ETH Library

Flow and Dirac particles on curved
and topological manifolds
Doctoral Thesis
Author(s):
Flouris, Kyriakos
Publication date:
2019
Permanent link:
https://doi.org/10.3929/ethz-b-000463425
Rights / license:
In Copyright - Non-Commercial Use Permitted

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

Diss. ETH No. 25811

Flow and Dirac particles on
curved and topological
manifolds

A thesis submitted to attain the degree of

Doctor of Sciences of ETH Zurich
(Dr. sc. ETH Zurich)
presented by
Kyriakos Flouris
Master of Natural Sciences, The University of Cambridge

born on 28.06.1989
citizen of Cyprus

accepted on the recommendation of
Prof. Dr. Hans Jürgen Herrmann, examiner
Prof. Dr. Sauro Succi, co-examiner

2019

Zusammenfassung
Eine schierige Herausforderung für Simulationen ist die Situation, in der
Fluidströmungen enge Oberflächen stark verformen. Hier stellen wir ein neuartiges Verfahren für Fluidstruktur-Interaktionssimulationen (FSI) vor, bei
dem ein original gekrümmter Raumgitter Boltzmann Fluid Solver (LBM)
zweiten ordnung mit einer Finite-Elemente-Methode (FEM) für dünne Schalen gekoppelt ist. Das LBM kann unabhängig voneinander an einem Standardgitter in gekrümmten Koordinaten arbeiten, ohne dass Interpolation,
Nachvernetzung oder eine eingetauchte Grenze erforderlich ist. Die LBMVerteilungsfunktionen werden unter Koordinatenänderung dynamisch transformiert. Darüber hinaus können Kraft und Impuls auf den Knoten in jeder beliebigen Geometrie exakt berechnet werden. Darüber hinaus ist die
FEM-Shell ein komplettes numerisches Werkzeug mit Implementierungen wie
Wachstum, Selbstkontakt und starken äueren Kräften. Wir zeigen den Konvergenzfehler der Auflösung für Standardprüfungen unter metrischer Verformung. Massen- und Volumenerhaltung, Impulsübertragung, Boundary-slip
und Pressure maintenance werden anhand konkreter Beispiele verifiziert.
Zusätzlich wird eine kurze Verformungsstabilitätsanalyse durchgeführt. Als
nächstes untersuchen wir die Wechselwirkung zwischen einem quadratischen
Fluidströmungskanal und einer verformbaren Hülle. Schlielich simulieren wir
eine Flagge bei moderater Reynoldszahl, Luftströmungskanal. Das Schema
ist auf kleine Verformungen von O(10%) relativ zur Domaingröe beschränkt,
durch die Verbesserung der Stabilität kann die Methode natürlich auf mehrere Anwendungen ohne weitere Implementierungen erweitert werden.
Darüber hinaus ist es allgemein bekannt, dass Dirac-Partikel schwer zu

i

begrenzen waren, eine wichtige Eigenschaft im Zusammenhang mit Quantencomputern und Wellenleitern. Durch die Implementierung eines DiracGleichungslösers mit gekrümmtem Raum, basierend auf der Quantengitter
Boltzmann-Methode, zeigen wir, dass die Krümmung in einem 2D-Raum
einen Teil eines geladenen, massenlosen Dirac-Fermionenwellenpakets einschränken kann. Dies entspricht einer begrenzten Wahrscheinlichkeit, das
Dirac-Fermion in einem gekrümmten Raumbereich einzuschlieen. Wir schlagen eine Potenzeverteilung für die Wahrscheinlichkeit der Einschlieung in
Bezug auf die durchschnittliche räumliche Krümmung für die untersuchte
Geometrie vor.
Darüber hinaus macht das charakteristische 2D-Waben-Kohlenstoffatomgitter
von Graphen es zu einem perfekten flachen elektronischen Material, das gestapelt und umgeformt werden kann, was zu spektakulären elektronischen
Eigenschaften führt. Hier untersuchen wir das diskrete Energiespektrum von
gekrümmten Graphenplatten in Gegenwart eines Magnetfeldes. Die Verschiebung der Landau Levels ist für komplexe und realistische Geometrien von gekrümmten Graphenplatten bestimmt. Die Energieniveaus folgen einer ähnlichen
Quadratwurzelabhängigkeit von der Energiequantenzahl wie bei geriffelten
und flachen Graphenplatten. Die Landau Levels werden proportional zur
durchschnittlichen Verformung zu niedrigeren Energien verschoben und der
Effekt ist gröer im Vergleich zu einer einfachen uni-axial geriffelten Geometrie. Der spezifische Widerstand von zerknitterten Graphenplatten wird für
verschiedene mittlere Raumkrümmungen berechnet und zeigt eine lineare
Beziehung. Darüber hinaus schlagen wir eine periodische quantisierte Wechselstromvorrichtung mit einem gekrümmten Graphenblech vor. Die Studie
wird mit einem Quantengitter Boltzmann-Verfahren durchgeführt, das die
Dirac-Gleichung an gekrümmten Verteilern löst.
Schlielich ist es derzeit offensichtlich, dass topologische Phasen der Materie die Quantentechnik revolutioniert haben. Mit der Implementierung eines
Dirac-Gleichungslösers mit gekrümmtem Raum, basierend auf der Quantengitter Boltzmann-Methode, untersuchen wir die topologischen und geometrischen Transporteigenschaften eines Möbius Graphenbandes. Wir messen
einen Quanten-Spin-Hall-Strom auf dem Graphenstreifen, der aus Topologie
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und Krümmung stammt, während ein Quanten-Hall-Strom nicht beobachtet wird. In der Torusgeometrie wird ein Hallstrom gemessen. Zusätzlich
wird eine spezifische Darstellung der äquivalenz zwischen der Berry- und
Ricci-Krümmung durch ein Wanderwellenpaket um das Möbius-Band herum
präsentiert.
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Abstract
A compelling challenge for simulations is the situation when fluid flows threw
confining surfaces strongly deform. Here we present a novel method for fluid
structure interaction (FSI) simulations where an original 2nd -order curved
space lattice Boltzmann fluid solver (LBM) is coupled to a finite element
method (FEM) for thin shells. The LBM can work independently on a
standard lattice in curved coordinates without the need for interpolation,
re-meshing or an immersed boundary. The LBM distribution functions are
transformed dynamically under coordinate change. In addition, force and
momentum can be calculated on the nodes exactly in any geometry. Furthermore, the FEM shell is a complete numerical tool with implementations
such as growth, self-contact and strong external forces. We show resolution convergent error for standard tests under metric deformation. Mass
and volume conservation, momentum transfer, boundary-slip and pressure
maintenance are verified through specific examples. Additionally, a brief deformation stability analysis is carried out. Next, we study the interaction of
a square fluid flow channel to a deformable shell. Finally, we simulate a flag
at moderate Reynolds number, air flow channel. The scheme is limited to
small deformations of O(10%) relative to domain size, by improving its stability the method can be naturally extended to multiple applications without
further implementations.
Furthermore, it is common knowledge that Dirac particles have been notoriously difficult to confine, an important property in the context of quantum
computing and waveguides. Implementing a curved space Dirac equation
solver based on the quantum Lattice Boltzmann method, we show that cur-
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vature in a 2-D space can confine a portion of a charged, mass-less Dirac
fermion wave-packet. This is equivalent to a finite probability of confining
the Dirac fermion within a curved space region. We propose a general power
law expression for the probability of confinement with respect to average
spatial curvature for the studied geometry.
Additionally, the characteristic 2D honeycomb carbon atom lattice of
graphene makes it a perfect flat electronic material which can be stacked
and reshaped resulting in spectacular electronic properties. Here we study
the discrete energy spectrum of curved graphene sheets in the presence of a
magnetic field. The shifting of the Landau levels is determined for complex
and realistic geometries of curved graphene sheets. The energy levels follow
a similar square root dependence on the energy quantum number as for rippled and flat graphene sheets. The Landau levels are shifted towards lower
energies proportionally to the average deformation and the effect is larger
compared to a simple uni-axially rippled geometry. The resistivity of wrinkled graphene sheets is calculated for different average space curvatures and
shown to obey a linear relation. Moreover, we propose a periodic quantized
alternating current device with a curved graphene sheet. The study is carried
out with a quantum lattice Boltzmann method, solving the Dirac equation
on curved manifolds.
Finally, it is currently evident that topological phases of matter have
revolutionized quantum engineering. Implementing a curved space Dirac
equation solver based on the quantum Lattice Boltzmann method, we study
the topological and geometrical transport properties of a Möbius graphene
ribbon. We measure a quantum Spin-Hall current on the graphene strip,
in the absence of a magnetic field, originating from topology and curvature,
whereas a quantum Hall current is not observed. In the torus geometry a Hall
current is measured. Additionally, a specific illustration of the equivalence
between the Berry and Ricci curvature is presented through a travelling wavepacket around the Möbius band.
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Chapter 1

Introduction
1.1

Overview and motivation

”Nature’s imagination far surpasses our own” - Richard Feynmann. Nevertheless we can always throw our best and wildest ideas at her and hope to
match a glimpse of her beauty. There exist great examples of the courage
of humans to tackle this infinite complexity and in this work, we attempt
to implement and merge four of the most fundamental models of natures
behaviour. Namely, curved space-time, quantum mechanics, topology and
fluid dynamics. Each of the above descriptions have revolutionized the way
we understand the physical world and signaled a surge of technological and
industrial advancements throughout our modern history. Furthermore, we
show here that an educated combination of these ideas can be used to simulate nature, gain understanding and make predictions into the behaviour of
both the quantum and the macroscopic world.
Curvature, as associated with differential geometry, appears in science
both as a tool and an intrinsic property of space. Any physical shape in nature can be understood as an ensemble of curved (or not) manifolds. Examples range from the micro, biological membranes, to the cosmological scale,
general relativity and gravitation. Fluid dynamics refer to the collective
motion of particles, a phenomenon seen abundantly in nature. The Naiver-
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CHAPTER 1. INTRODUCTION

Stokes conservation equations for viscus fluids are
∂t ρ + ∂i (ρui ) = 0, ∂t (ρui ) + ∂j T ij = 0.1 .

(1.1)

This equations describe the time evolution of a fluid density ρ and velocity
u, where T ij is the energy stress tensor. Extending the solution of these
equations to curved space and applying the right boundary conditions the
motion and state of a fluid within a non-trivial container, e.g. deformed
pipes, can be realized.
A compelling challenge for simulations is the situation when these confining surfaces strongly deform. Abundant examples can be found in biology
[3, 4], and technology [5], on both the macro and micro scales, growth or
external forces. The confining cavity constrains the fluid flow and vice versa.
In the case of large deformations, possibly caused by the fluid flow, the surface wall can take a complicated shape with high local curvatures [6] or even
develop localized ridges or kinks. In such situations inertial fluid effects can
exert large forces and generate centrifugal instabilities. The physical consequences of this feedback, if properly understood, can bring a new perspective
to biological morphogenesis or biomorphic technologies. Important applications include temperature control of fluids [7] or chemical reactions on a
surface [8]; like combustion and metabolism which require mass transport by
the fluid.
Fluid structure interaction (FSI) simulations allow for an efficient advance in industrial design and optimization [9]. Furthermore, in bio-science
and biotechnology the ever increasing complexity of study cases and implementations [10, 11, 3], demands the use of accurate and efficient algorithms
in simulating such configurations. In this thesis we propose a novel method
for FSI motivated by differential geometry, where the fluid equations are
solved in curved coordinates without the need for interpolation, re-meshing
or an immersed boundary. The fluid is coupled to a shell described by a continuum description of thin elastic objects with inherent C 2 differentiability.
Spesifically, an original 2nd -order curved space lattice Boltzmann fluid solver
(LBM) is coupled to a finite element method (FEM) for thin shells.
1

In this work ∂t :=

∂
∂t

and ∂i :=

∂
∂xi

2

1.1. OVERVIEW AND MOTIVATION

Flow is not limited to classical fluids rather than it can be used as a description of time-evolving quantum systems such as electronic transport. For
example there is numerical evidence of electronic pre-turbulent phenomena
in graphene [12]. As with the Navier-Stokes equation the Dirac equation,
(iγ µ ∂µ − m)Ψ = 0,

(1.2)

describes the time evolution of relativistic particles with wavefunction Ψ and
mass m, where γ µ are the standard Dirac matrices introduced in the Sec. 2.3.
Extending the Dirac equation to curved space we gain a powerful description
of Dirac particle flow on arbitrary manifolds. Futhermore, the equations of
motion of quasi-relativistic electrons in materials such as carbon nanotubes
[13], graphene [14, 15, 16, 17, 18, 19], 3D Weyl semimetals [20, 21] and topological insulators [22, 23, 24] can be mapped to the equations of motion
of relativistic Dirac fermions when considering specific local regions of the
Brillouin zone in a periodic lattice [25]. These Dirac materials have revived
experimental and theoretical research of quasi-relativistic particles in systems
of different dimensions [26, 27]. 2-dimensional systems are especially of interest due to graphene, 2D topological insulators and the fractional quantum
Hall effect [28]. Research is focused on bound states of Dirac particles for
example in the context of quantum computing and waveguides [29, 30].
Mass-less Dirac particles are notoriously difficult to confine. Studies
about transmission of Dirac particles through one-dimensional potentials
have shown guided modes using abrupt potentials [31, 32], however these
potentials are not experimentally feasible. In addition, some analytical investigations have indicated confinement only when considering a rotating frame
[33, 34]. An alternative approach is based on Fermi velocity engineering, for
example by embedding Dirac materials on substrates, where the bound states
are achieved for specific Fermi velocity geometries [35, 36] Furthermore, in
the context of quantum dots, some experimental success has been reported
of soft confinement only by slightly opening the Dirac cone [37, 38] and thus
deviating from the truly relativistic dispersion.
We propose an alternative geometric approach to confine Dirac particles,
namely through static spatial curvature. In this thesis we give evidence
3
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for spatial confinement of massless Dirac fermions in general 2-dimensional
curved-space and on deformed pure mono-layer graphene.
Graphene has been described as the ultimate flatland or the perfect 2dimensional material, in reality graphene sheets are not perfectly flat, but
instead have out of plane deformations mainly in the form of ripples and
wrinkles[39]. Extending the Dirac Hamiltonian to curved space can provide
a more realistic description of this material in the low energetic limit.
It has been recently shown that the quantified electronic energy levels in a
magnetic field are shifted by curvature effects in strained graphene sheets.[40]
This work was restricted to a simple, effectively one-dimensional rippled manifold. In this work we build on this result and simulate a more complex,
diverse and realistic graphene geometry. More specifically this is to include
wrinkles and two dimensional ripples as seen experimentally Ref. [41]. We
also carry out a resistivity study relating transport to average curvature in
wrinkled graphene sheets.
In the context of space and its relevance to physics a historically neglected
aspect is topology, i.e. characterization of a manifold according to the presence of a feature that cannot be removed by a continuous or a zero-energy
transformation. Nevertheless in modern science it presents an extremely
powerful tool both for understanding and engineering purposes. What is yet
more powerful is combining topology to other disciplines such as curvature
and quantum mechanics.
Topological states of matter have been proposed theoretically and observed experimentally [42, 22, 43] triggering a surge of research in the context
of quantum engineering and condensed matter. The enthusiasm is motivated
by the robustness of the topological properties and their tolerance to disorder
[44]. Especially useful in technological applications are topological currents
as they are robust even in impure systems. Simultaneously, another field
of great interest in condensed matter are particles constrained to move on
curved surfaces. Curvature has immense potential as a novel and pure control mechanism in quantum devices, examples of this have been proposed in
graphene systems [45, 46]. It has been shown that graphene Möbius ribbon
can exhibit topological insulator properties owning to the zig zag edge states
4
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[47].
The Möbius band, although simple to visualize, the geometry is topologically non-trivial. The Möbius strip is the simplest non-trivial fiber bundle,
a bundle of the line segment over the circle with a twist. Here, we raise the
question of the energy levels of a confined particle on the Möbius graphene
strip and the consequence of the curvature to the transport of these particles. We simulate Dirac particles and more specifically we relate them to
graphene through the low energy approximation of the band structure. The
non-relativistic quantum mechanics on a the Möbius ring have been studied
[48] and also topological effects in the Möbius topology have been proposed
for molecular devices [49]. Through symmetry arguments it was proposed
that the quantum Hall effect cannot exist on the Möbius but the quantumspin Hall is possible [50]. This result is also confirmed in this work through
a direct simulation.
A recurrent theme in recent condensed matter literature is the existence
of the quantum Hall effect in the absence of a magnetic field [51, 52]. by
avoiding the use of an external field, it is shown that the effect is purely
a geometrical consequence. The symmetry of the system is not, as usual,
broken by a magnetic field but by an equivalent gauge field originating from
the curvature effects of the manifold. In reality, these curvature effects are
translated as forces due to the pseudo-potential in a strained graphene sheet.

1.2

Structure and organization

In chapter 2 some theoretical background is outlined starting from an introduction of the Riemannian geometry followed by the kinetic theory relating
to fluid flow in curved space. The basic theory of graphene and the Dirac
particles are presented next.
In chapter 3 the numerical methods developed and implemented in this
work are presented. Firstly the classical 2nd order curved-space lattice Boltzmann is described. Next, the finite element method for shells is explained
followed by the curved-space Dirac equation solver based on the quantum
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lattice-Boltzmann.
In chapter 4 the fluid structure interaction project is described in detail.
Including an accuracy and stability analysis of the method, the coupling
scheme implemented and the final complete simulations and their conclusions.
In chapter 5 the quantum lattice Boltzmann method in curved space is
utilized for studying the transmittance of mass-less Dirac particles in twodimensional space. The theory of strained graphene is also outlined. Here,
we show that a portion of Dirac particles can be confined on graphene sheets
under the right geometry configuration and simultaneously propose a novel
approach for wave-guides.
In chapter 6 we simulate a realistically curved graphene sheet. By implementing ripples and wrinkles on the surface the Landau level shifting
resulting from curvature is studied. Additionally, a resistivity investigation
for wrinkled graphene sheets is carried out.
In chapter 7 a Möbius graphene ribbon is simulated and we show the
emergence of a quantum spin-Hall effect. The equivalence between the Berry
and Ricci curvature is presented through a travelling wave-packet around the
Möbius band.
Then thesis ends with a conclusions and outlook chapter followed by the
appendix.

6

Chapter 2

Theoretical backround
The theoretical background necessary spans a wide spectrum. Firstly, differential geometry and the language of curvature are layed out. Consequently
the Navier-Stokes equations are introduced in the context of kinetic theory
coupled to curved space. Furthermore, a brief theoretical introduction to
graphene, Dirac particles and topological phases of matter follows at the end
of the chapter.

2.1

Riemannian geometry

The Latin indices run over the spatial dimensions and Einstein summation
convection is used for repeated indices.
A D dimensional curved space is represented by a Riemannian manifold
M, which is locally described by a smooth diffeomorphism h, called the chart.
The set of tangential vectors attached to each point y on the manifold is
called the tangent space Ty M . In the fluid model, all the vector quantities
are represented as elements of Ty M . The derivatives of the chart h are used
to define the standard basis (e1 , ..., eD ) =

∂h
∂h
, ..., ∂x
D.
∂x1

The metric tensor g can be used to measure the length of a vector or
the angle between two vectors. In local coordinates, the components of the
metric tensor are given by
gij (x) = ei (x) · ej (x) =
7

∂h ∂h
·
,
∂xi ∂xj

(2.1)
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where · is the standard Euclidean scalar product.
For a given metric tensor, the vector v = v i ei ∈ Ty M has a norm
p
||v||g = v i gij v j and a corresponding dual vector v ∗ = v i ei ∈ Ty∗ M in the

cotangent space, which is spanned by the differential 1-forms dxi = g(ei , ·).
The coefficients vi of the dual vector are typically denoted by a lower index and are related to the upper-index coefficients v i by contraction with
the metric tensor vi = gij v j or equivalently, v i = g ij vj , where g ij denotes
the inverse of the metric tensor. The upper-index coefficients v i of a vector v are typically called contravariant components, whereas the lower-index
coefficients vi of the dual vectors v ∗ are known as the covariant components.
A necessary feature for the description of objects moving on the manifold is parallel transport of vectors along the manifold. The tangent space
is equipped with a covariant derivative ∇ (Levi-Civita connection), which
connects the tangent spaces at different points on the manifold and thus allows to transport a tangent vector from one tangent space to the other along
a given curve γ(t). The covariant derivative can be viewed as the orthogonal projection of the Euclidean derivative ∂ onto the tangent space, such
that the tangency of the vectors is preserved during the transport. In local
coordinates, the covariant derivative is fully characterized by its connection
coefficients Γijk (Christoffel symbols), which are defined by the action of the
covariant derivative on the basis vector, ∇j ek = Γijk . In the standard basis,
ei =

∂h
,
∂xi

the Christoffel symbols are related to the metric by
1
Γijk = g ij (∂j gkl + ∂k gjl − ∂l gjk ).
2

(2.2)

Acting on a general vector v = v i ei , the covariant derivative becomes:
∇k v = (∂k v i + Γikj v j )ei ,

(2.3)

where the product rule has been applied, using that the covariant derivative
acts as a normal derivative on the scalar functions v i . Extending to tensors
of higher rank, for example the second order tensors T = T ij ,
∇k T = (∂k T ij + Γikl T lj + Γjkl T il )ei ⊗ ej
8

(2.4)
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in this work the basis vectors ei are generally dropped. Compatibility of the
covariant derivative with the metric tensor implies that ∇k g ij = ∇k gij = 0.
This property allows us to commute the covariant derivative with the metric
tensor for the raising or lowering of tensor indices in derivative expressions.
The motion of the particle can be described by the curve γ(t), which
parametrizes the position of the particle at time t. The geodesic equation,
∇γ̇ γ̇ = 0, in local coordinates γ(t) = γ i (t)ei is defined by
γ̈ i + Γijk γ˙j γ˙k = 0.

(2.5)

The geodesic equation can be interpreted as the generalization of Newtons
law of inertia to curved space. The solutions of Eq. (2.5) represent lines of
constant kinetic energy on the manifold, i.e. the geodesics. The Riemann
curvature tensor R can be used to measure curvature, or more precisely, it
measures curvature-induced change of a tangent vector v when transported
along a closed loop.
R(ei , ej )v = ∇i ∇j v − ∇j ∇i v.

(2.6)

In a local coordinate basis ei , the coefficients of the Riemann curvature tensor
are given by
l
Rijk
= g(R(ei , ej )ek , el )
l
m
= ∂j Γlik − ∂k Γlij + Γljm Γm
ik − Γkm Γij .

(2.7)
(2.8)

i
Contraction of Rjkl
to a rank 2 and 1 tensor yields the Ricci-tensor Rij =
k
Rikj
and the Ricci-scalar R = g ij Rij respectively, which can also be used to

quantify curvature.
The gradient is defined as ∇i f = g ij ∂j f , the divergence as ∇i v i =
R
√
√1 ∂i ( gv i ), and the integration over curved volume as V =
QdV , where
g
V
√
√ D
√
1
D
dV = gdx ...dx =: gd x denotes the volume element. g denotes the
square root of the determinant of the metric tensor.
It should be clarified that in the simulations there is no time curvature
and gij denotes the curved space metric.

9
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2.2

Kinetic theory and fluid flow in curved
space

The numerical methods relevant to this work are directly solving some form
of the Boltzmann equation in curved space even if effectively simulating the
Navier-Stokes and the Dirac equation for the classical and quantum LBM
respectively. In this section the Boltzmann equation on a Riemannian manifold and its relevance are reviewed. The main equation in curved space is
defined as [53]
∂t f + v i ∂xi f − Γijk v j v k ∂vi f = C[f ],

(2.9)

where f = f (x, v, t) denotes the particle distribution function, x = (x1 , . . . , xD )
the local coordinate, v = (v 1 , . . . , v D ) the microscopic velocity and time t.
The right-hand site represents the particle collisions and there is some freedom of choice depending on the model. The first two terms in the left hand
side is the free streaming of particles and the forcing term −Γijk v j v k ∂vi f
corresponds to the inertial forces experienced by the particles moving on a
curved manifold and is a result of insisting on a covariant derivative or understood from geodesic equation (2.5). Therefore, collectively the left hand
site describes the the free streaming of particles along the geodesics of the
manifold. For classical fluids the Boltzmann collision operator C[f ] can be
approximated from the Bhatnagar-Gross-Krook (BGK) operator [54].
1
(2.10)
C[f ] = − (f − f eq ),
τ
where τ is defined as the relaxation time/ The Maxwell-Boltzmann equilibrium distribution function f eq is given by
ρ
f (x, v, t) =
exp
(2πθ)D/2
eq


kv i − ui kg
−
,
2θT

(2.11)

with θT = kB T /m as the mass normalized marcoscopic temperature and
ρ, ui the macroscopic density and velocity of the fluid respectively.
The macroscopic variables, density, momentum and energy are extracted
from the kinetic quantities through the moments of the distribution function,
Z
Z
Z
√ D
√
i
i√
D
ij
ρ = f gd v, ρu = f v gd v, T = f v i v j gdD v.
(2.12)
10
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where T ij is defined as the energy-stress tensor. This current work is carried
out in the isothermal limit where θT = 1. The energy-stress tensor can
written as
T ij = P g ij + ρui uj − ν(∇i (ρuj ) + ∇j (ρui ) + g ij ∇k (ρuk )),

(2.13)

where the first term represents the potential energy or hydrostatic pressure
P = ρθT , the second term denotes the kinetic energy or the convection of the
flow and the last term represents viscous stresses. The parameter ν stands
for the kinematic viscosity.
In the limit of small Knudsen number, i.e. the ratio between the mean
free path to representative physical length scale, the Boltzmann equation
reproduces the Navier-Stokes equations, i.e. the macroscale hydrodynamic
conservation equations. This can be shown rigorously by a Chapman-Enskog
expansion [55], an example can be found in Appendix A.2. Therefore, under
this limit the kinetic theory presented here describes fluids and not rarefied
gases.
In conclusion, the Navier-Stokes equation can be writen in covariant form
as a continuity and momentum equation given by
∂t ρ + ∇i (ρui ) = 0, ∂t (ρui ) + ∇j T ij = 0.

(2.14)

The first equation guaranties conservation of mass whereas the second conservation of energy and momentum. The derivative here, ∇ is the covariant
derivative on a curved manifold as defined in Eq. 2.4.

2.3

Dirac fermions and graphene

Dirac fermions are the spinor solutions of the Dirac equation. They represent quantum relativistic charged particles. A Mass-less Dirac fermions is
equivalent to a Weyl particle as in the mass-less limit the Dirac equation
decouples to the two Weyl equations. Dirac stumbled upon his equation by
trying to take the square root of the Schrodinger equation. The consequence
is that the energy dispersion relation of Dirac particles is linear instead of
11
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quadratic, as seen for special relativistic particles. Moreover, the equation
was the first to predict the existence of anti-particles. A Majorana fermion
is a Dirac particle that must be its own antiparticle.

2.3.1

The Dirac equation in curved space

The original Dirac Equation Ref. [56] can be naturally extended to curved
space described by a metric tensor gµν

1

by minimally coupling with a co-

variant derivative as
(iγ µ ∂µ − m)Ψ = 0,

(2.15)

in natural units such that ~ = c = 1 for ~, Planck’s constant, m the par−
ticle mass and c, the speed of light, where µ = 0, 1, 2, 3. Ψ = (Ψ+
a , Ψa ) =

(ψ1+ , ψ2− , ψ1− , ψ2+ ) ∈
µ

+, −, and γ = γ
γα ∈

α

C4

eαµ

denotes the Dirac spinor for particle, anti-particle

are the generalized space dependent γ-matrices, where

C4×4 are the standard Dirac matrices given by


1 0

0


0 1 0
γ =
0 0 −1

0



0 0

0

0
γ2 = 
0

−i

0

0 0

0 i
i 0
0 0

0





0




0
 , γ1 =  0

0
0

−1
−1


−i
0



0
 , γ3 =  0

−1
0

0
0

0
0
−1
0
0 1
0 0
0 0
1 0


0 1

1 0
,
0 0

0 0

0

−1
.
0

0

eαµ is the tetrad, which relates the flat Minkowski to the curved space-time
with the first and second indexes respectively. Here the tetrad is defined by
eαµ gµν eβν = ηαβ ,
where gµν denotes the metric tensor and ηαβ is the Minkowski metric. In 2D
the tetrad can be computed directly as the square root of the metric. Now
1

In the Dirac equation and graphene context the Greek indices from the first half of

the alphabet (α, β, γ . . . ) refer to objects in the flat Minkowski space and the second half
of the Greek alphabet (µ, ν . . . ) correspond to the curved space-time. Indices are raised
or lowered by contraction and Einstein summation convention is used on repeated indices.
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defining the covariant derivative as Dµ Ψ = ∂µ Ψ + Γµ Ψ, where Γµ denotes
the spin connection matrices given by
i
Γµ = − ωµαβ σαβ ,
4
where σαβ = 2i [γα , γβ ] and the spin connection
ωµαβ = eαν ∇µ eνβ .
Using these definitions the Dirac Eq. (5.2) can be naturally extended to
curved space described by a metric tensor gµν with a covariant derivative as
(iγ µ Dµ − m)Ψ = 0,

(2.16)

where Dµ is the covariant spinor derivative defined above. The Dirac equation in curved space describes relativistic Dirac particles (e.g. electrons)
moving on arbitrary manifold trajectories, Appendix 2.1. The Dirac current
is defined by J µ = Ψγ µ Ψ.

2.3.2

Low energetic states of graphene

Graphene was described as the ultimate flatland or the true two-dimensional
material. The charge carriers can be identified as Dirac fermions this is a
consequence of the lattice structure. Graphene has a hexagonal lattice Λ,
bipartite
Λ = ΛA ∪ ΛB ,
for sublattices A, B. By defining the nearest neighbor vectors, ~ai (i = 1, 2, 3)
and lattice vectors ~b1 = ~a2 − ~a3 , ~b2 = ~a3 − ~a1 , ~b3 = ~a1 − ~a2 ,
3
X
i=1

~ai = 0,

3
X

~bi = 0

i=1

. Any two lattice vectors define a unit cell. Hamiltonian, H, can be defined
by nearest neighbor hopping with amplitude t. For unit cell l, H on l2 (Λ) =
l2 (ΛA ) ⊕ l2 (ΛB ).
h0 : l2 (ΛA ) → h0 : l2 (ΛB )
13
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and

X

h0 |Ai = t
Therefore h0 = t

P

|Bi

sum of A

i

Tai .
H0 =

0

h∗0

h0

0

!

.

(2.17)

From the symmetry of the unit cell it can be inferred that this Hamiltonian
has two bands. This resutls in quasi-periodic states, of momentum k.
~~
ψ(x − ~b) = eikb ψ(x), (x ∈ Λ), ~b = ~b1 , ~b2
~~

Therefore the translation Tb is given by eikb . If unit cell is defined by ~ai for
one of i, can arrange phase so that translation Tbi = for all i. Then
h0 (k) = t

3
X

Tai = t

i=1

H0 =

3
X

~

eik~a

i=1

0

h†0

h0

0

!

.

(2.18)

with energy bands ε± (k) = ±|h0 (k)|, with band touching at k = K, h0 (K) =

α, (α = ±1), (so
0. The two solutions for K are (b1 · K1 , b2 · K2 ) = 2π
3
~b3 · K
~ = − 4π α = 2π α mod 2π). As e−i~a1 K +e−i~a2 K +e−i~a3 K = 0 ×e+i~a3 K =⇒
3
3
~

~

~

~

e+ib2 K + e−ib1 K + 1 = 0. Therefore, eib2 K = e2πi/3 , ei−b2 K = e−2πi/3 or visaversa.
Near the band touching there is a conical singularity seen from: if h =
K + k 0 for k 0 small.
h(k) =

3
X

e−i~ai K (1 − iai k 0 + . . . ) = 0 + ~v · ~k + . . . ,

i=1

where ~v = −it

P3

~
ai e−i~ai K
i=1 ~

∈ C2 . So

|h(k)|2 = (~k 0 · ~v ) · (~v · ~k 0 )
= ~k 0∗ (~v ∗ ⊗ ~v )~k 0
14
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2.3.3

Theory of strained graphene

As explained in Sec. 2.3.2 and Ref. [1], in the low energy limit the tight
binding Hamiltonian converges to the Dirac Hamiltonian in the continuum
limit,
HD = −ivf

Z

Ψ† γ 0 γ i ∂i Ψd2 x,

(2.21)

in natural units, where Ψ is in the chiral representation, vf is the Fermi
velocity. In the context of graphene, the general Dirac spinor is defined
0

0

0

K
K
K
K
K
as Ψ = (ΨK
a , Ψa ) = (ψA , ψB , ψA , ψB ), for sub-lattices A, B and valleys

K, K 0 . The convergence from the tight binding Hamiltonian to Eq. (5.3) can
be seen as the Dirac cones in graphene with linear dispersion relation at the
conduction and valence band connecting point E = p for E, energy and p,
momentum.
The equation of motion from this Hamiltonian is simply the Dirac equation. In this work, we consider a static space-time metric with trivial time
components
gµν =

1

0

0 −gij

!

,

where the latin indices run over the spatial dimensions2 . This simplifies the
Dirac equation Eq. (5.2) to
∂t Ψ + σ a eai (∂i + Γi )Ψ = 0 − iγ 0 mΨ,

(2.22)

with σ a = γ 0 γ a . After addition of external vector and scalar potentials Ai (x)
and V (x) respectively as explained in Ref. [40], the Dirac equation takes the
following form:
∂t Ψ + σ a eai (∂i + Γi − iAi )Ψ = −iγ 0 (m − V )Ψ.

(2.23)

Defining the Dirac current with J µ = Ψγ µ Ψ, the conservation law for can be
written as ∂t ρ + ∇i J i = 0, where ρ = Ψ† Ψ ∈
2

R and the J i = Ψγ iΨ ∈ R.

In the Dirac equation and graphene context the Latin indices from the first half of

the alphabet (a, b, c . . . ) refer to objects in the flat Minkowski space and the second half
of the Latin alphabet (i, j, k . . . ) correspond to the curved space-time.
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The standard Dirac Hamiltonian for Eq. (2.23 equation is
Z
√
HD = −i Ψ† σ a eai (∂i + Γi − iAi )Ψ gd2 x,

For graphene the effective Hamiltonian looks like:[57]
Z
∗
HD = −ivf Ψ† σ a (va∗i ∂i + Γ∗a − iA∗a )Ψd2 x,

(2.24)

(2.25)

where va∗i = δai + uai − βεai is the space depended Fermi velocity, Γ∗a =
1
∂ v ∗j
2vf j a

is a complex gauge vector field which guarantees the hermiticity of

the Hamiltonian and A∗a is a strain-induced pseudo-vector potential given by
A∗a = (A∗x , A∗y ) =

β
(ε
2a xx

− εyy , −2εxy ), β is the material dependent electron

Grueneisen parameter, a the lattice spacing and εi = ui + 21 ∂i h∂j h the
general strain tensor with in-plane, ui and out of plane, h deformations.The
term uai in va∗i can be interpreted as the deformation potential term and is
purely a geometric consequence due to lattice distortion, it does not depend
on the material as long as it has the same topology. Comparing this to the
standard Dirac Hamiltonian in curved space Eq. (2.24) we can match both
∗
by fulfilling the following relations:
Hamiltonians HD and HD

va∗i =

1√ i
1√ i
1√ i
gea , Γ∗a =
gea Γi , A∗a =
gea Ai .
vf
vf
vf

(2.26)

All three can be simultaneously fulfilled by an effective metric tensor derived
from the explicit expression of the tetrad.[40] The effective Dirac model for
non-uniformly strained graphene as explained in Ref [57] does not distinguish
between the graphene valleys K and K’ as it relies on the basic principle that
the theory for graphene under nonuniform strain should describe the particular case of a uniform strain, where both Dirac points in the Brillouin
zone are affected the same way and thus considered equivalent. The numerical solutions are obtained with the Quantum Lattice Boltzmann Method as
described in Sec. 3.3.

2.4

Topological phases of matter

Topological matter is a modern subcategory of the traditional phases of matter relevant to solid state physics. This field has developed through the study
17
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of the quantum Hall effect. In this context, topological order classifies the
quantum state of a material. A topological phase is such that certain properties are robust to disorder and smooth changes of the material. A quantum
phase transition occurs when the topological phase transitions to another,
trivial or non-trivial state. Examples of topological properties include the
quantized values of the Hall current.
Topology is the mathematical study of the properties that are preserved
on a manifold after deformations that does not include tearing. Or the characterization of a manifold according to the presence of a feature that cannot
be removed by a continuous or a zero-energy transformation. In the context
of lattice systems, topology is characterized through topological invariants
such as the Chern number [58].
In a geometrical context, for example the Gauss-Bonet theorem can be
used to define a genus.
Z

R(ω)dη = 2πχ(M ),

(2.27)

M

where χ(M ) is the Euler characteristic, χ = 2 − 2g, for genus, g, (number
of holes on manifold M ), scalar curvature R and volume element η. The
torus is an example of topology of genus one. Conversely, in the language of
vector bundles an ordinary circular band is trivial. The Möbius strip is the
simplest non-trivial fiber bundle, a bundle of the line segment over the circle
with a twist. The Möbius band, although simple to visualize is topologically
non-trivial.
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Numerical Methods
The numerical methods employed and developed in this thesis are mainly
based on a modern, meso-scopic approach to solving differential equations,
the lattice Boltzmann method (LBM). In this chapter, both the classical fluid
solver method, the quantum, Dirac equation solver in curved space and the
finite element method (FEM) for thin shells are descriped.

3.1

2nd order curved-space lattice Boltzmann
method

The LBM was developed to simulate fluids by means of simple arithmetic operations instead of directly solving the macroscopic equations of continuum
fluid mechanics (i.e. NSE). This is achieved by performing simple arithmetic
operations based on the Boltzmann equation, derived from the kinetic theory
of gases and it defines the microscopic motion of fluid particles [59]. Due to
its generality, the LBM has also been applied to other, similar, differential
equations such a quantum mechanics [60] and relativistic flows [61]. Furthermore, an LBM has been developed to operate in general Riemannian
manifolds [62], which enables the simulation of flows in arbitrary geometries.
The main idea behind this method is to solve all the relevant equations in
the basis of the tangent space of a curved manifold. The solution, once
transformed to Cartesian coordinates (Euclidean space), is independent of
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the geometry as long as there is no intrinsic curvature of the manifold (trivial Ricci scalar and Ricci tensor). Please refer to appendix 2.1 for a brief
description of the relevant differential geometry.
We hereby propose a 2nd -order curved space LBM as modified from
Ref. [63]. The method implements a 2nd -order Hermite expansion of the
distribution functions with second nearest neighbors LBM velocity vectors
(D3Q19) as shown in Fig. 3.1. Starting from the curved space LBM equation, defining the equilibrium distributions and the forcing term, one can
show with a Chapman-Enskog expansion procedure that the NSE are recovered with error of O(∆t2 ) ( for derivation see Appendix A.2). In this work
the Latin indices run over the spatial dimensions and Einstein summation
convection is used for repeated indices, unless otherwise stated.

3.1.1

The lattice Boltzmann equation

The 2nd -order curved-space LB equation is given by:
fλ (x + cλ ∆t, t + ∆t) − fλ (x, t) = −

∆t
(fλ − fλeq ) + ∆tFλ∗
τ

(3.1)

The equation describes the evolution of a discrete distribution function {fλ (x, t)}Q
λ=1
on the lattice, the λ label corresponds to the velocity vector cλ ( for each
LBM node, shown in Fig. 3.1, Q is the total number of these velocity vectors).
In the kinetic theory of gases, f = f (x, v, t) corresponds to the particle
distribution function, depending on the local coordinate x = (x1 , ..., xD ),
on the microscopic velocity v = (v 1 ...., v D ) as well as on time t. τ is the
relaxation time, f eq is the equilibrium distribution function and Fλ is the
forcing term (inertial forces on the manifold). In our case, the time step
∆t has the same value as the lattice spacing . Eq. (3.1) converges to the
covariant NSE at 2nd order in space and time,

∂t ρ + ∇i ρui = 0 + O(∆t2 ),

∂t ρui + ∇j T ij = 0 + O(∆t2 ),

(3.2)

where the covariant derivative acting on a general vector Ri is defined by
∇k (Ri ) = ∂k (Ri ) + Γikl (Rl ). Γijk are the connection coefficients of the covari20
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Figure 3.1: LBM velocity vectors, D3Q19 . The 3D lattice Boltzmann velocity
vectors at each lattice point are shown.
ant derivative (or Christoffel symbols), please refer to Appendix 2.1 for the
definition and how it relates to the metric. ρ and ui are the macroscopic
density and velocities respectively:
ρ=

X

fλ

√

λ

ρui =

X

fλ ciλ

g=
√

X

fλeq

√
g,

λ

g=

λ

X

fλeq ciλ

(3.3)
√
g.

(3.4)

λ

T ij denotes the energy-momentum tensor, which is composed of the free
momentum-flux tensor Πeq,ij (equilibrium part), the viscous stress tensor σ ij
(non-equilibrium part) and g = det(gµν ) (determinant of the metric tensor):
T ij = Πeq,ij − σ ij


X eq j √
1 X
√
i
=
f λ cλ cλ g + 1 −
(fλ − fλeq )ciλ cjλ g.
2τ
λ
λ

(3.5)

The equilibrium distribution is expanded into Hermite polynomials in
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velocity space:
3
wλ X 1 eq,i1 ,...,in i1 ,...,in
fλeq = √
H(n),λ ,
a
g n=0 n! cns (n)

(3.6)

wλ are the weight functions, described in detail in Appendix A.1.

3.1.2

The forcing term

In standard LB schemes, the forcing term is known to generate spurious
artifacts at first order in ∆t [64]. A way to cancel this discrete lattice effects
is to employ the trapezoidal rule for the time integration in the LB equation
by using an improved forcing term [65], given by
Fλ∗ (x, t) := Fλ (x, t) + 21 (Fλ (x + cλ ∆t, t) − Fλ (x, t − ∆t)) ,

(3.7)

where Fλ is also expanded into Hermite polynomials:
2
wλ X 1 i1 ,...,in i1 ,...,in
Fλ = √
b
H(n) .
g n=0 n! cns (n)

(3.8)

In order to match the NSE, the expansion coefficients must be chosen as
follows:
bi(1) = B i ,

b(0) = A,

ij
2 ij
bij
(2) = C − cs δ A,

(3.9)

where
A=

X

Fλ

√

λ

i

B =

X

Fλ ciλ

g = −Γiij ρuj − Γjij ρui ,
√

(3.10)

g

λ

= −Γkjk T ij − Γijk T jk − Γjjk T ki + F ext,i ,
X
√
C ij =
Fλ ciλ cjλ g

(3.11)

λ

=

c2s

∂ k (ρui ) δ jk + c2s ∂ k (ρuj ) δ ik + c2s ∂ k (ρuk ) δ ij

− θ ∇k (ρui ) g jk − θ ∇k (ρuj ) g ik − θ ∇k (ρuk ) g ij ,
22
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where
∂ k = ∂k − Γiki .
The derivatives ∂k (ρui ) can be computed very accurately by using discrete
isotropic lattice derivative operators please refer to the appendix A.3 for
details.
In order to solve the LB equation numerically, the equation is typically
split into a collision step
1
fλ∗ (x, t) = − (fλ (x, t) − fλeq (x, t))
τ
∆t
+∆t Fλ (x, t) −
Fλ (x, t − ∆t),
2

(3.13)

and a streaming step
fλ (x, t + ∆t) = fλ∗ (x − cλ ∆t, t) +

∆t
Fλ (x, t),
2

(3.14)

where f ∗ denotes an auxiliary field.
In summary, the method is an optimization of the previous implementation [63], where the LBM velocity lattice vectors are reduced from D3Q41,
having third and fifth nearest neighbors, to D3Q19. 2nd -order convergence
to the NSE is achieved by changing the lattice Boltzmann equations. Essentially, adding supplementary contributions to the forcing term Eq. (3.12)
and thus the streaming step, which automatically cancel out spurious terms
at relevant order in the NSE. Historically there has been other approaches
to this, such as redefining the distribution function to regularize the lattice
as proposed by Latt et al. [66], our scheme includes a change at the level of
the streaming step.
As a consequence of this correction, the natural contribution of the D3Q19
lattice cannot be removed completely to all orders, so in a general coordinate
system, higher order moments might not be isotropic and lead to some spurious effects. However, the covariant NSE are recovered correctly to the same
order as before (see Appendix A.2). The advantages of the 2nd -order method
are computational efficiency and much simplified boundary implementations,
important for the FSI coupling.
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3.2

Continuum description of thin elastic objects

In this study, the FEM was used to simulate thin elastic objects. Specifically,
subdivision shells developed by Cirak et al [67, 68] based on the KirchhoffLove theory were implemented due to their ability to resolve geometries
undergoing large deformations with complex boundary conditions [69, 70].
These shells rely on subdivision surfaces to generate a smooth well-defined
limit surface (LS) from a coarse finite-element triangulation of the control
mesh (CM), instead of the aggregation of non-conforming local patches derived from traditional methods. This limit surface is constructed using Loop’s
recursive refinement [71] scheme generalized by Stam’s eigendecomposition
[72]. The basis functions used in this methodology are 12 quartic splines
that produce the exact interpolated infinitely refined limit surfaces that are
globally C 2 continuous except at a small number of irregular vertices where
they are C 1 . This allows for homogenous interfaces between elements due to
the consistency between the geometrical and finite-element representation.
More importantly, in the context of FSI, the fluid solver requires C 2 continuity whenever Γijk is calculated. Furthermore, this class of shell elements has
already been extended to include anisotropic growth [73] and orthotropic
behavior, which are necessary for simulating elastic objects in a biological
context.
The fundamental difference in this case compared to traditional finite
elements, is that the middle surface locally approximates the mesh nodal
positions x rather than interpolating them as seen in Fig. 3.2 as
1

2

x(θ , θ ) =

12
X

xI NI (ξ, η),

(3.15)

I=1

where θ1 and θ2 are the curvilinear coordinates of the shell element, NI the
basis functions and ξ = 0 and η = 0 are the natural coordinates of the
standard triangle.
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Figure 3.2:

Control mesh and subdivision surface. The nodal coordinates

map from the standard triangle (left) to the control mesh(solid lines) to the
limit surface (dotted lines) of the triangular domain is obtained as a linear
superposition of the 12 shape functions N with the corresponding vertices
xI as weights Eq. (3.15). (extracted from [2])

3.2.1

Thin Shell Mechanics

The Kirchhoff-Love theory for thin shells uses the common stress-resultant
formulation. In this formulation, the stresses are integrated analytically over
the thickness of the shell, giving a resultant stress on its middle surface
Ω̄. The shell is considered to be hyperelastic, and therefore uses the St.
Venant-Kirchhoff constitutive material law. This allows for the use of the
Koiter energy density functional; an effective elastic potential energy per
unit surface area that links the kinematics and the energetics of the system
as



h3
EH αβγδ
W =
hααβ αγδ + βαβ βγδ ,
(3.16)
1 − ν2
12
where E is the Young’s modulus, ν is the Poisson’s ratio, H is the elasticity
tensor, h is the shell thickness, α is the membrane strain tensor, and β is the
bending strain tensor. The membrane and bending stress resultants are
∂W
EH αβγδ
=
hαγδ ,
∂ααβ
1 − ν2
∂W
EH αβγδ h3
=
=
βγδ .
∂βαβ
1 − ν 2 12

nαβ =
αβ

m

(3.17)

The total mechanical energy Π of the Kirchhoff-Love [74] shell with total
Lagrangian displacement of the middle surface u = x − x̄, where x̄ is the
25
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undeformed nodal position of the middle surface, with applied loads q per
unit surface area is therefore
Z
Z
Z
Π[u] =
hρu̇ · u̇dΩ̄ + W [u]Ω̄ − q · uΩ̄
Ω̄

Ω̄

(3.18)

Ω̄

where u̇ = ∂u/∂t is the velocity field. Π is then formulated as a variational
statement, and solved by approximation as a discrete minimization problem.
Therefore, in broad terms, the method solves for an elastic, kinetic and pressure energy Lagrangian. The time integration is performed using explicit
dynamics with the constant-average acceleration method.

3.3

Quantum lattice Boltzmann in curved space

The quantum lattice Bolzmann (QLB) method used for solving the Dirac
equation as minimally coupled to curved space is an extension of the original
method developed by Succi et al.[60]. The method exploits the conceptual
similarities between the Dirac equation and the Boltzmann equation on the
lattice. We present here the QLB method for a three-dimensional manifold,
with straight forward usage to lower dimensional systems1 .

3.3.1

The Dirac equation

The classical Boltzmann equation for a particle density distribution function
f (xa , va , t) is given by
∂t f + v i ∂xi f = C[f ] − F a ∂va f,

(3.19)

the left-hand side describes the advection of the distribution function, velocity v a , whereas the right-hand side describes the collisions between particles
and the effect of external forces F a . Furthermore, The Dirac equation in
1

higher dimensional manifolds can be implemented by using a higher dimensional rep-

resentation of the Dirac matrices
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curved space in Eq. 5.2 can be cast into a kinetic theory form, Sec. 2.2,
∂t Ψ + σ a ∂a Ψ = CΨ + Fψ.

(3.20)

Therefore, similarly to the Boltzmann equation, the left hand side represents
the ’free streaming’ step along matrix valued ’velocities’ σ i and the right
hand site contains a ’collision term’ and a ’Forcing term’.
The collision term of Eq. 3.20 is represented by
C = −(imγ 0 + σ a eia Γi ),

(3.21)

where m is the fermion mass, and the ’forcing term’ by
F = −σ a (eia − δai )∂i .

(3.22)

The symbols have their usual meaning as in Sec. 2.3. The partial derivative
of the Dirac equation is distributed between the streaming part and the
forcing term resulting in a lattice compatible streaming operator of the form
∂t + v a ∂a , where v a ∈ Z. The forcing term is a consequence of the generalized
Dirac matrices γ i = eai γ a and captures the bulk of the curvature effects.
The partial derivative in Eq. 3.22 is approximated by a local finite difference
scheme on the lattice.

3.3.2

Diagonal streaming operator

In order to obtain a diagonal streaming operator the complex σ-matrices
have to be diagonalized first, which also yields a diagonal velocity matrix
with eigenvalues v a = ±1. The diagonalization is achieved by:

Xa†



1 0

0

0





0 1 0

0
0

σ Xa = 
0 0 −1 0  = γ


0 0 0 −1
a

for a = 0, 1, 2,

with unitary transformation matrices X1 , X2 , X3 given by
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1

0
X1 = √12 
0
1

−1
0
0
1

0
1
1
0


0
−1
 , X2 =
1
0



0

−i
√1 
2 −1
0

i
0
0
−1

0
i
−1
0


1
0
 , X3 =
0
−i



1

0
√1 
2 1
0

0
1
0
1

0
1
0
1


−1
0
.
−1
0

The streaming and collision operations are performed in successive steps

using operator splitting as simultaneous diagonalization of three σ matrices
is not possible:

∆t
(C + F) Ψ(t),
D

∆t
(C + F) Ψ(t +
D

∆t
3
Ψ(t + ∆t) = exp − ∆tσ ∂3 +
(C + F) Ψ(t +
D

∆t
) = exp − ∆tσ 1 ∂1 +
D
2∆t
Ψ(t +
) = exp − ∆tσ 2 ∂2 +
D
Ψ(t +

∆t
),
D
2∆t
),
D

where D = 3 denotes the dimension2 . Each streaming step can be diagonalized by left multiplying with Xa† .
Xa† Ψ(t +


∆t
) = exp − ∆tσ a ∂a + ∆t(C˜a + F̃a ) Ψ̃a (t),
D

(3.23)

with the definitions:

1
1
Ψ̃a := Xa† Ψ, F̃a := Xa† FXa , C˜a := Xa† CXa ,
2
2
for a = 1, 2, 3 (no Einstein summation is used here), and the exponential
approximated as

exp − ∆tσ a ∂a + ∆t(C˜ + F̃)

∆t ˜ −1
∆t ˜ 
≈ 1 − ∆tσ a ∂a + ∆t(C˜a + ∆tF̃a ) + (1 −
Ca ) (1 +
Ca )
2
2
˜

The expansion of the collision operator e∆tCa is unitary and thus conserves
exactly the probability of the wavefunction. The streaming e−∆tγ
∆tF̃a

forcing e

0∂

a

and

operators are not expanded in analogous as this is prohibited

by the derivative. A simple 2nd -order expansion is performed limiting the
probability norm to ∆t2 accuracy. 3 .
2
3

e

For lower dimension the wavefunction is split accordingly
The operator splitting contains an error of O(∆t2 ),
2

∆t(X+Y )+1/2∆t [X,Y ]

∆t(X+Y )

=e

2

+ O(∆t )
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The manifold is described by a chart h defined in linear space (see Appendix. 2.1) discretized on a regular rectangular lattice. The curved space
quantum Lattice Boltzmann method evolves the spinor Ψ = (Ψ+ , Ψ− ) =
−
−
+
(Ψ+
1 , Ψ2 , Ψ1 , Ψ2 ) from t to t + δt. Once the operators are split, the follow-

ing algorithm is performed consecutively for each lattice direction na , where
n1 = (1, 0), n2 = (0, 1) and a = 1, 2.
1. Rotation: The spinor is rotated by Xa
Ψ̃a (x, t) = Xa† Ψ(x, t).

(3.24)

2. Collisions and curvature: The collision and force operators are applied on the rotated spinor,
Ψ̃∗a (x, t) = ∆tF̃a + (1 −

∆t ˜ −1
∆t ˜ 
Ca ) (1 +
Ca ) Ψ̃a (x, t),
2
2

where Ψ̃∗a (x, t) denotes an auxiliary field,

1
i
C˜a = Xa† CXa = − m(Xa† γ 0 Xa ) − γ 0 eia Γi ,
2
D


F̃a Ψ̃a (x, t) = eia − δai Ψ̃a (x ∓ ni ∆t, t) − Ψ̃a (x, t) ,

(3.25)
(3.26)

ni the lattice direction and C the collision term, Eq. (3.21). The upper
+
sign applies for the spin-up components (Ψ+
1 , Ψ2 ) and the lower sign
−
for the spin-down components (Ψ−
1 , Ψ2 ).

3. Streaming: The spinor components are streamed to the closest grid
points along the lattice direction ±na ,
Ψ̃a (x, t +

∆t
) = Ψ̃∗a (x ∓ na ∆t, t).
2

(3.27)

4. Inverse Rotation: The spinor is rotated back by Xa ,
Ψa (x, t +

∆t
∆t
) = Xa Ψ̃a (x, t +
).
2
2

5. Repeat steps 2-4 for the next spatial direction
29
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The external potentials V (x), scalar, and A(x), vector are added to the
collision operator Eq. 3.25 such that
i
1
C˜a = Xa† CXa = − (m − V )(Xa† γ 0 Xa ) − γ 0 eia (Γi − iAi ).
2
D

(3.29)

The simulation for strained graphene is carried out with modified Eqs. (3.25,3.26)
such that

√
√
C˜a → g C˜a , eia → geia .
√
The additional factor of g originates from the volume element of the Hamiltonian Eq. (5.7).
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Fluid structure interaction
4.1

Introduction

Fluid flow is commonly confined through pipes, between sheets, or within
some other arbitrary solid surface. A compelling challenge for simulations
is the situation when these confining surfaces strongly deform. Abundant
examples can be found in biology [3, 4], and technology [5], on both the
macro and micro scales, growth or external forces. The confining cavity
constrains the fluid flow and vice versa. In the case of large deformations,
possibly caused by the fluid flow, the surface wall can take a complicated
shape with high local curvatures [6] or even develop localized ridges or kinks.
In such situations inertial fluid effects can exert large forces and generate
centrifugal instabilities. The physical consequences of this feedback, if properly understood, can bring a new perspective to biological morphogenesis or
biomorphic technologies. Important applications include temperature control of fluids [7] or chemical reactions on a surface [8]; like combustion and
metabolism which require mass transport by the fluid. In summary, instabilities and conservation laws that arise from the coupling between the fluid
motion and the wall structure can cause various physical effects such as buckling, wriggling, clogging, crumpling, necking, pinching and cavitation. These
can be represented as a moving boundary problem which poses considerable
numerical challenges, strongly suggesting the need to explore new methods
and techniques.
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Fluid structure interaction (FSI) simulations allow for an efficient advance
in industrial design and optimization [9]. Furthermore, in bio-science and
biotechnology the ever increasing complexity of study cases and implementations [10, 11, 3], demands the use of accurate and efficient algorithms in simulating such configurations. Numerous fluid structure interaction implementation methods exist, utilizing various techniques with different outcomes.
More ’traditional’ methods can include finite element solvers [75], which have
been implemented by commercial codes such as ADINA or COMSOL with
extreme success. When it comes to complicated geometries, most of the existing methods are designed to work on a Cartesian grid. A boundary change
can either be accommodated by re-meshing (conforming mesh methods) [76]
or by an immersed boundary (non-conforming mesh methods) [77, 78]. Remeshing can be very computationally expensive especially for a moving body
or boundary. Whereas an immersed boundary solver can be problem specific and the computational cells are cut and solutions interpolated, because
a displaced boundary would not align with the grid.Additionally, the above
methods have been used to couple LBM to FEM [79, 80, 81] with equivalent
limitations.
We propose a description for FSI simulations of various physical scenarios
using the lattice Boltzmann method (LBM) [55, 54] coupled to a Finite Element Method (FEM). To achieve this we implement a generalization of the
LBM in curved space proposed by Mendoza et al. [82], adapted to second
order, to simulate the fluid as well as a FEM created by Vetter et al [70, 2] to
simulate a shell boundary. The LBM can solve the Navier-Stokes equations
(NSE) in arbitrary curvilinear coordinates and the FEM shell is very robust
during large deforming.
Standard LBMs are restricted to regular grids. To overcome this limitation off-lattice Boltzmann methods have been developed. These include
finite-volume [83, 84], finite-element [85], and finite-difference [86, 87] methods. All of the above schemes are limited by interpolation-supplemented
unstructured grids.
The elegance of our approach is the ability for the LBM to work independently on a standard lattice in curved coordinates without the need for
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interpolation, re-meshing or an immersed boundary. In addition, force and
momentum can be calculated on the nodes exactly in any geometry, which
can then be transformed back to Cartesian coordinates.
Simultaneously the FEM shell, apart from stability advantages, utilizes a
continuum description of thin elastic objects with inherent C 2 differentiability. This allows for very accurate position and velocity calculation. Furthermore, this formulation would open up the possibility of exploiting the proven
advantages of Lattice Boltzmann methods, namely computational efficiency
and easy handling of complex geometries. Equally as important, the FEM
shell is a complete numerical tool with implementations such as anisotropic
or differential growth, self-contact, contact between different flexible shapes,
spatial constraints and strong external forces. Therefore, utilizing differential
geometry and a complete FEM shell solver, a clean, general solver for FSI
can be produced.
Firstly we introduce the LBM, followed by the basics of the FEM and
especially the subdivision surface. Consequently the coupling procedure is
described in detail including the transformation of fields. A validation and
tests section precedes a simulations section where the main implementations
are presented. The chapter finishes with a summary and conclusions.

4.2

Fluid Structure interaction

Prior to the description of the coupling of the LBM and FEM domain, consistent notations are summarized:
• The Cartesian basis vectors are xc = (xc , yc , zc ), which describe the
Cartesian parametrization space C(xc ), used in the FEM domain at
time t. The subspace of the Cartesian lattice points on the FEM shell
and the limit surface are denoted by CF (xc ) and Cls (xc ) respectively.
The corresponding velocity vectors are expressed by vxc .
• The basis vectors x = (x, y, z), describe the curved space manifold
Q(x), used in the LBM domain. The subspace of the curved space
manifold lattice points of the LBM on the limit surface is Qls (x) which
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Initialize geometries of fluid Q and membrane CF ,
set initial fields ρ, ρui , T ij , (Eqs. 3.3, 3.4, 3.5 )
t

=

0

• Update geometry of the system according to
Cls , refer to Sec. 4.2.1.1, Fig. 4.2.
• Transform the distribution functions into the
new Q, Sec. 4.2.2.
• LBM: Evolve one timestep (Update velocities, collide Eq. (3.21), stream Eq. (3.14)).

ij
• Pass the net, local, stress energy tensor Tnet

Eq. (3.5), of the fluid to the membrane after transformation T ij [Qls ]

→

T ij [Cls ].

ij
The local pressure is calculated as Tnet
· n,

t=t+1

Sec. 4.2.1.2, Fig. 4.3

• FEM shell: Evolve one time step.
• Calculate and output Cls .
• Calculate and output the velocity of the limit
surface vxc [Cls ].

• Use Cls to create a new smooth mesh that
defines the new geometry of the system C
Sec. 4.2.1.1 and Fig. 4.2.
• Transform vxc [Cls ] and pass it to the LBM at
Qls .

Figure 4.1:

Method summary flow chart. Thin solid line ⇒ initialization,

dotted line ⇒ LBM, dashed line ⇒ FEM shell, thick solid line ⇒ coupling.
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is equivalent to Cls (xc )). The corresponding velocity vectors are expressed by ux ≡ ui .
• Coordinate transformations would be denoted by → and a quantity
A[M ] is the transformed value of A on specific manifold M .
The complete simulation procedure is summarized in Fig. 4.1.

4.2.1

Coupling of the LBM and the FEM shell

The interaction of the FEM shell to the fluid is achieved by direct coupling of
the local positions, velocities and forces of the two methods. To be coupled,
all the variables are coordinately transformed between the Cartesian and the
LBM curved space coordinates. In addition, due to the dynamic geometry
the distribution functions of the LBM need to be transformed after each
time-step, this is explained in Sec. 4.2.2.
4.2.1.1

Position coupling

The shell position always resembles moving boundaries to the fluid solver.
Unfortunately, the coordinate map ~h has to be updated respectively. Not
only the entire domain needs to be covered but also connectivity needs to
be conserved. Furthermore, for numerical accuracy, the chart needs to be
at least C 2 differentiable with moderate gradients. This ensures a smooth
metric and Christoffel symbols variation, which appear in the forcing terms
of the LBM, Eqs. (3.10, 3.11, 3.12). Note that not one unique interpolation
method in-between spatial limits can be universally applied:
(i) In the case of an exterior FEM shell boundary with small deformations,
linear interpolation is sufficient and can be implemented for a chart
~h = x relative to a Cartesian grid xc (domain 0 ≤ x ≤ Li ) as, x(xc ) =
x(0) + xc (x(Li ) − x(0))/Li , where i spans the 3-dimensional space as
before.
(ii) For an interior boundary a cubic spline interpolation is carried out
along orthogonal directions to the FEM shell as in Fig. 4.2(c) and (d).
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(a)

(b)

t=t+1

(c)

(d)

LBM nodes
boundary nodes
control mesh
LBM nodes on shell

limit surface
spline interpolation
interpolation directions

Figure 4.2: Position coupling diagram. (a) Internal moving boundary.
(b) Cubic spline solution used to extend the shape of the FEM shell for
continuity, note that Qls = Cls 6= Ccm . (c) Interpolation carried out along
orthogonal directions to the FEM shell, cubic spline and linear in case of
interior and exterior moving boundaries respectively. (d) Final mesh configuration.
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Figure 4.3: Velocity and Force coupling. The transformed velocities of the
LS, vxc [Cls ] → ux and then directly using ux as the new LBM velocity on the
Qls nodes. The net stress-energy tensor T ij , at each point on the LS, T ij [Cls ]
is calculated from the LBM nodes directly above and below. The pressure is
ij
calculated as Tnet
· n.

In addition it might be necessary to fit a cubic spline solution along
the cross-section that overlaps with the FEM shell, which is then used
to update the positions of that cross-section, Fig. 4.2(b) and (c). This
ensures C 2 differentiability between the lattice nodes.
For both cases, the LBM lattice nodes Qls at each time step, are positioned on
the LS. Once ~h is created, it is passed to the LBM as a geometry update, and
all distribution functions are transformed to the new curved space manifold,
Q̃ (see Sec. 4.2.2).
4.2.1.2

Velocity and force coupling

Referring to Fig. 4.3, the velocity of the LS, vxc [Cls ] is coupled by vxc [Cls ] →
ux and then using ux as the new LBM velocity on the Qls nodes; i.e we
directly copy the transformed velocity of the shell to the fluid on the local
nodes. The force of the fluid is coupled by calculating the net local T ij from
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both sides of the FEM shell, as well as the normal vector n of the LS at the
ij
node. The fluid pressure Tnet
· n is then added as an external pressure acting

on the CM.

4.2.2

Transformation of the distribution function and
tensors under coordinate change

There are two types of coordinate transformation of interest to this work.
The first corresponds to the transformation of variables between the LBM
and Cartesian manifolds for coupling purposes as introduced in Sec.

4.2

or as shown on Fig. 4.4, i.e. Q → C and C → Q. The second concerns
purely the LBM after a geometry change. More specifically the distribution
functions need to be transformed to the new LBM manifold, i.e. Q̃ → Q.
Q
Q

t
CC

cc
X

~
QQ

t=t+1

Figure 4.4: Chart transformation between two charts. h : Q → C and
e:Q
e → C mapping from different parametrization spaces Q and Q
e to the
h
manifold C.
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Let h : Q → C, h : x 7→ xc = h(x) be the chart that maps the rectangular
e:x
e:Q
e → C, h
e 7→
grid Q to the Cartesian manifold C (e.g. at time t). Let h
e x) be a different chart (e.g. at time (t + 1)). Then the tensor field
xc = h(e

T i1 ,i2 ,...,in can be expressed by the Cartesian field T i1 ,i2 ,...,in as:
T i1 ,...,in (x) =

∂hi1
∂hin k1 ,...,kn
·
·
·
T
(xc ).
∂xkc n
∂xkc 1

(4.1)

E.g. for a velocity field v i (x) = (∂hi /∂xac )v a (xc ).
The transition maps which relate the points in Q to the corresponding
e (and vice versa) are given by:
points in Q
e
φ : Q → Q,

e → Q,
ψ:Q

e −1 (h(x)),
e=h
φ : x 7→ x
e x)).
e 7→ x = h−1 (h(e
ψ:x

(see Fig. 4.4). With these transition maps, the tensor fields Tei1 ,...,in defined in
e can be expressed by the ‘old’ tensor fields T i1 ,i2 ,...,in defined
the new chart h
in the chart h:

∂φi1
∂φin k1 ,...,kn
Tei1 ,...,in (e
x) =
T
(x),
·
·
·
∂xk1
∂xkn

where x = ψ(e
x). In order to carry out the transformation of the lattice
Boltzmann distribution function fλ (xi , t), must be expressed in terms of some
Tensor field which depends only on space. To this end, a Hermite polynomial
expansion is carried out for fλ (x, t) similar to f eq in Eq. (3.6), with expansion
coefficients given by
1 ,...,in
ai(n)
=

X

i1 ,...,in √
g.
fλ H(n)

λ

Written in this way, fλ depends on space only implicitly through its moments
a(n) = a(n) (xi ). Thus, it is sufficient to transform only the moments:
e
a(0) (e
x) = a(0) (x)

∂φi
(x) al(1) (x)
l
∂x
i
∂φ
∂φj
e
aij
(e
x
)
=
(x)
(x) alm
(2) (x).
(2)
∂xl
∂xm
e
ai(1) (e
x) =
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Since ψ(e
x) will be off-grid in Q in general, the values of the transformed moments have to be interpolated from the neighboring grid points. Finally, the
transformed distribution function can be recomposed from the transformed
moments:


w
1
1
λ
ij
ij
i
i
feλ = √ e
a(0) H(0) + e
a H +
e
a H + ... .
g
cs (1) (1) 2!c2s (2) (2)

(4.2)

In our implementation we include terms up to second order because they
are enough to reproduce hydrodynamics.
It is instructive to clarify that this method uses a standard lattice, which
is unaffected by the dynamic geometry. Instead, the chart characterizes the
metric tensor, which then defines the new curved space coordinates. As a
consequence, it is sufficient that the distribution functions are coordinate
transformed on the nodes without the need of interpolation.

4.3

Accuracy and stability verification of the
method

4.3.1

Lattice Boltzmann

As a consequence of implementing a 2nd -order variation of the curved-space
LBM we carry out some basic tests for accuracy validation. Referring to
Fig. 4.1, in this subsection the method is implemented up to and including the
3rd box. Firstly in order to verify the hydrodynamics, the standard Poiseuille
flow is investigated with different resolutions. This is done by applying a
constant external force Fext across the domain and comparing the steady
state solution (when ∂(ρui )/∂t = 0 ) of the cross-sectional velocity profile
to the analytical expression vxc = Fext (xc Lc2 − x2c )/(2ν). Lci and Li denote
the computational domain size in Cartesian and curved space coordinates
respectively with i = 1, 2, 3.
The next step is to introduce curvature to the system, i.e. some perturbation to the flat metric. An interesting example is the distortion of the transverse metric component gyy in flow direction x, which introduces shear com40
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Figure 4.5: Poiseuille velocity profile. (a) Analytic and numerical velocity
profile in Cartesian coordinates (vxc ) for a series of resolutions. (b) Velocity
profile on the LBM curved space (ux ) compared to the Cartesian analytic
solution. (c) Convergence of the relative error with increasing resolution
for current D3Q19 and original D3Q41 LBM, m denotes the gradient. (d)
Deformed metric tensor component.
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ponents to the induced force. This is parametrized by h0 (y) =  cos(πy/L2 ),
where  = 0.1. The complete metric is given by


1
0
0


gij = 0 1 + ∂y2 h0 (y) 0 .
0

0

1

The result is compared to the analytical solution both in LBM and Carte-

sian coordinates, see Fig. 4.5. The Cartesian velocity profile matches well
the analytic solution as shown in Fig. 4.5(a). The velocity profile when plotted in LBM coordinates appears significantly shifted relative to the analytic
solution as it is not transformed (see Fig. 4.5(b)). This is a strong indication
that vector transformations are performed accurately. The error for vxc is
shown to converge with increasing resolution. The equivalent result for the
original D3Q41 LBM shows marginally faster convergence. This is expected
as both methods recover NSE in the same order.
To further verify the accuracy of the method for anisotropic flow and
dynamic deformations, the Taylor-Green vortex at Reynolds number ≈ 20
is implemented with a time-dependent metric. The velocities are initialized to
vxc (t0 ) = v0 sin(2πxc /Lc1 ) cos(2πxc /Lc1 ) and vyc (t0 ) = v0 cos(2πyc /Lc2 ) sin(2πyc /Lc2 )
for some initial velocity amplitude v0 and periodic boundary conditions.
Defining h0i (x, t) =  sin(πx/Li − ηt),  = 0.1 η = 0.05, the dynamic metric is realized as:



gij = 

1 + ∂x2 h01 (x, t)
0
0

0

0




1 + ∂y2 h02 (y, t) 0 .
0
1

The analytic velocity in 2D can be calculated as vanalytic (xc , t) = vxc (t0 )exp(−2νt),
where ν is the kinematic viscosity. The streamlines in Cartesian coordinates
at a finite time-step are shown in Fig. 4.6(a) and the dynamic metric in
Fig. 4.6(b). The relative error for vxc is reduced with increasing resolutions,
see Fig. 4.6(c). The total average relative error for vxc and vyc are shown
to converge with increasing resolution, see Fig. 4.6(d). Therefore, the ability of the method to work with dynamic and multi-component deformations
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Figure 4.6: Taylor-Green vortex. (a) Streamlines of the vortex in Cartesian
coordinates (uc ) for time-step 50. (b) Deformed dynamic metric tensor components, time evolution in gray-scale. (c) Cartesian velocity component uc1
relative error for a series of resolutions. (d) Convergence of the relative error
with increasing resolution for current D3Q19 and original D3Q41 LBM, m
denotes the gradient.
is verified. The equivalent results for the original D3Q41 LBM demonstrate
slightly better accuracy and convergence due to the higher isotropic moments
when compared with the current method.
Furthermore we carried out a series of calculation and transformation
43

CHAPTER 4. FLUID STRUCTURE INTERACTION

tests, namely the velocities are transformed between Q → C → Q using
the vector transformation Eq. (4.1), and the lattice derivatives calculation.
The former directly affects the coupled quantities and the latter are fundamental in many calculations including Christoffel symbols, which are used
in the forcing term of the LB equation. The velocity transformation has
shown a perfect result up to the error of the derivative, which has shown
quartic convergence with resolution increase (i.e. slope of Log(relative error)/Log(resolution refinement) ≈ −4), see Appendix A.3.

4.3.2

Coupled system

The accuracy of the method with respect to the basic conservation laws
of mass and momentum is verified by a piston test with simple analytic
solution. Henceforth, for clarity, we will refer to the simulation directions
as x, y, z (Euclidean space in Cartesian basis, equivalent to xc , yc , zc ) and
the domain size as Lx , Ly , Lz . Namely we simulate a rigid plate which is
pressed down (z direction) on the fluid. This is done for up to 0.2% volume
change as the fluid is modeled as being very close to the incompressibility
limit. The total mass of the fluid and momentum transfered are measured
for each time step. As shown on the top graph of Fig. 4.7 the normalized
mass stays constant up to a 0.1% error. The conservation of mass comes
about the increase in density as the volume decreases, as shown in the top
graph of Fig. 4.7. Furthermore in the middle plot of Fig. 4.7, the x and y
average momenta are shown to be negligible compared to the z component,
as expected. Finally, the momentum change can be calculated analytically as
P × t × Area, where P denotes pressure. This analytic solution is compared
to the transfer of momentum to the FEM shell and then from the shell to
the fluid, which match up to a negligible error.
To further validate the accuracy of the method with respect to boundary
slip the laminar circular Couette flow similar to the one in Ref. [88] is simulated. The fluid velocity depends on the tangential boundary motion, see
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Figure 4.7: Mass conservation and momentum transfer. (a) Normalized
average mass, volume and density are plotted against time. Density increase
is shown reversed for easy comparison with volume change. (b) The three
independent momentum components are shown. (c) The total momentum
(pressure) transfered to the membrane and fluid.
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Fig. 4.8. The analytic solution for the angular velocity vθ is
uθ (r) = C1 r +

C2
,
r

(4.3)

where C1 = (Ω2 R22 − Ω1 R12 )/(R22 − R12 ), and C2 = (Ω2 − Ω1 )R12 R22 /(R22 −
R12 ), Ω1 = 1 × 10−6 , Ω2 = −1 × 10−6 , R1 = 1, R2 = 1.063 and they represent
the inner and outer angular velocities, and the inner and outer radii respectively. The vθ obtained at steady state for different resolutions is compared
with the analytic expression as shown in Fig. 4.8(b). The relative error for vθ
is reduced with increasing resolutions as shown in Figs. 4.8(c)(d). The results
indicate that the tangential velocity components of the coupled method are
accurately implemented.
The pressure maintenance, and volume conservation accuracy are verified
by a modified deformed balloon case as proposed in Refs. [89, 90]. To this
end, a closed rectangular 3-D system is simulated in contrast to the original
2-D circular membrane. A deformed FEM shell top surface and rigid walls are
initialized with no-slip boundary conditions and uniform pressure. Fig. 4.9(a)
shows the initial shape of the deformed surface. For this case the inside
volume will be conserved and pressure may jump temporarily but equalize
again. Due the equal pressures and fixed boundaries, the system is expected
to reach a stationary steady state with a flat top surface. The pressure
cross section at different time-intervals is shown in Figs. 4.9(b)(c)(d). The
system oscillates until a stationary state is reached. The normalized volume
and pressure change time-histories are plotted in Fig. 4.9(e), where the inset
shows the steady state solutions at large t. The expected steady state volume
and pressure are recovered to a high degree of accuracy.

4.3.3

Stability analysis

Large domain deformations appear to be the main cause of possible numerical instabilities of the method. Therefore, a stability analysis is carried
out implementing a rectangular channel with a top deformable FEM shell,
similar to the one in Sec. 4.4.2. The FEM shell is initialized with a Gaussian shaped concavity as a heavy and stiff membrane to resist large changes,
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Figure 4.8: Circular Couette flow. (a) Schematic diagram, laminar fluid flow
between two oppositely rotating concentric cylinders. Symbols are defined
in the main text. (b) Angular velocity profile. (c) Angular velocity relative
error for a series of resolutions. (d) Convergence of the relative error with
increasing resolution, m denotes the gradient.
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Figure 4.9: Pressure maintenance and volume conservation. (a) Top surface
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see Fig. 4.10. The amplitude of the concavity is increased until no steady
state can be reached due to unmanageable numerical instabilities. A steady
state solution, the appearance of stable spurious effects and the emergence
of instabilities in pressure are shown in Fig. 4.10(a), 4.10(b) and 4.10(c)
respectively. In Fig. 4.10(e) the maximum pressure within the domain at
steady state is plotted against amplitude of the concavity. The simulation
appears to be well behaved up to deformations of 10% relative to the domain
height, Lz . The metric, as plotted in Fig. 4.10(e), indicates that the cross
diagonal components deviate the most from the undeformed case, causing
unstable forcing terms in Eqs. (3.1,3.10,3.11,3.12).

4.4

Simulations

Following the initial validation the method is implemented in 2-D and 3-D
scenarios. The first corresponds to a very common usage/validation of FSI
methods, that is a moving flag in a non-laminar flow (Re≈ 230), which has
been thoroughly studied in literature both experimentally and numerically
[91]. The flow induces an oscillatory motion to the flag, where the frequency
of oscillations depends on the material, fluid, velocity and Reynolds number
(Re). Additionally, this example allows for the exploration of the potential
the method might have in non-laminar flows. The 3-D simulation, we implement is a simple square channel with an inlet outlet, 3 solid, non slip
boundaries and a deformable shell (no-slip) on top which is pressed down by
an applied uniform pressure.

4.4.1

2-D simulation, Flag on a pole

A flag on a pole scenario is implemented as seen in Fig. 4.11. Specifically, a long air channel (density ρair = 1kg/m3 , kinematic viscosity ν =
0.00166m2 /s, Lx × Ly = 257 × 65cm, resolution 257 × 65) with a parabolic
velocity profile at the inlet (vx = 4 × m s−1 (L2y − (y − Ly )2 )/L2y ) and Re
≈ 230 is simulated. Inlet and outlet are prescribed as open and for all other
boundaries: top, bottom wall, flag and pole; no-slip condition is used. Open
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Stability analysis. (a) Pressure plot at steady state solution

for amplitude of the concavity 9% relative to Lz , the arrow indicates the flow
direction. (b) Pressure plot at steady state solution for amplitude 11%. (c)
Pressure plot at time-step 140 for amplitude 12%. (d) Initial metric tensor
components at the top boundary. (e) Maximum pressure at steady state for
a range of amplitudes, the inset shows the maximum pressure at time-step
140 including amplitude 12%.
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Figure 4.11: Flag on a pole. Flag and cylindrical pole are shown in white.
Parabolic velocity inlet on the left and open outlet on the right. No-slip
condition applied to the other boundaries, flag and pole. Snapshot taken
during non-laminar flow(Re ≈ 230).
boundaries are implemented by extrapolation from the inner neighbors to
the unknown distributions, where no-slip is achieved by fixing the velocity to
zero on the boundary. The pole is a rigid cylinder with diameter 10cm, the
flag has a thickness of 0.2cm, a length of 33cm and is made of EPDM-rubber
(density: 1360kg/m3 , Young’s modulus: 16MPa, Poisson’s ratio: 0.48). Additionally we impose some light damping. Interior boundary interpolation
was implemented for this simulations as explained in Sec. 4.2.1.1.
The flow (Fig. 4.11) induces some instabilities to the flag, which gradually
settle to a periodic oscillation as in Fig. 4.12. The stable period of oscillation
appears constant with a frequency f ≈ 5.1Hz and an amplitude of 0.045cm,
as seen from the power spectrum P and displacement in Fig. 4.12. The
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Figure 4.12: Flag tail oscillation. Evolution of the cross-stream tail position, normalized by steady state amplitude. Initial irregular motion settles
to regular periodic motion, after 4s. Left inset: phase plot of cross-stream
displacement and velocity. Right inset: power spectrum of cross-stream displacement.
second, lower frequency in the power spectrum is the dominant excitation of
the initial instabilities that the flag experiences, which then decay.
These results can be compared to the FSI3 test as found in Ref. [92], a
proposal for FSI benchmarking by Turek et al.. In FSI3 the same dimensions
and boundary conditions are used, Re = 200, and the shell to fluid density
ratio is unity, which is much lower than in our case (i.e. 1360), for the reasons
explained below. In FSI3, the steady state frequency ≈ 4.8Hz and the
amplitude of oscillation ≈ 3.4cm. The discrepancy in frequency is expected
mainly due to the large difference in the shell to fluid density ratio and
Reynolds number. The amplitudes are not comparable due to this large
difference in the densities ratio.
The internal boundary implementation can be unstable to large and/or
fast deformations for manageable resolutions, implying that in this case it
does not converge to a steady state solution. Therefore, in order to achieve
a steady state solution, the current implementation is restricted to high shell
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Figure 4.13: Flag Period. The Flag’s shape is plotted for one period of
oscillation with resolution of 30 snapshots, time evolution in gray-scale.
to fluid density ratio. The instabilities appear to develop in the ’expanded’
half plane of the simulation domain (see Fig. 4.2), due to not sufficiently
smooth metric variations. The consequence of this is unstable forcing terms.
Furthermore, as shown in Fig. 4.13, the oscillation of the flag within
one period, exhibits a motion around the clamped point. The oscillation
shows similar qualitative behavior to the first simulation of [93] where a
similar scenario with a high shell to fluid density ratio is implemented. The
asymmetry in the oscillation comes about the slightly asymmetric velocity
profile. This is also highlighted by the phase plot in Fig. 4.12.

4.4.2

Square channel

Moving to a truly 3-D implementation we simulate a square channel as in
Fig. 4.14. The FEM shell on top of the channel reproduces an EPDM-rubber
as in Sec. 4.4.1, the channel dimensions are 65 × 65 × 65cm, with a fluid
density of 1000kg/m3 , and with simulation resolution of 65 × 65 × 65 cells. A
pressure gradient dP/dx ≈ 30Pa/m is applied across the flow direction (x)
which results to a steady state flow of Re ≈ 1. This flow resembles a Poiseuille
profile flow through a cylinder, which is expected as a square channels can be
visualized as an approximation to a cylindrical tube. When steady state is
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Figure 4.14: Square channel. 3-D plot of velocity vectors and streamlines
(Cartesian components). A pressure gradient is applied along the open,
streamwise, x boundaries. No-slip condition is applied to the other boundaries. Triangular mesh on top represents the deformable membrane, that is
pushed down by a uniform pressure. Streamwise velocity exhibits a parabolic
profile, which is affected by the membrane.
reached, an external, uniform pressure is applied at the top (0.37MPa). This
pressure causes the membrane to bend in between its pinned boundaries, i.e.
the sides of the top square, affecting the flow through the channel.
As it can be seen from Fig. 4.14, a transverse velocity component (vz ) naturally develops from the motion and deformation of the wall, thus affecting
the streamwise velocity but not disturbing it completely. Additionally there
are some minor y and x velocity components created by the displacement of
the fluid as the membrane moves down, these can be inferred by following
the streamlines of Fig. 4.14.
Furthermore the components of the metric are monitored, see Fig. 4.15.
As explained in Sec. 4.2.1.1, a smooth metric variation is required such as to
ensure accurate calculation of the forcing term (Eqs. 3.10,3.11,3.12). This is
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Figure 4.15: Metric Tensor. Three gij components shown on the xz slice
(left) and along the x direction for z = Lz /2 (right).
achieved here by using the exterior boundary interpolation as explained in
Sec. 4.2.1.1. The LBM manifold is compressed along the z-direction as the
membrane moves downwards.
As seen in Fig. 4.16, by measuring the position and velocities at the center
of the membrane we observe a convergence of the motion to an equilibrium
position. The depth of the equilibrium configuration, naturally, depends on
the pressure applied, the material, the velocity and the density of the fluid.
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Figure 4.16: Position and velocity of membrane. Central node’s position and
velocity of FEM shell is tracked along the simulation. Position and velocity
axes are normalized by the total distance and average velocity respectively.
Furthermore, we observe how the velocity oscillates with π/2 out of phase
relative to the position.
To set a measure of the gain in computational efficiency, the total memory
allocation of the current LBM approach is around 45% and the total simulation time is around 70% when these are compared to the original curved
space LBM. Additionally, within the complete coupled simulation, updating
the chart h (including the interpolations) uses 6% of the total time, where
transforming the distribution function and calculating the forcing term use
40%. These are equivalent to only 51% of the total LBM time. Therefore,
the method is efficient even relative to a standard LBM solver.

4.5

Summary and Outlook

We presented a novel method for fluid structure interaction simulations where
differential geometry is used as the motivation for implementing deformable
boundaries. Moreover, utilizing direct force and momentum calculation from
the fluid solver, a precise coupling is achieved between the curved space LBM
and the FEM shell. The curved space LBM uses a standard lattice, avoiding
the need for off-lattice interpolation.
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We demonstrated that our 2nd -order curved space lattice Boltzmann reproduces both a Poiseuille profile under a metric deformation and a TaylorGreen vortex under a dynamic metric deformation, with resolution convergent errors. The volume conservation and pressure maintenance were verified
by a closed deformed membrane scenario. In addition, boundary slip was validated through the laminar circular Couette flow. A brief stability analysis
was performed, which indicated validity of the method within 10% deformations relative to domain size. The restriction to small deformations mainly
originates from the metric variation and is partly influenced by the reduction
of the lattice speeds, which may introduce higher order anisotropies into the
forcing term. Additionally, we presented two applications of the method one
at low and one at medium Reynolds numbers.
At low Reynolds number a deformable square channel has produced good
qualitative results. The flag scenario (rubber in air at Re ≈ 230) exhibited the expected physical behavior, when light damping was implemented,
with a steady oscillation solution. The spatial flag shape and the measured
frequency ≈ 5.1 agreed, within error, to similar simulation results.
Future work can include direct, quantitative comparison of the flag oscillation with experimental and other numerical results. Additionally, an
extended 3-dimensional flag can be simulated which is a more challenging
example. Other possibilities could include different materials and fluids. Similarly the square channel can be extended to a pipe with deformable walls.
The model stability, can be improved with an entropic LBM [94], using Multirelaxation-time LBM [95] or using a larger lattice as in higher-order isotropic
LBMs [96]. The method can then be used to simulate strongly deformed confining surfaces where the deformation can come about various factors. This
opens up the possibility of studying complicated morphologies with high local curvatures, created by the fluid flow on a surface wall, bringing a new
perspective to biological morhogenesis and biomorphic technologies.
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Chapter 5

Confining massless Dirac
particles
5.1

Introduction

The equations of motion of quasi-relativistic electrons in materials such as
carbon nanotubes [13], graphene [14, 15, 16, 17, 18, 19], 3D Weyl semimetals
[20, 21] and topological insulators [22, 23, 24] can be mapped to the equations of motion of relativistic Dirac fermions when considering specific local
regions of the Brillouin zone in a periodic lattice [25]. These Dirac materials
have revived experimental and theoretical research of quasi-relativistic particles in systems of different dimensions [26, 27]. 2-dimensional systems are
especially of interest due to graphene, 2D topological insulators and the fractional quantum Hall effect [28]. Research is focused on bound states of Dirac
particles for example in the context of quantum computing and waveguides
[29, 30].
Mass-less Dirac particles are notoriously difficult to confine. Studies
about transmission of Dirac particles through one-dimensional potentials
have shown guided modes using abrupt potentials [31, 32], however these
potentials are not experimentally feasible. In addition, some analytical investigations have indicated confinement only when considering a rotating
frame [33, 34]. Likewise, zero energy or Majorana bound modes have been
theoretically predicted for an integrable graphene quantum dot [97] and by
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forming bielectron vortices[98].
An alternative approach is based on Fermi velocity engineering, for example by embedding Dirac materials on substrates, where the bound states
are achieved for specific Fermi velocity geometries [35, 36] Furthermore, in
the context of quantum dots, some experimental success has been reported
of soft confinement only by slightly opening the Dirac cone [37, 38] and thus
deviating from the truly relativistic dispersion.
We propose an alternative geometric approach to confine Dirac particles,
namely through static spatial curvature. Historically there have been other
examples of quantum field theories solved in curved space-time in attempts
to incorporate some effects of gravity to special-relativistic quantum theories
[99] and these have also been applied to graphene sheets [100]. That is,
following Einsteins principle of equivalence, which requires the laws of physics
to be the same in all inertial frames, the force of gravity can be modeled as
a curvature of space-time. For example, in three dimensions bound states
of moving Dirac particles in gravitational fields have been postulated [101].
Additionally, other effects of curvature, such as energy dissipation [102], have
also been proposed for classical fluids. Specifically Dirac particles in curved
space have been studied in the context of surface electronic structure of
topological insulators [103], electronic properties of curved graphene sheets
with distortion and defects [46], analytic work of cold Dirac fermions on
2+1D Rindler metric [104] and massless Dirac fermions in curved spacetime were implemented for understanding the behavior of quantum walks
and their use in quantum algorithms [45]. In this work we give evidence
for spatial confinement of massless Dirac fermions in general 2-dimensional
curved-space and on deformed pure mono-layer graphene.
To this end the transmittance of Dirac fermions is explored numerically
using a solver of the Dirac equation developed by Debus et al [105]. The
method is based on the conceptual similarities between the Dirac and the
Boltzmann equations and is an extension of the quantum lattice Boltzmann
method [60] to curved space.
Firstly we introduce the Dirac equation and its extension to curved space
and specifically deformed graphene. In the next section the simulations and
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results are presented. The chapter finishes with a summary and outlook
section.

5.2

Dirac models

The Dirac Hamiltonian describing the motion of quantum relativistic fermions
can be extended to curved space through the use of a covariant derivative.
An equivalent Hamiltonian can be used to model electrons on graphene in
the low energy limit where the band structure resembles the Dirac cone.

5.2.1

Coupling to curved space

The original Dirac equation [56] for massless fermions can be written in
compact notation:
(iγ µ ∂µ )Ψ = 0,

(5.1)

in natural units such that ~ = c = 1 for ~, Planck’s constant and c, the
−
speed of light, where µ = 0, 1, 2 for 2D space-time. Ψ = (Ψ+
a , Ψa ) =

(ψ1+ , ψ2− , ψ1− , ψ2+ ) ∈

C4

denotes the Dirac spinor for particle, anti-particle

+, −, and γ µ = γ α eαµ are the generalized space dependent γ-matrices, where
γα ∈

C4×4 are the standard Dirac matrices, eαµ is the tetrad, which relates

the flat Minkowski to the curved space-time with the first and second indexes
respectively.
Here the tetrad is defined by
eαµ gµν eβν = ηαβ ,
where gµν denotes the metric tensor and ηαβ is the Minkowski metric. In 2D
the tetrad can be computed directly as the square root of the metric. Now
defining the covariant derivative as Dµ Ψ = ∂µ Ψ + Γµ Ψ, where Γµ denotes
the spin connection matrices given by
i
Γµ = − ωµαβ σαβ ,
4
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where σαβ = 2i [γα , γβ ] and the spin connection
ωµαβ = eαν ∇µ eνβ .
Using these definitions the Dirac Eq. (5.2) can be naturally extended to
curved space described by a metric tensor gµν with a covariant derivative as
(iγ µ Dµ )Ψ = 0,

(5.2)

where Dµ is the covariant spinor derivative defined above. The Dirac equation in curved space describes relativistic Dirac particles (e.g. electrons)
moving on arbitrary manifold trajectories, Appendix 2.1. The Dirac current
is defined by J µ = Ψγ µ Ψ.

5.2.2

The Weyl equations and strained graphene

In (2+1) dimensions, of interest in this work, the Dirac matrices can be
represented in terms of the standard Pauli matrices σ i ∈

C2×2,

as γ 0 =

iσ 3 , γ 1 = σ 2 and γ 2 = −σ 1 , where {σ i , σ j } = δ ij . Furthermore, the massless
Dirac or Weyl, equation can be expressed in the chiral representation with
Ψ = (ΨL , ΨR ), where ΨL/R = 1/2(1 ± γ 5 )Ψ are decoupled Pauli spinors.
0

K
In the context of graphene, the general Dirac spinor Ψ = (ΨK
a , Ψa ) =
0

0

(ψAK , ψBK , ψAK , ψBK ), for sub-lattices A, B and valleys K, K 0 . Equivalently
to the Weyl representation, the two valleys are decoupled from each other,
therefore the spinor can be simplified to the sub-lattice basis, Ψ = (ψAK , ψBK )
without loss of generality.
To model the single layer carbon atom honeycomb lattice structure we
start from the tight binding Hamiltonian which is constructed assuming superposition of local waves for isolated atoms on a honeycomb lattice[1]. In
the low energy limit it has been shown that the tight binding Hamiltonian
converges to the Dirac Hamiltonian in the continuum limit,
Z
HD = −ivf Ψ† σ i ∂i Ψd2 x,
in natural units, where we have replaced γ 0 γ i with σ i ∈

(5.3)

C2×2, Ψ is in the

sub-lattice basis and vf is the Fermi velocity. The convergence to Eq. (5.3)
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can be seen as the Dirac cones in graphene with linear dispersion relation at
the conduction and valence band connecting point E = p for E, energy and
p, momentum.
The equation of motion from this Hamiltonian is simply the Dirac equation. In this work, we consider a static space-time metric with trivial time
components,
gµν =

1

0

0 −gij

!

,

where the latin indices run accros the spatial dimensions. This simplifies the
Dirac equation Eq. (5.2) in (2+1) dimensions to
∂t Ψ + σ a eia (∂i + Γi )Ψ = 0,

(5.4)

After addition of external vector and scalar potentials Ai (x) and V (x) respectively as explained in Ref. [40], the Dirac equation takes the following
form:
∂t Ψ + σ a eia (∂i + Γi − iAi )Ψ = σ 3 V Ψ.

(5.5)

For the given metric, the conservation law for the Dirac current can be written
as ∂t ρ + ∇i J i = 0, where ρ = Ψ† Ψ ∈

R.

For graphene the effective Dirac Hamiltonian looks like [57]:
Z
∗
HD = −ivf Ψ† σ a (va∗i ∂i + Γ∗a − iA∗a )Ψd2 x,
where va∗i = δai +uai −βεai is the space depended Fermi velocity, Γ∗a =

(5.6)
1
∂ v ∗j
2vf j a

is a complex vector field and A∗a is a strain-induced pseudo-vector potential
given by A∗a = (A∗x , A∗y ) =

β
(ε
2a xx

− εyy , −2εxy ), β is the electron Grueneisen

parameter, a the lattice spacing and εi = ui + 21 ∂i h∂j h the general strain
tensor with in-plane, ui and out of plane, h deformations. The term uai in
va∗i can be interpreted as the lattice deformation potential term and is purely
a geometric consequence. Comparing this to the standard Dirac Hamiltonian
in curved space
HD = −i

Z

√
Ψ† σ a eia (∂i + Γi − iAi )Ψ gd2 x,
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∗
we can match both Hamiltonians HD and HD
by fulfilling the following re-

lations:

√
√
√
va∗i = vf geia , Γ∗a = vf geia Γi , A∗a = vf geia Ai .

(5.8)

All three can be simultaneously fulfilled by an effective metric tensor derived
from the explicit expression of the tetrad [40]. The effective Dirac model for
non-uniformed strained graphene as explained in Ref [57] does not distinguish
between the graphene valleys K and K’ as it relies on the basic principle that
the theory for graphene under nonuniform strain should describe the particular case of a unifrom strain, where both Dirac points in the Brillouin zone
are affected the same way and thus considered equivalent. The numerical
model implemented is explained in Appendix 3.3.

5.3

Simulations and results

The transmittance of a traveling wave-packet through a curved space obstacle
is investigated similarly to Ref. [106] for the graphene effective Hamiltonian
Eq. (5.6). A Gaussian wave-packet is initialized as
!
|r|2
1
1
− 2 +ik·r
4σ
,
Ψ(r, k) = √
e
2πσ 2 λeiθ

(5.9)

where λ = ±1 is the band index, θ = arctan(ky /kx ), σ is a measure for the
width, r = (x, y), x, y are the two space dimensions, k = (kx , ky ), kx , ky
represent the x and y momenta respectively. kx is initialized to one, ky to
zero and λ to plus one. In the simulations, we consider a rectangular sheet
with periodic boundary conditions on a grid of size Lx × Ly = 512 × 128
or 20nm × 5nm, Aa , the external potential is set to zero. The norm of the
wave-function, kΨk, i.e. the probability density, ρ is plotted in Fig. 5.1(a)
for the initial and a later time-step. For the latter, the wave-packet has
been reshaped by curvature, in the case of a flat metric it will only spread,
see Fig. 5.2(a). The kinematics of relativistic wave-packets for Minkowski
space-time is explained in Ref. [107].
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Figure 5.1:

(a) Density of the wave-packet at an initial and a later time-

step when the wave-packet exits the curved region in a squeezed Gaussian
state with a higher probability in the center. The white rectangle represents
the region II within the numerical domain, where we measure confinement.
The arrow denotes the propagation direction. (b) Ricci scalar for hRi =
3.9 × 10−3 nm−2 .
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Figure 5.2: Density plots of the wave-packet at three different time-steps for
hRi = 0, hRi = 0.16 × 10−3 nm−2 , hRi = 3.9 × 10−3 nm−2 in (a), (b) and (c)
respectively. The arrow denotes the propagation direction. The wave-packet
exits the curved space region in a squeezed state.
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Defining δg ij (x, y) = C0 exp((x/σ 0 )2 + (y/σ 0 )2 ) where C0 denotes the amplitude and σ 0 = 0.2Ly , the metric is:
gij =

!

1 + δg 11 (x, y)

δg 12 (x, y)

δg 21 (x, y)

1 + δg 22 (x, y)

.

(5.10)

Here C0 < 0, which constitutes an attractive spatial curvature, resulting in a
squeezing effect on the wave-packet as seen in Fig. 5.2. In the case of C0 > 0
the wave-packet would be repelled from the central region splitting it up.
For numerical stability we keep |C0 | < 0.1Ly , additionally small out of plane
deformations are more easily physically realizable.
Experimentally, optical forging can be used to construct graphene into
the free-standing three-dimensional shape [108]. The method exploits local
strain induction due to irradiation with laser pulses under inert atmosphere
and has been shown to form up to 20nm high custom made structures. The
metric tensor can be computed from the discreet mapping (or chart) hα (x, y)
relating the positions of the atoms from the three dimensional flat space
(laboratory frame with Minkowski-metric) to the curved space by:
gij =

∂hα (x, y) ∂hβ (x, y)
ηαβ ,
∂xi
∂xj

(5.11)

as explained in Ref. [109]. The positions of the atoms and consequently
hα can be determined by scanning tunneling microscopy and atomic force
microscopy.
The amount of spatial curvature is best described by the Ricci scalar R,
shown in Fig. 5.1(b). R represents the contraction of the Riemann curvature
k
tensor R = g ij Rikj
, see Appendix 2.1. The space averaged Ricci scalar hRi

is calculated from
 Zx,y
 Zx,y
√
√
gdxdy,
hRi =
R(x, y) gdxdy /

(5.12)

where an explicit expression can be found in the Appendix A.4.
The wave-packet undergoes some spreading perpendicular to the motion
as expected qualitatively from the Dirac equation [107], shown in Fig. 5.2(a).
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The effect of curvature is to squeeze the wave-packet along the zero momentum direction as shown in Fig. 5.2(b) and (c). This is not a geometrical
artifact as the squeezed shape is retained, with some spreading, even after
the wave-packet exits the curved region.
The relative change in normalized probability density,
∆ρ(t) =

x,y ∈ II

X 


ρ(x, y, t) − ρ(x, y, t = 0) ,

(5.13)

within the central region II, as indicated in Fig. 5.1(a), is measured for all
time-steps and plotted in logarithmic scale in Fig. 5.3(a). The main bulk of
the wave-packet exits the region II at around t = 2.6f s. Comparing the flat
with the curved cases, one sees that some density is left within region II.
In order to exclude the possibility of a numerical artifact, the residual
density relative to the flat case at t = 3f s,
∆ρ̃ = ∆ρ(t = 3f s) − ∆ρhRi=0 (t = 3f s),

(5.14)

is plotted in logarithmic scale for hRi = 3.9 × 10−3 nm−2 against the resolution factor (RF) = (number of computational cells)/(smallest number of
computational cells), for the same physical scenario. From Fig. 5.3(b), by
fitting the exponential 2.5×10−5 exp(−1.006RF )+1.058×10−4 , we conclude
that the residual density is exponentially converging with resolution to an
asymptotic value. Therefore the density confining effect is a real solution
and not a numerical artifact.
In Ref. [110], the vorticity or angular momentum of a relativistic wavepacket is defined as wD = ∇ × J µ = ∇ × Ψγ µ Ψ. Therefore, as a measure of
the angular momentum the total vorticity of the wave-packet relative to the
flat scenario
∆|wD (t)| =

x,y ∈ II

X 

−


|wD |(x, y, t) − |wD |(x, y, t = 0) −

x,y ∈ II

X 

|wD |(x, y, t) − |wD |(x, y, t = 0) hRi=0 ,

(5.15)
(5.16)

within the region II is plotted against time in Fig. 5.4(a). Similarly to the
probability density, some residual angular momentum remains confined even
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(a) Time-evolution of total relative change of the probability

density in region II for different average curvatures hRi, in semi-logarithmic
scale. (b) Density change in region II for t = 3.0f s and hRi = 3.9 ×
10−3 nm−2 plotted against different resolutions as x data points. The residual
density is exponentially converging with resolution to an asymptotic value
shown as the dotted line. The curve 2.5×10−5 exp(−1.006RF )+1.058×10−4
is fitted to the data as the dashed line. The inset shows the probability
density within region II for hRi = 3.9 × 10−3 nm−2 and RF = 8 after a long
time.
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Figure 5.4: (a) Time-evolution of total vorticity change, a measure of angular
momentum, in region II for hRi = 3.9×10−3 nm−2 , in semi-logarithmic scale.
(b) Total vorticity within region II for t = 2.9f s and hRi = 3.9 × 10−3 nm−2 .
after the wave-packet exits the region. The confined ∆wD (t = 2.9f s) is
plotted in Fig. 5.4(b).
The density confined in the region II at t = 2.9f s is plotted over a wireframe visualization of the Ricci scalar in Fig. 5.5. The density retains a
squeezed Gaussian shape with a higher probability in the center, similar to
the forward moving wave-packet. The trapped Dirac fermion density can be
understood as the probability of confining a Dirac fermion within the curved
space region. Therefore, a Gaussian peak is the natural, expected shape of
the confined density. For relatively small curvatures, as investigated here, this
probability is about 0.1%. Alternatively the wave-packet can be apprehended
as a collection of Dirac fermions, which can break apart and some remain
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Figure 5.5:

Normalized confined density within region II, indicated by

the top rectangle, for t = 2.9f s and hRi = 3.9 × 10−3 nm−2 . The curved
wire-frame represents the Ricci scalar of the domain.
within the ’curved space trap’.
The local density of states (LDOS) is calculated from the energy spectrum
En of the system and its normalized eigenfunctions φn (x) according to the
following relation:
ρLDOS (x, E) =

1X
1
|φn (x)|2 Im
.
π n
E − En − iδ

(5.17)

δ ≈ 0.02eV is the approximate broadening of the energy spectrum peaks
and is expected to be present in the material. The result is plotted in Fig. 5.6,
where the discrete energy levels of the system are clearly visible.
The stability of the confined density is investigated by simulating a longer
time. This result is shown in the inset of Fig. 5.3(b). The confined ∆ρ̃ remains constant for up to 1.2 × 103 computational time-steps and, within
numerical errors, showing no indications of depletion. The oscillations of
O(10−5 ) relative to ∆ρ̃, are caused by minor boundary effects since their period of oscillation is dependent on domain size. In real units, using graphene
as an example, for deformation of 20nm and Fermi velocity vf ≈ 1 × 106 m/s
[111], one computational time-step corresponds to 0.01f s of physical time.
The total simulation time is then equivalent to 12f s.
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Figure 5.6: Local density of states plotted for energy along the x dimension
for y = 0.5Ly .
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Wave-packet at rest, time-evolution of total relative change of

the probability density in region II for different average curvatures hRi, in
semi-logarithmic scale. The inset shows the residual of the difference between
the curved and flat geometries in logarithmic scale.
For completeness, the same wave-packet is initialized at rest (kx = ky = 0)
at the center of region II. The time-evolution of the relative change in
normalized probability density within region II is plotted in Fig. 5.7. The
wave-packet spreads outwards but similarly to the previous scenario (kx ≈ 1)
there is some residual density in region II for the curved relative the to the
flat space. As seen in the inset of Fig. 5.7, the difference between the curved
and flat space remains constant indicating confined charge density in the
region.
The present model describes perfect Dirac fermions and a pure mono-layer
graphene sheet for low energy levels close to the Dirac point. In experimental
reality the result should be stable to disorder significantly smaller to the
curve space trap. For example, ripples of the order of 0.1nm would not affect
the trapping. Equivalently, any impurities and/or dislocations would only
become significant if they alter basic properties of graphene such as lattice
periodicity affecting dramatically the phase space representation.
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The dependence of confinement on curvature is plotted in Fig. 5.8 and
fitted with a power law. Specifically, the residual density relative to the
flat case at t = 3.0f s is plotted against total average curvature hRi. From
Fig. 5.8, an explicit expression for the probability of confinement, Pc can be
deduced:
Pc =

∆kΨk
hRiα
∝
,
hkΨki
hkΨki

(5.18)

where ∆kΨk denotes the change in probability density and hRi the space
averaged Ricci scalar. Eq. (5.18) is only valid for an attracting and confining
curved space manifold, the exponent α is also case specific, where we find
in the current scenario α = 0.77 and α = 0.81 for the pure Dirac Eq. (5.3)
and the graphene effective Eq. (5.6) Hamiltonians respectively. The discrepancy between the two cases is expected due to the differences in the models,
pure Dirac particles are less probable to be confined relative to electrons on
graphene.

5.4

Summary and Outlook

We presented a study on transmittance and confining of Dirac particles in
2-D curved space and graphene sheets showing that curvature can squeeze a
traveling wave-packet.
Furthermore, we have shown that it is possible to confine a portion of a
traveling wave-packet within a curved space region on a 2D manifold. We
propose Eq. (5.18) for describing the probability of confinement. In principle,
this effect could be experimentally verified by forging graphene into a curved
shape [108] to reproduce the metric in Eq. (5.10).
Building on these results, other geometries and even time-dependent metrics can be further investigated to increase confinement probability and lifetime. Locally confined Dirac fermions on graphene might be potentially
utilized in advanced electronics applications such as memory modules and
quantum computing. Additionally, by experimenting further with possible
geometries and their effect on traveling wave-packets and currents, a viable
graphene wave-guide might be numerically engineered.
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Simulation Dirac equation
Power law fit, = 0.77 0.02
Simulation Graphene
Power law fit, = 0.81 0.02
10 -4

10 -5
10 -7

Figure 5.8:

Normalized confined density in region II plotted against av-

erage curvature, in logarithmic scale, for the pure Dirac and the effective
graphene Hamiltonians. Power law fit with its fitting error, where α denotes
the exponent.
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For this study we implemented a curved space Dirac equation solver
[105, 40] based on the quantum Lattice Boltzmann method [60]. This solver
can be further developed to curved space-time, opening up the possibility
of numerically solving quantum field theories in curved space time towards
combining quantum field theory with general relativity.
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Chapter 6

Landau levels in curved
graphene sheets
6.1

Introduction

The re-discovery of graphene in 2004 has initiated a plethora of research
around this ’wonder’ material [19, 17, 18, 15, 16]. The characteristic 2D
honeycomb carbon atom lattice makes it a perfect flat electronic material
which can be stacked and reshaped resulting in spectacular electronic properties [112, 113]. As a first approximation graphene charge carriers act like
mass-less quantum relativistic particles with the characteristic touching Dirac
cones band structure E = vF ~k, where E is the energy, vf the Fermi velocity,
and ~ is the Planck constant. The electronic band structure of graphene
is well-described by the tight-binding Hamiltonian and by approximating
the electronic system via a superposition of local wave functions for isolated
atoms [1]. In reality graphene sheets are not perfectly flat, but instead have
out of plane deformations mainly in the form of ripples and wrinkles.[39]
Extending to curved space can provide a more realistic description of this
material [57].
It has been recently shown that the quantified electronic energy levels in a
magnetic field are shifted by curvature effects in strained graphene sheets.[40]
This work was restricted to a simple, effectively one-dimensional rippled manifold. In this work we build on this result and simulate a more complex,
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Figure 6.1:

Left: wrinkled graphene sheet geometry. Right: Bi-axially

rippled graphene sheet geometry
diverse and realistic graphene geometry. More specifically this is to include
wrinkles and two dimensional ripples as seen experimentally Ref. [41].
As analytic solutions of the Dirac equation in complex curved space are
difficult if not impossible to find in this work numerical solutions based on the
quantum lattice Boltzmann (QLB) method[60] are obtained. The method
is extended to curved spaces[61, 114] and related to strained graphene by
exploiting the similarities between the curved Dirac Hamiltonian and the
effective Hamiltonian for strained graphene as done in Ref. [40]. This opens
up the possibility of exporting the proven advantages of the curved space
lattice Boltzmann methods, such as computational efficiency, parallelizability
and easy handling of complex geometries, to graphene.
In the next section the theories of curved space Dirac equation and
strained graphene are explained. Followed by the method and results, where
the Landau level shifting and the resistivity for the different geometries are
presented. The results are summarized in the final section.
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6.2
6.2.1

Method and results
Shifted Landau levels in curved graphene sheets

To investigate curved graphene sheets the computational domain is initialized
as a two-dimensional out of plane rippled surface as shown in the left of
Fig. 6.1. Defining r = (x, y, h(x, y)), where (x, y) are the plane coordinates
an h represents the out of plane deformations with

η
2πk0 x
h(x, y) = a0 cos
,
l

(6.1)

where a0 is the amplitude k0 a measure of the frequency and η ∈ 2Z+ controls
the sharpness of the wrinkles, in this work we use η = 20, see Fig. 6.1. This
implies a metric tensor
gµν =

!
1 + h2x 0
0

1

,

where hx := ∂x h(x, y). A magnetic field B is applied along the the out of
plane perpendicular direction z. In this Landau gauge the vector potential in Cartesian coordinates is given by A = (Ax , Ay , Az ) = (0, Bx). This
corresponds to a magnetic field ∇ × A = (0 0 B)T . Furthermore, defining
f (x) = 0.5h2x , the position dependent Fermi velocity, v ∗ the generalized strain
tensor, ∗ , the complex vector field Γ∗ and the pseudo-vector potential A∗
are given by
ij =

f (x) 0

!

1 − f (x) 0

!

, va∗i =
,
0
0
1

 0
Γ∗ = − f 2(x) 0 , A∗a = (0, Bx),
0

implying according to Eq. (2.26) that the corresponding effective metric tensor is
gij =

1

0

0 (1 − f (x))2
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The wave-function is initialized to a zero momentum gaussian wave-packet
by
 
1
 
2
1 0
 e− x4 = √1
Ψ(t = 0) = √ 

2 4π 
2 4π
0
i

1
λi

!

x2

e− 4 ,

(6.2)

in the Dirac spinor basis and the graphene basis respectively,[113] where
λ = ±1 is the band index.
To measure the energy levels of the system the wavefunction can be decomposed into an infinite sum of the energy eigenfuctions Ψn with eigenvalues
En . From the time evolution of the eigen-functions, Ψn (t) = Ψn (0) exp(−iEn t),
the time evolution of the complete Dirac field is given by:
X
X
Ψ(t) =
an Ψn (t) =
an Ψn (0)eiEn t ,
n∈Z

(6.3)

n∈Z

where an corresponds to the coefficient of the nth energy eigen-function, which
can be determined by its overlap relative to Ψ(t = 0). The energy levels will
correspond to the Landau levels (En ) and can be determined by a standard
Fourier transform of the time evolution of the space dependent spinor:
Z
F[Ψ](E) = Ψ(t)eiEt dt
Z
X
=
an Ψn (0) · ei(E−En )t dt
(6.4)
n∈Z
X
=
an Ψn (0) · 2πδ(E − En ).
n∈Z

For special relativistic fermions and flat graphene sheets the quantized Landau levels follow the established result:
En = sgn(n)

p
2B|n|,

(6.5)

where n corresponds to the energy quantum number.
This relation is affected by curvature.[40] For the wrinkled geometry we
consider a periodic lattice of length lx = 0.2µm, discretized into Lx × Ly =
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Power spectrum of discrete energy levels in the presence of a

magnetic field, B=0.01 or 1T in real units, for wrinkled and flat graphene
sheet. The energy axis is normalised to the first energy level E1 which is
∼ 35meV. Inset shows the dependence of the peak position on the square
root of the magnetic field for wrinkled and flat graphene sheets. For flat
graphene sheets the slope is equal to one.
512×128 grid points and apply a magnetic field B = 0.01. The wave function
is initialized as in Eq. (A.41). Figure 6.2 depicts the energy spectrum for
the flat case relative to the wrinkled geometry as described by Eq. (6.1).
The energy spectrum is obtained from the time dependence of the wavefunction via the Fourier transform, Eq. (6.4). The Landau levels are seen
as the discrete peaks corresponding to n = 1, 3, 5.... Only the odd energy
states are excited due to the wave-function being symmetric and no antisymmetric eigenstates are initialized. The wrinkled graphene Landau levels
are different in width and amplitude relative to the flat graphene implying
different eigenstates.
The relation in Eq. (6.5), is verified for the flat sheet in the inset of Fig. 6.2
√
where En is plotted against 2Bn. Equivalently to the flat sheet the wrinkled
p
graphene sheet follows the same functional dependence En ≈ sgn(n) 2B|n|.
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The following relation between the energy eigenvalues and magnetic field is
proposed,[40]

p
En = ξ(hf i) 2B|n|,

(6.6)

where ξ(hf i) is a deformation dependent parameter where the average deformation is calculated from
1
hf i =
lx

Z

lx

f (x)dx.

(6.7)

0

The result is shown in Fig. 6.3(a). An identical study is also carried for the
bi-axially rippled graphene sheets parameterized as out of plane deformations
by
h(x, y) = a0 cos



2πk0 x
lx



cos




2πk0 y
,
ly

(6.8)

where ly = lx , see Fig. 6.1 and Fig. 6.3(b). In conclusion the Landau levels
in curved graphene sheets are given by
p
En = (1 + ξ0 (hf i) 2B|n|,

(6.9)

where ξ0 = −0.10 ± 0.004 and ξ0 = −0.78 ± 0.03 for wrinkled and bi-axialy
rippled graphene respectively. Comparing with the preceding work, Ref. [40],
in the case of uni-axially rippled graphene sheets ξ0 = −0.57 ± 0.04.
The effect can be understood as an effective magnetic field experienced
from the curved graphene sheets. The total magnetic flux threading the sheet
is
Φ=

Z

S

~ · dS
~=
B

ZZ

~ · ~n√gdxdy
B

= Blx ly = BA0 ,
where lx , ly are the dimensions and A0 the area of the flat sheet. The total
magnetic flux is independent of curvature as only the perpendicular projection between the magnetic field and surface contributes to the flux. By definRR √
gdxdy,
ing Φ = BA0 = Bef f A, with Bef f the effective field and A =
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Figure 6.3: Generalized relation between average curvature measured by the
Ricci scalar and discrete energy levels for wrinkled (a) and bi-axialy rippled
(b) graphene sheets. The crosses represent the data and the lines a linear fit
with ξ0 being the slope.
the true area of the curved sheet, Bef f can be computed from
−1
 ZZ
p
−1
1 + h2x dxdy
Bef f = BA0 A = BA0

−1
= BA0 A0 + A0 hf i + O(h4x ∼ a40 )
= B(1 − hf i) + O(a40 ).

When this is plugged into the energy level law, Eq. (6.5),
q
p
En = sgn(n) 2Bef f |n| ≈ 2(1 − hf i)B|n|
p
≈ (1 − 0.5hf i) 2B|n|,

for small deformations. Comparing all three ξ0 ≈ 0.10, 0.57, 0.79, for wrinkled, uni-axial and bi-axial rippled respectively, it is evident that, in the
linear approximation, the Landau level shifting is around ξ0 ∼ 0.5 depending
on the complexity of the curvature.
For larger deformations it can be expected that the higher order terms
become important enough such that a linear relation would no longer be
valid. The current numerical method is limited, due to stability bounds, to
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deformations less than 15%. The simulated result lies within the range of
experimental validity. For a magnetic field B ∼ 1T, the energy gap for flat
graphene between n = 0 and n = 1, E1 ∼ 35meV, as seen from Ref. [115],
while the shifting of the Landau levels would be about 13% for 10% deformation (i.e height of ∼ 20nm). This is a significant enough effect to be
observable. When this is plug

6.2.2

Resistivity of wrinkled graphene sheet

To investigate the conductivity relation for curved graphene sheets a square
and periodic domain is initialized to Lx ×Ly = 128×128 with the same initial
wavefunction as in Sec. 6.2.1. Applying an electric field gradient along the
x direction, Ex = E0 (x − x0 ), a parallel current, J x , develops. The average
current after 100 time steps is plotted against the electric field, as seen in
Fig. 6.4(a). The current is linearly related to the electric field, where the
slope of the lines in Fig. 6.4(a) is the conductivity. The effect of curvature,
i.e. wrinkles in graphene, is to decrease the conductivity of the graphene
sheet, smaller slope, in Fig. 6.4(a). The resistivity χ can be calculated as the
inverse of the conductivity from the relation J x = E0 /χ. The resistivity is
linearly increasing with curvature according to
χ
= ζhRi + c,
χ0

(6.10)

where ζ = 0.64 ± 0.02 and c = 1.01 ± 0.02, as seen in Fig. 6.4(b). The space
averaged Ricci scalar hRi:
hRi =

 Zx

 Zx
√
√
R(x) gdx /
gdx ,

(6.11)

is used as the measure of curvature.
This result is qualitatively in agreement to experimental investigations,
as in Ref. [41], where the resistivity of the graphene sheet decreases linearly
when stretched into a flat sheet.
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Figure 6.4:

(a) Current, electric field relation for different average curva-

tures of wrinkled graphene sheets. The slope of the lines is the conductivity.
(b) Resistivity against average curvature for wrinkled graphene sheets. The
crosses represent the data and the solid line a linear fit.
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6.3

Quantized Alternating Current Graphene
Strip

To investigate the potential of curvature on curved graphene sheets, we propose a periodic system with alternating current (AC) behavior, which is
quantized according to its shape. The system geometry is initialized by the
discrete mapping (or chart),



hα (x, y) = 

x





y sin(ηx/2)
y

(6.12)

with x ∈ {0, 2π}, y ∈ {−Ly /2, Ly /2}, Ly being the domain size in the y
dimension, see Figure 6.5. The boundaries are periodic along the x-direction
and closed at −Ly /2, Ly /2.
The initial condition is given by a Gaussian wavepacket of the form:
!
|r|2
1
1
− 2 +ik·r
,
(6.13)
e 4ζ
Ψ(r, k) = p
2πζ 2 λeiθ

where λ = ±1 is the band index, θ = arctan(ky /kx ), ζ is a measure of the
width, r = (x, y), x, y are the two space coordinates, and k = (kx , ky ), kx , ky
represent the x and y momenta, respectively. The initial values are taken as
kx = 1, ky = 0, and λ = 1. In the simulations, we consider a rectangular
sheet with periodic boundary conditions on a grid size of Lx ×Ly = 256×128
or 20 nm × 5 nm, while the external potential Aa is set to zero. Therefore,
the subsequent motion is purely curvature driven.
The discretization of the real space shape of the graphene strip is plotted
in Figure 6.5a. The norm of the wavefunction, kΨk, i.e., the probability
density, ρ is plotted in Figure 6.5b for the initial and few subsequent timesteps. As one can appreciate, the wavepacket spreads as expected, with no
clear indication of motion along the y direction.
The position of the center of charge density along the y direction:
 Z area
 Z area
ȳ =
y(ρ(t) − ρ(0))dA /
ρ(t)dA,
(6.14)
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is plotted as a function of time in Figure 6.6, where dA = dxdy. A small but
significant oscillation along the y direction is observed.
These oscillations can be understood as the geometrical equivalent of the
Bloch oscillations and they are a consequence of the sinusoidal, periodic domain, with the frequency quantized in units of the parameter η. For a slowly
perturbed Hamiltonian, expanding around the wavepacket center c (initialized to (0, 0) here), H = Hc + ∆H, assuming a periodic system described
by a Bloch wavefunction, the semi-classical equations of motion are given by
[116]:
∂ε
− (Ωkr · ṙc + Ωkk · k̇c ) − Ωkt
∂k
∂ε
k̇c =
− (Ωrk · k̇c + Ωrr · ṙc ) − Ωrt
∂r
ṙc =

(6.15)
(6.16)

where rc , kc are the center of mass position and momentum of the wavepacket,
r, k are the position and momentum vectors, t is time, ε is the band energy,
and Ωkr = (Ωkr )αβ = ∂kα Arβ − ∂rβ Akα is the Berry curvature and Ar the
Berry connection.
As shown in Appendix A.5, the Berry phase, and thus Berry curvature, can be related directly to the spin connection Γµ through Ain (R) =
ihΨ(R)|∂R |Ψ(R)i =⇒ ARi = TrhΨ|Γi |Ψi for some parameter space R and
eigen-function index, n.
The non-zero terms of Equations (6.15) and (6.16) for the specific geometry are ṙc = ∂ε/∂k ≈ vf , k̇c = Ωrr · ṙc , which imply:
∂kα
= (Ωrr )αβ .
∂rβ
For small-amplitude local wavepackets:
Z
Z
δkα = (Ωrr )αβ drβ = (∂rα Arβ − ∂rβ Arα )drβ

(6.17)

(6.18)

and thus, δky ∝ sin(ηx) and δkx ∝ cos(ηx). Therefore, the oscillations
can be explained in terms of a real space Berry curvature, jointly with the
classical geodesic equation on the corresponding manifold.
The frequency of these Bloch-like oscillations is quantized according to
η. Finally, some forward moving charge, even if driven, will experience an
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Figure 6.5: (a) Real space geometry of the graphene strip, x, y denote the
coordinate directions. (b) Density plots of the wavepacket for different timesteps, the kx arrow denotes the propagation direction. The bulk of the
wavepacket propagates forward and is spreading as expected.
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Figure 6.6: Time evolution of relative position of the center of charge in the
radial direction for geometries with η = 1, 2, 3.
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equivalent transverse oscillating motion, therefore the system might be implemented as a periodic, quantized oscillating current device.

6.4

Summary and outlook

Implementing the curved space QLB method we have shown that graphene
Landau levels are shifted in the presence of curvature in strained graphene
sheets. We have studied the cases of wrinkled and bi-axially rippled graphene.
The energy levels follow a similar square root dependence on the energy quantum number as for the rippled and flat graphene sheets. The Landau levels in
p
wrinkled and rippled graphene sheets are given by En = (1 + ξ0 (hf i) 2B|n|,

where ξ0 is a geometry and curvature dependent parameter. The effect is
higher for the more complex geometries and it can be verified experimentally with magnetic fields around 1T. Additionally, the resistivity of wrinkled
graphene sheets is shown to obey a linear relation with average space curvature, χ = ζhRi. Finally we propose a periodic quantized alternating current

device with a curved graphene sheet.
The curved space QLB method opens up the possibility of exploring relativistic quantum particles and condensed matter systems on curved surfaces.
This solver can be further developed to include time curvature and interaction terms, opening up the possibility of numerically solving complex and
strongly coupled quantum field theories for solid state physics and towards
combining quantum field theory with general relativity.
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Chapter 7

Quantum spin-Hall effect in a
Möbius ribbon
7.1

Introduction

Topological states of matter have been proposed theoretically and observed
experimentally [42, 22, 43] triggering a surge of research in the context of
quantum engineering and condensed matter. The enthusiasm is motivated
by the robustness of the topological properties and their tolerance to disorder
[44]. Especially useful in technological applications are topological currents
as they are robust even in impure systems. Topological protection is a consequence of topological invariants, the most notable being the Chern number
[58].
A large fraction of the research is concerned with topological insulators in
2-D [117], which is gradually extending to higher dimensions [118] through
combined systems. Graphene, Weyl semi-metals and fractional statistics
particles are just a part of the materials associated to the field [26, 20, 119].
Simultaneously in condensed matter, another field of great interest are particles constrained to move on curved surfaces. Curvature has immense potential as a novel and pure control mechanism in quantum devices, examples of this have been proposed in graphene systems [45, 46]. Graphene
exhibits fascinating properties as a material but also as the platform for twodimensional physics [14, 112, 120]. Furthermore, the honeycomb bipartite
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lattice of graphene has been shown to exhibit the quantum Hall and the
quantum spin-Hall effects in the presence of a magnetic field [121, 122, 123].
Additionally, a graphene Möbius ribbon can exhibit topological insulator
properties owning to the zig zag edge states [47].
For the Möbius band, although simple to visualize, the geometry is topologically non-trivial. The Möbius strip is the simplest non-trivial fiber bundle,
a bundle of the line segment over the circle with a twist. Here, we raise the
question of the energy levels of a confined particle on the Möbius graphene
strip and the consequence of the curvature to the transport of these particles. We simulate Dirac particles and more specifically we relate them to
graphene through the low energy approximation of the band structure. The
non-relativistic quantum mechanics on a the Möbius ring have been studied
[48] and also non-trivial effects in the Möbius topology have been proposed
for molecular devices [49]. Through symmetry arguments it was proposed
that the quantum Hall effect cannot exist on the Möbius but the quantum
spin-Hall is possible [50]. This result is also confirmed in this work through
a direct simulation.
A recurrent theme in recent condensed matter literature is the existence
of the quantum Hall effect in the absence of a magnetic field [51, 52]. By
avoiding the use of an external field, it is shown that the effect is purely
a geometrical consequence. The symmetry of the system is not, as usual,
broken by a magnetic field but by an equivalent gauge field originating from
the curvature effects of the manifold. In reality, these curvature effects are
translated as forces due to the pseudo-potential in a strained graphene sheet.
To this end the electronic and topological properties of a Möbius graphene
ribbon are explored numerically using a solver of the Dirac equation in curved
space [105, 113]. The method is based on the conceptual similarities between
the Dirac and the Boltzmann equations and is an extension of the quantum
lattice Boltzmann method [60] to curved space. Through our simulations we
observe a quantum spin-Hall current in the bulk of a Möbius graphene strip.
Firstly we introduce the Dirac equation and its extension to curved space
and specifically deformed graphene. In the next section, the simulations and
results are presented for the Möbius and the torus geometries. The chapter
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finishes with a summary and outlook section. An appendix can be found at
the end including a more detailed description of the numerical model.

7.2

Möbius graphene strip

The system geometry is initialized to the Möbius ribbon by the discreet
mapping (or chart),


(R + wr cos(ηθ/2))cos(θ)





hα (θ, r) = (R + wr cos(ηθ/2))sin(θ)

(7.1)

wr sin(ηθ/2)

with θ ∈ {−π, π}, r ∈ {−Lr /2, Lr /2}, half-width w, mid-circle of radius R,
number of turns η and at height z = 0. Lr is the domain size across the radial
direction, for simplicity we set Lr /2 = 1. In the simulations, we consider a
square sheet with reverse periodic and closed boundary conditions on a grid
of size lθ × lr = 512 × 512 or 100nm × 100nm, Aa , the external potential is
set to zero.
The metric tensor can be computed from the hα (x, y) relating the positions of the atoms from the three dimensional flat space (laboratory frame
with Minkowski-metric) to the curved space by:
gij =

∂hα (θ, r) ∂hβ (θ, r)
ηαβ ,
∂xi
∂xj

(7.2)

With this parametrisation the metric is cast to a diagonal form,
!
A2 0
gij =
.
0 B2
where A =

p
R + wr cos(ηθ/2) + w2 r2 /4 and B = w. The reversed periodic

boundary at θ = π is implemented as Ψ(θ = −π, r) = Ψ(θ = π, −r). From
Ref. [124] a valid current conserving and time-reversal symmetric boundary
condition for the Dirac equation can be written as:
Ψ = (v · τ ) ⊗ (n · σ), n⊥nB ,
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where nB is the unit vector in the r − θ plane normal to the boundary, v and
n are three dimensional unit vectors and τ , σ are Pauli matrices. In the case
of a mass-less particle inside a one-dimensional box, assuming perpendicular
reflection, it is sufficient to set Ψ1,2 (r = −1) = Ψ1,2 (r = 1) = 0. This closed
boundary condition ensures probability conservation for the decoupled Weyl
equations such that ρ(r = −1) = ρ(r = 1) and J µ (r = −1) = J µ (r =
1) = 0. Numerically, for the present simulational timescales, there is some
small (< 1%), resolution convergent error related to finite size effect of the
wavefunction.
The metric tensor, although diagonal, for the typical choice of w ∼ 1
imposes some large gradients on the spin connection Γi which introduce numerical instabilities. From the form of the metric it can be shown that for
w  1, the metric variation is minimized resulting in more stability, physically this results in a long and thin strip. It should be noted that this choice
of parametrization results in non-zero curvature across the whole domain,
seen from the Ricci scalar, Appendix A.6. Additionally, the choice of θ is
intentional such that the spin connection is continues across the reverse periodic boundary, see Fig. 7.1. This is not the case for the most common
convention θ ∈ {0, 2π}. The spin connection (or the Christoffel symbols)
is not a gauge independent quantity but the metric and Ricci tensors are.
In fact, the complete continuity of the spin connection is only achieved for
w  1, for w ∼ 1 there is still some discrepancy as ωijk is not symmetric in
r.
Correspondingly to the real space curvature, the Berry connection is not
gauge independent but the Berry phase and the Berry curvature are. The
similarities of the Ricci and Berry curvatures are further investigated in Appendix A.5, where we show that a Gaussian wave-packet completing a circle
around a Möbius band will attain a phase π equivalent to a Berry phase.
This is a consequence of the topology and it represents a specific illustration of the relation between Berry and real space curvature. Furthermore,
in Appendix ?? we present an example of a periodic, quantized alternating
current device where a spacial equivalent of Bloch oscillations are observed.
The observed oscillations are validated analytically by a set of semi-classical
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Figure 7.1: The non-trivial spin connection component on the Möbius strip
for half-width w = 0.1 and mid-circle of radius R = 1.
equations of motion dependent on Berry curvature.
To realize the energy levels of a Dirac particle on a Möbius graphene
ribbon we initialize the wavefunction to a plane wave solution,


i sin(kr r)




0


ψ(k, r) = 

0


~ck
cos(kr r)
E

(7.4)

where ~ = c = 1, E = |k|, r = (θ, r) and k = (kθ , kr ), kθ = 0. The
wave-functions at some later time-step are shown in Fig. 7.2.
To study the topological properties and observe a Hall-type effect it is necessary to realize a forward moving wavefunction that explores the complete
domain. An electric field is both experimentally challenging and theoretically
inconsistent across a periodic system such as the Möbius graphene strip. Additionally, a magnetic field is difficult to keep tangential to such a manifold
and unnecessary, as shown later. Consequently a wavefunction with non-zero
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Figure 7.2:

The ground (a), 2nd (b) and 3rd (c) state wavefunctions at

t = 1000 on the Möbius graphene strip for half-width w = 0.01 and midcircle of radius R = 1.
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kθ is initialized in the domain for a particle and a hole respectively,




i sin(kθ θ)
0






 cos(kθ θ) 
0




ψP (k, r) = 
 ψH (k, r) = i sin(k θ) .
0
θ 



cos(kθ θ)
0

(7.5)

In the course of this section the subscript θ is dropped for brevity, kθ → k.
The time evolution of the radial space-integrated Dirac current J¯r for ψP is
shown in Fig. 7.3(a); for the zero-momentum and k = 2π/lθ cases, both for
the particle and hole wave-functions. The two dashed lines lie on opposite
sides relative to the kθ = 0 scenario, indicating a net anomalous velocity

effect (in the r-direction) as a consequence of a θ velocity, i.e. a Hall current.
The asymmetry ratio, AP /AH , is plotted in the inset of Fig. 7.3(a) for two
different half-widths w, defined by
r
J¯Pr − J¯P,k=0
AP
,
= ¯r
r
AH
JH − J¯H,k=0

(7.6)

r
r
where J¯P,H
denote the particle, hole currents for k = 2π/lθ and J¯P,H,k=0
r
r
denote the particle, hole currents for k = 0. In practice J¯P,k=0
and J¯H,k=0

are equal. The dependence of the asymmetry ratio on w suggests that the
difference between J¯r and J¯r is a consequence of the manifold.
P

H

r
The time evolution of J¯Pr and J¯P,k=0
for longer time are plotted in the

inset of Fig. 7.3(b). The oscillations are a result of the geometry and the
. There is no
closed boundary condition as they are also present for J¯r
P,k=0

obvious non-zero average J¯Pr , or quantum Hall current. Nevertheless, the nonzero asymmetry ratio and its dependence on w imply again a net anomalous
velocity effect. In Fig. 7.3(b) the time evolution of the average particle-hole
space-integrated current hJ¯Pr H i = |J¯Pr − J¯Hr |, is plotted for two different nonzero k. The result clearly shows a quantum spin-Hall current (or particleantiparticle current), which is kθ dependent. The effect is a transient result
as there is no constant electric field in order to measure a stationary state
solution. Since a Möbius band has only one boundary, it is easier to visualize
the result when projected to a rectangle (simulational domain), where the
current is flowing towards one direction.
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Figure 7.3: (a) The time evolution of the radial space-integrated Dirac current J¯r the zero-momentum particle wavefunction and non-zero momentum
particle and antiparticle wave-functions. The inset shows the asymmetry
ratio for two different half-widths. (b) The time evolution of the average
particle-hole space-integrated current for zero and two different non-zero kθ .
The inset shows the time evolution of J¯r for a particle wavefunction for zero
and non-zero momentum.
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The spin-Hall current is a consequence of the curvature and topology of
the system. The gauge field breaking the symmetry of the system is the spin
connection matrix Γi , similar to a twisting magnetic field. For graphene,
these curvature effects are realized as forces due to the pseudo-potential in
a strained sheet [57]. The correspondence between a magnetic field and
curvature is also evident from Appendix A.5, as the Berry phase is directly
related to the Aharanov-Bohm effect.
The space integrated spin-Hall current is then a result of the topology, i.e.
the twist. This can be understood theoretically as a space-averaged current
would not be affected by the ’sharpness’ of the twist and any ’flat’ regions are
irrelevant. Moreover, assuming geometrical disorder is not greater than the
cumulative effect of the twist, the bulk current will not be affected more than
a perturbative correction. Furthermore, it is established that the quantum
levels on the Möbius strip are quantized in kθ , see Ref. [48]. The current
measured here is then quantized with respect to kθ . Therefore, the response
is identified as a quantum spin-Hall current, which can be used to define a
Hall conductivity.

7.3

The torus

To investigate the relevance of topology and curvature, a similar but simpler
shape is also simulated. The system is initialized to the torus geometry by
the discreet mapping,


(R + w cos(φ))cos(θ)





h = (R + w cos(φ))sin(θ) ,

(7.7)

w sin(θ)

with θ, φ ∈ {−π, π}, width w, mid-circle of radius R, R, w ∈ R>0 , both
boundaries are periodic. In this parametrization the metric is diagonal and
φ dependent gij = diag((R + w cos(φ))2 , w2 ). In Fig. A.2 the time-evolution
of the azimuthal current J¯φ is plotted for a particle, (dotted line) and hole
(dashed line) wavefunctions as in Sec. 7.2. The solid line represents a particle
wavefunction with kθ = 0. Here, it is evident that a Hall current develops
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Figure 7.4: The time-evolution of the azimuthal current J¯φ for a non-zero
momentum particle, (dotted line) and hole (dashed line) wavefunctions. The
solid line represents a particle wavefunction with kθ = 0
in the presence of a θ velocity. The different topology, i.e. the absence
of the twist and closed boundaries, results in a simpler behaviour, where a
transverse current develops as a consequence of curvature.

7.4

Summary and Outlook

We have presented a study of the topological and geometrical transport properties of a Möbius graphene ribbon. The challenges and resolutions in simulating such a system were outlined. The continuity of the spin connection
was achieved by a gauge transformation and limiting the half-width of the
ribbon. We provide some possible numerical wave-function solutions of the
Möbius riboon.
In the absence of a magnetic field, we measure a quantum spin-Hall
current on the graphene ribbon originating from topology and curvature,
whereas a quantum Hall current is not observed. This result also represents
an example of the correspondence between a magnetic field and a curved man100
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ifold. The torus geometry is simulated for comparison, where a Hall current
is measured. Additionally, a concrete illustration of the equivalence between
the Berry and Ricci curvature is presented through a travelling wave-packet
around the Möbius band.
Building on these results, higher order and different types of topologies
can be further investigated in the context of curvature. Without the need of
a magnetic or electric field and by further understanding the properties of
topological graphene sheets, simple and topologically robust quantum devices
could be developed just by exploiting their geometry.

101

CHAPTER 7. QUANTUM SPIN-HALL EFFECT IN A MÖBIUS RIBBON
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Chapter 8

Conclusions and Outlook
This thesis focuses on classical and relativistic quantum particles in curved
space-time both in the continuum, as fundamental research, and on the
lattice for solid state systems. Specifically, we have developed an original
fluid structure interaction numerical solver by coupling an original 2nd -order
curved space lattice Boltzmann fluid solver to a finite element method for thin
shells. Futhemore, we have developed a numerical solver for the Dirac equation minimally coupled to curved space and an electromagnetic field, based
on the quantum lattice Boltzmann method. The method is implemented
on arbitrary manifolds with important implications such as realistic curved
graphene sheets and curved two-dimensional space that can confine mass-less
Dirac fermions. Additionally, I have studied, numerically and analytically,
manifolds with topological invariants such as the Möbius strip.
Firstly we have developed a novel method for fluid structure interaction
simulations where an original 2nd -order curved space lattice Boltzmann fluid
solver is coupled to a finite element method for thin shells [114]. A complete
stability and accuracy analysis was carried out to validate the method such
as boundary slip, conservation laws and non-uniform dynamic deformations.
The developed method, as it solves the Naiver-Stokes equations in arbitrary
curvilinear coordinates, is a cleaner, modern answer to the ever increasing
complexity of fluid/deformable boundary simulation techniques, with implications in cutting edge bio-science and biotechnology [3].
Secondly, by studying the transmittance of a traveling wave-packet through
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different curvature region we show that curvature in a two-dimensional space
can confine a portion of a mass-less Dirac fermion wavepacket [113]. Additionally, the same is evident from the discretized energy levels seen from
the local density of states for the specific geometry. The study was carried
out also for graphene, where curvature is translated into pseudo-potential
induced from strain. The pure Dirac Hamiltonian can be matched to other
effective Hamiltonians such that of graphene in the low energetic limit and
by implementing the necessary boundary conditions [125]. The result plays
an important role in developing and understanding fidelity and confinement
of quantum particles and states for quantum computing and technology [29].
Additionally, the study shows that curvature, and thus gravity, can affect significantly a relativistic quantum particle, a ”simulation” of quantum gravity.
Thirdly, by implementing the curved space QLB method we have shown
that graphene Landau levels are shifted in the presence of curvature in
strained graphene sheets. We have studied the cases of wrinkled and biaxially rippled graphene. The energy levels follow a similar square root dependence on the energy quantum number as for the rippled and flat graphene
sheets. The Landau levels in wrinkled and rippled graphene sheets are given
p
by En = (1+ξ0 (hf i) 2B|n|, where ξ0 is a geometry and curvature dependent
parameter. The effect is higher for the more complex geometries and it can

be verified experimentally with magnetic fields around 1T. Additionally, the
resistivity of wrinkled graphene sheets is shown to obey a linear relation with
average space curvature, χ = ζhR.i. We also propose a periodic quantized
alternating current device with a curved graphene sheet.
Fourthly, we have presented a study of the topological and geometrical
transport properties of a Möbius graphene ribbon. The challenges and resolutions in simulating such a system were outlined. The continuity of the spin
connection was achieved by a gauge transformation and limiting the halfwidth of the ribbon. We provide some possible numerical wave-functions of
the Möbius strip. A quantum Spin-Hall current on the graphene strip originating from topology and curvature is measured, whereas a quantum Hall
current is not observed. The result highlights the correspondence between a
magnetic field and a curved manifold. The torus geometry is also simulated
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for comparison, where a Hall current is measured. Moreover, an illustration of the equivalence between the Berry and Ricci curvature is presented
through a travelling wave-packet around the Möbius band. The research is a
new approach to topological phases of matter and quantum engineering [43].

8.0.1

Extensibility and future proposals

For the fluid structure interaction method future work can include direct,
quantitative comparison of the flag oscillation with experimental and other
numerical results. Additionally, an extended 3-dimensional flag can be simulated which is a more challenging example. Other possibilities could include
different materials and fluids. Similarly the square channel can be extended
to a pipe with deformable walls.
The model stability, can be improved with an entropic LBM [94], using
Multi-relaxation-time LBM [95] or using a larger lattice as in higher-order
isotropic LBMs [96]. The method can then be used to simulate strongly
deformed confining surfaces where the deformation can come about various
factors. This opens up the possibility of studying complicated morphologies
with high local curvatures, created by the fluid flow on a surface wall, bringing
a new perspective to biological morhogenesis and biomorphic technologies.
The numerical Dirac solver can be used for simulating other geometries
such as the Beltrami pseudo-sphere, which can be related to massive dense
bodies, e.g. a Black hole and study the Hawking-Unruh phenomenon on
graphene [100]. Additionally the method can be used to include real space
disorder and electron electron interactions in graphene, through an effective
exchange correlation potential.
As a next step, the Dirac equation solver can be extended naturally to
curved space-time, include non-minimal coupling to a gauge field and other
terms (e.g. quantum electrodynamics in curved space-time). This would
open up the possibility of simulating the evolution, propagation and interactions of fermions as a non-perturbative solution. With the added benefit
of incorporating manifold and curvature effects [126]. For example, strong
coupling between matter and light in cavities can be simulated.
105

CHAPTER 8. CONCLUSIONS AND OUTLOOK

106

Appendix
A.1

Gauss Hermite quadrature

The expansion coefficients of the equilibrium distribution are given by:
aeq
(0) = ρ,

(A.1)

i
aeq,i
(1) = ρu ,

(A.2)

ij
2 ij
i j
aeq,ij
(2) = ρ(θg − cs δ ) + ρu u ,

(A.3)

where θ denotes the normalized temperature (from the Maxwell-Boltzmann
equilibrium distribution), cs the lattice-specific speed of sound and δ ij is the
Kronecker delta.
Using an expanded polynomial basis we can solve the Boltzmann equation
numerically, by expanding the distribution function and the forcing term. We
use a polynomial basis that is accurately reproducing the Gaussian shaped
Maxwell Boltzmann equilibrium distribution. This is the case for the Hermite
polynomials defined as such:
i1 ....in
H(n)
(v) = (−1)n w(v)−1

∂
∂
.....
w(v)
∂vi1
∂vin

(A.4)

where w(v) is the weight function, is given by
w(v) =

1
1
exp(− ||v||2 )2
d/2
(2 ∗ π)
2
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The Hermite polynomials are given by
H(0),λ = 1,

(A.6)

ciλ

(A.7)

i
=
H(1),λ

,
cs
ciλ cjλ
= 2 − δ ij ,
cs
i j k
ci
cj
ck
c c c
= λ λ3 λ − δ ij λ − δ jk λ − δ ik λ
cs
cs
cs
cs

ij
H(2),λ
ij
H(3),λ

..
.

(A.8)
(A.9)
(A.10)

Thus, the equilibrium distribution satisfies the following relations:
ρ=

X

fλeq

√
g,

λ

ρui =

X

fλeq ciλ

√
g,

λ

Πeq,ij =

X
λ

(A.11)

fλeq ciλ cjλ


√
g = ρ θg ij + ui uj .

(A.12)
(A.13)

As seen by plugging in the explicit expressions of the first Hermite polynomials the coefficients a(n) can recover the macroscopic moments of the distribution function. With this LB method the calculation of the macroscopic
moments on the lattice is exact under the use of Gauss-Hermite quadrature,
this implies that the integrals over velocity space are exchanged to sums on
a discrete set without loss of accuracy. To satisfy the orthogonality relations
to N order the lattice is required to obey certain symmetries.

A.2

Chapman-Enskog expansion

So as to prove that the LB equation converges to the Navier-Stokes equations in the hydrodynamic limit of small Knudsen numbers, we perform a
Chapman-Enskog multiscale analysis. To this end, we firstly perform a Tay-
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lor expansion of the distribution function in Eq. (3.1), which yields:
∆t2 2
1
∆t Dt fλ +
Dt fλ + . . . = − (fλ − fλeq ) +
2!
τ
∆t2
Dt Fλ + . . . , (A.14)
2
where Dt := ∂t + ciλ ∂i denotes the material derivative, and the dots indicate
+ ∆t Fλ +

irrelevant higher order terms ∼ O(∆t3 ). The distribution function as well as
the time and space derivatives are now expanded in terms of the Knudsen
number ε:
(1)

f = f (0) + εf (1) + ε2 f (2) + ...,

(2)

∂t = ε∂t + ε2 ∂t + ...,

(1)

(∂i , F, A, B i , C ij ) = ε(∂i , F (1) , A(1) , B (1),i , C (1),ij ).
Plugging everything into Eq. (A.14) and comparing orders of ε, we obtain
the following set of equations:
(0)

O(ε0 ) :

fλ = fλeq ,

O(ε1 ) :

1
Dt fλ = − τ ∆t
fλ + F λ ,
 (1) (1)
(2)
(2) (0)
1
fλ .
∂t fλ + 1 − 2τ1 Dt fλ = − τ ∆t

O(ε2 ) :
(0)

(A.15)

(1) (0)

(1)

(1)

The moments of fλ = fλeq and fλ

(1)

λ

X

fλ ciλ

λ

Thus we find:
X

(0)

fλ

√
g = ρ,

λ

X

(0)

fλ ciλ

X

(0)

fλ ciλ cjλ

g=

X

fλeq ciλ

√

g = ρui . (A.18)

λ

(1)

fλ

√
g = 0,

λ

X

(1)

fλ ciλ

√
g = 0,

λ

X

√
g = Π(0),ij = Πeq,ij ,

λ

where Π

√

X

(A.19)

√
g = ρui , (A.20)

λ

(A.17)

can be deduced from the fact that the

collision operator conserves mass and momentum, i.e.
X eq √
X √
fλ g = ρ,
fλ g =
λ

(A.16)

(1)

fλ ciλ cjλ

(A.22)
(A.23)

√
g = Π(1),ij ,

λ

eq,ij

(A.21)
= ρ (θg + ui uj ).
ij
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Moments of Eq. (A.16-A.17)
Taking the moments of Eq. (A.16) yields:

P

P

√

λ (A.16)

i
λ cλ

(1)

(1)

g : ∂t ρ + ∂ i


ρui = A(1) ,

(A.25)

(1)
√
(1)
(A.16) g : ∂t (ρui ) + ∂ j Π(0),ij = B (1),i ,

(A.26)

where A and B i are the moments of the forcing term (3.10-3.11) and ∂ i :=
∂i − Γjij . Here, the additional Christoffel symbol term in the derivative ∂ i
√
originates from the metric determinant g:
P

(0) √
i
g
λ cλ ∂i fλ



= ∂i −

√ 
∂i g P
i (0) √
√
g
λ cλ fλ
g

= ∂i (ρui ) − Γjij (ρui ) =: ∂ i (ρui ), (A.27)

√
√
where we have used the identity ∂i g = Γjij g. The moments of Eq. (A.17)
are given by

P

P

√

λ (A.17)

i
λ cλ

(2)

g : ∂t ρ = 0,

(A.28)

(1)
√
(2)
(A.17) g : ∂t (ρui ) = ∂ j σ (1),ij ,

(A.29)

where σ (1),ij , the viscous stress tensor (rescaled by ε), is given by
σ (1),ij = − 1 −

1
2τ



Π(1),ij = − 1 −

1
2τ

P

λ

(1)

fλ ciλ cjλ

√

g.

(A.30)

Continuity Equation
For the continuity equation, we add ε · (A.25) and ε2 · (A.28):
∂t ρ + ∂ i (ρui ) = A.

(A.31)

After inserting the explicit expression for A (3.10), we obtain the continuity
equation with error O(∆t2 ):

∂t ρ + ∇i ρui = 0 + O(∆t2 )

where ∇ denotes the covariant derivative.
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Momentum Equation
Adding ε · (A.26) and ε2 · (A.29) yields the momentum conservation equation:
∂t (ρui ) + ∂ j Π(0),ij = ∂ j σ ij + B i .

(A.33)

Inserting the explicit expressions for B i (3.11) and Π(0),ij (A.13) yields the
Navier-Stokes momentum equation with error O(∆t2 ):


∂t ρ ui + ∇j ρ ui uj + ρ θg ij = ∇j σ ij + O(∆t2 ),

(A.34)

where σ ij is the viscous stress tensor, whose explicit form in terms of ρ and
ui will be derived in the next section.

Viscous Stress Tensor
For the derivation of the viscous stress tensor σ ij , we rewrite
 P
(A.30)
(1) √
σ ij = − 1 − 2τ1 ε λ ciλ cjλ fλ g


P i j  (1) (0)
(A.16)
(1) √
1
= τ − 2 ∆t ε λ cλ cλ Dt fλ − Fλ
g



≈ τ − 21 ∆t ∂ k (c2s ρ(ui δ jk + uj δ ik + uk δ ij )) − C ij .

(A.35)
(A.36)
(A.37)

Here, we have used
X

(1) (0)

ciλ cjλ ∂t fλ

√
g ≈ 0,

λ

X

(1) (0)

ciλ cjλ ckλ ∂k fλ

√
g = ∂ k (c2s ρ(ui δ jk + uj δ ik + uk δ ij )).

λ

After plugging in the explicit expression for C ij (3.12), we obtain

σ ij = ν ∇j (ρui ) + ∇i (ρuj ) + g ij ∇k (ρuk ) ,

where we have defined ν := τ −

1
2



(A.38)

∆t θ and neglected terms of the order

O(u3 ) ∼ O(Ma3 ), Ma being the Mach number.
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A.3

Improved Lattice derivatives

Here we present an improved way of calculating discrete derivatives on the
lattice with up to forth-order precision. We use the isotropic discrete differential operators as proposed in [127]. The gradient and the Laplacian of a
lattice function f are given by
1 X
wλ ciλ f (x + cλ ∆t) + O(∆t2 ),
c2s ∆t λ
2 X
∆f (x) = 2
wλ (f (x + cλ ∆t) − f (x)) + O(∆t2 ),
cs ∆t λ

∂i f (x) =

(A.39)
(A.40)

using the lattice symmetries is furthermore possible to calculate the derivative to 4th order with respect to ∆t;
∂i f (x) =

1 X
wλ ciλ (∆f (x + cλ ∆t)
c2s ∆t λ
−

c2s t2
(f )(x + cλ ∆t)) + O(t4 ),
x

where ∆f denotes the Laplacian of f , which can precomputed using Eq. (A.40).
Therefore all the differential geometrical object such as the metric, the Christoffel symbols and the Ricci curvature can be precomputed at high numerical
precision O(t4 ). In this work the 19 second nearest nodes, as in Fig. 3.1, are
used to calculate the derivatives. The precision is investigated by comparing
the error of a sinusoidal metric tensor derivative to the analytical solution,
see Fig. A.1.
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Figure A.1:

Derivative error convergence. The relative error of the met-

ric tensor derivative is plotted against increasing resolution, m denotes the
gradient.
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A.4

Explicit Ricci Scalar for confining Dirac
particles

The Ricci scalar R as explicitly calculated for the metric Eq. (5.10):
R = −(C0 e





2
x2 +y 2 )
(
e
−4 ×

 3 2 2
1
2
2
e 4 (x +y ) + 1 (x − y)2 + C03 e 4 (x +y ) ×

− 47 (x2 +y 2 )

2C04

3
4

) (x − y)2 + e 94 (x2 +y2 ) ×

3
2
2
x2 − 2xy + y 2 − 32 − 2e 2 (x +y ) ×

3
2
2
3x2 − 6xy + 3y 2 + 80 + 4e 4 (x +y ) ×

49x2 − 98xy + 49y 2 − 32 +

5
2
2
16(x − y)2 + C02 e 4 (x +y ) ×

9
2
2
2e 4 (x +y ) 3x2 − 6xy + 3y 2 − 8 +

3
2
2
32 3x2 − 6xy + 3y 2 − 2 + 16e 4 (x +y ) ×

3
2
2
10x2 − 20xy + 10y 2 − 17 + e 2 (x +y ) ×

9
2
2
55x2 − 110xy + 55y 2 − 128 + C0 e 4 (x +y ) ×

3
2
2
e 2 (x +y ) 5x2 − 10xy + 5y 2 − 24 +

3
2
2
16 5x2 − 10xy + 5y 2 − 6 + 2e 4 (x +y ) ×

2
2
47x2 − 94xy + 47y 2 − 60 + 2e4(x +y ) ×

13
2
2
x2 − 2xy + y 2 − 4 + 32e 4 (x +y ) ×


2
2
x − 2xy + y − 1 ) /

2 

1
2
2
2
2 2
(16 2C0 + e 4 (x +y )
2C0 + ex +y ).
e3(x

A.5

2 +y 2

Berry phase on the Möbius band

To solve the Dirac equation, minimally coupled to curvature, Equation (5.2),
with Ai = 0 and assuming that the wavepacket has a negligible spread, δr →
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0, the connection component of the covariant derivative can be absorbed into
the wavefunction, so that:
 Z
Ψ → Ψ exp i

rc +δr

Γi dr

rc



(A.41)

where rc is the center of mass position and Γi is the spin-connection matrix.
For a Gaussian wavepacket with spread ζ and momentum k, the wavefunction
Equation (A.41) takes the following form:
 
1
 
 0  i R Γ dr − |r|2 +ik·r
1
  e i e 4ζ2
Ψ(r, k) = p
.

2
2πζ 
0
−1

(A.42)

This wave-function minimally couples the standard Dirac equation to curved
space through the spin connection. Defining the Berry connection as:
Ain (R) = ihΨ(R)|∂R |Ψ(R)i

(A.43)

for some parameter space R and eigen-function n. The Berry phase can be
calculated from the complete loop integral of the connection, according to:
I 2π
ij
A(R)gR
dR.
(A.44)
γ=
0

In a similar manner to the treatment of the Aharonov–Bohm effect from
Berry [116], we define the slow and fast coordinates R and r respectively,
such that Ψ(R, r) → Ψ(r − R). The wave-function takes then the form:
 
1
 
 0  i R Γ dr − |R−r|2 +ik(R−r)
1
  e r e 4ζ2
Ψr (R − r) = p
.
(A.45)

2πζ 2 
0
−1

From Equation (A.43), the explicit form of the wavefunction implies that
Ai = Tr Γi . The implication of this result is that the Berry connection and

curvatures can be directly related to the real space affine connection and
Ricci curvature tensor under suitable conditions.
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As a consequence, the phase change of a wavepacket moving around a
closed loop, can be calculated from the Berry phase. Integrating naively
around a closed loop:
γ=

I

2π

TrhΨr |∂r Ψr ig 11 dr,

(A.46)

0

where Tr denotes the trace of the resulting matrix and takes into account the
spinorial character of the Dirac wavefunction, yields a trivial result: γ = 0.
The caveat is that, in this coordinate basis, for both half-width and halfradius equal to unity Γr simplifies to a diagonal matrix such that



1
r
i
cos
0
0
0
2

 2

1
r


0
−
i
cos
0
0
2
2

.



r
1
0
0
i
cos
0


2
2

r
1
0
0
0
− 2 i cos 2 .

(A.47)

Γr is discontinues when θ = 2π → 0. To make the function single valued we
r

can perform a gauge transformation such that Ψ → Ψ0 = Ψei 2 . This implies
H
that γ 0 = γ − dr/2 = −π. Therefore the wavefucntion picks up a phase of
π as it moves around the band, a consequence of the specific topology.

A.6

Ricci scalar for the Möbius band

The Ricci scalar for Möbius band is non-zero across the whole domain for
the specific choice of parameters
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A.6. RICCI SCALAR FOR THE MÖBIUS BAND

Figure A.2: The Ricci scalar of the Möbius band for half-width w = 0.1 and
mid-circle of radius R = 1.
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states on a möbius band,” Phys. Rev. B, vol. 89, p. 235112, Jun 2014.
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