freedom. The nonlinearity of the system lies in the restoring
force term g (u(t), u̇(t)) ∈ Rn . This term represents the resisting or internal forces of the system and is
further dependent, along with the externally applied excitation, on the parameter vector p.
The goal of this paper is to develop an equivalent low-order system (pROM) able to approximate the solution
response of Equation (1). To achieve this, the pROM should further retain the parametric dependency of the
high order model in a reduced dimension r, such that r << n. Due to the parametric set up of the problem,
the pROM formulation is based on Proper Orthogonal Decomposition. An overview of the methodology is
given in the next section.

2.2

POD-based pROM formulation

The fundamental assumption made in projection-based pMOR is that the response of the system for a certain
parameter vector realization pj belongs to a lower dimensional subspace S ⊂ Rn . The dimension r of this
subspace is typically orders of magnitude smaller than n. As such, the solution of Equation (1) for a given
operating parametric sample pj can be expressed in the form:
u(t) = V(pj )ur (t),

(2)

where V(pj ) is the projection basis and represents the set of orthonormal vectors spanning S ⊂ Rn . The
term ur ∈ Rr defines the components of the solution in this basis. Thereafter, the pROM representation
is obtained by means of a Galerkin projection using V(pj ) T as the respective basis. This results in the
following system of equations:
Mr ür (t) + Cr u̇r (t) + gr (u(t), pj ) = fr (t, pj )

(3)

where the notations is kept the same as Equation (1). The reduced-order formulation of the system vectors
and matrices is denoted by the subscript r and is of the form:
Mr (pj ) = V(pj ) T M(pj )V(pj )
gr (pj ) = V(pj ) T g (u(t), pj )

Cr (pj ) = V(pj ) T C(pj )V(pj )
fr (pj ) = V(pj ) T f (t, pj )

(4)

The computation of the orthonormal basis vectors is carried out by means of Proper Orthogonal Decomposition (POD)[16]. The dependency is injected into the pMOR framework by assembling local bases with the
aim of guaranteeing approximation accuracy across the entire parameter space. This implies that the reduction step is herein performed for a number of training operating samples pj for j = 1, 2, . . . , Ns . Each one
of the local bases assembled thereafter corresponds to a unique sample, or family of parameter realizations.
To approximately reproduce the response of the system for a new configuration, a local basis is estimated
via interpolation and the reduced matrices are obtained based on Equation (4). Interpolation is herein performed according to the approach described in [7]. Within this context, mapping to the tangent space of the
Grassmann manifold is initially performed to ensure the orthogonality of resulting subspaces as well as the
positive-definiteness of the occurring reduced-order matrices. The mapped data are subsequently interpolated to estimate the local basis and mapped back to the manifold. A detailed background overview of this
procedure is given in [7, 15].
Although the pROM formulation in Equation (3) is of dimension r << n, the evaluation of the response
still remains bounded by the size of the high fidelity mesh. The associated computation toll is dominated
by the evaluation of the nonlinear terms at the element-level that scale with the full-order dimension n
[11, 13]. To achieve rapid computation of the nonlinear pROM, the framework should be equipped with
a hyper-reduction method. Herein, the Energy-Conserving Sampling and Weighting (ECSW) scheme is
implemented. This approach was initially introduced in [13] and is ideal for FE computations due to its
physics-based formulation. The details are omitted here for brevity purposes but can be found in [13].

2.3

Parametric representation of earthquake excitation

In the present work, the input parametric set contains traits of the system’s properties and excitation. Injecting this dependency on the nonlinear couplings is straightforward, since their formulation is based on the
parametric setting of the Bouc-Wen model [17]. On the other hand, the earthquake motion requires a more
elaborate treatment. To this end, the stochastic ground motion model proposed in [18] is employed, in a
similar way to the one already demonstrated in the context of nonlinear parametric metamodels in [19].
The parametric representation in [18] derives synthetic acceleration signals by time-modulating a normalized
and filtered white noise process. An overview of the modeling process is demonstrated visually in Figure 1.
In terms of mathematical formulation, the non-stationary function of the time modulating filter in Figure 1
is defined as follows:
q (t, α) = α1 tα2 −1 exp (−α3 t)
(5)
where α = [α1 , α2 , α3 ] are parameters controlling the process intensity, the shape and the duration of the
motion respectively. These parameters are directly linked to the time-domain characteristics such as the
expected Arias intensity IA , the effective duration of the motion D5−95 and the time tmid at which a 45%
level of the expected Arias intensity is reached.

Unit variance process
with spectral non-stationarity

White Noise
Linear
time-varying filter

Simulated ground acceleration

STD normalization

Full non-stationary process

High-pass filter

Time modulating
filter

Figure 1: Parametric modeling process of earthquake accelerogram based on [18]. The visualization is
inspired by [19].
The time-varying filter on Figure 1 is implemented by an Impulse Response Filter assuming the following
form:
h
i
p
ωf (τ )
h [t − τ ] = p
exp [−ζωf (τ ) (t − τ )] sin ωf (τ ) 1 − ζ 2 (t − τ )
(6)
1 − ζ2
where ζf denotes the damping ratio and ωf the frequency of the filter, with ωf = ωmid + ω 0 (τ − tmid ).
Parameter ω 0 represents the rate of change of ω and ωmid is the frequency value at t = tmid .
Thus, the temporal and spectral characteristics of a real earthquake are infused as parameters into the aforementioned model. This allows for parametric representation of a target accelerogram or a set of them.
Thereafter, ”synthetic” ground motion signals can be produced, equivalent to the target (or real recorded)
ones, in the sense of similarity of the time-frequency characteristics [19].

3

Local basis coefficients interpolation for pMOR

Given the problem of Equation (1), the overall process of constructing a pROM consists of the following
steps: First, a set of parametric inputs is defined and the high fidelity model is simulated. To this end, the
displacement time histories are collected, henceforth referred as snapshots. Second, the projection bases
are assembled using POD on the collected snapshots and the respective coefficient matrices are calculated.
Finally, the hyper reduction terms are computed. These steps comprise the offline portion of the method.
They are described in detail in section 3.1.
The online portion of the method refers to the evaluation of the pROM on any parametric input not included
on the training set. As a first step, the coefficient matrix and the local projection basis are obtained using
manifold interpolation. Then, the system matrices are projected based on Equation (4) and the pMOR is
simulated based on Equation (3). To obtain the final approximation the resulting response is projected back
to the original coordinates with Equation (2). The respective procedure is presented in section 3.2.

3.1

pROM training - offline phase

The offline phase of the framework represents the operations employed to train the pROM on approximating
the response and the underlying dynamics of the high fidelity model. These operations are summarized and
discussed here in detail. An overview of the algorithmic approaches implemented is presented in Table 1.
The first step is to determine the training parametric states. Since the approach implemented in this study
follows the one in [15], it is based on local basis coefficient interpolation. Based on the locality premise,

the principal independent components of neighboring snapshots are assumed to span the same subspace. In
addition, the parameter space of the numerical case study is assumed continuous and smooth up to a certain
extent. As a result, local snapshots imply close distance on the parameter space.
In the multi-parametric context of this paper the training states are determined based on a q-sphere for
every operating point, where q + 1 equals the problem parameters. This q-sphere is thus considered a local
subdomain. The training points are subsequently defined on the surface of the sphere. The high fidelity
model is simulated for all states, with the corresponding snapshots hence created. Following the approach
on [15], a pool of local bases is constructed next employing POD. To complete the definition of the offline
portion, the tangent space of the manifold interpolation is drawn at the origin of every q-sphere.
Table 1: Offline phase of the pROM framework approach
Notation:
Nt : Number of timesteps, Ndof :Number of Degrees of Freedom of the model
Nm : Independent components/modes of a local reduction basis
Ns : Number of training samples per subdomain, Nsd : Number of operating points or subdomains
Nreduced : Independent components/modes of a global reduction basis
Offline phase
1: Sample parametric domain properly (eg: distribution sampling)
2: Assemble operating points vector ps = [p1 , p2 , . . . , pNsd ]
for b=1,...,Nsd do
3: Define subdomain as a 3-sphere with origin at pb
4: Sample subdomain. Based on distance from origin, select training and validation states.
5: Simulate high fidelity model for sampled parametric inputs (Equation (1))
6: Obtain snapshots Ubi ∈ RNdof ×Nt where i = 1, 2, ..., Ns
7: Perform POD to assemble local bases Vib ∈ RNdof ×Nm
Variant A - Reproduced after [15]
e b spanning Tb , the tangent space to the Grassmann manifold
8: Map matrices Vib to V
i
V pb
b
b
e
9: Assemble local bases Vi to a global matrix Vglobal
Ndof ×Nreduced
b
eb
∈ RNdof ×(Ns ×Nm ) and obtain V
10: Perform POD to Vglobal
global ∈ R
b
b
b
b
b
e =V
e
11: On the tangent space T
, solve V
× Ξ and store Ξ
Vpb

i

global

i

i

Variant B
b
8: Assemble local bases Vib to a global matrix Vglobal
Ndof ×Nreduced
b
eb
∈ RNdof ×(Ns ×Nm ) and obtain V
9: Perform POD to Vglobal
global ∈ R
b
b
eb
10: On the original coordinate space, solve Vib = V
global × Ξi and store Ξi
b
b
b
e spanning T
11: Map matrices Ξi to Ξ
i
Ξpb , the tangent space to the Grassmann manifold
end for

With these definition in place, the manifold projection quantities can be precomputed in the offline phase.
For example, based on the approach in [15], a ‘global’ basis is assembled on the tangent space. This allows
to derive a reduced coefficient matrix for each local basis on the tangent space as follows: If sd denotes the
subdomain of interest and i the number of a snapshot in this subdomain, the global basis on the tangent space
sd
sd
is denoted by Vglobal
and the local bases as Vlocal,i
. The reduced coefficient matrix is formulated as:
sd
sd
Vlocal,i
= Vglobal
Ξi

(7)

where, if Ns is the total number of generated snapshots and Nm is the number of independent components
sd
sd
contained in each local basis, Vlocal,i
∈ Rn×Nm , Vglobal
∈ Rn×(Ns ×Nm ) and Ξ ∈ R(Ns ×Nm )×Nm . Without

loss of generality, it is implied here that the Nm,i components are independent to the Nm,j6=i components of
the rest of the local bases. This implies a reduced interpolation scheme, namely on the coefficient matrices
Ξ, compared to element-wise interpolation applied in [7]. An overview of these algorithmic steps is given in
Table 1 under Variant A.
However, in [15], the formulation of the local coefficient matrices Ξ is performed on the tangent space, as
presented in Table 1 under Variant A. To achieve this, the local bases Vib ∈ RNdof ×Nmodes are projected
on the Grassmann manifold. This implies that the respective operation also has an indirect dependency on
the full order dimension n. To this end, this paper implements a variant of the pMOR approach in [15] by
formulating the reduced coefficient matrix in the original space of the problem. Thus, both the manifold
projection and the interpolation operations scale with (Ns × Nm ) × Nm instead of Ndof . This leads to an
additional dimensionality reduction and complete independency of the manifold operations from the high
fidelity model dimension n = Ndof . The respective algorithmic steps are presented in Table 1, under Variant
B.

3.2

pROM evaluation - online phase

The online phase of the framework represents the operations to evaluate the trained pROM response on a
validation parametric input. The algorithmic approaches implemented are presented in Table 2.
Table 2: Online phase of the pROM framework approach
Online phase
Assume pROM evaluation on validation sample pq of subdomain b
Variant A - Reproduced after [15]
1*: Interpolate coefficients Ξb on the tangent space to estimate Ξbq for parametric point pq
b
eb = V
eb
2*: Compute local basis V
q
global × Ξq
b
b
e back to V on the original coordinates
3*: Map local basis V
q
q
Variant B
e b on the tangent space to estimate Ξ
e b for parametric point pq
1*: Interpolate coefficients Ξ
q
e b back to Ξb on the original coordinates
2*: Map coefficient matrix Ξ
q
q
b
3*: Compute local basis Vqb = Vglobal
× Ξbq
4*: Formulate the reduced order matrices based on Equation (4)
5*: Evaluate the pROM response (Equation (3)) and obtain the displacement time history Uq

As a first step, the coefficient matrix is obtained using Lagrange polynomials manifold interpolation between
the reduced coefficient matrices Ξ based on the respective parametric states. The local projection basis is
assembled next. Based on Variant A of Table 2, reproduced after [15], the local basis is assembled on the
tangent space based on Equation (7). In Variant B, the approach implemented on this paper, the coefficient
matrix is mapped back and the projection basis of the validation parametric state is obtained on the original
space of the problem. This implies projection operations scaling with a reduced dimension compared to the
fq , as already explained in section 3.1.
full order dimension of the local basis V

4

Two story building under earthquake excitation

After describing the implemented approaches for the pROM framework assembly in section 3, the numerical
evaluation of their performance is discussed. An academic example of a 3D, two story building with nonlinear links under earthquake ground motion is simulated. This example demonstrates the potential of the
pROM in handling nonlinear effects in a multi-parametric context.

(a) Geometrical Configuration of the problem.

(b) Illustration of sampling scheme in 3D.

Figure 2: Two story building with nonlinear links. Geometrical configuration depicted in grey and example
deformed state in black. The domain sampling scheme employed is also visualized in 3D.
For a comparative assessment, three pROMs are examined. The first one performs element-wise interpolation
on the tangent space local bases after [7]. Variant A pROM utilizes the local bases coefficient approach
proposed in [15]. The last scheme is formulated based on Variant B described in section 3. The global error
measure in space and time is evaluated, referred to as RE. All simulations were performed in a single core
on an Intel(R) Xeon(R) CPU with the same integration time step. The speed up is calculated as the ratio of
CPU time required for a single evaluation of the pROM over the time needed for the evaluation of the HFM.
The properties of the 3D frame are summarized in Table 3. The respective geometrical sketch is presented
in Figure 2a. All couplings on every node of the structure are modeled based on a nonlinear restoring forcedisplacement law. The nonlinear restoring force terms are computed employing the Bouc Wen hysteretic
model [17]. The respective Equation is:
ż = Aẋ − β|ẋ|z|z|w−1 − γ ẋ|z|w
 A 1
w
zmax =
,
β+γ

(8)

where x denotes the displacement, z is the hysteretic parameter and A controls the amplitude of the hysteresis curve. The shape and steepness of the curve are determined based on parameters β and γ. Specifically, a
hardening or softening behavior may be defined by tweaking their sum and/or difference. In this work, parametric dependency enters the system on the amplitude parameter A and on zmax , thus collectively controlling
the shape of the hysteresis loop at once.
Dependency pertains on the earthquake motion as well. Based on the stochastic model in section 2.3, synthetic accelerograms can be derived. Herein ωdot is chosen as an input variable, representing the spectral
characteristics of the accelerogram. Based on the suggestions in [19], proposed after modeling the PEER
earthquake signal database [20], ωdot is assumed to follow a t-distribution.
In addition, the angle φ of the earthquake with respect to the x-direction of motion is parametrized. This
controls the amplitude of the motion in an indirect manner. The rest of the parameters are set to the respective
value with the highest probability density based on the distributions in [19], namely ζ = 0.10, IA = 0.0750,
tmid = 0.10, D5−95 = 0.36. The frequency ωmid was manually set equal to 25Hz.
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Figure 3: Parametric study on reduction order selection. The maximum and mean error on the validation set
is depicted for state p = [A = 0.20, zmax = 1.40e4, ωdot = −0.35, φ = pi/4].
Drawing from the distributions on Table 3, every parametric input represents an operating state and defines
the origin of the local 3-sphere. This is illustrated in Figure 2b in a 3D space. The extents of the sphere
are defined based on a ≈ 20% variation of the origin’s coordinates or at least equal to include the closest
operating point. This range is equivalent to defining a maximum distance threshold between neighbouring
operating points drawn from the respective distributions, thus dictating the sampling density.
Thereafter, the training and validation states are selected. This is accomplished by sampling the surface and
the inside of every orthant of the 3-sphere. Assuming h surface states per orthant are selected to populate
the training set, the rest are labeled as validation. The subdomain is sampled densely to guarantee extended
validity of the pROM. An additional distance check is performed to guarantee that training states maintain a
minimum distance and that validation states similar or ”close” to the training set are excluded.
To this end, two algorithmic parameters need to be defined, namely the h term and the reduction order r.
Figure 3 summarizes the accuracy measures of the respective parametric study. Based on this, a reduction
order of 8 is chosen to ensure better approximation quality. A higher order does not increase accuracy
dramatically so is avoided due to efficiency considerations. Moreover, the increase on the training states on
Figure 3b leads to a negligible error reduction. Thus, the h parameter is assumed equal to 1.
Table 3: Geometric and mechanical properties of the frame along with modeling assumptions of parametric
input variables.
Geometric
No. of frames: 2
Length(m): 2*7
Width(m): 5
HEA 200 cross-section

Mechanical
E(GPa): 210
Poisson Ration: 0.30
Density(kg/m3 ): 8000
Damping: 0.05*Mass

Variable
Alpha
zmax
ω 0 (Hz/s)
φ (rad)

Distribution
Uniform
Uniform
t-distribution
Uniform

pdf parameters
min = 0.10, max = 1.00
min = 1e04, max = 5e04
[µ, σ, ν]=[-0.33, 0.2, 1.73]
min = 0, max = π/2

Following the steps in Tables 1 and 2, the pROMs are derived. Namely one employing element-wise basis
interpolation after [7], the coefficient matrix interpolation pROM of [15] referred to as Variant A and Variant
B representing the approach implemented in this paper. Their performance is summarized in Table 4 for two
sampling resolution of the domain, namely a coarse and a finer one.
The error measures for the fine sampled, Variant B coefficient interpolation approach on Table 4, indicate that
the derived pROM of this paper is able to reproduce the underlying dynamics of the 3D frame accurately.
The displacements are approximated with less than 1% deviation throughout almost the entire parametric
domain. The respective threshold in nonlinear forces suggests a rigorous pROM as well. Even in the coarse

(a) Projection in excitation parameter space

(b) Projection in system configuration parameter space

Figure 4: Example subdomain error plot for the fine density Variant B pROM of Table 4. The RErf error is
evaluated with respect to the approximation of the restoring forces rf .
sampling case, the derived pROM delivers an acceptable overall performance, although the 99% quantile
threshold for nonlinear forces may be unsatisfactory depending on the problem requirements.
Comparing the implemented approaches in Table 4, Variant B seems marginally less accurate. This is justified, especially in highly nonlinear or rapidly changing states, since the coefficient matrix formulation of
Equation (7) may lead to loss of substantial information. However, this additional reduction on the projection
quantities leads to an average speed-up factor of 1.92 during manifold operations compared to the other two
approaches that scale with the high fidelity dimension n. Clearly, this sacrifice in absolute accuracy may be
worthwhile in the sake of computational resources for certain applications. Especially in a context where
efficiency optimization is sought and the accuracy trade-off is marginal or at least acceptable as in our case.
Regarding computational speed-up, the respective factor in Table 4 is rather insignificant compared to similar
implementations [13, 21]. Although hyper reduction is utilized, the discrete nature of the nonlinearity that
is assembled in springs in a constitutive level and the small dimension of the full-order model, become
prohibitive factors for efficiency in orders of magnitude. Nonetheless, the focus of the derived pROM lies on
providing a ‘proof of concept’ example for the approximation strategy implemented.
The RErf measure for the fine density of the Variant B pROM, is depicted in detail in Figure 4 for an example
subdomain. The validation sample located in the upper 10% error quantile. Two 2D projections are provided
Table 4: Evaluation of the pROM performance. Statistical measures of the error across the domain are
presented along with the speed up factor. The pROM variants compared are described in Tables 1,2.
REu measure
Mean (σ %)
99% quantile

RErf measure
Mean (σ %)
99% quantile

Coarse Sampling ( Variation ≈ 20% )
Elementwise Interp.
< 1%(0.3)
1.59%
1.49%(1.03)
Variant A
< 1%(0.3)
1.59%
1.50%(1.03)
Variant B
< 1%(0.4)
1.60%
1.64%(1.06)
Fine Sampling ( Variation ≈ 10% )
Elementwise Interp.
< 1%(0.2)
0.90%
1.08%(0.80)
Variant A
< 1%(0.2)
0.90%
1.08%(0.80)
Variant B
< 1%(0.4)
0.92%
1.21%(0.85)
Speed-up factor of pROM evaluation: 2.81
Speed-up factor on manifold operations due to reduced dimension: 1.92

5.25%
5.29%
6.17%
4.13%
4.13%
4.97%
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Figure 5: Accuracy of the implemented pROM (Variant B - Tables 1,2). The approximation accuracy is
depicted on a response time history and on capturing the varying shape of the restoring force curve.
to visualize the 4D space of the problem. Figure 4a projects the original space on the parameter space
of the excitation characteristics whereas Figure 4b is illustrated on the parameters referring to the system
configuration. The color visualization in both figures indicates that the overall performance of the pROM
in the domain maintains a threshold of 3%, delivering an accurate approximation. In addition, although the
original space is deformed through these two 2D projections, the effect of the error minimizing in the vicinity
of the training samples as expected is still visible.
In Figure 5 the capability of the Variant B pROM is demonstrated with respect to capturing the dynamics
of the hysteretic couplings. For demonstration clarity purposes only a fragment of the hysteresis curve is
depicted. The overall accuracy on estimating different shape and magnitude cases for the hysteresis curve
is presented. First, as illustrated in Figure 5a, the pROM seems able to reproduce the underlying HFM
time-history response. A shallow hysteresis curve is captured accurately in 5b, whereas a steep case is
approximated in Figure 5d. The pROM delivers even for intermediate parametric states producing the loop
shape of Figure 5c. This indicates that the parametric dependency of the HFM is successfully infused in a
low-order pROM capable of reproducing the underlying hysteresis phenomena.

5

Limitations and Conclusions

In this study a physics-based pROM is derived, capable of modeling the dynamic behavior of a 3D nonlinear
structural system across a range of parameters. The input parameter set may include traits of the structural
configuration (material and hysteresis properties), as well as the spectral and temporal characteristics of the
excitation.
The performance of the pMOR strategy employed was demonstrated on the dynamic estimation of both displacements and nonlinear forces and was compared against established local bases interpolation techniques
and recently proposed pROM variants. The implemented pROM demonstrates sufficient precision under a
multi-parametric context, demonstrating the capabilities of the approach.

However, certain limitations ought to be acknowledged. Firstly, the methodology followed is verified on
a small size academic example. The tuning of the parameters may lead to a highly parametric dependent
nonlinear response, thus rendering the configuration acceptable for evaluating the accuracy performance
of the pROM. The computational efficiency needs to be further validated in larger scale case studies. In
addition, the smoothness and continuation of the parametric domain pose certain constraints and require
elaborate treatment in generalizing the applicability of the pROM. Future work can potentially address and
challenge these limitations.
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