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Devices
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Abstract—A bottleneck in optimization procedures of mag-
netic components is the calculation of the electric field strength
(e.g. for an optimized insulation design) since this is based
either on a slow numerical field simulation or on rough approx-
imations. Hence, a fast and accurate method for the electric
field calculation in the winding window is crucial for a fast
optimization process. This paper presents a novel electric field
calculation method that combines a variable potential function
with a Schwarz-Christoffel (SC) mapping. This leads to accurate
results, that match Finite Element Method (FEM) simulations
as close as 5 %. The proposed method is more than 200 times
faster than FEM and robust against parameter changes.

Index Terms—Insulation Design, Electric Field Calculation,
Schwarz-Christoffel Transformation, Insulation Optimization

I. INTRODUCTION

The optimization of power electronic converters has
emerged to one of the major topics in power electronics
design in recent years. In order to find an optimal converter
design, several thousand possible designs have to be calcu-
lated [1]–[3]. For limiting the computational effort, fast and at
the same time highly accurate analytical models are required.

A key element in many power electronic systems are
magnetic devices, which significantly influence the system
volume and efficiency. For designing and optimizing the
magnetic components not only models for the core and
winding losses are required but also for the insulation design,
especially at higher operating voltages. In order to optimize
the insulation distances between the windings and the core
(e.g. dy and dx in Fig. 1), the method presented in [4]
can be used. There, a cumulative mean value of the electric
field is calculated along a critical field path. The result is
then compared to breakdown data of the insulation material.
All calculated mean values have to be below the partial
discharge inception field strength from the breakdown data to
obtain a valid design. This method leads to a more accurate
design than just applying the maximum field strength [5].
However, such a comprehensive insulation design requires
an accurate calculation of the electric field within the critical
areas. As an accurate electric field calculation usually needs
relatively slow FEM simulations, this becomes a bottleneck

in the optimization routine. Therefore, converter optimization
procedures often use rather rough approximations for the
insulation modeling [2], [6]–[8], which could result in an
oversized transformer design or, in worst case, in a break-
down. Especially for modular medium voltage transformer
topologies, as given in [7], an accurate insulation design is
crucial, since in such systems the secondary side often has
to isolate a high (DC) offset voltage. A typical transformer
geometry as used e.g. in [7] is depicted on the left side in Fig.
1. The figure shows one half of a foil-winding transformer
based on an E-core. As the secondary winding is subject to a
high offset voltage with respect to ground, a high potential on
the winding surface results. This surface potential increases
approximately linear from ϕfoil,off at z6 to ϕfoil,max at z5
(c.f. right side of Fig. 1) due to the increasing secondary
winding voltage per turn. Therefore, the highest electric field
is expected to occur in the red marked critical field area in
Fig. 1.

To efficiently calculate the electric field in this area, a fast
and at the same time accurate electric field calculation method
is needed. The most common approaches for an analytical
field calculation are the Charge Simulation Method (CSM)
and the Conformal Map (CM) [5], [9]–[12]. The CSM is,
however, not suitable for the investigated foil-winding trans-
former topology (c.f. Fig. 1), since many discrete simulation
charges are required to accurately model the high surface
charge density in the edges of the transformer winding [12],
which results in long computation times. A more promising
approach is a Conformal Map, which can be obtained by a
Schwarz-Christoffel transformation. However, the downside
of this method is that it assumes a constant potential along
all boundaries. This leads to an inaccurate field approxima-
tion if applied to structures as given in Fig. 1, since the
winding surface has a nonuniform potential. Therefore, a
novel approach is presented in this paper, which extends
the Schwarz-Christoffel Conformal Mapping by a redefined
potential function. This enables an effective and accurate field
calculation in critical areas of foil-winding transformers.

The structure of the paper is: First, the Schwarz-Christoffel
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Fig. 1. Investigated transformer geometry, where the critical field area is
highlighted (left) and the extracted polygon for the SC transformation in the
z-plane (right).

transformation is explained briefly and a solution for the
electric field in the critical area is derived. Next, the potential
function in the image plane (w-plane) of the SC transforma-
tion is derived and a new electrical field solution is presented.
Finally, the results of the basic and the improved approach
are compared to FEM simulations within a comprehensive
parameter study to investigate the overall accuracy and the
influence of geometrical parameters.

II. ELECTRIC FIELD CALCULATION USING SC
TRANSFORMATION

To obtain an analytical solution for the electric field in
the critical field area in Fig. 1, a Conformal Map is derived.
The Conformal Map provides an angle-preserving mapping
of points in the z plane with z = x + j y, where the
investigated polygon is transformed to an image plane with
τ = ξ + j η using a mapping function z = f(τ) [11]. Since
a conformal mapping function fulfils the two dimensional
Laplace equation, it is suitable for electrostatic problems as
well as problems regarding heat transfer or fluid flow [13].

A. Schwarz-Christoffel Transformation

To find a suitable conformal mapping function, the
Schwarz-Christoffel transformation (1) can be used, which
maps the interior of a polygon in the z-plane to the upper
half of the τ -plane.

∂z (τ)

∂τ
=

C

(τ − τ1)
γ1
π · (τ − τ2)

γ2
π · . . . · (τ − τN )

γN
π

(1)

In (1), C is a complex constant, γ1, . . . γN are the N exterior
angles at the vertices z1, . . . , zN in the z-plane. These vertices
map to the so called prevertices τ1, . . . , τN in the τ -plane. By
introducing a second SC transformation ∂w

∂τ from a plane w =
u + j v to the same τ -plane, a transformation between two
arbitrary geometries can be obtained by ∂z

∂w = ∂z
∂τ · ∂τ

∂w . If the
geometry in the w-plane is chosen to represent an ideal plate
capacitor, the v coordinate corresponds to the horizontally
oriented equipotential lines. Hence, the transformation ∂z

∂w

provides a mapping from the complex electric field in the z-
plane to the simple field conditions of an ideal plate-capacitor
in the w-plane. As the representation in the w-domain is the
same for most electrostatic problems, solutions for the electric
field in dependency of the transformation ∂z

∂τ from the z-plane
to the τ -plane can be found in literature [14]:

Ez(u, v) =

(
j
∂w

∂z

)∗

=

(
−j

π

ϕfoil,max

τ

(
∂z

∂τ

)−1
)∗∣∣∣∣∣

τ=exp(u+j v)

(2)

With the transformation ∂z
∂τ from z-plane to τ -plane, a field

calculation is possible.

B. Basic SC-Approach

For the investigated transformer topology, the critical field
area (red area in Fig. 1) can be represented by the interior of
the polygon depicted on the right side in Fig. 1. Hence, the
SC transformation formula (1) results in:

∂z

∂τ
= C

√
τ − µ

τ + 1

1

τ
, (3)

By integrating (3) between known vertices in the z-plane, the
unknown constants C and µ can be calculated.

C = −dy
π
, µ =

(
dx
dy

)2

(4)

Finally, an indefinite integration of (3) yields the mapping
function from the w-plane to the z-plane.

z(w) =
2 dx
π

arctan

(
γ

dx

)
+

dy
π

ln

(
γ − dy
γ + dy

)
(5)

γ =

√
dy

2 ew − dx
2

ew + 1
(6)

Since (2) describes the electric field in the z-plane in depen-
dence of the spacial variables of the w-plane and (5) gives the
transformation of the spacial variables from the w-plane to
the z-plane, these two equations provide an analytic solution
for the electric field in the investigated geometry. However,
as already stated, the potential along the conductor is not
constant but increases between the points z6 and z5 from
ϕfoil,off to ϕfoil,max which is not considered in (2), since the
potential at the underlying ideal plate capacitor has to be
constant on both plates. As this can lead to an inaccurate
field calculation an improved SC-approach, which takes a
space-dependent potential into consideration, is presented in
the following.

III. IMPROVED SC-APPROACH

The principal idea of the proposed improved SC-approach
is to replace the existing potential function in the w-plane by a
new potential function ϕ(u, v). This potential function is cho-
sen such, that it fulfils the specific boundary conditions (BCs)
in the z-plane. In order to obtain the new potential function, it
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Fig. 2. Representation of transformer corner in the w-plane where it maps
to two parallel electrodes.

is still useful to utilize the plate capacitor geometry in the w-
plane as this simplifies the boundary value problem (BVP).
Fig. 2 depicts the representation of the critical transformer
corner (c.f. Fig. 1) in the w-plane. The four boundaries
δΩ1 − δΩ4 for the BVP are depicted in green. Further, the
blue points w1 to w6 are the images of the points z1 to
z6 (c.f. Fig. 1). The points wϵ,1 and wϵ,2 are introduced
additionally to describe the vertical boundaries δΩ1 and δΩ3.
Using the mapping function (5), all images in the w-plane
of the points in the z-plane can be calculated. This allows to
map the BCs from the z-plane to the w-plane. The grounded
walls of the core, map to a straight line in the w-plane at
v = π. Therefore, the BC at δΩ4 yields ϕ(u, π) = 0. The
vertical boundaries δΩ1 and δΩ3 at u = uϵ,1 and u = uϵ,2,
respectively, are set to zero. There, uϵ,1 is shifted far away
to obtain a constant potential at u = u4 and uϵ,2 is chosen
such that ϕ(u6, 0) = ϕfoil,off . Accordingly, uϵ,2 is:

uϵ,2 =
ϕfoil,max · u6 − ϕfoil,off · u5

ϕfoil,max − ϕfoil,off
(7)

The boundary δΩ2 at v = 0 is the SC transformed surface
of the winding. There, the potential is described by an
arbitrary function β(u). To represent the surface potential of
the secondary winding, β(u) is chosen as:

β(u)=


ϕfoil,max if u≤u5
ϕfoil,max−ϕfoil,off

u5−u6
u+

ϕfoil,maxu6−ϕfoil,offu5

u6−u5
if u>u5

0 if u>uϵ,2

(8)
Therefore, it describes a function, which has a constant
potential ϕfoil,max until u = u5, from where it decreases
linearly to β(u = u6) = ϕfoil,off (c.f. Fig. 2). Since u5 is the
transformed winding edge z5, β(u) describes the potential
along the foil winding under the assumption of a linear
increasing potential along the horizontal winding surface. As
all boundary conditions are defined now, the new potential

function ϕ(u, v) can be derived using a separation of variables
approach and the application of ”Fourier’s trick” [15]:

ϕ(u, v) =
∞∑

m=1

(Am sin(ku u
′) sinh(ku v

′)) (9)

Am =
2

u′
ϵ,2 sinh(ku π)

∫ u′
ϵ,2

0

β(u′) sin(ku u
′) du′ (10)

where:

ku =
mπ

u′
ϵ,2

, u′ = u− uϵ,1, v′ = π − v

u′
5 = u5 − uϵ,1, u′

6 = u6 − uϵ,1. (11)

There, u′
ϵ,2 can be obtained from (7) if u5 and u6 are

replaced by u′
5 and u′

6. Since (2) only applies for a constant
electrode potential, a new electric field formula has to be
derived. This can be done by calculating the gradient of the
potential with respect to the z coordinates and exploiting the
Cauchy–Riemann equations [11].

Ez(u, v) = −gradz (ϕ(u, v)) =

(
∂ϕ

∂w

∂w

∂z

)∗
(12)

Hence, the electric field generated by the assumed potential
function can be obtained from the derivative of the potential
(9) and the derivative of the mapping function (5) with respect
to w. Comparing (12) and (2), it can be seen that (2) is just
a special case of (12) for ϕ(u, v) = v.

The resulting plots for the electric potential and electric
field are depicted in Fig. 3 and Fig. 4, respectively. To obtain
the depicted figures, the summation in (9) is conducted for 30
coefficients. Fig. 3 also shows that the electric potential along
the surface of the foil winding shows the same behaviour as
defined in (8) (c.f. Fig. 2). The observable ringing of the
surface potential function is a consequence of the limitation
of the Fourier series in (9) to 30 coefficients. As this does
not significantly affect the overall field solution using only
30 coefficients is usually sufficient. Due to the Fourier series
a longer calculation time results compared to the basic
approach. Thus, the next section presents a parameter study
to determine how the chosen geometric parameters affect the
overall accuracy of the electric field solution. This provides a
guideline for choosing the most appropriate field calculation
approach for a given parameter range.
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Fig. 3. Electric potential resulting from the improved SC-approach. The
graph on the right side depicts the potential along the winding surface.



m
m

y
/

mmx /

Vertical 
path

Diagonal
path

4z

5z6z

22 26 30 34
0

10

20

0

1

0.5

1.5

(a) Electric field resulting
from the improved SC-approach.

m
m

k
V

/
)

u
,v

(|
z

E|

mm/Path length

El. field along
vertical path

El. field along
diagonal path

0 5 10

0.5

1

1.5

(b) Electric field strengths along the
vertical and diagonal field path.

Fig. 4. Calculated 2D and 1D electric field solutions using the improved
SC-approach.

IV. PARAMETER STUDY

The parameter study is performed for both approaches and
validated using a 2D FEM simulation of the transformer
geometry (c.f. Fig. 1). All used transformer specifications are
chosen based on [7] (c.f. Fig. 1). However, the geometrical
parameters secondary winding width a2, insulation distance
dx and insulation distance dy are swept in 15 steps between
2mm and 10mm yielding a total of 3375 simulations. The
parameter ranges are chosen such that they enclose the
respective parameters of the transformer design in [7]. The
electric field obtained with the FEM simulations is then
compared to the calculated electric field along the two paths
shown in Fig. 4. These are two possible critical field paths,
which can be used in the optimization procedure of the trans-
former insulation [4]. To speed up the FEM simulations, only
the electric field along these paths is calculated. However,
the simulation of all parameter-sets took, in average, more
than 200 times longer than the same calculation using the
improved SC-approach.

Since the insulation optimization procedure utilizes the
mean value of the electric field along a critical path, the
relative error of the calculated mean values is investigated to
derive a proper figure of merit for comparison. The relative
error between the mean value of the simulated and the
calculated field can be expressed with

δĒz
=

1
d

∫ d

0
Ez(u, v) dz − 1

d

∫ d

0
Ez,FEM(u, v) dz

1
d

∫ d

0
Ez,FEM(u, v) dz

(13)

=
1
d

∫ d

0
Ez(u, v)− Ez,FEM(u, v) dz

1
d

∫ d

0
Ez,FEM(u, v) dz

=: NME,

where d is the specific path length and Ez,FEM is the
reference value resulting from the FEM simulation. It can
be observed that (13) is equal to the mean error of Ez

normalized by the mean value of the reference quantity.
Hence, the normalized mean error (NME) of Ez will be
taken as figure of merit for determining the accuracy of the
proposed improved SC-approach in comparison to the basic
SC-approach. Consequently, the accuracy of the electric field
calculation along the critical field value can be expressed with
only one quantity. For the error calculation, the field path is
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Fig. 5. Comparison of the normalized mean error in dependency of
geometrical parameters along the vertical path using the basic (a) and the
improved SC-approach (b). For better comparison, the absolute value of the
NME is shown.

defined to start in a distance of 100 µm from the edge (c.f.
z5 in Fig. 1) to avoid the influence of the infinitely high edge
field within the verification. Fig. 5 shows the results of the
performed parameter study for the electric field comparison
along the vertical path whereas Fig. 6 shows the results along
the diagonal path. The results are presented as surface plots in
dependency of the insulation distances dy and dx. For every
simulated winding width a2 one surface is generated. The plot
in Fig. 5 (a) shows that by using the basic SC-approach for the
electric field calculation, the NME can become higher than
20 %. Furthermore, the error depends considerably on the
geometrical parameters. Almost the same observation can be
made for the error of the electrical field calculation along the
diagonal path in Fig. 6 (a). With the improved SC-approach,
however, no dependency of the investigated parameters can be
observed for both cases. Moreover, the NME is for every set
of parameters lower than the error of the basic SC-approach
and is always smaller than 5 %. To investigate to what extend
the geometrical parameters influence the error of the basic
SC-approach, a sensitivity analysis for each parameter is
performed in the following section. In this analysis only the
vertical path is investigated, since the error behaves similar
for both critical field paths (c.f. Fig. 5 and Fig. 6).
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Fig. 6. Comparison of the normalized mean error in dependency of
geometrical parameters along the diagonal path using the basic (a) and the
improved SC-approach (b). For better comparison, the absolute value of the
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A. Parameter Sensitivity Analysis

To examine how the different geometrical parameters
affect the accuracy of the electrical field calculation, the
influence on the normalized mean error is investigated for
each parameter separately. The results in Fig. 7 (a), (b)
and (c) show the normalized mean error for the basic SC-
approach in dependency of the geometrical parameters dy ,
dx and a2, respectively. There, the error of every parameter-
set is depicted by a circle. The colored solid lines connect
those circles where all parameters, despite the investigated
one, are constant. Thus, they represent the dependency of
the NME on a single parameter. The solid black line in
each plot is the curve fit for the colored curves. As the
results for the improved SC-approach do not show a clear
functional dependency, the linear regression fit line is used
for comparison. This linear fit of the improved SC-approach
is represented by the dashed red line in the figures. The
results show that the basic SC-approach exhibits a clear
error dependency, especially on the parameters dy and a2.
Furthermore, a slight dependency on dx can be observed in
Fig. 7 (b). According to Fig. 7 (a), the normalized mean
error rises linearly with the insulation distance dy . For the
winding width a2, the error shows an inverse proportionality
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Fig. 7. NME as function of different geometrical parameters. The colored
curves depict the NME-dependency of the basic approach. The solid black
lines represent the mean curve fit for the colored curves. The dashed red
lines are the linear fit for the the improved SC-approach (Fit lines calculated
from absolute error values).

(c.f. Fig. 7 (c)). Hence, small winding widths in combination
with a large insulation distance dy result in a large calculation
error (c.f. Fig. 5 (a)). Using the improved approach, almost
no error dependency can be observed for every parameter as
can be seen from the dashed red lines in Fig. 7 (a) - (c).
Thus, the error of the electric field calculation is not affected
by the choice of the geometrical parameters, which makes
the improved SC-approach well suitable for optimization
routines. However, the improved approach employs a Fourier
series and is, therefore, almost two times slower than the basic
SC-approach. Consequently, for small insulation distances dy
and thick windings, the basic approach may be preferable,
since the error for this choice of parameters is only slightly
higher compared to the improved approach.

B. Overall Accuracy

In the previous considerations, the normalized mean error
was used as figure of merit, which was motivated by the
insulation design procedure. However, the proposed method
is also suitable for a variety of other problems which are
based on the Laplace equation. Hence, to give an insight
on the overall accuracy of the method, Fig. 8 depicts the
relative error of the electric field along the vertical field path
for all investigated parameter sets. Here, the relative error is
calculated with

δEz
=

Ez − Ez,FEM

Ez,FEM
. (14)

Thus, the plots in Fig. 8 show the percental deviation of
the calculated electric field values to the simulated electric
field values for each point along the path. Consequently, an
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estimation for the spacial accuracy of the used calculation
method is given. Fig. 8 (a) depicts the relative errors for the
calculation with the basic approach, whereas Fig. 8 (b) depicts
the errors of the improved approach. Despite a few outliers
and a high error at very short path lengths caused by the
infinitely high electric field in the winding edge, the relative
calculation error of the improved approach lies mainly within
a 5 % error range for almost the whole path length. The basic
approach, however, exhibits a far higher relative error within
a 30 % error range for most parameter-sets and can even
become higher than 50 %. This emphasizes that also in terms
of overall accuracy, the improved SC-approach is the more
convincing field calculation method.

CONCLUSION

This paper presented a novel approach based on the SC
transformation for an analytical calculation of the electric
field in critical areas of foil winding transformers. The
proposed method considers the varying potential along the
conductor surface and, therefore, yields highly accurate re-
sults that match FEM simulations as close as 5 %. A

comprehensive parameter study, which used the NME as
figure of merit, revealed that the proposed method does not
exhibit a significant dependency on geometrical parameters
as it is the case for the basic SC-approach.

Due to the high accuracy, the robustness against parameter
sweeps and the more than 200 times shorter calculation time
compared to FEM, the proposed method is well suitable
for electric field calculations in optimization routines. The
proposed approach is also applicable to similar problems
which are based on the Laplace equation and which exhibit
an arbitrary potential along one boundary.

REFERENCES

[1] M. Leibl, G. Ortiz, and J. W. Kolar, “Design and experimental
analysis of a medium-frequency transformer for solid-state transformer
applications,” IEEE Journal of Emerging and Selected Topics in Power
Electronics, vol. 5, no. 1, pp. 110–123, 2017.

[2] A. Fouineau, M. Guillet, B. Lefebvre, M. A. Raulet, and F. Sixdenier,
“A medium frequency transformer design tool with methodologies
adapted to various structures,” in 15th Int. Conf. on Ecological Vehicles
and Renewable Energies (EVER), 2020.

[3] A. Garcia-Bediaga, I. Villar, A. Rujas, L. Mir, and A. Rufer, “Multi-
objective optimization of medium-frequency transformers for isolated
soft-switching converters using a genetic algorithm,” IEEE Transac-
tions on Power Electronics, vol. 32, no. 4, pp. 2995–3006, 2017.

[4] F. Derler, H. Kirch, C. Krause, and E. Schneider, “Development of
a design method for insulating structures exposed to electric stress in
long oil gaps and along oil/transformerboard interfaces,” in 7th Int.
Symposium on High Voltage Engineering.
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