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Abstract

Gravitationally driven flows of mud and sediment debris are causing a growing threat to mountain

populations. Rock/ice avalanches, glacier lake outburst floods (GLOFs) and debris flows are in-

creasingly a result of a global temperature rise, which is leading directly to the thawing of mountain

permafrost and melting of glaciers. When coupled with extreme precipitation events, the mobiliza-

tion of loose sediments leads to dangerous water-saturated flows that can cause human fatalities and

severe infrastructure damage. Understanding the dynamics of debris flows is essential to develop

land planning and technical measures to protect mountain communities.

Numerical modeling of debris flows provides hazard engineers with a predictive tool to help

plan and construct mitigation measures, including developing real-time warning systems. With the

recent increase in computer power, it is now possible to simulate debris flow motion from initiation

to run-out. Numerical modeling therefore links initial conditions, including precipitation and sed-

iment availability, to flow conditions in the torrent and run-out fan. Despite recent progress, the

application of numerical models is limited by the lack of understanding of the general kinematical

behavior of two-phase flows, including the frictional interaction of fluid-solid mixtures with the

basal surface, as well as the shearing interaction between the solid and fluid phases. The rheologi-

cal problem is compounded by the complex interaction of the debris with the basal surface leading

to bed erosion. Modeling debris flow motion with entrainment involves accurately predicting the

interplay between debris flow composition (time evolution of the solid-fluid components) coupled

with the geological setting. The lack of understanding of these complex physical processes and

geo-mechanical feed-backs is preventing a reliable, and predictive, application of debris flow models

in engineering practice.

In this thesis, we develop, test and calibrate a depth-averaged, two-fluid debris flow model with

erosion and dilatancy. The model consists of six partial differential equations governing mass, mo-

mentum, and granular temperature. The key feature of the model is to include dilatant effects that

are associated with the shearing of granular debris. We assume that the expansive and contracting

action of the solid volume under shearing governs the volume of the pore space and therefore the

behavior of the interstitial fluid. Moreover, the dilatant response of the solid matrix governs mass

and momentum exchanges between the two layers. The model is validated using actual, field-scale

debris flow measurements from the Swiss Illgraben test site (Wallis, Switzerland). The compari-

son between Illgraben data and the simulations reveals that the model reproduces the space-time

evolution of the solid/fluid flow composition in the streamwise direction, meaning from the leading

edge of the debris flow to the debris flow tail.

Following the model development, we investigate the connection between the flow composition

and the flow rheology. As the well-known debris flow scientist Iverson argued [7], it is impossible

to accurately simulate a debris flow from initiation to run-out using a fixed and uniform rheology.

Based on Illgraben data, as well as on careful laboratory experiments, we find a physical formulation

where the flow composition evolution governs the rheological changes. We propose two different

methods to compute the frictional resistance from the solid/fluid composition of the flow. They are

conceptually different but mathematically equivalent to large degrees. We test and compare these

two approaches using data from the torrent of Ritigraben (Wallis, Switzerland). Additionally, we
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introduce an erosion model adapted for two-layer debris flow, in which erosion is also a function

of the flow composition. Drone flights performed before and after a specific debris flow event in

Ritigraben provide us with reliable and rare erosion data, which allows us to test and calibrate

the rheological and erosion models. The numerical results are in good agreement with the field

measurements.

In the final theme presented in this thesis, we validate the proposed two-layer debris flow model

using several well-documented case events. We study three GLOFs, two that occurred in Peru

(Lake 513, 2010 and Lake Palcacocha, 1941) and one in Kyrgyzstan (Lake Uchitel in the Aksay

Valley). The event documentation contains precise field observations, making the direct comparison

and analysis of the model results consistent and insightful. A characteristic of long-running GLOFs

is the transformation in the flow composition from initiation to run-out. Directly after initiation,

usually from a moraine collapse, the flow consists primarily of fluid. However, as the flow acquires

solid material via bed erosion, the flow transforms from a mud flow to a type of granular debris

flow. Conversely, as the slope flattens, the solid matrix collapses (contracts) and therefore stops

while the fluid which is washed-out of the interstitial pore space and continues to flow downstream.

As the proposed frictional rheology depends on the internal solid-fluid composition, modeling these

transitions is crucial for a model’s accuracy. We demonstrate that the model can reproduce the

entire flowing behavior of all three events, for which many of flowing transitions and phase separa-

tions occurred. The back-calculation of the three GLOF events is performed using the same set of

rheological parameters for all three case studies.

In summary, we develop a dilatancy-based, two-fluid debris flow model that captures flow regime

transitions based on the evolution of the solid-fluid composition. This composition depends directly

on erosion and deposition processes which are driven in turn by the rheological behavior and the

terrain topography. We test the proposed model on real-scale field data obtained from two debris

flow sites in Switzerland. Finally, we apply the model to simulate well-documented GLOF events.

Future applications will help to determine if the proposed model can be used for practical hazard

analysis in changing mountain environments.
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Résumé

Les écoulements gravitationnels de débris et de boue constituent une menace croissante pour les

populations de montagne. Les avalanches de roches et de glace, les débordements de lacs glaciaires

et les laves torrentielles sont de plus en plus fréquents, résultant de l’augmentation globale de la

température, conduisant directement au dégel du permafrost de haute montagne et à la fonte des

glaciers. Associée à des précipitations extrêmes, la mobilisation de sédiments instables entrâıne des

écoulements de débris saturés en eau qui peuvent mettre en danger les populations de montagne

ainsi que causer de graves dommages aux infrastructures civiles. Il est essentiel de comprendre la

dynamique de ce type d’écoulement granulaire pour élaborer des mesures d’aménagement du terrain

et des stratégies visant à protéger les communautés de montagne.

La modélisation numérique des laves torrentielles fournit aux ingénieurs un outil de prédiction

qui les aide à planifier et à mettre en place des mesures d’atténuation, notamment en développant

des systèmes d’alerte en temps réel. Grâce à l’augmentation récente de la puissance des ordinateurs,

il est désormais possible de simuler l’écoulement des laves torrentielles depuis leur initiation jusqu’à

leur dépôt. La modélisation numérique établit donc un lien entre les conditions initiales, notamment

les précipitations et la répartition spatiale des roches instables, les conditions d’écoulement dans le

torrent et la zone de dépôt. Malgré les progrès récents, l’application des modèles numériques est

limitée par le manque de compréhension de la dynamique globale des écoulements biphasiques, y

compris la friction entre le mélange fluide-solide de l’écoulement et le sol, ainsi que l’interaction

entre les phases solides et fluides. Ce problème rhéologique est aggravé par l’interaction complexe

des débris rocheux avec le terrain, ce qui conduit à l’érosion du canal. La modélisation du mou-

vement de la coulée de débris avec entrâınement implique de prédire avec précision l’interaction

entre la composition de la coulée de débris (évolution temporelle des composants solides-fluides)

et le contexte géologique. Le manque de compréhension de ces processus physiques complexes et

des rétroactions géo-mécaniques empêche une application fiable et prédictive des modèles de laves

torrentielles dans la pratique de l’ingénierie.

Dans cette thèse, nous développons, testons et calibrons un modèle de coulée de débris de

type ’à deux fluides’, moyenné sur la hauteur, incluant les processus d’érosion et de dilatation.

Le modèle se compose de six équations différentielles partielles régissant la masse, la quantité de

mouvement et les fluctuations granulaires. La principale caractéristique du modèle est d’inclure

les effets de dilatation qui sont induits par l’interaction des débris granulaires avec la topographie

rugueuse du terrain. Nous supposons que l’action d’expansion et de contraction du volume du solide

régit le volume de l’espace poreux contenu entre les débris rocheux et donc le comportement du

fluide interstitiel. De plus, la réponse dilatante de la matrice solide régit les échanges de masse et de

quantité de mouvement entre les deux couches. Le modèle est validé en utilisant des mesures de laves

torrentielles naturelles sur le site de mesures suisse de l’Illgraben (Valais, Suisse). La comparaison

entre les données de l’Illgraben et les simulations révèle que le modèle reproduit l’évolution spatio-

temporelle de la composition de la lave torrentielle (solide/fluide).

Après le développement du modèle, nous étudions le lien entre la composition (solide/fluide)

de l’écoulement et sa rhéologie. Comme l’a postulé le célèbre spécialiste des laves torrentielles

Iverson, il est impossible de simuler avec précision une coulée de débris de son initiation à son

écoulement en utilisant une rhéologie constante et uniforme, [7]. En nous basant sur les données de

l’Illgraben, ainsi que sur des expériences de laboratoire, nous trouvons une formulation physique où
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les changements rhéologiques sont gouvernés par l’évolution de la composition de l’écoulement. Nous

proposons deux méthodes différentes pour calculer la résistance de friction à partir de la composi-

tion solide/fluide de l’écoulement. Elles sont conceptuellement différentes mais mathématiquement

quasiment équivalentes. Nous testons et comparons ces deux approches sur les données du torrent

de Ritigraben (Wallis, Suisse). De plus, nous introduisons un modèle d’érosion adapté aux modèles

de laves torrentielles à deux couches, dans lequel l’érosion est également fonction de la composition

de la lave torrentielle. Des vols de drone effectués avant et après une lave torrentielle à Ritigraben

nous fournissent des données d’érosion fiables et rares, qui nous permettent de tester et de calibrer

les modèles rhéologiques et d’érosion. Les résultats numériques sont en bon accord avec les mesures

de terrain.

Dans le dernier thème présenté dans cette thèse, nous validons le modèle de laves torren-

tielles à ’deux couches’ en utilisant plusieurs événements bien documentés. Nous étudions trois

débordements de lacs glaciaires, deux qui se sont produits au Pérou (lac 513, 2010 et lac Pal-

cacocha, 1941) et un au Kirghizstan (lac Uchitel dans la vallée d’Aksay). La documentation de

ces événements contient des observations de terrain précises, ce qui rend la comparaison directe et

l’analyse des résultats du modèle cohérentes. Une caractéristique des débordements de lacs glaciaires

est la transformation de la composition de l’écoulement entre le début et la fin. Directement après

l’initiation, généralement à partir d’un effondrement de moraine, l’écoulement est principalement

composé de fluide. Cependant, lorsque l’écoulement acquiert des matériaux solides par l’érosion

du torrent, il passe d’une coulée de boue à un écoulement proche voire équivalent à une lave tor-

rentielle. Inversement, lorsque la pente s’aplatit, la matrice solide se contracte et s’arrête tandis

que le fluide continue à s’écouler en aval. Comme la rhéologie proposée dépend de la composition

interne solide-fluide, la modélisation de ces transitions est cruciale pour la précision d’un modèle.

Nous démontrons que le modèle peut reproduire l’ensemble du comportement d’écoulement des trois

événements, pour lesquels de nombreuses transitions d’écoulement et séparations de phases se sont

produites. Le rétrocalcul des trois événements GLOF est effectué en utilisant le même ensemble de

paramètres rhéologiques pour les trois cas étudiés.

En résumé, nous développons un modèle de coulée de débris à ’deux fluides’ basé sur la dilatation

qui capture les transitions de régime d’écoulement en fonction de l’évolution de la composition

solide-fluide. Cette composition dépend directement des processus d’érosion qui sont à leur tour

déterminés par le comportement rhéologique et la composition de l’écoulement. Nous avons testé le

modèle proposé sur des données de terrain à échelle réelle obtenues à partir de deux sites de mesure

de lave torrentielle en Suisse. Enfin, nous avons appliqué le modèle pour simuler des débordements

de lacs glaciaires bien documentés. Les applications futures permettront de déterminer si le modèle

proposé peut être utilisé pour l’analyse pratique des risques dans des environnements montagneux.
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Chapter 1

Introduction

1.1 Motivation

Climatic warming is significantly impacting mountain areas throughout the world. There exists

increasing alarm concerning the danger arising from hazardous alpine mass movements such as

debris flows, rock-ice avalanches, landslides and rockfalls, [8,9,10,11,12,13]. Of particular concern is

the fact that the magnitude and frequency of debris flows are expected to increase because of extreme

precipitation events, coupled with intense drought periods [14]. Debris flows are gravitationally

driven, water-saturated granular flows that can transform harmless mountain streams into raging

torrents of fast moving, muddy debris. They can arise as primary flows after intense precipitation,

or they can arise as secondary, cascading flows after rock/ice avalanches. The loss of stability of both

high mountain permafrost slopes as well as ice masses because of increasing temperatures is further

driving the interest in the problem of debris hazard mitigation. In the European Alps, the effect of

climatic warming can already be observed, leading to the occurrence of many dramatic events during

the last few years. For instance, in 2017 in Piz Cengalo (Grison, Switzerland), eight hikers were killed

after a rock/ice avalanche and a significant part of the Bondo village was destroyed by secondary

debris flows [15, 16, 17], middle panel of Fig. 1.1. Another example occurred in 2019 in Chamoson

(Wallis, Switzerland), where two persons lost their lives in dramatic circumstances [18, 19], left

panel of Fig. 1.1.

Figure 1.1: Left) The 2019 debris flow in Chamoson, (photo [20]) Middle) After the collapse of
Piz Cengalo, a debris flow partially destroyed the village of Bondo in 2017, (photo [21]). Right) A
car with 6 persons inside is taken by a debris flow near Jaun (Fribourg, CH). Luckily, there were
no fatalities, (photo [22]).
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Climatic warming is not only causing danger in the mountains of Switzerland. In the high

mountain regions of Central Asia and South America, the retreat of glaciers creates moraine-

dammed lakes (left panel of Fig. 1.3), [23, 24, 25, 26, 27, 28, 29]. The moraines are composed of an

assortment of loose rocks interlaced with ice. They are highly unstable, especially in a warming

climate. The sudden breaching of the dams is extremely dangerous to the downstream regions which

are often densely populated [30, 31, 32, 33, 34]. The magnitude of such events can be tremendous.

Indeed maximum peak discharges that reach 30’000 m3/s and run-out distances of more than 200

km have been recorded [29]. According to a recent study, [25] taken up by the Swiss Radio and

Television service (SRF) [35], 15 million persons are threatened by glacier lake outburst floods

(GLOFS) in the world, 700’000 alone in Switzerland, Fig. 1.2.

To develop efficient mitigation strategies in alpine and high-mountain environments, there is

a need to accurately predict the formation and flow dynamics of debris flows. In the past 20

years, several debris flow models have been developed for natural hazard analysis and prevention

[1, 2, 3, 4, 5, 6, 38, 39,40,41]. The models are numerical, modeling debris flow motion from initiation

to run-out, and are primarily based on depth-averaged approaches. Although three-dimensional

models exist [42], one-dimensional (1-D) and two-dimensional (2-D) models are more prevalent.

For practical applications all models must satisfy the following criteria:

1. They must have predictive capacity. Moreover, given a set of initial conditions (e.g. torrent

geometry, estimated discharge and sediment content), the models must accurately predict de-

bris flow velocity and run-out within acceptable accuracy. The underlying assumption behind

this requirement is that debris flow models are deterministic, not statistical or probabilistic.

Accurate predictions of debris flow run-out place great demands on the models since physical

relationships are required to model debris flow rheology and entrainment processes. A deter-

ministic modeling approach has a long tradition in Switzerland, where deterministic models

are applied to produce snow avalanche and rockfall hazard maps ( [43, 44]). The advantage

of deterministic models is that they allow engineers to make process-based evaluations based

on both observations (historical case studies) and therefore field experience.

2. They must provide solutions within acceptable time limits. The majority of debris flow prob-

lems in Switzerland and worldwide are solved by engineering offices with limited computational

resources. Because of the lack of knowledge concerning initial and boundary conditions, engi-

neering solutions are often based on hazard scenarios. These scenarios vary discharge amounts

and entrainment rates to simulate likely, and less likely, but extreme events. The results

are usually classified with respect to an event frequency, or return period. This methodol-

ogy implies that a single debris flow problem involves a great number of simulations, that

must be executed within a short time period. Presently, three-dimensional modeling ap-

proaches [42, 45, 46] give perhaps more precise results but are too expensive with respect to

computing time to be useful for operational purposes.

3. The models must contain few parameters, with a narrow confidence interval for each free

parameter. The selection of appropriate rheological parameters for mitigation and hazard

mapping is a long-standing problem. In fact, it can be considered the most important prob-

lem confronting debris flow science and practice. The problem arises for many reasons. Debris

flows consist of varying parts of fluid (mud) and solid (bouldery debris). As such the rhe-
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Figure 1.2: a Global distribution of glacial basins, colour-coded according to mountain range, with
‘High Arctic and Outlying Countries’ (HAOC) representing all basins outside of the four main
ranges in this study (Alps, Andes, High Mountains Asia (HMA) and Pacific North West (PNW)).
Pie charts show the proportion of exposed population as individual country contributions to the
mountain range total, with pie charts sized according to percentage contribution to the 2020 global
total. b Grey bars show exposed population as a percentage of the national total (left axis). Coloured
bars show the total exposed population per country (right axis). Fig. and caption from [25]
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Figure 1.3: Left) Palcacocha Glacier lake which initiates the dramatic GLOF of 1941, (photo:
Alexander Luna, [36]). Right) In 1941, the collapse of a glacier fell into the Lake Palcacocha,
initiating GLOFs that transformed into a debris flow and destroyed a large part of the city center
of Huaraz (Cordillera Blanca, Peru), after having entrained the entire Lake Jircacocha (which does
not exist anymore since). Tragically, almost 2000 persons died, [37], (photo Arnold Heim).

ological description must account for a wide range of material mixtures. A debris flow will

exhibit different flow regimes, depending on the geomorphic setting of the torrent, as well

as the initial precipitation rates. During complex events, like GLOFs, the flow can increase

(over entrainment of solid material) or decrease (over deposition of solid material) its internal

volumetric solid concentration leading to significant changes in the solid/fluid composition

and, therefore, flow rheology, [47]. This large diversity of flow regimes leads to the use of free

parameters whose possible values are usually poorly constrained. Therefore, the capability

of these models to make reliable predictions is questionable. Furthermore, to simulate the

different flow types and their rheology occurring during an event, different sets of free pa-

rameters are needed. Even if this procedure can work to back-compute past events, it is not

suitable for prediction, because it is based on information about the specific, back-computed

event. Consequently, modeling the solid/fluid concentration evolution as well as the flowing

transitions and phase separations is crucial to increase the model’s accuracy and improve its

predictions’ reliability. The basic problem is in many ways experimental, as little measured

data exists to quantify the rheology of different mixtures. Alternatively, the problem is also

numerical, in the sense that models must simulate the mixture composition before they can

apply rheological parameters obtained from experiments.

This thesis involves all three criteria of debris flow modeling: we seek an accurate, reliable

debris flow model capable of making accurate predictions within the framework of scenario-based

risk analysis. The model must provide solutions within a reasonable time and can be employed

within the existing computational environment of most hazard engineering offices. Furthermore,

we seek a model with few tunable parameters such that the model can be applied with confidence

by hazard engineers. The rheological parameters must be supported by field-scale experimental

measurements. The common limitation of existing models is the use of free parameters to reproduce
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the complex behavior of granular, fluid-saturated debris flow. Consequently, the predictive ability

of existing models is limited because the results strongly depend on the precise value of these often

abstract and poorly defined free parameters.

In the next chapter, we will overview several one- and two-dimensional depth-averaged models

used for debris flow mitigation. Although the section does not take all existing models into account,

it serves to classify the wide range of numerical approaches existing in the literature. Existing models

differ by how they include the fluid momentum balance, whether they include granular dilatancy,

and how they treat excess pore fluid pressures. Although each model is based on some form of a

Coulomb rheology, there are strong differences in how each model simulates fluid friction. By far the

widest divergence in modeling approaches concerns how to mathematically describe the interactions

between the solid particles and the viscous muddy fluid. A precise and complete description of the

momentum transfer between the solid phase and the fluid one is extremely challenging, especially

in the framework of a macroscopic (depth-averaged) description of the flow.

1.2 Goal of the Thesis

In this thesis we develop a depth-averaged two-fluid (two-layer) model that can accurately compute

debris flow velocity, run-out distance, entrainment, deposition of solid material, solid-fluid space-

time evolution and phase separation, given a well-defined set of initial and boundary conditions.

Our primary aim is to build a theoretically well-founded, computationally robust debris flow model

for hazard mitigation and analysis. We place the following constraints on the model development:

1. It applies well-accepted concepts of granular mechanics (dilatancy) and two-phase geophysical

flows (solid-fluid interactions). The model should account for variable debris flow density,

arising not only from different variations of solid and fluid solid contents, but also different

geometrical configurations of the solid debris. As such the model should be able to treat flow

transitions from granular type debris flows to hyperconcentrated mudflows (debris floods).

The theoretical assumptions of the model should be clearly stated and differentiated from

existing debris flow models currently applied in practice.

2. Our work with engineering practice suggests there is a strong need for models with a limited

number of tunable parameters. The number of model free parameters should be as low as

possible in order to simplify its application for practitioners.

3. Possess a robust computational solver, i.e., a stable numerical scheme that is able to give

results in a reasonable time (max a few hours). As it is necessary to solve debris flow problems

in narrow torrent geometries, the model should work at grid resolutions of 1mx1m.

4. The flow rheology should be based on experimental measurements of basal shear and normal

forces, captured at the Swiss Illgraben test site. In addition the model should be applied to

simulate well-documented case studies to demonstrate model performance and limitations.

Model performance should be ascertained with regard to finding a narrow band of free pa-

rameters that can be used on the widest range of problems with varying initial and boundary

conditions. That is, the ability of the model to be used as a predictive tool should be assessed.
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1.3 Outline of the Thesis

This doctoral thesis is divided into six chapters:

Chapter 1 introduces the subject of debris flow modeling and motivates the work done in this

thesis. How debris flow modeling will contribute to helping understand how a changing climate will

influence debris flow activity is briefly outlined.

Chapter 2 documents the momentary state-of-the-art of debris flow modeling in order to

compare and evaluate the model presented in this thesis with several models currently used in

engineering practice.

Chapter 3 describes the debris flow model developed in this thesis. We define the phase and

present the system of mass and momentum conservation equations adapted for a two-fluid two-layer

debris flow model, including dilatancy. We compare the model to actual-scale debris flow density

measurements from Illgraben.

Chapter 4 introduces the rheology and the erosion models used within the framework of the

new debris flow model. An illustration of the consequence of adapted rheology is discussed using

simulations of an actual debris flow event. The erosion model is calibrated using erosion field mea-

surements obtained by drone flights.

In Chapter 5, we apply the model to three well-documented GLOF events, which exhibit a

complex flowing behavior and are therefore challenging to simulate accurately. We discuss the forces

and weaknesses of the model.

Chapter 6 concludes this doctoral thesis by summarizing the main findings and presenting an

outlook for future research. It also includes a discussion of the relevance and implications of the

presented results.
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Chapter 2

Debris Flow Modeling

2.1 Overview

Physics-based debris flows science began in the former Soviet republics of Central Asia. These

republics were confronted with immense debris flows (volumes greater that 1 million m3) and began

designing large deflecting and catching dams to mitigate debris flow run-out, Fig. 2.1. In fact, Soviet

scientists performed the first large-scale field experiments in the 1960s by releasing dammed, muddy

debris in mountain torrents. To model debris flow run-out, they employed primarily empirical,

analytical models to estimate discharge and flow heights. Numerical debris flow models began to

emerge in Europe and North America in the late 1980s. The first models employed depth-averaged,

shallow water-type approaches, modeling the debris flow as a single-phase mixture of rocky debris

and mud [48, 49, 50, 51]. Around 2010, two-phase models began to emerge to improve debris flow

hazard mitigation [1, 3, 6].

In the following sections, we present an overview of single and two-phase modeling as well as

the physical and the mechanical processes underlying the model equations. As it is impossible to

summarize all debris flow models, we concentrate on four of the most well-known, two-phase/layer

depth-averaged models presently in practical use. These are D-CLAW [1, 2], r.avaflow [6, 53], the

model of Bouchet [4, 5, 41] and Titan2D [3, 48]. The presentation of the four models serves to

highlight the different physical assumptions, underscoring the large difference in model design.

Clearly, the list of models is not complete.

The debris flow models presented here possess solid physical and mathematical foundations and

are implemented with robust numerical schemes. However, most have only been subjected to little

testing or application to real scenarios. For instance, The D-Claw model has been compared to

large-scale debris flow experiments [2]. However, these experiments are mainly performed on simple

terrain topography. Only one actual debris flow event [54] has been back-computed and the results

were comparable to one-phase model accuracy. The model of Bouchut was only compared to other

debris flow models on simple terrain topography (ideal slope without roughness and a uniform slope

angle). Only the r.avaflow [55, 56, 57, 58, 59, 60], and Titan2D, [61, 62, 63] model have been widely

tested on real events with convincing results. However, often, to reproduce complex events, manual

tuning of the parameters during a simulation is needed, [55,56,64].

The discussion of basic model assumptions helps to understand how we designed our model
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Figure 2.1: The Meudeu mud flow control dam (southeast of Almaty, Kazakhstan), has been designed
to protect the city of Almaty from devastating debris flows. The construction started in the middle
of the sixties. a) and b): views from downstream ( [52]) c) view from upstream (J. Münch).

equations, providing physical reasons why we adopted a particular approach. All the models have

features which we eventually implemented, but also other features which we discarded, primarily

because they did resolve the problems of rheology, entrainment and flow regime transitions. We

begin our discussion with an overview of the general, governing three-dimensional equations for

debris flows.

2.2 General Governing Equations and Depth-averaging

Here we present the general governing equations for a three-dimensional, multi-phase debris flow

model based on mixture theory. Presently, we make no assumptions concerning the physical com-

ponents. The components (typically fluid/solid) are labeled using the subscript i; the associated

density is given as ρi and flow velocity v⃗i. If ϕi denotes the volume fraction of the i-th component.

It can be written as,

ϕi =
Vi∑n
i=1 Vi

=
Vi
V

with

n∑
i=1

ϕi = 1. (2.1)

where V represents the entire volume filled by the material and n denotes the number of components.

According to [1, 2, 6, 65], the general mass balance equation for the i-th component in Cartesian

coordinates is given by:

∂

∂t
(ϕiρi) + ∇⃗ · (ϕiρiv⃗i) = Ei +Qi, (2.2)
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with ∇⃗ = (∂/∂x, ∂/∂y, ∂/∂z)
T
the divergence operator, Ei the i-th component erosion rate and Qi

the mass transfer rate between the i-th component and all the other ones. Similarly, the momentum

balance equation of the i-th phase is:

∂(ϕiρiv⃗i)

∂t
+ ∇⃗ · (ϕiρiv⃗i ⊗ v⃗i) = ∇⃗(ϕipi)− ∇⃗ · (ϕiτi) + ϕiρig⃗ + P⃗i (2.3)

where ⊗ denotes the tensor product, g⃗ the gravitational acceleration, pi the pressure, τi the shear

stress tensor acting on the i-th component and P⃗i the total momentum transfer rate with the other

components [1, 2, 6, 65].

To simplify the equations and reduce the computation time, we introduce the depth-averaged

approximation. This reduces the three-dimensional model to a two-dimensional model. The depth-

averaged approximation consists in replacing any physical value λ(x, y, z) by its average over z,

λ∗(x, y),

λ∗(x, y) =
1

h

∫ h

0

λ(x, y, z)dz. (2.4)

This approximation is valid if the flow depth h is negligible compared to the flow length L,

h

L
≪ 1. (2.5)

In the framework of debris flow, Eq. 2.5 is always satisfied. Most importantly the debris flow

velocities, volumetric fluid fraction and densities are given by,

v⃗∗(x, y) =
1

h

∫ h

0

v⃗(x, y, z)dz and (2.6)

ϕ∗(x, y) =
1

h

∫ h

0

ϕ(x, y, z)dz and (2.7)

ρ∗(x, y) =
1

h

∫ h

0

ρ(x, y, z)dz (2.8)

The integration over z implies that the model will never be able to describe vertically varying

physical values. For example, a uniform volumetric volume fraction along z is assumed for each

component. This can be considered a disadvantage when trying to implement complex frictional

rheologies. Another important aspect of depth-averaging is that the velocity profile is neglected.

Only the mean material velocity can be computed. We assume that the velocity is homogeneously

distributed from z=0 to z=h. Under the assumption that the shearing in the vertical direction (z)

and the vertical acceleration are negligible with respect to gravity and vertical pressure gradient,

Eq. 2.3 along z simplifies to :

∂p

∂z
− ρg = 0 (2.9)

If we assume a uniform, atmospheric pressure at the flow surface, the solution to this equation is:

p− pA = ρg(h− z) (2.10)

This assumption implies that the pressure is hydrostatic and that there are no slope perpen-
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dicular accelerations other than gravity. Non-hydrostatic excess pore pressure can arise from the

dilatant action of the solid matrix. The velocities are primarily valid for flat to moderately steep

slopes. Depth-averaged approaches have many advantages over more computationally demanding

three-dimensional approaches. One advantage is that they directly calculate the flow height h,

which can be measured in field observation stations. In fact, a direct comparison to measurements

can also be made to measure shear S and normal stresses N . That is, calculated field variables can

be compared directly to measurements. In the following, we will attempt to exploit this advantage

when developing debris flow rheologies. Finally, we note that the calculated velocities are always

the internal velocities, not necessarily the propagation speed of the leading edge which can be cap-

tured from video recordings. Here, care must be taken when comparing depth-averaged velocities

to measured leading edge speeds. Finally, the primary advantage of depth-averaged approaches is

computational speed, especially for long run-out (>10km) debris flow events, for example GLOFs.

Presently, GLOF calculations are not tractable at the full three-dimensional level. For readability

purposes, all the physical values will be replaced from now on by their depth-averaged values with-

out change in the notation (without the ∗). We do not present here general depth-average equations

in x and y direction. Indeed, the results strongly depends on the hypothesis while integrating eq.

2.3.

Depth-averaging is an efficient approximation for reducing numerical modeling computation

time. Depth-averaging essentially allows debris flow models to be applied in large-scale, regional

analyses [66,67,68] or for long run-out events such as GLOFS [47,54,56,58,63,69,70]. The cost of

depth-averaging is the loss of information concerning the vertical variation of the physical quantities,

most importantly flow velocity and density. Clearly, depth-averaging leads to approximation errors

of the conservation equations. Indeed, for a general non-linear mathematical function (i.e., with

more than one varying parameter), the integration along z is generally all but impossible. Therefore,

the procedure consisting of replacing the standard quantities with depth-averaged ones can be done

up to an inevitable error. A mathematical quantification of the induced error is provided in [3].

2.3 One-phase Models

One-phase, depth-averaged models are widely applied in debris flow mitigation [38, 40, 48, 49, 71].

They operate on the basic assumption that the debris flow body consists of a solid-fluid mixture

of constant density, and therefore singular rheology. A good example for the widespread use of a

one-phase debris flow model is depicted in Fig. 2.2, which shows the worldwide distribution of the

RAMMS model [50,51], developed at the WSL Institute for Forest, Snow and Landscape Research

in Switzerland.

By definition, a one-phase model treats the solid and the fluid components together (the indices

in Eq. 2.2 and 2.3 disappear). This leads to a simple system of mass and momentum balance

equations of the general form,
∂h

∂t
+ ∇⃗ · (hv⃗) = E (2.11)

and the momentum balance equation is

∂(hv⃗)

∂t
+ ∇⃗ · (hv⃗ ⊗ v⃗ +

gh2

2
I) = hg⃗z − τ⃗ , (2.12)
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Figure 2.2: The one-phase RAMMS debris flow model, [50, 51], has already been widely used and
applied in many case studies. Each point on this map corresponds to a RAMMS license bought.
The main users are Engineering offices, National, regional, and local authorities or Universities
and research institutions.

where E is the erosion rate and τ⃗ is the depth-averaged shearing stress acting on the flow [40, 50]

and I is the 2-dimensional unity matrix. Gravity is the first right-hand term of Eq. 2.12. Note the

absence of a flow density, which disappears in the one-phase model equations.

One-phase model approaches differ in their treatment of the erosion rate E and shear stress

τ⃗ [38, 39, 40, 48, 49, 64, 71, 72, 73, 74]. Interestingly, several one-phase models [38, 39, 48, 49], do not

consider erosion. This is clearly questionable, because the overall mass balance of a debris flow

event is directly related to the bed erosion [50,75,76]. A primary quantity to predict in debris flow

simulations is the flow height (to simulate channel outbreaks, bridge clearance or dam heights),

which can be underestimated without erosion. However, the problem is circumvented in practice

by modifying the initial conditions of the problem. Typically, one-phase debris flow simulations

are started either using a dam-break approach, or by assuming a flow discharge. In both cases

the initial height of the dam-break or discharge rate can be increased to account for any possible

torrent erosion. This leads to higher calculated flow heights. Other models include erosion, for

example the RAMMS model [40, 50]. Erosion models require additional free parameters to define

the critical shear stress of the bed, the erosion rate and the maximum erosion depth [40, 50]. The

erosion parameters are based on field measurements [75] and well-documented events, see Sec.2.6.4.

The primary problem of one-phase models (from the standpoint of practical application) is the

definition of the shear stress τ⃗ , or flowing rheology. One-phase models are unable to track the
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space-time evolution of the flow composition: the density is constant and uniform during the entire

simulation. This problem is related to the erosion problem, as erosion and deposition processes

transform the flow’s internal solid-fluid composition, influencing the density and flow rheology.

When using one-phase debris flow models, a wide range of friction values need to be applied to give

plausible results, [64,72,73]. In order to be able to back compute complex events, like GLOFs, the

users of one-phase models need to manually the friction parameters during a single simulation [47].

In fact, it is almost impossible to apply one-phase models in a torrent without historical information

of torrent activity, including run-outs of extreme events. As stated in the introduction, it is this

problem which is driving the development of two-phase models.

2.4 Two-phase/Two-fluid Debris Flow Models

In this section, we present four two-phase debris flow models. Three of the four two-phase models

are in practical use by debris flow engineers today. These are Iverson’s D-Claw model [1], r.avaflow,

the model developed by Pudasaini and colleagues [6] and Titan2D, the model developed by Pitman

and Le [3,48]. The fourth model, initially developed for submarine flow, Boutchut model, is chosen

because it is mathematically similar to the model developed in this thesis.

Clearly, more models can be found in the scientific literature; however, these models have not

found their way into application. Our motivation is to supply the reader with an overview of the

state-of-the-art of debris flow modeling from a practical perspective. Our comparison highlights

the underlying physics and difference in model assumptions. Our basic goal is twofold. Firstly,

we would like to show that large physical differences exist between models, and further, how these

differences affect engineering practice when applying modeling techniques to debris flow mitigation

problems. Secondly, we provide the reader with the necessary background to evaluate our model de-

velopment, providing the necessary information and reasons for specific mathematical and physical

formulations.

The four models are divided into two separate classes. The first class of debris flow model

separates the solid and fluid phases, stating mass and momentum equations for each phase. The

two most well-known models of this type are D-Claw and r.avaflow. These models can be classi-

fied as “two-phase” or “two-component” models because they adopt the conventional approach of

separating the solid and fluid phases. (In the following the subscript s refers to the solid phase

and f to the fluid.) On first inspection, the natural separation between the fluid and solid appears

logical and intuitive. The mathematical description is straightforward and tractable. However, as

we shall show it leads to problems concerning the solid-fluid interactions, which couple the solid-

fluid momentum equations. These interactions are difficult to define and are not experimentally

accessible. This leads to problems defining model parameters. Strong interactions between phases,

for example during entrainment of solid debris, or de-watering, can lead to numerical instabilities

because they physically represent sudden changes in momentum.

The second class of debris flow models can be considered “two-layer” or “two-fluid” models.

Here, the approach is to keep a mixture layer of solid and fluid debris and then add an additional

entirely fluid layer. This approach hinders the separation of the model equations into two separate

solid and fluid phases (despite the fact Bouchut model and Titan2D do mathematically separate the

components between the solid and the fluid). Such models contain a mixed layer of flowing water-
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saturated debris and an entirely fluid layer. Models of this type are Titan2D and Boutchut. If the

fluid layer disappears, the models can be considered similar to one-phase models. The advantage

of two-fluid models is that they can simplify the mass and momentum exchanges between layers.

Because the layers are not mixed, as in the two-phase models, but geometrically positioned one

on top of the other, they can treat flow stratification problems, such as de-watering. However,

their derivation and mathematical formulation are less natural, often requiring ad-hoc assumptions

regarding the layer interactions and the introduction of pseudo-physical variables to solve the mass

and momentum conservation equations.

Figure 2.3: Layer definition in the D-Claw model [1, 2]. The phases are divided between the solid
(gray circles), assumed to be spherical particles, and the fluid, which fills the interstitial space
in between the solid particles. The effects of dilatancy, Sec.2.6.2, are visible, through the spatial
evolution of the solid matrix. A flux of fluid material, q, through the virtual free surface at z = h
accompanies changes in the volumetric solid concentration ϕs (noted m on the figure) caused by
dilation or contraction. The original picture can be found in [1].

2.4.1 Two-phase D-Claw Model

The depth-averaged D-Claw model, introduced by Iverson [1, 2] in 2014, divides the debris flow

body into solid and fluid phases, see Fig.2.3. It consists of four partial differential equations that

govern the mass and momentum balances:

∂

∂t
(hϕs) + ∇⃗ · (hϕsv⃗) = −ρf

ρ
Dϕs , (2.13)

∂

∂t
(hϕf ) + ∇⃗ · (hϕf v⃗) =

ρs
ρ
Dϕs , (2.14)

∂

∂t
(hv⃗) + ∇⃗ ·

(
v⃗ ⊗ v⃗ + κg⃗zh

2 +
h(1− κpb)

ρ

)
= hg⃗z + v⃗D

ρ− ρf
ρ

− τ⃗s + τ⃗f
ρ

, (2.15)

∂

∂t
pb + v⃗ · ∇⃗(pb) + ρgzΛh∇⃗ · v⃗ = ζD − 3

χh
∥v⃗∥ tan(ψ), (2.16)

where g⃗ = (gx, gy)
T . gx, gy and gz are the projection of the gravitational acceleration along x, y and

z, τ⃗s, τ⃗f are the basal shear stresses of solid and fluid respectively (for more detail, see Sec.2.6.3),
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D represents the dilatancy effects (for more detail, see Sec.2.6.2), pb is the basal fluid pressure, and

κ (lateral pressure coefficient), ψ (granular dilatancy angle), and χ (debris elastic compressibility)

are free model parameters.

For notational convenience, ξ and ζ are introduced and can be expressed as

Λ =
ρf + 3ρ

4ρ
, (2.17)

ζ =
3

2χh
+
gzρf (ρ− ρf )

4ρ
. (2.18)

Finally, ρ and v⃗ are the average flow density and velocity,

ρ = ρsϕs + ρfϕf , (2.19)

v⃗ =
ρsϕsv⃗s + ρfϕf v⃗f

ρ
. (2.20)

The system of differential equations (Eqs. 2.13 - 2.16), contains only one (vector) momentum

conservation equation (Eq. 2.15) instead of the expected two (one for each phase solid and fluid).

Instead of computing the solid and fluid velocities independently, Iverson computes an average flow

velocity Eq. 2.20, avoiding the problem of the solid-fluid interaction. To simplify the model, Iverson

invokes the hypothesis that the average velocity of the debris flow is controlled essentially by the

velocity of the solid phase, i.e. v⃗ ≈ v⃗s. This approximation, combined with eqs. 2.19 and 2.20

imply that the difference between the solid and fluid velocities are negligible with respect to the

mean flow velocity: ∥v⃗s − v⃗f∥ ≪ ∥v⃗∥. With this assumption the D-Claw model is no longer a full

two-phase model, but rather a reduced, or pseudo two-phase model.

The fluid velocity is computed from the solid one using a Darcy-like approximation,

ϕf (v⃗f − v⃗s) =
k

ν
∇⃗(pe), (2.21)

where k (hydraulic permeability) and ν (pore fluid viscosity) are two free parameters and pe is the

excess pore pressure, i.e. the deviation from the hydrostatic pressure, ph. The basal fluid pressure

pb is the sum of the hydrostatic and excess pressure,

pb = ph(z = 0) + pe(z = 0) = ρfgh+ pe(z = 0). (2.22)

One of the unique features of this model is to use a depth-averaged equation, derived by a dimen-

sional analysis, to compute the basal pore fluid pressure pb, Eq. 2.16. In principle, this procedure

permits the computation of the space-time evolution of the pore fluid pressure in the flow. Inter-

estingly, the authors find that the excess pore pressure is linked to the dilatant action of the solid

matrix by the equation

D = − 2k

hν
pe. (2.23)

Therefore, dilatation and collapse (compaction) of the solid debris induce a negative (pb < ph) and

a positive (pb > ph) deviation from the hydrostatic pressure, respectively. Moreover, the pressure

at the base of the debris flow decreases with a dilating action of the solid matrix, and increases

with a collapse of the solid matrix. The additional equation introduced by Iverson can therefore
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be considered a ”dilatancy” equation, but expressed in terms of the excess pore pressure pe. The

inclusion of dilatancy is one of the attractive features of the Iverson model, making it a general,

granular theory based debris flow model.

2.4.2 Two-phase r.avaflow Model

Similar to the D-Claw model, the depth-averaged r.avaflow model, developed by Pudasaini and

colleagues [6], divides the flowing debris into solid and fluid parts. It is therefore classified as a

two-phase model. The mass equations are similar to the mass equations of the D-Claw model,

∂
∂t (hϕs) +∇⃗ · (hϕsv⃗s) = Es, (2.24)

∂
∂t (hϕf ) +∇⃗ · (hϕf v⃗f ) = Ef . (2.25)

The right-hand side terms, Es and Ef , represent the solid and fluid erosion rates, respectively. In

the original model equations [6], the erosion processes are not considered, but the authors developed

an extension of the model [53] taking erosion into consideration (see Sec.2.6.4 for more details).

However, the r.avaflow model quickly diverges from D-Claw model because the full set of mo-

mentum balance equations are solved to predict the solid/fluid flow velocities in the slope-parallel

directions. Unlike D-Claw, no assumptions are made to reduce the number of momentum equations.

As an example of a momentum equation, we present the solid-phase equation in the x-direction

(the complete system of depth-averaged momentum equations is not presented here, as they are

presented in full in [6]):

∂

∂t
[ϕsh (vx,s − rC(vx,f − vx,s))] +

∂

∂x

[
ϕsh

(
u2x,s − rC(vx,f − vx,s) + ωx

h

2

)]
+

∂

∂y
[ϕsh (vx,svy,s − rC(vx,fvy,f − vx,yvy,s))] = ϕs

[
gx − vx,s

∥v⃗s∥
(r − 1)gz tanϕ− ϵ(r − 1)gz

∂b

∂x

]
+

ϵϕsrgz
∂

∂x
(h+ b) + CDG(vx,f − vx,s)∥v⃗f − v⃗s∥j−1, (2.26)

in which ωx = ϵκx(r−1)gz, r = ρf/ρs, C = (1+2ϕs)/(2ϕf ), κx is the lateral pressure coefficient (in

direction x), ϵ = H/L is the aspect ratio, CDG is the generalized drag coefficient. The superscript

j = 1, 2 is used to select between laminar (j=1) or turbulent (j=2) flows, indicating that the user

must select the flow regime a priori. The parameter b represents the bottom topography.

As demonstrated above, the coupled momentum conservation equations are rather complex and

dominated by momentum exchanges (both laminar and turbulent). The absence of a Darcy-like

approximation requires introducing complex interactions between the solid and the fluid phases in

order to compute the interfacial momentum transfer. It includes, for instance, viscous drag, related

to the relative velocity between the two phases; turbulent drag, related to the relative velocity

square between the two phases. Inertial effects are included by introducing the so-called virtual

mass concept that accounts for the relative acceleration between the two phases, see Sec.2.6.3

for more details. As these interactions are poorly understood and challenging to implement in a

macroscopic description of a granular flow, use of the model requires defining many free parameters

(around fifteen). Some of these parameters, such as the solid or the fluid densities, can be well-
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estimated by users, while others possess broad confidence intervals concerning their exact values

(e.g. the virtual mass coefficient). Even if a careful choice of all these parameters can allow back

computing past events with high accuracy, the large uncertainties concerning their exact value make

the model difficult and hazardous for practitioners to apply for predictions.

A primary difference between the r.avaflow and D-Claw models is the absence of a method in

r.avaflow to account for the solid matrix dilatant action. D-Claw accounts for granular dilatations

by increasing or decreasing the basal pressure via the excess pore pressures. In fact, the r.avaflow

model does not consider excess pore pressures at all. In r.avaflow the solid and fluid densities are

constant; the bulk flow density is subsequently given by the volumetric fractions of solid and fluid.

The basal pressure is defined entirely by the hydrostatic pressure alone.

2.4.3 Two-fluid Bouchut Model

Bouchut and al. have introduced a two-fluid, two-layer model to simulate granular submarine

flows [4, 5]. The basic idea behind the model formulation is to separate the flow into two layers.

The bottom layer (the layer closest to the running surface, the ocean floor) is a mixed layer consisting

of both solid material and interstitial fluid, see Fig. 2.4. The upper layer (the layer on top of the

bottom layer, the ocean) is a pure fluid layer, containing no solid debris. This general approach

can be classified as a two-fluid, or two-layer approach, first introduced by [77]. The first fluid is the

interstitial fluid (which we term the bonded fluid) and the second fluid is the debris-free ambient

fluid (which we term the free fluid). Clearly, the approach of Bouchut has strong similarities to

our model design, but with clear differences, such as the height of the ambient fluid, leading to

strong differences in the magnitude of the hydrostatic pressure and therefore the interaction with

the mixed flow layer.

Figure 2.4: Layer definition in the Bouchut debris flow model [4, 5]. The first layer, whose height
is h1, is composed of a mixture of solid and interstitial fluid. The second layer, whose height is h2,
is entirely fluid. b represents the bottom topography and θ is the general slope angle. The original
figure is found in [5].
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The mass and momentum equations of the Bouchet submarine flow model [4] are

∂

∂t
(ϕsh1) + ∇⃗ · (ϕsh1v⃗s) = 0, (2.27)

∂

∂t
(h1ϕf ) + ∇⃗ · (h1ϕf v⃗f ) = −Qf , (2.28)

∂

∂t
(h2) + ∇⃗ · (h2v⃗f ) = Qf , (2.29)

∂

∂t
(hsv⃗s + ∇⃗ · (hsv⃗s ⊗ v⃗s) =

ρs − ρf
2ρs

gc

(
∇⃗
(
ϕsh

2
1

)
− 2hs∇⃗b̂

)
+
τ⃗sf
ρs

− τ⃗s
ρs

v⃗s
∥v⃗s∥

, (2.30)

∂

∂t
(ϕfh1v⃗f ) + ∇⃗ · (ϕfh1v⃗f ⊗ v⃗f ) = −1

2
Qf v⃗f − τ⃗sf

ρf
. (2.31)

The model consists of five differential equations. As three flow components are defined, three

mass conservation equations are needed to describe fully the system. Two mass balance equations

are needed for the mixture layer (height h1) and one equation is needed for the upper fluid layer

(height h2). The mass in the mixture layer is defined by the solid and fluid volumetric contents,

ϕs and ϕf , respectively. For example, the amount of fluid in the mixture layer is hf,1 = ϕfh1

and the solid amount is hs = ϕsh1 , see Fig. 2.4. The fact that two-layer models require three

mass conservation equations (instead of two, as in the two-phase models) is a general feature of

two-fluid models. The right-hand side of the fluid equations consists of the term Qf , which is the

fluid exchange rate between the two layers, due to the dilatant action (expansion or contraction) of

the solid matrix. It is defined as positive when interstitial fluid is removed from the mixture and

becomes part of the free fluid (that is, during a contraction of the solid matrix). How dilatancy is

modeled and how Qf is mathematically quantified will be discussed in Sec.2.6.2.

The model contains two momentum equations. The first equation defines the momentum of the

solid in the mixture layer; the second equation defines the momentum of the fluid in the mixture

layer. The momentum of the upper layer is not considered, and therefore this layer can be considered

as a passive, motionless layer. It represents the lake, sea, or ocean in which the submarine flow

does not influence global motion. This assumption is specific for submarine flows, and cannot be

generally adopted for debris flows.

Of interest is the treatment of the total momentum in the mixture layer, as it contains interaction

terms. The solid matrix is driven by gravity, gc = g cos(θ) and includes buoyant effects (difference

between solid and fluid densities). The internal friction between solid particles and the running

surface is given by Ss. The solid-fluid interaction is introduced via the term τ⃗sf , which represents

the shear stress between the solid-fluid components in the first layer. It is given by

τ⃗sf = ϕfh1∇⃗pe + ηh1(v⃗f − v⃗s), (2.32)

with pe the excess pore pressure, see Eq. 2.22 and η a free parameter governing the viscous

shearing force magnitude between the solid and the fluid. Note that fluid friction is absent in Eq.

2.31 because the fluid is assumed to be inviscid (Sf=0).

Of particular interest in the model of Bouchet is mass (and therefore momentum) exchange

between the interstitial fluid (mixture layer) and passive ambient layer. In this sense, the model has

strong similarities with the Iverson approach as dilatancy of the granular solid plays an important

role in controlling the motion of the solid phase, see Sec. 2.6.2 for more details.
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In a later paper, the authors derived a general debris flow model starting from the submarine

model [5]. However, they postulated that the fluid in the first and second layers flow at the

same velocity; that is, the bonded, interstitial fluid has the same velocity as the unbonded, free

fluid. With this assumption, the mass and momentum balance equations are valid for the entire

fluid (interstitial + second layer). Hence, the mass and momentum fluid exchanges vanish, and

dilatancy no longer impacts the equations. The debris flow model uses a Darcy-like approximation

to reduce the model complexity and to compute the fluid velocity using a similar equation as in the

D-Claw model, Eq. 2.21.

Finally, a multi-layer model is introduced in [41]. It containsN mixture layers and one additional

fluid layer flowing on top. Each mixture layers contains dilatancy of the solid matrix and allows

vertical variations of the system’s physical parameters (e.g. solid fraction, velocity, fluid pressure).

This method was developed to improve the accuracy of the results, but this, at the expense of the

computational time.

2.4.4 Two-fluid Titan2D Model

A two-fluid approach was also introduced into the well-known one-phase Titan2D [48] model toolbox

to include the effects of an interstitial fluid phase when modeling (soil, rock) avalanches and debris

flows [3]. The mass conservation equations are therefore similar to Eqs. 2.27-2.29 of the Bouchut

model,

∂

∂t
(ϕsh1) + ∇⃗ · (ϕsh1v⃗s) = 0, (2.33)

∂

∂t
(h1ϕf ) + ∇⃗ · (h1ϕf v⃗f ) = 0, (2.34)

∂

∂t
(h2) + ∇⃗ · (h2v⃗f ) = 0, (2.35)

The important difference to the Bouchut model, however, is the absence of a fluid exchange

between the two fluid layers because the two-fluid Titan2D model does not consider dilatancy

(or entrainment). The right-hand sides of the mass balance equations are all zero. With this

assumption, the momentum exchanges between the two layers can only occur through the solid-fluid

interactions (see Sec. 2.6.3). To exemplify the momentum equations, we present the momentum

balance equation of the solid phase in the mixture layer in the x-direction,

∂

∂t
(ϕshvx,s) +

∂

∂x
(ϕshv

2
x,s) +

∂

∂y
(ϕshvx,svy,s) =

1

2
ϵ(1− r)

∂

∂x

(
αxxh

2ϕsgz
)

+
1

2
ϵ(1− r)

∂

∂y

(
αxyh

2ϕsgz
)
+

1

2
ϵrϕs

∂

∂x

(
h2gz

)
+ (1− r)(ϵαxx

∂

∂x
b+ ϵαxy

∂

∂y
b− αxz)hϕsgz

+ ϵrhϕsgz
∂

∂x
b+ (1− r)

h(1− ϕs)ϕs
vT (1− ϕs)s

(vx,f − vx,s)hϕsgx (2.36)

where r = ρf/ρs, ϵ is the aspect ratio, α∗∗ the lateral pressure coefficients (In D-Claw, they treat it

as a scalar, in r.avaflow it is a vector and here as a tensor), vT is the terminal velocity of a typical

solid particle falling in the fluid under gravity and s is related to the Reynolds number of the flow.

b represents the bottom topography.

As in the D-Claw and Bouchut models, the computation of the fluid velocity is based on a
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Darcy-like approximation. Indeed, it is assumed that fluid inertia effects are small. It leads to a

simple ordinary equation for the fluid velocity, similar to Eq. 2.21:

(1− r)
hϕs

vT (1− ϕs)s
(v⃗s − v⃗f ) = −1

2
ϵ∇⃗h2gz + hg⃗. (2.37)

2.5 Model Comparison

We end our overview and assessment of multi-component debris flow models by tabulating the

main characteristics of each model. For comparison we also include the model developed within

this dissertation. We find that there are five model characteristics that can be used to differentiate

between approaches. These are:

1. The strict division of debris material into solid and fluid parts (two-phase models) or the

division of the debris flow into mixed layers with fluid behavior divided into interstitial fluid

and free fluid (two-fluid/two-layer models).

2. The treatment of the fluid momentum. Either the fluid motion is treated relative to the

solid velocity using a Darcy-type approximation, or, the fluid is considered to be entirely

independent of the solid, albeit with momentum mass and exchanges with the solid phase.

All models treat buoyancy effects.

3. The assumption of dilatant actions in the granular, solid matrix of the flowing debris material.

These actions can change the pore pressure of the saturated debris. Therefore, debris flow

models with dilatancy are often accompanied by excess pore pressures.

4. How shearing, that is flow friction, is formulated within the two-phase/two-layer model. This

characteristic can be subdivided into three sub-parts: the friction of the solid phase, the

friction of the fluid phase and the shearing interactions between the solid and fluid parts.

5. The inclusion of solid/fluid entrainment or sediment erosion in the governing mass and mo-

mentum balances. A detailed discussion of this topic is outside the scope of this thesis.

We did not include all debris flow models in our review. However, we regard the strong variation

in model assumptions within the four models we analyzed as exemplary of the debris flow problem

and the state of debris flow science, especially with regard to depth-averaged approaches. Within

our model selection, it appears that the minimum number of free parameters to be around six,

while the maximum number is approximately 15 (without erosion taken into account). This is

summarized in Tab. 2.1.

2.6 Physical Processes

2.6.1 Fluid Momentum and Darcy Approximation

The division of debris flow models into two-phase and two-fluid categories is centered around the

basic problem of how to mathematically treat the momentum associated with the fluid phase.

In two-phase models, the fluid is treated as a physical component independent of the solid

fraction. The fluid phase exists either as pore fluid, bonded to the solid matrix or as free fluid;
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Model type Two-phase models Two-fluid models
Model name D-Claw r.avaflow Titan2D Bouchut Meyrat

First phase/layer Solid Solid Mixture Mixture Mixture

Second phase/layer Fluid Fluid Fluid Fluid Fluid

Fluid momentum
No Yes No No Yes

conservation equations 1

Erosion No Yes No No Yes

Dilatancy Yes No No Yes Yes
Fluid exchange Yes No No No/Yes2 Yes

Buoyancy Yes Yes Yes Yes Yes

Excess pore fluid
Yes No No Yes No

pressure

Solid friction

1.Coulomb with
Coulomb with Standard Standard Coulomb with effective stress
effective stress Coulomb Coulomb effective stress and dilatancy
and dilatancy and dilatancy 2. Turbulent drag

∝ ∥v⃗s∥2

Fluid friction
Viscous drag Viscous drag

Inviscid
Viscous drag Turbulent drag

∝ ∥v⃗f∥ ∝ ∥v⃗f∥ ∝ ∥v⃗f∥ ∝ ∥v⃗f∥2

Solid-fluid interaction Absent
∝ v⃗f − v⃗s

∝ ∥v⃗f − v⃗s∥ ∝ v⃗f − v⃗s

Fluid
∝ ∥v⃗f − v⃗s∥2 bonded to
∝ d

dt∥v⃗f − v⃗s∥ solid

No. of free parameters 3 7 ≈ 15 | > 20 ≈ 8 ≈ 6 6 | 11

Table 2.1: Overview of two-phase/two-fluid debris flow models. 1 ”No” implies the model uses
a Darcy-like approximation to compute the fluid velocity; ”Yes” indicates a separate momentum
equation for the fluid phase. 2 In the submarine model, they consider fluid mass and momentum
exchanges. However, in the debris flow model, the exchanges vanish, as they treat both fluid com-
ponents (interstitial and second layer) together. 3 The number of free parameters is quite difficult
to state precisely. We counted the total number of parameters included in both the rheological as
well as the erosion sub-models. The first number in the column represents the number of rheological
parameters; the second number includes the erosion model parameters.
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that is, as a fluid stream unhindered by interactions with the solid phase. A single mass equation

contains both fluids, both bonded and free. Bulk friction coefficients are posed (see below) that

contain drag terms that unify the frictional interactions such that they can be treated in a single

fluid momentum equation. This general approach is adopted in the r.avaflow model.

In the three other models, i.e. D.claw, titan2D and Bouchut model, a Darcy-like approximation

is used to replace the fluid momentum equation. The velocity of the fluid phase is defined relative

to the velocity of the solid matrix. This assumption is valid in the case of a standard debris flow

characterized by a high solid fraction. In this case, the solid phase governs the motions and flow

dynamics. However, it is not realistic for a muddy or low solid-concentrated flow. The simplification

cannot be applied to model dewatering or phase separations processes in which the solid stops and

the fluid is washed-out of the solid matrix. The “freed” fluid phase is no longer represented by an

independent fluid phase momentum equation, with drag terms representing basal frictional processes

of free flowing muddy stream. Two-phase models that employ Darcy-like approximation will most

probably fail to simulate flow transitions and phase separations encountered in long run-out debris

flows or GLOFs.

Two-fluid models operate under the assumption that the physical behavior of the interstitial

(bonded pore-fluid) and free fluid are fundamentally different. As such, they cannot be lumped

into a single fluid momentum equation. The consequence of this assumption is that three mass

conservation equations are required to track the debris flow mass, the interstitial fluid, the free

fluid and the solid debris. Given that a free fluid stream can exist, the Darcy-approximation

becomes a valuable modeling assumption as it tracks the velocity of the pore-fluid relative to the

solid. This could play an important role when developing debris flow models that attempt to model

a partially saturated solid matrix, or the entrainment of partially saturated debris.

2.6.2 Dilatancy and Solid/Fluid Phase Exchanges

Dilatancy is the property of a granular material to increase or decrease its physical volume under

a shearing action. A well-known display of dilatancy in the real world is walking on the beach and

noting that sand is drying under your feet. This is due to the volume expansion in the sand, which

increases the void space into which the water can sink, see Fig. 2.5.

Figure 2.5: When walking on a beach, the sand dries around the foot. This effect is caused by
granular dilatancy in the sand.
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The notion of granular dilatancy was introduced in 1885 by Reynolds in a pioneering paper [78].

Since then, many different stress-dilatancy theories have been developed, either on energy-based

concepts, [79,80], or mechanical constraints due to internal reorganization of grain geometry [81,82].

In a debris flow, dilatancy is an essential feature of the flow dynamics due to the shearing of

the solid fraction ϕs [83, 84, 85, 86]. Among the two-phase/layer models presented above, only the

D-Claw and Bouchut models consider dilatancy (a one-phase model can only include dilatancy via

empirical relationships). Both these models link the divergence of the solid velocity and the solid

volume fraction through [87],

∇⃗ · v⃗s = − 1

ϕs

dϕs
dt

= − 1

ϕs

∂ϕs
∂γ

dγ

dt
= γ̇ tan(ψ), (2.38)

with γ the shear strain and ψ the dilatancy angle, which is defined as [88]:

tan(ψ) = − 1

ϕs

∂ϕs
∂γ

. (2.39)

Afterwards, following the work of [89, 90] a linear relation between tan(ψ) and ϕs is assumed. We

have

∇⃗ · v⃗s = γ̇ tan(ψ) = γ̇K(ϕs − ϕs,eq), (2.40)

where K is a proportionality parameter (generally close to 1) and ϕs,eq is an equilibrium configura-

tion that depends on the system’s physical parameters and therefore evolves during the flow. These

two equations allow the computation of the dilatant space-time evolution of the solid matrix.

In D-Claw, Iverson additionally assumes that the evolution of ϕs is not only due to the shear

stress but also due to mean effective normal stress σe. This assumption implies an enlargement or

reduction of the particle’s void space due to bulk compressibility of the mixture. For more details,

the reader is referred to [1]. In other models, for example in the Bouchut model, this effect is not

explicitly taken into account. However, it is possible to consider it through the solid-fluid fluxes, as

in the second term on the right-hand side of Eq. 2.42. As the solid particles dilate or collapse, fluid

is squeezed-out or sucked in the solid matrix. Importantly, the mass and momentum exchanges are

associated with this dilatancy, see terms with D in Eqs. 2.13-2.16, and with Qf in Eqs. 2.28 and

2.29. Dilatancy is therefore the physical process that links volumetric solid/fluid fraction content

and finally the flow rheology, and therefore the flow regime.

By defining the dilatancy D as

D ≡
∫ h

0

∇⃗ · v⃗sdz, (2.41)

the right-hand terms in Eqs. 2.13 and 2.14 act as a sink of solid material
ρf

ρ Dϕs and simultaneously

as a source ρs

ρ Dϕs of fluid. Here we assume that the space left by the solid dilatation is instanta-

neously filled by fluid; moreover, there are no cavitation effects. Eqs. 2.13 and 2.14 automatically

fulfill the requirement of total mass conservation – but not total volume conservation, as the flow

height evolves with dilatancy.

In [4, 5] a similar approach is followed. The fluid source and sink terms on the right-hand side

of the mass conservation equations Qf can be expressed as,

Qf = −D − ∇⃗ · (ϕfh1(v⃗f − v⃗s)), (2.42)
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with D given by Eq. 2.41 as before. However, in this model, D, and therefore the dilatancy, is de-

fined only in the first mixture layer. Changing the integration bounds from h to h1 in Eq. 2.41, we

find the first term on the right-hand side of Eq. 2.42, which comes from the dilatancy of the solid,

while the second term comes from the difference of the fluid and solid fluxes in the first layer. In a

two-fluid mixture model a relative motion between the center of mass of the solid and fluid phases

can occur. Indeed, in a dilatant equilibrium, the center of mass of both solid and fluid components

always coincides. Therefore, a relative movement between them induces fluid exchanges between

the two layers because all the void space between the particles is, by definition, filled by fluid, i.e.,

ϕs + ϕf = 1.

Finally, granular dilatancy is present in the solid mass conservation equation for the D-Claw

model, Eq. 2.13, but not in the Bouchut model, Eq. 2.27. Indeed, in the Bouchut model, the mass

conservation equations are computed with respect to the first phase height, which moves according

to the solid particle’s dilatation actions. Therefore, the solid mass remains unchanged even if

the first layer height evolves under dilatancy. However, in D-Claw model, the mass conservation

equations are computed with respect to a ’virtual free surface’, which does not follow the movement

of the dilatant solid, see Fig. 2.3. Consequently, the solid mass is not conserved beneath this virtual

free surface.

2.6.3 Rheology of Two-phase/Two-fluid Debris Flows

It is well-known that debris flow motion is complex and cannot be simulated by a single phase,

constant and uniform rheological model [7]. The state-of-the art is to divide rheological behavior

into solid and the fluid parts, that cannot be considered independently from the internal flow

composition (solid/fluid fractions). A significant problem in debris flow science is that almost no

shear stress measurements have been performed on real debris flows, and then only in specific field

conditions. Presently, the separation of solid-fluid friction and the internal solid-fluid interactions

are based on empirical relationships.

For two-phase/layer debris flow models, the rheology is subdivided into three parts: the solid

friction τ⃗s, the fluid friction τ⃗f and the internal solid-fluid friction τ⃗sf . These are considered

separately in the sections below.

Solid friction

The four models presented in sections 2.4 employ a Coulomb friction law to treat the solid phase

rheology. For r.avaflow and the model of Titan2D, the simplest form of the Coulomb friction model

is used,

τ⃗s = tan(φ)Nêvs , (2.43)

φ is the solid friction angle of the material, N is the normal stress and êvs = v⃗s

∥v⃗s∥ is a unitary

vector pointing in the direction of flow.

Iverson adopts a similar approach. However, following the work of Terzaghi [91], he employs an

effective stress concept [91]. In this approach the pore-fluid pressure is subtracted from the normal

stress. The effective stress model of Iverson also includes the effect of the dilatation of the solid
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content by adding the dilatancy angle to the internal friction angle,

τ⃗s = tan(φ+ ψ)(N − pb)êvs , (2.44)

according to [82, 92, 93, 94]. Therefore, an enlargement of the solid matrix decreases the friction,

while a contraction (collapse) increases it.

The Bouchut model also uses a Coulomb friction. However, in order to take dilatancy into

account, Bouchut adds the tangent of the dilatancy angle to the tangent of the friction angle. This

differs from Iverson who takes the tangent of the sum of both angles.

τ⃗s = (tan(φ) + tan(ψ))(N − pb)êvs . (2.45)

In summary, all models employ a Coulomb-type friction to model the solid phase rheology;

however, there are significant differences in exact model approach. It would be erroneous to use

the same Coulomb friction angle for all models when applying each model to a specific case study.

Fluid friction

Each model considers some form of fluid friction. Both the D-Claw and Bouchut models employ a

simple Newtonian viscous stress rheology. This approach assumes that the friction is proportional

to the fluid velocity according to,

τ⃗f ∝ ν

h
v⃗f , (2.46)

where ν is the (muddy) fluid viscosity. In the Bouchut model, the fluid friction is added to the solid

momentum balance equation, to take into account the action of the fluid on the solid phase inside

the mixture layer.

In r.avaflow, the fluid friction is divided into one Newtonian viscous term and a non-Newtonian

one,

τ⃗f =
ν

h
v⃗f︸︷︷︸

Newtonian

+
CNN

ϕfh

∫ h

0

∇⃗ϕf (v⃗f − v⃗s)dz︸ ︷︷ ︸
non-Newtonian

, (2.47)

where CNN is a free model parameter controlling the magnitude of the non-Newtonian part of

the fluid stress. Note that the non-Newtonian term belongs to the solid-fluid friction. Indeed, it

is closer to a solid-fluid frictional term because it represents a momentum transfer from the fluid

phase to the solid one. However, to stay consistent with the original paper [6], we include it in the

fluid friction term.

Finally, in the model of Titan2D, Pitmann and Le assume that the fluid is inviscid. This implies

that the pore pressure is the only fluid stress. As it is a two-fluid model that includes a mixture layer,

the intergranular fluid friction is added to the solid momentum conservation equation (equivalently

to Bouchut). Therefore, the fluid friction is entirely governed by the solid-fluid momentum transfer.

The different model approaches are summarized in the overview Table 2.1. Here we would like to

emphasize that a viscous drag term for the fluid phase looks plausible for a standard debris flow.

However, it is unlikely that a viscous term will accurately capture the flowing behavior for a fast

moving mud flow.
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Solid-fluid internal friction

The computation of the momentum transfer between the solid and the fluid phases is one of the

most difficult aspects of two-phase/layer debris flow models, especially in a macroscopic and depth-

averaged framework. The primary problem is experimental as there is almost no data available to

evaluate different model approaches. The momentum exchanges between the two phases can be

weak, or strong. Strong interactions between the phases, represented by large velocity differences,

can potentially induce stability problems, requiring small time-integration steps by the numerical

equation solvers [95].

Iverson’sD-Claw model essentially avoids the problem by computing an average velocity between

the fluid and the solid fractions using a Darcy-like approximation. As we mentioned before, this

method is a good approximation if the solid fraction governs the dynamics of the flow but is not

adequate to reproduce the correct behavior of a fluid-driven (hyperconcentrated) flow.

Both the Titan2D and Bouchut models include the effects of buoyancy (first term of right-

hand side) and a viscous drag term (second term of right-hand side) proportional to the difference

between the solid and fluid velocities

τ⃗sf = ϕsh1∇⃗pe + ηh1(v⃗f − v⃗s) Bouchout model, (2.48)

τ⃗sf = hs∇⃗p︸ ︷︷ ︸
buoyancy

+ϕfηh(v⃗f − v⃗s)︸ ︷︷ ︸
viscous drag

Titan2Dmodel, (2.49)

where η is a free parameter governing the viscous shearing force magnitude between the solid and

the fluid. In the Bouchut model, only the excess pore pressure is used because the hydrostatic

pressure has already been considered in the solid friction, throughout the effective stress, Eq. 2.45.

In r.avaflow, the viscous drag stress is similar to Titan2D and Bouchut. However, the drag

term is proportional to the square of the solid-fluid relative velocity. The inertial stress due to the

relative acceleration of the solid and the fluid (call ’virtual mass’ term) is added to the formulation

and is given by

τ⃗sf = CDG(v⃗f − v⃗s)(|v⃗f − v⃗s|)︸ ︷︷ ︸
Viscous drag term

+CVMG
d

dt
(v⃗f − v⃗s)︸ ︷︷ ︸

virtual mass term

, (2.50)

where CDG (generalized drag coefficient) and CMVG (generalized virtual mass coefficient) are two

additional free parameters of the model. Again an overview of the different approaches is contained

in Table 2.1.

2.6.4 Erosion

The D-Claw, Titan2D, and Bouchut models do not consider sediment erosion. As entrainment can

represent more than 90% of the mass of an event [76,96], this limits the usefulness of these models

in practical applications. It appears unlikely (see Chapter 5) that flow regime transitions can be

modeled with considering torrent erosion.

The first version of the r.avaflow model [6] did not consider erosion. However, an extension has

been implemented which includes erosion [53]. It is assumed that erosion is governed by the jump

in the shear stress and the momentum at the interface between the flow and the basal surface. Two
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expressions for the solid (Es, see Eq. 2.24) and fluid (Ef , see Eq. 2.25) erosion rate are introduced,

Es = Eri
s (ϕs)

√
gzh solid erosion rate, (2.51)

Ef = Eri
f (ϕf )h∥v⃗f∥ fluid erosion rate, (2.52)

with Eri
s and Eri

f two constants depending on eight free parameters of the model.

As a comparison, we introduce the erosion model implemented in RAMMS one-phase debris

flow model which is based on measured erosion rates at the Illgraben channel [40,50,51]. Assuming

that there exists a critical shear stress τc, which is the threshold value for erosion to occur, the

maximum potential erosion depth, dmax, is computed using the following formula

dmax = C(τmax − τc), (2.53)

where C is a free parameter and τmax is the maximum shear stress. Then, the erosion rate for solid

E material is assumed to be uniform and constant, and the flow carries material until the erosion

depth reaches dmax. Given the density of the eroded material and assuming that the soil is fully

saturated, the ratio of solid-fluid entrained material is calculated.
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Chapter 3

A Dilatant, Two-layer Debris Flow

Model Validated by Flow Density

Measurements at the Swiss

Illgraben Test Site

abstract

We propose a dilatant, two-layer debris flow model validated by full-scale density/saturation mea-

surements obtained from the Swiss Illgraben test site. Like many existing models, we suppose the

debris flow consists of a matrix of solid particles (rocks, boulders) that is surrounded by muddy

fluid. However, we split the muddy fluid into two fractions. One part, the inter-granular fluid, is

bonded to the solid matrix and fills the void space between the solid particles. The combination of

solid material and inter-granular fluid forms the first layer of the debris flow. The second part of

the muddy fluid is not bonded to the solid matrix and can move independently from the first layer.

This free fluid forms the second layer of the debris flow. During flow the rocky particulate material

is sheared which induces dilatant motions that change the location of the center-of-mass of the solid.

The degree of solid shearing, as well as the amount of muddy fluid and of solid particles, leads to

different flow compositions – including debris flow fronts consisting of predominantly solid material,

or watery debris flow tails. De-watering and the formation of muddy fluid washes can occur when

the solid material deposits in the run-out zone. After validating the model on two theoretical case

studies, we show that the proposed model is able to capture the streamwise evolution of debris flow

density in time and space for real debris flow events.
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3.1 Introduction

The assessment of debris flow hazard relies on both numerical simulation models [97, 98, 99, 100,

101, 102] and empirical methods [103]. Most numerical approaches solve shallow-water type equa-

tions [104] and therefore can be effectively applied to predict flow heights and debris flow run-out

distances. Nonetheless, the application of numerical models in hazard engineering practice remains

limited [105]. This is due to two salient problems. Firstly, it is difficult to quantify accurately

the initial starting and entrainment masses for a specific torrent. And secondly, historical case

studies are still necessary to calibrate the rheological parameters that govern debris flow motion at

a specific site, and therefore possible inundation area [101,102,106]. Without this information, the

motion of a debris flow is difficult to model because it depends strongly on the relative amounts of

solid and fluid masses [107]. Typically, the front of the debris contains most of the rock material

whereas the tail is more fluid like [108, 109], see Fig. 3.1. When the solid material stops in the

run-out zone, the muddy fluid de-waters from the rocky material, or is overrun by the fluid tail,

creating muddy floods and channel outbreaks [110]. The varying solid/fluid composition of debris

flows leads to a wide range of possible deposition behaviors, making the prediction of the hazard

extent for a specific torrent highly uncertain, [105].

Two-layer approaches that simulate both the motion of the rocky solid and muddy fluid would

serve to alleviate many of these problems involved in modeling debris flows, including the specifi-

cation of the initial conditions, modeling entrainment and selecting appropriate rheological pa-

rameters. This is evidenced by the recent development of several two-layer debris flow mod-

els [1, 2, 3, 6, 111, 112]. To apply these two-layer debris flow models in practice we must first

demonstrate that they predict the correct streamwise structure of the flow. It must be shown

that the distribution of solid and fluid material from the debris flow front to tail can be accurately

modeled. This is a difficult problem because it depends both on entrainment processes (the entrain-

ment of solid material at the leading edge of the flow), detrainment (solid mass loses at the debris

flow sides) as well as the momentum exchange between solid and fluid components [113]. In many

ways this problem can be considered experimental, in the sense that little data exists to substanti-

ate/refute different model approaches that predict the evolution of flow density in the streamwise

direction. Once the relative amounts of solid and fluid are known, these must be linked to follow

laws that govern the bulk speed of the flow, as well as important processes such as de-watering

and the eventual separation of the solid and fluid components. Again, this problem is a large part

experimental, since there are few basal shear measurements of actual debris flows that would allow

a testing of different modeling approaches.

In this paper we address the important problem of the distribution of solid/fluid mass in the

debris flow body. Using density measurements captured at the Swiss Illgraben test site [114, 115],

we model the streamwise structure of a series of debris flows. That is, we attempt to simulate the

volumetric solid and fluid parts of the debris body, and therefore the flow density of the debris flow

from initiation to run-out. Similar to many existing approaches, we adopt a shallow-water approach

because of its computational speed. Within the framework of the shallow-water approach, we must

therefore divide the fluid part of the debris flow into inter-granular and free parts in order to model

the separation of the solid and muddy components, and therefore processes such as de-watering and

fluid flooding. The data and model results integrate a series of recent works that introduce dilatant

flow mechanics [1,2,116] into debris flow modeling. Although we present actual shear measurements
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Figure 3.1: A debris front passes a concrete check dam at the Illgraben test site on August 20, 2020.
Note the blocky front and watery tail. The front appears to dam the muddy fluid flowing behind;
the rocks in the tail appearing completely submerged in the muddy fluid. Saturation increases from
front to tail. Photograph WSL.

showing how shear resistance decreases with increasing fluid content, we do not address the rheology

problem here, concentrating first on capturing the streamwise variation of bulk flow density.

The rest of this paper is organized as follows: in Sections 2 and 3 we describe the basic ideas

behind our two-layer model, in Sec. 4 we present the governing equations of debris flows (mass

and momentum conservation laws), in Sec. 5 we show the numerical results, the comparison to

Illgraben measurements could be found in Sec. 6. The paper is rounded-off with some concluding

remarks and an outlook to future work in Sec. 7.

3.2 Debris Flow Density, Solid Particles and Muddy Fluid

We consider a debris flow to be constituted of two material components: a solid component (sub-

script s) consisting of coarse granular sediment (e.g. boulders, cobbles, and gravel), associated

with a density ρs, and a fluid component (subscript f) consisting of fine sediment likely to behave

as suspended sediment (e.g. sand, silt, clay), hereinafter referred to as the muddy fluid content

denoted by ρf . Although the grain-size distribution of the solid layer is likely to be important in the

dynamics of debris flows [117], herein we do not consider grain size in our approach. We consider

the individual solid particles to be undeformable; however, the ensemble of solid particles can be

deformed and sheared, leading to different spacings between the particles. Therefore, the local bulk

density of the debris flow ρ varies because it consists of a mixture of solid particles combined with

different amounts of muddy fluid. For now, we will always make the assumption that the solid

component is fully saturated with muddy fluid. It contains no interstitial air.

Most existing debris flow models [1,2,6,111,112,118] consider the solid and fluid components to

be two independent phases, moving with different velocities. They assume that the first phase/layer
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The yellow dashed line represents the separation

between the first layer (solid particles/boulders and

The debris flow is divided into a serie of volumes V (red dashed lines) for the numerical simulations

interstitial muddy fluid
Solid particles/boulders

inter−granular fluid) and the second layer (free fluid)

h sb

2

Figure 3.2: The debris flow is divided into a serie of volumes V . The flowing material is separate
into two layers. The first layer is composed by all the solid mass (particles and boulders) and inter-
granular fluid (hsb), while the second layer is only composed by free fluid, (hf,2), flowing on top of
the first one. The density of the first layer can vary from dense flowing configurations (front of the
debris flow) to wet flowing configurations (tail of the debris flow) under dilatancy, see Sec. 3.3 and
Fig. 3.3.

(subscript 1) is equal to the solid component and the second phase/layer (subscript 2) to be equiv-

alent to the muddy component. Therefore, there can be no mass exchanges between the two

phases/layer. Momentum can be exchanged between the two phases by shearing and rubbing in-

teractions between the solid particles and the fluid mud.

In our model we follow the two-fluid assumption, [3, 4, 5, 41]. The first layer (subscript 1)

consists of a mixture of solid particles and inter-granular muddy fluid that is bonded to the particle

ensemble. The mass per unit area of this layer is denoted M1. It consists of solid mass (Ms) and

inter-granular fluid mass (Mf,1). The second layer (subscript 2) consists only of the fluid that is

free to move independently of the first layer. We term this second layer the free fluid which has

a mass Mf,2 (also per unit of area), Figs. 3.2 and 3.3. These relations can be mathematically

expressed as,

M1 = Ms +Mf,1 = ρshs + ρfhf,1 = ρ1 (hs + hf,1)︸ ︷︷ ︸
hsb

(3.1)

= ρs (hs +
ρf
ρs
hf,1)︸ ︷︷ ︸

h1

(3.2)

M2 = Mf,2 = ρfhf,2.

(3.3)

The heights hs and hf,1 represent the height of the solid and inter-granular fluid components; they

can likewise be considered as volumetric parts of the debris flow mass. Be aware that even if hsb

and h2 = hf,2 represent real heights of the first and second layers, this is not the case for hs and

hf,1 which represent the volumetric concentrations of solid and inter-granular fluid in the first layer,

respectively. The same remark holds for h1 which does not have any physical meaning but is added

to simplify the shallow water equations, Sec. 3.4. The total mass of the debris flow M is the sum
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of the mass of layer 1 (solid particles and inter-granular fluid) and mass of layer 2 (free fluid),

M = M1 +M2 =Ms +Mf,1 +Mf,2︸ ︷︷ ︸
Mf

= ρshs + ρf (hf,1 + hf,2)︸ ︷︷ ︸
hf

(3.4)

where hf = hf,1+hf,2 defines the total amount of fluid in the flow. In order to completely define our

mass in a given volume, the last step is to differentiate the inter-granular and the free fluid. This is

accomplished by assuming that the separation between the inter-granular and the free fluid is given

by the location of the highest solid particle. We suppose that the solid content is homogeneously

distributed in the first layer. Therefore, the center of mass of the solid is hsb

2 . Moreover, all the

fluid which fills the void space is considered as bonded (it forms the inter-granular fluid component)

and all the remaining fluid, is considered as free (see Figs. 3.2 and 3.3). All the fluid which flows

above the first layer is considered free, and subsequently it can escape the matrix of solid particles,

allowing the debris flow to de-water. Thus, fluid can escape from the solid part of the flow.

Finally, we denote the velocity of layer 1 as v⃗1
1; the velocity of the second layer is v⃗2. The

velocity is a vector quantity as we consider velocity to be in two plane-parallel directions given by

the digital terrain model.

Figure 3.3: Sketch of two different debris flow configurations, possessing the same amount of solid
and fluid mass. The left one is a dilated configuration, happening during flowing, while the right
one is the reference configuration, called the co-volume configuration, typically when the flow is at
rest. The different heights we have defined in Sec. 3.2 and 3.3 are depicted here. The red dots show
the center of mass of the corresponding configuration. The parameters z, introduced in Eq. 3.6, is
the difference between the centers of mass of the dilated and co-volume configuration.

3.3 Dilatancy in the Solid Boulder Matrix

The basic idea behind our model is to describe the debris flow as a dilating mixture of solid particles

(boulders, rocks) and muddy fluid. Because of shearing interactions between the individual particles

and the ground, the solid matrix dilates; that is, the spacing between the particles can increase

or decrease, changing the overall volume of the first layer, [80]. More precisely, in our model,

dilatancy will be responsible of fluid mass exchanges between the two layers. These mass exchanges

1We assume zero slip between the granules and the inter-granular fluid.
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will change the flow composition and allow us to have a varying density profile inside the flow.

Indeed, without dilatancy, our model would be closer to two independent one-layer model than

a real two-layer model with interactions. Therefore, the density evolution in our model is the

consequence of dilatancy.

We define three variables associated with the solid mass, hs, h0 and hsb. The height hs is the

volume of the solid particles in the flow, h0 represents the reference height of the non-dilated mass,

we call it the co-volume2, whereas hsb represents the dilated height of the solid mass, Sec. 3.2 (see

Fig. 3.3). We refer to h0 as the co-volume, in an analogy to Van der Waals work on non-ideal

gasses with large molecules and cohesion [119]. Note that, even if the solid mass is conserved, the

first layer density can vary, according to Eq. 3.1, if the inter-granular fluid concentration evolves :

ρ1 =
ρshs + ρfhf,1
hs + hf,1

(3.5)

The potential energy VD (per unit area) associated with the dilatation of solid material is

VD = [ρs − ρf ]hs︸ ︷︷ ︸
buoyant mass

g
1

2
[hsb − h0]︸ ︷︷ ︸

z

. (3.6)

where z is the distance between the center of mass of the dilated configuration and the co-volume

one, Fig. 3.3. Because the configuration of the particles in the dilated volume defines the potential

energy VD, we sometimes refer to the energy VD as the configurational energy of the debris flow

[120,121,122]. Importantly, we are making the following physical assumption: the potential energy

is associated with the buoyant weight of the solid particles immersed in the inter-granular fluid.

Any change in z implies a change in the potential energy, ∆VD ∝ ∆z.

For a debris flow, changes in void space are always associated with movement of the interstitial

muddy fluid. When the void space between particles increases, fluid will fill the space between

particles, or conversely, when the void space decreases, fluid will be squeezed out. Fluid mass

that fills the void space will eventually move at the same speed as the particles and therefore

becomes inter-granular, whereas fluid that is squeezed out becomes free to move independent of

the particulate mass. This implies there is a mass exchange between the inter-granular and the

free fluid components, that depends on the void space of the solid mass. If the flow is dilating,

typically just after the release, free fluid is transformed into inter-granular fluid. Inversely, if the

solid void space is decreasing (e.g. in the run-out area) the rate of fluid exchange changes, and

inter-granular fluid becomes free (de-watering). To model this effect, we let Qf denote the rate of

the fluid mass exchanges. It can be calculated directly from any change in the distance between

the center-of-masses of the reference and dilated configurations ∆z,

Qf∆t = ∆z. (3.7)

In this paper the configurational energy VD is governed by a simple production (parameter α)

and decay (parameter β) term, similarly to what has been used for snow avalanches, see [80]:

∂VD
∂t

+ ∇⃗ · (VDv⃗1) = αẆf − βVD. (3.8)

2It is different from hs, because we consider that, even in the non-dilated configuration, the void space is not zero
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The quantity Wf represents the shear work. That is, the change in the energy of configuration VD

(dilatation) is directly related to the shear work, in accordance to Reynolds [78]. The parameter α

defines the fraction of the shear work that produces a dilatation, whereas the parameter β defines

how quickly the dilatation collapses in the absence of shear, due to energy dissipation caused by

shearing between particles. The balance between the production of VD and its decay essentially

defines the degree of saturation in the debris flow, as this defines the amount of void space (inter-

granular water) in the moving solid. As we will show in the final section, the parameters α and β

can be determined from experimental measurements such as the ones in Illgraben.

An important fact is that mass exchanges between the inter-granular and free fluid components

are also associated with a transfer of momentum (P⃗ ) between the two debris layers.

3.4 Model Equations

Depth-averaged mass conservation equations can be written for the three material components hf,1

(inter-granular fluid), h1 (first layer) and h2=hf,2 (free fluid),

∂hf,1
∂t

+ ∇⃗ · (hf,1v⃗1) = Qf inter-granular fluid (3.9)

∂h1
∂t

+ ∇⃗ · (h1v⃗1) =
ρf
ρs
Qf first layer (3.10)

∂hf,2
∂t

+ ∇⃗ · (hf,2v⃗2) = −Qf free fluid (3.11)

where ∇⃗ is the divergence operator in Cartesian coordinates. The right-hand side of the inter-

granular fluid and free fluid equations contains the term Qf , Eq. 3.7, which is the mass exchange

rate between the inter-granular and free fluid because of dilatant actions in the solid matrix. In

Eq. 3.10, as well as in Eq. 3.12, we include the density as the left hand side contains the density

ρs, Eq. 3.2, while the right hand side contains the density of the muddy fluid. Here we assume no

entrainment of solid material from the mountain torrent. Note that in Eq. 3.10, as well as in Eq.

3.12, we use h1 instead of hsb. Indeed, h1 has a constant density, which allows us to simplify the

equations. In this form, the equations are mass conservative. Note also that it is possible to find

the equation for the boulders/solid content of the flow combining Eq. 3.9 and 3.10 together with

Eq. 3.2.

We have in total four momentum conservation equations, viz. two equations for each of the

two layers. If b := b(x, y) denotes the bottom topography, they can be written in vectorial form

as [123,124]:

∂t(h1v⃗1) + ∇⃗ ·
(
h1v⃗1 ⊗ v⃗1 +

gh21
2
I

)
+ gh1∇⃗

(
b+

ρf
ρs
hf,2

)
= − τ⃗1

ρs
+
ρf
ρs
P⃗ (3.12)

∂t(hf,2v⃗2) + ∇⃗ ·

(
hf,2v⃗2 ⊗ v⃗2 +

gh2f,2
2

I

)
+ ghf,2∇⃗ (b+ hsb) = − τ⃗2

ρf
− P⃗ (3.13)

The first, resp. second, equation represents the first, resp. second, layer. The symbol ⊗ denotes

the tensor product and I is the two-dimensional unity matrix. The left side is the total variation

of the momentum with respect to time, including the effect of gravitation and the influence on one

phase to the other, [123, 124]. The right side represents the change in momentum due to external
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forces (excluding gravitation). τ⃗i is the shearing stress acting on the i-th layer. As we are using the

Voellmy-Salm model [125], the shearing stresses can be expressed as:

τ⃗i =

(
µiNi +

g||vi||2

ξi

)
êi (3.14)

Ni is the i − th layer normal stress and êi the unit vector along the flowing direction : êi =

(
vi,x
||vi|| ,

vi,y
||vi|| )

T . The gravity component gz is the slope-perpendicular acceleration due to gravity,

gz = g sin(θ) where θ is the slope angle of the corresponding cell. We emphasize that we neglect

the shearing between the two layers. Indeed, we can consider the shearing processes acting at the

interface between the two layers as a Coulomb type friction. However, we use a value of the fluid

Coulomb coefficient close to zero (µ2 ≈ 0.01). Therefore, the shearing between the two layers can

be assumed negligible.

Finally, Ṗ is the rate of momentum exchange associated with the mass exchange. Because Eq.

3.12 is defined per unit of ρs, while Eq. 3.13 is defined per unit of ρf . Together, these terms invoke

Newtons’ third law of action and reaction between the layers. The momentum exchange rate can

be expressed as,

P⃗ =

Qf v⃗2 if the first layer is dilating ḣ1 > 0

Qf v⃗1 if the first layer is collapsing ḣ1 < 0
(3.15)

3.5 Numerical Validation

Various numerical schemes for depth-averaged shallow-water type equations can be applied to solve

numerically this system of equations [104,126,127]. We numerically solve Eqs. 3.8 -3.13 using finite

volume schemes within the RAMMS avalanche software [43]. The equations are solved in two steps.

First, we solve the hyperbolic part of the equations, i.e. without the source term (right-hand side)

using a second order ENO scheme. The second step is to integrate the source terms using a second

order Runge-Kutta method.

To check the mathematical consistency of the model (Eqs. 3.6 and 3.8 to 3.13), we performed two

numerical tests. The first test is designed to test the stability of the three-component momentum

equations (solid, free and inter-granular fluid) while the second test is designed to check the mass

conservation between the inter-granular and free fluid contents during dilatative changes in the solid

boulder/rock matrix.

The first test is based on the idea that for a steady flow, the dimensionless Froude number is

constant, defined only by the Voellmy-type friction parameters µ and ξ in relation to the slope

angle θ. This condition must hold for the two-component flow (inter-granular fluid/solid material)

even if the solid material is undergoing shearing and dilatative changes. The derivation of this fact

is contained in a short Appendix, 3.9.1. We therefore performed block release simulations on a flat

plane with a uniform slope angle, Fig. 3.4.a. The plane connects to a flat run-out area. In order

to prove the existence of steady-state our interest is directed towards the slope above the run-out

plane. Obviously in real-terrain conditions, the flow would generally not reach a pure steady state

configuration.

The convergence of the numerical simulations to the theoretical results is depicted in Fig. 3.4a

(input parameters are summarized in Table 3.5). Here, the Froude number is plotted as a function
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of the simulation time t. The red curves represent the theoretical Froude numbers evolution for a

sliding rigid block (see Appendix, 3.9.1) for two different sets of friction values (Table 3.5, markers

’x’ and ’+’), while the blue markers are the numerical outputs. The mass of the block used in the

theoretical computation is equivalent to the initial mass of the release block used in the numerical

simulations. This plot reveals an important feature of model; namely, that in steady-state, there are

no dilatative changes in the solid boulder/rock matrix. The flow density is constant in steady-state

and therefore there is no changes in the amounts of free and inter-granular fluid components. Indeed,

momentum exchanges would result in a deviation in the Froude number convergence. Therefore,

a constant Froude number, which coincides with the mathematically computed value, means that

no momentum exchanges are occurring, which is the proof that the flow has attained a constant

density3. Changes in slope angle encountered in real torrents therefore always produce changes in

the debris flow density and streamwise structure.

Note that in the mathematical derivation of the Froude number value, Appendix 3.9.1, we do

not consider the influence of one phase on each other. However, this effect is taken into account

when we performed the numerical simulations. The fact that the numerical output converges to

the theoretical value shows that these effects are negligible. Therefore, the mathematical derivation

can be considered as valid even for a dilatant two-layer model with phase interactions.

Simulation µ [] ξ [m/s2] θ [◦] Froude Number

1 (’x’) 0.1 100 15 1.29

2 (’+’) 0.15 300 30 3.36

Table 3.1: Summary of the free parameters governing the Froude number value.

The second consistency check demonstrates that when the debris flow is outside steady-state, and

there are changes in the streamwise structure and dilatant actions in the boulder/rock component,

the mass of free and inter-granular fluid (total fluid) are always conserved. Therefore, for model

consistency, we have to check that the entire amount of fluid contained in the flow is conserved

with time. The simulations are again perform on an ideal, flat plane with a constant 30°slope. This
time, however, we are interested when the flow leaves the slope and enters the run-out zone; that is,

when the flow is no longer in steady-state as in the previous case. We have plotted the mass of the

different fluid flow components as a function of the time for three values of α : 10%, 15% and 20%,

Fig.3.4.b. The orange and red curves represent the free and inter-granular fluid for α = 10%, while

the blue lines are the total fluid composing the flow (sum of the two previous curves). the green and

cyan dashed lines are the evolution of free(lower curves) and inter-granular (upper curves) fluid,

for α = 15% and α = 20%. This result demonstrates that fluid mass is conserved during unsteady

motions in uneven terrain. Moreover, we can check that the mass exchanges (and therefore the

debris flow saturation), increase with α, which is the consistent numerical behavior.

3.6 Comparison to Illgraben Measurements

The Illgraben debris flow test site (Fig. 3.5) is located near Leuk, Canton Valais, Switzerland

[107, 114, 115]. Since 2005, the Illgraben torrent has been instrumented with a rectangular force

3A constant density does not mean that the streamwise density distribution is uniform.

35



0 20 40 60 80 100 120
0

1

2

3

4

0 50 100 150 200 250 300
Time [s]

0

500

1000

1500

2000

M
a

s
s
 [

t]

free fluid

Bonded fluid

Total fluidRed markers: theoretical evolution
Blue markers: numerical outputs

’+’ markers: second set of parameters
’×’ markers: first set of parameters

α = 20%

α = 15%

α = 10%

α = 10%

α = 15%

α = 20%

Fig. 4.a Fig. 4.b

Figure 3.4: a) Results of two simulation checks. For a flow on a flat slope governed by Voellmy-
type friction parameters, the Froude number is constant at steady-state. b) The total fluid mass
composing the flow is plotted as a function of the time. The dark orange line is the inter-granular
fluid, the light orange line is the free fluid; the blue line is the total amount of fluid, i.e. the sum of
the two previous ones, for α = 10%. The dashed line represent the inter-granular (upper curves)-
free(lower curves) fluid evolution for two different values of alpha, i.e. α = 15% (green dashed
lines) and α = 20% (cyan dashed lines). Total fluid is conserved as slope changes cause unsteady
motions.
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plate (area A=4m2) that measures shear (S) and normal (N) stresses at the base of a passing debris

flow. A laser sensor located above the plate measures the total debris flow height h as the flow

passes over the plate. The force plate is located at the end of a 2.5km long torrent (in orange on

Fig. 3.5) that has an average slope of 5o. The torrent is fed by a large (9.5km2), steep catchment

zone (in blue on Fig. 3.5), which supplies the measuring channel with debris flows of various

sediment/fluid compositions. In this paper we consider four specific debris events, see Table 3.6.

All four events can be considered single surges, with well-defined front-tail structure. The debris

flow fronts contained boulders and rocks, leading to large measured normal stresses N ≈ 20kPa -

25kPa (Fig. 3.6a, 3.6b, 3.6c and 3.6d). The debris flow fronts were followed by fluid tails containing

much less solid mass, reducing the measured normal stresses.

From the measurement data it is possible to estimate the streamwise bulk density ρ of the flow,

and therefore the time-variation of the solid and fluid components as debris flow passes over the

plate. Keeping the same notation as in Sec. 3.2, we can write the two following equations:

h = hs + hf (3.16)

M =
NA

gz
= A(ρshs + ρfhf ) = ρhA. (3.17)

In these equations, M is the total mass running over the plate which has the mean bulk density ρ.

As the basal area A is constant we can represent the volumetric components of the solid/fluid as a

corresponding height. With these Equations, we can equivalently write,

ρ =
ρshs + ρfhf
hs + hf

(3.18)

hs = h

[
ρ− ρf
ρs − ρf

]
hf = h

[
ρs − ρ

ρs − ρf

]
. (3.19)

Therefore, thanks to this experimental setup, we can extract from the measurements the streamwise

evolution of the bulk density, Eq. 3.18. (Equivalently it is possible to calculate the volumetric fluid

concentration
hf

h ). In the four events studied, the variation of the density with respect to time is

highly different from one event to the others (Fig. 3.6a, 3.6b, 3.6c and 3.6d). However, the variation

of the density with the normal stress exhibits a similar behavior for each of the measured events

(Fig. 3.7a, 3.7b, 3.7b and 3.7d). The color is an additional time information. The blue markers

represent the front of the flow and time is evolving as we approach the yellow color. From this time

information, we can check that the flow density is higher in the front (blue) than in the tail (yellow).

As a consequence of the uniformity in the density-normal stress space, we compare the density be-

havior with respect to the normal stress, rather than the time variation of the flow composition itself.
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Figure 3.5: Map of the Illgraben test site. The catchment zone is given by the blue polygon, while
the channel is drawn in orange. The check dams are also shown (red line). The blue star represents
the starting point of the hydrogaph, used for the numerical simulation, and the green star is the
location of the shear plate. The original map can be found in [107].
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Event Description
≈ Max flow

height
≈ Time
event

≈ Front
velocity

(a)
02.08.2005

Event with a high density:
rocky event 1.1 m 20 min no data

(b)
28.07.2006

Unconventional event the tail
becomes again less saturated 1.5 m 55 min 2 m/s

(c)
31.08.2008

Rocky front and very fluid tail,
large saturation difference between

the front and the tail 1.4 m 25 min 1.9 m/s
(d)

29.07.2013 extremely fluid event 1 m 50 min 1.9 m/s

Table 3.2: Main characteristics of the simulated debris flows.

(a) Event of the 2nd August 2005 (b) Event of the 28th July 2006

(c) Event of the 31th August 2008 (d) Event of the 29th July 2013

Figure 3.6: Data of the Illgraben data measurements. The colored markers plot the flow height
behavior, whereas the black markers plot the density evolution. Both markers are plotted with
respect to time. The color is an additional temporal information, the blue represents the front and
the yellow the tail.

In Fig. 3.6a, 3.6b, 3.6c and 3.6d, the debris flow height (colored curves) and the density (black

curves) is plotted as a function of time for the four different events. Colour should help to guide the

reader over the duration of the event. However, be aware that the color is more an indication than

a real temporal data. Indeed, for both sub- graphics, the two curves (Illgraben data and numerical

outputs) do not have the same duration. Therefore, the yellow markers, by instance, represent in

both (Illgraben and numerical simulation) case the end of the flow, but are associated with different

times.

To validate our model, we have selected four events at the Illgraben site: the 2nd of August 2005,

the 28th July 2006, the 31th August 2008 and the 29th July 2013. We use a hydrograph for the

release method [128]. In order to compare the numerical prediction with the experimental results,

we have selected four cells (a square of 2 by 2 cells), corresponding to the shear place location. For
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Figure 3.7: Comparison between Illgraben data and numerical simulations results. Bulk density ρ
as a function of normal stress N . The colored dots are the experimental data while the black edge
dots are the numerical outputs. The color is an additional temporal information, the blue represents
the front and the yellow the tail.

comparison we used the average of different variable of the debris flow on these cells.

The comparison between experimental and numerical results is shown in Fig. 3.7a, 3.7b, 3.7c

and 3.7d, which plots the first layer density as a function of the first layer normal stress. The colored

dots are the experimental data while the black edge symbols, filled with color, are the numerical

outputs. These results suggest that the dilatant, two-component model is able to reproduce the

streamwise density structure of several debris flows observed at the Illgraben test site. The numerical

results not only predict the correct dependency between density and normal stress, but also the

correct time dependency. Although this is a positive result, it must be emphasized that the model

is not able to differentiate between the inter-granular and free fluid components and therefore the

exact degree of solid dilatation. This is largely due to the fact that the Illgraben data, although

extensive, does not provide a means to separate the inter-granular and fluid parts of the interstitial

muddy fluid. We are able only to measure the sum of the muddy fluid passing the normal plate

over time. This leads to an important observation: as we cannot distinguish the interstitial and

free fluid from the Illgraben measurements, we can choose to match the experimental data either

with the first layer density or with the entire debris flow density. We have chosen the former case
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Figure 3.8: Three pictures of the simulations performed to match the 2013 event. From left to right:
the solid height, the interstitial fluid height and the free fluid height. The picture is taken when the
first layer reaches the shear plate. We can see here an important point of the model: during flowing,
a large part of the fluid belongs to the first layer and there is only a small amount of free fluid left.

for the following reason. Our final goal is to compute the flow rheology as a function of the flow

composition. However, in our model the rheology of the first layer only will change, because the

second layer is completely composed by fluid. Therefore, it is relevant to match the data with the

first layer only, as this will determine in large part the rheology of the flow 4. Moreover, we can also

choose to initialize the flow in a already dilated configuration, in which case all the fluid is assigned

to belong to the first layer and there is no free fluid as long as the solid matrix does not start to

collapse. However, we did not use this way to initialize the flow for consistency reasons. Indeed,

we wanted to show that we were able to catch the right density profile even when we initialize the

flow in the co-volume configuration, to demonstrate the applicability of the dilatancy approach.

As a last results, we show on Fig. 3.8, the time-spatial evolution of the three flow contents, that

is to say: the solid matrix, the interstitial fluid and the free fluid. One can see an important aspect

of the model. During flow, the amount of free fluid is small with respect to the first layer, which is

the sum of the two left plots.

3.7 Discussion and Conclusion

Measurements of S/N ratios of debris flow reveal a strong decrease in friction with increasing volu-

metric fluid content (Fig. 3.9a, 3.9b, 3.9c and 3.9d). This statement can, of course, be alternatively

stated: S/N ratios increase with increasing solid content. However, the experimental data reveals

an important second point: the solid/fluid content distribution varies in the streamwise direction.

Often, the debris flow front contains less fluid than the tail, indicative of higher friction, or bulking,

4We can also possible to match the Illgraben measurements with the entire flow data.
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at the leading edge of the flow (Fig. 3.6a, 3.6b, 3.6c and 3.6d). The solid mass will have a tendency

to stop sooner, in comparison to the fluid concentrated tails, causing a wide array of different stop-

ping possibilities in run-out zones. Stopped solid concentrations can de-water, or be overflown by

their muddy tails. Torrents can be blocked and dammed, leading to channel outbreaks and muddy

flows that inundate large areas.
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(c) Event of the 31th August 2008
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Figure 3.9: Experimentally measured S/N ratio as a function of the measured saturation. Each dot
represents an experimental measurement. The color is an additional temporal information, the blue
represents the debris flow front and the yellow the tail.

The first step to model accurately the mobility of a debris flow is the ability to predict the

variation of volumetric fluid/solid components – essentially the streamwise variation of the bulk

density from the head to the tail of the flow. This task cannot be achieved within the framework

of simple one-layer models and is the purpose of this paper.

The approach adopted in this paper is to divide the fluid content into two parts – the inter-

granular part (that moves with the speed of the solid matrix) and the free fluid (which moves

independently from the solid). We assume that all fluid that can be contained in the void space of

the solid is inter-granular. The problem here is that the void space is continuously changing because

of the continuous interactions between the rocks and boulders themselves and the ground. Shearing

changes the volume of the solid matrix and thus the relative amounts of inter-granular and free

fluid. Importantly, the solid concentration moderates the speed of the overall flow, causing the fluid

to move at a slower speed, backing up the fluid into the tail of the debris flow. With this approach

it was possible to simulate the density variation (i.e. the volumetric fractions of solid/fluid) in the

42



streamwise direction.

The model imposes two physical constraints:

1. In steady-state, there is no variation in the solid configuration, and therefore the density is

constant. Volumetric dilatation in the solid matrix are governed by the balance between the

shear work rate (production) and collapse of the volume in the surrounding fluid (decay). In

steady state the work done by shearing is constant and equal to the collapse rate, leading

to a constant solid volume and therefore a constant void ratio. In this case there can be no

exchange between the inter-granular and free fluid fractions which remain constant. This leads

to constant Froude numbers in the steady-state, and, because no mass can be exchanged, in

turn to no momentum exchange between the two components. On steep slopes, the production

term dominates leading to more dilated flows with suspended particles. In the run-out zone,

the flows collapse, the particles return to the basal layer and the void space disappears. The

debris flows de-waters.

2. Mass exchanges imply momentum exchanges. In existing debris flow models [1, 2, 6, 111,

112], momentum exchanges must be devised to regulate the speed of the two phases/layers

solid/fluid models. By transferring mass between the inter-granular fluid locked in the solid

matrix and the free fluid, we also transfer momentum. The transfer of momentum is regulated

by the void space (dilatation) in the solid boulder/rock matrix of the flow. As we have

demonstrated in the numerical examples, these momentum exchanges will only occur when

the flow is in a non-steady-state. For example, when the flow is undergoing sharp slope

changes such as when entering the run-out zone. Of importance, is the fact that the transfer

of mass and momentum between the solid/inter-granular fluid (layer 1) and free fluid (layer

2) layers regulates both the speed and the density of the debris flow.

In our debris flow model formulation, the free fluid has two main roles. First, it surrounds the

solid matrix and therefore facilitates the buoyant dispersion of the solid mass. It effectively allows

dilatancy and therefore streamwise density variations. Secondly, when the solid matrix stops, the

solid particles deposit out of the fluid content. It then becomes possible to simulate phase separation

(de-watering) between the solid and free fluid.

Alternatively, when the debris flow mixture is still flowing, a significant proportion of the fluid is

flowing at the same speed as the solid in the inter-granular void space. The amount of the free fluid

layer is small comparing to the first layer, Fig. 3.8, in some cases non-existent. Another important

practical point is that we can initiate the flow in an already dilated configuration by using an

hydrograph. Therefore, we start the debris flow as a single layer flow, assigning all fluid to be

inter-granular. It means that in this case, the two-layer model reduces to a one-layer model, which

implies a reduction in computational time, while keeping the possibility to have a density profile.

Only in the run-out zone, when the solid matrix deposits, will the inter-granular fluid become free.

To summarize, our model is able to predict the complexities of two-layer behavior (streamwise

density distribution, phase separation), while solving, for a large part of the simulation time, a

system of one layer equations. This offers the possibility to reduce calculation time, which is an

crucial aspect in practical engineering applications. With regard to the flow rheology, we note

that the experimental decrease in S/N (Fig. 3.9a, 3.9b, 3.9c and 3.9d) appears almost linear with

volumetric fluid content, providing strong evidence of effective stress like concepts which reduce the
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shear stress linearly with increasing fluid pressure. A first step to develop and test different two-

layer rheological models is first to capture the streamwise density variation of the flow. Although

our major goal was to develop a model for practical applications, because we can define variable

amounts of solid and muddy fluid, the model might help also to understand how debris flow mobility

will be affected in a changing climate, where we expect changing geomorphological and precipitation

conditions.
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3.9 Annex

3.9.1 Appendix A: Analysis of a Sliding Block along an Inclined Plan

with a Vollemy-Salm Shearing Model

Figure 3.10: Block sliding on a flat plan with constant slope angle θ.

In this section we study the mathematical solution of a sliding rigid block along an inclined plan

with a constant slope angle θ. The shearing stress will be given by the Vollemy-salm model. it

means :

τ⃗ = µNêv⃗ +
ρg

ξ
v2êv⃗ =

(
µN +

ρgv2

ξ

)
êx (3.20)

Where A is the basal area, v⃗ is the center of mass velocity, always parallel to the slope direction

êx (we suppose than either the ground and the block are unalterable). If we use the second law of

Newton and we decompose the forces along êx and êz, slope perpendicular direction, it gives:

along êx → mg sin(θ)− ρgAv2

ξ
− µNA = ma = mv̇ (3.21)

along êz → −mg cos(θ) +NA = 0 (3.22)
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Combining these two equations, we find a first-order differential Eq.:

mg sin(θ)− ρgA

ξ
v2 − µmg cos(θ) = mv̇ (3.23)

We can solve it with respect to v. After integration, with the initial condition v(t = 0) = 0 we

obtain:

v(t) =
Ω√
ζ
tanh

(
Ω
√
ζ

m
t

)
(3.24)

with Ω2 = mg(sin(θ)−µ cos(θ)) and ζ = ρgA
ξ . Therefore, for time long enough (limt→∞), the block

reaches a steady state, given by the steady value:

Fr = lim
t→+∞

v(t)√
gh(t)

=

√
ξ(sin(θ)− µ cos(θ))

g

 lim
t→+∞

tanh

(
Ω
√
ζ

m
t

)
︸ ︷︷ ︸

=1

 (3.25)

=

√
ξ(sin(θ)− µ cos(θ))

g
(3.26)

which is the well known Froude number. It means that, once the entire flow (each cell) reaches

a steady state, the value of the Froude number should converge to a constant and uniform value

which depends only on the slope angle and the two friction parameters of the Voellmy-Salm model.

We can note, that even if the mathematical derivation remains valid for every density of the block,

momentum exchanges between the layers would not conserve the Froude number convergence.

Therefore, to have a correspondence between the numerical output and the mathematical analysis,

momentum exchanges have to be zero, which reflect the fact that we have a constant density (not

uniform!!).
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Chapter 4

Voellmy-Type Mixture Rheologies

for Dilatant, Two-layer Debris

Flow Models

Abstract

We formulate and test different Voellmy-type mixture rheologies that can be introduced into two-

layer debris flow models. The formulations are based on experimental data from the Swiss Illgraben

test site as well as on mathematical constraints in steady flow conditions. In agreement with the

ideas of Iverson, we show that the uniform, fixed rheological models cannot accurately represent the

changing frictional resistance when debris flows undergo spatial and temporal changes in solid-fluid

composition. Indeed, the experimental results of Illgraben indicate that flow friction decreases with

increasing volumetric fluid concentration, however, the degree of reduction depends on both the

pore-pressure and the solid particle agitation. The interplay between these processes make friction

in debris flows highly nonlinear and difficult to quantify. Changing the friction according to the

flow composition must be carefully executed, because it can lead to numerical instabilities, which is

a recurrent problem in two-layers debris flow models. We test the different rheological formulations

using a real event documented with differential topographic data collected using Unmanned Aerial

Vehicles (UAVs). The model is able to reproduce the correct erosion pattern and exhibit the right

density profile. The event includes de-watering at the front and deposition of sediment which

cause a change from debris flow to debris flood or hyperconcentrated flow, which indicates that two

completely different flow states can be modelled with a single Voellmy-type mixture rheology.
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4.1 Introduction

The increasing application of two-phase debris flow models in hazard engineering [1,2,6,111,112,118]

has renewed interest, and subsequently research, into the debris flow rheology problem, see Fig. 4.1.

Presently debris flow calculations are performed using fixed rheologies using frictional parameters

that vary strongly depending on the debris flow type [105]. This limits the predictive power of

model calculations and their application in hazard engineering. The evolving behavior of debris

flows is simply too complex to be modelled by a fixed rheology (with regards to space and time)

that ignores spatial and temporal variations of fluid content, pore-pressure and particle agitation.

Iverson [7] or more recently Hungr [129] termed the impossibility of finding a fixed rheology, the

rheology myth, and proposed Coulomb mixture theories to model debris flows of variable solid-fluid

composition.

In this paper, we investigate two Coulomb mixture theory formulations of Voellmy-type. Our

use of Voellmy-type models is motivated by the fact that they are widely applied in debris flow

practice (at least in Switzerland [105]) and therefore empirical parameter ranges are known. Because

Voellmy-type models contain only two parameters for each layer, the total number of parameters

remains small. Our primary motivation, however, is to show that improved simulation results in

terms of predictive power are possible. In this work, we aim at demonstrating, using shear and

normal force measurements at the Illgraben test site [107,109], that there is also a good experimental

foundation for this rheological approach. We investigate the influence of rheology on debris flow

composition, de-watering, entrainment and prediction of channel outbreaks, [130,131].

The general mathematical form of the Voellmy-type mixture formulations is:

τ⃗i = τ⃗µ,i + τ⃗ξ,i (4.1)

where τ⃗i denotes the frictional resistance of the i-th layer (i=1 stands for the mixed debris flow

layer and i=2 for the free water layer, for more details, see section 4.2). As in the case for single-

layer/layer Voellmy-type models, the frictional resistance is split into two parts: the Coulomb

friction part τ⃗µ,i of the i-th layer and the hydraulic, velocity-dependent friction τ⃗ξ,i. Here, we

adopt the Swiss convention of denoting the Coulomb friction with the greek symbol µ and the

hydraulic friction with the symbol ξ. Coulomb friction depends on the normal stress Ni and is

given by:

τ⃗µ,i = µiNie⃗i (4.2)

and Sξ,i is given by:

τ⃗ξ,i =
gρi||v⃗i||2

ξi
e⃗i. (4.3)

Where ξi is the turbulent friction coefficient for the layer i and v⃗i is the velocity of the i-th layer.

The vector e⃗i is a unit vector along the flowing direction of the i-th layer, e⃗i =
v⃗i

∥vi∥ .

To test the rheological formulations, it is necessary to implement them into a two-layer debris

flow model. For this purpose, we use the approach recently proposed by Meyrat and others [132].

We choose to work with a depth-averaged model since it has been shown to accurately reproduce

the spatial and temporal flow composition measured in actual debris flows at the Swiss Illgraben

test station [109, 114, 115]. This includes the simulation of the measured density distribution from

leading edge of the debris flow to the flow tail [132]. It contains both a free-fluid layer and mixture
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Figure 4.1: Debris flows inundated the village of Bondo, Switzerland after the Piz Cengalo rock/ice
avalanche collapse in 2017.

layer (solid - bonded fluid), and therefore allows the determination of excess pore-pressures, as

well as an agitation-driven dilatancy terms arising from the shearing of the granular solid. As

such, it fulfills the basic debris flow model requirements formulated by several authors including

Takahashi [118] and Iverson [1,108]. The rheological formulations presented here are formulated in

general terms such that they can be applied in any two-layer model. Moreover, we wish to separate

as much as possible the proposed rheological formulations from the specific two-layer debris flow

model that we apply.

The natural state of a debris flow is unsteady, especially when considering flow in steep, twist-

ing torrents in complex mountain terrain. Bed erosion also serves to disrupt any possibility of

steady flow. Nonetheless, we decide to test the Voellmy-type mixture rheologies both in steady

and unsteady conditions. Indeed, a steady-state analysis of the mixture formulations is necessary,

especially to test the overall model performance (and the correctness of the numerical implementa-

tion since the model results must converge to analytically-derived steady solutions). Since steady

solutions exist in most, if not all, two-layer debris flow models, the steady-state analysis facilitates

a comparison between different two-layer model approaches. It also helps clarifying the underlying

physics of the different mixture formulations.

In the following section, we present the governing equations of our two-layer approach. We

discuss the physical ideas underpinning the model. This presentation serves to identify the friction

terms in the momentum balance equations. In Section 4.3 we present the two basic rheological

formulations based on pore-pressure and dilatancy concepts. In section 4.4 we investigate the
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Figure 4.2: A sketch of the debris flow model. The flow consists of solid material in the form of
boulders (granules) as well as two types of fluid. The bonded/interstitial fluid is located between the
boulders and is ’fixed’ to the solid. The free fluid is located above the granular solid/fluid mixture
and moves independently. In the numerical simulations, the debris flow is divided into a series of
volumes V (black rectangles).

numerical stability of the proposed formulations. Documented real events simulations are found in

section 4.5. The paper is rounded-off with some concluding remarks and an outlook to future work

in Section 4.6.

4.2 Two-Layer Debris Flow Model with Dilatancy

We model debris flows with a two-layer, depth-averaged formulation [132], see Fig. 4.2. The

debris flow contains two material components: a solid component (subscript s) consisting of coarse

granular sediments (e.g. boulders, cobbles, and gravel), associated with a density ρs, and a fluid

component (subscript f) consisting of fine sediment likely to behave as suspended sediment (e.g.

sand, silt, clay), hereafter referred to as the muddy fluid content, the density of which is denoted

by ρf .

The solid and fluid components are divided into two layers. The first layer (subscript 1) contains

the granular solid material and a part of the fluid. The fluid is contained in the interstitial space

between particles and is assumed to be bonded to the solid particles. The second layer (subscript

2), is formed by the fluid which can flow independently from the first layer. The total mass per

unit of area (all the quantities in the following are defined per unit area A) of the debris flow M

is the sum of the mass of layer 1 (solid particles and inter-granular fluid) and mass of layer 2 (free

fluid),

M = M1 +M2 =Ms +Mf,1 +Mf,2︸ ︷︷ ︸
Mf

= ρshs + ρf (hf,1 + hf,2)︸ ︷︷ ︸
hf

(4.4)

where hf,1 and hf,2 represent the amount of fluid in the first (interstitial fluid) and second (free
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fluid) layer, respectively, and hf defines the total amount of fluid in the flow. We write hs instead

of hs,1 because the solid always belongs to the first layer only. Mf,i = ρfhf,i is the fluid mass

contained in the i -th layer. These assumptions lead to a system of three depth-averaged mass

balance equations,

∂h1
∂t

+ ∇⃗ · (h1v⃗1) =

[
ρf
ρs

]
Qf +

[
ρe
ρs

]
E solid and inter-granular fluid (4.5)

∂hf,2
∂t

+ ∇⃗ · (hf,2v⃗2) = −Qf second layer, free fluid (4.6)

∂hf,1
∂t

+ ∇⃗ · (hf,1v⃗1) = Qf +

[
ρe − ρf
ρf − ρs

]
E inter-granular fluid (4.7)

where ∇⃗ is the divergence operator in Cartesian coordinates. The vectors v⃗1 and v⃗2 represent the

depth-averaged velocity of the first and second layers, respectively. For notation purposes, we do

not denote the depth-averaged quantities differently in the following of this paper. The right-hand

side of the inter-granular fluid and free fluid equations contains the term Qf [132], which is the

mass exchange rate between the inter-granular and free fluid driven by dilatant actions in the solid

matrix (see following). The equations relevant for the first phase (eq. 4.5 and 4.7) also contain

the erosion rate, denoted by E. The density ρe characterizes the density of the entrained mass.

In order to compute the erosion rate E, we began with the model introduced in [40, 50] which is

based on careful field measurements [75] and well-documented events. The model was subsequently

adapted for the two-layer model. In the modified model the erosion rate E is no longer uniform (as

in [40, 50]), but a function of the flow composition. If Es represents the erosion rate for a purely

solid flow and Ef for a completely fluid layer, the erosion rate E is expressed as follows:

E = (1− ϕf )Es + ϕfEf (4.8)

where ϕf is the volumetric fluid fraction of the first layer, defined as:

ϕf =
hf,1

hs + hf,1
(4.9)

The term E is absent in Eq. 4.6, because the second layer i.e., the free fluid, cannot entrain solid

material by definition. Solid material must be entrained by the first layer. Unlike in [130, 131] in

which the erosion rate is a function of the flow depth and velocity, the solid and fluid erosion rates

Es and Ef are constant and uniform. However, the maximum potential erosion depth is computed

from the shear stress, [40, 50], which depends on the flow height, velocity, and composition.

We emphasize that the pseudo-variable h1 does not represent the physical height of the first

phase (the one that a sensor would measure). This variable is introduced to simplify the mass and

momentum conservation equations. The pseudo-height h1 is defined as the sum of the solid and

bonded fluid mass (equal to first layer mass), normalized by the solid density ρs:

h1 = hs +
ρf
ρs
hf,1 (4.10)

This relation can be found by noting that the total mass of the first layer M1 can be expressed as

the sum of the solid material Ms and the interstitial fluid mass Mb. As the heights hs and hf,1
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represent the height of the solid and inter-granular fluid components in the first layer, respectively

(these quantities can be considered as the solid and fluid volumetric parts of the debris flow mass),

we find that,

M1 = Ms +Mb = ρshs + ρfhf,1 = ρs (hs +
ρf
ρs
hf,1)︸ ︷︷ ︸

h1

= ρ1(hs + hf,1︸ ︷︷ ︸
hsb

) (4.11)

M2 = ρfhf,2.

(4.12)

where hsb = hs + hf,1 represents the physical height of the first layer and M2 = Mf the mass of

the second layer, see Fig. 4.2. All the fluid which flows above the first layer is considered free,

and subsequently it can escape the matrix of solid particles, allowing the debris flow to de-water.

As the solid particles settle, and the interstitial space between particles collapses, fluid can escape

from the solid part of the flow.

At first instance, the division of masses using a pseudo-height h1 appears cumbersome. h1 is

however associated with a constant and uniform density ρs (Eq. 4.10), in contrast with hsb which

is associated with the ’real’ first layer density ρ1 which evolves with the dilatant action of the solid

matrix. Therefore, using h1 simplifies the momentum balance equations by the density. They are

given for the two layers [123,124], by:

∂t(h1v⃗1) + ∇⃗ ·
(
h1v⃗1 ⊗ v⃗1 +

gh21
2
I

)
+ gh1∇⃗

(
b+

ρf
ρs
hf,2

)
= − τ⃗1

ρs
+
ρf
ρs
P⃗ (4.13)

∂t(hf,2v⃗2) + ∇⃗ ·

(
hf,2v⃗2 ⊗ v⃗2 +

gh2f,2
2

I

)
+ ghf,2∇⃗ (b+ hsb) = − τ⃗2

ρf
− P⃗ . (4.14)

Where the vectors v⃗1 and v⃗2 represent the depth-averaged velocity of the first and second layers,

respectively and b := b(x, y) denotes the bottom topography. The symbol ⊗ denotes the tensor

product and I is the two-dimensional unity matrix. The left side of Eqs. 4.13 and 4.14 is the

total variation of the momentum with respect to time, including the effect of gravitation and the

influence of each layer on the other [123, 124]. The right side represents the change in momentum

due to external forces (excluding gravitation). τ⃗i corresponds to the shearing forces acting on the

i -th layer (we divide it by the density ρs for the first layer and ρf for the second one, because

Eq. 4.13 and 4.14 are defined per unit of density). Different Voellmy-type mixture models for the

shearing stresses τ⃗i are provided in the next chapter. Contrarily to [53, 133], we do not account

for any momentum production or softening of the basal topography due to erosion. Consequently,

erosion is not directly present in the momentum balance equations, Eqs. 4.13 and 4.14. However, it

influences the mass balance and the mixture layer composition, which governs the shear resistance

of the flow. Therefore, although we do not explicitly consider momentum production, entrainment

changes the entire flow dynamics.

The vector P⃗ is the rate of momentum exchange associated with the mass exchange Qf ,

P⃗ =

Qv⃗2 if the first layer is dilating ḣsb > 0

Qv⃗1 if the first layer is collapsing ḣsb < 0.
(4.15)
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The mass exchange Qf is a result of the dilatant actions of the solid particles in layer 1. Under

interactions with the rough bed of the channel, the solid matrix can expand its volume during

flowing, leading to different flowing configurations, associated with different densities (see left sketch

of Fig. 4.3). Note that, even if the solid mass is conserved, according to Eq. 4.11, the first layer

density can vary if the inter-granular fluid concentration evolves:

ρ1 =
ρshs + ρfhf,1

hsb
= (1− ϕf )ρs + ϕfρf . (4.16)

When the flow is at rest, the first layer is in the so called co-volume configuration, the height of

which is denoted h0, which corresponds to the configuration where the solid matrix is completely

collapsed, see right sketch on Fig. 4.3. However, potential energy is required to rise up the center

of mass of the solid matrix. We call it the configurational energy, VD, and it can be expressed,

considering buoyancy, as:

VD = [ρs − ρf ]hs︸ ︷︷ ︸
buoyant mass

gz
1

2
[hsb − h0]︸ ︷︷ ︸

z

(4.17)

where z denotes the vertical displacement of the center of mass, from the collapsed configuration

to a dilated configuration and gravity gz is the slope-perpendicular gravity component. Changes

in the center of mass of the solid matrix implies changes in the void space. When the void space

increases, free fluid fills the additional space between the particles. Conversely, if the solid matrix

collapses, interstitial bonded fluid is transformed into free fluid and will be squeezed out of the

first layer. Therefore, changes in the solid matrix center of mass will always be accompanied by

fluid mass exchanges between the interstitial bonded fluid and the free fluid. These exchanges are

denoted Qf and are responsible for the evolution of the flow composition.

Dilated configuration Co−volume configuration

z
(solid with interstitial fluid)

Second layer (free fluid)

First layer

First layer

Second layer (free fluid)

h
f,2

h
sb

 = h
s
 + h

f,1
 > h

0

h
f,2

h
sb

 = h
s
 + h

f,1 
= h

0

Boundary between 

the two layers

(solid with interstitial fluid)

Figure 4.3: Sketch of two different debris flow configurations, containing overall of the same amount
of solid and fluid mass. The left panel is in a dilated configuration, occurring while flowing. The
right configuration is the reference configuration, called the co-volume configuration, typically oc-
curring when the flow is at rest. The different heights and further physical parameters are described
in [132]. We define three variables associated with the solid mass, hs, h0 and hsb. The height hs
is the volume of the solid particles in the flow, h0 represents the reference height of the non-dilated
mass, we call it the co-volume (It is different from hs, because we consider that, even in the non-
dilated configuration, the void space is not zero), whereas hsb represents the dilated height of the
solid mass, section 4.2. We refer to h0 as the co-volume, in an analogy to Van der Waals work on
non-ideal gasses with large molecules and cohesion [119].
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We postulate that the configurational energy VD is governed by a simple production (parameter

α) and decay (parameter β) term [132]

∂D

∂t
+ ∇⃗ · (Dv⃗1) = αẆf − βD. (4.18)

The quantity Wf represents the shear work. That is, the change in the energy of configuration VD

(dilatation) is directly related to the shear work, in accordance to Reynolds [78]. The parameter α

defines the fraction of the shear work that produces a dilatation, whereas the parameter β defines

how quickly the dilatation collapses in the absence of shear, due to energy dissipation caused by

shearing between particles. The balance between the production of VD and its decay defines the

degree of saturation in the debris flow, as this defines the amount of void space (inter-granular

water) in the moving solid. For more details, the reader is referred to [132].

4.3 Voellmy-type Mixture Rheologies

The two parameters Voellmy formulation is popular in natural hazard mitigation because the

Coulomb friction determines the debris flow runout, as it defines the critical slope angle θ at

which the flow begins to decelerate tan θ = µ [105]. The hydraulic friction ξ defines the steady flow

speed of the movement. Thus, with only two parameters we can define the approximate runout

distance and steady flow velocity. Default values for single-layer/layer debris flows are known (ap-

proximately µ=0.20 and ξ=200 m/s2). However, these values can change significantly in practical

case-studies, because they depend on the fluid content of the debris flow and torrent conditions,

such as grain size distribution. With the aim of reducing the range of possible values of the two

Voellmy parameters, we now introduce two models, the Voellmy Mixture model (denoted as VM),

section 4.3.1 and the Voellmy Mixture Model including Pore Pressure Effects (denoted PP), section

4.3.2. In these models, the rheology is not uniform and constant anymore but evolves with the

flow composition. Before going to the details of the different models, here we make some general

comments:

The rheological formulation of any two-layer/phase model with an entirely fluid layer/phase

(the free fluid one here) has to ensure the following consistency conditions:

lim
ϕf→1

Sµ,1(ϕf ) = Sµ,2 and lim
ϕf→1

Sξ,1(ϕf ) = Sξ,2 (4.19)

where ϕf is the volumetric fluid fraction, as defined in eq. 4.9. These limit conditions ensure the

following: if the first layer density becomes close to the density of the second layer (meaning that

it contains no solid material), the frictional shear forces acting on the first layer must be similar

to the second layer. The density of the first layer can vary, from a rocky density (≈ 2000-2200

kg/m3, debris flow front) to the density of the muddy fluid (≈ 1000-1300 kg/m3, debris flow tail).

Therefore, if the first layer acquires the density of the muddy fluid (for example, at the tail of the

flow), the consistency condition enforces a rheological uniformity between the layers. Because bed

entrainment can suddenly change the solid and fluid concentrations of the debris flow anywhere, the

consistency condition physically constrains the effects of bed erosion on the evolving flow properties

of the debris flow.

The assumption that the debris flow rheology is not constant and uniform but evolving with the
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flow composition is supported by the experimental data from Illgraben. The Illgraben debris flow

test site (Fig. 4.4) is located near Leuk, Canton Wallis, Switzerland [107,114,115]. Since 2005, the

Illgraben torrent has been instrumented with a rectangular force plate (area A=8m2) that measures

shear and normal stresses at the base of a passing debris flow. A laser sensor located above the

plate measures the total debris flow height h as the flow passes over the plate. The force plate is

located at the end of a 5 km long torrent (in orange on Fig. 4.4) that has an average slope of 5o at

the downstream end of the channel at the location of the force plate. The torrent is fed by a large

(9.5 km2), steep catchment zone (in blue on Fig. 4.4), which supplies the channel. The Illgraben

sub-catchment supplies most of the water and sediment, whereas the Illbach catchment supplies

mainly water [109].

From the normal stress and height measurements, it is possible to compute the flowing density

ρ or equivalently the fluid volume fraction ϕf , [132]. It is therefore possible to investigate the link

between the flow composition and the intensity of the shear forces. The ratio between the shear

and the normal stress (S/N) is a good representation of the shear force intensity. In Fig. 4.5, the

ratio S/N is plotted as a function of the volumetric fluid concentration (which is simply equal to

100 × f). In this figure, we can see clearly that the ration S/N depends strongly on the flowing

fluid saturation.

In order to take into account the effects of the evolving debris flow composition in the first layer

on its rheology, we define four rheology coefficients: ξs and µs which are relevant for the densest

configuration, i.e the co-volume configuration while µf and ξf if the flow is composed of fluid only.

As the second layer is always composed only by fluid, its coefficients are uniform and constant, i.e.

µ2 = µf and ξ2 = ξf .

4.3.1 Voellmy Mixture Model (VM Model)

One method to account for the reduction of friction with increasing fluid concentration, Fig. 4.5,

is to express the rheology coefficients µ and ξ as a linear function of fluid fraction ϕf . Therefore,

we assume that the shearing coefficients are given by the weighted average of µs and ξs of the flow

composition. Formally,

µ1(ϕf ) =
hsµs + hf,1µf

hs + hf,1
= (1− ϕf )µs + ϕfµf (4.20)

ξ1(ϕf ) =
hsξs + hf,1ξf
hs + hf,1

= (1− ϕf )ξs + ϕfξf . (4.21)

Eq. 4.20 combined with Eq. 4.1, 4.2 and 4.3, satisfy the consistency condition given by Eq. 4.19.

In general we assume that for the muddy fluid (i=2),

µ2 = µf = 0 (4.22)

ξ2 = ξf (4.23)

Thus, we have for the mixture stresses

τ⃗µ,1 = µ1(ϕf )N1e⃗1 = µsgzρ1hse⃗1 and τ⃗µ,2 = 0 (4.24)
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Figure 4.4: Map of the Illgraben test site. The catchment zone is colored in blue, while the channel
is drawn in orange. The check dams are also shown by red lines. The blue star represents the
starting point of the hydrogaph, used for the numerical simulation, and the green star is the location
of the force plate. The original map can be found in [107].
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(b) Event of the 28th July 2006
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(d) Event of the 29th July 2013

Figure 4.5: Experimentally measured shear-normal stress ratio (S/N) as a function of the measured
fluid volumetric concentration for four different debris flow events. Each dot represents an exper-
imental measurement. The color provides additional temporal information, the blue represents the
debris flow front and the yellow the tail.

57



and

τ⃗ξ,1 =
gρ1||v1||2

ξ1(ϕf )
e⃗1 and τ⃗ξ,2 =

gρfρf ||v2||2

ξf
e⃗2. (4.25)

4.3.2 VoellmyMixture Model including Pore Pressure Effects (PPModel)

Effective stress and pore pressure concepts have been applied to model debris flow motion [1,6,108,

134]. if we let p be the fluid pressure, then in depth-averaged models the effective stress Neff is

given by the difference between the normal pressure and the fluid pressure,

Neff = N − p (4.26)

On the assumption that the pressure p is hydrostatic, the Coulomb part of the shear stress is,

τ⃗µ,1 = µ1Neff e⃗1 = µ1 [N − p] e⃗1 = µs(ρs − ρf )gzhsbe⃗1 with p = ρfgzhsb. (4.27)

Here note that we do not include the normal stress induced by free fluid, i.e. Nf = ρfgzhf,2,

in the computation of the pore pressure. It is not required because Nf should be added to both

normal stress (N) and pore fluid pressure (p). Therefore, the free fluid normal stress contribution

will vanish in the computation of τ⃗µ,1 in Eq. 4.27 as only the subtraction of N by p is relevant.

Another interesting feature of the model is that the consistency condition given by eq. 4.19 is

satisfied if and only if µ2 = 0. Therefore,

τ⃗µ,2 = 0. (4.28)

In this formulation, Eq. 4.21 is still valid, therefore, the ξ-terms are the same as in the preceding

approach,

τ⃗ξ,1 =
gρ1||v1||2

ξ1(ϕf )
e⃗1 and τ⃗ξ,2 =

gρfρf ||v2||2

ξf
e⃗2. (4.29)

4.4 Steady State Solutions

The purpose of this section is to derive steady-state solutions of the two-layer debris flow equations

with dilatancy. Because steady-states represent the balance between the driving and resisting forces

acting on the debris flow body, the solutions are dependent on the different rheological formulations.

For mixture models, the rheological formulations are, in turn, a function of the fluid fraction ϕf .

In our model the fluid fraction is dependent on the available pore space between the churning

rocks and boulders in the debris flow body and therefore intimately related to flow dilatancy. The

demonstration that steady state solutions even exist for a two-layer mixture model for a specific fluid

volume fraction ϕf is important. It indicates that states of steady flow are associated with states of

constant flow density (zero changes in dilatancy and then in pore space) and therefore unchanging

propagation speeds. The reverse statement appears also to be true: with changing speeds, the

flow densities cannot remain constant, and therefore the evolution of debris flow speed, from the

tail to the front of the debris flow, are always related to a change in flow density (and therefore a

change in fluid volume fraction ϕf ). Changing flow compositions are always accompanied by mass

transfers between the bonded and free fluid components. The rheological mixture models must
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allow for steady states to exist, if only theoretically. Steady-state results can also be used to test

the numerical implementation of the mixture models.

In this section we study the mathematical solution of a sliding rigid block along an inclined plan

with a constant slope angle θ. The block has a fluid volume fraction ϕf . A steady state has many

properties, one of them is that the acceleration is zero i.e. ˙⃗v = 0. For our purpose, we study the

flow in a single direction x. Then the equation of motion of a sliding block is, with respect to the

axis êx and êz,

along êx → mg sin(θ)− S = ma = mv̇ = 0 (4.30)

along êz → −mg cos(θ) +N = 0 (4.31)

with S the shear force in the x-direction. This implies,

along êx → mg sin(θ)− ρ1gv
2

ξ
− µN = ma = 0 (4.32)

along êz → −mg cos(θ) +N = 0 (4.33)

where v⃗ is the velocity of the center of mass (i.e. always parallel to the slope direction êx). Note

that as S and N are stresses, indicating that the mass m in Eq. 4.30 and 4.32 is defined per unit

of the basal area A, i.e. m = ρ1h1. This is not a problem for the numerical simulation and for this

mathematical analysis, since the basal area A is in both cases constant and uniform. Note that

in Eq. 4.32, µ and ξ have to be changed for µ(ϕf ) and ξ(ϕf ) for the VM Model and N has to

be changed for Neff for the PP Model. The Froude number of the flow block is a function of the

rheological formulation. It can be written for the VM Model (Frl) and the PP Model (Frp) as,

Frl =
v√
gh

=

√
ξ(ϕf )(sin(θ)− µ(ϕf ) cos(θ))

g
VM Model (4.34)

Frp =
v√
gh

=

√
ξ(ϕf )(sin(θ)− µ cos(θ) + µ

ρf

ρ1
)

g
PP Model (4.35)

with µ(ϕf ) and ξ(ϕf ) given by Eq.4.20. The entire derivation is presented in [132].

To test the model implementation we compare calculated and analytical Froude numbers. For

the simulations, we use a smooth plane with a constant angle, this way the flow can reach a steady

state. A block release is used to initiate the flow and erosion is not taken into account. In order to

compute the convergence of the numerical simulations to the analytical derivation, we first compute

the absolute value of the relative difference between the numerical outputs and the mathematical

value of the Froude number, averaged on each cell containing mass, we call it ’percentage difference’.

If Fn and Fa denote the numerical and analytical value of the Froude number, and ifN is the number

of cells containing material:

percentage difference =
100

N

N∑
i=1

|Fn,i − Fa,i|
Fa,i

(4.36)

with i running over the cells containing mass. In Fig. 4.6a (VM Model) and 4.6b (PP Model),

we plot the percentage difference as a function of the time. It is clear that the numerical outputs
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(b) PP Model
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(d) PP Model

Figure 4.6: a) (VM Model) and b) (PP Model) Convergence of the simulation results to the analytical
value of the Froude number (Eq. 4.34, figure 4.a and Eq. 4.35, figure 4.b) in a steady state. An
averaging is performed over the cells containing mass, which means that the entire flow is in a
steady state (except the really front, see next). c) (VM Model) and d) (PP Model) According to
Eq. 4.37, in a steady state, the shear stress (colored circles) does not depend on the rheological
formulation and is equal to the gravitational stress (red lines). The color represents the time, the
front is in blue and as we move towards the tail as the color becomes yellow, see Fig. 4.7. The very
first part of the flow (blue markers) is not exactly in a steady state, due to numerical effects related
to the shock-wave form of the front. The simulations are done on a smooth plane with constant
angle, using a block release.

converge to the analytical value. Another aspect of a steady state is that the gravitational force is in

an exact balance with the shearing force, independent of the formulation of the shearing processes

we consider. This fact is depicted in Fig. 4.6c (VM Model) and Fig. 4.6d (PP Model). The red line

represents the gravitational stress and the colored markers (the blue markers represent the front of

the flow while the yellow markers represent the tail, see Fig. 4.7. plot c) and d) depict the shearing

stresses. Except for the leading edge of the flow, the two curves match perfectly. This difference in

the front is linked with numerical effects due to the shock-wave form of the front of the debris flow.

This equivalence between shearing and gravitational stress (or force) in a steady state can be

written in mathematical terms as follow:

S = mg sin(θ) (4.37)

which implies that the derivative of S with respect to time is zero. Therefore, the shear work rate
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Ẇf , in Eq. 4.18, can be written as:

Ẇf =
d

dt
(Sx) = Ṡx+ Sẋ = Sv = mg sin(θ)v (4.38)

Where x represents the position of the flow block on the x-axis. Using the expression for Ẇf , eq.

4.18 can be solved exactly. We find in the limit of t→ ∞:

VD =
α

β
Ẇf =

α

β
Sv =

α

β
mg sin(θ)v (4.39)

combining with Eq. 4.17 and defining Γ = α
β , we obtain, for the steady-state flow height of a

dilatant debris flow:

hsb = h0︸︷︷︸
non-dilated height

+ 2Γ
m

(ρs − ρf )hs
tan(θ)v︸ ︷︷ ︸

Dilatancy

(4.40)

Note that this formula is valid for both rheological formulations. The difference between them is

in the steady state’s value of the velocity, given by Eq. 4.34 and 4.35. In our model, we have an

additional assumption, which is that a solid matrix cannot dilate if there is no more free fluid above,

i.e. hf,2 = 0. Therefore, Eq. 4.40 becomes:

hsb =

h0 + 2Γ m
(ρs−ρf )hs

tan(θ)v, if hf,2 > 0.

hs + hf,1, if hf,2 = 0.
(4.41)

Here, Γ = α
β is the ratio between the production α and the decay β of the configurational energy,

see Eq. 4.18. We can see that in a steady state, only the ratio between them is important and β

governs the time needed to approach a steady state. This formula holds for the two formulations.

It is related to the fact that in a steady-states, the shearing forces are always equal to the driving

forces, independently of their specific expressions.

In Fig. 4.7 we show the convergence of the numerical height to the analytical solution. In

plot Fig. 4.7a (VM Model) and Fig. 4.7b (PP Model) we plot the absolute value of the relative

difference between the numerical and the analytical value of the height, Eq. 4.36. We can see that

the difference approaches zero after some time, which represents the fact that both values of the

height coincide. In plot Fig. 4.7c (VM Model) and Fig. 4.7d (PP Model), we choose a location

in the domain sufficient distanced from the release zone to ensure the flow can reach a steady

state. We compare the calculated height from the numerical code and the analytical steady state

solution. Both the numerical and analytical curves match well, which indicates that the flow has

indeed reached a steady state in its height 1. Steady states are indeed associated with no changes

in density. Note that we assume that we always have enough fluid to fill the void space between

the churning particles. Analytically, we do not consider the influence of one layer on the other.

However, this effect is taken into account when we perform the numerical simulations. The fact

that the numerical output converges to the analytical value shows that these effects are negligible.

Therefore, the analytical derivation can be considered as valid even for a dilatant, two-layer model

with solid-fluid interactions.

1At the leading edge of the debris flow (approx. The first 10 s), the two curves do not match perfectly, according
to Fig. 4.6 c and d
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(a) VM model
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(b) PP Model
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(d) PP Model
Figure 4.7: a) (VM Model) and b) (PP Model) Convergence of the simulation results to the analytical
value of the height of the debris flow (Eq. 4.40) in a steady state. An average is done on each cell
containing mass, which means that the entire flow is in a steady state and it is assumed that we
always have enough fluid to filled the void space in between the particles. c) (VM Model) and d)
(PP Model) Flow height on a particular cell taken in the middle of the flow. The red line represent
the numerical outputs and the colored markers are obtained with Eq. 4.40. The simulations are
done on a smooth plane with constant angle, using a block release.
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4.5 Case Study: Ritigraben, Switzerland

After checking the mathematical consistency of the computer implementation, we now model a

recent event at a different catchment. For this purpose we choose the torrent of Ritigraben, located

between Gräschen and St Niklaus, in Wallis, Switzerland2. The torrent is 3.75 km long with an

elevation drop of approximately 1500 m (Fig. 4.8). At the top of the Ritigraben torrent lies a rock

glacier, which provides sediments to the upper torrent catchment. Subsequently, sizeable debris

flow events occur almost every year. Many studies have already been performed at this debris flow

site, [135,136,137,138,139].

The event of the 7th of August 2021 is of particular interest to us because digital elevation models

(DEM) were obtained two days before and two days after the event. This allows to estimate the

mass balance for this particular debris flow [140], accurately, constraining the initial and entrainment

volumes. To compute the volume eroded by the debris flow, the longitudinal profile of the torrent

has been divided into several bins of 20m length each [50,141], see Fig. 4.9. For each bin, the eroded

and deposited material was computed by taking the difference between the two digital elevation

models. A map of the erosion (negative difference, red) and deposited (positive difference, blue)

volumes can be made (Fig. 4.9). We find that the total eroded volume reached approximately

10’000 m3. In some parts of the torrent, no erosion or deposition was observed. It should be noted,

that even if the entire eroded volume can be computed, it is still not possible to define separately

the volume of solid-fluid entrained.

To initiate the flow, we assume a block release of 1000 m3 (650 m3 of solid and 350 m3 of

fluid) [140] and a hydrograph, to simulate the river flow in the channel. As the event occured just

after a heavy rainfall, the river discharge, normally low, cannot be neglected, especially for an event

of this size. Video recordings were used to estimate the fluid volume, see video. We use a 7 m3/s

discharge rate of river fluid. We performed two sets of simulations, with the VM model and the PP

model. When we compare the two simulations, they were always performed with the same value of

the model parameters. A list of the parameter values can be found in table 4.1, section 4.8.

Fig. 4.10a depicts the numerical distribution of erosion along the debris flow channel. Fig.

4.10b, represents the erosion computed for each of the bins shown on Fig. 4.9. The red line

represents the measured data (drone flights), while the blue (VM Model) and green (PP Model)

curves are obtained from numerical simulations. Both models provide similar results; both are in

good agreement with the field data. Both models give a total erosion volume close to 10′000 m3,

which is the one obtained from the filed data. Note that we allowed erosion in our model only in

the torrent sections where erosion was observed by field observations.

Figs. 4.11a (VM Model) and 4.11b (PP Model) show the simulated spatial evolution of the flow

density. For both rheological formulations, the front (red region) has the highest density, ≈ 2000

kg/m3, which is consistent with the fact that it is composed of large blocks, while the tail (blue

region) has the smallest density ≈ 1300 kg/m3, which is the density of a muddy fluid. Even if

the computed front and tail densities are similar for both rheological models, the spatial evolution

differs slightly. This fact will be discussed in Section 4.6.

The spatial variation of the friction coefficients µ and ξ is shown in Fig. 4.12. Figs. 4.12a (VM

Model) and 4.12b (PP Model), resp. 4.12c (VM Model) and 4.12d (PP Model), show a decrease

in µ as we go from the front to the tail for an erosion density of 2000 kg/m3 (a and b) and 1800

246°11’15.8”N 7°49’20.1”E
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Figure 4.8: Map of the Ritigraben debris flow site. The original map can be found in [140]
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Figure 4.9: Maps of the bins used to compute the erosion height. The colors represent the entrain-
ment(red)/deposition(blue) heights. The original map can be found in [140]

(a) Erosion pattern obtained with the VM Model.

(b) Eroded volume per bins as a function of the po-
sition of the bins toward the channel. The red curve
is obtained from field data, the blue one with the VM
model and the green line from the PP Model. The ero-
sion computed with both models is in good agreement
with the measurements.

Figure 4.10

(a) VM model (b) PP Model

Figure 4.11: Spatial evolution of the flow density for a) the VM model and b) the PP Model. As we
know for real events, the density varies from a large value (≈ 2000kg/m3) in the front to the value
of the muddy fluid density (≈ 1300 kg/m3) as we go toward the tail. The front and tail value of the
density are the same for both models, however their spatial evolution differs slightly.
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(a) VM model, ρe = 2000kg/m3 (b) PP Model, ρe = 2000kg/m3

(c) VM model, ρe = 1800kg/m3 (d) PP Model, ρe = 1800kg/m3

(e) VM model, ρe = 2000kg/m3 (f) PP Model, ρe = 2000kg/m3

Figure 4.12: Spatial evolution of the shearing coefficients µ and ξ. Panel a) (VM Model) and b)
(PP Model) show a decrease of µ from the front to the tail. The erosion density is 2000kg/m3.
Panel c) (VM Model) and d) (PP Model) are the same as a) and b) but for an erosion density
of 1800kg/m3. One can see clearly that the value of µ depends strongly on the erosion density.
Therefore, the erosion does not only influence the mass balance of the flow but the entire flow
dynamics. Panel e) VM Model and f) PP Model represent the increase in ξ, which induces a
decrease in the turbulent friction, from front to tail of the flow.
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(a) VM model, location 1
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(b) PP Model, location 1
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(c) VM model, location 2
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Figure 4.13: Ratio of the total shear stress (green), the Coulomb shear stress (red) and the turbulent
shear stress (blue) to the normal stress, as a function of the volumetric fluid content. This is done
for two different locations, see Fig. 4.8 (top and bottom) and for the two models (left and right).
Location 1 (plots a and b) is in the flat part of the channel (θ < 10°) and then comparable to the
Illgraben measurement, while Location 2 (Panel c) and d)) is in the steep part of the bottom channel
(θ ≈ 30°).

kg/m3 (c and d, respectively). The values of µ given by both models are significantly different in

the front but become closer as we go towards the tail. We find that the value of µ strongly depends

on the erosion density. The spatial evolution of ξ is depicted in 4.12e (VM Model) and 4.12d (PP

Model). As expected, the value of ξ increases when going from front to tail. A clear decrease in

the shearing stresses is observed from front to tail. This is due to the decrease in density, and then

an increase in fluid content of the flow, from front to tail. Note that ξ is given by Eq. 4.21 for both

model and µ by Eq. 4.20 for the VM model and by the ratio of the Coulomb shear stress, Eq. 4.27,

to the normal stress for the PP Model.

In Fig. 4.13, the ratio of the total shear stress (green), the Coulomb shear stress (red) and the

turbulent shear stress (blue), to the normal stress, is plotted as a function of the volumetric volume

concentration for two different locations in the debris flow torrent (Fig. 4.8). The first point (plots

a and b) is located in the flat part of the channel (θ < 10◦) while the second point (plots c and d )

is located in the steep part of the bottom channel (θ ≈ 30◦), see Fig. 4.8.

In Fig. 4.14, the maximum solid (4.14a) and fluid (4.14b) heights in the run-out zone are shown.

We can see that even if both fluid and fluid flow together in the steep channel, it is not the case

anymore when the flow reaches the run-out zone. Indeed, the core of the flow stops and the fluid

content is washed-out the solid matrix and can continue to flow downwards the valley. This is what

is called by some authors phase separation, [142].
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(a) Maximum solid height in the run-out zone (b) Maximum fluid height in the run-out zone

Figure 4.14: Maximum solid (a) and fluid (b) heights in the run-out zone. The solid stops at the
end of the channel, while the fluid can dewater and continue to flow downstream (zone 2), or be
holed by the core of the debris flow which acts as a dam (zone 1). The simulation is performed with
the the VM model, but similar results can be obtained with the PP Model.

4.6 Discussion and Conclusions

Measurements from the Illgraben debris flow test site indicate that frictional resistance depends on

the fluid-solid composition of the flow (Fig. 4.5). Non-changing flow compositions are found at the

front (high solid concentration of boulders and rocky debris moving with quasi-constant velocity)

and at the tail (high concentration of fluid, also moving close to a constant velocity). These flow

compositions persist over long periods of debris flow motion and mathematically represent steady

flow conditions. A challenging problem in debris flow science is to model both flow compositions

within the same model framework (and the same debris flow), without ad-hoc changes of resis-

tance parameters. For this purpose, we have investigated the use of Voellmy-type mixture theories

implemented within multi-phase/layer debris flow models.

In a first step, it was necessary to demonstrate the steady state properties of a two-layer debris

flow model. The rheological mixture models implemented within the framework of two-layer sim-

ulation tools must allow for the possibility of two entirely different flow compositions in the same

debris flow. Fig. 4.7 is of particular importance because it reveals the fact that the flow body can

indeed reach a constant density in steady state, in which no more mass or momentum exchanges

between the layers are possible. We therefore demonstrated that constant steady state velocities

(given by the friction parameters) are associated with constant flow heights and therefore constant

flow densities. A particularly important formula is,

hsb =

h0 + 2Γ m
(ρs−ρf )hs

tan(θ)v, if hf,2 > 0.

hs + hf,1, if hf,2 = 0
(4.42)

which relates the total flow height of the debris flow to the slope angle, flow velocity and parameters

governing granular dilatation. This formula provides us with a method to experimentally determine

the ratio between two important model parameters governing the production α and decay β of the

configurational (dilatational) energy, Γ = α
β . Because in our model formulation the interstitial
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fluid content is controlled by the granular dilatations of the solid phase, the frictional resistance

is intimately related to this ratio. In the calculation example of a real debris flow we applied the

value Γ = 1 s.

The primary difference between the two different mixture models is the dependency of the

solid Coulomb friction parameter on the flow density (eqs. 4.24 and 4.27). As the flow density

(solid composition) varies from front to tail of the debris flow we expected the two formulations to

provide strongly varying results. Surprisingly, the numerical differences are small. We note that

the difference in density between the debris flow front (≈ 2500 kg/m3) and tail (≈ 1200 kg/m3) is

between 1300-1500 kg/m3. Interestingly, this range is numerically close to the muddy fluid density

ρf (≈ 1300-1500 kg/m3). Therefore, the difference between the two approaches will only be in

the front of the flow, where the density, used for the VM model, is much larger. Assuming the

use of the same values of all friction parameters (µs, µf , ξs and ξf ), the computed shear stresses

will be larger at the front of the flow for the VM Model in comparison to the PP Model. This

fact can be identified in Fig. 4.12a and Fig. 4.12b (erosion density 2000 kg/m3) and Fig. 4.12c

and 4.12d (erosion density 1800kg/m3). These results illustrate the spatial change in µ, for two

different erosion densities for both the VM and PP Models. For a given erosion density, the VM

Model exhibits larger values of µ in the front than the PP Model but these values become similar

at the tail. Note that the turbulent friction decreases analogously for both models when going from

front to tail because the decrease is governed by the same relationships.

For both mixture formulations the calculated density values at the leading edge of the flow

are similar. They appear to be governed almost entirely by the erosion density. The calculated

densities at the tail of the flow are also similar, approximately a value corresponding to a muddy

fluid. However, the spatial evolution of the calculated densities differs strongly between the limit

and PP Models. For the VM Model, the density decreases faster behind the front. This implies

that the solid fraction is more concentrated at the front in comparison to the PP Model. Due to its

larger friction, the front acts a bit more like a dam in the VM Model. Consequently, the flow height

in the front is slightly larger. This fact could have important impacts when simulating overflows

and channel outbreaks. In Fig. 4.15, we depict two overflow cases. Even if this overflow is relatively

small, the overflow is nonetheless significantly larger for the VM Model than for the PP Model.

Therefore, even if the general behavior is similar, minor differences in flow height (and streamwise

composition) could play a significant role in hazard analysis.

Our model comparison to the Illgraben measurements also helped identifying a possible problem

with the experimental observations. To model the measurements it was necessary to apply very

high values of the ξ-friction. These high ξ- values (low friction values) cannot be applied to model

debris flows because they lead to unrealistically high flow velocities. In Illgraben, the shear stress is

measured with a shear plate [109,114]. However, the turbulent ξ- stress depends on the roughness of

the terrain [109,125]. The force plate consists of smooth steel without any additional roughness [125]

and is smoother than the natural sediment bed of the channel. Therefore, it is possible that we

do not measure the entire shear stress because one part of the turbulent ξ-stress is missing in the

measurements, as if the flow was sliding over the plate. This hypothesis is supported by the fact

that small values of the shear stress are measured for non-zero values of the normal stress (Fig.

4.5).

In Fig. 4.13, we plot the ratio of the shear to the normal stress, as a function of the volumetric
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(a) Mixture model (b) PP Model

Figure 4.15: Overflow obtained with the numerical simulation. Despite the small size of this over-
flow, one can see that the mixture model predicts larger overflow than the PP Model.

fluid concentration at two different track locations (i.e. the same plot as Fig. 4.5) for both mixture

models, see Fig 4.8. The first location is on an almost flat slope, comparable to the location where

the data from Illgraben are obtained (less than 10◦ steep), while the second location corresponds to

steeper terrain (around 30◦ steep). These plots show that the decrease of the total friction (green

dots) is because of the decrease in Coulomb friction (red dots). The turbulent ξ-friction (blue dots)

is almost constant. Note that volumetric fluid concentration ≥ 95, correspond to negligible flow

heights and therefore should be interpreted with precaution. This can be understood by referring

back to the steady state analysis. When reducing the shear, the velocity increases until the flow

reaches a steady state. This leads to the quasi constant behaviour of the turbulent term with

increasing fluid content. This relationship (Fig. 4.5) is similar to the behavior of the Coulomb

stress (red dots) in Fig. 4.13. These results strengthen the hypothesis that when measuring the

shear stress experimentally, it might be possible that a large part of the turbulent stress normally

acting on the flow is absent, due to the smoothness of the force plate. In future, shear plates should

be artificially roughened to represent real terrain.

The Ritigraben event of the 7th August 2021 was of particular interest because drone flights were

performed before and after the event. The pre-event flight was carried out two days before the event;

the post-event flight was performed two-days after the debris flow. Bed erosion and deposition could

therefore be quantified. Fig. 4.10b depicts the calculated erosion pattern using the two different

mixture models. The general erosion pattern is quite similar for both formulations and can catch

the general behaviour of the field data, which is remarkable, regarding the fact that we never take

into account the local structure of the bed channel, which is obviously of major importance in

erosion processes. The entire eroded volume (≈ 10’000m3) is computed correctly using standard

erosion parameters. The importance of erosion can be understood by comparing Fig. 4.12a with

4.12c and 4.12b with 4.12d. The difference between them are the erosion density (2000 kg/m3 for

4.12a and 4.12c and 1800 kg/m3 for 4.12b and 4.12d). It is clear that the shearing processes are

strongly dependent of the erosion density. Therefore, the erosion does not only influence the mass

balance of a debris flow, but its entire flow dynamics, [53,130,131,133], through the erosion density,

which can modify the solid/fluid ratio of a debris flow. For instance, the simulation performed

with an erosion density of 1800 kg/m3 reaches the run-out zone more than one and half minutes

earlier than the simulation executed with a density of 2000 kg/m3 (on a complete flowing time of

approximately 10 minutes).

Another aspect of the model is the ability to simulate dewatering and phase separations. Indeed,
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when the flow reaches the run-out zone, it decelerates and the energy coming from the shear work

is not sufficient anymore to maintain the solid matrix in a dilated configuration. Therefore the

flow collapses and deposits (friction increases), as shown in Fig. 4.14a. During the collapse of the

mixture layer, interstitial water is squeezed out and transformed into free fluid, which can escape

from the solid matrix (Fig. 4.14b). If the free fluid is ejected downstream of the deposit (zone 2 on

Fig. 4.14b) it continues to flow downward. If the fluid is squeezed out upward from the deposit,

(zone 1 on Fig. 4.14a), it is stopped by the deposit which acts like a dam. This can be of major

importance when simulating debris flow events. Indeed, in Ritigraben and many other torrents,

the risk of a lake formation upstream the solid deposit which can potentially release afterward and

inundate the valley downstream has been widely studied. Therefore, the possibility to be able to

simulate these lake formations with our model could help in the future hazard analysis.

To summarize, there exists a strong interaction between the streamwise evolution of a debris

flow and the modelling of the frictional resistance. In debris flow hazard mitigation, the problem is

often to choose a consistent set of parameters that govern the frictional resistance. In many case

studies, however, a single set of fixed rheology parameters is not able to predict accurately the

motion of a debris flow because the streamwise evolution of debris flow structure is not considered.

Therefore, large modelling uncertainties remain. Fortunately, we have measurement data from the

Illgraben test site which allows us to test the application of Voellmy-type mixture models within the

framework of layered debris flow approaches. We have demonstrated that a single set of mixture

parameters can represent the entire behavior of a debris flow, provided the model formulation

tracks the fluid and solid components separately. Although we can envision the application of more

complicated rheological models in the future, our results suggest that Voellmy-type models can be

applied as a first step, reducing the uncertainties of practitioners considerably.
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4.8 Annexe

*For the definitions of these values, refer to [40,50].
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Name Symbol Unity []
Solid density ρs 2500 kg/m3

Fluid density ρf 1300 kg/m3

Solid Coulomb coefficient µs 0.2
Fluid Coulomb coefficient µf 0.0
Solid turbulent coefficient ξs 100 m/s2

Fluid turbulent coefficient ξf 1000 m/s2

Configurational energy production α 0.15
Configurational energy decay β 0.15 1/s

Steady state coefficient Γ = α
β 1 s

Entrained density ρe 1800 or 2000 kg/m3

Solid erosion rate Es 0.03 m/s
Fluid erosion rate Ef 0.005 m/s
Critical shear stress τc* 0.75 kPa

Critical shear coefficient dτ
dz * -0.08 m/kPa

Maximum erosion depth em* 2 m
Gridsize ∆x 1 m

Table 4.1: List of the parameter values used for the simulation
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Chapter 5

Simulating Glacier Lake Outbursts

(GLOFs) with a Two-phase/layer

Debris Flow Model Considering

Solid-Fluid Flow Transitions

abstract

Glacier lake outburst floods (GLOFs) initiate with the rapid outburst of a glacier lake, endangering

downstream populations, land, and infrastructure. The flow initiates as a mud flow; however, with

the entrainment of additional solid material, the flood will often transform into a debris flow. As

the run-out slope flattens, the coarse solid material deposits and the flow de-waters. The flow

transforms back into a muddy, hyperconcentrated flow of fine sediments in suspension. These flow

transitions change the flow composition dramatically and influence both the overall mass balance

and flow rheology of the event. In this paper, we apply a two-phase/layer model to simulate

flow transitions, solid-fluid phase separations, entrainment, and run-out distances of glacier lake

outburst floods. A key feature of the model is the calculation of dilatant actions in the solid-fluid

mixture which control flow transitions and phase separations. Given their high initial amount of

fluid within the flow, GLOFs are sensitive to slope changes inducing flow transitions, which also

implies changes in the flow rheology. The changes in the rheology are computed as a function of

the flow composition and do not need any adaptation by ad-hoc selection of friction coefficients.

This procedure allows the application of constant rheological input parameters from initiation to

run-out. Our goal is to increase the prediction reliability of debris flow modelling. We highlight the

problems associated with initial and boundary (entrainment) conditions. We test the new model

against the well-known Lake 513 (Peru, 2010), Lake Palcacocha (Peru, 1941) and Lake Uchitel in

the Aksay Valley (Kyrgyzstan) GLOF events. We show that flow transition modeling is essential

when studying areas that have significant variations in slope.
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5.1 Introduction

A longstanding problem in hazard engineering in mountainous regions is to accurately predict the

possible inundation area of glacier lake outburst floods (GLOFs) [23,24,25,26,27,28,29]. These are

gravity-driven mixtures of water and granular sediments that can exhibit a wide range of different

flow behaviors, depending on the initial (release) and boundary (entrainment) conditions, as well

as on the terrain topography which controls the onset of solid deposition in the run-out zone and

de-watering inducing subsequent flooding downstream [33, 34]. GLOFs are a growing hazard due

to the increasing amount of lakes forming close by retreating glaciers [33, 143]. They are also very

sensitive to changing climatic conditions including extreme rainfall events, sediment accumulations

and increasingly unstable slope conditions caused by ice melt and permafrost warming and thawing

[24,28,31,32]. Because GLOFs can travel extreme distances, often in the order of magnitude of tens

of kilometers [29,34], they can cause extensive damage in populated areas with little warning [25].

The main difficulty in accurately predicting the travel velocity and run-out of GLOFs is that

there is considerable uncertainty in the fluid/solid composition of a single event. The fluid and

solid contents of a GLOF event can vary dramatically, from around 10% for a mud flow to more

than 60% for a granular debris flow [144, 145], see Fig. 5.2. Often a GLOF will undergo flow

transitions (Fig. 5.2) by depositing solid material on flatter slopes to turn into a flood, or eroding

solid material on steeper slopes to turn into a debris flow [34]. Flow transitions tend to maximize

GLOF run-out, but are difficult to model because they involve the interplay between flow rheology,

sediment entrainment and terrain topography.

Mud flow

Solid Material

Lake
Entrainment layer

1 Overflow

 of the dam

or outburst 

through moraine

Transition to

 a mud flow

Transition to

 a debris flow

via ground

material 

entrainment Phase separation on flatter terrain:

 the solid material deposits on the

 ground and the fluid escapes from

the solid matrix, and flows 

downstream

Steep slope

Gentle slope

2

3

4

Figure 5.1: Typical flow regime transitions during a GLOF event. The flow is initially a mud flow
that can transform into a debris flow with the erosion of solid debris. If the slope becomes flatter, for
example, in the run-out zone, the core of the debris flow deposits and stops. The fluid can separate
from the solid matrix and continues to flow downstream in the form of a muddy or hyperconcentrated
flow, [144]. If the slope becomes steeper, the entire process might occur again. The red dashed lines
in the figure (between stages 2-3 and 3-4) indicate a potentially large distance between the different
flow regimes, where flow transitions could occur again depending on the sediment availability and
terrain topography.

The inherent variability of flow regimes represents one of the largest sources of uncertainties
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in the modeling of GLOFs, with critical implications for hazard management. This idea was first

formulated by Iverson [7] who formulated the idea that the diversity of flow regimes cannot be

modeled by a simplistic, single component flow rheology as the rheology myth. Even if the rheology

of a specific flow regime (see Table 5.2, [145]) is relatively well parameterized, the neighboring flow

regimes, differing only in fluid and solid content, can require an entirely different parameterization.

A common feature of this phenomena is the wide range of Coulomb friction values needed to model

the correct run-out distance in practical case studies [72, 73, 105], see Fig. 5.2. This observation

is well supported by real-size debris flow measurements at the Swiss Illgraben test site, which

show a wide variation of Coulomb friction values and an explicit dependency of the basal shear on

the fluid concentration in the flow [132, 146]. Modern three-dimensional numerical schemes couple

finite-strain elastoplasticity models to the conservation equations for mass and momentum in a

relatively simple manner [45, 46]. This combination allows for the set up of extremely complex

events with a limited need for parameter calibration [42]. However, this family of models is still

in the development phase and is currently far away from practical applications from practitioners

and authorities. It appears that the search for an accurate numerical model for GLOFs and other

saturated granular flows, begins with the introduction of a numerical model that can reproduce the

flow composition and its complex spatio-temporal variability, not only from initiation to run-out,

but also from the leading edge to the tail of the flow.

Figure 5.2: Different flow types and their corresponding solid concentrations (ϕs) and rheologies
(µ, [72, 73, 105]). The corresponding values of ξ are not given, because they are still not well
constrained.

The purpose of this paper is to apply a numerical model to simulate flow transitions and phase

separations observed in three well-known GLOF case studies (Lake 513, Lake Palcacocha, and Ak-

say Valley). These flow transitions are responsible for the long-range flow mobility of the mass

movements. To this end, we must address the entire complexity of GLOF dynamics, including
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release conditions, flow rheology, entrainment and long-distance flow over complex terrain. Unlike

many existing models that use a Darcy-like approximation to compute the fluid velocity [1, 2, 3, 5],

we formulate a two-phase/layer model that contains an independent fluid phase in order to model

dewatering and subsequent flooding. The Darcy approximation can be considered valid only for

flows with high solid concentration, which is not necessarily the case when for GLOF-type events.

Models which do not use a Darcy-like approximation to simplify the fluid momentum conserva-

tion equation [6, 147] are confronted with the mathematical problem of computing the momentum

transfer between the solid and the fluid phases. Such approaches require the introduction of ad-

ditional free parameters (up to three for instance, in the case of r.avaflow, [6]), which are difficult

to calibrate and, therefore, problematic to use by practitioners. To overcome these problems, we

adopt the method developed by Meyrat et al., [132, 146]. We first calculate flow dilations in the

matrix of coarse granular sediments as a function of the basal shear stress and the volumetric solid

concentration. Based on this, we predict the fluid mass that exists in the interstitial pore space

between the solid, granular debris. Solid flow dilations induce fluid mass transfers between the solid

and fluid layers. These mass exchanges are associated with interlayer momentum transfers. We

show that this entire procedure can be modeled with only one additional free parameter, Γ, see

table 5.6, [132], which controls the mean dispersion/contraction time of the dilatant configuration.

This parameter is calibrated by back-calculating natural events to maximize the accuracy of the

results.

To test the model, we analyze three GLOF events. The first two events are the outburst floods of

the Lake 513 in 2010 and the Lake Palcacocha in 1941, both located in Peru. Lake 513 experienced

a major GLOF in 2010, when a 450,000 m3 rock-ice avalanche impacted the lake, causing severe

damages along the GLOF trajectory and in the city of Carhuaz [47, 148]. The well-known Lake

Palcacocha outburst in 1941 destroyed a large part of the city of Huaraz [37, 56]. The third event

is the outburst flood of the Uchitel Lake in the Aksay valley in Kyrgystan [69, 149]. All three

events are well described in the literature [47, 56, 69, 148, 150, 151, 152], providing us with valuable

information and field data to validate, overturn and evaluate the model results. The literature,

supported by observations, indicates that all three events underwent flow regime transitions.

Before describing the model equations, we must address the salient problem of bed erosion. In

GLOF events, the initial release volume may represent only a small fraction of the total volume –

sometimes only 10 % ( [140, 153]). This indicates the important role of erosion in predicting long-

distance GLOF run-out. Flow regime transitions are dependent on the entrainment and deposition

processes, coupled with the evolving head-tail structure of the event. Thus, we enter into a complex,

mechanical feedback loop between debris flow structure, governed by rheology and mass balance

(difference between entrainment and deposition). Erosion processes strongly depend on the internal

solid concentration and, therefore, on the flow structure, which clearly depends on the availability of

solid debris, and therefore erosion. In the past, such complexity was modeled by ad-hoc adjustments

to the flow rheology (for example, by changing the friction coefficients along the flow path, see Table

5.2). Although we perform an a posteriori analysis with event back-calculations, our motivation is

to establish a well-defined and general set of parameters for debris flows that undergo flow regime

transitions with entrainment.
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The debris flow is divided into a serie of volumes V (black rectangles) for the numerical simulations
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Figure 5.3: Debris flow model. The flow consists of solid material in the form of boulders (granules)
as well as two types of fluid. The bonded/interstitial fluid is located between the boulders and is
fixed to the solid. The so-called free fluid is located above the granular solid/fluid mixture and can
move independently.

5.2 Model Definitions and Equations

We model debris flows with a two-dimensional, depth-averaged shallow water formulation. The

model consists of two material components: a solid component (subscript s) consisting of coarse

granular sediments (e.g., boulders, cobbles, and gravel) associated with a density ρs, and a fluid

component (subscript f), hereafter referred to as the muddy fluid content, whose density is denoted

by ρf , Fig. 5.3. The fluid component consists of water supersaturated with fine sediments that

behave as suspended sediments (e.g., sand, silt, clay). Many models, for example r.avaflow, [6],

treat coarse and fine sediments separately. In our formulation, the fine sediments are assumed

to be suspended in the fluid. For this reason, the fluid density is assumed to be higher than

water, approximately 1300 kg/m3 (say). The coarse granular sediments form the solid phase. As

the largest size of sediment in suspension is not well constrained in the literature, [154], we do not

define the exact difference between suspended and non-suspended sediment size. It has been argued

by Iverson [155], that particles larger than silt size are expected to contribute to the solid phase

of debris flows. Others have demonstrated that the smallest particle size contributing to the solid

phase in two-phase descriptions of flow is variable [154].

We therefore employ a two-layer approach to define the movement of the debris flow, [3,4]. The

first layer (subscript 1) contains the granular solid material and a part of the fluid. This layer is

termed the mixture layer. The fluid is contained in the interstitial space between particles and is

assumed to be bonded to the solid matrix. The second layer (subscript 2) is formed by the fluid,

which can flow independently from the first layer. All the fluid which flows above the first layer

is considered free, and subsequently, it can escape the matrix of solid particles, allowing debris

flow de-watering and phase separation. Contrary to the approaches of [3, 4], we assume that the

velocity of both fluid components (interstitial and free fluid) differ. This layer definition allows for

the formulation of equations for the fluid phase (through the free fluid equations) without having

to deal with the complex momentum transfer between the fluid and solid phases. Indeed, in the

mixture layer, both solid and fluid are assumed to flow at the same speed. This model formulation

allows us to describe highly complex momentum interactions via mass transfers associated with the
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dilations in the solid matrix. As a consequence, the number of model parameters is reduced.

To describe the motion of the three different components (solid, interstitial fluid, free fluid) we

need a system of three depth-averaged mass balance equations [104],

∂h1
∂t

+ ∇⃗ · (h1v⃗1) =

[
ρf
ρs

]
Qf +

[
ρe
ρs

]
E1 solid and inter-granular fluid (5.1)

∂hf,1
∂t

+ ∇⃗ · (hf,1v⃗1) = Qf +

[
ρe − ρf
ρf − ρs

]
E1 inter-granular fluid (5.2)

∂hf,2
∂t

+ ∇⃗ · (hf,2v⃗2) = −Qf second layer, free fluid (5.3)

where hf,i is the fluid content of the i-th layer and v⃗i its velocity; see Figs. 5.3 and 5.4. h1 is a

pseudo-variable used to simplify the conservation equations (see next), E1 is the erosion rate, Qf

is the fluid mass exchange due to the dilatant action of the solid matrix, ρe is the density of the

entrained material and ∇⃗ is the divergence operator in cartesian coordinates.

As the mixture layer density is neither constant nor uniform, it is convenient to introduce the

variable h1, which is defined as the mixture layer mass, M1, (per unit of area), normalized by the

solid density ρs:

h1 =
M1

ρs
=
ρshs + ρfhf,1

ρs
= hs +

ρf
ρs
hf,1 (5.4)

where hs represents the volume of the solid in the first layer (per unit area). With the introduction

of this variable, we obtain a system of depth-averaged equations that can be defined by constant

density and therefore be solved using existing shallow water solvers. For more details about the

numerical scheme, see [132]. The density associated with the variable h1 is ρs, which is constant

and uniform. Importantly, the variable h1 is without physical meaning and is introduced to math-

ematically simplify the mass and momentum balance equations. In this paper, the physical first

layer height will be noted hsb and is the sum of both first layer components; see Fig. 5.3 and 5.4:

hsb = hs + hf,1. (5.5)

The equations relevant for the mixture layer, Eq. 5.2 and 5.1, contain the erosion rate, denoted

by E1. To compute the erosion rate, we adapted the single component model proposed by [40, 50]

into the two-layer model. In the modified model, the erosion rate E1 is no longer uniform nor

constant as in [40,50], but a function of the flow composition. If Es represents the erosion rate for

a completely solid flow and Ef for a completely fluid flood, the erosion rate E1 is expressed under

the assumption that erosion rates vary linearly between the two phases:

E1(ϕs) = ϕsEs + (1− ϕs)Ef (5.6)

where ϕs and ϕf are the first layer’s volumetric solid and fluid fraction, respectively. They are

defined as:

ϕs =
hs

hs + hf,1
=

hs
hsb

; ϕf = 1− ϕs =
hf,1
hsb

. (5.7)

Erosion rates for debris flows have been calibrated with field events, and values for specific soil-

types are available, see [40,50]. However, the separation between Es and Ef is difficult to describe

(non-linear), and therefore complicated to calibrate, partially due to a lack of experimental data.
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Therefore, we set as a first approximation, that Es is some multiple of Ef . This reduces the number

of free parameters in the model. Indeed, in this study, we prefer to describe the entrainment with

a simple parametrization, with fewer model parameters and a simple physical interpretation rather

than develop sophisticated but complex models, [42]. This approach facilitates the application to

real events (and as we show in the results is sufficient to obtain realistic results). However, a better

understanding of the erosion processes, more specifically the interdependency on the composition

of the flowing debris, would help clarify the link between the solid and fluid erosion rates. The

erosion rate is specified in the slope-perpendicular direction. Therefore, the model includes both

downward erosion processes, but also lateral erosion from channel sides. Erosion begins when the

shear stress is larger than some limit value. Because we adopt a Voellmy-type rheology, the basal

shear stress is both a function of the normal stress and the velocity of the flow.

The free fluid can erode ground material only if the first layer height is zero (in fact, smaller than

a typical granule size value, which we assume to be around 5 cm, see Table 5.6). In the alternative

case, in which the free fluid flows above the mixture layer, the free fluid layer does not touch the

ground (it is, by definition, flowing above the first layer). In this case, the eroded material is directly

inserted into the mixture layer (because the second layer cannot possess solid material). This is the

reason why E1 is absent of Eq. 5.3. The erosion depth of the second layer is also computed using

the model introduced by [40, 50], with an erosion rate corresponding to Ef . The shear stress used

in the erosion depth computation, [40,50], is the total shear stress, i.e., the sum of the shear stress

of both layers. We also added a critical erosion velocity, vc = 0.5 m/s (see Table 5.6), which is the

velocity threshold for erosion to begin.

The right-hand side of the mass conservation equations (Eq. 5.1- 5.3) contains the term Qf [132],

which is the fluid mass exchange rate between the inter-granular and free fluid. As stated above,

the mass exchanges between the mixture layer and free fluid result from the dilatant actions of

the solid particles in the debris flow, [108, 132, 134]. Under interactions with the rough bed of

the channel, the solid matrix can dilate, [78, 80] and raise its center of mass from the co-volume

configuration (whose height is noted h0, right sketch on Fig. 5.4) to a dilated one (left sketch on

Fig. 5.4). Under dilation, the void space between the particle increases [120], and free fluid fills

this additional volume and is transformed into interstitial fluid. The inverse process occurs during

the contraction of the solid matrix, for instance, when the flow reaches the run-out zone. The mass

exchange rate is completely defined by the movement of the solid matrix center of mass (and the

amount of fluid in the second layer). Therefore, the dilatancy governs the evolution of the first layer

density, ρ1, which can vary even if the solid mass (hs) is conserved, throughout the inter-granular

fluid concentration ϕf = (1− ϕs) (and then dilatancy), Eq. 5.7:

ρ1 =
M1

hsb
=
ρshs + ρfhf,1

hsb
= ϕsρs + (1− ϕs)ρf . (5.8)

Dilatant actions in the mixture layer are exploited to simulate de-watering and phase separations.

Indeed, when the debris flow reaches the run-out zone, the flow decelerates, and the frictional shear

work as well, which implies that the energy input coming from shearing is no longer sufficient to

maintain the solid matrix in a dilated configuration. Consequently, the solid material contracts (the

opposite of dilating), leading to an increase in friction and eventual deposition. During the collapse

of the mixture layer, interstitial water is squeezed out and transformed into free fluid, which can
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escape from the solid matrix. For more details about the mathematical structure of the dilatancy

theory, see [132,146].

Dilated configuration Co−volume configuration

z
(solid with interstitial fluid)

Second layer (free fluid)

First layer

First layer

Second layer (free fluid)

h
f,2

h
sb
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0

h
f,2

h
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 = h
s
 + h

f,1 
= h

0

Boundary between 

the two layers

(solid with interstitial fluid)

Figure 5.4: Two different debris flow configurations consisting of equal amounts of solid and fluid
masses. The left configuration is in a dilated configuration, occurring while flowing. The right
configuration is the reference configuration, called the co-volume configuration, typically occurring
when the flow is at rest. The different heights and other physical parameters are depicted in [132].
We define three variables associated with the solid mass, hs, h0, and hsb. The height hs is the
volume of the solid particles in the flow, h0 represents the reference height of the non-dilated mass,
we call it the co-volume (It is different from hs, because we consider that, even in the non-dilated
configuration, the void space is not zero), whereas hsb represents the dilated height of the solid mass,
section 5.2.

The variable h1 is also used to simplify the two-dimensional, depth-averaged momentum balance

equations: [104,123,124],

∂t(h1v⃗1) + ∇⃗ ·
(
h1v⃗1 ⊗ v⃗1 +

gh21
2
I

)
+ gh1∇⃗

(
b+

ρf
ρs
hf,2

)
= − τ⃗1

ρs
+
ρf
ρs
P⃗

∂t(hf,2v⃗2) + ∇⃗ ·

(
hf,2v⃗2 ⊗ v⃗2 +

gh2f,2
2

I

)
+ ghf,2∇⃗ (b+ hsb) = − τ⃗2

ρf
− P⃗

The vectors v⃗1 and v⃗2 represent the velocity of the first and second layers, respectively. The left-hand

sides of Eq. 5.9 and 5.9 are the total variation of the momentum with respect to time, including the

effect of gravity and the influence of each layer on the other [123,124]. The right-hand side represents

the change in momentum due to external forces (excluding gravity). The vector P⃗ is the rate of

momentum exchange associated with the mass exchange Qf , and τ⃗i corresponds to the shearing

stress acting on the i-th layer. To compute the shearing forces, we use the two parameters (µ and ξ)

Voellmy-formulation, which is well-known in natural hazard mitigation practice in Switzerland and

elsewhere [72, 73]. In this simple model formulation, the Coulomb friction determines the debris

flow run-out, as it defines the critical slope angle θc at which the flow begins to decelerate, [105]:

tan θc = µ. (5.9)

The hydraulic friction ξ controls the flow speed of the movement. It allows for steady flow states

to exist in ideal conditions, for example, infinitely long slopes with constant angle. Thus, we can
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control the approximate run-out distance and steady flow velocity with only two parameters.

The debris flow rheology, τ⃗i, is not constant and uniform, but a function of the flow composition,

[101]. The friction decreases when increasing the volumetric fluid fraction of the flow (or equivalently

when decreasing the flow density). This empirical assumption is supported by well-constrained field

measurements from Illgraben, [107,114,115,132]. In order to take the flow composition into account,

let us define four frictional coefficients: ξs and µs, which describe the densest configuration of the

mixture, i.e., the co-volume, and µf and ξf describe the free fluid. As the free fluid layer is always

entirely fluid, its coefficients do not evolve and are always the same. That is, µf and ξf are

constants.

For the mixture layer, we compute the Coulomb and turbulent coefficients by partitioning ac-

cording to the solid and fluid volumetric parts:

µ1(ϕs) =
hsµs + hf,1µf

hs + hf,1
= ϕsµs + (1− ϕs)µf = ϕsµs (5.10)

ξ1(ϕs) =
hsξs + hf,1ξf
hs + hf,1

= ϕsξs + (1− ϕs)ξf . (5.11)

We assume that the Coulomb friction will be negligible if the flow is entirely composed of fluid,

which means that µf = 0, eq. 5.10. This assumption is justified by the fact that the critical

slope angle, Eq. 5.9, is zero for a liquid flow. Once the frictional parameters µ1(ϕs) and ξ1(ϕs)

are evaluated accordingly to the flow composition, we use the Voelly-Salm model to compute the

frictional resistance of the flow, i.e.:

τ⃗1 = µ1(ϕs)N1ê1 +
ρ1g∥v1∥2

ξ1(ϕs)
ê1 First layer (5.12)

τ⃗2 =
ρfg∥v2∥2

ξf
ê2 Second layer (5.13)

Where êi = v⃗i
∥v⃗i∥ is a unit vector pointing in the direction of the i-th layer. For more details

concerning the two-phase rheological model, we refer the reader to [146].

The evolving flow rheology is a fundamental aspect of the model. Friction is described as a

process, depending on erosion and the immediate terrain. Indeed, it can switch from a mud flow

rheology, governed almost entirely by the turbulent term, to a rocky configuration, for which the

Coulomb friction term is predominant. This fact will be of major importance when simulating

complex GLOF events, because the flow composition, and therefore the flow rheology, does not

change only from front to tail, as for standard debris flow, but can also endure important temporal

transitions from muddy flow to a granular debris flow composition, when the flood has entrained

enough solid material. Conversely, in the run-out zone, the core stops, and the fluid is washed-out,

which corresponds to a transition from a debris flow to a muddy flow. Therefore, the rheology

changes significantly during a single event, and a model which cannot take this evolution into

account will likely not be able to give accurate numerical results with a simple set of frictional

parameters. This will be demonstrated in the following case studies.

81



Event Total Volume [m3] Peak discharge [m3/s]
Lake 513 50’000 8333

Lake Palcacocha 1’800’000 4000
Aksay Valley 35’000 50

Table 5.1: Input hydrographs for the three case studies.

5.3 Case Studies

We apply a single set of rheological parameters to model all three separate case studies. The

parameters are: µs = 0.16, ξs=200 m/s2 and ξf = 600 m/s2. A forth parameter, the Coulomb

friction of the fluid phase, is always set to zero, µf = 0. These parameters are in close agreement to

the values derived from debris flow measurements in Switzerland; see [146]. All of the other model

parameters can be found in Table 5.6, Sec. 5.6. Except for one erosion parameter (the critical shear

stress), all parameters are equal in the three different simulations. Once the initial conditions are

fixed, the evolution of the flow friction (entirely defined by the value of µ and ξ in our model) will be

computed according to the flow composition which itself is governed by the erosion and deposition

processes.

To simulate these GLOF events, we define a flow hydrograph in which the total volume of

the discharge is selected to match the field observations [47, 69, 148, 150, 156]. The initial material

released during the breaching process is almost completely fluid (95% fluid, 5% solid). The input

hydrograph parameters are provided in Table 5.1. The input values are based on [47, 56, 69]. The

peak discharge of the Aksay event is lower than the two others because we assume a sub-glacial

breaching process and not a wave that overtops the moraine dam. The definition of the initial

conditions is of primary importance for hazard analysis because it controls the event magnitude

and, therefore, the danger to humans and downstream infrastructure. In this study we focus on the

reproduction of the cascading processes including flow transitions and phase separations, which do

not depend directly on the initial conditions.

All the events have been simulated using a 10m x 10m DEM. The dataset used for the Aksay

Valley DEM is: JAXA/METI ALOS PALSAR L1.0 2007, accessed through ASF DAAC 25 June

2022. For Lake 513, we resampled a 8m resolution DEM derived from Spring 2012 WorldView

satellite imagery. For Lake Palcacocha we resampled a 5m photogrammetric DEM from 2013,

provided by the Peruvian Ministry of the Environment (MINAM). To simulate the 1941 Lake

Palcacocha event, we did not modify the 2013 DEM to account for terrain conditions in 1941, as

for example in [56]. Although the channel clearly wandered between 1941 and 2013, we ran the

simulations assuming the slope inclinations of the channel were approximately the same, and did

not vary between 1941 and 2013.

5.3.1 Case Study 1: Lake 513, Cordillera Blanca, Peru

Lake 513 (4428 m a.s.l) is located in the Cordillera Blanca, Peru, Fig. 5.5. The Lake is surrounded

by imposing glaciers and high mountains (peaks higher than 6000m a.s.l. are denoted by a triangle,

see Fig. 5.5). Lake 513 is located in the upper part of the 20km long Chucchun catchment, which

extends down to the city of Carhuaz (2640m a.s.l.), where the Chucchun River joins the main Santa

River. The valley exhibits a complex topography, with many step-like changes in elevation, slope
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Figure 5.5: a) Global map of Peru b) Location of the city of Carhuaz, Section 5.3.1, and the city
of Huaraz. c) Lake 513 (green cross) and the Lake of Palcacocha (blue cross), Section 5.3.2 with
their corresponding catchment (black dashed line). The original map can be found in [47].

angle and channel width. On 11 April 2010, a 450,000 m3 rock-ice avalanche detached from the

bedrock beneath the steep hanging glaciers of Mount Hualcan. The avalanche impacted the glacial

Lake and triggered a 24m high displacement wave that overtopped the rock dam of the Lake with a

19m freeboard by 5m. The event triggered a GLOF that caused severe damage to bridges, houses,

roads and agricultural land as far down as the city of Carhuaz, see Fig. 5.5 and Table 5.2. The

alternation between steep and flat terrain induces flow regime transitions and phase separations,

due to the deposition of solid material on the flatter track segments, Fig. 5.6 and Table 5.2. The

event of 2010 is of particular interest because different flow regimes have been characterized by field

work performed immediately after the event, [47,148]. The main features of the flow evolution are

described in Table 5.2 and depicted in Fig. 5.6.

The flow types are computed by the model according to the definition supplied in Table 5.3, see

Fig. 5.7. The blue color corresponds to a water/muddy flow, the yellow to a hyperconcentrated

flow, and the red to a debris flow, see Table 5.3. Only zone five, i.e., corresponding to an hypercon-

centrated flow, is not well reproduced by the model. In this region the solid material is deposited at

the beginning of zone 5. Deposition in this area agrees with field observations; however, part of the

solid material continued to flow until the flat valley above the city of Carhuaz. In our simulation,

the part of the material flowing down the lower valley appears to be underestimated. Indeed, it is

possible that fluvial bedload transport, which is not included in our model, may have transported

some of this coarse sediment downstream.

Fig. 5.8 depicts the solid volumetric concentration integrated over time. The flow types, rep-

resented in Fig. 5.7, are based on these results. In zones four and five, the yellow (ϕs ≈ 0.65)

sections correspond to the flowing material whereas the red zones (ϕs ≈ 0.8) located on the outer

flow boundaries correspond to the deposition of solid material on the sides of the channel , which is

consistent with [157]. The red part in the bottom valley (zone 5, in Fig. 5.8) also represents solid

material deposition, as described in [47,157].

In Fig. 5.9, the calculated values of µ are depicted. Values of µ are computed from the solid
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Figure 5.6: a) Map of the complete process chain of the 2010 GLOF at Lake 513. Six flow regime
zones are defined following [47, 148]. The flow alternates between mud, hyperconcentrated and
debris flows. A flow transition or phase separation occurs between each zone, leading to different
flow regimes. The description of the flow in each zone, as well as the flow transitions are listed
in Table 5.2. b) The inset depicts zones one, two, and three. We observe the deposition of solid
material in zone two, [47]. c) Picture taken at the star location (Pampa Shonquil) during the 2010
event of Lake 513. The flow is almost entirely fluid, corresponding to a mud flow (Photo taken by
Luis Meza, [148]).

Zone Flow type erosion Description

1 Mud flow Yes
Initiation as a nearly pure water surge, the solid
concentration increases due to entrainment along

the steep slope downstream of the lake.

2 Debris flow Yes
The flow continues to entrain material, reaching a debris flow type.
As the slope flattens, the solid matrix deposits while the fluid is

washed-out from the core, leading to phase separation.

3 Mud flow Yes1
After the phase separation, the flow is almost entirely fluid. The
slope is not steep enough in this zone to cause significant erosion.

4 Debris flow Yes
As the slope increases, the erosion becomes more important

and the flow evolves into a debris flow.

5
Hyperconcentrated

Yes
In some flatter and wider parts of the channel, lateral deposition

flow of solid material occurred, leading to a lower solid concentration.
The flow is closer to a hyperconcentrated flow.

6 Mud flow No
The remaining part of the solid deposits in the flat valley close

to Carhuaz, while the fluid continues to flow downstream.

Table 5.2: Description of the Lake 513 GLOF event. Due to the long and complex valley topog-
raphy, the flow exhibits five flow transitions/phase separations. The footnote 1 indicates lateral
erosion of the bed channel.

Color Flow type solid fraction ϕs µ1

Blue Water/mud flow 0 ≤ ϕs ≤ 0.2 0 ≤ µ1 ≤ 0.04

Green Hyperconcentrated flow 0.2 < ϕs ≤ 0.6 0.04 < µ1 ≤ 0.11

Red Debris flow/solid material deposition 0.6 < ϕs ≤ 0.8 0.11 < µ1 ≤ 0.2

Table 5.3: Color code used on Fig. 5.7, 5.13 and 5.18. Each color corresponds to a different flow
type. The flow type is computed by integrating the volumetric solid concentration over time. This
classification is only used for visualization.
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Figure 5.7: Reconstruction of the flow type evolution for the event of Lake 513, in 2010. The
colors represent different flow types, see Table 5.3. The computation is based on the volumetric
solid fraction integrated over time, shown in Fig. 5.8. The flow transitions and phase separations,
governed by entrainment and deposition processes, are captured by the model, see Table 5.2 and Fig.
5.6.
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Figure 5.8: Volumetric solid fraction integrated over time of the Lake 513 event of 2010. Flow type,
see Tab. 5.2 and Fig. 5.7, is computed from the volumetric solid content.

volumetric concentration (Fig. 5.8) using Eq. 5.10. The average value of the calculated µ coincides

for each flow type with the values found in Fig 5.3. This result indicates that it is possible to model

completely different flow regimes with a single set of parameters describing a process controlled

change in flow rheology.

Fig. 5.10a shows the spatial evolution of the debris flow density in region four. The front of

a standard debris flow is mainly composed of large blocks and is therefore associated with a high

solid concentration. Towards the end of the flow in the upstream direction, the fluid concentration

increases to reach an almost mud flow at the flow tail. Moreover, the largest density values are in

the front and decrease towards the tail, as shown in Fig. 5.10a. The model appears to accurately

compute the average solid-fluid concentration in time as well as over space.

Finally, Fig. 5.10b, depicts the simulated phase separation between zones two and three. The

core of the flow (red) is in the process of decelerating and stopping, compared with Fig. 5.6c, while

the fluid (blue) is washed-out and can continue to flow downstream, triggering a new debris flow

farther down the valley.

The mass balance of this event, including specific erosion areas, was well characterized by [157].

The erosion depth obtained by our model is depicted in Fig. 5.11. According to [157], lateral

erosion was observed in zone 3 but was not completely captured by the model. This may be due

to the fact that in a depth-averaged model, which divides the flow into slope-perpendicular normal
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Figure 5.9: Value of the Coulomb coefficient µ, based on the flow composition and Eq. 5.10. The
evolution of rheology is of primary importance to simulate complex events with multiple flow regimes.
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Figure 5.10: a) Flow density (for t = 940s) in zone four. The density is high in the front and
decreases toward the tail to reach the muddy fluid density, as expected for a standard debris flow.
The model is able to compute the correct flow composition (or density) in time, as well as over the
length of the torrent. b) Representation of the phase separation occurring between regions two and
three. The core of the flow is stopped (red region), while the fluid is washed out (blue region)

and slope-parallel shear stresses, might underestimate the total basal stress at steep, lateral edges.

However, the strong erosion processes that occurred in regions 1,2, 4, and 5 coincide with the model

results. The authors also noted deposition in zones 4 and 5, which also could be modeled, Fig. 5.8.

In [157], the valley was divided into twelve different regions. For our study, we used only. The

results of [157] have been averaged to fit our zone definition.

In this case study, the overall mass balance of the event, as well as the solid deposition behaviour

are accurately reproduced indicating that the erosion behaviour integrated over the entire length of

the torrent appears to be reasonable. However, there can be regions where the simulated erosion is

over- or under-estimated. Finally, we underscore the fact that with a model that cannot reproduce

the solid-fluid internal composition of such a flow, the rheology has to be tuned by hand in order to

obtain correct results. Indeed, in the case of the back-computation of Lake 513 with the one-phase

RAMMS model, [47], five different set of frictional coefficients have to be used to reproduce it

accurately. This induces significant uncertainties about the numerical results, and cannot be done

without past information on the back-computed event.

5.3.2 Case Study 2: Palcacocha Lake, Huaraz, Peru, 1941

Lake Palcacocha (4562m a.s.l.) is located in the Cordillera Blanca, above Huaraz (3050m a.s.l.),

in Peru, Fig. 5.12. Similiar to the Lake 513 case study, the lake is surrounded by high mountains

and large hanging glaciers. The Lake drains into the Cojup river, which arrives directly on the east

side of Huaraz, after approximately 20 km, Fig. 5.12. In 1941 a breach formed in the moraine dam

of Lake Palcacocha, possibly triggered by the impact of a mass movement (Mergili et al. 2020).

The GLOF flowed downstream the Cojup valley. After completely entraining another Lake (Lake

Jircacocha), which does not exist anymore [37, 158, 159], see Fig. 5.12, the resulting debris flow

reached and destroyed a large part of the city of Huaraz killing approximately 1800 persons [37].

The damage to buildings and agricultural infrastructure, located either in the city of Huaraz, and

also further downstream, was immense [160,161].

Several numerical studies have already been performed of this event to back-calculate the 1941
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Figure 5.11: Erosion depth of the Lake 513 event of 2010.

outburst [56] and to predict future GLOF events [150, 162]. These studies indicate that the flow

started as a water surge. The material entrained in the glacier moraine and on the steep slopes just

below the initiation were deposited at the beginning of the long and flat Cojup valley. Up to an

elevation of 4000 m a.s.l. (zone one in Fig. 5.13 and in Table 5.4) no surface erosion was observed,

indicating a flow with a low solid concentration. Before the 1941 event, a Lake was present in the

valley at an elevation of approximately 4130 m a.s.l. (see Fig. 5.12), which was completely entrained

by the flow. At an elevation of around 4000 m a.s.l. (limit between zone a and two Fig. 5.13), the

slope increases and significant erosion starts, leading to an increase in the solid concentration. The

core stopped on flatter terrain before and inside Huaraz. Detailed studies by the Instituto Nacional

de Defensa Civil have been performed to quantify the deposit area in the city, Fig. 5.14. After the

stopping and deposition of the solid material, the flow, which was mainly composed of fluid with

fine suspended sediments, continued to flow downstream the valley and cause great damage. This

lower region was not simulated due to the unavailability of an accurate DEM, as well as due to the

fact that the flow did not transition into another flow region. Therefore, we define only two flow

regime zones for this case, which are separated by a red line in the plots.

Fig. 5.15 depicts the erosion depth obtained for the simulation of the 1941 event. Simulation

results found in [156] indicate that erosion occurred mainly a few hundred meters downstream the

Lake and in the lower part of the valley, see Table 5.4. This region is steeper than zone two, shown

in Fig. 5.15. In between these two regions, no significant evidence of erosion was observed. The

model captures this behavior, where the erosion is much stronger just below the release and in zone

two. The red polygon in the Cojup valley corresponds to the entrainment of the Lake present before
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Figure 5.12: Map of the Huaraz region with the Lake Palcacocha, which initiate the GLOF of 1941,
including the location of Lake Jircacocha in the Cojup valley (blue ellipse). This Lake was completely
entrained by the event of 1941. The black rectangle shows the extent of Fig. 5.14. Figure modified
from [162], based on [150].
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Figure 5.13: Different flow types, see Table 5.3, that occurred during the Lake Palcacocha event.
The simulated flow behavior corresponds to the observations, Table 5.4. The red line represents the
separation between zones one and two. The flow has a high fluid concentration compared to the
other two case studies, Fig. 5.7 and 5.18. The high fluid concentration is due to the entrainment
of the glacier Lake while flowing in the Cojup valley.
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Figure 5.14: a) Comparison between the observed debris flow fan of the 1941 event (background
picture) and maximum flow height computed by the model. a. shows the observed deposit zone
(black dashed line) as well as the flow height. The heights lower than 50 cm are not depicted. Inset
b. shows the deposit density at the end of the event. The background picture is from A. Cicoira
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Zone Flow type Erosion Description

1 Mud flow no

Initiation as a nearly pure water surge, the small
amount of solid material entrained in the moraine and

below the lake stops a few hundred meters below the lake.
At an elevation of ≈ of 4130 m a.s.l., the Lake

Jircacocha was completely entrained by the flow.

2

The flow starts to entrain a significant amount of
Hyperconcentrated yes solid material, increasing the solid concentration.

to As the flow becomes flat before and inside the city,
Debris flow the solid content deposits while the fluid is washed-out

from the core, leading to a phase separation

3 Mud flow no
After the phase separation, the flow is almost

entirely fluid. The slope is not steep enough in this
zone to cause significant erosion processes.

Table 5.4: Description of the Lake Palcacocha GLOF event, which occurred in 1941, destroying
the center of the city of Huaraz and killing 1800 persons. A more detailed description of this event
can be found in [56,150].

the 1941 event. The surface and depth have been calibrated to fit the Lake volume, [56]. In this

specific zone, the density of the entrained sediment is set to be the same as the fluid density, and

stronger erosion is considered. The lake’s entrainment does not only change the mass balance of

the flow but its entire dynamics due to the fluidization of the flow. Indeed, the correct debris flow

run-out distance, Fig. 5.14, would be impossible to model without the entrainment of the lake.

5.3.3 Case Study 3: Aksay Valley, Ala-Archa National Park, Kyrgyzstan

The Ala-Archa National park is located along the Kyrgyz Ridge, 40 km south of Bishkek, Kyr-

gyzstan (Fig. 5.16a). The debris flow fan of Aksay Valley is the largest in the Ala-Archa National

Park, and several studies concerning debris flow monitoring, analysis, and simulation have been

performed in this specific torrent [69, 151, 152]. The valley’s elevation varies from 4895m a.s.l to

2200m a.s.l (run-out on the fan). Two glaciers can be found in the catchment’s upper part: the

Aksay glacier and the Uchitel Glacier (Fig. 5.16b). At the receding end of the Uchitel glacier stands

a lake, which is the primary source of the GOLFs in this valley. The valley below the Lake can be

decomposed into three distinct areas. The first one (denoted (1) on Fig. 5.16c) is a 2.3 km section

characterized by a low average slope angle (less than 10◦). It is followed by a 4.0 km long steeper

section (denoted (2) on Fig. 5.16c) with a slope angle around 15◦ which ends in the bottom valley,

i.e., the run-out area ((3) on Fig. 5.16c). This run-out section is almost flat (less than 5 ◦).

As we assume that the GLOF initiates with the outburst of the glacier lake, we expect a flood-

type flow in the upper region (zone 1 Fig. 5.16c). Indeed, in this region, no significant erosion was

observed. In zone 2, erosion processes started to become stronger; see Fig. 5.17b. As a consequence,

we expect a flow with a higher solid concentration. Finally, the core of the debris flow stopped in

the Aksay valley, see Fig. 5.17a and [151] (zone 3), and the fluid continued to flow downstream the

valley (zone 4), almost without erosion processes. The flow history is summarized in table 5.5.

Fig. 5.18 shows the solid volumetric concentration integrated over time. One can see that the

general behavior detailed above, i.e., flow transition from zone 1 to 2 and phase separation in zone

3, is captured by the model. Following [69,151], we can estimate the run-out zone distance for the

93



Figure 5.15: Erosion depth obtained with the two-layer model. The red line represents the beginning
of the area where significant erosion processes have been observed in the field, [156]. The red part
before the red line (zone 1), represents the entrainment of the Lake Jircacocha, see Fig. 5.12.

Zone Flow type erosion Description

1
Mud flow to

no
Initiation as a nearly pure water surge, the solid

hyperconcentrated concentration remains low because
flow no significant erosion occurs

2 Debris flow yes
The flow starts to entrain material, and the
volumetric solid concentration increases.

3
Debris flow

no data
As the flow reaches flatter terrain,

(deposition) a phase separation occurs

4 mud flow no
After the phase separation,

the flow is almost entirely fluid.

Table 5.5: Description of the Aksay valley GLOF event.

94



Figure 5.16: a) Location of the Ala-Archa Valley (National Park) in Northern Tien Shan. b)
Orthophoto of the Aksay valley. The glacier Lake is indicated in red, while the valley itself has been
decomposed into three different regions. The first one (1) with a low slope angle, the step channel
(2), the run-out debris flow zone (3), and finally the gentle valley (4) which flows downwards the
plain. Each zone exhibits different types of flow behavior and flowing transition occurs between
them. However, no field observations concerning the flow types are available.

Figure 5.17: a) debris flow fan zone. The red dotted line is the deposit zone delineated according to
field observations [69]. b) Map of the Aksay Valley. The erosion area is denoted by the red dotted
line while the initiating Lake is marked by an orange circle. Credit for the map: [69].

95



Figure 5.18: Solid volumetric fraction of the flow, integrated over time. As expected, the flow is
in a low solid concentration configuration in the first zone, where no erosion was observed. In
the steeper part (zone 2), the volumetric solid concentration increases due to the erosion of solid
material. Finally, the core deposits (zone 3) and the fluid is washed out and continue to flow
downward (zone 4). The sub-figure on the upper right corner is the solid deposit of the flow, which
is in good agreement with field observation reported in Fig. 5.17a.
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debris flow event of 1960 using satellite imagery, see Fig.5.17a. The average run-out area of the

previous monitored event is approximately Arun-out ≈ 0.2 km2, [151]. In our simulation, we have

the same order of magnitude for the value of the deposition area. The discharge could have been

adjusted to fit the disposition area perfectly; however, without precise information about the peak

discharge, we did not do so. Further, the run-out area detailed on Fig. 5.17a, is similar to the one

we obtain in Fig. 5.18.

In [69], detailed observations of the erosion areas are provided; see Fig.5.17b. Fig. 5.19 depicts

the numerically obtained spatial distribution of the erosion. The erosion depth is difficult to discuss

due to a lack of information. However, the model accurately reproduces the erosion pattern (the

region with or without erosion).

5.4 Discussion and Conclusions

GLOFs exhibit complex flow regime transitions due to the continually changing solid-fluid compo-

sition of the flow. Small inclination changes in the valley profile, or enlargement of the channel

width, can produce solid-fluid phase separations, initiating the deposition of solid material. As

GLOFs, by definition, initiate from a lake outburst, the initial flow is mainly fluid, leading to a

mud flow. However, with the mobilization of loose sediments from the bed and channel sides, the

floods acquire solid material, which leads to a transition from a mud flow to a hyperconcentrated

flow. With the entrainment of more solid debris, the flows evolve to viscous, granular-type debris

flows. These types of flow transitions could be captured by applying a Voellmy-type flow rheol-

ogy [146] within the framework of a two-layer debris flow model [132]. The evolution of the internal

solid-fluid composition governs the flowing properties, including the steady-state velocity in the

channel or the run-out distance on flatter terrain. We apply a model to simulate the different flow

regimes observed in the three case studies, Fig. 5.7, 5.13, and 5.18. The Lake 513 event is of

great interest because it exhibits different flow regimes due to the long flowing distance (around

20km) over complex terrain topography. The field observations performed after the event [47, 148]

permit a classification of the succession of flow types that enabled the validation of our model,

which reproduces the events accurately from after the outburst to deposition. The erosion pattern

and deposition area, described in [157], is also captured by the model. Although the model pre-

dicts with reasonable accuracy the erosion patterns, the run-out distances, the solid deposits and

affected areas of the other two events (Fig. 5.14, Fig 5.15, Fig 5.18 and Fig. 5.19), the evaluation

of model performance is more uncertain. The exact erosion depths are not known precisely, but the

regions with and without erosion are well documented. These results indicate that both the erosion

patterns and run-out distances can be captured by the model, which is an indirect validation of the

model rheology.

The ability to model this complex flow behaviour has three main origins.

1. Firstly, a full two-component approach is used to predict the velocity of the solid debris with

bonded fluid or the free (muddy) fluid. The physical and mathematical construction of the

model is built on the foundation of a two-fluid, two-layer model involving well-constrained

mass exchanges between the two fluid components. Unlike other models [1, 2, 3, 5], the fluid

velocity is not computed using a Darcy-like approximation, which reduces two-component

models to the solution of a single phase.
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Figure 5.19: Erosion depth obtained with the two-layer model. The red dotted line is the approxi-
mately observed erosion, shown in Fig. 5.17b, computed after field observations.
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2. Secondly, embedded into the governing equations is a theory of granular dilantancy. Mathe-

matically, this requires the solution of an additional differential equation describing the pro-

duction and decay of granular fluctuation energy, which drives the dispersive actions in the

solid mixture. Although computationally more intensive, this approach enables us to predict

the separation of the solid and fluid phases. The mass and momentum exchanges induced

by the dilation of the solid matrix play a role in the interactions between the solid and the

fluid components. It also controls the collapse of the solid matrix on flatter slope inclinations,

allowing for phase separation and de-watering.

3. Finally, the central aspect of the model is the evolving rheology. A uniform and constant

rheology fails to reproduce the dynamics of complex events such as GLOFs, [33], even if they

can be applied with significant tuning to model specific debris flow events. For example,

five different zones associated with different rheology coefficients (µ and ξ) had to be defined

to reproduce the event of the Lake 513, [47] when using the one-phase, constant rheology

RAMMS model. The use of Eq. 5.10 allows the two-layer model to reproduce a fluid-like

behavior, driven by the turbulent friction, but also a granular-like flow, driven by the Coulomb

friction, within a single mathematical framework. In this model, we assume a simple relation

between the flow composition, given by ϕs and ϕf , and the rheology, represented by µ(ϕs) and

ξ(ϕs). More accurate data would be needed to develop a more sophisticated mathematical

model. Preliminary laboratory studies show that in the range of 0.3 < ϕs < 0.9, the shearing

intensity and the volumetric fluid concentration can be approximated by a linear relation.

The dependency of the rheological parameters on the flow composition also allows us to reduce

the interval of possible values for the frictional parameters, µs, ξs, and ξf . Indeed, the same

set value was used for the three scenarios, which exhibit different behaviors and a wide variation

of flow volumes, i.e., 35’000 m3 for the event of Aksay valley and 1’800’000 m3 for the Lake

Palcacocha event (without entrainment). The uniformity of the rheological free parameters is one

of the attractive features of the model and will be of primary importance when applying it to

hazard analysis prediction. Indeed, a model which is not able to reproduce the flow transitions

and phase separations would have to be tuned to perform relevant simulations. This implies a

major limitation for a priori -type applications, when there is no historical information available.

Confidence in the free parameters is a central question in numerical models. A debris flow model

should be able to perform accurate simulations of real events using the lowest number of free

parameters possible. Back-calculation of existing events with models that contain few parameters

is a first step to developing powerful, predictive tools for practical applications. We applied the same

frictional parameters, within the framework of a theory based on modeling flow dilations within the

solid matrix. Modeling flow behavior in this way, produced a model with only one free parameter.

This is the ratio between α, representing the production of solid dilations and β, representing its

decay. We fixed the production α,hence β is the free parameter governing flow regime transitions.

Interestingly we were able to use the same value of β for all three events. More case studies are

clearly required to determine if this approach is valid in general.

The uniformity of the rheological parameters was also helpful to better model erosion processes.
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In the three case studies, the critical shear coefficient had to be adapted to correctly simulate the

Palcacocha 1941 event. Even if the release material, as well as the terrain topography, are generally

known with reasonable accuracy, the bed properties of the entire torrent are largely unknown.

Therefore, the adaptation of the erosion parameters is rather linked to a need for more accurate

knowledge about precise boundary conditions rather than a specific model deficiency. It is to be

expected that the erosion parameters must be selected for a specific site. The selection of parameters

remains a modeling problem that is, in the end, a more general problem well-known to the debris

flow engineering community.
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5.6 Annex

Name Symbol value Unity []

Solid density ρs 2500 kg/m3

Fluid density ρf 1300 kg/m3

Co-volume density *1 ρco 2000 kg/m3

Solid Coulomb coefficient µs 0.16 -

Fluid Coulomb coefficient µf 0.0 -

Solid turbulent coefficient ξs 200 m/s2

Fluid turbulent coefficient ξf 600 m/s2

Configurational energy production α 0.2 -

Configurational energy decay β 0.07 1/s

Mean collapse time Γ = α
β 2.86 s

Entrained density ρe 2000 kg/m3

Solid erosion rate Es 0.03 m/s

Fluid erosion rate Ef 0.003 m/s

Critical shear stress τc*
2 0.5 kPa

Critical shear stress coefficient dτ
dz *

2 -0.2/-0.4*3 m/kPa

Critical erosion velocity vc 0.5 m/s

Gridsize ∆x 10.0 m

Granule size Gr 7 cm

*1 defined without fluid in the interstitial space in between the solid particles. *2 For the defi-

nitions of these values, refer to [40,50].

*3 the first value corresponds to the Lake 513 and Aksay events and the second one to the Lake

Palcacocha event.
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Chapter 6

Conclusion and Outlook

6.1 Conclusion

The aim of this thesis was to develop a two-fluid debris flow model to simulate gravitationally

driven saturated granular flows. In a first step, we divided the debris flow into a mixture layer

and a fluid layer and modified the shallow water equations to include the dilatant action of the

solid matrix. The rheology and entrainment processes were implemented in the second step, using

real-scale debris flow measurements and laboratory experiments as a guide. Finally, three well

documented real-case scenarios were back-computed to validate the model.

Particle dilatancy plays an essential role in granular media due to its influence on the volumetric

solid fraction. In debris flow science, various models [1, 4] have already been developed to include

this phenomenon but their computation is based on restrictive assumptions. Our approach, that

also includes dilatancy, is different. It is based on the balance between the production and decay of

granular velocity fluctuations in the solid matrix. The production is constrained by thermodynamic

arguments, most notably that it is some fraction of the irreversible shear work. These arguments

are easier to manipulate within the framework of depth-averaged models. From a mathematical

point of view, the use of dilatancy induces a natural coupling between the mass and momentum

balance equations. It is possible to quantify the mass and momentum fluid interactions between

the two layers. The dilatant action of the solid matrix controls the fluid content which subsequently

governs the evolution of the debris flow composition. With this approach it is possible to accurately

simulate real-case events. The comparison with measurements of Illgraben (a real-scale debris flow

test site in Wallis, Switzerland), revealed that our model was able to reproduce the evolution of the

spatial streamwise solid-fluid distribution. A last key point concerning dilatancy in granular flows

is that when it is implemented within two-fluid layer models, it facilitates the simulation of different

flow regimes. Indeed, in steep terrain, the capture and bonding of the free fluid by the mixture

layer due to the dilatant action of the solid matrix leads to a solid-fluid quasi-uniform flowing be-

havior. When the slope flattens, the shearing energy is no longer sufficient to maintain the system

in a dilated configuration. The solid collapses and eventually stops while the fluid is washed-out of

the core of the debris flow and continues to flow downstream, leading to two completely different

solid-fluid flow regimes.
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There are two main difficulties to formulate a flow rheology in a two-phase modeling approach.

Firstly, the computation of the momentum transfer between the two phases is difficult to quantify.

In our real-scale debris flow experiments it cannot be separated from the total measured shear.

Models for inter-phase shearing are necessary in all models which mathematically divide the bal-

ance equations into the solid and fluid parts. Consequently, their formulation requires introducing

abstract free parameters, which are difficult to calibrate for practitioners. Furthermore, in the

case when the flow components are moving with different velocities, large momentum exchanges

are induced in the differential equations, which can lead to numerical instabilities and reduce the

computational efficiency of the model (smaller time steps). Introducing a mixture layer, where both

materials flow at the same velocity, bypasses this problem. In addition, the definition of a second

layer, consisting entirely of muddy fluid, allows us to simulate phase separations (with the help of

the dilatancy theory). Therefore, the proposed formulation is a proper two-phase model. It does

not include a Darcy-like approximation [1, 2, 3, 5] and, in addition, simplifies the fluid momentum

balance equations. A further advantage of this method is that it avoids the problem of directly

computing the solid-fluid shearing interactions. The second problem associated with flow rheology

is how to quantify flow resistance in terms of the solid-fluid flow composition. Real-scale measure-

ments performed at Illgraben indicate that the shear stress intensity decreases with increasing the

fluid content. Based on these considerations, we assumed a linear relationship between the decrease

of the shear stress and the increase in volumetric fluid content. Although this ansatz is purely

empirical, it allowed us to model different debris flow behavior, varying from a muddy flood to

viscous granular flow. Moreover, with a single two-phase flow rheology it was possible to model

different flow regimes. Similarly, we adapted an existing erosion model, based on the erosion mea-

surements carried out in Illgraben, for our two-fluid model. To test the model, we compared it to

field measurements obtained with two drone flights, one flight executed before and the other flight

after an event (occurring in August 2021), in the Ritigraben (Switzerland) torrent. Subtracting

both measured DEMs provided the eroded volume along the channel. We found a good agree-

ment between the measured and numerical results. In GLOFs, field observations revealed zones

with significant erosion adjacent to zones with little or no erosion. The comparison of our model

with documented GLOF events, which are significantly larger in volume than the Ritigraben event,

showed its capability to reproduce observed erosion patterns (zones with and without erosion).

The overall purpose of a debris flow model is to make predictions, especially in the context

of a changing environment. Currently, debris flow models (to our knowledge) are not predictive

and are mainly used to reproduce events with ad-hoc tuning of flow parameters. In fact, it is also

often the case that the free parameters are manipulated by hand within the same simulation to be

able to reproduce the different flow regimes observed in real events. This approach is no longer

acceptable in practice. In future, the prediction of changing run-out and deposition volumes from

debris flow hazards will require considering existing, but also ever more extreme, meterological

boundary conditions. Scenario based simulations must implement these sediment and hydrological

conditions without altering the free parameters governing the rheological behavior of the flow. Only

then, can well founded predictions of debris flow hazard be made under consideration of changing,

perhaps extreme, climatic conditions. A first step in this process is to reproduce experimental data
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with the ultimate validation being the successful back computation of different real events using

the same rheological parameters.

The new two-fluid, two-phase debris flow model we present in this thesis is designed to meet

this challenge. There is no need for ad-hoc parameter manipulations and, subsequently, the model

can be used as a predictive tool. As a validation, we simulated three GLOF events. We focused on

events that are well documented and exhibit a complex flow behavior. The GLOFs included entrain-

ment (leading to flowing transitions) and deposition of solid material (inducing phase separations).

Therefore, these events reveal several different flow types, depending on the average solid-fluid vol-

umetric concentration, which makes them challenging to model accurately. Our model successfully

reproduced these three events, while keeping the same reduced set of initial free parameters. The

model captured the flowing transitions and phase separations due to the erosion and deposition of

solid material. The erosion patterns, run-out distances and inundated areas were correctly repro-

duced. The benefit of using a process-based rheology becomes apparent for events that travel long

distances. As the flow composition changes continuously, implying a change in friction, a model with

an unchanging flow rheology cannot model these hazardous flows without manual manipulation of

the flow parameters for specific track sections. These simulations highlight the crucial role of the

interplay between the dilatancy, the erosion/deposition processes and the evolving, ever-changing

flow rheology. These processes are deeply entangled and indispensable to accurately model the

complex dynamics of GLOFs.

6.2 Outlook

This dissertation presents a two-fluid, two-layer debris model aimed at application in engineering

hazard analysis. Further work must be performed to improve the modeling results in order to

improve the reliability of model predictions.

One important assumption concerns the relationship between the shear stress of the solid phase

and the fluid content. We approximated this relation using a linear function. Laboratory ex-

periments indicate that this approximation is valid for a large range extending from ϕs = 0.3 to

ϕs = 0.75. Of great interest is how to define this relationship for the range ϕs < 0.3; that is, for low

friction values when the debris flow has the greatest mobility. For this important range a deeper

understanding of the interplay between the solid and fluid, which engenders the complex flowing

rheology, is needed. It includes theoretical development, numerical modeling and, more impor-

tantly, accurate laboratory experiments. Typically, kinematic values (velocities and flow heights)

are measured in laboratory experiments. In this dissertation we utilized direct measurements of

shear forces – both at the real (Illgraben) and laboratory scale. We measured shear forces using

a flat and relatively smooth (without roughness) shear plate. This is not representative of a real

debris flow channel. The preliminary analysis of debris flow measurements indicates that the mea-

sured shear stress on a smooth plate is too low to be realistic. In the absence of roughness, the

flow slides over the plate with low friction. Therefore, we measured only one part of the total shear

stress. These results are helpful, in the sense they quantify an extreme case and could be used in

the modeling, but are nonetheless inconclusive. In future experiments, exchangeable force plates

should be constructed which allow measurements with and without surface roughness. However,
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adding realistic artificial roughness is complicated, as the roughness must scale with the size of the

solid particles in the flow. To this aim, the force plates at Illgraben should be modified (enough

control data exists for the smooth plates) to model channel roughness. In a laboratory setup, new

3-D printing methods could be employed to generate artificial roughness.

At present our numerical model is based on the relation ϕs + ϕf = 1. This assumption indi-

cates that our debris flow cannot be undersaturated. Moreover, all the interstitial space between

the particles must be filled by fluid. No air can exist between the particles. This assumption is

reasonable for a muddy flood or at the tail of a debris flow when the flow is saturated by fluid. It

is not the case at the bouldery, granular front. Often debris flow deposition begins at the lateral

sides of the flow, which are also undersaturated. The problem to simulate undersaturated flow

configurations is to introduce a third phase, the interstitial air ϕa. Clearly, we must consider the

case ϕs + ϕf + ϕa = 1, with ϕa >0. As mentioned above, a linear relation between the shearing

intensity and the volumetric fluid content of the flow can be a reasonable hypothesis for a specific

range of fluid concentration but is certainly no longer valid for undersaturated configurations. The

current model likely underestimated the friction at the debris flow front and sides, leading to an

undervaluation of the dam-like behavior of the front, as well as the channel side deposition of solid

material. These two effects impact both the dynamics and mass balance of the flow. To solve

this problem we must consider an additional mass balance equation (the momentum of the air can

be supposed neglectable). The addition would only slightly increase the overall complexity of the

model.

Once the critical shear stress exceeded, the erosion model used in this thesis assumes a constant

erosion rate. Although it can reproduce real debris flow data, including the location of erosion

in GLOF simulations, the assumption of a constant erosion rate is clearly questionable. A better

understanding of the entrainment process would allow the computation of the erosion rate as a

function of the physical properties of the flow, i.e, basal shear stress, momentum, kinetic energy,

etc. Laboratory experiments accompanied with DEM simulations would be a great help to explore

this problem in more detail. Another problem associated with erosion modeling is that the flow

quantities at the running surface of the debris flow are relevant. These, of course, can differ sig-

nificantly from the depth-averaged values. The new approach must be calibrated and validated by

field observations and/or laboratory experiments and ideally would be implemented without the

introduction of additional free parameters.

In this model, we assume that the rheology is always described by a turbulent term, proportional

to the velocity squared. Even if this is realistic for a fast muddy flow, this approach will overestimate

friction for a slow granular debris flow. Indeed, a laminar friction term, proportional to the velocity,

could be more appropriate in this case. The difference between both regimes can be distinguished

using the dimensionless Reynolds number. However, an abrupt change from 1 to 2 in the velocity

exponent would probably induce numerical instabilities, or at least reduce the computational speed.

Therefore, the velocity exponent must be computed as a smooth function of the Reynolds num-

ber (or any other number on which the analysis is based) rather than taking a non-continuous value.
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The debris flow model we developed and tested in this thesis attempts to model different flow

regimes within the same mathematical and numerical framework. There have been many recent

events in which debris flow initiation is caused by mixed rock/ice instabilities (Chamoli, India,

2021), or when a large rock mass falls onto glacier ice (Cengalo, Switzerland, 2017). Considerable

meltwater is generated by frictional heating (in addition to the entrainment of fluid-rich sediments).

The existing model should be extended to include the ice-component, as well as the thermal heat

production, leading to the production of meltwater. Thus, the model should include additional

internal energy equations to track the temperature of the rock/ice/water mixture. Such a model

would find large application in the back-calculation of cascading events in the high-mountain regions

of the world.
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