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Hermann Hesse (1877-1962)
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Abstract
Weather forecasts are based primarily on forward integrations of numerical representations of atmospheric processes. Recent progress in this area has been driven by
advances in the understanding of atmospheric phenomena, improved observations of
initial conditions, and more accurate numerical formulations of atmospheric prediction models. In recent decades, the quality of numerical weather prediction (NWP)
has been closely linked to an exponential growth in available high-performance computing resources, yielding improved numerical representations of atmospheric processes. It is hoped that a further increase in model resolution will be beneficial,
particularly in mountainous regions such as the Alps. Grid spacings on the order of
magnitude of 1 km allow for the explicit resolution of moist convection and a more
realistic representation of individual valleys and massifs, thereby improving the simulation of heavy orographic precipitation and natural disasters such as flash flooding,
land slides, and avalanches. Although weather services are on track towards implementing operational NWP models at such high resolutions, newly resolved atmospheric phenomena are often poorly understood and traditional model formulations
may not be suitable. This thesis will address these concerns by investigating both
dynamical and numerical issues in high-resolution modeling of atmospheric flow past
topography.
In the first part, the focus is on numerical issues. It is shown that significant
truncation errors may arise in high-resolution simulations of a simple mountain
wave flow problem when employing NWP models with terrain-following coordinates.
Using linear analytic solutions it is shown that artificial components of the numerical
solutions largely stem from inconsistent treatment of metric terms. In particular,
metric terms that appear in the advection and pressure-gradient operators do not
always cancel when transformed back to Cartesian coordinates. Possible remedies
are suggested for both split-explicit and semi-Lagrangian models and are shown to
be effective with fully non-hydrostatic model simulations.
In the second part of this thesis, the dynamics of shallow, embedded convection
(EC) is investigated via idealized ridge flow simulations using a high-resolution NWP
model. On the south side of the Alps, heavy precipitation is often associated with a
southerly pre-frontal low-level flow advecting warm and moist air from the Mediterranean Sea towards the Alpine ridge. Observations using weather radar indicate
that convection embedded in a broad-scale precipitation layer associated with the
upslope flow may play a key role in producing heavy precipitation. Results of idealized numerical experiments indicate that stability measures of the upstream profile
are useful but insufficient predictors of embedded convection. Other factors, such as
the relative magnitude of the dominant timescales and the presence of perturbations
in the upstream flow or in the topography, are found to have a strong impact on
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the development of EC. Simulations suggest that the presence of vertical wind shear
favors convection in elongated roll-type circulations (banded convection) as opposed
to cellular convection.
Simulations show that the convective dynamics significantly increases the speed
and efficiency of the orographic precipitation process. Pockets of increased cloud
liquid water associated with convective updrafts facilitate the efficient collection of
cloud water through coalescence with growing precipitation particles. EC leads to a
spatially and temporally highly variable rainfall accumulation at the surface. This
is especially true if the individual convective elements are anchored to small-scale
terrain features. Regions receiving little or no rain may be within a few kilometers
of regions receiving over 100 mm/h. This has implications for the predictability of
orographic precipitation and hydrological modeling on the catchment scale.
In summary, this study illustrates both the challenges and potential benefits of
using current state-of-the-art NWP models at very high resolutions. This thesis
aims to contribute to the numerical formulation of high-resolution models suitable
for simulations over complex terrain, while positing that high-resolution simulations
that explicitly resolve convective dynamics can help to improve our understanding
of orographically influenced precipitation events.

Zusammenfassung
Wetterprognosen basieren zu einem großen Teil auf der numerischen Lösung der atmosphärischen Grundgleichungen. Fortschritte in der Wetterprognose wurden durch
ein erweitertes physikalisches Verständnis der Wetterphänomene erreicht, durch eine
genauere Beschreibung des atmosphärischen Anfangszustandes sowie durch die Weiterentwicklung der numerischen Wettervorhersagemodelle erreicht. Eine Voraussetzung hierfür war die starke Steigerung der Leistungsfähigkeit von Supercomputern,
die eine verbesserte numerische Darstellung der atmosphärischen Prozesse ermöglichte. Es besteht Grund zur Hoffnung, dass sich durch eine Erhöhung der räumlichen
Auflösung auch die Vorhersagequalität verbessert, insbesondere in Gebirgsregionen
wie dem Alpenraum. Horizontale Modellauflösungen in der Größenordnung von 1 km
erlauben die explizite Simulation von Konvektion sowie eine realistischere Darstellung einzelner Täler und Gebirge. Dadurch wird zum Beispiel eine bessere Simulation von Starkniederschlagsereignissen und den damit verbundenen Naturkatastrophen wie Überschwemmungen, Bergstürzen und Lawinen ermöglicht. Innerhalb der
nächsten Jahre werden viele Wetterdienste ihre operationellen Vorhersagemodelle
mit Gitterabständen von 1–4 km betreiben. Dies, obwohl viele der nun auflösbaren atmosphärischen Phänomene noch ungenügend verstanden sind, und obwohl die
numerische Formulierung herkömmlicher Modelle möglicherweise dafür nicht geeignet ist. Die vorliegende Doktorarbeit geht diesen offenen Fragen nach, indem sie
sowohl numerische Aspekte der hochaufgelösten Modellierung als auch die Dynamik
atmosphärischer Gebirgsüberströmungen untersucht.
Der erste Teil dieser Arbeit widmet sich den numerischen Aspekten. Mit hochauflösenden numerischen Simulationen einer idealisierten Gebirgsüberströmung wird
gezeigt, dass numerische Wettervorhersagemodelle, die ein geländefolgendes Koordinatensystem verwenden, erhebliche numerische Diskretisierungsfehler aufweisen
können. Mit Hilfe einer linearisierten analytischen Lösung des Strömungsproblems
wird gezeigt, dass diese Diskretisierungsfehler hauptsächlich auf einer inkonsistenten Behandlung der metrischen Terme beruhen. Eine konsistente Behandlung verlangt die Aufhebung der linearen Anteile der metrischen Terme im Advektions- und
Druckgradientenoperator, wenn die diskretisierten Gleichungen in ein kartesisches
Koordinatensystem zurücktransformiert werden. Mögliche Lösungen für sogenannte
“split-explicit” und “semi-Lagrange’sche” Modelle werden vorgestellt und ihre Effektivität anhand von nichthydrostatischen Modellsimulationen nachgewiesen.
Im zweiten Teil dieser Arbeit wird auf die Dynamik von zellulärer Konvektion eingegangen, die in eine großskalige Gebirgsüberströmung eingebettet ist. Starkniederschlagsereignisse auf der Alpensüdseite gehen oft mit einer warmen und feuchten
präfrontalen Südströmung einher. Wetterradar-Beobachtungen deuten darauf hin,
dass in der großskaligen Strömung eingebettete zelluläre Konvektion eine Schlüsselrol-

vii

le in der schnellen und effizienten Niederschlagsbildung spielt. Um dies zu untersuchen, werden idealisierte Gebirgsüberströmungen mit einem hochauflösenden Wettervorhersagemodell simuliert. Die Ergebnisse zeigen, dass Stabilitätsmaße der einströmenden Luftmassen zwar nützlich aber nicht hinreichend sind, um das Auftreten von zellulärer Konvektion vorherzusagen. Andere Faktoren, wie die relative
Größenordnung der dominanten Zeitskalen, Störungen in der Anströmung oder die
Rauhigkeit in der Topographie, können einen starken Einfluss auf die Entwicklung
konvektiver Zellen ausüben. Die Resultate zeigen weiter, dass sich die Konvektion
vorzugsweise in Form von Rollen an Stelle von einzelnen Zellen organisiert, sofern
das Windprofil eine vertikale Scherung aufweist.
Eine Analyse der Simulationen zeigt, dass die Konvektionsdynamik die Geschwindigkeit und Effizienz der orographischen Niederschlagsbildung wesentlich steigert. Die
Konvektion führt zu Zellen mit erhöhtem Wolkenwassergehalt, welche die effiziente
Produktion von Niederschlag durch Koaleszenz von Niederschlagsteilchen mit Wolkentröpfchen ermöglicht. Die resultierende Niederschlagsverteilung weist eine grosse
räumliche und zeitliche Variabilität auf. Dies ist insbesondere dann der Fall, wenn
kleinskalige Unregelmäßigkeiten in der Topographie dazu führen, dass konvektive
Zellen oder Rollen vorzugsweise an spezifischen Orten entstehen. Gebiete, die wenig
oder keinen Niederschlag erhalten, liegen unter Umständen nur wenige Kilometer
entfernt von Gebieten mit über 100 mm/h Niederschlag. Dies hat Konsequenzen auf
die Vorhersagbarkeit von orographischem Niederschlag sowie auf die hydrologische
Modellierung einzelner Einzugsgebiete.
Zusammenfassend werden in der vorliegenden Arbeit sowohl die Herausforderungen als auch das Potential von sehr hochauflösenden Simulationen mit numerischen
Wettervorhersagemodellen aufgezeigt. Dies geschieht zum einen durch einen Beitrag
zur numerischen Formulierung von Wettervorhersagemodellen, die über komplexer
Topographie eingesetzt werden. Zum anderen werden sehr hochauflösende Modellsimulationen von zellulärer Konvektion dazu verwendet, das Verständnis über orographisch induzierten Niederschlag zu vertiefen.
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1 Introduction
Meteorologica by Aristotle (350 BC) is probably the first attempt to approach meteorology as a science. The greek philosopher sought answers to meteorological
questions that are still of concern to researchers today: the cause of lightning, why
seasonal rainfall varies from region to region, the relationship between cloud height
and precipitation, the origin of wind direction and speed. At the basis of his answer lay the assumption that four elements – earth, water, air and fire – make up
everything in our world including the weather. Thus, unfortunately, most of his
answers were wrong. Since then, scientific curiosity has brought us a long way in
understanding and predicting the potpourri of atmospheric weather phenomena. It
is the hope of the author of this thesis to make a small contribution towards the
advancement of meteorology as a science. But, Aristotle was a very wise man. . .
Understanding and forecasting the weather has been attempted for as long as people
have inhabited this planet. Today, meteorology has emerged as an active field of research with clear socio-economic demands, such as the forecasting of severe weather.
The present thesis is embedded in the field of mountain meteorology, which is one
of many closely interlinked sub-disciplines encompassed by meteorology. The following sections will briefly outline the setting, the current state-of-the-art and open
questions in the surroundings of the research presented in this thesis.

1.1 Mountain Meteorology
Mountains exert a strong control over climate and weather, of consequence for ecology, forestry, glaciology, hydrology and other disciplines. The main reason for this is
that tropospheric air is very sensitive to lifting, due to the vertical stratification and
the abundance of water vapor. Mountain meteorology explores the myriad ways in
which complex terrain can interact with atmospheric phenomena (see Smith, 1979;
Blumen, 1990; Barry, 1992; Whiteman, 2000, for reviews). These processes range
from the global scale (planetary waves), through the synoptic scale (cyclone waves,
fronts) and mesoscale (hurricanes, convective complexes, squall lines, thunderstorms,
gravity waves), to the microscale (cumulus clouds, boundary layers, thermals). Unexplored areas of mountain meteorology are still abundant and research is being
conducted on all scales. On the synoptic scale, for example, lee-side vortex formation in the lee of elongated mountain ridges may play an important role in midlatitude cyclogenesis (Smith, 1986; Aebischer and Schär, 1998). Lee cyclogenesis (Buzzi
et al., 2003) and lee-vortex formation and the associated production of potential
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vorticity have remained a subject of ongoing research (Schär and Durran, 1997; Epifanio and Durran, 2002b,a). On the mesoscale, Doyle and Durran (2002, 2004) have
investigated the characteristics and dynamics of rotors, horizontal vortices induced
by severe downslope winds in the lee of a mountain ridge. A field campaign for the
observation of rotors is planned in the Sierra Nevada Range (Grubisic and Kuettner,
2003). Further down the scale, complex topography generally consists of a maze of
valleys, passes and mountain peaks. Circulations such as foehn windstorms (Gohm
et al., 2004) and gap flows (Flamant et al., 2002) have been simulated with some
success and can be validated against measurements from an extensive measurement
campaign over the Alpine topography (MAP, Mayr et al., 2004). The Mesoscale
Alpine Program (MAP) was also one of the first campaigns which allowed a detailed
characterization of the flow structure within a very steep and narrow valley (Rotach
et al., 2004; Weigel and Rotach, 2004).
Two important areas of mountain meteorology have not been touched upon so
far, namely, the formation of clouds and rain by topography and the development
of numerical models which are suitable to simulate flows over complex orography.
Since they are closely linked to the topic of this thesis, they will be discussed in the
following sections.

1.2 Orographic Control of Precipitation
Precipitation comprises one of the most important meteorological parameters. Through
an array of orographic precipitation mechanisms, mountains of all scales are able
to extract moisture from the atmosphere and exert a strong local control on the
rainfall distribution. Water availability, in turn, is not only important for human
livelihood but is also one of the prime factors that determines local vegetation and
climate. Mechanisms of orographic rain have been extensively reviewed in the literature (Smith, 1979; Browning, 1980; Banta, 1990; Houze, 1993). In summary,
orographic control of precipitation can be classified into three mechanisms. First,
topographical processes may encourage the localized triggering of moist convection
(Cacciamani et al., 1995; Schiesser et al., 1995). Thermally generated mountain
circulations or aerodynamic effects such as flow deflection or lee side convergence
can produce vertical motions which suffice to release conditional instability in the
ambient air. Second, small hills have been found to substantially enhance rainfall
that falls from larger-scale systems through the seeder-feeder mechanism (Bergeron,
1960; Grabowski, 1989). The seeder-feeder mechanism relies on the efficient rainout of cloud water from an orographic stratus cloud. The associated cloud droplets
are collected by precipitation from an upper-level, large-scale precipitating system.
Third, large-scale ascent over an orographic obstacle may lead to upslope precipitation (see below). The forced ascent may bring the impinging air to saturation and,
after some delay, raindrops form and fall to the ground.
An example for the orographic control of precipitation is shown in Fig. 1.1. It
shows the mean annual precipitation over the European Alps reconstructed from a
dense network of rain gauges by Frei and Schär (1998). Their results imply that
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Figure 1.1: Mean annual precipitation over the European Alps for the period 19711990. The thick line represents the 800 m MASL topographic contour. [Corresponds
to Fig. 9 of Frei and Schär (1998)]

precipitation is not a function of height, but seems to be governed by the main
topographic slopes at the rim (indicated by the 800 m contour). Large-scale atmospheric ascent on the slopes leads to enhanced precipitation and rain-shadowing of
the inner-Alpine sectors. Schneidereit and Schär (2000) have systematically studied Alpine flow regimes which lead to heavy southside upslope precipitation and
have found that conditionally unstable moist upstream airmasses can significantly
increase precipitation rates obtained from model simulations of flow over and around
the Alpine topography.
Smith (1979) considered and differentiated unstable and stable upslope precipitation (Fig. 1.2). His differentiation was motivated by the fundamental question
of how microphysical processes can efficiently produce precipitation-size particles in
order to produce release efficiencies of 70% to 100% as documented in the literature
(Douglas and Glasspoole, 1947; Browning et al., 1975). Current research on orographic enhancement of precipitation still focusses on answering this question. The
theory of stable orographic flow and precipitation has been extensively studied in
the literature (Barcilon et al., 1979; Durran and Klemp, 1982a, 1983; Smith, 1989;
Rotunno and Ferretti, 2001; Miglietta and Buzzi, 2001b,a; Jiang and Smith, 2003;
Smith and Barstad, 2004; Miglietta and Buzzi, 2004; Colle, 2004). Even though the
theory of stable upslope precipitation is quite successful in explaining many occurrences of large-scale, cold sector orographic precipitation events, recent observational
evidence of heavy orographic precipitation (Neiman and Ralph, 2002; Bousquet and
Smull, 2003; Asencio et al., 2003; Rotunno and Ferretti, 2003; Medina and Houze,
2003) underline the importance of the release of potential instability and convection.
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(a)

(b)

Figure 1.2: Mechanisms of upslope precipitation. (a) Stable upslope flow with
stratiform precipitating cap cloud. (b) Unstable upslope flow with triggering of
embedded convection. [Corresponds to Fig. 26 of Smith (1979)]

Simulations with numerical models of unstable upslope precipitation have focussed
on individual case-studies of heavy orographic precipitation (Buzzi and Foschini,
2000; Ferretti et al., 2000; Richard et al., 2003; Rotunno and Ferretti, 2003; Smith
et al., 2003). Exceptions are studies investigating Alpine flow regimes associated
with heavy precipitation (Gheusi and Stein, 2003; Stein, 2004). They usually retain
the full or an idealized Alpine topography and a uniform conditionally unstable
upstream profile. Even though providing insightful answers to Alpine flow regimes,
these studies are conducted at horizontal grid spacings of ∼2.5 km, which might not
be sufficient to realistically resolve the convective dynamics (see Sec. 1.3). Also, since
the Alpine barrier extends to heights of over 4000 m, aerodynamic effects such as flow
blocking and deflection, Coriolis effects further complicate the dynamics. In order
to advance the theory of unstable upslope precipitation idealized simulations with a
realistic depiction of the embedded convective dynamics in orographic precipitation
are in need. As a first step in this direction, Chu and Lin (2000) have studied effects
of orography on deep convective-systems in a conditionally unstable airstream. For
more shallow orographic convection, Kirshbaum and Durran (2004) have found using
two-dimensional simulations that the onset of embedded cellular convection not only
depends on upstream conditions but also on the roughness of the underlying terrain.
We are still far from a theory of unstable upslope precipitation, and very highresolution, convection-resolving simulations investigating the convective dynamics
and potential impact on upslope precipitation enhancement are in need.

1.3 Towards Higher Resolution
Moore’s Law states that the number of transistors per square inch on integrated circuits doubles every 12 to 18 months (Moore, 1965), and this has held astoundingly
true over the last 40 years. Currently, supercomputers used for numerical weather
prediction (NWP) run at speeds on the order of 1 TFlop (1012 floating point operations per second). This allows, for example, the daily production of global 10-day
deterministic forecasts at the European Center for Medium Range Weather Forecasts
(ECMWF) at an average horizontal distance between grid points of 39 km (Simmons and Hollingsworth, 2002). Using a limited-area model (LAM), the national
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Figure 1.3: Overview of the time- and spatial scales of a selection of atmospheric
phenomena. In order for cumulonimbus and cumulus convection to be captured, a
numerical model needs to resolve scales of 1-10 km.

weather service of Switzerland operationally produces a two-day forecast twice daily
with a domain covering western Europe at a horizontal grid spacing of 7 km. Increases in the speed of computers over the next decade are expected to adhere to
Moore’s Law (Peercy, 2000; Schaller, 1997) and will bring a vast increase in computational resources available for weather forecasting. A fundamental issue concerns
what should be done with such an increase in computer speed (Brooks and Doswell,
1993). Improving NWP forecasts can involve several distinct, but complementary
approaches. One approach is to improve the initial and lateral boundary conditions
by increasing the amount of initial data and advancing data assimilation. A second approach would pursue improvements in the models themselves through revised
model formulations, better parametrization of physical processes (radiation, turbulence, cloud microphysics) and increased model resolution. A third approach would
entail improved representation of forecast uncertainties using ensembles or other
probabilistic methods. The choice depends on the meteorological phenomenon one
would like to better predict or understand and is almost always not an exclusive
choice (Fritsch and Carbone, 2004; Roebber et al., 2004; Mullen and Buizza, 2002).
Increase of horizontal model resolution is believed to be a key component towards
more reliable quantitative precipitation forecasting (Golding, 2000; Kuligowski and
Barros, 1999; Fritsch et al., 1998) and the simulation of heavy orographic precipitation (Richard et al., 2003; Cacciamani et al., 2000; Volkert, 2000; Stein et al., 2000).
The main reason for this is that numerical models do not explicitly resolve moist
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convection but use parametrizations instead. Considering that the dominant spatial scales associated with cumulus and cumulonimbus convection are O(1-10 km)
(Fig. 1.3), numerical models need horizontal grid spacings of O(0.1-1 km) to realistically resolve the convective dynamics. The reason for this is that, in a finite
difference model, as many as 10 grid points may be required to assure a reasonable
representation of a small-scale feature (Grasso, 2000; Durran, 2000; Pielke, 2001).
For operational applications computer time and memory constraints are usually
severe, since, for example, a two-day forecast is only useful if it can be produced
within O(1 h). A doubling of both the horizontal and vertical resolution requires
approximately 8 times more memory storage and 16 times more computer time
and, thus, an increase in resolution for operational applications is very costly. Nevertheless, several national weather services have announced plans to increase the
resolution of their operational deterministic models down to O(1 km) grid spacings.
In spite of a clear increase in realism of the representation of convective processes,
an increase in model resolution does not necessarily lead to a greater precipitation
forecast skill (Mass et al., 2002). An important issue in this respect is the inherent
limited predictability of convection. It has been demonstrated that a substantial
fraction of the predictability limitations of a precipitation forecast is due to the
scattered and unpredictable occurrence of convective cells (Walser and Schär, 2004).
Despite such concerns, quasi-operational very high-resolution forecast demonstrations such as those produced during the Mesoscale Alpine Project (MAP) (Benoit
et al., 2002) have been at least comparable in quality with those of state-of-the-art
NWP models, that have been used on a regular basis. The fundamental question
of how to validate and score such high resolution precipitation forecasts remains
(Benoit et al., 2002; Ferretti et al., 2003; Jasper and Kaufmann, 2003) and probably needs to be answered within a probabilistic modeling framework (Jolliffe and
Stephenson, 2003).
For research applications very high-resolution simulations with grid spacings of
O(1 km) are already feasible. Contrary to earlier results (Weisman et al., 1997;
Redelsperger and Sommeria, 1986), recent studies have found that even for the simulation of deep, organized convection, results exhibit a strong sensitivity to changes
in horizontal grid spacing smaller than 1 km (Bryan et al., 2003; Adlerman and
Droegemeier, 2002; Grabowski et al., 1998; Petch and Gray, 2001; Petch et al.,
2002). For the simulation of shallow cumulus convection, horizontal grid spacings
of 100 m or finer are typically necessary for a good representation of the convective dynamics (Stevens et al., 2002; Petch et al., 2002; Brown, 1999; Siebesma and
Cuijpers, 1995). These simulations help further our understanding of key atmospheric phenomena associated with moist convection such as mesoscale convective
systems (MCS) (Weisman and Rotunno, 2004; Lac et al., 2002; Grabowski and Moncrieff, 2001; Lin et al., 1998), effects of convection on the environment (Lac et al.,
2002; Fovell, 2002; Lane et al., 2001; Pandya et al., 2000), interaction of topography
with mesoscale convective systems (Chiao et al., 2004; Chiao and Lin, 2003; Tian
and Parker, 2003; Lin and Chen, 2002; et al., 2002; Chu and Lin, 2000; Yoshizaki
et al., 2000; Teng et al., 2000), and parametrization of convection (Siebesma et al.,
2003; Neggers et al., 2002; Belair and Mailhot, 2001; Liu et al., 2001; Gray, 2000).
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Figure 1.4: Alpine topography of Switzerland at model grid spacing of (a) 14 km
and (b) 1.5 km. Individual valleys are only resolved at the higher resolution. (Figure
courtesy by C. Schär.)

Even though embedded convection is believed to be an important player for heavy
orographic precipitation events (Sec. 1.2), very few studies have systematically investigated this hypothesis using convection resolving model simulations.
Explicit resolution of convection and associated clouds and precipitation is only
one of the possible benefits of higher resolution atmospheric modeling. In view of the
complex topographies such as the Alps, it is clear that increasing model resolution
also entails a better representation of the topography (Davies and Brown, 2001) and
surface properties. Atmospheric phenomena such as valley wind systems, gap and
föhn flows, inversions and fog are strongly controlled by local small-scale topography.
It can be seen from Fig. 1.4 that only at high resolutions of O(1 km) allow to resolve
the complex valley systems of the Swiss Alps.
It’s sophistry to conclude that an existing NWP model will produce realistic solutions to the basic atmospheric equations if we simply decrease the horizontal grid
spacing. Fundamentally, at horizontal resolutions below 10 km the hydrostatic assumption becomes inaccurate. Thus, operational models must be replaced by versions that solve the full non-hydrostatic set of equations, which have been in use
for research purposes for over a decade (Arakawa and Mesinger, 1976; Pielke, 1984).
But there are also more subtle changes required to both the dynamical core and
the physical parametrizations package. Orography in high resolution models is in
general steeper. When using terrain-following coordinates, this may cause strong
deformation of the computational mesh and lead to spurious numerical effects (Janjic, 1989; Schär et al., 2002). Alternatives to terrain-following vertical coordinates
have been proposed (Egger, 1972; Mesinger et al., 1988; Janjic et al., 2001), but
their implementation will require major modifications to parametrization packages.
Furthermore, the explicit simulation of convection will require numerical methods
that can handle highly divergent flows. Reviews of numerical methods for highresolution, non-hydrostatic NWP models are given by Mesinger (1997); Steppeler
et al. (2003).
Physical processes appear to get more complex and interrelated as we move to-
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ward smaller grid spacing and the need for more sophisticated physical process
parametrization schemes increases. For example, at resolutions of O(1 km) horizontal fluxes related to precipitation particles and subgrid-scale turbulence (or even
radiative energy) can no longer be neglected and need to be treated fully threedimensional. The calculations of radiation in turn require accurate knowledge of the
cloud field at various atmospheric levels and temperatures at the ground, cloud base
and top. Also, deficiencies of the bulk treatment of cloud microphysics as proposed
by Kain and Fritsch (1993) will be more severe, since explicit simulation of convection (Larons et al., 2001; Stoelinga et al., 2003; Lynn et al., 2004, submitted) treat
most of the precipitation processes on the grid scale.

1.4 Aims and Outline of this Study
As shown above, very high-resolution, cloud-resolving modeling of atmospheric flows
past topography has only become feasible in the past few years. Research needs are
twofold: First, newly resolved atmospheric features associated with moist convection
and complex topography are far from being understood. Second, numerical models
need to be tested and advanced for these applications. As indicated in the title, the
present thesis encompasses both of these areas. Specifically, the scientific questions
addressed in this thesis are:
• Very high-resolution atmospheric modeling. Are the dynamical cores of current state-of-the-art numerical weather prediction models suitable for modeling of atmospheric flows over complex topography at horizontal grid spacings
< 1 km?
• Embedded convection in orographic precipitation. Which parameters control
the onset, structure, scale and level of organization of embedded convection?
What impact does embedded convection have on precipitation amount, precipitation efficiency and spatial distribution of precipitation?
The core of this thesis is structured into three chapters, each corresponding to a
publication including a topic specific abstract and introduction. For the convenience
of the reader, a complete list of references is collected at the end of this text.

Paper 1 (Klemp et al., 2003)
Most non-hydrostatic NWP models employ a terrain-following vertical coordinate
transformation. If the basic equations of motion are transformed into the space
spanned by this new coordinate, additional terms enter the equations, due to the
sloping coordinate surfaces. It has been recognized for quite some time, that truncation errors arising in computing the horizontal pressure-gradient force in the presence of steep terrain may substantially degrade simulation results (Janjic, 1977). In
paper 1, a new issue arising due to inconsistent treatment of the metric terms in
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computing horizontal gradients is discussed and resolved using two different nonhydrostatic models. The authors contributions are primarily concentrated on the
semi-Lagrangian model, MC2.

Paper 2 (Fuhrer and Schär 2005a, accepted)
The hypothesis first explicitly stated by Smith (1979), that very high precipitation
efficiencies associated with orographic precipitation may be due to embedded convection, is very appealing in face of new observational evidence (Medina and Houze,
2003) acquired during the Mesoscale Alpine Project (MAP) field campaign. Paper 2
addresses this hypothesis via numerical simulations which explictly resolve the embedded convective dynamics in a orographic cap cloud to test the above hypothesis.
Motivated by upstream soundings of real-world occurences of embedded convection,
the transition from purely stratiform to convective orographic precipitation is studied by varying the upstream stability profile. Impacts on precipitation efficiency,
amount and distribution are discussed.

Paper 3 (Fuhrer and Schär 2005b, submitted)
In the third paper, the focus is on a banded mode of shallow orographic convection.
Recent radar observations over mesoscale mountain ridges of moderate height have
provided evidence for the occurrence of this convective mode in the atmosphere. Stationary banded convection may lead to strong small-scale variability of the rainfall
distribution and thus have an important impact on the water cycle and hydrology
on catchment scale. The dynamics, triggering, organization and persistence of the
convective bands is investigated using idealized model simulations.

Appendices
Appendix A presents a publication towards which the author contributed by supervising the diploma thesis of Daniel Leuenberger. It addresses an issue of truncation
errors arising in models using terrain-following coordinates over steep topography.
A new vertical coordinate, the smooth level vertical (SLEVE) coordinate, is proposed and shown to substantially reduce truncation errors. Appendix B gives a
brief summary of the NWP models used and the changes introduced to the model
codes.
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2 Numerical Consistency of Metric
Terms in Terrain-Following
Coordinates
Joseph B. Klemp and William C. Skamarock
National Center for Atmospheric Research, Boulder, Colorado

Oliver Fuhrer
Institute for Atmospheric and Climate Science, ETH Zürich, Switzerland

(published in Mon. Wea. Rev., 2003, 131, 1229-1239)

Abstract
In numerically integrating the equations of motion in terrain-following coordinates, care must be taken in treating the metric terms that arise due to the sloping
coordinate surfaces. In particular, metric terms that appear in the advection and
pressure-gradient operators should be represented in a manner such that they exactly
cancel when transformed back to Cartesian coordinates. Non-cancellation of these
terms can lead to spurious forcing at small scales on the numerical grid. This effect
is demonstrated for a mountain wave flow problem through analytic solutions to the
linear finite-difference equations. Further confirmation is provided through numerical simulations with a two-dimensional prototype version of the Weather Research
and Forecasting (WRF) model, and with the Canadian Mesoscale Compressible
Community (MC2) model.
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2.1 Introduction
Terrain-following coordinates have a long history of use in atmospheric simulation
models, being first introduced in pressure coordinate models by Phillips (1957). Over
the years, researchers have recognized that increased truncation errors may arise
in computing the horizontal pressure-gradient force in terrain-following coordinates,
particularly in the presence of steep terrain (cf. Janjic, 1977; Mahrer, 1984; Dempsey
and Davies, 1998).
Recently Schär et al. (2002) have proposed a generalization of the traditional terrain transformation in height coordinates (Gal-Chen and Sommerville, 1975) that
gradually smoothes out small-scale structure in the terrain-following coordinate surfaces with increasing height above the surface. This nonlocal transformation appears
to have good potential for reducing the adverse influence of steep and small-scale terrain features in numerical solutions with terrain-following coordinates. In evaluating
this nonlocal transformation, Schär et al. conducted nonhydrostatic mountain wave
simulations for flow over a mountain profile containing significant small-scale structure. Using the traditional local terrain transform in the Canadian semi-Lagrangian
Mesoscale Compressible Community (MC2) model, they encountered significant distortion of the steady mountain-wave structure (cf. their Fig. 15a), which was effectively removed in simulations with their generalized coordinate transform. This
distortion can also arise in Eulerian models; using the publicly available version of
the Weather Research and Forecasting (WRF) prototype model (available online
at wrf-model.org) we found that this distortion would either appear or not appear,
depending on the order of accuracy used in computing the advection terms. In
further analysis of these results, we have found that for both the semi-Lagrangian
and Eulerian codes, the distortion arises when the metric terms in the coordinate
transformation are computed using numerics that are not consistent with the numerical schemes used for other terms in the equations, and that the problem can be
remedied by suitably altering these numerics.
To understand this behavior, we investigate the nature of truncation errors in
simulating flow over terrain at nonhydrostatic scales, and find that these errors may
be significant unless the horizontal derivatives are computed in a consistent manner
in terrain-following coordinates, such that the portions of mean fields that vary only
in z cancel numerically in the finite-difference equations. The metric terms contained
in the horizontal derivatives are present in the linear system of equations in terrainfollowing coordinates and thus may introduce errors even for small-amplitude terrain
and weakly sloped coordinate surfaces. Analysis of the linear steady-state finitedifference equations for mountain wave flow reveals that inconsistent differencing of
the metric terms produces inhomogeneous terms in the linear wave equation. The
particular solutions resulting from these terms produce artificial contributions to
the wave solution that may be particularly significant for terrain features that have
horizontal length scales similar to the Scorer parameter (i.e., 2πU/N ).
To document this behavior, we derive the steady-state solution for the linear
finite-difference equations in Section 2.2, and present in Section 2.3 examples that
illustrate the truncation errors that can arise when the appropriate metric terms
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do not cancel numerically. In Section 2.4, we show corresponding solutions using a
nonlinear non-hydrostatic Eulerian model to verify that the linear analytic results
are confirmed in the full numerical model simulations. In Section 2.5, we discuss
how the magnitude and appearance of distortions produced by an imbalance in the
metric terms depend on the horizontal scale of the terrain. As mentioned above,
these truncation errors can also arise in a semi-Lagrangian model; in Section 2.6 we
analyze how they occur and discuss how they can be avoided. Summary remarks
follow in Section 2.7.

2.2 Linear analytic mountain-wave solution
The need for consistency in the differencing of the metric terms in terrain-following
coordinates can be demonstrated in the context of the linear system of equations. To
this end, we will consider solutions to the linear steady-state Boussinesq equations
expressed in the Gal-Chen and Sommerville (1975) terrain-following coordinate:
ζ=

z−h
zt ,
zt − h

(2.1)

where h(x) represents the terrain contour and zt is the height of the top of the
domain.
For this analysis, we will include the capability to reduce the errors in the horizontal pressure-gradient term by removing a reference pressure profile πref (z) from the
total pressure [defined in terms of a normalized Exner function π = cp θ0 (p/p0 )(R/cp ) ]
before transforming the horizontal derivative to terrain-following coordinates. For
this purpose, we define
π = πref + π1 + π 0 ,

(2.2)

where π̄ = πref (z) + π1 (z) represents the actual mean pressure and π 0 the perturbation from the mean. Ideally, one would like to choose πref to represent the actual
mean pressure such that π1 = 0. However, in many applications the mean atmosphere is not a function of z only and may change over time (as in real atmospheric
environments). Also, if there is strong variation in the vertical structure of the mean
atmosphere, πref is typically chosen to represent a smoother reference sounding.
In the Boussinesq equations, the pressure-gradient and buoyancy terms in the
vertical momentum equation are typically written as (cf. Ogura and Phillips, 1962)
∂(π − π0 )
− (b − g),
∂z

(2.3)

where b = gθ/θ0 is the buoyancy variable and π0 is the pressure that is in hydrostatic
balance for an atmosphere of constant potential temperature θ0 . To recast (2.3) in
terms of a specified reference state, we represent the buoyancy variable in the same
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form as the pressure in (2.2):
b = bref + b1 + b0 ,

(2.4)

where b̄ = bref (z) + b1 (z) is the true mean state and b0 is the perturbation. In the
absence of perturbations, the mean state must be in hydrostatic balance such that
∂
(πref + π1 − π0 ) = bref + b1 − g.
∂z

(2.5)

By using the definitions (2.2) and (2.4) together with (2.5), it can be readily verified that, to the order of the Boussinesq approximation, the pressure-gradient and
buoyancy terms in (2.3) can be alternatively written as
∂(π − π0 )
(π − πref )
− (b − g) =
− (b − bref )
∂z
∂z
∂π 0
=
− b0 .
∂z

(2.6)

Representing the pressure and buoyancy as described above, the 2D inviscid nonhydrostatic Boussinesq equations can be written
u

∂u
∂u ∂(π − πref ) ∂(π − πref )
+ω
+
+
ζx = 0,
∂x
∂ζ
∂x
∂ζ

(2.7)

u

∂w
∂w ∂(π − πref )
+ω
+
ζz − (b − bref ) = 0,
∂x
∂ζ
∂ζ

(2.8)

u

∂b
∂b
+ω
= 0,
∂x
∂ζ

(2.9)

∂u ∂u
∂w
+
ζx +
ζz = 0,
∂x ∂ζ
∂ζ

ω≡

and

dζ
= uζx + wζz = ζz (w − uzx ).
dt

(2.10)

(2.11)

In linearizing these equations about a small terrain height h, the metric terms
arising from the terrain-fol-lowing coordinate transformation become
ζz ≡
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∂ζ
zt
h
=
'1+
∂z
zt − h
zt

and

(2.12)
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zt − ζ
ζ
∂ζ
=−
hx ' − 1 −
hx .
ζx ≡
∂x
zt − h
zt

(2.13)

Thus, ζx and ω are perturbation quantities. In addition, the buoyancy gradient
along constant ζ surfaces may be written
 0

∂b
∂
∂b
0
2
=
(2.14)
(b̄ + b ) =
+ N zx ,
∂x ζ
∂x
∂x
ζ
ζ
where N 2 = db̄/dz, and zx |ζ = −ζx /ζz . Similarly,
∂
(π − πref )
∂x

∂
(π1 + π 0 )
∂x
ζ

 0
∂π
=
+ π1z zx .
∂x
ζ

=
ζ

(2.15)

Thus, the metric term in (2.15) is present even in linear systems unless the πref
chosen is the actual mean pressure.
Retaining only first-order perturbation terms in (2.7)-(2.11), the linear equations
in terrain-following coordinates for an atmosphere having constant mean wind U
and Brunt-Väisälä frequency N become
 0

∂u0
∂π
U
+
+ π1z zx − π1z zx = 0,
(2.16)
∂x
∂x
∂w ∂π 0
U
+
− b0 = 0,
(2.17)
∂x
∂ζ
 0

∂b
2
U
+ N zx + N 2 (−U zx + w) = 0, and
(2.18)
∂x
∂u0 ∂w
+
= 0.
(2.19)
∂x
∂ζ
Here, the pressure-gradient and buoyancy terms in (2.17) have been represented
using the second equality in (2.6).
At this point, the issue of consistency in the numerical treatment of terms in (2.16)(2.19) is readily apparent. In (2.16), the metric terms ±π1z zx should cancel such
that the linear horizontal momentum equation has the same form as in the Cartesian
framework, and, similarly, the ±U N 2 zx terms should cancel in (2.18). However, for
this to occur in the numerical model, in (2.16) the differencing of pressure along
constant ζ surfaces (term in brackets) must have the same representation as the
differencing of the metric zx in the last term, and in (2.18) the differencing of the
horizontal advection term (term in brackets) must be the same as the differencing
of the metric zx used in the definition of ω (last term). If this consistency in finite
differencing is not enforced, non-homogeneous terms arise in the linear wave equation
that may produce distortions in wave solutions.
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To clarify the nature and significance of these numerical distortions, we derive analytic solutions to the finite-difference form of the Eulerian equations (2.16)-(2.19).
For this purpose, we Fourier transform (2.16)-(2.19) in x and represent the horizontal wavenumbers k taking into account the particular finite differencing of each x
derivative term in the equations. For example, with second- and fourth-order centered differencing on an unstaggered grid, transforming the finite-difference stencil
yields
1
sin(k∆x) and
∆x
1
=
[8 sin(k∆x) − sin(2k∆x)] ,
6∆x

k2 =

(2.20)

k4

(2.21)

respectively. Similarly, on a staggered grid, the second-and fourth-order finite differencing centered at the midpoint between grid points yields
2
1
sin( k∆x) and
∆x  2

1
3
1
=
27 sin( k∆x) − sin( k∆x) ,
12∆x
2
2

k2s =

(2.22)

k4s

(2.23)

respectively. In this manner, the transform of (2.16)-(2.19) can be written
ika U û + ikπ π̂ + i(kπ − kζ )π1z ẑ
∂ π̂
ika U ŵ +
− b̂
∂ζ
ika U b̂ + N 2 ŵ + i(ka − kω )N 2 U ẑ
∂ ŵ
ikd û +
∂ζ

= 0,

(2.24)

= 0,

(2.25)

= 0,
= 0,

and

(2.26)
(2.27)

whereˆdenotes Fourier transformed variables and ka , kπ , kζ , kω , and kd represent the
finite-difference approximations for k arising from the various x derivative terms in
(2.16)-(2.19). For simplicity, in this analysis we assume that the coefficients of the
transformed perturbation variables are constants. This requires that U and N are
constant as mentioned previously, and that π1z is a constant. This latter assumption
is appropriate to the order of the Boussinesq approximation in which the z dependence of the potential temperature multiplying the horizontal pressure gradient is
ignored. Combining (2.24)-(2.27), we obtain the steady-state wave equation:
∂ 2 ŵ
+ β 2 ŵ = P1 + P2 ,
∂ζ 2

(2.28)

where
kd kπ
β = 2
ka
2




N2
2
− ka ,
U2

(2.29)

and P1 and P2 are inhomogeneous terms associated with the ẑ terms, which are
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expressed in terms of ĥ using the Fourier transforms of the metric expressions (2.12)
and (2.13):
kd π1z
ĥ and
ka U zt


ζ
kd kπ N 2
1−
ĥ.
= −i(ka − kω ) 2
ka U
zt

P1 = −i(kπ − kζ )

(2.30)

P2

(2.31)

Solving (2.28)-(2.31) subject to the boundary conditions ŵ(k, 0) = ikω U ĥ and a
radiation condition as z → ∞ yields
ŵ = −i(KP1 + KP2 )U ĥ

exp[i sgn(k)βζ]
ka <
p
+iKH U ĥ
exp(− −β 2 ζ) ka >

N
U
N
,
U

(2.32)
where
ka kπ − kζ π1z
,
kπ N 2 − ka2 U 2 zt


ζ
ka − kω
1−
KP2 (k, ζ) =
N 2 , and
N 2 − ka2 U 2
zt
KH (k) = kω + KP1 (k, 0) + KP2 (k, 0).
KP1 (k, ζ) =

(2.33)
(2.34)
(2.35)

In (2.32), we are assuming that there are no errors due to finite differencing in the
vertical.
Taking the inverse Fourier transform of ŵ(k, ζ) recovers the solution
Z ∗
U k
w(x, ζ) = −
ĥKH sin(βζ + kx)dk
π 0
Z
p
U π/∆x
−
ĥKH exp(− −β 2 ζ) sin(kx)dk
π k∗
Z
U π/∆x
+
ĥ(KP1 + KP2 ) sin(kx)dk,
(2.36)
π 0
where k ∗ is the value of k for which k = N/U . Notice that the particular solutions [third term in (2.36)] corresponding to the spurious inhomogeneous terms P1
and P2 contain a singularity in the integrand (in the expressions for KP1 and KP2 )
at ka = N/U . Although the integral converges in principal value, this behavior
suggests that errors produced by inconsistent differencing of the metric terms will
be most noticeable when the terrain forcing has significant amplitude at horizontal
wavenumbers in the vicinity of N/U . These particular solutions have a large vertical scale; the amplitude of the KP1 solution is constant with height in this analysis,
while the KP2 solution decreases linearly with height across the model domain.
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2.3 Example linear solutions
To illustrate the nature of these finite-difference errors, we consider a terrain profile
that Schär et al. (2002) used for testing alternative terrain-following coordinate
transformations. This profile is given by
 2
 πx 
x
h(x) = H exp − 2 cos2
(2.37)
a
λ
and has the Fourier transform



√
π
1 2 2
ĥ(k) =
Ha
2 exp − a k
4
4


1 2
2
+ exp − a (κ − k)
4


1 2
2
+ exp − a (κ + k)
4

(2.38)

with κ = 2π/λ, which provides the expression for ĥ(k) used in the numerical evaluation of (2.36). Following Schär et al., we define H = 250 m, λ = 4000 m, and
a = 5000 m, and specify a constant mean state with N = 0.01 s−1 and U = 10 m s−1 .
For the terrain transformation (2.1), we set zt = 21 km for consistency with the numerical simulations that will be presented in Sec. 2.4. Solutions will be considered
for ∆x = 500 m, implying a primary ridge spacing of 8∆x. For these conditions,
2πU/N = 6.28 km, which is about 50% larger than the major ridge spacing in
(2.37). Thus, these conditions should be favorable, though not optimal, for exciting
the spurious inhomogeneous portion of the solution in (2.36).
In evaluating the influence of the horizontal finite differencing on the steady linear wave solution, we assume the variables are situated on a C grid such that the
horizontal velocity is staggered in x at the midpoint between the location of the
other variables. We initially assume that h(x) is defined in the same x location as
w, b, and π, although we shall later consider the effect of shifting h to the location
of u. For simplicity, we will examine only the effects of second-and fourth-order horizontal differencing, which will be either staggered or unstaggered depending on the
position of the differenced variable relative to the location of the term being evaluated. Thus, each of the finite-difference approximations to k in the solution given
by (2.33)-(2.36) will be represented by k2 , k4 , k2s , or k4s as defined in (2.20)-(2.23).
The vertical velocity field displayed in Fig. 2.1a is computed with fourth-order
differencing for the advection terms (ka = k4 ) and the metric used to compute
ω (kω = k4 ), together with second-order staggered differencing for the horizontal
pressure gradient (kπ = k2s ), the metric multiplying the mean vertical pressure
gradient (kζ = k2s ), and the horizontal velocity gradient in the divergence equation
(kd = k2s ). In this case, the metric terms contributing to the artificial inhomogeneous
solution in (2.36) vanish identically (KP1 = KP2 = 0), and the displayed field is
indistinguishable from the exact solution obtained by using k instead of the various
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Figure 2.1: Vertical velocity from the analytic solution for the linear finitedifference equations with kπ = kζ = kd = k2s , and (a) ka = kω = k4 , (b)
ka = kω = k2 , and (c) ka = k4 , kω = k2 . Contour interval is 0.05m s−1 .

finite-difference approximations to k in (2.33)-(2.36).
A point of clarification is in order regarding the display of these linear solutions.
The fields shown in Fig. 2.1 represent the linear solution for w(x, ζ) for flow over
terrain of height H. The plotted fields have been transformed from the (x, ζ) coordinate to (x, z) such that w satisfies the correct lower boundary condition at the
terrain surface z = h. They differ slightly in appearance from the fields one would
obtain if w(x, ζ) were plotted assuming ζ ' z, in which case the lower boundary
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Figure 2.2: As in Fig. 2.1a except kπ = k4s , and (a) π1z = −g and (b) π1z = −0.1g.

condition is satisfied at z = 0. Both solutions are equivalent to first order. However,
satisfying the lower boundary condition at z = h leads to exact nonlinear solutions
to the linear Long’s equation, and is also consistent with the way fields are displayed
in the full simulation model discussed in the next section.
The vertical velocity shown in Fig. 2.1b is obtained in the same manner as the
solution in Fig. 2.1a except that all x derivatives are computed with second-order
differencing (ka = kω = k2 , kπ = kζ = k2s ). The artificial metric terms again cancel
identically and the solution differs only slightly from that in Fig. 2.1a. Now suppose
we recompute the solution for the same conditions as in Fig. 2.1b except we use
fourth-order differencing for the advection terms (ka = k4 ). Instead of improving
the solution, there is a significant distortion of the vertically propagating wave aloft
(Fig. 2.1c). This distortion is caused by the differing numerical treatment of the metric terms (±N 2 U zx ) in (2.18) that excites the inhomogeneous solution represented
by KP2 .
To examine the influence of the metric terms associated with the horizontal pressure gradient in (2.16), we examine the linear solution obtained with the same differencing as used for Fig. 2.1a, except we increase the numerical accuracy of the
horizontal pressure gradient term to fourth order (kπ = k4s ). In this case, the
±π1z zx terms in (2.16) do not cancel numerically and the inhomogeneous solution
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Figure 2.3: As in Fig. 2.1c except kω = k2s and kζ = k2 .

represented by KP1 can distort the solution. The significance of this imbalance depends on the magnitude of the mean vertical pressure gradient π1z that remains
after a reference pressure profile πref has been removed from the pressure field. To
illustrate the effect of subtracting a reference pressure profile from the full pressure,
we display first in Fig. 2.2a the solution that results when no reference pressure is
utilized (πref = 0), which exhibits significant distortion of the flow. On the other
hand, choosing a reference pressure that equals the actual mean pressure would eliminate π1z and the solution in Fig. 2.2a would become identical to that in Fig. 2.1a.
As mentioned above, in practice it is usually not possible to remove all of the mean
pressure with a reference profile. Figure 2.1b shows the solution arising when 90%
of the mean pressure has been removed by the reference profile. This field exhibits
only weak distortion due to the imbalance in differencing the metric terms associated with the horizontal pressure gradient. The imbalance is partly mitigated by the
fact that the second-and fourth-order differencing of the metric terms are computed
on a staggered grid, which increases the accuracy over unstaggered differencing (cf.
Durran, 1999, pp. 115). However, either decreasing the resolution or increasing the
magnitude of π1z will further increase these errors.
In the examples discussed above, the differencing was based on the terrain height
being defined in the same horizontal location as the thermodynamic variables. If instead, h is collocated horizontally with the horizontal velocity, consistent differencing
of the metric terms in (2.16) and (2.18) will not be possible under any circumstances.
In (2.16), kπ and kζ will be differenced on staggered and unstaggered grids, respectively, and a similar situation arises in (2.18) for kω and ka . Figure 2.3 displays
the solution for fourth-order advection, comparable to Fig. 2.1c, except that the
staggering of the metric terms kω and kζ are now reversed such that kω = k2s , and
kζ = k2 . In this solution, 90% of the mean pressure is removed by the reference
pressure as in Fig. 2.2b. In Fig. 2.3 virtually all of the distortion is caused by the
metric imbalance in the pressure terms in (2.16), which is larger than in Fig. 2.2b
due to the decreased accuracy in differencing kζ = k2 .
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2.4 Nonlinear numerical model simulations
We confirm the results obtained from the linear analytic model by simulating mountain wave development under similar conditions using a 2D time-dependent nonlinear
nonhydrostatic numerical model. For this purpose, we use an early version of the
WRF prototype model in terrain-following height coordinates (Klemp et al. 2000,
unpublished manuscript1 ). This Eulerian solver uses a leapfrog time-splitting technique for integrating the compressible nonhydrostatic equations on a C grid. The
terrain height h is defined beneath columns containing the thermodynamic variables,
and horizontal differences can be specified using either second- or fourth-order differences. The domain is 50 km × 21 km with horizontal and vertical grid spacings
of 500 and 300 m, respectively. The domain top is set at zt = 21 km, with an
absorbing layer in the upper half of the domain to minimize reflection of upwardpropagating gravity waves, and open boundary conditions are specified at the lateral
boundaries. Terrain-following coordinates are employed as defined by (2.1), and the
terrain height is specified according to (2.37). The atmosphere is characterized by
the same constant mean wind U = 10 m s−1 and stability N = 0.01 s−1 as in the
linear solutions in the previous section.
The vertical velocity fields for the same combinations of second- and fourth-order
differencing used in Fig. 2.1 are displayed in Fig. 2.4 for the model simulations at
t = 5 h, when the fields are essentially at steady state. With fourth-order differencing for advection and the horizontal metric term in ω together with second-order
staggered differencing for both pieces of the horizontal pressure gradient term, the
appropriate metric terms cancel numerically and the solution (Fig. 2.4a) is similar to
the linear analytic solution. The primary difference between the vertical velocity in
Fig. 2.4a and Fig. 2.1a arises because the numerical model describes the compressible atmosphere in which the wave amplitudes increase with height in proportion to
the inverse square root of density, while in the Boussinesq analytic solution the wave
amplitude is constant with height. The model solution using second-order differencing for horizontal advection (Fig. 2.4b) together with second-order calculation of
the horizontal metric term in ω produces nearly the same result as expected, since
the metric terms are treated consistently. However, with fourth-order horizontal
advection and a second-order horizontal metric term in ω (Fig. 2.4c), the same distortion arises as in Fig. 2.1c due to noncancellation of metric terms in the buoyancy
equation.
In these simulations, the reference pressure removed from the pressure gradient
terms corresponds to a constant potential temperature atmosphere. Thus, the perturbation pressure includes a portion of the pressure corresponding to the difference
between the actual mean pressure and the reference pressure for a neutral atmosphere. Repeating the simulation shown in Fig. 2.4a but increasing the accuracy
of the horizontal pressure gradient term to a fourth-order staggered difference [as
in (2.23)], the solution (Fig. 2.5) is actually degraded somewhat since the metric
terms associated with the horizontal pressure gradient no longer cancel (similar to
1

available online at www.mmm.ucar. edu/individual/skamarock/wrf equations eulerian.pdf
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Figure 2.4: Numerical simulation of vertical velocity with horizontal finite differencing as in Fig. 2.1.
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Figure 2.5: As in Fig. 2.4a except kπ = k4s .

Fig. 2.2b). Again, with coarser resolution or greater deviation of the reference pressure from the full pressure, this distortion will increase.

2.5 Dependence on horizontal scale
As mentioned previously, inconsistent differencing of metric terms appears to have
its most pronounced influence at horizontal scales in the vicinity of N/U , where
the artificial particular solutions (2.32)-(2.34) to the inhomogeneous wave equation
(2.28) become singular. To illustrate this dependence, we consider linear analytic
solutions for the same terrain profile (2.37), but for different horizontal length scales.
Recall that for the solutions shown in Fig. 2.1, the major ridge spacing is about
4 km, which is somewhat smaller than the length scale (6.28 km) at which k = N/U .
Thus, waves at the scale of the ridge spacing are evanescent and the longer wavelength vertically propagating modes aloft exhibit a structure that is nearly hydrostatic in appearance. Figure 2.6a displays the exact linear analytic solution for
vertical velocity for the case with twice the horizontal scale in the terrain profile
(λ = 8 km, a = 10 km) as shown in Fig. 2.1. (The small irregularities in the displayed contours are due to calculation of this solution on the same grid as used in
the numerical simulations.) In this situation, waves at the scale of the primary ridge
spacing are slightly longer than the evanescent cutoff and can propagate vertically.
The solution has the characteristic appearance of vertically propagating nonhydrostatic waves extending above and downstream of the ridges. With fourth-order finite
differencing for advection (ka = k4 ) and second-order evaluation of the metric term
in ω (kω = k2 ) with ∆x = 1 km, significant numerical truncation errors are apparent
in the steady-state vertical velocity field (Fig. 2.6b). This is the same finite differencing as used in the case shown in Fig. 2.1c. The scale of the artificial inhomogeneous
solution is similar to that of the vertically propagating mode, which gives a stronger
distortion than in Fig. 2.1c and with a differing overall appearance.
Increasing the width of the terrain substantially, the mountain wave structure
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Figure 2.6: Vertical velocity from the linear analytic solution for the case shown in
Fig. 2.1 except with twice the horizontal length scale in the terrain profile (λ = 8 km,
a = 10 km). (a) Solution with exact numerics; (b) solution with the same horizontal
finite differencing as in Fig. 2.1c. Contour interval is 0.2 m s−1 .

becomes essentially hydrostatic. At these scales, the dominant wavenumbers in the
artificial inhomogeneous portion of the solution in (2.32) are far from the singularity
at k = N/U . Figure 2.7a shows the linear analytic vertical velocity over terrain
defined by (2.37) with λ = 40 km and a = 50 km. For comparison, the vertical
velocity computed on a 5-km horizontal grid with the same finite differencing as used
for Fig. 2.6b is shown in Fig. 2.7b. Although the inconsistent numerical treatment
of the metric terms in (2.18) contributes to an artificial component to the wave
solution, the amplitude of this distortion is small.

2.6 Consistent metrics in a semi-Lagrangian model
In the preceding analytic analysis and model simulations, we have focused on the
treatment of the metric terms associated with the terrain-following coordinate transformation in an Eulerian finite-difference model. However, as mentioned in the introduction, truncation errors having the character of those evident in Fig. 2.1c were
originally encountered in the Canadian MC2 semi-Lagrangian model (Schär et al.,
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Figure 2.7: As in Fig. 2.6 except with 10 times the horizontal length scale in the
terrain profile as in Fig. 2.1 (λ = 40 km, a = 50 km). Contour interval is 0.05 m s−1 .

Figure 2.8: Numerical simulation of vertical velocity using the semi-Lagrangian
MC2 model for comparison with Eulerian analytic (Fig. 2.1) and numerical (Fig. 2.4)
solutions. Contour interval is 0.05 m s−1 . [After Schär et al. (2002).]

w
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Figure 2.9: As in Fig. 2.8 except with second-order interpolation to the semiLagrangian departure points in (a) computational space using (u, ω) with an 8-s
time step, (b) computational space using (u, ω) with a 1-s time step, and (c) physical
space using (u, w) with an 8-s time step.
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2002). This result is displayed in Fig. 2.8 for the same model configuration as described in Sec. 2.4 for the Eulerian model. This C-grid model uses a second-order
finite difference over one grid interval for both the horizontal pressure difference
and the metric adjustment to that pressure difference, which provides a consistent
treatment of the horizontal pressure gradient terms. Advection is accommodated
using a semi-Lagrangian time step, with a third-order interpolation of variables to
the departure point that is calculated in computational space [i.e., using (u, ω) to
locate the departure point, and interpolating variables to the departure point in the
(x, ζ) coordinate]. The relationship between ω and w [Eq. (2.11)] uses a second-order
difference over 2∆ for the ζx metric.
It appears that the third-order semi-Lagrangian interpolation together with the
second-order metric in the ω equation is responsible for the distortion of the steady
mountain wave solution evident in Fig. 2.8. However, these errors cannot be removed
by simply matching the order of the semi-Lagrangian interpolation to the order of
the metric in the ω equation. This is illustrated in Fig. 2.9a, where the interpolation
has been changed to second order. Although the error has been reduced, it is still
significant.
To explain the nature of the metric imbalance for this situation, we return to
the linear analysis of Eqs. (2.7)-(2.11) and derive the numerical form of the steadystate linear buoyancy equation (2.9) using second-order interpolation for the semiLagrangian advection. Letting (i, k) denote the horizontal and vertical grid indices
of the arrival point for the semi-Lagrangian trajectory, the vertical portion of the
interpolation becomes
1 ∂2b
∂b
+ λ2ζ
∂ζ n 2 ∂ζ 2
= b0n,k + N 2 (zn,k − λζ ).

b∗n = bn,k − λζ

n

(2.39)

Here, λζ = ωi,k ∆t and n represents the particular column in which the interpolation
is required (i.e., i, i + 1, i − 1). Recall that b = b̄ + b0 = N 2 z + b0 , and we assume N
is constant with height.
The second-order horizontal interpolation of buoyancy to the departure point (bd )
is similarly given by
bd = b∗i − λx

∂b∗ 1 2 ∂ 2 b∗
+ λx 2 ,
∂x
2 ∂x

(2.40)

where λx = U ∆. For steady-state flow,
t+∆t
bi,k
− btd
bti,k − btd
db
=
=
= 0.
dt
∆t
∆t
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2.6 Consistent metrics in a semi-Lagrangian model
Using (2.39) and (2.40), (2.41) becomes
U

∂b0
1
∂ 2 b0
+ U N 2 zx + N 2 ω − U 2 ∆t 2
∂x
2
∂x
1 2 2
−
U N ∆tzxx = 0,
2

(2.42)

where the x derivatives are evaluated with second-order finite differences. Notice that
in addition to the terms in (2.18), (2.42) contains O(∆t) terms for the horizontal
diffusion of b0 plus an additional zxx metric. Although a second-order zx metric in
the omega equation (2.11) will cancel with the second term in (2.42), the last term
in (2.42) will contribute an inhomogeneous term to the steady linear wave equation
that artificially distorts the solution. Since this is an O(∆t) term, decreasing the
time step will diminish its influence. This is demonstrated in Fig. 2.9b, in which the
second-order semi-Lagrangian interpolation provides a good solution with the time
step reduced to 1 s.
Conducting the interpolation in physical space produces important changes with
respect to the appearance of metric terms in the advection terms. We illustrate these
differences again with a second-order interpolation, applied first in the vertical:
∂b
∂z n
2
1
2 ∂ b
+ (zn,k − zi,k − λz )
2
∂z 2 n
= b0n,k + N 2 (zi,k − λz),

b∗n = bn,k − (zn,k − zi,k + λz )

(2.43)

where λz = wi,k ∆t. Using (2.43) in (2.40), the buoyancy at the departure point is
given by
bd = bi,k − λz N 2 − λx

∂b0 1 2 ∂ 2
+ λ
∂x 2 x ∂x2

(2.44)

and upon substitution into (2.41) yields
U

1
∂ 2 b0
∂b0
+ N 2 w − U 2 ∆t 2
∂x
2
∂x

(2.45)

By interpolating using (u, w) in physical (x, z) space, no metric terms appear in
(2.45) and the cancellation of metric terms is no longer an issue. Also, since ω
does not appear in (2.45), it no longer matters if the order of the semi-Lagrangian
interpolation differs from that used in computing the metric term in the ω equation. Figure 2.9c illustrates how the the artificial distortion disappears in the MC2
simulation with a second-order interpolation computed in physical space.
The MC2 model actually solves a prognostic equation for the perturbation of temperature from a constant reference temperature. Analysis of the semi-Lagrangian
interpolation for the linear temperature equation leads to a similar behavior of the
metric terms as discussed above for the buoyancy equation. One difference is that
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the stability N 2 is replaced by the mean temperature gradient gdT /dz. Thus, if the
mean temperature for the atmosphere is isothermal, the metric terms [similar to the
N 2 zx terms in (2.42)] will vanish in the linear temperature equation. Thus, MC2
exhibits no distortion in this test problem when the mean atmosphere is isothermal (confirmed in simulations not shown). However, for non-isothermal conditions
(such as our test problem with N = 0.01 s−1 ), the perturbation temperature will
contain a portion of the mean state and will produce all of the same terms as in
(2.42). An analogous situation arises in semi-Lagrangian models that express the
Lagrangian integration of the thermodynamic equation in terms of a perturbation
from a specified reference state [i.e., using the notation of (2.4), db/dt is integrated
in the form d(b1 + b0 )/dt + V · ∇bref ]. For these formulations, the consistency in
the semi-Lagrangian trajectory calculation remains an issue to the extent that the
specified reference state bref differs from the actual mean state b̄. Furthermore, if
V · ∇bref is evaluated in computational space, the consistency requirements for the
numerics used in these terms will be the same as for the Eulerian system.
We have recently become aware of an alternative modification to the semi-Lagrangian procedures in MC2 that appears to remove the truncation errors evident
in Fig. 2.8 (Benoit et al. 2002, unpublished manuscript2 ). In evaluating ω from
(2.11), Benoit et al. proposed computing the “horizontal” advection of z in a semiLagrangian fashion, representing zx |zeta as the difference in height between the arrival and departure points of the trajectory, computed along a constant ζ surface.
In the context of our linear analysis, and using the notation from (2.39) and (2.40),
zn∗ = zn,k − λζ

and

1
∗
zd = zi∗ − λx zx∗ + λ2x zxx
2

(2.46)

(2.47)

and the linear form of (2.11), ω = w − U zx |ζ , becomes
ωi,k = wi,k − U

zi∗ − zd
1
= wi,k − U zx + U 2 ∆tzxx .
λx
2

(2.48)

Using (2.48) to represent ω in the third term of (2.42), (2.42) now is equivalent to
(2.45), in which the spurious zxx metric term is not present.

2.7 Summary
Using both linear analytic and numerical model solutions, we have demonstrated
that significant truncation errors may arise in nonhydrostatic simulations in terrainfollowing coordinates if the metric terms are not treated in a consistent manner. This
consistency requires that the influence of mean fields (functions of z only) differenced
2

available online at http://www.cmc.ec.gc.ca/rpn/modcom/publi_conf/
Poster_211_orography/p211_final.pdf
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along sloping coordinate surfaces cancel numerically from the finite-difference equations. If these metric terms are not numerically balanced, spurious contributions
to the gravity wave dynamics arise that may significantly distort the evolving flow.
This distortion increases in magnitude as the horizontal resolution of significant
scales forced by the terrain decreases. These artificial components of the numerical
solution are proportional to the terrain height and, thus, remain present even in
linear applications where the terrain height and slope are small.
In evaluating the linear analytic finite-difference solutions, it is apparent that
the spurious effects of numerical imbalance in the metric terms are most dramatic
when the terrain has significant forcing at scales near the wavenumber N/U , where
inhomogeneous terms in the linear wave equation (2.32)-(2.35) become singular.
At hydrostatic scales, although the inhomogeneous terms (2.33)-(2.34) may still be
present, their influence is substantially reduced (Fig. 2.7).
This analysis suggests that the terrain height should be defined beneath columns
in which the thermodynamic variable and w are defined. This allows consistent
differencing of the metric term in ω with whatever order numerics are used in the
advection of scalar variables, and consistent treatment of the metric in the horizontal
pressure gradient formulation. A consistency issue will arise, however, in computing
the advection term for the horizontal velocity in cases where there is strong mean
shear. We have found this potential imbalance to be of significantly less importance
than those arising in the scalar advection and pressure gradient terms. Epifanio and
Durran (2001) have defined the terrain height on a grid having double the horizontal
resolution of the nominal grid such that horizontal metric terms can be computed
over a single nominal grid interval for terms evaluated at either thermodynamic or
horizontal velocity grid points. This reduces the effect of metric term imbalance by
increasing the accuracy of the numerics for the metric terms. However, artificial
effects may still arise if the resolution becomes sufficiently coarse.
The consistent differencing of the metric terms in computing horizontal gradients
is somewhat different from the traditional issue of errors in horizontal pressure gradient terms in regions of steeply sloped coordinate surfaces. The latter problem
is related to difficulties in evaluating the vertical pressure gradient to accurately
adjust the pressure gradient along the coordinate surface to one taken at constant
height. This problem is accentuated when there is strong curvature in the vertical
pressure profile, as occurs in the vicinity of sharp changes in stability. These errors
associated with steeply sloped coordinate surfaces may be significant at all scales
of motion, including fully hydrostatic scales. The issue of consistent treatment of
metric terms that we have addressed here appears to be most significant for the
buoyancy advection (through its influence on gravity waves), and may arise even
with perfect resolution of the vertical gradients. Its regime of concern includes small
terrain slopes, but appears to be restricted to non-hydrostatic scales near k = N/U
when these scales are not numerically well resolved.
An alternative approach for achieving accurate representation of horizontal derivatives in terrain-following coordinates is to avoid using the metrics by computing the
derivatives in physical space (Mahrer, 1984; Dempsey and Davies, 1998). The horizontal derivative at grid point (i, k) is then calculated in a two-step process in which
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1) the variable is interpolated vertically in columns on either side of column i to
the same height as the point (i, k) and then 2) the interpolated values are finite differenced to form the horizontal derivative at constant height. With this approach,
the metrics are not used in computing the horizontal derivative, and higher-order
interpolation can be used to more accurately represent vertical variation of the mean
field. This latter aspect is of primary concern in the traditional problem of computing the horizontal pressure gradient in terrain-following coordinates at hydrostatic
scales. However, this two-step technique may require significantly increased computations or array storage (particularly for higher-order horizontal finite differences),
and would compromise the conservation properties achieved in finite-volume approaches (particularly for the advection terms).
For semi-Lagrangian models, the consistent evaluation of metric terms is dependent upon the manner in which the interpolation of variables to the departure point is
carried out. By interpolating based on (u, ω) in the transformed vertical coordinate,
spurious metric terms (that should cancel in the linear system) may arise. These
terms cannot be completely removed unless ω is also computed through a Lagrangian
integration of (2.11) (as recently proposed by the MC2 developers). However, by
conducting the interpolation using (u, w) in physical space, these metric terms do
not arise and thus their consistency in computing advective processes is not an issue.
Removing a reference profile from the Lagrangian integration of the thermodynamic
variable may reduce the distortion caused by metric inconsistency in the trajectory
calculation if the reference profile is close to the actual mean state; however, in many
nonlinear or real weather applications, deviations from any specified reference state
will be significant.
Acknowledgments. The authors would like to thank Christoph Schär, Dale Durran, and Jim Doyle for their helpful suggestions and for their efforts in conducting
confirmatory simulations with other models.
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Abstract
Marginally unstable airmasses impinging upon a mountain ridge may lead to the
development of a nominally stratiform orographic cloud with shallow embedded
convection. Rainfall amounts and distribution are then strongly influenced by the
convective dynamics. In this study, the transition from purely stratiform orographic
precipitation to flow regimes with embedded convection is systematically investigated. To this end, idealized cloud-resolving numerical simulations of moist flow
past a two-dimensional mountain ridge are performed in a three-dimensional domain. A series of simulations with increasing upstream potential instability shows
that the convective dynamics may significantly increase precipitation amounts, intensity and efficiency, to an extent that cannot be replicated by two-dimensional
simulations. Under conditions of uniform upstream flow, the embedded convection
is of cellular type. It is demonstrated that simple stability measures of the upstream
profile are poor predictors for the occurrence and depth of embedded convection.
A linear stability analysis is performed to understand the linear growth of the developing convective instabilities. Embedded convection results if the growth rates
of convective instabilities are compatible with the advective timescale (the time an
air parcel spends inside the orographic cloud) and the microphysical timescale (time
for rain production and fallout). Individual convective updrafts are anchored to the
mean flow. Additional simulations serve to demonstrate that the development of
embedded convection and associated precipitation may strongly depend on smallamplitude upstream perturbations. Such perturbations enhance the efficacy of the
convective circulations and overall lead to stronger precipitation. The potential implications of this result for the predictability of quantitative precipitation are also
discussed.
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3.1 Introduction
Mountains play an important role in producing clouds and precipitation in many
parts of the world. Precipitation climatologies often exhibit tremendous spatial variability due to orographic influences. For instance, in the Alps, within a distance of
less than 100 km, there are differences in annual mean precipitation that are as
distinct as those between the dry climate of Crete and the wet climate of western
Scotland (Frei and Schär, 1998; Schwarb et al., 2001). Orographic precipitation may
thus affect the climate, hydrology, vegetation and landscape, agriculture and economy, and even the geology of many regions. Understanding the physical processes
that govern orographic precipitation thus has important implications far beyond the
field of meteorology.
The physics and meteorology of orographic precipitation involve a wide range of
mechanisms (see Smith, 1979; Banta, 1990; Houze, 1993, for review articles), including large-scale upslope rain, enhancement of rainfall over small hills, and orographic
formation of deep convective clouds in a potentially unstable airmass. Traditionally, these mechanisms are classified into two categories: stratiform precipitation
induced/enhanced by stable ascent, and convection triggered/enhanced by terrain.
In the case of large-scale upslope rain to be considered in this study, these categories
are usually associated with absolutely stable and potentially unstable airmasses impinging upon a topographic obstacle (Cotton and Anthes, 1989).
However, as a result of the airmass changes and the dynamical processes implied
by topographic lifting, the distinction between stratiform and convective precipitation in flow past topography is far from straightforward. Earlier studies, such as
Douglas and Glasspoole (1947) which studied rain events in the British Isles, found
that upstream soundings showed marginal stability. They argued that orographic
uplift is a stable well-ordered process that does not imply any convection. Using
radar observations for the same region, Browning et al. (1974) questioned this interpretation. They observed that – while there was continuous rain over the mountains
which may appear to be of stratiform type – there was evidence of closely packed
convective cells embedded in the stratiform cloud regions. Smith (1979) argued that
both Douglas and Browning may in fact have been observing instability showers.
He argued that the observed rainfall intensities can only be explained by assuming that virtually all of the condensate reaches the ground as rain, which appears
incompatible with stratiform precipitation processes.
While the above interpretation is accepted for many orographic precipitation
events, in particular for warm-sector moist orographic flows, the dynamics of embedded cellular convection (ECC) is still poorly understood. It is the goal of this
paper to investigate the development and structure of shallow embedded cellular
convection in moist flow past topography, and to quantify the associated impact on
precipitation formation.
With the advent of high-resolution numerical modeling, a number of detailed studies of precipitation in mountainous regions have been conducted. Real-case studies
have addressed the role of the topography for extreme events (Bougeault et al., 2001),
small-scale terrain features (Gheusi and Stein, 2003), microphysical processes (Med-
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ina and Houze, 2003), intercomparison of atmospheric models (Mladek et al., 2000),
cloud-resolving models (Benoit et al., 2002) and aspects of predictability (Walser
et al., 2004). While all of these studies are in some way concerned with moist convection in complex terrain, most theoretical and idealized numerical studies restrict
attention to potentially stable upstream profiles (Jiang, 2003; Smith, 2003), or consider the orographic triggering of deep convective cells (Hong and Huang, 1996; Chu
and Lin, 2000).
An exception is Cosma et al. (2002). Employing both radar observations and
idealized numerical model simulations, they found a strong correlation between the
organization of shallow convective circulations and small-scale orographic features
for potentially unstable ridge flows. This result raises a number of questions regarding the predictability of orographic precipitation, as it exemplifies growth of
small-scale features to precipitation-producing amplitude. Another study in this
area is that of Kirshbaum and Durran (2004), who investigated the factors governing shallow cellular convection in orographic precipitation. To this end, they
conducted idealized two-dimensional ridge-flow simulations using two potentially
stable and unstable radiosoundings taken from the intensive observation periods 3
and 8 of the Mesoscale Alpine Programme (MAP) (Bougeault et al., 2001). Using
this framework they investigated the sensitivity of convection to environmental and
terrain-related factors. Analysis indicates that cellularity produces higher maximum
and mean precipitation rates and higher precipitation efficiencies.
Here, we extend this work using a systematic series of idealized upstream soundings of increasing potential instability to conduct cloud-resolving simulations of
stratiform and convective orographic precipitation. The dynamical framework of
our simulations is fully three-dimensional, while the geometry of the flow problem
is that of a uniform flow impinging upon a two-dimensional ridge. This simplified
set-up allows us to systematically investigate the transition to ECC and its impact
on precipitation mechanisms. Differences in stable and unstable flow solutions can
be directly attributed to the convective dynamics. We will also address the role of
upstream perturbations upon the development of the convective structures.
Many previous numerical studies have restricted attention to two-dimensional
simulations. In the case of buoyant convection, this simplification is not strictly
justifiable, even when considering two-dimensional geometry such as the flow past a
ridge. In the context of deep convection, three-dimensional simulations are needed to
correctly represent key features such as rotation within and orientation of updrafts
and downdrafts, and cloud movement relative to the mean wind (Soong and Tao,
1980; Klemp and Wilhelmson, 1978). In the context of shallow banded convection
Kirshbaum and Durran (2004) have found a strong sensitivity to the dimensionality
of the simulation. While 3D simulations develop convective bands, the corresponding
2D simulations remain essentially stratiform. In this work, differences between 2D
and 3D simulations will be systematically investigated for unsheared vertical wind
profiles.
The outline of this paper is as follows. The numerical model and the modeling
strategy are specified in Section 3.2. The impact of increasingly unstable upstream
profiles on cloud habitus and precipitation distribution is systematically investigated
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in Section 3.3. Section 3.4 presents a dynamical interpretation of the simulation
results. The sensitivity of the simulations to different mountain widths and artificial
upstream noise is investigated in Section 3.6. Finally, the results are summarized in
Section 3.7.

3.2 Model and Experimental Design
3.2.1 The numerical model
Numerical simulations are performed using the ARPS model, a recently developed
compressible non-hydrostatic cloud model. The basic equations and the description
of the numerics and physics can be found in Xue et al. (2000, 2001). ARPS employs
the split-explicit technique of Klemp and Wilhelmson (1978). Scalars are advected
using a flux-corrected transport scheme due to Zalesak (1979).
The model includes topography using the terrain-following vertical coordinate
system proposed by Gal-Chen and Sommerville (1975). Both at the upper and
lower model boundary, a free-slip solid wall boundary condition is employed. In
order to avoid reflection of wave energy at the upper lid, we use a Rayleigh damping
layer to absorb vertically propagating waves.
A monotonic fourth-order numerical filter is applied in the horizontal directions to
suppress very short wavelength modes. The subgrid-scale turbulence closure scheme
used in the present study is a modified Smagorinsky scheme (Smagorinsky, 1963;
Lilly, 1962). In this scheme the turbulent mixing coefficients are diagnosed locally
using a numerical approximation of the Richardson number.
For the precipitation processes, we employ the Kessler (1969) two-category liquid
water (warm-rain) scheme. No convection parametrization is employed. The neglect
of cold microphysics cannot be strictly justified, but merely serves to reduce the
dimensionality of the parameter space considered in this study. Indeed, the efficiency
of orographic precipitation can be substantially increased by aggregation and riming
above the freezing level (Rutledge and Hobbs, 1983; Cotton et al., 1986; Rauber,
1992), especially if they are promoted by convective overturning. Previous studies
demonstrate how orographic precipitation may be affected (Jiang, 2003; Medina and
Houze, 2003) by ice microphysics processes. To reduce the role of ice microphysics
for our flow problem, we will use comparatively warm upstream profiles, such that
the cloud regions of interest do not or only marginally extend above the freezing
level.

3.2.2 Experimental design
Numerical simulations are carried out with the flow incident upon a two-dimensional
mountain ridge of the form
h(x, y) = h0

36

a2
,
x2 + a2

(3.1)

3.2 Model and Experimental Design
where the standard mountain half-width a = 20 km and the mountain height is
h0 = 1000 m. The undisturbed upstream flow is horizontally uniform, and the dry
Brunt-Väisälä frequency Nd , horizontal velocity U and relative humidity RH are
constant with height, such that Nd = 0.011 s−1 , U = 15 m s−1 and RH = 95 %. The
dry dimensionless mountain height
ĥd = Nd h0 /U,

(3.2)

is 0.73. Considering that the Rossby number (Ro = U/f a) is around 7.5 for a
mid-latitude setting (i.e., f ≈ 10−4 s−1 ), Coriolis effects are neglected.
As an additional control parameter, we employ the surface temperature Ts of the
idealized upstream profile. It is varied such as to control the overall temperature and
implied specific humidity. In conjunction with requiring constant dry Brunt-Väisälä
frequency Nd and relative humidity, the profile is then fully specified. Profiles and
simulations are referred to using the value of Ts , for example, the simulation denoted
by T285 will have a surface temperature Ts = 285 K.
The computational domain includes the region 0 km ≤ x ≤ 500 km along the
x axis, 0 km ≤ y ≤ 50 km along the y axis and 0 km ≤ z ≤ 25 km in the vertical.
The incident flow is aligned with the positive x axis and the mountain ridge is located
at x = 300 km and aligned parallel to the y-axis. The horizontal resolution is 500 m,
yielding a grid of 1000 × 100 grid points. In the vertical, a total of 100 model levels
are distributed using a stretching function with vertical resolutions ranging from
100 m at the surface to 350 m at the model top. A simulation with increased vertical
resolution of 60 m has been conducted and results have proven to be insensitive to
this change.
In the y-direction periodic boundary conditions are employed. In the x-direction,
corresponding to the direction of the mean flow, a wave-radiation open boundary
condition (Orlanski, 1976) is used. It employs a one-way wave equation to the
wind component normal to the boundaries. Other variables (velocity parallel to
the boundary, θ, water variables) are predicted on the boundary using the same
prognostic equations as used in the interior. Following Durran and Klemp (1983)
the locally estimated phase speed is vertically averaged before being employed in the
one-way wave equation. In order to suppress persistent drifts at the inflow boundary,
all prognostic variables are relaxed towards their initial-state value. In the vertical, a
Rayleigh damping layer starting at a height of 12.5 km is employed to absorb upward
propagating waves. A similar approach has previously been employed by Schär and
Durran (1997).
All simulations use a timestep of ∆t = 3 s. The simulations are integrated to
t = 5 h which corresponds to a dimensionless time t̂ = U t/a of 13.5. By that time
the simulations have reached a quasi-steady state. By this we mean that there may
still be substantial variability on the time- and spatial scales of individual convective
updrafts, but averaged fields stay nearly constant with time.
A subtlety arises as a result of the net latent heating over the mountain ridge.
It has been shown that the linear response of a stratified atmosphere to net local
heating will create diverging vertical displacements of the fluid in a two-dimensional
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non-rotating frame of reference (Bretherton, 1988; Lin and Smith, 1986) . The associated thermally-generated gravity waves may propagate upstream and permanently
alter the upstream profile experienced by the mountain ridge, implying that a quasisteady state can never be reached. Using the group velocity of hydrostatic gravity
waves
cm = U ± Nd /m,

(3.3)

where m = 2π/λz is the vertical wavenumber, we can estimate under what conditions
the gravity waves emanating from the heat source may propagate upstream. With
U = 15 m/s and Nd = 0.011 s−1 the approximate vertical scale of a heat source has
to exceed λz ≥ 8 km for upstream propagation of the buoyancy adjustment to occur.
Thus, as long as the embedded convection remains shallow, the upstream boundary
condition should be well-posed.
In order to break the y-symmetry of the experimental setup and seed convective
cells, random perturbations are introduced into the θ-field. A field of uniformly
distributed random numbers is filtered three times using a second order filter to
eliminate all 2∆-waves. The field is then shifted and scaled to have a zero mean value
and to contain perturbation values uniformly distributed between ±δθ = ±0.02 K.

3.2.3 Stability of the upstream profile
The formation of clouds and the occurrence of precipitation are affected by the
atmospheric stability in the upstream profile. Two types of moist atmospheric instability (Houze, 1993; Emanuel, 1994; Barros, 1994) are commonly associated with
the formation of orographic clouds: potential1 and conditional instability. Potential
instability considers the lifting of an entire air mass as a whole. It is diagnosed
via upward-decreasing equivalent potential temperature θe . Conditional instability refers to atmospheric conditions for which an isolated rising air-parcel becomes
positively buoyant as it reaches and passes its level of free convection (LFC).
The stability of the upstream profiles is determined by the specified surface temperature Ts . Figure 3.1a shows the idealized soundings corresponding to T285
through T292.5 in 2.5 K intervals. The corresponding profiles of θe are shown in
Fig. 3.1b. Already the coldest (T280) profile exhibits marginal potential instability
from the surface up to about 500 m. With increasing profile temperature and implied specific humidity, the strength and layer thickness of the potential instability
increases. T292.5 exhibits a strongly potentially unstable layer of 4 km thickness.
Table 3.1 summarizes basic profile properties as well as diagnostics related to
pseudo-adiabatic parcel ascents. One possibility to quantify the strength of the
potential instability is via the strength of the inversion denoted by ∆θe . For our
analytical profiles, this simply corresponds to the difference between the surface and
minimum θe . The table shows that all upstream profiles are potentially unstable,
starting with T280 which is only marginally unstable and increasing to T292.5 with
∆θe = 7.6 K
1

Sometimes referred to as convective instability in the literature
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profile temperature. Shown are T280, T282.5, T285, T287.5, T289.5, T290 and
T292.5 (from left to right respectively in both panels).

Table 3.1: Upstream profile diagnostics. Listed are surface temperature (Ts ), total
column water (qtot ), freezing level (zf reeze ), strength of potential instability (∆θe ),
lifting condensation level (LCL), level of free convection (LFC), level of neutral buoyancy (LNB), convective available potential energy (CAPE) and convective inhibition
(CIN).

Ts
qtot zf reeze ∆θe LCL LFC LNB CAPE
CIN
(K)
(kg/m2 )
(m) (K) (m) (m) (m) (J/kg) (J/kg)
280
14.3
1130 0.2
94
282.5
17.4
1560 0.6
95
285
21.1
1990 1.6
97 664 3740
27
3.7
287.5
25.5
2430 3.0
99 511 5140
121
3.0
290
30.7
2880 4.9 102 440 6720
307
2.6
292.5
36.9
3340 7.6 104 399 8340
626
2.5
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The last five columns of Tab. 3.1 contain measures of conditional instability. We
choose an air parcel representative of the lowest 500 m that originates from z = 0 m
and experiences a pseudoadiabatic ascent. Here, we closely follow Emanuel (1994)
in all definitions and computations. Since the lifting condensation level (LCL) is
predominantly a function of relative humidity and stratification it is located at an
almost constant at z ≈ 100 m for all settings. The coldest two profiles do not
exhibit conditional instability, since the latent heat released due to condensation
does not suffice for the rising parcel to become positively buoyant with respect
to the environment. Profiles T285 through T292.5 show conditional instability of
increasing magnitude as indicated by the values of the level of free convection (LFC),
level of neutral buoyancy (LNB), convective available potential energy (CAPE) and
convective inhibition (CIN).
It should be emphasized that the choice of upstream profile is a limitation of
this work. The parameter space spanned by the many possible choices of vertical
distribution of temperature, moisture and wind is very large and the work presented
here only covers a small subspace. For example, warm surface temperatures are
chosen to avoid the complexity of cold microphysics. The much slower falling speed
of snow may considerably reduce precipitation efficiency and shift the precipitation
pattern further downstream (Jiang and Smith, 2003). However, using this set of
idealized upstream profiles, we can systematically investigate the effect of increasing
upstream conditional and potential instability on cloud formation and precipitation
for flow over a mountain ridge. Differences in the simulations’ flow dynamics can
be attributed to the effects of latent heating and microphysics feedback on the
dynamics.

3.3 Results
3.3.1 Overview: Towards cellular convection
Results from the second coolest simulation T282.5 are shown in Fig. 3.2a,c. The
vertical cross-section (Fig. 3.2a) shows that the moist low-level air rises stably over
the ridge. A quasi-stationary stratiform cap cloud is formed with a maximum
qc = 1.15 g/kg located directly over the ridge peak. As indicated by the isolines of
equivalent potential temperature θe (Fig. 3.2a), the impinging airmasses easily surmount the topographic obstacle and no upstream blocking or flow reversal occurs.
The simulation preserves the along-ridge translational symmetry of the experimental
setup over the whole integration period, as can be seen in a horizontal cross-section
of qc (Fig. 3.2c). The results of the T280 simulation (not shown) are qualitatively
very similar to T282.5, if we take into account the slight reduction in all moisture
fields due to the reduction of temperature at constant relative humidity. Further
indication of this is given by the time-series of domain maximum cloud liquid water
content |qc |max and along-ridge component (y-direction) of wind |v|max in Fig. 3.3.
In the case of stable ascent and stratiform cloud habitus, the fields stay essentially
two-dimensional and v is nearly zero. Thus, in our setup |v|max is a good indicator for
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Figure 3.2: Comparison between (a,c) T282.5 and (b,d) T287.5 at t = 5 h. Upper
panels: Shaded contours show qc in g/kg. Thick solid line indicates cloud boundary.
2 = 0
Thick dotted line indicates regions of statically unstable stratification; i.e. Nm
isoline. The dash-dotted line is the ±0.5 m/s isoline of the vertical wind component.Thin solid lines are isolines of θe every 0.5 K. All fields are averaged over the
whole extent of the domain in the y-direction. Lower panels: Shaded contours show
qc in g/kg at z = 1.5 km.
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Figure 3.3: Timeseries of domain maximum cloud liquid water content qc and
y-velocity v.

the breaking of the y-symmetry due to the development of buoyant instability and
subsequent development of convective cells. It should be noted that other processes
than convective clouds can lead to symmetry breaking. For example, Afanasyev
and Peltier (1998) have shown that breaking internal waves may lead to a threedimensionalization of the flow over a mountain ridge.
The qualitative features of the T285 simulation are very similar to the T280 and
T282.5 simulations which will also become apparent when looking at precipitation
quantities at later times. The time-series of |v|max for T285 in Fig. 3.3 gives an
indication of growing and equilibrating buoyant instability with values oscillating
around 0.25 m/s. Inspection of the qc and w fields (not shown) gives an indication
of wave-like perturbations within the orographic cloud. The strongest perturbations
are located close to the cloud border in the lee of the ridge. However, the perturbations do not grow to fully developed convective cells. Perturbations in the vertical
wind are on the order of 0.05 m/s corresponding to 5% of the vertical velocities due
to forced ascent over the ridge. In the cloud liquid water the perturbations are
barely visible.
Figure 3.2b,d shows T287.5 at t = 5 h, the first simulation in the series which
clearly exhibits the development of cellular convective elements. The horizontal
cross-section of qc (Fig. 3.2d) shows wave-like perturbations of increasing amplitude
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Figure 3.4: Same as Fig. 3.2 except for (a,c) T290 and (b,d) T292.5.

as the air moves downstream over the ridge. As in T285, the development of finite
amplitude perturbations is confined to the area close to the cloud boundary in the
lee of the ridge. Maximum updraft velocities are of the order of 0.9 m/s and are
located around 30 km downstream of the ridge peak. This coincides with the region
of strongest descent due to the sloping topography. Here, the developing convective
updrafts are embedded in a region of subsidence and thus strongly damped. Nevertheless some convective updrafts manage to grow to considerable amplitude and the
time-series of |qc |max (Fig. 3.3) gives evidence for these via the existence of periods
with increased cloud liquid water content. The compensating subsidence between
the updrafts leads to regions with decreased qc or entirely cloud-free regions.
Experiments T290 and T292.5 (see Fig. 3.4) show a different flow regime. Both
experiments reach a quasi-steady state after about two hours of integration time.
Horizontal cross-sections of qc (Fig. 3.4c,d) show that wave-like perturbations on
the upslope of the ridge quickly grow into fully developed convective updrafts well
upstream of the ridge top. The cloud pattern is clearly reminiscent of the open-cell
circulations of mesoscale shallow convection (MSC), which is observed frequently in
boundary layer convection, for example during cold air outflows over the ocean (see
Atkinson and Zhang (1996) for a review article). The open-cell type of convection is
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characterized by honeycomb shaped cells with downward motion and clear sky in the
cell center, surrounded by cloud associated with upward motion. The estimated cell
diameter is around 9 − 12 km. Maximum updraft velocities are 8 m/s and 12 m/s,
respectively, for the two cases. Time-series of |qc |max indicate that the convective
updrafts contain pockets of increased cloud liquid water contents which are a factor of 2.1 and 2.3 (for T290 and T292.5, respectively) larger than what could be
achieved by simple forced stable ascent over the ridge. A vertical cross-section at
the ridge top (Fig. 3.5c,d) shows the structure of the convective updrafts. Updrafts
are clearly collocated with high qc and surrounded by cloud-free regions associated
with compensating subsidence.

3.3.2 Stability measures and cellularity
In this subsection we will critically assess the ability of upstream stability measures
to predict ECC. In our series of increasingly unstable upstream profiles, simulation
T287.5 is the first to exhibit some cellular cloud features. Comparing this result
with upstream stability measures in Tab. 3.1 indicates that these measures are not
straightforward predictors of cellularity. Conditional instability measures such as
CAPE consider individual parcel ascents in an otherwise static environment. This
is probably not a good approximation for the orographic flow situation we are looking
at.
A better approximation is to consider the low-level airmasses impinging upon the
topography as being lifted as a column. This suggests that potential instability
as diagnosed by the upstream θe -profile should be a better predictor. θe is the
potential temperature of a parcel after all latent heat energy is released. However,
in our orographic flow setup with a ridge height of 1000 m, not all of the potentially
available latent heat energy is released (e.g. in T292.5 a maximum of around 15%
of the available water vapor is condensed). Thus, potential instability diagnosed by
θe -profiles overestimates the strength of the instability for finite lifting.
Besides these deficiencies of upstream stability measures, it will be shown in the
next sections that other factors (not related to the upstream profile) also play a
fundamental role for the onset of ECC. Further evidence that the use of potential
instability as a predictor of ECC is problematic is given by Kirshbaum and Durran
(2004). They used two potentially unstable (dθe /dz < 0) upstream profiles, of which
only one developed ECC. It will be shown in Sec. 3.4 that necessary but not sufficient
condition for the development of ECC is the existence of unstably stratified cloud
regions. It is thus interesting to assess how well we are able to make an a priori
prediction of the formation of statically unstable regions and the onset of ECC.
To this end, we need to compute the moist buoyancy frequency Nm , to determine
2
unstably stratified cloud regions characterized by Nm
< 0.
It should be noted that Nm is a sensitivive quantity and several means of computing it have been proposed in the literature (see discussion in Durran and Klemp,
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Figure 3.6: Panel (a): Vertical section (averaged in the along-ridge direction) for
2 are contoured at t = 0.5 h (dashed) and
simulation T290. Negative values Nm
2
t = 5 h (solid). Contour interval is 0.25 · 10−5 s−2 . Panel (b): Vertical profiles of Nm
at t = 5 h upstream (dashed) and at x = 270 km (solid) for T280 through T292.5.
For the upstream profiles, the computation assumes saturation.

1982b). Here we follow Emanuel (1994) who gives the following expression:


1
∂
∂rt
2
Nm =
Γm ((cp + cl rt ) ln θe ) − (cl Γm ln T + g)
,
1 + rt
∂z
∂z

(3.4)

where rt is the total water mixing ratio, Γm is the moist adiabatic lapse rate, cp and
cl are the heat capacities for dry air and liquid water respectively.
2
The thick dotted line in Fig. 3.2a,b and Fig. 3.4a,b is the Nm
= 0 isoline. It can be
seen that with increasing warm and moist upstream sounding, the unstably stratified
cloud regions gains vertical and horizontal extent. Kirshbaum and Durran (2004)
have suggested the use of Nm -fields at early times in the simulation to diagnose the
2
environment in which ECC develops. Figure 3.6 shows a vertical cross-section of Nm
2
at t = 0.5 h and 5 h. It illustrates that the Nm field at t = 0.5 h, e.g. before any ECC
develops, is useful for diagnosing the depth of the unstable layer. The strength of
the unstable stratification decreases with height with the strongest static instability
in the low-level moist air close to the surface.
Table 3.2 lists the depths of the unstable layers as in the upstream θe -profiles
(zθe ) and as determined from the simulations (zdiag ). For the latter we diagnosed
the moist buoyancy frequency Nm at t = 0.5 h for all simulations and determined
the height of the unstable layer at the upstream cloud border. Together these results
serve to demonstrate that locally computed values of Nm early in the simulations
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Table 3.2: Various stability measures: height of unstable layer as diagnosed by
2 -fields of the experiments at
θe of the upstream profile zθe and diagnosed from Nm
2 value at t = 0.5 h, simulation-based estimates linear
t = 0.5h, domain minimum Nm
characteristic growth times τ of buoyant instabilities, and the structure of the flow
response, i.e. 2D or embedded cellular convection (ECC). Note that all but the first
two columns are derived from the simulations
2
Ts
zθe zdiag
Nm,min
τ
−5 −2
(K)
(m) (m) (10 s ) (min)
280
680
−
0.5 −
282.5 1360 270
−0.3 −
285
2010 910
−1.0 −
287.5 2710 1380
−1.6 8.4
290
3390 2310
−2.3 9.7
292.5 4060 3090
−2.9 12

Structure
2D
2D
trans
ECC
ECC
ECC

(when convection is not yet present) are useful for estimating depth and strength of
the unstable layer in which ECC may develop.
Practically however, it is not very attractive to compute Nm from model results as
compared to a predictor derived from upstream soundings. Under the assumption
of saturation, Nm can also be computed from our upstream soundings. Figure 3.6b
2
shows Nm
profiles computed from both soundings (dashed lines) and from y-averaged
model results at t = 5 h and x = 270 km. The choice of the x-location is somewhat
arbitrary. We have chosen a location which is clearly inside the orographic cloud
for all simulations but which is not strongly influenced by ECC. Apart from the
very lowest few model levels we find a very good agreement between the estimated
2
2
and simulated Nm
profiles. Thus, for our experimental setup, upstream Nm
profiles
assuming saturation proove to be good predictors of the environment in which ECC
may develop. This agreement is probably influenced by several factors. First, at
x = 270 km low-level air parcels have only experience only ≈ 300 m of lifting. Effects
of latent heat release on profile temperatures are thus not yet very strong. Second,
since our upstream profile has a constant relative humidity of 95%, the assumption
of saturation is a very good one. This might not be the case for more realistic
upstream profiles.
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Table 3.3: Precipitation measures: domain averaged rain rate Rmean , maximum
rain rate Rmax , percentage of condensed water which reaches the ground P E (precipitation efficiency), percentage of inflow moisture which reaches the ground DR
(drying ratio). All quantities are evaluated for the interval t = 3 − 5 h. The last two
rows show the result for T290 using a narrower (n) and wider (w) ridge (see Sec. 3.5
for discussion)

Ts
Rmean
Rmax P E DR
(K)
(106 kg/s) (mm/h) (%) (%)
280.0
0.11
0.6 5.5 1.0
282.5
0.18
1.0 7.9 1.3
285.0
0.25
1.5 10.0 1.5
287.5
0.34
3.4 12.0 1.7
290.0
1.50
120.0 29.0 6.2
292.5
2.50
190.0 34.0 8.7
290.0 (n)
0.40
14.0 13.0 1.8
290.0 (w)
2.50
140.0 41.0 11.0

3.3.3 Precipitation
In this section we would like to document and assess the impact of ECC on the
precipitation intensity and distribution for our experimental setup at quasi-steady
state. The domain averaged rain rates Rmean and maximum simulated rain rates
Rmax are listed in Tab. 3.3. Figure 3.7a shows the spatial distribution of total
rainfall after 5 h of integration. For the T280 experiment precipitation is solely due
to the forced ascent over the topographic barrier. Since no blocking occurs for our
particular experimental setup, maximum cloud liquid water concentrations are found
close to the ridge peak. The maximum rain rate of 0.63 mm/h is typical for light
rain. This maximum is collocated with a maximum in production of precipitable
water (not shown).
Rmean and Rmax increase slowly with increasing upstream profile temperature from
T280 to T287.5 (cf. Tab. 3.3). The distribution of total rainfall (Fig. 3.7a) is similar
for these simulations, with a slight increase in width and amplitude consistent with
the increase of total column water. The embedded convective cells of T287.5 do not
produce sufficient rain to compete with the precipitation produced by the forced
ascent over the ridge.
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Figure 3.7: Spatial distribution of total precipitation at t = 5 h averaged along
the y-direction for (a) 3D and (b) 2D simulations. The ridge is indicated with grey
shading.

The precipitation measures of T290 and T292.5 are drastically increased due to the
convective dynamics. The maximum instantaneous rain rates peak at 105 mm/h and
185 mm/h for the two cases, respectively. The cellular overturning produces pockets
of increased cloud liquid water content where the microphysical processes quickly
convert condensate to precipitation-sized particles (in our case through accretion
of cloud liquid water). The bimodal precipitation distribution of T290 (Fig. 3.7a)
can be explained by the two precipitation producing processes: forced ascent and
ECC. The time necessary for the development of convective cells and for the convectively produced precipitation to reach the ground is larger than the time necessary
for stratiform production of precipitation. Thus, the precipitation signal is shifted
downstream. Cell evolution is faster in T292.5 and the bimodality of the precipitation distribution is lost.
Smith (1979) and references therein evaluated moist orographic flows in terms
of efficiency of conversion of water vapor into precipitation reaching the ground.
There are some choices regarding its computation and we look at two measures,
following Smith et al. (2003). The first, precipitation efficiency (P E) is defined as the
ratio of the precipitation rate to the condensation rate. Evaporation of condensed
water is not accounted for. This efficiency measure takes into account the flow
dynamics, since the dynamics directly determines the amount of condensation. The
second, drying ratio (DR), is motivated by a box argument. It is defined as the
ratio of total precipitation in a control volume to the total water vapor flux which
enters the control volume. In our case we consider the whole domain as our control
volume. Values of P E and DR are listed in Tab. 3.3. Both measures show a sudden,
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Table 3.4: Comparison of 2D vs. 3D simulation: relative changes of maximum vertical velocity wmax , maximum cloud liquid water content qc,max and various precipitation measures (see Tab. 3.3). All figures are to within 5%, as the two-dimensional
simulations contain appreciable variability of about this level.

Ts
wmax qc,max Rmean Rmax P E DR
(K)
(%)
(%)
(%)
(%) (%) (%)
285
0
0
1
1
0
0
287.5 −56
−24
0 −19
1
0
290
−37
−25
−7 −60 −7 −8
292.5 −43
−16
24 −59 −2
23

substantial increase from T287.5 to T290. The increase is somewhat less pronounced
for DR, since only a fraction of the incoming water vapor is actually processed by
the orographic cloud.
It is interesting to note that the along-ridge averaged qc actually decreases from
T287.5 to T290 to T292.5 (compare Fig. 3.2b and Fig. 3.4a,b) even though the
net domain condensation drastically increases. This is a further indication that the
pockets of increased qc lead to a much more efficient conversion of cloud liquid water
to precipitable water.

3.3.4 Two-dimensional simulations
As mentioned in the introduction, two-dimensional geometry has the tendency to
inhibit the convective dynamics. In order to isolate this effect, the simulations have
been repeated in 2D. Table 3.4 lists the relative change of maximum vertical velocity
(wmax ), maximum cloud liquid water content (qc,max ) and various precipitation measures for T285 through T292.5. As for Tab. 3.3 all measures have been computed
for the time interval t = 3 − 5 h. Relative changes are given to an accuracy of 5%.
Results for T280 and T282.5 have not been tabulated since the differences to the
3D simulations are negligible.
Starting with T287.5, profound differences between the 2D and 3D simulations
are apparent. In 2D, cellularity is still strongly inhibited and vertical velocities do
not exceed 1 m/s over the whole integration period. The negligible relative change
in Rmean indicates, that even in 3D the contribution of convective precipitation can
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be neglected.
Two-dimensional simulation forces convection to be organized in bands aligned
along the y-axis. Results from T290 and T292.5 illustrate (cf. Tab. 3.4) that this
change in geometry induces non-negligible effects for moist orographic flows with
ECC. In 2D, the strength of the convective updrafts is generally reduced (indicated
by changes in wmax , qc,max and Rmax ). Interestingly, in spite of this, the forced
two-dimensional geometry in case T292.5 is more efficient at extracting water vapor
from the atmosphere in form of precipitation fallout, as indicated by Rmean and DR.
Since P E does not show an equivalent increase, the change in DR must be due to
an increase in total condensation. Close inspection of the simulation results (not
shown) indicates that the ratio between updraft and downdraft areas increases by
a factor of almost two from 3D to 2D simulation. Due to this change in geometry
the two-dimensional simulation is able to condense more water vapor even though
updrafts are weaker as compared to the 3D simulation.
The y-averaged distribution of total precipitation is shown in Fig. 3.7b. Differences to the corresponding 3D simulations are apparent only for the two warmest
simulations (cf. panel b), consistent with the relative changes in Rmean .

3.4 Dynamical Interpretation
Previous studies suggest that moist dynamics can be understood by using Nm to
replace the Nd in cloudy regions (Lalas and Einaudi, 1974; Barcilon et al., 1979;
Durran and Klemp, 1982b). However, since the cloud boundaries are not known a
priori, an iterative procedure is required to match the regions of reduced stability
with the regions of upward displacement and obtain a self-consistent flow. The
laminar solutions obtained from this framework may be unstable if there are regions
2
where Nm
< 0. Thus, it can only be useful in cases without growing buoyant
instabilities in regions of unstable stratification.
In order to investigate further the role of environmental conditions upon the development of embedded cellular convection, we present a linear stability analysis for
perturbations growing in an unstably stratified airmass. The first part of this analysis closely follows ideas presented in Emanuel (1994) and Kirshbaum and Durran
(2004). We start with a linearized set of inviscid Boussinesq equations2

2

∂~v
1~
∂~v
+U
= − ∇p
+ ~ez B
∂t
∂x
ρ̄

(3.5)

∂B
∂B
2
+U
= −Nm
w
∂t
∂x

(3.6)

The Boussinesq approximation is valid if the depth of convective motion is much less than the
scale height.
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~ · ~v = 0,
∇

(3.7)

where ~ez is a unit vector in z-direction, ~v = (u, v, w) is the velocity perturbation; U
is the mean x-velocity, p is the pressure perturbation, B = gT 0 /T̄ is the buoyancy
acceleration, T̄ is the reference temperature, T 0 the deviation from the reference
temperature, and Nm is the moist buoyancy frequency (assumed constant here). By
cross-differentiating, variables may be eliminated from the set of 5 equations in favor
of the vertical velocity, yielding
D2
2
∆w = −Nm
∆h w,
2
Dt

(3.8)

where D/Dt = ∂/∂t + U ∂/∂x is the linearized Lagrangian time derivative, ∆ is the
Laplacian and ∆h = ∂ 2 /∂x2 + ∂ 2 /∂y 2 . We consider a simple wave ansatz for the
vertical velocity
w = C ei(kx+ly+mz−ωt) ,

(3.9)

where k, l and m are components of the wave-vector and ω is the complex frequency.
By substituting this into (3.8) we can extract the dispersion relation
r
k 2 + l2
(3.10)
N 2 + kU.
ω=±
k 2 + l 2 + m2 m
2
In the case of statically unstable stratification, i.e. Nm
< 0, the physical solutions
of (3.10) are exponentially growing waves advected by the mean flow (positive sign
in (3.10)). The complex frequency can be recast into a new form by introducing the
characteristic growth time τ of the wave perturbations:

ω=

i
+ kU
τ

1
τ=p
2
−Nm

(3.11)

r

k 2 + l 2 + m2
.
k 2 + l2

(3.12)

It follows directly from the analysis that a necessary condition for the growth of
2
buoyant instabilities is the existence of regions with unstable stratification (Nm
< 0).
Also, (3.10) defines a lower limit on τ , i.e. τmin = i/Nm , which is determined solely
by the unstable stratification. In addition, the depth and width of the unstable
region impose limits on the possible values of wavenumbers k, l and m.
The characteristic growth time found above represent the growth rate of wave
packets that are advected with the mean flow. It can easily be verified, that setting
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Figure 3.8: Characteristic growth times τ in min for linear periodic perturbations
2 = −2 · 10−5 s−2 ): (a) without and (b) with
in an unstably stratified atmosphere (Nm
horizontal damping terms. Contour labels are in minutes.

the group velocity to zero
~cg = (

∂ω ∂ω
,
) = ~0
∂k ∂l

(3.13)

does not yield any solutions for k and l except for the trivial case U = 0. The
interpretation of this is that the energy associated with the growing disturbance
does not remain in place as it grows, but is advected downstream. In other terms,
within the framework of the linearized inviscid Boussinesq equations, the growing
buoyant instabilities are always advected downstream and there is no mechanism
for upstream propagation of wave energy. This has important implications on the
flow solutions in our ridge flow simulations, which are adressed in Sec. 3.6.
2
Figure 3.8a shows a plot of τ as computed by (3.12) for a value of Nm
= −2 ·
−5 −2
2
2 −1/2
10 s and k = l. The wavelengths are defined by λh = 2π(k + l )
and λz =
2π/m. This analysis suggests that whatever the depth of the unstable layer, there are
always perturbations with small horizontal wavelengths growing with characteristic
growth times close to τmin ≈ 3.7 min. A physical process which would naturally
limit τ on the very short length scales and which we have neglected in the above is
viscous dissipation.
Looking at our ridge flow simulation, the question arises why for example T282.5,
2
which already has a region of Nm
< 0 of considerable extent, does not exhibit fast
growing, short-wavelength buoyant instabilities. In our numerical model the smallest representable wavelength is limited by model resolution. In the horizontal this
is λh ≥ 2∆x = 1 km. Since the numerical model is usually not very well-behaved

53

3 Cellular Orographic Convection
at these scales, artificial (explicit or implicit) numerical damping is used to limit
the kinetic energy contained at these scales. The small-scale convective overturning is parametrized by the subgrid-scale turbulence closure scheme. The turbulence
scheme introduces a diffusive mixing term if the locally diagnosed Richardson number drops below zero.
The effect of these two sources of numerical mixing is to damp waves growing at
short wavelengths. The simplest way to adopt this into the linear analysis above is
to introduce a dissipation term of the form
. . . + α∆h~v ,

(3.14)

into the momentum equation (3.5), where α is a constant diffusion coefficient (m2 /s).
Going through the same algebra as above, the dispersion relation now becomes
s


2
α
kh2
α
2 − k 2 (k 2 + m2 )
ω=±
Nm
− ikh2 + kU,
(3.15)
h h
2
2
kh + m
4
2
where kh2 = k 2 + l2 . This new dispersion relation reduces to (3.10) for α = 0.
The physical solutions are again unstable growing waves (positive sign in (3.15))
but the characteristic growth time is now modulated by the mixing term. Again,
Fig. 3.8b shows the characteristic growth times as a function of horizontal and
vertical wavelength of the growing disturbance. For the analysis we chose α =
103 m2 s−1 , which is a typical value taken from simulation T290. The effect of the
mixing term is to strongly increase growth times at small horizontal wavelengths
(large k, l). In the limit of large horizontal wavelengths (small k, l), the impact of
the explicit numerical mixing is negligible. The depth of the unstable layer in T290
is approximately 2.3 km in the vertical. At these vertical wavelengths the fastest
growing waves have a growth time of approximately τ ≈ 10 min and a horizontal
scale λx = 4 km. Comparing this to the advective timescale determined by the
width of the topographic obstacle τadv = a/U ≈ 22 min, shows that this simple
linear analysis are consistent with the development of cellular convection in T290.
Using time-series of v (cf. Fig. 3.3), we can estimate the linear characteristic growth
times from the simulations by fitting an exponential to the first 30 min of growth
of the buoyant instabilities. The value for T290 shown in Tab. 3.2 (τ ≈ 9.7 min)
compares well with the value from linear theory (τ ≈ 10 min).
The linear stability analysis has shown that the onset of cellular convection in
2
numerical models depends on a number of factors: the strength (Nm
) and spatial
extent (k,l,m) of the unstable stratification, the ratio of the characteristic growth
time (τ ) to the advective timescale (τadv ) and the strength of damping terms (α)
representing subgrid-scale turbulence parametrization and/or numerical numerical
diffusion.
Experiments T282.5 and T285 exhibit only weak unstable stratification in regions
upstream of the ridge peak. Using the estimates of unstable layer depths zdiag from
2
Tab. 3.2 and average values of Nm
, we can estimate the characteristic growth times
of the fastest growing waves to be well over 1 h for both experiments. This clearly
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exceeds the advective timescale or, more precisely, the time spent by a single air
parcel within the unstable region. In T287.5 the unstable region extends over the
ridge top into the lee (cf. Fig. 3.2b) and is approximately 80 km wide. Using a value
of U = 15 m/s an individual air parcel in the low level moist flow spends approximately 90 min within the unstably stratified region. Comparing this to an estimate
[cf. (3.15)] of the characteristic growth time of the most unstable mode of τ ≈ 30 min,
we can understand that for this simulation finite amplitude perturbations are only
observed at the very downstream side of the cloud.
We would like to stress that this simple linear analysis has some limitations and
can only help to understand the onset of cellular convection in a qualitative way. The
structure of the simulated flow is far more complex than a simple unstably stratified
layer, and nonlinear effects start to play an important role as soon as the growing
unstable waves reach a finite amplitude. In particular, the horizontal scale of the
convective updrafts is probably strongly influence by nonlinear effects. Nevertheless,
the analysis successfully explains the basic properties of the simulations.

3.5 Sensitivity to the Advective Timescale
The linear analysis in Sec. 3.4 highlights the importance of the relative magnitude
of the advective timescale and the growth time of convective updrafts. Here, we
investigate the sensitivity of the results of simulation T290 to changing advective
timescales. We achieve this by performing two simulations with mountain halfwidths of a = 15 km (narrow) and a = 30 km (wide). Otherwise, the experimental
setup is identical to the reference simulation T290. The advective timescales can be
approximated as τadv = a/U = 17, 22, 33 min for the narrow, reference, and wide
simulation, respectively.
Figure 3.9 shows the results in terms of horiztonal distribution of cloud water
content. The panels can be compared to the reference experiment T290 in Fig. 3.4c.
ECC is strongly suppressed in the narrow simulation and developing convective
instabilites are only apparent as wave-like perturbations of an otherwise stratiform
cloud habitus. The opposite is the case for the wide simulation: ECC is very much
enhanced and convective updrafts evolve already on the upslope of the topography.
Convective activity seems enhanced due to the increase of cloud-free areas caused
by the compensating downdrafts.
The last two rows of Tab. 3.3 underline the strong impact of the advective timescale
also has on precipitation measures. For the narrow (n) simulation, both maximum
and mean precipitation decrease strongly relative to T290. PE and DR show similar
values as for T287.5, indicating that precipitation seems to be dominated by stratiform rain as ECC does not have enough time to develop. Results for the wide (w)
simulation show that maximum rain rates increase by 17%, and mean precipitation,
PE and DR all increase by more than 40%. Keeping in mind that for both simulations the total moisture influx is the same as for T290, this increase must be due
to a more efficient release of the available water vapor. The ECC has more time to
develop before it enters the region of the lee-side downslope winds.
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Figure 3.9: Comparison of simulations with different mountain widths a, namely
(a) a = 15 km, (b) a = 30 km. Shaded contours show qc in g/kg at z = 1.5 km. Half
height of topography is indicated by thick dashed lines. Compare with Fig. 3.4c for
the corresponding simulation with a = 20 km

The precipitation distributions shown in Fig. 3.10a further support this interpretation. The reference simulation (T290) shows the bimodal distribution associated
with stratiform and convective precipitation, as discussed in Sec. 3.3.3. The narrow
simulation (n) shows a distribution very similar to the case T287.5 (cf. Fig. 3.7)
where precipitation is of mainly stratiform origin. The wide simulation (w) shows
a vastly increased amount of rain with a maximum shifted 6 km upstream from the
ridgeline. These findings underline that the increased time available for ECC to
develop has a major impact on the amount and distribution of total rainfall.

3.6 Sensitivity to Upstream Perturbations
The linear stability analysis in Sec. 3.4 shows that, within the linearized Boussinesq
framework, there is no upstream propagation of energy. This implies that the growth
of the evolving convective instabilities is solely determined by the perturbations
introduced through the topography or already present in the upstream flow. If this
were to apply to the flow solutions of the full-fledged numerical model simulations
as well, we would expect a strong sensitivity of growing convective instabilities to
upstream perturbations. Subsequently, we investigate this issue.
We begin our investigation by comparing simulation T290 with three identical
simulations except for using different magnitudes of upstream random perturbations
in the θ-field. A series of simulations with δθ = 0.0002 K, 0.002 K, 0.02 K, 0.2 K are
thus available. As before, the perturbations are evenly distributed between ±δθ and
have a zero mean. Figure 3.11 shows a horizontal cross-section of cloud water qc at
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Figure 3.10: Experiment T290 with (a) different mountain widths or (b) different
strengths of random perturbations: Spatial distribution of total precipitation at
t = 5 h average along the y-direction. The ridge is indicated with grey shading
where appropriate.
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Figure 3.11: Comparison of simulations with increasing perturbation amplitude,
namely (a) δθ = 0.0002 K, (b) δθ = 0.002 K, (c) δθ = 0.02 K and (d) δθ = 0.2 K.
Shaded contours show qc in g/kg at z = 1.5 km. Half height of topography is
indicated by thick dashed lines.
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t = 5 h, when all simulations have reached a quasi-steady state.
The simulation with the smallest perturbation amplitude (Fig. 3.11a) almost preserves the y-symmetry of the initial flow setup and no embedded convection evolves.
The cloud band downstream of the cap cloud is an indication of a growing instability. The quasi two-dimensionality of the feature suggests that the topography forces its growth (rather than upstream perturbations), but its characteristic
growth time is clearly not large enough to develop into organized moist convection.
For δθ = 0.002 K the cloud water field develops cellular features (cf. Fig. 3.11b),
but the growing instabilities are strongly damped in the subsidence region in the
lee of the ridge top. A comparison of the domain-averaged rain rates Rmean in
Fig. 3.10 shows that these weak instabilities do not produce any significant precipitation reaching the surface. Our reference simulation T290 (using δθ = 0.02 K) is
shown in Fig. 3.11c. Well before the ridge top is reached, ECC develops and grows
into finite amplitude convective updrafts. Most of the precipitation produced by
these updrafts reaches the surface to the lee of the ridge top leading to the bimodal
rain rate distribution apparent in Fig. 3.10b. For δθ = 0.2 K the convective instabilities are seeded by buoyancy anomalies of substantial (but linear) amplitude and
thus evolve very quickly into convective updrafts. The main convective activity is
now upstream of the ridge top. Rain rates are massively increased and the precipitation is shifted upstream. Since the embedded convection evolves very quickly and
the stratiform and convective precipitation coincides in space, the bimodality of the
rain rate distribution is lost.
These findings stress once more the importance of the interplay of the three main
time-scales involved: advective time-scale (residence time of air parcel in cap cloud),
instability time-scale (growth time of perturbations to finite amplitude convective
elements) and microphysical time-scale (time to produce rain). The above experiments have shown that small but finite amplitude thermal perturbations (which are
always present in the real-world atmosphere) strongly modulate the flow response
and the resulting precipitation.
In order to test whether the evolving convective dynamics can be self-sustaining,
we switch off the upstream random perturbations and integrate further in time until air without explicitly introduced perturbations is swept in from the upstream
boundary up and over the ridge. When the perturbation-free air reaches the ridge,
all flow solutions depicted in Fig. 3.11 collapse onto Fig. 3.11a within approximately
one hour. Consistent with the linear analysis, there seems to be no upstream propagation of energy (which would be capable of producing a self-sustaining flow solution
with embedded convection) for this specific experimental setup. In spite of this consistency, several processes which may allow for upstream propagation of information
are immediately apparent if we relax the assumptions of the highly idealized analytical framework presented above. Examples are sound-waves, non-linear effects,
gravity waves propagating in the stably stratified regions of the compensating downdrafts and gravity waves propagating in the stably stratified air above the cap-cloud
and triggered by overshooting convective updrafts.
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3.7 Summary
Many environmental factors influence the development and organization of shallow
embedded convection in orographic precipitation. Here, three-dimensional cloudresolving simulations using a uniform wind profile impinging upon a two-dimensional
ridge have been performed to investigate the sensitivity of the developing flow and
associated precipitation with respect to upstream conditions, and to study the transition from purely stratiform precipitation to embedded convection. A series of simulations with increasing upstream potential instability was used to show that the
convective dynamics may significantly increase precipitation amounts, intensity and
efficiency, to an extent that cannot be replicated by two-dimensional simulations.
It is found that simple stability measures (conditional instability, potential instability) derived from the upstream profile are poor predictors for the occurrence and
depth of embedded convection, as the development of statically unstable regions
2
(Nm
< 0) is affected by the flow dynamics. Consistent with the findings of other
2
authors (Kirshbaum and Durran, 2004) Nm
< 0 is shown to be a necessary but
insufficient condition for the development of embedded convection. For our sim2
ple experimental setup, upstream profiles of Nm
are shown to have some skill at
predicting the height and strength of the unstably stratified cloud regions.
Under conditions of uniform upstream flow, growing convective instabilities may
break the y-symmetry of the flow configuration. The resulting embedded convection
is organized in structures reminiscent of open hexagonal convective cells, with cell
diameters of approximately 10 km. This kind of organization likely depends on the
structure of the upstream wind, temperature and humidity profiles. Preliminary
simulations using sheared wind profiles suggest that also other forms of organization
may be expected.
The simulated cellularity increases with increasing upstream potential instability.
For moderate upstream instability, an individual air parcel experiences strongly enhanced lifting and subsequent condensation. The convective motions lead to pockets
of increased cloud water content (as compared to simple stable ascent), and thereby
enhance the microphysical conversions and release of precipitation. This effect overcompensates the presence of cloud-free regions in the compensating downdrafts. The
presence of shallow embedded convection also has a significant impact on precipitation. Maximum precipitation rates and domain-average precipitation amounts
increase strongly with the presence of embedded cellular convection, to an extent
that cannot properly be accounted for in two-dimensional simulations. The increase
in precipitation amounts was investigated using two different measures of efficiency
of release of water vapor in form of precipitation. Analysis shows that both the
drying ratio (expressing the conversion of the upstream moisture flux into precipitation) and the precipitation efficiency (expressing the conversion of condensate to
precipitation) consistently show more than a doubling at the transition to embedded
convection.
A simple linear stability analysis has been used to show that the growth timescale
of convective instability is of critical importance. Convective elements can only
develop and produce significant precipitation if the growth timescale is compatible
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with the advective timescale (time an air parcel spends inside the orographic cloud)
and the microphysical timescale (time for rain production and fallout). This behavior
may be seen as an extension of the timescale arguments given by Smith (2003) for
the case of stratiform precipitation.
The development of embedded convection in our simulations is shown to be
strongly sensitive to the presence of random perturbations in the upstream flow.
For a setup with strong advection, the absence of perturbations is shown to inhibit
cellularity. Also, the evolving convective dynamics is not self-sufficient if perturbations are present initially but later switched off. This peculiar behavior arises from
the inability of the growing convective perturbations to propagate against the mean
flow. In essence, the unstable convective modes appear to lack absolute instability characteristics (in the sense of linear instability theory, see e.g. Pierrehumbert
and Wyman (1985)), such that the growing modes must propagate downstream.
The argument follows from linear theory, but it is not evident wether it applies in
general. Convection waves in the stable layer above the cap cloud or upstream propagating modes in the presence of vertical shear are just two examples of upstream
propagation which might lead to upstream triggering of new convective cells.
The detected sensitivity strongly affects the precipitation rates. In our simulations, random thermal perturbations with an amplitude of merely 0.2 K lead to
an increase of the precipitation rate by more than 200%. This strong sensitivity
might explain the puzzling results of Cosma et al. (2002). They found a surprisingly high correlation between the organization of shallow convection and small-scale
orographic features for potentially unstable flow past a ridge. Their small-scale topographic features may be viewed as a continuous source of flow perturbations that may
exert a strong local control on the development of convection, in a similar manner
as the random perturbations do in our simulations. The surprisingly strong sensitivity with respect to upstream perturbations might also be relevant in determining
the predictability of orographic precipitation (Walser et al., 2004). For instance,
the strong impact of upstream perturbations suggests that large sensitivities may
exist with respect to the numerical formulation of the boundary layer. Furthermore,
adding stochastic perturbations to the tendencies of physical parameterization packages in ensemble simulations (Buizza et al., 1999) may have repercussions beyond
widening the spread of the ensemble. Indeed, our simulations suggest that such
perturbations may increase mean precipitation amounts. However, these findings
might possibly be sensitive to the spatiotemporal correlation of the perturbations
and model resolutions.
There are only few previous studies on shallow embedded convection in orographic
flows. Using idealized simulations, this paper has ventured to investigate the physical mechanism leading to the development of embedded cellular convection and its
impact on the precipitation response. As the parameter space spanned by the upstream ambient conditions, microphysical characteristics, and external factors such
as topographic shape is vast, a number of simplifying assumptions have been made.
These likely affect the generality of our results. First, we have neglected the effects
of cold cloud microphysics. It is well known that this assumption is poorly justified in orographic flows. For instance, changes in fall speed of hydrometeors affect
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the vertical coherency of the convective updrafts, and may also facilitate spill-over
precipitation. Second, we have neglected the contribution of boundary layer and
additional physical processes. Relaxing this assumption is an important next step
in investigating embedded convection. Finally, attention has been restricted to a
single class of upstream profiles with uniform upstream wind speed. In reality, atmospheric profiles are often characterized by inversions and vertical shear. Within
the framework presented in this study, additional work focusing on the organization
of convection into rolls due to ambient vertical wind shear is currently underway.
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Abstract
Vertical wind shear can act to organize shallow orographic convection embedded
in an unstable cap cloud into convective bands. In this study, the role of smallamplitude topographic variations in triggering and organizing banded convection
is systematically investigated. To this end, three-dimensional simulations of moist
flows past a two-dimensional mountain ridge are performed using a cloud-resolving
numerical model. Results indicate that small-amplitude topographic variations can
enhance the development of embedded convection and anchor convective bands to
a fixed location in space. The resulting precipitation patterns exhibit a high spatial
variability, since regions receiving heavy rainfall can be only kilometers away from
regions receiving little or no rain. In addition, the presence of banded convection
has important repercussions on the area-mean precipitation amounts.
For our experimental setup, the gravity wave response to topographic variations
close to the upstream edge of the cap cloud is found to be the dominant triggering
mechanism. Small-scale variations in the underlying topography are found to force
the location and spacing of convective bands over a wide range of scales. Further,
a self-sufficient mode of unsteady banded convection is investigated. This mode
is not dependent on external perturbations to trigger convection and is able to
propagate against the mean flow. Finally, the sensitivity of model simulations of
banded convection with respect to horizontal resolution is investigated. Consistent
with predictions from a linear stability analysis, convective bands of increasingly
smaller scales are favored as the horizontal resolution is increased. However, the
control of roughened topography on the triggering of banded convection is found
to control the spacing and location of bands and thus increase the robustness of
numerical simulations with respect to an increase in horizontal resolution.
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4.1 Introduction
Thermal roll convection is a surprisingly common phenomenon in nature. As seen
from Earth, the Jovian atmosphere is dominated by zonal cloud bands resulting from
large-scale organization of thermal convection due to planetary rotation (Yoshikawa
and Akitomo, 2003). In meteorology, observations of roll convection in the earth’s
atmosphere have not always been possible. With the advent of high altitude aircraft, weather radar and satellite observations, bandedness associated with thermal
roll convection in a vertically sheared environmental wind was found to be more
common than has generally been anticipated (Kuettner, 1959, 1971). Cloud streets
in the atmospheric boundary layer, for example during wintertime arctic cold-air
outbreaks (e.g. Brümmer (1999); see Etling and Brown (1993) for a review) and the
formation of rainbands associated with frontal passages in the midlatitudes are now
acknowledged as frequent occurrences of banded convection.
Another striking and fascinating example of thermal roll convection is the organization of orographically triggered shallow convection in bands. Recently, observations of banded convection in orographic precipitation events (Miniscloux et al.,
2001; Cosma et al., 2002; Kirshbaum and Durran, 2005b) have led to increased interest in the subject. Mountains exert a strong local control on the formation of
clouds and rainfall distribution (Smith, 1979; Banta, 1990). If the air impinging
on a hill is potentially unstable, lifting may lead to a statically unstable cap cloud.
Depending on environmental parameters such as the strength of the unstable stratification and vertical wind shear, convection may develop and organize in the form
of elongated bands1 . The organization of convection into bands can have a strong
influence on local rainfall distribution and thus strongly impacts the hydrological
cycle of a mountainous region.
Motivated by observations of orographic rainbands over the Cévennes area of the
Massif Central in France (Miniscloux et al., 2001), Cosma et al. (2002) conducted
both real case and idealized simulations to investigate how precipitation organizes
into bands. They found that bands are generated by orographic lifting due to smallscale ridges superimposed onto a generally ascending slope. Lee-side convergence
behind small-scale obstacles was found to trigger the formation of banded convection. Kirshbaum and Durran (2005b) have focused on banded convection over the
Coastal Range in western Oregon. Using an idealized modeling approach they have
qualitatively been able to reproduce the main features of three shallow convective
precipitation events of varying degrees of bandedness. Convection is artificially
triggered via the introduction of small-scale perturbations in the upstream potential
temperature field or in the topography. Both are found to produce well-defined flowparallel convective roll circulations. Further, Kirshbaum and Durran (2005a) have
investigated atmospheric factors governing baded orographic convection. Triggering
bands via thermal perturbations in the upstream flow or topographic variations they
have investigated the sensitivity of bands to ambient wind speed, vertical shear and
upstream profile stability.
1

According to the AMS Glossary the term band or banded refers to a meteorological feature
which has a length-to-width ratio of at least four to one.
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These studies have focused primarily on the sensitivity of banded convection to
environmental conditions of the upstream flow. As mentioned above, variations in
topography emerge as an important factor controlling the location and occurrence
of banded convection. It remains unclear, however, to what extent the location
and scaling of convective bands is strictly forced by topography or by interactions
between convective rolls. A goal of this paper is to address systematically the role of
topography, model resolution and convective dynamics in triggering and organizing
banded convection.
Looking at cellular shallow convection in orographic precipitation in an idealized
setup without vertical wind shear, Fuhrer and Schär (2005, hereafter FS05) have
shown that the development of cellularity is highly sensitive to thermal perturbations in the upstream flow. In their experimental setup using a smooth analytic
topography, cellularity was found to be completely suppressed without the presence
of thermal perturbations. It was proposed that, without sufficient small-scale forcing, the time required for the growth of buoyant instabilities to finite amplitude is
larger than the advective timescale. It is unclear whether banded convection exhibits
similar behavior or whether orographic banded convection can exist in absence of
artificial triggers such as thermal perturbations or topographic variations.
Another critical aspect of recent simulations of banded orographic convection
(Cosma et al., 2002; Kirshbaum and Durran, 2005b,a) have been conducted at model
resolutions of 500 m or 1 km. As will be seen, simple linear theory predicts that
the fastest growing perturbations in an unstably stratified cloud layer with vertical wind shear have very small horizontal scales, i.e. wavelengths smaller than the
thickness of the unstable cloud. In the case of shallow orographic convection, the
thickness of the unstable cloud layer is determined by several factors, among them
the upstream profile stability and moisture content, the amount of forced ascent due
to the topography and the specific flow dynamics. It is often on the order of a few
kilometers deep. Thus, at model resolutions O(1 km), it is questionable whether the
explicitly simulated observed convective dynamics can be considered representative.
Even though Kirshbaum and Durran (2004) have successfully simulated cases of
banded convection, the observed bands had mean widths between 2–4 km and band
spacings of 3–8 km. These dimensions are just barely resolvable with a horizontal
grid spacing of 500 m. It is unclear what determines the scale of the convective
bands and whether such simulation results are robust with respect to an increase in
horizontal resolution.
The structure of this paper is as follows. In Section 4.2 we review the conclusions
which can be drawn from a basic linear model of an unstably stratified, vertically
sheared fluid. The numerical model and the design of the simulations are presented
in Section 4.3. A control experiment exhibiting banded convection is presented in
Section 4.4, and the impacts of banded convection on precipitation measures are discussed. Section 4.5 describes the sensitivity of banded convection to changes in the
characteristics of topography and investigates how convective bands are triggered.
Section 4.6 will investigate the persistence of banded convection in the absence of
orographic triggering. Finally, in Section 4.7, the robustness of simulations of banded
convection to horizontal resolution changes is investigated. The main results and
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conclusions are summarized in Section 4.8.

4.2 Linear stability analysis
In this section we will assess the ability of linear stability analysis to predict the
preferred mode of convection in an unstably stratified fluid with vertical shear in
the mean wind. The linear framework allows the determination of growth rates of
small-amplitude perturbations in an idealized model atmosphere. It is questionable whether linear theory has any predictive power over the properties of finiteamplitude convective bands growing within an unstable, orographically forced cap
cloud. Recently, however, Kirshbaum and Durran (2004) and Fuhrer and Schär
(2005) have sucessfully employed linear stability analysis to understand the development of embedded cellular convection in unsheared, potentially unstable flow over
topography. The growing buoyant instabilities they considered are embedded in an
unstably stratified orographic cap cloud. Even though we are ultimately interested
in vertically sheared flows, it is instructive to first consider the unsheared case. As
a first approximation, we consider the growth rate of perturbations in a Boussinesq
fluid of constant unstable stratification and constant mean flow (U ). Under these
assumptions, FS05 derive growth rates of plane-wave perturbations in the vertical
velocity, e.g.
w(x, y, z, t) = Cei(kx+ly+mz−ωt)

(4.1)

as
r
Im ω =

2
−Nm

k 2 + l2
,
k 2 + l 2 + m2

(4.2)

where Nm is the moist stability frequency (Durran and Klemp, 1982b) and ω and
k, l, m are the complex angular frequency and wave vectors of the perturbation,
2
respectively. For statically unstable stratification (Nm
< 0) the growth rate is
greater than zero for all wavenumbers, and perturbations are anchored to the mean
wind (phase velocity cp = U ). Perturbations of small horizontal scale (when k and/or
l are large) exhibit maximum growth rates. Maximum growth rates are determined
by the strength of the unstable stratification and equal to −iNm . Thus, inviscid
linear theory cannot predict a true scale of the preferred motion. Physically, growth
rates of infinitesimal perturbations are limited at very small scales through the
dissipative effects of viscosity and heat conduction. In numerical models, the scale
of growing buoyant instabilities is artificially limited by grid resolution, dissipation
from the subgrid-scale turbulence parametrization, and explicit or implicit numerical
dissipation. For high-resolution numerical weather prediction models running at
typical horizontal resolutions ∆x ≈ 1 km, the scale of shallow convection may be
dominated by these dissipative terms (compare with Fig. 8a,b of FS05).
In presence of vertical wind shear, the axial symmetry of convection is lost. Several
analytical investigations of shallow cumulus convection (Hill, 1968; Kuo, 1963; Asai,
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Figure 4.1: Orientation dependence of growth times of plane wave disturbances in
an unstably stratified fluid layer with vertically sheared mean wind. Panel (a) depicts
the inviscid case and panel (b) is computed with dissipative terms representative for
CTRL (Sec. 4.4). Growth times Im ω (normalized by the maximum
growth time
√
−iNm ) are plotted versus the dimensionless wavenumber α = k 2 + l2 h, where k
and l are the horizontal wavenumbers of a plane wave perturbation and h is the depth
of the unstable layer. Corresponding values of dimensionless horizontal wavelength
λh /h = 2π/α are also indicated. Growth time curves are labeled with their angle of
orientation φ with 0o and 90o corresponding to l = 0 (spanwise oriented band) and
k = 0 (streamwise oriented bands), respectively. For phase-velocities refer to Kuo
(1963).

1964, 1972) predict that roll-type convection aligned parallel to wind shear is then
the most unstable growing mode. The work of Kuo (1963, K63 hereafter) is very
comprehensive and especially inspiring. He has carried out linear stability analysis
of plane Couette flow in a stratified atmosphere for three-dimensional perturbations.
Under the Boussinesq assumption, the linearized basic equations can be reduced to
a wave equation for the vertical velocity component w, i.e.
2
L2 [∇2 w] + Nm
∇2h w = 0,

(4.3)

where L = ∂t + U ∂x is the linearized advection operator, U = U0 + Γz is the mean
wind with constant wind shear Γ in the x-direction, ∇h = ∂x2 +∂y2 , and ∇2 = ∇2h +∂z2
is the three-dimensional Laplacian. From the structure of (4.3) it can be seen that
perturbations with no x-dependence (i.e. k = 0 for a plane wave) do not “feel” the
presence of wind shear, since Γ only appears in conjunction with a partial derivative
with respect to x.
Following K63, growth times of infinitesimal plane wave perturbations can analytically be estimated using asymptotic solutions for long and short wavelengths.
Figure 4.1a shows normalized growth times as a function of dimensionless horizontal
wavenumber α = (k 2 + l2 )1/2 h, where h corresponds to the depth of the unstably
stratified fluid layer (compare to Fig. 3 in K63). Solid wall boundary conditions are
applied at z = 0, h. Growth times are plotted for different angles φ. An angle of
φ = 0o corresponds to l = 0, i.e. a plane wave with bands aligned perpendicular to
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the x-axis and wind shear. An angle of φ = 90o corresponds to k = 0, i.e. a plane
wave with bands aligned parallel to the x-axis and wind shear. As compared to the
results presented by K63, computations here are not entirely dimensionless, due to
the choice of unit on the vertical axis. Our computations have been done assuming
2
typical values found in unstable cap cloud conditions of Nm
= −2 · 10−5 s−2 (e.g. in
the CTRL simulations which will be presented in Sec. 4.4) and h = 2.5 km. Our
choice of vertical axis has the benefit of showing the limiting curve for k = 0, which
is not present in the illustrations of K63. Figure 4.1 shows, that the fastest growing
perturbations are small-scale plane waves aligned parallel to the shear. Since they
have no x-dependence, their growth rates can also be determined using (4.2) and
setting k = 0. For angles 51.1o < φ < 90o growth rate curves exhibit two regimes
which have been termed regions I and II by K63. In region I, at long wavelengths,
perturbations are anchored to the mean wind (ω is purely imaginary) and a wavelength of maximum growth rate exists. In region II, at short wavelengths, growth
rates are nearly independent of wavelength. Amplifying perturbations in this region
have a phase velocity which is not equal to the mean wind and may thus propagate relative to the mean wind. These phase velocities have been computed by Kuo
(1963) and are on the order of 12 hΓ. For angles 0o < φ < 51.1o only growing modes
corresponding to region I exist.
Using a methodology similar to FS05, Fig. 4.1b is computed with inclusion of
a dissipative term accounting for mixing introduced by subgrid-scale turbulence
parametrization and explicit numerical filtering in a NWP model. Mixing coefficients
have been chosen to be representative for the control simulation (CTRL) which will
be introduced in Sec. 4.4. Dissipation strongly decreases growth rates at small scales.
Fastest growth rates are now found for perturbations aligned parallel to the shear
(φ = 90o ) of a dimensionless horizontal wavelength λh /h ≈ 1.7.
In summary, the following conclusions can be drawn from a linear stability analysis
of growing perturbations in a vertically sheared unstably stratified fluid. Fastest
growing disturbances are bands aligned with the wind shear. As for the unsheared
case, a scale of preferred motion cannot be determined from an inviscid analytical
framework. Small-scale perturbations aligned along the shear asymptotically reach
the maximum growth rate defined by −iNm . Perturbations not perfectly aligned
with the wind shear have smaller growth rates. For these perturbations, a wavelength
of maximum growth rate can be determined from linear theory. In contrast to the
unsheared case, small-scale amplifying modes which propagate relative to the mean
wind are also possible. The introduction of a dissipative term introduces a lower limit
on perturbation scales which exhibit exponential growth. In the following sections,
we perform fully non-linear, non-hydrostatic simulations of banded convection in an
unstable cloud using a numerical model. Predictions of linear theory will serve as a
guideline in the interpretation of the roll circulations observed.
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4.3 Numerical Model and Experimental Design
4.3.1 The numerical model
Idealized numerical simulations are performed using the Advanced Regional Prediciton System (ARPS). ARPS is a three-dimensional non-hydrostatic cloud model developed at the Center for Analysis and Prediction of Storms (CAPS) at the University of Oklahoma (Xue et al., 2000, 2001). It employs the split-explicit technique
of Klemp and Wilhelmson (1978) to solve the fully nonlinear momentum, continuity and thermodynamic equations on an Arakawa C-grid. In the following, we will
discuss only configuration options specific to our model setup. The setup used is
similar as in FS05.
The model domain is a three-dimensional box which is 350 km long (x-axis),
25 km wide (y-axis) and 18 km high. In the vertical, a stretched terrain-following
coordinate system (Gal-Chen and Sommerville, 1975) is employed. The vertical grid
spacing is 100 m for the lowest 3 km and is then stretched to 500 m at the model
lid. At the upper and lower model boundary, a free-slip solid boundary condition
is imposed. In order to avoid reflection of wave energy at the upper lid, a Rayleigh
damping layer is employed in the upper half of the model domain.
The horizontal resolution is 500 m for all simulations if not stated otherwise. The
incoming mean flow is parallel to the x-direction. In order to avoid spurious wave
reflection, a wave-radiating open boundary condition (Orlanski, 1976) is employed
both at the inflow and outflow boundary. Persistent drifts of the upstream profile
are suppressed by weakly relaxing all prognostic variables towards their initial-state
value (Davies and Turner, 1977). The lateral boundary conditions in the y-direction
are periodic.
In order to suppress very short wavelength modes, a monotonic fourth-order numerical filter is applied in the horizontal on the computational grid. In addition, a
subgrid-scale turbulence closure scheme is used, which is a modified Smagorinsky
scheme (Smagorinsky, 1963; Lilly, 1962). In this scheme, the turbulent mixing coefficients are diagnosed locally using a numerical approximation of the Richardson
number.
In ARPS, the microphysics package is based on a program developed by Tao
and Simpson (1993). It includes Kessler (1969) warm rain microphysics, which is
used here. The neglect of cold microphyiscs is motivated by the fact that in our
simulations convection is shallow and cloud bases are usually below or extend only
very little above the freezing level. No convection parametrization is used, since the
horizontal resolution allows for an explicit simulation of convective dynamics. Other
options, such as surface processes, radiation, and Coriolis effects, are turned off for
this study for simplicity.
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Figure 4.2: Idealized upstream sounding. Shown are (a) p-skew-T profile (temperature is solid line and dew point temperature is dotted line) and (b) relative
humidity (dotted), mean wind in x-direction (dashed) and potential temperature θe
(solid).

4.3.2 Experimental design
Simulations of a uniform upstream flow incident upon a infinitely long mountain
ridge specified by
h(x, y) = h0

a2
,
(x − xc )2 + a2

(4.4)

where the mountain half-width a = 30 km and the mountain height h0 = 1000 m.
The x-axis is aligned with the long side of the model domain, and the ridge crest is
located at xc = 250 km. This choice of topography is motivated by recent observational studies of shallow orographic convection (Miniscloux et al., 2001; Kirshbaum
and Durran, 2004), which correspond to elongated mountain ranges of moderate
height.
The model is initialized using a single sounding (Fig. 4.2). The choice of sounding is motivated by previous studies of shallow banded convection which stress the
importance of three key ingredients: a low level flow close to saturation, potential
instability (as diagnosed by a negative ∂θe /∂z), and a vertically sheared mean wind
profile. To this end, we choose a profile of constant dry static stability Nd = 0.11/s
and a surface temperature of Ts = 290 K. The relative humidity profile (dotted line
in Fig. 4.2) is characterized by 95% relative humidity in the lowest two kilometers,
a transition layer, and 25% relative humidity above 3.5 km. The mean wind profile
is given by tanh2 -profile with a surface wind speed of 8 m/s increasing to 28 m/s at

70

4.4 Control simulation
a height of 5 km. Maximum wind shear is found close to the surface with a value of
8 · 10−3 s−1 .

4.4 Control simulation
There is evidence that orographic convection under conditions of strong advection
might be predominantly triggered by local variations in topography. In the following
sections we will critically assess the role of topographic variations in the triggering
of banded orographic convection embedded in a shallow orographic cap cloud. This
section will present the control simulation.
The linear stability analysis in Sec. 4.2 shows that fastest growing buoyant instabilities are expected at small horizontal wavelengths. In the atmosphere, forcings at
all scales are naturally present through heterogeneities. Thus, in order for realistic
convective dynamics to develop, some artificial forcing at small scales needs to be
introduced. Since we are interested in the effect of terrain variations, the smooth
analytical topography is roughened by adding small-amplitude variations to the base
topography. For the control simulation (CTRL), the following procedure is chosen:
For each grid point a uniformly distributed random number is asigned. This field
is filtered 10 times using a simple Laplacian filter which completely eliminates 2∆waves after one application. The resulting field is shifted and scaled to have a mean
value of zero and a root-mean-square (RMS) amplitude of 40 m. In order to avoid
problems at the model domain boundaries, perturbations are gradually removed far
away from the ridge.
In the following, we present results from the CTRL simulation conducted with
the upstream sounding described in Sec. 4.3 and using roughened topography as
described above. Figure 4.3a shows a horizontal cross-section of cloud liquid water
content (shaded contours of qc at 0.4, 0.8, 1.2 g/kg) at a constant height of z = 1.5 km
after five hours of integration. The cap cloud breaks up into five elongated banded
convective structures having a width of ∼3 km. The band spacing is 3–7 km and
the x-location of the bands vary by ∼20 km. The irregular spacing of the bands
gives a first indication that topographic variations might play an important role
in triggering and forcing the location of convective bands. Consistent with linear
stability analysis, bands are aligned with the vertical wind shear. From the stability
analysis (Fig. 4.1b) fastest growing modes are expected at λh ≈ 4.3 km (assuming
an unstable layer depth of h ≈ 2.5 km) which would correspond to 5–6 bands.
Bands develop over an initial transient period of approximately two hours. The
initial development phase is shown qualitatively by three-dimensional isosurfaces of
cloud- and rainwater in Fig. 4.4. Fig. 4.3d shows a time series of y-sections of cloud
water content. Since the location of bands is not known a priori, the x-location
of these cross-sections is chosen according to the x-location of the maximum value
of qc . Figure 4.3d shows that after t = 2 h, bands remain steady in amplitude
and location. During the initial “spinup” period, a first series of banded convective
elements evolve and are advected downstream with the mean wind.
It is interesting to consider the vertical structure of the convective bands. A yz-
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Figure 4.3: Overview of the control simulation (CTRL). (a) Horizontal crosssection of cloud liquid water content (shaded contours of qc at 0.4, 0.8, 1.2 g/kg) at
z = 1.5 km and t = 5 h. Topography is indicated by dashed isolines every 250 m.
(b) Mean rain rate (shaded contours at 1, 3, 9 mm/h) during five hours of integration. (c) Vertical cross-section of qc in the along ridge direction at x = 245 km.
The cloud boundary is indicated with a thick solid line. Wind vectors represent the
y- and z-component of the velocity field. (d) Time evolution (yt-diagram) of qc at
z = 1.5 km. (The x-location is chosen where the maximum qc value is found, see
detailed description in text). (e) Vertical cross-section of qc in the across ridge direction at y = 2.5 km, along the centerline of convective band 1. The cloud boundary is
indicated with a thick solid line. Regions with rain water content qr > 0.01 g/kg are
indicated with thick dashed line. Wind vectors represent the x- and z-components
of the velocity field.
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Table 4.1: Overview of some key features of all simulations presented in this paper.
Tabulated are number of bands at the end of the integration period (# bands), maximum vertical wind speed (wmax ) and rain intensity (Rmax ) over the last hour of the
simulation, and total rainfall accumulation over the whole domain and integration
period (Rtot ). Abbreviations for the experiment names (EXP) are explained in the
text.

EXP
CTRL
CTRL-smth
SLOW
SLOW-smth
FAST
FAST-smth

# bands

wmax
Rmax
Rtot
9
(m/s) (mm/h) (10 kg)

5
(5)
4
5
4
0

5.6
2.1
9.7
3.8
6.9
1.2

29.4
6.1
31.6
15.8
32.5
0.8

8.4
5.1
6.1
5.0
10.7
3.8

0
1
3

1.4
2.4
5.1

1.2
7.7
23.4

1.1
1.6
4.9

RMS-1
RMS-10
RMS-80

(4)
4
6

2.2
5.0
6.5

5.3
25.2
28.5

1.6
7.3
8.7

SIN-3.1
SIN-5.0
SIN-8.3
SIN-12.5

8
5
3
0

2.6
3.5
3.8
2.1

6.9
14.7
15.8
4.9

3.6
6.1
3.2
1.4

FILT-3
FILT-30
FILT-100

5
5
(5)

5.1
5.0
4.1

30.6
22.5
20.5

8.8
7.8
3.5

CTRL-dx1000
CTRL-dx250
CTRL-dx125

(2)
5
6

1.5
11.2
12.2

2.2
43.0
45.8

1.7
9.5
9.3

0
7
9

1.0
6.5
8.8

0.9
50.4
50.8

1.0
8.6
3.8

BUMP-a
BUMP-b
BUMP-c

RMS-10-dx1000
RMS-10-dx250
RMS-10-dx125
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Figure 4.4: Three-dimensional view of cloud water (red isosurface at 0.1 g/kg) and
rain water (blue isosurface at 0.01 g/kg) each half-hour for the first three hours of
the CTRL simulation. Note that only a part of the full three-dimensional domain is
depicted.
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section at x = 245 km Fig. 4.3c shows that regions of increased cloud liquid water are
colocated with updrafts of up to 5.6 m/s (Tab. 4.1). Within the updrafts, qc reaches
values of up to 2.5 g/kg, well above the model threshold of 1 g/kg to produce
rain water. Between two bands, compensating subsidence of up to -5 m/s leads
to cloud free regions (as indicated by the thick, solid lines at cloud boundaries).
A vertical cross-section parallel to the major axis of the band labeled 1 (at y =
2.5 km; Fig. 4.3e), shows that convective updrafts are slanted downstream with
height. Convection is triggered close to the surface on the upstream slope of the
topography and extends vertically up to a height of 3–4 km. Lee side subsidence
re-evaporates cloud water on the downwind side of the ridge.
The stationarity of banded convection leads to strong spatial variability in rainfall
accumulation (Fig. 4.3b). The rainfall pattern reflects the location and shape of
convective bands, with maximum rainfall intensities occurring close to the ridge
top. Locations of average rainfall of up to 24 mm/h (Tab. 4.1) alternate with
locations which receive practically no rain within a few kilometers. The strongest
precipitation signal is produced by band 3. Since it develops furthest upstream, more
time is available for the convective dynamics to produce rain and for rain to fall to
the ground. Clearly, these results are strongly sensitive to the upstream conditions
such as wind direction and atmospheric stability.

4.5 Orographic triggering of banded convection
4.5.1 Triggering mechanisms
In the last section, we have seen that the CTRL simulation develops steady banded
convection in the presence of topographic variations. It is unclear to what extent
topography actually triggers and forces convection or simply acts to reinforce or
phase convective bands which are mainly organized through interaction between
bands. In this section, we will investigate the role of small-scale topographic features
in triggering banded convection.
To this end, instead of introducing filtered random perturbations as in the control
simulation, we add a Gaussian shaped bump to the base topography. The bump is
defined by


−(x − xb )2 − (y − yb )2
0
h (x, y) = hb exp
,
(4.5)
b2
where the height hb = 100 m (corresponding to 10% of the ridge height), yb =
12.5 km, b = 3 km, and the x-location is chosen xb = 250 km, 212.5 km, and 187.5 km
for the BUMP-a, BUMP-b, and BUMP-c simulation, respectively. The locations are
chosen so that the bumps are colocated with (a) the ridge top, (b) the upstream
edge of and within the cap cloud, and (c) upstream and outside of the cloudy region
(see Fig. 4.5d). Figure 4.5a shows, that the stratiform, y-symmetric cap cloud
which evolves in BUMP-a is only slightly modified by the presence of the bump.
No banded convection develops. If the bump is moved further upstream (BUMP-
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Figure 4.5: Triggering of convection through an isolated Gaussian perturbation
at different x-locations. Shown are horizontal cross-sections of cloud liquid water
content (shaded contours of qc at 0.4, 0.8, 1.2 g/kg) at a height of z = 1.5 km after
five hours of integration. The x-locations of the perturbation are (a) 250 km, (b)
212.5 km, and (c) 187.5 km. Panel (d) illustrates the locations of perturbations
with a circle (note the different x-axis), with shaded contours of qc reflecting the
stratiform cap cloud that would evolve without topographic variations.
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b; Fig. 4.5b), a single convective band develops on the lee side of the topographic
perturbation. To each side of the convective band, the cap cloud seems undisturbed
and exhibits a strucuture similar to the stratiform cap cloud of BUMP-a. Since the
bump is located inside the unstable region of the cap cloud, triggering of convection
is caused by flow dynamics over and around the small-scale obstacle. Inspection of
the flow fields (not shown) indicates that a possible mechanism triggering convection
is the low-level convergence of moist and warm air to the lee of the obstacle. In the
third simulation, BUMP-c, the bump is located in the stable airmasses upstream of
the cap cloud. It gives rise to a strong, central band with a position comparable to
bands observed in the CTRL simulation. To each side of this central band there is
secondary narrow convective band further downstream. And, finally, there is also a
weak, banded convective structure located directly at the boundaries of the periodic
computational domain.
Figure 4.6a shows that the gravity wave exited by the bump induces additional
lifting at the upstream edge of the unstable, cloud region. This perturbation at the
upstream edge of the unstably stratified cloud region (also evident in the asymmetry
of the cloud front) suffices to trigger the development of a strong central convective
band.
Maximum updraft velocities for the BUMP-a,b,c simulations are 1.4, 2.4, and
5.1 m/s (Tab. 4.1). The convective bands in the BUMP-c simulation corresponds
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most closely in amplitude, structure and location to the bands observed in the CTRL
simulation. A similar illustration for the CTRL simulation, cf. Fig. 4.6b, shows that
the y-locations of convective bands correlate rather well with locations of positive
vertical velocity perturbations near the upstream edge of the cap cloud.
In summary, two topographic triggering mechanisms, have been identified: (1)
triggering via a small-scale topographic obstacle within the unstable region of the
cap cloud and (2) indirect triggering via gravity wave activity at the upstream edge of
the cap cloud excited by small-scale topographic obstacles upstream of the cap cloud.
For our specific experimental setup with small amplitude topographic perturbations,
the latter seems to be more important. Kirshbaum and Durran (2005a) have also
mentioned mechanism (2) for banded convection triggered by random topographic
variations. Which one of the mechanisms will act to trigger convection in real-world
situations will depend on factors such as amplitude and location of topographic
variations.

4.5.2 Sensitivity to amplitude of terrain variations
The root-mean-square (RMS) amplitude of topographic variations has been chosen ad hoc. Real topographies have considerable small-scale variability introduced
through complex systems of valleys and ridges which have been shaped by erosion.
In this section, we investigate the sensitivity of the CTRL simulation to a change in
amplitude of terrain perturbations.
A new series of simulations with RMS values of 1 m, 10 m, and 80 m named RMS1, RMS-10, RMS-80, respectively, is conducted. The CTRL simulation has an RMS
value of 40 m. Figure 4.7 gives an overview of the resulting convective structures
(compare with Fig. 4.3a). All but RMS-1 produce well-defined stationary banded
convection similar to the CTRL simulation. Topographic perturbations introduced
in RMS-1 do not suffice to produce finite amplitude convective updrafts within the
advective timescale determined by the mean wind and the width of the mountain
ridge (FS05) and band-like features only develop far downstream of the ridgetop.
As terrain variation amplitude is increased, bandedness increases and the location of
convective bands is shifted upstream. RMS-10 exhibits four bands at approximately
the same x-location and of comparable amplitude as in CTRL. As the topographic
forcing is further increased, x-locations of bands start to vary and are strongly
coupled to the underlying terrain variations. Maximum updraft velocities are 2.2,
5.0, and 6.5 m/s for the RMS-1, RMS-10, and RMS-80 simulations, respectively
(Tab. 4.1). The number of bands varies from four to six and the y-location of the
bands shifts upstream with increasing RMS-amplitude. Figure 4.6b,c reveal, that
the gravity wave pattern excited by topographic variations upstream of the cap cloud
only changes in amplitude but not in structure. Nevertheless, perturbations at the
upstream edge of the unstable cloud layer by increased gravity wave activity gives
rise to a change in location and number of convective bands.
Rainfall accumulation of the RMS simulations is depicted in Fig. 4.7b,d,f. A domain total of 1.6, 7.3, 8.4, 8.7·109 kg of rainfall is accumulated over five hours for the
RMS-1, RMS-10, CTRL, and RMS-80 simulation, respectively (Tab. 4.1). For the
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Figure 4.7: Sensitivity to amplitude of topographic variations. Root mean square
(RMS) values of the topographic variations are (a),(b) 1 m, (c),(d) 10 m, and (e),(f)
80 m. Panels (a),(c),(e): Horizontal cross-sections of cloud liquid water content
(shaded contours of qc at 0.4, 0.8, 1.2 g/kg) at a height of z = 1.5 km after five
hours of integration. Panels (b),(d),(f): Mean rain rate (shaded contours at 1, 3,
9 mm/h) during five hours of integration. Compare these panels with Fig. 4.3a,b.

RMS-1 simulation, precipitation is predominantly stratiform and evenly distributed
in the y-direction (maximum values due to weak convection are far downstream and
thus do not show in Fig. 4.7b; see Fig. 4.8a). The CTRL and RMS-80 simulation
exhibit rainfall accumulations of comparable magnitude, similar maximum rainfall
intensities of approximately 29 mm/h, and similar y-averaged distributions of rainfall (Fig. 4.8a). All banded simulations exhibit a strong spatial variability already
discussed for the CTRL simulation.
To summarize, the amplitude of terrain variations plays a crucial role in triggering
and forcing the location of banded convection. Even for topographic variations with
an RMS value of 80 m (individual peaks reach an elevation of 150 m) the location of
convective bands seems to be forced via gravity wave activity at the upstream edge
of the unstable cap cloud. If the terrain is very smooth, the forcing introduced does
not suffice to produce well-defined banded convection. Increasing the RMS value
from 40 m to 80 m shifts the development of bands slightly upstream, but does not
have a strong impact on precipitation variability, amount and efficiency. The results
found in this section are consistent with similar sensitivity simulations conducted
by Kirshbaum and Durran (2005a).
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Figure 4.8: Accumulated precipitation (Ptot ) at t = 5 h averaged along the ydirection for (a) increasing topographic variation amplitude (RMS), (b) forcing at
specific wavelengths (SIN), (c) different horizontal grid spacings, and (d) triggering
of convection by small-scale Gaussian bumps (BUMP).

4.5.3 Sensitivity to scale of terrain variations
Linear stability analysis indicates a strong sensitivity to the spatial scale of growing
buoyant instabilities. More specifically, short wavelengths are predicted to grow
substantially faster than long wavelengths. The random topographic variations in
the CTRL and RMS simulations contains forcing on a whole range of horizontal
scales. Even though topography clearly seems to play an important role in triggering
banded convection, it is unclear to what extent the scale and spacing of convective
bands is also forced by topography. In this section, we investigate the sensitivity of
banded convection to the scale of orographic forcing.
A first series of simulations addresses the question whether the band width and
spacing are primarily forced by topography or the dynamics of the convective bands.
To this end, we perturb the smooth ridge profile (4.4) with sinusoidal ridges of the
form



hs
2πy
0
1 + cos
h (x, y) =
,
(4.6)
2
λs
where hs = 75 m and the wavelength is chosen λs = 3.1, 5.0, 8.5, and 12.5 km for
the SIN-3.1, SIN-5.0, SIN-8.5, and SIN-12.5 simulations, respectively. An overview
of resulting cloud liquid water fields is depicted in Fig. 4.9. It is immediately evident
that the convective bands which develop are forced by the sinusoidal topographic
forcing. Bands are found to align with the location of the small-amplitude ridge
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Figure 4.9: Series of simulations with sinusoidal perturbations of topography. The
perturbations have wavelengths in the y-direction of (a) λ = 3.1 km (SIN-3.1), (b)
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250 m.
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tops over a wavelength range from 3.1 to 12.5 km. The SIN-12.5 simulation does
not develop well-defined precipitating bands, similar as the RMS-1 simulation. Convective dynamics is strongest and produces most precipitation for the SIN-5.0 and
SIN-8.3 simulations, corresponding to 5 and 3 bands, respectively (Tab. 4.1). Consistent with linear stability analysis, the growth of long wavelengths (i.e. SIN-12.5)
is inhibited. Interestingly, the convective dynamics is also inhibited at very short
wavelengths (SIN-3.1, cf. Tab. 4.1). Figure 4.1b indicates, that this might be due
to damping terms of the numerical model. Thus, even though the number of bands
can be topographically forced over a wide range of wavelengths, there exists a band
spacing at which the release of energy and rainwater is most efficient.
In a second series of simulations, the CTRL experiment is repeated but with a
different number of filter applications to smooth the random topographic variations.
Simulations FILT-3, FILT-30, and FILT-100 are named after the number of filter
applications (see Sec. 4.4 for a description of the filtering procedure). Note that
the CTRL experiment corresponds to 10 filter applications. Figure 4.10 shows the
response function of the different filtering procedures. Dashed lines are used to
indicate wavelengths of the sinusoidal perturbations used in the SIN simulations.
Short wavelengths are increasingly removed from the topography with increasing
number of filtering applications. The FILT-30, for example, does not contain any
significant forcing at wavelengths smaller than 4.2 km.
Figure 4.11 shows resulting cloud liquid water fields at the end of the integration
period of five hours. Corresponding values of updraft velocities and rainfall measures
are given in Tab. 4.1. Differences between the FILT-3 and CTRL simulation are
very small. The additional forcing at even smaller scales does not seem to influence
location, intensity and number of convective bands. It should be noted though,
that the explicit filter of the numerical model also introduces a damping at these
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Figure 4.11: Sensitivity to the scale of topographic variations added to the base topography. Shown are horizontal cross-sections of cloud liquid water content (shaded
contours of qc at 0.4, 0.8, 1.2 g/kg) at a height of z = 1.5 km after five hours of
integration. The number of filter applications used are (a) 3, (b) 10, (c) 30, and (d)
100. Corresponding filter response functions are shown in Fig. 4.10. Compare these
panels to Fig. 4.3a

small wavelengths. The FILT-30 simulation develops convective bands at a similar
y-location as the CTRL simulation, but bands are shifted somewhat downstream.
Updrafts and precipitation measures are reduced to 75-90% of the CTRL simulation.
Finally, in FILT-100, topographic forcing with wavelengths λh < 6.3 km is almost
completely removed (Fig. 4.10). Band-like convective features spaced 3–7 km apart
develop. They are not so well-defined and shifted downstream as compared to the
other FILT simuations.
In summary, for our experimental setup, banded convection can be forced at band
spacings of approximately 3–10 km using sinusoidal terrain perturbations. Convective dynamics is found to be strongest and most efficient at producing precipitation
at wavelengths of 5–8 km. These scales are also found to be favored if forcing is
present on a whole range of scales. If such small-scale perturbations are filtered from
the topographic variations, banded convection is inhibited.

4.6 Stability of flow solution
Looking at cellular convection in a similar setup with no vertical wind shear, FS05 have
found that under conditions of strong advection embedded cellular convection is in-
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hibited if no explicit forcing (thermal perturbations) is introduced into the simulations. It is unclear whether banded convection exhibits a similar behavior. However,
unlike the unsheared case, the linear stability analysis (Sec. 4.2) indicates that shear
may promote unstable modes which propagate against the mean wind. Also, since
in the sheared case wind speeds close to the surface are weak, upstream propagation
of wave energy is more likely. In this section, we will asses wether the convective
dynamics can be self-sufficient without any external forcing.
Since a simulation initialized with a single upstream sounding (e.g. CTRL) but
without perturbations in the topography would be perfectly y-symmetric, a perfect
numerical model will not break this initial symmetry and there is no possibility for
banded convection to develop. Here, we follow a different strategy. We initialize an
additional simulation (CTRL-smth) with the quasi-steady state fields at t = 5 h of
the CTRL simulation but replace the roughened topography with perfectly smooth
topography as defined by (4.4). CTRL-smth is then integrated for another five hours.
The resulting qc -field at z = 1.5 km is shown in Fig. 4.12d (Fig. 4.12c is CTRL and
corresponds to Fig. 4.3a). Without the forcing of topographic variations, banded
cloud structures give way to a much more stratiform cloud habitus with some weak,
much more elongated banded features. Maximum vertical velocities decrease to
±2.1 m/s (Tab. 4.1). As indicated by the time evolution (cf. Fig. 4.13b), bands
cannot persist once the smooth terrain is applied. They are advected downstream
with the mean flow, dissipate and give way to a much weaker convective circulation.
In four additional experiments (SLOW, SLOW-smth, FAST, and FAST-smth), the
same procedure as for CTRL and CTRL-smth is repeated, but with an upstream
wind profile with a uniformly decreased (increased) wind speed by 3 m/s for the
SLOW (FAST) simulation. For the FAST and FAST-smth (cf. Fig. 4.12a,b) banded
convection is completely suppressed if topographic variations are removed. Resulting
horizontal qc cross-sections for the SLOW and SLOW-smth simulations are shown
in Fig. 4.12e,f, respectively. As compared to CTRL, SLOW develops four slightly
narrower and shorter bands a few kilometers further upstream (Fig. 4.12e, Tab. 4.1
for details). If topograpic variations are removed at t = 5 h (SLOW-smth) welldefined banded convective structures persist for the whole integration period of
five hours, in contrast to CTRL-smth. As can be seen from the time evolution in
Fig. 4.13c, the steadiness of the convective bands gives way after one hour to a series
of evolving and decaying bands. Thus, in the SLOW-smth simulation, perturbation
energy triggering the formation of convective structures is able to propagate against
the mean flow. Since there is no external triggering of convection, it is interesting to
note that the “natural” spacing and width of the convective bands is approximately
equal to the CTRL simulation.
Several mechanisms of upstream propagation of energy for the maintenance and/or
triggering of new bands are possible. The linear stability analysis in Sec. 4.2 shows
that a statically unstable atmosphere with vertical shear can support propagating
modes at short wavelengths (cf. Figure 4.1). The relative phase velocity of these
linear modes is of the order of 21 hΓ (cf. Kuo (1963)), which for our simulations is
O(10 m/s) and thus sufficient for upstream propagation. In the linear stability
analysis we have focused on the determination of the most unstable wavenumber
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Figure 4.12: Simulations to test the persistence of banded convection as a function
of mean wind speed for simulations with a mean wind speed (a),(b) 3 m/s faster
(FAST), (c),(d) equal (CTRL), and (e),(f) 3 m/s slower (SLOW) compared to the
control simulation. Left panels show simulations with topographic variations at
t = 5 h. Panels on the right show continuations of these simulations at t = 10 h after
removing the topographic variations at t = 5 h. All panels show horizontal crosssections of cloud liquid water content (shaded contours of qc at 0.4, 0.8, 1.2 g/kg) at
z = 1.5 km. Topography is indicated in all panels by dashed isolines every 250 m.

(corresponding to ”convective” instability, see discussion of the theory of absolute
and convective instability in Pierrehumbert (1984)). For weak winds our system
seems to exhibit ”absolute” instability, i.e. having positive growth rates at a fixed
location in space. This has important repercussions on the dynamics of the flow,
since external triggers for the efficient growth of instabilities is no longer necessary.
Interestingly, however, a simulation similar to SLOW but with the RMS amplitude
of the topographic variations reduced to 1 m at t = 0 h does not generate any
significant banded convection (behavior similar to RMS-1). The self-sufficient mode
observed in SLOW-smth thus exhibits hysteresis, e.g. it needs a finite amplitude
disturbance in order to develop.
Other possible mechanisms for the upstream propagation of energy is the upstream
propagation of gravity waves in the stably stratified region above the unstable region
of the cap cloud as well as non-linear effects. Further investigations of the exact
mechanism leading to the upstream propagation of energy are underway but are
beyond the scope of the present work. However, it is evident and consistent with
the numerical experiments in Fig. 4.12 and Fig. 4.13 that upstream propagation is
facilitated in cases with a comparatively slow upstream flow.

85

4 Banded Orographic Convection
(a)
(a)

20
y (km)

1.2
0.8

10

0.4
0

(b)
(c)

y (km)

20

1.2
0.8

10

0.4
0

(c)

y (km)

20

1.2

(f)

0.8

10

0.4
0
0

1

2

3

4

5
time (h)

6

7

8

9

10

Figure 4.13: Time evolution of the cloud liquid water content for (a) FAST, (b)
CTRL, and (c) SLOW simulations depicted in Fig. 4.12 in the same format as
Fig. 4.3d.

In summary, a self-sufficient mode of unsteady, banded convection exists if the
mean wind speed is sufficiently slow. For the presence of topographic variations,
the triggering and development of banded convection is dominated by perturbations
introduced by variations.

4.7 Impact of model resolution
As mentioned in the introduction, recent simulations of banded orographic convection have been conducted with horizontal model resolutions of 500 m or 1 km. In
the light of the linear stability analysis presented in Sec. 4.2, which predicts fastest
growth of scales smaller than the height of the unstable layer, it is unclear whether
simulated banded features are robust with increasing model resolution. In this section, we investigate the sensitivity of the CTRL and RMS-10 simulations (with
resolutions of ∆x = 500 m) to a change in horizontal model resolution.
For each of the simulations, three additional simulations are conducted with a
horiztonal grid spacing of ∆x = 1 km (CTRL-dx1000, RMS-10-dx1000), ∆x =
250 m (CTRL-dx250, RMS-10-dx250) and ∆x = 125 m (CTRL-dx125, RMS-10dx125). All simulations have been performed using the same model domain with
the exception of the ∆x = 125 m simulations. In the latter case, two changes were
necessary due to computational constraints. First, the model domain is limited to
x = 150 − 300 km. Second, the simulations were started using output from the
corresponding ∆x = 250 m simulations at t = 3 h and then integrated to t = 5 h.
Time series shown in Fig. 4.13 indicate that an integration time of 2 hours should
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Figure 4.14: Sensitivity of CTRL and RMS-10 simulations to a change in horizontal
model resolution. Shown is the cloud liquid water (shaded contours of qc at 0.4, 0.8,
1.2 g/kg) at z = 1.5 km and t = 5 h. Panels correspond to (a) CTRL-dx1000,
(b) RMS-10-dx1000, (c) CTRL-dx250, (d) RMS-10-dx250, (e) CTRL-dx125, and (f)
RMS-10-dx125, where the last number of the simulation name corresponds to the
horizontal grid spacing in meters. Compare these panels with Fig. 4.3a (CTRL) and
Fig. 4.7c (RMS-10) conducted at ∆x = 500 m

suffice for an adjustment of the convective dynamics.
Cloud liquid water fields for all simulations are depicted in Fig. 4.14. For the
coarse resolution simulations CTRL-dx1000 and RMS-10-dx1000 (cf. Fig. 4.14a,b)
banded convection is almost completely suppressed. This is also apparent from
maximum updraft velocities and precipitation measures in Tab. 4.1.
As the resolution is increased beyond that of the CTRL simulation to ∆x = 250 m
(Fig. 4.14c; compare with Fig. 4.3a) small changes in the structure of convective
bands are apparent, but the same number of bands develop at approximately the
same locations. Maximum updraft velocities approximately double in the higher
resolution simulation (cf. Tab. 4.1) and bands are narrower as compared to the CTRL
simulation. Maximum precipitation intensities and rainfall accumulation increase.
As the resolution is increased to ∆x = 125 m updraft velocities and precipitation
measures change by no more than 9%. Bands 1, 3 and 4 are robust with respect to
an increase in horizontal resolution. Band 2 shifts slightly in position and band 5
splits into two individual narrow convective bands (5 and 6 in Fig. 4.14e).
For the RMS-10 the forcing from topographic variations is substantially reduced.
As a consequence, the structure, position and organization of convective bands
changes with increasing resolution down to ∆x = 125 m. The number of bands in-
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creases from 4 to 7 to 9 for the RMS-10, RMS-10-dx250, RMS-10-dx125 simulations.
Maximum updrafts velocities and precipitation measures also change substantially
with increasing horizontal resolution (Tab. 4.1).
Linear stability analysis without a dissipation term predicts fastest growth at
smallest scales (Sec. 4.2). Consistent with this prediction, increasing the resolution
for the RMS-10 simulation leads to a narrower convective bands with stronger updrafts. Since the number of bands does not double as the horizontal resolution is
halved, the horizontal scale of the convective bands seems to be influenced by other
effects. Candidates are nonlinear effects, dissipation of the subgrid-scale turbulence
parametrization and weak forcing by topographic variations. Nevertheless, no convergence is reached down to a horizontal grid spacing of ∆x = 125 m. The situation
is different for the CTRL configuration. Even though differences are apparent as
the horizontal resolution is increased down to ∆x = 125 m, they are much more
subtle as compared to RMS-10. The stronger forcing due to small-scale topographic
variations seems to determine the location and spacing of convective bands and simulations are more robust with respect to a change in model resolution. This gives
evidence that in the presence of substantial terrain variations location and spacing
of banded convection can be primarily forced by the topography.

4.8 Summary
Recent observational evidence indicates that shallow orographic convection organized in elongated, banded structures may occur over mountain ranges of intermediate height. In this study, three-dimensional cloud resolving idealized simulations
of a moist, vertically sheared flow impinging upon a two-dimensional ridge are performed to investigate triggering mechanisms and organization of banded convection.
Using a series of sensitivity experiments, the role of terrain variations in triggering
and organizing banded convection is investigated. To this end, a simplified topography perturbed by small-amplitude topographic variations is used. Simulations are
initialized using an upstream sounding characterized by a warm low level flow close
to saturation and vertical wind shear.
Simulations reveal the development of elongated convective roll-type circulations.
Elongated updraft regions, termed convective bands in this study, are colocated with
regions of enhanced cloud water content and production of precipitation. Compensating downdrafts between bands are often associated with unsaturated regions.
Small amplitude topographic variations are found to anchor steady bands to a fixed
location. This quasi-stationarity gives rise to a high variability in rainfall accumulation. Regions with substantial rainfall are only a few kilometers away from regions
which receive little or no precipitation. The precipitation pattern is probably very
sensitive to changes in the impinging flow (angle of attack, stability). It is central to note that the presence of banded convection substantially increases rainfall
(Fig. 4.8a) as well as the efficiency of water release for moist flow over hills.
Topographic variations is found to play an important role in triggering of convective bands. Two possible triggering mechanism of banded convection are inves-
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tigated. First, via topographic forcing within the unstably stratified region of the
cap cloud. Perturbations introduced by the flow over and around a small-amplitude
topographic obstacle introduce sufficient forcing to start the development of a convective band to the lee of the obstacle. Second, indirect triggering through gravity
waves excited by topographic variations element located upstream of the cap cloud.
Gravity wave activity may enhance/decrease lifting close to the upstream edge of
the unstably stratified region. It is found that these perturbations suffice to trigger and, thus, determine the location of banded convection. In real-world flows,
the preferred triggering mechanism will depend on the amplitude and location of
orographic variations.
If topographic variations are removed from the topography, the quasi-stationarity
of the banded convection is lost. It is found that, if the mean wind speed in the
unstable cloud layer is small, unsteady banded convection may persist even without
roughened topography (absolute instability). Under conditions of strong advection,
however, bandedness ist lost. Two explanations are proposed for this behaviour.
Firstly, the time scale of the growth of perturbations to finite amplitude convective
updrafts must be compatible with the advective timescale, given by the time an
individual air parcel spend in the unstably stratified region of the cap cloud. Secondly, energy must propagate against the mean flow in order to trigger convective
circulations which are stationary with respect to the location of the mountain ridge.
Under conditions of strong advection, this might be inhibited. A possible mechanism
for the upstream propagation of energy emerges from the linear stability analysis of
an unstably stratified fluid with vertical wind shear. These findings might have important implications for convection associated with moist flow over hills, as a slight
change in upstream flow conditions might lead to a completely different flow regime.
Consistent with above findings, linear stability analysis of perturbations in an
unstably stratified, vertically sheared inviscid fluid predicts fastest growth rates for
bands aligned with the vertical wind shear. Within the inviscid framework, linear
theory does not predict a preferred scale of convective motion. In fact, growth rates
for banded convection aligned with the vertical wind shear are found to increase with
decreasing wavelength of the perturbations. Simulations conducted with higher horizontal resolutions reveal that convective dynamics exhibits substantial sensitivity
to the resolution of the numerical model. If sufficient topographic forcing is present,
the position, spacing and horizontal scale are found to be reasonably robust with respect to increasing model resolution at ∆x = 250 m. This rises important questions
in consideration of the current trend towards the operational use of high resolution
simulations in operational weather forecasting. Banded convection embedded in a
orographic cap cloud may considerably enhance precipitation efficiency and impact
rainfall distribution. If horizontal model resolutions of less than 1 km are necessary
to explicitly simulate shallow convective dynamics, a parametrization for shallow
convection will still be necessary for many operational applications.
Growth of buoyant instabilities in an unstably stratified fluid, such as the atmosphere, is highly sensitive to perturbations. In this paper, we have tried to further
our understanding of the role topographic variations may play in triggering of convection organized into banded features due to the presence of vertical wind shear.
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Clearly, in the natural atmosphere, there exists a potpourri of perturbations introduced through a wide range of physical processes, such as radiation, boundary layer
effects, and turbulence. Considering this, the robustness of our results may seem
questionable. Nevertheless, observational evidence of banded convection over the
Coastal Range (Kirshbaum and Durran, 2004) and the Cevénnes Mountains (Cosma
et al., 2002) gives a clear indication of the importance of topographic variations in
triggering and anchoring of shallow banded convection. Using an idealized modeling
framework we have investigated the role of topographic forcing on development and
organization of shallow banded convection. A clear connection between the triggering and location of bands and the underlying topography has been found. Future
research might venture further into the question which mechanisms determine the
horizontal scale of convective updrafts, both banded or cellular.
Acknowledgements. The authors would like to thank Jürg Schmidli, Cathy Hohenegger, Gene Yoon for constructive comments, discussions and proofreading. The
authors are indebted to the Center for Analysis and Prediction of Storms (CAPS)
at the University of Oklahoma, for providing access to and support of the ARPS
model. The numerical simulations have been conducted on the NEC SX-5 at the
Swiss Center for Scientific Computing (SCSC; Manno, Switzerland).
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In the present thesis, aspects of atmospheric flow past topography and its numerical
modeling were investigated. In this section, a brief summary of the main results is
presented and possible directions for future research are discussed.
• The first study (Chapter 2) investigated a source of significant truncation
errors in numerical weather prediction models using terrain-following coordinates. A standard mountain wave flow problem was solved analytically and
with two non-hydrostatic numerical weather prediction models in order to isolate the dominant contributions to the truncation error and to propose new
strategies for their elimination. The results underline the importance of a consistent numerical treatment of the metric terms that arise due to the sloping
coordinate surfaces. This consistency requires that the metric terms in the advection and pressure-gradient operators need to be discretized such that they
exactly cancel when transformed back to Cartesian coordinates. It has been
demonstrated that the spurious effects remain present even for small terrain
heights and slopes, and are most severe when the terrain has significant forcing at scales near the Scorer parameter (i.e. 2πN/U ), and when these scales
are not numerically well resolved. This issue is an example of numerical difficulties specifically arising in high-resolution simulations over complex terrain.
Current standard practice in operational numerical weather prediction models
(e.g. computing the metric terms with second-order but the advection terms
with fourth-order accuracy) may lead to spurious errors if the model is applied
at high resolutions. Simply increasing the model resolution may thus lead to
erroneous results instead of a better representation of the underlying meteorological phenomena. Another difficulty related to the truncation error in the
presence of strongly sloping coordinate surfaces is presented in Appendix A.
• The second study (Chapter 3) investigated orographic control of precipitation for broad-scale ascent of moist air over a mountain ridge of moderate
height. Results indicate that potential instability of the upstream airmass can
dramatically increase the precipitation amount and efficiency by developing
convective updrafts embedded in a nominally stratiform cap cloud. These
updrafts produce pockets of increased cloud liquid water content, where coalescence of drops can more efficiently create raindrops that fall out quickly. For
the case of uniform upstream flow in absence of wind shear, it is found that
the convective cells organize themselves in pattern reminiscent of hexagonal
cells. Simulations with embedded convection exhibit precipitation efficiencies
of up to 40%. Thus, for our experimental setup, embedded convection is shown
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to significantly enhance precipitation efficiencies, but cannot fully explain the
high efficiencies of ∼70% or more (see review by Smith, 1979) observed in
conditions of deep moist flow over high mountain ranges.
Linear theory as well as numerical simulations show that the relative magnitude of the growth timescale of the convective elements and the advective
timescale (the time an air parcel spends inside the unstable region of the orographic cloud) are of critical importance. Furthermore, results indicate that
the embedded cellular convection does not exhibit self-sustaining dynamics
and is thus strongly sensitive to the presence of perturbations in the flow. It
is found that rainfall accumulation can more than double and the distribution
of precipitation can substantially change due to the presence of artificially
introduced thermal perturbations in the upstream flow. The detected sensitivity may have important repercussions on the predictability of orographic
precipitation.
• The third study (Chapter 4) investigated a unique mode of shallow orographically forced convection, namely the organization of convection into roll-type
circulations (bands) in the presence of environmental vertical wind shear. Such
bands have been observed in the real atmosphere, but are not currently resolved in numerical weather prediction models. Results from idealized model
simulations indicate that terrain roughness elements can anchor the bands to
a fixed location in space, leading to a strong spatial variability of the associated rainfall accumulation. For our experimental setup, results indicate that
the dominant triggering mechanism forcing the location of the bands is via
gravity wave activity at the upstream edge of the unstable cap cloud. If the
mean wind in the unstable cap cloud is sufficiently weak, convective bands are
found to exhibit self-sufficient dynamics enabling them to persist without the
presence of explicit triggers. The role of this self-sufficient mode seems limited, since small-scale topography is found to dominate band formation over a
wide range of horizontal forcing scales. Experiments with increasing horizontal
resolution indicate a strong sensitivity of the specific convective dynamics on
model resolution down to grid spacings of O(100 m).
Based on the foregoing results, a series of new questions emerge. Future research
could address the following aspects:
• For the simulations of embedded convection, we have restricted our attention to simulations with warm-rain microphysics. It has been pointed out by
several authors (Yuter and Houze, 2003; Medina and Houze, 2003) that both
liquid-water coalescence and ice-phase processes are needed to obtain high
precipitation efficiencies (∼70% or more) in orographic precipitation. Ice processes, especially riming of super-cooled water droplets in convective updrafts
extending above the freezing level, may considerably decrease the microphysics
timescale. A logical next step would be to extend our study to also include
ice-phase processes.
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• In order to simplify the interpretation of the flow dynamics and to facilitate numerical simulation, we have chosen to use mountain ridges of moderate height
and of infinite extent and neglect Coriolis effects. For the Alpine topography,
it has been shown that blocking and flow deflection may be essential to explain orographic precipitation mechanisms (e.g. Schneidereit and Schär, 2000;
Rotunno and Ferretti, 2003). Also, Chapter 4 has shown a strong sensitivity
of convection in orographic precipitation to the small-scale details of the underlying terrain. Future research could entail relaxing the restrictions we have
made concerning the topography.
• Linear stability analysis of perturbations in an unstably stratified inviscid fluid
predicts fastest growth at the smallest scales. Consistent with this prediction,
experiments in Chapter 4 show that the scale of the convective updrafts decreases with increasing horizontal resolution. Results from Chapter 4 indicate
that the location of convective updrafts is closely related to perturbations
introduced by the underlying small-scale terrain features. But a fundamental question remains: What determines the scale of individual convective updrafts?
• The literature distinguishes between “absolute” and “convective instability”
(see discussion in Schär and Durran, 1997). The cellular-type convection in
Chapter 3 is a case of convective instability, since the embedded cellular convection does not persist if the upstream flow was no longer seeded with perturbations. In contrast, a case of “absolute instability” has been investigated in
Chapter 4. A mode of unsteady banded convection which is able to propagate
against the mean flow has been demonstrated. Further research investigating
the mechanisms leading to “absolute instability” is underway.
• Linear theories of orographic precipitation have been shown to provide reasonable results for stable conditions (see Smith and Barstad, 2004). Latest
advancements of linear models now include airflow dynamics, condensed water advection, and downslope evaporation. Perhaps the time is ripe to think
about possible extensions of this framework to unstable orographic precipitation. The numerical simulations presented here would surely provide a good
basis to test such a linear model for an idealized setup.
This work also points to further issues and questions of more general scope:
• Will future NWP models use terrain-following coordinates? Chapter 2 and
Appendix A discuss numerical issues associated with numerical models using
terrain-following coordinates. As the resolution of NWP models increases, dimensionless terrain slopes (∆x/∆z)(∂h/∂x) generally tend to increase. Even
though successful large eddy simulations (LES) in an Alpine valley with slope
angles of approximately 30 degress have been performed using ARPS (Weigel
et al., 2005, submitted), it is clear that a numerical formulation using a
terrain-following vertical coordinate will eventually break down in the limit
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of very steep slopes. Alternatives are currently being discussed and, for example, Bonaventura (2000) has demonstrated the successful implementation of
a height coordinate (without employing the customary terrain-following normalization).
• Will an increase in resolution imply higher forecast skill? The focus of this
thesis has been on understanding the dynamics of embedded convection in
orographic precipitation. Results indicate that horizontal grid spacings less
than one kilometer are necessary to realistically resolve the convective dynamics. Computational constraints and fundamental questions concerning the
predictability of small-scale convection render it unlikely that such very high
resolutions will be applied by operational weather forecasting centers in the
immediate future. It is hoped that an increase of the horizontal grid spacing
to 1-3 km and explicit treatment of convection will be beneficial for quantitative precipitation forecasting. In this respect the PhD projects of Marco
Didone and Cathy Hohenegger at this institute try to assess the benefits of using higher horizontal resolution for real-case simulations with the operational
model of the Swiss national weather service.
• Does topography increase the predictability of convective orographic precipitation? Walser et al. (2004) have shown that predictability of precipitation is
sometimes strongly limited at the meso-β scale, with decreasing predictability
towards smaller scales. They attribute the limitations of predictability to the
chaotic nature and unpredictable occurrence of convective cells. Even though
Walser et al. argue that, for the cases they studied, the predictability of precipitation is higher in mountainous regions (this is not generally supported by
findings of Cathy Hohenegger, personal communication), the scientific basis
is rather thin and more systematic studies are needed. The present study
touches upon several aspects which might be relevant for this discussion. On
the one hand, several findings underline the difficulty in predicting precipitation associated with embedded convection: the strong sensitivity to the
upstream profile, timescales and perturbations. On the other hand, results
from Paper 3 indicate that the presence of small-scale topographic roughness
may play an important role in forcing the location of stationary banded convection, thus enhancing the spatial predictability. Also, results from Paper 2
illustrate that, for random cellular convection, short term temporal variability
is substantial, but accumulated rainfall patterns are rather smooth. A more
systematic investigation using an idealized modeling framework would indeed
be very interesting.
In conclusion, this study has shed some light on the mysteries of embedded convection, which only now has become amenable to explicit numerical simulations
using state-of-the-art supercomputers and atmospheric models. Nevertheless, the
study has also shown that there are still many open questions. More research effort
should be invested towards understanding the dynamics of orographic precipitation
in the unstable regime, and towards improving numerical model formulations, as
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weather services are moving towards higher model resolutions. It is hoped that the
present thesis will contribute towards the collection of simple concepts needed to
comprehend an immensely complex reality.
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Abstract
Most numerical weather prediction models rely on a terrain-following coordinate
framework. The computational mesh is thus characterized by inhomogeneities with
scales determined by the underlying topography. Such inhomogeneities may affect
the truncation error of numerical schemes. In this study, a new class of terrainfollowing coordinate systems for use in atmospheric prediction models is proposed.
Unlike conventional systems, the new smooth level vertical (SLEVE) coordinate
yields smooth coordinates at mid- and upper levels. The basic concept of the new
coordinate is to employ a scale-dependent vertical decay of underlying terrain features. The decay rate is selected such that small-scale topographic variations decay
much faster with height than their large-scale counterparts. This generalization
implies a nonlocal coordinate transformation. The new coordinate is tested and
compared against standard sigma and hybrid coordinate systems using an idealized
advection test. It is demonstrated that the presence of coordinate transformations
induces substantial truncation errors. These are critical for grid inhomogeneities
with wavelengths smaller than approximately eight grid increments, and may overpower the regular-grid truncation error of the underlying finite-difference approximation. These results are confirmed by a theoretical analysis of the truncation error.
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In addition, the new coordinate is tested in idealized and real-case numerical experiments using a nonhydrostatic model. The simulations using the new coordinate
yield a substantial reduction of small-scale noise in dynamical and thermodynamical
model fields.
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A.1 Introduction
Most numerical weather prediction (NWP) models employ some kind of terrain-following vertical coordinate system (e.g., Phillips, 1957; Gal-Chen and Sommerville,
1975; Simmons and Burridge, 1981; Zhu et al., 1992; Webster et al., 1999). Such
coordinates provide several important advantages: First, they map the atmospheric
domain under consideration upon a rectangular computational mesh whose data
structure is well suited for implementation on digital computers. Second, as the
transformed vertical wind in computational space vanishes on the level of the topography, terrain-following coordinate transformations yield a simplification of the
lower boundary condition. Third, as the approach allows for an unequal spacing
of computational levels, it provides an easy method to couple the dynamical part
of atmospheric prediction models with boundary and surface-layer parameterization
schemes.
Despite these attractive properties, the introduction of terrain-following coordinates also implies serious disadvantages. Early research in this area relates to the
detrimental impact of terrain-following coordinates upon the numerical formulation
of the horizontal pressure gradient term (e.g., Janjic, 1989). More recently, Klemp
et al. (2003, hereafter KSF) used linear theory to analyze the role of terrain-following
transformations on gravity wave generation and propagation. They demonstrate the
importance of a consistent numerical treatment of horizontal and vertical terms of
the advection equation. The respective consistency assures that the appropriate
numerical cancellations take place when differencing the fields on sloping coordinate
surfaces. Lack of this cancellation leads to spurious small-scale forcing and may inflict significant distortions of the true solution, even for small-amplitude topography.
As an alternative to terrain-following transformations, coordinates with horizontal
or quasi-horizontal computational surfaces have also been proposed. The potential
usefulness of this approach in representing orographic blocking has been recognized
for some time (Egger, 1972), and a complete implementation in hydrostatic form
has been realized by Mesinger et al. (1988). This quasi-horizontal coordinate is successful in avoiding horizontal pressure gradient errors on the synoptic scale, but the
formulation has difficulties in representing flow over mesoscale topography (Gallus
and Klemp, 2000) and appears to be ill suited for highresolution prediction models.
Alternative formulations of z coordinates using shaved cells have also been proposed
(Adcroft et al., 1997) and produce excellent results for some mesoscale adiabatic
flows (Bonaventura, 2000). However, the implementation of such coordinates in
NWP models will require major modifications to parameterization packages.
Irrespective of the coordinate formulation under consideration, numerical solutions to orographic flow problems will deteriorate as the horizontal grid increment
approaches the scales of the represented topographic features. A systematic analysis
of Davies and Brown (2001) for dry flows demonstrates that the underrepresentation
of orographic features will result in a substantial underestimation of the orographic
drag, and experience with moist flows demonstrates that spurious precipitation may
result from underresolved topography (Steppeler et al., 2002, hereafter SMAP). In
order to circumnavigate these limitations, the digital topography used in operational
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NWP models is usually subjected to digital filtering. However, removing the whole
range of underresolved terrain features would substantially reduce the height of topographic barriers and thereby inflict an underestimation of orographic blocking
effects.
Comparatively little research has been carried out to evaluate the performance of
classical numerical algorithms in the presence of terrain-following coordinate transformations. For instance, there is an extensive body of literature on properties of
advection schemes in the presence of small-scale anomalies and regular grids, and
this information is usually consulted when a scheme is evaluated for implementation
in an atmospheric model. Yet the behavior of the same schemes in the presence of
coordinate transformations has not been thoroughly investigated. Indeed, as will be
shown in this paper, truncation errors inflicted by small-scale topographic features
may become highly relevant.
The purpose of this study is twofold. First, we will investigate how various coordinate formulations behave in an idealized advection test. The test involves the
horizontal advection of large-scale anomalies over an obstacle containing small-scale
topographic features. It will be demonstrated that the truncation errors associated
with standard coordinate transformations are critical and may, in fact, overpower
the classical regular-grid truncation error of the underlying finite-difference approximation. Second, a new vertical coordinate formulation is proposed. This formulation
allows the generation of a much smoother computational mesh and, thereby, drastically reduces the transformation errors referred to above. The key idea in generating
this smooth coordinate is to adopt a scale-dependent decay with height of underlying
terrain features. In essence, smallscale features are assigned fast decay rates, such
that their signatures almost or completely disappear at upper levels. Well-resolved
terrain features, on the other hand, do not pose a problem to numerical schemes
and are allowed to decay much more slowly. The new coordinate will be referred to
as smooth level vertical (SLEVE) coordinate.
The issue of small-scale topography and associated grid transformations is likely
to gain importance in the near future, due to the continued increase in horizontal
resolution of operational weather prediction and climate models (e.g., Benoit et al.,
2002). For illustration, Fig. A.1 displays a vertical cross section across the Alps
at a horizontal resolution of 1 km. The diagrams to the left and right show the
whole depth of the domain and its lower portion, respectively. Three coordinate
formulations are considered. The classical sigma formulation (Fig. A.1a,b) yields
a very rough grid. Individual terrain features and mountain peaks are well visible
in the coordinate surfaces, even at tropopause level. The use of hybrid coordinates
(Fig. A.1c,d) reduces the amplitude of these features, but not their presence itself.
Only the new SLEVE coordinate formulation yields a smooth grid at midtropospheric levels (Fig. A.1e,f).
We begin in Section A.2 by presenting the mathematical background and by providing the formulation of the new vertical coordinate transformation. Section A.3 is
devoted to a simplified advection test. The performance of several finite-difference
schemes will be investigated using the three terrain-following coordinate transformations depicted in Fig. A.1. In Section A.4, a theoretical analysis is presented
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Figure A.1: Vertical cross section showing three distributions of vertical coordinates. Left-hand panels show the full model depth (H = 25 km) with a coordinate
spacing of ∆x = 1 km; right-hand panels zoom into the lowermost 10 km with a coordinate spacing of 500 m. The three coordinates depict (a), (b) the sigma coordinate,
(c), (d) a hybrid coordinate, and (e), (f) a SLEVE coordinate with a scale-dependent
vertical decay of terrain features. The domain has a length of 150 km, a resolution
of ∆z = 1 km, and shows the Alpine topography at 7.87o E extending from the Po
valley over the Monte Rosa massif and the Bernese Alps to the Rhine (from left to
right). The coordinate formulation in (c), (d) is based upon (11) with s = 6 km,
and in (e), (f) it is based upon (A.14) with s1 = 10 km, s2 = 2 km.

101

A New Vertical Coordinate
of the truncation error’s behavior in the presence of coordinate transformations.
Section A.5 finally discusses idealized and real-case numerical experiments using a
nonhydrostatic numerical model. The study will be concluded in Section A.6.

A.2 Coordinate definition
A.2.1 Preliminaries
We consider a Cartesian computational domain
xmin ≤ x ≤ xmax
ymin ≤ y ≤ ymax
h(x, y) ≤ z ≤ H

(A.1)

that is confined below and above by the topographic height h(x, y) and an upper lid
at height H, respectively. Generalized vertical coordinates may then be defined by
a coordinate transformation of the form
Z = Z(x, y, z).

(A.2)

Gal-Chen and Sommerville (1975) discuss two necessary conditions for terrainfollowing coordinates: First, the transformation must map the computational domain (1) onto a rectangular domain in (x, y, Z) space. This requirement is met by
imposing the boundary conditions
Z[x, y, h(x, y)] = 0 and Z(x, y, H) = H.

(A.3)

Second, the transformation must be invertible, so that the inverse transformation
z = z(x, y, Z) exists. This requires Z(z) to be a strictly monotone function; that is,

J=

∂Z
> 0,
∂z

(A.4)

where J denotes the Jacobian of the transformation.

A.2.2 Vertical decay functions
To describe the vertical decay of terrain features with height, most atmospheric
models use either one of two approaches. The first was proposed by Gal-Chen and
Sommerville (1975) who investigated a specific transformation given by
Z(x, y, z) = H

z − h(x, y)
H − h(x, y)

or

z(x, y, Z) = h(x, y) + Z[H − h(x, y)]/H.
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(A.6)

A.2 Coordinate definition
This transformation, referred to as sigma coordinates, is particularly simple and
implies a linear decay of the terrain features with height, while the Jacobian of the
underlying transformation is independent of height; that is, ∂J/∂Z = 0.
The second approach is based on Simmons and Burridge (1981). They proposed
a hybrid pressure-based coordinate that is particularly popular in hydrostatic NWP
models. The respective transformation in z coordinates may be written as
z(Z) = H a(Z) + h b(Z).

(A.7)

Here the functionals a and b are usually specified in a table and need to satisfy
a(Z = 0) = 0, a(Z = H) = 1,
b(Z = 0) = 1, b(Z = H) = 0

(A.8)

in order to be consistent with the boundary conditions (A.3).
In our study we employ an alternative vertical mesh structure where the decay
with height of underlying terrain features is stipulated as an exponential function
according to


z(Z) = Z + h α e−Z/s + β e+Z/s .
(A.9)
The parameters α and β are then specified such as to satisfy the boundary conditions
(A.3); that is,
α=

e2H/s
e2H/s − 1

β=

−1
.
−1

e2H/s

(A.10)

Rearranging the terms simplifies (A.9) to
z(Z) = Z + h

sinh[(H − Z)/s]
.
sinh[H/s]

(A.11)

Here the single scale parameter s plays the role of a scale height; that is, the
underlying terrain features approximately decay by a factor 1/e over a depth s.
With s ≈ H, the resulting coordinate structure is qualitatively comparable to sigma
coordinates. With s < H, a hybrid-like setting is obtained.
The motivation for using the exponential decay (A.11) is fourfold: First, unlike
with sigma coordinates, the vertical decay affects not only the coordinate height
itself, but also the Jacobian and all other metric terms (cf. Fig. A.2a,b). Second,
despite its simplicity, the formulation allows for coordinates that are comparable
to classical hybrid formulations (see Fig. A.2c). Third, the explicit specification
of a decay function by an analytical formula is superior to the specification of the
computational levels in a table, since the latter may limit the order of accuracy of the
resulting finite-difference approximation. Fourth, the decay function is defined by
one single parameter (the scale height, s), and this simplicity is ideal for sensitivity
studies and comparisons as those to be presented in Sec. A.3.
While in the following we will restrict our attention to vertical decay functions
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Figure A.2: Vertical coordinate (full lines) and inverse of the Jacobian J −1 =
∂z/∂Z (dashed lines, contour interval = 0.05) for three coordinates: (a) sigma coordinate, (b) coordinate with exponential decay (11) based on a value of s = H, and
(c) as in (b) but with s = H/3.
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according to (A.11), the procedure in the next sections may easily be generalized
to coordinates based on any other decay function, as well as to treatments with a
stretched spacing of the computational levels.

A.2.3 Definition of new coordinate
Currently, most terrain-following coordinates are based on a special class of vertical
coordinates that entail a local transformation, whereby the transformation at a
location (x, y) depends upon the height of the underlying topography alone; that is,

Z(x, y, z) = Z(h(x, y), z).

(A.12)

As a result, any terrain feature exhibits the same vertical decay, irrespective of its
shape and horizontal scale. The basic concept of the new coordinate is to make
better use of the generality of (A.2), and to employ a scale-dependent vertical decay
of underlying terrain features. More specifically, the decay rate is selected such
that small-scale topographic variations decay much faster with height than their
large-scale counterparts. This generalization implies a nonlocal transformation not
amenable to (A.12).
In its simplest form, the transformation is defined in terms of two different scale
heights, which govern the vertical decay of the larger- and smaller-scale contributions
of the topography, respectively. To this end, the topography is split into
h(x, y) = h1 (x, y) + h2 (x, y),

(A.13)

where the subscripts 1 and 2 refer to large-scale and small-scale contributions, respectively. In practice, the large-scale contribution h1 can be obtained from the full
topography by an appropriate smoothing operation. The coordinate is then defined
by the relationship
z(Z) = Z + h1 (x, y)b1 (Z) + h2 (x, y)b2 (Z),

(A.14)

where, following (A.11), the vertical decay functions are given by
bi (Z) =

sinh[(H − Z)/si ]
.
sinh[H/si ]

(A.15)

The second and the third term in (A.14), respectively, govern the decay with height
of large- and small-scale terrain features with the scale heights s1 and s2 .
All coordinates to be considered in this study may be viewed as special cases of
(A.14). For sigma coordinates (A.6), the respective functionals read
b1 (Z) = b2 (Z) =

H −Z
,
H

(A.16)
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and for the hybrid formulations (A.11),
b1 (Z) = b2 (Z) =

sinh[(H − Z)/s]
.
sinh[H/s]

(A.17)

Similarly both these coordinates may also be interpreted as special cases of the
Simmons and Burridge coordinate with a(Z) = Z/H.

A.2.4 Metric terms
The implementation of a numerical model in the coordinates (x, y, Z) requires the
usual transformation of the governing system of equations (e.g., Gal-Chen and Sommerville, 1975; Clark, 1977). As a result, metric terms appear in the transformed
system of equations. In general, the following terms will be needed:
J −1 = ∂z/∂Z,

∂z/∂X,

∂z/∂Y,

(A.18)

where ∂/∂X and ∂/∂Y denote derivatives on Z surfaces. In many sigma-coordinate
formulations, it is common practice to hard-code the selected transformation. This
procedure implies recomputing the metric terms whenever needed. With the new
transformation it will be more efficient to store all or some of the metric terms as a
function of the three-dimensional grid.
The computation of the metric terms may be performed using the analytical
definition of the coordinate based on (A.14) and (A.15). In practice, however, it
will often be more convenient to compute the metric terms using finite differences.
For instance, consider an Arakawa C grid, which uses velocity components DX/Dt =
(u, y, W ) that are staggered by half-grid increments in the respective directions. For
this grid, z(x, y, Z) can be defined on a staggered mesh as zi,j,k+1/2 based on (A.14)
and (A.15). Finite differences can then be employed to compute (J −1 )i,j,k at the
mass point i, j, k of the grid. This treatment is also consistent with the properties
of conservative finite-difference approximations.

A.2.5 Invertibility condition and choice of vertical decay rate
According to (A.4), the invertibility condition implies that Z(z) is a strictly monotone function. With (A.14) and (A.15) this yields
J −1 =

h1 cosh[(H − Z)/s1 ]
h2 cosh[(H − Z)/s2 ]
∂z
=1−
−
> 0.
∂Z
s1
sinh[H/s1 ]
s2
sinh[H/s2 ]

(A.19)

This condition is most restrictive on the surface level Z = 0 where the hyperbolic
cosine terms have maximum amplitude. A sufficient (but not necessary) condition
of invertibility can thus be expressed as
 
 
h1,max H
H
h2,max H
H
γ := 1 −
coth
−
coth
≥ 0,
(A.20)
H s1
s1
H s2
s2
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Figure A.3: Dimensionless display of g according to (A.20) providing a lower
bound to the Jacobian J of the new coordinate transformation. The horizontal
and vertical axes are spanned by dimensionless values of the two scale heights for
topographic features, respectively: (a) for h1,max /H = h2,max /H = 0.1 and (b) for
h1,max /H = h2,max /H = 0.05. Settings of (s1 /H, s2 /H) in the gray area have J ≤ 0
and violate the invertibility condition.

where hi,max = maxx,y [hi (x, y)]. The term γ always satisfies ∂z/∂Z ≥ γ and thus
measures how close a coordinate definition based upon values of (s1 , s2 ) is located to
the invertibility threshold. In addition, γ provides a dimensionless measure of the
minimum thickness of the lowermost coordinate layer as well as pertinent information
on the vertical advective Courant number:
αz =

w∆t
1 w∆t
≤
.
∆z
γ ∆Z

(A.21)

Explicit formulations with small values of γ may require a reduction of the time
step to ensure a stable integration, as the coordinate transformation compresses the
computational layers.
Equation (A.21) is used in Fig. A.3 to plot the invertibility condition γ for selected
pairs of (h1,max /H, h2,max /H) as a function of (s1 /H, s2 /H). The optimal choice of
the scale heights si will depend upon the problem under consideration. For many
atmospheric applications it appears optimal to choose s1 ≈ 10 km and, subsequently,
to minimize s2 for a specified value of γ > 0. Such a setting will achieve two goals:
quasi-horizontal computational surfaces in the stratosphere, and a rapid decay of
small-scale terrain features within the troposphere. In general, the invertibility
condition (A.20) appears not to be seriously limiting. For instance, for a topography
characterized by h1,max ≈ h2,max ≈ 1500 m and a model domain with H = 25 km,
the values s1 = 15 km and s2 = 2.5 km represent a legitimate choice with γ = 0.29.
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Figure A.4: Vertical cross section of the idealized two-dimensional advection test.
The topography is located entirely within a stagnant pool of air, while there is a
uniform horizontal velocity aloft. The analytical solution of the advected anomaly
is shown at three instances.

It is important to realize that the splitting of the topography into two contributions is the key to attaining a rapid vertical decay of the small-scale topographic
features. For instance, the vertical decay of the SLEVE setting with γ = 0.29
alluded to above cannot be matched by any hybrid formulation. More specifically,
using s = 2.5 km with the hybrid setting (A.11) leads to γ = −0.2, thus representing
a non-invertible coordinate setting. The inability of the hybrid formulation to attain
a rapid vertical decay is not surprising: With a topographic height of h = 3 km,
it is definitively not possible to prescribe quasi-horizontal computational levels at a
height of 2.5 km. Only the splitting of the topography allows choosing a small s2
value that is comparable or smaller than the total mountain height. This is indeed
why a combination with s1  s2 is so advantageous.

A.3 Idealized advection test
A.3.1 Overview
To quantify coordinate transformation errors, a simple two-dimensional advection
test is used. Its main features are sketched in Fig. A.4. To mimic the effects
of complex topography, we employ an obstacle with a fine-scale substructure (the
wavelike features). The wavelength of this structure is typically set to eight-gridpoint
increments, that is, to a scale that is usually retained in digital topography fields
used in weather prediction and climate models.
The topographic obstacle is submerged within a stagnant air mass, but aloft there
is a uniform and purely horizontal flow directed from left to right. This upper-level
flow is separated from the stagnant low-level pool by a shear layer. The situation thus
corresponds to the not uncommon meteorological condition of a low-level blocked air
mass with submerged topography. The upper-level flow represents plain horizontal
and linear advection, but in the presence of coordinate deformations as implied by
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the underlying topography.
To test the performance of various schemes, a simple scalar anomaly is initialized
upstream of the topography and advected by the flow. The transport of the anomaly
field ρ is described in conservative flux form by
∂ρ/∂t + ∇ · (vρ) = 0,

(A.22)

where v = (u, y, w) = (u(z), 0, 0) is the specified velocity vector. On a regular grid,
the advection is along the coordinate surfaces. On a terrain-following computational mesh, however, the flow becomes multidimensional. In two dimensions, the
transformed equation reads
∂ −1
∂
∂
(J ρ) +
(J −1 uρ) +
(J −1 W ρ) = 0,
∂t
∂X
∂Z

(A.23)

where W = DZ/Dt is the vertical velocity expressed in the new coordinate framework. The prescribed wind profile u(z) can be expressed as
(u, w) = (−∂φ/∂z, 0)
using a stream-function φ = φ(z). Transformation into computational space then
yields


∂φ ∂φ
(u, W ) = J −
,
.
(A.24)
∂Z ∂X
Introducing (A.24) into (A.23), one obtains




∂ −1
∂
∂
∂φ
∂φ
(J ρ) +
ρ +
ρ = 0.
−
∂t
∂X
∂Z
∂Z ∂X

(A.25)

Choosing (A.25) rather than (A.23) as the governing equation for the numerical
implementation has two important advantages. First, (A.25) allows implementing
the non-divergence property of the specified flow field on the level of the numerical
approximation. Second, in (A.25) the metric terms disappear in the flux-divergence
computation, such that the cancellation problems addressed by KSF are avoided.
In general, however, (A.25) is not amenable, as the stream-function may not be
available, or as the wind field may be divergent.
For all tests we use a computational domain that is confined above by a rigid lid
at H = 25 km and that is periodic in the x direction. The anomaly is initialized at t1
and advected from left to right. Diagrams will be shown at three times corresponding
to positions of the anomaly upstream, over and downstream of the obstacle (see
Fig. A.4).
The standard experiments will be conducted using explicit time stepping with
centered finite differences in space and time (leapfrog) on a staggered Arakawa C
grid. Other schemes to be considered include higher-order versions of the leapfrog
scheme, the upstream scheme, and two versions of the Smolarkiewicz scheme (Smo-
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larkiewicz, 1984). Unless stated otherwise, the numerical experiments are conducted
in the absence of explicit diffusion.
Tests are conducted using the four different coordinates shown in Fig. A.5. The
first mesh is obtained with a sigma coordinate (Fig. A.5a). The second mesh is a
hybrid-like setting (Fig. A.5b), based upon (11) with a scale height of s = 8 km.
This coordinate is characterized by a more rapid decay of the terrain features with
height. The third mesh (Fig. A.5c) is a version of the SLEVE coordinate (A.14). It
requires splitting the topography according to (A.13) into larger-scale and smallerscale contributions (see details in next subsection). For the two scale heights, we use
s1 = 15 km and s2 = 2.5 km. The resulting mesh (Fig. A.5c) has a much smoother
structure at upper levels. It is comparable to the hybrid coordinate (Fig. A.5b) in the
sense that the maximum displacement of the coordinate surfaces from their upstream
level are almost identical (e.g., the maximum displacement for both these coordinates
is ≈500 m at a height of 15 km). As a reference, an integration in the absence of
topography is also conducted (Fig. A.5d). This integration will allow distinguishing
between the regular-grid truncation error of the finite-difference scheme and the
errors associated with coordinate transformations.

A.3.2 Detailed specification of the advection test
We consider a computational domain with a length of 300 km and a depth of 25 km.
The topography h(x) is specified as the product of a large-scale mountain h∗ (x) of
halfwidth a, and a small-scale wavelike perturbation of wavelength λ; that is,
 
2 πx
h∗ (x),
(A.26a)
h(x) = cos
λ
where
∗

h (x) =



h0 cos2
0

πx
2a



for|x| ≤ a
for|x| ≥ a

(A.26b)

and where h0 denotes the maximum height of the obstacle. In all examples we use
h0 = 3 km, a = 25 km, and λ = 8 km. For the formulation with the new coordinate,
the topography is split into larger-scale and smaller-scale contributions; see (A.13).
To this end, we choose for the larger-scale contribution
1
h1 (x) = h∗ (x).
2

(A.27)

This implies that the two contributions have the same maximum amplitude of
1.5 km.
The discretization uses an Arakawa C grid. All numerical operations are coded
in conservative flux form. An Asselin filter was implemented, but is not activated
for the tests presented. The height z of the coordinate surfaces is discretized from
(A.14) at the W points of the grid, using the respective definitions for the three
coordinate systems considered, that is, (A.15), (A.16), and (A.17). The Jacobian is
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Figure A.5: Vertical coordinates used for the idealized advection test: (a) sigma
coordinate, (b) hybrid coordinate with a scale height of s = 8 km, (c) SLEVE
coordinate using a scale-dependent decay of terrain features (s1 = 15 km for largeand s2 = 2.5 km for small-scale features, respectively), and (d) reference grid without
topography. The diagrams show the lowermost 15 km of the computational domain
with a depth of H = 25 km.
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then defined at the mass points of the grid. The sheared wind profile is specified as


 1 
 for z2 ≤ z
1
sin2 π2 zz−z
u(z) = u0
for z1 ≤ z ≤ z2
(A.28)
2 −z1


0
for z ≤ z1
with u0 = 10 ms−1 , z1 = 4 km, and z2 = 5 km. The wind field is defined by means
of a stream-function
Z z
φ(z) = −
u(z)dz
(A.29)
0

and implemented according to (A.25). We define the stream-function at doubly staggered locations φi+1/2,k+1/2 , and its derivatives (∂φ/∂Z)i+1/2,k and (∂φ/∂X)i,k+1/2 at
staggered locations using centered finite differences of second-order accuracy. The
anomaly is assigned the shape


cos2 πr
for r ≤ 1
2
ρ(x, z) = ρ0
with
0
else

"
r=

x − x0
Ax

2


+

z − z0
Az

2 #1/2
(A.30)

and initialized at time t1 = 0 at location (x0 , z0 ) = (−50 km, 9 km) with amplitude
ρ0 = 1 and halfwidths Ax = 25 km, Az = 3 km. At time t2 = 2500 s, the anomaly is
centered right over the mountain and the integrations are terminated at t3 = 5000 s.
Unless stated otherwise, the discretization involves 300 × 50 grid points with grid
increments of ∆x = 1 km and ∆Z = 500 m. The time step is ∆t = 25 s yielding an
advective Courant number of αx = u∆t/∆x = 0.25 in the horizontal direction. The
maximum Courant numbers αz = |W ∆t/∆Z| in the vertical direction amount to
0.47, 0.34, 0.12, and 0 for the four coordinates considered, respectively (cf. Fig. A.6).

A.3.3 Results for centered differencing
We start by discussing the results using centered finite differences in space and time
(leapfrog). The numerical solutions and the error fields for the four coordinates
systems of Fig. A.5 are displayed in Fig. A.6. The top panels of Fig. A.6 are for
the sigma coordinate. As the anomaly is located over the obstacle, substantial
distortions as well as spurious smaller-scale features are evident. The error field
valid at t3 (Fig. A.5b) shows a smooth error structure downstream, with a maximum
amplitude corresponding to between -17% and 116%. Upstream of the obstacle, the
error field has a much finer scale. These characteristics are consistent with the
well-known phase errors of centered schemes (e.g., Durran, 1999). In particular,
the fine-scale errors upstream of the obstacle result from negative group velocities
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Figure A.6: Numerical solutions to the advection test using centered differences
and a horizontal Courant number of α = 0.25. (a),(c),(e),(g) The advected anomalies
at three consecutive times (t1 = 0, t2 = 2500 s, t3 = 5000 s) and (b),(d),(f),(h) the
error field at t3 (numerical minus analytical field). The solutions are from numerical
experiments using (a),(b) the sigma coordinate, (c),(d) a hybrid coordinate, (e),(f)
the SLEVE coordinate, and (g),(h) a regular grid. The initial amplitude of the
anomaly is 1; the contour interval in the left-hand panels is 0.1, and that in the
right hand panels is 0.01 (zero contour suppressed, negative contours dashed). The
coordinate systems are shown in Fig. A.5.
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associated with small-scale waves (numerical dispersion).
Using the hybrid-like coordinate in Fig. A.6c,d substantially reduces the numerical
errors. Maximum errors are now between -6% and 14%. Furthermore, the error
notably decreases over the depth of the anomaly as a function of height, in response
to the strong vertical gradient in the coordinate deformation.
With the SLEVE coordinate, the error is reduced to ∼2% (see Fig. A.6e,f). The
error field is almost identical to that of the reference solution in the absence of
topography (cf. Fig. A.6g,h). Thus, for this coordinate the error is dominated by
the regular truncation error of the scheme, while for the sigma and hybrid coordinate
it is dominated by transformation errors associated with the heavily distorted grid.
A summary of the error measures can be found in Tab. A.1.
The large errors resulting from the sigma and hybrid coordinates are not surprising. For illustration, Fig. A.7 displays the analytical solution in computational
space (full lines), along with contours of constant z height (dashed lines). This display serves to illustrate the strong distortions that occur in computational space.
The magnitude of the errors in the different panels of Fig. A.6 seems approximately
proportional to the distortion of the computational grid.

A.3.4 Results for fourth-order centered schemes
Next consideration is given to centered differences of fourth-order accuracy using the
sigma coordinate (as in Fig. A.6a,b). The results (Fig. A.8) show that increasing
the order of accuracy has a very pronounced and highly beneficial impact upon the
quality of the solutions. The positive impact of fourth-order horizontal advection
is of practical interest, noting that many of today’s numerical weather prediction
models are accurate to only second order. Figure A.8 suggests that a careful reconsideration of such choices might be appropriate, taking into account the presence
of terrain-following grids. Apparently, the beneficial aspects of higher-order horizontal advection are not merely restricted to reducing the amplitude and phase
errors associated with small-scale anomalies, but also make the horizontal advection
of large-scale anomalies less sensitive to the presence of small-scale features in the
computational grid. In this context it is worth noting that most of the positive
impact seen in Fig. A.8 is due to the use of fourth-order accuracy in the horizontal
direction, while the use of fourth-order accuracy in the vertical has little additional
impact. This suggests that the poor behavior seen in Fig. A.6a,b is primarily due to
the lack of horizontal (rather than vertical) resolution/accuracy, a result that will
be confirmed in Sec. A.3f below.

A.3.5 Results for forward-in-time schemes
The results for the first-order upstream scheme using forward time stepping are
shown in Fig. A.9. This scheme is much more diffusive than the leapfrog scheme
considered above. Even the reference solution in the absence of coordinate transformations (Fig. A.9g,h) is characterized by an amplitude reduction of 22%. The
coordinate transformations in the upper panels of Fig. A.9 have a devastating effect
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ρ
ρnum − ρana
Hybrid
ρ
ρnum − ρana
SLEVE
ρ
ρnum − ρana
No topography ρ
ρnum − ρana

Sigma

Leapfrog
min max
-0.168 0.953
-0.174 0.162
-0.050 0.989
-0.058 0.044
-0.023 0.985
-0.024 0.021
-0.023 0.985
-0.023 0.021

Leapfrog,
fourth order
min max
-0.058 1.001
-0.057 0.052
-0.023 0.982
-0.023 0.019
-0.002 0.984
-0.002 0.002
-0.002 0.984
-0.002 0.002
Upstream
min max
0.000 0.284
-0.700 0.213
0.000 0.408
-0.586 0.185
0.000 0.619
-0.376 0.106
0.000 0.762
-0.220 0.141

MPDATA
min max
0.000 0.605
-0.396 0.206
0.000 0.836
-0.187 0.133
0.000 0.960
-0.065 0.061
0.000 0.979
-0.025 0.034

MPDATA,
inearized
min max
-0.076 0.736
-0.269 0.179
-0.014 0.928
-0.085 0.084
-0.012 0.981
-0.012 0.013
-0.012 0.982
-0.012 0.011

Table A.1: Error measures of numerical solutions to the standard version of the advection test for five numerical schemes and four
vertical coordinate formulations. The upper line for each coordinate entry lists the extremes of the numerical solution (analytical
values are 0 and 1), the lower line shows the maximum errors with respect to the analytical reference solution.

A.3 Idealized advection test

115

A New Vertical Coordinate

Figure A.7: As in Fig. A.6 but showing the structure of the analytical solution at
times t1 , t2 , and t3 (full lines), along with the surfaces of constant height z (dashed
lines) in computational (x, Z) space.
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Figure A.8: As in Fig. A.6a,b but using fourth-order centered differences.

upon the performance of the scheme. With the sigma coordinate, the amplitude of
the anomaly is reduced by almost 72%!
Additional tests were performed for two versions of the second-order multidimensional positive definite advection transport algorithm (MPDATA) scheme (Smolarkiewicz, 1984). This scheme is popular due to its small phase errors and positivedefinite treatment, and is particularly well suited for the advection of chemical constituents and water species. We consider both the nonlinear version of the scheme
as described in Smolarkiewicz (1984), and a version using a linearized anti-diffusive
correction. Results are summarized in Tab. A.1. Despite the excellent performance
of the scheme in the absence of grid transformations, the deteriorating effects of
coordinate transformations are evident.
The results of these tests can be summarized as follows: Schemes with implicit
diffusion suffer particularly large coordinate transformation errors. Diffusion spreads
out the solution in computational space, rapidly broadens the initial anomaly, and
thereby makes the scheme more susceptible to coordinate transformations.

A.3.6 Sensitivity to horizontal and vertical resolution
Here we investigate how the solution using centered differencing depends upon horizontal and vertical resolutions. When changing the vertical resolution, the same
time step (and thus different vertical Courant numbers) as in the standard case is
used. When increasing the horizontal resolution, the time step ∆t is reduced such
as to maintain the horizontal Courant number at a value of 0.25. When decreasing
the horizontal resolution beyond that of the standard setting, we maintain the time
step, in order to retain the vertical Courant number.
Figure A.10 shows the results for the standard test with sigma coordinates, using four different horizontal resolutions (cf. Fig. A.6a,b). It can be observed that
the transformation errors are highly sensitive. In Fig. A.6, we used a horizontal
resolution of ∆x = 1000 m, such that the small-scale topographic wavelength corresponds to λ = 8∆x (for reference, these result are repeated in Fig. A.10c,d with a
different contour interval). Doubling the resolution to ∆x = 500 m (λ = 16∆x; see
Fig. A.10g,h) is sufficient to reduce the maximum error from 21% to 3.6%. On the
other hand, reducing the resolution to ∆x = 1500 m (λ = 5.3∆x; see Fig. A.10a,b)
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Figure A.9: As in Fig. A.6 but for the first-order upstream scheme. Contour
interval in the right-hand panels is 0.025.
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Figure A.10: Solutions using the sigma coordinate with various horizontal resolutions: (a),(b) ∆x = 1500 m, (c),(d) ∆x = 1000 m as in Fig. A.6a,b, (e),(f)
∆x = 750 m, and (g),(h) ∆x = 500 m. Conventions are the same as in Fig. A.6
except for using a contour interval of 0.02 in the right-hand panels.
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Figure A.11: Solutions using the sigma coordinate with various vertical resolutions:
(a),(b) ∆Z = 1000 m, (c),(d) ∆Z = 500 m as in Fig. A.6a,b, and (e),(f) ∆Z = 250 m.
Conventions are as in Fig. A.6 except for using a contour interval of 0.02 in the righthand panels.

leads to devastating errors with a maximum amplitude of 78%. This result is alarming, as many numerical weather prediction models include appreciable topographic
amplitudes in the respective spectral wavelength ranges.
Figure A.11 shows the results with three different vertical resolutions. Increasing the number of grid points in the vertical does not improve the behavior of the
scheme. Indeed, the error field with increased vertical resolution (∆z = 250 m;
see Fig. A.11e,f) is almost identical to the standard experiment (∆z = 500m; see
Fig. A.11c,d). This is further supported by an additional experiment with lower
vertical resolution (∆z = 1000 m; see Fig. A.11a,b), which produces an error field
with a slightly reduced amplitude (albeit the anomaly is only poorly resolved at
this resolution). This result appears consistent with the experience of operational
weather services, who often use their mesoscale NWP models at rather low vertical
resolution, and apparently find it more beneficial to invest available computing resources in refining the numerical mesh in the horizontal rather than in the vertical

120

A.3 Idealized advection test

Figure A.12: Errors of the idealized advection test as a function of horizontal
resolution for simulations using sigma (filled symbols) and SLEVE coordinates (open
symbols). The results pertain to time t = t3 of the test (see Fig. A.4). The horizontal
resolution is given in dimensionless units of λ/∆x. Results are shown for the secondorder and fourth-order leapfrog schemes and the linearized version of the secondorder MPDATA scheme. The dashed lines depict the slopes according to secondand fourth-order convergence rates, respectively.

direction.
A more comprehensive analysis of the resolution dependency of the numerical error
and its sensitivity with respect to the coordinate formulation under consideration is
presented in Fig. A.12. The error is defined here as
E = max |ρnum − ρana |,
x,Z

(A.31)

where ρnum and ρana denote numerical and analytical solutions at time t3 , respectively. The results for three schemes are summarized in Fig. A.12 as a function of
horizontal resolution (displayed in dimensionless form as λ/∆x). We first discuss
the results for the sigma-coordinate simulations (full symbols). For all schemes considered, convergence is evident in good agreement with the theoretical expectations
according to the scheme’s order of accuracy (given by the slope of the dashed lines).
For short wavelengths around 5∆x, the errors have a magnitude comparable to that
of the anomaly. The three schemes differ substantially in their behavior. Taking an
error level of E = 0.1 as a threshold, it is exceeded for wavelengths smaller than
∼ 13∆x (MPDATA), ∼ 10∆x (second-order centered), and ∼ 7∆x (fourth-order
centered), respectively. The simulations using the SLEVE coordinate (open symbols) show a reduction of the error level by a factor ∼ 10. For all schemes, this reduction applies to a surprisingly wide range of scales, and there is a striking difference
even at wavelengths around 20∆x. As the error induced by the grid transformation
heavily depends upon horizontal resolution (see Sec. A.4), the SLEVE error curve
does not exhibit a regular convergence according to the accuracy of the scheme,
but rather the error level approaches that of the sigma coordinate for well-resolved
terrain features.
In summary, these results show that the transformation error using the sigma
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coordinate is most pronounced at horizontal wavelengths around 5 and 10∆x, but
its relative magnitude is still substantial at 20∆x. The insensitivity of the results
with respect to vertical resolution demonstrates that the main reason for the error
is due to rapid changes of the grid structure in the direction of the flow.

A.4 Theoretical analysis of truncation error
In this section we carry out a theoretical analysis of the truncation error of the advection equation in the presence of arbitrary coordinate transformations. To simplify
the situation, consideration is restricted to the one-dimensional advection equation
in conservative flux form:
∂ρ ∂(uρ)
+
= 0,
∂t
∂x

(A.32)

with an arbitrary flow field u = u(x) > 0. The performance of the first-order
upstream and the second-order centered schemes will be investigated in the presence
of an arbitrary coordinate transformation X = X(x). The transformed equation can
be written in two ways, either as
∂(uρ)
∂ρ
+J
= 0,
∂t
∂X

(A.33)

or more generally as
∂ρ
∂(J −1 U ρ)
+J
= 0,
∂t
∂X

(A.34)

where J = ∂X/∂x is the Jacobian of the transformation and where U = DX/Dt =
Ju is the transformed velocity. Multidimensional numerical implementations usually
utilize (34). However, for the sake of simplicity and in order to avoid complicating
effects associated with the definition of the metric terms (cf. KSF), the subsequent
analysis is based on (33).
Since we are interested in the spatial truncation error, (A.33) will be brought into
the form
∂ρ
+ F D = E,
∂t

(A.35)

where FD is a finite difference approximation of the respective term and E the spatial
truncation error. The error term will be derived in the usual way using Taylor series
expansions. We will then attempt to split the error term into
E = Ereg + Etrans

(A.36)

where the two terms refer to the truncation error associated with finite differencing
on a regular grid and the contribution arising from the coordinate transformation,
respectively.
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A.4.1 Upstream differencing
In the case of the upstream scheme on a staggered Arakawa C grid, the approximation reads as
F Di =

Ji
(Fi+1/2 − Fi−1/2 ),
∆X

(A.37a)

with the upstream fluxes given by
Fi+1/2 = ui+1/2 ρi
The application of Taylor series expansions delivers the error term:


∆x ∂
∂ρ
Eu =
J
u
+ O(∆X 2 ).
2 ∂X
∂X

(A.37b)

(A.38)

This equation is formulated in computational space. The transformation back to
physical space using ∂/∂X = J −1 ∂/∂x and ∆X = J∆x is straightforward and
yields


∆x ∂
−1 ∂ρ
J
uJ
+ O(∆x2 ).
(A.39)
Eu =
2 ∂x
∂x
In this form, the error term can readily be interpreted. Its amplitude is determined
by variations of uJ −1 (∂ρ/∂x), and this implies that variations of the Jacobian J −1
play a similar role as those of u or ∂ρ/∂x. The leading error term (A.39) is now
split following (A.36) into


∆x ∂
∂ρ
Eu,reg =
u
+ O(∆x2 ), and
(A.40a)
2 ∂x
∂x

Eu,trans = −

∆x ∂ρ −1 ∂J
u J
+ O(∆x2 ).
2 ∂x
∂x

(A.40b)

Equation (A.40a) represents the standard error contribution associated with upstream differencing on a regular grid, but here ∆x = J −1 ∆X represents the local
value of the grid spacing. Under conditions of uniform flow it simplifies to the error
term of linear upstream differencing (see e.g., Durran, 1999, p.39). Equation (A.40b)
represents the contribution associated with grid transformations. It will further be
discussed in Sec. A.4.3 below.
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A.4.2 Centered differencing
In the case of second-order centered differences, (A.37a) is used with
1
Fi+1/2 = ui+1/2 (ρi + ρi+1 ).
2

(A.41)

The application of Taylor series expansions delivers, after some tedious calculations,
the error term:

 2 

∆X 2
∂
∂ ρ
∂ 3 (uρ)
Ec = J
3
u
+
+ O(∆X 3 ).
(A.42)
24
∂X
∂X 2
∂X 3
Transformation back to physical space is quite cumbersome. We thus restrict attention to the case ∂u/∂x = 0, whereupon
Ec = J

∆X 2 ∂ 3 ρ
u
+ O(∆X 3 ).
6
∂X 3

(A.43)

Transformation back to physical space delivers

3
∆x2 3
−1 ∂
uJ J
ρ + O(∆x3 ).
Ec =
6
∂x

(A.44)

The error may be split according to (36) into
Ec,reg =

Ec,trans

∆x2 ∂ 3 ρ
u
+ O(∆x3 ),
6 ∂x3

and


∂ 2 J −2 ∂ρ
∂J −2 ∂ 2 ρ
=J
+ O(∆x3 ).
u
+3
12
∂x2 ∂x
∂x ∂x2
2 ∆x

2

(A.45a)



(A.45b)

In the absence of grid transformations (J ≡ 1), the error term again reduces to its
classical form.

A.4.3 Discussion
Most of the literature on truncation errors of finite-difference approximations restricts attention to simplified cases of uniform flow in the absence of coordinate
transformations. Such results may be misleading, as this procedure ignores the error contributions due to deformations of the computational mesh. Indeed, the most
important aspect of the above results is that the transformation error Etrans has the
same leading order as the regular truncation error Ereg valid in the presence of a
uniform grid. Whether the Etrans contribution is relevant depends upon the scales
of the flow anomalies and those of the coordinate transformation. Qualitative interpretation of (A.40a), (A.40b) and (A.45a), (A.45b) suggests that the regular-grid
contribution to the truncation error will dominate for small-scale flow anomalies,
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as the coefficient of the leading error term is directly determined by variations of
the transported field. However, for larger-scale flow anomalies, the total truncation
error will be dominated by transformation errors, as its leading error term has a
coefficient that is proportional to horizontal derivatives of the Jacobian. This implies that small-scale grid deformations may be effective in disturbing the transport
of large-scale anomalies. This interpretation is consistent with the results of the
idealized advection test in Sec. A.3.

A.5 Examples using a fully nonhydrostatic
forecasting model
In order to assess the impact of the new coordinate formulation in a NWP context,
both idealized and real-case numerical experiments are conducted using the Canadian Mesoscale Compressible Community (MC2) model. This model is based on the
non-hydrostatic compressible set of equations and is thus suited for the simulation
of atmospheric flows on a wide range of scales. The prognostic equations for momentum, pressure perturbation, temperature, and specific humidity are discretized on a
staggered Arakawa C grid using a semi-implicit, semi-Lagrangian scheme (Tanguay
et al., 1990; Benoit et al., 1997). For the solution of the semi-implicit time step,
a hydrostatically balanced isothermal reference state is introduced. The model has
recently been supplemented with a new adiabatic kernel (Thomas et al., 1998). As
a result of using very fast numerical techniques, the MC2 is one of the few models
that allows conducting high-resolution simulations at convection-resolving resolution in real time on currently available computers. The MC2 is equipped with a
sophisticated parameterization package and has extensively been tested for quantitative precipitation forecasting purposes, including the simulation of heavy events
(see Benoit et al., 2000, 2002).

A.5.1 Implementation of the new coordinate
The original version of the MC2 code uses the sigma coordinate (A.6), and the metric
terms (A.18) are hard-coded. In order to generalize the formulation for arbitrary
coordinate transformations, the code was revised such that the metric terms are
stored as a function of the three-dimensional grid. To this end, the height z of
the computational levels is computed using (A.14) and discretized as described in
Sec. A.3.4. All metric terms are then computed from this field using centered finite
differences on the staggered grid. The impacts of these changes in terms of execution
time and memory requirements are small.
Implementation of the new coordinate (A.14) requires the splitting of the terrain
h into its scale-dependent contributions h1 and h2 following (A.13). To this end, the
large-scale contribution h1 is computed from h by multiple applications of a simple
second-order Laplace filter. In our case the filter was applied 100 times, which is sufficient to remove 98% or more of the small-scale variations with wavelengths smaller
than 15∆x. In order to remove the small-scale variations along the boundaries, we

125

A New Vertical Coordinate
have extended h by one grid point in each direction, such that for each application
of the filter the values outside the boundary are taken from inside the boundary (in
one dimension; this is, hi=0 := hi=2 , etc.). This ensures that h1 becomes smooth
over the whole computational domain. The small-scale contribution h2 is finally
obtained as h2 = h − h1 .

A.5.2 Dry flow past idealized topography
Here we present results from an idealized experiment of stably stratified, dry flow
impinging upon a two-dimensional mountain ridge. The upstream profile is defined
by constant values of the Brunt-Väisälä frequency N and the velocity U in the
x direction, together with the upstream surface temperature T0 and pressure p0 .
The mountain ridge is assigned a bell-shaped structure with superposed small-scale
variations:
  
 πx 
x 2
h(x) = h0 exp −
cos2
,
(A.46)
a
λ
where h0 = 250 m, a = 5 km, and λ = 4 km. The gravity waves forced by this
terrain have two dominating spectral components: a larger-scale hydrostatic wave
that is characterized by deep vertical propagation, and smaller-scale waves generated
by the cosine-shaped terrain variations and characterized by rapid decay with height
due to non-hydrostatic effects.
Assuming a fixed ratio a/λ, the adiabatic and inviscid response in the absence
of background rotation is governed by two dimensionless parameters. These are
the dimensionless mountain height N h0 /U and the dimensionless mountain width
N a/U . Thus, settings with a constant ratio N/U are dynamically similar, that is,
differ only by some scaling.
Simulations are conducted in a model domain with an extent of L = 200 km
times H = 19.5 km. The vertical discretization of the domain is performed on 65
equally spaced layers. A Rayleigh-damping layer with a depth of 30 layers is used to
minimize the reflection of vertically propagating waves at the upper boundary. The
integrations are carried out until a quasi-steady state is reached and are performed
in the absence of any physical parameterization and explicit diffusion. Only the
central portion of the domain will be displayed.
In order to explore the sensitivity of the response with respect to the numerical
resolution and the choice of the vertical coordinate, a comprehensive set of numerical
simulations has been conducted for N/U = 10−3 m−1 . To provide an overview of the
wide range of results, two settings are discussed in more details. These employ values
of N = 0.01 s−1 and N = 0.01871 s−1 (see Tab. A.2 for additional settings) and are
shown in the left- and right-hand panels of Fig. A.13, respectively. Both simulations
use a hydrostatically balanced isothermal reference state. This is relevant to the
comparison, as the upstream profile of the second (but not the first) setting coincides
with the reference state.
For both settings, the sigma coordinate given by (A.6) is compared against a
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Figure A.13: Simulations of idealized flow past topography based on dynamically
equivalent settings with (a),(c),(e) N = 0.01 s−1 and (b),(d),(f) N = 0.01871 s−1
(see Tab. A.2 and text for details). Shown are contours of steady-state vertical
velocity for numerical solutions using the (a),(b) sigma coordinates, (c),(d) hybrid
coordinates, (e),(f) SLEVE coordinates, and (g) for an analytical solution. The
contour intervals in the left- and right-hand panels are 0.05 and 0.09355 m s−1 ,
respectively.
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Table A.2: Settings for the simulations in Fig. A.13

Fig. A.13a,c,e
N (s−1 )
0.01
−1
U (m s ) 10
∆x(m)
500
∆t(s)
8
T0 (K)
288
p0 (hPa)
1000

Fig. A.13b,d,f
0.01871
18.71
1000
5.34
273.16
1000

hybrid-like coordinate (A.9) with a scale height of s = 3 km (γ = 0.92), and the
SLEVE coordinate (A.14) with s1 = 5 km and s2 = 2 km (γ = 0.90). A linear
solution based on Fourier decomposition serves as a reference (see Lüthi et al., 1989)
and is shown in Fig. A.13g.
The simulation with N = 0.01 s−1 (left-hand panels of Fig. A.13) uses a comparatively fine horizontal resolution, such that the small-scale wavelike perturbation
of the mountain is associated with a wavelength of λ = 8∆x. The results using
the sigma coordinate (Fig. A.13a) show a dramatically distorted unphysical wave
pattern at upper levels. The error is evident from comparison against the linear
solution (Fig. A.13g). The solutions using the hybrid-like coordinate (Fig. A.13c)
and the new coordinate (Fig. A.13e) show a considerable reduction of these errors.
In particular, consistent with theoretical considerations and the linear solution, only
the larger-scale mountain waves propagate, while the smaller-scale waves rapidly
decay with height.
The simulation in the right-hand panels of Fig. A.13 uses a coarser horizontal
resolution (λ = 4∆x) and a stratification that matches that of the isothermal reference state of the numerical formulation. Despite the coarser resolution, the standard
simulation using sigma coordinates (Fig. A.13b) is very successful in comparison to
Fig. A.13a. The improvements from the hybrid and SLEVE coordinates are quite
visible but comparatively small (Fig. A.13d,f).
Further analysis demonstrates that the fine-scale errors seen in Fig. A.13a,c are
primarily due to the differing stratification of the upstream profile on the one hand,
and the reference state used for the semi-implicit time step on the other hand.
This is consistent with (Pinty et al., 1995), who have detected the importance of
the reference state for simulations of gravity wave propagation. However, Pinty
et al. restrict attention to comparatively well-resolved cases, where the effect is less
pronounced. More recently, KSF have isolated the true source of such numerical
errors as being related to inconsistencies between vertical and horizontal advection.
The flow examples in Fig. A.13 thus illustrate that the improvement that can be
expected from the SLEVE coordinate will vary greatly from case to case and from
model to model. It is relevant in this context that the example considered is based on
a heavily simplified flow in the absence of parameterized physics and model diffusion,
and these latter factors may represent additional sources of small-scale errors.
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A.5.3 Real-case numerical simulations
Next we consider a real-case numerical experiment motivated by real-time operations of the MC2 during the field phase of the Mesoscale Alpine Programme (MAP;
Bougeault et al., 2001). During this project, the MC2 model was used to produce
daily 27-h forecasts with a convection-resolving horizontal grid spacing of 3 km, using a computational mesh with 350 × 300 × 50 grid points covering the entire Alps.
A detailed description of the model’s setup can be found in Benoit et al. (2002).
The setup of the MC2 for the following experiment is identical to that used during
the MAP field phase, except for the use of a digital topography file with higher effective resolution. The currently employed pre-filtering of the topography completely
removes the shortest wavelength represented, but the smoothing is weaker than that
applied during the MAP operations (Benoit et al., 2002) and that typically used in
operational NWP models (e.g., SMAP). The comparatively weak filtering is selected
to amplify the role of poorly resolved scales, and to demonstrate the ability of the
new coordinate to cope with highly complex topography. The case presented in this
section was initialized at 2100 UTC 19 September 1999, and it covers the second day
of the MAP Intensive Observing Period (IOP) 2b. The weather situation was characterized by strong southerly flow over the Alps, leading to heavy precipitation and
foehn winds upstream and downstream, respectively. Related observational activities during MAP included airborne missions in support of heavy precipitation and
gravity wave objectives (Bougeault et al. 2001). Figure A.14 shows the simulated
fields in a cross section running from west to east across the southern portion of the
Alps. The left-hand panels of Fig. A.14 depict results of a MAP-like setup using
the sigma coordinates (A.5), while results with the SLEVE coordinate are shown in
the right-hand panels. The latter coordinate transformation is given by (A.14) with
s1 = 10 km and s2 = 2 km (γ = 0.25). Figure A.14a,b depict the computational
levels. Results are shown for forecast time 14 h, but the results are qualitatively
similar at later times. The fields presented include the potential temperature and
horizontal velocity in the direction of the cross section (Fig. A.14c,d), as well as relative humidity and equivalent potential temperature (Fig. A.14e,f). The simulation
using the sigma formulation (Fig. A.14a,c,e) is characterized by unphysical smallscale variations in virtually all fields, even at upper levels. Some of the associated
features show a columnar structure aligned with peaks of the underlying topography,
suggesting a numerical, rather than a physical, origin. As discussed above, the noise
level in this simulation is at least partly due to the use of a high-resolution topography file. It is likely that several model components contribute toward amplifying
small scales, among them the dynamical core, the advection of moisture and cloud
species, as well as the parameterization package. In the simulation using the new
coordinate formulation (Fig. A.14b,d,f), a notable fraction of the unphysical noise
is removed as a result of using smoother terrain-following surfaces.
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Figure A.14: Results of the real-case experiments. Shown is a section across
the Alps at 46o N with a horizontal extent of ∼930 km (running from west to east
from the Rhone valley over the Monte Rosa massif, the Alpine foothills in southern
Switzerland, the Po valley in the Veneto area, to the Dinaric Alps in Slovenia). Only
the lowermost 15 km of the computational domain are displayed. (a),(b) Heights of
computational surfaces, (c),(d) horizontal velocity along the cross section (m s−1 )
and contours of potential temperature (K), and (e),(f) relative humidity (%) and
contours of equivalent potential temperature (K). Left- and right-hand panels show
results obtained with the sigma and SLEVE coordinates, respectively.
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The motivation for this study is the recognition that terrain-following coordinate
transformations in atmospheric models play an important role in determining the
error of numerical algorithms. For analysis, consideration was given to an idealized advection test (Sec. A.3), theoretical considerations of the truncation error
(Sec. A.4), and idealized and real-case numerical experiments using a nonhydrostatic
model (Sec. A.5). The key results of the study are as follows:
• Theoretical considerations demonstrate that the leading-order truncation error
contains not only the well-known error contributions that occur in the presence
of a uniform grid, but there is an additional error term of the same order of
accuracy that originates from coordinate transformations. The coefficient of
the latter error term is associated with horizontal derivatives of the Jacobian.
This term dominates in the presence of large-scale flow anomalies, when the
regular-grid contribution becomes small.
• Results of the idealized advection test confirm the important role of small-scale
terrain features. Using the classical sigma coordinate, the total error may be
dominated by transformation rather than regular-grid truncation errors. The
former type of error occurs at scales that are relevant for atmospheric prediction models. Taking a 10% error level as a threshold, this level is exceeded for
topographic wavelengths smaller than 7-13 ∆x, depending upon the scheme
under consideration.
• Higher-order (e.g., fourth order) advection schemes may not only be attractive
for the transport of smallscale anomalies, but they have also a highly beneficial
impact if larger-scale anomalies are advected in the presence of small-scale
coordinate-transformations.
To alleviate the negative effects of coordinate transformations, a new vertical
coordinate framework has been proposed. It is designed to provide a computational
mesh that is much smoother than currently utilized coordinate systems (Sec. A.2).
The basic idea of this new coordinate is the use of a scale-dependent vertical decay
of terrain features, such that small-scale variations decay quickly with height so as
to leave the coordinate surfaces at midtropospheric and higher levels unaffected.
The resulting “SLEVE” coordinate yields substantially smoother coordinates than
are attainable with a hybrid coordinate. Indeed the splitting of the topography into
two (or more) contributions is the key to yielding such a smooth terrain-following
coordinate. The new coordinate formulation has a highly beneficial impact:
• Comparisons of the SLEVE coordinate in the context of the idealized advection
test against the performance of sigma and hybrid coordinates demonstrate that
the use of a smooth computational grid can greatly reduce the transformation
errors and thereby drastically improve the simulation results.
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• Idealized and real-case numerical simulations using a full model demonstrate
that the new coordinate framework leads to a better representation of gravity
waves and reduces the noise levels in the free troposphere and lower stratosphere, although this effect depends upon the model and setup under consideration.
Currently a study is under way to investigate the behavior of the SLEVE coordinate in an operational NWP context using the Lokal Modell (LM; Doms and
Schättler, 1999) of the German Weather Service. Preliminary results (see Leuenberger, 2002) demonstrate that smooth coordinate surfaces indeed help to reduce
finescale noise in wind and moisture fields. Leuenberger also demonstrates that the
impact depends upon the case under consideration, with particularly evident effects
in a case of parameterized summer convection over complex topography. Further
analysis will be needed to corroborate this result and to isolate the impact in a larger
sample of cases.
When using atmospheric prediction models for realcase applications, there is the
desire to represent the underlying topography as accurately as possible. Such a
representation does imply some coordinate transformation errors, and a compromise has to be made between accepting these errors or reducing the amplitude of
small-scale topographic features. In particular at low levels, it will not be possible to completely remove the associated coordinate transformation errors. As long
as they merely affect small-scale atmospheric features (which are anyway poorly
resolved), such errors may be acceptable. In contrast, however, such errors are unacceptable when they affect the larger-scale dynamics (which is believed to be well
represented). As demonstrated by the theoretical considerations and the idealized
numerical tests of this study, the coordinate transformation errors may sometimes
represent the dominant error source, and they may greatly be reduced by use of a
smooth computational mesh, such as is provided by the SLEVE coordinate.
Acknowledgements. We are indebted to Joe Klemp and Bill Skamarock for discussions that have contributed to clarifying the role of finescale topography in numerical
models. Comments from and discussions with Robert Benoit, Nicola Botta, Philippe
Bougeault, Jim Doyle, Dale Durran, Evelyne Richard, Ron Smith, André Walser,
and two anonymous reviewers are also gratefully acknowledged.
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B.1 Advanced Regional Prediction System (ARPS)
The simulations using ARPS were performed with ARPS version 5.0Beta8 which
is freely downloadable from the website of the Center for Analysis and Prediction
of Storms (CAPS) of the University of Oklahoma1 . Three-dimensional simulations
were performed on the NEC-SX/5 at the Swiss Center for Scientific Computing
(CSCS) in Manno and the model code was compiled using the cross-compilation
environment FORTRAN90/SX Version 2.0 on a SUN Ultra-4 Workstation. Twodimensional simulations were performed on a Intel Xeon platform running SUSE
Linux and the Portland Group Fortran90 compiler version 5.1-2. The model source
code has been modified for our purposes. In summary, the following changes have
been introduced (affected subroutines are given in parentheses):
• The optimization of the code for the NEC SX/5 platform made several changes
necessary. (f es, f desdt, f tdew, reflec, output)
• Several changes have been introduced for the output of diagnostic quantities,
especially for the computation of precipitation efficiency measures. (arps, satadj, maxmin, initpara)
• For the free-slip boundary option, vertical gradients of pressure, potential temperature at the lower boundary are computed using values extrapolated below
the surface. Since spurious slope winds occurred under no-wind conditions,
the extrapolation for the potential temperature was changed from constant to
linear. The pressure is extrapolated assuming hydrostatic equilibrium. (bcsclr)
• The computation of the moist stability frequency has been changed. Vertical
derivatives using centered differencing led to erroneous results if the difference
was taken over a cloud boundary. The code has been changed to one-sided
differences at cloud boundaries. (stabnsq)
• Several changes were introduced to accommodate our experimental setup.
(ranary, ranary3d, cmix2s, cmix4s, inibase3d, inigrd, initdvr, initpara, cftmix,
solvtke)
• A bug in the initialization of the surface rainfall accumulation has been fixed.
(qfallout)

B.2 Mesoscale Compressible Community (MC2)
Model
The simulations using MC2 were performed using MC2 version 4.9.3 and the physics
package version 3.72 which can be downloaded from the website of Recherche en
1

http://www.caps.ou.edu/ARPS/
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B.2 Mesoscale Compressible Community (MC2) Model
Prévision Numérique (RPN) of Environment Canada2 . Simulations have been performed on the NEC-SX/5 at the Swiss Center for Scientific Computing (CSCS) in
Manno and the model code was compiled using the cross-compilation environment
FORTRAN90/SX Version 2.0 on a SUN Ultra-4 Workstation. The model source
code has been modified for our purposes. In summary, the following changes have
been introduced (affected subroutines are given in parentheses):
• Several bugfixes were necessary involving the periodic boundary conditions,
microphysics, turbulence computations and the output of the physical parametrizations fields. (dumphy3, s rdvint c, initcond, nesmt, rdgeop2, vkuocon6, metric,
ctmdiag, ztetps, step8)
• A whole range of changes have been made to the code in the context of the
first paper of this thesis. The changes mainly involve the computation of the
metric terms, the departure point computation and the interpolation to the
departure point. (fwrd3d4, matvec2, mc2, metric, rhs2 pm, rhs2 qp, rhs2 r0,
setpnt2, slag3d3, traject, upwnd3, uvgm3d3)
• The lower boundary conditions have been adapted for a free-slip option. (difver5)

2

http://www.cmc.ec.gc.ca/rpn/modcom/html/en/mc2/
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