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A B S T R A C T

The interaction of electron spins with homonuclear spin pairs in their vicinity is one of the dominating
mechanisms of electron spin echo decay at low temperature and low concentration. Here, we study this
mechanism using established concepts of electron spin echo envelope modulation (ESEEM). We obtain
analytical expressions for the Hahn echo, the refocused echo, the stimulated echo, and Carr–Purcell pulse trains
with small numbers of 𝜋 pulses. Hahn echo decay is well approximated by the product of nuclear pair ESEEM
functions. The same approximation can explain dependence of stimulated echo decay on the first interpulse
delay and provides reasonable time scale estimates for decay of Carr–Purcell echos after an odd number of 𝜋
pulses. Carr–Purcell echoes after an even number of 𝜋 pulses are rather sensitive to correlations within larger
nuclear spin clusters. Approximations improve for both odd and even numbers of 𝜋 pulses by factorising the
nuclear spin bath into disjoint clusters, provided that modulation due to pairs of spins belonging to different
clusters is considered in addition to cluster modulation. The analytical ESEEM expressions for the Hahn echo
and the Carr–Purcell echo after two 𝜋 pulses have the same mathematical form as the filter functions of
these sequences of spin noise spectroscopy. This coincidence provides a computationally very efficient way of
predicting Hahn echo decay induced by homonuclear spin pairs. The analytical pair product approximation
predicts the previously observed (Bahrenberg et al., 2021) increase of the refocused echo amplitude when one
refocusing time is incremented and other one is fixed but longer. In contrast, the spin-noise concept fails to
predict this effect.
1. Introduction

Electron spin typically resides in a bath of nuclear spins. It is known
since a long time that this hyperfine-coupled nuclear spin bath governs
decay of the two-pulse (Hahn) echo at low electron spin concentration
and sufficiently low temperatures [1]. Early experiments demonstrated
that stimulated echo decay is influenced by the nuclear spin bath as
well [2]. Careful experimental studies established that, for nitroxides
in glassy solvents at temperatures between 11 and 40 K, echo decay
is dominated by matrix protons, with distinct behaviour of methyl
protons [3]. A spin diffusion barrier had been assumed to prevent
protons very close to the electron spin to contribute to decay [4].
Electron spin memory loss to the nuclear spin bath attracted renewed
interest in the context of quantum information processing where it was
termed decoherence [5,6]. Based on an understanding of decoherence
as spectral-diffusion induced, prolongation of the decoherence time was
achieved by multi-pulse Carr–Purcell sequences [7]. Such prolongation
of electron spin phase memory was termed dynamical decoupling [8].
Microscopically, the decoherence is induced by flip-flops of nuclear spin
pairs that are in turn driven by dipole–dipole coupling between nuclear
spins. The terms of the spin Hamiltonian responsible for these flip-flops
act on the zero-quantum transitions of the pairs in the nuclear Zeeman

E-mail address: gjeschke@ethz.ch.

basis. If a nuclear spin is involved in two spin pairs, the two flip-
flop terms involving this spin do not commute, which renders an exact
treatment of nuclear bath-induced decoherence (NBID) unfeasible.

Approximate quantitative descriptions of NBID were developed in
terms of cluster expansion [6], linked-cluster expansion [9] and cluster-
correlation expansion (CCE) [10–12]. Alternatively, the effect of the nu-
clear spin bath can be understood in terms of nuclear spin noise. In this
picture, dynamical decoupling is explained by multi-pulse sequences
acting as filters on the spectral density function of this noise [13,14].
By reversing this idea, echo decay curves obtained with multi-pulse
sequences can be used to reconstruct the spectral density function
in an approach called noise spectroscopy [15–18]. The two pictures
were connected by deriving a description of the NIBD process in
terms of Gaussian spin noise from cluster expansion [19]. Recently,
a contribution to background decay in the constant-time six-pulse
relaxation-induced dipolar modulation enhancement (RIDME) exper-
iment was traced back to interaction of the electron spin with the
nuclear spin bath as well [20]. This decay contribution could be mod-
elled by a diffusion equation based on a picture of longitudinal spectral
diffusion induced by nuclear pair flip-flops [21].
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The understanding obtained by the quantum-information processing
community was taken up by the electron paramagnetic resonance (EPR)
community with the aims of characterising decoherence in glassy solids
and improving resolution of pulsed EPR experiments by dynamical
decoupling [22–30]. Two of the first three studies that applied CCE to
dense proton systems found that expansion up to order two, i.e. up to
only pairs, provided surprisingly good predictions [24,25]. On the other
hand, a study of refocused echo decay revealed that echo amplitude
is not a monotonous function of total evolution time for this pulse
sequence [28]. This finding indicates that NBID can be refocused rather
than merely suppressed, a fact that is at odds with a spin noise picture.

Here we try to gain a better understanding based on the fact that
CCE up to second order can be viewed as a factorisation of the decay
function into nuclear pair contributions. For nuclear pairs, analytical
expressions can be obtained, as has already been established for the
case of the Hahn echo [6]. We note that such expressions can be con-
veniently derived by product operator formalism [31] in analogy to the
case of electron spin echo envelope modulation (ESEEM) due to a single
nuclear spin 1/2 [32]. The nuclear pair ESEEM picture provides insight
into the microscopic mechanism of dynamical decoupling and into
the relation between the decays of the Hahn echo and the stimulated
echo. The analytical expressions allow for computationally efficient
simulation of decay curves. They provide a reasonable approximation
of dynamical decoupling efficiency for Carr–Purcell sequences with
an odd number of 𝜋 pulses, whereas they overestimate efficiency of
dynamical decoupling for an even number of 𝜋 pulses.

This paper is structured as follows. First, we provide a product
operator formalism framework for deriving analytical expressions for
nuclear pair ESEEM for arbitrary pulse sequences. Second, we discuss
dynamical decoupling on the example of a Carr–Purcell sequence with
two 𝜋 pulses. We further consider frequencies and modulation depths of
nuclear pair ESEEM in Carr–Purcell sequences with up to four 𝜋 pulses.
To this end, we compare experimental data from previous work [27]
with numerical simulations based on our analytical expressions and a
model for the water–glycerol glass. We consider limitations of describ-
ing decoherence during multipulse-sequences by a product of nuclear
pair ESEEM functions and introduce cluster factorisation as a computa-
tionally efficient way of improving on the pair product approximation.
Third, we consider stimulated echo decay in the nuclear pair ESEEM
picture and compare experimental results with simulations. Fourth,
we discuss the relation between the pictures of coherent nuclear pair
ESEEM and of stochastic spectral diffusion. Fifth, we relate nuclear pair
ESEEM to a spectral density function of spin noise for the Hahn echo
and the Carr–Purcell sequence with two refocusing pulses. Sixth, we
show that the recently observed increase of refocused echo amplitude
with increasing pulse sequence duration [28] is a consequence of re-
focusing of nuclear pair ESSEM. We conclude by considering questions
that remain open.

2. Theory

The simplest spin system for studying NBID consists of one electron
spin 𝑆 = 1∕2 and two nuclear spins 𝐼1 = 1∕2 and 𝐼2 = 1∕2. We formulate
the spin Hamiltonian in the rotating frame for the electron spin and the
laboratory frame for the two nuclear spins and express it in angular
frequency units,

̂ = 𝛺𝑆 𝑆̂𝑧 + 𝜔𝐼
(

𝐼1,𝑧 + 𝐼2,𝑧
)

+𝐴1𝑆̂𝑧𝐼1,𝑧 + 𝐴2𝑆̂𝑧𝐼2,𝑧

+𝜔nn

[

𝐼1,𝑧𝐼2,𝑧 −
1
4
(

𝐼+1 𝐼
−
2 + 𝐼−1 𝐼

+
2
)

]

, (1)

Herein, we have neglected the pseudo-secular part of the hyperfine
coupling thus excluding single-nucleus ESEEM. As pointed out by an
anonymous reviewer, the shift of nuclear frequencies by this contri-
bution can potentially lead to a situation where nuclear frequencies
become near-degenerate in one of the electron spin manifolds, but
2

Fig. 1. Geometry of the system consisting of one electron spin 𝑆 = 1∕2 (red) and two
uclear spins 𝐼1 = 1∕2 and 𝐼2 = 1∕2 (blue). The vertical arrow denotes the magnetic

field 𝐵0. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)

not in the other one. For such nuclear spin pairs, neglect of the
pseudo-secular coupling would substantially influence the predicted
contribution to electron spin decoherence. The case is beyond the scope
of the present paper and will be considered elsewhere. The nuclear
dipole–dipole coupling

𝜔nn =
𝜇0ℏ𝛾2𝐼
4𝜋𝑟3𝑛𝑛

(

1 − 3 cos2 𝜃nn
)

(2)

and through-space secular hyperfine couplings

𝐴𝑖 =
𝜇0ℏ𝛾𝐼 𝛾𝑆
4𝜋𝑟3𝑖

(

1 − 3 cos2 𝜃𝑖
)

(3)

depend on geometry of the nuclear spin pair with respect to the
magnetic field and to the electron spin as shown in Fig. 1. We neglect
chemical shift and nuclear J-coupling, which are much smaller than the
nuclear dipole–dipole coupling.

The nuclear flip-flop operators 𝐼+1 𝐼
−
2 +𝐼−1 𝐼

+
2 contribute the only off-

diagonal term. Since they do not connect the subspaces corresponding
to the 𝛼 and 𝛽 state of the electron spin, these subspaces can be
diagonalised separately by the transformations

𝑇 𝛼 = exp
{

−𝑖𝜂𝑆̂𝛼 (𝐼1,𝑦𝐼2,𝑥 − 𝐼1,𝑥𝐼2,𝑦
)}

𝑇 𝛽 = exp
{

−𝑖𝜂𝑆̂𝛽 (𝐼1,𝑦𝐼2,𝑥 − 𝐼1,𝑥𝐼2,𝑦
)}

. (4)

The rotation angle 𝜂 is visualised in Fig. 2(a) and given by

𝜂 = arctan
𝜔nn

𝐴1 − 𝐴2
. (5)

he nuclear zero-quantum frequency in the eigenbasis evaluates to

nZQ = 1
2

√

(𝐴1 − 𝐴2)2 + 𝜔2
nn , (6)

he two subspace transformations commute. Thus, they can be com-
ined into
̂EB = 2𝜂𝑆̂𝑧𝐼1,𝑦𝐼2,𝑥 − 2𝜂𝑆̂𝑧𝐼1,𝑥𝐼2,𝑦 . (7)

In its eigenbasis, the Hamiltonian takes the form

̂EB = 𝛺𝑆 𝑆̂𝑧 + 𝜔𝐼
(

𝐼1,𝑧 + 𝐼2,𝑧
)

+𝐴′
1𝑆̂𝑧𝐼1,𝑧 + 𝐴′

2𝑆̂𝑧𝐼2,𝑧

+𝜔nn𝐼1,𝑧𝐼2,𝑧 , (8)

with the effective hyperfine couplings

𝐴′
1,2 =

𝐴1 + 𝐴2
2

± 𝜔nZQ . (9)

By transforming the electron-spin excitation operator 𝑆̂𝑥 into the
eigenbasis,

𝑆̂
𝑇̂EB
⟶ cos2

( 𝜂 )
𝑆̂ +
𝑥 2 𝑥
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Fig. 2. Diagonalisation of the Hamiltonian (a) Subspace rotations by angle 𝜂 in
ounterclockwise direction in the electron spin 𝛼 subspace and in clockwise direction
n the 𝛽 subspace diagonalise the Hamiltonian. The effective nuclear zero-quantum
requencies have the same absolute value 𝜔nZQ. (b) The two nominally forbidden

transitions 𝛽𝛼𝛽 ↔ 𝛼𝛽𝛼 and 𝛽𝛽𝛼 ↔ 𝛼𝛼𝛽 (orange) become partially allowed, while
transition moment of the nominally allowed transitions 𝛽𝛼𝛽 ↔ 𝛼𝛼𝛽 and 𝛽𝛽𝛼 ↔ 𝛼𝛽𝛼
(red) is somewhat reduced. The transitions 𝛽𝛼𝛼 ↔ 𝛼𝛼𝛼 and 𝛽𝛽𝛽 ↔ 𝛼𝛽𝛽 (blue) remain
unaffected. (c) In the EPR spectrum, frequencies and amplitudes change for the inner
two lines of the hyperfine quartet (red labels). The forbidden transitions appear at the
unperturbed electron Zeeman frequency. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

4 cos
( 𝜂
2

)

sin
( 𝜂
2

)

×
(

𝑆̂𝑦𝐼1,𝑦𝐼2,𝑥 − 𝑆̂𝑦𝐼1,𝑦𝐼2,𝑥
)

+4 sin2
( 𝜂
2

)

𝑆̂𝑥𝐼1,𝑧𝐼2,𝑧 , (10)

and expanding the result into single-transition operators, we find that
the transition moment of the 𝛽𝛼𝛼 ↔ 𝛼𝛼𝛼 and 𝛽𝛽𝛽 ↔ 𝛼𝛽𝛽 transitions
coloured blue in Fig. 2(b)) remains unity, the one of the 𝛽𝛼𝛽 ↔ 𝛼𝛼𝛽
nd 𝛽𝛽𝛼 ↔ 𝛼𝛽𝛼 transitions (red) becomes cos 𝜂, and the one of the
𝛼𝛽 ↔ 𝛼𝛽𝛼 and 𝛽𝛽𝛼 ↔ 𝛼𝛼𝛽 transitions (orange) becomes sin 𝜂. This
ituation is analogous to the one encountered in single-nucleus ESEEM
xperiments [32] with the exceptions that in the pair case the angles
or the two subspace rotations are equal, the nuclear frequencies in
he two subspaces are equal, and the transition moments and nuclear
requencies do not depend on magnetic field.

In the formally forbidden transitions with transition moment sin 𝜂
ll three spins change their state. This exactly cancels all spin–spin
nteractions in the system. Hence, these transitions occur at the electron
eeman frequency, i.e. at the resonance offset 𝛺𝑆 in the rotating frame
Fig. 2(c)). The formally forbidden transitions with transition moment
os 𝜂 appear at frequencies 𝛺𝑆 ± 𝜔nZQ.

. Hahn echo decay

We are now in a position to compute an analytical formula for
uclear pair two-pulse ESSEM by product operator formalism. As a time
3

ariable we use the total length 𝑇 of the pulse sequence (Fig. 3(a) with
Fig. 3. Definition of time variables in the considered pulse sequences (a) Hahn echo
(𝑁 = 1 and Carr–Purcell sequences (𝑁 = 2…5) with total length 𝑇 . (b) Stimulated
echo sequence with preparation time 𝜏 and evolution time 𝑇 .

𝑁 = 1). The analytical expression for the spin density operator 𝜎det at
the time of detection follows from the thermal equilibrium spin density
operator −𝑆̂𝑧 by the following sequence of transformations

−𝑆̂𝑧

𝜋∕2𝑆̂𝑥
←←←←←←←←←←←←←←←←←←←←←←←←←→

𝑇̂EB
←←←←←←←←←←←←←←←←←→

̂EB𝑇 ∕2
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→

−𝑇̂EB
←←←←←←←←←←←←←←←←←←←←←→

𝜋𝑆̂𝑥
←←←←←←←←←←←←←←←←←→

𝑇̂EB
←←←←←←←←←←←←←←←←←→

…
̂EB𝑇 ∕2

←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→
−𝑇̂EB
←←←←←←←←←←←←←←←←←←←←←→ 𝜎det , (11)

The echo refocuses along the −𝑦 direction. Hence, the echo amplitude
𝑊 (𝑇 ) is the negative coefficient of 𝑆̂𝑦 in the expression for 𝜎det . We find

𝑊 (𝑇 ) = 1 − 3
2
𝜆 − 1

2
𝜆 cos

(

𝜔nZQ𝑇
)

+2𝜆 cos
( 1
2
𝜔nZQ𝑇

)

(12)

with the modulation depth

𝜆 = sin2 𝜂 cos2 𝜂 =

(

𝐴1 − 𝐴2
)2 𝜔2

nn
[

(

𝐴1 − 𝐴2
)2 + 𝜔2

nn

]2

=

(

𝐴1 − 𝐴2
)2 𝜔2

nn

16𝜔4
nZQ

. (13)

We have checked (see Supporting Information Section S1) that Eq. (12)
is equivalent to the analytical solution for pairs reported in [6].

As expected, the modulation vanishes when the nuclear dipole–
dipole coupling vanishes (𝜔nn = 0). It also vanishes when the hyperfine
coupling to both nuclei is the same (𝐴1 = 𝐴2). In this case, nuclear spin
flip-flops do not induce any local field change at the electron spin. The
modulation depth attains a maximum of 1∕4 at the field-independent
matching condition

|

|

𝐴1 − 𝐴2
|

|

= |

|

𝜔nn
|

|

. (14)

Eq. (12) has another interesting property. For small 𝜔nZQ𝑇 , where
the approximation cos(𝜔nZQ𝑇 ) ≈ 1−𝜔2

nZQ𝑇
2∕2 holds, one has 𝑊 (𝑇 ) ≈ 1.

Hence, the leading term in a Taylor expansion of the right-hand side of
Eq. (12) is of the fourth power in 𝑇 and 𝜔nZQ. For 𝜔nZQ𝑇 ≪ 1 we find

𝑊 (𝑇 ) ≈ 1 − 𝜆
64

(

𝜔nZQ𝑇
)4

≈ 1 −

(

𝐴1 − 𝐴2
)2 𝜔2

nn𝑇
4

1024
. (15)

As in the case of single-nucleus two-pulse ESEEM [33], echo mod-
ulation can be understood in terms of coherence transfer echoes. Such
echoes arise because the 𝜋 pulse transfers coherence between two
electron-spin transitions. The frequency difference between these two
transitions is then not refocused and appears as a modulation fre-
quency. In the case at hand, coherence on the fully allowed transitions
(blue in Fig. 2(b,c)) is simply refocused and not transferred to other
transitions. Coherence on the slightly disallowed (red) and slightly
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allowed (orange) transitions undergoes branching to other transitions
during the 𝜋 pulse. It is clear from Fig. 2(c) that four pairs of transitions
(𝜔26, 𝜔27), (𝜔26, 𝜔36), (𝜔37, 𝜔27), and (𝜔37, 𝜔36) cause phase gain with
frequency 𝜔nZQ after branching whereas only pair (𝜔26, 𝜔37) causes
phase gain with frequency 2𝜔nZQ. Since the phase gain arises only in
the interval of length 𝑇 ∕2 between the 𝜋 pulse and echo formation,
the modulation frequencies with respect to total length 𝑇 of the pulse
sequence are only half as large.

As a microscopic echo decay mechanism, such nuclear pair ESEEM
is at odds with descriptions were the frequency changes occur by
nuclear flip-flops at random times during free evolution. In fact, the
frequency changes are induced exclusively by the 𝜋 pulses. We shall
discuss below why descriptions that assume flip-flops at random times
can still be successful.

For single-nucleus ESEEM, the signal for a system with 𝑛 nuclei is
given by the product ∏𝑛

𝑖=1 𝑊𝑖, where the 𝑊𝑖 are the signals for a single
nucleus [32]. In the absence of couplings between nuclear spins this
product rule would be exact. This is because single-nucleus ESEEM is
generated by pseudo-secular terms in the spin Hamiltonian of the form
𝐵𝑖𝑆̂𝑧𝐼𝑖,𝑥, which pairwise commute (

[

𝑆̂𝑧𝐼𝑖,𝑥, 𝑆̂𝑧𝐼𝑗,𝑥
]

= 0). In contrast, the
pseudo-secular terms of the form 𝐼+𝑖 𝐼

−
𝑗 + 𝐼−𝑖 𝐼

+
𝑗 in nuclear pair ESEEM

do not commute for two pairs that share one nucleus. Hence, a product
rule does not strictly apply. However, in cases where CCE up to order
two is a good approximation [24,25,30], the product of nuclear pair
ESEEM signals is a good approximation as well. We consider all pairs
of nuclei and index them by 𝑝. Note that each nucleus belongs to many
pairs. Since single nuclei do not contribute to decay according to the
Hamiltonian given in Eq. (1), consideration of all these pairs does not
cause double counting. We can thus write for the Hahn echo decay due
to the nuclear spin bath in the analytical pair product approximation
(APPA)

𝑊 (𝑇 ) ≈
∏

𝑝
𝑊𝑝(𝑇 )

≈
∏

𝑝

[

1 − 4𝜆𝑝 cos4
(𝜔nZQ,𝑝𝑇

4

)]

, (16)

here we have rewritten the cosine terms in a shorter form. Because
ll the individual 𝜆𝑝 cos4

(

𝜔nZQ,𝑝𝑇 ∕4
)

are much smaller than unity, we
an write as an approximation of virtually the same quality

n𝑊 (𝑇 ) ≈ −4
∑

𝑝
𝜆𝑝 cos4

(𝜔nZQ,𝑝𝑇
4

)

. (17)

We have tested this proposition on existing Hahn echo decay
ata [27] for the nitroxide radical D-mNOPEG in natural isotope
bundance water/glycerol glass (1:1 v/v) acquired at a concentration
f 12 μM and a temperature of 40 K. To this end, we simulated a
ater–glycerol glass box with a density expected according to [34,35],
stimating the glass transition temperature as 𝑇g = 158 K according
o [36]. We used the OPLS-AA force field and a recent parametrisation
or glycerol [37] (see Supporting Information Section S2). After testing
or convergence, we selected pairs up to an electron–proton distance
f 35 Å and a proton–proton distance of 6 Å. We simulated the decay
ue to the product of 246’230 proton pair ESEEM traces averaged over
21 magnetic field orientations with respect to the atom coordinates.
n general, the experimental Hahn echo decay is known to feature a
ast contribution stemming from the methyl groups of the nitroxide
nd a slow contribution from the nuclear spin bath [22,27,29]. In
he cases considered here, the methyl tunnel ESEEM component is
irtually eliminated by deuteration of the methyl groups. As seen in
ig. 4, the experimental data (grey dots) is rather nicely predicted by
he product of nuclear pair ESEEM signals (red curve). The scatter of
he experimental data at early times stems from single-nucleus ESEEM.
ere and in the following, we have normalised the experimental data
y fitting them with a single stretched exponential function and setting
he amplitude of this function at 𝑇 = 0 to unity. We prefer this to
4

ormalisation with a fit on top of the modulation as used in earlier
Fig. 4. Hahn echo decay of D-mNOPEG (inset) at a concentration of 12 μM in 1:1
water/glycerol v/v and a temperature of 40 K (dark grey dots) and prediction by the
APPA expression (16). The red line is based on the water/glycerol box obtained with the
OPLS-AA force field and the green line on the box published as Supporting Information
of [30]. (For interpretation of the references to colour in this figure legend, the reader
is referred to the web version of this article.)
Source: Experimental data taken from [27].

analysis of this data [27], because destructive interference of single-
nucleus ESEEM introduces an additional decay component when fitting
on top. The APPA prediction depends only slightly on the model
for the water–glycerol glass, as seen by the green curve that nearly
coincides with the red curve. The green curve was simulated with the
water–glycerol box model published recently by Jahn et al. [30].

The simulation allows us to estimate the electron–proton distance
range where proton pairs contribute most strongly to electron spin
decoherence. To this end we binned products of nuclear pair ESEEM
signals with a resolution of 0.2 Å electron–proton distance. If the two
protons of a pair fell into different bins, the square root of the nuclear
pair ESEEM signal was assigned to each of the bins. The total decay
curve shown in red in Fig. 4 is the product of all bins. Fig. 5(a)
demonstrates that the fastest decay is caused by protons at distances
between about 6 Å and 10 Å. The contribution of proton pairs at dis-
tances to the electron spin shorter than 5 Å can be neglected, whereas
proton pairs up to distances of about 25 Å contribute perceptibly. This
distance range appears to be somewhat longer than the one found by
CCE simulations for a pure water box [25]. However, this is only a
consequence of the sensitivity of the visualisation in Fig. 5 to longer
times. The visualisation used in [25] is most sensitive near the phase
memory time of 4 μs found in this study. As seen in Fig. 5(b), we obtain
very similar results as Canarie et al. at this time, whereas proton pairs
at longer distances contribute more strongly at longer times when little
signal remains (Fig. S1 in the Supporting Information).

4. Dynamical decoupling

Extension of the approach in the previous section to Carr–Purcell
sequences with 𝑁 = 2…5 pulses (CP2,CP3, CP4, and CP5 sequences)
is straightforward. For 𝑁 = 2 we find

𝑊 (𝑇 ) = 1
64

[5 cos(2𝜂) + 10 cos(4𝜂)

−5 cos(6𝜂) + 54]

+ 2 sin4 𝜂 cos2 𝜂 cos
( 1
4
𝜔nZQ𝑇

)

+2 sin4 𝜂 cos2 𝜂 cos
( 1
2
𝜔nZQ𝑇

)

−2 sin4 𝜂 cos2 𝜂 cos
( 3𝜔 𝑇

)

4 nZQ
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Fig. 5. Dependence of the nuclear pair ESEEM contribution to Hahn echo decay on distance between the electron spin and proton pairs. (a) Shown is the decay factor due to
pairs in 0.2 Å wide bins as a function of total sequence length 𝑇 and distance. (b) Shown is the dependence of the decay factor due to pairs in 0.2 Å wide bins as a function of
distance for a total sequence length 𝑇 = 4μs.
+ 1
2
sin4 𝜂 cos2 𝜂 cos

(

𝜔nZQ𝑇
)

. (18)

This can also be written in a more compact form as

𝑊 (𝑇 ) = 1 − 4 sin4 𝜂 cos2 𝜂 sin4
(𝜔nZQ𝑇

8

)

× sin2
(𝜔nZQ𝑇

2

)

∕ cos2
(𝜔nZQ𝑇

4

)

. (19)

The expressions for 𝑁 = 3 (CP3 sequence) and 𝑁 = 4 (CP4 sequence)
are given in Section S3 of the Supporting Information. For the CP2
sequence, the leading term in a Taylor expansion for small 𝜔nZQ𝑇 is
of the sixth power in 𝑇 and 𝜔nZQ. We find for 𝜔nZQ𝑇 ≪ 1

𝑊 (𝑇 ) ≈ 1 −
sin4 𝜂 cos2 𝜂

4096
(

𝜔nZQ𝑇
)6 . (20)

The main contributions to dynamical decoupling are immediately
apparent in Eq. (18). Some of the modulation terms have lower frequen-
cies than for the Hahn echo and the amplitude of the modulated terms
is reduced. The reduction is apparent from scaling of the modulated
terms with sin4 𝜂 rather than with sin2 𝜂 as in the case of the Hahn echo.
The maximum value of sin2 𝜂 = 1 corresponds to cos2 𝜂 = 0, where
modulation vanishes. For most nuclear spin pairs, sin2 𝜂 ≪ 1, which
leads to strong suppression of the modulation, and thus of echo decay.
Note that for 𝑁 = 3 refocusing pulses, there exist modulation terms that
do not feature an additional factor sin2 𝜂 (see Eq. (S3) in the Supporting
Information). However, the frequency of these terms is reduced by a
factor of three compared to the Hahn echo. For an even number of
𝜋 pulses, as in the CP2 and CP4 sequences, modulation terms that
scale with only sin2 𝜂 cancel by symmetry. For each coherence transfer
pathway that causes such modulation, there is a symmetric pathway
that causes the same modulation with opposite sign of the phase.

Fig. 6a shows that prediction of echo decay by the APPA (red line)
is in much worse agreement with experiment (dark grey dots) for the
CP2 sequence than it is for the Hahn echo sequence (compare to Fig. 4).
Some worsening is expected, as the signal persists to longer times,
where perturbation of pair modulation by coupling to further nuclear
spins will be more apparent. However, at first sight it is surprising
to which extent agreement deteriorates. This deterioration may be
explained by the expected scaling of the modulation depth due to
correlation of spin pairs 𝑝1 and 𝑝2 with sin2 𝜂𝑝1 sin

2 𝜂𝑝2 . For the Hahn
echo, this scaling factor is much smaller than the one for pairs. For
the CP2 sequence, where the scaling factor for pairs is proportional to
sin4 𝜂𝑝, correlation contributions are expected to be of the same order
of magnitude as pair contributions.

Even more surprisingly, for the CP3 sequence, the APPA predicts
faster decay than is experimentally observed (Fig. 6b). For the CP4
5

sequence, we again find that the decay predicted by the APPA is slower
than the one observed experimentally (Fig. 6c), whereas for the CP5
sequence, it is slightly faster (Fig. 6d).

5. Cluster factorisation

The Hahn echo decay can be predicted quite well by the APPA
(Fig. 4). The same does not apply to Carr–Purcell echo decays (Fig. 6).
This suggests that the Carr–Purcell experiments, in particular the ones
with an even number of 𝜋 pulses, are more sensitive to correlations
between pairs. For the dense proton bath we are dealing with, studying
this issue by CCE computations of increasing order is computationally
very expensive. The matching condition Eq. (14) and scaling of the
nuclear pair modulation depth with sin2 𝜂 suggest that only a small
fraction of pairs interact significantly with each other. However, any
attempt to cluster solely by considering sin2 𝜂 led us to cluster sizes that
were still intractably large.

This raises the question why the pair product approximation works
so well for the Hahn echo decay. We find that an interaction can be ne-
glected for a pair (𝑘, 𝑙) even if sin2 𝜂𝑘𝑙 is sizeable, provided that 𝜔nZQ,𝑘𝑙𝑇
is sufficiently small. In other words, all interactions are negligible that
are too small to cause significant phase gain during the time where the
echo signal decays below noise level. This effect is somewhat akin to
dipolar truncation in solid-state NMR [38]. As a measure of significance
of a pair (𝑘, 𝑙) of nuclei, we can thus consider 𝜆𝑘𝑙[1 − cos(𝜔nZQ,𝑘𝑙𝑡)]
at times 𝑡 shorter than the typical decay time. In particular, we are
interested in a threshold, where the pair (𝑘, 𝑙) does not significantly
perturb spin dynamics in a cluster that contains nucleus 𝑘, but not
nucleus 𝑙. The perturbation is negligible either if 𝜆𝑘𝑙 is very small or
if 𝜔nZQ,𝑘𝑙𝑡 ≪ 1. In both cases, we can approximate cos(𝜔nZQ,𝑘𝑙𝑡) by
cos 𝑥 ≈ 1 − 𝑥2∕2. Hence, in clustering we can neglect interactions with
𝜃𝑘𝑙 < 𝜖, where

𝜃𝑘𝑙 =
𝜆𝑘𝑙
2

𝜔2
nZQ,𝑘𝑙 (21)

and 𝜖 is a suitably low threshold. We estimated 𝜖 as follows. In the
prediction of Hahn echo decay we neglected pairs with 𝜃𝑘𝑙 < 𝜖 and
increased 𝜖 until the prediction deviated from the prediction for 𝜖 = 0
by more than 1% of the echo maximum. We found that a threshold
𝜖 = 1 ⋅ 10−5 (Mrad∕s)2 provides good predictions. Here and in the
following, Mrad/s denotes an angular velocity of 106 radian per second.

With this in mind, we perform clustering based on a list of all pairs
(𝑘, 𝑙) with 𝜃𝑘𝑙 > 𝜖, starting from the pair with maximal 𝜃𝑘𝑙. The nucleus
with index 𝑛, for which the sum 𝜃𝑘𝑛+𝜃𝑙𝑛 is maximal is added to provide
a cluster of size 3. The procedure is iterated up to a maximum cluster
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Fig. 6. Prediction of Carr–Purcell echo decays in 1:1 water/glycerol v/v by different approaches and comparison with experiments performed on D-mNOPEG at a concentration
of 12 μM and a temperature of 40 K (dark grey dots). Amplitude of the experimental data was normalised by fitting a stretched exponential decay. Experimental data taken
from [27]. Red lines correspond to the APPA predictions and all lines with other colours to cluster factorisation with parameters indicated in the legend. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web version of this article.)
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size 𝑠max by always adding the nucleus with index 𝑛 that maximises
∑

𝑖 𝜃𝑖𝑛, where index 𝑖 run over all nuclei already belonging to the
cluster. At this point, the cluster is stored and all pairs of nuclei within
this cluster are removed from further consideration. The procedure
is then repeated with the pair from the remaining list that features
maximal 𝜃𝑘𝑙. In practice, we found that most nuclei were assigned to
clusters with the maximum size 𝑠max. This still leaves a large list of
remaining pairs (𝑛, 𝑚) of nuclear spins that belong to different clusters
but have 𝜃𝑛𝑚 > 𝜖. Modulation due to these pairs must be considered
as well. At 𝜖 = 1 ⋅ 10−5 (Mrad∕s)2 we obtained about 1090 clusters
and about 21 800 pairs from a water–glycerol sphere with radius 25 Å
at 𝑠max = 4. These numbers depend slightly on orientation of the
water–glycerol box with respect to magnetic field.

Computational effort increases drastically with increasing 𝑠max,
ince Hilbert size dimension scales with 2𝑠max and computation time
or matrix multiplications scales with the third power of Hilbert size
imension. Simulations of echo decays are feasible for 𝑠max ≤ 8. An
lternative approach for considering more correlations lies in reducing
he threshold 𝜖. To this end we considered all 9156 protons in the
0×50×50 Å3 water–glycerol box. At 𝑠max = 4 and 𝜖 = 1 ⋅10−6 (Mrad∕s)2

e obtained about 2200 clusters and 176 000 pairs.
Considering cluster correlations in this way does not significantly

lter the predictions for Hahn echo decay (Supplementary Fig. S2). In
6

ontrast, predictions for Carr–Purcell echo decays differ substantially (
from the ones obtained by the APPA. For the CP2 sequence we per-
formed computations with 𝑠max = 4, 6 and 8 at 𝜖 = 1 ⋅ 10−5 (Mrad∕s)2

and with 𝑠max = 4 and 6 at 𝜖 = 1 ⋅ 10−4. The results are shown
in Fig. 6. Decreasing 𝜖 from 1 ⋅ 10−4 (Mrad∕s)2 to 1 ⋅ 10−5 (Mrad∕s)2

has almost no effect. Therefore, we refrained from computations with
𝜖 = 1 ⋅10−6 (Mrad∕s)2. In contrast, increasing 𝑠max from 4 to 6 improves
he simulation substantially. Further minor improvement is observed
y increasing 𝑠max to 8. At this point, cluster factorisation appears to
e converged. The converged prediction is significantly better than the
rediction obtained by the APPA. Yet, it still differs substantially from
he experimental result.

For the remaining Carr–Purcell sequences we performed computa-
ions with 𝑠max = 4 and 6 at 𝜖 = 1⋅10−5 (Mrad∕s)2. For odd numbers of 𝜋
ulses (CP3, CP5), cluster factorisation appears to be nearly converged
lready at 𝑠max = 4. Interestingly, for these cases cluster factorisation
ndeed predicts slower decay than application of the APPA. Although
he simulations for the CP3 and CP5 sequences are not as good as
or the Hahn echo sequence, they rather nicely predict the sequence
uration 𝑇1/2 where the echo decays to half its maximum amplitude.
n contrast, for the CP4 sequence discrepancy between the simulated
nd experimental decay is similar to the one for the CP2 case.

We checked whether this discrepancy is caused by the model of
he water–glycerol glass obtained by molecular dynamics simulations

Fig. 7). For this, we compared the simulated CP2 decay for two
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Fig. 7. Comparison of predictions of the CP2 echo decay by cluster factorisation with
different models for the water–glycerol glass. The grey dots are experimental data taken
from [27] and the coloured lines correspond to different glass models as described in
the legend and main text. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

trajectory frames at 1 μs (green line) and 2 μs (blue line) from our
MD simulation at 50 K, for the final frame of our MD simulation at
270 K (red line), and for the water–glycerol box published by Jahn
et al. [30]. While our glass models were obtained with the OPLS-
AA force field (OPLS-DES parametrisation for glycerol [37], simple
point charge model for water), the water–glycerol box from [30] is
based on the CHARMM36 force field. The difference between the two
OPLS-AA trajectory frames at 50 K is minor. Likewise, the difference
between OPLS-AA simulations at 50 K and 270 K is small. Note that
we used the density estimate for a temperature of 50 K also in the
simulation at 270 K. In contrast, the difference between our OPLS-
AA simulations and the CHARMM36 simulation from [30] is sizeable.
This result does not depend on whether we include all protons in the
respective boxes or only protons in a sphere with radius 25 Å. All
these simulations substantially underestimate experimental CP2 echo
decay. The result suggests that the CHARMM36 force field provides
a better model for the water–glycerol glass than the OPLS-AA force
field. However, given the remaining deviation from experiment and its
unknown origin, we cannot safely conclude this. We tentatively assign
the remaining deviation to the use of ideal (infinitely short) pulses in
our simulation, which was necessitated by an accuracy of the numerical
matrix exponential that is too poor for performing simulations with
pulses of finite length.

As seen in Fig. S3 in the Supporting Information, differences be-
tween glass models are almost negligible in cluster factorisation simu-
lations of the Hahn echo decay and very minor for the CP3 and CP5
experiments with odd numbers of 𝜋 pulses. For the CP4 experiment,
the difference is pronounced, yet smaller than for the CP2 experiment.
This suggests that the CP2 echo decay is most sensitive to local glass
structure. That the Hahn echo decay is rather insensitive to the glass
model can be explained by its insensitivity to correlations between
more than two protons. Presumably, Hahn echo decay is dominated
by proton pairs bound to the same heavy atom. Bond lengths and
bond angles are expected to agree closely between different force
fields. The correlations detected by the CP2 experiment are likely to
involve protons that are connected by hydrogen bonds. Hydrogen-bond
geometry is expected to vary more strongly between different force
fields.
7

g

Fig. 8. Experimental stimulated echo decays (coloured dots) for 25 μM 3-amido-Proxyl
(inset) in 1:1 water/glycerol v/v at a temperature of 50 K at different first interpulse
delays 𝜏 as indicated on the right. The black lines correspond to simulations by the
analytical expression Eq. (22) using a water/glycerol 1:1 (v/v) glass box described in
Section S2 of the Supporting Information. Vertical scaling was fitted separately for
each value of 𝜏. (For interpretation of the references to colour in this figure legend,
the reader is referred to the web version of this article.)

6. Stimulated echo decay

In analogy to single-nucleus ESEEM, we expected that echo mod-
ulation should also arise for a stimulated echo sequence (𝜋∕2) − 𝜏 −
𝜋∕2) − 𝑇 − (𝜋∕2) − 𝜏 − 𝑒𝑐ℎ𝑜. We computed the corresponding analytical
xpression by assuming suppression of other echoes by phase cycling.
ince the result depends on electron spin resonance offset 𝛺𝑆 , we
ntegrated it over an infinitely broad uniform distribution of 𝛺𝑆 . We
omputed the expressions 𝑊 𝛼 for the electron spin in the 𝛼 state and
𝛽 for the electron spin in the 𝛽 state during delay 𝑇 separately.

s known from the case of single-nucleus ESEEM, in principle, the
xpressions for 𝑊 𝛼 and 𝑊 𝛽 need to be multiplied separately [32].
ecause of the symmetry of the nuclear-pair ESEEM problem, we find
𝛼 = 𝑊 𝛽 = 𝑊 with

(𝑇 , 𝜏) = 1 − 2𝜆 sin2
(𝜔nZQ

2
𝜏
)

×
[

1 − cos
(

𝜔nZQ (𝜏 + 𝑇 )
)]

(22)

ence, in the APPA for nuclear-pair ESEEM, we can multiply the 𝑊
nstead of separately multiplying the 𝑊 𝛼 and 𝑊 𝛽 . The symmetry arises
rom evolution of nuclear zero-quantum coherence during time 𝑇 . The
requency 𝜔nZQ of this coherence does not depend on electron spin
tate.

The expression (22) reveals why decay of the stimulated echo
s much slower than decay of the Hahn echo, despite the fact that
odulation depth is the same and that the modulation frequency with

espect to time 𝑇 is of the same order of magnitude. The equivalent of
he three-pulse ESEEM blindspot factors

in2
(𝜔nZQ

2
𝜏
)

= 1
2
[

1 − cos
(

𝜔nZQ𝜏
)]

, (23)

is small at typical values of the first interpulse delay 𝜏, causing atten-
ation of the decay compared to the Hahn echo decay. The increase
f this factor with increasing delay 𝜏 explains why the stimulated echo
ecays the faster the longer 𝜏 is.

Fig. 8 compares predictions based on Eq. (22) and the APPA with
xperimental data obtained on 3-amido-Proxyl in a 1:1 (v/v) water–
lycerol glass at 50 K at different delays 𝜏 (coloured dots). We have
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confirmed by an inversion recovery experiment that longitudinal re-
laxation is much slower than stimulated echo decay under these con-
ditions (Fig. S4 in the Supporting Information). The initial amplitude
at 𝑇 = 0.08 μs is strongly affected by conventional single-nucleus
ESEEM, whose prediction would require knowledge of the proton hy-
perfine couplings of the spin probe. Therefore, we scaled amplitude of
the experimental decay traces individually for each value of 𝜏. With
his provision, the APPA predicts stimulated echo decay quite well.
esiduals are shown in Fig. S5 in the Supporting Information.

. Relation to spectral diffusion models

Faster decay of the stimulated echo than by the longitudinal relax-
tion rate 1∕𝑇1 and the dependence of this decay on interpulse delay 𝜏

have been previously explained by a different picture. In this picture,
the subsequence (𝜋∕2) − 𝜏 − (𝜋∕2) generates a polarisation grating
os(𝛺𝑆𝜏) [32]. The stimulated echo is, effectively, the free induction
ecay of this grating. Spectral diffusion levels the polarisation grating,
hus leading to stimulated echo decay. As a longer interpulse delay

causes a finer grating on the frequency scale, the rate of levelling
ncreases with increasing 𝜏. At low temperature and high dilution, the
nderlying spectral diffusion was assumed to stem from nuclear spin
lip-flops, which change the electron spin resonance frequency by the
ifference of the hyperfine couplings to the two nuclei.

The microscopic mechanism for stimulated echo decay suggested
y the nuclear pair ESEEM treatment is different. The longer 𝜏 is, the
ore electron spin magnetisation is transferred to nuclear pair zero-

uantum coherence. This coherence decays during time 𝑇 due to the
arge number of nuclear spin pairs with non-negligible modulation
epth and the distribution of their zero-quantum frequencies 𝜔nZQ. The
tochastic aspect arises from random distribution of protons around
ach individual electron spin. A phenomenological description in terms
f a diffusion equation can still be appropriate. In fact, in recent work
ignal decay for the related constant-time five-pulse RIDME sequence
s a function of two parameters related to delays 𝜏 and 𝑇 could be
lobally fitted with a two-parameter nuclear spin diffusion model [21].
urther work will be required for understanding the relation between
he two approaches in a quantitative manner.

. Relation to spectral density of spin noise

Previous analysis of a series of a set of multi-pulse echo decay data
n terms of a nuclear spin noise spectrum provided consistent results
or Carr–Purcell and Uhrig dynamical decoupling sequences with 𝑁 =
…5 pulses [29]. Here we construct the noise spectrum 𝑆 from first
rinciples, using Eq. (12) and our spatial model of the nuclear spin bath
water–glycerol glass). We assume that the APPA holds and that each
uclear pair contributes only a very small fraction to Hahn echo decay.
irst, we note a similarity between Eq. (12) and the filter function
(𝑧) = 𝐹 (𝜔𝑇 ) given for the Hahn echo in [14],

(𝑧) = 8 sin4
( 𝑧
4

)

= 8 sin4
(𝜔𝑇

4

)

. (24)

By substituting 𝜔 = 𝜔nZQ, we can formally rewrite the APPA expression
or Hahn echo decay, Eq. (16), as

(𝑇 ) =
∏

𝑝

[

1 −
𝜆𝑝
2
𝐹 (𝜔nZQ,𝑝𝑇 )

]

. (25)

he quantity that can be predicted from the filter function 𝐹 and the
oise spectrum 𝑆 is the attenuation function 𝜒(𝑇 ) = − ln𝑊 (𝑇 ) =
∞
0 d𝜔∕𝜋 𝐹𝑆∕𝜔2 [18]. We have

(𝑇 ) = −
∑

𝑝
ln
(

1 −
𝜆𝑝
2
𝐹 (𝜔nZQ,𝑝𝑇 )

)

≈
∑ 𝜆𝑝 𝐹 (𝜔nZQ,𝑝𝑇 ) , (26)
8

𝑝 2
here we have substituted ln(1 − 𝑥) ≈ −𝑥, which is justified by
𝑝𝐹 (𝜔nZQ,𝑝𝑇 )∕2 ≪ 1 for any individual pair at times 𝑇 where the Hahn
cho is still observable.

Using 𝜒(𝑇 ) = ∫ ∞
0 d𝜔∕𝜋 𝐹𝑆𝜔2, Eq. (26) can be interpreted in terms

f individual contributions of nuclear spin pairs with index 𝑝 to the
oise spectrum. Each pair contributes spectral density

Hahn,𝑝 =
𝜋
2
cos2 𝜂𝑝 sin

2 𝜂𝑝𝜔
2
nZQ,𝑝𝛿(𝜔 − 𝜔nZQ,𝑝) , (27)

where 𝛿 denotes the Dirac 𝛿 function. With a noise spectrum computed
in this way and the analytical filter function for the Hahn echo, we
can indeed reproduce the Hahn echo decay (red line in panel ’Hahn
echo’ of Fig. 9). We note that, up to a constant factor, the spin-noise
contribution (27) of a homonuclear pair, matches our factorisation
criterion 𝜃𝑘𝑙(21). The same noise spectrum does not, however, predict
the effect of dynamical decoupling very well (red lines in panels CP2).
This is not entirely unexpected. In previous work, the noise spectrum
that provided a consistent description for Carr–Purcell and Uhrig dy-
namical decoupling sequences with 𝑁 = 2…5 pulses led to rather poor
agreement for Hahn echo decay [29].

In fact, inconsistency of noise spectrum formalism between the
Hahn echo and the CP2 echo within the APPA can be proved. The
pair contribution to the noise spectrum for the CP2 sequence can be
derived in an analogous way as for the Hahn echo sequence, since the
modulation expression in Eq. (19) agrees with the filter function for the
CP2 sequence. We find that each pair contributes spectral density

𝑆CP2,𝑝 =
𝜋
2
cos2 𝜂𝑝 sin

4 𝜂𝑝𝜔
2
nZQ,𝑝𝛿(𝜔 − 𝜔nZQ,𝑝) . (28)

This contribution contains an additional factor sin2 𝜂𝑝 with respect to
he Hahn echo case. This factor is smaller than unity and thus reduces
oise spectral density as compared to the Hahn echo case. We have
scertained that the noise spectrum for the CP2 sequence derived in
his way reproduces the CP2 echo decay as predicted by applying the
PPA.

We tested whether inconsistency of the description of Hahn and CP2
cho decay in terms of a noise spectrum is entirely due to deficiencies
f the APPA. To this end, we established a parametric model for the
oise spectrum. We found that the noise spectrum computed with
he analytical expression for the water–glycerol box model is well
pproximated by a sum of two stretched exponential terms,

(𝜔) ≈ 𝐴1 exp

[

−
(

𝜔
𝜔1

)𝜉1
]

+𝐴2 exp

[

−
(

𝜔
𝜔2

)𝜉2
]

. (29)

Each individual Carr–Purcell echo decay can be fitted well by assuming
a noise spectrum of this form (see ochre lines in panels CP2-CP5 of
Fig. 9). However, a global fit to all Carr–Purcell decays (blue lines)
provides a very good approximation only for the two cases with an
even number of 𝜋 pulses (CP2 and CP4). For the CP3 and CP5 cases,
agreement is only fair. This suggests that prediction of dynamical
decoupling by a noise spectrum provides a good approximation only
if the number of 𝜋 pulses is sufficiently large or if it is even. Prediction
of Hahn echo decay via expression (27) is of interest because of its
computational efficiency, which is substantially better even than the
one of the APPA.

9. Refocusing of nuclear pair ESEEM

In recent work with the refocused echo sequence (𝜋∕2) − 𝜏1 − (𝜋) −
1− 𝜏2−(𝜋)− 𝜏2− 𝑒𝑐ℎ𝑜, an increase of the echo amplitude was observed

upon increasing 𝜏1 at a fixed long 𝜏2 [28]. This suggests that electron
spin coherence decay due to nuclear pair ESEEM can be partially
reversed. In other words, the second 𝜋 pulse refocuses part of the
nuclear zero-quantum echo modulation.
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t

𝑉

Fig. 9. Prediction of echo decays in 1:1 water/glycerol v/v via noise spectra and comparison with experiments performed on D-mNOPEG at a concentration of 12 μM and a
temperature of 40 K (dark grey dots). Amplitude of the experimental data was normalised by fitting a stretched exponential decay. Experimental data taken from [27]. The red
lines correspond to the analytical expression (27) for noise density governing Hahn echo decay, the green line to the analytical expression (28) for the CP2 experiment, the ochre
lines were obtained by fitting the empirical expression (29) for the noise spectrum to individual echo decays and the blue line by fitting it globally to the Carr–Purcell echo decays
with 2⋯ 5 𝜋 pulses. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
In order to obtain insight into this phenomenon, we have derived
he nuclear pair ESEEM expression for this experiment,

(𝜏1, 𝜏2) = 1
64

[3 cos(2𝜂) + 14 cos(4𝜂)

−3 cos(6𝜂) + 50]

+ sin2 𝜂 cos4 𝜂 cos
[

𝜔
(

𝜏 − 𝜏
)]
9

nZQ 1 2
− 1
2
sin2 𝜂 cos4 𝜂 cos

(

2𝜔nZQ𝜏1
)

− 1
2
sin2 𝜂 cos4 𝜂 cos

(

2𝜔nZQ𝜏2
)

− sin2 𝜂 cos2 𝜂 cos
[

𝜔nZQ
(

𝜏1 + 𝜏2
)]

− sin4 𝜂 cos2 𝜂 cos
[

𝜔nZQ
(

𝜏1 + 𝜏2
)]
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Fig. 10. Predictions of refocused echo decay with respect to the first interpulse delay 𝜏1
t fixed interpulse delays 𝜏2 = 1 μs (red), 2 μs (yellow), 3 μs (violet) and 4 μs (green).

The predictions can be compared to experimental results (Fig. 3(c) in [28]), which
are closest to the thick solid lines, but with maxima occurring at still earlier times.
Dotted lines are predictions from the noise spectrum fitted to CP2-5 decays, dashed lines
(slightly darker hue) are predictions from the analytical expression Eq. (30), and thick
solid lines are predictions by cluster factorisation. All traces are amplitude-normalised
to their respective maxima. Traces normalised to Hahn echo amplitude are shown in
Fig. S6 in the Supporting Information. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)

+ sin4 𝜂 cos2 𝜂 cos
(

𝜔nZQ𝜏1
)

+ sin4 𝜂 cos2 𝜂 cos
(

𝜔nZQ𝜏2
)

+ 1
2
sin4 𝜂 cos2 𝜂 cos

[

2𝜔nZQ
(

𝜏1 + 𝜏2
)]

− sin4 𝜂 cos2 𝜂 cos
[

𝜔nZQ
(

2𝜏1 + 𝜏2
)]

− sin4 𝜂 cos2 𝜂 cos
[

𝜔nZQ
(

𝜏1 + 2𝜏2
)]

(30)

Since sin 𝜂 ≪ 1 for most proton pairs, terms with factors sin4 𝜂 typ-
ically contribute much less to modulation than terms with factors
sin2 𝜂. The second term on the right-hand side with time dependence
cos

[

𝜔nZQ
(

𝜏1 − 𝜏2
)]

leads to a nuclear zero-quantum echo at 𝜏1 = 𝜏2.
Predictions by Eq. (30) can be compared to experimental results

shown in Fig. 3(c) of [28]. To this end, we have computed traces
in the range 𝜏1 = 0⋯ 5 μs for values of 𝜏2 = 1, 2, 3, and 4 μs and
plotted them as dashed lines in Fig. 10 in the same range and with
the same normalisation as in [28]. Qualitatively, the increase of echo
amplitude with increasing length of the pulse sequence is reproduced.
However, the effect predicted by the APPA is more dramatic than the
one observed experimentally. Further, in the APPA the maxima occur
almost exactly at 𝜏1 = 𝜏2, whereas they occur at earlier times in the
experimental observation. Both discrepancies are alleviated, but not
completely removed, by predicting the behaviour with cluster factori-
sation (solid lines in Fig. 10). In both cases, the predicted maxima have
a smooth, round shape, whereas for 𝜏2 = 1 and 2 μs they feature cusps
in the experimental data in [28]. As suggested by Andrea Eggeling, we
tentatively assign these cusps to methyl tunnel ESEEM [29]. For the
shortest delay 𝜏2 = 1 μs, predictions by the analytical expression and
by cluster factorisation almost coincide.

We have also tested prediction for the refocused echo sequence
based on the noise spectrum. For this, we used the noise spectrum fitted
to the CP2, CP3, CP4, and CP5 decay, which predicts CP2 decay quite
nicely as seen in Fig. 9. The CP2 and refocused echo sequences differ
only in the choice of interpulse delays and in delay incrementation.
Yet, prediction via the noise spectrum fails even qualitatively for the
refocused-echo case (dotted lines in Fig. 10). This is not unexpected, as
a stochastic approach cannot account for the coherent refocusing to a
10

nuclear zero-quantum echo. s
Fig. S6 in the Supporting Information shows predicted decays that
are normalised to the maximum Hahn echo amplitude. As expected,
they reveal that the APPA overestimates the extent of refocusing com-
pared to the prediction by cluster factorisation. Quantitative under-
standing of the dependence of echo amplitude on the interpulse delays
𝜏1 and 𝜏2 of the refocused echo sequence will require further work
and may depend on simulations with finite pulse length as well as on
considering the methyl tunnel ESEEM contribution.

10. Conclusion

Homonuclear spin pairs in the vicinity of an electron spin give rise
to echo modulation if the difference of the two hyperfine couplings
is similar to the dipole–dipole coupling between the nuclear spins. In
the absence of methyl groups and at sufficiently low temperatures and
sufficiently low electron spin concentration, the combination of such
nuclear pair echo modulations with different frequencies dominates
electron spin echo decay. Analytical expressions for the modulation
due to a single pair of nuclei can be obtained by product operator
formalism and provide qualitative insight into the time dependence
of echo amplitude for the Hahn echo, the refocused echo, the stimu-
lated echo and for echoes after Carr–Purcell sequences with a small
number of refocusing pulses. Hahn echo decay of a nitroxide radical in
water–glycerol glass could be predicted rather nicely from a molecular
dynamics model of the matrix by approximating it as the product
of nuclear pair ESEEM traces. The same approximation reproduces
the dependence of stimulated echo decay upon increasing the second
interpulse delay 𝑇 on the first interpulse delay 𝜏 reasonably well. It
performs worse for the refocused echo sequence and for Carr–Purcell
pulse trains, especially if the number of 𝜋 pulses is even.

The deficiencies of the APPA arise from the influence of other
nuclear spins on the pair modulation, i.e., from correlations between
pairs. Because Carr–Purcell sequences with an even number of 𝜋 pulses
efocus all modulation terms that are linear in the transition probability
f forbidden transitions, such correlations affect Carr–Purcell echoes
fter an even number of 𝜋 pulses more strongly. The correlations can be
ccounted for by computing a product over disjoint clusters rather than
ver only pairs. Such cluster factorisation provides good predictions
or Carr–Purcell sequences with an odd number of 𝜋 pulses, but fails
o converge to the experimentally observed echo decay for an even
umber. This failure may be caused by approximating the 𝜋 pulses as
nfinitely short pulses in order to avoid problems due to insufficient
ccuracy of the numerical matrix exponentials.

The expressions for the modulated part of the Hahn and CP2 echo
ormally coincide with the respective filter functions in the formalism of
oise spectroscopy. This allows for deriving spin-noise spectral density
or these two sequences within the APPA. These spectral densities differ
etween the two sequences. Hahn echo decay can be predicted with the
est computational efficiency by first computing noise spectral density
rom the spatial distribution of nuclear pairs and then applying the
ilter kernel. However, the spin-noise formalism fails to reproduce the
ependence of refocused echo amplitude on the two interpulse delays.
his failure is caused by the coherent nature of nuclear pair ESEEM,
hich can lead to echo formation.

Our formalism allows for fast and almost quantitative prediction of
ahn echo decay from a model for the spatial distribution of homonu-
lear pairs in the vicinity of the electron spin. This opens up a new
ay for elucidating such a spatial distribution. However, there exist

wo caveats. First, most systems of interest feature methyl groups in
he vicinity of the electron spin. Hence, the problem of methyl tunnel
SEEM [29,39,40] needs to be solved on a similar level. Second, it
eeds to be established how sensitive such an approach is and whether
redictions work as well for other systems as for the water–glycerol
lass.

While the microscopic mechanism of electron spin decoherence
n the absence of microwave irradiation appears to be well under-

tood now, the same does not necessarily apply to rotating-frame
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relaxation [41]. We will check in the near future whether hyperfine-
decoupled nuclear pair ESEEM significantly contributes to this type of
relaxation.

11. Materials & methods

11.1. EPR measurements

Stimulated echo decays were measured in X-band (≈ 9.75 GHz) at a
ruker Elexsys II E580 spectrometer with a Bruker Flexline probehead
N 4118X-MD-4. Resonator and sample were cooled to a temperature
f 50 K using an Oxford flow cryostat and an Oxford ITC 5035 tempera-
ure controller. A solution of 25 μM 3-amido-Proxyl (see inset in Fig. 8)
n 1:1 water/glycerol v/v was shock-frozen by immersion into liquid
itrogen immediately before the measurements and inserted into the
re-cooled resonator. After recording a field-swept echo detected EPR
pectrum, all further experiments were performed at the maximum of
he nitroxide spectrum. A shot repetition time of 8 ms was used for
timulated echo decay measurements with sequence (𝜋∕2) − 𝜏 − (𝜋∕2) −
− (𝜋∕2) − 𝜏 − 𝑒𝑐ℎ𝑜 and a shot repetition time of 16 ms for inversion

ecovery measurements with the sequence (𝜋) − 𝑇 − (𝜋∕2) − 𝜏 − (𝜋) −
−𝑒𝑐ℎ𝑜. We used a standard 4-step phase cycle for the stimulated echo
ecay and a [(+𝑥) − (−𝑥)] phase cycle on the 𝜋∕2 pulse for inversion
ecovery. The 𝜋∕2 pulse length for stimulated echo decay was 12 ns,
ith an initial delay 𝑇0 = 80 ns and acquisition of 512 data points per
value with a time increment 𝛥𝑇 = 16 ns. The initial value of the

irst interpulse delay 𝜏 was 202 ns. The measurement of decay at five
values was implemented as a 2D experiment in PulseSpel, in which

oth 𝜏 and the number of scans was doubled at each step in the second
imension. Data was acquired over a 16 ns integration gate centred at
he echo maximum. Inversion recovery was performed with a 24 ns 𝜋
ulse for inversion and a 24 ns 𝜋∕2 and 48 ns 𝜋 pulse for the observer
cho, which had an interpulse delay of 248 ns. For inversion recovery,
12 data points with an increment of 𝛥𝑇0 = 5 μs were acquired starting
t an initial recovery delay 𝑇0 = 400 ns. Data for the Hahn echo decay
nd Carr–Purcell echo decays of 12 μM D-mNOPEG (see inset in Fig. 4)
ere taken from [27].

1.2. Modelling of water–glycerol glass

A water–glycerol box with dimension of 50 × 50 × 50 Å3 was gener-
ted in GROMACS 2021.2 [42] as follows. Simple point charge water
spc216.gro) was used for the water parameters. The parameters and
opology file for glycerol [37] were downloaded from GitHub (https:
/github.com/orlandoacevedo/DES, accessed 7 October 2022). We es-
imated the glass transition temperature of a 1:1 (v/v) mixture of water
nd glycerol as 158 K based on an expression in [36]. We computed the
ensity at the glass transition temperature from data given in [34]. The
hermal expansion coefficient of pure glycerol is by about a factor of

smaller in the glassy state than in the supercooled liquid [35]. We
onjectured that the same factor applies to the water–glycerol mixture
nd arrived at a density of 1.247 kg/m−3 of the glass at 50 K, corre-
ponding to 2306 water molecules and 568 glycerol molecules in the
ox. We used the same box for comparison to measurements at 40 and
0 K, as the estimate at 40 K (2308 water molecules, and 569 glycerol
olecules) does not differ significantly compared to uncertainty of this
rocedure. The box was annealed by NVT molecular dynamics (MD)
imulations starting at 300 K and decrementing temperature in steps
f 10 K. At each temperature, a 100 ns trajectory was run. At the
inal temperature of 50 K we computed at 2 μs long trajectory. This

procedure corresponds to much faster cooling than can be achieved
experimentally. Nevertheless, we assume that deviations between com-
putation and experiment are dominated by the approximations made
in the spin dynamics simulations rather than by approximations in our
solvent model. This assumption is supported by the close agreement
of Hahn echo simulations with our own solvent box and with the box
generated by the Stoll group [30] (see Fig. 7). In ESEEM simulations,
11
1.15% of the protons were randomly omitted in order to account for
natural abundance of deuterium.

11.3. Product operator computations

All computations by product operator formalism were performed
in Mathematica (Wolfram Research, Long Hanborough, UK) using a
Wolfram language package for this purpose supplied by Serge Boentges.

11.4. Numerical computations

Numerical computations based on analytical expressions and on
density operator formalism were performed with home-written Matlab
(The MathWorks, Inc., Natick, Ma, USA) scripts. The EasySpin package
(Development version 6.0.0-dev34) [43] was used for computation
of orientation grids and of matrix representations of spin operators
as well as for values of fundamental constants. A spherical orienta-
tion grid with 𝐶𝑖 symmetry and 7 knots (85 orientations) was used
throughout after establishing that prediction of Hahn echo decay by
the analytical expression and the product pair approximation did not
change significantly when using a larger grid with 313 orientations.
Noise spectroscopy simulations reused some code provided by Janne
Soetbeer [27].
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