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Abbreviations
APM

Atom probe microscopy

bcc

Body-centred cubic

BF

Bright field (contrast)

BSE

Backscattered electron (contrast)

BVE

Basic volume element

(e)CMWP

(extended) Convolutional Multi-Whole Profile analysis

fcc

Face-centred cubic

CSL

Coincident site lattice

CSR

Cyclic stress response

CSSR

Cyclic stress-strain response

DC

Direct current

DF

Dark field (contrast)

DGB

Denuded grain boundaries
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Diffraction line profile analysis
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Dislocation mean free path

DSC

Differential scanning calorimetry
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Electron backscattered diffraction
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Electron channelling contrast

EDM

Electrical discharge machining

EDX

Energy dispersive X-ray
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Electron energy loss spectroscopy
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Finite Element Methode

FIM

Field ion microscopy

GB

Grain boundary
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High-angle annular dark-field

HAGB

High-angle grain boundary

HCF

High cycle fatigue

HP

High pressure
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HRTEM

High resolution TEM

IP

Intermediate pressure

IPF

Inverse pole figure

IQ

Image quality

KAM

Kernel average misorientation map

LAGB

Low-angle grain boundary

LCF

Low cycle fatigue

LP

Low pressure

MS

Mechanical spectroscopy

PAGB

Prior austenite grain boundary

PSS

Memory plastic strain surface

SCSD

Smallest coherently scattering domain

SEM

Scanning electron microscopy

(S)TEM

(Scanning) Transmission electron microscopy

TEM

Transmission electron microscopy

TMF

Thermo-mechanical fatigue, Transformed Model Fitting
software (Section 2.2.2)

TOF

Time of flight
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Whole Powder Pattern Fitting

XRD

X-ray diffraction

General Symbols
α

Modulus relaxation parameter
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Electrical temperature coefficient

β

Normalisation constant (Eq. 4.68), neutron scattering length
(Section 1.3.2)
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(monotonic) Ramberg-Osgood model parameter

γ
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Γ

Scale parameter (half width at half maximum of ψ)
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second derivative of stress
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Stacking-fault energy

ε

Strain
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Initial or reversal strain
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Reference strain amplitude
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Critical strain (Eq. 4.72)
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Creep strain
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Elastic strain
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Volumetric strain
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r

Relative strain
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Relative yield strain
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Reference strain rate

η

Location parameter (mode of φ)

Η

Location parameter (mode of ψ)

ηproj

Projection correction factor (Section 2.2.1)
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Mode of the second derivative of stress

ηvisibility

Visibility correction factor (Section 2.2.1)

ϑ

Internal variable, projection angle (Section 2.2.1)

θ

Diffraction angle (Section 1.3.2)

κ

Sign of loading direction (+1 tension, -1 compression going)

λ

Plastic multiplier (Section 1.4.2), wavelength (Section 1.3.2)

μ

Accumulation damping function

ξ
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ρ

Dislocation density, mass density

ρel,defect

Defect related electrical resistivity

ρel,tot

Total resistivity
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Temperature related electrical resistivity

σ

Stress, variance of grain size distribution (Section 2.2.2)
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σE

Elastic limit

σeff

Effective stress (Appendix E)
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Internal stress
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Hydrostatic stress
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Maximum stress

σmean

Mean stress
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Minimum stress

r

Relative stress

σv

Viscous stress
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Element yield stress (of BVE)

τ

Shear stress

τth
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υ

Poisson ratio, photon (Section 1.3.2)

φ

Element yield strain distribution

ϕ

Phase shift (Section 1.3.2)

ψ

Element yield stress distribution

ψ i, ψ s

Incident and scattered particle wave (Section 1.3.2)

ωξ

Evolutionary weighting function

χ

Share of plastically deformed BVEs (cumulative density
function of φ)

χcum

Cumulated Share of plastically deformed BVEs
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b

Length of Burgers vector
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Kinetic parameter of temperature/strain rate dependent model
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Parameter of Coffin-Manson model
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Lattice spacing of (hkl) plane
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Width of stacking-fault

eij

Deviatoric strain

f

Yield function
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Length

σ
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Median of grain size distribution (Section 2.2.2)

p
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Standard error
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Deviatoric stress
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Integration volume
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Stress surface
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Contrast factor
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Elements of elasticity tensor
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F

Total structure factor, least squares error (Eq. 4.75)
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Shear modulus
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Diffracted intensity, electrical current (Appendix B.1)

I

B

Background intensity
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Nomenclature

L

Lattice factor (Section 1.3.2)

M

(correlation or) Arrangement parameter

Mj

Dimensions of SCSD along aj

N2%

Number of LCF cycles to crack initiation (as indicated by 2%
load drop from linear softening regime)

Nj

Number of unit-cells along aj making up the crystal

ΔP

Electrical power difference (Appendix B.2)

R[p]

Isotropic hardening

Re*

Outer cut-off radius

Rp,0.01

0.01%-proof strength

Sij

Elastic compliances in the direction of stress σij

T

Temperature

Tf

Transition temperature of temperature/strain rate dependent
model
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Melting temperature

Tref

Reference temperature

U

Voltage

V

Volume

X

Backstress

Z

Atomic number

Vectors, Tensors
1

Unity tensor

ε

Strain tensor

el

ε

Elastic strain tensor

εkk

Volumetric strain

pl

ε

Plastic strain tensor

κ

Scattering vector

σ

Stress tensor

σkk

Hydrostatic stress
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Crystallographic space basis vectors

a*i

Reciprocal space basis vectors

b

Burgers vector, volume (e.g. gravitational) forces (Section
1.4.1)

xiii

Cklmn


el

Elements of elasticity tensor
Elasticity matrix

tg

Tangent stiffness matrix

e

Deviatoric strain



Fourth-order unity tensor

fext

External forces

g

Diffraction vector

k

Wave vector

k′

Scattered wave vector

K[ũ]

Discretised tangent stiffness matrix

l

Dislocation line vector

n

Plane normal vector

r, R

Position vector

s

Deviatoric stress

t

Traction vector

u

Displacement vector

ũ

Nodal displacement vector

X

Backstress tensor

X′

Deviatoric backstress tensor

Operators
=
=
a : b tr(
aT b) aij bij

Double contraction

a⊗b

Dyadic product: a ⊗ b =
abT

δij

Kronecker-delta (δij = 1 for i = j)

δx

Variation of x

ℑ[ x]

Fourier transformation

xT

Transposed of tensor x

x

Time derivative of x

(hkl), {hkl}

Crystallographic plane, plane family

[uvw], <uvw>

Crystallographic direction, direction family

Summary

An effective mechanical analysis of steam turbine parts is not only required for the reliable
and safe use of newly built steam turbines, but also for the remaining life assessment of
components that have been exposed to service duty over long periods. Low cycle fatigue
(LCF) represents an important damage mechanism in steam turbine rotors. There, it is caused
by strains that arise due to restricted expansion as a result of thermal transients during the
start-up and shut-down phases of operation. This cyclic plastic deformation causes the
rearrangement of dislocations in the microstructure of the steels used for such rotor
applications which is commonly accompanied by a significant evolution of their mechanical
elastic-plastic properties. Further complexity is added by the fact that this cyclically evolving
behaviour is strongly dependent on temperature, strain rate and amplitude. In order to predict
the structural response of a steam turbine rotor subjected to complex service loading,
engineers need accurate and reliable constitutive material models at hand. While such models
need to appropriately represent the experimentally determined material characteristic, they
further need to consistently predict the mechanical behaviour at conditions other than
experimentally covered. In the absence of a sound physical basis, purely phenomenological
models can generally not fulfil this requirement satisfactorily.
This Thesis aims to develop a physically motivated evolutionary constitutive model for a
low-alloy bainitic 2CrMoNiWV (23CrMoNiWV8-8) steam turbine rotor steel. A
comprehensive experimental characterisation is performed of the mechanical and
microstructural evolution of 2CrMoNiWV as subjected to LCF deformation at elevated
temperatures, at different strain rates and strain amplitudes. This research project is co-funded
by the Swiss Competence Centre for Materials Science and Technology CCMX and ABB
Turbochargers, ALSTOM Power and Swissnuclear in collaboration with the Swiss Federal
Laboratories for Materials Science and Technology Empa, the Swiss Federal Institute of
Technology ETH Zurich and the Paul Scherrer Institute PSI.
Symmetric, strain controlled LCF experiments on 2CrMoNiWV have been carried out in
the Laboratory of the High Temperature Integrity Group at Empa. These include mechanical
tests in the temperature range between 20°C to 600°C at strain rates of 0.001%/s to 1.0%/s
and strain amplitudes of ±0.25% to ±1.0%. The LCF experiments comprehensively
characterise the temperature, strain rate and strain amplitude dependent cyclic softening
elastic-plastic behaviour of 2CrMoNiWV. Both complete single-specimen endurance tests
and interrupted multi-specimen tests have been performed. The latter have been used as a
source of samples for the quantitative characterisation of the microstructural evolution of the
material in order to gain a better understanding for the origin of the observed cyclic softening.
Different techniques have been applied for this microstructural characterisation,
including electron microscopic techniques and neutron diffraction line profile analysis. The
main focus is thereby laid on the quantification of the dislocation density and subgrain size
evolution as well as on the identification of the carbide structure in 2CrMoNiWV. Neutron
diffraction line profile analysis has revealed that LCF loading of the bainitic steel leads to a
xv
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reduction of the dislocation density from an initial high level of 8.9∙1014m-2 which is
accompanied by the growth of subgrains from an initial diameter of ~150nm. These results
are strongly supported by evidence gained from (scanning) transmission electron microscopic
(STEM) observations. Direct observation of the dislocation substructure with STEM has
further shown that the initially strongly tangled dislocation structure develops towards an
increasingly well-defined and growing subgrain structure with relatively dislocation free
interiors and dislocation rich boundaries. Such a microstructure has been reported in the
literature to introduce significant internal stresses that determine the local yield stresses in the
material. Investigations of the carbide structure in the as-received and the as-fatigued
condition of 2CrMoNiWV resulted in the identification and characterisation of the present
carbide types. This is not indicated to change even after long-term LCF exposure at elevated
temperatures. The cyclic softening behaviour of 2CrMoNiWV is thus mainly a result of the
transition of the strength determining mechanism from dislocation to subgrain dominant
strengthening.
On the basis of this experimental evidence, a constitutive model is formulated that
considers the findings of the mechanical and microstructural characterisation. For this
purpose, a continuous Masing-approach is adopted which not only assumes a discrete yield
point as the classical plasticity models but a distribution of yield stresses or strains. This yield
stress/strain distribution reflects the presence of internal stresses that arise due to the
heterogeneous dislocation microstructure and which are responsible for variations of the local
yield stresses on a mesoscale. The suggested formulation uses a Cauchy-type yield strain
distribution that allows the derivation of an analytical stress-strain relationship which is fully
determined by only four physically meaningful parameters. It is shown that the constitutive
model represents the experimentally observed elastic-plastic behaviour of 2CrMoNiWV very
well. Especially, it allows reproduction of the continuous transition between the elastic and
plastic regimes as well as the nonlinear strain hardening characteristic for the monotonic
uniaxial case. The model is further modified to cover the monotonic temperature and strain
rate dependent strain hardening characteristic of 2CrMoNiWV on the basis of a restricted
number of experiments. Benchmark experiments at lower and higher temperatures verify the
excellent predictive capabilities of this model beyond the restricted experimentally covered
regime. An evolutionary formulation of the model is further developed that reproduces very
well the strain amplitude dependent mechanical evolution of 2CrMoNiWV when subjected to
LCF loading at different constant strain amplitudes but equal temperature and strain rate. The
simulation of benchmark experiments introducing increasing or decreasing strain amplitude
steps into the LCF deformation history provide promising results. It is further an important
finding of this Thesis that there exists a strong correlation between three of the model
parameters and the actual evolution of the subgrain size and dislocation density. This
underpins the physical basis of the modelling approach which is founded on the consideration
of internal stresses and it enables a straight-forward identification of the model parameters.

Zusammenfassung

Das Ziel der mechanischen Auslegung von Dampfturbinen beinhaltet sowohl die
Gewährleistung des zuverlässigen und sicheren Betriebs neuer Anlagen als auch die
Einschätzung der Restlebensdauer von Turbinenkomponenten nach längeren
Betriebsperioden. Plastische Ermüdung (LCF – low cycle fatigue) stellt dabei einen wichtigen
Schadensmechanismus für Dampfturbinen Rotoren dar. Diese wird durch Dehnungen
verursacht, welche als Resultat eingeschränkter Ausdehnung während der thermisch
transienten Anfahr- und Abschaltvorgänge entstehen. Diese zyklische plastische Verformung
bewirkt die Neuanordnung von Versetzungen in der Mikrostruktur von Rotorstählen, welche
gewöhnlich von einer signifikanten zyklischen Entwicklung der elastisch-plastischen
Eigenschaften begleitet wird. Die starke Abhängigkeit dieser zyklischen Evolution von
Temperatur, Dehnrate und Dehnungsamplitude erschwert deren Beschreibung zusätzlich. Um
die mechanische Strukturantwort eines Dampfturbinen Rotors unter komplexer
Betriebsbelastung vorherzusagen, benötigen Ingenieure genaue und verlässliche konstitutive
Materialmodelle. Diese sollen nicht nur das experimentell bestimmte Materialverhalten
beschreiben, sondern müssen auch eine konsistente Vorhersage des Materialverhaltens
ausserhalb des experimentell abgedeckten Bereichs ermöglichen. Rein phänomenologische
Modelle können diese Anforderung aufgrund mangelnder physikalischer Grundlage nicht
zufriedenstellend erfüllen.
Diese Doktorarbeit verfolgt das Ziel, ein physikalisch motiviertes evolutionäres
konstitutives Materialmodell für einen niedriglegierten bainitischen 2CrMoNiWV
(23CrMoNiWV8-8) Dampfturbinen Rotorstahl zu entwickeln. Zu diesem Zweck wurde eine
umfassende experimentelle Charakterisierung der mechanischen und mikrostrukturellen
Entwicklung von LCF verformtem 2CrMoNiWV Stahl unter Berücksichtigung erhöhter
Temperatur sowie verschiedener Dehnraten und Dehnungsamplituden durchgeführt. Diese
Forschungsarbeit ist kofinanziert von dem Swiss Competence Centre for Materials Science
and Technology CCMX und ABB Turbochargers, ALSTOM Power und Swissnuclear in
Zusammenarbeit mit der Eidgenössischen Materialprüfungs- und Forschungsanstalt Empa,
der Eidgenössischen Technischen Hochschule ETH Zürich und dem Paul Scherrer Institut
PSI.
Symmetrische, dehnungsgeregelte LCF Versuche wurden an 2CrMoNiWV im Labor der
High Temperature Integrity Gruppe der Empa durchgeführt. Diese beinhalten Versuche im
Temperaturbereich zwischen 20°C und 600°C, bei Dehnraten zwischen 0.001%/s und 1.0%/s
sowie Dehnungsamplituden von ±0.25% bis ±1.0%, welche eine umfassende
Charakterisierung des von Temperatur, Dehnraten und Dehnungsamplituden abhängigen
zyklisch entfestigenden Materialverhaltens darstellen. Dabei wurden sowohl vollständige
Lebensdauerversuche an einzelnen Proben als auch unterbrochene Versuche an mehreren
Proben durchgeführt. Letztere wurden für die Charakterisierung der mikrostrukturellen
Entwicklung verwendet, um ein besseres Verständnis für den Ursprung des zyklisch
entfestigenden Verhaltens zu entwickeln.

xvii

xviii

Zusammenfassung

Unterschiedliche Methoden wie Elektronenmikroskopie und NeutronendiffraktionsLinienprofil-Analyse (DLPA – diffraction line profile analysis) wurden für die quantitative
Charakterisierung der mikrostrukturellen Entwicklung verwendet. Der Fokus wurde dabei auf
die quantitative Bestimmung der Versetzungsdichte und Subkorngrösse sowie die
Identifizierung der Karbidstruktur in 2CrMoNiWV gelegt. Die Neutronen DLPA hat gezeigt,
dass die plastische Ermüdung in 2CrMoNiWV zu einer Verringerung der Versetzungsdichte
von anfänglich 8.9∙1014m-2 führt und einhergeht mit einem Subkornwachstum von einem
ursprünglichen Durchmesser von ~150nm. Die Ergebnisse dieser Analyse werden gestützt
durch Untersuchungen mit dem (Raster-) Transmissions Elektronen Mikroskop (STEM). Eine
direkte Beobachtung der Versetzungssubstruktur mit STEM hat weiter gezeigt, dass sich die
anfänglich stark verworrenen Versetzungen zu einer zunehmend definierten und wachsenden
Subkornstruktur anordnen, welche ein relativ versetzungsfreies Inneres und versetzungsreiche
Subkorngrenzen besitzen. Dieser Substruktur werden in der Literatur ausgeprägte innere
Spannungen zugeschrieben, welche die lokalen Fliessspannungen des Materials bestimmen.
Untersuchungen der Karbidstruktur im ursprünglichen und ermüdeten Zustand von
2CrMoNiWV haben des Weiteren eine Identifikation und Charakterisierung der
verschiedenen Karbidtypen ermöglicht. Dabei wurden keine Anzeichen beobachtet, welche
auf eine Evolution der Karbidstruktur aufgrund zyklischer Ermüdung bei erhöhter Temperatur
hinweisen. Die Schlussfolgerung liegt deshalb nahe, dass das zyklisch entfestigende
Verhalten von 2CrMoNiWV hauptsächlich eine Folge des Übergangs von einem versetzungszu einem subkorndominierten Deformationsmechanismus ist.
Auf der Basis dieser experimentellen Resultate wurde ein konstitutives Materialmodell
formuliert, welches die Erkenntnisse der mechanischen und mikrostrukturellen
Charakterisierung berücksichtigt. Zu diesem Zweck wurde ein kontinuierlicher MasingAnsatz gewählt, welcher im Gegensatz zu klassischen Plastizitätsmodellen eine Verteilung
von Fliessspannungen oder –dehnungen annimmt. Diese Verteilung von Fliessspannungen/
-dehnungen widerspiegelt das Vorhandensein von inneren Spannungen, welche einer
Subkornstruktur inhärent sind und welche verantwortlich sind für die Variation der lokalen
Fliessspannungen auf mesoskopischer Ebene. Die vorgeschlagene konstitutive Formulierung
sieht eine Cauchy-Verteilung als Fliessdehnungsverteilung vor und ermöglicht die Herleitung
einer analytischen Spannungs-Dehnungs-Beziehung, welche vollständig durch vier
physikalisch interpretierbare Parameter definiert ist. Ein Vergleich der Modellantwort mit
dem experimentell beobachteten nichtlinearen elastisch-plastischen Verhalten zeigt eine
hervorragende Übereinstimmung für den monotonen uniaxialen Lastfall. Insbesondere
vermag das Modell den experimentell beobachteten kontinuierlichen Übergang zwischen
elastischem und plastischem Verhalten wiederzugeben. Eine Modifikation des Modells
erlaubt im Weiteren die temperatur- und dehnratenabhängige Beschreibung des monotonen
Verformungsverhaltens von 2CrMoNiWV auf der Basis einer beschränkten Anzahl von
Experimenten. Vergleichstests bei tieferen und höheren Temperaturen beweisen die Fähigkeit
des vorgeschlagenen Modells, über den experimentell abgedeckten Bereich hinaus zu
extrapolieren. Des Weiteren wurde eine evolutionäre Modellformulierung entwickelt, welche
die mechanische Evolution von ermüdungsverformtem 2CrMoNiWV in Abhängigkeit der
Dehnungsamplitude bei gleicher Temperatur und Dehnrate sehr gut wiedergibt. Die
Simulation von und der Vergleich mit Vergleichsversuchen, welche Stufen zunehmender oder
abnehmender Dehnungsamplituden während der LCF Belastung vorsehen, liefern
vielversprechende Ergebnisse. Ein weiteres wichtiges Resultat dieser Arbeit stellt die
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signifikante Korrelation zwischen drei der Modellparameter und der gemessenen
Subkorngrösse sowie Versetzungsdichte dar. Dieses Ergebnis unterstreicht einerseits die
physikalische Basis des Modellansatzes, welcher auf der Berücksichtigung der inneren
Spannungen gründet und es zeigt andererseits den Grund für die einfache Identifikation der
Modell Parameter.

Introduction

In times where society gets increasingly aware of the scarcity of resources and the profound
human impact on the environment, public effort starts to arise that strives for a more efficient
and clean production and use of energy. While renewable energies will play an important role
in the improvement of the current situation, they are mostly of intermittent character and
base- and mid-load power plants are still needed to continuously generate a basic level of
electricity under full exploitation of their capacity. In this respect steam turbines will continue
to be the main device for the transformation of thermal into mechanical energy. Their current
application is primarily focussed on nuclear and fossil power plants as well as on the highly
efficient combined cycle (gas-steam) power plants. With the emergence of renewable
energies, steam turbines will be increasingly used in geothermal, concentrated solar power or
biomass power plants. An ever increasing demand of electricity producers for more flexible
and intermittent operation is thereby challenging steam turbine manufacturers. The
mechanical design of steam turbines has in this respect not only to provide for a reliable,
flexible and safe use of newly built steam turbines but also it requires to assess the remaining
life of turbine components that have been exposed to service conditions over long periods.
For this purpose, engineers need accurate and reliable constitutive material models at hand
that not only describe the experimental conditions they are calibrated to, but that allow for
consistent predictions of the mechanical behaviour of materials as subjected to complex
loading situations.
Steam turbine rotors experience large thermal stresses and strains due to the thermal
transients introduced during start-up and shut-down procedures of the power plant. This leads
to a significant low cycle fatigue (LCF) situation in the rotors where a considerable evolution
of the mechanical properties of the material is introduced. While every start-up and shut-down
cycle reduces the remaining life of the steam turbine components, a fast restart of the turbine,
flexible and long-term operation as well as few and short outage periods are of large
economical interest. These objectives involve accurate constitutive models to improve the
currently prevailing conservative design methods and to reliably extrapolate the mechanical
behaviour over a significant temperature, strain rate and strain amplitude regime on the basis
of only a small number of simple experiments. Commonly used constitutive models such as
the nonlinear kinematic and isotropic hardening model by Chaboche (2008) are of
phenomenological character and therefore restricted in their extrapolative performance. While
these models are founded on a strong mathematical and thermodynamical basis, the
calibration of the model to experimental data further requires special care due to the weak
physical background of its parameters. In contrast, microstructurally based models such as
those formulated in the crystal plasticity framework, e.g. reviewed by Roters et al. (2010),
possess a strong physical basis and provide valuable insight into the deformation
characteristic at the grain scale, but they are as yet numerically demanding and therefore not
suitable for the simulation of large structures.
This Thesis provides the final document of a research project co-funded by the Swiss
Competence Centre for Materials Science and Technology CCMX and ABB Turbochargers,
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ALSTOM Power and Swissnuclear in collaboration with the Swiss Federal Laboratories for
Materials Science and Technology Empa, the Swiss Federal Institute of Technology ETH
Zurich and the Paul Scherrer Institute PSI. It aims to establish a physically motivated
constitutive model capable of describing the load history dependence of a cyclically deformed
bainitic 2CrMoNiWV (23CrMoNiWV8-8) steam turbine rotor steel. This includes the
appropriate description of the elastic-plastic stress-strain response and its evolution during
LCF deformation at different temperatures, strain rates and strain amplitudes. A physical basis
is added to the constitutive model by consideration of internal state variables that reflect the
microstructural evolution resulting from the cyclic mechanical loading. Such a model is in the
future expected to improve confidence in cyclic deformation analyses of industrial
components subjected to complex long-term service loadings on the basis of only short
duration testing.
The main objectives of this Thesis include: i) the mechanical characterisation of
2CrMoNiWV subjected to LCF at elevated temperatures; ii) the characterisation of the
microstructural evolution as a result of the imposed LCF loading; iii) the formulation of a
physically motivated constitutive model that describes the temperature and strain rate
dependent strain hardening characteristic and its evolution; iv) the verification of the model
predictions with benchmark experiments. More details about these objectives are given in the
following.

Mechanical Characterisation
A comprehensive set of symmetric strain controlled LCF experiments was performed on the
bainitic 2CrMoNiWV steam turbine rotor steel at the facilities of the High Temperature
Integrity Group at Empa. These include experiments at different temperatures (20°C to
600°C), strain rates (0.001%/s to 1.0%/s) and strain amplitudes (±0.25% to ±1.0%). During
start-up and shut-down transients of a steam turbine rotor, thermal gradients are introduced to
the surface which attempts to expand or contract faster than the core allows so that
compressive or tensile stresses are produced. As the rotor surface experiences a strain
constraint through this restricted expansion, the whole testing procedure is chosen to be strain
controlled in order to create conditions that reflect the reality of the steam turbine rotor.
2CrMoNiWV can be adopted in combined high-pressure/intermediate-pressure steam turbine
rotors. The critical operation conditions for this application are at 500°C to 565°C, 0.01%/s to
0.1%/s and at strain amplitudes smaller than ±0.7% which is included in the experimentally
considered regimes. Both complete single-specimen endurance tests and interrupted multispecimen tests were performed. The latter were used for the quantitative characterisation of
the microstructural evolution of 2CrMoNiWV in order to gain better understanding for the
origin of the observed cyclic softening.

Microstructural Characterisation
The microstructural characterisation of both the as-received and different as-fatigued samples
aims at establishing an understanding of the deformation induced evolution of the dislocation
substructure and the microstructure of the material. Focus is laid on the development of the
dislocation density and their distribution as well as on the subgrain size and the carbide
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structure, as these are the main factors controlling the strength of bainitic steels. Electron
microscopic techniques were applied to gain a qualitative overview of the evolving
microstructural features. Transmission electron microscopy (TEM) investigations were
carried out at the Laboratory for Nanometallurgy and the Electron Microscopy Centre EMEZ
at ETH Zurich. A comprehensive quantitative characterisation of the subgrain size and
dislocation density was obtained by neutron diffraction line profile analysis. Single-peak
neutron diffraction experiments were carried out at the Neutron Physics Institute in Řež,
Czech Republic, while multiple peak neutron diffraction experiments were performed at the
Lujan Neutron Scattering Center LANSCE, Los Alamos National Laboratory, US.

Constitutive Modelling
A continuous Masing-type constitutive model was developed within the scope of this project.
This modelling concept takes into account the presence of internal stresses that arise from the
heterogeneous arrangement of dislocations into a subgrain structure. Evidence from electron
microscopy and neutron diffraction indicates the reduction of these internal stresses within the
course of cyclic deformation and thus cyclic softening of 2CrMoNiWV. In contrast to
conventional plasticity models, a distribution of local yield stresses or strains is assumed
rather than a constant macroscopic yield stress. This allows to describe the experimentally
evidenced continuous transition between the elastic and the plastic regime. A Cauchy-type
element yield strain distribution function is used and shown to well represent the actual
nonlinear uniaxial monotonic strain hardening behaviour of 2CrMoNiWV. This formulation
requires only four model parameters that find a direct interpretation both in the mechanical
stress-strain behaviour and the microstructural condition. The model is further developed to
allow for a reliable extrapolation of the monotonic stress-strain data at temperatures between
20°C and 600°C and strain rates between 0.001%/s and 1.0%/s. This is evidenced by
benchmark experiments at lower and higher temperatures beyond the experimentally covered
regime. A smooth extrapolation of the mechanical behaviour is possible through the
temperature and strain rate dependent formulation of the model parameters. In order to
describe the strain amplitude dependent evolution of the elastic-plastic behaviour during
cyclic deformation, evolution laws for the model parameters were formulated on the basis of
an appropriate, physically motivated internal variable. Significant correlations were found
between the so determined model parameters and the corresponding subgrain sizes and
dislocation densities as obtained from neutron diffraction experiments. This underpins the
physical basis of the suggested approach within the mechanism regime investigated.

Model Verification
To verify the performance of the strain amplitude dependent evolutionary model, additional
benchmark experiments were carried out. These include cyclic strain amplitude step tests with
increasing or decreasing strain amplitudes and saturated or transient block lengths. Good
agreement is obtained for the stress range evolution of the decreasing strain step test with
block lengths that allow the material to exhibit saturated behaviour at each step. Less
appropriate results are obtained for the increasing strain step tests which is most likely due to
the development of an enhanced asymmetry of the yield strain distribution.
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These aspects are elaborated in the following five chapters of this Thesis:

Chapter 1 reviews and outlines the basic concepts and knowledge that are applied within this
project. This includes Sections on i) the relationship between microstructure and strength of
metals, ii) details on bainitic steels, 2CrMoNiWV and the related 1CrMoV steel, iii)
fundamentals of the techniques used for the microstructural characterisation, and iv) the basic
concepts of the classical plasticity theory.
Chapter 2 introduces the experimental methods adopted for i) mechanical testing and ii) the
determination of dislocation density and subgrain size using electron microscopy and neutron
diffraction line profile analysis.
Chapter 3 summarises the results of the mechanical and microstructural characterisation of
2CrMoNiWV as subjected to LCF loading at different temperatures, strain rates and strain
amplitudes.
Chapter 4 reviews the basic concepts of Masing-type models and presents the constitutive
model for temperature and strain rate dependent monotonic loading as well as for the
description of the strain amplitude dependent cyclic evolution of 2CrMoNiWV as developed
within the scope of this project. It further provides the verification of the model by
comparison with benchmark experiments.
Chapter 5 finally summarises the conclusions drawn from the results of this project and
points out possible directions of further research on this topic.
Where appropriate, important aspects, as elaborated in the text, are summarised in boxes at
the end of the Sub-Sections to point out the most relevant findings. Additional information
that is not included into the main Chapters is provided in the Appendices A to I.

Formel-Kapitel 1 Abschnitt 1
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Basic Concepts

Chapter 1
Basic Concepts

This Chapter reviews the basic physical concepts that are necessary to characterise and
describe the microstructural and mechanical evolution arising from cyclic deformation at
elevated temperature. As the objectives of this Thesis are very much between materials
science and engineering, it is aimed to comprehensibly summarise the relevant concepts and
notions of the respective fields to provide an easy access to the specific topics for
representatives of both communities. While a comprehensive review of the topics is out of the
scope of this Thesis, focus is laid on creating a basic understanding of the applied concepts.
The first Section 1.1 is concerned with the physical basis of strength of metallic
materials. It describes the crystalline structure of metals and their defects as well as the
different deformation mechanisms that are the foundation of plastic deformation. Strength is
further related to the interaction of dislocations with different features of the microstructure,
and the interplay between the macroscopic mechanical behaviour and the microstructure is
outlined.
Section 1.2 reviews both basic information about bainitic steels and specific knowledge
about the bainitic 2CrMoNiWV steam turbine rotor steel investigated in this Thesis. Due to
the lack of literature on 2CrMoNiWV, information is gathered about the related bainitic
1CrMoV rotor steel. This includes details on the loading conditions in turbine rotors as well
as the mechanical and microstructural evolution during creep and fatigue loading and
information on the carbide structure that is responsible for the strength at elevated
temperatures.
In the following Section 1.3, the techniques used for the investigation and
characterisation of microstructures are reviewed. Firstly, an overview of the different
techniques is given before it is focussed on both electron microscopy and neutron scattering
as the two techniques that are mainly applied in this study. To understand the working
principles of these techniques it is required to have a basic understanding of diffraction in
crystalline solids which is presented as a prerequisite to the following technique specific
sections.
Section 1.4 is finally concerned with constitutive modelling of cyclic plasticity. It
focuses on a general introduction to the structural analysis framework as well as to basic
notions and concepts of the classic plasticity theory to create a basic understanding for why
constitutive models are needed and how they are commonly applied. Examples of
phenomenological and “physically based” constitutive models are finally discussed.
5
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1.1

1 Basic Concepts

Microstructure and Strength of Metals

Deformation of crystalline materials is intimately linked to the movement of crystal defects,
to the resistance to this movement arising from microstructural obstacles as well as to their
rearrangement to form substructures. A broad understanding of the microstructure of metals
and of how this determines their strength is a prerequisite for the physical based modelling of
the mechanical behaviour. This Section therefore gives a short overview of the basic materials
science concepts to inform the engineer about the physics behind their experimental data. In a
first part, the atomic arrangement of atoms in a crystal lattice and the defects in this lattice are
presented in Section 1.1.1. Subsequently, in Section 1.1.2, the different deformation
mechanisms in metals are outlined. Finally, the mechanisms leading to hardening and
softening during deformation are summarised on a microscopic level in Section 1.1.3 and on a
macroscopic level in Section 1.1.4. This Section uses general information of the following
references, if not referred to otherwise: (Gil Sevillano, 2005; Hull and Bacon, 2001; Reissner,
2003; Sinha, 2003; Stouffer and Dame, 1996).

1.1.1

Crystal structure and defects

Conventional metallic materials feature a crystalline structure that exhibits both short-range as
well as long-range order. The short-range order is characterised by a regular arrangement of
atoms within the closest neighbourhood of an atom in a unit-cell of the crystal lattice, whereas
the long-range order describes the regularity of the atom positions over longer distances as in
the crystal structure of grains. Figure 1.1 a) shows the unit-cell of a body-centred cubic (bcc)
crystal lattice characteristic for ferritic steels. In a perfect crystal the unit-cells are strung
together in all three directions making up a macroscopic solid body.

Figure 1.1

a) bcc unit-cell with lattice parameters a, b and c; b) Crystallographic space.

In crystallography, the atom positions in a unit-cell or a crystal are described by a vector
rn in crystallographic space according to

rn = m1a1 + m2a 2 + m3a3

1.1

whereas ai denote the crystallographic basis along the three sides of the, e.g. cubic bcc, unitcell. m1, m2 and m3 are the atomic coordinates and integer multiples of the lattice parameter a,
see Figure 1.1 b). An important concept in crystallography constitutes the reciprocal space
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which is of great use in the description of diffraction on crystalline materials, see Section
1.3.2. A vector in reciprocal space is described by
g hkl = ha1* + ka*2 + la*3

1.2

a*i

whereas
denote the basis vectors of the reciprocal space. These are connected to the
crystallographic space by the following relationships:

a 2 × a3
a3 × a1
a1 × a 2
=
a*2 =
a*3
1.3
V
V
V
V describes the unit-cell volume and is given by V = (a1 × a2)∙a3 = (a2 × a3)∙a1 = (a3 × a1)∙a2.
An important property of the reciprocal space is its orthogonality to the crystallographic
space, i.e. ai∙a*i = 1 or ai ┴ a*i . The reciprocal-lattice vector ghkl is further parallel to the normal
vector n of any crystallographic plane defined by the crystallographic axis intercept at m =
a/h, n = a/k and p = a/l for a cubic crystal according to Figure 1.1 b). Like this, the length of
the reciprocal-lattice vector ghkl equals the inverse of the interplanar spacing dhkl, i.e.
│ghkl│=1/dhkl. The crystal lattice can thus be described in reciprocal space as shown in Figure
1.2. Neglecting those lattice points which are not observed in diffraction, the reciprocal bcc
lattice is the same as a real-space fcc lattice, see (Williams and Carter, 2009).
=
a1*

Figure 1.2

Reciprocal bcc lattice neglecting non-admissible reciprocal lattice points. After
(Williams and Carter, 2009).

While this describes the perfect crystal lattice, real crystalline materials, contain different
classes of imperfections, i.e. lattice defects. These are characterised by locations with
disturbed inter-atomic distances, i.e. deviations from the equilibrium distances between atoms
in a perfect crystal. Interstitial atoms and vacancy defects are denoted as point defects. They
can be created during plastic deformation and high-energy irradiation. Vacancies play an
important role during dislocation climb, see Section 1.1.2, and they begin to eliminate and
redistribute at temperatures as low as 0.2Tm (McElroy and Szkopiak, 1972). Plastic
deformations as well as random misorientations during the crystal growth stage and
precipitation of excess vacancy defects cause the formation of dislocations. They are
characterised by disturbed interplanar spacings between two neighbouring lattice planes and
have linear extent, why they are also referred to as line defects. In well-annealed crystals
three-dimensional Frank networks (see Figure 1.3) and planar dislocation networks, i.e. lowangle and high-angle boundaries, can occur. Stacking faults, see Section 1.1.2, and grain
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boundaries, see later in this Section, constitute planar defects, whereas impurities,
precipitates and voids are denoted as bulk defects. In single crystal materials a mechanical
elastic anisotropy exists which depends on the structure of their unit-cell, e.g. (Dieter and
Bacon, 1988). Polycrystalline materials consist of several grains which are characterised by
their mutually different orientations. Such materials are normally mechanically isotropic on a
macroscopic level, unless a texture exists which is characterised by particular grain
orientations that occur with a higher probability than others. This normally results from
sufficiently large deformations of the material. Single grains are surrounded by grain
boundaries, i.e. high-angle boundaries that accommodate the different orientations of
neighbouring grains. These boundaries have an important influence on the mechanical
strength of the material as they act as obstacles to long-range dislocation motion.
Furthermore, interstitial atoms, i.e. C and N, second phase particles such as precipitated
carbides as well as dislocations, dislocation substructures (e.g. tangles, cells, subgrains) and
their boundaries, i.e. low and high-angle boundaries, constitute important influencing factors
for the basic strength of the material.

Figure 1.3

Frank network of dislocations as expected in a well-annealed crystal. Reprinted with
permission by (Hull and Bacon, 2001).

Based on the concept of dislocations as introduced in the early 1900’s by Volterra and
Timpe, Taylor, Orowan and Polanyi explained in 1934 the discrepancy between the
theoretical shear strength of a material based on the slip of whole arrays of atoms on each
other and the actually observed strength with the movement of dislocations at lower stresses,
see (Taylor, 1934b, c). The theoretical critical shear stress τth required to move one plane of
atoms of a perfect crystal containing no dislocations on another is given by

b G
G
≈
1.4
d 2π 30
b denotes the Burgers vector, G the shear modulus and d the interplanar spacing. Dislocations
can be seen as the promoters of plastic, i.e. irreversible, deformation allowing for an easier
shift of the atoms to take place. Plastic deformation is enhanced by the disturbed field of
atomic attraction forces around the dislocation lines which can be overcome more easily by
externally applied loads. Instead of the simultaneous movement of one whole atomic array,
see Figure 1.4 a), the atomic planes are moving one after another supported by the dislocation
movement, see Figure 1.4 b), which is advantageous with respect to energy (Weertman and
Weertman, 1992). Most crystalline materials contain dislocations so that their strength is
=
τ th

1.1 Microstructure and Strength of Metals

9

lower than the theoretically expected τth. In contrast, Whiskers achieve a high degree of
perfection so that their strength approaches the theoretical limit.

Figure 1.4

Plastic deformation in a simple cubic lattice: a) atomic array moves as a whole
(disadvantageous with respect to energy), b) movement of dislocation through crystal
(advantageous with respect to energy).

Figure 1.5 shows the two basic types of dislocations in a simple cubic lattice, i.e. an edge
dislocation in Figure 1.5 a) and a screw dislocation in Figure 1.5 b). Edge dislocations can
also be seen as defects resulting from an extra half plane of atoms inserted into a perfect
lattice. Screw dislocations on the other hand feature an arrangement of atoms similar to a
spiral. The imperfect crystal lattice experiences the highest distortion along the line AB, i.e.
the dislocation line. Generally, the dislocation line is curved so that dislocations exhibit both
edge and screw dislocation character. This is called mixed dislocation, see Figure 1.5 c).

Figure 1.5

a) Edge dislocation ⊥ , b) screw dislocation S, c) mixed dislocation. After (Hull and
Bacon, 2001).

Dislocations are described by two vectors. The dislocation line, on the one hand, is
represented by a unit vector tangent l, whereas, on the other hand, the character of each
dislocation segment is deduced from the Burgers vector b which is determined by a Burgers
circuit, see Figure 1.6. The Burgers vectors of edge dislocations are perpendicular to the
dislocation line, while they are parallel to the latter for the case of screw dislocations:
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Edge dislocation:

b⊥l

⋅l 0
b=

b×l ≠ 0

Screw dislocation:

b || l

b⋅l ≠ 0

b × l =0

1.5
1.6

Apart from the fact that the thermodynamically stable condition of a stress-free crystal is a
dislocation density of zero, the dislocation density in a well-annealed crystal is about
1010m-2 arranged in i) a three-dimensional dislocation network, i.e. a Frank network, if no sign
of the dislocations prevails (Hull and Bacon, 2001); or ii) in planar arrangements such as lowangle or grain boundaries, if one sign of the dislocations prevails (McElroy and Szkopiak,
1972). During loading the dislocation density increases to about 1014 to 1015m-2 for large
deformations, implying that a multiplication of dislocations has to take place. An increase in
the dislocation density can be the result of i) an elongation of existing dislocations; ii)
nucleation processes at stress concentrations; iii) activation of Frank-Read sources initiated by
a bowing out of dislocations pinned by precipitates, jogs, etc.; iv) cross-slip activity, see 1.1.3;
or v) the emission from grain boundaries, e.g. by activation of a Frank-Read mechanism
which is activated by a pile-up of dislocations acting at dislocation segments in small angle
boundaries. An increase of the dislocation density results in work hardening through an
increasing mutual obstruction of their movement.

Figure 1.6

Burgers vectors of: a) edge dislocation, b) screw dislocation. After (Weertman and
Weertman, 1992).

As already mentioned above, dislocations are distorting the perfect crystal around the
dislocation core. Thereby, they introduce strain and consequently stress fields around their
cores. The strain field around an edge dislocation is of plane strain character, i.e. only strains
on a plane perpendicular to the line vector (i.e. z-direction) are non-zero. It contains
dilatational and shear components. Screw dislocations on the other hand only introduce shear
strains in the xz- and yz-planes. Figure 1.7 a) illustrates the σzz stress field along a single edge
dislocation in a contour-plot. For x or y approaching zero, i.e. the dislocation core, the stresses
become infinite. Therefore, for very small x or y, a dislocation core radius is defined for
which the assumption of elasticity breaks down and atomistic treatments become necessary.
This is approximately in the range of b to 4b. It is also apparent that a compressive stress is
present above the slip plane, while it is tensile below.
As a dislocation contains a stress and strain field, this is implied to carry a strain energy
which increases the internal energy of a faulted crystal with respect to a perfect one. The total
energy of a dislocation per unit length is given as

=
Etot Ecore + Eel

1.7
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The elastic strain energy of the dislocation can be calculated from the product of the stress
and strain field as linear elasticity is valid.

Eel , edge =

R
Gb 2
ln  
4π (1 − υ )  r0 

Eel , screw =

Gb 2  R 
ln  
4π  r0 

1.8

R thereby denotes the distance from the dislocation core r0. An approximate equation for the
elastic strain energy per unit length of dislocations assuming realistic values for the
parameters R and r0 is given as
Eel = α Gb 2

1.9

whereas α is a constant between 0.5 and 1. The energy in the core Ecore, where linear elasticity
fails, varies during the movement of the dislocation through the lattice with the periodic
atomic potential resulting in the basic resistance to dislocation motion, i.e. the PeierlsNabarro stress.

Figure 1.7

Contour plot of the σzz stress field: a) one single edge dislocation, b) arrangement of
an infinite number of edge dislocations that lie one upon the other featuring a similar
arrangement as expected in a tilt boundary. Reprinted with permission from (Hull
and Bacon, 2001).

The dislocations introduced during plastic deformation of metals are partly stored and
carry elastic strain energy according to their strain field. If the material is subjected to
sufficiently high temperatures, i.e. T > 0.3Tm, and external loading that allows for dislocation
climb and diffusion of point defects, these dislocations rearrange to form lower energy
structures. In crystals that contain a larger number of dislocations these rearrange under
external loading such that their overall strain energy Eel is minimum. For this rearrangement

12

1 Basic Concepts

the dislocations have to move relative to each other, whereas their long-range stress fields are
superimposed. Edge dislocations of the same sign will either repel or attract each other
depending on their relative position and distance. Therefore, an equilibrium position has to
exist. Such an equilibrium arrangement is given for like dislocations that are stacked one upon
another, i.e. forming low-angle boundaries, see Figure 1.8 a). Dislocations of different signs,
on the other hand, lying on the same slip plane attract each other and annihilate, whereas
dislocations on different planes arrange in a dipole configuration drawing an angle of 45°
between each other. Like this, a large set of dislocations tends to form low energy
arrangements as a result of the interactions of their stress-strain fields. Such structures are for
instance low-angle grain boundaries that constitute the boundaries of subgrains where
generally high dislocation densities surround areas of a much reduced dislocation density.
While grain boundaries reduce the internal energy with respect to a random dislocation
arrangement, they do not erase it but they are still associated with some energy with respect to
a perfect crystal.

Figure 1.8

a) Simple tilt boundary (LAGB), b) HAGB with coincident site lattice Σ = 5.
Reprinted with permission from (Humphreys and Hatherley, 2004).

Crystal boundaries constitute an important microstructural feature influencing the
deformation behaviour as well as recovery, recrystallisation and grain growth processes.
Boundaries are normally distinguished into low-angle grain boundaries (LAGB) and highangle grain boundaries (HAGB) depending on the misorientations of the crystallites on either
of their sides. These are below 5° for LAGBs and above 10°-15° for HAGBs. LAGBs can be
thought to be made up of low energy dislocation arrays such as that shown in Figure 1.7 b).
HAGBs do not contain dislocation arrays and they are made up of comparatively few
dislocations. The misorientation angle is defined as the smallest angle needed to rotate one
neighbouring crystallite of the boundary into the other one, see Figure 1.8 (Humphreys and
Hatherley, 2004).
There are different types of low-angle boundaries. The simplest one is the symmetrical
tilt boundary, where its misorientation can be described as θ ≈ b/h. b denotes the Burgers
vector of the dislocations contained in the boundary and h the distance between them, see
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Figure 1.8 a). The energy per dislocation stored in a LAGB decreases with increasing
misorientation. Thus, the energy is minimised if the same number of dislocations is arranged
in fewer but higher misorientation boundaries. An infinite stack of edge dislocations
composing a LAGB as shown in Figure 1.7 b) does not feature any long-range stress field,
contrary to a boundary with a finite number of dislocations. A decreasing spacing h between
the edge dislocations of a boundary, i.e. an increasing misorientation θ, leads to an enhanced
extinction of the superimposed strain field and therefore to a reduction of the boundary
energy. Figure 1.7 b) shows the σzz stress field of an arrangement of an infinite number of
edge dislocations stacked one upon another. This arrangement corresponds to the one
expected in an ideal tilt (low-angle) boundary. It exhibits both attracting and repulsive
regions. Close to the tilt boundary an adjacent dislocation experiences a short-range stress
which leads to an attraction and inclusion into the boundary. In the repulsive area around the
tilt boundary, adjacent dislocations are either repelled or they climb until they reach an
attractive area. While the infinite wall shown in Figure 1.7 b) does not exhibit a long-range
stress field, a wall with a finite number of edge dislocations does. Consequently, a long-range
stress field is introduced when a dislocation of the wall is dragged out, as the stress fields of
the individual dislocations do not cancel anymore. These boundaries are more realistic and
likely to form during plastic deformation. In contrast to the infinite array of edge dislocations,
an infinite array of screw type dislocations leads to a long-range stress field.
High-angle boundaries are not fully understood but the concept of the coincidence site
lattice (CSL) seems to explain their formation well, see Figure 1.8 b). In this concept two
interpenetrating crystal lattices are translated such that a lattice point of each lattice coincides.
If other points coincide as well in this case, these points compose the CSL. The ratio of lattice
to coincident site lattice points is denoted by Σ. Large values for Σ describe HAGBs where the
neighbouring crystallites have no orientation relationship (i.e. random boundary). Coherent
twin boundaries feature a Σ of 3, low-angle boundaries a Σ of 1 and high mobility boundaries
a Σ of 7 in fcc materials. Deviations from a CSL causing local mismatches are accommodated
by grain boundary dislocations. No simple models for the energy of HAGBs are available.

Figure 1.9

Schmid’s law. Transformation of externally applied load F to the resolved shear
stress which causes slip in the direction of s. After (Hull and Bacon, 2001).

During recovery, recrystallisation and grain growth, the movement of both LAGBs and
HAGBs constitutes an important process during annealing of deformed metals, i.e. the
thermally activated change of the dislocation configuration to reduce the internal energy.
LAGBs migrate mainly during recovery and in the nucleation phase of recrystallisation.
HAGBs, on the other hand, move during recrystallisation and grain growth. The boundary
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migration is due to atomistic processes occurring in the vicinity of the boundaries. LAGBs
move by climb and glide of the boundary dislocations through the application of an external
load, whereas HAGB migration is based on the transfer of atoms to and from grains adjacent
to the boundary. The migration processes are influenced by the boundary structure, i.e. by
misorientations, the boundary plane, temperature and pressure on the boundaries as well as by
solute and vacancy densities. Grain boundary particles constitute an important influence on
the mobility of boundaries. As an intersection of a boundary with a particle is removing a part
of the boundary, the total energy of the material is lowered. Thus, particles attract boundaries
and pin them. Coherent particles develop a larger pinning effect than incoherent ones.

1.1.2

Deformation mechanisms

The mechanisms responsible for inelastic deformations in metals are basically dependent on
temperature. For temperatures lower than 50% of the melting temperature Tm deformation is
primarily due to the conservative movement of dislocations on the slip system through the
crystal lattice, i.e. dislocation slip or glide. The glide of dislocations by only a partial Burgers
vector leads to stacking-faults. At higher temperatures diffusion controlled dislocation climb
gains importance resulting in a non-conservative movement of dislocations out of the glide
plane. In crystals where deformation due to glide is complicated twinning can occur in bcc
metals deformed at low temperatures and/or high strain rates. This mechanism includes a
homogeneous shear deformation of the crystal lattice which is forced into a new orientation.
Dislocation slip, stacking-faults, twinning and dislocation climb are considered in the
following.
Dislocation Slip
Dislocation slip in a crystallite depends on the direction of the applied load and is bound to
specific planes and directions. While a polycrystalline metal normally deforms isotropically
on a macroscopic level, this is not the case on the grain level. Dislocation slip is restricted to
planes containing the Burgers vector, i.e. slip planes. These mostly consist of the closest
packed planes of a crystal as there the smallest stress is to be applied to move a dislocation.
Moreover, the direction of the closest packed atoms in a slip plane determines the movement
of the atoms, i.e. the slip direction. The couple slip plane and slip direction is called slip
system and it is determined by the crystal structure of a material. According to Schmid’s law,
plastic deformation takes place only if the shear stress acting within the slip plane and in the
slip direction exceeds a critical value, i.e. the critical resolved shear stress or flow stress. This
is the external stress that is required locally to sustain the long-range propagation of
dislocations through the crystal which contains various obstacles of different strength that
impede this movement. The resolved shear stress depends on the orientation of the external
load with respect to the slip system and can be calculated from the external load F using

F
cos (φ ) cos ( λ )
1.10
A
A denotes the cross-sectional area of the body under load, ϕ is the angle between the crosssectional area and the slip plane normal vector and λ the angle between the direction of the
applied load and the slip direction. Thus, it is important in which way the crystal is oriented

τ=
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with respect to the applied load in order to determine whether the crystal deforms, i.e. whether
the applied shear stress is large enough to move the present dislocations. This directional
dependence is the origin of the plastic anisotropy in single crystal materials.

Figure 1.10

Different types of dislocation movements by slip s: a) glide of positive edge
dislocation, b) glide of right-handed screw dislocation, c) final configuration. After
(Hull and Bacon, 2001).

Once the critical resolved shear stress is exceeded by the external applied load, the
dislocations start to move causing plastic, i.e. irreversible, deformation. Dislocations glide on
their slip plane under the action of the external load and propagate through the crystal until
they exit the material volume leaving a permanent deformation in the order of b, see Figure
1.10. Dislocations of opposite signs glide into opposite directions, edge dislocation move
parallel to the Burgers vector, screw dislocations perpendicularly. The velocity of moving
dislocations depends on dislocation type, material, applied stress and temperature.

Figure 1.11

Different slip systems in a bcc crystal. There are a) twelve <111>{110}, b) twelve
<111>{112} and c) twenty-four <111>{123} systems.

The slip systems for bcc crystals are shown in Figure 1.11. In contrast to fcc crystals, bcc
crystals exhibit a larger number of slip systems, i.e. 48 instead of 12. Slip directions are of
<111> type in bcc crystals, while the slip planes are not uniquely defined. Microscopic
observations suggest {110}, {112} and {123} depending on composition, orientation,
temperature and strain rate. All three slip plane families contain <111> directions, see Figure
1.11. Unlike edge dislocations, screw dislocations can change the slip plane they move on, i.e.
they are able to cross slip. Cross slip of screw dislocations from one slip plane to another is
facilitated by the fact that some slip planes intersect along a <111> direction. This results in
an often wavy and ill-defined dislocation substructure of bcc materials. There cross slip
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planes are not so well defined and screw dislocations may move on various planes producing
wavy slip lines on polished surfaces.
Stacking Faults
Besides the possibility for the dislocation to move by one complete Burgers vector b during
dislocation glide, i.e. a perfect dislocation, it is possible that the dislocation movement is split
into two partial dislocations if the energy required for the same deformation to occur is
smaller. The elastic energy of a dislocation is proportional to the product of the shear modulus
and the square of the Burgers vector as shown in Eq. 1.9. It is minimised by the shortest
possible Burgers vector that points to an equivalent atomic position of the crystal system. This
is true for perfect dislocations, i.e. the movement of the dislocation shifts the atoms by one
full lattice parameter a along the slip plane into an equivalent position, see Figure 1.12 d)-e).
Imperfect dislocations, on the other hand, shift the atoms only by a fraction of a, see Figure
1.12 a)-c). The first partial dislocation changes the stacking order, whereas the second one
restores the crystal structure. As any system aims to minimise its energy, it is energetically
favourable for a dislocation to split if the following condition is fulfilled.
b32 > b12 + b22

Figure 1.12

1.11

Comparison of the creation of a Shockley defect in a fcc crystal by two partial
dislocations b1 and b2 from a) to c) with the formation of a perfect dislocation b3 from
d) to e). dSF denotes the width of the stacking-fault.

As a faulted crystal deviates from its perfect structure, it is associated with an extra
energy. In the case of stacking-faults this extra energy is denoted as stacking-fault energy γSF.
This can be calculated from the equilibrium distance d between the two partial dislocations,
e.g. (Christ, 1991).
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γ SF =

Gb 2
4π d SF

1.12

This indicates that the recombination of a stacking-fault takes place more easily if the width
of the stacking-fault dSF is smaller and therewith the stacking-fault energy γSF is higher. Thus,
materials with high stacking-fault energies such as bcc materials exhibit more spatial (or
wavy) dislocation arrangements, while materials with lower stacking-fault energies such as
fcc materials feature more planar dislocation arrangements. It has been stated that stackingfaults are not observed experimentally in bcc metals, as there, screw dislocations can crossslip with ease. Thus, the stacking-fault energy in bcc metals is very high (Hull and Bacon,
2001).
Twinning
Deformation Twinning is after dislocation slip the second important mode of plastic
deformation at lower temperatures. It occurs in many materials such as bcc, hcp and fcc
metals and alloys with a deficiency in independent slip systems. The flow stress required to
initiate twinning is larger than the one needed to activate slip. This is very much dependent on
the crystal structure of the material, the temperature, strain, strain rate, deformation mode and
history as well as of grain size and precipitates (Sinha, 2003).
Figure 1.13 shows the formation of twins. Upon the application of a shear stress, a
portion of the crystal lattice is reoriented as the atoms are rotated about an axis through a row
of atoms within the twin plane (Stouffer and Dame, 1996). This event takes place very rapidly
involving only small plastic deformation. The stress required for the nucleation of the twin is
much larger than the one needed for its propagation. Thus, the nucleation is responsible for a
sudden load drop causing serrations on the yield curve. Twinning generally appears in crystals
with restricted slip systems at lower temperatures and/or higher strain rates.

Figure 1.13

Twin formation. After (Stouffer and Dame, 1996).

Dislocation Climb
While dislocation glide is the main mechanism for dislocation movement at lower
temperature, the dislocation climb mechanism is activated at higher temperatures. Diffusion
processes become more important at these temperatures which cause edge dislocations to
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move out of their slip plane. When atoms diffuse away from or to the dislocation core, it is
possible for edge dislocations to propagate perpendicular to their slip plane. This process is
enhanced by high temperatures and stresses. Compressive stresses increase the possibility of
an atom of the dislocation core to diffuse to a vacancy in the lattice and tensile stresses
enhance the diffusion from the lattice into the dislocation core (Stouffer and Dame, 1996).
The diffusivity is further larger in bcc than in fcc materials as the latter are more closely
packed (Bhadeshia and Honeycombe, 2006). Dislocation climb and slip take place
simultaneously, whereas the climb mechanism gains importance at increasing temperatures.
Screw dislocations do not climb but higher temperatures will enhance their slip activity
(Stouffer and Dame, 1996). As climb requires thermal activation, it is non-conservative
except for the case where conservative pipe diffusion of atoms along the dislocation core is
active.

1.1.3

Dislocation interactions and strength

The resistance of a metal towards deformation is closely linked to the mobility of dislocations
and their interactions with obstacles they encounter on their path. There are various types of
obstacles on different scales that strongly influence the strength of the material, including
grains, second phases, precipitates and substitutional or interstitial atoms (Stouffer and Dame,
1996). When an external load locally reaches the flow stress, i.e. the critically resolved shear
stress, plastic deformation takes place and dislocation glide is normally self-sustaining, i.e.
dislocations multiply in a way that the imposed deformation can be accommodated. In this
situation where sufficient mobile dislocations are available, the local flow stress is controlled
by the dislocation propagation through the crystal with all its obstacles. It is bound by two
theoretical limits, i.e. the theoretical critical shear stress of a perfect crystal as an upper limit
and the Peierls-Nabarro stress or lattice friction stress as the lower bound. When yield point
or Portevin-LeChatelier phenomena are present, however, the provision of a sufficient
number of dislocations and therefore the dislocation release and multiplication is the
controlling factor of the flow stress. The following overview focusses on the first case and
summarises the different obstacles that influence the propagation of dislocations on a local
scale and therefore the macroscopic strength of the material.

Figure 1.14

Potential barrier Ea for dislocation motion from x1 to x2 which is overcome by a
mechanical and thermal activation energy Em and Eth, respectively.
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According to Seeger (1954a, b), the flow stress can be devided into an athermal and a
thermal component. The athermal component includes the internal stress (also called
backstress) and is interpreted as the resistance to dislocation motion due to elastic long-range
interactions. This component is only depending on temperature via the temperature dependent
elastic modulus as the barriers, e.g. produced by dislocation arrangements, are too large for
thermal activation to be significant. The thermal component is also called effective (or
friction) stress and is made up of the isotropic and viscous stress. According to Seeger (1955),
it is the driving force for plastic flow and given as the difference between applied and internal
stress. It includes the resistance of dislocation motion towards short-range obstacles that can
be overcome by additional thermal activation, i.e. the probabilistic overcoming of barriers
due to thermal vibrations of dislocations, see Figure 1.14. The thermal stress decreases with
increasing temperature and decreasing strain rate as the probability of thermal activation to be
effective increases. Thereby, the total stress required for the mobilisation of a dislocation is
reduced. Obstacles leading to thermal stress are due to i) the Peierls-Nabarro stress, ii) solute
atoms, iii) repulsive and (conditionally) attractive dislocation trees in a dislocation forest,
and/or iv) fine coherent precipitates. Of athermal character are: i) long-range internal stress
fields and ii) incoherent and normally coherent precipitates (François et al., 2012; Hull and
Bacon, 2001; Stouffer and Dame, 1996). The strongest obstacles to dislocation propagation
constitute strong incoherent precipitates, whereas dislocation forests and cuttable precipitates
are intermediate and solid solutions as well as the lattice resistance (Peierls-Nabarro stress)
are the weakest obstacles (François et al., 2012).
During deformation of crystalline materials, dislocation substructures develop that are
characterised by a heterogeneous arrangement of dislocations in the metallic matrix. As
indicated in Section 1.1.1, the clustering of dislocations to walls, cells or subgrains leads to
long-range internal stresses. These interfere with the stress fields of the mobile dislocations
and thereby cause an anisotropic increase of the flow stress, i.e. backstress. Moving
dislocations experience both short-range and long-range interactions. While the former can
be overcome by thermal activation depending on their strength, temperature influences longrange interactions only insignificantly. Obstacles that can be surmounted by thermal
activation cause a thermal flow stress component, while those that are merely overcome by an
externally applied stress introduce an athermal contribution to the flow stress.
In the following, first short-range interactions leading to a thermal flow stress component
are outlined, followed by the long-range interactions that result in the athermal component.
Peierls-Nabarro Stress
The basic resistance of a crystalline material towards dislocation propagation arises from the
periodic arrangement of atoms in a crystal lattice. Due to this periodic potential, dislocations
tend to lie along the close-packed directions of a slip plane where the potential energy of the
crystal lattice is minimum, see Figure 1.15. To overcome the potential barrier associated with
every atom, extra energy has to be provided in the form of an applied stress to move the
dislocation from one equilibrium position to the next. At 0K the stress required to overcome
this basic lattice resistance or lattice friction stress is denoted as Peierls-Nabarro stress. The
order of magnitude of this stress strongly depends on the nature of interatomic bonding. It is
highest in covalent crystals, intermediate at ionic crystals, low in bcc crystals and negligible
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in fcc crystals. The relatively small lattice barriers and activation distances in bcc crystals are
responsible for a strong temperature and strain rate dependence of dislocation glide in bcc
crystals at low temperatures. Thermal fluctuations at temperatures above 0K enhance the
overcoming of the periodic crystal potential by reducing the lattice friction stress. For this
reason the Peierls-Nabarros stress constitutes a part of the thermal flow stress component.

Figure 1.15

Peierls-Nabarro potential EP-N causing a friction stress which a dislocation needs to
overcome by thermal activation to initiate the dislocation movement from x1 to x2.

A further strong dependence of the Peierls-Nabarro stress arises from the dislocation
core. Slip is enhanced by wide and planar dislocation cores which is the case for edge
dislocations. Screw dislocations in bcc crystals, however, possess non-planar dislocation
cores and therefore experience higher Peierls-Nabarro stresses. This is responsible for the
higher mobility of edge dislocations in bcc metals.
Dislocation-Point Defect Interaction
Point defects include vacancies, interstitial and substitutional atoms. The interaction of
dislocations with point defects is the basis of solid solution hardening. An extensive review
about its various aspects is given by Neuhäuser and Schwink (2005). bcc materials are
reported to be more strongly affected by the interaction of dislocations with the strain fields of
interstitial atoms (C, N, O, H) than with those of substitutional atoms. An increasing alloying
content improves the dislocation generation rate and the tendency to form tangles and cells
(McElroy and Szkopiak, 1972). As the mobility of screw type dislocations is much reduced
with respect to edge dislocations due to their non-planar core structure, macroscopic flow is
controlled by the movement of screw dislocations at lower temperatures. Solute obstacles
strongly affect the propagation of screw dislocations due to their distortion of the crystal
lattice, i.e. paraelastic interaction, and their diffusion causing solute atmospheres, i.e.
diffusive interaction, see Figure 1.16. The influence of the point defects on the elastic
modulus further influences the stress field of the dislocations and leads to dielastic
interactions due to a modulus misfit.
Point defects cause a very local distortion of the crystal lattice which interacts with the
stress-field of dislocations. Whether this interaction is attractive or repulsive very much
depends on the misfit of the point defect and its relative position to the slip plane of the
interacting dislocation. Oversized defects are repulsive if they are above the slip plane of
dislocation, i.e. interacting with the compressive strain field, and attractive if they are below,
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i.e. interacting with the tensile stress field. The reverse is true for undersized defects. Where
the interaction is attractive, an extra stress or thermal activation has to be applied to separate
the dislocation from the point defect. These interactions may either occur upon passage of the
dislocation past the point defect or upon diffusion of the point defects to the dislocation
during annealing. Interstitial atoms in bcc metals occupying the octahedral site, see Figure
1.17, at the centre of the cube face of the unit-cell produce an asymmetric tetragonal
distortion of the crystal unit-cell which causes interactions with both hydrostatic and shear
stress fields and thus with both edge and screw dislocations. These short-range stress fields
fall off proportionally to the inverse of the radial distance from the point defect.

Figure 1.16

Solid solution hardening. a) Interstitial atoms and b) substitutional atoms lead to a
distortion of the crystal lattice and thus to c) paraelastic dislocation interactions. d)
At high temperatures interstitial solute atoms can accumulate at dislocations which
can lead to viscous effects.

This effect is also called dilatational effect which includes a paraelastic and a diffusive
component of the interaction. When point defects are sufficiently mobile at elevated
temperatures, their attractive interaction with dislocations can lead to the formation of socalled Cottrell atmospheres, i.e. the congregation of point defects in the dislocation core
region, see Figure 1.16 d). Thereby, vacancies or interstitial atoms can cause climb, while
solute atoms may precipitate at the dislocation due to their increased concentration. In this
latter case, the dislocation may be pinned by either the solute atmosphere or the precipitates
along the core. A high external stress is needed to remobilise the pinned dislocation but once
it is freed, the mobile dislocation is not affected anymore. Subsequent heat-treatment,
however, can again lead to the diffusion of solute atoms to the dislocations by which they are
pinned again. This leads to static strain ageing. If temperatures are sufficiently high and strain
rates low, the enhanced solute mobility can cause the repeated pinning and unpinning of
dislocations from solute atmospheres during straining which results in the macroscopic
observation of a serrated flow, i.e. dynamic strain ageing or Portevin-LeChatlier effect. When
the dislocation velocity is in the order of the diffusive velocity of solutes, the solute cloud
formation sets in and the dislocation can only be unpinned once a critical stress is exceeded
from where on the dislocation moves at a higher velocity again, see (Blum, 2005; Hull and
Bacon, 2001). Serrated yielding has been observed in ferritic steels between 180°C and 290°C
at higher strain amplitudes, e.g. by Ernestová (2005) and Gupta and Banerjee (2011).
Dynamic strain ageing can take place at high temperatures and low solute concentrations or
low temperatures and high solute concentrations and it may reduce dislocation annihilation
(Sinha, 2003). Dragging of solute clouds further leads to viscous effects at elevated
temperatures, see Figure 1.16 d).

22

Figure 1.17

1 Basic Concepts

Octahedral lattice site. Interstitial C in bcc Fe leads to a tetragonal distortion of the
unit-cell and thus to the interaction with dislocations.

Another type of interaction is caused by the influence of point defects on the elastic
modulus, i.e. modulus misfit or dielastic interaction. These cause a change of the dislocation
stress field which leads to the attraction of vacancies. This short-range interaction reduces
inversely to the square of the radial distance from the point defect and is therefore less
influential.
Dislocation-Particle Interaction
Alloyed materials contain one or more alloying elements that are dissolved in a base material.
Normally, these alloying elements feature a maximum concentration in their parent material,
i.e. the solubility limit. When this is exceeded, second phases precipitate in the matrix. During
heat treatments, the dissolved alloying elements are relatively mobile and diffuse within the
matrix where they can cluster, e.g. on dislocations, and precipitate to form a fine dispersion of
small precipitates. Upon prolonged exposure to high temperatures, the precipitates grow.
Different mechanisms are responsible for the effect of particle hardening: i) chemical
strengthening is associated with an increase of energy due to the formation of a new surface
upon cutting of a coherent particle; ii) modulus-mismatch strengthening is caused by the
(dielastic) interaction of the dislocation stress field with regions of different shear moduli; iii)
coherency strengthening results in the introduction of a strain field in the matrix around a
particle due to a mismatch of the lattice parameters; iv) stacking-fault strengthening creates an
interaction force due to different stacking-fault energies in the matrix and the precipitate; and
v) atomic-order strengthening is caused by the increase in energy associated with a
dislocation that cuts through an ordered coherent precipitate creating an antiphase boundary.
The strongest hardening effect is normally obtained from a fine dispersion of coherent or
semicoherent particles, while excessive ageing can lead to loss of coherence, coarse particles
and bad dispersion. Only the coherency strengthening effect is considered in the following
(Reppich, 2005).
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Nucleation and growth of particles lead to their intersection with slip planes and
therefore the interaction with moving dislocations. These may either cut the precipitates if
they are coherent, or bow around the obstacles if they are incoherent leaving a dislocation
loop around the precipitate, see Figure 1.18. The interaction of dislocations with coherent
precipitates can either be of long- or of short-range character depending on the misfit they
exert on the crystal lattice. In both cases, the dislocation first bows out before it can cut
through the precipitate. Long-range interactions between dislocations and precipitates are
associated with internal stresses that arise from the distortion of the crystal lattice. These are
supposed to influence a large portion of the dislocation lines and need to be overcome before
cutting. In contrast, for short-range type interactions the interaction force is confined to a
restricted part of the dislocation. Long-range internal stresses as well as short-range
interaction forces and therefore the effect on the flow stress are weak for small and finely
dispersed precipitates and strong for intermediate sizes and dispersions. Precipitates generally
constitute a too large barrier to dislocation motion as that thermal activation is of significant
importance. For this reason, their influence on the flow stress is athermal. Thermal activation
can, however, play a role for very fine precipitates attributed to the very early stages of ageing
(Hull and Bacon, 2001).

Figure 1.18

a) Coherent, b) semi-coherent and c) incoherent particles.

At low temperatures, the strengthening due to precipitates can simply be accounted for
by introducing a threshold stress below which no dislocation glide is possible. This is then
directly linked with the external load necessary to overcome the internal stress that is imposed
by the particles. At high temperatures, however, cutting is replaced by diffusional climbcontrolled mechanisms: a dislocation stopped at a particle can bulge out of the slip plane and
surmount the particle. This introduces a temperature and strain rate dependent component to
this threshold (Reppich, 2005).
Particles generally affect dislocation cell and subgrain structures that form upon
deformation. Non-deformable particles impede the dislocation movement such that they pin
cell or subgrain boundaries. Thus, the interparticle spacing influences the cell and subgrain
sizes. If, however, recovery effects are occurring on a smaller scale than the interparticle
spacing, the particles do not influence the rearrangement of dislocations. If they take place on
a larger scale, more diffuse cells are formed at higher strains featuring smaller lattice
misorientations. Moreover, recrystallisation may nucleate from the deformation zones around
large particles (Humphreys and Hatherley, 2004). Substitutional solid solution strengtheners
in Fe are Cr, Mo, Mn, V, Ti, W, Nb. At low concentrations these elements occur as a solid
solution in cementite and ferrite and at higher concentrations they form carbides (Bhadeshia
and Honeycombe, 2006).
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Dislocation-Dislocation Interactions
Dislocations possess a characteristic stress/strain field which is mainly responsible for their
interactions with different obstacles. As dislocations can move on various intersecting slip
planes, they generally interact with dislocations of other slip planes which then constitute
obstacles. These dislocations are called forest dislocations. With increasing strain the
dislocation density raises and other slip systems are activated so that the number of penetrated
slip systems is getting larger. Like this, the number of dislocation-dislocation interactions is
increased and so the flow stress increases with strain. This is called work or strain hardening.
Different dislocation-dislocation interactions are possible: i) the interaction of two
dislocations on parallel slip planes separated by a certain distance (Peach-Köhler force); ii)
the intersection of two dislocations in a short-range way neglecting the interaction of their
stress fields (jog or kink formation); iii) the intersection of two dislocations in a short-range
way considering the interaction of their stress fields (attractive and repulsive junctions); iv)
the interaction of a dislocation with the internal stress field of a dislocation pile-up; and v) the
interaction of a dislocation with the internal stress field of a cell, subgrain or grain boundary
(François et al., 2012; Gil Sevillano, 2005; Hull and Bacon, 2001). In the following the
interactions i) to iii) are discussed, while the mechanisms iv) and v) are outlined in the
following Sub-section.
To move two dislocations on parallel slip planes of a certain spacing past each other
requires the application of an external stress to counteract their interaction force, i.e. the
Peach-Köhler force, see Figure 1.19. This considers the long-range stress fields of two
dislocations, see Figure 1.7 a), that leads to either repulsion or attraction of the dislocations in
dependence of their relative position and sign. Thermal activation is ineffective in this case,
so that only an athermal contribution to the flow stress is introduced by this interaction (Hull
and Bacon, 2001).

Figure 1.19

Schematic of the Peach-Köhler force for two edge dislocations of same sign. The
bisecting line constitutes the equilibrium position, dislocation dipole. Behaviour is
inverse for edge dislocations of different sign.

The intersection of gliding dislocations with forest dislocations causes both a thermal
and an athermal flow stress component. Jog createion, see Figure 1.20, from the intersection
of a glide and a forest dislocation and the movement of a jogged dislocation by vacancy
generation, see Figure 1.21, is independent of internal stress and enhanced by thermal
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activation. These mechanisms have short-range character and are responsible for a thermal
flow stress component. The interaction of the internal long-range stress fields of the incoming
and the forest dislocation, however, is not influenced by temperature and therefore contributes
with an athermal flow stress component.

Figure 1.20

a) Interaction of two edge dislocations with perpendicular Burgers vectors (jog PP’
has edge character); b) Interaction of two edge dislocations with parallel Burgers
vectors (kinks PP’ and QQ’ have screw character); c) Interaction of two screw
dislocations with perpendicular Burgers vectors (jogs have edge character). After
(Hull and Bacon, 2001).

Figure 1.20 summarises the short-range interactions between different dislocation types.
Two edge dislocations with perpendicular Burgers vectors interact to form a jog (PP’)
according to Figure 1.20 a). In this case the jog has edge character with the same Burgers
vector as the original dislocation AB. The slip plane of the jog is different to that of the
neighbouring edge type sections (AP, P’B). Interaction of two edge type dislocations with
anti-parallel Burgers vectors results in the formation of a kink (PP’, QQ’), see Figure 1.20 b).
In this configuration, the kink has screw character with a Burgers vector parallel to its
dislocation line. The kink is on the same slip plane as the neighbouring edge type sections
(AP, P’B). Jogs and kinks in pure edge dislocations do not impede the glide behaviour of the
dislocation as the Burgers vectors remain in their slip plane. As the length of the dislocation is
increased by the creation of a jog or kink, this process is associated with an energy increase
and therefore requires an energy input that is provided by thermal activation.

Figure 1.21

Moving jogged screw dislocations which produce vacancies along the traces of the
jogs. The applied stress causes the screw segments to bow out, whereas the jogged
sections are blocked. After (Hull and Bacon, 2001).
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Jogs created by the interaction of an edge with a screw dislocation or of two screw
dislocations have edge character, see Figure 1.20 c). They do not affect the glide of the screw
dislocation as long as they share the same slip plane. Jogs created by two screw dislocations,
however, can only glide along the direction of the screw dislocations. Out of plane
movements of the screw parts are, however, only possible by thermally activated processes
including the production of vacancies or the take-up of interstitials. This configuration
introduces a temperature and strain rate dependency to the deformation. If stress is applied to
a jogged screw dislocation, the screw parts pinned by the edge type jogs will bow out (Figure
1.21).
The athermal component of the flow stress imposed by the interaction of glide and forest
dislocations arises from their long-range internal stresses. Dislocations can either form
attractive or repulsive junctions. The former is characterised by a negative scalar product of
the Burgers vectors of the two interacting dislocations b1∙b2 < 0, while it is positive for
repulsive junctions b1∙b2 > 0 (François et al., 2012). In a repulsive junction work has to be
applied against the opposing stress fields of the dislocations to bring them together, such that
they can form a jog under the assistance of thermal activation. In contrast, the two
dislocations forming an attractive junction do not require work to get together but to separate
after the jog has formed. This constitutes the major part of dislocation strengthening (Gil
Sevillano, 2005). Assuming that the dislocations are completely randomly distributed, the
interaction of glide and forest dislocations, according to the mechanisms outlined earlier, lead
to the well-known Taylor work-hardening relationship between dislocation density ρ and flow
stress τ in a single crystal (Taylor, 1934b, c).

τ = α Gb ρ

1.13

α is a constant that takes values between 0.2 and 0.4 for polycrystals (Gil Sevillano, 2005).
Eq. 1.13 neglects any thermal component that may arise e.g. from the Peierls-Nabarro stress
or solutes.
Long-range Internal Stress from Heterogeneous Dislocation Substructures
The assumption of randomly, i.e. homogeneously, distributed dislocations in Eq. 1.13 is
generally critical as in most materials heterogeneous dislocation substructures are formed,
either during monotonic loading to high strain or during cyclic deformation. The dislocation
density ρ constitutes a spatially averaged value which disregards the local variations of the
dislocation arrangement and thus the local flow stress in heterogeneous dislocation
substructures. These heterogeneities create long-range internal stresses that have to be
overcome by mobile dislocations. It thus remains to discuss the formation of long-range
internal stresses from the arrangement of dislocations to substructures such as pile-ups or
cells, subgrains and grain boundaries.
Materials with a distinct planar slip characteristic, e.g. fcc materials, show difficulties
with dislocation cross-slip. Upon repeated activation of a dislocation source, dislocations of
the same sign and mainly edge type moving on the same slip plane pile up in front of an
obstacle such as a grain boundary or sessile dislocation. The obstacles cause a locally higher
yield stress than the surrounding soft matrix. Due to the elastic interactions between the
dislocations of a pile-up, the leading dislocation experiences a forward stress pushing against
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the obstacle which can cause the activation of dislocation sources in neighbouring grains or
initiate cross-slip at e.g. precipitates (Hull and Bacon, 2001), while the following dislocations
are impeded in their further movement by a long-range backstress. The forward stress equals
the applied stress amplified by the number of the piled-up dislocations. As the backstress
opposes the applied stress at the dislocation source, additional external load has to be applied
to maintain the plastic deformation. Pile-ups can therefore be responsible for large long-range
stresses.
In materials that exhibit easy cross-slip the formation of dislocation pile-ups is rather
improbable. Ther long-range internal stresses arise from the presence of different phases or
from heterogeneous dislocation substructures. Mughrabi (1983, 1987) introduced a
composite approach for the determination of the flow stress of heterogeneous dislocation
substructures such as the wall and channel or cell structure. These are well known to form
during cyclic deformation (Laird et al., 1986; Mughrabi et al., 1981) and characterised by
walls of a high dislocation density that surround areas of a much reduced dislocation density.
According to these locally very different dislocation densities, it is clear that the cell wall and
interior regions feature locally different flow stresses. Thus, plastic deformation of the two
areas is different and mainly confined to the soft cell interiors. According to the composite
approach, the macroscopic flow stress is the result of the local flow stresses of the soft and the
hard regions weighted by their respective volume fractions. While the interaction of mobile
dislocations with the heterogeneously distributed dislocations is not directly covered by the
composite approach, it is well supported by various microstructural observations and it is
capable of explaining the Bauschinger effect (Bauschinger, 1886) that occurs in cyclically
deformed materials, see (Christ, 1991).
Ashby (1970) has been concerned with heterogeneous microstructures that arise from
two-phase or precipitation hardened materials. He suggested that the grains of a deformed
material consist of uniformly and locally non-uniformly deformed areas. The uniform
deformation is accommodated by the accumulation of statistically stored dislocations within
the grain. These are responsible for work-hardening. Deformation of a heterogeneous
microstructure containing different phases, grains of different orientations or precipitates
requires the maintenance of the deformation compatibility between the regions of different
strength. In agreement with Mughrabi’s composite approach, the grain interior or matrix
material is for example more readily deformable than the grain boundaries or precipitates,
respectively. This leads to the formation of internal strain gradients that are accommodated by
geometrically necessary dislocations (GNDs) near the grain boundaries or precipitates (Sinha,
2003). These GNDs give rise to long-range internal stresses that vary over a distance that is
associated with the spacing between the hard phases. Together with the applied external
stress, these internal stresses lead to the redistribution of strain on a local scale permitting the
simultaneous deformation of hard and soft phases and therefore ensuring deformation
compatibility (Mughrabi, 2001). This requires that GNDs are maintained which is
accomplished by taking up dislocations from the matrix (Gil Sevillano, 2005). Under singleslip conditions long-range stresses introduced by GNDs do not contribute to the flow stress as
they only redistribute stresses to allow for a simultaneous deformation of hard and soft
phases; under more realistic multi-slip conditions, however, GNDs contribute to the flow
stress, as they can be cut by mobile dislocations leading to forest-type work hardening
(Mughrabi, 2006). Mughrabi (2001) has shown that the contribution of GNDs to the
macroscopic flow stress is marginal in the case of heterogeneously distributed dislocations,
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such as walls or cells, due to their relatively small density. In contrast, GNDs are expected to
contribute more significantly in the case of two-phase or precipitation-hardened materials, due
to their higher density.
Grain Boundary Strengthening
It is commonly known that the flow stress in polycrystalline materials depends on the
(sub)grain size of the material. Grains are volumes within a material that feature a specific
crystal orientation and due to the elastic anisotropy, specific mechanical properties. The
requirement for the simultaneous compatible deformation of neighbouring grains leads to the
accumulation of geometrically necessary dislocations and therefore to the introduction of a
long-range internal stress field according to Ashby (1970), see previous Sub-section. This
internal stress field fluctuates with a wavelength equal to the grain size D. The empirical HallPetch relationship accounts for the (sub)grain size dependent flow stress (Hall, 1951; Petch,
1953).
k
1.14
D
k denotes an empirical strain-dependent constant that increases for an increasingly planar slip
character (Gil Sevillano, 2005). This relation is also applicable to cellular subgrain boundary
structures and for small and large strains (Sinha, 2003).

τ∝

Different interpretations for the origin of the Hall-Petch relation are given in the
literature and reviewed by Gil Sevillano (2005): i) dislocation pile-ups on the grain boundary
result in stress concentrations that activate a dislocation source in the neighbouring grain; ii)
non-pileup theories consider the enhanced accumulation of dislocations in grains due to the
presence of grain boundaries that either act as dislocation sources (source theory) or traps for
dislocations (work hardening theory). As the grain size dependent flow stress is also observed
in materials that do not form pile-ups, the first original interpretation appears to be
insufficient. The source theory is based on the frequent observation of enhanced slip in the
vicinity of grain boundaries and the concept of easy dislocation emission from grain boundary
dislocations. This emission depends on the length of the grain boundary and leads to an
increase of dislocations within the grain. The work hardening theory, on the other hand,
assumes the enhanced trapping of glide dislocations from the matrix at the grain boundaries
which both limits the path along which dislocations can move freely and increases the local
dislocation density. A minor number of dislocations is further considered to be transmitted
through the grain boundary. Trapped dislocations are regarded to be geometrically necessary
dislocations according to Ashby (1970). In this respect the flow stress arising from grains can
also be treated by a composite approach. Such an approach by Mughrabi (1981) suggests that
zones in the vicinity of grains that contain both a high density of dislocations and small cells
or subgrains, possess a higher strength than the matrix and determine the flow stress of
polycrystals. It is further indicated that the inverse square root dependency of the Hall-Petch
relationship is equivalent with a simple inverse dependence on the (sub)grain size in the size
ranges generally observed in materials (Thompson, 1977). For a mixture of an ill-defined
dislocation cell and a well-defined subgrain structure, as observed for fatigued 2CrMoNiWV,
a simple inverse relationship is suggested to be more appropriate. Such a direct inverse
relationship is also supported by Kuhlmann-Wilsdorf (1970).

1.1 Microstructure and Strength of Metals

1.1.4

29

Macroscopic mechanical behaviour and microstructure

The various dislocation interactions outlined in the preceding Section 1.1.3 form the basis of
mechanical strength in metals. This is determined by the mobility of the dislocations and the
strength of the obstacles that oppose their movement. Depending on the type of obstacle, it
can be overcome by the dislocation if a sufficiently high external load and temperature is
applied. The externally applied load is thereby either supported or impeded by the local and
long-range internal stress fields. As soon as dislocations are mobilised, they interact with
other dislocations or obstacles and they rearrange to form a dislocation substructure. Thus,
every load increment that causes plastic deformation on a microscopic or macroscopic level
changes the microstructure such that in the following loading step a virtually different
material is deformed. In this Section, the mutual interplay between the macroscopic
mechanical behaviour and the microstructure is discussed. Firstly, the transition between the
macroscopic elastic and plastic regimes is considered including the influence of local stresses.
Subsequently, the macroscopic isotropic and kinematic hardening concepts are presented and
related to microstructural features. Finally, dynamic recovery and recrystallisation are
discussed as mechanisms that lead to softening of the material during cyclic loading.
During monotonic loading of a polycrystalline material different regimes can be
distinguished in the transition between elastic and plastic behaviour, , see Figure 1.22. At low
stresses the material behaves purely elastic, i.e. the induced deformation is fully reversible.
Thereby, linear elasticity in metallic materials only constitutes a common first order
approximation that arises from the assumption of a quadratic atomic bond potential, see
(Christ, 1991). Further increase of the stress results in the observation of a closed hysteresis
loop without the generation of a permanent strain. This indicates the onset of energy
dissipation and thus the end of pure elasticity and the start of the microplastic regime. The
respective stress is therefore denoted as elastic limit σE and associated with the reversible
short-range movement of dislocations in preferably oriented grains and at locations where the
external applied stress is supported by internal stresses. The elastic limit depends on the
alloying content and the Peierls-Nabarro stress, i.e. the crystal structure, but not on
temperature. With further increasing stress, the mobility of dislocations is continuously
enhanced until their rate-dependent long-range irreversible movement leads to an open
hysteresis loop and thus a permanent strain. The stress, at which this is first observed is
denoted as the anelastic limit σA and is well below the limit of proportionality σ0 which is
defined by a distinct deviation from linearity, i.e. σPL in Figure 1.22. As the long-range
movement of dislocations is initiated beyond σA, strain hardening takes place between σA and
σ0 which is strongly dependent on temperature, dislocation substructure and microstructure.
Thus, the actual value of the macroscopic yield stress σ0 where dislocation movement appears
in all grains, and its temperature dependence are controlled by the extent of strain hardening
that takes place beyond σA in the microplastic regime (Brown and Ekvall, 1962). The
difference between the microplastic regime, i.e. σE < σ < σA, and the macroplastic regime σ >
σ0 is generally small in coarse-grained materials but increases with decreasing grain size
(Sinha, 2003). Upon load reversal from prior plastic loading, locally forward bowed
dislocations bow back as the load is reduced causing an enhanced reduction of stress, i.e.
anelastic recovery (Abel and Muir, 1973; Luo and Ghosh, 2003). The exact form of the
macroscopic stress-strain curve is determined by temperature and strain rate as well as by the
crystal structure, alloy composition, precipitates, dislocation arrangements and grain size. An
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increase of the temperature and/or a decrease of the strain rate results in a higher probability
of thermal activation being effective to help dislocations overcome barriers and thus in a
reduction of the flow stress.

Figure 1.22

Stress-strain curve of polycrystalline annealed iron. The left curve shows the tensile
stress-strain curve whereas the right curves shows the loading and unloading curves
of tests with incrementally increased load. Reprinted with permission from (Brown
and Ekvall, 1962).

Mughrabi (1985) reviews the specific characteristics of cyclic deformation and fatigue in
bcc metals. The mechanical behaviour of bcc metals is strongly dependent on temperature and
strain rate and is effectively influenced by interstitial solutes. At low temperatures, bcc metals
exhibit different flow stresses in tension- and compression due to an increased PeierlsNabarro stress that arises from the dissociation of screw dislocation cores and their glide on
different slip planes in tension- and compression-going deformation. Thus, screw dislocations
are less mobile than edge type dislocations at temperatures below 0.1-0.2Tm and effectively
mobilised by thermal activation. This leads to an additional thermal (effective) stress and the
associated temperature dependence at low temperatures. At temperatures higher than 0.10.2Tm, the mechanical strength of bcc metals is similar to that of fcc materials and largely
independent of temperature. The transition between these two regimes depends on the strain
rate and extends to room temperatures at strain rates around 0.1%/s. It is therefore the
mobility which is different for edge and screw dislocations that controls the characteristics of
the mechanical behaviour at low temperatures, and that leads to the activation of multiple slip
when there is a lack of mobile dislocations. Quasi-reversible to-and-fro movement of more
mobile edge dislocations is responsible for the occurrence of a microplastic regime without
changing the microstructure. Edge-type segments of dislocations further move more readily
than their screw parts at low temperatures and strains. In this way, long screw segments are
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drawn out by moving edge dislocations. At the specimen surface this can lead to a lack of
mobile edge dislocations as they emerge out of the material leaving back less mobile screw
dislocations. Thus, secondary slip is activated early to accommodate the imposed deformation
which results in the formation of a cell structure in a fine surface layer.

Figure 1.23

Evolution of microstructure due to dynamic recovery during a monotonic tensile
deformation. After (Sellars et al., 1986).

In the macroplastic regime beyond the limit of proportionality, the relationship between
stress and strain is commonly observed to be nonlinear. This arises from macroscopic strain
hardening, i.e. from an increase of the dislocation density and the associated increase of
dislocation interactions that require a higher applied stress to maintain the imposed
deformation. The characteristic stress-strain relationship is a result of the balance between
hardening and softening mechanisms. Hardening arises mainly from the various dislocation
interactions, see Section 1.1.3, while softening is a result of enhanced climb or cross-slip,
dynamic recovery and/or recrystallisation which cause an increased dislocation mobility. The
monotonic tensile deformation of the material causes the flow stress to increase in a first stage
due to dislocation multiplication and interactions. As soon as the dislocation density and with
it the internal stored energy becomes large enough, the rate of recovery increases such that
low-angle boundaries and subgrains are formed. This introduces softening which opposes the
hardening mechanisms. For a certain large strain a dynamic equilibrium between work
hardening and recovery may be reached where the flow stress remains constant. The
simultaneous action of work hardening and recovery then results in the continuous formation
and dissolution of low-angle boundaries and in a constant density of mobile dislocations
within the subgrain interior. Thereby, the flow stress approaches a steady state condition at
higher strains, although the microstructure still evolves by changing the shape of the grains,
see Figure 1.23. At lower temperatures and high strain rates the work hardening part, i.e. the
dislocation density increase, is dominant over dynamic recovery, i.e. the dislocation density
decrease and rearrangement. During cyclic deformation, the microstructure of the material
develops along the successive steps of recovery outlined in Figure 1.25. The reduced
dislocation density results in diminished work hardening, while increased subgrain sizes lead
to a reduced strength according to the Hall-Petch relationship. This is the foundation of cyclic
softening materials. As dislocation motion is activated by externally applied deformation and
temperature, dislocations interact with obstacles and themselves in a way that changes the
microstructure of the material. Thus in every loading increment, the material finds itself in a
different internal state due to a changed microstructure. In this way, the type and extent of
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dislocation interactions change during the course of deformation introducing a marked load
history dependence of the material behaviour.
Generally, the overall hardening behaviour of a material is divided into an isotropic and
a kinematic part, see Figure 1.56 and Figure 1.56. The latter change is described by the
backstress X which corresponds to the translation of the yield surface in the deviatoric stress
space at a fixed radius of the flow cylinder σy (or σ0), see Section 1.4.2. For the onedimensional case this is associated with a stress increase in the tensile direction and a
decrease in the compressive direction at a constant elastic range σy, i.e. the Bauschinger effect.
Isotropic hardening, on the other hand, causes the enlargement or reduction of the yield
surface radius σy to σy+R. Kinematic hardening leads to an anisotropy of the yield condition,
i.e. a dependence of the onset of plastic deformation on the loading direction, while isotropic
hardening provides the same yield condition in all loading directions.

Figure 1.24

Edge dislocations piled up at an obstacle, e.g. grain boundary (Stouffer and Dame,
1996).

From a microstructural point of view, kinematic hardening is commonly explained with the
occurrence of backstress which arises from the internal stress generated from dislocation pileups at barriers in the crystal lattice and which opposes the external applied load, see Figure
1.24. More generally, backstress can be seen as any long-range internal stress arising from
obstacles such as heterogeneous dislocation substructures that impede dislocation motion, see
Section 1.1.3. It is therefore associated with the athermal flow stress component. To maintain
a certain deformation, the stress has to be increased so that the dislocations can move against
the long-range internal stress field. If the applied stress is removed, slip in the reverse
direction can occur due to the build-up of backstress. The net force acting on the dislocations
is therefore the difference between the applied shear stress and the produced backstress, see
(Stouffer and Dame, 1996). Isotropic hardening, on the other hand, is associated with the
thermal flow stress component. Obstacles, such as the Peierls-Nabarro stress, solute atoms or
eventually fine precipitates can be overcome by thermal activation and are independent of the
loading direction due to their short-range character. The isotropic stress thus carries most of
the temperature dependence.
Plastic deformation of materials causes an increase of the internal energy of the material
by introducing dislocations and interfaces such as low- or high-angle misorientation
boundaries, see Section 1.1.1. Therefore, the material is turned into a thermodynamically
unstable condition. Heating the material to high homologous temperatures, i.e. annealing,
transfers the material into a metastable state as defects annihilate and/or low energy
dislocation arrangements are formed, i.e. recovery takes place. Recovery taking place during
the deformation is denoted as dynamic recovery. While recovery does not completely remove
dislocations, dislocation free grains are formed within the recovered structure during
recrystallisation. Although dislocations are eliminated during recrystallisation, the presence
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of grain boundaries is still responsible for an increased energy state of the material. Thus, the
recrystallised grains grow to reduce their surface to volume ratio, see (Humphreys and
Hatherley, 2004). The driving force for any deformation induced microstructural evolution is
the reduction of the internal stored energy. The energy of dislocations arranged in pile-ups is
highest, whereas dislocations in cell or subgrain walls feature the lowest energy
configurations. Smaller cells with larger misorientations feature a higher stored energy.
Methods to directly measure the overall stored energy of a material include calorimetry
(Haessner and Schmidt, 1993), electron microscopy or X-ray diffraction. Borbély and Driver
(2001) state that calorimetry generally delivers too large values, whereas electron microscopy
gives the lower bound. According to their findings high-resolution X-ray diffraction is the
most effective technique to measure internal stored energy.

Figure 1.25

Stages occurring during recovery of plastically deformed materials. Reprinted with
permission from (Humphreys and Hatherley, 2004).

During recovery, the stored energy of the material is decreased by dislocation annihilation and
their rearrangement into lower energy configurations by glide, climb and cross-slip. In high
stacking-fault energy materials these processes occur at low temperatures, whereas in low
stacking-fault materials high temperatures are required. Recovery is generally enhanced by
increased temperatures and stresses and results in a reduction of the dislocation density, the
stored strain energy in the material and the lattice distortions. Therefore, it competes the
strain hardening mechanism which acts to increase the dislocation density (Stouffer and
Dame, 1996).
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Different recovery processes can be attributed to different temperature regimes according
to McElroy and Szkopiak (1972):
T < 0.2Tm :

A large-scale elimination and redistribution of point defects takes
place by recombination of vacancies and interstitial atoms, clustering
of defects creating stacking-faults, and by migration of interstitials to
dislocations causing strain ageing. In this regime the substructure
experiences only little change.

0.2Tm < T < 0.3Tm :

Intermediate recovery takes place where minor dislocation
rearrangements occur together with short-range interactions. Cells
grow and the thickness and raggedness of the cell walls decreases.
Furthermore, dislocations annihilate by glide and cross-slip.

T < 0.4Tm :

Long-range dislocation rearrangements by climb and cross-slip take
place forming low-energy configurations, i.e. low-angle boundaries.

T > 0.4Tm :

Recovery, recrystallisation and the associated softening of the
material can occur simultaneously to the deformation. During
dynamic recovery and dynamic recrystallisation the flow stress of the
material is reduced. The main deformation mechanisms during these
processes are dislocation climb, cross-slip and glide, resulting in the
formation of low-angle boundaries. An increasing amount of
recrystallisation improves the ductility of the material as the
boundaries move to adapt to the applied strain (Tegart, 1993).

Recovery, thus results in the formation of heterogeneous dislocation structures that are
characterised by relatively dislocation free areas which are bound by regions of high
dislocation density, i.e. cells or subgrains. Figure 1.25 shows the different stages of recovery
where an initial tangled dislocation structure rearranges to a cell structure with a relatively
high dislocation density in the cell interior. Upon further recovery, these dislocations are
successively annihilated and the cell boundaries further rearrange to form subgrains which
grow during extended recovery. Cells feature boundaries that are made up of walls with a
high density of dislocations that feature alternating signs (Sinha, 2003; Stouffer and Dame,
1996). Their lattice misorientation is small and they are never observed without prior
dislocation tangle formation (McElroy and Szkopiak, 1972). Subgrains, on the other hand, are
bound by thin walls of dislocations with mainly one sign, resulting in larger lattice
misorientations across the subgrains. Different values for the misorientations are reported.
Cells form at low temperatures by cross slip, while subgrains result at high temperatures by
dislocation climb. Subgrain formation is preferred over cell formation for high stacking-fault
energy materials, a low solute content, large strains and high temperatures. The area of lowangle boundaries is further reduced by subgrain coarsening (Humphreys and Hatherley,
2004). Dynamic recovery at high temperatures develops subgrains with more organised
dislocation arrangements within the boundaries as occurring during static recovery, and a
significant number of dislocations in the interior of the subgrains. For larger strains the
subgrain size is generally independent of the applied strain but it is influenced by temperature
and strain rate. The subgrain misorientation, on the other hand, increases with increasing
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strain. The microstructure developing during high temperature deformation is normally more
homogeneous than at lower temperatures due to the various slip systems that are activated.
The resistance of materials towards plastic deformation and therefore their macroscopic
strength is very much related to the mobility of dislocations on the microscale. In this Section
the basic mechanisms are presented that influence dislocation motion. While a lot of detail is
associated with these, the most important aspects of the relationship between macroscopic
strength and microscopic dislocation mechanisms are summarised as follows:
•

Dislocations are the carriers of plastic deformation. If a sufficiently high density of
mobile dislocations is available, their mobility determines the macroscopic behaviour. In
this case, strength is determined by the stress necessary to overcome microstructural
obstacles. Otherwise, strength is governed by the dislocation generation mechanism.

•

Dislocations can either glide on the slip system at moderate temperatures and stresses or
climb out of the slip planes through sufficient thermal activation that enhances vacancy
diffusion.

•

The different interactions that dislocations encounter during their movement are the
foundation of strength. These include interactions with: i) the periodic crystal potential
(Peierls-Nabarro stress), ii) point defects (solid solution hardening), iii) precipitates or
particles (particle hardening), iv) dislocations (work-hardening), v) internal stresses of
dislocation structures, vi) grain boundaries (Hall-Petch hardening).

•

These interactions constitute a resistance towards dislocation motion that needs to be
overcome by an external applied stress and/or thermal activation. The respective flow
stress components are thus subdivided into athermal (i.e. internal or backstress) and
thermal stress (i.e. effective or isotropic plus viscous stress), respectively.

•

Obstacles leading to thermal stress are due to i) the Peierls-Nabarro stress, ii) solute
atoms, iii) repulsive and (conditionally) attractive dislocation trees in a dislocation forest,
and or iv) fine coherent precipitates.

•

Obstacles of athermal character are: i) long-range internal stress fields arising from
dislocation substructures; and ii) incoherent (and normally also coherent) precipitates.

•

The presence of internal stresses and thermal activation can lead to the local activation of
dislocation movement, and therefore plastic deformation and a nonlinear stress response
(i.e. microplastic regime) already at small stresses well below the macroscopic yield
stress. This is responsible for the continuous transition between the elastic and plastic
regime.

1.2

Material Details

The low-alloy bainitic 2CrMoNiWV steel studied in this Thesis is mainly applied in
combined high (HP) / intermediate (IP) / low (LP) pressure steam turbine rotors due to its
enhanced fracture toughness and creep-fatigue resistance over the wide spectrum of operation
conditions in these components. In this study, material was kindly provided by ALSTOM
Power which originates from an actual rotor forging as assessed in the COST505 action
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(Wiemann, 1991). 2CrMoNiWV features a relatively complex bainitic microstructure
including a mid-to-upper bainitic morphology with different types of coarse and finely
dispersed carbides. In order to create an understanding for this complex microstructure of the
studied 2CrMoNiWV, this Section reviews both relevant general information about the
formation, morphology, strengthening mechanisms and tempering of bainitic steels (Section
1.2.1) as well as specific existing knowledge on 2CrMoNiWV (Section 1.2.2). In the absence
of dedicated literature on 2CrMoNiWV, information is also gathered on the related bainitic
1CrMoV steels with respect to critical loading conditions of turbine rotors, creep and fatigue
loading as well as carbide structure and strength (Section 1.2.3).

1.2.1

Bainitic steels

Bainite is a non-lamellar fine aggregate of ferrite plates or laths and carbide and/or cementite.
It forms from a decomposition of austenite at temperatures generally between the martensite
and pearlite transformation temperature, i.e. 250°C – 550°C (Bhadeshia, 2001; Bhadeshia and
Honeycombe, 2006; Sinha, 2003), according to the alloy specific time-temperature
transformation diagram, see Figure 1.32. Bainitic steels exhibit a favourable balance of
strength, toughness and creep properties at high temperatures. They feature higher toughness
at the same strength condition of tempered martensite. Typically, bainitic steels are used as
heavy forgings in nuclear reactors, pressure vessel components (CrMo steels), in ship
constructions (CuNiCrMo) and in steam-turbine rotors (NiCrMoV, NiMoV and CrMoV
steels), boilers, cranes, lightweight bridges, strong structural components of aircrafts and
many other applications (Sinha, 2003).

Figure 1.26

(a) Illustration of a sheaf with its sub-units. (b) TEM micrograph showing the subunits of lower bainite. Reprinted with permission from (Bhadeshia, 2001).
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Formation and Morphology
During the bainite reaction fine ferrite plates or laths, i.e. sub-units (thickness ~ 0.2 µm,
length ~ 10 µm) grow in clusters from the prior austenite grain boundaries, i.e. sheaves or
packets, see Figure 1.26. The sheaves feature a wedge shape with its thicker side being
located at the austenite grain surface. Within a sheaf all sub-units are parallel and feature the
same crystallographic orientation, the single sub-units being separated from each other by
low-angle misorientation boundaries and/or by cementite particles (Bhadeshia, 2001), see
Figure 1.35. Joarder (1994) observed that during the formation of bainite austenite grains
partition into several packets of blocks that are composed of laths or plates of bainite, see
Figure 1.27. A block is thereby defined as being composed of sub-units of the same
crystallographic variant, similar to the martensitic structure, e.g. (Morito et al., 2003). Subunits exhibit a plate-shape if they form at low temperatures and high C concentrations
(Bhadeshia and Honeycombe, 2006) and a lath-shape at high transformation temperatures
(Bhadeshia, 2001). Lath-shaped sub-units have their longest side along the close-packed
direction of the ferrite which is mostly parallel to the close-packed direction of the prior
austenite (Bhadeshia and Honeycombe, 2006). In contrast to the formation of martensite,
bainite sheaves lengthen at a much slower rate, they feature an irrational habit-plane and they
are never found to cross austenite grain boundaries (Bhadeshia, 2001).

Figure 1.27

Bainite morphology according to the definition of Joarder (1994) following the
martensite morphology. Schematic reprinted with permission from (Morito et al.,
2003) for the morphology of lath martensite with 0-0.4% C.

There is an ongoing controversy about the growth mechanism of bainitic ferrite during
the bainite reaction. Two mechanisms are proposed: the diffusional and the displacive model
(Sinha, 2003). The latter proposes the bainitic reaction to take place in two stepswithout any
diffusion of substitutional atoms during the transformation. In a first step the ferrite plates
nucleate at the austenite grain boundaries from where they grow through a homogeneous
deformation. This transforms the original austenitic fcc lattice into the new ferritic bcc
structure via a coordinated motion of the displaced atoms (shearing similar to martensitic
transformation). The large strains associated with the shape change cause plastic deformation
of the adjacent austenite where the local dislocation density is increased. This results in the
blocking of the glissile transformation interface so that the growth of the ferritic sub-units
stops (Bhadeshia and Honeycombe, 2006). The sheaves themselves are formed by repeated
nucleation of new sub-units mostly at the tip of the already formed ones. The thickness of the
sub-units is influenced by the strength of the austenite and therefore by the transformation
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temperature (Bhadeshia, 2001), whereas the width increases with increasing transformation
temperature (Sinha, 2003). Any excess C in the ferrite is rejected to the untransformed
austenite after the shape change as the solubility of C in ferrite, is smaller than in austenite.
Thus, in a second step, after the growth of the bainitic ferrite cementite and carbides
precipitate eventually from the untransformed austenite layers between the ferrite sub-units.
The precipitation of cementite and carbides can take place in two different ways according to
the transformation temperature leading to upper or lower bainite, see Figure 1.28. According
to the displacive model, the growth of bainitic ferrite does not include the redistribution of Fe
or substitutional solute atoms during the growth process.

Figure 1.28

Schematic illustration of different carbide precipitation in upper and lower bainite.
After (Bhadeshia and Honeycombe, 2006).

Two main configurations of bainite are distinguished according to the distribution of
their precipitates, see Figure 1.28. Upper bainite, see Figure 1.29 a), forms at higher
transformation temperatures and its sheaves consist of sub-units that are separated by
cementite particles. Lower bainite, see Figure 1.29 b), on the other hand, additionally features
a fine dispersion of cementite and/or carbides within the ferritic sub-units. Due to the slower
diffusion at lower transformation temperatures, the C atoms have the opportunity to
precipitate in the supersaturated ferrite. The cementite and/or carbides in lower bainite are
observed to be at 55° to 60° to the longitudinal sheaf axis of the ferrite plate (Sinha, 2003).
Lower bainite often features a higher toughness and strength than upper bainite. The reason
for this is the distribution of fine cementite particles. Due to the displacive character of the
bainitic reaction, bainitic steels generally feature high dislocation densities, i.e. >1014m-2, as
the permanent deformation of the shape change during the austenite-to-ferrite transformation
has to be accommodated. In low-alloy steel the dislocation density is determined by the
transformation temperature via its influence on the yield strength of the parent product phases.
The bainitic microstructure is not in equilibrium as a high amount of energy is stored within
the material, due to the distortions of the shape change during transformation (Bhadeshia,
2001).
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(a) Upper bainite: cementite particle between ferrite platelets. (b) Lower bainite:
carbides precipitated between ferrite platelets (indicated by arrows). They appear at
an angle to the cementite between the ferrite platelets. Reprinted with permission
from (Bhadeshia, 2001).

Strengthening Mechanisms in Bainite
The major contribution to the tensile strength of bainitic steels at room temperature is
suggested to be the fine sub-unit size which determines the mean free path for dislocation slip
(Bhadeshia, 2001). As the probability of dislocation slip along the longest direction of the
sub-units is small, an effective grain size approximately twice the sub-unit thickness is
proposed to act as a mean free path for the dislocation movement. If the smallest dimension of
the sub-units is too small for the Hall-Petch relation to be valid (< 1µm), i.e. too small to
allow the existence of pile-ups causing sufficient stress concentration to activate a dislocation
source in the neighbouring grain, the yield stress is governed by the stress required to expand
dislocation loops which is inversely proportional to the square root of the gran size according
to Langford and Cohen (1969, 1970, 1975). The prior austenite grain size does not influence
the hardness of the material (Bhadeshia, 2001).
An increased dislocation density due to lower transformation temperatures and denser
carbides also influences the basic strength of bainitic steels. The high dislocation density in
bainites is stated to be the reason for the occurrence of a strength differential effect, i.e. a
higher yield stress in compression than in tension (Rauch and Leslie, 1972). Other approaches
relate the strength differential effect to the nonlinear elastic interactions between dislocations
and interstitial atoms (Hirth and Cohen, 1970).
Increasing contents of C as well as of substitutional elements, i.e. Mn, Si, Mo, Ni, Cr,
further strengthen the material via solid solution strengthening of the bainitic ferrite (Sinha,
2003). They also determine the creep strength of the material by influencing the fine
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dispersion of carbides (Bhadeshia, 2001). This has generally a more important impact on the
strength of lower bainitic steels (Sinha, 2003). A larger quantity of carbides can enhance the
coalescence of voids leading to small plastic strains before fracture and therefore to low
ductility. Fracture toughness, on the other hand, is determined by the size of the largest
carbides, i.e. the finer the carbides, the better the toughness of the bainite. In this respect the
tempered bainite structure features an improved toughness over lower or upper bainite due to
its finely dispersed carbides. Bhadeshia (2001) estimated the relative importance of different
contributions to the strength of a fully bainitic sample as shown in Figure 1.30.

Figure 1.30

Estimation of the contributions to strength in a fully bainitic steel (Fe-0.15C-1Mn1Ni-0.005N). After (Bhadeshia, 2001).

Low-C steels generally feature continuous yielding which is a consequence of the
presence of mobile dislocations, the heterogeneous microstructure and the residual stresses
resulting from the transformation process (Bhadeshia, 2001). The majority of the dislocations
present in bainitic steel are believed to be mobile. As plastic deformation focuses first on the
softer phases, the microstructural heterogeneity influences the occurrence of gradual yielding
as well. Consistent with Masing’s concept, see Section 4.1, the local ease of dislocation slip,
which causes continuous yielding on a macroscopic scale, is due to local internal stresses that
are superimposed to the externally applied load. These internal stresses are caused by
heterogeneous distributions of dislocations.
The enhanced creep resistance generally attributed to low C bainitic steels containing Cr,
Mo, W, V is due to the interaction of dislocations with finely dispersed V carbides. Creep in
bainitic steels is therefore less controlled by grain boundary diffusion or sliding but rather by
the motion of dislocations and their interaction with precipitates, especially V4C3 (or as often
abbreviated VC). With this enhanced creep resistance the wall thickness of such steel
components can be reduced leading to consequent reductions in weight and induced thermal
stresses. In this way temperature gradients between the surface and the centre of the
component are reduced as well as the associated thermal fatigue damage. The loss of
properties during creep is mainly due to changes in the microstructure such as carbide
coarsening and rearrangement of dislocation configurations (Bhadeshia, 2001). Carbide
distribution and stability is therefore of utter importance in the alloy design of creep resistant
steels. These properties are not only determined by the composition of the alloys but
especially also by the quality heat-treatment applied to manufactured components.
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Tempering of Bainite
After the forging of components in the austenitic temperature regime of the steel and
subsequent quenching, the components are generally subjected to a quality heat-treatment
which consists of an austenitisation and a cooling phase (hardening) as well as a tempering
treatment, see Figure 1.31. During hardening, the forged component is fully austenitised. The
speed of the subsequent cooling phase then determines the final transformation product of the
steel, i.e. martensite (fast cooling), bainite (intermediate cooling) and pearlite (slow cooling),
see Figure 1.32. In large components, such as turbine rotor forgings, different transformation
products may result in different locations due to the locally varying cooling rates, see Figure
1.32. In the following tempering treatment precipitates are formed.

Figure 1.31

Heat-treatment procedure for forged steels. After (Wright et al., 1987).

Tempering is a process in which a metastable material is held isothermally at a
temperature where austenite cannot form, i.e. T ~ 700°C for rotor steels. During this process
both the microstructure and the mechanical properties are changing. It is categorised into two
stages according to the exposure time: i) segregation of excess solid solution C at defects or
formation of clusters both followed by precipitation of cementite (low-carbon alloys) or
transition iron-carbides (high-carbon alloys); ii) precipitation of excess C, transformation of
carbides into more stable cementite and decomposition of retained austenite. Continued longterm tempering (>1 year) results in spheroidisation of carbides, extensive recovery of the
dislocation structure, and finally in recrystallisation of the ferritic sub-units to equiaxed
grains. This even takes place during the formation of bainite (auto-tempering) so that
precipitation of carbides already occurs during the bainite reaction. In the case of bainite, a
fine dispersion of carbides in the ferrite matrix, i.e. secondary hardening, can be obtained with
an appropriate tempering treatment.
As bainitic steels undergo partial recovery already during their transformation, the
changes in the morphology of the sub-units or the number and density of carbides are only
small during tempering. Secondary hardening upon tempering may occur in alloys containing
carbide forming elements such as Cr, V, Mo and Nb. This requires long-range diffusion of
substitutional atoms and therefore long hold-times at elevated temperatures. Tempering
further causes the diffusion to and the enrichment of cementite with Cr, Mo and Mn. Upon
formation of other carbides, however, cementite may dissolve providing C and its dissolved
elements to other precipitates.
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Figure 1.32
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Continuous-cooling transformation diagram for 1CrMoV from the austenitising
temperature with resulting transformation product in different locations of a rotor
forging (Norton and Strang, 1969).

In steels containing more than 0.1%wt of V, V4C3 carbides are supposed to precipitate in
the form of small platelets (1nm thick, 5nm apart) on dislocations within a ferritic matrix at
temperatures between 550°C and 650°C. These finely dispersed carbides are generally very
stable at high temperatures and of significant importance for the creep strength of the steel.
Furthermore, in Cr containing steels (Cr > 1%wt at 0.2%wt C) the carbide formation sequence
during tempering is found to be: matrix  (Fe,Cr)3C  Cr7C3  Cr23C6 whereas Cr23C6 is
only supposed to form in steels containing Mo. Cr carbides coarsen more rapidly compared to
V carbides so that tempering of a 2%wt Cr, 0.2%wt C steel results in continuous softening
upon tempering between 500°C and 700°C due to the coarsening of Cr7C3. This tends to be
stabilised by V. At concentrations between 0.5%wt to 2%wt W and Mo carbides (M2C,
M23C6, MaCb as well as M6C) are reported to form at prior austenite and ferrite lath
boundaries as well as at dislocations in the ferritic matrix (Bhadeshia and Honeycombe,
2006).

Figure 1.33

Schematic illustration of microstructure and precipitates of ferritic heat resistant
steels. Reprinted with permission from (Masuyama, 2001).
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Figure 1.33 shows a schematic by Masuyama (2001) of the microstructure and prevailing
precipitates in different heat resistant steels. More specific information on the carbide
structure and its evolution upon creep and LCF loading is given in Section 1.2.3 specifically
for 1CrMoV steels which are relevant for the bainitic 2CrMoNiWV steam turbine rotor steel
examined in this Thesis.

1.2.2

2CrMoNiWV

With the objective to increase fracture toughness at equal creep resistance and similar
physical properties as the predominantly applied 1CrMo(Ni)V, the steelmaker Saarstahl
developed the low-alloy bainitic 2CrMoNiWV steel (also referred to as 23CrMoNiWV8-8)
for applications in combined high (HP) and intermediate (IP) pressure steam turbine rotors in
the 1980s. It is applied by turbine manufacturers such as ABB, Alstom, MAN and Siemens
for HP/IP and combined HP/IP/LP turbine applications. Two full size production forgings of
that steel produced by Saarstahl were comprehensively assessed within the COST 505 action
(Wiemann, 1991) in a collaboration of seven international organisations. Focus was laid on
strength, fracture toughness, fatigue crack growth, LCF, HCF, creep and high temperature
properties and their variations within the rotor forging. The 2CrMoNiWV steel is attributed
sufficient general strength at very good creep rupture resistance and excellent toughness for a
creep resistant steel. Furthermore, it features comparable fatigue behaviour as the
1CrMo(Ni)V steel as well as a similar expansion coefficient and thermal conductivity which
is important for the combination of conventional 1CrMo(Ni)V casings with 2CrMoNiWV
rotors. The chemical composition of the material is given in Table 1.1. Compared with
1CrMo(Ni)V the main difference lies with the lower C content, the higher Cr content and the
addition of W. The microstructure of 1CrMo(Ni)V and 2CrMoNiWV are believed to be
similar, whereas differences in the precipitation conditions are to be expected.

Table 1.1

Chemical composition of 2CrMoNiWV in %wt. First line: actual composition as
determined from samples of the rotor forging COST-2420. Second line: maximum
and minimum values of purchase specification (Wiemann, 1991).

Fe

C

Si

Mn

P

S

Cr

Mo

Bal

0.23

0.075

0.68

0.006

0.004

2.08

0.83

0.23
0.21

0.10
-

0.75
0.65

0.010
-

0.010
-

2.15
2.05

0.90
0.80

Ni

W

V

Al

Cu

Sn

Sb

As

0.74

0.65

0.30

0.009

0.090

0.008

0.005

0.018

0.80
0.70

0.70
0.60

0.35
0.25

0.005
-
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The material under study in this Thesis originates from a ring of the smaller of the two
COST test forgings, i.e. ring D2 of the COST-2420 rotor (Figure 1.34) produced by vacuum
carbon deoxidation for MAN Energie. This rotor (diameter: 1000mm, weight: 20t) was
exposed to a similar heat-treatment after forging as conventional 1CrMo(Ni)V rotor steels. A
preliminary heat-treatment in the pearlite range is applied for grain refinement and better
toughness followed by a quality heat-treatment including an austenitising treatment at 950°C,
oil quenching and a tempering stage.
Preliminary heat-treatment (grain refinement):
•
•
•
•

cool-down from 850°C to 690°C during 108h
furnace cooling to 350°C
constant temperature of 950°C during 27h in air
furnace cooling to 680°C for 25h

Quality heat-treatment (austenitising & tempering):
•
•
•
•

constant temperature of 950°C for 16h
oil-quenching
constant temperature of 660/670°C during 30h
final cool-down in a furnace

Figure 1.34

Schematic drawing of the rotor forging COST-2420 manufactured within the scope
of COST 505 (Wiemann, 1991). Samples tested in this Thesis originate from ring D2
(Wiemann, 1991).

Owing to the preliminary heat-treatment a refined grain size is reported (Wiemann,
1991) to be formed after quenching of ASTM 7.5 to 9, i.e. 15.9μm to 26.7μm (ASTM E11296). During oil-quenching in the quality heat-treatment, a bainitic structure is formed and Vcarbides (V4C3) precipitated during tempering for 30h at 670°C. The final microstructure is
categorised as mid-to-upper bainite. Figure 1.35 shows an optical micrograph of the
2CrMoNiWV material. It exhibits prior austenite grain boundaries, laths as well as a large
density of carbides. A more instructive insight into the microstructure of as-received
2CrMoNiWV is revealed by backscattered electron contrast (BSE) using a scanning electron
microscope (SEM), see Figure 1.36. The different crystallographic orientations of the laths
correspond to different grey contrasts. Like this, prior austenite grain boundaries are revealed
as boundaries from where laths grow into different directions (different packets) with
significantly different crystallographic orientations. In the BSE micrographs the carbides
appear as bright spots, reflecting the presence of heavier elements such as Cr, Mo, W or V.
Prior austenite grains have a size of approximately 50µm which is in agreement with
observations by optical microscopy (Radosavljevic, 2011) for the same block of material.
Further microstructural detail is gained from transmission electron microscopy (TEM)
images. Figure 1.37 shows a prior austenite grain boundary in an as-fatigue 2CrMoNiWV

1.2 Material Details

45

sample from where ferritic laths are growing. The alternating light and dark grey laths are
believed, to form a block, i.e. two crystallographic variants with a misorientation of about 10°
according to Morito et al. (2003). Lath boundaries are densely covered by carbides (small
dark volumes in bright field images), while the lath interiors exhibit a large number of
dislocations, subgrains and fine V4C3 carbides which are revealed in more detail at even
higher magnifications. This gives an impression of the enormous complexity of this steam
turbine rotor steel.

Figure 1.35

Optical micrograph of 2CrMoNiWV showing prior austenite grains and laths.

Figure 1.36

SEM-BSE micrograph of as-received 2CrMoNiWV showing prior austenite grain
boundaries (PAGB) and packets of laths.
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Figure 1.37
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TEM-BF overview micrograph of as-fatigued 2CrMoNiWV (565°C, 0.1%/s, ±0.7%
after 411 cycles, i.e. 1.2 N2% ).
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LCF tests have been carried out on material originating from the COST-2420 rotor, ring
D2 at 20°C and 550°C at a strain rate of 0.1%/s, see Figure 3.1. Specimens tested in this study
were exclusively extracted in the axial rotor direction of the ring D2, Figure 1.34. For detailed
information on basic mechanical properties the reader is referred to (Wiemann, 1991). Further
research has been carried out at the High Temperature Integrity Group at Empa by
Radosavljevic (2011) characterising the isothermal fatigue, creep-fatigue interaction and
thermo-mechanical fatigue (TMF) properties of 2CrMoNiWV.
No further literature is available on the bainitic 2CrMoNiWV steel. This includes,
especially, any assessment of the microstructural change of 2CrMoNiWV upon LCF loading,
neither of the dislocation or subgrain microstructure nor the precipitate condition.
Furthermore, mechanical data on the steel as assessed in this Thesis is commonly proprietary
and thus not readily accessible. In contrast, the extensively used bainitic 1CrMoV steel has
been broadly studied, especially with respect to its creep strength and precipitation condition.
1CrMoV is expected to exhibit vast similarity to the 2CrMoNiWV steel, keeping in mind that
differences are expected in the precipitation condition due to the different compositions.
Therefore, relevant existing knowledge on 1CrMoV is reviewed in the following.

1.2.3

1CrMoV

Low alloy ferritic steels such as 1CrMoV are extensively applied both in power generation
and chemical industries due to their economical combination of strength and ductility at
elevated temperatures (Norton and Strang, 1969; Wang et al., 1985). The bainitic 1CrMoV
steel is a common material used in HP/IP steam turbine rotors due to its good creep
properties. Other applications include steam pipes and headers, bolts and rotor casings. The
2CrMoNiWV steel was developed in order to improve the insufficient fracture toughness of
the 1CrMoV steel for low temperature rotor applications. In contrast to the 2CrMoNiWV
material, there is, however, more information available in the literature about the evolution of
the microstructure upon high temperature low cycle fatigue loading in 1CrMoV. Differences
are expected to be mainly due to the precipitation condition.
The following Section first outlines the critical loading situations that steam turbine
rotors are subjected to, in order to create an understanding for the challenges faced in elevated
temperature applications. It further reviews existing knowledge about the mechanical and
microstructural evolution that is exhibited by 1CrMoV steels during creep and fatigue
loading. Finally, the carbide structure of 1CrMoV steels and its evolution under different
loading conditions at elevated temperatures is outlined as a basis for the carbide identification
in 2CrMoNiWV steels.
Critical Loading Conditions for Turbine Rotors
The critical loading situations to which steam turbine rotor materials are subjected in general
include mainly creep, fatigue and their interaction (creep-fatigue) as well as temper
embrittlement and corrosion (high temperature corrosion, stress corrosion, steam oxidation)
(Holzmann et al., 1996a).
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1CrMoV steels are generally applied up to steam temperatures of 565°C, i.e. in the creep
relevant regime ~0.46Tm. As normally the presence of small cracks is allowed in the design of
steam turbine rotors (damage tolerant design), a sufficient combination of strength and
ductility at temperatures ranging from room-temperature to the application steam temperature,
both under creep and fatigue conditions, has to be provided by the applied material. Steam
turbine rotors experience significant creep loading due to centrifugal forces induced by the
dead weight and the attached turbine blading. LCF loading in steam turbines is relevant due to
the thermal transients occurring during start-up and shut-down cycles which cause
significantly high thermal strains and according stresses due to restricted thermal expansion
(Bhambri et al., 1987). An additional important damage mechanism is HCF which occurs as a
consequence of rotating bending under the dead weight of the rotor which rotates with a
frequency of up to 60Hz.
Figure 1.38 shows a simplified deformation map for 1CrMoV by Priest and Ellison
(1981) indicating the different deformation mechanisms involved at a given applied
temperature, stress, and strain rate. The high stress, intermediate temperature regime,
corresponding to normal LCF loading, is governed by dislocation glide and high to low
temperature climb which is a result of vacancy diffusion in the crystal lattice and diffusion
along dislocations, respectively. Creep loading at lower stresses and high temperatures occurs
either by Coble or Nabarro-Herring creep which involves vacancy diffusion along grain
boundaries or through the crystal lattice, respectively.

Figure 1.38

Deformation map for 1CrMoV with a grain size of 23µm. Printed with permission
from (Priest and Ellison, 1981) who used data by Frost and Asby (1977).
Tm ~ 1230°C, G ~ 81000MPa.

Apart from the interacting mechanical loading, chemical surface damage (i.e. corrosion),
and physical volume damage (i.e. temper embrittlement) occurring during long-term operation
of power plants challenge the applied materials by deteriorating their toughness. Temper
embrittlement involves the diffusion of P to the prior austenite grain boundaries (Holdsworth
and Thornton, 1992). All of these aspects have to be considered in the design of power plant
components to provide for safe and economic operation during more than 100000h.
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CSR of 1CrMoV subjected to isothermal LCF (with/without hold-time of 30min) and
TMF (in-phase/out-of-phase) loading. The strain and temperature test frequency is
at 0.0083Hz. Reprinted with permission from (Ellison and Al-Zamily, 1994).

Creep and Fatigue Loading
Several studies are available that discuss the mechanical properties of 1CrMoV subjected to
different mechanical loading conditions: i) isothermal LCF of turbine rotor-grade 1CrMoV
without hold-time (Bhambri et al., 1987; Joarder et al., 1991, 1992; Plumbridge and Bartlett,
1982; Wang et al., 1985) and with hold-time (Ellison and Al-Zamily, 1994), ii) thermomechanical fatigue (TMF) of rotor material (in-phase, out-of-phase) (Ellison and Al-Zamily,
1994) and service-like loading (simulating loading conditions at critical rotor locations during
start-up and shut-down) (Colombo et al., 2002; Holdsworth et al., 2004; Masserey et al.,
2003), iii) creep in rotor material (Bose et al., 2003b; Carruthers and Collins, 1983) and iv)
creep-fatigue interaction, e.g. (Binda, 2010; Holdsworth et al., 2007).
Figure 1.39 shows a comparison of the isothermal LCF (with/without hold-time of
30min) and TMF (in-phase/out-of-phase) response of a 1CrMoV rotor material by Ellison and
Al-Zamily (1994). For all cyclic loading conditions 1CrMoV shows a continuously softening
cyclic stress response (CSR). The major stress-range decrease occurs in the first 20% of the
life prior to a stabilised stage with approximately linear softening, and the final damage where
increased crack propagation causes nonlinear softening before final fracture. Holdsworth et al.
(2010) have indicated that the linear softening stage is dominated by ongoing dynamic
recovery, causing subgrain growth and dislocation density reduction, and the development of
small surface fatigue cracks. Larger strain ranges lead to an increased CSR due to strain
hardening, while a lower test temperature has the same effect due to a higher yield stress.
Additional transient temperature loading leads to the build-up of a substantial mean stress
which is compressive in the case of in-phase cycling and tensile in the case of out-of-phase
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cycling. TMF loading leads to an increased CSR due to the differential hardening in tension or
compression at respectively higher or lower temperatures. As in-phase cycled specimens
feature the lower temperature and therefore the increased strain hardening in compression, the
stress range is higher for this condition as less creep effects occur due to the reduced stress in
tension. Hold-times generally enhance the observed softening behaviour at the respective
testing condition.

Figure 1.40

Left: Ultrasonic attenuation coefficient and creep curve; right: measured dislocation
density and length during creep at 35MPa, 650°C. Reprinted with permission from
(Ohtani et al., 2006a).

Microstructural investigations of as-received and as-tested 1CrMoV have revealed that
the microstructural evolution during LCF (Bhambri et al., 1987; Plumbridge and Bartlett,
1982) and creep (Ohtani et al., 2008; Ohtani et al., 2006a, b) leads to a reduction of the
dislocation density and their rearrangement to form subcells and subgrains. Ohtani et al.
(2006a) measured the ultrasonic attenuation of a CrMoV steel (JIS-SNB16) that was exposed
to creep loading at 650°C and various stresses, i.e. 25, 35, 45 and 55MPa. The examined alloy
is used for high-temperature bolts in industrial plants operating at high temperatures and
pressures. It was found that the attenuation shows a maximum at 20-30% and a minimum
peak at 50% of the creep life independent of the applied stress, see Figure 1.40. Dislocations
are vibrating during exposure to ultrasonic waves with a phase lag due to viscosity so that
their energy is dissipated and the ultrasonic velocity is reduced. The attenuation characteristic
was attributed to the energy loss associated with the microstructural changes that appear
during creep. Measurements of the dislocation density have revealed that the maximum
attenuation corresponds to the maximum dislocation density, see Figure 1.40. Not all
dislocations interact with the waves. For instance, dislocations piling up at grain or subgrain
boundaries cannot vibrate. While the attenuation decreases with a decreasing dislocation
density, it starts to increase again at the onset of tertiary creep. Figure 1.41 reveals that the asreceived condition (t/tr = 0) features a high density of dislocations. These are tangled within
elongated ill-defined cells. At about 50% of the creep rupture life (t/tr = 0.54) the dislocation
density within the cells is significantly decreased and cells and subgrains are more distinctly
defined with a larger size. The successive decrease in dislocation density (annihilation) and
their rearrangement to form growing subgrains loading is attributed to static recovery during
creep. Comparing the results for a LCF and a creep loaded 1CrMoV steel, cf. Figure 1.42 and
Figure 1.41, it seems that the changes associated with LCF at 565°C up to midlife are very
similar to the evolution of the microstructure during creep at 650°C up to about 50% of the
creep rupture time. The subgrain sizes, however, appear to be essentially different. Whereas
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the subgrain size emanating from LCF loading is in the range of 0.1µm, it is about seven
times larger in the case of creep loading. Furthermore, the dislocation density seems to be
smaller after creep which is probably due to the exposure to higher temperatures.

Figure 1.41

Microstructure at different fractions of creep life (650°C, 25MPa). Left to the right:
two TEM micrographs at different magnifications and an EBSD kernel average
misorientations map (black lines: misorientation boundaries > 5°, red lines: low Σ
grain-boundaries Σ < 27, black areas: precipitates) at the following conditions: a) t/tr
= 0, b) t/tr = 0.54. Reprinted with permissions from (Ohtani et al., 2008; Ohtani et al.,
2006b).
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Figure 1.42

Microstructural development of tempered as-fatigued 1CrMoV revealing the
formation of subcells and the alignment of large carbides after 50% of the creep life
at 565°C. Reprinted with permission from (Plumbridge and Bartlett, 1982).

Carbide Structure and Strength
Before the influence of service and purely mechanical or thermal loading on the carbide
structure of 1CrMoV can be discussed a few aspects of the alloy design of CrMoV steels are
helpful to be mentioned. These are mainly designed for high creep strength and ductility to
meet the demanding requirements of high temperature applications. Woodhead and Quarrell
(1965) reviewed the role of alloying elements and carbides in low-alloy creep resistant steels.
Optimised compositions for HP and LP turbine rotor applications are given by Norton and
Strang (1969) and commonly applied compositions by Senior (1988) in Table 1.2. The high
temperature strength of low alloy steels is originating from i) the solid solution strengthening
and ii) the carbide types, stability and their dispersion in the matrix.
Table 1.2

Typical composition ranges (in %wt) for UK 1CrMoV rotor steels (Senior, 1988) and
for optimised HP and IP rotor forgings (Norton and Strang, 1969).

Reference

C

Si

Mn

P

S

Cr

Mo

Ni

V

(Senior, 1988)

0.2
0.3

0.15
0.35

0.5
0.85

<0.015

<0.015

0.8
1.1

0.6
0.9

0.5
0.85

0.3
0.4

(Norton and
Strang, 1969)

0.24
0.31

0.17
0.27

0.74
0.81

0.007
0.0025

0.009
0.019

0.98
1.15

0.65
1.08

0.6
0.76

0.27
0.36

The basic matrix strength comes from solid-solution hardening of iron. Interstitial
hardening by C or N creates a tetragonal distortion of the crystal lattice which is generally
more effective than substitutional hardening by e.g. P, Si, Mn and Mo. The effect of C or N is
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thereby about three times stronger than for substitutional P and about 40 times for Si, Mn or
Mo. Ductility, on the other hand, is increased by the addition of Mn and Cr, while Mo and P
have a detrimental effect. Concerning creep strength, however, addition of Mo (solid solution
strengthening and carbide formation) is most beneficial, while creep ductility is enhanced by a
balance of matrix to grain boundary strength. Stone and Murray (1965) studied the influence
of the alloying elements Cr, V, Ce, B and Ti on the creep ductility of CrMoV steels with a
tempered martensite microstructure. Low rupture ductility is attributed to intergranular
cracking along prior austenite grain boundaries with adjacent precipitate-free regions, i.e.
denuded grain boundaries (DGB). More grain boundaries and wider DGB volumes thereby
enhance the rupture ductility as the plastic deformation is less concentrated in the DGBs but
more sustained by the grain or lath interior. DGBs are explained to form due to the growth of
grain boundary carbides (M3C, M23C6, M7C3) which requires the dissolution of adjacent
matrix carbides, e.g. V4C3. Less intense precipitation of V4C3 leads to wider DGBs as more
precipitates have to be dissolved to satisfy the amount of C required at the grain boundaries.
This is achieved by lower hardening temperatures, an increased Cr and a decreased V content
which reduces the extent of V4C3 precipitation in favour of Cr7C3. Alternatively to this
reduction of strength in the matrix, the strengthening of the grain boundary regions with Ti
and Zr can be considered to reduce the concentration of plastic strains at the DGBs and to
transfer them into the matrix.
This example shows that the mechanical properties of ferritic steels at elevated
temperatures are mainly influenced by the type and dispersion of carbides, while solid
solution hardening plays a minor role only. According to Woodhead and Quarrel (1965), the
crystal structure of these carbides depends on the element group of the alloying elements: i)
cubic carbides (e.g. V4C3) are formed by Group IV (Ti, Zr) and Group V (V, Nb) elements;
ii) close-packed hexagonal carbides (e.g. Mo2C) by Group V (Ta) and Group VI (Mo, W)
elements; and iii) orthorhombic carbides (e.g. Fe3C) are formed by Cr (Group VI) and Mn
(Group VII). Pure binary carbides containing only two element types do generally not occur
as other elements are normally dissolved. The strongest effect of carbides on hardness is
associated with coherent precipitates, leading to higher friction stresses than incoherent
particles, see Section 1.1.3. As already mentioned above, the dispersion of carbides is a
further important factor that determines the ductility and strength and may also impede
recovery by reducing dislocation mobility. For high temperature applications it is essential
that the carbides remain relatively stable during service so that particles with an enhanced
resistance to growth are preferred. Stability of carbides decreases in the order M4C3, M2C,
M23C6 or M7C3 and M3C.
Senior (1988) reviews the carbide types occurring in 1CrMoV rotor steels which are
summarised in Table 1.3. Thermodynamically instable Fe3C mainly precipitates on grain
boundaries during the bainite reaction and is further enriched in Mo, Cr and Mn or
transforming to stable M7C3 or M23C6 during tempering. At the same time, acicular M2C and
finely dispersed M4C3 platelets (equivalent to MC) precipitate in the matrix. According to
Williams (1981) and Bose et al. (2003a), V4C3 preferentially precipitates at matrix
dislocations and is subjected to growth due to enhanced pipe-diffusion of Mo along the
dislocations. V4C3 can dissolve 85% of Mo which precipitates as Mo2C out of V4C3 when
supersaturated under the formation of so-called “H” carbides (Felix and Geiger, 1961;
Murphy and Branch, 1969). In these characteristic carbides V4C3 constitutes the central part,
while Mo2C forms the wings of the “H”.
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Table 1.3

Summary of carbide-types as expected in 1CrMoV rotor steels. Based on (Senior,
1988).

Carbide

Structure

Composition

Morphology

Stability

M3C

orthorhombic
a = 4.524Å
b = 5.088Å
c = 6.741Å

Fe (Mo, Cr, Mn)
Fe3C  M3C

oriented ribbons
l ~ 1-2µm,
t ~ 200nm

least stable
carbide, may
dissolve, attracts
Cr

M23C6

complex cubic
a = 10.62Å

Cr (Fe, Cr, Mo)
M3CM23C6 or
M3CM7C3M23C6

irregular,
equiaxed, on
boundaries
d < 1µm

similar stability
as M7C3 depend.
on composition,
attracts Cr/Mo

M4C3
(MC)

cubic
a = 4.160Å

V (Mo, Fe, Cr)
matrixM4C3 or
matrixM3CM4C3

platelets,
H-type (centre),
on dislocations
within laths,
bimodal size:
d1 ~ 10nm,
d2 ~ 500nm

stable,
enrichment with
Mo up to
nucleation of
M2C

M2C

close packed
hexagonal
a = 3.002Å
c = 4.724Å

Mo (Cr, Fe, V, W)

acicular,
H-type (wings),
needle axis
parallel to <100>α
l ~ 200nm,
t ~20nm

stable, may
transform to
M6C for high
Mo/Fe, attracts
V/C, nucleates
on M4C3
(T < 610°C)

M6C

fcc (diamond)
a = 11.082Å

Mo (Fe, Cr, V, W)

Similar to M23C6,
nucleating at
M23C6 or
boundaries

may form after
extended
tempering

M7C3

pseudo-hex.
a = 13.982Å
c = 4.506Å

Cr (Fe, Mo, V, W)
M3CM7C3 or
M3CM23C6M7C3

irregular,
equiaxed, on
boundaries, may
nucleate at M23C6

similar stability
as M7C3 depend.
on composition

Norton and Strang (1969) state that good creep resistance is obtained in 1CrMoV rotor
steels with an inter-particle spacing between V4C3 carbides of less than 100nm which is
obtained for a V/C ratio of 1.5 to 2 at a C content of 0.2-0.25%. The optimum dispersion of
V4C3 is critically influenced by i) the presence of coarse carbides and therefore by the content
of C, Cr, Mo and V and ii) the transformation product after the hardening heat-treatment. Too
high C contents lead to precipitation of excess M3C, while too much Cr enhances the
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formation of stable Cr-rich M3C and M7C3, whereas an excess amount of Mo yields Mo-rich
M2C and M6C, all of which impair the fine dispersion of V4C3 required for good creep and
rupture properties at elevated temperatures. Thermodynamic stability of V4C3 is further
achieved by limiting the amount of Mn and Ni which, if exceeding 1%, leads to enhanced
coarsening. Appropriate amounts of Mo (0.6-0.9%) provide for a stable partial coherency of
V4C3 and therefore of the matrix strength. An excess content of Mo, however, leads to the
formation of rapidly growing M2C and M6C which denude the adjacent matrix of fine V4C3.
Finally, the Cr content has to be limited (<1%) such that the formation of very stable Cr-rich
M3C and M7C3 at the grain boundary is restrained which otherwise prevents the appropriate
dispersion of V4C3. The appropriate, optimised composition for HP and IP steam turbine
rotors is given in Table 1.2. The favourable transformation product which leads to the most
satisfactory dispersion of V4C3 is upper bainite. This requires adequate control of cooling
during the hardening of large rotor forgings to provide appropriate uniformity throughout the
component, see Figure 1.32. While different preliminary heat-treatments are normally applied
to adjust the austenite grain size, the quality heat-treatment for rotor steels contains a final
austenisation treatment at 975°C / 12h / oil-quench and a tempering treatment at 700°C / 18h /
furnace-cool (Norton and Strang, 1969).
While the mechanical material characterisation is generally carried out on the initial asreceived material condition, various studies have been performed to determine the remaining
strength properties after actual long-term service of the material. Post-testing and post-service
studies for 1CrMoV include: i) rotor steel material (Bhambri et al., 1987; Bose et al., 2003b;
Ellison and Al-Zamily, 1994; Holzmann et al., 1996a, b; Joarder et al., 1991, 1992;
Plumbridge and Bartlett, 1982; Wang et al., 1985), ii) cast casings (Bose et al., 2003a;
Fujiyama et al., 1990; Murphy and Branch, 1969), and iii) steam pipe material (Carruthers
and Collins, 1983; Collins, 1978; Singh and Singh, 1997; Walser and Rosselet, 1978;
Williams and Wilshire, 1981). The respective compositions of the materials studied in the
given references is summarised in Table A.1, corresponding heat-treatments can be found in
Appendix A. Cast casing materials have a reduced content of C and Ni and steam pipes
additionally of Cr compared to rotor materials. These studies can therefore only be indicative.
The rotor material examined in an early study by Plumbridge and Bartlett (1982) reveals
finely dispersed V4C3 and plate-like Fe- and Cr-rich M3C in the as-tempered condition. V4C3
denuded zones (~0.5µm) around prior austenite grain boundaries are further reported.
Plumbridge and Bartlett (1982) note that during tempering a reduction of the dislocation
density remanent from the bainite transformation occurs and that the partial formation of
subgrains decorated by large carbides is evident. Room temperature LCF loading (±0.5%,
0.4%/s) leads to the early formation of subgrains with an ongoing reduction of the dislocation
density in their interiors. The fine V4C3 carbides are reported to be swept into the forming
subgrain walls and to align. Cyclic loading at 565°C shows a similar characteristic change of
the microstructure but to a lesser extent: large carbides appear to align and well-defined
subgrains are formed with their interiors featuring a generally higher dislocation density than
those observed after room temperature cycling and still finely dispersed V4C3. In further
contrast to the room temperature evolution, subgrains are larger in size (~0.2 µm) and
carbides appeared to grow, especially V4C3. DGBs induced by fatigue were not observed.
Plumbridge and Bartlett (1982) attribute 70% of the softening at room temperature to the
dislocation reduction and rearrangement and 30% to the increased inter-particle spacing
induced by their mechanical alignment and relocation. At elevated temperatures, softening is
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believed to completely emanate from the dislocation density decrease and the formation of
subgrains, while the hardening from increasing carbide sizes and the softening from
increasing particle spacings are believed to be balanced.
Another detailed study on the effect of room and high temperature LCF on the carbide
structure in a 1CrMoV rotor steel was performed by Wang et al. (1985). The as-tempered
microstructure is reported to be made up of Fe-rich M3C, Mo-rich M2C and V-rich M4C3 (or
MC) in the matrix and of Cr-rich M7C3 or M23C7 at grain, lath or packet boundaries. V-rich
carbides were mainly found to precipitate on dislocations, while locally fine acicular Mo-rich
M2C was observed in the matrix. Upon cycling, carbides are reported to undergo
spheroidisation and growth (especially cementite) and to adopt a cellular arrangement. Tensile
hold-times (10min) and higher strain ranges appeared to enhance this process. Initially
observed plate-like V4C3 thereby transformed to a spherical morphology. While coherent or
semi-coherent interfaces between plate-like V4C3 and matrix are expected to prevent growth,
cyclic deformation is stated to destroy coherency and therefore increases the driving force to
reduce the interface energy by growth. The statement of a cellular rearrangement of carbides
during cycling is, however, questioned as no appropriate consideration is made of
crystallographic and lath growth orientations.
Bose et al. (2003b) compare the structural change of carbides during creep (550°C,
565°C and 600°C at 98-235MPa) and stress-relaxation (550°C, 600°C at 0.2%-1% prestrain)
testing in a 1CrMoV rotor material. The as-tempered microstructure is characterised by M3C,
M4C3, M23C6 and occasional M2C. No H-type particles were observed. After stress relaxation
testing the carbide structure is dominated by M4C3, M2C, M23C6, (V, Mo)C, i.e. H-type
particles and M3C. Creep-ruptured samples revealed a similar but more coarse carbide
structure. Especially no distinct presence of H-type particles is observed in the crept
condition. Hold-times of 5h in the stress-relaxation experiments is observed to enhance DGBs
due to the growth of grain boundary carbides, the formation of subgrains and grain boundary
sliding and migration. The formation of subgrains is thereby only observed at preferential
sites at low to intermediate stress levels. In contrast to the crept sample, the stress-relaxation
tested sample features i) a distinctly higher amount of H-type carbides, and ii) the secondary
precipitation of oriented M4C3 carbides. The more distinct formation of H-type carbides is
thereby anticipated to be due to a complex strain hardening and recovery process during stress
relaxation testing which produces a dislocation density such that dislocation pipe-diffusion
enhances the diffusion of Mo to V4C3.
The microstructural post-service condition of a 1CrMoV rotor steel was examined by
Joarder et al. (1991, 1992). After service at 510°C over 200000h of a combined HP/IP rotor
steel, the microstructure reveals a high dislocation density, long plate-like ellipsoidal M3C in
the matrix and thick M3C on grain boundaries as well as abundant fine spheroidal M4C3 and a
minor amount of fine M2C platelets and H-type carbides in the matrix. Post-service LCF
deformation (538°C, ±0.3% and ±1%) resulted in a strong precipitation of fine M2C in the
matrix and as wings of H-carbides as well as in the spheroidisation of plate-like M3C to an
ellipsoidal or globular shape. M4C3, however, is reported to be only little affected by postservice LCF. An additional tensile hold-time of 1h and/or higher strain ranges accelerate this
microstructural evolution. The prior exposure of the material to long-term service, in contrast
to direct LCF deformation of the as-tempered material leads to an increased formation of Htype particles where the acicular M2C emanates from coarse M3C. No M6C or M23C6 is
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observed. Additional tempering at 677°C/24h of similar post-service material (425°C,
200000h) resulted in a stabilised microstructure with coarse ellipsoidal or globular M3C at
grain boundaries and within the matrix, coarse M23C6 along grain boundaries, fine plate-like
M2C and fine spheroidal M4C3. Further LCF loading of the post-service tempered material at
538°C resulted in a tendency to form spheroidal M3C, a minor coarsening of M4C3 and
enhanced precipitation of M2C within the matrix. An additional hold-time of 1h promoted the
nucleation of M2C platelets at M3C. Annealing studies between 500°C and 720°C for 500h to
10000h by Janovec et al. (2006) on another CrMoV steel containing 2% Cr were performed to
simulate the evolution of the carbide structure under service conditions. They confirm the
presence of M3C, M2C, M7C3, M23C6, M6C and M4C3. M23C6 is reported to be the equilibrium
carbide for temperatures between 500°C and 600°C, while at temperatures between 600°C
and 720°C M7C3 is the stable carbide. Supported by thermodynamical simulation and
experimental EDX, the Cr/Fe ratio is estimated to be 0.2-1 for M3C, 1-2 for M23C6 and 2-5 for
M7C3. Post-service studies on cast casing and piping CrMoV steels are commonly reporting a
dislocation density reduction and subgrain formation as well as the possible coarsening of
grain boundary carbides such as M7C3 or M23C6 resulting in DGBs. Finely dispersed V-rich
M4C3 is stated to coarsen as well and M2C to precipitate which is frequently accompanied by
the formation of H-type carbides.
With the knowledge gained from this review of 1CrMoV steels, the following points
relevant for the mechanical and microstructural evolution of 2CrMoNiWV are summarised:
•

LCF loading in turbines is relevant due to strains introduced by thermal transients
occurring during start-up and shut-down cycles as a result of the temperature differences
between rotor surface and core.

•

LCF at elevated temperatures leads to cyclic softening in 1CrMoV rotor steels and a
strain rate dependency has to be expected due to thermally activated dislocation climb.

•

The high temperature strength of low alloy steels originates mainly from the high
dislocation density associated with the bainitic structure, from particle strengthening
(depending on carbide type, stability and dispersion in the matrix) and to a minor extent
from solid solution strengthening (mainly due to C and Mo, Mn and Si).

•

Cyclic softening in low alloy 1CrMoV steels is mainly attributed to the reduction of the
dislocation density and their rearrangement to subgrains (~200nm). Changes in the
carbide structure are reported to change during room temperature LCF.

•

The as-tempered microstructure of 1CrMoV is generally made up of Fe-rich M3C and of
Cr-rich M7C3 or M23C7 at grain, lath or packet boundaries and of Mo-rich M2C and Vrich M4C3 (or MC) in the matrix.

•

Cyclic loading at 565°C is reported to lead to the spheroidisation and growth especially
of cementite M3C but also of the finely dispersed M4C3.

•

Thermodynamical stability of carbides decreases in the order M4C3, M2C, M23C6 or
M7C3 and M3C.

•

The enhanced formation of H-type carbides, i.e. M4C3 and M2C, is reported after longterm service at elevated temperatures.
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Basics on Microstructural Investigation Techniques

As shown in Section 1.1, the mechanical behaviour of materials is determined by their
microstructure. Changes of the elastic-plastic characteristics thereby directly originate from
the evolution of the microstructure implying changes of the deformation resistance. The
formulation of a physical model requires an understanding of these microstructural processes.
On the basis of the review of the different mechanisms in Sections 1.1 and 1.2.3, it is
anticipated that the density of dislocations and their arrangement to subgrains are the
dominant microstructural parameters that control the strength of 2CrMoNiWV. While
dynamic recovery is expected to lead to an evolution of these features during cyclic
deformation, the carbide structure can also change upon long-term exposure to elevated
temperature. Section 1.3.1 therefore reviews appropriate techniques that can be applied to
gain better knowledge about the evolution of, especially, dislocation density, subgrain size
and the carbide structure. It further provides an introduction to diffraction in crystalline solids
in Section 1.3.2 and other basic physical principles of electron microscopy (Section 1.3.3) and
neutron diffraction (Section 1.3.4) which are mainly applied in this project.

1.3.1

Overview of methods

Various techniques are available that can be used to study dislocation arrangements and to
determine dislocation densities. Hull and Bacon (2001) divide the different methods into five
categories: i) surface methods, ii) decoration methods, iii) transmission electron microscopy,
iv) diffraction methods and v) field ion microscopy. Hemker (2001) further discriminates
between direct and indirect techniques.
Surface methods indirectly reveal the presence of dislocations, either by observation of
surface steps that form at the sites where dislocations exit the material, or by using
preferential etching at dislocations to produce etch pits at the surface. Besides being obviously
restricted to surface regions, overlapping etch pits limit the application to materials with
dislocation densities less than 1010m-2. Decoration methods generally apply heat treatments to
initiate precipitation on the dislocations. Visible light or infrared transparent crystals are,
however, necessary to indirectly observe the dislocations with this technique. Field ion
microscopy (FIM) is a technique with which atomic positions in a small sampling area can be
visualised by field ionisation of an imaging gas at a sample tip which is immersed in a strong
electric field. Similarly, atom probe microscopes (APM) can be used to reveal disruptions in
the otherwise regular atomic arrangements of crystalline materials. Both techniques can be
used to directly image dislocations as they feature very high resolutions – implying small
sampled volumes, however – which makes them more useful to study individual dislocations
rather than their collectives.
The most appropriate, flexible and widely applied technique for imaging the dislocation
substructure is transmission electron microscopy (TEM). Individual dislocations and their
arrangements in crystallites can be visualised as they characteristically diffract electrons due
to their imposed strain fields. It further provides the possibility to determine the crystal
orientation as well as to gather chemical information, e.g. of carbides. From the direct
observation of dislocations and their collective arrangements, dislocation densities and
subgrain sizes can be determined in a larger volume than for FIM or APM. While Klaar et al.
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(1992) show that the dislocation density can be determined by TEM repeatably within 15%,
they point out that the dislocation microstructure varies considerably throughout the sample
volume. This variation can only be accounted for by observing a large sample volume. As
dislocations are further increasingly clustering at higher dislocation densities, TEM is
restricted to the determination of densities less than 1015m-2. X-ray diffraction topography
further allows to directly image individual dislocations over larger volumes. The reduced
resolution and ease to manipulate the X-ray beam, however, limit its applicability to
dislocation densities less than 1010m-2. Scanning electron microscopes (SEM) can also be
applied to reveal orientation variations within grains using backscattered electron contrast
(BSE) imaging or the quantitative electron backscattered diffraction (EBSD) method.
Generally, angular resolutions are, however, restricted to misorientations higher than 0.8°. A
relatively new technique within SEMs with which dislocations can be imaged is using
electron channelling contrast (ECCI). This technique has the advantage of using relatively
bulk samples so that the delicate preparation of thin foils can be avoided. Another, very
powerful technique to determine both, dislocation densities and subgrain sizes, are X-ray or
neutron diffraction from samples with a relatively large cross-section. Diffraction line profile
analysis (DLPA) allows to extract microstructural parameters from the peak shape of
diffraction profiles as volume averaged properties. Diffraction is sensitive to the strain fields
of dislocations (strain effect), and to the finite size of subgrains (size effect). In this respect,
diffraction techniques are indirect methods as they do not include imaging of dislocations.
Relatively large sample volumes can be examined by this method, where neutron radiation
provides a higher penetration depth and therefore allows larger sample sizes than X-rays.
High resolution diffraction experiments with sufficient beam flux are necessarily done at large
synchrotron (X-rays), reactor or spallation (neutrons) facilities, where access for use is only
very limited.
Other methods that can be used to characterise the microstructural evolution of materials
are based on the influence of microstructure on different physical material properties. These
may include: i) hardness, i.e. basically a local probe of mechanical properties, e.g. (Graça et
al., 2008; Nix and Gao, 1998); ii) mechanical spectroscopy measuring mechanical damping
due to dislocation vibration, e.g. (Ohtani et al., 2006b; Schaller et al., 2001); iii) Barkhausen
noise emission reflecting interactions between magnetic domain walls and dislocations, e.g.
(Moorthy et al., 1999); iv) electrical resistivity based on the influence of dislocations on
electron movement in metals, e.g. (Walther and Eifler, 2007); and v) differential scanning
calorimetry measuring enhanced phase transformation due to internal strain fields, i.e. internal
energy, e.g. (Papazian et al., 1980; Sinha, 2003). While these methods can be accessed more
easily and partially be applied even in-situ, they only provide a relative measure of change of
the respective physical property which is affected by the dislocation microstructure. In
principle this is analogous to the change of mechanical properties during mechanical testing.
Appendix B summarises some exploratory feasibility studies carried out within the scope of
this project including electrical resistivity, differential scanning calorimetry, mechanical
spectroscopy and EBSD.
Both electron microscopy and neutron diffraction were applied in this project to
quantitatively characterise the microstructural evolution of 2CrMoNiWV due to LCF
deformation. Investigations included the dislocation density and subgrain size determination
as well as the identification of carbides. As the applied techniques are mainly based on the
physical principle of diffraction, the following Section introduces the basic concepts.
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Diffraction in crystalline solids

Dislocations and grain boundaries are disruptions of linear and two-dimensional extent,
respectively, in the otherwise periodic arrangement of atoms in a crystal lattice. As indicated
in Section 1.1, they introduce a characteristic strain field in their vicinity as a result of
displacements of the surrounding atoms from the perfect lattice positions. It is this property
that is exploited both, in electron microscopy and in the different diffraction techniques, to
characterise the dislocation substructure. The formation of contrast in electron microscopy
and the details of the diffraction spectra are determined by the interaction of the incoming
particle beam – be it electrons, photons (X-rays) or neutrons – with the sample. Despite the
extent, appearance and application of particle-matter interaction being specific to the probing
particles, there are wide analogies between them. The following dedicated literature is used as
a basis for this Section if not referred to differently: i) for electron diffraction (Egerton, 2007;
Goodhew et al., 2001; Williams and Carter, 2009); ii) for X-ray diffraction (Spiess et al.,
2009; van der Veen and Schönfeld, 2009); iii) for neutron diffraction (Kisi and Howard,
2008; Pynn, 1990; Willis and Carlile, 2009).

Figure 1.43

Interception of Debye-Scherrer cones by horizontal detector bank in a constant
wavelength diffractometer resulting in a line profile. After (Kisi and Howard, 2008).

Scattering thereby describes the process in which the incident beam is altered in
direction and intensity upon interaction with the material. Scattering may be either elastic or
inelastic, coherent or incoherent, forward or back scattering and leads to various signals that
carry different information. Elastic or inelastic refers to particle beam-matter interactions in
which scattering involves no or a measurable loss of energy, respectively. The coherency of a
particle-wave indicates, whether the wavelets are in phase with the same wavelength. If the
distance between the scattering centres is in the order of the interatomic distances, i.e.
~0.1nm, and comparable to the wavelength of the probing particle-wave, strong interference
between the incident particle-wave and those scattered at regularly arrayed scatterers leads to
diffraction which manifests itself in an angular distribution of intensity. Although scattering is
characteristic of the particles used for sampling of the material, the mathematical treatment is
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widely analogous. An understanding of diffraction and the influence of crystal imperfections
on the diffracted intensities forms an important basis for the microstructural investigations
carried out in this project. For this reason, it is discussed in the following.

Figure 1.44

Bragg diffraction: Incoming beam with diffraction vector k is scatter into the
scattered wave vector k’ under the Bragg angle θhkl.

The Diffraction Angle (Bragg’s Law)
It is well established that electrons (e-), X-rays (photons υ) and neutrons (n) exhibit both,
particle and wave characteristics, i.e. wave-particle duality. The description of scattering
processes normally takes the particle view, while diffraction is commonly treated on the basis
of a wave approach. de Broglie relates the momentum p of the particles to their wavelength λ
using Planck’s constant h = 6.626∙10-34Nms.

λ=

h
h
=
p mv

1.15

With this, the (non-relativistic) wavelength-energy relationships for the different particles can
be stated:

=
λυ [nm]

1.240
=
λe− [nm]
hυ[keV]

1.227
=
λn [nm]
Ee− [eV]

0.905
En [meV]

1.16

It is apparent that the wavelength decreases with increasing kinetic energy Ei of the particles.
In the case of e.g. highly accelerated electrons (300kV electron microscopes), relativistic
effects need to be considered in Eq. 1.15. As stated earlier in this Section, diffraction on a
crystal occurs from coherent scattering with a wavelength of approximately 0.1nm or smaller.
This implies different beam energies which depend on the accelerating voltage in the case of
photons (electromagnetic wave emitted from fast, modulated electrons) and electrons and on
the moderator temperature in the case of neutrons. The different particles are scattered from
specific scattering centres: i) scattering of the electromagnetic field of the X-rays occurs by
an interaction with sample electrons which are excited to oscillate in the electromagnetic field
of the X-rays and emit an own electromagnetic field coherent to that of the incoming X-rays;
ii) electrons scatter on sample electrons and nuclei via Coulomb interaction without field-tofield exchange; iii) neutrons, finally, scatter from the nuclei in crystals and, in the case of
magnetic materials, their magnetic moments also scatter from that caused by unpaired sample
electrons. The coherent scattering cross sections, i.e. the product of the probability to interact
with the scatterer and the area of this scatterer, decrease from electrons to X-rays and
neutrons. Inversely, the penetration depth is largest for neutrons and smallest for electrons
according to their scattering probability.
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Figure 1.45
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Diffraction from a) a single crystal leading to a spot diffraction pattern, b) a small set
of grains and c) a large set of differently oriented grains leading to a ring pattern.
After (Kisi and Howard, 2008).

Diffraction is regarded to be a result of the interaction of coherently scattered particlewaves. There are two important aspects of this: i) the diffraction angles at which constructive
interference between the incoming and scattered wavelets occurs, i.e. the Bragg angles, and ii)
the diffracted intensities resulting from diffraction at a sample. The shape and size of the
crystal unit-cell can be determined from the diffraction angle, while the diffracted intensities
provide information about the scattering potential within the unit-cell (atomic positions), the
size of coherently scattering domains (or mosaic size) and the strains caused by crystal
defects.
Bragg’s law is used to determine the diffraction angles θhkl by which an incident beam
with wavelength λ is diffracted from a properly oriented crystal plane with interplanar spacing
dhkl.
nλ = 2d hkl sin [θ hkl ]

1.17

This relationship reflects the fact that two wavelets that scatter from two adjacent scattering
centres require a path difference x to be an integer multiple n of the wavelength λ, in order to
yield constructive interference, see Figure 1.44. Eq. 1.17 provides information about the
angles under which a set of (hkl) planes diffract at a given particle wavelength. In the case of
a single crystal, only those planes diffract which fulfil the Bragg condition. Diffraction of a
set planes to different angles results in the formation of a spot pattern, see Figure 1.45, as
commonly observed in electron diffraction. To obtain a diffraction pattern with different (hkl)
peaks from a single crystal, either the incident angle of the beam (constant wavelength setup)
has to be changed or its wavelength (constant angle setup). In contrast, in polycrystalline
materials with a sufficient number of differently oriented crystallites, there is always a
statistically significant number of domains of a specific (hkl) orientation in the irradiated
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volume that fulfils the Bragg condition, see Figure 1.45 c). Like this, ring patterns are
observed. Each ring of different radius corresponds to grains with suitably oriented plane
types. This is also denoted as powder diffraction. The rings are actually concentric cones of
different opening angles, i.e. Debye-Scherrer cones, see Figure 1.43. Their interception with a
plane normal to the incident beam, as e.g. in TEMs, leads to the observation of rings.
Commonly, horizontal detector banks are used in neutron or X-ray diffractometers, as shown
in Figure 1.43. There, a line profile is observed with different peaks arising from different
(hkl) cones. Diffraction from an infinite perfect crystal would lead to an infinitely narrow δtype intensity distribution in the line profile or a perfect mathematical point in the spot
pattern. In reality, there is a distribution of intensity at every Bragg angle due to finite
crystallite sizes (size effect), the presence of dislocations (strain effect), stacking-faults or
twins as well as intergranular strains, gradients in the chemical composition, second phases or
magnetic domains. A comprehensive account of the different effects is given by Kisi and
Howard (2008).
The Diffraction Intensity
In the following, focus is laid on the derivation of the intensity distribution for diffraction at a
perfect crystal with finite dimensions. This forms the basis for a discussion of the size and
strain effects which are important in the context of subgrain size and dislocation density
determination as well as for the formation of contrast in TEM. As mentioned earlier in this
Section, the formulations are analogous and equivalent for X-ray, electron and neutron
diffraction. Focus is however laid on the latter for simplicity.

Figure 1.46

a) Scattering of an incident plane wave ψi at a single scatterer A into a scattered
spherical wave ψs. b) Scattering of a plane wave at two scatterers A and B.

An incident plane particle-wave ψi which propagates in the direction of the wave vector
k with length │k│ = 2π/λ at any position r can be described by
=
ψ i exp [ik ⋅ r ]

1.18
2

The probability of finding a particle in a volume dV is then given by │ψi│ dV with
│ψi│2 = 1, indicating one particle per unit volume throughout space. Scattering of the
incident plane wave on an isolated scatterer results in a spherical wave ψs with the scattered
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wave vector k′ which has the same length as the incident wave in the case of coherent elastic
scattering, i.e. │k│ = │k′│ = 2π/λ, see Figure 1.46 a). At an observer located at the position
R on a sphere with radius R around the scattering centre, the scattered spherical wave can be
described as follows.

β
− exp [ik '⋅ R ]
ψs =

1.19
R
Neutron scattering from the nuclei is isotropic which is indicated by the scalar neutron
scattering length β. In contrast, X-rays and electrons scatter at the electron charge
distributions of the respective nuclei which leads to a dependence of the scattered intensity on
the scattering vector κ as indicated by the atomic form factor f[κ]. Both, β and f[κ] describe
the amplitude of the wave scattered on the nucleus or electrons in an atom, respectively, and
thereby the strength of the interaction. It is characteristic for neutron scattering that the
scattered amplitude is not correlated to the atomic number Z. Therefore β has to be
determined experimentally for every isotope, while in the case of f[κ], it can be calculated
theoretically. The following discussion is given for neutron diffraction but is analogous for
the X-ray and electron case, whereas β has to be replaced by f[κ].
The next step is to identify the amplitude resulting from the interaction of two spherical
waves that are scattered on two neighbouring scattering centres separated by r, see Figure
1.46 b). An incident plane wave with wave vector k is scattered first by scatterer A and then
by scatterer B into the direction of k′. Due to the spatial separation, the two scattered spherical
waves experience a phase shift ϕ = κ∙r, whereas κ = k′-k denotes the scattering vector. The
amplitude ψtot that results from the interaction of these two spherical scattered waves results
from their superposition.

β
ψ tot =
ψ A +ψ B =
− exp [ik ⋅ R ] (1 + exp [iκ ⋅ r ])

1.20
r
Constructive interference thereby only occurs if the phase shift κ∙r is an integer analogously
to Bragg’s law. This is the case, when the scattering vector κ equals a reciprocal lattice vector
2πg = 2π(ha1*+ka2*+la3*) perpendicular to the diffracting planes (hkl), see Section 1.1, Eq. 1.2.
Up to now, the scattering on two neighbouring scattering centres has been considered. In
the next step, scattering from a unit-cell is described. Thereby, the n-th scattering centre
within a unit-cell is described by rn, see Figure 1.47. This may include scattering atoms of
different elements or isotopes which is expressed by replacing the specific coherent scattering
length β for βn. Like this, the total structure factor F can be formulated, i.e. the amplitude of a
wave scattered by the atomic nuclei in one unit-cell.

=
F

∑β
n

n

exp  2π i ( g ⋅ rn ) 

1.21

The structure factor can be shown to be the Fourier transform of the crystal structure sampled
at the reciprocal lattice points. While F contains information both on the amplitude and the
phase of the diffracted beam, diffractometers only measure intensities, i.e. quantities
proportional to │F│2 = FF*, so that any phase information is lost. F* thereby denotes the
complex conjugate of the total structure factor. The treatment so far has been concerned with
ideal crystals. In order to gain a more realistic model of the measured diffracted intensity,
additional physical corrections have to be applied which are described in detail for the neutron
case by Kisi and Howard (2008). These corrections include the effect of i) thermal and static
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atom displacements, i.e. Debye-Waller temperature factor; ii) specific corrections for the
geometry of diffraction experiments, i.e. Lorentz factor; iii) multiplicity of {hkl} families due
to different numbers of equivalent planes; and iv) absorption.

Figure 1.47

Scattering in crystal. Spherical wave scattered from n-th atom (rn) in unit cell
interacts with spherical waves of all other atoms (m1, m2, m3).

The final step describes the diffraction at a crystal volume composed of an ensemble of
unit-cells stacked in all three directions along the crystallographic basis a1, a2, a3. The
spherical wave scattered from the n-th atom in the unit-cell, as addressed by position vector
rn, intereferes with those spherical waves scattered at the atoms with coordinates
m1a1+m2a2+m3a3. Thus, the amplitude of the particle-wave scattered at a whole crystal is
given as follows.
=
ψ w∑∑∑∑ β n exp iκ ⋅ ( rn + m1a1 + m2a 2 + m3a3 ) 
n

m1

m2

1.22

m3

Thereby, w includes all physical corrections and the sum over n is over the atoms of a unitcell yielding the structure factor F

=
F

∑β
n

n

exp [iκ ⋅ rn ]

1.23

while the sum over mi is over the unit-cells giving the lattice factor L
=
L

∑∑∑ exp iκ ⋅ ( m a
m1

m2

1 1

m3

+ m2a 2 + m3a3 ) 

1.24

The former constitutes the Fourier transform of the unit-cell; the latter is the Fourier transform
of the lattice reflecting the crystal shape. After mathematical transformations and using I =
ψψ* and W = ww*, the intensity of the diffracted beam as measured in a diffractometer can be
derived.
3

sin 2  M j κ ⋅ a j 

j =1

sin 2 κ ⋅ a j 

I = W | F |2 ∏

1.25

In there, it is implicitly assumed that the diffracting crystal is a parallelepiped with
dimensions Mj = Njmj along the crystallographic basis aj, whereas Nj is the number of unitcells into the respective direction making up the crystal. The intensity is maximum for κ∙aj =
2πn (n integer), i.e. the Laue conditions (equivalent to Bragg condition). Eq. 1.25 implies that
the maximum of the intensity distribution is proportional to Mj2, while its full width at mean
height (FWMH) varies with 1/Mj, see Figure 1.48. This reflects the size effect, i.e. the
dependence of the diffraction peak shape on the size of the diffracting crystallites.
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Figure 1.48
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Characteristic of the interference function that determines the size effect according
to Eq. 1.25. M is related to the size of the crystallite and determines the maximum M2
and the FWMH 1/M of the function.

To this point, a formulation is derived that describes the scattered intensity of a crystal in
dependence of its size. The structure factor F reflects the scattering from the unit-cells
including information about the atom type and position, and the corrections W consider the
geometry of the diffraction experiment. This result is completely analogous to electron and Xray diffraction with the main difference in the structure factor which includes the atomic form
factor f[κ] rather than the neutron scattering length β to characterise the scattering probability.
While Eq. 1.25 gives the intensity distribution resulting from diffraction at the (hkl) planes of
a crystallite of a finite size, Bragg’s law in Eq. 1.17 provides information about the angles
under which these planes diffract at a given particle wavelength. In the following, the size and
strain effects are discussed on the basis of Eq. 1.25 with reference to the thorough treatment
by Kisi and Howard (2008).
Size and Strain Effects
Figure 1.48 and Eq. 1.25 can be used to illustrate the size effect. Diffraction at a perfect
crystal with infinite dimensions in all three directions yields an infinite intensity when the
Bragg/Laue condition is fulfilled. Crystallites of finite size, however, result in considerable
broadening of the angular diffraction intensity distribution. This can be seen from Eq. 1.25
and Figure 1.48, where a lower value of Mj, i.e. a small crystallite size, results in a narrower
and sharper intensity distribution. A Voigt function, i.e. a convolution of a Gaussian and
Lorentzian distribution, can well represent the measured intensity distribution for an ensemble
of spherical crystals of identical size. It is generally assumed that the size effect causes
isotropic broadening. Subgrains can be described as coherently scattering domains of radially
averaged size, weighted by a particle size distribution. The domain interior is thereby
assumed to be strain free, i.e. no dislocations are present. These are accounted for by a
separate strain broadening formulation. The assumption of a radially averaged size implies
spherical equiaxed subgrains and therefore isotropic broadening, i.e. the dimensions ‘seen’ by
the incoming neutrons (or X-rays, electrons) are the same in all directions of the incoming
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beam. This is an appropriate assumption as long as there is no texture or preferential
arrangement of ellipsoidal domains. A model that considers isotropic broadening cannot
detect any information about particle shape. Deviating particle shapes lead to anisotropic
broadening and can be considered but interfere with the broadening caused by the strain
effect. The assumption of a distributed particle (or better domain size) is well founded and
commonly observed. Consideration of a log-normal domain size distribution by Langford et
al. (2000) leads to sharper maxima and longer tails, i.e. becomes more Lorentzian, compared
to the assumption of equally sized coherently scattering domains. It further leads to a
smoothing of the side-maxima predicted by Eq. 1.25.

Figure 1.49

Schematic showing different types of microstresses: a) macroscopic internal stress, b)
intergranular microstress and c) intragranular microstress. Reprinted with
permission from (Davydov, 2010).

The effect of stresses or strains on the diffracted intensities strongly depends on the
internal stress/strain type present in the irradiated material volume. It is apparent from
Bragg’s law in Eq. 1.17 that any change in the interplanar spacing dhkl leads to a change in the
corresponding diffraction angle θhkl. Macroscopic internal stresses are distributed over a
macroscopic scale, see Figure 1.49 a), and leads to a shift of the associated (hkl) peak in the
line profile. This type of behaviour is caused by externally applied stresses or phase
transitions. Intergranular microstresses, on the other hand, are distributed over a meso-scale,
see Figure 1.49 b), and cause a broadening which depends strongly on the diffraction order
(hkl). They may arise from a thermal expansion mismatch between grains and elastic
anisotropy which results in a deformation mismatch between grains. The (hkl) dependence of
broadening thereby arises from the fact that stiffer grains show less pronounced broadening
than softer grains. Another source of microstresses, i.e. intragranular microstresses, see
Figure 1.49 c), that causes (hkl) dependent broadening is due to linear or planar crystal
defects, i.e. dislocations or stacking-faults and twins. These introduce strains to the crystal
lattice which are strongly localised around the defect and strongly dependent on e.g. the
defect type which features a characteristic, highly anisotropic strain field. The presence of
stacking-faults is responsible for an peak intensity asymmetry, a peak shift or even additional
diffraction peaks. In the case of dislocation peak broadening, the dislocation density
determines the extent of broadening, while the anisotropy of broadening is controlled by
crystallographic factors like crystal system, dislocation type and elastic anisotropy. This latter
aspect of anisotropy gives rise to the so called contrast factor which describes the ‘visibility’
for a certain type of dislocations and thus its contribution to the intensity broadening. For the
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observation of dislocations with TEM, the anisotropic strain field of the different dislocation
types has a direct consequence in dark field imaging. There, dislocations are invisible under
the following conditions for the diffraction vector g, the Burgers vector b and the dislocation
line vector l, as e.g. shown by Goodhew et al. (2001).
g ⋅ b 0 and
=

Edge dislocation:

g ⋅b =
0

Screw dislocation:

⋅ b) × l
( g=

0

1.26
1.27

Considering diffraction studies, Krivoglaz and Ryaboshapka (1963) found that the
dislocation-induced broadening is of Gaussian shape and independent on dislocation type
when assuming a completely random arrangement of dislocations in an elastically isotropic
material. This approach is, however, based on weak assumptions leading to later, more
realistic approaches assuming a restrictedly random dislocation distribution. A summary of
the approach is e.g. given by Kisi and Howard (2008). This leads to a relationship for the
integral breadth of the intensity in dependence of the dislocation density, the contrast factor
which accounts for the (hkl) dependence, and the correlation or arrangement parameter M
which represents the distribution of the dislocations (random to dipole) and the degree of
interaction of their displacement fields.
M = Re* ρ

1.28

Re*,

It is the ratio between the outer cut-off radius
giving the radius around the dislocation
beyond which the strain field becomes insignificant, and the distance between the dislocation
lines in a perfectly random distribution 1/√ρ.
It is clear that size and strain effects generally occur simultaneously and cause
broadening of the different diffraction peaks. Additionally, these are further influenced by
several elements along the optical path including wavelength distributions and geometrical
aberrations. Thus, the measured diffraction intensity consists of the convolution of the size
profile Is, the strain profile ID and the instrumental profile Ii as well as an additive component
from the background IB, according to Ungár (2004).
I = Is ∗ ID ∗ Ii + IB
1.29
The instrumental profile (Ii) is measured from a standard specimen which is not influenced by
size or strain broadening. Using the Fourier transform of the background corrected
experimental diffracted intensity I and the diffracted intensity of the standard sample Ii, the
size (Is) and strain (ID) broadened profile can be derived. Thereby, use is made of the Fourier
integral theorem which states that the Fourier transform of a convolution of two functions
reduces to the product of their individual Fourier transforms.
 ℑ( I − I B ) 
 = Is ∗ID
1.30
= ℑ ( I s ) ⋅ ℑ ( I D ) ↔ ℑ−1 
i


ℑ( I )
 ℑ( I ) 
In order to derive microstructural parameters such as subgrain size (or better the coherently
scattering domain size) and dislocation density, the experimentally determined intensity (Eq.
1.29) has to be appropriately deconvoluted. This is the fundamental problem tackled by many
different approaches such as the integral breadth technique (de Keijser et al., 1983), the
Warren-Averbach method (Warren and Averbach, 1950, 1952) and the Williamson-Hall
ℑ( I − I B )
i
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approach (Williamson and Hall, 1953). The Warren-Averbach method is a Fourier-method
which makes use of the Fourier integral (Eq. 1.30). Thereby, the Fourier coefficient of the
sample peak profile A[L] is derived as the product of the size As[L] and strain coefficient
AD[L].

A[ L] = As [ L] AD [ L]

1.31

Physically based models for the size and strain coefficients form the basis of the diffraction
line profile analysis (DLPA) approaches, i.e. the Whole Powder Pattern Fitting (WPPF) by
Scardi et al. (2000), and the (Convolutional) Multiple Whole-Profile (C)MWP approach by
Ungár et al. (2001; 2010) and Ribárik et al. (2004; 2001). These are widely equivalent. In this
project the extended CMWP approach is applied for the determination of the subgrain size
and dislocation density. Further detail of the method is given in Section 2.2.2. Other DLPA
approaches are reviewed by Scardi et al. (2004).
So far, a number of concepts has been presented in a simplified way. These are related to
the diffraction of X-rays, electrons and neutrons on crystalline materials with the aim to
generate an intuitive understanding of diffraction. This is the foundation of i) contrast
formation in dislocation imaging with (S)TEM, ii) phase identification due to the
determination of interplanar spacings using XRD and iii) the determination of subgrain size
and dislocation density using neutron or X-ray DLPA approaches. The following aspects are
regarded as important in this context:
•

Electron microscopy is most suitable for the observation of dislocation arrangements,
while X-ray and neutron diffraction techniques are best used for the identification of
phases and the quantitative determination of dislocation density and subgrain size,
respectively.

•

Both imaging with (S)TEM and the diffraction techniques rely on the variation of the
diffracted particle-wave intensity.

•

Diffraction results from strong interference between the incident particle-wave and those
scattered at regularly arrayed scatterers.

•

Diffraction of electrons occurs at the nuclei. X-rays diffract from electrons through an
exchange between incident and excited electromagnetic fields. Neutrons scatter from
nuclei and unpaired electrons in magnetic materials (depending on ordering of magnetic
domains and polarisation of neutron beam).

•

Electrons feature the highest resolution (due to the sophisticated optics) and strongest
scattering but also smallest penetration depth. X-rays scatter less than electrons but more
than neutrons. Neutrons feature the highest penetration depth.

•

The mathematical treatment of diffraction is analogous for electrons, X-rays and
neutrons. There are two important aspects regarding diffraction: i) the diffraction angles
at which constructive interference occurs, i.e. Bragg angles, and ii) the diffracted
intensities resulting from diffraction at a sample.
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•

The shape and size of the crystal unit-cell and therewith the crystal phase can be
determined from the diffraction angle, while the diffracted intensities provide
information about the size of coherently scattering domains (subgrain size) and the
strains caused by crystal defects.

•

Finite dimensions of a scattering crystallite lead to diffraction order, i.e. (hkl),
independent broadening of the diffraction peak. This is the size effect which is mainly
determined by the size of coherently scattering domains and its distribution.

•

The anisotropic strain field of dislocations leads to diffraction order, i.e. (hkl),
dependent, broadening of the diffraction peaks. This is the strain effect. It is mainly
influenced by dislocation density and arrangement (correlation parameter) as well as by
the dislocation type, the crystal system and the elastic anisotropy (contrast factor). The
same effect is responsible for the visibility criterion of dislocations in TEM dark field
imaging.

•

The measured diffraction intensity consists of the convolution of the size profile Is, the
strain profile ID and the instrumental profile Ii as well as an additive component of the
diffuse background IB.

•

The instrumental profile Ii is measured from a standard sample with negligible size and
strain effects.

•

Fourier transformation is used to simplify the convolution with a simple product of the
size and strain coefficients As[L] and AD[L], respectively (Warren-Averbach method).

•

Diffraction line profile analysis (DLPA) applies physical based models for these
coefficients to derive microstructural parameters.

1.3.3

Electron microscopy

Electron microscopes are probably the most powerful and most widespread tools available for
materials science. Their versatility allows to not only image microstructures over a wide range
of length scales from µm-scale down to atomic resolution (~0.1nm) but also to obtain
complementary information about crystallographic properties (EBSD, electron diffraction)
and composition (EDX). The understanding of electron microscopic techniques and the
results obtained with them requires an overview of the basic physical principles. Thus, the
interaction of electrons and matter is outlined as being the foundation of contrast formation in
imaging, diffraction and analytical techniques, see Figure 1.50. Additionally, information is
given about the general setup of transmission electron microscopes (TEM) for a better
understanding of the imaging techniques used in this study. The principles and limitations of
energy dispersive X-ray spectroscopy are mentioned as well. For this Section, information is
gathered from the following references: (Goodhew et al., 2001; Gross et al., 2008; Krumreich,
2008; Williams and Carter, 2009).
As outlined in Section 1.3.2, the exposure of matter to an electron beam of relatively
high energy leads to a wide range of interactions causing either scattering or secondary
signals. Each of these signals carries specific information which is used for imaging,
diffraction or analytical purposes. In (scanning) transmission electron microscopes (S)TEM
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only the forward scattered electron intensity and secondary signals are of importance, while in
scanning electron microscopes SEM usually only backscattered or secondary signals are used.
Scattering denotes the process by which the incident beam is reduced in intensity
through elastic or inelastic, coherent or incoherent interactions with the atomic nuclei or
electrons. Elastic scattering can be described from two points of view: i) electron scattering
from single atoms, i.e. Rutherford scattering and ii) collective scattering of electron waves at
a regular arrangement of atoms, i.e. diffraction (see Section 1.3.2). Inelastic scattering, on the
other hand, is incoherent. The propagation of electrons which have lost energy to the sample
typically differs from those of both, the incident as well as the diffracted beams. Inelastic
interactions scatter electrons preferably to low angles (<1°).

Figure 1.50

Signals created upon electron matter interaction in a thin sample. After (Williams
and Carter, 2009).

Rutherford scattering involves interactions due to Coulomb forces which are the stronger
the closer the beam electrons pass by the atomic nucleus. Strong interactions and therefore
high scattering angles and even backscattering are enhanced for elements of high atomic
number Z and density as well as for lower acceleration voltage (i.e. smaller penetration depth)
and larger sample thickness. This leads to the so-called mass-thickness contrast. In TEM
bright-field images (BF), where only the directly transmitted beam is detected and allowed to
contribute to the image formation, both thicker sections and sections composed by heavier
elements appear dark. A technique using mainly electrons that incoherently scattered to high
angles is high-angle annular dark-field STEM (HAADF). An annular detector is applied to
collect only electrons that are strongly scattered. As being based mainly on Rutherford
scattering, the image intensity shows a linear dependence on sample thickness and an almost
square dependence on the atomic number Z. HAADF images therefore contain strong Z
contrast at a relatively high spatial resolution, highlighting regions that contain heavy
elements. Backscattered electron imaging in SEM (BSE) uses electrons that are scattered at
an angle >90° to the incident beam, either due to several scattering events or by a single
event. BSE images are of intermediate spatial resolution (few tens of nanometres at
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intermediate acceleration voltages) and contain strong Z contrast. Backscattered electrons
originate from about half of the total penetration depth of the electrons, i.e. from a few
hundred nm. The amount of backscattered electrons further depends on the orientation of the
crystal with respect to the incident beam causing electron channelling contrast. This arises
from Bragg diffraction of the incident beam in the penetrated volume, see Section 1.3.2.
Kikuchi patterns can further be detected by SEM and used to determined local crystal
orientations of the sample with the electron backscatter diffraction (EBSD) technique . These
are caused by dynamically, i.e. multiple, diffracted electrons in the bulk sample. Analysis of
the Kikuchi patterns yield information about the local crystallographic orientation of the
sample with respect to the beam.

Figure 1.51

Simplified schematic representation of the optical setup in TEMs for its two
operation modes: a) diffraction mode imaging the diffraction pattern generated in the
back-focal plane; b) imaging mode. After (Williams and Carter, 2009).
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Inelastic interaction between electron and matter generating X-rays. An inner Kshell electron is ejected from the atom by an incoming high-energy electron. The so
generated hole in the K-shell is filled up by a L-shell electron under emission of
characteristic X-rays (Kα). After (Williams and Carter, 2009).

So far, the information contained in highly scattered electrons and their typical image
contrast has been discussed. The diffraction concept, as presented in Section 1.3.2 is more
appropriate to describe the elastic scattering of electrons to angles <3°. It describes the
collective scattering and interference phenomena at small scattering angles, i.e. diffraction.
This is influenced by the crystallographic arrangement of the atoms, the size of the coherently
scattering domains and the presence of strain fields e.g. due to dislocations, causing Bragg (or
diffraction) contrast . Anything changing the regular arrangement of atoms in planes causes
changes in the diffraction behaviour and therefore gives rise to specific Bragg contrast. For
TEM dark-field imaging (DF) , only diffracted beams are used for image formation. So the
sample areas that diffract stronger due to their orientation or the level of straining of the
crystal lattice appear lighter than those areas through which the incident beam is transmitted
with little scatter. For this reason, e.g. dislocations are typically light in TEM-DF, while they
appear dark in TEM-BF as the presence of dislocations causes the deflection of electrons
away from the incident beam. Bragg diffraction is also responsible for the possibility to
observe electron diffraction patterns with TEM. In crystalline materials, mass-thickness and
Bragg contrast are generally present simultaneously. It is one of the great advantages of TEM
that it can be readily switched between imaging and diffraction mode. Figure 1.51 shows a
simplified schematic of the optical setup of TEMs. The objective lens forms an intermediate
image of the specimen, whereas a diffraction pattern is formed at its back-focal plane. The
intermediate lens is focussed either on the image or the diffraction pattern. This is magnified
to form a second intermediate image which is finally projected onto the screen by the
projector lenses. Whether a BF or a DF image is acquired depends on the position of the
objective aperture in the TEM. This is set in a way to let pass only the beam of interest, i.e.
either the direct or one or more diffracted beams, respectively. In the case of STEM, BF or
DF are obtained by the detector which is either a centred disk to only collect the direct beam
(BF), or of annular shape to collect the electrons diffracted to less than 3° (DF). In the case of
diffraction patterns the objective aperture is removed and the selected area diffraction
aperture is inserted instead. This aperture restricts the sample area from where the diffraction
pattern is acquired.
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Besides the incoherent and coherent elastically scattered electrons, inelastically
scattered electrons provide valuable compositional information. The energy-loss electrons,
i.e. the electrons of the direct beam that have lost a part of their energy during inelastic
interactions, are exploited in electron energy loss spectroscopy (EELS) which is especially
useful for the detection of light elements. Inelastic electron-matter interactions further
generate secondary signals which provide valuable analytical information. These secondary
signals include: i) secondary electrons used in SEM providing topological and morphological
information, ii) characteristic X-rays and iii) Auger electrons. In semiconductors, there is
additionally visible light generated by cathodoluminescence. More inconveniently, there is
also the generation of plasmons, phonons, beam damage and Bremsstrahlung.
Plasmons are a result of the most frequent inelastic interaction in metals in which the
incident electrons interact with the free electron gas in metals causing collective oscillations
of the free electrons. Similarly, phonons are collective oscillations of atoms in a solid which
are initiated by an excitation of the atomic lattice by the incident electrons. These correspond
to the heating of the sample and are responsible for the diffuse background between the
diffraction spots in the diffraction patterns. Beam damage on the sample is further caused by
radiolysis (breaking of chemical bonds), the creation of point defects, and the displacement or
ejection of atoms. The interaction of electrons with the nuclei further leads to a substantial
change of the momentum of the electron which leads to the emission of X-rays, i.e.
Bremsstrahlung. This does not carry any compositional information and only contributes as a
background to the characteristic X-rays.

Figure 1.53

Schematic showing from where the different signals originate in the interaction
volume of a bulk sample. After (Goodhew et al., 2001).

These interactions (apart from plasmon losses which are of some use in EELS) do not
contain any useful information and are rather detrimental. In contrast, inner-shell ionisation
can generate either characteristic X-rays or Auger electrons which, like EELS, contain
valuable chemical information. The transfer of energy from an incident electron to an electron
of the inner shells of an atom can promote the ejection of the shell electron into the vacuum,
causing ionisation of the atom, i.e. inner-shell ionisation. This causes an energetically
unstable state which is relaxed by an electron dropping from a higher energy level to fill the
vacancy. Thereby, excess energy has to be given away. This can either occur by emission of
X-rays with a characteristic energy, see Figure 1.52, or by transferring the surplus energy to
another electron which is ejected, i.e. the Auger electron. The energy of both, X-rays and the
Auger electrons, is similar and characteristic for the ionised element. It corresponds to the

1.3 Basics on Microstructural Investigation Techniques

75

difference between the excitation and the binding energy of the electron shell from where the
vacancy filling electron originates.

Figure 1.54

Situations in a bulk sample (SEM) in which EDX can lead to wrong results: a) Xrays are emitted from material B in the depth of the sample although the imaged
surface consists entirely of material A. b) X-rays from material B can be excited by
fluorescence on a rough surface. After (Goodhew et al., 2001).

Auger electrons carry only little energy so that they are absorbed again when they are
generated in some depth of the sample. Those Auger electrons that can escape and are
detected, therefore originate from the surface of the examined sample. For this reason Auger
electron spectroscopy is a surface-chemistry technique which is especially suitable for light
elements where the absorption is reduced. Figure 1.53 shows the interaction volume of an
electron beam in a bulk sample (SEM). Backscattered electrons not only originate from close
to the surface but also from deeper within the specimen. From an even larger depth,
characteristic X-rays can be emitted. They form the basis for the energy dispersive X-ray
spectroscopy (EDX) with which a qualitative analysis of the composition can be obtained
from elements heavier than C. In SEMs, the interaction volume limits the smallest volume to
be analysed practicably by EDX to ~1µm3 over which the compositional information is
averaged, see Figure 1.54 a) and b). This reduces the spatial resolution to 1µm3. For the same
reason, heavier elements are more suitably detected than light elements, as the interaction
volume is reduced. Furthermore, X-rays generated from light elements are more readily
absorbed than heavier elements so that light element information is restricted to surface
regions, while heavier element information comes from a larger volume. This situation is
slightly improved, but not solved, in (S)TEM foils. There, the reduced yield of X-rays
restricts the analysis, as higher counting times have to be accepted in an inhomogeneous
material. Another limitation of EDX is caused by fluorescence, i.e. characteristic X-rays of
one element can excite those of other elements. Figure 1.54 c) shows that fluorescence can
cause the excitation of X-rays in neighbouring volumes in the case of a rough sample surface
or inclusions in a matrix. Thus, quantitative compositional analysis using EDX is mainly
hindered by: i) the large volume from where the X-rays originate, ii) the absorption which is
strong for light and mild for heavy elements and iii) fluorescence. The use of a standard
sample can improve quantitative EDX analysis. It imposes, however, strong requirements on
the reference sample which are generally not accomplishable in practice. The reference
sample and the actual sample have to be analysed at different times, during which the imaging
conditions must not change. While normally pure samples are used as reference, they do not
reflect the geometrical uncertainties as shown in Figure 1.54. Furthermore, in the case of
TEM foils, the thickness of the reference has to be the same as in the actual sample in order
not to cause uncertainties with absorption. Finally, knowledge is required of the sample
thickness and tilt, which are normally difficult to determine accurately. For these reasons,
STEM EDX yields good qualitative results, while quantitative analysis is strongly limited.
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Neutron scattering

In 1932 James Chadwick discovered the neutron as ejected from the bombardment of Be with
α-particles ( 42 He ). Only four years later, in 1936, it was shown that neutrons can be diffracted
on crystalline matter. It was, however, only after the first nuclear reactors were built (by
Fermi at the University of Chicago in 1942 and in Argonne and Oak Ridge in 1943) that free
neutrons were available with sufficient flux to carry out neutron diffraction experiments.
Wollan recorded the first neutron diffraction pattern of NaCl in 1946. Constant development
of the neutron sources led to increasing neutron fluxes, first by improved fission reactors up to
the 1970s and later by pulsed spallation sources, see (Willis and Carlile, 2009). Up to now,
neutron scattering has developed to an important technique in solid state physics with various
applications. In the following, the information that can be gained from neutron diffraction is
shortly outlined and focussing on the two main sources of neutrons, i.e. reactor and spallation
sources. Thereby, information is gathered from the following references: (Davydov, 2010;
Pynn, 1990; Willis and Carlile, 2009).
As mentioned in Section 1.3.2, neutrons mainly scatter from atomic nuclei. Thereby,
scattering is predominantly isotropic, i.e. equally probable in all directions. While the
probability of X-ray scattering from an isolated atom can be calculated using the atomic form
factor, this is not possible for neutrons. Neutron scattering is erratic with respect to atomic
numbers, i.e. H and U have comparable scattering amplitudes for neutrons but very different
ones for X-rays. For this reason, neutron scattering is especially suitable for light elements,
e.g. carbon and hydrogen compounds in polymers. The main advantage of neutron scattering
techniques over the more conventionally used X-ray techniques is the significantly higher
penetration depth in the order of centimetres compared to millimetres in the case of X-rays.
This is a result of the much reduced scattering or absorption of neutrons as compared with Xrays leading to higher counting-times, however. Neutron scattering is further not only
sensitive to the scattering element – as in the case of X-rays – but also to the isotope of the
element that is scattering.
Coherent scattering of neutrons leads to interference effects between scattered waves
from different nuclei. As this depends on the relative positions of the nuclei, coherent
scattering contains information about the space and time relationships of different atoms in
the structure of the material. Elastic coherent scattering gives evidence about the equilibrium
structure described by Bragg diffraction, while inelastic coherent scattering (involving energy
transfer between neutrons and nuclei) provides information about the collective motion of
atoms, i.e. phonons. The correlation of the same nucleus at different times can be assessed by
inelastic incoherent scattering which yields information about diffusion and molecular
vibrations. Neutron diffraction experiments, as carried out in this study, consider only the
elastic coherently scattered neutrons, see Section 1.3.2.
Besides scattering from atomic nuclei, neutrons can also interact with the magnetic field
from unpaired electrons, as they possess a magnetic dipole themselves. Magnetic scattering
and nuclear scattering are of the same magnitude, but the probability for magnetic scattering
strongly depends on the direction of the magnetic field. Only the component of the
magnetisation of the sample perpendicular to the magnetic scattering vector causes magnetic
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scattering. Conversely, magnetic scattering vanishes completely if the magnetic field is
parallel to the magnetic scattering vector.
Neutron scattering experiments can exclusively be carried out at a relatively small
number of large nuclear research facilities around the world. Unlike X-rays, neutrons cannot
be produced with sufficient flux to efficiently perform diffraction experiments by laboratory
equipment. Up to the 1940s, steady-state particle driven sources were mainly in use. In the
following, fission reactors were built between the 1940s and the 1970s for the generation of
high flux neutrons. The fission technique was superseded by pulsed spallation sources which,
today, produce similar neutron fluxes than fission sources but at a much reduced power output
(in the order 1MW compared to 50MW). Actual spallation sources deliver a neutron flux of
1016n/cm2s at a power of 160kW.
In the early neutron scattering experiments radioactive sources were used. This includes
i) the bombardment of 9Be with α-radiation (4He) yielding few fast neutrons, and ii)
photonuclear reactions of γ-radiation from the decay of 124Sb with 9Be.
The second generation neutron sources rely on nuclear fission. Incident neutrons are
absorbed by the nucleus of the fissile material, i.e. 235U or 239Pu. The so created unstable
compound nucleus subsequently breaks up into two fission fragments under the release of
fission neutrons. This is accompanied by the emission of intense β-radiation from the fission
fragments which can lead to an unwanted background radiation in neutron scattering
experiments. The fission neutrons have a kinetic energy in the order of MeV, why they are
also called fast neutrons. These are slowed down by a moderator (light water, heavy water
and graphite) to a kinetic energy in the order of meV to increase the probability of further
fission. Like this, neutrons are in thermal equilibrium with the moderator, so that their
velocity – and therewith their kinetic energy and wavelength – is determined by the
temperature of the moderator. In research reactors these moderated thermal neutrons are
extracted from the reactor by guide tubes which direct the continuous neutron beam to the
experimental setup. As the neutrons are in thermal equilibrium with the moderator, they
possess a narrow distribution of wavelengths. A crystal monochromator is commonly used in
neutron scattering experiments to further reduce the wavelength distribution so that only
neutrons of a narrow energy and wavelength band interact with the samples. Unmoderated
fast neutrons have a too high energy – and therefore too small wavelength – to be useful in
experiments with condensed matter. These would cause further significant damage in the
samples by producing vacancies and interstitial atoms. The wavelength distribution of the
moderated neutrons can be adjusted by the choice of the moderator. Cold moderators (20K,
liquid H) lead to neutron wavelengths between 3 and 30Å, i.e. cold neutrons, while room
temperature moderators (300K, light or heavy water) yield thermal neutrons with
wavelengths in the order of 1 to 4Å and hot moderators (2000K, graphite) give hot neutrons
with a wavelength between 0.4 and 1Å. As indicated in Section 1.3.2, wavelengths in the
order of the interatomic distance (~1Å) are required to probe the atomic arrangements in
condensed matter. For this reason thermal neutrons are favoured for neutron diffraction
experiments.
The latest generation of neutron sources are pulsed spallation sources which generate
bursts of neutrons with a larger distribution of wavelengths, i.e. a pulsed white beam over a
duration of a few tens of microseconds. A heavy-metal target, i.e. W, liquid Hg or U, is
thereby bombarded by pulsed high energy protons (or less effectively, electrons) as produced
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in an accelerator. Thereby, each proton generates about 20 to 40 neutrons. Unlike in the case
of fission reactors, the power density created in spallation sources is significantly smaller
which results in important advantages with respect to the necessary cooling. The released
neutrons are subsequently moderated. In order to maintain a narrow pulse of high brightness,
the moderator size is much reduced with respect to that in fission reactors. Therefore,
neutrons from spallation sources are significantly under-moderated so that a greater
percentage of high-energy neutrons is contained in the neutron pulse. The neutron pulses thus
contain polychromatic neutrons of a wide range of energies, wavelengths and velocities. As
these are guided over long paths to the actual experimental side, the neutron pulse disperses
along the flight path. Like this, those neutrons with the highest velocities, i.e. with the shortest
wavelengths, arrive first at the samples, while those neutrons with the lowest velocities, i.e.
with the longest wavelengths, arrive last. By measuring the time between the generation of the
neutron pulse and the detection, the wavelength of the scattered neutrons can be accurately
determined. This forms the basic principle of so-called time-of-flight (TOF) methods.

Figure 1.55

Schematic setup of a) a monochromatic 2θ scanning diffractometer at a reactor
source and b) a TOF diffractometer at a pulsed spallation source. Reprinted with
permission from (Davydov, 2010).

Whether a continuous monochromatic neutron beam from a steady-state fission reactor
source or a pulsed polychromatic neutron beam from a pulsed spallation source is used, has an
important influence on the setup of the neutron diffraction experiments. Figure 1.55 shows the
two principal experimental setups for diffraction experiments. In the case of a continuous
beam from a reactor source, the already narrow distribution of wavelengths is first reduced in
a crystal monochrometer, e.g. using Bragg diffraction on a bend Si single crystal. The
resulting neutron beam features basically a constant wavelength and is guided towards the
sample from where it is diffracted into a certain angle according to Bragg’s law. In single
crystal diffraction, multiple diffraction peaks can therefore only be acquired by adjusting the
angle between the sample and the detector. This method is called fixed-wavelength or angledispersive diffractometry. In contrast, time-of-flight or energy-dispersive diffractometry uses a
polychromatic pulsed beam which is directed towards the sample from where it diffracts to a
position and time sensitive detector. By measuring the time of flight at a fixed scattering angle
of each incident neutron, its wavelength can be determined. Like this all lattice spacings can
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be measured during a single counting period without the need to scan the detector over a
certain angular range. This is a major advantage if it is considered that beam-times at neutron
sources are generally very restricted. The highest resolution is obtained in a back-scattering
geometry.

1.4

Constitutive Modelling of Cyclic Plasticity

This Section aims at providing an introduction to constitutive modelling for cyclic plasticity.
In a first step, the initial boundary value problem of structural analysis is presented in Section
1.4.1 as the framework in which constitutive models are embedded. Subsequently, the
description of elasto-plastic material behaviour according to the classical plasticity theory is
introduced in Section 1.4.2. Rather than a concrete model example, it discusses the general
plasticity framework with its concepts and assumptions. A comprehensive review of all
constitutive models suitable for the description of cyclic plasticity is outside the scope of this
text as their number is steadily increasing and rather specific to certain materials. Instead, an
introduction is given to a well-established and widely used nonlinear isotropic and kinematic
hardening model (Chaboche et al., 1979; Chaboche and Rousselier, 1983). Within the scope
of this dissertation, a Master Thesis was supervised that reviewed different classical plasticity
models and applied the nonlinear isotropic and kinematic hardening model by Chaboche to
describe the LCF behaviour of the bainitic 2CrMoNiWV and the austenitic AISI 316 steels
(Wider, 2009).

1.4.1

Structural analysis framework

The continuum mechanical analysis of strains and stresses in engineering structures requires
the solution of a nonlinear initial boundary value problem. This is defined through a system
of coupled partial differential equations, including i) kinematical relations, ii) local
equilibrium equations (or momentum balance equations) and iii) constitutive equations as
well as iv) essential (displacement – Dirichlet) and natural (stress – von Neumann) boundary
conditions and v) initial conditions. This Section aims at providing an overview of the
structural analysis problem to create an understanding for the need of a constitutive model and
the framework it is embedded in. For this purpose, information is gathered from different
references including (Berisha, 2010; Besson et al., 2010; Dunne and Petrinic, 2005; Jähne,
2012; Wider, 2009; Wriggers, 2008).
The kinematic relations relate strains and displacements. Thereby, it is necessary to
discriminate between large and small deformations. In the former case, geometrical
nonlinearities arise from the fact that rigid body rotations and translations superimpose to the
stretch which is actually responsible for any shape change. Appropriate consideration of these
nonlinearities in the large strain framework basically deals with the definition of suitable
strain and stress measures that are free of any rigid body motion and that are consistent with
material objectivity. For simplicity, only the small strain framework is considered in this
Thesis which uses linearisations of these strain measures. This implies that the strain tensor ε
is proportional to the gradient of the displacement vector u according to
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(

)

1
1
T
ε =grad ( u ) + grad ( u ) =ui , j + u j ,i
1.32
2
2
Consideration of the balance of linear momentum leads to the governing equation of
solid mechanics problems, i.e. the equation of motion, that needs to be fulfilled to obtain
equilibrium between the volume (i.e. gravitational) forces ρb, the inertial forces ρü and the
internal stresses σ that arise from surface forces.

(

)


div ( σ ) + ρ b =
ρu

1.33

For a static or quasi-static problem, the inertial forces can be neglected. Furthermore, volume
forces are often negligible. This yields div(σ) = 0 as an internal balance of stresses required
for static equilibrium. The balance of angular momentum is further used to show that the
stress tensor is symmetric, i.e. σ = σT, and therefore consists of six unknown components.
Another six unknowns originate from the symmetric strain tensor. Essential and natural
boundary conditions, on the other hand, introduce six known elements.
In order to make the problem solvable, it is necessary to provide constitutive equations.
These define a relationship between the dependent and independent variable (principle of
determinism), i.e. stress and strain as considered here, respectively. The principle of local
state (or local action) further demands that the mechanical behaviour at a local point is
defined only by the variables in that point and not by the neighbouring points. Besides the
independent loading variable strain, the constitutive equations also include the internal
variables which account for the loading history dependence of the material. Assuming
simplicity of the material states, these variables and their gradients are sufficient for the
description of the material behaviour. The principle of equipresence finally requires the
presence of the dependent and internal variable in all constitutive equations. Classical
plasticity theory is concerned with the formulation of such material models which is in the
focus of this Thesis.
While the nonlinear boundary value problem is defined by these components, it is
generally not analytically solvable for practically relevant structural analyses. Numerical
methods such as finite elements (FEM) have to be applied to find an approximate solution of
the system of coupled partial differential equations. Eq. 1.33 constitutes the strong form of the
initial boundary value problem. This requires that the identification of stresses and strains in
the material fulfils the balance of internal and external forces exactly, i.e. in magnitude and
direction. Variational principles or the principle of virtual work are used to derive a weak
form of the problem that only requires to satisfy an energy criterion for a deformable body to
be in equilibrium. The principle of virtual work states that the balance of work of the internal
and external forces as introduced by a virtually thought, admissible deformation δu has to
vanish for equilibrium.
g u,δu  =

∫ σ ⋅ ε[δu]dv − ∫ ρ ( b − u ) ⋅ δudv − ∫ ( t ⋅ δu ) dA =
B

B

0

1.34

∂Bσ

Thus, the weak form requires that the virtual work introduced by the internal stress σ and
virtual strain field ε[δu] is equal to that arising from the virtual displacement δu and the
applied body force ρb, the inertial forces ρü in the volume B and the tractions t on the surface
∂Bσ, respectively. In order to express Eq. 1.34 entirely in terms of virtual displacements and
external boundary conditions, the constitutive equations have to be considered. For this
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purpose, classical plasticity theory introduces a relationship between stress σ and strain ε for
an elastic-plastic material behaviour in the small strain framework.
el el

σ=  ε = 

el

(ε − ε )=
pl

tg ε

1.35

While el is the elasticity matrix, tg describes the tangent stiffness matrix that results from
a reduced stiffness of the material due to the accumulation of plastic strain, i.e. the internal
variable. Constitutive modelling is concerned with the derivation of appropriate relationships
for tg that are able to describe the elastic-plastic material behaviour. For this purpose, the
development of plastic strain upon loading has to be correctly described, modelling both its
magnitude and direction. This is discussed in more detail in the following Section 1.4.2.
Eq. 1.34 needs to be solved numerically, e.g. by means of the finite element method. For
this purpose, the continuum is discretised into a finite number of elements which are
connected to each other through nodes on their boundaries. These nodes feature a certain
number of degrees of freedom, i.e. two- or three-dimensional translational and/or rotational
displacements, that are determined by solving Eq. 1.34 for all nodes of all elements. The
spatial discretisation leads to the well-known FEM equations for plasticity, neglecting the
inertial contribution here.

K[u ]u = f ext

1.36

K[ũ] represents the discretised tangent stiffness matrix of the entire body and it describes the
relationship between the internal forces and stresses that arise from displacements ũ acting on
the element nodes. Therefore, K[ũ] includes the constitutive behaviour of the material and it
strongly depends on the nodal displacement in the case of plastic deformation. This renders a
nonlinear system of equations between the internal forces K[ũ]ũ and the external forces fext.
Specialised solution and integration strategies have to be applied to solve Eq. 1.36. Especially
the nonlinearity caused by the dependence between the tangent matrix and the nodal
displacements K[ũ] in elastic-plastic problems requires the incremental solution of Eq. 1.36.
These strategies are outside the scope of this text.
The following Section 1.4.2 focusses on the formulation of the constitutive equations for
the description of the elastic-plastic material behaviour according to the classical plasticity
framework. While Eq. 1.33 or 1.34 provide the conditions for equilibrium of a deformable
body subjected to an external loading, the constitutive relations introduce the material specific
response of the body. It is thus an important component for the solution of the initial
boundary value problem and therefore for the appropriate simulation of stresses and strains
experienced by an engineering structure.

1.4.2

Classical plasticity theory

The following introduction to the classical plasticity theory considers the phenomenological
continuum mechanical description of multiaxial time-independent small strain plasticity.
Comprehensible introductions are given e.g. by Dunne and Petrinic (2005), Ottoson and
Ristinmaa (2005), Wriggers (2008), Holzapfel (2007) and Dieter and Bacon (1988).
Information from these references is collected as a basis for this Section. It is aimed at
providing a comprehensible introduction of the basic notions and concepts of plasticity theory
and the challenges that arise from constitutive modelling. Inspired from experimental
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observations, it is assumed that the deformed material behaves elastic until a critical yield
stress is achieved from where on further deformation leads to an increase of plastic strains and
a continuously reducing strain hardening. Using Hook’s law, this can be described by Eq.
1.35. A constitutive model needs to define a condition when yield and therefore plastic
deformation occurs. Furthermore, it has to define the direction and magnitude of the plastic
strain and the strain hardening behaviour that arises from the deformation. For this purpose,
the classical plasticity theory introduces the following concepts: i) a yield function with
appropriate yield conditions defines the start of the plastic regime for a multiaxial loading
case; ii) the principle of maximum plastic work leads to the normality hypothesis that defines
the direction of plastic strain through the plastic flow equation; iii) the consistency condition
expresses the requirement of a loading point to remain on the yield surface during plastic
deformation from which the magnitude of plastic strain is derived; iv) hardening laws
describe the enlargement or shift of the yield surface during strain hardening or as a result of
cyclic evolution.
Actual mechanical behaviour of crystalline materials is divided into an elastic and a
plastic regime. Consideration of small strain plasticity allows to assume an additive
decomposition of the total strain tensor ε into an elastic εel and a plastic εpl tensor component
which is an appropriate assumption for metal plasticity.

=
ε ε el + ε pl

1.37
Such a decomposition is necessary to describe the reversible and irreversible strain observed
when plastically deforming a material. According to the small strain approximation, rigid
body rotations and translations are neglected. With Hook’s law and using the shear modulus
G = E/2(1 + υ) and the Lamé-constant λ = υE/(1 + υ)(1 – 2υ), linear elastic behaviour can be
described by
σ = el ε el
σ ij =2Gε ij + λε kk δij =2Geij + K ε kk δij

1.38

Thereby, use is made of the Kronecker-delta δij which equals 1 for i = j and zero otherwise,
indicating the main diagonal of the stress tensor. Further using the definitions of deviatoric
stress sij and deviatoric strain eij
1
1


sij = σ ij − σ kk δij =   − 1 ⊗ 1  σ
3
3


1
1


eij =ε ij − ε kk δij =  − 1 ⊗ 1  ε
3
3



1.39

as well as the fourth-order unity tensor  and the trace-operator 1 ⊗ 1 , it can be shown that
the deviatoric stress sij is only caused by the deviatoric strain eij and that the hydrostatic stress
σkk is a function only of the volumetric strain εkk proportional to the shear modulus G and the
bulk modulus K, respectively.

E
1


eij= 2G   − 1 ⊗ 1  ε
1+υ
3


E
σ
ε kk 3
ε kk K (1 ⊗ 1) ε
3K=
=
=
kk
1 − 2υ

sij= 2Geij=

1.40
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It is a basic and experimentally well justified assumption of metal plasticity theory, that
plastic deformation is incompressible. This implies that plastic deformation is independent of
hydrostatic stress σkk and that the shape change occurs at constant volume, thus being only
associated with the deviatoric component of the stress tensor sij. A justification of this is e.g.
given by the fact that dislocation motion is only initiated by shear stresses, see Schmidt’s law
Section 1.1.2. In this respect, any volume change in a plastically deformed metal is elastic,
while the shape changes carry an elastic and a plastic component. Therefore, yield functions
for metal plasticity are described in terms of deviatoric stress. Further consideration of a
polycrystalline metal without texture justifies the assumption of isotropic, i.e. loading
direction independent, yielding. For this reason, yield functions of isotropically yielding
materials are formulated in terms of the invariants of the deviatoric stress tensor.

J=
tr(=
s) s=
0
1
kk
1
1
=
s:s
sij sij
2
2
J 3 = det(s)

=
J2

1.41

Due to the incompressibility condition, J1 does not constitute an appropriate invariant for the
formulation of the yield function as the hydrostatic component of the deviatoric stress is zero
per definition. The third invariant J3, on the other hand, determines the dependence of the
yield condition on the loading direction and is e.g. used to describe tension-compression
asymmetry of the yield behaviour. This is normally not relevant for untextured isotropic
metallic materials. A very commonly used yield function for this case is the von Mises
formulation which is described in terms of the second invariant J2.

f = 3J 2 − σ y = σ e − σ y = 0

1.42

Thereby, σy describes the yield stress as e.g. determined by an uniaxial tensile test. σe, on the
other hand, denotes the effective stress which transfers the generally multiaxial stress state
into an equivalent scalar quantity that can be compared to the uniaxial yield stress σy. This
relies on the assumption that yield occurs upon achievement of a critical elastic shear energy.
σe can be written in terms of principal stresses σ1, σ2, σ3 which basically describes a circular
cylinder of radius σy along the hydrostatic stress axis in the principal stress space.
=
f

1
2
2
2
(σ 1 − σ 2 ) + (σ 2 − σ 3 ) + (σ 3 − σ 1 ) − σ=y 0
2

1.43

Therefore, yield occurs when the equivalent stress is equal to the yield stress and the yield
function f = 0. The yield criterion is thus written as

elastic: f < 0
plastic: f = 0

1.44

Stress states outside the yield surface, i.e. f > 0, are not admissible. These must lie on the yield
surface during plastic loading. If the yield surface remains stationary upon plastic loading,
this implies a perfect plastic behaviour.
In order to describe the experimentally observed strain hardening behaviour, it is
necessary to provide hardening laws. These define the change of the yield surface with
accumulation of plastic strain. Two types of hardening are commonly distinguished: i)
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isotropic hardening and ii) kinematic hardening. Isotropic hardening leads to the enlargement
or shrinkage of the yield surface, while kinematic hardening causes its shift in the stress
space. As isotropic hardening maintains the isotropy of the yield stress, it can simply be
included by considering an additive isotropic hardening contribution R[p] in Eq. 1.42, i.e. an
increase of the radius of the yield cylinder from σy to σy + R.
f
=

Figure 1.56

3
] 0
s : s − σ y + R[ p=
2

(

)

1.45

a) Isotropic hardening, b) kinematic hardening.

The stress R[p] that arises due to isotropic hardening thereby depends on the accumulated
plastic strain p which corresponds to the integral of the effective plastic strain increment dp
over the load history.
=
p

dp ∫
∫=

2 pl pl
ε : ε dt
3

1.46

Similar to the effective stress as defined by Eq. 1.43, this constitutes a means to transform the
multiaxial strain state to an equivalent scalar value. Different isotropic hardening models are
available that assign a certain formulation to R[p]. Some of these are discussed in the
following Section 1.4.3. Isotropic hardening is generally appropriate to describe strain
hardening during monotonic loading, during reversed loading, however, it predicts an
unreasonably high reverse yield stress of 2(σy + R), see Figure 1.56 a). This does not
reproduce the Bauschinger effect which is generally observed to reduce the absolute yield
stress for the reverse direction with respect to that during forward loading. Such a behaviour
during cyclic loading is more appropriately modelled by kinematic hardening. As this
corresponds to a translation in stress space, a tensorial component needs to be included in Eq.
1.42.
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X′[ε̇pl,p] is the deviatoric component of the backstress tensor X which constitutes the
kinematic hardening variable and therefore the shift of the centre of the yield surface in stress
space. Typical formulations are given in Section 1.4.3 and are generally functions both of the
accumulated plastic strain p and the tensor of the plastic strain increment ε̇pl. Pure kinematic
hardening leaves the radius of the yield cylinder unchanged, i.e. σy. Therefore, the yield stress
during reversed loading corresponds to 2σy, see Figure 1.56 b). This type of hardening is thus
more appropriate in cyclic loading situations such as LCF. As during LCF loading the
material undergoes a significant evolution of the elastic-plastic behaviour, including cyclic
hardening and/or softening, a combination of isotropic and kinematic hardening is useful.
Thereby, the strain hardening behaviour within a hysteresis cycle is described by kinematic
hardening, while the cyclic evolution is modelled by a slowly changing isotropic hardening
component. Combined isotropic and kinematic hardening is described by the following yield
function.
f=

3
s − X '[ε pl , p ] : s − X '[ε pl , p ] − σ y − R[ p ] = 0
2

(

)(

) (

)

1.48

It is shown that the classical plasticity theory considers a discrete transition between the
elastic and the plastic regime which is defined by the yield function f. It is further highlighted
that the plastic deformation of a material causes strain hardening and the cyclic evolution of
the mechanical behaviour. Both evolutions depend on the tensor of the plastic strain rate ε̇pl
and/or the accumulation of its effective quantity p. The magnitude and direction of the plastic
strain rate as developing during plastic loading are, however, not yet defined. vonMises and
Hill stated that the work done by the real stress σ and the associated plastic strain rate ε̇pl is
larger than that of any other admissible stress σ*, i.e. the principle of maximum plastic work,
see e.g. (Besson et al., 2010) or Drucker’s stability postulate, see e.g. (Ottoson and Ristinmaa,
2005).

( σ − σ ) : ε
*

pl

≥0

1.49

This is reported to be a reasonable assumption for metallic materials that deform by slip. As
plastic loading is assumed, the real stress state σ needs to be on the yield surface. The double
contraction : in Eq. 1.49 can be considered as a scalar product of two vectors in stress space,
see Figure 1.57. Thus, Eq. 1.49 states that there needs to be an acute angle between σ – σ* and
ε̇pl, which requires that σ* is either on or within the yield surface on the half-space opposite
the plane perpendicular to ε̇pl. This is the so-called convexity requirement for yield surfaces. It
is further assumed without loss of generality that the admissible stress state σ* is infinitely
close to the yield surface and that it can be described with a unit tensor normal n of the plane
tangent to the yield surface in σ according to σ* = σ ± kn with k > 0. This leads to two limiting
conditions of Eq. 1.49, i.e. kn:ε̇pl ≥ 0 and –kn:ε̇pl ≥ 0 which can only be fulfilled if the plastic
strain rate ε̇pl is collinear to the normal of the yield surface n. With this normality hypothesis
the plastic flow rule can be formulated.

∂f
=
ε pl λ= λn
∂σ

1.50
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It states that the plastic strain rate tensor ε̇pl is collinear to the normal vector of the yield
surface n which is defined by the stress derivative of the yield function. This defines the
direction of the plastic strain rate tensor. The magnitude of the plastic strain rate, on the other
˙

hand, is determined by the plastic multiplier λ. It can be shown that the plastic multiplier
˙
corresponds to the rate of the effective plastic strain rate ṗ = λ or dp = dλ. The loading
conditions can further be compactly written in terms of the plastic multiplier.

λ f = 0
˙

1.51
˙

This includes plastic loading for f = 0 and λ > 0, neutral loading for f = 0 and λ = 0 as well as
˙
elastic unloading for f = 0 and λ < 0. Eq. 1.50 states an associated flow rule where the plastic
strain rate direction is fully defined by the yield function, i.e. the yield potential Eq. 1.48.
Non-associated flow rules exist and are e.g. used for materials containing significant damage
or porosity. These models are characterised by the use of a potential other than the yield
function for the definition of the plastic strain rate direction.

Figure 1.57

Schematic yield surface f as subjected to combined isotropic and kinematic
hardening. Drucker’s postulate is further illustrated in σ.

The use of the principle of maximum plastic work (Drucker’s postulate) therefore leads
to the normality hypothesis which defines the direction of the plastic strain rate tensor. The
magnitude of the plastic strain rate is yet to be defined. Formulation and application of the
˙
consistency condition yield the yet required plastic multiplier λ. The consistency condition
demands that the stress state is required to be located on the yield surface during plastic
loading. This also has to hold if hardening occurs. Therefore, the consistency conditions has
to ensure that any change of the stress state or the hardening variables X and p maintains the
yield condition f = 0. This is achieved by the following formulation.
∂f
∂f
∂f
f =
dσ +
dX +
dp = 0
∂σ
∂X
∂p
˙

1.52

For the derivation of the plastic multiplier λ or dλ, the derivatives of the yield function with
respect to stress σ, backstress X and accumulated stress p and the increments of the latter need
to be inserted into Eq. 1.52. Assuming combined isotropic and kinematic hardening as defined
in Eq. 1.48, the following identities of the components of Eq. 1.52 can be derived.
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∂f
=
∂σ
∂f
=
∂X
∂f
∂p

∂f
= n
∂s
∂f
= −n
∂X '
∂R
= −
∂p

1.53

)

dσ = el dε − dε pl = el ( dε − dλn )

Substitution of the identities defined in Eq. 1.53 into Eq. 1.52 yields

n ⋅ el ( dε − dλn ) − n ⋅ dX −

∂R
dp =
0
∂p

1.54

While no specific isotropic or kinematic hardening laws are assumed up to here, the
backstress increment dX and the derivative of the isotropic hardening component ∂R / ∂p
remain undetermined. Insertion of the respective quantities and solving Eq. 1.54 for the
plastic multiplier dλ provides the necessary information about the magnitude of the plastic
strain rate tensor.
When the plastic multiplier is determined, the stress increment can finally be calculated
within FEM according to Eq. 1.35 using the elasto-plastic tangent stiffness tg .

(

)

dσ = el dε − dε pl = tg dε

1.55

The decomposition of stress and strain into their deviatoric and volumetric components as
introduced in Eq. 1.39 and 1.40 is further required to consider for incompressibility. With this
Eq. 1.55 can be transformed to

(

=
dσ el dε − dε pl

)

=2Gdeij + Kdε kk δij − 2Gdε ijpl

1.56

1


= 2G   − 1 ⊗ 1  dε + K (1 ⊗ 1) dε − 2Gdλn
3


Due to the collinearity between the plastic strain rate tensor dεpl = dλn and the yield surface
normal n, the plastic strain increment is purely deviatioric. Once the isotropic and kinematic
hardening laws are chosen and thus the plastic multiplier is derived, the elasto-plastic tangent
stiffness matrix can be deduced from Eq. 1.56.

FEM software generally provides information about stress, strain and deformation
gradient at the beginning t and the latter two quantities at the end of the time increment t + Δt.
Two integration schemes are typically used to integrate the stress response on the basis of Eq.
1.56, i.e. the explicit and implicit scheme. The explicit approach directly determines the
increments of the hardening variables, the plastic strain and the stress at the beginning of the
increment according to the hardening law, plastic flow rule and Eq. 1.56, respectively. While
this leads to a straight-forward implementation, the forward integration requires significantly
small time steps Δt to be accurate and it may lead to departure from the yield condition as the
plastic multiplier is determined at the beginning of the increment at time t, so that it is not
ensured that at the end of the increment the stress state is still on the yield surface. Finally, the
explicit scheme may become unstable, i.e. it may not converge to a solution of Eq. 1.36. The
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implicit scheme, on the other hand is unconditionally stable as a correction is applied that
forces the stress state back onto the yield surface which ensures the yield condition at the end
of a time increment. As it therefore allows to use larger time increments, the implicit
integration leads to more rapid solutions. The downside of the approach is, however, that the
Jacobian, i.e. the derivative of the discretised tangent stiffness matrix in Eq. 1.36 with respect
to the nodal displacements, has to be provided. This is numerically expensive. In both cases,
the constitutive equations have to provide the stress and the updated value of the hardening
variables at the end of each time increment. For the implicit integration scheme, it further
needs to yield the Jacobian of the discretised tangent stiffness matrix.
So far, the time-independent plasticity is introduced. While it is possible to simulate the
rate-dependent elastic-plastic material behaviour in a quasi-static approach, state-of-the-art
models use a viscoplastic formulation. This considers rate-dependent plasticity, i.e.
viscoplasticity, which is mainly determined by dislocation slip and climb as well as creep,
which, on the other hand, includes irreversible deformation at low strain rates that are mainly
diffusion controlled. In contrast to time-independent plasticity, the viscoplastic approach
allows stress states outside the yield surface such that the consistency condition is no longer
fulfilled. A direct dependence of the stress on the plastic strain rate is commonly introduced,
e.g. by using a power law for the now additionally assumed viscous stress σv.

σ = σ e + σ y + R + σ v = σ e + σ y + R + Kp m

1.57

This leads to the effective plastic strain rate ṗ according to
1/ m

 σe − R −σ y 
p = 

K



1.58

˙

As the plastic multiplier λ is identical to the effective plastic strain rate ṗ, the plastic strain rate
tensor can be written as
1/ m

 σ e − R − σ y  ∂f
1.59
ε pl = 

K

 ∂σ
This formulation can be regarded as a multiaxial Norton creep law, by neglecting both
isotropic and kinematic hardening and using the identity ∂f / ∂σ = s / σe.
1/ m

ε c
=

3 1 
3
σ e1/ m −1s
Aσ en −1s
=
2  K 
2

1.60

While viscoplastic constitutive models constitute the state-of-the-art formulation for the
description of rate-dependent plasticity, this Thesis considers a simpler quasi-static rateindependent approach. Thereby, the rate-dependent strain hardening and cyclic evolution
behaviour can be considered by hardening laws that contain strain rate dependent model
parameters. In this way, the strain rate dependency is lumped into the model parameters of the
hardening equations, assuming that the strain rate remains constant within a hysteresis loop.
While this simple approach allows to describe the strain rate dependent plasticity behaviour,
steady-state deformation such as creep or relaxation at constant stress or constant strain,
respectively, cannot be readily described in this way. Alternatively, a creep strain can be
added to the elastic and plastic strain components that introduces a time-dependent
irreversible strain. In this way a strain rate dependence is added to the elastic-plastic
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deformation. While, this can be used to well describe creep and relaxation, it does not directly
cover the static recovery of backstress during hold-times. This needs to be considered in
additional time-dependent terms of the kinematic hardening law. As this Thesis is focussed on
the description of pure LCF behaviour, i.e. cyclic plasticity, and the associated evolution of
the elastic-plastic behaviour, the simple rate-independent plasticity approach with strain rate
dependent model parameters is adopted. Creep strains are neglected but can be included at a
later stage.
The following Section introduces the well-established time-independent plasticity model
by Chaboche et al. (1979) and Chaboche and Rousselier (1983) that is suitable for the
description of cyclic plasticity. While the plasticity framework presented in this Section is
common to a broad range of models, these mainly differ through the hardening laws they
adopt.

1.4.3

Examples of constitutive models

This Section aims at the introduction of a well-established, commonly applied timeindependent plasticity model within the small strain framework that is suitable for the
description of cyclic plasticity. The number of constitutive models is very large and steadily
increasing. They mainly differ in the adopted isotropic and kinematic hardening laws. Good
accounts of the different approaches are already extensively given in the literature, e.g. by
Lemaitre and Chaboche (1990), Chaboche (2008) or Ottoson and Ristinmaa (2005). Firstly, a
short note is made on microstructurally based constitutive models. Subsequently, the
nonlinear isotropic and kinematic hardening laws introduced by Chaboche et al. (1979) and
Chaboche and Rousselier (1983) are considered.
Constitutive models that are based on microstructural considerations include discrete
dislocation dynamics (Arsenlis et al., 2007; Balint et al., 2005; Hartley, 2001; Raabe, 2007),
and crystal plasticity (Asaro and Rice, 1977; Roters et al., 2010) approaches. While being
based on a relatively strong physical basis, their prediction of the mechanical behaviour is
restricted to only small length scales and they are inappropriate for use in industrial problems
in their current state as they are associated with high computational effort. Furthermore, the
identification of the many model parameters suffers from difficulties. Berisha (2010) points
out that an indirect approach is more suitable. Thereby, microscopic properties are coupled to
macroscopic continuum quantities such as stress and strain. He reviews and further develops
dislocation density based isotropic hardening models on the basis of the models by Mecking
and Kocks (1981) and Bergström (1970). The isotropic hardening variable is given by
Mecking and Kocks (1981) as a function of the dislocation density ρ in agreement with
Taylors work-hardening law, cf. Eq. 1.13.
R[ p ] = cG ρ [ p ]

1.61

c constitutes a constant that considers crystallographic properties and G denotes the shear
modulus. Bergström (1970) further states an evolution equation for the internal variable ρ in
dependence of the equivalent plastic strain p.

∂ρ
= B − Qρ
∂p

1.62
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Thereby, B denotes the immobilisation rate which is inversely proportional to the dislocation
mean free path, i.e. approximately the average subgrain diameter, and Q the remobilisation
rate. Solution of the ordinary differential equation yields

ρ[ p=]

B
( ρ0 − 1) exp −Qp  + 1
Q

(

)

1.63

Further modifications are discussed in more detail by Berisha (2010) who includes a
temperature dependence to the isotropic hardening stress, Eq. 1.61 and 1.63, which arises
from the dependence of B and Q on the mobility of interstitial atoms and thermal activation,
respectively.

  T − T 2 
0
B[T ] =
1 + γ exp  − 
 
  τ  
 β
Q[T ] =+
Q0 α exp  − 
 T

1.64

γ thereby describes the concentration of interstitial atoms at T0, i.e. the temperature of
maximum interstitial mobility, and τ is the width of the Gaussian distribution. Q0 further
denotes the temperature independent part of the remobilisation parameter while α and β
describe rate of increase and the saturation of Q, respectively. The saturated value of the
dislocation density at a temperature T is thus given as ρsat[T] = B[T] / Q[T]. Berisha (2010)
finally formulates the modified temperature dependent dislocation density evolution.

∂ρ
=B[T ] (1 − ρ0 ) exp −Q[T ] p 
∂p

1.65

The complete description of temperature dependent isotropic hardening further requires the
modelling of the temperature characteristic of the shear modulus which has been
approximated by a polynomial of second order. Thus the temperature dependent isotropic
hardening component of the model requires 13 parameters. While Berisha (2010) obtained
very good agreement between model predictions and actual experimental data for large strain
tensile and temperature jump tests, no measurements of the dislocation density have been
performed that would support the assumed internal state variable evolution equation given in
Eq. 1.65. In the absence of comparisons between the predicted and measured dislocation
density, the model may be based on physical considerations but it is constructed merely to
reflect the phenomenology of the mechanical behaviour rather than the actually observed
evolution of the dislocation density. It could therefore be anticipated that the strength of the
presented model originates from the similarity to well-established phenomenological models,
combined with an appropriate formulation of the internal variable evolution. The
consideration of a physically motivated internal variable, on the other hand, is generally a
promising concept to predict the mechanical behaviour beyond a restricted experimentally
covered regime with an appropriate accuracy.
While direct microstructural models, i.e. discrete dislocation dynamics or crystal
plasticity models, are restricted in their applicability due to the very local and numerically
extensive character, indirect microstructural models often profit from well-established
mathematical formulations of phenomenological models which they combine with
appropriate considerations of physically based internal variables. The latter type of models,
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however, runs the risk of hiding behind physical considerations without comparing the
internal variables with actual measurements. It is instructive to present some well-established
and frequently used phenomenological isotropic and kinematic hardening approaches. These
models are founded on a sound mathematical basis that allows the simulation of multiaxial
loading cases and that comply with thermodynamical requirements. Within the scope of this
project, a Master Thesis has been supervised (Wider, 2009) that comprehensibly reviews
selected models and acts as a basis for this text. Firstly, different isotropic hardening laws are
presented and subsequently approaches for kinematic hardening are introduced.

Figure 1.58

Memory plastic strain surface g in principal plastic strain space which accounts for
the strain amplitude dependent saturation levels Q0 and Qm of the isotropic stress R,
Eq. 1.68 to 1.70.

As indicated in Section 1.4.2, isotropic hardening is used to simulate the cyclic evolution
of the yield stress as a consequence of LCF. A commonly adopted isotropic hardening law
arises as a direct application of the Armstrong-Frederick law for kinematic hardening (see
later in this Section) to the case of isotropic hardening as indicated by Chaboche (2008).
[ p ] b ( Q − R ) p
R=

1.66

Solution of this ordinary differential equation Eq. 1.66 yields

(

)

R[ p ] = Q 1 − exp −bp 

1.67

Thereby, it is evident that Q denotes the saturation value of the isotropic hardening stress and
b the rate at which R increases. A strong similarity of this formulation between Eq. 1.61 and
Eq. 1.63 is evident. Chaboche (2008) indicates that b in the order of 50 to 0.5 leads to a
respective saturation of R after 10 to 1000 cycles. Both parameters are mentioned to be
dependent on the material state and the temperature. This commonly adopted nonlinear
isotropic hardening is further modified to e.g. account for static recovery of the isotropic
stress at high temperatures, i.e. the reduction of the cyclic hardening effect during long holdtimes, see (Chaboche and Nouailhas, 1989). In order to better describe the plastic strain
amplitude dependent saturation level of isotropic hardening, Chaboche (1989) and Chaboche
et al. (1985) introduced a memory plastic strain surface (PSS) according to Ohno (1982), see
Figure 1.58.
g=

(ε

pl

)(

)

− ς : ε pl − ς − ε=
0
r

1.68
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ς constitutes the centre of the PSS, while εr is its radius. Any plastic strain state inside the PSS
does not alter the PSS. Similar to the yield function, a change of the PSS is only indicated if
Eq. 1.68 is fulfilled. Like this, the saturation stress Q of the isotropic hardening formulation
Eq. 1.67 depends on the actual value of εr, i.e. the actual maximum plastic strain amplitude,
see Figure 1.58.
Q(ε r ) =Qm + ( Q0 − Qm ) exp −2 βε r 

1.69

β thereby denotes a constant that controls the transition of the saturation stress of isotropic
hardening from the initial value Q0 to the asymptotic value Qm in dependence of the plastic
strain amplitude. Cyclic softening can thus be described by Q0 > Qm. For cyclic deformation,
the integration of Eq. 1.66 needs to be considered cycle by cycle which leads to the following
form.

(

)

=
R Q[ε r ] 1 − exp  −b ( p − p0 )  + R0 exp  −b ( p − p0 ) 

1.70

R0 denotes the isotropic hardening stress at p0 and Q is given by Eq. 1.69. Wider (2009) has
extended the isotropic hardening formulation by a linear hardening term for the description of
the second quasi-linear cyclic softening regime in 2CrMoNiWV, see Section 3.1.2.

R
= R1 + R2

R1 b ( Q(ε r ) − R1 ) p
=
R = mp

1.71

2

Good results are obtained from this approach for the cyclic evolution during LCF tests at a
strain amplitude of ±0.7%, see Figure 1.59. Predictions of lower strain amplitude tests,
however, revealed larger discrepancies. It is further indicated that the assumption of a
relatively sharp initial exponential softening in the cyclic stress response does not reflect the
smooth transition between the first steep and the following quasi-linear softening regime.

Figure 1.59

Simulation of CSR of 2CrMoNiWV as subjected to LCF at 565°C, 0.1%/s, ±0.7%
using the isotropic hardening law presented in Eq. 1.71 according to (Wider, 2009).

1.4 Constitutive Modelling of Cyclic Plasticity

93

Kinematic hardening is further appropriately used to describe the Bauschinger effect in
cyclically deformed materials. A simple linear kinematic hardening law by Prager (1949), i.e.
X = 2/3Cεpl, leads to a bilinear description of the elastic-plastic behaviour. The most
commonly adopted approach is the nonlinear kinematic hardening law by Chaboche et al.
(1979) and Chaboche and Rousselier (1983) which is based on the backstress evolution law
introduced by Armstrong and Frederick (1966), recently reprinted (Frederick and Armstrong,
2007).
 2 Cε pl − γ X p
=
X
1.72
3
In comparison to the simple linear kinematic hardening law, a recall term γXṗ is introduced
that considers the effect of dynamic recovery on the development of the backstress. Eq. 1.72
does not account for thermally transient loading as the model constants C and γ are
temperature independent. In order to be able to also simulate thermally transient loading
situations, such as TMF, the following temperature dependent kinematic hardening law needs
to be used, see (Chaboche, 2008).
 = 2 Cε pl − γ X p + 1 ∂C XT
X
C[T ] ∂T
3

1.73

Assuming isothermal loading in the following, Eq. 1.72 can be analytically integrated for a
uniaxial case, which leads to
C

)

(

1.74
1 − exp  −κγ ( p − p0 )  + X 0 exp  −κγ ( p − p0 ) 
γ
Therein, κ is either +1 or -1 for tension or compression-going loading, respectively; C/γ
further gives the saturation value of the backstress and X0 and p0 are the values of X and p,
respectively, at the load reversal point. C corresponds to the initial slope of the backstress
with respect to plastic strain at p = p0, i.e. at the isotropically hardened yield stress σy + R. γ,
on the other hand, controls the rate at which the saturation stress C/γ is reached. It is
instructive to determine the slope directly at the yield point, in order to see whether the
transition between the elastic and plastic regime is smooth. For this purpose, uniaxial loading
is assumed and isotropic hardening is neglected, i.e. σy = const. Eq. 1.74 can therefore be
simplified for the case of the first monotonic loading, i.e. p0 = 0 and X = 0 using p = εpl and
κ = 1.
X = κ

C

(

)

1.75
1 − exp  −γε pl 
γ
For this simple case, the total stress can be written as σ = σy + X[εpl] so that its derivative with
respect to total strain, i.e. the tangent modulus, is derived as follows.
X =

σ

d ε− 
dσ
1 dσ 
∂X dε pl
∂X 
E  ∂X 
=
=
=
1−

pl
pl
pl 
∂ε
∂ε 
dε ∂ε dε
dε
E dε 
∂X
dσ
E
=
∂X ∂ε pl
dε
E + pl
∂ε

1.76
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Insertion of the derivative of Eq. 1.75 with respect to plastic strain

∂X
=
C exp  −γε pl 
∂ε pl

1.77

into Eq. 1.76, finally yields
dσ
E
=
C exp  −γε pl 
dε E + C exp  −γε pl 



1.78

In the yield point, the plastic strain is zero εpl = 0. It has to be distinguished between the slope
just before the yield point in the elastic regime, i.e. dσ/dε[σ0–] = E according to Hook’s law,
and the tangent modulus just after the yield point in the plastic regime, dσ/dε[σ0+] = EC/(E+C)
according to Eq. 1.78. In the yield point, these slopes need to coincide, for the elastic-plastic
transition to be smooth.

E
C ⇒ E2 +=
EC EC
1.79
E +C
This condition can strictly not be fulfilled mathematically, unless C → ∞. As the saturation
stress has to be finite, the kinematic hardening law according to Eq. 1.72 predicts a
discontinuous elastic-plastic transition which is normally not observed experimentally. To
improve the smoothness of the stress-strain response, a very large value is commonly chosen
for C. As it is linked to the saturation stress of the C/γ of the model, the value of γ needs to be
high likewise, in order to restrict the maximum stress to a reasonable value. While the
consideration of the conditions at the start of yield and at saturation leads to a reasonable
range of C and γ, this kind of identification of the model parameters does generally not result
in acceptable representations of the actual nonlinear stress-strain behaviour. This is due to the
specific exponentially saturating characteristic of the backstress which generally not
appropriately represents actual nonlinear elastic-plastic behaviour. Therefore, the
discontinuous elastic-plastic transition is normally accepted and the exponential backstress is
forced onto the experimental curve in a best-fit manner. As the slope conditions at the yield
stress is thereby not met, large deviations between the model prediction and the experimental
curve are usually present, especially at small plastic strains. For this reason, Chaboche et al.
(1979) and Chaboche and Rousselier (1983) suggested to use a linear superposition of
backstresses that each comply with Eq. 1.72.
=
E

N

X = ∑ Xi [Ci , γ i ]

1.80

i =1

With this, additional degrees of freedom are introduced to the model, i.e. two parameters per
backstress term. Chaboche (1991) recommends the use of two backstress terms according to
the Armstrong-Frederick kinematic hardening law and an additional linear backstress for the
description of non-saturating strain hardening behaviour as well as a thresholded backstress,
see Figure 1.60.
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=
X
C1ε pl − γ 1X1 p
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3
2

=
X
C2ε pl − γ 2 X 2 p
2
3
 = 2 C ε pl
X
3
3
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1.81

 = 2 C ε pl − γ 1 − X th
X
X 4 p
4
4
4
J ( X4 )
3

The first backstress term X1 is thereby attributed large values of C1 and γ1 in order to obtain a
smoother elastic-plastic transition that saturates quickly, while the second backstress X2
features intermediate values of C2 and γ2 to describe the main characteristic of the material.
The linear backstress X3 according to Prager further provides the possibility to describe a nonsaturating strain hardening behaviour, i.e. a tangent modulus of slope C3 at large strains. And
finally the thresholded backstress X4 shows linear kinematic hardening until a threshold Xth is
reached, from where on an additional dynamic recovery term sets in. This further improves
the representation of the stress-strain characteristic and especially the simulation of ratcheting.

Figure 1.60

Schematic showing superposition of four backstress terms according to Eq. 1.81.

While generally, the nonlinear elastic-plastic material behaviour can be well represented
by the model described in Eq. 1.81, the identification of the model parameters becomes much
more delicate. As the exponential kinematic hardening characteristic does generally not
constitute an appropriate representation of the actual material behaviour, the degrees of
freedom have to be increased. In this way an overparametrised model is obtained which leads
to an ill-posed optimisation problem for the parameter identification. When fitting two
loading branches of two subsequent cycles, it is expected that the model parameters Ci and γi
evolve smoothly from one loading branch to the next, i.e. that the changes of the parameters
remain small. This is difficult to obtain for an overparametrised model. The larger the number
of parameters in the model, the more delicate it is to deconvolute the contributions of the
different backstresses on the basis of a single stress-strain curve. It is argued that the lack of
physical correspondence of the kinematic hardening law, the resulting exponential kinematic
hardening characteristic, and the parameters that determine this model is responsible for these
difficulties.
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The combination of nonlinear isotropic and kinematic hardening laws, as presented in
this Section, is a well-established modelling approach for the representation of cyclic
hardening. It is further implemented in the commercial FEM tool Abaqus which allows ready
application of the model to practical engineering problems. A good account of how the
tangent modulus can be derived for the use of the nonlinear isotropic and kinematic hardening
models in the FEM framework, is given by Dunne and Petrinic (2005).
This Thesis aims at a more physical based modelling approach by adopting a continuous
Masing concept, see Section 4.1. It considers a distribution of yield stresses due to the
presence of internal stresses rather than a discrete macroscopic yield point. In this way, it is
attempted to improve the description of the observed strain hardening behaviour by a more
suitable stress-strain characteristic than the exponential approach. The stronger physical basis
further facilitates the parameter identification significantly. For this basis to be of
significance, it is not sufficient to state expected dependencies of the model formulation on
microstructural properties. The a priori phenomenological mathematical description is thus
underpinned by actual measurements of the dislocation density and subgrain size, as
presented in Section 4.4.2.
In the following the relevant findings of this Section about the constitutive modelling of
cyclic plasticity according to the classical scheme are summarised:
•

Constitutive models form a fundamental basis of the structural analysis concepts used by
engineers for the mechanical design of components. They aim at representing the actual
mechanical behaviour of the considered material.

•

Classical yield surface models inherently suffer of a discontinuous transition between the
elastic and plastic regime as the onset of plastic deformation is defined by a discrete
criterion.

•

In order to well represent the material behaviour even at small plastic strains, an increase
of the number of parameters of the model can become necessary which can lead to an
over-parameterisation of the problem and thus an ill-posed optimisation problem for the
parameter identification.

•

While direct microstructural models, i.e. discrete dislocation dynamics or crystal
plasticity models, are restricted in their applicability due to the very local and
numerically extensive character, indirect microstructural models often profit from wellestablished mathematical formulations of phenomenological models which they combine
with appropriate considerations of physically based internal variables. An actual
comparison of model and microstructural parameters is, however, rarely made.
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Chapter 2
Experimental Methods

This Chapter provides details on the comprehensive mechanical and microstructural
characterisation performed within the scope of this Thesis.
Both complete and interrupted low cycle fatigue experiments have been carried out at
different temperatures, strain rates and strain amplitudes. Section 2.1 gives detailed
information about the experimental conditions and equipment applied for this purpose.
The microstructures of pre-conditioned, interrupted specimens have been thoroughly
characterised using (scanning) transmission electron microscopy (S)TEM and neutron
diffraction. Focus is mainly laid on the quantification of both dislocation density and subgrain
size evolutions as well as on the identification of the carbide structure for different fatigue
conditions. Section 2.2 describes the techniques and procedures adopted to determine
dislocation density and subgrain size using (S)TEM and neutron diffraction line profile
analysis.
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2.1

2 Experimental Methods

Mechanical Testing

In order to gather the basis for both the modelling of the characteristic temperature, strain rate
and strain amplitude dependent LCF behaviour and the investigation of the microstructural
evolution, a series of complete and interrupted LCF experiments on 2CrMoNiWV was
performed. Complete LCF tests aimed at the determination of the LCF endurance and the
cyclic stress response (CSR) as well as the stress-strain hystereses at different stages of the
fatigue life. A multi-specimen approach was adopted for the conditioning of samples for
microstructural investigations. Different samples were interrupted after every 20% of the total
softening obtained at the midlife condition.

Figure 2.1

Specimen geometries used for LCF tests. a) threaded, b) hydraulically clamped.

Both complete and interrupted LCF tests at temperatures of 500°C and 565°C, strain
rates of 0.01%/s and 0.1%/s and strain amplitudes of ±0.25%, ±0.4% and ±0.7%, were carried
out on an electromechanical universal testing machine (Walter & Bai) equipped with a
resistance type split furnace. For this purpose threaded specimens with a diameter of 8mm
and a parallel length of 20mm were used, see Figure 2.1 a). Additional LCF experiments at
the temperatures 400°C, 500°C and 565°C, strain rates of 0.001%/s, 0.01%/s, 0.1%/s and
1.0%/s and the strain amplitude ±1.0%/s were performed on a servo-hydraulic universal
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testing machine (Walter & Bai) equipped with induction heating, using hydraulically clamped
specimens with a diameter of 10mm and a parallel length of 20mm, see Figure 2.1 b). In both
testing machines class 0.5 (EN ISO 9513:2002) side-entry high temperature capacitance
extensometers (Epsilon MODEL 3648) were used for the measurement of the specimen
elongation. Benchmark LCF experiments at different temperatures (20°C, 150°C, 250°C and
600°C), the strain rate 0.1%/s and strain amplitude ±1.0% were carried out on the
electromechanical testing machine (8mm specimens), while the cyclic strain amplitude step
tests, as described in detail in Section 4.4.4, were performed at 565°C and 0.1%/s on the
servo-hydraulic testing machine (10mm specimens). All specimens were extracted parallel to
the axial rotor direction of the forging. In accordance with Thomas et al. (1989), the surface
roughness requirements of the specimens are alleviated with respect to ISO 12106:2003(E)
and chosen to be Ra = 0.8µm as oxidation of the specimen surface at elevated temperatures
diminishes the surface finish influence.
The isothermal LCF experiments were conducted in total strain control at a constant
strain rate, i.e. applying a symmetric triangular total strain cycle, i.e. 0 ± εa, in compliance
with ISO 12106:2003(E) and ASTM E606-04. Accordingly, machine alignment was adjusted
before each testing series and after incidents to ensure less than 5% bending strain. The strain
control was further kept stable within 0.5% cycle-to-cycle and within 2% over the test
duration. Where feasible, temperature was controlled within ±1°C of the target test
temperature according to the code of practice for LCF testing at elevated temperatures
(Thomas et al., 1989), at least, however, a temperature control within ±2°C as recommended
by the ASTM standard was met. Temperature gradients along the parallel length were kept
within 2°C during the test and controlled by three N- or R-type thermocouples along the
gauge length. Generally, data was acquired at 2000 data points per cycle for every cycle to
provide a sound data basis for the determination of the first and second derivatives from the
stress-strain data.
In order to determine the LCF endurance after testing, an end-of-life criterion has to be
adopted. As 2CrMoNiWV is continuously softening, a 2% stress drop from the steady linear
softening stage is regarded as failure (N2%), i.e. when the influence of the induced crack
length becomes significant. The midlife condition, 0.5N2%, is generally regarded as a
stabilised condition in which the softening is minimum and almost linear. A study by
Holdsworth et al. (2010) indicated that the softening rate in this regime is mainly determined
by the evolving microstructure and the ongoing crack propagation.

2.2

Microstructural Investigations

The characterisation of the microstructural evolution in 2CrMoNiWV was focussed on three
aspects: i) the dislocation arrangement and density, ii) the subgrain size and iii) the
identification and potential evolution of carbides.
For electron microscopic investigations, it is concentrated on LCF conditions that are
expected to reveal the most pronounced evolution, i.e. 565°C, 0.1%/s, ±0.7% (after 19 and
201 cycles = 0.5N2%) as well as ±0.25% (after 35 and 3794 cycles= 0.5N2%). TEM studies
have been carried out on a Philips CM20 TEM (200kV) at the Laboratory for Nanometallurgy
at ETH Zurich. SEM and STEM observations were performed at the Electron Microscopy
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Center (EMEZ) at ETH Zurich on a FEI Quanta 200FEG SEM (20kV, equipped with EBSD)
and on a FEI Tecnai F30ST FEG TEM/STEM (300kV, equipped with EDX), respectively.
Thin foil samples were made from platelets that had been EDM machined from specimens
previously examined by neutron diffraction. These were first thinned by mechanical grinding
and polishing to a thickness of ~0.1mm and further electrochemically thinned with a solution
of 95% glacial acetic acid (100%), 5% perchloric acid (60%) on a Struers TenuPol-5. SEM
samples were first embedded into conductive resin and further mechanically ground and
polished. As a final step, the sample was vibration polished in a colloidal silica suspension
(50nm) for <30min.
Quantitative measurements of the subgrain size for the same conditions were performed
using i) the simple SEM-BSE and ii) the more sophisticated STEM-DF and STEM-BF
techniques. A series of five images successively tilted in 0.5° steps was acquired with the
SEM at 10kV and a working distance of 7mm using a BSE detector. The different tilt angles
led to a variation of contrast in dependence of the crystal orientation. By applying a tilt in the
range of the misorientation expected by subgrains, i.e. ~0.5°, subgrains were regarded as areas
of homogeneous contrast. In order to centre and rescale the images, image correlation
software as provided by EMEZ was used. Areas of homogeneous contrast were identified
manually, digitised and evaluated using the open-source image analysis program Image J
(Ferreira and Rasband, 2012). This constitutes a very simple approach that requires little
sample preparation. The resulting images are, however, very much dependent on the imaging
conditions, i.e. on accelerating voltage, working distance, dwell-time at acquisition and image
resolution. Additionally, the penetration depth to the material was in the order of 500nm (at
10kV for iron), i.e. in the expected size range of subgrains. This causes the risk that the
resulting backscattered electrons signal contains averaged information over more than one
subgrain which could falsify the measured size. Such an effect of penetration depth is
significantly reduced in (S)TEM samples as their thickness is typically in the range of 100nm
to 160nm. Images were acquired in BF and DF mode. While the former provided information
about the carbide structure through material contrast, the latter were mainly determined by
Bragg contrast, so that coherently scattering domains appear as areas of homogeneous
contrast. In this respect, subgrain areas as determined from DF images are expected to provide
similar results as the neutron diffraction technique. Complementary BF images were needed
to discriminate between subgrains and large carbides which feature a size in the same order of
magnitude. Subgrains were again identified manually, digitised and evaluated by ImageJ.
Approximately 400 subgrains per condition were considered for three different material
conditions. After correction of the identified subgrain areas for the pen thickness, a histogram
for the equivalent subgrain diameter was obtained which was subsequently fitted by a lognormal size distribution. The equivalent subgrain diameter was calculated from the measured
subgrain areas A.

D=

4A

π

2.1

This corresponds to the equivalent diameter of a circular area with the same area as the
observed generally slightly non-equiaxed subgrains.
Qualitative observations of the dislocation substructure and a quantitative determination
of the dislocation densities were performed using TEM-BF. Representative regions were
identified and imaged in (111) zone axis. First, dislocation lines were digitised manually and
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their projected length l¯ was subsequently measured with the Analyze Skeleton plug-in of
ImageJ. A total area of ~1µm2 was investigated per condition for five different fatigue
conditions. The detailed procedure applied for the determination of the dislocation density,
including physical corrections for visibility and projection, is given in the following Section
2.2.1.
While electron microscopy techniques were applied to a limited selection of LCF
conditions only, neutron diffraction line profile analysis (DLPA) was performed on the
complete set of interrupted tests, i.e. 500°C and 565°C, 0.01%/s and 0.1%/s, ±0.25%, ±0.4%
and 0.7% at different fractions of life up to 0.5N2%. A quantitative determination of the
dislocation density and subgrain size evolutions was obtained in this way. Two concepts were
followed that are based on virtually the same DLPA model: i) a simple single peak analysis
from single diffraction profiles as acquired in angle-dispersive diffraction experiments at a
reactor source (TKSN-400 at the LVR-15 in Nuclear Physics Institute Řež, Czech Republic)
and ii) a sophisticated multiple peak analysis from more complete diffraction spectra as
acquired in energy-dispersive diffraction experiments at a pulsed spallation source (NPDF at
the Lujan Neutron Scattering Center, Los Alamos National Laboratory, US). The results of
the diffraction based dislocation density and subgrain size determination were spot-checked
by the TEM approach described earlier in this Section.
For the characterisation of the carbide structure various techniques were applied: i)
powder XRD for the identification of the carbide types, ii) STEM-EDX for elemental
mapping and compositional information coupled with electron diffraction and HRTEM, iii)
TEM-BF and STEM-HAADF for the carbide arrangement and morphology. The carbide
identification with XRD was performed on a PANalytical X’Pert Pro laboratory XRD system
at the Laboratory for Solid State Chemistry & Catalysis at Empa using Cu-Kα1 radiation (λ =
0.15406nm) in Bragg-Brentano configuration. For this purpose carbides were electrochemically extracted from the gauge section of the LCF specimens using a 95% water, 5%
HCl (37%) solution at a voltage of 1.5V (DC, ~1.05A) until the complete sample volume was
dissolved. Intermediate cleaning of the dissolving sample in an ultrasonic bath was necessary
as the process slowed down due to deposition of the dissolved carbides on the sample surface.
The final solution including the dissolved carbides was centrifuged at 5000rpm for 30min at
20°C, washed with ethanol, centrifuged again and finally furnace dried at 50°C.
In the following Section 2.2.1, the basic concepts of the dislocation density
determination with TEM are presented in detail. Subsequently, the neutron DLPA model is
presented and specific experimental details are provided in Section 2.2.2.

2.2.1

Determination of dislocation density using TEM

In order to reliably determine dislocation densities with TEM, it is not sufficient to just
measure dislocation length or count intersections. It has to be kept in mind that firstly, due to
the invisibility criteria given by Eq. 1.26 and 1.27, some dislocations are not visible under a
given orientation. Secondly, it has to be recognised that every imaged dislocation is merely a
projection of a dislocation lying on its slip plane which is generally oblique to the incident
beam which corresponds to the projection direction. This leads to corrections for i) visibility,
and ii) projection, see Figure 2.2. These need to be considered in order to get a reasonable
value for the dislocation density as discussed in the following.
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Dislocation densities were determined from TEM-BF images acquired close to the (111)
zone axis. By assuming a TEM foil thickness t of 100nm the dislocation density was
determined in the area of interest, A.
l
⋅ ηvisibility ⋅ η proj
A⋅t

ρ=

2.2

where ηvisibility and ηproj describe correction factors that have to be applied to correct for the
fact that some dislocations are not visible under the given imaging conditions (relative
orientation of Burgers-, line- and diffraction vectors) and that those dislocations which are
visible are inclined with respect to the electron beam so that only their projection is measured,
e.g. (Hull and Bacon, 2001). The determination of the foil thickness is further relatively
inaccurate, leading to an error band of ±10% at best (Klaar et al., 1992) or to ±25% in most
cases. It is therefore reasonable to assume a thickness of 100nm to 160nm.

Figure 2.2

Illustration of projection of a dislocation in a TEM foil. The visibility correction
arises from the relation between the Burgers vector b and the diffraction vector g
which is made to coincide with z through tilting.

The Burgers vector b in bcc materials is of the type 1/2 <111>, i.e. either 1/2 [111], 1/2
[1̄11], 1/2 [11̄1] or 1/2 [111̄]. All the images used for the dislocation density determination
were oriented in z = (111). Then, in a two-beam case in which only one Bragg reflection g
takes part in the image formation, i.e. either (101̄), (011̄) or (11̄0) reflections, one finds that in
50% of the possible combinations of b and g the invisibility criterion g∙b = 0 is fulfilled. This
means that only 50% of the actually present dislocations are visible which leads to a visibility
correction factor ηvisibility = 2. In a multi-beam case, i.e. two reflections take part in the image
formation, 75% of the dislocations are visible implying a correction factor ηvisibility = 1.33.
The projection correction accounts for the different possible angles between the
dislocation line vectors and the incident electron beam, i.e. the direction of projection. Screw
dislocation line vectors are parallel to the Burgers vector, i.e. l || b, while the edge dislocation
line vectors are perpendicular to the Burgers vector, i.e. l ┴ b. Thus, the possible screw
dislocations are of <111> type, i.e. [111], [1̄11], [11̄1] or [111̄]. Two line vectors are possible
for the edge type dislocations, i.e. <112> type including [112], [112̄], [1̄1̄2], [211] or [1̄21̄]
and <110> type including [110], [1̄1̄0], [011] or [101̄]. The projection correction factors can
be calculated by
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η proj =

1
sin ϑ 

2.3

whereas ϑ = arcos[l∙z / (||l||∙||z||)].
As screw dislocations are present in all slip planes, the calculation of the projection
correction for this dislocation type is straight-forward. Screw dislocation lines are inclined by
0° to the incident beam (invisible due to inclination) in 25% and by 70.53° in 75% of the
possible cases. Thus, the total real length of screw dislocations has to be increased by 33% for
those parallel to the incident electron beam. Note that this reflects the correction for
geometrical invisibility, i.e. when the dislocation is parallel to the incoming beam, and not
invisibility due to a lack of strain contrast. The projection correction for screw dislocation
thus becomes:
S
η proj
= 1.33

1
sin ( 70.53° )

2.4

In the case of edge dislocations, the line vectors have to be determined that are element of a
slip plane, using l = b×n, i.e. l is perpendicular to the Burgers vector b and the slip plane
normal n, i.e. (111). Subsequently, the projection angle ϑ and the correction factor can be
calculated as for the screw dislocation case. Edge dislocations on their {110} slip planes
feature 25% of 90°, 25% of 19.48° and 50% of 61.87° inclinations to the incident electron
beam. In the case of {112} slip planes 50% are perpendicular and 50% are inclined by 35.26°,
while for {123} slip planes 25% are each perpendicular, inclined by 79.74°, 44.55° or 27.02°.
This leads to the following slip plane specific projection correction factor.
⊥ ,{110}
η proj
=
0.25

1
1
1
+ 0.25
+ 0.5
=
1.57
sin ( 90° )
sin (19.47° )
sin ( 61.87° )

⊥ ,{112}
η proj
=
0.5

⊥ ,{123}
η proj
=
0.25

1
1
+ 0.5
=
1.37
sin ( 90° )
sin ( 35.26° )

1
1
1
1
+ 0.25
+ 0.25
+ 0.25
=
1.41
sin ( 90° )
sin ( 79.74° )
sin ( 44.55° )
sin ( 27.02° )

2.5

2.6
2.7

The averaged projection correction, assuming equally probable slip plane types, i.e. {110},
{112} and {123}, yields η┴proj = 1.44. For this case, the total projection correction is derived
as:
S
⊥
η proj
= qη proj
+ (1 − q )η proj

2.8

It is apparent that the correction depends on the total share of screw to edge dislocations
q which is evolving during the cyclic evolution of the microstructure. As the determination of
the dislocation density with TEM is only for verification of the neutron diffraction data, the
respective share as determined from DLPA is used to calculate the projection correction. The
overall correction factor, assuming a two-beam case and equally probable slip plane types,
i.e. {110}, {112} and {123}, is in the order of 2.8 which leads to dislocation densities very
close to the neutron diffraction results, see Figure 3.23. The evolution of the share of q is in
the order of 20% due to the microstructural evolution. Its influence on the correction factor,
however is negligible. Bigger uncertainty arises from the assumptions on the imaging
condition, i.e. two- or multiple-beam case, determining visibility which leads to total
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correction factors in the order of 1.9 and therefore a 30% lower dislocation density. Finally,
the experimental uncertainty associated with the determination of the foil thickness t leads to
additional reductions of the dislocation density by 35%.
It is shown that the correction factor that leads to the best agreement between TEM and
neutron diffraction dislocation densities is in the order of 2.8. This value assumes equally
probable slip plane types, i.e. {110}, {112} and {123}, a two-beam case and a foil thickness
of 100nm. While this correction factor is based on reasonable considerations and assumptions,
it is shown that the determination of dislocation densities with TEM can lead to large
variations, especially due to uncertainties associated with foil thickness measurements and
imaging condition. Even the common strategy to only consider relative changes of dislocation
densities may be misleading, as both foil thickness and imaging condition can change from
sample to sample and therefore render the errors random. An extremely high number of
observations is required to overcome this effect. In contrast, the determination of dislocation
densities by neutron diffraction line profile analysis is much more repeatable as the
experimental procedure is well reproducible and the effect of local variations is averaged over
the whole test specimen volume. The DLPA technique is further preferable in the case of high
dislocation densities as encountered in this material. Uncertainties are thereby mainly due to
model assumptions, so that, in contrast to the TEM technique, it constitutes a self-consistent
experimental procedure. For these reasons neutron DLPA is used for the full characterisation
of 2CrMoNiWV as subjected to different conditions.

2.2.2

Diffraction line profile analysis

Diffraction line profile analysis (DLPA) is a powerful tool for the characterization of the
microstructure of crystalline materials (Ribárik and Ungár, 2010; Ungár et al., 2001). In the
last two decades considerable effort has been made to develop DLPA procedures that can
determine microstructural parameters by fitting physically based diffraction models to whole
diffraction patterns (Ribárik et al., 2004; Scardi and Leoni, 1999; Ungár et al., 2001).
Alternatively, a simple single-peak approach has been developed by Strunz et al. (2001) and
modified by Davydov (2010) and Lukás et al. (2009). Both procedures are based on the
Warren-Averbach method as presented in Section 1.3.2 and apply the same models for the
size As[L] and strain AD[L] coefficients. Differences arise in the implementation which is in
the former cases dedicated to whole diffraction patterns including many peaks, and in the
latter case to a single peak only. In this study both approaches were applied. For the single
peak approach the Transformed Model Fitting software (TMF) (Lukás et al., 2009) was used,
while the extended Convolutional Multiple Whole Profile (eCMWP) DLPA software (Ribárik
et al., 2004) was applied to whole diffraction patterns in a multiple peak approach. Single
peak DLPA studies were performed e.g. by Davydov et al. (2010; 2009) using TMF. This
software is currently restricted to only consider size effects from equiaxed domains and strain
effects from dislocations, while eCMWP optionally offers to consider elliptical subgrains and
planar faults. The eCMWP software has further been successfully applied to evaluate a large
variety of diffraction measurements, e.g. (Ribárik and Ungár, 2010). In the following, the
more general eCMWP approach is considered.
The theoretical profile functions of the diffraction model (as used by the eCMWP
software) are calculated as the convolution of the theoretical size (smallest coherently
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scattering domains – SCSD, i.e. subgrains), strain (dislocations) and planar fault profiles
(negligible in this case) as well as the measured instrumental profiles, see Eq. 1.29 (Balogh et
al., 2006; Ribárik et al., 2004; Ribárik and Ungár, 2010). These theoretical profile functions
are fully determined by the following microstructural parameters: i) the median m and
variance σ of the log-normal size distribution of the SCSD size, i.e. subgrains (Gubicza et al.,
2000; Langford et al., 2000); ii) the dislocation density ρ (Krivoglaz, 1969; Van Berkum et
al., 1994; Warren, 1959; Warren and Averbach, 1952; Wilkens, 1970); iii) the effective outer
cut-off radius Re* of dislocations (Wilkens, 1970); and iv) the contrast factor Chkl, based on the
crystallography of dislocations and the elastic constants of the crystal (Ungár and Tichy,
1999). The theoretically based profile functions are fitted to the measured data by a nonlinear
least-squares algorithm and thereby the parameters of the microstructure are determined
(Ribárik et al., 2004).
The theoretical size diffraction profiles are based on the assumption that the average
shape of the coherently scattering domain size is equiaxed and the size distribution is lognormal (Ribárik et al., 2004). In the case of plastically deformed metals, the coherently
scattering domain size detected by line broadening corresponds to subgrains or dislocation
cells which are defined by small-angle grain boundaries and/or dipolar dislocation walls
(Ungár et al., 2005). This is why, typically, the size determined by diffraction is equal or
smaller to the size determined by TEM (Ungár et al., 2001; Ungár et al., 2005). The median m
and the variance σ of the subgrain size distribution function describe the size broadened
diffraction profile (Gubicza et al., 2000; Langford et al., 2000; Ribárik et al., 2004; Ungár et
al., 2001).


 ( log [ x / m ])2  
 | L | 2∞ 1
A [ L] =
∫ 1 − µ  µ  ∫µ 2πσ x exp − 2σ 2  dx  dµ
| L| 
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∞


m
log
/
µ
[
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2
=−
∫|L| ( µ | L | µ ) erfc − 2σ  dµ
The first part of the integral is associated with the common volume of a crystal and its ‘ghost’
after a translation of L normal to the diffracting plane which is associated with the Fourier
transform of the diffracted intensity according to Guinier (1963). μ is the mean height of
virtual columns normal to the diffracting planes within this common volume and it is
weighted by a log-normal distribution, implicitly assuming spherical crystallites. Eq. 2.9
reflects the independence of the diffraction order of the size effect as it does not include any
(hkl) dependent parameters. An analytical solution of the integral of Eq. 2.9 is given by
Ribárik et al. (2001). The equivalent area-weighted average subgrain size, D, can be
determined from the median m and the variance σ according to Hinds (1999) using:
s

∞

D = m exp  2.5σ 2 

2.10

The theoretical strain profiles are constructed using a dislocation model based on the
mean square strain of dislocated crystals (Krivoglaz, 1969; Ungár and Borbely, 1996; Van
Berkum et al., 1994; Wilkens, 1969, 1970). The eCMWP diffraction line profile analysis
software incorporates the Wilkens dislocation model (Ribárik et al., 2004; Wilkens, 1970).
This model assumes a restrictedly random dislocation structure, which can be described by
two parameters, ρ and M = Re*√ρ, i.e. the dislocation density and the Wilkens arrangement
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parameter (Ribárik et al., 2004; Wilkens, 1970), see also Section 1.3.2. The value of the
arrangement parameter is high if dislocations are arranged in a random way in a relatively
homogeneous distribution. The formation of dipole-like arrangements or of dislocation walls
(boundaries) is experimentally detectable by a decrease in the value of M as the structure gets
more correlated (Ribárik et al., 2004). Peak broadening caused by dislocations depends
further on the relative orientations between their Burgers b and line vectors l, and the
diffraction vector g, a phenomenon which is taken into account by the introduction of the
dislocation contrast factor Chkl (Borbély et al., 2003; Ribárik et al., 2004). In the case of cubic,
polycrystalline materials, the average dislocation contrast factors Chkl attributed to each
diffraction peak are determined by a specific mathematical expression having a single fitting
variable, q. This is related to the ratio of the edge/screw character of the dislocation structure.
The details about the dislocation contrast factors can be found in (Ungár et al., 1999). With
this, the strain coefficient has been derived by Ribárik et al. (2001).

 π b2 2

2.11
AD=
[ L] exp  −
( g Chkl [(hkl ), q ]) ρ L2 f  L / Re*  
2


The diffraction order dependence of the Fourier transform of the strain effect is indicated by
the presence of the length of the diffraction vector g and the contrast factor Chkl[(hkl), q]
which is a function of the diffracting plane indices (hkl) and the share of edge to screw
dislocations q. An analytical expression for the Wilkens function f [L/Re*] is further available
in (Ribárik et al., 2001).
Eq. 2.9 and 2.11 give the size and strain coefficient, respectively, for the WarrenAverbach method as presented in Section 1.3.2. The theoretical profiles of the diffraction
model are fully determined by the five microstructural parameters indicated earlier, see i)-iv),
which are identified by eCMWP: the subgrain size related parameters m and σ, the dislocation
related parameters ρ and Re* and the contrast factor related parameter q. Furthermore,
appropriate input parameters are needed. This includes the lattice parameter a = dhkl (h2 + k2 +
l2)1/2 which is found from the neutron diffraction spectrum to be a = 0.28694nm as determined
from an average of the (110), (200) and (211) peaks. The Burgers vector of bcc systems is 1/2
<111> which leads to |b| = √3a/2 = 0.24846nm. The analysis further requires the choice of an
appropriate slip system. In this study the <111>{110} bcc slip system is considered and
assumed to be predominate. From this choice, the contrast factor can be calculated with the
ANIZC software (Borbély et al., 2003) using an initial parameter Ch00 = 0.28.
So far, the neutron DLPA model is defined and it remains to describe the neutron
diffraction experiments.
A reduced set of LCF deformed uncut specimens of 8mm diameter were tested at the
high-resolution neutron diffractometer TKSN-400 on the LVR-15 reactor at the Neutron
Physics Institute in Řež, Czech Republic, see Figure 2.3 (left). The instrument features a
resolution of Δd/d ~ 0.002 using a bent perfect Si crystal (220) monochromator which yields a
wavelength of 2.3Å at a neutron flux of ~105n/cm2s. Details are given by Mikula et al. (2002)
and Davydov (2010). The setup only allowed to acquire a single diffraction peak a time
during approximately 8h, which was chosen to be (110). In order to measure the instrumental
profile, a well-annealed ferritic steel standard was used. The TMF program only allows the
analysis of one single peak so that the parameter q cannot be determined from fitting of the
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model to multiple diffraction peaks and therefore a constant contrast factor has to be assumed,
i.e. C̄ = 0.29.

Figure 2.3

Diffractometer setups. Left: TKSN-400 at the Neutron Physics Institute in Řež,
Czech Republic. Right: NPDF at LANSCE, Los Alamos National Laboratory, US.

Further neutron diffraction experiments on the complete set of pre-conditioned
specimens were performed at the neutron powder diffractometer (NPDF) at the Lujan Neutron
Scattering Center (LANSCE), Los Alamos National Laboratory, US (Proffen et al., 2002), see
Figure 2.3 (right). Neutrons are produced by a spallation source (W target, 20Hz) and
detected at the NPDF, a time-of-flight (TOF) neutron diffraction instrument receiving chilled
water moderated neutrons (283K). TOF neutron diffraction is advantageous for diffraction
line profile analysis due to the high penetration depth of neutrons and because TOF
diffraction records many peaks simultaneously with collinear diffraction vectors, e.g. (Brown
et al., 2009). For these experiments, platelets were cut from along the specimen loading axis
by electro discharge machining, each from the deformed volume of the various preconditioned specimens. The platelets had dimensions of 1.4×8×20mm and were clamped by a
V holder painted with Gd to reduce the background from the holder setup. A diffraction
spectrum in the 2θ range of 15 to 75° was acquired for each of the platelets. The irradiated
volume was approximately 200mm3 and the acquisition time amounted to 2h per sample. The
data collected by the NPDF detector bank at 2θ = –148° has been used to perform the line
profile analysis, as the backscattering banks provide the best resolution, i.e. Δd/d ~ 0.0015. In
order to measure the instrumental broadening, the diffraction spectrum of a large grained,
nominally stress free standard sample (annealed Si-powder in a V case with the same
geometry as the examined platelets) was acquired. The convoluted theoretical size, theoretical
strain and measured instrumental profiles were fitted to the whole diffraction pattern to obtain
the microstructural parameters using eCMWP (Ribárik et al., 2004). For the examinations
presented here, ten diffraction peaks were considered and analysed simultaneously, i.e.: (110),
(200), (211), (220), (310), (222), (321), (400), (420) and (332). The high number of measured
reflections together with the high resolution and the low statistical noise (long counting times)
made it possible to obtain well determined microstructural parameters. Uncertainties are
mainly associated with the assumptions made for the theoretical diffraction profiles.
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Deviations from an equiaxed shape of the coherently scattering volumes and from a lognormal size distribution are possible. Elliptical SCSD shapes are allowed by the eCMWP
software but have shown to lead to worse fits of the measured neutron diffraction profiles.
Furthermore, the log-normal distribution is found to well represent the experimental findings
from prior STEM analysis. Uncertainties associated with the theoretical strain profile
originate from the assumption concerning the predominant slip system. Assuming different
slip systems, i.e. <111>{112} and <111>{123}, can be responsible for a variation range of the
dislocation density of about ±5%.
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Chapter 3
Experimental Results

This Chapter presents the experimental results obtained from both the mechanical and
microstructural characterisation of 2CrMoNiWV as subjected to low cycle fatigue (LCF)
loading at elevated temperatures. The experimental evidence gained in this study forms the
basis for constitutive modelling and it provides an insight into the microstructural evolution
that results from cyclic deformation.
Section 3.1 summarises the mechanical behaviour of 2CrMoNiWV for various
conditions. Firstly, the LCF crack initiation endurance of the material is presented.
Subsequently, the evolution of the strength upon cyclic loading is given with the cyclic stress
responses (CSRs). Further detail is added by the presentation of the stress-strain
characteristics as obtained from the first monotonic and midlife condition. In order to provide
a feeling for the level of accuracy that a constitutive model can reasonably attain, the
experimental scatter that arises in both monotonic stress-strain curves and CSRs is identified.
The characterisation of the microstructural evolution is presented in Section 3.2. This
includes qualitative electron microscopic observations and quantitative spot-checks of the
subgrain size and dislocation density using the procedures described in Section 2.2. The
comprehensive characterisation of the evolution of these parameters using single- and
multiple peak neutron diffraction line profile analysis for all considered fatigue conditions is
further presented. Finally, the experimental evidence of the carbide identification is given
which yields information about carbide type, composition and morphology in 2CrMoNiWV.
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3 Experimental Results

Mechanical Behaviour of 2CrMoNiWV

This Section summarises the relevant mechanical data as obtained from low cycle fatigue
(LCF) experiments performed at Empa within the scope of this project. In a first part, the LCF
endurance of 2CrMoNiWV is reported for the various conditions tested in Section 3.1.1.
Subsequently, Section 3.1.2 presents the strain amplitude, strain rate and temperature
dependent cyclic stress response (CSR), i.e. the evolution of the maximum stress per cycle. In
the following, the effect of temperature and strain rate on the monotonic and the quasistabilised midlife stress-strain response is discussed in Section 3.1.3. Finally, the experimental
scatter in both the CSR and the monotonic stress-strain response is quantified in Section 3.1.4.

3.1.1

LCF endurance

Various LCF experiments were conducted at different temperatures, strain rates and strain
amplitudes. Figure 3.1 summarises the crack initiation endurances resulting from these
experiments. As an end-of-life criterion, a 2% stress drop from a linear interpolation of the
quasi-linear regime of the CSR is adopted. Additionally to those experiments that attained the
end-of-life (crack initiation) criterion, also prematurely interrupted experiments are
documented and indicated by right-pointing triangles for completeness. Endurance curves
were fitted to the resulting points on the basis of a combined Coffin-Manson and Basquin
model.

εa =

∆ε el ∆ε pl
c
c
+
= ε el′ ( 2 N 2% ) el + ε ′pl ( 2 N 2% ) pl
2
2

3.1

For this purpose, the endurances for the two temperatures 500°C and 565°C and the two strain
rates 0.01%/s and 0.1%/s are considered. Three to four strain amplitudes are characterised
under these conditions. It has to be mentioned that the International Standard ISO
12106:2003(E) recommends to base the endurance curves on at least eight tests. Thus, the
endurance curves given here are indicative only. In order to determine the model parameters
ε′el, ε′pl, cel and cpl, the plastic and elastic strain ranges are determined from the midlife
hysteresis cycle of each test and linearly fitted as a function of N2% in a double-logarithmic
representation.

 ∆ε 
ln  el=
 cel ( ln[ε el′ ] + ln[2]) + cel ln[ N 2% ]
 2 
 ∆ε pl 
ln  =
 c pl ( ln[ε ′pl ] + ln[2]) + c pl ln[ N 2% ]
 2 

3.2

As shown in Figure 3.1, the endurances of 500°C at 0.01/s and 0.1%/s and of 565°C and
0.1%/s are reasonably close, while a strain rate of 0.01%/s at 565°C appears to reduce the
endurance significantly. This indicates the increasing strain rate effect at higher temperatures.
The resulting endurance curves are found to differ from the reference LCF endurance curve
given by Wiemann (1991). Modelled and experimental endurances both at 500°C and 565°C
and 0.1%/s appear to be longer than the reference data. This discrepancy probably arises from
the different crack initiation criterion (visual crack vs. 2% load drop criterion) as well as the
used specimen type (reverse bending vs. uniaxial loading) and heating strategy (electric
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current vs. furnace) applied in (Wiemann, 1991). The experimental endurance results gained
in this project have not been repeated. An experimental scatter within a factor of ±2 for the
repeatability (within laboratory) and a factor of up to ±2.5 for the reproducibility (interlaboratory) of LCF endurances is, however, common (Scholz, 2010). Large scatter is further
apparent at strain amplitudes as high as ±1.0%.

Figure 3.1

3.1.2

LCF crack initiation endurance curves for 2CrMoNiWV. Right-pointing triangles
indicate interrupted tests.

Cyclic stress response (CSR)

Cyclic plastic deformation of 2CrMoNiWV leads to an evolution of the peak stress. This is
one of the aspects of the material behaviour evolution that is to be modelled within the scope
of this Thesis. The evolution of the peak stress in cyclically loaded materials is commonly
represented by the cyclic stress response (CSR), in which the maximum stress at the strain
amplitude is plotted versus the actual cycle number. Thereby, the extent of change of the peak
stress is strongly dependent on the applied strain amplitude, the strain rate and the
temperature. For this purpose, LCF experiments have been carried out to experimentally
assess the strain amplitude dependency, i.e. for ±0.25%, ±0.4%, ±0.7% and ±1.0% at the
strain rates 0.01%/s and 0.1%/s and the temperatures 500°C and 565°C. Additional
experiments were performed at ±1.0% and at strain rates between 0.001%/s and 1.0%/s as
well as at the temperatures 20°C, 150°C, 250°C, 400°C and 600°C, in order to characterise
the strain rate and temperature dependent mechanical evolution.
Figure 3.3 shows the strain amplitude dependent CSRs together with the stress change
per cycle. Upon cyclic deformation, 2CrMoNiWV cyclic softens. Initially, a strong stress
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decrease is observed which is followed by a relatively stable, quasi-linear softening phase and
the final failure attributed to overcritical crack growth. The stress amplitude is obviously
depending on the strain hardening that occurs during plastic deformation of the material. This
is the stronger, the higher the strain amplitude, the smaller the temperature and the higher the
strain rate. The initial softening, on the other hand is the stronger, the higher the amplitude
and temperature and the lower the strain rate. At strain amplitudes as small as 0.25% and
0.4% initial softening amounts to less than 10MPa/cycle, while at 0.25% even slight initial
hardening can be observed. For higher strain amplitudes the initial softening exceeds
20MPa/cycle. Furthermore, it is apparent that the strain rate effect on the cyclic evolution is
not only stronger with increasing temperature but also with increasing strain amplitude due to
the longer time periods at high stresses.
The strong influences of temperature and strain rate at a given strain amplitude on the
mechanical softening is shown in Figure 3.2. It is apparent that hardening in the first cycle
occurs for temperatures below 250°C. As most of the dislocations are probably pinned by
solute atoms and V4C3 carbides in the as-received condition and in the absence of significant
thermal activation, a certain increased stress is likely to be necessary to mobilise sufficient
dislocations to sustain the imposed strain. Due to the initial immobility of dislocations at
lower temperatures, it is anticipated that the dislocation density is substantially increased
during the first quarter cycle. As expected, strain rate effects are observed to be significant at
temperatures as high as 500°C and 565°C. This is due to the enhanced thermal activation of
dislocation motion.

Figure 3.2

CSRs and hardening rates for 2CrMoNiWV subjected to LCF at different
temperatures and strain rates and a strain amplitude of ±1.0%.
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Strain amplitude dependent CSRs and hardening rates for 2CrMoNiWV subjected
to LCF loading at temperatures of 500°C and 565°C and strain rates of 0.01%/s and
0.1%/s.
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An important material parameter for engineering design is the yield stress σ0 which is
conventionally defined as 0.01%-proof strength Rp,0.01, i.e. the stress at which a plastic strain
of 0.01% is first reached. For modelling purposes, σ0 is normally regarded as synonymous to
isotropic stress. For materials science studies, the terms effective or friction stress are more
common and defined to be composed of isotropic and viscous stress, see Section 1.1.3. While
Polák et al. (1996; 1982; 1982) define the effective stress as the stress at the minimum initial
curvature of the stress-strain curve, see Appendix E, here, the 0.01%-proof strength is used.
Figure 3.4 shows the evolution of the 0.01%-proof stress σ0 and the backstress X = σ – σ0 or
internal stress. The yield stress σ0 constitutes roughly 50% of the maximum stress amplitude
and it cyclically softens increasingly with lower strain rates and higher temperatures.
Similarly, the amplitude of the backstress also shows a cyclic softening behaviour which is
enhanced by higher temperatures and lower strain rates but slightly less in extent in
comparison with σ0. Both, the isotropic stress and the backstress contribute with an
approximately equal share to the maximum stress. This is true for the magnitude as well as for
the cyclic softening.

Figure 3.4

Temperature and strain rate dependent evolution of the tensile and compressive
CSRs, σt and σc, respectively, the 0.01%-yield stress σ0 and backstress X.
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A comparison between the tension-going and compression-going CSRs, indicates that
the peak stresses are larger in compression than in tension. A small compressive mean stress
in the order of -10MPa to -20MPa is therefore present which reduces upon LCF deformation.
While the tensile and compressive yield stresses σ0 are approximately balanced, the mean
backstress X appears to be mostly responsible for the negative mean stress. Evidence therefore
indicates that the kinematic hardening capability of the material is larger in the compressiongoing direction than in the tension-going direction, as a higher absolute stress is built up
during straining in compression at a relatively stable yield stress. The question thus arises
whether this apparent tension-compression asymmetry is due to a strength differential effect,
see Section 1.2.1, or whether it is a result of the mechanical evolution due to prior plastic
loading. This is discussed in the following Section.

3.1.3

Monotonic and midlife stress-strain response

Up to here, the evolution of the maximum or minimum stress in the elastic-plastic hysteresis
is discussed, showing that the material cyclically softens in dependence of temperature, strain
rate and strain amplitude. CSRs thereby contain reduced information as no evidence is given
about the constitutive relationship between stress and strain. For this purpose, the
experimental monotonic and midlife cycle (0.5N2%) stress-strain responses are given in the
following.

Figure 3.5

Temperature and strain rate dependent monotonic stress-strain curves and midlife
hystereses of 2CrMoNiWV subjected to LCF at a strain amplitude of ±1%.

Figure 3.5 shows the monotonic and midlife cycle stress-strain response in dependence
of the strain rate at 500°C and 565°C. At lower strain rates, the stress response at a given
strain is smaller due to visco-plastic effects. Under these conditions, yield starts earlier, i.e. σ0
is reduced as indicated in Section 3.1.2. Additionally, an important influence is apparent in
the strain hardening behaviour. While at high strain rates and 500°C the stress appears to still
increase quasi-linearly at a strain of 1%, it is almost saturated at low strain rates and 565°C.
This indicates a rather strong influence of the strain rate not only on the stress level but also
on the strain hardening characteristic, especially at low strain rates and higher temperatures.
Decreased hardening is due to time-dependent effects which become significant at T > 0.4Tm,
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i.e. above a temperature of approximately 490°C. The midlife cycle response preserves this
strong effect. It has further to be pointed out that the transition between the elastic and plastic
regime is apparently smooth. Evidence is further available that shows the rather curved than
linear stress-strain relationship in the elastic regime.

Figure 3.6

Temperature dependent monotonic stress-strain curves and midlife hystereses of
2CrMoNiWV subjected to LCF at a strain amplitude of ±1% and a strain rate of
0.1%/s.

Similarly, a strong influence of temperature on the nonlinear elastic-plastic constitutive
relationship between stress and strain is evidenced in Figure 3.6. The transition between the
elastic and plastic regime is increasingly smooth for high temperatures and low strain rates.
As indicated in Section 1.4.1, gradual yielding, and thereby slightly nonlinear elastic
behaviour, is a consequence of local thermally activated yield due to mobile dislocations, the
heterogeneous microstructure and the residual stresses resulting from the transformation
process. The increased thermal activation of dislocation motion in combination with
heterogeneously distributed internal stresses leads to local yield. It indicates an increasingly
smooth elastic-plastic transition with increasing temperature and a decreasing slope at the
maximum strain amplitude at temperatures in excess of 500°C. The initial, rather short
elastic-plastic transition at lower temperatures evolves to a smooth yield behaviour with
cyclic deformation up to the midlife condition which is similar to that observed at higher
temperatures. This underpins the history dependence of not only the strength of the material
but also of the nonlinear elastic-plastic constitutive behaviour.
As pointed out earlier in this Section, differences occur between the tensile and
compressive peak stress. The question therefore remains to answer, whether there is an
inherent tension-compression anisotropy due to the strength differential effect, see Section
1.2.1 or whether it is due to an apparent history dependence, i.e. the kinematic hardening
characteristics in one direction changes due to prior straining in the opposite direction. For
this purpose, the stress responses of first tension- and first compression-going straining
experiments are compared in Figure 3.7. It proves that the initial loading direction does
neither influence the maximum obtained stress nor the monotonic hardening characteristic.
This suggests that there is no apparent tension-compression asymmetry. Upon strain reversal,
however, the stress response is significantly altered with respect to the initial loading
characteristic which evidences a strain history dependence. This not only affects the yield
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point, i.e. Bauschinger effect, but the complete strain hardening characteristic. It is therefore
expected that the compressive mean stress as discussed in Section 3.1.2 is a result of history
dependence rather than a strength differential effect.

Figure 3.7

Left: Comparison of monotonic (solid) and relative first reversal (dashed) loading
branches for an initially tension-going (black) and compression-going (red)
experiment, respectively. Right: Illustration of strain rate dependent plasticity
causing rounding at strain reversals.

Figure 3.7 (right) further highlights that there is a significant strain rate dependent effect
at the strain reversal points. A rounding of the stress-strain hysteresis at the strain amplitudes
prior to the linear elastic regime can generally be observed during cyclic deformation. This is
due to the combined effect of i) an imperfect machine control, i.e. non-constant strain rate at
strain reversals, ii) anelastic recovery, i.e back-bowing of forward bowed dislocations
(Section 1.1.4), and iii) a pseudo-hold time at a relatively high stress level which can
introduce a short stress-relaxation period. The simultaneous action of these effects leads to a
strong initial decrease of stress prior to the linear elastic regime which is associated with the
continuous change of an initially high tangent modulus E to the apparent elastic modulus Eapp
and thus the rounding of the hysteresis corners.
Cyclic stress-strain responses (CSSR) are often used in practice to describe the strain
amplitude dependence of the stabilised cycle response. For this purpose, the midlife
hystereses obtained at different strain amplitudes but otherwise equal conditions are used to
generate the CSSR by connecting the maximum stresses of these different hystereses. Figure
3.8 gives the midlife hystereses for different LCF conditions. As CSSR, the scaled relative
tensile loading branch of the ±1% hysteresis is used which appears to well represent the strain
amplitude dependent maximum stress at the different conditions. It is therefore indicated that
the stress-strain characteristics at larger strain amplitudes can be used to infer to smaller
amplitude behaviour at the stabilised condition. To predict the strain amplitude dependent
stress response under completely transient evolutionary conditions, this simple CSSR
approach comparing midlife cycles only is not sufficient. An appropriate constitutive model is
then required that represents the characteristic behaviour at a specific internal state. This
implies the need for an appropriate internal variable. Rather than comparing hystereses of
different strain amplitudes at the midlife condition, they are then related to a representative
stress-strain characteristic at a specific internal state, i.e. a specific value of the internal
variable (see Section 4.4.4).
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CSSRs as derived from the scaled relative tension-going midlife cycles of LCF tests
at a strain amplitude of ±1%, the temperatures 500°C and 565°C and the strain rates
0.01%/s and 0.1%/s.

Experimental scatter

When modelling experimental data, the question arises how accurate the model has to be. An
upper limit for the representative accuracy is certainly given by the observed experimental
scatter. While the representation of experimental data to which a model is fitted has to be as
high as possible, predicted mechanical behaviour cannot be required to be more accurate than
the experimental scatter. For this purpose, the experimental data of several nominally
identical experiments on different specimens is evaluated to quantify the expected scatter for
CSRs and monotonic loading situations, respectively.
Using the results of five nominally identical experiments, the upper and lower 99%
confidence boundaries are determined, giving a stress range at every stage of the experiment
into which 99% of the experimental CSRs should fall. Figure 3.9 highlights that the expected
experimental variation lies within ±10-15MPa both for the maximum and minimum stress
evolution. For the quantification of the experimental scatter of the monotonic stress-strain
curves, the constitutive model developed in Section 4 is anticipated. These results are used to
evaluate the model parameter sensitivity as presented in Section 4.2.3. Figure 3.10 shows the
upper and lower 99% confidence boundaries for the monotonic stress-strain responses at
565°C, 0.1%/s and 0.01%/s on the basis of nine and six experiments, respectively. The
resulting scatter that has to be expected is within ±5-10MPa. This forms the upper reasonable
limit for the model representation capability for strain hardening at least at 565°C.
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Figure 3.9

Experimental variability of CSRs originating from different specimens subjected to
LCF at 565°C, 0.1%/s and ±1%.

Figure 3.10

Experimental variability of the monotonic stress-strain characteristic originating
from different specimens subjected to tensile loading at 565°C and 0.1%/s.
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With this, the experimental basis is laid for the mechanical modelling of the constitutive
behaviour of 2CrMoNiWV as discussed in Section 4. The most important findings are
summarised as follows:
•

2CrMoNiWV is cyclically softening with a strongly strain amplitude, strain rate and
temperature dependent characteristic.

•

The cyclic stress response (CSR) can be subdivided into three regimes: i) the strong
initial softening decreases to ii) a relatively stable, quasi-linear softening phase which
terminates by iii) the final failure with increased softening.

•

Initial softening is enhanced by higher strain amplitude and temperature and lower
strain rate. Slight initial hardening may occur at temperatures below 250°C.

•

Both, the yield stress, i.e. limit of proportionality, σ0 and the backstress X make up
about 50% of the actual maximum stress each and decrease during cyclic deformation in
dependence of temperature and strain rate.

•

Rounded hysteresis corners occur at the strain reversals during cyclic deformation as a
result of anelastic recovery, non-constant strain rates and relaxation. This strain rate
dependent effect leads to a strong decrease of the stress upon strain reversal, i.e. a high
tangent modulus which approaches the apparent elastic modulus Eapp as the strain rate.

•

The maximum stress per cycle is observed to be smaller than the absolute minimum
stress per cycle which leads to a small compressive mean stress in the order of -10MPa
to -20MPa. While the tensile and compressive yield stress σ0 are approximately
balanced, the compression-going backstress X appears to be larger than the tensiongoing one. This is likely to be due to the strain history dependence which not only
causes a change of the yield stresses σ0 upon strain reversal, i.e. Bauschinger effect, but
also in the strain hardening characteristic.

•

The strain hardening characteristic is strongly dependent on temperature, strain rate
and strain history.

•

The scaled relative stress-strain response of a higher strain amplitude test well
represents the cyclic stress-strain response (CSSR), i.e. the strain amplitude dependent
maximum stress at midlife. An appropriate constitutive model and internal variable are
necessary to describe strain amplitude dependent cyclically transient stress-strain
characteristics.

•

Experimental scatter lies within ±10-15MPa for the CSR and within ±5-10MPa for
monotonic behaviour. This constitutes the upper reasonable limit of model
representations.
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Microstructural Evolution of 2CrMoNiWV

In order to understand the origin of the mechanical cyclic softening observed in
2CrMoNiWV, microstructural investigations were carried out on end-of-life and interrupted
specimens. As indicated in Section 1.2.3 for cyclic softening 1CrMoV steels, the major
microstructural change during LCF deformation is expected to be due to a reduction of the
dislocation density, their rearrangement to form well-defined subgrains and potentially an
evolution of the carbide structure. This Section aims at gaining an understanding for the
actual microstructural evolution as occurring in 2CrMoNiWV from its as-received condition
to the different as-fatigued conditions. Qualitative and quantitative analyses of the dislocation
substructure have been carried out using electron microscopy (S)TEM, see Section 3.2.1.
Quantitative characterisation includes the determination of dislocation densities and subgrain
sizes. While a reduced number of conditions was characterised using electron microscopy, a
comprehensive quantitative analysis determining dislocation density and subgrain size for a
complete range of fatigued conditions has been performed using neutron diffraction line
profile analysis, see Section 3.2.2. Results of the spot-check (S)TEM and the neutron
diffraction analysis was published recently within the scope of this project (Mayer et al.,
2012). Section 3.2.3, is finally concerned with the identification of carbides in 2CrMoNiWV
and their potential change during LCF using STEM, EDX, XRD and electron diffraction.

3.2.1

Electron microscopic observations

Prior to a fully quantitative study of the dislocation and subgrain structure of 2CrMoNiWV, it
is instructive to create familiarity with the rather complex structure. It is further important to
gain knowledge about which technique is most appropriately used for a specific purpose.
Subsequently, the results of the quantitative determination of the dislocation density using
TEM according to Section 2.2.1, and of the subgrain size applying both SEM-BSE and
STEM-DF according to Section 2.2, is presented.
Qualitative Observations
TEM is the most appropriate electron microscopic technique to directly observe single
dislocations and complex dislocation microstructures. Especially, it allows to adopt a wide
range of magnifications. While detailed studies of e.g. dislocation type and Burgers vector are
normally made using TEM-DF, a microstructural overview is better gained from a two- or
multi-beam condition. Thereby, the direct electron beam as well as one or more diffracted
beams are used for imaging. Additional apertures increase the contrast.
Figure 3.11 shows two TEM-BF micrographs of the as-received and an as-fatigued
(565°C, 0.1%/s, ±0.7%, 201 cycles) condition, respectively. Similar to the findings for
1CrMoV steels, see Section 1.2.3, 2CrMoNiWV appears to feature a significantly reduced
dislocation density after being subjected to cyclic loading. Furthermore, a relatively distinct
subgrain structure is observed with a reduced dislocation density in the subgrain interiors. In
contrast, more tangled dislocations and less well-defined subgrains are present in the asreceived state. This indicates that dynamic recovery takes place during LCF loading at
elevated temperatures.
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TEM-BF micrographs (orientation: [1̄11]) of a) the as-received microstructure and
b) the as-fatigued microstructure (565°C, 0.1%/s, ±0.7%, 201 cycles).

Due to the strong distortion of the material, it is challenging and partially impossible to
distinguish different subgrains. These can normally be discriminated by their difference in
orientation as indicated by different grey contrasts. Subgrain-to-subgrain misorientations are
in the order of less than 1° and may be gradual, however. This implies that images should be
acquired under different tilting angles to rule out uncertainties associated with gradual
distortions originating from the small-scale heterogeneity of the dislocation distribution inside
the anticipated subgrains. It is clear that a reliable and representative characterisation of the
dislocation density or the subgrain size in the relatively heterogeneous microstructure requires
the consideration of a comparably large quantified area. For the measurement of the
dislocation density it is therefore important to firstly, select an appropriate, representative
area, i.e. not subgrain boundary areas, and secondly, to use appropriately oriented regions of
interest. The dependence of the dislocation substructure on the crystallographic orientation
originates from the fact that some of the actually present dislocations are not visible as their
strain-fields do not interact with the electron beam in certain orientations. In contrast, the
assumption of an equiaxed shape of the subgrains consistent with the concept presented in
Section 2.2.2, allows for a determination of their size without particular care on orientation.
Essential, however, is the consideration of a significant number of subgrains. Figure 3.12
shows complementary STEM-DF, STEM-BF and STEM-HAADF images of the as-received
and two as-fatigued states (565°C, 0.1%/s, ±0.7%, 19 and 201 cycles). The evolving subgrain
structure is best visible in the thin areas of the STEM-DF images due to the major
contribution of Bragg contrast and only little interactions of the diffracted beam through the
thickness of the sample. STEM-BF and STEM-HAADF, on the other hand, mainly carry
compositional information and therefore well reveal the larger carbides. The subgrain
structure of the as-received state is clearly more heterogeneous than the as-fatigued states.
Even after only 19 cycles the LCF deformation leads to a more distinctly defined structure of
small subgrains. Further cyclic loading to the midlife condition enhances the extent of
definition and introduces subgrain growth. As fine subgrains may partly be confused with
coarse carbides, the complementary STEM-BF images are used to appropriately discriminate
between the two features.
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STEM-DF (top row), STEM-BF (middle row), STEM-HAADF (bottom row) images:
a), d), g) as-received state of material (orientation: random), b), e), h) as-fatigued
(565°C, 0.1%/s, ±0.7%, 19 cycles, z =[1̄11]), c), f), i) as-fatigued (565°C, 0.1%/s,
±0.7%, 201 cycles, z =[1̄11]). σ denotes the macroscopic uniaxial loading direction.

A better overview of the subgrain structural evolution can be gained from the STEM-DF
images shown in Figure 3.13 to Figure 3.15 for the same LCF conditions. The complementary
STEM-BF and STEM-HAADF images as well as additional images on further as-fatigued
conditions, i.e. 565°C, 0.1%/s, ±0.25%, 35 and 3794 cycles, can be found in Appendix C.
After 19 cycles at a strain amplitude of ±0.7%, subgrains are not globally appearing but rather
restricted to distinct areas. In the midlife condition, i.e. after 201 cycles, the subgrains are
more homogeneously spread. After cyclic deformation at a smaller strain amplitude of
±0.25% but otherwise equal conditions, the microstructure reveals only little change after 35
cycles in comparison to the as-received state. Fine subgrains are, however, visible at distinct
areas. After 3794 cycles, the subgrain size is similarly pronounced and homogeneous. While
the occurrence of the subgrains in all fatigued situations is rather homogeneous, the
distribution of their sizes appears to be relatively wide. Especially, with increasing size of the
subgrains tilting should be applied to ensure that large subgrains are not further subdivided.
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Figure 3.13

STEM-DF image of randomly oriented as-received 2CrMoNiWV.

Figure 3.14

STEM-DF image of [1̄11] oriented 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s
and ±0.7% for 19 cycles.
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STEM-DF image of [1̄11] oriented 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s
and ±0.7% for 201 cycles, i.e. midlife condition.

Thus, the qualitative STEM observations reveal that cyclic loading of 2CrMoNiWV at
elevated temperatures leads to dynamic recovery which causes the reduction of the dislocation
density and their rearrangement to form well-defined and growing subgrains. The rate and
extent at which the dislocation density and subgrain size evolve appear to be strongly
dependent on strain amplitude and presumably temperature and strain rate.
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Subgrain Size and Dislocation Density
In a first attempt to quantify the microstructural evolution of cyclically deformed
2CrMoNiWV, the dislocation density and subgrain size are determined with the methods
introduced in Section 2.2 and 2.2.1.
For the determination of the dislocation densities TEM-BF (multibeam condition)
images were used at a magnification high enough to clearly reveal a set of single dislocations.
Care was taken that images are acquired from representative areas with approximately the
same thickness which was estimated to be 100nm to 160nm. In order to satisfy the
requirement of statistical significance, a total area of approximately 1µm2 was considered per
investigated condition. Figure 3.16 gives an impression of the dislocation substructures in the
a) as-received as well as b) and c) the as-fatigued states (565°C, 0.1%/s, ±0.7%, 19 and 201
cycles, respectively). Additionally, two as-fatigued conditions at a smaller strain amplitude of
±0.25% (35 and 3794 cycles) and otherwise identical fatigue conditions were considered. The
high dislocation density present in these conditions made it necessary to determine the
dislocation structure manually. The corresponding digitised images are shown in Figure 3.16
(bottom row) and the total length of dislocation lines is determined by ImageJ. It is apparent
that the dislocation density within the subgrains reduces with strain cycling. Figure 3.16 a) to
c) represent dislocation densities of 8.3∙1014m-2, 5.2∙1014m-2 and 3.6∙1014m-2, respectively. As
discussed in Section 2.2.1, the measured length of observed dislocations has to be corrected
for projection and visibility, taking into account the crystal orientation as well as the possible
slip planes and dislocation directions and the share of screw to edge type dislocations which is
obtained from neutron DLPA. Table 3.1 summarises the dislocation densities as obtained by
the TEM approach.

Figure 3.16

TEM-BF micrographs in [1̄11] orientation used for determination of the dislocation
density: a) as-received state, b) and c) as-fatigued states: 565°C, 0.1%/s, ±0.7%, after
19 and 201 cycles, respectively. Bottom row shows the corresponding digitised
abstractions of the images above.
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For the quantitative determination of the subgrain size by electron microscopic means,
two techniques were applied. First, efforts have been made using tilting sequences of SEMBSE images as explained in Section 2.2. The subgrain size evolution determined by this
approach has been presented at the 18th European Conference on Fracture in Dresden and
published in its proceedings (Mayer et al., 2010). Figure 3.17 exemplarily shows the contrast
change due to a tilt of ±0.5° from a reference configuration for an as-received and an asfatigued condition (565°C, 0.1%/s, ±0.7%, 201 cycles). In reality five tilting steps are used for
the determination of the subgrain size. It is apparent that tilting of the sample leads to a
change in contrast due to the relative difference in crystal orientation with respect to the
incoming electron beam. Thereby, larger areas that would be considered as one single
subgrain are revealed to be subdivided into several smaller areas in reality. The stack of tilted
images are set up to a movie clip which is continuously repeated so that subgrains could be
identified and transferred to a transparent. This was finally digitised and subgrain sizes are
evaluated using ImageJ.

Figure 3.17

Example for determination of subgrain size using tilting sequences of SEM-BSE
images. Top: as-received condition; Bottom: as-fatigued condition (565°C, 0.1%/s,
±0.7%, 201 cycles). Circles highlight subgrains that are revealed by tilting.

Table 3.1 summarises the results for the evolution of the equivalent area-weighted average
subgrain size, see Eq. 2.1, as determined with the SEM-BSE approach. Subgrain size is
clearly increasing, and it is pointing to the action of dynamic recovery during LCF
deformation. The growth of subgrains is thereby driven by the reduction of internal energy
that accompanies the reduction of subgrain boundary area. A subgrain size of 471nm appears
to be relatively large for the initial condition if compared to e.g. Figure 3.12 a). The reason for
this is likely to be due to the rather coarse tilt steps which are restricted by the goniometer of
the SEM. Low-angle grain boundaries (LAGB) are expected to feature misorientations
significantly less than 1°. Like this, LAGBs with misorientations less than 0.5° cannot be
resolved with the consequence of a relatively large variance of the subgrain size distribution
which clearly leads to larger values of the equivalent area-weighted average subgrain size.
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Furthermore, significant influence may be imposed by the relatively large interaction depth
(~1-2μm) of the electron beam which leads to a BSE signal that is likely to contain
information averaged over more than one subgrain. While the image sequence reveals the
high degree of deformation in the as-received condition, the as-fatigued material appears to be
well recovered after LCF deformation up to the midlife condition. From the (S)TEM images
presented earlier in this Section it is, however, clear that there is still a significant number of
dislocations present in the subgrain interior. The mere reliance on SEM images may therefore
be misleading.

Figure 3.18

Example for the determination of the subgrain size using STEM-DF images. a) asreceived condition (random orientation); b) as-fatigued condition (565°C, 0.1%/s,
±0.7%, 201 cycles, z = [1̄11]).

The second method applied to more appropriately measure subgrain size is by use of
individual STEM-DF images. Figure 3.18 exemplarily shows the same conditions as observed
by SEM and presented in Figure 3.17. The Bragg contrast, i.e. strain contrast, by which the
images are formed contain information about strained volumes. Perfectly unstrained volumes
would therefore appear as a uniform grey area. Large distortions of the crystal or sudden
changes of the crystal orientation, such as grain boundaries, lead to contrast changes. Like
this, areas in the STEM-DF images with approximately uniform grey contrast are regarded as
subgrains, i.e. as coherently scattering domains, perfectly consistent with the concepts used in
neutron diffraction line profile analysis, see Section 1.3.2. Areas that appeared to be
attributable to such regions are therefore identified by hand and digitised similar as in the first
method. To avoid confusion with carbides, the complementary STEM-BF images were
consulted for confirmation. In order to collect data from a statistically significant number of
subgrains, a total number of approximately 400 subgrains per condition is considered. Table
3.1 summarises the results for the equivalent area-weighted average subgrain size as obtained
with this method. Again, growth of subgrains can be quantitatively confirmed. The subgrain
sizes obtained from STEM-DF are consistently smaller than those from SEM-BSE. This may
be explained by i) the negligible thickness of the sample avoiding “volume averaging” of the
interacting electrons in the depth of the bulk sample as occurring in the case of SEM-BSE,
and ii) the higher magnification and the smaller spot-size in STEM. With this approach an
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initial subgrain size of 192nm is obtained that apparently evolves during LCF deformation to
a size of 497nm at the midlife condition. As shown in Section 3.2.2 these results as well as the
actual subgrain size distributions are in very good agreement with the subgrain sizes obtained
from neutron diffraction.
Table 3.1

N
0
3
19
201

Left: Evolution of the equivalent area-weighted average subgrain size as determined
using STEM-DF and SEM-BSE tilting sequences for 565°C, 0.1%/s, ±0.7%. Right:
Dislocation density evolution as determined by TEM for two LCF conditions, i.e.
565°C, 0.1%/s, ±0.25% and ±0.7%. Values normalised to the as-received conditions
are given in brackets.

Deq [nm]
STEM
BSE
192 (1)
471 (1)
766 (1.63)
283 (1.47)
497 (2.59) 1098 (2.33)

ρ [1014m-2]
±0.25%
±0.7%

N0.25%

N0.7%

0

0

8.3 (1)

8.3 (1)

35

19

6.9 (0.83)

5.2 (0.63)

3794

201

2.4 (0.29)

3.6 (0.43)

It has to be pointed out at this stage that an electron microscopic determination of both
subgrain size and dislocation density is very time consuming and inherently involves a large
degree of subjectivity. The characterisation of a larger number of samples to provide a
statistically significant basis, in which relatively fine changes of the microstructural
parameters can be revealed, is beyond the scope of this project. Neutron diffraction based
methods are a very appropriate alternative for this purpose. Although this approach is selfconsistent and therefore repeatable, it is based on various assumptions. Spot-checks obtained
from the electron microscopic techniques are thus used to verify the plausibility of the neutron
DLPA results. The complementary use of different techniques is essential to gain confidence
over the obtained results. While absolute measures cannot be expected by any of the available
methods, self-consistency is most important to describe the evolution of microstructural
parameters which is best provided by diffraction techniques.
The characterisation of the microstructural evolution of cyclically deformed
2CrMoNiWV using electron microscopy leads to the following conclusions:
•

For the characterisation of the subgrain size STEM-DF imaging has proven to be best
used to visualise subgrains. STEM-BF is necessarily used to gain complementary
information on larger carbides. Under the assumption that subgrains are equiaxed,
orientation influences are negligible.

•

SEM-BSE provides a fast way to characterise the lath structure of bainite. In
combination with additional tilting experiments, subgrains can be identified. This leads,
however, to unrealistically high subgrain sizes which may be due to the physical
averaging of the backscattered electron signal over a large interaction volume and too
coarse tilting increments.

•

The quantification of the dislocation density is best performed using TEM-BF images at
high enough magnification to visualise a reasonable set of dislocations. Corrections for
visibility and projection have to be applied necessarily.
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•

For all methods a statistically significant basis has to be provided as the strong local
heterogeneity of the dislocation substructure may falsify the results.

•

The subgrain size as determined by STEM-DF increases from an initial equivalent
diameter of 192nm to 497nm at 565°C, 0.1%/s, ±0.7% after 201 cycles. Subgrains
appear to be mainly equiaxed.

•

The dislocation density is determined by TEM-BF to be 8.3∙1014m-2 for the initial
condition and 2.4∙1014m-2 and 3.6∙1014m-2 after 3794 (565°C, 0.1%/s, ±0.25%) and 201
(565°C, 0.1%/s, ±0.7%) cycles, respectively.

3.2.2

Neutron diffraction line profile analysis

In order to quantitatively characterise the microstructural evolution of 2CrMoNiWV for a
comprehensive set of conditions, neutron diffraction line profile analysis (DLPA) was carried
out. This method not only allows to characterise a large set of samples in a relatively short
time but it allows to determine dislocation density and subgrain size in a self-consistent way
with least subjectivity, as long as an appropriate diffraction peak shape model is applied.
Neutron diffraction experiments were performed that provided i) a single diffraction peak
(reactor source at ÚJF Řež, Czech Republic) or ii) multiple diffraction peaks (TOF pulsed
spallation source LANSCE, USA). In both approaches, the measured profile constitutes an
average over the irradiated volume, whereas its shape is determined by the dislocation density
and subgrain size of the sample as well as by an instrumental contribution. Identical
diffraction peak shape models are adopted by the two approaches, see Section 2.2.2. As
indicated in the Section 1.3.2 and 2.2.2, the subgrain size contributes equally to the diffraction
peaks at different crystallographic orientations as long as the assumption of an equiaxed
subgrain holds. The contribution of the dislocation induced strain fields, however, is strongly
dependent on the crystallographic orientation. In the course of this project both, a single and a
multiple peak approach, were adopted to quantitatively characterise differently preconditioned LCF specimens. The findings of these experiments are presented in the following.
Single Peak Approach
A collaboration was established with a research group at the Nuclear Physics Institute (ÚJF)
in Řež, Czech Republic, which is specialised in the single peak DLPA determination of the
dislocation density and subgrain size. Monochromatic diffraction experiments were carried
out on the high-resolution diffraction spectrometer TKSN400 at ÚJF Řež. Single intensity
distributions were obtained for the (110) orientations of differently pre-conditioned samples.
The dislocation density and subgrain size were obtained from the calibration of a
diffraction peak shape model to the measured single peak neutron diffraction intensity
distributions. A dedicated program was provided for this purpose by ÚJF. Optimised results
for the dislocation density and subgrain size are attempted to be verified by repeated
evaluation of the routine with slightly varying the initial values of the model parameters and
the optimisation range. These perturbations of initial values and solution range, however,
consistently yielded substantially different results. Figure 3.19 shows the dislocation density
resulting from a number of optimisations in which the subgrain size and the dislocation cut-
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off radius were kept constant. The χ2-error is used as a measure for the goodness-of-fit. It
appeared that with increasing subgrain size, the χ2-error remained approximately constant,
indicating equally good optimisation results. The best-fit dislocation densities that correspond
to equal levels of the model representation quality appear to vary within a complete order of
magnitude. This indicates that the diffraction peak shape model fits the experimental data
equally well for dislocation densities between 1014m-2 to 1015m-2 and subgrain sizes between
200nm and 1µm. It was therefore not possible to exploit the experimental data set to obtain
consistent and reliable results for the dislocation density or subgrain size evolutions. Electron
microscopic studies indicated a dislocation density for the condition depicted in Figure 3.19
of 3.6∙1014m-2 and a subgrain size of 497nm. For this condition the single peak approach
predicted a dislocation density of less than 1014m-2.
As stated in Section 1.3.2, the subgrain size influence on the diffraction intensity
distribution is diffraction order independent, i.e. nominally the same for all crystal
orientations, while the dislocation density contribution is diffraction order dependent, i.e.
different for different crystal orientations. It is therefore understandable why the dislocation
density and the subgrain contributions cannot be reliably deconvoluted by consideration of
only one single peak. Either well-founded knowledge about the mean and standard deviation
of the subgrain size of every sample can be provided, so that only two dislocation density
related parameters remain to be determined or a multiple peak approach is adopted. The
relatively high level of uncertainty and subjectivity associated with the first solution as
discussed in the previous Section 3.2.1 suggested to concentrate on a multiple peak approach
as presented in the following.

Figure 3.19

Model-fit results characterised by χ2-error for a single peak neutron DLPA approach
for the condition: 565°C, 0.1%/s, ±0.7% after 201cycles. The dislocation density ρ
results from a least χ2-error fit at fixed subgrain size D. At similar error values a
large scatter results for ρ which is nearly insensitive to D.
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Multiple Peak Approach
A complete neutron diffraction spectrum is most efficiently collected from a time-of-flight
spallation source, i.e. by the energy dispersive diffraction method. For this purpose, a
collaboration with a research group at LANL, US was established that is specialised in the
convolutional multiple whole profile DLPA approach. Figure 3.20 shows such a spectrum
with a close-up of the single (110) peak as obtained from the energy dispersive neutron
diffraction experiments. It is plausible that much more information is contained in the
multiple than in a single peak diffraction pattern, so that the size and strain effect, i.e. the
subgrain and the dislocation contribution to peak broadening, can be properly deconvoluted.
For this purpose, the diffraction peak shape model is simultaneously fitted to all considered
diffraction peaks rather than to only one peak. This requires proper knowledge of the contrast
factor which describes the specific contribution of the different dislocation types to the peak
broadening at different diffraction orders. A dedicated computer program (eCMWP) was used
to calibrate the model to the multiple diffraction peaks. In the following, the evolution of the
microstructural parameters for different LCF conditions is presented and both subgrain size
and dislocation density are compared to the spot-check results as obtained from the electron
microscopic analysis. Subsequently, the correlation between the relative decrease of the peak
stress, i.e. the extent of softening, and the dislocation density and subgrain size, is discussed.
Finally, an empirical model is presented that relates softening to the two microstructural
parameters under consideration of temperature, strain rate and strain amplitude. These results
have been published in (Mayer et al., 2012), on which the following text is based.

Figure 3.20

Neutron diffraction spectrum of 2CrMoNiWV as received from an energy dispersive
(TOF spallation source, NPDF, LANSCE) diffraction experiment.
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Dislocation Density Evolution
The diffraction line profile analysis of the multiple neutron diffraction peaks yielded the
dislocation density evolutions in Figure 3.21. As expected from the CSRs presented in
Section 3.1.2, the dislocation density decreases with increasing number of LCF cycles. In the
as-received hardened and tempered condition, the dislocation density is determined to be
8.9∙1014m-2 and reduces with different characteristics depending on strain amplitude, strain
rate and temperature. The relatively high initial dislocation density is likely to be a
consequence of the displacive bainite transformation, see Section 1.2.1. The apparent
significant dependence of the dislocation density decrease per cycle on strain rate and
temperature is due to the increased annihilation rates at lower strain rates and higher
temperatures as a result of an enhanced dislocation mobility.
Two mechanisms can lead to a reduction of the dislocation density as measured by
DLPA: i) annihilation of dislocations and ii) the entrapment of dislocations in subgrain
boundaries with a consequent reduction of the microstress, see Section 1.1.1. As indicated in
Section 3.2.1, the subgrain size is generally increasing with strain cycling which implies a
reduction of the overall boundary area. It is therefore improbable that the dislocation density
solely decreases due to the second mechanism. The annihilation of dislocations is thus
considered to be the main reason for the decrease in dislocation density although minor
reductions due to the entrapment of dislocations in subgrain boundaries cannot completely be
ruled out.
The tendency for a reducing dislocation density with increasing cycle number is most
pronounced in tests performed with a strain amplitude of ±0.7%, and less so for those with
±0.25%, for which data scatter is more apparent, Figure 3.21. The magnitude of this data
scatter exceeds the expected ±5% variability stated in Section 2.2.2. An inherent feature of
multi-specimen testing is that the specimens do not originate from precisely the same
location. Consequently, their original dislocation and subgrain condition cannot be expected
to be exactly the same, in particular in samples extracted from a large production rotor
forging. This specimen-to-specimen variability of the microstructural condition can therefore
be a significant contributory factor to variability of the dislocation density.

Figure 3.21

Evolution of the total dislocation density ρ with LCF cycling for strain amplitudes of
±0.25%, ±0.4% and ±0.7%, strain rates of 0.01%/s and 0.1%/s, and temperatures of
500°C and 565°C. Solid blue symbol: as-received condition.
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Figure 3.22 shows the evolution of the proportion of edge dislocations to the total
dislocation density for the different fatigue conditions as determined from the contrast factor
in the diffraction peak shape model. It indicates that the majority of the dislocations are screw
type (80% of screw dislocations and 20% of edge dislocations in the as-received state) and
that the content of edge dislocations decreases during fatigue life. Moreover, the decrease of
edge dislocations is stronger for higher temperatures and strain amplitudes, and for lower
strain rates.

Figure 3.22

Evolution of the proportion of edge dislocations to the total dislocation density with
LCF cycling for strain amplitudes of ±0.25%, ±0.4% and ±0.7%, strain rates of
0.01%/s and 0.1%/s and temperatures of 500°C and 565°C. Solid blue symbol: asreceived condition.

As discussed in Section 2.2.2, uncertainties arise from the contrast factor through the
choice of the predominant slip system. In this study, only a {110}<111> slip system is
considered in the determination of the dislocation density and edge dislocation share data,
respectively, in Figure 3.21 and Figure 3.22, {112} and {123} slip planes are also possible in
bcc materials, however. This simplification is based on the findings from calculations using
the ANIZC software (Borbély et al., 2003) for the determination of the average contrast
factors which indicated minor differences between {110}<111>, {112}<111> and
{123}<111> slip systems, and that consequently any errors in the determined dislocation
density are contained within the 10% variability range, as discussed in Section 2.2.2.
The analysis of the TEM bright-field images as described in Section 3.2.1 yields good
agreement with the dislocation densities determined by neutron DLPA after application of the
corrections for visibility and projection as discussed in Section 2.2.1, see Figure 3.23.
Uncertainties in the TEM observations originate not only from sample-to-sample variations of
the microstructural condition, which are exacerbated in very small samples, but also from the
simplicity of the projection and visibility corrections assumed. These consider a mere twobeam case and a TEM-foil thickness of 100nm as well as equally probable slip plane types,
i.e. {110}, {112} and {123}. The characteristics of the dislocation density reduction as
determined by neutron DLPA and TEM are comparable, however.
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Comparison of dislocation densities as determined by neutron DLPA and TEM
analysis (Section 3.2.1). Spot-checks were made for the as-received sample and for
two as-fatigued samples: i) 565°C, 0.1%/s, 0.25% after 35 and 3794 (=0.5N2% ) cycles;
ii) 565°C, 0.1%/s, 0.7% after 19 and 201 (=0.5N2% ) cycles.

Subgrain Size Evolution and Arrangement Parameter
Figure 3.24 gives the results of the area-weighted average subgrain size evolution as
determined from the multiple peak neutron DLPA approach. In contrast to the dislocation
density data, the specimen to specimen scatter seems to be much less significant as the
evolution characteristic is much more distinct. As expected from the cyclic softening
behaviour of 2CrMoNiWV and from the findings of the electron microscopy study presented
in Section 3.2.1, the subgrain size increases with cycling from the as-received area averaged
diameter 153nm. The increase is consistently larger at higher strain amplitude, lower strain
rate and higher temperature as the dislocation and grain boundary mobility is larger under
these conditions (Humphreys and Hatherley, 2004).

Figure 3.24

Evolution of the subgrain size D with LCF cycling at strain amplitudes of ±0.25%,
±0.4% and ±0.7%, strain rates of 0.01%/s and 0.1%/s, and temperatures of 500°C
and 565°C. Solid blue symbol: as-received condition.

It is shown earlier in this Section that the dislocation density of 2CrMoNiWV decreases,
while the subgrain size increases with LCF loading at elevated temperature. Furthermore, the
variation of the arrangement parameter M indicates that the dislocation microstructure gets
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more ordered during the course of fatigue loading, see Figure 3.25 (Ungár, 2001). After an
initial slight increase from the as-received condition M = 1.00 to between M = 1.11-1.48 in
the first cycles, the correlation factor decreases again to M = 0.96-0.74. A reduction of M can
be a result of i) an increased dipole character of the dislocation structure and/or ii) the
rearrangement of dislocations into wall-like structures. As indicated, the subgrain size is
generally increasing with strain cycling which implies a reduction of the overall boundary
area. While the dislocation density decreases, it is less probable that the major part of the
dislocations moves towards the subgrain boundaries. Therefore, it is more likely, that the
remaining dislocations arrange themselves in dipole-like structures and that only a minor part
is entrapped in subgrain boundaries. The first minor increase of M points to a randomisation
of the dislocation structure, possibly due to the mobilisation of the dislocations from their
pinned equilibrium position in the as-received state, before they rearrange into a more dipolelike structure. The observed increase is more pronounced for higher strain amplitudes and the
drop of M is more significant for higher temperatures.

Figure 3.25

Evolution of the arrangement parameter M with LCF cycling at strain amplitudes of
±0.25,% ±0.4% and ±0.7%, strain rates of 0.01%/s and 0.1%/s, and temperatures of
500°C and 565°C. Solid blue symbol: as-received condition.

Figure 3.26 compares the subgrain size distrbutions as determined by SEM-BSE, STEMDF and neutron DLPA. It is shown that the modes of the log-normal size distributions from
STEM-DF and DLPA are in very good agreement, while the resulting distributions from
SEM-BSE indicate larger subgrain sizes. This reflects the conclusions on SEM-BSE given in
Section 3.2.1 that this approach experiences difficulties to pick up on finer subgrain sizes. The
width of the size distributions determined by STEM-DF is generally larger than for DLPA.
Especially, the sample fatigued for 201 cycles at 565°C, 0.1%/s and ±0.7% appears to have a
much broader size distribution. This leads to larger equivalent subgrain sizes for this
condition according to Eq. 2.10. Two reasons can be given for this observation. Firstly, only a
comparably small area could be observed by STEM so that only a few hundred grains were
measured. With neutron diffraction, on the other hand, about 1010 subgrains were
characterised. Secondly, the larger the subgrains, the smaller is the observed size broadening
effect in the diffraction profiles. Diffraction line broadening is sensitive to the size of
subgrains or dislocation cells, which are defined by small-angle grain boundaries and/or
dipolar dislocation walls (Ungár et al., 2001; Ungár et al., 2005). (S)TEM and other electron
microscopy methods are less sensitive to low-angle boundaries or dipolar dislocation walls
and in consequence some domain boundaries can remain undetected. It is well known, that
dimensions determined by diffraction can be equal to or smaller than those determined by
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(S)TEM (Ungár et al., 2001; Ungár et al., 2005). It is shown that the dislocation densities and
subgrain sizes determined by neutron DLPA are consistent with the results obtained by the
STEM-DF technique which can therefore be an alternative approach for the determination of
the subgrain size. The results, however, indicate that SEM-BSE is not an appropriate
approach to measure fine subgrain sizes.

Figure 3.26

Comparison of subgrain size distributions as determined by neutron DLPA, STEMDF and SEM-BSE analysis (Section 3.2.1). Spot-checks were made for the asreceived sample and for two as-fatigued samples: i) 565°C, 0.1%/s, 0.25% after 35
and 3794 (=0.5N2% ) cycles; ii) 565°C, 0.1%/s, 0.7% after 19 and 201 (=0.5N2% ) cycles.
The distributions are log-normal; the number of subgrains measured per condition
by the electron microscopic techniques was about 400.

Correlation between Dislocation Density, Subgrain Evolution and Softening
Figure 3.27 shows relationships between the relative decrease of the peak stress, i.e. softening
factor, and respectively the relative changes in a) dislocation density and b) subgrain size as
well as c) the correlation between the relative subgrain size and dislocation density change. In
order to indicate the relative decrease in flow strength, the maximum stress of each
corresponding cycle is normalised with the maximum stress in the first cycle at a given strain
amplitude. It is shown that the correlation between softening and relative subgrain size
change.
The correlation of the relative subgrain size change and the softening S, Figure 3.27 b), is
better than for the relative dislocation density change, Figure 3.27 a). In the former case the
coefficient of determination r2 is 0.89, whereas in the latter it is 0.67. As already mentioned
earlier in this Section, the larger scatter for the dislocation density evolution probably arises
from a significant heterogeneity of the dislocation density in the rotor volume, i.e. from
sample to sample. Figure 3.27 c) shows further that the relative dislocation density change is
correlated with the relative subgrain size change. This is reasonable as ρ gives information
about the quantity of dislocations and D about their arrangement within and into subgrains
(Ferron et al., 1987).
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It is generally accepted that the flow stress depends on the dislocation mean free path
(DMFP) λ, i.e. the average spacing between obstacles to dislocation glide, which is
determined by the predominant deformation mechanism. Different approaches can be
followed to represent the DMFP (Hull and Bacon, 2001). The use of the dislocation density ρ,
λ = 1/√ρ (Taylor, 1934a), or the subgrain size D, λ = √D (Hall, 1951; Petch, 1953) and λ = D
(Kuhlmann-Wilsdorf, 1970), are most common. The dependence of this relationship on the
relative share of dislocation cells and subgrains and their size is thoroughly discussed in (Gil
Sevillano, 2005; Thompson, 1977). For a mixture of an ill-defined dislocation cell and a welldefined subgrain structure, as observed for fatigued 2CrMoNiWV, a linear relationship is
suggested to be more appropriate (Thompson, 1977). Constitutive models were developed to
describe the stress-strain relationship for uniaxial monotonic and creep loading, using
dislocation density and/or subgrain size, e.g. (Estrin and Mecking, 1984; Ferron et al., 1987;
Mecking and Kocks, 1981). They are, however, not effective for describing the cyclic
softening behaviour as observed for the material investigated in this study.

Figure 3.27

Correlations between the relative decrease of peak stress and the relative changes in
a) dislocation density and b) subgrain size as well as c) the correlation between the
relative subgrain size and dislocation density change.

The following representation can be used to model this correlation between the
dislocation mean free path and the relative softening S as a function of strain amplitude, strain
rate and temperature.
υ j ε a , j , ε j , Tref 


 λ0  
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 λ j N  
  
The sub-script 0 denotes the parameters for the as-received condition, whereas N denotes the
N -th LCF cycle for the j-th set of strain amplitude, strain rate and temperature. Both,
dislocation density and subgrain size, may be chosen as DMFP λ. The exponent υj is used to
account for the generally nonlinear strain amplitude, strain rate and temperature dependence
of the S – λ relationship and it is empirically modelled by
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In Eq. 3.4, n describes the exponent at a reference state defined by a reference strain
amplitude εa,ref, strain rate ε̇ref and temperature Tref. m1 to m3 are the model parameters that are
determined by a simultaneous fit of the whole data set, i.e. the evolutions of softening S at all
j fatigue parameter sets.
Figure 3.28 and Figure 3.29 show the result of the simultaneous least-squares model fit
according to Eq. 3.3 and 3.4, respectively, for the relationships between softening S and
relative dislocation density (ρ/ρ0)0.5 and relative subgrain size change D0/D. The quality of the
prediction of the strain amplitude, strain rate and temperature dependence is better in the case
of the S – D0/D rather than for the S – (ρ/ρ0)0.5 description. The experimental data shows a
clear deviation from the pure Taylor, i.e. υ = 1, and Hall-Petch case, i.e. υ = 0.5, respectively
which is accounted for by the proposed model. Table 3.2 summarises the model parameters
for λ = 1/√ρ and λ = D. These two different choices for the DMFP describe limit cases in
which the mechanical behaviour is described by a single microstructural parameter only,
showing good results for the deformation regime studied here. Thus, an estimation can be
made on the dislocation density and subgrain size by measuring the relative softening and
vice versa. Ultimately, a combined model incorporating both dislocation density and subgrain
size as microstructural parameter is likely to be more appropriate.
The complete set of specimens subjected to LCF deformation at different conditions and
up to different stages of the fatigue life was experimentally characterised by both angle and
energy dispersive (TOF) neutron diffraction. DLPA of multiple peak diffraction spectra
yielded the evolutions of dislocation density, share of dislocation type, subgrain size and the
correlation parameter. The DLPA provides an effective, objective and self-consistent way to
characterise the microstructure in terms of dislocation density and subgrain size as long as an
appropriate diffraction model is applied on an appropriate data basis.

Table 3.2

Parameters of model described by Eq. 3.3 and Eq. 3.4 resulting from a simultaneous
fit to the experimental neutron DLPA data. εa,ref = 0.0025, ε̇ref = 0.001/s and Tref =
773.16K.

λ

m1

m2

m3

n

rms error

1/√ρ

0.0424

0.0489

4.3803

0.772

0.9887

D

0.2216

0.0392

4.1816

0.6106

0.4620
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Figure 3.28

Relationship between the relative change of dislocation density and softening: Strain
amplitude, strain rate and temperature dependent model fits of the evolution. The
total root mean squared error is 0.989. The blue lines correspond to the Taylor
hardening case with an exponent of υ = 1.

Figure 3.29

Relationship between relative change of subgrain size and softening: Strain
amplitude, strain rate and temperature dependent model fits of the evolution. The
total root mean squared error is 0.462. The blue lines correspond to the Hall-Petch
hardening case with an exponent of υ = 0.5.
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The results of the presented neutron diffraction studies can therefore be summarised as
follows:
•

The single peak approach for the diffraction line profile analysis (DLPA) is highly
subjective yielding large scatter of the microstructural parameters as too little
information is contained in a single diffraction peak to appropriately deconvolute
dislocation and subgrain contributions to the broadening. This situation might be
improved by appropriate knowledge of the median and standard deviation of the
subgrain size distribution.

•

In contrast, a multiple peak approach provides the least subjective way for the
determination of the microstructural parameters which leads to self-consistent results and
minimised scatter in the order of ±5%.

•

The evolutions of the subgrain size D and dislocation density ρ depend significantly on
strain amplitude, strain rate and temperature. Subgrains grow from their as-received
diameter of 153nm, whereas the dislocation density reduces from its initial value of
8.9∙1014m-2. These changes are attributed to dynamic recovery and lead to cyclic
softening of 2CrMoNiWV.

•

Subgrain growth and dislocation density reduction are enhanced by higher temperatures
and strain amplitudes and lower strain rates, as a consequence of the associated higher
dislocation mobility.

•

NeutronDLPA results have been confirmed by STEM-DF and TEM-BF spot-checks.
These techniques are much less effective and require appropriate care to reduce the high
level of subjectivity.

•

The as-received condition contains approximately 20% edge and 80% screw
dislocations, whereas the share of edge dislocations further decreases with LCF loading.

•

The arrangement parameter M of the microstructure is observed to initially increase and
to then drop below the as-received value. This indicates an initial randomly distributed
dislocation structure or an ill-defined subgrain structure that then evolves with cycling to
a more well-defined subgrain structure.

•

It is shown that the relative softening correlates well with the subgrain size evolution
(r2 = 0.89) and the dislocation density decrease (r2 = 0.67) during LCF loading.

•

A simple phenomenological model is proposed that effectively represents relationships
between softening and the relative dislocation density and subgrain size changes as a
function of strain amplitude, strain rate and temperature.

3.2.3

Carbide identification

Besides the annihilation and rearrangement of dislocations and the formation and growth of
subgrains, changes in the carbide structure may also lead to an evolution of the mechanical
behaviour during cyclic loading. It is pointed out in Section 1.2.3 that LCF deformation can
lead to growth and spheroidisation of carbides especially of M3C but also of M4C3. To
examine whether such changes also occur in the case of cyclically strained 2CrMoNiWV is
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thus a reasonable objective. In a first step, the carbide types present in 2CrMoNiWV are
determined using XRD on electrochemically extracted carbide powder. Additionally, STEMEDX mapping was applied to the actual material in order to establish their distribution in the
microstructure and to discriminate between predominantly boundary and matrix carbides.
Electron diffraction on single carbides together with STEM-EDX on electrochemically
extracted carbide powder is further used to collect information about the composition of the
different carbide types. Different aspects on the morphology are finally discussed.
Carbide Type
XRD is the most effective way to identify the different carbide types present in 2CrMoNiWV.
For this purpose, the carbides were electrochemically extracted from the Fe matrix and
processed to a powder, as described in Section 2.2. Two conditions have been characterised, i)
the as-received condition and ii) an as-fatigued condition subjected to 55h at elevated
temperature and load (565°C, 0.01%/s, ±0.25%, 2000 cycles), in order to check whether
transformation of initial carbide types occurred during cyclic loading.

Figure 3.30

XRD profiles of as-received and as-fatigued (565°C, 0.01%/s, ±0.25%, 2000 cycles)
2CrMoNiWV.

Figure 3.30 shows the two XRD patterns obtained for the as-received and the as-fatigued
condition of 2CrMoNiWV. The main carbide types in both conditions are identified to be Crrich M7C3 and Fe-rich M3C, as well as Mo-rich M2C and V-rich M4C3. The relative heights of
the diffraction peaks also appear to be comparable between the two observed conditions so
that transformation of carbides can be excluded. Additional peaks appearing in the asreceived condition are due to iron chloride hydrate FeCl2∙4H20 and hydrotungstite
H2WO4∙H2O which are remainders of the electrochemically dissolved matrix. The presence of
H2WO4∙H2O indicates that W is mainly dissolved in the matrix. Differences between the asreceived and the as-fatigued condition are most likely related to sample preparation. While the
XRD analysis reveals the carbide type and the major element attributed to the carbide, it
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remains open which other elements are dissolved in the identified carbide types and how the
carbides are distributed in the matrix. For this purpose STEM-EDX was applied.
Carbide Composition
While the carbide types in 2CrMoNiWV are identified, it is of further interest i) how the
different carbides are distributed in the matrix, and ii) which alloying elements are dissolved
in the respective carbides. STEM-EDX mapping provides information about the elemental
distribution in the carbide containing matrix and thus it can be discriminated between grain
boundary and matrix carbides. In order to unambiguously attribute carbide composition to a
specific type, the compositional information from STEM-EDX is combined with electron
diffraction patterns. To eliminate the influence of the Fe-matrix in these electron diffraction
patterns, these were acquired from extracted carbides. Compositional information obtained
from STEM-EDX is generally qualitative. Reliable quantitative information requires the use
of measurement standards and completely reproducible geometric conditions which are
generally only available in special cases as discussed in Section 1.3.3. The obtained data,
however, provides reliable information about the contributions of the carbide forming
elements Cr, Mo, V and W to the different carbide types as well as about their distribution in
2CrMoNiWV.
Figure 3.31 gives STEM-HAADF images with the corresponding STEM-EDX maps of
two different regions in the as-received condition and one as-fatigued condition (565°C,
0.1%/s, ±0.25%, 3794 cycles). Further elemental mappings and information can also be found
in Appendix D. It is apparent that (lath and prior austenite) boundaries are mainly covered by
Cr- and Mo-rich carbides. Concluding from Section 1.2.3 and the XRD results, Cr-rich
carbides are M7C3 and M3C and Mo-rich carbides are M2C. The XRD spectra indicate that
M7C3 is predominant over M3C, while the former is expected to feature a more equiaxed and
the latter a more rectangular morphology. Standardless EDX analysis qualitatively indicated
that rectangular carbides feature an Cr/Fe ratio of about 3:2, while it is about 2:1 for the
irregular morphology. Both equiaxed and rectangular morphologies are observed to be
dominated by Cr and it is expected that, especially in the absence of M23C6, stable M7C3 is
formed from M3C during tempering, see (Senior, 1988). Furthermore, Cr-rich carbides are
always found to be accompanied by Mo. The Mo-rich grain boundary carbide is concluded to
be M2C and it appears to dissolve W. Matrix carbides, are mainly V- and Mo-rich with a few
Cr-rich carbides. As indicated by XRD, the V-rich carbides are of M4C3-type and either occur
as fine platelets (not visible in EDX maps) or in a larger configuration in association with
M2C in the form of H-type carbides, as indicated by Figure 3.31 b). These are observed rather
frequently in both, the as-received and as-fatigued conditions. H-type carbides consist of a
central larger round platelet of V4C3 and of side-wings of Mo2C. V4C3 carbides are indicated
to be accompanied by minor contents of Mo and W. Small area spectra on a larger V4C3
without visible Mo2C wings, however, show a marginal contribution of Mo and W. These
elements may thus be erroneously attributed to V4C3 and confused with the onset of Mo2C
precipitation from V4C3 forming the wings of the H-type carbides. From literature, M2C is
expected to feature a predominantly acicular morphology. Both conditions, the boundary and
matrix type morphologies, however, also reveal a more elongated elliptical morphology.
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Figure 3.31
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STEM-HAADF micrographs (left column) and corresponding STEM-EDX false
colour elemental maps (right column) of a), b) as-received and c) as-fatigued (565°C,
0.1%/s, ±0.25%, 3794 cycles) 2CrMoNiWV.
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With the knowledge gained from XRD about the carbide types present in 2CrMoNiWV,
it is possible to verify the qualitative carbide composition from the electrochemically
extracted carbide powder. First, a particle of interest is identified using electron diffraction,
then STEM-EDX is applied to check the composition. Figure 3.32 shows the diffraction
patterns of the three main carbides M7C3, M2C and M4C3. Unfortunately, no M3C was found
in this way. The local EDX analysis basically confirmed the findings of the EDX map,
namely that M7C3 mainly consists of Cr, Fe and Mo, while M2C is primarily Mo- and W-rich,
and M4C3 is dominated by V with traces of Mo and W which may be due to the precipitation
of M2C carbides on M4C3. Figure 3.32 further reveals streaking of the diffraction patterns for
M7C3 in different orientations. This indicates that stacking-faults are present in M7C3 which is
in agreement with Dudzinski et al. (1980). They characterised stacking-faults in M7C3-type
carbides containing Cr, Fe and V and attributed a very low stacking-fault energy. Figure 3.33
reveals the large extent of stacking-faults in two M7C3 carbides as revealed by high-resolution
TEM (HRTEM) as irregularities in the atomic arrangement.

Figure 3.32

Electron diffraction patterns of extracted M7C3, M2C, and M4C3.

HRTEM images of an M4C3 particle further reveal Moiré patterns which may either be
due to the presence of defects or due to a polycrystalline structure of M4C3, see Figure 3.34.
The upper right area further exhibits the presence of stacking-faults in M4C3. A HRTEM
close-up image of the area is given in the right part of Figure 3.34. Local chemical STEMEDX analysis on this faulted region (inset area 2) revealed a higher content of Mo and W with
respect to the bulk M4C3 carbide (insert area 1) which mainly consists of V. The faulted area
at the edge of the M4C3 carbide is therefore believed to be associated with the precipitation of
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M2C on M4C3 indicating either the formation of a new or the remnants of a former H-type
particle. The size of the M4C3 carbide in Figure 3.34 is rather large with a diameter of 100nm
and it is observed that the larger particles are mainly associated with H-type carbides, while
the fine matrix platelets are rather small with a diameter of less than about 30nm. Another
HRTEM micrograph of M2C, as shown in Figure 3.35, also reveals stacking-faults (bottom
part of right image) indicating the possible prior connection to an M4C3 carbide.

Figure 3.33

HRTEM micrograph of an extracted M7C3 particle oriented in [011̄]. The presence of
stacking-faults leads to the streaking of the diffraction pattern.

Figure 3.34

HRTEM micrograph of an extracted M4C3 particle (H-type particle) oriented in
[011̄] according to the diffraction pattern given in Figure 3.32. Region 1 mainly
contains V (M4C3), while region 2 reveals additionally high amounts of Mo an W
(M2C). The presence of Mo and W and of stacking-faults at the edge of the particle
indicate the precipitation or former presence of Mo2C.
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HRTEM micrograph of extracted M2C particle in unspecified orientation. The circle
indicates the position of the close-up on the right.

Carbide Morphology
It remains to be clarified whether morphological changes occur during the course of LCF
deformation. For this purpose TEM-BF images were compared for different fatigue
conditions.
Figure 3.36 shows selected micrographs of the larger set of carbides in the as-received
and two as-fatigued conditions. Neither a significant change in size nor spheroidisation of
M7C3 is apparent. The impression of less carbides in the selected image for the as-received
condition, is not confirmed upon consideration of the complete data set available. The
composition of the elongated carbides (see Figure 3.37, bottom right) was determined to be
Cr- and Fe-rich M7C3 in the case of the larger carbides, while the fine elongated carbides are
Mo-rich M2C. In all conditions the M7C3 carbides appeared to be oriented in the ferrite matrix
with respect to the grain boundaries as also indicated by Bhadeshia (2001) and Sinha (2003).
They feature a length of approximately 500nm and a width of 50nm. The longitudinal axis of
M7C3 appears to be oriented approximately along <211>α directions making up a 60° angle to
the prior austenite grain boundary, see Figure 3.36 and Figure 3.37, while the short axis of the
fine M2C appears to be elongated along <110>α directions on {100}α planes. The evidence
suggests that M2C is a very thin imperfect rectangular platelet with its axes along <110>α. In
<111>α and <110>α orientations, it may thus appear as elongated needles or rather thin
rectangular platelets, e.g. Figure 3.36 c).
This is supported by Figure 3.38 which shows typical H-type carbides consisting of an
equiaxed central platelet of M4C3 and side-wings of M2C. H-type carbides were observed in
all conditions with similar size and appearance. The central M4C3 carbide is found to feature a
diameter of approximately 100nm and the M2C wings seem to have a length of about 200nm,
depending on the projection. The different appearances of the M2C wings in different
orientations support their stated morphology as thin rectangular plateles with axes along
<110>α.

148

Figure 3.36
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TEM-BF micrographs of the morphology of mainly Cr-rich M7C3 and fine acicular
Mo-rich M2C in the a) as-received condition, b) as-fatigued condition (565°C, 0.1%/s,
±0.7%, 201 cycles), and c) as-fatigued condition (565°C, 0.1%/s, ±0.25%, 3794 cycles)
in [1̄11] orientation.
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STEM-HAADF micrographs of as-received 2CrMoNiWV showing the habit plane
and morphological orientation of M7C3 (big oriented elongated platelets) and M4C3
(small oriented equiaxed platelets) carbides. [011] orientation.
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Figure 3.38
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TEM-BF micrographs of the morphology of H-type carbides (i.e. Mo-rich M2C, Vrich M4C3) in an a) as-received, b) as-fatigued (500°C, 0.01%/s, ±0.25%, 11443
cycles), c), d) as-fatigued (565°C, 0.1%/s, ±0.25%, 35 and 3794 cycles, extracted
carbide), e) and f) as-fatigued (565°C, 0.1%/s, ±0.7%, 411 cycles) condition.
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TEM-BF micrographs of the morphology of fine V-rich M4C3 in the a), b) asreceived, c), d) as-fatigued (565°C, 0.1%/s, ±0.25%, 3794 cycles), e), f) as-fatigued
(565°C, 0.1%/s, ±0.7%, 19 and 201 cycles) condition.
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Figure 3.40
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BF, DF and HAADF micrographs of as-fatigued 2CrMoNiWV (565°C, 0.1%/s,
±0.7%, 201 cycles) oriented in [011] showing M4C3 particles.
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Besides the rather coarse size of M4C3 as observed in H-type carbides, a very finely dispersed
variant is commonly observed in all conditions, see Figure 3.39. The V-rich carbides appear
as rounded equiaxed platelets with a diameter of approximately 20nm and a thickness
significantly less than 5nm. They clearly precipitate on {111}α planes and thus appear as very
fine acicular carbides elongated along <100>α directions when observed in a <011>α
orientation. Due to the projection of the carbide, the thickness measured in <011>α
orientations appears to be larger than the actual one. In terms of appearance and size, the fine
M4C3 carbides do not reveal any change if subjected to cyclic loading. It is striking that a
Moiré-type contrast appears in the fine M4C3 platelets for the as-fatigued conditions, see
Figure 3.39 d) and f). The origin of this Moiré-contrast is likely to lie with the small thickness
and the difference in the lattice parameters of the cubic M4C3 carbide with respect to the bcc
matrix. Figure 3.40 shows a micrograph of such a Moiré-type pattern as acquired with STEM
in BF, DF and HAADF mode on another sample. As this structure is found in different
samples with different devices and in different modes, it is not expected to be an artefact. It is
unclear, however, whether this feature is caused by LCF loading or also present in the asreceived condition. There, the identification of the finely dispersed M4C3 is difficult due to the
high dislocation density.
With this, the findings of the carbide identification study are summarised as follows:
•

The main carbide types are identified to be M7C3 and M3C (M mainly Cr with Fe and
Mo), as well as M2C (M mainly Mo with W) and M4C3 (M mainly V)

•

The presence of H2WO4∙H2O indicates that W is not only present in M2C but mainly
also dissolved in the matrix.

•

M7C3, M3C and M2C appear on grain boundaries, while M2C and M4C3 are the main
matrix carbides.

•

M7C3 carbides appear as oriented bands in the ferrite matrix with a length of
approximately 500nm and a width of 50nm. Their longitudinal axis is approximately
oriented along <211>α directions making up a 60° angle to the prior austenite grain
boundaries.

•

M3C has not been identified by (S)TEM.

•

M2C is suggested to appear as a very thin imperfect rectangular platelet on {100}α
planes with its axes along <110>α directions. In <111>α and <110>α orientations it may
thus appear as elongated needles or rather thin rectangular platelets. It has a length of
approximately 200nm.

•

M4C3 appears in two morphologies: i) as thin finely dispersed equiaxed platelets with a
diameter of approximately 20nm and a thickness of less than 5nm and ii) as central part
of H-carbides with a diameter of approximately 100nm in association with Mo2C.

•

No significant change in size or morphology during LCF deformation is found for
M7C3, M2C and M4C3.
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Chapter 4
Constitutive Modelling

This Chapter presents a physically motivated constitutive model based on a continuous
Masing approach as developed within the scope of this project. By considering a distribution
of microscopic yield stresses rather than a constant macroscopic yield stress, it is accounted
for the presence of a heterogeneous dislocation substructure. The constitutive model not only
well represents temperature and strain rate dependent uniaxial monotonic stress-strain
behaviour, but also reproduces the evolution of the mechanical behaviour that results from
cyclic deformation. It is further shown that all four model parameters of the strain hardening
model are readily interpretable from a mechanical and microstructural perspective and that
three of them exhibit a significant correlation to the subgrain size and dislocation density.
This underpins the physical basis of the suggested model formulation.
Section 4.1 introduces the original discrete and the further developed continuous Masing
model. The outlined basic equations form the starting point of the established model
formulation. To better conceive the scope of the Masing concept, its basic assumptions are
summarised and discussed. Different applications of the Masing concept are available in
literature. This includes its use for two different purposes: i) as an analysis procedure to
discriminate between effective and internal stress (hysteresis loop shape analysis), and ii) as a
constitutive model for the description of the elastic-plastic material behaviour. Section 4.1
focusses on modelling, while Appendix E reviews the statistical hysteresis loop shape
analysis.
Based on a hysteresis loop shape analysis as presented in Section 4.2, the basic set of
constitutive equations is formulated. For this purpose, different formulations for the element
yield strain distribution are reviewed and their performance is compared. The Section further
presents a parameter identification strategy used for the calibration of the model to
experimental data.
Section 4.3 applies the model to the case of uniaxial monotonic loading and benchmarks
it to other constitutive models. Its performance is further shown for a plastic loading/elastic
unloading load case to prove the capability of the model to describe continuous strain
hardening. Finally, a temperature and strain rate dependent model formulation is presented.
Similarly, Section 4.4 develops an evolutionary model formulation on the basis of
experimentally determined parameter evolutions. These are further correlated to dislocation
density and subgrain size. Finally, the evolutionary model is applied to simulate different
cyclic strain amplitude step tests.
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4.1

Masing model

When Heyn (1921) stated that the Bauschinger effect (Bauschinger, 1886) could be explained
by internal stresses, Masing (1923, 1926) set up a modelling concept with which this
statement could be rationalised. The basic novelty was to regard a macroscopic material
volume as an aggregate of basic volume elements that feature different yield stresses
associated with locally different internal stress states. Masing's original model, assuming a
discrete number of basic volume elements, is introduced in Section 4.1.1. Further
development of this modelling approach by Afanas'ev (1953) and Iwan (1967) led to the
statistical treatment which resulted in the continuous Masing model as presented in Section
4.1.2. In order to create a better understanding for the physical background of the Masing
modelling concept, its assumptions are thoroughly discussed in Section 4.1.3. Different
modelling approaches on the basis of the continuous Masing model are finally presented in
Section 4.1.4.

4.1.1

Discrete Masing model

Masing assumed that a quasi-isotropic metallic material could be represented by a discrete
number of n elastic-ideally plastic basic volume elements (BVE) with different element yield
stresses σy,i but the same elastic modulus E. He justified his assumption with the presence of
differently orientated crystallites implying a different aptitude to slip plane activation by their
different degrees of cold work.
"Ihre Berechtigung wird bereits durch die verschiedene Orientierung der Kristallite
im Metall, der eine verschiedene Fähigkeit zur Gleitebenenbildung entspricht,
erwiesen. … Die Veränderung der elastischen Eigenschaften wird, ähnlich wie bei
Heyn [Heyn, 1921], darauf zurückgeführt, dass beim Recken ein Teil der Elemente
bereits plastische Deformationen erleidet, ein anderer nur elastische, und hierdurch
im Metall bleibende elastische Spannungen entstehen."
(Masing, 1923)
In a rheological model a BVE is represented by the serial arrangement of a linear spring
with stiffness E and a dry friction element with a threshold stress σy,i, see Figure 4.1 a).
Masing further assumed that a discrete number of n of these BVEs are deformed in parallel,
such that the macroscopically applied strain equals the microscopic strain experienced by the
BVEs, i.e. ε = ε1 = ε2 = … = εn, see Figure 4.1 b). If all BVEs feature the same cross-sectional
area with respect to the loading direction and thus contribute to the same extent to the
macroscopic stress, this can be derived as follows.

σ=

σ 1 + σ 2 + ... + σ n
n

4.1

The basic characteristics of the discrete Masing model are illustrated on the example of
two BVEs (n = 2), see Figure 4.2. An extension to a larger number of elements leads to a
multilinear hardening model similar to that in (Besseling, 1953; Iwan, 1967; Mróz, 1967).
The element yield stresses are chosen to be σy,1 < σy,2 and the elastic modulus is E = E1 = E2.
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With this, the i-th element (internal) stress response, see Figure 4.1 a), of the basic spring-dry
friction body i = 1, 2 (i.e. BVE) can be described by

 Eε σ < σ y ,i
σi = 

σ y ,i else

4.2

Insertion of Eq. 4.2 into 4.1 is used to derive the macroscopic stress response for the first
monotonic deformation of the two parallel BVEs, see Figure 4.2 (A-D).
( Eε + Eε ) /=
2 Eε , σ < σ y ,1 < σ y ,2 (A-B)
2
 1

4.3
=
=  σ y ,1 + Eε 2 / 2
σ
, σ y ,1 < σ < σ y ,2 (B-C)
2

, σ y ,1 < σ y ,2 < σ (C-D)
 σ y ,1 + σ y ,2 / 2
Thus, the slope of the stress-strain response is i) E, if the macroscopic stress is smaller than
both element yield stresses (elastic response, A-B), ii) E/2, if the yield stress of the first
element is reached (first plastic deformation occurs in element 1, B-C), and iii) 0, if both
element yield stresses are exceeded (perfect plastic behaviour, C-D).

σ1 + σ 2

Figure 4.1

(
(

)
)

a) Constitutive characteristic of a basic volume element (BVE). b) Parallel circuit of
n BVEs.

During unloading (D-E), the element yield stresses are assumed to remain unchanged by the
foregoing tensile deformation, i.e. no isotropic hardening occurs in the BVEs. Similar to Eq.
4.2, the constitutive behaviour of the BVE during unloading from D is given by
σ a , i − E ( ε a − ε ) , σ − σ a < 2σ y , i

σ i = σ a ,i − E (ε a − ε ) = 
, else

σ a , i − 2σ y , i

4.4

Analogously to the first monotonic stress response, the macroscopic unloading stress response
is derived
σ a − E ( ε a − ε )
, σ − σ a < σ y ,1 < 2σ y ,2 (D-F)

σ +σ2 
E
σ= 1
= σ a − σ y ,1 − ( ε a − ε ) , 2σ y ,1 < σ − σ a < 2σ y ,2 (F-G)
2
2

−σ a
, 2σ y ,1 < 2σ y ,2 < σ − σ a (G-H)


4.5
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using the maximum stress σa = (σa,1 + σa,2)/2 = (σ1[εa] + σ2[εa])/2 that is obtained in the
preceding loading stage and is composed by the respective stresses σa,i reached in the
elements 1 and 2 at the strain amplitude εa.

Figure 4.2

Two-element Masing model. Solid: macroscopic stress σ; dashed: element 1,
σ1[E, σy,1]; dash-dotted: element 2, σ2[E, σy,2]. According to Christ (1991).

It is interesting to discuss the case in which the macroscopic stress vanishes, i.e. σ = 0, to
derive the plastic strain after loading from Eq. 4.5 (D-E).

ε pl =ε a −

σa

=ε a −

σ y ,1 + σ y ,2

4.6
E
2E
Eq. 4.6 inserted into Eq. 4.4 (case 1) then yields the internal stresses σint,i in the elements 1
and 2.

σ y ,1 − σ y ,2
2
σ y ,2 − σ y ,1
= σ a ,2 − E ( ε a − ε pl ) =
2

σ int,1 = σ a ,1 − E ( ε a − ε pl ) =
σ int,2

4.7

As stated above, σy,1 < σy,2, therefore the weaker element 1 experiences a compressive, and the
stronger element 2 a tensile internal stress. While the macroscopic material is unstressed, the
local stress state of the BVEs is not neutral. This has important consequences as the element
yield stress σy,1 – and therefore the macroscopic yield stress – is reached at smaller absolute
stresses. A description of the Bauschinger effect (Bauschinger, 1886) and thus of kinematic
hardening is therefore possible on the basis of internal stresses that develop during plastic
deformation as a consequence of the development of a heterogeneous microstructure. After
only one cycle the model predicts a steady state response which is normally not observed in
reality. This is a direct consequence of the assumption that the relative weight of the element
contribution remains unchanged by prior deformation. Furthermore, the BVEs are not
subjected to isotropic hardening or softening, i.e. DF = 2AB in Figure 4.2. The model follows
a 1:2 scaling law: monotonic and cyclic stress-strain curves coincide if the branches of the
stress-strain hysteresis are plotted in relative coordinates and scaled by 1/2. Materials
complying with this scaling are called Masing materials (Christ, 1993).
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The Masing model is an n-fold multilinear strain-hardening model, whereas n is the
number of BVEs. It is based on the following assumptions:
•

All BVEs have the same elastic modulus but different element yield stresses.

•

Every BVE contributes with the same relative weight to the macroscopic behaviour, i.e.
they possess equal area fractions. This does not even change after strain reversal.

•

An elastic-ideally plastic constitutive behaviour without isotropic or kinematic hardening
is assumed for the BVEs.

•

The BVEs are deformed in parallel.

4.1.2

Continuous Masing model

In Section 4.1.1 the characteristics and the assumptions of the discrete Masing model are
discussed. It is shown that even a very simple version of the model can reproduce a
Bauschinger effect by simulating kinematic hardening that is caused by internal stresses. In
the original model by Masing every basic volume element is contributing with the same
weight to the macroscopic stress response of the material. The full potential of Masing's
approach is revealed, however, when the number of considered elements is going to infinity,
whereas the relative contribution of every BVE is weighted by introducing a continuous
element yield stress distribution. This statistical treatment of the Masing model was
introduced by Afanas’ev (1953) and Iwan (1966, 1967) and comprehensively reviewed by
Burmeister and Holste (1981; 1980), Polák (1982; 1982) and Christ (1991).
The basic assumptions of the continuous Masing model are similar to the discrete one
but include the existence of an element yield stress distribution function. A discussion of the
plausibility of these assumptions is given in Section 4.1.3.
•

A quasi-isotropic metallic material is divided into an infinite number of basic volume
elements (BVE).

•

Every BVE exhibits an elastic-ideally plastic constitutive behaviour with the same elastic
modulus E but different element yield stresses σy,i (no hardening during loading).

•

The BVEs are deformed in parallel and therefore experience the same total strain ε, i.e.
the microscopic and macroscopic strain coincide.

•

The relative contribution of a BVE with its relative element yield stress σ ry,i to the
macroscopic stress response is determined by a normalised continuous element yield
stress distribution function ψ[σ ry,i].

For a simplified description of the following derivation a relative stress-strain
coordinate system (εr, σr) is introduced. Its origin is set to the strain reversal points (ε0, σ0) of
the respective hysteresis loop and it is valid for the macroscopic and for the element stressstrain response as well as for the monotonic and cyclic cases, see Figure 4.1 a).

=
ε r κ (ε − ε 0 )
=
σ r κ (σ − σ 0 )

4.8
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κ defines the sign of the loading direction and is equal to +1 for tension-going and to -1 for
compression-going loading. It can be calculated by κ = sign(dε), whereas the identities κ2 = 1
and κ-1 = κ hold.
In relative coordinates the element stress response can be written analogously to Eq. 4.2
r
r
r

 Eε , σ i < σ y ,i
σ ir =  r
r
r
σ y ,i , σ i ≥ σ y ,i


4.9

The element stress response in absolute stress-strain coordinates is obtained from the relative
stress response with σi = σ0,i + κσ ri. According to the assumption that the BVEs do not
experience any hardening or softening, the element yield stress in relative coordinates is
always double the monotonic element yield stress, i.e. σ ry,i = 2σy,i.
In order to obtain the macroscopic material stress response for a given total strain, the
contributions of every BVE have to be integrated along the strain path. For any macroscopic
(and in parallel loading also microscopic) strain this can be thought of as a pseudo-elastic
stress.
4.10

σ yr = Eε r

As indicated by Eq. 4.9, the element contribution can be either elastic (case 1) or perfect
plastic (case 2). For every strain increment the weighted elastic and plastic stress increments
are summed up. The material is thought to be constituted of an infinite number of BVEs, so
that there is always a certain fraction of BVEs behaving elastic or plastic at a given σ ry. To
define the relative contribution of every BVE to the macroscopic stress response, the
normalised element yield stress distribution ψ[σ ry] is introduced. ψ[σ ry] is a probability density
function giving the relative frequency of BVEs that feature an element yield stress
corresponding to the pseudo-elastic stress σ ry associated with the relative strain εr. The
probability of an element having a relative element yield stress σ ry between 0 and ∞ is required
to be 1.
∞

∫ψ σ
0

r
y

 dσ yr = 1


4.11

The cumulative density function χ denotes the relative frequency of BVEs with an element
yield stress σ ry,i ≤ σ ry, i.e. the fraction of plastically deforming elements. It is calculated as the
integral of ψ[σ ry] up to σ ry = Eεr.

χ  Eε r  =

Eε r

∫ ψ σ
0

r
y

 r
 dσ y

4.12

Thereby, dχ[σ ry] = ψ[σ ry]dσ ry is the relative increase of BVEs that feature an element yield
stress σ ry,i between σ ry and σ ry + dσ ry, i.e. the increment of elements that behave plastically when
the stress σ ry is increased by an increment dσ ry = Edεr, see Figure 4.3. Thus, the fraction of
BVEs with an element yield stress σ ry,i ≤ σ ry, i.e. the plastic elements, is given by χ and that of
the elastic elements, i.e. σ ry,i > σ ry, by 1 – χ according to Eq. 4.11 and 4.12.
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∞

Eε r

Eε r

0

χ el  Eε r  =
1 − ∫ dχ =
1− χ
∫ dχ =

4.13

With these preliminary statements the relative macroscopic stress response σ r is derived
by integration of the weighted element stress responses at a given strain using Eq. 4.9, 4.12
and 4.13.

ε r 
σr=
 

σ yr

r
σ yr 
∫ σ i dχ =
0

 Eε

r
r
r
r
r
r
∫0 σ yψ σ y  dσ y + Eε 1 − ∫0 ψ σ y  dσ y 
 
 

Eε r

r

plastic BVEs

4.14

elastic BVEs

Inserting Eq. 4.14 into Eq. 4.8, one obtains the absolute macroscopic stress.

 Eε
 Eε

σ =+
σ 0 κσ r ε r  =+
σ 0 κ  ∫ σ yrψ σ yr  dσ yr + Eε r 1 − ∫ ψ σ yr  dσ yr  


 0
0



r

r

4.15

Using the variable substitution u = Eεr = κE(ε – ε0), du/dε = κE and the fundamental theorem
of differential and integral calculus,
G[u=
]

u

dG

∫ g[t ]dt ⇒ du=

g[u ]

4.16

a

the tangent modulus is obtained from the first derivative of Eq. 4.15.

u

dσ ∂σ du
=
= E  uψ u  + 1 −  ∫ψ σ yr  dσ yr + uψ u  


∂u dε
dε
0


4.17
 Eε r

r
r
= E 1 − ∫ ψ σ y  dσ y 


0


And with Eq. 4.13 the tangent modulus turns out to be proportional to the fraction of the
elastically deforming BVEs.

(

dσ
r
 E 1 − χ  Eε r 
= E χ el  Eε=



dε

Figure 4.3

)

4.18

Schematic of element yield stress distribution ψ and cumulative density function χ.
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Finally, the fundamental relationship of the continuous Masing model between the element
yield stress distribution and the curvature of the stress-strain curve is obtained using the
second derivative of Eq. 4.15 and re-substitution of u.

ψ  Eε r  = −

κ d 2σ
E 2 dε 2

4.19

Deviations from the formulations as given e.g. by Christ (1991), originate from the different
definitions of the relative stress and strain, Eq. 4.8. Classically, the following definition is
made for the relative coordinate system.

κ
ε −ε
(ε − ε 0 ) = max min + κε
2
2
κ
σ max − σ min
r
σ =
+ κσ
(σ − σ 0 ) =
2
2
εr =

4.20

This yields a different form of the relationship given in Eq. 4.19.

ψ ( Eε r ) = −2

κ d 2σ
E 2 dε 2

4.21

While Eq. 4.20 is used to allow for a direct comparison of the first monotonic loading and the
cyclic hysteresis branches according to the 1:2 scaling law by Morrow (1964), it requires the
knowledge of the following reversal point at every preceding strain reversal. This approach
makes sense for analytical purposes but it is restrictive for the simulation of the material
response where the following reversal point is a result of the simulation itself. Thus, the
approach as introduced in Eq. 4.8 is followed here.
As an alternative to the use of an element yield stress distribution ψ[Eε r ], an element
yield strain distribution φ[ε r ] can also be used for the derivation of the macroscopic strain. A
similar approach was adopted by Fougères and Sidoroff (1989). Completely analogously to
the derivations of Eq. 4.15, 4.18 and 4.19, the following relationships are obtained.
εr



0





εr



0




σ =+
σ 0 κ  ∫ Eε yrϕ ε yr  dε yr + Eε r 1 − ∫ ϕ ε yr  dε yr  
 εr

dσ
=
E 1 − ∫ ϕ ε yr  dε yr  =
E 1 − χ ε yr 


dε
0


d 2σ
= −κ Eϕ ε yr 
dε 2

(

)

4.22

In this formulation the frequency of plastically deforming BVEs is only dependent on the
relative applied strain, while the choice of the element yield stress distribution requires
knowledge of the elastic modulus. Both distributions are, however, fully complementary.
In order to derive the plastic strain as a function of the absolute total strain, it is
convenient to use φ[ε r ]. With an additive decomposition of the relative total strain into an
elastic and a plastic part, one can formulate the relative plastic strain of a BVE.
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ε plr ,i =ε r −


, σ ir < σ yr ,i
0
= r
E ε − ε yr ,i , σ ir ≥ σ yr ,i


σ ir

4.23

Analogously to the derivation of Eq. 4.19, the macroscopic plastic strain is obtained from the
integration of the plastic strain increments in every BVE. While ε ry,i denotes the relative yield
strain of the i-th BVE, ε ry is the integration variable running from 0 to the relative total strain
ε r . As those BVEs that deform elastically at a given relative strain ε r do not contribute to the
macroscopic plastic strain, only the plastic contributions have to be considered. Thus, the
plastic strain can be calculated from the convolution integral of the element yield strain
distribution with (ε r – ε ry ).
εr

ε pl =
ε pl ,0 + κ ∫ ( ε r − ε yr )ϕ ε yr  dε yr

4.24

0

It is instructive again to take the first and second derivatives of Eq. 4.24 with respect to total
strain.
dε pl
=
dε
d 2ε pl
dε 2

εr

ϕ ε  dε
∫=
r
y

r
y

0

χ ε r 

4.25

= κϕ ε 
r
y

As it turns out, the element yield strain distribution φ[ε r ] is equal to the curvature of the
plastic strain with respect to the total strain. It is further apparent from Eq. 4.25 that the plastic
strain increment is completely determined by the total strain increment weighted by the
cumulative density function χ[ε r ] of the element yield strain distribution φ[ε r ]. It remains to
clarify, how the derived plastic strain has to be interpreted. Eq. 4.24 basically gives the
weighted internal plastic strains that are accumulated in the BVEs up to an externally applied
total strain. In general, deviations from the remaining strain after unloading have to be
expected as during unloading both reverse plastic and viscous deformations are possible,
especially at elevated temperatures. For this reason ε pl has to be seen as an internal state
variable, describing the internal plastic strain accumulated in the BVEs.
It is further instructive to derive the dissipated energy of the deformed material. To this
end, the dissipated energy in the elastic-ideally plastic BVE is stated. For simplicity, relative
coordinates are used again which implies the definition of separate dissipated energies for the
first monotonic loading and the subsequent cyclic loading conditions, see Figure 4.4.

(
(ε

mono
=
σ=
Ediss
Eε yr ,i ε r − ε yr ,i
,i
y , iε pl , i
cycl
=
σ=
Ediss
,i
y , iε pl , i

E r
ε y ,i
2

r

− ε yr ,i

)
)

4.26

The macroscopic dissipated energy (or the accumulated dissipated energy in the BVEs) is
calculated from the weighted integration over the element yield strains.
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εr

∫ Eε (ε

mono
Ediss
=

r
y

0

cycl
diss

E
=

ε

r

∫
0

r

)

− ε yr ϕ ε yr  dε yr

E r r
ε y ε − ε yr ϕ ε yr  dε yr
2

(

)
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To prove compliance with the second law of thermodynamics, the rate of the dissipated
energy needs to be positive semi-definite.

dEdiss ∂Ediss dε
=
≥0
4.28
dt
∂ε dt
Considering that every BVE features an elastic-ideally plastic constitutive behaviour with
positive dissipation, it is intuitive to assume that also the macroscopic behaviour is
thermodynamically consistent. A straight forward mathematical proof is obtained by taking
the first derivative of Eq. 4.27 with respect to total strain.
 εr r
 dε  ε r r
 dε
 κ=
 E ∫ ε yϕ ε yr  dε yr 
≥0
E ∫ ε yϕ ε yr  dε yr 



 dt
d
t
0


 0

4.29
εr
cycl

 E εr r
 dε
∂Ediss
dε  κ E
r
r
r dε
r
r
 ∫ ε yϕ ε y  dε y 
= =
≥0
ε yϕ ε y  dε y 



∂ε dt  2 ∫0
 dt  2 0
 dt
In there, κ = sign(dε) and dt ≥ 0 is used. As the relative coordinates are positive semi-definite
per definition, Eq. 4.8, and as the element yield strain distribution is by character a probability
density function and therefore equally positive semi-definite, the rate of dissipated energy in
Eq. 4.29 is shown to comply with the second law of thermodynamics.
mono
∂Ediss
dε
=
∂ε dt

Figure 4.4

Dissipated energy in a BVE for monotonic and cyclic loading according to Eq. 4.26.
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It is thus concluded for the continuous Masing model:
•

The second derivative, i.e. the curvature, of the stress-strain response is proportional to
the element yield stress distribution ψ[Eε r ].

•

The tangent modulus, i.e. the first derivative of the stress with respect to strain, is
proportional to the fraction of elastically deformed BVEs 1 – χ[Eε r ].

•

The description in terms of element yield stress distribution ψ[Eε r ] is completely
equivalent to that based on the element yield strain distribution φ[ε r ].

•

The plastic strain increment is determined by the total strain increment weighted by the
cumulative density function χ[ε r ] of the element yield strain distribution φ[ε r ].

•

The Masing approach is thermodynamically consistent.

•

Eq. 4.19 indicates the possibility to obtain physically motivated constitutive equations
with an appropriate choice of the element yield stress distribution.

As mentioned above, several studies have been carried out using Eq. 4.21 to establish a
link between the curvature of measured stress strain-data and the microstructural conditions of
different materials. These are reviewed in Appendix E. The potential to use Eq. 4.19 as a basis
for a physically motivated constitutive model is further discussed in Section 4.1.4. For this
reason, the physical basis of the Masing approach is discussed in the following Section.

4.1.3

Discussion of model assumptions

It is stated in Section 4.1.1 that the Masing model is founded on a physical basis. This
statement is justified in the following by discussing the model assumptions to clarify the
origin of the BVEs and therefore the reason for distributed element yield stresses.
Originally, Masing (1923) stated that the division of a quasi-isotropic metal into BVEs
with different element yield stresses is justified by the presence of differently orientated
crystallites that feature a different aptitude to slip plane activation and by their different
degrees of cold work. A discussion of this statement by Christ (1991) for fcc and bcc crystals
comes to the conclusion that the width of the element yield stress distribution as actually
observed from the curvature of the stress-strain characteristic is too large for the different
grain orientations in a polycrystal to be solely responsible for this. The comprehensive work
of Mughrabi et al. (1978, 1983, 1987; 1981; 2002) on different poly- and single-crystalline
metals suggested that long-range internal stresses are introduced by heterogeneous dislocation
structures that develop during cyclic loading. Also Kuhlmann-Wilsdorf and Laird (1977)
found that an inhomogeneous microstructure is made up of dislocation rich (e.g. dislocation
walls, cells) and dislocation poor regions (e.g. channels, cell interiors), see Figure 4.5. Screw
dislocations move within the dislocation poor regions during plastic deformation, whereas
edge dislocations are caught by dislocation walls. As dislocations can run freely in the
dislocation poor regions, these are deformed elasto-plastically, whereas the dislocation rich
regions predominantly experience elastic and to a minor extent elasto-plastic deformation
with a different mechanism, e.g. edge dislocation annihilation. To mobilise the dislocations
that are subjected to the internal stress fields of these substructures, the local internal stresses
have to be overcome by the externally applied load to initiate plastic deformation. Thus,

166

4 Constitutive Modelling

dislocation poor regions feature a low, whereas dislocation rich regions possess a high
element yield stress. This gives rise to the interpretation of the element yield stress
distribution as a distribution of internal stresses in a macroscopic volume. From this point of
view, the subdivision of a material volume into BVEs reflects the heterogeneity of the
dislocation substructure on a meso-scale (μm) that develops due to plastic deformation (e.g.
dislocation walls and cells) and that is associated with long-range internal stresses. The size of
the BVEs is therefore expected to vary between the macroscopic grain size and the lengthscales over which single dislocation interactions occur. For this reason Christ (1991) classifies
the continuous Masing approach as a continuum mechanical approximation on a mesoscopic
length-scale which averages (elastic) atomic displacements and (plastic) dislocation
interactions over a certain volume.

Figure 4.5

Schematic showing movement of screw dislocations in the channels of a persistent
slip band. Reprinted with permission from (Kuhlmann-Wilsdorf and Laird, 1977).

In addition to the long-range internal stresses, thermally activated mechanisms have to be
considered. These mainly influence short-range interactions of dislocations. Due to the
absence of thermal activation at temperatures T < 0.1–0.2Tm, additional effective short-range
stresses have to be considered in this temperature regime that influence the element yield
stress distribution according to (Burmeister and Holste, 1981; Holste and Burmeister, 1980;
Polák et al., 1996; Polák and Klesnil, 1982). With the assumption, that the short-range
effective stresses are equally active in the whole volume and that they are simply additive to
the long-range internal stresses, their presence can be expected to simply cause a shift of the
element yield stress distribution to higher stresses/strains. This is discussed in more detail in
Appendix E. On the other hand, the presence of thermal activation at temperatures T > 0.4Tm
is expected to generally enhance yielding throughout the range of element yield
stresses/strains due to the enhancement of dislocation climb and at very small strain rates due
to the action of grain boundary gliding. Studies by Polák et al. (2001a, b; 2002) further show
that the presence of different phases, e.g. in austenitic-ferritic duplex steels, affects the shape
of the element yield stress distribution such that e.g. bi- or multi-modal distributions are
observed. In this respect, the BVEs can be interpreted as representative volumes in which
specific resistances to dislocation motion are present as a result of long-range internal
stresses, short-range effective stresses, thermal activation and different phases (e.g.
precipitates). This causes different local yield stresses. The relative importance of each
characteristic BVE for the macroscopic behaviour, i.e. the relative volume share of the BVEs,
is described by the element yield stress/strain distribution. It is a fingerprint of the
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characteristic deformation mechanisms that govern the macroscopic material behaviour and
therefore describes the internal state of the material.
It is common practice to representatively describe the cyclic constitutive behaviour of a
material by modelling the stabilised cycle response, i.e. the stabilised stress-strain hysteresis
that remains reasonably constant in shape and amplitude with further cycling (Lemaitre and
Chaboche, 1990). For Masing materials, as stated in Section 4.1.1, the stabilised cycle and the
first monotonic stress-strain response are related by a simple coordinate transformation with a
weighting factor of 2, e.g. (Christ, 1991; Skelton et al., 1997). This implies that a simple
determination of the first monotonic element yield stress/strain distribution is sufficient to
derive a cyclic stress-strain curve (CSSR) for the stabilised material response. While this
appeared to work in special cases, i.e. for Masing materials, as e.g. reviewed by Christ (1991)
or Lemaitre and Chaboche (1990), this cannot be taken as a generality. In the notion of Asaro
(1975), the Masing behaviour corresponds to type I kinematic hardening where those BVEs
that deform first during loading also deform first during subsequent unloading, i.e. the
sequence of loading and unloading is the same. This was attributed to materials that feature
dislocation pile-ups at boundaries as well as internal stresses in cells or deformation in
persistent slip bands. If the sequence of loading and unloading elements differs, deviations
from the classical Masing behaviour have to be expected. In this case, the initial monotonic
yield behaviour is governed by the mobilisation of dislocations when the stress exceeds a
certain threshold stress, e.g. caused by the presence of particles or to form Orowan loops. As
the dislocation mobility is changed after the first monotonic loading, the subsequent
unloading behaviour has to be expected to be significantly different. Fougères and Sidoroff
(1989) comprehensively review the formation of different dislocation microstructures in
single and polycrystalline copper. They stated that the intragranular yield stress
heterogeneities caused by the dislocation microstructure are predominant over the
intergranular heterogeneities that arise from deformation incompatibilities between grains.
The dislocation microstructures that form during cyclic deformation generally have to be
considered as material, strain amplitude and history dependent. Fougères and Sidoroff (1989)
assumed that cyclic loading especially affects the local dislocation density of the specific
dislocation substructures which directly influences the local yield stress. The microstructure
and therewith the internal stress of a material are subjected to change during plastic
deformation so that this finds itself in a different internal state after every load or strain
reversal. For this reason, it is concluded that an evolutionary continuous Masing model has to
consider changes in the element yield stress/strain distribution once the direction of straining
is changed to reflect the change of the dislocation mobility that arises from the evolution of
the microstructure and therewith the local internal stress state.
Another model assumption that needs justification is the constitutive behaviour of the
BVEs, which is considered to be ideal elastic-plastic. If the BVE is assumed to be associated
with a fixed material volume a change in the constitutive behaviour is to be expected, i.e.
hardening or softening, due to the locally changing dislocation substructure. Assuming,
however, that a BVE is not attached to a fixed material volume but just the representation of a
volume with a given element yield stress, then the assumption of an elastic-ideal plastic
constitutive behaviour can be held. This approach implies that the material volume of the
BVE changes after load or strain reversal. In the continuous Masing model approach this
implies that the element yield stress distribution function changes after every change in the
loading conditions. Like that, different weights are attributed to the element yield stresses
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which affects their contribution to the overall macroscopic stress response. A local increase or
decrease of the yield stress is thereby considered by a change of the frequency of element
yield stresses. A different element yield stress/strain distribution is thus assumed at every load
or strain reversal to consider the change of the internal state.

Figure 4.6

Sketch of crystal coordinate system.

Masing further assumed a constant elastic modulus for mathematical treatability. In
reality, the elastic moduli of metals exhibit a significant crystallographic anisotropy. Thus, in
a polycrystalline material a local variation of the elastic modulus with respect to the loading
direction has to be considered. In-situ neutron studies of a 1CrMoV bainitic steel by Weisser
et al. (2011) have shown that the (polycrystalline) elastic modulus varies between 220GPa in
<110> and 164GPa in <200> due to crystallographic anisotropy. A simple experiment of
thought reveals the distribution of the elastic modulus that has to be expected if a volume of
single crystalline α-Fe is tested at random orientations considering the crystallographic
anisotropy. The following relationship holds for the elastic modulus in any direction r of a
cubic crystal (Dieter and Bacon, 1988).

1
1 

=S11 − 2 ( S11 − S12 ) − S 44  l 2 m 2 + m 2 n 2 + l 2 n 2
E
2 


(

)

4.30

Where Sij are the elastic compliances in the direction of stress σij: S11 = 1/E = 7.6TPa-1,
S12 = -υ/E = 2.8TPa-1, S44 = 1/G = 8.6TPa-1 (Dieter and Bacon, 1988). l, m and n are the three
direction cosines of a vector r with respect to the crystallographic basis ai, i = 1,2,3, see
Figure 4.6.
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l
=
m
=

r ⋅ a1
= cos=
α  cos ϕ cos θ 
r
r ⋅ a2
= cos=
β  cos ϕ sin θ 
r

n
=

4.31

r ⋅ a3
= cos=
γ  sin ϕ 
r

The so determined single crystal elastic moduli are E(110) = 221GPa, E(200) = 132GPa and E(310)
= 154GPa, while the actual neutron diffraction measurements of the polycrystalline elastic
moduli by Weisser et al. (2011) give E(110) = 220GPa, E(200) = 164-169GPa and E(310) = 175181GPa, see Figure 4.7 a). These deviations arise from the deformation compatibility that
needs to be fulfilled in polycrystalline materials. By variation of the loading direction r in all
directions of space, i.e. by varying the spherical angles φ between –π/2 and +π/2 and θ
between –π and +π, the distribution of elastic moduli is calculated using Eq. 4.30. With this,
the histogram in Figure 4.7 is generated. A significant influence of the elastic crystal
anisotropy in single crystalline α-Fe at room temperature is observed which yields an elastic
modulus of 133GPa as the most probable and of 220GPa as the second most probable
modulus. While on a macroscopic level, the variation of the elastic modulus is expected to
decrease in an isotropic material, e.g. a polycrystalline metal, it cannot be ruled out that the
local elastic modulus has an influence on the deformation of the BVEs.
Considering again the discrete two-element Masing model as discussed in Section 4.1.1,
see Figure 4.2, but allowing this time for different elastic moduli and cross-sectional areas of
the elements, the macroscopic stress response can be derived.

1
 A ( A1E1 + A2 E2 ) ε

A
A
A
 A1
σ= 1 σ 1 + 2 σ=
σ y ,1 + 2 E2ε

2
A
A
A
A

1
 A A1σ y ,1 + A2σ y ,2


(

, σ < σ y ,1 < σ y ,2 (A-B)
, σ y ,1 < σ < σ y ,2 (B-C)

)
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, σ y ,1 < σ y ,2 < σ (C-D)

Without loss of generality it is assumed that E1 < E2. For the fully elastic loading (A-B), the
elastic modulus E is shown to be a cross-sectional area average of the two element moduli.
As soon as the element yield stress of the first element is reached, the macroscopic tangent
modulus becomes equal to the area averaged modulus of the second, still elastic element. It
also shows that as soon as the BVE behaves plastically, its elastic modulus is not important
anymore. Comparison with Eq. 4.3 now reveals the deviations of the discrete Masing concept
from the more general approach. The elastic modulus E of the Masing model turns out to be
an area averaged representative modulus of all elastically deforming BVEs. Keeping this
representative elastic modulus E constant, the onset of yield in the first element appears to
occur at a smaller strain ε̄ y,1 = σy,1 / E with respect to a more realistic approach εy,1 = σy,1 / E1
that considers the actual local modulus E1, i.e., ε̄ y,1 < εy,1 as E > E1.
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a) Crystal orientation dependence of elastic modulus for single crystalline α-Fe. b)
Histogram of single crystalline elastic moduli in α-Fe for φ = [–π/2;+π/2] and
θ = [–π;+π] (bar width = 3GPa, stiffness constants by Dieter and Bacon (1988)). The
average modulus is 191GPa. Polycrystalline elastic moduli as determined by Weisser
et al. (2011) are highlighted (E(110) = 220GPa, E(200) = 164-169GPa, E(310) = 175181GPa) with the corresponding crystallographic directions. The help of M. A.
Weisser with the calculation routine is greatly acknowledged.

As shown in Section 4.1.2, the stress-strain relationship as derived from the Masing concept is
strongly determined by the frequency of plastically deforming BVEs. An element yield stress
distribution based approach requires the multiplication of the applied strain, i.e. the
independent variable, with the elastic modulus to determine the share of plastically deformed
elements. Uncertainties associated with the elastic modulus can be reduced by adopting an
element yield strain distribution φ[ε r ] which can be directly evaluated at the applied strain. A
variation of the elastic moduli is thereby indirectly considered by a change of the yield
frequency with respect to the actual distribution. Minor differences of such a model using a
representative averaged modulus E compared to one that considers the variability of the
elastic modulus from element to element have to be expected, however, in the slope of the
stress-strain hysteresis.

Figure 4.8

Schematic of deformation regimes: I) elastic regime, II) thermally activated local
dislocation movements, III) inhomogeneous plastic deformation, IV) homogeneous
plastic deformation at large strains.
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The requirement of a polycrystalline material to comply with the compatibility of
deformation within and between grains of different orientations, puts the assumption of a
parallel loading situation into question. Christ (1991) stated that a mixture of parallel and
serial deformation scheme is more realistic but in view of the compatibility, parallel loading
conditions is to be favoured as the strain should widely be the same, while the load might vary
only locally. The statistical treatment of both the parallel and the serial situation leads to
similar relationships which made Christ to conclude that also a linear combination of the two
situations should exhibit similar characteristics and that for the sake of simplicity only the
parallel case should be treated. Already Iwan (1967) indicated that the parallel formulation
leads to stress as a function of strain, whereas the serial formulation gives strain as a function
of stress. In the serial case, all BVEs experience the same stress, i.e. the macroscopic and the
microscopic stress are coupled. For an ideal elastic-plastic element behaviour, the strain
would increase to infinity once the applied stress reaches the yield stress. Therefore, a bilinear
constitutive behaviour is assumed for the BVEs. All elements feature the same elastic
modulus E and saturated plastic tangent modulus k. This treatment yields a relationship for
the strain as a function of the applied stress and its first and second derivatives.
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 E
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+

∫
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ψ σ yr  dσ yr 
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1 1
1 1
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As pointed out by Christ (1991), the relationships for the parallel and the serial loading case
are very similar, cf. Eq. 4.33 and 4.19. This gives a justification for the choice of the simpler
parallel case. The relationships between the yield stress distributions and the second
derivative are very similar, so that their linear superposition yields consistent relationships.
The additional constant k for the serial case describes the tangent modulus for infinitely high
relative stresses. Note, that ψ[Eε r ] and ψ̃ [σ r ] are generally different distributions. A
relationship for the two distribution functions can be derived from Eq. 4.33 and 4.19

ψ σ r  = −

k
1
E 2 ψ  Eε r 
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Christ (1991) further discusses the application range of the Masing model on the basis of
the different strain regimes of a hysteresis loop, see Figure 4.8. Regime I) is the elastic regime
of the material which is linear in a first order approximation. Purely elastic deformation takes
place as long as the stress is smaller than the friction stress, i.e. the smallest element yield
stress. With increasing temperature, regime I) is narrowing as a result of the broadening of
regime II). In this regime, local dislocation movement takes place if the dislocations
overcome the friction stress through thermal activation. This leads to a build-up of plastic
strain in dependence of the deforming microstructure, the temperature and the applied plastic
strain rate. In regime III), inhomogeneous plastic deformation is a result of locally varying
yield stresses which are associated with the mesoscopically heterogeneous dislocation
microstructure. In contrast, regime IV) is characterised by global homogeneous deformation.
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Christ (1991) states that validity of the Masing approach is given in the regimes I), III) and
IV). The strain rate and temperature dependent relaxation phenomena in regime II) need a
separate treatment that considers the additional effective stresses as discussed in Appendix E.
It is especially pointed out that the continuous Masing approach is applicable but not
physically based for materials exhibiting planar dislocation structures.
The discussion of the assumptions of the continuous Masing model yields important
findings for the understanding and formulation of a constitutive model as summarised in the
following:
•

A variation of local yield stresses/strains is caused by the local resistance to dislocation
motion which is determined by long-range internal stresses, short-range effective
stresses, thermal activation and different phases, e.g. precipitates.

•

BVEs can be interpreted as representative volumes on a meso-scale which are governed
by different local yield stresses.

•

The element yield stress/strain distribution is a fingerprint of the characteristic
deformation mechanisms that govern the macroscopic material behaviour. It therefore
describes the internal state of the material and assigns a relative importance to a certain
element yield stress/strain and therefore to a certain mechanism.

•

As plastic deformation causes dislocation motion, the local microstructure of a material
changes with the application of plastic strain and so does the internal stress state. For this
reason the element yield stress/strain distribution changes upon strain reversal.

•

The use of an elastic-ideally plastic constitutive behaviour of the BVEs is justified by
consideration of an evolving element yield strain distribution.

•

The use of an element yield strain distribution rather than an element yield stress based
approach leads to a model which is less influenced by the variation of the elastic moduli
of the BVEs. Due to the variability of the elastic moduli with respect to the loading
direction, E has to be interpreted as a representative elastic modulus.

•

Serial and parallel loading schemes of the BVEs lead to similar relationships between the
element yield stress distribution and the curvature of the stress. For simplicity the
parallel loading scheme is further considered.

4.1.4

Continuous Masing approaches for constitutive modelling

The Masing approach found only limited application so far. It was mainly used as a basis for
the statistical hysteresis loop shape analysis, as presented in Appendix E. While an analysis of
the stress-strain characteristic and its first and second derivatives on the basis of the Masing
concept can yield instructive information on the deformation mechanism, its use to
deconvolute the effective and internal stress component inherently suffers from substantial
uncertainties, see Appendix E. Another, more promising application of the Masing approach
is the constitutive modelling of material behaviour by choosing an appropriate element yield
stress/strain distribution. Only few studies in the literature consider this approach, including
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(Chiang, 1992, 1999; Maier and Christ, 1996, 1997; Moosbrugger et al., 2000; Skelton et al.,
1997). These are discussed in the following.
Maier and Christ (1996, 1997) and Skelton et al. (1997) adopted a discrete Masing model
approach to predict the stabilised stress-strain hysteresis loop for thermo-mechanically
fatigued (TMF) alloys on the basis of element yield stress distributions that are derived from
cyclically stabilised isothermal fatigue hysteresis loops. Due to the elevated temperatures, the
effective stress was neglected. For the purpose of modelling, the continuous distributions
were discretised into 30 to 50 elements. TMF cycles were then simulated by interpolation of
the element yield stress distributions as obtained for different temperatures. This approach is
based on the simplification that the stabilised microstructures resulting from a TMF test at a
certain transient temperature are the same as the microstructure obtained in an isothermal test
at the same temperature. Such a pseudo-isothermal TMF behaviour is justified in two cases: i)
the microstructure is stable with temperature changes and does not change during TMF
loading, ii) the new deformation conditions are rapidly adapted by the microstructure.
Relatively good results were obtained with the model for IMI 834 near-α Ti alloy and IN 100
Ni-base superalloy (Maier and Christ, 1997). Significant differences between the model and
the TMF loading response of AISI 304L stainless steel were discussed with respect to
discrepancies between the pseudo-isothermal assumption an the microstructure as observed in
reality.

Figure 4.9

Discretisation scheme used by Maier and Christ (1996, 1997). A continuous element
yield stress distribution is discretised by N elements with discrete element yield
stresses σy,i weighted by the discretised frequencies, i.e. area fractions, and summed
up to calculate the macroscopic stress-strain response.

As thermal transients appear during TMF cycles, the stress increments have to be determined
from the discretised element yield stress distributions for every strain and temperature
increment. Thereby, the distributions, as determined from stabilised loops of isothermal
fatigue tests, were interpolated at different temperatures. The stress in each of the 30 to 50
elements was multiplied with the corresponding area fraction coming from the discretised
yield stress distribution and finally summed up over all elements, see Figure 4.9.
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N

σ r = ∑ φiσ y ,i

4.35

i =1

With this approach, the model is completely defined by the discretisation of the element yield
stress distribution and it contains a number of N parameters for every temperature. A change
in temperature requires an interpolation of the weighting factors ϕi, i.e. the area fractions, at
every element yield stress between the temperatures for which data is available. The model
does not consider the microstructural evolution of the material for different loading conditions
but only the stabilised cycle, i.e. the state that the material arrives at under cyclic loading at
specific loading conditions for which no significant changes occur with further cycling.
Skelton et al. (1997) established relationships between the Masing approach and the
Ramberg-Osgood power law approach (Ramberg and Osgood, 1943).

σ = Aε plβ
4.36

1/ β

ε tot=

σ σ 
+ 
E  A

The simple Ramberg-Osgood model is often used in practice to represent monotonic and
cyclic stress-strain behaviour of materials with three parameters. On the basis of a discrete
Masing approach similar to the one suggested by Maier and Christ (1996, 1997), a
relationship between the monotonic Ramberg-Osgood parameters Am and βm was established
that depends both on the maximum stress σmax and the number of BVEs N.

βm =

N −7
2 ( N + 2)

 4 + βm 
1− β β
Am = σ max
E 

 3 (1 + β m ) 



4.37

βm

As βm > 0, it is indicated by Eq. 4.37 that a minimum of 7 BVEs is to be used in the discrete
Masing model in order to achieve a model performance which is at least equal to the
Ramberg-Osgood approach. Assuming that the Ramberg-Osgood formulation well represents
the stress-strain characteristics and considering a stabilised cycle for which the element yield
stress distribution can be assumed constant within a cycle this can be formulated in
dependence of the cyclic Ramberg-Osgood parameters.
1/ β r

σr 
2 Eσ r β r (1 − β r ) 
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In this way the element yield stress distribution can be derived from the parameters of a
Ramberg-Osgood best-fit. For a simplified discussion of the Masing model, an approximation
of the element yield stress distribution function was adopted using an isosceles triangle
(Skelton et al., 1997). This approach was found to apply for materials with a sharp yield point.
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Similarly, Moosbrugger et al. (2000) used a superposition of nonlinear kinematic
hardening rules by Frederick and Armstrong (1966; 2007) as introduced by Chaboche et al.
(1979) to represent the mechanical response of polycrystalline nickel as cyclically deformed
at a constant plastic strain amplitude at room temperature. For simplicity, the relationship is
only derived here for the special case of a monotonic loading condition using the analytical
solution for the backstress as introduced by Chaboche (2008).
N

ψ  Eε  =
r

κ

∑C γ
i =1

i i

exp  −γ iε plr , cum  Eε r  



3
N
E2 

Ci
r
r
1 + ∑ exp  −γ iε pl , cum  Eε   
i =1 E


1
r
r
r
r
 Eε 
ε pl , cum =

 E Eε − σ

(

4.39

)

While the width and the locations of the main peaks of the distribution are captured, three
backstress-terms are necessary to well represent the stress-strain hysteresis, see Section 4.3.1.
With cyclic loading the peak broadens and shifts to higher element yield stresses which
implies a cyclically hardening behaviour. Furthermore, a secondary peak appeared for the
cyclically saturated condition which was attributed to the of persistent slip bands and cells.
This is not covered by their approach. With decreasing grain size the peaks were further
observed to shift to higher element yield stresses. In the modelling approach using
Armstrong-Frederick kinematic hardening rules, the position of the peaks are mainly
controlled by the parameters Ci/γi, while the peak amplitude and width is mainly influenced
by γi. Smaller peak amplitudes and larger widths result from a decreasing γi at constant Ci.
Another advanced approach was followed by Chiang (1992) and Chiang and Beck
(1994) who suggested to use a Rayleigh distribution as an element yield stress distribution.

 π  Eε r
π Eε r
=
exp  − 
ψ  Eε r 
2
2 σu
 4  σu






2
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In their later studies Chiang et al. (2002) suggested to use a two-parameter Weibull
distribution.
n
  Eε r  n 
n  Eε r 

exp
ψ  Eε r 
=
−
4.41


 
γ  
Eε r  γ 

 

On the basis of either choice for the element yield stress distribution, a multiaxial continuous
Masing model (or "multi-dimensional distributed-element model") was developed that is
parsimonious in parameters and allows accounting for strain hardening and cyclic multiaxial
behaviour without the use of a kinematic hardening rule. In order to account for multiaxial
loading conditions, element yield functions fi were introduced in accordance with the classical
theory of plasticity, see Section 1.4.2.

f i σ kl ,i σ y ,i  ,σ y ,i  = 0



4.42

Every BVE was attributed its own element yield function which is defined in the element
stress space and not in the macroscopic stress space as in the classical theory. As every BVE
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features an elastic-ideally plastic constitutive behaviour, the element yield surface does not
experience any isotropic or kinematic hardening. Thus, it remains invariant in the element
stress space. Contrary to a conventional multi-surface approach, e.g. (Mróz, 1967), the
macroscopic stress state is allowed to lay outside any of the element yield surfaces. If the
element yield condition is fulfilled, i.e. Eq. 4.42 holds, the respective BVE deforms ideally
plastic when the following consistency relationship holds, i.e. the element yield surface does
not change.
=
df i

∂f i
=
dσ kl ,i σ y ,i  0
∂σ kl ,i σ y ,i 

4.43

The plastic flow rule follows from the normality hypothesis of the classical plasticity theory,
stating that the plastic strain increment vector is collinear to the element yield surface normal.
dε pl , kl ,i σ y ,i  =

∂Fi
dλi σ y ,i 
∂σ kl ,i σ y ,i 

4.44

dλi denotes the plastic multiplier, i.e. a proportionality factor by which the yield surface
normal vector has to be stretched to yield the correct amount of plastic strain. Under the
assumption of equal elastic constants Cklmn and a parallel loading scheme, the following
general stress-strain relationship is stated.

(

  Cklmn dε mn − dε pl , mn σ y ,i 
dσ=
kl , i σ y , i 

)

4.45

The plastic multiplier is derived by inserting Eq. 4.45 into Eq. 4.43 and using Eq. 4.44 for the
plastic strain increment.



∂Fi
∂Fi
∂Fi

dλi σ y ,i  =
Cklmn dε mn 
C pqrs
 ∂σ pq ,i σ y ,i 
∂σ kl ,i σ y ,i 
∂σ rs ,i σ y ,i  





−1
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Similar to the classical theory of plasticity the set of governing constitutive equations
according to Chiang's model is summarised (Chiang, 1992; Chiang and Beck, 1994).
Eq. 4.49 to 4.53 are related to the multiaxial response of the i-th BVE with the
corresponding element yield stress σy,i. The macroscopic stress is obtained by performing a
weighted summation over all element responses which is indicated by Eq. 4.48. Table 4.1 (i.e.
Eq. 4.48 to 4.53) completely define the constitutive model behaviour if an appropriate choice
for the element yield function fi[σy,i] (e.g. a vonMises yield criterion) and of the element yield
stress distribution ψ[Eε] is made. In order to solve Eq. 4.48, a numerical scheme was
suggested by Chiang and Beck (1994) in which Eq. 4.48 is replaced by a discrete sum over a
finite number of N elements.
N

σ kl ε kl  = ∑ σ kli ε kl ,σ yi  φ σ yi 

4.47

i =1

ϕ[σ̄iy] = 1/N is a weighting function. Its numerical set points σ̄iy are chosen on the basis of the
element yield stress distribution ψ[σiy] such that whenever a BVE yields, the initial stiffness is
reduced by 1/N. This is accomplished by subdividing the area of ψ[σiy] into N equal parts,
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whereas the numerical set points σ̄iy are chosen as the central yield stresses of these regions.
With this numerical discretisation of Eq. 4.48, a multilinear approximation of the smooth
multiaxial stress-strain relationship is obtained. Comparisons with experimental data obtained
from complex loading conditions have proven the good performance of this approach. Earlier
approaches to extend the continuous Masing model to the multi-dimensional case by Iwan
(1967) have the disadvantage that every element yield surface requires a hardening law which
is not the case for Chiang's approach. Further extensions of Chiang's approach to cover cyclic
plasticity and deformation-induced anisotropy are given in (Chiang, 1999; Chiang et al.,
2002).

Table 4.1

Governing equations of Chiang model (Chiang, 1992; Chiang and Beck, 1994).
∞

σ kl ε kl  = ∫ σ kl ,i ε kl ,σ y ψ σ y  dσ y

4.48

f i σ kl ,i σ y  ,σ y  ≤ 0



4.49

0

elastic case:
f i < 0  df i < 0 (unloading)

4.50

dσ kl ,i σ y ,i  = Cklmn dε mn

4.51

plastic case:
& df i
=
f i 0=

∂f i
dσ kl ,i =
σ y ,i  0
∂σ kl ,i σ y ,i 



∂f i

 Cklmn  dε mn −
dσ=
dλi σ y ,i  
kl , i σ y , i 


∂σ mn ,i σ y ,i 
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4.52

4.53

Continuous Masing Model for 2CrMoNiWV

In this Section the basic constitutive equations are derived for a continuous Masing-type
model that describes the uniaxial strain hardening behaviour of 2CrMoNiWV. As a starting
point for constitutive modelling, the experimental data gathered for 2CrMoNiWV is analysed.
A hysteresis loop shape analysis on the basis of Eq. 4.22 is presented in Section 4.2.1. With
this, understanding is generated for the actual shape and evolution of the element yield strain
distribution and its characteristic parameters. In a second step, in Section 4.2.2, the
performance of different element yield strain distributions to represent the actual monotonic
strain hardening behaviour of 2CrMoNiWV is compared and the most appropriate candidate
is identified. On this basis, the closed form stress-strain and tangent modulus relationships are
finally derived for the uniaxial strain controlled loading case in Section 4.2.3.
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Hysteresis loop shape analysis of 2CrMoNiWV

In order to observe the actual evolution of the element yield strain distribution and the tangent
modulus with LCF loading, the first and second derivatives of the stress-strain data for
fatigues 2CrMoNiWV were calculated. Characteristic parameters were identified that describe
these second derivatives and thus the element yield strain distributions and their evolution
with cyclic loading. To discuss the essential mechanical characteristics, it is firstly focussed
on a single LCF test (565°C, 0.1%/s, ±1%). Their temperature and strain rate dependence is
then discussed by expanding the considered experimental range to the additional temperatures
400°C and 500°C and further strain rates of 0.001%/s, 0.01%/s and 1%/s at same strain
amplitude ±1%.
During the LCF tests, data was generally acquired at a relatively high sampling rate so
that 2000 points per hysteresis loop were collected. An exception to this were the tests with a
strain rate of 1%/s which only featured 400 points per hysteresis due to limitations of the data
acquisition system. In order to obtain a smooth first and second derivative of the generally
slightly noisy data, every hysteresis branch as well as the respective first derivative were
fitted by an eight-term Fourier series.
8

σ ε  =
a0 + ∑ ai cos iwε  +bi sin iwε 

4.54

i =1

ai, bi and w are fitting parameters that are determined by a least squares algorithm. The first
and second derivatives of stress with respect to total strain were calculated numerically on the
basis of the Fourier series representations. This approach yielded best results as a trade-off
between sufficient data smoothing and least alteration of the slope and curvature of the stressstrain characteristic. Figure 4.10 shows the evolution of the stress-strain relationship and its
first and second derivatives in relative coordinates, separately for tension- and compressiongoing loading branches. The data originated from a LCF test at 565°C, 0.1%/s and ±1%.
The first derivative, i.e. the tangent modulus, shows a sigmoidal characteristic which
changes from a first plateau at small relative strains, i.e. the apparent elastic modulus to a
slope close – but not equal – to zero which reflects that the saturation of strain hardening is
not reached at the imposed strain amplitude. Before the first plateau, a steep decrease of the
tangent modulus occurs and, in the case of the first monotonic loading (i.e. N = 1), even a
small peak is observed. This is likely to be caused by i) the depinning of dislocations from
solute atoms or carbides, i.e. the mobilisation of dislocations during the first monotonic
loading; ii) strain rate effects at the strain reversal points, see Section 3.1.3; and iii) numerical
artefacts at the bounds of the experimentally covered regime. While the latter is attempted to
be minimised, it cannot be completely ruled out, as the smoothing quality of the Fourier series
is inherently deteriorated in the absence of sufficient data points, such as at the bounds of the
data range. The depinning of dislocations is only reasonable to contribute in the first
monotonic characteristic, as dislocations can be expected to be sufficiently mobile after initial
loading to a significantly high strain amplitude. Strain rate effects are relevant for cyclic
straining at elevated temperatures as they introduce rounded corners of the hystereses at the
strain reversals, see Section 3.1.3, which are characterised by an almost vertical stress drop at
relatively constant strain amplitude prior to the onset of the elastic regime.

4.2 Continuous Masing Model for 2CrMoNiWV

Figure 4.10

179

Evolution of the stress-strain characteristics with cyclic loading of 2CrMoNiWV at
565°C, 0.1%/s and ±1% separately for tension- and compression-going loading
branches.

With ongoing cyclic loading the transition from the first to the second plateau, i.e. the
elastic-plastic transition, becomes steeper and the transition point is shifted to smaller relative
strains. It is apparent that there is a significant difference between tension- and compressiongoing loading branches. This is even more prominent for the second derivative which shows a
distribution like characteristic proportional to the element yield stress distribution, according
to Eq. 4.21. After a very steep decrease to a minimum, the curvature shows a major peak
which reduces towards zero at large relative strains. This peak is shifted to lower relative
strains and narrowing during cyclic loading. Other than the second derivatives of the cyclic
characteristic, the first monotonic curvature shows a minor peak at small relative strains
which disappears already after the first load reversal. This minor peak is associated with the
small increase of the first monotonic tangent modulus at the upper plateau. Both effects, the
first steep decrease and the minor peak, have also been observed by Polák et al. (2001a) for
ferritic steel, as discussed in Appendix E. The diffusion of C atoms to the dislocation cores
during quality heat-treatment is expected to be responsible for the pinning of dislocations i.e.
strain ageing, e.g. (Sinha, 2003). It is anticipated that during the first monotonic loading,
pinned dislocations have to be mobilised and that therefore a critical yield stress has to be
applied before the dislocations can overcome solute atmospheres and/or precipitates. This is
expected to lead to the minor peak in the element yield strain distribution which is associated
with the strain necessary to remobilise the pinned dislocations. Once the dislocations are
released, cross-slip and thermally activated climb provide for the dislocation mobility to
remain. This is in agreement with the approach by Asaro, (1975) as outlined in Section 4.1.3.
The steep decrease in the cyclic characteristics which is observed at small yield strains is a
consequence of anelastic recovery, strain rate dependence of the elastic modulus, and pseudohold times causing the rounding of hysteresis corners as discussed in Section 3.1.3. Numerical
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artefacts from the determination of the first and second derivatives can further not be
neglected.
In order to analyse the evolution of the material behaviour, the characteristic parameters
of the second derivative were determined for every loading cycle. These include the relative
mode of the element yield strain distribution ηr (location parameter), the left and right relative
half widths at mean height γl,r and γr,r (scale parameters), respectively, and the effective
modulus Eeff according to Polák's approach (Polák et al., 1996; Polák and Klesnil, 1982; Polák
et al., 1982), as discussed in Appendix E. Figure 4.11 shows their evolution for 2CrMoNiWV
(565°C, 0.1%/s, ±1%). In order to smooth out the scatter of the determined characteristic
parameters, the following double-logarithmic polynomial approach was used to fit their
evolutions.
log ξ  = p1 log  N  3+ p2 log  N  2 + p3 log  N  + p4

4.55

ξ denotes any of the characteristic parameters and N the number of cycles. The polynomial
constants pi were determined in a least-squares procedure excluding the data points for the
first monotonic loading curve.

Figure 4.11

Evolution of the characteristic parameters of the second stress derivative with cyclic
loading (565°C, 0.1%/s, ±1%) separately for tension- and compression-going loading
branches. Top left to bottom right: effective modulus Eeff according to Polák's
method; relative mode yield strain ηr ; left and right relative half widths at mean
height γl,r and γr,r, respectively.

ηr describes the relative element yield strain at which the major peak appears in the
second derivative and therefore in the element yield strain distribution. Figure 4.11 shows that
the major peak is shifted to smaller relative strains with cyclic loading which reflects the
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cyclic softening behaviour of the material, i.e. the material starts to yield at smaller relative
strains. Furthermore, a significant difference between the peak positions for tension- and
compression-going loadings is observed. Compression-going element yield strain
distributions appear to be positioned at higher relative element yield strains. This confirms the
apparently higher compressive strength of 2CrMoNiWV as experimentally observed and
discussed in Section 3.1.3.
Decreasing characteristics were found for γl,r and γr,r, indicating a narrowing of the major
peak and therewith a sharper transition from the elastic to the plastic regime. According to
Masing's concept, this suggests that the variability of the element yield strains is decreasing
which points to a more recovered structure. Significant differences between tension- and
compression-going loading directions were observed as well for γl,r and γr,r. Furthermore, the
left and right half widths at mean height also differ considerably, i.e. γr,r > γl,r, pointing at an
(positive skew) asymmetry of the element yield strain distribution. Thus, more BVEs yield at
strains larger than the mode ηr. A more detailed analysis revealed that γl,r decreases more
strongly than γr,r so that with cyclic loading the weaker BVEs are expected to soften at a
higher rate than the stronger BVEs leading to an increased asymmetry of the element yield
strain distribution. Assuming a subgrain structure, this indicates that the subgrain interiors
soften off quickly, while the boundaries soften less considerably.

Figure 4.12

Loading characteristics of 2CrMoNiWV for monotonic loading up to a strain
amplitude of ±1% for different strain rates and temperatures.

The effective elastic modulus Eeff was determined according to Polák's method (Polák et
al., 1996; Polák and Klesnil, 1982; Polák et al., 1982), as discussed in Appendix E. It was
found to slightly decrease and almost remain constant during evolution with cyclic loading.
Towards the end of the fatigue life where significant macroscopic damage is expected, the
elastic moduli drop off significantly. In agreement with the results of Polák et al. (2001a, b)
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for ferritic steels, see Figure E.5, the compression-going elastic modulus (i.e. in tension) is
smaller than the tension-going (i.e. in compression) one, Eeff,c < Eeff,t. This was attributed to
changes of the cross-sectional area due to plastic deformation. Application of Eq. E.6 to the
current case gives an estimate of the difference of approximately 7GPa, while the actual
difference between tension- and compression-going elastic modulus amounts up to 10-20GPa.
It is expected that the discrepancy arises either from the presence of carbides or the
uncertainties associated with the determination of the effective modulus by Polák’s method,
as discussed in Appendix E.

Figure 4.13

Strain rate dependence of characteristic parameters of second stress derivative for
different temperatures at a strain amplitude of ±1%.

A larger set of monotonic loading tests is considered in the following to study
temperature and strain rate influences on the characteristic parameters of the major peak of
the second derivative of stress. Figure 4.12 shows the stress-strain characteristics of
2CrMoNiWV cyclically deformed at a strain amplitude of ±1% as well as their first and
second derivatives for the first monotonic loading. The first column corresponds to data
obtained at 400°C, the second at 500°C and the third at 565°C, for strain rates between
0.001%/s and 1%/s. It is apparent that the strain rate influence is almost negligible at 400°C,
while it is more important at 500°C and especially at 565°C. The lower the temperature and
the higher the strain rate, the more pronounced the transition between the elastic and the
plastic regime of the monotonic loading curves. Minor peaks in the second derivative occur
for almost all conditions during the first monotonic loading except for 565°C and a high strain
rate of 1%/s.
Figure 4.13 shows the strain rate dependence of the characteristic parameters for the
initial monotonic loading at different temperatures. While at 400°C the strain rate influence is
minor, it becomes more important for 500°C and 565°C. Most importantly, the location and
the shape of the curvature peak are influenced mainly by temperature and to a minor extent by
the strain rate. The element yield strain distribution is shifted to smaller relative strains and
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becomes wider with increasing temperature. Thus, the location parameter η is decreasing,
while the scale parameter γ is increasing with increasing temperature. This indicates a
generally lower strength of the BVEs and more important thermal activation at higher
temperatures which increases the frequency of yielding BVEs both at lower and higher
strains, i.e. increasing γl,r and γr,r. These trends are enhanced by lower strain rates. The
element yield strain distribution thus not only carries information about the yield points of the
BVEs due to internal stresses but also reflects the increased yielding frequency due to
thermally activated dislocation movement, i.e. dislocation climb. Furthermore, the effective
elastic modulus Eeff shows the expected temperature and strain rate dependence.

Figure 4.14

Evolution of the relative mode of the element yield strain ηr of the main peak in the
second derivative of the tension-going stress.

A detailed analysis of the temperature and strain rate dependent cyclic evolution of the
characteristic parameters is presented for the tension-going loading branches in Figure 4.14 to
Figure 4.17. For the sake of clarity the fitted curve representations according to Eq. 4.55 are
shown. The relative mode of the element yield strain ηr (location parameter) decreases with
cyclic loading, see Figure 4.14. Analogously to Figure 4.11, this reflects the softening of the
material as the major part of the BVEs starts yielding at lower relative strains. The decrease is
the stronger, the higher the temperature and the lower the strain rate. It is expected that under
these conditions the recovery process, i.e. the dislocation density reduction as well as the
subgrain formation and growth, is enhanced due to the increased thermal activation of
dislocation motion.

Figure 4.15

Evolution of the half width at mean height γl,r on the left of the main peak in the
second derivative of the tension-going stress.
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Figure 4.16
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Evolution of the half width at mean height γr,r on the right of the main peak in the
second derivative of the tension-going stress.

Figure 4.15 and Figure 4.16 show the cyclically decreasing scale parameters. A
cyclically narrowing peak reflects the sharper transition between the elastic and the plastic
regime. The higher the temperature, the more pronounced the major peaks. This is a
consequence of the microstructural evolution which is enhanced by high temperatures and
low strain rates. The degree of definition of the microstructure, i.e. the low free dislocation
density and well-defined subgrains, is higher for these conditions so that the internal stress
field appears to become more homogeneous. As the internal stress field is more
homogeneous, local yield is expected to be less frequent, so that a sharper yield transition is
expected. The asymmetry of the major peak as discussed earlier in this Section is also
confirmed for the conditions considered here. Moreover, the decrease of γl,r is larger relative
to that of γr,r. This implies an increasing asymmetry of the major peak with longer tails for
larger element yield strains. As discussed in Section 3.2, microstructural observations show
that a cellular dislocation structure with hard walls and soft cell interiors is forming during
cyclic loading. According to Mughrabi (1983), the local yield stresses are directly determined
by the local dislocation densities as discussed in Section 1.1.3. While initially, the dislocation
density is in general observed to be so high that the subgrain structure is barely recognisable,
the density in the cell interior reduces during cyclic loading so that a well determined
subgrain structure is formed. Two processes are expected to be responsible for the apparent
reduction of the dislocation density: i) the mutual annihilation of dislocations and ii) the
trapping of dislocations in the subgrain boundaries. For this reason, the element yield stress of
the softer subgrain interior reduces more than that of the stronger subgrain boundaries.
The evolution of the effective elastic modulus Eeff as determined by Polák's method
(Polák et al., 1996; Polák and Klesnil, 1982; Polák et al., 1982) is shown in Figure 4.17. As
expected, the effective modulus decreases with increasing temperature. The determined
values for Eeff scatter much more strongly than the other characteristic parameters and their
strain rate dependence does not appear. As discussed in Appendix E, this is a result of the
uncertainties associated with Polák's method (Polák et al., 1996). It should therefore be used
with care.
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Evolution of the effective elastic modulus Eeff of the tension-going loading branch as
determined by Polák's method (Polák et al., 1996; Polák and Klesnil, 1982; Polák et
al., 1982).

The element yield strain distribution in Masing's original interpretation reflects the
macroscopic effect of the local yield stresses. These are influenced both by crystal
orientations, deformation mechanisms, internal and effective stresses and therefore by the
current dislocation microstructure. The analysis of the stress-strain characteristic and its two
derivatives, thus provides valuable information for the constitutive modelling of the
evolutionary material behaviour of 2CrMoNiWV. In the following, the most important
findings influencing the modelling concept are summarised:
•

The elevated temperature behaviour of 2CrMoNiWV is mainly characterised by one
major peak in the curvature of the stress-strain characteristic.

•

A minor peak appears for the initial monotonic loading at small element yield strains.
This is associated with the first mobilisation of dislocations and their depinning from
carbides or solute C atmospheres. It disappears after the first strain reversal.

•

Significant differences in the element yield strain distribution appear for tension- and
compression-going loading affecting the elastic modulus (Ec < Et), the mode (ηc > ηt) and
the half width at mean height (γc > γt) of the distribution.

•

The element yield strain distribution is found to be asymmetric, i.e. γr,r > γl,r.

•

The major peak of the element yield strain distribution is shifted to smaller relative
strains and becomes narrower during cyclic loading. This reflects the softening of the
material and the recovery of internal stresses leading to a sharper transition between the
elastic and the plastic regime.

•

γl,r decreases more than γr,r during cyclic loading implying an increasing asymmetry of
the yield strain distribution. This reflects the reduction of the dislocation density in the
subgrain interior and the higher strength (and less important recovery) of the subgrain
boundaries.

•

Higher temperature and lower strain rate enhance the cyclic evolution due to increased
thermal activation of dislocation motion and recovery.
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Element yield strain distribution

With the general mathematical and physical background on the continuous Masing approach
(Section 4.1) and the specific characteristic of the element yield strain distribution of
2CrMoNiWV (Sections 4.2.1) elaborated earlier in this Chapter, it is timely to discuss the
choice of an appropriate representation for the element yield strain distribution. As a starting
point of evolutionary constitutive modelling, it is therefore aimed at a physically based
description of the strain hardening behaviour of the material under study, which is provided
by the continuous Masing concept. A yield strain based rather than the classical yield stress
based formulation is applied as a consequence of the discussions in the Sections 4.1.1 and
4.1.3. In a first step of constitutive modelling, an appropriate phenomenological
representation is evaluated that well describes the element yield strain distribution, the tangent
modulus and the measured stress-strain characteristic. This leads to constitutive stress-strain
relationships according to Eq. 4.22. Thereby, the detailed derivation of the constitutive
equations in Section 4.2.3 is anticipated. The performance of a selection of element yield
strain distributions as given in Table 4.2 is further compared by example for the
representation of a tensile test at 565°C, 0.1%/s and 1% strain.
For the identification of an appropriate element yield strain distribution, the general
modelling principle is followed: a model should represent the reality at the necessary
accuracy with least possible complexity. In this respect, the phenomenological reality is to be
captured with a small number of parameters. These ideally have a direct correlation to the
physics of the problem and should be easily identifiable. In this study, it is focussed on LCF
at strain amplitudes up to ±1% total strain, on strain rates between 0.01%/s and 0.1%/s and on
temperatures between 500°C and 565°C. Within this regime of interest, the model is expected
to well represent the measured data. In order to well cover the strain amplitude dependent
evolutionary behaviour with only a small number of tests, the representative accuracy in the
regime of interest has to be high and within the reasonable bounds imposed by experimental
scatter, see Section 3.1.4. Deviations of the model representation from the actual material
behaviour, e.g. at small strain amplitudes, can lead to larger inaccuracies when simulating
small strain evolution. Furthermore, the model has to allow a reliable extrapolation beyond
the experimentally covered regime. As this involves the extension of the strain hardening
formulation, the number of parameters therein has to be kept small. This also facilitates to fit
the strain hardening formulation to successive cycles of a LCF test, in order to determine the
evolution of the model parameter and to establish an appropriate evolutionary constitutive
description. To allow for an efficient calibration of the model to experimental data, not only
the number of parameters has to be small for mathematical treatability, but also their physical
correspondence to the actual microstructural and mechanical reality needs to be given.
The study of the experimentally determined element yield strain distribution, as
discussed in Section 4.2.1, reveals one slightly right skewed major peak. Further complexity
is added by the initial steep decrease that results from strain rate dependent effects as
discussed in Section 3.1.3. Initial monotonic curves additionally show a minor peak which
disappears upon strain reversal. There are thus three levels of complexity in the description of
the element yield strain distribution, including the representation of the actual behaviour as: i)
a symmetric distribution, ii) a skew distribution, iii) a superposition of distributions including
multiple peaks and/or the first steep decrease.
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Summary of considered elementary distributions for the description of element yield
strain distributions, ε ≥ ε0.
m

ϕ ε  = ∑ βiϕi ε 

Distribution
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4.61

4.62
4.63

The selection of considered element yield strain distributions, Table 4.2, is able to cover
different complexities of the actually observed data. They can be divided into symmetricskew, bound-unbound and (one- or two-fold) analytically-numerically integrable distributions
as summarised in Table 4.3. The element yield strain distribution φ can be described by a
weighted superposition of elementary distributions φ῀i[ε], see Table 4.2, to account for the
different complexities of the material behaviour.
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m

ϕ ε  = ∑ βiϕi ε 

4.64

i =0

Thereby, βi denote weighting factors that scale the individual elementary distribution such
that not only their relative heights are adjusted to the actual observations but also that the area
of the element yield strain distribution fulfils Eq. 4.11, i.e. it is unity. This is especially
important for the case of single unbound distributions. Mathematically, the distributions allow
strains ε < ε0 which is physically not admissible. For this reason, the distribution for ε ≥ ε0 has
to be rescaled to unity by β.
∞



0



β =  ∫ ϕ ε yr  dε yr 

−1

4.65

In the case of superimposed distributions the weighting factors βi are not analytically
determined but a result of the least-squares fitting of the model to the experimental data.
Using Eq. 4.65 and 4.22, the curvature can be determined on the basis of an according choice
of the element yield strain distribution. Further integration yields the tangent modulus and the
stress-strain relationship. Table 4.2 summarises the considered element yield strain
distributions. Their partially analytically derived tangent modulus and stress-strain
relationships are summarised in Appendix F. There, also the best-fit parameters of the
different model descriptions can be found. The derivation of the constitutive equations is
discussed in more detail in Section 4.2.3.
In a first approach simple symmetric distributions are used to describe the element yield
strain distribution. This includes the analytically integrable Cauchy (Eq. 4.56), Gaussian (Eq.
4.57) and Logistic (Eq. 4.58) distribution as well as the numerically integrable Pearson VII
(or non-standardised Student-t) distribution (Eq. 4.61) as shown in Table 4.2. The latter
distribution is chosen according to (Wojdyr et al., 2011) and thoroughly discussed by
Elderton and Johnson (1969), Hall (1977) and Prevéy (1986). It features three parameters
while the Cauchy, Gaussian and Logistic distributions are determined by two parameters, a
location and a scale parameter, i.e. η and γ respectively. The third parameter n of the Pearson
VII distribution controls its character, yielding a Cauchy distribution for n = 1 and a Gaussian
distribution for n = ∞. While giving this additional degree of freedom, it is generally only
numerically integrable which complicates the parameter identification substantially.
Additionally, the weighting factor β has to be determined from the least-squares fitting of the
Pearson VII model to the data, while it is analytically determinable for the other distributions.
As the first order approximations using single symmetric peak distributions cannot describe
the actually observed steep decrease that arises from relaxation effects at the strain reversal
points (see Section 3.1.3) and the secondary minor peak of the element yield strain
distribution, an additional parameter α is introduced which slightly modifies the elastic
modulus to better fit the actual stress-strain characteristics. This is discussed in more detail in
Section 4.2.3. Another parameter constitutes the elastic modulus E. Figure 4.18 summarises
the performance of the different symmetric distributions. All four approaches well represent
the actual stress-strain characteristic and give good approximations of both the tangent
modulus and the curvature. The deviations of the model representations from the actual data
on the stress-strain level are in the order of 5MPa. While the Pearson VII distribution shows
the best performance in terms of the root-mean square error, i.e. the standard error s, it is
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numerically integrable only. The Cauchy distribution, however, yields a similarly good
representation with only four parameters and the possibility to find a closed-from analytical
stress-strain relationship.

Table 4.3

Classification of distributions.

Distribution
(# Parameters)

Shape

Range

Integrability

Complexity

Cauchy (2)

symmetric

unbound

analytical

i)

Gaussian (2)

symmetric

unbound

numerical

i)

Logistic (2)

symmetric

unbound

analytical

i)

Rayleigh (1)

skew

left bound,
right unbound

analytical

ii)

Weibull (2)

skew

left bound,
right unbound

numerical

ii)

symmetric

unbound

numerical

i)

Split Pearson VII (6)

symmetric or
skew

unbound

numerical

i), ii)

Superposition (any)

any

any

any

iii)

Pearson VII (4)

As a second order approximation, the skewness of the distribution can be considered. In
their work Chiang et al. (1992; 1994; 2002) have suggested the skew symmetric Rayleigh
(Eq. 4.59) and Weibull (Eq. 4.60) distributions. It is interesting to check whether these
distributions yield good results for 2CrMoNiWV. Additionally, the skew split Pearson VII
distribution (Eq. 4.62) is applied to the data. It is composed of two Pearson VII type tails, a
left and a right one, that share the same mode of the element yield strain distribution. While
the Rayleigh distribution is fully determined by one parameter only and the Weibull
distribution by two parameters, the split Pearson VII approach requires the identification of
six parameters. Similarly to the symmetric case, two additional parameters arise from the
elastic modulus E and the correction factor α. Both the Weibull and the split Pearson VII
distribution are only numerically integrable. The results in Figure 4.19 show that the
considered skew Rayleigh and Weibull distributions yield worse representations of the actual
stress-strain characteristic, the tangent modulus and the element yield strain distribution than
the symmetric approaches. Deviations from the measured data on the stress-strain level are in
the order of 10MPa for the Rayleigh and the Weibull distribution. The skew split Pearson VII
approach shows very good results and even a slight improvement to its symmetric
formulation. In comparison to the simple symmetric Cauchy approach, however, the skew
distributions yield no advantage.

190

Figure 4.18
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Comparison of different symmetric element yield strain distribution approaches
applied to experimental data for 2CrMoNiWV (565°C, 0.1%/s, ±1%). s denotes the
variance, i.e. the root-mean square error.
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Figure 4.19
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Comparison of different skew element yield strain distribution approaches applied to
experimental data for 2CrMoNiWV (565°C, 0.1%/s, ±1%). s denotes the variance.
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Figure 4.20
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Comparison of different superimposed element yield strain distribution approaches
applied to experimental data for 2CrMoNiWV (565°C, 0.1%/s, ±1%). s denotes the
variance.
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Superpositions of the aforementioned symmetric and skew elementary distributions can
be considered in a third order approximation which tries to cover higher complexities of the
observed element yield strain distribution. Firstly, the secondary peak is taken into
consideration additionally to the major peak of the element yield strain distribution. For this
purpose the superposition of two symmetric Pearson VII distributions (Eq. 4.61) is applied.
Secondly, the steep initial decrease and the skew major peak are considered with the
superposition of an exponential decay (Eq. 4.63) and the skew split Pearson VII distribution
(Eq. 4.62). Finally, the complete characteristic of the element yield strain distribution is
modelled by the superposition of the exponential decay (Eq. 4.63, for the steep decrease), a
symmetric Cauchy distribution (Eq. 4.56, for the minor peak) and a skew split Pearson VII
distribution (Eq. 4.62, for the skew major peak). While the first and the second approach still
require the correction factor α, the third most complex approach does without this
approximation. The description of the full complexity, however, requires twelve parameters,
while the consideration of either two peaks or the initial steep decrease gets along with ten
parameters each. The results of these three approaches are summarised in Figure 4.20. A
representation of both peaks that are observed in the experimental data yields only a small
deviation from the actual stress-strain characteristic in the order of 3MPa. It appears that
disregarding the minor peak in favour of the initial steep decrease further improves the
representation of the experimental data (deviation in the order of 1MPa). The attempt to
represent the complete complexity of the element yield strain distribution, however, yields
slightly worse results. This is likely to be due to an insufficient description of the
characteristics in the small strain region.
Considering the modelling principle stated above, a symmetric Cauchy approach to
represent the element yield strain distribution yields the best results. The deviations of the
model representation from the actual data are in the order of 1MPa, while the stress-strain
relationship is fully determined by a small number of four parameters. Approaches such as the
symmetric or skew split Pearson VII distribution yield even better results but besides
requiring additional parameters, these expressions are not two-fold analytically integrable. For
this reason the model calibration process is significantly hindered causing high computational
effort even for a single loading branch. Its application might, however, be justified in the case
when the shape of the element yield strain distribution is significantly distorted during the
evolution of the mechanical behaviour upon cyclic loading as e.g. for AISI 316, see Appendix
E, Figure E.4. The analytical integrability of the Cauchy approach, on the other hand, allows
deriving a closed form stress-strain relationship which can be used to identify the optimum
model parameters directly from a simple least-squares regression.
As the Cauchy approach does not accurately describe the steep decrease of the element
yield strain distribution which originates from strain rate dependent effects at the strain
reversals (see Section 3.1.3), a correction factor α is introduced, i.e. the modulus relaxation
parameter. Rather than modelling the nonlinear strain reversal with an appropriate strain-rate
dependent viscoplastic or creep formulation, this correction slightly varies the representative
elastic modulus E to compensate for the small stress drop in the strain reversal. As further
discussed in Section 4.2.3, this factor is responsible for a restriction of the regime of
applicability of the model at higher strains. This is, however, justified by the straight-forward
model calibration, the small number of parameters and especially by the excellent
representation of the mechanical response of 2CrMoNiWV. A more sophisticated model
considering the rate-dependent effects at the strain reversals may be applicable but leads to a
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loss of simplicity. As it is focussed on the description of the strain hardening characteristic
and its evolution during cyclic loading rather than a fully time-dependent formulation, such a
description is neglected within the scope of this Thesis but may be included in future work.
This is especially justified by the minor difference in performance between the simple Cauchy
approach and a more general approach that considers an initial exponential decay. The
constitutive equations derived in the following Section 4.2.3 are thus based on the Cauchy
distribution.

4.2.3

Constitutive equations

In the previous Section 4.2.2, the analytically integrable Cauchy distribution function is
identified to be an effective compromise between a small number of parameters and the
ability to accurately represent the actually observed element yield strain distribution. The
closed form constitutive equations are derived in the following for the uniaxial cyclic loading
case on the basis of the Cauchy distribution. Furthermore, the model parameters are
interpreted and their influence on the predicted stress-strain characteristic, the tangent
modulus and the element yield strain distribution is discussed.

Figure 4.21

Schematic of interpretation of model parameters.

As discussed in Section 4.1.1, the curvature of the stress-strain relationship can be
equally described by either an element yield stress or an element yield strain distribution
according to Eq. 4.19 and Eq. 4.22, respectively. On the basis of the Cauchy distribution, the
element yield stress distribution is formulated.
1

ψ  Eε r  = β
π

(

Γ

Γ + Eε r − Η
2

)

2

4.66

Η denotes the mode of the element yield stress and Γ the half width at half the maximum of
ψ[Eεr]. Both parameters have the dimension of stress. Reformulation of Eq. 4.66 facilitates
the derivation of a closed form analytical formulation for the stress as a function of the total
strain. To this end, the element yield strain distribution φ[ε] is formulated.

ϕ ε  = β

1
γ
π γ 2 + ( ε − (ε + κη ) )2
0

4.67

η = Η/E is the location parameter which describes the mode of the yield strain based
distribution, while γ = Γ/E denotes the scale parameter, i.e. the half width at half maximum of
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the Cauchy distribution, see Figure 4.21. Both parameters have the dimension of strain.
Through the parallel loading assumption, the actual applied strain directly corresponds to the
local element yield strain, whereas its relative frequency is given by Eq. 4.67. κ = sign(dε)
denotes the straining direction and is either +1 for tension-going loading or -1 for
compression-going loading. ε0 is the initial or reversal strain which is determined through the
prescribed straining history. According to Table 4.3, the Cauchy distribution is unbound for
positive and negative infinite arguments. For this reason, it has to be restricted to relative
strains ε = κ(ε – ε0) ≥ 0 which is inherently fulfilled as for tension-going loading κ = 1 and ε0
≤ ε, while for compression-going loading κ = -1 and ε0 ≥ ε. As pointed out in the previous
Section 4.2.2, a part of the distribution is cut off through this restriction. Thus, the area of φ[ε]
has to be renormalised to unity. For this purpose the normalisation constant β is introduced.
−1

∞

1
r
r
=
β =
∫0 ϕ ε y  dε y  1 1
η 


+ arctan  
2 π
γ 

4.68

Element yield stress (Eq. 4.66) and element yield strain distributions (Eq. 4.67) are
uniquely related via the second derivative of the stress with respect to strain and for the
approach suggested here, the following relationship can be derived.
d 2σ
=
−κ E 2ψ  Eε r  =
−κ Eϕ ε 
dε 2

4.69

The curvature is thus fully determined once the parameters η and γ of the element yield strain
distribution and the representative elastic modulus of all BVEs E are identified. While η and
γ are directly determined by the mode of the element yield strain and the half width at mean
height, respectively, E is identified from the height of the peak of the stress-strain curvature A
according to Eq. 4.69.

πγ
4.70
β
In order to derive the tangent modulus, Eq. 4.69 is integrated from the initial or reversal strain
ε0 to the actual total strain ε. For pure forward loading, η and γ are assumed to be constant.
E = −κ A

 ε − ( ε 0 + κη ) 
 η 
β
dσ
=
Eapp − κ E  arctan 
 + arctan κ  

π
γ
dε


 γ 

4.71

= E (α − κχ )

E denotes the representative elastic modulus common to all BVEs. It is, thus regarded as the
pure volume averaged resistance to atomic displacement according to the discussion in
Section 4.1.3. At the load reversal points, anelastic and strain rate dependent effects lead to a
nonlinear stress drop at the strain amplitudes due to the finite time at high stress and
temperature as pointed out in Section 3.1.3. This leads to a steep decrease in the element yield
strain distribution and the tangent modulus at ε0 as a result of this nonlinear regime prior to
the linear elastic portion, see Figure 4.21. The following upper plateau of the tangent modulus
constitutes the apparent elastic modulus Eapp. As the symmetric Cauchy approach does not
consider this initial steep decrease but averages the small element yield strain regime in a
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best-fit manner, it generally yields elastic moduli E that are smaller than the actual initial
tangent modulus and higher than the apparent elastic modulus level Eapp. In order to fulfil the
initial condition dσ / dε[ε0] = Eapp, a simple constant modulus relaxation parameter α is
introduced to account for the initial viscous effect. With this, the apparent elastic modulus can
be expressed in dependence of the representative elastic modulus of the BVEs Eapp = αE.
Thereby, α constitutes a simple variation of the representative elastic modulus such that the
initial nonlinear strain rate effect is compensated by a slight change of the elastic modulus.
Alternatively, the element yield strain distribution could be modelled more accurately by
including a rate-dependent formulation or creep law as e.g. attempted with a superposition of
an exponential decay, a Cauchy distribution and a split Pearson VII distribution in Figure
4.20. This, however, implies a large number of parameters and eliminates the analytical
integratability. The minor improvement by this more sophisticated approach and the focus of
this Thesis on the nonlinear time-independent elastic-plastic characteristic and its evolution
(which is mainly determined by η and γ) justifies this simple approach. Thus, the introduction
of a constant modulus relaxation parameter avoids a complicated, generally only numerically
integrable formulation with an excessive number of parameters. The drawback of this simple
approach is that for values of α < 1 (which is the actually expected value) negative tangent
moduli result for strains larger than a critical strain εc.

 α
 η 
ε ≤ ε c = ( ε 0 + κη ) + γ tan κπ − arctan κ  
β
 γ  


4.72

The introduction of α is a simple way to account for the nonlinear strain rate dependent
effects that occur at the strain reversals and it provides good results in the regime ε ≤ εc which
generally includes the regime of interest in this study. With respect to the parameter
identification, the influence of α on the other parameters is generally negligible.
Eq. 4.71 implies that the tangent modulus depends on the share of plastically deforming
elements χ as already indicated in Section 4.1.1.
=
χ

β
π


 ε − ( ε 0 + κη ) 
 η 
 arctan 
 + arctan κ  

γ
 γ 




4.73

As χ is a continuously increasing or decreasing function (depending on the loading direction),
it is apparent that the material exhibits a continuously yielding constitutive behaviour. While
for small relative strains χ features a lower plateau and is therefore almost constant, i.e. the
material behaves elastically, the share of plastically deforming elements increases steadily
with strain so that the transition between the elastic and plastic regime of the constitutive
behaviour is smooth as supported by observations of actual experimental data. This is a
substantial advantage over conventional classical yield surface models that inherently feature
a discontinuous elastic-plastic transition at the yield stress, see e.g. Section 1.4.
Integration of Eq. 4.71 finally yields the closed form description of the macroscopic
stress as a function of total strain.
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σ0 denotes the initial stress at the strain reversal point ε0 and is a result of the loading history.
The stress-strain relationship is fully determined by the starting point (ε0, σ0), the loading
direction κ and the four model parameters η and γ, describing the element yield strain
distribution as well as E and α, describing the elastic modulus of the BVEs and the initial
apparent elastic modulus. The possibility to express the stress as an analytical nonlinear
function of strain offers significant advantages for the determination of the model parameters
from cyclic uniaxial experiments. Computationally expensive numerical integration can be
avoided and is replaced by simple function evaluations. This allows fast identification of the
model parameters even for the complete evolution of the constitutive behaviour during LCF
tests as discussed in the Sections 4.2.4 and 4.4.1. Additionally, the physical basis (Section
4.4.2) and the direct interpretability of the model parameters facilitates the estimation of
initial values for the model calibration.

Figure 4.22

Schematic of parameter influences on the element yield strain distribution (top row),
the tangent modulus (middle row) and the stress-strain curve (bottom row).
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Figure 4.22 schematically shows how the four model parameters influence the element
yield strain distribution, the tangent modulus and the stress-strain characteristic. Variations of
E and α mainly control the levels of the tangent modulus. As expected, the elastic modulus
only changes the initial elastic plateau of the tangent modulus such that the slope of the stressstrain characteristic in the elastic regime changes upon variation of E. Additionally, it leads to
a shift of the stress-strain response along the elastic line. The variation of α on the other hand
controls both the upper elastic as well as the lower plastic saturation level of the tangent
modulus. Thus, changes of α come with a tilting of the stress-strain characteristic around (ε0,
σ0). From the viewpoint of the continuous Masing approach, the location (η) and shape (γ) of
the element yield strain distribution is characteristic for a material and it reflects both the
resistance of the plastically deforming sub-volumes towards deformation and the
heterogeneity of the dislocation distribution. η and γ fully determine the element yield strain
distribution and therefore control the transition between the elastic and plastic behaviour of
the material. The location parameter η characterises the strain with the highest frequency of
yielding BVEs, i.e. its mode. Its variation leads to a shift of the stress-strain response along
the elastic line similarly to a change of the macroscopic yield stress. γ influences how quickly
the tangent modulus drops from the initial upper level of the apparent elastic modulus Eapp to
its final lower level at larger strains. E and α determine these two levels of the tangent
modulus and thereby the initial and final slope of the stress-strain curve. The variation of γ
leads to a tilt of the stress-strain characteristic around the mode of the element yield strain, i.e.
the strain of the maximum curvature. Both, the scale and the location parameters are related to
the macroscopically observed yield stress of a material.

Table 4.4

Variability of model parameters when fitted to mean, upper and lower 99%
confidence curves characterising the combined experimental variability.

565°C, 0.1%/s

565°C, 0.01%/s

E [MPa]

α [-]

η [-]

γ [-]

σmean

168304

0.9713

2.581E-3

6.532E-4

σlower,99%

164603

0.9738

2.625E-3

6.245E-4

σupper,99%

172099

0.9689

2.536E-3

6.816E-4

σmean

163407

0.9519

2.540E-3

7.511E-4

σlower,99%

157533

0.9473

2.629E-3

8.071E-4

σupper,99%

166055

0.9629

2.504E-3

6.360E-4

While Figure 4.22 shows the qualitative characteristic influence of the model parameters
on the shape of the stress-strain curve, it is instructive to also examine the extent of their
influence. For this purpose the model is fitted to the mean, upper and lower 99% confidence
curves as obtained from different specimens undergoing nominally the same experiment, as
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discussed in Section 3.1.4. These curves characterise the accuracy with which a stress-strain
curve can be determined in presence of the experimental variability. A sufficiently accurate
constitutive model has to predict the respective stress-strain characteristic within the stress
range spanned by the upper and lower 99% confidence curves. The resulting model parameter
sets of the respective model representations are summarised in Table 4.4, indicating the
estimated range in which the model parameters are allowed to vary, in order to describe a
stress-strain curve within the experimental uncertainty range. With a variability of 8.8% and
22.8% depending on the strain rate of the test, γ appears to be the most forgiving model
parameter, while α allows the least variation with 0.5% and 1.6%, respectively. The elastic
modulus E can vary by 4.5% and 5.2% and the location parameter η between 3.5% and 4.9%
for the higher and lower strain rate, respectively.
While the proposed phenomenological description of the stress-strain relationship has
decisive advantages with respect to accuracy and model calibration, it also features a physical
basis in terms of the consideration of internal stresses in a heterogeneous dislocation
substructure. This is especially achieved with a parameterisation of the constitutive model that
finds correspondence both in the observed mechanical behaviour and in the actual
microstructure by which this is caused. As discussed in Section 4.4.1, η and γ significantly
and strongly correlate to microstructural parameters that determine the internal stress
distribution. In this respect, the suggested constitutive model approach allows to
mathematically capture the physical reality of an internal stress distribution due to the
presence of a heterogeneous dislocation substructure according to the continuous Masing
concept. This physical basis is believed to be especially helpful for the evolutionary
description of the material behaviour.

4.2.4

Identification of model parameters

The small number of model parameters and the availability of an analytical formulation for
the stress (Eq. 4.74) and the tangent modulus (Eq. 4.71) as a function of total strain allows for
a simple parameter identification of the suggested modelling approach. Additionally, a simple
interpretation of the model parameters can be found on the basis of the stress-strain
characteristic and its derivatives, see Figure 4.22 and Figure 4.23.
To identify the model parameters that lead to an optimum model representation of the
constitutive behaviour as well as their evolution during LCF loading, the stress-strain
relationship (Eq. 4.74) has to be calibrated to the actual experimental data for every single
loading branch. In an optimisation routine the four model parameters are determined
sequentially for subsequent loading branches. Generally, the handling of actual experimental
data as well as instabilities arising from an insufficient estimation of the initial parameter
values for the optimisation routine can lead to instabilities of this identification procedure or
to a large scatter of the results. This is especially the case for constitutive models that are
either over-parameterised or parameterised in a way that their parameters do not have a direct
correspondence in the stress-strain behaviour and are therefore unphysical. Such models can
lead to ill-defined optimisation problems which suffer from ambiguous solutions for the
model parameters. As already mentioned in Section 4.2.3, this is not the case for the
suggested continuous Masing model approach.
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Schematic indicating the estimation of initial values of the model parameters E, η
^
and γ.

Initial values for the parameter identification can be estimated using the one-to-one
correspondence of the model parameters to the stress-strain curve, see Figure 4.22 and Figure
4.23. The elastic modulus E of the model can be approximated by the apparent modulus Eapp
which is determinable from the stress-strain curve. α is therefore set to 1 initially. A bilinear
fit of the experimental data is further used to estimate the location parameter η and the scale
parameter γ. The strain at the intersection point of two linear fits is taken as an approximation
of the location parameter η; the strain range between this point and the yield strain, as
determined from a strain threshold deviation of the linear line, is then approximately twice the
scale parameter γ. This approach has shown to yield suitable initial parameter values for the
optimisation of the model parameters to find an appropriate solution. The actual optimisation
of the model parameters is accomplished by solving a simple unweighted least-squares
problem:

∑ (σ
N

j
min → F ξ  =
=1

j

− σˆ ξ , ε j 
N

)

2

4.75

ξ stands for the set of model parameters ξ = [E, α, η, γ] and N is the number of data
points. In this study, an implementation in MATLAB using the built-in constrained
optimisation routine fmincon was used to fit the model equation to the experimental data.
For the evolutionary identification of the model parameters, a three-step approach has
proved to reliably yield an appropriate and coherent model parameter set over the whole
cyclic evolution: i) partitioning and resampling of data, ii) closure of hysteresis loop, iii)
sequential least-squares fitting. A constant sampling rate can lead to an inhomogeneous
distribution of data points between the elastic and the plastic regime. It is thus advisable to
first fit in step i) the raw data with a spline function or a Fourier series and to resample the
data for a homogeneously distributed set of data points. In this way model representations that
preferentially fit either the elastic or the plastic regime are avoided. For better handling, stress
and strain data are partitioned into tension- and compression-going loading branches for
successive cycles. These are defined to span from the minimum total strain to the maximum
stress and from the maximum strain to the minimum stress, respectively. Thereby, a small
part of the data around the strain reversal point is neglected due to an insufficient sampling
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rate and generally non-constant strain rates in this region. It is, however, essential that the end
point of the previous and the starting point of the following loading branches coincide. For
this reason, in step ii), the model Eq. 4.74 is first fitted to two subsequent non-closed loading
branches. In a second step the intersection point of the first and the second loading branch is
determined and added to the non-closed data as end and starting points, respectively.
Subsequently, in step iii), the final model fit is carried out separately for tension- and
compression-going loading branches. In this way, the complete model parameter evolution of
a LCF test with a few hundred loading cycles can be determined within a minutes.
As for any other model, the parameter identification procedure can only be successful if
the data used for the model calibration contains the information required to determine the
individual parameters. In the case of the suggested Masing approach, this especially implies
that the experimental data includes the point of the maximum curvature such that the location
parameter η and the scale parameter γ can be determined. For the unambiguous determination
of all model parameters in 2CrMoNiWV, the minimum strain amplitude is in principle
required to be larger than approximately 0.3%. An acceptable level of scatter of the results is,
however, obtained for LCF tests with strain amplitudes of 0.4%.
This Section is concerned with the formulation of a continuous Masing model as a basis
for the description of the nonlinear monotonic strain hardening characteristic and its evolution
with cyclic loading. The important findings are summarised as follows:
•

The comparison of the representative performance of different element yield strain
distributions revealed excellent results for a simple Cauchy approach (Eq. 4.67) with
four model parameters.

•

Better results are only obtained by the symmetric or split Pearson VII distribution to the
cost of a higher number of model parameters, i.e. six and eight, respectively.

•

No advantage is gained over a symmetric distribution with a simple correction by the
modulus relaxation parameter α when modelling the first steep decrease discussed in
Section 3.1.3. As the focus here is on the evolution of the cyclic plasticity behaviour, this
is not further considered in favour of a simple strain hardening description.

•

Analytical expressions are formulated for the tangent modulus (Eq. 4.71) in dependence
of the share of plastically deformed BVEs χ (Eq. 4.73), and for the stress (Eq. 4.74).

•

The stress-strain characteristic is determined by four model parameters: E, α, η and γ.

•

E is the representative elastic modulus and α the modulus relaxation parameter that
accounts for the nonlinear strain rate dependent behaviour at the strain reversal points.
This leads to the apparent elastic modulus Eapp = αE.

•

η and γ describe the location (i.e. the mode) and the scale (i.e. the half width at mean
height) parameters of the element yield strain distribution and thus control the shape and
the nonlinear elastic-plastic transition of the stress-strain characteristic.

•

This parameterisation and the direct correspondence of the model parameters in the
mechanical characteristic leads to a straight-forward parameter identification which
avoids ill-posed optimisation problems by over-parameterisation.
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Modelling of Uniaxial Monotonic Loading of 2CrMoNiWV

Following the suggestion and formulation of the constitutive laws, the question arises how
well the proposed model can represent the actual material behaviour. For this purpose, in
Section 4.3.1, the suggested continuous Masing-type model with a Cauchy element yield
strain distribution is benchmarked against common plasticity models such as the RambergOsgood and the Chaboche model as introduced in Section 1.4.3 for the case of an uniaxial
loading situation. One of the main features of continuous Masing-type models is the
continuous transition between the elastic and plastic material behaviour. In this respect, the
question has to be answered, how strain-hardening behaviour can be represented by the
suggested model. Therefore, in Section 4.3.2, a repeated plastic loading/elastic unloading
situation is simulated according to the numerical scheme proposed in Appendix G and
compared to experimental data. Section 4.3.3 further suggests a modification of the
constitutive relations introduced in Section 4.2.3 to cover the temperature and strain rate
dependence of the uniaxial monotonic stress-strain behaviour.

4.3.1

Benchmark of modelling approach

In this Section the performance of the suggested Masing-type model is compared to that of
conventional classical plasticity models to represent the uniaxial monotonic constitutive
behaviour of 2CrMoNiWV (565°C, 0.1%/s). For this purpose, the widely used RambergOsgood (1943) and Chaboche (2008; 1979) models are fitted to the experimental data, see
Section 1.4.3. While the former shows a continuous elastic-plastic transition, the latter is a
classical yield surface model that predicts the stress response through the prescription of
isotropic and kinematic hardening laws. For the Chaboche approach isotropic hardening is
neglected and the yield stress is assumed to be constant, while both one and three backstress
terms are applied to describe kinematic hardening. The Ramberg-Osgood model is completely
determined by three model parameters, while the Chaboche model requires four parameters
for a one-backstress approach and eight for a three-backstress approach. Both, for the
Ramberg-Osgood and the Chaboche model, analytical formulations can be found for the
considered uniaxial case. The former model, however, only gives strain as a function of stress
which is mathematically not invertible and thus has to be numerically integrated.
Figure 4.24 shows the best-fit results of the three modelling approaches to the data. The
model parameters are summarised in Appendix F, Table F.4. As already discussed in Section
4.2.2, the Cauchy model very well represents the actual material behaviour. Deviations on the
stress-strain level are in the range of approximately ±1MPa. Both tangent modulus and
curvature are well represented. The Ramberg-Osgood approach and the one-backstress
Chaboche model, on the other hand, show much larger prediction errors in the range of
±20MPa in the former case and up to -40MPa in the latter. While the Ramberg-Osgood
approach covers the tangent modulus and curvature characteristic of the material relatively
well, the Chaboche model shows a significant discontinuity due to the discrete transition
between the elastic and the plastic regime. This leads to considerable deviations at small
plastic strains that are responsible for substantial uncertainties during low-strain cyclic
deformation. It is apparent that the simple exponentially saturating Armstrong-Frederick-type
kinematic hardening law (Frederick and Armstrong, 2007) gives an insufficient representation
of the strain hardening behaviour observed in 2CrMoNiWV. The more appropriate fully
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nonlinear and smooth elastic-plastic transition in the presented Cauchy approach avoids such
uncertainties at small strains. It is only by application of a larger number of backstress terms
that these uncertainties can be reduced in the Chaboche model. Like this, a three-backstress
term approach yields comparable results to the suggested Masing-type approach. This is,
however, at the cost of the number of parameters which increases to eight compared to the
four parameters needed in the here suggested constitutive model. While this increases the risk
of over-parameterisation and thus of ambiguity in the parameter identification, the Chaboche
approach also suffers of a substantial dependence of the model parameters σ0, C and γ on the
elastic modulus E. This further complicates the parameter identification procedure and
implies an ill-posed optimisation problem for the Chaboche model.

Figure 4.24

Comparison of different strain hardening model approaches applied to data of
monotonically loaded 2CrMoNiWV at 565°C, 0.1%/s. s denotes the variance.
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With respect to the small number of parameters (4), the continuous Masing-type model
using a modified Cauchy element yield strain distribution gives a superior representation of
the actual strain hardening behaviour of 2CrMoNiWV for the studied case. It shows further
advantages in terms of parameter identification and continuity in tangent modulus and
curvature. In the absence of a classical yield condition, the question arises, how the increasing
flow stress due to continuous strain hardening can be simulated. This is discussed in the
following Section 4.3.2.

4.3.2

Strain hardening behaviour

Plastic deformation of a material introduces a change of its internal state such that in every
plastic strain increment a virtually different material is encountered. This originates from the
capability of metals to strain harden, i.e. to increase their flow stress when subjected to plastic
strain. Classic yield surface models account for this phenomenon by introducing an isotropic
and kinematic hardening law which controls the size and the location of the yield surface in
dependence of an internal variable (normally accumulated plastic strain). As the suggested
Masing-type approach implies continuous yield rather than a discrete yield point, the question
arises how the strain hardening behaviour can be described with this model. In order to
answer this question and to establish whether evolutionary behaviour can be simulated by the
continuously yielding Masing approach, an integration scheme was formulated, see Appendix
G, which is discussed in the following. In a first step, this is used to simulate repeated plastic
loading/elastic unloading behaviour and in a second step, it is adjusted to describe reverse
plastic loading upon different plastic pre-strains. This Section only intends to show that the
suggested approach is able to describe more complex loading situations than the continuous
strain hardening situation, while a more appropriate formulation of evolution is presented in
Section 4.4.3.
As plastic deformation changes the internal state of the material, an appropriate internal
variable needs to be selected that represents the evolution of this state. Unlike classical
plasticity models, the suggested Masing approach does not directly yield the plastic strain at
any stage of the loading history. Eq. 4.25 shows, however, that the plastic strain increment
dεpl is proportional to the readily available share of plastically deformed BVEs χ. Thus, in a
first simple attempt similar to the classical approach, the accumulated χ is chosen as an
internal variable χcum. More appropriate internal variables are introduced in Section 4.4.3 for
the evolutionary description of the stress-strain characteristic on the basis of χcum. It is further
assumed that the constitutive behaviour is fully determined by the model parameter set
ξ = [E, α, η, γ] at a given internal state described by χcum and the initial stress σ0 and strain ε0.
An implicit integration scheme is adopted for the calculation of stress.

=
σ i σ i −1 + dσ i ξ  χ cum ,i  , χ i ε i 

4.76

The stress increment dσi is calculated according to Eq. 4.71, whereas the model parameters ξ
are determined by the current absolute χcum at the current relative χ̄ i = χcum,i - χcum,0. To avoid
the formulation of appropriate evolution laws for the model parameters in dependence of χcum
in this first simplified approach, ξ is either ascribed a constant tensile ξt or compressive ξc
parameter set at every strain reversal. Whenever the current value of the internal state variable
χcum exceeds the absolutely reached maximum or minimum χcum (i.e. χmax or χmin) at a strain
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reversal, ξ is updated to ξmax or ξmin with which χmax or χmin, respectively, were priorly
obtained. In this way, it is assumed that only the part of the element yield strain distribution
with yield strains smaller than the strain amplitude (i.e. εy < εa) is subjected to change during
plastic deformation. This implies that only those BVEs that were plastically deformed exhibit
an evolution. The complementary part of the element yield strain distribution is thereby
assumed to remain unchanged.

Figure 4.25

a) Model prediction for a plastic loading/elastic unloading situation compared to
experimental data (2CrMoNiWV, 565°C, 0.1%/s). b) Evolution of the internal
variable χ, i.e. the share of plastically deformed BVEs.

While this integration approach does not prescribe an evolution of the model parameters
and is therefore very simple, Figure 4.25 shows that it is capable of predicting the
experimentally observed repeated plastic loading/elastic unloading behaviour. For this
simulation, use is only made of the model parameter set as obtained from the monotonic
stress-strain characteristic of 2CrMoNiWV strained up to 1% at 565°C and 0.1%/s. Even the
small unloading-reloading hystereses are predicted. Although this approach is relatively
simple, it proves that the continuous yielding characteristic of the suggested Masing-type
model in combination with an appropriate internal variable and integration scheme can
appropriately describe the actually observed strain hardening characteristic. Especially, the
use of χcum rather than the accumulated plastic strain as an internal variable proves to be an
appropriate choice for the integration of the constitutive model. Disregard of the evolutionary
laws of the model parameters can, however, only yield appropriate results as long as the
unloading step is approximately elastic, i.e. χ̄ remains small. As soon as this becomes plastic,
it is necessary to introduce appropriate parameter evolution laws as a function of the internal
variable. While the feasibility of such an approach is discussed in the following, it is treated
with more sophistication in Section 4.4.3.
In a first attempt to predict the strain amplitude dependent plastic unloading behaviour
upon plastic pre-loading to different levels, the following simple evolution law ξc[χcum] is
applied.
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Ec =E0 + χ max ∆Ec χ cum 

α c =α 0 + χ max ∆α c χ cum 
ηc = 2η0 + χ max ∆ηc χ cum 

4.77

γ c = 2γ 0 + χ max ∆γ c χ cum 
While ΔEc, Δαc, and Δγc are kept constant in this feasibility check, a specific χcum dependent
function is assumed for the evolution of η from the initial tension-going η0 to the
compression-going ηc. As the evolution of η is dependent on χcum, it changes more strongly for
higher applied strains. For initial loading from the undeformed reference state, χcum is equal to
the actual amplitude of χ and therefore directly dependent on the maximum strain amplitude
εa, i.e. εa = εa[χcum]. It is found advantageous, to directly write Δηc as a function of the strain
amplitude εa of the prior loading, see Figure 4.27.

 ε χ  − b 
b 
∆ηc χ cum  =
∆ηc ε a χ cum  =
− a  arctan  a  cum 
 + arctan   

c
 c  




4.78

With this, the plastic unloading response upon prior plastic loading to the strain amplitude εa
is simulated and compared to experimental data as shown in Figure 4.26. The relatively
simple applied approach allows to well represent the actual reverse plastic loading response. It
further shows that the evolution of the model parameters is strongly influenced by the strain
amplitude. The strain amplitude dependence is considered with the weighting of ΔEc, Δαc, Δγc
and Δηc by the maximum number of plastically deformed BVEs χmax and by the strain
amplitude dependent evolutionary law for Δηc given in Eq. 4.78. A loading history
dependence of the parameters a, b and c is expected which needs to be considered in a more
advanced approach for evolutionary modelling. While the parameter evolution laws defined
by Eq. 4.77 prove to yield good results in this simple evolutionary situation, its additive
character may lead to a significant divergence of the parameters in a cyclic loading situation
with many cycles. For this reason, more appropriate multiplicative evolution laws are
formulated in Section 4.4.3.

Figure 4.26

a) Model prediction of plastic unloading response upon prior plastic loading to
different strain amplitudes εa and comparison to actual experimental data for
2CrMoNiWV (565°C, 0.1%/s). b) Evolution of internal variable χcum.
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While the simple approach presented in this Section shows that different strain hardening
behaviours can be simulated by the suggested Masing-type model on the basis of the internal
variable χcum and the strain amplitude dependent model parameter evolution laws, a more
sophisticated evolutionary formulation is necessary to describe strain amplitude and history
dependent LCF behaviour and to also cover the tension-compression specific mechanical
behaviour. This is further discussed in Section 4.4.

Figure 4.27

4.3.3

Evolution of the parameter η as a function of the prior strain amplitude εa and the
corresponding cumulated number of plastically deforming BVEs χcum, according to
Eq. 4.78. (a = 2.832E-4, b = 4.569E-3, c = 1.727E-3).

Temperature and strain rate dependence

As discussed in Section 4.2.1, the constitutive behaviour of 2CrMoNiWV, and with that the
model parameters, are significantly temperature and strain rate dependent. It is the aim of this
Section, to model this temperature and strain rate dependence in an extension of the
constitutive model presented in Section 4.2.3 for the case of monotonic loading. In order to
allow both, the representation of the monotonic stress-strain characteristic within the
experimentally covered regime as well as significant extrapolation from this restricted regime,
reasonable nonlinear temperature and strain rate dependencies are introduced for the model
parameters in the following. Since a low number of parameters is aimed for, deformation
phenomena like dynamic strain ageing, creep or phase transformations at temperatures higher
than Ac1 ~ 738°C are not considered at this stage. The application regime of the temperature
and strain rate dependent model is restricted to 10-5s-1 ≤ ε̇ ≤ 10-2s-1 and 20°C ≤ T ≤ 600°C,
while the experimentally covered regime is approximately at the transition to T ≥ 0.4Tm which
implies a significant strain rate dependence.
In order to formulate a description of the temperature and strain rate dependence of the
model parameters E, α, η and γ that allows for a reasonable extrapolation of the constitutive
material behaviour beyond the experimentally covered regime, it is helpful to estimate their
trends. The element yield strain distribution describes at which applied total strain the longrange internal stresses can be overcome and to which extent plastic deformation occurs in the
BVEs. Dislocation motion is the main carrier of this plastic deformation. At low temperatures
(T ≤ 0.1–0.2Tm) a temperature and strain rate dependent behaviour is expected to be present
due to the thermally activated overcoming of short-range barriers. Besides the long-range
internal stresses arising from the heterogeneous dislocation structure, an additional effective
stress needs to be overcome that originates from short-range barriers. The lower the
temperature, the higher the externally applied load which is required to reach the additional
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effective stress due to the increasing absence of thermal activation at lower temperatures. This
is accompanied by a loss of ductility and believed to mainly affect the parameter η. For the
sake of simplicity, this effect is neglected in a first order approximation. At intermediate
temperatures (T > 0.1–0.2Tm) the plastic deformation is primarily due to dislocation slip and
mainly temperature and strain rate independent. The thermal activation is high enough that the
effective stress arising from short-range barriers can be overcome. Plastic deformation occurs
as the long-range internal stresses are exceeded. With increasing temperature (T > 0.2Tm) the
strain rate dependency is equally increasing. Internal stresses are not only overcome by the
external applied load but plastic deformation is also assisted by thermally activated
dislocation climb which leads to enhanced dynamic recovery, i.e. dislocation annihilation and
subgrain development. The dislocation driven deformation mechanisms are increasingly
dominated by diffusional creep, depending on the stress amplitude (Humphreys and
Hatherley, 2004; Mughrabi, 2005). At even higher temperatures phase transformations have
to be considered such as the ferrite to austenite phase transformation at Ac1 ~ 738°C. A
significantly different material behaviour is expected. As the temperature at this stage is
considerably higher than the insignificant creep temperature, i.e. ~ 300°C for 2CrMoNiWV,
the general trend resulting from the thermally activated deformation processes is expected to
be continued and even accelerated at temperatures close to the melting temperature Tm.

Figure 4.28

a) E, b) α, c) η and d) γ temperature and strain rate surfaces. Red: valid regime of
model.

It is well known that the elastic modulus reveals temperature and strain rate
dependencies, i.e. it reduces with increasing temperatures and decreasing strain rate. This is
for example experimentally shown for CrMoV-steels in (Esser and Eckardt, 1941; Maier,
1987) and for structural steels at high temperatures in (Chen and Young, 2006; Outinen,
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2007). Similar tendencies are expected for both the elastic modulus E and the correction
factor α. The strain rate dependence at temperatures lower than 350°C is negligible. For
temperatures higher than 300°C, Eapp drops considerably while the temperature of the steepest
decrease depends strongly on the strain rate. Both E and α tend towards zero at high
temperatures.
Figure 4.12 to Figure 4.16 show that the element yield strain distribution is shifted to
smaller strains (i.e. η is slightly decreasing) and it widens (i.e. γ is increasing) at higher
temperatures and smaller strain rates. While at 400°C the strain rate influence is minor, it
becomes more important at 500°C and 565°C. Most importantly, the shape and location of the
peak in the second derivative of the stress is influenced mainly by temperature and to a minor
extent by strain rate, see Figure 4.13. The location parameter η is decreasing with increasing
temperature indicating a generally lower strength of the BVEs at higher temperatures.
Additionally, the scale parameter γ increases with increasing temperature which reflects the
generally increased yielding frequency due to thermally activated dislocation movement, i.e.
dislocation climb. These trends are assisted by lower strain rates. At temperatures
approaching 0K it is speculated that the element yield strain distribution is very narrow and
positioned at high strains due to the expected loss of ductility and the shift resulting from the
additional effective stress. In the limit case of 0K, η is thus approaching an upper plateau
level, while γ approaches a lower one. In this case dislocation movement can only occur by
mechanical activation, i.e. by the externally applied stress that exceeds local short-range
Peierls-Nabarro and long-range internal stresses (Gil Sevillano, 2005; Hull and Bacon, 2001).
For temperatures approaching the melting temperature of the material thermal activation is
assumed to be high enough that the BVEs yield at any strain, i.e. the dislocations can
overcome obstacles by thermal activation only. In this case γ approaches its upper plateau,
while η reaches a lower plateau.
This argumentation leads to the formulation of the following temperature and strain rate
dependencies of the four model parameters ξ = [E, α, η, γ]. Firstly, the major dependence of
the model parameters on temperature is modelled (Eq. 4.79) and secondly, the strain rate
dependence of the parameters describing this temperature model is considered (Eq. 4.80 and
4.81). For the parameters E, α and η the same mathematical formulation is suggested.

 T − T f ε  
 T f ε    
β
a0 1 −  arctan 
ξ T , ε  =
 + arctan 
 
 π
c ε  
c ε    







1 1
 T ε   
=
β  + arctan  f    
2 π
 c ε   


−1

4.79

T f ε  a1 ln ε ε0  + b1
=

4.80

=
c ε  a2 ln ε ε0  + b2

4.81

The scale parameter γ is described by a similar formulation with β, Tf and c analogous to Eq.
4.79 to 4.81:
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 T − T f ε  
 T f ε   
β
ξ=
T , ε  a0  arctan 
 + arctan 
 + d
π 
 c ε  
 c ε   

4.82

Eq. 4.79 and 4.82 show a sigmoidal characteristic with respect to temperature T such that Tf
controls the temperature where the initial parameter value drops or increases by 50%,
respectively, i.e. the transition temperature. c controls the steepness of this transition, i.e. the
kinetic parameter. Strain rate dependencies of the parameters are included with a log-linear
relationship of Tf and c on ε̇. E, α and η are equal to a0 at T = 0K and approach zero for high
temperatures, while γ is initially equal to d and increases to a0 + d at high temperatures. As
shown in Figure 4.31 reasonable extrapolation beyond the experimentally covered regime is
possible within the stated application regime of the model.
The temperature and strain rate parameter surfaces resulting from the calibration of the
model to the experimental data are shown in Figure 4.28 where the regime of validity is
highlighted by the red area. Besides the uncertainties outside the regime of validity, the
advantage of the nonlinear approach given in Eq. 4.79 and 4.82 is that a realistic description
of the experimentally covered range is possible and that reasonable extrapolation within the
specified validity regime is feasible. It is apparent from Figure 4.28 that the experimentally
covered range shows highly nonlinear temperature dependencies such that mere linear
interpolation from best-fit parameter sets would lead to significantly worse predictions.
Furthermore, the material behaviour is smooth in the strain, temperature and strain rate space
such that numerical integration along non-constant temperature and strain rate paths are
possible.

Figure 4.29

Model prediction of the temperature and strain rate dependent behaviour of
2CrMoNiWV.
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For the identification of the parameters of the temperature and strain rate dependent
model (Eq. 4.79 to 4.82), the following approach was adopted. Firstly, the experimental
stress-strain curves obtained at different testing conditions are used to identify a best-fit
parameter set for each monotonic curve according to the procedure outlined in Section 4.2.4.
The resulting parameter values together with assumed limit conditions as discussed earlier in
this Section are then fitted using Eq. 4.79 and 4.82 separately for constant strain rates in
dependence of temperature. In this way, the parameters Tf and c are consequently fitted using
Eq. 4.80 and 4.81 in dependence of strain rate. This yields initial values for the 21 parameters
required in the temperature and strain rate dependent model. Upper and lower constraints for
the final parameters are defined on this basis and the constrained optimisation routine fmincon
in MATLAB is applied again to fit the model defined by Eq. 4.79 and 4.82 globally to all
available experimental data. Table 4.5 summarises the parameters resulting from the global
least-squares optimisation to the experimental data as presented in Figure 4.29.

Figure 4.30

Comparison of temperature and strain rate dependent model prediction with
experimental data by Maier (1987), Esser and Eckardt (1941) and best-fit results.

Figure 4.29 summarises the results of the model prediction as obtained by the
temperature and strain rate dependent model in the experimentally covered regime. The
maximum deviations of the model prediction from the experimental data is less than ±10MPa
and mostly concentrated to a region prior to the maximum curvature of the stress-strain curve,
i.e. prior to the peak of the element yield strain distribution. A more advanced approach for
the consideration of the elastic modulus relaxation is likely to further reduce the observed
predictive errors. It also appears that at low strain rates higher deviations are observed. This is
probably due to the simple linear approach chosen for the strain rate dependency of the
transition and kinetic parameters Tf and c in Eq. 4.80 and 4.81. The model errors of less than
±10MPa are just within the test to test variability observed for one heat of 2CrMoNiWV and
thus regarded as negligible as discussed in Section 3.1.4.
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Figure 4.30 shows the comparison of the model prediction for the apparent elastic
modulus Eapp = αE with both, the experimental strain rate and temperature dependent data for
CrMoV-steels as presented by Maier (1987) and Esser and Eckardt (1941) (squares) and the
best-fit results of an independent model calibration on the experimental data presented in this
study (circles). The former data set was not considered for the presented model calibration
and thus constitutes benchmark data. Good agreement between the model prediction and the
available data is found. Only at room temperature the apparent elastic modulus is
underestimated by approximately 6%. The uncertainties from the presented experimental
mean values are given with up to 4% (Maier, 1987). The model prediction can thus be
regarded as satisfactory. For temperatures lower than 500°C and for low strain rates, a slightly
increasing tendency of the apparent modulus is predicted by the model. This is a result of the
different kinetics of change of the parameters α and E which can apparently lead to minor
uncertainties in this regime. Predictive errors, however, remain in the order of the statistical
scatter within the validity regime of the model as mentioned earlier.

Figure 4.31

Performance of presented temperature and strain rate dependent model for the
extrapolation beyond the experimentally covered regime.

Table 4.5

Optimised constants of the temperature and strain rate dependent model, Eq. 4.79 to
4.82, of the model parameter set ξ = [E, α, η, γ]. ε̇0 = 1-/s, T in K, ε̇ in -/s. Regime of
validity: 10-5s-1 ≤ ε̇ ≤ 10-2s-1, 270K ≤ T ≤ 875K.

E [MPa]

α [-]

η [-]

γ [-]

-

-

-

7.375E-5

a0 [MPa or - ]

205096

1.0776

2.794E-3

8.041E-4

a1 [K]

21.632

17.886

75.510

11.851

b1 [K]

1167.6

1408.4

1841.1

826.242

a2 [K]

14.200

7.1063

15.498

-2.9305

b2 [K]

251.04

276.90

263.62

78.368

d [-]
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In order to benchmark check the extrapolation capabilities of the presented model,
additional experiments have been carried out at 20°C, 150°C, 250°C and 600°C at a strain rate
of 0.1%/s, see Figure 4.31. While the extrapolation to 600°C shows almost perfect
coincidence with the actual measurement, the maximum deviations of the model prediction
from the experimental data at the lower temperatures are in the order of 50MPa which is
within 11% of the actual experimental values. Considering the wide range of extrapolation
from the experimentally covered regime this is a positive but not satisfying result. The
deviations of the model predictions from the actual data are considered to mainly originate
from an underestimation of η at lower temperatures. Actual effective stresses cause a shift of
the element yield strain distribution which cause an increased η in return (Polák and Klesnil,
1982). Serrated yielding has been recently reported in similar materials between 180°C and
290°C at higher strain amplitudes, e.g. (Ernestová, 2005; Gupta and Banerjee, 2011), and
attributed to dynamic strain ageing. In the case of dynamic strain ageing an inverse strain rate
dependence has to be expected and potentially to be considered in a refined model
formulation. As this cannot be concluded on the lean data basis available, it is focussed on the
consideration of the effective stress effect in a modification of the η formulation.

Figure 4.32

Model prediction of the modified temperature and strain rate dependent constitutive
behaviour of 2CrMoNiWV.

In the current formulation, η exhibits a plateau at low temperatures. The upcoming of
effective stress that needs to be overcome to initiate plastic deformation, however, is expected
to lead to an increasing location parameter η which reflects a shift of the element yield strain
distribution to higher element yield strains at low temperatures. Eq. 4.82 is therefore modified
as follows.


 T − T f ε  
 T f ε    
β
η T , ε  = a0 1 + d1 exp −d 2T  −  arctan 
 + arctan 
 

π 
c ε  
c ε    







4.83
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d1 and d2 are expected to be strain rate dependent, but in the absence of the necessary data set
this is neglected here. Figure 4.33 shows the modified temperature and strain rate model for η.
It appears that the best-fit parameters for the different experiments are fitted very well by the
modified model. η increases significantly for temperatures lower than room temperature.
Figure 4.32 shows the significant improvement obtained by the modified η model for the
temperature range between 20°C and 250°C. The deviation of the presented model from the
actual data is generally in the range of ±10MPa. Only for 400°C there is a slightly higher
deviation up to 20MPa. These deviations are acceptable considering the experimental and
material uncertainties involved.

Figure 4.33

Modified temperature and strain rate dependent location parameter η according to
Eq. 4.83.

Table 4.6

Optimised constants of the modified temperature and strain rate dependent model,
Eq. 4.79 to 4.81 and Eq. 4.83, of the model parameter set ξ = [E, α, η, γ]. ε̇0 = 1-/s, T in
K, ε̇ in -/s. Regime of validity: 10-5s-1 ≤ ε̇ ≤ 10-2s-1, 270K ≤ T ≤ 875K

E [MPa]

α [-]

η [-]

γ [-]

d1 [-]

-

-

49.9928

3.3378E-5

d2 [-]

-

-

0.0240

-

a0 [MPa or - ]

212360

1.0224

0.0028

-1.0287E-4

a1 [K]

14.7118

35.634

15.882

-4.3860

b1 [K]

1176.5

1513.1

1057.1

624.3247

a2 [K]

17.249

-1

-4.405E-5

-19.1154

b2 [K]

410.26

76.7244

31.9407

6.7101E-4
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This Section applies the continuous Masing-type model introduced in Section 4.2.3 to
describe the monotonic uniaxial strain hardening characteristic of 2CrMoNiWV. The
following conclusions on this first important loading situation can be summarised.
•

The performance of the suggested Cauchy-type Masing model is benchmarked against
conventional plasticity models (Ramberg-Osgood, Chaboche) and shown to well
describe the observed continuous elastic-plastic transition with only four model
parameters. This allows to accurately represent the observed strain hardening behaviour
even for small plastic strains which is generally only achieved with the Chaboche model
by introducing additional backstress terms.

•

The small number of parameters is advantageous with respect to the model calibration
which is much faster and more stable than e.g. the Chaboche approach with three
backstresses.

•

A simple integration scheme (with and without model parameter evolution) is presented
and shown to well represent repeated plastic loading/elastic unloading behaviour as well
as reverse plastic loading after different pre-strains. The use of the accumulated share of
plastically deformed BVEs χcum as an internal variable and of strain amplitude dependent
parameter evolutions is shown to be appropriate.

•

A modification of the suggested model to represent temperature and strain rate
dependent strain hardening is shown to very effectively predict the stress-strain
characteristic at conditions beyond the experimentally covered regime. For this purpose,
the increasing effective stress at lower temperatures needs to be considered.

4.4

Modelling of Evolutionary LCF Behaviour of 2CrMoNiWV

It is the aim of this Section to discuss and model the evolution of the model parameters as
determined from LCF experiments on 2CrMoNiWV for subsequent cycles. Section 4.4.1
presents the actual result of the sequential model calibration. The knowledge of the four
model parameters at any cycle of a LCF test defines the stress-strain characteristic for the
current state of the material. In Section 3.2.2, the analysis of the microstructural evolution has
shown that the dislocation density and the subgrain size evolve characteristically for the
material and thus describe the internal state. In this respect it is interesting to see whether a
correlation exists between the model parameters, as the mathematical, and the microstructural
parameters, as the physical measure of the internal state. This is discussed in Section 4.4.2.
Evolutionary laws for the four model parameters of the proposed Masing-type model are
further formulated in Section 4.4.3. With the evolutionary laws for the model parameters and
the gained confidence in the physical basis of the modelling concept, the model is applied to
simulate the cyclic evolution of the material in three different strain amplitude step tests in
Section 4.4.4.

4.4.1

Evolution of model parameters

With the aim to model the strain amplitude dependent cyclic evolution of 2CrMoNiWV, it is
important in a first step to determine the actual evolution of the model parameters by
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sequential fitting. This is exemplarily presented in the following for an LCF test at 565°C,
0.1%/s and ±1%. Data for additional strain amplitudes are given in Appendix H.
Sequential fitting of the constitutive strain-hardening model (Eq. 4.74) to tension- and
compression-going hysteresis branches at different temperatures, strain rates and strain
amplitudes was performed according to the procedure described in Section 4.2.4. The quality
of the model representation of the cyclic stress-strain characteristic is similar to the monotonic
case, see Figure 4.34. Also the evolution of the tangent modulus and the element yield strain
distribution is comparable to the actually observed changes. Especially, the softening (shift of
the mode to smaller relative strains) and the narrowing of the element yield strain distribution
can be observed.

Figure 4.34

Results of model calibration for 2CrMoNiWV subjected to LCF loading at 565°C,
0.1%/s and ±1%.

Similar to the characteristic parameters of the element yield strain distribution as
determined directly from the experimental data in Section 4.2.1, the model parameters exhibit
differences between tension- and compression-going loading, see Figure 4.35. It is important
for evolutionary modelling to point out that this tension compression asymmetry is significant
and has to be accounted for by separate consideration of tension- and compression-going
loading. This is especially the case for the elastic modulus E, the position η and the scale
parameter γ. Due to the use of a relative coordinate system, the latter two parameters differ by
a factor of two from the first monotonic values, see Section 4.1.1. Consistently with the
findings in Section 4.2.1, the shift of the element yield strain distribution to smaller relative
strains and its narrowing are reflected by the cyclically reducing η and γ. The decrease is
observed to be stronger at higher temperature and lower strain rate due to higher thermal
activation, while the saturation level is only slightly decreasing with higher strain amplitudes,
see Figure 4.36.
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Different evolutions for tension- and compression-going cyclic loading of
2CrMoNiWV (565°C, 0.1%/s, ±1%).

The modulus relaxation parameter α is further observed to evolve towards a value of
unity which implies that the strain rate dependent effects at the strain reversal are reducing
during LCF loading as a result of the reduction of free dislocations in the subgrain interiors.
Differences between tension- and compression-going values of α are minor, but temperature
and strain rate influences are present, see Figure 4.36. Higher temperatures lead to values of α
closer to 1 as compared to lower temperatures which is likely to be due to a faster recovery of
the microstructure.
Neglecting the changes occurring due to geometrical damage, i.e. cracks, the evolution
of the tension-going elastic modulus is generally within 3% and thus it can be regarded as
constant. Figure 4.35 reveals, however, that the compression-going elastic modulus, i.e. the
slope of the loading portion starting in tension, is significantly reducing with cyclic loading.
This is believed to be due to the formation and propagation of minor cracks that increase the
compliance of the test specimen. While the elastic modulus is assumed to be the same in all
BVEs (Section 4.1.3), the small evolution of E can also be a sign for the violation of this
assumption, i.e. the representative elastic modulus of the BVEs is supposed to change as the
BVEs plastically deforme. It was observed by Radosavljevic (2011) that the apparent elastic
modulus Eapp of 2CrMoNiWV exhibits a temperature depending evolution with cyclic
loading. While the elastic modulus E only considers elastic atomic displacements, the
apparent modulus Eapp = αE includes viscous effects as well as local reversible dislocation
movement within the BVEs. Although the tension-going elastic modulus E is observed to
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remain constant, the apparent elastic modulus is subjected to an evolution due to the
cyclically changing α.
The temperature and strain rate dependent parameter evolution is given in Figure 4.36
for a strain amplitude of ±1%. Data for the evolution at additional strain amplitudes is given
in Appendix H. Comparison of the strain amplitude dependent model parameter evolutions
reveals that the kinetics of change is significantly dependent on strain amplitude. Also the
temperature and strain rate dependence of the evolution is stronger for higher strain
amplitudes. An appropriate internal variable has to be identified that allows to cover this
strain amplitude effect. This is attempted in Section 4.4.3.

Figure 4.36

Evolution of tensile model parameters for cyclic loading of 2CrMoNiWV at a strain
amplitude of ±1.0% at different temperatures and strain rates.
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Correlation to microstructural parameters

Fundamental work has revealed the relationship between the flow stress and the
microstructural parameters dislocation density ρ and subgrain size D as e.g. reviewed by Gil
Sevillano (2005). Section 3.2.2 of this Thesis also presents experimental results that reveal a
strong relationship between the evolution of these two microstructural parameters and the
strength of the material. As the location parameter η and the scale parameter γ are both
connected to the mechanical characteristic via Eq. 4.74 as discussed in Section 4.2.3 and to
the distribution of long-range internal stresses of heterogeneous microstructures via Masing's
modelling concept (Section 4.1.3), it is instructive to assess whether the model parameters
correlate with dislocation density or subgrain size as determined from neutron DLPA (Section
3.2.2). This allows conclusions about the physical basis of the proposed continuous Masingtype approach.

Figure 4.37

Correlations between model parameters and dislocation density ρ.

Classically, the assumption of a perfectly random distribution of dislocations leads to
Taylor's work-hardening approach (σ ∝ √ρ) that foresees a screening of the stress field of a
dislocation by the whole entity of dislocations over a distance of 1/√ρ (Gil Sevillano, 2005;
Taylor, 1934a). Other sources of internal stress are due to the heterogeneous distribution of
dislocations which is observed e.g. in fatigued materials. Mughrabi considers the different
volume fractions of hard (dislocation walls) and soft (cell interiors) dislocation structures to
estimate the flow stress of the macroscopic material volume (Laird et al., 1986; Mughrabi,
1983, 1987; Mughrabi et al., 1976, 1981). Spatial variations of the internal stress are also
produced by the differing mechanical properties of neighbouring grains or subgrains with the
size D (Gil Sevillano, 2005). Commonly, a Hall-Petch relationship (σ ∝ 1/√D) is used to
describe the (sub)grain size influence on the flow stress (Hall, 1951; Petch, 1953). In other
cases, a direct linear dependence (σ ∝ 1/D) is reported, e.g. (Kuhlmann-Wilsdorf, 1970). The
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dependence of the relationship between flow stress and microstructure on the relative share of
dislocation cells and subgrains as well as on their size is thoroughly discussed by Gil
Sevillano (2005) and Thompson (1977). For a mixture of an ill-defined dislocation cell and a
well-defined subgrain structure, as observed for fatigued 2CrMoNiWV, an inverse linear
relationship is suggested to be most appropriate (Thompson, 1977).

Table 4.7

Pearson correlation coefficients r for the correlation between model parameters and
√ρ and D-1, respectively. Significant correlations (p < 0.05, one-sided) are highlighted
in bold.

E

α

η

γ

√ρ

0.285

-0.471

0.654

0.756

D-1

0.343

-0.564

0.911

0.887

For this reason a correlation analysis using the Pearson correlation coefficient was
carried out to identify a potential relationship between the model parameters and both √ρ and
D-1. Temperature, strain rate and strain amplitude dependencies are not considered for the
statistical analysis, i.e. the correlation is determined for all data irrespective of their testing
conditions. The significance of the calculated correlation coefficients is additionally tested to
identify correlations at a significance level of p <0.05 (one-sided). For the correlation analysis
the corrcoef function as implemented in MATLAB was used. Dislocation density and
subgrain size data originate from the neutron diffraction experiments on different samples of
the same heat as presented in Section 3.2.2. The respective model parameters are determined
from the corresponding test data as discussed in Section 4.4.1 and given in Appendix H.
Figure 4.37 and Figure 4.38 show the scatter plots for the model parameters in dependence of
the two microstructural parameters. They qualitatively suggest that a proportionality exists
between α, η and γ with the dislocation density and subgrain size. It is also apparent that the
elastic modulus shows no correlation, as it is not expected to change with dislocation density
and subgrain size.

Table 4.8

Best-fit parameters for the fit of Eq. 4.84 to the correlation between √ρ and D-1 and
the model parameters.

α

η

γ

aρ

1.0353

3.38E-4

0

bρ

-2.65E-9

1.56E-10

6.61E-11

aD

1.0155

0.0018

3.24E-4

bD

-9.06E-6

4.73E-7

2.64E-7
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The correlation analysis quantitatively confirms this qualitatively anticipated correlation,
see Table 4.7. Significant correlations are found for the relationship between α, η and γ with
√ρ and D-1, on a significance level p <0.05 (one-sided). The coefficient of determination r2
shows that e.g. 83% of η (r = 0.911), 79% of γ (r = 0.887) and 32% of α (r = -0.564) are
determined by the inverse subgrain size. Temperature, strain rate and strain amplitude
dependencies are not considered by this analysis but are likely to further influence the model
parameters. The correlation levels found for the dependencies with √ρ are lower but still
significant, suggesting its less important influence on the model parameters. D-1 and √ρ
themselves are significantly correlated with r =0.720. This analysis reveals the significant and
strong correlation between the microstructural parameter √ρ and D and the model parameters
α, η and γ and thus underpins the physical basis of the adopted Masing approach. It can be
concluded that the general strength of the BVEs η and the width of their element yield strain
distribution γ decrease with increasing subgrain size D. This reflects the softening of the
material with the increase of the volume of softer subgrain interiors and thus the enhanced
mobility of the dislocations that comes with an increased mean free path. The correlation of α
with the subgrain size is argued to be related to the increasing degree of recovery that reduces
the number of free dislocations in the subgrain interiors. Reduced viscous effects are thus
expected so that α approaches unity. This process is accompanied but not directly influenced
by the increasing degree of definition and growth of subgrains.

Figure 4.38

Correlations between model parameters and the subgrain size D.

The strong and significant correlation of α, η and γ gives the possibility to estimate the
dislocation density and subgrain size upon knowledge of the model parameters. For this
purpose a simple strain amplitude, strain rate and temperature independent relationship is
fitted to the data given in Figure 4.37 and Figure 4.38.
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=
ξ aρ + bρ ρ

4.84
bD
D
Table 4.8 gives the best-fit results of the calibration of Eq. 4.84 to the experimental data. The
possibility to find significant and high correlations of the model parameters η and γ with
especially the subgrain size underpins the strong physical basis of the suggested model. It is
thus expected to allow for microstructural conclusions to be drawn directly from the stressstrain data and for constitutive modelling that is able to yield good results on the basis of a
small number of experiments only.

=
ξ aD +

With this, the following findings for the evolution of the model parameters can be
concluded.
•

The evolution of the model parameters generally shows a significant dependence on
temperature, strain rate and strain amplitude.

•

The tension-going elastic modulus is relatively constant, while the compression-going
elastic modulus reduces with cyclic loading. This is believed to be due to the formation
and propagation of minor cracks.

•

α evolves towards a value of unity which implies that the strain rate dependent effects at
the strain reversal are reducing during LCF loading.

•

η and γ decrease with cyclic loading which reflects the shift and narrowing of the
element yield strain distribution.

•

A difference between parameters for the tension- and compression-going loading
branches is observed for E, η and γ.

•

Correlation of the model parameter evolutions with the evolutions of dislocation density
and subgrain size revealed a strong and significant correlation of α, η and γ which
underpins the physical relevance of these adopted model parametrisation.

4.4.3

Evolutionary modelling

In the previous two Sections 4.4.1 and 4.4.2, the evolutions of the model parameters were
determined and related to actual measurements of the material microstructure for different
conditions. With this, the basis was laid for the modelling of the strain amplitude dependent
evolutionary modelling of the material behaviour. For this purpose, evolutionary laws for the
model parameters were defined in dependence of an appropriate internal variable that
provides for the coverage of the strain amplitude dependence of the mechanical evolution of
2CrMoNiWV during LCF.
As the strain-hardening behaviour is fully described by the four model parameters at a
given state, it is the primary goal to describe the strain amplitude dependent evolution of these
parameters. An internal variable ϑ has to be chosen to describe the history dependence of the
constitutive behaviour. As the model parameter evolutions are direction dependent due to the
tension-compression asymmetry, separate internal variables are chosen for the tension- and
compression-going direction, ϑt and ϑc, respectively. Thereby, the respective ϑ of the previous
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loading branch determines the internal state of the following loading branch. The evolution of
the tension- and compression-going model parameter set ξ = [E, α, η, γ] is thus formulated.

ξt = ξ 0ωξ ,t ϑc 

4.85

ξ c = ξ 0ωξ , c ϑt 

ξ0 is the initial parameter set, as determined from a monotonic tensile test with a strain
amplitude larger than the strain amplitudes for which the evolution is to be described. It is
assumed that the smaller strain amplitude behaviour is included in the larger one, if the
deformation starts from the same internal state of material. Its temperature and strain rate
dependence can be described by Eq. 4.79 to 4.83. ωξ,t[ϑc] and ωξ,c[ϑt] are the evolutionary
weighting functions for the evolution of the tension-going and the compression-going model
parameters, respectively, which depend on the internal variable ϑ as attained in the preceding
loading branch. A multiplicative formulation is chosen to maintain similarity to the initial
condition. This follows the perception that while the internal state of the material is evolving,
it will remain in the proximity of the initial state of the material. Additive evolution laws
could lead to a divergence of the model parameter evolutions which is avoided by a
multiplicative formulation with appropriate evolutionary weighting functions. The approach
further allows to concentrate the experimental efforts to monotonic tensile tests at different
temperatures and strain rates, while only requiring few LCF tests for the evolutionary model
calibration.
Table 4.9

Summary of evolutionary weighting functions for evolutionary laws of model
parameters.

Et

ωE ,t ϑc  = 1

4.86

Ec

ωE , c ϑ
=
t
 a1ϑt + a2

4.87

αt, αc

 
ωα=
, i ϑ j 

ηt, ηc

 
ωη=
, i ϑ j 

γ t, γ c

ai ,1ϑ j2 + ai ,2ϑ j + ai ,3

ϑ j + ai ,3
ai ,1ϑ j2 + ai ,2ϑ j + ai ,3

ϑ j + ai ,3

(

=
i t ,=
c , j c, t

4.88

=
i t ,=
c , j c, t

4.89

)

ωγ ,i ϑ j  = γ i , ∞ + (1 − γ i , ∞ ) + ai ,1 1 − exp  −ai ,2ϑ j   exp  −ai ,3ϑ j n 


i t ,=
c , j c, t
=

i

4.90

On the basis of the model parameter evolutions, as presented in Section 4.4.1 and
Appendix H, the respective evolutionary weighting functions are formulated for
2CrMoNiWV and summarised in Table 4.9. For the description of the evolution of all tensile
and compressive model parameters, 24 parameters are determined from a global least-squares
calibration to all evolutionary data at different strain amplitudes as presented in Section 4.4.1
and Appendix H. In agreement with the observations discussed in Section 4.4.1, the tensiongoing elastic modulus Et is chosen to remain constant during LCF loading, in contrast to the
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compression-going elastic modulus Ec. For the latter a simple linearly decreasing evolution is
assumed, Eq. 4.87. Although α and η evolve into opposite directions, both their evolutions can
be described by the same type of rational function, Eq. 4.88 and 4.89. With internal variables
that are greater or equal to zero, ϑ ≥ 0, and a positive pole parameter ai,3 ≥ 0, singularities are
avoided in the regime of interest. The description of the evolution of the scale parameter γ
appears to be slightly more complex. Best representations of the actual evolutions result from
the multiplicative combination of a rapidly exponentially saturating function (ai,1, ai,2) and an
exponentially decreasing function (ai,3) that saturates at γ∞. This allows for the consideration
of an initial increase of the scale parameter due to an increased variability of the element yield
strain distribution, e.g. at lower strain amplitudes. It is important to mention at this stage that
the initial values of the location and scale parameter η and γ, respectively, as determined from
a monotonic tensile test have to be doubled due to the use of a relative coordinate system.

Figure 4.39

Illustration of the optimised accumulation damping functions. μ1 = 1, μ2 according to
Eq. 4.92 as well as μ3 (n = 1) and μ4 according to Eq. 4.93.

While the evolutionary laws for the model parameters are defined to this stage, it remains
to choose an appropriate internal variable ϑ. As indicated in Section 4.3.2, the cumulated
fraction of plastically deformed BVEs χcum appears to be a good choice for the description of
the history dependence of the constitutive behaviour. It can be argued that the degree of
change that the material undergoes during cyclic loading is proportional to the number of
BVEs that are plastically deformed during the complete loading history and therefore to χcum.
A direct proportionality indicates that every accumulation of χ is directly translated into a
change of the internal state irrespective of the strain amplitude, the strain rate or the
temperature at which the deformation is obtained. Considering the dislocation density and
subgrain size evolutions and their dependence on strain amplitude, rate and temperature, this
appears to be a rather inappropriate assumption. A direct proportionality further neglects the
possibility that the change of state during forward loading can be partially recovered during
reverse loading. For this reason the following general form for the internal state variable is
stated.

ϑ = µ ε a , T , ε  χ cum

4.91

μ denotes the accumulation damping function that defines to which extent χcum causes an
evolution of the model parameters, i.e. to which extent the plastic deformation of BVEs
effectively leads to a change of the substructure and its associated internal stress field. This is
mainly determined by the external fatigue parameters εa, T and ε̇. In order to proof the
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concept, only strain amplitude dependent evolution is considered in the following. The
following accumulation damping factor approaches are chosen for this purpose, see Figure
4.39.
 ε
µ ε a   a
=
 ε ref







n

0 ≤ n ≤1

4.92

n


ε − a 
a  
 arctan  a 1  + arctan  1  
 a2 
 a2  
=
µ ε a  
0 ≤ n ≤1
4.93
−
a
ε

 a1  
1
 arctan  ref

+
arctan

 

 a2 
 a2  

Eq. 4.92 and 4.93 refer to a reference evolution which is obtained from a LCF experiment at
constant strain amplitude εref greater than the amplitudes of interest, e.g. ±1% in the here
considered case. Thereby, the evolution is treated as one relative to a reference evolution. Eq.
4.92 describes a power law, while Eq. 4.93 is a sigmoid approach. For the accumulation
damping functions it is implicitly assumed that for smaller strain amplitudes the accumulation
of plastically deformed BVEs χcum is less effective. Similar observations are discussed in
Section 4.3.2. Both approaches are formulated such that they are equal to unity for the
reference amplitude εref. In this case, the internal state variable ϑ is regarded as directly
dependent on χcum. The limit case of a direct dependence of the internal variable on χcum
independent of the strain amplitude is included by n = 0 in Eq. 4.92 and 4.93. While the
current approach does not consider temperature and strain rate dependency of the evolution,
this can be implemented analogously to the strain amplitude dependent concept presented
here.

Figure 4.40

Illustration of divergence problem for the simulation of the CSR (left). Graphical
representation as stress range (right) shows that the divergence is due to the
accumulation of representation errors at the strain reversal points.

To this stage, all necessary relations are defined that are needed to simulate a complete
uniaxial cyclic experiment. While the suggested model represents very well both monotonic
and cyclic loading characteristics of 2CrMoNiWV and while it is straight-forward to calibrate
it to actual material data in a sequential manner, it is a remaining challenge to fully integrate
the material behaviour sequentially, i.e. cycle by cycle for a given strain history. Before the
evolutionary model can be calibrated to the actual evolutionary data, this challenge needs to
be discussed. Eq. 4.74 is fully determined by four model parameters (E, α, η, γ), an initial
strain ε0 and an initial stress σ0. Although the model representation is relatively good, still
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small errors in the order of a few MPa occur. This has important consequences, especially if
the predicted stress at maximum and minimum strain deviates from the actually measured
minimum or maximum stress, respectively. The reversal stresses and strains not only
represent the initial point of the following loading branches, they also define the relative
coordinate system used for the formulation of the constitutive equations. Eq. 4.74 describes
the absolute stress as a sum of a relative stress and the initial stress σ0. With sequential
integration of the constitutive model, small errors are added up cycle by cycle, so that
basically the stress-strain hysteresis experiences a diverging shift in absolute stress space.
This is illustrated in Figure 4.40 a). By the end of this project no solution is found for this
problem. This implies that currently no maximum or minimum stress characteristics, i.e.
CSRs, can be simulated in terms of absolute stress. If, however, the stress range σ–σ0 is
considered, i.e. the relative rather than the absolute stress, it provides the possibility to still
check whether the strain amplitude dependent evolution of the hysteresis shape and the
relative stress can be predicted by the suggested evolutionary model as defined by Eq. 4.74
and 4.85 to 4.93. This leaves the divergence problem to be solved in future work but gives
confidence about the adopted evolutionary constitutive model.
Table 4.10

Summary of the 27 parameters for the evolutionary laws of the model parameters
using the accumulation damping function μ4.

Et

a1

a2

a3

n

γ∞

Et

1

-

-

-

-

Ec

-7.831E-4

0.9913

-

-

-

αt

5.591E-5

1.0196

5.1051

-

-

αc

4.805E-5

1.0223

4.0367

-

-

ηt

-2.542E-4

0.6398

4.0600

-

-

ηc

2.057E-4

0.6632

2.9173

-

-

γ t,

0.3557

30.0201

0.1758

0.3345

0.2862

γc

0.3950

30.0215

0.2844

0.4928

0.7654

μ4

0.4632

0.4675

-

2.3227

-

The calibration of the strain amplitude dependent evolutionary model was performed in
four steps: In a first step, the model parameters of Eq. 4.74 were fitted to sequential loading
branches of LCF experiments at different strain amplitudes (at equal temperature and strain
rate), see Section 4.4.1. Then, in a second step, the evolutionary equations of the model
parameters were fitted to the actual best-fit model parameters as determined from a reference
experiment. Exemplarily this was chosen to be a ±1% constant strain amplitude LCF test of
2CrMoNiWV at 565°C and 0.1%/s. For this reference experiment, the internal variable is ϑ =
χcum (i.e. μ = 1) as determined from its actual best-fit model parameter set. A simple
unweighted least-squares scheme was adopted for fitting the evolutionary laws given by Eq.
4.86 to 4.90 to the best-fit model parameter evolutions. In a third step, the parameters of the
evolutionary description (Eq. 4.86 to 4.90) were used as starting points for the global
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calibration of the strain amplitude dependent internal variable, Eq. 4.91. In the absence of
experience, four approaches were adopted for the accumulation damping function: μ1 = 1, μ2
according to Eq. 4.92, μ3 according to Eq. 4.93 with n = 1 and μ4 according to Eq. 4.93. The
parameters of the accumulation damping function were determined in a least-squares manner
on the basis of constant evolutionary parameters of Eq. 4.86 to 4.90 with the objective to best
represent the best-fit model parameters of LCF at different constant strain amplitudes as
obtained in the first and second step of the model calibration.

Figure 4.41

Strain amplitude dependent representation of model parameter evolutions according
to the evolutionary model, Eq. 4.85 to 4.90, using approach μ4 for the accumulation
damping function. Reference data originates from best-fit parameter sets for LCF
tests at 565°C and 0.1%/s. The results are obtained from the global calibration of the
evolutionary model equations to the available data.

228

4 Constitutive Modelling

In this exemplary case, it was fitted to LCF data at strain amplitudes of ±1% (= εref), ±0.7%
and ±0.4%. The resulting accumulation damping factors are shown in Figure 4.39. These first
three steps aim at the determination of appropriate starting points for the final re-optimisation
of the model parameters in the fourth step. For this purpose, both the evolutionary (Eq. 4.86 to
4.90) and the accumulation damping parameters (Eq. 4.92 or 4.93) were further optimised to
minimise the least-squares error. This is defined as being the superimposed errors originating
from the model representation of the actual i) best-fit parameters, ii) maximum and minimum
absolute stress and iii) relative stress-strain characteristic of selected reference cycles, i.e. for
cycles 1 to 10, 10 to 100 (in steps of 10) and the midlife cycle.

Figure 4.42

Model representation of the stress range evolution using different approaches for the
accumulation damping function μi. Experimental data originates from LCF tests at
565°C, 0.1%/s and at the strain amplitudes ±1%, ±0.7% and ±0.4% (left to right).

Figure 4.41 shows that the strain amplitude dependent evolutionary model apparently
well represents the actual best-fit parameter evolutions at different strain amplitudes. The
resulting fully evolutionary simulated stress response is given in Figure 4.42 in terms of
relative stress range for the different accumulation damping functions and in Figure 4.43 in
terms of the relative tensile and compressive loading data. Both the evolutions of the stress
range and the shape of the relative stress-strain characteristics are appropriately represented
by the suggested model. Approaches μ3 and μ4 for the accumulation damping function yield
very similar results so that they can hardly be distinguished in the diagram.
The adopted strain amplitude dependent evolutionary model approach and the implemented
integration scheme thus represent well the strain amplitude dependent evolution occurring for
cyclic loading at a constant strain amplitude. While it is apparent from Figure 4.42 that the
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direct dependence of the internal variable on χcum, i.e. approach μ1, yields unsatisfactory
results of the model representation, the other approaches for the accumulation damping
factors lead to relatively similar predicted stress ranges. The correction for the strain
amplitude is thus justified. With this, the strain amplitude dependent evolutionary constitutive
model is defined and calibrated and the evolutionary modelling concept is shown to be
capable of representing the actually observed behaviour. In the following Section 4.4.4 the
model is applied to simulate three different strain step tests to further validate the
effectiveness of the proposed approach in simulating a loading condition different to what it is
calibrated to. For numerical simplicity, the integration scheme as presented in Appendix G is
not applied in favour of a significantly faster cycle-wise analytical scheme.

Figure 4.43

Evolutionary model predictions of the relative tension- and compression-going
loading branches at the cycles numbers indicated by the circles in Figure 4.42, i.e.
N = 1, 3, 10, 30, 100. Use is made of the accumulation damping function μ4.
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Simulation of benchmark experiments

In order to benchmark the adopted evolutionary constitutive approach, three different cyclic
strain step experiments were independently performed at 565°C and 0.1%/s. For the reasons
discussed in the previous Section 4.4.3, the relative stress range σ–σ0 was considered rather
than the absolute stress response. As the discussion of the previous Section cannot
conclusively give an answer to the question which of the accumulation damping functions is
most appropriate, all four approaches were applied to simulate the benchmark experiments.
Following this strategy, confidence was gained in the adopted strain amplitude dependent
evolutionary constitutive model and its limitations are discussed on the basis of an analysis of
the measured evolutionary behaviour in the cyclic strain step tests.

Figure 4.44

Strain amplitude history of cyclic strain step benchmark experiments.

Table 4.11 and Figure 4.44 summarise the strain amplitudes and block lengths of the
three benchmark experiments. Cycle A represents an increasing strain amplitude test, while
Cycle B corresponds to a decreasing one. In these two tests the block lengths are chosen such
that the mechanical behaviour nominally stabilises which is approximately the case after a
fourth of the endurance (according to a 2% load drop criterion) at the respective strain
amplitude. In contrast, Cycle C is characterised by block lengths of a sixteenth of the crack
initiation endurances at the respective strain amplitudes, such that the mechanical evolution is
still transient. A repetition unit is composed by and increasing and subsequent decreasing
strain amplitude sequence and is repeated two times.

Table 4.11

Summary of cyclic strain step benchmark experiments.

Cycle A

Cycle B

Cycle C

εa,i

Ni

εa,i

Ni

εa,i

Ni

±0.25%

1897

±0.7%

74

±0.25%

475

±0.4%

329

±0.4%

329

±0.4%

83

±0.7%

74

±0.25%

1897

±0.7%

19

±0.4%

83

Repeated 2 times
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Figure 4.45

Cycle A: Evolution of stress range as predicted by evolutionary model using four
different approaches for the strain amplitude dependent accumulation damping
function μi. Data originates from a cyclic step test at 565°C and 0.1%/s.

Figure 4.46

Cycle B: Evolution of stress range as predicted by evolutionary model using four
different approaches for the strain amplitude dependent accumulation damping
function μi. Data originates from a cyclic step test at 565°C and 0.1%/s.

Figure 4.47

Cycle C: Evolution of stress range as predicted by evolutionary model using four
different approaches for the strain amplitude dependent accumulation damping
function μi. Data originates from a cyclic step test at 565°C and 0.1%/s.
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Figure 4.45 to Figure 4.47 show the predicted evolution of the relative stress range in
comparison to the actually measured data for Cycle A, B and C, respectively. Generally, the
strain amplitude dependent evolutionary model is capable of representing the observed
characteristic appropriately. Especially, the accumulation damping function approach μ4
results in good prediction of the stress range. It has to be pointed out, that the direct,
undamped accumulation of plastically deformed BVEs, i.e. μ1 = 1, leads to particularly poor
predictions. This is due to the very fast development of the internal variable ϑ which causes
the model parameters to saturate overly fast. Even though the relative number of plastically
deformed BVEs remains relatively small at strain amplitudes of ±0.25%, the high number of
cycles yields values for χcum that exceed those of higher amplitude tests by far. A direct,
undamped accumulation is therefore not appropriate. The challenge for Cycle A is two-fold: i)
the cyclic evolution for a strain amplitude of ±0.25% has to be predicted constituting a
substantial extrapolation from the calibrated range of the model; ii) the apparent cyclic
evolution subsequent to the strain amplitude steps has to be described. Both points cause
problems for the suggested model. The softening for the ±0.25% block is over-predicted by
approximately 35MPa similar to Cycle C. In the following ±0.4% and ±0.7% blocks,
however, both strain hardening and cyclic softening are significantly under-predicted as again
similar to Cycle C. It appears that the parameters evolve too quickly to their saturation, i.e. the
internal variable ϑ increases too strongly so that after the first block significant further
softening is only possible if the strain amplitude is increased substantially. This is supported
by the fact that in cycle C, for which the ±0.25% block is shorter and thus the growth of the
internal variable smaller. The predicted softening after the first strain amplitude changes to
±0.4% and ±0.7% is observed to be stronger. This is further supported by the parameter
evolutions as given in Appendix I, Figure I.3 and Figure I.6. In contrast to the predictions for
Cycle A and C, Cycle B is predicted very well. The evolutions of the strain hardening
characteristics after the different steps are appropriately predicted, see Figure 4.46. It is only
when the crack growth is significantly important, that the model is not able to predict the
evolution anymore. Figure I.2 in Appendix I shows that not only the maximum and minimum
stresses are covered by the model but also the shape of the tension- and compression-going
loading branches.
While the model behaves well for decreasing strain amplitude step tests, it remains to
answer the question why this is not the case for the increasing steps. For this purpose, the
actual shape and position of the element yield strain distribution as determined from the
experimental data is examined after every strain amplitude step in Cycle A and B as shown in
Figure 4.48 and Figure 4.49, respectively. There, the actual characteristics after the strain
amplitude step is compared to the corresponding characteristics of a constant strain LCF test
at ±1% at the same value of the internal variable ϑ, i.e. the same internal state (as determined
using μ4). First and second derivatives of the data are obtained by the same approach as
described in Section 4.2.1. At the same internal state, the strain amplitude step test after
cycling at ±0.25% reveals an element yield strain distribution with a higher frequency of high
element yield strains as expected from the constant strain LCF test. This is also the case at the
end of the ±0.4% step and only appears to approach the element yield strain distribution for
the constant strain LCF test after the ±0.7% step.
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Cycle A: Comparison of benchmark cycles at the strain amplitude changes with
corresponding ±1% constant strain amplitude LCF test at the same value of the
internal variable ϑ. The red curve indicates the CSSR, i.e. the stress-strain curve as
originating from the relative scaled tensile ±1%-test loading branch.
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Figure 4.49
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Cycle B: Comparison of benchmark cycles at the strain amplitude changes with
corresponding ±1% constant strain amplitude LCF test at the same value of the
internal variable ϑ. The red curve indicates the CSSR, i.e. the stress-strain curve as
originating from the relative scaled tensile ±1%-test loading branch.
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Comparison of different material states according to the suggested internal variable
ϑ approach. Experimental data originates from separate LCF tests at different
constant strain amplitudes.
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Thus, cycling in blocks of increasing strain amplitudes leads to an increasingly positive skew
asymmetry of the element yield strain distribution. The higher frequency of high element
yield strains leads to additional strain hardening after a strain increase in the strain step test
with respect to the constant strain LCF test. In contrast, Figure 4.49 shows the characteristics
for the Cycle B type strain step test. Cycling in decreasing strain blocks leads to a decrease of
the frequency even at high element yield strains so that basically no additional strain
hardening occurs in the decreased strain amplitude stress-strain characteristic.
Cycling at small strain amplitudes leaves the BVEs featuring higher internal stresses
unaffected. Thereby changes of the internal stress state only occur in those BVEs with
internal stresses that can be overcome at small relative strains. Cycling at high strain
amplitudes, on the other hand, has a similar effect on the BVEs with low and high element
yield strains as their internal stresses are equally overcome by the applied strain. In the former
case, a strong increase of the asymmetry of the element yield strain distribution is introduced,
while in the latter case the development of the asymmetry is minor and in the range discussed
in Section 4.2.1.
As the Cauchy formulation for the element yield strain distribution is only symmetric,
the behaviour observed for the increasing strain is not covered by the current approach. In
order to also be able to describe such a behaviour, either an integration scheme as that
described in Section 4.3.2 is implemented where the model parameter set is updated to the
initial values once the maximum strain amplitude is exceeded, or a split Cauchy distribution is
considered that allows for the description of an asymmetric element yield strain distribution.
The first solution leads to a piecewise integration of the material model and evolution laws of
the model parameter set. In this way, the latter has to be changed every time when the
maximum strain is exceeded and separate evolutions have to be considered for different strain
regimes. The second approach using a split Cauchy distribution introduces one further
parameter to the model parameter set and requires an additional evolutionary description but
might be numerically less expensive.
In practice cyclic stress-strain responses (CSSR) are often used to directly compare the
stabilised cycle response of tests at different strain amplitudes with the monotonic stressstrain characteristic, as e.g. described in (Christ, 1991; Klesnil and Lukás, 1992; Polák, 1991).
The CSSR is obtained by connecting the maximum stress-total strain or plastic strain points of
the stabilised cycles obtained from different constant strain amplitude tests. Therefore, it
represents the strain amplitude dependence of the maximum stress in the stabilised state and
can be used to estimate the stabilised maximum stress that has to be expected after cyclic
loading at a certain strain amplitude. As in cyclically stabilising materials the saturated state
generally represents a significant part of the whole fatigue lifetime, the CSSR is an important
characteristic of the material. For cyclically non-stabilising materials, such as 2CrMoNiWV,
this approach is not straight-forward as the question arises which states have to be compared.
Commonly the stress-strain hysteresis at 50% of the corresponding fatigue lifetime are used
for the determination of the CSSR. Alternatively, use of the internal variable approach as the
one introduced in Section 4.4.3, allows to compare hysteresis loops that are nominally at the
same state, analogously to the accumulated plastic strain approach as introduced by Polák et
al. (1977). Generally, the dislocation substructure for the saturated states obtained from
different amplitude tests is different. Figure 4.50 compares the stress-strain characteristics as
obtained from separate constant strain amplitude LCF experiments, ±1.0%, ±0.7% and ±0.4%,
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at three different states characterised by 50%, 25% and 12.5% of the internal variable value
obtained at the crack initiation lifetime (2% stress-drop criterion) of the lowest strain
amplitude, i.e. ϑ = 67.4, 33.8 and 16.9. Rather than determining the CSSR from the stress and
strain amplitudes of the respective LCF tests, this is estimated by the relative scaled tensiongoing loading branch of the ±1% test indicated by the red curve in Figure 4.50.
The same approach is followed for the multiple step tests depicted in Figure 4.48 and
Figure 4.49. There the CSSR originates from a constant strain amplitude LCF test at ±1% at
the same value of the internal state variable. If the estimated CSSR is able to predict the
stress-strain maximum from cycling at different strain amplitudes at the same respective state,
knowledge of the mechanical evolution for high strain amplitude cycling is sufficient to
extrapolate to the mechanical response expected at lower strain amplitudes at the same
internal state. For this reason it is e.g. possible for a CSSR as derived from a constant strain
amplitude LCF test, to predict the maximum stress of an increasing step test (Cycle B) at a
given internal state ϑ, see Figure 4.49. As shown in Figure 4.48, however, it is not possible to
extrapolate from the reference test to the increasing strain step test, i.e. Cycle A. The element
yield strain distribution appears only to be shifted for the decreasing strain step test (Cycle B),
but its shape additionally differs from the reference test at the same internal state in the case
of the increasing strain step test (Cycle A).
While the history dependence of the saturated state is much stronger in the case of
materials with planar slip character, it is mainly only present in wavy slip materials, such as
2CrMoNiWV, for small plastic strain amplitudes. Christ (1991) comprehensively reviews this
topic. Lukás and Klesnil (1973) report that in pre-deformed Cu, small strain cycling leads to
the coarsening of an initial cell structure, while for the undeformed initial state, the same
strain amplitude yields a vein structure. A history dependence is thus observed. In the case of
the bainitic 2CrMoNiWV studied in this Thesis, the initial state for all strain amplitudes is an
imperfect subgrain structure which is subjected to an increasing degree of definition and
coarsening during cycling at all strain amplitudes. For the small strain amplitudes of ±0.25%,
however, a larger number of cycles is necessary to obtain a subgrain structure similar to the
one observed in the later stages for higher strain amplitudes. This is underpinned by the
subgrain size measurements shown in Figure 3.24, which shows that a significant number of
cycles is necessary for low strain amplitude cycling to cause equally large subgrains as in the
case of the higher strain amplitudes. It is therefore anticipated that during low strain
amplitude cycling, the degree of deformation is initially merely sufficient to reduce the
dislocation density through annihilation and to move dislocations to the subgrain boundaries.
For this reason, solely the small element yield strain regime is evolving initially. It is only
after many more cycles that the deformation can cause significant concentration of the
dislocations at the subgrain boundaries so that subgrain growth is initiated.
Both the choice of the accumulation damping function and the symmetric element yield
strain distribution lead to an over-estimation of the internal variable for strain amplitudes as
small as ±0.25%. While the prediction of the stress maximum of a ±0.25% constant strain
amplitude LCF test is insufficiently predicted by the 1% CSSR for early stages, this improves
for later stages of the cyclic experiment, see Figure 4.48. Constant strain amplitude LCF tests
at ±0.4% and ±0.7% are, however, well represented by the same CSSR throughout different
fatigue stages, see Figure 4.50.
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It is to be mentioned for completeness, finally, that relatively accurate lifetime
predictions can be made on the basis of the suggested internal variable. For the ±1% constant
strain LCF test, the internal variable ϑ amounts to 176 at its endurance limit N2% = 180 cycles
(2% stress drop criterion). On this basis, the endurance limits of the ±0.7% and the ±0.4%
constant strain amplitude test are estimated to 340 and 1616 cycles, respectively. The actually
observed endurance limits are 394 and 1280 cycles, respectively. These estimations certainly
lay within the experimental scatter band.
With this, the results of the modelling of the evolutionary constitutive behaviour of
2CrMoNiWV are summarised.
•

The evolutionary model uses a strain amplitude weighted internal variable on the basis of
the accumulated share of plastically deformed BVEs which considers a stronger
evolution of the model parameters with higher strain amplitudes.

•

Constant strain amplitude CSRs are very well represented by the evolutionary model and
reflect both the evolutions of the mechanical behaviour at different strain amplitudes and
of the model parameters.

•

Accumulation of small errors between the predicted and actual stress at the strain
reversals leads to a numerical divergence of the predicted absolute stress. In terms of
relative stress, however, the stress-strain characteristic at different stages in the fatigue
life are very well predicted.

•

The simulation of benchmark experiments reveals that the prediction of cyclic increasing
strain amplitude tests is problematic due to the development of an asymmetry in the
element yield strain distribution during cyclic loading. This is not considered by the
current evolutionary formulation. Decreasing strain amplitude step experiments, on the
other hand, are very well predicted by the evolutionary constitutive model.
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Chapter 5
Concluding Remarks and Outlook

5.1

Conclusions

This Thesis aims to develop a physically motivated constitutive material model for a bainitic
2CrMoNiWV steam turbine rotor steel subjected to low cycle fatigue (LCF) loading at
elevated temperatures. Such a model needs to represent both the nonlinear elastic-plastic
strain hardening characteristic and its cyclic evolution in dependence of temperature, strain
rate and strain amplitude. The physical basis is reflected both in a constitutive formulation
that uses physically meaningful parameters and in the choice of an appropriate internal
variable that represents the internal state of the material. For this purpose, a comprehensive
number of experiments was performed to characterise both the mechanical and
microstructural evolution of cyclically deformed 2CrMoNiWV. The main findings of this
Thesis can be concluded as follows:
•

A comprehensive characterisation of the LCF behaviour of 2CrMoNiWV over a wide
range of temperatures, strain rates and strain amplitudes has been performed which
reveals a cyclic softening characteristicsthat strongly depend on the test parameters.

•

Dislocation density and subgrain size have been measured for a wide range of LCF
conditions using neutron diffraction line profile analysis. This has revealed the
pronounced action of dynamic recovery and the associated dislocation density decrease,
rearrangement and subgrain growth. The results were verified by electron microscopy.

•

Carbide types, composition and morphology were identified by X-ray diffraction and
transmission electron microscopy. No change of the carbide structure during LCF was
indicated so that their influence on the mechanical evolution is expected to be negligible.

•

Microstructural investigations have indicated that internal stresses as a result of a
heterogeneous dislocation microstructure (subgrains) are responsible for the observed
evolution of the stress-strain characteristic.

•

A Masing-type model has been formulated that accounts for these internal stresses by
considering a distributed element yield strain distribution. A simple Cauchy distribution
is shown to well represent the experimental strain hardening characteristic with only four
model parameters.
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•

In particular, the suggested constitutive model yields an excellent representation of the
observed continuous elastic-plastic transition over the complete strain range of interest.
Only a small number of well identifiable parameters is necessary.

•

Analysis of the model parameter evolution has revealed the significant and high
correlation of some parameters with the measured subgrain size and dislocation density
evolutions. This underpins the physical reality of the respective parameters.

•

Furthermore, a temperature and strain rate dependent modification of the constitutive
model has enabled appropriate extrapolation of the monotonic stress-strain behaviour
beyond the relatively small experimentally covered regime.

•

Finally, the suggested evolutionary constitutive formulation enables the evolution of
constant strain amplitude LCF tests to be well represented and of cyclic strain amplitude
step tests to be promisingly predicted.

These findings were published (Mayer et al., 2012; Mayer et al., 2013a, b, c) and have been
presented at dedicated conferences (Mayer et al., 2010) within the scope of this project. A
more detailed summary of the results obtained from the mechanical and microstructural
characterisation and the suggested evolutionary constitutive modelling as presented in this
Thesis is given in the following.

5.1.1

Mechanical behaviour

A comprehensive number of LCF experiments on 2CrMoNiWV was performed at the
facilities of the High Temperature Integrity Group at Empa. These included both complete
endurance tests as well as interrupted tests for the generation of samples for microstructural
characterisation. LCF experiments that have contributed directly to the calibration of the
constitutive model cover the temperatures 400°C, 500°C and 565°C, the strain rates 0.001%/s,
0.01%/s, 0.1%/s and 1%/s and the strain amplitudes 0.25%, 0.4%, 0.7% and 1%. Only a
selection of the possible combinations, i.e. 18 LCF experiments, is necessary as a sufficient
basis for modelling. For the verification of the predictions of the constitutive model,
additional benchmark experiments were conducted. These include additional LCF
experiments at 20°C, 150°C, 250°C, 600°C, and at 0.1%/s and ±1%, for the verification of the
temperature dependent monotonic model, and cyclic strain amplitude step tests
(increasing/decreasing and stabilised/transient) at 565°C, 0.1%/s and strain steps of ±0.25%,
±0.4% and ±0.7%. The latter tests were used to benchmark the strain amplitude dependent
evolutionary model prediction.
2CrMoNiWV exhibits a pronounced cyclic softening behaviour with a significant
dependence on temperature, strain rate and strain amplitude. The cyclic stress response (CSR)
can be subdivided into three regimes, i.e. i) a strong initial softening followed by ii) a
relatively stable, quasi-linear softening, and iii) the macro-crack development to specimen
failure. Slight initial hardening appeared to arise from cyclic deformation at temperatures
below 250°C. It was further recognised that the maximum stress per cycle is smaller than the
absolute value of the following minimum stress. This difference is in the order of 20MPa, i.e.
about 5% of the maximum stress, and observed to be larger at small strain rates and high
temperatures and to decrease with ongoing cycling. Evidence suggests a significant history
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dependence not only of the yield stress, i.e. Bauschinger effect, but also of the strain
hardening characteristic that is influenced by prior plastic deformation.
As expected, the strain hardening characteristic shows a strong dependence on
temperature and strain rate and therefore a significantly viscoplastic characteristic in the
regime of interest. Isotropic stress and backstress thereby contribute with roughly the same
share to the maximum stress amplitude. An analysis of the experimental scatter further
revealed that uncertainties of the measured stress-strain characteristic are within ±10-15MPa
for the CSR and within ±5-10MPa for the monotonic behaviour. This constitutes the upper
reasonable limit for the accuracy of the model predictions.

5.1.2

Microstructural behaviour

The samples originating from multiple specimens subjected to interrupted LCF tests at
different conditions were used for the characterisation of the microstructural evolution of
2CrMoNiWV. It was anticipated that the cyclic softening most likely arises from a
rearrangement of dislocations to subgrains and possible changes in the carbide structure of the
cyclically strained material. For this reason, the characterisation of the microstructural
evolution was focussed on the measurement of the dislocation density, subgrain size as well
as the carbide type, composition and morphology. Quantitative analysis of the dislocation
density and subgrain size was performed using neutron diffraction line profile analysis
(DLPA) in a single and multiple diffraction peak approach. Neutron diffraction experiments
were performed at the Neutron Physics Institute in Řež, Czech Republic and at the Lujan
Neutron Scattering Center (LANSCE), Los Alamos National Laboratory, US. The results
were further verified in a spot-check manner by (S)TEM at the Laboratory for
Nanometallurgy and the Electron Microscopy Center (EMEZ) at ETH Zurich using STEMDF imaging for the measurement of subgrain size and TEM-BF for the determination of the
dislocation density. Carbide type, composition and morphology were studied using STEMEDX and XRD.
DLPA is a technique which analyses the shape of (neutron or X-ray) diffraction peaks,
making use of the different characteristic broadening introduced by the presence of subgrains
(size effect) and dislocations (strain effect). The former effect is independent of the diffraction
peak, while the strain effect differs for different diffraction peaks. Two DLPA approaches
were pursued, i.e. a simplified approach using only a single diffraction peak and a more
sophisticated approach using multiple diffraction peaks. The single peak method appears to be
highly subjective due to the lack of information contained in the experimental data. A
sensitivity analysis revealed that large variations result for the microstructural parameters.
This may only be improved by a-priori knowledge of either the subgrain size distribution or
the dislocation density. In contrast, the multiple peak approach yielded reproducible results
for both the dislocation density and subgrain size with a minimised scatter in the order of
±5%. Spot-checks of the dislocation density and subgrain size using TEM-BF and STEM-DF
largely confirmed the DLPA results. These techniques are, however, less effective and require
appropriate care to reduce the high level of subjectivity, e.g. by including appropriate
corrections for the dislocation density based on physical arguments as introduced in this
Thesis.

242

5 Conclusions and Outlook

The subgrain size and dislocation density evolutions depend significantly on
temperature, strain rate and strain amplitude. The dislocation density decreases from its initial
value of 8.9∙1014m-2, whereas subgrains grow from their as-received diameter of ~150nm.
These changes were attributed to the rearrangement of dislocations to subgrains as a result of
dynamic recovery during the cyclic deformation of 2CrMoNiWV at elevated temperatures.
The cyclic softening of the studied bainite therefore arises from the reduction of Taylor
hardening through the rearrangement of dislocations to an increasingly well-defined subgrain
structure that continuously grows with further loading and thereby reduces the Hall-Petch
strengthening effect. This heterogeneous rearrangement of dislocations is known to introduce
significant internal stresses to the material that further influence the dislocation mobility.
Dislocation density reduction and subgrain growth are enhanced at higher temperatures and
strain amplitudes and lower strain rates as a consequence of the associated higher dislocation
mobility. DLPA further yielded the relative share of dislocation types which was found to be
approximately 20% edge and 80% screw dislocations in the as-received condition. Cyclic
deformation leads to a further reduction of the edge type dislocations. An analysis of the
relationship between the relative decrease of the maximum stress per cycle and the
microstructural parameters revealed significant correlations with both dislocation density
(r2 = 0.67) and the subgrain size (r2 = 0.89). The result thus indicated a stronger influence of
the subgrain size on the mechanical evolution of 2CrMoNiWV. A simple phenomenological
model was proposed that effectively represents the relationships between softening and
relative dislocation density or subgrain size as a function of strain amplitude, strain rate and
temperature, respectively.
Investigations of the carbide composition and morphology in 2CrMoNiWV resulted in
the identification of the main carbide types, i.e. M7C3 and M3C (M mainly Cr with Fe and
Mo), as well as M2C (M mainly Mo with W) and M4C3 (M mainly V). While M7C3, M3C and
M2C mainly appeared on grain boundaries, M4C3 was mostly present as finely dispersed
matrix carbides. M4C3 and M2C were further frequently observed to appear as associated Htype particles. M7C3 carbides appeared as oriented bands with a length of approximately
500nm and a width of 50nm. The morphology of M2C was observed to be mainly very thin
imperfect rectangular platelets with a length of approximately 200nm. M4C3 carbides, on the
other hand, constituted equiaxed platelets with a size of ~20nm and a thickness of ~5nm in
their finely dispersed condition or with a diameter of ~100nm in their H-type morphology. No
significant evolution in size, morphology or composition of M7C3, M2C and M4C3 was
evidenced by XRD or (S)TEM. It was thus concluded that the carbide structure remains stable
during LCF loading so that they are not expected to affect the mechanical evolution.

5.1.3

Constitutive model

The characterisation of the mechanical and microstructural evolution imposed to
2CrMoNiWV by cyclic deformation led to the finding that the observed cyclic softening of
the material is mainly determined by the rearrangement of dislocations to a subgrain structure.
This is accompanied by a reduction of the dislocation density as well as by the growth and
increasing degree of definition of subgrains. Thereby, the dislocation mobility was indicated
to change from being predominantly influenced by the dislocation density (Taylor hardening)
to being determined by the subgrain structure (grain size hardening). The hardening effect of
this heterogeneous substructure arises from the significant internal stresses that need to be
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overcome to initiate dislocation motion and thus strongly influence the flow characteristic.
This gained understanding forms the basis of the constitutive model suggested in this Thesis.
While classical plasticity theory assumes a discrete yield point at which the stress-strain
behaviour changes from elastic to plastic, experimental evidence shows that this elasticplastic transition is continuous in 2CrMoNiWV. For this reason a continuous Masing-type
approach was adopted in this Thesis which assumes a continuous distribution of yield stresses
(or strains) rather than a constant yield point. An important implication of the Masing concept
is that the yield stress distribution arises from internal stresses and constitutes a fingerprint of
the characteristic deformation mechanisms that govern the macroscopic material behaviour.
Thus, it describes the internal state of the material. This forms the physical basis of the
Masing modelling concept. It is a fundamental finding of this approach that the yield stress
distribution is proportional to the second derivative of stress with respect to total strain. As the
yield stress distribution is proportional to the curvature of the stress-strain characteristic a
constitutive model can be formulated with an appropriate choice for this distribution. Yield
stress or yield strain formulations are thereby equivalent, while a yield strain formulation was
preferred here.
For this purpose, a Cauchy-type yield strain distribution was proposed and shown to lead
to an analytical stress-strain relationship that very well describes the strain hardening
behaviour of 2CrMoNiWV. The suggested formulation is fully defined by four model
parameters, i.e. E, α, η and γ. While E is a representative elastic modulus that results from a
best-fit of the constant tangent modulus regime at small relative strains, α constitutes a
correction of this representative value and is denoted as the modulus relaxation parameter.
This is necessary as viscous effects arise at the strain reversal points which are a consequence
of anelastic recovery, strain rate dependent elastic modulus and pseudo-hold times which
cause a steep decrease of the tangent modulus. Such a behaviour cannot be covered by a
simple symmetric yield strain distribution and is thus accounted for by the simple correction
factor α in the absence of a more sophisticated rate-dependent formulation. This correction is
thus a compromise between an adequate representation of the yield strain distribution and a
simple model with a small number of parameters. The correction remains small, however, so
that α is in the order of 1 and E is sufficiently close to the apparent elastic modulus. A strong
connection of both E and α with the elastic regime and the viscous effects at the reversal
points form the basis of these parameters. η and γ, on the other hand, are the mode and the
half width at mean height of the yield strain distribution. These parameters are thus closely
linked to the internal stress distribution of the material.
Application of the proposed constitutive model to a uniaxial monotonic loading case
revealed the excellent representation capability of the suggested formulation also in
comparison to conventional plasticity approaches. Especially, the stress-strain characteristic at
small plastic strains is well reproduced due to a continuous transition between the elastic and
plastic regime. It was further proved that the strain hardening characteristic, which leads to
increased macroscopic yield stresses once the material is plastified, can be simulated by the
suggested model formulation and an appropriate integration scheme. This even includes small
unloading-reloading hystereses which were observed experimentally. Additionally, a
temperature and strain rate dependent model was formulated for a uniaxial monotonic
situation. For its calibration the results of only ten tests were used within the regime between
400°C to 565°C, 0.001%/s to 1.0%/s and for ±1%. Extrapolation of the monotonic behaviour
to 600°C was shown to be very accurate, while the extrapolation to temperatures between

244

5 Conclusions and Outlook

250°C and 20°C is acceptable. Neglecting the increasing temperature dependence of bcc
materials at low temperatures led to this reduced quality of the extrapolation to lower
temperatures. Simple modification of the model resulted in a significant improvement that
allows a reliable extrapolation of the elastic-plastic behaviour between 20°C and 600°C for
strain rates between 0.001%/s and 1.0%/s and therefore significantly beyond the
experimentally covered regime.
This Masing-type approach using a Cauchy yield strain distribution has two major
advantages over classical plasticity models with respect to the description of the nonlinear
strain hardening behaviour. Firstly, the model requires the calibration of only four model
parameters. These are based on physical considerations so that they can in principle be
directly determined from experimental data without fitting of the model. Fitting is therefore
only applied to optimise the performance of the model. In the case of models containing many
parameters, such as e.g. the Chaboche model using three backstress terms, the model
calibration can be seriously complicated due to over-parameterisation causing an ill-posed
optimisation problem. The second advantage constitutes the ability to represent the
experimentally observed continuous transition between the elastic and the plastic regimes.
Classical models assume a discrete yield point that makes this transition discontinuous. This
normally causes large deviations of the model prediction from the actual measurements at
small plastic strains which can only be improved by increasing the degrees of freedom, i.e. the
number of parameters. This is not necessary with the here suggested approach.
In order to formulate a strain amplitude dependent and therefore load history dependent
evolutionary constitutive model for the uniaxial case, the model was calibrated to successive
cycles of three constant strain amplitude LCF experiments at equal temperature and strain rate
but at different strain amplitudes, i.e. ±0.4%, ±0.7% and ±1.0%. Like this, the cyclic evolution
of the best-fit model parameters was determined for different strain amplitudes. The yield
strain distribution was shown to become narrower and to shift to smaller yield strains as a
result of cyclic deformation. This reflects the effects of recovery which leads to a more welldefined structure and cyclic softening of the material. A more distinctly defined structure is
expected to result in a smaller range of internal stresses which is reflected by the narrowing of
the yield strain distribution. The cyclic softening behaviour causes the shift of the yield strain
distribution. On this basis, evolutionary laws for the model parameters were formulated using
an appropriate internal variable. The constitutive model provides easy access to the share of
the plastically deformed material volume χ. It was found that the cyclic accumulation of χ
weighted by a strain amplitude dependent function constitutes an appropriate internal
variable. The evolution of the constitutive behaviour is thereby assumed to be caused by a
change of the internal stress state which is only expected to change when a significant
material volume deforms plastically, the extent of which is described by χ. This choice
implies that the model parameters evolve the stronger, the larger the plastically deformed
volume and the higher the strain amplitude which reflects the fact that softening of
2CrMoNiWV is stronger after higher amplitude deformation. The comparison of measured
and predicted increasing and decreasing strain amplitude step tests yields promising results.
While the stress ranges of the increasing step tests are underpredicted, the model is able to
very well predict the decreasing step test. The reason for the underestimation of the increasing
step test lies in the fact that only a restricted part of the yield strain distribution is actually
affected by small strain cycling, which leads to an asymmetric element yield strain
distribution, while the evolution laws describe an evolution of the distribution which
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maintains its symmetry. As the yield strain distribution evolves up to yield strains smaller
than the applied strain, it remains basically unaffected and therefore close to its initial state for
yield strains larger than this. It is expected that a modification of the integration scheme can
resolve this issue. While the prediction of the stress range evolution is promising within the
limitations just mentioned, the prediction of the absolute stress-strain behaviour is
problematic. The integration of the constitutive model for the cyclic case requires the stressstrain point at the strain reversal as a starting-point (ε0, σ0) for the representation of the
following loading branch. Thereby, small errors between the prediction and the experimental
data in the order of ~1MPa accumulate over a large number of cycles such that the stressstrain hysteresis is shifted to large stresses in the absolute stress-strain coordinate system.
Consideration of the stress range only rather than the absolute stress, however, showed that
the evolution of the relative stress-strain characteristic is well represented by the proposed
evolutionary formulation.
A correlation analysis between the model parameters and the microstructural parameters
subgrain size D and dislocation density ρ revealed significant correlations between α, η and γ
and both D-1 and √ρ. The range of the internal stress that arises from subgrains is expected to
depend on their size and the present dislocation density. η and γ, on the other hand,
characterise the distribution of yield strains as a direct consequence of the distribution of these
internal stresses. Thus, this correlation underpins the physical basis of the suggested
modelling approach. As the formation, definition and growth of subgrains during dynamic
recovery is a direct consequence of the rearrangement and annihilation of dislocations, this
correlation supports the anticipated physical basis. The correlation with α may arise from its
relation to the viscous effects which are expected to diminish in a more recovered structure.

With this, it can be concluded that a physically based Masing-type constitutive modelling
approach was developed that i) is able to well represent the temperature and strain rate
dependent nonlinear monotonic uniaxial stress-strain behaviour and ii) provides promising
results for the description of the load history dependent evolution of the constitutive
behaviour. A comprehensive experimental characterisation of both the mechanical and
microstructural evolution of the bainitic 2CrMoNiWV steam turbine rotor steel forms the
basis of this model formulation. The low cycle fatigue deformation of 2CrMoNiWV at
elevated temperatures leads to temperature, strain rate and strain amplitude dependent cyclic
softening as a result of dynamic recovery. This is due to the rearrangement and annihilation of
dislocations to form a subgrain structure which is increasingly well-defined and growing. For
this reason, the cyclic softening behaviour is attributed to the change of the strength
determining mechanism from dislocation dominated Taylor hardening to subgrain size
dominated grain size dependent hardening. It is shown that the physical basis of the suggested
constitutive model is strongly underpinned by the correlation of its parameters to the
microstructural features subgrain size and dislocation density. Still, open questions and
unresolved issues remain that can form the basis of future research. These are summarised in
the following outlook.
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Outlook

The results presented in this Thesis demonstrate the high potential of the developed
continuous Masing-type formulation. Besides its capability to accurately represent the
uniaxial monotonic strain hardening behaviour and the promising results obtained for the
description and prediction of the evolutionary stress-strain characteristic, it constitutes a very
simple mathematical form that is determined by a small number of physically based
parameters. This makes it well manageable and even allows to derive an analytical stressstrain relationship for the uniaxial case. The physical basis of the model parameters further
provides the possibility to directly interpret them with respect to microstructural and
mechanical observations. It is this physically motivated parameterisation of the model that
permits a simple identification of the model parameters.
Besides these significant advantages of the proposed model, unresolved issues remain.
While the Cauchy type-distribution appears to very well represent the uniaxial stress-strain
characteristic, it is not clear yet whether it is an appropriate choice also for a wider class of
materials. With respect to the evolutionary cyclic implementation of the model, it remains to
find a solution for the error accumulation problem and an appropriate integration scheme that
allows to simulate increasing strain step tests in which an asymmetric element yield strain
distribution develops. The modelling approach does further not strictly follow classical
plasticity theory although it bears some similarity to the well-known multisurface models, e.g.
(Mróz, 1967). For this reason, a way has to be found to implement it into the classical
scheme, in order to make advantage of the well-established concepts of classical plasticity
theory. A multiaxial formulation is yet to be formulated so that it can be implemented into
engineering tools like finite element analysis where it can serve to analyse complex practical
engineering problems. Furthermore, load cases that involve continuous temperature or strain
rate changes, i.e. thermomechanical fatigue or sinusoidal straining, as well as time-dependent
loading cases such as those involving creep or relaxation have not yet been considered in the
current formulation.

In order to resolve these remaining issues, the following activities are suggested to be
followed up by future research on this physically based constitutive model.

Validity of Model for Different Materials
It is of interest to assess whether the Cauchy-type yield strain distribution incidentally works
well only for the low-alloy bainitic 2CrMoNiWV steam turbine rotor steel or whether the
developed formulation yields a similar quality of representation also for other materials. The
results of such an examination will indicate whether the approach for the yield strain
distribution should be modified.
For this purpose, it is suggested to apply the monotonic uniaxial model also to
experimental data of increasingly different materials. Good agreement is expected for similar
materials such as bainitic 1CrMoV steels or martensitic 9%Cr steels (P91). The widely used
austenitic stainless steels, e.g. AISI 316, are of interest as they undergo a complex
microstructural evolution including hardening, softening, stabilisation and secondary
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hardening, see e.g. (Pham, 2012). Different strain hardening characteristics are expected for
the different stages reflecting varying internal stress conditions. Austentic-ferritic duplex
steels have further shown to exhibit a complex evolution of the strain hardening behaviour
leading to a highly asymmetric yield stress distribution, see e.g. (Polák et al., 2001a, b). Cast
iron further reveals a significant asymmetry between tensile and compressive loading which is
challenging when simulating repeated plastic loading/elastic unloading experiments.
Naturally, also non-Fe based alloys such as Al-alloys or Ni-alloys are of great technical
interest. The assessment of differently strengthened materials is potentially very instructive. A
well-annealed single or polycrystalline material could provide valuable information of the
work-hardening influence on the yield strain distribution, i.e. hardening through dislocationdislocation interactions. Mughrabi (1978, 1985) performed a comprehensive amount of work
in this context, characterising the microstructural evolution of fatigued single and
polycrystalline Cu that could provide a strong basis for the analysis of the influence of crystal
anisotropy, different dislocation arrangements and grain boundary hardening on the yield
strain distribution. Studies of tempered and non-tempered materials could further be used to
examine the influence of precipitation hardening.

Multiaxial Formulation
Any effective material model needs to be formulated in a multiaxial framework in order to
allow for the simulation of complex loading situations e.g. within finite element calculations.
It is therefore necessary to establish a multiaxial formulation for Eq. 4.25. A first approach is
presented in the following. Starting from Eq. 1.55 and using Eq. 1.40 as well as Eq. 4.25, i.e.
dε ijpl = χ eq dε ij , and ε ijpl = eijpl , the components of the stress increment as a function of strain
can be derived.

(

)

dσ ij =
2G 1 − χ eq deij + Kdε kk δ ij

5.1

In contrast to Eq. 4.25, the share of plastically deforming volumes χ is replaced by an
equivalent quantity χeq which is regarded as a function of the equivalent strain

ε eq = 2 / 3eij eij .
A simple check whether this formulation is reasonable can be performed assuming a
uniaxial strain controlled tensile test. In this case a strain increment dε is applied along the
specimen axis, i.e. dε11 = dε which will cause for a general elastic-plastic case a priori
unknown transverse strain increments dε22 = dε33 = dεt, as well as the longitudinal stress
increment dσ11 = dσ. The deviatoric volumetric strains can therefore be written as
1
2
( dε + 2dε t ) =( dε − dε t )
3
3
1
de22 =
de33 =
dε t − ( dε + 2dε t )
3
e12 d=
e13 d=
e23 0
d=

de11 =
dε −

dε=
kk

( dε + 2dε t )

Insertion of Eq. 5.2 into Eq. 5.1 yields the stress increments.
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(

dσ 11 = 2G 1 − χ eq

) 23 ( dε − dε ) + K ( dε + 2dε )
t

(

dσ 22 = dσ 33 = 2G 1 − χ eq

) 13 ( dε

t

!

t

− dε ) + K ( dε + 2dε t ) = 0

5.3

=
dσ 12 d=
σ 13 =dσ 23 0

Consideration of the boundary condition σ22 = σ33 = 0, respectively dσ22 = dσ33 = 0 for
arbitrary χeq in the second line of Eq. 5.3 yields the unknown transverse strains εt
2
1 − χ eq G − K
5.4
dε t = 3
dε
2
1 − χ eq G + 2 K
3
This yields dεt = -υdε for χeq = 0 (i.e. fully elastic) and dεt = -1/2dε for χeq = 1 (i.e. fully
plastic). Insertion of Eq. 5.4 into the first line of Eq. 5.3 yields

(
(

dσ 11 =

)
)

(

3E 1 − χ eq

)

( 2υ − 1) χ eq + 3

dε11

5.5

This corresponds to the uniaxial approach introduced in Eq. 4.71 and yields the relationship
between equivalent χeq and the uniaxial χ.

χ eq =

) )
(1 − 2υ ) (α − χ ε  ) − 3

((

3 α − χ ε eq  − 1

5.6

eq

Other situations should be considered to establish whether the formulation is consistent
with the expectations from classical theory. Finally, the implementation of this multiaxial
formulation into FEM and the simulation of complex loading situations are required to test the
suggested approach. In the context of the evolution of the mechanical behaviour in multiaxial
conditions, it is not clear whether the accumulated χeq serves as an appropriate internal
variable. Biaxial fatigue experiments would provide the necessary experimental basis to
verify the approach.

Improved Integration Scheme for Cyclic Loading
The accumulation of small prediction errors during cyclic load cases leads to the divergence
of the stress evolution in terms of absolute stress-strain coordinates. While the evolution of
the mechanical behaviour can be described well in the case of cyclic loading with decreasing
strain amplitudes in terms of stress range, an effective model needs to provide a solution in
absolute coordinates. As small prediction errors are inherited from one loading branch to the
next due to the initial stress σ0 in Eq. 4.74, this problem is regarded as a numerical issue. Two
possible solutions are considered: i) a calculation of the stress-strain hystereses in terms of
relative coordinates with subsequent correction of the initial stress using an appropriate
additional function, e.g. on the basis of the CSR and ii) a correction of the evolution of the
parameter η such that the evolution of the mean stress is forced to decrease to zero. Certainly,
these solutions require the consideration of additional parameters, hence the need to find more
appropriate solutions.
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In order to improve evolutionary model predictions for an increasing cyclic strain step
test, an improved integration scheme needs to be established. The current implementation
uses a continuous functional description of the yield strain distribution which evolves as a
whole upon a change of the internal variable. It is, however, more appropriate to let evolve
only the part of the distribution at yield strains smaller than the actual strain amplitude. This
follows the perception, that only those yield elements can evolve that are activated by the
external loading. Such a description can practically be implemented by a discretisation of the
yield strain distribution similar to Maier and Christ (1996, 1997) and Chiang and Beck
(1994). Every discrete yield strain then possesses a specific value of the internal variable.
Thereby, every discrete yield strain features its own probability value according to the
evolution laws developed in this Thesis. Special care has to be taken that the total area or the
resulting yield strain distribution is normalised to 1. It is anticipated that this rather involved
scheme can improve the situation for a cyclic increasing strain step test, while there is a
possibility that a discontinuity in the yield strain distribution develops.

More Complex Loading Situations
Currently, the evolutionary laws are only formulated for cyclic deformation at constant
temperature and strain rate. Complex loading conditions in practically relevant industrial
components are beyond the isothermal constant strain rate conditions treated in this Thesis.
The parameters of Eq. 4.86 to 4.90 have to be determined also for experiments performed at
other temperatures and strain rates in order to find a formulation that allows for a smooth
description of the temperature and strain rate dependent evolution.
While the mechanical characterisation in this Thesis only considers constant temperature
and strain rate, simulation of practically relevant loading situations requires the ability to
correctly represent cyclic deformation for both transient temperature and strain rate
conditions. The former is relevant in thermo-mechanical fatigue (TMF) loading, whereas the
latter has to be considered e.g. for sinusoidal rather than triangular strain cycles. In order to
consider these situations, Eq. 4.71 has to be written in its full rate form:

∂σ
∂σ
∂σ
dε +
dT +
dε
∂ε
∂T
∂ε
∂σ ( E ,α ,η , γ ) ∂σ dE ∂σ dα ∂σ dη ∂σ
=
+
+
+
∂T
∂E dT ∂α dT ∂η dT ∂γ
∂σ ( E ,α ,η , γ ) ∂σ dE ∂σ dα ∂σ dη ∂σ
=
+
+
+
∂ε
∂E dε ∂α dε ∂η dε ∂γ
dσ =

dγ
dT
dγ
dε

5.7

The dependence of the model parameters on temperature and strain rate is thereby taken from
Eq. 4.79 to 4.83. It is obvious, that the resulting relationship will take a relatively complicated
form. In order to benchmark the effectiveness of this fully transient formulation, appropriate
TMF or sinusoidal straining experiments are suggested.
Often hold-times have to be considered to be superimposed to mere cyclic deformation at
elevated temperatures. In a steam turbine rotor situation, the former corresponds to steadystate operation, while the latter is due to thermal transients during start-up and shut-down
cycles. Hold-times lead to creep or relaxation effects at constant stress or constant strain,
respectively, in addition to the cyclic fatigue evolution. It is well-known that static recovery
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or even recrystallisation occurs during creep or relaxation which, depending on the duration
of the hold-time periods, leads to an enhanced dislocation rearrangement and annihilation and
a more rapid development and growth of subgrains. This will therefore influence the cyclic
evolution of the yield strain distribution. In order to establish the extent of this effect, it is
suggested to perform and analyse cyclic-hold experiments. The gained knowledge provides
valuable information for the further development of the evolutionary equations.

Implementation into Finite Element Framework
The implementation of a numerically efficient multiaxial scheme of the suggested Masingtype constitutive model into a finite element framework is an important step for its practical
applicability. As discussed in Section 1.4.2, the implementation of constitutive models into
the FEM framework requires the constitutive model to provide the stress increment and the
updated hardening model parameters as well as the Jacobian of the discretised tangent
stiffness matrix for a given strain. Wriggers (2008) and Dunne and Petrinic (2005) provide
helpful guidance for this task.

The further development of this current modelling approach promises a rich field of research.
It is believed that once the open issues mentioned in this outlook are resolved, the proposed
physically based concept provides a good compromise between complex and numerically
intensive microstructural models, e.g. those of the crystal plasticity framework, and the
mathematically well-founded but physically vague phenomenological models of the classical
plasticity theory.

Appendix A
Details of Literature Review on 1CrMoV

This Appendix provides additional information about compositions and heat-treatments of the
1CrMoV materials studied in the references reviewed in Section 1.2.3.

Table A.1

Summary of chemical compositions (in %wt) of 1CrMoV steels as examined in
relevant studies on carbide evolution. First block: rotor steels; second block: turbine
casing castings; third block: steam pipe castings; fourth block: other.

Reference

C

Mn

Cr

Mo

Ni

V

2CrMoNiWV

0.23

0.68

2.08

0.83

0.74

0.3

(Plumbridge and Bartlett, 1982)

0.24

0.64

1.02

0.57

0.21

0.29

L

(Wang et al., 1985)

0.29

0.71

1.16

1.29

0.34

0.24

L

(Bhambri et al., 1987)

0.28

0.85

1.0

0.94

0.49

0.14

L

(Joarder et al., 1991, 1992)

0.33

0.73

1.05

1.15

0.11

0.25

L,S

(Ellison and Al-Zamily, 1994)

0.24

0.64

1.02

0.57

0.21

0.29

L,T

(Bose et al., 2003b)

0.3

0.8

1.4

1.2

0.75

0.35

C,R

(Murphy and Branch, 1969)

0.110.13

0.480.58

0.680.98

0.771.06

0.090.28

0.230.32

C

(Bose et al., 2003a)

0.15

0.66

1.2

1.08

0.14

0.23

A

?

?

0.5

0.5

?

0.25

S

(Williams, 1981)

0.10.13

0.470.67

0.340.44

0.410.63

0.050.13

0.220.26

S

(Carruthers and Collins, 1983)

0.1

0.36

0.61

0.65

0.1

0.27

S

(Singh and Singh, 1997)

0.080.15

0.40.7

0.091.2

0.250.33

-

0.150.18

S,C

(Ohtani et al., 2006b)

0.42

0.66

1.09

0.51

-

0.28

C

(Janovec et al., 2006)

0.12

0.71

2.57

0.95

-

0.34

A

(Collins, 1978)
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Table A.2

Appendix A

Summary of original heat-treatments for 1CrMoV as examined in relevant studies
on carbide evolution. Preliminary heat-treatments correspond to annealing after
forging and quality heat-treatment involves normalising and tempering. First block:
rotor steels; second block: turbine casing castings; third block: steam pipe castings;
fourth block: other.

Reference
2CrMoNiWV

Preliminary heat-treatment
850-690°C/108h/cont.
cooled

Quality heat-treatment
950°C/16h/oil-quenched
660°C/30h/furnace-cooled

690-350°C/furnace cooled
950°C/25h/furnacecooled
(Plumbridge and Bartlett, 1982)

1000-675°C/cont. cooled
(50°C/h)

975-475°C/salt-bath
quenched

675°C/70h/air-cooled

475°C/5h/cooled to 300°C/
air-cooled
700°C/20h

(Wang et al., 1985)

not specified

not specified

(Bhambri et al., 1987)

not specified

970°C/oil quenched to
200°C/4h
710°C/furnace-cooled
(20°C/h)

(Joarder et al., 1991, 1992)

not specified

1010°C/air-cooled
666°C

(Ellison and Al-Zamily, 1994)

not specified

700°C/20h

(Bose et al., 2003b)

not specified

960°C/15h/air-cooled to
350°C
700°C/25h/furnace-cooled

(Murphy and Branch, 1969)

1000°C/furnace cooled

1000°C/12h/air-cooled
700°C/20h/air-cooled

(Bose et al., 2003a)

1020°C/8h/furnace cooled
to 550°C

935°C/14h/mist-quenched
to 500°C/air-cooled

550°C/air-cooled

710°C/13h/air-cooled

Details of Literature Review on 1CrMoV
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Preliminary heat-treatment

Quality heat-treatment

(Collins, 1978)

Not specified

Not specified

(Williams and Wilshire, 1981)

not specified

950°C/45min/air-cooled
675°C/3h

(Carruthers and Collins, 1983)

not specified

(Singh and Singh, 1997)

not specified

(Ohtani et al., 2006a)

1010°C/2h/air-cooled

950°C/1h/air-cooled
690°C/1h/air-cooled
980°C
700°C
950°C/2h/oil-quenched
690°C/6h/air-cooled

(Janovec et al., 2006)

not specified

1250°C/KOH-quenched
500-720°C/500-10000h
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Appendix B
Techniques for the Investigation of the Internal State

This Appendix summarises four different techniques for the characterisation of the internal
state of the material that were followed in the course of this project. These include the in-situ
measurement of electrical resistivity as well as the post-test measurements using differential
scanning calorimetry (DSC), mechanical spectroscopy (MS) and electron backscattered
diffraction (EBSD). While significant effort has been made to perform the feasibility studies
as presented in the following, these techniques had not proven to be effective for the
characterisation of the evolution of the internal state. In the following, only a short summary
of the different techniques is given.

B.1

Electrical Resistivity

Walther and Eifler (2007) performed measurements of temperature and electrical resistivity
changes during fatigue experiments and reported a significant variation of these physical
properties as a result of the microstructural evolution that is introduced by the cyclic
deformation. As the indirect in-situ monitoring of the internal state would provide many
advantages, a fully electrically insulated setup has been designed within the scope of this
project using load-bearing ceramic ZrO2 insulators, see Figure B.1.

Figure B.1

Electrically insulated setup for the in-situ measurement of electrical resistivity
during LCF tests.
255

256

Appendix B

Two voltage probes were spot-welded to the transition radii of the mechanical specimen and
three N-type thermocouples were further used for the monitoring of the temperature along the
gauge length. Three LCF tests were performed on 2CrMoNiWV at a strain amplitude of
±0.7%, a strain rate of 0.1%/s and a temperature of 565°C up to 50%, 25% and 2.5% of life.
A MATELECT DCM-2 device was used to measure the potential drop, i.e. the change in
resistivity at a constant current, of the material under observation during LCF loading. This
device is normally applied for the monitoring of crack propagation. The main goal of this
activity was to find a correlation of the measured resistivity with the observed microstructural
changes, i.e. the growth of subgrains and the decrease of the dislocation density. For this
purpose, a current of I = 50A (offset of 5mV) was applied, while 96 readings were acquired
every 2s (free running mode) and averaged. For data analysis, only the readings at zero load
are extracted to avoid any influence of the applied strain. The total electrical resistivity ρel,tot
could thus be determined from:

A U A
B.1
l
I l
A constitutes the cross sectional area of the sample, i.e. 50.27mm2, while l is the length
between the two voltage probes. The DCM-2 basically measures the voltage drop U.

ρel=
R=
, tot

Figure B.2 summarises the results obtained from the three LCF experiments. While the
actual level of the total resistivity ρel,tot appears to be relatively constant during the whole
experiment, differences arise for the transition from tension to compression and vice versa as
well as for the different experiments. The latter effect is simply due to minor differences in
the setup. ρel,tot can be regarded as being composed of a thermal and a defect related electrical
resistivity.

ρel=
ρel ,T + ρel , defect
, tot

B.2

ρel,T arises from an increased resistance towards electron movement at higher temperatures
due to the increased thermal vibrations, i.e. phonons. The defect related resistivity ρel,defect, on
the other hand, is related to the effect of dislocations, grain boundaries and precipitates on the
mobility of electrons. The experiment revealed a significant variation of temperature during
the test in the order of ±1°C which is the result of energy dissipation during plastic
deformation. ρel,T can thus be calculated using the following simple relation:

ρ el ,T= ρ 0 T0 (1 + α el (T − T0 ) )

B.3

ρ0[T0] is the reference resistivity at a reference temperature T0. This is chosen to be the initial
resistivity at zero strain before the start of the LCF test, as this constitutes only the effect of
temperature on the resistivity. The slope αel of the temperature dependent resistivity is taken
as an average value of electrical Fe and a stainless steel, as listed in (Hust and Lankford,
1984). Like this, ρel,T is then obtained as shown in Figure B.2. The defect related electrical
resistivity ρel,defect is finally obtained from the difference of the total and the thermal resistivity
ρel,tot –ρel,T. It is apparent from the results shown in Figure B.2 that the transition from tension
to compression leads to a negative value indicating a lower resistivity due to the effect of the
microstructural evolution and vice versa for the transition from compression to tension. A
comparison with the actually measured corresponding plastic strain reveals an apparently
important correlation. This can be rationalised from the following manipulation of Eq. B.1
using volume constancy Al = V0 and the definition of engineering strain ε = (l–l0) / l0.
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A
l

ρel=
R= R
, tot

V0

l (1 + ε )
2
0

2

B.4

As the total strain ε equals the plastic strain εpl at zero stress, it has to be concluded that
although the measurement principle appears to work, the resulting defect related electrical
resistivity is strongly correlated to the plastic strain. It thus provides no advantage over plastic
strain, why it was not further considered for the characterisation of the microstructural
evolution.

Figure B.2

Summary of the results of the electrical resistivity measurements: ρel,T denotes the
electrical resistivity as caused by the variation of the mean temperature Tmean; ρel,tot
describes the total electrical resistivity as measured; ρel,defect is the electrical resistivity
caused by defects, i.e. the difference between the total and the thermal electrical
resistivity.
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Differential Scanning Calorimetry

Differential Scanning Calorimetry (DSC) is a technique which measures the heat-flux
difference ΔP between a sample and an appropriate reference. In this way, the total amount of
stored energy in the sample can be determined. The anisothermal annealing method measures
the power difference between the sample and the reference upon their simultaneous heating at
a constant rate, see e.g. (Sinha, 2003). The area below the resulting curve is proportional to
the stored energy that is released during heating. Positive peaks correspond to a release of
stored energy and therefore an exothermal reaction. As indicated in Section 1.1.1, internal
stored energy arises mainly from the strain fields of the dislocations inherent to the material.
As recovery is enhanced by the presence of a high level of internal stored energy, it is
expected that DSC measurements of the as-received and differently fatigued conditions of
2CrMoNiWV would reveal differences in the power difference. The dependence of ΔP on the
mechanical strain amplitude of prior deformation has e.g. been observed by Papazian et al.
(1980).

Figure B.3

Normalised rate of energy release for two as-fatigued 2CrMoNiWV samples (gauge)
in comparison to the only thermally loaded end-sections (thread).

DSC measurements were performed at the Solid State Chemistry & Catalysis Laboratory
at Empa on a Netzsch DSC 404 Pegasus device in Ar atmosphere. Quadratic platelet samples
were cut both from the fatigued parallel length and from the mechanically unloaded thread
region of the mechanical specimens. Sapphire was used as a reference. The samples extracted
from the threaded region represent the undeformed as-received state assuming that mere
heating of the test temperature does not influence the internal state. Figure B.3 shows the
normalised power difference for two fatigued and two quasi as-received conditions. Two
exothermal peaks appear which probably correspond to the Curie temperature (A2 = 768°C)
where the ferromagnetic properties of ferrite are lost and the A3 temperature at approximately
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810°C where ferrite has completely transformed to austenite. As the ΔP curves of all states
basically coincided, it had to be concluded that the apparent differences in the microstructure,
i.e. a reduced dislocation density and their rearrangement to subgrains, do not lead to
significant changes of ΔP. DSC therefore is not sufficiently sensitive to characterise the
internal state of the fatigued material. The insensitivity may arise from the strong pinning of
dislocations that may not solely be overcome by thermal activation but requires additional
external stress.

B.3

Mechanical Spectroscopy

Mechanical spectroscopy is a technique that aims at the measurement of internal friction of
materials at very low mechanical strains, i.e. lower than the elastic limit, see e.g. (Schaller et
al., 2001; Tkalcec, 2004). For this purpose, a mechanically oscillating stress is applied to a
sample at a certain frequency and temperature. Thereby, the sample absorbs a certain amount
of mechanical energy which is directly dissipated. This not only leads to the damping of the
free oscillation but also to a phase lag between the applied stress and the measured strain
response. While the imposed loading only leads to a fully recoverable deformation, i.e. no
plastic deformation, this is made up of two specific parts: i) the elastic deformation which is
not only recoverable but instantaneously and linearly related to the imposed stress and ii) a
much smaller anelastic deformation which is also completely recoverable but only after a
finite time, i.e. a visco-elastic part. This latter anelastic deformation is responsible for the
frequency and temperature dependent behaviour at small strains. The origin of the internal
friction lies with very localised reversible movements of mobile microstructural entities.
These may be impurity atoms, dislocations or boundaries depending on the temperature and
frequency regime. In the case of dislocations, these may be mobilised if the local internal
stress is overcome by an externally applied stress and an additional thermal activation. Once
these dislocation segments are mobilised, they bow to and fro with the applied external load.
This movement is controlled by the Peierls-Nabarro stress, the interaction with interstitial or
solute atoms and by precipitates. The extent of internal friction thus not only depends on the
number of mobile dislocations but also on the interaction with local obstacles. See (Schaller et
al., 2001) for a thorough discussion of the different physical mechanisms. Mechanical
spectroscopy thus provides a sensitive indirect probe of the microstructure.
A feasibility study was performed in collaboration with the Laboratoire de Physique de
la Matière Complexe (LPMC) at the École Polytéchnique Fédérale de Lausanne EPFL. Two
methods were applied for the measurement of the internal friction, i.e. i) a vibrating reed setup
that imposed a forced vibration at the resonance frequency of the sample and ii) an inverted
torsion pendulum that imposed a lower frequency oscillation both measuring the amplitude of
its free decay. While the former was used to measure the dynamic elastic modulus and the
internal friction as a function of temperature in the 3kHz regime, the latter was applied for the
measurement of internal friction in dependence of both temperature and imposed strain
amplitude at 0.6 and 2Hz. See (Tkalcec, 2004) for further information about the setup.
Samples of the dimensions 36×4×0.5mm were extracted from the deformed gauge section of
the mechanical samples by EDM. The as-received and three as-fatigued conditions were
considered in the preliminary study, i.e. 565°C, 0.1%/s, ±0.25% (3794 cycles), 565°C,
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0.1%/s, ±0.4% (643 cycles) and 565°C, 0.1%/s, ±0.7% (3 cycles). The internal friction as
measured from the free-decay pendulum was determined from the logarithmic decrement:
 An 

 An +1 

δ = ln 

B.5

An is the n-th amplitude measured in the pendulum.

Figure B.4

Internal friction δ (top) and dynamic elastic modulus Edyn (bottom) in dependence of
temperature (at a frequency f = 3kHz) for the as-received 2CrMoNiWV and an asfatigued state (565°C, 0.1%/s, ±0.4%, 643 cycles).

Figure B.4 shows a temperature scan of the internal friction of an as-received and an asfatigued sample as obtained from the vibrating reed setup at a frequency of 3kHz. The solid
lines correspond to the heating phase of the samples, while the dashed lines represent the
internal friction characteristic upon cooling. It is firstly apparent that the internal friction level
of the as-received sample is higher than that of the as-fatigued sample. This may be a result of
the higher dislocation density in the initial material state. The strong increase of the internal
friction at approximately 600 °C probably corresponds to the A2 temperature, i.e. the Curie
temperature where the ferromagnetic properties are lost. It is further evident that the heating
and cooling characteristics may significantly differ which is probably a result of a change in
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microstructure after heating. The point-dashed curve for the as-fatigued condition corresponds
to the repetition in a second heating experiment. This clearly shows a much reduced internal
friction at room temperature with respect to the first heating experiment. It is anticipated that
this is due to a rearrangement of dislocations. After heating to 600°C the mobility of the
dislocations is increased, as indicated by the increased internal friction. Although a significant
difference between the as-received and the as-fatigued state is apparent, the preliminary
measurements have also revealed that there may arise significant measurement artefacts
leading to an increased level of uncertainty. This implies that the measurements should be
repeated with different samples to gain confidence in the results. Due to the relatively large
sample size, this is, however, not possible. Figure B.4 further shows the temperature
dependent dynamic elastic modulus and how it decays with increasing temperature.

Figure B.5

Internal friction δ in dependence of strain. As-received data is acquired at 0.6Hz,
while as fatigued data is acquired at 2Hz.

The results of further measurements at a lower frequency (0.6Hz and 2Hz) using the
inverted pendulum are shown in Figure B.5. The diagram summarises the amplitude
dependent internal friction measurements at different temperatures. It is observed that the
internal friction increases with strain amplitude and temperatures as a result of enhanced
dislocation movement. While the as-fatigued state at 565°C, 0.1%/s, ±0.7% (3 cycles) is
expected to be close to the as-received condition (as the microstructure is still reasonably
similar), it actually appears to be closer to another much more advanced as-fatigued state. The
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results are thus relatively difficult to interpret and repeated experiments are required for their
verification.
While mechanical spectroscopy constitutes an interesting and promising technique to
characterise the microstructural evolution, the results of the preliminary tests are not
conclusive and they indicate that a higher number of measurements need to be performed to
rule out experimental uncertainties. Due to the lack of a sufficient number of preconditioned
specimens and the relatively time intensive measurements, this approach has not been further
considered.

B.4

Electron Backscattered Diffraction

Besides the relatively simple sample preparation, handling and investigation possibilities,
EBSD features the advantage of being a quantitative method with which areas of significantly
different orientations can be distinguish, see e.g. (Ohtani et al., 2008; Ohtani et al., 2006b;
Schwartz et al., 2009). The spatial and angular resolutions are, however, at their limits for the
discrimination between different subgrains. Stereographical as well as interaction volume
effects have to be considered for the determination of dimensional features. Preliminary
EBSD studies were performed at the Electron Microscopy Centre at ETH Zurich (EMEZ)
within the scope of this project on an as-received and two as-fatigued conditions of
2CrMoNiWV (565°C, 0.1%/s, ±0.7%, 10 and 200 cycles). Figure B.6 to Figure B.8 show the
results of this first feasibility study. The figures summarise the information obtained by EBSD
illustrated in different ways from the top left to the bottom right:
Image Quality (IQ) Map
Dark regions constitute areas where the EBSD software was not able to successfully index the
acquired diffraction patterns. As grain-boundaries are crystallographically disturbed regions
they appear as dark lines. Furthermore, particles (cementite, carbides) appear dark if they do
not feature the same lattice structure as the matrix.
Inverse Pole Figure (IPF) Map
This map gives quantitative information of the absolute crystallographic orientation of the
observed area. In order to represent the orientation of the crystallite uniquely, the IPFs with
respect to two perpendicular directions are required. These directions are commonly chosen to
be the axes of the specimen.
Grain-Boundary (GB) Map
Grain boundary maps illustrate the boundary lines between two areas featuring a
misorientation of a defined orientation angle, i.e. blue: HAGBs (θ = 15° – 180°), magenta:
LAGBs (θ = 2° – 15°), red: LAGBs (θ < 2°).
Kernel Average Misorientation (KAM) Map
KAM maps highlight those pixels that deviate from their nearest or n-th nearest neighbour
pixels by a certain misorientation threshold value. This map enables the identification of very
slight fluctuations of the misorientations for example in the virgin condition where a high
dislocation density appears and the substructure is only ill-defined.
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It is apparent from the comparison of the KAM and GB micrographs in Figure B.6 and
Figure B.8 that a larger number of boundaries with misorientations below 2° is present in the
fatigued state after 200 cycles relative to the as received state. The subgrain sizes are in the
range between 0.1µm and 1µm. In contrast, the intermediate fatigued state after 10 cycles
does not show any significant difference to the as-received state, see Figure B.7. It is wellknown that the misorientation angles of subgrain boundaries increase during the course of
dynamic recovery. While fluctuations in the IPF coloration is apparent in Figure B.7, grain
boundary misorientations below 2° are not indicated in the KAM map. For this reason it has
to be concluded that the angular resolution of EBSD is insufficient to reliably resolve
subgrain changes at the early stages of fatigue life. Furthermore, at later stages of fatigue
where subgrains can be identified, they appear to have a size as small as 100nm which is in
the range of the penetration depth of the electron beam. Thus, a risk exists that the detected
EBSD signal is an average over a volume that is larger than the subgrain itself which could
lead to a falsification of the results. Due to these uncertainties, together with the relatively
large effort required to acquire a statistically significant number of measurements, EBSD was
not considered further for the characterisation of the microstructural evolution.
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Figure B.6
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EBSD maps of as-received 2CrMoNiWV. IQ – image quality, IPF – inverse pole
figure, GB – grain boundary, KAM – kernel average misorientations.
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Figure B.7
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EBSD maps of 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s and ±0.7% (10
cycles). IQ – image quality, IPF – inverse pole figure, GB – grain boundary, KAM –
kernel average misorientations.
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Figure B.8
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EBSD maps of 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s and ±0.7% (201
cycles, i.e. N2% ). IQ – image quality, IPF – inverse pole figure, GB – grain boundary,
KAM – kernel average misorientations.
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Appendix C
Selection of STEM Micrographs

A selection of additional STEM micrographs for different material states is given in this
Appendix. This includes STEM-BF, -DF and -HAADF images of the as-received state
(Figure C.1), and four as-fatigued states, i.e. 565°C, 0.1%/s, ±0.25% after 35 and 3794 cycles
(Figure C.2 and Figure C.3) as well as 565°C, 0.1%/s, ±0.7% after 19 and 201 cycles (Figure
C.4 and Figure C.5). While the BF and HAADF micrographs provide insight into the general
microstructure of 2CrMoNiWV and its carbide structure (material and orientation contrast),
the DF images show how the subgrain structure evolves with the onset of cyclic loading.
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Figure C.1

Appendix C

STEM-BF (p. 267), -DF (p. 268) and –HAADF (p. 268) micrographs of randomly
oriented as-received 2CrMoNiWV.
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Selection of STEM Micrographs

Figure C.2
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STEM-BF (p. 269), -DF (p. 270) and –HAADF (p. 271) micrographs of randomly
oriented 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s, ±0.25% for 35 cycles.
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Selection of STEM Micrographs

Figure C.3
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STEM-BF (p. 272), -DF (p. 272) and -HAADF (p. 273) micrographs of randomly
oriented 2CrMoNiWV subjected to LCF at 565°C, 0.1%/s, ±0.25% for 3794 cycles,
i.e. midlife condition.
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Selection of STEM Micrographs

Figure C.4
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STEM-BF (p. 274), -DF (p. 274) and -HAADF (p. 275) micrographs of (111) oriented
2CrMoNiWV subjected to LCF at 565°C, 0.1%/s, ±0.7% for 19 cycles, i.e. midlife
condition.
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Figure C.5

Appendix C

STEM-BF (p. 276), -DF (p. 277) and –HAADF (p. 278) micrographs of (111) oriented
2CrMoNiWV subjected to LCF at 565°C, 0.1%/s, ±0.7% for 201 cycles, i.e. midlife
condition.
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Appendix D
EDX Elemental Maps

This Appendix provides further EDX elemental maps for the as-received and one as-fatigue
(565°C, 0.1%/s, ±0.25%, 3794 cycles) state. Complementary information to Figure 3.31 in
Section 3.2.3 on the carbide morphology and composition is given by separate elemental
distributions for Fe, C, Cr, Mo, W and V and an additional overview micrograph of the region
analysed by EDX. Figure D.5 further gives the electron diffraction patterns as obtained from
selected carbides in the EDX-map shown in Figure D.4.

Figure D.1

EDX-map 1 of as-received 2CrMoNiWV. Top: HAADF overview micrographs.
Middle and bottom: EDX elemental maps.

279

280

Appendix D

+

Figure D.2

EDX-map 2 of as-received 2CrMoNiWV. Top: HAADF overview micrographs.
Middle and bottom: EDX elemental maps.

EDX Elemental Maps

Figure D.3
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EDX-map 3 of as-received 2CrMoNiWV. Top: HAADF overview micrographs.
Middle and bottom: EDX elemental maps.
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Figure D.4
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EDX-map 4 of as-received 2CrMoNiWV. Top: HAADF overview micrographs.
Middle and bottom: EDX elemental maps.

EDX Elemental Maps

Figure D.5
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Diffraction patterns from selected regions (1-7) of EDX map 4 as defined in the
HAADF micrograph.
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Figure D.6
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EDX-map of as-fatigued 2CrMoNiWV (565°C, 0.1%/s, ±0.25%, 3794 cycles). Top:
HAADF overview micrographs. Middle and bottom: EDX elemental maps.
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Appendix E
Hysteresis Loop Shape Analysis

Many of the studies using the continuous Masing model approach found in the literature focus
on the analysis of the hysteresis loop shape, in order to derive physical interpretations of the
mechanical behaviour, e.g. (Fardoun et al., 1997; Polák et al., 1996, 2001a, b; Polák and
Klesnil, 1982; Polák et al., 1982; Polák et al., 2002; Polák et al., 2011). These are concerned
with the decomposition of the total stress response into an effective and an internal stress part.
This Appendix presents the decomposition method by Polák et al. (1996; 1982; 1982).
On the basis of the approaches by Seeger (1954a, b) and Cottrell (1953), the applied
stress required for deformation can be split into a thermal and an athermal component, as
discussed in Section 1.1.3. This partition is a means to interpret the observed mechanical
behaviour from a material physical perspective. Furthermore, it gives rise to a decoupling of
kinematic (T and ε̇ independent) and isotropic (T and ε̇ dependent) hardening contributions to
the total mechanical response.

Figure E.1

Different loop shape analysis approaches used for the partition of stress: a)
(Kuhlmann-Wilsdorf and Laird, 1979), b) (Dickson et al., 1984) and c) (Fournier et
al., 2006b). a) and b) reprinted with permission from (Dickson et al., 1984) and c)
reprinted with permission from (Fournier et al., 2006b).

Procedures for the stress-strain hysteresis loop shape analysis have been put forward by
Kuhlmann-Wilsdorf and Laird (1979), Dickson et al. (1984) and Fournier et al. (2006a;
2006b). Figure E.1 shows how backstress X = σb = σint (athermal or long-range internal
stress) and friction stress σf = σeff = R + σv (thermal or short-range effective stress) are
obtained from the different hysteresis loop shape analysis approaches. The Cottrell method as
applied by Kuhlmann-Wilsdorf and Laird (1979) and Dickson et al. (1984), requires the
determination of the most linear elastic portion of the hysteresis loop. Viscous effects can
make the determination of the stress components difficult leading to large scatter of the
results. For this reason, Fournier et al. (2006a; 2006b) applied the Dickson-Handfield
approach using statistical process control principles for the determination of the backstress X,
isotropic stress R and viscous stress σv. The hysteresis loop shape approach by KuhlmannWilsdorf and Laird was for example applied by Morrison et al. (1994; 1994; 2001a, b) in
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several studies on polycrystalline Ni, examining the influence of friction stress and backstress
on the cyclic mechanical behaviour.
Polák et al. (1996; 1982; 1982) suggested a different approach for the analysis of the
hysteresis loop shape based on a continuous Masing concept, i.e. the statistical loop shape
analysis . As soon as the internal stress σ ry,int,i is reached and a plastic strain is build up at a
certain rate, an additional effective stress σ ry,eff,i[T, ε̇] is imposed in rate dependent materials.
This additional stress has transient character and needs to be overcome for further
deformation, see Figure E.2 a). The element yield stress is accordingly decomposed into an
athermal long-range internal stress σ ry,int,i and into a thermal short-range effective stress
σ ry,eff,i[T, ε̇].
=
σ yr ,i σ yr ,int ,i + σ yr , eff ,i T , ε 

E.1

It is thereby assumed that all strain rate and temperature effects are included in the effective
element yield stress component σ ry,eff,i[T, ε̇], whereas the internal element yield stress
component σ ry,int,i and thus also the shape of the yield stress distribution function ψ[σ ry,int,i]
remain unaffected by these deformation parameters.

Figure E.2

Comparison of approaches considering internal stress only (dotted), internal and
effective stress (transient, solid) and a quasi-elastic approximation of the latter
(dashed): a) stress-strain behaviour of BVE, b) element yield stress distribution
function. Temperature and strain rate dependent and therewith time-dependent
behaviour is seen between A and B as well as between C and D for |σi| ≥ | σ y,int,i|.

In order to calculate the transient effective stress component, a relationship between the
plastic strain rate and effective stress has to be adopted. Polák and Klesnil (1982) used a
Johnson-Gilman law (i.e. a power law) for this purpose.

ε pl = kσ effn ,i

E.2

Insertion of Eq. E.2 into the time derivative of the classical additive strain decomposition
ε = εel + εpl and using Eq. E.1 yields the differential equation for the effective stress in a BVE
that reached the internal element yield stress.

σn ,
∂σ eff ,i
= E 1 − k eff i

ε
∂ε







E.3
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This differential equation can be solved for constant strain rates and the saturated value of the
transient effective stress can be derived from Eq. E.3 using ∂σeff,i / ∂ε = 0 for the saturated
state.
1/ n

 ε 
σ eff , sat =  
k

E.4

In a quasi-elastic approximation that was also applied by Burmeister and Holste (1981),
Polák and Klesnil (1982) neglected the stress transient from the critical internal stress to the
total critical stress by simply adding the saturated effective stress component σeff,sat. It is
further assumed that all BVEs build up the same effective stress, i.e. all BVEs experience the
same thermally activated process at the same strain rate. The solution of Eq. E.3 is therefore
avoided by setting the effective element yield stress equal to the saturated effective stress
σeff,sat = σy,eff,i. Polák and Klesnil (1982) argue that this is justified by the very steep transition
phase as a result of a large exponent n in the order of 4 at room temperature. Other choices
than Eq. E.2 for the relationship between stress and the plastic strain rate lead to different
saturated effective stress values in Eq. E.4.

Figure E.3

a) Idealised tension-going hysteresis half-loop, b) its first derivative and c) its second
derivative. Reprinted with permission from (Polák et al., 1996).

In the presence of a saturated effective stress the element yield stress distribution
function, Eq. 4.21, is shifted by the saturated effective stress σeff,sat according to the quasielastic approximation, Figure E.2 b).

ψˆ=
Eε  ψ  Eε − σ eff , sat 

E.5

This is a direct consequence of the assumption that all BVEs experience the same thermally
activated mechanism and therefore the same saturated effective yield stress σeff,sat.
Figure E.3 shows the idealised tension-going stress response after prior compressive
loading. Upon reversal of the applied strain, plastic straining continues in the direction of the
stress due to the action of an effective stress component (Polák et al., 1996). Different ranges
of the element yield stress can be discussed on the basis of Figure E.3 showing the idealised
tension-going mechanical response upon foregoing compressive loading. εrE < σeff,sat: negative
effective stress in prior plastically deformed BVEs leads to the relaxation of plastic strain;
σeff,sat < εrE < 2σeff,sat: elastic unloading in majority of BVEs accomplished and positive buildup of effective stress in BVEs with lowest σy,int,i; εrE < 2σeff,sat: tensile plastic straining of
BVEs that reached the saturated effective stress 2σeff,sat.
The effective stress is obtained from the point where the second derivative of every
hysteresis half-loop is zero, i.e. the point where the effective internal stress of the BVEs has
relaxed and the first elements start to build up an internal stress component, Figure E.3. The
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effective elastic modulus is obtained from the value of the first derivative at the corresponding
effective stress. For strain reversals after deformation to higher strain amplitudes the second
derivative is observed to normally not reach zero but a minimum only. In this case, it is
suggested to chose the minimum (Polák et al., 1996). The internal element stress is
determined by subtracting the effective element yield stress from the total element yield stress
and thereby shifting the origin of the abscissa into the point of the effective stress.
An important improvement of this approach with respect to the Kuhlmann-WilsdorfLaird and the Dickson-Handfield method is the absence of the need to choose a criterion for
the determination of the elastic portion of the hysteresis loop. This choice can lead to
ambiguous results for the effective and internal stress. Consideration of a variation of the
saturated effective yield stresses in all elements leads to a distortion of the element yield
stress distribution function. The actually transient effective stress or the locally different
plastic strains (associated with the different element yield stresses) could lead to such
variations. As temperature and strain rate dependent distortions of the element yield
stress/strain distribution have to be expected, it is questionable whether an unambiguous
partition of the stress into thermal and athermal components on the basis of the stress-strain
hysteresis loop is possible. Furthermore, Christ (1991) indicates that a change of the
dislocation substructure can also cause a shift of the element yield stress distribution function
such that a shift purely due to the presence of an effective stress is unrealistic.
Finally, the discussed aspects about the statistical loop shape analysis approach
according to Polák et al. (1996) can be summarised as follows:
•

It is assumed that the total stress can be split into an athermal long-range internal stress
and a thermal short-range effective stress component for T < 0.2Tm.

•

As soon as the internal yield stress of a BVE is reached and plastic strain builds up,
additional effective stress is introduced due to the strain rate dependence.

•

The transient effective stress behaviour can be described by choosing a relationship
between plastic strain rate and stress (e.g. a power law).

•

The quasi-elastic approximation neglects this transient behaviour and assumes that all
element yield stresses are increased by a constant saturated effective stress.

•

It is assumed that all BVEs undergo the same thermally activated processes causing the
effective stress. Violations of this assumption lead to a distortion of the distribution.

•

In the presence of a saturated effective stress the actual element yield stress distribution
due to internal stresses is shifted by σeff,sat. A yield stress distribution that is determined
from the curvature of a stress-strain characteristic thus includes both thermal and
athermal components.

•

The effective stress is obtained from the minimum of the element yield stress
distribution; the effective elastic modulus from the first derivative at the corresponding
element yield stress.
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Evolutions of the yield stress distributions of tension-going half-loops for different
strain amplitudes and materials cycled at a strain rate of 0.4%/s at room
temperature: a)-c) AISI 316 austenitic stainless steel, d)-f) AISI 446 ferritic stainless
steel, g)-i) UNS31803 (with 0.1 wt.% N) stainless austenitic-ferritic duplex steel. a),
d), g) εa = ±0.3%; b), e), h) εa = ±0.75%; c), f), i) εa = ±1.25%. Reprinted with
permissions from (Polák et al., 2001a, b).

Numerous studies have been carried out on the basis of this statistical loop shape analysis
approach on various materials such as: AISI 316 L and LN austenitic stainless steels (Fardoun
et al., 1997; Polák et al., 1996, 2001a, b; Polák et al., 2011), AISI 446 ferritic stainless steel
(Fardoun et al., 1997; Polák et al., 2001a; Polák et al., 2002), UNS 31803 stainless austeniticferritic duplex steel (Polák et al., 2001b) and SAF 2205 stainless austenitic-ferritic duplex
steel (Fardoun et al., 1997; Polák et al., 2011).
Figure E.4 shows the yield stress distributions for three different materials that are
cyclically loaded at room temperature at three different strain amplitudes as given by Polák et
al. (2001a, b). AISI 316 and 446 cyclic harden initially before they slightly soften and
stabilise, while UNS 31803 is cyclically relatively stable. At a strain amplitude of ±0.3% AISI
316 austenitic stainless steel shows almost no changes of the position of the yield stress
distribution and only a slight narrowing of the peaks with ongoing cycling, see Figure E.4 a).
For the higher strain amplitudes ±0.75% and ±1.25% the yield stress distributions broaden
significantly and seem to be composed of two overlapping peaks, see Figure E.4 b) and c).
The main peak appears to remain centred at about 400MPa without significant changes in
position, whereas a second peak arises at about 750MPa. TEM studies by Obrtlík et al. (1994)
and by Gerland et al. (1997) indicate that the microstructural evolution of AISI 316L during
LCF leads to planar dislocation structures at low plastic strain amplitudes, while veins and
cells develop at high plastic strain amplitudes. For this reason the secondary peak is attributed
to the formation of a dislocation vein and cell structure in which the frequency of deformed
BVEs at higher stresses/strains is enhanced with respect to the original as-received condition.
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Polák et al. (2001b) show that the addition of N suppresses the formation of a cell structure in
AISI 316LN to the favour of a planar structure so that no secondary peak is formed under
LCF loading.
The AISI 446 ferritic stainless steel shows a minor and a major peak at about 400MPa
and 800-900MPa, respectively, independent of strain amplitude, Figure E.4 d)-f). Polák et al.
(2001a; 2002) put forward three different hypotheses for the origin of this minor peak: i) the
small peak is associated with a small fraction of remaining austenite in AISI 446; ii) the small
peak is associated with the mobilisation of bowed out edge dislocations which feature a
higher mobility with respect to screw dislocations (lower friction stress); iii) a reverse
magnetoelastic effect is responsible for the minor peak. While no minor peak was observed
for the first monotonic loading, hypothesis i) can be abandoned. Hypothesis ii) would either
imply that only a very small part of the overall dislocation entity is made up of edge
dislocations or that only a restricted part of them can be mobilised otherwise the minor peak
should show a higher amplitude. The reverse magnetoelastic effect (or Villari effect) was
reasonably discussed by Polák et al. (2002) but not conclusively proven by e.g. investigating
the influence of an outer magnetic field on the mechanical response. Magnetic anisotropy is
caused in axially strained samples such that magnetic domains align parallel (compressive
stress) or perpendicular (tensile stress) to the stress axis. This leads to magnetic induction and
– due to magnetostriction – to an extra strain in the direction of the applied stress (Polák et al.,
2002). This was also observed by Morrison et al. (2001a, b) for poly- and single-crystalline Ni
and by Becker and Kornetzki (1934) for carbonyl iron. The effect was observed to be stronger
for lower plastic strain amplitudes which was explained by a dependence of the effect on the
prevailing microstructure. Thus, the presence of a vein dislocation structure is enhancing the
effect compared to a dislocation cell structure where the effect is diminished (Jia et al., 2005;
Morrison et al., 2001a, b). The influence of dislocations on the magnetic domain wall
movement is stated as the origin of this dependence.
UNS 31803 contains about 50% ferrite and austenite each. Correspondingly, two peaks
of similar amplitude are found in the yield stress distribution function, see Figure E.4 g) – i).
The first peak at smaller element yield stresses was stated to correspond to the austenite peak;
the second one was attributed to the ferrite peak. Figure E.4 c) shows that the austenite peak is
shifted to lower element yield stresses with cycling. The ferrite peak on the other hand is
situated at about 1000MPa and moves to higher element yield stresses with cycling at lower
strain amplitudes and remains relatively stable at higher strain amplitudes. The cyclic stress
response of UNS 31803 at a strain amplitude of ±0.75% was shown to be slightly softening
and relatively stable. This leads to the conclusion that the softening of the austenitic phase at
lower to intermediate strain amplitudes is partially compensated by the hardening of the
ferritic phase.
The loop shape analysis of the AISI 446 ferritic stainless steel on the basis of Polák's
statistical approach yielded the results shown in Figure E.5 and Figure E.6, see (Polák et al.,
2001a, b). It appears that the effective elastic modulus reduces at all strain amplitudes in AISI
446. Polák interpreted the decrease of the effective modulus during cyclic loading as
originating from an additional anelastic strain due to the production of new dislocation
segments that bow out reversibly in the elastic regime. The increase at lower amplitudes of
the elastic modulus for long-term cycling in the ferritic steel was stated to be due to strainageing where mobile dislocations are pinned by interstitial C and N atoms. This pinning leads
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to a reduction of the anelastic strain and therefore to an increase of the effective elastic
modulus.

Figure E.5

Evolution of the effective modulus as determined with Polák's statistical loop shape
analysis for cyclic loading at the strain amplitudes ±0.3%, ±0.75% and ±1.25%,
strain rate of 0.4%/s at room temperature for AISI 446. EeffC is determined from the
tension-going and EeffT from the compression-going half-loop. Reprinted with
permissions from (Polák et al., 2001a, b).

Figure E.6

Evolution of the effective stress as determined with Polák's statistical loop shape
analysis for cyclic loading at the strain amplitude ±0.75% at a strain rate of 0.4%/s
at room temperature for AISI 446. Reprinted with permissions from (Polák et al.,
2001a, b).

Figure E.5 further shows that there is a significant and consistent difference between
tension- and compression-going elastic moduli, whereas the compression-going moduli are
always smaller than the tension-going ones. This was explained with changes of the diameter
and length in the deformed specimens. An estimation of this effect was given with the
relationship
4ε
Ec − Et = a
1 − ε a2

(

)

2

E

E.6

Figure E.6 shows the stress partition according to Polák's statistical loop shape analysis
approach. It is apparent that the effective stress makes up a minor part of the total stress
amplitude in the AISI 446 ferritic stainless steel and it is evident that the effective stress
remains relatively constant over the whole fatigue life. The characteristic changes of the total
stress amplitude are therefore mainly a result of the evolution of the internal stress with
changing dislocation substructures.
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In contrast to the determination of effective and internal stress with the method by
Kuhlmann-Wilsdorf and Laird or by Handfield and Dickson based on Cottrell's approach, the
statistical loop shape analysis approach does not require the assumption of subjective criteria
for the determination of the elastic regime. While it is shown that information can be gained
about microstructural changes, deformation mechanisms and phases, the derivation of
effective stress and modulus is questionable as machine control effects and numerical
artefacts from the determination of the second derivative are strongly influencing the small
strain regime from where the effective quantities are derived. The effective stress as
determined by a triangular wave form was e.g. found to be higher than that of a sinusoidal
wave form (Polák et al., 2011). For the determination of the first and second derivatives, the
stress-strain characteristic is normally fitted by an appropriate function, e.g. a high-order
polynomial or a Fourier series. Boundary effects due to a lack of data points lead to numerial
artefacts when the second derivative is determined, see Section 4.2.1. Furthermore, changes
of the microstructure can also lead to a shift of the yield stress distribution (Christ, 1991) and
its shape is also influenced by the variability of the thermal activation conditions as discussed
earlier in this Section. Thus, an unambiguous deconvolution of effective and internal stress is
questionable.
The following findings from the loop shape analysis can be indicative for the behaviour
of 2CrMoNiWV.
•

The element yield stress distribution is shown to be sensitive to the dislocation
substructure via its internal stress, to the specific deformation mechanism (dislocation
mobility, solute pinning, etc.) and to the mechanical behaviour of the specific involved
phases.

•

Uncertainties in the determination of the effective modulus and stress arise from machine
control, numerical artefacts, microstructural changes and the validity of the assumption
that all BVEs experience the same thermally activated mechanism (potential distortion).
The proper deconvolution of thermal and athermal stress from the stress-strain hysteresis
is therefore questioned.

An explorative hysteresis loop shape analysis according to Polák’s method was carried out
within the scope of this thesis, in order to determine the effective elastic modulus and to
establish the different contributions of effective and internal stress.
The effective elastic modulus Eeff was found to slightly decrease and almost remain
constant during evolution with cyclic loading, see Section 4.2.1. The effective stress σeff was
found to be larger for the compression-going loading branches, i.e. σeff,c > σeff,t, and to decrease
during cyclic loading, see Figure E.7. Significant scatter of the determined effective elastic
modulus and effective stress is present which is probably a result of numerical artefacts in the
strain reversal region. An asymmetry of slip for bcc materials is reported by Hull and Bacon
(2001) which is associated with the dissociation of screw dislocation cores. To mobilise a
dissociated screw dislocation, it has to be recombined again first. This is a thermally activated
process. As this effect is only observed in single crystal material at room temperature, it is
unlikely to provide an appropriate explanation for the apparent tension-compression
asymmetry of the effective stress. The effective stress σeff constitutes approximately 10 to
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20% of the total stress range. It does further not reveal a conclusive strain rate and
temperature dependence for the first monotonic cycle, see Figure E.7. Furthermore, the
parameter values of the first monotonic loading differ significantly from the values
determined for cyclic loading. As discussed earlier in this Appendix, this originates from the
non-constant strain rate at the load reversal points as well as possible numerical artefacts from
data smoothing at small relative strains where the effective parameters are determined.
Effective modulus and stress should therefore be treated with care and a larger uncertainty has
to be taken into account.

Figure E.7

Left: Temperature and strain rate dependence of the effective stress σeff in the first
monotonic loading, and right: evolution of the effective stress σeff with cyclic loading
(565°C, 0.1%/s, ±1%) separately for tension- and compression-going loading
branches as determined according to Polák's method.

While Polák's method solves the ambiguity associated with the determination of the
linear elastic modulus and the macroscopic yield stress in the approaches by KuhlmannWilsdorf and Laird (1979) and Dickson and Handfield (1984), it suffers from the nonconstant strain rate and numerical uncertainties in the strain reversal regions. Furthermore, it
neglects the variability of the effective stress throughout the material volume. Experience
therefore shows that the deconvolution of effective and internal stress from the macroscopic
stress response is afflicted with ambiguity and therefore restricted in its use.
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Appendix F
Constitutive Equations for Different φ[ε]

The constitutive equations for the different element yield strain distributions, as reviewed in
Section 4.2.2 (Table 4.3 and Table 4.2), are provided in this Appendix. This includes the
analytical curvature of the stress-strain characteristic (Table F.1) as determined from
dσ 2
= −κ Eϕ ε 
dε 2

F.1

The analytical tangent modulus is further given in Table F.2, where it exists, according to
ε

ε

dσ
d 2σ
d 2σ
=
E0 + ∫ 2 dε =
α E + ∫ 2 dε
dε
ε 0 dε
ε 0 dε

F.2

Table F.3 finally gives the analytical stress-strain relationships where they exist according to
ε

dσ
dε
ε 0 dε

σ ε=
 σ 0 + ∫

F.3

Analytical expressions for the stress-strain characteristic are found for all element yield strain
distributions except for the Weibull and Pearson VII distributions. In these cases, the stress is
obtained by two-fold numerical integration of the element yield strain distributions given in
Table F.1.
Table F.4 finally summarises the best-fit model parameters for the monotonic mechanical
response at 565°C and 0.1%/s, as discussed in the comparison of the different element yield
strain distributions in Section 4.2.2, and the benchmark comparison of different constitutive
models in Section 4.3.1.
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Table F.1

Distribution

Cauchy

Gaussian
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Curvature of stress-strain hysteresis.

Curvature of stress-strain hysteresis
d 2σ
= −κ E
dε 2
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Distribution
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Tangent modulus.

Tangent modulus
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Table F.3

Distribution
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Stress-strain relationship.

Stress-strain relationship σ[ε]
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Model parameters for the representation of the monotonic stress-strain
characteristic of 2CrMoNiWV (565°C, 0.1%/s), see Figure 4.18 and Figure 4.19.

Distribution

Parameters

Cauchy

E = 172330MPa
α = 0.9702

η = 0.0025

=
γ 6.5792 ⋅ 10−4

Gaussian

E = 165270MPa
α = 1.0249

η = 0.0026

γ = 0.0011

Logistic

E = 165770MPa
α = 1.0220

η = 0.0025

=
γ 6.3942 ⋅ 10−4

Rayleigh

E = 180000MPa
α = 1.0102

γ = 0.0020

Weibull

E = 190700MPa
α = 1.0016

γ = 0.0027

n = 1.7109

Pearson VII

β = 504.7058
E = 164490MPa
α = 1.0149

η = 0.0025

=
γ 7.5839 ⋅ 10−4

n = 1.1829

β = 504.7127
Split Pearson
E = 164490MPa
VII

η = 0.0024

=
γ 1 6.8853 ⋅ 10−4

n1 = 1.2518

=
γ 2 8.3940 ⋅ 10

−4

n2 = 1.3164

=
γ 1 6.5263 ⋅ 10−4

n1 = 1.1664

α = 1.0092

Two-peak
Pearson VII

Exp. decay
& split
Pearson VII
Exp. decay
& Cauchy &
split Pearson
VII

β1 = 504.7542
β 2 = 151.3363

η1 = 0.0027

n2 = 0.7279

η 2 6.6287 ⋅ 10 =
γ 2 4.0256 ⋅ 10
E = 164490MPa =
α = 1.0688
β 0 = 1120.7
γ 0 = 14890
β1 = 516.7671
η1 = 0.0025
=
γ 1 6.6447 ⋅ 10−4
E = 163640MPa
=
γ 2 8.0908 ⋅ 10−4
α = 1.0855
γ 0 = 12368
β 0 = 960.5835

n1 = 1.1993

=
γ 1 6.3521 ⋅ 10−4

n1 = 10006

=
γ 2 8.1869 ⋅ 10

−4

n2 = 1.1711

=
γ 3 2.2899 ⋅ 10

−4

−4

β1 = 452.0401
β 2 = 0.1155
E = 184830MPa

η1 = 0.0024

=
η 2 8.0362 ⋅ 10

−4

−4

n2 = 1.2773
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Model

Parameters

Cauchy

E = 172330MPa
α = 0.9702

η = 0.0025

RambergOsgood

E = 150100MPa

A = 548.6MPa

Chaboche 1

C1 4.502 ⋅ 104 MPa
E = 164700MPa =
σ 0 = 389.8MPa
γ 1 = 604.2

Chaboche 2

C1 1.862 ⋅ 106 MPa
E = 164700MPa =
=
C2 9.162 ⋅ 104 MPa γ 2 = 878.7
σ 0 = 168.4MPa
γ 1 = 9852

Chaboche 3

C1 2.039 ⋅ 106 MPa =
C2 2.71 ⋅ 105 MPa =
C3 2.81 ⋅ 104 M
E = 164700MPa =
σ 0 = 161.5MPa =
γ 2 = 2665
γ 3 = 476.4
γ 1 1.419 ⋅ 104

=
γ 6.5792 ⋅ 10−4

β = 0.03302
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Appendix G
Integration Scheme

The following simple integration scheme allows the simulation of a plastic loading/elastic
unloading deformation case in which the capability of the constitutive model to simulate the
strain hardening behaviour is tested, as discussed in Section 4.3.2. This situation is especially
complex as strain hardening leads to the increase of the macroscopic yield point in the loading
direction, while the unloading remains elastic. An appropriate simulation of reloading after
unloading from a maximum stress has to consider this increased yield stress.
In accordance with the presented modelling approach, separate parameter sets are
considered for tension- and compression-going loading ξt and ξc. The initial stress-strain
response can be directly calculated using Eq. 4.74 or numerically using Eq. 4.71. First, it is
checked whether the current strain increment implies loading or unloading. For every strain
increment it is further checked whether the estimated internal variable ^χ is larger or smaller
than its actual maximum or minimum achieved value χmax or χmin. If this case is positive, the
actual parameter set is set to ξmax or ξmin, respectively, i.e. the parameters sets with which the
actual memorised maximum or minimum χmax or χmin, respectively, have been obtained. In the
following, the total strain ε, the current relative internal variable χ̄, the absolute internal
variable χ and the stress σ are calculated. The final step includes a check for reversal points. A
strain reversal from tension to compression-going loading is indicated by a positive actual
strain increment and a following negative strain increment. The inverse is true for the reversal
from compression to tension-going loading. If a reversal point is indicated, the initial strain
value has to be set to the actual strain value. Additionally, if the current absolute internal
variable exceeds the maximum or minimum value χmax or χmin, the current parameters are to
be changed to the compressive or the tensile set, respectively, and ξmax or ξmin has to be reset
to the previous tensile or compressive parameters, respectively. Further details can be found
in Section 4.3.2.
The simple integration scheme presented here needs to be refined to enable the
constitutive model to predict e.g. a continuously increasing incremental step test that
simulates the continuously evolving tension- and compression-going elastic-plastic behaviour.
Furthermore, it needs to be able to adopt multi-axial loading situations.
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The integration scheme.

Initialisation

ε0 = 0
χ = χmax = χmin = χ^ = 0
ξt = ξmax = ξ0,t
ξc = ξmin = ξ0,c

Loading unloading

if

Check state

dε > 0
κ=1
ξ = ξt
else if dε < 0
κ = –1
ξ = ξc
χ^ = χi-1 + (χ[ξ, ε0, εi-1] – χ[ξ, ε0, εi])

 tensile loading

^χ ≥ χmax
ξ = ξmax
else if χ^ ≤ χmin

 further BVEs loaded in tension

if

ξ = ξmin
Integration

Update at reversal

 compressive loading
 estimated absolute χ

 further BVEs loaded in
compression

εi = εi-1 + dεi

 current total strain

χ̄ i = χ[ξ, ε0, εi]

 current relative χ

dσi = E(α – κχ̄ i)dεi

 current stress increment

dχi = dχ̄ i – dχ̄ i-1

 current χ increment

σi = σi-1 + dσi

 integration of current stress

χi = χi-1 + dχi

 integration of current absolute χ

if

 tension – compression reversal

dεi > 0
dεi+1 = (εi+2 – εi+1) ≤ 0
ε0 = εi

 set coordinate system to reversal

if

 further BVEs loaded in tension

χi ≥ χmax

point

ξc = ξc[χi]
ξmax = ξt
else if dεi < 0

 compression – tension reversal

dεi+1 = (εi+2 – εi+1) ≥ 0
ε0 = εi

 set coordinate system to reversal

if

 further BVEs loaded in

χi ≤ χmin
ξt = ξt[χi]
ξmin = ξc

point
compression

Appendix H
Experimental Model Parameter Evolution

This Appendix provides additional information on the evolution of the tensile model
parameters as determined by fitting of the model to experimental data for 2CrMoNiWV
subjected to cyclic deformation at 500°C and 565°C, 0.01%/s and 0.1%/s at the strain
amplitudes ±1.0%, ±0.7% and ±0.4% as discussed in Section 4.4.1.
The evolution of the model parameters appears to exhibit only little scatter from cycle to
cycle. This holds true for total strain amplitudes larger than ±0.7%, see Figure H.1 and Figure
H.2. For amplitudes as small as ±0.4%, the model still fits well to the data but due to the fact
that information from the long tails of the element yield strain distribution is missing,
uncertainty is introduced to the optimised values of α and γ which are less well determined
and thus causing larger scatter in their evolutions, see Figure H.3. LCF tests with strain
amplitudes smaller than the mode of the element yield strain distribution η suffer from an
essential loss of information as the peak position of the element yield strain distribution is not
included in the data anymore. The determination of η is then completely based on an
extrapolation which is founded on an increasingly uncertain basis with smaller strain
amplitudes. Uncertainties in the model parameter determination for 2CrMoNiWV are
reasonably low at strain amplitudes larger than ±0.4%.

303

304

Figure H.1

Appendix H

Evolution of tensile model parameters for cyclic loading of 2CrMoNiWV at a strain
amplitude of ±1.0% at different temperatures and strain rates.

Experimental Model Parameter Evolution

Figure H.2
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Evolution of tensile model parameters for cyclic loading of 2CrMoNiWV at a strain
amplitude of ±0.7% at different temperatures and strain rates.
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Figure H.3

Appendix H

Evolution of tensile model parameters for cyclic loading of 2CrMoNiWV at a strain
amplitude of ±0.4% at different temperatures and strain rates.
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Appendix I
Benchmark Experiments

Additional results for the comparison of the predicted and experimental benchmark
conditions, as discussed in Section 4.4.4, are presented in this Appendix. This includes the
comparison of as-predicted and as-measured tension- and compression-going loading
branches at the respective strain amplitude changes for the three different benchmark cycles,
see Figure I.1 to Figure I.3. Very good agreement is obtained for the decreasing strain step
cycle B, see Figure I.2, while the quality of prediction decreases for Cycle A and Cycle C, as
discussed in Section 4.4.4.
The predicted evolution of the model parameters for the different benchmark cycles is further
provided in Figure I.4 to Figure I.6.
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Figure I.1

Cycle A: Prediction of the relative tension- and compression-going loading branches
at the strain amplitude changes as obtained from the evolutionary model using
accumulation damping factor µ4.

Figure I.2

Cycle B: Prediction of the relative tension- and compression-going loading branches
at the strain amplitude changes as obtained from the evolutionary model using
accumulation damping factor µ4.

Figure I.3

Cycle C: Prediction of the relative tension- and compression-going loading branches
at the strain amplitude changes as obtained from the evolutionary model using
accumulation damping factor µ4.

Benchmark Experiments
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Figure I.4

Cycle A: Predicted tension- and compression-going model parameter evolutions
using the suggested evolutionary model with the accumulation damping factor µ4.

Figure I.5

Cycle B: Predicted tension- and compression-going model parameter evolutions
using the suggested evolutionary model with the accumulation damping factor µ4.
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Figure I.6

Appendix I

Cycle C: Predicted tension- and compression-going model parameter evolutions
using the suggested evolutionary model with the accumulation damping factor µ4.
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