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In this paper an introduction of the moving least squares approach is presented in the context of data
approximation and interpolation problems in Geodesy. An application of this method is presented for
geoid height approximation and interpolation using different polynomial basis functions for the
approximant and interpolant, respectively, in a regular grid of geoid height data in the region 16:0417+ 
f  47:9583+ and 36:0417+  l  69:9582+ , with increment 0:0833+ in both latitudal and longitudal
directions. The results of approximation and interpolation are then compared with the geoid height data
from GPS-Levelling approach. Using the standard deviation of the difference of the results, it is shown
that the planar interpolant, with reciprocal of distance as weight function, is the best choice in this local
approximation and interpolation problem.
© 2020 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction
The approximation and interpolation problems in Geodesy are
of key importance for several reasons. First, the nature of the
geodetic observations prevents continuous sampling. For
instance, the gravity acceleration data cannot be gathered
continuously since there are many problems associated with
gathering these data at sea. Second, the actual, analytical forms
of the functions of these data are not known, notwithstanding
having some approximate formulae for these functions. As the
result, the Geodesy community has always tried to come up with
new methods that better and more accurately approximate or
interpolate data.
One of the most important methods is spline approximation
and interpolation. Spherical splines-the most widely used typeare investigated in several different works, including [1e7], and
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[8]. Spheroidal and ellipsoidal splines are thoroughly studied in
[9e11]. Both methods have in common the spline interpolant
that is based on the minimization of a differential operator in a
speciﬁc Hilbert (Sobolev) space, the reproducing kernel of which
is a fundamental component based on which the spline function
is deﬁned. Spline functions can be used for approximation,
interpolation, and smoothing. However, there are some problems
in their implementation in various problems. First, their values
change greatly from one point to another-except for smoothing
functions in [5,11]. This means that though neatly ﬁtted in
approximation and interpolation points, the function may be
severely variable between two adjacent points, thus making
regularization necessary. Second, except for functions in [5,11],
the computational aspects of the spline functions are timeconsuming. The said exceptions-functions in [5,11]-have
another drawback: ﬁrst, they cannot be used for irregular grids
and second, they only smooth the function itself, not providing
any analytical function on which a speciﬁc functional can
operate.
For all reasons mentioned above, another method seems
necessary: a method that locally approximates or interpolates (or
even smoothes) data and is more reliable, in terms of not varying
greatly from one point to another. The method of Moving Least
Squares (MLS) has been introduced for many years in mathematical
community, by the paper [12]. Since then, many works have been
done on this problem, including [13,14]. This method has very

https://doi.org/10.1016/j.geog.2019.12.003
1674-9847/© 2020 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier B.V. on behalf of KeAi Communications Co., Ltd. This is
an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

M. Kiani / Geodesy and Geodynamics 11 (2020) 120e126

powerful characteristics that make it ideal for approximation and
interpolation. First, besides being an approximant, it can be an
interpolant as well (see [15,16], and [17] for more details.) Second, it
can be used for both regular and irregular grids. Third, it is
computationally efﬁcient: instead of having to deal with a huge
system of matrices, it deals with several smaller matrices and
therefore, computers can manipulate those computations more
easily.
There are many applications to the MLS approximant, including
solving integral equations ([18e20], and [21]). In the present paper,
we employ the method to locally approximate and interpolate
geoid heights. We then compare the results of approximation and
interpolation with the method of GPS-Levelling, to see the differences and analyse accuracy.
The rest of this paper is organized as follows. In section 2 the
mathematical backgrounds are stated. In section 3 the application is introduced and implemented. Section 4 is devoted to
the analysis of the results. Finally, conclusions are stated in
section 5.
2. Mathematical background
This section deals with the mathematical basis of the MLS
method. Fundamentally, the method of MLS approximates the
function under consideration based on the Least Squares (LS)
minimization. Thus, the function that results from MLS minimization is primarily an approximant. However, MLS can be used as
an interpolant, as well (see many works such as [15,16], and [17].)
In this case, the method is called Interpolating MLS (IMLS.) The
dualistic role of MLS is exactly like Radial Basis Functions (RBF),
which are primarily meshless approximants, but are used widely
as interpolants (see [1], and [2], where spherical splines are, in
fact, considered to be RBFs.) The points used for approximation
and interpolation are scattered points, not necessarily regular
points. In other words, MLS is, fundamentally, a meshless
method. However, that does not mean the regular points cannot
be used for approximation and interpolation. In fact, in [22]) it is
asserted that although it is not a strict requirement to have
regular points, having a set of points of at least semi-regular
conﬁguration makes the MLS convergent of good order (which
is proportional to the degree of basis functions.) Moreover, in
general the irregular points might produce some errors in
approximation and interpolation (see [23].) In this method, an
approximant or an interpolant in the domain U is deﬁned as the
following linear composition

IMLS ðxÞ ¼

N
X

ck ðhÞBk ðxÞ;

(1)

k¼1

where IMLS is the MLS approximant or interpolant, N the number of
basis functions Bk ; k ¼ 1; :::; N, ck ; k ¼ 1; :::; N the coefﬁcients of the
linear composition, and x; h are two points in the region U. Based
on [12,13], the minimization of the quadratic norm with the matrix
W of the weight function w .

 
: j

2;W /min;

(2)

in which C is the matrix of coefﬁcients ck ; k ¼ 1; :::; N , B that of the
basis functions, and F that of the grid values at points at which the
function values are known.
Remark 1
The MLS method is similar to the ordinary, Linear Least Squares
adjustment (LLS) in which the values of the coefﬁcients of the
approximant's linear composition are treated as unknowns, and the
values of coordinate differences between known and approximation
(or interpolation) points (at which the values are to be found) play
the role of the design matrix. However, instead of a holistic approach
(i.e. all points are used for approximation or interpolation) a set of
points for each individual point is used to approximate or interpolate
data. A parameter called scaling parameter, which we denote thence
as d, is used to determine which points are about the point.
Accordingly, the weight function varies with the position of each
point.
Remark 2
The weight matrix W in Eqs. (2) and (3) must have the following
characteristics:
It must constitute a strictly positive matrix (W),
It must be bounded.
Hence, W is deﬁned as the following

W ¼ diagðwðx; hi ÞÞ; i ¼ 1; :::; J;

(4)

where w is the weight function. Usually the weight function is the
Spline Weight Function (SWF), or the reciprocal of the distance
between grid and approximation and interpolation points, as the
following

wSWF ðx; hi Þ ¼ 1  6r 2 þ 8r 3  3r 4 ;

(5)

and

1
wðx; hi Þ ¼ ;
r

(6)

in which

r¼

jjx  hi jj2

d

:

(7)

Note that the argument of the weight function-its radius-has the
property that 0 < r  1.
The role of the parameter d is evident here. Besides, this
parameter is used in ﬁnding the neighbouring points as the
following

neighbours ¼ f i : jjx  hi jj2  dg

(8)

Remark 3
The basis functions, Bk ; k ¼ 1; :::; N, are usually chosen as polynomials, especially when the data are scattered in the R3 space,
which is the case with the application we will present in the next
section. In this case, we have

Bk ðx; hi Þ ¼

ðx  hi Þk
;
hk

results in the coefﬁcients of the MLS approximant or interpolant

where


1
C ¼ BT WB
BT WF;

h ¼ maxminjjx  hk jj2 :

(3)
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(9)

(10)
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Remark 4
In [24,25], it is shown that the basis functions in Eq. (9) are good
means to achieve more stability in computations.
Remark 5
According to Eq. (6), a singularity exists for the weight function
when r/0. However, this never happens. The reason behind this
fact is that according to Eq. (7), r is 0 if and only if x ¼ xj , i.e. the
approximation (or interpolation) point is one of the grid points.
This is a contradiction, as the approximation (or interpolation)
point cannot belong to the set of grid points. Even if the SWF is
used-whose value is ﬁnite when r/ 0-the linear coefﬁcients in Eq.
(1) cannot be computed. This is because based on Eq. (9), if x ¼ xj , a
row in the matrix B in Eq. (3) will be zero, and considering the
weight matrix form in Eq. (4), one can deduce that ðBT WBÞ is
singular. To sum up, we can say that the MLS method is used if and
only if one wants to ﬁnd the (approximate) value of a function at
points other than the grid points. The value of function at points that
x ¼ xj is exactly the value of function at grid points.
Note, however, as [16] suggests, we can use the following weight
functions, in order to avoid singularity

wðx; hÞ ¼

1
;
r 2n þ ε

(11)

where n2 N, and ε is a small, positive value to avoid singularity.
Remark 6
Remark 5 has a very important implication: the simultaneous
interpolation-approximation of the MLS. Since the values of the
approximant at grid points are the values of function to be
approximated (or interpolated) according to the Walsh's simultaneous interpolation-approximation theorem (see [26] for more
details) MLS can be used for interpolation, as well. Note also that as
we will see in the next section, the value of d ¼ 10000 m for the
planar basis function mode, forces mostly 4 points to be found and
used in the neighbourhood of the point to be interpolated. Thus,
even with this interpretation, at this value for d mostly interpolation is being performed.

3. Local geoid height approximation and interpolation
In this section, we use the MLS method to approximate and
interpolate geoid heights. We explain the details in distinct steps, as
follows.
Remark 7
The computer used for computations has a system of 4-GB RAM,
core-i5 processor. The computations are done using MATLAB programming software.
Remark 8
As it is mentioned in the remark 6, when d ¼ 10000 m the MLS
method turns out to be the method of IMLS. In other values,
however, the MLS is used as an approximant.
Step 1. Using the EGM2008 geopotential model (up to the degree
and order 2190) and the geoid height formula in [27], compute the
geoid heights in the regular, rectangular grid 16:0417+  f 
47:9583+ and 36:0417+  l  69:9582+ . The increment in both
latitudal and longitudal directions is 0:0833+ . Fig. 1 shows these
values.
Step 2. Using the coordinates in the rectangular grid in step 1 and
GPS-Levelling points, compute the ellipsoidal coordinates, using
the relations below

Fig. 1. Geoid heights in the rectangular grid 16:0417+  f  47:9583+
36:0417+  l  69:9582+ .

a
N0 ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ;
1  e2 sin2 f




ðx; y; zÞ ¼ N0 cosf cosl; N 0 cosf sinl; N0 1  e2 sinf ;

and

(12)

(13)

where a is the semi-major axis of the Earth and e2 is the eccentricity
of the ellipsoid. The values of both are derived from WGS84.
Step 3. Choosing the regular grid to be the scattered points, the
coordinates in GPS-Levelling data to be the approximation and
interpolation points in which we want to ﬁnd the geoid height,
setting d ¼ 10000 m (arbitrary; however, it has proven quite
robust in this range), interpolate geoid height data at approximation and interpolation points. Note that the weight function is
chosen here to be the reciprocal of distance, r. This is because the
primary solution of the Laplace equation, which holds for most
gravity properties of the Earth, is the reciprocal of the distance
(see [10] for more details.) Moreover, this function is good in that
it assigns each point an impact value directly related to its adjacency to the point.
Remark 9
The parameter h in this problem is found based on the distance
between the adjacent points. Since the ellipsoid is unevenly curved
in latitudal and longitudal directions, we ﬁnd the maximum of
these distances and set it as h. Here, h ¼ 1360m.
Step 4. Compute the geoid heights from the GPS-Levelling data,
which contain orthonormal (H ) and geodetic (h0) heights, using the
following relation

NGi ¼ h0i  Hi ; i ¼ 1; :::; n;

(14)

in which n is the number of points in the data ﬁle (in this case n ¼
490.)
Step 5. Subtract the results of Step 4 from those of step 3, to see
the differences for three different types of basis functions (planar,
quadratic, and cubic), which are as the following in Tables 1e3.
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Table 1
Statistical properties of the difference between interpolated results and those from
GPS-Levelling, planar basis functions mode.
Min(m)

Max(m)

Avg(m)

Std(m)

2.6727

4.9582

1.3951

1.1820

Table 2
Statistical properties of the difference between interpolated results and those from
GPS-Levelling, quadratic basis functions mode.
Min(m)

Max(m)

Avg(m)

Std(m)

4.9719

4.9655

0.6199

2.3898

Table 3
Statistical properties of the difference between interpolated results and those from
GPS-Levelling, cubic basis functions mode.
Min(m)

Max(m)

Avg(m)

Std(m)

4.9098

4.9560

0.8443

1.9881

Remark 10
Note that although in all three cases the minimum and
maximum of differences are respectively negative and positive, the
average of differences is always positive, which reveals the fact that
on average the interpolated value is greater than its GPS-Levelling
counterpart. This is because of the fact that, as it can also be seen
from Fig. 1 in most of the region, the weighted average of the
neighbouring points (on which the method of MLS is based) is
greater than the value at point to be interpolated.
Remark 11
By planar, quadratic, and cubic basis functions (B) we mean,
respectively.

Bðx; y; zÞ ¼ xi yj zk ; i þ j þ k  1; i; j; k2Zþ ; ði; j; k  0Þ;

(15)

Bðx; y; zÞ ¼ xi yj zk ; i þ j þ k  2; i; j; k2Zþ ; ði; j; k  0Þ;

(16)

Bðx; y; zÞ ¼ xi yj zk ; i þ j þ k  3; i; j; k2Zþ ; ði; j; k  0Þ;

(17)

Step 6. Compute the geoid height by the formula, like the step 1,
to compare the values derived directly from geoid height formula
and those from GPS-Levelling. The statistical properties of the differences are as follows in Table 4.

Table 4
Statistical properties of the difference between actual grid results and those from
GPS-Levelling.

123

4. Interpretation of the results
In this section, the interpretation of the results obtained in the
previous section is presented. In this respect, the following points
are important.
1-The data for computing the geoid height in step 1 come from
the DTM satellite data, which means the geodetic heights are with
some errors, making the geoid height with some errors, as the result.
2-The original, regular grid is large enough to ensure the MLS
approximation and interpolation property, i.e. all the approximation and interpolation points in the GPS-Levelling ﬁle are located
within the boundary of this grid.
3-The role of the parameter d is to determine which points
should be used for approximation and interpolation. If it is small,
few or no points will be in the set of points used for approximation
and interpolation. On the other hand, if it is too big, too many points
might be used for approximation and interpolation, making the
results less reliable. In Tables 5 and 6, the impact of the change of
this parameter is shown.
As one can see from Tables 5 and 6, even though the standard
deviation is less when d ¼ 20000 m, the average value of differences is higher, which means the approximation and interpolation
is less reliable. To show the effect of d on the std, mean, max, and
min of the differences between interpolated results and those from
GPS-Levelling, we increase d from 5000 m to 20,000 m by 1000 m
increments. Thus, we have the following results in Figs. 2e5.
In Fig. 6, the effect of parameter d on the norm of the differencesbetween interpolated results and those from GPS-Levelling-is
shown.
From the Fig. 6 it is understood that as the d increases, the norm
of the differences increases accordingly, which means that the results are not much reliable.
4-In the Step 4 of the computations in the previous section since
the GPS-Levelling data contained H; h0 , we used the relation NG ¼ h0
H to compute the geoid heights from this method. However, this
formula is not infallible and is neglecting some other terms (which
are due to the curvature of the plumb line.) Thus, this method itself
adds some errors to the problem, in addition to the errors in H; h0.
5-As it is seen from the Tables 1e4, the best choice of basis
functions is the planar one, in terms of its minimum standard deviation from the GPS-Levelling data, which works even better than
the geoid heights derived from the formula.
6-The role of weight function is shown in Table 7.
Hence, by using the value of standard deviation of differencebetween interpolated and GPS-levelling points-as our criterion,
comparing Tables 1 and 7, the reciprocal of the distance as the
weight function works better in this problem, since the value of std
of differences is less.
Table 5
Statistical properties of the difference between approximated results and those from
GPS-Levelling, planar basis functions mode with d ¼ 5000 m.
Min(m)

Max(m)

Avg(m)

Std(m)

4.8353

4.3760

1.1785

1.8159

Table 6
Statistical properties of the difference between approximated results and those from
GPS-Levelling, planar basis functions mode with d ¼ 20000 m.

Min(m)

Max(m)

Avg(m)

Std(m)

Min(m)

Max(m)

Avg(m)

Std(m)

4.8407

3.4709

1.4032

1.2906

2.7624

4.9687

1.3719

1.1676
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Fig. 2. The effect of the parameter d on the std of the differences between interpolated results and those from GPS-Levelling.

Fig. 3. The effect of the parameter d on the mean of the differences between interpolated results and those from GPS-Levelling.

Fig. 4. The effect of the parameter d on the maximum of the differences between interpolated results and those from GPS-Levelling.
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Fig. 5. The effect of the parameter d on the minimum of the differences between interpolated results and those from GPS-Levelling.

Fig. 6. The effect of the parameter d on the norm of the differences between interpolated results and those from GPS-Levelling.

Table 7
Statistical properties of the difference between interpolated results and those from
GPS-Levelling, planar basis functions mode with SWF weight function.
Min(m)

Max(m)

Avg(m)

Std(m)

2.9291

4.9550

1.3959

1.1838

5. Conclusions
In this paper, the method of MLS is employed to locally
approximate and interpolate geoid heights. The method is based on
a grid of points-either regular or irregular-and a set of approximation and interpolation points. A region of approximation and
interpolation is chosen by a parameter, d , and subsequently by a
speciﬁc weight function, chosen here to be the reciprocal of the
distance between points of interest (grid, and approximation or
interpolation.) The result of approximation and interpolation for
the problem is compared with GPS-Levelling data, for different d
values, two different weight functions, and various basis functions.
It is shown that the best choice of basis functions is the planar
mode. The method of MLS is efﬁcient in the sense that in contrast to
splines and Radial Basis Functions, the evaluation process involves

a set of computations on low-dimension matrices. However,
although the method of MLS is fundamentally a meshless approximation, the grid points should be at least semi-regular in order to
achieve a good level of precision. The ideal condition-regular grid
points-cannot be always guaranteed but in a limited number of
situations, of which a case is presented in this paper.
The method of MLS can be used in a variety of applications in
geodesy, including the gravity ﬁeld, satellite positions, and deriving
diverse meteorological parameters. This would open a new phase
of research in Geodesy, to fulﬁl the data precision and accuracy
requirements.
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