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Fractured geological media often consist of a large number of discontinuities that exist over many different
length scales and are associated with scale-dependent hydro-mechanical properties. This raises a great challenge
for modelling such hierarchical systems using single scale-based simulations. To overcome this hurdle, in this
Note, we propose a dual-scale fracture network model, which explicitly represents the distribution of large-sized
fractures while also implicitly respects the contribution of small-sized fractures via an upscaling treatment. We
discriminate large and small fractures according to a prescribed length scale (determined via a numerical
convergence examination), based on which the domain is discretised into a mesh of grid blocks. A modified crack
tensor method is employed to derive the equivalent hydro-mechanical properties of each block containing
(entirely or partially) the small-sized fractures. It is shown that the bulk properties of the rock mass can be
robustly calculated by this dual-scale model at high accuracy.

1. Introduction
Fractures such as joints and faults are ubiquitous in crustal rocks and
often dominate the hydro-mechanical properties (e.g. elastic modulus
and hydraulic permeability) of geological media (Berkowitz, 2002;
Zimmerman and Main, 2004). Thus, it is of central importance to real
istically simulate the bulk behaviour of fractured rocks, which is how
ever a non-trivial task. First, extensive field observations have suggested
that natural fractures are present over multiple length scales and exhibit
complex hierarchical configurations (Bour et al., 2002; Davy et al.,
2006; Doughty and Karasaki, 2002; Lei et al. 2017). Second, some
fracture attributes (e.g. aperture, stiffness) show strong correlation with
fracture length, such that a large fracture may have a small stiffness and
a large aperture, and vice versa (Hobday and Worthington, 2012;
Klimczak et al., 2010; Olson, 2003). This renders a system that is often
ruled by a small portion of fractures in the network, which have large
lengths correlated with low stiffnesses (localising mechanical deforma
tion) and large apertures (dominating fluid flow). Hence, it is crucial to
precisely represent these dominant large-sized structures, while also
faithfully respect the multiscale nature of the fracture system with the
contribution from small-sized fractures considered. It is also essential to
define a criterion to discriminate large and small fractures, which may
also depend on the specific configuration of the system under

investigation. To realise this, we propose a hybrid modelling approach
combining the discrete fracture network (DFN) model with the equiva
lent porous medium (EPM) model, where large-sized fractures are rep
resented in an explicit fashion and small-sized fractures are considered
in an upscaled framework. This dual-scale fracture network model
overcomes the disadvantage of the conventional DFN method that can
be computationally expensive to explicitly represent all fractures across
multiple length scales and also the disadvantage of the EPM method that
cannot adequately reflect the dominant role of large fractures. We
develop a quantitative methodology through a numerical convergence
analysis for determining a proper threshold to distinguish large and
small fractures. In Section 2, we show the details of our model together
with a verification against analytical solutions for calculating the hydromechanical properties of fractured rocks. In Section 3, we use an
outcrop-based natural fracture network to further demonstrate our
approach. Finally, a discussion is given and conclusions are drawn in
Section 4.
2. Model description and verification
2.1. Problem conceptualisation
In Fig. 1, a two-dimensional (2D) problem domain of size L is divided
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into a number of grid blocks (N × N) of size s. Fractures with lengths l ≥ s
are treated explicitly as discrete discontinuity interfaces, whereas other
fractures with lengths l < s contribute to the equivalent properties of
each grid block. The problem domain is discretised using unstructured
triangular, quadratic elements with discrete discontinuity interfaces
represented by joint elements embedded in between neighbouring finite
elements (Lei et al., 2021). The classification of large and small fractures
is based on the defined block size, which requires a sensitivity analysis to
check the convergence of solution fields (see Section 3).

∇⋅( − ρw

(2)

∇P) = 0,

where ρw is the density of water, k is the permeability tensor, μw is the
dynamic viscosity, and P is the fluid pressure. We use km and kf to denote
the matrix permeability and the fracture permeability, respectively. For
natural fractures, the permeability is related to the fracture aperture bf
via the cubic law (Witherspoon et al., 1980): kf = b2f /12.
2.2.3. Crack tensor formulation
The crack tensor theory proposed in (Oda, 1986) is used to derive the
equivalent properties of grid blocks, including contributions from matrix
and small-sized fractures (i.e. with sizes smaller than the block size) in a
homogenised sense. For each small-sized fracture, the elementary crack
tensors Fij , Fijkl , Pij are computed based on the fracture geometry (Oda,
1986; Oda et al., 1993; Rutqvist et al., 2013) as:

2.2. Mathematical formulations
In this section, we introduce the governing equations for modelling
fractured rocks with large-sized fractures explicitly embedded and
small-sized fractures implicitly incorporated via an upscaling treatment.
It is worth mentioning that we separately compute the mechanical and
hydraulic properties of fractured rocks without including the coupling
between the fluid and solid fields. This makes the verification and
demonstration of this dual-scale modelling approach more straightfor
ward without involving additional complexities. Of course, the hydromechanical coupling is an important issue and a further discussion on
this aspect is presented in Section 4.

Fij =

Sl
Sl
Sb3
ni nj , Fijkl = ni nj nk nl , Pij = f ni nj
V
V
V

(1)

Cijkl = Cm
ijkl +

where σ is the total stress, b is the body force, and f ext denote the external
loads by boundary conditions and the contact forces via joint elements
controlled by fracture normal stiffness κn and shear stiffness κs : (i) the
relationship between the normal stress σn and normal displacement un is
given as σ n = κn un ; (ii) the shear stress-displacement relationship is τs =
κs us , where τs is the shear stress and us is the shear displacement. Here,
we limit our scope to the elastic problem for simplicity so as to focus
more on the examination and demonstration of the dual-scale model
calculation, which in the future may also be applied to systems with
more realistic constitutive relationships.

]
Nsf [(
∑
)
1
1
1 (
−
)Fijkl +
δik Fjl + δjk Fil + δil Fjk + δjl Fik ,
κ n l κs l
4κs l
(4a)

kij = km
ij + λ

Nsf
∑
1
(Pkk δij − Pij ),
12

(4b)

where Cm
ijkl is the isotropic compliance tensor of the matrix, Nsf is the

number of small-sized fractures, δij is the Kronecker’s delta, km
ij is the

isotropic permeability tensor of the matrix, and λ is a non-dimensional
scalar related to the connectivity of fracture networks. The fracture
network connectivity may be quantified by the percolation parameter
(∑
)/
Nsf 2
p=
l
s2 (Bour and Davy, 1997). The fracture system is con

2.2.2. Hydraulic equation
Single-phase steady-state fluid flow in fractured media (in absence of
sources and sinks) is governed by the mass conservation equation and
Darcy’s law that may be merged as (Lang et al., 2014):

nected when the percolation parameter is greater than the percolation
threshold pc ≈ 6 for 2D random fracture networks (Bour and Davy,

Small fractures

l

s

Joint elements
Large fractures

l

(3)

where V is the volume of the grid block, S denotes the area occupied by
the fracture in V, and n is the unit normal vector for the fracture with
directional components ni . Then, the compliance tensor Cijkl and the
permeability tensor kij of each grid block are calculated by summing
contributions from all these small fractures in addition to that from the
matrix (Oda, 1986, 1985):

2.2.1. Mechanical equation
The mechanical equilibrium equation for a fractured rock under insitu stress loading is given as:
∇⋅σ + b + f ext =0,

k

μw

s
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Fig. 1. Schematic of the dual-scale fracture network model of fractured media.
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1997). The relationship between λ and p assumes λ = min(p/pc , 1).

of fractured rocks.
3. Model demonstration

2.3. Model verification

To demonstrate the procedure and capability of the proposed dualscale model, we conduct numerical simulations based on a 18 m × 18
m natural fracture pattern of a Devonian sandstone located at Hornelen
Basin, western Norway (Odling, 1997). The fracture system has more
than 2000 traces with the length distribution in general obeying a power
law (Bour et al., 2002; Odling, 1997). We assume that the fracture
aperture and the fracture length follow a sublinear relationship
2 √̅̅
(Klimczak et al., 2010; Olson, 2003):bf = 4π KIc (1−E ν ) √8̅̅π l0.5 , where KIc =

We verify the implementation of the two modules (i.e. DFN and EPM)
in our dual-scale model by comparing them against analytical solutions
of the elastic modulus and hydraulic permeability for a network of
persistent fracture set(s) (Fig. 2a and Fig. 3a). We investigate the vari
ation of bulk properties in different rotation angles θr of the fractures.
The fracture system is rotated by an angle θr in interval of 5◦ from 0◦ to
85◦ and we simultaneously plot the results from the EPM and DFN
modules on the same graph (Fig. 2b and Fig. 3b): (i) the results corre
◦
◦
◦
sponding to θr ranging from 0 to 80 with a step of 10 are from the EPM
◦
◦
module; (ii) the results corresponding to θr ranging from 5 to 85 with a
◦
step of 10 are from the DFN module. This allows us to cross compare
and verify both modules.

2.28 MPa⋅m1/2 is the fracture toughness, ν = 0.25 is the Poisson’s ratio
and E = 20 GPa is the Young’s modulus (Lei and Gao, 2019). The frac
ture normal stiffness κn is correlated with the fracture length following
(Hobday and Worthington, 2012): κn = γl− 1 , where γ = 10 GPa is a
constant. We assume a typical shear-to-normal stiffness ratio κs /κn = 0.5
(Choi et al., 2013). The matrix permeability is km = 1 × 10− 15 m2 . The
reference solutions for the properties of this fracture system are obtained
by explicitly simulating all the fractures (both large and small ones)
using the DFN module (i.e. with all the physical processes explicitly
computed). We demonstrate the accuracy and robustness of the dualscale model through a sensitivity analysis of grid block discretisation
(N = 2, 4, 8, 16, 32, 64, 128). The problem domain is discretised into an
unstructured grid of triangular elements. The upper limit of element size
is L/145 = 0.125 m, while a local refinement with an element size of
0.025 m is used in the vicinity of explicitly represented large fractures (i.
e. with sizes larger than the grid block size). Such a refinement aims to
accurately capture the detailed physical processes (e.g. fluid flow and
shear dislocation) in these discrete fractures of significantly higher
permeability and lower stiffness compared to the matrix. We use the
same spatial discretisation criterion for all the simulation cases, where
the maximum element size is always smaller than the grid block size. We
further elucidate the advantages of the dual-scale model compared to
the conventional DFN and EPM models.

2.3.1. Mechanical calculation
We apply uniaxial loading (σ yy ) at the top surface of a fractured rock
consisting of two sets of orthogonal fractures (shown in Fig. 2a). The
ratio of domain size to fracture spacing is L/s = 10 and we assume the
relationship between the elastic modulus of the intact rock E and the
fracture normal stiffness κn is E/(κn L) = 0.06. The Poisson’s ratio ν is set
as 0.25 and the fracture shear stiffness κs is related to κn via a ratio κs /κn
(six stiffness ratios are explored). The numerical results and analytical
solutions (Min and Jing, 2003) for the equivalent elastic modulus of the
fractured rock (normalised by E) are compared in Fig. 2b, which shows a
good agreement and thus verifies our model in computing mechanical
deformation of elastic fractured media.
2.3.2. Hydraulic calculation
To examine the validity of our model for hydraulic calculation, we
consider a fracture system consisting of one set of parallel fractures with
L/s = 10 (Fig. 3a). The relationship between the matrix permeability
and the fracture permeability is kf = 8.33 × 107 km . Following the
methodology in (Durlofsky, 1991; Lang et al., 2014; Long et al., 1982),
we compute the effective permeability tensor using the EPM module and
the DFN module, respectively. The derived permeability components
(normalised by the matrix permeability km ) are shown in logarithmic
scale in Fig. 3b. Our numerical results agree well with the analytical
solution, which verifies our model in computing hydraulic permeability

3.1. Mechanical properties
The problem domain is orthogonally loaded by effective far-field
∞
principal stresses: σ ∞
xx = 10 MPa and σ yy = 5 MPa. We quantify the

bulk modulus K of the rock mass and also plot the von Mises stress σ
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(b)
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Fig. 2. Verification of the numerical model for calculating equivalent elastic modulus of a fractured rock.
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Fig. 3. Verification of the numerical model for hydraulic calculation. The permeability components are normalised with respect to the matrix permeability and
displayed in logarithmic scale.

distribution, with a comparison between the dual-scale model and the
reference solution. Hereafter, we denote the solutions from the reference
model and the dual-scale model using the superscripts ‘ *’ and ‘N=’,
respectively. We examine the relative difference of the computed bulk
modulus (a metric to quantify the numerical error), i.e.

ΔK = |K − K* |/K* as a function of grid block discretisation (Fig. 4a).
The difference rapidly decreases from 16.7% to 2.8\% as N increases
from 2 to 16, and asymptotically approaches zero. The models of N⩾16
well reflect the main characteristics of the stress distribution obtained
from the reference model (see the von Mises stress patterns in Fig. 4b).

(a)
0.2
s
L

0.1

0

2

4

8

16

32

64

128

(b)

5

10

0

1

(MPa)

(c)

5m
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(mm)

Fig. 4. Comparison between the dual-scale model and the reference model in capturing mechanical properties: (a) bulk modulus; (b) von Mises stress distribution; (c)
fracture shear displacement.
4

L. Wang and Q. Lei

Computers and Geotechnics 138 (2021) 104357

As we can see in Fig. 4b, high stresses concentrate around some major
discrete fractures, indicating the significant control of large fractures.
We then plot the fracture shear dislocation us in Fig. 4c to examine the
deformational behaviour. One can observe that long fractures tend to
accommodate large displacements, which has been well captured by the
dual-scale model of N⩾16. This is because the effects of these dominant
fractures are explicitly and accurately represented in the dual-scale
model.

the role of most important large fractures and thus can provide a good
estimation of the hydraulic properties of the rock mass.
3.3. Comparison with conventional models
We compare the dual-scale model with the conventional crack
tensor-based EPM model, examining its performance of convergence
and efficiency. A sensitivity analysis of grid block discretisation is per
formed to compare the convergence of the dual-scale model and the
EPM model in computing the bulk modulus and permeability of the
fractured rock. We display the difference between the computed values
from the two models with the reference solutions (using a fully-explicit
DFN model). As we can see in Fig. 6a and b, the dual-scale model con
verges much faster than the EPM model. The dual-scale model well es
timates the bulk property of the fractured system at N = 16, while the
EPM model arrives at similar values requiring about two times more grid
blocks (N = 32). More interestingly, the dual-scale model mono
tonically converges to the reference solution, whereas the EPM model
diverges when N is very large, because with finer discretisation it fails to
properly represent large fractures.
To further elucidate the controlling role of large fractures and the
importance of accurately capturing their effects, we analyse the
contribution of large fractures to the overall behaviour of the system
(Fig. 7a and b). We compute the fracture shear strain ε (fracture shear
displacement times fracture length) and total flow rate Q of all fractures
(derived from the reference model) and large fractures (derived from the
dual-scale model). Here, ε is defined as the sum of the geometric mo
ments (i.e. product of the average shear displacement and fracture
length) of involved fractures divided by the study area (Lei and Gao,

3.2. Hydraulic properties
We compute the fluid pressure field and the equivalent permeability
of the fractured rock using the dual-scale model of different grid block
sizes and further quantify the accuracy of the simulation results via a
comparison against the reference model. Fig. 5a shows the comparison
with respect to the permeability components, i.e. kxx and kyy , derived
from two flow experiments conducted along x and y directions
(Pin − Pout = 1 MPa), respectively. As one can see in Fig. 5a, the relative
difference between the dual-scale model results and the reference so
lution, i.e. Δk = |k − k* |/k* , is quite large when using coarse grids
(N < 16), but decreases significantly and asymptotically approaches
zero with the increase of N. The model provides a good estimation
(Δk ≈ 10%) of the permeability components at N = 16, and also well
captures the pressure field (Fig. 5b). We also plot the fracture flow ve
locity in Fig. 5c, where the dominant role of large fractures in fluid flow
can be observed. The fracture flow velocity is very high in some inter
connected domain-spanning fractures (i.e. backbone fractures) while the
velocities in others tend to be much smaller by even several orders of
magnitude. The dual-scale model of N⩾16 seems to be able to capture
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4
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2

0

(b)
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log(v* )

log(v N
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1

log(v N
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)
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log(v N

0
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0

)

log(v)
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)
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Fig. 5. Comparison between the dual-scale model and the reference model in capturing hydraulic properties: (a) permeability components; (b) pressure distribution;
(c) fracture flow log velocity.
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Fig. 6. Convergence of the dual-scale model and equivalent porous media (EPM) model: (a) bulk modulus; (b) permeability components.
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Fig. 7. Percentage of large fractures’ contribution in the bulk properties of the entire fracture system: (a) shear strain and (b) total flow rate, and (c) the ratio of the
number of elements used in the dual-scale model to that of the DFN model, as a function of the grid discretisation level. Asterisk indicates the reference solution by
the DFN model.

2018), while Q is determined by integrating the flux along the outlet
boundary. As shown in Fig. 7a and b, ε monotonically increases with the
increase of N, while Q in general also does so but with an overshoot at
N = 8, but they all converge to the target solution when N is sufficiently
large. It seems that the proportional contribution of large fractures in
total flow and that in shear strain both reach around 80\% when
N = 16, which explains why the dual-scale model at this grid dis
cretisation level can capture the main characteristics of the system. For
N = 16, we notice that large fractures in the dual-scale model only
account for 13.34% of the entire fracture population. We plot the ratio of
the number of elements (Ne ) used in the dual-scale model to that in the
DFN model in Fig. 7c. This ratio increases and asymptotically reaches
unity as N increases. We can see that the ratio is around 60% for
N = 16, suggesting that the dual-scale model can be computationally
much less expensive than the conventional DFN model. Hence, the dualscale model robustly computes the bulk properties of the fractured
system with a high accuracy and an improved efficiency.

multiscale nature and scale-dependent characteristic of natural fractures
in rock. Large-sized fractures often have high compliance and large
aperture and thus dominate the system, so it would be better to realis
tically model them as discrete features in an explicit fashion (Andersson
and Dverstorp, 1987; Cacas et al., 1990; Long et al., 1982). Small frac
tures may play a non-negligible role in the hydro-mechanical behaviour
of rock masses but may be approximately treated via homogenisation
(Oda, 1986). Our dual-scale model takes advantages of the accuracy of
the DFN model and the efficiency of the EPM model. The model can be
included in open source codes or commercial software (based on the
finite element method, the discrete element method, hybrid or other
methods), and the implementation is much more straightforward than
some of the previous models developed in the hydrogeology literature
(Hajibeygi et al., 2011; Lee et al., 2001), which involve complex com
munications across different scales. In contrast, we link different scales
in computing hydro-mechanical properties using the crack tensor
method that can be easily implemented (Gan and Elsworth, 2016; Oda,
1986; Oda et al., 1993; Rutqvist et al., 2013). We also propose a criterion
to unambiguously discriminate small and large fractures via a numerical
convergence check and we have demonstrated the workflow based on a
real fracture network (Odling, 1997). The dual-scale model that only
needs to explicitly represent a small number of fractures can reproduce
the hydro-mechanical properties of the fracture network at a satisfactory
accuracy. It is more advantageous than the conventional EPM model

4. Discussion and concluding remarks
In this Note, we propose a dual-scale fracture network model for
simulating mechanical deformation and fluid flow in fractured rock
masses. Our work highlights the importance of modelling the behaviour
of fracture systems in a hierarchical way, which faithfully honours the
6
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assuming a representative elementary volume (REV) (Bear, 1972),
which however may not exist in fractal fracture systems in nature
(Bonnet et al., 2001; Long et al., 1982; Min et al., 2004). The existence of
REV is not a prerequisite for the dual-scale model, although it still needs
to determine an appropriate grid block size for realistically capturing
bulk properties. We would like to point out that the determination of N
may depend on the specific configuration of fracture systems and often
no reference solution is available when studying extremely large frac
ture systems with e.g. millions of fractures (basically, we cannot run any
full DFN calculation). For this case, we recommend that a convergence
test can still be conducted, but instead of using the relative difference
with respect to the reference solution as the error metric, the relative
difference between the results of neighbouring levels of discretisation
can be used for the convergence assessment.
Our dual-scale model is considered as an effective and robust
framework to study fractured rocks, which may allow us to efficiently
model coupled processes as well (although we do not explore this aspect
in the current Note). The interactions among different physical fields
may significantly affect the bulk behaviour of the fracture system
(Rutqvist and Stephansson, 2003; Zimmerman, 2000). The dual-scale
model can be naturally extended to simulating coupled problems, by
including the mathematical formations for direct and indirect couplings
as presented in our recent work (Lei et al., 2021). Notwithstanding, we
have to find a way to appropriately capture the crack propagation,
damage evolution, fracture deformation and their interactions across the
two different scales. We will try to tackle these challenges in our future
publication(s). To conclude, the proposed dual-scale model in this paper
faithfully honours the hierarchical and multiscale nature of fracture
systems in rock, and may serve as a useful tool to evaluate the hydromechanical properties of rock masses for many geoengineering appli
cations and also as the basis for developing more advanced numerical
models.
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483–495.
Oda, M., 1986. An equivalent continuum model for coupled stress and fluid flow analysis
in jointed rock masses. Water Resour. Res. 22, 1845–1856.
Oda, M., Yamabe, T., Ishizuka, Y., Kumasaka, H., Tada, H., Kimura, K., 1993. Elastic
stress and strain in jointed rock masses by means of crack tensor analysis. Rock
Mech. Rock Eng. 26, 89–112.
Odling, N.E., 1997. Scaling and connectivity of joint systems in sandstones from western
Norway. J. Struct. Geol. 19, 1257–1271.
Olson, J.E., 2003. Sublinear scaling of fracture aperture versus length: An exception or
the rule? J. Geophys. Res. Solid Earth 108.
Rutqvist, J., Leung, C., Hoch, A., Wang, Y., Wang, Z., 2013. Linked multicontinuum and
crack tensor approach for modeling of coupled geomechanics, fluid flow and
transport in fractured rock. J. Rock Mech. Geotech. Eng. 5, 18–31.
Rutqvist, J., Stephansson, O., 2003. The role of hydrochemical coupling in fractured rock
engineering. Hydrogeol. J. 11, 7–40.
Witherspoon, P.A., Wang, J.S.Y., Iwai, K., Gale, J.E., 1980. Validity of cubic law for fluid
flow in a deformable rock fracture. Water Resour. Res. 16, 1016–1024.
Zimmerman, R., Main, I., 2004. Hydromechanical behavior of fractured rocks. In:
Gueguen, Y., Bouteca, M. (Eds.), Mechanics of Fluid-Saturated Rocks. Elsevier,
London, pp. 363–421.
Zimmerman, R.W., 2000. Coupling in poroelasticity and thermoelasticity. Int. J. Rock
Mech. Min. Sci. 37, 79–87.

CRediT authorship contribution statement
Liang Wang: Methodology, Software, Validation, Formal analysis,
Investigation, Writing – original draft. Qinghua Lei: Conceptualization,
Methodology, Software, Resources, Writing – review & editing, Super
vision, Project administration, Funding acquisition.
Declaration of Competing Interest
The authors declare that they have no known competing financial
interests or personal relationships that could have appeared to influence
the work reported in this paper.
Acknowledgements
This work is financially supported by the Swiss National Science
Foundation (Grant No. IZLCZ0_189882).
References
Andersson, J., Dverstorp, B., 1987. Conditional simulations of fluid flow in threedimensional networks of discrete fractures. Water Resour. Res. 23, 1876–1886.
Bear, J., 1972. Dynamics of Fluids in Porous Media, Soil Science. Elsevier, New York.
Berkowitz, B., 2002. Characterizing flow and transport in fractured geological media: A
review. Adv. Water Resour. 25, 861–884.

7

