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To prevent the severe effects of earthquake on built systems, structural engineering pursues attenuation
of vibrations on structures. A recently surfaced means to structural vibration mitigation exploits the con-
cept of metamaterials, i.e., of configurations able to control wave propagation in specific frequency ranges,
termed band gaps. The current study harnesses the potency of a geometrically nonlinear unit-cell design,
which can develop negative stiffness, and explores the vibration-attenuation capabilities of the resulting
metamaterial device. An analytical approach is followed to calculate the expected attenuation zone, as
well as for calculating the dependence on the amplitude of the input, a hallmark of the nonlinear behav-
ior. For the purpose of validation of a proof-of-concept system, dynamic tests are performed on a scaled
model assembled using LEGO� components. Besides showing that such a nonlinear system can be easily
constructed, these tests illustrate the potential of this nonlinear design for vibration reduction within the
targeted band-gap frequency zones and the protection that it can offer to a primary system. Finally, numer-
ical analyses are used to verify the analytical calculations of the dispersion relation and are additionally
compared to the experimental results, evaluating the incorporated modeling assumptions. The possibility
to lower the band gap in the typical seismic engineering frequency range and to maintain a broadband
attenuation at low frequency show that negative stiffness may enhance the performance of metamaterials
for seismic protection.

DOI: 10.1103/PhysRevApplied.17.054023

I. INTRODUCTION

Control and attenuation of mechanical vibrations has
formed a major challenge in the domain of structural engi-
neering. Dynamic loads, such as earthquakes and explo-
sions, influence and compromise the capacity and safety of
engineering structures [1]. This subject becomes, particu-
larly challenging for civil-engineering applications, where
the primary source of undesired vibration stems from seis-
mic excitation [2], or is tied to resonance effects that
comprise a spectral content that lies in the lower-frequency
range (1–20 Hz).

Structural vibration attenuation is extensively treated
via base-isolation techniques [1,3] or with the attachment
of passive, active, and semiactive devices [4,5]. Perhaps
the most exploited form of a passive vibration-attenuation
device, in the structural engineering context, are the tuned
mass and tuned liquid dampers [6–9], which comprise
additional, linear attachments to the primary system. While
this application is particularly effective, when tuned to
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the—typically first—natural frequency of the protected
structure, it affects only a narrow frequency band. On the
other hand, active and semiactive devices come with the
significant drawback, when compared against passive solu-
tions, of requiring power supply, incurring higher costs,
and frequent maintenance, while exhibiting vulnerability
to sensor and actuator failures [10].

A vibration-mitigation concept that is proposed, yet
rapidly evolving, for engineering applications is that
of metamaterials [11–13]. These are structures that are
arranged in a repeating pattern of a fundamental design,
called the unit cell. They exhibit remarkable filtering prop-
erties when placed in the direction of propagation of
waves, within specific frequency regions that are called
band gaps. Two types of mechanisms are identified, under-
pinning the dynamic behavior of metamaterials, namely
Bragg scattering and local resonance [14,15]. Resonant
metamaterials exploit a principle that is similar to the tuned
mass damper concept; the tuning of the natural frequency
of each cell to a specified value around which a band
gap is formed. On the other hand, the Bragg-scattering
mechanism exploits destructive interference between peri-
odic unit cells for preventing the propagation of waves at
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wavelengths approximately equal to the spacing between
adjacent cells [16–18].

One of the most investigated linear designs for struc-
tural protection are mass-in-mass resonant metamaterials
[19,20]. Common applications of such designs include
so-called metafoundation and metabarrier concepts [21–
25]. Barriers are placed in the surrounding medium of the
superstructure, without the requirement to thus bear its
weight. To this end, Miniaci et al. [26] show the potential
of a metabarrier against seismic surface waves in reduc-
ing ground motion. Metafoundations, on the other hand,
are placed beneath the structure as a support system, thus
bearing its weight. In a structural-focused direction, Wen-
zel et al. [27] study the protection of storage tanks with
the use of resonant metafoundations clearly revealing the
attenuation capabilities in the resulting stresses.

Here we claim that major limitations of linear metamate-
rials such as the high mass necessary to reach low frequen-
cies and the limited frequency band of the attenuation zone
can be overcome adopting a nonlinear unit-cell design.
Furthermore, the inherent amplitude-dependent behavior
may result in adaptation of the band-gap range, depending
on the magnitude of the oscillation [28]. Several studies
in the recent literature integrate metamaterial concepts to
mild nonlinear configurations [29–36] studying their tun-
ability properties, while others investigate the effect of
nonsmooth phenomena [37–39], revealing the benefits in
terms of larger attenuation bandwidths that can be obtained
by exploiting nonlinearities.

To this end, negative stiffness phenomena are very
promising for vibration isolation and can be generated
by harnessing geometric nonlinearities. In this direction,
Hwang et al. [40] study the dynamic behavior of a
metabeam design with bistable asymmetric elements. Al-
Shudeifat and Chen et al. [41,42] investigate the effects
of nonlinear energy sinks with a negative stiffness ele-
ment, showing promising results. This latter concept helps
towards focusing the attention on the potential advantages
of negative stiffness for elastic metamaterials. Wenzel et
al. [28], Chen et al. [43], and Salari-Sharif et al. [44]
propose unique metamaterial designs incorporating neg-
ative stiffness unit cells, revealing the potential of such
systems towards structural protection. In a similar spirit,
the K-Damper concept [45–47] aims at vibration isolation,
utilizing negative stiffness elements, taking into considera-
tion the bearing capacity in the vertical direction, therefore
maintaining a positive overall stiffness.

Building on existing knowledge, this study proposes a
geometrically nonlinear metamaterial pursuing response
reduction at low frequency. Contrary, for instance, to the
K-Damper concept, this system allows the overall stiff-
ness of the unit cells to become negative by targeting
lateral (and not vertical) support. The band gap and its
dependence on the nonlinear mechanism is explained by
means of analytical and numerical techniques. To further
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FIG. 1. Schematic representation of the geometrically nonlin-
ear unit cell.

validate the proposed design in a scaled proof of concept,
experimental tests are performed under dynamic loading.

II. GEOMETRICALLY NONLINEAR UNIT CELL

The metamaterial design investigated in the current
work enforces geometrically nonlinear behavior at the
unit-cell level. Its design is similar to the works of Al-
Shudeifat [41] and Chen et al. [42], depicted in Fig. 1.
It consists of a rigid support of mass m, connected to a
mass μ via a nonlinear element. The nonlinear kinematics
is induced by a triangular arch configuration, that consists
of two linear springs of stiffness kn arranged in a isosce-
les triangle geometry of height H and base of length 2L,
as shown in Fig. 2. Each unit cell of lattice constant a;
in other words, the length of each cell, is elastically con-
nected to the adjacent cells via a linear spring of stiffness
k. Damping is considered both in the nonlinear element
and in the link between cells via linear dashpot elements
of coefficients cn and c, respectively.

A triangular arch that undergoes large displacements is
known to yield a geometrically nonlinear behavior with a
bistable configuration, as discussed in the work of Chen et
al. [42]. Figure 2 displays the resting position of the arch
and the corresponding equilibrium path of this setup. The
two linear springs of stiffness kn have a natural length L′
and are assembled in a triangular geometry of height H .

kn

P

L

L

L'kn

δ

H

P

δ
H 2H0

exact
third-order approximation

–H 3H

FIG. 2. Nonlinear equilibrium path of the triangular arch.
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While the presence of nonlinearity is apparent, the behav-
ior that is produced is elastic as the loading and unloading
paths are identical. Two stable equilibrium points can be
identified for δ = 0 and δ = 2H , that correspond to the
two symmetrical positions at which the springs are at their
natural length. A third unstable equilibrium point occurs
at δ = H , where the two springs are aligned, while being
compressed. Equation (1) states the exact equilibrium
path of the setup as a function of geometric and stiff-
ness properties of the individual components. This relation
is approximated with a third-order polynomial function,
in order to simplify the analytical derivation, after per-
forming a Taylor series expansion around δ = H [41], as
formulated in Eq. (2). The deviation of the approximated
relation from the exact path is shown in Fig. 2, where suf-
ficient agreement is observed. This deviation is ≤ 10% for
the displacement range (−H , 3H), while it is increased
for outer values. The oscillation amplitudes in the follow-
ing sections are expected to fall within this displacement
range and therefore this approximation can offer useful
indications about the dynamic behavior of the system.

P = 2knL′

⎛
⎝1 −

√
(L/H)2 + [1 − (δ/H)]2

(L/H)2 + 1

⎞
⎠

× 1 − (δ/H)√
(L/H)2 + [1 − (δ/H)]2

, (1)

where L′ = √
L2 + H 2.

P ≈ k1 (δ − H) + k2 (δ − H)3 ,

k1 = −2kn

(
L′

L
− 1

)
,

k2 = knL′

L3 .

(2)

III. ANALYTICAL DERIVATION OF THE
DISPERSION RELATION

A first indication on the filtering properties of a meta-
material design is obtained via the study of the dispersion
curves. In analytical terms, this aims at determining the
real solutions to the dispersion relation obtained for an infi-
nite chain [48,49]. Imaginary solutions represent evanes-
cent waves that do not propagate though the lattice. These
may be used to distinguish between Bragg and local reso-
nance band gaps. The infinite lattice involves a periodic
arrangement that consists of an infinite number of unit
cells. This consideration eliminates the uniqueness of each
cell and therefore enables the study of an arbitrary set of
j , j − 1, j + 1 cells [50–52], exploiting periodicity and
allowing the assumption of periodic boundary conditions.

The dispersion relation is typically computed by apply-
ing periodic boundary conditions [53–55] on the cell edges

x j (t)

y j (t)

x j+1 (t)

y j+1 (t)

x j–1 (t)

y j–1 (t)

FIG. 3. Schematic representation of the theoretical infinite
lattice.

[28,56–60] to mimic an infinite, perfectly periodic chain as
depicted in Fig. 3.

The relative displacement of the two masses of the j th
unit cell, is defined as νj , which reads

νj (t) = xj (t) − yj (t), (3)

where xj (t) and yj (t) are the displacements of mass m and
μ of the j th cell, respectively.

The equations of motion for the j th unit cell, in absence
of damping, read

mẍj + k(xj − xj −1 + νj −1) + Fnl
j = 0,

μ(ẍj − ν̈j ) + k(xj − νj − xj +1) − Fnl
j = 0,

(4)

where Fnl
j denotes the interaction between the nonlinearly

connected masses of the j th cell. This force-displacement
relation of the nonlinear element in Eq. (5) is assumed to
follow the simplified relation of Eq. (2), centered around
δ = H .

Fnl
j = k1νj + k2ν

3
j . (5)

The solutions to the equations of motion then assume the
following form [28]:

xj ±1(t) = (
U1eiωt + U1e−iωt) e±iq,

νj ±1(t) = (
V1eiωt + V1e−iωt) e±iq,

(6)

where ω is the angular frequency, q is the reduced wave
number (q = κa, κ is the wave number), i = √−1 is the
imaginary unit, and V, U denote complex conjugates.

Substitution of Eq. (6) into Eq. (4), and application of
the harmonic balance method [61], by balancing the terms
of eiωt, result into the dispersion relation of the system in
Eq. (7).

cos(q) = [
2k

(
k1 + 3k2V1V1

)

− (m + μ)
(
k + k1 + 3k2V1V1

)
ω2 + mμω4]

/
[
2k

(
k1 + 3k2V1V1

)]
. (7)

In contrast to linear metamaterial solutions, the behavior of
this nonlinear system depends on the oscillation amplitude
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FIG. 4. Graphical representation of the dispersion curves,
obtained via analytical calculations. Green color indicates the
evolution of the band gap in the amplitude-frequency space.
(m = 2, μ = 1, kn = 2 × 103, k = 103, H = 0.15, L = 0.5.)

through the term V1V1 in Eq. (7). V1 is defined in Eq. (6)
as the amplitude of the relative displacement of the non-
linearly connected masses of the cell and V1V1 = |V1|2.
In order to calculate the dispersion relation, |V1| should
be defined, leading to the relation between frequency and
wave number. Thus, for each predefined value of |V1|, Eq.
(7) is solved analytically for discrete wave-number values,
yielding the respective solutions for the frequency. This is
performed with symbolic operations in the MATLAB® sym-
bolic environment, where for a given wave number and
amplitude value the frequency satisfying the relation in
the real domain is part of the dispersion curves. A sim-
ilar procedure for given frequency and amplitude values
determines the imaginary part of the solution.

Figure 4 illustrates this dispersion relation. It is a three-
dimensional representation that includes the additional
dependence on the relative oscillation amplitude between

the nonlinearly connected masses of each unit cell. The
acoustic and the optical branches [62] are formed, which
define the boundaries of the band gap for the infinite chain.
Since both branches are affected by the dependence on
amplitude, the band gap not only shifts to different fre-
quency but also changes its width. For lower amplitudes,
it tends towards lower frequencies, while for higher ones it
shifts toward higher-frequency ranges. Limited amplitudes
allow the triangular arch to oscillate at reduced angles, thus
creating a flexible element, while higher amplitudes force
the arch to form sharper angles, resulting into a subse-
quent stiffening of the setup. Additionally, it is observed
that for lower amplitudes, the acoustic branch is signifi-
cantly altered compared to the optical one that experiences
minor alterations, while for higher amplitudes the opposite
behavior is observed. The study of the imaginary part of
the solution reveals additional information on the amount
of attenuation inside the band gap and further confirm
the Bragg origin of the band gap (smooth and rounded
curve shape). It is observed that for low and high oscil-
lation amplitudes this attenuation is significantly increased
compared to intermediate amplitudes (around |V1| = H ).

IV. EXPERIMENTAL TESTS

A. DESCRIPTION OF THE SETUP

The dynamic behavior of the investigated metamate-
rial configuration is studied experimentally. For this pur-
pose, a scaled physical model is created and tested under
dynamic loading. Figure 5 depicts the developed experi-
mental setup. Previous studies on various linear and non-
linear metamaterial designs [21,35] suggest that even for a
reduced number of unit cells (two–three) a substantial band
gap can be generated, leading to noticeable motion reduc-
tion. Significant vibration mitigation is evident even for a
single layer of the nonlinear metafoundation design with
negative stiffness in the work of Wenzel et al. [28]. This

rollers

1D
excitation

shaker lattice
primary system

-  measurement
   points

1 2 3

4

5

(a)
uniaxial

accelerometers
longitudinal

guides

unit cell

(b)

FIG. 5. Experimental setup. (a) Overview of the configuration testing the device mounted at a primary system. (b) Closer depiction
of the setup without a protected structure.
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L

H

longitudinal
guideskn k

kn

FIG. 6. Bottom view of the physical unit-cell design, used in
the experimental configuration.

is essential for a realistic experimental implementation,
where dimensions are limited.

An electrodynamic shaker applies a one-dimensional
(1D) input excitation in a horizontal direction, as depicted
in Fig. 5(a). An aluminum table is mounted to the shaker’s
shaft on one side, while on the other it is supported by
rollers. This is to maintain the table in a leveled position
as well as to limit parasitic vertical oscillations.

The metamaterial model is mounted on the shaking table
and consists of three repeated nonlinear unit cells, whose
kinematics is analogous to the design described in Sec. II.
Each cell is formed by a stiff support to which the nonlinear
element is connected, as shown in Fig. 6. The geomet-
rically nonlinear element is formed by a triangular arch
that consists of linear springs. Longitudinal guides ensure
that displacements develop primarily in the desired direc-
tion, while lubricant liquid minimizes the effect of friction
between the guides and the support. Apart from this mini-
mal inevitable friction, the cells are completely detached
from the shaking table. The input is applied to the left
end of the chain, where the support of the first cell is
mounted to the shacking table, creating longitudinal waves
that propagate within the lattice. The proposed metama-
terial design is tested using two different configurations;
a first one featuring a primary system that should be iso-
lated, at the end of the lattice while in a second case,
the lattice is free at the right end, as shown in Fig. 5.
Apart from the longitudinal guides that are made of alu-
minum to increase vertical and lateral rigidity, most of
the metamaterial components are assembled using LEGO®

parts.
The dynamic response of the system is measured using

1D accelerometers with a sampling frequency of 2 kHz.
Uniaxial accelerometers are preferred over triaxial ones
because of their reduced dimensions and weight. The
measuring locations include each unit cell (measurements
ẍex

1,2,3), the primary system (measurement ẍex
4 ), if present, as

well as the shaker input signal (measurement ẍex
5 ), as seen

in Fig. 5(a).

Δl

full
extension

lnt

compression

kc

ke /2

tension

ke/2

FIG. 7. Assembly of the linear stiffness elements at rest: (left)
original, (center) modified configuration, (right) physical assem-
bly.

To ensure that the nonlinear triangle works properly in
both compression and extension, two additional coils of
stiffness ke/2 are installed to the LEGO® linear spring of
stiffness kc to keep the latter in a prestressed state, as shown
in Fig. 7. The additional components shift the stable equi-
librium position backwards by �l. This allows the system
to react equivalently in both the compression and exten-
sion states, in contrast to the original configuration, which
is at full extension at its equilibrium position. The overall
stiffness of the assembly kn is therefore calculated as

kn = ke + kc. (8)

Table I summarizes the characteristics of the two types
of unit cells that are used in the model. These are varying
both in terms of the stiffness value kn, as well as in terms of
the geometry of the triangular arch, as a result of different
natural lengths of the spring assemblies.

The shaker is controlled by a signal generator that can
create different input signals. It can produce both sinu-
soidal inputs as well as sine sweeps, by controlling the
voltage signal of the shaker. Figure 8 shows the frequency
content of a measured sample sine-sweep signal that is
applied. This signal, imposed by the shaker, results to
a nearly flat spectrum for a given frequency range, thus
exciting uniformly this specified range.

The efficiency of the metamaterial device is evaluated
upon its attenuation capabilities on the primary system.
The latter consists of a cantilever beam vertically oriented,
attached to a base of mass Mbase and a concentrated mass
Mp , mounted to a specific height of the beam, as shown
in Fig. 5(a) and schematically illustrated in Fig. 9. The
dynamic characterization of the primary system is per-
formed by studying its impulse response, as shown in

TABLE I. Geometric and stiffness characteristics of the differ-
ent types of the experimentally tested unit cells.

Unit cell type L (mm) H (mm) kn (N/m)

A 40 11 1441
B 40 2 600
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0 10 20 30 40 50 60 70

10-2

100

ex

FIG. 8. Fourier spectrum of measured sine-sweep input (ẍex
5 )

sample in the range of 6–50 Hz.

Fig. 9. Two modes can be spotted with resonance fre-
quencies fn1 = 7.95 Hz and fn2 = 38.14 Hz, respectively.
For the tests with no protected structure, a mass Ms is
attached to the last unit cell of the lattice, consisting of
the accelerometer and its supporting structure shown in
Fig. 5(b).

The mass properties of the individual elements of the
metamaterial lattice and the primary system, including
the mass of the corresponding sensors, are summarized
in Table II. In the experimental setup k � kn, therefore
the connection between consecutive unit cells is practi-
cally rigid. This has the consequence of shifting the optical
branch in Fig. 4 to higher frequencies, outside the range
explored in this experiment. Therefore, the mass of each
unit cell can be lumped as mcell = m + μ, as the distri-
bution of m and μ within the cell has no effect on the
observable dynamic response.

B. EXPERIMENTAL RESULTS

This section discusses the obtained experimental results.
This series of tests includes inputs of sine-sweep excitation
as well as single-harmonic inputs.

Figure 10 shows the frequency content of the response
at the end of the lattice ẍex

3 (mass Ms) for the free end

0

0 10 20 30 40 50

0 50 100 150
0

Mbase

Mp

ex
ex

Time (s)

FIG. 9. Impulse response of primary system: (right) primary
system, (top) acceleration time history, (bottom) fast Fourier
transform.

TABLE II. Mass measurements for the individual parts of the
experimental model.

Element Mass (g)

Mp 111
Mbase 143
Ms 89
mcell 75

system in Fig. 5(b), with respect to the input ẍex
5 . The sys-

tem is excited with a sine-sweep input excitation, while
the two types of unit cells are studied. The attenuation
zone of the tested metamaterial device corresponds to the
regions where the ratio of the frequency content between
output and input falls below unity. This attenuation zone
is observed for the various tests that are performed. As
discussed, the acoustic part of the dispersion relation is
explored, as the optical branch corresponds to much higher
frequencies, which are not studied herein. Therefore, in
this low-frequency regime, only the opening frequency of
the band gap is spotted, where for lower values’ wave
propagation is not prohibited and for higher ones attenua-
tion is present. Above a specific threshold, different in each
tested configuration, the output is reduced with respect to
the input, as indicated by the region of the figure where
the ratio is lower than 1. As unit cell type A is stiffer
than B, due to both the larger stiffness constant kn as well
as to the sharper angle of its triangular arch, the attenua-
tion zone is driven to higher frequencies when compared
against type B. This reduction zone additionally depends
on the oscillation amplitude, as discussed in Sec. III. As
expected, the higher the amplitude of the input acceleration
the higher the opening frequency of the attenuation zone
will be. Because of the equivalent stiffening of the triangu-
lar arch, experiencing sharper angles at higher oscillation
amplitudes, this is apparent in both the softer and the
stiffer unit-cell variations. Moreover, the reduction of the
response varies depending on the oscillation amplitude.
This is in line with the attenuation characteristics inside
the band gap, as calculated in Sec. III.

It is further interesting to compare the attenuation zone
formed with the two types of cells, focusing for example
at high input acceleration (dashed lines). It is observed
that this is additionally dependent on the amplitude of
oscillations, as noted in Fig. 10. Although unit cell type
A has a significantly higher initial stiffness than B the
created band-gap opening frequency is not proportionally
increased, because the cell oscillates at amplitudes smaller
than H , as determined by the prediction of the analytical
calculations of Sec. III. This results in a lower equiva-
lent stiffness under dynamic conditions compared to the
initial stiffness in the static state. This can be useful to

054023-6
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FIG. 10. Frequency content of the response at point 3 (mass
Ms) for a lattice with a free end and sine-sweep excitation input.
The maximum acceleration of the sine-sweep input for each test
is denoted as max (ẍex

5 ). The analytical band gap is depicted in
solid color for each type of unit cell and corresponding oscillation
amplitude.

vibration isolation applications where a certain static stiff-
ness is required, while under dynamic loading this stiff-
ness can be decreased and even become negative, thus
preventing vibration from affecting a protected structure.

The response of the primary system both when attached
to a fixed base and when isolated with the nonlinear meta-
material A and B is now investigated. A limitation arises
due to the maximum displacement span that the shaker is
able to apply. Therefore, the experimental range for the
nonlinear system is bounded and depends on both the fre-
quency (in the lower range) and the acceleration (for higher
amplitude), which must result in displacements smaller
than the capacity of the shaker.

Figure 11 depicts the acceleration response of the pri-
mary mass Mp for the setup of Fig. 5(a) and single-
harmonic excitation. It is observed that all metamaterial
configurations are able to offer reduction in the accel-
eration response of the primary mass compared to the
fixed base case. This effect is not limited to the reso-
nance frequency but it spreads on a wider range. Due to
the aforementioned displacement limitations, the response
in the lower-frequency range cannot be tested. In agree-
ment with Sec. III, high excitation amplitudes result in
stronger reduction, compared to intermediate input ampli-
tudes, of the output to input ratio within the attenuation
zone. It is further noted that the lattice with unit cell type B
offers greater acceleration reduction around the resonance
frequency of the protected structure, while for higher fre-
quencies the effect of the two types appears to be similar,
which is possibly relevant to the high mass of the primary
system compared to the mass of the unit cells.

The peak visible in the acceleration response for the iso-
lated cases at frequencies around 9 Hz has an interesting
origin. At this frequency, there exists a resonance of the

0 5 10 15 20

10-2

10-1

100

101

ex
ex

FIG. 11. Experimental results of the acceleration amplitude at
the primary mass Mp for a sine excitation. For the models where
the metamaterial lattice is present, solid lines correspond to input
acceleration amplitude 10 m/s2 and dashed lines to 30 m/s2,
respectively.

longitudinal guides and the primary system in the vertical
direction. This phenomenon has two consequences. The
first is the interaction between the flexural vibration of the
primary mass and strong oscillations in the vertical direc-
tion. The second and most significant effect is the high
friction that is produced between the sliding base of the
primary system and the longitudinal guides. Vertical oscil-
lations result to larger contact forces in this direction and
therefore higher friction forces. The sliding base is not able
to move independently of the guides and thus, the behavior
of the primary system resembles the fixed-base case, as the
displacements at the base of the protected structure approx-
imate these of the input excitation. Indeed, from Fig. 11 it
can be observed that when these peaks occur they closely
follow the response of the fixed-base results.

The metamaterial device proves successful in limiting
the response of the primary system in the tested frequency
ranges. Crucially, accelerations around the resonant fre-
quency of the primary system are substantially mitigated,
as a result of the created band gap. Additionally, the ampli-
tude dependence of the nonlinear behavior is evident.
Higher input amplitudes lead to higher reduction of the
response, in contrast to the primary, linear system. It is fur-
ther observed that the device is able to mitigate vibrations
across a broad frequency range, due to the location of the
optical branch at high frequencies.

V. NUMERICAL SIMULATIONS

Following the analytical calculations of Sec. III and the
experimental tests of Sec. IV, numerical simulations are
now introduced. The finite lattice of identical unit cells in
Fig. 12 is simulated numerically, while an external exci-
tation is applied. Analytical solutions of the dispersion
curves are first compared to the numerical simulations
for a large chain, approximating the infinite lattice, while
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FIG. 12. Schematic representation of
a finite lattice consisting of N unit cells,
used for the numerical estimation of the
dispersion relation.

experimental measurements of the three-cell setup are fur-
ther compared to the numerical analyses in terms of time
history response.

A considerable factor in the experimental tests is the
friction that exists between the elements of each cell and
the longitudinal guides of the setup. The latter, being fixed
to the shaking table, follow the displacement of the input
xg in the longitudinal direction.

In the current study, friction is taken into consideration
following a smooth Coulomb friction model [63], as shown
in Fig. 13. The friction relationship is described by Eq. (9).

Fr(u) = cg tanh (cvu), (9)

where u denotes the relative velocity between two sliding
bodies.

In the following sections, the dynamic motion of
the lattice in Fig. 12 is simulated numerically in
MATLAB® environment, by the solution of the equations
of motion, with the use of ode45 function (AbsTol = eps,
ReTol = eps(2/3), MaxStep = 10−2, eps corresponding to
the machine precision epsilon). To that end, the system is
formulated in a nonlinear state-space representation:

ż(t) = g(z(t), xg(t)),

z = [x1, ẋ1, y1, ẏ1| . . . |xN , ẋN , yN , ẏN ]T,
(10)

where xj and yj are the displacements of masses m and μ

of each cell j (1 ≤ j ≤ N ), respectively.

Fr

FIG. 13. Smooth Coulomb friction model.

The equations of motion of the first unit cell take the
form:

mẍ1 + c(ẋ1 − ẋg) + cn(ẋ1 − ẏ1) + k(x1 − xg) + Fr1
x

+ F1
nl = 0,

μÿ1 + c(ẏ1 − ẋ2) + cn(ẏ1 − ẋ1) + k(y1 − x2)

+ Fr1
y − F1

nl = 0.
(11)

The equations of motion of the j th unit cell (1 < j < N )
take the form:

mẍj + c(ẋj − ẏj −1) + cn(ẋj − ẏj )

+ k(xj − yj −1) + Frj
x + Fj

nl = 0,

μÿj + c(ẏj − ẋj +1) + cn(ẏj − ẋj )

+ k(yj − xj +1) + Frj
y − Fj

nl = 0.

(12)

The equations of motion of the final (N th) unit cell are,
respectively, formed:

mẍN + c(ẋN − ẏN−1) + cn(ẋN − ẏN )

+ k(xN − yN−1) + FrN
x + FN

nl = 0,

μÿN + cn(ẏN − ẋN ) + FrN
y − FN

nl = 0,

(13)

0 10 20 30 40
Time (s)

Time

50

10

20

FIG. 14. Sine-sweep input excitation, used for the estimation
of the dispersion curves, in the frequency range 0.1–20.0 Hz:
(top) time history, (bottom) spectrogram, showing the output of
the short-time Fourier transform.
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FIG. 15. Comparison of the numerical against the analytically computed dispersion curves for varying input amplitude. The contour
plot corresponds to the numerical analyses and the dashed lines to the analytical solutions. (a) Intermediate input amplitude, |V1| =
1.6H . (b) High input amplitude, |V1| = 2.1H . (m = 2, μ = 1, cn = 0, c = 0, cg = 0, kn = 2 × 103, k = 103, H = 0.15, L = 0.5,
N = 64.)

where Fj
nl = Fj

nl(νj ) = P(νj ), νj = xj − yj . For these anal-
yses, the exact formulation of the nonlinear equilib-
rium path of the triangular arch from Eq. (1) is used
for the calculation of Fj

nl at each time step. Moreover,
Frj

n = Fr(uj ), uj = ṅj − ẋg and nj = xj or yj , respectively,
denotes the friction between the elements of each cell and
the longitudinal guides, according to Eq. (9).

A. NUMERICAL ESTIMATION OF THE
DISPERSION CURVES

Additionally to the analytical derivations, numerical
analyses are performed in order to approximate the disper-
sion relation of the system. For this purpose, a finite lattice,
consisting of N identical cells is studied, as shown in
Fig. 12. The system is excited by base excitation xg , where
evaluation on the respective wave-propagation behavior
reveals useful dynamic properties.

Input is applied to the system in the form of base exci-
tation xg on one end of the lattice, as shown in Fig. 12.
The input displacement is selected to follow a sine-sweep
time history, plotted in Fig. 14, in the range of 0.1–20 Hz
for a time period of 50 s. This wavelet has the property of
uniformly exciting a specified frequency range by linearly
varying its frequency content over time. This is depicted
in the spectrogram of Fig. 14, where a short-time Fourier
transform reveals the frequency content of the input with
respect to time.

For the estimation of the dispersion curves via numeri-
cal analyses, the output signal should be studied. For the
output states of the individual masses of each cell, a two-
dimensional fast Fourier transform (FFT) in time and in
space is applied [64]. In this section the displacement of
mass m of each cell is used for the estimation of the curves.
These outputs are plotted versus the corresponding reduced

wave number q and frequency in a contour plot, as shown
in Fig. 15.

Figure 15 depicts the two-dimensional FFT of the out-
put, which yields the numerical estimation of the disper-
sion curves for varying input excitation amplitude. Addi-
tionally, the corresponding analytical curves from Fig. 4,
as calculated in Sec. III, are plotted. It is observed that
the numerical results are in line with the analytical cal-
culations. It is evident that the output in both approaches
is dependent on the oscillation amplitude. The shifting of
the dispersion curves and the corresponding band gap in
the frequency domain appears in both analyses, enhanc-
ing their reliability. It is observed that high oscillation
amplitudes result in a translation of the band gap to higher
frequencies, while increasing its width.

B. NUMERICAL SIMULATION OF THE
EXPERIMENTAL MODEL

In this section the response of the experimental model
of Sec. IV is simulated numerically. It is helpful to com-
pare the experimental results with numerical simulations.
This can reveal the consistence in the assumptions of the
numerical model that are in agreement with the analytical
results, as discussed in Sec. V A.

In the physical model, it is not realistic to assume infi-
nite rigidity in the supporting part (mass m) of the unit cell.
In a more detailed analysis, the bending of the cantilever
elements is incorporated, while the transverse element has
much higher stiffness, taking into account the significantly
larger cross section and thus assumed rigid, as shown in
the left part of Fig. 16. As displacement δ evolves, it
causes a corresponding shear load to the cantilever ele-
ment at the joint, and therefore introduces a displacement
r in the transverse direction. This process alters the force-
displacement relation of this nonlinear configuration, thus
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FIG. 16. (Left) Bending of the unit cell’s supporting part.
(Right) Equivalent stiffness representation.

shifting its properties. The stiffness of each cantilever ele-
ment kf can be converted to a linear spring, as sketched in
Fig. 16.

In order to update the equilibrium path of Eq. (1) by
incorporating the elasticity of the aforementioned ele-
ments, an incremental stepping algorithm is developed, as
described in Appendix A.

Figure 17 shows the revised equilibrium path accord-
ing to Eq. (A1), in comparison to the original solution of
Eq. (1). It is observed that the updated force-displacement
relation deviates from the original for an elastic sup-
port consideration, which can be a relevant factor of the
dynamic behavior of the system.

To include the elasticity of the supporting members,
their corresponding stiffness should be determined. For
this purpose, the cantilever LEGO® element is simulated
numerically with the use of linear finite-element analy-
sis in ABAQUS® software. Figure 18 depicts the numerical
model that is created, showing the boundary conditions,
the applied load F , the resulting deformations, and the
displacement measurement r.

Table III summarizes the material and calculated stiff-
ness properties of the cantilever element.

The response of the physical model for the free end lat-
tice, as described in Sec. IV, is here simulated numerically.

FIG. 17. Comparison of the nonlinear equilibrium path for a
rigid and elastic support.

–
–
–
–
–
–

E, Mid. Principal

Fixities
(Avg: 75%)

Y X

Z

FIG. 18. FEA results of the deformed shape of the cantilever
element under transverse load F triggering displacement r. This
figure is produced with the ABAQUS® software.

This is performed for unit cell type A, for which the nega-
tive stiffness behavior is more pronounced. The parameters
of the system are set following those of the actual model,
as mentioned in Tables I–III. Additionally, as k � kn the
constrain of yj = xj +1 for all unit cells is applied to the
numerical model in Eq. (11)–(13), instead of selecting
a high value for k, which would significantly increase
the computational time. The friction model and damping
parameters of the numerical simulations are calibrated,
based on the experimental data, as cg = 0.35, cv = 5, and
cn = 1.6.

The dynamic response of the system is simulated numer-
ically according to Eqs. (11)–(13). Figure 19 depicts the
comparison of the numerical results to the experimental
measurements of the acceleration at mass Ms (measure-
ment point 3) for input excitation, the frequency content
of which is shown in Fig. 8. Comparing the time history,
considerable agreement is observed between the two types
of output. Furthermore, the frequency content of the calcu-
lated response is compared to the one of the experimental
measurements. The two outputs match closely for frequen-
cies >6 Hz, as the ratio of their fast Fourier transform tends
to 1. The sine-sweep input that is used does not include fre-
quencies <6 Hz, therefore the discrepancy of the results in
this region is not of concern. It is therefore concluded that
the numerical model can offer a useful indication regarding
the dynamic response of the nonlinear system.

The frequency response of the system is further stud-
ied. Single-harmonic input is applied to the system with
constant acceleration amplitude of 30 m/s2. The response
at the output is calculated numerically, and compared to
the experimental measurements. The latter are limited to

TABLE III. Material (E, modulus of elasticity; v, Poisson’s
ratio) [65] and calculated stiffness properties of the LEGO®

cantilever element.

E 2.28 GPa
v 0.41
kf 34.48 × 103 N/m
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FIG. 19. Comparison of numerical to experimental results at
mass Ms for sine-sweep excitation (unit cell type A). (Top)
Acceleration time history, (bottom) ratio of frequency content.

a frequency threshold, due to the limitations discussed in
Sec. IV B, while the numerical simulation further reveals
the behavior of the response for lower frequencies, and
in the propagative zone of the metamaterial. Figure 20
shows the comparison between the numerical analyses and
experimental measurements of the output acceleration for
discrete frequencies. The results are in agreement, for the
frequencies where both analytical and experimental data
are available. Discrepancies can be ascribed to the effect
of friction, an admittedly nontrivial add on to a model that
is already nonlinear in nature. To an extent, an improved
approximation of the actual properties could be obtained
by means of more sophisticated friction models. These
could incorporate the discontinuity of the phenomenon,
therefore increasing substantially the computational cost,
in comparison to the smooth Coulomb friction model, used
in this study, which is superior in numerical stability [63].
While these increase the computation time, the improve-
ment in the approximation of friction would be limited and
therefore the smooth Coulomb friction model is selected.

0 5 10 15 20
10-2

10-1

100

101

FIG. 20. Numerical and experimental results of the frequency
response for single-harmonic excitation (unit cell type A). For
experimental results, ẍout = ẍex

3 , ẍin = ẍex
5 . For numerical results,

ẍout = ÿnum
3 , ẍin = ẍg .

VI. CONCLUSIONS

The current study investigates the dynamic behavior and
vibration-mitigation properties of a metamaterial, designed
to exploit geometric nonlinearities. This is studied via both
an analytical and a numerical approach, resulting in an
agreement between the two methods. The dispersion rela-
tion reveals the amplitude-dependent band gaps that can
be tuned acting on a few design parameters. The dynamic
response of the nonlinear metamaterial is further validated
on the basis of experimental testing. For this purpose, a
one-dimensional lattice is assembled and studied under
one-dimensional dynamic loading. Experimental results
reveal the vibration-mitigation capabilities of the system
both in terms of investigating the band-gap dependence on
amplitude, as well as the vibration attenuation effect on a
primary system. Promising observations are made on the
potential of the nonlinear designs in mitigating the effect
of dynamic loading to this protected structure. Finally, in
order to evaluate the conformity of the modeling assump-
tions and the physical observations, numerical simulations
of the time history, and frequency response corresponding
to the physical configuration are performed.

The vibration-mitigation capabilities of the investigated
nonlinear metamaterial configuration reveal promising
results. The negative stiffness properties allow the band-
gap opening to shift into very low frequencies without
adding substantial mass as it is done for linear design.
The presence of nonlinearity is responsible for the trans-
lation of the attenuation zone in the frequency domain,
while it additionally affects the width of the band gap.
This appears significantly widened for high oscillation
amplitudes. Throughout the evolution of a dynamic load-
ing event, the configuration experiences numerous alter-
ations in the oscillation amplitude, which has the effect
of constantly updating the band-gap range, essentially
influencing additional frequencies.

While this is an initial investigation, validated by a
scaled proof-of-concept system, the feasibility of the
design and further practical limitations should be further
investigated prior to proceeding to a realistic full-scale
application. The practical implementation aspects of the
proposed design for seismic protection of structures are
currently under investigation. The objective is to intro-
duce the nonlinear metamaterial setup in the lateral support
of a system, mitigating vibrations within the attenuation
zone. The triangular arch can be composed by a set of
spring or truss and viscous damper elements. For structural
applications, the 2L dimension of the arch is expected to
amount to roughly 1 m, where a placement of three cells
in the vertical direction covers a 3-m typical floor height.
The anticipated displacement level of the excitation should
determine dimension H , which for seismic events can be
estimated to 0.1 m. To simplify assembly, we consider the
stiff support of each cell to be comprised of reinforced
concrete, allowing on-site fabrication. Preliminary analyses
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demonstrate the efficacy of a three-cell configuration, with
the aforementioned properties, in limiting the response to
a structure, in the presence of soil-structure interaction and
are planned to be thoroughly explored and included in a
future feasibility study. A critical aspect that needs to be
resolved for real applications is the design of the joints,
which must provide rotational freedom to the spring ele-
ments, while being able to withstand large loads without
failing.
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APPENDIX: NUMERICAL ALGORITHM FOR
THE CALCULATION OF THE NONLINEAR

EQUILIBRIUM PATH INCORPORATING
SUPPORT ELASTICITY

Equation (A1) describe the process of calculating the
values of δj ,i, rj ,i, Pj ,i = Fj ,i

nl for the j th unit cell at step i
considering the elasticity of the supporting members in the
form of their stiffness kf . Provided that the displacement
step dδj ,i is sufficiently small, and that the system initiates
from an equilibrium position, the nonlinear equilibrium
path can be calculated.

δj ,0 = 0, rj ,0 = 0, Pj ,0 = 0,

Lj ,0 = L = Lo, Hj ,0 = H = Ho,

↓ (A1)

δj ,1 = δj ,0 + dδj ,1 → ϕj ,1 = arctan
(

Ho−δj ,1
Lo+rj ,0

)
,

Pj ,1 = P(Lj ,0, Hj ,0, δj ,1 − (Ho − Hj ,0), kf ) = 2N y
j ,1,

N z
j ,1 = N y

j ,1/ tan ϕj ,1,

rj ,1 = N z
j ,1/kf ,

Lj ,1 = Lo + rj ,1,

Hj ,1 =
√

Ho
2 + Lo

2 − Lj ,1
2,

↓
· · ·
↓

δj ,i = δj ,i−1 + dδj ,i → ϕj ,i = arctan
(

Ho − δj ,i

Lo + rj ,i−1

)
,

Pj ,i = P(Lj ,i−1, Hj ,i−1, δj ,i − (Ho − Hj ,i−1), kf ) = 2N y
j ,i,

N z
j ,i = N y

j ,i/ tan ϕj ,i,

rj ,i = N z
j ,i/kf ,

Lj ,i = Lo + rj ,i,

Hj ,i =
√

Ho
2 + Lo

2 − Lj ,i
2,

where Pj ,i is calculated from Eq. (1).
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