
ETH Library

A Note on the Faces of the Dual
Koch Arrangement

Working Paper

Author(s):
Gärtner, Bernd; Wettstein, Manuel

Publication date:
2023-02-27

Permanent link:
https://doi.org/10.3929/ethz-b-000653908

Rights / license:
Creative Commons Attribution 4.0 International

Originally published in:
arXiv, https://doi.org/10.48550/ARXIV.2302.14125

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

https://doi.org/10.3929/ethz-b-000653908
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.48550/ARXIV.2302.14125
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use


ar
X

iv
:2

30
2.

14
12

5v
1 

 [
cs

.C
G

] 
 2

7 
Fe

b 
20

23

A Note on the Faces of the Dual Koch Arrangement

Bernd Gärtner∗ Manuel Wettstein†

February 27, 2023

Abstract

We analyze the faces of the dual Koch arrangement, which is the arrangement of 2s + 1 lines

obtained by projective duality from the Koch chain Ks. In particular, we show that this line arrange-

ment does not contain any k-gons for k > 5, and that the number of pentagons is 3 · 2s−1
− 3.

The Koch chain. The Koch chain Ks is a set of 2s + 1 points in the Euclidean plane, first intro-
duced by Rutschmann and Wettstein [3] for the purpose of establishing an improved lower bound on the
maximum number of triangulations of planar point sets. It can be defined recursively, as follows.

The first iteration of the Koch chain K1, which can be seen on the left hand side of Figure 1, comprises
the vertices p−1, p0, p+1 of a triangle (where here, and also later, the indices indicate the order of all points
along the x-axis) with coordinates

p−1 = (−1, 0), p0 = (0,−1), p+1 = (1, 0).

To construct Ks for s > 1, we again start by placing three vertices p
−2s−1 , p0, p+2s−1 of a triangle

with the same coordinates as before, namely

p
−2s−1 = (−1, 0), p0 = (0,−1), p+2s−1 = (1, 0).

To continue, two copies of Ks−1 are made arbitrarily flat along the vertical direction, and then trans-
lated and rotated in such a way that they come to lie on the edges p

−2s−1p0 and p0p+2s−1 , respectively,
with all points (except for the three vertices we started with) in the interior of the initial triangle. The
specific construction of K2 can be seen on the right hand side of Figure 1, while the general case is
illustrated in Figure 2.

If the two copies ofKs−1 have been made sufficiently flat, then any straight-line segment that connects
a point from the left copy with a point from the right copy (where we exclude the common point p0) will
have no third point in its upper shadow. As argued in [3], this yields a unique order type (see [1] for a
definition) with unavoidable edges (that is, edges that are contained in every triangulation of the point
set) between any two consecutive points pi, pi+1 on the Koch chain.
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Figure 1: On the left, the Koch chain K1 with three points. On the right, the Koch chain K2 with five
points, where the two flattened and rotated copies of K1 are clearly visible.
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Figure 2: The Koch chain Ks with 2s + 1 points, which contains two sufficiently flattened and rotated
copies of Ks−1, denoted by Ks−1.

The dual Koch arrangement. By the standard point-line duality transformation

point p = l∗ = (a, b) ←→ line l = p∗ : y = ax− b,

every point set in the plane corresponds to a line arrangement of the same size, and vice versa. In
particular, this holds true for the Koch chain Ks, which thus gives rise to the dual Koch arrangement,
denoted by K∗

s
. Realizations of K∗

1 and K∗

2 as x-monotone pseudo-line arrangements (this makes it easier
to see all the faces more clearly) are given in Figure 3, while the general case is illustrated in Figure 4.

Lemma 1. The faces of the dual Koch arrangement K∗

s
can be categorized as follows:

• The unique infinite face without upper boundary has three edges.

• The unique infinite face without lower boundary has two edges.

• Among the remaining infinite faces that are unbounded towards the left, there are s− 1 faces with

four edges, while all the others have either two or three edges.

• Among the remaining infinite faces that are unbounded towards the right, there are s− 1 faces with

four edges, while all the others have either two or three edges.

• Among the remaining finite faces, there are 3 ·2s−1−2s−1 faces with five edges, while all the others

have either three or four edges.

Proof. The statement of the lemma can be verified for K∗

1 (and also K∗

2 , of course) by a simple but
careful inspection of Figure 3.

For larger values of s, the statement follows inductively by a careful inspection of all the newly created
faces in Figure 4. The only tricky part is verifying the formula for the number Ns of finite pentagons in
K∗

s
. However, after noting that it must satisfy the recurrence Ns = 2Ns−1 +1+2(s− 2), this boils down

to an elementary calculation.
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Figure 3: On the left, the dual Koch arrangement K∗

1 with three lines. On the right, the dual Koch
arrangement K∗

2 with five lines. The number of edges of some finite and infinite faces is indicated in gray.
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Figure 4: The dual Koch arrangement K∗

s
with 2s + 1 lines, which contains two flipped copies of the

dual Koch arrangement K∗

s−1. The number of edges of some key faces is again indicated in gray.

Theorem 2. For all s ≥ 3, the line arrangement K∗

s
in the projective plane has 3 · 2s−1 − 3 pentagons,

while all other faces have either three or four edges.

Proof. We already have 3 · 2s−1 − 2s− 1 pentagons from Lemma 1. In addition, when embedding K∗

s
in

the projective plane, the 2(s− 1) infinite faces with four edges yield one additional pentagon each.

It is important to note that the last step of the reasoning in the proof of Theorem 2 fails for the
case s = 2 because, as can be seen on the right hand side of Figure 3, the infinite faces of K∗

2 with four
edges match up with an infinite face with only two edges on the other side, thus combining to a tetragon
instead of a pentagon. By a sheer stroke of luck, however, K∗

1 does not have any infinite faces with four
edges at all, and hence the formula from Theorem 2 also applies to the case s = 1.

An open problem. Given that the Koch chain Ks is the currently best candidate for maximizing
the number of planar triangulations, and given that its dual line arrangement K∗

s
contains only small

faces, one might hope that there is some kind of deeper connection between these two attributes. However,
we are currently not aware of any such connection and it is unclear to us how to even approach such a
question.
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