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Summary
Understanding tectonic deformation within continents during collision and later
gravitational collapse – especially in the Tibetan Plateau and the crustal antiforms of
the Himalayan syntaxes – remains a major challenge. Most studies investigating the
processes leading to the formation of these important features use simplified numerical
or analytical models. Simplifying assumptions are made for both the mathematical
equations governing the models and the processes under consideration. Models like the
thin viscous sheet or the slip-line field theory, though focusing on specific processes, clarified the understanding of the considered processes, but only separately. To improve the
knowledge and understanding of the respective roles of processes acting simultaneously
during continent collision new three-dimensional (3D) models were developed in this
thesis. These resulting models deliver new information on the behaviour and properties
of the lithosphere.
This thesis presents the 3D numerical model of a continental lithosphere with both
vertical and horizontal heterogeneities. The model is based on the finite element method
and is written in C, using the PETSc library. It can simulate linear viscous, power-law
viscous and temperature dependent viscosities.
Results of 3D models are compared to results from thin-sheet and two-dimensional
(2D) models in order to assess the advantages and benefits of each of these approaches.
Application of the 3D numerical model allows identifying and quantifying coeval processes that take place on a wide range of temporal and spatial scales along with the
impact of different model and material parameters. Furthermore, stresses and deformation in 3D geological structures can be predicted precisely.
Thickening, buckling and lower crustal flow are recognized to be the main processes acting during continent collision. Buckling and lower crustal flow are particularly
pronounced on the small scale (100’s of km) and for power-law viscous rheologies. The
thin-sheet model, in contrast, accounts for thickening and is a good approximation of
the horizontal velocity field, especially on the large scale (1000’s of km) and for linear
viscous rheologies.
An existing elevated plateau or mountain has gravitational potential energy (GPE)
which induces stresses and deviations from lithostatic pressure in the crust. Knowing
the crustal thickness distribution, stresses can be predicted from lateral variations in
GPE for simple large scale geometries. However, 3D numerical simulations are needed
for complex structures. Not accounting for active continent indentation but separately
studying stresses and deformation arising from lateral variations in GPE, reveals that
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the Himalayan syntaxes are not due to buckling induced by excess GPE of the Himalayas
or the Tibetan Plateau.
A realistic 3D model setup exhibiting a well constrained geometry, density and
viscosity distribution of today’s India-Asia collision zone, is presented. This model allows constraining material parameters and is a tool to test geophysical sections from
seismological surveys. For viscosities of 1021 − 1024 Pas the strength of the underplating
Indian lower crust appears to have a moderate impact on surface strain rates and a
minor impact on surface velocities. With Indian lower crustal viscosities of 1021 − 1024
Pas it is possible to fit the horizontal surface velocity field known from GPS data over
the larger collisional zone. For Indian lower crustal viscosities of 1021 − 1022 Pas it is
possible to correlate zones of high upper crustal stresses with the location of the Main
Boundary Thrust and the Main Frontal Thrust of the Himalayas.
This thesis shows that mechanically layered 3D numerical models yield a more
complete picture of the timing, location and relative importance of thickening, buckling
and lower crustal flow during continent collision than simplified models of continent
collision. The presented line of work, building up a detailed model both in terms of
material parameters and geometry, opens new possibilities for future work on the role
of different parts of the lithosphere.
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Resumaziun
Capir la deformaziun tectonica che ha liug els continents cu els collideschan resta
ina gronda sfida – specialmein per il plateau Tibetan ed ellas antiformas crustalas dallas syntaxas dil Himalaya. La maioritad dils studis che perscruteschan ils process che
formeschan quellas structuras impurtontas drovan models numerics ni analitics che ein
simplificai. Supposiziuns simplificontas vegnan fatgas buca mo per las equaziuns matematicas sin las qualas ils models sebasan, mobein era per ils process intercuretgs. Models
sco il “thin viscous sheet” (fegl fin viscos) e la teoria da “slip-line field” (feld da lingias
ruschnontas), interqueran mintgamai mo in process specific, han denton tuttina contribuiu alla capientscha dils process examinai. Per engrondir la savida e capientscha
dalla muntada ed influenza dils differents process che opereschan simultanmein duront
ina collisiun da continents, ein novs models treidimensiunals (3D) vegni sviluppai per
questa lavur. Quels dattan a nus novas informaziuns davart il cumportament e las
atgnadads dalla litosfera.
Quella lavur presenta il model 3D numeric dad ina litosfera continentala che cuntegn heterogenitads verticalas e horizontalas. Il model sebasa silla metoda dils elements
finits ed ei screts en C utilisond la biblioteca PETSc. Il model sa simular viscositads
linearas, potenzialas e talas ch’ein dependentas dalla temperatura.
Ils resultats dils models 3D vegnan cumparegliai cun resultats da models “thinsheet” e cun models dusdimensiunals (2D) per giudicar ils avantatgs ed il nez da mintgina
da quellas metodas. Cun duvrar models 3D numerics san ins definar e quantificar process
che han liug sur grondas distanzas temporalas e spazialas sco era l’influenza da differents
parameters dil model e da materials. Plinavon eis ei pusseivel da predir precisamein
tensiuns e deformaziuns en structuras 3D geologicas.
Ils process prinicipals che han liug duront ina collisiun continentala ein engrossar,
faldar e cular ella part sutcrustala. Faldar e cular ella sutcrusta ein ils process dominants sin ina scala pintga (100s kilometers) e per ina reologia viscosa potenziala. Il
model “thin-sheet” da l’autra vart manifestescha engrossaziun ed approximescha bein
las spertadads horizontalas, spezialmein sin ina scala gronda (1000s kilometers) e per
ina reologia viscosa lineara.
In plateau ni in cuolm existent ha energia potenziala gravitaziunala (EPG) che
caschuna tensiuns e deviaziuns dalla pressiun litostatica ella crusta. Sche la distribuziun
dalla grossezia crustala ei enconuschenta, eis ei pusseivel da predir tensiuns en geometrias semplas e lontanas, utilisond las variaziuns lateralas dall’EPG. Senza dubi drova
ei simulaziuns 3D per structuras cumplexas. Sch’ins considerescha buca ch’in continent
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stauscha activamein, mobein interquera separadamein las tensiuns e la deformaziun che
vegnan dallas variaziuns lateralas dall’EPG, semuossi che las syntaxas dil Himalaya ein
buc seformadas cun fauldaziun caschunada digl excess dall’EPG, ni dil Himalaya ni dil
plateau Tibetan.
En questa lavur vegn presentau in model 3D realistic dalla situaziun dad ozildi
dalla collisiun denter l’India e l’Asia. La geometria e la distribuziun da spessadads e
viscositads ein circumscrettas precisamein. Il model survescha per definir parameters da
materials e per verificar profils geofisicals da studis seismologics. Per viscositads denter
1021 Pas e 1024 Pas para la fermezia dalla sutcrusta indiana, ch’ei vegnida stuschada sut
la crusta asiata, dad haver moderata influenza silla deformaziun superficiala e pintga
influenza sillas spertadads superficialas. Sche la sutcrusta indiana ha ina viscositad
denter 1021 Pas e 1024 Pas eis ei pusseivel dad agiustar las spertadads horizontalas
superficialas cun indicaziuns da GPS. Supplementarmein, cun viscositads dalla sutcrusta
indiana denter 1021 Pas e 1022 Pas eis ei pusseivel da correlar zonas dad aultas tensiuns
ella crusta sisura cun la localitad dil Main Boundary Thrust e dil Main Frontal Thrust.
Quella lavur demonstrescha che models 3D numerics che differenzieschan funs
mechanics dattan in maletg pli detagliau dalla distribuziun temporala e spaziala e
dall’influenza dils process (engrossar, faldar, cular ella sutcrusta) che han liug duront ina
collisiun continentala. Cun construir in model detagliau che concerna ils parameters da
materials e la geometria arvan ins novas pusseivladads per studis futurs che interqueran
l’influenza da differentas parts dalla litosfera.
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Zusammenfassung
Tektonische Deformation, die aufgrund von Kontinent-Kontinent-Kollision und
späterem gravitativem Kollaps, innerhalb von Kontinenten stattfindet, zu verstehen,
bleibt eine grosse Herausforderung – speziell in der Tibetischen Hochebene und in den
Krustenantiformen der Syntaxen des Himalaya. Die meisten Studien, die Prozesse untersuchen, die zur Bildung dieser wichtigen Strukturen führen, verwenden vereinfachte
numerische oder analytische Modelle. Vereinfachende Annahmen werden sowohl für
die den Modellen zugrunde liegenden mathematischen Gleichungen als auch für die untersuchten Prozesse gemacht. Modelle wie das “thin viscous sheet” (dünnes viskoses
Blatt) oder die “slip-line field” (Rutschlinien-Feld) Theorie, betrachten zwar jeweils nur
einen einzelnen Prozess, trugen aber massgeblich zum Verständnis dieses untersuchten
Prozesses bei. Um das Wissen und das Verständnis der Bedeutung und des Einflusses
der verschiedenen Prozesse, die gleichzeitig während einer Kontinent-Kontinent-Kollision
wirken, zu verbessern, wurden in dieser Arbeit neue dreidimensionale (3D) Modelle entwickelt. Diese liefern neue Informationen zum Verhalten und zu den Eigenschaften der
Lithosphäre.
In dieser Arbeit wird das 3D numerische Modell einer kontinentalen Lithosphäre,
die sowohl vertikal als auch horizontal heterogen ist, vorgestellt. Das Modell basiert
auf der Finite Elemente Methode und wurde in C mit Hilfe der PETSc Bibliothek
geschrieben. Es kann lineare, Potenzgesetz- und temperaturabhängige Viskositäten
simulieren.
Die Resultate der 3D Modelle werden mit Resultaten von “thin-sheet” und zweidimensionalen (2D) Modellen verglichen, um die Vorteile und den Nutzen dieser verschiedenen Ansätze zu beurteilen. Die Verwendung 3D numerischer Modelle erlaubt es,
zeitgleiche Prozesse, die über grosse zeitliche und räumliche Massstäbe stattfinden, zu
bestimmen und zu quantifizieren sowie gleichzeitig den Einfluss verschiedener Modellund Materialparameter zu untersuchen. Ausserdem können Spannungen und Verformungen in 3D geologischen Strukturen präzise vorhergesagt werden.
Als Hauptprozesse, die während Kontinent-Kontinent-Kollisionen wirken, wurden
Verdickung, Faltung und Fluss in der Unterkruste identifiziert. Faltung und Fluss in der
Unterkruste herrschen auf kleinerem Massstab (100e von km) und bei einer viskosen
Potenzgesetz-Rheologie vor. Das “thin-sheet” Modell hingegen eignet sich gut zum
Aufzeigen von Verdickung und zur Approximation des horizontalen Geschwindigkeitsfeldes, insbesondere auf grossem Massstab (1000e von km) und für linear viskose Rheologien.
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Eine bestehende Hochebene oder ein Berg besitzt Gravitationspotenzialenergie
(GPE), was in der Kruste zu Spannungen und Abweichungen vom lithostatischen Druck
führt. Ist die Verteilung der Krustendicke bekannt, können für einfache, grossräumige
Geometrien Spannungen anhand der seitlichen Variationen des GPE vorhergesagt werden. Für komplexe Strukturen werden allerdings 3D numerische Simulationen benötigt.
Betrachtet man nicht das aktive Eindrücken eines Kontinents, sondern untersucht separat die Spannungen und die Deformation, die durch seitliche Variationen des GPEs
hervorgerufen werden, zeigt sich, dass die Syntaxen des Himalaya nicht durch Faltung
aufgrund eines Übermasses an GPE des Himalaya oder der Tibetischen Hochebene entstanden sind.
Es wird ein realistisches 3D Modell der heutigen Situation der Indien-Asien Kollisionszone präsentiert. Die Geometrie, Dichte- und Viskositätsverteilung des Modells
sind gut eingegrenzt. Das Modell dient dazu, Materialparameter zu bestimmen und
geophysikalische Profile aus seismologischen Studien zu überprüfen. Für Viskositäten
zwischen 1021 Pas und 1024 Pas scheint die Festigkeit der unter Asien geschobenen indischen Unterkruste einen mässigen Einfluss auf die Verformungsraten an der Oberfläche
und einen geringen Einfluss auf das oberflächliche Geschwindigkeitsfeld zu haben. Mit
Viskositäten der indischen Unterkruste zwischen 1021 Pas und 1024 Pas ist es möglich,
das horizontale Geschwindigkeitsfeld an der Oberfläche an GPS Daten anzugleichen. Für
Viskositäten der indischen Unterkruste zwischen 1021 Pas und 1022 Pas ist es möglich,
Zonen mit hohen Spannungen in der Oberkruste mit der Lage der Main Boundary Thrust
und der Main Frontal Thrust zu korrelieren.
Diese Arbeit zeigt, dass mechanisch geschichtete 3D numerische Modelle, im Gegensatz zu vereinfachten Kollisionsmodellen, ein umfassenderes Bild der Zeitabfolge, der
Lage und der relativen Bedeutung der Prozesse (Verdickung, Faltung und Fluss der Unterkruste) zeichnen, die während Kontinent-Kontinent-Kollisionen wirken. Die Vorgehensweise, ein in Bezug auf Materialparameter und Geometrie, detailliertes Modell
aufzubauen, eröffnet neue Möglichkeiten für zukünftige Studien zur Bedeutung verschiedener Teile der Lithosphäre.
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1. Introduction
Fundamental principles of plate tectonics state that deformation mainly takes place
at plate boundaries (e.g. McKenzie, 1972). However, deformation within continental
plates is distributed (e.g. Molnar, 1988a; Molnar and Tapponnier, 1975). One of the
main Earth features used as example for this deformation distribution is the Tibetan
Plateau, which is the motivation for research investigating how the large amount of
continental shortening between India and Asia was accommodated, how the plateau was
uplifted and how its height is maintained.
This thesis focuses on some aspects of continental deformation, with application
to the India-Asia collision zone. A new, three-dimensional (3D) numerical model has
been developed for this investigation. It allows accounting for the layered nature of
the lithosphere with laterally variable material properties. Developing and applying 3D
numerical modeling was a necessary step since large-scale structures such as the Tibetan
Plateau or the Himalayan syntaxes, are inherently non-cylindrical, 3D features.

1.1
1.1.1

The India-Asia collision
Tectonic setting

Break up of the super-continent Gondwana from the latest Paleozoic onwards
(e.g. Garzanti, 1993; Santosh et al., 2009; Sengör, 1987), led to the formation of the
Greater India plate in late Jurassic, early Cretaceous times (e.g. Metcalfe, 1996). The
overall northward drift of Greater India resulted in the northward subduction of the
Tethys oceanic lithosphere (e.g. Sengör and Natal’in, 1996). The rate of northward
drift of Greater India was approximately 6 − 7 cmyr−1 at its beginning, accelerated up
to 15 − 25 cmyr−1 until ca. 50 Ma ago when the motion of India experienced several
changes in direction and the convergence rate decreased to 4 − 5 cmyr−1 , presumably
due to continental collision (e.g. Acton, 1999; Molnar and Tapponnier, 1975; Patriat and
Achache, 1984). During this period, the northwestern corner of India was moving at a
rate of approximately 6 cmyr−1 , while the northeastern corner was moving by approximately 8 cmyr−1 (Molnar and Stock, 2009). Ongoing collision produced the Himalayas
and the Tibetan Plateau, comprising 2000 − 3000 km of convergence (e.g. Besse and
Courtillot, 1988; Patriat and Achache, 1984). Several hypotheses tried to explain the
amount of continental shortening and the rise of the Tibetan Plateau to a mean elevation
of approximately 5 km: (i) Underthrusting of the Indian plate below the Asian conti-
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Figure 1.1: Hypotheses of the formation of the Tibetan Plateau: (a) Underthrusting of the Indian
plate below Asia (Powell and Conaghan, 1975); (b) Homogeneous thickening due to indentation
(Powell and Conaghan, 1975); (c) Mantle delamination and isostatic equilibration (Molnar et al.,
1993); (d) Buckling and trough contraction (Burg et al., 1994); (e) Accretion of crustal blocks
(Tapponnier et al., 2001).
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nent led to the continuous uplift of the Tibetan Plateau (Figure 1.1a, Argand (1924);
Owens and Zandt (1997)). (ii) Homogeneous thickening of the weak, hot Asian crust,
involving a large amount of magmatism, is ascribed to indentation of an effectively rigid
Indian continent (Figure 1.1b, Dewey and Burke (1973)). (iii) Delamination or convective removal of the lithospheric mantle induced isostatic movement, lifting the Tibetan
Plateau (Figure 1.1c, Molnar (1988b); Molnar et al. (1993)). (iv) Lithospheric buckling
and amplification by contraction of troughs can explain the structure and elevation of
the Tibetan Plateau (Figure 1.1d, Burg et al. (1994)). (v) Accretion of several crustal
blocks led to the stepwise rise of the Tibetan Plateau (Figure 1.1e, Tapponnier et al.
(2001)).
A major question is whether the Tibetan Plateau has risen continuously or diachronously. Different views include a rise in several pulses (e.g. Fielding, 1996; Molnar
et al., 1993) or an early Cenozoic rise of the southern and central plateau and a later
rise of the northern and eastern parts (e.g. Cook and Royden, 2008; Rowley and Currie,
2006; Royden et al., 2008).
Several tectonic units compose the India-Asia collisional system (Figure 1.2): India
consists of a Precambrian shield, which itself is composed of different terranes. To the
north, the Himalayan fold-and-thrust belt bounds the Tibetan Plateau where the IndusTsangpo Suture marks the boundary between the Indian and Asian plates (e.g. Burg
and Chen, 1984).
The Himalayan fold-and-thrust belt consists of three main units of Indian origin:
(i) The Lesser Himalaya has been thrust southward along the Main Boundary Thrust
onto the Sub-Himalaya, itself thrust along the Main Frontal Thrust onto the Indian foreland. (ii) On top of the Lesser Himalaya the High Himalaya was thrust southward along
the Main Central Thrust and partly exhumed along the north-dipping South Tibetan
Detachment. The Main Central Thrust and the Main Boundary Thrust, together with
the Main Frontal Thrust, merge at depth in a flat, north-dipping décollement horizon.
(iii) Above the South Tibetan Detachment, the Tethys Himalaya is separated from the
former active margin of Asia by the Indus-Tsangpo Suture.
The Tibetan Plateau consists of several terranes (e.g. Yin and Harrison, 2000).
From south to north and increasing in age, they are: The Lhasa Terrane, between the
Indus-Tsangpo Suture and the Bangong-Nujiang Suture; it is a fragment of Cathaysian
origin that drifted away and collided with the Qiangtang Terrane in late Jurassic times
(Allègre et al., 1984). The Qiangtang Terrane, between the Bangong-Nujiang and Jinsha
Sutures, is a Gondwana fragment which collided with Asia in the late Triassic, early
Jurassic (Yin and Harrison, 2000). To the north, the Songpan-Ganzi Terrane and the
Kunlun-Qaidam Terrane are situated. The Songpan-Ganzi Terrane was accreted in the
Paleozoic along the Anyimaqen-Kunlun-Muztagh Suture (Tapponnier et al., 2001). The
Kunlun-Qaidam Terrane includes the Kunlun mountain range and the Qaidam Basin and
is bound to the north by the early Paleozoic Qilian Suture (Tapponnier et al., 2001).
On a more local scale, the prominent Himalayan syntaxes (Nanga Parbat in the
west and Namche Barwa in the east) originated during continued collision (e.g. Burg
and Podladchikov, 1999, 2000; Burg and Schmalholz, 2008). These two syntaxes are
crustal-scale antiforms cored by Indian crustal material (e.g. Burg et al., 1997; Koons

3

INTRODUCTION

1.1. THE INDIA-ASIA COLLISION

Figure 1.2: Tectonic units of the India-Asia collision (a) in mapview (Jiménez-Munt et al., 2008)
and (b) in profile (DeCelles et al., 2002). (a) Colors show elevation. ATF: Altyn Tagh Fault,
HFF: Himalayan Frontal Fault, MBT: Main Boundary Thrust, MCT: Main Central Thrust,
ITS: Indus–Tsangpo Suture, BNS: Bangong–Nujiang Suture, JS: Jinsha Suture, KF: Kunlun
Fault, NBT: North Border Thrust. (b) MFT: Main Frontal Thrust, LHZ: Lesser Himalayan
Zone, GHZ: Greater Himalayan Zone, STDS: South Tibetan Detachment System, THZ: Tethyan
Himalayan Zone, ISZ: Indus-Tsangpo Suture Zone, BSZ: Banggong Suture Zone, JSZ: Jinsha
Suture Zone, AKMS: Anyimaqin-Kunlun-Muztagh Suture, KF: Kunlun Fault, QS: Qilian Shan
thrust belt, ATF: Altyn Tagh Fault.
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et al., 2002; Seward and Burg, 2008; Treloar et al., 1991; Zeitler et al., 2001a). They
deform the Indus-Tsangpo Suture. Their location at the corners of the Indian Plate and
their distinct 3D geometry are topics of ongoing research. Burg et al. (1997) proposed
crustal folding leading to their formation, while Koons et al. (2002) and Zeitler et al.
(2001b) emphasized the feedback effects of erosional and mechanical processes.

1.1.2

Present-day situation

Figure 1.3: GPS velocity field of crustal motion in central Asia relative to the stable Eurasia
(Gan et al., 2007).

GPS measurements (Figure 1.3) indicate current convergence of India relative to
Asia at approximately 4 − 5 cmyr−1 (e.g. Gan et al., 2007; Zhang et al., 2004). However,
only one fourth to one half of this amount is accommodated within the Himalayan
range. The rest of the convergence is, thus, absorbed within the Tibetan Plateau and
its adjacent regions. The present-day deformation of the Tibetan Plateau is dominated
by N-S shortening (1 − 1.5 cmyr−1 ), E-W extension (∼ 2 cmyr−1 ) and eastward motion
in the southern and central plateau (e.g. Royden et al., 2008; Taylor et al., 2003; Zhang
et al., 2004). Shortening mainly takes place in the centre and at the northeastern margins
of the plateau, while the eastern and southeastern plateau shows little to no shortening
(e.g. Burchfiel et al., 1995; Royden et al., 1997, 2008). Extension is accommodated along
conjugate strike slip faults and in N-S trending grabens in the southern Tibetan Plateau
(e.g. Royden et al., 2008; Zhang et al., 2004).
Seismicity of the Tibetan Plateau is mainly restricted to the upper 15 − 30 km
of the crust (e.g. Wei et al., 2010). However, few earthquakes down to approximately
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70 − 80 km depth are recorded below the Himalayas and the southern Tibetan Plateau
(e.g. Chen and Molnar, 1983; Priestley et al., 2008).

Figure 1.4: (a) Underplating of the Indian lower crust below the Asian crust up to a latitude
of 31◦ N (Nábělek et al., 2009). MHT: Main Himalayan Thrust, LVZ: Low-Velocity Zone. (b)
Downwelling Indian lithospheric mantle below the Lhasa terrane and upwelling counterflow of
warm mantle material north of the Bangong-Nujiang Suture (Tilmann et al., 2003). MBT:
Main Boundary Thrust, MCT: Main Central Thrust, STD: South Tibetan Detachment, ITS:
Indus-Tsangpo Suture, BNS: Bangong-Nujiang Suture, JRS: Jinsha River Suture, KLF: Kunlun
Fault.

The deep structure of the India-Asia collision, imaged by seismological surveys,
shows that the crust below central Tibet reaches its maximum thickness (70 − 80 km)
below the Lhasa Terrane. Below the southern central plateau the Moho depth shows
an imbricated structure due to thrusting of the crust and upper mantle (Burg et al.,
1994; Hirn et al., 1984a,b). North of the Indus-Tsangpo Suture the Moho rises to
approximately 65 km (e.g. Kind et al., 2002; Nábělek et al., 2009). Further to the north
the Moho remains at this depth up to the northern margin of the plateau. The Moho
is slightly shallower to the east and west of the central plateau (e.g. Sun and Toksöz,
2006; Zhao et al., 2010). Low S-wave velocity zones detected within the crust have been
interpreted as areas with partial melt (e.g. Jiang et al., 2011; Nábělek et al., 2009). It is
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debated whether these zones are discrete patches (Nábělek et al., 2009) or whether they
form a widespread weak layer (Jiang et al., 2011; Nelson et al., 1996). Flow in these
widespread weak zones is assumed to contribute to the lateral growth of the Tibetan
Plateau (e.g. Clark et al., 2005; Clark and Royden, 2000). Several seismic surveys infer
underplating of the Indian lithosphere up to the latitude of the Bangong-Nujiang Suture
(31° N) (e.g. Nábělek et al., 2009; Owens and Zandt, 1997; Schulte-Pelkum et al., 2005)
(Figure 1.4a). A down-welling high-velocity zone down to ∼ 400 km depth at the same
latitude is interpreted as the subducting Indian mantle lithosphere (e.g. Li et al., 2008;
Royden et al., 2008). North of the Bangong-Nujiang Suture, below central and northern
Tibet, low seismic wave velocities suggest upwelling of warm mantle material (Kosarev
et al., 1999; Tilmann et al., 2003) (Figure 1.4b).

1.1.3

Available data

Geological and geophysical studies in and around the Tibetan Plateau provide
today’s researchers with a large amount of information:
 Seismic and teleseismic data reveal the large-scale structure at depth (e.g. SchultePelkum et al., 2005; Tilmann et al., 2003).
 Seismological surveys and gravimetry measurements specify the density distribution (e.g. Hetényi et al., 2007).
 The relative distribution of viscosity can be derived from measurements of seismic
wave velocities (e.g. Dziewonski and Anderson, 1981). Estimates of absolute values
of the strength of materials, however, refer to laboratory experiments (e.g. Goetze
and Evans, 1979).
 Geological field studies have provided information on geological structures and the
tectonic evolution (e.g. Allègre et al., 1984; Burchfiel et al., 1995; Burg and Chen,
1984; Gansser, 1964; Matte et al., 1996; Molnar et al., 1987; Rowley, 1996).
 GPS surveys yield data on the surface horizontal displacement field (e.g. Gan et al.,
2007; Wang et al., 2001; Zhang et al., 2004).
 SKS shear wave splitting anisotropy data reflect the deformation pattern of the
lithospheric mantle (e.g. Flesch et al., 2005; Wang et al., 2009).

These data help to constrain and verify results of new studies. With respect
to numerical modeling studies they represent a solid basis for constraining the model
geometry and parameters and testing model results.

1.2

Motivation and open questions

Besides geological field work and seismological field campaigns, some numerical
models have attempted to explain the formation of the Tibetan Plateau and the Himalayan syntaxes: (i) Thin-sheet models account for diffuse thickening in front of a rigid
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Figure 1.5: Numerical models proposed to investigate the formation of the Tibetan Plateau and/or
the Himalayan syntaxes. (a) Thin-sheet models explain the diffuse thickening of the Tibetan
Plateau (Houseman and England, 1986). (b) Slip-line field models account for the distribution
of the strike slip faults on and around the Tibetan Plateau (Tapponnier and Molnar, 1976). (c)
Channel flow models are used to illustrate the spreading of the Tibetan Plateau and the exumation
of the Himalayan units (Beaumont et al., 2001). (d) Buckling models explain large scale buckling
of the Tibetan lithosphere or the formation of the Himalayan syntaxes (Burg and Schmalholz,
2008). (e) Crustal wedge models explain the uplift of the Tibetan Plateau or the Himalayan
syntaxes along discrete faults (Koons, 1995).
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indenter (e.g. England and Houseman, 1986; England and McKenzie, 1982; Houseman
and England, 1986). They successfully explain the overall thickening and the horizontal
velocity field of the Tibetan Plateau (Figure 1.5a). (ii) Slip-line field models are used
to account for the brittle deformation in and around the Tibetan Plateau (e.g. Molnar
and Tapponnier, 1975; Tapponnier and Molnar, 1976). Indentation of a rigid indenter
into a plastic medium produces slip lines that fit strike slip faults, such as the Altyn
Tagh Fault or the Red River Fault (Figure 1.5b). (iii) Exhumation of the Himalayan
units (Beaumont et al., 2001, 2004) and the lateral spreading of the Tibetan Plateau to
the east (Clark et al., 2005; Clark and Royden, 2000; Royden et al., 1997, 2008) are explained with a weak crustal channel or a weak lower crust able to flow between confining
layers above and below (Figure 1.5c). (iv) Two-dimensional (2D) thermo-mechanical
models accounting for buckling of the crust and/or lithosphere (Burg and Podladchikov,
1999, 2000; Burg and Schmalholz, 2008) explain the Himalayan syntaxes (Figure 1.5d).
These models can also account for crustal-scale buckling of the Moho below the Tibetan
Plateau (e.g. Burg et al., 1994; Shin et al., 2009). (v) Crustal wedge models (e.g. Koons,
1995; Koons et al., 2002) explain the uplift of the Tibetan plateau by thrusting along
plastic shear zones (Figure 1.5e).
These models were applied either to the Tibetan Plateau or the Himalayan syntaxes and were able to explain the formation of specific tectonic and geologic features.
However, the majority of these models is based on simplifying assumptions to reduce the
geometrical, rheological and mechanical complexity and the computational costs. Simplifications include imposing a certain deformation style, like channel flow (e.g. Medvedev
and Beaumont, 2006) or diffuse thickening (e.g. England and Houseman, 1986; Houseman and England, 1986), or averaging the layered nature of the lithosphere with depth,
like in thin-sheet models (e.g. Bird and Piper, 1980; England and McKenzie, 1982). Such
simplifications make it difficult to determine the relative importance of different deformation processes during continental collision. These limitations can be overcome by
applying a 3D mechanically layered model, distinguishing different horizontal domains
and without constraining possible deformation mechanisms.
The nature of the mechanical layering of the lithosphere, especially, is one of the
most discussed topics in lithosphere dynamics. Models of continental rheology are split
into two viewpoints (Figure 1.6): (i) In the “jelly sandwich” model (e.g. Burov, 2010;
Jordan and Watts, 2005; Watts, 2001) the strength resides in a strong crustal and in a
strong mantle layer (Figure 1.6b), while (ii) in the “crème-brûlée” model (e.g. Jackson,
2002; Maggi et al., 2000; McKenzie et al., 2005) the lithospheric strength is concentrated
in the upper crust and the mantle is assumed to be weak (Figure 1.6d). These two models
are related to estimates of the effective elastic thickness (Te ), which is a measure of the
lithospheric strength (Watts, 2001). Continental Te commonly is estimated to range
between 0 − 100 km (e.g. Burov, 2010; Hetényi et al., 2006; Jordan and Watts, 2005;
Watts, 2001) and requires the lithospheric strength to reside in both the crust and in
the mantle like in the “jelly sandwich” model. Studies promoting the “crème-brûlée”
model, however, estimate Te to be < 25 km, which approximately coincides with the
seismogenic thickness (Ts ), the portion of the crust in which most earthquakes occur. In
the “crème-brûlée” model, the scarcity of earthquakes in the upper mantle is taken as
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Figure 1.6: Strength envelopes of differential stress versus depth for various continental conditions, to illustrate the potential effects of water (Jackson, 2002). The Moho is at 40 km and
the temperature variation with depth corresponds to a surface heat flow of 60 mW m−2 . In all
cases, the upper crust is represented by wet quartz (Qtz) and frictional strength by Byerlee’s law.
(a) A summary of experimental results, in which the lower crust is represented by dry diabase
(MD) or undried granulite (WC), and the mantle by dry or wet olivine (Ol). (b) Wet lower crust
and dry upper mantle, showing the popular conception of the continental lithosphere, involving a
weak lower crust and strong upper mantle (“jelly sandwich”). (c) Dry lower crust and wet upper
mantle, showing a strong lower crust over a mantle that has no strength, which may represent
conditions under some continental shields, such as north India. (d) Wet lower crust and wet
upper mantle, neither of which have significant strength. In this case, nearly all strength resides
in the seismogenic upper crust (“crème-brûlée”).
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evidence for a weak mantle. Therefore, numerical models investigating the nature and
impact of the rheological layering are needed to put better constraints on this ongoing
controversy. This will also allow identifying the processes acting in the different layers.
Thus, key questions concerning continental collision in general and features evolved
from the India-Asia collision in particular are:
 Which ductile processes are active in the continental lithosphere during continent
indentation?
 When are these ductile deformation processes predominantly active?
 In which part of the lithosphere do the respective processes predominate?
 How does including vertical layering and horizontal heterogeneities affect the deformation pattern?

This thesis investigates these questions with application to the Tibetan Plateau
on the large scale and to the Himalayan syntaxes on a smaller scale.

1.3

Method

The new 3D numerical model is based on the finite element method (e.g. Brezzi
and Fortin, 1991; Hughes, 1987). This method is implemented into a parallel code
called LaMEM (Lithosphere and Mantle Evolution Model), which was developed using
the PETSc library (Balay et al., 2009). LaMEM allows setting up detailed 3D models,
comprising material phases varying both vertically and horizontally. It furthermore
exhibits flexible mechanisms to configure the numerical method, the element type and
the solvers. These features can be adapted according to the problem to be solved while
achieving the best possible performance.
The numerical approach was chosen because values of the 3D stress, strain rate
and velocity field can be investigated over time, at any location of the modeled domain.
Furthermore, boundary conditions and material parameters are defined exactly and can
be controlled. The results are reproducible and the performance of the code can be
verified by comparison with analytical solutions or other numerical models.
The employed 3D finite element multilayer models allow investigating detailed
measures (e.g. velocities, stresses and strain rates) of the 3D deformation pattern,
whereas 2D or simplified 3D models yield limited information. Limitations include
restricted information on the spatial, i.e. the vertical and horizontal distribution of
measured quantities. Furthermore, processes active during continent collision and their
mechanics are reproduced to a limited extent. Differences with layered 2D and depthaveraged thin-sheet models are investigated to emphasize the advantages of a 3D model.
Comparison of the different models allows assessing to what extent 2D and thin-sheet
models are good approximations of fully 3D models.
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Thesis structure

This thesis contains several chapters, each written as an individual paper published
or to be published in peer-reviewed journals:
Chapter 2 (published in Geophysical Journal International) compares 3D multilayer models with thin-sheet models. This comparison allows assessing under which
conditions the thin-sheet model is an acceptable approximation to study continental
collision. The thin-sheet model yields a good approximation of large-scale (1000’s of
km) thickening and the horizontal velocity field. This is especially true during continent
indentation and for a linear viscous rheology. However, this study shows that mechanically layered 3D models yield a more complete picture of continent indentation as the
spatial and temporal distribution of different, additional processes can be identified and
assessed. Buckling and lower crustal flow are important on a smaller scale (100’s of km).
Differences between thin-sheet and 3D models are most pronounced for a power-law
viscous rheology and during gravitational collapse. In addition, the employed 3D finite
element code is described in detail in this chapter.
Chapter 3 (submitted to Tectonophysics) investigates the relation between horizontal deviatoric stresses and gravitational potential energy (GPE). An analytic relationship allows predicting GPE induced stresses in 2D for rheologies commonly accepted for
the continental crust (elastic, linear or power-law viscous). Predictions are less precise
for a weak crust and in 3D. Accurate predictions of stresses thus require 3D numerical
models. The impact of GPE induced deformation on the evolution of topography and
crustal processes in mechanically layered 2D and 3D models and in depth-averaged thinsheet models is studied. In this context the hypothesis whether the Himalayan syntaxes
are related to the excess GPE of the Himalayan mountain chain is tested. GPE induced
stresses are not large and focused enough to trigger crustal-scale folding. Implications
for the exhumation of deep crustal rocks are discussed. The presence of a weak intermediate crustal layer in layered 2D and 3D models alters deformation significantly as the
weak layer is unstable and is deflected.
A model of the India-Asia collision zone is presented in Chapter 4 (submitted to
Journal of Geophysical Research). The model is set up using the latest geophysical data
(depths of lithospheric layers, Bouguer anomalies and GPE values) to closely match
today’s state of the orogen. The model includes an Indian oceanic and continental
domain and an Asian domain, all consisting of four lithospheric layers (upper and lower
crust, upper and lower lithospheric mantle). Furthermore, the Tarim and the Sichuan
basins situated to the northwest and to the east of the Tibetan Plateau, respectively are
included along with the major faults: The Quetta-Chaman Fault bordering the Indian
continent to the west and the Sagaing Fault to the east. Instantaneous indentation is
performed in order to simulate the present-day strength and stress state of the India-Asia
collision. This approach allows comparing numerical results (e.g. velocity, strain rate
and stress field) with measured geophysical data (e.g. GPS velocities) and geological
observations. Hence, material parameters can be constrained and structures inferred
from seismological surveys can be corroborated. Results indicate that the strength of
the underplating Indian lower crust has a minor to moderate impact on the surface
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deformation field. For Indian lower crustal viscosities of 1021 − 1024 Pas it is possible
to fit GPS velocities with the numerically derived surface velocity field. Viscosities of
1021 −1022 Pas allow fitting the location of the Main Frontal Thrust and Main Boundary
Thrust with increased stress values in the upper crust, at the foot of the Himalayas.
Results imply that the Quetta-Chaman Fault is stronger or accommodates less motion
than the Sagaing Fault. The density distribution and viscosity of the effectively rigid
Tarim and Sichuan basins do not have a major impact on the model results. In the
future, the proposed work flow can lead to new insights into the rheology and processes
of the lithosphere.
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2.1

Summary

Various models have been proposed to explain tectonic deformations during continent collision. A frequently applied model is the thin viscous sheet model which is
however not fully 3D and assumes a priori diffuse thickening as the dominant deformation style.
We compare a fully 3D multilayer numerical model with a corresponding thin viscous sheet numerical model for the scenario of continent indentation. In our comparison
we focus on the three basic viscous deformation styles thickening, buckling (folding)
and lateral crustal flow. Both numerical models are based on the finite element method
(FEM) and employ either a linear or power-law viscous rheology. The 3D model consists of four layers representing a simplified continental lithosphere: strong upper crust,
weak lower crust, strong upper mantle and weak lower mantle. The effective viscosity
depth-profile in the 3D model is used to calculate the depth-averaged effective viscosity
used in the thin-sheet model allowing a direct comparison of both models.
We quantify the differences in the strain rate and velocity fields, and investigate
the evolution of crustal thickening, buckling and crustal flow resulting from the two
models for two different phases of deformation: (1) indentation with a constant velocity

21

COMPARING THIN-SHEET WITH 3D MODELS

2.2. INTRODUCTION

and (2) gravitational collapse after a decrease of the indenting velocity by a factor
of 5. The results indicate that thin-sheet models approximate well the overall largescale lithospheric deformation, especially during indentation and for a linear viscous
rheology. However, in the 3D model, additional processes such as multilayer buckling
and lower crustal flow emerge, which are ignored in the thin-sheet model but dominate
the deformation style in the 3D model within a range of a few hundreds of kilometres
around the collision zone and indenter corner. Differences between the 3D and thin-sheet
model are considerably larger for a power-law viscous than for a linear viscous rheology.
Buckling and lower crustal flow are significant in the 3D model with power-law viscous
rheology. For example, fibre strain rates due to buckling can be several hundred percent
different to the depth-averaged strain rate and the lateral mass flow of lower crustal
material can be up to six times more than the flow of upper crustal material. Our
results also show that the horizontal velocity fields of the upper crust and upper mantle
remain nearly identical in the 3D model during indentation despite their mechanical
decoupling due to an intermediate weak lower crust. This result questions the validity
of using similarities between velocities from the surface global positioning system (GPS)
and mantle shear wave splitting data as evidence for a mechanically coupled lithosphere.
3D multilayer models provide a more complete picture of continental collision than
thin-sheet models as they enable studying the timing, locality and relative importance
of different processes simultaneously which is especially important for the hundreds of
kilometre scale around the collision zone and indenter corners. 3D models are, however,
still computationally challenging and we, therefore, also present results of a computational performance test of several solution algorithms.
Keywords: Numerical solutions; Numerical approximations and analysis; Continental tectonics: compressional; Dynamics of lithosphere and mantle.

2.2

Introduction

Continental tectonic deformations during, for example, the India-Asia collision
are frequently explained with thin viscous sheet models (e.g. Bird and Piper, 1980;
England and McKenzie, 1982; England and Houseman, 1986; Houseman and England,
1986; Jiménez-Munt and Platt, 2006; Vergnolle et al., 2007). Such thin-sheet models
were first applied to the India-Asia collision by England and McKenzie (1982, 1983)
and to crustal deformations in southern California by Bird and Piper (1980). Thinsheet models have been applied to explain certain large-scale features of the India-Asia
collision. For example, Houseman and England (1986) obtained good agreement between
the thickening of the crust computed from thin-sheet models and the known crustal
thickness of the Tibetan Plateau. Jiménez-Munt and Platt (2006) modelled the flow of
crustal material around the indenting corner of the Indian Plate in the area of the eastern
Himalayan syntaxis and were able to produce a model with horizontal surface velocities
which were in good agreement with the observed GPS velocity data. Flesch et al. (2001)
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used the thin-sheet approximation in combination with geological and geophysical data
to estimate the vertically averaged effective viscosity distribution and deviatoric stress
field of the India-Asia collision.
In addition to explaining several large-scale features of continental collision, thinsheet models have the advantage that they yield a mathematically 2D problem, which
describes a 3D deformation field. The advantages of reducing the dimensionality of the
problem are, first, that analytical solutions are easier to obtain and, second, that numerical approximations are computationally inexpensive to obtain. Reducing the 3D
problem to a 2D problem is achieved by assuming that the lithosphere can be represented as a continuous viscous sheet with effective, depth-averaged parameters. Vertical
gradients of horizontal velocities are assumed to be zero (i.e. strain rate is constant with
depth), flexural deformations (i.e. bending and buckling) are ignored and as a result the
lithosphere deforms only by diffuse thickening (or thinning). A thin-sheet model seems
intuitive for modelling lithospheric deformation during large-scale continental collision,
because the thickness of the lithosphere (≈ 100 km) is considerably smaller than the
horizontal dimensions (≈ 1000’s of km) of the lithospheric area affected by the collision.
However, the particular sheet-like or plate-like geometry of the lithosphere, and especially its internal mechanical stratification (e.g. upper and lower crust and upper and
lower lithospheric mantle), can alternatively be used as an argument for the application of so-called thin-plate models to study lithospheric deformation, where, in contrast
to thin-sheet models, buckling and bending are first-order processes during lithospheric
shortening (e.g. Burg and Podladchikov, 1999; Cloetingh et al., 1999; Schmalholz et al.,
2002).
The restrictions in the deformation style of thin-sheet models led Medvedev and
Podladchikov (1999a,b) to enhance the original thin-sheet model and to apply their
‘extended thin-sheet’ model to a variety of geodynamic problems such as, for example,
lithospheric folding. From a theoretical point of view, folding is expected to take place
during shortening of a mechanically stratified lithosphere because it requires less strain
energy than diffuse thickening, and for some parameters is the preferred deformation
mode of mechanically stratified bodies. Such is likely the case with the continental
lithosphere, which is shortened subparallel to its stratification during continental collision
(Biot, 1961; Burg and Podladchikov, 1999; Burg and Schmalholz, 2008; Cloetingh et al.,
1999; Kaus and Schmalholz, 2006). The main force inhibiting lithospheric folding is
gravity and whether folding or thickening dominates during lithospheric shortening is
controlled by the Argand number (i.e. the ratio of buoyancy stress to viscous compressive
stress; England and McKenzie (1982)), the effective viscosity ratio between lithospheric
sublayers (e.g. upper and lower crust and upper mantle) and the power-law stress
exponent of each sublayer (Schmalholz et al., 2002).
Furthermore, other deformation processes, such as lower crustal flow, thrusting
along large-scale shear zones and strike slip faulting are also neglected in the standard
thin-sheet models. Consequently, a variety of other models has been applied to study
continental collision zones, in particular the India-Asia collision. For example, lower
crustal flow relative to the upper crust and upper mantle is considered in channel flow
models (e.g. Beaumont et al., 2001) and lower crustal flow models (e.g. Royden et al.,
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2008). Thrusting along plastic shear zones is modelled with crustal wedge models (e.g.
Koons et al., 2002), and strike slip faulting has been studied with theoretical slip line
models and analogue experiments (e.g. Tapponnier and Molnar, 1976).
In general, a drawback of many models applied to continental collision is that
the chosen model setup, rheology and boundary conditions typically impose a certain
deformation style a priori. For example, thickening is promoted in thin viscous sheet
models, whereas significant lower crustal flow is promoted in some channel flow models
(e.g. Clark and Royden, 2000; Medvedev and Beaumont, 2006). Therefore, it is difficult
to assess if the deformation style observed in a model is a good approximation of the natural deformation style, or simply the inevitable result of the a priori assumptions made
in the model. It is thus desirable to use models that are able to simultaneously simulate
several deformation styles and to determine under what conditions each deformation
style is dominant.
In this study, we use a 3D multilayer numerical model based on the finite element
method to study different ductile deformation styles during continental indentation.
The 3D model consists of four layers representing a simplified mechanically stratified
lithosphere: strong upper crust, weak lower crust, strong upper mantle and weak lower
mantle. Three major viscous deformation styles can be distinguished in the model: (i)
thickening and thinning, (ii) buckling (i.e. folding) and (iii) lower crustal flow. Our 3D
model utilizes a similar setup to that employed by the thin-sheet models of England and
Houseman (1986) and Houseman and England (1986) because these thin-sheet models
have been successful in explaining several large-scale features of the India-Asia collision.
This also implies that our study is restricted solely to viscous (linear and power-law)
rheologies, as used in the studies of England and Houseman (1986) and Houseman and
England (1986). As such we can directly compare the results of thin-sheet models with
the results of our 3D multilayer models.
The objectives of this study are (i) to investigate under what conditions thinsheet models are acceptable approximations to mechanically stratified 3D models for
simulations of continental indentation and (ii) to study the relative importance of the
viscous deformation processes thickening, folding and crustal flow during continental
indentation. Recently, Garthwaite and Houseman (2011) presented a comparison of
thin-sheet models with 3D models consisting of a single homogeneous viscous layer (i.e.
no buckling and no lower crustal flow). They found, amongst other things, that the
greatest differences between thin-sheet and 3D models occur around the indenter corner
and that differences increase with increasing power-law exponent.
3D multilayer numerical models are still computationally challenging and require a
careful choice of the algorithm used to solve the discrete system of equations. Therefore,
we compared the performance of several solution algorithms to determine the most
suitable algorithm for conducting the presented 3D multilayer simulations.
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Methods
Governing equations

The thin-sheet and 3D models are based on the continuum mechanics conservation
equations. The conservation equation representing the momentum balance is
∂σij
= ρgai ,
∂xj

(2.1)

with σij being the total stress tensor, ρ the density, g the gravity and ~a = (0, 0, 1)T .
Indices i, j run from 1 to 3 and refer to the three spatial coordinates x, y, z, respectively.
According to the summation convention, repeated indices are summed. The superscript
T indicates the transpose of a vector or matrix.
The incompressibility condition, with velocity vector ~v = (vx , vy , vz )T and ∇ =

T
∂
∂
∂
is
,
,
∂x ∂y ∂z
∇T · ~v = 0,

(2.2)

with the symbol · representing a scalar product.
The deviatoric stress tensor is
τij = σij + δij p,

(2.3)

where p = − 13 (σxx + σyy + σzz ) is the pressure and δij the Kronecker delta.
We apply the constitutive relation

1
n −1
ε̇ij ,
H ε̇II


τij =

(2.4)

q


∂vj
∂vi
1
where ε̇ij = 12 ∂x
is
the
strain
rate
tensor
and
ε̇
=
+
II
∂xi
2 ε̇ij ε̇ij is the second
j
invariant of the strain rate tensor. H is the rheological coefficient and n the power-law
exponent (H = 2µ when n = 1, in which case µ is the linear Newtonian viscosity).
Substituting eqs (2.3) and (2.4) into eq. (2.1) leads to



where B3D

∂
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(2.5)
0
0
0
µef f
0
0

0
0
0
0
µef f
0

0
0
0
0
0










µef f

and µef f =
Eqs (2.2) and (2.5) represent the four governing equations in 3D for the four
unknowns vx , vy , vz and p.
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Figure 2.1: Parameters of the lithosphere used to derive the thin-sheet equations. S is the crustal
thickness and L the mantle thickness. h is the elevation and b the isostatic compensation depth.
ρc and ρm are the densities of the crust and the mantle, respectively. The base of the lithosphere
is at z = 0.

The thin-sheet equations are approximations of these 3D equations, in which all
parameters are averaged with depth and the vertical shear stress components are assumed to be negligible, that is, τxz = τyz = 0. Considering this assumption, inserting
eq. (2.3) into eq. (2.1), leads to the following expressions
∂τij
∂p
=
∂xj
∂xi

(2.6)

∂τzz
∂p
=
+ ρg.
(2.7)
∂z
∂z
Here, the indices i, j now only run from 1 to 2 and represent the two horizontal coordinates x and y, respectively. Eq. (2.7) can be solved for pressure as
L+h
Z

p = τzz −

0

0



0

ρ(z )gdz , ρ(z ) =

ρc ifz 0 ∈ crust.
ρm ifz 0 ∈ mantle.

(2.8)

z

ρc and ρm are the densities of the crust and the mantle, respectively. The base of the
lithosphere is located at z = 0 and in isostatic equilibrium, the top of the lithosphere is
defined to be at z = L + h (England and McKenzie, 1983). When the lithosphere is in
isostatic equilibrium, h corresponds to h = S − b with b = ρρmc S (Figure 2.1), where S is
the crustal thickness.
From eqs (2.2) and (2.4) τzz is defined as





1
1
∂vx ∂vy
n −1
n −1
τzz = H ε̇II
ε̇zz = −H ε̇II
+
.
(2.9)
∂x
∂y
Next, each parameter, which we denote by ϕ, is vertically averaged over the thickness of the lithosphere, by applying
1
ϕ̄ =
L+h

L+h
Z

ϕdz.
0
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Applying eq. (2.10) to eq. (2.6), and making use of eq. (2.8), gives
∂ τ̄ij
∂ p̄
=
,
∂xj
∂xi
with

L+h
Z



1
p̄ = τ̄zz +
L+h

(2.11)

L+h
Z



ρ(z 0 )gdz 0  dz.

−

(2.12)

z

0

Eq. (2.12) can be rewritten using the lithospheric pressure p∗ which yields
 L−b

L+h
L+h
Z
Z
Z
1 
1
p∗ (z)dz = τ̄zz +
p∗m (z)dz +
p̄ = τ̄zz +
p∗c (z)dz  .
(2.13)
L+h
L+h
0

0

L−b

p∗c and p∗m are the pressure in the crust and in the mantle, respectively. Evaluating the
integrals and using eq. (2.9), leads to the following expression (the detailed evaluation
is given in the Appendix of this chapter)



1
1
∂v̄x ∂v̄y
1
−1
n
¯
+
ρc gS 2 θ,
(2.14)
+ ρm gL +
p̄ = −H̄ ε̇II
∂x
∂y
2
2L


with θ = 1 − ρρmc , the isostatic amplification factor.
Substituting eqs (2.4) and (2.14) into eq. (2.11) leads to (where the bars denoting
averages have been dropped for clarity)


h
i
h
i


∂vy
∂vy
∂vx
∂vx
∂vx
∂
∂
∂
2µ
+
µ
+
+
2µ
+
=
ef
f
ef
f
ef
f
∂x
∂x
∂y
∂y
∂x
∂x 
 ∂x  ∂y 2 
gρm L
gρc S
∂
∂
+
2Liθ

 i ∂x h 2  ∂x
h
i
h
(2.15)
∂vy
∂v
∂v
∂vx
∂
∂
∂
x
+ ∂y
2µef f ∂yy + ∂y
2µef f ∂v
+ ∂yy
=
∂x µef f
∂x + ∂y
∂x




gρm L
gρc S 2
∂
∂
θ
,
+
∂y
2
∂y
2L


1
n −1
H
.
2 ε̇II

with µef f =
The first term on the right-hand-side of both equations in eq.
(2.15) is a constant and thus vanishes when differentiated. By non-dimensionalizing
using H, L, ε̇0 the right-hand-side of eqs (2.15) can be simplified to



∂
gρc S 2
1
θ → Ar∇ S 2 ,
(2.16)
∂xi
2L
2
where
Ar =

gρc θL
1/n

(2.17)

H ε̇0

and ε̇0 is the reference strain rate. Ar is the Argand number which is a measure of the
relative contributions of the forces arising from variations of crustal thickness and the
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forces required to deform the fluid at a reference strain rate ε̇0 (England and McKenzie,
1982; England et al., 1985). Other non-dimensional variables (denoted via stars) are
defined as follows
µef f
µ∗ef f = (1/n−1)
H ε̇0

vx∗ , vy∗ =
x∗ , y ∗ , S ∗

vx ,vy
Lε̇0

=

(2.18)

x,y,S
L

t∗ = tε̇0
After non-dimensionalization, eq. (2.15) can be re-written as (stars of non-dimensional parameters are dropped for clarity)




∂vx ∂vy
T
2BT S DT S BT S ~vT S + 2∇ 2µef f
= Ar∇ S 2 ,
(2.19)
+
∂x
∂y




∂
0
2µef f
0
0
∂x

∂ 
2µef f
0  and ~vT S = {vx , vy }T , ∇ =
with BT S =  0 ∂y
 , DT S =  0
∂
∂
0
0
µef f
∂y
∂x
n
oT
∂
∂
.
∂x , ∂y
Using eq. (2.2) we can account for the change in crustal thickness S


∂vz
∂vx ∂vy
1 ∂S
=
=−
+
.
(2.20)
S ∂t
∂z
∂x
∂y
For the thin-sheet model, eqs (2.19) and (2.20) represent a system of three equations, which can be solved for S, vx and vy , by applying the initial and boundary conditions. Eq. (2.20) can be solved after eq. (2.19) which is a 2D mathematical problem
providing the two horizontal velocities that can then be used to calculate (update) the
crustal thickness.

2.3.2

Discretization

3D multilayer model
The governing equations for the conservation of momentum, eq. (2.2) and the
conservation of volume, eq. (2.5) are discretized using a standard mixed finite element
method (FEM) (Brezzi and Fortin, 1991; Hughes, 1987). As the model domain possesses a layered geometry, and due to the geometric simplicity of this domain, we utilize
hexahedral elements to discretize our domain. In the mixed finite element approach,
the discrete velocity and pressure solutions are represented by different basis functions.
The choice of these basis functions (or element types) requires careful consideration. In
this work, for the simulations in Section 2.4, we utilize the element type Q2 P−1 which
consists of a triquadratic basis function for velocity and a piecewise discontinuous linear
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basis function for pressure (Brezzi and Fortin, 1991). This element is suitable for solving
incompressible problems as it is inf-sup stable. Following the discretization of the Stokes
equations, we obtain the following discrete system


 

~ṽ 3D
K3D Q3D
f~3D
=
(2.21)
QT3D
0
0
p̃~3D
RRR T
B̃3D D3D B̃3D dxdydz the discrete gradient of the stress tensor, Q3D =
with K3D =
RRR T
− R R R B3DG Np dxdydz the discrete gradient, QT3D the discrete divergence and f~3D =
−
NvT ρg~a dxdydz the discrete body force. Matrices B̃3D and B3DG contain spatial
derivatives of the velocity shape functions. Vectors Np , Nv contain the pressure and the
velocity shape functions.
The mixed finite element method described above has been implemented within the
code LaMEM [Lithosphere and Mantle Evolution Model (e.g. Schmeling et al., 2008)].
LaMEM is a parallel (distributed memory) FEM code developed using the PETSc library
(Balay et al., 2009), which provides a flexible mechanism to change and configure the
solution strategy used to compute the discrete velocity and pressure from eq. (2.21).
The incompressible flow problem is solved using either a fully coupled (v, p) solver, a
decoupled Schur complement approach, or a specialized, ‘hand-rolled’ conjugate gradient
algorithm which iterates on the Schur complement, but performs simultaneous updates of
the v and p solution at each iteration (Verfürth, 1984). The Schur complement methods
require the solution of a velocity subproblem. Picard iterations (i.e. successive solution
substitution) are used to solve the non-linear problem when the power-law rheology is
introduced. LaMEM has been benchmarked for 3D power-law viscous folding, where
the numerical solution was compared with the analytical solution of Fletcher (1991) for
the growth rate of a 3D single-layer fold. Furthermore, it has been benchmarked for the
linear stages of the Rayleigh Taylor instability (e.g. Kaus and Podladchikov, 2001) and
for a free surface subduction benchmark (Schmeling et al., 2008).
Following the solution of the velocity and pressure, the nodes of the finite element
mesh are advected in a fully Lagrangian manner with a method which is first order
accurate in space and time. The material properties and rheology are carried with the
mesh, and the new mesh geometry thus defines the updated material configuration.
Thin-sheet model
The discretization of the 2D, thin-sheet model is performed using a standard finite
element method (Hughes, 1987). Eq. (2.19) is discretized in space using biquadratic
(nine node) elements resulting in a system of equations of the form:
KT S ~ṽT S = FT S ,

(2.22)

RR
RR T
with KT S =
(2B̃TT S DT S B̃T S + 2BTT SG 2µef f BT SG )dxdy and FT S =
(BT SG Ar
2
S )dxdy. Matrices B̃T S and BT SG contain spatial derivatives of the velocity shape
functions. Crustal thickness S in the right hand side of eq. (2.22) is updated on every
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integration point in time via explicit, first-order finite differences. From eq. (2.20) we
can thus write,
Snew − Sold
= −Sold BT S G vToldS .
(2.23)
∆t
Eq. (23) then can be solved for Snew , leading to
Snew = Sold − ∆tSold BT S G vToldS .

2.3.3

(2.24)

Model setup and boundary conditions

Table 2.1: Model parameters applied in the thin-sheet (TS) and 3D simulations. H is reported
for the background strain rate of 10−15 s−1 .

linear
3D upper crust
∆σ [MPa]
∆z[ km]
ρ [ kgm−3 ]
H [ Pas1/n ]
3D lower crust
∆σ [MPa]
∆z[ km]
ρ [ kgm−3 ]
H [ Pas1/n ]
3D upper mantle
∆σ [MPa]
∆z[ km]
ρ [ kgm−3 ]
H [ Pas1/n ]
3D lower mantle
∆σ [MPa]
∆z[ km]
ρ [ kgm−3 ]
H [ Pas1/n ]
thin-sheet (TS)
average ρ [ kgm−3 ]
average H [ Pas1/n ]
Ar
3D & TS
ε̇ [ s−1 ]
n
F [ Nm−1 ]

power-law

400
18
2700
4 × 1023

300
18
2700
3 × 1013

5
18
2700
5 × 1021

5
18
2700
5 × 1011

1000
12
3200
1024

850
12
3200
8.5 × 1013

10
72
3200
1022

10
72
3200
1012

3050
1.67 × 1023
2.98

3050
1.37 × 1016
3.63

10−15
1
2 × 1013

10−15
3
1.64 × 1013
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For the thin-sheet simulations we use the setup of Houseman and England (1986)
with a rigid indenter, which is represented by a cosine-shaped velocity function, applied
at the front boundary. The same setup is used for the 3D model, which is extended in
the vertical direction (z ) by means of four layers (high viscosity upper and low viscosity
lower crust; high viscosity upper and low viscosity lower mantle) (Figure 2.2), which
represent a simplified continental lithosphere (e.g. Burov, 2010). Both models either
utilize a linear viscous or a power-law viscous rheology.
The thin-sheet model consists of a single layer, representing the lithosphere, which
possesses depth-averaged parameters (Figure 2.2, Table 2.1). The 3D model possesses
four layers (upper and lower crust, upper and lower mantle), which differ in thickness
and material parameters (Figure 2.2, Table 2.1). Model dimensions are 500 km × 500
km in the x - and y-direction, respectively, and 120 km in depth for the 3D model. Thinsheet models were calculated with a resolution of 201 × 201 nodes on a desktop PC,
whilst the 3D models were calculated using 48 CPUs with a grid resolution of 129 × 129
× 65 nodes (i.e. a resolution of around 1003 nodes).
Densities of crust and mantle are 2700 kgm−3 and 3200 kgm−3 , respectively.
All the parameters applied in the thin-sheet model correspond to the depth-averaged
parameters of the 3D model (Table 2.1) to enable a direct comparison of results. From
a chosen differential stress profile (∆σ), together with a thickness (∆z) and a density
profile (ρ), a given background strain rate (ε̇0 = 10−15 s−1 ), power-law exponents (n =
1, 3) and gravitational constant (g = 9.81 ms−2 ), the viscosities
µ=

∆σ n
,
2ε̇0

and the vertically integrated stress of the model lithosphere
X
F =
∆σ∆z,

(2.25)

(2.26)

can be calculated for the 3D model. Differential stresses (Figure 2.2) are chosen in
such a way that the vertically integrated stress is in the range of 1.5–2 × 1013 Nm−1
(2×1013 Nm−1 in the linear viscous setup and 1.64×1013 Nm−1 in the power-law viscous
setup), in agreement with estimates for the India–Asia collision system (England and
Houseman, 1986; England and Jackson, 1989).
From the parameters defined for the 3D model, the averaged quantities for the
thin-sheet model are calculated using eq. (2.11) via using the midpoint rule, thus we
have
P
ϕ∆z
ϕ̄ ≈ P
,
(2.27)
∆z
along with the Argand number (eq. (2.17)).
The boundary conditions applied to all simulations are shown in Figure 2.3: Indentation is taking place at the front of the model in the y-direction with a depth-constant
horizontal velocity of initially 1.5 cmyr−1 (after half of the simulation the indentation
velocity is reduced by a factor of 5). vy is a cosine-function of the x -coordinates and
vx = 0. The lateral (to the left and right of the indenting boundary, vx = 0) and back
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Figure 2.2: Viscosity profile with depth used for the linear viscous 3D model (solid black line) and
depth-averaged viscosity profile used for the linear viscous thin-sheet model (dashed black line).
Indicated in grey letters are the resulting differential stresses for a strain rate of 10−15 s−1 . The
vertically integrated stress is 2 × 1013 N m−1 .

(opposite to the indenting boundary, vy = 0) sides are kept planar and are free slip
surfaces, that is, zero normal velocity and zero tangential traction. In the 3D model the
upper boundary is treated as a free surface, (i.e. the total stress normal to the surface is
zero), whilst the bottom boundary is a horizontal, free slip surface. This fixed bottom
boundary with free slip does not exactly agree with the assumptions of the thin-sheet
model, where the bottom boundary is defined as the level of isostatic compensation.
However, the bottom layer (lower mantle) of the 3D model is weak and is therefore able
to account for isostatic compensating movements. The maximal variation of σzz at the
bottom of the entire model is in the order of 260 MPa and with an average density of
3050 kgm−3 in the model (Table 2.1), this maximal stress variation corresponds to 8.7
km of depth error (i.e. 7.25 percent of the total thickness of the lithosphere), which
makes the comparison of the two models valid.

2.3.4

Performance test

The ability to perform high resolution, 3D finite element simulations is frequently
limited by the choice of the matrix solver used. Often solvers are limited by either
excessive memory requirements, or excessive CPU requirements, or both. Here we examine the performance characteristics of a direct factorisation (LU) method compared
to several preconditioned iterative methods. The results were evaluated on the basis of
maximum memory usage, time required to setup the solver, number of iterations and
overall CPU time required to solve the discrete Stokes problem for velocity and pressure.
To address this, a number of tests were conducted using the 3D model setup employed
for the 3D simulations in this study. The tests were conducted on ‘Brutus’, the central
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Figure 2.3: Model setup and boundary conditions of (a) the thin-sheet model and (b) the 3D
multilayer model. Model dimensions are 500 km × 500 km in x- and y-direction and 120 km
in z-direction in the 3D model. Shortening is applied in the y-direction with a cosine-shaped
velocity profile. Stars in (a) indicate the locations for which the evolution of crustal thickness is
investigated in Paragraph 2.4.3 and Figure 2.6.

high-performance cluster of ETH Zurich and on ‘Achilles’, the cluster of the Computational Tectonics Group at University of Lausanne. ‘Brutus’ consists of AMD Opteron
CPUs and compute nodes have 8–128 GB RAM. Also ‘Achilles’ possesses AMD Opteron
CPUs and compute nodes have 128 GB or 256 GB RAM.
In our tests, we used three different nodal resolutions (33 × 33 × 17, 65 × 65 × 33,
129 × 129 × 65). The simulations associated with each mesh were executed on 1, 6 &
48 CPUs, respectively (Table 2.2). In our work we consider a Schur complement reduction (SCR) based solver implemented in LaMEM. This method requires, for each SCR
iteration, the solution of a velocity subproblem. The performance of four different solver
configurations, used with two element types, Q1 P0 and Q2 P–1 was examined. We identify
the solvers used for the velocity subproblem as ‘direct’, ‘iterative-ASM’, ‘iterative-AMG’
and ‘iterative-GMG’. The details of each solver configuration are provided below.
‘Direct’
The velocity subproblem was solved using the parallel, multifrontal direct solver
MUMPS (Amestoy et al., 2000).
‘Iterative-ASM’
The preconditioned Krylov subspace method FGMRES (Saad, 2003) was used
to solve the subproblem. Here we utilised the domain decomposition preconditioner,
ASM (additive Schwarz method; Toselli and Widlund (2005)). In our experiments, the
ASM preconditioner had an overlap of ten. The application of the inverse operator on
each block of ASM, used FGMRES with an incomplete LU (ILU) preconditioner. The
iterative scheme on the block problems employed a relaxed stopping condition with a
tolerance of 10−2 .
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‘Iterative-AMG’
The same iterative method was used as in the ‘iterative-ASM’ solver configuration, however here we employed an algebraic multigrid (AMG) preconditioner. We used
the AMG implementation provided via ML (Gee et al., 2006). AMG is known to be
less robust when applied to systems of coupled PDE’s. Consequently, we applied ML
to subblocks within K, which were defined via the coupling between like velocity components. The application of the inverse of each subblock consisted of FGMRES with a
relaxed stopping condition tolerance of 10−2 . Five iterations of the conjugate gradient
(CG) Krylov method preconditioned with block ILU were used as the smoother on each
multigrid level. On the coarse grid, a parallel direct solve was performed using MUMPS.
‘Iterative-GMG’
As in the other iterative approaches, FGMRES was used as the Krylov method. In
this solver configuration, we utilised a geometric multigrid (GMG; Briggs et al. (2000)).
GMG requires a hierarchy of finite element meshes, and a coarse grid operator on each.
The coarse grid operators were defined using Galerkin coarsening (Trottenberg et al.,
2001). Five iterations of CG preconditioned with block ILU were used as the smoother
on each multigrid level, however on the coarsest grid, the direct solver MUMPS was
used. For the simulations, the coarse grid contained 17 × 17 × 9 nodes. We used either
2, 3 or 4 grid levels to obtain the three different resolutions used. Each fine grid was
obtained by subdividing the elements in each spatial direction by a factor of two.
Performance test results
To conduct our tests, we utilised the boundary conditions, together with the model
parameters of our linear viscous model setup (Table 2.1). Each simulation was run for
10 time steps, over which the average of the evaluated parameters was calculated. The
averaged results of the tests performed on ‘Achilles’ are displayed in Table 2.2, and can
be summarized as follows (Results of ‘Achilles’ and ‘Brutus’ are similar, however times
reported by ‘Achilles’ are more reliable. Results reported in Section 2.4 were achieved
on ‘Brutus’).
1. Memory usage is always larger for the Q2 P–1 elements than for the Q1 P0 elements
and significantly larger when applying the direct solver MUMPS, compared to all
other solvers. GMG requires the least amount of memory.
2. Similarly, MUMPS shows much larger values for the solver setup time, while AMG
and GMG perform quite uniformly and fast for the two lower resolutions. The
solver setup time for Q2 P–1 elements in general is much larger than for the Q1 P0
elements.
3. In terms of the CPU time required to solve for velocity and pressure, GMG out
performs all other solvers.
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4. The number of iterations needed to solve for pressure was the same for all solvers
for a given resolution, which is due to the SCR applied in combination with all
solvers.
5. The solution of velocity shows a less uniform picture in terms of iterations performed. It can be seen that using AMG as a preconditioner gives very robust
results, as the number of iterations required for solving for velocity remains constant with increasing resolution.
Table 2.2: Results of performance test on ‘Achilles’ (University of Lausanne). Each solver
(direct MUMPS, iterative ASM, algebraic and geometric multigrid) was tested using both types
of elements (Q1 P0 and Q2 P−1 ) and three different resolutions. The performance was evaluated
in terms of maximum memory needed, setup time of the solver, number of iterations needed
for the solution of the velocity and pressure, and the time needed for solving for velocity and
pressure. The numbers indicated are averages calculated from ten time steps. Empty fields
represent simulations, which were not conducted due to excessive memory requirements.
max. memory (MB)
resolution
33×33×17
65×65×33
129×129×65

CPUs
1
6
48

MUMPS
Q1 P 0
Q2 P−1
1600
3300
28000
60000
-

ASM
Q1 P0
Q2 P−1
500
850
5000
16600
-

AMG
Q1 P0
Q2 P−1
500
1100
1400
28000
45000
83000

GMG
Q1 P0 Q2 P−1
500
500
6000
8000
42000 60000

solver setup (s)
resolution
33×33×17
65×65×33
129×129×65

CPUs
1
6
48

MUMPS
Q1 P0
Q2 P−1
106.35
565.26
2457.22 13887.58
-

ASM
Q1 P0
Q2 P−1
0.15
0.54
1.87
13.41
-

AMG
Q1 P0
Q2 P−1
0.55
1.77
1.79
5.42
2.57
11.55

GMG
Q1 P0 Q2 P−1
2.58
9.19
2.69
12.52
2.52
11.55

iterations
resolution
33×33×17

CPUs
1

65×65×33

6

129×129×65

48

MUMPS
Q1 P0
Q2 P−1
1
1
15.3
4.6
1
1
4.3
5.7
-

ASM
Q1 P0
Q2 P−1
3
3
15.3
4.6
21
14
4.1
5.4
-

AMG
Q1 P0
Q2 P−1
16
13
15.3
4.6
19
16
4.1
5.5
19
18
3.6
4.8

GMG
Q1 P0 Q2 P−1
5
3
15.3
4.6
9
8
4.1
5.5
19
19
4
4.8

v solve (s)
resolution
33×33×17
65×65×33
129×129×65

CPUs
1
6
48

MUMPS
Q1 P0
Q2 P−1
0.23
0.72
1.93
6.07
-

ASM
Q1 P0
Q2 P−1
3.27
2.91
121.90 211.39
-

AMG
Q1 P0
Q2 P−1
12.13
16.89
63.00
160.08
81.67
438.33

GMG
Q1 P0 Q2 P−1
2.12
4.98
8.43
37.77
21.73
82.93

p solve (s)
resolution
33×33×17
65×65×33
129×129×65

CPUs
1
6
48

MUMPS
Q1 P0
Q2 P−1
3.78
4.13
9.88
39.66
-

ASM
Q1 P0
Q2 P−1
48.08
16.95
566.11 1428.71
-

AMG
Q1 P0
Q2 P−1
209.51 114.91
459.47 1573.13
774.10 4300.50

GMG
Q1 P0 Q2 P−1
35.76
31.10
53.87 305.29
177.19 776.36

v
p
v
p
v
p

For the range of mesh resolutions considered here, GMG performs the best with
respect to memory usage and CPU time for both the Q1 P0 and Q2 P–1 elements. We
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note that the number of iterations required to solve the velocity subproblem is increasing
using GMG, as the mesh resolution and the number of processors increase. We believe
the reason GMG does not behave in the same manner as AMG, is because the model
contains viscosity jumps on the order of 102 Pas. The interpolation and restriction
operators used in GMG are derived directly from the mesh geometry. In this study,
we did not align the coarse grid mesh geometry with the jumps in material properties,
and thus the interfaces are slightly ‘blurred’ on the coarser grids. This leads to a less
robust convergence behaviour compared to AMG. On the other hand, the AMG approach
only uses the non-zero structure and coefficients of the matrix to define the coarse grid
operators. As expected, this type of algebraic coarsening preserves information related
to the jumps in material parameters and thus produces robust convergence. However,
this robustness comes at the price of increased CPU time. GMG in combination with the
Q1 P0 elements yields the fastest results, however, experience with the use of LaMEM has
shown that Q2 P–1 elements produce stable pressure fields (non-oscillatory) and therefore
only these elements were employed in the 3D simulations presented in the following
sections.

2.4

Simulations

2.4.1

Introduction

In the following paragraphs, we present a comparison of deformation styles during
continent indentation resulting from a 3D multilayer model and a thin-sheet model. Two
different rheologies were applied (eq. (2.25)): (1) linear (Newtonian) viscous (n = 1)
and (2) power-law viscous (n = 3) rheology.
We performed a number of thin-sheet simulations (not shown here) to confirm that
our results agree with those of Houseman and England (1986) and England and McKenzie (1983) concerning crustal thickness evolution for similar combinations of power-law
exponents and Argand numbers. For both models and rheologies, two scenarios are investigated: (1) indentation of a rigid indenter with constant indentation velocity and
(2) the effect of gravitational equilibration after decreasing the indentation velocity by
a factor of 5. Other simulations were performed with a decrease of the indenter velocity
by factors of 2 and 10, and the effect of completely stopping indentation was also investigated. We found that a factor 5 decrease in the indentation velocity best represents
the outcome of all simulations and therefore these results are discussed in detail here.
The effect of slowdown of the indenter is investigated because it is a feature observed
for the India–Asia collision (e.g. Molnar and Stock, 2009). Furthermore, slowdown of
the indenter makes the effect of gravitational collapse, a process taking place throughout
the simulation, better visible, as it is less overprinted by a faster indenting velocity. The
numerical time step was 0.35 Ma and indentation velocity was reduced after 10 Ma, after
which gravitational equilibration was acting for another 10 Ma.
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Figure 2.4: Crustal thickness of (a, b) the thin-sheet and (c, d) the 3D model after 10 Ma of
indentation, for (a, c) a linear viscous and (b, d) a power-law viscous (n = 3) rheology. Contour
lines are separated by 2.5 km.

2.4.2

Overall model behaviour

For the linear viscous setup of the thin-sheet model Ar = 2.9 and the initial crustal
thickness is 36 km (Table 2.1). The indentation of a rigid indenter, simulated by a cosineshaped velocity profile, leads to an overall thickening of the model domain (Figure 2.4a).
This thickening is most pronounced at the indenter corner (55 km crustal thickness).
At the frontal model boundary, where the indentation velocity reduces to zero, thinning
takes place and causes the formation of a depression (30 km crustal thickness). Gravity
is acting as a counterforce to thickening during the entire simulation, however, its effect
only becomes evident when the indentation velocity is decreased. After this, gravitational
collapse visibly equilibrates the differences in elevation and crustal thickness.
The thin-sheet model with power-law viscous rheology uses n = 3 and Ar = 3.6
(Table 2.1). As in the linear model, overall thickening is observed during indentation
(Figure 2.4b), although it is more pronounced than in the linear viscous case. Especially the indenter corner exhibits a localized peak (85 km crustal thickness). After 10
Ma indentation, the velocity is decreased, which leads to equilibration of differences in
topographic elevation.
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Figure 2.5: Deformed 3D grid of (a) the linear and (b) the power-law viscous (n = 3) model after
10 Ma of indentation. Overall thickening and multilayer buckling is taking place. Grey shades
on the surface indicate surface elevation.

During indentation, the results of the linear viscous 3D simulation (Figure 2.4c)
are similar to that of the linear viscous thin-sheet model. The 3D model starts with
an initial lithospheric thickness of 120 km, of which the upper 36 km correspond to the
crust. As in the thin-sheet model, indentation is simulated by a cosine-shaped velocity
profile, which results in shortening in the left half of the modelled domain and to overall
thickening. The indenter corner is strongly thickened (55 km crustal thickness) and a
depression is formed where the indentation velocity is reduced to zero (30 km crustal
thickness, Figure 2.4c). In addition to this thickening process, folding of the upper mantle
and upper crust is taking place (Figure 2.5a). The formation of a fold, exhibiting a long
wavelength (200 km), is visible both from the deformed grid in Figure 2.5a as well as from
the distorted (compared to the ones of the thin-sheet model) crustal thickness contour
lines (Figure 2.4c). The fold amplitude after 10 Ma of indentation is about 1 km in the
upper crust and 250 m in the upper mantle. Folding is due to the layered viscosity profile
of the 3D model setup, which responds to shortening with the formation of a folding
instability in the more viscous layers. The viscosity ratio between upper crust and lower
crust is 80, between upper mantle and lower crust 200 and between upper mantle and
lower mantle 100 (Table 2.1). As soon as the indentation velocity is decreased, the effect
of gravitational collapse becomes evident and equilibrates the differences in elevation.
Models in which n is increased from 1 to 3 result in more pronounced folding and two
buckle folds with a smaller wavelength of 100 − 150 km, although the effective viscosity
ratios (for the reference strain rate of 10−15 s−1 ) are smaller than for the linear viscous
simulation (Figures 2.4d, 2.5b). The effective viscosity ratio between upper crust and
lower crust is 60, between upper mantle and lower crust 170 and between upper mantle
and lower mantle 85 (Table 2.1). Maximum amplitudes of the folds after 10 Ma of
indentation are about 3.2 km in the upper crust and 6.8 km in the upper mantle. The
maximum dip of the fold limbs for these amplitudes and wavelengths is between 10◦ and
15◦ and can likely occur in nature. The overall amount of thickening, on the other hand,
is in the same range as in the linear viscous case (maximum crustal thickness was again
55 km; Figure 2.4d). After indentation gravitational collapse is taking place.
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Wavelengths of folds in the 3D model depend on the effective viscosity ratio between the layers and, for the values chosen here, are in agreement with typical fold
wavelengths published for the crust and lithosphere, which are in the range of a few
hundreds of kilometres (e.g. Burov et al., 1993; Nikishin et al., 1993; Burov and Molnar, 1998; Caporali, 2000). In addition, these wavelengths also agree with scaling laws
published for 2D folding (Biot, 1961; Fletcher, 1974; Schmalholz et al., 2002).
In synthesis, three deformation processes can be distinguished when observing
the overall evolution of crustal thickness in the 3D models: (i) overall thickening and
thinning, (ii) folding of competent layers (upper crust and upper mantle) and (iii) compensating movements, which take place in the less competent layers of lower crust and
lower mantle. Of these processes, thickening and compensating movements, that is,
gravitational collapse, are also present in the thin-sheet model. Thickening develops accordingly in the 3D and thin-sheet model for a linear viscous setup, however, differences
in crustal thickness between the two models are more pronounced when a power-law
rheology is utilised.

2.4.3

Evolution of crustal thickness at four selected points

The evolution of crustal thickness was investigated at four selected points (Figure
2.3a). Point 1 is situated at the indenter corner, point 2 lies in the forming depression,
point 3 in the area that develops buckle folds and point 4 is positioned roughly in the
centre of the model. As expected, the thin-sheet model is a good approximation to
the 3D model in terms of overall crustal thickening – particularly during indentation.
Crustal thicknesses of the linear viscous 3D and thin-sheet models develop similarly
(Figure 2.6a). Crustal thickness increases (at points 1, 3 and 4) or decreases (at point
2) in an approximately linear manner. In the 3D model after 10 Ma, that is, after
slowdown of indentation, crustal thicknesses at the selected points develop in the same
manner (i.e. linearly), albeit more slowly, that is, they keep on thickening (at points 1, 3
and 4) or thinning (at point 2). In the thin-sheet model, these large crustal thicknesses
are not stable and collapse. While points 2 and 4 are showing a linear increase in crustal
thickness, point 1 shows decreasing thickness, whilst the thickness at point 3 remains
approximately stable. The crustal thicknesses at the different points slowly converge to
an average crustal thickness of around 45–50 km, as the averaged viscosity of the thinsheet is too weak to sustain gravitational forces. In the rheologically layered 3D model,
the crustal thickness is not decreasing because the competent layers can support the
gravitational load and crustal thickening continues. The viscosity of the upper crust and
upper mantle in the 3D model is larger than the depth-averaged viscosity in the thinsheet model (Figure 2.2) and, therefore, the 3D model can support higher gravitational
stresses than the thin-sheet model because the lithosphere in the 3D model includes thin
but strong layers.
With a power-law viscous rheology, the thin-sheet and 3D model again behave
similarly during indentation, with an approximately linear increase in crustal thickness
at points 2 and 4 and an approximately exponential growth at points 1 and 3. The latter
are situated in the area of the model, which experiences the strongest deformation, thus
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Figure 2.6: Development of crustal thickness for four selected locations (Figure 2.3a) for (a) the
linear viscous and (b) the power-law viscous (n = 3) thin-sheet (TS) and 3D models.

explaining the difference to points 2 and 4. At the corner (point 1), the thin-sheet model
is extremely thickened (Figure 2.6b), while thickening in the power-law viscous 3D model
is in the same range as in the linear viscous case. After slowdown of indentation, the
thin-sheet model keeps thickening (except at point 2, where the thickness continues to
decrease) and does not collapse in contrast to the result for the linear viscous rheology.
This can be explained by the effective power-law viscosity, which increases when the
strain rate is reduced (and decreases when the strain rate is increased). As pointed out
by England and McKenzie (1983), there is an upper limit of crustal thickness which
can be supported in a thin-sheet model for Argand numbers > 0. The Argand numbers
applied in our simulations are 2.9 and 3.6. In this case, large crustal thicknesses can
only be supported if the lithosphere has a power-law rheology, and a linear viscous setup
results in fast collapse. Houseman and England (1986) also identified that power-law
exponents should be larger than 3 for Argand numbers between 1 and 10, to generate
crustal thicknesses similar to those of the Tibetan Plateau.

2.4.4

Quantification of folding along a selected profile

As already mentioned in Paragraph 2.4.2, folding is one of the processes taking
place during indentation in the mechanically layered 3D models. To quantify this process,
fibre strain rates along vertical lines are investigated. In a folded layer fibre strain rates
deviate from the average strain rate, calculated along the vertical line, due to relative
extension, respectively compression in the hinge zone of the fold (Figure 2.7a-d, e.g.
Schmalholz and Podladchikov (2000)). In our model, these vertical lines lie in a section
(y, z ) through the middle of the indenter, one line perforating the synform, the other
the antiform (Figure 2.7a-b). The strain rates considered for this quantification are ε̇yy ,
as direction of indentation is along the y-axis.
Figure 2.7c-d shows fibre strain rates – the deviation of strain rates from the
average value – along the vertical line through the antiform of the linear viscous 3D
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Figure 2.7: Fibre strain rates at the antiform of the linear viscous 3D model and at the synform
of the power-law viscous 3D model: (a) Profile in y-direction through the centre of the indenter
with locations of lines through the syn- and antiform of the linear viscous 3D model. Arrow
denotes antiform for which fibre strain rates are shown in (c). (b) Profile in y-direction through
the centre of the indenter with locations of lines through the syn- and antiform of the power-law
viscous 3D model. Arrow denotes synform for which fibre strain rates are shown in (d). (c), (d)
Fibre strain rates in the antiform of the linear viscous model and in the synform of the power-law
viscous model. Dashed line indicates flip between extensional and compressional fibre strain rates
relative to the depth-averaged strain rate. Strong upper crust (UC) and upper mantle (UM) show
the linear increase, respectively decrease of fibre strain rates in a folded layer. In (d) is shown
how the maximum difference between fibre strain rates in the more viscous upper crust and upper
mantle (max(∆ε̇)) is calculated for (e) and (f ). (e), (f ) Evolution of difference between fibre
strain rates over time, for the first 10 Ma of indentation.
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model (Figure 2.7a) and through the synform of the power-law viscous 3D model (Figure
2.7b) after 10 Ma of indentation. Fibre strain rates are illustrated in terms of relative
differences in percent with respect to the average strain rate (∆ε̇ = 100×(ε̇yy − ε̇¯yy )/ε̇¯yy ).
The more viscous upper crust and upper mantle show a linear increase (antiform) and
decrease (synform), respectively, of the fibre strain rates from the top of the layer to the
bottom.
Fibre strain rates in the synform of the upper crust of the power-law viscous
model are larger than the average due to compression taking place at the inner arc of
the developing synform (Figure 2.7d). Fibre strain rates decrease with depth and equal
the average strain rate at the neutral line (zero strain, e.g. Ramsay and Huber (1983)).
Also, it is clearly visible that the neutral line does not necessarily have to be located
in the middle of a layer. Fibre strain rates reach a minimum at the outer arc of the
synform where extension is taking place. In the lower crust fibre strain rates show a
parabolic pattern, indicating enhanced flow in the lower crust. The same pattern as in
the upper crust can be observed in the upper mantle. The weak lower mantle shows
increasing fibre strain rates with depth. At the antiform in the linear viscous model, the
same behaviour can be observed. However, in the power-law viscous model fibre strain
rates cover a much larger range. Deviations from the average strain rate range between
-150 percent and 200 percent, whereas in the linear viscous case differences range from
-50 percent to 20 percent.
In Figure 2.7e-f the evolution of the maximum difference (max(∆ε̇)) between fibre
strain rates within the upper crust and upper mantle are shown for the first 10 Ma
of indentation. The latter half of the simulation, when indentation velocity is reduced
by a factor of 5, was not considered to be able to separate the effects of buckling and
compensating movements. The behaviour of both an antiform and a synform is investigated for both the linear and power-law viscous model. In the linear viscous model,
for both layers (upper crust and upper mantle) and fold types (antiform and synform),
the maximum difference between fibre strain rates increases with continued indentation.
Upper crust and upper mantle behave very similarly. After an initial phase with very
little differences (0 − 5 percent) between fibre strain rates, when presumably thickening
is predominant, differences in the fibre strain rate increase after 6 Ma of indentation,
with a stronger increase (up to 30 percent) in the antiform. In the power-law viscous
model, differences between the maximum and minimum fibre strain rates in upper crust
and upper mantle are much larger (up to 280 percent) than in the linear viscous case,
that is, buckling is much stronger. As in the linear viscous case, differences between
fibre strain rates increase significantly after 6 Ma of indentation. Only the antiform of
the upper mantle shows increased values at an earlier stage and reaches the largest value
with 280 percent difference between fibre strain rates within the layer. This also agrees
with the larger amplitude generated in the upper mantle of the power-law viscous model
(Paragraph 2.4.2). Unlike in the linear viscous model, upper crust and upper mantle
show a different behaviour, that is, differences between fibre strain rates are larger in the
upper mantle. Thus in the power-law viscous model, the upper mantle is the dominant
layer in terms of buckling.
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Horizontal velocities in the thin-sheet model and layers of the
3D model

The horizontal velocity fields of different layers of the 3D model and the horizontal
velocities of the thin-sheet model were compared to identify differing flow patterns which
allow identification of the differences in the deformation style. Horizontal velocity fields
are displayed (Figures 2.8 and 2.9) with white velocity vectors, composed of the x- and
y-components
of the velocity field, and with the corresponding overall magnitude (v =
q
vx2 + vy2 ) as filled contour plots. Furthermore, vertical profiles illustrating the velocities

in upper and lower crust and upper mantle of the 3D models are shown (Figure 2.10) to
compare velocities in the different layers. As before, only the results of simulations with
a slowdown of indentation velocity by a factor 5 are discussed.
In Figure 2.8a the results of models with a linear viscous rheology after 10 Ma
of indentation, with a velocity of 1.5 cmyr−1 , are displayed. The horizontal velocity
fields at the surface and upper mantle of the 3D model (Figure 2.8a, top right-hand side
and bottom right-hand side) and the thin-sheet model (Figure 2.8a, top left-hand side)
are very similar. Velocity vectors indicate a rotation around the indenter corner. Only
minor differences occur within the lower crust (Figure 2.8a, bottom left-hand side).
Once the indentation velocity is reduced by a factor of 5 (from 1.5 cmyr−1 to 3
mmyr−1 ), differences between thin-sheet and 3D model are more distinct. The velocities
from thin-sheet models are generally larger than those from the 3D models, except at
the indenter front where the same boundary condition was applied (Figure 2.8b, top
left-hand side). The lower crust shows differently shaped contours (Figure 2.8b, bottom
left-hand side) in the area of the buckle fold, that is, velocities in the order of 2–3
mmyr−1 cover a larger area in front of the indenter. Also, the velocity vectors indicate
a stronger rotation around the indenter corner than on the surface and in the upper
mantle. In the lower crust, velocity vectors in the area of the indenter corner are larger
and oriented more strongly to the east (i.e. the right side of the model). Thus, the
lower crust flows relative to the upper crust and upper mantle, which is also visible in
west–east (W–E) vertical profiles (Figure 2.10a-b).
Compared to simulations with a linear viscous rheology, differences between thinsheet and 3D model are more pronounced if a power-law rheology is applied (Figure
2.9a). Surface and upper mantle velocity contours are further apart than in the thinsheet model (Figure 2.9a, top right-hand side and bottom right-hand side), which can be
attributed to the formation of two buckle folds in the competent layers (upper crust and
upper mantle) of the 3D model during indentation. Especially within the lower crust,
the effect of these buckles on the velocity field becomes apparent (Figure 2.9a, bottom
left-hand side), and velocities are larger in the area of the antiforms of the buckle folds
and smaller in the area of synforms. The orientation of velocity vectors is very similar in
the thin-sheet and 3D models and in comparison to the linear viscous simulation, flow
around the indenter corner is less pronounced.
After a reduction in indentation velocity, the free surface and upper mantle again
show distorted contours in the area of the buckle folds (Figure 2.9b, top right-hand
side and bottom right-hand side). In the lower crust the pattern of the buckle folds
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Figure 2.8: Comparison of horizontal velocities of the linear viscous thin-sheet model (top lefthand side) with the surface (top right-hand side), the lower crust (bottom left-hand side) and the
upper mantle (bottom right-hand side) velocities of the 3D model after (a) 10 Ma of indentation
and (b) shortly after slowdown of indentation velocity by a factor of 5. White vectors indicate the
horizontal velocity
q field, while the filled contours indicate the overall magnitude of the horizontal
velocities (v = vx2 + vy2 ).
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Figure 2.9: Comparison of horizontal velocities of the power-law viscous (n = 3) thin-sheet
model (top left-hand side) with the surface (top right-hand side), the lower crust (bottom lefthand side) and the upper mantle (bottom right-hand side) velocities of the 3D model after (a)
10 Ma of indentation and (b) shortly after slowdown of indentation velocity by a factor of 5.
White vectors indicate the horizontal velocity
q field, while the filled contours indicate the overall
magnitude of the horizontal velocities (v = vx2 + vy2 ).
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with two antiforms and a synform is clearly visible and velocity vectors show a stronger
clockwise rotation around the indenter corner (Figure 2.9b, bottom left-hand side). The
pattern of the velocity field from the thin-sheet model does not significantly alter after
slowdown of indentation (Figure 2.9b, top left-hand side). We also note that the flow
direction does not greatly differ between the free surface and the upper mantle obtained
from the 3D and the thin-sheet models. However, in the lower crust, velocity vectors
are not aligned with those obtained from the thin-sheet model, particularly in the area
of the indenter corner. This is also visible in vertical profiles (Figure 2.10c-d). In the
area of the indenter corner (at position 150–200 km in the W–E profile) the horizontal
component of the velocity vector in the lower crust is significantly larger than in the
upper crust and upper mantle.
Comparing the results from the linear (Figure 2.8) and power-law viscous rheologies (Figure 2.9), one can observe larger differences between the 3D and thin-sheet
models when a power-law viscous rheology is applied. This is due to stronger multilayer
folding and the following stronger equilibrating movements, after the reduction of the
indentation velocity. Yet, our results also indicate that the thin-sheet model is a good
approximation of a full 3D model, particularly during indentation with constant velocity.
The large-scale patterns and magnitudes of the horizontal velocity fields agree well. The
free surface and upper mantle of the 3D model basically show the same flow pattern and
are very similar to the averaged thin-sheet velocities.
While in Paragraph 2.4.2 the lack of buckling in thin-sheet models became apparent
by comparing crustal thicknesses, the comparison of horizontal velocity fields of the thinsheet model and different layers of the 3D model, reveals the mechanically decoupled
character of these layers with different strength, which can deform relative to each other.
In addition, different processes are dominant within the different layers: The competent
upper crust and upper mantle buckle, whereas the less viscous lower crust is deforming
by thickening and lower crustal flow relative to its bounding layers.

2.4.6

Quantification of crustal flow

To quantify lateral displacement of material in the crustal layers of the different
models, an approach introduced by Houseman and England (1993) is used in an adapted
form. If zero strain in x -direction (perpendicular to the direction of indentation) and
conservation of crustal volume is assumed, the amount of crustal thickening in the model
directly in front of the indenter should correspond to the reduction of crustal volume by
the indenter
Z
1
A=
(S(x, y) − S0 )dA.
(2.28)
S0
Here A represents the indented area and S0 is the initial thickness, which is 36 km for the
entire crust and 18 km for upper and lower crust. S(x,y) corresponds to the final crustal
thickness. The indented
volume (A × S0) should be equivalent to the volume added by
R
crustal thickening ( (S(x, y) − S0 )dA). However, as there is flow in the x -direction, the
area reduced by the indenter is usually not equal to the area added directly in front of
it.
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Figure 2.10: Velocities of the linear and power-law viscous 3D models after 10 Ma of indentation.
The three uppermost layers [upper crust (UC), lower crust (LC) and upper mantle (UM)] are
shown: (a) North–south profile of the linear viscous 3D model, (b) west–east profile of the linear
viscous 3D model with lower crustal flow, (c) north–south profile of the power-law viscous 3D
model with pronounced folding of the upper mantle, (d) west–east profile of power-law viscous 3D
model with strong lower crustal flow. Position of profiles is shown in inset in (d). Downward
pointing velocity vectors close to the indenter, respectively upward pointing velocity vectors away
from the indenter are due to compensating movements invoked by gravitational forces equilibrating
differences in topographic elevation.

To quantify the amount of crustal flow using eq. (2.28), two regions of the model
are investigated (Figure 2.11): (i) the indentation front, where the indentation velocity
is constant (A1 ) and (ii) the transitional part of the frontal boundary, where the velocity
decreases to zero (A2 ). The reduction of area by the two parts of the indenter (A1-I
and A2-I ) is compared with the area added inside the model (A1-C and A2-C for the
entire crust, A1-UC and A2-UC for the upper crust, A1-LC and A2-LC for the lower
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Figure 2.11: Areas distinguished for estimating crustal flow. The indented volume (A1-I and
A2-I) should be equivalent to the volume added by crustal thickening (A1-C/A1-UC/A1-LC and
A2-C/A2-UC/A2-LC). However, as there is flow in the x-direction, the area reduced by the
indenter is usually not equal to the area added directly in front of it.

crust, Figure 2.11) after 20 Ma of indentation, that is, at the end of the simulation.
Differences between the area reduced by the indenter and the area added in the model
are reported in percent in Tables 2.3 and 2.4 (dA1-C, dA2-C, etc.).
Table 2.3: Results of calculations of reduced areas by the indenter and added areas inside the
model for the crusts of the linear and power-law viscous thin-sheet (TS) and 3D models. The
amount of area reduction by the rigid indenter after 20 Ma of indentation is given for indenterareas A1-I and A2-I. The amount of added area is given for crustal areas A1-C and A2-C.
Differences between indenter area and added area are indicated in percent.
A1-I [ km2 ]
TS linear
TS power-law
3D linear
3D power-law

104

2.5 ×
2.13 × 104
2.4 × 104
2.03 × 104

A1-C [ km2 ]
104

1.34 ×
1.44 × 104
1.32 × 104
1.41 × 104

dA1-C [%]
-46.33
-32.49
-45.08
-30.47

A2-I [ km2 ]
104

1.12 ×
9.59 × 103
1.09 × 104
9.21 × 103

A2-C [ km2 ]
103

7.56 ×
6.9 × 103
7.27 × 103
8.28 × 103

dA2-C [%]
-32.38
-28.09
-33.51
-10.07

Comparing areas calculated for the entire crust (A1-C, A2-C ) in the thin-sheet
and the 3D models with the actual reduction of area by the indenter (A1-I, A2-I, Table
2.3), the crustal areas added in front of the indenter are smaller. This means that lateral
crustal flow away from the indenter front is taking place. Comparing linear and powerlaw viscous thin-sheet models, differences between area reduction by the indenter (A1-I,
A2-I ) and the area added in front of it are smaller with a power-law viscous setup,
that is, dA1-C and dA2-C are larger in the power-law viscous model. This implies that
lateral crustal flow is less strong with a power-law viscous rheology. For both rheologies,
dA2-C is larger than dA1-C, indicating stronger lateral displacement of crustal material
away from A1-C. The same observations as for the thin-sheet model can be made for
the crust of the 3D model. In general, the respective thin-sheet and 3D models correlate
well and show similar values for the differences between reduced and added area (dA1-C,
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dA2-C ). dA1-C corresponds very well for the linear viscous thin-sheet and 3D models
and as well for the power-law viscous thin-sheet and 3D model. dA2-C only has similar
values for the linear thin-sheet and 3D model. However, in the power-law viscous thinsheet and 3D model the values for dA2-C differ strongly, with less lateral flow in the 3D
model.
Table 2.4: Results of calculations of reduced areas by the indenter and added areas inside the model
for the upper and lower crusts of the linear and power-law viscous 3D models. The amount of
area reduction by the rigid indenter after 20 Ma of indentation is given for indenter-areas A1-I
and A2-I. The amount of added area is given for upper- and lower-crustal areas A1-UC, A1-LC
and A2-UC, A2-LC. Differences between indenter area and added area are indicated in percent.
A1-I [ km2 ]
3D linear
3D power-law

3D linear
3D power-law

104

A1-UC [ km2 ]
104

A1-LC [ km2 ]
103

dA1-UC [%]

dA1-LC [%]

2.4 ×
2.03 × 104

1.68 ×
1.68 × 104

9.66 ×
1.14 × 104

-30.32
-17.05

-59.84
-43.89

A2-I [ km2 ]

A2-UC [ km2 ]

A2-LC [ km2 ]

dA2-UC [%]

dA2-LC [%]

-8.45
18.65

-58.57
-38.80

104

1.09 ×
9.21 × 103

104

103

4.53 ×
5.64 × 103

1.09 × 104

Comparing the indented and added areas of upper and lower crust separately in
the 3D model (Table 2.4), reveals that differences between indented and added area
generally are considerably smaller in the upper crust (dA1-UC > dA1-LC, dA2-UC >
dA2-LC ), that is, more material is laterally displaced in the lower crust. Differences
between the indented and added A1 (dA1-UC, dA1-LC ) area are twice as large in the
lower crust, that is, twice as much material is laterally displaced away from A1 in the
lower crust than in the upper crust. Differences between lateral flow in the upper and
lower crust get even larger for A2, where in the case of the power-law viscous 3D model
the area added in front of the indenter exceeds the amount of area indented. For powerlaw viscous rheology around six times more lower crustal material is moved laterally than
upper crustal material (Table 2.4). As for the entire crust, crustal flow in the upper and
lower crust of the power-law viscous model is less than in the linear viscous model.
In summary, comparing flow in the upper and lower crust separately revealed, that
flow in the weaker lower crust is significantly larger than in the stronger upper crust and
differences in material flow between upper crust and lower crust are larger for power-law
viscous rheologies.

2.4.7

Second strain rate invariant in 3D model

The second strain rate invariant (i.e. second invariant of the strain rate tensor)
is a representative measure for the 3D strain rate field and is displayed in north–south
and east–west slices through the model. This calculation is performed after 10 Ma of
indentation and shortly after the onset of slowdown by a factor of 5, for both the linear
viscous and the power-law viscous setup.
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Figure 2.12: The second strain rate invariant of the 3D model is shown on (a, c) north–south
and (b, d) east–west slices for the linear viscous model setup for (a, b) the situation after 10 Ma
of indentation and (c, d) shortly after slowdown of indentation by a factor of 5.

Figure 2.13: The second strain rate invariant of the 3D model is shown on (a, c) north–south
and (b, d) east–west slices for the power-law viscous (n = 3) model setup for (a, b) the situation
after 10 Ma of indentation and (c, d) shortly after slowdown of indentation by a factor of 5.
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2.5. DISCUSSION

During indentation, strain rates are largest at the indenter corner and generally in
the less competent lower mantle and lower crust (Figures 2.12a–b, 2.13a–b). This can
be attributed to the strong thickening, taking place in these layers. In addition, isostatic
compensating movements take place in these parts of the model. Strain rates generally
decrease with increasing distance from the indenter front and corner. In the lower mantle
high strain rates reach furthest to the east (i.e. to the right), which indicates that the
lower mantle deforms due to isostatic compensating movements and material evades from
below the strongly thickening western part of the model. The lowest strain rates occur
in the competent upper crust and upper mantle, which deform by both thickening and
buckling during the overall simulation. Strain rates vary between one and two orders of
magnitude.
After reducing the velocity of indentation, the differences in strain rate between the
competent and less competent layers increase (Figures 2.12c–d, 2.13c–d), with the competent layers showing very low strain rates. Lower crust and lower mantle accommodate
the gravitational equilibrating movements resulting from the differences in elevation,
which is indicated by larger strain rate values. High strain rates in the lower crust indicate lower crustal flow, taking place relative to the above and below lying competent
layers. Note, however, that these high strain rates are not equally distributed (e.g. Figure 2.12c–d), with lower crustal flow being especially pronounced at the indenter corner
and in the synforms and antiforms of folds. In the power-law viscous model, high strain
rates are more smoothly distributed (Figure 2.13c–d), but concentrated on the lower half
of the lower crust. Conversely, high strain rates in the lower mantle are situated in the
upper parts of this layer and do not cover an area as large as during faster indentation.
Differences in the second strain rate invariant between the different layers reveal
their dominant deformation process. Less competent layers, like lower mantle and lower
crust, are characterised by larger strain rates and mainly deform by thickening and
compensating (flow) movements. Competent layers on the other hand exhibit lower
strain rates and deform by thickening and buckling. The main difference between the
power-law (Figure 2.13) and linear viscous (Figure 2.12) models, apart from the amount
of buckling, is that strain rates vary over two orders of magnitude in the power-law
viscous model, whilst in the linear viscous model strain rates vary between 1 and 1.5
orders of magnitude.

2.5

Discussion

Thin-sheet models assume that the lithosphere is mechanically coupled and deforms as a continuous, uniform sheet. Some studies (e.g. Flesch et al., 2005; Wang et al.,
2009) compared surface GPS velocities with SKS shear wave splitting data assigned to
the lithospheric mantle and suggested that the data indicate a coherent deformation in
the crust and lithospheric mantle. However, while surface GPS velocities represent an
instantaneous deformation field, the anisotropy revealed by shear wave splitting data is
attributed to the lattice preferred orientation of olivine crystals in the mantle, which
in turn correlates with the major axis of the finite strain ellipsoid, and thus the inte-

51

COMPARING THIN-SHEET WITH 3D MODELS

2.5. DISCUSSION

grated deformation field. This means, GPS and SKS shear wave splitting data reflect
deformation fields of different time frames and are as such a questionable choice for
comparison. Furthermore, the question under what terms the anisotropy of shear waves
can be considered as an indicator for the direction of flow of the mantle is still debated
(Kaminski and Ribe, 2002). This question could be resolved in future, by combining
3D models like the one presented with texturing models (e.g. D-Rex, Kaminski et al.
(2004)). Nevertheless, the similarity between surface GPS and SKS shear wave splitting
data is used by, for example, Flesch et al. (2005) and Wang et al. (2009) as evidence
for a mechanically coupled lithosphere in a large area of the India–Asia collision. In
contrast, our 3D simulation results indicate that the upper crust and upper lithospheric
mantle can exhibit similar horizontal velocity fields and, hence, a coherent deformation,
even though upper crust and lithospheric mantle are mechanically decoupled by an intermediate weak lower crust (Figures 2.8 and 2.9). The mechanical decoupling causes,
for example, the significant lower crustal flow relative to the upper crust and upper
mantle. In the presented simulations, the effective viscosity of the lower crust is about
two orders of magnitude smaller than the effective viscosities of the upper crust and
upper lithospheric mantle (Figure 2.2). The upper crust and the mechanically decoupled upper lithospheric mantle deform coherently during both deformation phases, that
is, indentation and gravitational equilibration (Figures 2.8 and 2.9). Therefore, similar
patterns in surface GPS and mantle SKS shear wave splitting data do not necessarily
indicate a mechanically coupled lithosphere and are unsuitable as significant evidence for
it. Consequently, the fundamental assumption of the thin-sheet model, that lithospheric
deformation can be considered as deformation of a continuous viscous sheet, seems questionable. Nevertheless, for predicting the overall thickness evolution (Figures 2.4 and
2.6) and the horizontal velocities of the competent layers in the 3D multilayer model
(Figures 2.8 and 2.9), the thin-sheet model is a good first-order approximation and results largely coincide with the 3D model. However, for a more accurate quantitative
prediction of, for example, strain rates (and hence stresses) and velocities, 3D multilayer
models are required because they consider processes such as buckling and lower crustal
flow and these processes cause strain rate and velocity variations in the same order (and
even more) than the strain rates and velocities resulting from diffuse thickening.
The intensity of buckling can be quantified by investigating fibre strain rates (Figure 2.7). In the thin-sheet model strain rates are per definition constant with depth,
however, in the mechanically layered 3D model, deviations from an average value can
be quantified and indicate the intensity of buckling. With a systematic investigation
of fibre strain rates in the 3D model for different rheological parameters, it would be
possible to define a threshold marking the transition between thickening and buckling.
Observations made for the performed 3D simulations indicate, as expected from the analytical solutions (e.g. Schmalholz et al., 2002), that folding is stronger with a power-law
viscous rheology, that is, differences between fibre strain rates cover a much larger range
(ca. 300 percent) than in the linear viscous model (ca. 30 percent). In the power-law
viscous model, where differences between fibre strain rates are much larger, significant
buckling is taking place. Here, the fold amplitude and the difference between fibre strain
rates are largest in the upper mantle, which is the strongest layer in the applied model
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setup and is dominating the buckling-deformation (Table 2.1). Also, the thickness of the
upper mantle and upper crust remains nearly constant whereas the thickness of the weak
lower crust varies significantly because it must accommodate the deformation resulting
from the different size of the fold amplitudes in the upper mantle and upper crust (Figure 2.7b). The quantification of buckling during lithospheric shortening is important
because buckling causes structural (geometric) softening and can have an important impact on the localization of strain (e.g. Schmalholz et al., 2005). If thermo-mechanical
coupling is considered then the strain localization around buckle-folds can lead to thermally activated shear zone formation which was studied in 2D numerical simulations of
lithospheric shortening (e.g. Burg and Schmalholz, 2008; Schmalholz et al., 2009).
Common patterns between the 3D and thin-sheet model can be identified from the
comparison of horizontal velocities of the two models. Thin-sheet models are visually an
acceptable approximation of the 3D models during indentation. Nevertheless, differences
in the velocity field between the 3D and thin-sheet model become large as soon as
gravitational collapse becomes significant and a power-law rheology is applied. Whilst
the velocity fields in the upper crust and upper mantle of the thin-sheet and 3D model
are in close agreement, the lower crust shows a different pattern due to lower crustal
flow. Lower crustal flow is induced by the slowdown of indentation and the enhanced
effect of gravitational collapse, leading to an equilibration of differences in elevation,
taking place in the less competent layers, such as the lower crust (Figure 2.10). The
3D results therefore clearly reveal additional processes, which are important during
continent indentation, such as the decoupled behaviour of the different layers of the
lithosphere with magnitudes of velocities and directions of the horizontal velocity field
showing gradients with depth. Corresponding flow fields on the surface and in the upper
mantle, therefore do not rule out the existence of a decoupling lower crust.
The crustal thicknesses of 3D and thin-sheet model are comparable (Figures 2.4–
2.6). The temporal evolution of crustal thickness for both models coincides, particularly
during indentation and with a linear viscous rheology, generating comparable crustal
thicknesses. However, around the indenter corner in the power-law viscous thin-sheet
model thickening is unrealistically strong and deviates from thickening in the 3D model.
After slowdown of the indentation velocity, thicknesses in the linear viscous thin-sheet
model decrease, whilst both the 3D models and the power-law thin-sheet model continue
to thicken or to thin. Linear viscous thin-sheet models are not able to support large topographic differences and quickly collapse when indentation velocity decreases, due to
lacking stabilizing high viscosity layers. And even though the linear viscous models exhibit a slightly higher effective lithospheric strength than the power-law viscous models,
strong thickening in thin-sheet models is only feasible with a power-law rheology.
With regard to lateral flow of the entire crust (Table 2.3), the results from the
thin-sheet and 3D models agree well. When using a linear viscous rheology, the thinsheet model approximates the results of the 3D model rather well. However, the results
of the 3D model show that considerably more material of the lower crust is moved than
of the upper crust (Table 2.4). Therefore, if a relatively weaker lower crust exists, the
thin-sheet models significantly overestimate flow of the upper crust while significantly
underestimating flow of the lower crust.
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Considering the aforementioned similarities between thin-sheet and 3D model, we
consider the thin-sheet model an acceptable first-order approximation to investigate
continent indentation, especially when considering large scale problems of thousands of
kilometres (the impact of indentation on a large scale orogenic system was also pointed
out by Ellis (1996)). Thin-sheet models agree best with their corresponding 3D multilayer model when a linear viscous rheology is applied and during indentation with a
constant velocity. Crustal thickening and the horizontal velocity field are well reproduced. However, a mechanically layered 3D setup does make a difference and processes
like buckling and lower crustal flow should not be ignored when discussing continentcontinent collision, as they can significantly influence geometry, strain rates and stresses,
especially on smaller scales in the order of hundreds of kilometres around the collision
zone.
Garthwaite and Houseman (2011) reach conclusions qualitatively similar to ours
with their recent comparison of a 2D thin-sheet and a 3D model. However, they use a
3D model, which is mechanically homogeneous and not layered, hence preserving many
of the fundamental simplifying assumptions of the original thin-sheet model. As in this
study, they found that differences between thin-sheet and 3D models are large at the
indenter corner and with increasing power-law exponent. Furthermore, they accordingly
conclude that thin-sheet approximations are well suited for large-scale problems. In
comparison to the 3D model of Garthwaite and Houseman (2011) and to all the thinsheet models applied to the India–Asia collision, the main advantage of our 3D model
is that it does not exclude buckling and lower crustal flow a priori. From our study,
we observe that even from a very simple rheological setup with only four layers with
different material parameters, a range of deformation mechanisms can be observed. We
showed that apart from large strain indentation and differential thickening – also observed in the thin-sheet model – additionally significant multilayer buckling and lower
crustal flow are taking place in the 3D model. Both multilayer folding and lower crustal
flow have been suggested based on geophysical data and geological observations (e.g.
Royden, 1996; Cloetingh et al., 1999; Beaumont et al., 2001; Shin et al., 2009) and 3D
models such as the one presented allow quantification of these mechanisms. As some of
these mechanisms are often taking place simultaneously, models focusing on one specific
process lack information related to several deformation processes, and thus their relative
importance during continental indentation cannot be assessed.
We only performed simulations for a power-law exponent of three and the simulations show that 3D results for power-law viscous rheology deviate stronger from the
corresponding thin-sheet results than 3D results for a linear viscous rheology. Also,
Garthwaite and Houseman (2011) found that differences between thin-sheet and 3D
models increase with increasing power-law exponent. Effective power-law exponents of
flow laws describing the deformation of the crust and mantle are likely larger than three
(e.g. Sonder and England, 1986), at least in some depth range such as the upper lithospheric mantle. For example, the deformation of the upper mantle can be described by
a high stress flow law (based on Peierl’s mechanism) for olivine (e.g. Goetze, 1978) and
this high stress flow law can be transformed into the standard form of a power-law flow
law (Schmalholz and Fletcher, 2011). The corresponding effective power-law exponents
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are likely between 10 and 20 for natural deformation conditions of the upper lithospheric
mantle, especially at the onset of collision. This means that for natural conditions processes such as buckling and lower crustal flow are likely first-order processes around the
collision zone within a spatial scale corresponding to the order of the thickness of the
lithosphere, that is, a few hundreds of kilometres. Consequently, 3D multilayer models
are preferable to thin-sheet models when studying the tectonic evolution of the continental collision zone.
The thickness evolution and the horizontal velocity field in our simulations is
strongly controlled by the applied indentation boundary conditions and fundamental
differences between thin-sheet and 3D multilayer models are not really expected. For
other model setups, closer to natural conditions, such as for example with a deforming
indenter or with laterally varying strength within the model domain or a more complex
rheology, larger differences between thin-sheet and 3D models can be expected.
This study focuses on viscous deformation processes, which implies that many
other potentially important effects during continental collision are ignored. Additional
features, such as plasticity, or a more sophisticated geometry, such as including a slab,
are deliberately dispensed with, to be able to compare our 3D model with the original
thin-sheet models of England and Houseman (1986) and Houseman and England (1986).
The aim is to understand the first-order effects of including the third dimension, that
is, the layered nature of the lithosphere, and to study which additional processes arise.
The main scope of this study is a theoretical comparison of thin-sheet models and their
equivalent 3D multilayer models in terms of viscous deformation processes. We were able
to show that 3D models provide a more accurate and complete picture of continental
collision than thin-sheet models. 3D models allow studying the timing, locality and
relative importance of different processes, which take place simultaneously on a scale of
hundreds of kilometres.

2.6

Conclusions

We performed a comparison of a numerical 3D multilayer model with its corresponding thin-sheet equivalent for the scenario of continent indentation. The 3D model
employs four layers with different rheological properties representing strong upper and
weak lower crust and strong upper and weak lower lithospheric mantle. Two deformation
phases (indentation and gravitational collapse) and two rheologies (linear and power-law
viscous) were considered. Differences between the 3D and thin-sheet models are significant (i) during gravitational collapse, after the indentation velocity slowed down by
a factor 5, for both rheologies and (ii) for both deformation phases when a power-law
viscous rheology was used. Buckling is significant and the related spatial variations in
strain rate are up to two orders of magnitude around the collision zone and indenter
corner within a distance on the order of the lithospheric thickness (i.e. hundreds of
kilometres) for a power-law viscous rheology. Lateral mass flow of weak lower crustal
material is also significant and can be up to six times larger than lateral flow of upper
crustal material. Both buckling and lower crustal flow are ignored in thin-sheet models.
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Nevertheless, thin-sheet models approximate the horizontal velocity field, the amount of
overall crustal thickening and overall crustal flow quite well, especially during indentation with a linear viscous rheology. Thin-sheet models are, therefore, a good first-order
approximation to model lithospheric deformation on the large-scale, that is, the scale
considerably larger than the thickness of the lithosphere (thousands of kilometres), and
away from the collision zone for linear viscous rheologies.
3D multilayer models are necessary to better understand lithospheric deformation
and to better interpret geophysical data. For example, our 3D multilayer model shows
that upper crust and upper lithospheric mantle can deform coherently although being mechanically decoupled by an intermediate weak lower crust (with significant lower
crustal flow) which questions the usage of similarities between surface GPS and mantle
SKS shear wave splitting data as evidence for a mechanically coupled lithosphere. 3D
multilayer models not imposing a certain viscous deformation style a priori are needed
to better quantify the deformation processes during continent indentation and to assess
their relative importance especially around the collision zone and indenter corners.
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Appendix
Here, the detailed operations performed to get from eq. (2.13) to eq. (2.14) are
described. Eq. (2.13) is given as

p̄ = τ̄zz +

1
L+h

L+h
Z

p∗ (z)dz = τ̄zz +

1
L+h

 L−b

L+h
Z
Z

p∗m (z)dz +
p∗c (z)dz  ,

0

0

(2.29)

L−b

where p∗c and p∗m are the pressure in the crust and in the mantle, respectively:
p∗c = ρc g (L + h − z) ,
p∗m = p∗c |z=L−b + ρm g (L − b − z) = ρc g (h + b) + ρm g (L − b − z) .

(2.30)

Inserting eqs (2.30) into eq. (2.29) leads to

p̄ = τ̄zz +

1
L+h

 L−b

L+h
Z
Z

(ρc g (h + b) + ρm g (L − b − z))dz +
(ρc g (L + h − z))dz  .
0

L−b

(2.31)
To facilitate the evaluation of the integrals in eq. (2.31), variables are simplified
and the integral boundaries are changed accordingly. For the integration of mantle
pressure, the mantle thickness hm = L − b − z is introduced, the variable of integration
thus becomes dhm = −dz and the limits of integration go from L − b to 0. Integration
of the crustal pressure is done accordingly: The crustal thickness is hc = L + h − z and
the integration variable changes to dhc = −dz. The limits of integration are from h+b
to 0. These transformations lead to the following expression:
 0

Z0
Z
1 
(ρc g (h + b) + ρm ghm )dhm +
ρc ghc dhc  .
(2.32)
p̄ = τ̄zz −
L+h
L−b

h+b

Evaluating the integrals leads to


1
1
1
2
2
−ρc g (h + b) (L − b) − ρm g(L − b) − ρc g(h + b) .
p̄ = τ̄zz −
L+h
2
2

(2.33)

For the normalization it is assumed that L  h, and for simplifying eq. (2.33) the
relations h = S − b and b = ρρmc S and eq. (2.9) are used. This leads to the final equation
for p̄, corresponding to eq. (2.14):
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p̄ = −H̄ ε̇II
+
+ ρm gL +
ρc gS 1 −
.
(2.34)
∂x
∂y
2
2L
ρm

61

3. Gravitational potential energy
induced stresses and
deformations: Implications for
crustal-scale processes
This chapter is submitted to Tectonophysics.
S. M. Lechmann1 , S. M. Schmalholz2 and B. J. P. Kaus3
Geological Institute, ETH Zurich, 8092 Zurich, Switzerland. E-mail:
sarah.lechmann@erdw.ethz.ch
2
Institute of Geology and Palaeontology, University of Lausanne, 1015 Lausanne, Switzerland
3
Institute of Geosciences, Johannes Gutenberg-University Mainz, 55128 Mainz, Germany
1

Submitted 2012 August 14

3.1

Summary

The variation of gravitational potential energy (GPE) caused by variation in
crustal thickness significantly influences the driving forces, stresses and deformation
style of tectonically active areas such as the India-Asia collision. We derive simple analytical relationships between horizontal deviatoric stresses and GPE variations using
a two-dimensional (2D) setup imitating a continental lithosphere with a crustal and a
mantle layer. The crustal layer is always mechanically stronger than the mantle layer
imitating a typical continental lithosphere in which most of the strength resides in the
upper part of the lithosphere. Analytically predicted stresses are compared with results
of three numerical models: (i) a thin-sheet model, (ii) a mechanically layered 2D model
and (iii) a mechanically layered three-dimensional (3D) model. Results for 2D geometries
indicate that horizontal deviatoric stresses can be accurately predicted using a simple
scaling relationship for a purely elastic, a power-law viscous and a highly viscous crust.
Deviatoric stresses within neighbouring thin and thick crusts are independent on the respective crustal thickness but depend on the average thickness. Also, stress magnitudes
depend on the length ratio of the thin and thick crustal region where stresses are proportionally larger in the shorter crustal region. The stress predictions become imprecise for
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less viscous crusts (<∼ 1022 Pas) and for distinct 3D geometries. The numerical results
also show that crustal deformation of mechanically layered 2D and 3D models is significantly altered when an intermediate crustal weak layer is present, because this layer
deflects during equilibrating flow. This deflection has important implications for channel
flow models assuming a horizontally stable channel, because a channel is only stable for
high crustal viscosities which in turn significantly reduce the flow velocity in the channel. Depth-averaged thin-sheet models inaccurately predict GPE induced stresses and
deformations in the model crust in regions with significant variations in crustal thickness.
Keywords: Gravitational potential energy; Deviatoric stress; Driving force; Plate tectonics; Numerical modeling.

3.2

Introduction

The deformation of continents is diffuse and distributed and can generate, for example, the high elevation of collisional regions like the abnormally thick Tibetan Plateau
(e.g. Molnar, 1988; Molnar and Tapponnier, 1975). So far, our understanding of the
tectonic evolution of the Tibetan Plateau, and hence the mechanisms of continental
collision, remains incomplete. During mountain building and plateau formation the topography and thickness of the crust is usually altered significantly, what changes the
gravitational potential energy (GPE). The GPE distribution and its relative differences
between elevated and low-lying areas have an important influence on the stress field
and deformation style of tectonically active areas (e.g. Artyushkov, 1973; Coblentz and
Sandiford, 1994; Jones et al., 1996) and, hence, on collision tectonics. Differences in
GPE allow estimating differences in stresses in the lithosphere. These stress estimates
are independent of rheology and provide robust assessments for the overall strength of
the lithosphere and the driving forces in continental collision (e.g. Jeffreys, 1976; Molnar
and Lyon-Caen, 1988). A particular mechanical consequence of stress differences due
to variable GPE is that a lithostatic stress state is impossible (Turcotte and Schubert,
2002), a point which, however, is often ignored in pressure-to-depth conversions applied
in tectonic interpretations based on metamorphic phase diagrams. Despite the importance of GPE variations for the stress field and the related deformation in the crust and
lithospheric mantle, open questions remain concerning the relationship between GPE
and crustal stress values in three dimensions and for a mechanically layered continental lithosphere. We here performed numerical simulations using 2D and 3D models of
a simplified continental lithosphere to derive reliable quantifications of GPE induced
stresses.
A number of studies already estimated the forces (e.g. Molnar et al., 1993; Molnar
and Lyon-Caen, 1988) and stresses (e.g. Flesch et al., 2001; Ghosh et al., 2009, 2006)
arising from lithospheric variations in GPE. Some (e.g. Molnar et al., 1993; Molnar and
Lyon-Caen, 1988) consider differences in GPE (∆GPE) as a force per unit length that the
plateau and the neighbouring lowland apply to each other. Others (e.g. Flesch et al.,

64

GPE INDUCED STRESSES AND DEFORMATIONS

3.3. STRESSES AND GPE

2001; Ghosh et al., 2009, 2006) incorporate GPE estimates into thin-sheet equations
and numerically derive vertically integrated deviatoric stresses. A direct comparison of
these two approaches is impossible, as the force per unit length is calculated from the
depth-integrated vertical total stress (σ̄zz ) below the lowland and the plateau (Molnar
et al., 1993; Molnar and Lyon-Caen, 1988). The different results of the aforementioned
approaches raised questions about the correct value of GPE induced stresses and the
driving forces of the India-Asia collision (Ghosh et al., 2006). The first aim of this
paper, therefore, is to clarify how forces and stresses are related to changes in GPE.
Force and stress estimates depend on model assumptions. On the one hand, a static
equilibrium of forces can be considered (Molnar et al., 1993; Molnar and Lyon-Caen,
1988); on the other hand the thin-sheet approximation (e.g. England and Houseman,
1986; England and McKenzie, 1983; Houseman and England, 1986) can be used (Flesch
et al., 2001; Ghosh et al., 2009, 2006). Two-dimensional (2D) and three-dimensional (3D)
models are required for a more complete understanding of the stress distribution arising
from ∆GPE in the continental lithosphere, which is usually mechanically layered. The
second aim of this study is thus to compare the distribution and magnitude of stresses
in different 2D and 3D model setups. In particular, we define conditions under which it
is possible to predict GPE induced crustal stresses with simple scaling relationships.
Lateral GPE variations that stem from lateral variations in topography, crustal
thickness and density cause equilibrating flow in the lithosphere, which smoothes out
topography until GPE values are balanced. The kinematics of this flow in the crust
change strongly when considering an additional weak layer in the mid-crust. The flow of
weak lower or middle crust without significant shortening of the upper crust is a popular
model to explain thickening of the crust beneath the Tibetan plateau (e.g. Lease et al.,
2012). Poiseuille flow triggered by lateral GPE variations in a weak horizontal channel
has been invoked to explain thickening of the crust beneath the Tibetan plateau without
significant shortening of the upper crust (Clark and Royden, 2000). A similar approach
has been followed by Clark et al. (2005) for a Hele-Shaw cell. In the frame of this
discussion, we introduced a weak crustal layer in the 2D model. Results show that
such a weak horizontal layer is unstable and deflects considerably in areas of significant
crustal thickness variations for typical crustal viscosities. These results question the
applicability of mathematical models that assume crustal flow in a stable, not deforming
horizontal weak channel.

3.3

Stresses and gravitational potential energy (GPE)

For sake of clarity, we first present the basic definitions of stresses, GPE and their
relationship. Results of other studies are linked to the definitions used in this work.
The total stress tensor σij is defined as (e.g. Turcotte and Schubert, 2002)


σxx σxy σxz
σij =  σyx σyy σyz 
(3.1)
σzx σzy σzz
where indices i, j refer to the three spatial coordinates x, y, z, respectively.
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The deviatoric stress tensor τij is defined

σxx σxy

τij = σij + δij p = σyx σyy
σzx σzy
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as
 

p 0 0
σxz
σyz  +  0 p 0  ,
0 0 p
σzz

(3.2)

where p = − 13 (σxx + σyy + σzz ) is the pressure (or mean stress) and δij the Kronecker
delta.
The gravity potential energy arises from the density distribution and thickness of
a lithospheric column (e.g. Coblentz et al., 1994; Jones et al., 1996):
 L+h

L+h
L+h
Z
Z
Z
0
0
−
GP E =
ρ(z )gdz  dz = −
σzz (z)dz.
(3.3)
0

z

0

L is the isostatic compensation depth, h is the elevation, ρ the density and g the gravitational acceleration. GPE corresponds to the negative vertically integrated vertical stress
(σzz ). Differences in elevation and crustal thickness between a mountain and a neighbouring lowland cause differences in GPE (∆GPE). Flesch et al. (2001) calculated and
introduced GPE values for a 100 km thick lithosphere into the force balance equations
of a thin-sheet model in order to compute the deviatoric stress field.
Thin-sheet equations are derived from the conservation equations of continuum
mechanics. The momentum balance is
∂σij
= ρgai
∂xj

(3.4)

with ~a = (0, 0, 1)T . According to the summation convention, repeated indices are
summed. The superscript T indicates the transpose of a vector or matrix. Considering the thin-sheet assumption that vertical shear stress components are negligible,
i.e. τxz = τyz = 0 (e.g. England and McKenzie, 1982, 1983), and substituting eq. (3.2)
into eq. (3.4) leads to
∂τij
∂p
=
.
(3.5)
∂xj
∂xi
∂τzz
∂p
=
+ ρg.
(3.6)
∂z
∂z
Indices i, j = 1, 2 represent the horizontal coordinates x and y, respectively. Simplifying,
solving eq. (3.6) for p and spelling out yields
∂τxx
∂x
∂τxy
∂x

+
+

∂τxy
∂y
∂τyy
∂y

∂p
∂x .
∂p
∂y .

(3.7)

ρ(z 0 )gdz 0 .

(3.8)

=
=

L+h
Z

p = τzz −
z
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Next, each parameter, which we denote by ϕ, is averaged over the thickness of the
L+h
R
1
lithosphere: ϕ̄ = L+h
ϕdz. Eqs (3.7) and (3.8) then become
0

∂ τ̄xx
∂x
∂ τ̄xy
∂x
L+h
Z



1
p̄ = τ̄zz +
L+h

L+h
Z

−
0

+
+

∂ τ̄xy
∂y
∂ τ̄yy
∂y

=
=

∂ p̄
∂x .
∂ p̄
∂y .


0

ρ(z )gdz

0

1
dz = τ̄zz −
L+h

z

(3.9)
L+h
Z

σzz (z)dz = τ̄zz +

1
GP E.
L+h

0

(3.10)
For the normalization it is assumed that L  h (England and McKenzie, 1983;
Lechmann et al., 2011) and substituting eq. (3.10) into eqs (3.9) leads to
∂ τ̄xx
∂x
∂ τ̄xy
∂x

+
+

∂ τ̄xy
∂y
∂ τ̄yy
∂y

=
=

∂
∂x
∂
∂y


τ̄zz + L1 GP E .

τ̄zz + L1 GP E .

(3.11)

Reordering eqs (3.11) results in
∂ τ̄xx
∂x
∂ τ̄xy
∂x

+
+

∂ τ̄xy
∂y
∂ τ̄yy
∂y

−
−

∂ τ̄zz
∂x
∂ τ̄zz
∂y

=
=

1 ∂GP E
L ∂x
1 ∂GP E
L ∂y

(3.12)

which is a system of equations with horizontal GPE gradients balancing the horizontal
gradients of the vertically averaged deviatoric stresses.
To solve for the three unknowns (τ̄xx , τ̄yy , τ̄xy ) in these two equations, Flesch et al.
(2001) optimized a functional, which leads to the minimization of the second invariant
of the stress field. The solution eventually yields minimum, vertically averaged and
rheology-independent deviatoric stresses. Using strain rate estimates from Quaternary
fault slip rates and GPS data and assuming viscous rheology, Flesch et al. (2001) used
the stress state to obtain a minimum estimate of vertically averaged viscosities (0.5 −
5 × 1022 Pas for the Tibetan Plateau, and 1 − 2.5 × 1023 Pas for more rigid areas).
Flesch et al. (2001), Ghosh et al. (2009) and Ghosh et al. (2006) compared their
estimates of deviatoric stresses with force estimates published by Molnar and LyonCaen (1988) and Molnar et al. (1993). These forces were derived from static mechanical
equilibrium conditions and are independent of rheology. Molnar and Lyon-Caen (1988)
and Molnar et al. (1993) refer to the deviatoric force per unit length that a mountain
and its neighbouring lowland apply to each other also as ∆GPE. Due to variable uses of
symbols τ (Molnar and Lyon-Caen, 1988) and σ (Molnar et al., 1993) for total stresses
and the exchangeable use of the terms “∆GPE” and “deviatoric force”, care has to be
taken when comparing stress estimates, either of deviatoric stresses (e.g. Flesch et al.,
2001; Ghosh et al., 2009, 2006) or equilibria of total stresses (e.g. Molnar et al., 1993;
Molnar and Lyon-Caen, 1988), associated with ∆GPE calculations.
Flesch et al. (2001), Ghosh et al. (2009) and Ghosh et al. (2006) obtained deviatoric
stress estimates that are twice smaller than force estimates of Molnar and co-authors
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(Molnar et al., 1993; Molnar and Lyon-Caen, 1988). The maximum difference in magnitude of the vertically integrated stresses estimated by Flesch et al. (2001) is equal to
the estimate of force per unit length of Molnar et al. (1993). However, Flesch et al.
(2001) found that the values of force per unit length do not agree with the maximum
difference in the deviatoric stress field. Flesch et al. (2001) compare their equations of
motion written in terms of deviatoric stresses and using the symbol τ with the equations
of Dalmayrac and Molnar (1981) and Molnar and Lyon-Caen (1988) written in terms
of total stresses, but also using the symbol τ . They explain the encountered differences
with constraints regarding the force balance Molnar and co-workers (Dalmayrac and
Molnar, 1981; Molnar et al., 1993; Molnar and Lyon-Caen, 1988) might have used to
reach their estimates. Similarly, Ghosh et al. (2009) explain the discrepancy between
their maximum difference between deviatoric stresses (≈ τ̄xx |T ibet − τ̄xx |lowland ) and the
∆GPE (≈ σ̄zz |T ibet − σ̄zz |lowland ) estimated by Molnar and Lyon-Caen (1988) and Molnar et al. (1993) with assumptions about their definition of pressure. The assumption
that in eq. (3.2) instead of p = − 31 (σxx + σyy + σzz ) the definition of lithostatic pressure
(plitho = ρgz = σzz = τzz − p) is and can be used is, however, not correct.
The difference between the results of Flesch et al. (2001) and Ghosh et al. (2009)
with those of Molnar and Lyon-Caen (1988) and Molnar et al. (1993) arises from comparing two different parameters. If the horizontal normal stress does not vary in horizontal
σ̄xx
direction (Molnar and Lyon-Caen, 1988), ∂∂x
= 0, we can write, using eq. (3.2),
∂ (τ̄xx − p̄)
= 0.
∂x

(3.13)

Eq. (3.13) can be rewritten with eq. (3.10), as
∂ τ̄xx ∂ τ̄zz
1 ∂
−
−
GP E = 0.
∂x
∂x
L ∂x

(3.14)

For deviatoric stresses in an incompressible material in 2D, the relationship τxx + τzz = 0
leads to
∂ τ̄xx
1 ∂
2
=
GP E,
(3.15)
∂x
L ∂x
where we get the factor 2 that explains why Flesch et al. (2001), Ghosh et al. (2006) and
Ghosh et al. (2009) disagree with Molnar and co-authors (Molnar et al., 1993; Molnar
and Lyon-Caen, 1988).
Eq. (3.15) also shows that differences in vertically averaged horizontal deviatoric
stresses (∂ τ̄xx ) can directly be compared with ∆GPE estimates.

3.4
3.4.1

Simulations
Model setups and boundary conditions

Simulations were performed using a 2D, a thin-sheet and a 3D finite element code.
The 2D finite element code exhibits a Maxwell visco-elastic rheology and is described in
detail in Schmalholz et al. (2008) and Burg and Schmalholz (2008). This 2D algorithm
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Figure 3.1: Model setups and boundary conditions of (a) the 2D FEM model, (b) the 3D FEM
model exhibiting a ridge and (c) the 3D FEM model with a large-scale plateau. The top boundary
is always a free surface and all lateral and the bottom boundaries exhibit free slip. The crust is
separated in two parts: (i) The left half consists of a thin crust of thickness hc , (ii) while in the
right half the crust exhibits a plateau-/ridge-like structure with an elevation of htopo and a root
of thickness hroot . The crust is in isostatic equilibrium. The geometry in (c) was also used for
simulations with the depth-averaged thin-sheet model. In (c) profile locations A, B of Figures 3.8
and 3.9 are shown.

uses an unstructured mesh of triangular elements generated by the mesh generator “Triangle” (Shewchuk, 2002) and is remeshed when elements become too deformed. The code
is optimized in terms of calculation speed using the MILAMIN technology (Dabrowski
et al., 2008). The 2D FEM code, due to faster calculation time, was used to estimate the
first order effects and to analyze the general processes emanating from an isostatically
equilibrated continental crust exhibiting a high elevation plateau, which is only subject
to differences in GPE. The model setup most commonly used (Table 3.1) consisted of
a box of 2000 km × 200 km in x - and z -directions, respectively, resolved with approximately 36000 nodes and containing 2 purely viscous layers. The lower layer represents
mantle material with a density of 3200 kgm−3 and a viscosity of 1020 Pas. The upper
layer corresponds to a 35 km thick continental crust in the left half of the model and
a 67 km thick crust in the right half (Figure 3.1a). Crustal density is 2700 kgm−3 and
viscosity 1022 Pas and the model is in vertical isostatic equilibrium. For simplicity, it is
assumed that the crust is strong and the mantle weak. However, the model crust can be
more generally considered as the lithospheric upper layer in which most of the strength
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resides and, therefore, this upper layer can also contain a part of the upper lithospheric
mantle. Including an additional thin mantle layer with a high density does not affect the
average density significantly, especially if also a less dense sediment layer is considered.
The applied two-layer setup with a stronger layer resting on a weaker layer can be justified for the continental lithosphere by the results of experimentally derived flow laws
which exhibit an exponential decrease of viscosity with depth (e.g. Brace and Kohlstedt,
1980; Goetze and Evans, 1979). Although yield strength envelopes can vary significantly
for the continental lithosphere (e.g. Burov, 2010; Jackson, 2002), all envelopes indicate
that the lithosphere is significantly stronger in its upper part than in its lower part. We
consider here a mechanical layering because it is ignored in thin-sheet models, yet, we
consider only a simple layering to keep the results transparent. Geometry and material parameters were varied to test their influence on the model behaviour. In order to
observe the crustal processes induced by the equilibration of GPE the bottom, left and
right boundaries were allowed to slip freely. The top boundary was a free surface.
Table 3.1: Geometrical and material parameters of the simulations. D: length, T: thickness,
h: elevation, GPE: gravitational potential energy, ρ: density, µ: viscosity, G: shear modulus,
n: power-law exponent. 1 The standard model was both used for 2D and 3D models. 2 These
values correspond to a purely viscous crust. 3 These values correspond to a purely elastic crust.
4
Mantle, additional weak layer below mantle and weak intermediate crustal layer always were
purely viscous. 5 Thin-sheet parameters represent average values of the standard 2D model.
standard model1
D lowland [km]
D mountain [km]
T lowland [km]
T mountain [km]
h mountain [km]
T weak layer [km]
T crust top/bot [km]
GPE [ Nm−1 ]
ρ crust [ kgm−3 ]
ρ mantle [ kgm−3 ]
µ crust [Pas]2
G [Pa]2
µ crust [Pas]3
G [Pa]3
µ mantle / weak layer [Pas]4
µ bottom layer [Pas]4
Argand number
n
time step [yr]

2D - prediction of stresses

thin-sheet

2D isostasy

1000
1000
35
67
5

1000
1000
20
80
9.4

1000
1000
25
75
7.8

1000
1000
35
67
5

1000
1000
35
67
5

1000
1000
35
67
5

6.75 × 1012
2700
3200
1022
1019

1.04 × 1013
2700
3200
1021 , 1022 , 1023
1019
1026 , 1027 , 1028
1010
1020

6.75 × 1012
2700
3200
1021 , 1022 , 1023
1019
1026 , 1027 , 1028
1010
1020

6.75 × 1012
2700
3200
1.8 × 1021 5

6.75 × 1012
2700
3200
1022
1019

1020

1.24 × 1013
2700
3200
1021 , 1022 , 1023
1019
1026 , 1027 , 1028
1010
1020

1
5000

1
5000

1
5000

1
5000

1.8 × 1021

5

225.84
1
5000

weak intermediate crustal layer
1000
1000
35
67
5
7
14
6.75 × 1012
2700
3200
1022 , 1023 , 1024
1019

250
1000
35
67
5
15
10
6.75 × 1012
2700
3200
1022
1019

250
1000
35
67
5
15
10
6.75 × 1012
2700
3200
1022
1019

1020
1019

1020

1020

1020

1
5000

1
5000

1
5000

3
1000

The 3D code, LaMEM, is described in detail in Lechmann et al. (2011). Like
the 2D code, it is a finite element code using hexahedral Q2 P−1 elements. LaMEM is
a parallel (distributed memory) code developed using the PETSc library (Balay et al.,
2009). The 3D models start from the same geometrical and material parameter settings
as the corresponding 2D models. The 3D simulations were performed selectively for
the most promising 2D simulations. Pseudo-2D simulations (not presented here) were
carried out to ensure that 2D and 3D results agree. 3D simulations were performed for
2000 km × 2000 km × 200 km models, which are resolved with 257 × 257 × 33 nodes,
i.e. 128 × 128 × 16 elements. Two geometries were studied: In one case a ridge-like
mountain is centred in the right half of the model and may spread in all directions
except to the right, where the free slip lateral boundary is situated (Figure 3.1b). The
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other geometry exhibits a broad, elevated plateau in the right upper corner of the model
(Figure 3.1c). Boundary conditions for all 3D models were free slip on all boundaries
except the top, which is free.
The thin-sheet model is based on a finite element code that uses biquadratic (nine
node) elements (Lechmann et al., 2011). For comparison of 2D with 3D results the 3D
model exhibiting a large plateau was also used for the depth averaged thin-sheet model
(Figure 3.1c). Model dimensions were 2000 km × 2000 km, in x - and y-directions,
respectively, and resolution was set to 301 × 301 nodes. Boundary conditions were free
slip on all boundaries.
The only driving force in these models is gravity (i.e. GPE). Differences due
to lateral variations in topography and crustal thickness (Figure 3.2) are equilibrated
by flow in the mantle and crust, which will eventually lead to flat surface and Moho
topography. Although the model is initially vertically in isostatic equilibrium, horizontal
equilibrium conditions are not fulfilled, i.e. if there are differences in GPE across the
model, also differences in depth-averaged horizontal deviatoric stresses exist.

Figure 3.2: (a) Cross section of a typical 2D FEM model including a mountain and its neighbouring lowland. Grayscales show numerically calculated horizontal deviatoric stresses τxx for
a model with a linear viscous crust (1023 Pas) and mantle (1020 Pas), which is symmetrically
distributed between the thin and thick part of the crust. (b) shows the difference of σzz between
the lowland and the mountain. Above the isostatic compensation depth (depth of the Moho below
the mountain) σzz of the mountain is larger than σzz of the lowland.

3.4.2

Prediction of deviatoric stresses from ∆GPE in 2D

From eq. (3.15) one expects that differences in horizontal deviatoric stresses are
related to differences in GPE as
∆GP E
∆τ̄xx =
.
(3.16)
2L
A snapshot of a typical model with a strong crust (1023 Pas) shows that the horizontal deviatoric stresses due to ∆GPE are relatively homogeneously distributed in the
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crust beneath the mountain and lowlands, whereas deviatoric stresses in the mantle
are nearly zero (Figure 3.2a). Hence, in our models it is the crustal rather than the
lithospheric thickness that controls the distribution of deviatoric stresses (Molnar and
Lyon-Caen, 1988) and, therefore, should be used for the value of L in eq. (3.16). This
control of the crustal thickness is reasonable because deviatoric stresses in the deeper
levels of the lithosphere are considerably smaller than in the higher levels due to the
exponential temperature dependence of viscosity.
To verify eq. (3.16), a set of numerical simulations has been performed with
the visco-elastic 2D code for two crustal, end-member rheologies: (1) Both crust and
mantle are effectively viscous with a small Deborah number (De  1), and (2) the crust
is effectively elastic (assuming incompressible elasticity), has a large Deborah number
(De  1), and the mantle is linear viscous. The Deborah number (De = µε̇/G, with
µ the viscosity, ε̇ the strain rate and G the shear modulus) is a characteristic value
determining if the visco-elastic material is effectively behaving elastically or viscously
(e.g. Reiner, 1964). To achieve either (1) purely viscous or (2) purely elastic behaviour
of the crust at tectonically relevant strain rates (ε̇ = 10−14 − 10−16 s−1 ) extreme values
for viscosity and shear modulus were chosen. Three crustal geometries, and thus three
∆GPE were tested for each of these rheologies: (i) The first geometry exhibits a 20 km
thick lowland and an 80 km thick mountain; isostatic equilibrium implies an elevation of
9.4 km for the mountain when the lowland is at 0 km, and a ∆GPE of 1.24 × 1013 Nm−1 .
(ii) A 25 km thick lowland and a 75 km thick mountain, hence a 7.8 km high mountain,
yield ∆GPE = 1.04 × 1013 Nm−1 . (iii) For a 35 km thick lowland and 67 km thick
mountain, topography is at 0 km and 5 km, respectively, and ∆GPE = 6.75×1012 Nm−1 .
Simulations with a linear viscous crust and mantle were done for a mantle viscosity
20
of 10 Pas and crustal viscosities of 1021 Pas, 1022 Pas and 1023 Pas. The shear modulus
of both layers was 1019 Pa. This high value ensures that the crust behaves viscously
even at very large strain rates. Densities were set to 2700 kgm−3 in the crust and 3200
Figure 3.3 (preceding page): (a-b) Analytical and numerical deviatoric stresses for a purely
viscous model (crust: 1022 Pas, mantle: 1020 Pas). ∆τlowland , ∆τmountain and ∆τc̄r̄ūs̄t in (a)
are deviatoric stresses analytically derived from ∆GPE, where ∆GPE is divided by twice the
respective thickness (lowland, mountain and average crustal thickness, eq. (3.16)). The three
values for ∆GPE are obtained by three different crustal thickness distributions (see text). ∆τ̄xx
is the difference between the numerically derived average horizontal deviatoric stresses in the crust
mountain
lowland
). It can be seen that ∆τ̄xx closely
below the mountain (τ̄xx
) and below the lowland (τ̄xx
lowland
approximates ∆τc̄r̄ūs̄t . In (b) τ̄xx
is the average horizontal deviatoric stress in the crust below
mountain
the lowland, τ̄xx
is the average horizontal deviatoric stress in the crust below the mountain,
crust
and τ̄xx
is the average horizontal deviatoric stress in the entire crust, all derived numerically.
Stresses are symmetrically distributed in the crust with negative (compressive) stresses in the
thin crust below the lowland and positive (extensional) stresses in the thickened crust below the
mountain. For three different models (with crustal viscosities of 1021 Pas, 1022 Pas and 1023
Pas) in (c) the numerically derived ∆τ̄xx is divided by the analytically derived ∆τc̄r̄ūs̄t and plotted
against the viscosity divided by the analytically derived ∆τc̄r̄ūs̄t (resulting in a characteristic time).
The larger the viscosity is, the larger is the characteristic time and the closer ∆τ̄xx /∆τc̄r̄ūs̄t
approximates 1.

73

GPE INDUCED STRESSES AND DEFORMATIONS

3.4. SIMULATIONS

kgm−3 in the mantle and a time step of 5000 years was used. Figure 3.3a-b shows the
relationship between ∆GPE and deviatoric stresses for the linear viscous model with a
crustal viscosity of 1022 Pas after the first time step (5000 years). ∆τlowland , ∆τmountain
and ∆τc̄r̄ūs̄t represent deviatoric stresses analytically derived from ∆GPE, i.e. ∆GPE
divided by twice the respective crustal thickness (eq. (3.16) with lowland, mountain and
lowland , τ̄ mountain and
average crustal thickness used as length scale L, Figure 3.3a). τ̄xx
xx
crust are averages of horizontal deviatoric stresses for the crust of the lowland, of the
τ̄xx
mountain and of the entire crust, obtained in the numerical simulations (Figure 3.3b).
mountain and
∆τ̄xx in Figure 3.3a, finally, is the numerically derived difference between τ̄xx
lowland (∆τ̄
mountain −τ̄ lowland ). The numerically derived ∆τ̄
τ̄xx
xx = τ̄xx
xx in these simulations
xx
thus closely approximates the analytically computed ∆τc̄r̄ūs̄t . Thus, the distribution of
horizontal deviatoric stresses in the crust can be predicted from differences in vertically
averaged horizontal deviatoric stresses derived from GPE values. This implies that the
crustal thickness of both the lowland and the mountain must be known for valid stress
predictions. Numerical results, furthermore, show that for the presented symmetric
setup horizontal deviatoric stresses have the same magnitude but different signs in the
two parts of the crust, although thickness varies significantly. The lowland exhibits
negative average horizontal deviatoric stresses, i.e. it is in a state of compression, while
the mountain shows positive average horizontal deviatoric stresses, and thus experiences
extension (Figure 3.3b). Consequently, the horizontal deviatoric stress averaged over
crust ) is 0 MPa. For the symmetric model setup used in this study,
the entire crust (τ̄xx
1/2∆τc̄r̄ūs̄t is thus an upper limit for the absolute value of horizontal deviatoric stresses
in the lowland and the mountain induced by the distribution of GPE. However, if the
model setup is not symmetric, horizontal deviatoric stresses are inversely proportional to
the lengths of the two crustal domains. For example, for a 1000 km long thin crust and
lowland and τ̄ mountain exhibit the
a 500 km long thick crust, i.e. a length ratio of 2:1, τ̄xx
xx
inverse ratio of 1:2. So, for an analytically derived ∆τc̄r̄ūs̄t of 60 MPa, ∆τlowland is ∼-20
MPa and ∆τmountain is ∼ 40 MPa. Knowing this systematic distribution of horizontal
deviatoric stresses, deviatoric stresses can be calculated from ∆τc̄r̄ūs̄t (i.e. ∆τ̄xx in eq.
(3.16)).
In models with purely viscous crusts, ∆τ̄xx better approximates ∆τc̄r̄ūs̄t for increasing viscosity. When dividing the numerically derived ∆τ̄xx by the analytically derived
∆τc̄r̄ūs̄t the two values approximate each other better for larger crustal viscosities and
thus the ratio equals almost 1 (Figure 3.3c). The characteristic time µ/∆τc̄r̄ūs̄t increases
for larger viscosities, indicating that equilibration of ∆GPE and equalisation of crustal
thickness is slower. Models with low crustal viscosities show ratios of ∆τ̄xx /∆τc̄r̄ūs̄t
much lower than 1, indicating that the predicted ∆τc̄r̄ūs̄t is far from ∆τ̄xx . This is due to
high deviatoric stresses concentrated around the topographic step (see Paragraph 3.4.3,
Figure 3.4) and deformation takes place in a limited zone, while stresses are evenly
distributed over the whole model domain for large viscosities. Thus, viscosity has to
be taken into account when estimating horizontal deviatoric stresses for a purely linear
viscous model. When employing a power-law viscous rheology (not shown here) lateral
stress variations decrease significantly and valid stress predictions can be made.
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For comparison with the models with a purely viscous crust, three experiments
with an elastic crust and a linear viscous mantle were performed. Crustal viscosities
were 1026 Pas, 1027 Pas and 1028 Pas and the shear modulus 1010 Pa. The high viscosities
ensure that the crust behaves purely elastically even at very small strain rates. Mantle
viscosity was 1020 Pas and the shear modulus 1019 Pa. These simulations yielded the
same results, with the numerically derived ∆τ̄xx always equally close to the analytically
derived ∆τc̄r̄ūs̄t (not shown here). Thus, predicting horizontal deviatoric stresses is
always possible for a purely elastic crust, as stresses are independent of the crustal
viscosity and always distributed inversely proportional to the lengths of the two crustal
parts (see Paragraph 3.4.3, Figure 3.4).

Figure 3.4: Results of the standard 2D model (Paragraph 3.4.1) for the distribution of horizontal
deviatoric stresses and horizontal strain rates in crust and mantle (lower 100 km of the model
are not shown) after 50’000 years for (a, d) a linear viscous crust (1021 Pas) and mantle (1020
Pas), (b, e) a linear viscous crust (1022 Pas) and mantle (1020 Pas) and (c, f ) a purely elastic
crust (shear modulus is 1010 Pa) and a linear viscous mantle (1020 Pas). For low viscosities
(< 1022 Pas) stresses and strain rates are not evenly distributed, but are concentrated around
the topographic step, whereas they are more homogeneous for large viscosity values. Horizontal
strain rates not only show large gradients around the topographic step for low viscosities, but also
for highly viscous or elastic crusts. These gradients are not only restricted to the crust, but can
also be observed in the mantle.
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Stresses, strain rates and deformation zone in 2D

If the crust has a linear viscous rheology with a viscosity < 1022 Pas, stresses are
not evenly distributed but instead concentrated around the topographic step (Figure
3.4a). This is not the case in a highly viscous crust (Figure 3.4b) and in a purely elastic
crust with a typical shear modulus of 1010 Pa (Figure 3.4c). Unlike horizontal deviatoric
stresses, horizontal strain rates vary in both the crust and mantle (Figure 3.4d-f). Strain
rates are symmetrically distributed in the low viscosity crust with large gradients around
the topographic step (Figure 3.4d). Strain rate gradients also exist in the mantle (Figure
3.4f). Strain rates vary by about one order of magnitude within the mantle and across
the topographic step between mantle and crust in all simulations.
In order to estimate the influence of crustal viscosity on the width of the deformation zone, we compare three purely viscous models, all with a crustal thickness of 35 km
below the lowland and 67 km below the mountain (Figure 3.5). For a crustal viscosity
of 1021 Pas the depth-average of τxx changes drastically over time (Figure 3.5a), but
this behaviour becomes less pronounced with increasing viscosity (Figure 3.5b-c). In the
same time interval, thus, less deformation takes place for larger viscosities as a result
of the larger characteristic time (Paragraph 3.4.2, Figure 3.3c), indicating that material
flow equilibrating lateral variations in GPE is slower.
In order to estimate the width of the deformation zone, an e-fold-length was estimated. The minimum, respectively maximum, depth-averaged horizontal deviatoric
stress was determined for both the thin part, where horizontal deviatoric stresses are
negative and the thick part, where horizontal deviatoric stresses are positive. From these
values the e-fold-length was estimated by assessing along which distance the minimal
and maximal values increase/drop by the factor e (= 2.71828, diamonds and circles in
Figure 3.5a). This e-fold-length can be determined for the model with a crustal viscosity
of 1021 Pas only. Stresses are initially distributed homogeneously, with only slight variations in the two crustal parts. After the first time step, a pronounced deformation zone
is developed. From the second time step onwards the e-fold-length in the thick crust
is about 280 km (time step 10, third line from top in Figure 3.5a) and increases with
ongoing equilibrating flow. In the thinner crust the e-fold-length is about 270 km for
the second time step. It decreases to about 255 km at time step 10 and then gradually
increases, as with time stresses tend to be more homogeneously distributed while the
deformation zone widens. For larger viscosities, averaged horizontal deviatoric stresses
do not change by a factor of e along a profile of 2000 km. However, in order to assess
the effects of the model width on the distribution of stresses and the width of the deformation zone, additional simulations with a length of 8000 km (thin and thick crust each
4000 km), were performed. After 20 time steps (100 ka) the e-fold-length of a crust with
a viscosity of 1021 Pas is about 240 km in the thick part and about 225 km in the thin
part. In the model with a crustal viscosity of 1022 Pas the e-fold-length after the same
amount of time (which is the first instance at which the e-fold-length is determinable)
is about 800 km in the thick crust and about 820 km in the thin crust. In the crust
with a viscosity of 1023 Pas an e-fold-length is only determinable after more than 800 ka
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of simulation time and exceeds 3000 km. Thus, horizontal deviatoric stresses are more
evenly distributed in a lithosphere with a highly viscous crust.
The influence of viscosity on the width of the deformation zone should be taken
into account to predict horizontal deviatoric stresses in a crust of known ∆GPE and
thickness. Furthermore, the distance from the topographic step at which flow of the
crust might be obstructed by, for example, a mechanically strong basin (such as the
Tarim basin and Sichuan basin adjacent to the Tibetan Plateau), needs to be considered.
For viscosities ≥ 1022 Pas stresses are sufficiently homogeneously distributed over large
length scales to allow prediction of horizontal deviatoric stresses from GPE.

3.4.4

Comparison of 2D and 3D models: Distribution of stresses and
strain rates

The question arises how stresses change from 2D to 3D models. To answer this,
the 2D model described in Paragraph 3.4.1 was compared with the 3D model with a
ridge-like mountain in its centre (Figure 3.1b).
Figure 3.6 shows a zoom-in of the ridge tip with total stress ellipsoids. The large
ellipsoids in the centre of the ridge have a vertical longest axis, indicating that the ridge
is compressed vertically. The stress ellipsoids become smaller and the longest axes are
progressively tilted to the horizontal towards the lowland. In the lowland, along the axis
of the ridge (y = 1000 km), ellipsoids have their longest axis horizontal, parallel to the
y-axis, which indicates horizontal compression in y-direction. Tilted ellipsoids are not in
agreement with Anderson’s theory of faulting (Anderson, 1951), postulating that close
to the Earth surface one axis of the total stress ellipsoid is oriented perpendicular to the
surface and the two others parallel. The different orientations of the axes of the stress
ellipsoid could explain different orientations of thrust and normal fault planes.
Stress orientations in 3D generally agree with those in 2D simulations. However,
there are significant differences in the magnitude of the maximum and minimum deviatoric stresses. Magnitude and direction of the principal axes of stress of the deviatoric
stress tensor are shown in Figure 3.7. Vertically and horizontally oriented principal
stresses have always the same magnitude in the 2D model (Figure 3.7a). Stresses are
smallest in the middle of the topographic step (x = 1050 km) and largest at the tips
of the mountain (x = 1100 km) and the lowland (x = 1000 km). In a profile along the
Figure 3.5 (preceding page): Evolution of depth-averaged horizontal deviatoric stress (τ̄xx , the
vertical average was taken over the whole model depth, i.e. including the mantle) with time for
linear viscous models with a mantle viscosity of 1020 Pas and a crustal viscosity of (a) 1021 Pas,
(b) 1022 Pas, and (c) 1023 Pas. Model geometry corresponds to the standard model (Paragraph
3.4.1) The three subplots show averages for time steps 1, 2, 10, 40, 80, 120, 160 and 200 (time
step was 5000 years). Diamonds and circles in (a) indicate the e-fold-length, quantifying the
zone where most deformation takes place. The e-fold-length defines the distance along which the
maximum (circle), respectively minimum (diamond), averaged deviatoric stress drops to its 1/eth
value. In (b) and (c) averaged stresses do not drop below the 1/eth value, i.e. stresses are more
homogeneously distributed.
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Figure 3.6: Zoomed 3D view of the ridge tip of the 3D model setup (Figure 3.1b) with total stress
ellipsoids. Around the ridge many of the principal stress axes are not perpendicular, respectively
parallel, to the surface.

3D ridge, minimum and maximum deviatoric stresses are of different magnitude because
conditions of plane strain are not met (Figure 3.7b). In the ridge, the vertically oriented
principal stress is much larger than the horizontally oriented one, whereas in the lowland horizontally oriented stresses are larger than the vertically oriented ones, but the
relative difference is smaller. The ratio between the horizontal and the vertical principal
stresses is maximal at the base of the topographic step (x = 1000 km). This peak in
the ratio indicates the location where the differential stress is largest and, hence, the
location where one would expect a thrust to develop. For the India-Asia collision this
location corresponds with the Main Frontal Thrust marking the boundary between the
Himalayan fold-and-thrust belt and the Indian foreland (e.g. DeCelles et al., 2002). In a
profile in y-direction, across the width of the ridge, the same relative distribution of magnitudes and directions of principal stresses can be observed, with the maximum stress
oriented vertically in the ridge and horizontally in the lowland (Figure 3.7c). Again, the
maximum ratios between horizontal and vertical principal stress are situated at the base
of the topographic step.
While in 2D τxx and τzz have the same magnitude and are symmetrically distributed between the lowland and mountain (Figure 3.4b), deviatoric stresses in the 3D
model with a large plateau are lower and decrease faster away from the topographic step
(Figure 3.8a-c). This effect is stronger for τyy than for τxx and τzz . In order to understand whether the 2D model is a valid approximation of the 3D case, one has to remind
that the 2D case represents a simplified setup of an infinite 3D geometry; in other words,
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it is equivalent to a very long plateau. The pattern and magnitudes of stresses of the 2D
model thus agree best for τxx and τzz with the profile at the back boundary (profile A
in Figure 3.1c) of the 3D model (Figures 3.4b, 3.8a, c)). This part of the model is least
influenced by the lowland in the frontal part of the model. Profiles close to the lowland
(profile B in Figure 3.1c) show larger differences compared to the 2D model. This is best
illustrated with the second invariant of the strain rate tensor (Figure 3.8d-e). Away from
the lowland (profile A in Figure 3.1c), 3D strain rate magnitudes are small and nearly
constant for both mantle and crust with larger values below the plateau (Figure 3.8d).
Higher values can be observed in the mantle around the topographic step. There, strain
rates in the crust and in the mantle vary by a factor of 5. However, close to the lowland
(profile B in Figure 3.1c) the entire upper part of the mantle below the plateau shows
strain rates which are higher by a factor of 2 compared to the above lying crust (Figure
3.8e). Due to the proximity of the lowland, the differences in strain rates between thin
and thick crust are larger, which is even more pronounced in a ridge-like 3D model.
The smaller differences in stresses and strain rates between the 2D models and the
profiles away from the lowland in the 3D models show that 2D models are good approximations for large scale plateaus. Generally speaking, the relations and predictions of
stresses from GPE values cannot be transferred one-to-one from 2D to 3D. Considering
eq. (3.14) and not using the 2D relationship τxx + τyy = 0, but τxx + τyy + τzz = 0 results
in
∂ τ̄xx ∂ τ̄yy
1 ∂
2
+
=
GP E.
(3.17)
∂x
∂x
L ∂x
An analogue expression can be derived for the stress balance in the y-direction. The
∂ τ̄
additional term ∂xyy in eq. (3.17) explains why one expects stresses to be smaller in 3D
models than in 2D models.

3.4.5

Comparison of 2D and thin-sheet models: Evolution of topography and isostasy

We compare the linear viscous 2D model of Paragraph 3.4.1 with a linear viscous
thin-sheet model to quantify the response of numerical models to crustal flow induced by
Figure 3.7 (preceding page): Magnitude and direction of principle axes of stress of the deviatoric
stress tensor of (a) the standard 2D model (Paragraph 3.4.1) and (b-c) of the 3D model with a
ridge after 1.5 Ma (at the beginning of the simulation the plots look the same, however, stress
values are slightly larger). (b) is a profile along the mid of the ridge in x-direction. (c) is a profile
across the ridge in y-direction. Full black lines represent the horizontally oriented principal stress
and the full gray lines the vertically oriented principal stress. Dashed black lines are the ratio of
horizontal and vertical principal stress. (a) In 2D the maximum and minimum principal stresses
are equal. (b-c) In 3D, the maximum principal stress is oriented vertically and the minimum
principal stress is oriented horizontally in the ridge. In the lowland the relationship is reversed.
The peak in the ratio between horizontal and vertical principal stresses is located at the foot of
the topographic step. This marks the transition from thrust faulting in the lowland to normal
faulting in the ridge.
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Figure 3.8: Horizontal deviatoric stresses of the 3D model exhibiting a plateau. (a) shows τxx ,
(b) τyy and (c) τzz of the 3D model. (a-c) are along a profile at the back boundary (profile A in
Figure 3.1c). (d-e) show the second invariant of the strain rate tensor of the 3D model. (d) is
along profile A in Figure 3.1c and (e) along profile B in Figure 3.1c.

the equilibration of GPE and to assess the soundness of the results. The geometry exhibiting a plateau was employed for the thin-sheet model (Figure 3.1c). The parameters
of the thin-sheet model result from depth-averaging of the 2D model parameters, which
resulted in an average lithospheric viscosity of 1.8 × 1021 Pas and an Argand number of
c /ρm )L
225.84 (Ar = gρc (1−ρ
, with g the gravitational acceleration, ρc and ρm crustal and
H ε̇1/n
mantle density respectively, L the lithospheric thickness, H the pre-exponential factor,
ε̇ the background strain rate, taken to be 10−15 s−1 , and n the power-law exponent).
These values are obtained for a 35 km thick lowland crust and a 165 km thick mantle.
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This Argand number is much larger than values usually assumed for typical thin-sheet
models, e.g. applied to the Tibetan Plateau. There, Argand numbers are estimated to
be ≤ 10 (e.g. England and Houseman, 1986; Houseman and England, 1986). The larger
Argand number results from the larger model thickness and indicates that buoyancy
stresses dominate over viscous stresses (e.g. England and McKenzie, 1982; Lechmann
et al., 2011).
Since the thin-sheet model is best suited to model thickening, respectively thinning
processes (e.g. Lechmann et al., 2011), we first assess whether the topography evolves
similarly in the 2D and in the thin-sheet models (Figure 3.9). Equilibration of differences
in GPE between plateau and lowland levels the topography at 2.36 km for an average
crustal thickness of about 50 km (Figure 3.9a). In the 2D model the width of the
topographic step between the lowland and the mountain varies with time (Figure 3.9a).
It initially widens, and then becomes narrower while the topography is smoothed. In
the thin-sheet model, the original step width of 100 km is maintained and is merely
shifted towards the lowland (Figure 3.9b). This difference can be explained with the
fact that, unlike in the 2D model, vertical shear components are assumed to be zero in
the thin-sheet model and material does not exhibit any flexural strength. In the thinsheet model, thus, no diffusive equilibration of differences in crustal thickness can occur,
whereas in the 2D model the crust has a certain resistance to shearing that leads to
progressive smoothing of the relief.
Another difference between 2D and thin-sheet models is the shape of lowland
and mountain. In 2D models, lowland and mountain are first flexed (the mountain
concavely and the lowland convexly upward) followed by a period during which the
lowland surface is uplifted and the mountain surface depressed by a few 100 metres,
while the topographic step remains approximately stable (second line in Figure 3.9a).
Such movements are important to observe, as erosion will principally act at the tip
of the mountain. The flexures of lowland and mountain are reversed during ongoing
deformation due to equilibration of ∆GPE. In profiles through any part of the thinsheet model, on the other hand, lowland and mountain remain flat (Figure 3.9b). For
comparison an additional thin-sheet simulation with a realistic Argand number of 3 was
performed. This revealed that the general patterns of the stress and topography profiles
do not change, only absolute values and the timing are different.
A characteristic feature of thin-sheet models is that isostatic conditions are always
fulfilled. A comparison of thin-sheet with 2D models is thus only valid if this condition
is fulfilled in both models. In the 2D model, the lower boundary is fixed in z -direction
and allows free slip in x -direction which does not exactly abide by the perfect-isostasy
assumption of the thin-sheet model. However, the weak (1020 Pas) lithospheric mantle is
able to account for isostasy-compensating movements. To demonstrate this, deviations
from local isostasy due to the action of flexural stresses are compared in two 2D models
(Figure 3.10). The reference 2D model (Paragraph 3.4.1, open circles in Figure 3.10) was
compared with a model that has the same crustal geometry and material parameters,
but with an additional 50 km weak layer (viscosity = 1019 Pas), below the mantle (filled
circles in Figure 3.10). The equilibrating flow from large towards low GPE initially
disturbs the isostatic equilibrium in the standard model (Figure 3.10). For each time
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Figure 3.9: Evolution of topography over time for (a) the 2D model (Paragraph 3.4.1) and (b)
the corresponding thin-sheet model with a plateau. (b) is along profile A in Figure 3.1c (evolution
of topography along profile B in Figure 3.1c is equivalent). The 2D model shows the evolution
of topography until all lateral variations are smoothed out (37.5 Ma). However, the thin-sheet
simulation was only run for 1 Ma.

step, the deviation from isostasy can be calculated by dividing the maximum variation
of σzz at the bottom of the model by ρg (with an average density of 3050 kgm−3 ). The
resulting deviation from isostasy decreases with time until all σzz differences along the x axis are suppressed. The effect of the weak layer below the mantle on flexural isostasy is
that maximum variations of σzz are smaller throughout the simulation. Initial maximal
variations of approximately 10 MPa result in a deviation from isostasy of about 330 m,
whereas the standard model shows a maximal deviation of about 510 m at the same
stage. Thus, the additional weak layer at the bottom of the model induces a faster
recovery of the isostatic equilibrium. These considerations indicate that differences of
a few 100’s of metres exist when comparing 2D and thin-sheet models. 300 − 500 m
deviation from isostasy approximately correspond to the surface uplift or subsidence
observed when the equilibrating flow from high to low GPE value starts (Figure 3.9a).
These effects, however, are ignored in the thin-sheet model. The 2D model is therefore
more complete as it includes shear stresses and vertical variations of material parameters.
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Therefore, the 2D model allows observing flexural isostasy that compensates isostatic
stresses and arises from the flexural rigidity of the crust. These flexural effects and
the related differential uplift and subsidence are likely important when studying the
interaction between tectonic and surface processes.

Figure 3.10: Evolution of the deviation from isostasy for 2D models with (i) a mantle with a
viscosity of 1020 Pas and a crust with a viscosity of 1022 Pas (open circles), and (ii) with the
same mantle and crustal parameters but with an additional weak layer of 50 km thickness, with a
viscosity of 1019 Pas below the mantle (filled circles). Deviation from local isostasy in 2D models
is caused by flexural isostasy.

3.4.6

Impact of an intermediate weak crustal layer

Several studies (e.g. Clark et al., 2005; Clark and Royden, 2000; Royden et al.,
1997, 2008) have investigated flow in a horizontal, weak intermediate crustal layer. They
investigated the relationship between crustal flow and topographic gradients and the
effects of crustal flow on crustal thickening and plateau formation. Other studies (e.g.
Beaumont et al., 2001, 2004; Jamieson et al., 2004) linked exhumation of deep crustal
rocks to low-viscosity crustal channels. Along this line of thoughts, we performed a series
of models in which a weak horizontal layer was placed within the crust. Such a layer is
suggested from tomography studies which identify low velocity zones within the crust
and relate them to weak material (e.g. Jiang et al., 2011). The standard setup (35 km
thick lowland, 67 km thick mountain) was used. Three settings were tested: (i) The thin
and thick parts of the crust are each 1000 km long, the intermediate weak layer has a
thickness of 7 km and the crustal layers on top and below are 14 km thick each. Both,
intermediate weak layer and mantle have a viscosity of 1020 Pas and the other crustal
layers have a viscosity of 1022 Pas. Densities are 2700 kgm−3 and 3200 kgm−3 in crust
and mantle, respectively. (ii) The second setting has the same material parameters but
the thin crust is 250 km long and the thick crust is 1000 km long. The intermediate layer
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has an initial thickness of 15 km and the crustal layers below and above are both 10 km
thick. (iii) Finally, we used the same geometry as in (ii), but with a power-law viscous
rheology with a power-law exponent of 3 in all layers. Time steps were 5000 years for the
linear viscous simulations and 1000 years for the power-law viscous simulation. In setting
(i), the equilibration of the lateral variations in GPE develops a circular flow field and
both topographic and Moho steps are smoothed out (Figure 3.11a-d). Redistribution of
crustal material produces a step in the intermediate layer, which is thinned under the
plateau and thickened in the lowland. The same behaviour is observed in setting (ii) but
with more pronounced thickening and thinning of the weak crustal layer (Figure 3.11e).
Setting (iii) shows a more complex behaviour (Figure 3.11f). The intermediate weak
layer is pinched below the mountain and swells strongly in the lowland at the foot of the
mountain. Although these effects depend on the actual viscosity values, the localized
thickening and thinning of the weak crustal layer and the shifting of its relative depth
can give important insights into exhumation processes of lower crustal rocks, which are
brought closer to the surface during equilibration of lateral variation in GPE.
Stresses in the layered crust are symmetrically distributed between thin and thick
crust (Figure 3.11a), like in models with a vertically homogeneous crust (Figure 3.4).
Furthermore, horizontal deviatoric stresses in the top and bottom crustal layers have
the same magnitudes as in the homogeneous crust. Prediction of ∆GPE-related stresses
is thus also valid for this model geometry.
The results show that for a crustal viscosity of 1022 Pas an initially flat weak
layer is unstable and will deflect during the equilibrating flow due to the gradients in
strain rates, which are most pronounced around the topographic step (Paragraph 3.4.4,
Figure 3.8). However, most studies investigating flow in a weak crustal channel assume
a stable horizontal geometry and channel thickness (e.g. Clark et al., 2005; Clark and
Royden, 2000). Clark et al. (2005) already suggested that the channel might be deflected
and thickened if their assumptions (rigid and parallel channel walls) are not imposed.
Assumptions made by Clark and Royden (2000) and Clark et al. (2005) are more realistic
if the embedding crust has high viscosity. The crust in the model of Figure 3.11a-d has
a crustal viscosity of 1022 Pas and a channel viscosity of 1020 Pas. After 37.5 Ma the
channel exhibits a step and lies higher below the mountain than below the lowland. If
the crustal viscosity is increased to 1023 Pas, the step is smaller. Pinching and swelling
of the crustal channel takes place at the topographic step, like in the power-law viscous
model (Figure 3.11f). If crustal viscosity is further increased to 1024 Pas the channel
remains approximately horizontal and is slightly thinned below the mountain and slightly
thickened below the lowland. At the topographic step the channel is pinched and swelled.
However, the larger the crustal viscosity and the more stable the geometry of the weak
crustal channel are, the slower is flow in the channel. The channel flow velocity after
2.5 Ma is 2.6 cmyr−1 at the topographic step for a viscosity of 1022 Pas, 0.46 cmyr−1 for
a viscosity of 1023 Pas and 0.05 cmyr−1 for a viscosity of 1024 Pas. Thus, to get channel
flow with velocities of a few centimetres per year, as suggested by Clark et al. (2005),
the crust should have a viscosity in the order of 1022 Pas, which is an average value
also suggested for the crust below the Tibetan Plateau (e.g. England and Molnar, 1997;
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Flesch et al., 2001). However, for such a viscosity, the weak channel does not remain
horizontal.

Figure 3.11: Evolution of a 2D model, including an intermediate weak crustal layer, towards a
final equilibrium state where topography is smoothed out. Colors indicate horizontal deviatoric
stress (τxx ) and white arrows represent the velocity field. (a-d) show the stages of a linear viscous
model (crust: 1022 Pas, intermediate weak layer and mantle: 1020 Pas) towards a flat topography.
(e) shows the final stage of a linear viscous model setup same parameters as in (a-d), however,
with an initially shorter lowland (by a factor of 4) than the thick part of the crust. (f ) shows the
same model setup as (e) at an intermediate stage for a power-law viscous rheology (power-law
exponent: 3). Box in (d) and (f ) is also shown in grayscale for better visibility.

3.5
3.5.1

Discussion
Model results

Derivation of the relationship between horizontal deviatoric stresses and ∆GPE
reveals that differences of vertically averaged horizontal deviatoric stresses ∆τ̄xx between

87

GPE INDUCED STRESSES AND DEFORMATIONS

3.5. DISCUSSION

mountain and lowland can be predicted for 2D geometries. Comparing analytically
mountain −
derived ∆τc̄r̄ūs̄t values with the numerically derived depth-averaged ∆τ̄xx (= τ̄xx
lowland
τ̄xx
) shows that absolute values of deviatoric stresses can be predicted when dividing
∆GPE by twice the average crustal thickness (Figure 3.3). The absolute values of
deviatoric stresses vary inversely proportional to the lengths of the thin and thick crust
and are independent of the respective crustal thickness but dependent on the average
crustal thickness. The analytically derived stress value represents an upper limit for
GPE induced stress differences. If, however, additional tectonic components such as
shortening are present, one can expect that stress differences are larger.
The second invariant of the stress tensor (τII ) in crustal profiles along the x -axis
evolves differently in 2D, 3D and thin-sheet models. The 2D model and the back part
(away from the frontal lowland) of the 3D model display the same bulk behaviour (Figure
3.12d-e). However, while τII is symmetrically distributed in 2D, stresses decrease more
rapidly in the lowland of the 3D model. In contrast, the profile through the back part of
the thin-sheet model with a plateau shows a very different behaviour (Figure 3.12f). τII
is constant in the plateau and decreases in the lowland. Like in the 3D model stresses
are not symmetrically distributed. However, in the profile through the front part of the
plateau close to the lowland the thin-sheet model shows the same pattern as the 3D
model, where gradients in τII are visible both in the plateau and in the lowland (Figure
3.12b-c). Both in the thin-sheet and 3D model stresses are not symmetrically distributed
between lowland and mountain. Differences between stresses in the lowland and the
plateau are more pronounced, due to the proximity of the lowland in the front part of
the model. From this overall comparison, the 2D model can be taken as a simplification
of a large, widespread plateau. In other words, the 2D model represents the back part
of the 3D large plateau. Therefore, predictions of horizontal deviatoric stresses can be
made for large plateaus and areas far away from the lowland. Yet, these predicted GPE
induced stresses represent an upper limit particularly if the crust is weak. In that case,
stresses are distributed differently and average stresses are lower than predicted. The
same applies for 3D models, where stresses are slightly smaller than predicted by the 2D
static equilibrium, particularly in the lowland. Hence, the simple analytical relationship
to predict deviatoric stresses in the crust cannot be applied without reservations to
any 3D geometry and accurate estimates of deviatoric stresses in distinct 3D geological
features require full 3D simulations. Such 3D geological features are, for example, the two
Himalayan syntaxes and our results indicate that stress predictions around the syntaxes
should be performed with 3D models.
The thin-sheet model differs in many aspects from 2D and 3D results. Stresses
in a thin viscous sheet are distributed differently and overall stress magnitudes are
smaller due to depth-averaging of parameters. Depth-averaging material parameters
and ignoring vertical shear stresses also leads to differences in isostasy-compensating
flow. While the thin-sheet is a priori in isostatic equilibrium, the flexural rigidity of
the crust produces deviations from local isostasy in 2D models. Moreover, thinning
and thickening rates are laterally constant and thus no diffusive but rather step-like
equilibration of the topography variations takes place.
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Figure 3.12: Profiles of τII (i.e. second invariant of deviatoric stress tensor) in x-direction
through the (d) 2D, (b, e) 3D and (c, f ) thin-sheet model. (a) shows the location of the different
profiles. The 2D profile is equivalent to the situation in the back part of the 3D, respectively
thin-sheet model. The 2D model shows the evolution for 37.55 Ma (lines from top to bottom
correspond to 50 ka, 100 ka, 2.55 Ma to 25.05 Ma in steps of 2.5 Ma, and finally 37.55 Ma).
The 3D and thin-sheet model show the evolution for 1 Ma.
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Another shortcoming of both thin-sheet and channel flow models becomes apparent
when considering the variations of strain rates with depth in 2D and 3D models. The
second invariant of the strain rate tensor varies significantly at locations where gradients
exist in topography and crustal thickness, and thus in GPE (Figure 3.8). However, at
these crucial localities thin-sheet and channel flow models imprecisely render the stress
and strain rate field. Furthermore, such variations contradict the basic assumption
of thin-sheet models which states that vertical variations of parameters are negligible
on a lithospheric scale (England and Houseman, 1986; England and McKenzie, 1983;
Houseman and England, 1986). But the entire model dynamics discussed in this study
are generated from horizontal and vertical variations in stresses and strain rates which are
most pronounced at the transition of thin to thick crust. Therefore, the thin-sheet model
is the least suitable model applied in our study to investigate GPE induced stresses and
to trace the overall evolution (geometry and parameters) correctly, especially in areas
with significant variations in GPE (i.e. significant variation of crustal thickness) and
with 3D geometrical variations such as orogenic syntaxes.
Although using a very simplified model setup with two layers, representing a strong
upper part and a weak lower part of the lithosphere, the presented model approaches reality better than the depth-averaged thin-sheet model. Typical yield strength envelopes
of the lithosphere (e.g. Jackson, 2002) all indicate a decreasing strength below a depth
of approximately 50 km. Due to increasing temperature strength is decreasing exponentially towards zero. Irrespective of the question whether the lithosphere is coupled
or exhibits an intermediate weak decoupling layer, strength and large viscosities are
concentrated in its upper part. Thus, the two-layered character of the lithosphere is
respected in our simple models. Solely, the discrete jump in viscosity between the two
layers is strongly simplified.
In our simple model the base of the crust has always the same viscosity, and
hence strength, independent on its depth. In reality, the strength and viscosity at the
base of the crust may vary along the crustal base especially in regions of significant
variations of crustal thickness, because the temperature at the base of the crust may
vary significantly. However, studies on earthquake depth distributions in the India-Asia
collision zone indicate that earthquake depths agree well with the Moho depth, which
varies between 40 km and 80 − 90 km (e.g. Priestley et al., 2008). This agreement
of earthquake and Moho depths suggests that the lithosphere has significant strength
around the Moho, independent of the Moho depth, as assumed in our models.

3.5.2

Application to India-Asia collision

An initial working hypothesis for this study was to test the possibility of folding
in lowlands driven by the excess GPE of a neighbouring mountain or plateau. For that,
stresses originating from lateral variations in GPE must be sufficiently large. Maximum
horizontal deviatoric stresses ranging between 30 MPa and 50 MPa (Figures 3.4, 3.7
and 3.8), arising from typical ∆GPE values of approximately 7 × 1012 Nm−1 (Paragraph
3.4.2), as e.g. predicted for the Tibetan Plateau (Molnar and Lyon-Caen, 1988), are
too small to induce folding. Stress-focussing to a degree that would allow buckling is

90

GPE INDUCED STRESSES AND DEFORMATIONS

3.5. DISCUSSION

not possible since the average crustal thickness is of primary importance and stresses
are equally distributed, independently of effective crustal thickness. Only the model
exhibiting a power-law rheology and an intermediate weak layer (Figure 3.11f) shows
high absolute stress values (∼ 50 MPa) after some amount of deformation, while in the
linear viscous case stresses decrease rapidly after the onset of equilibrating flow.
Examples of such crustal scale folds are the Himalayan syntaxes. They are located
at the western and eastern edges of the Himalayas (Burg et al., 1997; Koons et al., 2002;
Zeitler et al., 2001) and represent crustal-scale antiforms cored by deep crustal rocks.
They were formed late (approximately 4 Ma ago) in the history of the India-Asia collision
(Seward and Burg, 2008), which started in the Eocene (Burg and Chen, 1984). The
relationship between their characteristic location and their uplift is not fully understood.
Burg et al. (1997) proposed crustal-scale folding. Burg and Podladchikov (2000) tested
this hypothesis with 2D mechanical finite element models and identified thrusting to
become an important mechanism after few tens percent of bulk shortening. Zeitler et al.
(2001) and Koons et al. (2002) emphasized the effect of erosion within deep gorges of
the Indus and the Tsangpo which focused strain and enhanced exhumation. This study
shows that lateral variations in GPE do not provide stresses large enough to be the
sole agent for the formation of the Himalayan syntaxes. However, oblique convergence
between India and Asia leads to an arc-parallel component of motion, increasing from
the centre of the Himalayan range outward to the west and east (Styron et al., 2011).
The arc-parallel component is responsible for extension and translation in the Himalayan
chain. A combination of convergence, arc-parallel movement of more than 3 cmyr−1 and
the additional force exerted by the load of the Himalayan chain might thus be able to
generate stresses large enough to account for crustal scale folding at the extremities of
the Himalayas. Furthermore, the Quetta-Chaman-Fault and the Sagaing Fault, which
act as pinpoints of the Himalayan Frontal Thrust (e.g. Treloar et al., 1991) are the
lateral termination of the Himalayan range and lie close to the western and eastern
syntaxes, respectively. Both the Himalayan Frontal Thrust and the laterally terminating
Quetta-Chaman-Fault and Sagaing Fault thus exert a structural control on the growing
syntaxes. Due to the proximity of the faults, the length of crust to be folded to generate
the syntaxial antiforms is shorter by about a factor of 2 than considered in the 2D
and 3D simulations in this study. This might be a controlling factor in the evolution
of the syntaxes. Moreover, exhumation of crustal material is also coupled to erosion,
which first acts on the most elevated features. From the evolution of topography in
the 2D model (Paragraph 3.4.5) it can be seen that the topography is bent (Figure
3.9a). First, topography is flexed downward on the plateau and upwards in the lowland,
creating a basin and a protruding mountain tip, where erosion first will act. The presence
of a weak crustal layer is another component that can facilitate exhumation of deep
crustal material. During the equilibrating flow, smoothing differences in surface and
Moho topography, a horizontal weak crustal layer is unstable and deflects, resulting
in channel geometries which are promising for further studies of crustal exhumation
processes. These results, however, have important consequences for simplified models
assuming a fixed horizontal weak layer (e.g. Clark et al., 2005; Clark and Royden, 2000).
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It turns out that such a model setup is only realistic for highly viscous crusts (> 1023 Pas)
for which, however, horizontal velocities in the channel are less than 1 cmyr−1 .

Figure 3.13: Results of an applied study of the India-Asia collision. Inset in (a) shows the model
domain with the topography (using CRUST2.0). The square represents the zoomed area of the
western syntaxis in (a-d). In (a) the surface is shown in 3D-view with deviatoric stress ellipsoids
on the surface. (b-d) are map views of horizontal stress directions (red is compression, blue is
extension) of the same area for (b) the surface, (c) the lower crust and (d) the upper lithospheric
mantle.

All simulations performed in this study exhibit simple geometries and rheological
laws and are applicable to natural examples only to a limited extent. However, our
main aim was to clarify the relations between deviatoric stresses and ∆GPE and to
emphasize the need of a clear distinction between different stresses, stress-components
and forces. The goal was also to get an understanding of the fundamental deformation
processes induced by differences in GPE in the lithosphere. Such work prepares the
necessary ground for more applied studies exhibiting usually significantly more complex
geometries. For example, Figure 3.13 shows results from a model applied to the IndiaAsia collision. A 3D model is set up using available geophysical data (e.g. topography
and depths of lithospheric layers from the CRUST2.0 data set (Laske et al., 2002),
Moho depths of seismic surveys and gravity data) to closely match today’s state of the
collision. After building a model which is well constrained in terms of geometry and
material parameters, the aim is to perform instantaneous indentation of India into Asia
and to observe processes taking place in the different lithospheric layers (upper and
lower crust, upper and lower lithospheric mantel). Figure 3.13 shows deviatoric stress
ellipsoids and horizontal deviatoric stress directions for the surface (Figure 3.13a-b),
the lower crust (Figure 3.13c) and the upper lithospheric mantle (Figure 3.13d) around
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the western Himalayan syntaxis. Like in the simple 3D setup used in this study it
can be observed that on the surface stress ellipsoids are smaller in the lowland than
on the Tibetan Plateau. Moreover, such a detailed model distinguishing the different
layers allows to study and compare their respective stress, strain and velocity fields and
to assess the relative importance of different processes within the layers. In all layers
deviatoric stresses indicate N-S directed compression in India, caused by the indenting
boundary condition applied at the front of the model. However, stress magnitudes are
not the same in all layers. Stresses in the relatively weak lower crust are smaller than in
the upper crust and upper lithospheric mantle. On the surface at the highest elevation
of the Tibetan Plateau SW-NE, respectively WSW-ENE directed extensional stresses
can be seen, which is also observed in nature. To interpret and analyse the results of
such complicated 3D models correctly it is essential to have a good understanding of
the basic relationship between stress field and variations of GPE, as was investigated in
this study. Firstly, this allows to distinguish between GPE induced stresses and tectonic
stresses. Secondly, it is possible to constrain viscosities. The Tibetan Plateau is currently
in a state of ongoing south-north convergence and is not simply collapsing despite the
increased ∆GPE values in the centre of the plateau. Therefore, viscous stresses are
high enough to counteract the gravitational stresses and to support the high elevations.
If model viscosities are chosen large enough the resulting viscous stresses are able to
equilibrate or overprint GPE induced stresses and the stress and velocity fields of the
India-Asia collision known from geophysical data can be reproduced.

3.6

Conclusions

We derived analytical relations between deviatoric stresses and GPE in 2D. These
relations accurately predict numerically calculated stresses in an elastic, a power-law viscous and a highly viscous crust, which are induced by a GPE variation caused by a lateral
variation in crustal thickness. The stress magnitude is independent of the thickness of
either the thin or thick crust but depends on the average thickness of the crust. Stress
magnitudes in the thin and thick crust vary in sign, the thin crust being compressed and
the thick crust extended. Absolute stress values also depend on the length-ratio of the
respective thin and thick crustal region where stresses are proportionally larger in the
shorter crustal region. Stress predictions are less precise for low viscosity (<∼ 1022 Pas)
crusts, in which a deformation zone with high stress values arises around the topographic
step. A strong decrease of stresses away from the topographic step is also observed in
3D models. In 3D, a distinction has to be made between (i) the plateau interior, for
which stresses can be predicted and (ii) the frontal part of the plateau. The latter is
equivalent to the ridge-like mountain geometry, for which stress predictions cannot be
made using the simple analytical 2D relations. Accurate estimates of stresses for distinct
3D geometries thus require 3D simulations. Comparison of stresses in 2D, 3D and thinsheet models furthermore revealed that depth-averaged thin-sheet models inaccurately
predict stresses in the crust and imprecisely simulate the evolution of topography and
stresses around the topographic step between lowland and mountain, because regions
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with significant variations in crustal thickness are characterized with significant vertical
variations in strain rate which are ignored in thin-sheet models.
For typical crustal viscosities, a horizontal weak crustal layer is unstable and deflects during crustal flow due to large gradients in the strain rates around the topographic
step. A horizontal weak layer is more stable for higher crustal viscosities, however,
higher crustal viscosities cause a decrease in the horizontal velocities in the weak layer
and, hence, a decrease of channel flow. This deflection of horizontal weak crustal layers
provides constraints for the applicability of crustal channel flow models in regions with
significant variations in crustal thickness and GPE.
This work yields insights into possible processes leading to the exhumation of
crustal material and formation of orogenic syntaxes like in the Himalayas. Flexural
bending of both the lowland and mountain leads to the formation of protruding mountain tips and basins on which erosion will have a significant influence. Adding a weak
intermediate crustal layer significantly alters flow of material in the crust and is a promising mechanism to explain the exhumation of deep crustal rocks.
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4.1

Summary

The dynamics of the India-Asia collision and the impact of the strength of the Indian lower crust on these dynamics are studied using 3D thermo-mechanical modeling.
The model includes an Indian oceanic, Indian continental and an Asian continental domain. Four layers are considered in each domain: upper and lower crust, and upper and
lower lithospheric mantle. The Tarim and Sichuan basins are included as effectively rigid
blocks and the Quetta-Chaman and Sagaing strike-slip faults as vertical weak zones. The
crustal geometry, the densities and viscosities are constrained by geophysical data (e.g.
Bouguer anomalies, CRUST2.0 data, seismic reflection profiles). Results for instantaneous indentation indicate that different density distributions have a minor impact on
model results. Typical experimentally derived flow laws yield effective viscosities and
stresses consistent with variations in gravitational potential energy (GPE). GPE variations cause locally significant deviations from lithostatic pressure in the mechanically
strong layers (up to ∼ 500 MPa). Results indicate that varying the Indian lower crustal
viscosity significantly (i.e. 3 orders of magnitude) has a moderate impact on the sur-
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face strain rates (i.e. 0.5 − 1 order of magnitude) and a minor impact on the surface
velocity field. GPS velocities fit model velocities for Indian lower crustal viscosities of
1021 − 1024 Pas, for a strong Quetta-Chaman Fault (1022 Pas) and a weak Sagaing Fault
(1020 Pas). For an Indian lower crustal viscosity of 1021 − 1022 Pas, narrow zones of high
stresses in the upper crust correlate with the location of the Main Boundary and Main
Frontal Thrust.
Keywords: Continental collision; India-Asia collision; Tibetan Plateau; Finite elements; 3D numerical modeling; Crustal viscosity.

4.2

Introduction

Several types of numerical models have been applied to study the India-Asia collisional system and provided important insights into its dynamics. For example, thin
viscous sheet models could explain the overall crustal thickening and horizontal velocity
field as a result of the continuous viscous deformation of the Asian lithosphere, caused
by the indentation of the Indian plate (e.g. England and Houseman, 1986; Houseman
and England, 1986). In contrast, slip-line field models were applied to study discontinuous deformation and could explain the overall pattern of strike-slip faults in the Asian
crust related to the collision with India (e.g. Tapponnier and Molnar, 1976; Tapponnier
et al., 1982). These models are based on many simplifying assumptions, which is justified
because they focus on first-order processes such as faulting or thickening. A variety of
more elaborated thermo-mechanical two-dimensional (2D) models have also been applied
to the India-Asia collision to better understand the involved tectonic processes such as
crustal and lithospheric folding (e.g. Burg et al., 1994; Burg and Podladchikov, 1999,
2000; Burg and Schmalholz, 2008; Burov et al., 1993; Cloetingh et al., 1999), crustal
channel flow (e.g. Beaumont et al., 2001; Clark and Royden, 2000; Royden et al., 2008)
or lithospheric flexure (e.g. Cattin et al., 2001; Hetényi et al., 2006). Common to most of
these models is that the setup and the geometry are kept simple, by either considering a
homogeneous lithosphere or by only implementing a few, horizontally continuous layers.
However, the impact of horizontal heterogeneities, such as the rigid blocks of the Tarim
basin and the Sichuan basin, have also been incorporated into thin-sheet and channel
flow models in order to assess their impact on velocity, strain rate and stress fields, and
particularly to study the formation of vertical (i.e. strike-slip) shear zones (e.g. Dayem
et al., 2009a,b; England and Houseman, 1985) and anomalously high topography (e.g.
Clark et al., 2005; Cook and Royden, 2008).
Concerning the large-scale 3D dynamics, thin viscous sheet models are well suited
to study the India-Asia collision numerically (e.g. Dayem et al., 2009a,b; Flesch et al.,
2001; Vergnolle et al., 2007). However, more elaborated, fully 3D models are necessary
to better understand, for example: (1) the relative importance of ductile deformation
processes such as thickening, folding and crustal flow (e.g. Lechmann et al., 2011), (2)
the impact of the mechanical layering of the deformable Indian and Asian lithospheres,

100

DYNAMICS OF THE INDIA-ASIA COLLISION

4.2. INTRODUCTION

(3) the impact of the relative strength of the Indian lower crust underplating the Asian
crust (Nábělek et al., 2009), (4) the impact of existing strike-slip fault zones and (5) the
stress and pressure field and its deviation from the lithostatic pressure resulting from
lateral variations in gravitational potential energy (GPE) and from mechanical layering.
Therefore, resolving current controversial issues concerning the relative strength of the
lower crust, the maximal stress and pressure levels in the continental lithosphere or the
formation of the distinct 3D syntaxes requires the application of full 3D models.
Here, we apply a fully 3D numerical model to study the dynamics of the IndiaAsia collision and focus on the aforementioned questions. Our approach is to configure
a model that describes the current state of the India-Asia collision as realistically as
possible and is still computationally feasible for the currently available computational
infrastructure. The 3D model considers temperature-dependent viscosities based on
experimentally derived flow laws, the mechanical layering of the lithosphere (i.e. upper
and lower crust, upper and lower lithospheric mantle) and three lithospheric domains,
i.e. Indian oceanic, Indian continental and Asian continental lithosphere, and takes
surface topography (and hence variations in gravitational potential energy) into account.
We then perform a few time steps to calculate the instantaneous velocity, strain rate
and stress fields. By varying material parameters we can quantify the impact of the
parameter’s variations on the simulation results and constrain the parameters which
yield results that agree best with the observed data.
One aim of our study is to configure a thermo-mechanical 3D numerical model including both vertical and horizontal heterogeneities and allowing for the ductile processes
thickening, folding and crustal flow. With application to the India-Asia collision (Figure
4.1) the model setup thus comprises the rheological layering of the Asian lithosphere,
the Tarim basin and the Sichuan basin, which are both considered to be effectively
rigid obstacles (e.g. Molnar and Tapponnier, 1981), and the deformable Indian indenter
consisting of layered continental and oceanic lithosphere. Considering a layered and
deformable Indian indenter is novel with respect to recent 3D models of the India-Asia
collision, which assume a rigid indenter (e.g. Liu and Yang, 2003; Yang and Liu, 2009).
We aim at configuring a model of the India-Asia collision which closely resembles
today’s state of the collision zone by using geophysical data. Geometry is primarily
configured by using the CRUST2.0 data set (Laske et al., 2002). As an improvement for
the depth of the Moho, we compile values from the latest seismological profiles acquired
in the area of interest to best approach the geometry of this key boundary. Density
is constrained by comparing observed Bouguer anomalies on and around the Tibetan
Plateau (see compilation in Hetényi (2007) and Hetényi et al. (2007)) with the gravity
signal of the model. Finally, viscosity is also constrained by comparing viscous stresses
and stresses derived from gravitational potential energy (GPE, (e.g. Ghosh et al., 2006,
2009)).
This detailed model setup then allows performing instantaneous deformation simulations for different boundary conditions. We consider one scenario where all lateral
boundaries are no-slip boundaries, the bottom is a free slip boundary and the top is a
free surface. Gravity is the only driving force and deformation is due to the equilibration
of lateral variations in GPE. The arising flow leads to variations between lithostatic and
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Figure 4.1: Tectonic overview of the India-Asia collision. Background is an elevation map
(maps-for-free.com). The gray highly elevated area represents the Tibetan Plateau. The dashed
lines are the main sutures between the terranes composing the Tibetan Plateau (ITS: IndusTsangpo Suture, BNS: Bangong-Nujiang Suture, JS: Jinsha Suture). Major strike-slip faults are
the Quetta-Chaman Fault (QCF), the Sagaing Fault (SF), which are included in the model setup,
and the Karakorum Fault (KF), the Altyn Tagh Fault (ATF) and the Ornach-Nal Fault (ONF).
The Tarim and the Sichuan basin are included in the model as rigid obstacles.

dynamic pressure which are quantified. In a second scenario horizontal velocities are
applied at the southern front of the model to investigate the predicted velocity, strain
rate and stress field in terms of lateral and vertical variations arising from the applied
geometry and material parameters. Different model and material parameters are tested
in order to assess their relative importance and impact on the deformation field. In particular we test how the strength (i.e. viscosity) of the underplating Indian lower crust
affects deformation of the adjacent units, especially the surface. Furthermore, vertical
variations in the horizontal velocity field are studied in order to assess if channel flow or
lower crustal flow can be observed. Finally, the predicted velocity and stress fields are
compared to measured data, such as GPS velocities, and observed geological features.
Similar comparisons of model results and available data of the Tibetan Plateau have
already been done by, e.g., Wang et al. (2008) (GPS velocities), Yang and Liu (2009)
(topography) and Copley et al. (2011) (focal mechanisms). This approach allows narrowing down the rheology of the different tectonic units and layers. Constraining rheology
and material parameters of the lithosphere is still an important field of research since it
is difficult to upscale parameters measured on small rock samples in rock-deformation
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laboratories to lithospheric scale. Numerical models, such as the one presented here,
however, are able to fill this gap.

4.3

Methods

The numerical thermo-mechanical simulations were performed using the parallel
3D finite element code LaMEM. The governing equations and the discretization of the
equations are presented in detail in Lechmann et al. (2011) and a short summary is given
in the Appendix of this chapter.

4.3.1

Model setup and boundary conditions

The model geometry is based on the data of CRUST2.0. For a model including
India and the Tibetan Plateau data from 0 − 60◦ N and 61 − 121◦ E are considered.
The topography and the depths of the upper crust, middle crust and lower crust are
used to configure the crustal geometry. We only distinguish an upper and lower crust
in our model and, therefore, the upper and middle crust of CRUST2.0 are combined
to form the upper crust, which ensures that the layers in the numerical models are
resolved with a sufficiently high numerical resolution. The upper lithospheric mantle
has a uniform thickness of 22 km and the lowermost layer, the lower lithospheric mantle
reaches down to a depth of 200 km. Since the compilation of CRUST2.0 new data have
been acquired and more detailed Moho-depths are available, therefore, we have used the
latest seismological profiles through the Tibetan Plateau to complement the CRUST2.0
data set (Figure 4.2a) and to update Moho-depths. Published seismological data of the
area of the Tibetan Plateau of the last 15 years were digitized, referenced to sea level
and added to the Moho-depths of CRUST2.0 (Figure 4.2b). The CRUST2.0 data were
adapted by interpolating the Moho-depths between the different profiles, which results
in a Moho that is locally up to 20 km deeper than in the CRUST2.0 data set (Figure
4.2c), resulting in a maximum depth of 90 km. The data of the following publications
were used: Acton et al. (2010); Hauck et al. (1998); Kind et al. (2002); Li and Mashele
(2009); Nábělek et al. (2009); Rai et al. (2006); Robert et al. (2010); Schulte-Pelkum
et al. (2005); Shi et al. (2004); Singh et al. (2010); Vergne et al. (2002); Wang et al.
(2010); Wittlinger et al. (2004a,b); Zhang et al. (2009); Zhao et al. (2010), Zurek and
Meltzer (pers. comm.).
The four layers composing the model are laterally subdivided into an Indian
oceanic domain, an Indian continental domain and an Asian continental domain (Figure
4.3a). Boundaries between oceanic and continental domains correspond with coastlines
and the boundary between the Indian and Asian domain is the Main Frontal Thrust.
In addition, the Quetta-Chaman Fault and the Sagaing Fault (e.g. Molnar and Tapponnier, 1975) are included as weak zones. They are four elements wide and cover the
entire model depth. As the viscosity of the lower lithospheric mantle has a similar viscosity as the weak zones, they only affect the upper lithospheric mantle and the crustal
layers (earthquake epicentres along the Sagaing fault reach down to > 100 km (USGS,
2012)). Furthermore, the Tarim basin and the Sichuan basin are included in the crust as

103

DYNAMICS OF THE INDIA-ASIA COLLISION

104

4.3. METHODS

DYNAMICS OF THE INDIA-ASIA COLLISION

4.3. METHODS

effectively rigid blocks (e.g. Molnar and Tapponnier, 1981), and the Indian continental
lower crust includes a denser eclogitized part, which underplates the Asian upper crust
(Figure 4.3b (e.g. Hetényi et al., 2007)).
In order to implement a realistic viscosity distribution (Figure 4.3c), a temperaturedependent, and thus depth-dependent, viscosity is employed:


1 1
E
− n n −1
µ = A ε̇II exp
,
(4.1)
RnT
where µ is viscosity, A is the pre-exponential factor, ε̇II is the second invariant of
the strain rate tensor, E the activation energy, R the universal gas constant (R =
8.3144621 Jmol−1 K−1 ), n the power-law exponent and T temperature. Initially, the
temperature in the entire model domain is 1300◦ C, except at the surface where temperature is 10◦ C. Thermal boundary conditions are 10◦ C at the surface and 1300◦ C at the
bottom, and flux free on the lateral boundaries of the model. In order to obtain an initial
temperature field necessary to assign realistic viscosities at the beginning of a simulation
we solve the temperature equation forward in time assuming a thermal age of 400 Myrs
(e.g. Burov et al., 1993). The laterally variable layer depths and the thermal parameters
(Table 4.1) applied in the different units lead to different thermal structures of India
and Asia, with generally lower temperatures below India. The temperature-dependent
flow laws involve a power-law dependence on strain rate, which requires performing iterations during the solution of the system of equations. As these iterations are considerably
time-consuming to obtain a good convergence of two subsequent solutions, we adopted a
simplification for many of our simulations: The second invariant of the strain rate tensor
(ε̇II ) was fixed for eq. (4.1) to 10−15 s−1 which implies that in our models the variation
of viscosity with depth due to temperature is correctly taken into account, but that the
variations due to strain rate are ignored. As we vary the rheological structure of the
lithosphere between subsequent simulations, our results will nevertheless give a fair idea
on the variations in model results that can be expected to exist in nature. Nevertheless,
to quantify the impact of ignoring non-linearities, three simulations with the correct
power-law iterations were performed and are discussed in Paragraph 4.4.3.
Two different boundary conditions are employed: (1) In a first set of simulations
gravity is the only driving force, and flow is induced by the equilibration of lateral variations in GPE (e.g. Flesch et al., 2001; Ghosh et al., 2006, 2009). All lateral boundaries
have a no-slip condition, the bottom boundary is free slip and the top boundary a free
surface. In the applied finite element method (FEM) the numerical mesh follows the
surface topography which enables, in combination with natural boundary conditions of
the FEM, a true free surface condition. These boundary conditions are used to investigate gravitationally induced stresses and velocity fields and to place a constraint on
Figure 4.2 (preceding page): Adapting the CRUST2.0 Moho-depths below the Tibetan Plateau.
(a) Original CRUST2.0 Moho-depths, maximum depth is 70 km. (b) Original CRUST2.0 Mohodepths with digitized Moho-depths from seismological profiles. (c) Adapted Moho-depths including
the laterally interpolated seismological profiles, maximum depth is 90 km.
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Figure 4.3: (a) 3D model setup, (b) schematic south-north profiles and (c) south-north profile
along B-B’ showing the logarithm of the viscosity distribution, resulting from flow laws typically
employed for continental lithospheres, and the underplating Indian lower crust with a viscosity
of 1023 Pas. Model dimensions are 6660 km × 6660 km × 200 km. The model includes 14
different phases (0-13), which represent oceanic and continental India and the Asian continent.
Each domain consists of 4 layers (lower and upper lithospheric mantle, lower and upper crust).
Furthermore, the Asian continent also includes the Tarim basin and the Sichuan basin (phase
12), and the Indian continental lower crust includes a denser eclogitized part (phase 11) (e.g.
Hetényi et al., 2007). The thin zones in (a) represent the Quetta-Chaman Fault and the Sagaing
Fault, which are mimicked as weak zones. Between the longitudes (x-direction) of these two faults
India is being indented into Asia (black and white arrows).

Table 4.1: Material parameters employed for the different phases to calculate the temperature
dependent viscosity. Parameters used for the mantle correspond to the wet mantle rheology from
Afonso and Ranalli (2004). For the lower crust parameters for diabase are employed and in the
upper crust the parameters for granite are used (Burg and Podladchikov, 1999). For the eclogitized
underplating Indian lower crust parameters for a mafic granulite (Afonso and Ranalli, 2004) are
employed.
layer
(phase)

pre-exponential
factor
A [P a−n s−1 ]

power-law
exponent
n

activation
energy
E [Jmol−1 ]

thermal
conductivity
k [W m−1 K −1 ]

heat
capacity
c [m2 s−2 K −1 ]

radioactive
heat
H [W m−3 ]

mantle (0,1,2,5,8)
lower crust (3,6,9)
upper crust (4,7,10)
eclogite (11)

2 × 10−21
3.2 × 10−20
3.16 × 10−26
8.8 × 10−22

4
3
3.3
4.2

471000
276000
190000
445000

3
2.1
2.5
3

1050
1050
1050
1050

0
4 × 10−7
1.4 × 10−6
0
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viscosities (see Paragraph 4.3.3). (2) In a second set of simulations an indenting velocity
is applied at the southern boundary (Figure 4.3a, black and white vectors). Between the
longitudes (x -directions) of the two weak zones, representing the Quetta-Chaman Fault
and the Sagaing Fault, a northward velocity of 10 cmyr−1 is applied along the Indian
oceanic domain, from the surface down to the upper lithospheric mantle. This results
in an indenting velocity of approximately 4 cmyr−1 around the continental boundary
between India and Asia, a value known from GPS data measured relative to Eurasia (e.g.
Zhang et al., 2004). Due to considering a deformable Indian indenter, these indenting
boundary conditions imply that there is a gradient in velocity over India. This is in contrast to other studies in which the Indian plate is usually considered to behave as a rigid
indenter (e.g. Liu and Yang, 2003). However, one aim of this study was to observe the
effect of a deformable indenter, especially at the Himalayan front (see Paragraph 4.4.3,
Figure 4.9). Furthermore, GPS velocities of the Indian plate show slight north-south
variations (e.g. Banerjee et al., 2008; Kreemer et al., 2003). Resulting model strain rates
within India range between 4 × 10−16 s−1 and 10−15 s−1 (Figure 4.10a-b) which closely
approximate strain rates of ∼ 7 × 10−9 yr−1 (∼ 2 × 10−16 s−1 ) inferred by Paul et al.
(2001). The indenting boundary conditions are used to investigate velocity, stress and
strain rate fields around the India-Asia collision zone. The time step was assigned to 500
years and we performed 5 time steps to simulate the instantaneous deformation field.
Also simulations with more indenting time steps were performed in order to test that
results from the instantaneous deformation do not differ from longer simulations. Indeed
results are essentially identical.
This model with dimensions of 6660 km × 6660 km × 200 km is resolved with 257
× 257 × 33 nodes (128 × 128 × 16 Q2 P−1 elements) and simulations were performed
on a high-performance computer using 256 CPUs.

4.3.2

Constraining density

The density distribution is constrained by comparing the gravity signal of the
model with observed Bouguer anomalies of the Tibetan Plateau (see compilation in
Hetényi (2007) and Hetényi et al. (2007)). For this purpose a constant density is assigned
to each modelled material phase and the vertical attraction of gravity is calculated using
(e.g. Blakely, 1996)
Z Z Z
(z − z 0 ) 0 0 0
g(x, y, z) = −G
ρ(x0 , y 0 , z 0 )
dx dy dz ,
(4.2)
r3
z 0 y 0 x0

where x, y, z define the location at which the gravitational attraction of a mass located at
x’, y’, z’ is calculated. G is the gravitational constant (G = 6.6738 × 10−11 m3 kg−1 s−2 ),
ρ is the density of the mass and r is defined as
q
r = (x − x0 )2 + (y − y 0 )2 + (z − z 0 )2 .
(4.3)
Since Bouguer anomalies are used for comparison, we use ∆ρ = ρref − ρf it (the difference between an expected density (ρref ), i.e. a reference density close to the PREM
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(Preliminary Reference Earth Model) (Dziewonski and Anderson, 1981), and the actual
value (ρf it )) instead of ρ for the calculation of the gravity signal. The reference densities
used are listed in Table 4.2. To calculate the gravity signal of the model eq. (4.2) is
simplified to (e.g. Kearey et al., 2002)
dg(x, y) = −G

X X X ∆ρz 0
r3

∆x∆y∆z,

(4.4)

dg is calculated at sea level. ∆x, ∆y and ∆z define the dimension of each element of
the model-grid.
Table 4.2: Densities used to calculate Bouguer anomalies for the model set up using the adapted
geometry. Reference densities are based on the PREM (Dziewonski and Anderson, 1981). Since
the solution is non-unique, three different density profiles were fitted: (i) standard-model densities, (ii) density profile with increased differences between upper and lower crustal density, and
(iii) density profile with increased differences between lower crustal and upper lithospheric mantle density. The average pointwise error (RMS error) between calculated and measured Bouguer
anomaly is indicated.
layer
(phase)

lower lithospheric mantle (0)
upper lithospheric mantle (1/2/5/8)
eclogitized Indian lower crust (11)
Indian lower crust (6)
Indian upper crust (7)
Indian oceanic lower crust (9)
Indian oceanic upper crust (10)
Asian lower crust (3)
Asian upper crust (4)
Tarim & Sichuan basin (12)
average error [mGal]

reference
densities

standard-model
densities
[kgm−3 ]

large difference between
upper and lower
crustal densities
[kgm−3 ]

large difference between
lower crustal and
upper mantle densities
[kgm−3 ]

[kgm−3 ]
3300
3200
2800
2800
2700
2800
2700
2800
2700
2700
-

3300
3200
3100
2900
2675
3000
2775
2950
2850
2800
87.8983

3300
3200
3100
2950
2625
3050
2725
3000
2800
2800
80.9697

3300
3200
3100
2800
2775
2900
2875
2900
2900
2800
101.3107

In Table 4.2 the standard-model densities (see below), which were found by trial
and error, are listed for each layer. As the routine is not automated, ρf it of the different layers was changed and adapted until a satisfactory fit between observed Bouguer
anomalies and gravity signal of the model was achieved. Figure 4.4 shows the gravity
signal of the model as a surface and the observed Bouguer anomalies as circles. Furthermore, profiles at different x -positions comparing observed (black dots) and calculated
Bouguer anomalies (grey lines) are plotted. The root-mean-square (RMS) error between
calculated and observed Bouguer anomaly is 88 mGal.
This standard-model solution represents a reasonable density distribution as it can
be expected for an average lithosphere, however, it is non-unique, i.e. many combinations
of densities can yield the same gravity signal. Therefore, two additional density distributions were fitted, as listed in Table 4.2. They represent end-member cases, i.e. one
exhibits large density differences between upper and lower crust, but small differences
between lower crust and upper lithospheric mantle and the second exhibits large differences in density between lower crust and upper lithospheric mantle but small differences
between upper and lower crust. RMS errors between calculated and observed Bouguer
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Figure 4.4: Bouguer anomaly (colored surface) calculated for the model setup with layer depths
of the adapted geometry and using the standard-model densities. For comparison also measured
Bouguer anomalies are shown (black circles). Below, four profiles at different x-positions are
shown, comparing calculated (gray line with dots) and measured (black dots) Bouguer anomalies
within 30 km of the profile.

anomalies for these two density distributions are 81 mGal and 101 mGal, respectively.
Compared to 2D profiles fitting Bouguer anomalies (e.g. Hetényi et al., 2007), where
errors around ±10 − 20 mGal can be reached, these errors appear to be rather large (∼
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15 percent of the Tibetan Plateau’s signal) which we attribute to (i) the 3D nature of
the presented model, (ii) the constant density of the layers and (iii) the still very sparse
Moho-depth coverage of the Tibetan Plateau. Improved fits can only be expected when
Bouguer anomalies are calculated in a model with much denser geometry constraints,
allowing for full 3D variation of densities (e.g. using smaller elements with their density
linked to P − T field and petrogenetic tables), as well as using more sophisticated and
automated approaches for joint gravity and Stokes inversion (Baumann et al., in prep.).
For the 3D models presented here, the smallest error between the calculated gravity signal of the model and observed Bouguer anomalies was reached for the density
distribution with large differences in density between upper and lower crust. This is
an end-member scenario with an error close to that of the standard-model, therefore
these two seem to be better suited than the model with large density contrasts across
the Moho. To evaluate the different fitted densities in more detail and to assess their
impact, simulations were performed using all three density distributions (Section 4.4).
Research groups using GPE to estimate deviatoric stresses often make use of layer
depths and densities of the CRUST2.0 data set (e.g. Ghosh et al., 2006, 2009). In
order to estimate the improvement achieved by refining the CRUST2.0 Moho-depths
and constraining densities via observed Bouguer anomalies, Bouguer anomalies were
also calculated for a setup only consisting of CRUST2.0 data (both layer geometry and
densities), resulting in a poor fit with an RMS error of 130 mGal. This underlines the
worthiness of refining the CRUST2.0 geometries in general when working at the regional
scale.

4.3.3

Constraining viscosity

Viscosities in the model are temperature-dependent and are calculated from experimentally derived flow laws for dry granite, diabase, mafic granulite and wet olivine
(Table 4.1, Afonso and Ranalli (2004); Carter and Tsenn (1987); Ranalli (1995)). These
lithologies are typically used for lithosphere-scale models (e.g. Burg and Podladchikov,
1999, 2000; Burg and Schmalholz, 2008). With a temperature distribution, representing
a thermal age of 400 Myrs (e.g. Burov et al., 1993), the resulting depth-averaged viscosities in the upper 100 km of the lithosphere are 1022 Pas for the Tibetan Plateau and
up to 1024 Pas for the rest of the Asian and Indian continents. These average viscosities
derived from flow laws agree with values commonly estimated for the India-Asia collision
and in particular for the Tibetan Plateau (e.g. England and Molnar, 1997; Flesch et al.,
2001).
In order to constrain viscosities and to test the viability of the chosen parameters
the GPE (e.g. Coblentz and Sandiford, 1994; Jones et al., 1996) is calculated. The GPE
is a potential energy arising from the density distribution of a material column and its
thickness:
 L+h

L+h
L+h
Z
Z
Z
0
0
−
ρ(z )gdz  dz = −
σzz (z)dz.
(4.5)
GP E =
0

z

0

110

DYNAMICS OF THE INDIA-ASIA COLLISION

4.3. METHODS

where h is the elevation, L the compensation depth, taken to be 100 km as in the case of
Flesch et al. (2001) and Ghosh et al. (2009), z the vertical coordinate, ρ the density, g the
gravitational acceleration and σzz the vertical stress. A different value for L influences
the resulting GPE values, although Ghosh et al. (2009) demonstrated that this has a
minor impact on their model results. Differences in elevation and crustal thickness of a
neighbouring lowland and a plateau lead to differences in GPE (∆GPE). This ∆GPE is
a driving force in plate tectonics – commonly observed at mid-oceanic ridges, which are
elevated regions with dense mantle material below and are the origin of ridge push (e.g.
McKenzie, 1972).
In order to estimate the stresses acting in the India-Asia collision, generated solely
by the distribution of densities and relative layer thicknesses, GPE and ∆GPE values
were calculated using
X
GP E (x, y) =
ρ(z)g (L − z)∆z
(4.6)
and
∆GP E = GP Emountain − GP Elowland .

(4.7)

GPE and ∆GPE values were calculated for the adapted CRUST2.0 geometry and the
three different density distributions described in the previous paragraph (Paragraph
4.3.2, Table 4.2). GPE and ∆GPE values (Figure 4.5a) are approximately the same for all
tested density distributions. Using a compensation depth of 100 km the calculated GPE
values range between 1.25−1.5×1014 Nm−1 and ∆GPE values between −1.5×1013 Nm−1
and 1.5 × 1013 Nm−1 . These values are within 10 percent of the values published by
Ghosh et al. (2009) and are highest for the Tibetan Plateau. The rest of the Asian
continent shows intermediate values, while the Indian continent and ocean along with
the Tarim basin and the Sichuan basin show the smallest GPE values. Figure 4.5a
shows the ∆GPE distribution with positive values for the Tibetan Plateau indicating
horizontal deviatoric tension, while negative ∆GPE values indicate horizontal deviatoric
compression. Differences in the lateral distribution of GPE thus result in variations of
stresses. The impact of the GPE distribution on the stress respectively pressure field is
illustrated in Figure 4.6 where the difference (Pdif f = Pdyn − Plitho ) between dynamic
pressure, i.e. the pressure resulting from
P solving the Stokes equation (eq. (4.13)), and
lithostatic pressure, calculated from
ρ(z)g∆z, is shown. The pressure field in Figure
4.6a results from a simulation with only ∆GPE as driving force. For comparison in Figure
4.6b the difference between dynamic and lithostatic pressure is shown for a simulation
using the indenting boundary condition. The standard-model density distribution was
used and viscosities resulting from the flow laws for dry granite, diabase, mafic granulite
and wet olivine and a temperature distribution, representing a thermal age of 400 Myrs
(e.g. Burov et al., 1993). In Figure 4.6a lateral variations in GPE induce an equilibrating
flow, smoothing out differences in topography and crustal thickness. The flow is most
pronounced below the Tibetan Plateau and can also be observed in Figure 4.6a from the
elevated values of Pdif f of 100 − 150 MPa below the Tibetan Plateau, where positive
values indicate larger dynamic pressure, i.e. tectonic overpressure. Away from the
Tibetan Plateau differences between dynamic and lithostatic pressure are much lower
and even tend towards zero in the east of the Tibetan Plateau. Locally, such as in the
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underplating Indian lower crust or below the basins deviations can be > 200 MPa. The
deviation from lithostatic pressure is proportional to the force per unit length, caused
by variations in GPE between a neighbouring lowland and mountain, which has been
estimated to be around 70 MPa for the Tibetan Plateau (e.g. Molnar and Lyon-Caen,
1988). Our values of > 200 MPa are larger because the stresses vary vertically and
are higher in mechanically stronger layers and also in the upper and colder part of the
lithosphere due to the temperature-dependence of the viscosity. The lower estimate of
70 MPa (e.g. Molnar and Lyon-Caen, 1988) has been obtained assuming that stresses are
vertically constant throughout the lithosphere, thus ignoring a mechanical layering and a
temperature-dependent viscosity. Below the Tibetan Plateau the simulations with GPE
as driving force and with an indenting boundary velocity show a similar pattern for Pdif f .
However, the two simulations differ in the underplating Indian lower crust which exhibits
a larger overpressure in Figure 4.6b (800 MPa) than in Figure 4.6a (500 MPa). These
overpressures are in agreement with the GPE values and are necessary for scenarios with
mechanical layering because for such more realistic scenarios not the entire lithosphere
can equally contribute to balance lateral variations in GPE; the mechanically strong
layers (and colder areas) hold most of the load resulting from GPE variations and are
therefore stressed most. In Figure 4.6b differences are most pronounced at the southern
edge of the model, where boundary conditions are applied, which is a boundary effect
away from the Tibetan Plateau.
From the distribution of GPE values and the differences between dynamic and
lithostatic pressure it is expected that equilibrating flow is taking place from the elevated
Tibetan Plateau towards the neighbouring low-lying areas. But as the Tibetan Plateau
is currently in a state of ongoing south-north convergence, rather than simply collapsing,
viscous stresses are high enough to counteract the gravitational stresses and to support
the high elevations. This reasoning gives us the possibility to constrain viscosities. If the
employed model viscosities are too low, the lithosphere is too weak to support the large
∆GPE of the Tibetan Plateau and flow is induced from positive to negative ∆GPE
areas. An increased flow of material influences the stress and velocity fields induced
by the indentation of India into Asia and model velocities can differ significantly from
measured GPS velocities. However, if viscosities are sufficiently large, viscous stresses
Figure 4.5 (preceding page): (a) ∆GPE values calculated from the 3D model setup using the
adapted layer depths and the standard-model densities found in Paragraph 4.3.2. (b) Colored
contours and white vectors show the horizontal velocity field on the surface of the model. Due
to the excess GPE horizontal velocity vectors point away from the Tibetan Plateau. Results are
shown for the simulation employing the standard-model densities and the viscosities derived from
rheological laws, commonly used for a typical lithosphere. (c) Horizontal velocities on the surface
of a model with a strong Indian lower crust (1024 Pas) and a relatively weak upper lithospheric
mantle (1022 Pas). Despite the indenting boundary condition (10 cmyr−1 ), no shortening is
taking place at the Himalayan front. This is due to the large velocities induced by the equilibration
of lateral variations in GPE, which counteract the indentation. White contours in (b) and (c)
show the outlines of the Indian continent and the Tibetan Plateau.
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Figure 4.6: Difference between dynamic and lithostatic pressure (Pdif f = Pdyn − Plitho ) of simulations (a) with only gravity as the driving force and (b) with the indenting boundary condition,
employing the standard-model densities and the viscosities derived from rheological laws, commonly used for a typical lithosphere. Black contours on the surface of the surrounding model box
show the outlines of the Indian continent and the Tibetan Plateau. In (a) dynamic pressure is
larger than lithostatic pressure below the Tibetan Plateau due to stresses induced by the lateral
variations in GPE. The maximum values are below the Tarim basin with 800 MPa and in the
Indian lower crust with 500 MPa. In (b) dynamic pressure is also larger than lithostatic pressure
at the model front, where boundary conditions are applied. The pressure difference is also larger
in the underplating Indian lower crust (∼ 800 MPa).

are able to equilibrate or overprint gravitational stresses and the stress and velocity fields
of the India-Asia collision known from geophysical data can be reproduced.
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Accordingly, the viscosity distribution, resulting from applying the rheological
laws for dry granite, diabase, mafic granulite and wet olivine (Afonso and Ranalli, 2004;
Carter and Tsenn, 1987; Ranalli, 1995) to the temperature distribution expected for the
India-Asia collision, was tested. For the scenario with no-slip lateral boundaries and only
GPE driving deformation a flow pointing radially away from the Tibetan Plateau was
induced with maximum surface velocities of approximately 2.5 cmyr−1 at the Himalayan
front (Figure 4.5b). When applying the indenting boundary condition at the front of
the model (10 cmyr−1 ) to the same setup, stresses expected for the India-Asia collision
and the surface velocity field can be reproduced correctly (see Paragraph 4.4.4, Figure
4.12). However, for a less realistic viscosity distribution, for example, when increasing
the viscosity of the Indian lower crust to a constant value of 1024 Pas and decreasing the
viscosity of the Indian upper lithospheric mantle to a constant value of 1022 Pas the flow
induced by the distribution of ∆GPE away from the Tibetan Plateau is much larger.
The indenting boundary condition is not able to balance or counteract this flow (Figure
4.5c). A much higher indenting velocity would be required to counteract the velocity
field induced by the distribution of GPE, making this viscosity distribution unlikely.
The viscosity distribution resulting from a typical temperature distribution together with usually assumed lithosphere rheology is therefore a good first approximation.
In order to place better constraints, in the following paragraphs the impact of individual
model parts and material parameters is investigated in more detail.

4.4

Simulations

4.4.1

Introduction

The performed simulations began with the solution of the temperature equation,
assuming a thermal age of 400 Myrs (e.g. Burov et al., 1993). This ensured that the
temperature distribution was approximately in equilibrium to calculate the temperaturedependent viscosities. Next, another 5 time steps (with a time step of 500 years) were
calculated to simulate the instantaneous indentation of India into Asia. Due to the
instantaneous indentation during only 2500 years no large deformations can be observed,
but results represent the present strength and stress state expected for the India-Asia
collision.
From the large amount of simulations performed to test the impact of different
model parameters, the following paragraphs first summarize the parameters without
significant impact on the model behaviour, and then focus on model parameters with an
impact. Finally, results are compared with geological observations and measured data.

4.4.2

Model parameters without significant impact

Density distribution
Determination of densities by fitting the Bouguer anomalies is non-unique. Therefore, three different possible density distributions were fitted, one standard and two
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end-members (see Paragraph 4.3.2 and Table 4.2). (1) The standard-model density distribution consists of values representing an average lithosphere. (2) A second density
distribution exhibits large differences (200 − 325 kgm−3 ) in density between upper and
lower crust, but small differences (100 − 250 kgm−3 ) between lower crust and upper
lithospheric mantle. (3) The third fitted density distribution shows large differences
(300 − 400 kgm−3 ) in density between lower crust and upper lithospheric mantle and
small differences (∼ 25 kgm−3 ) between upper and lower crust.
Employing these three density distributions simulations were performed for both
boundary conditions. Except for density all other material parameters were identical in
all simulations.
The resulting GPE distributions of the three density fits are very similar, which is
why there are virtually no differences between the simulations with either no-slip lateral
boundary conditions and only GPE driving deformation or prescribed indenting boundary velocities. Due to the identical viscosity distribution in all models no differences can
be seen in the stress and strain rate fields. Minimal differences only can be identified
in the horizontal and vertical velocity fields in the area of the Tarim basin and the
Sichuan basin. But in general, model kinematics are not significantly influenced by
different density distributions, which fit observed Bouguer anomalies. Therefore, for all
subsequent simulations the standard-model density distribution was employed.
Viscosity of the Tarim basin and the Sichuan basin
The Tarim basin and the Sichuan basin are assumed to behave as effectively rigid
blocks (e.g. Molnar and Tapponnier, 1981). Therefore, two different constant viscosities (1023 Pas and 1024 Pas) were tested with respect to their impact on the velocity,
strain rate and stress fields around the basins. A viscosity of 1024 Pas results in larger
stresses (by a factor of 2) and lower strain rates (by approximately a factor of 5) in the
crustal layers in the basins compared to a viscosity of 1023 Pas. Due to the higher strain
rates within the basins exhibiting a viscosity of 1023 Pas, velocities are slightly increased
compared to basins with a viscosity of 1024 Pas. Differences in velocity are only locally
present around the basins and are ≤ 1 cmyr−1 ; therefore they are considered not to be
significant. For the remaining simulations a basin viscosity of 1024 Pas was employed.

4.4.3

Model parameters with significant impact

Thickness of lower crust
In the standard model setup the upper crust is composed of the upper and middle
crust of the CRUST2.0 dataset. This geometry was used for all simulations discussed
in Section 4.4. In order to assess the impact of a different distribution of thicknesses in
the crust a simulation was also performed with the middle and lower crust of CRUST2.0
composing the lower crust of the model (Figure 4.7).
The temperature distribution of the model with a thin lower crust shows high temperatures below the Tibetan Plateau and lower temperatures below the Indian continent
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Figure 4.7: Comparison of simulations with (a-c) a thin and (d-f ) a thick lower crust, using the
standard-model densities and the viscosities derived from rheological laws, commonly used for a
typical lithosphere. (a, d) show the viscosity distribution, and (b, e) show the 3D temperature
field. Black contours on the surface of the surrounding model box show the outlines of the Indian
continent and the Tibetan Plateau. (c, f ) show model geotherms for India and the Tibetan Plateau
(exact locations are shown in (b, e)). Furthermore, upper mantle xenolith data (filled circles)
of Priestley et al. (2008) are shown. An increased thickness of the lower crust leads to lower
temperatures and higher viscosities below the Tibetan Plateau.

(Figure 4.7b-c). The geotherm of the Indian continent (Figure 4.7c) approximately corresponds to the steady state geotherm of the South Indian Shield suggested by Priestley
et al. (2008). A thicker lower crust results in lower temperatures below the Tibetan
Plateau (Figure 4.7e-f) as now the crustal layer with lower thermal conductivity and radioactive heat production makes up the bigger part of the crust. This causes viscosities
to be higher and therefore the crust to be generally stiffer (Figure 4.7d). This leads to
a more uniform distribution of viscosities in the vertical direction. Consequently, the
horizontal velocity field too does not show significant differences between the different
layers. Horizontal velocities in the crustal layers are slightly increased in the model
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exhibiting a thick lower crust. Strain rates are smaller by approximately one order of
magnitude in all layers below the Tibetan Plateau in the model with a thick lower crust
compared to the equivalent model with a thin lower crust. Stresses differ by less than
200 MPa between models with a thick and a thin lower crust. Only in the upper lithospheric mantle of the model with a thick lower crust, stresses are larger (by 300 − 400
MPa) than for a model with a thin lower crust, as with a thick lower crust the upper
lithospheric mantle is stiffer due to the lower temperatures.
The relative thickness of different layers has a considerable impact on the model
results because the layer thicknesses control the vertical temperature variation which
controls the vertical viscosity variation. For the final simulations the option with upper
and middle crust of CRUST2.0 composing the upper crust of the model was used. In
Section 4.4 the need for a better distinction of the layers is discussed.
Viscosity of weak zones
The Quetta-Chaman Fault and the Sagaing Fault were assigned a constant viscosity of 1020 Pas in the standard model. In order to assess the impact of the viscosity of
these weak zones simulations were also performed for constant viscosities of 1018 Pas and
1022 Pas. A viscosity of 1018 Pas results in very large velocities in the weak zone which
resulted in a large grid deformation within the 5 time steps we performed. Strain rates
are smaller by half an order of magnitude in the weak zones with a viscosity of 1022 Pas
than in weak zones with a viscosity of 1020 Pas. However, strain rates in the rest of the
model domain are unaffected by the choice of viscosity of the weak zones. Stresses also
only differ slightly at the location of the faults for the different viscosities. The choice
of weak zone viscosity, however, has an important impact on the horizontal velocity
field. A viscosity of 1022 Pas leads to a decreased west-directed flow in the area of the
Quetta-Chaman Fault in the west and a better fit of observed GPS velocity directions
in the western half of the Tibetan Plateau. Velocities around the eastern syntaxis are
increased by 1 − 2 cmyr−1 . Furthermore, the area east of the Sagaing Fault is moving
northward, leading to velocity vectors pointing in the opposite direction of GPS velocities. Normalized root-mean-square (NRMS) errors between model and GPS velocities
are smaller when applying a viscosity of 1020 Pas for the weak zones instead of 1022 Pas
(Figure 4.8). For a viscosity of 1020 Pas the NRMS error for the area around the eastern
syntaxis is 0.26 for the east-directed velocity component (ve , Figure 4.8a) and 0.24 for
the north-directed component (vn , Figure 4.8b). For the entire plateau misfit of ve is
0.35 and of vn is 0.26. For a viscosity of 1022 Pas the misfit for the area around the
eastern syntaxis is 0.27 for ve and 0.32 for vn . For the Tibetan Plateau the NRMS error
is 0.42 for ve and 0.39 for vn . GPS velocities around the eastern syntaxis can only be
fitted well with a viscosity of 1020 Pas for the Sagaing Fault (see Paragraph 4.4.4). Thus,
1022 Pas is the preferred viscosity for the Quetta-Chaman Fault in the west and 1020 Pas
for the Sagaing Fault in the east (see Paragraph 4.4.4 and discussion in Section 4.5).
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Figure 4.8: Normalized root-mean-square (NRMS) error between model and GPS velocities for
viscosities (1020 Pas and 1022 Pas) of the weak zones, representing the Quetta-Chaman and
the Sagaing Faults. (a) shows the east-directed velocity component (ve ) for the Tibetan Plateau
(black) and the area around the eastern syntaxis (gray). (b) shows the north-directed velocity
component (vn ) for the Tibetan Plateau (black) and the area around the eastern syntaxis (gray).

Viscosities of the lower crust and upper lithospheric mantle
Different viscosities of the Indian lower crust and upper lithospheric mantle were
tested. In a first set of simulations, the viscosity of the Indian lower crust was varied
for constant values between 1021 − 1024 Pas. Results show that with increasing viscosity
stresses within the Indian lower crust increase (locally > 1000 MPa), whereas the rest
of the model remains largely unaffected (Figure 4.9c-d). For a variation of three orders
of magnitude in viscosity, stresses vary by approximately two orders of magnitude. The
Indian lower crustal viscosity, however, not only affects its own stress-level, but also that
of the upper crust above it (Figure 4.9a-b). Compared to a model with a competent
Indian lower crust (1024 Pas) stresses in the upper crust above a relatively weak Indian
lower crust (1021 Pas) are increased by a few 100 MPa at the eastern syntaxis and south
of the Tibetan Plateau, where the Main Frontal Thrust and the Main Boundary Thrust
of the Himalayas are situated (Figure 4.9a).
On the other hand, strain rates in the Indian lower crust decrease with increasing
viscosity (Figure 4.10c-d). Below the Tibetan Plateau differences between strain rates
in a competent lower crust (1024 Pas) and a relatively weak lower crust (1021 Pas) are
approximately two orders of magnitude. However, when varying the Indian lower crustal
viscosity by three orders of magnitude differences between strain rates on the surface only
differ by less than one order of magnitude (Figure 4.10a-b). Strain rates on the surface of
the Tibetan Plateau range approximately between 3×10−16 s−1 and 3×10−15 s−1 . These
values correspond very well with values ranging between 5 × 10−16 s−1 and 5 × 10−15 s−1
(∼ 15 × 10−9 − 150 × 10−9 yr−1 ) postulated by Kreemer et al. (2003) for the Tibetan
Plateau. As for stresses, increased strain rates also occur at the Himalayan front and
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Figure 4.9: Second invariant of the stress tensor for (a, c) the model exhibiting an Indian lower
crustal (ILC) viscosity of 1021 Pas and (b, d) the model exhibiting an Indian lower crustal
viscosity of 1024 Pas. (a, b) show stresses in the upper crust and (c, d) show stresses in the lower
crust. The black lines indicate the outlines of the Tibetan Plateau and the Indian continent. The
white dashed line represents the northern boundary of the underplating Indian lower crust.

around the eastern syntaxis (Figure 4.10a-b). Such increased strain rates at the border
of the Tibetan Plateau, compared to its interior, are reported from studies inferring
strain rates from Quaternary fault slip rates (e.g. Kreemer et al., 2003). North of the
underplating Indian lower crust and east of the Sichuan basin, strain rates of both the
upper and lower crust do not differ for the different viscosities applied. In addition, the
velocity field is affected by the choice of the Indian lower crustal viscosity. Velocities of
the above and below lying layers increase with increasing Indian lower crustal viscosity
(1 − 2 cmyr−1 ). Differences in magnitude and direction of the velocity field between the
different layers decrease with increasing viscosity.
The Indian upper lithospheric mantle also has an important influence on the model
kinematics. The standard model has a viscosity of approximately 1024 Pas, whereas it
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Figure 4.10: Logarithm of the second invariant of the strain rate tensor for (a, c) the model
exhibiting an Indian lower crustal (ILC) viscosity of 1021 Pas and (b, d) the model exhibiting an
Indian lower crustal viscosity of 1024 Pas. (a, b) show strain rates on the surface and (c, d) show
strain rates in the lower crust. The black lines indicate the outlines of the Tibetan Plateau and
the Indian continent. The white dashed line represents the northern boundary of the underplating
Indian lower crust.

was varied for constant values from 1022 Pas and 1025 Pas in a series of experiments.
With a viscosity as low as 1022 Pas model results deviate strongly from the standard
model results. The influence of the velocity field induced by the lateral variations of
GPE is larger than the indenting boundary condition and thus unrealistic results are
produced (see Paragraph 4.3.3). A large viscosity like 1025 Pas on the other hand results
in unrealistically high velocities in the entire model for the employed boundary conditions. This is due to the very stiff character of the upper lithospheric mantle which is
translated by the boundary conditions as a rigid block into the model, dragging along
the layers above and below, which do not exhibit any variations in the stress, strain
rate and velocity fields anymore. The most realistic model results, thus, were achieved
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when employing an Indian lower crustal viscosity of 1021 − 1024 Pas and an Indian upper
lithospheric mantle viscosity of 1024 Pas.

Figure 4.11: Comparison of simulations using (a, d, g) a fixed value for ε̇II (= 10−15 s−1 ), (b,
e, h) employing 4 power-law iterations for an effective Indian lower crustal viscosity of 1024 Pas
and (c, f, i) employing 4 power-law iterations for an effectively power-law viscous Indian lower
crust. (a-c) Logarithm of effective viscosity. (d-f ) Logarithm of second invariant of the strain
rate tensor. (g-i) Second invariant of the stress tensor. The black lines indicate the outlines of
the Tibetan Plateau and the Indian continent. The white dashed line represents the northern
boundary of the underplating Indian lower crust.

The reported results were achieved with a simplified temperature-dependent rheology, with a fixed second invariant of the strain rate tensor (ε̇II = 10−15 s−1 ) in eq.
(4.1) to save computational resources. The simulations with an Indian lower crustal
viscosity of 1021 Pas and 1024 Pas, however, were also performed without fixing ε̇II and
performing 4 iterations per time step. In two simulations the effective viscosity of the
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Indian lower crust was fixed at 1021 Pas and 1024 Pas (Figure 4.11b), respectively. This
implies that the effect of performing power-law iterations can only be observed in the
adjacent layers. Results show that the patterns and the relative distribution of velocities,
strain rates and stresses remain the same (Figure 4.11d-e, 4.11g-h). However, absolute
values change. As a result of increased strain rates the effective viscosity of the Asian
lower crust below the Tibetan Plateau is decreased by 1 − 1.5 orders of magnitude when
using power-law iterations (Figure 4.11b). Strain rates show slightly larger values (by
a factor of 3) in the Indian lower crust (Figure 4.11e). The increased strain rates and
the fixing of the effective viscosity of the Indian lower crust at 1024 Pas causes stresses
to be higher in the Indian lower crust. Accounting also for the power-law effect in the
Indian lower crust results in decreased effective Indian lower crustal viscosities (Figure
4.11c, 1 − 1.5 orders of magnitude). Compared to the simulation with a fixed effective
Indian lower crustal viscosity, strain rates are further increased in the underplating part
of the Indian lower crust and at the front of the Himalayas (Figure 4.11f). Stresses in
the Indian lower crust are decreased by several 100 MPa due to the decreased viscosities
of the Indian lower crust (Figure 4.11i). Thus, depending on the used flow law results
differ in their absolute values, while the relative pattern remains similar. Accurate results, including the strain rate dependence of the viscosity, can only be achieved when
performing power-law iterations.

4.4.4

Comparison of model results with measured data and geological
observations

Comparison of the horizontal velocity field on the surface with GPS data
GPS velocities can be used to test the viability of the model setup and parameters
by comparing them to the horizontal velocities on the surface of the model. Figure 4.12a
shows the horizontal velocities on the surface of the entire model (white arrows and
colored contours), including the boundary effects (i.e. 10 cmyr−1 ). In Figure 4.12b a
zoom of the eastern syntaxis is shown with measured GPS data (magenta, (Gan et al.,
2007)). Similar fits between model and GPS velocities are obtained with viscosities of
1021 − 1024 Pas for the Indian lower crust and a viscosity of 1024 Pas for the Indian
upper lithospheric mantle. NRMS errors for these viscosity distributions range between
0.3 − 0.35 for ve (Figure 4.13a) and between 0.26 − 0.32 for vn (Figure 4.13b) for the area
of the Tibetan Plateau. Velocities in the area of the eastern syntaxis yield a better fit
with NRMS values between 0.24 − 0.26 for ve (Figure 4.13a) and NRMS values between
0.24 − 0.36 for vn (Figure 4.13b). The larger misfit for north-directed velocities in the
area of the eastern syntaxis for an Indian lower crustal viscosity of 1024 Pas is due to
increased northward flow of surface material. Misfits in this study expressed in terms of
RMS for the Tibetan Plateau are around 10 mmyr−1 for ve and 16 mmyr−1 for vn . RMS
errors in the area of the eastern syntaxis range between 4-7 mmyr−1 for ve and between
8-15 mmyr−1 for vn . Compared to other studies these errors seem large: Wang et al.
(2008) tested frictional coefficients of large scale faults in and around the Tibetan Plateau
and reached RMS errors between model and GPS velocities of 4 − 4.8 mmyr−1 . However,
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especially around the eastern syntaxis, in the Sichuan-Yunnan area, their model velocities
show poor agreement with observed GPS velocities. Testing various combinations of
crustal densities and viscosities to model crustal flow in Tibet, Copley and McKenzie
(2007) found a best fit model for the eastern plateau using a crustal viscosity of 1022 Pas
with an error of 2 mmyr−1 . However, model and GPS velocities were only compared
along a single profile, while here RMS misfits are calculated for large areas. Fits in
this study are improved if only the Sagaing Fault is included as a weak zone (1020 Pas).
Including also the Quetta-Chaman Fault resulted in a stronger westward movement
in the western parts of India. From this and the findings of Paragraph 4.4.3 it can
be concluded that the Quetta-Chaman Fault is stronger or accommodates less motion
than the Sagaing Fault. The weak zone in the model representing the Sagaing Fault is
necessary in order to produce the distinct clockwise rotation around the eastern syntaxis
(Figure 4.12b-c).
Figure 4.12c represents the horizontal velocity fields at different model depths
(surface, upper and lower crust) around the eastern syntaxis. Flow directions and magnitudes in the different layers show large differences. Flow in the lower crust is strongest
west of the Sichuan basin, while in the basin itself velocities in the lower crust tend to
zero.
Deviatoric stress field
Tectonic and structural features in nature can be compared with modelled stress
fields which yields another indication for the appropriateness of the chosen material
parameters. Figure 4.14 shows the horizontal principal stresses, i.e. the eigenvalues and
eigenvectors, of the deviatoric stress tensor on the surface (Figure 4.14a) and in middle
of the upper (Figure 4.14b) and lower crust (Figure 4.14c). Black vectors represent
extensional stresses and light gray vectors represent compressional stresses. Very large
vectors at the front of the model related to the boundary conditions have been omitted
on the plots for better visibility. Results are reported for the simulation with an Indian
lower crustal viscosity of 1023 Pas and an Indian upper lithospheric mantle viscosity of
1024 Pas and a model geometry that only includes the Sagaing Fault.
On the surface (Figure 4.14a) the approximately north-south directed compression
of India is indicated by the orientation of the principal stresses. Compressive stress
orientations largely agree with thrust fault locations of the World Stress Map of the area
(Heidbach et al., 2008). These compressional stresses are accompanied by smaller eastwest directed extensional stresses. East-west extension is more dominant on the Tibetan
Plateau, where north-south trending grabens (e.g. Armijo et al., 1986; Taylor et al., 2003)
Figure 4.12 (preceding page): Horizontal velocities of the model with an Indian lower crustal
viscosity of 1022 Pas and from GPS data, with respect to stable Eurasia. (a) Colored contours
and white vectors show the horizontal velocity field on the surface of the model. (b) Zoom of the
eastern syntaxis with GPS data of Gan et al. (2007) in magenta for comparison. (c) Zoom of the
eastern syntaxis with horizontal velocities in different model layers: surface - red, upper crust blue, lower crust - black. Black contours represent the outlines of India and the Tibetan Plateau.
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Figure 4.13: Normalized root-mean-square (NRMS) error between model and GPS velocities for
viscosities (1021 − 1024 Pas) of the underplating Indian lower crust. (a) shows the east-directed
velocity component (ve ) for the Tibetan Plateau (black) and the area around the eastern syntaxis
(gray). (b) shows the north-directed velocity component (vn ) for the Tibetan Plateau (black) and
the area around the eastern syntaxis (gray).

and normal faults (Heidbach et al., 2008) can be observed in nature. The Tarim basin
and the Sichuan basin are dominated by northwest-southeast directed extension. Stresses
in the basins are large due to their high viscosity (1024 Pas) (see Paragraph 4.4.2). In
the area of the eastern syntaxis it can be observed that, like for the horizontal velocities,
stress orientations change direction around the syntaxis.
Stress distributions in the upper crust (Figure 4.14b) are similar to the surface,
however, stresses in the Tibetan Plateau, the Tarim basin and the Sichuan basin are
much smaller which can be accounted to the lower viscosities in the upper crust below the
Tibetan Plateau, which are due to the elevated temperatures there, ultimately resulting
from the strongly thickened crust. Rotation of stress orientations around the eastern
syntaxis can also be observed.
Stresses in the lower crust of India (Figure 4.14c) are similar to those on the
surface and in the upper crust. In the Tibetan Plateau again the distinct east-west
directed extension can be observed. In contrast to the surface, in the lower crust the
Tarim basin and the Sichuan basin are compressed. The rest of the Asian continent has
low stresses.
Comparing the different layers, it can be seen that large differences exist in the
stress orientation and the magnitudes. Studies using the thin-sheet approximation to
deduce the stress state of the India-Asia collision (e.g. Ghosh et al., 2006) only find a
vertically integrated solution which cannot account for different processes taking place
in different layers, and therefore show a generally simplified image in broad and thick
zones of active deformation such as Tibet.
Thanks to the use of realistic model geometry and parameters it is possible to
successfully reproduce the stress pattern of the India-Asia collision which also can be
observed in nature: (i) The north-south directed compression of India, (ii) the east-west
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extension of the Tibetan Plateau and (iii) the rotation of stress orientations around the
eastern syntaxis.

4.5

Discussion

The aim of this study was to present a thermo-mechanical 3D finite element model
which allows considering realistic geometries and distributions of material properties at
the lithosphere-scale. Testing of material parameters by means of instantaneous deformation simulations as well as comparison of model results with geophysical measurements
and geological observations allows achieving a better understanding of the behaviour of
the lithosphere and putting constraints on the rheology of the lithosphere. In future,
such models can be used as tools to test the viability of interpreted cross-sections and
3D geometries of the lithosphere resulting from geophysical data (e.g. seismological
surveys).
Although not all available geophysical data can be closely fitted yet, making use
of available geophysical data allowed configuring a model of the India-Asia collision approximating its present state. Compared to other studies (e.g. Dayem et al., 2009a,b;
Houseman and England, 1986; Liu and Yang, 2003; Yang and Liu, 2009) the presented
geometry is considerably more detailed since it includes the mechanical layering of the
lithosphere and a number of horizontal structural features. Efforts to design a well
constrained model are worthwhile as seen from the well fitted Bouguer anomalies when
adopting a refined CRUST2.0 geometry and applying a “hand-rolled” density distribution instead of simply using the CRUST2.0 data. A realistic geometry and density
distribution allowed testing the reasonability of the applied viscosities by calculating the
velocities and stresses induced by variations in GPE which again depend on the density distribution and, hence, on the geometry. Results show that viscosities resulting
from flow laws typically used for lithosphere-scale models (dry granite, diabase, mafic
granulite, wet olivine (e.g. Afonso and Ranalli, 2004; Carter and Tsenn, 1987; Ranalli,
1995)) yield a good first constraint for the viscosity distribution in a continental lithosphere. The resulting viscosity distribution is realistic as viscous stresses are able to
equilibrate GPE induced stresses and the Tibetan Plateau is not collapsing within an
unrealistically short time interval.
However, each of the steps used to constrain the model setup can be improved as
still a number of features making up the India-Asia collision are unaccounted for:
(i) A weakness of the model is the rheology which can be improved by including
plasticity and elasticity.
(ii) Including the middle crustal layer of CRUST2.0 would further improve the
model geometry, as it was seen that the thickness of the lower crust can have locally
Figure 4.14 (preceding page): Horizontal deviatoric stresses of the model with an Indian lower
crustal viscosity of 1023 Pas (a) on the surface, (b) in the upper crust and (c) in the lower crust.
Black vectors indicate extensional stresses, light gray vectors represent compressional stresses.
Colored contours show the topography of the surface.
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a significant impact on the results. This indicates the necessity for a detailed distinction of crustal layers, respectively their material properties. Merging layers leads to an
effectively different behaviour as either the material properties are only representative
for one part of the layer or correspond to an average. Ultimately, full 3D variation of
material properties should be aimed. Recently, Flesch and Bendick (2012) stated that
in the case of the Tibetan Plateau an equivalent thin-sheet approximation can be found
for the effectively layered viscosity profile. As mentioned by Lechmann et al. (2011)
this is the case when investigating the large-scale thickening and the overall horizontal
velocity field in the competent layers during indentation and for linearly viscous rheologies. However, for a situation with an already existing high topography, like in this and
the study of Flesch and Bendick (2012), the balance of buoyancy and boundary forces
has a great impact on model results (Figure 4.5 of this study and Figure 2 of Flesch
and Bendick (2012)). Furthermore, flow induced by buoyancy forces depends on the
actual distribution of GPE values, i.e. the intensity of flow in different layers can differ
depending on the distribution of topography and density. Differing patterns of flow in
the different layers having different viscosities can only be assessed when accounting for
the mechanical layering.
(iii) In the vertical model dimension also deeper mantle levels are not accounted
for. This is mainly motivated by the fact that this study focuses on instantaneous
processes in the lithosphere and that an additional (thick) layer would decrease the
model resolution. Neglecting deeper mantle levels is justifiable, as the model’s density
distribution is fitted with observed Bouguer anomalies and the isostatic condition of
the India-Asia collision should be well reproduced. Due to the instantaneous nature of
the simulations it is not expected that deeper mantle levels absorb significant isostatic
compensating movements in such a short time interval.
(iv) The presence of slabs or remnants of them was ignored, first, due to the
limited depth (200 km) of the model and second, because no good geometry constraints
are available.
(v) Constraining the density distribution using observed Bouguer anomalies can
be improved by (a) new, more densely spaced constraints on the geometry of structures
at depth, (b) full 3D variation of density, for example using petrogenetic grids (e.g.
Hetényi et al., 2007), and (c) using an automated routine, which will allow testing of
more density distributions and yield better fits (e.g. Baumann et al., in prep.).
(vi) The lateral extent of the underplating Indian crust is subject of ongoing studies
(e.g. Li et al., 2008; Wittlinger et al., 2009) and its shape might become better defined
in the future, so that features in the horizontal model dimensions can be updated.
(vii) The viscosity of the Tarim basin and the Sichuan basin has a minor impact
on the simulation results, if viscosity is ≥ 1023 Pas as they behave effectively rigid in that
case. Nonetheless, in this model only these two prominent crustal blocks were considered.
In future, additional features, such as the Qaidam basin, might also be included in order
to assess their material parameters and the impact on deformation.
(viii) On the contrary, the viscosity of the weak zones, representing the QuettaChaman Fault and the Sagaing Fault, influences the model results significantly. While
the Sagaing Fault appears to be weak (1020 Pas) and a prerequisite to generate the
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clockwise rotation around the eastern syntaxis, the Quetta-Chaman Fault seems to be
stronger (1022 Pas) or accommodates less motion. These results agree with studies stating that the Quetta-Chaman Fault experiences low to moderate activity (Quittmeyer
and Jacob, 1979; Szeliga et al., 2012) and that the Sagaing Fault accommodates most
motion of India past Indochina (Le Dain et al., 1984; Meade, 2007; Michel et al., 2000).
The Quetta-Chaman Fault and the Sagaing Fault were included in the model as the
GPS velocity field could be fitted with these weak zones only. Small NRMS misfits
are achieved for the area of the eastern syntaxis with a viscosity of 1020 Pas for the
Sagaing Fault. Nonetheless, fits of model and GPS velocities still can be improved by,
for example, testing different boundary conditions, such as applying a constant indenting
velocity at the base of the Indian continent, or by comparing the impact of a deformable
versus a rigid Indian indenter. For future studies also the impact of other major faults,
such as the Karakorum, the Altyn Tagh or the Red River Fault, should be investigated.
(ix) The impact of the viscosity of the Indian lower crust was tested for a range
of three orders of magnitude (1021 − 1024 Pas). It was found that these viscosities yield
similar fits of model surface velocities and observed GPS velocities. Varying the viscosity
of the Indian lower crust by three orders of magnitude has only a minor to moderate
impact on the surface velocity field. Similarly, also strain rates on the model surface
only decrease by less than one order of magnitude when increasing the Indian lower
crustal viscosity by three orders of magnitude. Strain rates in the Indian lower crust
itself, however, vary by approximately two orders of magnitude. This implies that strong
variations exist with depth in the deformation field, a fact which for example is neglected
in thin-sheet models (e.g. England and Houseman, 1986; Houseman and England, 1986).
Furthermore, it is likely that the surface deformation field is not an indicator for deformation at depth. Whether the upper crust and the upper lithospheric mantle are
coupled (for an Indian lower crustal viscosity of 1024 Pas) or decoupled (for an Indian
lower crustal viscosity of 1021 Pas) leads to approximately the same deformation pattern on the surface. Nonetheless, locally stresses and strain rates in adjacent layers are
affected by the strength of the Indian lower crust. Indian lower crustal viscosities of
1021 − 1022 Pas lead to high stresses in the upper crust south of the Tibetan Plateau.
These high stresses coincide with the location of the Main Boundary Thrust and the
Main Frontal Thrust.
Comparing model surface velocities with observed GPS values thus gives no clear
indication on the strength and deformation of lower lithospheric levels in general and the
Indian lower crust in particular. Horizontal surface velocities are mainly influenced by
the boundary conditions and the nature of the weak zones. The tested viscosity range
of the Indian lower crust, however, is reasonable as increased stresses in the upper crust
fit the location of major thrusts and the Tibetan Plateau is stable, i.e. viscous stresses
equilibrate gravitational stresses. Furthermore, the deformation field of the India-Asia
collision can be reproduced. But, precluding higher or lower viscosities requires testing
of a larger range of values.
Thus, refining the model further will yield deeper knowledge of the nature and
behaviour of the lithosphere. In addition, further improvement of the code and more
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densely spaced geophysical data will enable establishing higher resolution models. Seismic anisotropy can be used as an additional constraint for mantle flow.
Comparisons of model results, such as stresses, strain rates and velocities with
measured data (e.g. GPS velocities) or geological observations yield good agreements.
Although not all measured data are yet correctly fitted, the overall stress and strength
state and the velocity field could be reproduced. Especially differences in the stress,
strain and velocity field in an orogeny on scales smaller than approximately 100 km,
such as the elevated stresses in the upper crust at the foot of the Himalayas (Figure
4.9a), are only possible to be reproduced by applying mechanically layered 3D models
with horizontal heterogeneities. Such mechanical layering of the lithosphere is not taken
into account by studies using the thin-sheet approach (e.g. Dayem et al., 2009a,b; Flesch
et al., 2001; Houseman and England, 1986). Model assumptions lead to thickening being
the dominant deformation mechanism (e.g. Lechmann et al., 2011), making thin-sheet
models well suited to describe the large-scale evolution of the Tibetan Plateau (e.g.
England and Houseman, 1986; Houseman and England, 1986).
It is generally desirable to apply simple and comprehensible models for the IndiaAsia collision zone, such as thin-sheet models having no vertical variation of velocity,
strain rate and viscosity throughout the entire lithosphere. However, recent controversially discussed issues concerning for example the relative strength of the Indian lower
crust, the maximal stress levels and possible overpressures within the continental lithosphere or the formation of the distinct 3D Himalayan syntaxes require the application
of more elaborated 3D models, such as the one presented here. Although still exhibiting
some drawbacks, the presented model and procedure can be used as an approach to gain
knowledge of the behaviour of lithospheric materials at the large scale. This study can
also be considered as a starting point for more detailed studies investigating the processes taking place in the different lithospheric layers, assessing their relative importance
and constraining better the rheology of the Indian and Asian lithosphere. Only when
applying highly resolved fully 3D numerical models can significant improvement of the
knowledge of rheology and behaviour of the lithosphere be achieved.

4.6

Conclusions

We presented 3D numerical models to investigate the control of rheology on the
deformation in the India-Asia collision. This includes the implementation of geophysical
data to design the geometry and to constrain parameters. The geometry was configured
using the layer depths of the CRUST2.0 data set refined by Moho-depths from seismological profiles. The density distribution was constrained by fitting the gravity signal
of the model to observed Bouguer anomalies. The benefit of the detailed configuration
both of geometry and density becomes apparent from the significantly improved fit of
Bouguer anomalies compared to using solely the CRUST2.0 depths and densities. Viscosities were implemented by applying typical flow laws and tested by comparing GPE
induced stresses and viscous stresses as well as by investigating the resulting material
flow.
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The main conclusions concerning the dynamics of the India-Asia collision from
the performed numerical thermo-mechanical simulations are: (1) Flow laws typically
used to describe the rheology of the continental lithosphere yield a good constraint of
the continental viscosity distribution because viscous stresses are consistent with GPE
induced stresses. (2) Differences in the density distribution, which agree to a similar
degree with observed Bouguer anomalies of the India-Asia collision, have a relatively
minor impact on the simulation results, i.e. the velocity, strain rate and stress fields.
(3) Viscosity values of the effectively rigid areas of the Tarim basin and the Sichuan
basin have a relatively minor impact on results. (4) Viscosities of 1021 − 1024 Pas for the
Indian lower crust yield similar fits of horizontal surface velocities and GPS velocities.
Likewise, varying the Indian lower crustal viscosity by three orders of magnitude leads to
variations of maximal one order of magnitude in the surface strain rate field and about
two orders of magnitude in the Indian lower crust. Thus, significant variations in the
Indian lower crustal viscosity produce only minor to moderate variations in the surface
strain rate and velocity field. Therefore, data for only surface velocities and strain rates
are insufficient to constrain the viscosity of the Indian lower crust accurately. Viscosities
of 1021 − 1022 Pas for the Indian lower crust yield high stresses (200 − 300 MPa) in the
northern part of the Indian upper crust, which likely exceed the brittle yield strength of
upper crustal rocks. The location of these high stresses corresponds with the location of
the Main Boundary Thrust and the Main Frontal Thrust. (5) The presence of large-scale
strike-slip faults has a crucial impact on model results, with a relatively weak Sagaing
Fault zone and a relatively strong Quetta-Chaman Fault zone providing results that best
fit observations. (6) Lateral variations in GPE can cause locally significant deviations
from the lithostatic pressure in mechanically strong layers (∼ 500 MPa due to GPE
variations only and ∼ 800 MPa considering indentation). These pressure deviations are
necessary to balance GPE induced stresses in a mechanically layered lithosphere and
they can vary significantly vertically and horizontally due to the spatial variations in
material properties.
Simulations using this model setup allow testing the impact of various model and
material parameters which can be constrained by comparing model results with measured
data. This approach not only allows gaining knowledge on lithospheric rheology but
also is a means of testing the viability of cross-sections interpreted from data obtained
from geophysical measurements. In future such models will also help identifying and
understanding processes taking place in the lithosphere and assessing their temporal
and spatial distribution.
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Hetényi, G., Cattin, R., Vergne, J., Nábělek, J. L., 2006. The effective elastic thickness
of the India Plate from receiver function imaging, gravity anomalies and thermomechanical modelling. Geophysical Journal International 167, 1106–1118.
Houseman, G., England, P., 1986. Finite strain calculations of continental deformation.
1. Method and general results for convergent zones. Journal of Geophysical ResearchSolid Earth and Planets 91 (B3), 3651–3663.

135

DYNAMICS OF THE INDIA-ASIA COLLISION

REFERENCES

Hughes, T. J. R., 1987. The Finite Element Method. Dover Publications, Mineola, New
York.
Jones, C. H., Unruh, J. R., Sonder, L. J., 1996. The role of gravitational potential energy
in active deformation in the southwestern United States. Nature 381 (6577), 37–41.
Kearey, P., Brooks, M., Hill, I., 2002. An Introduction to Geophysical Exploration.
Blackwell Publishing, Malden.
Kind, R., Yuan, X., Saul, J., Nelson, D., Sobolev, S. V., Mechie, J., Zhao, W., Kosarev,
G., Ni, J., Achauer, U., Jiang, M., 2002. Seismic images of crust and upper mantle
beneath Tibet: Evidence for Eurasian plate subduction. Science 298, 1219–1221.
Kreemer, C., Holt, W. E., Haines, A. J., 2003. An integrated global model of presentday plate motions and plate boundary deformation. Geophysical Journal International
154 (1), 8–34.
Laske, G., Masters, G., Reif, C., 2002. Crust 2.0: A new global crustal model at 2x2
degrees. web page.
Le Dain, A. Y., Tapponnier, P., Molnar, P., 1984. Active faulting and tectonics of Burma
and surrounding regions. Journal of Geophysical Research 89 (Nb1), 453–472.
Lechmann, S. M., May, D. A., Kaus, B. J. P., Schmalholz, S. M., 2011. Comparing
thin-sheet models with 3-D multilayer models for continental collision. Geophysical
Journal International 187 (1), 10–33.
Li, A., Mashele, B., 2009. Crustal structure in the Pakistan Himalaya from teleseismic
receiver functions. Geochemistry Geophysics Geosystems 10, Q12010.
Li, C., van der Hilst, R. D., Meltzer, A. S., Engdahl, E. R., 2008. Subduction of the
Indian lithosphere beneath the Tibetan Plateau and Burma. Earth and Planetary
Science Letters 274, 157–168.
Li, X. S., 2005. An overview of SuperLU: Algorithms, implementation, and user interface.
ACM Transactions on Mathematical Software 31, 302–325.
Liu, M., Yang, Y., 2003. Extensional collapse of the Tibetan Plateau: Results of threedimensional finite element modeling. Journal of Geophysical Research 108, B8.
McKenzie, D., 1972. The nature of the solid Earth. McGraw-Hill, Ch. Plate tectonics.
Meade, B. J., 2007. Present-day kinematics at the India-Asia collision zone. Geology 35,
81–84.
Michel, G. W., Becker, M., Angermann, D., Reigber, C. Reinhart, E., 2000. Crustal
motion in E- and SE-Asia from GPS measurements. Earth Planets and Space 52,
713–720.

136

DYNAMICS OF THE INDIA-ASIA COLLISION

REFERENCES

Molnar, P., Lyon-Caen, H., 1988. Some simple physical aspects of the support, structure,
and evolution of mountain belts. Geological Society of America Special Paper 218,
179–207.
Molnar, P., Tapponnier, P., 1975. Cenozoic tectonics of Asia: Effects of a continental
collision. Science 189, 419–426.
Molnar, P., Tapponnier, P., 1981. A possible dependence of tectonic strength on the age
of the crust in Asia. Earth and Planetary Science Letters 52 (1), 107–114.
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Appendix
The 3D model is based on the continuum mechanics conservation equations. The
conservation equation representing the momentum balance is
∂σij
= ρgai
∂xj

(4.8)

with σij being the total stress tensor, ρ the density, g the gravity and ~a = (0, 0, 1)T .
Indices i, j run from 1 to 3 and refer to the three spatial coordinates x, y, z, respectively.
According to the summation convention, repeated indices are summed. The superscript
T indicates the transpose of a vector or matrix.
The incompressibility condition, with velocity vector ~v = (vx , vy , vz )T and ∇ =

T
∂
∂
∂
,
,
, is
∂x ∂y ∂z
∇T · ~v = 0

(4.9)

with the symbol · representing a scalar product.
The deviatoric stress tensor is
τij = σij + δij p
where p = − 13 (σxx + σyy + σzz ) is the pressure and δij the Kronecker delta.
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We apply the constitutive relation
τij = 2µε̇ij


∂v

(4.11)



∂vi
where ε̇ij = 21 ∂x
+ ∂xji are the components of the strain rate tensor and ε̇II =
j
q
1
2 ε̇ij ε̇ij is the second invariant of the strain rate tensor. µ is the viscosity defined in
eq. (4.1).
Substituting eqs (4.10) and (4.11) into eq. (4.8) leads to

B T DB~v − ∇p = ρg~a,
(4.12)
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Eqs (4.9) and (4.12) represent the 4 governing equations in 3D for the four unknowns vx , vy , vz and p. These equations are discretized using a standard mixed finite
element method (FEM) (Brezzi and Fortin, 1991; Hughes, 1987). The domain is discretized with hexahedral elements, using the element type Q2 P−1 which consists of a
triquadratic basis function for velocity and a piecewise discontinuous linear basis function for pressure (Brezzi and Fortin, 1991). Following the discretization of the Stokes
equations, we obtain the following discrete system
  


~ṽ
K Q
f~
=
(4.13)
QT 0
0
p̃~
RRR T
RRR T
B̃ D B̃dxdydz the discrete gradient of the stress tensor, Q = −
B
with K =
RRR T G
T
~
Np dxdydz the discrete gradient, Q the discrete divergence and f = −
Nv ρg~a
dxdydz the discrete body force. Matrices B̃ and BG contain spatial derivatives of the
velocity shape functions. Vectors Np , Nv contain the pressure and the velocity shape
functions.
The mixed finite element method described above has been implemented within
the code LaMEM (Lithosphere and Mantle Evolution Model) (e.g. Lechmann et al., 2011;
Schmeling et al., 2008). LaMEM is a parallel (distributed memory) FEM code developed
using the PETSc library (Balay et al., 2009), which provides a flexible mechanism to
change and configure the solution strategy used to compute the discrete velocity and
pressure from eq. (4.13).
Solution of the numerical problem is achieved with an iterative approach. The system of equations is solved with a Schur Complement Reduction (SCR) based geometric
multigrid solver (GMG, (Briggs et al., 2000)) which requires a hierarchy of finite element
meshes, and a coarse grid operator on each. As Krylov method FGMRES is employed
(Saad, 2003). Except for the coarsest level, where the direct solver SuperLU is used (Li,
2005), for the other multigrid levels 4 iterations of FGMRES preconditioned with block
ILU are used.
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5. Discussion
The India-Asia collision and the thickening of the Tibetan Plateau have often
been studied with thin-sheet models (e.g. Dayem et al., 2009a,b; England and Houseman, 1986; England and McKenzie, 1982; Flesch et al., 2001; Houseman and England,
1986). Thin-sheet models assume that the lithosphere behaves as a uniform continuous,
i.e. mechanically coupled, sheet (e.g. Bird and Piper, 1980). Comparing mechanically
layered 2D and 3D models has shown that thin-sheet models are a good approximation
to study first order deformation processes on the large scale (∼ 1000’s of km) (e.g. Garthwaite and Houseman, 2011). They reproduce well the overall crustal thickness evolution
and the horizontal velocity field in competent layers for a linear viscous rheology, during
continent indentation. Differences between model results of thin-sheet models and mechanically layered 2D and 3D models are more pronounced when a power-law viscous
rheology is applied (e.g. Garthwaite and Houseman, 2011) and deformation is induced
or dominated by lateral variations in gravitational potential energy (GPE). The reason
for this is that the basic assumptions of the thin-sheet model entail some drawbacks: (i)
Depth-averaging all model and material parameters leads to thickening and thinning to
be the dominant deformation processes, which neglects other possibly important processes. The thin-sheet approach, therefore, prevents the investigation of other collisional
processes taking place simultaneously in different areas of the lithosphere. This makes
the assessment of their relative importance impossible. (ii) Furthermore, stresses resulting from thin-sheet models are smaller and differently distributed in the crust compared
to a fully 3D model. (iii) Isostatic compensating movements and the smoothing of topography during gravitational collapse, i.e. equilibration of lateral variations in GPE,
differ from mechanically layered models, as vertical shear components are assumed to
be zero in the thin-sheet model and the thin viscous sheet does not exhibit any flexural
strength.
Including mechanical layering changes model dynamics significantly. Processes,
such as thickening, buckling and lower crustal flow, which are taking place simultaneously, can be identified: (i) Thickening and thinning are active throughout continental
collision. Thickening mainly takes place at the indentation front while localized thinning
can take place elsewhere. During gravitational collapse of an orogen, lateral variations
in crustal thickness are evened. (ii) Buckling takes place during indentation of a rigid
indenter into the mechanically layered lithosphere. The more competent layers (here,
the upper crust and the upper lithospheric mantle) are buckled, while the weak layer in
between (the lower crust) accommodates deformation. Buckling is an important process
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as it is a typical response of mechanically layered structures to layer-parallel (horizontal)
shortening (e.g. Cloetingh et al., 1999). This can also have a significant influence on the
further deformation of the lithosphere as buckling can lead to strain localization in thermally activated shear zones (e.g. Burg and Schmalholz, 2008). Such strain localization
is postulated for the formation of the Himalayan syntaxes. (iii) Lower crustal flow is
dominant during gravitational collapse when indentation has slowed down. Then, active
shortening of the lithosphere does not counteract or overprint the deformation field in
a flowing weak lower crust. The lower crust and the relatively stronger upper crust are
together subject to flow equilibrating lateral variations in GPE. Flow in the upper crust
is however significantly smaller in volume. A weak lower crust is able to equilibrate
differences in elevation and crustal thickness by flow relative to the stronger layers lying
above and below. The competent upper crust and upper lithospheric mantle show similar velocity fields, although being decoupled by a weak layer. This similarity questions
studies comparing GPS surface velocities and mantle anisotropy from SKS shear wave
splitting data and deducing from correlating measurements that the lithosphere is mechanically coupled (e.g. Flesch et al., 2005; Wang et al., 2009). Correlating velocity or
deformation fields on the surface and in the upper mantle, i.e. in two competent layers,
does not a priori exclude the existence of a decoupling less competent layer, such as a
weak lower crust, in between. Furthermore, a decoupling weak layer within a competent
crust is deflected during gravitational collapse. This finding constrains the applicability
of channel flow models assuming a horizontal crustal channel (e.g. Clark et al., 2005;
Clark and Royden, 2000) as for typical crustal viscosities such a geometry is not stable.
When the viscosity of the crust is increased to stabilize the channel, channel flow velocities are significantly decreased and the effectiveness of lateral spreading of a plateau is
reduced.
The lithospheric deformation processes, discussed in the previous paragraph, can
be reproduced using a relatively simple, mechanically layered 3D model (Chapter 2).
These processes, also taking place during the India-Asia collision, were previously identified in geological and geophysical studies: Geologists have for long suggested a variety
of mechanisms to explain the elevation of the Tibetan Plateau (e.g. Argand, 1924; Dewey
and Burke, 1973). These mechanisms also considered thickening of the Tibetan crust.
Several seismological surveys (e.g. Kind et al., 2002; Nábělek et al., 2009; Rai et al.,
2006) identified a thickened crust below the Tibetan Plateau. Folding of the lithosphere
and the Tibetan Moho was identified and investigated by, e.g., Burg et al. (1994), Burg
and Podladchikov (1999), Burg and Podladchikov (2000), Burg and Schmalholz (2008),
Burov et al. (1993), Cloetingh et al. (1999) and Shin et al. (2009). The presence of
weak material in the crust was inferred from several studies evaluating teleseismic data
(e.g. Jiang et al., 2011; Nábělek et al., 2009). Next to identifying the important processes during continental collision, results of the mechanically layered 2D and 3D models
clearly reveal that vertical gradients exist in the velocity, stress and strain rate fields.
This is evidence for the fact that orogeny is an inherently 3D process: Subduction zones
exhibit a vertically and laterally variable geometry (e.g. Gutscher et al., 2000; Li et al.,
2008). At a smaller scale, in the upper portions of the crust, mountain ranges consist
of thrust sheets, like in the Himalayas (e.g. Burg and Chen, 1984), or nappe stacks, like
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in the Alps (e.g. Escher and Beaumont, 1997). For this reason, mechanically layered
3D models distinguishing also lateral variations in material parameters are needed to
quantify and assess the spatial and temporal evolution of lithospheric deformation processes. The numerical models proposed up to now (Figure 1.5) were able to successfully
explain individual processes taking place during continental collision and more specifically during the formation of the Tibetan Plateau. The thin-sheet model is especially
suited to reproduce and study the evolution of the Tibetan Plateau. This is due to the
fact that the Tibetan Plateau exhibits no strong vertical gradients, both in geometry
and deformation fields (Chapter 2). On the other hand, the thin-sheet model is not able
to reproduce the formation of an orogen. Fully 3D models, however, are able to account
both for highly 3D deformation fields like in mountain ranges, but also for large-scale
and less intricate features, like a plateau. Therefore, 3D models are required to observe
deformation processes at all scales and to assess how they interact.
3D models yield also a more complete picture when deformation is induced by
lateral variations in GPE (Chapter 3). It is known that lateral variations in GPE influence stresses and deformation in the lithosphere (e.g. Artyushkov, 1973; Flesch et al.,
2001; Ghosh et al., 2006; Molnar and Lyon-Caen, 1988; Sandiford et al., 1995). However, there is an ongoing dispute about their relationship. Therefore, like in Chapter 2,
Chapter 3 investigates this problem with very simple models, both in terms of geometry
and material parameters. Understanding the distribution of GPE and stresses is crucial
in the debate on the relative importance of the driving forces of plate tectonics. With
respect to the India-Asia collision, there is a dispute whether the excess GPE of the
mid-oceanic ridge (i.e. the ridge-push driving the Indian plate) is sufficient to balance
the GPE of the Himalayas and the Tibetan Plateau (Sandiford et al., 1995), or whether
an additional force, like slab suction, is needed (Ghosh et al., 2006). In this work, it
was found that accurate estimates of horizontal deviatoric stresses arising from lateral
variations in GPE only are possible with 3D simulations. The application of 2D model
results is limited to simple, large-scale, cylindrical 3D geometries. Furthermore, stresses
resulting from 2D models are larger than in 3D models, where plane strain conditions are
not fulfilled and stresses become distributed over three spatial dimensions. For simple
geometrical settings, the analytical relationship between horizontal deviatoric stresses
and GPE derived from a 2D equilibrium of forces is applicable. In 2D the prediction of
horizontal deviatoric stresses from GPE is possible if the crustal thickness distribution,
i.e. the average crustal thickness, is known. Stress values in the crust of the lowland and
the mountain depend on their length-ratio, with stresses in the shorter crustal part being
proportionally larger. Analytical predictions are accurate for a purely elastic, power-law
viscous or highly viscous crust – rheologies typically assumed for the continental crust.
Also stresses derived from thin-sheet models imprecisely approximate the equivalent 3D
scenario. Depth-averaged thin-sheet models and mechanically layered 2D models thus
only approximate equivalent 3D models for specific settings and processes.
The models of Chapters 2 and 3 include different degrees of simplification, which
range from the depth-averaged thin-sheet model to the mechanically layered 2D model
to the mechanically layered 3D model. The 3D models, however, still employ simple
geometries and rheological laws. Therefore, next horizontal heterogeneities needed to be
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included and investigated in order to understand ductile processes in a collisional system in their completeness. A model representing today’s state of the India-Asia collision
zone includes both vertically and horizontally variable features with differing material
parameters. The model setup is well constrained in terms of geometry and material
parameters thanks to available geophysical data. Performing instantaneous indentation
of India into Asia then allows reproducing the present stress and strength state of the
collisional system. By comparing model results with geophysical data or geological observations, densities and viscosities of different lithospheric layers and crustal structures
can be constrained. Besides, lithospheric geometries inferred from seismological surveys
can be verified. Model results, for example, fit measured data for a viscosity range of
1021 − 1024 Pas for the underplating Indian lower crust. Compared to the studies presented in Chapters 2 and 3, where models exhibit discrete jumps in viscosity between the
different layers, a temperature-dependent viscosity distribution was employed in Chapter
4. This viscosity distribution approximates a realistic strength envelope more closely.
In the future, incorporating more complex rheologies, like plasticity or elasticity, and
different flow laws will help to constrain material parameters better and to investigate
the temporal and spatial distribution of deformation processes, like folding and lower
crustal flow, in more detail.
The presented 3D model, therefore, should be considered as a starting point to
answer remaining questions. Thickening, buckling and lower crustal flow can now be
investigated in close relation to the Tibetan Plateau and the Himalayan syntaxes: When
and where these processes were or are predominantly acting and how they contributed
to the formation of the Tibetan Plateau can be assessed. The role of the underplating
Indian lower crust and its impact on (lower) crustal flow below the Tibetan Plateau has
to be addressed in more detail. Behaviour and material characteristics of the Indian lower
crust are important as tectonic underplating contributes in supporting the high elevation
of the Tibetan Plateau. With respect to the Himalayan syntaxes it was found that flow
due to lateral variations of GPE cannot be the sole agent for their formation. Forming
the Himalayan syntaxes involves the exhumation of deep crustal rocks by a combination
of crustal folding and erosion (e.g. Burg et al., 1997, 1998; Seward and Burg, 2008). The
exact mechanism of the localized 3D crustal scale folding still needs to be investigated
further. Nonetheless, the presented models show that equilibration of GPE leads to
flexural bending of the topography, forming basins and protruding mountain tips which
are first affected by erosion and sedimentation. Flow in an intermediate, weak, powerlaw viscous layer, equilibrating lateral variations in GPE, leads to pinching and swelling,
which brings deeper crustal material closer to the surface. But, exhumation of deep
crustal rocks is only effective when also considering erosional processes. These, however,
were neglected in this thesis. Surface processes are important for the Tibetan Plateau in
general, perhaps more for the Himalayan syntaxes where incising rivers were postulated
to have had a major impact (e.g. Koons et al., 2002; Zeitler et al., 2001a,b). Investigating
the interaction of tectonic and erosional processes in 3D will give new insights into the
relative control these two processes exert on each other and how the Himalayan syntaxes
were formed.
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6. Conclusions
Processes active during continental collision have mainly been studied using simplified numerical models. Simplifications have been made concerning the spatial dimensions
(e.g. pseudo 3D depth-averaged thin-sheet models considering the model domain in map
view and 2D models examining profile sections) and the processes (a priori investigation
of specific mechanisms, like thickening, brittle failure or buckling) under consideration.
In this thesis, it is shown that thin-sheet and 2D models only approximate equivalent
3D models for specific scenarios, typically for large-scale, cylindrical geometries, and
for specified processes. However, a complete understanding of continent collision can
only be achieved when applying mechanically layered 3D models in which lateral heterogeneities are also considered. Such models allow the identification and quantification
of simultaneous processes.
3D modeling of continental indentation and comparison with equivalent thin-sheet
models has shown that
 thickening, buckling and lower crustal flow are the major processes.
 thin-sheet models approximate 3D models well during indentation for a linear
viscous rheology.
 thin-sheet models reproduce well the overall crustal thickening and flow and the
horizontal velocity field.
 thin-sheet and 3D models differ for power-law viscous rheologies and when deformation is dominated by gravitational collapse.
 thin-sheet models are not able to account for buckling and lower crustal flow.
 a competent upper crust and upper lithospheric mantle, decoupled by a weak lower
crust, can show coherent deformation patterns.
 coherent strain of surface and mantle is no evidence for a mechanically coupled
lithosphere.

Thin-sheet, 2D and 3D modeling of gravitationally induced crustal deformation
has shown that
 GPE induced deviatoric stresses can be predicted in 2D using a simple scaling
relationship.
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 stresses depend on the average thickness of the crust and on the length-ratio of
the crust below the lowland and the mountain.
 stress predictions are less precise for a weak crust and in 3D.
 vertical variations in strain rate are especially pronounced (up to a factor 5) in
areas with strong variations in crustal thickness.
 flow in a weak crustal channel, induced by lateral variations in GPE, causes channel
instability and deflection from an initially horizontal channel geometry.
 thin-sheet models imprecisely predict GPE induced stresses.
 thin-sheet models do not represent the evolution of topography accurately.
 accurate estimates of stresses in 3D structures require 3D simulations.

Comparison of thin-sheet, layered 2D models and vertically and horizontally heterogeneous 3D models shows that coeval, collisional processes in the lithosphere can be
thoroughly assessed only with 3D models. The realistic 3D model of today’s state of the
India-Asia collision zone reveals that
 the density distribution of the lithospheric layers and the viscosity of the effectively rigid basins (viscosity ≥ 1023 Pas) have only a minor impact on the model
dynamics.
 the strength of the underplating Indian lower crust has a minor to moderate effect
on the surface deformation field.
 GPS velocities can be fit for Indian lower crustal viscosities of 1021 − 1024 Pas.
 the location of the Main Frontal and Main Boundary Thrusts can be fit for Indian
lower crustal viscosities of 1021 − 1022 Pas.
 the Sagaing Fault is relatively weak (1020 Pas) and the Quetta-Chaman Fault
stronger (1022 Pas).
 lateral variations in GPE cause strong deviations from lithostatic pressure (up to
500 MPa).
 a detailed 3D model allows better constraining material parameters.

This work exemplifies that 3D numerical models are essential to study collisional
orogens and to identify and quantify spatially and temporally variable processes and
their interaction.

150

A. Programming and testing
A.1

Introduction

The papers published, or in preparation, reflect a fraction of the work performed
during this thesis. This appendix will summarize the programming and testing performed to validate the correctness of the code.

A.2

LaMEM

LaMEM stands for “Lithosphere and Mantle Evolution Mode” and is a code written in C, developed using the PETSc library (Balay et al., 2009). The code includes
the possibility to employ the finite element method or a finite difference approach to
solve the incompressible Stokes equations. LaMEM was mainly developed by Prof. Dr.
B. J. P. Kaus and Dr. D. A. May. I contributed several routines to the code defining
boundary conditions and rheological laws, which are summarized in this section.
I added two new types of boundary conditions. For the comparison of the 3D
model with the thin-sheet model (Chapter 2), the same boundary conditions as used by
Houseman and England (1986) and England and Houseman (1986) were implemented:
Indentation is taking place with a depth-constant velocity. Over a quarter of the model
width a constant velocity is applied, then velocity is decreasing with a cosine-function
to be zero over the second half of the model width (Listing A.1 and Figure 2.3).
Furthermore, the possibility to apply boundary conditions internally was implemented (Listing A.2). Here, the user can choose at which internal nodes the boundary
conditions should be applied. This was originally done for a model setup which exhibits a gap at the front of the model, with mantle material reaching to the surface
of the model. This mimics the effect of a mid-oceanic ridge. Applying the boundary
conditions inside the model where crustal material is present, allows mantle material
to be pulled behind the crustal material and can induce flow in the mantle. However,
these boundary conditions were never applied in production runs, as the setup with
high-density mantle-material reaching up to the surface has a big influence on the gravitational potential energy and can induce strong gravity-driven flow, and has therefore
to be treated carefully.

151

APPENDIX A

In addition, I implemented several rheological laws. The first was the power-law
viscous rheology, i.e. the effective viscosity, µef f , is depending on the strain rate with a
power-law relationship (eq. (A.1), Listing A.3).
( 1 −1)

µef f = H ε̇IIn

.

(A.1)

Here, H is the rheological coefficient and n the power-law exponent. ε̇II =

q

1
2 ε̇ij ε̇ij

is

∂v

∂vi
the second invariant of the strain rate tensor, ε̇ij = 21 ( ∂x
+ ∂xji ).
j
Similarly, also temperature-dependent viscosity was implemented (eqs (4.1), (A.2),
Listing A.3)


1 ( 1 −1)
E
−n
n
,
(A.2)
µef f = A ε̇II
exp
nRT

A is the pre-exponential factor, E the activation energy, R the Universal gas constant
and T the temperature.
Finally, also Drucker-Prager plasticity was implemented (eq. (A.3), Listing A.3).
The yield criterion, τy , is the maximum stress a material is able to support and for
Drucker-Prager plasticity is defined as
τy = P sin(φ) + Ccos(φ),

(A.3)

where P is dynamic pressure, φ is the friction angle of the material and C is cohesion.
When the second invariant of the stress tensor, τII , reaches the yield criterion the material fails plastically and the viscosity required to stay on the yield surface, for the current
strain rate, is recomputed as
τy
µef f =
(A.4)
2ε̇II
else if ( B o u n d a r y C o n d i t i o n s . RightBound ==6) {
boundary conditions
ndof
= 2;
nn = round (( nel_y -1.0) /4) ; mm = round (( nel_y -1) /2) ;
of model width , mm : half of model width

// thin - sheet
// Vx , Vy
// nn : one fourth

for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
if ( iel_y <= nn ) {
// constant x velocity along first quarter of model width
B o u n d a r y V e l o c i ty [ i ][0] = - B o u n d a r y C o n d i t i o n s . Exx * fac * user - > W ;
}
else if ( iel_y > nn && iel_y < mm ) {
// cosine - shaped x
- velocity profile along second quarter of model width
B o u n d a r y V e l o c i ty [ i ][0] = - fac * B o u n d a r y C o n d i t i o n s . Exx * user - > W *( cos
( 2. 0* 3. 1 41 56 *( ( coord_elem [ nodes [ i ]]. y ) / user - >L -(1.0/4.0) ) ) ) *
( cos ( 2. 0 *3 .1 41 5 6* (( coord_elem [ nodes [ i ]]. y ) / user - >L -(1.0/4.0) ) ) ) ;
}
else if ( iel_y >= mm ) {
// zero x - velocity
in second half of model
B o u n d a r y V e l o c i ty [ i ][0] = 0.0;
}
}
for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
// zero y - velocity
along entire width of the model
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B o u n d a r y V e l o c i ty [ i ][1] = 0.0;
}
}

Listing A.1: Excerpt of LaMEM with the thin-sheet-like boundary conditions, applied at the right
boundary.
if ( user - > BC . InternalBound >0) {
if ( iel_y == user - > i n t e r n a l B C _ f r o n t e l ) {
element where BC are applied

// find internal

// Define front boundary nodes
if ( ( element_type == DAVP_Q1P0 ) | ( element_type == DAVP_Q1Q1 ) ) {
nodes [0] = 0; nodes [1] = 1; nodes [2] = 4; nodes [3] = 5;
}
else if ( ( element_type == DAVP_Q2PM1L ) || ( element_type == DAVP_Q2PM1G ) ) {
nodes [0] = 0; nodes [1] = 8; nodes [2] = 1; nodes [3] = 16;
nodes [4] = 24; nodes [5] = 17; nodes [6] = 4; nodes [7] = 12;
nodes [8] = 5;
}
ndof
=
0;
SetDOF = -1;
if ( B o u n d a r y C o n d i t i o n s . InternalBound ==9) {
boundary conditions
if ( user - > zdepth_BC_el == 0) {
entire model depth
user - > zdepth_BC_el = nel_z ;
}
if ( iel_z >( nel_z -1 -( user - > zdepth_BC_el ) ) ) {
chosen depth up to surface
ndof
= 2;
nn = 0;
node
mm = round ( nel_x /8) ;
of model width
oo = round ( nel_x /2) ;
model width
pp = round ( nel_x /4) + round ( nel_x /2) ;
fourths of model width

// thin - sheet
// apply BC over

// apply BC from
// Vx , Vy
// nn : left - most
// mm : one eighth
// oo : half of
// pp : three

for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
// Vy
if ( iel_x >= nn && iel_x < oo ) {
B o u n d a r y V e l o c it y [ i ][1] = - fac * B o u n d a r y C o n d i t i o n s . Eyy * user
->W;
}
else if ( iel_x >= oo && iel_x < pp ) {
B o u n d a r y V e l o c it y [ i ][1] = - fac * B o u n d a r y C o n d i t i o n s . Eyy * user
- > W *( sin ( 2. 0 *3 .1 41 5 6* (( coord_elem [ nodes [ i ]]. x ) / user - >W
-(1.0/4.0) ) ) ) *
( sin ( 2 .0 *3 .1 4 15 6* (( coord_elem [ nodes [ i ]]. x ) / user - >W
-(1.0/4.0) ) ) ) ;
}
else if ( iel_x >= pp ) {
B o u n d a r y V e l o c it y [ i ][1] = 0.0;
}
}
for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
// Vx
B o u n d a r y V e l o c it y [ i ][0] = 0.0;
}
}
}
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else {
SETERRQ1 (1 , " Unknown front boundary condition BC . InternalBound =% i " ,
B o u n d a r y C o n d i t i o n s . InternalBound ) ;
}
if ( ndof >0) {
// Zero rows and collumns of local stiffness matrix
A d d _ B C _ T o L o c a l S t i f f n e s s (C , VV , VP , PV , F_BC , P_BC , nodes , ndof , SetDOF
, B o un d a r y V e l o c i ty ) ;
}
}
if ( iel_y == user - > i n t e r n a l B C _ b a c k e l ) {
// same as above if statement : nodes are shared by two elements
// (" back wall " of one el . and " front wall " of another el .) , so BC have to
be set twice
// Define back boundary nodes
if ( ( element_type == DAVP_Q1P0 ) | ( element_type == DAVP_Q1Q1 ) ) {
nodes [0] = 2; nodes [1] = 3; nodes [2] = 6; nodes [3] = 7;
}
else if ( ( element_type == DAVP_Q2PM1L ) || ( element_type == DAVP_Q2PM1G ) ) {
nodes [0] = 3; nodes [1] = 10; nodes [2] = 2; nodes [3] = 19;
nodes [4] = 25; nodes [5] = 18; nodes [6] = 7; nodes [7] = 14;
nodes [8] = 6;
}
ndof
=
0;
SetDOF =
-1;
if ( B o u n d a r y C o n d i t i o n s . InternalBound ==9) {
boundary conditions
if ( user - > zdepth_BC_el == 0) {
entire model depth
user - > zdepth_BC_el = nel_z ;
}
if ( iel_z >( nel_z -1 -( user - > zdepth_BC_el ) ) ) {
chosen depth up to surface
ndof
= 2;
nn = 0;
node
mm = round ( nel_x /8) ;
of model width
oo = round ( nel_x /2) ;
model width
pp = round ( nel_x /4) + round ( nel_x /2) ;
fourths of model width

// thin - sheet
// apply BC over

// apply BC from
// Vx , Vy
// nn : left - most
// mm : one eighth
// oo : half of
// pp : three

for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
// Vy
if ( iel_x >= nn && iel_x < oo ) {
B o u n d a r y V e l o c it y [ i ][1] = - fac * B o u n d a r y C o n d i t i o n s . Eyy * user
->W;
}
else if ( iel_x >= oo && iel_x < pp ) {
B o u n d a r y V e l o c it y [ i ][1] = - fac * B o u n d a r y C o n d i t i o n s . Eyy * user
- > W *( sin ( 2. 0 *3 .1 41 5 6* (( coord_elem [ nodes [ i ]]. x ) / user - >W
-(1.0/4.0) ) ) ) *
( sin ( 2 .0 *3 .1 4 15 6* (( coord_elem [ nodes [ i ]]. x ) / user - >W
-(1.0/4.0) ) ) ) ;
}
else if ( iel_x >= pp ) {
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B o u n d a r y V e l o c it y [ i ][1] = 0.0;
}
}
for ( i =0; i < nnel_1D * nnel_1D ; i ++) {
B o u n d a r y V e l o c it y [ i ][0] = 0.0;
}

// Vx

}
}
else {
SETERRQ1 (1 , " Unknown back boundary condition BC . InternalBound =% i " ,
B o u n d a r y C o n d i t i o n s . InternalBound ) ;
}
if ( ndof >0) {
// Zero rows and collumns of local stiffness matrix
A d d _ B C _ T o L o c a l S t i f f n e s s (C , VV , VP , PV , F_BC , P_BC , nodes , ndof , SetDOF
, B o un d a r y V e l o c i ty ) ;
}
}
}

Listing A.2: Excerpt of LaMEM with the thin-sheet-like boundary conditions, applied internally
at chosen elements.
/* = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = */
/* Computes effective viscosity */
# undef __FUNCT__
# define __FUNCT__ " C o m p u t e E f f e c t i v e V i s c o s i t y "
Petsc ErrorCo de C o m p u t e E f f e c t i v e V i s c o s i t y ( int phase , UserContext * user , double T ,
double E2nd , double T2nd , double P , double P_lithos ,
double Strain , double PlasticStrain , int PlasticityCutoff ,
double * mu_viscous , double * mu_plastic , double * mu_eff )
{
PetscScalar
exponent1 , exponent2 , Sigma_yield , Phi , Cohesion , N_exp , e0 ,
P_upper , P_lower , A , E , R , T_dim , E2nd_dim ;
PetscScalar
Strain_begin , Strain_end , Cohesion_end , Phi_end , factor ;
PetscInt
ViscosityLaw , PlasticityLaw ;

/* - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - */
ViscosityLaw
=
user - > P ha s eP ro pe r ti es . ViscosityLaw [ phase ];
if

( ViscosityLaw ==1) {
/* Constant viscosity */
* mu_viscous
=
user - > P h as eP r op er ti e s . mu [ phase ];

}
else if ( ViscosityLaw ==2) {
/* Power - law viscosity */
N_exp
=
user - > Ph a se Pr op e rt ie s . n_exponent [ phase ];
e0
=
user - > P h as eP r op er ti e s . Powerlaw_e0 [ phase ];
exponent1

=

(1.0/ N_exp ) -1.0;

if (( E2nd >0.0) && isnan ( E2nd ) == PETSC_FALSE ) {
* mu_viscous
=
user - > P h as eP ro p er ti es . mu [ phase ]* PetscPow Scalar ( (
E2nd / e0 ) , exponent1 ) ;
}
else {
* mu_viscous
=
user - > P h as eP ro p er ti es . mu [ phase ];
}
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}
else if ( ViscosityLaw ==3) {
/* Frank - Kamenetskii approximation */
* mu_viscous =
user - > P h as eP ro p er ti es . mu [ phase ]*( PetscE xpScalar ( - user - >
P ha se Pr o pe rt ie s . F r a n k K a m e ne t s k i i [ phase ]* T ) ) ;
}
else if ( ViscosityLaw ==4) {
/* Temperature - dependent viscosity */
N_exp
=
user - > Ph a se Pr op e rt ie s . n_exponent [ phase ];
e0
=
user - > P h as eP r op er ti e s . Powerlaw_e0 [ phase ]* user - >
Chara cterist ic . Strainrate ;
A
=
user - > P h as eP r op er ti e s . A [ phase ]*(( PetscP owScala r ( user - >
Chara cterist ic . Stress ,( - user - > Ph a se Pr op e rt ie s . n_exponent [ phase ]) ) ) /
user - > Characte ristic . Time ) ;
E
=
user - > P h as eP r op er ti e s . E [ phase ]* user - > Charact eristic .
Jmol ;
R
=
user - > GasConstant ;
T_dim
=
T * user - > Charac teristic . Temperature ;
E2nd_dim
=
E2nd * user - > Charact eristic . Strainrate ;
exponent1
exponent2

=
=

(1.0/ N_exp ) -1.0;
-(1.0/ N_exp ) ;

if (( E2nd >0.0) && isnan ( E2nd ) == PETSC_FALSE ) {
* mu_viscous
=
PetscPo wScalar (A , exponent2 ) * PetscPo wScalar ((
E2nd_dim / e0 ) , exponent1 ) * Petsc ExpScala r ( E /( R * N_exp * T_dim ) ) ;
}
else {
* mu_viscous
=
PetscPo wScalar (A , exponent2 ) * PetscEx pScalar ( E /( R *
N_exp * T_dim ) ) ;
}
* mu_viscous = * mu_viscous / user - > Characte ristic . Viscosity ;
}
else {
PetscPrintf ( PETSC_COMM_WORLD , " There is something fuzzy about your
VISCOSITY law ! \ n " ) ;
MPI_Abort ( PETSC_COMM_WORLD ,1) ;
}
/* - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - */
/*
* If the element is non - plastic , we update the effective viscosity .
* If it is plastic already , we check whether the yield stress is exceeded
already , and
* (1) if yes , update mu_plastic and mu_eff to represent new yield stress
* (2) if no , leave as is ( viscosity is fine already and reduced stresses to
be at or just below yield )
*/
if ( fabs (* mu_plastic ) <1e -15) {
* mu_eff
=
* mu_viscous ;
}

/* - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - */
PlasticityLaw
=
user - > P ha s eP ro pe r ti es . PlasticityLaw [ phase ];
if
( PlasticityLaw ==0) {
/* No Plasticity */
* mu_plastic =
0.0;
}
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else if
( PlasticityLaw ==1) {
/* Drucker - Prager */
Cohesion
=
user - > P ha se Pr o pe rt ie s . Cohesion [ phase ];
Phi
=
user - > P ha s eP ro pe r ti es . FrictionAngle [ phase ];
Strain_end
phase ];

=

user - > P ha s eP ro pe r ti es . W e a k e n i n g _ P l a s t i c S t r a i n _ E n d [

if ( Strain_end >0.0) {
// Strain weakening should be taken into account .
Strain_begin
=
user - > P ha se P ro pe rt i es .
W e a k e n i n g _ P l a s t i c S t r a i n _ B e g i n [ phase ];
Cohesion_end
=
user - > P ha se P ro pe rt i es . C o h e s i o n A f t e r W e a k e n i n g [ phase
];
Phi_end
=
user - > Ph a se Pr op e rt ie s . F r i c t i o n A n g l e A f t e r W e a k e n i n g [
phase ];
if ( PlasticStrain > Strain_end ) {
Cohesion
=
Cohesion_end ;
Phi
=
Phi_end ;
}
else if ( ( PlasticStrain > Strain_begin ) && ( PlasticStrain <= Strain_end ) )
{
factor
=
( PlasticStrain - Strain_begin ) /( Strain_end Strain_begin ) ;
Cohesion
=
(1.0 - factor ) * Cohesion
+ factor * Cohesion_end ;
Phi
=
(1.0 - factor ) * Phi
+ factor * Phi_end ;
}
}
if ( E2nd >0.0) {
// Create a check that pressure is within reasonable limits
P_upper
=
-( P_lithos + Cohesion * cos ( Phi / 1 8 0 * 3 . 1 4 1 5 9 2 6 5 ) ) /(
sin ( Phi / 1 8 0 * 3 . 1 4 1 59 2 6 5 ) -1) ;
P_lower
=
-( - P_lithos + Cohesion * cos ( Phi / 1 8 0 * 3 . 1 4 1 5 9 2 65 ) ) /(
sin ( Phi / 1 8 0 * 3 . 1 4 1 59 2 6 5 ) +1) ;
if ( P_lower <0.0) {
P_lower =0.0; }
if ( P l a s t i c i t y C u t o f f ==1) {
if (P > P_upper ) {
P
=
P_upper ;
}
else if (P < P_lower ) {
P
=
P_lower ;
}
}
// Compute yield stress :
Sigma_yield
=
P * sin ( Phi / 3 6 0 . 0 * 2 . 0 * 3 . 1 4 1 5 9 2 6 5 ) + Cohesion * cos (
Phi / 3 6 0 . 0 * 2 . 0 * 3 . 1 4 1 5 9 2 6 5 ) ;
// cutoff for small extensional stresses
if ( Sigma_yield <0.01* Cohesion ) {
Sigma_yield = 0.01* Cohesion ;
}
if ( ( T2nd > Sigma_yield ) && ( T2nd >0.0) ) {
* mu_plastic =
Sigma_yield /(2.0* E2nd ) ;
* mu_eff
=
* mu_plastic ;
}
}
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else {
* mu_plastic = 0.0;
}
}
else {
PetscPrintf ( PETSC_COMM_WORLD , " There is something fuzzy about your
PLASTICITY law ! % i \ n " , PlasticityLaw ) ;
MPI_Abort ( PETSC_COMM_WORLD ,1) ;
}
/* - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - */
/* Perform cutoffs */
if (* mu_eff < user - > L o w e r V i s c o s i t y C u t o f f ) {
* mu_eff
=
user - > L o w e r V i s c o s i t y C u t o f f ;
}
else if (* mu_eff > user - > U p p e r V i s c o s i t y C u t o f f ) {
* mu_eff
=
user - > U p p e r V i s c o s i t y C u t o f f ;
}
P e t s c F u n c t i o n R e t u r n (0) ;
}
/* = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = = */

Listing A.3: Excerpt of LaMEM. In the function “ComputeEffectiveViscosity”different rheological
laws are applied: (1) constant viscosity, (2) power-law viscosity, (3) Frank-Kamenetskii
approximation and (4) temperature-dependent viscosity. Furthermore, Drucker-Prager plasticity
is included.

A.3

Thin-sheet model

In the study comparing thin-sheet with 3D models (Chapter 2), for the thin-sheet
model a finite element code written in MATLAB was used. This code was written by
Prof. Dr. S. M. Schmalholz and employs rectangular 9-node elements. Using rectangular elements both in the 3D model and in the thin-sheet model made comparison and
visualization of the results simple. However, in the early stage of this study the original
MATLAB thin-sheet code was modified to test different finite element types and model
setups.
First, I extended the code with the fast finite element solver MILAMIN (“Million a
Minute”, Dabrowski et al. (2008)). This MATLAB implementation allows to run models
at much higher resolution in a reasonable time. Together with the implementation
of MILAMIN, the triangular mesh generator “Triangle” was used (Shewchuk, 1996).
In order to be able to simulate large deformations, in addition a remeshing routine
was programmed, to generate a new grid, when elements are strongly deformed. The
performance of this extended version is much better than the original version using
quadratic elements, but due to the fact that for visualization and comparison with the
3D model the triangular grid has to be interpolated back to a rectangular grid, it was
not used for the study comparing thin-sheet and 3D models.
The extended thin-sheet model, with MILAMIN and “Triangle”, however, was
used for a modified model setup, inluding an indenter, representing oceanic and continental India. The purpose of configuring this model was to study the effect of continental
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Figure A.1: (a) “Classical” thin-sheet setup with kinematic boundary conditions simulating the
indenter. (b) Thin-sheet setup including triangle-shaped India with surrounding oceanic lithosphere indenting into Asia.

collision on the indenter, which is also deforming and developing a curved contact with
the indented material, i.e. Asia. Figure A.1a shows the classical thin-sheet setup, where
the actual indenter is not included and is only mimicked with the boundary conditions.
Figure A.1b shows the extended thin-sheet model, performed with MILAMIN and “Triangle”, exhibiting a deformable indenter. India is triangle-shaped and surrounded by
rigid oceanic lithosphere (the viscosity contrast is 1:50). Asia is five times weaker than
continental India. To the left of the oceanic Indian lithosphere, weak matrix-material
was added for convenience to start with an initially quadratic model setup. After deciding to compare classic thin-sheet models (Figure A.1a) with a corresponding 3D model,
the idea of this setup was not pursued any further.

A.4

LaMEM benchmarks

In order to verify the correctness of the 3D code LaMEM, several benchmarks were
performed:
 Numerical growth rates of Rayleigh-Taylor instabilities were compared with the
corresponding analytical solution.
 Numerically calculated growth rates of 2D and 3D folds were compared with values
derived from the respective analytical solutions.
 For the plastic rheology, the behaviour of strain rate vs. stress was investigated in
order to verify that yield is reached.

All tests were performed using non-dimensional numbers for model dimensions and material parameters. Model setups are listed in detail in Table A.1.
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Table A.1: Model setups of all benchmark simulations. nx, ny, nz represent the nodal resolution
and BC is short for boundary condition.
Rayleigh-Taylor
x-dimension
y-dimension
z-dimension
nx
ny
nz
element
left BC
right BC
front BC
back BC
bottom BC
top BC

A.4.1

0.1; 0.25; 0.5; 1; 2.5;
5; 10; 25; 50
1
4
61
3
17
Q1 P0
free slip
free slip
free slip
free slip
no slip
no slip

2D Growth rate

3D Growth rate

Plasticity
(homogeneous)

Plasticity
(heterogeneous)

4; 8; 12; 20

16; 20; 24; 28; 32

10

8

50
61
11
11
25
Q2 P–1
vx = vy = 0
vx = xε̇xx , vy = 0
vy = 0
vy = 0
vy = vz = 0
vy = 0

50
61
11
11
25
Q2 P–1
vx = 0
vx = xε̇xx
vy = 0
vy = y ε̇yy
vz = 0
free surface

10
10
19
19
19
Q2 P–1
vx = vy = 0
vx = xε̇xx , vy = 0
vy = 0
vy = 0
vy = vz = 0
vy = 0

1
8
66
4
66
Q1 P0
vx = vy = 0
vx = xε̇xx , vy = 0
vy = 0
vy = 0
vy = vz = 0
vy = 0

Rayleigh-Taylor instability

In order to test the correct implementation of gravity, growth rates of RayleighTaylor instabilities with different wavelengths were compared to the analytical solution
of Turcotte and Schubert (2002):


λ
1
2πb + sinh 2πb cosh 2πb
4µ
λ
λ

.
·
τa =
(A.5)

(ρ1 − ρ2 ) gb
2
λ
2πb
1
tanh
−
2πb
λ
sinh 2πb cosh 2πb
λ

λ

where τa is the growth rate, with µ the viscosity, g = 9.81 ms−2 the gravitational acceleration, b the layer thickness and λ the wavelength in x -direction. ρ1 and ρ2 are the
densities of the upper and the lower layer, respectively.
The model setup is quasi-2D, i.e. the extent of the model in y-direction is chosen to
be very small compared to the x - and z -dimensions. Model size is variable in x -direction,
in order to test growth rates of different wavelengths, and 1×4 in y- and z -direction.
Nodal resolution is 61×3×17. The finite elements used are Q1 P0 elements. The model
domain is divided into two equally thick layers with identical material parameters, except
for density, which is 2.4 in the lower layer and 2.8 in the upper layer. Rheology is linear
viscous. On the boundary between the two layers an initial sinusoidal perturbation
of 0.001 is applied. Boundary conditions are free slip, except on the top and bottom
boundaries, which are no-slip boundaries. For solving the direct parallel solver MUMPS
(Amestoy et al., 2000) and Powell-Hestenes iterations (Powell, 1969; Hestenes, 1969) are
used.
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In order to calculate growth rates for different wavelengths the width of the model
domain is varied between 0.1 and 50. For each wavelength the numerical growth rate τn
is calculated with
1

,
τn = dt
(A.6)
n
log ωωn−1
with dt the time step of the numerical simulation, and ωn and ωn−1 the amplitudes of the
displaced layer boundary of two subsequent time steps. The amplitude ω is calculated
layer
layer
from the maximum and minimum z -coordinates (zmax
and zmin
) of the layer interface:
ω=

layer
layer
zmax
− zmin
.
2

(A.7)

Comparing analytical and numerical growth rates shows good agreement (Figure A.2),
indicating that gravity is correctly implemented.

Figure A.2: Fit of numerical (black diamonds) and analytical (gray) growth rates of a diapir.
Densities of lower and upper material are 2.4 and 2.8, respectively. λ is the wavelength in
x-direction, τ the growth rate.

A.4.2

2D and 3D single-layer folds

The implementation of the viscous rheology is tested with two analytical solutions
for the growth rate of single-layer folds in 2D (i.e. cylindrical 3D folds) and 3D. The
analytical solutions were derived by Fletcher (1974, 1991), and are given by:
τ2D = 2nL (1 − R)
n
h
i
o−1
 √
− 1 − Q2 + nL − 1 (1 + Q)2 eαL k − (1 − Q)2 e−αL k / [2 sin (βL k)]
,

(A.8)

where nL and nM are the power-law exponents ofp
layer and matrix, R = µM /µL is the
viscosity contrast of matrix and layer and Q = R nL /nM . k is the wave number and
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p
p
α = 1/n and β = 1 − 1/n, where n is either the power-law exponent of layer or
matrix. The 3D expression for the growth rate is given by

 2 
 2
q
l
m
(A.9)
τ3D = ε̇zz ω −
ε̇xx +
ε̇yy − ε̇zz ω,
2
λ2
λ2
where ω is the fold amplitude, l and m are the wave numbers in x - and y-direction and
λ2 = l2 + m2 . ε̇xx , ε̇yy and ε̇zz are the principal strain rates and q is defined as
q = −2 (1 − R)

n



i
o−1
 h

1 − R2 − 1 + R2 ek − e−k + 2R ek + e−k /2k
, (A.10)

with k = λH, and H is the thickness of the viscous layer embedded in a less viscous
matrix.
For the 2D test case the model width is varied in x -direction (in order to study
different wavelengths) and is 50×61 in y- and z -direction, respectively. Nodal resolution
is 11×11×25. For this test the Q2 P−1 element is employed. The model domain consists
of a single layer of thickness 1 embedded in weak matrix material each with a thickness of 30 above and below the layer. The layer is perturbed with a sine-wave with an
amplitude of 0.001. Viscosity contrast between layer and matrix is set to 100. Boundary conditions are applied to generate compression of the model in x -direction with a
constant background strain rate. This compressional boundary condition is applied at
the right model boundary. Velocities in y-direction are set to zero on all boundaries, in
order to generate a cylindrical fold, so that the analytical solution for the growth rate
of a 2D fold is applicable. The left boundary is fixed in x - and y-direction, and the
bottom boundary is fixed in y- and z -direction. Front, back and top boundary allow
free slip in x - and z -direction. Again MUMPS (Amestoy et al., 2000) in combination
with Powell-Hestenes iterations (Powell, 1969; Hestenes, 1969) are applied to solve the
system of equations.
For the 2D test case five different wavelengths are tested: 4, 8, 12, 16 and 20. For
two subsequent time steps the wave amplitudes are calculated by:


int1 + z int2 /2 − z int1 + z int2 /2
zmax
max
min
min
ω=
.
(A.11)
2
int1
zmax/min
are the maximum and minimum z -coordinates of the first layer-interface, i.e.
int2
the upper interface between matrix and layer, and zmax/min
are the maximum and
minimum z -coordinates of the second layer-interface, i.e. the lower interface between
matrix and layer. Eq. (A.11) yields the amplitude of the central line through the folded
viscous layer. From wave amplitudes of two subsequent time steps, ωn and ωn−1 , the
growth rate can be calculated with


ωn
τn = log
/dt − 1.
(A.12)
ωn−1

Figure A.3a shows the fit between analytical and numerical growth rates of a linear
viscous 2D single-layer fold.
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Figure A.3: Fit of numerical (black diamonds or dashed lines) and analytical (gray) growth rate
for a cylindrical (a) and a 3D (b) single layer fold with linear-viscous rheology. Viscosity contrast
is 100, λx and λy are wavelengths in x- and y-direction, respectively. τ is the growth rate of the
single layer fold in the 2D case.

Analogously, a test is performed for the growth of a linear viscous 3D fold. For
this test also the wavelength in y-direction is varied (from 16, 20, 24, 28 to 32) and also
in y-direction an initial sinusoidal perturbation of 0.001 is added to the layer interfaces.
Resolution and elements are the same as for the 2D growth rate test. Also, boundary
conditions are similar as in the 2D growth rate test, except that the model domain is
now also shortened in y-direction from the back with a constant background strain rate.
Therefore, on all boundaries (except at the front) free slip is possible in y-direction.
MUMPS (Amestoy et al., 2000) and Powell-Hestenes iterations (Powell, 1969; Hestenes,
1969) are used to solve the equations. For two subsequent time steps the following
amplitudes are calculated:
maxx − minx
ωx =
2
maxy − miny
(A.13)
ωy =
2
ωx + ωy
ωtot =
2
ωx and ωy are the amplitudes in x - and y-direction and are calculated from the maximum
and minimum coordinates of the layer interface. From ωtot of two time steps the growth
rate can be calculated using eq (A.12). Figure A.3b shows the comparison of analytical
and numerical growth rates of a 3D linear-viscous fold.
The presented tests were conducted for a linear viscous rheology. The same tests
were also performed for a power-law viscous rheology and too resulted in good agreement
between analytical and numerical solution.
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A.4.3

Strain rate vs. stress with Drucker-Prager plasticity

In order to verify if plasticity was correctly implemented, a plastic cube is deformed under pure shear (same boundary conditions as for the 2D growth rate test,
Paragraph A.4.2). After every time step the background strain rate is increased, which
allows investigating the evolution of stresses with respect to strain rate. If plasticity is
implemented correctly, initially stress is linearly increasing with strain rate, but when
the yield stress is reached this critical value is not exceeded anymore with increasing
strain rate.

Figure A.4: (a) Strain rate vs. stress in x-direction. The behaviour is viscous until yield stress
is reached, after which yield stress is never exceeded. (b) Shear zones radiating from a weak
inclusion, shown with the second invariant of strain rate.

This test was performed for two geometries: (i) a homogeneous block made of a
single visco-plastic material and (ii) a heterogeneous block with a circular inclusion in
the centre with decreased cohesion and friction angle.
For the homogeneous block model size is 10×10×10 with a resolution of 19×19×19
nodes, with Q2 P−1 elements. The model with the heterogeneity in the centre is quasi2D, with dimensions 8×1×8 and nodal resolution of 66×4×66 with Q1 P0 elements. For
solving MUMPS (Amestoy et al., 2000) and Powell-Hestenes iterations (Powell, 1969;
Hestenes, 1969) are applied. Figure A.4a shows how yield stress is reached and not
exceeded for the homogeneous setup without inclusion. Figure A.4b shows shear zones
radiating from the weak inclusion of the heterogeneous setup.

A.5
A.5.1

Scalability of LaMEM on Blue Gene/P (University of
Lausanne)
Introduction

For the applied study of the India-Asia collision (Chapter 4) I had the possibility
to make use of the high-performance cluster Blue Gene/P of the University of Lausanne.
The IBM Blue Gene/P massively parallel computer consists of a total of 4096 quad-core
nodes, which have 4 GB memory per node (Clémençon, 2009).
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Like it was already done for “Brutus” at ETH Zurich and “Achilles” of the Computational Tectonics Group at University of Lausanne (Chapter 2), before performing
production runs, the performance of LaMEM on Blue Gene/P was tested. The aim of the
weak scaling tests was (i) to assess how efficient LaMEM is on CADMOS BlueGene/P
and (ii) to identify the maximum possible resolution feasible to run. When doing weak
scaling tests the problem size remains constant per processor. This means if the problem
size is increased, and the number of processors is increased proportionally, the code has
good weak scalability if the problem can be solved in the same amount of time.1
The model setup used for these scalability tests is the setup presented in Chapter
4, used for the India-Asia collision model with 14 different material phases, but with a
linear viscous rheology.

A.5.2

Scalability test

For the tests different coarse grid resolutions are used: 8×8×16, 16×16×16 and
32×32×16 Q2 P−1 elements. Along with the number of multigrid levels the number of
CPUs is increased for the different tests. The grid is refined by factors of 2×2×1 from
coarser to finer levels. The system of equations is solved with a Schur Complement
Reduction (SCR) based geometric multigrid solver (Briggs et al., 2000). As Krylov
method FGMRES is used (Saad, 2003). Except for the coarsest level, where the direct
solver SuperLU (Li, 2005) is employed, on the other multigrid levels 4 iterations of
FGMRES preconditioned with block ILU are used.
Table A.2 reports for each scaling run the resolution of the coarse grid, the number
of grid levels and CPUs used. Solving time and number of iterations are given for solving
for pressure and velocity. Finally, total runtime is listed.
The first set of simulations was performed for a coarse grid of 8×8×16 elements,
for 2, 3 and 4 levels, on 1, 4 and 16 processors. Number of iteration steps for solving for
pressure and velocity remain approximately constant. The ratios of the run times are
1.77 and 1.19. For linear weak scaling the optimal ratios would be 1, in both cases.
For a second set of simulations, for which the optimal ratio is 2, the scalability
looks much better with runtime ratios of 1.99 and 2.50. This set of simulations was
performed with a coarse grid of 16×16×16. Simulations were performed with 2, 3 and 4
grid levels on 32, 64 and 128 CPUs. Again, iterations necessary for solving for pressure
and velocity remain approximately constant.
In order to push the maximum resolution of the fine grid a bit further, another two
sets of simulations were performed. For one set a coarse grid resolution of 32×32×16
elements was used. 2, 3 and 4 grid levels were tested on 128, 512 and 1024 CPUs. Only
the least resolved simulation worked. The simulation with the next higher resolution
resulted in a crash of the coarse grid solver SuperLU and the best resolved simulation
got out of memory.
1

Strong scaling as opposed to weak scaling, is a performance test for a fixed problem size and an
increasing number of processors. A code has good strong scaling if the speedup of solving time is
proportional to the increased number of processors.
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Table A.2: Summary of scaling tests performed on Blue Gene/P with the India-Asia setup of
LaMEM (Chapter 4). For each set of simulations the coarse grid resolution is given, the number
of levels employed and the number of CPUs used. Solve time is listed in seconds for solving
for pressure (“p solve”) and velocity (“u solve”), as well as the total runtime of the simulation
(“tot. time”). Number of iterations performed for solving for pressure and velocity are reported
in columns “p it” and “u it” Time ratio is the ratio of the solve time with respect to the solve
time of the simulation with one grid level less.
simulations 1
CPUs
1
4
16

coarse grid: 8 × 8 × 16
levels
p solve (s)
2
6.31 × 103
3
1.3 × 104
4
1.61 × 104

time ratio
2.06
1.24

p it
17
17
20

u solve (s)
2.28 × 102
4.47 × 102
3.99 × 102

time ratio
1.96
0.89

u it
13
20
20

tot. time (s)
8919.74
15776.7
18784.6

time ratio
1.77
1.19

simulations 2
CPUs
32
64
128

coarse grid: 16 × 16 × 16
levels
p solve (s)
2
2.13 × 103
3
5.17 × 103
4
1.42 × 104

time ratio
2.43
2.75

p it
18
20
20

u solve (s)
6.65 × 101
1.23 × 102
2.66 × 102

time ratio
1.85
2.16

u it
20
22
22

tot. time (s)
3197.27
6365.57
15917.8

time ratio
1.99
2.50

simulations 3
CPUs
128
512
1024

coarse grid: 32 × 32 × 16
levels
p solve (s)
2
1.6 × 104
3
4

time ratio

p it
21

u solve (s) time ratio
3.6 × 102
SUPERLU CRASH
OUT OF MEMORY

u it
22

tot. time (s)
22500

time ratio

simulations 4
CPUs
16
64
256

coarse grid: 16 × 16 × 16
levels
p solve (s)
3
1.63 × 104
4
5

time ratio

p it
21

u solve (s) time ratio
4.1 × 102
SUPERLU CRASH
OUT OF MEMORY

u it
20

tot. time (s)
20246

time ratio

simulations 5
CPUs
16
128
256

coarse grid: 16 × 16 × 16
levels
p solve (s)
3
1.86 × 104
4
1.3 × 104
5

coarse grid solver: gmres
time ratio
p it
u solve (s) time ratio
21
4.69 × 102
0.70
20
2.46 × 102
0.52
OUT OF MEMORY

u it
22
32

tot. time (s)
21370
14414

time ratio
0.67

simulations 6
CPUs
16
128
512

coarse grid: 32 × 32 × 16
levels
p solve (s)
2
2.72 × 104
3
1.32 × 104
4

coarse grid solver: gmres
time ratio
p it
u solve (s) time ratio
21
6.71 × 102
0.49
21
2.5 × 102
0.37
OUT OF MEMORY

u it
22
34

tot. time (s)
30401
14642

time ratio
0.48

The other set of simulations was performed with a coarse grid resolution of 16×16
×16 elements, for 3, 4 and 5 grid levels on 16, 64 and 256 CPUs. Again, only the least
resolved simulation worked, the more highly resolved simulations reported a crash of
SuperLU and got out of memory, respectively.
On Blue Gene/P with the India-Asia collision model setup the largest resolution
feasible is thus 257×257×33 nodes.
The SuperLU error was irritating and therefore also simulations with GMRES as
coarse grid solver were performed: The first set of simulations was done with a coarse
grid of 16×16×16 elements, with 3, 4 and 5 levels, on 16, 128 and 256 CPUs. Runtime
ratio is 0.67, the best resolved simulation was out of memory. The optimal ratio is 0.5,
so the code scales well. Finally, a set of simulations with GMRES as coarse grid solver
was performed with a coarse grid of 32×32×16 elements, with 2, 3 and 4 grid levels, on
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16, 128 and 512 CPUs. The simulation on 512 CPUs was out of memory. Runtime ratio
is 0.48, which is a good result for an optimal ratio of 0.5.
For both employed coarse grid solvers weak scaling and thus performance of
LaMEM is reasonably good. But also with a different coarse grid solver, maximum
resolution cannot be improved. Due to more constant iteration numbers with SuperLU,
for the production runs, SuperLU was used as coarse grid solver.
Several simulations crashed due to excessive memory usage. Memory requirements
of LaMEM are large, due to the different data which have to be stored during runtime:
e.g., matrices and vectors of the system of equations, any temporary vectors, matrices,
coordinates, parameters stored on integration points (such as stresses, strain rates, etc.),
particles, local and global vectors, matrices, etc. Also the fact that LaMEM is based on
PETSc (Balay et al., 2009), which has some specific implementations concerning memory
requirements and flops performance, which can not be changed, is a limiting factor on
optimization.
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