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Paper

Equivalent Circuit Element Calculation of Gapped Multiwinding
Inductors

Thomas Ewald∗a) Non-member, Richard Schlesinger∗ Non-member
Jan P. Agner∗ Non-member, Jürgen Biela∗ Non-member

Accurate and fast models of the equivalent circuit (EC) elements of gapped multiwinding inductors are essential for
the design of galvanically isolated converters, such as Flyback and LLC converters. Typically, the EC elements are
acquired from measurements or time-consuming FEM simulations, both of which are disadvantageous for optimizing
the design of the magnetic device. This paper proposes a multiwinding magnetic device EC that exclusively uses the
impedance matrix elements, i.e., self- and mutual impedances. The advantage of the impedance matrix equivalent
circuit (IMEC) is that self- and mutual impedances are directly measurable. Furthermore, the paper presents an analyt-
ical 2D magnetic field model to calculate the EC elements. It is quantitatively confirmed that frequency significantly
affects the resistances and the inductances of magnetically coupled windings. In particular, eddy currents in windings
induced by the fringing field of the air gap play a role besides the well known skin and proximity effect. The proposed
model accurately considers all these effects in foil, Litz, and round wire conductors. The model is verified using FEM
simulations and measurements.

Keywords: Magnetic components, multiwinding inductor, coupled inductor, air gap fringing field, magnetic field, equivalent circuits

1. Introduction

Gapped multiwinding inductors are essential compo-
nents in many power electronic converters such as
Flyback converters(2) and LLC converters(3) (4). In multiwind-
ing inductors, the elements of the impedance matrix – i.e.
self- and mutual impedances – are significantly influenced by
the fringing field of the air gap(1) (5). However, this impact
of the air gap field has drawn little attention in literature in
contrary to the well-described skin and proximity effect, even
though the air gap fringing field induced eddy currents in the
windings in vicinity to the air gap can be significant. Open-
circuited windings close to the air gap are equally prone to
this influence as short-circuited windings and windings under
load. Thus, the air gap field induced eddy currents affect
the self impedance of other magnetically coupled windings
as well as their mutual impedances. In particular, eddy cur-
rents induced by the air gap field increase the winding losses
and shield the rest of the core window from the air gap field
by generating a counteracting magnetic field with increasing
frequency(6). This shielding effect leads to a drop in mag-
netic energy and hence, inductance(7). The shielding effect is
most pronounced with foil windings in vicinity to the air gap
of the core. As the air gap field influences self- and mutual
impedances, it needs to be taken into account when designing
converters that use gapped multiwinding inductors. There-
fore, a frequency-dependent model is required that accurately

This paper is based on Reference(1), which is published in the
International Power Electronics Conference (IPEC-Himeji 2022-
ECCE Asia) ©2022 IEEJ.

a) Correspondence to: ewald@hpe.ee.ethz.ch
∗ Laboratory for High Power Electronic Systems (HPE)

ETH Zuerich, Physikstrasse 3, CH-8092, Switzerland

predicts the magnetic field distribution in the core window and
air gap. Previously, this was usually done with FEM simula-
tions or measurements(5) (8). However, FEM simulations are
computationally intensive and therefore not well suited for op-
timization, which is essential in optimization-based converter
design.

A comprehensive list of analytical models that compute the
2D magnetic field in gapped core windows and the resulting
winding loss is given in existing literature(9). However, these
models specifically compute the losses only for one type of
windings (solid round or foil conductors). Only one model is
found in literature, that takes inductors with mixed winding
types into account(10). However, this model is iterative and
hence, computationally intensive. Furthermore, there is no
analytical model predicting the increased eddy current losses
and the drop in inductance due to the shielding effect induced
by the air gap field.

Hence, this paper proposes an analytical magnetic field
model of the core window, from which the frequency depen-
dent self- and mutual impedances of gapped multiwinding
inductors are derived. The proposed model considers all rele-
vant physical effects i.e., skin,- proximity,- the fringing effect
of the air gap field, and the shielding effect of foil conduc-
tors. Moreover, the paper presents an impedance matrix based
equivalent circuit (IMEC) that exclusively contains the calcu-
lated self- and mutual impedances as degrees of freedom. The
model is verified with 3D FEM simulations and experimen-
tally. Therefore, this paper provides a novel equivalent circuit
representation of multiwinding magnetic devices as well as
the necessary comprehensive analytical model to acquire the
required circuit elements. Hereby, the analytical modelling
of the 2D air gap field for a combination of different conduc-
tor types and their respective physical behavior are the main
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Figure 1 Assumed geometry of a gapped multiwinding inductor. a) Inside-window (IW) and outside-window
(OW) cross-section, and straight and curved sections of an E core inductor. b) IW and OW cross-section for an
ETD core inductor, with only curved sections, but different angles for each layer.

focus of the modelling.
The paper is organized as follows: Section 2 defines the

geometry of the gapped multiwinding inductor. In sec. 3, the
frequency-dependent self- and mutual impedances of multi-
winding magnetic devices are derived via the dissipated losses
and the stored magnetic energy and the IMEC is presented.
The losses and the magnetic energy are derived analytically
in sec. 4, and sec. 5 presents the analytical expressions of
magnetic field and current density. Finally, sec. 6 verifies the
proposed model. Additional notes on computation times and
the measurements are provided.

The paper is condensed for space reasons, all important
equations are given in the paper, together with the necessary
explanations. More specific formulas are provided by the
references.

2. Geometry of Gapped Multiwinding Inductor

Gapped multiwinding inductors consist of a gapped core
with an arbitrary number of windings. This paper assumes a
geometry, in which all windings are wound around the cen-
ter leg. The resulting geometry is modelled based on two
elementary cross-sections: The inside-window (IW) and the
outside-window (OW), cf. Fig. 1. Depending on the core
type, the inductor consists of different winding sections that
are highlighted with different background colors in Fig. 1.
Fig. 1a shows the winding section composition of an inductor
with E-core whereas Fig. 1b shows an inductor with ETD-
core.

Each considered 2D cross-section is divided into several
rectangular layers representing non-conductive layers (N-
layers), foil conductors (F-layers), and layers of solid round
(SR) or Litz wire (L) conductors that are transformed to an
equivalent foil conductor (E-layers) as indicated in Fig. 2. The
individual currents in each layer and the widths of the respec-
tive layers are introduced as variables so that the resulting
model is able to describe the magnetic field of multiwinding

dL

dx,i
dF

dSR

x1 x2 x3 x4 x5 x6 x7 x8

d12

d23

→

E-layer

N N N NE EF2
g

Core window
Core
Air gap

Litz-Wire:
Single strand (Ns = 7)

ds

Figure 2 Geometrical definition of layers. Solid round
and Litz wire layers are transformed to an equivalent foil
conductor (E-layer), where (15) must be satisfied. Foil
conductors are referred to as F-layers. All layers in be-
tween the windings that do not conduct a current are re-
ferred to as N-layers. Furthermore, the definition of Litz
wire is given, where 𝑁s is the number strands, and their
respective strand diameter is 𝑑s.

devices in different operating modes (currents with different
amplitudes and phase angles). This modelling approach is
a combination of the models presented in(7) (11), where the
individual models for F-(7) and E-layers(11) are introduced
and utilized to analytically calculate the winding losses and
inductance of a single winding inductor.

With the combination of the aforementioned models, this
paper proposes a novel analytical model for the computation
of the 2D magnetic field in the core window, considering all
types of conductors and the physical behavior of each type,
respectively (skin, proximity, and shielding effect).
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3. Impedance Matrix Equivalent Circuit of Mul-
tiwinding Magnetic Devices

The electrical terminal behavior of a multiwinding mag-
netic device is fully represented by its impedance matrix
𝒁 ∈ C𝐾×𝐾 , where 𝐾 is the number of windings of the mag-
netic device. The impedance matrix 𝒁 is a symmetrical square
matrix that holds the self impedances 𝑍 𝑖𝑖 of each winding and
the mutual impedances 𝑍 𝑖 𝑗 = 𝑍 𝑗𝑖 between the different wind-
ings(12) (13). Both, self- and mutual impedances are directly
measurable parameters of the 𝐾-winding magnetic device.

The impedance matrix 𝒁 can be derived from the complex
power 𝑆 according to (1),

𝑆 = 1/2 𝑰†𝒁 𝑰 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

where 𝑰 is the vector of the winding currents and 𝑰† denotes
the hermitian of 𝑰. Since capacitive effects are neglected in
this paper, the impedance matrix 𝒁 and the complex power 𝑆
can be computed according to (2) and (3)

𝒁 = 𝑹 + j𝜔𝑳 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (2)

𝑆 = 𝑃 + j𝜔𝑊 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (3)

with the equivalent series resistance matrix 𝑹, the equivalent
series inductance matrix 𝑳, the power losses 𝑃 and the stored
magnetic energy 𝑊 . Note that models of the complex power
will be presented in section 4.

To calculate the impedance matrix of a 𝐾-winding device,
two cases are considered that simplify the impedance matrix
calculation(14), (cf. sec. 5):

Case A The 𝑖-th winding current is non-zero 𝐼 𝑖 ≠ 0 and all
the other winding currents are zero.

Case B Two winding currents 𝐼 𝑖 and 𝐼 𝑗 are non-zero, all
other winding currents are zero. The MMF is
assumed to be balanced, i.e., 𝑁𝑖 𝐼 𝑖 = −𝑁 𝑗 𝐼 𝑗 is as-
sumed, where 𝑁𝑖 and 𝑁 𝑗 are the number of turns of
winding 𝑖 and winding 𝑗 , respectively.

With these two cases all self- and mutual impedance can be
calculated according to (4) and (5)

𝑍 𝑖𝑖 =
2𝑆
|𝐼 𝑖 |2

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (4)

𝑍 𝑖 𝑗 =
𝑆 −

(
(𝑍 𝑖𝑖 |𝐼𝑖 |2 )/2 + (𝑍 𝑗 𝑗 |𝐼 𝑗 |2 )/2

)
|𝐼 𝑖 | |𝐼 𝑗 | cos

(
𝜙𝑖 𝑗

) · · · · · · · · · · · · · (5)

where 𝜙𝑖 𝑗 is the phase angle difference between the wind-
ing currents 𝐼 𝑖 and 𝐼 𝑗 . Note, that 𝑁𝑖 𝐼 𝑖 = −𝑁 𝑗 𝐼 𝑗 implies
cos

(
𝜙𝑖 𝑗

)
= −1. Also note, that the current 𝐼 𝑖 is the current

through winding 𝑖, hence 𝑁l,𝑛𝐼 𝑖 is the total current that flows
through the layer 𝑛 of winding 𝑖 in the 2D plane where 𝑁l,𝑛
represents the number of turns of layer 𝑛. This is especially
relevant for E-layers (Litz and solid round wire), whereas
F-layers (foils) are assumed to consist of a single turn, i.e.
𝑁

(F)
l,𝑛 = 1. Vertically stacking multiple foils into one layer is

not considered in this paper.
The impedance matrix of a 𝐾-winding magnetic device

can be graphically represented by a 𝐾-port necessary-and-
sufficient equivalent circuit (n&s-EC), in which each winding

is represented by a port(8) (13). Such n&s-EC are character-
ized by having exactly the number of parameters that can be
extracted by independent measurements from the magnetic
device. 𝐾-port n&s-EC as well as the impedance matrix 𝒁
are uniquely defined by 𝐾 (𝐾+1)/2 parameters(13) (15). EC are
useful as they enable the implementation of 𝐾-winding de-
vices in circuit simulations and facilitate their implementation
in converter optimizations.

Fig. 3 proposes the impedance matrix equivalent cir-
cuit (IMEC) that exclusively consists of self- and mutual
impedances. It uses 𝐾 (𝐾−1)/2 sub-circuits to represent the
mutual impedances. These sub-circuits are based on the con-
ventional 2-winding T-EC(16) shown in Fig. 3a and each sub-
circuit satisfies (6).[

𝑉
𝑖

𝑉
𝑗

]
=

[
0 𝑍 𝑖 𝑗
𝑍 𝑖 𝑗 0

] [
𝐼 𝑖
𝐼 𝑗

]
· · · · · · · · · · · · · · · · · · · · · · · (6)

The proposed IMEC is a fully determined physical represen-
tation of the multiwinding magnetic device with the advan-
tage of exclusively containing measurable parameters. The
IMEC can also be adapted such that it contains ideal trans-
formers with turn ratios that represent the turn ratios of the
windings on the magnetic device. Furthermore, the number
of circuit elements can be reduced by introducing a leakage
impedance (7). The result of the aforementioned variations
lead to the adapted IMEC shown in Fig. 4.

𝑍𝜎,𝑖 = 𝑍 𝑖𝑖 −
𝐾∑︁
𝑗=1
𝑗≠𝑖

𝑁𝑖

𝑁 𝑗
𝑍 𝑖 𝑗 · · · · · · · · · · · · · · · · · · · · · · · (7)

As shown in(1), the self- and mutual impedance can also be
used to derive the elements of other EC such as the Extended
Cantilever Model (ECM) presented in(15). Although both
representations are equivalent, the IMEC is advantageous for
several reasons. First, the ECM is based on the admittance
matrix, which requires inverting the impedance matrix. Sec-
ond, some elements of the ECM are difficult to measure, since
they require measuring currents in short-circuited windings,
making the ECM difficult to verify directly.

With the IMEC, this paper proposes a novel equivalent cir-
cuit representation of a multiwinding magnetic devices, which
is very compact by introducing T-elements (cf. Fig. 3), but on
the other hand considers resistive and reactive components,
and therefore the impedance of the device. The IMEC can be
used in circuit simulations very easily.

4. Computation of the complex power
As discussed in sec. 3, the self impedances 𝑍 𝑖𝑖 are com-

puted via the complex power 𝑆 which is obtained from the
magnetic energy and the dissipated power according to (8)

𝑆 =

(
𝑁∑︁
𝑛=1

𝜆𝑛𝑃
′
𝑛 + 𝜗𝑛𝑃′′

𝑛

)
+j𝜔

(
𝑊c +

𝑁∑︁
𝑛=1

𝜆𝑛𝑊
′
𝑛 + 𝜗𝑛𝑊 ′′

𝑛

)
(8)

where 𝜆𝑛 is the total length of all straight sections of the 𝑛-th
layer and 𝜗𝑛 is the total angle of all circular sections of the
𝑛-th layer†.
† Note that 𝑛 refers to all geometrically defined layers, hence,

also non-conductive layers. Whereas the power losses in the non-
conductive layers is zero, the magnetic energy is non-zero.
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Figure 3 Impedance Matrix based equivalent circuit (IMEC) representation of 𝐾-winding magnetic device that
exclusively contains self- and mutual impedances. a) T-element EC, b) IMEC of a 2-winding magnetic device, c)
IMEC of a 3-winding magnetic device, d) IMEC of a 4-winding magnetic device.
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Figure 4 Adapted version of the IMEC from Fig. 3 that
requires fewer circuit elements and contains the turn ratios
of the multiwinding magnetic device.

In contrast to the self impedances, the mutual impedances
𝑍 𝑖 𝑗 are treated as follows. The complex power is computed
in two steps, where the real part of the mutual impedance
is obtained using the models from sec. 4.2 and the real part
of (8). The imaginary part (energy of the leakage field) is
obtained using the Double-2D modelling approach presented
in(17). Here, the IW and OW energy contribution are acquired
by calculating the energy per unit length multiplying each
with an energy weighted length (partial leakage length)(17).
Further details can be found in section 5.2.

The following subsections briefly explain the calculation of
the magnetic energy per unit length (p.u.l.) 𝑊 ′

𝑛 & magnetic
energy per unit angle (p.u.a.) 𝑊 ′′

𝑛 , the power losses p.u.l. 𝑃′
𝑛

& p.u.a. 𝑃′′
𝑛 , and the stored magnetic energy in the core𝑊c.

4.1 Magnetic energy calculation The magnetic en-
ergy is linked to the reactive part of the impedance. For
straight winding sections, the magnetic energy p.u.l. 𝑊 ′ is
computed with (9)†

𝑊 ′ =
𝜇0
2

∬
A

®𝐻 · ®𝐻∗
d𝐴 · · · · · · · · · · · · · · · · · · · · · · · (9)

and scaled linearly with the length of the individual section
† Note that all complex fields in this paper denote the phasor of the

particular field quantity.

(cf. sec. 2). For curved winding sections, (10)

𝑊 ′′ =
𝜇0
2

∬
A
𝑥 ®𝐻 · ®𝐻∗

d𝐴 · · · · · · · · · · · · · · · · · · · (10)

yields the magnetic energy p.u.a. which is scaled with the
angle of the corresponding curved winding section. With (9)
and (10), the total magnetic energy stored in IW and OW
winding sections is obtained.

In addition, the magnetic energy that is stored in the core
and in the air gaps†† (11)

𝑊c =
𝜇0
2
|𝐻g |

2
(
𝑁g𝑉g +

𝑉e
𝜇𝑟

)
· · · · · · · · · · · · · · · · · · (11)

where 𝑉g is the volume of a single air gap, 𝑁g is the number
of air gaps in the center leg, 𝐻g is the spatially homogeneous
magnetic field in the air gap (21), and 𝜇r is the relative per-
meability of the core material. For the magnetic energy in
the core, it is assumed that 𝐵c = 𝜇0𝐻g, which neglects any
fringing paths. Furthermore, 𝑉e is the effective volume of the
core and is typically given by the manufacturer’s data sheet.
The magnetic field models used for calculating the fields ®𝐻
and 𝐻g introduced above are derived in (20) and (21).

4.2 Power losses calculation The resistive part of the
impedance is computed with the power losses per unit length:

𝑃′ =
1

2𝜎

∬
A
®𝐽 · ®𝐽∗ d𝐴 · · · · · · · · · · · · · · · · · · · · · · · (12)

whereas the power losses per unit angle is

𝑃′′ =
1

2𝜎

∬
A
𝑥 ®𝐽 · ®𝐽∗ d𝐴 · · · · · · · · · · · · · · · · · · · · · (13)

where (12) and (13) are used for F-layers. The integration
must be evaluated for every F-layer in the core window. The
current density is analytically derived from the magnetic po-
tential as (22) in sec. 5. The integrals (12) and (13) are solved
†† The fringing paths of the air gap field are neglected in the cal-
culation of stored magnetic energy. Nevertheless, the fringing paths
are considered in the magnetic field formulas for the core window.
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Figure 6 a) 𝑓 = 10 Hz. b) 𝑓 = 100 kHz.

analytically as well(7) (9).
In E-layers, the integration of the inhomogeneous current

density distribution inside the boundaries of a cylindrical con-
ductor is already performed in polar coordinates(11). This
leads to an analytical expression of the power losses of the
respective conductor depending on the net current, the fre-
quency, and an assumed homogeneous external magnetic
field. The latter is replaced by the squared averaged mag-
netic field over the considered volume of an E-layer(11).

In particular, the squared averaged magnetic fields, p.u.l.
and p.u.a., are obtained by averaging the magnetic field over
either straight or curved winding sections, respectively. Even-
tually, this leads to closed-form analytical expressions of the
power losses 𝑃′ (p.u.l.) and 𝑃′′ (p.u.a.) of the individual
conductors in an E-layer, and finally, to the overall losses dis-
sipated in the E-layer. As done in(11), the resulting expressions
are adapted to Litz wire if required.

The height of each layer is either assumed to equal the phys-
ical layer height (cf.(7)) or the core window height ℎw (cf.(11)),
depending on the model that is used to model the magnetic
field of the respective layer.

5. Mathematical models of the 2D magnetic field
This section presents the models of the magnetic field in the

core window and in the air gaps that are combined according
to the flowchart in Fig. 7. As elaborated in sec. 4, the resistive
and the reactive part of the impedance (2) both depend on the
magnetic field. The different entries of the impedance matrix
are calculated using different cases of the excitation of the
windings as discussed in sec. 3. Depending on these cases,
the magnetic field has significantly different distributions to
be taken into account when calculating the magnetic field an-
alytically. Two cases and their resulting field distributions are
distinguished (cf. sec. 3):

Case A Only one winding current is non-zero and the other
windings are open-circuited resulting in a non-zero
total magneto motive force (MMF ≠ 0). In this
case, the magnetic energy is predominantly stored
in the air gap as the main field path leads through
the core as shown in Fig. 5a. The magnetic field
in the air gap causes a fringing field around the air
gap which affects windings in close proximity and
decreases the reluctance of the core.

Case B The total MMF is zero, i.e.
∑
𝑖 𝑁𝑖 𝐼 𝑖 = 0, which is

achieved by setting 𝑁𝑖 𝐼 𝑖 = −𝑁 𝑗 𝐼 𝑗 and every other
current to zero in this paper. This condition cancels
the coupling flux between the windings completely,
i.e. the field lines lead through the air between
the windings (leakage field, cf. Fig. 5). Hence, the

magnetic energy is stored mainly between the wind-
ings and the air gap contains almost no energy. FEM
simulations have shown that the energy stored in the
core window exceeds the air gap energy by about
five orders of magnitude. Therefore, the analytical
models neglect the air gap in this configuration.

5.1 Model for non-zero total MMF As stated be-
fore, the majority of the magnetic energy is stored in the air
gap if the total MMF is non-zero. Hence, the air gap magnetic
energy is predominant compared to the window energy and
therefore only the IW cross-section (cf. Fig. 1a) is consid-
ered. The air gap fringing field has a significant influence on
the magnetic field and the derived impedance, especially if
foil conductors are in the vicinity of the air gap as they shield
the fringing field with increasing frequency(7). Fig. 6 shows
the air gap field with a foil in close proximity to the air gap.
At low frequencies, the air gap field penetrates through the
foil (Fig. 6a). At higher frequencies, the air gap field induces
significant eddy currents within the foil which counteract the
magnetic air gap field and therefore shield the magnetic air
gap field as shown in Fig. 6b).

For the purpose of taking this effect into account, a novel
model is proposed that divides the core window into separate
regions as shown in sec. 2. For each region, a magnetic vector
potential formulation satisfying the governing partial differen-
tial equation of the respective region (written in superscript),
is proposed. The governing equations are:

Δ𝐴(N)
𝑧 = 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

Δ𝐴(E)
𝑧 = −𝜇0𝐽

(E)
𝑛

· · · · · · · · · · · · · · · · · · · · · · · · · · · · (15)

Δ𝐴(F)
𝑧 = 𝛾2𝐴(F)

𝑧 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (16)

Here, 𝐽 (E)
𝑛

= 𝑁l,𝑛 𝐼𝑖/𝐴layer is the spatially homogeneous current
density in the E-layer, 𝐼 𝑖 is the current (amplitude) through
the windings of the E-layer (cf. sec. 2), 𝛾 = (1+j)/𝛿, and 𝛿
is the skin depth. The magnetic vector potentials only have
a 𝑧-component as the current is only through-plane, and are
given as

𝐴(N)
𝑧 = 𝐵0 (𝑥−𝑥𝑛)

+
∞∑︁
𝑘=1

(
𝐶
𝑘

e−𝑝𝑘 (𝑥−𝑥𝑛 ) +𝐷𝑘 e𝑝𝑘 (𝑥−𝑥𝑛 )
)

cos(𝑝𝑘𝑦) (17)

𝐴(E)
𝑧 = 𝐵0 (𝑥−𝑥𝑛) + 𝐶0 (𝑥−𝑥𝑛)

2

+
∞∑︁
𝑘=1

(
𝐶
𝑘

e−𝑝𝑘 (𝑥−𝑥𝑛 ) +𝐷𝑘 e𝑝𝑘 (𝑥−𝑥𝑛 )
)

cos(𝑝𝑘𝑦) (18)

𝐴(F)
𝑧 = 𝑀0 e−𝛾 (𝑥−𝑥𝑛 ) +𝑁0 e𝛾 (𝑥−𝑥𝑛 )
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𝐼 𝑖 ≠ 0 ∧ 𝐼 𝑗 = 0
𝑖 = 1, . . . , 𝐾

𝑊 ′ (9),𝑊 ′′ (10) Main diagonal
of 𝒁

Self impedances
𝑍 𝑖𝑖 (4)𝑃′ (12), 𝑃′′ (13) 𝑆 (8)

Complex powerIW (Fig. 1)
Prop. model (sec. 5.1)

𝑁𝑖 𝐼 𝑖 = −𝑁 𝑗 𝐼 𝑗
𝑖 = 1, . . . , (𝐾 − 1)
∧ 𝑗 = (𝑖 + 1), . . . , 𝐾

IW (Fig. 1)
Prop. model (sec. 5.1)

𝑃′ (12), 𝑃′′ (13)

OW (Fig. 1)
Margueron model(18)

𝑊 ′ (9)

𝑍 𝑖 𝑗 (5) elements of 𝒁

𝑊 ′ (9)

𝑆 (8) 𝑍 𝑖 𝑗 = 𝑍 𝑗𝑖
Off-diagonalMutual impendancesComplex power

IW (Fig. 1)
Roth model(19)

EC fully determined

Figure 7 Overview of the proposed modelling process. See sections 3 – 5 and the given references for details.

+
∞∑︁
𝑘=1

(
𝑀𝑘 e−𝜉𝑘 (𝑥−𝑥𝑛 ) +𝑁

𝑘
e𝜉 𝑘

(𝑥−𝑥𝑛 )
)

cos(𝑝𝑘𝑦)(19)

where 𝑥𝑛 references the 𝑥-origin of the 𝑛-th layer, as defined
in Fig. 2. The coefficients in the equations above are deter-
mined with boundary conditions at the window edges and
with interface boundary conditions between the different lay-
ers, which leads to a system of linear equations(7) (9) (20). In
addition, (18) is given to satisfy (15) in E-layers, where the
magnetic field distribution is assumed to be independent of
the frequency(11). The analytical magnetic field expressions
considering the air gap fringing field are obtained from (20).

®𝑒𝑥𝐻𝑥 + ®𝑒𝑦𝐻𝑦 = 1/𝜇0 ®∇ ×
(
®𝑒𝑧𝐴𝑧

)
· · · · · · · · · · · · · · (20)

Hence, the magnetic field ®𝐻 has components in 𝑥- and 𝑦-
directions. The coefficients 𝐵0, 𝑀0, and 𝑁0 depend on the
currents in the individual windings. The coefficients 𝐶

𝑘
, 𝐷𝑘 ,

𝑀 𝑘 , 𝑁
𝑘
, 𝜉
𝑘

and 𝑝𝑘 define the air gap fringing field, where the
tangential components of the magnetic field on all surfaces of
the core window are used to solve the boundary value prob-
lem. Hereby, the magnetic field is zero along every surface,
except in the air gap, where it has the constant value:

𝐻g =
𝑘𝜇

𝑁g𝑙g

∑︁
𝑖

𝑁𝑖 𝐼 𝑖 , 𝑘𝜇 =
1

1 + 𝑙e/(𝜇r𝑁g𝑙g )
· · · · (21)

Here, 𝑙g is the air gap height, 𝑁g is the number of gaps (all
placed periodically in the center leg, with symmetry to the 𝑥-
axis), and 𝑙e is the effective path length of the core, typically
given by the manufacturer. Furthermore, 𝜇r is the relative
permeability of the core. The missing coefficient 𝐶0 of the
additional E-layer field (18) is obtained by substituting (18)
into (15).

The inhomogeneous current density inside F-layers is di-
rectly obtained from the magnetic potential:

𝐽 (F)
𝑧

= −𝛾2/𝜇0 𝐴
(F)
𝑧 . · · · · · · · · · · · · · · · · · · · · · · · · · · · (22)

Note that the proposed winding layer model in this section

Table 1 Submodels used for calculating the imaginary
part of (8) in Case B (balanced magneto motive forces,
MMF = 0).

𝑊 ′
IW Roth (19)

𝑊 ′
OW Margueron 2010 (18)

𝑙p,IW Empirically Corrected Axial Flux (ECAF)* (17)

𝑙p,OW Empirically Corrected Axial Flux (ECAF)* (17)

*Axial Flux model, if ECAF not applicable to
or not valid for particular geometry

assumes the layer heights to be equal to the window height
ℎw (cf. Fig. 1). The proposed model is a combination of the
models presented in(7) (11) which are based on the works(9) (20).

The novelty of the proposed model is in its ability to con-
sider all relevant conductor types in one core window, and
take into account the respective physical behavior in terms of
the relevant loss mechanisms (skin, proximity, and shielding
effect).

5.2 Models for zero total MMF In the case of a total
MMF of zero, the main field path leads through the air between
the windings (cf. Fig. 5b). Here, two different cross-sections
must be considered: The inside window (IW) section and the
outside window (OW) section(17) shown in Figs. 1a&b. The
reason is that the magnetic field distribution and hence the
magnetic energy density are predominantly influenced by the
position of the core yokes and the outer leg, rather than the
air gap.

Analytical models of the IW and OW energy per unit length
𝑊 ′ are chosen based on the comparison executed in(21). These
energies per unit length are multiplied by energy weighted
mean lengths (partial leakage lengths 𝑙p) to acquire the total
IW and OW energy contributions(17). The submodels used for
computing energy per unit length and partial leakage length
are listed in Tab. 1.

These models are selected as they perform best with respect
to high accuracy and low computational effort(21).
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Table 2 Parameters of prototype and 3D FEM inductors. Cf. Figs. 1 and 2 for geometric parameter definitions.
Note that the layer thickness 𝑡l in Tab. 2 depends on the winding type and denotes the Litz wire (outer) diameter
𝑑L, the SR wire diameter 𝑑SR, and the foil thickness 𝑑F (all without insulation), respectively. 𝑄l denotes the
number of layers of the particular winding. 𝑎𝑖 and ℎ𝑖 are the total winding width and the total winding height (all
without insulation), respectively. Additionally, the permeability of the material was considered in the analytical
modelling using (21), which makes it possible to compare cores with different permeability.

Core data Winding 1 Winding 2 Winding 3 Inter wdg.
𝑙g 𝑑leg ℎw 𝑤w 𝜇r Type 𝑎1 ℎ1 𝑁1 𝑄l 𝑡l Type 𝑎2 ℎ2 𝑁2 𝑄l 𝑡l Type 𝑎3 ℎ3 𝑁3 𝑄l 𝑡l 𝑑𝑥,i 𝑑12 𝑑23

Unit mm mm mm mm - - mm mm - - mm - mm mm - - mm - mm mm - - mm mm mm mm

3D FEM 1 22.1 44 10.75 5000 SR 0.7 39.65 42 1 0.7 Foil 1.8 40 4 4 0.3 SR 0.7 39.65 42 1 0.7 1 0.23 0.23
No.1** 2 22.1 44 10.75 1590 Litz* 1 41 33 1 1 Foil 1.9 40 10 10 0.1 SR 0.8 40.5 28 1 0.8 1.2 0.25 2.25
No.2** 1 12.6 29.1 8.7 1600 SR 2.4 25.6 34 2 0.8 Litz* 2.25 26 42 2 1 - - - - - - 1.5 1.5 -

*360 insulated strands, strand diameter = 40µm. **Core material: N87, TDK(22).

6. Model Verification
This section verifies the presented models with 3D FEM

simulations and measurements. For that purpose, a 3D FEM
model and two prototype inductors shown in Figs. 8 & 9, were
built. A list of parameters of the FEM model and the inductor
prototypes are given in Tab. 2.

There are two main reasons for the two-step verification:
First, using (3D) FEM makes it possible to have a benchmark
that is comparable in its nature. Both, analytical model and
FEM are not prone to manufacturing tolerances, etc.: Both
can be set up exactly the same, so that the results should
match exactly at best. The reason for using 3D FEM instead
of sectionized 2D FEM, as used by the proposed model, is
that the 2D OW sections of a correct physical model would
generate a different air gap field as the 3D version due to

Foil winding

Inner Litz wire
winding

Outer solid wire
winding

Custom bobbins

Prototype

No.1

Figure 8 Inductor prototype No.1 with 3 windings: Litz
wire (inner), foils (middle), and solid wire (outer).

Prototype No.2

Outer Litz wire
winding

Inner solid wire
winding

Custom bobbins

Figure 9 Inductor prototype No.2 with 2 windings:
Solid wire (inner) and Litz wire (outer).

the available magnetic paths and Ampere’s law. This must
be circumvented by introducing current densities instead of
air gaps on the core surface. A true 3D model is therefore
more trustworthy in the context of the generated air gap field.
The second reason for the two-step verification is the use of
Litz wire. It is nearly impossible to compute a full 3D FEM
model containing multiple stranded and twisted wires, as can
be concluded from literature on the topic(23).

The 3D FEM simulation is used to confirm the model’s ac-
curacy without possible influences from geometric tolerances
and the result is shown in Fig. 10a. The computed self- and
mutual impedances are split into resistive and reactive parts
(𝑅𝑖 𝑗 & 𝐿𝑖 𝑗 ). The results obtained with the proposed model
match the simulated results of the 3D FEM very well over
a wide frequency range. Note that the curves of the self re-
sistances 𝑅11 and 𝑅33 slightly differ from typical curves of
round wire’s AC resistance from literature(11). This deviation
is caused by additional eddy current losses that are induced
in the (open-circuited) foil winding by the air gap fringing
field. These eddy currents also shield the magnetic field from
propagating further into the core window and hence cause
a drop in the self inductance of all windings. Moreover, at
elevated frequencies, the mutual resistances† become more
significant so that they cannot be neglected in loss calcula-
tion anymore. The measurements shown in Fig. 10b&c also
prove that the proposed model predict the self- and mutual re-
sistances and inductances of the magnetic device accurately.
In the following, the most noteworthy measurement results
and physical effects are discussed based on individual plots,
instead of those shown in Fig. 10, for the sake of visibility.

Fig. 11 shows the self resistance of the Litz wire winding
of prototype No.1. Here, the self resistance of the Litz wire
winding is heavily dominated by the air gap fringing field
induced eddy current losses in the foil. As a reference, the
expected resistance increase of the same Litz wire winding
without additional windings in the core window(11) are also
shown in Fig. 11 (w\o other windings). Without other wind-
ings present, the Litz wire winding resistance starts to increase
at much higher frequencies due to its very thin strands, as ex-
pected. Hence, the presence and the positioning of additional
windings in multiwinding devices, as for example when using
foils(3) (5), is crucial for the overall losses of the component.
The newly proposed model in this paper allows for taking

† Mutual resistances refer to the additional power losses in multi-
winding devices if two windings are excited at the same time(24)
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L11(μH)

L12(μH) L13(μH)

L33(μH)R11(Ω)

R12(Ω) R13(Ω)

R22(Ω)

R23(Ω)

R33(Ω) L22(μH)

L23(μH)

R11(Ω) R22(Ω) R33(Ω)

R23(Ω)R13(Ω)R12(Ω)

L11(μH) L22(μH) L33(μH)

L12(μH) L13(μH) L23(μH)

a)  Reference: 3D FEM

b)  Reference: Prototype No.1 Measurement Analytical model

FEM Analytical model

All x-axes show frequency in Hz

All x-axes show frequency in Hz

c)  Reference: Prototype No.2 Measurement Analytical model

All x-axes show frequency in Hz

R11(Ω) R22(Ω) R12(Ω) L12(μH)

L22(μH)

L11(μH)

Figure 10 Comparison of the results obtained with the proposed model with a) 3D FEM, b) 3-winding inductor
prototype, and c) 2-winding inductor prototype. Note, that the inductances 𝐿11 and 𝐿33 in a) are slightly different,
even though they have the same number of turns. The reason is that the outer winding 3 has a larger winding
diameter than the inner winding 1 and hence, more energy is stored in the space between the winding and the
center leg leading to a slightly larger inductance 𝐿33.

these effects into account accurately.
Since prototype No.1 holds windings of different winding

types, it is difficult to distinguish between induced eddy cur-
rent losses in the foil and in any SR winding close to the air
gap which both affect the effective resistance of the Litz wire.
To examine this more closely, inductor prototype No.2 is de-
signed without foil windings. Instead, SR windings are used

for the winding in proximity to the air gap (cf. Tab. 2). The re-
sults shown in Fig. 12 prove that Litz wire windings, or more
general windings with small diameter, are always affected by
those with a larger diameter. Again, the expected effective
resistance increase 𝐹𝑅,22 without the additional SR winding
is plotted as a reference (cf. Fig. 12, w\o SR winding).

The self inductance 𝐿11 of prototype No.1 vs. frequency is
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FR,11

f  in Hz

Model

Measurement

w\o other windings

Figure 11 Relative resistance increase𝐹𝑅,11=𝑅11 ( 𝑓 )/𝑅11 (0)
of the primary winding (Litz) of inductor prototype No.1.
The results show that the effective resistance of the Litz
wire winding increases significantly due to the air gap
fringing field induced eddy currents in the foil.

Model

Measurement

f  in Hz

FR,22

w\o SR winding

Figure 12 Relative resistance increase𝐹𝑅,22=𝑅22 ( 𝑓 )/𝑅22 (0)
of the secondary winding (Litz) of inductor prototype
No.2. The additional plot of the expected resistance in-
crease of the Litz wire winding without the solid round
wire winding shows, that the majority of the winding
losses is caused by the open-circuited solid round wire
winding in proximity to the air gap.

Table 3 Average relative errors of proposed analytical
model in percent

Inductor 𝐿11 𝐿22 𝐿33 𝐿12 𝐿13 𝐿23

3D FEM 0.58 0.59 0.59 0.56 0.53 0.57
Prototype No.1 4.52 3.86 3.89 4.35 4.41 3.99
Prototype No.2 5.18 4.70 – 5.20 – –

examined more closely in Fig. 13. Here, the self inductance
is computed with the manufacturer’s 𝐴𝐿 value as a reference.
The figure shows that the self inductance computed with the
𝐴𝐿-value coincides well with the target value for the DC case.
However, at elevated frequencies, the real inductance value
tends to be less than the one predicted with the 𝐴𝐿-value.
The drop of inductances is caused by the shielding of the foils
which affects the self- and the mutual inductances of every
winding, as shown in Fig. 10. Overall, the proposed model is
able to compute the inductance vs. frequency very accurately.
The average error over the full frequency range of the individ-
ual inductances is given in Tab. 3 for the 3D FEM and both
inductor prototypes based on the measured values. All in all,
the proposed analytical model is in the same accuracy range

f  in Hz

L11( f )  in μH

Model

Measurement

AL6.5 %

3.8 %
3.2 %

13.1 %4.0 %

Figure 13 Frequency dependent self inductance 𝐿11 ( 𝑓 )
of the primary winding of inductor prototype No.1. The
self inductance decreases due to the shielding effect of
the foil conductors(7). The manufacturer’s 𝐴𝐿 value does
not consider the frequency dependence. Note, that the
primary winding of inductor prototype No.1 is no foil
winding itself.

as 3D FEM simulations. The increased error in comparison
with the measurements are caused by manufacturing toler-
ances and additional side effects that can neither be modelled
analytically, nor with FEM.

Finally, the influence of the air gap fringing field is visu-
alized in Fig. 14. The figure shows the result of a 2D FEM
simulation, in which a foil is placed between the air gap and
a solid round wire winding. The frequency and the current
excitations are varied according to the table in Fig. 14. The

z
∗JzJσ

1=′p

a) b) c)

d) e) f)

maxmin

Excitation a) b) c) d) e) f)

𝐼1 (A) 1 0 1 1 0 1
𝐼2 (A) 0 0.1 −0.1 0 0.1 −0.1
𝑓 (Hz) 1e2 1e2 1e2 1e4 1e4 1e4

Figure 14 Fringing field effect of the air gap. The mag-
netic field ®𝐻 is indicated by the black field lines, the
dissipated power density per unit length 𝑝′ = 1/𝜎𝐽𝑧𝐽∗𝑧 by
the colored surface.
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plots show that even if the foil conductor is open-circuited,
eddy current losses are induced by the air gap’s fringing field
in the foil. These additional losses occurring in the foil are
attributed to the self resistance of the excited winding. This
is in accordance with the measurements and the analytically
computed results. In contrast to our proposed model, existing
models in literature are not capable of correctly taking this
effect into account.

In summary, the results in Figs. 10, 11, and 12 show that
the self and the mutual resistances can be predicted accurately
with the proposed model. In addition, the reactive part (induc-
tance) vs. frequency is in accordance with the measurement
(cf. Figs. 10 & 13). Given the fact that almost all inductances
are frequency-dependent it is still beneficial to consider the
use of the proposed model in contrast to the manufacturer’s
𝐴𝐿 value, since the proposed model accurately describe the
frequency dependence of the inductance. Furthermore, a rel-
ative error of less than 5 % over the complete frequency range
can still be considered as quite accurate given that geometric
tolerance can affect the result in similar orders of magnitude.
It becomes apparent that the model accurately predicts the
impact of foil conductors in a mixed multiwinding magnetic
device(2), taking into account the shielding effect of the foils,
which makes the model useful in virtual prototyping an opti-
mization of such devices.

6.1 Additional notes on computation times This
section provides a quantitative analysis of the computational
efficiency of the proposed model. Tab. 4 gives all relevant pa-
rameters, as well as the execution times of a single execution
and the total execution time of each, a full 3D FEM simulation,
a comparable 2D FEM simulation with appropriate meshing†,
and the proposed model, for a two-winding magnetic device
(e.g., prototype 2). Note that all computation times are given
for a single frequency. Scaling of the computational effort for
a device with more than two windings works linearly.

a) b)

Vcum,ij

Icum,ij Idiff,ij I1

Ii

IK IK

Ii
IjIj

I1

V1

Vi Vi
VjVj

VK VK

V1

Vdiff,ij

Z Z

Figure 15 Definition of the cumulative and differential
measurements at an 𝐾-port network.

6.2 Additional notes on the measurements All
measurements were performed with the Keysight E4990A
impedance analyzer. Thereby, the self impedances were mea-
sured directly, with the other windings open-circuited. The
mutual impedances were measured with cumulative and dif-
ferential measurements(25) which are defined in Fig. 15 and
(23).

† No 2D FEM simulation was used for verifying the model.

𝑍cum,𝑖 𝑗 =
𝑉cum,𝑖 𝑗

𝐼cum,𝑖 𝑗
= 𝑍 𝑖𝑖 + 2𝑍 𝑖 𝑗 + 𝑍 𝑗 𝑗

𝑍diff,𝑖 𝑗 =
𝑉diff,𝑖 𝑗

𝐼diff,𝑖 𝑗
= 𝑍 𝑖𝑖 − 2𝑍 𝑖 𝑗 + 𝑍 𝑗 𝑗

⇓

𝑍 𝑖 𝑗 =
𝑍cum,𝑖 𝑗 − 𝑍diff,𝑖 𝑗

4

· · · · · · · · · · (23)

Note that fundamental energy and power considerations only
require 𝑹 and 𝑳 to be positive (semi-)definite(13). Thus,
𝑅𝑖 𝑗 = ℜ{𝑍 𝑖 𝑗 } < 0 and 𝜔𝐿𝑖 𝑗 = ℑ{𝑍 𝑖 𝑗 } < 0 are possible.

7. Conclusion
This paper presents a novel equivalent circuit representation

of multiwinding magnetic devices in form of the impedance
matrix equivalent circuit (IMEC), and the derivation of its
elements from an analytical model of the magnetic field of
gapped multiwinding inductors. The model allows for an-
alytically calculating the impedance matrix considering the
impact of the skin- & proximity effect and the air gap’s fring-
ing field. Thus, a full equivalent circuit (EC) representation
in terms of impedances of a gapped multiwinding magnetic
device can be computed. The model leads to significantly
less computational effort (computations times in the millisec-
ond range) while being in a similar accuracy range as FEM
simulations. The novelty of the used analytical model is its
capability to consider all relevant conductor types and their
respective physical properties in terms of their impact on the
magnetic field.

Furthermore, measurements confirm that the impact of the
air gap fringing field induced eddy currents in all windings
is not negligible. Self- and mutual resistances increase sig-
nificantly whereas inductances decrease as the eddy currents
shield the magnetic field from propagating further into the
core window. This paper presents insightful measurements
of these phenomena and provides physical explanations, as
well as an analytical comprehensive model to describe the
effects mathematically.
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