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Abstract. We consider the Landau-Lifshitz flow on a bounded planar domain. An e-
regularity type a-priori estimate provides the analytic tool for the subsequent geometric
description of the flow at isolated singularities. At forward isolated singularities where the
energy is not left continuous the flow concentrates energy and develops bubbles. As in
J.Qing’s bubbling-energy-equality for the harmonic map flow, the energy loss at such a sin-
gularity can be recovered as a finite sum of energies of tangent bubbles. We then clarify
a known uniqueness result for the Landau-Lifshitz flow and show how non-uniqueness of
extensions of the flow after point singularities is related to backward bubbling. Finally the e-
regularity estimate also yields a partial compactness result for sequences of smooth solutions
to the Landau-Lifshitz flow with uniformly bounded energy, defined on a planar domain.

Mathematics Subject Classification (2000): 58E20, 35B65, 35B60, 35K55

1. Introduction
The Landau-Lifshitz flow u : £2 x R, — S? is defined by

(D Ou=—auX (ux Au)+BuxAu in 2 xRy,
() u=ugon (2x{0}) U2 xRy),

where a > 0, 3 € R and where “x” denotes the usual vector product in R?. Here
£2 C R? denotes a smooth bounded domain and S? C R? is the standard sphere.

In physics these equations describe an isotropic Heisenberg spin chain phe-
nomenon in non-equilibrium magnetism (see [22]). The map u describes the spin
density, o > 0 is the Gilbert damping constant and 5 € R is an exchange constant.

By using that |u| = 1, from the identity a X (b x ¢) = (a-¢)b— (a - b) ¢ for
a,b,c € R3 it is easy to see that for sufficiently regular solutions equation (1) is
equivalent to

3) Y1 0w — Yo u X Opu = Au+ |[Vul|>u  in 2 xR, ,

where v; := ﬁﬁz > 0and vy, := ﬁﬁz € R. (See [17].) By scaling the time
variable, we may assume y; = 1 and 7y := vy, € R.
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(e-mail: pharpes @math.ethz.ch)



214 P. Harpes

For 3 = 0, or equivalently v = 0, equation (3) is a harmonic map flow into 52
with time scaled by @ > 0. (Compare [17].)
All our results also hold for the harmonic map flow with a general Riemannian
manifold N as target. This flow is given by

4 Ou— Au= A(u)(Vu,Vu)  in2 xRy
4) u = ug on (2 x {0})U (02 xRy),

where A(u)(Vu, Vu) = 322 A(u)(diu, diu) and A denotes the second fun-
damental form of N < R™ If N = S§% — R3 is the standard sphere, then
A(u)(Vu, Vu) = |Vul? u and we recover (3) for y; = 1 and 7, = 0.

Standard methods imply the existence of a smooth “short-time” solution
u € C™(2x]0,T[; N)

to (2)-(3) for initial and boundary data ug € H'2(2, N) and for sufficiently small
T = T(ug,N) > 0 (See [18,31,32,17,19]).

At the maximal existence time there are at most finitely many point singularities
(compare Section 3, but also [31] and [18] for the harmonic map flow and [17] or
[19] for the Landau-Lifshitz flow). By iterating the above short time existence result,
a short time smooth solution can be extended to a global weak solution which is
smooth except for finitely many point singularities and has decreasing energy

(6) t E(u(t)) = % |Vu‘2(a:,t) dx .

Q
We will refer to this extension as the Struwe-solution. It was first constructed
by M.Struwe in [31] for the harmonic map flow on Riemann surfaces. The con-
struction was generalized to two dimensional domain manifolds with boundary by
K.C.Chang in [2] and to the Landau-Lifshitz flow by B.Guo and M.C.Hong in [17].
See also [19] for the case with boundary.

Like the harmonic map flow (see [31] and [28]), at isolated singularities, where
the energy is not left continuous, the Landau-Lifshitz flow splits off “bubbles”,
i.e. non-constant harmonic maps ¢ : S2 — 52 which account for the loss of
energy at the singular time.

The Struwe-solution is unique in the class of solutions that are smooth except
for isolated point singularities and with decreasing energy. A.Freire showed in [15]
and [16] that it is still unique in the class

H2(2 x Ry N) N L (Ry; HY2(2;N))

loc

with initial and boundary data
ug € HY2(2; N) N H3/>2(002; N),

if the energy (6) is decreasing.

This uniqueness result was extended by Y. Chen and by B. Guo and S. Ding in
[10,9,14,5] to the Landau-Lifshitz flow, but the essential assumption that the energy
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should be decreasing is erronously omitted. Note that neither C>° (M x [0, T], R?)
nor L*>°([0, T); C* (M, R?)) are dense in L>°([0, T, H?(M, §?)), with the usual
norm
||uHLoc(H1,2) = sup ||u(.,t)HH1,2(Q) .
te[0,T]

For C>(M x [0,T],R?) this is obvious and for L>°([0,T]; C*(M,R3)) we will
give a counterexample in the appendix. These density statements are however used
in [6,14,9] (see [6] (3.31)—(3.33) p.118; [14] p.150; [9], (3.6)—(3.7) p.429). If the
energy is assumed to be decreasing, the proof can however be restored by the same
argument as in [16] p.331.

If the energy is not assumed to be decreasing, then weak I zlo’f N L>(H'?)-
solutions can no longer be expected to be unique. In Section 5 we show how non-
uniqueness of extensions of solutions after point sigularities is related to “backward
bubbling”. Recently explicit examples of non-uniqueness and backward bubbling
have been constructed for the case of the harmonic map flow in two space dimen-
sions by M.Bertsch, R.Dal Passo and R.Van der Hout in [1] and independently by
P.Topping in [36].

2. The energy estimates

While the harmonic map flow (4) can be interpreted as the L?-gradient flow of the
energy functional v + E(u) on HY2(§2; N) with fixed boundary data ug, the
Landau-Lifshitz flow does not appear to be a gradient flow. The energy is however
still decreasing along a regular Landau-Lifshitz flow. Let
B(®).Bf@) = 5 [ [VuPutdy
Br(z)N$2

be the local energy. Then we have the following straightforward but fundamental
estimates.

Lemma 1. Let u € C?(§2 x [0, T[; S?) be a solution of (2)-(3). Then we have the
energy equality

d
@) %E(u(t)) = -7 / |Owul?dx for 0<t<T,
Q
and the local energy estimate

3)
ta

B(ulta), B (w0)) < Bu(tr), Ba(ao) + — ;[ B(ule), Bfaao))at,

t1
for 0 <t <ty < T and with BY(z) := Bgr(x) N 2.

Proof. (7) is obtained by multiplying (3) with 0;u and integrating by parts. (8)
follows from (3) by multiplying with 9;u ¢?, where ¢ is a standard cut-off function,
and then integrating by parts and absorbing the Jyu-term, similar to [31,32].

Note that ;v = 0 on 0f2 x R ; thus we may still integrate by parts and the usual
proofs are still valid in the case 912 # (). (Compare [31,17] for the case 92 = (0.)
O
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3. An a priori estimate, higher regularity and extensions
We start with higher regularity. Set
Pr(z) == Br(z)x]t — R*,t[ and Pf(z) := (Bgr(x) N 2)x]t — R? (.

The following Proposition says thatany L°°( H*+?)-solution of (2)-(3) with bounded
gradient is actually smooth.

Proposition 2. Consider uy € HV2(2; N) N C*T2(2; N) for k > 2 and \ €
10, 1[. Letuw € L>=([0,T], HY2(£2; N)) be a solution of (2)-(3) (or (4)-(5)). Assume

sup |Vu| < Cy

P (z0)
for zy € 2x]0,T] and some fixed R €]0,/T|. Then for any 0 < § < 1, we have

u € CFHMEEN/2 (@(zo)) ne= (Pg(zo)) ,

with bounds depending only on §, R, Cy, the parameters 1,2 of equation (3), the
curvature of 012 and the geometry of the target (i.e. the metric of the target and its
covariant derivatives).

Proof. The proof is a standard bootstrap argument applied to the system (3) with
initial and boundary data (2). This system is strongly parabolic. Indeed, it may be
written as

) O — M (u)Au = |Vul> M (u) u,

where the matrix valued function

-1
0 —Uusz U2

ur M) = [ 1l — uz 0 —uqp
—uy u; O

is continuous and bounded and M (u) Aw is strictly elliptic. More precisely
1
alff <€ M) < —|¢* vEeR.
1

(See [13] p.12, and [19]. Compare also [21] section VII.8 for definitions and results
on parabolic systems.) Theorem 10.4 in Section VII.10 of [21] (see also Theorem
9.1 in Section IV.9 of [21]) then provides Sobolev estimates with constants that
still depend on the modulus of continuity of the coefficients and thus of w. The
assumption sup P2 (20) |[Vu| < Cjy however does not include time derivatives.
To obtain bounds on the modulus of continuity with respect to time, observe that
equation (9) may be written in divergence form with bounded coefficients, i.e. the
map v := u solves

dv — div(M (u) Vv) + (DM (u)Oyu) Opv = |Vul®u.
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Then, still under the assumption

sup [Vu| < Co
P (20)

Theorem 3.1 in Section VII.3 or Theorem 1.1 in Section V.1 of [21] yield Holder-
estimates for v = u, that provide adequate bounds for the modulus of continuity
of u in the previous Sobolev-estimates. Upon differentiating (3), we obtain an
equation of the same type. The above Sobolev estimates may then be iterated to
obtain smoothness. O

By using scaling properties of the equation, we may now derive an a-priori sup-
estimate for Vu from the previous higher estimates.

C?*(942; N)) will denote the space of maps v : 92 — N that admit an extension
to C2A(§2; N).

Theorem 3. Consider ug € HY2(2; N) N C*20802;N) for 0 < X\ < 1. Let
u € W22’1 (2 x [0,T); N) be a solution of (2)-(3). Then there are constants

g0 = 0(42, |uollc2(a2)) > 0 and Cy = Co(£2, |luo||c2(90)) > 0
such that, if for zg = (x9,t0) € 2x]0,T) and 0 < Ry < min{1, /%o } there holds

Vu is continuous on PI;?O (20) and  sup  E(u(t), Blgo (z0)) <eo,
to—R2<t<to

then o
0
sup [V < — 2
P, (20) (1-90) Ro

forany 6 €]0,1]. If v2 = 0 and the target is a manifold N, the constants Cy and
€o also depend on the geometry of N.

Proof. Without loss of generality (z¢,to) = 0. We set Pg := P (0) and
1
e(u) := §|Vu\2.

We would like to consider z; = argsup Pr, e(u). Difficulties however arise if
z1 € OPg. This is elegantly avoided by considering (10) below, as in Schoen [30],
proof of Theorem 2.2. (Schoen’s method was extended to the parabolic context in
[33,34].)

Since Vu is continuous, there is oo € [0, Ry such that

(10) (Ro — 09)* s;iloo e(u) = odnax, ((RO —0)? SEFG(U) )

Moreover there is z, = (z,t+) € P, such that

eo = e(u(zx)) = supe(u).

70
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Set pg := 3(Ro — 0¢). Since P, (2:) C Pyytp, C Pr,, we have
1
sup e(u) < (Ro — (00 + po))? sup e(u)
Poy(2) (Ro — (00 + po))? Pogtog
< (Ry—o00)e < de
———(Ry — 0 :
= Ry —og)? 1o~ 70)7c0 = deo

Let ro := /egpo and consider the rescaled map

*

v(y, 8) == u(z, + 651/2 y,te +eg ts)  for (y,s) € Pg ,

where 2% := 6(1)/2(9 — ) and Pg* := P, N (£2* x R). By scaling invariance v
satisfies (3) on P} := P(O) " with boundary data

r

v(y, s) = vo(y) := ug(xx + 661/2 y) on P, NoN*.

Moreover, by construction,
(11) e(v)(0,0) =1, supe(v) <4
"o

and also 1
e(vg) = 3 |Vwol? < 4.

We may choose coordinates on the target such that vy(0) = 0O and then
supp. |vg| < 4rg.
)

Now we claim ry < 2. This will prove the theorem, since by definition of r(, we
then have (R — 0¢)? eg < 16.

Assume g > 2. Then eg = ;—é > 4%

0 0
Since ro > 2, by (11) and Proposition 2 with § = %, all higher derivatives of v
are bounded on P;. In particular for a constant C' depending only on v > 0, the

curvature of 02* and possibly the geometry of NV, there holds,

V00e(v)], |[Ve(v)| < C < oocon Py .

> 8, since 0 < Ry < 1.

Therefore

1
for r; ;= min{-—,1}.

(12) inf e(v) > Tok

*
Py

DO =

Since ey > 8 by assumption, the curvature of 92* is bounded in terms of the
maximum of the curvature of 2.

Moreover since {2 is compact, there is ¢ > 0, such that
|B(x) N 2| > cor? forallz €02, 0<r <1

and also
|B.(y) N 2% > cor? forally € 0", 0<r < 1.
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Set C, = CO% and gg := min{%, ﬁ} Since 79 = \/egpo > 2 > ri, we have
\2—0 +09 < po+ 09 < Ryand (\’/}0)2 + 02 < (po +00)® < R3. The above
lower bound (12) then implies

L= e@0.0) < 25 s [ s dy

CoTT —r2<s<0

<C, sup / e(u)(z,t) dx

to—rZey t<t<t, VB _172 (z:)NN2
170 €O 1

<C, sup / e(u)(z,t)dx.
B r

2
—(Z+0)<t<0 "7 Js+e0

The last estimate yields the desired contradiction, since the right hand side is smaller
than C, gy < 3. O

The regularity assumption for ug|o, can (at least) be reduced to ug € C? (002; N)
(compare [19], Theorem 2.7).

By combining the above estimates, we obtain a simple criterion that tells us when
a solution in C*°(£2x]0, T'[; N) admits an extension to C*°(£2x]0,7T]; N).

Corollary 4. Consider ug € H2(£2; N) N C**2(02; N) and let
u e Wit (2x]0,T[, N) N CFAEEN/2(05]0, T, N)

be a solution of (2)-(3) for k > 2 and \ €]0,1|. Let g > 0 be the constant from
Theorem 3 and suppose for o € 2 and 0 < Ry < min{1, VT T} there holds

sup  E(u(t), Bgﬂ (z0)) <eo.
T—R3<t<T

Then u admits an extension

u € CHAMERN2((Bsp (20) N 12)x]0, T); R?)
NC™ ((B1/2)r, (x0) N £2)x]0, T]; R?)

forany 6 €]0,1/2].
Proof. By Theorem 3 we have

2Cy

. —
o SVl < G

(1/2)8Rg (%0)

for any § €]0,1[ and any Zy = (zo,t) with  €]T — 1/2R3, T'], with constant
Cy independent of . By Proposition 2 the corresponding Holdernorms of u are
bounded on (Bsg, (7o) N 2)x]T — 1/2R3,T| for any § €]0,1/2[, which proves
the claim. a
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4. Bubbling at parabolically isolated point singularities

Corollary 4 combined with the local energy estimate in Lemma 1 implies that at
the maximal smooth existence time 7, > 0 of the Landau-Lifshitz flow (2)-(3)
with initial data ugp € H?(£2,8%) N C?*(962; S?), there are at most finitely
many singular points (x5, T.) € 2,k = 1,... , K over which the flow does not
admit a smooth extension. Each singular p01nt (:C &, %) is characterized by energy
concentration in the sense that for any R > 0

lim sup E(u(t), Blg(xk)) >ep.
t T,

(See [31,32].) Note that thj above singularities are isolated in the following sense.
We call zg = (x0,t0) € 2 x Ry parabolically isolated for u, if there is R > 0,

such that ——
P (20) \ {20} C Reg(u),

where Reg(u) denotes the set of regular points of u, that is the points z € £2 x R,
for which u is smooth on a neighborhood of z. The complement Sing(u) :=
(2 x Ry) \ Reg(u) is the set of singular points.

The following is the analogue for the Landau-Lifshitz flow of J.Qing’s result in
[28] for the harmonic map flow.

Theorem 5. Assume ug € HY2(£2;8%) N C**(062;52) for 0 < X\ < 1. Let
u € H2(92 x Ry; %) be a distributional solution of (2)-(3) with E(u(t)) < Eo

forae t €0,T].
Consider a parabolically isolated point zy = (xg,to) € S(u), such that u does not

admit any smooth extension to P§ (z) for any R > 0.

Then there are Ry > 0 and finitely many non-constant harmonic maps p; :
S?2 = S82(I=1...K), such that for any 0 < R < Ry

K
Jim E(u(t), Bf (z0)) = E(ulto), Bf (z0)) + > Ely
© 1=1

and 1~ Zl}il E(p;) € N. Letting w; : R? U {00} — S? be the pullback to R? of
@1+ S% — S? by stereographic projection and w;(cc) the image under ; of the
north-pole, there are sequences t; / i, xé — 29, 0 < )\3 — 0asj — oo for
l=1,...,K, such that

K

r—at j—ro0
et =3 () (o)) U5 et

=1

strongly in H?(Bf] (o), R?).
If wo € D, then lim; M
>\l \;E

k
Finally for k # 1, max{ pUE Ak, )\k+)\l

}—>ooasy—>oo
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The proof is almost literally the same as in [28] and we therefore omit it. (For more
details see [19].)

The maps ¢; often are referred to as “bubbles”, the phenomenon described by
Theorem 5 as “bubbling”.

The assumption that « should not admit a smooth extension to P}g(zo) for any
R > 0 may be replaced by the condition that the function

t — E(u(t); Br(wo))

is not left-continuous at ¢y for any R > 0. Without these assumptions, the case
K = Oisnotexcluded. Indeed, as we will indicate in Theorem 6 and as the examples
of M.Bertsch et al. [1] and also of P.Topping [36] demonstrate, it is possible that
there are parabolically isolated singularities without “forward” bubbling.

5. Non-Uniqueness and backward bubbling

In the following the map u should be thought of as a smooth continuation after a
(first) singularity to of a solution of the Landau-Lifshitz or of the harmonic map
flow with point singularities at ¢y. By relaxing the initial condition

. . . 1,2
th\r?o u(.,t) =u(.,tg) in H*(2,N),

continuations different from the Struwe-solution can be found, whose energy is not
right continuous at time ¢y. The following theorem is the analogue of Theorem 5
in this setting. We may shift time so that ¢y = 0. Set

ap = inf{E(v) | v: S* — N is harmonic and non-constant} .
If N is compact, we have ag > 0 (see [29], Theorem 3.3).

Theorem 6. Letu € C*°(2x]0,T]; N)NC™ ((2{T1,... , T })x[0,T]; N)N
H2 (QX]O,T[; N) be a solution of (2)-(3) forug € C> (ﬁ\{fl, TR N)ﬂ
HY2(2; N). Assume

E(u(t)) < Cy Vtel0,T].

(i) Iflimsup, o E(u(t)) > E(ug), then limsup, o E(u(t)) > E(uo) + ap.
More precisely for any T € {T1,...Tk }, there either exists Ro > 0, such that

limsup E(u(t), Bf, () = E(uo, B, (z))
N0

or
limsup E(u(t), B (T)) > E(uo, B (T)) + ao forall R > 0.
N0
In the second case the {u(.,t)}t>0 has a 2-bubble in C> at T as t N\, 0 in the
sense that for suitable a > 0 and sequences R; \, 0, t; \ 0, x; = T asj — oo,
there holds

(=00

vi(y, s) == u(z; + Ry, t; JrR?s) — ) v e C’OO(R2 X [O,a];N) ,
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where v is independent of time. The limit v : R> — N is a non-constant smooth
harmonic map with finite energy and thus extends to a smooth harmonic map
0:8% = N.

IfT € 012, then%i’am — 400 as j — oo.

(ii) If lim sup, o E(u(t)) < E(ug), then limy o E(u(t)) = E(uo) and u is the
Struwe-solution on 2 x [0, T).

In the case of the harmonic map flow, there are examples of solutions with non right
continuous energy and backward bubbling as in (i). Indeed, M. Bertsch, R. Dal Passo
and R. van der Hout have constructed a rotationally symmetric solution u to the
2-dimensional harmonic map flow that concentrates energy and bubbles at a time
t, > 0ast ™\ t. (see [1]). More precisely for rotationally symmetric initial and
boundary dataug : B — S? C R3 defined on the unitball B = B; C R? similar to
those considered in [4] by K.C. Chang, W.Y. Ding and R. Ye, they found particular
times ¢ < to, such that for any 7 > to there is a solution to the harmonic map flow
which is smooth on (B x [0,00)) \ ({0} x {t1,7}), concentrates energy at (0, t1)
ast " ty, has right continuous energy at ¢; and left continuous energy at 7, but
concentrates energy and bubbles backwards as ¢ \, 7. In particular they thereby
constructed infinitely many solutions to the given initial and boundary value prob-
lem and each of them corresponds to the Struwe-solution on B x [0, 7].
Independently P. Topping also constructed a solution of the two dimensional har-
monic map flow with backwards bubbling. He further sketched the construction of
a solution with neither left nor right continuous energy at an isolated singularity
(24, t4), where energy concentrates at x, both for ¢t 7 t, and ¢t \, ¢, (see [36]
Paragraph 5). Note that the energy bound does not “forbid” such singularities to
accumulate.

It is not known whether “Bertsch-DalPasso-VanDerHout-type” point singularities
with left but not right continuous energy or “Topping-type” singularities with nei-
ther left nor right continuous energy, as described above, also arise for the Landau-
Lifshitz flow.

We now return to the proof of Theorem 6:

Proof. (ii) follows from A.Freire’s uniqueness result (see [15,16]) and its exten-
sions to the Landau-Lifshitz flow (see [10,9, 14,5]).
(i) Fix T € {Z1,... , Tk }. Assume we do not have

tli\r? Vu(.,t) = Vug(.) in L*(Bg(7);R*")

for any R > 0. By the Vitali Convergence Theorem there is 1 = &1(Z) > 0 such
that for all R > 0 there holds

(13) lim sup E(u(t),B2(T)) > e >0.
SN0 0eres (u(t), B (@) = =1

Since u is smooth on 2 x [§, T] for any 0 < § < T', we have

(14) lim sup  E(u(t), B]g(x)) =0.
R=0 zeqn,te[sT)
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Choose Ry > 0 such that Byg, (T) N {Z1,... ,Tx} = {T}. We will write By, for
BR(f)

By (13) and (14) there are sequences 0 < ¢, -+ 0 and 0 < R,, — 0 as n — oo,
such that

1
(15) sup  E(u(tn), Bsy (2)) = 1 min{eq, g0},

z€BaRy

where ¢ is the constant from Theorem 3. We may assume Ry > R,, for all n and
also €1 < g¢. By the local energy inequality for u, for any x we have

(16)  E(u(t), BE (2)) < E(u(tn), B (2)) + ctf_%jnco fort > .

Fort € [t,,t, + 0,] and §,, := 41 C" , this leads to

(17) sup E(u(t), B () < 2.
xeBg?RO, tn <t<tp+06, 2

By (15) there is a sequence (), C Bag,, such that

€1

(18) o = B(u(tn), Bzg, (@) -

By compactness we may assume it converges. We now claim that the limit is z.
Indeed if x,, — =, # T, then Bag, (x,,) C Bag, ~ B.(T) for a r €]0, Ry[ and
sufficiently large n. Therefore

E(u(tn), Biy, (xn)) <2R2 sup |Vu|> =0
) (B4RO \BT(E))X[O}T]

as n — 00, since u is assumed to be smooth away from its point singularities
at t = 0. This is in contradiction with (18). Thus x,, — T and may assume
Bp, (zn) C Bff, = Bf} (z) forall n.

Consider now the rescaled maps
vn(y,8) == u(zy + Roy, t, + R2s)

for
(y7 5) € (BRo/Rn (0) N Qn) X [O, (T - t71)/R721] )

where (2, := (1/R,)(£2 — x,,).
By construction vy, is smooth on (Bg, /g, (0) N £2,) x [0,

R2 2], Also

T tn+7'R3l (n—o0)
/ , / |5‘tvn|2dyds = / / |6‘tu|2dxdt — 0
0 BRO/Rn (O)I’WQ" tn BRO (a:n)ﬂQ

for any 7 > 0. Here we used that atu € L*(£2 x [0,T]; N), which follows from

the energy estimate for u. Set a = W Then we conclude
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19 = = B(u(0), B8 (0))
and
(20) sup E(vn(s), B (1))
(y,s)eng/Rn (0)x0,a]
< sup E(u(ty + R2s), B (v, + Ryy)) < %1 ,

(2,)€BE () X[t tn+dn]

uniformly in n.

Finally the maps v,, are smooth solutions of either the Landau-Lifshitz or of the
harmonic map flow on (Bg, /g, (0) N £2,) x [0, a] for sufficiently large 7.

Now we show that the sequence (v,), admits a subsequence that converges
smoothly to a bubble.

Firstassume Bog, (Z)NIL2 = 0. Then also ByNJL2,, = P and Theorem 3 combined
with Proposition 2 provide uniform C*-estimates for (vy, ), on By /2(y) x [6, a] for
any ¢ > 0 that only depend on § > 0 and ¢ and R = 1.

Thus there is a subsequence again denoted by (v, ),, and some

veC™ (R2><}0, al; N) ,
such that v,, — v in Cf2,(R?x]0, a]; R™) and d5v, — 0in LZ (R? x [0, a]; R™).
(Here “loc” means that for any R > 0 and sufficiently large ng = ng(R), so that
Ry/Ry,, > R, the sequence (v,,)n>n, convergences on any Br(0) x [J, a] for
§ > 0 in the respective norm (actually on Br(0) x [0, a] for L? ).)
By construction v is a time independent solution of the Landau-Lifshitz or harmonic
map flow with finite energy (bounded by Cj).
Assume next that v is a trivial solution, i.e. v = const. on R%?x]0, a]. By (19)
the limit v( ., 0) is non-constant, but convergence is not necessarily uniform in a
neighborhood of s = 0. However by the local energy estimate for v,, (which is
smooth on B3(0) x [0, a] for n such that % > 3), we have for any ¢ € C°(R?)
with spt C B3(0), p =10on By(0),0 < ¢ <1

1 S
7// 0| Vo |? o2 dydt
2 0 R2
(n—o0)

__ / Vo, o Vi dydt — 7 / / 1002 0 dydt "5 0,
0 R2 0 R2

since v, — 0 and Vv,, — Vo = 0in L?(B3(0) x [0,a]; N) . Thus

/ (IV0n2(, 5) — [Vou 2y, 0)) @2 dy "= 0 ¥s € [0,a],
R2

which is in contradiction with [, [V, |?(y,0) ¢*dy > £ for all n and

/|vvn|2(y,s)gp2dy(”1°°)o for all s €]0, ] .
R?
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Note that in the case of the Landau-Lifshitz flow dsv = 0 implies —Av = |Vo|?v
and in particular v X Av = 0.
Further for any 2 C 2

- 1 1
E(u(t),2) = / = |Vul|*(z, t)dx Jr/ ~|Vul?(z,t)dx,
Q\UleBR(:L’j) U;(:l Br(z;)

for all R > 0. The first term converges for ¢ ™\, 0 and

1 1
limsup/ ~|Vul?(z,t)dr > lim ~|Vu,|?(y)dy > ag
N0 JUK, Brey) 2 1% By on, (z;) 2
Thus
~ 1
limsup E(u(t), 2) > / ~ |Vul*(x,to) drx + ag forany R > 0.
50 UK Br(z;) 2

After passing to the limit R — 0, we obtain the claim, if we choose 2 =Qor
{2 = Bg, (%) for any R; > 0.

If T € 012, the above construction also works. Note that we may still integrate by
parts to obtain the energy inequality, since d;u = 0 on 92 x [0, T]. Moreover the
rescaled solutions v,, satisfy

Un (Y, 8) = von(y,s) == uo(rn + Rpy) on 2, N B /g, (T—xy).

The uniform C*-estimates on (Bj/2(y) N £2,) x [, a] now also depend on the
curvature of 012, and on ||vg || cx. The boundary 02, is however “flattened” by
the scaling and its curvature tends to 0 as n — oo. On the other hand ||vg,, —
uo(T)||cx(B,) — 0asn — oo on any ball By contained in the domain.

After passing to subsequences, we may assume

dist(z,,, 012)

I = dist(0,02,,) — . € [0,00] asn — o0.

If §, = oo, the limit v of the locally rescaled sequence (vy,),, is defined on all of
R? and the proof may be completed as in the interior case.

If §. < oo, then after a rotation of the coordinates, we may assume the z;-axis
is parallel to the tangent space of 92 at T and the xs-axis points to the interior
of {2. Then the limit v of the locally rescaled sequence v, is defined on the upper
half plane R} := {y € R? | yo > —d,} and has constant boundary value u(T).
Since R is conformal to a closed disk By (0) C C, the pullback of v to B1(0) is
harmonic and by J.Sacks and K.Uhlenbeck’s Removable Singularity Theorem (see
[29]), it extends to a non-constant harmonic map with constant boundary values.
This is in contradiction with a result by L. Lemaire ([23], Theorem 3.2), which says
that any harmonic map with constant boundary values from a contractible surface
with boundary, is itself constant.

This rules out the case d, < oo. Thus

7d15t(2"’8m — 00 as N — 0. O
n
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6. Partial compactness of sequences of smooth flows

The estimates from Section 3 can also be applied in the following situation. Let
(uk)x be a sequence of smooth solutions of the harmonic map flow or Landau-
Lifshitz flow on a smooth bounded domain 2 C R?

(21) YOsug — Yaug X Opup, — Aug = |Vug|>up in 2 x Ry,
(22) u=wugron (£2x{0})U (002 xRy),

with uniformly bounded energy

(23) sup E(uo,) < Eo,
k

and convergence at the boundary

(k—o0)

(24) Uo,k — " Ug in 02”\(89; 52) s

for some A €]0, 1[. Assumption (23) together with the energy estimate (Lemma 1)
imply

sup sup E(ui(t)) < Ep.
k teR,

By Proposition 2 and Theorem 3, we obtain uniform estimates on the following
“regular set”:
Reg((ur)r) is the set of points zg = (xo,t9) € 2x]0,00[ for which there is
Ry > 0 with

(25) limsup  sup E(ug(t), Blgo (z0)) <eo,

k—oo tog—RZ<t<to

where ¢ > 0 is the constant from Proposition 3.
The complement, denoted as

Sing((uk)r) = (ﬁ X R+> ~ Reg((ur)r)

is the “energy concentration” set. Note that Reg((uk) k) is open, which easily
follows from the local energy estimate (Lemma 1).

Corollary 7. The sequence (uy )y of smooth solutions of (21)-(22) with (23) and
(24) is uniformly bounded in

C>(Reg((ur)k) N (£2x]0, 00[), R?) and C**(Reg((uy)x), R?)

and a subsequence converges smoothly to a solution of the Landau-Lifshitz flow on
Reg((uk)k) N (£2x]0, o).
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The local energy estimate (26) implies

ﬁ(Sing((uk)k) N (ﬁ X {t})) <Ky forallt>0,

where K does not depend on ¢ > 0. (See [19]. Compare also [34] and [11].)
Remember that by Lemma 1, we have forany 0 < s < ¢

C(t —s)E
(26) E(uk(t), Bg(xo)) < E(u;g(s)7 BQQR(xO)) + (’ylﬂﬁ)o .
Set 8y := 452, where g is the constant from Theorem 3. After increasing C' if

2CE,°
necessary, we may assume 0 < §p < 1.

Lemma 8. Let (uy )y be a sequence of smooth solution as in (21)-(22) with (23)
and (24). Then the following assertions are equivalent:

(i) 20 = (z0,t0) € Reg((ur)k) -
(i) 30,R>0: limsupy_,., Sup;, _scicr, E(ur(t), Bii(wo)) < 0.
(iii) 30 > 0: limp~ o imsup,_, ., sSup,, _scier, E(ur(t), Bfi(z0)) = 0.

to

(iv) 3R> 0: limsup,_, # to- R fBg(mg) |Vug|? dx dt < i(sofo-

(v) 36, R>0: limsupy_,o, SUP;, _scrctyrs B (un(t), B (z0)) < 0.

Following (i) < (i) = (iti) = (iv) = (v) = (i7), the proof uses (26) and
Theorem 3 and is straightforward (see [19]).

From characterization (iv) of the regular set in Lemma 8, it is easy to see that
Sing((uk) k) has locally finite 2-dimensional parabolic Hausdorff measure (see
[19]). It then follows that the accumulations points of sequences as in Corollary 7
are weak solution of the Landau-Lifshitz flow on all 2 x R, in

HY2(02 xRy S*) N L™ (Ry; HY2(92; 5%)) .

A description of the bubbling behaviour of smooth sequences of the Landau-Lifshitz
flow on planar domains with uniformly bounded energy, as in [19], will be presented
elsewhere.

In [12,13] and [14] partial compactness for a similar problem is studied. Their
arguments are however not conclusive.

Interesting results on the dynamics of the energy concentration set in the case of
the harmonic map flow also in higher dimensions are found in [25-27] and [24].

Appendix
Let £2 C R? be open. We will give an example showing that the space
L>(CY) == L™ ([0, T]; C* (£, R?))

is neither dense in
L>([0,T); H*(£2; 5%))
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with norm |[u[| o (gr1.2) := supjo 71 |ull zr1.2(2), nor in
L ([0, T); H2(2;R?)).

For p € L™ ([O, T), CH(£2; R3)) we require suppo 71l (- t)llor(e) < oo,
Set 2= B; = B1(0) CR?and T = 2. Let N = (0,0, 1) be the north pole of the
standard sphere S? C R? centered at the origin and S = (0,0, —1) the south pole.
Set

N, ifx € By \ By,
wi@)={g yyg

and extend ug smoothly to Bi, such that ug(By) covers all of S2. Then E(ug) >
Area(S?) = 4 (see [35], Proposition 1.1). We can also extend u outside B; by
up = N. Further set

 ug(ssy) ifte[0,1],
u(, ) = {z\? ifte[1,2].

Then for any ¢ € L>([0,2]; O (By1;R?)), letting supp, (0,91 V| = C < o0,
we have

sup [|[Vep(.,t) = Vu(, )| 22(p,)
t€(0,2]

> sup/ (IVul?(z,t) — 2C|Vu|(z,t)) dz
B,

te[0,1]

> 2Fy — inf 20(1—t)/ |Vug|de = 2F,,
tel0,1] B,

showing

inf - oo (H1,2) > V8
SOeLlolf}}(Cl)||U Pllpeo(mrey > V8T
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