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Abstract

This paper addresses the following question of neural network identifiability: Does
the input—output map realized by a feed-forward neural network with respect to a
given nonlinearity uniquely specify the network architecture, weights, and biases?
The existing literature on the subject (Sussman in Neural Netw 5(4):589-593, 1992;
Albertini et al. in Artificial neural networks for speech and vision, 1993; Fefferman
in Rev Mat Iberoam 10(3):507-555, 1994) suggests that the answer should be yes,
up to certain symmetries induced by the nonlinearity, and provided that the networks
under consideration satisfy certain “genericity conditions.” The results in Sussman
(1992) and Albertini et al. (1993) apply to networks with a single hidden layer and in
Fefferman (1994) the networks need to be fully connected. In an effort to answer the
identifiability question in greater generality, we derive necessary genericity conditions
for the identifiability of neural networks of arbitrary depth and connectivity with an
arbitrary nonlinearity. Moreover, we construct a family of nonlinearities for which
these genericity conditions are minimal, i.e., both necessary and sufficient. This family
is large enough to approximate many commonly encountered nonlinearities to within
arbitrary precision in the uniform norm.
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1 Introduction

Deep learning has become a highly successful machine learning method employed in
a wide range of applications such as optical character recognition [4], image classifi-
cation [5], and speech recognition [6]. In a typical deep learning scenario, one aims
to fit a parametric model, realized by a deep neural network, to match a set of training
data points. In order to make the ensuing discussion more concrete, we begin with the
definition of a neural network and the map it realizes under a nonlinearity.

Definition 1 (Neural network) We call an ordered sequence
N =(Do,Dy,....,D; W' o' W2, 6%, ... Wk, o),

a neural network, where

— L is a positive integer, referred to as the depth of NV,

— (Dg, D1, ..., Dp)is an (L + 1)-tuple of positive integers, called the layout,

- wt= (Wfk) e RPexDe-1 g e (1, ..., L}, are matrices whose entries are referred
to as the network’s weights, and

-6t = (914.) e RP¢ ¢ e{l,..., L}, are vectors of the so-called biases.

Furthermore, we stipulate that none of the wt e e {1,..., L}, have an identically
zero row or an identically zero column.

Definition 2 Given a neural network A/ and a nonlinear function p : R — R, referred
to as the nonlinearity, we define the map realized by N under p as the function
(N)P : RPo — RPL given by

MP@) =pWEQWETCopWix 46 ) 1057 +ob), x e R,

where p acts on real vectors in a componentwise fashion.

The requirement that the matrices W in Definition 1 have nonzero rows corresponds
to the absence of nodes whose contributions depend on the biases only, and are there-
fore constant as functions of the input. Similarly, columns that are identically zero
correspond to nodes whose contributions do not enter the computation at the next
layer. The map of a neural network failing this requirement can be realized by a net-
work obtained by simply removing such spurious nodes. In practical applications,
the numbers L, Dy, D1, ..., Dy are typically determined through heuristic consider-
ations, whereas the coefficients W¢, 0¢ of the affine maps x > Wx + 0% are learned
based on training data. For an overview of practical techniques for deep learning, see
[7]. Neural networks are often studied as mathematical objects in their own right, for
instance in approximation theory [8—11] and in control theory [12,13]. In this context,
a natural question is that of identification: Can a neural network be uniquely identi-
fied from the map it is to realize? Specifically, we will be interested in identifiability
according to the following definition.
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Definition 3 (Identifiability) Given positive integers D;, and D, define A Din:Dous
to be the set of all neural networks whose layouts (Dy, ..., Dp) satisfy Dg = Dj,
and D; = D,,;, but are otherwise arbitrary. Let .4” be a subset of .4 Din-Dour pa
nonlinearity, and ~ an equivalence relation on .4 Pin-Dour

(i) We say that ~ is compatible with (¥, p) if, for all N1, N, € A,
Ni~Ny = (M) = (V)P (x), Ve RP
(ii) We say that (4", p) is identifiable up to ~ if, for all N1, N3 € N,
M) = (N2)P(x), Vx e R — Nj ~ N

Thus, by informally saying that a neural network N} in a certain class is identifi-
able, we mean that any neural network A in the same class giving rise to the same
output map, i.e., (V1) = (N2)”, is necessarily equivalent to N>. The role of the
equivalence relation ~ in the previous definition is thus to “measure the degree of
non-uniqueness,” and in particular, to accommodate symmetries within the network
that may arise either from symmetries induced by the network weights and biases
(such as the presence of clone pairs, to be introduced in Definition 5), symmetries of
the nonlinearity (e.g., tanh is odd), or both simultaneously. These abstract concepts
will be incarnated momentarily when discussing the seminal work by Fefferman [3],
and in Sect. 2 through Definitions 4 and 5, as well as in the examples leading up to
the formulation of the paper’s main results.

In [3], Fefferman showed that neural networks satisfying the following generic-
ity conditions are, indeed, uniquely determined by the map they realize under the
nonlinearity p = tanh, up to certain obvious isomorphisms of networks:

Assumptions 1 (Fefferman’s genericity conditions)

) ejf # 0, for all £ and j, and |9]‘i| # |9j‘f,|,for all £ and j, j' with j # .
(ii) Wfk # 0, for all £, j, and k, and
(iii) forall £, k and j, j' with j # j’,

Wi/ Wiy ¢ [p/q p.q€l, 1<q< 1000%] :

More precisely, for fixed positive integers D;, and D,,;, Fefferman showed that
(%?i”’D”“’ , tanh) is identifiable up to ~, where f/VADl"”’D"“’ is defined as the set of
all neural networks in ./ Din,Dour gatisfying Assumptions 1, and ~ is defined by
stipulating that A" ~4 A/ if and only if

() L =L and (Dy, D1, ...,D1) = (Dy, Dy, ..., Dy), and
(ii) there exists a collection of signs {ez, :0<l<L,1<j< Dy}, ef e {—1,+1},
and permutations y; : {1, ..., D¢} — {1, ..., D} such that
— e is the identity permutation and ef. =+41,j€{l,..., Dy}, whenever £ =0
or{ =L, and
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—forall¢e{l,...,L},ke{l,...,De_1},and j € {1, ..., D¢},

W= Wi > and 8 = iy,
It can be verified that ~ is an equivalence relation on </VA?"” Dout_Networks N, f\7 such
that V' ~+ A are said to be isomorphic up to sign changes. The permutations y, reflect
the fact that the ordering of the neurons in the hidden layers 1, ..., L — 1 is not unique,
whereas the freedom in choosing the signs € reflects that tanh is an odd function. It can
be verified that any two networks isomorphic up to sign changes give rise to the same
map under the tanh nonlinearity, so ~4 is compatible with (L/VA?" nDour tanh). The crux
of Fefferman’s result therefore lies in proving the converse statement, namely that two
networks giving rise to the same map with respect to tanh are necessarily isomorphic
up to sign changes. This is effected by the insight that the depth, the layout, and the
weights and biases of a network N € E/VA?""’D"“’ are encoded in the geometry of the
singularities of the analytic continuation of ()@,

We note that Fefferman distilled the precise conditions of Assumptions 1 from his
proof technique, in order to define a class of neural networks that is, on the one hand,
sufficiently small to guarantee identifiability, and on the other hand, sufficiently large to
encompass “generic” networks. Indeed, if we consider the network weights and biases
wh ol ..., wk, 0L) aselements of the space RD1xDo 5 RD1 5 ... x RPL*DL-1
RPL, then Assumptions 1 rule out only a set of measure zero. In the contemporary
practical machine learning literature, however, a network satisfying Assumptions 1
would hardly be considered generic, as Part (i) of Assumptions 1 implies that all
biases are nonzero, and Part (ii) imposes full connectivity throughout the network.

Indeed, Fefferman remarks explicitly that it would be interesting to replace Assump-
tions 1 with minimal hypotheses, and to study nonlinearities other than tanh. The
present paper aims to address these two issues. Characterizing the fundamental nature
of conditions necessary for identifiability with respect to a fixed nonlinearity, even a
simple one such as tanh, is likely a rather formidable task. In fact, the minimal identifi-
ability conditions may generally depend on “fine” properties of the nonlinearity under
consideration, and it is hence unclear how much insight can be obtained by having
conditions that are specific to a given nonlinearity. We will thus be interested in an
identification result with very mild conditions on the weights and biases of the neural
networks to be identified, while still accommodating a broad class of nonlinearities.

2 Contributions

We begin with two motivating examples. These lead up to the statements of our main
contributions, whose corresponding proofs are developed in the remainder of the paper.
We consider nonlinearities p which are not necessarily odd (as tanh), and thus need
an equivalence relation which dispenses with sign changes.

Qeﬁnition 4 (Neural network isomorphism) We say that the neural networks N and
N are isomorphic, and write " ~ N/, if

() L =L and (Dy, D1, ...,D1) = (Dy, Dy, ..., Dy), and
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(i1) there exist permutations yp : {1, ..., D¢} — {1, ..., D¢} such that

— y, is the identity permutation for £ = 0 and £ = L, and
—forall¢ efl,...,L},ke{l,...,De_1},and j € {1, ..., D¢},

Wik =Wy w> and 85 =0y,
In the remainder of the paper, we will work exclusively with isomorphisms in the sense
of Definition 4. Note that any two isomorphic networks give rise to the same map with
respect to any nonlinearity p, and thus 2~ is an equivalence relation compatible with any
pair (.4, p). The requirement that y, be the identity map for ¢ € {0, L} in the previous
definition again corresponds to the fact that the inputs and the outputs of a neural
network are not generally interchangeable. Indeed, suppose that N : R? — R2,
NP(x,y) = (x,2y) is the map of a neural network with respect to some nonlinearity p.
Let N1, N2, and N3 be the networks obtained from A by interchanging the inputs of A/,
the outputs of NV, and both inputs and outputs, respectively. Then, NV, lp (x,y) = (y,2x),
sz(x, y) = (2y, x), and Nf(x, y) = (2x, y) are, indeed, distinct functions. We
now give an example that Fefferman uses to motivate the necessity of restricting the
class of all neural networks .4 Pin-Pout to a smaller class to be identifiable up to
an equivalence relation. In Fefferman’s case, the equivalence relation is ~ 4, but the
example is equally pertinent to the relation ~~. Suppose that A is a neural network
with L > 2, and £, ji, jawith 1 <€y < L—1and1 < j; < jo < Dy, are such that
Oflo = 9;7720 and Wflok = szok, for all k. Then, if AV is obtained from N by replacing
Wf;.’IH and Wf‘/?;l with an arbitrary pair of numbers Wf;’irl and Wf});r] such that
Wf?lﬂ + Wf;?;rl = VT/f;?1+l + Wf;?2+1, then (N)? = (N)?, for any p. This example
motivates the following definition.

Definition 5 (No-clones condition) Let N be a neural network as in Definition 1. We
say that NV has a clone pair if there exist £ € {1, ..., L} and j, j' € {1, ..., D¢} with
j # j' such that

4 ¥4 ¥4 _ 4 4 4
OL W Wiy, = O Wh W ).

If AV does not have a clone pair, we say that A/ satisfies the no-clones condition.

As the nonlinearity p in the example above is completely arbitrary, the no-clones
condition is necessary to have any hope of obtaining identifiability up to ~. Hence,
with our program in mind, given positive integers D;, and D,,;, we define

N Pin-Dou — (N g Pin-Lous ;- \[ satisfies the no-clones condition},

Dy, Dour

and seek nonlinearities p such that (_4;,¢ , p) isidentifiable up to . As any class
strictly containing J%,?i > Dous , paired with any nonlinearity, fails identifiability up to =,

the no-clones condition furnishes a canonical minimal assumption for identifiability

up to ~~. Similarly to JK“[;"”’D”“’, the class J%,?“”D"“’, paired with any measurable

nonlinearity p such that lim p(x) and lim p(x) exist and are not equal, satisfies
X— 00 X—>—00
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the universal approximation property in the sense of Hornik [14] and Cybenko [15].
The following example demonstrates that insisting on the no-clones condition as the
only assumption on the weights, biases, and layout will necessarily come at the cost
of restricting the class of nonlinearities that allow for identifiability. Let p(x) =
min{1, max{0, x}} be the clipped rectified linear unit (ReLU) function. Note that

1 1
0 (p(x)—ip(Zx)—Ep(Zx—l) —i—()) =0, forallx € R.

Now, given an arbitrary neural network N' = (W!,0', W2, 62, ..., Wl oL) with
Dy = 1 satisfying the no-clones condition, the network

_(w! ol w2 92 LL1><8> 1
No (W,@,W,@,...,W,e,(%,],l 5 —5).0

also satisfies the no-clones condition, and yields the identically zero output, i.e., /\/'Op =
0. We have thus constructed an infinite collection of distinct networks satisfying the
no-clones condition and all yielding the identically zero map. The class of identically
zero output maps therefore contains networks of different depths and layouts, and
thus identifiability up to ~~ fails. This leads to the conclusion that a uniqueness result
for neural networks with the clipped ReLU nonlinearity would need to encompass
genericity conditions more stringent than the no-clones condition. Nonetheless, we are
able to construct a class of real meromorphic nonlinearities o yielding identifiability
without any assumptions on the neural networks beyond the no-clones condition, and
which is large enough to uniformly approximate any piecewise C' nonlinearity p with
o' € BV(R), where

BV(R) = {f eL'® :Iflsvw) =  sup / f@)@' (x)dx < OO}
peCl(®) /R
lollLoor) =<1

is the space of functions of bounded variation on R.
Concretely, we have the following main result of this paper.

Theorem 1 (Uniqueness Theorem) Let D;, and D,,; be arbitrary positive integers.
Furthermore, let p be a piecewise C' function with p' € BV (R) and let € > 0. Then,
there exists a meromorphic function o : D — C, D D R, c(R) C R such that
lo —ollLeom®) < € and (/VD’" Dout , 0) is identifiable up to ~.

We note that, having fixed the input and output dimensions D;, and D,,;, the depths
and the layouts of the networks in </V in-Dourgre completely arbitrary. Examples of
nonlinearities p (x) covered by Theorem 1 include many sigmoidal functions such as
the aforementioned clipped ReL.U, the logistic function 1 — + —, the hyperbollc tan-

gent tanh(x), the inverse tangent arctan(x), the softsign function =7 +|X‘, the inverse

square root unit ——— \/; the clipped identity m, and the soft clipping function
14e™*

Fea T where a > 0 is fixed in the last two cases. Unbounded nonlinearities

1logl
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such as the ReLU are not comprised. The nonlinearities o for which we have iden-
tifiability, unfortunately, need to be constructed, and, at the present time, we do not
have an identification result for arbitrary given o. Furthermore, we remark that the
statement of Theorem 1 is “not continuous” in the approximation error €. Indeed,
while the clipped ReLU function satisfies the conditions of Theorem 1, as shown in
the example above, there exist non-isomorphic networks Ao and Ny satisfying the
no-clones condition and (NVp)?(x) = 0 = (No)?(x), for all x € RP0, where p is
the clipped ReL.U function. We will see that Theorem 1 is, in fact, a consequence of
the following result, which states that the maps realized by pairwise non-isomorphic
networks with Dy = 1, under a nonlinearity o according to Theorem 1, are linearly
independent functions R?0 — R.

Theorem 2 (Linear Independence Theorem) Let D;,, be an arbitrary positive integer,
let p be a piecewise C' function with p' € BV (R), and let € > 0. Then, there exists a
meromorphic functiono : D — C, D DR, 0 (R) C Rsuch that ||p — ollpo®) < €

with the following property: Suppose that N;, j = 1,2,...,n, are pairwise non-
isomorphic (in the sense of ) neural networks in %CDi”’l. Then, {{(N;)° 7:1 U {1}

is a linearly independent set of functions RP0 — R, where 1 denotes the constant
function taking on the value 1.

Remark The function 1 is included in the linearly independent set both for the sake of
greater generality of the statement, and to facilitate the proof of Theorem 2.

Unfortunately, Theorem 2 does not generalize to multiple outputs D,,; > 1, as
shown by the following example: Fix an arbitrary network N\ according to Definition 1
such that L > 2, D; = 4, 0; = 0, and N satisfies the no-clones condition. Define
U™ € R2*DPr-1 e {1, 2, 3, 4}, as the submatrices of wt consisting of the rows 1
and 3, 1 and 4, 2 and 4, and 2 and 3, respectively. Furthermore, define the networks

Ny = (Do, D1, ..., Dr_1,2; W' o', w2 02, ..., wt=! ol=1 ym o),
form € {1,2,3,4}. As N satisfies the no-clones condition, the networks N,,, m €
{1, 2, 3, 4}, also satisfy the no-clones condition, and are pairwise non-isomorphic.

Now, let p be an arbitrary nonlinearity, and write (N')? = (f1, f2, f3, fa), where
fm i RPO — R, m e {1,2,3,4}. Then,

NP = (f1, ), V2P =(fi, o), (N3)’ = (f2, fa), and (N4)” = (f2, f3),

and so

o 0 o o _(0+fi—fi+tfoa—f2) _
Wiy = 3+ P — Ny = (TR T AT ) o,

The set {(J\/m)p}i _ is hence linearly dependent, showing that Theorem 2 cannot
be generalized to multiple outputs by replacing 4,2 with A2 P We now

provide a panorama of the proofs of Theorems 1 and 2. The proof of Theorem 1 is

@ Springer



180 Constructive Approximation (2022) 55:173-224

by way of contradiction with Theorem 2. Specifically, assume that D;,, Dy, p, and
€ > 0 are as in the statement of Theorem 1, and let o be a nonlinearity satisfying the

conclusion of Theorem 2 with these D;,, p, and €. For a network N € N;,Din:Dour
we write the map (M) = ((M))1, ..., (N)?)p,,) in terms of the coordinate

functions (N)?); : RPin — R, j € {1,..., Dous}. Now, let N1, N> € N Din: Dour
be networks such that (A7) (x) = (N5)? (x), for all x € RPin, and suppose by way
of contradiction that they are non-isomorphic. We construct a network M containing
both N} and N, as subnetworks (a precise definition of “subnetwork” is given in
Sect. 3, Definition 9). It follows that M contains subnetworks M,, ; € J%,?i"’l with
maps satisfying (M,, ;) = ((./\/m)")j, form € {1,2}and j € {1,..., Dyys}. We
then show that, as a consequence of N] and N> being non-isomorphic, there exists a
j €{l,..., Doy} such that M ; and M5 ; are non-isomorphic. But then

0-1+ (M ;)7 — (M ;)7 = ((M)%); — ((N2)7); =0,

which stands in contradiction to Theorem 2. This completes the proof of Theorem 1.

The proof of Theorem 2 is significantly more involved, as it requires extensive “fine
tuning” of the function o. Let 0 : D — C be as in the statement of Theorem 2. In
addition to the properties stated in Theorem 2, the function o we construct exhibits
the following convenient structural properties:

(1) The domain D C C of ¢ is the complement of an (infinite) discrete set of poles,

(2) o isi-periodic,i.e., 0(z +1) = 0(z), forall z € D, and

(3) for any network N € .41, the natural domain Do C C of (N)°, viewed
as a holomorphic function, is the complement of a closed countable subset of C,
and therefore a connected open set.

These three properties are all satisfied by the function tanh(sx -), and are essentially
the key insight leading to Fefferman’s identifiability result in [3], which establishes
that, under the genericity conditions stated in Assumptions 1, a neural network can
be read off from the asymptotic (as the imaginary part of the argument tends to infin-
ity) locations of the singularities of the map it realizes under the tanh nonlinearity.
The properties (1)—(3) will be key to our results as well, but instead of studying the
set of singularities of the map in its own right, our proof of Theorem 2 will proceed
by contradiction. The proof consists of three steps that we call amalgamation, input
splitting, and input anchoring, and involves the use of analytic continuation, graph-
theoretic constructions, and Kronecker’s theorem [16], the latter two of which are
novel tools in this context and signify a significant departure from Fefferman’s proof
technique in [3]. We now briefly describe the proof of Theorem 2 according to the afore-
mentioned program. Suppose that A7, ..., N, are pairwise non-isomorphic neural
networks satisfying the no-clones condition. For the sake of simplicity of this infor-
mal discussion, we assume that L{ = Ly = --- = L,, D(l) = D% =...= D(')’ =1,
and Dil = D%z =...= DZ,I = 1. By way of contradiction, we suppose that there
exists a nontrivial linear combination such that Ag1(x) + Z?:l )Lj./\f](.’ (x) =0, for all
x e R

Amalgamation. In Sect. 3, we construct a neural network M € e/%,b", called the
amalgam of {J\/j};?= |» containing each A; as a subnetwork. In particular, we have
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(M)); = (N;j)?, forall j € {1, ...,n}.Thelineardependenceof{(/\/’j)"}’}:1U{1}
thus translates to ‘

Mo+ Y A(IM))(2) =0, ()
j=1

for all z € R. By our construction of o, the natural domains D(/\/’j.)cf = D(<M)a)j
are complements of closed countable sets, and hence, by analytic continuation, (1) is
valid for all z € ﬂ;': 1 D)o - Now define .7 to be the set of all neural networks

in U _, J%,lcm with linear dependency as in (1) between the output functions and
the constant function. Note that .# is non-empty, simply as M € .#. We then fix
a network M’ € .# of minimum size (the precise definition of size will be given
in the proof of Theorem 4). Write (1, D{W, e D,Q/l/) for the layout of M’, and
let (wy, ..., a)Der) be the weights of the first layer of M’ (i.e., the entries of W'

according to Definition 1). At this point, the proof splits into two cases, depending on
whether there exist j, j € {1, ..., D{W},j # j', such that w; /wj is irrational.
Input splitting, the easy case. Provided there do exist such j and j’, we use Kro-
necker’s theorem [16] and the properties (i)—(iii) of o to construct a network M” € .#
with layout (k, D{W, - Dﬁ/l/), forsome k € {2, ..., wa}, and first-layer weights

w! e RP Mk such that the first k rows of W! form a k x k identity matrix.

Input anchoring. We then construct a third network ' € .#, obtained by fixing
k — 1 of the k inputs of M” to specific real numbers, and “cutting out” all the parts
of the network whose contributions to the output map have become constant in the
process. The resulting network A will be a network in .# of size smaller than M’,
which contradicts the minimality of M’, and thereby completes the proof.

Input splitting, the hard case. If, however, all the ratios w; /w:, j # j’ are rational,
the input splitting construction described above cannot be carried out. This problem
will be remedied by further refining our initial construction of o. Specifically, we will
ensure that the real parts of the poles of o form a subset of R satisfying what we call
the self-avoiding property, to be introduced in Sect. 5. This will enable an alternative
construction of a network M” with at least two inputs. The resulting M” will, however,
not be a neural network in the sense of Definition 1, but rather a generalized network
in the sense of Definition 8, to be introduced in Sect. 3.

Input anchoring. Finally, we apply an input anchoring procedure to M” similar
to the one described above. Even though now M” is not a network in the sense of
Definition 1, the input anchoring procedure will result in a network N € .# which is a
network in the sense of Definition 1, and is of smaller size than M’, again completing
the proof by contradiction.

We conclude this section by laying out the organization of the remainder of the
paper. In Sect. 3, we develop a graph-theoretic framework needed to define amalgams
of neural networks and several other technical concepts. In Sect. 4, we state results from
complex analysis and Kronecker’s theorem needed in arguments involving analytic
continuation and input splitting, respectively. The proofs of these results are relegated
to the Appendix. In Sect. 5, we discuss the fine structural properties of the function o
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constructed in the proof of Theorem 2. Finally, Sect. 6 contains the proofs of our two
main results.

3 Directed Acyclic Graphs, General Neural Networks, and Neural
Network Amalgams

As already mentioned, in the proof of Theorem 2 we will work with a form of neural
networks that does not fit in with Definitions 1 and 2. In order to accommodate this
notion of neural networks, and to lighten the manipulations needed to formalize the
aforementioned techniques of amalgamation and input anchoring, we introduce a
graph-theoretic framework.

We start by introducing the concept of a directed acyclic graph (DAG), commonly
encountered in the graph theory literature [17].

Definition 6 (Directed acyclic graph)

— A directed graph is an ordered pair G = (V, E) where V is a finite set of nodes,
and £ C V x V is a set of directed edges.

— A directed cycle of a directed graph G is a set {vy, ..., v} C V such that, for
every j € {1,...,k}, (vj,vj41) € E, where we set vg11 1= vy.

— A directed graph G is said to be a directed acyclic graph (DAG) if it has no directed
cycles.

We interpret an edge (v, V) as an arrow connecting the nodes v and v and pointing at
.

Definition 7 (Parent set, input nodes, and node level) Let G = (V, E) be a DAG.

— We define the parent set of a node by par(v) = {v: (V,v) € E}.

— We say that v € V is an input node if par(v) = @, and we write In(G) for the set
of input nodes.

— We define the level lv(v) of a node v € V recursively as follows. If par(v) = &,
we set lv(v) = 0. If par(v) = {v, va, ..., vt} and lv(vy), Iv(vy), ..., Iv(vg) are
defined, we set 1v(v) = max{lv(vy), Iv(vp), ..., Iv(vg)} + 1.

Since the graph G in Definition 7 is assumed to be acyclic, the level is well defined for
all nodes of G. We are now ready to introduce our generalized definition of a neural
network.

Definition 8 A general feed-forward neural network (GFNN) is an ordered sextuple
N = (Vv Ee Vim Vouh Qv ®)a Where

— G = (V, E) is a DAG, called the architecture of NV,

— Vip = In(G) is the set of inputs of AV,

— Vour C V' \ Vi, is the set of outputs of AV,

- Q= {wy € R\ {0}: (v,7) € E} is the set of weights of N, and
- O={0, cR:veV\ V) is the set of biases of V.

The depth of a GFNN is defined as L(N) = max{lv(v) : v € V}.

@ Springer



Constructive Approximation (2022) 55:173-224 183

Fig.1 A GFNN of depth 3 with
input nodes {u1, up, u3} and
output nodes {wy, wy, w3}. The
node levels are indicated by the
numbers inside the circles. Note
that the output node w3 is not a
“final node,” i.e., it has outgoing
edges. As there is an edge

(u3, v) connecting nodes of
non-consecutive levels, the
network is not layered

Us

When translating from Definition 1 to Definition 8, we will interpret a zero weight
Wfk = 0 simply as the absence of a directed edge between the nodes concerned, hence

we do not allow the edges of a GENN to have zero weight. If V! and V2 are the sets
of nodes of GFNNs A and N3, respectively, and v € vIin vz we will say that AV
and N, share the node v. When dealing with several networks sharing a node v, we
will write par r(v) for the parent set of v in the architecture (V, E) of N, to avoid
ambiguity. Note that the set of outputs of a GFNN can be an arbitrary subset of the
non-input nodes. In particular, V,,,, can include nodes w with Iv(w) < L(N). Related
to the concept of the parent set of a node is the concept of a subnetwork introduced
next.

Definition 9 (Subnetwork and ancestor subnetwork) Let N = (V, E, Vip, Vour, 2, ®)
be a GENN. A subnetwork of N isa GENN N’ = (V/, E', V! .V}, Q' @) such
that there exists a set S C V so that

(1) V' ={v € V : v € par’ (u) for some r > 0}, where, foraset W C V, we define
par®(W) = W and par” (W) = Usewparr_l(par(s)), forr > 1.
(i) E' ={(v,0) € E:v, Ve V'},
(iii) V{, = Vi O V",
(iv) Q' = {wyy, : (v,7) € E’}, and
V) © ={0,:veVY

If additionally V,,, = S, then N is uniquely specified by S. In this case, we say that
N is the ancestor subnetwork of S in N, and write N (S) for this network.

Definition 10 A layered feed-forward neural network (LFNN) is a GFNN satisfying
Iv(v) =1v(v) + 1, forall (v,?) € E.

For an example of a GFNN that is not layered, see Fig. 1. We notice that LFNNs
correspond to neural networks as specified by Definition 1, with the nodes of level £
corresponding to the £-th network layer. Specifically, if V" = (V, E, Vi, Vour, 2, ©)
is a LFNN, we can label the nodes {v € V : lv(v) = £} by vf, j=1,..., Dy,
and let Gf = 0, Wfk = w,¢, -1 When (k, j) € E and Wfk = 0 else. Apropos, this
j i Uk

correspondence is the reasonjfor the indices of the weight wy, associated with the edge
(v, v) of a GENN appearing in “reverse order.” The following definition generalizes
Definition 2 to GFNNs.
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Fig.2 The network N] consists wy

of the elements in red and black,

and N, consists of the elements

in blue and black. Thus, N7 and '/\[1 Af?
N> share the nodes u{, us, and

w1, even though the functions

(wi)? N1 and (wy)? N2 may

be “completely unrelated”

Uy Uy

Definition 11 (Qutput maps of nodes and networks) Let N = (V, E, Vin, Vour, 2, ®)
be a GFNN, and let p : R — R be a nonlinearity. The map realized by anode v € V
under p is the function (v)? : RYin — R defined recursively as follows:

— If v € Vi, set (V)P (£) = t,, for all t = (t,)yev,, € RVin.
— Otherwise set (v)?(t) = p (Zuepar(v) Wyy - (u)P (t) + 9v>, forall t € RV,

The map realized by A/ under p is the function (N)? : RYi» — R given by
(NP = ((w)?)wev,,, - When dealing with several networks we will write (v)” N for
the map realized by v in NV, to avoid ambiguity.

We will treat nodes v € V only as “handles,” and never as variables or functions. This
is relevant when dealing with several networks with shared nodes, such as depicted in
Fig. 2. On the other hand, the output map (v)” realized by v is a function.

In the special case when the nonlinearity is holomorphic on a neighborhood of
R, the output maps realized by the nodes of a network will extend to holomorphic
functions on their natural domains, as given by the following definition.

Definition 12 (Natural domain) Let N = (V, E, Vin, Vour, 2, ©) be a GFNN, and
leto : D, — C be a function holomorphic on an open domain D, O R and such that
o(R) C R. Foranode v € V, we define the natural domain Do C CVin and extend
the definition of the function (v)? : Dyye — C recursively as follows:

— For v € Vi, let Dyyyo =CVin, and set (v)7 (z) = z,, for all z = (zu)uev,, € C

— Otherwise, setD(v>a={z € Mueparw) Py = 2 ueparw) @ou ()7 (2) + 6y € Do },
and et (0)7 (2) = & (X cpury @uu - @) () +6,). forall z € Dy

Vin_

It follows that the natural domain D,y of a node u is open, as it is the preimage of an
open set with respect to a continuous map. Moreover, the output map (u)? realized by
u is holomorphic on D, as it is given explicitly by a concatenation of affine maps
and the nonlinearity o, which are themselves holomorphic functions.

The following definition is a straightforward generalization of Definition 5.

Definition 13 (Clone pairs and the no-clones condition) Let N' = (V, E, Vi, Vour,
2, ®) be a GFNN. We say that the nodes vy, vy € V, v; # vy, are clones if par(vy) =
par(v2), 6y, = 0,,, and Yu € par(vi), wy,u = Wy,,. We say that N satisfies the no-
clones condition (or briefly, A/ is clones-free), if no two nodes vy, v, € V, vy # vo,
are clones.
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The following definition generalizes Definition 4 to GFNNs, and introduces two
new concepts, termed extensional isomorphism and faithful isomorphism, which will
play an important technical role throughout the remainder of the paper.

Definition 14 (Extensional and  faithful isomorphisms of GFFNs) Let
Nl = (Vl,Ela ‘/invvalu[sglv®l) and N2 = (V27E21 ‘/l.nsvo%,t[’ Qz! ®2) be

GFNNs with the same input nodes V.

— We say that N'! and N2 are extensionally isomorphic, and write N1 < N2 if
there exists a bijection 7 : vl — V2 called an extensional isomorphism, such
that the following holds:

(i) m restricted to V;, is the identity map,
(ii) jT(Volut) = Vozut’
(iii) for all (v, ) € E', we have a)imn(v) = a)»};v, and
(iv) forallv € V! \ Vi,, we have 97%(”) = 91}.
— We say that N'' and N? are faithfully isomorphic, and write /! L N2, if they
are extensionally isomorphic via 7 : V! — V2 with the following additional
property:

) V), =V2, and r restricted to V!

.; 1 the identity map.

In this case, we call 7 a faithful isomorphism.

Remark The concept of faithful isomorphisms in Definition 14 generalizes that of
isomorphisms according to Definition 4. It is easily seen that extensional isomorphism
is an equivalence relation on the set of all GFNNs with the same input nodes, whereas
faithful isomorphism is an equivalence relation on the set of all GFNNs with the same

input and output nodes. Furthermore, if N 1L N2 viam : VI — V2, then we have
(71(11))"’N2 = (v)p’Nl, for all v € V! and any nonlinearity p, and if additionally

N N2, then (V1) = (V2.

The following definition introduces the non-degeneracy property of a GFNN, which
corresponds to the absence of spurious nodes, i.e., nodes that do not contribute to
the map realized by the GFNN (with respect to an arbitrary nonlinearity). In the
special case of LFNNs considered in the introduction, this property corresponds to the
requirement that no matrix W* in Definition 1 has an identically zero row or column.

Definition 15 (Non-degeneracy) We say that a GFNN N = (V, E, Vi, Vour, 2, ©®)
is non-degenerate if V = VN Vour ), where VN Vour) is the set of nodes of the ancestor
subnetwork of V,,; in N. Networks that are not non-degenerate are referred to as
degenerate.

Informally, a network is non-degenerate if its every node “leads up” to at least one
output. This notion is best understood with the help of examples as in Fig. 3.
We are now ready to introduce the concept of amalgams of LFNNs.
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N, N,

Wy

Uy Uy Us Uy Uy

Fig. 3 These GFNNs are degenerate owing to the presence of spurious nodes (in red) that do not affect
the map of the output node wj. Such networks obviously need to be excluded from consideration when
discussing identifiability from the map realized by the network, as its “spurious parts” cannot be inferred
from the map it realizes

Definition 16 (Amalgam of two layered neural networks) Let N =
(VL EYL, Vi, VL Q' @Y and N> = (V2, E2, Vi, V2,,, 2, ©%) benon-degenerate
clones-free LFNNs with the same input set V;,,.

—Let A = (VA, EA, Vin, yA QA, @A) be a non-degenerate LFNN with the

out»
following properties:

(i) There exist injective maps 71 : V! — 7 (V1) C vAand mp : V2 >
(V3 C VA such that the networks N7 and N, are extensionally isomor-
phic to the ancestor subnetworks A (7} (Volm)) and A(nz(Vozu ;) via 71 and
75, respectively.

(i) VA =m(VHUm(V2) and VA = (V) ) Um(V2,).

We then say that A is a proto-amalgam of N7 and N>.
— If A is a clones-free proto-amalgam of ] and N>, we say that A is an amalgam

of N1 and N>.

Proposition 1 Let M\ = (VLEL Vi, VL QL el and N =
(Vz, E2, Vin, Vozm, Q2, @2) be non-degenerate clones-free LENNs with a shared input
set Vi,. Then, there exists an amalgam A of N1 and N,. Moreover, the amalgam is

unique up to extensional isomorphisms.

As asserted in Proposition 1 (whose proof is deferred to the Appendix), an amalgam of
two given non-degenerate clones-free LFNNs N and N, always exists and is unique
up to extensional isomorphisms. With slight abuse of notation, we will write N7 vV N3
for an arbitrary element of the equivalence class (induced by i) of all the amalgams
of N1 and V. A concrete example of an amalgam construction is provided in Fig. 4.
Having defined the amalgam of two non-degenerate clones-free LFNNs, we define the
amalgam of any finite collection NV, ..., N, of non-degenerate clones-free LFNNs
according to

\/Nkzj\/lv/\/’zvmv/\/,, =(C..\NMiVN) V...)VN,.

k=1
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Fig. 4 Top: LFNNs N and N to be amalgamated, with their weights next to the edges and the biases
inside the nodes. Middle: A proto-amalgam N of the two LFNNS, obtained by putting /] and N, “side by
side.” This network is not an amalgam of A/; and A, as there is a clone pair (¢, ¢3). Bottom: The network
N can be modified by deleting the node ¢ and “grafting” its outgoing edge to c| . The resulting network .4
is now a clones-free proto-amalgam of N and AV, and is thus the amalgam A/} v N3. For general LFNNs
N and N>, this “deleting and grafting” process can be repeated until there are no clone pairs left

By Definition 16, \/;_, N is a non-degenerate clones-free LENN. Moreover, there
exist extensional isomorphisms 77; : Nj — 7;(Nj) C \/j_ Nk, for j € {1,...,n},

and we have (nj(v))p’vzzljvk = (v)p’Nf, for j € {1,...,n},v € vNi, and any
nonlinearity p.

We are now in a position to prove two lemmas that form the basis for the proof
of Theorem 2. The first lemma formalizes the idea of combining multiple pairwise
non-isomorphic single-output networks with linearly dependent output maps into one
multiple-output network with linear dependency among the maps of its output nodes.

Lemma 1 Let N1, N>, ..., N, be non-degenerate, clones-free LENNs with a shared
input set Vi, and the same single output node {v,,:}. Furthermore, assume that
no two networks Nj,Nj, ji # jo, are extensionally isomorphic. Let p be a
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nonlinearity and suppose that 1, (N1)?, (N2)P, ..., (N,)P are linearly dependent
as funcnons RYin — R. Then, there exists a non-degenerate clones-free LFNN
= (VM, EM Vlﬁ/l, V%, QM, @M) (obtained by modlfyzng \/k 1Nk) with

a single input node Vl{zw = {vin}, such that {{w)” : w
dependent set of functions from R to R.

} U {1} is a linearly

out

Proof We first create a new node v;, and select an arbitrary set {ws,,, :j e Vi) C
R\ {0} of cardinality #V;,. Now, we enlarge each N/ to a new network \V; by gluing
the node vj, to the set V;;, through the edges {(vin, V) : ¥ € V;,} along with the
corresponding weights wyy,,. The nodes v € V;,, are non-input nodes of the N, as
their parent sets par Y (v) = {vi,} are non-empty, and we set their biases 6, to 0. The

node v;, is now the shared single input of the networks J\N/j, j =1,...,n. Note that,
as the networks J\/'] are clones-free, and the weights wy,,, are distinct, the networks
N are clones-free by assumption. Further, since N, j € {l1,...,n}, are pairwise
non- isomorphic so are the Nj, j € {1,...,n}. We now construct a network /\/ll)y
amalgamating N, j = 1,...,n, according to M = (...(N; VN2 v ...) VAN,

Denote by 7 VN J— (VN i) c VM the extensional isomorphism between N
and the corresponding subnetwork of M, and let w; = 7;(voyu) be the node of /\/l
corresponding to the output node of ;. We claim that w;, # w,, for ji # jo. To see
this, take ji, j> such that wj, = wj,, i.e., 7}, (Vour) = 7}, (Vour)- Then, by Property
(i) of Definition 16, ijl (Vour) ~ K/}Z(UOL,,), and therefore NV}, (Vour) ~ Nj, (Vour) as
well. But Nj, (vour) = Nj, and Nj, (vour) = N, by the non-degeneracy assumption,
and hence NV}, ~ Nj, It follows that j; = jp,as N, j = 1,..., n, are assumed to be
pairwise non-isomorphic. Thus, the w; are, indeed, distinct nodes of M, and we have

VM = (w, wa, .., wa) As 1, (V)P (V2)P ..., (NG,)P are linearly dependent
by assumption, there exists a nonzero vector (¢, A1, A2, ..., Ay) € R"*+! such that

(c 1+ Z?:l Aj </\/])p) ((tw)vev,,) = 0, for all (ty)vev,, € RV'" We then have

in

(c 1+ 4 (w; )M )(t) = (c 1+ () o)) M )(t)
j=1

J=1

(1+Z)‘ {(Vour)* )(l‘)
( 1+Z)‘ ) (wvvmt)vevm) 0,

for all # € R. This establishes that {(w1)?* M, (w2)?M | ... (wy)”M}U{1}is a
linearly dependent set, so M is the desired network. O

Before stating the next lemma, we describe the procedure of input anchoring, which
is a method for selecting and modifying a subnetwork of a non-degenerate GFNN in
a manner that preserves linear dependencies between the maps realized by the output
nodes of the original network. Concretely, let M = (VM EM yM yM QM

in > "out’
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®M) be a non-degenerate, clones-free GFNN with input nodes VM {vl, .. v%o}
Dy > 2. For spemﬁmty, let w.l.o.g. vOD be the input node to be anchored, and let

a € R be the value v Do is anchored to. Furthermore, let p be a nonlinearity. We
seek to construct a network M, = (VM“ EMa VM“ yMa QMa, @M“) with

Viilw" = {f, ...,voDofl} and VOJL\,/,[” = vMn VM:’nsatlsfo):lltng:;> the following two
properties:
(IA-1) Forallw € Voj;,l”,
(w)P Ma (fl, ..., thfl) — (w)p,/\/l(n, 1, ..., IDy—1, a)7
for all (11, 12, . . tDO 1) € RPo~! (after identifying R"i» with RP0).

(IA-2) Forallw € V;,; Moy Vom , the function RPo~! — R given by

)P M

(t1, 12, .y tpy—1) > (w H,t2, ... tDy—1,4a)

is constant, and we denote its value by (w)”’ M(a).

As VMa ¢ yM \ {v%o}, the network M, will, indeed, have fewer nodes than M.
Now suppose that M, is such a network, and suppose that {w * M} cvM is a linearly

dependent set of functions RPo - R. In particular, let (A,,) wevM be a nonzero set
of scalars such that

> dw (w) M=o

M
weVs

We then have

Y M@ |1+ Z dow (W) M= 3", (w)y M =0,

M M
wevout \Vauta wevout wWeVsur

and thus {{(w)”" M“} yMa U {1} is a linearly dependent set of functions R?0~! — R.
Apropos, this derlvatlon Tlustrates why it is often convenient to include the constant
function 1 when dealing with linear dependencies between the outputs of GFNNs. In
the following definition, we construct a network M, with the desired properties, and
in Fig. 5, we provide an illustration of this construction.

Definition 17 Let M = (VM EM yM yM QM, @M) be a non-degenerate,

in ° "out’

clones-free GFNN with input nodes Vlﬁ,\’l = {vl, ...,UODO}, Dy > 2. Leta € R,
and let p be a nonlinearity. The network obtained from M by anchoring the input
v}, 10 a is the GFNN M, = (VMa, EMa yMe yide oMa @Ma) given by the

out
following:
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Uy

Fig.5 A concrete example of anchoring the input at u4 of a network M with input nodes {u1, up, u3, uq}
and output nodes {w1, wp} to a real number a. The parts of M that are connected to u4, but not to any
of the remaining inputs u1, us, u3 (dashed lines), are removed, while the rest of M constitutes M. To
ensure that the outputs of M (in this case only the node wy) obey (IA-1), we need to “propagate” the
anchored value through the removed parts of M. This will manifest itself as a bias modification according
to (2) and (3) at some of the nodes of M (the only such node in this example is labeled by v)

- yMa =y e YM: {v?, . ..,vODO_l} N VM £ &) where M(v) denotes the
ancestor network of v,

- EMa = {(v,7),v,7 € VMa},
Ve =), v ) Vit = VAt n vMe and

QMa = {wy, 1 (v, D) € EMa).

— For anode v € VM \ VMa we define recursively

a, v = U%O

. 2
o (ZueparM(y)wvuau + 91)) , VFE v(]_))o

ay =

(Note that all a, are well defined, as par ((v) C yM \ VMa whenever v €
yM\ yMa )y Now, for v € VMa et

gv =0, + Z Wyy Ay, 3)
uepar pq(v)\VMa

and set ©Ma = {5,, 1V E VM“}.

The network M, satisfies (IA-1) and (IA-2) by construction, and if M is layered,
then so is M. Moreover, M, is non-degenerate. To see this, letv € yMa pe arbitrary.
Then, by non-degeneracy of M, there existsaw € V! suchthatv € VM®™ Aswis

out
connected directly with a node in V™M it follows that w € V™M and so w € Vof,\l/tl".

Therefore, v € VM“(w), and, as v was arbitrary, we obtain yMa Uw cyMa

out
yMaw) establishing by Definition 15 that M, is non-degenerate. However, M,
will not, generally, be clones-free. This is unfortunate, as our program for proving
Theorem 2 envisages maintaining the no-clones property when constructing networks

with linearly dependent outputs. However, not all is lost, as the following lemma says
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that, for nonlinearities holomorphic on a neighborhood of R, either there exists some
value of a € R such that the network M, is, indeed, clones-free, or it is possible to
modify a subnetwork of M (different from the subnetwork giving rise to M) to yield
a clones-free subnetwork A of M with input {vODO} and linear dependency among the
maps realized by its output nodes. This will be sufficient for our purposes.

Lemma 2 (Input anchoring) Let M = (VM, EM, Vlflvl VOJ,\[}, QM, ®M) be a non-
degenerate, clones-free GFNN with input nodes Viﬁlv[ = {v?, e, UODO}, Do > 2. Let
p : U — R be holomorphic on an open domain U C C containing R, such that
p(R) C R. Let M, denote the network obtained by anchoring the input vOD0 to some
a € R, according to Definition 17. Then, one of the following two statements must be

true:

(1) There exists an a € R such that M, is clones-free.
(ii) There exist a non-degenerate clones-free GFNN N = (VN, EN, {UODO}, vN

out?’

oV, eV ) (obtained by modifying a subnetwork of M), a real number A,
and nonzero real numbers (Aw)weth, such that the function h{,\,f, = Al +

D owev N Ayw? N is identically zero on R.

out

Proof For a pair of nodes (c1, ¢2) € vM x VM define
Ec,cp=laeR:ci,c0 € VM“, and cy, c¢p are clones in M,}.

Suppose that (i) is false, so that, for every a € R, we have a € E(, ,) for some
(c1, ¢3). Then, we can write R as a finite union

R= U Ec -
(c1,c2)eVMxyM

It follows that there exists a pair (cy, c2) such that at least one of the sets E, ¢,)
is not discrete, i.e., it has a limit point. Fix such a pair (cy, ¢3). Note that we have
v%o € VM(”J'), for at least one of j = 1 or j = 2, as otherwise we would have
par g, (cj) = parp(c;), for j € {1,2}and all a € E(,, ¢,), and thus ¢y, ¢ would be
clones in M, if and only if they are clones in M. But, by the no-clones property of
M, this would imply E(, ¢,) = &, contradicting the fact that E(., .,) is not discrete.
Thus, we may w.l.o.g. assume that v%o € VM(CI), which leaves us with the cases
vODO e yM(@ and v%o ¢ Yy M) that will be treated separately when needed. Define

the GFNN N = (VN, EN, {vODO}, vN QN, ®N) according to the following:

out?

- lLetS={ve yMder.a)) Vlf:/l nyMe = {v([))o}}, and set

N _|SUler e} if v}, € VM
SU{ct}, if v ¢ y M)

- EN = {(U, 5)’ 'U,'l\)le VN}7
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VN = (el e} n VN,

- @V ={op : (0,7 € EV},
— choose a number r € R\ ({Ov — 0O, tveSIU{B, —6, 1 v e S}), and set
O, =0, +1,0¢, = O, +r,andB, = ,,forv € S.Define @V = {7, : v e VN,
Informally, the so-constructed network A consists of the parts of M propagating the
input at v%o to c1 and ¢2 (and it might happen that this input does not reach c;, in

which case this node is not included in VN ), and the biases gcl and gcz are chosen so
as to ensure that A/ has no clone pair (v, ) withv € {c1, c2} and ¥ € S. Thus, in order

to show that AV is clones-free, it suffices to establish that ¢ and ¢ are not clones in N/

(note that ¢; and ¢; can be clones in NV only in the case v([))o e yM(@)) a5 any clone

pair (v, v) with v, v € S would also be a clone pair in M. By way of contradiction,
assume that ¢ and ¢; are clones in V, i.e.,

par z(c1) N VN = par(c2) N VN
Oy +1r =060+, and
(wClu)ueparM(cl)ﬂVN = (wCZM)ueparM(cz)ﬁVN' (4)

As the construction of N does not depend on a, we can fix an arbitrary a € E,, ¢,),
and the condition that ¢} and ¢, are clones in M, then implies

par vq(c1) \ VA = par pq(c2) \ V2,
9C1 + Z Weyuly = ecz + Z Wepuy, and
uepar pq (cl)ﬂVN uepar pq (cz)ﬂVN

(wclu)ueparM (c)\VN = (wCQM)uEpaIM (e)\VN > (%)

where the real numbers a,, are defined according to (2). This, together with (4), yields

par(c1) = parp(c2),
O, = 6cys and

(wclu)ueparM (c1) = (wczu)ueparM (c2)s (6)

which would say that ¢; and ¢; are clones in M and hence stands in contradiction
to the no-clones property of M. This establishes the no-clones property of A. The
non-degeneracy of N follows by its construction. Now, by adding r to both sides of
(5) and applying p, we find

()N, if o) e yM©@

PNy =
OO =N 0+ 0 1@, i o), ¢ VMED”

)

foralla € E,, ¢,) (note that par 54 (c2) N VN = & in the case vODO ¢ VM) and so
the sum on the right-hand side of (5) evaluates to 0 in this case). As p is holomorphic
on an open neighborhood of R and p(R) C R, we also have that {c{)” N , ()P
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are holomorphic on a neighborhood of R. Further, since E(, .,y has a limit point, it
follows by the identity theorem [18, Thm. 10.18] that (7) holds for all a € R. We have
hence shown that Statement (ii) is valid with this A/, and

M=0, e =1 he,=—1, ifv} e VM@ or
M=—p O +1), hey =1, ifvd ¢ VM,

4 Auxiliary Results from Complex Analysis and Kronecker’s Theorem

We state the remaining auxiliary results needed in the proof of our main statements.
Since these results are relatively simple consequences of standard results in complex
analysis and of Kronecker’s theorem, their proofs are relegated to the Appendix.
Recall the definition of the natural domain Dy,y» of the map realized by a GFNN
node u with respect to a holomorphic nonlinearity as given in Definition 12.
In the proof of Theorem 2, it will be crucial that Dy,yo be connected for all nodes
u of a certain GFNN with a single input. The following lemma establishes this fact.

Lemma3 Let N = (V, E, {vin}, Vour, Q, ®) be a GFNN, and let o : Dy, — C be a
meromorphic function on C with its set of poles given by P C C\ R. Furthermore,
suppose that o (R) C R. Then, for every u € V, we have Do = C\ E,, where
E, C Cis a closed countable subset of C\ R. In particular, we have that Do is an
open connected set with D0 O R.

In the following, we write D} (a, 8) := {(z1,...,2%) € ck - |zj —aj|l < 8,Vj} for
the open polydisc of radius 6 > 0, centered ata = (ay, ..., ax) € Ck. Further, for a
set § C CK, we write cl(S) for the closure of S in CF.

Lemma4 Let F : U — C be holomorphic on a connected open domain U < Ck
containing RK Leta = (a1, ...,a;) € R¥ and 8§ > 0 be given, and let

T ={(a1+iz1,...,ax+izg) :zj €(=6,8), j=1,...,k}.

Suppose that D (a,8) CU, and F(z) =0, forall z € T. Then, F = 0 identically on
Uu.

Lemma5 Lett* € C,a = (aj,...,ar) € R and 8 > 0, and let F : U — C be

holomorphic on a connected open domain U C C'** containing {t*} x R¥. Define
the set

T ={(t" a1 +izi,...,ax+iz) 1 zj € (=8,8), j=1,...,k},

and suppose that DY, (a,8) C U. If there exists a set T c C"* such thar T C
(C\ {r*)) x CK, cl(T) D T, and F|§ = 0, then Fly = 0.

@ Springer



194 Constructive Approximation (2022) 55:173-224

X, mod 1
X, mod 1

/

-04 -03 -02 -01 0 0.1 0.2 0.3 0.4 .
X, mod 1 x, mod 1

1 1

Fig.6 The line ¢ : t — (o1t, ant) + Z2, t € R, depicted in the fundamental cell [—5, 5) x [—%, %) of

the torus T2 = {(x1, x2) + Z2 : (x1, x2) € R?}, with (a1, ) = (1, 1.4) (left), and (o], a2) = (1, v/2)
(right)

We will now elaborate on the tools needed in the proof of Theorem 2. The material
touches upon the theory of Lie groups and representation theory, and will be presented
in a self-contained fashion, only assuming familiarity with finitely generated abelian
groups and basic point-set topology. We write 7¢ = R?/Z¢ for the d-dimensional
torus considered as a compact abelian topological group. For a finite set of real numbers
{a; }‘;: 1> welet (g, ..., ag)q denote the span of {o; }‘;: | in the vector space R over
the scalar field QQ, and we write dim(a1, . . ., ag)q for its dimension. We will need the
following lemma, which is an easy consequence of Kronecker’s theorem [16]. For the
sake of completeness, we provide an elementary proof from first principles.

Lemma 6 ([16] Kronecker) Let d € N and let {a }5;2 | be an arbitrary set of nonzero
real numbers with k = dim(a1, . .., ag)Q. Define the following subset of Te:

M = cl{(ait, aot, ..., aqt) + Z¢ : 1 € R},

where cl denotes the closure in T¢. Then, M is isomorphic to a k-dimensional torus
as a Lie group, i.e., there exists a W : M — RK/ZF that is both a homeomorphism
(between M and R¥ /) ZF as topological spaces) and a homomorphism (between M and
R¥/Z¥ as abelian groups).

Whend = 2, Lemma 6 simply says that the line £ : ¢ — (a1, azt)—i—Zz,t € R, either
exhibits discrete periodic behavior and is thus homeomorphic to a 1-dimensional torus,
which is the case if k = 1, i.e., o1/« is rational, or otherwise, if k = 2, i.e., when
o1 /o is irrational, £ is dense in the whole square, and so its closure is a 2-dimensional
torus, namely R2 / 72 itself. This is illustrated in Fig. 6. When d > 3, the situation
can be more complicated, as illustrated in Fig. 7. Specifically, the torus M obtained
as the closure of the line £ : t +— (aqt,...,a4t) + 74t € R, may not occupy
the entirety of R?/Z¢. In this case, Lemma 6 provides the precise dimension of M,
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T
0.4 i \\\\\\

0.4 \
0.3

-0.1
-0.2
-0.3

-0.4 \
-0.! 0.4

Xy mod 1 0.4 0.4 % mod 1

—

0.4

x, mod 1

Fig. 7 The line t +— (a1t, apt,a3t), t € R, depicted in the fundamental cell [7%, %)3 of the torus

T3 = {(x1,x2,%3) + 2% : (x1, %2, x3) € B3}, with (@1, 02, @3) = (% -4, %) (left), and (a1, @2, 3) =
(l, ﬁ % + ﬁ) (right). Note that in a neighborhood of 0 (marked in red), ¢ is dense in a k-dimensional
subspace of R3, with k = dim(%, -4, %)Q — 1 (left), and k = dim <1, V2 b+ ﬁ)@ =2 (right)

MI MII

Q53Wy 10,

Uy Uy —Us
Fig.8 Input splitting, case k > 2. Left: A neural network M/, assumed to be a minimal element of .7,
with D = 5. Right: The corresponding neural network M”, assuming k = 3. Note that, as the first k rows
of Q form a k x k identity matrix, we have (u, v;) c EM' — p=j,forall j,pe{l,... k}. The
function F in (24) and (25) corresponds to the map realized by the shared part (in red) of M’ and M”

namely k = dim(a, ..., ag)q. For the purpose of proving Theorem 2, it will suffice
to consider the behavior of £ in a neighborhood of the point 0 4+ Z¢ € T¢. Concretely,
if Q € Qka is the matrix representing o1, ..., og in the basis {«q, ..., ok}, the
following lemma states that, in a neighborhood of 0, £ visits points arbitrarily close to
the k-dimensional subspace of R? spanned by the columns of Q.

Lemma 7 Suppose that {oej};{zl are nonzero real numbers, and let k = dim(«y, ...,

aq)Q- Furthermore, assume that {ozj}'; _ 1 isabasis for (a1, ..., aq)Q over Q, and let
0 =(0p)) € Q94*k be the matrix such that (a1, ..., aq) = Q - (a1, ..., ar). Then,
there exists an open set C C R with0 € C, such that, foreverys = (s1,...,s;) € C,
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there are sequences (t"*),eny C Rand (r'™),en = (r]"*, ..., 1" nen C C with the
following properties:
) (ert™s, ont™S, ..., agt"™S)+7Z4 = Q- (arr™, ... ,akr,':’s)—i—Zd,foralln eN,

@ii) |5 —> coasn — oo,
(iii) r** — s inRK asn — oo.

5 Imaginary Period and the Self-Avoiding Property

We say that a holomorphic function f : D — C is i-periodic if f(z +i) = f(2), for
all z € D. An example of such a function is the scaled hyperbolic tangent function
tanh (s -). More generally, for an arbitrary discrete set S C R, and arbitrary C € R
and real sequence {cs}ses € 21(S), the function o = C + D ses Cs tanh(w (- — 5))
is also i-periodic, and in particular, the set of its poles P has the structure P =
Unez (S + (n + %) i ) We now introduce a property defined for discrete subsets of
R, which will, when applied to the set S, be the final technical ingredient in the proof
of our main results.

Definition 18 (Self-avoiding set) Let S C R be a discrete set. We say that S is self-
avoiding if, for every finite collection of distinct pairs {(w;, 0 j)}jf‘: 1 CQRZ+1) xR,
there exista j* € {1,...,m} and a t* such that

Z*ES—OJ* US_G’/.
w j* w;j

J#J*

Remark In other words, a set S is self-avoiding if the union of a finite number of
distinct copies of S obtained by translating and scaling by an odd integer contains a
real number which is an element of exactly one of the copies.

Proposition2 Let S = {sx : k € Z}, sy — sk—1 > 0, Vk € Z, be an infinite discrete
set such that {sy — sx—1 : k € Z} is rationally independent. Then, S is self-avoiding.

Proof We use the shorthand notation S, 9 = %. Suppose by way of contradiction
that A C 2Z + 1) x R, #A > 2, is a set of pairs such that, for every (w, 0) € A and
every t € Sy, ¢, there exists a pair (’,0") € A\ {(w, 0)} such that 7 € S, o . Fix a
pair (w1, 81) € A. We then have, by assumption,

Sa)|,9| = U Sa)|,91 n Sa/,Q’-
(o', 0")eA\{(01,01)}

Since § is infinite, there exists a (w3, 2) € A\ {(w1, 61)} such that #(S,, .0, N Sw,.0,) >
3. Pick an arbitrary subset {t; < t2 < 13} C Su,.6; N Sw,,6, and note that there exist
ki, ki, k} € Zand k},k3, k3 € Z such that

S —01 s — 6
tj=—1 = , forj=1,2,3. 8)
w1 w?
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Moreover, forr = 1,2, we have k| < kj < k3 if o, > Oand k] > k5 > k% if o, < 0.
Define the index sets
K+ 1,k 42,000,k ), if 0
K?Z{{i it ./+1}r Ber =t forj=1,2, r=1,2.
{kj+1+1,kj+l+2,...,kj}, ifw, <0

For brevity, write ay = sx — Sx—1, Vk € Z. We then have

1 1 1
(L —t,3—0)=|— ag, — a | = — ag, —— ag
|1 ] Z 1] Z |2 ] Z 2] Z

kek| kek) kek? kek3

&)

Now, since {ay : k € Z} is rationally independent and |w1|, |w2| € Z, (9) implies
|w1| = |wy| and K]1 = sz.,forj = 1, 2. In particular, K!= K2.,f0rj =1, 2, implies
sgn(wp) = sgn(w»), so we have w| = w;. Then, from the definition of K J’ , it follows
that k} = k?, for j = 1,2,3. We thus obtain from (8) that 8; = 6,, contradicting
(w1, 01) # (w2, 62). Therefore, our initial assumption was false, so we deduce that S
must be self-avoiding. O

The following proposition formalizes the notion that nonlinearities o of the form
considered at the beginning of the chapter are dense in the set of sigmoidal nonlinear-
ities, even after imposing the additional constraint that S be self-avoiding.

Proposition 3 Let p be a piecewise C' nonlinearity with p' € BV (R) N L1(R).
Then, for every € > 0, there exist a discrete self-avoiding set S C R, a sequence
{cs)ses € €1(S) with ¢y # 0, for all s € S, and real numbers @ > 0 and C, such that
the function o given by

o=C+ ZcS tanh(a(- — 5))

seS
satisfies |0 — pllLe®r) < €.
Proof First note that
0
p(—00) = lim p(x) = p(0) — / o' (y)dy
X——00 00

is a well-defined real number, as p’ € L' (R).Let H denote the Heaviside step function.
We now have, for all x € R,

p(x) = p(—o0) + /Rp’(y)H(x — y)dy.
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Denote hy = % (1 + tanh(« - )) and consider the function p, defined by
Pa(x) = p(—00) + /R,O'(y)ha(x —ydy, xeR (10)
We then have

sup |p(x) — po(x)| = sup VRP’(y) [H(x —y) — ho(x — )] dy‘

xeR xeR

sup
xeR

/Rp’(x —WIH®Y) - ha()’)]dy‘

A

<o llee@ I H = hallp1 ®)-

Now note that || p'||Lo®) < 00 as p’ € BV(R), and ||[H — hgll1(g) — 0asa — o0
by dominated convergence, so there exists @ > 0 such that [|[p — pyllLo®) < %
Let b : Z — N be a bijection, and 8 € (0, 1) a parameter to be specified. Define
the infinite discrete set Sg = {s,’c3 = Bk +77?®) : k € Z} ¢ R. Then, since
7 is transcendental, Proposition 2 implies that Sg is self-avoiding. Now, since p’
is integrable on R and piecewise continuous, and %, is bounded and continuous,
we have that p’ - hy(x — -) is integrable on R and piecewise continuous. Hence, as
mesh(Sg) := sup;cy |s,’cS - s,f_ll — 0 for B — 0, we have the following convergence
of Riemann sums

Z(sf — s]f_l),o/(sf)ha(x — sf) — / o' (Mha(x —y)dy asp — 0, forallx € R.
R
keZ

Therefore, p(—00) + Zkez(s,’f - s,’il)p’(sf)ha (-— s,’f) — pg pointwise. To upgrade
this to convergence in | - || Lo (r), we proceed as follows. By the mean value theorem,

for any x € R and 8 > 0, there exist yf’x € [sf_l, sf] such that

B

Sk
f , P el = y)dy = (5 = st_ )0 O0f Dhalx = 3.

Sk—1

We can therefore write

sup | Y (sf = s o (5Pha(x — sf) — / P (Mha(x — y)dy
xeR keZ R
= sup Y (sf =) [ 5Dhatx = 5 = 0/ O halx = yf”‘)]‘
xeR kel
10 B B 1o B.x B.x
< mesh(Sg) - sup Y [0/ o = 5f) = 9O har = 5

xeR keZ,
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< mesh(Sg) - sup [|lp" - ha(x — ) BV (®)
xeR
< mesh(Sg) (10"l =@ lhallBv®) + hallLo@llo By ®)) - (1D

Since p’ € BV (R) by assumption, and 4, € BV (R) by definition, the quantities in the
parentheses are all finite. As they are moreover independent of 8, and mesh(Sg) — 0
for B — 0, we can pick a 8 > 0 such that

Z(Slf - Slf}—l)p/(sf)ha(' - S,’f) — Po + p(—00)
keZ

< (12)
< -,
3
L>(R)

where we used (10) to replace fR 0 (Y)he(x—y)dyin (11) with p, — p(—00). Finally,
let {dy} seSg be an arbitrary sequence of real numbers such that mesh(Sg) > ke |ds,s | <
k

5 and, for each s € Sg, dy = 0 if and only if p'(s) # 0. We then have

> st - s,’f_l)dsfha(- — s
keZ

€
< mesh(Sp) ) _Idel - hallie@ < 3.

13)

L®(R) keZ

Now, combining the estimates (12), (13), and [|p — pg |1 ®R) < % yields

p(—00) + kZZ(s,'f =5 (5) + dpdha( =) = p
€

<€,
L>®(R)

so the claim of the proposition holds with § = Sg, cp= %(s,’cS — s,’f_l)(,o/(sf) + dg,s),
k Sk
and C = p(—=00) + > 17 Csf' O

6 The Main Theorems

Theorem 3 Let N1 and N, be non-degenerate clones-free LENNs with the same input
and output sets Vi, and V,y;. Let

o=C+ ch tanh( (- — 5)),

seS

where C € R, S is a discrete self-avoiding set, and {cs}ses € £'(S) are all nonzero
and real. Suppose that (N7)° (t) = (N>)° (¢), for all t € RVi». Then, N\ and N> are
faithfully isomorphic.

Theorem 4 Let Nj, je{l,2,...,n}, be non-degenerate clones-free LFNNs with the
same input set Vi, and the same single output node {v,y,:}. Furthermore, suppose
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that no two networks Nj,, Nj,, j1 # jo, are extensionally isomorphic. Consider the
nonlinearity

o =C+chtanh(n(‘_s))a

seS

with C € R, S a discrete self-avoiding set, and {c}ses € €'(S), where each cg is
nonzero and real. Then, {(/\/j)” };L _ Y{1} is a linearly independent set of functions

from RYin to R.

Before embarking on the proofs of Theorems 3 and 4, we show how Theorems 1 and
2 follow from these two results together with Proposition 3.

Proof of Theorem 1 Let p be as in the statement of Theorem 1, and let ¢ > 0 be
arbitrary. Proposition 3 guarantees the existence of a discrete self-avoiding set S C R,
a sequence {cs}ses € 21(S) with ¢y # 0, for all s € S, and real numbers ¢ > 0 and
C, such that the function o defined by

o=C+ ZCX tanh(x (- — s))

seS

sgtisﬁes~||cr~— pllLem®) < €. Now suppose that N = (V,E, Viy, Vour, Q, ®) and
N =V, E, Vin, Vour, S~2, @) are clones—fres non-degenerate LFNNs with the same
input set V;, and such that (N)? (x) = (N)?(x), for all x € R"i». Consider the
scaled objects o, = o (% -), Se = %S, NY = (V,E, Vip, Vour, %Q %@) and
Ne = (V E, Vins Vouts %5 %(:)), where %Q = {%w Tw € Q}, and %@, %5 %@
are defined analogously. Then, (N)% (x) = (N7 (x) = (N)° (x) = (N®)% (x), for
all x € RVin. Moreover,

—_~

0q =C + Z ¢s tanh (7 (- — 5)),
SESy
and Sy is a discrete self-avoiding set (as the self-avoiding property is preserved under
scaling by a nonzero real number), so by Theorem 3 we obtain N'¢ L N, which

implies N ~ V. i

Proof of Theorem 2 Let p be as in the statement of Theorem 2, and let € > 0 be
arbitrary. Proposition 3 guarantees the existence of a discrete self-avoiding set S C R,
a sequence {cg}ses € KI(S) with ¢y # 0, for all s € §, and real numbers « > 0 and
C, such that the function o defined by

o=C+ ch tanh(a (- — 5))

seS

satisfies [|o — pllro®) < €. Now suppose that Nj = (V/, E7, Vi, {vour}, 7, ©F),
j € {l,...,n}, are non-degenerate clones-free LFNNs such that no two A, NV},
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Jj1 # Ja, are faithfully isomorphic. As {v,,} is a singleton, it follows that no two
N, Nj,, j1 # jo, are extensionally isomorphic either. Now, define the scaled objects
0u =0 (%), S = ES,and N¥ = (V/, E/, Vin, {vour), 297, 207), for j €
{I,....n},where 2Q/ = {40 : 0w e Q;}and 20/ = {26 : 0 € @j}.Then,theN;"
are non-degenerate and clones-free, and no two J\/j‘?i, ./\/]O;, j1 # Jjo, are extensionally
isomorphic. Moreover,

oy =C + Z ¢y tanh( (- — ),

SESy

and Sy, is a discrete self-avoiding set, so by Theorem 4 we obtain that {(/\/J %O }’; V.
{1} is linearly independent. Now, suppose by way of contradiction that there is linear

dependency Ao + Y1_; A; (\j)? = 0 among {(N;)"}"_ U {1). But then

J
n n

Mo+ Y AN =00+ A5 (N} =0,
j=I j=1

which contradicts the linear independence of {(N ;?‘)"“};le U {1}. We deduce that
(V) }'; _, U {1} must be linearly independent, as desired. o

Proof of Theorem 4 We argue by contradiction, so suppose that the statement is false.
Specifically, let N, j € {1,2,...,n}, be LENNs and o a nonlinearity as in the
statement of the theorem, and suppose that {(/\/’1)‘7}3=1 U {1} is linearly depen-

dent. Then, by Lemma 1, there exists a non-degenerate clones-free LFNN M =
(VM, EM, yM yM QM, @M) with a single input node Vlﬁz\/l = {vin}, such that

in °> "out’

{tw)? 1w e VM} U {1} is a linearly dependent set of functions from R to R. Let .#

out

denote the set of all non-degenerate clones-free LFNNs M= (V/\71 , E M ,Avint, VM

out >

oM, ®M) such that {{w)? : w € VOJI\;}} U {1} is linearly dependent. We then have
M # D, simply as M € . . Denote by .#,,i, the set of all networks in .# of mini-
mum depth, and fix a network M’ € .#,,;, with the minimal number of nodes among
all the networks in .#,,;,. The proof proceeds by constructing a network N € .#i,
with a strictly smaller number of nodes than M/, thereby deriving a contradiction and
concluding the proof. First note that linear dependence of {{(w)? : w € Vafb‘t/tl/} U {1}
is equivalent to the existence of a nonzero set of real numbers {kw}wev v and a real

out

number ¢ € R such that h,,; : R — R, given by

hour = Z Aw ()7,

wevM

out

is constant-valued, i.e., h,,;(f) = ¢, for all r € R. Note that A,, # 0, for all w €
VM’ for otherwise the ancestor subnetwork M’ ({w ey M Ay F# 0}) would be

out ° out
an element of .#,;, with strictly fewer nodes than M’, contradicting the minimality
of M'.
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Next, note that o is a real meromorphic function whose set of poles is

P:U<S+<n+%)i), (14)

nez

and in particular, M’ and o satisfy the assumptions of Lemma 3, and so the sets
C\ D)o are closed and countable, where D,,y> denotes the natural domain of (w)?,
forw € VO/;} Therefore, as a linear combination of holomorphic functions, fy; 1s a
holomorphic function on Dj, ﬂwev M D)o . As the sets C \ Dy,,o are closed
and countable, C\ Dy, is also closed and countable and therefore Dy, is a connected
open set. It follows by the identity theorem [18, Thm. 10.18] that 4,,,; continues in a
unique fashion to a holomorphic function on Dy, with Ay (1) = ¢, forall t € Dy,

Set Vo = {v € yM Iv(v) = £}, for £ > 1. Letk = dim({a)uvm Tu € V1}>Q

— (] 1 . .
and enumerate the nodes Vi = {v;, ..., le} so that {O)Ullvm, . ’wv,!vm} is a basis

out *

l) Vin ’
casesk >2and k = 1.
The case k > 2. Fix a real number

for (w,1, ..., ®, 1 i )@- In the remainder of the proof, we distinguish between the

S -0, !
A €[0,1] \ (15)

Dy vin
chosen so that none of (U,l,)"(z) = O'((,()U[l;vmz + OU})), p € {1,..., D1}, has singu-
larities along A + i R. Such a number always exists, as UD‘_ (S -6, vl ) /a)U; v, 182
discrete set. Now, write (a)v}?vm _1 =0 (v @y vm) _ 1> Where O = (gqp)) € QPD1xk
is a rational matrix whose first k rows form a k x k identity matrix. Let C C R¥ be a
set satisfying the conclusion of Lemma 7 applied with o, = Oyl P € {1,..., D1}.
Given an arbitrary s = (s1, 52, ..., Sx) € C,Lemma 7 yields sequences (t"%),,cy C R

and (r'""*),en C C such that

n,s 118 Dy __ . n,s n,s Dy
(wvllvmt . w”nlvm Y+ 727 =Q (a)vllvmr] s Oyl T ) + 71,
(16)
[t — 00 asn — oo, (17)
S s inRF, asn — oo. (18)

We now perform a calculation that will enable us to interpret the single input variable
of M’ as a rational linear combination of k input variables of another LENN M”, to
be specified below. The argument will then proceed by anchoring at all but one of the
inputs of M”. Tt is this last step that uses k > 2 as a key assumption, as anchoring
requires at least two input nodes to be meaningful. We thus have

0 (@0, (A+1 1) +6,1)
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=0 (wU})UmA—}—i(a)U[l;vin[n,s +Z)+9v},) (19)
k
=0 | Quun A i | 2o @y, L+ @0
j=1
k
—0 Zq,,j a)v}vin(A+ir;l’s)+9v,1) , (21)
j=1 '

for p € {1, ..., D1}, wherein (19) we used the i-periodicity of o, in (20) we used (16),
andin (21) we used Dyl = ZI;-ZI qpj Dyl and the i -periodicity of o again. Owing

to (15), none of (v},)”, p € {1, ..., D1}, hassingularities along A+i R, and thus all the
quantities in (19)—(21) are well defined. The calculation just presented suggests con-
structing a new LFNN by “splitting” the input node v;, of M’ into k new input nodes.
Formally, we define an LEFNN M” = (vM' M Vifl\/l”, Vojb\t/}”, QM @M’y as
follows:

- ViQ/V/ = {uy, ..., ux}is aset of k newly created input nodes (disjoint from yM,

- VM= Vv U U Ve

in

- EM = {@.?) e EM ¢ Iv@) = BU{@uj.v) 1 < p <DL 1<

S k7 qu ;é 0}9
- VDJL\,/} = VO/L‘,/} ,

- deﬁnea),,]]ui =qpjw,, ,forpe{l,...,Di}, j€{l,... k}, and let
P J m

oM’ ._ {wy, € oM clv(v) > 1} U {(a)vll)uj :1<p=<Di, 1 2j=<k, qpj #0},

- oM .= oM.
The procedure for constructing M” for a given M’ is illustrated in Fig. 8.

Owing to (19)—(21) and the construction of M”, we have the following “input
splitting” relationship

WM A +im) = e M A +ir* A, (22)
for p € {1,..., D1}. We now show that M" is non-degenerate and clones-free. To
this end, first note that, for every j € {1, ..., k}, there exists a w € VM such that

out
v} e yMw), by non-degeneracy of M',andasu ; € par(vjl.), wehaveu; € yM W),
This establishes non-degeneracy. Next, we observe that a clone pair in M” would have
to consist of nodes in {vll , vé, cee vb] }, as a clone pair in M” consisting only of nodes
in | Jy~, V¢ would also be a clone pair in M. Thus, by way of contradiction, sup-
pose that (v,l,l, v},z), 1 < p1 < p» < Dy, is a clone pair in M”. Then, 9;1 = 911,2
and a)v,l,lvin = ZI;=1 dpij a)vjl.v,-,, = ZI;‘:I dp>j wv}v,’,, = a)v}nvm’ SO (UII)I ) Ullzz) is a
clone pair in M’, which stands in contradiction to the no-clones property of M’, and
hence establishes that M" is clones-free. We now revisit the constant-valued function
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Examining the structure

out *

hou () = Zwevojlt/tl’ Ay (w>0,./\/l (t) = c,forallt € Dy,
of M’, we see that, for each w € VOJ,\;} , We can write
Dy

W) M () = Fw<<<v})><” M/(Z)) 1) , forallz € D(w>o,Mu

where F,, corresponds to the map realized by the LENN with nodes
VM (o), (23)

inputs {vll, ce, U lDl }, output {w}, and edges, weights, and biases inherited from M.
As F), is the map realized by a node of a GFNN according to Definition 12, it is holo-
morphic on its natural domain Df, C CP! containing RP!. We can therefore write

D,

hour(2) = F ((wll))a, M/(Z)) ]) , forall z € Dy (24)

out’?

p=

where F : Dp — C, F = Zweer)Lw F,, is holomorphic on Dy :=
out

ﬂweV s DE, D RP1. Now, by definition of natural domain, for each w € VO/LY,W,
out
we have
D1 " D
_ L, - 1\o, M
Dy =1 @z € () Dgponer = ()71 20) — €Dt
p=1
where the variables z, ..., zx correspond to the input nodes uy, . . ., ug, respectively.
Therefore, for (z1, o Zx) in the open domain D;W = mwev(,/;;‘” D () M7 > We can
define the function £, : D;Um — C according to
~ " Dl
1
Fou (@1, 20) = F ((<v,,>"’M (@1 20)) 1) . (25)
,):

Moreover, as M’ and M” share the nodes in (23), as well as the associated edges,
weights, and biases, we have

” " Dy
W)y M @1, w) = Fy <<(v11,)"’M (z1, ""Zk))p=1> ;

for all w € VM” and thus

out >
Eout: Z )‘w (u))J’M .

wev M’

out
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We are now in a position to show that, like £, the function ﬁou ¢ 1s constant-valued.
As this will be effected by an analytic continuation argument through Lemma 4,
we first need to ensure that the relevant quantities lie in Dj; . To this end, as

WhoMi(zy, ... z) € R, forall (z1,....2%) € R¥, p € {1,..., Dy}, and Dp

is an open set containing RP!, we can choose a small enough § > 0 so that
Dy D DR((A,..., A),d). Now, fix an arbitrary s = (s1,..., s) in the smaller

out

open set C N Dy (0, §). We then have
(A+isi,...,A+isy) € DR((A, ..., A),8) CDy .
and since
A+ir]®, L A+ir) = (A+isi, ..., A+isp),
as n — 00, we obtain
(A+ir?’s,...,A+ir,:l’s) GDEM,

for large enough n € N. We may assume w.l.o.g. that this is true for all n € N by
discarding finitely many elements of the sequence (r"-%),cn. Now, we use (22), (24),
and (25) to get

4 ” D
hom(A—i-irf’s,...,A+ir,i"s):F(((v},)“’M (A—i—irf’s,...,A—i—ir:'s)) ' 1)
1’):
’ D
:F(((v},)”’M(A+it”’s)> 1 )
p=1
=hou(A+it"*) =c, forallneN.
Define the set
T={A+ir", ...,A+ir*):s € CND0,8),neN}

and note thatcl(7") D ((A, . A+ (EC)N DO, 8)) , soitfollows by Lemma4 that
Eom — ¢ = O everywhere in a neighborhood of R¥, and thus, in particular, ﬁom Ipk = c.
We now repeatedly apply Lemma 2 to M”, anchoring successively each of the inputs
uy,...,ur_1. Observe that we will never find ourselves in the circumstance (ii) of
Lemma 2, as this would mean that we have obtained a network N € .#,,;, with a
strictly smaller number of nodes than M’. Moreover, as the first k rows of Q form an
identity matrix, we have

(v},,uj)eEM = qpj #0 & p=,

for all p,j € {1,...,k}. Therefore, for each j € {1,...,k}, the node vjl. will be
removed when anchoring the input u ;. A concrete example of this input anchoring
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Q53w viv;

in

Fig.9 Input anchoring. Left: The neural network M as in Fig. 8. Right: Anchoring the inputs of M" at
the nodes u1, us, ..., up_1 results in the removal of the nodes v}, v%, R ”1:—1 (and possibly some other
nodes deeper in the network). As k > 2, the resulting network N has fewer nodes than the original network

M/

procedure in the case k > 2 is shown schematically in Fig. 9. Thus, having anchored
the nodes uy, us, ..., ur—1 to appropriate real numbers ay, ..., ar—1, we will be left
with a non-degenerate clones-free LENN A = ( vN , EN Aurl, vN VN , N ) such

out?

that the function h%Y, := 2wevd A (w)> N satisfies
(@) = how(@r, .. .a1.0— Y hy W) M@ a0, VEER,

weVMI\yN

out out

(26)

We have shown that the first term on the right-hand side of (26) evaluates identically to
¢. Moreover, as input anchoring yields networks satisfying (IA-2), the values (w)” M
forw e VO/I‘A’}U \ VOJL\‘/;, are constant with respect to the input at uy. Therefore, the value
of the sum on the right-hand side of (26) is independent of ¢, that is, h{)\L{t = cy/, for
some cor € R. As &y, # 0, for w € VM it follows that {(w)® : w e VN } U (1)
is linearly dependent. We have thus shown that the network N is in .#,in. As N
has strictly fewer nodes than M’, we have established the desired contradiction and
proved the theorem for k > 2.

The case k = 1. We have dim{w,1, ,...,o,1 , Jo = 1, so we can write
1Vin Dy Vin
(Uvjl_vm = Nja,wherea € Rand N; € Z, for j =1, ..., Dy. Moreover, by replacing

a with 2¢a and all N jwith N;/ 2¢ for an appropriate integer £, we may assume w.1.0.g.
that at least one of the N; is odd. We make the following crucial observation. For all
j=1,...,Dyandt € R, we have

1yo, M/ i\ _ . Nji
(U].)U (t+5)—a<Njat+ev}+—2 >
C+ Y  cgcstanh(w(Njat + 6,1 —s)), Njeven
J
C+ Y escscoth(m(Njat +6, —s)), Njodd
J

27)
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We see that, along the line R + ﬁ, the functions (vl.)”’ M are real-valued, for

all j = 1,..., D1, and, provided that N; is odd, they have poles at the points

S0,
% |: N L+ lii| As S is self-avoiding, and at least one of the N; is odd, there exist a
J

j*e{l,...,Di}andat* e R+ 2’—a such that (vjl.*)"’ M’ has a pole at *, and all the
other (v})“’ M jef{l,..., Di}\ {j*}, are analytic and real-valued at t*. Let € > 0
be such that (v})“’ M je{l,..., Di}\ {j*}, are analytic on an open set containing
the closed disk D(t*, €), and such that (v}*)"’ Mg analytic on the punctured disk
D(t*, €) \ {t*}. Before embarking on the construction of N in the case k = 1, we
verify the following auxiliary statement:

Claim 1 We have L(M') > 2 and (T € V3 : (v}.,7) € EMY £ .

Proofof Claim 1 We first show that L(M’) > 2. To this end, suppose by way of
contradiction that L (M) = 1. Then, yM = V1 by non-degeneracy, so the function

out
/ .
hour = 32 ey Aw (W) M’ can be written as

out

hout (1) = Ryt (0j:)7 Mty + g0, (28)

where g is analytic in an open neighborhood of #*. But (vjl.* )M hasa pole at t*, and
s0 hgy has a pole at *, which stands in contradiction to &,,; = c, and thus establishes
L(M') > 2.

Next, by way of contradiction assume that {v € V5 : (v}*, V) € EM,} = . Then,

out out

o, /Vl/)

by non-degeneracy of M’, we have Ujl-* e VM and (w)® M forw e VM \ {vjl.*},
. . 1 1 o, M/ .
are real holomorphic functions of ((vj) el DN Now, as (vj) ,J €
{1,..., D1} \ {j*}, are analytic and real-valued at ¢*, the function k,,; can again be
written in the form (28) with g analytic in an open neighborhood of #*. This again

contradicts A,y = c, and thus {v € V; : (v]l.*,%') € EM} £ o, establishing the

. _ 2 2 .2 2
claim. We can therefore enumerate the nodes V, = {vi, ..., Vs Vs oo UDz} SO

that

- v}* €(p<a par({vz}) \Up-a par({vlz,}), and

- {wva]'.*’ cees wv%v}*} is a basis for (wv%v}*, e ,wviv}*)(@.

In particular, we have k = dim(a)v%vl_ - )@. We will apply a similar input
J*

o wvﬁv‘.*

J
splitting procedure as in the case k > 2, but this time with the nodes v}* and v%, e, vﬁ
taking on the roles of v;, and vll, e vbl. Specifically, we will use the pole of
(vjl-*)"’ M’ at t* to obtain sequences (1"%),en and (r'*),cN according to Lemma 7,
that is to say, we will “split the non-input node” v}* of M’ into input nodes of the
new network M to be constructed. We remark that the outputs of v%, R v§ depend
on <v}*>ﬂ, M
separation” will cause the construction of M” to be more involved in the case k = 1
than it was in the case k > 2.

, which, in turn, is a function of the input variables. This “extra level of
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In order to motivate the construction of M” in the case k = 1, we will carry out a
calculation analogous to (19)—(21). We begin by determining a B € R such that none
of the functions

)M @) =0 (0,1, "M@+ @ +02) . 2D (29)
for p € {1, ..., d}, have singularitiesinthe set Lp := {z € D(t*, €) : (vjl.*)d, M/(Z) €
B+i R}, where the functions f), : Dfp — C,forp € {1, ..., d},aredefined according
to

o= 3 ep)™M@. €Dy, (30)
Je(l,....DiN{j*}

When D; = 1, the functions f, are all identically zero. For given p € {1,...,d},
z € Lp is a singularity of (vf,)”’ M if and only if z is an element of D(z*, €) such
that
, P— fp(2) —0p
M@ e B+iR) N — T,

W, 2.1
UpU

where P is the set of poles of o, expressed in terms of S by (14). But

P—fp@) =0  S—Relfp(D(t* €)]—0,
C

+ le
a)vlz,vjl.* C()ulz)v;*
for all z € D(t*, €), so it suffices to ensure that
d S —Re[fp(D(t*, €))] — 0%
B¢ iy 31)
w, 2.1
p=1 VR
Next, let
n(€)= sup  sup |fp(2) = fp(t")]
1<p<d zeD(t*,e)
and note that, as fp, p = 1,..., d, are continuous in a neighborhood of t*, we have

n(e) — 0as e — 0. Let Leb denote the Lebesgue measure on R. We then have

¢ S —Relf(D(*, )] -6},

Leb 1[0, 1]1N

[0.11n -
p=1 VR

d S — 6>

2 2

<> 1wl 1n I G
w21 | w1
p=1 VU VU
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for small enough values of €. Therefore, by choosing a sufficiently small €, we can
ensure that there exists a B € [0, 1] such that (31) holds, as desired. Now, write
d  _ 7 k ) — (G..). dxk : : :
(wvf,u_}*)p=1 =0- (wvgv}*)p=l’ where Q = (Gpj)p,j € Q_ *X s a rational matrix
whose first k rows form a k x k identity matrix. Let C C RK be a set satisfying the
conclusion of Lemma 7 applied withap, = w21 , p=1,... k.
pUj*

Givenanarbitrary s = (s1, 52, ..., s;) € C,Lemma?7 yields sequences (1"%),eny C
R, (r"),en C C such that

(a)v%v}*tn’s, s a)vgv.}_*t"’s)—i—Zd = Q . (a)va}*ril’s, Ce @y /% 11 r;g s)—i—Zd, Vn e N,

(32)
[t — oo asn — 00, (33)
r'* —s asn— oo. (34)

As (v} i <) Mg analytic on the punctured disk D(t*, €) \ {¢*} and its singularity at

t* is a pole, it follows that the reciprocal 1/ (v}*)"‘ Mg holomorphic on D(t*, €)

with a zero at ¢t*. Thus, by the complex open mapping theorem [18, Thm. 10.32]
applied to 1/ (vjl.*)"’ M’ there exists a 8 > 0 such that, for every y € D(0, §), there
isaz, € D(t*, €) with 1/(v]1.*)(” M/(zy) = y. Now, since |t"¥| — oo, we also have
|[B+it"%| — o0, soit follows that there exists a sequence (z"%),en in D(t*, €) \ {t*}
with z* — t*, such that (v}*)a’ M (z18) = B 4 i 1" (a finite number of elements
of the sequence (¢""'*),,cny may need to be discarded to ensure that (z"%), <y is, indeed,
contained in D(t*, €) \ {*}). Now, for p € {1, ..., d}, compute

0 (05,1, WM @) + £, +0,2)

pP-j
=0 (o st (B i) 4 f (& )+6,2) (35)
s (Wvl B+i@p, 1"+ T) + () +6,2) (36)
j* Pj* P

3

= wv%v}*B +i- Z;cjpj a)ngvjl I/ R fp %) +0, 2 37
]=

3
=a [ D dpop, BHIr) + [ +6, | (38)
7

where in (35) we used the definition of z*%, in (36) we used the i-periodicity of o, in
(37) weused (32), and in (38) we used @y, 1 = le‘ 1 4pj @,2,1 and thei-periodicity
of o again. As B was chosen so that the functlons (29) do n(;t have singularities in

Lp, all the quantities in the calculation (35)—(38) are well defined.
Motivated by (35)—(38), we construct a GENN M” = (vM" EM VM yM

" " out ’
oM , eM ) as follows
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M”

Fig. 10 Input splitting, case k = 1. Left: A neural network M, assumed to be a minimal element of A,
with D| = 3, Dy = 6, and d = 4. Right: The corresponding network M”, assuming j* = 1 and k = 2.
The function H in (42) and (43) corresponds to the map realized by the shared part (in red) of M’ and M

First, k new nodes are created and enumerated as {u1,...,ug}. Now, if Dy > 1,
then let VM" = {viy, ur, ..., ug), and if Dy = 1, set VA = {uy, ..., ug).

- VM= VA U\ D U U, Ve

EM' = {(v,?) € EM : Iv(v) > U] v2) e {1, ..., D\ {j*),
pell,....DU{uj.v3):pefl,....d}, je{l,....k} qpj #0},

- yM' = vM \ {vk},

out out

- deﬁnewvlzouj = qpj a)vzvg,forp =1,...,d,j=1,... k and let
J
QM = {wg, € QM 1 V() = 2} Ufwp, s j e (..., DY\ {j*}p €
PYj L
{1 DZ}}U{Q)Z pe{lv9d}1]€{171k}1q[)}#0}a
— let @M =1{0, € oM V() 2 2} U{6, : j € (1,...,Di}\ {j*}).
The construction of M” for a concrete M’ is illustrated in Fig. 10. Note that M” is not

layered in the case D1 > 1, due to the presence of the node v;,. Owing to (35)—(38)
and the construction of M”, we have the following “input splitting” relationship:

(02)5 M (s _ WM B+ ir L B+, i Dy > 1
r W) MUB it B4, itD; =1’
(39)
for p € {1,...,d}. We next show that M” is non-degenerate and clones-free. To

establish non-degeneracy, it suffices to show Viilw/ C UweV e VM @) First note
out

that in both cases D| = 1 and Dy > 1, for a given j € {1,. , k}, there exists a
VM {v -« } such that v e VM @) by non-degeneracy of /\/l’ It follows that
vj e yM'w) and thus u; € VM W) As J was arbitrary, we have {uy, ..., ug} C

Uw yM vM' @) which establishes non- degeneracy of M” in the case D = 1. For

out

D1 > 1, we need to additionally show that vm e VM) To this end, note that there
existanm* € {1,..., Di}\{j*}andaw € V" \{v .} such thatv! . € VM@ and
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50 Vi, € VM) a5 desired. The clones-free property of M” follows by the same
argument as in the case k > 2. )

Once again, we revisit the function h,,; (t) = Zwev{j;ﬁ/ Aw (w)"’M (t) = c, for
allt € Dy,,,,
the output sets vM and M’ may differ by the node vjl.*. This is a nuisance that will

and proceed in a similar fashion as in the case k > 2. This time, however,

out out
be dealt with below in Claim 2, but in the meantime, it 1s convenient to introduce the

“truncated” linear dependency function

hy = Y h ()M (40)

’
weVat \(vh)

and proceed exactly as in the case k > 2. By examining the structure of M’, we see

that, for each w € Vofb\f,‘, \ {vjl.*}, we can write

’ / d
)M (@) = H, ((<vf,>f’~M @)

1
(M)

s Z S D o, ’y
jeu,..‘,Dl}\{j*}> o7

where Hy, : Dy, — C corresponds to the map realized by the GFNN with nodes
VM (vin, vk (41)

inputs {vﬁ}‘;7 Y {vjl. }iell,...p\(j*)» single output {w}, and edges, weights, and biases
inherited from M’. The function H,, : Dy, — Cisholomorphic on its natural domain
Dy, C CHP1=D containing RYF(P1=D. We can therefore write

, YzeDy

out?

(42)

_ 2\o, M’ d Lyo, M’
hir () = H ((<v,,> @), (wh (z))je{wl}\{j*})

where H : Dy — C, H = ) Aw Hy, is holomorphic on Dy =

d+(D1—1
rWweV/Vl/\{v]]'*}IDH"" > RIHIZD,

’
weV it \{v_}*}

out

Now, by definition of natural domain, for each w € V()/,\A/t‘”, the natural domain

D, ... mvisthesetofall z € ﬂizl D(U2)0,M” N ﬂj#* D<U1_>(,VMH such that
14 ? J

(w)
<(<v2>"’ M) (WM @) ) € Dy
? p=1"\""J Jelles DI "

where the variable z = (2o, z1, . . . , z}) corresponds to the input nodes v;, u1, ..., ug,
in the case D1 > 1,and z = (z1, ..., z3) corresponds to the input nodes u1, ..., ug,
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in the case D1 = 1. Therefore, for z in the open domain Dgom = ﬂwev am D () M >

out

we can define the function Eou, : D;gm — C according to

7 _ 2\o, M” d Iyo, M”

Moreover, as M’ and M” share the nodes in (41), as well as the associated edges,
weights, and biases, we have

o, M" _ 2\o, M" d 1o, M”
(w)* M (7) = H, ((<vp> (z))pzl,(w,-) (Z)),-e{l """" Dl}\{j*)

for all w € VM” and thus

out >
houwr = Z Aw <w>U’M .

M
U)GVUM

At this point, we verify another auxiliary clair~n, which states that %, and h,,; are
always, in fact, the same function, and therefore 4,,,; = c follows by a similar argument
as in the case k > 2.

Claim 2 Recall that t* € R + 2l—a is such that (vjl-*)"‘ M’ has a pole at t*, and all the
other (vjl.)"’ M,, je{l,..., Di}\ {j*}, are analytic and real-valued at t*. Further
recall the open set C C R¥ containing 0. We have {t*} x RF ¢ D;M andﬁomR,;H =g,
in the case Dy > 1, and Rf ¢ D;lam and E"W'R’? = ¢, in the case D1 = 1. Moreover,
vM

; 1
in both cases we have v . & Vi .

Proof of Claim 2 First assume that D; > 1. To show that {r*} x RF ¢ Dy i

first observe that, for j e {l,..., D1} \ {j*} and (z1,...,27) € R’z, we have
(v})"’ MU 2p) = (v})"’ M’ (%), which, by (27), is a real number. By (30),
this further implies f,(*) € R, for p =1, ..., d. Therefore,

3
2 ,M// B _ —
WH Mtz =0 ,Z—:lqu 02,2+ ) 0 | €R,
forpe{l,...,d}and (z1,...,2}) € RF, As RI+HDP1=D Dy we deduce that

d -

2\o, M” ) ( 1o, M” ) > D f 1 * Rk

v z NECK z e , forall z € {t*} x R*.
<<( ) (z) e (v;) () el DOV H {r"}

This establishes {#*} x Rk C Dﬁm,,‘ We proceed to showing Eom |R,; 1 =c As Dg{m

is open, it follows that D;; D U, for some connected open U C C!** containing
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{t*} x RF. Choose a small enough § > Osothatlf D D} (t*, 8) x DE((B, ..., B),d).
Now, fix an arbitrary s = (s1, ..., ;) in the smaller open set C N DE (0, 8). We then
have

(t*, B+isy,..., B+isp) € D{(t",8) x DE((B, ...,B), ) cUCDy .,
and since
@ BHir, L BAirt") = (", B+ist, ..., B+isp),
as n — 00, we obtain

(z"’S,B+ir?’s,...,B+ir£’s) e Dy

out’

for large enough n € N. We may again assume w.l.o.g. that this is true for alln € N
by discarding finitely many elements of the sequences (z"%),en and (r%),cn. Now,
we use (39), (42), and (43) to get

how (@5, B+ i1, .. B+ir") = hy(2"), VneN, (44)

foralls € CN DE(O, 8). We are now ready to show that vjl.* ¢ yM (still in the

out

case D1 > 1). To this end, suppose by way of contradiction that v}.* € V()/,\j, and set

s = 0. Note that }Nlou,(t*, B, ..., B)is awell-defined (finite) complex number, simply
as (t*, B, ..., B) € {t*} x RF Dy, .- Thus, by (40) and (44), we have

)M @) = ¢ = hou () + (0]} M @)

=c—h, ("0

=c—hou @, B+ir}? .. B+ir!?)

— ¢ — hou(t*, B, ..., B)

as n — oo, which contradicts the fact that (vjl.* )o M’ hasa pole at *. This establishes

v jl* ¢ VO/L‘[}/. As a consequence we further have h; = hyyt, and so (44) reads

how (2%, B4 1™, B+irl) =hou("*) =¢, VneN,
foralls e C N DE (0, 8). Now, define the set

f:{(z”*s,B—i—ir?’s,...,B—i—ir]'g’s):seCﬂDE(O,S),neN}.
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Fig. 11 Input anchoring. Left: The neural network M as in Fig. 10. Note that M" is not layered, but every
network obtained from M” by anchoring all but one of its input nodes is layered. Right: Anchoring the inputs
of M at the nodes v;,, uy, uz, ..., uj_, yields a layered neural network A" with L(N) = L(M) — 1

Note that T satisfies

T c (D@, )\ {t*}) x C* and
(T S (%] x ((B, ... B)+ (i C) N DX, 5)),

so by Lemma 5, it follows that 710,” — ¢ = 0 everywhere in an open neighborhood
of R¥*1 and thus hout|gis1 = c in particular. This establishes Claim 2 in the case

D; > 1. It remains to prove the claim for D; = 1. Showing that RF ¢ Dy, ., s fully

analogous to showing {r*} x RF ¢ Dy, . inthe case D > 1. We can hence proceed
to establishing £,y |R,; = c. To this end, we first note that there is a connected open

setf and a 8 > 0 such that R ¢ U Dy, ., and DE((B, ..., B),8) C U, and we
similarly obtain

. ns . ns -
(B+ir ""’B+”/€ )GDhouz’

forallmn e Nands € C N DE(O, 8). Again, showing v}* ¢ VM how proceeds in a

out
manner entirely analogous to the case D > 1, as does obtaining the identity

Rowr(B+ir*, ... B+i ) = hou (@) =¢, VneN,
foralls e C N Dl‘g (0, ). Now, define the set

T={(B+ir",....,B+ir*):s € CND;0,8),n €N}

Note that T satisfies c1(7T) D ((B, LB+ 3GEC)N DE(O, 8)), so, by Lemma 4, we

have h,,; = c everywhere in an open neighborhood of R’E, which concludes the proof
of Claim 2.
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Finally, it remains to apply an input anchoring procedure to M, which will con-
clude the proof in a manner similar to the case k > 2. Specifically, we use Lemma 2
to successively eliminate inputs of M”, starting with v;;, (if present), and proceeding
withuy, ..., uz_,.I1f Dy > 1, the network M” is not layered (unlike in the case k > 2
and the case k = 1, D; = 1). However, every network obtained from M” by anchor-
ing all but one of the input nodes {v;,, u1, ..., ug} is layered. This means that, when
anchoring v;,, we do not find ourselves in the circumstance (ii) of Lemma 2, as this
would mean we have obtained a network N' € .#,,;,, with strictly fewer nodes than
M. Thus, after having anchored v;,, we are left with a layered network with inputs
ui, ..., ug. At this point, we proceed completely analogously to the case k > 2 by
successively eliminating the inputs uy, ..., uz_;. We are left with a non-degenerate

clones-free LEFNN N = (VN EN {ug}, VN QN oV ) and a vector of real con-

out?
stants a (specifically, a e R¥ in the case D) > 1,anda € Rk=1 in the case Dy =1),
such that the function hou =D ey N Ay (W) N satisfies

out

KN (6) = Row (@, 1) — Z Ao ()M (@, 1), VieR. (45)

we Vou[ \ out

A concrete example of this input anchoring procedure in the case k > 2 is shown
schematically in Fig. 11. By Claim 2, the first term on the right-hand side of (45)
evaluates identically to c. Moreover, as mPut anchorlng ylelds networks satisfying
(IA-2), the values of the functlons (w)> ™ forw € Vom \V om, do not depend on
the input at uj. Therefore, hom = ¢y, for some cpr € R. We have thus shown that
the network A is in .#. But L(N) = L(M) — 1, which stands in contradiction to
the minimality of depth of the elements of .#,,;,, and therefore completes the proof
of the theorem. O

Proof of Theorem 3 Let N; = (V/, E/, Vin, Vour, 7, ©7), j € {1,2}, be networks
as in the theorem statement. Let N = A Vv N, be their amalgam and 7 it vNi -
b4 j(VNJ ) C VN the extensional isomorphisms between N; and the corresponding
subnetworks of A/, for j € {1, 2}. We start by claiming that 71 (w) = mp(w), for all
w € V,u,. Indeed, suppose to the contrary that we have 1 (w") # mp(w’), for some
w' € Vour, and denote w; = m;(w’), j € {1,2}. Since w; # wy, it follows that
N (wy) and NV (wy) are not extensionally isomorphic, for otherwise w; and w, would
be clones, contradicting the no-clones condition for A/. Now,

M4y =0, forallt € RV,

N (W) (#) — (N (w2)? (#) = (w')mN1 () — (w')
by assumption. But this contradicts the conclusion of Theorem 4, and thus establishes
1 (w) = mp(w), for all w € V,,,;. By non-degeneracy of N1, for every v € V1, there
exists a w € V,y, such that v € VN1 Then, 7, (v) € VN@ @) — yNmw) —
nz(VNz(“’)) C m (V2. Similarly, for every v € V2, we have 7 (v) € 71 (V1). Thus,
the function ¥ : V! — V2 given by ¢ = T !0 71 is well defined. This function is
invertible with inverse Vo, soitisa bijection. Therefore, v is an extensional
isomorphism between A} and A2, by virtue of being a composition of two extensional
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isomorphisms. Moreover, we have ¥ (w) = nz_l(m (w)) = w, forall w € Vyy;, S0 Y
restricted to V,,; is the identity map, and thus i is a faithful isomorphism. O
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Appendix: Proofs of Auxiliary Results

Proof of Proposition 1 Fix \j and N as in the statement of the proposition. We begin
by establishing the existence of a corresponding amalgam .A. Let ./ denote the set of
all proto-amalgams of N; and NV>. To see that ./ is non-empty, consider the LENN
N =N, EN v,,, vN VN eN) specified as follows:

out’

— Let S be a set of cardinality #(V' \ V;,) + #(V?\ V;,) disjoint from V;,, and
set VN = Vin U S. Furthermore, let T Vi > TL’]N(Vj) C VN be injective
functions such that JT]N(U) =v,forv e Vi, j € {1,2}, and 711/\/’(Vl \ Vin) N
nzN (v? \ Vin) = &, but otherwise arbitrary.

~ EN = U@ N ). aN @) cv. ¥ e VI (v, 9) € BV,

- Vojl\t/; = n{\/(volut) U né\/’(va,zut)‘ .

— For j € {1,2} and v, 7 € V/ such that (v, ) € E/, let wﬂj/\f@njjv(v) = wyy, and
set @V = {wy 1 (u, v) € ENY.

—For j = 1,2 and v € Vi \ Vin, let an/\/(u) = 6,, and set oN .=

{6 :u € VN \ Vi, ).

Informally, the network N is obtained by putting A7 and N; “side by side,” sharing
only the input nodes V;,. As Nj and N, are non-degenerate, so is A/. Moreover,
Properties (i) and (ii) of Definition 16 hold for A/ with ]N Vi n j (Vi) c VN,
for j =1,2.

Thus, A is a proto-amalgam of N7 and N>, and so &/ # @. Now, let 4 =
(VA, EA, Vljf, V,;;‘t, QA, ©4) € o be a network with the least possible number of
nodes among all the networks in .27, and let 77 : Vi nj(V/) C VA,forj e {1,2},
be extensional isomorphisms between /N; and the appropriate subnetworks of .A. We
now show that A is clones-free. To this end, suppose by way of contradiction that
c1,c € VA are clones. As N is clones-free, ¢, ¢, cannot both be in m(V‘), for
otherwise nfl (c1) and nfl (c2) would be clones in A. By the same token, c1, ¢3
cannot both be in 72(V2). Thus, we may write w.l.o.g. ¢y = m1(v1) and ¢z = w2 (v2),
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forsome vy € V! and vy € V2. Now, let A be the network obtained from A by making
the following alterations:

— Forevery edge (c2, v) € EA, wherev € VA, introduce anew edge (c1, v) together
with the associated weight w,,, and delete the edge (cz, v).
— Delete the edges (v, ¢2) € EA, as well as the node c2..

— If ¢ was a node in nz(VOZuZ), then add c; to the set yA

out*

The network A is a proto-amalgam of A and N, via the extensional isomorphisms
71 = m and

m@), ve VA\{r ()}

1 , forve VNZ.
ct, v=m, (c2)

T (v) =

But A has strictly fewer nodes than .4, which contradicts the minimality of .4, and
thereby establishes that A is clones-free, and hence A is an amalgam of N and
N2, completing the proof of existence. To establish uniqueness—up to extensional
isomorphisms—of the amalgam, suppose that A and A’ are both amalgams of NV} and
N> via extensional isomorphisms 77; : V/ — ;(V/) ¢ VA, 7 Vi > n}(Vj) C
VA, for j € {1, 2}. We first show that

(7] o (W) = () oy H(w), forall v e w1 (Vi) Nma(Va), (46)

by induction on lv 4(v). If v € Vj;, then (46) holds trivially as the restrictions of
the maps 7, nj/, for j e {1, 2}, to the set V;,, both equal the identity map idy;,,.
Now, let L > 1 and suppose that (46) holds for all u € m(V]) N m(V>) with
Iva(u) < L. Let v € m1(Vy) N ma(Va) with Iv4(v) = L, but otherwise arbitrary,
and write w; = (nj’. o n;l)(v), for j = 1,2. By Property (i) of Definition 16

D) and Ny ~ Ao (V2

u

for the amalgam A, we have N < A (V) /), and so

M (nl_l(v)> < A(v) and N3 (nz_l(v)) < A(v) by appropriately restricting 7}
and 5. Similarly, N ((z]) = (w1)) ~ A'(wy) and N ((5) " (w2)) ~ A’ (ws). But
() wj) = 77 (v), and so N ((n.;)*l(wj)) = N; (n'j_l(v)), for j € {1,2).

Therefore, A'(w1) ~ A(v) and A’ (w2) ~ A(v) via 71 o (w))~! and 75 o (5) 7L,

respectively. Now, as A" is an amalgam, it is clones-free, and thus we deduce that

wi = wo, for otherwise w; and w, would be clones in A’. This establishes (46).
Now define i : VA 5 yA according to

(7] oy (W), vem (V)

p ] . 47
(myomy (W), vem(Vr)

Y (v) ={

It follows by (46) that this definition is consistent, in the sense that the two cases in
(47) yield the same value for ¥ (v) when v € m1(V7) N w2 (V2). Now, Properties (i)
and (ii) of Definition 14 for v follow, so ¥ is an extensional isomorphism between A
and A', finishing the proof. o
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Proof of Lemma 3 Denote by D, = C\ P the domain of holomorphy of . We proceed
by induction on Iv(u). In the base case lv(u) = 0, i.e., u = v;;, the claim is trivially
true with £, = @. Now suppose that Iv(z) > 1, and assume the statement holds for
all v € V with Iv(v) < Iv(u), i.e., Dyyye = C\ E,, where E, are closed countable
subsets of C \ R. Set E, = C \ D,)o. We will show that E,, is a closed countable
subset of C \ R. To this end, first note that S := {J,epar(u) Ev is @ closed countable
subset of C \ R, and thus C \ S is an open connected set containing R. We claim that
if z* is a limit point of E, \ S, then z* € S. Suppose otherwise, i.e., there exist a
sequence (z,)neN of distinct elements of E, \ S, and a point z* € C\ S, such that
zn — z*. Define the function f : C\ § — C, f(z) = Zvepm(u) wyy (V)7 (2) + 6,.
As the functions (v)? are holomorphic on Dyv, they are, in particular, continuous,
and so f is continuous. Therefore, f(z,) — f(z*) asn — 0o. As

n€Ey\S= ﬂ Dye \ Dwye s

vepar(u)

it follows by definition of natural domain that f(z,) € P, for all n € N. Moreover,
since P is discrete, we deduce that there exists a point p* € P such that f(z,) = p*,
for all sufficiently large n € N. Now, since C \ S is connected and f is holomorphic,
it follows that f(z) = p*, forallz € C\ S.But0 € R c C\ S, which thus implies
p* = f(0) = Zvepar(u) wyy (V)7 (0) + 6, € R, contradicting P C C \ R. This
completes the proof that any limit point of E,, \ S is contained in S. Now define the
sets E,ﬁv ={ze€eE,:|z]| <N, dzS) > l/N}, for N € N, where d denotes the

Euclidean distance in C. We see that E ,ﬂv is finite, for each N € N, for otherwise there
would exist a sequence (z,)nen of distinct elements of EN converging to a point z* €
C. But then, by the claim above, we have z* € S, which contradicts d(z,, S) > 1/N,
for all n € N. We deduce that £, = S U UNeN E,iv is a closed countable set, and
therefore Dy,yo = C \ E, is an open connected set. To see that D,y D R, note that,
forz e R,wehavez e C\ S = ﬂvepar(u) Dyyyo,and f(z) € R C Dy, 50z € Dyyyo.
O

Proofof Lemma4 Let a, §, and T be as in the statement of the lemma, such that
Dg(a,d) C U and F|r = 0. Then, the function F, := F(- + a) is holomorphic on
U —a,and Fy|7_, = 0. Thus, as F|y; = 0 if and only if F,|;y_, = 0, it suffices to
prove the result fora = 0. Let Ty := T, Ty := D;(0,4), and, forr = 1,...,k — 1,
define the sets

Tr = {(iZlv~~"iZk7r’Sk7r+lv~-"Sk) : Z] E (_858)7VJ; sj e D(IJ(O’ 8)7VJ}‘

Note that 7, C D;(0,8) C U, for r € {0, ..., k}. We establish by induction over
r that Flr, = 0,r € {0, ..., k}. The base case F|7;, = 0 holds by assumption. So
suppose that F|7, = 0, forsome r € {0,...,k —1}.If 0 < r < k — 1, fix arbitrary
zj € (=6,8),for j € {1,...,k —r — 1}. Similarly, if 0 < r < k — 1, fix arbitrary
sj € D7(0,08),for j € {k —r +1,..., k}. Consider the function G : D7(0,8) — C
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defined by
F(iZl,...,iZk,],iZ), 1f}":0
G()=1F(@z1, .. iZk—r—1,12, Sker41,---,8k), fl1<r<k—1.
F(iz,s2,...,5), ifr=k—1

Note that G is holomorphic, and G|(—s,sy = 0 by the induction hypothesis. Since the
zero set of a nonzero holomorphic function in one variable does not have a limit point
in the domain, we deduce that G| D2(0,6) = 0. But z; and s; were arbitrary, so we

have F|r,,, = 0. We have thus shown that F' is identically zero on an open subset
T = Dl‘z (0, 8) of its connected domain U/, and so, by the multivariate identity theorem
[19, 1.2.12], it must be identically zero on /. 0O

Proof of Lemma 5 Let~t*, a, s, T, and T be as 1~n the statement of the lemma, such
that DP(a,8) Cc U, T C (C\ {t*}) x Ck, c(T) o T, and F|7 = 0, and denote
V= D} (a, d). The function F(; qy = F (- +(t*, @)) is holomorphic onl/ — (t*, @),
and the sets

Toray =T — (1%, a) = {(0,iz1,....iz%) 2j € (=8,8), j=1,...,k)

and Te ) == T — (t*. @) satisfy Tieay € (C\ {O}) x CK, el(Tn.0)) D Tev )
and F ”)|T(t*,a> = 0. Therefore, as Flyy = 0 if and only if Fx o)lti—¢ a) = 0,
and (t* a) was arbitrary, it suffices to prove the result for (t*, @) = (0, 0). Assume
by way of contradiction that F|y, is not identically 0. Then, by inspection of the
power series expansion of F in the open neighborhood V of (0, 0), we obtain that
there exists a maximal p € No such that Z(; PF(zo, 21, ..., 2x) is holomorphic in V.
Write G(z0, 21, -+, 2k) = F(Z() 21y .+.,2k), With G : V — C holomorphic
and not identically 0. Now, due toT C (C\ {0}) x CK, we have zo # 0, for every
(zo, 21, ...,2k) € T. Moreover, as F|z = 0, we have G(z0,z1,...,2k) = zop
0 = 0, for all (zo, z1,...,2x) € T. Now, since G is continuous and cl(T) T
by assumption, it follows that G(0, z1, ..., zx) = 0, for all (0, z1,...,zx) € T. The
mapping (z1, ..., zx) = G(0, z1, ..., zx) is holomorphic on D7 (0, §) and identically
zero on the set

{Gz1, ..., 0iz1) 12 € (=68,08), j=1,...,k},

and so, by Lemma 4, we obtain G(0, z1,...,z¢) = 0, for all (0,z1,...,2¢) € V.
By inspection of the power series expansion of G in V, we find that G must have the
form G(zo, 21, ..., 2k) = 20 dzo S (20,21, ..., 2k). As the functlon is holomorphic
in ¥V, we have that za(pH)F(z(), cey Zk) = %(ZO’ ey Zk) 18 holomorph1c in YV,

contradicting the maximality of p. Our hypothesis that F|y, is not identically zero
must hence be false, i.e., we have F|y = 0. Finally, by the multivariate identity
theorem [19, 1.2.12], we deduce that F'|;; = 0. O

Proof of Lemma 6 First note that M is the closure of a one-parameter subgroup of
d — R4 /Zd .Since T% is compact and abelian, so is M. Moreover, M is connected (as
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the closure of a connected set), and so, by [20, Theorem 11.2], it is itself isomorphic to
a torus. It remains to determine its dimension. A character on a compact abelian group
G is a continuous group homomorphism x : G — S!, where ' = {z € C: |z| = 1}
is the multiplicative circle group, and we denote by G the set of all characters on G.
We claim that

M= () ker(x). (48)

xeTd
M Cker(x)

The inclusion of M in the right-hand side is clear, so we only need to show the reverse
inclusion. Note that, since M is closed, T¢/M is a Lie group. We will rewrite the right-
hand side of (48) by establishing a bijective correspondence between the characters
x : T — S! such that M C ker(x), and the characters f : T¢/M — S'. To this
end, let 7 : 79 — T9/M be the projection map, and suppose that x : T¢ — §!
is a character such that M C ker(x). Then, x factors according to x = f o m, for
some continuous homomorphism f : T¢/M — S, in other words, f is a character
on T4 /M. Conversely, for any such f we have that f o 7 is a character x on T with
M C ker(x). Therefore, it suffices to show that

ﬂ ker(f) = {0}. (49)

feTd/m
Indeed, if this is the case, then

M=r"'(0h= (] = 'Ger(f)D [ ke(fom= [ ker(x),

Td M Ry Td
ferd/m feri/m xeT
M Cker(x)

as desired. We thus proceed to establishing (49). First note that, as 7¢ is compact,
connected, and abelian, then so is 7¢ /M, and thus by [20, Theorem 11.2] we have
that T¢ /M is isomorphic (as a Lie group) to the torus 7" of some dimension r > 0.
Now suppose that (11, uz,...,u,) € T" is such that f(uy, us,...,u,) = 1, for all
characters f : T" — Sl.Ourgoalisto showthatu; =0 mod Z,forallj =1,...,r.
Fora given j € {I,...,r} let fi(t1,12,...,1,) = €275 Since fi:Th — Slisa
character, wehave 1 = f;(uy,...,u,) = e2miuj and thus u;j =0 mod Z. Since this
holds for all j, we have (49), and therefore also (48). Note that any character on T4
has the form

Xm(t1, 12, ..., 1g) = eXFimitmattdmata) = for (¢ 1) e T, (50)

where m = (my,mo, ..., my) € 74 (this is easily seen for d = 1, and follows by
induction for other values of d). Now, for any character y,, : T4 — S! such that
M C ker(xm), we have

1 = ymlont, oot ..., agt) = T martmeart . +maedt = for gl t € R,
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by definition of M, which is equivalent to
miay +mocar + -+ - +mgog = 0.

It follows immediately that Z = {m € 74 . xm € T4, M C ker(x)} is a free
abelian group of dimension r = n — k, where k = dim(«y, ..., ag)g. We can thus
pick a basis {ml, ...,m"} for Z, and then, for any character y,, with m € Z, we
have x,, = X":l'l o Xph, for some ny, ..., n, € Z". Therefore, M is the kernel of the
continuous surjective homomorphism @ : 7" — S given by ® = (x,,1,-- -, Xm’),
and hence its dimension is n — r = k, as desired. O

Proof of Lemma 7 Define the following subsets of 7%

M = {(a1t, o0t ..., aqt) + Z% 1t € R},
Mg = {(ont, aot, ..., aqt) + Z% 1t € R\ [-R, R]}, for R > 0, and
M ={0Q-(ui,...,ux)+7Z% uy,...,ux €R},

as well as the map & : R — 1¢

D, up) =0 (ur, .. up) + 24
k k
= ul,.--,uk,ZQkﬂ,,/u,/,---,Zq{i,juj +2Z°.
j=1 j=1

Let K = ker @, and note that M’ is the image of ®. Further, note that K is an abelian
group, and a subgroup of ZK. For j = 1, ..., k, let N; € Zbesuchthatg,;N; € Z,for
allp=1,...,d Lete; € IR¥ be the vector with N in the j-th entry, and O in all the
other entries. Then, ®(e¢;) = 0+27¢4, forallj=1,...,k,soE :={ey,...,ex} C K.
Moreover, E is a basis for R¥, so K is a lattice of rank k. Therefore, M’ and R* /K
are isomorphic as groups via the induced map

®:RYYK > M, u+K— O-u.
Since @ is a continuous bijection, R /K is compact, and T¢ is Hausdorff, it follows
that the map @ is, in fact, a Lie group isomorphism (when M’ is equipped with the

subspace topology inherited from 7'¢). In particular, M’ is a torus of dimension k. Let
{b1, ..., b} be abasis for K, and let

11
B:{C]b1+"'+Ckbk2C1,...,Ck€[—E,E)}CRk

be a fundamental domain of the lattice K. Then, for any u € R¥ we can write u = b+k
with b € B and k € K. We will prove the lemma with

C={(u/ay,...,ux/ag): (ug,...,ux) € int(B)},
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where int(B) denotes the interior of B. Note that C isopenand 0 € C. Fort € R, we
have

k k
(art, ot ..., aqt) + 29 = (alt,...,akt,quH,j“jt-..,qu,joz,-t) +Z"(51)
= =1

= Q-(Ollt,(){zt,...,akl‘)-f-zd eM,

and so M C M'. Moreover, by Lemma 6 we have that cl(M) is a torus of dimension
k, so we deduce cl(M) = M’. We next establish that cI(Mg) = M’, for every R > 0.
To this end, we distinguish between the cases k = 1 and k > 2.

The case k = 1. Let (a1t, aot, ..., aqt) + 74t € R, be an arbitrary element of
M. Asdim(ay, ..., aq)g = k =1, thereexista € R\ {0} and m1, ..., myg € Z such
that (1, a2, ..., aq) = (amy,amy, ...,amg). Now let n € Z be an integer such that

t+n/a ¢ [—R, R]. Then,

(a1, oot ..., aqt) + 2% = (ot, ant, . .., agt) + (nmy, nma, . .., nmg) + 72
n n n y
:((xl (t—l—f),otz(t—l—f),...,(xd(t—i—f))+Z e Mg.
a a a

Therefore, Mg = M, and so cl(Mg) = cl(M) = M'.
The case k > 2. First note that

Lg =M\ Mg = {(a1,at,...,0q1) +Z% :t € [—R, R]}

is the image of [—R, R] C R under a continuous bijective map from R to 7¢. Since
[—R, R] C R is compact and 79 is Hausdorff, it follows by [21, Cor. 15.1.7] that
L is homeomorphic to [—R, R]. In particular, Ly is a 1-dimensional submanifold
of M with boundary. Now, by general properties of the closure, we have cl(Mg) =
cl(M \ Lg) D cl(M) \ cl(Lg) = M'\ Lg. Therefore, as M’ has dimension k > 1
and L has dimension 1, we have cl(Mg) = cl(cl(Mg)) D cl(M’'\ Lg) = M’. On
the other hand, cl(Mg) C cl(M) = M’, and thus cl(Mg) = M’, as desired. Now fix
some s = (uy/ay, ..., ug/ay) € C, where u = (uy, ..., ux) € int(B). Since My, is
dense in M’, for every R > 0, there exists a sequence (%), ey in R with |5 — oo
such that

(1™, o™, . g™ + 728 - Q -u+ 79, (52)
As M C M’, there exists a sequence ("), ey such that
(a1t™, o™, .. agt™) + 724 = Q - + 74, (53)
for all n € N. With this, (52) reads
0w +72¢4—> Q- -u+74
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and after applying the isomorphism @', we obtain & + K — u + K asn — oo.
Now, for each n € N, let ™ = (u|*, ..., u}"*) € B be such that u™* — u"* € K.
Then, we have u™ + K — u + K as n — o0. Since u € int(B), there exists an
no € N such that u™* € int(B), for n > ng. By discarding the first ng terms of the
sequences (1"%),cn and (@"*),cN, we may assume w.l.o.g. that ng = 0. It follows
that u™* — u as n — oo. Now define r* = (u}"* /a1, ..., u;"* Jax). We then have
r'™S e C,r"™ — s, and (53) yields

(1™ aot™*, . aqt" ) F L = S ) = D) = Q- (rr, . o) H LY,
as desired. O
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