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MSc. ETH in Physics, ETH Zurich

born on 26.02.1994
citizen of Germany

accepted on the recommendation of
Prof. Dr. Tilman Esslinger, examiner
Prof. Dr. Manfred Sigrist, co-examiner
Dr. Ramasubramanian Chitra, co-examiner

2020

Abstract
Quantum simulation aims to enhance the understanding of natural
phenomena by implementing a model Hamiltonian on a quantum manybody system. Quantum gases have proven one of the most successful
platforms to realize these experiments. In particular, a quantum gas
coupled to an optical cavity provides a framework for the study of
long-range interactions in many-body systems. In addition, the finite
photon leakage through the cavity mirrors enables real-time monitoring of the dynamics.
This thesis introduces a new tool to this framework: the cavity
leakage is employed to feedback on the dynamics of the coupled atomcavity system in real-time. The developed feedback scheme is a crucial
step towards engineering of new phases and phase transitions through
tailored feedback signals.
In addition, this thesis presents a series of experiments and a theoretical investigation focusing on cavity-mediated spin interactions. At
the core of the experimental setup supporting these results are a quantum degenerate Bose gas of 87 Rb inside a high-finesse optical cavity
and a transverse pump laser field which drives self-organization of the
atoms. By tuning this transverse pump’s polarization and controlling
the spin state of the atoms, the influence of the scalar and vectorial
atomic polarizability on the self-organization phase transition is systematically studied. For a balanced spin mixture, density and spin
modulated organization patterns compete and the formation of a spin
texture is observed. The influence of cavity dissipation on this competition is investigated. The theoretical work reported herein addresses
the situation in which a second transverse pump of slightly different
frequency is added to the setup. Improvements of the experimental
setup required to realize these proposals have been implemented in
the course of the PhD and are also reported. This work lays the foundations for the realization of dynamical artificial gauge fields.

Zusammenfassung
Quantensimulation zielt darauf ab, das Verständnis natürlicher Phänomene durch die Implementierung eines Modell-Hamiltonians in einem
Quantenvielteilchensystem zu verbessern. Quantengase haben sich als
eine der erfolgreichsten Plattformen für die Realisierung solcher Experimente herausgestellt. Insbesondere bietet ein Quantengas, welches
an eine Mode eines optischen Resonators gekoppelt ist, einen Rahmen für die Untersuchung von langreichweitigen Wechselwirkungen in
Vielteilchensystemen. Zusätzlich ermöglicht der endliche Photonenverlust durch die Spiegel des Resonators das Beobachten der Dynamik in
Echtzeit.
Diese Doktorarbeit erweitert dieses Gefüge um ein neues Werkzeug:
der Photonenverlust wird genutzt, um auf die Dynamik des gekoppelten Atom-Resonator Systems in Echtzeit rückzukoppeln. Das entwickelte Rückkopplungsschema ist ein wesentlicher Schritt für die Konstruktion neuer Phasen und Phasenübergange durch massgeschneiderte Rückkopplungssignale.
Weiterhin präsentiert diese Doktorarbeit eine Reihe von Experimenten und eine theoretische Untersuchung, welche sich auf durch den Resonator vermittelte Spin-Wechselwirkungen konzentriert. Im Kern des
experimentellen Aufbaus, der die Ergebnisse ermöglicht, befinden sich
ein entartetes bosonisches Gas von 87 Rb in einem Hoch-Finesse optischen Resonator und ein transversales Laser-Pumpfeld, welches die
Selbstorganisation der Atome treibt. Durch das Einstellen der Polarisation dieser transversalen Pumpe und die Kontrolle des Spinzustandes der Atome wird der Einfluss der skalaren und vektoriellen atomaren Polarisierbarkeit auf den Selbstorganisation-Phasenübergang systematisch untersucht. Für eine ausgewogene Spinmischung konkurrieren Dichte- und Spin-modulierte Organisationsmuster und die Bildung
einer Spin-Textur wird beobachtet. Der Einfluss der Dissipation des
Resonators auf diese Konkurrenz wird untersucht. Die hier berichtete
theoretische Untersuchung behandelt die Situation, in der eine zweite
transversale Pumpe mit leicht unterschiedlicher Frequenz dem Aufbau hinzugefügt wird. Verbesserungen des experimentellen Aufbaus,
die für die Umsetzung dieser Vorhaben benötigt werden und während
des Doktorats implementiert wurden, werden ebenfalls vorgestellt. Diese Arbeit legt den Grundstein für die Realisierung von dynamischen
künstlichen Eichfeldern.
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Introduction
In 1982, Richard Feynman introduced the concept of quantum simulation 1 : A model Hamiltonian is implemented in a synthetic and
highly controllable quantum many-body system. The evolution of the
system provides insights into the dynamics described by the Hamiltonian. Quantum simulation supports the understanding of manybody systems, potentially even of those whose Hamiltonian cannot
be solved analytically nor simulated numerically. Such systems range
from condensed matter and high-energy physics to quantum chemistry
and quantum biology.
A number of physical systems have been used to perform quantum
simulation experiments: trapped ions2 , Rydberg atoms3 , superconducting circuits4 , photonic systems5 and ultracold atomic gases6 , to
name a few. The latter stand out as a versatile platform for the study of
quantum many-body systems offering unprecedented control and flexibility, with experimental capabilities including the clean preparation
of states, the precise tunability of the potential landscape, and the control over thermodynamic properties and dimensionality of the system.
Available detection methods7 range from various imaging methods of
the atomic cloud, be it in-situ or destructive probing of an ensemble
or single atoms, to real-time detection of the scattered light fields.
Since the first observation of a Bose-Einstein condensate in 19958
and of Fermi degeneracy in 1999 and 20019 , various quantum manybody Hamiltonians including numerous phases and phase transitions
have been experimentally implemented with ultracold atoms. Important examples are the superfluid to Mott insulator phase transition in the Bose-Hubbard model10 , the crossover from a Bose-Einstein
condensate of molecules to a Bardeen-Cooper-Schrieffer superfluid of
loosely bound pairs in a quantum degenerate Fermi gas11 and the
Berezinskii-Kosterlitz-Thouless crossover in a two-dimensional bosonic
condensate12 . Many-body quantum systems with imprinted disorder
exhibit crossovers linked to Anderson and many-body localization13 .
The aforementioned phase transitions were mostly driven by shortrange interactions stemming from interatomic collisions14 . The implementation of long-range interactions has for long remained a challenge.
Initial results have been obtained with ultracold gases of particles exhibiting a large electric or magnetic dipole moment15 , and with atoms
excited to Rydberg states16 .
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An alternative approach combines quantum gas experiments with
cavity quantum electrodynamics. A quantum gas is placed inside a
cavity and pumped with a transverse laser field. The pump laser induces dipoles in the atoms which radiate photons into the modes supported by the cavity. Since these photons are delocalized inside the
whole cavity, this process mediates effectively a long-range interaction
between the atoms17 .
This setting has been used to experimentally realize and detect the
Dicke model phase transition18 . In this landmark experiment, a BoseEinstein condensate of 87 Rb is placed inside a high finesse optical
cavity. For a critical pumping strength of the transverse laser field,
the combined atom-cavity system undergoes a phase transition to a
self-organized phase, breaking a discrete Z2 symmetry. This phase
transition can be mapped onto the Dicke model phase transition19 .
In the self-organized phase, the atomic cloud exhibits a periodic density modulation which scatters photons from the transverse pump into
the cavity and vice versa. The phase transition is therefore signaled by
the buildup of a coherent intra-cavity light field, which can be detected
in real-time and non-destructively by analyzing the cavity output field.
This thesis will cover two main topics. The first is a new use of
the aforementioned cavity output field. The output field is not only
recorded to passively monitor the dynamics, but further processed to
actively feedback onto the system20 . The second, detailed further below, introduces spin to the self-organization framework.
Feedback plays an important role in the control of system parameters found in natural, technological and artificial environments. The
underlying principle consists in measuring the system’s current state,
using a predefined measure to determine how much it deviates from
the desired state, and apply an appropriate manipulation to bring it
closer to the latter. In cold atom experiments, feedback has so far been
used to stabilize experimental conditions. Recent theoretical proposals show how to employ feedback to control phase transitions and create new non-equilibrium phases21 . Specifically, applying time-delayed
feedback to the driven and dissipative Dicke model may profoundly
influence the dynamics and allow to engineer non-equilibrium phases
with fixed points and limit cycles22 . Our combined atom-cavity system provides two key ingredients for realizing those proposals: it undergoes the Dicke phase transition and offers the possibility to monitor
the dynamics in real-time via the light field leaking through the cavity mirrors. This thesis presents the first demonstration of continuous
real-time feedback applied to a quantum gas. We demonstrate that
we can stabilize the system both close to the self-organization phase
transition and deep in the self-organized phase. Stabilizing a system
close to the phase transition makes it possible to harness the increased
sensitivity to external perturbations for sensing applications23 . It also
enables the study of fluctuations over long time scales in close proximity to the phase transition24 .
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In the self-organized phase, the atomic density distribution arranges
according to the phase of the intra-cavity light field, which in turn
depends on the atomic density. This interrelation constitutes the selfconsistent and dynamic character of the light potential experienced
by the atoms. The nature of this interaction has been extensively
investigated, for example, it gives rise to a roton-type mode softening25 . Combining ultracold atoms in an optical cavity with optical
lattices enabled the investigation of Bose-Hubbard physics with additional long-range interactions26 and facilitated the study of metastability and hysteresis between two insulating phases27 . Three projects
realized in the course of this PhD have expanded the cavity-mediated
interactions to the spin degree of freedom. These results constitute,
together with the dynamic character of the intra-cavity light field and
the associated atomic density distribution, an important step towards
the realization of cavity-assisted spin-orbit coupling and artificial dynamical gauge potentials28 .
The first of those projects investigated the spin- and polarizationdependence of the atom-cavity coupling within the framework of selforganization29 . By preparing different spin states of the F=1 total
angular momentum ground state manifold of 87 Rb and tuning the orientation of the linear polarization of the transverse pump, the roles
of the scalar and vectorial component in the dynamical polarizability have been elucidated both for single- and two-component atomic
clouds. Good quantitative agreement has been found for the prediction of the critical lattice depth of the transverse pump required for
self-organization and for the prediction of the phase of the scattered
light field in the self-organized phase. For an atomic cloud containing a balanced spin mixture, the scalar and the vectorial couplings
are brought into competition. This results in a competition between
density- and spin-modulated phases and leads to the formation of a
spin texture beyond a critical vectorial coupling strength. At the critical point where the scalar and vectorial coupling strengths become
equal, the symmetry is enriched from a Z2 to a Z4 symmetry.
The second project studied the influence of dissipation on the spinmixture30 . Dissipation is known to lead to minor shifts of the transition point and small changes in the critical behavior close to a phase
transition31 . However, dissipation can also radically change a system’s
behavior. Relevant examples are dissipative phase transitions32 , the
emergence of new universality classes33 , dissipation-induced topological effects34 , complex dynamics35 , or the splitting of multi-critical
points36 .
In our system the presence of dissipation fundamentally changes
the system’s dynamics in another intriguing way. In the vicinity of
the critical point where scalar and vectorial coupling strengths are
equal, the cavity losses lead to the emergence of a dissipation-induced
instability and chiral dynamics. The phenomenon of the instability is
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analogous to a classical non-conservative positional force as found for
a rotating shaft in a viscous fluid. By independently controlling the
strength of the unitary and dissipative coupling, we have mapped out
the boundary of this instability and have observed the character of
stationary and non-stationary states. We have detected the formation
of limit cycles in our system37 . While we are usually interested in
finding the ground state of a closed system or the steady state of an
open system, limit cycles are a different class of solutions exhibiting
non-stationarity. Limit cycles can occur on the path towards chaos as
observed in optomechanical systems38 or driven two-component BoseEinstein condensates39 .
Due to the presence of dissipation the Hamiltonian describing the
system is non-hermitian. This is reminiscent of non-hermitian photonic
systems which exhibit phase transitions breaking parity time symmetry40 and contain exceptional points41 .
The third project extended the study of cavity-mediated spin-dependent interactions to the coupling of different spin states via the
cavity field. This setting gives rise to many different scenarios depending on the choice of the relative amplitude, frequency and phase
between the two transverse pump fields. For example, it allows the
realization of the interpolating Dicke-Tavis Cummings model42 and of
spin-changing self-organization breaking a continuous symmetry. It is
also a promising route to realize dynamical spin-orbit coupling and
artificial gauge fields43 .
The emergence and observation of continuous symmetries is an active field of research in ultracold atoms. For example, coupling a BoseEinstein condensate symmetrically to two crossed cavity modes has
lead to the formation of a supersolid, breaking a U(1) symmetry, and
enabled the detection of the Goldstone and Higgs mode44 . The coupling of a Bose-Einstein condensate to three crossed cavity modes has
been shown to realize Z2 , U(1) or even SO(3) symmetries45 . As part of
the third project presented herein, we have explored the Hamiltonian
describing spin-changing self-organization in-depth from a theoretical
perspective. This Hamiltonian describes a SU(3) algebra and features
a continuous U(1) symmetry. The energy landscape, order parameters
and excitation spectra have been calculated. The system can undergo
a Dicke-like phase transition to a self-organized state. The excitation
spectrum in the superradiant phase features a Goldstone mode associated to the U(1) symmetry46 .
In order to enable the investigation of our theoretical findings, the
capabilities of the experimental setup have been expanded in the course
of the PhD through the installation of a new polarization resolving heterodyne detection system with a bandwidth of 125 MHz, which is large
enough to detect light emitted during spin-changing self-organization.
Additionally, a new optical breadboard above the vacuum chamber has
been installed. The new breadboard offers more space for manipulating the transverse pump light fields and provides increased stability.
Overall, this project has enhanced the Cavity lab’s theoretical and
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experimental capabilities for calculating and realizing various Hamiltonians with two transverse pump laser fields.
To sum up, the work presented in this thesis advances the field of ultracold quantum gases coupled to an optical cavity in two ways. On the
one hand, a new experimental technique making use of the cavity leakage field to feedback on the system is introduced. A first application
of this technique for stabilizing the number of atoms both close to the
self-organization phase transition and deep in the self-organized phase
is demonstrated. On the other hand, the self-organization framework is
extended to include long-range spin interactions. The work presented
in this thesis ranges from demonstration and understanding of the basic emerging physics and of the effect of dissipation, to a theoretical
study of the Hamiltonian describing spin-changing self-organization.
These two overarching topics are treated separately in this thesis, but
the feedback technique may be leveraged to advance the study of longrange spin interactions in future works. In a long term view, our work
contributes to the Cavity lab’s capabilities of implementing dynamical
spin-orbit coupling and to the prospect of realizing dynamical artificial
gauge fields in ultracold atomic gases.
The work presented in this thesis has been performed together
with Lorenz Hruby, Manuele Landini, Nishant Dogra, Francesco Ferri,
Rodrigo-Rosa Medina, Fabian Finger, Rui Lin, Ramasubramanian
Chitra, Tobias Donner and Tilman Esslinger.

Outline of the thesis:
 Chapter 1 introduces the setup used for all experiments described
in this thesis. New components installed during the course of the
PhD are presented in detail, including a new optical breadboard
above the vacuum chamber and a new polarization resolving heterodyne detection system with a bandwidth of 125 MHz. The new
lab monitoring and alert system is described, as well as the insights
gained on the preparation of a clean polarization of the transverse
pump laser beam.
 Chapter 2 introduces the concept of self-organization and a mathematical description of our system. The mapping to the Dicke model
and features of the Dicke phase transition are presented.
 Chapter 3 introduces the feedback scheme for stabilizing the intracavity photon number in the self-organized phase. Measurements
showing the stabilization of both low photon numbers close to the
phase transition and high photon numbers deep in the self-organized
phase are presented.
 Chapter 4 covers the study of polarization- and spin-dependent
atom-light interaction and its influence on the self-organization phase
transition for single- and two-component clouds. For a balanced
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spin mixture, density and spin organization patterns compete. When
the vectorial coupling dominates over the scalar coupling, a spin
texture is formed, as inferred from the cavity light field.
 Chapter 5 investigates the influence of cavity dissipation on the
balanced spin mixture close to the critical point of equal scalar and
vectorial coupling strengths. The presence of dissipation results in
a dissipation-induced instability and chiral dynamics.
 Chapter 6 presents the in-depth theoretical study of the Hamiltonian describing spin-changing self-organization breaking a U(1)
symmetry. The experimental implementation is described as well.

Note: Throughout this thesis, the sources of analogous quotes (paraphrases) are referred to via a superscripted number.

1
Experimental apparatus
The experiments presented in this thesis have been performed on the
Cavity apparatus. This apparatus was set up in the years 2002 to
2005. It has since been constantly adapted to fulfill the changing experimental requirements. The primary motivation of the experiment is
to investigate phenomena at the interface between ultracold quantum
gases and cavity quantum electrodynamics.
The setup has been described in numerous PhD theses. This chapter
provides a concise overview of the essential elements of the setup and
experimental procedures. We refer the reader to previous PhD theses
throughout this chapter for more information on certain topics. We
present in detail new topics which have not been covered in previous
PhD theses: we describe a new upper breadboard in section 1.2.1,
a new lab monitoring system in section 1.2.2, and a new heterodyne
detection setup in section 1.5.1. Insights gained in the course of the
PhD on the preparation of a clean polarization are presented in section
1.4.
The initial construction of the setup, with a detailed description of
the vacuum chamber layout and the optical cavity, is described in Öttl
et al.1 and in the PhD theses of Öttl2 , Ritter3 and Donner4 . The
transverse pump setup is described in the PhD thesis of Baumann5 .
The current production cycle and layout of the beam paths is presented
in detail in the PhD thesis of Hruby6 . The PhD thesis of Dogra7
describes the current alignment procedure and methods to calibrate
various experimental properties.

1.1

Setup of the experiment
2

The setup is located in a ≈ 50 m large room. Most of the devices
are positioned around two optical tables from the company Newport.
On the first optical table, laser light with the desired frequency and
linewidth to cool, trap, probe and image the atoms and to stabilize
and probe the cavity is prepared. The second one hosts the vacuum
chamber and further optical elements used for intensity stabilization,
beam shaping and polarization control. The laser light is sent through
optical fibers from the first to the second table.
The vacuum system consists of a prechamber and a main chamber connected by a differential pumping tube. Figure 1.1 shows a

1

Öttl et al. 2006

2

Öttl 2006

3

Ritter 2007

4

Donner 2008

5

Baumann 2011

6

Hruby 2018

7

Dogra 2019

14

schematic sketch of the cross section of the vacuum chamber. The
prechamber contains high vacuum with a pressure on the order of
1 × 10−9 mbar and is connected to an ion pump which pumps 75 L s−1 .
The main chamber contains ultra high vacuum with a pressure on the
order of 1 × 10−11 mbar and is connected to an ion pump which pumps
150 L s−1 . The central part of the vacuum chamber is enclosed with
µ-metal to shield the inside from magnetic field noise.
Figure 1.1: Schematic sketch of the
cross section of the vacuum chamber.
Figure taken from the PhD thesis of
Hruby (Hruby 2018).
MOT and transport coils
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Magn. transport

Pump and
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RF evap.
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MOT and transport coils

Optical
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Cavity
Vibration
Main chamber
10 -11 mbar

8

Dogra 2019

9

Stöferle 2005

Numerous coils are positioned inside and outside of the vacuum
chamber to allow for a precise control of the magnetic fields. An
overview of the coils is presented in the PhD thesis of Dogra8 .
The execution of the experimental sequence requires synchronization and control of various elements of the experimental setup, including the frequency and intensity of lasers and radio waves, magnetic
coil currents and beam shutters. The corresponding devices receive
digital or analog signals sent from a central computer and generated
by a software developed by the former PhD student Thilo Stöferle9 .

1.2

10

Raab et al. 1987

11

Fortagh et al. 1998

12

Lett et al. 1988

isolation

Experimental sequence

We describe the experimental sequence used to produce, manipulate
and destructively probe the ultracold atomic cloud. One cycle takes
about 20 s.
We work with 87 Rb atoms. The level scheme and the laser transitions are shown in figure 1.2. We load the magneto-optical trap10
(MOT) from the background vapor of 87 Rb, which is released from a
dispenser source11 . The atoms are velocity selected and laser cooled
from room temperature T ≈ 300 K to hundreds of µK. The cooling
laser operates at the D2 line of 87 Rb |F = 2i → |F 0 = 3i. Since the
|F 0 = 2i level is populated due to off resonant excitation, a repumper
is applied on the transition |F = 1i → |F 0 = 2i. The atoms are subsequently sub-Doppler cooled in an optical molasses12 to a few µK. Next,
the atoms are optically pumped into the state |F = 1, mF = −1i. This

Experimental apparatus

low-field seeking state can be magnetically trapped. The atoms are
then magnetically transported through the differential pumping tube
into the magnetic quadrupole-Ioffe-configuration (QUIC) trap13 . The
atoms are evaporatively cooled close to degeneracy in the QUIC trap,
but the condensation point is not yet reached. The effective trapping
potential in the QUIC trap is decreased by inducing transitions from
the magnetically trapped to the magnetically untrapped Zeeman states
with radio frequency.
The atomic cloud is optically transported into the cavity via two
counterpropagating laser beams close but different in frequency. This
implements a moving optical lattice, mimicking a conveyor belt. The
two counterpropagating beams are referred to as upper (propagating
from above) and lower (propagating from below) transport beam and
are of wavelength λ = 852 nm.
After reaching the cavity, the atoms are loaded into a crossed faroff resonant dipole trap (FORT)14 . The FORT consists of the lower
transport beam and the horizontal dipole trap beam. The dipole trap
beam is also of wavelength λ = 852 nm and propagates perpendicular
to the optical axis of the cavity in the horizontal plane. The atoms
are evaporatively cooled to quantum degeneracy by lowering the depth
of the optical potential. We can produce almost pure Bose-Einstein
condensates with an atom number ranging between N = 1 × 104 and
1 × 105 .
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Figure 1.2: Level scheme and laser
transitions for 87 Rb. The numerical
values are from Steck (Steck 2019).
The splittings are not drawn to scale.
Figure taken from the PhD thesis
of Hruby (Hruby 2018) where it has
been adapted from the PhD theses
of Jördens (Jördens 2010) and Mottl
(Mottl 2014).
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The atomic cloud is subsequently manipulated by applying different
optical and magnetic fields. During the manipulation period, any existing intra-cavity light field will continuously leak through the cavity
mirrors. This light field can be detected.
After the manipulation, the atomic cloud is destructively probed in
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resonant absorption imaging. The atoms are first transferred from the
|F = 1i manifold to the |F 0 = 2i state via the repumping laser and
then decay into the |F = 2i state. They are then imaged using light
resonant on the |F = 2i → |F 0 = 3i transition.

1.2.1

New upper breadboard

In the course of the PhD, the breadboard above the vacuum chamber,
referred to as upper breadboard, has been exchanged with a new one.
This exchange was motivated by two major considerations:
First, there was no free space left on the old upper breadboard. This
limited the experimental capabilities. For example, the experimental
realization of different scenarios within the framework of spin-changing
self-organization requires a flexible positioning of the retroreflecting
mirror, as presented in chapter 6. To increase the efficiency in data
acquisition, the waveplates should be mounted in motorized (instead of
manual) rotation mounts, which requires more space, see the discussion
in section 1.4. More space is also necessary to implement another
transverse pump which enters the vacuum chamber from above. The
old upper breadboard had the outer dimensions 550 mm x 450 mm x
12.7 mm.
f = 75 mm

f = 150 mm

Figure 1.3: Sketch of the beam paths
on the new upper breadboard. BS:
beam splitter, PBS: polarizing beam
splitter, TP: transverse pump.
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Second, the old upper breadboard was a main source of instability. The old upper breadboard was a standard 12.7 mm thick aluminium optical breadboard. It was firmly supported in the center by
a brass construction and slightly supported on the edges by thin op-
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6
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tical postholders. Over the years, it has been densely packed with
optics, such that it could not offer the desired stability anymore.
The new upper breadboard is designed to offer more space and increased stability. It is custom made with cutouts to fulfill the existing
space constraints given by the vacuum chamber. Its shape is illustrated in figure 1.3. The outer dimensions are 800 mm x 800 mm x
61 mm. It is a virtually nonmagnetic all 316 stainless steel metal construction, consisting of a top facesheet, a honeycomb structure inside
and a bottom facesheet. The edges are covered with a self-damping
bond. It weight amounts to ≈ 62 kg. It is firmly held by the brass
construction in the center and by three additional brass posts on the
outer edges with a diameter of 60 mm.
The current layout of the beam paths is shown in figure 1.3. The
breadboard hosts the path for the upper transport beam, the retroreflection of the transverse pump, and one imaging beam.

2

Some special elements on the new upper breadboard are:

 Dichroic mirror. The dichroic mirror is custom made by the company Lens Optics. It has a 2 inch diameter. It is highly reflecting
for the wavelengths 780–791 nm and highly transmitting at 852 nm.
It is optimized to induce a minimum phase shift between s- and
p-polarization for light incident under 45 °.
 Motorized waveplates. The waveplates in the path of the transverse pump have a diameter of 1 inch and are mounted in motorized rotation cages. We have chosen zero order waveplates from the
company Altechna. The waveplates have a very low wedge, which
is beneficial for avoiding misalignment of the beam when the waveplates are rotated.
 Retroreflecting mirror. The upper breadboard has enough space
to position the retroreflecting mirror at different distances from the
atomic cloud, such that different spatial phases in the framework of
spin-changing self-organization with two transverse pump lattices,
presented in chapter 6, can be realized. Figure 1.4 shows the required distance between the atomic cloud and the retroreflecting
mirror to realize a certain phase shift for a given Zeeman splitting.
Figure 1.3 indicates two positions of the retroreflecting mirror to

π/4
π/2
3 · π/4
π

4

0

 Motorized translation stages. The achromatic lens in the path
of the upper transport beam is mounted on three translation stages
such that the lens can be translated along all three directions. The
stage which moves the lens parallel to the beam is a manual stage.
The two stages which move the lens orthogonal to the beam direction are motorized translation stages. The model is ”Q-motion
precision linear stage Q-545.140” from the company PI with a travel
range of 13 mm, a resolution of 1 nm and a bidirectional repeatability of 200 nm. The precision is higher than needed for our purpose,
but the market offered either these precision stages or stages with
a precision too low for our specifications15 .

17
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80

Figure 1.4: Distance between the
atomic cloud and the retroreflecting
mirror required to realize different
spatial phases between two transverse
pump lattices as a function of the Zeeman splitting.
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We required a minimum travel
range of 50 µm and a repeatability and
resolution of 1 µm.
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realize either a difference of π/2 or π in the spatial phase of the two
transverse pump lattices. The retroreflecting mirror is attached to
a motorized mirror mount for fine alignment.

1.2.2
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Lab monitoring

During the course of the PhD, an online monitoring and alarm system
of crucial environmental and system parameters of the laboratory has
been implemented.
The environmental parameters are acquired through the Envico system developed in-house by the electrical engineer Alexander Frank.
The recorded environmental parameters include temperature, humidity, key performance indicators of the air conditioning system and the
power grid frequency.
The system parameters are acquired with the Keysight 34972A LXI
Data Logger. This device is a crucial component of the interlock system which is described in the PhD thesis of Hruby16 . It is connected
to the internal lab network through an ethernet cable. The recorded
system parameters include coil temperatures, ion pump voltages and
the status of water flow and water leakage sensors. A permanently
running python script communicates with the device using the library
pythonvisa and writes the data to an influxDB 17 database. The data
acquired with the Envico system is written to the same database.
The entries of the database are visualized with the open-source tool
Grafana 18 . Grafana allows to visualize and monitor data from different sources in one interface. It also features an alert function. Notifications are sent out via e-mail and mobile text messages if essential
parameters are out of the desired range.
Figure 1.5 shows a screenshot of a part of the interactive online
dashboard.

Figure 1.5: Screenshot of a part of
the interactive online dashboard in
Grafana. Various environmental and
system parameters are visualized.

1.3

Optical cavity

The study of the interaction between light and atoms benefits from
using a cavity. First, the cavity modifies the electromagnetic density
of states such that the emission probability into the cavity mode is
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strongly enhanced, compared to scattering of an atom in free space.
This is known as the ”Purcell effect”19 . Second, the properties of our
cavity allow us to reach the single-atom strong coupling regime. A
single photon in the cavity is reflected many times between the two
mirrors, resulting in a stronger electromagnetic field felt by the atoms,
as compared to a single round trip. Third, the finite leakage through
the cavity mirrors enables real-time readout of the state of the system.
In our experimental setup, the main chamber hosts the high-finesse
optical cavity. We give the main specifications of the cavity in this
section. More information can be found in Öttl et al.20 and in the
PhD theses of Öttl21 and Ritter22 .
The cavity consists of two dielectric Bragg mirrors with very high
reflectivity and very low losses. The mirrors have a curvature radius
of R = 77.5 mm. They are in the near planar configuration and are
a distance of lres = 178 µm apart. The Gaussian mode waist is w0 =
25.5 µm. The cavity is positioned on a vibration isolation system.
The maximum atom-cavity coupling constant amounts to g = 2π ·
10.6 MHz, see the PhD thesis of Brennecke23 . The free spectral range
is given by ∆νFSR = 2π · 0.84 THz and the full width half maximum
cavity linewidth is given by ∆ν = 2κ = 2π · 2.5 MHz. This results in a
finesse of
F =

∆νFSR
2π
=
≈ 3.4 × 105 ,
∆ν
2T + 2L

Purcell 1946
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Öttl 2006
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(1.1)

with transmission and loss coefficients T = 2.3 ppm and L = 6.9 ppm
for 780 nm.
We perform our experiments with the lowest order transverse electromagnetic mode, abbreviated as TEM00 mode. This mode is split
into two linearly polarized TEM00 eigenmodes. Since the cavity is
birefringent, the two modes are split in frequency by 2π · 2.2 MHz.
The frequencies of the cavity resonance, the transverse pump and
the laser probing the cavity transmission are all locked with respect to
each other via a transfer cavity. Details on this locking scheme can be
found in the PhD theses of Landig24 , Hruby25 and Dogra26 .

1.4

19

19

Polarization control

The works presented in chapters 4 and 5 require a very high control
of the polarization of the transverse pump. The polarization has to
be as linear as possible. In this section we present our insights on
polarization control.

1.4.1

Alignment of waveplates

The laser beams are guided through optical fibers from the first to the
second optical table. In order to be able to deterministically prepare
light of a certain polarization, the laser beam, after exciting from the
fiber, passes through a λ/2-waveplate and a polarizing beam splitter.27
This process is referred to as ”polarization cleaning”. The polarization after the polarizing beam splitter is always the same. The inten-

27

The light exciting the optical fiber is
linearly polarized. The λ/2-waveplate
aligns the polarization axis of the light
with the orientation of the polarizing
beam splitter such that a maximum
amount of light is transmitted.

20

Figure 1.6: Ellipticity η of the electric field vector as a function of its linear orientation, expressed through θ,
shown for (a) no consideration of the
alignment and (b) a careful alignment.
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We use the model SK010PA-NIR
from Schäfter-Kirchhoff as the polarization analyzer.
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sity however might vary, this is compensated through intensity lock
schemes.
To prepare an arbitrary polarization state of the laser beam, we
employ λ/2- and λ/4-waveplates. It is very important to carefully align
the position and orientation of the waveplates in the beam path, so
that the polarization state changes in the intended way. We discuss
this for the case of a λ/2-waveplate in the following.
We consider the following setup: Laser light exits a fiber and passes
through a first λ/2-waveplate and a polarizing beam splitter. The λ/2waveplate is set such that the transmission through the polarizing
beam splitter is maximum. The light transmitted through the polarizing beam splitter passes through a second λ/2-waveplate and enters a
polarization analyzer28 . We aligned the path such that the light enters
the polarization analyzer orthogonally to its detection surface (this is
ensured by visually inspecting the backreflection) and centered in the
pinhole in front of the detector. The polarization analyzer measures
the polarization state of the light in terms of the angular coordinates
2θ and 2η of the Poincaré sphere. The angle θ ∈ [−90 °, 90 °] defines the
orientation of the electric field vector in the horizontal-vertical plane.
The angle θ = 0 °(±90 °) corresponds to vertical (horizontal) polarization. The angle η ∈ [−90 °, 90 °] defines the ellipticity. The values
η = 0 ° = ±90 ° describe light with no elliptical component. The values
η = ±45 ° correspond to purely left- or right circular polarization.
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Let us first consider the case where the λ/2-waveplate is mounted
in the optical path without taking special care of the alignment. The
ellipticity η as a function of the linear angle θ is shown in figure 1.6(a).
The ellipticity η shows clear variations of up to almost 5 °. In theory,
a λ/2-waveplate should not introduce any ellipticity. The finite ellipticity arises from imperfections of the material. Their effect can be
minimized with the appropriate alignment.
Figure 1.6(b) shows the same measurement after the λ/2-waveplate
was aligned carefully. The ellipticity η is significantly less pronounced.
We paid attention to the following points during alignment: first,
the beam should hit the waveplate orthogonally to its surface. We
checked this through the backreflection. Since the waveplate has an
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anti-reflection coating, the power of the incident beam needs to be sufficiently high to be able to see the backreflection. Second, we aimed to
hit the waveplate in the center on its rotation axis, such that the effect of surface inhomogeneities is minimized. An iris placed behind the
λ/2-waveplate helped to find the center. We checked that we hit the rotation axis by minimizing the circular movement of the backreflection
when the waveplate is turned. We could not fully erase this movement because the normal vector of the surface of the λ/2-waveplate is
not parallel to its rotation axis. We mounted the rotation mount on
a tiltable stage to achieve the control necessary to perform this fine
alignment.

1.4.2

Polarization of the transverse pump

The control of the polarization of the transverse pump is more involved
due to the presence of birefringent optics in its beam path. Shortly
before the transverse pump beam enters the vacuum chamber, it is
combined with the lower transport beam on a dichroic mirror. The
λ/2- and λ/4-waveplate are positioned before this dichroic mirror due
to space constraints. The dichroic mirror is strongly birefringent and
introduces significant ellipticity to the polarization of the transmitted
transverse pump beam. The amount of ellipticity introduced depends
in a non-linear fashion on the polarization state of the incident light
field. We therefore created a map of the settings of the λ/2- and λ/4waveplates required to create a linear polarization after the transverse
pump has passed the dichroic optics. The closest location to the atoms
where we could position the polarization analyzer was behind the upper
viewport of the vacuum chamber. We do not expect the viewports to
introduce a relevant amount of ellipticity. The resulting map is shown
in figure 1.7. It emphasizes the importance of checking carefully how
the intended polarization can be created. The measurements were
taken at a wavelength of the transverse pump of 784.7 nm.
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The transverse pump is retroreflected on a mirror on the upper
breadboard to create the transverse pump lattice. After the transverse
pump and lower transport beam have exited from the viewport, they
are guided onto the upper breadboard and separated on a dichroic

Figure 1.7: Polarization map for the
transverse pump at a wavelength of
784.7 nm. The settings of the λ/2(blue) and λ/4-waveplate (red) required for a certain linear polarization
angle ϕ of the transverse pump are
shown. The x(y)-direction is parallel
(orthogonal) to the optical axis of the
cavity. The transverse pump propagates along the z-direction. The figure is modified from the PhD thesis of
Dogra (Dogra 2019).
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mirror. The transverse pump subsequently passes through a λ/2- and
a λ/4-waveplate, followed by a polarizing beam splitter. The settings of
the λ/2- and λ/4-waveplate are chosen such that all the light is reflected
at the polarizing beam splitter. This light is then reflected at the
retroreflecting mirror. The retroreflected beam passes through the
same path as the incident beam. This procedure ensures that the
reflected beam has the same polarization as the incident beam.
The incident transverse pump passes through waveplates mounted
in computer-controlled motorized rotation cages before it enters the
vacuum chamber. Due to space constraints, the waveplates on the upper breadboard could not be mounted in a motorized rotation cage, but
had to be adjusted manually. They were exchanged with computercontrolled motorized mounts on the new spacious upper breadboard
described in section 1.2.1.
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We infer information about the system from measurements of the
atoms and of the intra-cavity light field leaking through the cavity
mirrors.
We detect the state of the atoms at the end of the manipulation
period via high-intensity resonant absorption imaging. Details of the
measurement procedure and data analysis can be found in the PhD
theses of Landig29 , Hruby30 and Dogra31 .
We detect the intra-cavity light field after it has leaked through
the cavity mirrors with either a single photon counting module or a
heterodyne detection system.
The single photon counting module records the arrival times of the
detected photons. It therefore only allows to detect the intensity of
the light field. The single photon counting module is described in the
PhD theses of Ritter32 and Baumann33 .
A heterodyne detection system allows for the frequency-resolved reconstruction of the amplitude and phase of the electromagnetic field.
The PhD thesis of Baumann34 contains a comprehensive introduction
to the principle and advantages of heterodyne detection. Over the
course of the PhD, a new heterodyne detection system was implemented. We present the new system in more detail in the following
section. A detailed description of the old heterodyne detection system, including the optical and electronic setup and the phase locks,
can be found in the PhD theses of Baumann35 and Landig36 . The
data presented in the chapters 3, 4 and 5 has been recorded with the
old heterodyne detector.

1.5.1

37

Maas 2018

Detection methods

New heterodyne detection system

The new heterodyne detection system was developed with the master
student Joshua Maas. More details on the new system can be found
in his master thesis37 .
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Principle of heterodyne detection
In a heterodyne detection system, the signal of interest is interfered
with a reference signal called local oscillator.
Let Es (t) = |Es |ei(ωs t+φ(t)) and Elo (t) = |Elo |eiωlo t be the complex
electric fields of the signal and the local oscillator, with the respective
amplitudes |Es |, |Elo |, the frequencies ωs , ωlo , and the time-dependent
phase of the signal relative to the local oscillator φ(t). The two electric
fields are interfered at an optical beamsplitter. The two output fields
are each detected with a photodetector. The corresponding intensity
in each output mode reads
p
(1.2)
I± = Is + Ilo ± 2 Is Ilo cos (ωt + φ(t)),

with the intensities Is and Ilo and the difference frequency ω = ωs −
ωlo . The interference term differs in the sign since the two output
modes are phase-shifted relative to each other at the beam splitter.
The intensities are converted to a photocurrent at the detectors. In a
balanced heterodyne detection, which we use, the two detector signals
are subtracted, so that only the interference term signal S is processed
further.
We can see from equation (1.2) that the interference term contains
the product of the intensities of the signal and local oscillator. Choosing a high intensity of the local oscillator is therefore practical to amplify the signal. This is one advantage of heterodyne detection. Another advantage is that the signal of interest, which has a frequency
on the order of 100 THz, is shifted to the frequency ω = ωs − ωlo . The
frequency of the interference signal can be thus tuned to lie in the
radio-frequency domain. This allows to use commonly available detectors and electronics for signal detection and further signal processing.

Motivation for the new heterodyne detection system
In the old heterodyne setup, the interference term signal S is first
electronically processed. Specifically, for a signal at the frequency
of the transverse pump38 , the difference frequency is set to be ω =
59.55 MHz. The signal is split, partly phase-shifted and downmixed
with 59.503 MHz in an analog circuit. The two quadratures of interest
are therefore oscillating at 47 kHz. These two signals are then further
digitally processed. The main postprocessing operations are the reconstruction of the magnitude and phase of the incident electromagnetic
field at a certain frequency and the construction of a spectrogram. Detailed descriptions of different signal processing methods can be found
in the master thesis of Maas39 . The PhD thesis of Dogra40 describes
the signal processing methods used for the data presented in the chapters 3, 4 and 5.
The new heterodyne detection system features an all digital signal
processing platform. This is motivated by experiments we can perform within the framework of spin-changing self-organization, which is
introduced in chapter 6. We can realize experimental settings where
we expect components of the intra-cavity light field to oscillate at a
frequency shifted by values on the order of the Zeeman frequency from
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In conventional self-organization,
the light scattered into the cavity
mode is at the same frequency as
the transverse pump, as explained in
chapter 2.
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The bandwidth of the acquisition
card of the old heterodyne detection
system is limited to 1 MHz. The installed electronic components limit the
bandwidth to 250 kHz.

the transverse pump. We can realize Zeeman shifts on the order of
30–70 MHz in our setup. Detecting these light fields would require a
change in the design of the analog circuitry for the old heterodyne
setup. Since the bandwidth of the old heterodyne detection is limited
to 250 kHz, this would make the search for new frequency components
in the light field rather cumbersome41 . The new heterodyne detection
system features a bandwidth of 125 MHz.
Another motivation for the new heterodyne detection system is that
experiments relying on the vectorial polarizability, introduced in chapter 2, can lead to the population of both polarization modes of the
cavity. The old setup can detect light of only one polarization state
and hence only one of the two modes in the cavity. The new heterodyne detection system features two phase-locked balanced heterodyne
detectors and polarization optics so that the full frequency-resolved
polarization state of the light field can be detected within the bandwidth of the detector.
Design of the new heterodyne detection system
The new heterodyne detector features a hybrid design combining optical fibers and free space optics. This offers an increased stability of
the setup, while allowing the use of high quality free-space polarization
optics. Figure 1.8 shows a scheme of the setup.

Figure 1.8: Scheme of the optical
design of the new heterodyne detector. A rigid multicube interferometer
is combined with fiber-coupled input
and output ports. The setup detects,
besides the magnitude and phase, also
the polarization state of the signal
light field. Figure taken from the master thesis of Maas (Maas 2018).

The signal beam and the local oscillator beam are coupled into fibers
and then enter a compact ”Multicube” system custom-made by the
company Schäfter Kirchhoff. The multicube interferometer has fibercoupled input and output ports. The light is propagating through free
space inside the system. This has the advantage that free-space polarization optics can be used, which have a higher optical quality than
fiber-based polarization optics. Another disadvantage of fiber-based
polarization optics is that the currently available components do not
offer continuous tuning of the polarization, but only offer fixed discrete
transformations. The multicube interferometer is sealed against direct
air flow, enhancing the stability of the interference signal. Since the
multicube interferometer is very rigid and stable, it can function for a
long time without the need for realignment.
An advantage of the fiber-coupled input and output ports are that
any misalignment results only in a change in intensity, not in the mode
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overlap. This greatly simplifies the alignment procedure. Another
advantage of the fibers is that the optical path length is independent
of air flow and changes in humidity. Any difference in the optical
path length should be avoided, since this results in a miscalculation
of the relative phase of the signal light field. The optical path length
in the fibers however depends on temperature changes of the fibers,
mechanical stress and vibrations. Specifically, in order to meaningfully
compare the calculated electric field between different experimental
cycles, the absolute temperature of the fiber guiding the signal must
not change. Moreover, the optical path length between the signal and
the local oscillator beam must stay constant. It differs when the mean
temperature of the two fibers is different. Therefore, the fibers are
attached to a massive, vibration-damped aluminium plate, acting as a
heat sink. The fibers are arranged in direct contact with each other and
are covered by foam to isolate them from temperature changes in the
environment and vibrations. Lastly, the whole setup is covered with a
Plexiglas enclosure to limit air flow. Figure 1.8 shows a photograph of
the setup.
Figure 1.9: Photograph of the new
heterodyne detector. The signal and
local oscillator beam are coupled into
fibers. These fibers are attached to
an aluminium plate and covered with
foam to isolate them from mechanical vibrations and temperature drifts.
The multicube interferometer is shown
on the left, with four fiber output
ports. Photograph taken from the
master thesis of Maas (Maas 2018).

Signal processing
The new heterodyne detection system features a flexible all-digital
signal processing architecture written in python. It allows adapting
the signal processing routine to the current experimental requirements
without any changes in the hardware. The exact signal processing
methods can be chosen through a graphical user interface. New signal
processing methods can be added easily, without the need to change
the underlying structure of the software. The speed of the data processing is greatly increased through the use of concurrent computing.
The software is described in detail in the master thesis of Maas42 .
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2
Self-organization and the Dicke phase
transition
The process of self-organization1 and the mapping to the Dicke model2
lies at the heart of the studies presented in this thesis. Self-organization
and the Dicke phase transition are an active field of research, both from
a theoretical and an experimental perspective. There exists a vast
amount of literature treating the subjects on different levels, ranging
from introductory3 to specialist.
We aim to introduce the theoretical concepts required for an understanding of the work presented in the following chapters. We refer the
interested reader to further literature throughout.
We start by explaining the self-organization process in our experiment and the experimental detection. We then offer a mathematically
sound description of the system and map it to the Dicke Hamiltonian.
We discuss various aspects of the Dicke phase transition, including the
critical coupling strength, the symmetry breaking and the excitation
spectrum.

2.1

Domokos and Ritsch 2002, Nagy
et al. 2008
2

Baumann et al. 2010

3

Ritsch et al. 2013

4

Black et al. 2003

5

Baumann et al. 2010

The self-organization phase transition

Self-organization of thermal atoms was first observed in 20034 . Selforganization in a Bose-Einstein condensate was observed for the first
time in 2010 in the Cavity experiment5 . Self-organization in a BoseEinstein condensate differs from self-organization in thermal atoms in
that the former can be mapped to the Dicke model6 and its critical
coupling strength is different. The dependence of the critical coupling
strength on the temperature for thermal atoms is discussed in Piazza
et al.7 .
We start by introducing the experimental platform. We then give
an intuitive picture for self-organization. We describe the experimental signatures of the phase transition and provide an overview of the
research field.

2.1.1

1

Our experimental platform

In our experimental procedure, we place a nearly pure Bose-Einstein
condensate of 87 Rb inside a high-finesse optical cavity. The setup and

6

Dimer et al. 2007, Nagy et al. 2010,
Baumann et al. 2010

7

Piazza et al. 2013
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Figure 2.1:
Experimental implementation of the Dicke-model selforganization phase transition. The
atomic cloud is illuminated with a
retroreflected transverse pump of frequency ωTP . An intra-cavity light
field of frequency ωc leaks through
the cavity mirrors. The light leaking through one of the cavity mirrors
is further manipulated and detected.
For the self-organization phase transition discussed in this chapter, ωc =
ωTP .
8

Steck 2019

Figure 2.2: (a) Normal phase of the
system. The atomic density along the
z-axis is modulated due to the presence of the transverse pump. (b) Selforganized or superradiant phase of the
system. Above a critical lattice depth
crit , an intraof the transverse pump VTP
cavity light field builds up and the
atoms self-organize in a checkerboard
pattern. Figure modified from the
PhD thesis of Baumann (Baumann
2011).

geometry is sketched in figure 2.1. Throughout this work, we use the
coordinate system shown in this figure. The optical axis of the cavity
lies along the x-direction. For all experiments discussed in this work,
the magnetic field points along the negative z-direction.
An important choice is the geometry and the properties of the external laser pump fields. For now, we choose only one single retroreflected standing wave laser pump field, which is propagating along the
z-direction. We refer to this pump field in the following as transverse
pump. We choose a high laser intensity such that the transverse pump
is described by a classical field.
We choose the wavelength of the transverse pump to be ≈ 784.7 nm,
which lies in between the D1 - and the D2 -line. The atoms are prepared
in the F = 1 manifold of the 52 S1/2 state. Here, F denotes the quantum number of the total angular momentum operator F̂. The D1 -line
refers to the electronic transition from the 52 S1/2 state to the 52 P3/2
state with wavelength ≈ 795 nm. The D2 -line refers to the electronic
transition from 52 S1/2 to 52 P1/2 with wavelength ≈ 780 nm.8 The frequency of the transverse pump is hence far red-detuned from the closest atomic excitation. Furthermore, the frequency of the transverse
pump is closely detuned to a TEM00 resonance of the cavity, but on
the red side of the cavity. The detuning of the transverse pump from
the cavity resonance is larger than the cavity decay rate κ, such that
the dispersive limit is realized.
These properties remain fixed throughout the works presented in
this thesis. Other parameters will be tuned: chapters 4 and 5 explore
both theoretically and experimentally the role of the polarization of
the transverse pump in the self-organization process. Chapter 6 explores from a theoretical perspective the implications of adding a second transverse pump with a slightly different frequency from the first
one, but otherwise same properties.
a

crit
VTP < VTP

2.1.2

9

Baumann 2011

b

crit
VTP > VTP

Intuitive picture of self-organization

Before introducing the mathematical description, we offer an intuitive
picture of self-organization in our setup. Figure 2.2 serves as an illustration. This subsection follows the PhD thesis of Baumann9 , where
the interested reader can find more details.

Self-organization and the Dicke phase transition

For zero intensity of the transverse pump, the atomic density distribution is flat10 . For a finite intensity below the phase transition,
the density of the atomic cloud is at first modulated according to
cos2 (kz) along the z-direction, with the wave vector k = 2π/λ and the
wavelength λ of the transverse pump. The potential due to the mere
presence of the transverse pump is illustrated in figure 2.3(a). For a
critical intensity, the atom-cavity system, coupled by the transverse
pump, undergoes a phase transition to a self-organized state. In the
self-organized state, the atomic density is modulated with a checkerboard pattern, and a coherent light field is built up inside the cavity.
The checkerboard potential arises from the interference between the
cavity and the transverse pump light field, which is further discussed
below, and is visualized in figure 2.3(b).
On the microscopic level, this phase transition can be understood
by looking at the involved scattering processes of light: a single atom
can absorb a photon from the transverse pump and scatter it into
the cavity. In the dispersive regime, the atoms are only virtually excited. This process can be described as a two-photon Raman transition, where one leg is realized through a cavity photon and the other
leg through a transverse pump photon.
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For each scattering event, the atom will gain a momentum kick of ~k
along the respective direction. Since the two light fields are standing
waves, momentum kicks will happen in both ±x- and ±z-direction.
The same process can also happen in reverse: first, a photon from
the cavity field is absorbed, and then it is emitted into the transverse
pump field. After such a scattering event, the atom has received two
momentum kicks. The energy is increased by 2 Erec per two-photon
2
event. For 87 Rb, the recoil energy Erec = (~k) /2m amounts to approximately ~ · 2π · 3.7 kHz, where ~ is the reduced Planck’s constant
and m refers to the atomic mass of 87 Rb. From now on, we will in
general refer to the lattice depth of transverse pump VTP , which will
be given in Erec , instead of referring to the intensity. Our setup does
not resolve the recoil energy, since κ  Erec .
Let us now consider what happens when light is scattered by an
ensemble of atoms. For a homogeneous cloud of atoms, the photons
which are scattered from the transverse pump into the cavity all have

29
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To be more exact: the density profile can be described by a ThomasFermi approximation incorporating
the optical traps.

Figure 2.3: (a) Potential landscape
from the transverse pump lattice. Potential minima (maxima) are yellow
(blue). (b) One realization of the λperiodic potential arising from the interference of the transverse pump and
cavity lattices. The atoms will localize
in the potential minima (yellow) and
will hence form a checkerboard pattern. A Z2 symmetry is broken at
the phase transition and corresponds
to one of two possible checkerboard
patterns which are shifted by λ/2.
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Cohen-Tannoudji

a random spatial phase with respect to each other. Therefore, the photons interfere destructively, and no intra-cavity light field builds up.
This is the state of the system in the normal phase. When the lattice
depth of the transverse pump approaches its critical value required for
the phase transition, thermal or quantum fluctuations in the atomic
density are enhanced, which modulates the atomic density. This deviation from a homogeneous cloud creates a finite light field inside the
cavity. The atoms experience a shift in their potential energy due to
this light field11 . If the gain in potential energy is high enough to balance the cost in kinetic and interaction energy, a new ground state of
the system emerges.The system then transitions into the self-organized
phase, where the atomic density is periodically modulated with λ and
a coherent intra-cavity light field is built up. The self-organized phase
is also referred to as superradiant phase.
This explanation is completed by considering the interference potential Vx,z arising from the light fields of the transverse pump and the
cavity:
2
2
Vx,z ∝ |ETP ± Ecav |2 = ETP
cos2 (kz) + Ecav
cos2 (kx)

± 2Ecav ETP cos (kx) cos (kz),

12

Baumann et al. 2011

(2.1)

with the electric field strengths ETP and Ecav of the transverse pump
and cavity field. The first two terms describe the standing waves from
the transverse pump and the cavity light field. The transverse pump
lattice depth is directly controlled by setting the intensity of the transverse pump. The cavity light field is macroscopically populated in
the self-organized phase. At the same time, the interference potential
∝ cos (kx) cos (kz) emerges. It is this term which is responsible for the
emergence of the λ-periodic checkerboard potential.
This phase transition breaks the Z2 symmetry of the Hamiltonian.
The mathematical consequences will be discussed below. The physical
consequence is that the atoms organize into one out of two energetically
degenerate checkerboard patterns, which are shifted by λ/2. We refer
to these two possible checkerboard configurations as ”even” and ”odd”
lattice sites. It is this symmetry which explains the ± in equation (2.1).
Respectively, the intra-cavity light field is shifted by either 0 or π with
respect to the phase of the transverse pump. The symmetry breaking
at the self-organization phase transition has been extensively studied
in Baumann et al.12 .

2.1.3

Observing the self-organization phase transition

The self-organization phase transition is experimentally detected via
two observables.
First, the onset of a coherent intra-cavity light field signals the transition. The photon number is extracted from the measurements of the
cavity output field performed with the single photon counting module
or a heterodyne detection setup, as introduced in section 1.5. The
measured photon number n̄ph as a function of the lattice depth of the
transverse pump VTP is shown in figure 2.4 as a solid blue line. The
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photon number has been extracted from measurements with the old
heterodyne detector. A moving average window of 1 ms has been applied. The measured photon number has been fitted with a piecewise
constant and power law function13 to determine the critical lattice
crit
depth VTP
of the phase transition.
Second, the formation of momentum peaks in atomic absorption
images corresponding to scattering processes involving one momentum kick along the x-direction (the optical axis of the cavity) and one
momentum kick along the z-direction (the propagation direction of the
transverse pump) signals the phase transition. The momentum peaks
can be seen in absorption images of the atomic cloud after a sudden
switch off of all trapping potentials and a time of free expansion. The
two absorption images in figure 2.4 illustrate the momentum distribution once in the normal phase and once in the superradiant phase. In
the normal phase, the atomic cloud mainly occupies the ground state
corresponding to the momentum along the x-direction px = 0 and the
momentum along the z-direction pz = 0. There is some population in
the momentum peaks at px = 0, pz = ±2~k due to the presence of the
transverse pump lattice. In the superradiant phase, the momentum
peaks at px = ±~k, pz = ±~k are additionally populated.
While the measurement of the photon field allows for real-time continuous readout of the state of the system, the measurement of the
atomic observables is destructive.

31

13
The function is nph (t) = o + a ·
max(0, (VTP (t) − VTP,crit ))γ , where o,
a and γ are additional fit parameters.

Figure 2.4: Experimental observables
of the self-organization phase transition. The phase transition is detected
via the onset of a coherent intra-cavity
light field, signaled by a finite photon number n̄ph . The dotted line
depicts a fit of the measured photon number with a piecewise constant
and power law function. The fit is
used to determine the critical lattice
crit . The atomic absorption
depth VTP
images indicate the population of momentum states corresponding to subsequent scattering processes along the
cavity direction (x-axis) and transverse pump direction (z-axis) in the
superradiant phase. The lattice depth
of the transverse pump VTP is given in
units of the recoil energy Erec .

2.1.4

Other studies of self-organization of atoms coupled to a
cavity

A number of experiments are investigating the self-organization phase
transition of ultracold atoms coupled to a cavity for a different choice
of geometry and properties of the transverse pump and cavity. For
example, Léonard et al. studied the self-organization phase transition
with an atomic cloud coupled to two crossed cavities, leading to the
formation of a supersolid14 and enabling the study of Higgs and Goldstone modes15 . In the same experimental setup, but only using one
of the two cavities, Zupancic et al.16 investigated self-organization

14

Léonard et al. 2017b

15

Léonard et al. 2017a

16

Zupancic et al. 2019
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Landig et al. 2016, Hruby et al. 2018
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Klinder et al. 2016
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Cosme et al. 2018, Georges et al.
2018
20

Kollár et al. 2017, Vaidya et al. 2018

21

Kroeze et al. 2018

22

Kroeze et al. 2019

23

Schuster et al. 2020

in the context of a transverse pump blue-detuned from atomic resonance, comprising an angle of 60 ° with the cavity. Self-organization
in a Bose-Hubbard setting and the emergence of metastability and
hysteresis has been studied in the Cavity apparatus17 . The group of
Andreas Hemmerich researches self-organization with a cavity whose
decay rate is smaller than the intrinsic atomic energy scale such that
the recoil energy is resolved18 . Within this setting, they studied for
example self-organization with a periodic modulation of the transverse
pump19 . The group of Benjamin Lev studies self-organization where
the atomic cloud is coupled to several transverse modes of the cavity20 ,
as well as self-organization involving both the momentum and the spin
of the atoms21 and its connection to spin-orbit coupling22 . Schuster et
al. have recently realized self-organization in a ring cavity using two
longitudinal, non-interfering pumps23 .

2.2

24

Domokos and Ritsch 2002, Dimer
et al. 2007, Nagy et al. 2008, 2010
25

Dogra 2019

In this part, we will outline the mathematical description of our system.
We start by describing the atom-light interaction in the single particle
Hamiltonian. We derive the many-body Hamiltonian and map it to
the Dicke model. We describe the critical coupling strength required
for the phase transition and explain how we detect the phase transition
in our setup. Lastly, we discuss the excitation spectrum of the phase
transition.
Detailed theoretical treatments of the Dicke phase transition in a
Bose-Einstein condensate coupled to a cavity can be found in several
references24 .
The structure of the sections 2.2.1, 2.2.2 and 2.3.2 is inspired by the
PhD thesis of Dogra25 .

2.2.1
26

Grynberg et al. 2010

From atom-light interaction to the Dicke Hamiltonian

Single-particle Hamiltonian

We start with the Hamiltonian of a single atom coupled to a light
field26 :
Ĥsp = Ĥlight + Ĥatom + Ĥint .

(2.2)

The individual contributions are the Hamiltonian of the light field,
the Hamiltonian of the atom, and the Hamiltonian of the interaction
between the light field and the atom.
Inspired by our experiment, the Hamiltonian of the light field comprises the quantized modes of the cavity:
X
Ĥlight = −~
∆i â†i âi .
(2.3)
i

Here, â†i (âi ) is the creation (annihilation) operator of a photon in
the ith mode of the cavity. The Hamiltonian is written in the rotating
frame of the transverse pump which has the frequency ωTP . Therefore,
the Hamiltonian contains instead of the absolute frequency of the ith
mode ωi the detuning ∆i = ωTP − ωi .
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The Hamiltonian of the single atom reads
(2.4)

The first term describes the kinetic energy of the particle and contains
the momentum operator p̂. The second term describes the external
potential Vext (x̂) with the position operator x̂. The last term describes
the internal energy of the atom. It contains the excited atomic states
|ei i with detuning ∆e,i = ωTP − ωe,i , again using the rotating frame
with the frequencies of the individual excited levels ωe,i . The ground
state manifold is assumed to be degenerate. The transformation to the
rotating frame of the transverse
pump has been performed with the
P
P
†
Hamiltonian Ĥ0 = ~ωTP
i âi âi +
j |ej i hej | .
For the interaction term, we assume the dipole coupling to prevail27 .
The general expression for the dipole coupling between an atom with
dipole moment d̂ and the electric field Ê reads
Ĥint = −d̂ · Ê.

†

αv †
(Ê × Ê) · F̂.
2F

Grynberg et al. 2010

28

Le Kien et al. 2013

29

Maschler et al. 2008

30

Steck 2019

(2.5)

The interaction Hamiltonian can be expressed in terms of dynamical
polarizabilities28 :
Ĥint = αs Ê Ê − i

27

(2.6)

Here, F̂ is the hyperfine spin operator. We work with the F=1 total
angular momentum manifold of 87 Rb. To arrive at equation (2.6),
the rotating wave approximation was applied and the excited internal
atomic states were adiabatically eliminated29 . This latter is justified
in the dispersive limit |∆e,i |  γi , with γi being the linewidth of the
excited internal atomic state30 .
The scalar and vectorial polarizability αs and αv are constants
which depend on the level structure of the element used and on the
frequency of the light field. To attain a non-negligible vectorial coupling strength αv , the wavelength of the classical field needs to be
chosen such that the fine structure of the atom is resolved, which is
the case for our experiments. We have neglected the tensorial polarizability αt since we are not affected by the hyperfine structure of
87
Rb at the employed frequency of the transverse pump of ≈ 382 THz,
which is far detuned from the atomic transitions. For the parameters
chosen in this work, the values are αs = −2.298 × 10−37 C m2 V−1 and
αv = 2.133 × 10−37 C m2 V−1 , such that αv/2αs = −0.464.
The scalar coupling term leads to an energy shift in the atomic
levels which solely depends on the intensity of the light fields. It is this
mechanism which is used in conventional optical trapping of atoms in
light fields31 . The vectorial coupling term describes a polarizationand spin-dependent coupling acting as an effective magnetic field onto
the atomic spin32 .
For a detailed derivation and intuitive picture of the origin of the
scalar and vectorial dipole coupling we refer to the PhD thesis of Dogra33 .
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αv /2
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0
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X
p̂2
+ Vext (x̂) − ~
∆e,i |ei i hei | .
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Figure 2.5: Scalar and vectorial polarizabilities αs and αv for 87 Rb between
770 nm and 810 nm. Figure adapted
from the PhD thesis of Dogra (Dogra
2019).
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34

The electric field operator Ê contains all classical and quantized
light fields:
!
X
Ê = ETP f (x̂)ˆ
TP +
Ê c,i âi gi (x̂)ˆ
c,i e−iωTP + h. c.
(2.7)
i

34

From now on, we will omit the operator hat above the position and momentum operators.

with the amplitudes of the classical and quantized electric fields ETP
and Êc,i , the respective mode profiles f (x̂) and gi (x̂)34 of the standing
waves and the respective polarization unit vectors ˆTP and ˆc,i .
As outlined above, this thesis will discuss the different scenarios
arising from choosing different properties of the classical pump field.
For now, we choose a simple geometry: The transverse pump is
a standing wave along the z−direction and it is polarized along the
y-axis. We consider the two birefringent modes â and b̂ of the same
TEM00 mode of the cavity (since the other modes are far detuned)
with electric field strength per photon E0 . The cavity can only support
standing waves. We write the standing wave in the cavity along its
optical axis x with the two possible polarizations. After transformation
to the rotating frame of the transverse pump, this yields the expression
Ê = ETP cos (kz)ˆ
y + E0 (âˆ
y + b̂ˆ
z ) cos (kx).

35

The cavity is birefringent and the
modes are split by 2.2 MHz in frequency, with the frequency of the
mode closer to the y-axis being larger.
In the rest of the thesis, we will refer to the mode closer to the y-axis
when we quote the detuning. A detailed discussion of the influence of the
two tilted and birefringent eigenmodes
can be found in the PhD thesis of Dogra (Dogra 2019).

(2.8)

For simplicity, we have assumed the two eigenmodes â and b̂ of the
cavity to be parallel to the y- and z-direction. In our setup, the two
eigenmodes are tilted by 22 ° with respect to the chosen coordinate
system35 .
Inserting this electric field into the interaction Hamiltonian (2.6)
results in
†
αv †
(Ê × Ê) · F̂
(2.9)
Ĥint = αs Ê Ê − i
2F
2
= αs ETP
cos2 (kz) + αs E02 (â† â + b̂† b̂) cos2 (kx)
|
{z
} |
{z
}
(1)

(2)







αv †


+ αs ETP E0 (â† + â) + i
(b̂ − b̂)F̂x  cos (kx) cos (kz)
2αs
| {z }

|
{z
}
(3)
(4)

αv
−i E02 (â† b̂ − âb̂† )F̂x cos2 (kx) .
| 2
{z
}

(2.10)

(5)

Term (1) describes the λ/2-periodic lattice potential from the standing
transverse pump field along the z-direction. We can now formally
2
define the lattice depth as VTP = −αs ETP
. For a two-level atom, it
2
~Ω
can also be expressed as VTP = TP/∆a with the Rabi frequency of the
transverse pump ΩTP and the detuning from atomic resonance ∆a .
Term (2) describes the λ/2-periodic lattice potential from the intracavity standing wave along the x-direction. It can be understood as
a shift of the cavity resonance frequency depending on the position of
the atom. We define the maximum dispersive shift through a single
2
atom as ~U0 = αs E02 . For a two-level atom, ~U0 = ~g0/∆a . For
the frequency of the transverse pump chosen throughout this work,
U0 = −2π · 56.3 Hz.
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Term (3) describes the interference potential between cavity and
pump field. This term is responsible for scalar self-organization, as
discussed above. It is an effective pumping of the cavity through the
transverse pump, depending on the position of the atoms. This is reminiscent of the intuitive picture given above. We define the two-photon
p
Rabi frequency ~η = αs ETP E0 = sgn(αs ) ~|U0 VTP | = ΩTP g0/∆a .
Terms (1), (2) and (3) describe processes stemming from the scalar
polarizability αs . Term (4) and (5) describe processes due to the vectorial polarizability. Since they contain a F̂x -term, they describe spinchanging processes. Term (4) contains the same physical process as
term (3), expect that the imaginary quadrature of the other eigenmode
is pumped and the spin is changed. The pumping strength is also
slightly modified according to the strength of αv . Term (5) describes a
photon exchange process between the two cavity eigenmodes, accompanied by a spin change and imprinting a spatial profile of cos2 (kx).
We can neglect the terms containing F̂x and F̂y for a sufficient large
magnetic field B such that µB gF |B|  ~∆c , with the Bohr magneton
µB and the Landé g-factor gF . We call this regime the frozen spin
limit. Spin-changing processes will be considered in chapter 6.
We arrive at the final expression for the single particle Hamiltonian
p2
+ Vext (x)
2m
− VTP cos2 (kz) + ~η(â† + â) cos (kx) cos (kz).

Ĥsp = −~(∆c − U0 cos2 (kx))â† â +

(2.11)

We neglected the terms with the eigenmodes b̂, since in this scenario
they are not coupled to the transverse pump. We set ~ = 1 in the
following.

2.2.2

Many-body Hamiltonian

In this part we extend the description of a single atom in a cavity to a
Bose-Einstein condensate in a cavity. We refer the interested reader to
Baumann et al.36 and the PhD thesis of Baumann37 for more details.
We write the many-body Hamiltonian in second quantization, neglecting collisional atom-atom interactions in the low density limit
Z
 p2
ĤBEC = Ψ̂† (x)
+ Vext (x) − VTP cos2 (kz)
2m

+ U0 â† â cos2 (kx) + η(â† + â) cos (kx) cos (kz) Ψ̂(x)dx
− ∆c â† â.

(2.12)

The atomic field operators Ψ̂† (x) and Ψ̂(x) refer to the external degrees of freedom. The operator Ψ̂† (x) (Ψ̂(x)) creates (annihilates)
a boson at position x. The operators are normalized according to
R †
fulfill
h =i N . They
h
i the bosonic commutation relations
h Ψ̂ (x)iΨ̂(x)dx
Ψ̂† , Ψ̂† = Ψ̂, Ψ̂ = 0, Ψ̂, Ψ̂† = 1.
We expand the wavefunction of the Bose-Einstein condensate Ψ in
a two mode expansion in momentum space. This expansion is valid
as long as the condensate fraction is sufficiently high and only the

36

Baumann et al. 2010

37

Baumann 2011

35

36

momentum states differing in energy by 2Erec are populated. The two
states are
|0i = |px = 0, py = 0, qz = 0i ,
1
|ki = √ (|px = k, py = 0, qz = ki + |px = −k, py = 0, qz = ki).
2
(2.13)
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Dogra 2019
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The ground state |0i describes the Bose-Einstein condensate subject to
the lattice from the transverse pump. The entries refer to the momentum of the atoms along the x- or y- direction. Since there is a lattice
present along the z-direction, we use the quasimomentum qz for the
z-direction. We neglected the weak external trapping potential, since
it is only slowly varying across the extent of the atomic cloud.
The excited momentum state |ki describes the state after a scattering event involving one cavity and one transverse pump photon.
Evaluating the expression in equation (2.12) by employing the twomode approximation for the atomic field operator Ψ̂ results in


N U0
ĤBEC = − ∆c −
â† â + E(VTP ) |ki hk|
2
ηM0 (VTP ) †
(â + â)(|0i hk| + |ki h0|).
(2.14)
+
2
Let us discuss the individual terms in detail. The frequency of the
cavity field is shifted from the bare detuning by the atom-number
dependent dispersive shift U0 N/2. Here we have evaluated the integral
over U0 cos2 (kx) to U0 N/2, which assumes a flat density distribution
along the optical axis of the cavity.
The energy of the excited atomic state |ki is designated by E(VTP )
and depends on the lattice depth of the transverse pump. For zero
lattice depth, the energy difference amounts to 2Erec . Here, one Erec
comes from the momentum along the cavity direction and the other
Erec comes from the momentum along the transverse pump direction.
For increasing lattice depth, the lowest Bloch band of the transverse
pump lattice flattens, reducing the energy difference asymptotically to
0 Erec . Therefore, E(VTP ) reduces asymptotically to 1 Erec for large
lattice depths of the transverse pump.38
The overlap integral M0 (VTP ) = h0| cos (kx) cos (kz) |ki is also lattice depth dependent. It accounts for the change in the Bloch functions
along the z-direction. It monotonically increases from M0 = 0.5 for
√
zero lattice depth to M0 = 1/ 2 for infinitely large lattice depths.39
The many-body Hamiltonian (2.14) can be mapped onto the Dicke
model. We map the momentum modes to collective spin operators via
|0i hk| + |ki h0|
Jˆx =
,
2
(|0i hk| − |ki h0|)
Jˆy = i
,
2
|ki hk| − |0i h0|
Jˆz =
.
2

(2.15)

These spin operators form a representation of the SU(2) group, which
can describe spin-1/2 particles. They fulfill the SU(2) commutation
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h
i
relation Jˆx , Jˆy = iJˆz with all cyclic permutations. The total angular
2
momentum is conserved via Jˆx2 + Jˆy2 + Jˆz2 = N/2(N/2 + 1) ≈ N /4. After
shifting the energy reference by E(VTP )/2, we arrive at the Hamiltonian
˜ c â† â + ω0 Jˆz + √λs (â† + â)Jˆx .
Ĥ = −∆
N

(2.16)

This expression is, up to redefinition of the variables, the same as the
Dicke Hamiltonian in equation (2.17) in the next section. We defined
˜ c = ∆c − N U0/2, the energy of the atomic state
the effective detuning ∆
√
ω0 = E(VTP ) and the scalar coupling strength λs = 2ηM0 (VTP ) N .
The level diagram of the system is illustrated in figure 2.6.

2.3
2.3.1

Properties of the Dicke phase transition
The phase transition in the Dicke model

In 1954, Dicke40 published a paper where he investigated the emission
properties of an ensemble of N two-level atoms prepared in their excited state. If the atoms are sufficiently close in space, meaning within
a fraction of the wavelength, one spontaneous emission of an atom will
trigger a chain reaction such that all atoms emit a photon, and the
photons will be indistinguishable. Due to constructive interference,
the intensity of the emitted photons will be proportional to N 2 . This
collective effect is known as Dicke superradiance or transient superradiance. For an ensemble of N atoms emitting photons independently,
the intensity scales proportional to N .
The Dicke model describes an ensemble of N two-level atoms coupled to a single quantized mode of the electromagnetic field. The
general formulation of the Dicke model reads
λ
Ĥ = ωâ† â + ω0 Jˆz + √ (â† + â)Jˆx ,
N

Figure 2.6: Level diagram.
The
ground momentum state |0i, corresponding to a flat spatial distribution,
is indicated by the solid line. The excited state |ki, corresponding to a λperiodic modulation along the x- and
z-direction, is indicated by the dotted
line. They are separated by the energy
ω0 . The coupling is mediated through
the real quadrature of the cavity light
field polarized along the y-axis, denoted by â.
40

Dicke 1954

41

Hepp and Lieb 1973

42

Wang and Hioe 1973

43

Kirton et al. 2019

44

Kockum et al. 2019

45

Dimer et al. 2007

(2.17)

with the atomic (photonic) excitation frequency ω0 (ω) and the coupling strength λ. Note the similarity to equation (2.16).
In 1973, Hepp and Lieb41 and Wang and Hioe42 showed that there is
a phase transition in the Dicke model from a normal to a superradiant
√
state at a critical coupling strength of λcrit = ωω0 in the thermodynamic limit N → ∞. The superradiant phase exhibits steady-state
superradiance 43 , different from the transient superradiance in the original publication by Dicke.
For long, the major obstacle to experimentally realize the Dicke
phase transition was to achieve sufficiently high coupling strengths.
The regime where the coupling strength between light and matter is
larger than the transition frequencies of the bare atomic and photonic
excitation is the ultrastrong coupling regime44 .
Dimer et al.45 proposed in 2007 to use Raman transitions between
atomic states generated by photons from a cavity and pump field to
reach the ultrastrong coupling regime. This corresponds to a drivendissipative realization of the original Dicke model featuring a secondorder phase transition. Their proposal was slightly adapted in the
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Baumann et al. 2010, Nagy et al.
2010

47

Zhiqiang et al. 2017, Zhang et al.
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experimental realization in the Cavity experiment, where the atomic
excitation happens in the motional state of the Bose-Einstein condensate46 . In this realization, the energy scale of the atomic excitation is
reduced from internal electronic excitations (order of 100 GHz) to the
motional degree of freedom (order of 1 kHz). The energy scale of the
light field is reduced from its absolute frequency (order of 100 GHz) to
the detuning from the transverse pump frequency (order of 10 MHz)
in the rotating frame of the pump field.
The Dicke phase transition has also been realized with thermal
atoms in a spin-1 Dicke model47 .

2.3.2

Critical lattice depth and symmetry of the transition

There are many possible ways to derive the critical coupling strength,
which is used to subsequently infer the critical lattice depth. We will
sketch here one such option which uses the Heisenberg-equations of
motion and the mean-field energy after cavity elimination. We will
also discuss the symmetry breaking at the phase transition.
We calculate the Heisenberg equations of motion of the cavity field
operator â:
dhâi
λs
˜ c )hâi.
= −i √ hJˆx i − (κ − i∆
dt
N

(2.18)

We have taken the average of the operator â, omitting the quantummechanical fluctuations. We added the effect of cavity dissipation
through the term −κhâi.
We adiabatically eliminate the cavity by setting dhâi
dt = 0. This is
justified for our experiments since the dissipation rate κ of the cavity
light field is on the order of 1 MHz and therefore much larger than the
motional frequency ω0 on the order of 1 kHz. We arrive at
λs
1
hâi = √
hJˆx i.
˜
N (∆c + iκ)

(2.19)

This equation implies that a finite cavity field is equivalent to a finite
value of hJˆx i and therefore a finite coherence between the two momentum states. This expresses in mathematical terms what we described
above: A finite intra-cavity light field is linked to a finite atomic density
modulation. Hence, hJˆx i is an order parameter of the phase transition.
The operators â and Jˆx are also linked to the Z2 symmetry which
is broken at the phase transition. The Hamiltonian (2.16) has the
symmetry â → −â, Jˆx → −Jˆx . This symmetry corresponds to the
system choosing the phase 0 or π of the intra-cavity light field, and
occupation of the even or odd checkerboard lattice sites.
We obtain an expression for the ground state energy as a function
of the mean-field values hJˆx i and hJˆy i by inserting equation (2.19) into
equation (2.16) and eliminating hJˆz i through the particle conservation
law:

−ω0

r

Eground (hJˆx i, hJˆy i, hJˆz i) =
N2
|λs |2 ∆˜c
− hJˆx i2 − hJˆy i2 +
hJˆ i2 .
˜ 2c + κ2 x
4
N ∆

(2.20)
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For this mean-field expression, we have neglected quantum fluctuations
and correlations via setting hJˆi2 i = hJˆi i2 and hâJˆx i = hâihJˆx i 48 . The
system will always choose the values of hJˆx i, hJˆy i, hJˆz i such that the
ground state energy is minimized. We now expand the expression for
the ground state energy in the normal phase, where hJˆx i = hJˆy i = 0
and hJˆx i = −N/2. We obtain
N
Eground (hJˆx i = 0, hJˆy i = 0, hJˆz i = − ) ≈
2
!
2
ˆ
˜
N
hJx i
hJˆy i2
∆c
−ω0 + ω0 + λ2s
+ ω0
.
˜ 2c + κ2
2
N
N
∆
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(2.21)

We see that the normal phase gets instable if the prefactor of hJˆx i2
becomes negative. If this is the case, there is a new global minimum
for the system which can be reached for a finite value of the order
parameter hJˆx i. This predicts a phase transition at a critical coupling
strength of
s
˜ 2 + κ2
∆
.
(2.22)
λcrit = ω0 c
˜c
−∆
p
˜ c ω0 for setting
This expression equals the expression λcrit =
−∆
κ = 0.
We translate the critical coupling strength into the critical lattice
depth by combining the definitions in section 2.2.2:
crit
VTP
=

crit ˜ 2
)(∆c + κ2 )
~ω0 (VTP
.
crit )∆
˜ c U0
4N M02 (VTP

(2.23)

The critical lattice depth is influenced by various factors. The effect of
the cavity dissipation, of the dispersive shift and of the lattice depth
dependence of ω0 and M0 have been summarized above. More details on these effects plus a detailed discussion of the influence of the
birefringence in the cavity can be found in the PhD thesis of Dogra49 .

2.3.3

Driven and dissipative realization

We realize a driven and dissipative version of the Dicke model phase
transition in our experimental setup. This has different implications.
First, as we have just discussed, the cavity dissipation shifts the critical point. Prior work investigated how the presence of dissipation
influences the scaling of fluctuations close to the phase transition50 .
Second, the cavity dissipation enables us to monitor the system’s dynamics continuously via the photons leaking out of the cavity51 . This
major feature constitutes the basis for most of our experimental observations.
Dissipation can in a certain setting and parameter regime also fundamentally influence the system and lead to the emergence of new regions in the phase diagram. We discuss the emergence of a dissipationinduced instability in the realization of a Hamiltonian different from
the Dicke Hamiltonian in chapter 5.
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Influence of atomic collisional interactions

Lastly, we discuss the influence of contact interactions. As has been
demonstrated in Baumann et al.52 , the interactions renormalize the
atomic energy according to ω0 → ω0 + 4Eint . The interaction energy
is determined by
Z
g
Eint =
|Ψ0 (x)|4 dx
(2.24)
2N
2
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a
87
with g = 4π~
Rb and
m , where a = 103a0 is the scattering length of
a0 = 52.9 pm is the Bohr radius. The ground state wavefunction Ψ0
is calculated from the Gross-Pitaevskii equation53 . The interaction
energy amounts to ≈ 0.5 Erec for deep transverse pump lattices. This
corresponds to a relevant increase in the critical coupling strength.
More details on the calculation of the interaction energy can be found
in the PhD thesis of Dogra54 .

2.3.5
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Excitation spectrum

The excitation spectrum provides further insights into the origin of the
phase transition. This section summarizes the results from Emary et
al.55 . This work provides, amongst others, an analytical calculation of
the spectrum of the Dicke Hamiltonian in the thermodynamic limit,
corresponding to the excitation energies. The theoretical analysis in
chapter 6 will use the methods presented below. The notation has
been adapted to fit the rest of this thesis.
The starting point is the Dicke Hamiltonian from equation (2.17).
The angular momentum operators are mapped on a single bosonic
operator b̂ using the Holstein-Primakoff transformation56
√
√
Jˆ+ + Jˆ−
ê† N − ê† ê + N − ê† êê
=
(2.25)
Jˆx =
2
2
N
Jˆz = ê† ê −
(2.26)
2




with ê, ê† = 1, [ê, ê] = ê† , ê† = 0.
The Hamiltonian then reads


N
†
ĤHP = ω0 ê ê −
+ ωâ† â
2
p
p
(2.27)
+ λ(â† + â)(ê† N − ê† ê + N − ê† êê).
The Dicke model has been rephrased as a problem with two bosonic
oscillators. The expression for the system Hamiltonian in equation
˜ c and λ = λs/2√N .
(2.16) is recovered for ω = −∆
Emary et al. displace the bosonic modes via
p
√
â† → ĉ† + α, ê† → fˆ† − ζ
(2.28)

with α, ζ ∈ R and O(α) = O(ζ) = N . This assumes that both bosonic
modes can acquire macroscopic mean-field values α and ζ, but still
retain their quantum mechanical fluctuations.
Subsequently, Emary et al. derive an effective Hamiltonian for the
normal and the superradiant phase each.

Self-organization and the Dicke phase transition

41

In the normal phase (λ < λcrit ), the two bosonic modes are not
macroscopically populated such that â† → ĉ† , ê† → fˆ† . This results
in the fluctuation Hamiltonian for the normal phase
Ĥnp = ω0 fˆ† fˆ + ωĉ† ĉ
N
+ λ(ĉ† + ĉ)(fˆ† + fˆ) − ω0 .
2

(2.29)

Finding the spectrum and eigenvectors of the Dicke Hamiltonian in
the normal phase is equivalent to diagonalizing this fluctuation Hamiltonian.
We call the eigenvectors the modes of the physical system. The
eigenvalues give the energy of these modes, which is equivalent to the
energy needed to create one excitation from the ground state into that
particular mode. We therefore refer to the set of eigenvalues also as
the excitation spectrum of the Hamiltonian.
Emary et al. provide an analytic solution through transforming the
Hamiltonian such that they can express it through two independent
harmonic oscillators. These two independent harmonic oscillators are
the atom- and photon-like eigenmodes. These designations will be
explained below. We just provide the final result of the eigenenergies
of these modes in the normal phase without further calculation steps:


q
1
np 2
2
2
2
2
2
2
± =
ω + ω0 ± (ω0 − ω ) + 16λ ωω0 .
(2.30)
2

This expression is only valid as long as the coupling strength is below
its critical value for the phase transition.
In the superradiant phase (λ > λcrit ), the two bosonic modes are
replaced according to (2.28) with finite values of the mean-field expectation values. This results in the Hamiltonian


p †

√
N
†ˆ
ˆ
ˆ
ˆ
Ĥsrp = ω0 f f − ζ(f + f ) + ζ −
+ ω ĉ† ĉ + α(ĉ† + ĉ) + α
2
r
p
p p 
√  p
k †
ĉ + ĉ + 2 α fˆ† ξ + ξ fˆ − 2 ζ ξ
+λ
(2.31)
N
s
√
fˆ† fˆ − ζ(fˆ† + fˆ)
with ξ = 1 −
(2.32)
k
and k = N − ζ. In the process of diagonalization, expressions for the
mean-field values are found57
r
√
2λ N
α=
(1 − µ2 ),
(2.33)
ω
4
r
p
N
ζ=
(1 − µ),
(2.34)
2
ωω0
λ2crit
µ=
=
.
(2.35)
4λ2
λ2
The eigenvalues of the two independent oscillators in the superradiant phase are given by
s
 2
2
ω0
ω02
srp 2
2
2
= 2 +ω ±
−
ω
+ 4ω 2 ω02 .
(2.36)
2 ±
µ
µ2

57

Note that due to the redefinition of
λ, the critical coupling strength differs
by a factor of two from the expression
given in the previous sections.
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This expression is only valid as long as the coupling strength is above
its critical value for the phase transition.
We have plotted the eigenvalues in the normal and superradiant
phase for ω0 = ω = −∆c = 1 in figure 2.7. These are the commonly
used values in theoretical works. They result in good visibility of
all relevant features in the graphs and improve numerical stability of
relevant calculations. We can identify one mode (red) which is lowering
its energy (it is softening) in the normal phase, until it reaches zero
at the phase transition. Since its occupation costs zero energy at the
phase transition point, it will then be macroscopically populated and
the new ground state will be two-fold degenerate. The energy of the
other mode (blue) is increasing (it is hardening).
Figure 2.7: Excitation spectrum of the
Dicke model for ω0 = ω = −∆c = 1.
These are parameters typically used
in theoretical works. The excitation
energy  is plotted as a function of
the normalized coupling strength. The
atomic (photonic) mode is shown in
red (blue).
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Figure 2.8: Excitation spectrum of the
Dicke model for ω0 = 2π · 7.4 kHz and
∆c = −2π · 10 MHz. These are typical parameters which we can realize in
our experimental setup. The excitation energy  is plotted as a function
of the normalized coupling strength.
The atomic (photonic) mode is shown
in red (blue).
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We show the same plot for typical values ω0 = 7.4 kHz, ω = −∆c =
10 MHz which we can reach in our experimental setup in figure 2.8. As
we can understand by looking at the equations (2.30) and (2.36), the
two modes will have a very large energy difference. Therefore, we plot
the energetically lower mode, whose energy is dominated by the atomic
energy scale ω0 , in figure 2.8(a). The energetically higher mode, whose
energy is dominated by the photonic energy scale ω, is plotted in figure
2.8(b). It is changing only on the scale of Hz. Comparing this plot
with figure 2.7 motivates why the mode which is softening is called the
atomic mode, and the mode which is hardening is called the photonic
mode.
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An experimental investigation of the excitation spectrum in our experimental realization of the Dicke phase transition is presented in
Mottl et al.58 . The photonic mode has not been measured experimentally, since it has a very low population due to the high excitation
energy. Therefore, only the atomic mode has been investigated and
the photonic mode is not discussed in these experimental works.
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3
Real-time feedback on a quantum
gas coupled to an optical cavity
Feedback plays an essential role in quantum optics and atomic physics.
It is often used to stabilize experimental parameters. Recently, theoretical proposals have suggested to employ feedback to engineer and
control new non-equilibrium phases and phase transitions.
Our setup is an ideal candidate to realize these proposals, since
our combined atom-cavity system undergoes a phase transition, and
leakage through our cavity mirrors allows for non-destructive real-time
readout of the system’s state.
In this chapter, we present a feedback scheme which is able to stabilize the mean intra-cavity photon number both for low intra-cavity
photon numbers close to the self-organization phase transition and
for high mean intra-cavity photon numbers deep in the self-organized
phase. This scheme is an important building block for implementing
feedback schemes with the aim of engineering new phases of matter.
We first review the current applications and possible future uses of
feedback schemes in the field of quantum gases, specifically in systems
with phase transitions. We discuss how we can employ feedback in
our system. Next, we describe the technical implementation of our
feedback scheme. We then present experimental realizations with and
without the feedback and demonstrate stabilization of the mean intracavity photon number in a wide range.
Parts of this chapter have been published in
K. Kroeger, N. Dogra, R. Rosa-Medina, M. Paluch, F. Ferri, T. Donner, T. Esslinger
Continuous feedback on a quantum gas coupled to an optical
cavity
New J. Phys. 22(3):033020 (2020)
https://doi.org/10.1088/1367-2630/ab73cc

and the accompanying supplementary information.
Amongst others, the figures 3.2 and 3.7 and the associated discussions are additional, not previously published material.
We thank Tobias Delbrück and Chang Gao from the Sensors Group
in the Institute of Neuroinformatics, University of Zurich and ETH
Zurich, for stimulating discussions and helpful advice. We thank the
electrical engineer Alexander Frank for support regarding the hardware
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of the feedback circuit.
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Feedback in quantum gases

A characteristic of cold atom experiments is that most probing techniques are inherently destructive1 . This requires experiments to be
repeated many times with the same initial conditions, so that statistically significant findings can be derived. The successive preparation
of the system with identical parameters proves challenging and therefore often requires postselection or additional procedures during state
preparation. In a recent experiment, non-destructive Faraday imaging was employed to measure the atom number and feedback onto the
optical evaporation to prepare a number stabilized ultracold atomic
cloud2 . In other experiments, the transmission spectrum of a cavity
was monitored to trigger the start of the experiment once a set atom
number, detected via the dispersive shift of the cavity resonance, was
reached3 .
Dispersively coupling an atomic gas to a cavity comes with a nondestructive measurement channel. The continuous photon leakage
through the cavity mirrors can be used to monitor the evolution of
the system in real time. So why not use this real-time readout to provide real-time feedback to the system? So far, feedback in cold atoms
experiments has often been used to stabilize the experimental conditions. Recently, theoreticians have discovered feedback as a tool to
control phase transitions and engineer novel non-equilibrium phases in
driven many-body systems.
Ultracold atomic quantum gases are a well-suited platform to study
transitions and crossovers between different phases of matter. Prominent examples are the phase transition from a thermal gas to a BoseEinstein condensate4 and between a superfluid and a Mott insulator5 , or the crossover between a Bose-Einstein condensate of molecules
and a Bardeen-Cooper-Schrieffer superfluid of loosely bound pairs in
quantum degenerate Fermi gases6 . Another well studied example is
the transition to a superradiant or self-organized phase in the drivendissipative Dicke model, which has been realized in the Cavity experiment7 .
One recent theoretical proposal suggests that the combination of
feedback and weak measurements can realize new feedback-induced
phase transitions and enable control of their critical exponent8 . The
simulations of interesting many-body problems like spin-bath models, Ising type interactions, the Lipkin-Meshkov-Glick model and Floquet time crystals through specifically engineered feedback schemes
have also been proposed9 . Applying time-delayed feedback to the
driven-dissipative Dicke model opens the prospect of studying nonequilibrium dynamics with fixed points and limit cycles in the superradiant regime10 .
The Cavity apparatus has the capabilities to continuously monitor
the intra-cavity light field via the photons leaking through the cavity
mirrors, and prepare a coupled atom-light system which can undergo
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a phase transition. These two features combined make it a well suited
candidate to realize the theoretical schemes discussed above.

3.2

The goal of stabilizing mean intra-cavity photon numbers

As a first step on the path to influencing phases and phase transitions
through tailored feedback algorithms, we aim to construct a feedback
scheme to resolve an experimental challenge: Stabilizing a constant
mean intra-cavity photon number both close to the phase transition
as well as deep in the self-organized phase.
We start by preparing a degenerate Bose gas inside a high-finesse
optical cavity. Above a critical depth of the transverse pump lattice,
the combined atom-cavity system undergoes a Dicke phase transition
to a self-organized state.
When the transverse pump lattice depth is ramped up to a constant
value above the critical lattice depth, the mean intra-cavity photon
number decreases over time. This decline is caused by the presence
of the light fields which leads to heating of the atomic cloud through
spontaneous emission and subsequent atom loss. A decrease in atom
number results in a lower collective atom-field coupling strength λ =
p
2M0 (VTP ) |VTP U0 N |, see section 2.2. To maintain the same mean
intra-cavity photon number, a decrease in atom number needs to be
compensated by an increase in the transverse pump lattice depth:
r
β
α
α2
VTP =
+
− 2,
(3.1)
2
2N
4N 4
N
(∆2 + κ2 )nph
with α = 2c
(3.2)
M0 (VTP ) · U0
(∆2c + κ2 )2 ω02 (VTP )
and β =
.
(3.3)
16∆2c M04 (VTP )U02
This effect is especially pronounced for high mean intra-cavity photon
numbers, where the system is deep in the self-organized phase.
As the intra-cavity light field is related to the order parameter of
the self-organization phase transition, it provides in principle real-time
access to critical properties such as the fluctuations of the order parameter. Just after the system crosses the phase transition point, the
atomic modulation is weak and the mean intra-cavity photon number is low. As the system behaves non-linearly close to criticality11 ,
it is highly susceptible to any drifts of experimental parameters. This
complicates studying the system in the vicinity of the self-organization
phase transition. For example, investigating fluctuations has so far
been challenging and has required many experimental runs and a sophisticated data analysis12 .
To overcome these two challenges, we designed a microcontroller
based feedback architecture which stabilizes the mean intra-cavity photon number. The idea is schematically shown in figure 3.1. We make
use of the non-destructive and continuous readout of the system’s state
provided by the cavity. The signal processing unit calculates the cur-
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Brennecke et al. 2013, Landig et al.
2015
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rent mean photon number from the signal recorded by the heterodyne
detector. It determines the deviation from the desired mean photon
number and calculates the feedback signal required to stabilize the
system. The feedback signal is sent to the intensity control of the
transverse pump laser field.

3.3
Figure 3.1: Sketch of the feedback
scheme. The intra-cavity light field
leaks through the cavity mirrors and
is recorded by a heterodyne detector
(green box). The signal processing
unit calculates the present mean intracavity photon number and the feedback signal required to stabilize it to
a set value (orange box). The feedback signal is sent to the intensity control of the transverse pump (blue box).
When the feedback is not enabled, an
external control signal is sent to the intensity control of the transverse pump.
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Figure 3.2: Shot noise scaling of the
photon signal. The variance of the
photon number nph scales linearly
with respect to the signal itself. Each
data point is averaged over about 10
repetitions.
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Feedback architecture

After establishing the general idea behind the feedback, we now detail
the software and hardware design of the feedback architecture. The implementation of the feedback scheme facilitates flexible modifications,
such that more complex control schemes are simple to realize.
Figure 3.3 depicts the details of the optical heterodyne measurement, the signal processing stages and the feedback circuit.
The light field leaking through one of the cavity mirrors is interfered with a local oscillator laser beam (LO) on a beam splitter and
sent to two balanced photodiodes. The frequency of the LO is offset
by δω = −2π · 59.55 MHz from the transverse pump frequency. The
difference signal of the two photodiodes is split, partly phase-shifted
and subsequently down-mixed in an analog mixer with a frequency of
δωA = 2π · 59.503 MHz. These two quadratures are further digitally
down-mixed with a variable frequency δωD in the digital controller.
The resulting quadratures are referred to as I(t) and Q(t).
The digital controller is implemented onto the Xilinx Zynq-7000
System-On-Chip architecture placed on a Zybo Z7-20 board from Digilent. The chip includes a field programmable gate array and a central
processing unit (ARM Cortex-A9 processor). The field programmable
gate array was not used for calculations in this project.
The voltage from the balanced heterodyne detector is acquired every
3.2 µs by an analog-to-digital converter. We use δωD = 2π · 47 kHz
to obtain information about the light field stemming from the selforganization process. We calculate the time-dependent mean intracavity photon number nph (t) of the intra-cavity light field from the
quadratures I(t) and Q(t) via nph (t) = s−1 · |I(t) + iQ(t)|2 . The
heterodyne detector has a sensitivity of s = 1.61(5) V2 per intra-cavity
photon. The sensitivity takes into account all losses of the optical
system and the quantum efficiency of the detector.
The detection system is shot-noise limited, confirmed by measuring the noise for different LO powers as shown in the PhD thesis of
Landig13 . The noise of the signal scales linearly with respect to the
signal itself as shown in figure 3.2. The exact scaling factor between
variance and photon number depends on the integration time used. For
increasing integration time, the slope will decrease. Here, the voltage
signal is integrated over 5 µs by the heterodyne card. The variance and
mean of the photon number are calculated for the raw photon trace
without any additional averaging in the postprocessing. For a single photon counting module, the natural choice of integration time to
benchmark the shot noise of the signal would be the minimum achievable binning time, since it counts a discrete quantity. A natural choice
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for the integration time to benchmark the shot noise of the signal is
less obvious for a heterodyne detector because it measures the electric
field, which is a continuous quantity14 .
The error signal for the feedback algorithm is calculated as the difference between the set mean photon number n0 (t) and the measured
mean photon number nph (t):
e(t) = n0 (t) − nph (t).

(3.4)
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The electric field is measured as a
voltage, which is indeed quantized on
the level of electrons. But we are far
from measuring single electrons with
our setup and therefore treat the voltage as a continuous quantity in this
discussion.

The feedback signal c(t) is determined through the formula
c(t) = c(t − ∆t) + p · e(t),

(3.5)

where t is the current time, ∆t = 6.4 µs is the time step corresponding
to the output sampling rate of the digital-to-analog converter and p
is an adjustable gain. The mean intra-cavity photon number nph (t) is
calculated with an averaging window of ≈ 200 µs to be less sensitive
to noise and fluctuations. This limits the bandwidth of the circuit’s
response to fBW ≈ 5 kHz. The system response is governed by the
energyscale Erec , which translates to a frequency of 3.7 kHz. As shown
in figure 2.8(a), the response frequency of the system, given by the
excitation energy, approaches zero close to the phase transition. The
feedback acts hence much faster than the system can respond.
The overall delay in the feedback signal amounts to ≈ 200 µs and is
dominated by the integration time of the acquired signal. More details
on the microcontroller and the implemented algorithm can be found
in the semester thesis of Paluch15 .
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Paluch 2019b

Figure 3.3: Details of the feedback
architecture. The intra-cavity light
field was recorded with the old heterodyne detector. The digital controller is implemented on the Xilinx
Zynq-7000 System-On-Chip architecture. The calculated feedback signal c(t) is sent to the intensity regulation of an acousto-optic modulator
(AOM) in the transverse pump path,
changing the value of the pump lattice
depth VTP (t) (blue box). Frequencies
are adjustable and set to δω = −2π ·
59.55 MHz, δωA = 2π·59.503 MHz and
δωD = 2π · 47 kHz for the measurements presented.

The intensity of the transverse pump is regulated via the transmission through an acousto-optic modulator controlled by analog electronics. A change in intensity is equivalent to a change in the transverse
pump lattice depth VTP (t). The setpoint for the transverse pump intensity regulation is either steered externally or dynamically adjusted
to the calculated feedback signal c(t). For the case without feedback
activated, we did not observe any difference if the regulation signal for
the intensity control of the acousto-optic modulator was directly sent
to the device or first propagated through the digital control unit.
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Measurements of self-organization with and without feedback

We prepare a nearly pure Bose-Einstein condensate of 87 Rb with N =
63(5) × 103 atoms in the Zeeman state |F = 1, mF = −1i. The trap
frequencies amount to fx = 195(2) Hz, fy = 40.8(3) Hz and fz =
119.6(2) Hz. The transverse pump is y-polarized and its wavelength
amounts to λTP = 784.7 nm. Its frequency is red-detuned by ∆c =
−2π · 15.011(87) MHz from the cavity resonance frequency. This detuning is kept constant in the experiments presented in this chapter.
The lattice depth of the transverse pump is calibrated via Raman-Nath
diffraction16 .

3.4.1

Stabilized photon traces

Figure 3.4:
Comparison of selforganization with (red) and without
(gray) feedback applied. (a) Mean
intra-cavity photon number nph (t)
recorded with the heterodyne detector for both scenarios. (b) Lattice
depth VTP (t) of the transverse pump
for the stabilized and non-stabilized
case. Data is displayed using a moving
average window of 5 ms. (c) Absorption images of the atomic cloud after
a sudden switch off of the transverse
pump power for different hold times
when the system is subject to feedback. The images are saturated to
an optical density of OD=0.8 to allow
for better visibility of the momentum
peaks. The dashed lines in (a) and (b)
indicate the hold times for the images
shown in (c).

We compare measurements with and without the active feedback
scheme in figure 3.4. For the measurement without feedback, the ramp
of the transverse pump lattice depth follows a predefined protocol: The
lattice depth is first increased via an s-shaped ramp within 20 ms to its
final value of 5.09(6) Erec . The s-shaped ramp is defined by the formula
2
3
VTP (t) = VTP,start + (VTP,end − VTP,start ) · (3 (t/t0 ) − 2 (t/t0 ) ), with
the initial (final) lattice depth VTP,start (VTP,end ), the time t and the
ramp duration t0 . The lattice depth is subsequently held at a constant
value for 1 s and finally decreased via an s-shaped ramp within 20 ms.
The transverse pump lattice depth for this protocol is depicted as the
gray curve in figure 3.4(b). The mean intra-cavity photon number is
shown in figure 3.4(a). It initially reaches nph = 17.76(8) (calculated
using a moving average window of 5 ms), but decays to half its value
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within 160 ms. There is no signal from self-organization left after about
600 ms.
We contrast these results with the measurements with feedback.
The transverse pump lattice depth is again increased via an s-shaped
ramp within 20 ms to 4.45(5) Erec . The feedback scheme however takes
over control as soon as half of the set mean photon number is reached
and then steers the ramp of the transverse pump lattice depth. The
mean photon number is stabilized to nph = 12.2(3) for more than
1.8 s. The sudden decrease in the mean photon number results from
switching off the transverse pump power at a maximum lattice depth
of 44.5(5) Erec . This value is the technical upper limit of the transverse
pump lattice depth in our feedback scheme due to the dynamic range
of the microcontroller. With feedback, the transverse pump lattice
depth is increased in a non-linear fashion. This behavior is discussed
in more detail below.

Absence of features in the spectrogram
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Figure 3.5: Spectrogram of the intracavity light field when the system is
stabilized to nph ≈12.2 mean intracavity photons. Besides the coherent
signal at 0 kHz, there are no other features in the spectrogram.

−6

We investigate how the intra-cavity light field changes during the
course of the hold time by plotting in figure 3.5 the spectrogram of
the data depicted in figure 3.4(a). We obtain the intra-cavity field
α∗ (t) = I(t) + iQ(t) from combining the two quadratures I(t) and
Q(t) after demodulating at δωD = 2π · 47 kHz and converting it into
photon numbers. We calculate the power spectral density (PSD) via
PSD(f )=|FFT(α)|2 (f ). Here, f is the frequency and we define the fast
√ P
Fourier transform (FFT) as FFT(α)(f ) = dt/ T i α∗ (ti )e−i2πf ti ,
where ti is the ith time step, ti+1 − ti = dt = 5 µs is the sampling time
and the FFT is performed over a time window T 17 . For plotting the
spectrogram, the timetraces are divided in time intervals of T = 10 ms
with an overlap of 50 % between subsequent intervals.
We observe a coherent signal at the frequency of the transverse
pump (fTP = 0 kHz) during the complete hold time. Within our detection sensitivity, we do not see any additional features arising in the
spectrum during the system’s evolution. In particular, the spectrogram
does not exhibit features at intrinsic atomic scales ω0 = 2π · 7.4 kHz,
nor at technical frequencies fBW ≈ 5 kHz. We therefore do not observe any spectral features which can be related to the evolution of the
system evolving from the two-mode to the multi-mode case.

17
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3.4.3
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Figure 3.6: (a) Atom number and (b)
condensate fraction after exposing the
system to the feedback stabilizing at
nph ≈ 12.2 mean intra-cavity photons for different hold times. Data
points are averages over five repetitions and error bars correspond to the
standard error of the mean. Error bars
lie within data points.

(a)
N[x103 ]

Black et al. 2003

Absorption images of the atomic cloud after it has been exposed to
feedback are shown in figure 3.4(c). The images were taken after suddenly switching off the transverse pump after variable hold times. The
hold time is defined as the time we let the system evolve after the
initial ramp-up stage of 20 ms. We obtain the momentum distribution
via the absorption images after 8 ms of ballistic expansion.
For short hold times, sharp momentum peaks are visible in the
absorption images. We can understand these momentum peaks by
invoking the two-mode description of the atomic cloud in momentum
space, as introduced in section 2.2.2. The momentum peaks at px =
0, pz = 0 and at px = ±~k, pz = ±~k signal the occupation of the zero
momentum mode |0i and of the excited momentum mode |ki. The
momentum peaks at px = 0, pz = ±2~k stem from the mere presence
of the transverse pump lattice.
The visibility of the higher momentum peaks decreases for increasing hold times, signaling a loss of atomic coherence. Simultaneously,
the thermal fraction increases. This behavior is due to the transverse
pump heating the atomic cloud, leading to the population of higher momentum states not captured by the two-mode description. Eventually
we observe self-organization of a density-modulated but completely
thermal atomic cloud18 . The exact theoretical description of the evolution from self-organization in a two-mode system to self-organization
in a multi-mode system is the subject of ongoing theoretical efforts19
and beyond the scope of the work presented in this chapter.
As described above, the transverse pump lattice depth for the case
with feedback is increasing in a non-linear and convex fashion. Qualitatively, we comprehend the shape of the curve by considering atom
loss. The atom loss is compensated with a higher transverse pump
lattice depth, which leads to further heating and atom loss, requiring
an even higher transverse pump lattice depth.
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To quantify the atom loss, we measure the number of atoms in the
atomic cloud after exposing the system to the feedback for different
hold times. For these measurements, the feedback is stabilizing at approximately 12.2 mean intra-cavity photons. We initially follow the
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Stabilization on different mean intra-cavity photon numbers

In an additional set of experiments, we explore the range of mean
intra-cavity photon numbers which the feedback scheme can stabilize.

40
30

VTP [ER ]

ramp protocol as described above. Instead of suddenly switching off
the transverse pump lattice, we adiabatically ramp down the transverse pump intensity with an s-shaped ramp within 20 ms to retrieve a
harmonically trapped cloud. We then switch off all trapping potentials
and let the cloud ballistically expand for 8 ms. We subsequently record
absorption images. Due to limited data availability, the last data point
is extracted from a measurement following a sudden switch off of the
transverse pump. We fit individual absorption images with a bimodal
distribution in 2D, consisting of a Thomas-Fermi and a Gaussian profile. The resulting atom number for different hold times is shown in
figure 3.6(a).
We observe that the atom number stays approximately constant in
the first 100 ms. After that, the atom number decay follows a linear
trend. We fit the atom number decay (excluding the first two points)
with a linear function and calculate the transverse pump lattice depth
required to maintain a constant mean-intra cavity photon number using equation (3.1). This relation is only valid in the two-mode approximation. From figure 3.1(c), we infer that the two mode-approximation
is only valid within the first couple 100 ms. The result is shown in
figure 3.7.
The red line shows the measured transverse pump lattice depth for
the stabilized case and is identical to the trace in figure 3.1(b). The
calculated transverse pump lattice depth is shown in dotted gray. The
obtained curve is offset from the data due to an issue in our atom
number and photon calibration, a mismatch of factor ≈ 0.5 which
has been observed in our setup for some time and is also discussed
in section 5.8.2. The dashed black curve is the dotted gray curve
multiplied with 0.42. This number was chosen to match the curves
in the beginning of the trace, where the two-mode approximation is
valid. We obtain a similarly convex shaped curve as the feedback
circuit produced. The slope matches well with the slope seen in the
data in the first couple 100 ms. For larger times, the slope predicted
by the model is steeper than what the feedback circuit produced.
Using the same dataset and evaluation method, we extract the condensate fraction NBEC/N after exposing the system to the feedback for
different hold times and plot it in figure 3.6(b). Here, NBEC is the
atom number in the Bose-Einstein condensate. From this analysis
we conclude that the condensate fraction decreases continuously and
eventually vanishes in the course of the stabilization.
Therefore, if we want to stabilize the mean-intra cavity photon number and at the same time keep a high condensate fraction such that
the two-mode approximation for the momentum states of the Dicke
model applies, we have to choose short hold times.
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Figure 3.7:
Calculated transverse
pump lattice depth.
Red solid
line: Measured transverse pump lattice depth when feedback is applied,
same data as in figure 3.4(b). Gray
dotted curve: Theoretically calculated
transverse pump lattice depth from
atom loss using the two-mode approximation. Black dashed line: Rescaled
gray dotted curve.

nph
0.17(4)
0.30(6)
0.58(7)
3.28(18)
6.8(2)
13.7(3)
20.6(4)
27.6(5)

r
1.016(10)
1.029(20)
1.040(25)
1.051(10)
1.122(20)
1.202(20)
1.352(10)
1.507(20)

Table 3.1: Stabilized photon number
0
nph and ratio r = VTP
/VTP,crit for the
data shown in figure 3.8.
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The critical transverse pump lattice
depth VTP,crit of the self-organization
phase transition is extracted from fitting the photon trace with the function nph (t) = o + a · max(0, (VTP (t) −
VTP,crit ))γ , where o, a and γ are additional fit parameters.
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The data in figure 3.8(a) and (c) demonstrate that stabilization is possible in a wide range from nph = 0.17(4) to nph = 27.6(5). Due to the
increased non-linearity close to the phase transition, the stabilization
at low photon numbers nph < 1 requires adjustments: The feedback
algorithm takes over control only after the set photon number n0 is
reached, and the gain settings both in the feedback software and transverse pump intensity regulation need to be adjusted.
We quantify where the stabilization is engaged relatively to the
0
0
phase transition by calculating the ratio r = VTP/VTP,crit . Here, VTP
is
the first value of the transverse pump lattice depth where the desired
photon number is reached. The critical transverse pump lattice depth
required for self-organization amounts to VTP,crit = 3.63(25) Erec .20
The respective values of nph and r for all traces shown in figure 3.8 are
given in table 3.1. For the highest photon number nph = 27.6(5), the
0
stabilization starts for VTP
being 50.7(20) % larger than the critical
lattice depth of the self-organization phase transition. For the lowest
achieved photon number nph = 0.17(4), we start the stabilization at a
0
VTP
which is only 1.6(10) % above the critical transverse pump lattice
depth, well within the critical regime of this phase transition21 .

Figure 3.8: Stabilization of the mean
intra-cavity photon number nph in a
wide range by the feedback scheme.
We can stabilize the system both close
to the phase transition and deep in
the self-organized phase. (a) Constant mean intra-cavity photon number traces of nph = 27.6(5), 20.6(4),
13.7(3), 6.8(2), 3.28(18), and (zoom in
(c)) nph = 0.58(7), 0.30(6), 0.17(4).
(b) Corresponding transverse pump
lattice depths, as set by the feedback
circuit. Data is displayed using a moving average window of 5 ms.

3.5

Conclusions

This chapter presented an active feedback scheme which acts in realtime on the state of a dispersively coupled atom-cavity system undergoing the Dicke model self-organization phase transition. We stabilize the mean intra-cavity photon number through a micro-processor
controlled feedback architecture acting on the intensity of the transverse pump field. The feedback scheme can keep the mean intra-cavity
photon number nph constant, in a range between nph = 0.17(4) and
nph = 27.6(5), and for up to 4 s. Thus we can engage the stabilization
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in a regime where the system is very close to criticality as well as deep
in the self-organized phase.
We analyzed the effects of the feedback scheme on the intra-cavity
light field and the atoms. We did not, besides the stabilization of
the mean intra-cavity photon number, observe additional features in
the intra-cavity light field stemming from the feedback. We concluded
that during the time where the feedback is applied, the atomic cloud
is evolving from an almost pure Bose-Einstein condensate to a thermal
cloud.
The presented scheme allows us to approach the self-organization
phase transition in a highly controlled manner and is a first step on the
path towards the realization of many-body phases driven by tailored
feedback signals.
A subsequent master thesis22 made several improvements to the
hardware and software of the feedback architecture. The hardware
circuit was transferred to a printed circuit board and optimized for
reduced electronic noise. The calculations, which have so far been
performed on the central processing unit, were transferred to the field
programmable gate array of the circuit board. New feedback algorithms, like introducing a controlled delay, were incorporated.

3.6
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Outlook

We presented a microprocessor-based active feedback scheme which
stabilizes in real-time the number of mean intra-cavity photons during self-organization of an atomic gas in an optical cavity. Our work
constitutes the first demonstration of continuous real-time feedback
applied to a quantum gas.
The feedback acts on the intensity of the transverse pump laser
beam. The feedback circuit can easily be modified to act on other
parameters, for example on the frequency detuning between the transverse pump and the cavity. As the balanced heterodyne detection
system records the electric field within the bandwidth of the detection system, the feedback software can be readily modified to extract
the phase or information contained in the spectrum of the light, and
control the evolution of these observables. The detection of the cavity
field and subsequent regulation can also be extended to the polarization degree of freedom using the new heterodyne detection system.
The feedback scheme expands the possibilities for experimental studies of self-organization in hybrid atom-cavity systems. The current
capabilities of the feedback scheme enable us to approach the phase
transition starting from the self-organized phase in a highly controlled
manner. Stabilizing the system close to the phase transition allows to
make use of its increased sensitivity with respect to external perturbations for sensing applications23 . Another interesting prospect is to
study fluctuations over long times in the direct vicinity of the phase
transition24 .
Instead of stabilizing constant mean intra-cavity photon numbers,
the feedback scheme can be modified to modulate the atom-light cou-
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pling strength according to more complex schemes. Such control is
crucial to engineer non-equilibrium phases and phase transitions25 .
In addition, employing techniques from the field of neural networks
and machine learning in the digital processing architecture may reveal
previous unseen features in the data, possibly decrease the response
time, and result in non-intuitive feedback signals.

4
Formation of a spin texture
We extend the framework of the original Dicke self-organization phase
transition and present systematic studies on spin- and polarization
dependent atom-light interaction for both single- and two-component
gases. We demonstrate that the competition between scalar and vectorial atom-light interaction leads to either density or spin modulated
self-organized phases in the system.
We start by reviewing the concept of scalar and vectorial atomlight interaction. We introduce the experimental methods required to
prepare a single- or two-component Bose-Einstein condensate in the
optical cavity. We first present our results for a single-component
cloud. We record phase diagrams for different spin states and polarization settings. We qualitatively interpret the results, linking them
to the concept of the scalar and vectorial dipole operator. We then
develop a theoretical description of the system and compare it quantitatively to the measured critical lattice depth for self-organization and
the phase of the intra-cavity light field. We expand our framework to a
two-component atomic gas where competing scalar and vectorial interactions result in distinct phase transitions. We develop a theoretical
description and present measurements of the same observables as for
the single-component cloud. We infer the formation of a spin texture
from the phase of the intra-cavity light field.
Besides small modifications, the content of this chapter is published
in
M. Landini, N. Dogra, K. Kroeger, L. Hruby, T. Donner, and T. Esslinger
Formation of a Spin Texture in a Quantum Gas Coupled to
a Cavity
Phys. Rev. Lett. 120(22):223602 (2018)
https://doi.org/10.1103/PhysRevLett.120.223602

and the accompanying supplementary information as well as in the
erratum
M. Landini, N. Dogra, K. Kroeger, L. Hruby, T. Donner, and T. Esslinger
Erratum: Formation of a Spin Texture in a Quantum Gas
Coupled to a Cavity [Phys. Rev. Lett. 120, 223602 (2018)]
Phys. Rev. Lett. 125(6):069901 (2020)
https://doi.org/10.1103/PhysRevLett.125.069901

The erratum corrects some signs and expressions, which do either not
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change the results or only lead to minor modifications. All conclusions
of the paper remain unchanged.
We present the content in a modified structure to facilitate the flow
of the text for the reader. This publication is, together with additional
content, also presented in the PhD thesis of Dogra1 .
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Introduction

The character of quantum many-body systems is governed by the nature of the interaction between its constituents. In combination with
externally applied potentials this determines the physics of the system and the type of phenomena that can be observed. Hence, it has
been an undisputed goal for experiments with quantum gases to realize new types of interactions and to expand the variety of external
potentials and fields acting on the atoms. Most prominently, tunable collisional interactions between atoms with different spins led to
the observation of the crossover between Bose-Einstein condensation
and Bardeen-Cooper-Schrieffer superfluidity2 . A more recent focus has
been the engineering of long-range interactions, using spatially decaying dipolar forces3 or optical cavities4 . Going beyond optical lattices as
external potentials, synthetic gauge fields have been applied to quantum gases5 , for example achieving spin orbit-coupling by making use
of the vectorial character of atom-light interaction6 .
Quantum gases coupled to optical cavities take a special role7 . The
cavity field acts as a long- or global-range potential and can also be
regarded as a dynamical potential back acting on all atoms, because
each atom alters the properties of the field felt by all others. Offresonantly driving a Bose-Einstein condensate coupled to an empty
cavity mode gives rise to a phase transition in which a density modulation in the condensate emerges as the pump field is scattered into
the cavity. As discussed in chapter 2, this transition can be mapped to
the Dicke phase transition8 . The original proposal to experimentally
realize the transition made use of the vectorial atom-light coupling between different internal states of a driven atomic cloud and the vacuum
mode of a cavity9 . Such an internal state Dicke transition has recently
been observed with thermal atoms10 . Moreover, vectorial coupling of a
Bose-Einstein condensate to a cavity has been explored in the context
of spin optodynamics11 .
An open challenge for quantum gases in cavities has been to combine the control over the external degrees of freedom with vectorial
atom-light coupling, thereby constructing long-range spin-spin interactions in multi-component quantum gases giving rise to spin textures12
and paving the way to the demonstration of dynamical gauge fields13 .
These are underlying features of high energy as well as condensed matter systems giving rise to phenomena such as dynamical string breaking and the Meissner effect. Quantum simulation of physical systems
showing these effects requires the so far not achieved back action from
the matter field onto the gauge field, which however arises naturally
in cavities14 .
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Scalar and vectorial atom-light interaction

We report on the spin dependent atom-light coupling between the
mode of an ultra-high finesse optical cavity and the F = 1 total angular momentum manifold of a Bose-Einstein condensate of 87 Rb atoms.
The magnetic sublevels of the atoms are split by a homogeneous magnetic field and the gas is prepared either in one of the three magnetic
sublevels, or in a balanced mixture of the mF = +1 and mF = −1
sublevels. The atoms are exposed to an off-resonant, linearly polarized laser field in standing wave configuration, which crosses the cavity
perpendicularly and which we refer to as transverse pump, see figure
4.1. This pump field induces rotating dipoles in the multi-level atomic
gas, which can be decomposed into two orthogonal linear components
that oscillate out of phase with each other. These dipoles can radiate
into the cavity mode and reduce the potential energy of the system, as
a consequence of the dynamic Stark shift experienced by the atoms.
Figure 4.1: Scheme of the experimental setup and illustration of the scalar
and vectorial coupling. The transverse
pump illuminates the atomic cloud
which scatters light into the cavity
mode. We illustrate the orientation
of the scalar and vectorial components
of the induced dipoles ds,v relative to
the pump electric field E in the x-yplane projection at the bottom. The
projection of the dipoles along the yaxis is relevant for the effective coupling strength to the cavity mode.

The driven atom light system can be described as an ensemble of
induced dipoles. For the relevant wavelength range used in this work,
the atomic dipole operator is given by15 :
d̂ = d̂s + id̂v = −

αs
αv
Ê − i F̂ × Ê
2
4

(4.1)

with the variables defined in section 2.2. We define the polarization
axis of the transverse pump by the angle ϕ relative to the y-axis. It
controls the direction of oscillation of the real and imaginary components of d̂, see equation (4.1) and figure 4.1. The scalar component
d̂s oscillates in phase with the pump field and in the direction of the
pump polarization, while the vectorial component d̂v oscillates 90 ° out
of phase and in the direction orthogonal to both the polarization of
the pump and the atomic spin. Their strengths are proportional to αs
and αv , respectively. The cavity cannot accept radiation components
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whose electric field oscillates in the direction of the cavity axis, which
is the x-axis. The coupling to the cavity is hence proportional to the
projection of the dipole onto the y-z-plane as indicated in figure 4.1.
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Our experiment starts with a Bose-Einstein condensate of 3.79(14) × 104
87
Rb atoms trapped in a crossed dipole trap at the position of a
TEM00 mode of our optical cavity. The trap frequencies amount to
ωx,y,z /2π = [201(9), 35(2), 174(3)] Hz.
The wavelength of the transverse pump λ amounts to 784.7 nm. The
polarization of the transverse pump is controlled through motorized
waveplates, as discussed in section 1.4. In this work, we set different
linear polarizations in the x-y plane.
The magnetic field B points along the negative z-axis and defines
the direction of the quantization axis. Its magnitude of 47 G corresponds to a Zeeman splitting of neighboring magnetic sublevels of
30 MHz. This large value ensures that we are in the frozen spin limit
and spin-changing processes are strongly suppressed16 .
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Experimental methods

Initial spin state preparation

Following a radio-frequency evaporation in a magnetic quadrupole
trap, the atoms initially end up in the |F = 1, mF = −1i hyperfine
state where F and mF represent the total angular momentum and the
corresponding magnetic quantum number. To successively prepare the
cloud in other spin states mF = 0 and mF = +1, we perform LandauZener sweeps starting from mF = −1. The sweeps are performed while
the cloud is optically transported17 from the magnetic quadrupole trap
to the center of the cavity mode.

4.3.2

Changing the spin state of the atoms

The experimental ramps to change the spin state of the atoms within
one experimental sequence are shown in figure 4.2(a) and (b). We use
this procedure to determine the relative phase of the intra-cavity light
field between two subsequent self-organization processes. An exemplary trace of the photon number and phase is shown in 4.2(c).
To change the spin state of the atoms, we apply a resonant radio
frequency (rf) pulse. We can only apply radio frequency signals below
1 MHz due to technical reasons. We therefore reduce the magnetic
field from 47 G to 114 mG via a s-shaped ramp in 50 ms. This magnetic field corresponds to a Zeeman splitting of 80 kHz between two
neighboring spin states. When measuring the relative phase of the
scattered light between different spin states, we start with all atoms in
mF = +1. By the appropriate choice of the duration of the rf-pulse,
we can prepare atoms in either mF = −1 or mF = 0. For a duration
of 30 µs (corresponding to a π−pulse), we can prepare a state with a
population of 78(11) % in mF = −1, 22(9) % in mF = 0 and 0.3(18) %
in mF = +1. Inefficiency of the π-pulse to obtain pure mF = −1
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state arises likely from slow drifts of the magnetic field from one cycle
of the experiment to another. By choosing the duration of the rfpulse to be 17 µs (corresponding to a π/2−pulse), we prepare the state
√
1/2(|+1i + 2eiφ0 |0i + eiφ−1 |−1i). This state has the largest fraction
of mF = 0 that one can achieve while starting from the mF = +1
state for a negligible quadratic Zeeman shift. The phases φ0 and φ1
are oscillating in time due to the finite magnetic field. By applying a
strong magnetic field gradient of strength 6 G cm−1 in the x-y-plane,
we remove the atoms in mF = +1 and mF = −1 and hence obtain a
pure sample of atoms in mF = 0. Afterwards we ramp the magnetic
field back to 47 G via a smooth s-shaped ramp in 50 ms.
To prepare a two-component cloud, which is a balanced spin mixture of mF = +1 and mF = −1, we start with atoms in mF = 0.
As described above, we ramp smoothly to a small magnetic field of
114 mG and apply a resonant rf-pulse of 17 µs. This creates the state
√
1/ 2(|+1i+eiφ2 |−1i. We smoothly ramp back to a high magnetic field
of 47 G before performing the measurements on the spin mixture. We
achieve 49.6(15) % in mF = +1 and 50.4(14) % in mF = −1. Since all
the measurements are performed in large magnetic fields, the relative
phase φ2 between and mF = +1 and mF = −1 is not fixed in time.
(a)

(b)

(c)

4.4

Single-component cloud

We qualitatively explore the physics of this system by measuring and
interpreting the spin and polarization dependent phase diagrams. We
develop a mathematical framework and perform a qualitative analysis
of the measured critical lattice depth and phase of the intra-cavity
light field.

Figure 4.2: Experimental sequence
to change the spin state of a singlecomponent cloud and self-organization
signal. (a) The ramps of the transverse pump lattice depth to perform
two subsequent self-organization processes are shown in purple. The Rabi
frequency Ωrf of the radio frequency
pulse to perform the spin flip is shown
in orange. (b) The ramp of the magnetic field is shown in black. The ramp
of the magnetic gradient which is used
to remove spurious spin states in the
preparation of mF = 0 is shown in
green. (c) Exemplary trace of two
subsequent self-organization processes
showing both the intra-cavity photon
number n̄ph in blue and the phase φ
of the intra-cavity light field in red.
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Phase diagram measurements

We first explore the phase diagrams for different spin states and different polarization angles ϕ of the transverse pump. The latter defines
the orientation of the induced atomic dipoles, as discussed above.
We ramp up the power of the transverse pump over 60 ms at a fixed
detuning ∆c via an s-shaped ramp. We hold the power constant for
3 ms and subsequently ramp it down in 50 ms via an s-shaped ramp.
We constantly monitor the light field leaking from the cavity using
a heterodyne detector and a single photon counting module (SPCM).
These are described in 1.5. The setup is aligned such that the ypolarized component of the light field leaking from the cavity is detected by the heterodyne detector, and the z-polarized component is
detected by the SPCM. An averaging window of 1 ms is used to process both heterodyne and SPCM data. The data from the heterodyne
detector and the SPCM are converted to photon numbers and summed
up. This is crucial when the detuning ∆c is small, since then also the zpolarized cavity mode is significantly populated and needs to be taken
into account, as discussed in the PhD thesis of Dogra18 . We define
the effective detuning ∆0c as the mean detuning of the two birefringent
cavity eigenmodes.
We repeat this procedure for different detunings. The resulting
phase diagrams are shown in figure 4.3. The heterodyne signal is
averaged over three repetitions except for mF = 0 and ϕ ' 90◦ , where
only one repetition is shown.
When the polarization of the pump is oriented perpendicular to
the cavity axis (ϕ ' 0◦ ), only the scalar dipole component can emit
into the cavity, leading to the same phase diagram independent of the
value of mF . As the polarization is turned towards the cavity axis
(ϕ ' 90◦ ), the response of the system is progressively dominated by
the spin-dependent vectorial component of the dipoles.

4.4.2

Theoretical description

We introduce a theoretical description for the spin- and polarization
dependent self-organization process in the case of a single-component
Bose-Einstein condensate.
Single-particle Hamiltonian
We start by deriving the single particle Hamiltonian. We use the same
notation and follow the same steps as we have performed for the original Dicke model in section 2.2. We write down a different expression
of the light fields, accounting for the tunable linear polarization of the
transverse pump in the x-y-plane:
Ê = ETP cos (kz)ˆ
TP + E0 (âˆ
y + b̂ˆ
z ) cos (kx)

(4.2)

with ˆTP = cos (ϕ)ˆ
y + sin (ϕ)ˆ
x . We insert this expression for the
electric field into the interaction Hamiltonian (2.6). This results in
†

Ĥint = αs Ê Ê − i

αv †
(Ê × Ê) · F̂
2F

(4.3)
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Figure 4.3: Measured phase diagrams
for different Zeeman states mF and
different polarizations of the transverse pump ϕ. The phase diagrams
are shown as a function of the transverse pump lattice depth VTP and the
effective detuning ∆0c , which corrects
for cavity birefringence. The mF = 0
state progressively loses coupling for
increasing ϕ because the coupling is
only mediated by the scalar component of the polarizability tensor. The
two other states couple via both scalar
and vectorial components. Their couplings do not differ in their relative
strength. The blue bars indicate the
relative strength and sign of the scalar
and vectorial coupling.

2
= αs ETP
cos2 (kz) + αs E02 (â† â + b̂† b̂) cos2 (kx)
{z
} |
{z
}
|
(1)

(2)







αv †


+ αs ETP E0 (â† + â) cos (ϕ) + i
(â − â)F̂z sin (ϕ) cos (kx) cos (kz)
{z
}
2αs

|
{z
}
|
(3)
(4)



αv
+i ETP E0 (b̂† − b̂) F̂x cos (ϕ) − F̂y sin (ϕ) cos (kx) cos (kz)
| 2
{z
}
(5)

αv
−i E02 (â† b̂ − âb̂† )F̂x cos2 (kx) .
{z
}
| 2

(4.4)

(6)

As discussed in section 2.2, the terms (1) and (2) describe the λ/2periodic lattice potentials from the transverse pump and intra-cavity
light field along the z-direction and x-direction. We identify the trans2
and the maximum
verse pump lattice depth with VTP = −αs ETP
2
dispersive shift per atom as ~U0 = αs E0 .
Terms (3) and (4) describe the coupling due to the emission of the
induced atomic dipoles into the y-polarized cavity mode. This leads
to a λ-periodic checkerboard lattice potential. The interaction via the
scalar (vectorial) polarizability tensor αs (αv ) leads to pumping of the
real (imaginary) quadrature of the cavity light field. The strength of
the coupling is proportional to the projection of the dipole onto the
y-axis, expressed through cos (ϕ) and sin (ϕ). The vectorial coupling
mechanism is accompanied by the F̂z operator. In this work, the magnetic field points along the negative z-axis. We can therefore replace
F̂z with −mF .
Terms (5) and (6) describe the coupling due to the emission of the
induced atomic dipoles into the z-polarized cavity mode. This coupling
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induces spin changes via F̂x and F̂y . We neglect these terms since we
are in the frozen spin limit.
The complete single particle Hamiltonian therefore reads
p2
+ Vext (x) − VTP cos2 (kz)
Ĥsp,mF = −~(∆c − U0 cos2 (kx))â† â +
2m


αv †
†
+ ~η (â + â) cos (ϕ) − i
(â − â)mF sin (ϕ) cos (kx) cos (kz)
2αs
(4.5)
with ~η = αs ETP E0 .
Many-body Hamiltonian
We derive the many-body Hamiltonian following the procedure from
section 2.2.2. We employ the two-mode description of the momentum
states of the Bose-Einstein condensate from equation (2.13), with the
subindex mF : the ground momentum state |0imF , and the excited
momentum state |kimF .
The final many-body Hamiltonian then reads
˜ c â† â + ~ω0 Jˆz,m
ĤBEC,mF = −~∆
F
+p


~
λs,mF (â† + â) cos (ϕ) − iλv,mF (â† − â)mF sin (ϕ) Jˆx,mF
NmF
(4.6)

with the angular momentum operators as defined in (2.15), the effec˜ c = ∆c − NmF U0/2 and the atom number per mF state
tive detuning ∆
NmF . The scalar coupling energy is given by
p
~λs,mF = 2αs ETP E0 M0 (VTP ) NmF

(4.7)

p
~λv,mF = −αv ETP E0 M0 (VTP ) NmF .

(4.8)

and the vectorial coupling energy by

As discussed for the original Dicke model in section 2.3, the atomic energy splitting ω0 (VTP ) and the overlap M0 (VTP ) depend on the lattice
depth VTP .
We introduce the complex coupling strength λmF = |λmF |eiφmF
with
q
|λmF | = λ2s cos2 (ϕ) + λ2v m2F sin2 (ϕ),
(4.9)


λv mF
tan (ϕ)
(4.10)
φmF = arctan −
λs
and rewrite the Hamiltonian (4.6) as
˜ c â† â + ~ω0 Jˆz,m
ĤBEC,mF = −~∆
F
+p

~
(λmF â† + λ∗mF â)Jˆx,mF .
NmF

(4.11)

This expression takes the form of the Dicke Hamiltonian (2.16) for the
phase transformation â → âe−iφmF . The critical lattice depth VTP for
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the self-organization phase transition is therefore
crit
VTP
=

crit ˜ 2
1
~ω0 (VTP
)(∆c + κ2 )
·
. (4.12)
2

crit )∆
˜ c U0
4NmF M02 (VTP
2
α
v mF
sin
(ϕ)
cos2 (ϕ) + 2α
s

In this part, we have developed a quantitative description of the model.
We will now compare this to our experimental results.

4.4.3

Measurements of the critical lattice depth for self-organization

In this section we compare the predictions for the critical lattice depth
from equation (4.12) with the experimental results.
We ramp up the power of the transverse pump via an s-shaped ramp
within 100 ms for a detuning of ∆0c = −2π ·11.36(19) MHz and monitor
the cavity output with the heterodyne detector. We repeat this measurement for different spin states and polarizations. For every data
trace, we fit the initial rise in the photon number extracted from the
heterodyne detector with a piecewise constant and power law function
as a function of the lattice depth VTP to determine the critical lattice
crit
:
depth VTP
crit γ
nph (t) = o + a · max(0, (VTP (t) − VTP
))

(4.13)

with the additional fit parameters o, a and γ. The inset in figure 4.4(a)
depicts an exemplary time trace of the photon number and the fit to
determine the critical lattice depth.
Figure 4.4(a) depicts the measured angle and spin state dependent
critical lattice depth for self-organization and a fit of (4.12). We took
on average five measurements per datapoint, with at least four and
maximum eleven repetitions. The error bars are the sum of the statistical and the systematic errors. The latter is obtained from the
variation in the critical lattice depth obtained by changing the range
where the time traces are fitted from 30 % to 70 % of the maximum
intra-cavity photon number. This systematic error amounts to 5 % of
crit
the mean value VTP
. As predicted by our theoretical analysis, we
measure the same critical lattice depth for mF = ±1. The critical
lattice depth for mF = 0 is the same or higher as for mF = ±1. The
critical lattice depths increases while the polarization is tuned from y
to x.
The fit based on equation (4.12) closely reproduces the data. We
fit the function
crit
VTP,m
(ϕ, c) =
F

c
cos2

(ϕ) +

v mF 2
( α2α
)
s

sin2 (ϕ)

,

(4.14)

where c is a global scaling factor and αv/2αs = −0.464 is fixed.
crit
To incorporate corrections to the critical lattice depths VTP
from
the presence of the transverse pump lattice and collisional atomic incrit
teractions, we map each measured VTP
via the function h onto the
corrected value
crit
crit
hβ : VTP
→ VTP,corr
=

crit
ER M02 (VTP
)
crit
· VTP
.
crit
crit )
~ω0 (VTP ) + βEint (VTP

(4.15)
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The parameter β accounts for different interaction strengths present in
different self-organization regimes and imperfect overlap between the
clouds in the spin mixture measurement and is explained in section 4.5.
crit
We fit the corrected critical lattice depths hβ (VTP
). For depiction in
crit
the figures, we show the measured critical lattice depths VTP
and
−1
crit
hβ (VTP,corr ).
For the data in figure 4.4(a), we perform a common fit over all three
crit
datasets for mF = 0, ±1 on hβ=4 (VTP,m
), obtaining a global scaling
F
factor of c = 0.519(4) Erec .

4.4.4

Measurement of the phase of the intra-cavity light field

In this section we compare the prediction for the phase of the intracavity light field from equation (4.10) to the measured values.
The phase φmF , described in equation (4.10), originates from the
time delay of the field emitted by the rotating atomic dipoles and
corresponds to the relative phase shift between the transverse pump
and intra-cavity light field in the organized phase.
We measure the phase of hâi with the heterodyne detector. In
our experiment, the relative phase between the local oscillator and
the transverse pump is stable within a few seconds but not from one
experimental run to another. Hence we measure the relative phase
between different spin states within a single experimental cycle. The
experimental procedure for changing the spin within one sequence was
presented in section 4.3.2. We now provide more details on the data
taking and the data processing.
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Figure 4.4: (a) Critical lattice depth
crit for self-organization for atoms
VTP
in state mF = 0 (circles), mF = +1
(squares) and mF = −1 (triangles) as
a function of the transverse pump polarization angle ϕ. The cavity detuning is ∆0c = −2π · 11.36(19) MHz. The
solid lines are the theoretical prediction. Inset: Exemplary trace of the
detected light field which is analyzed
to extract the critical lattice depth
crit .
VTP
(b) Detected phase φ1(−1)
(squares and triangles, respectively) of
the intra-cavity light field for detuning ∆0c = −2π · 8.79(18) MHz for the
spin components mF = ±1, relative
to the phase φ0 (circles) of the spin
component mF = 0. The lines are
theoretical expectations, taking an experimental offset in the ϕ-axis and a
global scaling of the y-axis in (a) as
free parameters. Error bars are the
sum of statistical and systematic contributions.
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We start with a Bose-Einstein condensate of 5.7(4) × 104 atoms in
mF = +1. After changing the spin state of the atoms, we can either
obtain 4.5(7) × 104 atoms in mF = −1, with the remaining atoms
being distributed in the mF = 0 and mF = +1 states, or 3.0(3) × 104
atoms in mF = 0. In the latter case, this is the total atom number,
since the atomic cloud is purified after the spin change through the
application of a magnetic gradient.
We keep the detuning fixed at ∆0c = −2π · 8.79(18) MHz. We ramp
up the transverse pump power in 50 ms, hold it constant for 100 ms,
and ramp it down within 50 ms. We change the spin state to either
mF = 0 or mF = −1 and again ramp up the transverse pump power
in 50 ms. After holding it constant for 100 ms, we slowly ramp down
the power of the transverse pump in 50 ms before switching off the
remaining optical dipole potentials. The corresponding lattice depth
is shown in figure 4.2. The time of flight pictures obtained in this
way are further used to assess the quality of state preparation via a
Stern-Gerlach separation. For the phase measurement where we flip
the spin from mF = +1 to mF = −1, we perform post selection such
that we achieve 82(10) % of atoms in mF = −1.
We evaluate the mean value of the phase of the scattered light during
a single self-organization process by using the fraction of data where
the intra-cavity photon number is at least 50 % of the maximum value.
This is illustrated in figure 4.2(c). In this way, we obtain the phase
difference φ of light scattered from (potentially) different spin configurations in the same experimental run by subtracting the corresponding
mean values. The systematic error δφsyst is estimated by analyzing the
relative phase φ while organizing twice in the mF = +1 (mF = 0) spin
state for the case of single spins (the spin mixture). The spread of these
values, measured with the standard deviation, gives the systematic
uncertainty δφsyst in the phase. This systematic shift, which should
ideally be zero, is mainly due to the drift in the relative phase of the
local oscillator and the transverse pump and amounts to δφsyst ' 5.5◦ .
To calibrate the angle ϕ of the linear polarization of the transverse
pump, we place a polarization analyzer at the exit of the vacuum chamber. Due to physical constraints of the experimental apparatus, it is
challenging to align the axis of the polarization analyzer with the orientation of the cavity inside the vacuum chamber. This misalignment
gives rise to an angle offset ϕ0 , such that the polarization analyzer
therefore reads the quantity ϕ0 = ϕ − ϕ0 . We estimate the offset to
be ≈ 70◦ . To calibrate the angle offset ϕ0 more reliably, we perform
a common fit for the two datasets in figure 4.4 to determine ϕ0 , while
fixing αv/2αs = −0.464. The phase of the light leaking out of the cavity in the self-organized phase as a function of the polarization angle
ϕ = ϕ0 + ϕ0 depends on the initial and final spin state and is described
by


αv
0
0
φ1→0 (ϕ , ϕ0 ) = φmF =0 − φmF =1 = − arctan −
· tan (ϕ + ϕ0 ) ,
2αs
(4.16)
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0

φ1→−1 (ϕ , ϕ0 ) = φmF =−1 − φmF =1




αv
0
= −2 · arctan −
· tan (ϕ + ϕ0 ) ,
2αs
(4.17)

where αv/2αs = −0.464 is fixed. We checked that the imperfect atom
number preparation for mF = −1 has a negligible effect on the value
of ϕ0 by estimating it using only the dataset φ1→0 . We subtract the
fitted curve for the dataset φ1→0 from every datapoint to symmetrize
the phases around mF = 0. The symmetrized data for the final spin
states mF = ±1 are fitted again with a common ϕ0


αv
φ1 (ϕ0 , ϕ0 ) = + arctan −
· tan (ϕ0 + ϕ0 ) ,
(4.18)
2αs


αv
· tan (ϕ0 + ϕ0 ) .
(4.19)
φ−1 (ϕ0 , ϕ0 ) = − arctan −
2αs
This gives the angle offset ϕ0 = 66.9(11) °, which is used for all data
presented in this paper.
The results are presented in figure 4.4(b) where we plot the phase
relative to φ0 . On average, we took five measurements per datapoint,
with at least two and maximum eleven repetitions per datapoint. The
error bars are the sum of the statistical error and the systematic error
discussed above. The phase difference between mF = 0 and mF = 1
evolves from 0 to π/2 when rotating the polarization from 0◦ to ϕ =
90◦ , while throughout the plot φ−1 = −φ1 as predicted from equation
(4.10). We are not able to measure φ0 for polarization angles close to
π/2, since the critical lattice depth for self-organization diverges around
that angle. Due to the symmetry breaking mechanism at the phase
transition, all of the measured phases are defined modulo π.

4.5

Two-component cloud

We present the mathematical framework for describing a mixture of
spin states. We compare the predictions for the critical lattice depth
and phase of the intra-cavity light field with the measured data. We
infer the formation of density or spin modulated self-organized phases
from the measured phase of the light field leaking out of the cavity.

4.5.1

Theoretical description

We use the framework of scalar and vectorial coupling to describe the
self-organization of the Bose-Einstein condensate in the more general
case of a mixture of spin states. Since spin changing processes are
suppressed, we can consider the atom number in each spin state NmF
as a constant. The Hamiltonian describing self-organization of the spin
mixture reads
X
e c â† â + ~ω0
Ĥmix = − ~∆
Jˆz,m
F

mF

X

~
(λmF â† + λ∗mF â)Jˆx,mF
N
mF
mF


†
e c â â + ~ω0 Jˆz,+1 + Jˆz,−1
= − ~∆
+

p

(4.20)

Formation of a spin texture


~|λ1 |  † iφ1
(â e + âe−iφ1 )Jˆx,+1 + (â† e−iφ1 + âeiφ1 )Jˆx,−1
+p
N/2
(4.21)


e c â† â + ~ω0 Jˆz,+1 + Jˆz,−1 +
= − ~∆

~ 
+p
λD (â† + â)(Jˆx,+1 + Jˆx,−1 ) − iλs (â† − â)(Jˆx,+1 − Jˆx,−1 ) .
N/2
(4.22)
From the first to the second equation, we have assumed a two-component
cloud with spin states mF = ±1 and the same atom number N±1 =
N/2. This gives the same magnitude for the coupling strength |λ | =
1
|λ−1 |. We have inserted the relation φ−1 = −φ1 . From the second
to the third equation, we have defined λD = λs cos ϕ = |λ1 | cos (φ1 )
and λS = λv sin ϕ = |λ1 | sin (φ1 ) with φ1 = arctan (−λv/λs tan (ϕ)).
The light fields scattered by the individual spin components interfere.
The third equation illustrates that this leads to a competition between different self-organized states. As we will discuss further below,
(Jˆx,+1 + Jˆx,−1 ) ((Jˆx,+1 − Jˆx,−1 )) describes a density (spin) modulated
pattern, which is coupled to the real (imaginary) quadrature of the
intra-cavity light field. The couplings strengths λS and λD are controlled by the polarization angle ϕ of the transverse pump.
We analyze the Hamiltonian in equation (4.22) at the mean-field
level. We define a = hâi, Ji,mF = hJˆi,mF i with i = x, y, z. We adiabatically eliminate the cavity field by setting the time derivative of a
in its equation of motion to zero. This gives
a=

|λ1 |eiφ1 Jx,1 + |λ1 |e−iφ1 Jx,−1
p
.
˜ c + iκ)
N/2(∆

(4.23)

Inserting this expression into equation (4.22) results in
!
r
r
2
N2
N
2 − J2 +
2
2
hĤmix i = − ~ω0
− Jx,1
− Jx,−1
− Jy,−1
y,1
16
16
+

˜c

~|λ1 |2 ∆
2
J 2 + Jx,−1
+ 2 cos (2φ1 )Jx,1 Jx,−1 ,
N ∆2c + κ2 x,1
(4.24)

where we made use of the conservation law of the particle number to
eliminate the Jz variables. Below the critical lattice depth, hJˆx,mF i = 0
for all mF states and hâi = 0. Above the critical lattice depth, there
are two possible steady-states for the system, distinguished by the
relative sign of hJˆx,1 i and hJˆx,−1 i. The value of the polarization angle
ϕ decides which steady-state is energetically favored. To analyze the
stability in the normal phase, we expand the energy E around the
point Jx,±1 = Jy,±1 = 0, Jz,±1 = N/4:
!
2
2
2
2
2Jx,1
2Jy,1
2Jx,−1
2Jy,−1
N
+
+
+
−
E = hĤmix i '~ω0
N
N
N
N
2
+

˜c

~|λ1 |2 ∆
2
2
Jx,1
+ Jx,−1
+ 2 cos (2φ1 )Jx,1 Jx,−1 .
2
2
N ∆c + κ
(4.25)
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We see that a nonzero value for Jy,±1 always increases the energy,
therefore Jy,±1 = 0 in the ground state. Introducing the order parameters for the organization in the density and spin pattern Jx,D =
√
√
(Jx,1 + Jx,−1 )/ 2 and Jx,S = (Jx,1 − Jx,−1 )/ 2 enables us to get rid
of the mixing term Jx,1 Jx,−1 . We arrive at
!
˜c
2~ω0
~|λ1 |2 ∆
~ω0 N
2
(1 + cos (2φ1 )) Jx,D
+
+
E = hĤmix i ' −
2
N
N ∆2c + κ2
!
˜c
2~ω0
~|λ1 |2 ∆
2
+
(1 − cos (2φ1 )) Jx,S
.
+
N
N ∆2c + κ2
(4.26)
2
For negative effective detuning, the coefficients of Jx,(D,S)
can become
negative, leading to an instability and a nonzero value of the order
2
parameter. For φ1 < π/4, the coefficient of Jx,D
becomes negative for
a lower value of |λ1 |. This means the system will enter the density
organized phase from the normal phase. For φ1 > π/4, the system
enters instead the spin organized phase above the critical point, as
finite Jx,S values become favorable. At the phase transition point
the system breaks one of the two Z2 symmetries of the Hamiltonian
associated to the sign of Jx,(D,S) . The symmetry of the Hamiltonian
becomes Z4 at φ1 = π/4. It follows that any direct transition between
the density and spin organized phases will be of first order.
The associated transformations to the Z4 symmetry are

(1) â → −â, â† → −â† , Jˆx,±1 → −Jˆx,±1 ,
(2) â → −iâ, â† → iâ† , Jˆx,−1 → −Jˆx,−1 ,

(4.27)

(3) â → iâ, â → −iâ , Jˆx,+1 → −Jˆx,+1 .

(4.29)

†

†

(4.28)

We can evaluate the polarization angle corresponding to φ1 = π/4 as


2αs
ϕcrit = arctan −
.
(4.30)
αv
The transition from the normal phase to each of the two organized
states has the same behavior as in the Dicke model, but gives different organization patterns, see insets in figure 4.5. A change of sign
in hJˆx,mF i produces a shift in the density maxima of the organized
pattern by λ/2. If hJˆx,±1 i have the same sign, the density maxima of
the two components coincide, corresponding to a density modulated
phase with zero magnetization. If the signs are opposite, the magnetization is modulated with a period λ and the atomic density with a
period λ/2, thus forming a spin texture due to cavity mediated spindependent interactions between the atoms. The organized state with
higher energy corresponds to a suboptimal state, producing metastable
configurations of the system.
We can analytically obtain the critical lattice depth for the density
modulation from the energy functional in equation (4.26) as
VTcrit,D
=
P

˜ 2 + κ2
~ω0
∆
1
c
2
˜ c cos2 (ϕ)
4N M0 U0 ∆

(4.31)
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and for the spin texture as
VTcrit,S
P

2
˜ 2c + κ2 
~ω0 ∆
αs
.
=
˜c
N M02 U0 ∆
αv sin (ϕ)

(4.32)

For the density modulation, the phase of the cavity field is always 0
mod(π), while it is π/2 mod(π) for the spin texture. Equation (4.31)
describes a purely scalar coupling. In this case the system is behaving
as if the atoms were all in the mF = 0 state (effective pairing). The
scalar coupling is suppressed completely in equation (4.32). Assuming
that the two critical points are different, the state corresponding to the
crit
lower VTP
will become macroscopically occupied. The two couplings
are equal for the critical angle of ϕcrit .

4.5.2

Measurements of the density and spin modulated phases

To explore the competition between the density- and spin-organized
phase, we prepare a balanced mixture in the mF = +1 and mF = −1
Zeeman states. We start with 4.0(2) × 104 atoms in the mF = 0 state
and alter the spin state to obtain 2.1(3) × 104 atoms in state mF = +1
and 2.1(4) × 104 atoms in state mF = −1.
For the threshold detection in a mixture of mF = ±1, we ramp
up the power of the transverse pump via an s-shaped ramp in 50 ms.
After a hold time of 20 ms, we smoothly ramp down the power of the
transverse pump with a s-shaped ramp in 50 ms and then suddenly
switch off the remaining dipole potentials. We fix the detuning to
∆0c = −2π · 10.71(19) MHz. We take on average three measurements
per datapoint, with at least two and maximum six repetitions per
datapoint.
We extract the critical lattice depth from the measured heterodyne
trace as before. We fit the critical lattice depth for self-organization
of the spin mixture in the density modulated phase with the function
crit,D
VTP,mix
(ϕ) =

cmix
v mF 2
cos2 (ϕ) + ( α2α
) sin2 (ϕ)
s
2
,
·
v mF
cos (2 · arctan (− α2α
· tan (ϕ))) + 1
s

(4.33)

while the critical lattice depth for organization in the spin modulated
phase is described by
crit,S
VTP,mix
(ϕ) =

cmix
v mF 2
cos2 (ϕ) + ( α2α
) sin2 (ϕ)
s
2
·
.
v mF
− cos (2 · arctan (− α2α
· tan (ϕ))) + 1
s

(4.34)

Here, cmix = 0.48(6) ER is a global scaling factor, obtained from scaling
c from the single spin measurements by the atom number, and αv/2αs =
−0.464 is fixed as before.
For the measurement of the phase of the intra-cavity light field, we
repeat a similar procedure as the one for the single-component cloud.
We measure the phase of the light scattered from the spin mixture
with respect to the phase of the light scattered from mF = 0 state.
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The holding time in the organized phase is chosen to be 20 ms instead
of 100 ms. We take on average five measurements per datapoint, with
at least three and maximum ten repetitions.
Figure 4.5 shows our measurements and the predictions of the meancrit
field model. The measurement of the critical lattice depth VTP
is
shown in figure 4.5(a). The critical lattice depth peaks at a critical
value of the angle ϕcrit , for which a distinctive step of about π/2 is
observed in the phase of the light in figure 4.5(a). Both features signal
where the dipole coupling switches from scalar to vectorial.
Equation (4.30) predicts the value ϕcrit = 65.1 °, which differs by a
few degrees with respect to the position of the π/2 phase step in figure
4.5(b).
The pink shaded area in figure 4.5 depicts the region where equations (4.31) and (4.32) predict the critical lattice depths, incorporating
the effect of different strengths of collisional interactions in the density or spin modulated regime as well as imperfect overlap between
the different clouds. The lower (higher) boundary of the threshold
curve which is increasing for increasing polarization angle ϕ, therefore describing density organization, originates from assuming no (full)
crit,D
overlap between the mF = ±1 clouds and thus using h−1
β=2 (VTP,mix )
crit,D
(h−1
Accordingly, the lower (higher) boundary of the
β=4 (VTP,mix )).
threshold curve describing spin organization is calculated by using
crit,S
crit,S
−1
h−1
β=0 (VTP,mix ) (hβ=2 (VTP,mix )).
Figure 4.5: (a) Critical lattice depth
crit for self-organization of the m =
VTP
F
±1 spin mixture as a function of transverse pump polarization angle ϕ for a
detuning ∆0c = −2π · 10.71(19) MHz.
The shaded regions are our theoretical
expectation from equations (4.31) and
(4.32). (b) Phase of the intra-cavity
light field in the organized phase as
a function of the pump polarization
(squares). The shaded vertical bar
corresponds to our theoretical expectation for ϕcrit . The purple circles
are the reference phase for organization in mF = 0. Error bars are the
sum of statistical and systematic contributions. Insets show schematics of
normalized density and magnetization
patterns in the organized states in the
limit of full modulation.
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Taking into account collisional interactions, our prediction is compatible with the observed value of ϕcrit . However, our model underestimates the critical lattice depth for organization in the spin pattern.
This can be caused by additional effects due to spurious magnetic gradients in our system as well as by cavity dissipation.
We now explain in detail how we account for collisional interactions.
S-wave interactions between the atoms are present in our system and
lead to a shift of the critical point for self organization. The behavior
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of the system is captured by the Gross-Pitaevski equation (GPE). It
has been shown theoretically19 and verified experimentally20 that the
main effect of interactions is to renormalize the value of the bare energy
~ω0 → ~ω0 + 4Eint in the expression for the critical point with an
interaction shift of the form:
Z
g
Eint =
|ψ0 (x)|4 dx ,
(4.35)
2N

19
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20
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21
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22
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24
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where g = (4π~ a)/m, a is the scattering length and ψ0 denotes the
ground-state wave-function of the Bose-Einstein condensate as calculated from the solution of the GPE. To evaluate ψ0 , we employ a
description based on a generalized local density approximation, as appropriate for our system due to the presence of harmonic trapping and
a strong 1D lattice generated by the transverse pump. According to
Kramer et. al.21 , we effectively partition the cloud into ”pancakes”.
There are j = 2l+1 pancakes in the system, where l is in the range 8 to
16, depending on the value of VTP . Along the z-direction, we utilize a
non interacting form of the wave-function ψz (z) = hz|qz = 0i, which is
a good approximation for large lattice depths22 . For the radial density
profile we employ the Thomas-Fermi approximation, resulting in
nj (x, y) =

1
m
m
(µ − ωz2 l2 d2 − (ωx2 x2 + ωy2 x2 )),
g2d
2
2

(4.36)

where the interaction parameter was renormalized according to
Z
g2d = g |ψz (z)|4 dz ,
(4.37)
ωx,y,z are the trapping frequencies resulting from the trapping beams
as well as the presence of the transverse pump lattice, j is the pancake
P
index and the chemical potential µ is chosen such that j Nj = N .
The interaction energy is finally calculated according to
Z
g2d X
|nj (x, y)|2 dx dy .
(4.38)
Eint =
2N j
For the case of a spin mixture in the mF = ±1 states, the interaction
energy in the ground state reads
Z
g0,2d X
Eint,mix =
|n+1,l (x, y) + n−1,l (x, y)|2 dx dy
2N
l
Z
g1,2d X
+
|n+1,l (x, y) − n−1,l (x, y)|2 dx dy ,
(4.39)
2N
l

where nmF is the density for each spin component and g0(1),2d is the
spin independent (dependent) interaction parameter obtained by replacing the scattering length with a = 2a2 + a0 (a = a2 − a0 ) respectively, in the expression for g2d 23 . For 87 Rb in the F=1 manifold,
(2a2 + a0 )/(a2 − a0 ) ' 200, so that we can neglect the second term
in equation (4.39). Following Nagy et al.24 , the bare energy of the
excited state is renormalized according to ~ω0 → ~ω0 + 4Eint,mix for
organization in the density modulated state. This is not the case
though when considering organization in the spin texture, because the
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atomic density is only weakly modified when entering this phase. No
renormalization of ω0 is therefore expected.
So far we assumed that the different spin components of the BoseEinstein condensate have the same spatial mode. This might not be
the case in the experiment due to the presence of spurious magnetic
field gradients that can partially separate the clouds. From the form
of equation (4.39) one can verify that the interaction energy for two
spatially separated clouds is given by 0.76 · Eint . Depending on the
overlap, the interaction energy Eint,mix can therefore range between
Eint and 0.76 · Eint . If the clouds are separated, the atomic density is
modified in exactly the same way when entering the phase transition
for both the density modulated phase and the spin texture. In this
case the shift of ~ω0 is therefore 4 · 0.76 · Eint for both phases.

4.6

Conclusion

We have observed cavity mediated spin- and polarization dependent interactions in an off-resonantly driven multi-level atomic Bose-Einstein
condensate that is strongly coupled to an optical cavity. Applying a
driving field with adjustable polarization, we identified the roles of the
scalar and the vectorial components of the atomic polarizability tensor
for single and two-component condensates. Beyond a critical strength
of the vectorial coupling, we inferred the formation of a spin texture
in a condensate of two internal states from the analysis of the cavity
output field. Our work provides perspectives for global dynamic gauge
fields and self-consistently spin-orbit coupled gases.

4.7

25

Spaldin et al. 2010

26

Tranquada et al. 1995

27

Dalla Torre et al. 2010

28

Dogra et al. 2019

29

Hruby et al. 2018

30

Moodie et al. 2018

Outlook

We detected the presence of a spin-texture in a condensate of two
internal states by analyzing the scattered light field, in close analogy
to spin dependent Bragg scattering. Our results demonstrate that the
effects of vectorial polarizability are strong enough to drive competition
between phases with magnetic or density ordering.
The phase diagrams of prominent condensed matter systems are
shaped by competition between different order parameters, for example in materials classifying as multiferroics25 and in high-Tc superconductors26 . In our case, the situation is enriched by the system’s openness, prospecting the emergence of dynamical phases without a closed
system analogue27 . The influence of cavity dissipation has been investigated in depth in another publication28 and is presented in chapter
5.
Another promising research avenue is the study of symmetries. Adding
spins in the state mF = 0 to the spin mixture can enhance the symmetry of the Hamiltonian up to Z6 . This is an interesting scenario for the
study of metastability29 . Extending the coupling scheme to both polarization modes of the cavity would allow for investigating magnetic
configurations with higher symmetries30 .
Further, the generation of global dynamical gauge fields as well as
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self-consistent spin-orbit coupled gases is a natural extension of this
work31 .
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5
Dissipation-induced structural instability and chiral dynamics
We have extended the framework of the original Dicke self-organization
phase transition to spin and polarization dependent self-organization
in chapter 4. In particular, we have observed that the competition between scalar and vectorial atom-light interaction results in self-organized
phases with either a density or a spin modulation for a spin mixture.
Throughout chapter 4, we have only considered unitary couplings and
neglected the dissipation from the cavity. In this chapter, we provide
an in-depth theoretical and experimental investigation of the effect of
cavity dissipation. We can independently tune the unitary and dissipative coupling strengths in our experiment. For a domination of the
dissipative coupling, we observe a chiral evolution of the system between density and spin modulated phases and relate it to a structural
instability known from a classical positional force.
We start the chapter by reviewing different effects arising from the
presence of dissipation in quantum mechanical systems and by classifying linear forces in mechanical systems. Afterwards, we introduce
the concept of our experiment and provide a comprehensive theoretical description of the effect of dissipation in our system. We then
present our experimental observations and provide details on the data
analysis. We show how we detect the instability region induced by the
dissipation. We map out the boundary of the instability region and
show a phase diagram close to the critical polarization angle of the
transverse pump. Lastly, we present our observation of limit cycles.
Before the conclusion and the outlook, we discuss limitations to our
theoretical description and the role of collisional interactions.
Besides small modifications, the content of this chapter is published
in
N. Dogra, M. Landini, K. Kroeger, L. Hruby, T. Donner, T. Esslinger
Dissipation-induced structural instability and chiral dynamics in a quantum gas
Science 366(6472):1496-1499 (2019)
https://doi.org/10.1126/science.aaw4465

and the accompanying supplementary information. We present the
content in a modified structure to facilitate the flow of the text for
the reader. This publication is, together with additional content, also
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presented in the PhD thesis of Dogra1 .

5.1

Introduction

We start by introducing different effects arising from the presence of
dissipation. We then provide an overview of classes of linear mechanical forces.
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Buča et al. 2019

7

Soriente et al. 2018

8

Newkirk and Taylor 1925, Kapitsa
1939, Merkin 1996
9

Piazza and Ritsch 2015, Chiacchio
and Nunnenkamp 2019

In a many-body system, unitary processes generally give rise to coherent evolution, whereas dissipative processes result in decoherence and
lead to stationary states2 . The interplay of these two types of processes in a driven-dissipative setting can influence a many-body system in profound ways. Examples are dissipative phase transitions3 , the
emergence of new universality classes4 , dissipation-induced topological
effects5 , complex dynamics6 or the splitting of multi-critical points7 .
Here we observe a phenomenon where a chiral non-stationary dynamics emerges if the energy scales of dissipative and unitary processes are
similar. In our experiment, we engineer a driven many-body system
with controllable unitary and dissipative couplings using a quantum
gas. This allows us to explore the system’s macroscopic behavior at
the boundary between stationary and non-stationary states. We gain a
conceptual understanding of the observed dynamics by considering dissipation as a structure dependent force, in close analogy to mechanical
non-conservative positional forces8 . A classification of linear mechanical forces is presented in section 5.1.2. We connect our observations
to limit cycles9 in section 5.7.

5.1.2
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Setting the scene

Classification of linear mechanical forces

To classify various processes in mechanical systems, we will describe
different kinds of forces which can act on such systems. Following
Merkin10 , we will limit ourselves to forces which depend linearly on
either the position or the velocity of the particle. The generalized force
in n-dimensions can be written as
F = −Mx x − Mẋ ẋ = −Sx x
| {z }
(1)

−Ax x
| {z }
(4)

−Sẋ ẋ
| {z }
(3)

−Aẋ ẋ,
| {z }

(5.1)

(2)

where x, ẋ, and F are n-dimensional column vectors representing the
position and velocity of the particle and the force acting on it. Mx
and Mẋ are n × n matrices which are decomposed as
Mx = Sx + Ax ,

(5.2)

Mẋ = Sẋ + Aẋ ,

(5.3)

where Sx = SxT , Sẋ = SẋT are symmetric matrices and Ax = −AT
x,
Aẋ = −AẋT are anti-symmetric matrices. Each of these matrices represent a different class of forces. Restricting the explanation to two
dimensions, we can write the generalized force as
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Fx1
Fx2

+
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!

!
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ẋ1
ẋ2
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+

}

, (5.4)

}

where x1,2 are orthogonal position coordinates and ẋ1,2 , Fx1,x2 are
the corresponding velocity and force components. The four classes of
forces can be interpreted in the following way:
1. Conservative force: this is described by the matrix Sx in term (1).
We have assumed for simplicity that the force is diagonal in the
considered coordinate system. This force is associated to a conservative harmonic potential with trapping frequencies ωx1,x2 . These
forces can amongst others be used to trap particles, for example via
dipole traps11 .
2. Centripetal force: this conservative force is described by the matrix
Aẋ in term (2) and has the form of the centripetal force or the
Lorentz force on a charged particle. Additionally, this force breaks
the time-reversal symmetry of the system. Such a force can for
example be used to realize gauge fields in ultracold atoms12 .
3. Dissipative force: this is described by the matrix Sẋ in term(3)
which is assumed to be diagonal for simplicity. Such a frictional
force represents a velocity-dependent damping process at the rates
αv1,v2 . The rates are assumed to be positive. These forces slow
down the particle and commonly arise when a body moves in a
viscous medium. They are also used to cool atoms to extremely low
temperatures via laser cooling13 .
4. Non-conservative positional force: this is described by the matrix
Ax in term (4). This force is always orthogonal to the current position of the particle, resulting in an outward spiral motion whose
chirality is decided by the sign of the constant α2 . Similar to the
centripetal force this force leads to rotation, but it does not break
time-reversal symmetry of the system. Such positional forces were
first discovered in mechanical systems like a rotating shaft in a bearing in the 1920s, but their conceptual understanding was completed
only decades later14 .

5.2

Concept of our experiment

Our experiment consists of a spinor Bose-Einstein condensate (BEC) of
two different Zeeman states that is coherently coupled to two different
spatial atomic configurations: One coupling induces a density mode
(DM) where the density of the gas shows a checkerboard modulation.
The other coupling favors a spin mode (SM) where the gas instead
develops a checkerboard modulation of the spin degree of freedom (unit
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Figure 5.1: Concept of the experiment. A spinor BEC containing a mixture of two Zeeman states (depicted
by up and down arrows) is coherently
coupled with rates λD, S to a density (DM) and a spin (SM) mode via
the two quadratures of a cavity field
with annihilation operator â. A dissipative coupling (orange arrow) between DM and SM is induced by the
phase response of the cavity. Occupation of the DM (SM) leads to a density (spin) modulation, displayed as
atoms occupying the same (opposite)
checkerboard lattice sites of an exemplary green (blue) 2 × 2 square unit
cell of dimension λ, where λ is the
wavelength of the transverse pump.
15

Baumann et al. 2010

16

Landig et al. 2015

Figure 5.2: Scheme of the experimental setup. The spinor BEC is coupled with a cavity mode and irradiated
by a standing wave transverse pump
along the z-direction with linear polarization (black arrow) at angle ϕ with
respect to the y-direction. The magnetic field B is oriented along the negative z-direction. Light leaking out of
the cavity at decay rate κ is analyzed
via a heterodyne detector HD. Inset:
phase φκ and amplitude A response
of the cavity as a function of detuning
∆c .

cells are shown in figure 5.1). These coherent couplings are mediated
via photons scattered by the atomic system from a standing wave
transverse pump laser field into a high finesse optical cavity mode
(figure 5.2). The DM and the SM interact with orthogonal quadratures
of the cavity mode. This scenario has been introduced in chapter 4.
In this chapter, we add dissipation as the new ingredient: we engineer
a dissipative coupling in this system exploiting the finite cavity decay
rate κ and the associated phase shift of the intra-cavity field across
the cavity resonance. The light field scattered from the pump into the
cavity acquires a phase shift φκ that effectively mixes the orthogonal
quadratures, giving rise to a dissipative coupling between the DM and
the SM, see figures 5.1 and 5.2.
The strengths λD,S of the coherent couplings between the BEC and
the DM or the SM, respectively, are tuned by the lattice depth VTP and
polarization angle ϕ of the transverse pump. These couplings soften
the effective excitation frequencies ωD,S of both modes, such that at a
critical lattice depth the frequency of the more strongly coupled mode
vanishes. For negligible dissipation, this mode can then be macroscopically occupied, and the system undergoes a self-organization phase
transition15 , breaking a spatial Z2 symmetry. Simultaneously, the
corresponding quadrature of the cavity mode is coherently populated,
which we detect with a heterodyne detection system analyzing the
light field leaking from the cavity16 , as introduced in section 1.5.
The cavity induced phase shift φκ and hence the dissipative coupling strength K 2 between the two modes can be controlled by the
detuning ∆c between the cavity resonance and the frequency of the
transverse pump. The effect of this dissipative coupling can be understood in the xD − xS plane, where xD,S represent the amplitudes of the
density and spin modulation (see below) caused by the occupation of
DM and SM, respectively (figure 5.3A). In this plane, the dissipative
coupling acts as a force field that favors a rotation of the system’s state
around the origin: If the DM and the SM are degenerate, even an infinitesimally small dissipative coupling leads to a dissipation-induced
structural instability where the system rotates with fixed chirality between the different atomic modes. The strength of the resulting force
field increases with the strength of the dissipative coupling, such that
the instability occurs also for increasingly non-degenerate modes as
qualitatively shown by the broadening of the dissipation-induced instability region the schematic figure 5.3B.

5.3

Theoretical description

We develop a mathematical description of the system in this section.
The many-body Hamiltonian of the system is given by


e c â† â + ~ω0 Jˆz,+ + Jˆz,−
Ĥmix = − ~∆

~|λ1 |  † iφ1
+√
(â e + âe−iφ1 )Jˆx,+ + (â† e−iφ1 + âeiφ1 )Jˆx,− (5.5)
N


e c â† â + ~ω0 Jˆz,+ + Jˆz,−
= − ~∆
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~ 
+√
λD (â† + â)(Jˆx,+ + Jˆx,− ) − iλS (â† − â)(Jˆx,+ − Jˆx,− ) .
N
(5.6)
This is the same Hamiltonian as in equation (4.22), but we have replaced N/2 with N and omitted the ”1” in the subindex of the angular momentum operators. We have employed the definitions λD =
λs cos ϕ = |λ1 | cos (φ1 ) and λS = λv sin ϕ = |λ1 | sin (φ1 ) with φ1 =
arctan (−λv/λs tan (ϕ)). The first two terms in equation (5.6) describe
the energies of the bare photonic and atomic modes, respectively, while
the third term captures the couplings of the DM and the SM to the
respective quadratures of the cavity field.
Figure 5.3: Dissipation-induced instability. (A) Dissipation acts like
a chiral force (orange).
Here,
xD(S) represents the amplitude of
the density (spin) modulation. (B)
Schematic representation of three different regimes as a function of dissipative coupling strength K 2 and detuning between the frequencies ωD,S of
the DM and SM. Green (blue) region
represents the DM (SM) being dominantly coupled to the spinor BEC.
The dissipation-induced structural instability (DSI) is depicted in orange.

The occupation of the density and the spin mode results in a density
(xD ) and spin (xS ) modulation in the system which are quantified by
the expectation values
(hJˆx,+ i + hJˆx,− i)
,
N
(hJˆx,+ i − hJˆx,− i)
xS =
.
N

xD =

(5.7)

Any finite value of hJˆx,± i physically implies a λ-periodic checkerboard
modulation: the density mode consists of spatially identical modulation patterns for both Zeeman states, which are on the other hand
relatively shifted by λ/2 for the spin mode. As the coupling with the
density mode is mediated via the real quadrature (â† + â) of the cavity, this quadrature is simultaneously occupied with the density mode.
Similarly, the occupation of the spin mode is accompanied with the
population of the imaginary quadrature i(â† − â) of the cavity.
Without loss of generality, we are neglecting the cavity-birefringence
in this section. Its effect is described in section 5.3.3.

5.3.1

Time evolution of the density and the spin mode

By using Heisenberg’s equations of motion, we write the time evolution
of the mean field values hâ† i, hJˆx,± i and hJˆy,± i as:

d †
λ1  ˆ
hâ i = −(κ + i∆c )hâ† i + i √
hJx,+ ie−iφ1 + hJˆx,− ieiφ1 ,
dt
N
(5.8)
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d ˆ
hJx,± i = −ω0 hJˆy,± i,
dt

d ˆ
λ1
hJy,± i = ω0 hJˆx,± i − √
hâie∓iφ1 + hâ† ie±iφ1 hJˆz,± i,
dt
N

17

Dimer et al. 2007

(5.9)
(5.10)

where we also added the term −κhâ† i describing cavity decay in the
time evolution of hâ† i. We further employed the factorization17
hâJˆz,± i → hâihJˆz,± i,
hâ† Jˆz,± i → hâ† ihJˆz,± i.

(5.11)
(5.12)

As the cavity field approaches a steady state at a rate κ = 2π·1.25 MHz,
which is much faster than the motional frequency ω0 ≈ 2π · 7.4 kHz of
the atoms, we can adiabatically eliminate the cavity field. This gives:


1
λ1
e−iφκ hJˆx,+ ie−iφ1 + hJˆx,− ieiφ1 , (5.13)
hâ† i = − √ p
N ∆2c + κ2

where φκ = tan−1 − κ/∆c is the cavity induced phase shift. By
combining equations (5.9) and (5.13), we obtain the following second
order differential equations for hJˆx,± i:
d2 ˆ
2λ21 ω0 1 
2 ˆ
h
J
i
=
−
ω
h
J
i
−
−∆c hJˆx,+ i
x,+
x,+
0
dt2
∆2c + κ2 N

+(∆c sin (δφ) + κ cos (δφ))hJˆx,− i hJˆz,+ i,
2λ21 ω0 1 
d2 ˆ
2 ˆ
h
J
i
=
−
ω
h
J
i
−
−∆c hJˆx,− i
x,−
0 x,−
dt2
∆2c + κ2 N

+(∆c sin (δφ) − κ cos (δφ))hJˆx,+ i hJˆz,− i,

(5.14)

(5.15)

where δφ = 2φ1 − π/2. By assuming only small deviations from the
initial ground state, we can approximate hJˆz,± i ≈ −N/2, since all our
experiments start with all atoms prepared in the BEC mode. With
the definitions xD and xS from equation (5.7) we obtain:
d2
dt2

xD
xS

!

=

2
−ωD
K2

−K 2
−ωS2

!

xD
xS

!

.

(5.16)

The soft mode frequencies ωD,S and the strength K 2 of the dissipative
coupling are defined via the following equations:
λ21 ω0 ∆c
(1 − sin (δφ)) ,
∆2c + κ2
λ2 ω0 ∆c
ωS2 = ω02 + 12
(1 + sin (δφ)) ,
∆c + κ2
λ 2 ω0 κ
1
K 2 = 21
cos (δφ) = λ21 ω0 sin2 (φκ ) cos (δφ).
2
∆c + κ
κ
2
ωD
= ω02 +

(5.17)
(5.18)
(5.19)

As seen from the above relations, the cavity decay rate leads to a small
shift in the soft mode frequencies. This slightly modifies the critical
transition point for the occupation of the density and the spin mode in
the absence of the off-diagonal dissipative coupling. This is the reason
why we consider the coupling between the spinor BEC and the DM or
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the SM mode to be coherent. As shown for the case of a single spin
Bose-Einstein condensate18 , dissipation might also alter the critical
exponent for the self-organization phase transition corresponding to
the occupation of the density or the spin mode.
2
The difference between the soft mode frequencies is given by ωD
−
−1
2
ωS ∝ sin (δφ). Here, δφ = 2 tan (λS /λD ) − π/2 is a measure of the
relative coupling strength of the BEC to the SM and the DM. The
strength of the dissipative coupling K 2 ∝ VTP sin2 (φκ ) cos (δφ) can
thus be enhanced by either increasing the cavity induced phase shift
or by making the two modes degenerate. This dissipative coupling
generates a chiral force orthogonal to the current position vector of
the system in the xD − xS plane, figure 5.3A, and provides an example
of a positional force19 . As discussed in section 5.1.2, such positional
forces are known in mechanical systems like a rotating shaft subject
to friction caused by an incompressible viscous fluid in a bearing. The
incompressibility of the fluid leads to unequal frictional forces on the
opposite sides of the shaft, resulting in a positional force orthogonal to
the direction of the displacement20 . These positional forces represent
the only possible linear mechanical force besides conservative trapping
forces, centripetal forces, and frictional forces. In our system, when
the energy of the two atomic modes is sufficiently close, this positional
force cannot be counteracted by the restoring harmonic force which is
pointing towards the origin, leading to a dissipation-induced structural
or positional instability21 .
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Description of the dissipation-induced instability

We solve equation (5.16) to describe the response of the system to the
dissipative force. Assuming solutions of the form [xD , xS ] = [cD , cS ]eηt ,
we obtain η to be:
q
ω 2 + ωS2
1
2 − ω 2 )2 − 4K 4 .
η2 = − D
±
(ωD
(5.20)
S
2
2

A dynamically unstable chiral solution requires Re{η} to be positive,
which corresponds to amplification, and Im{η} to be non-zero. These
2
−ωS2 )2 −4K 4 < 0. This results in the
conditions are satisfied when (ωD
condition tan |δφ| < −κ/∆c for the dynamically unstable regime. Note
that outside the unstable region, η is either real or imaginary corresponding to normal state or static self-organized states, respectively.
The exact solutions of η as obtained from equation (5.20) and including the effects of cavity birefringence and dispersive shift (dis2
cussed in section 5.3.3) are plotted in figure 5.4. In the limit |ωD
−
2
2
2
2
ωS | << K << |ωD + ωS |, we obtain the following four solutions for η:
r


2 + ω2
ωD
K2
S
η ≈ ±i
1∓i 2
.
(5.21)
2
ωD + ωS2
The imaginary and real parts are the approximate expressions of the
rotation frequency ω and the amplification rate g. We also observe that
2
for ωD,S
< 0 (which would correspond to the self-organization phase
transition in the absence of dissipation), the real and imaginary parts

Figure 5.4: Frequencies of the eigenmodes. Green and blue solid (dashed)
lines show the frequency ν of the two
eigenmodes of the system as a function of the polarization angle in the
presence (absence) of dissipative coupling. Without dissipation, the two
modes are the DM (green) and the SM
(blue). Dissipation leads to level attraction between the two modes and
hence changes their frequencies. In
the instability dominated regime, the
two modes are synchronized with each
other (orange line). Correspondingly,
the gain g of the amplified (black line)
and the damped mode (gray line) are
˜c =
plotted. The lines are drawn for ∆
−2π · 2.7 MHz or ∆c = −2π · 4 MHz
and VTP = 1.5 Erec .
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of η are interchanged. Note that there are two solutions of η which
are amplified and two which are damped. Using the two amplified
solutions of η, we construct the time varying solutions xcD,S of the
occupation of the density and spin mode:
 c c


∆c
xD , xS = A cos ωt, sin (ωt +
δφ) egt ,
(5.22)
κ
where A is the amplitude of the initial fluctuation leading to the instability. We have, for simplicity, skipped an additional phase offset
in the arguments of sin and cos functions above which describes the
density and the spin admixture of the initial fluctuation. The axis of
the elliptical solution can be more easily interpreted by a 45 ° rotation of the xD − xS basis and defining x± = (xD ± xS )/2. Physically,
x± = hJˆx,± i/N corresponds to the normalized strength of the checkerboard modulation for each of the two spin states. These solutions are
given by:
 c c

x+ , x− = A cos (φ2 /2) cos (ωt + φ2 /2),

sin (φ2 /2) sin (ωt + φ2 /2) egt ,
(5.23)
where φ2 = −π/2 + ∆c/κδφ. This shows that the elliptical solutions are
oriented in the x± directions. Finally, we derive an expression for the
cavity-output field. Following equation (5.13), we get

δφ c
(xD + ixcS )
hâ† i ∝ xc+ e−iφ1 + xc− eiφ1 ∝ (xcD − ixcS ) −
2
h
i
= A+ eiωt + A− e−iωt egt ,
(5.24)

where the last proportionality also assumes small deviations from the
critical polarization angle. One can show that A+/A− ≈ −δφ/2(1 +
i∆c/κ).


We construct a solution xd+ , xd− from the two damped modes in
the basis x± = hJˆx,± i/N :
 d d

x+ , x− = B cos (φ2 /2) cos (ωt − φ2 /2),

− sin (φ2 /2) sin (ωt − φ2 /2) e−gt ,
(5.25)
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where B is the amplitude of the initial fluctuation and we have neglected an additional phase offset in the arguments of sin and cos functions, as before. From the above equation, we see that the damped
mode has opposite chirality as compared to the amplified mode. In
general, a fluctuation can have an admixture of both the amplified
and damped modes, leading to a complex initial dynamics before the
contribution from the damped mode vanishes.
The boundary in tan |δφ| = −κ/∆c , which describes the onset of the
instability dominated regime, is called an exceptional point in photonics22 . At this point, not only the eigenvalues but also the eigenvectors
of the system coalesce. In our theoretical framework, this point is
an artifact of the cavity field elimination and we notice that this exceptional point disappears if the cavity mode is explicitly taken into
account. However, the physics of exceptional points is recovered in the
limit of large energy differences between atomic and photonic modes
where our system operates23 .
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5.3.3

Cavity birefringence and dispersive shift

Birefringence
The density and spin modes of the system are coupled to the spinor
Bose-Einstein condensate via both birefringent cavity modes. The
effect of the coupling to these two cavity modes can be taken into
account in the definition of ωD,S and K 2 as follows:
∆c
∆c
∆c + δbir
→ 2
cos2 (α) +
sin2 (α)
∆2c + κ2
∆c + κ2
(∆c + δbir )2 + κ2
κ
κ
κ
→ 2
cos2 (α) +
sin2 (α).
∆2c + κ2
∆c + κ2
(∆c + δbir )2 + κ2

(5.26)
(5.27)

Dispersive shift
We introduced the dispersive shift in section 2.2.1. In the work presented in this chapter, we calculate the dispersively shifted detuning
˜ c via
∆
˜ c = ∆c − U0 (N+1 + N−1 )hcos2 kxi,
∆

(5.28)

where U0 = −2π · 56.3 Hz is the maximum dispersive shift per atom
and N±1 is the atom number in each of the two Zeeman states. The
detuning ∆c is associated to the resonance of the mainly y-polarized
mode. The overlap of the cavity mode with the atomic wavefunction
hcos2 kxi is equal to 1/2 for the non-modulated Bose-Einstein condensate. The light field scattered into the cavity changes this overlap. We
neglect this change. Since the maximum number of photons in the
cavity is ≈ 100, the intra-cavity lattice depth amounts to ≈ 1.5 Erec .
This results in only a small dynamical shift that is irrelevant for this
study.
We cite the dispersively shifted detuning when presenting the data.

5.4

Detection of the dissipation-induced instability

We first present experimental methods and then the observation of the
dissipation-induced instability. We explain details of the data analysis
afterwards.

5.4.1

Preparation of the atomic cloud

We prepare an atomic cloud with either 45(1) × 103 atoms in state
|F = 1, mF = 0i or 23(2) × 103 atoms in each |F = 1, mF = ±1i spin
state. The quantization axis is defined by a magnetic field of about
137 G pointing in the negative z-direction which results in a Zeeman
splitting of ∆E/~ ≈ 2π · 96 MHz. The trapping frequencies of the
crossed dipole trap which holds the atoms at the center of the cavity
mode amount to ωx,y,z = 2π · [329(6), 62(3), 168(2)]Hz.

5.4.2

Atom number determination

The atom numbers in the different mF states are determined from
absorption images after ballistic expansion with a Stern-Gerlach mea-
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surement. Due to spurious magnetic gradients during the imaging
sequence, the resonance frequency is inhomogeneous across the imaging region, leading to different detection efficiencies for mF = ±1.
We accounted for this inhomogeneous detection efficiency in the data
evaluation.
For measurements performed on a spin mixture, we use absorption
images recorded at the end of each experimental run to discard runs
which had an inefficient transfer from the state mF = 0 to the spin
mixture. We required that not more than 15 % of the atoms remained
in state mF = 0.

5.4.3

Observations

For the first set of measurements, we linearly ramp up the transverse
pump lattice depth in 50 ms and record the cavity output with our
heterodyne setup. To obtain the number of photons nph and phase φ,
we digitally rotate the heterodyne signal at 47 kHz to obtain the light
field at the frequency of the transverse pump. We further remove high
frequency noise from the signal by performing a moving average with
100 µs.
In figure 5.5A and B, we show the mean photon number nph (black)
and phase φ modulo 2π (orange) of the intra-cavity light field for two
different sets of parameters. For figure 5.5A, the data was recorded
˜ c = −2π ·
for the polarization angle ϕ = 58.3(10) ° and the detuning ∆
5.5(1) MHz. For figure 5.5B, the data was recorded for the polarization
˜ c = −2π · 5.5(1) MHz. The
angle ϕ = 63.3(10) ° and the detuning ∆
linear ramp of the transverse pump lattice depth VTP is shown as
a dashed blue line. Grey and light orange lines correspond to zero
occupation of the cavity.
We find two qualitatively different behaviors: above a critical pump
power, the cavity field has a non-zero amplitude and either a welldefined (figure 5.5A), or a monotonically changing phase (shown modulo 2π in figure 5.5B). A well-defined phase indicates that only one
quadrature of the cavity field is excited, corresponding to either the
SM or the DM being populated, which is determined by the prevailing
coherent coupling. In contrast, a monotonically changing phase is observed when the dissipative coupling is dominant, and signals that the
system is continuously evolving through the different spatial modes
linked with the two quadratures of the cavity field.
To explain our observations, we refer to section 5.3 and analyze the
solutions of equation (5.16) and the corresponding intra-cavity light
field for polarization angles close to ϕc , that is, for a small δφ:
 c c


∆c
xD , xS = A cos ωt, sin (ωt +
δφ) egt
κ
δφ c
hâ† i ∝ (xcD − ixcS ) −
(x + ixcS )
2 D
h
i
δφ
∆c
∝ A e−iωt −
(1 + i )eiωt egt .
(5.29)
2
κ
In the limit δφ = 0, this time-dependent solution implies that the
system is rotating in the xD −xS plane with fixed chirality at frequency
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ω and amplification rate g. Microscopically, this rotation is associated
with the atomic spins moving from one λ-periodic spatial pattern to
another, figure 5.3A. Because the two atomic modes are connected to
different quadratures of the cavity, the phase of the cavity field evolves
monotonically as observed in figure 5.5B and shown in equation (5.29).
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Figure 5.5C-E show spectrograms of the power spectral density for
three different sets of parameters of data similar to figure 5.5A-B. The
computation of the spectrogram is discussed in section 5.5.2. A window
size of 5 ms is used to construct the spectrograms and each data set is
averaged over 20 experimental realizations. The frequency ν is defined
relative to the transverse pump.
The data in figure 5.5C-E was recorded at the polarization an˜ c = −2π ·
gle ϕ = [58.3(10), 63.3(10), 58.3(10)]° and the detuning ∆
[5.4(20), 2.5(20), 2.4(20)]MHz.
Figure 5.5C shows a spectrogram where the signal is located at zero
frequency (ν = 0). It corresponds to the frequency of the transverse
pump and is identical to the observation of a constant time phase
of the cavity field as shown in figure 5.5A. We identify this as the
formation of a static checkerboard density pattern which coherently
scatters the pump field into the cavity. The corresponding steady
state of the system is displayed in the inset to figure 5.5C. It shows
the evolution of the atomic state in the xD − xS plane extracted from
the spectrograms in a duration of 500 µs at the position of the gray
lines. In the inset to 5.5C, we plot the data and its mirror about xS
to illustrate the Z2 symmetry breaking of the self-organization phase
transition.
Figure 5.5D-E depict red (ν < 0) and blue (ν > 0) detuned side-

Figure 5.5:
Detection of the
dissipation-induced structural instability. Time evolution of the mean
number of photons nph (black) in
the cavity and the corresponding
phase φ modulo 2π (orange) for (A)
stable self-organization and (B) the
dissipation-induced instability. The
linear ramp of the lattice depth VTP
of the transverse pump is shown
as dashed blue line. Spectrograms
showing the mean number of photons
ñph as a function of frequency ν and
time for (C) stable self-organization
and (D+E) the dissipation-induced
instability (parameters are given in
the text). Corresponding insets show
the evolution of the atomic state in
the xD − xS plane extracted from the
spectrograms in a duration of 500 µs
at the position of the gray lines. In
the inset to (C), we plot the data
and its mirror about xS to illustrate
the Z2 symmetry breaking of the
self-organization phase transition.
Dashed lines in the insets to (D) and
(E) are the theoretical predictions.
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bands with the peak frequency being a function of the lattice depth of
the transverse pump. Observation of only a red sideband, as in figure
5.5D, is equivalent to a linearly running phase. For small lattice depths
(VTP < 6 Erec ), the sideband frequency is expected to be the root mean
p
2 + ω 2 )/2,
square of the two mode frequencies, that is, ω ≈ ωe = (ωD
S
see equation (5.21). Evolution at this intermediate frequency reflects a
synchronization process24 between the two spatial modes arising from
the dissipative coupling. For large lattice depths, the sideband frequency depends on the dissipative coupling strength: ω ≈ K 2 /2|ωe |.
In this limit, the two mode frequencies become imaginary, corresponding to the self-organization phase transition in the absence of dissipative coupling.
The relative strength R of the blue with respect to the red sideband increases towards one as ϕ deviates from the critical angle ϕc .
The presence of the blue sideband is connected to non-zero δφ, see
equation (5.29), and leads to an elliptical evolution in the xD − xS
plane. The relative strength R, and hence the ellipticity of the chiral
solution can be influenced via ∆c or |δφ|. Microscopically, the blue
sideband is connected to the motion of a different number of atoms
in each Zeeman state. The insets to figure 5.5D-E show data of the
time varying trajectory of the system (solid lines) together with the
qualitative predictions of the non-interacting theory for vanishing gain
from equation (5.29).
We show the expected dynamics from the amplified mode and describe the evolution resulting only from the amplified mode which is
important in the long time limit. Furthermore, the gain of the amplified mode is balanced by the effect of collisional interactions, as
discussed in section 5.8. Modeling these processes to obtain the complete dynamical evolution of the system is beyond the scope of this
work. Therefore, the theoretical curves in the inset of figure 5.5D-E
are plotted for g = 0 for simplicity and rescaled for clarity.
Linecuts through spectrograms for similar data are presented in
section 5.5.2.

5.4.4

Data analysis - construction of the phase-space trajectories

We describe the construction of the phase-space trajectories in the
insets of figure 5.5C-E in detail in this subsection.
For the sub-panels displaying the xD − xS -plane of figure 5.5, we
record the time traces (X(t), Y (t)) over 20 runs of the experiment
under the same experimental conditions. In order to meaningfully
average the data, we have to take the phase of the oscillation into
account. Due to technical imperfections, the phase reference of the
heterodyne detection is uncorrelated between different experimental
runs. This effectively rotates the trajectories relative to each other
by a random amount in every experimental repetition. To correct for
this effect, we use two different procedures, depending on the system
being either in the self-organized region or in the instability region.
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For data in the self-organized region, we just evaluate the phase φ0
of α̃∗ (ν = 0) and phase shift the spectrum by −φ0 . For data in the
instability dominated region, we evaluate the phase of α̃∗ (ν) at the
frequency corresponding to the maximum of ñph on the negative side
of the frequency spectrum (φ− ) and at the corresponding frequency on
the positive side (φ+ ). We therefore phase shift α̃∗ by −(φ+ + φ− )/2
and invert the FFT (Fast Fourier Transform) to generate the corrected
quadratures X 0 (t), Y 0 (t). Looking for the contribution at the frequency
of the maximum we have
X 0 (t) = (|α̃|+ + |α̃|− ) cos(2πνt + δ),

(5.30)

Y (t) = (|α̃|+ − |α̃|− ) sin(2πνt + δ),

(5.31)

0

where |α̃|+,− are the amplitudes at the two frequencies and δ = (φ+ −
φ− )/2. With this procedure we get an ellipse oriented along the xand y-axes. We can therefore meaningfully average the (X 0 (t), Y 0 (t))
traces. This procedure makes a determination of the effective orientation of the ellipses impossible which would provide information on
the eigenmodes of the system. Such information could be accessed by
generating a phase reference in each shot as done in Baumann et al.25 .
The dataset displays a significant modulation of the oscillation amplitude over time as visible on the non-averaged trace in figure 5.5B. The
elliptical orbit is correspondingly showing a modulation of the mean
radius if the full time trace is evaluated. Therefore, the data segment
plotted in the insets corresponds to 500 µs of evolution around the first
recorded peak. The data is furthermore smoothened with a moving
average window of 40 µs to reduce high frequency noise.

5.5

Baumann et al. 2011

Boundary of the dissipation-induced instability

We first present our measurement results and details of the data analysis afterwards.

5.5.1

25

Observations

We experimentally map out the boundary of the dissipation-induced
instability region by ramping up the transverse pump lattice to 25 Erec
in 50 ms via an s-shaped ramp for various polarization angles ϕ and
detunings ∆c . The result is shown in figure 5.6. For a given polarization angle, we define the onset of the dissipation-induced instability
by the minimum detuning where the strength of the sidebands exceeds
the signal at the transverse pump frequency. We theoretically obtain
the boundary of the dissipation-induced instability (orange region in
2
figure 5.6) from equation (5.16) as |ωD
− ωS2 | = 2K 2 which results in a
critical detuning ∆c,b = −κ/ tan |δφ|.
Physically, the boundary of the dissipation-induced instability can
be understood as the onset of synchronization between DM and SM.
Such a synchronization process is a result of a dissipation-induced level
attraction, a hallmark of non-Hermitian systems26 . Figure 5.4 shows
the frequencies of the DM and SM in the absence (dashed lines) and

Figure 5.6: Boundary of the instability dominated regime: Critical detuning for the onset of the dissipationinduced instability as a function of polarization angle ϕ. The black data
points indicate the smallest detuning where the strength of the sidebands becomes larger than the signal
at the transverse pump frequency in
the spectrograms for a fixed lattice
depth of 21 Erec . The white diamonds
indicate the parameters for the spectrograms shown in figure 5.5C-E. Errorbars are given by the discretized
detuning interval in which the transition was detected. The polarization angle determination has an error of 1 °. The green and blue regions correspond to DM and SM being respectively more strongly coupled to the spinor BEC. In the orange region, the system is dominated
by the dissipation-induced instability
(DSI). The boundary between different regions is obtained from a noninteracting theory, see main text.
26
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presence (solid lines) of dissipation. In the vicinity of the critical angle,
this level attraction leads to the emergence of two degenerate modes
with opposite chirality. Whereas one of them is damped, the other
mode is amplified which gives rise to the dissipation-induced instability. Similar forms of level attraction leading to an instability are observed in optomechanical systems27 and in general in non-Hermitian
photonic systems, where they can be associated with parity-time symmetry breaking phase transitions28 and exceptional points29 .

5.5.2

Data analysis - fitting the spectrum

Heterodyning allows us to access both amplitude and phase information of the cavity light field. The two light quadratures X(t), Y (t) after
calibration are combined to obtain the cavity field α∗ (t) = X +iY . After performing digitally a rotation at 47 kHz, we perform fast Fourier
transform (FFT) of the signal in a given time window T to access the
√ P
spectrum α̃∗ (ν) = dt/ T i α∗ (ti )e−i2πνti , where ti is the ith time
step. From this we obtain the power spectral density as: P SD(ν) =
α̃∗ (ν)α̃(ν) = ñph (ν)T . We fit ñph (ν) with an empirical model consisting of three Lorentzian peaks:
ñph (ν) =

b
c
a
+
+
, (5.32)
1 + (ν − ν0 )2 /Γ2
1 + (ν + ν0 )2 /Γ2
1 + ν 2 /Γ20

where a, b, c, ν0 , Γ, Γ0 are fit parameters. The model assumes the blue
and red sideband to be symmetrically centered around ν0 . Exemplary
traces and fits are shown in figure 5.7.
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Figure 5.7: Fitting the spectrum.
Exemplary fitted ñph for a lattice
depth VTP = 21.28(400) Erec and vare c = −2π ·
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organized state. (B) ∆
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uation with all three components being present. We assign this instance to
the instability dominated regime, due
to the larger weight on the sidebands.
The data was recorded with an acquisition time T of 10 ms. Insets show the
same data on logarithmic scale.
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The amplitude of the zero frequency component c is connected to
the value of the order parameter hJˆx i in steady state self-organization.
The other two amplitudes a, b are signaling the onset of the positional
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instability, with a mean frequency ν0 . The value of Γ0 is typically at
or below the Fourier limit, while Γ can take values ranging from the
Fourier limit to Γ ' ν0 , depending on the experimental parameters.
Typically, for regions of parameters close to the onset of the instability, we observe low values of Γ, while the values increase deeper into
the unstable region. Whenever the integrated signal is below the noise
level, we consider the system to be in the normal phase. Otherwise,
if the integrated signal from the central peak is above the integrated
signal of the side peaks, we consider the system to be self-organized.
Vice-versa we consider the system to be dominated by the instability.
This logic excludes the possibility for the two orders to coexist. Even
though this might be the case in some regions of parameters, the understanding of the system in such conditions goes beyond the scope
P
of this work. Typical values for the photon number nph = ν ñph in
the self-organized phase are 10 to 100 photons, while in the unstable
region the signal is about 1 to 10 photons. The background noise level
is around 10−2 photons.

5.5.3

Data analysis - detecting the boundary of the instability

In figure 5.6 we plot the region of the dissipation-induced instability
as a function of the detuning and the polarization angle for a lattice
depth of 21 Erec . The transverse pump power could in principle contribute to the position of the boundary as well. To obtain the data
reported, we measured the spectrum for a fixed polarization angle and
detuning as a function of time while ramping up the transverse pump
power to the maximum value of 25 Erec in 50 ms. The time trace was
segmented in time intervals of 5 ms with a 50 % overlap between neighboring intervals. For each interval we recorded ñph and fitted it with
our empirical model described above.

0

Figure 5.8: Exemplary determination
of the dispersively shifted critical de˜ crit defining the boundary betuning ∆
tween self-organization and instability
dominated regime as a function of VTP
for different polarization angles ϕ =
3.4(10) ° (blue), ϕ = 54.4(10) ° (red),
ϕ = 61.4(10) ° (green), ϕ = 62.9(10) °
(orange). A weak power dependence
can be noticed.
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Figure 5.9: Construction of the phase
diagram. (A) Total number of mean
intra-cavity photons nt and (B) number of mean intra-cavity photons n0 at
the frequency of the transverse pump
as a function of dispersively shifted de˜ c and lattice depth VTP of
tuning ∆
the transverse pump. (C) Phase diagram depicting the superfluid state SF
(purple), the self-organized state SO
(yellow), and the dissipation-induced
structural instability DSI (orange).
The measurement is performed at a
polarization angle ϕ = 63.3(10) ° and
every data point is obtained by averaging over five experimental repetitions.
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on the transverse pump power with significant deviations only close
to the boundary with the normal phase, see figure 5.8. This is in line
˜ crit
with the non-interacting theory which predicts no dependence of ∆
on the lattice depth. The experimentally determined cavity detunings
are binned with a homogeneous bin size of 0.5 MHz. The error bar
is half of the bin size, unless the data set has insufficient statistical
relevance around the transition point. In such a case the error bar is
the full bin size. Furthermore, the error in the dispersive shift arising
from the standard deviation of the atom number determination is also
added. Plus signs represent instances in which a precise determination of the boundary was not possible due to the finite detuning range
employed in the measurement. The position of such symbols gives an
upper bound for the critical detuning.

Phase diagram close to the critical polarization angle

In figure 5.9, we construct the phase diagram of the system as a function of lattice depth and detuning close to the critical polarization
angle at ϕ = 63.3(10) °. The transverse pump power is ramped up
via an s-shaped ramp in 20 ms to a lattice depth ranging between 0
to 20 Erec , held for 50 ms, and ramped down via an s-shaped ramp in
20 ms. The power spectral density and hence ñph is extracted from
the first 10 ms after the end of the upwards ramp. This spectrum is
fitted with our empirical model to extract two order parameters: the
total mean number of photons nt and the mean number of photons
n0 at the frequency of the transverse pump, figure 5.9A-B. Based on
these order parameters, we build a phase diagram exhibiting three
regimes as shown in figure 5.9C. The normal phase, called the superfluid state SF, is characterized by a negligible intra-cavity light field.
In contrast, the self-organized state SO30 , which corresponds to the
occupation of the DM, is identified by cavity light field dominantly at
the transverse pump frequency, nt ≈ n0 6= 0. Finally, the dissipationinduced structural instability leads to a finite occupation of the red
and blue sidebands while there is negligible power at the frequency of
the transverse pump, nt 6= 0 ≈ n0 .

5.6.1

Determination of the critical polarization angle

We discuss the determination of the value of the critical polarization
angle ϕ of the transverse pump in this regime.
We determined the value of the critical polarization angle with two
different methods. The first one relies on fitting the data from figure
5.6 to determine the position of the minimum. This method gives the
value 63.7(10) °, where the error bar is dominated by the repeatability
of our polarization setting ' 1 °. For the second method we looked
at the phase of the light during self-organization for a large detuning
of ∆c = −2π · 14.60(18) MHz using the same experimental procedure
presented in section 4.3.2. We observe a clear phase jump of π/2.
Fitting the position of the phase jump with a sigmoid function yields
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the value 62.2(10) °, where again the uncertainty is dominated by the
repeatability of the polarization setting. In this measurement, we also
observe that for angles around the critical angle, the observed value of
the phase goes smoothly from zero to π/2 in a window of ≈ 3 °. The
expected value for the critical angle for non-interacting atoms is 65.1 °.
Deviations from this value are nevertheless expected due to atom-atom
interactions disfavoring density modulations over spin modulations, as
discussed in section 4.5, leading to a shift towards lower angles. The
second method relies on data taken at higher transverse pump powers
and therefore higher mean densities with respect to the first method
due to the larger cavity detuning. For the theoretical plots presented,
we assumed the value 65.1 ° obtained from the theoretical values of
scalar and vectorial polarizabilities at the transverse pump wavelength
of 784.7 nm31 .

5.7
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Observation of limit cycles

When preparing the system in the dissipation-induced instability at
a fixed lattice depth, we observe a narrow red sideband that persists
over tens of milliseconds, corresponding to a uniform circular motion
in the xD − xS plane. This observation hints towards the presence of
a limit cycle in our system and is discussed in this section.
The dynamic evolution of a system can often be described in terms
of limit cycles and chaotic behavior. Most of the times, we aim to
find the ground state of a closed system or the steady state of an
open system. Limit cycles are different since they are non-stationary
solutions. Limit cycles usually occur when a system is transitioning
towards chaos. This has been observed in optomechanical systems32
and driven two-component Bose-Einstein condensates33 .
To test for the existence of a limit cycle34 in the dissipation-induced
instability regime, we need to look at the full evolution of each of the
spin states. In the two mode approximation, this evolution can be
characterized by the average of the angular momentum operators Jˆx,±
and Jˆy,± . The average value of hJˆz,± i can be obtained by using the
angular momentum conservation in the mean-field approximation. We
argue that this information can be extracted from the cavity-output
field. In the time-domain, hJˆx,± i or xD,S is related to the instantaneous value of the amplitude and phase of the cavity field as shown in
equation (5.13) and the corresponding values of hJˆy,± i are related to
the rate of change of hJˆx,± i and hence the time variation of the cavity
field.
Considering a simple limit cycle where the system is continuously
and uniformly rotating in the xD − xS plane, one expects a sharp peak
in the frequency spectrum of the cavity field at the rotation frequency
of the system. We analyze the evolution of the spectrum while all
external parameters are kept constant in figure 5.10. A window size
of 2 ms is used to construct the spectrograms and each data set is
averaged over five experimental realizations. We observe a narrow
peak (ν0  Γ) at finite frequency, remaining over tens of milliseconds.

32

Carmon et al. 2005, 2007, Metzger
et al. 2008
33

34

Tomkovič et al. 2017

Piazza and Ritsch 2015, Chiacchio
and Nunnenkamp 2019
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This hints towards the formation of a limit cycle in the system in the
instability dominated regime. We also notice a pulsing behavior in the
spectrum and the decay of the peak amplitude over time, which points
towards the damping of the limit cycle, possibly due to collisional
interactions.
The transverse pump lattice is shallow in figure 5.10A. In comparison, we observe for deeper lattices in figure 5.10B-C that the finite
frequency peak broadens. This implies that either the limit cycle is
becoming more complex or the dynamics is becoming chaotic. The
broadening can also result from increased collisional interactions due
to higher rotation frequencies. This behavior is further analyzed in
section 5.8. In the right column of figure 5.10, we show the mean photon number n
eph as a function of frequency ν obtained from the Fourier
transform of the cavity field in the full holding duration of 50 ms.
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Figure 5.10: Observation of limit cycles. Spectrograms showing the mean
photon number n
eph as a function of
frequency ν and holding time where all
external parameters are held constant
in the instability dominated regime
for polarization angle ϕ = 63.3 ° and
e c = −2π · 1.8(40) MHz. The illus∆
trated spectrograms are for different
lattice depths: (A) 3.94(1) Erec , (B)
12.62(1) Erec , and (C) 18.79(1) Erec .
The right column shows the mean photon number n
eph as a function of frequency ν obtained from the Fourier
transform of the full holding duration.
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Limitations to our description and role of collisional
interactions

Our mean-field description of the system in terms of a positional instability does not describe all aspects of the observed dynamics. For example, the number of photons in the case of the dissipation-induced instability in figure 5.5D-E is much smaller than during self-organization
in figure 5.5C, although the instability is associated with a finite amplification rate g. Even the limit cycle like behavior in figure 5.10
survived for a long time without much increase in the corresponding
amplitude. Moreover, there is a finite critical lattice depth for the
onset of the dissipation-induced instability in figure 5.5B, although g
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is positive for infinitesimal lattice depths. We attribute this and the
observed pulsing behavior in the number of photons in figure 5.5B to
collisional interactions between the atoms. Such a behavior of collisional interactions can possibly be modeled as an atomic dissipation
channel that competes with the cavity induced instability.

Role of collisional interactions

We observe a much lower mean intra-cavity photon number in the
dissipation-induced instability in figure 5.5D-E than during self-organization in figure 5.5C. Such a behavior can be qualitatively explained
by the presence of s-wave collisional interactions between the atoms.
As the atomic field evolves from one checkerboard pattern to another,
these interactions can scatter atoms out of the two considered momentum states. Such processes can limit the amplitude growth in the
dissipation-induced instability.
To further understand this behavior, we can estimate the average
speed v = λν0 of a particle moving from one checkerboard site to
another in the instability dominated regime. Here ν0 is the rotation
frequency and λ is the wavelength of the pump laser which corresponds
to the distance traveled by an atom in one cycle. This gives a speed of
about 0.78 mm s−1 for a rotation frequency of 1 kHz. This speed has to
be compared to the critical speed vcr for creating phononic excitations
following Landau’s theory35
r
4π~2 an
,
(5.33)
vcr =
m2
where a is the s-wave scattering length, m is the mass of a 87 Rb atom
and n is the atomic density. Following the Gross-Pitaevskii equation
and inserting our experimental parameters, we estimate this speed to
be about 3.13 mm s−1 . Adding the effect of the transverse pump lattice
might increase the critical speed at the maximum density by a factor
of two. The comparison indeed shows that such excitations can be
generated for the observed sideband frequencies of a few kHz and hence
the atoms are scattered out of the two considered momentum modes.
The higher energy of these particles leads to heating and atom-loss.
In figure 5.11, we plot the extracted linewidth Γ of the sidebands as
a function of their mean frequency ν0 . The data is binned in frequency
bins of 1 kHz for the peak frequency with the number of data points
in a bin ranging from four to 150. The measurement is performed
at the polarization angle ϕ = 63.3(10) ° and every data point is obtained by averaging over five experimental repetitions. We observe a
positive correlation between the mean frequency ν0 and the extracted
linewidth Γ. We associate the growing linewidth of the sidebands with
an increasing number of excitations created in the system, indicating
the importance of interactions for the observed dynamics.
From figure 5.9C, we observe that there is a finite VTP threshold
for the onset of the dissipation-induced instability which increases for
larger negative detuning. We attribute this finite threshold to a balance between the amplification rate g and a damping rate γ due to the
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Figure 5.11: The linewidth Γ is plotted against the peak frequency ν0 of
the sideband in the instability dominated regime, showing a positive correlation.
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collisional interactions36 . As g decreases with the detuning becoming
more negative because of the reduced cavity phase shift, the threshold
correspondingly increases. High thresholds for more negative detuning
also increase the effect of atomic interactions as the atoms get more
and more squeezed in the pancakes formed by the transverse pump
lattice. This effect can be responsible for a finite critical detuning for
the onset of the dissipation-induced instability at the critical angle as
opposed to the predictions of the non-interacting theory, see figure 5.6.
However, we also cannot rule out the role of polarization impurity in
making the critical detuning finite.
The observed dynamics can thus be interpreted as the result of
competition between two baths: one arising from the cavity and the
other from the atomic interactions. Interestingly, on a qualitative level
these two dissipation channels act on two conjugate variables. Whereas
the cavity acts on the position operator ≈ Jˆx , the atomic dissipation
is coupled to the velocity of the particles and hence the rate of change
of the atomic density modulation ≈ Jˆy . Such competing baths are
known to give rise to dissipative frustration37 .

5.8.2

Experimental justification of the model

An important approximation employed in our derivation of the equations of motion is: hJˆz,± i ≈ −N/2. This can be verified experimentally
as we can use the obtained photon number and equation (5.13) to extract hJˆx,± i. For the instability data shown in figure 5.5, this gives
an estimated change in the value of hJˆz,± i of at most 23 % for a binsize of 5 ms. Also, note that the reason why the change in hJˆz,± i
should be small is not built-in to our simple non-interacting model
and we attribute it to the s-wave collisional interactions, see the discussion above. We also converted the number of photons in steady
state self-organization to hJˆx,± i for the data in figure 5.5A. From the
non-interacting theory, |hJˆx,± i| < N/2, but we found the corresponding
experimental values to be as large as N which cannot be fully captured
within our calibration errors.

5.9

Conclusion

We investigated the interplay of unitary and dissipative processes in a
many-body system consisting of a two-component spinor Bose-Einstein
condensate coupled to an optical cavity. Orthogonal quadratures of
the cavity field coherently couple the Bose-Einstein condensate to two
different atomic spatial modes. These modes are associated with either a density or a spin modulation of the atomic cloud. The dispersive effect of the cavity losses mediates a dissipative coupling between
these modes. The coherent and dissipative coupling strengths can be
independently tuned in the experiment. In a regime of dominant dissipative coupling, we detected a non-stationary state of chiral nature
through analysis of the cavity output field. We related the observed
emergence of the non-stationary state to a positional instability found
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in classical mechanics. We studied the instability regime in depth:
we mapped out the boundary of the dissipation-induced instability,
analyzed a phase diagram close to the critical polarization angle and
observed limit cycles. We also discussed limitations of our theoretical
description, emphasizing the role of contact interactions.
Our observation of a dissipation-induced instability represents a
form of quantum many-body dynamics that shares characteristics with
but is distinct from limit cycles38 and time crystals39 .

5.10

Outlook

This chapter treated the emergence of a structural instability and chiral dynamics for dominating dissipative coupling in a system with tunable unitary and dissipative couplings.
One possible follow-up project is to probe the excitation spectrum
of the system with Bragg spectroscopy analogously to Mottl et al.40 .
The excitation spectrum is expected to show level attraction and phenomena similar to exceptional points due to the Hamiltonian being
non-Hermitian.
Another route is to study in-depth the occurrence and properties of
limit cycles and possibly the transition to chaos. We discussed possible
effects due to the presence of collisional interactions. A reduction of
the trap frequencies can reduce the density of the atomic cloud and
hence the collisional interactions, which might lead to a cleaner system
for these studies.
The influence of additional spin states on the dissipation-induced
instability can also be studied. For example, the presence of spin states
in mF = 0 is expected to influence the boundary of the instability
regime.
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6
Spin-changing self-organization with
a U(1) symmetry
The work described so far in this thesis has dealt with the self-organization Dicke phase transition realized with a single transverse pump.
In that setting the spin-dependent cavity-mediated interactions couple
two momentum states with the same atomic spin. In this chapter we
describe a different experimental scheme where two transverse pumps
are incident on the atomic cloud. This scheme can lead to various rich
phenomena depending on the properties of the transverse pumps.
We will focus on one scenario which describes spin-changing selforganization with an underlying U(1) symmetry of the Hamiltonian.
Coupling different spin states via the cavity field is an important step
to realize dynamical spin-orbit coupling and artificial gauge fields1 .
We will analyze the Hamiltonian, explore its properties and calculate
its phase transition point, order parameters and excitation spectrum.
This chapter does not contain experimental results, but presents a
theoretical analysis and calculations.
We start by reviewing the experimental implementation and setting up the single-particle Hamiltonian. We then derive the manybody Hamiltonian from the single particle Hamiltonian and explore its
properties. We discuss the underlying SU(3) algebra and the U(1) symmetry. We calculate the energy landscapes, order parameters, phase
transition point and the excitation spectrum both in the normal and
the superradiant phases.
The content of sections 6.1 and 6.2.1 is also treated in the PhD
thesis of Dogra2 .
This project has been performed in collaboration with Dr. Ramasubramanian Chitra and Rui Lin from the Institute for Theoretical
Physics at ETH Zurich.

6.1

Setting the scene

In this chapter, we extend the framework to two transverse pumps
slightly different in frequency. We will therefore refer to the Hamiltonian introduced in the following as the two-color Hamiltonian. We
will show how this extended framework realizes a coupling between
different momentum states of different spin states.

1

Goldman et al. 2014, Padhi and
Ghosh 2014, Deng et al. 2014, Mivehvar and Feder 2015, Kollath et al.
2016, Kroeze et al. 2019

2

Dogra 2019

100

Figure 6.1: Implementation of the
two-color Hamiltonian.
a) Experimental setup.
The Bose-Einstein
condensate is illuminated with two
y-polarized retroreflected transverse
pumps of slightly different frequency.
b) Level scheme. The two atomic spin
levels |0i and |+1i are separated by
the tunable Zeeman energy splitting
~ωz . The ground momentum state
(solid line) is split by ~ω0 from the excited momentum state (dashed line).
The two-color pump scheme realizes a
coupling which changes both the spin
and the momentum state.

Figure 6.2: Frequencies in the two
color scheme. By tuning the individual pump frequencies ωb,r , we can determine the cavity emission frequency
ω̄ = (ωr + ωb )/2 and the difference
frequency ωz0 = (ωb − ωr )/2. All frequencies are much smaller than the
frequency of the closest atomic resonance.

The setup is shown in 6.1(a). The Bose-Einstein condensate is illuminated with two transverse pump standing waves of frequencies
ωb,r polarized along the y-axis. The frequency of the intra-cavity light
field is at their average frequency ω̄ = (ωb +ωr )/2. The relation between
the frequencies is illustrated in figure 6.2. The frequency of the ”red”
transverse pump ωr is smaller than the resonance frequency of the
cavity ωc . The resonance frequency of the ”blue” transverse pump
ωb is larger than the resonance frequency of the cavity. The average frequency ω̄ is on the red side of the cavity resonance frequency.
The difference frequency is designated by 2ωz0 = ωb − ωr . All these
frequencies are red detuned from the D2 -line.
The level scheme is shown in 6.1(b). The ground (excited) momentum states of |0i and |+1i are split by the Zeeman energy ~ωz .
The splitting is tunable through the strength of the external magnetic field. The splitting between the ground and excited momentum
state within one spin manifold is given by ~ω0 . A two-photon Raman
transition couples the ground momentum state of |0i with the excited
momentum state of |1i. The two-photon Raman transition realizing
the (anti-)Tavis-Cummings coupling is composed of one photon from
the (blue) red transverse pump and one cavity photon.
For our experimental setup, typical values are ωz = 50 MHz ≈ ωz0 .
Note that we have chosen the magnetic field to point along the
positive z-axis. We have designated the two atomic spin states as
|0i and |+1i. In our experimental realization we use the hyperfine
spin manifold F = 1 of 87 Rb and set |0i = |mF = 0i and |+1i =
|mF = −1i. We can neglect the third state of the F = 1 manifold for
a sufficiently large quadratic Zeeman shift.

6.2

Derivation of the Hamiltonian

We will formulate the single particle Hamiltonian for a specific choice
of properties of the two transverse pump fields. We will then calculate
the many-body Hamiltonian.
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6.2.1

Derivation of the single-particle Hamiltonian

We start by setting up the basic single particle Hamiltonian for our
scenario3 :
Ĥsp = Ĥlight + Ĥatom + Ĥint

Remember that we set ~ = 1.

(6.1)

2

p
+ Vext (x) + ωz F̂z
2m
†
αv †
(Ê × Ê) · F̂.
+ αs Ê Ê − i
2F
= ωc b̂† b̂ +

3

(6.2)

We have expressed the Hamiltonian of the light field only through the
operator of the z-polarized cavity mode b̂, because the spin-changing
process is mediated by this mode only. This is justified as long as
|ωb,r − ωc |  κ. We have also written down the Zeeman energy of the
atom in the external magnetic field with the Zeeman frequency ωz .
We choose the rotating frame
ĤRW = ωz0 F̂z + ω̄ b̂† b̂.

(6.3)

We choose the following configuration of light fields
Ê = ETP,r cos (kr z)e−iωr t e−iφ ˆy + ETP,b cos (kb z)e−iωb t eiφ ˆy
+ E0 e−iω̄t cos (kx)b̂ˆ
z .

(6.4)

This corresponds to two transverse pumps with different frequencies
ωr , ωb and amplitudes ETP,r , ETP,b . They have the corresponding
wavenumbers kr , kb and the relative time phase φ with respect to each
other. They are both polarized along the y-direction. The subscript
r (b) stands for red (blue) detuning from the cavity resonance. Note
that both pumps are red detuned from atomic resonance. The intracavity light field has frequency ω̄ and the corresponding wavenumber
k = k̄ = ω̄/c, where c is the speed of light.
We now make a few simplifying assumptions: We set the time phase
to φ = 0 and assume identical amplitudes of the two pump fields
ETP,r = ETP,b = ETP . We define ∆k = kb = kr . After going to the
rotating frame and omitting time-dependent terms, the scalar interaction Hamiltonian reads


s
2
2
Ĥint
= αs ETP,r
cos2 (kr z) + ETP,b
cos2 (kb z) + E02 b̂† b̂ cos2 (kx)

2
= αs ETP
2 cos (∆kz) cos2 (kz) − (cos (∆kz) − 1) + αs E02 b̂† b̂ cos2 (kx)



2 
= αs ETP
2 cos (∆kz0 ) cos2 (kz) − (cos (∆kz0 ) −1) + αs E02 b̂† b̂ cos2 (kx)
| {z }
| {z }
=0

2
= αs ETP
+ αs E02 b̂† b̂ cos2 (kx).

0

(6.5)

From the first to the second equation, we have employed trigonometric
identities. For detunings ωb − ωr < 2π · 1 GHz, ∆k is sufficiently
small such that the term cos (∆kz) is constant over the extent of the
atomic cloud. Following this argument, we have replaced cos (∆kz)
with cos (∆kz0 ) from the second to the third equation. The variable
z0 is the distance between the atomic cloud and the retroreflecting
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mirror. This distance can be tuned in the experiment by shifting the
position of the retroreflecting mirror, as described in section 1.2.1.
The distance to the retroreflecting mirror determines the spatial phase
between the two transverse pump lattices and therefore the lattice
depth of the combined potential.
We have inserted the special choice of a spatial phase of ∆kz0 = π/2.
This results in no spatial modulation along the z-axis, as the first term
in the fourth equation illustrates. Therefore, there is no transverse
pump lattice present. The second term in the last line describes the
dispersive shift of the cavity resonance.
Similarly, we derive the vectorial interaction Hamiltonian:




iαv
∆kz0
v
Ĥint = −
E0 cos
ETP F̂+ b̂ − F̂− b̂† + F̂− b̂ − F̂+ b̂† cos kx cos kz
4
2
{z
}
|
{z
}
|
= √12

−

iαv
E0 sin
4
|





=(F̂+ +F̂− )(b̂−b̂† )



∆kz0
ETP F̂+ b̂ − F̂− b̂† − F̂− b̂ + F̂+ b̂† cos kx sin kz
2
|
{z
}
{z
}

= √12

=(F̂+ −F̂− )(b̂+b̂† )


iαv
= − √ E0 ETP (F̂+ + F̂− )(b̂ − b̂† ) cos kx cos kz
4 2

+(F̂+ − F̂− )(b̂ + b̂† ) cos kx sin kz

iαv
= − √ E0 ETP F̂x (b̂ − b̂† ) cos kx cos kz
2 2

+iF̂y (b̂ + b̂† ) cos kx sin kz .

(6.6)

We have used F̂± = Fˆx ± iF̂y . We note that in this pump scheme,
we obtain a vectorial coupling even though both transverse pumps
are polarized along the y-axis, in contrast to the results for a single
transverse pump described in chapter 4.
In the above derivation, we have omitted two other coupling terms.
This is justified as long as |ωb,r − ωc |  κ (the same condition as for
√
writing only the z-polarized cavity mode), ωz + ωz0  N |αv ETP,r E0 |
√
and ωz + ωz0  N |αv ETP,b E0 |.
The complete single particle Hamiltonian therefore reads
p2
+ Vext (x) + (ωz − ωz0 )F̂z
2m
2
+ αs ETP
+ αs E02 b̂† b̂ cos2 (kx)

αv
− √ E0 ETP F̂x i(b̂ − b̂† ) cos kx cos kz
2 2

−F̂y (b̂ + b̂† ) cos kx sin kz

Ĥsp = −∆c b̂† b̂ +

(6.7)

with the cavity detuning ∆c = ω̄ − ωc . Defining δz = ωz − ωz0 and
√
λvsp = −αv/(2 2)E0 ETP , inserting the definition for the dispersive shift
and omitting the external potentials and constants results in
p2
+ δz F̂z
Ĥsp = (−∆c + U0 cos2 (kx))b̂† b̂ +
2m


+ λvsp F̂x i(b̂ − b̂† ) cos kx cos kz − F̂y (b̂ + b̂† ) cos kx sin kz .

(6.8)
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This Hamiltonian describes a coupling which changes both the momentum and the spin state. Atoms in the ground momentum state in
|0i are coupled to two different excited momentum states cos kx cos kz
or cos kx sin kz accompanied by a spin-changing process through F̂x or
F̂y . The coupling to the excited momentum state cos kx cos kz in |+1i
is mediated through the imaginary quadrature of the light field (b̂− b̂† ),
while the coupling to the excited momentum state cos kx sin kz in |+1i
is mediated through the real quadrature of the light field (b̂ + b̂† ). The
two excited states are degenerate. The level scheme and the couplings
are illustrated in figure 6.3.
Figure 6.3: Level scheme for our scenario (φ = 0, ETP = ETP,r = ETP,b ,
∆kz0 = π/2). The momentum ground
state in |0i is coupled to two different
excited momentum states cos kx cos kz
and cos kx sin kz in |+1i. The excited
states are degenerate. The couplings
are mediated by different quadratures
of the light field and spin-changing F̂i
operators.

The choice of the time phase φ, the pump strengths ETP,r , ETP,b
and the spatial phase ∆kz0 is crucial for the final Hamiltonian. The
initial Hamiltonian can lead to various rich phenomena, depending
on the choices made. For example, for φ = 0, ∆kz0 = 0, we can
realize the interpolating Dicke Tavis-Cummings model. Experimental
and numerical studies of a similar scheme with thermal atoms are
reported in Zhiqiang et al.4 . Since the effective energy difference can
be tuned through the Zeeman splitting and the frequencies, we can
also realize zero- or inverted threshold scenarios. For equal pump
strengths ETP,r = ETP,b , an effective Dicke model is realized, where
self-organization couples both spin- and momentum states. This was
recently realized in Kroeze et al.5 and is closer to the original proposal
of Dimer et al.6 . More information on the vast scenarios which can be
realized for different parameter choices can be found in the PhD thesis
of Dogra7 .

6.2.2

Three mode expansion and many-body Hamiltonian

We will now derive the many-body Hamiltonian starting from the final
expression for the single particle Hamiltonian in equation (6.8) following the procedure for the simple Dicke model described in section 2.2.2.
The atomic field operator ψ̂ is described in the following basis of
atomic field operators:
ψ̂ = ψ0 ĉ0 + ψ1 ĉ1 + ψ2 ĉ2 ,
ψˆ0 = ψ0 ĉ0 = ( 1/λ̄
⊗ mF = −1) ĉ0 ,
| {z }
|{z}
spatial part



spin part

(6.9)
(6.10)




ψˆ1 = ψ1 ĉ1 = (2/λ̄) cos kx cos kz ⊗ mF = 0 ĉ1 ,
|
{z
} | {z }
spatial part

spin part

(6.11)
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ψˆ2 = ψ2 ĉ2 = (2/λ̄) cos kx sin kz ⊗ mF = 0 ĉ2 ,
|
{z
} | {z }

(6.12)

spin part

spatial part

where λ̄ is the wavelength of the interference lattice given by λ̄ = 2π/k̄.
We have restricted ourselves to the two hyperfine states mF = 0
and mF = −1, as discussed above. In contrast, here we have imposed
that the experiment starts with all atoms populating the momentum
ground state of the spin state mF = −1. The atoms are coupled to
the excited momentum states of the spin state mF = 0.
The operators ĉ†i (ĉi ) are bosonic creation (annihilation) operators
obeying the commutation relations
i
i
h
h
(6.13)
[ĉi , ĉj ] = ĉ†i , ĉ†j = 0, ĉi , ĉ†j = δi,j .

It follows that the atomic field-operators ψˆ0 , ψˆ1 and ψˆ2 obey the commutation relations:
h
i h
i
h
i
ψ̂i , ψ̂j = ψ̂i† , ψ̂j† = 0, ψ̂i , ψ̂j† = δi,j .
(6.14)

The many-body Hamiltonian is calculated via
Z
ĤBEC = ψ̂ † (x)Ĥsp ψ̂(x)dx.

(6.15)

The calculation is shown in detail in appendix A. The final many-body
Hamiltonian reads



3
3
1 †
ĤBEC = −∆c + U0
ĉ0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 b̂† b̂
2
4
4

+ ω0 (ĉ†1 ĉ1 + ĉ†2 ĉ2 ) − δz ĉ†0 ĉ0

λvSP 
i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) + (b̂ + b̂† )i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
+ √
2 2
(6.16)

Invoking the atom √number conservation law N̂ = ĉ†0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2

and defining λ =

ĤBEC

N
λv
SP
√
2 2





U0
=
−∆c + 2

|
+

ω0 (ĉ†1 ĉ1

+

=

−αv E0 ETP
8

√

N

ĉ† ĉ1 + ĉ†2 ĉ2
N̂ + 1
2
{z
Ũ

ĉ†2 ĉ2 )

results in


!
 †
 b̂ b̂


}



− δz N̂ − ĉ†1 ĉ1 − ĉ†2 ĉ2


λ 
i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) + (b̂ + b̂† )i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
+√
N
(6.17)
The first line describes the light field, the second line describes the
atoms. The third line describes the coupling between atoms and light.
It is this line which is fundamentally different from the models treated
earlier in this thesis. In the following, we will gain an understanding of this Hamiltonian and its properties, before we perform explicit
calculations.
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6.3

Exploring the Hamiltonian

6.3.1

Many-body Hamiltonian with cavity field elimination

As a first step, we calculate the effective Hamiltonian after adiabatic
elimination of the cavity field.
We derive the Heisenberg equation of motion for the mean-field
expectation value of the z-polarized cavity mode b̂:

h
i
d
λ  †
(ĉ0 ĉ1 + ĉ†1 ĉ0 ) − (ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
b̂ = i Ĥ, b̂ = −iŨ b̂ − √
dt
N
(6.18)
Assuming that a steady state exists, we set the time derivative of the
!
d
b̂ = 0. This results in
cavity field to zero dt
iλ (ĉ†0 ĉ1 + ĉ†1 ĉ0 ) − (ĉ†0 ĉ2 − ĉ†2 ĉ0 )
b̂ = √
.
Ũ
N

(6.19)

The Hamiltonian with the cavity field adiabatically eliminated therefore reads:
Ĥ =ω0 (ĉ†1 ĉ1 + ĉ†2 ĉ2 ) − δz ĉ†0 ĉ0

λ2  †
(ĉ0 ĉ1 + ĉ†1 ĉ0 )2 − (ĉ†0 ĉ2 − ĉ†2 ĉ0 )2 + (ĉ†1 ĉ2 + ĉ†2 ĉ1 ) . (6.20)
−
N Ũ
We compare this to the effective Hamiltonian of the Dicke model after
cavity field elimination:
ĤDicke = ω0 Jˆz −

λ2
Jˆ2 .
N (−∆c ) x

(6.21)

The first line in equation (6.20) describes the atomic energy, equivalent
to the first term in equation (6.21). While the coupling term in the
effective Dicke Hamiltonian is proportional to Jˆx2 , the coupling term in
equation 6.20 is more complex. It comprises a term which can be seen
as a Jˆx2 -like term for ĉ†0 ĉ1 and a Jˆy2 -like term for ĉ†0 ĉ2 . Additionally,
there is a Jˆx -like term for ĉ†1 ĉ2 . This structure is very different from
the Dicke Hamiltonian. Already this shows that we cannot map this
Hamiltonian onto the Dicke Hamiltonian.
In the following, we will investigate the Hamiltonian of the closed
system. The investigation of the open system is subject to ongoing
work with Rui Lin and Dr. Ramasubramanian Chitra.

6.3.2

SU(3) character

Until equation (6.17), the calculations have been performed analogous
to Baumann et al.8 . The next step in Baumann et al. is to identify
combinations of the operators ĉ0 and ĉ1 with the angular momentum
operators Jˆx , Jˆy and Jˆz of N spin- 12 systems. The operators Jˆi are expressed in Pauli matrices, which are the generators of the SU(2) group.
We cannot perform this step since the Hamiltonian under investigation cannot be mapped to a SU(2) problem. Instead, it describes

8

Baumann et al. 2010
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a SU(3) problem. This can be intuitively seen by considering the
coupling term: The (b̂ − b̂† ) light field quadrature only couples to
(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) (which can be understood as a Jˆx,1 term), while the
(b̂ + b̂† ) quadrature couples to i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) (which can be understood
as a Jˆy,2 term). There is no linear combination such that the spin-1
Jˆx , Jˆy , Jˆz generators of the SU(2) algebra can reproduce the Hamiltonian. A SU(2) structure would require that each quadrature would
mediate a coupling to both ĉ1 and ĉ2 .
Since this is a SU(3) and not a SU(2) problem, we will follow a more
involved route to treat the system analytically.
We show how we can express the Hamiltonian through Gell-Mann
matrices, the analog to the Pauli matrices for spin-1 in SU(3), in appendix B.

6.3.3

U(1) symmetry

We will investigate the symmetry properties of the Hamiltonian in this
section. As we have discussed in section 2.3, the Dicke Hamiltonian is
invariant under the transformation â → −â, Jˆx → −Jˆx corresponding
to a Z2 symmetry. The Hamiltonian (6.17) is invariant under the
transformation
 
 iθ
 
e
0
0
0
b̂
b̂
 ĉ 
0 1
ĉ 
0
0
  0

 0
(6.22)
 
 →
0 0
ĉ1 
cos θ
−i sin θ ĉ1 
0 0 −i sin θ
cos θ
ĉ2
ĉ2
{z
}
|
:=U

with θ ∈ [0, 2π). The transformation matrix U has the generator
Ĉ = b̂† b̂ − (ĉ†1 ĉ2 + ĉ†2 ĉ1 )
h
i
with Ĥ, Ĉ = 0
n
o
such that U = exp iθĈ .

9

This is an arbitrary phase reference
which we chose.

(6.23)
(6.24)
(6.25)

This describes a U(1) symmetry. The consequence of the U(1) symmetry is that the phase of the light field can take any value θ in [0, 2π).
We can detect the phase of the light field with the heterodyne detector,
described in section 1.5. For the atomic operators, θ decides on the
composition of the eigenmodes. The composition corresponds to a certain configuration of the atomic density and spin pattern. For example,
for θ = 0, the two eigenmodes are unchanged under the transformation. The eigenmode ĉ1 (ĉ2 ) describes a density pattern governed by
cos (kx) cos (kz) (cos (kx) sin (kz)) with the spins being aligned along
the x(y)-axis, since this coupling is accompanied by F̂x (F̂y ), see equation (6.8). The coupling to cos (kx) cos (kz) (cos (kx) sin (kz)) is mediated by the imaginary (real) quadrature of the light field. Since for
θ = 0, b̂ ∈ R 9 , only the mode cos (kx) sin (kz) is coupled to the ground
state. Other values of θ describe a mixing of the two eigenmodes and
the corresponding density and spin pattern.
Phase transitions in ultracold quantum gases breaking a continuous
U(1) symmetry have gained attention since they allow to study the
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emergence of the massless Goldstone and massive (Higgs) amplitude
mode and deepen the understanding of the Anderson-Higgs mechanism10 . For example, the Higgs mode has been observed in a BoseHubbard model11 . Léonard et al. coupled a Bose-Einstein condensate
to two crossed cavities. For symmetric coupling strength, this lead to
the formation of a supersolid12 , breaking a U(1) symmetry. Léonard
et al. studied the associated Goldstone and Higgs mode13 .

6.3.4

10

Anderson 1963, Higgs 1964

11

Endres et al. 2012

12

Léonard et al. 2017b

13

Léonard et al. 2017a

14

Holstein and Primakoff 1940

15

Emary and Brandes 2003

16

Baksic and Ciuti 2014
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Order parameter

In section 2.3 we have identified Jˆx as the order parameter for the
Dicke phase transition. This was motivated by the structure of (2.19).
Analogously, if we consider equation (6.19), we can identify Re(ĉ†0 ĉ1 )+
iIm(ĉ†0 ĉ2 ) as the order parameter of the phase transition. This is also
motivated by merely looking at the structure of the coupling in the
many-body Hamiltonian (6.17). The breaking of the U(1) symmetry
corresponds to different weights on Re(ĉ†0 ĉ1 ) and Im(ĉ†0 ĉ2 ). For a fixed
coupling strength λ, the absolute value of the order parameter is conserved according to Re2 (ĉ†0 ĉ1 ) + Im2 (ĉ†0 ĉ2 ) = |ĉ†0 ĉ1 |2 + |ĉ†0 ĉ2 |2 = const.

6.4

Phase transition and excitation spectrum

In this section, we use the Holstein-Primakoff representation14 to calculate various quantities. Our treatment follows Emary et al.15 , where
the Dicke model was investigated, and Baksic et al.16 , who have investigated the symmetry properties and excitation spectrum of a different but similar Hamiltonian. The Hamiltonian investigated by Baksic
et al. describes a collection of spin-1/2 particles coupled to a single
bosonic field mode. Each particle is coupled to both quadratures of
the bosonic field mode. The coupling to each quadrature is individually tunable. This model resembles the interpolating Dicke TavisCummings model.17
This section starts with the Holstein-Primakoff transformation of
the many-body Hamiltonian from equation (6.17). Next, the ground
state energy is minimized to calculate the order parameters and the
energy landscape. The excitation spectrum in the normal and superradiant phase is calculated in the last part.

6.4.1

SU(3) Holstein-Primakoff transformation

The first step is to transform the SU(3) operators, consisting of products of the ĉi operators, to two bosonic operators. This nonlinear transformation is the two-dimensional analog to the original one-dimensional
Holstein-Primakoff transformation18 and is given in Wagner19 . Following Wagner, the bilinear operators associated with the SU(3) group
are:
N̂ =ĉ†0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 ,

(6.26)

τ̂+ =ĉ†1 ĉ0 , τ̂− = ĉ†0 ĉ1 ,
1
τ̂0 = (ĉ†1 ĉ1 − ĉ†0 ĉ0 ),
2

(6.27)
(6.28)

17

Baksic et al. characterized the
closed system. They calculated the
phase diagram as a function of the
coupling strengths and identified three
different superradiant phases, because
their model features three symmetries
which can be broken separately. They
also investigated the order of the phase
transitions between different phases.
Soriente et al. investigated the corresponding open system (Soriente et al.
2018). They found that the presence of dissipation fundamentally alters the system’s behavior. Amongst
others, dissipation lead to the splitting
of the multicritical point, coexistence
of phases and anomalous finite fluctuations.
18

Holstein and Primakoff 1940

19

Wagner 1975
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α̂+ =ĉ†1 ĉ2 , α̂− = ĉ†2 ĉ1 ,
β̂+ =ĉ†2 ĉ0 ,

(6.29)

ĉ†0 ĉ2 ,

β̂− =
1 †
Γ̂ = (ĉ0 ĉ0 + ĉ†1 ĉ1 − 2ĉ†2 ĉ2 ).
3

These obey the commutation relations:
h
i
τ̂0 , Γ̂ = 0, [τ̂+ , τ̂− ] = 2τ̂0 ,

(6.30)
(6.31)

(6.32)
h

i

1
1
[τ̂0 , τ̂± ] = ±τ̂± , [τ̂0 , α̂± ] = ± α̂± , τ̂0 , β̂± = ± β̂± ,
2h
2
h
i
h
i
i
Γ̂, τ̂± = 0, Γ̂, α̂± = ±α̂± , Γ̂, β̂± = ∓β̂± ,
h
i
h
i h
i
[τ̂± , α̂± ] = τ̂± , β̂± = 0 = β̂+ , α̂− = α̂+ , β̂− ,
h
i
[τ̂± , α̂∓ ] = ∓β± , τ̂± , β̂∓ = ±α± ,
h
i
α̂± , β̂± = ±τ± ,
1
[α̂+ , α̂− ] = (3Γ̂ + 2τ̂0 ),
2
h
i
1
β̂+ , β̂− = − (3Γ̂ − 2τ̂0 ).
2

(6.33)
(6.34)
(6.35)
(6.36)
(6.37)
(6.38)
(6.39)

We introduce two new bosonic operators ê1 , ê2 . We map the bosonic
operators from the original model to these new bosonic operators via
the following nonlinear transformation:
q
τ̂+ =ê†1 N̂ − (ê†1 ê1 + ê†2 ê2 ),
(6.40)
q
(6.41)
τ̂− = N̂ − (ê†1 ê1 + ê†2 ê2 )ê1 ,
α̂+ =ê†1 ê2 ,

(6.42)

α̂− =ê†2 ê1 ,

(6.43)

β̂+ =ê†2 N̂ − (ê†1 ê1 + ê†2 ê2 ),
q
β̂− = N̂ − (ê†1 ê1 + ê†2 ê2 )ê2 ,

(6.44)

q

1
τ̂0 =ê†1 ê1 + (ê†2 ê2 − N̂ ),
2
N̂
Γ̂ = − ê†2 ê2 ,
3
N̂ =N̂ .

(6.45)
(6.46)
(6.47)
(6.48)

Expressing the many-body Hamiltonian (6.17) in terms of the bilinear
operators and applying the Holstein-Primakoff transformation results
in


U0
(2N̂ + ê†1 ê1 + ê†2 ê2 ) b̂† b̂
Ĥ = −∆c +
4

+ ω0 (ê†1 ê1 + ê†2 ê2 ) − δz (N̂ − ê†1 ê1 − ê†2 ê2 )


 q
q
λ
†
†
†
†
†
†
+√
i(b̂ − b̂ ) ê1 N̂ − (ê1 ê1 + ê2 ê2 ) + N̂ − (ê1 ê1 + ê2 ê2 )ê1
N
q

q
†
†
†
†
†
†
N̂ − (ê1 ê1 + ê2 ê2 )ê2 − ê2 N̂ − (ê1 ê1 + ê2 ê2 ) .
+(b̂ + b̂ )i
(6.49)
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For the rest of the discussion, we set δz = 0 and neglect the dispersive shift because U0 is small, as discussed in section 2.2.1. The final
Hamiltonian after the Holstein-Primakoff transformation reads:
ĤHP = − ∆c b̂† b̂ + ω0 (ê†1 ê1 + ê†2 ê2 )


 q
q
λ
i(b̂ − b̂† ) ê†1 N̂ − (ê†1 ê1 + ê†2 ê2 ) + N̂ − (ê†1 ê1 + ê†2 ê2 )ê1
+√
N
q

q
†
†
†
†
†
†
+(b̂ + b̂ )i
N̂ − (ê1 ê1 + ê2 ê2 )ê2 − ê2 N̂ − (ê1 ê1 + ê2 ê2 ) .
(6.50)

6.4.2

Minimization of ground state energy

In this section, we calculate the order parameters and energy landscapes by minimizing the ground state energy in a mean-field ansatz.
This ansatz was employed in Baksic et al.20 .
Equivalently to the procedure given in section 2.3.5, we apply a
mean-field ansatz: We shift
D E the bosonic operators b̂, ê1 , ê2 by their
expectation values β = b̂ , ζ1,2 = hê1,2 i and keep an operator for
their quantum fluctuations:
b̂ → dˆ + β, ê1 → fˆ1 − ζ1 , ê2 → fˆ2 − ζ2

(6.51)

with β, ζ1 , ζ2 ∈ C. The complex expectation values β, ζ1,2 scale with
√
N . We insert this ansatz into the Hamiltonian from equation (6.50)
√
and keep the terms proportional to N . This yields the ground state
energy functional:
Eg
2
2
2
(β, ζ1 , ζ2 ) = − ∆c |β| + ω0 (|ζ1 | + |ζ2 | )
~
q
λ
2
2
− √ 4 N − |ζ1 | − |ζ2 | (Im{β} Re{ζ1 } + Re{β} Im{ζ2 })
N
2
2
2
= − ∆c |β| + ω0 (|ζ1 | + |ζ2 | )
s
2
2
|ζ1 | + |ζ2 |
− 4λ 1 −
(Im{β} Re{ζ1 } + Re{β} Im{ζ2 }) .
N
(6.52)
Note that after performing the Holstein-Primakoff transformation,
the order parameter Re(ĉ†0 ĉ1 ) + iIm(ĉ†0 ĉ2 ) is mapped onto Re(ζ1 ) +
iIm(ζ2 ). For a fixed coupling strength λ, Re2 (ζ1 ) + Im2 (ζ2 ) = |ζ1 |2 +
|ζ2 |2 = const. holds.
The system will choose values of β, ζ1 and ζ2 such that the ground
state energy is minimized. When the values are all equal to zero,
this implies that there is no coherent intra-cavity light field and no
polarization in the atomic field. The system is therefore in the normal
phase. If the expectation value β becomes finite, there is a finite intracavity light field. Correspondingly, finite values of ζ1 or ζ2 indicate a
finite polarization of the atoms. The system is then in the superradiant
phase.
We numerically minimize the ground state energy functional from
equation (6.52) for the parameters ω0 = −∆c = 1 and N = 100. We

20

Baksic and Ciuti 2014
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plot both the square of the normalized intra-cavity light field amplitude
|β|2/N and the square of the normalized order parameter (|ζ12 |+|ζ22 |)/N
in figure 6.4. We plot the square of the absolute values, since the
phases of Re(β), Im(β), Re(ζ1 ) and Im(ζ2 ) will randomly fluctuate for
each iteration due to the U(1) symmetry breaking. The photonic and
atomic fields attain finite values at λ = 0.5, which we identify as the
phase transition point. In the plots, we have defined the critical cou√
pling strength via λcrit = −ω0 ∆c/2 = 0.5. This expression is derived
analytically below.

(a)

(b)
6

10
8

(|ζ1 |2 + |ζ2 |2 )/N

4

|β 2 |/N

Figure 6.4: Normalized values of
(a) the squared order parameter
|ζ12 |+|ζ22 |/N and (b) the intra-cavity
light field |β|2/N obtained via minimization of the ground state energy
functional for different λ for the parameters ω0 = −∆c = 1 and N = 100.
√
Here, λcrit = −ω0 ∆c/2 = 0.5.

6
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2
0
0.0

0.5

1.0
λ/λcrit

1.5
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0.0

2.0

0.5

1.0
λ/λcrit

1.5

2.0

The value of the normalized ground state energy Eg/N (for ~ = 1) is
shown in figure 6.5 as a function of the real and imaginary part of the
normalized light field. For a coupling strength of λ = 0, the energy is
minimized for no intra-cavity light field β = 0, see figure 6.5(a). This
corresponds to the normal phase. If the coupling strength is λ = 1, it
becomes apparent from figure 6.5(b) that the energy is minimized for
a choice of β that lies on a circle, resembling a Mexican hat potential.
This is a manifestation of the U(1) symmetry and has been predicted
by equation (6.22). The system has a finite intra-cavity light field and
is in the superradiant phase.
λ=0

(a)

Eg /N

λ=1

(b)

Eg /N
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Im(β)/ N
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Im(β)/ N

Figure 6.5: Normalized ground state
energy Eg/N as a function of the real
and imaginary part of the normalized
√
light field β/ N obtained via minimization of the ground state energy
functional for coupling strengths (a)
λ = 0 and (b) λ = 1 for the parameters ω0 = −∆c = 1 and N = 100.
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0 √
Re(β)/ N
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0 √
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Excitation spectrum in the normal phase

The goal of this subsection is to calculate the excitation spectrum of
the Hamiltonian after the Holstein-Primakoff transformation in the
normal phase.
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We insert the mean-field ansatz from equation (6.51) into the Hamiltonian in equation (6.50) and set β = ζ1 = ζ2 = 0. We ignore terms
scaling with overall powers of N in the denominator, equivalent to ap√ √
proximating the term k/ N with unity, k = N − ζ12 − ζ22 .
This gives the fluctuation Hamiltonian in the normal phase
λ
Ĥnp
= − ∆c dˆ† dˆ + ω0 (fˆ1† fˆ1 + fˆ2† fˆ2 )


+ λ i(dˆ − dˆ† )(fˆ1† + fˆ1 ) + (dˆ + dˆ† )i(fˆ2 − fˆ2† )

(6.53)

λ √
λ √
k=√
N.
with λ = √
N
N

We calculate the eigenvalues of this Hamiltonian through diagonalizing
the dynamic matrix following the lines of Xiao21 . We construct the
dynamic matrix D through the submatrices α and γ:
!
α
γ
D=
,
(6.54)
−γ † −αT

21

Xiao 2009

where αT is the transpose of α. For the fluctuation Hamiltonian in
λ
λ
and γnp
the normal phase from equation (6.53), the submatrices αnp
read:




−∆c −iλ iλ
0
−iλ −iλ




λ
λ
αnp
=  iλ
= −iλ
ω0
0  and γnp
0
0  . (6.55)
−iλ
0
ω0
−iλ
0
0
Finding the eigenvalues of the dynamic matrix is equivalent to di-

Figure 6.6: Excitation energies in the
normal mode for parameters ω0 =
−∆c = 1.

λ = λ1 = λ2
2.0



1.5
1.0
0.5
0.0
0.0

0.2
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0.8

1.0

λ/λcrit

agonalizing the original fluctuation Hamiltonian from equation (6.53).
We find six eigenvalues −1 , +1 , −2 , +2 , −3 and +3 with |3 | ≥
|2 | ≥ |1 |. By construction, if i is an eigenvalue of the Hamiltonian,
the corresponding dynamic matrix has eigenvalues ±i . Therefore,
all negative eigenvalues can be safely ignored. The eigenvalues correspond to the excitation energies. We plot these for ω0 = −∆c = 1
in figure 6.6. Analogously to our discussion in section 2.3.5, the blue
mode (3 ) which is hardening corresponds to the photonic mode. The
black (2 ) and red (1 ) modes which are softening correspond to the
atomic modes. We will discuss this designation further below. The
vanishing of the red mode signals the phase transition. We have again
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√

22

However, in any experimental realization, λ1 would never be exactly
equal to λ2 . If we set λ1 = λ2 +  with
 being small, this model provides a
reasonable approximation of our system.

defined λcrit = −ω0 ∆c/2 = 0.5. This expression for the critical coupling strength is derived analytically in the next section.
Generalization to unequal coupling strengths λ1 6= λ2
We perform an analogous calculation for a more generalized Hamiltonian, where we allow for unequal coupling strengths λ1 and λ2 to the
two quadratures. Note that allowing λ1 6= λ2 is a generalization we
perform from a theory perspective. We cannot implement this model
in a straightforward way in the proposed experimental scheme, since
we cannot only change the strength of the coupling to the individual
quadratures. At the same time, we would also influence the wavefunctions. This changes the nature of the excited states and would require
a new derivation of the Hamiltonian.22
The fluctuation Hamiltonian in the normal phase for unequal coupling strengths reads
λ1,2
Ĥnp
= − ∆c dˆ† dˆ + ω0 (fˆ1† fˆ1 + fˆ2† fˆ2 )
+ λ1 i(dˆ − dˆ† )(fˆ† + fˆ1 ) + λ2 (dˆ + dˆ† )i(fˆ2 − fˆ† ).
1

(6.56)

2

λ

The corresponding submatrices of the dynamical matrix αnp1,2 and
are given by




0
−iλ1 −iλ2
−∆c −iλ1 iλ2




λ1,2
λ1,2
= −iλ1
αnp
=  iλ1
0
0 .
ω0
0  and γnp
−iλ2
0
0
−iλ2
0
ω0

λ
γnp1,2

(6.57)

The excitation energies in the normal mode for different combinations of λ1 and λ2 are shown in the figure 6.7.

6.4.4

Excitation spectrum in the superradiant phase

The goal of this subsection is to calculate the excitation spectrum of
the Hamiltonian after the Holstein-Primakoff transformation in the
superradiant phase.
For this part, we perform the derivation first for the more generalized Hamiltonian, where we allow for unequal coupling strengths λ1
and λ2 to the two quadratures. We perform the derivation for the original Hamiltonian with equal coupling strengths λ1 = λ2 as a special
case afterwards.
We insert the mean-field ansatz from equation (6.51) into the Hamiltonian from equation (6.50). Allowing for unequal coupling strengths
λ1 and λ2 , this results in
2

λ1,2
Ĥsrp
= − ∆c (dˆ† dˆ + β dˆ† + β̄ dˆ + |β| )
2
2
+ ω0 (fˆ1† fˆ1 + fˆ2† fˆ2 − ζ1 fˆ1† − ζ2 fˆ2† − ζ̄1 fˆ1 − ζ̄2 fˆ2 + |ζ1 | + |ζ2 | )


p
p
λ1 √
+ √ i k(dˆ + β − dˆ† − β) (fˆ1† − ζ̄1 ) ξ + ξ(fˆ1 − ζ1 )
N
p
p 
λ2 √ ˆ
+ √ i k(d + β + dˆ† + β̄)
ξ(fˆ2 − ζ2 ) − (fˆ2† − ζ̄2 ) ξ ,
N
(6.58)
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2

2

with k = N − |ζ1 | − |ζ2 | and
s
p
fˆ† fˆ1 + fˆ2† fˆ2 − ζ1 fˆ1† − ζ2 fˆ2† − ζ̄1 fˆ1 − ζ̄2 fˆ2
ξ = 1− 1
.
k

(6.59)

Details of the following calculations can be found in appendix C. We
expand the term ξ and go to thermodynamic limit. We collect the
ˆ fˆ1 and fˆ2 and set them to
terms which are linear in the operators d,
zero. The resulting system of equations is solved for the mean-field
amplitude of the cavity light field β:
√
−iλ2 k(ζ2 − ζ̄2 )
√
Re{β} =
,
(6.60)
N ∆c
√
iλ1 k(ζ1 + ζ̄1 )
√
.
(6.61)
i Im{β} =
N ∆c
This shows that the real part of the light field is proportional to the
imaginary part of the atomic mode related to ζ2 . The imaginary part
of the light field is proportional to the real part of the atomic mode
related to ζ1 .
We now treat the two cases λ = λ1 = λ2 and λ1 6= λ2 separately.
Equal coupling strengths λ = λ1 = λ2
The critical coupling strength is given by
√
−ω0 ∆c
λcrit =
.
2

(6.62)

This is the same expression for the critical coupling strength as in the
Dicke model. The ground state energy minimization performed above
signaled a phase transition at this coupling strength.
The critical lattice depth corresponds to a critical lattice depth per
beam of
crit
VTP
= αs

4~ω0 ~∆c
.
αv2 E02 N

(6.63)

Note that the two lattices have identical lattice depths, but are spatially out of phase such that they destructively interfere.
Since all terms linear in the fluctuation operators vanish, the final
Hamiltonian reads


2λ|β||ζ|
λ
Ĥsrp
= − ∆c dˆ† dˆ + ω0 − √
(fˆ1† fˆ1 + fˆ2† fˆ2 )
k
!
2

2
λ|β||ζ|
|ζ|
−√ √
1+
cos θ(fˆ1† + fˆ1 ) + i sin θ(fˆ2† − fˆ2 )
2k
N k


√
λ
+ i√
k (dˆ − dˆ† )(fˆ1† + fˆ1 ) + (dˆ + dˆ† )(fˆ2 − fˆ2† )
N
2


iλ|ζ| ˆ
− √ √ (d exp{iθ} − dˆ† exp{−iθ}) cos θ(fˆ1† + fˆ1 ) + i sin θ(fˆ2† − fˆ2 )
N k
λ|β||ζ|
λ √
2
2
+ 2ω0 |ζ| − ∆c |β| + 4 √
k|β||ζ| + √ √ .
(6.64)
N
N k
Ignoring the constants and choosing θ = 0, which is a specific realization of the U(1) symmetry with Im(ζ2 ) = 0, gives

113

114

λ
Ĥsrp
= − ∆c dˆ† dˆ + ω̃0 (fˆ1† fˆ1 + fˆ2† fˆ2 )
+ iA(dˆ − dˆ† )(fˆ† + fˆ1 ) + iB(dˆ + dˆ† )(fˆ2 − fˆ† )
1

2

− C(fˆ1† + fˆ1 )2

!

2

(6.65)
√

λ|ζ|
− 2λµ
λ √
√
k− √ √
=√ √
,
N
N N −µ
N k
λ p
λ √
k=√ √
N − µ,
B =√
N
N 2
!
2
λ|β||ζ|
|ζ|
λ2 (N + µ)(3N − µ)
C =√ √
1+
=
,
2k
2N ∆c
N −µ
N k


ω0
N
2λ|β||ζ|
1−
,
ω̃0 =ω0 − √ √ =
2
µ
N k
ω 0 ∆c N
.
µ=
4λ2

with A =

(6.66)
(6.67)
(6.68)
(6.69)
(6.70)

The submatrices αsrp and αsrp of the dynamic matrix for the superradiant phase read




−∆c
−iA
iB
0
−iA −iB




αsrp =  iA ω̃0 − 2C 0  and γsrp = −iA −2C
0 .
−iB
0
ω̃0
−iB
0
0

(6.71)

Unequal coupling strengths λ1 6= λ2
Without loss of generality, we assume λ1 > λ2 . The critical coupling
√
strength is given by λ1,crit = −ω0 ∆c/2. The fluctuation Hamiltonian
reads
λ1 6=λ2
= − ∆c dˆ† dˆ + ω̃0 (fˆ1† fˆ1 + fˆ2† fˆ2 )
Ĥsrp
+ iA(dˆ − dˆ† )(fˆ† + fˆ1 ) + iB(dˆ + dˆ† )(fˆ2 − fˆ† )
1

− C(fˆ1† + fˆ1 )2 .

2

(6.72)

The corresponding prefactors and matrix entries for the submatrices
αsrp and αsrp of the dynamic matrix in equation (6.71) read
!
√
2
λ1 |ζ|
− 2λ1 µ1
λ1 √
√
√
√
√
A=
k−
=
,
(6.73)
√
N
N N − µ1
N k
λ2 √
λ2 p
B =√
k=√ √
N − µ1 ,
(6.74)
N
N 2
!
2
λ1 |β||ζ|
|ζ|
λ21 (N + µ1 )(3N − µ1 )
C =√ √
1+
=
,
(6.75)
2k
2N ∆c
N − µ1
N k


2λ1 |β||ζ|
ω0
N
ω̃0 =ω0 − √ √ =
1−
,
(6.76)
2
µ1
N k
ω0 ∆c N
µ=
.
(6.77)
4λ21
The expression for the simple Dicke model is recovered for λ2 = 0.
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6.4.5

Plots of the excitation spectra

Theory parameters ω = −∆c = 1
Figure 6.7 shows the excitation spectra for different combinations of
the coupling strengths λ1 and λ2 . We use the parameters ω = −∆c =
1 for these plots. The results for typical parameters realized in our
experimental setup are discussed below.
Figure 6.7(a) resembles the Dicke limit with λ2 = 0. In this limit,
the excitation energies 1 (red) and 3 (blue) give the result from the
Dicke model23 . The excitation energy 2 (black) is constant in the
normal phase since it is not coupled. The excitation energy 2 follows
a parabola in the superradiant phase due to the renormalization of ω̃0 .
This behavior is predicted by the equations (6.56) and (6.72).
4

λ2 = 0

(b)

λ2 = 0.5 · λ1

(c)

λ2 = λ1 − 10−2

(d)

λ2 = λ1 − 10−6
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Figure 6.7: Excitation spectrum in the
normal and superradiant phase for (a)
λ2 = 0, (b) λ2 = 0.5 · λ1 , (c) λ2 =
λ1 − 10−2 and (d) λ2 = λ1 − 10−6 for
parameters ω0 = −∆c = 1.

(a)

3
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Figure 6.7(b) displays the case λ2 = 0.5 · λ1 . We observe that
compared to figure 6.7(a), the two atomic excitation energies 1 and
2 are visibly lower, while the photonic excitation energy 3 is visibly
higher around the critical coupling strength. This trend intensifies in
figures 6.7(c) and (d).
The configuration λ = λ1 = λ2 describes the case we are investigating in the majority of this chapter. We have shown the normal mode
excitation spectrum in figure 6.6. As long as λ1 6= λ2 , the 6x6 dynamic
matrix describing the superradiant phase is of full rank. At the exact
point in parameter space where λ1 = λ2 , the dynamic matrix has rank
5, is non-invertible, and the Hamiltonian is not diagonalizable. Only
a Jordan form for the Hamiltonian can be found. This is the reason
why we have derived the normal and superradiant excitation energies
for the generalized case of different coupling strengths. By setting
λ2 = λ1 − δ and letting δ approach zero, we can get arbitrarily close to
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the point λ1 = λ2 . This is illustrated in figure 6.7(c) for δ = 1 × 10−2
and in figure 6.7(d) for δ = 1 × 10−6 . For decreasing δ, the two atomic
excitation energies are also decreasing, while the excitation energy of
the photonic branch is increasing around the critical coupling strength.
The gap of the lowest excitation energy 1 (red) in the superradiant
phase decreases for decreasing δ. In fact, for λ1 = λ2 , we would expect
the lowest excitation mode in the superradiant phase to be gapless,
resembling the Goldstone mode associated to the U(1) symmetry24 .
Experimental parameters ω0 = 2π · 7.4 kHz and ∆c = −2π · 10 MHz
Figure 6.8 shows the excitation spectra for different combinations of
the coupling strengths λ1 and λ2 with typical parameters of our experimental setup ω0 = 2π · 7.4 kHz and ∆c = −2π · 10 MHz. Only the two
atomic modes are shown, since the photonic modes are not accessible
in the experiment, as discussed in section 2.3.5.

Figure 6.8: Excitation spectrum in the
normal and superradiant phase for (a)
λ2 = 0 kHz, (b) λ2 = 0.5 · λ1 , (c)
λ2 = λ1 −2π × 10−2 kHz and (d) λ2 =
λ1 −2π × 10−6 kHz for experimentally
accessible parameters ω0 = 2π·7.4 kHz
and ∆c = −2π · 10 MHz.

6.5

Conclusion

In this chapter, we have introduced the two-color Hamiltonian. We
have described how we can realize it in our experimental setup and
derived a Hamiltonian description. We have provided a brief overview
of models we can realize within this setting. We then chose specific
parameters and obtained a Hamiltonian describing spin-changing selforganization to two different, but energetically degenerate excited momentum states. The coupling is mediated by orthogonal quadratures
of the light field. The final Hamiltonian features a U(1) symmetry. The
Hamiltonian describes a problem which can be mapped to a SU(3) algebra, and not to a SU(2) algebra, as is the case for the original Dicke

Spin-changing self-organization with a U(1) symmetry

model.
The system exhibits a phase transition from the normal to the superradiant state. The phase transition occurs at the same critical
coupling strength as in the original Dicke model, but for a different
value of the critical lattice depth.
We have calculated the values of the order parameters for different coupling strengths and the energy landscapes by minimizing the
ground state energy after a Holstein-Primakoff transformation of the
many-body Hamiltonian. We have calculated the excitation spectrum
for both the normal and the superradiant phase through a diagonalization of the dynamic matrix. We have discussed the results for both
typical parameters used in theory investigations and for parameters
realistic for our experimental setup. We have treated both the case of
equal and unequal coupling strength to the two quadratures. For equal
coupling strengths a Goldstone mode associated to the U(1) symmetry
emerges in the superradiant phase.

6.6

Outlook

This chapter presented an in-depth theoretical analysis of the two-color
Hamiltonian with two transverse pumps. The transverse pumps were
chosen to have the same amplitude, the same time phase, and a spatial
phase of ∆kz0 = π/2. This realizes the scenario of spin-changing selforganization breaking a U(1) symmetry. The topics discussed in the
chapter offer various opportunities for further projects.
One project which is currently pursued with Rui Lin and Dr. Ramasubramanian Chitra is to investigate the properties of the open system
and compare it with the properties of the closed system. In addition
to the properties investigated in this chapter, fluctuations and their
scaling across a phase transition are calculated and compared. It is
particularly interesting to relate the results to the findings of works
investigating similar, but different Hamiltonians, such as Soriente et
al.25 .
Another project which is currently investigated by the Cavity team
is the formation of a dark state. The dark state is a superposition
of the two excited atomic modes which is not coupled to the ground
state. This dark state exists both in the closed and in the open system.
The dynamics in the open system leads to a macroscopic population
of this dark state. This topic is subject to ongoing theoretical and
experimental studies.
This chapter limited the system description to one ground and two
degenerate excited momentum states. It could be interesting to include
higher momentum states, which can be populated for sufficiently high
coupling strengths, and study their influence. This can be relevant for
comparing the theoretical calculations with experimental data.
Many new projects can evolve from investigating the properties of
the two-color Hamiltonian for a different choice of properties of the
transverse pump fields. Possible questions include the nature of the
phases emerging and the corresponding phase transitions, the influence
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on the symmetry properties and the excitation spectrum.
The presented two-color scheme can be expanded to include three
or more transverse pumps. The pumps could be of running wave or
standing wave nature and propagate along different directions. For example, a setting with two counterpropagating transverse pumps along
the z-direction and a magnetic field gradient along the x- or y-axis
realizes an effective magnetic field as proposed by Spielman26 .
Finally, the experimental realization of the different models attainable within the two-color Hamiltonian framework is a natural extension of the work presented in this chapter. The experimental setup
has therefore been modified in the different ways described in chapter
1. Among others, the upper breadboard has been exchanged for a
larger one and equipped with the optical elements necessary to be able
to tune the spatial phase. The implementation and measurement of
the interpolating Dicke Tavis-Cummings model or the U(1) symmetric
Hamiltonian discussed above is currently an ongoing effort of the Cavity team. The experimental detection of the U(1) symmetry and the
associated Goldstone mode is an interesting observation to aim for.
A possible addition is the detection of the excitation spectrum and
subsequent comparison with the theoretical predictions in analogy to
Mottl et al.27 .

Outlook
For the convenience of the reader, the following outlook paragraphs are
printed twice in this document: once here and once at the end of the
corresponding chapters.

Real-time feedback
In chapter 3, we presented a microprocessor-based active feedback
scheme which stabilizes in real-time the number of mean intra-cavity
photons during self-organization of an atomic gas in an optical cavity.
Our work constitutes the first demonstration of continuous real-time
feedback applied to a quantum gas.
The feedback acts on the intensity of the transverse pump laser
beam. The feedback circuit can easily be modified to act on other
parameters, for example on the frequency detuning between the transverse pump and the cavity. As the balanced heterodyne detection
system records the electric field within the bandwidth of the detection system, the feedback software can be readily modified to extract
the phase or information contained in the spectrum of the light, and
control the evolution of these observables. The detection of the cavity
field and subsequent regulation can also be extended to the polarization degree of freedom using the new heterodyne detection system.
The feedback scheme expands the possibilities for experimental studies of self-organization in hybrid atom-cavity systems. The current
capabilities of the feedback scheme enable us to approach the phase
transition starting from the self-organized phase in a highly controlled
manner. Stabilizing the system close to the phase transition allows to
make use of its increased sensitivity with respect to external perturbations for sensing applications1 . Another interesting prospect is to
study fluctuations over long times in the direct vicinity of the phase
transition2 .
Instead of stabilizing constant mean intra-cavity photon numbers,
the feedback scheme can be modified to modulate the atom-light coupling strength according to more complex schemes. Such control is
crucial to engineer non-equilibrium phases and phase transitions3 .
In addition, employing techniques from the field of neural networks
and machine learning in the digital processing architecture may reveal
previous unseen features in the data, possibly decrease the response
time, and result in non-intuitive feedback signals.

1

Wang et al. 2014, Zanardi et al. 2008,
Pezzè et al. 2019
2

3

Landig et al. 2015

Ivanov et al. 2020, Kopylov et al.
2015, Mazzucchi et al. 2016, Grimsmo
et al. 2014
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In chapter 4, we detected the presence of a spin-texture in a condensate
of two internal states by analyzing the scattered light field, in close
analogy to spin dependent Bragg scattering. Our results demonstrate
that the effects of vectorial polarizability are strong enough to drive
competition between phases with magnetic or density ordering.
The phase diagrams of prominent condensed matter systems are
shaped by competition between different order parameters, for example in materials classifying as multiferroics4 and in high-Tc superconductors5 . In our case, the situation is enriched by the system’s openness, prospecting the emergence of dynamical phases without a closed
system analogue6 . The influence of cavity dissipation has been investigated in depth in another publication7 and is presented in chapter
5.
Another promising research avenue is the study of symmetries. Adding
spins in the state mF = 0 to the spin mixture can enhance the symmetry of the Hamiltonian up to Z6 . This is an interesting scenario for the
study of metastability8 . Extending the coupling scheme to both polarization modes of the cavity would allow for investigating magnetic
configurations with higher symmetries9 .
Further, the generation of global dynamical gauge fields as well as
self-consistent spin-orbit coupled gases is a natural extension of this
work10 .

Dissipation-induced dynamics in a spin mixture

11

Mottl et al. 2012

Chapter 5 treated the emergence of a structural instability and chiral
dynamics for dominating dissipative coupling in a system with tunable
unitary and dissipative couplings.
One possible follow-up project is to probe the excitation spectrum
of the system with Bragg spectroscopy analogously to Mottl et al.11 .
The excitation spectrum is expected to show level attraction and phenomena similar to exceptional points due to the Hamiltonian being
non-Hermitian.
Another route is to study in-depth the occurrence and properties of
limit cycles and possibly the transition to chaos. We discussed possible
effects due to the presence of collisional interactions. A reduction of
the trap frequencies can reduce the density of the atomic cloud and
hence the collisional interactions, which might lead to a cleaner system
for these studies.
The influence of additional spin states on the dissipation-induced
instability can also be studied. For example, the presence of spin states
in mF = 0 is expected to influence the boundary of the instability
regime.

Conclusion

Spin-changing self-organization with a U(1) symmetry
Chapter 6 presented an in-depth theoretical analysis of the two-color
Hamiltonian with two transverse pumps. The transverse pumps were
chosen to have the same amplitude, the same time phase, and a spatial
phase of ∆kz0 = π/2. This realizes the scenario of spin-changing selforganization breaking a U(1) symmetry. The topics discussed in the
chapter offer various opportunities for further projects.
One project which is currently pursued with Rui Lin and Dr. Ramasubramanian Chitra is to investigate the properties of the open
system and compare it with the properties of the closed system. In
addition to the properties investigated in chapter 6, fluctuations and
their scaling across a phase transition are calculated and compared. It
is particularly interesting to relate the results to the findings of works
investigating similar, but different Hamiltonians, such as Soriente et
al.12 .
Another project which is currently investigated by the Cavity team
is the formation of a dark state. The dark state is a superposition
of the two excited atomic modes which is not coupled to the ground
state. This dark state exists both in the closed and in the open system.
The dynamics in the open system leads to a macroscopic population
of this dark state. This topic is subject to ongoing theoretical and
experimental studies.
This chapter limited the system description to one ground and two
degenerate excited momentum states. It could be interesting to include
higher momentum states, which can be populated for sufficiently high
coupling strengths, and study their influence. This can be relevant for
comparing the theoretical calculations with experimental data.
Many new projects can evolve from investigating the properties of
the two-color Hamiltonian for a different choice of properties of the
transverse pump fields. Possible questions include the nature of the
phases emerging and the corresponding phase transitions, the influence
on the symmetry properties and the excitation spectrum.
The presented two-color scheme can be expanded to include three
or more transverse pumps. The pumps could be of running wave or
standing wave nature and propagate along different directions. For example, a setting with two counterpropagating transverse pumps along
the z-direction and a magnetic field gradient along the x- or y-axis
realizes an effective magnetic field as proposed by Spielman13 .
Finally, the experimental realization of the different models attainable within the two-color Hamiltonian framework is a natural extension of the work presented in this chapter. The experimental setup
has therefore been modified in the different ways described in chapter
1. Among others, the upper breadboard has been exchanged for a
larger one and equipped with the optical elements necessary to be able
to tune the spatial phase. The implementation and measurement of
the interpolating Dicke Tavis-Cummings model or the U(1) symmetric
Hamiltonian discussed above is currently an ongoing effort of the Cavity team. The experimental detection of the U(1) symmetry and the

12
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associated Goldstone mode is an interesting observation to aim for.
A possible addition is the detection of the excitation spectrum and
subsequent comparison with the theoretical predictions in analogy to
Mottl et al.14 .
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T. Fink, A. Schade, S. Höfling, C. Schneider, and A. Imamoglu.
Signatures of a dissipative phase transition in photon correlation measurements. Nature Physics, 14(4):365–369, Apr. 2018.
doi: 10.1038/s41567-017-0020-9. URL https://www.nature.com/
articles/s41567-017-0020-9.
J. Fortagh, A. Grossmann, T. W. Hänsch, and C. Zimmermann.
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M. Krämer, C. Menotti, L. Pitaevskii, and S. Stringari. Bose-Einstein
condensates in 1D optical lattices. Eur. Phys. J. D, 27(3):247–261,
Dec. 2003. doi: 10.1140/epjd/e2003-00284-4. URL https://doi.
org/10.1140/epjd/e2003-00284-4.
K. Kroeger, N. Dogra, R. Rosa-Medina, M. Paluch, F. Ferri, T. Donner, and T. Esslinger. Continuous feedback on a quantum gas coupled to an optical cavity. New J. Phys., 22(3):033020, Mar. 2020.
doi: 10.1088/1367-2630/ab73cc. URL https://doi.org/10.1088%
2F1367-2630%2Fab73cc.
R. M. Kroeze, Y. Guo, V. D. Vaidya, J. Keeling, and B. L. Lev.
Spinor Self-Ordering of a Quantum Gas in a Cavity. Physical
Review Letters, 121(16):163601, Oct. 2018. doi: 10.1103/PhysRevLett.121.163601. URL https://link.aps.org/doi/10.1103/
PhysRevLett.121.163601.
R. M. Kroeze, Y. Guo, and B. L. Lev. Dynamical Spin-Orbit Coupling
of a Quantum Gas. Phys. Rev. Lett., 123(16):160404, Oct. 2019.
doi: 10.1103/PhysRevLett.123.160404. URL https://link.aps.
org/doi/10.1103/PhysRevLett.123.160404.
R. Labouvie, B. Santra, S. Heun, and H. Ott. Bistability in a DrivenDissipative Superfluid. Phys. Rev. Lett., 116(23):235302, June 2016.
doi: 10.1103/PhysRevLett.116.235302. URL https://link.aps.
org/doi/10.1103/PhysRevLett.116.235302.
T. Lahaye, C. Menotti, L. Santos, M. Lewenstein, and T. Pfau. The
physics of dipolar bosonic quantum gases. Rep. Prog. Phys., 72(12):
126401, Nov. 2009. doi: 10.1088/0034-4885/72/12/126401. URL
https://doi.org/10.1088%2F0034-4885%2F72%2F12%2F126401.

133

134

R. Landig. Quantum phases emerging from competing short- and
long-range interactions in an optical lattice. PhD Thesis, ETH
Zurich, 2016. URL https://www.research-collection.ethz.ch/
handle/20.500.11850/117224.
R. Landig, F. Brennecke, R. Mottl, T. Donner, and T. Esslinger.
Measuring the dynamic structure factor of a quantum gas undergoing a structural phase transition. Nature Communications, 6
(1):7046, May 2015. doi: 10.1038/ncomms8046. URL https:
//www.nature.com/articles/ncomms8046.
R. Landig, L. Hruby, N. Dogra, M. Landini, R. Mottl, T. Donner, and
T. Esslinger. Quantum phases from competing short- and long-range
interactions in an optical lattice. Nature, 532(7600):476–479, Apr.
2016. doi: 10.1038/nature17409. URL https://www.nature.com/
articles/nature17409.
M. Landini, N. Dogra, K. Kroeger, L. Hruby, T. Donner, and
T. Esslinger. Formation of a Spin Texture in a Quantum Gas
Coupled to a Cavity. Phys. Rev. Lett., 120(22):223602, May 2018.
doi: 10.1103/PhysRevLett.120.223602. URL https://link.aps.
org/doi/10.1103/PhysRevLett.120.223602.
F. Le Kien, P. Schneeweiss, and A. Rauschenbeutel. Dynamical polarizability of atoms in arbitrary light fields: general theory and
application to cesium. Eur. Phys. J. D, 67(5):92, May 2013.
doi: 10.1140/epjd/e2013-30729-x. URL https://doi.org/10.
1140/epjd/e2013-30729-x.
P. D. Lett, R. N. Watts, C. I. Westbrook, W. D. Phillips, P. L. Gould,
and H. J. Metcalf. Observation of Atoms Laser Cooled below the
Doppler Limit. Phys. Rev. Lett., 61(2):169–172, July 1988. doi:
10.1103/PhysRevLett.61.169. URL https://link.aps.org/doi/
10.1103/PhysRevLett.61.169.
Y. Li, P. Zhang, and Z. D. Wang. Extended JC-Dicke model for twocomponent atomic BEC inside a cavity. Eur. Phys. J. D, 58(3):379–
384, June 2010. doi: 10.1140/epjd/e2010-00126-4. URL https:
//doi.org/10.1140/epjd/e2010-00126-4.
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C. Lévêque, L. Exl, M. C. Tsatsos, R. Chitra, and N. J. Mauser.
Many-body physics in two-component Bose–Einstein condensates in
a cavity: fragmented superradiance and polarization. New J. Phys.,
20(5):055006, May 2018. doi: 10.1088/1367-2630/aabc3a. URL
https://doi.org/10.1088%2F1367-2630%2Faabc3a.

Bibliography
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A
Many-body Hamiltonian for spinchanging self-organization
We start with the single particle Hamiltonian from equation (6.8):
p2
Ĥsp = (−∆c + U0 cos2 (kx̂))b̂† b̂ +
+ δz F̂z
2m


+ λvsp F̂x i(b̂ − b̂† ) cos kx̂ cos kẑ − F̂y (b̂ + b̂† ) cos kx̂ sin kẑ .

(A.1)

The many-body Hamiltonian is calculated via
Z
ĤBEC = ψ̂ † (x)Ĥsp ψ̂(x)dx.

(A.2)

We have defined the atomic field operator ψ̂ in equation (6.9):
ψ̂ = ψ0 ĉ0 + ψ1 ĉ1 + ψ2 ĉ2 ,
ψˆ0 = ψ0 ĉ0 = ( 1/λ̄
⊗ mF = −1) ĉ0 ,
| {z }
|{z}
spatial part



(A.3)
(A.4)

spin part



(A.5)



(A.6)



ψˆ1 = ψ1 ĉ1 = (2/λ̄) cos kx cos kz ⊗ mF = 0 ĉ1 ,
{z
} | {z }
|


spatial part

spin part



ψˆ2 = ψ2 ĉ2 = (2/λ̄) cos kx sin kz ⊗ mF = 0 ĉ2
|
{z
} | {z }
spatial part

spin part

with the bosonic creation (annihilation) operators ĉ†i (ĉi ) and the wavelength λ̄ of the interference lattice given by λ̄ = 2π/k̄. The normalizaRR
tion accounts for integration over an unit cell λ̄ dx dz.
Since there is no transverse pump lattice present for the chosen
spatial phase, the wavefunctions do not depend on the lattice depth of
the transverse pump. We can therefore explicitly calculate the integral
with the given representation of the wave functions. This also implies
that the overlap M0 and the excited state energy ω0 do not depend on
ETP . This is in contrast to the original Dicke model.
For the explicit calculation, let us write down a representation of
the angular momentum operators F̂i . The F̂i are the operators of a
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spin-1 system

0
1 
F̂x = √ 1
2
0

and read


1 0
0
i 

0 1 , F̂y = √ 1
2
1 0
0

−1
0
1



0
1
1 

−1 , F̂z = √ 0
2
0
0

0
0
0


0

0
−1

(A.7)

with the basis states
 
 
 
0
0
1
 
 
 
|mF = +1i = 0 , |mF = 0i = 1 , |mF = −1i = 0 .
1
0
0

(A.8)

For the explicit calculation of the integrals, we will make use of the
following relations:
1
h0| F̂x |0i = 0, h−1| F̂x |−1i = 0, h0| F̂x |−1i = √ ,
2
−i
h0| F̂y |0i = 0, h−1| F̂y |−1i = 0, h0| F̂y |−1i = √ .
2

(A.9)
(A.10)

We enumerate the terms in the single particle Hamiltonian
p2
Ĥsp = (−∆c + U0 cos2 (kx̂))b̂† b̂ +
+ δz F̂z
|
{z
} |{z}
2m | {z }
1

2



3


+ λvsp F̂x i(b̂ − b̂† ) cos kx̂ cos kẑ − F̂y (b̂ + b̂† ) cos kx̂ sin kẑ .
{z
}
|
4

(A.11)

Term 1 describes the bare cavity detuning and the dispersive shift. It
equates to
Z


ψ̂ † ~∆c b̂† b̂ + ~U0 cos2 (kx̂)b̂† b̂ ψ̂dx
(A.12)
λ̄


3
3
1 †
ĉ0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 b̂† b̂.
= ~∆c b̂† b̂ + ~U0
(A.13)
2
4
4
The explicit calculation reads
ZZ
ψ̂ † ~U0 cos2 (kx)b̂† b̂ψ̂ dx dz
(A.14)
λ̄
ZZ


= ~U0 b̂† b̂
cos2 (kx) |ψ0 |2 ĉ†0 ĉ0 + |ψ1 |2 ĉ†1 ĉ1 + |ψ2 |2 ĉ†2 ĉ2 dx dz
λ̄



Z


cos3 (kx) dx = 0

(A.15)

the crossterms vanish due to
λ̄
ZZ 
2
2
†
†
2
=
ĉ0 ĉ0 (1/λ̄) cos (kx) + ĉ1 ĉ1 (2/λ̄) cos4 (kx) cos2 (kz)
λ̄

2
(A.16)
+ĉ†2 ĉ2 (2/λ̄) cos4 (kx) sin2 (kz) dx dz

1 †
3
3
ĉ0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 .
2
4
4
Term 2 describes the kinetic energy and equates to
Z
p̂2
p̂2 + p̂2z
ψ̂ †
ψ̂dx = ψ̂ † x
ψ̂ = ~ω0 (ĉ†1 ĉ1 + ĉ†2 ĉ2 ).
2m
2m
λ̄
=

(A.17)

(A.18)

Many-body Hamiltonian for spin-changing self-organization

Term 3 describes the atomic energy and equates to
ψ̂ † ~δz F̂z ψ̂ = −~δz ĉ†0 ĉ0 .

(A.19)

Lastly, we calculate the interaction term 4:


ZZ


ψ̂ † λvsp F̂x i(b̂ − b̂† ) cos kx̂ cos kẑ − F̂y (b̂ + b̂† ) cos kx̂ sin kẑ  ψ̂ dx dz .
|
{z
}
|
{z
}
λ̄
4a

4b

(A.20)

Term 4a equates to
ZZ
ψ0 ĉ†o F̂x i(b̂ − b̂† ) cos kx cos kz(ψ1 ĉ1 + ψ2 ĉ2 )
4a =
λ̄

+ (ψ1 ĉ†1 + ψ2 ĉ†2 )F̂x i(b̂ − b̂† ) cos kx cos kzψ0 ĉ†0 dx dz
(A.21)
ZZ
= h0| F̂x |−1i i(b̂ − b̂† )ĉ†0 ĉ1
(1/λ̄) cos kx cos kz(2/λ̄) cos kx cos kz dx dz
| {z }
λ̄
{z
}
|
= √1
2

+ h0| F̂x |−1i i(b̂ − b̂† )ĉ†0 ĉ2
| {z }
= √12

h−1| F̂x |0i i(b̂ − b̂† )ĉ†1 ĉ0
| {z }
= √12

ZZ

|
ZZ
|

+ h−1| F̂x |0i i(b̂ − b̂† )ĉ†2 ĉ0
| {z }
= √12

λ̄

= 21

(1/λ̄) cos kx cos kz(2/λ̄) cos kx sin kz dx dz
{z
}
=0

λ̄

(1/λ̄) cos kx cos kz(2/λ̄) cos kx cos kz dx dz
{z
}

ZZ

λ̄

|

1
2

(1/λ̄) cos kx cos kz(2/λ̄) cos kx sin kz dx dz
{z
}
=0

(A.22)

1
= √ i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ).
2 2

(A.23)

Term 4b equates to
ZZ
4b =
ψ0 ĉ†o F̂y (b̂ + b̂† ) cos kx sin kz(ψ1 ĉ1 + ψ2 ĉ2 )

(A.24)

λ̄

+ (ψ1 ĉ†1 + ψ2 ĉ†2 )F̂y (b̂ + b̂† ) cos kx cos kzψ0 ĉ†0 dx dz
(A.25)
ZZ
= h0| F̂y |−1i(b̂ + b̂† )ĉ†0 ĉ1
(1/λ̄) cos kx cos kz(2/λ̄) cos kx cos kz dx dz
| {z }
λ̄
|
{z
}
−i
=√
2
=0
ZZ
+ h0| F̂y |−1i(b̂ + b̂† )ĉ†0 ĉ2
(1/λ̄) cos kx cos kz(2/λ̄) cos kx sin kz dx dz
| {z }
λ̄
|
{z
}
−i
=√
= 12

2

+ h−1| F̂y |0i(b̂ + b̂† )ĉ†1 ĉ0
| {z }
= √i2

+ h−1| F̂y |0i(b̂ +
| {z }
= √i2

b̂† )ĉ†2 ĉ0

ZZ
|
ZZ

|

λ̄

(1/λ̄) cos kx cos kz(2/λ̄) cos kx cos kz dx dz
{z
}
0

λ̄

−i
= √ (b̂ + b̂† )(ĉ†0 ĉ2 − ĉ†2 ĉ0 ).
2 2

(1/λ̄) cos kx cos kz(2/λ̄) cos kx sin kz dx dz
{z
}
= 12

(A.26)

(A.27)
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Therefore, term 4 evaluates to

1 
term 4 = λvSP √ i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) + (b̂ + b̂† )i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
2 2
(A.28)
The total many-body Hamiltonian therefore reads



1 †
3
3
ĤBEC = −∆c + U0
ĉ0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 b̂† b̂
2
4
4

+ ω0 (ĉ†1 ĉ1 + ĉ†2 ĉ2 ) − δz ĉ†0 ĉ0

λvSP 
i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) + (b̂ + b̂† )i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
+ √
2 2
(A.29)

Invoking the atom √number conservation law N̂ = ĉ†0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2

and defining λ =
ĤBEC

"

λv
N
SP
√
2 2

results in

!#
ĉ†1 ĉ1 + ĉ†2 ĉ2
N̂ +
b̂† b̂
2


+ ω0 (ĉ†1 ĉ1 + ĉ†2 ĉ2 ) − δz N̂ − ĉ†1 ĉ1 − ĉ†2 ĉ2

λ 
i(b̂ − b̂† )(ĉ†0 ĉ1 + ĉ†1 ĉ0 ) + (b̂ + b̂† )i(ĉ†0 ĉ2 − ĉ†2 ĉ0 ) .
+√
N
(A.30)

U0
= −∆c +
2

B
Hamiltonian for spin-changing selforganization expressed in Gell-Mann
matrices
The Gell-Mann matrices are the SU(3) analog of the Pauli matrices
for SU(2). They have been introduced by Murray Gell-Mann1 and are
of fundamental importance in elementary particle physics. We present
a formulation of the Hamiltonian for spin-changing SO with a U(1)
symmetry from equation (6.17) using the Gell-Mann matrices.

Gell-Mann matrices
The eight Gell-Mann matrices span the Lie algebra of the SU(3) group.
They are of dimension 3x3 and have trace zero. They are given by






1 0 0
0 −i 0
0 1 0






λ̂1 = 1 0 0 , λ̂2 =  i 0 0 , λ̂3 = 0 −1 0 , (B.1)
0 0 0
0 0 0
0 0 0






1 0 0
0 0 −i
0 0 1






(B.2)
λ̂4 = 0 0 0 , λ̂5 = 0 0 0  , 1̂ = 0 1 0 ,
0 0 1
i 0 0
1 0 0






0 0 0
0 0 0
1 0 0
1 





λ̂6 = 0 0 1 , λ̂7 = 0 0 −i , λ̂8 = √ 0 1 0  .
3
0 1 0
0 i 0
0 0 −2
(B.3)

The Gell-Mann matrices obey the (anti-)commutation relations
h

8
i
X
λ̂i , λ̂j = 2i
fijk λˆk ,

(B.4)

c=1

8
n
o 4
X
λ̂i , λ̂j = δij 1̂3 + 2
dijk λ̂k .
3
c=1

(B.5)

The structure constants fabc and dabc take the values
1
f123 = 1, f147 = −f156 = f246 = f257 = f345 = −f367 = ,
2
√
3
f458 = f678 =
,
2

(B.6)
(B.7)

1

Gell-Mann 1962

148

1
d118 = d228 = d338 = −d888 = √ ,
3
1
d448 = d558 = d668 = d778 = − √ ,
2 3

(B.8)
(B.9)
1
.
2
(B.10)

d146 = d157 = −d247 = d256 = d344 = d355 = −d366 = −d377 =

The structure constants fabc are antisymmetric, while the structure
constants dabc are symmetric. All other fabc and dabc , which are not
related to the aforementioned by permutation, are zero.

Many-body Hamiltonian expressed in Gell-Mann matrices
In order to express the many-body Hamiltonian through the GellMann matrices, we choose the following convention for expressing the
Gell-Mann matrices through the operators ĉi :
λ̂1 = ĉ†0 ĉ1 + ĉ†1 ĉ0 , λ̂2 = i(ĉ†1 ĉ0 − ĉ†0 ĉ1 ), λ̂3 = ĉ†0 ĉ0 − ĉ†1 ĉ1 ,
λ̂4 =

ĉ†0 ĉ2

+

ĉ†2 ĉ0 ,

λ̂5 =

i(ĉ†2 ĉ0

−

ĉ†0 ĉ2 ),

λ̂6 =

ĉ†1 ĉ2

+

ĉ†2 ĉ1 ,

(B.11)
(B.12)

1
λ̂7 = i(ĉ†2 ĉ1 − ĉ†1 ĉ2 ), λ̂8 = √ (ĉ†0 ĉ0 + ĉ†1 ĉ1 − 2ĉ†2 ĉ2 ),
3

(B.13)

1̂ = ĉ†0 ĉ0 + ĉ†1 ĉ1 + ĉ†2 ĉ2 .

(B.14)

The (anti-)commutation relations from the Gell-Mann matrices are
fulfilled by definition. The many-body Hamiltonian from equation
(6.17) written in terms of Gell-Mann matrices reads



1√
2
1
3λ̂8 + N 1̂ b̂† b̂
Ĥ = −∆c + U0 − λ̂3 −
8
24
3




2
1
1
1√
1√
1
+ ω0 − λ̂3 −
3λ̂8 + 1̂ − δz
3λ̂8 + N 1̂
λ̂3 +
2
6
3
2
6
3

λ 
+√
i(b̂ − b̂† )λ̂1 − (b̂ + b̂† )λ̂5 .
(B.15)
N

C
Excitation spectrum in the superradiant phase in spin-changing selforganization
We insert the mean-field ansatz from equation (6.51) into the Hamiltonian from equation (6.50). Allowing for unequal coupling strengths
λ1 and λ2 , this results in
2

λ1,2
Ĥsrp
= − ∆c (dˆ† dˆ + β dˆ† + β̄ dˆ + |β| )
2
2
+ ω0 (fˆ1† fˆ1 + fˆ2† fˆ2 − ζ1 fˆ1† − ζ2 fˆ2† − ζ̄1 fˆ1 − ζ̄2 fˆ2 + |ζ1 | + |ζ2 | )


p
p
λ1 √
+ √ i k(dˆ + β − dˆ† − β) (fˆ1† − ζ̄1 ) ξ + ξ(fˆ1 − ζ1 )
N
p
p 
λ2 √ ˆ
+ √ i k(d + β + dˆ† + β̄)
ξ(fˆ2 − ζ2 ) − (fˆ2† − ζ̄2 ) ξ ,
N
(C.1)
2

2

with k = N − |ζ1 | − |ζ2 | and
s
p
fˆ† fˆ1 + fˆ2† fˆ2 − ζ1 fˆ1† − ζ2 fˆ2† − ζ̄1 fˆ1 − ζ̄2 fˆ2
.
ξ = 1− 1
k

(C.2)

We expand the term ξ and go to thermodynamic limit. We arrive
at the Hamiltonian
2

λ1,2
= − ∆c (dˆ† dˆ + β dˆ† + β̄ dˆ + |β| )
Ĥsrp
2
2
+ ω0 (fˆ1† fˆ1 + fˆ2† fˆ2 − ζ1 fˆ1† − ζ2 fˆ2† − ζ̄1 fˆ1 − ζ̄2 fˆ2 + |ζ1 | + |ζ2 | )
λ1 √ ˆ ˆ† 
k(d − d ) · −ζ1 − ζ̄1 + fˆ1† + fˆ1
+ i√
N

ζ1 + ζ̄1
−
(ζ1 fˆ1† + ζ2 fˆ2† + ζ̄1 fˆ1 + ζ̄2 fˆ2 )
2k

λ1 √
+ i√
k(β − β̄) · −ζ1 − ζ̄1 + fˆ1† + fˆ1
N
ζ1 + ζ̄1
(ζ1 fˆ1† + ζ2 fˆ2† + ζ̄1 fˆ1 + ζ̄2 fˆ2 )
−
2k
1
+
(ζ1 fˆ1† fˆ1† + ζ2 fˆ1† fˆ2† + ζ̄1 fˆ1† fˆ1 + ζ̄2 fˆ1† fˆ2 )
2k
1
+
(ζ1 fˆ1† fˆ1 + ζ2 fˆ2† fˆ1 + ζ̄1 fˆ1 fˆ1 + ζ̄2 fˆ2 fˆ1 )
2k
ζ1 + ζ̄1 ˆ† ˆ
+
(f1 f1 + fˆ2† fˆ2 )
2k
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ζ1 + ζ̄1
†
†
2
ˆ
ˆ
ˆ
ˆ
+
(ζ1 f1 + ζ2 f2 + ζ̄1 f1 + ζ̄2 f2 )
8k 2
λ2 √ ˆ ˆ† 
+ i√
k(d + d ) · −ζ2 + ζ̄2 − fˆ2† + fˆ2
N

ζ2 − ζ̄2
†
†
ˆ
ˆ
ˆ
ˆ
(ζ1 f1 + ζ2 f2 + ζ̄1 f1 + ζ̄2 f2 )
−
2k

λ2 √
+ i√
k(β + β̄) · (−ζ2 + ζ̄2 − fˆ2† + fˆ2
N
ζ2 − ζ̄2
−
(ζ1 fˆ1† + ζ2 fˆ2† + ζ̄1 fˆ1 + ζ̄2 fˆ2 )
2k
1
−
(ζ1 fˆ2† fˆ1† + ζ2 fˆ2† fˆ2† + ζ̄1 fˆ2† fˆ1 + ζ̄2 fˆ2† fˆ2 )
2k
1
+
(ζ1 fˆ1† fˆ2 + ζ2 fˆ2† fˆ2 + ζ̄1 fˆ1 fˆ2 + ζ̄2 fˆ2 fˆ2 )
2k
ζ2 − ζ̄2 ˆ† ˆ
(f1 f1 + fˆ2† fˆ2 )
+
2k

ζ1 + ζ̄2
†
†
2
ˆ
ˆ
ˆ
ˆ
+
(ζ
f
+
ζ
f
+
ζ̄
f
+
ζ̄
f
)
.
1 1
2 2
1 1
2 2
8k 2

(C.3)

Collecting linear terms and setting them to zero leads to the following system of equations:
λ2 √
λ1 √
k(ζ1 + ζ̄1 ) + i √
k(ζ2 − ζ̄2 ) = 0
∆c β − i √
N
N


λ1 √
ζ1
−ω0 ζ1 + i √
k (β − β̄) −
[(β − β̄)(ζ1 + ζ̄1 ) + (β + β̄)(ζ2 − ζ̄2 )] = 0
2k
N


√
ζ2
λ2
k −(β + β̄) −
−ω0 ζ2 + i √
[(β − β̄)(ζ1 + ζ̄1 ) + (β + β̄)(ζ2 − ζ̄2 )] = 0.
2k
N
(C.4)
Solving for the mean-field amplitude of the cavity light field β gives
√
−iλ2 k(ζ2 − ζ̄2 )
√
,
(C.5)
Re{β} =
N ∆c
√
iλ1 k(ζ1 + ζ̄1 )
√
i Im{β} =
.
(C.6)
N ∆c
Plugging this expression for β into the equations for β results in
λ1 ζ1
λ2 ζ1
λ1 k
[λ1 (ζ1 + ζ̄1 ) −
(ζ1 + ζ̄1 )2 +
(ζ2 − ζ̄2 )2 ] = 0
N ∆c
2k
2k
λ 2 ζ2
λ 1 ζ2
λ2 k
[λ2 (ζ2 − ζ̄2 ) +
(ζ2 − ζ̄2 )2 −
(ζ1 + ζ̄1 )2 ] = 0.
ω0 ζ2 + 2
N ∆c
2k
2k
(C.7)
ω0 ζ1 + 2

This yields the condition


λ1
λ2
2
2
4 √ Re{ζ1 } + √ Im{ζ2 }
N
N
√


ζ̄1
ω0 ∆c N
λ1
√
=
+ 2k
1+
λ1
ζ1
N
√


ω0 ∆c N
ζ̄2
λ2
=
+ 2k √
1−
.
λ2
ζ2
N
We now treat the two cases λ1 = λ2 and λ1 6= λ2 separately.

(C.8)

Excitation spectrum in the superradiant phase in spin-changing self-organization

Equal coupling strengths λ1 = λ2
For λ1 = λ2 = λ equation (C.8) reads
2

2


ω0 ∆c N
+
2k
1+
λ2

ω0 ∆c N
+
2k
1−
=
λ2

4(Re{ζ1 } + Im{ζ2 } ) =

2


ζ̄1
ζ1

ζ̄2
.
ζ2

(C.9)

2

Since Re{ζ1 } , Im{ζ2 } , ω0 λ∆2c N and k are all real numbers, it follows
that ζ̄ζ11 = − ζ̄ζ22 is also real. This can be achieved if either
case 1: ζ1 = ±|ζ1 |, ζ2 = ±i|ζ2 |

(C.10)

or case 2: ζ1 = ±i|ζ1 |, ζ2 = ±|ζ2 |.

(C.11)

For case 2, however,
2

2

Re{ζ1 } + Im{ζ2 } = 0 6=

2ω0 ∆c N
.
λ2

(C.12)

For case 1, it follows that
2

2

Re{ζ1 } + Im{ζ2 } =
2

ω0 ∆c N
1
+k =
2
4λ
2



ω0 ∆c N
+N
4λ2



(C.13)

2

∆c N
). This equation is fulfilled
with k = N − (|ζ1 | + |ζ2 | ) = 12 (N − ω04λ
2
for

ζ1 = |ζ| cos θ

(C.14)

ζ2 = i|ζ| sin θ
n
π o
β = |β| exp −i(θ − ) = |β|(sin θ + i cos θ)
2
s

2
λ
ω0 ∆c N
2
√
with |β| =
N −
4λ2
∆c N
r
1
ω0 ∆c N
|ζ| = √
+N
4λ2
2

(C.15)
(C.16)
(C.17)
(C.18)

with arbitrary phase θ. This again corresponds to the U(1) symmetry.
Furthermore, in order for equation (C.13) to be true, it follows that


1 ω0 ∆c N
+
N
≥0
(C.19)
2
4λ2
√
−ω0 ∆c
⇔λ≥
.
(C.20)
2
It follows that the description
for the superradiant phase starts to
√
−ω0 ∆c
become valid at λc =
, which is the critical coupling strength.
2
This is the same expression for the critical coupling strength as in the
Dicke model. The ground state energy minimization performed above
signaled a phase transition at this coupling strength.
Since all terms linear in the fluctuation operators vanish, the Hamiltonian reads
2
λ1,2
Ĥsrp
= − ∆c (dˆ† dˆ + |β| )
2
+ ω0 (fˆ† fˆ1 + fˆ† fˆ2 + 2|ζ| )
1

2
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λ √ ˆ ˆ†
k(d − d ) ·
+ i√
N

2|ζ| cos θ 
fˆ1† + fˆ1 −
cos θ(fˆ1 + fˆ1† )
2k
!

+i sin θ(fˆ† − fˆ2 )
2

2

λ √
+ i√
k2|β|i cos θ · − 2|ζ| cos θ
N

|ζ| 
+
cos θfˆ1† (fˆ1 + fˆ1† ) + i sin θfˆ1† (fˆ2† − fˆ2 )
2k

|ζ| 
+
cos θ(fˆ1 + fˆ1† )fˆ1 + i sin θ(fˆ2† − fˆ2 )fˆ1
2k
2|ζ| cos θ ˆ† ˆ
+
(f1 f1 + fˆ2† fˆ2 )
2k
!
3
2
2|ζ| cos θ 
†
†
cos θ(fˆ1 + fˆ1 ) + i sin θ(fˆ2 − fˆ2 )
+
8k 2
λ √ ˆ ˆ†
+ i√
k(d + d ) ·
N

2
2i|ζ| sin θ 
− fˆ2† + fˆ2 −
cos θ(fˆ1 + fˆ1† )
2k
!

†
+ i sin θ(fˆ − fˆ2 )
2

λ √
k2|β| sin θ · − 2i|ζ| sin θ
+ i√
N

|ζ| 
−
cos θfˆ2† (fˆ1 + fˆ1† ) + i sin θfˆ2† (fˆ2† − fˆ2 )
2k

|ζ| 
cos θ(fˆ1 + fˆ1† )fˆ2 + i sin θ(fˆ2† − fˆ2 )fˆ2
+
2k
2i|ζ| sin θ ˆ† ˆ
+
(f1 f1 + fˆ2† fˆ2 )
2k
!
3
2
2i|ζ| sin θ 
†
†
ˆ
ˆ
ˆ
ˆ
cos θ(f1 + f1 ) + i sin θ(f2 − f2 )
. (C.21)
+
8k 2

After some algebra, the Hamilton becomes


2λ|β||ζ|
λ
†ˆ
ˆ
√
Ĥsrp = − ∆c d d + ω0 −
(fˆ1† fˆ1 + fˆ2† fˆ2 )
k
!
2

2
|ζ|
λ|β||ζ|
1+
−√ √
cos θ(fˆ1† + fˆ1 ) + i sin θ(fˆ2† − fˆ2 )
2k
N k


λ √
+ i√
k (dˆ − dˆ† )(fˆ1† + fˆ1 ) + (dˆ + dˆ† )(fˆ2 − fˆ2† )
N
2


iλ|ζ| ˆ
− √ √ (d exp{iθ} − dˆ† exp{−iθ}) cos θ(fˆ1† + fˆ1 ) + i sin θ(fˆ2† − fˆ2 )
N k
λ √
λ|β||ζ|
2
2
+ 2ω0 |ζ| − ∆c |β| + 4 √
k|β||ζ| + √ √ .
N
N k
Ignoring the constants and choosing θ = 0, which is a specific realization of the U(1) symmetry with Im(ζ2 ) = 0, gives
λ
Ĥsrp
= − ∆c dˆ† dˆ + ω̃0 (fˆ1† fˆ1 + fˆ2† fˆ2 )
+ iA(dˆ − dˆ† )(fˆ† + fˆ1 ) + iB(dˆ + dˆ† )(fˆ2 − fˆ† )
1

− C(fˆ1† + fˆ1 )2

2

(C.22)
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!
√
2
λ|ζ|
− 2λµ
λ √
k− √ √
=√ √
with A = √
,
N
N N −µ
N k
λ p
λ √
k=√ √
N − µ,
B =√
N
N 2
!
2
λ|β||ζ|
|ζ|
λ2 (N + µ)(3N − µ)
C =√ √
1+
=
,
2k
2N ∆c
N −µ
N k


ω0
2λ|β||ζ|
N
ω̃0 =ω0 − √ √ =
1−
,
2
µ
N k
ω 0 ∆c N
.
µ=
4λ2
The dynamic matrix components therefore read



0
−∆c
−iA
iB



βsrp =  iA ω̃0 − 2C 0  and γsrp = −iA
−iB
−iB
0
ω̃0

−iA
−2C
0

(C.23)
(C.24)
(C.25)
(C.26)
(C.27)


−iB

0 .
0

(C.28)

Unequal coupling strengths λ1 6= λ2
For unequal coupling strengths λ1 6= λ2 , we continue our derivation
from equation (C.8). We first suppose that both ζ1 and ζ2 are finite
complex numbers, and their arguments are τ1 and τ2 , respectively. The
constraint between ζ1 and ζ2 is now λ21 (1 + ζζ̄11 ) = λ22 (1 − ζ̄ζ22 ), which
can be rewritten as
e−2iτ1 =

λ22
(1 − e−2iτ2 ) − 1.
λ21

(C.29)

The equation |λ(1 − eiτ ) − 1| = 1 has a solution only when λ = 0, 1,
and thus either ζ1 or ζ2 has to be zero.
Without loss of generality, we impose ζ2 = 0 and ζ1 6= 0. We can
thus obtain an equation for ζ1 :


∆c ω0 ζ1 N
ζ1
+
(ζ
+
ζ̄
)
1
−
(ζ
+
ζ̄
)
= 0.
(C.30)
1
1
1
1
2λ21 k
2k
We observe that ζ1 has to be real to fulfill this equation, and the
solution is
ζ12 =

∆c ω0 N
+ k.
4λ21

(C.31)

In summary, the solutions of the atomic and cavity fields for unequal
couplings are




ζ
=
±|ζ|


1

ζ1 = 0
or
(C.32)
ζ2 = 0
ζ2 = ±i|ζ|






β = ±i|β|
β = ±|β|
s

2
λ1
ω0 ∆c N
2
√
with |β| =
N −
,
(C.33)
4λ21
∆c N
s
1
ω0 ∆c N
|ζ| = √
+ N.
(C.34)
4λ21
2
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When λ1 > λ2 , we find that the first set of solution has a lower energy
than the second set. Continuing the calculations in a similar manner as above, the corresponding prefactors and matrix entries for the
submatrices βsrp and γsrp of the dynamic matrix in equation (C.28)
read
!
√
2
λ1 |ζ|
λ1 √
− 2λ1 µ1
k− √ √
A= √
=√ √
,
(C.35)
N
N N − µ1
N k
λ2 p
λ2 √
k=√ √
N − µ1 ,
(C.36)
B =√
N
N 2
!
2
λ1 |β||ζ|
|ζ|
λ21 (N + µ1 )(3N − µ1 )
C =√ √
1+
=
,
(C.37)
2k
2N ∆c
N − µ1
N k


2λ1 |β||ζ|
ω0
N
1−
ω̃0 =ω0 − √ √ =
,
(C.38)
2
µ1
N k
ω0 ∆c N
µ=
.
(C.39)
4λ21
for the fluctuation Hamiltonian
λ
Ĥsrp
= − ∆c dˆ† dˆ + ω̃0 (fˆ1† fˆ1 + fˆ2† fˆ2 )
+ iA(dˆ − dˆ† )(fˆ† + fˆ1 ) + iB(dˆ + dˆ† )(fˆ2 − fˆ† )
1

− C(fˆ1† + fˆ1 )2 .

2

(C.40)

The expression for the simple Dicke model is recovered for λ2 = 0.
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