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Introduction
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Recent studies of solvable irrelevant deformations of relativistic quantum field theories have
extended our understanding of them. The most studied example of such deformations is
the TT deformation [1, 2], which can be defined for any Lorentz invariant 2d QFT with a
local stress energy tensor. For theories with additional symmetries, similar deformations
such as the J T̄ [3], JTa deformations [4] and the ones constructed by higher conserved
currents [5, 6] have been studied. All these deformations share similar features. They all
modify the UV behavior of the QFTs and lead to non-local theories, yet they are under
good analytical control due to the deformations’ solvability.
Surprisingly, such deformations can be defined not only for 2d relativistic QFTs but
also for a much broader class of theories. These include non-Lorentz invariant QFTs [7, 8],
non-relativistic quantum many body systems such as the Bose gas [9] and lattice models
like quantum spin chains [10–12]. Furthermore, it was recently shown [8, 9] that the deformed 1d Bose gas share many qualitative features with TT deformed relativistic QFTs,
such as the break down of UV physics for the spectrum and the Hagedorn behavior for
thermodynamics. These findings hint that what we have seen so far from solvable deformations of relativistic QFTs is only the tip of the iceberg — the structure and main features
of such deformations can be extended to a much wider setting.
One of the important lessons we learned from relativistic QFT is that TT deformation
can be reformulated as coupling the QFT to certain special 2d topological gravity theory,
both in flat [13, 14] and curved space [15, 18], at least classically. The topological gravity
one encounters in the relativistic case is similar to Jackiw-Teitelboim gravity [16, 17] on
flat spacetime, but it is not exactly the same gravity theory. Similar interpretations also
holds for JTa deformation [4] where the gravity theory also involves an additional U(1)
gauge field. The 2d gravity formulation is tightly related to the random geometry interpretation of TT deformation [19] and the dynamical change of coordinates [18, 20–22]. These
formulations offer us a more geometrical understanding of the TT deformation.
It is natural to ask whether similar geometrical interpretations exist for other settings.
This paper is the first step towards such an interesting goal by giving an affirmative answer
in the context of non-relativistic QFTs. It is probably not too surprising that geometrical
interpretations exist for non-Lorentz invariant QFTs, as the random geometry interpretation was already pointed out in [7]. Nevertheless, notice that the random geometry picture
follows directly from a Hubbard-Stratonovich transformation of the TT operator. It is not
at all obvious from this what the gravity theory the QFT couples to is. Besides, given that
the seed and deformed theories are not Lorentz invariant, the gravity theory cannot be a
usual Einstein-Hilbert type gravity. A more natural candidate, in this case, is NewtonCartan geometry, which is manifestly covariant under non-relativistic symmetry [23–27].
We will show that for non-relativistic QFTs, an elegant gravity interpretation for TT̄and two other solvable deformations to be defined shortly indeed exists in the framework
of Type I Newton-Cartan geometry. For the TT deformation, the gravity theory written
in the first-order formalism takes the same form as its relativistic counterpart [14, 15].
The gravity theory for the other two deformations is similar to the ones for JTa deformed

relativistic QFTs [4]. From the gravity formulation, the dynamical change of coordinates
interpretation naturally follows [15, 18]. The dynamical coordinates provide a powerful
tool to compute several important quantities, such as the deformed classical Lagrangian
and quantum S-matrices.

From the gravity point of view, Newton-Cartan geometry is different from EinsteinHilbert gravity and exhibits new features. One important difference is that there is a builtin U(1) symmetry in massive non-relativistic QFTs, which corresponds to the conservation
of mass or particle number. Correspondingly, an U(1) gauge field is an essential ingredient
in so-called Type I Newton-Cartan geometry, which displays local Bargmann symmetry.
Therefore, any Bargmann invariant 2d QFTs have at least three fundamental local symmetry currents, which correspond to mass, momentum, and energy conservation. This
implies, apart from the TT deformation, we can always define two other solvable bilinear
deformations constructed from the mass current with the momentum or energy currents.
We shall call these two deformations the hard rod deformation and the JE deformation, respectively. As we alluded before, these two deformations also allow a gravity interpretation
in Newton-Cartan geometry. We study these three fundamental deformations in parallel.
The hard rod and JE deformations are new in non-relativistic QFTs. They are similar
to the JTa deformation of relativistic QFTs. The difference is that in the non-relativistic
setting such U(1) symmetry is built-in and does not require further assumptions.
Interestingly, the hard rod deformation was constructed very recently in [8, 9]. It is
found that this deformation has the effect of deforming the point particles to finite size
hard rods.1 We will confirm this intuition and show that it can be formulated equivalently
as coupling the undeformed theory to a specific Newton-Cartan geometry. Intuitively, this
relation can be understood as follows. Traditionally, the hard rod model can be solved
by performing a change of coordinates which eliminates the sizes of the rods and leaves
only the free space (see for example [31]). In the new coordinate, the rods become point
particles and the model can be solved readily. Therefore, the crucial point here is the
change of coordinates. Since this change amounts to a redefinition of the length, it can
be formulated as putting the theory on a different geometry where the metric is defined
differently. A covariant way to formulate this intuition is precisely coupling the original
1

To be more precise, this is true for one sign of the deformation parameter. For the other sign, the hard
rod deformation increases the distance between particles.
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Apart from extending what we have learned from relativistic QFTs to the
non-relativistic settings, the gravity formulation for the non-relativistic QFTs is also interesting in its own right. To start with, most field theories one encounters in condensed
matter physics are not Lorentz invariant. TT deformations for Galilean or Bargmann (the
central extension of the Galilei group [28]) invariant QFTs are definitely interesting to
study. In particular, such QFTs are closely related to condensed matter systems that can
be realized in experiments, one may gain more physical intuitions about TT deformation
by studying such systems. Notice that Newton-Cartan gravity has already played a role in
condensed matter systems such as quantum Hall effect [29] and unitary Fermi gas [30]. It
would be fascinating to make connections to these fields.

2

Newton-Cartan gravity in two dimensions

We give a pedagogical and minimal review on Newton-Cartan geometry suitable for our
aims in the subsequent sections. Only the formalism required for that is introduced. A
general review can be found in appendix A.
2.1

Geometric content

Newton-Cartan (NC) geometry is the natural framework to study non-relativistic field theories and their coupling to gravity. It is a covariant formulation where the Galilean group
is a subgroup of the local symmetry group. It was first obtained as a geometrization of
Newtonian spacetime by Cartan [23, 24], but has seen a revival in recent years. There is
extensive literature on the subject and its applications to a wide selection of areas such
as generalized holography [26, 32–42], condensed matter theory [29, 43–47], hydrodynamics [48–54], string theory [55–63] and more [64–68]. We shall consider the 2-dimensional
gravity relevant to our aims.
2

Again for the sign where the effective length of the system becomes smaller. For the other sign, the
space between the particles is increased.
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theory to the proper Newton-Cartan geometry. We will see that the change of coordinate
we mentioned above appear naturally from the 2d gravity formulation in section 5.
The TT deformation can be understood in the same way. Under TT deformation,
point particles also become hard rods.2 The only difference from the hard rod deformation
is that now the size of each rod is no longer a fixed number, but depends on the energy
of the particle (or the rod), which needs to be determined self-consistently. Therefore we
obtain certain ‘dynamical’ hard rod model. This new kind of hard rod model can also be
solved by a change of coordinate, but now the new coordinates depend on the stress-energy
tensor of the theory and thus become field-dependent, or dynamical. This gives a clear
physical understanding of the dynamical change of coordinates, both in the non-relativistic
case and the Lorentz invariant case. This also explains why the TT deformed theory is
non-local. It is simply because we are describing finite size objects such as strings or hard
rods in the deformed theory.
The paper is structured as follows: In section 2, we give a pedagogical review of Type
I Newton-Cartan gravity in 2d. In section 3, we derive the gravity formulations for the
three bilinear deformations. This is achieved by viewing these deformations’ definitions as
equations for the classical action and solving them formally by a heat-kernel-like approach.
In section 4, we apply and test our gravity formulation by deriving closed-form classical
Lagrangians. We compare the results with the ones obtained from a direct approach and
find a perfect match. In section 5, we derive the dynamical change of coordinates from the
gravity formulation. The dynamical coordinates provide yet another approach to derive the
deformed Lagrangian. In addition, we derive the deformed quantum S-matrices using the
dynamical coordinates. We conclude in section 6 and discuss future directions. Appendix A
is dedicated to a more detailed introduction to Newton-Cartan geometry.

In 2d NC geometry, there are two fundamental tensors:
• the clock-form τµ , giving the local flow of time and
• the spatial vector eµ , giving the local space direction.
Newton-Cartan geometry is defined by requiring that they satisfy the fundamental orthogonality relation
τµ eµ = 0.
(2.1)

µ
EA
= (−v µ , eµ ) ,

EµA = (τµ , eµ ) ,

(2.2)

and satisfying the completeness relations
µ
A
EµA EB
= δB
,

ν
EµA EA
= δµν .

(2.3)

Written out in components these are
τµ eµ = 0,

τµ v µ = −1,

eµ eµ = 1,

eµ v µ = 0,

−τµ v ν + eµ eν = δµν .

(2.4)

The zweibeine transform under diffeomorphisms and local Galilean transformations as
δτµ = Lξ τµ ,
δv = Lξ v + η e ,
µ

µ

µ

δeµ = Lξ eµ + η τµ ,

(2.5)

δe = Lξ e ,

(2.6)

µ

µ

where δxµ := ξ µ is a vector field so that Lξ is the Lie derivative
Lξ X µ ν = ξ ρ ∂ ρ X µ ν − ∂ρ ξ µ X ρ ν + ∂ ν ξ ρ X µ ρ ,

(2.7)

that generates infinitesimal diffeomorphisms of the zweibeine and η = η(x0 , x1 ) is a local
Galilean boost. Contrary to the relativistic case, the boost does not affect all the components in the same way — the hallmark of non-relativistic physics. We see that τµ , eµ indeed
transform as tensors since they are invariant under local Galilean transformations. The
general dimensional case where spatial rotations also enter can be found in appendix A.1.
A generalization of the Newtonian potential Φ also arises. The principle of covariance
tells us that it must be obtained as a projection of a gauge field. Indeed one finds that it
is given by
Φ = −v µ mµ ,
(2.8)
where mµ is a U(1) gauge field known as the mass (or particle number) gauge field. mµ
transforms as
δmµ = Lξ mµ + η eµ + ∂µ σ,
(2.9)
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This implies that there is indeed a preferred direction of time in NC geometry, and the
structure is implemented covariantly. However, we may only define projective inverses
−v µ , eµ that preserves (2.1). The ambiguity in selecting the inverses is exactly the Galilean
boost freedom, which is also referred to as Milne boosts in the literature [43].
When grouped together, the fields naturally form Galilean zweibeine defined as

where σ is a U(1) transformation parameter. From a more group theoretical perspective,
mµ is the gauge connection associated with the central charge of the Bargmann group.
The Bargmann group is the non-trivial central extension of the Galilean group, and the
extra generator corresponds to mass or particle number conservation [28]. We review these
groups in appendix B.
In other words, the geometry we have described above is the result of gauging the
Bargmann group, a useful approach that has been studied in for example [25, 69, 70]. This
also makes it clear that mµ is an integral part of the geometry.
Flat Newton-Cartan spacetime

An important special case is, of course, flat Newton-Cartan spacetime [44, 71]. For suitable
coordinates x0 = t, x1 = x it is given by
τµ = δµt ,

eµ = δµx ,

v µ = −δtµ ,

eµ = δxµ ,

mµ = ∂µ θ,

(2.10)

where θ is an arbitrary function, i.e. mµ is a pure gauge. The residual coordinate transformations are exactly global Galilean transformations
t0 = t + a,
x0 = x + vt + b,
1
θ0 (t0 , x0 ) = θ(t, x) − v 2 t + vx,
2

(2.11)
(2.12)
(2.13)

where we have the parameters v for the Galilean boost, and a, b for the translations. In
particular we may choose θ = constant, but it will regain spacetime dependence after doing
a boost.
2.3

Covariant derivatives and matter actions

If we want to geometrize a given non-relativistic field theory, we must use Galilean covariant
derivatives for the theory to be compatible with local Galilei transformations. Analogous
to the relativistic case, we may introduce a covariant derivative ∇µ with a Galilean or
Newton-Cartan affine connection Γρµν and a spin connection ωµ A B . The construction is
similar to Lorentzian geometry, with the main difference being that the symmetry of the
tangent and frame bundles is Galilean [72–75]. For this paper, it is sufficient to restrict
to scalar fields φ where it, of course, reduces to the partial derivative, ∇µ φ = ∂µ φ. The
general case is discussed further in appendix A.2.
Besides the local Galilean symmetry, the scalar fields also transform under U(1) mass
or particle number symmetry. To not break the particle number symmetry, we must use a
U(1) covariant derivative. This is naturally defined by taking
Dµ = ∂µ + mmµ ,

(2.14)

where m is the mass of the field. A temporal derivative is then formed in a covariant way
as ∼ v µ Dµ and a spatial derivative as ∼ eµ Dµ . Notice that the first transform under a
local Galilean boost, which must be compensated by other terms.

–5–
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2.2

Given a matter theory with field ϕ coupled to a Newton-Cartan geometry, we can
write its Bargmann invariant action S and Lagrangian L as
S [ϕ, τ, e, m] =

Z
M

d2 xe L [ϕ, τ, e, m] ,

(2.15)

where we have the Galilean invariant measure
e := det(τµ , eµ ).

(2.16)

2.4

Matter currents

We can define three covariantly conserved currents of the action (2.15) as the response to
the variation of the background geometry:
δbgd S [ϕ, τ, e, m] :=

Z
M

d2 x e (E µ δτµ + P µ δeµ + J µ δmµ )

(2.17)

or equivalently
E µ := e−1

δS
,
δτµ

P µ := e−1

δS
,
δeµ

J µ := e−1

δS
,
δmµ

(2.18)

where here E µ is the energy current, P µ the momentum current and J µ the mass current.
These three currents are of fundamental importance to our constructions below. We stress
again that the mass current is always present in a Bargmann invariant theory. In fact,
breaking the U(1) symmetry would lead to drastic consequences. The particles’ mass
would no longer be well-defined, and the non-relativistic dispersion relation E = P 2 /(2m)
would not hold. Such a situation is rather unphysical. In quantum mechanics, we would
furthermore have that the states are not localizable [28]. In conclusion, we better not break
the Bargmann symmetry to Galilei if we want to avoid odd physics.
The diffeomorphisms of the background fields (2.5)–(2.6) give the covariant conservation laws of the currents:




0 = ∂µ E µ + e−1 ∂µ e E µ ,





0 = ∂µ P µ + e−1 ∂µ e P µ ,





0 = ∂µ J µ + e−1 ∂µ e J µ .

(2.19)

These can be rewritten in terms of the covariant derivative ∇µ using e−1 ∂µ e = Γρµρ for
any Newton-Cartan connection Γρµν . We then obtain for C µ = {E µ , P µ , J µ }


0 = ∇µ C µ + 2Γρ[µρ] C µ ,

–6–
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All dependence on mµ must be through the covariant derivative.
In general, it is not an easy task to form Lagrangians that respect both boost and
particle number symmetries [43, 45, 76]. One way where this is guaranteed is to consider
null reductions of relativistic theories: Any 3d field theory on a Lorentzian background
with a null Killing vector can be null-reduced to a 2d field theory on the type of NewtonCartan background we have considered here. In particular, Schrödinger-type models are
obtained by null reductions of Klein-Gordon-type actions. In appendix C, we review this
procedure in more detail.

where 2Γρ[µρ] is the torsion of the chosen connection. Unlike the Levi-Civita connection,
Newton-Cartan connections are naturally torsionful and non-metric compatible [75]. More
discussion can be found in appendix A.2.
Finally, as the fields are not manifestly boost-invariant, a Galilean boost relates P µ
and J µ through the on-shell Ward identity
P µ τµ = −J µ eµ ,

(2.21)

3

Bilinear deformations and Newton-Cartan gravity

This section defines three fundamental bilinear deformations for non-relativistic QFTs and
derives the corresponding gravity formulations. As reviewed in the previous section, any
2d non-relativistic Bargmann QFT has three fundamental symmetries, corresponding to
mass, momentum, and energy conservation. The conserved currents are denoted by J µ ,
P µ and E µ , respectively, as reviewed in the previous section. We can choose any two of
them and construct a bilinear operator. For instance, the TT operator corresponds to
the choice
O2,1 = e µν E µ P ν = e det(E µ , P ν ),

(3.1)

where µν is the Levi-Civita symbol. The bilinear operator which triggers the hard rod
deformation is O0,1 = e µν J µ P ν . The remaining bilinear operator is O0,2 = e µν J µ E ν .
We shall call the corresponding deformation the JE deformation. The three bilinear deformations are defined by
dSλ
=−
dλ

Z

d2 x e Oa,b (x),

(3.2)

where Sλ is the deformed action and (a, b) = (0, 1), (0, 2), (2, 1).
To derive the gravity formulation, we use the fact that the three conserved currents can
be written as the variations of the action as defined through (2.18). Using these relations,
the definition (3.2) can be seen as equations for the classical action. Let us explain this
point more explicitly by the TT deformation. Consider the deformed partition function
Zλ =

Z

Dφ e−Sλ [φ] .

(3.3)

From (3.2), we have
dZλ
=
dλ

Z



Dφ −

dSλ [φ] −S λ [φ]
b 2,1 Zλ ,
e
=D
dλ


(3.4)

δ
δ
:.
δτµ (x) δeν (x)

(3.5)

where
b 2,1 =
D

Z

d2 x µν :
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which shows that P µ should be thought of as the stress-mass current. This relation is
well-known for non-relativistic theories on flat spacetimes. Here it shows up as relations
between the Noether currents after a simplifying redefinition [77].

Here the normal ordering means we subtract the contribution of the term proportional
to δ 2 S/δτµ δeν .3 Similar equations can be derived for the other two deformations. Notice
that (3.4) is similar to a diffusion equation. We can solve it formally by a heat kernel-like
approach, which will be discussed shortly. The formal solution gives us the gravity action
immediately. This approach has been applied in the relativistic QFTs in [78–80].
3.1

Simple examples

As a warm-up, we consider two simple examples. The first one is the 1d heat equation
(3.6)

which can be solved in a few steps: First, we can write
2

f (t, x) = et∂x f (0, x).

(3.7)

Secondly, rewrite
f (0, x) =

Z

1
2π

dy δ(x − y)f (0, y) =

Z

dy

Z

dp eip(x−y) f (0, y).

(3.8)

Finally, plug (3.8) into the right-hand side of (3.7) and integrate out p. We obtain
1
f (t, x) = √
2 πt

Z

1

2

dy e− 4t (x−y) f (0, y).

(3.9)

This is nothing but the heat kernel solution.
Next, we consider a slightly more non-trivial equation which involves functional derivatives4
∂t Zt [φ] =

Z

d2 x :

δ
δ
: Zt [φ].
δφ(x) δφ(x)

(3.10)

This equation can be solved similarly. First, we have
 Z

Zt [φ] = exp t

d2 x :

δ
δ
: Z0 [φ].
δφ(x) δφ(x)


(3.11)

Secondly, rewrite
Z0 [φ] =

Z

Dϕ δ(φ − ϕ)Z0 [ϕ] ∝

Z

Dϕ

Z

DJ e

R

d2 xJ(x)[φ(x)−ϕ(x)]

Z0 [ϕ],

(3.12)

where δ(φ − ϕ) is the functional delta-function in the proper sense and ϕ is an auxiliary
scalar field to be integrated over. Plugging into (3.11) and integrating out J(x), we obtain
Zt [φ] ∝

Z

1

Dϕ e− 4t

R

d2 x[φ(x)−ϕ(x)]2

Z0 [ϕ],

where we have neglected the prefactors which are not important for us.
2

2

δ
δ
More explicitly, we have : δτµ (x)δe
e−Sλ := δτµ (x)δe
e−Sλ +
ν (x)
ν (x)
4
The interpretation of normal ordering is the same as (3.5).
3

–8–
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∂t f (t, x) = ∂x2 f (t, x),

3.2

The bilinear deformations

We can apply the same method to solve the flow equation of the bilinear deformations (3.2).
Let us consider the TT deformed partition function
b 2,1 Zλ [τµ , eµ ].
∂λ Zλ [τµ , eµ ] = D

(3.14)

Following the same steps, we arrive at the following formal solution
Zλ [τµ , eµ ] =

Z



Dτ̃µ Dẽµ exp −

1
λ

Z



d2 xµν (τµ − τ̃µ )(eν − ẽν ) Z0 [τ̃µ , ẽµ ],

(3.15)

SλTT [τµ , eµ ; τ̃µ , ẽµ |φ] =

1
λ

Z

d2 x µν (τµ − τ̃µ )(eν − ẽν ) + S0 [τ̃µ , ẽµ |φ].

(3.16)

Here S0 is the undeformed action on the background described by the auxiliary zweibein
(τ̃µ , ẽµ ). The other term can be interpreted as the non-relativistic gravity action, which
couples to the undeformed theory. Notice that the gravity action takes the same form as its
relativistic counterpart [14], but it is also manifestly Galilean invariant under (2.5)–(2.6).
Similarly, for the hard rod and JE deformations, we find the deformed classical actions
SλHR [mµ , eµ ; m̃µ , ẽµ |φ] =

1
λ

Z

d2 x µν (mµ − m̃µ )(eν − ẽν ) + S0 [m̃µ , ẽµ |φ]

(3.17)

SλJE [mµ , τµ ; m̃µ , τ̃µ |φ] =

1
λ

Z

d2 x µν (mµ − m̃µ )(τν − τ̃ν ) + S0 [m̃µ , τ̃µ |φ].

(3.18)

and

Notice that for these two deformations, the gravity action involve both the zweibein and
the U(1) gauge field, similar to those of JTa deformed QFTs [4, 80].
Since our derivation of the deformed action is somewhat heuristic, let us now verify that
the deformed actions indeed satisfy the definition of the bilinear deformations (3.2). We
consider the TT deformation as an example. The proof for the other two cases is similar.
The action (3.16) depends on both the zweibein (τµ , eµ ) and the auxiliary zweibein
(τ̃µ , ẽµ ). To obtain the TT deformed classical action, we need to integrate out the auxiliary
zweibein (τ̃µ , ẽµ ). In practice, this means finding the saddle-point solution for (τ̃µ , ẽµ ) and
plug it back in. We denote the saddle-point solution by τ̃µ? and ẽ?µ . We will show that
STT [τµ , eµ |φ] := SλTT [τµ , eµ ; τ̃µ? , ẽ?µ |φ] satisfies the definition of the TT deformation. Taking
variation of (3.16) with respect to τ̃µ and ẽµ , we obtain the saddle-point equations
τµ = τ̃µ? + λ ẽ µν P0ν ,

eµ = ẽ?µ − λ ẽ µν E0ν ,

(3.19)

where P0 and E0 are the undeformed currents. On the other hand, taking variations with
respect to τµ and eµ lead to the definitions of the deformed currents
δSTT [τµ , eµ |φ]
= e E µ,
δτµ

δSTT [τµ , eµ |φ]
= e P µ,
δeµ

–9–
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where as before we neglected the prefactors from the Gaussian integral. From (3.15), we
can extract the deformed classical action

which can be written as
τµ = τ̃µ + λ e µν P ν ,

eµ = ẽµ − λ e µν E ν .

(3.21)

Here E µ and P µ are the deformed currents. Taking derivative of STT with respect to λ, we
have
dSTT
1
=− 2
dλ
λ

Z

d2 x µν (τµ − τ̃µ? )(eν − ẽ?ν ) +

δSTT ∂ τ̃µ? δSTT ∂ẽ?µ
+
.
δτ̃µ? ∂λ
δẽ?µ ∂λ

(3.22)

δSTT
δS
= TT
= 0,
?
δτ̃µ
δẽ?µ

(3.23)

and therefore the last two terms in (3.22) vanish. Using (3.21), we have
dSTT
=−
dλ

Z

d x e µν E P = −
2

µ

2

ν

Z

d2 x e O2,1 ,

(3.24)

which is precisely (3.2). The generalization to the other two cases is straightforward.

4

Deformed classical Lagrangians

In this section, we derive the deformed classical Lagrangian for the Schrödinger model
with a generic potential for all three bilinear deformations. The same result can be derived
from two different approaches. The first one is the direct approach where one starts from
the definition (3.2) and work out the deformed Lagrangian order by order in λ; the other
approach exploits the gravity interpretation we developed in the previous section and gives
closed-form expressions for the deformed Lagrangians. The fact that these two quite different methods lead to the same deformed Lagrangians can be seen as a non-trivial test of
our proposal.
4.1

Schrödinger model and conserved currents

Let us first define the Schrödinger model and its conserved currents. In curved space, the
action is given by
SSch =

Z

i µ
v (φDµ φ† − φ† Dµ φ) − eµ eν Dµ φ† Dν φ − V (|φ|) ,
d xe
2
2





(4.1)

where φ is a complex scalar field and V (|φ|) is any potential that does not depend on the
metric nor on the covariant derivative (2.14) with m = 1/2. Furthermore, we require that
the potential is invariant under Hermite conjugation. Taking V (|φ|) = 0 leads to the nonrelativistic free boson. One slightly more non-trivial example is the Lieb-Liniger model,
or the non-linear Schrödinger model where we take V (|φ|) = c φ† φ† φφ, with c being the
coupling constant. One nice feature of the Schrödinger model is that it can be obtained
from a relativistic 3d Klein-Gordon type theory. This is described in detail in appendix C.
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From the definition of saddle-point equation,

In flat spacetime, we recover the familiar Schrödinger action
S=

Z

d2 x L =

Z

d2 x



i †
(φ ∂t φ − φ∂t φ† ) − ∂x φ† ∂x φ − V (|φ|) .
2


(4.2)

Now we discuss the symmetries of the action (4.2). Spacetime translation invariance leads
to a conserved local Noether stress-energy tensor T µ ν . In terms of the Lagrangian,
T µν =

∂L
∂L
∂ν φ +
∂ν φ† − L δνµ .
∂(∂µ φ)
∂(∂µ φ† )

(4.3)

i
J =
2
µ

!

∂L
∂L
φ−
φ† .
∂(∂µ φ)
∂(∂µ φ† )

(4.4)

The corresponding conserved charge is the total mass of the system. The three conserved
currents written explicitly are



i 
E µ = δtµ φ∂t φ† − φ† ∂t φ − 2iL + δxµ ∂x φ† ∂t φ + ∂x φ∂t φ† ,
2



i 
P µ = δtµ φ∂x φ† − φ† ∂x φ + δxµ L + 2∂x φ∂x φ† ,
2

1
i 
µ
J = − δtµ φφ† + δxµ φ† ∂x φ − φ∂x φ† .
2
2

(4.5)

In general curved background, the currents can be calculated via (2.18), leading to




i
E µ = v µ v ρ φDρ φ† − φ† Dρ φ − eµ eρ v σ Dρ φ† Dσ φ + Dσ φ† Dρ φ − v µ L,
2




i
P µ = v µ eρ φ† Dρ φ − φDρ φ† + eµ eρ eσ Dρ φ† Dσ φ + Dσ φ† Dρ φ + eµ L,
2


1
i
µ
J = v µ φφ† + eµ eν φ† Dν φ − φDν φ† .
2
2

(4.6)

It is easy to check that on flat spacetime as described in section 2.2, (4.6) reduces to (4.5).
4.2

Deformed Lagrangian I. The direct approach

We are now ready to derive the deformed Lagrangians for the three bilinear deformations.
In this subsection, we perform the calculation using the direct approach. This was the first
approach to derive the deformed Lagrangian in the relativistic case (see for example [2, 81]).
In this approach, one performs a formal expansion of the deformed Lagrangian
Lλ =

∞
X

L k λk

(4.7)

k=0

and calculates Lk order by order using the definition. This can always be worked out
explicitly up to certain orders in λ. By observing the patterns of Lk , one can usually make
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The energy and momentum currents are identified with E µ = T µ t and P µ = T µ x , respectively. In addition, there is a global U(1) symmetry φ → eiθ φ which is related to the
conservation of mass. The Noether current is given by

an ansatz for the deformed Lagrangian and turn the definition into a differential equation,
which can be solved and gives the deformed Lagrangian. This strategy works fairly well for
the hard rod deformation because the deformed Lagrangian takes a compact form, and it
is relatively easy to guess the general pattern. However, for TT and JE deformations, the
closed-form deformed Lagrangians are quite complicated, as we will see shortly. Therefore
it is hard to see the patterns in these cases. Nevertheless, we can work out the results up to
relatively high orders as perturbative data, which can be checked against the closed-form
expressions obtained from other approaches.

dLHR
λ
= −µν J µ P ν .
dλ

(4.8)

We expand both the Lagrangian and current densities in λ
Lλ =

∞
X

Jµ =

L n λn ,

n=0

∞
X

Pµ =

Jnµ λn ,

n=0

∞
X

Pnµ λn .

(4.9)

n=0

Plugging into (4.8), we obtain the following recursion relation
Ln+1 = −

n
1 X
ν
µν Jkµ Pn−k
,
n + 1 k=0

(4.10)

where Jkµ and Tkµ are defined via Lk :
!

∂Lk
∂Lk
:= i
φ−
φ† ,
∂(∂µ φ)
∂(∂µ φ† )
∂Lk
∂Lk
Pkµ :=
∂x φ +
∂x φ† − Lk δxµ .
∂(∂µ φ)
∂(∂µ φ† )
Jkµ

(4.11)

Using (4.11), (4.10) and the initial condition L0 = L in (4.2), we can calculate Lk order by
order. The first few orders are given by
!

L1 =

φφ†
−
2

!2

L2 =

φφ†
−
2

!3

L3 =

φφ†
−
2





L + φx φ†x −


1 2 † 2
φ (φx ) + φ2x (φ† )2 ,
4



L + φx φ†x +





L + φx φ†x −



1
φφ† (φ†x φ − φ† φx )2 ,
16
1
(φφ† )2 (φ†x φ − φ† φx )2 .
32

(4.12)

where we have defined the shorthand notations
φt := ∂t φ,

φx := ∂x φ,

φ†t := ∂t φ† ,
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The hard rod deformation. Let us start with the simplest case, namely the hard rod
deformation. We work in a flat spacetime. The definition is

Working out a few more orders, we can find the pattern
Ln =

φφ†
−
2

!n

(L + φx φ†x ) +

(−1)n
(φφ† )n−1 (φ†x φ − φ† φx ),
2n+2

n ≥ 2.

(4.14)

The full deformed Lagrangian is then given by
LHR
λ

1
λ
=
2L − (4 + λφφ† )(φ†x φ + φx φ† )2 .
†
2 + λφφ
8




(4.15)

dLλ
= −µν E µ P ν .
dλ

(4.16)

Similarly, we expand the Lagrangian and the currents in λ
Lλ =

∞
X

L n λn ,

Eµ =

n=0

∞
X

Enµ λn ,

Pµ =

n=0

∞
X

Pnµ λn ,

(4.17)

n=0

which leads to a similar recursion relation
Ln+1 = −

n
1 X
ν
µν Ekµ Pn−k
,
n + 1 k=0

(4.18)

where
Ekµ :=

∂Lk
∂Lk
∂t φ +
∂t φ† − Lk δtµ
∂(∂µ φ)
∂(∂µ φ† )

(4.19)

and Pkµ is given in (4.11). The first few orders are L0 = L and


1
i †
† † 2
†2 2
iφφt φ†2
φ φt − φ†t φ V − V 2 ,
x − iφ φt φx + φx φx +
2
2



i †
†
† 2 †
3
2
†2 2
†
†2
L2 = −V +
φ φt − φφt V − φx φx V − 2φ3x φ†3
+
iφ
φ
φ
φ
φ
−
φ
φ
φ
x x
t x
x
t x
2




1
i
1
†
†
†
†2 2
2 †2
− φt φ†t φx φ†x φφ† + φ2x φ†2
.
(4.20)
x φt φ − φt φ + φt φt φx φ + φx φ
2
2
4

L1 =

We see that the second-order result is already quite lengthy. Higher-order terms are more
complicated, and it is hard to see the general pattern. Nevertheless, we can derive a
closed-form result from the gravity approach.
The JE deformation.

This deformation is defined using the mass and energy currents
dLJE
λ
= −µν J µ E ν .
dλ

(4.21)

We expand the Lagrangian and currents in λ as before, which leads to the following recursion relation
n
1 X
ν
LJE
µν Jkµ En−k
,
(4.22)
n+1 = −
n + 1 k=0
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Now we consider the TT deformation whose definition is

The TT deformation.

where Jkµ and Ekν are defined via Lk in (4.11) and (4.19). The first few Lk are given by
L0 = L and


 1


i
i
φx φ† − φ†x φ V + φx φ†x φx φ† − φ†x φ − φφ† φt φ†x + φ†t φx ,
2
2
2


1 † 2 1  2 †2
L2 = − φφ V +
φ φx + φ†2 φ2x − 4φφ† φx φ†x + iφφ† φt φ† − φ†t φ V
4
4

 1
1
3
†
2 †2
†
+ φx φx φ φx + φ†2 φ2x − φt φ†t φ2 φ†2 − φ2x φ†2
x φφ
4
4
4




i
i
† 2 †
+ φx φ†x φφ† φt φ† − φ†t φ − φφ† φt φ†2
.
x φ − φt φx φ
2
4

L1 =

(4.23)

4.3

Deformed Lagrangian II. The gravity approach

In this subsection, we present another approach to compute the deformed classical Lagrangian. This approach exploits the gravity actions (3.16), (3.17) and (3.18). We take the
TT deformation as an example. Starting from (3.16), we fix the zweibein τµ , eµ in the flat
gauge τµ = δµt and eµ = δµx described in section 2.10. Then we find the saddle points τ̃µ?
and ẽ?µ and plug back in the action. The deformed action is given by STT [δµt , δµx ; τ̃µ? , ẽ?µ |φ].
This approach has been applied to the relativistic case in [18]. The deformed actions for
the other two deformations can be obtained similarly. The main difference is that the flat
limit of the U(1) gauge field is a pure gauge mµ = ∂µ θ. In this subsection, we can simply
take mµ = 0 by gauge fixing.
The hard rod deformation. We consider hard rod deformation first. The saddle-point
equation obtained from (3.17) is
0 = m̃µ + λ ẽ µν P0ν ,

δµx = ẽµ − λ ẽ µν J0ν .

(4.24)

where P0ν and J0ν are given in (4.6). There is a unique solution to this equation, which is
given by
m̃?t

=

m̃?x =
ẽ?t =
ẽ?x =

2 



−λ
1  †
†
†
†
λ
φφ
+
φ
φ
4
+
λφ
φ
+
2
L
+
2φ
φ
,
x
0
x
x
x
2 + λφφ† 8


iλ
†
†
φ
φ
−
φ
φ
,
x
2 + λφφ† x


iλ
†
†
φ
φ
−
φ
φ
,
x
2 + λφφ† x
2
.
2 + λφφ†




(4.25)

Plugging these into SλHR [0, δµx ; m̃?µ , ẽ?µ |φ] reproduces precisely the deformed Lagrangian
given in (4.15). Notice that the deformation gives a non-trivial Newtonian potential
Φ? = m̃?t .
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Like the TT deformation, the results get more involved at higher orders, and the pattern
for a closed-form expression for Ln is not obvious.

The TT deformation. Now we consider the TT deformation. The saddle-point equation reads
δµt = τ̃µ + λ ẽ µν P0ν ,
δµx = ẽµ − λ ẽ µν E0ν .
(4.26)
These equations can also be solved explicitly. There are several solutions to this equation;
we choose the one that is regular in the λ → 0 limit. However, the solution is too involved
to be presented here explicitly. It can be found in the ancillary notebook. Plugging in
SλTT [δµt , δµx ; τ̃µ? , ẽ?µ |φ], we obtain the following expression for the deformed Lagrangian
√
F1 + 2 F2
=−
,
4λ(1 − λV)

(4.27)

where




F1 = iλ φ†t φ−φt φ† +4λ V −2,






F2 = λ4 φφ† φ†t φx −φt φ†x V −λ3 φ†t φx −φt φ†x
+λ

2











2iV φ†x φ+φx φ† +φφ† φ†t φx −φt φ†x




1
1
2
2 †2
φt φ†t φφ† −4φx φ†x V − φ†2
+2i(φ†t φx −φt φ†x ) φ†x φ+φx φ†
t φ +φt φ
2
4





+λ 4φ†x φx +i φ†t φ−φt φ†



+1.





(4.28)

As we can see, the result is highly non-trivial. Performing a perturbative expansion in λ
to high powers, we can check that the results match what we obtained from the direct
approach (4.20).
Finally, we consider the JE deformation. The saddle-point equa-

The JE deformation.
tions read

0 = m̃µ + λ ẽ µν E0ν ,

δµt = τ̃µ − λ ẽ µν J0ν .

(4.29)

The solution can be found but is again rather involved to be written down. There is a unique
solution which is regular in the λ → 0 limit. Plugging this solution to SλJE [0, δµt ; m̃?µ , τ̃µ? |φ],
we obtain the deformed Lagrangian
√
G1 + G2
JE
,
(4.30)
Lλ =
2λ2 φ† φ
where
G1 = 2iλ(φ†x φ − φx φ† ) − 4,


(4.31)


G2 = −λ4 φ2 φ†2 φ†t φ + φt φ† − 4λ3 φφ† (φ†t φ + φt φ† )


2
2 †2
†
†
† †
†
− λ2 16φφ† V − 4[φ†2
x φ + φx φ + 2φx φx φφ + 2iφφ (φt φ − φt φ )]

+ 16i(φx φ† − φφ†x ) + 16.



(4.32)

We can check explicitly that the perturbative expansion of (4.30) match the results from
the direct approach.
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LTT
λ

5

Dynamical coordinates and gauge fields

5.1

The dynamical coordinates

There are different ways to find the dynamical coordinates and gauge fields [3, 13, 18, 20,
22], one of which is provided by the gravity formulation.
The TT deformation. Let us first discuss TT deformation. From the gravity formulation, we derive the saddle-point equations for the auxiliary fields τ̃µ , ẽµ (3.21). In the
previous section, we fix τµ = δµt , eµ = δµx in the flat gauge and solve for τ̃µ , ẽµ . Alternatively,
we could fix τ̃µ = δµt , ẽµ = δµx in (3.21), which leads to the following equations
τµ = δµt + λµν P0ν ,

eµ = δµx − λµν E0ν ,

(5.1)

where P0ν and E0ν are the currents in flat space (4.5). These equations are no longer
saddle-point equations for τ̃µ and ẽµ . Instead, following the intuition from the relativistic
case, we can interpret them as defining a change of coordinates from (x1 , x2 ) = (t, x) to
(X 1 , X 2 ) = (T, X) by setting τµ = ∂µ X 1 and eµ = ∂µ X 2 in (5.1). Therefore, the dynamical
change of coordinates (t, x) 7→ (T, X) is defined by
∂µ T = δµt + λµν P0ν ,

∂µ X = δµx − λµν E0ν .

(5.2)

One important comment is that, to interpret τµ and eµ as derivatives of the new coordinates,
they need to satisfy the consistency condition ∂µ ∂ν X a = ∂ν ∂µ X a . This is guaranteed by
5

Here we mean the undeformed theory is relativistic. The deformed theory is, of course, no longer
Lorentz invariant.
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In the relativistic case, TT deformation can be seen as a dynamical or field-dependent
change of coordinates [13, 20, 21]. However, such an interpretation is only valid on-shell
(for a more detailed discussion, see [18]), it has several important applications. At the
classical level, the dynamical change of coordinates gives yet another way to derive the
classical deformed Lagrangian [82] as well as finding solutions to the deformed equation of
motion and analyze the deformed classical symmetries [83]. At the quantum level, it can
be used to derive the deformed S-matrix [13], at least in flat spacetime. In this section, we
will show that TT deformation of non-relativistic QFTs also has such an interpretation.
For the other two bilinear deformations, which involve the current J µ , the interpretation
is also interesting. In addition to the change of coordinates, one also needs to make a
dynamical change of the U(1) gauge field mµ . More explicitly, in flat spacetime, the
undeformed gauge field is a pure gauge mµ = ∂µ θ. Under the bilinear deformations, we
have θ 7→ Θ where Θ is field dependent. Such interpretations first appear in the J T̄
and JTa deformations of relativistic QFTs [3, 4].5 In what follows, we will first give the
proposals of the dynamical change of coordinates and gauge fields and then apply them to
find the deformed Lagrangians, which match our previous results. Finally, we apply them
to find the deformed quantum S-matrix.

the conservation of the currents. For example, we need to check that ∂µ ∂ν T = ∂ν ∂µ T .
Using (5.2), we have
∂µ ∂ν T − ∂ν ∂µ T = ∂µ να P0α − ∂ν µα P0α = −µν ∂α P0α ,

(5.3)

which is zero due to the conservation equation ∂α P0α = 0. Notice that the conservation is
valid only on-shell, namely when the fundamental fields satisfy equations of motion. This
implies the dynamical change of coordinate interpretation is an on-shell statement.

mµ = ∂µ θ + λ µν P0ν ,

eµ = δµx − λµν J0ν ,

(5.4)

where P0ν and J0ν are the flat space currents (4.5) with the modification
i
∂µ φ 7→ Dµ φ = ∂µ + ∂µ θ φ,
2


i
∂µ φ →
7 Dµ φ = ∂µ − ∂µ θ φ† .
2



†

†





(5.5)

In the TT deformation, we can simply take θ = 0 by gauge fixing. For the hard rod and JE
deformations, we keep the pure gauge term explicitly for later convenience. Now we need
to make a proper interpretation of (5.4). We propose that it defines a change of coordinate
(t, x) 7→ (t, X) together with a change of gauge θ 7→ Θ as follows
∂µ Θ = ∂µ θ + λ µν P0ν ,

∂µ X = δµx − λµν J0ν .

(5.6)

Notice that here only the spatial coordinate is transformed; the temporal direction is left
invariant. This is very natural since eµ is related to the spatial direction. Similarly, to
make such interpretations we need to check the consistency relations ∂µ ∂ν Θ = ∂ν ∂µ Θ and
∂µ ∂ν T = ∂ν ∂µ T which follow from the conservation equations of the currents.
The JE deformation.
equations are

This case is similar to the hard rod deformation. The relevant

mµ = ∂µ θ + λ µν E ν ,

τµ = δµt − λµν J ν .

(5.7)

We propose that this corresponds to the coordinate transformation (t, x) 7→ (T, x) together
with the gauge transformation θ 7→ Θ
∂µ Θ = ∂µ θ + λ µν E ν ,
5.2

∂µ T = δµt − λµν J ν .

(5.8)

Deformed Lagrangian III. Dynamical coordinates

In this subsection, we derive the deformed Lagrangians using the dynamical coordinates
and gauge fields as a non-trivial check of our proposals (5.2), (5.6), (5.8). The derivation
for the TT deformation is similar to the relativistic case. The generalizations to the other
two deformations are new results. The calculation involves two steps. In the first step, we
find the quantities ∂µ X a and ∂µ Θ in terms of fundamental fields and their derivatives. In
the second step, we perform a change of coordinates/gauge field of the original Lagrangian
to the new coordinates/gauge field and plug in the quantities that we found in the first
step. This leads to the deformed Lagrangian in the new coordinates/gauge field.
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The hard rod deformation. Now, we consider the hard rod deformation. Again we
consider the saddle-point equation of the gravity action and take the auxiliary fields in the
flat gauge m̃µ = ∂µ θ and ẽµ = δµx , which leads to

The TT deformation. We first discuss how to obtain the Jacobian ∂µ X a . Notice that
the right hand side of (5.2) is given in terms of fundamental fields and their derivatives (4.5).
We rewrite the derivatives of the fields by the chain rule ∂µ φ = ∂X a φ ∂µ X a and ∂µ φ† =
∂X a φ† ∂µ X a . Then (5.2) becomes an equation for ∂µ X a , which can be solved explicitly in
terms of φ, φ† and ∂X a φ, ∂X a φ† . The solution is considerably more complicated than the
relativistic case and can be found in the ancillary notebook.
After obtaining the Jacobian ∂µ X a , we plug it into
LTT
λ =

(5.9)

The determinant det(∂µ X a ) comes from the change of the integration measure d2 x →
det(∂µ X a )d2 X in the action. The quantities in the bracket are written in terms of ∂X a φ,
∂X a φ† by the chain rule. After plugging in the explicit forms of the Jacobian, we obtain
the deformed Lagrangian (4.27) in the new coordinates.
The hard rod deformation. Let us first explain how to obtain the quantities ∂µ Θ and
∂µ X. Writing out the first equation of (5.6) explicitly

iλ 
Dt φ φ† − φ Dt φ† + λ Dx φDx φ† − λ V,
2

iλ 
∂x Θ =
Dx φ φ † − φ D x φ† ,
2

∂t Θ =

(5.10)

where
i
Dµ φ = ∂µ φ + ∂µ Θ φ,
2

i
D µ φ† = ∂µ φ† − ∂µ Θ φ† .
2

(5.11)

Plugging into (5.10), we can solve for ∂µ Θ in terms of the fundamental fields and their
derivatives. The explicit results can be found in the ancillary file. To rewrite the second
equation (5.13) explicitly, we perform the change of coordinate (t, x) 7→ (t, X) where the
new spacial coordinate X depends on t and x. We have the following chain rule
∂t φ(t, x) = ∂t φ(t, X) + ∂x X ∂X φ(t, X),

∂x φ(t, x) = ∂x X ∂X φ(t, X).

(5.12)

The second equation then can be written as
∂x X = 1 +

λ †
φφ ,
2

∂t X =



iλ
∂x X DX φφ† − φDX φ† ,
2

(5.13)

i
D X φ† = ∂X φ† − ∂X Θ φ† .
2

(5.14)

where
i
DX φ = ∂X φ + ∂X Θ φ,
2

Here ∂X Θ = ∂x Θ/∂x X. We can solve (5.13) explicitly, which leads to
∂t X =


iλ 
∂X φ φ † − φ ∂ X φ† ,
2
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λ †
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2
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1
(L(T, X) + λ µν E0µ P0ν ) .
det(∂µ X a )

After obtaining ∂µ Θ, ∂µ X in terms of φ, ∂t φ, ∂X φ and their conjugates, we plug into
1
(L(Θ, X) + λµν J0µ P0ν ) ,
∂x X

(5.16)

where ∂x X comes from the change of integration measure dtdx 7→ dtdX. In the bracket,
we replace the partial derivative by the covariant counterparts (5.11) and perform the
change of coordinate from (t, x) to (t, X). Going through these steps, we find the deformed
Lagrangian (4.15).

∂t φ(t, x) = ∂t T ∂T φ(T, x),

∂x φ(t, x) = ∂x φ(T, x) + ∂x T ∂T φ(T, x).

(5.17)

After finding the solution of ∂µ Θ, ∂µ T , we plug into
1
(L0 (Θ, T ) + λµν J0µ E0ν ) .
∂t T

(5.18)

This reproduces (4.30).
5.3

Deformed quantum S-matrices

As another application for the dynamical coordinates/gauge field, we derive the deformed Smatrix in this section. The main steps parallel the derivations for the relativistic case [4, 13],
adapted to the non-relativistic settings. The deformed S-matrix for non-relativistic QFTs
have been derived using other methods, see [8, 9]. It is shown that the effect of solvable
bilinear deformations on the S-matrix is by multiplying a CDD like phase factor. We will
confirm these results from the dynamical coordinate point of view.
TT deformation. To define the S-matrix, we need the notion of asymptotic states. Let
us consider the asymptotic in-states. In the far past t → −∞, the fields are free and allow
the following mode expansion
φin =

Z

dp
√ ain (p) e−itωp +ixp−imθ ,
2π

φ†in =

Z

dp
√ a†in (p) eitωp −ixp+imθ ,
2π

(5.19)

where ωp = p2 . Several remarks are in order. Firstly, notice that the mode expansion
of each field involves only one type of ladder operators instead of both. This is due to
the non-relativistic nature of the QFTs under consideration. Secondly, we included a
background gauge potential θ in the mode expansion, which can in principle be absorbed
as a normalization of the field. Here we put it explicitly because, under the hard rod
and JE deformations, we have the additional transformation θ 7→ Θ, which has non-trivial
effects. It is, therefore, convenient to include them in the first place. The Fourier modes
in the expansion of φin satisfies the free Schrödinger equation
iDt φ = −Dx2 φ,

Dµ φ = (∂µ + im∂µ θ)φ,
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The JE deformation. This case is similar to the hard rod deformation, and thus we
will be brief. The chain rule for the change of coordinate (t, x) 7→ (T, x) is now

where m can be seen as the mass of the particle. In the previous sections, we have put
m = 1/2, here it is more convenient to leave it generic.
Under TT deformation, we are equivalently putting the theory on the new coordinates (T, X). Therefore it is more natural to perform the mode expansion in terms of the
new coordinates
φin =

Z

dp
√ Ain (p) e−iωp T +ipX+imθ ,
2π

φ†in

=

Z

dp
√ A†in (p) eiωp T −ipX−imθ .
2π

(5.21)

where ∆T = t−T and ∆X = x−X. From the definition of the dynamical coordinates (5.2),
we have
∂µ (∆T ) = −λµν P0ν ,

∂µ (∆X) = +λµν E0ν .

(5.23)

In the far past t → −∞ we can integrate along the spacial direction and obtain
∆T (x) = const1 + λ
∆X(x) = const2 − λ

Z x
−∞

Z x
−∞

P 0 (x0 )dx0 ,
E 0 (x0 )dx0 .

(5.24)

We introduce the notations
P< (x) =

Z x
−∞

P 0 (x0 )dx0 ,

P> (x) =

Z ∞
x

P 0 (x0 )dx0 ,

(5.25)

where P < (x) and P> (x) measure the total momentum to the left and right of x. We define
E< (x) and E> (x) similarly. The integration constants in (5.24) can be chosen arbitrarily.
For convenience, we follow [4, 13] and choose the constants in a parity symmetric way
λ
const1 = −
2

Z ∞
−∞

P (x) dx,
0

λ
const2 = +
2

Z ∞
−∞

E 0 (x) dx.

(5.26)

We then have
λ
∆T (x) = − (P> (x) − P< (x)) ,
2

λ
∆X(x) = − (E< (x) − E> (x)).
2

(5.27)

In the infinite past, the spatial ordering of the particles is equivalent to their momentum
ordering, which is special to 1+1 dimensional physics. Keeping this in mind, we have 6


A†in (pk )

=

a†in (pk )





N
X
X
iλ k−1

× exp −
(ej pk − pj ek ) +
(ek pj − ej pk ) ,
2 j=1
j=k+1

(5.28)

There is a relative sign between the two terms in the exponent since in our definition of E µ , the
P
eigenvalue of E 0 is − i p2i .
6
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Notice that for the TT deformation, the gauge field is left untouched.
Comparing the two expansions (5.19) and (5.21), we find that the two sets of modes
are related by
A†in (p) = a†in (p) eiωp ∆T −ip∆X ,
(5.22)

where ek = ωpk = p2k is the energy of the k-th particle. As a result, the deformed and
undeformed in-states are related by a phase factor


|{pj }in iλ = exp −iλ


X

(ej pk − pj ek ) |{pj }in i0 ,

(5.29)

j<k

which takes the same form as in the relativistic case. A similar analysis can be done for
the out-states. Therefore, we conclude under TT deformation, the S-matrix is deformed in
the same way as in relativistic QFT
−iλ

P
j<k

(ej pk −pj ek ) −iλ

e

P
j<k

(ēj p̄k −p̄j ēk )

S0 ({pi }, {p̄j }) ,

(5.30)

where {pi } and {p̄j } are the momenta for the in- and out-states.
The hard rod deformation. Now we consider the hard rod deformation. The mode
expansion in the dynamical coordinates and gauge field is given by
φin =

Z

dp
√ Ain (p)e−iωp t+ipX+imΘ ,
2π

φ†in =

Z

dp
√ A†in (p)eiωp t−ipX−imΘ .
2π

(5.31)

Notice that the time coordinate is unchanged in this case, but the gauge θ is changed. The
two sets of modes are thus related by
A†in (p) = a†in (p)e−ip∆X−im∆Θ ,

(5.32)

where ∆Θ = θ − Θ. From (5.6), we find
∂µ (∆X) = +λµν J ν ,

∂µ (∆Θ) = −λµν P ν .

(5.33)

Integrating these equations along the spacial direction in the asymptotic past as before,
we obtain
λ
∆X(x) = − (M< (x) − M> (x)),
2

λ
∆Θ(x) = − (P> (x) − P< (x)),
2

(5.34)

where M< (x) and M> (x) are the total mass to the left and right of x, respectively. Similar
considerations like before lead to the following deformed S-matrix
SHR
λ ({pi }, {p̄j }) = e

+iλ

P
j<k

(mj pk −pj mk ) +iλ

e

P
j<k

(m̄j p̄k −p̄j m̄k )

S0 ({pi }, {p̄j }) ,

(5.35)

where {mk } and {m̄k } are the masses of the particles of the in- and out-states. For simple
theories with only one type of particle, we have mk = m̄k = m.
Let us comment on an important difference between the hard rod and TT deformation.
In the hard rod case, the temporal direction is not modified. Therefore the non-locality only
occurs in the spatial direction. Alternatively, we can integrate the first equation of (5.33)
by taking the integration constant to be zero. This leads to
X(x) = x − λ

Z x
−∞
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STT
λ ({pi }, {p̄j }) = e

Let us assume for simplicity that there is only one type of particle with mass m and take
λ > 0. In this case, we have
X(x) = x − (λm) × {number of particles to the left of x}.

(5.37)

The JE deformation. Finally, we consider the JE deformation. The mode expansion
in the new coordinates and background gauge field is
φin =

Z

dp
√ Ain e−iωp T +ipx+imΘ ,
2π

φ†in =

Z

dp
√ A†in eiωp T −ipx−imΘ .
2π

(5.38)

The two sets of modes are related by
A†in (p) = ain (p) eiωp ∆T −im∆Θ .

(5.39)

Using (5.8), we have
∂µ (∆T ) = λµν J ν ,

∂µ (∆Θ) = −λµν E ν .

(5.40)

Integrating along the spacial direction and choosing the parity symmetric integration constants, we find in the asymptotic past
λ
∆T (x) = − (M<x − M>x ),
2

λ
∆Θ(x) = − (E>x − E<x ).
2

(5.41)

It follows that the deformed S-matrix is given by
SJE
λ ({pi }, {p̄j }) = e

−iλ

P
j<k

(mj ek −mk ej ) −iλ

e

P
j<k

(m̄j ēk −m̄k ēj )

S0 ({pi }, {p̄j }) .

(5.42)

We found that the deformed S-matrices for the three bilinear deformations have similar
structures. In fact, this structure holds in more general situations. For integrable theories,
one can construct similar solvable bilinear deformations using the higher conserved currents.
They lead to similar CDD factors, as has been shown in [9].
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As alluded in the introduction, this new coordinate has an intuitive physical interpretation [8, 9]. Suppose instead of considering a collection of point particles that we consider
hard rods of size mλ. The new coordinate X(x) is measuring the free space between the
rods to the left of x. The phase factor in the deformed S-matrix precisely takes into account
the fact that the ‘particle’ now has a finite size. Therefore, the hard rod deformation makes
the point particles to finite-sized hard rods, which is the origin of its name. For λ < 0, the
interpretation is that the distance between the particles is increased.
For TT deformation, similar interpretation applies to the change of coordinates in the
spacial direction x → X. Namely, particles become hard rods under the deformation.
The size of each rod is proportional to the energy of the rod. On the other hand, for
TT deformation, the temporal coordinate is also transformed t → T . Therefore the nonlocality is also in the time direction. For JE deformation, only the temporal coordinate
is transformed. The physical interpretation for the change of coordinates in the temporal
direction seems to be more subtle. This is also reflected in the fact that the deformed
Lagrangians of the TT and JE deformations are much more complicated than the hard rod
deformed one.

6

Conclusions and discussions
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We have shown that for non-relativistic QFTs, three fundamental solvable bilinear deformations can be defined: TT, hard rod, and JE. These deformations can be interpreted as
coupling the undeformed QFT to specific Newton-Cartan geometries. The gravity formulations offer us a geometrical perspective for such deformations and provide us with powerful
tools to compute important physical quantities. Classically, we computed the deformed
Lagrangians in closed forms for the Schrödinger model with a generic potential. Quantum
mechanically, we derived the deformed quantum S-matrices for the three deformations.
There are many future directions one can pursue based on the current work. One
immediate question is the quantization of the Newton-Cartan gravities in this paper. This
question is of great conceptual importance and may shed light on the relativistic case as
well. Technically quantizing Newton-Cartan gravity can be anticipated to be more tractable
because of a preferred time foliation [61, 62]. Furthermore, it gives a new route to reach
relativistic quantum gravity by considering relativistic corrections after quantization [84,
85]. One exciting and concrete question in the non-relativistic context is the hard rod
deformation of the free boson. On the one hand, it is shown that quantum mechanically,
the deformed theory describes a collection of free hard rods [8, 9], interacting only when
they touch each other. This quantum mechanical model has been known for a few decades
and has been studied extensively (see for example [86–88]). On the other hand, our work
gives a rather different, although not completely unexpected, formulation of the model —
coupling the free boson to a non-relativistic gravity theory. This paper has mainly focused
on the classical aspects of the gravity formulation, although we also derived the deformed
S-matrix. It is interesting to study the quantum aspects of the gravity theory and make
more direct contacts to the quantum hard rod model.
In the relativistic case, the topological gravity theory that appears is similar to JackiwTeitelboim gravity. Recently non-relativistic formulations of Jackiw-Teitelboim (JT) gravity have been studied [67, 68]. It would be interesting to explore the connection with the
gravity approach further. Through the JT/SYK correspondence, this relates to the nonrelativistic regime of the Sachdev-Ye-Kitaev (SYK) model on the boundary. This could
also provide a path to quantizing the geometry through the relation to the BF formalism.
Another interesting direction is to explore the relations with TT deformations of relativistic theories. It is well-known that a non-relativistic QFT in D dimension can be
obtained from relativistic QFTs in at least two ways: The first one is by a null reduction
of a D + 1-dimensional QFT, which is discussed in more detail in appendix C; the other
is by performing a 1/c expansion of a D-dimensional relativistic QFT where c is the speed
of light. In the context of solvable deformations, both relations are interesting to explore.
From the null reduction perspective, the Schrödinger model we considered in this
paper can be obtained by a 3d Klein-Gordon model with a generic potential. The three
fundamental currents J µ , P µ and E µ are different components of the stress-energy tensor
of the 3d theory. It would be fascinating to see whether we can ‘uplift’ the deformations
we defined in this paper to the 3d theory in some proper sense. This might give a concrete
clue for defining a TT like deformation for QFTs in higher dimensions, at least in 3d.

Note added. While finishing this paper, we became aware of the paper [118], which has
some partial overlap with our work. In particular, the dynamical change of coordinates
and the deformed classical Lagrangian of the TT deformation are derived independently.
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A

Review of D-dimensional Newton-Cartan geometry

In this appendix, we review Newton-Cartan geometry in general D = d + 1 dimensions, of
which there are actually two related but distinct types. We will study the significance of
torsion and non-metricity in the connections, where the situation is fundamentally different
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From the 1/c expansion perspective, we can start with a relativistic QFT, TT deform
it, and perform the 1/c expansion. If such a procedure is well-defined, it gives another way
to define a TT deformed theory. As an interesting example, it is known that the LiebLiniger model can be obtained from the Sinh-Gordon theory by taking the non-relativistic
limit [89, 90]. The TT deformation of the Sinh-Gordon model has been studied in [2, 6].
Therefore, it is interesting to take the 1/c expansion of the deformed Sinh-Gordon model
and compare it with what we obtained in the current work. We expect the results to be
rather different since it is known that the 1/c expansion is typically related to the Type II
Newton-Cartan gravity, which is briefly studied in appendix A.1.2. It would be interesting
to clarify the details and generalize to other theories.
Yet another interesting direction is to study the holographic dual of the deformed
non-relativistic theories. In the relativistic case, there have been several proposals for the
holographic dictionary [21, 91–93]. It would be interesting to see how these proposals
are generalized to the non-relativistic cases. We emphasize that the hard rod and JE
deformations are new in the non-relativistic contexts, and it would be exciting to see their
holographic interpretations. To explore the holographic dictionary, it is necessary first to
study the deformed theories coupled to non-relativistic conformal Type I Newton-Cartan
geometry, which has local Schrödinger symmetry [32, 40, 44, 94]. Such theories exhibit a
larger symmetry and should be under more analytical control. As a result, more physical
quantities can be computed. It would be interesting to compute physical quantities such
as the spectrum [1, 2], partition functions [95–100], and correlation functions [22, 101–107]
more explicitly in these cases.
Finally, it is known that the TT deformation has a deep connection with string theory,
see for example [108–116]. It would be interesting to explore similar connections between
our three bilinear deformations and the non-relativistic string theories [56–63]. Some of
these questions have been investigated recently in [117] for the TT deformation. We believe
our results in this paper will be helpful to pursue this direction further.

from Lorentzian geometry. Finally, we will study matter theories on these geometries, their
currents, and on-shell Ward identities.
A.1

Newton-Cartan geometries

Newton-Cartan geometry essentially consists of the metrics7 τµ , hµν satisfying
τµ hµν = 0

(A.1)

∆tAB =

Z
γ

Z tB

τ=

tA

τµ (x(t)) ẋµ (t)dt,

(A.2)

which need not be the same as that of another observer with worldline γ 0 between the same
events because of local time-dilation. On the other hand, hµν is the inverse spatial metric,
which is degenerate and of corank 1 because of τµ hµν = 0.
The metrics satisfy the completeness relations
− τν v µ + hµρ hρν = δνµ ,

(A.3)

and they transform as
δτµ = Lξ τµ ,

(A.4)

δhµν = Lξ hµν + τµ λν + τν λµ ,

(A.5)

δv = Lξ v + h λν ,
µ

δh

µν

µ

(A.6)

µν

= Lξ h ,

(A.7)

µν

where λµ satisfying v µ λµ = 0 is the Galilean boost parameter and ξ µ is a diffeomorphism
generating vector field as in (2.7). τµ , hµν are thus tensorial, while v µ , hµν transform under
Galilean boosts, corresponding to ambiguity in defining them as proper inverses.
We can define the (inverse) vielbeine with Galilean frame bundle covariance as




EµA = τµ , eaµ ,

µ
EA
= (−v µ , eµa ) ,

(A.8)

where the spatial vielbeine now gets a spatial frame index a, b, . . . = {1, . . . , d = D − 1}.
Written out in components the completeness relations are
τµ eµb = 0,

τµ v µ = −1,

eaµ eµb = δba ,

eaµ v µ = 0,

−τµ v ν + eaµ eνa = δµν .

(A.9)

The spatial metrics are related to the vielbeine as
hµν := δ ab eµa eνb ,

hµν := δab eaµ ebν .

(A.10)

In section 2 we considered eµ as the fundamental object instead of hµν , but this was only because in
D = 2 we have that since hµν is of rank 1, it factorises as hµν = eµ eν .
7
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and their projective inverses −v µ , hµν [23, 24]. τµ is called the clock-form and gives the
local direction of time. The total time elapsed for an observer following her world-line γ
between two events A and B is

Flat spatial indices can be raised and lowered at will with δ ab and δab , but the same is not
true for the zero indices. The vielbeine transforms under local Galilean transformations as
δτµ = Lξ τµ ,

(A.11)

δeaµ = Lξ eaµ + λa b ebµ + λa τµ ,

(A.12)

Lξ v + eµa λa ,
Lξ eµb + λb a eµa ,

(A.13)

δv =
µ

δeµb

=

µ

(A.14)

A.1.1

Type I

Type I Newton-Cartan geometry is the type we have considered in the main text, where the
local frame bundle symmetry is the Bargmann group [25, 69, 121, 122]. We have here that
the extra field is the U(1) gauge field mµ . It is closely related to the Newtonian potential
with Φ = −v µ mµ being the Newtonian potential. It transforms as
δmµ = Lξ mµ + λa eaµ + ∂µ σ,

(A.15)

where σ is an arbitrary function.
The geometry can likewise be obtained by gauging the Bargmann algebra [25]. It
can also conveniently be embedded in a D + 1 dimensional Lorentzian spacetime with a
null Killing vector as we will review in appendix C. It is not the geometry that describes
Newtonian gravity in a covariant formulation unless dτ = 0, but it has other applications
as advertised in the main text. See [27, 123] for more details.
A.1.2

Type II

Type II Newton-Cartan geometry is the geometry that arises in the large speed of light
c expansion of general relativity when expanded in 1/c2 in a covariant fashion [27, 124–
126]. In addition to the fundamental Newton-Cartan metrics τµ , v µ , hµν , hµν , which are
leading order, there are also two next-to-leading order gauge fields mµ and Φ̄µν . The mµ
here is not a U(1) gauge field as it has additional terms proportional to dτ compared
to (A.15); it is a so-called torsional-U(1) gauge field. The transformation properties of mµ
only coincides with its Type I cousin when dτ = 0. The fields all arise from the large
speed of light expansion9 in 1/c2 of any D-dimensional Lorentzian metric, which can be
expanded systematically as




gµν = −c2 τµ τν + h̄µν + c−2 Φ̄µν + O c−4 ,








g µν = hµν − c−2 v̂ µ v̂ ν + hµρ hνσ Φ̄ρσ + O c−4 ,
8
9

(A.16)

There is also many other interesting extended geometries, see for example [119, 120].
One can also do the more general 1/c expansion, which introduces several new fields, see [127, 128].
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where λab is a local spatial rotation and λa = eµa λµ is a local Galilean boost. We review the
Galilei algebra and other non-relativistic algebras in appendix B. The elemental NewtonCartan geometry and its curvature tensors can also elegantly be obtained as the gauging
of the Galilei algebra [70].
Depending on what extra fields there are present, we can define two distinct types of
Newton-Cartan geometry, whose properties we review below.8

where10
h̄µν := hµν − 2τ(µ mν) ,
1
Φ̂ := −v µ mµ + hµν mµ mν ,
2
µ
µ
µν
v̂ := v − h mν ,

(A.17)
(A.18)
(A.19)

all are invariant under local Galilean boosts and satisfy the completeness relation [70, 71]
− τν v̂ µ + hµρ h̄ρν = δνµ .

(A.20)

A.2

Connections and curvatures

To form diffeomorphic invariant actions, we must introduce covariant derivatives ∇µ . It is
natural to require the covariant conservation of the metrics through
0 = ∇ρ τµ = ∂ρ τµ − Γλρµ τλ ,
0 = ∇ρ h

µν

= ∂ρ h

µν

+

Γµρλ hλν

(A.21)
+

Γνρλ hµλ ,

(A.22)

where Γρµν is the affine connection. Any connection that satisfies this is a Newton-Cartan
metric-compatible connection [72, 73, 75]. Notice that this does not imply that v µ and
hµν are covariantly constant because of the degenerate metric structure. Equation (A.21)
implies that the temporal part of torsion of a Newton-Cartan connection is always fixed
to be
(dτ )µν = 2∂[µ τν] = τρ Γρ[µν] .
(A.23)
There is no equivalent of the Levi-Civita connection because there is no unique solution
to requiring torsionlessness and metricity. Contrary to Lorentzian connections, we can
see from (A.21) that requiring a torsionless connection actually puts a constraint on the
temporal vielbein. This serves as another indication that both torsion and non-metricity
are natural features of Newton-Cartan geometry, a statement that can be made precise
by studying Galilean frame bundles [75]. Depending on the properties of (dτ )µν we may
subdivide Newton-Cartan geometry into three different classes:
10

These fields can likewise be defined in Type I Newton-Cartan geometry, where they are also boost
invariant, but not U(1) invariant.
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With these, it is easy to form objects that are guaranteed to be Galilean boost invariant.
The Lorentzian metric can, in principle, be expanded to any order. The gauge transformations of the next-to-leading order fields mµ and Φ̄µν can be traced back to be the result
of subleading diffeomorphisms. This is the geometry that describes Newtonian gravity in
a covariant formulation. When dτ = 0, Φ̄µν decouples and the two geometries coincides,
but they are distinct with different couplings to matter. Relativistic matter fields can be
expanded in 1/c2 in a similar spirit. One can then also expand the Lagrangian of the
matter fields coupled to Lorentz geometry systematically order-by-order. The higher the
order, the more relativistic effects are taken into account.
From now on, we focus on Type I Newton-Cartan geometry, although many statements
are identical or have closely related equivalents in Type II. We refer the reader to for
example [27, 123, 126, 127, 129, 130] for more information and applications.

dτ = 00. This is torsionless Newton-Cartan geometry. In this class, there exists a notion of
absolute time t as we have (up to topological obstructions)
(dτ )µν = 0

=⇒

τµ = ∂µ t.

(A.24)

As can be seen from (A.2), all observers agree on the time interval between two events
H
independent of their worldline as the closedness of τµ implies τ = 0.

τµ = e−Ψ ∂µ T,

(A.25)

where Ψ = Ψ(x) is known as the Luttinger potential measuring the local time dilation
and T = T (x) is the time-function, which can also be taken as a coordinate.
τ ∧ dτ 6= 00. This is known as general torsional Newton-Cartan geometry (TNC). It is
acausal because locally any two points can be connected with space-like curves, i.e.,
one with tangent vectors τµ ẋµ = 0 [131]. For our purposes of coupling a field theory
to a background geometry, this is the relevant one: Only in this case can we do
completely arbitrary variations as τµ is unconstrained.
The canonical choice for a connection is
1
Γ̌λµν := −v λ ∂µ τν + hλσ (∂µ hνσ + ∂ν hµσ − ∂σ hµν ) ,
2

(A.26)

which has both torsion
2Γ̌λ[µν] = −2v λ ∂[µ τν]

(A.27)

ˇ µ τν = ∇
ˇ µ hνρ = 0 we have
and non-metricity, as besides ∇
ˇ µ v ν = 1 hνρ Lv hρµ ,
∇
2

ˇ µ hνρ = τ(ν Lv hρ)µ ,
∇

(A.28)

where Lv is the Lie derivative along the flow of v µ . The connection (A.26) is U(1) invariant
as it is only built from the vielbeine, but it transforms under local Galilean transformations. This is in contrast with the Levi-Civita connection, which is invariant under local
Lorentzian transformations. It is still, in a sense, the closest we get to a “Levi-Civita
connection" in NC geometry: It has the minimal torsion allowed as the spatial torsion
2eaλ Γ̌λ[µν] = 0 is zero.
Another natural connection to work with is the manifestly boost invariant connection


1
Γ̄λµν := −v̂ λ ∂µ τν + hλσ ∂µ h̄νσ + ∂ν h̄µσ − ∂σ h̄µν ,
2

(A.29)

where the boost invariant fields v̂ λ , h̄µν are given by (A.17), (A.19). The connection is
torsionful with
2Γ̄λ[µν] = −2v̂ λ ∂[µ τν]
(A.30)
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τ ∧ dτ = 00. This is known as twistless torsional Newton-Cartan geometry (TTNC). In
H
general, we have τ 6= 0, so observers experience local time dilation. However, there
is a foliation of spacetime into spatial hypersurfaces of simultaneity as is guaranteed
locally by the Frobenius theorem. We can, without loss of generality, write

¯ µ τν = ∇
¯ µ hνρ = 0 we have
and non-metricity, as besides ∇


¯ ρ v µ = 1 hµλ Lv̂ h̄ρλ − hµλ τρ ∂λ Φ̂ − Φ̂(dτ )ρλ ,
∇
2
¯ ρ h̄µν = τ(µ Lv̂ h̄ν)ρ + 2Φ̂(dτ )ρ(µ τν) − 2τµ τν ∂ρ Φ̂ − 2τρ τ(µ ∂ν) Φ̂.
∇

(A.31)
(A.32)

[∇µ , ∇ν ] Xσ = Rµνσ ρ Xρ − 2Γρ [µν] ∇ρ Xσ ,
[∇µ , ∇ν ] X = −Rµνσ X −
ρ

ρ

σ

(A.33)

2Γσ[µν] ∇σ X ρ ,

(A.34)

where X µ as a vector and Xµ a covector. In components, this gives
Rµνσ ρ := −∂µ Γρνσ + ∂ν Γρµσ − Γρµλ Γλνσ + Γρνλ Γλµσ .

(A.35)

The Ricci tensor can also always be defined as
Rµν := Rµρν ρ ,

(A.36)

and as the Newton-Cartan connections are both torsionful and non-metric, the antisymmetric part is in general non-zero.
A.3

Matter currents of field theories on Newton-Cartan backgrounds

Different choices for what set of fields one varies exist and each choice defines a different set of currents as the response to said variations. Using the boost invariant fields
v̂ µ , hµν , Φ̂ one will get a set of currents with all indices down, with manifest boost invariance [43, 45, 71, 132].
The canonical set of currents, in the sense that they in flat gauge are the Noether currents and all spacetime indices are raised, is defined as the response to varying τµ , eaµ , mµ :
δbgd S [ϕ, τ, e, m] :=

Z



M



(A.37)

δS
,
δmµ

(A.38)

dD x e E µ δτµ + P µ a δeaµ + J µ δmµ ,

where e := det(τµ , eaµ ) is the measure, or equivalently
E µ := e−1

δS
,
δτµ

P µ a := e−1

δS
,
δeaµ

J µ := e−1

where here E µ is the energy current, P µ a the momentum current and J µ the mass current.
A Galilean boost relates P µ a and J µ through the on-shell Ward identity
P µ a τµ = −J µ eµa ,
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The connection depends on mµ linearly through (A.17)–(A.19) and is thus not U(1) invariant: It is not possible to write down a form where both symmetries are manifest
simultaneously using just Type I fields. One thus needs to work harder to guarantee the
Bargmann symmetry of field theories; see [71, 76] for more comments.
Whatever choice of connection one makes, we can define a Riemann curvature the
usual way through the commutator of the covariant derivatives [123]:

which shows that P µ a should be thought of as the stress-mass current. In D > 2, we also
have a rotational on-shell Ward identity
0 = eµ[a P µ b] ,

(A.40)

telling us that the spatial components of the momentum current are symmetric, also wellknown from studying the Noether currents in flat spacetime.
Diffeomorphism invariance of the Lagrangian guarantees that the currents satisfies the
following covariant conservation equations:






0 = ∂µ P µ a + e−1 ∂µ e P µ a ,





0 = ∂µ J µ + e−1 ∂µ e J µ ,
(A.41)
which can be written as a covariant Newton-Cartan derivative using for example the connections (A.26) or (A.29) if one wants to make covariance explicit, using the formula
e−1 ∂µ (eX µ ) = ∇µ X µ + 2Γρ[µρ] X µ ,

(A.42)

for any vector field X µ .

B

Non-relativistic groups

The hallmark of non-relativistic groups is that there is a notion of absolute time in the sense
that there is no boost rescaling the time coordinate [49, 69]. This is exactly not the case
for the Poincaré group ISO(1, d) = SO(1, d) n R1,d because of its Lie algebra commutator
[J0j , Pk ] = −δjk H,

(B.1)

where J0j is a Lorentz boost, Pk a spatial momentum and H the Hamiltonian generator.
The simplest non-relativistic group is the d dimensional Euclidean group ISO(d) since
there is no time direction. Its Lie algebra generators consist of spatial momenta Pi and
spatial rotation generators Jij = −Jji . The non-zero commutation relations are
[Jij , Pk ] = δik Pj − δjk Pi ,

(B.2)

[Jij , Jkl ] = δik Jjl − δjk Jil − δil Jjk + δjl Jik .

(B.3)

When including the Hamiltonian H and non-relativistic
generated by
 Galilean boosts

d
1,d
Gi , we get the Lie algebra of the Galilei group Gal(d) = SO(d) n R n R , which has
some additional non-zero commutators given by
[H, Gi ] = Pi ,
[Jij , Gk ] = δik Gj − δjk Gi .

(B.4)
(B.5)

The Galilei algebra can be obtained by İnönü-Wigner contracting the Poincaré
algebra [133].
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0 = ∂µ E µ + e−1 ∂µ e E µ ,

The Galilei group’s central extension
is non-trivial
and of special
interest and is called

 

d
1,d
the Bargmann group Barg(d) = SO(d) n R n R ⊗ U(1) [28]. Its Lie algebra has,
in addition to the above non-zero commutation relations, a new non-zero one given by
[Pi , Gj ] = N δij ,

(B.6)

C

Null reductions

In this appendix, we review how to define the null reduction of D+1 dimensional Lorentzian
geometries with a null Killing vector to obtain a D dimensional Type I Newton-Cartan
geometry. We also study how to derive Bargmann invariant matter theories from the null
reduction of relativistic ones.
C.1

Lorentzian spacetimes with a null Killing vector

The Type I NC fields fit into the null reduction of D + 1-dimensional Lorentzian metric
gM N with M = (µ, u) and N = (ν, u) [39, 140, 141]. Any Lorentzian metric with a null
isometry ∂u can be written in adapted coordinates as
!

gM N =

gµν gµu
guν guu

!

=

g µν g µu
g uν g uu

g

MN

!

=

h̄µν τµ
τν 0

=

hµν −v̂ µ
−v̂ ν 2Φ̂

(C.1)

,
!

,

(C.2)

where the Galilean boost invariant objects h̄µν , v̂ ν , Φ̂ are defined in (A.17)–(A.19). Notice
that we have the constraint guu = 0, which means that we cannot do variations with
respect to guu without leaving the null hypersurface. Thus, we can not obtain the current
corresponding to guu in the null reduced theory, but all remaining ones are available to us.
We can, of course, also decompose the Lorentzian metric in terms of vielbeine as
Â B̂
gM N = ηÂB̂ EM
EN ,

(C.3)

where the D + 1-dimensional Lorentzian vielbeine with Â = (A, u) = (0, a, u) and B̂ =
(B, u) = (0, b, u) can be written as
Â
EM

=

M
EÂ
=

τµ eµ a −mµ
0 0
1

!

,

−v µ
eµ a 0
−mµ v µ mµ eµ a 1

!

,

where the inverse vielbein is solved such that the completeness relation holds.
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where N is a central charge corresponding to particle number or mass. The algebra can be
obtained from a null reduction of the Poincaré algebra in D + 1 dimensions as well, which
lays the foundations for the next section.
There are also conformal extensions like the Galilean conformal algebra [134–136] and
the Schrödinger algebra, which has an anisotropic scaling [94, 137, 138]. Both allow for
infinite-dimensional Virasoro-like extensions [139].

These formulae are useful for null reducing relativistic theories on Lorentzian backgrounds to obtain non-relativistic theories on Type I NC backgrounds, as we shall now see
an example of.
C.2

Klein-Gordon theory

We here want to obtain the Schrödinger model on a general Newton-Cartan background by
performing a null reduction of the Klein-Gordon model [40, 43]. Our stating point is the
complex Klein-Gordon scalar field Ψ (t, x, u) with potential V (|Ψ|) coupled to Lorentzian
geometry as
Z


√ 
dD+1 x −g −g M N ∂M Ψ† ∂N Ψ − V (|Ψ|) .

(C.5)

Since we want a Bargmann scalar of mass m, the higher-dimensional field must be taken
to be of the form
Ψ (t, x, u) = e+imu φ (t, x) .
(C.6)
Using the null reduction of the metric (C.2), we can easily perform the null reduction
decomposing the metric and taking derivatives of the scalar field. The result is
SSchr =

Z



†

ν †

†



d xe imv φDµ φ − imv φ Dν φ − h Dµ φ Dν φ − V (|φ|) ,
D

µ

µν

(C.7)

where we have defined the U(1)-covariant derivative
Dµ φ := ∂µ φ + immµ φ.

(C.8)

Upon setting m = 1/2 and D = 2 one obtains the action (4.1) considered in the main text.
In addition to local Galilean symmetry, we have U(1) symmetry under
φ (x) → e−imσ(x) φ (x)
mµ → mµ + ∂µ σ (x) .

(C.9)
(C.10)

The relation to the relativistic Hilbert energy-momentum tensor found by varying the
D + 1-dimensional metric gM N
MN
THil
:=

δS
1√
−g
,
2
δgM N

(C.11)

is
µu
µν
E µ = THil
− THil
mν ,
µν
P µ a = THil
eµa ,

J =
µ

µν
−THil
τν .

(C.12)
(C.13)
(C.14)

This decomposition holds in general and can also be used to show how the lower-dimensional
currents can be used to assembly the relativistic energy-momentum tensor.
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