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ANALYSIS AND DESIGN OF TIMBER-TO-TIMBER CONNECTIONS
BASED ON THE LOWER BOUND THEOREM OF THE THEORY OF
PLASTICITY
Davide Tanadini1, Joseph Schwartz1
ABSTRACT: Over the last few years, the structural analysis of timber elements in relation to the service state has
evolved significantly. Indeed, several static calculation procedures have been developed. On the contrary, no standard
procedure has been developed to support the static calculation concerning the ultimate limit state of timber elements,
which focuses on the definition of the collapse load. Indeed, in the structural analysis of the service state, many factors
influencing the ultimate limit state are not adequately considered.
The paper discusses the development of the static calculation procedure of the ultimate limit state of timber structures.
The ultimate limit state is determined with the support of the theory of plasticity, and particularly through the lower
bound theorem. At first, the yield conditions of timber are developed. The yield conditions, governed by a few materialrelated parameters, are composed of different regimes, each representing a different failure mode. By introducing
anisotropic yield conditions, the plastic theory allows considering the anisotropy of the material effectively. Afterwards,
the defined yield conditions are implemented in the analysis and design of interlocking timber-to-timber connections.
The use of the theory of plasticity allows determining in an illustrative way the respective stress state in the element,
thus facilitating the proper development of the connections and the integration of structural performance with additional
requirements (e.g. assembly).
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1 INTRODUCTION 1
In recent years, the use of timber as a structural material
in the construction industry has grown considerably, and
timber structures are going through a new phase of great
interest and development. On the one hand, the recent
waves of ecology and sustainability have renewed
attention to natural materials, such as wood. On the other
hand, one of the main driving forces behind the revival is
the emergence of digitization in the timber industry. This
constellation fosters the exploration of new solutions
going beyond traditional typologies.
During the last 40 years, digital technologies have been
heavily adopted by the timber industry, becoming a
common practice in both the design and manufacturing
phases. The use of Computer-Aided Design (CAD) tools
and
Computer-Aided
Manufacturing
(CAM)
technologies, like Computer Numerical Control (CNC)
machines, has supported the development of complex
three-dimensional and customized geometries, which can
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nowadays be produced while keeping the required
design and manufacturing efforts similar to those of
traditional solutions.
However, in the applications of timber to contemporary
architecture, timber rarely acts as the primary structural
material in the connections between timber elements,
being often replaced by other materials. Academic
research has recently explored the use of different types
of timber connections, such as interlocking [1], glued
[2], or nailed [3] connections. In the context of this
paper, interlocking timber-to-timber connections, which
connect linear timber elements and do not require – or
possibly limit – the use of external fasteners, are
considered. In fact, this type of connection is well suited
to be integrated into a potential digital automated
process, in terms of both production and assembly.
Thanks to CNC or robotic arms, it is possible to have
great freedom in the choice of the geometry. It has been
shown [4] that it is now possible to replicate even the
most sophisticated traditional interlocking connection
with a fully digitized and automated process. In addition,
regarding the robotic assembly, timber-to-timber
connections seem to be particularly favourable.
Compared to other connections that require the use of
additional metal fasteners, an interlocking timber-totimber connection is advantageous because it is
composed of fewer elements (i.e. minimum two) and
hence it requires fewer actions by the robotic arm (i.e.
minimum one insertion).

In timber construction standards, connections adopting
metallic elements are predominant. In the Swiss code
SIA 265, for example, only one timber-to-timber
connection is described for new constructions, which is
the connection between the inclined rafter and the tie
beam in pitched roofs. Nowadays, timber-to-timber
connections are mainly adopted in non-standard projects
with rather generous budgets. Figure 1 shows the
example of the “Tamedia Building” by the architect
Shigeru Ban (Zurich, 2013), where timber-to-timber
joints were adopted to connect columns and beams.

Figure 2: The construction of one of the modules of the DFAB
Timber Frame House, NCCR-dfab, 2018, Zurich

Figure 1: Detail of the connection in the Tamedia Building,
Shigeru Ban, 2013, Zurich

Significant research developments can be found on the
topic of timber-to-timber connections in the restoration
of traditional timber roofs. In this context, calculation
procedures have been developed for the structural
analysis of specific typologies of connections [5].
Generally, however, the structural analysis of timber-totimber connections remains very challenging, and the
static calculation procedures refer to single applications,
as there is no general analysis method.
Although in the case of high force concentration, the use
of metallic elements is normally inevitable, in most
cases, the use of additional elements could be limited by
more conscious use of timber as structural material. In
this regard, a possible strategy could be that of
modifying the geometry of the connection. Being the
manufacturing of complex timber-to-timber connections
no longer an obstacle, the adoption of timber-to-timber
connections is mainly limited by the difficulties in
structural analysis. In the NCCR Digital Fabrication
“DFAB Timber Frame House” completed in 2018 shown
in Figure 2, for example, due to the geometric
complexity and the high degree of customization, it was
not possible to fully integrate structural feedback into the
design of the connections [6]. The connections,
therefore, feature conventional metallic fasteners,
through which the structural requirements could be
easily ensured.

Furthermore, existing static calculation procedures focus
on service state analysis, while they are not fully
supporting the ultimate limit state analysis. These two
analyses are based on different assumptions and have
different purposes. In the service state analysis,
procedures are based on an elastic approach, calibrated
in a semi-empirical way [7]. This allows evaluating the
deformations of an element, and thus the internal
stresses, when subject to a service load, but does not
provide information about the collapse load. Indeed,
aspects that are relevant for the ultimate limit state
analysis, such as partial failures, plastic deformations, or
redistribution of forces, are not sufficiently considered.
The paper aims to contribute to the development of a
static calculation procedure for the ultimate limit state
analysis of timber. This approach is based on the lower
bound theorem of the theory of plasticity. The analysis
of the ultimate limit state consents to assess the failure
mode and the collapse load of the investigated element,
while other aspects (e.g. deformations) are not fully
taken into account. It also provides a more designoriented approach that fosters the rethinking of
connections in concert with the possibilities given by the
present manufacturing techniques.

2 THEORETICAL FRAMEWORK
In this section, the theoretical framework is illustrated.
The first sub-section is a general overview of the main
features of the theory of plasticity. The second subsection focuses on the lower bound theorem of the
theory of plasticity, which is particularly relevant for this
approach. The third sub-section discusses the application
of the lower bound theorem to the ultimate limit state
analysis to a typical building material such as reinforced
concrete.
2.1 THEORY OF PLASTICITY
Methods based on plastic theory have been developed to
determine the collapse load of a structure at its ultimate
limit state. These methods are based on the limit state
theorems. They comprise the static solution, based on the
lower bound theorem, and the dual kinematic solution,
based on the upper bound theorem. When the two plastic
solutions coincide, the complete solution is achieved, as
shown in Table 1 [8].

Table 1: Overview of the plastic solution
Condition
Equilibrium
Yield condition
Mechanism
Result

Method

Static
solution
Ok
Ok
?
Lower
bound
[QS] ≤ [QR]
Static
method

Complete
solution
Ok
Ok
Ok
Collapse
load
[QR]
-

boundary conditions are respected, an admissible state of
equilibrium is achieved.
Kinematic
solution
Ok
?
Ok
Upper
bound
[QK] ≥ [QR]
Mechanism
method

The kinematic solution is purely based on kinematic
considerations, and it assumes the creation in the
structure of a mechanism that fulfils the geometric
boundary conditions. The rotation of the plastic hinges is
governed by the flow rule and the yield condition.
Through the principle of virtual work, a system of forces
QK that determines such mechanism can be calculated.
Being an upper bound solution, only the minimum of all
the possible systems of forces QK corresponds to the
mechanism for which the yield condition is not violated,
and therefore to the collapse load QR. For this reason, the
kinematic approach lies on the unsafe side and is mainly
used to test existing structures, where the dominant
mechanism is known. Furthermore, it is generally not
suitable for the design, since the stress state is only
known in the hinges.
In the static solution, only static considerations are
adopted. A system of forces QS generates a stress state.
The stress state is considered statically admissible if it
fulfils the equilibrium conditions and the static boundary
conditions. If the admissible stress state does not violate
the yield conditions, QS represents a lower bound to the
collapse load. For externally or internally statically
indeterminate systems, each QS generates an infinite
number of admissible stress states. The complete
solution to the collapse load QR occurs when QS is
maximum. Being conservative and lying on the safe side,
the static approach is widely used in the design of
structures, as it allows developing multiple solutions
consistently, and possibly promoting the exploration of
unknown structural systems.
2.2 LOWER BOUND THEOREM
The application of the lower bound theorem requires the
fulfilment of three fundamental conditions: an
admissible state of equilibrium, the respect of the yield
conditions, a plastic material behaviour. If these three
requirements are met, the lower bound theorem is valid,
without further considerations.
2.2.1 Admissible state of equilibrium
Given external forces and an initial geometry of the
structural element under investigation, the designer
defines the path of the internal forces by means of strutand-tie models and the corresponding stress fields. The
resulting internal stress state must be in static
equilibrium, meaning that the equilibrium is calculated
on the undeformed system and that the resultant force at
each node of the strut-and-tie model is null. If also the

2.2.2 Yield conditions
The yield conditions describe the structural limits of the
material. Therefore, they represent specific properties of
the material. At first, the single failure modes are
identified and defined. The yield conditions are
composed of the combination of the single failure
modes. Once defined, for any stress, it is possible to
establish if and how material failure occurs. In a
structural system, they must not be violated at any point.
The yield conditions are defined by a theoretical model
supported by mechanical tests.
2.2.3 Plastic behaviour
The plastic theory assumes a rigid plastic behaviour of
the material. In civil engineering, this assumption does
not necessarily imply the presence of a rigid plastic
material, but rather of overall plastic behaviour of the
structural system. In particular, the system must
guarantee the necessary deformation capacity, which
allows the redistribution of forces according to the
predefined plastic model. In a statically indeterminate
system, a plastic redistribution of the internal forces is
necessary before reaching the collapse load. The
presence of ductile material alone does not guarantee the
plastic behaviour of the overall system. Moreover, in the
definition of the equilibrium states, the assumption of
plastic behaviour allows the presence of static
discontinuities, as shown in Figure 3 [8]. The fulfilment
of the plastic behaviour of the system ensures the
compatibility of the discontinuities. It is the designer's
responsibility to develop strategies that provide a
governing failure mechanism where the necessary plastic
behaviour is ensured. These strategies are also
established with the support of mechanical tests and are
usually listed in the construction codes.

Figure 3: In the admissible state of equilibrium, normal stress
parallel to the discontinuity line may show discontinuity

2.3 PLASTIC DESIGN
The lower bound theorem for the limit state analysis is
commonly applied to determine the collapse load of a
structure, not being limited to a specific material or
structural typology. In fact, it is adopted in the analysis
and design of common building materials such as steel,
reinforced concrete, and masonry. Due to its ability to
visualize internal forces making explicit the forcegeometry relationship, it is also adopted in structural
design, both for dimensioning of the elements and
definition of the details, such as connections. As a
reference, the following paragraph describes the
applications of the lower bound theorem to the analysis
and design of reinforced concrete structures.

2.3.1 Reinforced concrete
Reinforced concrete is an anisotropic structural material
composed of concrete and steel reinforcement. Its
behaviour is never completely isotropic, even in the case
of a regular disposition of the reinforcement. Therefore,
the usual yield conditions (e.g. Tresca, von Mises) for
isotropic materials such as steel cannot be directly
applied. In general, concrete shows a brittle failure
behaviour, while steel reinforcement shows a ductile
one. Figure 4 [9] illustrates the yield conditions of
concrete and steel reinforcement. The strength is limited
to the non-plastic domain, being the materials not rigid
plastic. The two materials follow a modified MohrCoulomb failure condition. It is assumed that steel
reinforcement can only resist axial tensile stresses. A
planar figure is therefore obtained. The two elliptical
cones represent the yield conditions of the concrete, in
which the tensile strength is not taken into account.

Figure 4: Axonometric (left) and contour lines (right)
representation of the yield conditions of concrete and steel
reinforcement. The yield conditions of concrete are represented
by two elliptical cones, while the one of steel reinforcement by
a plane

The yield conditions of reinforced concrete can be
determined by linearly combining those of the single
materials. As shown in Figure 5 [9], the yield conditions
of reinforced concrete are anisotropic, as assumed, even
if the two materials (concrete and steel) are considered
by themselves isotropic. In the yield conditions, seven
regimes are shown, each representing a different failure
mode (i.e. all possible combinations of failure between
materials). The yield conditions are governed by only
two material-related parameters (i.e. compressive
strength of concrete, and tensile strength of steel
reinforcement), which make them valid and easily
adaptable to any type of reinforced concrete compound.
In reinforced concrete, the plastic behaviour of the
system is provided by the cracking of concrete and the
consequent yielding of the steel reinforcement bars.
Because of its low resistance to tension, concrete cracks
allow the system to deform, hence redistributing the
internal forces according to the plastic model. The
failure of the material must occur in a controlled way,
preventing the entire system from failure. If the width of
the cracks increases in an uncontrolled way, the transfer
of forces is not guaranteed. In this regard, the codes
prescribe the use of a minimum reinforcement.

Figure 5: Contour lines representation of the yield conditions
of reinforced concrete. The yield conditions are constituted by
the combination of the ones of the single materials. The seven
regimes are clearly identifiable

In the definition of the equilibrium state, further criteria
are necessary to guarantee a satisfactory structural
behaviour. First, out of the seven regimes described by
the yield conditions in Figure 5, only a few show an
overall ductile behaviour. Therefore, the codes prescribe
strategies for achieving a ductile governing failure mode.
Secondly, experiments have shown that in some
equilibrium states, the necessary deformation capacity
cannot be guaranteed. The equilibrium states to be
avoided are therefore described through geometric
considerations. Finally, deformations are not directly
considered by the plastic analysis, but they may be
relevant for certain equilibrium states. In these cases,
unfavourable deformations can be considered indirectly
by reducing the strength of the material. The
implementation of these strategies allows the sizing and
detailing of reinforced concrete elements based on the
lower bound theorem, as shown in Figure 6 [8].

Figure 6: Application of the lower bound theorem in the design
of a reinforced concrete beam. The state of internal stress is
represented by using stress fields. External forces are
illustrated in green, tension in red and compression in blue

3 OBJECTIVE
The analysis of the ultimate limit state is a common
practice for steel, reinforced concrete and masonry
structures. This development has been made possible by
applying the general plastic theory to the specific
material systems, through theoretical models and
mechanical tests. Up to now, plastic theory has never
been extended to timber structures. As discussed in
Section 2, characteristics such as the inherent fragile
behaviour or anisotropy of a material do not represent a
limit for the application of the plastic theory. On the
contrary, the plastic theory allows taking into account

these material characteristics in a simple, effective, and
elegant way.
The paper discusses the development of the static
calculation procedure of the ultimate limit state of timber
elements under combined loads. The analysis is
performed with the support of the lower bound theorem
of the theory of plasticity. In this regard, it is necessary
to assess the yield conditions and plastic material
behaviour. The definition of the yield conditions allows
identifying the structural capacity of timber and its
failure modes, thus determining the governing failure
mechanism for any stress state. The plastic material
behaviour occurs if the structural system guarantees the
necessary deformation capacity and a redistribution of
internal forces according to the plastic model is possible.
Therefore, understanding under what conditions the
plastic material behaviour is achieved is of fundamental
importance.
The extension of the plastic theory to timber is applied in
the analysis and design of interlocking timber-to-timber
connections, where the use of metal fasteners is
intentionally limited or prevented. The illustrative
representation of the state of internal forces in the form
of strut-and-ties, or stress fields, makes the interactions
between force and geometry explicit. It represents,
therefore, the basis for the development of efficient
connections.

4 METHODOLOGY
Based on the lower bound theorem of plasticity theory,
the investigation is supported by mechanical tests. The
final objective is to be able to analyse the timber
elements, assessing with reasonable accuracy the
collapse load, and informing the design, optimizing its
geometry. The first part of this section discusses the
main aspects related to the development of limit analysis
in timber (i.e. yield conditions, plastic behaviour, and
equilibrium states), as well as the central hypothesis. In
the second part, the approach to the design of
interlocking timber-to-timber connections is described.
4.1 ASSUMPTIONS ON THE PLASTIC
BEHAVIOUR OF TIMBER STRUCTURES
4.1.1 Yield conditions
At the microstructure level, wood consists of elongated
and tubular cells with thin walls, oriented in the direction
of growth (also referred to as grain's orientation). For
this reason, timber is strongly anisotropic, and the
mechanical properties depend on the orientation of the
load compared to the orientation of the grain.
Initially, different failure modes are identified and
analysed. The hypothesis is made that two main failures
may occur: the failure of the cell, and the failure of the
bond between cells. The cell carries both forces parallel
and perpendicular to the grain, as well as shear.
Therefore, potential failures due to tension and
compression in the direction of the grain, tension and
compression perpendicular to the grain, and shear are
assumed. Concerning the bond between cells, sliding
failure, and tensile de-bonding failure is assumed, while
a compression failure is considered not relevant. The

hypothesis is made of anisotropic yield conditions,
which can be obtained thanks to a consistent theoretical
model and a few information on the material, as
discussed in Section 2 for the case of reinforced
concrete. In particular, the strength of the system is
sensitive to the incidence angle between the force and
the grain’s orientations. The effect is due to the different
governing regime resulting from a variation of the angle.
The development of the theoretical model is supported
and validated by mechanical tests on timber elements. In
fact, in order to characterize the various failure modes, it
is necessary to establish some material-related
parameters, which can initially be determined by
uniaxial tests. The combination of single failure modes
determines the yield conditions. Understanding the
behaviour of the single failures, as well as identifying
under which conditions a regime is governing is of
fundamental importance.
4.1.2 Plastic behaviour
The defined yield conditions are then implemented in the
analysis and design of interlocking timber-to-timber
connections. According to the lower bound theorem, the
system must provide a plastic behaviour, hence ensuring
the necessary deformation capacity.
The hypothesis is made that the plastic behaviour in
timber is achievable due to the cracking under tension,
the ductile behaviour under compression and the low
stiffness of the material. Timber shows a low tensile
strength perpendicular to grain’s orientation, which leads
to the formation of cracks allowing the redistribution of
forces and the lowering of stress peaks. On the contrary,
it exhibits a great ductility under compression both in the
orientation of the grains and especially perpendicular to
it. In addition, timber shows a low stiffness
perpendicular to grain’s orientation, which allows the
material to deform redistributing the internal forces.
Mechanical tests on the timber-to-timber connections
allow understanding under which conditions the
deformation capacity can be guaranteed and under which
conditions it cannot, detecting in which cases external
reinforcement is inevitable. This, in turn, allows
identifying the internal equilibrium states that should be
avoided, providing geometric rules to be adopted in the
construction of load path (e.g. angles between struts and
ties). Thanks to mechanical tests, it is also possible to
determine when deformations have a negative influence
on strength, thus allowing it to be reduced accordingly,
as discussed in Section 2.
4.1.3 Equilibrium states
According to the lower bound theorem, an infinite
number of admissible internal states of equilibrium are
possible. The implementation of the limitations provided
by the yield conditions and the assumption of the plastic
behaviour provides rules for the development of internal
states of equilibrium. The flow of forces can be then
adapted according to the peculiarities of the material.
The internal state of equilibrium is, therefore, different
and specific for each structural material (see Section 2).

Figure 7: Analysis of a traditional Japanese Gooseneck connection. The contact surfaces are oriented in multiple directions to
withstand different kinds of solicitations. The contact surfaces activated from time to time to resist a translational or rotational
movements are shown in red. The connection can withstand all kinds of solicitations, excluding the translational movement in the
assembly direction

If the conditions given by plastic theory are verified, the
founded internal state of equilibrium represents a lower
bound of the collapse load, or, eventually, the collapse
load. In this way, the findings on the yield conditions of
timber and the plastic behaviour could be used for the
development of valid equilibrium states in timber
elements, or, as described in the next sub-section, in
interlocking timber-to-timber connections.
4.2 PLASTIC DESIGN OF INTERLOCKING
TIMBER-TO-TIMBER CONNECTIONS
4.2.1 Analysis of the transfer of forces within
interlocking timber-to-timber connection
In the case of interlocking timber-to-timber connections,
the forces between members are transmitted through
contact surfaces. Here, unlike other types of connection,
only compressive forces are transferred. Being timber
anisotropic, the positioning of the connection with
respect to the grain’s orientation is decisive. Different
strategies are adopted to meet the material requirements.
In particular, three strategies are employed: (a) the
tension forces are transmitted by adopting geometries
that transform tension into compression; (b) large
contact surfaces enable the transmission of higher forces;
(c) the transmission of different kinds of solicitations
required contact surfaces oriented in multiple directions.
To understand better the logic of interlocking joints and
the interdependencies between geometry and static
performance, an analysis of traditional joints is carried
out. Figure 7 shows a Japanese Gooseneck connection,
which is particularly complex, as it is designed to act as
a continuous beam. In the diagrams, the contact surfaces
activated from time to time to resist solicitations caused
by translational or rotational movements are shown in

red. The analysis, which considers only the male part of
the connection, shows that each surface has a clear
structural relevance. Only in the insertion – respectively
disassembly – direction, no mechanical resistance can be
provided, without the use of additional elements, such as
pins or wedges.
The definition of the required contact surfaces is the base
for the development of customized connections,
according to the requirements of the designer. Figure 8
shows the exemplary development of a connection,
where the geometry is manipulated by introducing new
contact surfaces to meet new static requirements. The
final geometry results from the combination of the single
contact surfaces.

Figure 8: Development of a connection by introducing new
contact surfaces to meet new structural requirements. Initially,
the connection withstands only compressive forces (a). With
the following steps, it is ensured that the elements do not move
laterally (b), as well as that they cannot be pulled out (c).
Further geometric modifications (d) prevent vertical
movements, while (e) stabilize the connection against twisting
and lateral shifting. Finally, the vertical load-bearing capacity
is increased (f) and the assembly direction is locked, with the
insertion of a pin (g)

4.2.2 Analysis of the force flow inside timber
members
As a starting point for the analysis of internal forces, the
compressive forces transmitted via contact surfaces are
taken into account. The lower bound theorem of the
theory of plasticity allows the visualization of the
internal state of equilibrium. The latter is represented in
the form of stress fields (continuous case) or strut-andties (discrete case). In the equilibrium state of the
internal forces, discontinuities may be present, being
allowed by the plastic theory. This representation is
useful both for the analysis, but especially for the design
of interlocking timber-to-timber connections, on which
this paper focuses.

5 CONCLUSIONS
The paper discusses the development of the static
calculation procedure of the ultimate limit state of timber
structures. The approach, based on the lower bound
theorem of the theory of plasticity, is used in the analysis
and design of timber structures, focusing on interlocking
timber-to-timber connections connecting linear elements.
The paper presents the required steps and the adopted
methodology in order to assess the collapse load of the
analysed element. Furthermore, the advantages provided
by the use of stress field – or correspondent strut-and-tie
models – in the analysis and design are described.
At the current state of the research, the collapse load can
not be established with reasonable accuracy. The
development of the theoretical framework must be
completed by mechanical tests on the material, which
will allow to better define the yield conditions as well as
the under which conditions the plastic behaviour is
achieved.
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