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Abstract
For the design of crashworthy structures, it is essential to understand the
failure mechanisms of materials and structural elements at high strain
rates. This has led to the development of tests where materials are loaded
at high rates to produce dynamic fracture. Not only is the fracture
process itself of interest, but also the elastic waves that are generated
during fracture. These so-called acoustic emissions propagate through
the structure and can be detected at another, easily accessible location.
From the acoustic-emission measurements, information is gathered about
the presence, location, and development of cracks in the structure, which
is helpful for the assessment of the structural integrity.
In this thesis, we present a method for the generation of precisely controlled dynamic fracture by focusing flexural waves. We investigate the
dynamic fracture process, and model the resulting acoustic emissions. In
our dynamic fracture experiments, flexural waves are generated at one
end of a glass tube and focused at an arbitrarily chosen location along
the tube. At the focal point, a strong bending-moment pulse is generated
that is more than 20 times larger in amplitude than the initially generated flexural waves. Moreover, the bending-moment pulse is larger than
the bending strength of the glass tube and thus induces dynamic fracture. Both the location and the shape of the bending-moment pulse are
tuned precisely with the wave-focusing process. Therefore, the dynamic
fracture process is highly controlled and repeatable acoustic emissions
are generated.
Our wave-focusing method relies on the time-reversal symmetry and
the dispersion of flexural waves, as well as the superposition of multiple
reflections. We simulate the dispersion of the focused bending-moment
pulse in a spectral-element simulation, where the glass tube is modeled
with Timoshenko beam theory. We compute the loading produced by
VII
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the dispersed bending-moment pulse at the ends of the beam. From the
simulated bending moment at the end of the beam, we obtain the excitation signals by reversing the direction of time. Thus, slow frequencies
are excited first and fast frequencies are excited at the end of the signal.
We compute the excitation signals for multiple wavelets that focus at
the focal point after having undergone up to 30 reflections. Thereby, the
active time of the transducer is increased and more energy is pumped
into the beam. The excitations signals of the individual wavelets are superimposed optimally with a linear-programming algorithm so that the
bending moment at the focal point is maximized.
We study the dynamic fracture process with a high-speed-video recording and distinguish two phases. In the first phase, the crack traverses
85% of the cross section at relatively high speed. In the second phase, the
crack slows down considerably and traverses the remainder of the cross
section. In contrast to fracture tests under quasi-static bending, no arrest of the fracture process is observed. We attribute this difference in
crack dynamics to our more dynamic and load-controlled configuration.
Lastly, we investigate the acoustic-emission generation during the
dynamic fracture process under bending. We simulate the interaction
of the propagating flexural waves with a gradually growing crack in the
glass tube. The scattering of the incident flexural waves at the tractionfree crack surface is computed analytically and the propagation of the
resulting flexural and longitudinal waves is simulated with spectral elements. We observe mode conversion of flexural waves to longitudinal
waves during the fracture process with very good agreement between our
measurements and simulations.
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Zusammenfassung
Für die Auslegung von unfallsicheren Strukturen ist das Verständnis der
Versagensmechanismen von Werkstoffen und Strukturelementen unerlässlich. Daher wurde eine Reihe von Prüfverfahren entwickelt, in denen das Werkstücken mit grosser Deformationsgeschwindigkeit bis zum
Bruch belastet wird. Dabei ist nicht nur der Bruchvorgang an sich interessant, sondern auch die elastischen Wellen, die während des Bruchs entstehen. Diese sogenannten Schallemissionen breiten sich in der Struktur
aus und können so an einer leicht zugänglichen Stelle gemessen werden.
Aus den Schallemissionsmessungen können Rückschlüsse über die Existenz, den Ort und die Ausbreitung von Rissen in der Struktur gezogen
werden, die für die Beurteilung der Festigkeit sehr hilfreich sind.
In dieser Dissertation stellen wir eine Methode vor, bei der ein genau
kontrollierter, dynamischer Bruch erzeugt wird, indem Biegewellen zu
einem schmalen Puls fokussiert werden. Des Weiteren untersuchen wir
den dynamischen Bruchvorgang selbst und modellieren die daraus resultierenden Schallemissionen. In unseren dynamischen Bruchexperimenten
werden Biegewellen an einem Ende eines Glasrohrs so angeregt, dass sie
an einer anderen, zufällig gewählten Stelle des Rohrs zu einem schmalen
Puls fokussieren. An dieser Stelle, dem Fokus, entsteht ein Biegemomentpuls, der mehr als 20 Mal grösser ist als das anfängliche Moment
der Biegewelle bei der Anregung. Ausserdem ist das Biegemoment am
Fokus grösser als die Biegefestigkeit des Glasrohrs und erzeugt somit
einen dynamischen Bruch. Sowohl der Ort des Fokus, als auch die Form
des Pulses können durch das Fokussieren der Biegewellen präzise eingestellt werden. Somit ist der dynamische Bruchvorgang hochkontrolliert
und erzeugt wiederholbare Schallemissionen.
Unsere Wellenfokussierungsmethode beruht auf der Zeitumkehrsymmetrie und der Dispersion von Biegewellen, sowie der Überlagerung von
IX
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mehreren Reflektionen. Wir simulieren die Ausbreitung der Biegewellen
mit der Methode der spektralen Elemente und modellieren das Glasrohr
als Timoschenko Balken. In der Simulation wird das Biegemoment berechnet, das von dem zerstreuten Biegemomentpuls am Ende des Rohrs
erzeugt wird. Daraus berechnen wir das Anregungssignal, indem wir die
Zeitrichtung des Biegemomentsignals umkehren. Somit werden die langsamen Frequenzen zuerst und die schnellen Frequenzen am Schluss angeregt. Wir berechnen Anregungssignale für mehrere Wellenpakete, die
nach unterschiedlich vielen Reflektionen an den Balkenenden, am Fokus
zusammenlaufen. Dadurch wird die Zeit verlängert, in der der Transducer Energie in das Glasrohr pumpt. Die Anregungssignale der einzelnen
Wellenpakete werden mit einem Algorithmus aus der linearen Optimierung so überlagert, dass das Biegemoment am Fokuspunkt maximiert
wird.
Wir untersuchen den dynamischen Bruchvorgang mit einer Hochgeschwindigkeitskamera und teilen ihn, basierend auf diesen Aufnahmen,
in zwei Phasen ein. Während der ersten Phase durchquert der Riss 85%
des Querschnitts mit relativ hoher Geschwindigkeit. In der zweiten Phase verlangsamt sich der Riss zunehmend und durchquert den restlichen
Teil des Querschnitts. Im Gegensatz zu quasistatischen Biegeversuchen
wurde kein Arrest des Bruchvorgangs beobachtet. Wir führen diesen Unterschied auf unsere dynamischere und lastkontrollierte Belastungsart
zurück.
Schlussendlich untersuchen wir die Entstehung der Schallemissionen
während des dynamischen Bruchvorgangs unter Biegung. Wir simulieren die Wechselwirkung des laufenden Biegenwellenpulses mit dem im
Wachstum befindlichen Riss. Die Streuung der einfallenden Biegewellen an der spannungsfreien Rissfläche wird analytisch berechnet und die
Ausbreitung der entstehenden Längs- und Biegewellen wird mit der Methode der spektralen Elemente simuliert. Während des Bruchvorgangs
beobachten wir Modenumwandlung von Biege- zu Längswellen, wobei
unsere Messungen und Simulationen sehr gut übereinstimmen.
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Nomenclature
Scalar variables are noted in italic (x, E), vectors and tuples are noted
in bold italic (x, F ), and matrices are noted in bold roman (K).

Roman alphabet
a

Eccentricity of the magnet

m

A

Cross-sectional area

m2

Ar

Amplification factor of wavelet r

−

Â

Amplitude, mode 1, right-traveling

rad

b

Moment arm

m

B

Magnetic field

T

B̂

Amplitude, mode 2, right-traveling

rad

c

Phase velocity

m s−1

Ĉ

Amplitude, mode 1, left-traveling

rad

d

Bearing-edge diameter
(four-point-bending test)

m

d

Wire diameter (coil)

m

Dm

Mean diameter of coil

m

D̂

Amplitude, mode 2, left-traveling

rad

e

Euler’s number

−
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E

Young’s modulus

Pa

F

External force

N

F̂ N

Nodal Force

−

G

Shear modulus

Pa

h

Thickness (tube or coil)

m

i

Imaginary unit

−

I

Second moment of inertia

m4

I

Current

A

I

Identity matrix

−

k, k1 , k2

Wavenumber (axial)

rad m−1

k̂ij

Elements of the dynamic-stiffness matrix

−

K1 , K2

Shear coefficients

−

K̂

Dynamic-stiffness matrix

−

l

Coil length

m

L

Beam length

m

L

Electric impedance

H

Li , Lo

Separation of the bearing edges

m

m

Magnetic dipole moment

A m2

mM

Mass of the magnet

kg

mr

Bending moment produced by wavelet r

Nm

M

Bending moment

Nm

n

Total number of reflections

−

n

Circumferential wavenumber (shell)

−

n

Surface normal vector

−
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Nomenclature

N

Normal force

N

N

Number of turns (coil)

−

p

Radial displacement

m

P

Bilinear concomitant

−

q

Circumferential displacement

m

Q

Shear force

N

r

Inner tube radius

m

R

Outer tube radius

m

R1 , R2

Amplitude ratios

m rad−1

Rm

Mean tube radius

m

s

Axial displacement

m

S

Surface area

m2

t

Time

s

∆tC

Duration of fracture process

s

T

External moment

Nm

u

Displacement

m

U

Voltage

V

ûN

Nodal deflection

−

v

Velocity

m s−1

w

Lateral deflection

m

Wr

Wavelet going through r reflections

−

x

Coordinate

m

y

Coordinate

m

ycf

Coordinate of the crack front

m
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z

Coordinate

m

Greek alphabet
α

Weighting coefficient

−

γ

Tube-thickness ratio

−

η

Normalized crack-front coordinate

−

θ

Angle of rotation (shell)

rad

κem

Electromechanical coupling factor

N m A−1

λ

Eigenvalue

−

µ

Magnetic permeability

H m−1

ν

Poisson’s ratio

−

ξ

Axial coordinate

m

ρ

Density

kg m−3

ρc

Current density

A m−2

%

Radial coordinate

m

σ

Pulse width of the Ricker wavelet

s

σxx , σzz

Normal stress

N m−2

τxy , τxz , τyz

Shear stress

N m−2

φ

Angle of rotation of the cross section

rad

∆φ

Phase difference

rad

ϕ

Circumferential angle

rad

ψ

Angle of rotation (shell)

rad

ω

Angular frequency

rad s−1

ωc

Angular cutoff frequency

rad s−1
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Nomenclature

Operators
det()

Determinant

F []

Fourier transform

G(|0 )

Green’s function

Gc (|0 )

Green’s function (causal)

H()

Heaviside step function

={}

Imaginary part

J0 ()

Zero-order Bessel function of the first kind

L []

Linear differential operator

<{}

Real part

δ()

Dirac delta function

||

Absolute value

∗

Complex conjugate

∇

Nabla operator

Sub- and superscripts
C

related to the crack

F

related to the focal point

in

related to incident waves

L

related to left-traveling waves

M

related to the magnet

N

related to the node

out

related to out-going waves
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Nomenclature

R

related to right-traveling waves

re

related to reflected waves

tr

related to transmitted waves

ˆ


Complex amplitude in the frequency domain

e


related to the adjoint problem

XVI

Introduction

1

One of the fundamental challenges of engineering is the assurance of
structural integrity. This involves designing the structure to withstand
a set of static and dynamic load cases but can also include designing
the structure to fail in a specific way. By understanding and controlling the failure mechanisms, one can maximize the amount of energy
absorbed during failure and thereby improve the crashworthiness of the
structure, for example the front end of a car or a train. The challenge
of assuring structural integrity does not end after the structure’s design but continues throughout its lifespan. One must continuously check
for the existence of flaws, assess their severity, and ultimately decide,
based on a previously defined criterion, whether the structure needs to
be overhauled or retired.
The area of research concerned with the continuous assessment of
structural integrity is referred to as structural-health monitoring (SHM)
or non-destructive testing (NDT) and has spawned a wide variety of inspection techniques. A major concern is the identification of flaws on
the inside of the bulk material without destroying it. In active methods,
the bulk material is penetrated with different types of radiation, such as
electromagnetic waves (radiography), heat (thermography), and sound
(ultrasonics). In passive methods, anomalies produced by flaws are registered on the surface of the specimen. These anomalies are, for examples,
sound waves, so called acoustic emissions (AE), that are produced during
crack growth.
If a crack is identified, it is essential to assess its effect on the structural integrity. This is one of the main concerns of fracture mechanics.
Here, the dynamics and stability of the crack are investigated under
different load conditions to draw conclusions about the severity of the
crack. Particularly challenging is the study of crack propagation under
1
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high loading rates, which commonly occur in crashes. This is due to
the interaction of stress waves generated through the loading and stress
waves at the tip of the crack.
In this thesis, we operate at the interface between non-destructive
testing and fracture mechanics. That is, we are interested in the application of techniques from guided-wave testing (i.e., non-destructive
testing) to produce dynamic load conditions for fracture experiments.
We want to improve the understanding of acoustic-emission generation
by studying them in dynamic fracture experiments. In the following, we
introduce the relevant fields of research before outlining the main part
of the thesis.

1.1

Ultrasonics and guided waves

In non-destructive testing with ultrasound, we generally distinguish two
wavelength regimes: wavelengths that are shorter and wavelengths that
are larger than the thickness of the object. In the case of short wavelengths, the ultrasonic waves can be treated like waves in an infinite
solid. For plane waves in an isotropic, linear elastic material, these
are P-waves (primary waves) with particle motion parallel to the direction of propagation, and S-waves (secondary waves) with particle motion
perpendicular to the direction of propagation. The terms primary and
secondary refer to the order of appearance of the two waves in an earthquake. Mathematically, P-waves are described by a scalar potential and
S-waves by a vector potential, both of which are governed by the wave
equation. Accordingly, both P-waves and S-waves are non-dispersive,
meaning that they each have a fixed phase and group velocity that are
independent of the frequency content of the wave [1].
The regime of small wavelengths is not only useful because of the
simple propagation behavior of P- and S-waves, but also because the
crack size that can be detected with ultrasonic waves is limited by the
wavelength of the applied wave. The smaller the wavelength, the smaller
the minimum crack size that can be detected [72]. However, small wavelengths come at the price of short penetration depths, so that the ultrasonic transducer must be applied directly at the site of the suspected
crack. This makes the inspection of large structures, such as pipelines
or bridges, very time consuming and expensive [98].
2
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If the wavelength of the ultrasonic waves is on the order of the thickness of the structure, for instance a beam or a plate, the reflections at
the traction-free surfaces cause intricate interference patterns. These
interference patterns exhibit a spatial periodicity that suggests the introduction of a new wavelength in the direction of the structure. The
resulting wave phenomenon can be viewed as a different type of wave
that is guided along the structure and is therefore called a guided wave.
Due to the abundance of interference patterns, these waves exhibit a variety of modes, essentially vibration modes in thickness direction, even at
a single frequency. Usually, the propagation of these guided waves is not
computed by solving the full elastodynamic problem, but with simplified
structural models, for example the Euler-Bernoulli beam [115], the Timoshenko beam [114], or the Mindlin plate [85]. These simplified models
are based on strength-of-material theory and incorporate only a finite
number of modes. The relevance of the different modes for the specific
problem must be assessed before choosing a suitable model. Generally,
the propagation velocities of guided waves are not constant, but depend
strongly on the frequency content of the wave packet and are said to be
dispersive. This frequency dependence of the propagation velocity causes
broadband pulses to disperse and change their shape during propagation.
In non-destructive testing, guided waves are particularly useful for
long-range inspection because their penetration depth is much larger
than the one of bulk waves. Thus, the measurement equipment does
not have to be applied directly at the suspected site of fracture. However, the dispersive nature of guided waves is challenging as the pulses
constantly change their shape during propagation. This complicates the
determination of a precise time-of-flight, which is otherwise a preferred
technique for the localization of wave sources [119]. On the other hand,
if the distortion is recovered, additional information can be extracted
on the distance covered by the wave pulse. Such a shape-recovery can
be achieved with time-reversal techniques, as was shown by Ernst and
applied to the source localization of guided waves in beams and plates
from a one-point measurement [26, 28].

3
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1.2

Time-reversal symmetry

The time-reversal symmetry is a property of acoustic waves and implies
that a wave field can be played back in time while still being a solution to
the original governing equations. This property is used with great effect
to focus acoustic waves in the presence of a highly scattering medium,
which we shall elaborate on in the following example. Let us consider
an acoustic cavity that is filled randomly with multiple scatterers. We
place multiple speakers on a closed surface surrounding the cavity to
create a localized sound pulse at a point in the cavity, the focal point.
At first glance, the computation of the proper excitation signals seems
extremely tedious, because we have to account for all possible paths the
sound can take through the scatterers to the focal point. However, the
time-reversal symmetry allows us to solve the inverse problem, which
is much easier to achieve: We place a speaker at the focal point and
measure the resulting sound on the surface surrounding the cavity. We
reverse the time of the acquired signals and reapply them to the speakers
on the surrounding surface, such that the waves that were recorded last
are emitted first and vice versa. The wave field we generate this way
retraces the same paths as the wave field of the first experiment, but
in the opposite direction. It looks exactly like the original field played
backwards in time [30, 31].
The concept of the acoustic time-reversal cavity was introduced in
1991 by Prada, Wu, and Fink and was derived from the phase-conjugate
mirror used in optics for monochromatic waves [94]. The focusing capabilities were demonstrated in multiple experiments where sound was
focused in rooms filled with air [121] or water [22]. Moreover, it was
shown that the time-reversal symmetry also holds for other types of
waves such as Lamb waves (guided waves in plates) [54] and electromagnetic waves [78]. Even resolutions below the diffraction limit, that is on a
spot smaller than the smallest wavelength of the wavefield, were achieved
by combination of the time-reversal technique with acoustic metamaterials [77] and electromagnetic scatterers [79]. The proposed applications
of the time-reversal technique include undersea communication, medical
imaging and treatments, such as lithotripsy, as well as imaging purposes
in non-destructive testing [30].
4
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1.3

Acoustic emissions

Acoustic emissions is a broad term for elastic waves in solids that originate from a variety of source mechanisms. For example, acoustic emissions are generated during fracture processes, through the fretting of
crack surfaces, and vibrating fluid leaks. While many materials, such
as wood and tin, have long been known to produce audible sounds during deformation, the scientific investigation of theses sounds started only
in the 1930s [68]. In 1950, Kaiser’s dissertation had a huge impact on
the field, as he showed that the number of acoustic emission hits (the
AE activity) is linked to the load history of the structure [61]. In his
experiments, a metallic tensile specimen was loaded to a specific load,
unloaded, and loaded again. During the second load cycle, Kaiser observed that the AE activity restarted only after the initial load level had
been surpassed. Starting from this link between AE activity and load
level, further works aimed to establish AE techniques in other engineering materials. Individual acoustic-emissions signals were studied more
closely to draw conclusions about the location and severity of the crack
that had produced them. Furthermore, source models were derived that
could represent the underlying fracture mechanisms.
Early on, acoustic-emission testing was transferred from steel to concrete, which enabled the monitoring of large infrastructures such as
buildings and bridges [44]. Recently, the study of acoustic emissions in
fiber-reinforced plastics has received growing interest, because of their
increased use in industrial applications. Fiber-reinforced plastics exhibit
a variety of failure modes that are difficult to identify with visual inspection. In this context, several works attributed certain AE characteristics
to specific failure modes [45, 112]. This development was enabled by improvements in data processing techniques and neural networks, which led
to more sophisticated pattern-recognition and source-localization techniques for acoustic emissions [45, 52].
Historically, acoustic-emission testing is closely related to seismology
because they share much of the underlying motivation, phenomenology,
and equipment. Both fields rely on the measurement of small vibrations to predict and ultimately prevent structural failure [90]. Accordingly, early approaches for the modeling of AE generation were borrowed
from seismology. The AE sources were modeled with dislocation vectors
5
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and the radiation patterns were computed with moment-tensor analysis
[4, 91, 92]. Further on, techniques from fracture mechanics were included
to compute the elastic waves generated through the creation and unloading of the crack surface [81]. Both approaches were also implemented
in finite-element models: the former by buried mono-pole and di-pole
sources [48, 95], the latter by explicitly modeling the opening of a crack
[102, 103].
One of the challenges in acoustic-emission modeling is the experimental validation. While a huge number of acoustic-emission events occur
during a single tensile or bending experiment, it is difficult to relate the
measured waveforms to a specific failure event. This can only be achieved
statistically, for example with clustering algorithms [108]. Alternatively,
acoustic emissions are emulated with a pencil-lead break [39, 41, 47]. A
pencil lead is pressed upon the surface of the specimen until it breaks,
creating a sharp wave pulse. However, this method does not create real
acoustic emissions on the inside of the bulk material and was originally
only devised for the calibration of AE sensors [11, 53]. Recently, experiments were designed in which only a single fracture event occurs to
which the resulting acoustic emission can be clearly attributed. This
approach was demonstrated successfully for fiber-reinforced plastics by
implementation of a single-fiber-failure experiment [46]. The adaptation
of such single-failure experiments to other materials and load conditions
seems very promising as it allows for the detailed study and modeling of
individual acoustic emissions. In the context of structural-health monitoring, this could improve the assessment of the severity of individual
cracks based on their acoustic emissions.

1.4

Fracture mechanics

Fracture mechanics is concerned with the study of material and structural failure. Commonly, the strength of structural elements is assessed
in static experiments such as tensile, compressive, three-point bending
and four-point bending tests. However, in many cases, materials exhibit different load-bearing capabilities at high loading rates, which occur frequently in accidents. Thus, results from static experiments are
not meaningful under these regimes, and other dynamic material tests
had to be developed [5, 37].
6
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The split Hopkinson pressure bar, also referred to as Kolsky bar, is
one of the most prominent methods for high-strain-rate material-testing.
A relatively small material sample is placed between two long bars. One
of the bars is impacted with a projectile so that a compressive stress
pulse is generated that propagates along the bar. As the stress wave
hits the experimental specimen, part of it is reflected while the other
part is transmitted to the second bar. During this time period, the
specimen is loaded dynamically, and its deformation behavior can be
studied. The purpose of the two bars is to prevent reflections of the initial
wave front from interfering with the experiment. Thus, the maximum
duration of the dynamic experiment is given by the time it takes the
compressive wave pulse to travel back and forth through the respective
bars [15, 70, 88, 101].
In the classical split Hopkinson pressure bar, the experimental specimen can only be tested under compression, but modifications allowing
for tensile [49, 101] and torsional [8] loading are well documented. For
dynamic bending experiments, a few modifications of the split Hopkinson pressure bar have been reported [12, 51, 60, 113, 117]. Alternatively,
dynamic bending is achieved by lateral impaction of the specimen, for
example with a drop weight [10, 62]. However, the impact excites stress
waves propagating through and along the specimen that are difficult to
account for. Moreover, these stress waves may cause the specimen to
lose contact at the loading points [59]. Therefore, the testing of structural elements at high loading rates under bending remains a relevant
research topic.

1.5

Aim and scope of the thesis

The initial motivation for this thesis was born out of curiosity. In previous work at the institute [25], the source location of acoustic emissions
in a beam was determined by compensating the effect of dispersion in
a time-reversal simulation. An acoustic emission was generated in the
form of a sharp bending-moment pulse at one location along a beam and
was measured at another location in its dispersed form. In the ensuing
time-reversal simulation, the dispersed wave pulse focused back at the
location where it had originated. We wondered if we could exchange
the places of simulation and experiment: Simulate the dispersion of a
7
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flexural-wave pulse, reverse the time, and refocus the dispersed wave
back to a sharp pulse in an experiment. This would allow us to create
a strong bending-moment pulse at an arbitrary location along the beam
while exciting the beam only at one end. At the same time, it would
require only relatively small transducer action, because we could pump
energy into the beam over a relatively long period of time. Subsequently,
the energy would converge at one specific spot in space and time due to
the wave focusing. Ultimately, we imagined this focused wave pulse to be
strong enough to fracture the beam dynamically at the desired location.
To achieve dynamic fracture of a beam by focusing flexural waves,
our initial objectives were to understand and precisely model the timereversed propagation of flexural waves. Furthermore, we had to devise
an experimental setup consisting of a beam and a transducer. The transducer should allow us to generate the flexural waves exactly in the shape
and amplitude we need. The beam should be relatively easy to break,
which is why we chose a glass tube. Finally, we had to optimize the way
multiple flexural-wave pulses interfere at the focal point to maximize the
resulting bending moment.
The idea of focusing flexural waves to produce dynamic fracture is
not only conceptually appealing, but it also promises insights in the fields
of fracture mechanics and acoustic-emission testing. Here, dynamic fracture is induced under bending and at high loading rates, a combination
that is relevant for dynamic-fracture-toughness tests. This motivated
us to study the fracture process in detail and find out more about its
duration and the dynamics of the crack propagation. As the fracture process is highly controlled, the generated acoustic emissions are repeatable
and ideally suited for the validation of acoustic-emission-source models. Therefore, we also simulate the interaction of flexural waves with
the opening of a crack in the beam and provide both experimental and
numerical examples of the AE generation.

1.6

Outline of the thesis

In Chapter 2, we give an introduction into the modeling of the glass tube
and the simulation of guided waves. Firstly, this includes an overview of
flexural waves in a Timoshenko beam. We then discuss the propagation
of non-axially symmetric waves in a circular cylindrical shell, focusing
8
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again on flexural waves. We address in which wavelength regime the flexural waves can be approximated with Timoshenko beam theory. Lastly,
we present the spectral-element method, which is used for the simulation
of flexural waves in a Timoshenko beam.
Chapter 3 covers the theorem of reciprocity and establishes the prerequisites for the application of the time-reversal technique. We discuss
the time-reversal symmetry by means of three examples comprising the
diffusion equation, the classical wave equation, and the taught string
on an elastic foundation. These examples are in analogy to the properties of the Timoshenko beam and allow us to draw important conclusion about the time-reversal process. We further give a brief example
of the application of the time reversal technique on the aforementioned
spectral-element method.
In Chapter 4, we present our method for the generation of precisely
controlled dynamic fracture by focusing flexural waves. First, the modeling of the glass tube and the transducer is detailed, and the computation
of the excitation signals is covered. Second, the experimental setup and
the characterization of the experimental specimen are presented. Lastly,
the results are discussed.
Chapter 5 contains supplementary methods that were only discussed
briefly in the publication that constitutes Chapter 4. This includes a
more detailed description of the assembly and the characterization of the
experimental specimen. We further discuss the optimal signal composition, the static bending experiments that were carried out in comparison
to the dynamic tests, and the design of the electromechanical transducer.
In Chapter 6, we investigate the dynamic fracture process and the
ensuing acoustic emissions. We present our modeling approach for the
interaction of the propagating flexural waves with the opening of a crack
and discuss the resulting mode conversions. We then show our experimental setup and cover the crack dynamics before discussing the resulting acoustic emissions.
Lastly, in Chapter 7, we give a conclusion covering the entirety of the
thesis and highlight the most important results.
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2

For the simulation of guided waves, the choice of a suitable model is
of great importance. The model should capture all relevant wave types
that are found in the physical world, while keeping the complexity to
a minimum. As we want to model the propagation of flexural waves in
a glass tube, we have to choose between beam theories, such as EulerBernoulli and Timoshenko, and shell theory. Thus, we first give an
introduction to Timoshenko beam theory in Sec. 2.1 and to cylindricalshell theory in Sec. 2.2. We show that Timoshenko beam theory is a
valid modeling approach in the relevant frequency regime and proceed
with the numerical implementation with spectral elements in Sec. 2.3.
Throughout the thesis, functions in the frequency domain are denoted
by a superposed caret:
F [f (x, t)] = fˆ(x, ω),

(2.1)

where F denotes the Fourier transformation, x is a spatial coordinate,
t is time, and ω the angular frequency. We do not explicitly write the
dependence on ω for convenience sake so that a propagating harmonic
wave with amplitude Â and wavenumber k is written as
fˆ(x) = Âe−ikx .

(2.2)

Keep in mind that both Â and k are functions of the angular frequency.
Moreover, we use the term wavelet in its original sense to describe a
propagating or evanescent wave packet [96].

2.1

Waves in a Timoshenko beam

Timoshenko beam theory was developed by Stepan Timoshenko in 1921
[114] and extends Euler-Bernoulli beam theory [115] by including the
11
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Fig. 2.1: Timoshenko beam in reference configuration (gray) and deformed configuration. The deformation is described by the deflection
of the center line w(x, t) and the rotation of the cross section φ(x, t)
with respect to the reference configuration.

effects of shear deformation and rotary inertia. Thereby, the range of
validity in the frequency spectrum is increased. The following derivations are based on the book by Doyle [23]. Similar to the Euler-Bernoulli
beam theory, cross sections are assumed to stay plane during deformation. However, a rotation of the cross section with respect to the axis of
the beam is allowed and described by the angle φ(x, t). Thus, the displacement field of the beam is given together with the lateral deflection
of the beam axis w(x, t) as shown in Fig. 2.1:
ux (x, y, t) = −yφ(x, t) and uy (x, y, t) = w(x, t).

(2.3)

Assuming a state of plane stress (σzz = τxz = τyz = 0) and isotropic,
linear-elastic material, the stresses are
σxx = −yE

∂φ
∂x

and τxy = G(−φ +

∂w
),
∂x

(2.4)

where E is the Young’s modulus and G the shear modulus. The governing equations are derived with Lagrange’s equations of the second
kind:


∂ ∂w
GA
− φ = ρAẅ,
∂x ∂x
(2.5)


2
∂ φ
∂w
EI 2 + GA
− φ = ρI φ̈,
∂x
∂x
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where A is the cross-sectional area of the beam, I the second moment of
inertia, and ρ the density. Note that according to Eq. (2.4), the shear
stress τxy is constant throughout the cross section, which is in violation
of the traction-free boundary conditions on the top and bottom of the
beam. To alleviate this modeling inaccuracy, two additional parameters
K1 and K2 are introduced in the governing equations to alter the effect
of the shear deformation:


∂ ∂w
− φ = ρAẅ,
GAK1
∂x ∂x
(2.6)


2
∂ φ
∂w
EI 2 + GAK1
− φ = ρIK2 φ̈,
∂x
∂x
and the shear force Q and bending moment M are


∂φ
∂w
.
Q = GAK1 φ −
and M = −EI
∂x
∂x

(2.7)

The group constant GAK1 captures the shear stiffness, and ρIK2 the
rotary inertia. Numeric values for these two constants are found in literature. We use the expression for thin-walled tubes derived by Cowper
[19]:
1+ν
K1 = 2
(2.8)
4 + 3ν
where ν is the Poisson’s ratio, and set K2 = 1 [23].
Assuming harmonic waves in the form w(x, t) = Ŵ exp [i (ωt − kx)]
and φ(x, t) = Φ̂ exp [i (ωt − kx)], and substituting them in the governing
equations (2.6) yields the characteristic equation,

(EIGAK1 ) k 4 − GAK1 ρIK2 ω 2 + EIρAω 2 k 2

+ ρIK2 ω 2 − GAK1 ρAω 2 = 0, (2.9)
which is solved for the wavenumber k, given the angular frequency ω. For
each frequency, we obtain two wave modes with wavenumbers k1 and k2 ,
respectively. The resulting dispersion relations and the corresponding
mode shapes are shown in Fig. 2.2. For frequencies below the cutoff frequency at 320 kHz, only the bending-dominated mode with wavenumber
k1 propagates, whereas the shear-dominated mode with wavenumber k2
is evanescent, i.e. non-propagating. For higher frequencies both modes
propagate.
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Fig. 2.2: a) Dispersion relations for flexural waves in an elastic glass
tube computed with Timoshenko beam theory (solid lines) and cylindrical shell theory (circumferential wavenumber n = 1, dashed lines).
Below 200 kHz, the difference between the two models is less than
1%. The outer diameter of the tube is 4 mm and the wall thickness
is 0.5 mm. The material parameters are E = 72 GPa, G = 30 GPa,
ρ = 2500 kg m−3 , K1 = 0.5217, K2 = 1. b) Mode shapes of the Timoshenko beam. Below the cutoff frequency at 320 kHz, only the bending
dominated mode (1) has a real wavenumber k1 and is propagating.
The shear-dominated mode (2) has a purely imaginary wavenumber k2
and is evanescent. Above the cutoff frequency, both modes (1) and (3)
propagate.
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Fig. 2.3: Section of a circular cylindrical shell with mean radius Rm
and thickness h. The deformation is described in the local, cylindrical
coordinate system (%, ϕ, ξ) by the displacements p, q, s and the rotations ψ, θ.

2.2

Waves in a circular cylindrical shell

We further model the wave propagation in the glass tube with shell
theory to assess the validity of Timoshenko beam theory in the limit
of short wavelengths, that is for wavelengths on the order of the tube’s
diameter. In our derivations, we follow the work of Mirsky and Herrmann
on the non-axially-symmetric motion of circular cylindrical shells [86].
The deformation of a circular cylindrical shell with mean radius Rm
and wall thickness h is referred to in the coordinate system (%, ϕ, ξ) as
shown in Fig. 2.3, where % is measured positive outward from the middle
surface of the shell. The displacement field of the shell is approximated
in the following form
u% (%, ϕ, ξ, t) = p(ϕ, ξ, t),
uϕ (%, ϕ, ξ, t) = q(ϕ, ξ, t) + % θ(ϕ, ξ, t),
uξ (%, ϕ, ξ, t) = s(ϕ, ξ, t) + % ψ(ϕ, ξ, t),

(2.10)

where p, q, and s are the deflections of the middle surface, and θ and
ψ are the rotations of the normal to the middle surface. We assume
15
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harmonic waves propagating in positive ξ-direction in the form of
s(ϕ, ξ, t) = Ŝ cos(nϕ) exp [i(ωt − kξ)] ,
ψ(ϕ, ξ, t) = Ψ̂ cos(nϕ) exp [i(ωt − kξ)] ,
q(ϕ, ξ, t) = Q̂ sin(nϕ) exp [i(ωt − kξ)] ,

(2.11)

θ(ϕ, ξ, t) = Θ̂ sin(nϕ) exp [i(ωt − kξ)] ,
p(ϕ, ξ, t) = P̂ cos(nϕ) exp [i(ωt − kξ)] ,
where ω is the angular frequency, k the axial wavenumber, and n ∈ N the
circumferential wavenumber. Assuming isotropic, linear-elastic material
behavior, the equations of motion are derived with Lagrange’s equations
of the second kind and reduced to the following expression


(2.12)
A(n, ω) + kB(n, ω) + k 2 C(n, ω) û = 0.
The frequency-dependent matrices A, B, and C are given in detail in
Appendix A.2, and û = (Ŝ, Ψ̂, Q̂, Θ̂, P̂ )T contains the amplitudes of the
respective shape functions. It is convenient to rewrite Eq. (2.12) in the
form of the generalized eigenvalue problem, which can be solved efficiently for a given angular frequency ω and circumferential wavenumber
n with Matlab:



  
A 0
−B −C
û
−k
= 0.
(2.13)
0 I
I
0
k û
The resulting dispersion relations for circumferential wavenumbers
n = 0 and n = 1 are shown in Fig. 2.4. In the case of axially symmetric
waves (n = 0), there are two propagating and three evanescent wave
modes for frequencies below the first cutoff frequency (f = 0.5 MHz).
The torsional mode (purple) is entirely non-dispersive, whereas the longitudinal mode (blue) is only non-dispersive for low frequencies. Above
the cutoff frequency, a third propagating mode appears (red) with primarily longitudinal motion, and the blue mode becomes dominated by
radial deflections (breathing mode). In the case of a circumferential
wavenumber n = 1, there are two cutoff frequencies at 0.3 MHz and
0.7 MHz with one, two, and three propagating modes, respectively. For
higher circumferential wavenumbers, there are no further propagating
modes at low frequencies.
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Fig. 2.4: Dispersion relations for waves in a circular cylindrical shell
with circumferential wavenumber (a) n = 0 and (b) n = 1. For frequencies below 0.3 MHz, there are three propagating modes: the torsional
mode (n = 0, purple), the longitudinal mode (n = 0, blue), and the
flexural mode (n = 1, blue). The geometry and material parameters
are the same as in Fig. 2.2.
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In Fig. 2.2, we show a comparison between the dispersion relations
for waves in a Timoshenko beam (solid line) and waves in a circular
cylindrical shell with circumferential wavenumber n = 1 (dashed line).
For the flexural mode, both theories agree well until the cutoff frequency
of 320 kHz. Below 200 kHz, the difference in wavenumber and phase
velocity is less than 1%. This provides an upper frequency limit for
the modeling of flexural waves in the glass tube with Timoshenko beam
theory. As our frequency range of interest is well below 200 kHz, we
proceed with the numerical implementation of Timoshenko beam theory.

2.3

Spectral-element method

We simulate the propagation of flexural waves in a Timoshenko beam
with the spectral-element method and retrace Doyle’s derivation in the
following section [23]. Similar to the finite-element method, the domain
is divided into separate elements that are connected by nodes. However,
all quantities, that is the nodal displacements, the nodal loads, the shape
functions, and the stiffness matrix, are formulated in the frequency domain. Thus, the propagation of harmonic waves between two nodes is
captured perfectly by the shape functions. Therefore, large distances can
be bridged by a single element without the loss of accuracy. Moreover,
numerical dispersion, i.e. dispersion arising from the discretization of
the governing equations [29], is not an issue and the solution process can
be parallelized easily, because all frequencies are propagated separately.
However, some restrictions on geometry and signals apply, which will be
addressed later on.

Fig. 2.5: Spectral beam-element with two nodes. w1 and w2 are the
nodal displacements, φ1 and φ2 are the nodal rotations. At the nodes,
the forces Q1 and Q2 , and the moments M1 and M2 are applied.
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2.3.1

Two-node beam element

For a two-node beam-element of length L (see Fig. 2.5) the ansatz functions for the lateral deflection ŵ(x) and the rotation of the cross section
φ̂(x) consist of four terms each:
ŵ(x) = R1 Âe−ik1 x +R2 B̂e−ik2 x −R1 Ĉeik1 (x−L) −R2 D̂eik2 (x−L)
φ̂(x) =

Âe−ik1 x +

B̂e−ik2 x +

Ĉeik1 (x−L) +

D̂eik2 (x−L)

(2.14)

The terms with the amplitude Â are right-traveling waves of the flexural mode with wavenumber k1 , and the terms with amplitude B̂ are
right-traveling waves of the shear-dominated mode with wavenumber
k2 . Similarly, the terms with amplitudes Ĉ and D̂ are the left-traveling
waves of the two respective modes. R1 and R2 are the amplitude ratios
between the deflection ŵ and the angle of rotation φ̂:
Rj =

ikj GAK1
.
GAK1 kj2 − ρAω 2

(2.15)

We evaluate the shape functions at the nodes and obtain the nodal displacements in terms of amplitudes Â, B̂, Ĉ, and D̂:
  

 
ŵ1
ŵ(0)
Â
 φ̂1   φ̂(0) 
B̂ 
 

 
ûN = 
(2.16)
ŵ2  = ŵ(L) = Ĝ  Ĉ  .
φ̂2

φ̂(L)

D̂

We proceed by inserting the shape functions in Eq. (2.7), and compute
the forces and moments at the two nodes (see Fig. 2.5) in terms of the
amplitudes Â, B̂, Ĉ, and D̂:
  

 
Q̂1
+Q̂(0)
Â
M̂1   +M̂ (0) 
B̂ 
 

 
F̂ N = 
(2.17)
 Q̂2  =  −Q̂(L)  = Ĥ  Ĉ  .
M̂2
−M̂ (L)
D̂
Lastly, we invert Eq. (2.16) and insert it into Eq. (2.17) to obtain the
relation between the nodal forces F̂ N and the nodal displacements ûN :
K̂ûN = F̂ N ,

(2.18)
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where K̂ is referred to as the dynamic-stiffness matrix and is given in
Appendix A.1. The deflections, forces, and moments along the beam
element are computed from the nodal displacements by evaluation of
the shape functions in Eq. (2.14) and Eq. (2.7).
We have not introduced any damping into the spectral element.
Thus, in a model consisting only of a two-node beam-element, a wave
packet would continuously travel back and forth between the two nodes.
Moreover, all signals are periodic in time because of the discrete Fourier
transform. Thus, the resulting waveforms would be standing waves
where the resonant frequencies contain infinite energy. For the simulation of a traveling wave pulse, we could introduce damping into the
shape functions and set the simulation period so long that all waves
have decayed within this period. Alternatively, we can use the computationally more efficient, one-node, semi-infinite element that carries all
energy out of the system into infinity.

2.3.2

One-node beam element

The shape functions of the semi-infinite beam-element are essentially the
same as for the element of finite length. However, for a beam extending
infinitely into positive x-direction, we only keep the right-traveling waves
[see Eq. (4.2)], and for the beam extending into negative x-direction,
we only keep the left-traveling waves. Conveniently, we can derive the
dynamic-stiffness matrices K̂R for right-traveling waves and K̂L for lefttraveling waves from the two-node dynamic-stiffness matrix K̂ by taking
the limit of L going to infinity [see Eqs. (4.4) and (4.5)]:
lim K̂ =

L→∞



K̂R
0


0
.
K̂L

(2.19)

With the semi-infinite beam-element, we can guide the traveling
waves out of the simulation. Still, some other restrictions that arise
from the discrete Fourier transform have to be taken into consideration.
Most notably, the simulation time-period has to be chosen long enough
so that the periodicity in time does not cause wraparound. The farther away from the source (i.e., the node) the deflection is evaluated,
the longer the simulation time-period has to be. Otherwise, the lowfrequency content that arrives at the end of the wave pulse appears at
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the beginning of the simulation time-period [23, p. 38]. Note also that
the zero-frequency part of any signal cannot be propagated [23, p. 36].
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3

In physics, reciprocity refers to the phenomenon where the commutation
of source and receiver does not affect the measured signal. In acoustics,
reciprocity was first observed by Helmholtz in 1860 [50] and Rayleigh in
1873 [111]. Helmholtz showed that the sound generated at a point A in
a bounded or infinite room will produce the same velocity potential at
another point B as if the sound were generated at B and measured at
A. Rayleigh generalized this theorem to waves in a taught string, optics,
and electricity.
A more general treatise of reciprocity is given in the books by Sobolev
[109], and Morse and Feshbach [87]. The following derivations are largely
based on the book by Morse and Feshbach [87]. Let us assume a scalar,
linear, partial differential equation
L [u(x)] = f (x),

(3.1)

with the linear differential operator L, some boundary conditions, and
the corresponding Green’s function G(x|x0 ), which describes the solution u(x) at the position x due to a point-like disturbance at x0 :
L [G(x|x0 )] = −4πδ (x − x0 ) ,

(3.2)

where δ is the Dirac delta function. Another problem is said to be adjoint
to the original one if it is governed by the adjoint linear differential operator Le [v(x)] and has adjoint boundary conditions. The two differential
operators are related by Green’s theorem
vL [u] − uLe [v] = ∇ · P (u, v),

(3.3)

where P (u, v) is the bilinear concomitant. The boundary conditions on
u and v are said to be adjoint if they satisfy
n · P (u, v) = 0

(3.4)
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on the boundary surface with normal vector n. If Eq. (3.3) is integrated
over the whole domain, the right-hand side vanishes by virtue of Gauss’s
theorem and Eq. (3.4). The Green’s function of the adjoint problem
is equal to the one of the original problem but with the arguments exchanged:
e
G(x|x
(3.5)
0 ) = G(x0 |x).
This equation is referred to as the reciprocity relation. In words, the
adjoint Green’s function describes the situation where source x0 and
receiver x are exchanged. Accordingly, the adjoint differential operator
Le governs the problem with opposite directionality.
A problem is called self-adjoint if the operator is self-adjoint, that is
Le = L, and the boundary conditions for u(x) and v(x) are identical. If
a problem is self-adjoint, the Green’s function is symmetric with respect
to its arguments
e 0 |x) = G(x0 |x) = G(x|x0 ).
G(x

(3.6)

That is, source and receiver can be exchanged with no effect and there
is no directionality in x. This situation corresponds to the observations
made by Helmholtz and Rayleigh. The differential operator of the wave
equation (that governs acoustic waves) is self-adjoint in space so that the
spatial commutation of sender and receiver does not alter the measured
signal.
The reciprocity relation in Eq. (3.5) does not only hold for spatial
variables x, but also for time t. To make this more apparent, we split
the arguments of the Green’s function so that it reads as G(x, t|x0 , t0 ).
From now on, exchanging the arguments of the Green’s function also
infers a reversal of time. In the following, we study three examples to
understand the implications of the temporal reciprocity relation.

3.1

Diffusion equation

The one-dimensional diffusion equation is governed by the linear differential operator
∂2
∂
L=
− a2 , a ∈ R+ ,
(3.7)
2
∂x
∂t
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e
Fig. 3.1: a) Green’s function G and b) adjoint Green’s function G
of the one-dimensional diffusion equation on the infinite domain for
t0 = x0 = 0 and a = 2. Both Green’s functions are symmetric in x.
Thus, the position of sender and receiver can be commuted in space
without effect on the measured signal. However, the Green’s functions
are not symmetric in time. The field (a) governed by L diffuses as the
e converges.
time advances, whereas the field (b) governed by L
with the adjoint operator
∂
∂2
+ a2 ,
Le =
∂x2
∂t

a ∈ R+ ,

(3.8)

The Green’s function for the diffusion equation in the infinite domain is
#
"
2
2π
a2 (x − x0 )
G(x, t|x0 , t0 ) = p
exp −
H (t − t0 ) , (3.9)
4 (t − t0 )
a π (t − t0 )
where H(t) is the Heaviside function. From Eq. (3.5), we find the adjoint
Green’s function
"
#
2
2
2π
a
(x
−
x
)
0
e t|x0 , t0 ) = p
G(x,
exp −
H (t0 − t) , (3.10)
4 (t0 − t)
a π (t0 − t)
which is the same as G but with the time reversed. Thus, there is no
directionality in space and the positions of sender and receiver can be
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exchanged arbitrarily. However, going forward in time in the adjoint
problem is like going backward in time in the original problem. This is
also apparent in the plots of the Green’s functions in Fig. 3.1, where G
e converges.
diverges with the time moving forward, whereas G
In the case of the diffusion equation, the adjoint problem is governed
by a different differential operator that describes convergence instead of
diffusion. If a field u(x, t) is a solution to the diffusion equation, then
u(x, −t) is a solution to the adjoint problem but not to the diffusion
equation. Thus, the diffusion equation is not time-reversal invariant.
However, we can still reverse the direction of time computationally, but
instead of the diffusion equation, we have to solve the adjoint problem.

3.2

Classical wave equation

The one-dimensional, scalar wave equation is governed by the self-adjoint
operator
∂2
1 ∂2
L = Le =
−
, c ∈ R+ ,
(3.11)
∂x2
c2 ∂t2
so, there can arise no directionality in space and time from the differential
operator. The Green’s function for the infinite domain consists of two
summands
G(x, t|x0 , t0 ) =2πcH [c (t − t0 ) − |x − x0 |]
+ 2πcH [−c (t − t0 ) − |x − x0 |] ,

(3.12)

where the first summand is called the retarded potential and describes
a wave propagating away from x0 for the time moving forward. The
second summand is called the advanced potential and describes a wave
propagating towards x0 for the time moving forward. However, due to
causality, a disturbance at time t0 cannot have an effect at an earlier time
t. So, the advanced potential is not a physically meaningful solution and
is discarded:
Gc (x, t|x0 , t0 ) = 2πcH [c (t − t0 ) − |x − x0 |] .

(3.13)

If we recall Eq. (3.6), we find another important implication of causality. Eq. (3.6) suggests that Gc (x, t|x0 , t0 ) = Gc (x0 , t0 |x, t) with t > t0 ,
but a disturbance at time t cannot have an effect at an earlier time t0 :
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ec
Fig. 3.2: a) Green’s function Gc and b) adjoint Green’s function G
of the one-dimensional classical wave equation on the infinite domain
for t0 = x0 = 0 and c = 1. Both Green’s functions are solutions to the
ec is the advanced
wave equation. Gc is the retarded potential and G
potential.
Gc (r0 , t0 |r, t) = 0. Thus, we find that even though the differential operator of the wave equation is self-adjoint, the problem is not self-adjoint,
because the causality condition introduces an asymmetry in time. Still,
Eq. (3.5) holds and we find
e c (x, t|x0 , t0 ) = Gc (x, −t|x0 , −t0 ),
G
and

with t < t0 ,

(3.14)

e c (x, t|x0 , t0 ) = 2πcH [−c (t − t0 ) − |x − x0 |] ,
G

(3.15)

which is equivalent to the advanced potential (see also Fig. 3.2).
Similar to the diffusion equation, there is no directionality in space,
and going forward in time in the adjoint problem is like going backward in
time in the original problem. The important difference is that, in the case
of the wave equation, the original problem and the adjoint problem are
governed by the same differential operator. Thus, if a wavefield u(x, t)
is a solution to the wave equation under the given boundary conditions,
then we obtain another solution u(x, −t) by reversing the time. This
property is often referred to as time-reversal symmetry, or time-reversal
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invariance [13, 32, 57, 94]. For the wave equation, this can also be found
intuitively, as the differential operator contains only second-order time
derivatives.
The time-reversal symmetry of the wave equation has been demonstrated experimentally in the acoustic time-reversal cavity, which we
briefly discussed in Sec. 1.2. A sound source is placed at a point A in
an acoustic cavity and the resulting sound waves are absorbed perfectly
by the surrounding surface. In the time-reversed setting, the boundary
conditions are also time-reversed. This transforms the absorbing bounding surface into an acoustic source and the point source at point A into
a sink. Thus, acoustic waves are generated on the bounding surface and
converge at point A, where they are absorbed. In other words, in the
original experiment, the energy propagates from the point source A to
the bounding surface, and in the time-reversed experiment the energy
propagates from the bounding surface to the point source, or rather point
sink.
Commonly, the concept of the time-reversal cavity is implemented
experimentally by measuring the waves on a part of the bounding surface,
time-reversing the measured signals, and reapplying them as excitation
on the bounding surface. In many experimental implementations, the
sink at point A is omitted so that the waves are not absorbed upon arrival
at the focal point and diverge again. While this breaks the symmetry to
the original problem, it still allows to focus waves at the point A.

3.3

Taught string on an elastic base

The differential operator governing a taught string on an elastic foundation is [42, p. 51]
∂2
1 ∂2
κ
L = Le =
− − 2 2,
2
∂x
T
c ∂t

c=

p

T /ρ,

T, κ, ρ ∈ R+ ,

(3.16)

where T is the tension of the string, κ is the stiffness per unit length of
the elastic foundation, and ρ is the mass per unit length of the string.
The differential operator is quite similar to the one of the classical wave
equation and is also self-adjoint. However, due to the additional term, a
cutoff frequency ωc2 = κ/ρ and dispersion are introduced similar to the
second wave mode of the Timoshenko beam. For frequencies below the
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ec
Fig. 3.3: a) Green’s functions Gc and b) adjoint Green’s function G
of an infinitely long, taught string on an elastic base for t0 = x0 =
0, T = ρ = 1, and k = 10. Both Green’s functions are solutions
to the differential equation governing the taught string on an elastic
foundation.
cutoff frequency, the wavenumber k = −iki is purely imaginary and the
wave is evanescent (compare Fig. 2.2). For frequencies above the cutoff
frequency, the wavenumber k = kr is real and the wave is propagating.
The Green’s function is given by
c
G(x, t|x0 , t0 ) = J0
T

κ
ρ

!
(x − x0 )2
(t − t0 −
c2


(x − x0 )2
2
H (t − t0 ) −
,
c2

r

)2

(3.17)

where J0 is the zero-order Bessel function [42, p. 58]. Similar to the
wave equation, there is no directionality in space and time, so that we
can arbitrarily exchange x with x0 , and t with t0 . Again, we argue that
only the part t > t0 is physically meaningful (see Fig. 3.3) because of
the causality condition, and that the part t < t0 symbolizes the adjoint
Green’s function (or the advanced potential).
29

3. Time-reversal symmetry

To understand the effect of the evanescent waves on the time-reversal
process, we present a small example of a time-reversal cavity. A semiinfinite string on an elastic foundation extends from x = 0 into the
positive x-direction. The string is excited at x = 0 by a time-harmonic
force with angular frequency ω. The power transmitted through the
string is
∂
∂
P (x, t) = −T
w(x, t) w(x, t),
(3.18)
∂x
∂t
where w(x, t) is the deflection of the string. If ω is larger than the cutoff
frequency, right-traveling waves in the form w(x, t) = w0 cos(ωt − kr x)
are excited and the time-averaged power is positive and energy flows
from x = 0 towards infinity:
P (x, t) =

1 2
w T kr ω {1 − cos [2 (ωt − kr x)]} .
2 0

(3.19)

When the time is reversed, the time-averaged power is negative, that
is the boundary acts as a sink that absorbs the incoming, left-traveling
waves. Energy flows from infinity to the end point of the string. If the
forcing at the end point were removed, the left-traveling waves could
still exist, but instead of being absorbed they would be reflected, and
the time-reversal symmetry would break.
If the frequency of the forcing is below the cutoff frequency, evanescent waves in the form of w(x, t) = w0 cos (ωt) exp (−ki x) are excited
and the time-averaged power transmitted through the string is zero
1
P (x, t) = − w02 T ki ω sin (2ωt) exp (−2ki x) .
2

(3.20)

Hence, evanescent waves are local vibrations that do not propagate energy. The vibrations only act as a temporary storage that continuously
exchanges energy with the external forcing, which can be viewed as
source and sink at the same time. Thus, evanescent waves cannot exist on their own, but require the interaction with an external forcing or
another wave mode.
We now return to the example of the time-reversal cavity discussed
in the previous section. In addition to the waves propagating from point
A to the bounding surface, we also consider evanescent waves that are
excited at A and decay towards the bounding surface. In the adjoint
problem, where the time is reversed, the traveling waves are generated
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on the bounding surface and propagate to A where they are absorbed.
However, the evanescent waves are still only generated at A. For the
propagating waves, the point A serves only as a sink, but for the evanescent waves, it serves as source and sink at the same. Thus, the removal
of the boundary condition in A eliminates the evanescent waves.
In many applications of the time-reversal cavity, the point of the experiment is the focusing of waves at a remote location where no external
forcing is applied. Therefore, the forcing at the focal point A is omitted in these experiments, which eliminates the evanescent waves from
the experiment and breaks the time-reversal symmetry. Under these
circumstances, the size of the focal point is dictated by the diffraction
limit and cannot be smaller than half of the wavelength [14, 99]. Several strategies have been reported to include the evanescent modes in
the time-reversed experiment and thereby extend the resolution to the
sub-wavelength regime. The most obvious solutions are the placement
of an acoustic sink at the focal point [99], and the measurement of the
evanescent waves in the near field [18, 100]. Alternatively, the evanescent waves can be converted to propagating waves that can be detected
in the far field, which is referred to as superlensing [76].
From the examples above, we draw a few important conclusions about
the time-reversal process in general:
1. If the governing differential operator is self-adjoint in space, the
commutation of the positions of source and receiver does not alter
the measured signal.
2. If the governing differential operator is self-adjoint in time, it is
also invariant to the reversal of time.
3. The concept of the time-reversal cavity requires a reciprocal medium
and time-reversal symmetry. In other words, the governing differential operator must be self-adjoint in space and time.
4. For a perfect time-reversal process, the boundary conditions may
not be altered. The change of boundary conditions breaks the
time-reversal symmetry.
5. Evanescent waves break down in the absence of external forcing.
The removal of external forcing eliminates evanescent waves from
the time-reversal cavity.
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3.4

Time reversal and guided waves

In our examples, we have only studied scalar differential equations, but
the reciprocity relation also holds for vector potentials [87]. This is especially useful for the application of time-reversal techniques for seismic
waves [69] and guided waves [55, 56]. Again, the differential operator
is required to be self-adjoint to allow for the exchange of sender and
receiver positions. Further details on the application of reciprocity in
elastodynamics can be found in the book by Achenbach [2].
For the case of flexural waves in a Timoshenko beam, it can be shown
that the differential operator is self-adjoint in space and time (see Appendix B). Concerning the evanescent waves in the Timoshenko beam,
we can draw the same conclusions as for the string on the elastic foundation. For the wave focusing shown in Chapter 4, we are not interested
in the reconstruction of evanescent waves so this problematic can be
avoided entirely.
Finally, we discuss a small example regarding the application of
time reversal with our spectral-element simulation. We assume a righttraveling wavelet in an infinite beam and no evanescent waves. If we
know the shear force Q0 (t) and bending moment M0 (t) at the location
x0 , it is straightforward to compute the deflection at any point x1 > x0 .
We set Q̂0 and M̂0 as boundary load of a semi-infinite beam element
extending into positive x-direction, compute the nodal deflections and
the resulting deflections and loads at x1 .
In another scenario, we only know the loading due to the same propagating wavelet at the location x1 and want to compute the deflection and
loading at the location x0 < x1 the wavelet has already passed. Firstly,
we time-reverse the signals Q1 (t) and M1 (t) either in the time domain
or in the frequency domain. Secondly, we apply them as boundary load
on a semi-infinite beam element extending into negative x-direction (because x0 < x1 ) and compute the deformation and loading at x0 . This
is because the time-reversed version of the right-traveling wave behaves
like a left-traveling wave. Lastly, we time-reverse the deformation and
loading we just computed at x0 to return to the normal direction of time.
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3.5

Time reversal in the frequency domain

In the spectral-element method, all computations are carried out in the
frequency domain. Therefore, it is useful to derive the time-reversal
process in the frequency domain. Given the Fourier transform fˆ(ω) of a
function f (t), the Fourier transform of the time-reversed function is
F [f (−t)] = fˆ(−ω).

(3.21)

Further, if f (t) is a real-valued function, which is the case if f (t) represents a physical quantity, then
F [f (−t)] = fˆ(−ω) = fˆ∗ (ω),

(3.22)

where the superscript star denotes the complex conjugate. Thus, a realvalued function is time-reversed in the frequency domain by taking the
complex conjugate.
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This chapter has been published as a research article in Physical Review
Applied 10, 044021 (2018).†
Focusing flexural waves in beams for precisely controlled dynamic fracture
Valentin van Gemmeren, Bernhard Zybach, Jurg Dual
Abstract We show that flexural waves can be focused in a beam to an
extent that induces precisely controlled dynamic fracture of the beam.
Flexural waves are excited at one end of a finite beam and focus at another location along the beam to form a shorter but much larger bendingmoment pulse. The strong focusing is achieved by use of the frequency
dependence of the phase and group velocity of flexural waves, as well as
the superposition of multiple reflections. Amplification of the actuator
input by a factor of 20 is achieved solely by wave focusing, proving the
potential of such a technique.

4.1

Introduction

Some mechanical waves, such as flexural waves and Lamb waves, show
dispersion, meaning that their phase and group velocities are frequencydependent [42]. This causes the distortion of propagating broadband
pulses of such waves, and spreads out the energy that is carried by the
pulse in space and time. While the distortion of a propagating wave
package due to dispersion may be considered detrimental in some applications [119], it also opens opportunities in others. For instance, the
† DOI: 10.1103/PhysRevApplied.10.044021, reproduced under Creative Commons
Attribution 4.0 International license.
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amount of distortion a wavelet has undergone reveals information about
the distance it has covered. This feature has been used in guided-wavetesting applications to locate cracks in beams [26, 27] and plates [28]
with use of only a single-point measurement of the acoustic emission.
Similarly, cracks were identified in tubes with use of only circumferential
measurements at one location along the tube [80].
The aforementioned methods rely on the time-reversal symmetry of
acoustic waves to retrace the propagation path of the measured waves.
The time-reversal symmetry has been studied extensively by Fink with
both acoustic waves [30, 55, 99, 121] and electromagnetic waves [78]
and has been used to focus waves via randomly distributed scatterers
[79] and metamaterials [75–77], with applications in medicine, undersea
communications, and hydrodynamics [30].
Another application of mechanical waves can be found in material
testing at high strain-rates with split Hopkinson (Kolsky) pressure bars
[15, 70]. Here, a propagating pressure-wave pulse is used to induce fracture of the material sample under dynamic conditions. The pressurewave pulse is created by hitting the bar with a striker, and it can be
shaped, for example, by use of a specially designed striker [16] or by
insertion of tip material between the striker and the bar [88]. While the
classic Kolsky bar setup is used for compression experiments, modifications for tensile [49, 101], and torsional [8] experiments exist. Different
experimental implementations for bending have been reported as well,
but are rare [12, 51, 113, 117]. They offer an alternative to bending
tests using drop-weight towers, which struggle with a moving specimen
[10]. Especially for brittle materials, such as glass, ceramics, or concrete,
questions regarding the fracture mechanisms at high strain rates remain
open, and appropriate experimental setups are being developed [33].
Here, we propose a method that uses time-reversal techniques and
dispersion to create a precisely controlled, localized, high-power wave
pulse in a glass beam to induce dynamic fracture. Exploiting the dispersive nature of flexural waves, which causes the separation of different
wavelengths, allows an actuation time that is much longer than the duration of the focused pulse. A somewhat similar method is used in optics
for pulse shaping [118]. The time-reversal invariance is used to compute
the actuation corresponding to the desired pulse shape and focusing location.
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Fig. 4.1: Time-space map of the energy-focusing procedure. Wavelets
are excited at one end of a glass beam with an electromechanical transducer. The propagation paths of the three wavelets W0 , W1 , and W2
are shown exemplarily in a time-space map. After being excited, W0
focuses to a narrow peak at the focal point, whereas W1 and W2 are reflected once and twice, respectively, before focusing at the same point
in space and time. The excitation signal is obtained by simulating
the defocusing of the narrow peak (time tS running to the left) and
subsequently reversing the time (tE running to the right).

A schematic of the energy-focusing procedure is shown in Fig. 4.1:
An electromechanical transducer is glued to one end of a glass beam and
is excited in such a way that the resulting bending waves focus at an
arbitrarily chosen location along the beam. At this location, which we
call the focal point, the time history of the bending moment is that of
a Ricker wavelet with a certain peak width (Fig. 4.2). To obtain the
corresponding excitation signal, the defocusing of the bending-moment
pulse is simulated by its being set as a boundary condition at the focal
point (time tS running to the left in the time-space map). Taking the
simulated time history of the bending moment at the end of the beam
and reversing the time to tE (running to the right) yields the appropriate
excitation signal. This is done not only for one wavelet W0 taking the
direct path from the transducer to the focal point, but also for wavelets
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Fig. 4.2: Time history and frequency content of the focused pulse
(Ricker wavelet).

Wr undergoing r = 0, 1, . . . , n reflections at the ends of the beam before
focusing at the focal point. Thus, the time in which the transducer is
active and energy can be pumped into the beam is increased. Finally,
the excitation signal for the transducer is composed of the weighted sum
of all computed wavelets W0 to Wn .
The excitation of a new wavelet Wr coincides with the reflection
of the previously created wavelets Wr+m , where m is an even number,
as illustrated in Fig. 4.1 for wavelets W0 and W2 . The reflection of a
previous wavelet, however, does not affect the excitation of a new one,
as the deformations stay small and the system behaves linearly. The
propagating part of the reflected wavelet and the propagating part of
the newly created wavelet are identical in shape and phase, as they are
designed to focus at the same point in space and time.
In Sec. 4.2, we discuss the computation of the excitation signal for
wave focusing. This comprises the modeling of the beam and the magnetic sphere using spectral elements, the simulation of the defocusing,
some considerations regarding the compensation of the evanescent mode,
and finally the optimal composition of the excitation signal from multiple wavelets. In Sec. 4.3, the experimental setup is detailed, the characterization of the beam and transducer is explained, and the results
are presented. Finally, the results and limitations of the method are
discussed, and a conclusion is given.
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4.2
4.2.1

Method
Modeling of the beam

To simulate the propagation of flexural waves, the glass beam is modeled according to Timoshenko beam theory [114]: The deformation is
described by the lateral displacement w (x, t) of the centerline and the
angle of rotation φ (x, t) of the cross section. The governing equations
are


∂ ∂w
GAK1
− φ = ρAẅ,
∂x ∂x


∂2φ
∂w
EI 2 + GAK1
− φ = ρIK2 φ̈,
∂x
∂x

(4.1)

where G is the shear modulus, A the cross-sectional area, ρ the density,
E the Young’s modulus, and I the second moment of inertia. The parameters K1 and K2 incorporate the effect of shear and are set to 0.5217†
and 1, respectively [23]. Two wave modes with wave numbers k1 and k2
satisfy these equations and are referred to as the flexural-wave mode and
thickness-shear mode. In the relevant frequency domain, the first wave
number k1 is real (i.e., a propagating wave), whereas the second wave
number k2 is purely imaginary (i.e., an evanescent mode). In general,
when the beam is actuated, both wave modes are excited. So, while only
the propagating mode is useful for wave focusing, the evanescent mode
has to be considered in the boundary conditions too.
The equations of motion are solved in the frequency domain with
use of the spectral-element approach proposed by Doyle [23]. We follow
Doyle’s notation and use semi-infinite spectral elements to model the
glass beam. For a semi-infinite beam extending from x = 0 into the
positive x-direction, the deformation is given by two dynamic shape
functions ŵ(x) and φ̂(x), where the time dependence eiωt is suppressed
and a superposed caret denotes complex amplitudes:
ŵ(x) = R1 Âe−ik1 x + R2 B̂e−ik2 x
φ̂(x) =

Âe−ik1 x +

B̂e−ik2 x

(4.2)

† Unfortunately, there was a typo in the publication. The first shear coefficient is
computed according to Eq. (2.8).
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where Â and B̂ are the frequency-dependent coefficients defining the
amplitude and phase of the two wave modes. The two amplitude ratios
Rj are given by
ikj GAK1
Rj =
.
(4.3)
GAK1 kj2 − ρAω 2
The dynamic-stiffness matrix K̂R , relating the nodal displacement
ŵN = ŵ(0) and rotation φ̂N = φ̂(0) to the nodal force F̂ and moment
T̂ , is


 

ŵN
F̂
k̂11 k̂12
EI
=
,
(4.4)
φ̂N
T̂
k̂21 k̂22
{z
} | {z } | {z }
|
K̂R

k22 −k12
R1 −R2 ,

ûN

F̂ N

i(k1 −k2 )
R1 −R2 ,

−R2 k1 )
where k̂11 =
k̂12 = k̂21 =
and k̂22 = i(R1Rk12−R
.
2
Similarly, the dynamic-stiffness matrix K̂L for a semi-infinite beam
extending from x = 0 into the negative x-direction is
 



ŵN
k̂11 −k̂12
F̂
EI
.
(4.5)
=
φ̂N
T̂
−k̂21 k̂22
|
{z
} | {z } | {z }
K̂L

4.2.2

ûN

F̂ N

Modeling of the transducer

The transducer, a spherical magnet that is fixed to one end of the beam,
is modeled as a rigid sphere with mass mM and moment of inertia IM .
The equations of motion of the spherical magnet are set up in accordance
with the free-body diagram shown in Fig. 4.3 and small angles of rotation
φN are assumed:

mM ẅM = mM ẅN − aφ̈N = QM ,
(4.6)
IM φ̈M = IM φ̈N = MM + aQM ,
where a is the distance between the end of the tube and the center of
mass of the sphere. Assuming all functions to be harmonic in time and
suppressing the time dependence eiωt yields the dynamic-stiffness matrix:


mM
−amM
K̂M = −ω 2
.
(4.7)
−amM IM + a2 mM
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Fig. 4.3: Free-body diagram of the spherical magnet. The displacement and rotation of the center of mass of the spherical magnet are
given by wM and φM , respectively. The displacement and rotation of
the tip of the beam are given by wN and φN , which are equivalent to
the nodal displacement and rotation. The shear force QM acts at a
distance a from the center of mass of the spherical magnet.

4.2.3

Computation of the excitation signal

Without reflections

When computing the excitation moment for the transducer, we first
consider the simplest case, where the wavelet undergoes no reflections
between the focal point and the transducer. Here, the glass tube, which
is of finite length in reality [Fig. 4.4(a)], is modeled as two semi-infinite
spectral elements connected by a single node [Fig. 4.4(b)]. The bending
moment in the left beam is
h
i
M̂L (x) = −EI ik1 Âeik1 (x−xF ) + ik2 B̂eik2 (x−xF ) .
(4.8)
As we want the shape of the Ricker wavelet to be contained only in
the first mode, we set M̂Ricker = ik1 EI Â and obtain a value for Â. The
value for B̂ can be chosen arbitrarily. Thus, we can compute the shape
of the dispersed Ricker wavelet Φ̂ at the transducer by evaluating the
dynamic shape function Φ̂ = φ̂L (0).
To obtain the excitation signal from the dispersed Ricker wavelet Φ̂,
we first have to time reverse the wavelet by taking the complex conjugate
[30] in the frequency domain Φ̂∗ . Again, we want the wavelet to be contained in the first mode only and set Â = Φ̂∗ . It remains to determine
the moment T̂ on the spherical magnet that would produce exactly this
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Fig. 4.4: Spectral-element models of the glass beam used for the
computation of the excitation signal without reflections. (a) The glass
beam with the position of the focal point xF . (b) The spectral-element
model used for the defocusing consists of two semi-infinite beams connected by a node at the focal point x = xF . The nodal displacement
and nodal rotation are wN and φN , respectively. The node is subjected
to an external force F and an external moment T . (c) The spectralelement model used for the computation of the excitation moment T
consists of one semi-infinite beam connected to a rigid sphere at x = 0.

wavelet. To this end, we set up another spectral-element model consisting of one semi-infinite beam element connected to the spherical magnet
[Fig. 4.4(c)]. Equating the loads at the (imaginary) joint yields the dynamic stiffness:

 R1
K̂R + K̂M
1

R2
1



Â
B̂



=



0
T̂


,

(4.9)

where the external force F̂ is set to zero because the transducer cannot
produce an external force. Thus, B̂ is determined such that the shear
force of the second mode cancels out the shear force of the first mode,
and subsequently the excitation moment T̂ is computed.
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Fig. 4.5: Spectral-element model used to compute reflections. (a)
Free-body diagram. (b) Spectral-element model emulating a reflection
at the spherical magnet or a free end. The load of the reflected wave
{Qout , Mout } is derived from the load of the incident wave {Qin , Min }.
Subsequently, the propagation of the reflected wave is computed with a
second semi-infinite beam element by setting the nodal load F = Qout
and T = Mout .

With reflections

For wavelets going through reflections, the simulation of the defocusing
is extended. For every reflection, a separate semi-infinite beam element
is used to simulate the propagation of the reflected wave away from the
reflecting end of the beam. Separate elements are used to clearly distinguish between incident and reflected waves. To determine the shape
of the reflected wave, we consider the free-body diagram [Fig. 4.5(a)]
illustrating a reflection at the spherical magnet. Equating the loads at
the tip of the beam yields

 

Q̂M
Q̂(0)
+
= F̂ M + F̂ (0) = 0.
(4.10)
M̂M
M̂ (0)
The loading F̂ (0) consists of a part produced by the incident wave
F̂ in and a part produced by the reflected wave F̂ out . Furthermore, the
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dynamic-stiffness matrix K̂M of the spherical magnet is used to express
F̂ M in terms of û(0) = ûin + ûout :

F̂ out

K̂M (ûin + ûout ) + F̂ in + F̂ out = 0,
−1 

−1
= − I + K̂M K̂−1
I
−
K̂
K̂
F̂ in ,
M L
R


(4.11)
(4.12)

where I is the identity matrix. Thus, the boundary condition F̂ out for the
simulation of the reflected wave can be computed in terms of the incident
wave F̂ in [Fig. 4.5(b)]. For reflections at the free end, the dynamicstiffness matrix K̂M is set to zero, which corresponds to the zero-shearforce and zero-bending-moment condition. On the basis of the deflection
of the reflected wave ûout , the shape of the dispersed and reflected Ricker
wavelet at the transducer Φ̂ is determined and the excitation moment T̂
is computed as explained above.

4.2.4

Optimal signal composition

Subsequently, the n + 1 excitation signals for the individual wavelets,
which focus at the focal point after zero to n reflections, have to be
summed up to one excitation signal that can be fed to the transducer.
To do this in an optimal way, we introduce the amplification factor
Ar = mr /Tr . This is the ratio of the maximum bending moment mr
produced by a wavelet Wr at the focal point to the maximum moment
Tr required at the transducer [Fig. 4.6(a)], which is also proportional to
the current flowing through the coil. In other words, the amplification
factor Ar quantifies the efficiency of the wavelet Wr .
A typical measurement of the amplification factor is shown in Fig.
4.6(b)† . It is obtained by our measuring the maximum bending moment
at the focal point produced by 31 distinct wavelets having undergone up
to 30 reflections. For small numbers of reflections r, the amplification is
close to 1, because the covered distance between the transducer and the
focal point is still small and the effect of dispersion is not strong. The
amplification increases for larger r, as the distance covered by the wave
increases and the dispersion spreads the frequency content more and
more. For large distances, however, the energy loss through damping
† See
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also Appendix C for further results.
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Fig. 4.6: Definition and measurement of the amplification factor. (a)
Time history of the normalized bending moment of the same wavelet at
the transducer (dot-dashed line) and at the focal point (solid line). The
time history of the bending moment at the transducer consists of the
propagating mode and the evanescent mode. At the focal point, only
the propagating mode is present. The amplification factor is the ratio
of the maximum bending moment at the focal point and the maximum
bending moment at the transducer (here 1.25). (b) Measurement of the
amplification factor for increasing distances between the focal point and
the transducer.
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becomes dominant and the amplification factor decreases and goes to
zero.
To summarize, we obtain n + 1 excitation signals for wavelets, which
will each produce a maximum bending moment mr at the focal point.
The final excitation signal is the weighted sum of all n + 1 signals and is
delimited by the maximum current provided by the current source. Likewise, the resulting maximum bending moment at the focal point is the
weighted sum of all n + 1 bending moments mr and will be maximized.
This corresponds to the problem statement of linear programming, for
which an optimal solution can be found with use of the simplex algorithm, for example.

4.3

Experimental results

The wave-focusing method is demonstrated in experiments, where the
strong bending-moment pulse at the focal point leads to dynamic fracture of the glass beam. After presentation of the experimental setup, the
mensuration of the glass beam and the transducer is discussed. Finally,
the results of the wave-focusing experiments are illustrated.

Fig. 4.7: Experimental setup. (a) Glass tube that has been fractured by wave focusing. The surface of the glass tube has been slightly
roughened with sandpaper to reduce the breaking load. (b) The electromechanical transducer consists of a spherical magnet with magnetic
moment m, which is glued to one end of the glass beam. An external
moment T is generated on the spherical magnet by its placement in
the magnetic field Bcoil of an electromagnetic coil.
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4.3.1

Experimental setup

In the experiments, a 1.5 m long glass tube with circular cross section is
used as a waveguide (for more details see Table 4.1). The surface of the
glass tube is slightly roughened at multiple locations with use of grade-60
sandpaper to decrease its bending strength [Fig. 4.7(a)]. The transducer
consists of a spherical magnet (diameter 6 mm), which is glued to one
end of the glass tube, with the polarity of the magnet perpendicular
to the axis of the tube. The spherical magnet is then inserted into an
electromagnetic coil, which is aligned with the axis of the tube [Fig.
4.7(b)]. This constellation of the magnetic fields of the magnet and the
electromagnetic coil results in a moment acting on the magnet that is
perpendicular to the polarity of the magnet and the axis of the beam
[21]. Thus, bending waves are excited at the end of the beam with
the displacement lying in the plane perpendicular to the moment. The
electromagnetic coil is driven with a voltage-controlled current source
because the electromagnetic field produced by the coil and the resulting
moment on the magnet are proportional to the current flowing through
the coil. The glass beam is placed horizontally on several foam supports to reduce disturbances resulting from the mounting. The lateral
displacement of the beam is measured with a laser Doppler vibrometer
(Polytec OFV 303 sensor head, VD-02 velocity decoder), which can be
moved in the axial direction to observe the wave propagation. For this
purpose, the beam is fitted with reflective tape at several locations.

4.3.2

Pulse shape

For the shape of the focused pulse, the Ricker wavelet (also known as
a Mexican hat wavelet) is chosen because it has zero mean and a welldefined frequency content. The pulse width, and thereby the frequency
content, is varied in multiple experiments. For the results presented
here, a pulse width of σ = 0.1 ms is used, which corresponds to a center
frequency of 2.5 kHz (compare Fig. 4.2).

4.3.3 Phase velocity
For the energy focusing to work, the frequency-dependent phase velocity
of the propagating wave mode has to be characterized with high pre47
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Glass beam
Type
Length
Outside diameter
Wall thickness
Magnet
Type
Diameter
Mass
Residual magnetism
Electromagnetic coil
Inside diameter
Length
Number of turns
Wire diameter
Material
Power amplifier
Type
Maximum current
Maximum voltage

Schott AR-Glas®
1.5 m
4 mm
0.5 mm
Neodym N38
(Webcraft AG, Uster, Switzerland)
6 mm
0.86 g
1.22 T − 1.26 T
7 mm
9 mm
90
0.5 mm
Copper
PA401 (Rohrer GmbH, Munich, Germany)
±10 A
±40 V

Tab. 4.1: Material data and geometry of the experimental setup.

cision. Therefore, the phase velocity is measured for every beam by
excitation of the transducer with a chirp and measurement of the resulting wavelet at different positions along the beam. The comparison of the
phase of the measured wavelets yields the phase velocity. Subsequently,
the phase velocity curve obtained with Timoshenko beam theory is fitted
to the experimental data by adjustment of the Young’s modulus E and
the shear modulus G (Fig. 4.8). These two parameters, together with
the geometry of the beam, suffice to describe the phase velocity of the
first bending wave mode of the glass beam.

4.3.4

Measurement of the bending moment

To assess the wave-focusing procedure, the shape and amplitude of the
bending-moment pulse at the focal point have to be determined. As
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Fig. 4.8: Measured phase velocity of the flexural waves and phase velocity according to Timoshenko beam theory after fitting of the Young’s
modulus E and shear modulus G.

the bending moment cannot be measured directly, it is derived from
the measurement of the lateral surface velocity obtained with the laser
Doppler vibrometer as follows.
As long as we are far enough from the ends of the beam, the deformation of the beam is governed only by the propagating wave mode, because
the evanescent wave mode has decayed substantially. Thus, the deflection of the beam can be written as the superposition of a left-traveling
wave and a right-traveling wave:
ŵ(x) = R1 Âe−ik1 x − R1 Ĉeik1 (x−L) ,
φ̂(x) =

Âe−ik1 x +

Ĉeik1 (x−L) .

(4.13)

Accordingly, the velocity normal to the surface and the bending moment
are
h
i
v̂(x) = iω R1 Âe−ik1 x − R1 Ĉeik1 (x−L) ,
(4.14)
h
i
M̂ (x) = −EI −ik1 Âe−ik1 x + ik1 Ĉeik1 (x−L) ,
(4.15)
which can be rewritten as
M̂ (x) =

EIk1
v̂(x).
R1 ω

(4.16)
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4.3.5

Measurement of the transducer strength

To measure the amplification of the bending moment experimentally,
both the bending moment at the focal point and the moment produced
by the transducer have to be determined. The bending moment at the
focal point can be derived from the lateral surface velocity as shown
earlier [Eq. (4.16)]. However, this cannot be done for the moment produced by the transducer, as the electromagnetic coil obstructs the laser.
Moreover, the evanescent mode is present close to the transducer, so the
derivations presented before are not valid.

Fig. 4.9: Comparison of measured and simulated lateral surface velocity of the beam v(x = 0.5 m, t) at a distance of 0.5 m from the
transducer. The time history shows the arrival of the excitation chirp
between 1 and 2 ms. The first and the second reflections arrive at
around 3 and 4 ms, respectively. Further reflections are not accounted
for in the simulation. The strength of the transducer is determined by
scaling of the simulated time history to the measured one.

Instead, the strength of the transducer is determined by measuring
the lateral surface velocity close to the transducer and deducing the
moment acting on the magnet with a simulation. The same excitation
signal is applied as the current in the experiment and as the external
moment in the simulation. Subsequently, the measured and simulated
lateral surface velocities at a certain point along the beam are compared.
They differ only in a scaling factor (Fig. 4.9), because the moment on
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the spherical magnet is proportional to the magnetic field inside the coil,
which is again proportional to the current through the coil. This scaling
factor corresponds to the strength of the transducer in newton meters
per ampere.

4.3.6

Measurement of the beam length

Aside from the phase velocity, the beam length is an important quantity that has to be measured to achieve precise wave focusing. If the
length of the beam in the simulation does not match the exact length
of the physical beam, the individual wavelets will not focus at the same
location, which may lead to destructive interference.
To determine the length of the beam, a procedure similar to that
for the measurement of the transducer strength is chosen. Again, the
measured and simulated lateral surface velocities at a certain point along
the beam are compared. Subsequently, the length of the beam is adapted
iteratively in the simulation such that the arrival times of the direct
wavelet, the first reflection, and the second reflection coincide in the
simulation and the experiment. A typical comparison between simulated
and measured lateral surface velocities is presented in Fig. 4.9, showing
that very close agreement between the two can be achieved.

4.3.7

Results

In a set of experiments, a time-space map of the wave field inside the
beam is constructed to observe the wave focusing. For these experiments,
the entire length of the beam is fitted with reflective tape necessary for
the laser Doppler vibrometer measurements and the beam is not sanded,
so it would not break. The mensuration of the beam and the computation of the excitation signal are done as explained earlier. Subsequently,
the beam is excited with the resulting excitation signal repetitively, and
the lateral surface velocity is measured at 1 mm intervals along the beam.
The resulting time-space map of the bending moment is depicted in Fig.
4.10. It shows how the bending waves, which are excited x = 0 m between t = 0 ms and t = 357 ms, focus at x = 0.65 m and produce a strong
bending-moment pulse.
In experiments with beams that had not been sanded, a maximum
bending moment of 184 × 10−3 Nm is measured at the focal point when
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Fig. 4.10: Time-space map of the measured bending moment (normalized). The bending waves are produced by a transducer fixed at
one end of the beam (x = 0 m) and focus at x = 0.65 m, t = 356.7 ms.
The excitation starts at t = 0 ms and ends at t = 356 ms. The earliest
wavelet undergoes 30 reflections before reaching the focal point.

30 reflections are taken into account. This is more than 20 times larger
than the maximum bending moment the transducer is capable of producing (around 8.3 × 10−3 Nm). After the beams are sanded and thereby
their bending strength reduced to about 117 × 10−3 Nm (measured in
quasistatic four-point bending tests), we are able to induce dynamic
fracture at the focal point as can be seen in Video 1† (Fig. 4.11) and
Fig. 4.12.

4.4

Discussion & Conclusion

In summary, we present a method to create a short, high-power bendingwave pulse in a beam at a position away from the transducer. The excitation signal is computed in a time reversed spectral-element simulation
† See supplementary material at https://doi.org/10.1103/PhysRevApplied.10.
044021 for the video.
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Fig. 4.11: Video 1. The fracturing of the glass beam (recording 2000
frames/s, replay 24 frames/s). The recording starts with the excitation
of the beam (t = 0 ms), whereas the replay starts at t = 276 ms. The
beam breaks at t = 349 ms. After breaking, the right-hand side of the
beam starts to move because it is supported by only one foam cushion
and loses balance. The surface of the beam was sanded only in the
vicinity of the focal point. In later experiments, larger areas of the
beam were sanded.

and consists of 31 wavelets, for which up to 30 reflections are taken into
account. The 31 wavelets are composed with linear-programming algorithms to obtain an optimal excitation signal. Thus, a bending-moment
pulse with a maximum amplitude of 184 × 10−3 Nm is achieved in experiments, where a transducer capable of producing only 8.3 × 10−3 Nm
is used. This corresponds to an amplification of the bending moment by
a factor of more than 20 by wave focusing. Moreover, the amplitude of
the bending-moment pulse proves to be large enough to induce dynamic
fracture of the glass beam.
The position of the focal point can be set with very high accuracy
as both the phase velocity of the flexural waves and the length of the
beam are determined precisely. Larger inaccuracies in the measurement
of these two quantities would lead not to imprecision in the position
of the focal point but rather to a complete breakdown of the focusing
method. This is because the individual wave packages would focus at
different locations and at different instances of time, possibly leading to
destructive interference.
The location of fracture, on the other hand, is dictated by the critical bending moment required to break the beam, and the amplitude and
width of the bending-moment pulse. Moreover, the critical bending mo53
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Fig. 4.12: Measurement of the lateral surface velocity at a distance
x = 0.5 m from the transducer, while the waves focus at x = 0.65 m.
For the blue curve, only 40% of the available power is used so as not
to break the beam. Subsequently, the blue curve is scaled up by 2.5 to
match the red curve, for which full power is applied to break the beam.
Both curves match very well before the beam breaks at approximately
t = 351 ms and differ considerably afterwards. Furthermore, waves
that have much higher frequency content and result from the energy
released during the fracture (acoustic emission) can be seen in the red
curve.

ment is not constant along the beam, due to the sanding. Hence, we can
only guarantee the location of fracture to be inside a certain perimeter
of the focal point, which is governed by the wavelength chosen. In the
experiments, the beams broke within a distance of ±5 mm from the focal
point, where the bending moment is still 95% of its peak value.
For all experiments presented here, the same pulse width with a center frequency of 2.5 kHz is used. However, it is worth mentioning that
the wave-focusing method works in the complete frequency domain below the cutoff frequency of the second wave mode. The accuracy of
the location of fracture could be increased by going to higher frequencies, thereby reducing the wavelengths and the size of the focal spot.
Yet, dispersion is less pronounced at higher frequencies (see Fig. 4.8),
and the transducer bandwidth and material damping may add further
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difficulties. By increase of the number of reflections, the amplification
could be increased even further, but the gain due to additional reflections decreases, as more energy is lost through material damping. On the
other hand, the number of reflections required to achieve dynamic fracture could be reduced by use of a stronger electromechanical transducer
(e.g., by use of a more powerful current source).
By precisely modeling the propagation of flexural waves in a glass
beam, we design and create a bending-moment pulse at an arbitrary location away from the actuator. With the same method, other quantities,
such as shear force, deflection, or surface velocity, could also be tailored.
What is more, the wave-focusing technique could be transferred to other
dispersive waves (e.g., water waves, or light in dispersive media) to focus
energy.
Applying the wave-focusing technique to induce dynamic fracture at
an arbitrary location might be interesting for high-strain-rate bending
tests in fracture mechanics. By setting the shape of the pulse, one is able
to directly control the strain rate at the location of fracture. Moreover,
no external loads are applied during the fracturing process. This eliminates the stress concentrations that typically occur in the vicinity of the
indenter and the support in classic mechanical tests, such as three- and
four-point bending [20].
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5

In the present chapter, we elaborate on the methods that are used for
the flexural-wave focusing but were only briefly touched in chapter 4.
This includes the assembly of the experimental specimens, the characterization of the experimental specimens involving the measurement of
the phase velocity and of the resonant frequencies, the measurement of
the flexural strength of the experimental specimens in static four-pointbending tests, the optimal signal composition, and the design of the
electromechanical transducer.

Fig. 5.1: Assembly of the glass tube and the spherical magnet. a) The
glass tube is clamped vertically, and the orientation of the spherical
magnet is controlled with four cylindrical magnets. The layer of glue
between the spherical magnet and the glass tube should be very thin.
b) Poor assembly: the layer of glue is too thick.
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5.1

Experimental procedures

In the following, the assembly of the glass tube and the magnetic sphere
is described, followed by the experimental setup.

5.1.1

Sample preparation

1. Visually inspect the glass tube (for specifications see Tab. 4.1)
for damages and irregularities at the ends of the tube that might
complicate the attachment of the magnet.
2. Wear protective gloves for the following steps. Clean the end of
the tube where the magnet shall be attached and the magnet itself
with isopropanol.
3. Clamp the glass tube vertically such that the magnet can be glued
to the top end.
4. Attach four small, cylindrical magnets to the spherical magnet, two
on each side. These magnets indicate the polarity of the spherical
magnet and facilitate the proper orientation and attachment of the
spherical magnet (see Fig. 5.1a).
5. Prepare the two-component glue (X60 strain-gage adhesive, HBM
GmbH, Darmstadt, Germany). The resulting paste should be quite
thin. It is more difficult to achieve thin film, if the glue is too thick
(see Fig. 5.1).
6. Apply one or two drops of glue to the spherical magnet with a
toothpick. The drop should stick to the underside of the spherical
magnet.
7. Place the spherical magnet on top of the glass tube such that the
auxiliary cylindrical magnets are perpendicular to the glass tube.
8. Press the magnet firmly to the glass tube for approximately one
minute.
9. Let the glue cure for at least 10 minutes. (Refer to manual.)
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10. Stick reflective tape (Scotchlite 7610 high gain reflective sheeting,
3M company, Maplewood, USA) to the tube for the measurements
with the laser Doppler vibrometer. Small patches (2 mm x 4 mm)
at the measurement locations are enough. Keep the auxiliary magnets to get the orientation of the tube right: The patches should
be on the same side as auxiliary magnets. For most experiments
we glued patches at a distance of 0.1 m, 0.15 m, and 0.6 m from the
magnet.

5.1.2

Preparation of the experimental setup

1. Place three or four lab lifting platforms on an optical table. Place
foam supports on top of the platforms and level their height.
2. Place the glass tube on the foam supports. Make sure that the
glass tube is horizontal and parallel to the optical table and the
movable stage of the laser Doppler vibrometer.
3. Rotate the glass tube such that the auxiliary magnets are horizontal. In this orientation, the transducer will generate deflections
in the horizontal plane. Instead of the magnets, you can also use
another magnetic part that is easier to remove. The reflective tape
should be facing the laser Doppler vibrometer.
4. Remove the auxiliary magnets. Do not touch or move the glass
tube anymore!
5. Clamp the electromagnetic coil to a magnetic stand. Adjust the
height such that the spherical magnet fits centrally into the coil.
6. Carefully slide the coil over the spherical magnet until the entire
magnet is on the inside of the coil. The magnet should not touch
the inside of the coil during the experiment.
7. Note: For the measurement of the phase velocity, we use a weaker
coil with more radial clearance, because it is easier to install and
therefore less prone to error.
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Fig. 5.2: Sketch of the experimental setup. The electromagnetic coil
is driven with a voltage-controlled current source that is connected
to a computer via an analogue/digital converter. The measurement
program is executed with LabVIEW (National Instruments, Austin,
USA).

5.1.3

Preparation of the electrical equipment

1. Connect current source and laser Doppler vibrometer to the NI
analogue-digital-converter as indicated in Fig. 5.2.
2. Connect the electromagnetic coil to the voltage-controlled current
source (for specifications see Tab. 4.1).
3. Move the laser Doppler vibrometer into position with the positioning stage and adjust the focus (see Tab. 5.1).
Characterization
Resolution
Tracking filter
Low-pass filter
Sampling rate

5 mm s V
fast
(100 kHz)
1 MHz
−1

−1

Dynamic fracture
200 mm s−1 V−1
off
(1.5 MHz)
4 MHz

Tab. 5.1: Settings for the laser Doppler vibrometer when using the
Polytec VD-09 velocity decoder. Similar settings can be applied to the
Polytec VD-02 velocity decoder. The tracking filter is switched off for
the dynamic fracture experiments because the permitted accelerations
are too small.
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5.1.4

Preparation of the dynamic fracture experiment

After assembly, the experimental specimen is characterized by measurement of the phase velocity (see Sec. 5.2) and measurement of the resonant
frequencies (see Sec. 5.3). Subsequently, the experimental specimen is
prepared for the dynamic fracture experiment.
1. Remove the glass tube from the optical table and place it on foam
supports on a working surface.
2. Sand the beam with grade-60 sandpaper at the desired locations.
While doing so, avoid applying strong bending moments which
might break the tube inadvertently. Wear rubber gloves for improved traction on the glass tube and reduced risk of injury.
3. Roll the glass tube with one hand while you press the sandpaper
on the tube with your other hand. This results in scratch marks
in cylindrical or helical form as shown in Fig. 5.3. Axial scratch
marks have proven not to be beneficial. Usually, light sanding is
sufficient.
4. Carefully place the glass tube back on the optical table and align
it as before.

Fig. 5.3: Sanding patterns of the glass tube. The cylindrical (a)
and the helical (b) sanding patterns work well. Sanding the beam
horizontally (c) does not reduce the bending strength sufficiently.
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5. Place the stronger coil around the magnet. Note that the tube
moves slightly during the experiment. So, you have to adjust the
(circumferential) orientation and the positioning of the coil after
each run.
6. Make sure that the glass tube is placed on the supports in such a
way that it cannot fall down during and after fracture.

5.2

Measurement of the phase velocity

For an accurate simulation of propagating waves, the precise replication
of the physical phase velocity of the waves is essential. To this end, we
measure the phase velocity of the flexural waves in every experimental
specimen we use. In the following, we give a detailed description of the
measurement procedure of the phase velocity.
Given a wave packet propagating in positive x-direction, we measure
the lateral deflection of the glass tube w1 (t) and w2 (t) at two positions x1
and x2 with ∆x12 = x2 − x1 > 0. Both measurements are transformed
to the frequency domain with the Fast Fourier Transform. For every
frequency ω, there is a phase shift ∆φ12 between the two measurements:
ŵ1 (ω) = ŵ2 (ω)ei∆φ12 (ω) ,

(5.1)

which can be expressed in terms of the phase velocity c
∆φ12 (ω) = −k(ω)∆x12 = −

ω∆x12
,
c(ω)

or c12 (ω) = −

ω∆x12
. (5.2)
∆φ12 (ω)

A few restrictions have to be kept in mind. Firstly, we assume only
one phase velocity per frequency, or, in other words, only one wave mode.
If there were multiple wave modes present in the measurement, we could
still distinguish them with the appropriate data processing tools, but
they require more measurement locations and are computationally more
costly [97, 116]. In our case, this is not an issue as the transducer
excites almost purely flexural waves. Yet, it is still likely that the sheardominated, evanescent wave mode (see Sec. 2.1), or other higher-order
evanescent modes, are excited. To minimize their influence on the measurement, we keep a distance of 0.1 m to the transducer so that the
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Fig. 5.4: Deflection measured at the three locations x1 = 0.1 m, x2 =
0.15 m, and x3 = 0.6 m, and averaged from 50 measurements. For the
evaluation of the phase velocity, the signal is cut after 2.6 ms so it only
contains the direct pulse and no reflections.

amplitude of the evanescent wave mode has decayed substantially (at
0.5 kHz to 10% of the original amplitude).
Secondly, the distance between two measurement locations should be
smaller than the wavelength of the wave packet so that the phase difference between the two measurements is less than ∆φ12 (ω) < 2π. This is
because the Fourier transform cannot directly recover phase differences
larger than 2π. Yet, the relative error of the phase velocity measurement
is smaller if a large distance ∆x12 is chosen. We resolve this dilemma
by our measurement of the deflection at three locations x1 = 0.1 m,
x2 = 0.15 m, and x3 = 0.6 m. The phase difference ∆φ12 (ω) between
the first two measurements serves as baseline for the two other phase
differences. Multiples of 2π are added to the phase differences ∆φ13 (ω)
and ∆φ23 (ω) until the resulting phase velocities c13 (ω) and c23 (ω) match
c12 (ω) except for a small relative error. Lastly, the average between the
two phase velocities c13 (ω) and c23 (ω) is computed (see Fig. 4.8).
In the experiment, it remains to excite a wave of the desired type and
measure the deflection at least at two locations. Typically, we chose a
frequency sweep from 0.4 kHz to 20 kHz with a duration of 2 ms to cover
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the frequency range of interest. At each position, we take 50 measurements with a sampling rate of 1 MHz and average them to improve the
signal-to-noise ratio. The measurements are then fed to the computer
and cut such that they contain only the arrival of the first pulse and not
the subsequent reflections (see Fig. 5.4).
After measurement of the phase velocity as detailed above, the phasevelocity curve from Timoshenko beam theory is fitted to the experimentally obtained curve by adjusting the Young’s modulus E and the
shear modulus G. This is done with the nonlinear least-squares fittingalgorithm provided by Matlab. Note that it is helpful to scale the
relevant values (i.e., phase velocity, Young’s modulus, shear modulus) to
unity for a better performance and stability of the algorithm. Nevertheless, the obtained values for E and G should be checked for plausibility.
For our specimens, typical values were in the range of 70 GPa to 72 GPa
for E, and 28 GPa to 32 GPa for G.
The error of the location of the focal point ∆xF is proportional to
the error of the phase velocity ∆c:
(
∆c
for n = 0, 2, 4, . . . ,
c (x + nL)
∆xF = ∆c
(5.3)
c [x − (n + 1)L] for n = 1, 3, 5, . . . .
As the phase velocity is frequency-dependent, the error in the location of
the focal point is also frequency-dependent and may be seen as the offset
in position where the (frequency-dependent) target phase is achieved. If
the relative error of the phase velocity is constant across the relevant
frequency range, the focused wave pulse is simply shifted by ∆xF . If the
relative error of the phase velocity is frequency-dependent, the shape of
the focused wave pulse is disturbed.
In our measurements, we typically observe a deviation of around
0.05 m/s between the two measurements c13 (ω) and c23 (ω). This infers
an error of around 5 mm for the position of the focal point when n = 30
reflections are taken into account, which is about half of the shortest
wavelength in the excitation pulse.
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5.3

Measurement of the beam length

After measurement of the phase velocity and fitting of the material parameters, we must also determine the beam length L for every specimen.
Initially, we compared the measured and simulated deflections at the
three positions x1 , x2 , and x3 to determine the effective length of the
beam (see Sec. 4.3.6). However, the fitting process proved to be tedious
and a better, more practical method was implemented, where the beam
length is derived from a measurement of the resonant frequencies. In the
new method that we describe in the following, the beam length in the
model is fitted such that resonant frequencies of the model match those
of the measurement.
The theoretical eigenfrequencies are computed with the spectralelement model described in Section 2.3. First, the dynamic-stiffness
matrix of the beam with attached magnet is computed


K̂M 0
K̂bm = K̂ +
,
(5.4)
0
0
where K̂ is the 4 × 4 dynamic-stiffness matrix for a two-node beamelement, and K̂M is the 2 × 2 dynamic-stiffness matrix for the magnetic
sphere, which is attached to the left node. At the resonant frequencies,
the determinant of K̂bm vanishes. In practice, the zeros of det(K̂bm )
are found by looking for zeros in the smallest eigenvalue of K̂bm . This
approach is more robust because the smallest eigenvalue assumes less
extreme values then the determinant itself. Note that det(K̂bm ) = Πj λj ,
where λj are the eigenvalues of K̂bm .
In the experiments, the transducer is excited with a windowed frequency sweep from 0.4 kHz to 5 kHz and the deflections are measured at
x1 , x2 , and x3 until the signal has decayed completely. The measurement at multiple locations reduces the chance of missing out on resonant
frequencies because of measuring in a nodal point. Again, multiple measurements are taken and averaged at each point to improve the signalto-noise ratio. The measured signals are transformed to the frequency
domain with the Fast Fourier Transform and the resonant frequencies
are identified from the peaks in the amplitude spectrum (see Fig. 5.5).
Lastly, the beam length in the spectral-element model is fitted such that
the theoretical eigenfrequencies match the peaks in the measured am65
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Fig. 5.5: Amplitude spectrum of the deflection measured at the three
locations x1 = 0.1 m, x2 = 0.15 m, and x3 = 0.6 m. The transducer
was excited with a frequency sweep from 0.4 kHz to 5 kHz. The vertical
lines indicate the resonant frequencies determined with the spectralelement model.

plitude spectrum. In the model, the Young’s modulus and the shear
modulus are set to the previously determined values (see Section 5.2).
A typical amplitude spectrum is shown in Fig. 5.5, where the vertical
lines indicate the eigenfrequencies computed with the spectral-element
model.
The beam length is determined with a precision of 0.1 mm so that
the error in the position of the focal point
(
−n∆L
for n = 0, 2, 4, . . . ,
∆xF =
(5.5)
(n + 1)∆L for n = 1, 3, 5, . . . ,
evaluates to around 3 mm when n = 30 reflections are taken into account.
One could argue that it would be much easier to measure the length
of the beam with a measuring tape. However, we not only require a
very precise value for the length L, but the eigenfrequencies play a very
important role in the wave focusing. As we go through multiple reflections before focusing, we introduce the eigenfrequencies of the system
magnet–beam into the excitation signal, as can be seen in the amplitude
66

5.4. Optimal signal composition

spectrum of the excitations signal. Evidently, it is more important to
match the theoretical eigenfrequencies to the measured ones, than to get
the correct physical beam length.
In some instances, we computed beam lengths below the physical
range, which is 1.5 m to 1.503 m for our specimens. To put it differently,
the measured eigenfrequencies were lower than the ones we expected
from our model, indicating that the physical system was more compliant
than expected. The evidence is strong that this overestimation of the
stiffness has to do with the gluing of the magnet to the glass tube. In
our simulation, the magnet is modeled as a rigid sphere attached to the
end of the tube without allowing relative motion. While this assumption
is well justified if the layer of glue between the magnet and the tube is
infinitely thin, it does not hold if the layer becomes too thick. Thus, the
gluing of the magnet to the glass tube has a huge effect on the validity
of our model. Extreme caution has to be taken to achieve a thin glue
layer by using as little glue as possible and keeping the viscosity of the
glue low during assembly (see Sec. 5.1). Alternatively, this issue could be
alleviated by allowing for relative motion between magnet and tube in
our spectral-element model, for example through the addition of a spring
between magnet and tube. Moreover, the magnet could be modeled as an
elastic body, as well. However, this would also introduce more unknown
parameters that must be determined in a physically meaningful way.

5.4

Optimal signal composition

In Sec. 4.2.4, we briefly discussed the optimal signal composition out of
multiple wavelets Wr . In the following, we are giving a more detailed
account of the mathematical procedure.
From the spectral-element simulation, we obtain a current signal Ir (t)
for the excitation of each wavelet Wr , where the index r indicates the
number of reflections between excitation and focusing. We normalize
the current signals such that the maximum absolute value of Ir (t) is
Imax . The resulting bending moment at the transducer is proportional
to the current Ir (t) with the proportionality factor κem . We denote the
maximum bending moment produced by a wavelet Wr at the focal point
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mr and introduce the amplification factor
Ar =

mr
mr
=
,
Tr
κem Imax

(5.6)

which is the ratio of the maximum bending moment at the focal point
mr and the maximum bending moment at the transducer Tr . For the
measurement of the amplification factor, please refer to Sec. 4.2.4 and
Fig. 4.6.
The total current signal Itot (t) is the weighted sum of all n+1 current
signals Ir (t), where n is the maximum number of reflections taken into
account:
n
X
αr Ir (t).
(5.7)
Itot (t) =
r=0

Similarly, the total bending moment at the focal point mtot is
mtot =

n
X

αr mr = κem Imax

r=0

n
X

αr Ar .

(5.8)

r=0

Our goal is to maximize the total bending moment mtot , while keeping the current signal Itot (t) bounded. Thus, we write the problem in
the standard form of linear programming:
maximize cT x, subject to Ax < b,

(5.9)

where cT = (A0 , . . . , An ) contains the n + 1 amplification factors, and
xT = (α0 , . . . , αn ) the corresponding coefficients. The matrix A consists
of the n + 1 current signals Ir (t), sampled at m time instants:


I0 (t1 )
···
In (t1 )


..
..
..


.
.
.


 I0 (tm ) · · · In (tm ) 

,
A=
(5.10)

 −I0 (t1 ) · · · −In (t1 ) 


..
..
..


.
.
.
−I0 (tm )

···

−In (tm )

and bT = (Imax , . . . , Imax ) is the maximum permissible current. The
repetition of the first m rows in A with a minus sign assures that the
absolute value of Itot (tm ) is smaller than Imax for all times tm .
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Fig. 5.6: Schematic, two-dimensional representation of the linearprogramming problem. The feasible domain (grey) is a polygon where
the edges are given by the inequalities in Eq. (5.9). The objective function increases linearly in the direction of c. In the simplex algorithm,
the search is initialized at one vertex (1) and continued along the edges
in direction of c until the optimal vertex (3) is found.

A geometric interpretation of the linear-programming problem is
given in Fig. 5.6. The inequalities in Eq. (5.9) define hyperplanes that
bound the domain of feasibility and form a convex set. The vector c is
normal to the contours of the objective function and designates the optimal search direction. The linear-programming problem does not have
a solution if the feasible domain is empty, that is if the inequalities are
conflicting, or if the objective function is unbounded. If the problem is
feasible and bounded, it has either one solution, that is a vertex of the
feasible domain, or infinitely many, that is a face of the feasible domain
[89, p. 356]. If it exists, the optimal solution can be found for example
with the simplex algorithm, which is readily implemented in Matlab.
In the simplex algorithm, the search is initialized on a vertex of the feasible polytope and continued along the adjoining edges into the optimal
direction until the optimal vertex (or edge, or face) is found (see Fig.
5.6).
In our case, the problem stated in Eq. (5.9) is always feasible, because
x = 0 is always a solution as the elements of b are larger than zero.
Further, the objective function is always bounded which can be checked
with a physical consideration: The energy of the excitation signal Itot (t)
is bounded, because the signal is of finite length, finite amplitude, and
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Fig. 5.7: Excitation signals. a) Excitation signals Ir (t) for five
wavelets focusing at x = 0.75 m after zero (blue), one (red), two (yellow), three (purple), and four (green) reflections. b) Optimal combination Itot (t) of the five excitation signals shown in a).
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finite frequency content. Therefore, the energy of the focused pulse must
be finite as well, which implies a finite bending moment mtot . Thus,
an optimal solution always exists and can be found with the simplex
algorithm. An example of the optimal composition of the excitation
signal out of five wavelets undergoing up to four reflections is shown in
Fig. 5.7.

5.5

Four-point-bending experiments

We perform a series of static four-point-bending tests to assess the bending strength of the sanded glass tubes used in the dynamic fracture experiments. In the experimental setup, we follow the ASTM standard
C158 for the test methods for strength of glass by flexure as closely as
possible [6]. The ASTM standard prescribes a minimum diameter of
4.76 mm for rod-shaped specimens with a circular cross section, while
our test specimens have a diameter of 4 mm. All other requirements of
the standard are met.
The geometry of the four-point-bending experiment is sketched in
Fig. 5.8 and the corresponding values are given in Tab. 5.2. The load
is introduced via four cylindrical bearing edges made of hardened steel,
where the two edges at the top are free to rotate with respect to the two
lower ones. The four-point-bending apparatus is mounted in a tensile
testing machine (see Fig. 5.9), and the applied force is measured with a

Fig. 5.8: Geometry of the experimental setup for the four-pointbending tests with moment arm b, separation of inner bearing edges
Li , separation of outer bearing edges Lo , and bearing-edge diameter d.
The respective values are given in Tab. 5.2.
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b
d
Li
Lo

Moment arm
Bearing-edge diameter
Separation inner bearing edges
Separation outer bearing edges

29 mm
6 mm
40 mm
98 mm

Tab. 5.2: Geometry of the four-point-bending setup.

50 kN load sensor (ZwickRoell GmbH & Co. KG, Ulm, Germany). The
glass tubes (original length 1.5 m) are cut to samples with a length of
150 mm and are sanded in the middle on a length of 10 mm (see also Fig.
5.3). The samples are then placed in the four-point-bending setup such
that the sanded section is centered between the two upper bearing edges.
The samples are pre-loaded with 0.5 N to hold them in place. Upon start
of the experiment, the samples are loaded at a rate of 0.5 mm min−1 until
fracture.
The bending strength Mc is computed from the force measured at
fracture Fc as
bFc
Mc =
.
(5.11)
2
From experiments with 32 sanded samples, we obtain an average bending
strength of 117 × 10−3 N m with a standard deviation of 18 × 10−3 N m.
The minimum measured value is 81 × 10−3 N m and the maximum value
149 × 10−3 N m (see also Fig. 5.10). For a sample that was not sanded,
we measure a bending strength of 600 × 10−3 N m, which is more than
three times larger than the maximum bending moment we generate by
flexural-wave focusing. Both results agree well with the tensile strength
of 20 MPa to 200 MPa reported in literature for different surface conditions of glass [82, p. 535].
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Fig. 5.9: Photograph of the four-point-bending setup. The sanded
glass tube is placed horizontally on the two lower bearing edges. The
two upper bearing edges are attached to the load sensor, which is moved
down during the experiment.

Fig. 5.10: Histogram of the bending strength determined in the static
four-point-bending experiments.
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5.6

Transducer design

The reliable generation of flexural waves is essential to produce dynamic
fracture through flexural-wave focusing. In Chapter 4, we have only
mentioned briefly the design of our electromechanical transducer but
omitted the considerations involved in the design. This shall be made
up for in the following.
Methods for the generation of elastic waves from electrical signals
commonly involve either piezoelectricity [24] or electromagnetism. Piezoelectric transducers generally show a high-pass behavior in the frequency
domain and perform particularly well at resonance. Electromagnetic
transducers on the other hand are more useful to generate constant
forces or low frequency vibrations. Another advantage of electromagnetic transducers is that the transfer-function of applied voltage or current to the resultant force or moment is more easily computed. That
is why we have opted for an electromagnetic transducer consisting of
a spherical permanent magnet placed inside an electromagnetic coil, as
shown in Fig. 4.7.

5.6.1

Analytical approach

The moment T acting on a magnetic dipole m in a uniform magnetic
field B is given by [21]
T = m × B.
(5.12)
The moment T acts perpendicular to the dipole moment m and the
magnetic field B and aims to realign the dipole to the direction of the
magnetic field. We cannot use equation (5.12) directly to compute the
moment acting on the permanent magnet, because the magnetic field
inside the coil is not uniform. However, the equation is already a good
indicator for the design of the electromechanical transducer: To increase
the resultant moment, either the dipole moment m or the magnetic field
B has to be increased.
For a given magnetic material, the dipole moment can only be increased by using a larger permanent magnet. However, increasing the
size of the magnet reduces the limiting frequency as the transducer essentially acts as low-pass filter. This is shown in Fig. 5.11 where we
plot the ratio of the external moment applied at the magnet and the re74
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Fig. 5.11: Amplitude ratio of the external moment applied to the
magnet and the resulting bending moment at the tip of the beam for
three different magnet diameters. The transducer acts like a low-pass
filter where the cutoff frequency decreases with increasing size of the
magnet.

sulting bending moment at the end of the beam. The transfer function
is computed with a spectral-element model consisting of a semi-infinite
beam-element with dynamic-stiffness matrix K̂R , and the element of the
spherical magnet with dynamic-stiffness matrix K̂M . A unit moment T
is applied at the node and the dynamic-stiffness relation




K̂M + K̂R ûN

 
0
=
T̂

(5.13)

is solved for the nodal displacement ûN , from which the bending moment
at the end of the beam-element is computed. As a result, we restrict
ourselves to a magnet with a diameter of 6 mm which still allows for
frequencies of up to 40 kHz.
For further improvement, the magnetic field is maximized by optimization of the coil design. In the following, we neglect the effect of the
magnet and just look at the magnetic field inside a short electromagnetic
coil. At the center of the coil, the magnetic field is given by [73, p. 348]
µN I
,
2
l2 + Dm

|B| = p

(5.14)
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where µ is the magnetic permeability, N is the number of turns, I is the
current through the coil, Dm is the mean diameter and l is the length
of the coil. We further compute the inductance of the coil L because it
limits the current that can be put through the coil at a given voltage.
For a short, cylindrical, multi-layer coil, the inductance is [110, p. 300]
L=

2
N2
25πDm
κ,
3Dm + 9l + 10h

with κ = 1 × 10−7 H m−1 ,

(5.15)

where h is the thickness of the coil. Lastly, the wires of the coil have
the diameter d and are assumed to be stacked as sketched in Fig. 5.12
so that the cross-sectional area is
A = N d2 = lh.

(5.16)

Fig. 5.12: Stacking of the wires inside the electromagnetic coil with
wire diameter d, coil length l, inner radius r, outer radius R, and coil
thickness h.

With Eqs. (5.15) and (5.16), we eliminate the mean diameter Dm ,
and the length l from Eq. (5.14) and end up with an equation depending
on the four parameters wire thickness d, inner radius r, inductance L,
and number of turns N . The lower bound for the wire diameter is
given by the maximum current Imax it should carry and the maximum
permissible current density ρc :
πd2
ρc > Imax .
4
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The lower bound of the inner radius is the radius of the magnet rM plus
some extra space for motion ∆r:
r > rM + ∆r.

(5.18)

The upper bound for the inductance is determined by the power of the
current source and the maximum expected frequency:
L<

Umax
,
Imax ωmax

(5.19)

However, note that a high inductance can also make the current source
unstable, which should be avoided at all cost.
From Eq. (5.14), we can already see that the coil should be as compact
as possible. So, it comes as no surprise that the bounding values for d,
r, and L are also their optimum values. Lastly, the optimum value for
the number of turns can be identified easily to N = 94 from Fig. 5.13,
which was computed with d = 0.5 mm, L = 49 µH, and r = 3.5 mm.

Fig. 5.13: Blue: Magnetic flux density at the center of the coil according to Eq. (5.14) with respect to the number of turns N . Red: Moment
acting on the spherical magnet computed with the FE simulation. The
geometric parameters are in both cases set to d = 0.5 mm, L = 49 µH,
and r = 3.5 mm. Both methods indicate an optimal number of turns
of 94.
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5.6.2

FE simulation

In our analytical derivation, we maximized the magnetic field strength
at the center of an empty solenoid. To check whether this approach also
maximizes the resultant moment on the spherical magnet placed inside
the solenoid, we set up a finite-element model of the electromechanical
transducer in COMSOL Multiphysics 5.3 (COMSOL Inc., Burlington,
USA).
The transducer is modeled in 3D with the magnetic-fields toolbox
provided by COMSOL. The permanent magnet is modeled as a domain
with a prescribed remanent flux density, and the solenoid is modeled
with the multi-turn-coil feature. The magnet and the solenoid are at
the center of a large, spherical domain (air) that lets the magnetic field
decay sufficiently towards the boundaries of the model (see Fig. 5.14).
A unit current is applied to the solenoid and the resultant moment on
the spherical magnet is computed in a stationary study. In a parameter
sweep, the number of turns is varied, and all other geometry parameters
are computed according to the equations derived before. The curve of
the analytically computed magnetic flux density at the center of the

Fig. 5.14: Finite-element model of the electromechanical transducer
implemented in COMSOL Multiphysics 5.3. The model consists of the
spherical magnet (blue), the cylindrical coil, and the surrounding air
domain.
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solenoid and the curve of the numerically computed resultant moment
on the magnet agree very well in shape and optimal number of turns
(see Fig. 5.13). Thus, we can use the simple analytical approach for the
dimensioning of the solenoid. Further, the FE simulations show that
small misalignments of the magnet with respect to the coil only have a
small and negligible effect on the excitation strength.
For validation, we compare the numerically computed moment on
the magnet to the experimentally obtained values. In section 4.3.5, we
fitted the amplitude of the external moment in the spectral-element simulation such that the simulated deflections matched the measured ones.
With this approach, we found the transducer to produce 8.3 × 10−3 N m
when driven at 10 A. With the finite-element simulation, we obtained a
moment of 9.4 × 10−3 N m for the same geometry which is in reasonable
range of the experimental result.
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Modeling the acoustic emissions generated during dynamic fracture under bending
Valentin van Gemmeren, Timothy Graf, Jurg Dual
Abstract We quantitatively analyze the dynamic fracture of a glass
tube under bending and model the associated generation of acoustic
emissions. In our experiments, precisely controlled dynamic fracture is
induced by focusing flexural waves. High-speed videos show the crack
propagating rapidly through 85% of the cross section, before slowing
down considerably. The resulting acoustic emissions are modeled by
computing the diffraction of the incident flexural waves at the tractionfree crack surface. We observe that longitudinal and flexural waves are
generated during the fracture process, with very good agreement between
experiments and simulations.

6.1

Introduction

During a fracture process, stress waves are generated that propagate in
the surrounding body. Often, these stress waves are referred to as acoustic emissions (AE), which is a wider term for elastic waves in solids that
are generated through sudden or continuous stress redistribution [44].
Acoustic emissions are a helpful tool in structural-health monitoring as
they provide information about the inside of bulk material. In standard
† DOI: 10.1016/j.ijsolstr.2020.07.012, reproduced under Creative Commons Attribution 4.0 International license.

81

6. Fracture process and acoustic emissions

AE testing, the number of AE hits can reveal information on the existence of cracks or the loading level of a structure [44]. When evaluating
single acoustic emissions with quantitative methods, one can gather further information, such as the location [26, 28], the type and the size of
a crack [45]. However, the quantitative interpretation of single acoustic
emissions requires understanding not only of the propagation of the wave
from source to receiver, but also of the underlying fracture mechanisms
that produce the AE. This is also the main reason why the quantitative
analysis of AEs remains challenging.
In experimental studies, AEs were measured in a variety of materials,
ranging from metals [44], and concrete [3, 90] to glass [43, 63, 64], plastics
[58], and composites [45]. For the acquired AE signals, many different
parameters were studied to characterize the signal and the corresponding
failure mechanisms [3, 45, 52, 112]. Even though the classification of huge
amounts of data has become much easier, e.g. with neural networks,
the understanding of the underlying physical processes that produce the
emission signal remain just as important.
In theoretical works, acoustic-emission sources were modeled with
dislocation vectors and the radiation patterns were evaluated with moment tensor analysis. Typically, penny-shaped cracks in an infinite
3D continuum were considered [91, 92]. Alternatively, the AE source
was modeled as a stress-boundary-condition on the crack surface [81].
More recent publications show the representation of AE sources in finiteelement models with mono-pole, and di-pole sources, which emulate the
radiation patterns from analytical theory that are also observed in experiments [48, 95]. Sause et al. implemented finite-element models where
the acoustic emissions are produced by the opening of a crack in the
pre-loaded structure [102, 103].
Still, the validation of AE models remains difficult in so far, as the
repeatable generation of AE signals in a test specimen is challenging. A
common resort is to emulate the acoustic emission with the wave pulse
generated by a pencil-lead break on the surface of the test specimen
[39, 41, 47, 74, 122]. Originally, this method was introduced by Hsu to
calibrate AE sensors [11, 53]. While certainly very useful, it remains
questionable how far a pencil-lead break can model a real acoustic emission, as the fracture does not take place in the test specimen itself but
is only represented by an external point load.
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Acoustic emissions produced during fracture were not only studied
within the scope of structural-health monitoring and non-destructive
testing, but also within fracture mechanics. Here, the motivation focuses more on the understanding of the fracture process itself, of which
the acoustic emissions are a direct result. Miklowitz observed second
fracture phenomena in tensile fracture experiments, which were caused
by the stress waves generated during the first fracture [84]. A phenomenon that is maybe more commonly known to happen in spaghetti
under bending [7]. Similarly, Philips [93], Kolsky [71], and Kinra [65]
studied the stress waves produced during the tensile fracture of glass
beams. In other experiments, Bodner [9], Kinra and Kolsky [67], and
Schindler and Kolsky [106] studied the stress waves produced by dynamic
fracture of a glass beam under bending. Again, phenomena of multiple
fracture due to the released stress waves were observed [104, 107]. In
most bending experiments, the load was produced either statically by
classical three- and four-point-bending setups [67, 106], or by impact
loading [17, 83, 120]. In many cases, the resulting stress waves were
modeled with rather simple analytic approaches [38, 84] but also FE
models [120], both of which showed good agreement with the measured
waveforms.
In recent work, the authors presented a method to induce dynamic
fracture in a glass tube by focusing flexural waves [40]. The flexural
waves are excited at one end of the glass tube by an electromechanical transducer and focus at an arbitrarily chosen location after having
been reflected multiple times at the ends of the tube. Thus, a strong
bending-moment pulse is created at the desired location along the tube
by means of constructive interference between multiple wave packets.
At this location, the amplitude of the bending-moment pulse surpasses
the bending strength of the glass tube, which induces dynamic fracture.
In this experiment, no external loads are applied during the fracture
process, so no stress concentrations from load transmission are present.
Still, high loading rates can be achieved. Moreover, the loading can be
controlled precisely via the wave focusing, so that repeatable acoustic
emissions can be generated.
In the present study, we investigate the stress waves/acoustic emissions produced during the dynamic fracture of the glass tube due to
flexural-wave focusing. We analytically model the fracture process as
the transition from wave transmission to wave reflection. We then sim83
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ulate the resulting flexural and longitudinal waves and compare them
to experimental results. On the one hand, this provides insight into
the fracture process under flexure, as the loading is extended to the dynamic regime without requiring any external impaction. On the other
hand, we show reproducible acoustic emissions due to an internal fracture event and a straightforward way of modeling them. This may serve
as a benchmark for other AE modeling approaches.
In Sec. 6.2, we show the modeling of the fracture process and the
acoustic emissions, as well as the experimental setup. In Sec. 6.3, we
firstly present our observations on the crack dynamics and then discuss
the results from our acoustic-emission measurements and simulations.
We finish by giving a short conclusion in Sec. 6.4.

6.2

Methods

In our experiment, we induce dynamic fracture in a glass tube through
the constructive interference of two propagating flexural-wave pulses.
To model the generation of acoustic emissions, we firstly consider the
situation of a propagating wave pulse in a one-dimensional waveguide
that breaks infinitely fast. Secondly, we consider the fracture process
to be of finite duration and discuss transmission, reflection and mode
conversion phenomena at the crack. Lastly, we discuss the numerical
modeling of flexural and longitudinal waves and present the experimental
setup.

6.2.1

Modeling the generation of acoustic emissions

Instantaneous fracture

The situation of a propagating wave pulse in a one-dimensional waveguide encountering a crack is sketched in the time-space map shown in
Fig. 6.1a. A wave pulse propagating into positive x-direction encounters
a crack that opens instantaneously at time tC at the location xC . The
crack subsequently divides the spatial domain into two parts. The part
of the wave pulse that arrives at the fracture location xC before fracture
has occurred (t < tC ) is not obstructed and can propagate onward, i.e.
it is transmitted. However, the part of the wave pulse that arrives after
84
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Fig. 6.1: Time-space map illustrating the interaction of propagating
wave pulses with the opening of a crack. a) The part of the incident
wave pulse that arrives at the fracture location xC before fracture has
occurred (t < tC ) is transmitted. The later part is reflected. b) Situation of two pulses A and B propagating into opposite directions.

fracture has occurred (t ≥ tC ) encounters a free boundary at xC and
is reflected. Hence, the opening of a crack results in the separation of
the propagating wave pulse into two parts which propagate into opposite
directions.
The situation of two wave pulses A and B propagating in opposing
directions is shown in Fig. 6.1b. Through the instantaneous fracture process, both pulses are split into two parts each, one being transmitted,
the other one being reflected. So, if one would measure the deflections
at the lower side of the crack (x < xC ), one would expect to see the superposition of three different wave pulses: First, the entire incident wave
pulse A propagating to the fracture location, second, the transmitted,
early part of the wave pulse B, and third, the reflected, later part of the
wave pulse A, both of which propagate away from the site of fracture.
In reality, the crack propagation cannot occur instantly, but it will
take the crack a certain amount of time ∆tC to traverse the cross section.
Hence, there will be a transition period between complete transmission
and complete reflection during that simultaneous transmission and reflection can be expected. Moreover, mode conversion can occur at the
partially or fully developed crack.
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Fig. 6.2: a) Cross section of the tube with outer radius R and inner
radius r. The crack front is assumed to be a line parallel to the zaxis with coordinate ycf . b) Stress distributions σxx,tr and τxy,tr of a
transmitted bending-wave pulse. The crack initiates on the tensile side
at y = R. On the crack surface the stresses are zero.

Gradual fracture

In our modeling of the gradual fracture process, we conceptually follow
the work of Miklowitz [84], Philips [93], and Kinra [65]. In their studies
on the stress waves produced during tensile fracture, they assumed the
normal stress on the crack surface to be zero, whereas the normal stress
on the remaining uncleaved area was assumed to retain the static distribution that was present before fracture occurred. From this stress distribution in the fracture plane, they computed the resultant normal force
and bending moment acting on the two sides of the beam. Kinra, Kolsky
[67], and Schindler[106] also suggested a similar approach to model the
stress waves produced during fracture under static bending.
Similar to the aforementioned work, we assume the crack to propagate along a plane, that is the crack plane, perpendicular to the axis
of the tube, which is well justified by experimental observations. Further, we assume the crack front to be a line parallel to the z-axis with
coordinate ycf as shown in Fig. 6.2. Moreover, we do not solve for the
dynamics of the crack front but use an ansatz function ycf (t) for the location of the crack front, which is based on experimental observations (see
section 6.3.1). The computation of the crack dynamics would require
a full-field-fracture-mechanics simulation, which is not within the scope
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of this work as we are mostly interested in the stress waves generated
during the fracture process. Further, we neglect all stress waves ahead
of the crack tip, as their contribution to the overall acoustic emissions
was found to be small in other experiments [65, 84, 93].
Contrary to Kinra, Kolsky, and Schindler, we do not assume the stress
distribution in the remaining cross section to be constant throughout the
duration of the fracture process. Instead, the stress distribution is timedependent and dictated by the incident bending-wave pulses. Following
Timoshenko beam theory, this is σxx,in = −yM/I for the normal stress
and τxy,in = Q/A for the shear stress, where M is the bending moment,
I the second moment of inertia, Q the shear force, and A the crosssectional area.
We consider a bending-wave pulse propagating in positive x-direction
hitting a partial crack with crack-front location ycf . We cut the beam at
the fracture plane into two parts. On the right-hand side (x > xC ), the
stress distribution in the intact part of the cross section (y < ycf ) has
to be that of the incident wave, whereas it has to be zero on the crack
surface (y > ycf ):
(
0
for y ≥ ycf ,
σxx,tr =
(6.1)
yM/I for y < ycf ,
(
0
for y ≥ ycf ,
τxy,tr =
(6.2)
−Q/A for y < ycf .
From this, we can compute the resultant normal force Ntr , bending moment Mtr , and shear force Qtr acting on the right-hand side of the beam.
On the left-hand side of the beam (x < xC ), part of the incident wave
pulse is reflected at the traction-free crack surface. For the reflected
wave, the boundary conditions are
(
−yM/I for y ≥ ycf ,
σxx,re =
(6.3)
0
for y < ycf ,
(
Q/A for y ≥ ycf ,
τxy,re =
(6.4)
0
for y < ycf .
The stress distribution on the left-hand side is the superposition of the
stress distribution of the incident bending-wave pulse with the stress
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distribution on the right-hand side. So, we restrict our further computations to the right-hand side of the beam, i.e. the transmitted waves.
For a beam with annular cross section, the resultant normal-force
component Ntr of the transmitted wave is
Z
My
Ntr =
dS,
(6.5)
Sintact I
which evaluates to

 N0 3 1 − η 2 3/2
h
3/2
3/2 i
Ntr = 1−γ
N0
 1−γ
− γ 2 − η2
1 − η2
3

|η| ≥ γ,
|η| < γ,

(6.6)

with η = ycf /R, γ = r/R, and
N0 = −


8M 1 − γ 3
.
3πR (1 − γ 4 )

(6.7)

Similarly, the resultant bending moment of the transmitted wave is
Z
M y2
Mtr =
dS.
(6.8)
I
Sintact
For η ≤ −γ, this is
Mtr =

hπ
p
i
M
2 1 − 2η 2
+
arcsin(η)
−
η
1
−
η
,
π (1 − γ 4 ) 2

(6.9)

for −γ < η < γ

p
 πγ 4
π
M
2 1 − 2η 2 −
+
arcsin(η)
−
η
Mtr =
1
−
η
π (1 − γ 4 ) 2
2
 

p

η
+ ηγ γ 2 − η 2 γ 2 − 2η 2 , (6.10)
−γ 4 arcsin
γ
and finally, for η ≥ γ
Mtr =
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hπ
i
p

M
2 1 − 2η 2 − πγ 4 . (6.11)
+
arcsin(η)
−
η
1
−
η
π (1 − γ 4 ) 2
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For the resultant shear force Qtr it follows
Z
Q
Qtr =
dS.
Sintact A

(6.12)

For η ≤ −γ, this is
Qtr =

hπ
i
p
Q
+ arcsin(η) + η 1 − η 2 ,
2
π (1 − γ ) 2

(6.13)

for −γ < η < γ
Qtr =

hπ
p
Q
+ arcsin(η) + η 1 − η 2
2
π (1 − γ ) 2

p
πγ 2
−
− γ 2 arcsin(η/γ) − ηγ γ 2 − η 2 , (6.14)
2

and for η ≥ γ
Qtr =

hπ
i
p
Q
2 − πγ 2 .
+
arcsin(η)
+
η
1
−
η
π (1 − γ 2 ) 2

(6.15)

Lastly, the reflected counterparts are
Nre = Ntr ,
Mre = Mtr − M,
Qre = Qtr − Q.

(6.16)
(6.17)
(6.18)

The resultant normal force Ntr , bending moment Mtr , and shear force
Qtr are depicted in Fig. 6.3. The transmission ratios of the bending
moment and shear force go from zero (i.e., total reflection) for a through
crack (η = −1) to one (i.e., total transmission) for no crack (η = 1).
The transmission ratio of the normal force, on the other hand, is zero
for η = 1 and η = −1, but non-zero in between. This shows that a part
of the bending-wave pulse is converted to a longitudinal wave due to
the asymmetry of the fracture process. By computation of the resultant
forces and moments acting on the cross section, we essentially restrict
ourselves to the fundamental wave modes (i.e., longitudinal and flexural
waves). The higher-order shell modes are neglected as they are mostly
evanescent and only have a small influence on the acoustic emissions.
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Fig. 6.3: Normalized amplitudes of the transmitted normal force Ntr ,
shear force Qtr , and bending moment Mtr with respect to the normalized crack-front location η. Here, η = −1 corresponds to a fully
developed crack and η = 1 to no crack. The ratio between the inner
and outer radius of the tube is γ = r/R = 0.75.

6.2.2

Simulation of flexural waves

Having discussed the interaction of the propagating flexural-wave pulses
with the opening of the crack, it remains to compute the specific loading
at the fracture location xC due to a wave pulse focusing at xF and
the resulting acoustic emissions that are recorded at the measurement
locations xM1 > xC and xM2 < xC . Note that the distance between
focal point and fracture location is due to experimental uncertainties
and typically small: ∆xC = |xF − xC | < 5 mm .
We model the glass tube with Timoshenko beam theory to simulate
the propagation of the flexural waves. The corresponding governing
equations are

∂w
− φ = ρAẅ,
∂x


2
∂ φ
∂w
EI 2 + GAK1
− φ = ρIK2 φ̈.
∂x
∂x
GAK1
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6.2. Methods

Here, w(x, t) is the lateral deflection of the beam axis, φ(x, t) the
rotation of the cross section, G the shear modulus, A the cross-sectional
area, ρ the density, E the Young’s modulus, I the second moment of
inertia, and K1 and K2 shear coefficients [23]. We solve these differential equations in the frequency domain with the spectral-element method
proposed by Doyle [23] and explained in greater detail [40]. All quantities in the frequency domain are denoted by a superposed caret. Given
the nodal shear force Q̂N and moment M̂N , the nodal displacement
(ŵN ; φ̂N )T of a semi-infinite beam element can be computed by solving
the linear system of equations

K̂

ŵN
φ̂N



=



Q̂N
M̂N


,

(6.20)

where K̂ is the dynamic-stiffness matrix. Subsequently, the deflection
w(x, t), rotation φ(x, t), shear force Q(x, t), and bending moment M (x, t)
can be computed at any point along the beam element by evaluating the
corresponding shape functions.

Fig. 6.4: Schematic time-space map indicating the simulation procedure for flexural waves. Solid arrows indicate steps going forward
in time. Dashed arrows indicate steps going backwards in time. The
numbered, white points indicate the simulation steps.
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Fig. 6.5: Normalized bending moment at the fracture location. The
incident bending-wave pulse has the shape of a Ricker wavelet with a
pulse width of 100 µs and is centered at t = 0 ms. During the fracture
process, the incident pulse is split into a transmitted and a reflected
pulse. The amplitudes of the transmitted and reflected pulses are computed with Eqs. (6.9)–(6.11), and (6.18). For the dynamics of the crack,
we use the model that was derived from high-speed-video recordings
(see Sec. 6.3.1 and Fig. 6.9). The start and the end of the fracture
process are indicated by vertical lines. The duration of the fracture
process is ∆tC = 80 µs. Typically, fracture is initiated briefly before
the maximum bending moment is reached.

We start the spectral-element simulation at the focal point xF , that
is the point where the left- and right-traveling wave pulses interfere constructively, because there the wave forms are well known. Specifically,
the waveform of the bending moment is in the shape of the Ricker wavelet
(also known as Mexican-hat wavelet) as shown in Fig. 6.5. Further details on the shape of the focused wave pulse are given in Sec. 5.1.
With these boundary conditions at xF (point 1 in Fig. 6.4), we can
compute the waveforms of the two incident wave pulses A and B at the
two measurement locations xM1 and xM2 before they have encountered
the crack (points 2 and 3 in Fig. 6.4). Note that we have to go backwards in time for this simulation. So, we first time-reverse the boundary
conditions at xF , which corresponds to taking the complex conjugate in
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the frequency domain [94]. Then, we compute the deflection at xM1 and
xM2 , respectively, which we have to time-reverse again to get back to the
usual time-direction.
Similarly, we compute the shear force Q and bending moment M
produced by the incident pulse B at the site of fracture xC (point 4 in Fig.
6.4). Here, the fracture process splits the wave pulse into a transmitted
and a reflected part, as discussed in section 6.2.1 and shown in Fig. 6.5.
The boundary conditions for those two wave parts are determined in
the time domain with the equations derived beforehand [eqs. (6.9) to
(6.18)]. Thus, we can compute the waveform of the transmitted pulse
Btr at xM2 and the one of the reflected pulse Bre at xM1 (points 5 and
6 in Fig. 6.4).
For the right-traveling wave pulse A, we proceed likewise. Starting
from the Ricker wavelet, we compute the shear force and bending moment at the fracture location xC (points 7 in Fig. 6.4). We derive the
boundary conditions of the transmitted and reflected wave pulses and
evaluate the waveforms of the transmitted pulse Atr at xM1 and the one
of the reflected pulse Are at xM2 (points 8 and 9 in Fig. 6.4).
Thus, we have arrived at the three superimposed flexural wave components that can be detected on both sides of the fracture location: the
incident pulse, the transmitted pulse, and the reflected pulse.

6.2.3

Simulation of longitudinal waves

The asymmetry of the fracture process leads to the generation of longitudinal waves in the glass tube. For low frequencies, these waves are
only weakly dispersive so that fairly good results can be achieved even
without a wave-propagation simulation. To obtain a better accuracy also
for higher frequencies, we model the glass tube as a circular cylindrical
shell and compute the dispersion relation for axially-symmetric waves
as proposed by Mirsky and Hermann [86] (see Fig. 6.6). The boundary
condition for the longitudinal waves (i.e., the normal force) is derived
with Eq. (6.6) from the bending moment of the incident pulses at the
fracture location. The bending moments of the two incident wave pulses
A and B at the fracture location have already been computed with the
simulation of the flexural waves in Sec. 6.2.2.
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Fig. 6.6: Phase velocity of the longitudinal, axially-symmetric wave
mode in a circular cylindrical glass shell with outer diameter 4 mm,
wall thickness 0.5 mm, and Young’s modulus 70 GPa according to [86].

Fig. 6.7: Experimental setup. Flexural waves are generated at the left
end (x = 0) of the glass tube with an electromechanical transducer.
The waves focus at the focal point xF and induce dynamic fracture
close to it at xC . The flexural components of the resulting AE are
measured with two laser Doppler vibrometers placed on both sides of
the focal point at xM1 and xM2 . The longitudinal component of the
AE is measured with a laser Doppler vibrometer at the right tip of the
tube.
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6.2.4

Experimental setup

For the dynamic fracture experiments, we use a 1.5 m long glass tube
(Schott AR-Glas®, Schott AG, Germany) with an outer diameter of
4 mm and a wall thickness of 0.5 mm. The tube is placed horizontally
on several foam supports, and flexural waves are excited with an electromechanical transducer consisting of a spherical magnet and an electromagnetic coil. The surface of the tube is slightly sanded with grade60 sandpaper to reduce the bending strength to approximately 27 MPa,
which corresponds to a critical bending moment of 117 × 10−3 Nm. The
focused bending-moment pulse has the shape of a Ricker wavelet with a
pulse width of 100 µs (see Fig. 6.5), which corresponds to a center frequency of 2.5 kHz with a 3 dB bandwidth of 1.9 kHz. The amplitude of
the focused wave pulse is around 184 × 10−3 Nm but can vary slightly
due to the variability of the experimental specimens. Details on the
computation of the excitation pulse that generates the bespoke bendingwave pulse at the desired location are given in [40]. Typically, fracture
occurs within a distance of ∆xC = |xF − xC | < 5 mm around the focal
point. The location of the focal point xF is set to be in the middle of the
beam to maximize the time window before reflections of the AE arrive.
For the flexural waves, the lateral deflection of the tube is measured
with two laser Doppler vibrometers (Polytec OFV 303 sensor head with
a VD-02 velocity decoder, Polytec PSV 400 sensor head with a VD-09
velocity decoder, Polytec GmbH, Germany) on both sides of the focal
point at a distance of ±10 mm. The measurement locations are chosen as
close as possible to the fracture location to minimize the effect of damping and dispersion on the acoustic emissions. For the laser vibrometers, a
resolution of 1 m s−1 V−1 and 0.2 m s−1 V−1 with a maximum detectable
frequency of 1.5 MHz is used. To register the longitudinal waves produced during fracture, we measure the longitudinal displacement at the
tip of the beam without transducer. The measurement location is chosen on the line y = 0 to avoid detecting the flexural motion of the tube.
Again, we use the Polytec PSV 400 laser Doppler vibrometer with a
resolution of 0.2 m s−1 V−1 .
Furthermore, we recorded the fracture process with a high-speed camera (Photron Fastcam SA-Z, Tokina AT-X M100 AF Pro D macro lens)
at a frequency of 252 kHz. To this end, the glass tube was illuminated
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from below and a small area around the focal point was recorded from
above.

6.3
6.3.1

Results and discussion
Crack dynamics

The recording of the fracture process with a high-speed camera allowed
us to investigate the duration and the dynamics of the crack propagation.
The high-speed videos show that the crack is initiated at the side of
the beam that is under tension. Two crack fronts are visible, one on
the topside of the tube, the other on the backside, indicated by crosses
and diamonds in Fig. 6.8 (see also supplemental movie S1† ). The final
location of the crack front is not always on the edge of the tube at
y = −R due to small misalignments of tube and camera (see also Fig.
6.9).
In the initial stage, the crack propagates with a relatively high and
rather constant velocity of 500 m/s in the y-z-plane. The crack slows
down considerably after having traversed approximately 85% of the cross
section, having arrived on the side of the beam that is under compression. The duration of the initial phase of high crack-speed is about 8 µs,
whereas the duration of the entire fracture process is typically around
∆tC = 80 µs. Thus, the duration of the fracture process is shorter than
the width of the focused wave pulse, which is 100 µs (compare Fig. 6.5).
For the simulations, we approximate the propagation of the crack
front with a piecewise linear function where the first segment represents
the initial, fast phase and the second segment captures the slow, remaining duration of the fracture process (see Fig. 6.9).
In some instances, the direction of crack propagation begins to turn
parallel to the x-axis during the final phase of the fracture process (see
Fig. 6.8). This is in accordance with the observation of a small tongue
on the crack surface after the experiment. We found this phenomenon to
be stronger when the distance between focal point and fracture location
is larger. Moreover, the crack always tends to propagate towards the
focal point.
† See supplementary material at https://doi.org/10.1016/j.ijsolstr.2020.07.
012 for the video.
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Fig. 6.8: Frame of the high-speed video showing the crack path. The
markers indicate the position of the crack front at the top (crosses) and
the bottom (diamonds) of the tube at the time instances of the frames.
This video was taken with 200 kHz. Initially, the crack propagates with
high velocity in a plane perpendicular to the axis of the tube. After
a few microseconds, the crack slows down and turns towards the focal
point. The black diagonal lines are surface scratches due to the sanding
of the tube.

Fig. 6.9: Experimental data and modeling of the normalized location
of the crack front η = ycf /R during the fracture process. Initially, the
crack propagates with high speed and traverses 85% of the cross section
(η = −0.7) within 8 µs. In total, the duration of the fracture process is
around 80 µs. There are small differences between the location of the
crack front on the top and on the bottom of the tube.
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Our observation of initially fast followed by slow crack growth corresponds qualitatively to the findings of Kinra, Kolsky, and Schindler for
fracture under four-point bending [67, 106]. However, they observed that
the crack does not propagate all the way through the cross section but
turned parallel to the axis of the beam. The fracture process was completed only by the arrival of a reflected tensile wave-pulse. In our experiments, the crack goes through the entire cross section without stop. We
attribute this difference in crack dynamics to the difference in loading:
Three- and four-point-bending experiments are generally displacementcontrolled. As the crack propagates, the stiffness of the beam reduces,
causing a reduction of the loading on the crack. In our experiments, the
loading on the crack is produced by incident wave pulses, which maintain
an almost constant loading level throughout the fracture process. This
corresponds more to a load-controlled situation.

6.3.2

Acoustic emissions

Flexural motion

Fig. 6.10 shows the flexural motion at the locations xM1 = 0.76 m and
xM2 = 0.74 m when the focal point is set to xF = 0.75 m and the tube
breaks at xC = 0.749 m. The shape of the reference curve, where no
fracture occurs, closely resembles the deflection produced by the Ricker
wavelet, as xM1 and xM2 are close to the focal point xF . In the case where
dynamic fracture occurs, the time traces remain identical until the time
instant of fracture, where we can observe a sharp peak (t = 0 ms, Fig.
6.10) followed by a low-frequency pulse. The acoustic emissions recorded
on both sides of the fracture location look almost identical because the
loading is close to symmetrical in space and time.
A number of parameters has to be determined to match the AE simulation to the measurements. The geometry and material parameters,
as well as the measurement locations xM1 , xM2 , and the focal point
xF are known in advance. The amplitude of the focused wave pulse
MF , the precise location of fracture xC , and the time of fracture initiation tC are specific to each experiment. The amplitude of the focused
wave pulse MF is determined from the reference measurement where no
fracture occurs (see Fig. 6.10). This is to account for the variation of
the amplitude due to the variability of the experimental specimens and
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Fig. 6.10: Measurement and simulation of the lateral motion of the
glass tube at a) xM2 = 0.74 m and b) xM1 = 0.76 m for a wave pulse
focusing at xF = 0.75 m and the tube breaking at xC = 0.749 m. The
amplitude of the focused wave pulse is determined from the reference
curve (dashed line), where no fracture occurs. The measured (solid)
and simulated (dash-dotted) curves follow the reference curve until
the time instant of crack initiation that is marked by a sharp peak
(t = 0 ms, see inset). The acoustic emissions appear almost identical
in shape and amplitude on both sides of the fracture location due to
the symmetry of the focused wave pulse. The time scale is chosen such
that t = 0 ms coincides with the arrival of the acoustic emissions. The
measured signal in panel b) has slightly more noise because an older
laser vibrometer was used.
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transducers. The location of fracture xC is determined with a measuring
tape after the fracture experiment. Lastly, the time of crack initiation
tC is determined iteratively by fitting the arrival time of the flexural AE
in the simulation to the experiment. The time tC we obtained in this
manner was typically 8 µs before complete focusing took place, that is,
as soon as the critical load was reached. Having set these parameters,
the simulation closely follows the measured flexural motion, in particular the sharp peak produced during fracture. Low-frequency differences
between simulation and experiment originate mostly from imperfections
in the wave-focusing procedure that lead to a slight distortion of the
Ricker wavelet. Moreover, some high-frequency oscillations seen in the
experiment are absent in the simulation, because higher-order shell-wave
modes were not modeled.
Longitudinal motion

The longitudinal waves produced during dynamic fracture are detected
by measurement of the axial velocity at the right tip of the glass tube
with a laser Doppler vibrometer (Fig. 6.7). Here, no longitudinal motion
can be detected before fracture occurs (see Fig. 6.11). Shortly after fracture, a longitudinal-wave pulse with a duration of approximately 80 µs
is measured. Thereafter, the slightly dispersed reflections of the same
pulse can be detected as it propagates back and forth through the fractured tube part. The longitudinal-wave pulse typically shows a fast rise
to the maximum amplitude followed by a slow decay to zero superimposed with some higher-frequency ripples. The duration of the measured
longitudinal-wave pulse (80 µs) agrees very well with the duration of the
fracture process recorded with the high-speed camera.
The modeling of the longitudinal-wave pulse shows good agreement
in shape but overestimates the amplitude by about 30%. This discrepancy cannot be explained by material damping but indicates the normal force might have a tensile component that was not accounted for
in the model. This normal-force component might be due to tensile
stress concentrations at the crack tip, higher-order scattering effects of
the moving crack tip [66], or energy lost to higher modes. To identify
which of these effects is dominating, it would be interesting to model
the fracture process more closely including the stress waves ahead of the
crack tip. This would probably call for a finite-element simulation, as
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analytical solutions have been developed mostly for plane problems. The
high-frequency ripples observed in the experiment were also introduced
in the model by including the dispersion relation of axially symmetric
waves in a circular cylindrical shell.
While the overall duration, shape, and amplitude of the longitudinal
acoustic emissions was consistent throughout the experiments, we observed a higher variability compared to the flexural waves. We suppose
this is because the shape of the longitudinal-wave pulse is dominated
by the crack dynamics. Contrarily, the shape of the flexural waves is
dominated by the incident wave pulses, which are more easily controlled
and more uniform. Thus, a refined modeling of the longitudinal waves
would require a more elaborate treatment of the fracture process and
the stress waves ahead of the crack tip.

Fig. 6.11: Measurement and simulation of the longitudinal-wave pulse
generated during the fracture process. The wave pulse shows a sharp
increase and a slow roll-off with a total duration of 80 µs. The highfrequency ripples in the wave pulse stem from the dispersion during
the propagation along the glass tube (see also Fig. 6.6). The time scale
is chosen such that t = 0 µs coincides with the arrival of the acoustic
emission.
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6.4

Conclusion

In this work, we studied and modeled the acoustic emissions produced
during the dynamic fracture of a glass tube under bending. Dynamic
fracture was induced by focusing flexural waves to a high-amplitude, localized bending-moment pulse. The fracture process was found to consist
of an initial phase with relatively high crack-velocities, where the crack
traverses 85% of the cross section, followed by a final phase with much
lower crack velocities. The acoustic emissions that resulted from the
fracture process produced both longitudinal and flexural motion of the
glass tube.
For the modeling of the acoustic emissions, we assumed a piecewise
linear function for the crack length with respect to time. In our model,
we assumed the traction in the un-cleaved cross section to be that of
the incident wave pulse, whereas it was set to zero on the crack surface.
From this, we derived the transmitted and reflected fractions of an incident flexural-wave pulse and computed the resultant normal force, shear
force, and bending moment at the site of fracture. The propagation of
the resulting acoustic emissions was modeled with Timoshenko beam
theory for the flexural component and axis-symmetric shell theory for
the longitudinal component.
In previous work on dynamic fracture under bending, it was shown
that the direction of crack propagation turns parallel to the axis of the
beam, leaving a part of the cross section un-cleaved [67]. Contrarily, in
our experiments, the crack cleaves the cross section on a mostly straight
path without stopping. We observed turning of the crack-propagation
direction only in some instances, when the fracture did not occur directly
at the focal point. We attribute this difference in crack dynamics to
our more load-controlled and dynamic type of loading compared to the
displacement-controlled loading in previous work [67, 106]. However, a
dedicated analysis and modeling of the crack dynamics (under flexural
wave loading) remains to be done and could possibly reveal under which
conditions a turning of the crack does or does not take place.
In the context of acoustic emissions, our work shows an example
of reproducible acoustic emissions that are created through an internal
fracture process and not through external loading such as the pencil-lead
break. Thus, our experiments are suitable to test and verify modeling
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approaches for acoustic-emission sources. Here, we modeled the generation of acoustic emissions by introducing a traction-free surface during
the fracture process, similar to other studies [81]. Conveniently, this
modeling approach can be transferred easily to other, more complex situations with finite-element models [103]. Our simulation showed that
acoustic emissions can be represented well with this simple modeling approach, but that stress concentrations at the moving crack tip can have
a non-negligible effect.
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Conclusion

In this thesis, we present a method for the precise generation of dynamic
fracture under bending, characterize the fracture process, and model
the resulting acoustic emissions. Dynamic fracture is induced at an
arbitrarily chosen location along a glass tube by focusing flexural waves
to a strong bending-moment pulse. The focusing relies on the dispersive
nature of flexural waves. Multiple dispersed, broad-band wave packets
are generated such that they converge to a sharp wave pulse at the
desired location, the focal point. Thus, energy is pumped into the tube
at low power during a relatively long period of time and is focused to
a high-amplitude pulse. The excitation waveforms are computed by
solving the inverse problem in a simulation, taking advantage of the
time-reversal symmetry of flexural waves. That is, the dispersion of the
sharp bending-moment pulse is simulated to obtain the loads at the end
of the tube where the transducer is attached. These boundary loads are
then time-reversed to serve as excitation waveforms.
The propagation of the flexural-wave pulse is simulated with the
spectral-element method, where the glass tube is modeled with Timoshenko beam theory. The suitability of Timoshenko beam theory for
the modeling of flexural waves in a glass tube is evaluated in Chapter
2. For comparison, the glass tube is modeled as a circular cylindrical
shell. We find the relevant dispersion curves of the Timoshenko beam
and the circular cylindrical shell to agree very well for frequencies below
the cutoff frequency of the second beam mode. For frequencies below
200 kHz, the difference in wavenumber between the two models is less
than 1%.
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We discuss the time-reversal symmetry of flexural waves in Chapter
3 by means of several examples. We demonstrate that the governing
equations of the Timoshenko beam are time-reversal invariant and show
that the propagating modes can be reconstructed perfectly in a timereversal cavity.
The excitation signal consists not only of one wavelet but is composed out of multiple wavelets that undergo different numbers of reflections before converging at the focal point. In Sec. 5.4, we present the
optimal composition out of multiple wavelets with linear-programming
algorithms, maximizing the amplitude of the bending moment at the
focal point.
We develop an experimental setup consisting of the glass tube and an
electromechanical transducer to excite flexural waves. The transducer is
made up of a permanent magnet placed inside an electromagnetic coil
and is designed to maximize the resulting moment on the magnet under the given boundary conditions of frequency content and electrical
equipment (see Sec. 5.6). Moreover, we devise experimental procedures
for the precise characterization of the experimental specimens. This involves the measurement of the phase velocity of the flexural waves, the
measurement of the resonant frequencies of the combined system glass
tube–transducer, and the fitting of the material and geometry parameters of the spectral-element model (see Secs. 5.2 and 5.3).
In the experiments shown in Chapter 4, we generate a bendingmoment pulse of 184 × 10−3 N m with a duration of 100 µs at the focal
point while the transducer produces only 8.3 × 10−3 N m. Thus, the amplitude of the bending moment is amplified by a factor of more than
20. In these experiments, the excitation signal consists of 31 distinct
wavelets, which go through up to 30 reflections before converging at
the focal point. The amplitude of the focused bending-moment peak is
strong enough to induce dynamic fracture of the slightly sanded glass
tube.
The acoustic emissions generated in the dynamic fracture experiments are highly repeatable because the loading conditions are precisely
controlled with wave focusing. This motivated our further investigation
of the dynamic-fracture process and modeling of the generated acoustic
emissions in Chapter 6.
From high-speed-video recordings, we find that the fracture process
consists of two distinct phases. During the first phase, the crack traverses
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85% of the cross section within 8 µs with a rather high velocity of about
500 m/s that is still well below the Rayleigh wave speed of 3160 m/s [42,
p. 326]. During the second phase, the remainder of the cross section
is traversed at much lower velocities. Similar observations were made
by Kinra, Kolsky, and Schindler in bending tests where fracture was
induced quasi-statically [67, 105]. However, Kinra, Kolsky, and Schindler
reported that the crack turned parallel to the axis of the beam during
the final phase, so that it did not traverse the remainder of the cross
section. We attribute this difference in crack dynamics to our more
load-controlled configuration.
During dynamic fracture, acoustic emissions with both longitudinal
and flexural motion are measured. To understand the mode conversion
from flexural to longitudinal waves during the fracture process, we study
theoretically the interaction of the propagating flexural waves with the
opening of a crack in the glass tube. The crack is modeled as a tractionfree surface that extends partially through the cross section of the tube.
We compute the scattering of the incident flexural waves at the partial
crack and derive the resultant normal force, shear force, and bending
moment of the transmitted and the reflected wave components. Subsequently, the propagation of the resulting flexural and longitudinal waves
is simulated. The simulated flexural motion of the acoustic emissions is
in very good agreement to the experiments. The simulated and measured longitudinal motion of the acoustic emissions agree well in shape,
but the simulation overestimates the amplitude by about 30%, probably
due to stress concentrations or higher-order scattering effects.
In conclusion, our flexural-wave-focusing method allows us to generate highly controlled dynamic fracture under bending. By focusing
flexural waves, we not only control the strain rate, but also the overall
shape of the loading pulse and its location. No external loads are applied
to the specimen during the fracture process, which is in contrast to classical methods such as three-point and four-point-bending experiments.
Therefore, issues related to load introduction like stress concentrations
and loss of contact can be bypassed. With our dynamic fracture experiments, we could show that the fracture process under bending at high
loading rates differs from the fracture under quasi-static bending.
In more general terms, our wave-focusing method exemplifies the potential within dispersion in conjunction with time-reversal: a precisely
controlled large-amplitude wave pulse is generated at an arbitrarily cho107
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sen location along a waveguide. This method is not restricted to bending
waves, but can be transferred to any kind of dispersive, time-reversible
wave for which an accurate model is available.
In the context of acoustic-emission testing, our experiments serve
as an example for the generation of repeatable acoustic emissions that
can be attributed to a single fracture event. This is a valuable asset for
the validation of acoustic-emission-source models. To date, many studies
only emulate acoustic emissions with pencil-lead-breaks [122]. Our use of
real acoustic emissions greatly improves the significance of the validation
of the crack model.

7.2

Outlook

One of the biggest hurdles for the application of the flexural-wave-focusing
method in dynamic material testing is certainly the amplitude of the
focused bending-moment pulse. While the amplification of the bending
moment from transducer to focal point is very strong, the absolute bending moment is still quite small. To address this issue, further improvements can be made in the design of the electromechanical transducer.
For example, the moment output of the transducer can be increased
by reduction of the dynamic range or employment of a more powerful
current source.
Several improvements could increase the amplification factor of wave
focusing. Firstly, the effects of dispersion and damping are frequencydependent and an optimal frequency range for the focused wave pulse
has not been identified yet (see also Fig. C.1). While further shapes of
the focused wave pulse could be investigated, the Ricker wavelet seems
to be a good candidate due to its zero mean, narrow frequency content,
and compact shape. Secondly, the number of reflections taken into account could be increased. However, the benefit of the addition of more
reflections decreases as the number of reflections increases, because more
and more energy is lost to material damping. Moreover, the higher the
number of reflections taken into account, the more difficult it is to synchronize all of them.
Still, it is compelling to apply the flexural-wave-focusing method to
other materials and other geometries. For instance, it would be interesting to dynamically induce plastic deformation in a pre-notched steel or
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Fig. 7.1: Comparison of the shapes of the crack surface. In both
cases, fracture is induced at the top of the cross section and the crack
moves downwards. a) Case where the fracture occurred directly at
the focal point. The crack surface is relatively plane. b), c) Extreme
case where the fracture occurred 12 mm next to the focal point and
the crack turned parallel to the axis of the tube during the final stage.
This resulted in the tongue on the lower side of the crack surface.

aluminum beam. This would allow for the study of acoustic emissions
generated by incremental crack growth contrary to our experiments consisting of one continuous fracture process. Similar to our experiments,
only one acoustic emission would be generated at a time, so that it could
be clearly attributed to a specific failure process.
So far, we have not modeled the dynamics of the crack and have not
studied the interplay between the stress waves ahead of the crack tip,
the flexural waves, and the propagation of the crack. All of this requires
a full-field fracture-mechanics simulation and could explain our discrepancy between the measured and simulated longitudinal-wave pulse. Also,
a few analytical models for similar situations can be found in literature
and might be adapted to our case [34–36, 38]. With these models, one
could elucidate the difference in crack dynamics between static and dynamic loading.
We observed another interesting phenomenon that deserves a more
thorough investigation: In cases where fracture did not occur directly at
the focal point, we observed the motion of the crack tip turning towards
the focal point during the final stage of the fracture process as shown
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in Fig. 7.1. We suppose this is because the load conditions next to the
focal point are not symmetric and there is a non-zero shear force on the
order of 1 N that causes the turning of the crack (see also Fig. D.1).
This question can be addressed with a more involved fracture-mechanics
simulation as well.
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A.1

A

Spectral elements

The elements of the dynamic-stiffness matrix K̂ for the two-node beamelement [see Eq. (2.18) and Fig. 2.5] are [23, p. 162]

k13
k12
k14
k24
k23
k34


k11 = k22 − k12 (r1 z22 + r2 z21 ) /∆,

= k31 = k12 − k22 (r1 z21 + r2 z22 ) /∆,
= k21 = [−ik2 (r1 z11 + r2 z12 ) + ik1 (r1 z11 − r2 z12 )] /∆,
= k41 = [−ik1 (r1 z12 − r2 z11 ) − ik2 (r1 z12 + r2 z11 )] /∆,
k22 = (−ik1 R2 + ik2 R1 ) (r1 z22 − r2 z21 ) /∆,
= k42 = (ik1 R2 − ik2 R1 ) (r1 z21 − r2 z22 ) /∆,
= k32 = −k14 ,
k33 = k11 ,
= k43 = −k12 ,
k44 = k22 ,

with
r1 = (R1 − R2 ) z11 ,
r2 = (R1 + R2 ) z12 ,

z11 = 1 − e−ik1 L e−ik2 L ,

r12 − r22
,
EI

z22 = 1 + e−ik1 L e−ik2 L ,

∆=

z12 = e−ik1 L − e−ik2 L ,
z21 = e−ik1 L + e−ik2 L .
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A.2

Waves in a circular cylindrical shell

In the following, the elements of the matrices A, B, C in Eq. (2.12)
are given, where h is the shell thickness, Rm the mean radius, E the
Young’s modulus, ν the Poisson’s ratio, ρ the density, κx and κθ the
shear coefficients, n the circumferential wavenumber, and ω the angular
frequency.

A11
A12 = A21
A22
A33
A34 = A43
A35 = A53

2
n2 h h2 + 12Rm
2h(ν + 1)ρω 2
=
−
4
E
12Rm
3
2
2 3
h (ν + 1)ρω
n h
=
+
3
6ERm
12Rm
3
2
h (ν + 1)ρω
n2 h3
=
− κ2x h −
2
6E
12Rm

2h (ν + 1) ρω 2
hκ2
=
− 2θ
E
Rm
3
2
h (ν + 1) ρω
hκ2
=
+ θ
6ERm
Rm

2
2
h h + 12Rm
=n
−
4 (ν − 1)
6Rm



 2
2
h h2 + 12Rm
n
h3 κ2θ
−
+
4
4 (ν − 1)
12Rm
6Rm
h3 κ2θ
n2 h3
+
−
3
3
12Rm
6Rm (ν − 1)
!
2
3 2
hκθ
h κθ
−
2
4
Rm
12Rm

h3 κ2θ
h3 (ν + 1) ρω 2
n2 h3
− hκ2θ −
+
2
6E
12Rm
6R2 (ν − 1)
 2
 m
3 2
3
hκθ
h κθ
h
=n
+
−
3
3
Rm
12Rm
6Rm (ν − 1)

A44 =
A45 = A54
A55
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n2 κ2θ h3 + 12hRm
2h (ν + 1) ρω 2
h3 + 12hRm
=
+
−
4
4
E
6Rm (ν − 1)
12Rm
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ihn(ν + 1)
Rm (ν − 1)
2ihν
=
Rm (ν − 1)
ih3 n(ν + 1)
=
12Rm (ν − 1)

B13 = −B31 =
B15 = −B51
B24 = −B42

B25 = −B52 = ihκ2x
2h
C11 =
ν−1
h3
C12 = C21 =
6Rm (ν − 1)
h3
C22 =
6(ν − 1)
C33 = −h
h3
12Rm
h3
=−
12
= −hκ2x

C34 = C43 = −
C44
C55
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Time-reversal
symmetry

B

For a linear differential operator of second order
L [u] =

n X
n
X

n

Aij

i=1 j=1

X
∂2u
∂u
+
Bi
+ Cu,
∂xi ∂xj
∂x
i
i=1

(B.1)

where Aij , Bi , and C are given functions of x1 , x2 , ..., xn , the adjoint
differential operator is [109]
Le [v] =

n
n X
n
X
∂ 2 Aij v X ∂Bi v
−
+ Cv,
∂xi ∂xj
∂xi
i=1 j=1
i=1

(B.2)

and the bilinear concomitant is
Pi [u, v] =

n
X
j=1

vAij

∂Aij v
∂u
−u
+ Bi uv.
∂xj
∂xj

The differential operator of the Timoshenko beam is


GAK1 ∂x2 − ρA∂t2
−GAK1 ∂x
LT =
,
GAK1 ∂x
EI∂x2 − ρIK2 ∂t2 − GAK1

(B.3)

(B.4)

where we use the simplified notation ∂x = ∂/∂x. We split LT in two
parts
LT = L1 + GAK1 L2 ,
(B.5)
where L1 contains the diagonal elements, and L2 contains the off-diagonal
elements. The diagonal elements in L1 contain only constants and
second-order derivatives. Therefore, L1 is self-adjoint, as can be checked
with Eqs. (B.1) and (B.2).
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With Green’s Theorem [Eq. (3.3)], we show that L2 is also selfadjoint:

 

 
 0 −∂x
 0 −∂x
u1
v1
v1 v2
− u1 u2
∂x
0
u2
∂x
0
v2
= −v1 ∂x u2 + v2 ∂x u1 + u1 ∂x v2 − u2 ∂x v1
= ∂x (u1 v2 − u2 v1 )
= ∂x [P (u1 , v2 ) − P (u2 , v1 )] .
Thus, L1 and L2 are self-adjoint, and by linearity so is LT .
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Focusing flexural
waves

C

In Fig. C.1, we show the measurement of the amplification factor for
three pulse widths of the Ricker wavelet (compare Sec. 4.2.4 and Fig.
4.6). For small distances, the amplification is close to one, because the
effect of dispersion is not yet strong. The amplification increases as the
distance covered grows larger, because the frequency content is spread
out more due to dispersion. For very large distances, the amplification
factor decreases again, as energy is lost due to material damping. The
jagged appearance of the measurements is due to the slight difference in
amplification between wavelets focusing from the left and from the right,
that is between wavelets having undergone an even and an odd number
of reflections.
The two dominating effects — dispersion and material damping —
are strongly frequency-dependent so that a prediction of the amplification factor is not straightforward. Even though the amplification factor
for 50 µs is higher than the one for 100 µs, we did not yet generate dynamic fracture under these circumstances. Thus, there is the possibility
to increase the total amplification factor even further and to induce fracture at even higher strain rates.
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Fig. C.1: Measurement of the amplification factor for three pulse
widths of 20 µs, 50 µs, and 100 µs. The measurement for 100 µs is shown
in Fig. 4.6.
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Fracture process and
acoustic emissions

D

In Fig. D.1, we show the shear force and bending moment at the focal point (b), 4 mm to the right of the focal point (a), and 4 mm to
the left of the focal point (c). The total loading (blue) consists of a
right-traveling wavelet (red) and a left-traveling wavelet (yellow) of the
bending-dominated wave mode of the Timoshenko beam. At the focal
point, both wavelets generate a bending-moment pulse in the shape of
the Ricker wavelet with an amplitude of 0.9 N m and a pulse width of
100 µs. At the focal point, the loading is symmetric, so that the shear
forces vanishes. However, next to the focal point, the total shear force is
non-zero with a maximum amplitude of 1.7 N. Note that the sign of the
shear force changes from the right (panel a) to the left side (panel c) of
the focal point. This could explain the turning of the crack towards the
focal point during the second phase of the fracture process.

119

D. Fracture process and acoustic emissions

Fig. D.1: Shear force and bending moment at the focal point (b), and
4 mm to the right (a) and to the left (c) for a right-traveling (red) and
a left-traveling (yellow) wavelet of equal amplitude. The total loading
is shown in blue.
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