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The classical Kronecker limit formula describes the constant
term in the Laurent expansion at the first order pole of the
non-holomorphic Eisenstein series associated to the cusp at
infinity of the modular group. Recently, the meromorphic
continuation and Kronecker limit type formulas were investi-
gated for non-holomorphic Eisenstein series associated to
hyperbolic and elliptic elements of a Fuchsian group of the
first kind by Jorgenson, Kramer and the first named author.
In the present work, we realize averaged versions of all three
types of Eisenstein series for I'g(N) as regularized theta lifts
of a single type of Poincaré series, due to Selberg. Using this
realization and properties of the Poincaré series we derive
the meromorphic continuation and Kronecker limit formulas
for the above Eisenstein series. The corresponding Kronecker
limit functions are then given by the logarithm of the absolute
value of the Borcherds product associated to a special value
of the underlying Poincaré series.
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1. Introduction
1.1. Non-holomorphic Eisenstein series

Let N be a positive integer. The classical non-holomorphic Eisenstein series associated
to a cusp p of I'g(V) is defined by

E)*(z,s) = Z Im(azlez)S
MEeTo(N)p\To(V)

for z € H and s € C with Re(s) > 1. Here 0, € SLa(R) is a scaling matrix for the cusp p,
that is orp((l) 1)0;1 generates the stabilizer I'g(NV),/{£1} of the cusp p in I'¢(N)/{£1}.
The Eisenstein series has a meromorphic continuation to the whole complex plane with
a simple pole at s = 1, and the Kronecker limit formula describes the constant term in
the Laurent expansion at this point. For example, for NV =1 it has the well-known form
par 3/m 1 6
EP(z,5) = 1 o log (|A(2)|Im(2)%) + C + O(s — 1) as s — 1, (1.1)
where C' = (6 — 72¢’(—1) — 6log(4r))/m. We call EP**(2,s) a parabolic Eisenstein series
in order to distinguish it from the following two analogs:
Given a geodesic ¢ in H, i.e., a vertical line or a semi-circle centered at the real line,
we define the hyperbolic Eisenstein series associated to ¢ via

EWP(z 5) = Z cosh(dnyp(Mz,c))”*
MELo(N)e\To(N)

for z € H and s € C with Re(s) > 1. Here I'g(N). denotes the stabilizer of the oriented
geodesic ¢ in I'g(IV), and dnyp (2, ¢) denotes the hyperbolic distance from the point z to c.
They are scalar valued analogs of the form valued hyperbolic Eisenstein series introduced
by Kudla and Millson in their work [KM79]. The analytic continuation of E™P(z, s) for
geodesics corresponding to hyperbolic elements of an arbitrary Fuchsian group of the first
kind has been established by Jorgenson, Kramer and the first named author in [JKP10].
We note that we do not assume that the geodesic ¢ comes from some hyperbolic element
of the underlying group T'o(N), that is, the stabilizer I'g(IV). is allowed to be trivial,
which is equivalent to saying that the image of ¢ in the modular curve T'o(N)\H is an
infinite geodesic.
For a point w € H, we define the elliptic Eisenstein series associated to w via

EfUH(Z,S) - Z sinh(dpyp(Mz,w)) ™ *
MGFO(N)U)\FO(N)

for z € H not lying in the T'q(N)-orbit of w, and s € C with Re(s) > 1. These series
were introduced by Jorgenson and Kramer in their unpublished work [JKO04] (see also
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[JK11]), and they have been investigated in detail for an arbitrary Fuchsian group of
the first kind by the first named author in [Pip10] and [Pip16]. It was shown in [Pip16]
that the elliptic Eisenstein series has a meromorphic continuation to C and admits a
Kronecker limit formula at s = 0, which for N = 1 takes the beautiful form

Bl (z,5) = —log (1j(2) = j(w) /M) s 4 0(s2). (1.2)

Here j(z) is the usual modular j-function. Further explicit examples are computed in
[JPS17].

The main goal of the present work is to realize (averaged versions of) all three types of
Eisenstein series for I'g(IV) as regularized theta lifts of certain non-holomorphic vector
valued Poincaré series of weight 1/2, and to use this representation to systematically
derive explicit Kronecker limit type formulas for these averaged hyperbolic and elliptic
Eisenstein series. For completeness, we also re-prove the classical Kronecker limit formula
for the parabolic Eisenstein series using our theta lift approach.

Throughout this work, we assume that N is squarefree. Although the results of this
work certainly hold for general positive integers N (with some minor modifications),
this assumption greatly simplifies the exposition and allows us to make our results very
explicit. Let us describe our results in some more detail.

1.2. FEisenstein series as theta lifts

For B € Z/2NZ and a discriminant D € Z with D = $?mod4N we consider the
non-holomorphic vector valued Poincaré series

1
Ps p(r,s) = 5 Z vie(D1/4N)eg 2 (M,9), (r=u+iveH),
(M,)€((T,1))\ Mp,(Z) '

where we refer to Section 2 for the notation. Note that this definition slightly differs
from the one given in (3.1), namely by the relation D = 4Nm. The function Ps p(7,s)
is a vector valued version of Selberg’s Poincaré series introduced in [Sel65]. It transforms
like a vector valued modular form of weight 1/2 for the Weil representation p associated
to a certain even lattice L of signature (2,1) and level 4N, and it satisfies the differential
equation

1 D
Ay)9Ps p(T,8) =5 (5 — s) Ps p(r,s) + s% Ps p(r,s+1),

where A;/; denotes the weight 1/2 hyperbolic Laplace operator, see (2.2). For D = 0,
the Poincaré series is a non-holomorphic parabolic Eisenstein series of weight 1/2, whose
analytic properties are well understood by the fundamental work of Selberg and Roelcke
(see [Sel56] and [Roe66,Roe67]). In particular, it has a meromorphic continuation in s to
all of C. For D > 0, using the spectral theory of automorphic forms, Selberg proved in
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[Sel65] that Pg p(7, s) has a meromorphic continuation to C, with poles corresponding to
the eigenvalues of Ay /5. By computing the Fourier expansion of Ps p(7, s) and employing
the estimates of Goldfeld and Sarnak (see [GS83]) and Pribitkin (see [Pri00]) for the
Kloosterman zeta functions appearing in this expansion, one obtains the meromorphic
continuation of P p(7,s) also for D < 0. Carefully translating these classical results
to our vector valued setting in Section 3, we can evaluate the Fourier expansion of the
Poincaré series at s = 0, proving the following result (compare Theorem 3.7 and 3.10).

Theorem 1.1. For each 8 € Z/2NZ and D € Z with D = $?mod 4N, the Poincaré
series Pg p(T,s) has a meromorphic continuation in s to C which is holomorphic at
s =0, yielding a harmonic Maass form Pz p(t,0) of weight 1/2.

Next, we consider Borcherds’ regularized theta lift (see [Bor98]) of Pg p(7, s), namely

reg

B(z, P p(-,5)) = / (Ps.p(7,5),0(r,2))
SL(Z)\H

dud
U1/2_u2v’ (T =u+1iv e H),

v

where O(7, 2) is the Siegel theta function associated to the lattice L, which transforms
like a vector valued modular form of weight 1/2 for the Weil representation p in 7, and
is T'o(N)-invariant in z. Note that the above integral has to be regularized as explained
in Section 2.5.

For B € Z/2NZ and D € Z with D = 3?mod4N we let Qg p be the set of integral
binary quadratic forms az? + bxy + cy? of discriminant D = b* — 4ac with N | a and
b = fmod2N. The group I'o(N) acts on Qg p from the right by Q.M = M'QM, with
finitely many orbits if D # 0. Let Q € Qp p with Q(z,y) = ax?® + by + cy®. If D < 0,
then the order of the stabilizer of @ in T'g(N) is finite, and there is an associated Heegner
(or CM) point

b, VDI

Q= o, T

which is characterized by Q(zg,1) = 0. If D > 0, then the stabilizer of @ in T'g(N)/{£1}
is trivial if D is a square, and infinite cyclic otherwise, and there is an associated geodesic
in H given by

co={z€H:alz]* + bz +c=0}.

In both cases the actions of T'o(IN) on Qg p and H are compatible in the sense that
M .zg = zg.m and M.cg = cg. hold for all M € T'y(N). For D < 0 we let Hg p be the
set of all Heegner points zg with @ € Qg p, and for D > 0 we let Hg p = (). With the
above notation we can now state one of our main results, which is proven in Section 4.
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Theorem 1.2. For s € C with Re(s) > 1 the regularized theta lift ®(z, Psp(-,s)) defines
a real analytic function in z € H\ Hp p and a holomorphic function in s, which can be
meromorphically continued to all s € C. It is holomorphic at s =0 if D # 0, and has a
simple pole at s =0 if D = 0. Further, we have

2I(s) Z . .
(rD/N)s EP(z,2s), if D >0,
s Q
(FD/N) Q€Qs,p/To(N)
Bz Pop(-,s) = L AN'C@) > EpU(z2s), i D=0,
7 pEC(To(N))
20 (s) ell .
W Z EZQ(Z72S)7 ZfD <07

Q€Qp,p/To(N)

for z € H\ Hg.p and s € C with Re(s) > 1. Here, (*(s) = 7 °/?T(s/2)((s) is the
completed Riemann zeta function.

It is remarkable that averaged versions of all three types of Eisenstein series arise as
the theta lift of a single type of Poincaré series, being distinguished by the sign of D.
This is due to the fact that the averaged Eisenstein series on the right-hand side can
essentially be written as

Y Qe

QEQs,p

These can be seen as non-holomorphic weight 0 analogs of the holomorphic cusp forms
frp0(2) = Ygea, p Q(z,1)7% of weight 2k > 4 defined by Zagier in [Zag75a] for
positive discriminants D, and their natural generalizations for negative discriminants,
the meromorphic cusp forms fi g p introduced by Bengoechea in [Benl5]. For more
details on these non-holomorphic modular forms associated to discriminants and their
relation to Eisenstein series we refer to the PhD thesis of the third named author (see
[Vol18]).

We further note that Matthes in [Mat99], Theorem 1.1, uses a similar Poincaré series
to realize averaged versions of the hyperbolic kernel function MeTo(N) cosh(dnyp (M2,
w))~*% as a theta lift. The relation between his and our result is explained by the identities
given in [JPS16], Proposition 11 and 15.

Theorem 1.2 also yields a new and unified proof of the meromorphic continuation of all
three types of (averaged) Eisenstein series for the group I'g(N). Since the continuations of
the Eisenstein series are well documented in the literature, we do not focus on this aspect
here. Instead, we will employ Borcherds’ theory of automorphic products developed in
[Bor98] to establish explicit Kronecker limit type formulas for the averaged Eisenstein
series given in Theorem 1.2.

Finally, we remark that the realization of individual hyperbolic and elliptic Eisenstein
series for I'g(IV) as regularized theta lifts is given by the third named author in [V6118].



A.-M. von Pippich et al. / Journal of Number Theory 225 (2021) 18-58 23

These realizations also provide a conceptual approach to all three types of Eisenstein
series and can be used to define and study generalized hyperbolic and elliptic Eisenstein
series on orthogonal groups.

1.3. Kronecker limit formulas

Using the functional equation of ER3'(z,s) for N = 1, the classical Kronecker limit
formula (1.1) is equivalent to the more attractive looking Laurent expansion

EP (2, 5) =1+ log (|A(z)|1/6 Im(z)) s+ 0(s?)

at s = 0. Here A(z) is the unique normalized cusp form of weight 12 for SLy(Z). In
this article, we establish Kronecker limit type formulas for the averaged Eisenstein series
appearing in Theorem 1.2 at s = 0, namely, we prove that the corresponding Laurent
expansions at s = 0 are of the form

ap + K(2) - s+ O(s),

where ag € C is a constant, and K(z): H — C is some I'g(N)-invariant function, which,
for brevity, we call Kronecker limit function. In particular, we show that ap = 0 in the
hyperbolic and elliptic case. The explicit computation of the Kronecker limit function
K(2) consists of the following three main steps:

(1) Firstly, we explicitly determine the functions Pg p(7,0). They turn out to be of
rather different nature for different signs of D. For D < 0, the Poincaré series is in
general a properly non-holomorphic harmonic Maass form which is determined by
its principal part, for D = 0 it is a holomorphic modular form which can explicitly
be written as a linear combination of unary theta functions, and for D > 0 it is a
cusp form which is characterized by the fact that the Petersson inner product with
a cusp form f of weight 1/2 for p essentially gives the (3, D)-th Fourier coefficient
of f. We refer to Theorem 3.10 for the details.

(2) Next, we show that the functions

®(z,P.p(-,8))ls=0 and ®(z,Psp(-,0))

essentially agree (some care is necessary for D = 0), see Proposition 4.1. Since I'(s)
and (*(2s) have a simple pole at s = 0, Theorem 1.2 then implies that the Kronecker
limit function K(z) is basically given by the theta lift ®(z, Ps p(-,0)).

(3) By the theory of automorphic products developed in [Bor98] and [BO10], it is known
that the theta lift ®(z, P3 p(-,0)) is essentially given by the logarithm of the absolute
value of the Borcherds product associated to Pg p(7,0). Our explicit description of
the functions P p(7,0) enables us to determine the required Borcherds products,
which in turn gives the Kronecker limit functions K(z).
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In the following, we present the three Kronecker limit type formulas we obtained
via the above process, depending on the sign of D. However, since the Kronecker limit
functions for the averaged elliptic and hyperbolic Eisenstein series look quite technical
for arbitrary squarefree integers IV, we only state simplified versions in these cases in
the introduction, restricting to special values of N. For the general theorems we refer to
Section 5.

For D = 0 the parabolic Kronecker limit function generalizes the classical Kronecker
limit formula for N = 1 seen above:

Theorem 1.3. At s = 0 we have the Laurent expansion

ar 1 1/6
S BR(zs) =1+ i Y log (|A(cz)| Im(z)) 5+ O(s?).
pEC(To(N)) N

Here C(I'g(IV)) denotes the set of cusps of I'g(V), and oo(N) = >_ ;5 1 is the number
of positive divisors of N. In fact, this is the Kronecker limit formula of the parabolic
Eisenstein series for the generalized Fricke group I'fj(/V), which is the extension of I'g(NV)
by all Atkin-Lehner involutions, compare [JST16].

In the hyperbolic case, we will see that the Kronecker limit function for the averaged
hyperbolic Eisenstein series vanishes for trivial reasons if N =1 or N = p is a prime, or
if D is not a square. Thus it is reasonable to assume that N is the product of at least
two different primes, and that D is a square, in order to obtain an interesting statement.
In the following theorem we deal with the simplest non-trivial situation.

Theorem 1.4. Let f =n and D = n? for some positive integer n, and let N = pq be the
product of two different primes. Then the averaged hyperbolic Eisenstein series admits a
Laurent expansion at s = 0 of the form

ST ENP(zs) = K(2) -5+ O(s2),
QeQ,, ,2/To(N)

where the Kronecker limit function K(z) is given by

n A(z)A(Nz)
K(z) =4 4p—1(g—1) 7 |A(pz)Algz)
Oa Zf (n, N) > 1.

log L i (V) =1,

For general squarefree N the Kronecker limit function is given by the logarithm of
the absolute value of a more complicated quotient of Delta functions, which is, however,
still of weight 0. We refer to Theorem 5.5 for the general statement.

In order to present a Kronecker limit formula in the elliptic case, we recall that there
are finitely many N such that the modular curve I'g(N)\H has genus 0, namely
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N =1,2,3,4,5,6,7,8,9,10,12,13, 16, 18, 25.

For such N, p a cusp of Io(N) and w € H let jnpw(2) € MJ(To(N)) be the unique
normalized Hauptmodul, which is holomorphic up to a simple pole at p and which
vanishes exactly at the point w, modulo I'g(/V). Here normalized means that the leading
coefficient in the Fourier expansion at oo is 1, i.e., we have jn oow(2) = e(—2) + O(1) if
p =00 and jnpw(z) =1+ O(e(z)) if p # oo. In this situation we obtain the following
result.

Theorem 1.5. Let D < 0, and let N be a squarefree positive integer such that the group
To(N) has genus 0. Then the averaged elliptic Eisenstein series has a Laurent expansion
at s =0 of the form

1 . 2/|To (N
Z Egg(z’ S) = _O_ (N) Z Zlog (|jN,1/c,zQ(z)‘ /l 0( )Ql) )
QeQp,p/To(N) 0 Q€Qp,p/To(N) c|N
+0(s%)

Note that for N = 1 we have ji 00w (2) = j(2) — j(w) for w € H where j(z) is the
usual modular j-function. In this case Theorem 1.5 is simply an averaged version of the
Kronecker limit formula (1.2). For general squarefree N, the Kronecker limit function
is given by the logarithm of the absolute value of a holomorphic function ¥g p on H
which transforms like a modular form of weight 0 for some unitary character of possibly
infinite order, and which is determined by the orders of its roots at the Heegner points
zq for Q € Qp p and its orders at the cusps of I'g(V). See Theorem 5.7 for the details.

1.4. Outline of the work

We now describe the organization of our work. In Section 2 we introduce the basic
concepts used in this presentation, such as the Grassmannian model of the upper half-
plane and its underlying lattice, vector valued harmonic Maass forms and unary theta
functions, and Borcherds’ theory of regularized theta lifts and automorphic products.

Afterwards, we study a vector valued version of Selberg’s Poincaré series in Section 3.
We use spectral theory to establish the meromorphic continuation of the corresponding
Kloosterman zeta functions involved in the Fourier expansion of the Poincaré series,
which enables us to continue our Poincaré series to the whole complex plane. In partic-
ular, we can explicitly describe the Poincaré series at the particular point s = 0.

In Section 4 we prove the existence and continuation of the regularized theta lift of
the above Poincaré series, showing that the evaluation of the continuation of the lift at
s = 0 essentially agrees with the lift of the evaluation of the Poincaré series at this point.
Moreover, we determine the regularized theta lift of the Poincaré series via unfolding
against the Poincaré series, seeing that it actually can be written as an averaged sum
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of hyperbolic, parabolic or elliptic Eisenstein series, depending on the parameter of the
Poincaré series.

Finally, in Section 5 we use this identity between the theta lift of our Poincaré series
and the different non-holomorphic Eisenstein series to obtain Kronecker limit type for-
mulas for all three types of Eisenstein series. As these are of rather different nature we
study them separately, starting with the classical parabolic case. The general hyperbolic
and elliptic Kronecker limit formulas are then given in Theorem 5.5 and Theorem 5.7.
We end both sections with some comments on these formulas.

1.5. Acknowledgments
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2. Preliminaries
2.1. The modular curve T'o(N)\H

The group SLy(R) acts on the complex upper-half plane H by fractional linear trans-
formations. In the present work we focus on the congruence subgroup I'o(IN), consisting
of integer matrices with determinant 1 and lower left entry being divisible by N. In
particular, the group I'g(V) is a Fuchsian group of the first kind. In order to simplify
the presentation we assume that N is squarefree. In this case the cusps of T'g(N) can be
represented by the fractions 1/c where ¢ runs through the positive divisors of N, and the
width of the cusp 1/c is given by N/c. We denote the set of cusps of I'o(N) by C(T'o(N)).
We also note that for N being squarefree the index of SLy(Z) in T'g(V) is simply given
by o1(N).

2.2. The Grassmannian model of the upper half-plane

We consider the rational quadratic space V' of signature (2,1) given by the trace
zero matrices in Maty(Q) together with the quadratic form Q(X) = —N det(X). The
associated bilinear form is (X,Y) = N tr(XY'). The group SLy(Q) acts on V by ¢.X =
gXg~t. We let ® be the Grassmannian of 2-dimensional subspaces in V(R) = V @ R
on which the quadratic form @ is positive definite, and we identify ® with the complex
upper half-plane H by associating to z = x + iy € H the orthogonal complement X (z)*
of the negative line RX(z) generated by
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- s (5 17)

Since ¢g.X(z) = X (gz) for g € SL2(R) and z € H the above identification of © and H is
SLa(R)-equivariant.
In V' we consider the lattice

L:{(_ba Cg) :a,b,cGZ}.

Its dual lattice is

L' = {(b/fév —%//];[N> :a,b,cez}.

We see that L'/L is isomorphic to Z/2NZ, equipped with the quadratic form z +—
22 /4N mod Z. Note that the group I'g(IV) acts on L and fixes the classes of L'/L.
For fixed 8 € L' /L and m € Z + Q(B) we let

Lg, ={X e L+p:Q(X)=m}.

If m # 0 the group I'o(V) acts on Lg ., with finitely many orbits, and elements X € Lg ,

with X = ("N /N

Ca b2 N) correspond to integral binary quadratic forms

Qx(z,y) = aNz? + bay + cy?

of discriminant 4Nm with b = fmod2N. This identification is compatible with the
corresponding actions of I'o(N) in the sense that Qx.g = Q-1 x for g € T'o(N). In
particular, we have a bijection between I'o(N)\Lg » and Qg anm/To(IN). Moreover, if
m > 0 or m < 0 we associate to X € Lg,, the Heegner geodesic cx = cg, or the
Heegner point zx = zg,, respectively. Clearly, this identification is again compatible
with the corresponding actions of T'o(IV).

The set Iso(V) of isotropic lines in V' can be identified with P'(Q) via the map

PY(Q) — Iso(V), m:gm(j%@ 2‘2) (2.1)

and this identification respects the corresponding actions of I'g(V). In particular, it gives
rise to a bijection between I'g(IV) \ Iso(V') and the set of cusps of T'g(NN). We write px
for the cusp associated to the isotropic line QX . Further, we choose a generator X, € ¢
with N L = Z X, for every line ¢ € Iso(V). Clearly, X, is unique up to a sign.
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2.83. Harmonic Maass forms

We let Mp,(R) be the metaplectic group consisting of all pairs (M, ¢) with M =
(Z Z) € SL2(R) and ¢: H — C holomorphic such that ¢*(r) = cr + d. Further, we
denote the preimage of SLo(Z) under the covering map (M, ¢) — M by Mpy(Z). For
B € L'/L we let eg be the standard basis vectors of the group ring C[L’/L], and we let
(-,-) be the inner product on C[L'/L] which satisfies (e, ¢,) = d3,, and is antilinear in
the second variable. The associated Weil representation p is defined on the generators

(T, 1) and (S, +/7) of Mp4(Z) by

p(T s = e(Q(B))es,  p(S,V7)es J% > e
YEL'/L

Here T = (é 1) = (0 71) and e(z) = 2™ for z € C, as usual. The dual Weil

representation is denoted by p

Recall from [BF04] that a smooth function f : H — CJ[L//L] is called a harmonic
Maass form of weight k € Z + 1/2 for p if it is annihilated by the weight & hyperbolic
Laplace operator Ay given by

02 02 0 0
Ak} = —’()2 <au2 8 2) +Z]€’11 (6u +Z%> 3 (T = u—i—iv), (22)

if it is invariant under the weight k slash operator given by

Fly, (M, 0) = o(1)"2Fp~ (M, ¢) f (M)

for all (M, ¢) € Mpy(Z), and if it grows at most linearly exponentially at co. We denote
the space of harmonic Maass forms by Hj, ,, and we let M ,L , be the subspace of weakly
holomorphic modular forms, consisting of the forms in H}, , which are holomorphic on H.

The antilinear differential operator £ f = 22'1)’“% f(7) defines a surjective map & :
Hy , — Mé—k},ﬁ with kernel M,L,p. We let H,jp be the space of harmonic Maass forms
which map to cusp forms under &. A form f € H ,j o has a Fourier expansion of the form

f(r) = Z ( Z c;{(ﬂ,m)e(mr)

BEL'/L \meZ+Q(B)
m>—o00

+ Z ¢y (B,m)I(1 — k,4ﬂ'm|v)e(m7')> es, (2.3)

meZ+Q(B)
m<0

where I'(s,z) = [ t*~te~'dt denotes the incomplete gamma function. The finite Fourier
polynomial ZBGL,/L ngo c}' (8,m)e(m)eg is called the principal part of f.
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The regularized inner product of f € H, ,j ,and g € My, is defined by

i dudv

2 )

(f,9)"® = lim [ (f(7),g(7))v

T—o0 v
Fr

(2.4)

where Fp = {7 € H : |u| < 3,|7| > 1,v < T} is a truncated fundamental domain for
the action of SLy(Z) on H. If the integral converges without the regularization (e.g., if
f and g are cusp forms), this is just the usual Petersson inner product (f,g).

2.4. Unary theta functions

We let K be the one-dimensional positive definite sublattice of L generated by the
vector (é _0 ). Its dual lattice K’ is generated by 2N( ) We see that K'/K = L'/ L,
so modular forms for the Weil representation of K are the same as modular forms for p.

Thus the unary theta function associated to the lattice K given by

Z Z e(Q(X)T)eg = Z Z (n%7/4N)es

BEK'/K XEK+p B(2N) nznﬂe(gm
is a modular form of weight 1/2 for p by Theorem 4.1 in [Bor9s].

The orthogonal group O(L'/L) acts on vector valued functions f =} fges modular
of weight 1/2 for p by f* =35 fgew(s). The elements of O(L’/L) are all involutions, so-
called Atkin-Lehner involutions, and as IV is squarefree they correspond to the positive
divisors ¢ of N. More precisely, the automorphism w, corresponding to ¢ | N is defined
by the equations

we(B) = -0 (2¢) and w.(B) =5 (2N/c) (2.5)

for € L'/L = Z/2NZ (compare [EZ85], Theorem 5.2). We also note that f%e = fwn/e
and (f"e,g) = (f,g") for f, g modular of weight 1/2 for p.

Using a dimension formula for M, /, , by Skoruppa, it is easy to show that the unary
theta functions §*<, with ¢ running through the positive divisors of NV modulo the relation
c~ N/c, form a basis of My, , (compare [BS17], Lemma 2.1).

2.5. Borcherds products

The Siegel theta function associated to the lattice L is defined by

o(r, Py ) Q)T + QXL )T)es,

BEL' /L XEL+8

where X, denotes the orthogonal projection of X onto the positive definite subspace
X (z)1t, and X, 1 the projection of X onto the negative line RX (z). By [Bor98], Theorem
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4.1, the Siegel theta function is I'g (N )-invariant in z, and transforms like a modular form
of weight 1/2 for p in 7.

Given a function f: H — C[L'/L] modular of weight 1/2 with respect to the Weil
representation p, Borcherds’ regularized theta lift of f is defined by

1/2—¢ dudv

2 I

(2 f) = CTyp Tlg%o/g(ﬂ,@(r,z))v (2.6)

Fr

(%

where CT—o F'(t) denotes the constant term of the Laurent expansion of the analytic
continuation of F(t) at ¢ = 0. The lift was studied by Borcherds in [Bor98] for weakly
holomorphic forms f € M i /2.0 and generalized by Bruinier and Ono [BO10] to harmonic
Maass forms f € H1/2 It turns out that for such f, the lift ®(z, f) defines a T'o(N)-
invariant real analytic function with logarithmic singularities at certain Heegner points,
which are determined by the principal part of f.

The so-called Weyl vector py 1. associated to a harmonic Maass form f € HY 1/2.p and
the cusp 1/c¢ with ¢ | N is defined by
\/N w. re,
Pfije = S—W(f’e ©)eE. (2.7)

Note that 6% can also be seen as the unary theta function associated to the one-
dimensional positive definite sublattice of L corresponding to the cusp 1/c¢ (compare
[BO10], Section 4.1).

Theorem 2.1 ([BO10], Theorem 6.1). Let f € H1/2p be a harmonic Maass form with
real coefficients c; T(B,m) for all B € L'/L and m € 7 + Q(3). Moreover, assume that
c}'(,@,m) € Z for m < 0. The infinite product

T (n,n?/4N)

U(z, f) =e(proo?) H (1—e(n2) pf (2.8)

converges for Im(z) sufficiently large and has a meromorphic continuation to all of H
with the following properties:

(1) It is a meromorphic modular form of weight C}F(O, 0) for T'o(N) with a unitary char-
acter which may have infinite order.
(2) The orders of U(z, f) in H are determined by the Heegner divisor

Yo > gBm Y ()

BeL'/L meZ+Q(y) X€Lg m
m<0
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(8) The order of W(z, f) at the cusp 1/c for ¢ | N is given by the corresponding Weyl
vector, i.e.,

ordy/.(V(z, f)) = ps1/c

(4) The regularized theta lift of f is given by
ot
B(z, f) = —cF(0,0)(log(4mN) + I'(1)) — 4log ‘\I/(z,f)lm(z) F0.0/2|

Here we quickly recall that given a meromorphic modular form f of weight k for
I'o(N) and a cusp p of I'y(IN) the order of f at p is defined as follows: Let o, € SLa(R)
be a scaling matrix for the cusp p. Then the function f | . Op has a Fourier expansion of
the form ) _; cf(n;0,)e(nz). Now the order of f at p is the smallest integer n such
that cf(n;op) # 0.

3. Selberg’s Poincaré series

In the following we define a vector valued version of the non-holomorphic Poincaré
series introduced by Selberg in his famous work [Sel65]. We will establish the meromor-
phic continuation of this Poincaré series via its Fourier series and finally evaluate it at
the special value s = 0. For more details on this technical process we refer the reader to
[V6l18], Chapter 6.

Given g € L'/L and m € Z + Q(8), we define the non-holomorphic Poincaré series of
index (8, m) as

1 S
Pg o (7,8) = 3 Z vie(mr)eg o (M, 9) (3.1)
(M,$)€((T,1))\ Mpy (Z) ”

for r =u+iv € H and s € C with Re(s) > 3/4. The sum is absolutely convergent
and defines an analytic function in s, which is by construction modular of weight 1/2
with respect to p. However, Pg (7, s) is not an eigenfunction of the hyperbolic Laplace
operator, but it satisfies the differential equation

1
Ay )2 Pgm(T,5) =5 (5 - s> Pg (7, 8) + 47ms Pg (7,5 + 1). (3.2)

In order to study the meromorphic continuation of Pg (7, s) we also need to investigate
the Kloosterman zeta functions appearing in its Fourier expansion. In fact, in [Sel65],
[GS83] and [Pri00] these Poincaré series were studied for the purpose of finding good
growth estimates for the Kloosterman zeta functions. However, the case of Ay having
continuous spectrum was mostly neglected.

Given 8,y € L'/Land m € Z 4+ Q(B), n € Z + Q(~), we define the Kloosterman zeta
function by
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Z(s; B,m,y,m) =D |e[V/*7* Ho(8,m,7,n) (3.3)
c#0

for s € C with Re(s) > 3/4. Here H (8, m,~,n) is the generalized Kloosterman sum of
weight k& = 1/2 defined for example in [Bru02, eq. (1.38)], i.e

H(om, o) = T ST i) e (M) )
de(Z/cZ)*
M=(%")esLy(2)

The coeficients (eg, p(M)e,) are universally bounded because p factors through a double
cover of the finite group SLo(Z/NZ). Thus H.(8,m,~y,n) is bounded by some constant
only depending on the underlying lattice L, and the sum in (3.3) defines a holomorphic
function in s for Re(s) > 3/4. We further remark that using Shintani’s formula for the
Weil representation (see Proposition 1.6 in [Shi75]) one can easily check that

Hc(/vay’Yvn) = HC(’)/,TL, ﬂ?m)

forallc#£0, 8,y€ L'/Land m € Z + Q(B), n € Z + Q(v). Thus the same is true for
the Kloosterman zeta function, i.e., we also have Z(s; 8, m,v,n) = Z(s;v,n, 5,m).

Proposition 3.1. Let f € L' /L and m € Z + Q(B). The Poincaré series Pg ,,,(T,s) has a
Fourier expansion of the form

Pg (7,8) = vie(mT)(eg + e_g) + b(0,0;v, s)eg + Z Z b(y,n; v, s)e(nu)e,,
yeEL'/L nEZ;%}('y)

form=u+iv € H and s € C with Re(s) > 3/4. The Fourier coefficients b(y,n; v, s) are
given by
23/272571.,01/275 0 1

b(0,0;v,8) = —————— Z_ (_

am\J T'(2s — 1/2 + j)
T'(s) —)

A B
F(S+1/2+]) (S+.]7/87m70a0)7

v

ifn=20, and by

b, v, 5) = 22 12 p1/2 0 CAIIMY g )
j=0 !
(drfnfo)~1/4-/2
D(s+1/2+7j)
(dmfnfo) /472
)

Wi ayjjas—1/avi2(dminlv),  ifn >0,

W_1/a—jj2,5-1/a+j/2(4m|nfv), if n <O,

ifn #£0.
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Proof. The proof proceeds by standard calculations, so we omit it. We refer the reader
to [Pri99], Section 5, for some hints on the computation in the scalar valued case. O

3.1. Eisenstein series of weight 1/2

Since N is squarefree, the only element § € L'/L with Q(8) = 0modZ is § = 0. For
m = 8 = 0 the Poincaré series Py (7, s) is an Eisenstein series, which we also denote by
Ey(7, s). Tt satisfies the Laplace equation

AvjsEo(r,s) = @ _ s> Fo(r ). (3.5)

Note that the Fourier expansion given in Proposition 3.1 greatly simplifies for m = 0 since
the summands for j > 0 vanish. Further, one can rewrite the Kloosterman zeta functions
Z(s;0,0,7,n) appearing in the Fourier expansion of Fy(7,s) in terms of Dirichlet L-
functions as in [BK03], Theorem 3.3. More precisely, following the arguments in [BK01],
Section 4, or [BK03], Section 3, (the calculations in [Ara90], pp. 146147, are helpful in
the case v =n = 0), we find

V2 (Us—1) prlep>
VN C(4s) 11 Tpp =0
Z(5;0,0,7,n) = PN (3.6)

\[ L(XDO 28)
——0y,_n(2s+1/2), ifn#0,
VN )
for s € C with Re(s) > 3/4, v € L'/L and n € Z + Q(v). Here Dy is the unique
fundamental discriminant such that Dgf? = 4N ord(7)?n for some f € N, L(xp,,s) is
the Dirichlet L-function associated to the Kronecker symbol xp, = (£2), and ., _,(s)
is a generalized divisor sum defined by

orn@st1/2= [[ (ors (179) ~ 0ol 0ras (5771

p|Do f?
(p,2N)=1
1-— XD _9¢
X H > —49 L’(yp) n(p 25)7
p|2N

where o5(m) = 3_,,, d* is the usual divisor sum, L,(f? )_n(X ) is the polynomial

wp—1

LP) (X)) = Ny —n(p") X% + (1 — Z N, _.(p")X" € Z]X],

with w, =1+ 2v,(2ord(y)n) and
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N, _n(a) =#{x € Z/aZ: N(z — v/2N)? — n = 0mod a}.

Here we understand v as an element of Z/2NZ. From the above formula for the Kloost-
erman zeta function Z(s;0,0,v,n) we can deduce the following lemma.

Lemma 3.2. For vy € L'/L and n € Z + Q(v) the Kloosterman zeta function
Z(5;0,0,7,n) = Z(s;7,n,0,0)

has a meromorphic continuation in s to C, which is holomorphic at s = 0. Further, there
is a possible simple pole at s = 1/2 which appears if and only if 4Nn is zero or a square.

Proof. Part (ii) of Theorem 6 in [BK01] implies that if N, _, (p"’») # 0 then xp,(p) = 1.
Thus 0., (2s + 1/2) is holomorphic on C up to possible simple poles on the purely
imaginary axis. The analytic properties of the other terms appearing in Z(s;0,0,v,n)
are well known and yield the desired analytic continuation. O

Further, we obtain a very explicit Fourier expansion of the Eisenstein series, namely

Ey(7,s) = 2v%¢g + v

e 2 CAs—1) ypl+p
1/2—s
VN ) ,gv Trp2 3.7

2,n_s+1/2 L(XD 28)
n|s=1/220XD0 2 (25 4 1/2)e(nu)e,,
N )
yEL’ /L n#0

4r|n|v)—1/4 .
ﬁ W1/4,871/4(47T|TL|’U)’ lf n > 0,
4r|n|v) /4 .
% I/I/fl/él,sfl/zl(47'['|’I’L|’U)7 lf n < O’

for 7 = u+iv € H and s € C with Re(s) > 3/4. Here (*(s) = n=%/2T'(s/2)((s).
Proposition 3.3. The function

N*TJ (@ +p %) ¢ (45) Eo(r, ) (3.8)
pIN

has a meromorphic continuation in s to C which is holomorphic up to simple poles at
s =0 and s = 1/2. Further, it is invariant under s — 1/2—s. In particular, Eo(T, s) has
a meromorphic continuation in s to C which is holomorphic at s = 0 and has a simple
pole at s = 1/2. Its Fourier expansion is given by (3.7) for all s where it is holomorphic.

Proof. The generalized divisor sum o, _,(2s + 1/2) is holomorphic on € up to possible
simple poles on the imaginary axis. The analytic properties of the remaining terms in
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the Fourier expansion of Ey(7,s) are well known, and imply that the Fourier expansion
(3.7) converges absolutely and locally uniformly in s whenever the coefficients are holo-
morphic. This gives a meromorphic continuation of (3.8) to C which is holomorphic up
to possible simple poles at s = 0,s = 1/4 and s = 1/2, coming from (*(4s),(*(4s — 1),
and L(xp,,2s). It is easy to see that the pole at s = 1/4 does in fact not appear.

If we consider the function in (3.8) with s replaced by 1/2 — s and take the difference
with (3.8), then this function has Laplace eigenvalue s(1/2 — s) and vanishes at co. In
particular, for Re(s) > 1/2 it defines a square integrable function with a negative Laplace
eigenvalue, and hence has to vanish identically, compare [Roe67], Satz 10.2. This shows
the invariance of (3.8) under s —» 1/2—s. O

We remark that the meromorphic continuation of the Eisenstein series also follows
by the fundamental work of Selberg and Roelcke, see [Sel56] and [Roe66,Roe67], but
the methods used above yield a more explicit continuation which is convenient for our
applications.

3.2. Continuation of Kloosterman zeta functions

In order to establish the meromorphic continuation of the Kloosterman zeta function
Z(s; B,m,~,n) for arbitrary 8,y € L'/Land m € Z+Q(8), n € Z+ Q(v) with m,n # 0
it turns out to be useful to work with a slightly modified non-holomorphic Poincaré
series: Given 8 € L'/L and m € Z + Q(3) we define

* ]‘ S ,—<&mT|m|v
Pim(7,5) = 5 > vie e (mu)es | (M 9)  (39)
(M,¢)e((T,1))\ Mp,(Z)

for 7 = u+idv € H and s € C with Re(s) > 3/4. For m > 0 the functions Pg (7, s)
and P, (7,s) agree, but for m < 0 they are fundamentally different since P, (7, s)
is square-integrable for Re(s) > 3/4 and P, (7, s) is not. However, for § € L'/L and
m € Z + Q(B) with m < 0 we do have the identity

- 1
vl/? Pﬁ*’m(T,§ —1/2) = 3 Z vie(—m7)eg . (M, ),
(M,$)€((T,1))\ Mpy(Z) ”

where the function on the right-hand side is Selberg’s non-holomorphic Poincaré series
of weight —1/2 for the dual Weil representation p and index (8, —m).

We start by establishing the meromorphic continuation of the modified Poincaré series
Pg)m(T, s) for m # 0, using the spectral theory of vector valued modular functions
developed in the extensive works [Roe66,Roe67] of Roelcke. Adapting his results to the
setting of this work, a combination of Satz 7.2 and Satz 12.3 in [Roe67] yields the
following spectral theorem: Given a real analytic function f: H — C[L’/L] modular
of weight 1/2 with respect to the Weil representation p and satisfying (f, f) < oo, the
function f admits a spectral expansion of the form
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= S ) (7 GLT (F, Eo(-, 1/ +it)) Eo(r, 1/4 + it)dt.  (3.10)
7=0

— 00

Here (1;) >0 is an orthonormal system of square-integrable eigenfunctions of the Laplace
operator Ay /,, modular of weight 1/2 with respect to p, and Eo(7,s) = Py o(7,s) is the
unique vector valued Eisenstein series of weight 1/2 for the given lattice L. The fudge
factor 1/64m comes from our normalization of the Eisenstein series.

Proposition 3.4. Let 3 € L'/L and m € Z + Q(B) with m # 0. Then P (7,s) has a

meromorphic continuation in s to C which is holomorphic at s = 0.

Proof. The following proof is a translation of Selberg’s work in [Sel65] to our situation.
Some caution is necessary since in our case the Laplace operator A;/; has a continuous
spectrum. For m # 0 the Poincaré series P*,m<7', s) is square-integrable, and thus admits
a spectral expansion as in (3.10), i.e

o0

P (1, 5) Zaj ) (7 /aoo(s,t)Eo (7,1/4 +it) dt, (3.11)

— 00

with spectral coefficients given by

(5—1/4+’Lt )F(8—1/4_it.7') ifm>0
o I(s) | |
a;(s) = 2(4n|m|)¥4=% ¢, (B,m
§(8) = 2(4n[m])*/47* ey, (B,m) Pis —1/4+ity)l(s —1/A—ity) .
(s +1/2) S
and
oo (8,1) ' .
Ps—1/4+d) T(s —1/4—3t) ..
_ gl+it . I'(s) I'(3/4 —it) 7 ’
= Wi ZAA=0.0.8m) 0 L T — 174 it) fm <0
M+ 12 ra—i = "7

Here 1); is an eigenfunction with eigenvalue \; = 1/16+¢3 where t; > 0 or t; € [—i/4,0].
Further, 1; has a Fourier expansion of the form

Q;Z)j (T) =Gy (07 0),01/471'15]- ¢o + Z Z Cj (7’ n)vil/4Wsign(n)/4,itj (47r|n|v)e(nu)eﬂy.

YEL'/L n€Z+Q(v)
n#0

It is not difficult to see that the part in the spectral expansion in (3.11) coming from the
discrete spectrum of A; /5 has a meromorphic continuation in s to all of C. Furthermore,
the integral in (3.11) defines a holomorphic function in s away from the vertical lines
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Re(s) = 1/4 — n for n any non-positive integer. Following the proof of Theorem 4.2
in [JKP10] we can use the residue theorem to step by step establish the meromorphic
continuation of the Eisenstein part in (3.11), at first to Re(s) > 1/4, then to Re(s) >
—3/4, and so on. However, in each step we pick up some residue term which mainly
consists of a product a Kloosterman zeta function Z(¢;0,0,5,m) and an Eisenstein
series Ep(,t). In particular, for —3/4 < Re(s) < 1/4 the continuation of Pj, (7,s) is
given by the expression

o)

Zaj (s)w;(T) + 64% / oo (8, ) Eo(T,1/4 + it)dt (3.12)
=0 o
T2s—1/2) it m >0
w Z(1/2 —;0,0,8,m) Ey(r,s) F(s) T(1 =)
[@2s—1/2) it m <0,

T(s+1/2) T(1/2—s)’

21/2=2s (25 —1/2) '
TR T) Tt 17 2008 m) Bolr 1/2 =),

Here the term in the second line of the equation comes from establishing the continuation
onto the vertical line Re(s) = 1/4, and the term in the third line from continuing further
to the strip —3/4 < Re(s) < 1/4.

The first sum is holomorphic at s = 0 up to a possible pole coming from the eigenvalue
Aj = 0 corresponding to ¢t; = —i/4. However, if m > 0 this pole is compensated for by
the Gamma function I'(s) in the denominator of a;(s), and if m < 0 the coefficient a;(s)
vanishes identically as the corresponding eigenfunction 1), is a holomorphic modular form
in this case which does not have any negative Fourier coefficients. Moreover, the integral
is clearly holomorphic at s = 0, and thus it remains to consider the two additional
terms coming from crossing the vertical line Re(s) = 1/4. We recall that the Eisenstein
series Ey(7, s) is holomorphic at s = 0, and has a simple pole at s = 1/2. Further,
the Kloosterman zeta function Z(s;0,0, 3, m) is holomorphic at s = 0 for all m and
at s = 1/2 if m < 0, but may have a simple pole at s = 1/2 if m > 0. However,
all these (possible) poles are compensated for by some Gamma function. Therefore the
continuation of P} (7,s) is holomorphic at s =0. O

Next we use the previous proposition to conclude the meromorphic continuation of
the Kloosterman zeta functions Z(s; 3, m,v,n) as in [Sel65] and [Pri00].

Lemma 3.5. For 5,7 € L'/L and m € Z + Q(B), n € Z + Q(~) the Kloosterman zeta
function Z(s; 8, m,~y,n) has a meromorphic continuation in s to all of C. If m > 0 or
n > 0 this meromorphic continuation is holomorphic at s = 0, and otherwise, i.e., if
m,n < 0, it has at most a simple pole at s = 0.
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Proof. For m = 0 or n = 0 the statement is given in Lemma 3.2. Let m,n # 0. We
consider the inner product (P ,.(-,s), Py, (-,3+¢)) for fixed £ € N and Re(s) > 3/4.
Unfolding against P,;k,n<7', $+/¢) and using the Fourier expansion of P*7m(7', s) one obtains
an expression of the form

—1
(i 08), Prn (-, 5+ 0) = S AP (sim,n) Z(s + j: B, m,y.n) + Re(s; B,m, v,m).
j=0
(3.13)

Here the functions Ag,j)(s; m,n) for j =0,...,¢—1 and the function Ry(s; 3, m,~y,n) are
holomorphic in s for Re(s) > 1/4 —¢/2. Although, in contrast to Selberg’s original work,
the meromorphic continuation of Pﬁ*’m(T, s) is for Re(s) < 1/4 no longer square-integrable
because of the additional Eisenstein terms appearing while crossing the vertical lines
Re(s) = 1/4,-3/4,... (compare equation (3.12) from the previous proof), it turns out
that the above inner product still defines a meromorphic function in s for Re(s) > 3/4—¢.
Therefore we inductively obtain the meromorphic continuation of Z(s;3,m,~,n) by
considering (3.13) for s € C with Re(s) >1/4—¢/2 and £ =1,3,5,....

For ¢ = 1 equation (3.13) takes the special form

Z(s;8,m,y,n) = Ago)(s; m,n) " ((ng‘ym(T7 $), PX . (1,5+2)) — Ry(s; B,m,%n)) ,

v.n

where the difference on the right is holomorphic at s = 0 by the above considerations and
since PJ, (7, s) is holomorphic at s = 0 by Proposition 3.4. However, Ago)(s;m,n)_1
is only holomorphic at s = 0 if n > 0, and has a simple pole at s = 0 if n < 0. We
thus find that the continuation of Z(s; 8, m,~,n) is holomorphic at s = 0 if n > 0, or
if n < 0and m > 0 since Z(s; 8, m,vy,n) = Z(s;7v,n,,m), but if m,n < 0 we might
indeed encounter a simple pole at s =0. O

In order to study the Fourier coefficients of P, (7, s) for m # 0 we also need to study
the asymptotic behaviour of the Kloosterman zeta function Z(s; 5, m,~y,n) as n — oo.
Following the work of Pribitkin in [Pri00] and adapting it to the present situation we
obtain the following lemma.

Lemma 3.6. Let 3,7 € L'/L, m € Z + Q(B) with m # 0 and Q C C compact such that
Z(s; B, m,~y,n) is holomorphic for all s € Q and n € Z + Q(~). Then

|Z(s; 8, m,v,n)| = O(|n|*) as n — £0o (3.14)

for some € > 0, uniformly in s for s € Q0. Moreover, for m < 0 and Q) being a sufficiently
small neighbourhood of s = 0 we have that

‘w = O(|n\£) as n — —oo (3~15)

I'(s)
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for some € > 0, uniformly in s for s € Q. In both cases the implied constant depends on
B,m,y and €.

We quickly comment on the necessary adaptations of Pribitkin’s work: Firstly, we need
to translate his results to our vector valued setting. This is a tedious, but straightforward
task. Secondly, Pribitkin only proves the above estimate for a multiplier system not
allowing the existence of Eisenstein series, i.e., he assumes that the Laplace operator
Ay /7 has only discrete spectrum. This is not true in our case. However, this assumption
is solely used in the proof of part (¢) of Lemma 3 in his work, in order to derive good
estimates for the Petersson norms [P (7,s)|| as m — oo. Since m is fixed in our
setting, we can simply estimate this single Petersson norm by taking the maximum over
all s € Q.

3.3. Continuation to s =0

We now establish the meromorphic continuation of the Poincaré series Pg ., (7, s) for
m < 0. Since Pg ,,(7,s) is not square-integrable in this case, we cannot use spectral
theory for the meromorphic continuation as in the case m > 0. Instead we use the
Fourier expansion of Pg (7, s) given in Proposition 3.1. We also remark that in addition
to proving the meromorphic continuation for m < 0, we obtain that for m > 0 the known
meromorphic continuation of P (7,s) = Pj (7, s) (compare Proposition 3.4) is given
by its Fourier expansion.

Theorem 3.7. Let 5 € L'/L and m € Z + Q(B). Then Pg,(7,s) has a meromorphic
continuation in s to C which is given by its Fourier expansion.

Proof. We let m # 0 since for m = 0 this has already been shown in Proposition 3.3.
Further, we fix vy € L'/L, v > 0 and Q@ C C compact such that Z(s + j; 8, m,v,n) is
holomorphic for all s € Q, 7 € Ng and n € Z+Q(v). Recall that apart from the harmless
term v®e(m7)(eg + e_g) the Fourier coefficients of Pg (7, s) are all of the form

b(’)/a n;v, 8) = ZC]‘(’I”L; v, S)Z(S +j;/jam377n)'
7=0

We choose £ € N such that Re(s)+ ¢ > 3/4 for all s € €2, and split the above sum over j
into a finite sum j = 0,1,...,¢ — 1 and an infinite sum starting with j = ¢. The finitely
many terms of the first sum can now be estimated using Lemma 3.6 and the formula
Wy u(x) = O(z%e~*/2) as 2 — oc. In the second (infinite) sum the Kloosterman zeta
functions can be bounded by a universal constant since the choice of ¢ guarantees that
Re(s +j) > 3/4 for all s € Q.

If n = 0 then the remaining (infinite) sum can be written as part of a confluent
hypergeometric series 1 F (a, b; ), which is meromorphic in @ and b. Thus we may assume
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that n # 0. In this case it remains to study the asymptotic behaviour of the Whittaker
functions Wiy /44j/2 s—1/44j/2(4mn|v) in j and n. Recall that

Wﬁyl—é(x) = 6_93/2xﬂ+1/2U(1/2 + /‘L - H? 1 + 2/1’3 {E),

where U(a, b, z) is Tricomi’s confluent hypergeometric function. If Re(a) > 0 we can use
the integral representation of U(a, b, z) to obtain

oRe(b=a)=1(1=Re(®)P(Re(b) — 1) + 1/Re(a)), if Re(b—a) > 1,
z~ Be@D(Re(a)), if Re(b—a) < 1.

(3.16)

IT(a)U(a,b,z)| < {

If n < 0 then the condition Re(a) > 0 translates to Re(s) +1/24 j > 0, which is true for
all j > £. Hence we may use the above estimate in this case. Putting everything together,
we find that

b(v,n;v,s) = O(e~eI"l as n — —oo (3.17)

for some € > 0, uniformly in s for s € Q. The implied constant depends on 3, m,~y and
Q. If n > 0 we repeatedly use the recurrence relation

U(a,b,z) =2zU(a+1,b+1,2) —(b—a—1)U(a+1,b,2)

from [AS84, eq. 13.4.18], until Re(a + k) = Re(s) + k is positive for all s € Q. In
each of these finitely many pieces appearing during this process, we can now use the
estimate (3.16), yielding the same bound as in (3.17) for the coefficients b(y, n, v, s) with
n positive.

Altogether we have shown that the Fourier series given in Proposition 3.1 defines a
meromorphic function in s on all of C. This function is by construction the analytic
continuation of Pg,,(7,s) ins. O

Remark 3.8. Let 8,7 € L'/L and m € Z + Q(8). Going carefully through the proof of
Theorem 3.7 we find that, for all € > 0,

b(7,m3 v, 5) = Oe27lv+elnl) g n] = o0,
locally uniformly in s and uniformly in v for v > 1. Moreover, if n =« = 0 we obtain
b(0,0; v, 5) = O(v'/27%) as v — 00,

locally uniformly in s.
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Lemma 3.9. Let 8 € L'/L and m € Z + Q(B). The meromorphic continuation of
Pg (T, 8) is holomorphic at s = 0 with a Fourier expansion of the form

P31 (7,0) = e(m7)(es +e_p) + Z Z b(y,n)e(nt)e,

YEL' /L n€Z+Q(Y)
n>0

+ Z Z b(v,n)T(1/2,47|n|v)e(nT)e,,

YEL'/L n€ZA+Q(Y)
n<0

where
o~ (—1672mn)’
21/277’_1/2 Z w Z(j;ﬁama/}/vn)a an > 03
- ; (27)!
b(v,n) = 7=0
Z(s:
(27r)1/2|n|71/2 gg% (Sv’;’(zl)a')’a n)7 ifn <0.

In particular, the coefficients b(y,n) are all real, and if m > 0 then b(y,n) = 0 for all
vye€L/L andn € Z + Q(vy) with n < 0. We define

Pﬁ’m<7') = Pg’m(T, 0).

Proof. First of all we note that by Lemma 3.5 the Kloosterman zeta functions Z(s +
J; B, m,~y,n) with j € Ng showing up in the Fourier expansion are all holomorphic at
s = 0 except for the case j = 0 and m,n < 0 in which we may have a simple pole at
that point. However, for n < 0 the factor 1/I'(s) in the Fourier coefficient b(v,n;v, s)
compensates for this possible pole if m < 0, and implies the vanishing of b(y,n;v, s) at
s = 0 if m > 0. In particular, the Fourier coefficients of Pg (7, s) are holomorphic at
s = 0. Using the formulas

W_1/4,-1/4(x) = m1/4ex/2F(1/2,$) and Wp—1/2(x) = zhe /2

for z > 0 (see [EMOT55], formulas (2), (21) and (36) in Section 6.9) we obtain the
claimed Fourier expansion. Moreover, the Fourier coefficients 5(7, n) are indeed real since
Z(s; 8,m,,n) = Z(5; f,m,v,n). O

Theorem 3.10. The function Pg (1) € H1+/2 , can be characterized as follows:

(1) Form > 0 the function Pg ., is the unique cusp form of weight 1/2 for p characterized
by the inner product formula

(f, Pom) = —8mv/mcs(B8,m) (3.18)

for each f = 27 doncr(ysn)e(nt)e, € Siya,.
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(2) For m =3 =0 we have

2

—_ 0% ¢ M ,
ao(N) %\; H2e

P070 (T) =

where oo(N) = ZC‘N 1. This is the unique holomorphic modular form of weight 1/2
Jor p with constant term 2eq which is orthogonal to cusp forms in Sy s ,.

(8) For m <0, the function Pg , is the unique harmonic Maass form of weight 1/2 for
p which has principal part (eg + e_g)e(m7), which is orthogonal to cusp forms with
respect to the reqularized inner product, and which maps to a cusp form under the
differential operator & /5.

Proof. Applying A,/ to the Fourier expansion of Pg ,,, given in Lemma 3.9, or evaluating
the differential equation (3.2) at s = 0, we see that Pg ,,, is harmonic. Moreover, P3 ,, is
by analytic continuation modular of weight 1/2 for p. Looking at its Fourier expansion
we thus find that Pg,, is an element of S,/ ,, M;/3, or H1+/2,p if m>0,m=0or
m < 0, respectively.

If m = 3 = 0 then Pyg € My, can be written as a linear combination of the
unary theta series 6% for ¢ | N introduced in Section 2.4, i.e., Pyo = ZC'N A%, On
the other hand, Py is invariant under all Atkin-Lehner involutions and orthogonal to
cusp forms, which can be checked for the defining series of Py o(7,s) for Re(s) > 0,
and follows for Py o(7) by analytic continuation. In particular, all A. agree. Comparing
constant coefficients, we obtain A, = 2/0¢(N).

Let now m # 0. The usual unfolding argument shows that for f € S/, , and Re(s) >
0 we have (f, Pg.m(-,5))" =0if m <0, and

(fs Po,m( )8 = 2(4mm) = +/2D(s — 1/2)e; (8, m)

if m > 0. One can check that the regularized integral on the left-hand side has a mero-
morphic continuation to s = 0, and that its evaluation at s = 0 agrees with (f, Pg ,,)"®.
Hence Pj,, is orthogonal to cusp forms if m < 0, and satisfies the claimed formula if
m > 0.

It remains to note that for m < 0 the function Pj ,, is uniquely determined by the

given conditions. Let f € H;r/2 , with c}r('y, n) =0 for all vy € L' /L and n < 0. Then

(El/?fagl/Qf) = Z Z c}r(’yvn)cﬁ/zf(’% _n> =0

yEL'/L n€Z+Q(v)
n<0

by Proposition 3.5 in [BF04], and thus & /o f = 0, implying f € M5 ,. Hence Pg,, is
uniquely determined by its principal part (es 4+ ¢_g)e(m7) upto an element f € M5 ,.
Using that CJIQBJ" (0,0) = 0, and that Pg, is orthogonal to cusp forms, we thus obtain
the claimed uniqueness. O
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Example 3.11. Let N = 1. Then we have Py = 26, and Pg,, = 0 for m > 0 since
S1/2.0 = {0} for N = 1. Further, for m < 0 the function Pg ., is the unique weakly
holomorphic modular form of weight 1/2 with principal part 2e(m7)es. Under the isomor-
phism fo(7)eo+ f1(7)e1 — fo(47)+ f1(47) between Mi/Z,p and the space of scalar valued
weakly holomorphic modular forms of weight 1/2 for T'g(4) satisfying the Kohnen plus
space condition, Pg ., is identified with Borcherds’ basis element 2 f4,, = 2¢*™ + O(q),
whose Fourier coefficients of positive index are given by twisted traces of the j-function
(compare [Zag02], Section 5).

4. Eisenstein series as theta lifts

In the current section we realize averaged versions of parabolic, hyperbolic and elliptic
Eisenstein series as regularized theta lifts of Selberg’s Poincaré series Pg ,,, (T, s). We start
by investigating the analytic properties of this lift. For 8 € L' /L and m € Z + Q(3) with
m < 0 we define Hg ., as the set of all Heegner points, i.e.

H&m = {ZX e H: X Lﬂ,m}.
If m > 0 we simply put Hg ,, = 0.
Proposition 4.1. Let § € L'/L and m € Z + Q(B).

(1) For s € C with Re(s) > 1/2 the regularized theta lift

1/2—¢ dudv

2

®(z, Pgm(-,s)) = CTi=o TlgnOO / (Pg,m/(T,8),0(T, 2)) Im(T) ”

Fr

defines a real analytic function in z € H\ Hg,, and a holomorphic function in s,
which can be meromorphically continued to all s € C.
(2) For m # 0, it is holomorphic at s = 0, and we have

O(z, Pam(+,0)) = ®(2, Pam(+,5))| -

(8) Form = =0, it has a simple pole at s = 0 with residue f%, and we have

B Pa(-10) = (20 Poo(-,5) + %)

s=0

Proof. The integral of Ps,,(7,s) against ©(7,z) over the compact set Fi, the funda-
mental domain truncated at y = 1, converges and is real analytic for all z € H, and
holomorphic in s whenever Pg ,,,(7, s) is. Thus it suffices to consider
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o 1/2
@(Z,S,t) = / / <PB,m(Tvs)7®(T? Z)> v1/2_t dl;erU
1 -1/2

Plugging in the Fourier expansion of Pg ,,(7,s) and the defining series for ©(r, z), and
carrying out the integral over u, we find

o(z,8,t) =2 Z v exp(—4mvQ(X var/b (0,0;v,8)v" " tdv
| X€Lgm 1
oo
+/ Z b(X,Q(X);v, s)v "t exp(—2mvQ. (X))dv, (4.1)
i

where Q. (X) = Q(X.) — Q(X,1) is the positive definite majorant of @ associated to z.
If m = 8 = 0, we further split off the summand for X = 0 in the first integral, giving
the additional term

oo

2
2/vs_1_tdv =- (4.2)

s—t
1

for Re(t) > Re(s). For Re(s) > 0, the right-hand side has a continuation to ¢t = 0, and
taking the constant term at ¢ = 0 yields a simple pole of ®(z, Pyo(-,s)) at s = 0 with
residue —%.

The simple estimate b(0,0;v,s) = O(v'/27%) shows that for Re(s) > 1/2 the second
integral in (4.1) is holomorphic at ¢ = 0. We plug in ¢ = 0, insert the explicit formula for
b(0,0; v, s) and evaluate the integrals over the powers of v, yielding

93/2-2s O (—mm)? T'(2s — 1/2 + ) !
o) T Tea1/2eg) 2RS0T,

(4.3)
j=0

By Lemma 3.5 and since the Kloosterman zeta functions Z(s+j; 8, m, 0,0) are universally
bounded for Re(s) > 3/4 — j the remaining expression has a meromorphic continuation
in s to C, which is holomorphic and indeed vanishing at s = 0.

Next we recall that for n # 0 the Fourier coefficients b(y, n; v, s) are rapidly decreasing
in n and v by Remark 3.8. Hence it can be shown as in the proof of Proposition 2.8 in
[Bru02] that for z € H\ Hg,, each of the remaining integrals in (4.1) has a continuation
to t = 0, which is real analytic in z € H \ Hg,, and has a continuation to all s € C for
which Pg (7, s) is holomorphic. In particular, we can just plug in ¢ = s = 0 in these
integrals.

In order to prove the equations in part (2) and (3) of the proposition, we have to go
through the same proof again, replacing Pg ,,, (T, $) by P31, (7, 0). Using similar arguments
as before one can show that all the integrals appearing during this process apart from
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the one corresponding to (4.2) have holomorphic continuation to ¢t = 0. This proves part
(2). For m = 8 = 0, the integral corresponding to (4.2) is now given by

2/v_1_t _2 (4.4)
1

for Re(t) > 0, with vanishing constant term at ¢ = 0. Comparing the constant terms of
(4.2) and (4.4) at t = 0, we obtain part (3) of the proposition. O

Recall that given X € Lg,, with m # 0 there is an associated Heegner geodesic cx
or Heegner point zx if m > 0 or m < 0, respectively. Moreover, given X € Ly we find
A € Z such that X = A X, where Xy is a generator of the isotropic line £ = QX satisfying
{N L= 7ZXy, and there is an associated cusp px corresponding to the line /.

Lemma 4.2. Let X € Lg ,,, with B € L'/L and m € Z 4+ Q(B), and let z € H. For m #0
we have

0(X.) = {mcoshQ(dhyp(z,cX)), ifm >0,

Im| sinh® (dnyp(2, 2x)), if m <0,

and form = =0 and X # 0 we have

were X € Z with X = AX, for a generator X, of QX NL, and o, € SLa(R) is a scaling
matriz for the cusp px.

Proof. The two formulas for m # 0 are well known and follow by a direct calculation. Let

m = B =0, and let ¢ be a positive divisor of N. Then the cusp 1/c of T'g(N) corresponds
—11/c

~, %) € L, and a simple calculation

to the isotropic line QX, with generator X, = (
shows that

1
QX)) = gy Imloe) ™ with oy = \/% (J\J[\/fc 1 ic) :

Here 01, is a scaling matrix for the cusp 1/c. Since Q((AX).) = A?Q(X.) for X € Z,
and since the identification in (2.1) is compatible with the action of T'q(N), this proves
the claimed formula. 0O
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Theorem 4.3. Let 8 € L'/L and m € Z + Q(5). Then
2r

(5) S EMP(z25), ifm >0,

XeTo(N)\Lg,m

O(z, Po(- ) = L AN°CQ2) - > BpM(229), ifm =0,
’ pEC(To(N))

2I'(s) . '
(47|m])* > EN(2,25), ifm <0,
XeTo(N)\Lg,m

for z € H\ Hgp and s € C with Re(s) > 1/2. Here, (*(s) = 7 5/?T'(s/2)((s) is the
completed Riemann zeta function.

Proof. Splitting the sum over (M, ¢) € ((T,1))\ Mp,(Z) defining the Poincaré series into
matrices M with lower left entry ¢ = 0 and ¢ # 0, we find

1
Pg i (7,5) = ve(mT) (eg +e_p) + 3 E vie(mT)es o (M, ¢)(4.5)
(M,$)€((T,1))\ Mpy(Z) o’
M#+1

As the infinite sum behaves nicely at ico, we may plug in ¢ = 0 and take the limit in the
corresponding part of the regularized integral, yielding

1 s ~ 1/2dudv s+1/2 —— dudv
/<§ Z vie(mr)eg 1/27pM7@(T,Z)>’U —— =2 e(mt)03(T, 2) 7

v
F M#+1 G

where G = {r € H: |Re(7)| < 1/2,|7| <1} and © = }__ .}, ,; ©4¢,. The asymptotic
behaviour Og(7,2z) = O(v™') as v — 0, uniformly in u (see [Bru02], Lemma 2.13),
shows that the unfolding is justified for Re(s) > 3/2. If we split the regularized integral
corresponding to the first part of (4.5) at v = 1, we see that ®(z, Ps (-, s)) equals

1 1/2 co 1/2
— _dud —— dud
//”meww%ﬁCﬂﬂ//WWMWWhW%g
0 —1/2 1 -1/2

Plugging in the definition of ©4(7, z) and evaluating the integral over u this becomes

/ Z exp(—4mvQ(X ))dv—l—CTtZOZ/US_l_t Z exp(—4mvQ(X,))dv
X€Lg,m 1 X€Lgm

For m = 8 = 0 a short calculation shows that the integrals over the summands for X =0
in the two sums above cancel out. Thus we may assume X # 0 in both sums. Now for
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z ¢ Hg, and X € Lg,y, \ {0} we have Q(X,) # 0, so we can simply plug in ¢ = 0.
Substituting v' = 47vQ(X,) we obtain

®(z, Pgm(-,s)) = Z Q(X:)"". (4.6)

XGLB,7YL\{O}

Next we split the sum in (4.6) into a sum over classes [X] in T'o(IV)\Lg.m \ {0} and a
sum over matrices M in T'o(N)x\T'o(N) where T'g(N)x is the stabilizer of X in T'o(N).
Since Q(MX),) = Q(Xpr-1.), we find

B Pon( ) = 0 S > et

XeTo(N)\(Lg,m\{0}) MEeTo(N)x\To(N)

Note that T'g(N)x = I'o(N)cy if m > 0, and T'o(N)x = T'g(N)., if m < 0. Hence for
m # 0 the statement of the theorem follows from Lemma 4.2 and using holomorphic
continuation of both sides to Re(s) > 1/2. Let now m = 8 = 0. Given X € Ly \ {0}
we write X = AX, with A € Z and X, a generator of QX N L. Note that T'o(N)x =
I'y(N)x, = To(N), with p being the cusp associated to the isotropic line QX. Applying
Lemma 4.2 we obtain

B Do) = Y Y S QX))

5\% €€To(N)\Iso(V) METo(N)x,\Lo(N)

= AN®T(5)¢(25) Z Z Im(a;le)Qs.

T pEC(To(N)) METo(N),\To(N)

Here 0, is a scaling matrix for the cusp p. As before the claimed statement follows by
holomorphic continuation. 0O

We conclude this section with a simple corollary on the meromorphic continuation
of Eisenstein series which follows directly from Proposition 4.1. Finally, we remark a
possible generalization of averaged hyperbolic and elliptic Eisenstein series.

Corollary 4.4. The averaged FEisenstein series appearing in Theorem 4.3 have a mero-
morphic continuation in s to C which is holomorphic at s = 0. Furthermore, the averaged
hyperbolic and elliptic Fisenstein series vanish at s = 0.

Remark 4.5. Up to equation (4.6) we did not use the special shape of the lattice L. In
fact, given an even lattice (L, Q) of arbitrary signature (b*,b~) and some pair (5, m) with
BeL'/L, m e Z+Q(f) one could use the right-hand side of (4.6) to define an associated
averaged Eisenstein series, which we call hyperbolic, parabolic or elliptic if m > 0, m =0
or m < 0, respectively. This generalized Eisenstein series lives on the Grassmannian of
bt-dimensional positive definite subspaces of LR, and it is invariant under the action of
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O4(L), which is the subgroup of the special orthogonal group of L fixing the classes of L
in its discriminant group L’/L. Moreover, using the same techniques as above an analog
of equation (4.6) shows that these generalized Eisenstein series can again be realized as
the Borcherds theta lift of Selberg’s Poincaré series for the lattice L of index (58, m).

5. Kronecker limit formulas

We now compute Kronecker limit formulas for the averaged parabolic, hyperbolic and
elliptic Eisenstein series given in Theorem 4.3. Since I'(s) and (*(2s) have simple poles
at s = 0, Theorem 4.3 tells us that the linear coefficient of the Laurent expansion of the
averaged Eisenstein series at s = 0 is essentially given by the value of the regularized theta
lift ®(z, P3.m(-,s)) at s = 0. By Proposition 4.1 we need to compute the regularized
theta lift of the harmonic Maass form Pg,,(7) = Pg n(7,0), which by Theorem 2.1
is given by the logarithm of the absolute value of the Borcherds product ¥(z, Ps )
associated to Pg (7). In the following, we compute these Borcherds products explicitly.

5.1. The parabolic case

We start with the classical, parabolic case. Let m = § = 0. In Theorem 3.10 we have
seen that

Poo(r) = ﬁ % 6 ()

is a holomorphic modular form of weight 1/2 for p. In order to compute the Borcherds
product associated to Py o we first compute the Borcherds product of the unary theta
functions 6%<.

Lemma 5.1. For ¢ | N the Borcherds product associated to 0% is given by
U(2,0") = n(cz)n (T2),
where n(z) = e(2/24) [1,,5,(1 — e(nz)) is the Dedekind eta function.

Proof. The Fourier coefficients of the unary theta function %< relevant for its Borcherds
product are given by

1, ifn=0modcor n=0mod N/¢, and n Z 0mod N,
cowe (n,n? JAN) = { 2, if n = 0mod N, (5.1)
0, else,

for n # 0. Further, the Weyl vector associated to *< and the cusp oo computes to
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VN _ct+Ne

we 00 — 911)07 9“)]\] reg
pove, g ) 24

by Example 5.6 in [BS17]. Therefore, using Theorem 2.1 we obtain the product expansion

U(z,0%) =e((c+ N/c)z/24) H (1 — e(ncz)) H (1—e(nfz)).
n=1 n=1

This proves the claimed formula. O

Theorem 5.2. At s =0 we have the Laurent expansion

par _ 1 2
Z EP(z,8) =1+ 7o (V) ;\;log (|A(cz)|1/6 Im(z)) -5+ O(s%).

peC(To(N))

Proof. For brevity, we write E(z, s) for the sum of the parabolic Eisenstein series on the
left-hand side. By Proposition 4.1 we have the identity

®(z, o) = (@(z,Poyo( L9+ 2)

S

s=0

of regularized theta lifts. Applying Theorem 2.1 with cjgo‘o (0,0) = 2 on the left-hand side
and Theorem 4.3 on the right-hand side, where we also replace s by s/2, we obtain

. (5.2)

2(log(4n) + /(1) — 410g [¥(z, Py = (49°/26" () B(z.9)+ 1
s=0

Using the expansion (*(s) = —1 — £(I(1) +log(4)) + O(s) and the fact that the right-
hand side of (5.2) is holomorphic at s = 0, we see that the constant term in the Laurent
expansion of E(z, s) at s = 0 equals 1. Now a short calculation shows that the right-hand
side of (5.2) is given by

—2(log(47N) + I'(1)) — 4 FTs—o E(2, s),

where FTs—¢ E(z, s) denotes the first term in the Laurent expansion of E(z,s) at s = 0,
i.e., the coefficient of the linear term. So by (5.2) we find that E(z,s) has the Laurent
expansion

E(z,5) = 1+1log|¥(z, Poo)y| - s + O(s?)

at s = 0. In order to determine the remaining Borcherds product, we write Py o as a linear
combination of theta functions 8% for ¢ | N as in Theorem 3.10 and apply Lemma 5.1.
This yields

U(z, Poo) = H (n(cz)r] ( ; Q/GO(N Hn cz) 4/00

c|N c|N
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Using A(z) = n(2)?* and taking everything together we obtain the stated formula. O

Remark 5.3. For N = 1 we recover the classical Kronecker limit formula
EP (2, 5) = 1+ log (|A(z)|1/6 Im(z)) s+ 0(s?).

Moreover, for the extension I'ty (V) of I'g (V) by all Atkin-Lehner involutions, having only
one cusp at 0o, the sum of all parabolic Eisenstein series for T'g(N) is actually the unique
parabolic Eisenstein series for I'§(N), i.e.,

ES;';‘“FS(N)(Z, s) = Z Im(Mz)* = Z Ep*(z,s).
MET(N)oo\T'G (N) peC(To(N))

Therefore, the above theorem actually states the Kronecker limit formula for the group
T3 (N), given for example in Section 1.5 of [JST16].

5.2. The hyperbolic case

Let m > 0 and 8 € L'/L with m € Z + Q(B). Recall from Theorem 3.10 that in
this case the Poincaré series Pg ,,(7) = P3,n, (T, 0) is the holomorphic Poincaré series of
weight 1/2 for p, i.e., the unique cusp form satisfying the Petersson coefficient formula
(3.18).

We will first construct an orthogonal basis for the space Sy /2 , consisting of linear com-
binations of unary theta functions, whose associated Borcherds products were computed
in Lemma 5.1. This will then enable us to compute the Borcherds product associated to
the Poincaré series Ppg p, (T).

Note that we can identify the orthogonal group O(L’/L) with the group D(N) given
by the set of positive divisors of NV together with the operation cxd = cd/(c,d)? via the
isomorphism ¢ — w,, where w. € O(L’/L) is defined by (2.5). The characters of D(N)
are given by the functions ¢ — u((c,d)) for d | N, where u(n) denotes the Moebius
function. We let E(N) be the set of all d | N for which u(d) = 1, and for d € E(N) we
define

ZEDI(CIGS (5:3)

c|N

Lemma 5.4. The functions g for d € E(N)\ {1} form an orthogonal basis of Sy /2, with
norms
200(N)os (N/d)p(d)

3WVN '

(Gda Hd) =

Here o, (N) =y n d*, and o denotes Euler’s totient function.
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Proof. Since ("<, g) = (f,g") one easily computes

(0, 0) = p((c, d))p((b, )0 0" ) =) ul(e,dxe))-Y_ ul(a,e))(66) (5.4)

b,c|N c|N a|N

for d,e € E(N). Thus, using the orthogonality relations for characters of finite groups,
we see that the functions 64 for d € E(N) are orthogonal. Further, using formula (5.1)
we easily find that the (d,d?/4N)’th Fourier coefficient of 64 is non-zero, i.e., 84 # 0.
Hence, the 64 are linearly independent, and since Mj /5 , is isomorphic to the space J7
of skew-holomorphic Jacobi forms of weight 1 and index N (compare [EZ85], Theorem
5.7), the dimension formula dim(J7 y) = 100(N) from [SZ88, page 130] shows that the
tq for d € E(N) form a basis of M, ,. Taking into account the constant coefficient of
4 one finds that 6, is a cusp form unless d = 1. Hence the 6,4 for d € E(N) \ {1} form
an orthogonal basis of Sy /3 .

It remains to compute their norms. Recall that we have (6%, 0) = U (¢c+ N/e) for
¢ | N by Example 5.6 in [BS17]. Thus (5.4) yields

(0a,0a) = oo(N) - Wi > nl(e,d))e

for d € E(N). Since

> (e, d)e =] —p) [JA+p) = n(d)or(N/d)p(d)

c|N pld p| &

and u(d) =1, we also obtain the stated formula for the norms. O

We are now ready to state a general Kronecker limit type formula for the averaged
sum of hyperbolic Eisenstein series given in Theorem 4.3.

Theorem 5.5. Let m > 0 and 8 € L'/L with m € Z+Q(B). At s = 0 we have the Laurent
exrpansion

Y. EXP(zs)= ) Camld)log (H IU(CZ)“((C’d))> -5+ 0(s%),

XeTo(N)\Lg,m deE(N)\{1} N

where E(N) is the set of all positive divisors of N having an even number of prime
factors, and the constants Cg ., (d) are given as follows:

(1) If ANm is not a square, or if 4Nm = n? is a square with N/(n,N) being 1 or
a prime, then the sum on the right-hand side vanishes, i.e., the sum of hyperbolic
FEisenstein series has a double root at s = 0.
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(2) If ANm = n? withn € Zwq, and such that N/(n, N) has at least two different prime
factors, then the constants Cg m/(d) are given by

24n pu((f, d))
Comid) = | 700N, M) (N D)
0, if (n,d) > 1

if (n,d) =1,

Here we chose f | N such that wg(n) = . In particular, the sum on the right-hand
side of the above Laurent expansion does not vanish in this case.

Proof. Combining Theorem 4.3, Proposition 4.1 and Theorem 2.1 we obtain that the
Laurent expansion of the left-hand side at s = 0 is given by

1
Y. BE&(25)= 102 Pam) s+ O(s%) = —log |U(z, Pom)| -5+ O(s%).
XETo(N)\Lg,m

In order to compute the Borcherds product ¥(z, Pg ), we write Pg,, in terms of the
orthogonal basis given in Lemma 5.4, and use Lemma 5.1 to obtain

Pg ., 0 c
—log|¥(z, Pam)l = 2 %m(ﬂncz )| d”) (5.5)

aesnqy (O fa cIN

If 4N'm is not a square we have (Pg ,,04) = 0 for all d € E(N) \ {1} by the coefficient
formula (3.18) since the Fourier coefficients of the theta functions 6, are supported on
indices of the form n?/4N for n € Z.
Let now 4Nm = n? with n € Z~¢. Then we find f | N such that ws(n) = 3 as
2 = n? mod 2N. Moreover, we have Pg,, = P:’ZQ/MV and 0" = 045 = p((f,d))ba.
Using again formula (3.18) we thus find

(Pﬂ,m7 _/J’ f7 Z,u Cd nn2/4Na9wC)
c|N

4mn

ﬁ#((f

d)) Y nl(e,d))cgue (n,n* [AN).

c|N

The latter Fourier coefficients are given in (5.1), yielding

Z,u c,d))cgue (n,n?JAN) = 2 Z )) = 200((n, N/d)) Z p((c,d)).

c|N c|(n,N) c|(n,d)

Now the remaining sum over the values of the character ¢ — u((c,d)) of the group
D((n,d)) is 1 if (n,d) = 1, and vanishes otherwise. Note that in the first case, i.e., if
(n,d) =1, then oo((n, N/d)) = o¢((n, N)). Therefore, the formula in item (2) follows if
we take into account the norm (64, 64) computed in Lemma 5.4. Moreover, we see that the
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coefficients C ., (d) can only vanish simultaneously if (n,d) > 1 for all d € E(N) \ {1},
i.e., if N/(n,N) is 1 or a prime, proving the second part of item (1).

Finally, we note that since an eta quotient is uniquely determined by its exponents,
one can check that the eta quotients [,y [n(cz)|#(D) with d € E(N) \ {1} appearing
in (5.5) are linearly independent (in the multiplicative sense). Hence the first term in the
Laurent expansion of the averaged hyperbolic Eisenstein series indeed vanishes if and
only if Cg,,(d) =0 foralld e E(N)\{1}. O

Remark 5.6. The proof of the previous theorem actually shows that for m > 0 the
Poincaré series Pg ,, vanishes exactly if 4Nm is not a square, i.e., if the geodesics cx
with X € Lg,, are closed in the modular curve Io(N)\H, or if ANm = n? is a square
with N/(n,N) being 1 or a prime. In the following we explain the vanishing of the
Poincaré series in the latter case:

If N =1or N = pis a prime we trivially have Pg ,, = 0 as Sy /2, = {0} by Lemma 5.4.
We claim that if (n, N) > 1, the Poincaré series Pg ,, of level N can actually be written
as a certain lift of a Poincaré series of lower level N/q with ¢ = (n,N). In order to
distinguish lattices, we write (L, Qn) for the lattice of level 4N, and (Ly/q, @n/q) for
the lattice of level 4N/q. Similarly, we will put superscripts at some places to emphasize
the underlying lattice. We now define an operator

‘/q: M1/2,pN/q — M1/2,pN

acting on the Fourier expansion of f = > €LYy 0/ Lnya > o Cr(vsn)e(nT)ey € My g ,n/a
. q -
via

fVe= Y > < > Cf(v/a,qn/a2)>6(m)w
al(

YELYN /LN n€EZ+QnN(7) n—Q7),7:9)
n>0

Here we identify L’y /Ly with Z/2NZ, as usual. This operator is a direct translation of
the corresponding V; operator acting on skew-holomorphic Jacobi forms of weight 1 and
index N/q (compare [EZ85], §4). One can check that

wiv wN/
(FIVa)™ =11V (5.6)
for f € M, /2,p8/a and ¢ | %. Furthermore, comparing Fourier expansions we find
N
oN/a|y, = Z (oN) %, (5.7)
alq

and combining (5.6) and (5.7) we obtain ojlv/q\vq = 0% for d € E(N/q). Conversely,
computing inner products with 0N for e € E(N/q) we get
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071V, = (5.8)

for d € E(N). Here V, denotes the adjoint operator of V. Finally, we can use (5.8) and
the fact that (8, N) = (n, N) = ¢ to prove

N __4d N/q
Ponzjan = 2205 Pajasmiazsano| Ve

Thus, if N/qis 1 or a prime, the Poincaré series on the right-hand side vanishes identically
since the corresponding space of cusp forms is trivial, and hence the Poincaré series on
the left-hand side vanishes as well.

5.3. The elliptic case

Let m < 0 and § € L'/L with m € Z + Q(8). Theorem 3.10 tells us that the Poincaré
series Pg y, is the unique harmonic Maass form of weight 1/2 for p which is orthogonal
to cusp forms and has principal part e(mz)(eg + e—_g). For general squarefree N, the
function Pg ,, is a proper harmonic Maass form, i.e., not weakly holomorphic, and the
associated Borcherds product can only be described in terms of its roots and poles on
H and at the cusps. Note that the Fourier coefficients of the holomorphic part of Pg,
are real by Lemma 3.9, so the corresponding Borcherds product is well-defined.

Theorem 5.7. Let m < 0 and 8 € L' /L with m € Z+Q(8). At s = 0 we have the Laurent
exrpansion

ST BNz s) = —log[Wsm(2)| s+ O(s?),
XeFO(N)\LB,m

where Wg ., : H — C is a weakly holomorphic modular form of weight 0, level To(N) and
some unitary character of possibly infinite order. Further, Wg ., is uniquely determined
by the following properties:

(1) The roots of ¥g ., in H are located at the Heegner points zx for X € Lg y,, with
order 2 if B = —8 mod L and order 1 otherwise.
(2) The order of ¥g,, at the cusp 1/c for ¢ | N is given by

H
ordl/c(\I'g,m) = ;V()((ﬁ]\}r)n)

where

XeronLa, TON)x
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is the Hurwitz class number.
8) The leading coefficient in the Fourier expansion of Wg ,, at oo is 1.
g 14 8,

Proof. As in the proof of Theorem 5.5, a combination of Theorem 4.3, Proposition 4.1
and Theorem 2.1 yields that the Laurent expansion of the averaged sum of elliptic
FEisenstein series at s = 0 is of the form

Z Egl)l(z7 8) = _log‘\l’ﬁ,m‘ 3"‘0(52)
X€eTo(N)\Lpg,m

with W3 ., (2) = ¥(2, Pg,m) a meromorphic modular form of weight cp, . (0,0) = 0, level
['o(N) and some unitary character. Its product expansion implies property (3). Moreover,
as the principal part of Pg ,, is given by e(m7)(eg + ¢_5) we have

XY L m Y en=5 X e+ exl= Y G

YEL'/L neZ+Q(v) X€Lyn X€Lg m X€eLgm
n<0

Thus part (2) of Theorem 2.1 yields property (1). In order to determine the order of
Ug.m at the cusp 1/c using part (3) of Theorem 2.1 we need to compute the Weyl vector
associated to Pg ., and the cusp 1/c, i.e.,

VN wor
PPy 1/ = g(Pﬁ,mﬁ °)reE.

Since "¢ — W >_qn 0" is a cusp form, and Pg,p, is orthogonal to cusp forms by
Theorem 3.10, we can write

Y
PPgm,1/c = m(PB,WHZG ) . (59)

AN

In order to compute the latter inner product, we introduce Zagier’s non-holomorphic
Eisenstein series Fs3/5 of weight 3/2, which was first studied by Zagier for level N = 1
in [Zag75b], and later generalized to arbitrary N by Bruinier and Funke, see [BF06],
Remark 4.6 (i). It is a harmonic Maass form of weight 3/2 for the dual representation p
with holomorphic part

Bl,)= 3 3 Hyly-nelnre,
YEL'/L n€Z—-Q(y)
n>0
where Hy (v, —n) is the Hurwitz class number, which is defined in the theorem for n < 0,
and for n = 0 we set Hy(0,0) = —o1(N)/6. Furthermore, the Eisenstein series Es/; is
orthogonal to cusp forms with respect to the regularized inner product, and its image
under the differential operator £3/ is given by
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g 0va (1), (5.10)

d|N

3/2B3/2(T) = —

which can be checked using the Fourier expansion of E3/5 given in [BF06]. Therefore, by
equation (5.9) and Stokes’ theorem (applied as in [BF04], Proposition 3.5) we find

1
pPB,m,l/C - _20'0(N)
1

= m(E3/2a§1/2Pﬁ,m)reg

1
+ +
20’0(N Z Z CPB,m (Van)cEsm ('Ya —TL).

YEL' /L n€Z+Q(v)
n<0

(P3,m»E3/203)2)"®

The remaining inner product vanishes since §; /2P, is a cusp form by Theorem 3.10,
and as the principal part of Ps, is given by e(m)(eg + e_g), we are left with

H
PPa.mitfe = _m (CJEF'3/2 (67 _m) + CJEr's/z(_ﬁv _m)> = _%.

Here we also used that Hy (5, m) = Hy(—8,m).

Finally, in order to see that ¥g ,, is indeed uniquely determined by the properties
given in the theorem, we let g: H — C be another weakly holomorphic modular form of
weight 0, level I'g (V) and some unitary character, which satisfies the properties (1) — (3)
of the theorem. Then the function h(z) = log |¥ 3., (2)/g(z)| defines a harmonic function
on the modular curve Io(N)\(H U P!(Q)) without singularities. Hence, the maximum
principle for harmonic functions gives that h is constant, showing that ¥4 ,,, and g agree
up to a constant multiple, which needs to be one as both functions are normalized. O

Remark 5.8. We emphasize that the character of the Borcherds product ¥g ,,, may have
infinite order. Since Pg,, is orthogonal to cusp forms, Theorem 6.2 and the subsequent
remark from [BO10] show that the character has finite order if and only if the Fourier
coeflicients c}gﬂ’m (n,n?/4N) for n > 1 are all rational. However, since these coefficients
are expected to be transcendental if Pg ,,, is not weakly holomorphic (see the conjecture
in the introduction of [BO10]) the character will typically have infinite order.

Remark 5.9. Let N be a squarefree positive integer such that the group I'g(N) has genus
0. Then Theorem 1.5 from the introduction follows from Theorem 5.7 by noting that for
X € Lg,, with m < 0 and ¢ | N the normalized Hauptmodul jy 1. ., (2) has order —1
at the cusp 1/c and order |T'o(N)x|/2 at the root zx.
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