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Abstract

In this thesis, a modelling and dynamic optimisation framework for the asset and liability
management of pension funds is given. The framework consists on one hand, of a model for
the pension funds' future expected cash-flows. On the other hand dynamic optimisation
methods that solve the problem of optimally investing the pension fund wealth on the
financial markets are given. With the obtained investment strategy the pension funds'
goals should be achieved within the given financial market environment.
In order to specifically address the issues of the Swiss pension funds, the main issues
and problems are analysed. It is found, that pension funds operate under a confl.ict of
interests between young active members, retired passive members, and the management.
In order to tackle the observed problems, a cash-flow based description of the pension
funds' expected future payments is developed. Payments to pensioners, active members
after their retirement, and active members as they leave the pension fund before retiring
are temporally sorted and their expected values found, by taking into account their probability of occurring. Two concepts for describing future expected outflows are defined:
obligations and liabilities.
This leads to the so called bucket structure where payments within a given time interval
are aggregated. This gives a clear indication of the structure of the pension fund which now
allows for an asset management which is adjusted to the current obligations or liabilities
structure.
The pension funds' assets are modelled by means of returns on the financial markets
and the resulting portfolio dynamics. Stochastic models for the asset returns based on external economic factors arc given, as well as models for stochastic volatilities and dynamic
correlations bctween assets.

VIII

With the models for assets and obligations or liabilities, optimisation problems are
developed that solve the problem of finding the optimal investment strategy. This is
done by choosing a penalty function for aggregated non-achievement of goals, for every
individual bucket, combined with a utility function for aggregated surplus of every bucket.
By differently weighting the penalty and utility functions for long-term and short-term
buckets, an optimisation problem is created that suitably chooses an investment strategy
for every bucket.
Several case studies show the applicability of the developed asset and liability management modelling and optimisation. Investment strategies for two real pension funds
and with real historical market data are found in the examples for conservative and aggressive risk-aversion factors. Furthermore, the bucket structure enables in a very simple
way to manage the fusion of two pension funds and carve-out of sub-groups of pension
funds. In a back-test over eight years the applicability of the method in the dynamic
market environment is shown. The back-test proves superiority over pension fund related
benchmarks.

Zusammenfassung

In dieser Dissertation wird ein dynarnisches Modellierungs- und Optirnierungs-Grundgerlist
entwiekelt, clas flir clie Planung von Anlagen und Verpfliehtungen von Pensionskassen gebraueht wircl. Einerseits besteht clieses Gnmdgerlist aus einem Modell flir die
z;uklinftig erwarteten Zahlungsstrome cler Pensionskasse. Andererseits werden dynamisehe Optimierungsmethoclen angewandt, welche clas Problem cler optimalen Anlagestrategie flir clas Vermogen cler Pensionskasse losen, um die Ziclc der Pensionskassen unter
Berlicksichtigung der aktuellen Marktsituation zu erreiehen.
Um die spezifischen Problemkreise der schweizerischen Pensionskassen anzugehen, wurden die Haupt-Probleme analysiert. Es wird aufgezeigt, class clie Pem>ionsk<-lssen einen
Interessenskonflikt z;wischen jungen aktiven Mitgliedern, alten Pensionaren und clern Management cler Pensionska..'Jse ausl6sen.
Urn die hieraus beobachtetcn Probleme anzugehen, wurcle eine auf den erwarteten
zuklinftigen Zahlungsstr6men basierende Besehreibung der Pensionskasse entwickelL Zahlungen sowohl an R.entner, an Aktive, wclehe in Zukunft R.entner werden, als auch Aktive,
welche die Pensionskasse friihzeitig verlassen, werden z;eitlich sortiert und deren Erwartungswerte bestirnmt, indem aueh ihre jeweilige Eintretenswahrseheinliehkeit in Betraeht
gezogen wird. Zwei Konzepte werden fur clie Besehreibung der erwarteten zukunftigen
Zahlungen definiert: "Verpflichtungen" (von englisch: obligations) und "Verbindliehkeiten" (liabilities).
Dies fuhrt z; ur sogenannten "Eirner" -Struktur (bucket structure), wo siimtliche erwartete Zahlungen innerhalb eines gegebenen Zeitinterva.lls aggregiert werden. Damit ergibt
sich eine klare Indikation iiber die Struktur der Pensionskasse, welche nun fUr die Planung von Anlagen und Verpflichtungen genutzt werden kann. Die Anlageplanung wird

x

damit auf die gerade auftretende Struktur von Verpflichtungen oder Verbindlichkeiten
abgestimmt.
Die Anlagen der Pensionskassen werden mittels der Renditen der Finanzmarkte uncl cler
resultierenclen Portfolioclynamik moclelliert. Stoehastische Modelle fur die Anlagerencliten
werden einerseits mittels externer 6konomischer Faktoren gcgeben, anclererseits werden
Moclelle fur stochastische Volatilitiiten und dynamische Korrelationen cler verschieclenen
Anlageklassen gegeben.
Mit clen vorlicgenden Modellen fUr Anlagen uncl Verpflichtungen (ocler Verbindlichkeiten) werden Optimierungsmethoden entwickelt, welche clas Problem lasen, die optimale
Investitionsstrategie zu finden. Dies wird mittels der Wahl einer aggregierten Kostenfunktion flir clas Verfehlen eines Ziels in jeclem Eimer, kombiniert mit einer aggregierten
Nutzenfunktion fur die Uberschusse in jcclem Eimer. Inclem die Kostenfunktion und Nutzenfunktion fUr die langfristigen und die kurzfristigen Eimer verschiedentlich gewichtet
werden, wird ein Optimierungsproblem geschaffen, welches fUr jeden Eimer die passende
Investitionsstrategie auswahlt.
Verschiedene Fallstudien zeigen die Anwendbarkeit des entwickelten Modellierung und
Optimierung flir clie Planung von Anlagen und Verpflichtungen. FUr zwei echte Pensionskassen werden Anlagestrategien basierend auf realen historischen Marktdaten gefunden,
jeweils fur einen konservativen uncl einen aggressivcn Risiko-Aversions-Koeffizienten. Des
weiteren erm6glicht es die Eimer-Struktur in einem sehr einfachen Verfahren clie Zusammenfiihrung zweier Pensionskassen durchzufuhren ocler auch Untergruppcn aus einer
Pensionskasse herauszutrennen. In eincm historischen Test Uber acht Jahre Vergangenheitsdaten wird die Methode in einem clynamischen Marktumfeld angewenclet, unci clie
tJberlegenheit gegenliber Referenzportfolios fur Pensionskassen wird bewiesen.
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Introduction

In this chapter there is a brief introduction to the main facts and our observations with
regard to the Swiss system of occupational pensions, or pension funds. In addition, the
goals of this thesis arc stated and an overview of the structure is given.
Introduction and facts

As seen in Table 1.1, Swiss pension funds manage a significant amount of wealth. The
table also indicates that the Swiss pension fund system has grown substantially since the
occupational pensions have become mandatory for employees in 1985. It is impressive to
see the development and growth of the pension fund real wealth since 1990.
Table 1.1. Swiss pension fund wealth ys. national income (GDP).
1990
National income [CHF]

1995 2000

282bn 321bn 368bn

Occupational pension funds wealth [CHF] 207bn 311bn 490bn
Sum of pensions paid [CHF]

7.2bn 12bn 16bn

Source: Baumann, MUlier and Keel (2004)

Also in an international comparison the Swiss pension system has saved up a significant
amount of wealth. This is shown in Figure 1.1, where the wealth contained in the pension
systems in relation to GDP is displayed for different countries.
The idea of a pension fund is to ensure a regular pension for its members after their
retirement. In order to achieve this goal, the pension fund accumulates wealth by saving
up contributions paid by, or in the name of, employees during their working years. The
pension fund invests the accumulated wealth in the financial markets. It is therefore highly
relevant, that pension funds manage their wealth in a responsible way. However, several
unique situations such as demographic changes, or a downturn in the financial markets
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have lead to a high awareness of the population with respect to their pension situation.
Political and social debates on the topic of the pension system in general and pension
funds in particular are almost on the daily agenda. Therefore, it is of interest to study
Private pension fund investments
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Fig. 1.1. Pension investments in relation to GDP. (Source: Economist, 1. November 2004)

the effects, drivers and main issues of the pension funds. Furthermore, it is of importance
to develop methodologies and solutions for the issues that have been raised with respect
to the pension system.

Observed inefficiencies
We believe that there are different inefficiencies in the way that many pension funds are
managed, that we would like to address here:
• We believe an important issue is the very long investment horizon of a pension fund.

If this is combined with short-term investment strategies or even single-period optimisation methods to find an investment strategy, the pension fund will not achieve the
results that it needs, according to its targets.
• The understanding of the markets and the models used for deciding on the portfolio
composition may not be sufficient to correctly a.<:;sess the risks and opportunities of the
the financial markets. Also, the financial markets pass through different cycles that
affect the way different investments perform or how they are correlated.

1 Introduction
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• Demographic changes occur slower compared to changes in the financial markets. However, their impact for the pension fund is significant. Therefore it is of relevance to
foresee changes and be able to take measures before they occur.
These and other issues are well covered in publications concerning pension systems and
demographic effects worldwide. For a good overview on the Swiss and global pension
systems The Economist (2002), Jackson (2002), Baumann et al. (2004), and Maclaren
(2005) are good references.

Table 1.2. Balance sheet of a pension fund
Credit Side ("assets")

Debit Side ("liabilit-ies")

Accumulated Financial Assets

Actua.rial amount

e.g. Stocks, Bonds, Real Estate

of Future Outflows

+

(Active and Passive Members)

Possible
Future Inflows
(Active Members)

Surplus

Liability-adjusted asset management
A pension fund is significantly different from a traditional investor who manages a portfolio
to maximise wealth. Along with managing wealth, the pension fund has liabilities to pay
at a given time in the future. Additionally, there may be predetermined minimal return
guarantees to be achieved. The stylised balance sheet of a pension fund is shown in Table
1.2. The financial assets are valued at market prices, future inflows and outflows need to
be estimated, since they depend on the situation of the pension fund members. For these
estimations several assumptions concerning:
• variables like real wage growth, wage inflation and expected risk and return on the
investment strategy,
• the business strategy of the company and the career of the employee,
• changes in work force due to death, disability, and retirement,
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• survival probabilities of old-aged pensioners,
• changing attitude towards work, terms of employment, or early retirement,
• and guaranteed pension benefits,
need to be made.
The main idea of the thesis is to use this stylised balance sheet as the basis to create
a true asset liability management, or rather a liability-adjusted asset management for
pension funds. This is done by taking into account the several uncertainties with regard
to the member structure of the pension fund for the debit side. For the credit side refined
models for the financial markets are used.

1.1 Goals and Structure of the Thesis
1.1.1 Goals

The main goals of this thesis are to introduce the concept and use of dynamic models and
dynamic optimal control strategies to facilitate the asset and liabilities management of
pension funds. The problems that are addressed and the goals that are set are as follows:
• Identification of the problem which pension funds face when managing the retirement
savings accounts of individuals with different interests.
• Use of dynamic models to describe the pension funds' liability structure by gaining
insights about the pension funds' outflows.
• Use of dynamic models in continuous-time or discrete-time to describe the stochastic
price processes of financial assets. Definition of the pension funds' investment universe
and integration of dependencies between a,<;sets.
• Integration of the pension funds' liabilities model and the stochastic asset models into
a complete model for a pension fund with a suitable description of the credit side and
debit side of the balance sheet.
• Identification of the effects the investment horizon has for the investment decision taken
by the pension funds.
• Specification of suitable utility functions and optimisation problems that allow for
solutions to be found for the asset and liability management of pension funds.

1.1 Goals and Structure of the Thesis
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• Numerical solving of the optimisation problems and simulations with historical market data and with real pension fund data within a modular pension fund simulation
environment.

1.1.2 Structure of the Thesis
Chapter 1 is a brief introduction and overview of this thesis. Chapter 2 discusses the
issues pension funds face. Also, the Swiss pension system is described. In Chapter 3, a
framework to model the pension funds liabilities is given. Chapter 4 gives the model for
financial assets in continuous-time and discrete-time. Chapter 5 defines optimal control
problems in order solve the pension funds' a..<;set and liability management problems. In
Chapter 6, the given asset and liability management method is applied in several case
studies. Chapter 7 concludes the thesis.

Chapter 2: Introduction to Pension Funds
An overview is given on pension systems in general and, more specifically, on the particular
case in Switzerland.
Based on the assumption that individuals need to save for retirement, different possible
pension systems such as the pay-as-you-go pension system and funded retirement systems
are introduced. In this thesis we focus on the latter, the particular case of pension funds.
Since pension funds involve many participants, all with different goals, we discuss the
goals and conflicts of pension funds in general.
A detailed view on the Swiss pension system is given and it is explained how pension funds are embedded within that system. In order to be able to compare the Swiss
occupational pension system with other countries' systems, we give the key facts of selected other countries' occupational pensions. Furthermore, a brief overview of the many
political issues concerning the Swiss pension system is given.

Chapter 3: Pensions Cash-Flow Model
A model for a pension fund's future expected cash flows is developed. We begin by
analysing the typical cash-flows a pension fund must expect, based on the members and
the cash-flow inducing situations. The concept of obligations and liabilities, two possible
views of stating the future expected outflows, is introduced.
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Future expected outflows are based on future expected salaries and accumulated
wealth. Therefore, we investigate the salary evolution over a life-time, in addition to
sex related, and education related factors for salary evolvement.
We use probabilities that are commonly used in life immrances, such as survival probability, invalidity probability, and additionally entry and exit rates for the pension fund,
in order to gain insights on the probabilities for cash-flows to occur.
With the knowledge of an active individual's expected salary evolution and wealth
accumulation we can project expected future wealth at retirement age. Thus, we know
the expected pension the individual receives after retiring. We now know the risk-adjusted
cash-flow by annually reducing the expected pension amount with the survival probability.
In addition to pension payments, we state the expected cash-flows to active members due
to early leaving of the pension fund. Again, by calculating expected wealth at a given
time in the future and using the probability of exit to find the expected cash-flow. For
pensioners we use the given pension payments and their survival probabilities to state the
expected cash-flows.
Apart from the expected values for payments we can also state the uncertainty. Based
on the assumption that a number of individuals is considered and that they are truly
individual with regard to their relevant probabilities, we assume a normal distribution for
this uncertainty.
With the given method we can aggregate the cash-flows of individual members into a
pension fund cash-flow. By temporally separating the cash-flows, we obtain a well handlcable structure of future expected pension fund cash-flows.
This structure, defined as the pension fund bucket structure, has several advantages
that can be exploited in an optimisation set-up.

Chapter 4: Asset Returns Models
We introduce asset price and returns models in discrete-time and continuous-time. At
first, we reduce the vast quantity of possible investment opportunities into the pension
fund's typical investment universe. We give stylised facts that can be observed for the
assets when regarding historical data.
The modelling framework consists of stochastic differential equations for prices, with
factor models for expected returns and volatilities. Expected returns are modelled as affine
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functions of endogenous factors, or factor levels, that are governed by stochastic processes.
We state the dynamics of a portfolio consisting of several different assets and a locally
risk-free bank account.
In the discrete-time case we use a discretised form of price dynamics with stochastie expected returns. The models for expected returns and stoehastic volatility arc discussed. A
main feature of the discrete-time returns model is that it incorporates a multi-dimensional
stochastie volatility model. Here the white noise processes of the risky assets are described
by a multivariate GARCH 1 model. Correlations between different assets are described by
a dynamic conditional correlations model.
As in the continuous-time case, we state the wealth dynamics for a portfolio consisting
of various assets and a locally risk-free bank account in discrete-time.
Some additional models for assets that are relevant for pension funds are given. Mainly
for real-estate that is not traded on financial markets, but also for alternative investments,
e.g., commodities, hedge funds, or private equity, models are presented.
Finally, the differences, advantages and disadvantages of continuous-time and discretetime models are explained.

Chapter 5: Asset and Liability Management Optimisation
We begin with an introduction to the concept of utility functions and risk mea..'mres.
Common utility functions are defined and risk measures are explained. Utility functions
are Ilsed in conjunction with the portfolio wealth dynamics in order to state portfolio
optimisation problems.
In continuous-time, two multi-period portfolio investment problems with different utility functions arc solved: The problem of multi-period portfolio optimisation with regard
to expected terminal wealth is solved analytically for utilities with constant relative and
constant absolute risk aversion, respectively. The solutions of both problems lead to an
optimal investment decision that depends on an affine function of factor levels, actual
wealth, and further time-dependent dynamic factors which are solutions of dynamic Riccati equations.
1

Qeneralised Auto-Regressive .Qonditional Heteroskcdasticity
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In discrete-time, a mean-variance portfolio optimisation problem and it's quadratic
programme description is stated. The form of the problem indicates the multi-period
setting in the way that the different time periods are linked.
For the specific ease of the asset and liability management optimisation for pension
funds, we translate the aims and objectives of pension funds into a mathematieal form.
This can be done by defining penalty functions that penalise non-achievement of specified goals. Different optimisation problems that solve the asset and liability management
problem for pension funds are stated.
At first, an optimisation taking into account the total lump-sum wealth of the pension
fund is defined. The utility function consists of a utility function for maximising terminal
wealth and a penalty function for under-achievement of a given coverage ratio. The optimisation problem leads to a non-linear and non-convex problem where the solution can
be found with global optimisation techniques.
The second and third optimisation problems are based on the pension fund bucket
model. A penalty function for aggregated non-achievement of goals, set for every individual
obligation bucket, is combined with a utility function that aggregates surpluses of every
bucket. By differently weighting the penalty and utility functions for long-term and shortterm buckets, we create an optimisation problem which correctly chooses an investment
strategy for every bucket, while also taking into account the overall interests of the pension
fund. This optimisation problem is shown to be convex and therefore uniquely solvable.
The third optimisation problem uses liabilities buckets, also taking into account future
projected inflows and transaction costs. This problem however is highly complex, nonlinear and non-convex.
Finally, a feedback control algorithm is proposed where the pension funds optimisation
problem is solved as an open-loop problem. However, by implementing only the next (onc
or few) decision steps, consecutively solving, and always including the newest available
information, wc create a control algorithm with a feedback as known from model-predictive
control.

Chapter 6: Case Studies with Pension Fund Data
Wc use real pension fund data and historical market data in order to apply the developed
methods in different case studies. We study two different pension funds, their populations,

1.1 Goals and Structure of the Thesis
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and the resulting bucket structures for obligations and liabilities. Since the two pension
funds have populations with different age structures, we can identify the differences that
occur in the obligations and liabilities structure.
For the asset returns, we use historical data and model the expected future returns
and volatilities of the returns according to the models described. With different market
factors, we model returns for Swiss and international stock and bond markets and money
market.
With the lump-sum optimisation method we make a simple case study in order to show
the effects of modifying risk-aversion factors and to study the portfolios obtained by the
optimisation method for one pension fund.
With the optimisation method based on the additional knowledge of future expected
outflows, several different case studies are carried out. The resulting investment strategies
for two strategies arc compared. The first case study concerns the conservative strategy
of a highly risk-averse pension fund and the second an aggressive strategy for a less riskaverse pension fund. It is found, that the investment strategy based on the future cash-flow
structure has two components: First the "wealth earmarking" allocates funds to a given
maturity bucket, then the portfolio decision within this bucket is determined. This leads
to an investment strategy which correctly takes into account the temporal structure of
the wealth that needs to be accumulated.
With the bucket structure it becomes easy to fuse different pensIOn funds and to
subtract sub-groups from the pension fund. The ca...,e for the two pension funds that
fusion is studied as well as the case when young members and old members are separated
from another. This study shows the pronounced effect the member structure ha..., on the
portfolio allocation of the pension fund.
In a multi-period back-test with historical data from 1997 to 2005 the optimisation
method is applied over eight years. Thereby the applicability of the method in the dynamic
market environment is shown. Furthermore, the superiority in comparison to different
pension fund related benchmarks is shown.

Chapter 7: Conclusion and Outlook
In the last chapter, the thesis is concluded by summarising the main ideas of Chapters 3,
4, and 5. The case studies in Chapter 6 are discussed. Some ideas on further research to

10

1 TntrodllctioIl

refine the ideas and models of this thesis together with unsolved problems and questions
that were not addressed here, are mentioned.

2

Retirement Saving and
Swiss Pension Fund Issues

The challenge of retirement is how to spend time without spending
money,
Author Unknown

Throughout life, every individual is faced by the problem of having to secure the needs
which at least provide for survival. In general, this consumption is covered from income
that is generated by working. Assuming, that at a certain point in life we want to retire
from active working, we need to make provisions in order to provide resources after retirement, since retiring involves resigning from an earned income. Today, as we can see in the
forthcoming sections, this apparently simple savings process for retirement has become
very sophisticated.
Saving, in order to produce resources for consumption after retirement can be done
through different savings methods. One possibility is to store products (e.g., food, wool,
water). Another possibility is to store what we produce by working which is summarised
by the term production (e.g., a house, clothes). However, it becomes obvious that there are
practical limitations to these savings methods. A more elaborate approach is to participate
in a financial transaction such

&<;

social transfer systems or by acquiring claims on future

production by means of the financial markets.
A social transfer system related to pensions is generally linked to an inter-generation
contract. This unwritten contract specifies which generation is expected to contribute to
the pensions of another generation. This system is only stable as long as the social- or
inter-generational contract holds, and the paying generation is confident that the next
generation will contribute its part. In addition, this system is only stable as long as it is
sustainable with the demographic situation, Le., there are enough members in the young
and paying age to support the retired and receiving population.
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When the savings process is organised through participating in the financial markets,
there are other risks and chances, or rather rewards, involved. Generally, higher risks
result in higher rewards and, conversely, lower risks yield lower rewards.

Structure of this chapter
We first look briefly at the individuals savings strategies and how the individuals' preferences with regard to the personal savings change over time in Section 2.1. In Section 2.2
we give a description of different pension systems and a reasoning why it may be better
to participate in an organised retirement scheme. In Section 2.3 we look more closer at
the opposing interests that the different participants in any pension fund have. In Section
2.4 the pension system of Switzerland is explained together with a short comparison of
the Swiss pension funds with the pension funds of other countries. Finally, the political
issues that the Swiss pension funds are confronted with are then given in Section 2.5.

2.1 Individuals Savings Strategies for Retirement
Every individual must make choices about personal income, consumption, and savings
throughout life. In most cases, these decisions are based on experiences and assumptions
and also involve different preferences. The da,,<;sic economical model for an individual's consumption over his life time is called the life-cycle model. The life-cycle modcl has mainly
been proposed in the works of Modigliani and Brumberg (1954), Ando and Modigliani
(1957), and Friedman (1957). In the model, the individual begins life with no capital and
dies without leaving behind bequests. The individual borrows when young, repays the
loans, consumes, and saves for retirement during working ages, and finally lives from the
savings during retirement.
The model, even when complications are added, links preferences for consumption
during the individual's life stage, from childhood to working period, and further to retirement, by stating that individuals make their decisions in order to maximise lifetime utility.
Based on this theory, the individuals lifetime utility function reflects the preferences for
consumption and savings as a function dependent on age and personal tastes. The lifccycle model thus allows for time-horizon effects on the individuals' decisions regarding
consumption and savings.

2.2 Illstitlltionalised Retirement Saving

1:3

Knowing that the individual preferences between consumption and saving depend on
the time horizon, we can also look at the individual preferences concerning the management of the savings. As stated above, a participation in the financial markets involves
choosing between different risk and reward levels. As a general rule of thumb in the investment world, the investor should become more risk averse the shorter his investment
horizon gets. This means that an individual saving for retirement may opt for higher
rewards (while taking more risks) while young, and gradually reduce the risky position
until, at retirement age, when the allowance for risk has diminished, keep his wealth in
the investment with the least risk involved. This behaviour is called lifestyling, since the
investment decision is connected to the individuals actual position in life.
We believe that the described properties of an individual's savings, and risk tolerance
preferences must be positioned on a very fundamental basis. Therefore, every alternative,
e.g., collective retirement savings method, should still reflect these characteristics in order
to reduce the potential for conflicts, as we will see below where the pension funds conflicts
of interest arc discussed.

2.2 Institutionalised Retirement Saving
Under the notion institutionalised retirement saving we can most broadly understand
an institution which organises savings for retirement for many individuals. We call the
payments which members receive after their retirement pensions.
Several reasons argue for institutionalising a pensions system. In an aggregated system
several inefficiencies can be abolished (e.g., sce Falkinger 2002): poor and rich individuals
may not have had equal access to financial markets; better and less educated individuals
may not have had the same skills in order to use the financial markets for their needs;
one generation may have spent their best years in crisis periods (e.g., war), while the
other generation could have taken advantage of a prosperous period; market failures in
the provision of consumption possibilities at old age may be equalised.
2.2.1 Pay-As- You-Go Pensions

The pay~as~you-go pension system is a means of paying pensions by directly redistributing
the inflows into the system (active populations contributions) as benefit payments to the
pensioners. The pay-as-you-go pension system has been referred to above, as being a
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system based on the inter-generation contract. It is thereby not specified how the active
members contributions are declared: whether they are designated contributions into the
pension system or simply a part of the tax system, i.e., social-security tax.
Thus, the pay-as-you-go pension systems have not a large amount of accumulated savings, but just enough to make up for seasonal effects and minor year-ta-year fluctuations
from the expected income to outflow ratio. The pay-as-you-go pension system can only
work reliably, if the demographic situation does not change drastically. However, with improving life expectancy and ageing populations in the recent decades, the ratio between
paying and receiving parts of the population has been changing (see for example: Bundesamt fiir Statistik (2005), NZZ (2005), Clark, I3urkhauser, Moon, Quinn and Smeeding
(2004), Richards and Jones (2004)). As an example for this ageing process, Clark et a1.
(2004, Table 2.8, p. 30) contains projections for the population ageing by stating the
percentage of population aged 65 and older: In Europe, where in the year 2000 the proportion of people aged 65 years and older was 15.5%, the estimate for the year 2015 is
at a proportion of 18.7% and for 2030 of 24.3%. These figures, even if only regarded as
a trend, indicate the problems faced in the

pay~as-you-go system.

In order to keep the

system working in the given scenario, the young paying population in 2030 will have to
pay more than 150% of the contributions their predecessors were paying 30 years earlier
(towards the pensions of their respective predecessors).
A big advantage of the pay-a.q-you-go system is that rises in the costs-of-living are
(almost automatically) cancelled out in the redistribution process. The surplus amount
needed by the pensioners to cover these eost-of-living increases is compensated, provided
that the paying population's wages constantly increase along with the cost-of-living index.

2.2.2 Funded Retirement Saving: Pension Funds
As opposed to the pay-as-you-go pension system, the funded retirement saving is based
on accumulating large amounts of wealth. Figure 1.1 indicates the enormous amount of
wealth which is bound within such a pension system. The accumulated wealth of the
individuals is invested in a capital stock during an accumulation phase and distributed
to (the same) individuals when they retire. The capital stock can be invested on the financial markets, where it should at least generate enough rcturns to make up for losses
in real terms through cost-of-living related price increases. Any additional surplus is ide-
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ally distributed (fairly) between retired pension receivers (e.g., additional pensions) and
contributing and still accumulating active members (e.g., higher pensions promises or
short breaks in contributions payments). Two different kinds of pension funds can be
distinguished:

• Defined-Contribution (DC) Pension Fund: Contributions are fixed and retirement benefits depend on past contributions and investment returns earned on the
accumulated wealth. There may not be enough capital available, e.g., if the investment
performance is below expectations, in which case the expected retirement income cannot be met. The investment risk is therefore carried by the pension fund's members.

• Defined-Benefit (DB) Pension Fund: In general the retirement benefit is calculated as a percentage of the final salary and the age of the employee at retirement.
In a defined-benefit pension fund these benefits arc guaranteed, and regardless of the
performance of the investments of the pension funds investment portfolio, the fund is
obliged to pay the benefits and therefore carries the investment risk.

2.3 Goals and Conflicts of Interest of Pension Funds
In Switzerland, there is essentially no free choice with respect to pension funds for the
(employed and earning) individual: there is neither a choice whether to join, nor which
pension fund to join. Therefore it should be of the highest relevance that the goals of
the pension fund and the individual member's interests match at any time and age. Also,
major conflicts of interest between all of the stakeholders of the pension fund should be
avoided.

2.3.1 Goal of Pension Funds
The key objective of a pension fund is to ensure that it is able to fulfil its promises to the
members even over a very long time horizon. The promises consist of the pension payments
derived from the wealth which pensioners have saved up and which active members are
currently accumulating. There are certain rules and legal issues that determine the exact
amount of pension benefit that the member should get, usually in the time interval between
retirement and death. However the length of this time interval is not given in advance.
Therefore, the pension fund faces the uncertainty of not deterministically knowing the
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total amount it will have to pay to any particular penSIOner between retirement and
death. Since the pension fund relies on the financial markets in order to accumulate and
grow the savings for retirement it is also subject to movements on the financial markets.
These movements may not be in favour of the investment targets the pension fund has
set or may even be obliged by law to reach. These uncertainties combined with the very
long time horizon make the goal stated above a highly difficult one to achieve.
The perfect pension fund would then also reach this goal in a transparent and

system~

atic way, ideally also reflecting the individual's interests and distributing surplus wealth
in a manner that every stakeholder benefits equally. Today, also more and more moral
issues with regard to the actual investments are raised. Pension funds want to ensure that
their wealth is only invested into morally high standing, long term oriented sustainable
investment opportunities.

2.3.2 Pension Funds Conflict of Interest
In a pension system where the young active members' and the retired pa.<;sive members'
wealth is managed as a fully funded pension fund, several (and possibly opposing) interests need to be met. In addition, there are legal requirements, such as minimal return and
quantitative diversification rules. As mentioned above in Section 2.3.1, there are uncertainties from the financial markets and from demographic changes.
Every party involved in the pension fund has particular interests: the pensioners and
the active members shortly before retirement are interested in a secure and stable pension
which is best achieved by a low risk, conservative investment strategy. The younger active
members are interested in highest possible returns in order to augment their future pensions. The sponsoring companies' interests, finally, lie in minimising the need of paying
supplemental funds into the pension fund. This could be the case if the pension fund is
in a financial distress situation and cannot fully cover its promised payments.
The task of the pension fund manager is to accomplish the goals of all parties involved,
while observing the legal requirements, achieving a minimal guaranteed return, and with
the additional difficulties of uncertain market returns, liquidity needs, and demographic
trends.

2.4 Pension Funds and the Swiss Pension System
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2.4 Pension Funds and the Swiss Pension System
In order to see what role the pension funds play in the Swiss pension system we give a
broad overview over the Swiss pension system. With the knowledge of the key figures and
rules of the Swiss occupational pensions system we can take a look at other countries
systems.

2.4.1 The Swiss Pension System
The Swiss pension system consists of distinct segments. In a figurative way, the segments are referred to as the pillars of the retirement savings system. The first pillar is
for securing existence, the second pillar to retain the living standard, and the third for
individual savings for retirement. The first pillar, the state pension, is financed through a
national pay-as-you-go pension system. The contributions are split up between employer
and employee and they are a fixed percentage of earned wages (currently 8.4%). There
is no limitation on contributions (even for above-average salaries), however, there is a
minimum and a maximum pension which is paid. The actual pensions are adjusted yearly
(e.g., for 2004 monthly pensions were minimum 1055 CHF and maximum 2110 CHF).
The second pillar, the occupational pension, is financed through an employer-specific,
earnings-related and fully funded pension fund. The pension system is designed such that
first and second pillar together approximately result in a pension of 60% of last wages
and thus make it possible to more or less retain one's living standard after retirement.
The participation in the occupational pension system is mandatory

a...q

soon as a given

minimal salary is earned (currently 25'320 Swiss Francs (CHF)). Above a certain wage
level (75'960 CHF), there are possibilities for a more flexible and less regulated investment
of the additional wealth summarised by a term

a...q

"above-mandatory" (however saving is

still mandatory). Contributions towards the pension fund are split up between employer
and employee and are a percentage of earned wages (depending on pension fund and the
age of the member between 7% and 18%).
Technically, the funds are legally independent institutions whose funds are not linked
with the sponsoring company or any other institution. The sponsoring company decides
on wether the pension fund is to be run as a defined benefit (DB) or defined contribution
(DC) plan. For the "above~mandatory"savings, more choices can be made by the employee
regarding investment strategy. There is a minimum guaranteed annual return on the
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accumulated wealth 8pecified by law. This return has remained unchanged at 4% from
1985 until 2002, in 2003 it wa..<; reduced to 3.25%, in 2004 to 2.25%, and in 2005 up to
2.5%. For the DC plan, the meaning of the minimum return is obviou8. For the DB plans

the guarantee on the benefits naturally remained the same and the minimum guaranteed
return remains merely an accounting issue. Pension funds may be run by autonomous
institutions for one (large) company alone. Others may consist of several companies with
their employees pooled into one 8ingle pension fund. Still other8 may consist of very few
members and be run by an actuary. Finally, large (life-) insurance eompanies also offer
their services to run pen8ion funds. Depending on its structure a pension fund may be run
as a non-profit organisation, whereas, for instance, the insurance companies that offer to
run a pension fund naturally want to make a profit from the bU8ines8.
In the pension plan, the employees are guaranteed pen8ion benefits upon reaching a
given retirement age. For receiving full benefits, certain conditions apply with regard to
years of service (Le., first contributions paid into pension fund at age 25, retirement for
men at age 65, women at age 63). In the DC 8cheme, annual pensions (benefit payments)
are calculated on a formula ba8ed on accumulated wealth at retirement and a pre-defined
factor (currently 7.2% of final wealth is given as annual pension, 8pecified by law). The
factor i8 ba8ed on calculations related to average life expectancy at retirement. In the DB
plan, the employee is guaranteed a percentage of his last earned salary (typically around
60%).

In addition to the first and second pillar, the third pillar con8ists of privately sponsored savings. This kind of pension is voluntary and is used as a means to supplement the
mandatory pension or, for example, to enable early retirement. However, in order to promote thi8 personal retirement 8avings opportunity, the government offers tax advantages.

2.4.2 Pension Funds in Switzerland and Selected Countries
The following very brief and compact comparison of international pension fund 8Y8tems
is taken from a larger comprehensive comparison of the OECD insurance and private
pension compendium for emerging markets (OECD 2001). Note, that we only discuss
the second pillar or what is commonly organised under occupational pension. Also note,
that every country we regard has a very distinct and characteristic pension sY8tem. The
pension systems mostly grew with the countries' individual requirements and historical,
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economical, and demographic issues. It is therefore hard to compare pension systems and
we give this overview mainly for the interested reader, so that he can compare his own
(and best known) pension system with the Swiss system.

Switzerland's occupational pensions:
Funding and Risk Bearing: Occupational pensions are an earnings-related fully
funded system. Nowadays, most funds arc DC funds, DB schemes exist mainly in the
public sector. There is a minimal nominal rate on the pensions' savings (4% 1985-2002,
3.5% in 2003, 2.25% in 2004, 2.5% in 2005). Excess returns must be re-distributed
within the pension fund with a quota of at lea..<;t 90% in the form of: interruption of
contribution payment (active members and sponsoring company), additional benefits
(pensioners), or reserves. The Adminstration of the pension funds can be done by
non-profit foundations, non-profit cooperative societies, or as profit institutions incorporated under public law. Participation is mandatory for employees. The employers
decide mandatorily on the pension fund its employees are members of. Contributions
towards the pension fund are split between the employee and the employer (the employer must pay at least half). Minimum diversification requirements apply: Investment in debt instruments of a single entity (except government bonds, banks and
insurance companies) is limited to 10% (5% for foreign assets). Investment in equities
of a single company is limited to 10% (5% for foreign assets). Self-investment into the
sponsoring company limited to 10%. Investment in derivatives for hedging purposes
only. There is an overall limit in investments in foreign bonds of 30%, 25% in foreign
equities, and 20% in foreign currency bonds. There arc aggregate limits for domestic
and foreign equity (50%), foreign bonds, and foreign currency bonds (30%), and real
estate and Swiss and foreign equity (70%). Supervision is done by a federal office.

USA Occupational Pensions:
Funding and Risk Bearing: Occupational pensions may be made available a..s funded
DB, hybrid, or DC plans without guarantees. They are administered by the sponsor
(assets are managed in a closed pension fund by trustees), life insurance companies,
or as collective investment schemes (401 (k)). Participation is voluntary. There are
general requirements for diversification: For all DB plans and some DC plans: 10%
limit on investment in employer securities or real property; no transactions with parties
in interest. Assets must be under the jurisdiction of US courts.
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USA Individual Retirement Accounts (IRA):
FUnding and Risk Bearing: IRAs are fully funded DB or DC schemes. IRAs invested
in mutual funds or bank deposits offer no guarantees. IRAs invested in annuities offer
their guarantees. They are administered either by a collective investment scheme
provider, a bank, or an insurance company (annuity). Participation is voluntary.
There are general requirements for diversification: For all DB plans and some DC
plans: 10% limit on investment in employer securities or real property; no transactions
with parties in interest. Assets must be under the jurisdiction of US courts.

UK Contracted-out schemes:
In contracted-out schemes, members have their state pensions (SERPS) rights included
within their private scheme. FUnding and Risk Bearing: They are funded DB
or DC schemes. For DC, there is minimum mandatory annuisation (annuity must
be bought at age 75). They are administered by: trustees (via a closed pension
fund) or a life insurance company. Participation is voluntary but if chosen not to
participate, the member must sign up with an appropriate personal pension plan.
There are general requirements for diversification and suitability. Employer-related
investment is limited to 5%. No quantitative portfolio restrictions.

UK Contracted-in schemes:
In contracted-in schemes, members have their state pensions' (SERPS) rights treated
separately from their private scheme (private pensions benefits are paid in addition
to SERPS). FUnding and Risk Bearing: They are funded DB or DC schemes. Arrangements exist which may be unfunded to provide executives with extra retirement
provision on earnings above the earnings cap. They are administered by: trustees
(via a closed pension fund) or a life insurance company. Participation is voluntary.
There are general requirements for diversification and suitability. Employer-related
investment is limited to 5%. No quantitative portfolio restrictions.

Netherlands occupational pension:
FUnding and Risk Bearing: The occupational pensions are funded and mainly DB
schemes. They are administered by a closed pension fund (foundation) or an insurance company. Participation for employers is compulsory under collective bargaining
arrangements and by statute in certain sectors. For employees, participation is mandatory. Diversification required but no quantitative rules.

2.5 Political Issues in the Swiss Pension Fund System
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2.5 Political Issues in the Swiss Pension Fund System
A system as large as the Swiss pension system, with more than 3.3 Million participating
individuals, over 8000 institutions and 423 Billion CHF involved (Bundesamt fur Statistik,
2002), is bound to be the subject to many political and sodal debates. Here we point to
the most reeently diseussed issues and give an opinion on how these are tackled in this
thesis. These issues are covered on a daily basis in Swiss daily newspapers and journals,
we therefore refer to newspapers and news-archives for the following statements, e.g., a
collection of articles from the Swiss newspaper "Neue Ziircher Zeitung" (NZZ 2004).
2.5.1 Surplus Redistribution
Swiss pension funds used to re-distribute gains that were above the guaranteed minimal
return. As reported in the press, a study that was done for a Swiss parliamentary commission found that it is no longer possible to back-trace either the actual surpluses, or
how the surplus was distributed in the past. This surplus could either have been used to
build reserves, have been re-distributed to the members or used for (completely) other
purposes that may not have directly benefited the pension fund members.
Today's sentiment is, that the young generation, which must expect lower pensions
and less benefits, feels that it has been cheated by the older generation, which completely
exploited the system to their benefit. The older generation (and pension fund managers)
blames the (unpredictable) market downturn and demographic issues that could not have
been foreseen.
We believe that this is a very simplified view. However in Chapter 3 we propose a model
that clearly helps to distribute surpluses fairly. By knowing every participant's standing
in the system, both economically (by the proportion of wealth that has been contributed)
and chronologically (by the age), the surplus wealth, if chosen to be distributed, can be
fairly shared.
2.5.2 Coverage Ratio
The coverage ratio is the figure which measures the ratio of the present value of the
balance sheet's credit side (capital held plus expected cash inflows) to the present value
of expected cash outflows of a pension fund. In order to be in a state of financial well
being the pension fund needs to have a coverage ratio of above 100%. Legally, if a pension
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fund moves into a state of financial distress (resulting in a coverage ratio of below 100%),
several speeial rules come into place which should help the pension fund to recover.
Due to (generous) surplus re-distribution, the Swiss pension funds started to get into
more and more trouble after the recent market downturn. Since this scenario was not
expected, except by attentive observers of the market, after so many years of constantly
rising markets, the pension funds reserves and investment strategies were often not up to
their actual risk potential. Due to the guaranteed return which is fixed by a federal law,
the losses were even worse when taking into account the gap that opened between actual
and promised returns. This lead to under-coverage of many pension funds. According to
statistics and the press (e.g., NZZ 2004) by the end of 2002, over 50% of pension funds
were

under~covered,

i.e., their financial assets were not sufficient to cover their promised

(expected) outflows in the future.
We believe, as argued in Dondi and Herzog (2002), that the coverage ratio is not a
sufficient measure to identify the financial state of something as complex as a pension
fund. With the liabilities model proposed in Chapter 3, a coverage ratio that is dependent
of the time horizon of the payments can be defined. This gives a refined view on the
financial state of the pension fund. With this view, the pension fund is allowed to be
slightly

under~covered

when investing over very long time horizons and still forbids it to

be under-covered in the very near future. This leads to an investment strategy that is
more stable and while taking advantage of the aggregation of the individual members, it
still reflects the individual's preference for investment as described in Section 2.1.

2.5.3 Minimal Guarantee Return
The minimum guaranteed return has been at a level of 4% in the years from 1985 until
2002. The level of 4% was calculated in the years the Swiss occupational pension was
installed by adding up long term annual economic growth and annual increase of cost-ofliving. With this guaranteed return, the money saved in the pension fund should keep its
real value.
For 2003 the government, under the influence of the recent downturns of the financial
markets and under high political pressure from the insurance companies and pension
funds, reduced this guaranteed return to 3.25% in 2003, in year 2004 to 2.25% and to the
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rate of 2.5% in 2005. A very political debate started and for now the minimal guaranteed
return is revised every two years.
Again, we believe that the minimal guaranteed return is too rigid a measure to be fixed
at an exact point. Additionally, the current biennial revision process strains the pension
funds incentive to keep their long term investment strategy in place. Instead, the pension
funds are encouraged to find a strategy that best fulfils the short term needs in order not
to be in the wrong position as soon as the law requires higher or lower returns. In Section
5, we give solutions for long term investment optimisation problems that are tailored to
the pension funds goals and interests.

i
~

'_'_'''M,.,_ ,",j

3

Pensions Cash-Flow Model

I'm retired - goodbye tension, hello pension!
A uthor Unknown

The Htylised balance sheet of a pension fund is given in Table 1.2. In this balance Hheet the
pension funds debit side consists of the discounted value of future expected outflows. As
indicated in Chapter 1, the future expected outflows are subject to assumptionH concerning
for example wages, wage growth, survival probabilities or labour mobility, and others.
Based on these assumptions, and with knowledge of the possible outflows wc now define
two different concepts for the description of future expected outflows. We call the first
concept of describing the value of future expected outflows obligations and the other
liabilities.
An important aspect for penHion fund modelling lies in the models of the pension fund
members' incomes. The income is central, since it defines the contributions into the pension fund. Very generally, Merton models a deterministic wage income in the framework
for dynamic portfolio optimisation with consumption (Merton 1992, Part II). Boulier,
Ruang and Thaillard (2001) give a pension fund model in continuous time with deterministic Halaries. Further, pension fund related papers, such as Cairns, Blake and Dowd
(2000), Battocchio and Menoncin (2002), Battocchio and Menoncin (2004), or Bodie, Detemple, Otruba and Waiter (2004) provide stochastic models for wages, modelled with one
or more Brownian motions for Halary changes due to interest rate changes and company
stock price changes. Our model for salaries given in Section 3.3 is based on the model
given in Cairns (2003), where salaries arc increased in relation to a cost-of-living index
and an age related increase function.
PenHion fund models have been used in simulation tools which take into account lIlortalities of pension fund members and individual payments in Kingsland (1982), Winklevoss
(1982), Bacinello (1988) Chang (1999), and Ziemba (2003, Chapter 4). We also use mortality probabilities in our model which is motivated by an actuarial approach based on
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the mathematics used for life insurances as in Gerber (1997) and Koller (2000), or also
found in the technical summary given in a Swiss mortality table (EVK (2000)).

A different approach to modelling pension funds is given by Blake (199S), where pension
fund schemes are modelled in a framework of financial options. A comprehensive review
on modelling pension systems can be found in Simonovits (2003) which covers many issues
from life cycle, funded and unfunded systems, to issues of demographics and transition of
pension systems.

Structure of this chapter
In Section 3.1, by going more into the details of the ca...,h-flows of the pension fund, we
propose a cash-flow based model ofthe pension fund's financial outflows. In Section 3.2 we
precisely define the two concepts for describing the outflows, which we call obligations and
liabilities. In Section 3.3 we determine the changes in salaries over a life-time with respect
to age and increases in costs-of-living. We then look at survival probabilities and exit
and entry probabilities in Section 3.4. These probabilities obviously have an influence on
the expected outflows since they determine, for example, how long an annuity or pension
must be paid. The calculation of the pension fund's obligations is specified in Section 3.5.
The liabilities calculation method is given in Section 3.6. Since there are different sources
of uncertainty, we specify the calculation method for the uncertainty of obligations and
liabilities in Section 3.7. In Section 3.8 we define what we call the pension fund bucket
structure which is calculated by aggregating annual outflows (in the form of obligations
or liabilities, respectively) of all the pension funds members. With the bucket structure
we can define key figures for describing the pension fund's financial wealth such as present
values of expected outflows or the coverage ratio of the pension fund.

3.1 Cash-Flow Based Model
Figure 3.1 gives a flow-chart diagram describing our model-path for the penSIOn fund
members within the pension fund. Situations involving cash-flows of the pension fund
towards its members are displayed as well as the probabilities in which certain situations
occur. There are three possible states the member can be in: active member, pensioner,
or survivor. Each of the three states has different branches and loops in the flow-chart
diagram with links from active members to pensioners, active members to survivors, and
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pensioners to survivors. Payments are shown in blue. Periodic payments occur as pensions
for either old age, invalidity, or for survivors. One-time payments due to divorce or for use
in real estate property occur for active members. Red is used to highlight the probabilities
under which a either transition into another state, or a special payment occurs. Cyan
highlights cash-inflows into the pension fund as members contributions.
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Fig. 3.1. Pension payout flowchart

The member enters the pension fund (i.e., top of the flow-diagram) at age

(Y

with a

given entry probability, denoted by tie>' For an active member, at each time step, the
following is determined:
1. Whether the pension fund member has reached retirement age

CtR.

2. Whether the member ha'> become disabled. This happens with probability *ie> at age

n.
3. Whether the member has survived. This happens with probability Pc> = 1 - qm where
at age n survival probability is denoted by Pc> and the death probability by
tively.

q(~,

respec-
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4. Whether the member has had a divorce. This happens with probability

Pdiv.

In this

case, the pension fund pays a certain amount taken from the members accumulated
wealth.
5. Whether the member uses the accumulated wealth in order to buy real estate property.
This happens with probability

Pprop-

In this case, the pension fund pays a certain

amount taken from the members accumulated wealth.
6. Finally, whether the member stays in the pension fund for another time interval. Members leave due to labour mobility with probability

tOn'

In this case the full amount of

the members accumulated wealth must be paid. Else the member stays and a proportion of annual salary is contributed towards the pension fund.
Members who reach retirement age move along the branch that leads them from active
members to pensioners. As pensioners, they receive their old age pension as long as they
are alive, again determined by their survival probability Po.
Members who become disabled are also routed to the pensioners side where they receive
their invalidity pension. Disabled pensioners have a higher mortality rate compared to
their peers, given by q~.
When an active member or a pensioner dies, there are pension funds which still continue
paying a survivor's pension to the survivors of the deceased. The pension is paid until the
survivors (at age

0

8)

themselves die with probability

qOR'

In the case of widowers that

remarry, the payment is stopped. Remarrying occurs with probability

Prem.

This flow-chart diagram is the basic description of our pension fund model. It is a clear
and logical, step-by-step description of the possible paths every member goes through
while being a member of the pension fund. The flow-chart is not only useful for graphically
representing the member's possible paths and states but it can also be used as an algorithm
for a computer simulation of a pension fund. By continuously going through the pension
fund flow-chart for every member we can create a simulation environment for pension
funds and their members. Further possible paths and payment conditions can be added
into the flow-chart without the necessity of adjustments and thus the flow-chart can be
easily adapted to match every possible pension fund.

3.2 Definition of Obligations and Liabilities
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3.2 Definition of Obligations and Liabilities
Based on the cash-flows as described in the pension flow-chart diagram (Figure 3.1) we
define the following two concepts for the expected future outflows as shown in the stylised
balance sheet 1.2:
Obligations: The pension fund's balance sheet with a view on obligations is given in
Table 3.1. Obligations summarise the pension fund's promised payments to pensioners
and active members based on their current wealth.
Pensioner's obligations are simply the remaining pension benefit payments until death.
For the active members, the obligations consist of the wealth accumulated at the given
time which is then compounded with the minimal guaranteed retnrn. This means that
we do not take into account any future contributions by active members towards their
wealth accumulation in the pension fund.
For instance, a 30 year old member has accumulated a given amount of wealth. We
can now calculate how that wealth increases just by compounding with the guaranteed
return until retirement age. In this way, we know the amount of wealth which has been
aeeumulated at retirement. This final amount can be used to calculate the expected
old age pension in the case of retirement. In the case of leaving the pension fund
due to labonr mobility before retiring we know the minimum accumulated amount
by compounding with the minimal guaranteed return the number of years until the
member leaves the fund.

Liabilities: The pension fund's balance sheet with a view on liabilities is given in Table
3.2. Liabilities consist of the pension fund's promised payments to pensioners and
active members, taking into account current wealth and including future expected
contributions.
Pensioner's liabilities are the remammg penS10n benefit payments until death..For
active members, we make assumptions on their projeeted futnre wages which leads to
future contributions into the pension fund. When we project the futnre balance of the
members accumulated wealth, we do not only compound with the guaranteed return
but future contributions are also included in the compounding process.
Note that for pensioners there is no quantitative difference between obligations and liabilities. Contrary to liabilities, no assumptions are made on future wages and contribution
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Table 3.1. naJa,nce sheet for obligations

Credit Side

Debit Side

Table 3.2. Balance sheet for liabilities

Credit Side

Debit Side

Accumulated
Present Vahw of

Fina,ncial Assets

Present Value of

Accumulated

Obligations

e.g. Stocks, Bonds

Liabilities

Financia.! Assets

(Active and

Rea.! Estate

(Aclive and

+

Passive Members)

e.g. Stocks, Bonds Passive Members)

Present Value of

Real Estate
Surplus

Future Contributions

Surplus

payments for obligations. Since contributions are not included and thus the wealth only
accumulates with the (guaranteed) return, the obligations will always be smaller than the
liabilities, until the moment of retirement. By re-calculating obligations every year (after
contributions have been paid) we can update the past obligations calculation with the
new obligations based on accumulated wealth plus new contributions. This way, the older
the member gets, the smaller the difference between obligations and liabilities.

3.3 Salaries and Projection of Future Salaries
In order to be able to project future pensions, we need to know final expected salaries or
accumulated wealth at retirement, depending on the type of pension fund. I30th values
depend on the member's salaries throughout their working life. In our model, salaries may
rise due to a multiplicative cost-of-living related factor denoted by r'col(-) and similarly, a
multiplicative age- and salary-level related factor, denoted by T'asl(-) respectively.

3.3.1 Salary Rises Related to Increasing Cost-of-Living
The cost-of-living-rc1ated increases, given by T'col(t), reflect the influence that rising price
levels of consumer goods have on the salaries. The costs-of-living are measured by means
of the consumer price index (CPI), a price index calculated from actual market prices of a
defined basket of goods. Figure 3.2 shows how changes in salaries and consumer prices are
related. The consumer price changes occur first and lead the trend for the salary changes.

3.3 Salaries and Projection of Fulure Salaries
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The figure also shows that the increase in salaries related to increasing

cost~of-living is

very close to the relative change ofthe CPI (given by the fraction CPI(tb~~~:(t-I)). For our
model of salaries we thus assume that our cost-of-living related salary increase factor rcol(t)
. . 1"'
.l
Ib I
h
f th e consumer
.,
," lIlC1ex r.col (I)' -- 1+ CPI(t.)-CPl(t-l)
COlIlCIC
es WIt
1 t le a so ute c ange 0
pllce
CPI(t)
.

3.3.2 Salary Rises Related to Age
The effects of earnings over a lifetime have been studied for example in Cairns (1994),
Campbell and Viceira (2002), Simonovits (2003), and Clark et aL (2004). Detailed country
studies with regard to salary distributions are given for instance in Pittau and Zelli (2002)
for Italy and in Cowell, Ferreira and Litchfield (1998) for BraziL
In our model, the increase level for salaries related to age and salary~levcl, rafil(S(t), a(t)),
can be explained as follows. For the age related salary rise we aSSUlIle higher working experience and seniority, together with the occurring career advances to be responsible for
an age related salary increase. In addition, education levels, management positions, and
starting salary levels can have an amplifying influence on the purely age related salary
rise. Major differences between salary levels of men and women exist.
We find evidence for these assumptions by analysing the salaries of a sample of over

54'000 randomly selected employed individuals in Switzerland taken from the Swiss Fed-
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imation.

eral Statistics Office's country-wide salary survey collecting data of over 1/2 million individuals, working for over 20'000 companies (LSE2000: Lohnstrukturerhebung, Bundesamt
fiir Statistik (2000)). Note that the salaries in the database have been collected at one
appointed date and therefore are not biased by inflation effects.

Seniority: In order to show the effect of seniority, we compare the empirical cumulative
distributions of monthly salaries at different ages. In Figure 3.3, empirical cumulative
distributions of salaries for earners aged 20 to 65 years with 5 years intervals. Starting

3.3 Salaries and Projection of Future Salaries
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at age 20 the salaries rise until age 55. After 55 they begin to decline, back to the
level earned at age 40. At younger ages the salary increase factor is higher and the
better earners' salaries grow with a higher factor than the salaries of the earnens at
the bottom cnd.

Sex: There a visible difference in salaries between men and women. Additionally, there
is also a significant difference of the yearly rise of the salary of men and women.
Figure 3.4 shows the empirical cumulative distribution of salaries of men and women
at different age groups (26-30 and 41-45). While men's salaries rise significantly in the
15 years between the two age groups, women's salaries only change a little. Particularly
the earners with salaries below the median salary, obtain almost no increase at all. In
SWitzerland, the

~:>alary

gap between men and women is very pronounced, as also

reported regularly in Swiss newspapers (e.g., NZZ 2005).

Education: The education level not only determines the starting point of salaries but
also has an influence on the rate of annual increase for the ageing earner. To illustrate
the differences we compare the extremes: earners with an university degree and those
with the school degrees from mandatory school. Mean earned salaries are approximated by a second order polynomial function as shown in Figure 3.5. Factors for the
polynomial approximations of different education levels are given in Appendix A

Age Related Salary Rise Factor
The average age-related salary increase is shown for the median, the 10th and the 90th
percentiles of earners at every age in Figure 3.6. Thus, higher salaries have greater increases than smaller ones and salary rises are bigger for younger employees. The age
related salary factor may also become negative, as seen for the earners gct j liSt before
penSIOn age.
Given the salaries of the earners wc can now organise them into their respective
earnings-percentiles. Assuming that the earners stay in their given earnings-percentile
wc can project their age-related salary increase.

3.3.3 Salary Projections
We denote by ,§(.) the projected salary ba.<;ed on the given salary 8(-). At time t, next
year's expected salary is
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S(t + 1)

=

S(t)rasl(S'(t), o:(t + l))r m/(t

+ 1).

(3.1)

A projection for the salaries j 2:: 1 years ahead gives
j

S(t + j) = S (t)

IT r asl (S Ct),

(Y

(t + i) ) r col (t + i).

(3.2)

i=l

3.4 Life Insurance Probabilities
As shown in the flow-chart model for the pension fund (Figure 3.1), the cash-flows of the
pension fund depend on probabilities for the possible states and transitions between these
states.
3.4.1 Death Probability
Death probabilities are given in mortality tables which consist of the one-year death
probabilities for every age. They are built from statistical data which can be derived from
a whole population or from a more specific, smaller group,

a.." described

in Gerber (1997)

and Koller (2000).
We consider a person aged

0:

years in year t to be denoted by o:(t). The one-year death

probability for this so called life aged a{) is
given as

Pa(.) =

1-

qn(.).

qa().

The one year survival probability is

Death probabilities for men and women differ mainly at high

ages. We use the table published by the pension fund for the employees of Swiss federal
institutions and offices based on its statistics, EVK (2000). This table is updated and
published every ten years. The maximum age considered in our table is 105 years which
we denote by

Cl: max .

For the survival probability over more than one year, we define
j-l

jPu(t) =

IT

Pa(t+i) ,

(3.3)

i=O

which is one-year survival probability of a life aged Cl: at time t to survive after having
survived j years.
3.4.2 Invalidity Probability
The one-year invalidity probability is the probability of a person becoming disabled within
one year at a given age. It is denoted by *i a (.) for a life aged Cl:(-). The invalidity probability

:3.4 Life Insurance Probabilities
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is available in tables, e.g., in EVK (2000). Figure 3.7 shows the invalidity probability for
the working population aged 25 to retirement age (OR

= 65).

We can see here, that there

is a much higher invalidity probability (almost factor 2) for women below 50 than there
is for men at the same age. Invalidity probability for men rises rapidly for ages above 50.

3.4.3 Exit Probability
Exit probabilities depend strongly on the sample from which the statistical data is taken.
We regard the one-year exit probabilities for a given age 0('), denoted by ton (.). We
ase data from Rufibaeh, Bertsehy, Sehiittel, Voek and Wasserfallen (2000), again for the
pension fand of the ernployee8 of the Swis8 federal in8titution8. Exit probabilities are
shown in Figure 3.8. There are big differences between men and women and between the
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younger and older population. Here, ages are restricted to a maximum age of 60 years for
men and 57 for women sinee it is assumed that labour mobility can be disregarded within
the last years before retirement.

3.4.4 Entry Rate
The entry rate is defined in Rufibach et al. (2000) as the number of new entries into the
pension fund in relation to the actual number of members, respectively at a particular
age. We thus denote the entry rate for age n{) by ti o{)' Here too,

<-1..'.3

can be seen in Figure

3.8, there is a big difference to be noted between men and women and different ages.

3.4.5 Total Exit Probability
The active members face the risk of not surviving the next year,
of becoming disabled, denoted by

"'icr.(.)

qcr.(.)

(= 1 -

Pcr.(.)) ,

risk

and they may leave the pension fund (i.e., change

employer), given by toa (-). From one year to the next, the age-dependent probability for
an active member to stay in the pension fund is
(3.4)
Then, 1 -

ncr.(.)

is the one-year total exit probability for a member aged o{). This prob-

ability is shown in Figure 3.9 for men and women. Note the shape of the curve which
reflects both kinds of exits: labour mobility at the younger ages and invalidity at higher
ages.
Next, we define the probability of an active member with age a: at time l reaching an
age

Cl'T

in the future still being member of the pension fund as
cr. T

cr.T no(t)

=

IT

[Pi -

* ii -

lOi].

(3.5)

i=cr.(t)

With equation (3.5), we can find the probabilities of staying a number of years in the
pension fund for every age 0:(')' Figure 3.10 shows the curves generated for men and women
of four different ages (25, 35, 45, and 55 years). As an example, we can see here that the
probability for a 25 year old man to stay with the pension fund until 35 is approximately
0.43, and for a woman 0.15, respectively. To stay until pension, the probability for a 25
year old man is at 0.2, for a woman at less than 0.05. Note that these probabilities depend
on the sample and that very different figures might appear for another set of statistical
data regarding mainly invalidity and exit probability of a company.

3..5 Pension F\md Obligations Model
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3.4.6 Further Probabilities
Divorces and Marriage Behaviour
Statistics on the number of divorces can be found in the Swiss statistical yearbook (e.g.,
I3undesamt fiir Statistik 2005). The number of divorces in a particular year are given with
respect to age of both the divorcees. Maximum divorce values can be found where the age
of men and women are in the range of 35 to 40 years. However this data does not directly
transform into a probability for divorces. Therefore we believe they cannot be reliably
used in that sense.
Marriage behaviour has changed a lot in recent years. These statistics can also be found
in the statistical yearbook. If we want to know about remarrying behaviour of survivors
(which apply for survivors pension) the data is very sparsely collected and described.
Therefore no information on age differences or remarrying after divorce or survival of the
partners could be found.
We therefore do without probabilities of divorce (given by Pdiv) and probability of
remarrying of survivors (denoted by Prem).

Property Purchase Behaviour
No data could be found on property purchase behaviour. The probability denoted by [Jpr'up
therefore must be omitted. A large peru,ion fund may be able to collect a reference value
based on its own experience. However, this practice seems not to be done consistently in
pension funds.

3.5 Pension Fund Obligations Model
For pensioners, the obligations are simply the payments of the resulting pensions. For
active members the obligations are calculated depending on the pension plan. For defined
benefit (DB) plans it is based on final average earned salary and for defined contribution
(DC) plans the finally accumulated wealth at retirement age is relevant.

Obligations: Salary and wealth at retirement
Salary: At time t the projected average earned salary at retirement age is denoted by

,§(QR)(.). At time t we can project the expected final salary with Equation (3.2) as
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C<R-n(t)

§(c<R)(t) = S(t)

L

rasl(S(t), O'(t; + i)) rcol (t

+ i).

(3.6)

io;J

Wealth: For an active member at any time wealth

WO

may be further accumulated

until retirement or else be paid out before that date since the member may leave the
fund early. For obligations, the projected wealth is denoted by

Wob (')'

The wealth j

years from time t is defined as

(3.7)
The projected wealth is thus obtained by compounding the actual wealth W(t) with
the guaranteed return re; over j years. The expected accumulated final wealth for
obligations at retirement age (aR), calculated at time t, we define as

(3.8)
the current wealth W(t) compounded with the minimal guaranteed return re; for

erR - er(t) years until retirement.

Obligations for different pension fund plans
For the two different kinds of pension plans, DI3 and DC, the expected annual pension
benefit payments from obligations can be calculated as follows:

DC Plan: In the DC plan, the annual pension is calculated as a fraction ,\ of the wealth
accumulated at retirement age erR. The projected pension benefits, denoted by b(-), is
given by

(3.9)
DB Plan: In the DB plan, the annual pension is given as a fraction
average salary earned by the last year before retirement

h:

of the projected

c9(C<H)(.),

(3.10)

Note that for both pension plans we denote as b(.) the projected pension benefit payments.
This notation facilitates the next steps of modelling, since this description can be used to
model both kinds of pension plans.

3.5 Pension Fund Obligations Model
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3.5.1 Expected Obligations to Pensioners
For pensioners who already have a fixed pension, wc do not necessarily need the information of wealth and wages at retirement. The values paid to them are determined at
retirement. Once retired, we know the annual amount that is due to be paid as pension.
This value is known and not projected and is denoted by bp (·). The index P is used to
identify the pensioner's status.
Annual payments are paid until the pensioner dies. The pensions may be increased
to account for rises in cost-of-living during retirement. Mortality is considered the only
uncertainty for pensioners. We use the notation found in the field of life insurance mathematics for mortality and invalidity probabilities. The probability for a member aged u
at time t to survive the next year is given as
at time t to survive the next j years is

Po(l.)'

jPo(t),

The probability of a member aged u

as defined in Equation (3.3). Taking into

account mortality, the expected payment stream of the obligations to a pensioner () for
next year is E[obp(e, t)]

=

Pa(8,t)b p ((), t). The expected obligations to a pensioner () in j

years are
E[ob p ((), t

the pension payment bp(O, t

+ j)

+ j)] = jPa(O,t)bp(e, t + j),

(3.11)

multiplied with the one-year survival probability after

already having survived j years, jPa(8,t).

" ,- .------------- """""""'", ""'" """"""""""""'" bp (0, t + 1) I P65
-- bp(O, t

+ 1O)IOP65

bp(O, t + 20hoPfi5
1

10

20

30

j

a(O, t) = fiS
Fig. 3.11. Expected obligations payment stream to pensioner O. The first payment of bl'(O, 1) is due in year 1 at
age 65. When bp(O, t) stays constant over time the expected payment is reduced by the survival rate of O.

Figure 3.11 shows the expected payment stream of obligations to pensioner () with age
65 and pension bp ((), t). We a..<;sume that bp ((), t) is constant, Le., the pension is fixed at
retirement and remains unchanged.
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3.5.2 Expected Obligations to Active Members
For the active member we distinguish two cases:

A: The case of the active member at time t who is still an active member at the regarded
time in the future, e.g., j years ahead. This case and the payments related to this case
arc identified by the index A.

AP: The case of an active member at time t that has reached retirement age sometime
in the regarded time interval It, t + j] and gets paid a pension at time t

+ j.

This case

and the payments related to it are identified by the index AP.
For the two cases expected payments are different. When the member is still of working
age (A), expected obligations must be ba..<;ed on payments the pension funds expects due to
possible early exiting of the pension fund. When the member has retired (AP), expected
obligations are based on expected pension benefits.

Obligations Case A (active still active)
For an active member 0, still active (Le., younger than retirement age) next year, the
obligations, denoted by ob A (·), which the pension fund must expect are

E[obA(O, t + 1)] = Wob(O, t +

l)tOo:(O,t+l»

when a(O, t + 1) < aR.

At time t the expected payment for next year E[obA(O, t
wealth, W(B, t), compounded with the guaranteed return
the exiting probability depending on O's age next year
In j > 1 years, while

f)

+ 1)]
1"e;

(3.12)

is (}'s current accumulated

for one year, multiplied with

tOo:(0,t+1)-

remains an active member, we expect the obligations arising

ba..<;ed on today's accumulated wealth to be
(3.13)

This is the current wealth, compounded with the guaranteed return over j years, Wob(O, t+

j), multiplied with

a(O,t+,i_l)no:(O,t),

the probability of still being a member of the pension

fund until 1+ j - 1 (the year before 1+ j), times the exiting probability at the age in j
years,

to"(O,t+,i) .

:J.5 Pension Fund Obligations Model
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Obligations case AP (active and retired in the meantime)
Case AP designates member (), at time t aged a((}, t) and thus active, however retiring
sometime within the next j years. The obligatiom; in year"

+- j

consist of the projected

pension payment hAPU. The value of hAPU depends on the pension plan and is found
according to Equations (3.9) for DC plans and (3.10) for DB plans, respectively. In year

t +- j the member has already spent some years in retirement such that we need to use the
probability that the member survives the y-th year (y

= a((), t +- j) - O:R) with probability

yPaH'

We denote the obligations to an active member who has retired in the considered fut111'e
year as ob AP (')' The expected obligations are
(3.14)
the projected pension in j years bAP(O, t

+- j) multiplied with the probability of surviving

until the y-th year after retirement and with the probability of the member staying in the
fund until pension,

1

10

aH na(O,t).

20
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40
I--

0:(0, t) = 25

0:(0, t

50

60

70

.i

+ j) > O:H

Fig. 3.12. Expected obligations payment stream to active member 0 aged 25 at time t. The accumulated wealth
Wob is paid when 0 leaves due to labour mobility before retiring. After retiring the projected pension bA!' is paid

(under the probability of surviving).

In Figure 3.12, the different expected payment streams for the obligations arising before
and after pension can be seen. The struct111'e of the payment stream before pension has
an interesting shape. The high values of E[obAl at j

= 1, ... , 10 are explained by the high

exit probabilities in the young ages between 25 and 35 as seen in Section 3.4.3. The valley
at ages 40 to 55 (j

= 15 - 30) is due to low exiting probability in combination with small

invalidity probabilities. In the years just before pension, the effects of higher probability
of falling invalid in combination with the very long compounding time (35 to 40 years)
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makes the expected obligations rise again. As a(O, t
benefit payments

bA/'

+ j) :::::

OR

the projected pensions

(calculated from the projected retirement wealth for obligations

W~~R) for DC, or final average salary

8(all.)

for DB, respectively) are used as obligations.

3.5.3 Inflation Adjustment for Obligations
Inflation adjustment for pensions is not guaranteed. The law specifies that the pension
fund is entitled to adjust pension payments to inflation when the pension fund's financial
situation allows it. In our model we can include and adjustment of future pension payments
to pensioners bp (·, t+ j) or active members bA (-, t+j). This can be done by compounding
the payment with a future expected inflation rate.

3.6 Pension Fund Liabilities Model
For pensioners, the liabilities are simply the payments of the remaining pensions. For
active members the liabilities are calculated depending on the pension plan. For defined
benefit (DB) plans it is based on final average earned salary. For defined contribution (DC)
plans the finally accumulated wealth at retirement age, including all future compounded
inflows is relevant.

Liabilities: Salary and wealth at retirement
Salary: At time t the projected average earned salary at retirement age is denoted by
8(all.)(-).

At time l and for member

0

we can project the final salary with (3.2) as

aR-a(t)

,§(C>R)(t) = 8(t)

L

rasl(8(t), o(t + i))rcol(t + i).

(3.15)

i=l
Wealth: For an active member at any time wealth W(·) may be further accumulated
until retirement or clse be paid out before that date since the member may leave the
fund early. For liabilities, the projected wealth for liabilities is denoted by Hili (.). The
wealth j years from time t is defined as
]·-1

Wli(l

+ j) = W(t)(l + re)] + L 8(t + i)(l + re}j-i- 1f3(0(t + i)),

(3.16)

i=O
which is the current wealth compounded with re (the guaranteed return) plus the
compounded sum of all projected inflows over the next j years. Inflows are contributiems consisting of a (possibly age dependent) fraetion (J (0(-)) of the projected salary

3.6 Pension Fund Liabilities Model
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.9(.). The contributions are also compounded with re; for every year after they have
been paid into the fund.
The expected accumulated final wealth for liabilities at retirement age (aR), calculated
at time t, we define as
nw·n(t)-l

Wl~("R)(t) = W(t)(l -+-

rc)(nR-n(t))

-+-

L

,9(1, -+- i)(1 -+- rG)j-i- 1f3(a(t -+- i)), (3.17)

;=0

the current wealth W(t) compounded with the minimal guaranteed return re; for aR-

a(t) years until retirement. In addition, we include the contributions until retirement
compounded for the respective years after their contribution towards the projected
wealth for liabilities.

Liabilities for different pension fund plans
For the two different kinds of pension plans, DD and DC, the expected annual pension
benefit payments from obligations can be calculated as follows:

DC Plan: In the DC plan, the annual pension is calculated as a fraction A of the wealth
accumulated at retirement age

O:!l.

The projected pension benefits, denoted by b(·), is

given by

(3.18)

DB Plan: In the DB plan, the annual pension is given as a fraction
average salary earned by the last year before retirement

K

of the projected

§(nR) ('),

(3.19)
Note that for both pension plans we denote as b(.) the projected pension benefit payments.
This notation facilitates the next steps of modelling, since this description can be used
for the models of both kinds of pension plans.

3.6.1 Expected Liabilities to Pensioners
We denote by li p ((1, t) the liability arising from this year's pension payment to pensioner

e.

Annual payments are paid until the pensioner dies. Payments may be increased to

account for rises in costs-of-living after retirement. Mortality is considered to be the only
uncertainty for pensioners. The probability for a member aged

0'

at time t to survive the
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next year has been defined in the previous section as
aged

et

at time l to survive the next j years is

jPa(t),

PaU)'

The probability of a member

as defined in Equation (3.3).

Taking into account mortality, the expected liability arising from payment of (}'s pension for next year is denoted by E[li((), t)] = bp ((},

t)Pa(O,t).

The expected liabilities to () in

j years are then given by

E[li p ((}, l

+ j)] = ,iPa(O,tlbp((}, t + j).

This is the survival probability for one year in j years
benefit bp ((}, t

,iPa(O,t)

(3.20)

multiplied with the pension

+ j).

3.6.2 Expected Liabilities to Active Members
As seen in the case of obligations, the pension fund must take into account two possible
kinds of future outflows for liabilities for its active members. Again we use cases A and

AP afS fSpecified in Section 3.5.2. In case of retirement (AP), he will receive a regular pension derived from accumulated wealth or salary at retirement age, depending on penfSion
scheme, DB or DC, refSpectively. In case of leaving before retirement (A), the pension fund
must transfer the accumulated wealth to the leaving member.

Liabilities Case A (active still active)
For an active member (), still active next year, the liabilities, denoted by li A ((}, t), which
the pension fund expects, arc

E[li A ((}, t

+ 1)] = lOa(O,t+l) Wli((}, l + 1).

This is the currently projected accumulated wealth for liabilities

(3.21)

WuO,

as in Equation

3.16 under the probability of () leaving the pension fund due to labour mobility

lOn(O,t).

In

j years time, we expect the total payment of

(3.22)

where

n(O,t+j-l)na(O,t)

is the probability of () still being an active member in j - 1 years.

+ j)

ifS the expected accumulated wealth for liabilitiefS of member () at

Further, W1i(e, l
time t

+ j.The exit

probability

tOa(O,t+,i)

is taken at member e's age in year t + j.
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Liabilities case AP (active and retired in the meantime)
The liability arising for active (at time t) member
consists of the projected pension payment

bAP (')'

e after

his retirement in year t

+j

depending on pension plan (according

to Equations (3.18) for DC plans and (3.19) for DB plans, respectively).
We denote the liabilities of an active member who is retired in the considered future
year as li AP (')' The expected liabilities for this case are

(3.23)
This is the probability for reaching retirement age as a member of the pension fund given
today's age,

bM,(O, t

URnO(O,t),

+ j),

multiplied with the projected benefit payment for the active member

and multiplied with the probability of surviving y

after retirement

= a(e, t + j) - aR years

yPo n .

3.6.3 Inflation Adjustment for Liabilities
As in the case for obligations we can adjust the liabilities by the inflation rate by compounding future cash-flows with an future expected inflation rate. In the model for liabilities wc therefore adjust the payments to pensioners br{, t

+ j)

or active members

bA (-, t + j) with the predominant inflation expectations.

3.7 Uncertainties of Obligations and Liabilities
In the previous sections, we derived expected values for liabilities and obligations for
pensioners and active members based on mortality tables and other probabilistic factors.
In our model, we assumed that the members are independent and not influenced by the
other members. In this section, we derive the obligations' and liabilities' uncertainties
which we describe by their variances.
When we look j years ahead, we can observe two possible outcomes for pensioners.
Either they die before j years have passed, or they are still alive. An active member who
is still active in j years is either still a member of the pension fund or has left due to
labour mobility. Finally, an active member today, who is older than retirement age in j
years, could have left the pension fund before retirement or remained until retirement to
receive a pension as long as he survives.

46

:3 Pensions Cash-Flow Model

In all three cases we can observe two possible outcomes. This makes it possible to use
binomial trees to model the probabilities and the outcomes. The different outcomes define
the payments which arc due to the members. Such a binomial tree is shown for the general
case in Figure 3.13 where the probability of moving on the "up" branch is p, invoking a
payment of Pay U' The probability of moving on the "down" branch is given by 1 - P,
which invokes a payment of PaYd'

Pay"

p

I-p

PaYd

t
l+j
Fig. 3.13. I3inomial tree for payments and probable outcomCR.

In the depicted case the expected value of the payment in year t + j is then
E[Pay(t + j)]

=

pPayu

+ (1- p)PaYd'

(3.24)

and the variance i8 given by
var[Pay(l

+ j)] =

(Pay u - E[Pay(t + j)]) '2 p + (PaYd _ E[Pay(t + j)]) '2 (1 - p). (3.25)

With this knowledge wc, can define the probabilities and the payments which occur. The
different ca8es are shown in Table 3.3 an can be de8cribed as follow8;
"Case P" is the ca8e of the pensioner who survives one more year in j years with probability

jPo.(8,t)

and therefore gets paid a pension worth Payu

of death, with probability 1 -

jPo.(8,t) ,

a payment of Payd

= bp ((}, t + j). In the ca8e

= 0 is due.

"Case AP" is the ca8e of the active member today who is older than the retirement age in
j yeam. He gets paid a pension worth Payu

= bAP ((}, t + j) depending on the pension

scheme (DB or DC) under the probability of actually staying with the pension fund
until pension,

aRno.(8,t)yPa(8,t),

"Case A" is the active member, still active in j

W.((}, t

+ j),

= a.((), t + j) - CtR)'
years. He get8 a payment of Payd =

and then surviving the y-th year (y

the accumulated wealth (for obligations or liabilities) in

.7

years. The

payment is due under the probability of staying in the fund for the la8t j - 1 years

3.7 Uncertainties of Obligatiom, and Liabilities
(u(O,Hj-l)nu(O,t))
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and then leaving the pension fund in the j-th year (with probability

tOa(O,t+j)). If he stays throughout this j-th year, he receives Payd

= O.

Table 3.3. Parameters of the general binomial tree, applied to pension fund probabilities and payments that
occur for the different cases.

+ j) p

Case

o:(t)

P

> O:H > O:H

o:(t

Payu

PaYd

bp(B, 1+ j) 0

jP,,(O,t)
,~,._"

AI'

< OR > OR

OHn,,(O,t)yP,,(O,/)

bA1'(B,I + j) 0

A

< O:R < UR

0(0,/+j-1) no(O,t)too(O,t I j)

W.(O,t +:j) 0

'------_c--.

.-._--

3.7.1 Uncertainties of Obligations
Pensioner obligation uncertainty
With the general form for the expected value in Equation (3.24) wc get
E[obp(e, t

+ j)]

= jPu(o,t)bp(B, f

+ j),

(3.26)

which confirms the expected value for pensioner obligations stated previously in Equation
(3.11). Using the values of Table 3.3 in Equation (3.25), the variance for the pensioners
obligations is:
var[obp(e, f -\- j)]

= (bp(e, t + j) ~ b(e, t + .j)jPa(O,t))2 jPa (O,t)

+(0 -

bp(e, t

+ ,j)jPa(O,t))2(1 -

.iPu(O,t))

= jPu(O,t)(1- jPu(o,t))b~(e, t + j)

(3,27)

Active members obligations uncertainty
Using the values for the active members (Cases "A"and "AP") of Table 3.3 in the general
variance formula (3.25) we get the expected value for case "A"
E[obA(e, t

+ j)]

=

u(O,Hj-l)nu(O,t) Wob(e,

t

+ ))tou(O,t+j)

(3.28)

and for "AP"
(3,29)
The variances are then for case "A"
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var [obA(O, t

+ j)]

=

(3.30)

o:(O,Hj-l)n",(O,t) tOn(O,Hj) (1

-

o(O,t+j-l) nn(O,t) tOo:(O,t+j»)

(Wub ( (), t + j)) 2

and for case "AP"
(3.31)

3.7.2 Uncertainties of Liabilities
Pensioners liabilities uncertainty
We have seen that for pensioners the obligations and liabilities are equal. Therefore, we
can simply replace the symbol ob p (·) by li p (·) for the variance of the liabilities as follows,
(3.32)

Active members liabilities uncertainty
For the uncertainties on the liabilities of active members we must note that the projected wealth

W1i (·)

and projected pensions

bA1{ )

themselves are stochastic due to the

model used in 3.3, where there is a stochastic factor for cost-of-living increases in salaries.
Therefore the variance for the liabilities in case "A" becomes
var [liA(O, t

+ j)] =

o:(O,Hj-l)no:(O,/;) tOo(O,Hj) (1

-

n(O,t+j-l)Hn(O,t) tOn(O,Hj) HE[ (W1iW

+ var[Wli ]) ,

in which, for easier reading, we use the short notation for projected wealth

Wli

(3.33)

meaning

Wli(O, t + j). The same is true for case "AP"
var [l'iAP(O, t
O:R

+ j)] =

n o(O,t)jpo: H

where bAP stands for bAP(O, t

(l -

+ j)

"'Rn"'(O,t)jPnR) (E[(bAl-'W

+ var[b AP]) '

(3.34)

which, as before, depends on the pension fund (DI3 or

DC). The values for the expected pensions bAP (') can be calculated according to Equations
(3.18) and (3.19).

3.8 Pension Fund Bucket Structure
In the previous sections (3.5 - 3.7) the detailed cash-flow based model for individual
members of the pension fund has been given. Apart from the exact cash-flows we also
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know the exact time (year) at whieh the payment iH expected. The pension fund can
now aggregate all these payments for every year. This temporal structure of aggregated
pension payments we call a bucket structure. The bucket structure can be given in terms
of obligations and liabilities. Note that although we know the exact moment of payment
we do not discount the buckets but state the actual value at the time of payment in the
buckets.

3.8.1 Expected Obligations Bucket Structure
The bucket structure for obligationH iH the temporally separated aggregation of future
payments over a given time interval. Next year's paymentH are calculated as the sum of
all of the expected payments to pensioners, plus expected paymentH to today's active
members that will have retired in a year's time, plus all expected payments to active
members that leave the fund due to labour mobility. The one-year obligations bucket,
denot.ed by 0 RI ('), has the expected value of

E [OBI (t)] =

(3.35)

e(t)

L (Al'l (e, l)XI'(e, l) -+ AAI (e, l)XA (e, l -+ 1) -+ AM'I (e, t)XAP(e, t -+ 1)).
fJ=1

where
A p1 (e,L)

= Pn(O,nbp(e, l -+ 1),

ilAPI(e, t) = aRnn(fJ,t)bAP(e, t -+ l)PaR'
ilA1(O, t) = n(fJ,t)na(fJ,t) Wob(e, t -+ l)toa(fJ,t+I)'
Here 8(t) is the set of pension fund members in year l. The indicator function Xp(e, l) =
1 if member

e is a pensioner in year l,

and 0 otherwise. Further, the indicator function

XAP(e, t -+ 1) = 1 for member e who is an active member in year t and retires in year
l -+ 1, zero otherwise. Finally, XA (e, l
member in year t

-+ 1) = 1 for active

member

e who

iH Htill an active

-+ 1, zero otherwise. The factors Apl(l), ilAPI(l) and ilA1(t) are the

outflow~contributionsto the buckets of the respective members. The factor

hAPO

is the

projected pension for the active member at the time he retires depending on pension plan,

hl-{) the retiree'H pension and Wob (') the active memberH projected wealth for obligations
1 year from time t.
Based on Equation (3.35) we can derive the expected j-th obligations bucket as
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(3.36)

E [OHj(t)] =
8(t)

L (Apj(t)Xp(B, t) + J1 Aj (l)xAP(B, t + j) + J1 APj (t)xAP(f}, l + j)),
0=1

where

APj(l) = jPa(O,t)bl'(B, t

+ j),

AAPj(t) = anno.(O,t) bM' (B, t

+ j)yPan,

J1 Aj (t) = a(O,t+'j-l)na(O,t) Wob(B, t

+ j)loo.(o,t+j)'

The indicator functions Xl', XAP and XA for pensioners,active members who became pensioners, and active members, respectively, are known from above.

3.8.2 Expected Liabilities Buckets
The liability bucket structure shows the distribution of future cash flows and indicates
what the un-discounted, actual values of payments will be in future years when the pension
fund adds the effects of inflows into the wealth (and benefits) calculations. Since the
concept of the calculation of the liabilities buckets is the same as for the obligations
buckets in (3.35), we directly state the equation for the j-th liabilities bucket, denoted by

LBj

(·),

which has the expected value

E [LBj(t)]

(3.37)

=

8(t)

L (Tpj(t)xp(B, t) + TAPj(l)xAP(B, t + j) + r pj (t)xA (f}, l + j)),
0=1

where

IPj(t) = bl'(B, t

+ j) jPo.(O,t),

rAPj(t) = o.Rno.(O,nbAP(B, t

+ j) yPan,

rAj(t) = a(O,t+j-i)no.(O,t) Wli(B, t + j)tOo.(O,t+j)'
Here B(t) is the set of all pension fund members in year t. The indicator functions

Xr(B, t), XAP(B, t

+ j),

and XA(B, t

buckets. The factors Tp1 (t),

+ j)

r Al'1 (t)

have the same meanings as for the obligations

and T A1 (t) arc the contributions of the individual

3.8 Pension Pund Bucket Structure
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members towards the outflows aggregated in the buckets. The factor bAP(-) is the projected
pension for the active member at the time he retires depending on pension plan,
retiree's pension, and

W1i (·)

bp (·)

the

is the active members projected wealth for liabilities.

3.8.3 Uncertainty of Buckets
For the uncertainty of the buckets we can sum up all individual uncertainties since every
member is assumed to be an individual and not influenced by the other members with
regard to death probability and exiting probability.

Obligations buckets uncertainties
.For the obligations buckets OB (t) this results in
B(t)

var[OB.i(t)]

=

L (var[ob p(8, t + j)]Xp(O, t) + var[obA(O, t + j)]XA(e, t + j)

(3.38)

0=1

+var[obAP(8, t + j)]XAP(O, t +.n)
Where we use the indicator functions 1p(8, t), lA(O, t+.1) and 1AP(8, t +.n as before. The
variances of ob p ('), ob A (·) and obAP (') are given in equations (3.27), (3.30) and (3.31).

Liabilities buckets uncertainties
For uncertainties of the liabilities buckets we write the similar equation with the same
indicator functions
B(t)

var[LBj(t)]

=

L (var[lip(O, t + j)]Xp(8, t) + var[liA(O, t + j)]XA(e, t + j)

(3.39)

0=1

+var[liAP(O, t

+ j)]xAP(8, t + j)),

where the variances of lip(-), li A(-) and li AP (-) are given in equations (3.32), (3.33) and
(3.34).

3.8.4 Total and Discounted Obligations and Liabilities
The buckct structure for obligations and liabilities, gives the actual, non-discounted values
of the payments which are due in the future. Additionally, the bucket structure gives the
moment in time the payments are to be paid. By summing up all the buckets, we can
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calculate the total expected liabilities and obligations. We can also use the bucket structure
to calculate the present value of the liabilities and obligations by discounting the buckets
with the appropriate discounting factor. The present value of the buckets can be used to
specify the current coverage ratio by comparing the present value with the present value
of the current wealth.

Total Expected Obligations and Liabilities to Pensioners
A pensioner's total expected remaining pension outflow Bp(e, t) is given as
a"'ax-O(O,t)+l

L

E[Bp(e, t)] =

iPa(O,t)1J p (e, t

+ i)

(3.40)

i=l

This is the sum of every year's payment considering mortality. Since obligations and
liabilities for pensioners are equal, the expected remaining pension outflow for pensioners
is also equivalent for obligations and liabilities.

Total Expected Obligations and Liabilities to Active Members
For active members we calculate the total projected pension benefit outflow, denoted by
BA(e, t), which has an expected value of
antax-aR

E[BA(e, t)]

=

L

aRun(O.t)

iiPaRbAP(e, l

+ i-I)

(3.41)

i=l
aR-n(O,t)

+

L

n(t+j-l)ua(O,t) W(O,

l

+ j)to,,(O,t+j)'

j=l

Here we sum up the yearly projected benefit payments after retirement bAP (') with the
uncertainty of surviving the y-th year after pension iiPaR while taking into account the
possibility that the active member will not reach retirement age within the pension fund
(aR Ua(O,t)). Additionally the expected payments before retirement due to labour mobility

(i.e., the probability of being in the fund until the year before the j-th year (a(t+j-1)u,,(O,t))
multiplied with the projected wealth for the j-th year (W.(B, t
for

Wob (')

in the case of obligations, and

Wli (-)

+ j)),

where W.(.) stands

in the case of liabilities, respectively. This

sum is further multiplied with the probability of leaving during the j-th year, tOn(O,t+j)'

Discounted obligations buckets
Since the obligations and liabilities buckets inherently have a term structure they can be
discounted with the appropriate discount factor and then summed up. This procedure
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results in the present value of obligations or liabilities. For an obligations bucket OBj(t)
we can thus calculate the expected present value as
(PV)

OBj

(t)

1

= E[OBj(t)] ( 1 + rej1 )'"J

(3.42)

where rdj is the interest rate used for discounting over j years. The present value of the
pension fund's total expected obligations is given by the sum over all discounted buckets

(3.43)
where the number of buckets over which we sum up is given by the maximum reachable
age,

O'max,

minus the age of the youngest member,

Cl'min.

The discounting factor (1 +rdj)-j

is used for the bucket in j years. As an example, rdj could be chosen from the yield curve
of government bond yields with various maturities j.

Discounted liabilities buckets
The expected present value of a liabilities bucket TJRj(t) is given by
(3.44)
For the present value of total expected liabilities

E[LBj(t,)] (
i=1

1
)'"
1 + rd.i J

(3.45)

where the only difference to the treatment of obligations is that we sum up the discounted
liability buckets instead of obligations buckets.

Current Coverage Ratio
An important value for the pension funds is the coverage ratio. The coverage ratio is described as the present value of (i.<;sets, compared to the present value of expected outflows.
The coverage ratio can be used as a means to measure the financial wealth of a pension
fund. When the coverage ratio falls below one (Le., 100%), there is currently not enough
wealth in the pension fund to pay for the future actuarially expected outflows.
We define the coverage ratio for the obligations as C RE,ob( t). Since obligations consist
only of the payments due, based on compounding current wealth we can write for the
coverage ratio
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CRE,ob(t)

= .

W(t)
(PV)

OBE

(t)

(3.46)

.

It is the ratio of current wealth to the present value of obligations. For liabilities we need
to take into account the present value of all future contributions into the pension fund
such that the coverage ratio for liabilities C RE,li (t) becomes

eRE li(t,)
,

=

W(t)

+ if±:'V)
(PV)

LEE

(t)

,

(3.47)

where i.f±:'V) is the present value of all future expected inflows. Note that the two coverage
ratios must be equal at any given time t.

3.9 Advantages of Bucket Structure
Information Value of the Bucket Structure: The model of pension fund liabilities
presented in the previous section is based on the uncertainties or risks of the individual
members. The individual's uncertainties are aggregated for the total pension fund for
the total uncertainties of the pension fund.
Based on this model of a pension fund, we are able to analyse more precisely the
relevant questions about the pension funds payments. Given the wealth of individual
members and their exit probabilities, the obligations and liabilities buckets indicate
when the pension fund's payments occur and what their expected amount is. This
knowledge allows the pension fund to earmark the wealth of each individual. In this
way, the pension fund's wealth can be exactly matched to its liabilities. This in turn
allows that the fund is managed according to its expected maturity. Furthermore, a
sensible liquidity planning is also a result, since provisions are taken for cash-flows due
to labour mobility and invalidity.
The cash-flow description includes all major uncertainties that an individual member faces and which trigger a cash-flow from the fund. The advantage over a model
where we assume that the active members stay in the fund until they reach retirement
age is obvious: major cash-flows due to labour mobility are not projected and the expected time of membership is overestimated. This might lead to inadequate investment
decisions, since we assume longer maturity and fewer intermediate outflow of funds.
The idea of earmarking is used in Section 5.3 as a central idea of the pension fund
optimisation.
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Inclusion of inflation expectations: The bucket modelling approach allows for instant inclusion of inflation expectations. The whole

bucket~structure

can be inflation

adjusted by compounding every bucket with the predominant inflation expectation
in its maturity. Inflation adjustment for pensions is not guaranteed by law but the
pension fund can choose whether pensions are to be adjusted considering the financial well-being of the pension fund. With the bucket structure, a decision concerning
future inflation adjustment can be supported, and it's long-term financial impact can
be determined.

Transparency and Health of the Pension Plan: The cash-flow structure and the
earmarking of the funds improve the transparency of the pension fund. With the
earmarking of the wealth we can compute a coverage ratio for every bucket which
results in a maturity-adjusted coverage ratio, instead of the widespread lump-sum
coverage ratio.
This allows us to judge the financial "health" of the pension fund a lot better and
shows possible subsidies from one group to another. For example, a lump-sum coverage
ratio slightly below 100%, e.g., 95%, shows an

under~funding of

current obligations or

liabilities. However, there is no information about the structure of the pension fund or
ca..<;h-flows.
With the bucket structure, instead of working with a lump-sum coverage ratio, we can
now compute a term structure of maturity-adjusted coverage ratios. When the underfunding is mostly concentrated to bucket coverage ratios with long maturity, where
a higher investment into risky assets is possible, and the coverage ratios of the short
maturities are above 100%, the under~funding is not to be considered very critical.
However, coverage ratios under 100% for buckets with short maturities indicate a
clear financial stress situation. The bucket coverage ratio improves the assessment of
the financial situation and allows for measured responses in shortfall situations.
Furthermore, earmarking of current wealth and contributions allows the pension fund
to dctect possible

cross~subsidy,

where one group of members' contributions is used to

finance the payments to another group of pension fund members. The method helps
detecting such situations and shows the extent of such subsidies. The pension fund
may also analyse how to correct such situations and evaluate the costs of any changes.
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Utilisation of the Information: The precise modelling of payments helps the pension
fund to simulate future scenarios and analyse its current situation. We can eompute the
influence of different fund structures, such as the guaranteed-interest rate or deciding
whether to choose a DB plan or a DC plan. The precise modelling also increases the
transparency of the fund structure and the utilisation of current pension fund wealth
and contributions. Moreover, different contribution schemes, which may depend for
example on the coverage-ratio or the current underlying economic situation, can be
evaluated. Scenarios of future trajectories of assets and liabilities may serve as inputs
to optimise the asset allocation. The simulation of the bucket structure together with
a simulation of the asset allocation supports the pension fund to determine critical
scenarios, such as high labour mobility while asset returns are falling. In this way,
concentrations of hidden risks can be detected and then addressed. The term structure
of obligations allows us to use classical asset liability techniques such as duration
matching and immunisation.

Pooling of Pension Funds: When two pension funds want to pool their operations,
we can now judge the advantages and disadvantages of this deal for each of the pension
funds. We can assess the obligations and liabilities buckets which arise from the pooling
and compare this to the individual pension fund's situation. This helps to determine
for which fund such pooling is beneficial and for which it is not. For example, a
pension fund with low labour mobility and a fund with high labour mobility and
similar distribution of member's ages, might result in a more manageable pension fund,
since for one fund it reduces the duration of liabilities and for the other it increases
it. Additionally, the cash-flows become smoother over time and less volatile for each
given period.

Cost vs. Benefits of the Model: This modelling approach of pension fund obligations
and liabilities is costly in the sense that a lot of data is needed to provide the analysis.
However, the insights gained by this type of modcljustifies the additional work needed.
Especially in long-term optimisation and analysis a precise description of the liabilities
ensures applicable and robust decisions.

4

Asset Return Models

When will lhe market bottom? I'rankly, when inveslors stop asking
the question.
Richard Bernstein
MemU Lynch Chief U. S. Strategist

We base our model of the pension fund on the stylised balance sheet of a pension fund,
as given in Table 1.2. After the detailed look at the debit side of the balance sheet in
Chapter 3, we now specify the model for the credit side, or assets, of the pension fund.
As indicated in the balance sheet, the credit side consists of an accumulation of different
possible investments either on the financial markets, such as in stocks or bonds, in real
estate, or even in further investment classes, such as alternative investments. Investing into
these financial products is the pension fund's way of administering its wealth and making
sure the value of the entrusted wealth increases. At least, with the financial investment
the wealth should keep its value in real, inflation-adjusted terms. More so, in the case
of the Swiss pension funds there is a minimal guaranteed return on the pension funds'
wealth.
Asset models are, more specifically, models for the expected returns and pay-offs of
the individual investment opportunities. The aggregation of the different investments into
a portfolio gives a total return based on the proportion of the individual investments
in the portfolio, and their (individual) returns. Since we are interested in the returns of
the total wealth of the pension fund, we join the individual investments together and
thereby form the so-called wealth equation. The wealth equation gives the aggregated
value of all pension fund's assets at any time by means of the sums invested into the
different investment opportunities and the returns generated from these investments. In
addition, the wealth equation allows for inflows and outflows of ca.<.;h in order to account
for payments to pensioners and contributions by active members.
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Structure of this chapter
We discuss the typical investment universe for a pension fund in Switzerland in Section
4.1. Also, we subdivide the investment opportunities into two classes with higher or lower
relevance for the pension fund's portfolio which we call major and minor investment
classes.
In Section 4.2, we define the models for describing asset returns of the major investment
dasses in continuous-time and in discrete-time. We also give the description of the wealth
dynamics. The wealth dynamics are the dynamics of the pension fund's credit side of the
balance sheet, given the return models of the investment classes. Also, for selected minor
investment elasses, some suitable models are given in Section 4.3.

4.1 A Pension Fund's Investment Universe
The pension fund managers face the choice of different investment opportunities and
possibilities in where to invest the pension fund's wealth. We call the space within which
the investment choices are defined, the investment universe.
As indicated in previous sections, the managers must make their choices with certain
goals in mind. Typically, these are: earn at least the minimal guaranteed return, maintain
a sufficient level of liquidity to pay pensions, and secure the wealth over a very long time
horizon. Partly due to federal law, these goals are mandatory requirements for the pension
fund.
Further regulations govern the amount of wealth which is allowed to be invested into
different investment da,,-'lses. Thereby, a diversification of the pension funds portfolio is
enforced. Since the financial market consists of uncountable possible investment opportunities we pick out the most relevant investment classes and classify two groups which we
call "major asset dasses" and "minor asset classes".

"Major asset classes": Cash, Bonds, Stocks, and Real Estate
The bigger part of the pension fund's portfolio is supposed to be made up by investment
into what we call the major asset classes. The classification made here is determined on
one hand by the explidt mentioning of these investment classes in the federal regulations
(Verordnung iiber die beruftiche Alters-, Hinterlassenen- und Invalidenvorsorge, BVV2
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(1984)), and on the other hand by observing the current situation in different surveys
on investment behaviour of Swiss pension funds, e.g., results of a questionnaire (Swissca
2003), a quarterly published overview on the state of pension funds (Credit Suisse 2005),
or a pension fund specific market index (Bank Pictet 2000). Under the major asset elai,ses
we collect cash (compounded at a short-term interest rate), bonds, stocks, and real estate,
which are defined as follows:

Cash: Ca."h money is most liquidly invested at a given short-term interest rate. In our
models we use short rated (1-3 months) T-Bills or LIBOIl ratel'i for the cash money.
Since the interest rate is determined and does not change over the short-term investment horizon it is considered a locally risk-free investment. We therefore use the terms
cash money, bank account, money market account, or very generally risk-free investment, equivalently for this kind of investment class. However, the short-term interest
rate may change significantly over longer time horir.ons.

Bonds: Under bonds we group investments that have a (fixed) interest rate and a maturity date. The interest rate depends, for example, on the maturity, bond rating, and
the short-term interest rate given at the moment the bond is issued. The so-called
yield eurve links time to maturity with instantaneous returns (called yield) of bonds.
Generally, bonds with longer maturities pay higher returns, however different shapes
of the yield curve occur depending on the state of the economy. We regard government
bonds and corporate bonds, issued by governments or by companies, respectively. A
detailed description of bonds, or fixed income securities is given by Fabozzi (2001).

Stocks: Under stocks we consider a direct investment that represents ownership in companies. Gains (and losses) on stocks come from price increases (decreases) of the stocks
due to increasing (decreasing) value of the company whose participation they represent. Part of the companies profits are paid in the form of dividends. We assume that
dividends are directly reinvested into the company. In our case the investment class of
stocks is represented by a defined portfolio of stocks such as a fund or an index. This
is due to several reasons, e.g., indices have smoother time series and statistical properties than individual stocks, the problem of picking individual stocks is reduced to a
choice of fewer indices, liquidity can be assumed to be guaranteed for indices, and corporate financial actions (such as for example dividend payments or re-capitalisations)
are correctly included into indices.

60

4 Asset Return Models

Real Estate: Swiss pension funds and insurance companies traditionally invest a significant proportion of their wealth into real estate. Real estate is a highly illiquid
investment class which also involves high maintenance costs. Real estate is at times
also considered as a hedge against inflation, as investigated in Dondi (2005).

"Minor classes": Derivatives, Alternative Investments, Foreign Exchange
In the pension funds' minor <lliset classes we group derivativef:>, foreign exchange and
alternative investments, defined cm follows:

Derivatives: Derivatives we call thof:>e investment opportunities that are priced af:> a
function of some underlying investment. Common derivatives are options that give
the buyer the right to purchaf:>e (or sell) a good (e.g., commodity, f:>tock, etc.) sometime in the future at a predetermined price. The option price is determined at every
time, depending on the actual price of the underlying and further factors. Due to investment regulations Swiss penf:>ion funds are restricted with speculative investment
into derivatives.

Foreign Exchange: The simplef:>t foreign exchange invef:>tment generates returns with
the exchange of two currencies at the spot rate. A currency trade always involves
buying one currency and selling another. Currency exchange rates are constantly fluctuating, the market is generally very liquid. A study on optimal investment strategies
for currency portfolios is given in Illien (2005).

Alternative Investments: A small (but growing) proportion of the wealth of pension
funds is invested into alternative investments. The quarterly report by Credit Suisf:>e
(2005) f:>hows a f:>teady increa..<;e to a proportion of 2% in the first quarter of 2005 (from
0.5% in the second quarter 2002). In the group of alternative investmentf:> we collect
hedge funds, hedge fund-of-funds, commodities and commodity indices, or private
equity.

4.2 Asset Returns Models
4.2.1 Stylised facts
In order to model the asset returns, we first study what effects should be reflected in
an asset return model. Realistic models for af:>f:>et returnf:> should reflect observed stylised

4.2 Asset Returns Modds

61

facts of financial time series, such as the following given in Campbell and Viceira (2002),
Ziemba (2003), or McNeil, Frey and Embrechts (2005):
1. Return data is not identically and independently distributed.

2. Return data possesses low serial correlation.
3. Squared returns have high serial correlation.
4. Volatility (standard deviation of return data) is observed to be time-varying and
stochastic.
5. Volatility has the tendency to appear in clusters (persistence).
6. Volatility has the tendency to increase more when equity returns are falling (leverage
effect).

4.2.2 Continuous-Time Asset Returns Model
We follow the approach given by Merton by introducing a modelling framework for asset
price dynamics in continuous-time with stochastic d.ifferential equations (SDE). The assct
price dynamics arc modelled as a stochastic process with instantaneous expected returns
and instantaneous volatilities which are dependent of several factors. The factors themselves are also stochastic models of economically relevant figures: the state of the economy
in general or other financial factors.
In order to model assets on an organised exchange, we make the following assumptions:
1. Trading is continuous.
2. There are no transaction costs.
3. The investor cannot influence prices with his trading activities.

Price process
We regard a market in which there are n

~

1 risk-bearing investments. The asset price

processes (P1 (t), P2 (t), ... ,Pr! (t)) of the risk-bearing investments satisfy the stochastic
differential equations for i

= 1, ... , n,

dl~(t)

_
Pi(t) = ri(t, x(t)) dt

+ a'i(t, x(t))dZp(t) ,

(4.1)

P;(O) = Fia > 0 .
The price process in (4.1) is a generalised geometric Brownian motion with (possibly)
stocha.<;tic drift and diffusion terms. The drift f'i(t, x(t)) E lR determines the relative
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expected instantaneous change in price of Pi per unit of time. The diffusion determines
the instantaneous variance per time unit given by ai(t)ai(t)'l', where ai E jRlxn is the 'i-th
row of the matrix a(/,) E

jRnxn.

The n-dimensional Brownian motion dZp(t) is defined on

a fixed, filtered probability space (D, F, {Fth:::o, P).
Several characteristics of real stock or bond price processes are reflected in this model
such as: prices are always positive, expected returns are time-varying, and volatility is
itself a stochastic process.
As a further investment opportunity, as an alternative to the risk-bearing investments,
we choose a bank account, denoted by Po. This investment has a short-term interest rate,
i.e., drift term, fo(t, x(t)). The bank account is considered to be locally risk-free, given by
the diffusion term ao == O. The risk-free investment's dynamics for Po(t) is given by

dl-Mt)
Po t
Po(O)

~(-) =
=

_
ro(t, x(t))dt,

(4.2)

Poo > 0 .

Return model

The drift terms of the risk-bearing and risk-free assets (fi('), and f o ('), respectively)
depend on the m-dimensional factor processes

(XI

(t), Xl (t), ... :Em(t)). The factors directly

affect the expected return of the risk-bearing asscts and the expected interest rate (return)
of the risk-free assct. We assume that the drift terms for'i

= 1, ... ,n arc affine functions

of the factor levels, as given by

fi(t, x(t)) = Fi(t):r(t) of- fi(t) ,

(4.3)

+ fo(t) ,

(4.4)

fo(t, :r(t)) = F'o(t)x(t)
where x(t)

= (Xl(t), Xl(t), ....Tm(t))'i'

E JRm,

F'i(t)

E JRlxm,

}()(t)

E JR lxm ,

fi(t)

E JR,

and

fo(t) ER
Many authors of empirical studies have found evidence that macroeconomic and financial variables, such as long-term interest rates or the dividend-price ratio, are suitable
rcturn predictors for US stock returns. Among the identified factors are the short-term
interest rate (Fama and Schwert (1977) and Glosten, J aganathan and Runkle (1993)),
the dividend-price ratio (Campbell and Schiller (1988) and Fama and French (1988)),
and the yield spread between long-term and short-term bonds (Fama and French (1989)
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and Campbell and Schiller (1991)). A systematic study to analyse the robustness and the
economic significance of return predictors was done by Pesaran and Timmennann (1995),
where I-month

T~bill

rates, 12-month T~bill rates, inflation rate, change in industrial pro-

duction, and monetary growth rate were used as factors to explain the U.S. stock returns.
Testing a simple allocation strategy, the authors concluded that investors could have exploited the predictability of returns during the volatile markcts of the 1970's. The authors
found evidence on the predictability of stock returns in the United Kingdom in a more
recent study (Pesaran and Timmermann 1998). They coneluded that this too could have
been exploited by investors. In a similar manner, Patelis (1997) found evidence for the
predictability of above average U.S. stock returns based on five monetary policy factors
as well as on interest rate spreads and one-month real interest rates. Ihnanen (1997) empirically showed that the excess returns of long-term T-bonds are predictable with factors
such as term spread or momentum factors. Furthermore, Shen (2003) used the spread
between long- and short-term interest rates and price-earnings ratio to predict future upor down-turns of the S&P500 index. Additional studies on rcturn predictability arc cited
in the bibliographies of these papers.
Factor dynamics
The factors arc modelled as m-dimensional stochastic processes

dx(t) = P(t, x(t))x(t)dt + tP(l, x(t))dZx(l),

(4.5)

(4.6)

x(O) = xo

where p(.) E lR"', and <P(.) E lR mxm , and dZx(t) E lRm.. The 'm-dimensional Brownian motion dZx(t) is defined on a fixed, filtered probability space (f2, F, {Fth:~o, P).
The correlation matrix between dZp(t) and dZAt) is given by p(t) E

jRnxm,

where

p(t;)dl = dZp(t)dZx(t). The factor process :r(l) allows us to model variables of either
macroeconomic, industry specific, or company specific nature that affect mean return of
the risk-bearing assets. Examples of these factors are given in Table 4.1. By carefully
selecting external variables with some predictive capacity, we can model the time-varying
expected return of the asset price dynamics.
The relationships between the factors and the assets price dynamics as well as the
dynamics of factors can be derived by a theorctical model or by empirical methods applied
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Table 4.1. Examples of macroeconomic, industry specific and company specific factors alTecting asset prices.
Macroeconomic factors

Indnstry specific

Company specific

GDP growth

Indnstry growth

Company dividends

Long-term interest rate

Industry rate of returns

Company earnings

Inflation

Industry leverage

Company cash-flow

to financial data. For example, a popular affine interest rate model could be taken, which
theoretically proposes interest rate dynamics and the relationship between the interest
rates and the price dynamics of bonds. Alternatively, empirical time series modelling
could be used to establish the relationship between asset prices and factors. With this
framework, several different risk-bearing investments can be modelled such as stocks,
bonds, and options. With the factor process included into the price process, several further
uncertainties (i.e., Brownian motions) are included into the description of the actual
price process. The resulting asset price model is therefore a description of an incomplete
market where the investor faces more uncertainty (or risks) than available investment
opportunities.
The factor dynamics given in (4.5) are of a very general nature. In this work, the drift
of the factor dynamics, p(t, x(t)), is assumed to be a linear function and the diffusion,

i>(t, x(t)) depends on the time only, such that
p(t, :r(t))

=

A(t)x(t)

+ a(t),

([J(t, x(t)) = v(t),

where A(t) E

jRmxm,

a(t) E

jRm

and v(t) E

jRmxm.

(4.7)

(4.8)
Wc assume that the factor dynamics

matrix A(-) is a stability matrix, resulting in a mean-reverting behaviour of the factor
processes.

4.2.3 Continuous-Time Portfolio dynamics
Self financing portfolio
We assume that we set up a portfolio consisting of a given amount of each of the riskbearing investment, with stock.." at price
portf(>lio are denoted by if(·)

~(.)

and a bank account .fh(·). Inflows into the

> 0, outflows by of(·) > 0, respectively. The total wealth

contained in the portfolio, denoted by W (. ), is given by
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n

W(t) = L Ni(t)Pi(t),

(4.9)

i=O

where Ni(t) is the number of stocks 'i held at time L The dynamics of W(t) is obtained
by differentiating (4.9) with the

Ito calculus:

n

n

n

dW(t) = L Ni(t)dI~(t)

+L

'i=O

dNi(t)~(t)

+L

i=O

dNi(t)d~(t).

(4.10)

i=O

In this equation, the first term, L~~o Ni (t )dPi (t), states the gains or losses on the wealth
induced by changes in the stock prices. The second and third terms, L:~o dNi(t) P;(t)
L7~o

+

dNi(t)dPi(t), involve a change in the amount of stocks held during a given time

interval and can be interpreted as gains or losses from external sources (as shown in
Chapters 4 and 5, Merton 1992). This kind of change in the total wealth occurs through
direct inflows and outflows per time unit, iJO, and o.f(·), respectively. We can now write

(4.10) as
n

dW(/,) = LNi(t)dl{(t) + (U(t) - oI(t))dt

(4.11)

i=O
n

= L Ni(t)Pi(t)fi(t, :r(t))dt

(4.12)

i=O

n

+ LNi(t)l~(t)O"i(t,x(t))dZPi(t) + (iJ(t)

- o.f(t))dt,

i=O

n

W(O)

Wo

=

=

L Ni (O)P

iO •

i=()

The dynamics of the total wealth is thus given from inflows, outfiows and the summation
of the price changes of the individual stocks held in the portfolio times the nnmber of
stocks held. The expected changes of stock prices are according to their actual price and
the expeded relative returns f'i(')' The uncertainty of the price change is determined by
the diffusion fador O"i(')' The risk-free investment has return 1'00 and diffusion

0"0

==

O.

We define the fraction of wealth invested into the i-th investment opportunity at time

' ../l,i (t), t, as

N;(t)P;(t)
W(t)
.

In th',
, 1e 'Immate
"
N i (t) f rom (4 . 12) ,le:,;u
" It'mg III
.
IS way, we can
n

dW(t)

=

L Ui(t)W(t)t.Jt, x(t))dt

(4.13)

i=O
n

i=O

From 2::~() Ui(t)

=

1 we gain uo(t)

=

1 - L~~() lli(t), the proportion of wealth invested in

the risk-free investment. Equation (4.13) then becomes
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n

L Ui(t)W(t) (i\(l, x(t)) - fo(t, x(t) )dt + fo(t, x(t))W(t)rl/,

dW(t) =

(4.14)

i=1
n

+

L ui(l)W(t)ai(t, x(t))dZp,(t) + (iJ(t) - of(t) )dt,
i=l

W(O) = Wo.

Wealth dynamics
We write Equation (4.14) in vector notation which becomes

dW(i;) = u7(L)W(t) (f(t, x(t)) -lfo(t, :r(t)) )dl + fo(t, x(t))W(t)dt

(4.15)

+uT(t)W(t)a(t,:r(t))dZJ-,(L) + (if(t) - of(t))dl,
W(O) = Wo,
with u(t) =

(Ul(t), U2(t), ... ,Un(t))T

(ft(t, :r(t)), f2(t, J:(t)), ... , fn(L, .T(l)))T
fo(t,x(t)), W(t),if(t),of(t)

E

JR.n, 1 = (1,1, ... , 1)T

E
E

JR.n, dZp(t)

E

E

JR.n, f(t, x(t)) =

JR.n, u(l, .T(t))

E

JR.nxn, and

R Furthermore, we utilise (4.3) and (4.4) in order to

obtain the form of the wealth equation which we will use in the considerations of the
continuous-time wealth dynamics:

dW(l) = u7(l)W(l) (F(l)x(t)

+ 1(t)) dt + (Fo(t)x(t) + fo(t))W(t) dt

+ uT(t)W(t)a(t)dZp(t)

(4. Hi)

+ (if(t) - of(l))dl ,

where we use the following abbreviations

u(t) = (Ul(t), U2(t),
F(t)

=

[F[(L), F!(l),

F(t)

=

F(t) -IF()(t)

, 11..n (t))T

E

JR.n,

, F~(t)]

E

JR.nxrn,

JR.n Xrn ,

E

J(t) = (h(t;), ... ,fn(t))T
1(t) = f(t) -lfo(t)
a

=

1=
The term Fb(t)x(t)

+ fo(t)

T, an
]
, ...
[aiT

E jRnxI,

E jRnxl,
E

llJlnxn ,

ID\.

(1,1, ... , 1)T E

jRnxl.

is the factor model for the expected risk-free investment re-

turns. F is the factor loading matrix for the expected risk-bearing investments and

J
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the constants of the factor model. The term F(t)x(t)

+ J(t)

gives the dynamics of the

risk~bearing investments' returns in excess of the risk-free return. For

a sct of possible values U C

jRn
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n(l) we can define

which allows for com,traints and investment restrictions

to be imposed on the portfolio composition.

4.2.4 Discrete-Time Asset Return Models
We derive the

disercte~time processes

as given for the continuous-time price process and

factor dynamics in Section 4.2.2. As for the continuous-time models, there are assumptions
for the

discrete~time nlOdel:

1. Trading takes place only at diserete times t + k; k E Z defines the length of the interval
between trading times.
2. The investor cannot influence prices with his trading activities.

Price process
We regard

11,

;:;;:

1 risk~ bearing assets with price processes (P1 (t), Pz(t), ... , Pn (t)). The

relative price change over one time interval, Le., from time t to t
instantaneous return

Ti (. ).

P;(t

+ 1,

is given by the

The prices thus evolve as

+ 1) = Fi(t)(l + r'i(t)),

Pi(O) = PiO > O.

Equivalently for the bank account, with the instantaneous risk-free return,

(4.17)

roO

over one

time interval, we write

Po(t + 1)

=

Po(t)(l + rn(t)),

Po(O) = Poo > O.

(4.18)

Return model
The instantaneous returns of the risk bearing assets (or asset classes) in which we are able
to invest are described by

r(t)
where r(·)

= (r1 0,1'2 ('), ... , rn (.) f

=

t(t, x(t)) + f1'(t) ,

(4.19)

E jRn is the vector of instantaneous asset returns,

f1'(·) is a white noise process with E[ET(t)J = 0, and E t [ET(t)(f,·(t)1'J

= H(t). The return is
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thus given by the conditional expected returns r(·)

= (rl(')' r2(-), ... ,r",(-))T and the con-

ditional covariance matrix H(t). For the conditional expected returns and the conditional
covariance we assume that they arc time-varying and stochastic. Furthermore, the white
noise process (r(t) must not necessarily have a Gaussian distribution. For this process we
can assume more realistic, possibly heavy-tailed distributions of the returns.

Conditional expected returns
The expected returns of the risk-bearing assets r(t) are modelled as a linear function of
the factor levels

r(t) = F(t).T(t)

+ J(t) ,

where F(t) E

jRnxrn

and x(.) E

is the vector of factor levels. The factor process x(t) allows us to model

jRm

is the factor loading matrix, J(t) E

(4.20)

is a vector of constants,

jRn

variables of either macroeconomic or industry specific nature which effect the mean returns
of the assets and vary over time. We a.<;sume that the factors are driven by a discrete time
stochastic process, equivalent to the continuous-time case (as in Equation (4.5)), described
by

:r(l) = <flU, x(t)) + <P(t, X(t))fX(t) ,
where rI>(.) E

jRm,

ci)(·)

E jRmxI, and

fX(.)

(4.21)

E JRI. The I-dimensional white noise process

is supposed to be strictly covariance-stable, i.e. E[fX(t)(l'X(t)f] <

00,

(J(t)

and to have unity

covanance.
As stated in the continuous-time ca..<;e, the factor dynamics stated in (4.21) are very
general. Here too, we a..<;sume a linear function for the factors' drifts and a function depending on time for their diffusion, (l>(l, x(t))
respectively (where A(t) E

jRrnxrn,

a(t)

= A(t):r(t -1) + a(t), and &(t, x(t))

E jR'" and

v(l)

=

vU),

E jR1Ttxm).

Conditional covariances

In the stylised facts mentioned in Section 4.2.1, we described the observed behaviour of
returns' volatility data. By using a multivariate GARCH model for the covariances of the
asset returns we capture the characteristics of the stylised facts concerning volatilities.
The dynamics of the conditional covariance matrix H(t)

=

h(t)(h(t))T are described

by a multi-variable GARCH process. The structure of the random process is given by
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where we assume that E[e(t)] = 0 and E[e(t)(e(t))'l'] = IT E JRnxn. The model of the
eovarianee matrix is given by

H(l)
where E(t)

=

=

l/(t)lji(t)E(l) ,

(4.23)

diag{ ITl (l), CT2(t), ... , ITn(t)} is a diagonal matrix of the individual volatili-

ties. Thy t:iymmetric and positive-definite matrix lji(t) cont:iists of only ones on the diagonal
and contains the conditional correlations on the non-diagonal elements.
The conditional covariance matrix H(l) must be a positive definite symmctric matrix
and therefore ITi(t) > 0 and ljI(t) > O. The GARCR structure is determined by the
model we choose for the individual ITi(t) and the conditional correlation matrix l/i(l,). For
the individual conditional variances we choose the threshold GAIlCR, or TARCR model
given by

ITf(t)

=

Wi

q,

Pi

j=l

j=l

+ L cPij( f~' (l - j))2 + L !.pij(ITi(t _ j))2

(4.24)

Oi

+ L 'ljJijXri(t ~ j)«(t ~ j))2 ,
j=l

where 'Wi > 0, cPij > 0, !.pij > 0, 7}Jij > 0, and the indicator function Xi(l - j) = 1 if

fi'(l- j) < 0 and zero otherwise. The parameters (Oi,Pi,qi) give the number of respective
lags used for the three terms of the model. The TARCR(o,p,q) model correctly describes
the three main observed stylised facts: volatility increases when large absolute returns
occur, volatility shows persistence (clusters), and volatility rises when negative returns
occur. A discussion of this volatility model can be found in Engle and Patton (2001) and
Glosten et al. (1093). In the case where 'ljJij = 0, the TARCR model is reduced to the
GARCH(p,q) model.

Conditional correlation
The conditional correlation, denoted by l/i(.), describes the structure of the dependence of
the ast:iet returns. It is modelled with the dynamic conditional correlation (DCC) model.
This model was derived in order to improve the constant correlation model, since empirical
data analysis of stock and bond prices suggest time variation of the correlations. The socalled DCC(k,l) model for If/(.) is obtained from
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(4.25)

with
k

Q(t)

=

(1 -

((L) =

JRnxn

k

i=1

j=1

I

L 8 L r/i)Q + L 8 (((l-j) (((t-j)f) + L ruQ(t-j).
j -

j=1

Where Q E

I

j

(4.26)

j=1

denotes the unconditional correlation matrix of standardised residuals

2.,'-.1 (t)f7'(t).

The factors 8j, and rh must be strictly greater than zero in order

to make sure that lJr (t) is a positive-definite matrix. The diagonal matrix Q* (t) consists
of the square roots of the diagonal elements
diag{

qii (.)

of the matrix Q(.) such that Q* (t)

=

J(qll (l ), V( q22 (t ), ... , J(q22 (t)} .

The DCC model allows us to follow changes in the dependence of assets and helps us
to optimally design a diversification strategy. This is an improvement over the constant
correlation assumption (Bollerslev 1990) since correlation can be used as for hedging
purposes and risk evaluation. The properties of the dynamic conditional correlation model
are discussed in Engle and Patton (2001), Engle and Sheppard (2001), and Engle (2002).

4.2.5 Discrete-Time Portfolio Dynamics
Portfolio Return Model
Based on the return models of the n risk-bearing assets, we derive the total portfolio
returns in discrete time. The total portfolio wealth, denoted by

WO

is invested and

earns the total portfolio return R(·). We assume that an investor can chose among n
risk-bearing assets and a locally risk-free bank account.
The proportion of wealth invested (or rather deposited) in the bank account is denoted
by Uo (. ). The proportion of wealth invested into the i- th of the n risk-bearing assets is
given by Ui(')' The total portfolio return is then given by

R(t)

=

uo(t)ro(t)

+ u7(t)r(t),

(4.27)

= (UI (t), U2(t), ... , 'lfnU))T. The interest rate of the bank account rn(t) and
the n risk-bearing assets returns, r·(t) = (rl(t), . .. ,rn(t)f are given by

where '/1,U)

r(L)

=

F(t)x(t)

ro(t) = Po(t)x(t)

+ f(t;) + (7'(t),

(4.28)

+ fo(l) ,

(4.29)
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where F(t) E !Rnxm , x(t) E !Rm , f(t) E !Rn,

fX

E !Rn,

Fo(t)

E

!RnJ., and fo(t)

E
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dynamies of the risk~bearing asset returns are described in Section 4.2.4. The bank account
interest rate is an affine function of the factor levels :1:(t). Inserting Equations (4.28) and
(4.29) into (4.27), we can write the total portfolio return as

R(t) = uo(t)(Fo(t)x(t)

+ fo(t)) + uT(t) (F(t).r(L) + f(t) + (T(t)).

Knowing that at any given time t we require I::~o Ui(t)

uT(t)l

=

1 with

1 = (1,1, ... , 1f, we

(4.30)

= 1, or in vector notation uo(t) +

can eliminate 11,0(-) by writing
(4.31)

where F(t) = F(t) -lFo(t), and j(t) = f(t) -lfo(t), as seen in the continuous time case.

Wealth dynamics
The wealth dynamics are given by

W(L

+ 1) = W(t) (1 + R(t)) + 'if(t) - of(t),

(4.32)

where W(t) E !R denotes the portfolio value at time t. Inserting the returns from Equation

(4.31) into (4.32) we get the portfolio dynamics and factor dynamics in discrete time:

W(t

+ 1) = W(t) (1 + Fo(t)x(t) + fo(t) + uT(t) (P(t):r:(t) + j(t)) )
+W(t)UT(t)fT(t)

x(t + 1) = p(t,x(t))

(4.33)

+ if(t) - of(t),

+ 1>(t,X(L))E x (t).

The wealth dynamics in discrete-time were obtained by stating that the portfolio consists
of several investments with different returns that can be summed up. This is different
from the way we derived the wealth dynamics in continuous time. There, we based our
wealth on the assumption that the portfolio is self-financing, i.e., capital gains and losses
other than inflows or outflows can only be made through price changes of the investments.
Although we did not construct the discrete-time wealth based on the self-financing
characteristics, this feature can be shown for the discrete-time wealth dynamics given
in (4.33). More precisely, we can show that the discrete-time portfolio dynamics can be
derived from the continuous-time portfolio by discretisation and vice versa. We use the
Euler discretisation (as stated in Kloeden and Platen 1995) on (4.17) resulting in the
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discrete form (4.33). In the other direction, the continuous-time wealth dynamic is given
by the discrete-time wealth dynamics through finding the limit of (4.33) by letting the
discrete-time interval become infinitesimally small.
Wc thus state that the self-financing characteristics hold for the discrete-time portfolio,
although the wealth dynamics were not derived directly with this c1Ssumption.

4.3 Selected Discrete-Time Models for Further Asset Classes
A brief description of models for real estate property, foreign exchange, and alternative
investment classes is given here. Real estate can also be considered a major investment
class for Swiss pension funds since they have had an average proportion of approximately

15% wealth invested in real estate over the last 3 years (Credit Suisse 2005).
4.3.1 Real-Estate Returns
A number of studies investigate the role of real estate in an investment portfolio. For
the case of institutional investors and pension funds particular examples are given in
Ciochetti, Sa-Aadu and Shilling (1999) and Chun, Sa-Aadu and Shilling (2004).
There are different ways to invest into real estate: direct investment into property,
investment into stocks of companies owning property, and investment into funds that invest into either of the two previously named. We assume that prices for direct property
investment behave differently than the other investment possibilities (or securitised realestate investments), since they are not directly coupled to the movements of the financial
markets. Real estate related funds, and particularly real-estate investment trusts (REIT)
and their returns structure arc given in Titman and Warga (1986), Mamer, Reiner and
Rogalla (2003), or Brooks and Tsolacos (2003). There also exist indices for direct investment into real-estate property, as described in Hoesli, Giaccotto and Favarger (1997). In
this work, we propose a model for the direct investment into real-estate property, not in
a securitised form.
An investor in real-estate property, is interested in returns generated from a property
object in the form of rental returns. Additionally, there is a potential for gains (or losses)
in the property market. When an investor takes a position in real estate, his wealth
dynamics must reflect both possible gains from rent and gains (or losses) from changes
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in the conditionH of the properties market. Therefore, property returns are decomposed
into:
1. A return which is relative to the inHtantaneous value of the property, denoted by
TpfOp(t). This resembles relative returns on financial investments such as stocks.

2. A cash-flow income from renting out the property, given by ijpfOP(t).
The real estate returns are also modelled with a fador model that result in the two
different return pOHHibilitieH. An in-depth description of a model for real estate is given in
Appendix B.
4.3.2 Alternative Investments Model
Continuous-time alternative investments model

The price of an alternative investment, e.g., a hedge fund, is denoted by Pai (.). The
alternative inveHtment price has the dynamics

dPai(t) = Pai(t) (ro(t)

+ j3(r(t) -lro(t)) + &)dt

+Pai(t)O"ai(t)(pdW,,(t)

(4.34)

+ V1 - p2 dWai )

where j3 E JR, O"ai E JR, and p E JR are conHtant parameters of the model. The two Brownian motions dWs (for the market uncertainty) and dWai (for the alternative investments
uncertainty) are correlated with correlation factor p.
The excess return of the alternative inveHtment, eX E JR iH assumed to be an unknown
constant which can be identified by means of a Kalman filter as shown in Keel, Schumann
and Geering (2005). The constant & is meant to describe the ability of the fund manager
to outperform the market. The term ro + (3(r(t) -lro(t)) gives the risk-adjuHted expected
return of the alternative asset with respect to the market returnH. The model resembleH
Merton'H inter-temporal asset pricing model (ICAPM, Merton (1973)). A similar model
has been used in Cvitanic, Lazrak, Martellini and Zapatero (2003) and Keel, Herzog and
Geering (2004).
Discrete-time alternative investments model

In discrete time, we can UHe the linear factor model given in Sedion 4.2.4 to model the
returns for the alternative investment. Different factors apply for different alternative
investments.
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4.3.3 Foreign Exchange

Illien (2005) uses the linear factor model given in Section 4.2.4 to model foreign exchange
returns. Factom used in this model are: consumer confidence, consumer price index, money
supply, retail sales indices, unemployment rates, and others.

4.4 Continuous-Time and Discrete-Time Return Models
As we have seen, the models for the continuous time and discrete time wealth dynamics
arc very similar; even more, they can easily be transformed onc into another.
However, there are major differences between the two modelling possibilities. The struc~
ture of the models for continuous time and discrete time differ in the fundamental way
that uncertainty (in the form ofvolatilities) is included into the wealth dynamics. While in
the continuous-time case they are part of the actual price process of the investable a..<;sets,
the discrete-time model packs them into the returns. Although returns and price process
are directly linked, the estimation of dynamic volatilities from the (continuous~time) price
process is more difficult than estimating models from the (discrete-time) returns.
Therefore,

discrete~time

models allow mainly for more flexibility in modelling uncer-

tainties than in continuous-time. Modelling multidimensional and time-varying variances
and correlations of returns processes in

continuous~time

is tedious if not practically infea-

sible.

In addition, since financial observations arc given in discrete-time (quarterly, monthly,
daily, hourly, etc.) we consider the

discrete~time

model the correct description for the

given observations. In this sense, the continuous-time models represents a more theoretical
framework that can be used to gain (theoretical) insights and to derive analytically sound
solutions.

5

Optimisation for Asset and Liability Management

Get The Wealth You Deserve!
Take Advantage of Market Trends As They Happen!
For those of you who wish that you had got 'iT! when you had the
chance. HERE is YOUR SECOND CIIANCE!!!!!!!!!
Spam E-mail

In the previous chapters we develop detailed knowledge and created models for the pension
fund's balance sheet's credit side and debit side. From Chapters 3 and 4, we have detailed
descriptions of
1. The pension fund's future expected cash-flows

III

the form of expected obligations,

liabilities, and inflows.
2. The pension fund's investment universe and the expected returns and uncertainties of
the possible investments.
Our aim is to use this knowledge in order to find "the best possible strategy" for managing the pension fund. The best possible strategy is meant to tackle the pension fund's
problems discllssed in Chapter 2. Most generally speaking, we use mathematical optimisations relying on functions which trade-off and rate certain outcomes and risks of different
decisions to find the strategy which best fits expectations, risk-awareness, and liquidity
necessities.
Essentially, we want to improve basic financial optimisation methods that result in an
optimal investment strategy for maximising returns under given risk-awareness. The improvement sterns from directly including the knowledge about obligations and liabilities
cash-flows into the optimisation. The resulting investment strategy for the asset and liability management of the pension fund is thus a liability-, or obligations-adjusted optimal
investment strategy that strongly depends on the structure of the pension fund.
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Financial optimisation
The globalisation of financial markets and the introduction of various new and complex
products, such

,1S

options or other structured products, have significantly increased the

volatility and risk. Moreover, advances in communication technology and computers have
dramatically increased the reaction speed of financial markets to events. This has occurred
in Switzerland, the country the fund resides in, as well as across markets internationally.
The long-term nature of a pension fund amplifies the financial rewards for good decisions
as well as the penalties for bad decisions. Furthermore, the dynamic and uncertain nature
of both the asset and the liability trajectories greatly complicates the investment problem.
Therefore, the need to integrate the liability and the asset management has dramatically
increased.
Most financial planning systems today still rely on the classical mean-variance framework pioneered almost 50 years ago. Despite its huge success, the single-period setting
possesses some significant deficiencies:
1. It is difficult to use in a long-term application where the investor is able to re-balance
his portfolio frequently.
2. For situations where an investor faces liabilities or goals at specific future dates, the
investment decisions must be taken with regard to the dynamics and time structure.
3. The definition of risk, such as variance or semi-variance, does not transfer information
regarding the chances of matching the obligations or goals.
4. The mean-variance framework is extremely sensitive to the model inputs, i.e., meanvalues and covariances.
5. The mean-variance framework cannot handle well issues like taxes or transaction costs.
Nevertheless, economic growth theory recommends that an investor should maximise
the expected logarithmic wealth consecutively over each single time period (Luenberger
1998). Still, this suggestion depends on a variety of assumptions such as no transaction
cost, independently, identically distributed (LLd.) asset returns, and neither liabilities nor
in- or outflows to be time-dependent. When these assumptions are violated, as they are in
the case of pension funds, a true multi-period optimisation is the appropriate framework
to handle such a problem.
For all the previously stated reasons, it is necessary to use a dynamic multi-period optimisation rather than the classical single-period framework. In addition, the mUlti-period
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approach provides superior performance over the single-period approach, see Dantzig and
Infanger (1993) and Dempster (1998).

Financial risk measures
In recent years, more and more applications of integrated risk management luwe emerged.
Insurance companies and pension funds pioneered these applications which include
Russell-Ya..<;uada investment system (Carino, Kent, Myers, Stacy, Sylvanus, 'I\mler, Watanabe and Ziemba 1994), the Towers-Perrin System (Mulvcy 1995), and the Siemens Austria
Pension Fund (Ziemba 2003). In each of the applications, the investment decisions are
linked with liability choices, and the system's funds are maximised through time using
multi-stage stochastic programming. The integrated risk management approach is therefore the best suited way of managing a pension fund. It includes the dynamics of the
assets, the dynamics of the liabilities, the long-term nature of the pension fund, and the
uncertainty faced by the fund.
Common risk measures used in asset and liability management situations are Value-atRisk (VaR) and Expected Shortfall (ES) also called Conditional Value-at-Risk (CVaR).
make, Cairns and Dowd (2001) estimate the VaR with regard to pension plan design and
Dowd, Blake and Cairns (2003) investigate long-term VaR. Furthermore, CVaR has been
applied to the situation of a pension fund in Bogentoft, Romeijn and Uryasev (2001), and
Bosch-Princep, Devolder and Donminguez-Fabian (2002).
Several other studies have considered asset liability management in different contexts.
These studies are relevant and applicable for the specific case of the pension fund. Ziemba
and Mulvey (199S), Zenios (2002), and Ziemba (2003) cover the broad ficld of asset and
liability management, specially for long-term financial planning. Further publications in
the field of long-term planning arc given by Kusy and Ziemba (1986), Carino and Ziemba
(1998), Mulvey, Pauling and Madey (2003), and Mulvey and Shetty (2004).

Individuals' behaviour and opposing interests
Our models can be used to capture the investment preferences of an individual investor
whose investment horizon shortens as he gets older. The asset allocation then becomes a
function of (individual) risk aversion and time horium. This has been described in I3rennan, Schwartz and Lagnado (1997) and Campbell and Viceira (2002) for the individual
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and also in Cairns, Blake and Dowd (2003), where a savings strategy for pensions called
stochastie life styling is proposed.
Contribution rates are an important factor in pension fund management. Since the
main interest of (young) pension fund members is mostly to pay small contributions and
generate higher returns by investing a larger proportion in riskier assets (with higher
returns) in the financial markets. Optimisation is based on a trade-off between contribution rate and the pension fund's liquidity, resulting in an investment strategy (O'Brim
(1986), Haberman and Sumg (1994), Reiehlin (2000), Dondi (2001), Taylor (2002), and
Josa-Fombellida and Rincon-Zapatero (2004) ). Further optimisation methods for pension funds investment strategies in continuous-time are given in Cairns et al. (2000) and
Habermann and Vigna (2002) for defined contribution pension plans. Optimal investment
strategies for special cases of pension funds, such as minimum guarantees or pension
fund accumulation and dc-cumulation arc solved with constant relative risk-aversion utility functions in continuous time in Deelstra, Grasselli and Koehl (2003) and Dattoccio,
Menoncin and Scaillet (2003), respectively. Furthermore, Devolder, Princep and Fabian
(2003) and Charupat and Milevsky (2002) give stochastic optimal control solutions for
optimal asset allocation with regard to life annuities.

Structure of this chapter
We start by introducing the utility functions used for valuing different choices under uncertainty in Section 5.1. Several different possible risk measures are also discussed there.
In Section 5.2, we discuss different multi-period portfolio optimisation problems and their
solutions. We discuss the features and specialities of the multi-period setting in portfolio
optimisation in continuous-time and in discrete-time. In Section 5.3, we propose three
different optimisation methods for the portfolio management of a pension fund taking
into account liabilities and obligations. We discuss special utilities and risk measures for
this case (Section 5.3.1) and several optimisation approaches (Section 5.3.2). In Section
5.3.3, we present a method for finding the optimal investment strategy when regarding
the pension fund's wealth as one lump-sum. Section 5.3.4 then presents an optimisation
concept with regard to obligations and liabilities buckets. The statement of the optimisation problems for obligations buckets (Section 5.3.5) and liabilities buckets (Section 5.3.6)
conclude the chapter.
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5.1 Utility Functions and Risk Measures
5.1.1 Characteristics of Utility Functions
Suppose an investor has many different investment opportunities that could influence his
wealth at the end of the year. Once the investor decides to allocate his capital among
the alternatives, his future wealth is governed by the corresponding random price changes
of the investment opportunities. If all outcomes were certain, it would be easy to rank
the options. In an uncertain environment, this decision is not so obviOlli::i. Utility functions
provide a ranking to judge uncertain situations. For a risk averse investor, a utility function

U must fulfill certain properties:
1. A utility function must be an increasing continuous function: U' > O.
2. A utility function must be concave: U"

< O.

Due to the first property investors always prefer having more wealth to having less wealth,
since their utility rises (for sure), whenever their wealth rises. The second property results
in the principle of the investor's risk aversion.

5.1.2 Common Utility Functions
Several functions can be used as utility functions, since they capture the characteristics
of the value of more wealth and of risk-aversion. We list the most commonly used utility
functions for terminal wealth W (T):
1. The exponential function:

UW(T)) =

2. The logarithmic function:

U(W(T)) = In (W(T)).

3. The power functions:

lJ(W(T))

=

HW(TP),

4. The quadratic functions:

U(W(T))

=

,W(T)

where,

_e-.,.W(T),

~

>0.

where, < 1 and

;YW(T)2, where W(T) <

,-=I- O.

2~'

Apart from the absolute values of utility functions we are also interested in the shape
of the utility function. Pratt (1964) and Arrow (1965) define the following measures
for risk-aversion with respect to the first and second order derivatives ((j' (.) and lJ" ('),
respectively) of the utility function U(·):
• The Arrow-Pratt measure of relative risk-aversion: RR(W)

=

-W ~:g~j >

• The Arrow-Pratt measure of absolute risk-aversion: RA(W) = - ~;:g::j >

o.

o.
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Both meaf:>uref:> are invariant to affine transformationf:> of the utility function. The measures
can be uf:>ed af:> to dif:>tinguish between two commonly used types of utility functions for
economic and financial optimisation:
Constant relative risk aversion (CRRA): Given, for example, by a power utility
function. Typically, the power utility for the terminal wealth is used, Le., wealth at
time T. Then, the utility is given by U(W(T)) = E[~W(T)'], where factor "(

< 1 is

the rif:>k-avemion factor.
Constant absolute risk aversion (CARA): Given, for example, by an exponential
utility function. Usually, the exponential utility for the terminal wealth if:> uf:>ed, Le.,
wealth at time T. Then, the utility if:> given by U(W(T))

=

E[-~e-'"IW(T)], with risk-

avemion factor "( > O.
5.1.3 Risk Measures
Risk, or the possibility of loss, can be defined and measured differently. Here, we state
different possible risk mea..">ures and their implications for financial optimisations.
Variance
Variance ha.."> been used as a risk measure since it was used in the work of Markowitz (1952).
Uf:>ing variance as the risk measure for a portfolio optimisation irnplief:> the assumption
that returns have a Gaussian distribution. In this case, the variance is symmetrically
positioned around the expectation. Variance gives the same weight to negative and positive
deviations and therefore is not a suitable measure conf:>idering the "harm" point of view of
a risk measure. However, since variance can be used as an intuitive and easy to calculate
rif:>k measure, it is very widespread and common. The famous modern portfolio theory
(Markowitz 1952) and capital asset pricing theory (Sharpe 1964) are based on the meanvariance framework.
Value-at-Risk
Value-at-risk (VaR) is widely used as a risk measure and in risk management applications
for investom. VaR is a measure, baf:>ed on a given quantile of a distribution. VaR is defined
as a portfolio'f:> largest pOf:>f:>ible loss at a given probability (or confidence level). In the mOf:>t
general case, VaR can be calculated from the probability density function of the portfolio
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value at time r, given by f (W (r)). For the value-at-risk at confidence level c, we look for
the loss L, such that the probability of W (r) exceeding this value is
(5.1)

From another perspective, we require that 1 - c is the probability for a realisation worse
than L, such that P(W(r) ~ L)
1- c=

[,
1

-00

= p = 1 - c,
f(W(T))dW(T) = P(W(T) ~ L) = p.

(5.2)

The VaR-level for a portfolio at the confidence level c is given by the smallest value W-,
such that the probability that the loss L exceeds W- is smaller than 1 - c:
VaR(c, L) = inf [L I P[L > W-] ~ 1- c]
{w-}

(5.3)

The practical implications of this risk measure is that it measures the down-side risk
probability of the portfolio at a given confidence. However, it does not state exactly how
big the loss is, once it occurs. It

if,

a common risk measure used in commercial risk-

management software (e.g., RiskMetrics, see Mina and Xiao (2001)) and described in
best-selling books (('.g., .Jorion (2001)).

Expected Shortfall
Expected shortfall (or cnnditional value-at-risk) was introduced by Pflug (2000) to measure the expected value )f the occurred loss, once a loss of a given level actually occurs.
Thus, the expected short ·1111, ES(·), is the expected loss L, once the VaR-Ievcl at a given
confidence level c has been pa,ed,
ES(e, 1

)

= E[L I L > VaR(c, L)].

(5.4)

Expected shortfall is the only r ;k-measure described in this section which is considered
a coherent risk-measure. Cohere Lt risk-measures in the sense of Artzner, Delbaen, Eber
and Heath (1999) are a class

CIf

risk-measures that satisfy certain conditions such as:

monotonicity, translation invariance, positive homogeneity, and subadditivityl. Variance,
for example, violates the condition of monotonicity, value-at-risk violates subadditivity.
1

Some modifications of the properties of coherent risk measures have been proposed in Rockafellar and Ziemba
(2000).
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5.2 Multi-Period Portfolio Optimisation
Typically, investors aim to find the optimal proportion of wealth that is to be invested
into a certain asset, in order to achieve their personal goals. The portfolio dynamics in
continuous-time (4.17) and in discrete-time (4.33) both contain a "portfolio composition" vector u(·) which defines the proportion of wealth invested into every asset.
In portfolio optimisation problems we want to find the investment strategy u(·) that
fulfils the goals set by the investors i.e., maximising their utility function. The investment
strategy that optimally fulfils the goals is denoted by u *(- ).
Pension funds too, need to make decisions on where to invest the money they administer. At first we therefore investigate portfolio optimisation problems without going
into details of obligation and liability structures. The portfolio optimisation is then based
solely on the pension fund's wealth, expected returns, and utility functions.
Two different portfolio optimisation problems in continuous-time and their solutions
are discussed. The optimal investment strategies u* (.) are derived with dynamic programming by solving Hamilton-Jacobi-Bellman partial differential equations. The two problems
exhibit different characr,eristics of multi-period investment strategies and their solutions
clearly show an advantage ov, 'r the single-period optimisation problem and it's solution.
The third portfolio optimist1 Hon discussed here is based on the discrcte-time portfolio
dynamics and a mean-variance utility function. Here, the investment strategy is given for
every discrete interval at time t

+i

over rn time intervals. The multi-period investment

strategy is given by the collectiOl, U (.) of all m investment strategies over the time horizon,
i.e., U(t)

= (u(t), . .. , u(l + rJl

1)).

-

5.2.1 Portfolio OptimisatiOl with the CRRA Utility in Continuous Time
In the first portfolio choic ' problem we maximise the expected power utility of terminal
wealth, E[~W(T)rl The

HJ '1l.l1

risk-free bank account are

Jilh

returns of risk-bearing assets and the interest rates of the

1,r affine functions of the factor process (given in Equations

(4.3) and (4.4)). We assume th,

C,

inflows and outflows are neutral, i.e., if(t) - of(t) ==

O. Furthermore we assume that leveraging, short-selling, and borrowing at the risk-free
rates are unrestricted, i.e., U

= ]Rn. The factor dynamics (4.5) and the risk-bearing asset

dynamics (4.1) are correlated with p(.). The portfolio wealth dynamics have been derived
in Section 4.2.3.
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Problem 5.1. For the portfolio optimisation with the CRRA utility we search for the
optimal eontrol vector u* (.) E U as solution of the optimal control problem with terminal
time T,

E[~W(Trr],

max

u(')EIRn

I

s.t.

+ fo(t) + uT(t)(F(t)x(t) + j(t;))]dt

dW(t) = W(t)[Fo(t)x(t)

+W(t)uT(t)a(t)dZp ,
d:r(t) = (A(t)x(t)

+ a(t))dt + v(t)dZx

,

dZpdZx = p(t)dt ,
W(O) = Wo,
x(O) =

;1:0 ,

where, < 1 denotes the coefficient of risk aversion.

Lemma 5.1. The optimal feedback controller is found with dynamic progm.mming by

means of the Hamilton-Jacobi-Bellmann (HJE) equation. For the optimal control vector
u* (.) we obtain

u*(.) = 17-l(t) (fr(t):r(t)
1-,

+ j(t) + a(t)p(t)VT (t)(I<3(t)X(t) + k2(t)))

with 17(t) = a(t)(a(t))T. For the vector' k 2(t) with terminal condition k2(T)
A;2 =

b

=

,

(5.5)

0:

=1) (p T17-1 j -, pT17-1apl/k2 + KiVpTaT17- 1j + T<3vpTpvTk2)

-,FoT -

K:w v T k 2 - A T 1;;2

-

(5.6)

I<3a.

For the matrix I<3(t) with terminal condition K 3(T) = 0:

K:l = (,

= (p 17-1 i' + p 17-1ap. ,TKi +
1)

T

T

K 3VpTaT 17- 1 P+ I<3l/{7 pv T I<3)

-I<3vvTI<:l - I<3A - AT K 3.
Proof. The solution procedure and proof are given in Appendix G.1
Discussion of the optimal portfolio control
The optimal controller in the solution given in (5.5) can be split into two parts.

(5.7)
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1. myopic demand: l~')'E-l(t)(F(t)x(t)+ ](t)) which is independent of the time horizon, comparable to the solution of Merton (1973).

2. inter-temporal hedging demand: J ~I E- 1 (t)o-(t)p(t)lI T (t) (I{3( t)x(t) + k 2 (1,)), which
depends on the time horizon and the correlation of the external variables with the asset
price dynamics. The shorter the time horizon is, the smaller the inter-temporal hedging
demand becomes, since the terminal conditions are K 3 (T)

= 0 and k2 (T) = O. The

time horizon T to some extent governs the time-varying gains and thus the feedback
of the external variables. The portfolio weights over time are therefore a function of
the time horiwn. The risk aversion effectively controls how much wealth is invested in
the risky assets.

5.2.2 Portfolio Optimisation with the CARA Utility in Continuous-Time
The second portfolio choice problem is maximising the exponential utility of terminal
wealth, i.e., E[-~e-IW(T)J. We make similar assumptions a,s in Section 5.2.1. However,
we assume the risk-free interest rate is not a function of the factor levels, i.e., Fo(t) = 0,
and we allow for in- or outflows of money form the portfolio. The inflows or outflow is
modelled as an affine function of the factor levels, if (t) - of (t) = C (t )x( t) + c( t). Possible
applications are pensi, JIl funds with known inflow (during the accumulation phase) and
outflow (during the pa. 'out phase).

Problem 5.2. For the portfolio optimisation with the CARA utility we search for the
unrestricted optimal control vector 11*(-) E

jRn

as solution of the optimal control problem

with terminal time T,

max

u()ElRn

s.t.

dW(t) = W(t)[jo(t)

+ 11 T(t)(F(t):r(t) + f(t))Jdt + [C(t)x(t) + c(t)Jdt

+W(t)u'I'(t)a(1 'dZp
dx(t) = (A(l):r(t)
dZpdZx = p(t )dt ,

W(O) = Wo
:r(O) =

Xo

+ a(t))dl, + lI(t)dZx ,

5.2 Multi-Period Portfolio

where,",!
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> 0 denotes the coefficient of risk aversion.

Lemma 5.2. The optimal feedback controller' is found compamble to the solution of Prob-

lem 5.1 with dynamic programming by means of the Hamilton-Jacobi-Bellmann (HJB)
equation. For the optimal control veeto't" 11,* (.) we obtain
u*(·)

= -- 17-;(L)( ) [F(t)J:(t,) + j(t) + cr(t)p(t)vT(t)
,",!W(t k 2 L

(K (L)X(t) + k (L))] .
4

3

(5.8)

The scalar- k 2 (t) is the solution of the ordinary differential equation

(5.9)
with terminal condition k 2 (T) = -'"'!. Vector k 3 ( t) E

jRm

is the solution of the ordinary

differential equation

k3 =

(pT 2.-'-1 f
-k 2 C

+ pT 17- 1crpl.Jk3 + K 4vpTuT17- 1 j + J<4 V pTpvT k 3 )

+ K4

'V

"1' k

3 -

A T k3

-

(5.10)

K 4 a,

Finally, matrix J<4 (t) E IR mxm is the solution of the matrix Riccati equation

K4 =

(pT 17- 1 F

+ FT 17- 1 apvT K 4 + K 1VpT u T 1.,,-1 F + J<4 1.JpTp[J"1'K4 )

-K4 vVT K 4

-

K 1 A - ATK 4 ,

(5.11)

K 4 (T) = 0
where we omit the dependence of time t for k 2 (t), k:l(t), and K 4 (t) in (5.9), (5.10), and
(5.11) for' compactness.
Proof. The proof and de; ailed solution procedure for Problem 5.2 closely follows the solution procedure shown ror Problem 5.1, and is in Herzog, Dondi, Geering and Schulllann
(2004).

Discussion of the opt mal portfolio control
Again, the optimal cm troller can be split into two parts.
1. myopic demand: 7

1

'(t)k (t) 1.,'-1
2

(t)(F'(t)x(t)

+ f(t))

which is independent ofthe time

horizon.
2. inter-temporal hedging demand:

/'W(t-)-k2(t)

17- 1 (t)a(t)p(t)v T (l)(I<1(t)X(t)

+ k 3 (t)),

which depends on the time horizon and the corrclation of the external variables with
the asset price dynamics.
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5.2.3 Mean-Variance Portfolio Optimisation in Discrete-Time
In discrete-time, we derive a solution for an optimal portfolio control with a mean-variance
objective. The wealth dynamics, factor processes, and their appropriate dynamics matrices
and parameters have been given in Section 4.2.4. Here, we sketch the optimal control
problem and its solution in order to discuss the implications to the multi-period portfolio
allocation. For details, the reader may refer to Herzog, Dondi and Geering (2004).
The investor pursues a long-term goal in optimising the risk-adjusted return m periods
ahead. The investor has n investment possibilities and is able to change the composition
of his portfolio for every discrete time period. Thus, the underlying problem is a multiperiod asset allocation problem. The objective function of the investor is a mean-variance
objective of the portfolio wealth, m steps into the future. The objective for the problem
takes the form

(5.12)
where ,\

< 0 is the risk aversion coefficient. Furthermore, MtU + m)

E

JR is the expected

mean of the portfolio at time t + m, conditional on the information given at time t. The
conditional variance at time t

+m

is denoted by Vi:(t

+ m)

E

JR. Both, Mt(t

+ 'm)

and

Vi:(t+m) are linear-quadratic functions of the control vectors at every time step, u(t+i),
where i

= 0, ... , m -

1.

Problem 5.3. The optimis Ltion problem in discrete time with mean-variance utility is
stated as a quadratic prognl m:
max v(tfU

1

+ -2 UTY(t)U

(5.13)

u
s.t. DU::; d.

With Y E JRm·nxm.n, v E IR 'H', U E JRm.n, D E JRm.nxm.n, and d E JRrn.n
The form of Problem 5.3 . 'dicates that we must find the multi-period control (J(t)
( 1lT

=

(t), 1lT (t + 1), ... , 1lT (t + m-I)) T which maximises the quadratic program over all m

intervals. With D and d,'inear onstraints can be imposed on the asset allocation.
As shown in Herzog, Doncb and Geering (2004), Yet) and vet) can be built (for any
possible m) from the equations for the conditional expected mean, Mt(t + m), and conditional variance, Vi:(t
and vet) are

+ m).

In the case of a two-period investment problem (m

=

2), Yet)
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Y(t) =

v(t)
where H(t

+ i)

=

(..\ - 1)H(t + 1)
_
[ ..\FvT pTh(t + 1)1'
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..\h(t + 1)pIJFT
]
----,-,
__
T
T
(..\ - 1)H(t + 2) + FI/I/ F

2..\h(t + 1)pvFl + Fx(t) +.i ]
[ .i + F(Ax(t) + a) + 2..\FvvT Fo '

E jRnxn is the conditional expeeted covariance matrix, i time steps into

the future. All other variables are known.
We see that the deeision for the first period is linked with the decision for the second
period through the matrix multiplication of Y(t) with multi-period control vector U(t)

=

(n(t), ... , u(t+m-1)). In the case of uncorrelated factors and returns, when p = 0, the
two decision variables are independent and the optimisation is reduced to multiple single
period optimisations. Since the returns in our discrete-time asset returns model are not
necessarily LLd., the problem is not solved by continuously solving the single period
optimisation problem m times.

5.2.4 Discussion of Optimal Porttolio Controls
Several observations on multi-period portfolio control problems can be made by means of
the Problems 5.1, 5.2, and 5.3.
Investment strategy as func. ion of wealth: In the case of the CRRA utility the
optimal investment strategy i:i independent of current wealth, whereas in the case of
the CARA the Sl rategy is a function of current wealth. Consequently, with more wealth
available, the strbegy with the CARA utility reduces its risky position.
Bankruptcy: In the continuous-time case, of the CRRA utility the investor cannot
go bankrupt, becanse his wealth always remains positive. In the case of the CARA
utility, there exists a fini '~e probability that his wealth may become negative and thus
the investor goes bankru ,t.
Myopic policy and inter-:ei'lporal hedging demand: The solutions of the control
problems can be separated jnt ) two parts. The so-called inter-temporal hedging demand is the part which relates to the investment horizon. The shorter the investment
horizon, the less influence on the portfolio composition is given by this factor.
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5.3 Optimisation for Asset and Liability Management
With the portfolio prohlems and their solutions from the previous section in mind, we
now focus on investment problems, where assets must be invested such that given future
cash-flows are covered. We call these problems asset and liability management (ALM)
problems 2 . We must now find an investment strategy, which involves making profits and
also having ready the amount needed to pay the pensions at the right time in the future. Therefore, we must refine our objectives, risk measures, and optimisation criteria to
account for these new objectives.

5.3.1 Asset and Liability Management Objectives
We outline the general objectives of the pension fund and how they can be translated
into mathematical objective functions and constraints. Since we deal with decisions under
uncertainty, the definition of ri:->k for the pension fund is crucial for the appropriate ALM
optimisation.

Aims and objectives of pension funds
In Switzerland, from the regulatory point of view, the health of a pension fund is judged
by the current coverage ratio. The coverage ratio is defined as the ratio of current assct
wealth to the actuarial amounl IF'eded to cover the current and future payments to active
members and pensioners. The coverage ratio is required to be above 100%. In the case
that th(~ coverage ratio falls below 100%, measures need to be taken in order to make sure
the situation doeh not worsen.
The pension fund's objectives are in part similar to the regulatory objectives. Namely,
meeting its obligations and liabilities with very high probability. It is debatable whether
the current coverage ratio is the right instrument to judge the ability to fulfil the future
payments. Nevertheless, the pcnsion funds aim to control their coverage ratio in order to
comply with thc regulations.
However, the pension funds' choices may be somewhat constrained by the regulator's
restrictions. Especially, if the pension funds try to achieve a surplus from the assets
Note that the term "liability"used in this section's title and in the concept of ALM refers to either obligations
or liabilities a$ defined in Section 3.2. The term asset and liability ma.nagement is generally Ilsed
term for this kind of problems.

H.<;
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under management which is above the minimum guaranteed return. Also, the pension
funds' objectives should reflect the objectives of their individual members. For instance,
a passive member (a retiree) is predominately interested in the safety of his pensions. An
active member who is still far from the retirement age is mostly interested in financial
gains of his contributions. Onc group wants investments with very low risks, while the
other group is interested in large gains and thus willing to take risks. The management of
the asset should reflected these conflicting aims. Therefore, we summarise the objectives
of pension funds as:

1. Fulfilling all of the promised payments to all members with highest probability.
2. Generating constant surplus from the assets under management.
3. Matching both the pension funds' and the individual members' objectives as good as
possible.
4. Controlling the coverage ratio in order to comply with regulations.
The task is to integrate the four different objectives into a mathematical formulation.
Since the pension funds face uncertainty with respect to both liabilities and assets, an
extremely important aspect of the ALM is the control of the various risks which are
involved.

Objectives for the asse1 and liability management of pension funds
Different risk-measures for lY1ltfolio optimisation have been given in Section 5.1. The riskmeasure used for ALM applications, however, must be tailored to the specific situation
and the specific objectives o' the pension fund.
Standard coherent risk n ~asures, such as expected shortfall, can be used in ALM
situations, when applied to the fund's net wealth, e.g., the sum of the assets minus all the
remaining obligations, or liabilitie:,

l

~spectively, Expected shortfall penalises linearly all

events which are below the VaR limit h r a given confidence level. The inherent Van. limit
is a result of the expected shortfall optimisation, see HockafelIar and Uryasev (2000) and
Rockafellar and Urya.<;ev (2002). The VaR limit therefore depends on the chosen confidence
level and the shape of the distribution. The VaR limit can be a negative number, Le., a
negative net wealth result. In the situation of a pension fund, we do not only want to
penalise scenarios which are smaller than a given quantile, but all scenarios where the net
wealth is

non~positive.
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For these reasons, we introduce a penalty function to rate different possible risks. In
order to be used as penalty function we seek for a function that:
1. Allows for absolute and relative measures of risk to be rated.
2. Penalises small "non-achievement" differently to large "non-achievement".
3. Is a convex function.
These objectives are fulfilled by functions who transform the risk-factor into a piecewise
linear convex function. An example of a penalty function is given in Figure 5.1, where the
expected net wealth is transformed into the a piecewise linear function with an appropriate
penalty function.

POSitive

Negative

NetWeellh

NetWeellh

NelWeallh

Fig. 5.1. Bxample of a penalty function which penalit;es negative expected net wealth.

This penalty function is not a coherent risk measure (in the sense of Artzner et a1.

(1999)) since it is not a llHmttary measure of potential losses, but rather a non-monetary,
artificial value for non-achievement of a targct. The advantage of the approach with
penalty functions is that large non-achievement is more heavily penalised than smaller
non-achievement.

5.3.2 Optimisation Approaches for Multi-Period ALM
The pension funds' investment problem is marked by its long-term nature and its term
structure of payments due to pensions and other obligations. In Section 5.3.1, we briefly
outlined the fund's ALM objectives.
In the following, we state different approaches for optimisation of the ALM of pension funds. The assumptions and definitions which are relevant for both of the problem
specifications arc given as follows:

5.3 Optimisatioll for Asset and Liability Management

fH

Investment horizon: The asset and liability management horizon consists of m time
steps represented by T

= {t, t + 1, t + 2, ... , t + m}, where /, is the current time and

t + m is the planning horizon. At every time step, the pension fund is required to make

a decision regarding its investments and faces the inflow of funds due to contributions
and outflows due to obligations.

Investment classes: The investment classes are defined as the set

le =

{a, 1, ... , n}.

This set should reflect all important asset cla.sses, at least stocks, bonds, and cash. The
asset classes chosen for the optimisation should reflect important market segments and
be available as investable security, such as index funds or future contracts. An example
is the Swiss Performance Index, which tracks the largest 100 Swiss stocks or the S&P
500 in the V.S.

Scenarios: The uncertainties faced by the pension fund, either from the investments
or from the liabilities, are modelled by the so-called scenario approach. By utilising
a sufficiently large number of scenarios, we are able to represent the random effects
the pension fund faces. The scenarios arc defined as the set S, which represents a
reasonable description of the future uncertainties. A scenario

.9

E

S describes a unique

path through consecutive nodes of a scenario tree.
There arc many mathematical techniques to generate scenarios. Most authors use
various econometric methods to describe future asset returns. Examples in the case
of asset liability management applications include Wilkie (1995), Dempster (199S) ,
I30ender (1997), D Tt (199S), Boender, van der Aalst and Heemskerk (199S), and
Koivu, Pennanen and Ranne (2004). An important aspect of the scenario modelling
is the forward~lookillg and dynamic character. Instead of analysing historical returns
with means and cov. riances, we can build forward-looking models which evaluate the
pension fund's situation. 1 he idea is to construct sets of scenarios which represent
the pension funds' widespre1 -I situations, such as possible assets, costs, liabilities, and
legal requirements.
Developing a representative t re of scenarios is a challenging research field. There are
several objectives to meet whIn building a stochastic scenario tree. Foremost, the scenarios must be based on sound and realistic economic principles. Basic observations
from econometrics should be included, such as volatility clustering in equity markets or
mean reversion of interest rates. Projections of future scenarios should be investigated
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of scenario generwith regard to how well they fit past oh,erv ations. The main feature
e likely scenarios,
ation is to reflect a universe of possible outcomes. This must includ
as well a.'., best and worst case scenarios.
condit ions of abFurthe rmore, scenarios must be genera ted such that they fulfil the
sence of arbitra ge.
d on the future path
Non-a nticip ativit y: We use contro l policies which do not depen
ix strateg y, where
of the assets and liabilities. Such a policy is the well-known fixed-m
asset (Ziemba
we require that a fixed propor tion of the wealth is invested in a certain
mix is time-varying,
and Mulvey (1998)). Alternatively, we could also allow that the
(or time-varying
but still indepe ndent of the scenarios. This results in a dynam ic-mix
founda tion in the
mix) strateg y. The fixed-mix strateg y has a thorou gh theore tical
This is a well-known
case where the asset return s show no inter-t empor al depen dency
as derivecl by Merresult from contin uous-t ime finance and stocha stic control theory
t inter-t empor al
ton (1969) or Merto n (1973). In the case, when asset return s exhibi
by factor models,
clependencies, which is the case w; 'en a..<;set return s are described
this case Campb ell,
the consta nt-mix is not the optima l asset allocat ion strategy. For
g and Schum ann
Chacko, Rodrig uez and Vi, 'eira (2004) and Herzog, Dondi, Geerin
dynam ic mix is the
(2004) show, by using optin.a . stocha stic control theory, that a
optima l asset allocat ion stratep;)
stic progra mming
Stoch astic progr ammi ng app 'oach: The advant age of the stocha
decisions are C0111approa ch over the ('vnam ic stocha stic control approa ch is that the
feedback contro l system. Given the new realisations, i.e., when
of action s which
we know the curren t state of our system, we have a prescr ibed rule
actual path our syshelps us to achieve th objectives. The decision rule observes the
the curren t state for
tem has taken in the 1 tst and uses the condit ional inform ation of
fraction of wealth
the future uncert ainty. Furthcrmc1re, under different scenarios, the
from the fixed-mix
invested in the different asset cJa~ 'cs differs which sets this apart
systems with many
approa ch. The main disadv antare ror this approa ch is that for
.
future time periods, the numbe r of s~ marios increase exponentially
puted compa rable to

1

of the underThis approa ch is also theore tically suppo rted since it is a discret isation
, Chapt er 4.1.
lying dynam ic progra mming algorit hm as shown in Herzog (2005)
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5.3.3 Lump-Sum Optimisation
Optimisation concept
In the so called lump-sum optimisation we set up an asset liability management optimisation for the entire wealth of the fund. From the liability model and the bucket structure,
we have a stochastic model for the time structure of contributions and payments due to
liabilities. The solution of the optimisation problem then determines an investment policy
for the entire fund. The fund's objective in terms of risk and surplus can comparably be
incorporated as described in Section 5.3.1.
Objectives and risk measure
As risk measure we use, since this is demanded by regulators, the deviation from the
coverage ratio. We want to penalise small "non-achievement" differently to large "nonachievement". The other objective of the pension fund for the lump-sum optimisation is
to maximise discounted terminal net wealth.
Lump-sum optimisation: wealth dynamics
Wc recall the wealth dynamics in discrete time as derived in Section 4.2.4:

W(l

+ 1) = W(t) (1 + R(l)) + iJ(t) - of(t).

(5.14)

The returns R(·) are given as the returns of the individual investments and the fraction
of wealth that has been assigned to them, such that for scenario s we obtain
n

ws(t + 1)

=

W(t)

L uk(t)(1 + rk(t + 1)) + ij5(t) - or(t),
k=O

where W

S

(-)

is the wealth under scenario s. Furthermore,

Uk(-)

is the fraction of wealth

invested into the k-th asset which has return r%(·) under scenario
asset returns in the vector

l8

8.

Collecting the total

Ct) = (1 + ro (t), ... , 1 + r n (t) f and the controls

Uk (.)

in the

control vector u( t) = (uo (l), ... , Un (t) f, we can write for the wealth in m time steps
8

W (t,+rn) =

m-l

IT fu?'(t + i)f8(t + i) } W(t)
i=l

+

~

C[i{

(5.15)

(W(t-K)-o!, (t-K)) UT(t+j+l)f'(L+j+l)})

We can sce that investment decisions and inflows and outflows from different time periods
are not independent. Therefore, the problem can be treated in two different ways:
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1. The investment decision u(t) is kept fixed over all time intervals lL(t

+ i) ==

u. This

strategy is the fixed-mix.
2. The investment decision u(t

+ i)

is time-varying; the dynamic mix.

Lump-Sum optimisation problem
The aims of the fund are to generate a surplus while keeping the coverage ratio above

100%. The coverage-ratio is given by the ratio of current wealth and discounted total
expected outflows
CR"(t)

=

W 8 (t)
(PV)
OJE
,S(t)

(5.16)

,

where of¥'V),8(i,) denotes the future expected outflows under scenario sand CR 8(t) is the
coverage ratio. Wc choose a piecewise linear penalty function
for CR8 (t) > 100%,
for 100% ~ C W(t) > go,

(5.17)

for CR 8 (t):::; go.
Here g, > 0 and g2 > 0 are slopes of the penalty function and go > 0 is the point where
the penalty increases. In this way, we penalise the deviation of the coverage ratio. The
penalty is divided into two sections, one for slightly missing the goal and one for larger
deviations.
The objective function is the logarithm of the discounted expected surplus at the end
of the time horizon minus the weighted penalty function

m~x

S

L

m

Pr(s) (In (W 8(T)e- rdT )

8=1

- 'Y

L PP8(t +

i)e-rd(t+i))

(5.18)

i=l

where rd is the discounting rate, Pr(s) is the probability of a scenario to occur and m are
the re-balancing periods until T, the end of the investment horimn. By using a discounting
factor for the penalty function we give more weight to the deviation of the coverage ratio
in the near than in the long term.
Problem 5.4. Investment problem for the pension fund's lump-sum wealth
The optimisation problem to determine the optimal investment strategy for the lump-sum
pension fund wealth is

5.3 Optimis ation for Asset and LiahiliLy ManagernenL
maxu(t ) =

L~=l Pr(s) ( In (W 8(T)e- rdT )
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-,2:::1 pp8(t + i)e-rd(t+i))

s.t.
for CR8(t)

0

PF'q(t) =

1

for 100%;:::: CR8(t) > 90

91CR8(t)

92 (CR8(t)

- 90)

> 100%

+ 9190

CR 8(t) = W8(t) (of¥V ),8(t) r

Vs E 8

for CR8(t)::::: 90

1

Vs E 8

Vj E J
W"U + m) = n~l {lll(t + i)f8(t + i) } W(t)
+ L:I~~l ( nT=~l-i{ (ir (t+i)-o j" (t+i)) u7"(HJ+1)r (t+j+1) }) Vs E S
VJ E .J
Uj (t) E U
8

investment policy.
Herc, U denote s the set of all linear or convcx constr aints for the
duc to thc way the
Proble m 5.4 with thc dynam ic mix is non-linear and non-convex
ore, we can make no
investm ent decisions are linked over different time periods. Theref
proble m we can use sostatem ent on the uniqueness of the solution. In order to solve the
global optimi sation for
called global optirnisation algorithms. An example for this kind of
and Mulvey (1997).
financial proble ms is given in Maran as, Androulakis, Flouda s, Derger

5.3.4 Buck et Optim isatio n Conc ept
Optim isatio n conce pt
structu re of the future
In the bucket optimi sation , we use the inform ation of the bucket
by setting up individ ual
payme nts as a guideline for the investmcnt stratcgy. This is done,
ent strateg y for
investm ent accoun ts for the different bucket s and choosing an investm
every account. The optimi sation thus consists of two different steps:
ts for investment,
1. Earma rking of funds from the total wealth to the different accoun
decision variab le for
according to the buckets. The earma rking of funds is an impor tant
for every bucket.
the fund. The earma rking allocates funds which are treated separa tely
bucket value and
Thus, we can calcula te the bucket coverage ratio by discounting thc
The coverage ratios
compa ring this with the earma rked funds for the respective bucket.
lls and the time
for individ ual buckets give much clearer inform ation on possible shortfa
ratio.
horizon over which they might occur than the lump-s um coverage
the matur ity date of
2. Choosing the investm ent strateg y for the account, depend ing on
should provide
the bueket. The individ ual bucket account consists of a portfolio which
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ts have different
the funds needed to pay the amoun t due in the bucket. The accoun
termin al dates depend ing on matur ity of the a..<;sociated bucket.
nces with the overall
This leads to a strateg y that better match es the individ uals prefere
goals of the pensio n fund.
individ ual accoun t
The main feature of this metho d is that we propos e that each
aversion but also on
has its own investm ent policy which depend s not only on the risk
an et 801. (1997) and
the investm ent time horizon. Using stocha stic contro l theory, Brenn
s both on the rif:>k
Campb ell and Viceir a (2002) show that the investm ent policy depend
t wealth is earma rked.
aversion and the time horizon. For each accoun t, a part of the curren
the accoun ts and the
The decision variables are therefore, the earma rking of funds for
fund and not only each
investm ent policy of the accounts. In order to optimi se the entire
surplu s wealth of all of
individ ual accoun t, the object ive function is the superp osition of
accounts. By using the
the accoun ts and the superp osition of penalt y functio ns of all of the
n fund memberf:> into
accoun ts, we can transla te the preferences of the individ ual pensio
esis, see Cairnf:> et 801.
the goals and object ives of the pensio n fund. The life-f:>tylc hypoth
way we can contro l
(2003), if:> thuf:> realised across the pensio n fund. Moreover, in this
coverage ratio for the
the coverage ratio for each individ ual bucket. As argued above, the
er with the bucket
entire fund is not as meanin gful as the bucket coverage ratio togeth
term structu re.

Objec tives and risk measu re
net wealth. The risk
For the above reasons, we define risk as a penalt y functio n for the
on non-achievement of
of the pensio n plan is measu red as one-sided downside risk based
the obliga tion or liability bucket goals.
with respec t to the
From Figure 5.1, it is obvious that the penalt y functio n is convex
n for the termin al
net wealth . For optimi sation purpos es, we can use the penalt y functio
future time. A practic al
net wealth of the fund or compu te the penalt y function for each
functio ns for all timef:>.
metho d is to define a non-ne gative weighted sum of the penalt y
setting .
In this way we contro l the risk of non-achievement in a multi- period
funds under manag eThe seeond object ive of the fund is to achieve a surplu s from the
. We either formul ate
ment. For this reason , we want to maxim ise the expect ed net wealth
over aU time periods.
this goal as a termin al date objective, or again, as a weighted sum
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5.3.5 ALM-Optimisation for Obligation Buckets
Optimisation for obligation buckets: bucket wealth dynamics
We recall the wealth dynamics in discrete time as derived in Section 4.2.4

W(t

+ 1) = W(t)(1 + R(t)) + if(t) - of(t).

(5.19)

Since we use the obligation buckets, the outflows of(t) correspond to the obligations
buckets OB(t) and there are no inflows considered (if(t)

= 0). For the bucket optimisation

we assign a fraction of the available wealth W (.) to every bucket. We denote by the set

J all buckets that need to be covered, generally for every year one bucket. By doing this
we imaginatively create J accounts and portfolios for the administration of every bucket.
We denote by

~jO

the wealth for the j-th bucket, given by
(5.20)

where vA) is the fraction of total wealth

WO

VjO we demand the following conditions:

'L.f=l Vj(t) =

that is earmarked to the j-th bucket. For
1, and Vj(t)

>0

The fraction of wealth assigned to the j-th bucket should be invested in such a way that
the guaranteed future obligations are matched or even exceeded. The projected account
value assigned to j-th bucket is given by
Wj(t
Here, Wl(t

+ rHj)

+ mj) ~

g{to(l

+ rk(t + i))Ujk(t)} Wj(t) .

denotes the account for the j-th bucket,

mj

(5.21)

denotes the number of

rc-balancing periods until the account matures at time t + j, when the bucket obligations
or liabilities need to be paid off. The returns of the individual investment classes at time
t

+i

under scenario s are denoted by rt:(t

+ i),

where s E S, i

=

1, ... , rHj, and k E le.

With 'UjkO we denote the fraction of bueket wealth WjO invested into the k-th asset.
We assume that the investments into the n assets and the bank account are re-balanced
at every rc-balancing period. In order to write (5.21) more concisely, we stack all of the
absolute returns in the vector fs(t

+ i) =

(1

+ ri~(t + i), ... ,1 + T~(t + i))T

and write

Uj(t) = ('lljO(t) , ... ,Ujn(t))T. We can now write (5.21) as
rnj

Wj"(t

+ mj) =

IT {'llJ(t)fS(t + i) }Wj(t).
i=!

(5.22)
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For later use, we take the logarithm on both sides of (5.22) and obtain

wj(t + 'mj)

=

In (W/(l

+ mj))

(5.23)

mj

= L: { In (n;(t)rS(t + 'i))} + lnvj(t) + In W(t),
i=l

where we denote by wj(l

+ mj)

+ mj)

the logarithm of WI(t

and we use (5.20). The

decision variables for the j- th account are thus current investment policy

u,j (l)

and the

earmarking of funds 'Uj(t).
Obligation bucket optimisation: problem formulation
The aims of the fund are to meet its future obligations with high certainty while attempting to generate a surplus. Therefore, we choose to define risk as the possibility that the
account value does not cover the amount needed for the obligations. The coverage ratio
for obligations at the time of the maturity t
,

8

CRj(t

+ mj

+ m,i) =

of bucket j is defined as

WJ(t

+ mj)

OBj(t)

(5.24)

,

where ORJ(t) denotes the future obligations in bucket j under scenario [; and CRj(l+mj)
is the coverage ratio at the maturity. By taking the logarithm of (5.24) we obtain

cr}(t + mj) = In(WjU + mj)) -In(OB}(t)) = wJ(t

+ mj) -In(OB.i(t)).

(5.25)

The log-coverage-ratio is larger than zero if the account's funds are larger than the earmarked obligations and smaller than zero if the fund's wealth does not cover the obligations. If the current account value does not cover the obligations, the

log~coverage-ratiois

a negative number. The obtained value is similar to a total percentage number of either
over- or underachievement minus 100%, e.g, a coverage ratio of 120% results in a logcoverage-ratio of 18.2%. The log-coverage-ratio actually slightly underestimates coverage
ratios above 100% and overestimates coverage ratios below 100%, e.g. a coverage ratio of
80% results in a

log~coverage-ratio

number of -22.8%. In this manner, the measure errs

on the conservative side, since it underestimates surpluses and overestimates shortfalls.
When we divide the log-coverage by the investment periods of this account, we get a value
resembling a compounded return.
We define the aggregated weighted shortfall under scenario s as the non-negative summation of all individually weighted negative log-coverage-ratios for every bucket, or mathematically as
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.J

SF (t) =
8

L ft Fmax ( -

crj(t) , 0)

(5.26)

j=1
.J

=

L f;"

F

max ( In (0

RJ (f,)) -

wj (t + mj), 0) .

j=]

Here, f;"F ;::: 0 is the weighting factor for the j-th bucket. The risk of the pension fund
is measured as one-sided downside risk based on non-achievement of the obligations. As
penalty function we choose a piecewise linear function as given by

o
8

PF (t) =

for SP'"(t)

=0

91SP"(t)
for O:S SFB(t) ::; 90
92(SF 8(t) - go) + 9190 for SF8(t) ~ go

(5.27)

Here, 91 > 0 and 92 > 0 are slopes of the penalty function and 90 > 0 is the point where
the penalty increases more rapidcly. In this way, we do not penalise the exact achievement
or over-achievement but penalise the shortfall. The shortfall penalty is divided into two
sections, one for slightly missing the goal and one for larger deviations from the goal. The
shape of the penalty function can be changed arbitrarily, as long as convexity is preserved.
The surplus of the pension fund is computed with the help of the aggregated weighted
surplus:
.J

Sp8(t) =

~f;"p(wj(t+mj) -In(OR.i(l))) ,

(5.28)

j=1

where f;"P ;::: 0 is the weighting factor of the surplus of the j-th bucket. The weighting
factors are also necessary to interpret the result since the surpluses arise from buckets
with very different time periods. The objective function is the expected penalty minus
weighted expected surplus, given by
(5.29)
where 'Y > 0 is the weighting factor for the aggregated surplus and Pr(s) denotes the
probability for the scenarios. The optimisation problem is to choose the investment policy
for each bucket (Uj(t)) and the fraction of pension fund wealth earmarked for j-th bucket

(Vj(t)), while minimising the objective function. This also allows us to control the coverage ratio for each bucket. Furthermore, we impose linear (or convex) constraints

OIl

the

decision variables. For example, we do not allow short-selling or leverage for the investment policy for each bucket. The earmarking of funds for the different buckets mllst stay

100

5 Optimisation for Asset and Liability Management

within a given range in order to keep the current coverage ratio within predetermined
leveh,. Furthermore, we need to observe institutional, legal, and regulatory constraints,
which limit the investments into different investment classes.

Problem 5.5. : Investment problem with earmarking for obligation bucket The
optimisation problem to determine the investment policy and the earmarking of each
bucket is
minu;(t),Vj(t)

2:;=1 Pr(s) (pPS(t) -1 SPS (t))

S.t.

o
gl Sps (t)

PP'(t) =

gASFS(t) - go)

SF 8 (t) =
SP 8(t) =

wJ(t

for Sp8(t) :::; 0
for

+ 91g0

0:::; SF 8 (t) :::; go

for SF 8 (t):2: go

2::=1 fr"On(OBJ(t)) - wj(t + mj))
2::=1 ffP(wJ(l + mj) -In(OB.i(t))

+ mj) = 2:::\ { In (UJ(t)f8(t + i)) } + lW/}j(l) + In W(t)
Uj(t,)
Vj

E

Vs E S

Vs E S
Vs E S

Vs E 8, Vj E J
Vj E J

U

Vj E J

E V

Here U denotes the set of linear or convex constraints for the investment policy and V
the set of all linear or convex constraints for the earmarking of funds.

Theorem 5.6. The optirnisation Problern 5.5 is a convex optirnisation problem with re-

spect to the decision variables Uj(t) and Vj(t).
Proof. As shown in Dondi, Herzog, Schumann and Geering (2005) the function M L.i(t +
mj) is a concave function w.r.t. the decision variables since the Hessian of (5.23) is negative
semi-definite with respect to

(Ui (t), Vj (t) ). Furthermore, the aggregated weighted shortfall

(5.26) is convex with respect to the decision variahles since -MLj(t+mj) is convex and the
non-negative weighting preserve convexity (see Section 3.2.1 in Boyd and Vandellberghe
2004). The penalty function (5.27) is pieeewise linear which again preserves the convexity.
The expectation operation over all scenarios also preserves the convexity. The expected
penalty part of the objective function is thus convex. The aggregated weighted surplus
(5.37) is a concave function with respect to the decision variables, but the multiplication

5.3 Optimisation for Asset and Liability Management

with -/

b >
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0) changes this part to a convex funetion. The expectation operation

preserves the convexity of the weighted negated surplus. Furthermore, we assume that U
and V arc both convex sets described by inequalities and equalities.
The optimisation problem is thus convex and can be solved by a suitable convex

pro~

gramming software package. The main advantage is that we get a unique solution and
do not need specialised algorithms to search for the global solution. The problem can be
solved with many decision variables. This allows the pension funds to set up a suitable
number of accounts and include a wide array of investment vehicles.
5.3.6 Liability Buckets ALM-Optimisation
In this seetion, we describe the asset and liability optimisation for a pension fund which
is based on the projected liabilities and projected contributions. Comparable to the problem with obligation buckets in Section 5.3.5 we set up an account to manage the funds
earmarked to a specific liability bucket. Additionally, wc assume here that transaction
costs and market impact cannot be neglected.
Many different formulations of multi-period investment problems such as this can be
found in the literature, see Kusy and Ziemba (1986), Kall and Wallace (1994), Birge and
Louveaux (1997), or Ziemba and Mulvey (1998). Here, we use a modified model of the
formulation as in Mulvey and Simsek (2002) and Mulvey and Shetty (2004).
Liability buckets optimisation: bucket wealth dynamics
For the bucket optimisation, we assign a fraction of the available wealth

WO

to every

bucket. We denote by the set J all buekets that need to be covered, generally for every
year one bucket. By doing this, we imaginatively create J accounts and portfolios for the
administration of every bucket. We denote by W j (.) the wealth for the .1-th bucket, given
by
(5.30)
where Vj 0 is the fraction of total wealth

WO

that is earmarked to the .1-th bucket.. For

VjO we demand the following conditions: "L,f=l Vj(t) = 1, and Vj(t) > O. The .1-th bucket
itself can be considered a portfolio with investments into various assets
n

Wj(t + i) = X'},o(t

+ i) + L

k=l

Xh(t

+ i),

(5.31)
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where XJ,k(-) is the total amount invested into investment k for bucket j under scenario
8

and X;'o(-) is the cash amount for bucket j. The proportion of the j-th bucket's wealth

invested into k is denoted by Uj,k('), such that

XJ,k(t + i) = Uj,k(t)Wl(t + i).

(5.32)

The individual investments evolve as

for k E TC\ {O}, Le., all available assets are considered except the money market account.
Furthermore, Pj,k (.) is the cash amount spent for further investment into asset k for
bucket j under scena,rio sand dj,k(-) the amount freed by de-vesting from asset k under
scenario s. The proportional transaction costs for purchasing, 6k, are deducted directly
at the moment the assets are bought. The proportional transaction costs for selling are
deducted from the amount that is credited to the cash balance for the bucket. The cash
balance for bucket j is given as

XJ,o(l + i)

=

XJ,o(t+i-l)(l+To(t+'i-l))

(5.34)

Tt

+

L (dj,k(l+i)(l-Jk)-pj,k(t+i)) + ifjR(t + i) - ofJ(t + i),

(5.35)

k=l

where ofJ(l

+ i)

and if1(t

+ i)

are the outflows and inflows, respectively, at time t

+i

under scenario s. The cash account equals the interest rate earned from the cash account's
value of the last period, plus all money earned from sales of assets, minus all money used
for the purchase of assets, plus the contributions, minus the payments due to obligations
of the fund. Assets, including the cash account, are restricted to be non-negative, l.e.,

Xk(t + i) ;:::: O. This means we do not allow any borrowing.
Liability buckets optimisation: problem formulation
The aims of the fund are not optirnised on the level of the individual accounts but rather
on the level of the entire fund. For this reason, we use the same objectives as in Section 5.3.5. Since the dynamics of the accounts are given in absolute values, e.g., Swiss
Francs, rather than relative (percentage) values, the objective function is also set up in
absolute values. We define the aggregated weighted shortfall under scenario s as the nonnegative surnrnation of all individual weighted negated net wealth value of the accounts,
or mathematically as
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J

8

S F (t)

=

L fl

F

rnax (LBj(t) -

WjCt + mj), 0) .

(5.36)

j=1
Here fJ'F ~ 0 is the weighting factor for the j-th bucket. The risk of the pension plan
is measured as onc-sided downside risk based on non-achievement of the liabilities. As
penalty function we choose the same function

given in (5.27) for the optimisation for

8.<;

obligations. Similarly, the surplus of the pension fund is computed by:
J

SpS(t) =

L ft"(W;"(t + rn'j) - Lnj(t)) ,

(5.37)

j=]

where fj';P ~ 0 is the weighting factor of the surplus of the j-th bucket. The objective function, as in the case for obligations, is the expected penalty minus the weighted expected
surplus, given by
mm

Uj (t),v; (t)

s
LPr(s)(PpS(t) -,SP'"(t)) ,

(5.38)

s=1

where, > 0 is the weighting factor for the aggregated surplus and Ps denotes the probability for the scenarios.

Problem 5.7. : Bucket problem with earmarking and transaction costs The entire optimisation for pension fund liability bucket optimisation is presented as
minUj(t),v;(t)

L:;=1 Pr(s) (p F8(t) -,Sps(/,))

s.t.
for Sps(l) ::; 0
for 0::; SF 8 (t) :::; go

Vs E S

for SF 8 (t) ~ go

SFS(t) =

L:f=J ffF(LBj(l)) -

W/(t

+ mj))

= L:f=1 f!P(W,j(t + mj) - LBj(t))
W/(t) = Vj(t)W8(t)

SP"(t)

XJ\(t

+ i) = Vj(t)W/(t + i)

Vs E S
Vs E S
Vs E 8
Vs E S
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WJ(t + i) = Xj,o(t + i) + l:~=1 Xj,k(t + i)

Vs E S', i

Xj,k(t+i)=Xj,k(t+i-1)(1+rZ(t+i-1))

VsES, VkE lC\{O}

+Pj,k(t + i)(l - dk) - dj,k(t + i)
Xj,o(t + i) = Xj,o(t + i -1)(1 + Ta(t + i-I))

= 0, ... , 1nj

i = 0, ... , 1nj
Vs E S,

+ l:~=1 (dj,k(t + i)(l- dk) - Pj,k(t + i))
+ifJ(t + i) - ofJ(t + i)
Uj(t)

EU

~EV

Vj E .J
~EJ

The optimisation Problem given in 5.7 is a non-linear and non-convex problem, in
contrast to Problem 5.5 which is a convex problem. The advantage however, is that we
include transaction costs and future contributions. By also using the idea of buckets,
accounts and earmarking, we are capable to formulate an optimisation problem which
takes the fund's and its member's goals and objectives into account. Solution procedures
for that problem need global optimisation algorithms such as in Mulvey and Simsek (2002).

5.4 Control Algorithm with Feedback for Pension Fund ALM
5.4.1 Model-Predictive Control Approach
The optimisations problems described in this chapter define how to obtain an investment
strategy for a given point in time. The optimisation problem corresponds to an open-loop
control solution. With the model-predictive control approach, the optimisation problem is
solved anew after a given time interval, conditioned on the latest obtainable information.
In Figure 5.2 the approach is shown. This approach is known in control engineering as
either model predictive control, receding hori7.on control, or also as open-loop feedback
control. This approach has thorough theoretical foundations, see Garcia, Prett and Morari

(1989) and Bemporad, Morari, Dua and Pistikoulos (2002) for deterministic applications.
R.eferences to the model predictive control approach in stochastic optimisation problems
in area of finance include Herzog, Dondi and Geering (2004), Herzog, Geering and Sdmmann (2004), and Meindl and Primbs (2004), Herzog (2005), and in other areas, e.g.,
Kottvaritakis, Cannon and Tsachouridis (2004).
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Fig. 5.2. Graphical descript.ion of t.he Ml'C idea.

5.4.2 Control Algorithm for Pension Fund ALM
We can use the model-predictive control approach for our penSIOn fund optimisation
methods. This leads to the following algorithm:
1. Calculated current net wealth.
2. Calculate bucket structure.
3. Calculate the asset returns model: estimate parameters of the factor model and generate scenarios, based on the current parameters.
4. Solve the optimisation problem for earmarking and inveHtment strategies.
5. Invest wealth according to earmarking and inveHtrnent strategy over the specified investment period (e.g., onc year).
6. After the investment period haH paHsed, realise returns from the investments and pay
pensions and other payments for this year (expected in firHt bucket).
7. Return to first step.
This means, each year bucket structure and wealth are updated. Thereby taking into
account contributions, the exit and entry of members, and the effect of the interest rate.
Furthermore, The a...<;Het returns model is newly fit to the data-Het that includes the new
information. In this manner we adapt our economic models to the new situation. Also,
certain demographic statistics may be updated.
In Figure 5.3 a graphical representation of the control algorithm IS gIven, when the
investment period is Hhorter than the bucket updating period. We allow for different
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updating periods due to the different speeds at which changes occur for the pension fund's
population and the financial markets. In certain situations it can be of rclevance, to change
the market expeetatiom; more frequently than to update the population strueture.

!Est.ablish bucket structure and current net wealt,hl

IRealise returns and payout first buckeij

Fig. 5.3. Control algorithm for pension fund asset liability management.

The control algorithm results in a regular updating and adaptation of the investment
strategy to new situations

OIl

both financial markets and member strueture of the pension

fund. This control algorithm for the problem is a model-predictive control approach which
created a closed-loop feedback control strategy.

6
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year tjimulation over eight yeartj. In this simulation we compare the retjulttj of the pension
fund's strategy with different pension fund related benchmarktj.

6.1 Bucket Structure with Pension Fund Data
We use real data taken from two different large Switjs pension funds. Both pension funds
are large enough to cover their own invalidity and longevity risks, which makes them
so-called autonomoutj pentjion funds. The two sponsoring companies whose employees
are ins1l1'ed are from different industry sectors and have different histories concerning
their structure, business, and company-wide restructuring. However, we use the data as
collected at the appointed date and assume that our optimisation of the investment must
get by with the obtained information.
The pension funds know every members' date of birth, sex, and civil status. For active
members, the specific data itj the momentary accumulated wealth, the momentary salary,
average salary, the degree of invalidity, and the employment rate. For pensionem, there
are specific data on current available wealth and annual pension.
For both pension funds, we use the same tables and assumptions concerning mortality,
entry rate, and exit probability, since this information is available and published on a
regular batjitj (e.g., EVK (2000) and Rufibach et a1. (2000)). However, this could be refined
if the pension fundtj themselves can use tables and probabilities based on their own specific
experience and statistics.
6.1.1 Populations
Population of pension fund I
For pension fund I, a defined benefit pension fund of a company in the services sector, the
available data watj collected at the appointed date, December 31, 2002. The pentjion fund
has a total population of 3545 members of which 2503 are active members and 1042 are
pensioners (794 pentjioners and 248 widows or widowers). Current accumulated wealth of
all active members and current wealth of the pensioners is 1123 Million CHF. In Fig1l1'e
6.1 the population is tjhown as a tree with the number of individuals counted for a given
age. The left side in red indicates the number of women, the right, black side gives the
number of men. Proportionally for every age group there are more women than men at
ages 25 to 35 after which the proportion of men rises up to 70%.

(i.I Bucket. St.rncture with Pension Fund Data
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The average age of all of the pension fund's members is 52 years, the active members
have an average age of 44 years. Salaries inS1l1'ed within the pension fund range from just
above 25'000 CHl" to approximately 300'000 CHl". The average salary is 71'000 CHF and
the average pension which is paid is 50'000 CHl".

Population of pension fund II
For pension fund Il, a defined contribution pension fund of a company in the industry
sector, the data was collected at the appointed date, April 30, 2005. The pension fund
has a total population of 1532 of which 1293 are active members and 239 are pensioners.
Current accumulated wealth of all active members and C1l1'rent wealth of the pensioners is
494 Million CHF. The population tree for pension fund II is shown in Figure 6.2. Clearly,
this pension hmd has a lot more male than female members.
The average age of all of the pension fund's members is 48 years, the active members
have an average age of 46 years. Salaries insured within the pension fund range from just
above 25'000 CHl" to approximately 200'000 CHF. The average salary is 100'000 CHF
and the average pension that is paid is 60'000 CHF.
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Fig. 6.1. Pension fund I population.

Fig. 6.2. Pension fund 11 populat.ion.

In the following, we treat the pension fund data of the two pension funds without
questioning how the population received its structure, e.g., by restructuring, out-sourcing,
or other measures which directly influence the number of employees of a finn. In addition,
wc neglect the fact that the pension funds collected their data at different dates. For our
case studies, it is sufficient to assume that the pension fund data for the different funds
have been collected accurately concerning age, salaries, and pensions at this instance. We
then use the C1l1'rent date for calculating the bucket structure.
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6.1.2 Bucket Structures for Obligations
Figure 6.3 shows the bucket structures of the expected obligations obtained from the
pension funds population. In the figure, we can sce the payments due in the next sixty
years for pension fund I on the left and pension fund II on the right.
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Fig. 6.3. Detailed bucket structure of obligations for pension funds I and 11. First row; Expected cash flow to
active members that leave the pension fund before retiring. Second row; Expected cash flow to active member
a.fter their retirement. Third row; Remaining expected cash flow to already retired pensioners. Bottom row; Total
pension funds cash flow (sum of the above). Note the different scales of the ordinate axes; th..., time axis is truncated
to 60 years for better visibility of the images.

The figure contains four rows depicting the following:

Row 1: Bucket structure of expected cash-flows to today's active members who will
leave the pension fund before retiring.

Row 2: Bucket structure of expected cash-flows to today's active members who will
stay until retirement age and then receive their regular pensions.

Row 3: Bucket structure of expected remaining cash flows to all of today's pensioners.
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Row 4: I3ucket structure of total expected pension fund cash flows, i.e., the sum of all

of the above bucket structures.
The buckets extend over 80 years, when according to the life table the last of today's 25
year old's has died. In Figure 6.3 the time axis has been truncated to 60 years for clearer
visibility and since the buckets become small in relation to the earlier buckets.
The bucket structures for pension funds I and II are not only different in size but also
considerably different in shape. While pension fund I seems to have reached a temporary
maxinlllInlevel from which expected outflows will decrease, pension fund I has an expected
rise of outflows that reaches it's maximum in 15 years from now.
6.1.3 Bucket Structures for Liabilities
When looking at the bucket structures for liabilities we also take into account the effects
from inflows into the pension fund by active members. The inflows arc also added into
the calculation and accumulation of the future wealth. In the top row of Figure 6.4 the
expected inflows for pension funds I and II over the next 40 years, when all of today's active
members have reached retirement age are shown. The bottom row shows the resulting
liabilities buckets for the two pension funds. As defined in Section 3.
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PF 11 Liabilities Buckets
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Fig. 6.4. Bucket structure of liabilities for pension funds I and 11. Top row shows inflows into pension fund.
Bottom row shows liability structure where wealth accumulation includes elIects from inflows. Note the different
scales of the ordinate axes; the time axis is truncated to 60 years for better visibility of the images.
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6.1.4 Pension Fund Projection Possibilities
We can project the pension funds' future situations by simulating the path of the pension
funds' members through time. We use the probabilities taken from tables as given in
Chapter 3 and simulate for all members at every time step whether they reached retirement
age, whether they survived, or left, as shown in the pension fund flow-chart in Figure 3.1.
For every time step we can then use the simulated pension fund populations to calculate
obligations and liabilities buckets. Figure 6.5 shows such a simulation for both pension
funds over the next ten years. The top buckct structures show the current situation, the
middle shows the expected situation in five years and the bottom bucket structures show
the situation in 10 years time.
For the simulation we take the mortality tables and exit rates as used in Chapter 3. In
the simulations over many years we assume that every year new members enter the pension
fund. For the entry rate we use he probabilities given in Rufibach et 801. (2000), however
we use a multiplicative factor to ensure that the pension funds remain at approximately
the same si7.e. We thereby assume that the pension fund is in steady state.

PF 11 Simulation

PF I Simulation

50

100

o
o

10

20

30

40

50

60

o

0

10

20

30

40

50

60

10

20

30

40

50

60

20

30
Time [v]

40

50

60

50

100
LL.

~ 50
:::lE

o

o

10

20

30

40

50

60

o

0

50

100
LL.

~ 50

:::lE

0'---------'
10
o

OL...-_......

20

30
Time [v]

40

50

60

0

10

Fig. 6.5. Simulated bucket structures of liabilities for pension funds Tand TT in 1, 5 and 10 years. As time goes
by, the pension fund bucket structure changes its shape since the first buckets are paid out and new future cash
flows must be expected far in the future.
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The pension fund simulations can also be used for pension funds that grow or shrink to
effectively project their future cash-flows with the knowledge of the changes in structure
they face. In addition, the projections can be used as planning tools for pension funds
whose sponsoring company decides to restructure and make changes in its number of
employees. Due to many exits from the company and therefore exits from the pension
fund, substantially higher cash-flows must be expected in the near future than without
the company restructuring.
6.1.5 Bucket Scenarios for Optimisation
The future payments of the pension fund are uncertain due to the uncertainties given
by the risks individual members face as well as by macroeconomic factors such as wage
inflation. In order to realistically evaluate future payments to members, the pension fund
should know likely scenarios as well as worst and best case scenarios. In terms of the bucket
structure wc denote obligation scenarios as OBJ(t) and the liability scenarios as LBJ(l).
Based on the expectation and variances for each individual bucket we are able to efficiently
simulate different scenarios. Since the the obligations and liabilities are the summation
of the individuals contribution to the aggregated risk, wc use the normal distribution to
generate the scenarios. Alternatively, we can simulate all the different binomial random
variables and aggregate them into the buckets. When the pension fund is large enough
that the central limit theorem applies, the simulation based on the normal distribution is
sufficient to generate statistically significant scenarios.
6.1.6 Bucket Aggregation for Optimisation
In Figures 6.4 and 6.5 we show the first 60 of buckets of the pension funds. For the
optimisation we aggregate the buckets into a total of 9 buckets since this reduces the time
taken up for the numerical optimisation. The bucket aggregation is done with obligations
and liabilities buckets likewise. The first four aggregate buckets each contain one of the
first four years of the original bucket structure. The next four buckets each aggregate five
years into one bucket and finally, the ninth bucket adds up the remaining buckets. We
also give these buckets a (value weighted) maturity, such that the term structure of the
buckets is kept upright. This aggregation of buckets has been done arbitrarily and with
the "common sense" argument that the finer aggregation should be in the close range and
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the very broad aggregation towards the end. Note that due to the "tail" of the bucket
structure, the aggregation of the very long-term buckets does not necessarily result in an
irregularly large bucket. The aggregation of the buckets for the two studied pension funds
is given in Table 6.1.
\'eIl~ioIl

Table 6.1.

fund buckets are aggregated from onc-year buckets to 9

handleable: 4 single year buckets, 4 five-year
filliIlg~

are given for obligations buckets,

bucket~,

liabilitie~

bucket~

to make the problem more

and 1 with all remaining buckets aggregated. The bucket

buckets, and infiows buckets. The buckets are

di~counted

with

their assigned maturity date as shown here with a discount rate of 1%.

.__

...._~.~-----_ .._---- --Bucket

1

2

:~

4

5

6

7

8

9

.~-

Present
Value

Aggregated Buckets

1

2

3

4

5-9

10-14

15-19

20-24

25-80

Maturity [y]

1

2

3

4

7

12

17

22

32

Obligations [MCHF]

55.2

52.9

51.2

49.6

239.8

232.0

215.7

189.2

490.45

-

bligatioIl~

53.2

48.9

45.5

42.4

lR2.2

144.9

110.7

79.8

139.8

847.5

Liabilities [MCTJF]

55.4

53.7

53.0

52.7

280.2

:310.2

:3:35.8

:3:33.2

1024.4

-

Liabilities disc. [MCHF]

53.2

49.6

47.0

45.0

212.9

193.7

172.4

140.6

2(J2.0

120(;.5

Inflows [MCHFJ

38.0

36.1

:35.0

33.6

144.7

104.5

70.2

13.6

31.6

-

Inflows disc. [MCHF]

36.5

33.3

31.0

2R.7

110.0

65.2

36.0

18.4

9.0

368.3

16.7

16.5

16.9

17.:3

102.8

124.6

121.8

107.5

243.4

-

Obligations disc. [MCIIF]

16.1

15.3

15.1

14.8

78.1

77.8

62.5

45.3

69.4

394.4

Liabilities [MCHF]

17.0

17.1

lR.4

19.7

142.9

202.7

223.8

236.5

795.3

-

Liabilities disc. [MCIIF]

16.3

15.8

16.4

16.9

108.6

126.6

114.9

99.8

226.7

741.9

Inflows [MCTJFJ

25.1

23.9

23.4

22.6

97.9

71.4

52.3

34.7

25.R

-

Inflows disc. [MCHF]

24.2

22.1

20.R

19.3

74.1

41.6

26.8

11.7

7.1

251.:.1

PF I

..

disc. [MCHPJ

~_.-

PF 11
Obligation~

[MCHF]

--

6.2 Asset Return Scenarios
We create asset return scenarios for the expected future returns of the different assets
into which the pension fund can invest it's wealth. The asset returns scenarios are based
on historic time-series data from which the parameters for the asset returns models as
described in Section 4.2.4 can be estimated.
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Investment universe

The pension funds' investment universe consists of five different investment possibilities.
We choose broad asset classes such as stock or bond indices rather than specific stocks
or bonds. The possible investment opportunities are first a money-market account with a
risk-free short-term interest rate, and additionally the following riHk bearing investments:
the domestic stock market, the domestic bond market, the international stock market,
and the international bond market. Bonds and stock markets are considered risk bearing
assets, whereas the

money~market account

is considered a risk-free investment.

Historical data

We use repreHentative total return indiceH for the four risk bearing assets. A total return
index includes the reinvestment of dividends in the case of stock markets and the gains or
losses of the price variation in the case of bond markets, respectively. All of the mentioned
data sets in this chapter are taken at a monthly frequency. Also, for all data sets, our
time-range of observed market data starts in April 1984 and ends in May 2005.
For the Swiss Htock market we UHe the ThomHon DATASTREAM (DS) Swiss total
market index, for the Swiss bond market we choose the DS "Swiss total aJ11ives

govern~

ment bond index". In the case of the Euro zone bond market, we use the DS "Euro zone
allliveH government bond index" where data starts in 1999. Before 1999, we approximate
the Euro zone index by the equivalent German government bond index, since German interest rates were used as the benchmark for EU investments before adoption of the Euro.
For the international stock markets, we choose the DS US and DS Europe "total market
indices" .
The international stock indices are hedged againHt currency movemelltH. The pension
fund uses currency futures for hedging. The cost for hedging is equivalent to the spread
between the SwiSH short-term interest rates and the short-term EU and US interest rates.
Factor model

The expected returns of the four risky indices are modelled by a factor model as explained
in Section 4.2.4. The factors are selected such that the factor loading matrix F and
the constant

f

(from (4.27)) are statistically significant. In order to achieve this, a set

of predetermined factors are selected and the model is fitted to this data. The fitting
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algorithm is a maximum pseudo-likelihood method as described in Hamilton (1994). A
wide range of factors are preselected as recommended by Oberuc (2004, Chapters 3 and
4). Then each factor that is not statistically significant at a given significance is eliminated
and the data is fitted again. This procedure is iterated until we find for each index a small
number of significant factors. The factors used for the different assets are:
P fE-ratios of the Swiss, EU, and US stock market indices,
Dividend Yield of the Swiss, EU, and US stock market indices,
Redemption Yield of the Swiss, EU, and US long-term government bond indices,
Interest Rates of the 3-months Swiss and EU Libor rates and US treasury bills.
We use monthly data for the factor model and estimation of the factor loading matrices
and constants. For the returns models, we use the factors themselves or functions of the
factors, such as the logarithm or the subtraction of two factors, e.g., the logarithm of
the Swiss PIE ratio subtracted by the logarithm of the long-term government bonds'
redemption yield. The description of the factors, selected for the scenarios are shown in
Appendix D.l.
Generation of scenarios
Based on the factor model of the risky assets, 4000 scenarios for 40 years into the future are
simulated with quarterly frequency. The simulation uses the empirical standard residuals
from the data fitting

a..<;

standard residuals to drive the simulation. The simulation is thus a

bootstrap mcthod, which randomly selects a empirical standard residual from the factors
and the asset returns. In this way, we do not need to make explicit assumptions on the
distributions of the standard residuals. Additionally, any dependence that the residuals
exhibit is kept. In the bootstrap method, we select an observation of the residuals where
simultaneously the empirical residuals of the risky assets and the factors are used. For the
application of bootstrap methods see Davison and Hinkley (1999).
Long-term returns of the asset in the scenarios
The long-term steady state properties of the asset classes are given in Table 6.2.

6.3 Lump-Sum Optimisation Case Study
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Table 6.2. Long-term asset model properties
asset cla.%

return volatility

Money-ma,rket/Cash 1.8%

n.a.

Swiss Bonds

3.6%

3.9%

International Bonds 4.8%

5.7%

Swiss Stocks

9.2%

12.5%

International Stocks 10.6%

15.3%

note

EU bond index, not hedged in CHF

EU and US stock indices, hedged in CHF

6.3 Lump-Sum Optimisation Case Study
To illustrate the lump-sum optimisation solution, we assume that the pension fund has the
information about its future expected outflows and inflows and can calculate it's coverage
ratio at any time. The discount rate for discounting future cash-flows is 4% and the riskfree interest rate is the money market interest rate. The long-term expected returns are
given in Table 6.2. The re-balancing frequency is every quarter year and there are 80
rc-balancing intervals, i.e., twenty years. A fixed-mix investment strategy is applied.
For the case study, we use the liabilities data of pension fund Il, Le., we use inflows
and outflows for our calculations. Based on the population wc create the bucket structure
for liabilities and inflows, discount the buckets with the discount rate and thereby obtain
the current wealth for a coverage ratio of 100%, i.e., W(t)

= L/{Vl(t) - if¥'V\t).

For the penalty function, we define the shape such that the penalisation is zero for any
coverage ratio above 100%. If this value is not achieved, the weights for non-achievement
arc

<-lS

follows:

1. small deviations, where 100%

> coverage ratio

2. medium deviations, where 90%

~

> coverage ratio

3. large deviation, where the coverage ratio

90%: weighting factor 1,
~

85%: weighting factor 20,

< 85%: weighting factor 100.

With these penalising factors, a large deviation is extremely heavily penalised, smaller
deviations are tolerated.
Figure 6.6 shows three investment strategies

11,*

misation problem for different risk-aversion factors:
awareness (e.g.,

Cl!

obtained from the lump-sum optiCl!

=

1, 5, 25. With the higher risk-

= 25) we can see that the cash proportion in the portfolio is enlarged

while the proportion of Swiss stocks and bonds is reduced with respect to the portfolio
with lower risk-awareness (e.g.,

Cl!

= 1).
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PF 11 Lumpsum Portfolio for Liabilities

Risk-Return for PF 11 Portfolios
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6.4 Case Study with Optimisation for Obligation Buckets
For the ol)ligations bucket optirnisation we use the optilnisationProblenl 5.5, as introduced
in Section 5.:.L5. The obligations of the two pension funds are shown in Figure 6.:3. They
are sumnw,rised into nine buckets with different llul,turities as shown in Table 6.1.

Optimisation parameters
In order to set up the optimisation problem, we need to define the paramd,f)rs

i},F, i}"> ,

[, ancl the shape of the penalty function. We use a penalty function which !)cmalises two
regions of sIH)rtfalls. The first region pena.lises shortfalls that under-achieve the targeted
return with If-)SS than 10%, i.c., the obligations are at least ccwered with up to 90%. The
seconcl region pcnalisf')s shortfalls of more than 10?{,. The shortfall is penalised in the first
region with factor

.CJI -

1, and in the second region with factor .f1'2 -- 4, such that large

6.4 Case Study with Optimbation for Obligation Buckets
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deviations of the assets' values from the obligations are penalised four times more than
small deviations.
Table 6.3. Optimisation weighting parameters. The aggregation factors are used to give difTerent weights to the
buckets as they are aggregated, e.g., in the aggregation of shortfalls, buckets 1 to 4 have six times more impact
than buckets eight and nine. Thereby we penalise shortfalls on the buckets that arc paid in the next four years a
lot more than buckets that are due a long time ahead.
Bucket

Factor

/f'F
surplus aggregation factor ff'P
shortfall aggregation factor

1

2

:3

4

5

6

7

8

9

6

6

6

6

3

3

3

1

1

0

0

0

0

.75 .G2 .51 .JI2 .29

The weighting factors for the shortfall and the surplus are given in Table 6.3. The
weighting factors for the surplus are selected, such that the first four buckets have not
contribution to the surplus of the fund with respect to the objective function. The factors
from bucket five to nine arc chosen as the discount factors for the maturity date of the
bucket. In this way, the contributions to the surplus of buckets with different terminal
dates are correctly summed up with respect to the present value of the surpluses.
The weighting factors for the shortfalls are chosen such that shortfalls occurring at
short-term buckets are seen as much more severe than shortfalls in the long-term buckets.
The philosophy behind this selection of the factor weights can be verbalised as: "Short
buckets: safety first. Long buckets: make profits". The optimisation thus chooses an investment policy and earmarking strategy that ensures a high probability of covering the
short-term obligations on the onc hand and long-term profits from the long-tern accounts
on the other.

6.4.1 Conservative Asset Allocation
So far, we have not discussed how to choose the parameter f. With the help of gamma
we are able to decide whether we put the emphasis on covering the obligations

01'

on

generating a surplus from the funds under management. In this section we look at the
results of the optimisation when we set ,

= 0.05. This means we arc predominately

concerned with meeting our obligations. The conservative strategy, ,
the bucket earmarking and asset allocation

a..<;

given in Table 6.4.

=

0.05, results in
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For both pension funds, I and Il, the conservative strategy ensures high liquidity for
the first four buckets. The obligations are covered with very high probability, since the
investment policy is conservative, i.e., mostly investments in the money market and the
Swiss Bond market, and the earmarking results in very high coverage ratios. For instance,
the first bucket of pension fund I possessing a current coverage ratio of 103.8% invests a
big proportion in the money market. Since the obligation increases with the guaranteed
interest rate of 4%, the first bucket has enough funds to cover the obligation even when
the realised interest rate is almost z;ero. The next three buckets have also current coverage
ratios that are very close to the amount needed to cover the obligations at maturity. The
investment policy shifts from the money market account to predominantly Swiss and
international bonds. The same observation can be made for pension fund Il.
Table 6.4. Cons..-,rWl.tive strategy

,=

0.05. Earmarking and current coverage ratios for aggregated buckets.
Total

Bucket
8

9

8.01

f3.18

103.86 10.5.95 107.93 110.20 107.86 117.34 125.81 H1.81

92.45

PF I

1

2

3

4

Earmarking (Vj) [%]

8.90

8.03

7.33

6.70 25.05

Bucket coverage ratio
Swiss Stock Index [%]

0.61

2.19

2.68

5

7

17.81

12.00

5.34 :30.25 47.30 59.14

.-

".,,~-

Swiss Bond Ind..-,x [%]

6

Portfolio
100.00
-

76.86 76.22

34.74

--

0.00

0.00

0.00

0.00

0.00

8.46

EU Bond Index [%]

9.76 14.78 17.07 20.18 28.93

0.00

0.00

0.00

0.00

11.90

International Stock Index [%]

1.84

2.59 10.83 52.70 40.8f3 23.14 23.78

28.61

27.39 26.64 28.70 26.57

Money Market [%]

60.41

Mean shortfall [%]

0.41

..

:3.00

2.74

5:3.39 48.83 45.:3:3
0.65

0.62

0.80

0.00

0.00

0.00

6.03

9.32

12.85

0.00

0.00

7.52 1:3.20

,

Exp. coverage ratio [%]

102.86 104.68 105.71 108.00 145.00 195.71 233.33 279.64 300.68

Probability of shortfall [%]

0.46

0.38

0.38

0.28

1.10

0.46

0.16

0.20

0.20

PF II

1

2

3

4

5

6

7

8

9

Earmarking (Vj)

6.18

5.75

5.55

5.40 24.82 20.18

9.7S

7.54

104.95 106.78 108.96 112.07 109.84 109.12 121.47 133.97 100.21

Bucket eovemge ratio
Swiss Stock Index [%]
Swiss Bond Index [%]

14.83

0.00

'.

EU Bond Index [%]
International Stock Index [%]
Money Market [%]
Mean shortfall [%]
Exp. coverage ratio [%]
Probability of shortfall [%]

0.00

0.00

0.90

34.00 27.45 31.64 33.16
13.20
0.00

71.74 79.13

4.09

..

0.06 19.61

3.40

7.98 14.84

8.0.5

10.84

103.67 103.58 104.58 105.91 131.34 168.13 226.21 272.85 309.90
0.22

0.18

0.20

0.24

:30.28

24.76
...~
12.85

0.00

0.15

-

13.31 45.63 28.26 20.87
..
0.00 0.00 0.00 0.00 0.00

3.13

0.37

100.00

23.87

8.87 11.79 13.26 .57.86 31.46

0.32

-

0.00

0.00

0.95

-

8.24

0.00

0.00

-

.,-

0.00

0.00

52.80 6:3.68 55.63 52.63
0.46

18.44 25.23 51.24

16.28

0.58

0.42

0.12

0.16

0.18

-

-
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1.21.

The buckets with Inediunl term Inaturity, i.e., buckets five and six, have mOl'(l and more
investment in international and Swiss stocks. The earmarking of funds ensures high coverage ratios for these buckets. The medium to long-term accounts arc almost exclnsively
invested in the stock nlarket, where the share of Swiss stocks increases with increasing
maturity. Buckets seven and eight have also high coverage ratios, however bucket nil1e
has a coverage ratio of 92.4% for pension fund I and exactly 100% for pension fund

n.

Since bucket. nine Inatures ill 32 years, the shortfall in funding is not regarded as very
critical from today's

vi(~w

and is rl. result of the high eannarking of funds for short-tenn

obligations.
Conservative bucket composition for PF I

Conservative bucket composition for PF 11

9

8

8

7
~6

...u5

'ii

ell

tis
:>

:>

III

6

III

4

4

3

3

2

2
1

20
40
60
80
Bucket portfolio composition [%]

100

0

20
40
60
80
Bucket portfolio composition [%]

100

Fig. 6.8. Bucket portfolio eompoHition pension fund T

Fig. 6.9. Ilucket portfolio composition penHiou fund

with conHervativc Htrategy.

II with conHervative strat.egy.

In 'rable 6.4 additional statistics for the lHlckets are given. Based on the asset and
obligations model, wc can cOlnpute the mean shortfall, the expected coverage ratio at rnaturity, and probability of a shortfall. The mean shortfall is the expectation of all scenarios
that do not cover tlIP obligation value.
TIre statistics show that the short-ternl obligations (buckets 1-4) are fully covered at
maturity with very high probability. Furthermore, in the case that funds do not cover the
obligations, the average shortfall is rather small. The expected shortfall for the long-term
obligations can be substantial, however this ca.se OCUlI'S only with low probabilities. The
expected coverage ratios arc above onc for the short-ternl buckets, and even higher for the
long-tern I buckets. 'rhis is expected, since the investrnent policy for the long-tenn bucket.
uses 1110Stly assets with high expected returns. The obligations however grow at 4% and
thus the expected covera.ge ratios at maturity arc very high.
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6.4.2 Aggressive Asset Allocation

In contrast to the conservative strategy we choose "(

= 10 in order to force the optimisation

to concentrate on generation of a surplus. The result of the optimisation for the aggressive
study is shown in Table 6.5, where the earmarking and the investment policy are given.
In the aggressive case, the earmarking towards short-term buckets is lower than in the
conservative case which in turn results in current coverage ratios slightly above 100%.
Table 6.5. AggreSRive strategy I = 10. Earmarking and current coverage ratios for aggregat.ed buckets.
Total

Bucket.

PF I

1

2

3

4

Earmarking (Vj) [%]

8.64

7.61

6.93

6.31 22.:30 16.40 13.36 11.01

5

6

7

8

9

Portfolio

7.44

100.00

-

100.81 100.39 102.05 103.69 96.04 108.03 140.16 194.94 111.39

Bucket coverage ratio
Swiss Stock Index [%]

0.00

0.00

0.00

0.00

0.00 22.41 64.60 87.36 100.00

29.37

Swiss Bond Index [%]

27.37 S9.27 5I.l3 64.77

(l.00

0.00

0.00

0.00

0.00

15.19

EU Hond Index [%]

17.16 38.01 38.21 35.23 7:3.33

0.00

0.00

0.00

0.00

25.60

International St.ock Index [%]

0.00

0.00

0.00

0.00 26.67 77.59 :35.40 12.64

0.00

24.79

Money Market [%]

55.47

2.72

0.66

0.00

0.00

0.00

0.00

5.05

Mean shortfall [%]

1.14

2.87

2.97

3.20

8.74 10.69

0.00

0.00

7.18 10.13 20.04

-

Exp. coverage rat.io [%]

99.72 99.93 100.66 101.12 112.10 181.49 245.03 313.36 327.01

-

Probability of shortfall [%]

S8.54 50.56 44.00 40.04 21.48

LlD

0.14

0.04

0.54

6

7

8

9

PF 11

I

2

3

4

Earmarking (Vj)

6.01

5.51

5.29

,oi.06 23.34 18.61

Bucket coverage ratio

5

15.24 12.48

-

8.1:3

100.00

102.06 102.99 103.77 105.04 103.28 100.6,5 121.81 171.40 112.08

-

Swiss Stock Index [%]

0.00

Swiss Bond Index [%]

0.25 31.07 ,54.21 62.8Fi

0.00

0.00

0.00

0.00

0.00

7.95

EU Hond Index [%]

1.43 25.08 36.5,5 36.86 58.05

0.00

0.00

0.00

0.00

18.82

Internat.ional Stock Index [%]

0.00

26.11

Money Market [%]
~~".

-,

Mean shortfall [%]
Exp. coverage ratio [%]
Probability of shortfall [%]

0.00

0.00

0.00

0.00 31.66 76.51 100.00 100.00

0.00

0.00

0.29 11.95 68.34 23.49

0.00

0.00

98.32 10.85

9.25

0.00

0.00

0.00

0.00

0.00

0.00

~,.~

0.08

1.42

2.38

2.86

7.56 12.38 17.12 16.30 19.42

100.05 101.11 101.98 102.63 126.63 178.71 235.0:3 302.08 327.63
3,').42 31.28 29.88 27.92

7.14

1.30

0.46

0.40

0.54

38.16

8.66

,-

-

The intermediate buckets (buckets 5-6) have a slightly increased coverage ratio and
the investment policy replaces bonds with Swiss and international stocks. The long-term
buckets (buckets 7-9) are solely invested in the stock markets. With increasing maturity
the share of stocks is increased.

Id Cw,,, Study with Opf,imisnt.ion for Obligntion 13uckets
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Mainly buckets 7 and 8 have very high coverage ratios. Bucket 9 also has a sufficient
coverage ratio. These are the three long-term Illldwts that lnostly contribute to the ainl
of achieving a surplus horn the funds Imder management.
Aggressive bucket composition for PF 11

Agressive bucket composition for PF I

9n~=~
8

••••~
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a;6~~~~
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:;,
ID

4
3

2."
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Bucket portfolio composition [%]
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Fig. 6.10. Bucket port/<-,lio composif,ioll pension fund
I with aggn.'Hsive

~trategy.
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100

Bucket portfolio composition [%]

Fig. 6.11. Bucket portfolio cOlnpositioll pellsion fund
1I with aggressive strategy.

In Tn,ble G.5 (vlditional statistics for the ditTerent buckets arc gIven. Noteworthy arc
the high probabilities for a possible sl10rtfall for the first four blH:kets. However, the mean
shortfall is rather small which indicates that although the probability for shortfalls to
occur is

SIl

bstantial, only small deviations frorn the targeted coverage amount for the

obligations Inust bp PXllected.
The obligations must be paid out to the pensioners and leaving melnbers, regardless
if the aCU)llnt completely covers the obligations. This is done I)y using funds originally
earmarked for other buckets. Whpn the optilnisation problem is rp-solved, the funds arc
smaJler than anticipated and the new investment policy and earmarking take this into
account. Clearly the risks of the aggressive stratpgy are highlighted by this fact.
TliP cl.ggressive strategy ainls for profits in the long run and therefore, uses the wealth
to invest, rnOl"() into the long-term accounts. For this reason, the current coverage ratios
for the lncdium and long-term buckets are quite high. Also the investInent policy uses
mostly stock market investrnents in onler to increase the expected retUrIlS. Especially in
the case of the last two btH:kets the mean shortfall and the shortfall probability decrease.
The eXI)ected coverage ratios are very high for the long-terrn buckets. This is expected,
since the investment policy for the long-term bucket uses rnostly assets with high expected
returns.
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6.4.3 Strategies for Earmarking and Coverage Ratio
The two strategies, conservative and aggressive, are very similar in their investment policy
for the long-term accounts, especially for the buckets 8 and 9. The long-term nature of
the investment problem, i.e., 25 years and more, and the resulting long-term risk-return
trade-off leac!s to very similar investrnent decisions. However as Figures G.12-o. J5 show,
the eanuarking of wealth for these two strategies are very

difh~rent.

Both,bucket aSSE)!,

allocation and earmarking strategies are closely linked. The earmarking strategy

serVf~S

as an implicit risk-managelllent by defining where to put more ernphasis: reaching short
term goalH for sure or freeing wealth for higher return promising long-tenn investnlents.
The eannarking strategy and bucket coverage ratio are equivalent

nleaSlln~s

of how the

initial wealth is distributed into the different buckets.
Bucket coverage ratio PF I

.~~

ti s 1""""""""''1 """"""""'l""'''''''''''''' """""", '",,! I ~
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:~L""'~

I
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o
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Fig. 6.12. Bucket coverage ratio for !>clIAion fllnd I'.
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6.4 Case Study with Optimisa,tion for Obligation
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In the aggressive strategy, the long-term buckets have more funds available than in
the conservative strategy. The conservative strategy uses the funds to cover the shortto medium-term obligations, whereas the aggressive strategy uses the funds to generate
long-term profits. The earmarking of the pension fund's wealth is an essential feature of
the risk rnanagement. The investment poliey depends both on the investment horizon and
on the initial funds available to each account.
For example in the conservative strategy of pension fund I1, bucket three is mostly
invested in Swiss bonds and the money market account, and has some investments in
the EU bonds. In the aggressive strategy, bucket three has mainly bond investments and
only a minor proportion invested in the money market. The probability of a shortfall is
much smaller in the conservative case than in the aggressive case since the earmarking is
much larger, i.e., bucket coverage ratio 108.9% vs.

1O~3.8%.

The asset allocation for both

cases, as shown graphically in Figures 6.9 and 6.11, is similar for the long-term accounts.
However, earmarking and resulting current coverage ratios are totaly different, since the
earmarking determines mainly the probability of a possible shortfall.
6.4.4 Aggregated portfolio
Since the total pension fund as relevant for the regulations the optimisation problem
contains constraints that limit investment into certain assets to a given percentage of
total wealth. The aggregation of the different investment classes over all buckets result in
the values given in Tables 6.4 and 6.5 in the right most column. The aggregated value for
a given asset is obtained by multiplying the earmarked amount to every bucket with the
proportion that has been invested into the particular asset in every bucket and summing
up over all buckets. For convenience the aggregated portfolios are repeated in Table 6.6.
Table 6.6. Total aggregated portfolio allocations for young a.nd old groups.
CH Stocks CH
Aggressive PF I [%]
Aggre~~ive

Plo' 11 [%]

BOIld~

EU Bonds Int. Stocks

Ca.~h

29.4

15.2

25.6

24.8

5.0

:38.4

8.0

18.8

26.1

8.7

_ ....

. ......

-

Conservative Plo' I [%]

:"14.7

8.5

11.9

28.6

lG.:l

Conservative PF TT [%]

::l0.3

8.2

2:1.9

24.8

12.8
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The a.ggregated asset allocation is constrained a,ccording to the Swiss regulations as
stated in Section 2.4.1. Note that in some cases these constraints are violated in the
optimisation, e.g., the total proportion of Swiss stocks for pension fund I in the conservative strategy is above the limitation of 30%. However, by consecutively running the
optimisation with appropriate initial values, this deviation from the targeted value can
be minimised and the constraints are met. For the aggregated pension fund portfolio we
can make the following observations:
1. Swiss stocks are chosen for all strategies up to their limitation through constraints.
2. The conservative case puts more funds in the money market account and invests less
in the stock markets.

:3. The aggressive strategy uses the money market mainly for the first bucket. The conservative strategy substantially reduces the investment in the money market for longer
duration.
4. Bonds are mainly used to generate the returns for the medium tenn buckets and stocks
are used for the long-term buckets.
Note that these observations and all of the asset allocations strongly depend of the expected returns and volatilities contained in the scenarios. The values shown in all of the
tables arc valid with the scenarios which have expected values as shown in Table 6.2.

6.5 Splitting and Fusion of Pension Funds using Buckets
With the bucket structure for the pension funds we can easily study the effects of two
pension funds that are joined together. Also we can study what effects a carve-out of
certain groups of members has for the pension funds' investment decisions.

6.5.1 Fusion of two pension funds
The fusion of two pension fund can occur, when two companies with individual pension
funds are merged. Also, different small pension funds could pool their members' base in
order to spread their risks more broadly.

Fusion method
We use the bucket structure of the two pension funds and create a. bucket structure of the
combined pension fund. For two pension funds consisting of Jlopulations (9 J and 6)" we

G.;' Splitting ilnd Fnsion of Pension .Fnnds nsing BnckcLs

can

cn~at(~

1'27

the cornbined population tJI+J!' In tenns of obliga.tions buckets we ean write

for the operation of adding the two pellsion funds "PF I -1- PF II"with their individual
populations

F)/

and

8/ 1 :

o B ,61/+/.I (t)
j

=

o 13

j , 61/

(G.l)

(t) -1- OB.i ,(',)// (t),

where 08j / 0 .11././ (1,) is the j-th obligations bucket of the eOInbined penSIon funds at tirne

t, and 0I1 j ,61,(I,) and 0I1j ,61././(I,) are the j-th buckets at time l of the indivi(lual pension
funds 1 and 11,

n~spectively.

The salllC addition function holds for the liabilities Imckds.

With the addition of buckets we preserve the ternpoml structure of the p,lyllHmb, with
n~gar(l

to the individual memlH'1r, however

th(~

structm'c of the total pension fund may

change cornpletely.

Case study
In the case study, we consider the fusion of the two known pension funds 1 and IT to orH)
pension fund. The rpsulting pension fund contains 4077 meInbers of which :37DG are active
and 12Dl are pcnsioners.
Figure G.1 G shows the obtained earmarking strategy for the added penSIon funds for
a COllservative and an aggressive strategy. Sirnilar to the ease of the individual pension
fund, we can see the clear shift from the early buckets to the long-tenn buckets when the
strategy changes frolll conservative to aggressive.
Aggressive bucket composition for PF I + 11

Earmarking Addition PF I + 11
.............

__

._-_.~--~--

3r~"·"·CCC=7

~=::::.::::::::W . _ .
o

~

L •••.•

~..__.__

--.JI
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20
Earmarking wealth proportion [%]

Fig. 6.16. Eannarking for added pension flln(!s 1 I 'I
for cOllservat.ive and nggressive

stratcgi(~s.
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Fig. 6.17. Bucket allocat.ion for t.hc nggrcssive strategy of the added pension funds Ij 11.

For the aggressive case, Figure G.l? shows the investrnent strategy for the individual
lmckets. Wp can observe the foJ1()wing from the Imckpt

inv(~strncnt

strategy:
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for the short-term buckets (buckets 1 to 4) the investment strategy is similar to the
aggressive investment strategy of the individual funds. However, the cash position lies
somewhere between the cash position that have been chosen for the short-term buckets
of the individual pension funds.

for the mid-term buckets (buckets 5 and 6) the combined pension fund bucket allocation shifts the international stock position slightly from bucket 5 to bucket 6 by
reducing this position in bucket 5 and enlarging it in bucket 6.

for the long-term buckets (buckets 7 to 9) the bucket allocation for the combined
pension fund is more similar to the allocation for pension fund I.
As shown from the results, a different earmarking and investment strategy can be
expected when two pension funds combine their member to one larger fund. As found
in this case, when one pension fund is dominant with regard to size and structure, only
minor variations can be expected. The full table of results for the combined pension funds
with conservative and aggressive strategies is given in the Appendix (sec Section D.2).

6.5.2 Splitting of a pension fund
We split up a pension fund by defining a sub-group of members and removing this group
from the total population, a procedure which we call a Ci:lrVe-out. For both, the group
that has been removed, and the original pension fund without this group, we can calculate
the bucket structures. We thereby treat the sub-group and the reduced pension fund as
individual pension funds.
Examples are, to create a

sub~group

consisting of all women in a pension fund's

popu~

lation, removing them and treating the two resulting groups as individual pension funds:
one containing women only, the other containing men only. Furthermore, we could

sepa~

rate old members from young members, or employees with different working surroundings,
e.g., office workers and field workers. The carve-out can be a method to remove a pension
fund from any particular risk-group in order to be able to insure them separately, or to
buy re~insurance for a defined group of pension fund members. Additionally, the

carve~out

is used when a company sells a business section to another company. In that case, all the
employees of the business section that is sold are transferred from the selling company's
pension fund to the buying company's pension fund. This is done by first carving the

12~)

6.5 Splitting and Fusion of Pension Funds using Buckets

group out of the first pension fund and then using a fusion to integrate them into the now
pension fund.
Carve-out method
The carve out could be seen as a subtraction function where we regard a pension fund
with population B and two

sub~groups

eA

and

ejJ. The two sub-groups are disjoint sets

that together contain all elements, i.e., members, of
can write for the ,j-th obligations bucket at time t for

e.

For the obligation

sub~group

carve~out

we

eA
(6.2)

where OHj,e(t) is the ,j-th obligations bucket at time t for the full set of members as in
Equation (3.36). The ,j~th obligations bucket for sub-group
with the same method by simply using

eB

e B , OBj,eB(t), is calculated

a..'> the regarded pension fund population.

Case study

In this case study, we separate the combined pension fund whose population is denoted by
BI+ II into two sub-groups of young members aged 25 to 45 years and old members who are

older than 45 years of age. We denote by

eA the young group and by en the old groupl.

In Figure 6.18 we can see the different resulting bucket structures for obligations and
the resulting aggregated buckets. Clearly the young members sub-group has a completely
different structure compared to any of the individual or added pension funds seen before.
Since there are no retired members, there is only little expected cash-flow until the first
of the young members retire. The old group has a shorter tail since there are no young
members that make up the tail of the bucket structure.
Figure 6.19 shows the bucket coverage ratios for theyoung and the old groups. For the
young members we can see the very high coverage ratio in bucket 8. The value of just over
1200% coverage ratio indicates that the earmarking provided bucket 8 with over 12 times
the cash needed to cover the present value of future outflows collected in bucket 8. For
the old members the significant difference to a full pension fund also lies in the long-term
1

Note that there may be regulatory restrictions for the carve-out. It may be a delicate issue when an insurance
is split up into "good" risks and "bad" risks. This example is specifically an extreme case and designed to show
the effects a carve-out can have.
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Fig. 6.18. Obligations bucket Htructurc of two pension fund earve-out possibilities. Young members aged 25-45
are caTved out of the total

pen~ion

fund (addition of pension fund J

remaining older members aged over 45 are the second

~ub-group

of

+ TT)

to create a, sub-membergroup. The

rnernber~.

The aggregation to 9

bucket.~

give

a significantly different. bucket. st.ructure.

buckets. While these buckets were funded with around 120% coverage ratio in the case of
full pension funds, they are covered with ratios ranging from 200% to 400%.
Figure 6.20 shows the earmarking strategy for the two sub-groups old and young. The
old members earmarking is very similar to the full pension funds' earmarking strategy.
For the young members there is, as expected, a significant shift to the very long-term
buckets. Over 75% of wealth is earmarked to the buckets 8 and 9 which have maturities
of 22 and 32 years, respectively. On the other hand, less than a total of 10% is assigned
to buckets which need to be paid in the next years, Le., buckets 1 to 4.
For the two sub-groups the bucket allocations are shown in Figures 6.21 and 6.22.
Young members sub-group
For the young members we can make the following observations:
short-term buckets 1 to 4 have only 10% of wealth earmarked to them. In the aggressive
strategy they are composed of approximately half cash and half Swiss bond index.

6.5 Splitting and FllHion of Pew;ion Funds using Buch,t"
Earmarking YOUNG and OLD aggressive

Bucket coverage ratio YOUNG and OLD aggressive
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Fig. 6.22. AggreHHive port!,-,!i,) cOluposition

group of old pension fUlld members.

grollp of young pension fund members.

1(-)].

sub-

Inid-terln buckets have approximately 15% of funds which an) invested into Swiss and
international stocks.

bucket 8 (maturity in 22 years) has over 45% of funds earmarked to it. The bucket 8
allocation is very diversified into all a.sset classes except cash. European bonds lnakc
up a big proportion in the allocation of this bucket, followed by Swiss bonds. Stocks
arc represented with approximately 20%.

bucket ~) (maturity in 22 years) with over ~~O% of wealth eannarked to it has again
reduced the anl0unt of bonds in favour of additional allotlncnt to the Swiss stock
ma.rkcL

Old members sub-group
For the old nlemhers suh-group bucket allocation we observe

1:32
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short-term buckets have a very high cash proportion in order to keep possible shortfalls
improbable. This is due to the earmarking strategy that allocated a bucket coverage
ratio dose to 100% for this aggressive investment strategy in order to free more funds
for the long term buckets.

bucket 5 has a very high proportion of wealth invested into the European bond market
with an approximate amount of 25% of wealth earmarked to it.

long-term buckets are invested mainly into stock markets with a reduction of internationa.l stocks for Swiss stocks for longer buckets.
In order to compare the findings for the young and old sub-groups, the results, again with
conservative and aggressive strategies are given in the Appendix D.2, in Tables D.3 and
D.4.

Comparison of carve-out aggregated portfolio
Table 6.7 shows the investment proportions for the portfolio obtained by aggregating the 9
buckets, i.e., the total portfolio allocation of the young and old sub-groups. Also included
are the values for the conservative case, not shown in the figures above but given in the
afore mentioned tables in the Appendix (Section D.2).
We can first see that conservative and aggressive strategies are almost equal for the
young sub-group. This is due to the inherent risk-ability of the structure of the young
sub-group. There, the solution for the optimal portfolio found by solving Problem 5.5
allocates as much as possible, under the given constraints, into the asset with the best
risk-return expectations. Once this contingent is filled, the strategy finds the asset with
the next best risk-return expectation, and so on, until all the funds are distributed.
For the old sub-group the difference in allocations can be found in the shift from
assets with higher return and volatility to the assets with lower returns and volatilities.
Essentially, the stock market allocation is reduced, i.e., Swiss stock market (-6.7%) and
international stock market (-3.5%), while the bond allocation is augmented: Swiss bonds
(+8.6%) and European bonds (+ 1.4%).

6.6 Multi-Year Optimbation with Buckets
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Table 6.7. Total aggregated portfolio allocations for young and old groups.
CH Stocks

cn

Bonds EU Bonds Int. Stocks Cash

Aggressive Old [%]

29.6

2.9

21J.8

24.7

18.0

Aggressive Young [%]

30.0

16.2

25.0

25.0

3.8

Conservative Old [%]

22.9

11.5

26.2

21.2

18.2

Conservative Young [%]

30.0

17.1J

24.4

25.3

2.8

6.6 Multi-Year Optimisation with Buckets
As a last case study we use the optimisation for the asset and liability management
over several years. Therefore, we consecutively solve the optimisat,lon problem with the
algorithm shown in Section 5.4.2:
1. Calculate bucket structure.
2. Estimate market models and create scenarios for expeeted future evolvement.
3. Calculate optimisation problem for earmarking and investment strategy.
4. Invest according to optimisation problem solution.
5. After 1 year ha." passed, realise investment returns.
6. Payout bucket for year one.
7. Return to point 1.
With this algorithm, we start at April 1st , 1997. We re-solve the problem annually at
April 1st and finally invest until August 1st 2005. The following assumptions are used in
the case study:
• The pension fund considered is the addition of our known pension funds I and

n.

• The ten years evolvement of the pension fund is shown in Figure 6.5.
• We use a conservative strategy for the pension fund.
• The pension fund is provided with an initial coverage ratio of 110% at April 1997.
• Guaranteed return, as well as discounting rate is 4% annually.
In addition to the given assumptions we consider two different possible strategies for
handling surplus wealth. In the first case, the pension fund keeps surplus wealth in the
pension fund. In the second case, the pension fund distributes the surplus as soon as
the coverage ratio is above 125%. In the simulation this results in limiting the wealth
to 125% of current coverage ratio for the aggregated pension fund. Note that we do not
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further consider where the dividends were distributed to, i.e., we are only interested in
the limitation to 125% coverage ratio.

Market data
The market data for estimating the financial market and creating scenarios is given in
monthly frequency. Bucket calculation and investment strategy updates, Le., optimisation
solving, is done with yearly frequency. The case study is a true back test, where we only
use past data for the market factor estimation and scenario generation. This means that
factor estimates and scenarios are generated annually at April 1st . At that date we select
the relevant factors for describing the financial markets and create new market scenarios
into the future. Based on the scenarios created at that time, the optimisation method
chooses the earmarking and investment strategies for the buckets. The investment period
for the optimal portfolio is from May 1st to April 30th . In this way, we can created a
true back-test, where the simulation has no knowledge of the future development of the
markets.

Wealth evolution
The resulting wealth evolutions of the pension fund can be seen in Figure 6.23. The
pension fund wealth is shown, with initial wealth at April 1st, 1997 set to a coverage ratio
of 110%. The pension fund that keeps all wealth is shown in the full line, the pension fund
that distributes wealth above 125% coverage ratio is shown in the black dashed line.
For comparison we include the following benchmarks for the pension fund: the Swiss
stock market index, the Swiss bond market index, three pension fund reference portfolios
named LPP-25, LPP-40, and LPP-60. The reference portfolios are calculated by the Swiss
private bank Pictet & Cie, and described in detail in the bank's brochure, Bank Pictet
(2000). The indices are intended to measure the performance of a portfolio that is invested
according to the pension fund regulations. The portfolio weights for the three indices are
shown in Table 6.8.
In Figure 6.23 it becomes visible that the pension fund portfolio performs similar to
the most aggressive of the benchmark indices with 60% equities, LPP-60. However in the
market downturn in the middle of the year 2000 the pension fund could reduce its loss
potential and did not suffer the same losses as the aggressive benchmark. As soon as the
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Table 6.8. Pictet LPP Indices
LPP-40 LPP-60

LPP~25

75 %

60 %

40 %

CIIF

60%

45%

25%

EUR

10%

10%

10%

World

,5%

5%

5%

40 %

60 %

Bonds (total)

Equities (total) 25 %
CHF

10%

15%

20%

World

15%

25%

40%

market experienced its turn-around, beginning of 2003, the pension fund portfolio gained
from the situation and made up for the losses. With the chosen strategy, the average
annualised return becomes 4.9%.

Coverage ratio
Figure 6.24 shows the coverage ratios of the pension funds with the two different strategies.
In addition, the comparison to an investment into the three benchmarks is given. We can
see the effects the market downturn had with respect to the coverage ratio. In our case,
both pension funds still have a coverage ratio above 100% after eight years of simulating.
A pension fund that started at 100% and would distribute wealth below 125% would not
be left in this financially stable situation after these eight years.
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Investment strategy
'Thc resulting aggregated investnlent strategy can be found in Figures 6.25 and 6.27 for
the pension fund with 125% coverage ratio lirnitation, respectively. Interestingly, over tIle
aggregated portfolio then) is little change over tIre years. 'The eannarking strategies as
shown in Figures 6.26 and 6.28 has mOl"() changes over the years. '['he exact values are
givcn in table8 in Appendix D.:L
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From the figures we can sce, that more funds arc moved towards the long-term buckcts
l)(~tween

1997 antI 2000 and moved back to the short-term buckets in the following years.

This obviously has a close connection to the pension fund's COVeri:lge ratio,

sinc(~

in the
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years with a high coverage ratio the earmarking strategy prefers to move the wealth
into the long-term buckets and thereby generates more returns with more risk-bearing
investments.
Conclusion of Multi-Year Optimisation
In the multi-year asset and liability management optimisation with the bucket structure,
many different parts of the problem could be set to one whole piece. The resulting wealth
evolution for the pension fund indicates the following:
The Asset Model factors are well estimated and the resulting return scenarios give a
useful indication of expected future returns
The Obligations Model gives a good indication of the future expected payments
which can be used for finding the investment strategy for the given structure of future
payments.
Investment strategy: The obligations model gives a clear indication of how funds
should be earmarked. The earmarking strategy enables an optimal investment strategy
to be chosen for the time horizon at which the funds are needed.
The wealth evolution in the multi-year back-test shows how the method results in a stable
and reliable investment strategy for pension funds in different market scenarios.
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Conclusions and Outlook

The tm-ubie with retirement is that you never gd a day off.
Abe Lemons

In this thesis, the problem of the asset and liability management for pension funds is
analysed and successful solutions for the problem are found. The conclusions of the thesis
are given in this chapter. Additionally an outlook on further possible research is given.

Introduction: In the first chapter of the thesis we give an introduction to the pension
fund asset and liability management and introduce the general form of the balance
sheet of a pension fund.

Pension system: We discuss the ideas of pension systems in general and more specifically of the occupational pension system, particularly fully funded pension funds. Furthermore we describe how the occupational pension is embedded into the Swiss pension
system and compare this with occupational pensions in several other countries. Since
the pension system has also highly political implications we give an overview over some
political issues in the Swiss pension fund system.

Cash-flow model: We first identify the cash-flow inducing instances of a pension fund
and the probabilities at which they occur. Two different ways of describing the pension funds' future cash-flows, obligations and liabilities arc defined. By analysing the
evolution of salaries over a life we project future expected salaries until retirement.
We use probability tables common for life insurances and further additional information on entry rates and exit probabilities for pension funds to gain further knowledge
on how members transition from active members to pensioners or disabled members.
The possibility for active members to leave before retirement is also considered. We
define the pension fund bucket structure consisting of temporally aggregated expected
payments to the pension fund members. The bucket structure is defined for obligations and liabilities, together with their uncertainty, Le., the variances of the future
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cash-flows. Advantages of the bucket structure for the pension fund management are
given.

Returns model: The typical investment universe of a pension fund is described, thereby
specifying the different assets elasses that are modelled in this chapter. Stylised facts
for asset returns as observed are given and provide a basis for the features of the
asset returns models. We give an asset returns model in continuous-time consisting of
stochastic differential equations for prices, with factor models for expected returns and
volatilities. In the discrete-time case we use a discretised form of price dynamics with
stochastic expected returns. The models for expected returns and stochastic volatility
are discussed. A main feature of the discrete-time returns model is that it incorporates
a multi-dimensional stochastic volatility model. For both, continuous-time model and
discrete-time model, expected returns are modelled as affine functions of endogenous
factors, or factor levels, that are governed by stochastic processes. The dynamics of a
portfolio consisting of several different assets and a locally risk-free bank account is
given. Finally the differences, advantages and disadvantages of continuous-time and
discrete-time models are explained.

Asset liability management optimisation: The concepts of utility functions and risk
measures are introduced. Two continuous-time multi-period portfolio investment problems with different utility functions are solved: The problem of multi-period portfolio
optimisation over terminal wealth with either constant relative or constant absolute
risk aversion. Furthermore, a mean-variance portfolio optimisation problem for the
discrete time case is stated.
The aims and objectives of pension funds are translated into a mathematical form
for the specific pension fund asset and liability management problem. This is done by
defining different penalty and utility functions for the shortfall, or surplus, respectively
of the investment goals of the pension fund. Different optimisation problems are stated:
an optimisation problem taking into account the total, or lump-sum wealth of the
pension fund; an optimisation problem bascd on the pension fund obligations bucket
structure where pcnalty and utility functions are given for every bucket; and similarly
for the pension fund liability structure, where inflows are taken into account as well as
transaction costs. By differently weighting the penalty and utility functions for longterm and short-term buckets, an optimisation problem is found that correctly chooses
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an investment strategy for every bucket, while also taking into account the overall
interests of the pension fund. The first and the third problems lead to non-linear and
non-convex problems where the solutions can only be found with global optimisation
techniques. The second problem is shown to be convex and therefore well solvable.
A feedback control algorithm is proposed where the pension funds' optimisation problem is solved as an open-loop problem. However, only the next (one or few) decision
steps arc implemented and the problem then re-solved. By consecutively rc-solving,
and always including the newest available information, a strategy that resembles a
true feedback control algorithm is created.
Case studies: Real pension fund data and historical market data is used in in different
case studies. Two different pension funds with differently structured populations are
analysed. Historical market data is used for the asset returns models.
A simple case study is done with the lump-sum optimisation method with different risk-aversion factors. Further case studies are done to show the applicability and
functionality of the optimisation method based on the bucket structure. The first is a
conservative strategy of a highly risk-averse pension fund and the second an aggressive
strategy for a less risk-averse pension fund. It is found, that the investment strategy
based on the future cash-flow structure has two components: First the "wealth earmarking" allocates funds to a given maturity bucket, then the portfolio decision within
this bucket is determined. This leads to an investment strategy that correetly takes
into account the temporal structure of the wealth that needs to be accumulated.
With the bucket structure it becomes easy to add different pension funds and to subtract sub-groups from the pension fund. The case for the two pension funds that merge
is studied as well as the case when young members and old members are separated
from another. In these cases it it found that the member structure has a pronounced
effect on the portfolio allocation of the pension fund.
In a multi-year case study data the method is applied successfully in a back-test with
historical market data. Through the years 1997 to 2005 the pension fund's portfolio
and wealth is compared to various benchmarks that are outperformed.
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7.1 Outlook
Certain issues of the pension funds' asset and liability management have not been focused
on or solved in this thesis. In the following we list (in an arbitrary order) some open
issues and unsolved problems that could help further improve the asset and liability
management:
• A refinement of the cash-flow model for pension funds could be done which allow
for monthly payment buckets to would improve liquidity management. To keep the
problem numerically solvable, a structure could be imagined with a monthly strueture
for the first few years and a more coarse aggregation for the long-term buckets.
• The model could be improved by including payments for invalidity pension or payments
towards real estate investments, and other payments not discussed here.
• The problem of finding the correct statistical features for a given pension fund remains.
Assuming that different industries have different statistics on exit, entry, invalidity,
and mortality the pension funds should be given methods to estimate their individual
statistics from their situation.
• Asset returns models could be improved by including more information than simply
historical market data. Long-term estimations given from macro-economical observations, e.g., economical cycles, could be included to ameliorate the models' future
expectations.
• The pension fund model could be tested for different environments such as economic
crises or recessions, when both financial markets and labour markets are not performing
well. Furthermore, the model could be improved by using dynamic tables for mortality
and other probabilities when calculating the bucket structure to take into account for
demographic changes.
• The pension funds' asset and liability management could be extended and generalised
in order to be used in any asset and liability management problem. Possible fields could
be: life insurance, non-life insurance, options management.
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The 2nd order polynomial functions approximate the mean earned Salaries as a function
of Age as follows:

20

< (y < 65.

(A.I)

We use the index Ed to highlight that in this equation we regard the salary as a
function of age with re8pect to education. The coefficients at, a2 and a3 can be found in
table A.
Education

f---..

University

ai

a2

R3

-13.1 1'342.8 -21'036.22

FH

-3.6

436.0

-3'007.6

higher training

-4.5

446.6

-3'215.0

lIlatura

-3.0

407.9

-4'101.6

professional training -1.8

196.3

548.7

49.3

2'744.8

mandatory school

-0.5
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Real Estate Property Model

Factors for real estate property

Several studies show the relation between real estate returns and financial spreads. For
example Brooks and Tsolaeos (2001) use V.K. term spread (difference between yields
on the three-month T-Bills to 20-year government bonds) and the ratio between the 20year government bond and the dividend yield of the FTSE100 index. Further, Quand and
Titman (1999) examine the relation between stock returns and changes in property values
and rents.
Apart from the factors stated in the cited works we focus on two further factors which
we use in the model for the real estate property returns.
House price index: House price changes due to market conditions are observed in the

house price index (HPI) given for different kinds of properties (e.g., rental objects,
office space or private homes) and also with respect to regional price differences. As
any other market the property market has upswings and downturns.
Rental price index: The second gains from property are due to rental income. We

observe changes in rental prices by means of the consumer price index for rent, (RPI).
We assume that rental prices are fixed at the first time the space is rented and indexed
to mortgage rates. This means that once rental prices are determined, they may not
be changed for reasons other than changes in mortgage rates.
The mortgage rate and its instantaneous average is given in Figure B.l. The infiationadjusted RPI in Figure B.2 indicates an existing link between rental prices and mortgage
rate. On the bottom line of the chart a green plus indicates when the mortgage rate is
above the instantaneous average. A red dot indicates that mortgage rates are below this
average. In periods of above average mortgage rates, rental rates tend to rise more than
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and HPI inflation adjuated (100:1.1.1970) and mortgage rate I

11

-RPI

10

•

9

Mortusgo < long term _vg
Mortglilge:> tong term avg

-_. HPI

2

100

•
\. "I}

Sep87

MBT83

S.p!l8

Feb04

TO....

90 1
••
Oct65 Apr71 OCl76 Mar82 Sep87 Mar93 Sep98
Time

Fig. B.1. Risk free rate (3-Mth Swiss Libor

Fig. B.2. HP1 and RPI (innation adjusted).

(start: L 1.1976)) and mortgage rate. Dotted

On the x-axis: Red dots indicate phases of be-

line indicates average mortgage rate at a given

low average long term mortgage rate, green

time starting at 1.1.1970 up to 1.2.2005.

pluses indicates phase of above average mortgage rate.

implied just by inflationary cost-of-living related priee changes. However, in periods of
below average mortgage rates the rental rate either stays constant at the attained level
or is reduced slightly. This observation indicates, that rental income from real estate
investments may be used as a hedge against interest. rate changes.
The changes in the house price index are denoted by dH PI (. ). Changes of t.he rental
price index are denoted by dRPIC). In this work they are both modelled wit.h the linear
factor model given in Section 4.2.
Returns from house price changes

The property value changes according t.o markct conditions, given by the house pnce
index H ]J 1(.). Addit.ionally, the property is devalued due to wear and tear. We call 6 the
percentage of value the house keeps after devaluat.ion (i.e. the house keeps 6

= 99% of

the original value after one time interval ha<; passed). The property price is denoted by

FpropC). The price process for a real estate property is given by
Pprop(t + 1) = PP1'OP(t) ( (1 + dH P I(t))6 + (proP(t)).
Where (proP(t) is a white noise process with E[Eprop(t)]

(B.l)

= 0 and E[fPl'OP(t)(cproP(t))T]

=

(JPl'OP (t) ((Jpro p(t) f. The relative price change of the real estate property is denoted by
r·prop(t). Since the return derived from (13.1) is the total return,
1 + r pl'op(t)

= (1 + dIIPI(t))6 + fprop(t),

(B.2)
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we ean state for rprop(t),

rprap(t)

= (1
~

+ dH P I(t))5 + Eprop(t;) -

dH P I(t)

+ EproP(t) ,

(B.3)

1

when 5 clm;e to 1.

Returns from rental income

Rental income is an inflow directly into the cash-balance of the investors wealth. We regard
net rental income at time t as the total of all incomes generated by rental of the property

riC) minus the maintenance costs 'rnc(-). We assume that a property was purchased at
time T with value Pprop(t

= T).

Maintenance costs are defined by means of a proportion

'("me

of the properties value

at the time it wa.." bought Pprop(T), and cost-of-living (CPI) related price rises. We
assume, that a percentage of the property value needs to be invested regularly (e.g.,
annually) in order to keep deterioration low. The actual cost of work that is to be done
for maintenance rises with the CPI. The maintenance costs are

(BA)
where cost-of-living related price changes for maintenance work are included by the
fraction C P r (t) / C P I (T). Note that with regular maintenance we minimise losses
through rapid deterioration by keeping 5 close to 1.
Rental income is fixed at the time

T

the property is bought. We assume a rate that

is regarded as investment return from rental income rri' Once the rents are fixed for
a given property they may not change except due to RPI-related changes. The rental
income is

.
rz(t)

=

RPI(t)
Ppr'op (T)7'ri RPI(T)"

(B.5)

We can now specify the net cash-inflow from property directly into the cash balance (bank
account) of an investor's wealth as

if1lTap(t) = ri(t) - mc(t)
HP I (t)
C P I (t) )
= Pprop(T) ( r'ri RPI(T) - rrneCPl(T) .

c
Optimisation

C.l Solution Procedure to Optimisation with CRRA Utility
In order to obtain the solution, we need to solve the Hamilton-.1acobi-Bellman (H.1B)
equation

0= Jt (·) + max [W(t) (Fo(l):C(t) + lo(t) + 'UT(l) (F(t):r(t) + ](t)))Jw (')
u(')EIRn

+ (A(l)x(t) + a(t))T Jx(-) + ~W2(t)'UT(t)l.,'(t}U(l)Jww(-)
+ W(t)'UT(t;)o-(t)p(t)vT(t)Jwx (-) + ~tr{.Jxx(-)v(l)l/T(t)}] ,

(C.1)

with terminal condition J(T, W(T),x(T)) = *W(T)". We have omitted the arguments of

J(.)

=

J(l, W(t),x(t)) for compactness. Further we define the matrix E(t)

=

o-(t)o-1'(t).

Using the first order conditions, we obtain the optimal portfolio control vector

By using the optimal portfolio vector (C.2) and inserting it back in (C.1), we obtain

0= Jt (-)

+ W(t) (Fo(t):r(t) + lo(t)) Jw(-) + ( A(t)x(t) + a(t)) TJx(-)

1

+"2 tr { Jxx(-)l/(t)v(t)T} -

(C.3)

2:'P'::V(.(-) t(t)pT (t)p(t)vT(t).Jwx (-)

-~ ./!:~(~) (F(t)x(t) + j(t)) T17- (t) (F(t)x(t) + ](t))
1

- (P(l):J:(t) + ./(t)) T17- 1 (l)o-(t)p(t)vT(l) ,::~(~) JwA')
with the terminal condition J(T, W(T), x(T)) = *W(T)"Y. The solution for J(t, W(t), :r(t))
needs to be found in order to calculate the optimal feedback controller. We guess a functional form of the solution
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J(t, W, e) = .!-W(t)"ekdt.)+kr(t.)X(t.)+~XT(t)K3(t)X(t)

,

(CA)

"(

with terminal conditions for k l (T) = 0, (k 1 E JR.), k 2 (T) = 0, (k 2 E JR.m), and l<:~(T) =

0, (K3

E

JR.71Wn). The partial derivatives of the value function J(t, W, x) inserted into

(C.3). We divide by ~W'Y(t), resulting in
.

'T

0= k 1 + k 2 X

1

+ 2x

T .

K 3:r:

+ "((Fox + fa) + (Ax + a)

T

(k 2 + J<3X)

(C.5)

T,
T'
T
]
+21[tr {vT (k 2k 2T + K 3 )v } + 2kT
2 vu K3:r: + x I\:~vv K:~x
"(
(x T frTE- 1 F:r + 2jT 17- 1 Fx + jT 17- 1i)

2("(-1)
"(
- ("( _
1) (~
(Fx

+ f~T )17- 1 I7pVT (k 2 + K 3x)

1

- 2(k2

T
)
+ K:~x) TvpTpv
(k 2 + K 3 x) ,

where we suppressed t in all functions for compactness. Equation (C.5) is quadratic in

x( t) and after rearranging as factors of x( t) we get

In order to achieve equality in (C.6), we set all factors of x(t) to zero and obtain the
following three systems of nonlinear ordinary differential equations (ODEs). For the scalar

k1 (t) with terminal condition k l (T) = 0:

!Cl = 2("( ~ 1) (iT E- 1 j + 2j1'E- 1 apvT k 2 + kfvpT PvT k 2 )

-21 tr {vT (k 2 k 2T + K 3))v} -

CL

T

k2

-

(C.7)

"(fa

For the vector k2 (t) with terminal condition k2 (T) = 0:

k2 =

("(

=1) (p

T

E- 1 j

-"(Fo'(' - K 3 vvT k 2

+ FT E- 1l7pvk 2 + K 3vpT 17T 17"·1 i + K3v/'pvTk2)
-

AT k2

-

K 3 (l

For the matrix K 3 (t) with terminal condition K 3 (T)

= 0:

(C.8)

C.2 Solution to Optimisation with CARA Utility
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The optimal feedback controller is calculated by using the value function guess (CA) and
plugging it into (C.2). This results in the optimal portfolio control

n*(·)

= _1_ E 1---y

1

(l)(F(t):r(t)

+ j(t) + a(t)p(t)vT(t)(K;{(t)x(t) + k2 (t))) .

(C.W)

o
In order to compute the optimal controller, we need to calculate the solutions of (C.g)
and (C.g), where parameters such as
solving ~rn2

+ ~m

P or A

are can be functions of time. This results in

ODEs, where m is the dimension of external variables in vector x(t).

Instead of solving the HJB partial differential equation (PDE) directly, we transform the
problem into a system of ODEs which can then be more easily solved.

C.2 Solution to Optimisation with CARA Utility
The optimal feedback controller is found similar to the solution of problem 5.1 with
dynamic programming, by means of the Hamilton-.1acobi-Bellmann (HJB) equation. For
the optimal control vector u*(·) we obtain

1J,*(.)

=

--y:(~;~;(t) [fr(t)x(t) + j(t) + a(t)p(l)vT(t) (Kl(t)X(t) + ka(t))].

(C.lI)

The scalar kAt) is the solution of the ordinary differential equation

(C.12)
with terminal condition k2 (T)

=

---y. Vector

k;{(t)

E ffi.m is the solution of the ordinary

differential equation

k3 = (fr TE- 1 j + j;I1'E- 1apvk3 + K 4vpT aT2.,,-1 j + K 1VpTpvTk;{) ,
-k2 C

+ K 4 vvT k3 -

A T k a - K 4 (l,

(C.13)

Finally, matrix K 4 (t) E ffi.mxm is the solution of the matrix Riccati equation

K4 =

(PTE-IF

+ pTE-1(JpvT K 4 + K 4 l/pT(J'l'E- 1 P + K 4 /./pT p1.JT K 1 )

-K4l/l/T K 1

K4 (T) = 0

-

K 4A - A T K 1 ,

(C.14)
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where wc omit the dependence of time t for k2 (t), k:i(t), and K 4 (t) in (C.12), (C.13), and
(C.14) for compactness.

D

Case Studies

D.l Factors and Factor Significance

Table D.l. Factors and factor loading with fltatifltics

Risky asset

Factor loading

Factom
lag(Swiss PIE ratio)-log(lOy

Euro zone bond index

-0.016* (-2.04)

Swiss DDY

0.054** (3.13)

3m SLIBOR

-0.018** (-2.98)

36m US Avg

0.011 ** (2.92)

constant

-0.0613 * (-2.56)

Swiss red. yield

0.0037** (4.15)

10 y SGB - 3m SLIBOR

0.003** (3.7:3)

constant

-0.013 ** (-3.13)

Eura PIE ratio - lOy EGB

-0.01 ** (-2.66)

constant

0.012 ** (4.39)

log(Euro PIE ratio)-log;(lOy EGB)

0.032* (2.43)

log(Euro DDY)

0.052 ** (2.59)

36m US Avg

0.Q12 * (2.07)

constant

-0.042 * (-2.16)

log(US PIE ratio)-log;(lOy USGB)

0.08 ** (4.03)

Swiss stock market

Swiss hand market

sem)

European stock index

US stock market index

36m US Avg
constant

..

0.013

**

(2.98)

0.011 * (2.2ii)

-

'" denotes significnncn at 5% level, ** indicatc:s :significnnC:f:! nt the 1 % level
Notr.: Swil:ltl P lE ratio dcnotc~ t.he Swil:l/:l Btock market pricc-ca.rnirlg~ rat.ion, lOy SGn denotes the 10 year Swiss gov(:rnlllcnt. hond int.ercl:lt rate

(constnnt maturity), 3m 8LIBOR denotes the Swiss 3 month LIBon r~t,e, 36m US Avg denotes the 36 mont.h moving; average of the total
return of the US total st.ock ma.rket index, con:stant
B:liuket index, Euro

10 year inLete:-lt
{!<:llot,C!:l

r~lt(!

PIE raLio

denotp.~ the

dcnotC'!~ t,hf:!

('.onstant 9i, Swiss red. yield denotes the rr.rlemption yield of the

Swis~

b01HJ

price-earning ratio of the European I:ltoc::k market index, lOy BOB dunote:s Lhc conl->tant maturity

of Euro zone governnleilt

hond~,Ruro nDY

denotes the dividend yidd of thr. European stock market index, US PIE ratio

the price earnings ratio of the US total stock market irldcx l and lOy USGB denotes the constanL nliJ.tlltity 10
7

inlere:st rate. The nurnber in parenthel->cl-i arc the t-statistics.

yr.~lr

US treaaury bond
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D.2 Case Studies Earmarking and Bucket Portfolio Allocation
Pension Fund Addition
Earmarking, bucket allocation, bucket coverage ratio and shortfall statistics for addition
of pension fund I and II in the aggressive and conservative cases.
Table D.2. Pension fund addiUon, conservHtive and Hggressive strategies. Earmarking and current coverage ratios
for 9 aggregated buckets.
'lbtHI

Bucket
I+II conservative

1

2

3

4

earmarking (Vj) [%]

8.01

7.33

6.80

6.33 24.92 18.33 12.59

Bucket coverage ratio
Swiss Stock Index [%]

r----"-

Swiss Bond Index [%]

5

6

0.00

0.00

0.09

22.77 24.86 28.81

0.22 20.92 35.87 50.31
29.99

8.87

6.79

7.51

14.92

0.00

0.00

0.00

18.85

19.69 23.73 20.50

24.73

0.64

1.58 22.99 19.21

0.36

0.:37

59.89

0.00

0.00

0.00

0.27

3.33

7.49 15.69

0.00

0.00

7.73 13.86

102.01 103.05 104.04 104.84 1:3:3.01 182.80 228.23 281.28 307..58

Probability of shortfa.ll [%]

0.40

0.28

0.26

0.26

0.90

0.42

0.12

0.14

0.18

I+II aggressive

1

2

3

4

5

6

7

8

9

earmarking (Vj)

7.84

7.02

6.42

5.92 22.87 16.97 13.87 11.32

Bucket coverage ratio
Swiss Stock Index [%]_.

0.00

0.00

0.00

0.00 19.61 61.96 86.67 100.00
-"
0.00 0.00 0.00 0.00 0.00

Swiss Bond Index [%]

27.86 47.70 63.92 65.78

EU Bond Index [%]

13.29 26.85 :35.21 :32.09 80.92

International Stock Index [%]
Money Market [%]
Mean shortfall [%]

7.77

101.12 101.66 102.35 103.9.5 99.32 104.82 133.98 181.20 111.89
0.00

0.00

0.00

-

-

100.00
-

29.50
1:3..53

0.00

0.00

25.59

13.33

0.00

24.79

0.00

0.00

0.00

0.00 19.08 80.39 38.01

58.85 25.45

0.87

2.13

0.00

2.05

2.83

3.07

8.16 12.53 10.08

0.00

18.61

0.00

0.00

0.97

30.31

0.00

0.04

0.25

-

0.00

International Stock Index [%]

72.31 67.23 59.91

100.00

0.00

8.33 56.09

1.13

76.27 79.50

Portfolio

0.00

7.28 10.07

Exp. coverage ratio [%]

9

0.00

4.88

Mean shortfall [%]

8

103.66 106.16 108.52 111.10 108.22 113.20 121.61 111.:32 97.77

ED Bond Index [%]

Money Market [%]

7

0.00

7.:36 19.59

6.58
-

Exp. coverage ratio [%]

99.89 100.25 100.81 101.11 111.70 181.0:3 240.10 :307.58 :327.46

-

Probability of shortfall [%]

53.16 46.20 42.44 39.46 20.78

-

1.44

0.14

0.08

0.54
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Carve-out conservative
Earmarking, bucket allocation, bucket coverage ratio and shortfall statistics for carve-out
of young (25-45 years old) and old (over 45 years old) members of the combined pension
fund I and II in the conservative case.
Table D.3. Pension fund carve-out, conservative strategy. Earmarking and current coverage ratios for 9 aggregated buckets.
Total

Bucket

OLD

1

2

3

4

ea.rma.rking (Vj) [%]

8.29

7.63

7.10

6.61

Bucket coverage rHtio
Swiss Stock Index [%]
Swiss Bond Index [%]

5
26.34

6

7

18.:35 12.31

0.00

0.00

0.00

0.90 14.68 22.29 39.48

19.13 29.90 33.20 34.55 11.48

0.00

5.49

11.53

0.00

0.00

26.14

34.64 11.63

21.21

1.67

0.60

1.59 15.74 38.77 50.10

77.18 61.12 53.16 51.55
0.24

0.42

0.37

0.34

0.00

0.00

0.00

2.69

8.13 18.59

101.79 103.46 104.72 105.77 12.5.83 161.08 211.01

--

0.00

0.00

-

272.49 359.90

-

0.28

0.38

0.32

0.30

1.32

0.48

0.10

0.04

0.00

YOUNG

1

2

3

4

.5

6

7

8

9

earmarking (Vj)

2.36

2.00

1.82

1.70

7.08

4.78

:3.98

Swiss Stock Index [%]
Swiss Bond Index [%]

Ell Bond index [%]
International Stock Index [%]

44.56 :31.71

129.22 129.28 138.72 152.45 197.39 240.15 292.19 116:3.70 175.84
0.00 10.59 15.21 18.97 2:3.35 53.70 78.14
14 ..54

18.24

8.66 NaN

Probability of shortfall [%]

Bucket coverage ratio

22.88

0.00

International Stock Index [%]
-,
Money Market [%]

1.69

65.36 88.37

100.00

0.00

8.39 11.94 11.41 58.10 38.94 10.42

Exp. coverage ratio [%]

7.89

Portfolio

0.00

2.02

Mean shortfall [%]

9

103.25 106.41 108.71 111.19 108.64 106.90 112.34 135.59 159.92

ELT Bond Index [%]

r-------.

8

100.00
-

18.00 43.69

30.03

0.00

0.00

0.00

:32.1 :3

5.10

17.38

0.00

0.00

0.00

35.21 27.31

24.43

32.66 40.01 34.57 31.10 76.65 16.30 21.86

14.66 23.90
...
0.00 0.00

25.35

0.55

18.22 21.42 20.41
0.79

1.16

1.52

~

Money Market [%]
Mean shortfH,ll [%]
Exp. covemge ratio [%]
Proba.bility of shortfall [%]

52.25 30.39 27.64 28.01
0.00

0.00

0.00

0.00

0.00

0.00

130.20 137.31 146.72 157.94 216.90 267.89 320.27 402.36 311.80

-

0.00

0.00

0.00

0.00

0.00

0.00

2.81
-

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

-
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Carve-out aggressive
Earmarking, bucket allocation, bucket coverage ratio and shortfall statistics for carve-out
of young (25-45 years old) and old (over 45 years old) members of the combined pension
fund I and 11 in the aggressive case.
Table D.4. Pension fund carve-out, aggressive strategy. Earmarking and current coverage ratios for 9 aggregated
buckets.

--

~~~._-~-'~,~

..
lbtal

Bucket

OLD

1

2

3

11

earmarking (Vj) [%]

5.34

4.88

4.54

4.23 23.65 19.44 15.95

13.12

8.86

22:~.27

346.06

~~95.68

nuekct coverage ratio
Swiss Stock Index [%]

...
Swiss Bond Index [%]
~~

..

5

fi

102.12 104.38 106.74 109.04 149.59 173.71
0.00

0.00

(l.00

0.00

0.00

G.40 5G.14

5.110 11.89

8.,1:3

3.35

0.00

EU nond Index [%]

0.00

0.00

0.00

1.35 91.57 15.61

International Stock Index [%]

0.00

0.00

0.00

0.00

Money Market [%]
Mean shortfall [%]
Exp. coverage ratio [%]
Probability of shortfall [%]

YOUNG
earmarking (v j

)

nucket coverage ratio
Swiss Stock Index [%]

99.53 96.65 9-1.60 86.76
0.06

0.14

0.21

0.37

2.93

0.00 77.99 43.86

19.36

0.00

24,70

0.00

0.00

18.00

0.00

0.00

1.22

7.43 NaN

17.82

0.00

NaN

NaN

-

0.06

0.D2

0.00

0.00

0.00

8

9

1

2

3

4

5

6

7

1.90

1.6-1

1.-12

1.2-1

7.08

4.78

:3.98

116.5-1

31.-12

104.12 1O{).211 108.78 Ill":; 1 197.:39 2110.15 292.19 121.5.30 174.09
0.00

0.00

0.00

0.00 20.05 68.53 98.22

46.70 38.56 32.21 35.17

1--,--

1-""---

-

100.00
-

29.99
..

-~~~~_

0.00

29.67

0.00

lG.22

0.00

0.00

0.00

44.74 13.31

25.00

1.78

22.25 23.59

25.00

0.00

0.00

0.00

0.00

0.00 79.95 31.47
0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

0.00

102.52 102.79 103.08 103.72 210.77 2(;8.m 321.68 393.25

:~44.42

-

0.00
_..

-

0.48

3.24

0.45

2.68

0.42

lA{)

0.5:3

1.76

~,-~.

0.00

International Stock Index [%]

53.:30 61.45 67.79 64.83

3.34 63.11
~~~~~

-

0.00

0.00

Probability of shortfall [%]

0.00

100.06 100.15 100.26 100.60 142.10 220.85 290.14 369.60 453.76
2-1.64 25.08 22.72

29.63

0.00

0.00

Exp. coverage ratio [%]

0.00

-

0.00

0.00

Mean shortfall [%]

80.64 100.00

100.00

0.00

EU Bond Index [%]

Money Market [%]

0.00

Portfolio

9

2-1.75

-~

Swiss Bond Index [%]

8

-_ ..

~,-_

OA7

7

0.00

0.00

0.00

0.00

0.00

3.79

-

",._~-
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D.3 Multi-year Optimisation
Tables for earmarking and aggregated portfolio of the multi-year ease studies. Table D.S
gives the strategies for the pension fund that does not distribute any surplus allowing
for unlimited reserves to be built up. Table D.6 contains the values for earmarking and
aggregated portfolios for the multi-year case study of the pension fund who distributes
any surplus above a coverage ratio of 125%.
Table D.5. Multi-year investment strategy and coverage ratio for pension fund.
INVESTMENT

Apr 97 Apr 98 Apr 99 Apr 00 Apr 01 Apr 02 Apr 03 Apr 04 Apr 05

_.- --

Swiss Market [%]

29.63

29.72

29.95

29.76

29.79

29.90

29.56

30.04

29.80

Swiss Bonds [%]

0.19

0.46

2.43

0.01

2.12

0.62

1.41

0.90

1.76

EU Bonds [%]

22.54

25.43

25.02

25.33

25.32

25.07

21.59

24.12

23.02

US Market [%]

24.34

21.71

25.01

21.80

21.80

24.88

21.30

25.01

21.71

Money Market [%]

23.30

19.65

17.55

20.10

17.98

19.51

23.11

19.90

20.71

EARMARKING Apr 97 Apr 98 Apr 99 Apr 00 Apr 01 Apr 02 Apr 03 Apr 04 Apr 05
Bucket 1 [%]

5.96

1.61

Bucket 2 [%]

5.31

4.20

Bucket 3 [%]

4.82

Bucket 4 [%]

4.22

4.18

4.41

4.88

.5.83

5.46

5.69

3.82

3.83

4.05

1.19

5.35

1.97

5.08

3.81

3.50

3.54

3.77

4.20

4.95

4.58

4.67

4.38

3.50

3.25

3.30

3.54

3.90

4.57

4.21

4.29

Bucket 5 [%]

25.11

25.28

25.15

25.61

25.18

25.28

26.51

25.14

25.74

Bucket 6 [%]

18.90

20.01

20.42

20.42

20.16

19.10

19.0:3

18.8:3

18.78

Bucket 7 [%]

14.94

15.98

16.38

16.04

16.40

15.90

14.40

15.62

15.01

Bucket 8 [%]

12.11

13.58

13.91

13.77

13.39

13.07

11.77

12.72

12.40

Bucket 9 [%]

8.15

9.01

9.37

9.32

9.10

8.88

7.61

8.48

8.34

1----.

-
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Table D.6. Multi-year investment strategy and coverage ratio for pension fund that distributes wealth when

coverage ratiu is above 125%.
INVESTMENT

Apr 97 Apr 98 Apr 99 Apr 00 Apr 01 Apr 02 Apr 03 Apr 04 Apr 05

-

Swiss Market [%]

29.84

29.71

29.93

29.80

2!J.88

29.76

30.04

29.84

29.84

Swiss Bonds [%]

1.75

0.22

2.60

2.47

1.90

1.57

0.1:3

1.83

1.43

EU Bonds [%]

25.71

25.41

25.111

25.33

25.31

25.52

20.46

24.24

23.48

US Market [%]

24.36

24.75

24.94

24.77

24.77

24 ..55

25.07

24.74

24.74

Money Market [%]

HU4

19.89

17.39

17.62

18.14

18.60

24.30

19.34

20.50

-- -

EARMARKING Apr 97 Apr 98 Apr 99 Apr 00 Apr 01 Apr 02 Apr 03 Apr 04 Apr 05
~.~,

Bucket 1 [%]

4.88

4.25

4.26

4.26

4.48

5.06

5.88

5.61

5.74

Bucket 2 [%]

4.34

3.85

3.80

3.90

4.13

4.57

5.43

5.04

5.15

Bucket :3 [%]

3.94

3.49

:3.49

3.60

3.84

4.28

5.02

4.64

4.7:3

Bucket 4 [%]

3.58

3.21

3.24

3.:36

:3.60

3.!J7

4.64

4.26

4.35

Bucket 5 [%]

25.22

25.47

25.43

2.'i.65

25.23

25.82

24.76

25.98

25.95

Bucket 6 [%]

20.55

20.25

20.44

20.28

20.16

19.80

18.65

19.16

18.62

Bucket 7 [%]

15.55

16.61

16.:32

16.:34

15.53

14.97

14.68

14.45

16.20
~~~-~~-

._~~~

Bucket 8 [%]

13.12

1:3.63

13.61

13.48

13.35

12.47

12.35

12.24

12.51

Bucket 9 [%]

8.82

9.24

9.39

9.13

9.02

8.49

8.29

8.39

8.49
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