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Abstract: In the present article, we follow up our recent work on the experimental assessment of two
data-driven nonlinear system identification methodologies. The first methodology constructs a single
nonlinear-mode model from periodic vibration data obtained under phase-controlled harmonic
excitation. The second methodology constructs a state-space model with polynomial nonlinear terms
from vibration data obtained under uncontrolled broadband random excitation. The conclusions
drawn from our previous work (experimental) were limited by uncertainties inherent to the specimen,
instrumentation, and signal processing. To avoid these uncertainties in the present work, we pursued
a completely numerical approach based on synthetic measurement data obtained from simulated
experiments. Three benchmarks are considered, which feature geometric, unilateral contact, and dry
friction nonlinearity, respectively. As in our previous work, we assessed the prediction accuracy of
the identified models with a focus on the regime near a particular resonance. This way, we confirmed
our findings on the strengths and weaknesses of the two methodologies and derive several new
findings: First, the state-space method struggles even for polynomial nonlinearities if the training
data is chaotic. Second, the polynomial state-space models can reach high accuracy only in a
rather limited range of vibration levels for systems with non-polynomial nonlinearities. Such cases
demonstrate the sensitivity to training data inherent in the method, as model errors are inevitable
here. Third, although the excitation does not perfectly isolate the nonlinear mode (exciter-structure
interaction, uncontrolled higher harmonics, local instead of distributed excitation), the modal
properties are identified with high accuracy.

Keywords: system identification; nonlinear normal modes; PLL; PNLSS

1. Introduction

The high demand for saving resources and avoiding emissions in recent years has led
manufacturers to make increasing use of lightweight design. These components are more sensitive
to external loads resulting in vibration regimes where geometric nonlinearities can no longer
be neglected [1]. Besides geometric nonlinearities, material behavior and contact interactions are
predominant sources of nonlinear force-deformation relations in mechanical systems. In particular,
the primary cause of mechanical damping in structural assemblies is usually the nonlinear frictional
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interactions in joints [2]. In fact, additional joints are deliberately introduced to increase damping, as in
the case of dry friction dampers in turbomachinery. Often, linear theory is not sufficient to explain the
dynamics in the presence of such nonlinearities, but methods that explicitly account for nonlinearities
are required to ensure the proper functioning and safe operation of mechanical systems.

Compared to numerical methods, experimental methods for nonlinear systems are still in
their infancy. An important branch of experimental methods are nonlinear system identification
techniques [3]. System identification refers to systematically deriving models or extracting information
about the system behavior directly from measured data [4]. Although virtual prototypes and
numerical simulation find increasing use, the data-driven system identification may be preferred
over physics-driven modeling, for instance if the underlying processes are not properly understood or
too complicated [5]. Moreover, system identification is commonly used for validating, updating or
upgrading physics-based models. The present interest, in particular, is focused on system identification
techniques that can be used for the study of mechanical systems with nonlinearities that “perturb”
linear resonances in an amplitude-dependent fashion. Common examples of such systems include
thin beams, plates, and shells undergoing large amplitude vibrations (see Reference [6] for a relatively
recent review); nonlinear vibrations of jointed structures with contact and frictional nonlinearities
(see Reference [7] for perspectives); etc.

The last few decades have seen several developments in nonlinear system identification techniques
used in structural dynamics. Yet, to date, there is no nonlinear system identification method that can
be applied to all systems [3]. An exhaustive literature review is beyond the scope of the present study;
for this, we refer to References [4,8]. The present work follows up the experimental campaign reported
in References [9,10]. The objective of that campaign was to assess both merits and deficiencies of
two representative nonlinear system identification methods which employ fundamentally different
training data for the identification: With the first method, a single-nonlinear-mode model is identified
from periodic vibration data obtained for controlled harmonic excitation. With the second method,
a polynomial nonlinear state-space (PNLSS) model is identified from random broadband training
data. As benchmarks, a beam with repelling magnets and a system of two beams with bolted joints
were considered. It was found that the identified nonlinear-mode models provided good prediction
accuracy near the primary resonance. In reality, of course, no reference data is available for the modal
properties. Therefore, it was unclear if the remaining deviations are a methodological deficiency or
just a reflection of the system-inherent variability. Moreover, it was found that the identified PNLSS
models were highly sensitive to the training data and provided relatively low prediction accuracy.
Again, since the true functional form of the nonlinearity is not available in reality, it remains unclear if
this is due to a methodological deficiency or a model error. The purpose of the present work was to
address these open questions, by resorting to synthetic measurement data obtained from simulated
experiments. Only this way, the actual mathematical form of the nonlinearity is known and an
unspoiled (noise, system variability, measurement uncertainty) reference for the modal properties
becomes available. While these simulated experiments permit a more thorough assessment of the
methodologies, one of course loses some of the immediate practical significance which only real
experiments can provide.

The rest of the paper is organized as follows: The two system identification methods are briefly
described in Section 2. An overview of the benchmarks and the comparison strategy is given in
Section 3. The numerical results are presented in Section 4. Finally, conclusions are drawn in Section 5.

2. Description of the Nonlinear System Identification Methods

In this section, the methods for identifying a nonlinear-mode model and a PNLSS model
are summarized.
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2.1. Identification of a Nonlinear-Mode Model

The concept of normal modes is quintessential to the vibration analysis of linear mechanical
systems. Consequently, scientists have explored opportunities to extend this powerful concept to
the nonlinear case. The earliest attempts date back to the 1960s [11]; for a thorough review article,
the reader is referred to Reference [12]. Nonlinear modes provide insight into the qualitative vibration
behavior (e.g., softening/hardening, importance of higher harmonics, energy localization). Under some
conditions, the vibration energy is confined to a single nonlinear mode (single-nonlinear-mode theory) [13].
In particular, this is the case if the mechanical system is externally driven near a well-separated primary
resonance. This may also be the case under self-excitation [14,15], or combinations of self- and forced
excitation [16]. When the vibration is dominated by a single nonlinear mode, the dynamics take place
on a two-dimensional invariant manifold in state-space [17–19], and the mechanical system behaves
like a single-degree-of-freedom oscillator.

In this work, we use the definition of a nonlinear mode in accordance with the Extended Periodic
Motion Concept (EPMC) [20]: Consider an autonomous nonlinear mechanical system with the equation
of motion M q̈ + g(q, q̇) = 0, where q is the vector of generalized coordinates, overdot denotes
derivative with respect to time t, M is the symmetric and positive-definite mass matrix, and g is the
vector of generalized linear or nonlinear damping and restoring forces. A nonlinear mode is then the
family of periodic solutions q of M q̈− 2DωM q̇ + g(q, q̇) = 0, that continues the corresponding linear
mode to high amplitudes. ω is the fundamental frequency and corresponds to the modal frequency,
D is the modal damping ratio, and the Fourier coefficients of the periodic solution are the harmonics
of the modal deflection shape. The artificial negative damping term −2DωM q̇ compensates the
natural dissipation (in average over a vibration cycle). The EPMC simplifies to the conventional
periodic motion concept in the conservative case, and is consistent with the linear case under modal
damping [21]. If, at the same time, more than one linear mode contributes strongly to the nonlinear
mode, and damping is not light (i.e., |D| not� 1), the artificial term will generally distort the modal
coupling [20].

Modal analysis denotes the process of determining modal properties, i.e., modal frequency,
damping ratio and deflection shapes. The modal analysis in accordance with the EPMC can be carried
out computationally using standard methods such as Harmonic Balance or Shooting, or experimentally
using feedback control, as, e.g., in the form of phase-resonant testing [22], response-controlled
step sine testing [23], or Control-Based Continuation [24,25]. In this work, the method proposed
in Reference [22] is used, i.e., the periodic motion is ensured with an appropriate external excitation.
This approach generalizes phase-resonant testing, which is well-known for linear systems, to nonlinear
non-conservative systems. As was shown in Reference [22], in many cases, a nonlinear mode can
be well-isolated with a single-point excitation and requiring only local phase resonance with regard
to the fundamental harmonic. This was achieved in Reference [22] using a phase controller, called
phase-locked loop (PLL), which adapts the excitation frequency until the desired resonant phase lag
is reached. Details of the controller can be found in Reference [22]. By varying the excitation level,
the backbone curve of the frequency response is tracked. Once phase resonance is achieved at a
given excitation level, the corresponding modal amplitude a, modal frequency ω(a), and fundamental
harmonic of the mass-normalized modal deflection shape ϕ

1
(a) can be recorded. To achieve the mass

normalization in experimental practice, the mass-normalized mode shapes obtained by conventional
linear modal testing at sufficiently low excitation level can be used [22]. In this numerical study,
the mass matrix is available and directly used for mass normalization. The modal damping ratio D(a)
is determined by the balance between the time-averaged active power provided to the system via the
exciter and that dissipated by the system.
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Assuming that the structural response is dominated by a single nonlinear mode (single-nonlinear-
mode theory), the periodic oscillation can be approximated as

q(t) = <
{

a
H

∑
n=0

ϕ
n
(a)ein

(∫ t
0 Ωdt+θ

)}
. (1)

Herein, a and θ denote the real-valued modal amplitude and phase, respectively, aϕ
n
(a)einθ are

the complex Fourier coefficients of the modal deflection shape, and Ω is the generally time-dependent
oscillation frequency. The fundamental harmonic of the mode shape is mass-normalized with
ϕH

1
M ϕ

1
= 1, where �H denotes Hermitian transpose. In computational and experimental practice,

only a finite number of H Fourier coefficients of the modal deflection shape can be determined.
Substituting the ansatz (Equation (1)) into the equation of motion, and requiring orthogonality of the
residual with respect to the fundamental harmonic of the nonlinear mode, one obtains the following
complex nonlinear first-order ordinary differential equation for a and θ,

2iΩ
(
ȧ + iaθ̇

)
+
(
−Ω2 + 2D (a)ω (a) iΩ + ω2 (a)

)
a =

(
ϕ

1
(a)
)H

f̂
1
e−iθ . (2)

f̂
1

is the vector of fundamental Fourier coefficients of the imposed external forces. The steady-state
limit is simply obtained by setting ȧ = 0 = θ̇, which results in an algebraic equation. The identified
modal model will be referred to as the Nonlinear Modal-Reduced Order Model (NM-ROM) henceforth.

2.2. Identification of a PNLSS Model

To obtain a PNLSS model, we use the specific method developed in Reference [26]. This method
yields a discrete-time multiple-input-multiple-output state-space model in the form of

xn+1 = A xn + B un + E e(xn)

y
n
= C xn + D un, (3)

where the vectors x, u, y represent the states, inputs, and outputs, respectively. The coefficient matrices
A, B, C, D describe the underlying linear behavior, as in classical linear system identification [27].
This classical formulation is augmented by the nonlinear term E e(xn), where e(xn) contains all
monomial combinations of the states of degree 2 and 3, and E is the associated coefficient matrix.

The coefficient matrices are determined by numerical optimization. The objective function is the
squared difference between measured and simulated output, summed over a given time span [28]. In this
numerical study, synthetic data obtained by a simulated experiment is used as measured output for this
training. As input, multisine signals that have a discrete frequency spectrum with prescribed magnitudes,
random phases, and a constant magnitude over a certain frequency band and zero magnitude otherwise
are used [29]. These so-called general purpose multisine signals, also known as random-phase Schroeder
Multisine signals with a flat amplitude spectrum [27], can be expressed mathematically as

u(t) =
F

∑
k=1

A√
F/2

cos(2π fkt + φk) φk ∼ U(0, 2π), (4)

where fk are the discrete frequency components required in the spectrum; φk are the phases (generated as
uniformly distributed random variables in (0, 2π) (denoted by U(0, 2π) in the above); A is the required
signal root-mean-square (RMS) amplitude; F is the number of frequency components. The discrete
frequency components are chosen as all the frequency components in a given range separated by
the given frequency resolution ( fk = Fmin + k∆ f , with Fmin, ∆ f , and Fmin + F∆ f being the minimum
frequency, frequency resolution, and maximum frequency, respectively). The signals are constructed in
the time-domain using the formula in Equation (4) for the studies presently. The actual excitation signal
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consists of several repetitions (called blocks) of multisine realization for each amplitude. Transients
decay during the first few blocks, and are discarded for the identification. To apply the method also
to transient/non-periodic responses, the initial conditions can be identified, as well. The identified
model is referred to as the polynomial nonlinear state-space (PNLSS) model henceforth.

By comparing the design of the two system identification methods, one may notice that the modal
approach relies on a more involved excitation strategy (phase control), so the tests are more difficult to
set up. On the other hand, the model properties can be easily obtained from the measured data for this
approach. In contrast, the training data for the PNLSS model is more easy to gather, since no control is
needed. On the other hand, the step to obtain model properties from measured data is more involved,
as this requires solving a nonlinear optimization problem with a possibly large number of design
variables (in general all elements of the coefficient matrices). This step is computationally demanding
and requires an appropriate initial guess. As initial guess, the Best Linear Approximation is used,
i.e., the best fit of the model in Equation (3) without the nonlinear terms, if not otherwise specified [29].

3. Overview of Benchmarks and Comparison Strategy

The benchmarks used in this paper span different types of nonlinearities practically encountered,
ranging from stiffness nonlinearities (occurring in geometrically nonlinear applications) to contact
nonlinearities involving unilateral contact-separation, as well as hysteretic dry friction nonlinearity.
The first benchmark is a geometrically nonlinear clamped-clamped thin beam model undergoing large
(in relation to thickness) deformations (Figure 1a). The second and third benchmarks, as shown in
Figure 1b,c, are clamped-free Euler-Bernoulli beams with dry-friction nonlinearity (modeled using
a Jenkins element) and with a unilateral contact nonlinearity (modeled with a unilateral spring),
respectively. Detailed parametric descriptions are provided in the results section. For the multisine
signal generation, the amplitude levels are chosen manually so as to ensure that the resulting responses
provide a good picture of the nonlinear phenomena characteristic of each system.

(a)

(b)

(c)

 
 

Shaker

Model

(d)

Figure 1. Diagrams of (a) the geometrically nonlinear clamped-clamped beam model, (b) the
Euler-Bernoulli beam model with unilateral contact, (c) the Euler-Bernoulli beam model with elastic
dry-friction contact, and (d) the shaker model [22].



Vibration 2020, 3 325

A key aspect of this study is to develop an understanding of the influence of a practical
experimental setup on the identified models. In particular, the effect of exciter-structure interaction is
analyzed. In this numerical study, this can be easily achieved by including a shaker model or replacing
it with a unity gain (idealized excitation). Exciter-structure interaction is known to lead to a near-resonant
force drop and the occurrence of higher harmonics in the applied force for purely harmonic input
to the shaker. The model and the parameters of the electrodynamic excitation system (referred to as
the shaker in the rest of the paper) employed in this paper (Figure 1d) follows Reference [22] and
represents the Brüel & Kjær Vibration Exciter 4808 as identified in Reference [30]. Parameters used in
the model are specified in Table 1.

Table 1. Parameters of the shaker model (refer to Figure 1d for contexts) used for all simulations.

Description Parameter Value

Electrical resistance R 3 Ω
Electrical inductivity L 140 mH

Shaker force generating constant G 15.4791 NA−1

Coil mass mC 0.019 kg
Coil stiffness kC 8.4222 × 107 Nm−1

Coil damping dC 57.1692 Nsm−1

Table mass mT 0.0243 kg
Table stiffness kT 20707 Nm−1

Table damping dT 28.3258 Nsm−1

Stinger stiffness (idealized as a bar) kStinger
AstingerEstinger/`stinger

(4π mm2)× (210,000 N mm−2)/(0.02 m)

For the PLL, a PID controller is used, the parameters of which were heuristically tuned in order to
achieve robust behavior. For the current study, the controller and the benchmark system are implemented
in Simulink. Time integration is carried out using the Dormand-Prince algorithm [31] (an adaptive
Runge-Kutta 4-5 explicit time stepper). For the PNLSS model identification, unless mentioned otherwise,
a state-space model with two internal states, one input and one output, with all monomial combinations
of the states of order up to 3 is used. The restriction of the nonlinearities up to order 3 is used to ensure that
the computational costs for the PNLSS identification is not significantly larger than that for the NM-ROM
identification (since the number of nonlinear terms grows quickly with the order of the nonlinearities).

Figure 2 outlines the methodology followed for the comparisons in the current study. As mentioned
before, the quality of the identified models is assessed by determining their ability to predict the
frequency response near a particular primary resonance. To this end, the periodic vibration response to
harmonic external forcing is determined, for the near-resonant frequency range, at various force levels.
The forcing is a concentrated load applied to a certain location. To obtain the reference or “true” solution,
the mathematical model of the benchmark system is analyzed using the high-order harmonic balance
method implemented in the open source MATLAB tool NLvib [32]. To compute the frequency response
of the PNLSS model in Equation (3), harmonic balance is used, as well. The frequency response of the
modal model is determined by considering the steady state form of Equation (2), taking the magnitude
on both sides, and solving for the frequency Ω as function of the amplitude a in closed form.
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Figure 2. Methodology used for comparing the two system identification approaches.

4. Results

4.1. Geometrically Nonlinear Beam/Duffing Oscillator

The model of the clamped-clamped beam is truncated to the lowest-frequency bending mode of
the linearized system, which yields an equation of motion equivalent to the Duffing oscillator:

q̈1 + 2Dlin
1 ωlin

1 q̇1 + (ωlin
1 )

2
q1 + b(1)111q3

1 = F(t)φ1(`/2), (5)

with b(1)111 = −EA
2`

`∫
0

φ′1φ′1dx
∫ `

0
φ′′1 φ1dx.

Herein, φ1(x) is the mass-normalized deflection shape, ωlin
1 is the natural frequency and q1 is

the modal amplitude, each associated with the lowest-frequency bending mode of the linearized
system. Prime denotes derivative with respect to the axial coordinate x. Formally, Equation (5) can be
derived by a Galerkin projection of the approximate continuum beam equations onto this linear mode
(second-order theory with respect to transverse displacement, see Reference [33]). The length of the
beam is ` = 140 mm, the cross section area A is 8 mm× 1 mm, the Young’s modulus and density are
E = 200 GPa and 7830 kg m−3, respectively. A concentrated load F(t) is applied at the beam’s center.
The modal damping is set to Dlin

1 = 0.0114 (This value was set based on experience, which indicates
that a modal damping of around 1 % is a common order of magnitude for such structures.).

4.1.1. Effect of Excitation Imperfections on the Identified Modal Properties

Recall that, according to the EPMC, the system is driven by negative mass-proportional viscous
damping. This self-excitation is therefore distributed and contains higher harmonics in accordance with
the vibration response. The nonlinear modal testing proposed in Reference [22] seeks to approximate
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this by a single-point single-harmonic phase-resonant external forcing (implemented via a PLL).
Consequently, the actual periodic vibration state for a given vibration level generally deviates, which
may affect the extracted modal properties. The amplitude-dependent natural frequency and modal
damping ratio are depicted in Figure 3 both for the theoretical reference (EPMC) and the PLL testing.
Two cases are distinguished for the PLL testing, one with and one without exciter-structure interaction.
It can be seen that the modal properties obtained via PLL testing are in excellent agreement with the
theoretical reference, both in the case with and without shaker.

4.1.2. Effect of Exciter-Structure Interaction on the Training Data for the PNLSS Models

For the state-space model in Equation (3), the load F(t) is used as input and the transverse
displacement at the beam’s center φ1(`/2)q1(t) is used as output,

u(t) = F(t),

y(t) = φ1(`/2)q1(t). (6)

The natural frequency of the linearized system is around 265 Hz (Figure 3a). To train the PNLSS
model, multisine input is generated in a frequency band between 200 Hz and 700 Hz with a frequency
resolution of 0.5 Hz, sampled at 4096 Hz. Two configurations are considered, one where the excitation
force F(t) is directly prescribed, and one where the voltage input to the shaker is prescribed. In the
latter case, the applied force F(t) is a result of the harmonic input to the shaker and the exciter-structure
interaction. The frequency spectra of the applied force F(t) and the output are depicted in Figure 4a
and Figure 5a, respectively, for four different excitation levels. The excitation amplitude A is defined
as the root-mean-square (RMS) value in each case. While the force magnitude is constant within the
specified frequency band by design in Figure 4a, one can see the well-known resonant force drop in the
case with a shaker in Figure 5a. The voltage levels were set such that the corresponding off-resonant
force levels were similar to the force levels prescribed in the case without shaker.
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Figure 3. Effect of excitation imperfections on the identified modal properties: (a) natural frequency
and (b) damping ratio as function of the amplitude.

In the presence of a model error, i.e., if the benchmark system is not a polynomial (of the
order assumed in Equation (3)), the identified PNLSS model will be sensitive to the training data.
In particular, the model can be expected to be useful and accurate only if the response is in a similar
range as the training data. It is, therefore, interesting to gauge the spread of the response in terms of
range and distribution. This is done in the state-space diagrams in Figure 4b,c (without shaker) and
in Figure 5b,c (with shaker), for two different excitation levels. Note that, in the case of the Duffing
oscillator, the state-space dimension is two, such that the state vectors can be depicted completely in
these figures. The distribution is illustrated by coloring the point cloud by a Gaussian kernel density
estimator. The exciter-structure interaction apparently affects not only the frequency spectra but also
the spread of the training data within the state-space. This does not necessarily affect the quality of the
identified models, as discussed later.
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Figure 4. (a) The frequency spectrum of the multisine force input and system output for the Duffing
oscillator at different input levels; state-space response and its probability density estimate (PDE) under
multisine imposed forcing at (b) 0.01 N and (c) 0.5 N root-mean-square (RMS).

(a)

-2 -1 0 1 2

10 -6

-3

-1.5

0

1.5

3
10 -3

0.5

1

1.5

2

2.5

3

3.5

4

4.5

P
ro

b
a
b
ili

ty
 D

e
n
s
it
y
 E

s
ti
m

a
te

10 8

(b)

-0.99 -0.49 0 0.49 0.99

10 -4

-0.15

-0.07

0

0.07

0.15

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

P
ro

b
a
b
ili

ty
 D

e
n
s
it
y
 E

s
ti
m

a
te

10 5

(c)
Figure 5. (a) The frequency spectrum of the multisine voltage input to the shaker and system output for
the Duffing oscillator at different input levels; state-space response and its probability density estimate
(PDE) under multisine imposed voltage at (b) 1.14 V and (c) 57.03 V RMS.

4.1.3. Inability to Identify an Accurate PNLSS Model in the Case of Chaotic Training Data

An important reason why the Duffing oscillator is an interesting benchmark is that the nonlinearity
is of polynomial form. Therefore, one may expect that a PNLSS model with appropriate parameters exactly
matches the dynamics of the Duffing oscillator, and a suitable optimization algorithm should be able to
find a set of appropriate parameters, up to some numerical tolerance. To the authors’ surprise, this was
not always the case. The simple reason for this is that nonlinear systems have sensitive dependence
on initial conditions and model parameters in the chaotic regime. A perfect agreement between an
identified PNLSS model and the benchmark system cannot be expected in this case due to inevitable
perturbations. These perturbations are caused, in particular, by the finite numerical tolerance of the
optimization algorithm, the finite sampling rate in the discrete-time representation of the PNLSS model,
and the finite step size of the numerical integrator used to simulate the continuous-time representation
of the Duffing oscillator. Moreover, as the response is non-periodic, the initial conditions need to be
identified simultaneously, as well, which further increases the sensitive dependence of the response on
the unknown parameters.

The above described problem is illustrated in Figure 6, where the response of the Duffing oscillator
to multisine forcing is depicted (training data), along with the residual of the best linear approximation
and the identified PNLSS model. For the lower excitation level, the residual of the PNLSS model is
negligible, indicating that appropriate parameters were found such that the PNLSS model matches
the Duffing oscillator in a numerically exact way. It should be noted that the response is clearly in
the nonlinear regime, which can be easily deduced from the large error made by the BLA. For the
higher excitation level, in contrast, the identified PNLSS model yields a large residual. The Lyapunov
exponents were estimated based on the technique proposed in Reference [34], and the results are
listed in Table 2. Indeed, a positive Lyapunov exponent is obtained for the highest excitation level
(0.75 N), which confirms that neighboring trajectories exponentially diverge. This leads to large
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deviations between PNLSS model and Duffing oscillator, regardless of the parameters of the PNLSS
model. Consequently, the optimization algorithm cannot distinguish between a poor set of parameters,
which would yield a large error also in a regular response regime, and a good set of parameters,
which would yield a perfect match in a regular regime. This renders the optimization problem ill-posed
and, of course, will have an effect on the identified PNLSS models’ ability to predict the near-resonant
frequency response, as discussed in the next subsection.
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Figure 6. Response of the Duffing oscillator to multisine input and errors of the best linear approximation
(BLA) and the identified polynomial nonlinear state-space (PNLSS) model: (a) A = 0.50 N, (b) A = 0.75 N.
Enlarged views from (a,b) are provided in (c,d), respectively.

Table 2. Leading Lyapunov exponents estimated from the time series of the response of the Duffing
oscillator to multisine excitation.

Input Level Lyapunov Exponents (bits/s)
A (N) λ1 λ2

0.01 −26.7 −28.0
0.25 −22.9 −31.8
0.50 −7.9 −46.9
0.75 5.7 −60.4

4.1.4. Assessment of the Prediction Accuracy

To assess the quality of the identified models, their ability to predict the near-resonant frequency
response is investigated. The results are presented in Figures 7 and 8 for the case of identification
without and with shaker, respectively. In the different sub-figures, the results are shown for the
PNLSS models obtained for different excitation levels. The results obtained by the NM-ROM and the
benchmark are the same in all sub-figures.

As can be expected from the high accuracy of the modal properties in spite of the imperfect
excitation (Figure 3), the identified NM-ROM provides high accuracy for identification in the
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configurations both with and without shaker. A slight deviation is seen for very large response
levels. Here, the higher harmonics are pronounced. Even if the NM-ROM is fed directly by the
theoretical EPMC results, such an inaccuracy is expected in this regime. This is the price to pay for the
simplified projection involving the fundamental harmonic only, which is the key to expressing the
nonlinear terms in closed form within the NM-ROM [35].

By comparing the respective sub-figures in Figures 7 and 8, one can notice that the performance
of the identified PNLSS model is not significantly affected by the presence of the shaker. It should
be emphasized that, in either case, the applied force F(t) is considered as input, and thus the shaker
behavior is not part of the PNLSS model. The accuracy of the PNLSS model is excellent if it is trained
at the intermediate excitation level. The poor performance of the PNLSS model trained at the highest
excitation level is due to the ill-posed identification problem in the chaotic regime, as explained earlier.
If the PNLSS model is trained at the two depicted lower excitation levels, the training data does not
cover the near-resonant response level attained for the higher excitation levels: For training at 0.01 N
and 0.5 N excitation level, the displacement training data does not exceed 10−6 m (Figure 4b) and
5 · 10−5 m (Figure 4c), respectively, whereas the resonant response exceeds 10−3 m (Figure 7). Therefore,
the nonlinear terms within the PNLSS model are said to be extrapolated. Extrapolating PNLSS models
is generally not good practice. In the particular case of the Duffing oscillator, however, there is no
systematic model error, and thus the extrapolation does not necessarily lead to poor accuracy. This is
confirmed by the great performance of the PNLSS model trained at 0.5 N excitation level (Figure 7b).
In contrast, the accuracy of the PNLSS model is only moderate if it is trained at 0.01 N excitation
level (Figure 7a). Apparently, the effect of the nonlinear terms is not sufficiently represented in the
training data obtained for this excitation level. Consequently, the optimization problem is ill-posed
with regard to the coefficients of the nonlinear terms, which explains the lower accuracy encountered
in the strongly nonlinear response regime.

200 250 300 350

0

0.2

0.4

0.6

0.8

1

1.2
10

-3

270 275 280

3.6

3.8

4

4.2

4.4
10

-4

(a)

200 250 300 350

0

0.2

0.4

0.6

0.8

1

1.2
10

-3

270 275 280

3.6

3.8

4

4.2

4.4
10

-4

(b)

200 250 300 350

0

0.2

0.4

0.6

0.8

1

1.2
10

-3

270 275 280

3.6

3.8

4

4.2

4.4
10

-4

(c)
Figure 7. Near-resonant frequency responses obtained directly from the benchmark (Duffing oscillator
without shaker), the Nonlinear Modal-Reduced Order Model (NM-ROM) and the PNLSS model trained
at excitation level (a) 0.01 N, (b) 0.50 N, (c) 0.75 N (without shaker).
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Figure 8. Near-resonant frequency responses obtained directly from the benchmark (Duffing oscillator
without shaker), the NM-ROM and the PNLSS model trained at excitation level (a) 1.14 V, (b) 57.03 V,
(c) 85.54 V (with shaker).

4.2. Beam with an Elastic-Dry Friction Contact

The second benchmark is a clamped-free beam with an elastic dry friction element (Figure 1c).
The beam is excited at its free end, where the displacement response is also observed. The dimensions
of the beam are set as 0.7 m× 0.03 m× 0.03 m, and the Young’s Modulus and density are 185 GPa and
7830 kg m−3, respectively. The cantilevered beam is discretized using seven standard Euler-Bernoulli
finite elements. The friction element is attached to the transverse displacement degree of freedom of
the 4th node from the clamped end (coordinate x4). The equations of motion may be expressed as

Mẍ + Dẋ + Kx + w ffrict = eFF(t), (7)

with x = [x1, θ1, . . . , xN , θN ]
T

,

w =
[
0 0 0 0 0 0 1 0 . . . 0 0

]T
,

eF =
[
0 . . . 1 0

]T
. (8)

Herein, the coordinates xi and θi denote the transverse displacement and rotation of the ith node
(nodal DoFs of the Euler-Bernoulli model), and w is the unity vector where the element associated
with x4 is equal to one. The hysteretic dry friction force is governed by the differential law

d ffrict =

{
ktdx4 if

∣∣ ffrict + ktdx4
∣∣ < µN

0 otherwise
. (9)

The tangential stiffness is set to kt = 1.3 × 106 N/m and the slip force is set to µN = 1 N.
Proportional damping was introduced as D = αM + βK, wherein the coefficients α and β are set such
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that the first two modes of the system, when the frictional element is “stuck”, have damping ratios of
0.8 % and 0.2 %, respectively.

4.2.1. Effect of Excitation Imperfections on the Identified Modal Properties

The amplitude-dependent modal properties of the considered lowest-frequency bending mode are
depicted in Figure 9. The softening and nonlinear damping behavior typical for elastic dry friction can
be seen. For small vibrations, the friction element sticks, and thus only acts as spring, without providing
any damping. For larger vibrations, the sliding phases decrease the equivalent stiffness and increase
the dissipated energy. For very large vibrations, the limited friction force (maximum magnitude µN)
becomes negligible in relation to the elastic and inertia forces, such that the equivalent damping and
stiffness of the friction element asymptotically approach zero. Again, for this benchmark, the modal
properties obtained by PLL testing are in excellent agreement with the EPMC reference, both in the
case with and without shaker.
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Figure 9. Effect of excitation imperfections on the identified modal properties: (a) natural frequency
and (b) damping ratio as function of the amplitude.

4.2.2. Identification of the PNLSS Models

For the PNLSS model, the applied force is used as input, and the tip displacement is used
as output:

u(t) = F(t),

y(t) = xN(t).

Recognizing that the nonlinearity in the system consists of a hysteretic component, the state-space
dimension used for the PNLSS model was set to three. The rationale behind this comes from the
way most generalized hysteretic models can be represented: in “rate form”, i.e., in the form of
relationships governing the rate of change of the nonlinear force (see dynamic friction models in
Reference [36], discussions on the Duhem model of hysteresis in Reference [37], etc.). Mathematically,
such a representation of a hysteretic nonlinearity requires the inclusion of first-order dynamics in
addition to the second order dynamics governing the oscillatory system. In the near-resonant condition,
a state-space dimension of three (two for the oscillation, one for the hysteresis) is considered to be
the smallest number of states necessary to represent the system. Discussions pertaining to PNLSS
identification of a hysteretic system may also be found in Reference [38] where the performances of
two- and three-state models are compared and discussed. As can be seen from Figure 9, the considered
natural frequency is in the range of 45–63 Hz. The multisine signals for the training are designed to
have an active frequency band of 20–100 Hz, with a frequency resolution of 0.1 Hz and sampled at a
frequency of 4096 Hz for eight periods.

The excitation and response frequency spectra, as well as the spread of the response for two
excitation levels are shown in Figure 10, in the format as in the previous section. The response spectrum
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reflects the softening and nonlinear damping behavior seen also in Figure 9. As in the case of the
Duffing oscillator, the exciter-structure interaction had an effect on the training data (resonant force
drop), but not the performance of the PNLSS models. The results are not depicted for brevity.
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Figure 10. (a) The frequency spectrum of the multisine force input and system output for the
friction-damped beam at different input levels; and state-space response and its probability density
estimate (PDE) under multisine imposed forcing at (b) 0.1 N and (c) 0.8 N RMS.

4.2.3. Assessment of the Prediction Accuracy

The quality of the identified NM-ROM and PNLSS models is assessed as for the previous
benchmark. The results are depicted in Figure 11.
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Figure 11. Near-resonant frequency responses obtained directly from the benchmark (friction-damped
beam without shaker), the NM-ROM and the PNLSS model trained at excitation level (a) 0.01 N, (b)
0.10 N, (c) 0.80 N (without shaker).

The NM-ROM provides excellent accuracy for all levels of the harmonic forcing, with one
exception: At the highest two force levels, a small secondary peak occurs in the amplitude-frequency
curve, not far from the natural frequency under sticking conditions. This singular feature is caused by
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a nonlinear modal interaction. The phenomenon is not very pronounced as the frictional damping
mitigates the energy transfer between the participating modes. Of course, a nonlinear modal interaction
cannot be reproduced by a single nonlinear mode only. Therefore, the NM-ROM fails to predict the
singular feature attributed to the modal interaction.

Given that the mathematical form of the nonlinearity, a non-smooth hysteretic law, is far from
a third-order polynomial, the PNLSS model achieves remarkable accuracy in some cases. In particular,
the agreement for the lowest three levels of the harmonic forcing is excellent if the PNLSS model is
trained with multisines at 0.10 N RMS level. For the highest force level, however, we did not find
a continuous path of real-valued solutions with this model. As expected, the region of validity is
dictated by the spread of the training data. When the PNLSS model is trained at 0.01 N, the friction
element is mainly sticking, such that the PNLSS model extrapolates this quasi-linear behavior to high
response levels. Similarly, when the PNLSS model is trained at 0.80 N, the friction element is mainly
sliding, such that the PNLSS model mainly reflects this quasi-linear limit state. In principle, a PNLSS
model should be able to represent nonlinear modal interactions. However, we did not succeed in
finding a PNLSS model that captures the secondary resonance peak for this benchmark.

4.2.4. Training the PNLSS Model with PLL Testing Data and Its Effect on the Prediction Accuracy

It should be emphasized that the use of multisines for the training of PNLSS models is a common
option, but not the only one. Indeed, a strength of this technique is that quite generic input-output data
can be used for the training. The random broadband character of multisines is quite different from the
purely harmonic input used for the comparative assessment. In contrast, the measurement data used to
identify the nonlinear-mode model is obtained for harmonic input. One could therefore argue that the
comparison between NM-ROM and PNLSS models is unfair. To analyze if the assessment is biased by
the different data basis for the identification (or training), we trained PNLSS models directly with the
input-output data obtained during PLL testing. One can generally say that the optimization problem
formulated to identify a PNLSS model is a tough one. The objective function may have numerous
local minima, making the converged PNLSS model dependent on the initial guess. As initial guess,
we used the PNLSS model identified for multisine input at different levels. Figure 12 shows the output
(displacement response) gathered during the simulated PLL testing, the response of the initial PNLSS
model and the converged PNLSS model (after training on the PLL data).

One would expect that the optimization algorithm yields PNLSS models that represent the PLL
data much better. However, the optimization algorithm did not properly converge when initialized
with the PNLSS model trained for 0.1 N. This failure was found to be related to the identified
models becoming unstable for the given inputs. One such case is depicted in Figure 12a, wherein the
optimization was continued in spite of the instability warnings just for visualizing the unstable model.
In addition, when initialized with the PNLSS model trained for 0.8 N, the response does not look closer
to the reference after the optimization.

As one may expect from the unsuccessful training, the PNLSS models trained with PLL data
yield lower accuracy as compared with the initial ones (trained with multisines of respective level),
see Figure 13 and compare with Figure 11b,c.



Vibration 2020, 3 335

0 10 20 30 40 50 60

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
10

-5

(a)

0 10 20 30 40 50 60

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
10

-5

(b)

36.5 37 37.5 38 38.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
10

-5

(c)

36.5 37 37.5 38 38.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
10

-5

(d)
Figure 12. PNLSS training on phase-locked loop (PLL) data: Each subfigure indicates the PLL response
time history (black solid lines), time history of the initial PNLSS model (red dashed lines), and the time
history of the converged PNLSS model (blue dashed lines). Depicted are the cases for initial PNLSS
models trained with multisine data at levels (a) A = 0.10 N and (b) A = 0.80 N. Enlarged views of the
rectangular regions in (a,b) are provided in (c,d).
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Figure 13. Near-resonant frequency responses obtained directly from the benchmark (friction-damped
beam without shaker), the NM-ROM and the PNLSS model trained with PLL data using as initial guess
the PNLSS model trained with multisine data at levels (a) 0.1 N, (b) 0.8 N (without shaker).

4.3. Beam with Unilateral Contact

For the final benchmark, the friction element is replaced by a unilateral spring of stiffness
kn = 1.3× 106 N/m and initial clearance h = 1 mm (Figure 1b). The beam’s geometric and material
properties remain unchanged. The coefficients for the proportional damping model are specified such
that the two lowest-frequency normal modes of the linear system with spring kn attached have a damping
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factor of 0.8%. For computational efficiency, the model order was reduced using the Hurty/Craig-Bampton
method [39,40], where the displacement at the unilateral spring, x4, was specified as interface coordinate,
and two fixed-interface normal modes were retained. For consistency, the reduced model is used both as
reference and to gather the data for the identification.

4.3.1. Occurrence of Uncontrolled Higher Harmonics during PLL Testing with Shaker

In Figure 14, the natural frequency and modal damping ratio are depicted as function of the
amplitude. For vibrations smaller than the clearance, the unilateral spring is not activated, and the
system behaves linearly. Beyond this threshold, the unilateral spring provides additional stiffness.

In contrast to the previous benchmarks, considerable exciter-structure interaction was encountered
during PLL testing. As a consequence, the modal properties extracted in the configuration with shaker
deviate from those without shaker (Figure 14). In the configuration without shaker, on the other hand,
the agreement with the EPMC reference is excellent. This clearly shows that the observed deviations
are due to the exciter-structure interaction, rather than due to the imperfect spatial distribution of the
forcing (concentrated for PLL testing, distributed for EPMC). The deviation is more pronounced for
the modal damping ratio. In fact, the asymptotic limit for large vibrations is different in this case.
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Figure 14. Effect of excitation imperfections on the identified modal properties: (a) natural frequency
and (b) damping ratio as function of the amplitude.

To further analyze in what way the exciter-structure interaction leads to inaccurately identified
modal properties, the resulting excitation force is illustrated for different vibration levels. Recall that
the excitation force is applied as a concentrated load in the case of PLL testing, while it is applied as
a distributed load 2DωM q̇ in the case of the EPMC. For the ease of illustration, the resulting scalar
modal force is determined with respect to the lowest-frequency linear normal mode (kn attached),
and plotted versus the modal coordinate of the same mode. The results are depicted in Figure 15 and 16
for the case without and with shaker, respectively.

In the case without shaker, the excitation force during PLL testing is harmonic by design.
Apparently, the modal displacement is dominated by the fundamental harmonic. Consequently,
the force-displacement curve forms an ellipse in the case of PLL testing without shaker (Figure 15).
In the case of the EPMC, the self-excitation term 2DωM q̇ also contains higher harmonics in the
nonlinear regime. Thus, the force-displacement curve slightly deviates from an ellipse in this case.

In the case with shaker, the excitation force during PLL testing is the result of the harmonic
input to the shaker and the exciter-structure interaction. Apparently, the latter leads to strong higher
harmonics in the nonlinear regime (Figure 16). Recall that the current implementation of the nonlinear
modal testing controls only the fundamental harmonic, while the higher harmonics are uncontrolled.
A multi-harmonic control scheme might improve the nonlinear mode isolation, and thus the extracted
modal properties, but this was considered beyond the scope of this study.
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Figure 15. Excitation force during nonlinear modal analysis at four different vibration levels; modal force
plotted versus modal displacement with respect to the lowest-frequency linear normal mode; PLL results
without shaker in blue; Extended Periodic Motion Concept (EPMC) results in red.
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Figure 16. Excitation force during nonlinear modal analysis at four different vibration levels; modal force
plotted versus modal displacement with respect to the lowest-frequency linear normal mode; PLL results
with shaker in blue; EPMC results in red.

4.3.2. Identification of the PNLSS Models

For this benchmark, a state-space dimension of two was found to be sufficient. As can be seen
from Figure 14, the considered natural frequency is in the range of 48–55 Hz. The multisine signals for
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the training are designed to have an active frequency band of 10–100 Hz, with a frequency resolution
of 0.09 Hz and sampled at a frequency of 4096 Hz for eight periods.

The excitation and response frequency spectra, as well as the spread of the response for two
excitation levels are shown in Figure 17, in the format as in the previous sections. The response
spectrum reflects the hardening behavior seen also in Figure 14. As in the case of the previous
benchmarks, the exciter-structure interaction had an effect on the training data (resonant force drop),
but no significant effect on the performance of the PNLSS models.
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Figure 17. (a) The frequency spectrum of the multisine force input and system output for the beam
with unilateral spring at different input levels; and state-space response and its probability density
estimate (PDE) under multisine imposed forcing at (b) 15 N and (c) 120 N RMS.

4.3.3. Assessment of the Prediction Accuracy

The quality of the identified NM-ROM and PNLSS models is assessed as for the previous
benchmarks. The results are depicted in Figures 18 and 19 for the case of identification without and with
exciter-structure interaction, respectively.

The NM-ROM provides excellent accuracy for all levels of the harmonic forcing. One has to
carefully compare Figures 18 and 19 in order to see that the NM-ROM identified from PLL testing with
shaker slightly underestimates the resonant response at higher levels. This is in full accordance with
the overestimation of the modal damping ratio here (Figure 14).
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Figure 18. Near-resonant frequency responses obtained directly from the benchmark (beam with
unilateral spring without shaker), the NM-ROM and the PNLSS model trained at excitation level (a)
15 N, (b) 120 N (without shaker).
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Figure 19. Near-resonant frequency responses obtained directly from the benchmark (beam with
unilateral spring without shaker), the NM-ROM and the PNLSS model trained at excitation level
(a) 750 V, (b) 6000 V (with shaker).

Concerning the performance of the PNLSS models, the statements made for the benchmark
with elastic dry friction element apply. In particular, if the PNLSS model is trained at low excitation
level, and thus the unilateral spring element is not sufficiently activated, the linearized behavior is
extrapolated to high response levels. On the other hand, if the PNLSS model is trained in the nonlinear
response regime, remarkable accuracy can be achieved in the corresponding regime, given that
third-order polynomials can only coarsely approximate the piecewise linear force-displacement
characteristic of a unilateral spring.

5. Conclusions and Outlook

Two nonlinear system identification methodologies were assessed in this paper, the identification
of a nonlinear-mode model from feedback-controlled phase-resonant excitation and the identification
of a polynomial nonlinear state-space (PNLSS) model mainly from uncontrolled broadband multisine
excitation. These were applied to three different benchmarks in order to assess their performance and
to inform future improvements of the methodologies. The benchmarks are a geometrically nonlinear
clamped-clamped beam (Duffing oscillator), a cantilevered beam with an elastic dry friction attachment,
and a cantilevered beam with a unilateral contact attachment.

By design, the two methodologies have a completely different range of utility. A nonlinear-mode
model is only applicable to situations where the single-nonlinear-mode theory is valid. In particular,
this is the case for mechanical systems driven near primary external resonances, by self-excitation,
and combinations thereof. The dynamic regime of interest must be periodic, potentially with slowly
varying parameters. As a consequence of these limitations, the secondary resonance peak associated
with nonlinear modal interactions, encountered for one benchmark, was missed by the corresponding
nonlinear-mode model. In the future, an extension of the range of utility of nonlinear-mode models,
for instance to coupled structures, or structures with non-mechanical components would be interesting.
In contrast, PNLSS models can describe quite generic dynamic behavior and are not limited to mechanical
systems. This large range of applicability comes with a limited range of validity. Although PNLSS models
are sometimes viewed as natural representation of multiple-input-multiple-output systems, the current
state of the art shows clear limitations. Due to the quick increase of the number of unknown coefficients
with the polynomial order, it is common practice to consider polynomial terms of only up to order
three. These basis functions cannot be expected to provide an accurate global representation of generic
nonlinearities. The inevitable model error induces a dependence of the identified model on the training
data. When the PNLSS model was trained at a certain response level, the prediction accuracy near this
response regime was remarkably high, even for the non-smooth contact nonlinearities studied in this
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paper. However, further away from this response level, the accuracy was low, or the response even
diverged. In contrast, nonlinear-mode models are highly accurate for generic nonlinearities and any
response level (as long as this response level falls within the range specified in the modal analysis).

The two system identification methodologies differ in terms of testing and postprocessing
effort. In contrast to the identification of a PLNSS model, the nonlinear modal testing relies on
a feedback-controller. In the future, it would be desirable to have a systematic way of tuning the
control parameters to ensure a quick and robust testing. While the extraction of the modal properties
from the test data is straight-forward, the identification of the PNLSS model’s coefficient matrices
requires an involved optimization process. In the future, it would be desirable to make this optimization
less sensitive to the initial guess and more computationally efficient.

Some further challenges were found for both methodologies. One of the benchmarks showed
that the quality of the extracted modal properties was (slightly) deteriorated by uncontrolled higher
harmonics in the excitation force associated with exciter-structure interaction. In the future, it would be
desirable to extend the control scheme to higher harmonics. Finally, the PNLSS identification struggles
if the training data contains a chaotic response, since then the sensitive dependence on initial conditions
and model parameters render the optimization problem ill-posed.
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