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ABSTRACT

In machine learning, the training process refines models by extracting patterns from vast
datasets. This refinement typically hinges on an optimization formulation that minimizes
a task-specific loss function over the model’s parameters. While numerous efficient first-
order optimization methods exist, they may fall short in addressing contemporary machine
learning tasks. For instance, Generative Adversarial Networks (GANs) employ a two-
player approach: one player generates data emulating the training data distribution, while
another discerns between the generated and real data. Also, Adversarial Training trains a
model against worst-case scenarios, anticipating perturbations in the training data. Such
two-player or worst-case tasks are typically framed as minimax optimization, where one
variable seeks to minimize a loss function, and another aims to maximize it.

Minimax optimization, expressed as min, max, f(x,y), is pivotal across various domains.
While the study on it can be traced back to game theory and variational inequalities, we
spotlight three predominant challenges in its application to modern machine learning;:
asymmetry, non-convexity, and adaptivity.

The initial part of this thesis addresses the asymmetry challenge. In real-world sce-
narios, the loss function often exhibits asymmetrical convexity/concavity properties for
two variables. For instance, it might be nonconvex with respect to x but concave with
respect to y. Optimal algorithms for such unbalanced minimax scenarios remain elusive,
especially when the objective function adopts a finite-sum form. Current solutions for
these unbalanced tasks are intricate, with distinct algorithms tailored to specific settings.
We propose a universal "Catalyst" framework, drawing inspiration from proximal point
methods. This approach solves a series of regularized problems using balanced-regime
algorithms, achieving near-optimal or state-of-the-art complexities in unbalanced settings.

The subsequent part delves into problems that are nonconvex in x and nonconcave in
y simultaneously. While some studies highlight the intractability of general nonconvex-
nonconcave minimax problems, we argue that discerning unique structures can pave
the way for efficient algorithms. For instance, when the objective function satisfies the
Polyak-Lojasiewicz inequality for both variables, we demonstrate that the Alternating
Gradient Descent Ascent (AGDA) — a single-loop, prevalent algorithm — can pinpoint
the global solution. If the inequality holds for just one variable, AGDA and its regularized

counterpart can find stationary points.



Lastly, our focus shifts to adaptive methods for nonconvex minimax optimization, aiming
to obviate stepsize tuning. We observe that Gradient Descent Ascent, when paired with
prevalent adaptive stepsize schemes, still fails to converge without manual tuning. This
inconsistency might underpin the unstable training observed in minimax optimization,
especially in GANs. We introduce a nested-loop algorithm, combined with AdaGrad, that
adaptively balances updates in x and y, ensuring convergence without stepsize tuning.
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ZUSAMMENFASSUNG

Im maschinellen Lernen verfeinert der Trainingsprozess Modelle, indem er Muster
aus umfangreichen Datensdtzen extrahiert. Diese Verfeinerung basiert in der Regel auf
einer Optimierungsformulierung, die eine aufgabenbezogene Verlustfunktion tiber die
Parameter des Modells minimiert. Obwohl zahlreiche effiziente Optimierungsmethoden
erster Ordnung existieren, konnen sie bei der Behandlung zeitgentssischer maschineller
Lernaufgaben an ihre Grenzen stofien. Zum Beispiel verwenden Generative Adversarial
Networks (GANs) einen Zwei-Spieler-Ansatz: Ein Spieler erzeugt Daten, die die Verteilung
der Trainingsdaten nachahmen, wahrend ein anderer zwischen den erzeugten und echten
Daten unterscheidet. Auch das Adversarial Training schult ein Modell gegen Worst-Case-
Szenarien und erwartet Storungen in den Trainingsdaten. Solche Zwei-Spieler- oder Worst-
Case-Aufgaben werden in der Regel als Minimax-Optimierung formuliert, bei der eine
Variable versucht, eine Verlustfunktion zu minimieren, und eine andere sie zu maximieren.

Die Minimax-Optimierung, ausgedriickt als min, max, f (x,y), ist in verschiedenen
Bereichen von zentraler Bedeutung. Obwohl die Studie dazu auf die Spieltheorie und
Variationsungleichheiten zuriickgefiihrt werden kann, beleuchten wir drei vorherrschende
Herausforderungen bei ihrer Anwendung auf modernes maschinelles Lernen: Asymmetrie,
Nicht-Konvexitdt und Adaptivitat.

Der Anfangsteil dieser Arbeit befasst sich mit der Herausforderung der Asymmetrie.
In realen Szenarien zeigt die Verlustfunktion oft asymmetrische Konvexitits- und Kon-
kavitdtseigenschaften fiir zwei Variablen. Zum Beispiel konnte sie in Bezug auf x nicht
konvex sein, aber in Bezug auf y konkav. Optimale Algorithmen fiir solche unausgewoge-
nen Minimax-Szenarien sind schwer zu finden, insbesondere wenn die Zielfunktion eine
endliche Summenform annimmt. Aktuelle Losungen fiir diese unausgewogenen Aufga-
ben sind komplex und es werden spezifische Algorithmen fiir bestimmte Einstellungen
entwickelt. Wir schlagen ein universelles “Catalyst”-Framework vor, das von proximalen
Punktmethoden inspiriert ist. Dieser Ansatz 10st eine Reihe von regularisierten Proble-
men mit Algorithmen aus ausgewogenen Regimen und erreicht nahezu optimale oder
Spitzenkomplexitdten in unausgewogenen Einstellungen.

Note: The translation aims to preserve the meaning and context of the original text while
adapting it to the German language structure.

Der nachfolgende Teil geht auf Probleme ein, die gleichzeitig in x nicht konvex und
in ¥ nicht konkav sind. Wahrend einige Studien die Unldsbarkeit allgemeiner nicht
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konvexer-nicht konkaver Minimax-Probleme hervorheben, argumentieren wir, dass das
Erkennen einzigartiger Strukturen den Weg fiir effiziente Algorithmen ebnen kann. Wenn
die Zielfunktion zum Beispiel die Polyak-Lojasiewicz-Ungleichung fiir beide Variablen
erfiillt, zeigen wir, dass der Alternating Gradient Descent Ascent (AGDA) — ein weit
verbreiteter Einzelschleifen-Algorithmus — die globale Losung finden kann. Wenn die
Ungleichung nur fiir eine Variable gilt, konnen AGDA und sein regularisiertes Gegenstiick
stationdre Punkte finden.

Schliefllich konzentrieren wir uns auf adaptive Methoden fiir nicht konvexe Minimax-
Optimierung, um die Schrittwertabstimmung zu vermeiden. Wir stellen fest, dass Gradient
Descent Ascent, wenn er mit giangigen adaptiven Schrittwertschemata kombiniert wird,
immer noch nicht ohne manuelle Abstimmung konvergiert. Diese Inkonsistenz kénnte
das instabile Training untermauern, das bei der Minimax-Optimierung beobachtet wurde.
Wir fithren einen verschachtelten Schleifenalgorithmus ein, der mit AdaGrad kombi-
niert wird und die Updates in x und y adaptiv ausgleicht, um eine Konvergenz ohne

Schrittwertabstimmung zu gewéhrleisten.
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INTRODUCTION

We can only see a short distance ahead, but we can see plenty
there that needs to be done.
— Alan Turing

Machine learning, particularly deep learning, has catalyzed breakthroughs across a
diverse array of applications, ranging from image recognition and natural language
processing to autonomous vehicles and healthcare. Central to these advancements is a
fundamental concept: optimization. Many traditional applications can be formulated as a
simple optimization problem min, f(x), where the goal is to minimize a loss function over
the decision variable, often the weights of a neural network. A straightforward first-order
algorithm, (stochastic) gradient descent, has proven effective in machine learning. As noted
in the book "Deep Learning" [Goodfellow et al., 2016], "Nearly all of deep learning is
powered by one very important algorithm: stochastic gradient descent (SGD)." However,
with the rapid evolution and emerging trends in machine learning, the sufficiency of such
a minimization formulation is being questioned.

Despite the remarkable capabilities of machine learning models, their trustworthiness,
particularly in high-stakes real-world scenarios, has been a subject of concern. Trustworthi-
ness in machine learning encompasses a broad set of characteristics, including reliability,
interpretability, fairness, and privacy. For instance, a slight, carefully crafted alteration to
an input image — undetectable to the human eye — can cause a state-of-the-art image
classifier to misclassify the object in the image, illustrating a vulnerability in the model’s
robustness [Szegedy et al., 2013]. Adversarial Training methods [Goodfellow et al., 2015,
Madry et al., 2017] have been introduced to improve robustness by augmenting the training
data with adversarial data. This approach can be viewed as a defender seeking the best
model under the worst-case scenario when an attacker perturbs the data to degrade the
model. Moreover, concerns about fairness have been raised, with biases towards certain
population groups found to exist in various machine learning systems [Mehrabi et al.,
2021]. To mitigate such issues, a line of work [Agarwal et al., 2018] formulates fairness as a
constraint in the optimization process, preventing the model from discriminating against
certain groups. Many of these constraints are nontrivial and challenging to handle in the
optimization process.

Generative Adversarial Networks (GANs) [Goodfellow et al., 2014] have gained tremen-
dous popularity over the past decade. GANs are naturally formulated as a contest between



INTRODUCTION

a Generator network, which tries to generate realistic data, and a Discriminator network,
which tries to distinguish generated data from real data. GANs have found wide applica-
tions, including generating artwork, improving astronomical images [Schawinski et al.,
2017], and image-to-image translation [Isola et al., 2017]. However, the training of GANs is
known to be challenging, often leading to non-convergence and instability.

Another trend in deep learning is the use of over-parametrization. For example, GPT-
3 has 175 billion parameters [Brown et al., 2020], and many other domains use over-
parametrized neural networks to achieve state-of-the-art results [Tan and Le, 2019]. While
over-parametrization simplifies the task of optimization algorithms in finding points with
low loss or even global solutions [Ma et al., 2018], there may exist a large set of global
minima with different test errors. Therefore, simply minimizing the loss function may
not necessarily yield good generalization. Some work [Keskar et al., 2016] connects the
geometry of the loss function (such as sharpness) around a solution with its generalization
errors. Instead of just finding a solution with a small loss, we would also want to ensure
that it satisfies certain geometrical properties [Foret et al., 2021].

From trustworthy machine learning and GANs to optimization in the over-parametrized
regime, we realize that many of the modern applications may not be adequately captured by
the simple formulation min, f(x). This realization motivates us to explore a particular form
of optimization that shows promise in addressing these challenges: minimax optimization.
This concept will be explored in depth in the following sections of this thesis.

1.1 MINIMAX OPTIMIZATION

Minimax optimization serves as a cornerstone in contemporary machine learning, with
its applications extending across a broad spectrum of areas. These include, but are not
limited to, Generative Adversarial Networks [Goodfellow et al., 2014, Arjovsky et al., 2017],
adversarial learning [Goodfellow et al., 2015, Miller et al., 2020], reinforcement learning [Dai
et al., 2017, Modi et al., 2021], sharpness-aware minimization [Foret et al., 2021], domain-
adversarial training [Ganin et al., 2016]. A minimax problem can be mathematically
expressed as:

min max flxy), (1.1)

where X and ) are the domains of the decision variables x and y, respectively, and
f: X xY — Ris the objective function. In the context of adversarial machine learning,
for instance, x could symbolize the parameters of a model, y could denote adversarial
perturbations to the input data, and f(x,y) could represent the loss function that the

model aims to minimize.



1.2 APPLICATIONS

Minimax optimization often manifests in the form of finite-sum or stochastic optimiza-

tion in machine learning scenarios:

n
aréi? I;gg( flx,y) = 111; filx,y), (finite-sum form)
minmax f(x,y) = Ezp [F(x,y;8)], (stochastic form)
xeX ye)y

where P is an unknown distribution. The finite-sum form naturally arises in empirical risk
minimization (ERM), where the objective is to find model parameters that minimize the
average loss over a given dataset, with each f; in the sum corresponding to the loss on a
single data point. The stochastic form, on the other hand, is a general form that may arise
when the data follows a distribution P, and F(x, y; ) represents the loss function for a
single data point .

Minimax optimization is intrinsically linked to two-player zero-sum games [Von Neu-
mann et al., 2007]. In such a game, Player 1 chooses strategies from set X' and Player 2
from set ). Given that Player 1 adopts strategy x and Player 2 strategy y, the payoff for
Player 1 is —f(x,y) and for Player 2, it’s f(x,y). As both players aim to maximize their
payoff, Player 1 seeks to minimize f, while Player 2 attempts to maximize it.

In the ensuing sections, we will delve deeper into the applications of minimax optimiza-
tion across various domains, elucidate definitions for different notions of optimality, and

discuss the challenges associated with minimax optimization.

1.2 APPLICATIONS

While we have listed numerous applications of minimax optimization in machine learn-
ing, we will delve into three specific ones: Generative Adversarial Networks, Sharpness-
Aware Minimization, and fairness in machine learning. Our aim is to elucidate how the

minimax formulation manifests and plays a crucial role in these domains.

1.2.1  Generative Adversarial Networks

Generative Adversarial Networks (GANSs) [Goodfellow et al., 2014] represent a generative
modeling approach, designed to create new data instances that closely resemble a given set
of training data. GANs comprise two neural networks: the Generator Gy(-), parameterized
by 6, and the Discriminator D,/(-), parameterized by w. These networks are trained

simultaneously through a two-player minimax game.
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The Generator network Gy takes random noise as input and generates samples as output.
Its goal is to produce data that is indistinguishable from real data. On the other hand, the
Discriminator network D,, aims to distinguish between real and generated data. Let p,
denote the distribution of the random noise and p,,;, denote the distribution of the real
data. When the input x originates from the real data distribution, the Discriminator seeks
to maximize Ey~p,,,. [log D (x)]. When the input z comes from the noise distribution p,
the Discriminator aims to minimize E;~p, [log(1 — D (Gg(z)))], while the Generator seeks
to maximize it.

Consequently, the objective function for a standard GAN can be formulated as a minimax
optimization problem:

nbinmjx L(Gp, D) = Exnpyy, llog D (x)] + Ezop, [log(1 — D (Ge(2))))-

The loss function above is closely related to the Jensen-Shannon divergence between
two distributions. Let p; denote the distribution of the generated distribution by the
Generator, i.e., pg(x) = P(Gy(z) = x) with z ~ p,. The optimal Generator with respect

to the Discriminator D,, that maximizes L(Gy,-) can be shown to be [D*(Gy)|(x) =
pdﬂtﬂ(x)

pdata(x)+p§r(x)

an optimal parameter w*(6) such that D, = D*(Gg), it can be further shown that

. Assuming the Generator network is expressive enough that there exists

the loss function is a similar quantity as the Jensen-Shannon divergence between the
real data distribution and generated distribution when the discriminator is optimal, i.e.,
L(Gy,D*(Gy)) = 2D]5(pdm]|pg,) — 2log2, where Djs(-||-) denotes the Jensen-Shannon
divergence between two distributions.

GAN s are often found to suffer from training stability issues, such as mode collapse
[Goodfellow, 2016]. Mode collapse occurs when the generator produces limited diversity
in the samples, often generating very similar or even identical samples. The Wasserstein
GAN (WGAN) [Arjovsky et al., 2017] mitigates this issue by using the Wasserstein distance,
a metric that provides a more meaningful measure of the difference between the generated
and real data distributions. WGAN aims to minimize the Wasserstein Distance between the
distribution of the real data and generated data, W(pa, pg). Although the Wasserstein

Distance itself is hard to compute, by Kantorovich-Rubinstein duality, it equals to

1
W (pdatar pg) = E HSFEKIEXNPMM [D(x)] - IEXNPg [D(x)]/
L=<
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where D(-) is a function and || - || denotes the Lipchitz norm. Therefore, WGAN can be

formulated as a minimax optimization problem:

min max - Eypyy, [Do(¥)] = Ezvp. [Do(Go(2))].
Here, D is the set of K-Lipschitz functions.

To summarize, GAN and WGAN correspond to different distance metrics, and both
of them are formulated as minimax optimization. Other metrics are also considered in
the literature, for example, the family of f-divergence [Nowozin et al., 2016] and Sobolev
integral probability metric [Mroueh et al., 2017]. While GANSs have been highly successful
in various applications, their training can be challenging.

1.2.2  Sharpness-Aware Minimization

Sharpness-Aware Minimization (SAM) [Foret et al., 2021] is an optimization procedure
proposed to enhance the generalization performance. A conceptually similar approach,
termed Adversarial Model Perturbation, was independently proposed by Zheng et al.
[2021]. In the context of over-parameterized models, multiple solutions might yield the
same loss, but their resultant model qualities can differ. Recognizing the correlation
between function sharpness at a solution and the generalization bound, SAM’s core idea is
to concurrently minimize both the loss value and its sharpness. This approach contrasts
with traditional methods that prioritize only the reduction of training loss.

SAM is looking for a parameter that maintains low loss in a neighborhood around it.
Formally, given a loss function L(6), where 6 represents the model parameters, SAM aims

to solve the following minimax optimization problem:

min L54M(9) + 1||6]|%, with LM (9) = max L(6 +6),
0 a:[loll<p

where A > 0 is a regularization parameter and p > 0 is the diameter of the neighborhood.
This formulation ensures that the selected parameters lie in a neighborhood with uniformly
low loss values, and therefore the local sharpness of the loss function is potentially low.

While L54M above represents the worse-case loss in ¢, ball neighborhood of 0, several
variants of sharpness-aware loss have been proposed. For example, Kwon et al. [2021]
highlight that the aforementioned loss does not have the scale-invariant property, i.e.,
max |5 <, L(0 +6) # max5<, L(A + 6) even with a scaling operator A such that L(6) =
L(Af). To address this, they first introduce a family of normalization operator {Ty : 6 €
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R¥} which satisfies T,y A = T, ! for any invertible operator A with L(8) = L(A6). They
propose to use a different SAM loss:

L34M(@) = max L(6+9).
&\ Ty all<p

One potential normalization operator is Ty = diag (|61],...,|6k|) with 6 = [01,6,,...,6].
This revised SAM loss ensures scale-invariance, that is, mMax 114 <, L(6+6) = max) 715 <,
L(A0 + ¢). This still leads to a minimax optimization, albeit with a different constraint for
the dual variable 4.

In practice, SAM improves model generalization across a variety of tasks, including
image classification, fine-tuning, and machine translation. Notably, SAM also exhibits
robustness to label noise, a characteristic that aligns it with the performance of existing

methods designed to handle noisy data [Foret et al., 2021].

1.2.3 Machine Learning with Fairness

In machine learning applications that influence critical societal decisions—like credit
lending, resource allocation, and job opportunities—it’s imperative to ensure fairness. A
model trained solely to minimize loss might inadvertently harbor biases against certain
groups. Minimax optimization emerges as a pivotal tool in the realm of fair machine learn-
ing. In this section, we will delve into two applications: one where fairness is encapsulated
as a constraint and reformulated using the Lagrangian, and another that aims to optimize
the worst-case loss across diverse groups.

Agarwal et al. [2018] explored a binary classification scenario. Training samples are
represented as (X, A,Y), where X is the feature vector, A € A is a protected attribute (e.g.,
race), and Y € {0,1} is the label. The objective is to derive a classifier # : X — {0,1} from
the classifier family #, with a classifier’s loss denoted by L(h). To instill fairness, a linear
constraint, Mu(h) < ¢, is introduced. An example of a fairness criterion fitting this mold
is demographic parity, which mandates equal selection rates across groups. This can be

expressed as:

E[h(X) | A=a] —E[h(X)] <0, —E[h(X)]|A=a]+E[h(X)] <0.
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Various fairness criteria can be articulated through the linear constraint My (h) < c. One
example is demographic parity, i.e., E[h(X) | A = a] = E[h(X)] for all a. For a randomized
classifier Q, the overarching optimization problem becomes:

i L bject to M <cg,
omin, (Q) subject to Mu(Q) < c

which can be further transformed into a minimax optimization using the Lagrangian:

min max L + AT (M —C).
i, max L(Q) = AT(Mu(Q)

This minimax optimization adeptly manages the constraint for the decision variable,
sidestepping the complexities of projection.

While the aforementioned method adopts fairness criteria that directly mitigate dif-
ferences between groups, other approaches strive to minimize the maximum loss across
all groups. For a classification task with data (X, A,Y), the group-specific loss, L,(h) =
E[L(h) | A = a] is defined for a € A. The objective is to find a randomized classifier Q
that minimizes the maximum loss across all groups [Diana et al., 2021]:

(Diin, max L.(Q).
Martinez et al. [2020] also consider a similar minimax formulation, but restricted their
focus to the set of Pareto optimal classifiers, P43 = {h € H : i’ € H such that L,(h') <
L,(h)Va € Aand Ly(h') < Ly(h) for some a'}, instead of all classifiers in A(?). These
classifiers ensure that no other classifier performs equally well across all group-specific
losses and is strictly better in one of the groups.

1.3 OPTIMALITY AND EQUILIBRIA

Defining optimality within minimax optimization is not an easy task due to its two-player
nature, involving one variable that seeks to minimize and another aiming to maximize.
Its notions of optimality are sometimes termed equilibria. We will begin by clarifying our
terminology. Subsequently, we will delve into the concept of global solutions, stationary
points, and local solutions.

7
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1.3.1 Settings and Terminology

Throughout this thesis, we will assume the objection function f in equation (1.1) to be
differentiable and /-Lipschitz smooth, and the domain sets X and ) to be closed and

convex.

Assumption 1 (Lipschitz smoothness). There exists a positive constant £ > 0 such that

max { | Vaf (x1,41) = Vaf (x2,12) |,

Vyf (x1,y1) = Vyf (x2,92)|| } < Llllx1 — 2l + [lyr — w2ll],
holds for all x1,x, € X and y1, y» € V.

We will categorize different minimax optimization settings based on their convexity in x
and concavity in y. Below, we provide the definitions of convexity and strong convexity
for differentiable functions.

Definition 1 (Convexity). A differentiable function g : X — R is convex if for all x1,x, € X,
we have

8(x2) > g(x1) 4+ Vg (x1)" (x2 — x1).

Definition 2 (Strong Convexity). A function g : X — R is u-strongly convex if for all
x1,%x2 € X, we have

g(x2) > g(x1) + Vg(x) (12 = x1) + S s — 32l

If function —g is convex, then g is concave. Similarly, if function —g is p-strongly convex,
then g is u strongly concave. We will also introduce the concepts of weak convexity and the
Polyak-Lojasiewicz (PL) inequality. Fréchet sub-differential of a function g at x is defined
as the set dg(x) = {u | liminfy_,, g (x') — g(x) —u"(x' —x)/ ||x’ — x| > 0}.

Definition 3 (Weak Convexity). A function g : X — R is v-weakly convex™ if for all x1,x, € X
and all u € dg(x1), we have

v
g(x) > g(x1) +u' (xo—x1) — Ellxl — x|

If a differentiable function g is {-smooth, it is also /-weakly convex. This is because Vg(x)
is the only element in dg(x), and ¢-smoothness implies —g(x2) < —g(x1) — Vg(x1)"(x2 —
x1) + &lx1 — x| for all x; and x,.

1 Some literature use weak convexity to mean the function is convex but not strictly convex.
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Definition 4 (Polyak-Lojasiewicz (PL) Inequality). A function g : X — R satisfies y-PL
inequality if optimal value ¢* = max,cy is finite and for all x € X, we have

IVg(x)[|*> > 2u(g(x) — g*), Vx

It’s worth noting that y-strong convexity will imply u-PL inequality. However, a function
satisfying the PL inequality can be nonconvex. A simple nonconvex example is g(x) =
x? + 3sin? x. PL inequality is also observed in many nonconvex real-world scenarios, such
as deep neural networks [Du et al., 2019], phase retrieval [Sun et al., 2018], and linear

quadratic regulator (LQR) control [Fazel et al., 2018].

In this thesis, we will explore various settings of minimax optimization, each charac-
terized by distinct assumptions on the objective function f with respect to x and y. Since
we minimize over x and maximize over y, the condition of f with respect to x will be
described by strong convex, convex, or nonconvex, while its condition with respect to y
will be characterized as strongly concave, concave, or nonconcave. We denote these settings
using a dash to connect the assumptions about x and y. The following settings, which will
be frequently discussed throughout this thesis, provide a comprehensive overview of the

different scenarios we will consider.

(#x, py)-Strongly-Convex-Strongly-Concave (SC-SC) Setting: f is p,-strongly
convex in x and j,-strongly concave in y.

p-Strongly-Convex-Concave (SC-C) Setting: f is u-strongly convex in x and

concave in y.
Convex-Concave (C-C) Setting: f is convex in x and concave in y.

p-Nonconvex-Strongly-Concave (NC-SC) Setting: f is possibly nonconvex in

x and p-strongly-concave in y.
Nonconvex-Concave (NC-C) Setting: f is nonconvex in x and concave in y.

Nonconvex-Nonconcave (NC-NC) Setting: f is possibly nonconvex in x and

nonconcave in y.

1.3.2  Global Optimality

In minimax optimization, saddle points and minimax points are two frequently used
global solutions. We will begin by defining two functions that will be referenced later in
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this thesis. These are termed the primal and dual functions, though some literature may
refer to them as envelope functions.

P(x) = max flx,y), (Primal Function)
ye

Y(y) = mi}r} f(x,y). (Dual Function)
xXe

Definition 5 (Saddle Point). A point (x*,y*) is a (global) saddle point if, for all x € X and
yey:
fOhy) = fahy?) < flxyr).

If, forallx € X andy € ),

flx*y) —e < f(x*,y*) < f(x,¥") +e

then (x*,y*) is an approximate e-saddle point.

The saddle point definition implies that x* is the optimal solution for min,cx f(x, y*) and
y* is the optimal solution for max,cy f(x*,y). This corresponds to the Nash equilibrium in
a two-player zero-sum game. If the objective function f in Problem (1.1) is convex-concave,
and if the domains X and ) are closed and convex sets with one of them being bounded,
then a saddle point exists. In the convex-concave setting, first-order optimization methods
can efficiently find an approximate saddle point in polynomial time [Nemirovski, 2004].
However, outside this setting, a saddle point might not exist, as illustrated by the simple

example min,c[o max,eo1] (x —y)2.

Definition 6 (Minimax Point and Maximin Point). A point (x*,y*) is a (global) minimax
point if, forall x € X and y € J:

f(x*y) < f(x"y") < max f(x,y).
yey

A point (x*,y*) is a (global) maximin point if, forall x € X and y € Y:

min f(x',y) < f(x",y") < f(xy7).

x'eXx

The minimax point is a mathematically intuitive solution to minimax problems of the
form min,cy max,cy f(x,y). It suggests that y* is the optimal solution for max,cy f(x*,y)
and x* is the optimal solution for min,cy ®(x). This corresponds to the Stackelberg
equilibrium in two-player games, where the x player (leader) acts first, and the y player
(follower) acts second after observing the leader’s move. In general, saddle points, minimax
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points, and maximin points can differ significantly. For instance, consider the function
flx,y) = %4 - ”‘2—2 + xy [Zhang, 2021a]. The following theorem characterizes their relation-
ship.

Theorem 1.3.1. For any function f : X x ) — R, the point (x*,y*) is a saddle point if and only
if it is both a minimax point and a maximin point, and if and only if:

i X,y) = in f(x,Yy),
minmax f(x,y) = maxmin f(x,y)

x* € Argmin ®(x) and y* € Argmax ¥ (y).
xeX yeY
In this thesis, when we explore settings within the convex-concave regime, including

SC-SC, SC-C, and C-C settings, our objective is to identify e-saddle points.

1.3.3 Stationarity and Local Optimality

For minimax problems outside the convex-concave framework, seeking a global solution
is intractable. This is because even identifying a global solution for a nonconvex minimiza-
tion problem is NP-hard [Pardalos and Vavasis, 1991]. Therefore, we introduce notions of
stationary and local solutions.

To define an approximate stationary point, we can consider the gradient of the objective
function f(-,-) or the primal function ®(-). We use P¢(-) to denote the projection onto a
closed convex set C.

Definition 7 (Stationary point of f(-,-)). A point (x*,y*) is an (€1, €2)-stationary point of a
differentiable function f(-,-) if

14

1 1
(et se de e )] o

For unconstrained problems, the definition simplifies to ||V, f(x*,y*)|| < €; and
|V f(x*,y*)|| < €2. We can also define the stationary point using the primal function ®.
However, ® is not always differentiable. When f is strongly convex in y, ® is differentiable
and smooth [Lin et al., 2020a]. Otherwise, when ) is bounded, ® is only guaranteed to be
(-weakly convex (not necessarily differentiable) [Thekumparampil et al., 2019]. We will
use different definitions based on whether the function is differentiable.

11
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Definition 8 (Stationary point of differentiable ®(-)). When ® is differentiable, a point x* is
an e-stationary point of @ if

¢ ]

x* — Py (x* - 1V<I>(x*)> H <e.

Definition 9 (Stationary point of weakly convex ®(-)). For a weakly convex (and potentially
non-differentiable) ®, we first define the Moreau envelope as:

) 1
®,(z) £ mind(x) + ﬁHx —z|%

xeX

A point x* is an e-stationary point of @ if

v, e

[<e

Definition 9 is meaningful because the condition implies the existence of some z near x*
with a small subgradient. Later in this thesis, we will focus on seeking stationary points as
defined in Definitions 7 or 8 for the NC-SC setting, and stationary points as in Definition g
for the NC-C setting.

Definition 10 (Local Saddle Point). A point (x*,y*) is a (€,6)-local saddle point if, for all
x € X with ||x — x*|| < and forally € Y with ||y — y*|| < é:

flx*y) —e < f(x*,y*) < f(x,y") +e

While our primary focus is not on finding a local solution, we have provided a definition
of a local saddle point above. In nonconvex minimization problems, local minimizers can
be identified using first-order methods like stochastic gradient descent [Jin et al., 2017].
However, finding a local saddle point is particularly challenging for NC-NC minimax
problems [Daskalakis et al., 2021]. We will discuss more about the difficulty in solving
NC-NC problems in the subsequent subchapter.

1.4 KEY CHALLENGES

We will spotlight three predominant challenges in minimax optimization that remain
inadequately addressed in current literature: asymmetry, nonconvexity-nonconcavity, and
adaptivity. Each challenge encapsulates distinct research questions. Through this thesis,
we endeavor to tackle these questions.



1.4 KEY CHALLENGES

1.4.1 Asymmetry

In minimax problems, we categorize a setting as “balanced” if it maintains symmetrical
assumptions regarding x and y, such as the (y, 4)-SC-SC and C-C settings. Conversely, a
setting is deemed “unbalanced” if it exhibits asymmetrical assumptions, including the
(px, py)-SC-SC (with py # py), SC-C, NC-SC, and NC-C settings. For balanced settings,
traditional algorithms like the extragradient (EG) can already achieve optimal complexities.
Specifically, EG attains a complexity of (9(% log 1) in the (, 1)-SC-SC setting and O(%)
in the C-C setting. Both complexities align with the lower bounds, leaving no room for
further enhancement. However, for unbalanced settings, these classic algorithms might

not be optimal. For instance, in the (u, #)-SC-SC setting, EG achieves a complexity of
‘

vV Hxty

As we will explore in Chapter 2, certain unbalanced settings still present a gap between the

O(m log 1), whereas the lower bound stands at O( log 1) [Zhang et al., 2019b].
upper and lower bounds. In other unbalanced scenarios, achieving optimal complexities
requires intricate algorithms.

In scenarios where the problem presents finite-sum structures, variance-reduction al-
gorithms can be employed. However, crafting such algorithms for unbalanced settings
remains a formidable challenge. For the finite-sum (y, #)-SC-SC setting, optimal algorithms
have already been developed, such as [Alacaoglu and Malitsky, 2022] and [Balamurugan
and Bach, 2016]. Yet, in the SC-C setting, a variance-reduction algorithm is notably absent.

Existing algorithms tailored for unbalanced settings tend to be more intricate than those
designed for balanced settings. Furthermore, distinct algorithms are often crafted for each
unique setting, complicating their practical application. Our aspiration is to unify these
algorithms across various settings, for both general and finite-sum structured minimax
problems. The challenge lies in designing a universal framework that can accommodate
these unbalanced minimax problems and achieve near-optimal guarantees across all

settings.

1.4.2 Nonconvexity-Nonconcavity

Finding a meaningful solution for nonconvex-nonconcave (NC-NC) minimax optimiza-
tion is recognized as a challenging task, a stark contrast to minimization optimization
where methods such as gradient descent or stochastic gradient descent can effectively
locate approximate stationary points or local minimizers. Daskalakis et al. [2021] show
that seeking a (€, d)-local saddle point in a function that is G-Lipschitz and ¢-smooth is
PPAD-complete, with a polynomial-time Turing machine outputing approximate the values
for the objective function f and its gradients. Furthermore, when relying on a first-order

13
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oracle that returns the exact gradient, the discovery of a local saddle point necessitates a
number of oracle queries that is exponential in at least one of the following parameters:
1/€, 4, G, or d, where d represents the dimension of the domain. Hsieh et al. [2021] also
show that many commonly used algorithms, such as gradient descent ascent (GDA) and
extragradient (EG), will converge to a spurious set that does not include stationary points.
This highlights the computational complexity and inherent challenges associated with
NC-NC minimax optimization.

Given the inherent difficulty of general smooth NC-NC minimax problems, researchers
have pivoted towards pinpointing sufficient conditions that guarantee convergence [Grim-
mer et al., 2020, Lu, 2021, Abernethy et al., 2021]. Notably, Nouiehed et al. [2019] introduced
an efficient algorithm tailored for a subset of NC-NC minimax problems where the ob-
jective function —f(x, -) satisfies the Polyak-Lojasiewicz (PL) inequality [Polyak, 1963].
We refer to this setting as nonconvex-PL or NC-PL setting. Due to the ubiquity of the PL
condition, the NC-PL setting captures many important applications, such as generative
adversarial imitation learning of linear quadratic regulators [Cai et al., 2019].

While many of the applications we enumerate are formulated as NC-NC minimax
problems, it remains imperative to discern specific structures that can guide us towards
meaningful solutions. The true challenge resides in recognizing these structures and
designing efficient algorithms to exploit them.

1.4.3 Adaptivity

Adaptive gradient methods, such as AdaGrad [Duchi et al., 2011] and Adam [Kingma
and Ba, 2015], have emerged as the go-to optimization algorithms in numerous machine
learning applications. Their popularity stems from their robustness to hyper-parameter
selection and rapid empirical convergence. In minimax optimization, particularly in appli-
cations like generative adversarial networks [Goodfellow et al., 2014], these methods have
seen widespread adoption. Often, they are integrated with popular minimax optimization
algorithms like (stochastic) gradient descent ascent (GDA) as seen in works like [Gulrajani
et al., 2017, Mishchenko et al., 2020, Reisizadeh et al., 2020]. Specifically, the two step-
sizes, T, and Ty, in GDA are determined adaptively according to some existing adaptive
mechanism:

X1 =% — WV f (X, 01), Y1 = v + Vo f (xe,y1),

A standout benefit of adaptive step size schemes in minimization problems is their
ability to converge without prior knowledge of problem-specific parameters, such as
the smoothness constant. For intricate models like deep neural networks (DNNSs), these
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parameters are often elusive. For instance, traditional analysis for gradient descent in
¢-smooth functions necessitates a step size smaller than 2//, where / is the smoothness
parameter. However, many adaptive schemes, which typically vary step sizes based on
accumulated gradient information, can adapt to such parameters, achieving convergence
without hyper-parameter tuning [Ward et al., 2020, Xie et al., 2020].

Yet, this parameter-agnostic property remains unproven in minimax optimization out-
side the convex-concave domain. Within the convex-concave regime, several adaptive
algorithms, built upon EG and AdaGrad step sizes, retain this parameter-agnostic fea-
ture [Bach and Levy, 2019, Antonakopoulos et al., 2019]. However, when the objective
function is nonconvex with respect to one variable, most existing adaptive algorithms
necessitate knowledge of problem parameters [Huang and Huang, 2021, Huang et al,,
2021, Guo et al., 2021a].

A pressing research question is whether a straightforward combination of GDA with
adaptive schemes can yield a parameter-agnostic algorithm in minimax optimization. In
Chapter 5, we provide a simple nonconvex-strongly-concave function:
flxy) = —%yz + Ly — L;le

where L > 0 is a constant. Our findings indicate that directly employing adaptive step
sizes, such as AdaGrad, Adam, and AMSGrad, results in non-convergence without hyper-
parameter tuning. The challenge ahead is to devise parameter-agnostic adaptive algorithms,
as current algorithms for nonconvex minimax optimization often come with multiple
hyper-parameters, hampering their practical utility.

1.5 ROADMAP AND CONTRIBUTIONS

This thesis is structured to systematically address each of the three identified challenges
in minimax optimization. In Chapter 2, we delve into the challenge posed by imbalance.
Chapters 3 and 4 are dedicated to exploring the NC-NC regimes. Chapter 5 focuses on the
challenge of adaptivity. To complement our discussions, Chapter 6 provides an analysis
of the advantages of adaptive methods for the minimization problem. We summarize the
contributions of each chapter as the following.

Chapter 2: A Catalyst Framework for Unbalanced Minimax Ploblems

This chapter is based on two papers [Yang et al., 2020b] and [Zhang et al., 2021b], as well
as an unpublished note prior to 2021 . We delve into four significant unbalanced regimes
in minimax optimization: (yy, uiy)-SC-SC, SC-C, NC-SC, and NC-C. These regimes are
considered in both the general form (1.1) and the finite-sum form. We introduce a Catalyst
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framework, which is inspired by proximal point methods and the work of [Lin et al.,
2017]. The framework operates by iteratively solving a subproblem: (x;11,y;+1) is set as an

approximate solution to the following:

. Tx 2 b 2
minmax f(x,y) + =[x — X || — = |y — z¢||5,
minmax f(x,) + 5 [x %% = v~z
where X; comes from the previous epoch and z; is an extrapolated point from the previous
yt. By solving this subproblem using optimal existing algorithms for balanced regimes,
such as Extragradient (EG) for the general form or variance-reduction methods [Alacaoglu
and Malitsky, 2022] for the finite-sum form, we can achieve near-optimal or state-of-the-art

complexity in these unbalanced settings.

Chapter 3: Global Convergence for PL-PL Minimax Problems

This chapter is based on [Yang et al., 2020a]. We focus on the global convergence of a
specific class of NC-NC minimax problems. We introduce a class of minimax optimization
problems that satisfy the "two-sided Polyak-Lojasiewicz (PL) condition", in which the
objective function satisfies PL inequality in both variables, and establish the equivalence
between three global convergence notions. We then analyze the convergence behavior of
the Alternating Gradient Descent Ascent (AGDA) algorithm for this class of problems,
showing that AGDA exhibits linear convergence to the global solution in the deterministic
setting and sublinear convergence in the stochastic setting. Furthermore, we extend our
analysis to the case where the objective function has a finite-sum structure, demonstrating
that a variance reduction method can achieve linear convergence with a better dependence

on the number of components.

Chapter 4: Single-Loop Algorithms for Nonconvex-PL Minimax Problems

This chapter is based on [Yang et al., 2022b]. We extend our focus to a broader class of NC-
NC minimax problems, where the objective function satisfies the Polyak-Lojasiewicz (PL)
inequality with respect to only one variable. We denote the condition number as x £/ U,
where p is the PL modulus. We show that the Alternating Gradient Descent Ascent (AGDA)
algorithm achieves a complexity of O(x%¢~2) in deterministic settings and O(x*e~*) in
stochastic settings without minibatch. Notably, this is the first demonstration of an O (e™%)
complexity for GDA-type algorithms without minibatch or additional assumptions, even
in the more stringent NC-SC setting. Furthermore, we prove another single-loop algorithm,
Smoothed AGDA, achieves a complexity of O(ke~2) in deterministic settings and O (x%e %)
in stochastic settings. These results represent the best-known complexity for single-loop

algorithms even under the stronger assumption of NC-SC.

Chapter 5: Parameter-Agnostic Nonconvex Minimax Optimization
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This chapter is based on [Yang et al., 2022a]. We delve into the NC-SC setting. We begin
by demonstrating, through an example, that a straightforward combination of Gradient
Descent Ascent (GDA) with adaptive schemes, a common heuristic, fails to converge
without hyper-parameter tuning. To address this, we propose a nested adaptive framework,
NeAda, which consists of an inner loop that adaptively maximizes the y variable and
an outer loop that adaptively minimizes the x variable. When equipped with AdaGrad
[Duchi et al., 2011] step sizes, NeAda achieves an O(e~2?) complexity in deterministic
settings and an O(e~*) complexity in stochastic settings, all without the need for prior
knowledge of problem parameters. Notably, we provide one of the first theoretical analyses
of AdaGrad without the bounded gradient assumptions in the stochastic setting. Prior to
this, this is not established, under the classic noise assumption of bounded variance, even
for minimization problems.

Chapter 6: Limit of Untuned SGD and Power of Adaptive Methods

This chapter is based on [Yang et al., 2023]. we investigate the advantages of adaptive
methods over Stochastic Gradient Descent (SGD) in nonconvex minimization problems. We
tirst demonstrate that while SGD with any polynomially decreasing step size can achieve
an order-optimal convergence rate for minimizing smooth objectives, it is hindered by an
unavoidable exponential dependence on the smoothness constant. We then scrutinize three
widely-used families of adaptive methods: Normalized SGD, AMSGrad, and AdaGrad. We
establish that these methods can circumvent the exponential dependency in deterministic or
stochastic settings. However, we also uncover some unexpected limitations of Normalized
SGD and AMSGrad in stochastic settings. Specifically, we find that Normalized SGD fails
to converge, and AMSGrad, without the bounded stochastic gradient assumption, can

converge at an arbitrarily slow rate.
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A CATALYST FRAMEWORK FOR UNBALANCED MINIMAX
PLOBLEMS

In this chapter, we present a versatile framework designed for a range of balanced
smooth minimax optimization problems. These problems are characterized by an objective
function that exhibits asymmetric convexity and concavity properties with respect to the
primal and dual variables. Our framework applies the (accelerated) proximal point method
to the associated primal or dual problem of the original minimax problem. This results
in a sequence of harmoniously balanced, strongly-convex-strongly-concave subproblems,
which are readily addressed using established gradient-based algorithms. This single
cohesive framework is apt for all the unbalanced scenarios we delve into, encompassing
both the general and finite-sum forms. Despite its simplicity, it gives rise to a suite of
algorithms that achieve either near-optimal or state-of-the-art complexities.

2.1 OVERVIEW

We focus on the minimax optimization problem in its general form:

minmax f(x,v), eneral form
minmax f(xy) (8 )
where the function f : X x Y — R is smooth (i.e., gradient Lipschitz), X is a convex set
in R™, and ) is a convex set in R”. In many machine learning applications, f possesses
a finite sum structure, where each component is associated with a loss from a single
observation, so we are also interested in the following form:
1 n

i ’ é - i\As . f ite- f
E{rg(lryneaﬁf(x y) ;f (x,y) (finite-sum form)

=

A vast array of first-order algorithms for minimax optimization can be found in the
literature, ranging from the classical projection method [Sibony, 1970], Korpelevich’s extra-
gradient method [Korpelevich, 1976], to many recent hybrid or randomized algorithms,
e.g., [Monteiro and Svaiter, 2010, He et al., 2015, Kong and Monteiro, 2019]. However,
most of these existing works are limited to the following settings (i) the well-balanced
strongly-convex-strongly-concave setting (e.g., [Tseng, 1995, Mokhtari et al., 2019]), where
the x-component and y-component share the same strong-convexity /concavity constant
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i, (ii) the general convex-concave setting (e.g., [Nemirovski, 2004, Nesterov, 2007]), and
(iii) the special bilinear convex-concave setting (e.g., [Chambolle and Pock, 2016, Chen
et al., 2014]. The lower complexity bounds for these three settings established in [Zhang
et al., 2019b], [Nemirovsky and Yudin, 1983], [Ouyang and Xu, 2019], respectively, are
already attained by some existing algorithms. For example, extragradient (EG) achieves
the optimal O(1/¢€) complexity for smooth convex-concave minimax problems, and the
optimal O(xlog(1/€)) complexity for well-balanced strongly-convex-strongly-concave
minimax problems [Zhang et al., 2019b], where « is the condition number.

Yet, results for configurations outside these settings are sparse. We are particularly
interested in the following unbalanced settings: (1) unbalanced strongly-convex-strongly-
concave (SC-SC) objectives with strong-convexity constant yu, different from strong-
concavity constant p,, (2) strongly-convex-concave (SC-C) objectives, (3) nonconvex-
strongly-concave (NC-SC) objectives, (4) nonconvex-concave (NC-C) objectives.

In recent years, there has been a growing interest in addressing problems within
unbalanced regimes. For instance, [Thekumparampil et al., 2019] introduced the dual
implicit accelerated gradient algorithm (DIAG) specifically for the SC-C setting and its
proximal variant (Prox-DIAG) for the NC-C setting; Luo et al. [2020] developed a variance
reduction method for the NC-SC setting by integrating SARAH [Nguyen et al., 2017] into
minimax optimization. However, these algorithms are considerably more complex than
those crafted for balanced regimes, usually incorporating multiple acceleration procedures
and necessitating several loops. Moreover, as they are tailored for a specific setting, and it
is difficult to extend them to other unbalanced settings.

More recently, [Lin et al., 2020b] pioneered the development of near-optimal algorithms
catering to all the aforementioned unbalanced settings. Unfortunately, they still introduce
extra logarithmic terms in their complexities relative to the lower bounds in certain settings.
Additionally, while they cater to the general form of the problem, the integration of these
advanced algorithms with variance-reduction techniques remains ambiguous when the
problem adopts a finite-sum form. A notable gap in the current literature is the absence of
a dedicated variance reduction approach for the SC-C setting.

This raises the question:

Can we simply leverage the rich off-the-shelf methods designed for well-balanced
strongly-convex-strongly-concave minimax problems to design a universal framework
for all unbalanced settings in both general and finite-sum forms?

Inspired by the success of the Catalyst framework that uses gradient-based algo-
rithms originally designed for strongly convex minimization problems to minimize con-
vex/nonconvex objectives [Lin et al., 2017, Paquette et al., 2017], we introduce a generic

Catalyst framework for minimax optimization. Rooted in an inexact accelerated proximal
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point framework, the idea is to repeatedly solve the following auxiliary strongly-convex-
strongly-concave problems using an existing method M:

minyex maxyey f(%,y) + 5 [lx — 2 = Flly — 2|

At first glance, the design of this algorithm might seem intuitive. However, the selection
of appropriate proximal parameters 7, and T, the prox centers ¥;,z;, and the method M
for solving the auxiliary problems, plays a crucial role and significantly influences the
overall complexity. In this chapter, we provide a comprehensive guide on how to make
these selections.

With this generic Catalyst framework, we derive a series of compelling results. We
encapsulate our findings for the general form of the problem in Table 2.1 and for the
finite-sum form in Table 2.2. Notably, Catalyst combined with specific subroutine M either
matches with the lower complexities or improves over the previous known results.

2.1.1 Related Work.

Catalyst and Proximal Point Methods. Catalyst was first introduced by [Lin et al., 2015]
for minimization of convex and strongly-convex objectives, and it is further generalized to
nonconvex objectives by [Paquette et al., 2017]. Catalyst can be considered as a variant of
accelerated proximal point algorithm. The acceleration of the proximal point algorithm
[Rockafellar, 1976b,a, Giiler, 1991] was first discussed in [Giiler, 1992]. Several other
works, such as [Shalev-Shwartz and Zhang, 2014, He and Yuan, 2012, Salzo and Villa,
2012], also explore inexact accelerated proximal point algorithm under different settings
in minimization optimization. Although [Rockafellar, 1976b] discussed proximal point
algorithm for monotone operators including minimax optimization, before our work it
remains mysterious (i) how to apply the acceleration scheme to minimax optimization and
attain primal-dual gap convergence; (2) how to design practical notion of exactness for
minimax auxiliary problems.

SC-SC Setting. Classic algorithms like EG and Optimistic Gradient Descent Ascent
(OGDA) have demonstrated linear convergence with a complexity of O ( (% + ﬂ%) log (%))
[Mokhtari et al., 2019, Azizian et al., 2019, Tseng, 1995, Gidel et al., 2018]. This complexity
is optimal specifically when i, = p,. Later, [Lin et al., 2020b] introduced MINIMAX-APPA,

which improved the condition number dependency but had a less favorable € dependency.
14
Py

the lower bound by [Zhang et al., 2019b]. Additionally, there are several variance-reduced

More recently, [Wang and Li, 2020] further refined this to O ( log (1) ) , aligning with

algorithms for strongly-convex-strongly-concave objectives. For instance, [Balamurugan
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Settings Algorithms/Lower Bound Oracle Complexity
Extragradient [Tseng, 1995] O (¢/ min{py, py} log(1/€))
SC.5C APPA-ABR [Wang and Li, 2020] O (¢/ \/tixfiylog(1/€))
MINIMAX-APPA [Lin et al., 2020b] 6] <£ / iy log?(1 /e))
Catalyst-EG (this work) O (€/ \/tixpiylog(1/€))
Lower bound [Zhang et al., 2019b] QO (¢/ \/Tixfiylog(1/€))
DIAG [Thekumparampil et al., 2019] | O (63/ 2Dy, / (u+/€)log?(1/ e)>
APPA-ABR [Wang and Li, 2020] O ({Dy//nelog(1/¢€))
SC-C MINIMAX-APPA [Lin et al., 2020b] 6] (EDy / JEelog (1 /e))
Catalyst-EG (this work) O ({Dy//uelog(1/¢€))
Lower bound [Ouyang and Xu, QO (IDy/ /1)
2019]
GDA/AGDA [Lin et al., 2020a, Yang O3/ u*e?)
et al., 2020a]
NC-SC MINIMAX-PPA [Lin et al., 2020b] 6] (53/ 2 /11262 10g?(1 /e))
Catalyst-EG (this work) O (6372 /ul/2e72)
Lower bound QO (€3/2/‘u1/2€*2)
Prox-DIAG [Thekumparampil et al., O(PDye31og*(1/€))
2019
NC-C FNE-search [Ostrovskii et al., 2020] O(PDye310g*(1/€))
Catalyst-EG (this work) O(?Dye—3log(1/¢€))
Lower bound ?

TaBLE 2.1: The table summarizes results for general form minimax problems. The objective

function is /-smooth. It presents the oracle complexities to find an e-saddle point for
(px, y)-SC-SC and p-SC-C settings, and an e-stationary point of the primal function
for u-NC-SC and NC-C settings. Here D%, denotes the diameter of ). We assume
€ < yD%, in SC-C setting and € < €D§) in NC-C setting. O only hides logarithmic
factors in problem parameters, but not 1.
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Settings Algorithms/Lower Bound Oracle Complexity
2
SVRG [Balamurugan and Bach, 2016] @ (n + (m) log i)
SC-SC Acc-SVRG [Balamurugan and Bach, 2016] 0 (n + #"fw} log %)
_ ~ . A V/nl nifg2 1
Catalyst-Acc-SVRG (this work) O <<n + T + Ty > log e)
; 301
Lower bound [Han et al., 2021] Q ((n + ‘]fyy + ”455 > log i)
31
SCC Catalyst-Acc-SVRG (this work) ) ( n+ \f\”/f%’ + nwjgpy ) log l)
3 1
\/EK'DJ; n4(2 Dy
Lower bound [Han et al., 2021] QO <n + N + NG )
@ (Tl + \y/zﬁ:;) 7 n 2 Li
SREDA [Luo et al., 2020] " v 2\ ¢ P
o((4+5)4). nsh
NC-SC My !
Catalyst-SVRG (this work) @] ((n + n3\//4ﬁ\/2) f—z)
3
Lower bound [Zhang et al., 2021b] Q <n + \\/F’%Z )
PG-SVRG [Rafique et al., 2022] O (L +¢€°) log )
NC-C ~ 3
Catalyst-SVRG (this work) O <<n4§D3’ + Zf) log l)
Lower bound ?

TABLE 2.2: The table summarizes results for finite-sum form minimax problems. The objective
function f is /-averaged-smooth (Assumption 4). It presents the oracle complexities
to find an e-saddle point for (i, pt)-SC-SC and p-SC-C settings, and an e-stationary
point of the primal function for u-NC-SC and NC-C settings. Here D%, denotes the
diameter of V. O only hides logarithmic factors in problem parameters, but not e 1.
The dependence on problem parameters is not explicit in [Rafique et al., 2022].
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and Bach, 2016] adapted SVRG and SAGA for minimax optimization and provided an
accelerated variant with a complexity of O (n +Vn (% + H%)) log (1), achieving an opti-
mal result in balanced settings, as confirmed by [Han et al., 2021]. A similar result was
reported by [Alacaoglu and Malitsky, 2022].

SC-C Setting. Several works have achieved a complexity of O (#) for problems
where the coupling term is linear in both variables [Nesterov, 2005, Chambolle and Pock,
2016, Xie and Shi, 2019], or just in one variable [Hamedani and Aybat, 2018, Juditsky
et al., 2011]. For general problems, both [Lin et al., 2020b] and [Wang and Li, 2020]

transformed a general SC-C problem into an SC-SC problem by adding a term O(e)||y||>.
4

NG

up to logarithmic terms, they require the target accuracy € to be predetermined. In contrast,

While these methods yield complexities that closely align with the lower bound () <

[Thekumparampil et al., 2019] merged accelerated gradient descent with Mirror Prox to
achieve near-optimal complexity without the need for a prefixed target accuracy. Notably,
before our contribution in [Yang et al., 2020b], no variance reduction method had been
proposed for this setting. A subsequent work by [Han et al., 2021] provided a nearly
matching lower bound.

NC-SC Setting. Basic algorithms like simultaneous GDA [Lin et al., 2020a] and alter-
nating GDA [Yang et al., 2020a, Bot and Bohm, 2020, Xu et al., 2020c] have been shown
to achieve a complexity of O (%) when seeking an e-stationary point for the primal
function. The MINIMAX-PPA, introduced by [Lin et al., 2020b], employs the proximal point
algorithm on the primal function and addresses the auxiliary problems using accelerated
gradient ascent. This approach aligns with the lower bound () (%) up to logarithmic
factors. Furthermore, [Luo et al., 2020] presented a variance-reduced algorithm named
SREDA, for stochastic NC-SC problems. However, its complexity does not fully align
with the lower bound for finite-sum form problems, particularly in its dependence on the
condition number, as highlighted by [Zhang et al., 2021b].

NC-C Setting. The prevailing best complexity for identifying an approximate stationary
point of the primal function stands at O(¢£?¢~%) up to polynomial terms [Lin et al., 2020b,
Thekumparampil et al., 2019, Zhao, 2020, Ostrovskii et al., 2020]. Notably, both [Ostrovskii
et al., 2020] and [Lin et al., 2020b] suggest analogous algorithms that employ an inexact
accelerated method to address auxiliary problems derived from smoothed proximal steps.
Several other algorithms, such as those by [Nouiehed et al., 2019, Lu et al., 2020, Kong and
Monteiro, 2019], aim to achieve the stationarity of f(-, -). Additionally, [Rafique et al., 2022]
introduced a variance-reduced algorithm for finite-sum objectives with a complexity of
O(ne=2 + e~°). More recently, [Tran-Dinh et al., 2020] unveiled a hybrid variance-reduced
algorithm for stochastic nonconvex-concave minimax challenges with a coupling term
linear in y, achieving a complexity of O(e ).
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NOTATIONS. Throughout the chapter, || - || stands for the standard ¢,-norm. For non-
negative functions f and g, we say f = O(g) if f(x) < cg(x) for some ¢ > 0. We use O to
hide logarithmic factors of problem parameters and the initial point, but not that of e~

2.2 STRONGLY-CONVEX-(STRONGLY)-CONCAVE MINIMAX OPTIMIZATION

In this subchapter, we focus on solving strongly-convex-strongly-concave (SC-SC) and
strongly-convex-concave (SC-C) minimax problems and introduce a general Catalyst
scheme. We formally make the following assumptions.

Assumption 2 (SC-SC/SC-C). f(-,y) is px-strongly-convex for any y in Y with y, > 0, i.e.,
flaery) = f(x2,y) + Vaf (x2,9) (31— x2) + %I\xl — x| Vi,xneX.

f(x,-) is py-strongly-concave for any x in X with y, >0, i.e.,

H
foyn) = f(xy2) + Vyf(xy) (i —v2) + %Hyl — 2l Yy €Y.

Without loss of generality, we assume px > py. X and Y are convex and closed sets, and we further
assume Y to be bounded with diameter Dy £ max,,,cy ||y — y'|| when p, = 0.

In the definition above we allow the strong concavity module about y to 0. When i, > 0
and p, > 0, we refer to such f as (yy, iy)-SC-SC; when p, > 0 and py, = 0, we refer to
such f as p-SC-C. We further assume the objective function f is /-smooth or ¢-averaged
smooth defined as follows.

Assumption 3 (Lipschitz gradient). There exists a positive constant € such that

max{||Vyf (x1,y1) = Vif (x2,92) ||, | Vef (x1,91) = Vaf (x2,92) 1} < Ll = %2 + [[y1 = v2l],

holds for all x1,x, € X and y1, y» € Y. We call such f {-smooth ({-S).

Assumption 4 (Averaged Lipschitz gradient). For f(x,y) = %Z?:l fi(x,y), we assume each
fi is differentiable and there exists a positive constant ¢ such that

1 n
SV IVAGLY) = V)P < @ (la—xP+ln-nlP). @
i=1

holds for all x1,x, € X and y1, yo € Y. We call such f {-averaged-smooth ({-AS).

Remark 2.2.1. If f(x,y) = L Y7, fi(x,y) is (-averaged-smooth, then it is (-smooth and f(x,y) +
Tlx — 2|2 — 2y — 7]|? is V2(£ + max{y, T })-AS for any % and .
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Now we introduce the definitions of primal and dual functions, and the gap function

associated with objective function f.

Definition 11. For a function f : X x Y — R, we define the primal function ® : X — R as

O (x) = r;lgf(x,y),

and we define the dual function ¥ : Y — R as

¥(y) = min f(x,y).

The primal-dual gap function gap 1% X x Y — Ris defined as

é AN . / < .
gaps(vy) = maxf(xy) —minf(x,y) < €
In the SC-SC and SC-C settings, our goal is to find an e-saddle point (x,y) such
that gap(x,y) < e. If gap;(x*,y*) = 0, then (x*,y") is a saddle point, i.e., f (x*,y) <
f(xny") < fxy?) forall (x,y) € X x V. Observe that gap(x,y) = ®(x) + ¥(y) in
these settings, so a small primal-dual gap at a point (x,y) is equivalent to optimality gaps
of both primal and dual functions being small.

2.2.1 A Catalyst Framework

We present a generic Catalyst scheme in Algorithm 1. Analogous to its prototype [Lin
et al., 2017, Paquette et al., 2017], this scheme consists of three important components: an
inexact accelerated proximal point step as the wrapper, a linearly-convergent first-order
method M as the workhorse, as well as carefully chosen parameters and stopping criteria.

INEXACT ACCELERATED PROXIMAL POINT STEP.  The main idea is to repeatedly solve

a series of regularized problems by adding a quadratic term in y to the original problem:

minmax |fi(x,y) = f(x,y) = 5 ly =], )
where T > 0 is a regularization parameter (to be specified later) and z; is the prox-center.
The prox-centers {z;}; are built on extrapolation steps of [Nesterov, 2013]. Noticeably, this
step can also be viewed as applying the original Catalyst scheme [Lin et al., 2017] to the
dual function ¥ (y) £ min,cy f(x,y). The major distinction is that we do not have access
to the closed-form dual function or its gradient, which does not allow us to solve the
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Algorithm 1 Catalyst for SC-C/SC-SC Minimax Optimization

: Input: initial point (xo, yo), parameter T > 0
: Initialization: g = H::yrr,vo =vyo; a1 = 1if py =0 and &y = /7 if py, > 0.
: forallt=1,2,..,T do

=

N

3

4 Setzy=mo;q1+ (1—n)y—1 with i = ”ifq”’

5:  Find an inexact solution (x¢,y;) to the following problem with Algorithm M
minmax [ fi(x,y) 2 f(x,y) = ¢lly - z 7] (*)
xeX ye)y

such that
if uy =0: f(xp,ye) — aréi)r}f(x,yt) < ¢ and Vyﬁ(xt,yt)T(y —y) <e,Vyey, (22
if jy > 0: gapg (x1, yi) < €. (2.3)

6: Ut =Yr1t %(yt —Yt-1);

7. Choose a1 € [0,1] such that a? | = (1 — ay1)a? + gag1.
8: end for

9

: Output: if p, = 0: (X7, yr) with ¥r = Y Zrl/{xt

mxﬁ lf ]ly > 0: (.XT,yT).

auxiliary problem (x) with minimization algorithms and causes difficulty in measuring
the inexactness during solving auxiliary problems. Moreover, we should guarantee the

solution quality in terms of the primal-dual gap instead of just dual optimality.

LINEARLY-CONVERGENT ALGORITHM M. By construction, the series of auxiliary
problems (%) are (jx, py + T)-SC-SC, and (¢ + 7)-S or V2({ + 7)-AS if f is ¢-S or (-AS,
respectively. Consequently, they can be solved at a linear convergence rate by a broad range
of first-order algorithms documented in existing literature. Let M present any algorithm
that can solve the (i, #, + 7)-SC-SC auxiliary problem at a linear convergence rate such

that after N iterations:

N
Jew =P+ Iy =y 1P < (1= 52) (o= IP+ lyo -yl (24)

A/\/l,'r

if M is a deterministic algorithm; or taking expectation to the left-hand side above if M is
randomized. The choices for M include, but are not limited to, extragradient (EG) [Tseng,
1995], optimistic gradient descent ascent (OGDA) [Gidel et al., 2018], SVRG [Palaniappan
and Bach, 2016], SPD1-VR [Tan et al., 2018], Point-SAGA [Luo et al., 2019], and variance
reduced prox-method [Carmon et al., 2019]. Here A . depends on T and algorithm M.
For example, in the case of EG or OGDA, we have Apr = — T [Gidel et al.,

4min{;4x,yy+r}
2018, Azizian et al., 2019]. When using SVRG or SAGA, assuming f is /-AS, we have

27
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Apr xn+ (ﬁ;yﬂ})z [Balamurugan and Bach, 2016]. We will give more choices of
M later.

STOPPING CRITERIA. To ensure the overall convergence in terms of the primal-dual
gap, it is important to approximately solve the auxiliary problem (x) with a reasonable
degree of accuracy, ensuring the pair (x;, ;) converges properly. For a more general
approach, we utilize the criterion specified in (2.2) and (2.3) in our scheme. Most existing
minimax optimization algorithms can meet this stopping criterion after a sufficient number
of iterations. However, it could still be hard to check in practice because min,cx f(x,y:),
maxyey Vyfi(xt,y¢)T (v — y) and gap 7, (xt,yt) are not always computable. One approach
is to predetermine the number of iterations for running the algorithm M based on its
complexity in solving (x), although this will vary depending on the specific algorithm
used. Alternatively, the following lemma allows us to transform these conditions into ones
that are verifiable, with the minor cost of a full gradient evaluation and a projection step.

Lemma 2.2.2. Consider a function f(x,y) that is (1, p2)-SC-SC and has I-Lipschitz gradient
on X x Y. Let z* = (x*,y*) be the saddle point. For any point z = (x,y) in X x Y, we define
[2]g = ([x]g, [ylp) with B > 20 to be the point after one step of projected gradient descent ascent:

g =P (x= 5V F(oy)), s =Py (y+3Vif(xy),
then we have

1. gapr([zlp) < Allz—2*|1>,  Vf([xlp, [ylp)" (7 — [ylp) < Allz—2z*|> +2BDy ||z — z*;

le=[all, N1z Elpl? < mdgsllz— =17 §llz— ")) < gapy(x.y),

2 flz—z| < B

2872 4p2 ~ .
where A = B+ 52 m and ji = min{uy, yp}

Based on this lemma, we can replace (2.2) by the following easy-to-check criterion:

~2 ~ 2
= Iy = P < min{ P (LT ) )

and (2.3) by the following:

~2
Ho€r

m. (2.6)

lx = [x]g 1 + lly — [ylpl* <

Note that many algorithms such as EG or GDA, already compute ([x]g, [y]g) with B being
the stepsize, so there is no additional computation cost to check criterion (2.5) and (2.6).
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CHOICE OF REGULARIZATION PARAMETER. As we can see, the smaller 7 is, the
auxiliary problem is closer to the original problem. However, smaller T will give rise to
worse conditions of the auxiliary problems, making them harder to solve. We will discuss
the dependence of the inner and outer loop complexities on T and provide a guideline for
choosing 7 for different M.

As a final remark, while the idea of employing the proximal point algorithm (PPA)
and adding regularization in minimax optimization has been explored in the literature,
it is crucial to emphasize that these existing approaches differ from our framework in
various ways. Each has its unique characteristics and methodologies that set it apart from
our proposed scheme. To list a few: [Rockafellar, 1976b, Monteiro and Svaiter, 2010, Lin
et al., 2018, Palaniappan and Bach, 2016] considered the inexact PPA for C-C or NC-NC
minimax problems by adding quadratic terms in both x and y; [Rafique et al., 2022,
Thekumparampil et al., 2019] considered the inexact PPA for NC-C minimax problems,
by adding a quadratic term in x; [Lin et al., 2020b] considered the inexact accelerated
PPA for SC-SC minimax problems by adding a quadratic term in x. On the other hand, a
number of work, e.g., [Kong and Monteiro, 2019, Lin et al., 2020b, Zhao, 2020] also add a
quadratic term in y to the minimax optimization when the objective is non-strongly concave
about y, but in the form O(e)||y||?, which is completely different from PPA. Besides these
differences, the subroutines used to solve the auxiliary minimax problems and choices
of regularization parameters in these work are quite distinct from ours. Lastly, we point
out that the proposed framework is closely related to the inexact accelerated augmented
Lagrangian method designed for linearly constrained optimization problems [Kang et al.,
2015], which can be viewed as a special case by setting f(x,y) as the Lagrangian dual.
Nevertheless, the strategies for addressing the auxiliary problems and the theoretical

analyses between the two are distinctly separate.

2.2.2  Convergence Analysis

In order to derive the total complexity, we first establish the complexity of the outer loop
and then combine it with the inner loop complexity from algorithm M. We then discuss
the optimal choice of the regularization parameter T for different settings.

Theorem 2.2.3 (Outer-loop complexity for SC-SC objectives). Suppose function f satisfies

Assumptions 2 with p, > 0 and Assumption 3. If we choose €; = %(1 —p)gap (X0, y0) with

p < \/q, the output (x1,yr) from Algorithm 1 satisfies

482 V2

xr =P+ lyr =y P < | st —
ler = 2*[" + llyr — 7 (VTP

(1—p)" gap(xo, o),

29
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where q = M”L as defined in Algorithm 1.
Remark 2.2.4. In practice, if we choose p = 0.9,/g = 0.9 M}:{T, Theorem 2.2.3 implies

that Algorithm 1 outputs a point (xt,yr) such that ||xr — x*||*> + |lyr — v*||> < € within

@) ( %y”y log( %)) iterations. By Lemma 2.2.2, we can find a point with e-primal-dual gap with
the same order of complexity by performing a projected gradient descent ascent step.
Theorem 2.2.5 (Outer-loop complexity for SC-C objectives). Suppose function f satisfies

Assumptions 2 with p, = 0 and Assumption 3. The output (%r,yr) from Algorithm 1 satisfies

gap;(¥r,yr) < 3 [$D3 +251, e (27)

T(p—1)D

2 02
If we further choose €; = 4(t+1)%’a' with p > 1, then

gaps(¥r, yr) < a7TD3. (2.8)

Remark 2.2.6. The above result still holds true without requiring strong convexity in x. In addition,
the regularization parameter T can be any positive value, so Algorithm 1 is quite flexible. Because
2/(t+2)% < a? < 4/(t+1)? [Paquette et al., 2017], Theorem 2.2.5 implies that the algorithm
finds a point with e-primal-dual gap within O(\/T/€Dy + 1) outer-loop iterations. Notice that
the outer-loop complexity decreases as T decreases.

We now delve into the complexity of the inner loop. By design, the auxiliary problem (x)
is (pix, gy + 7)-SC-SC and can be solved by many existing first-order algorithms at a linear
convergence rate. For ease of reference, we denote the optimal solution to the auxiliary
problem (%) as (x},y;). We first introduce a straightforward warm start for the auxiliary
problems: the previous iterate, (x;_1,y;_1), serves as the initial point for M. We show
that the distance between this starting point and (x},y;) is relatively small or bounded.
Subsequently, we outline the complexity of the inner loop.

Lemma 2.2.7 (Warm start for SC-SC objectives). Suppose function f satisfies Assumptions 2
with p, > 0 and Assumption 3 and we run Algorithm 1 with €; specified in Theorem 2.2.3. If we
set the initial point of the auxiliary problem (%) at iteration t to be (x¢_1,Y;—1), then we have

xe-1 = x{ 1> + [lye-1 — yi I < Ceey,

L6304 1B nd € = (A + 24 ) 5+ i Garl) I

where C1 = . —
L= uZmin{p ) QT +uy)i2 T w2y +7)2(/7—p) (1—p)2

fort > 1.

I—p
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Lemma 2.2.8 (Warm start for SC-C objectives). Suppose function f satisfies Assumptions 2
with p, = 0 and Assumption 3 and we run Algorithm 1 with €; specified in Theorem 2.2.5. If we
set the initial point of the auxiliary problem (x) at iteration t to be (x;_1,Yy:—1), then we have

e = 7|17 + [lye—1 — yil* < D,

where Dy = 2||xg — x*||* + (%2 + 1) D3, and Dy = {T(p -1) (i + yylﬁ> +2 <% + 1)} 2
fort >1.

Corollary 2.2.9 (Inner-loop complexity for SC-SC objectives). Under the same assumptions
as Lemma 2.2.7, suppose we apply a linearly convergent algorithm M described by (2.4) to
solve the auxiliary problem (x) with the initial point specified in Lemma 2.2.7. The number of
iterations (expected number of iterations if M is stochastic) for M to find a point satisfying (2.6)

is Ni = O (A log (s ) )

Corollary 2.2.10 (Inner-loop complexity for SC-C objectives). Under the same assumptions
as Lemma 2.2.8, suppose we apply a linearly convergent algorithm M described by (2.4) to
solve the auxiliary problem (%) with the initial point specified in Lemma 2.2.8. The number of

iterations (expected number of iterations if M is stochastic) for M to find a point satisfying (2.5)
i Ny = O (Mg log (P2 LAlDotre—r ) ).

min{1,py, T}

In practice, choosing a good initial point to warm start algorithm M can be helpful in
accelerating the convergence. Without the warm start strategy, one would require X" to
be bounded and N; = O (A Mt log(D"eiJ:Dy)). The above corollaries show that in theory,
using a simple warm start strategy helps to remove the assumption on boundedness of X’
and when p;, > 0 the inner-loop complexity does not increase with .

As we can see, the choice of T plays a crucial role since it affects both inner-loop and
outer-loop complexities. Combining the above two results immediately leads to the total
complexities:

Corollary 2.2.11 (Total complexity for SC-SC objectives). Suppose function f satisfies As-
sumption 2 with p, > 0 and Assumption 3, and the auxiliary problems are solved by a linearly
convergent algorithm M to satisfy the stopping criterion (2.3) with accuracy €; as specified in
Theorem 2.2.3. For Algorithm 1 to find an e-saddle point, the total number of gradient evaluations
(expected number if M is stochastic) is

[hy + T ( max{1,/, 7t} > max{1,(} gan(xor%) 1
O A lo - Io - .=
( M 1y & min{1, piy, py } & min{1, piy, py } €
~ Py +T (1)
=0 | Amr log| -] ].
< Hy ®le
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Corollary 2.2.12 (Total complexity for SC-C objectives). Suppose function f satisfies As-
sumption 2 with p, = 0 and Assumption 3, and the auxiliary problems are solved by a linearly
convergent algorithm M to satisfy the stopping criterion (2.2) or (2.5) with accuracy €; as specified
in Theorem 2.2.5. For Algorithm 1 to find an e-saddle point, the total number of gradient evaluations
(expected number if M is stochastic) is

o <AM,T (MDy + 1) log (max{l'g’T}(Dy +llxo —27l) 1))

min{1, puy, T} €

=0 <AM,T (VT/eDy +1) log (1)) .

For any given linearly-convergent method, denoted as M, and any selected regular-
ization parameter 7, the oracle complexity for SC-SC objectives stands at O (log 1). This
is already optimal in terms of € as per [Ouyang and Xu, 2019]. Meanwhile, the oracle
complexity for SC-C objectives is O (Dy/+/elog(Dy/€)). This is optimal in both € and
Dy, up a logarithmic factor, as indicated by [Ouyang and Xu, 2019]. The dependence on
the condition number will be determined by the term A v .+/7, which we analyze in detail

below for specific algorithms.

2.2.3  Specific Algorithms and Complexities

In order to minimize the total complexity, we should choose the regularization parameter
T > 0 that minimizes An¢/#y + T when py, > 0, and minimizes A ,r1/T when p, = 0.
Below we derive the choice of the optimal 7 for different algorithms M and present the
corresponding total complexity. Table 2.3 and Table 2.4 summarize the results for SC-SC

and SC-CC minimax optimization, respectively.

DETERMINISTIC FIRST-ORDER ALGORITHMS.  When employing GDA as M to solve

- . 2 .

the auxiliary problem, the value of Ay, is given by Ay = (mﬁﬁ) [Facchinei
x/Hy

and Pang, 2007]. If we use EG or OGDA as M, then A = MW [Gidel et al.,
2018, Azizian et al., 2019]. Minimizing A4 +/T for both cases yields that the optimal
choice for 7 is py — py. Specifically, when using EG or OGDA, the total complexity of

finding an e-saddle point (e < ny§, when i, = 0) is

@(“’yo

(2.9)
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Remark 2.2.13. The complexity for the SC-SC setting matches the lower complexity bound for
this class of problem [Zhang et al., 2019b], up to only a logarithmic factor in problem parameters.
Lin et al. [2020b] and Wang and Li [2020] also achieve O (\/VLT@) dependency on the condition
number, but has higher order poly-logarithmic terms in € or problem parameters.

Remark 2.2.14. The complexity for SC-C setting matches the lower complexity bound for this class
of problems [Ouyang and Xu, 2019] in €, £y, u and Dy, up to a logarithmic factor. In addition, it
improves over [Thekumparampil et al., 2019] on the dependency in condition number and improves
over [Wang and Li, 20201, which has higher order poly-logarithmic factor in ¢, yuy and Dy.

A key observation is that by setting T = p, — p, the auxiliary problem (x) becomes
(px, hx)-SC-SC, and it is known that simple EG or OGDA achieves the optimal complexity
for solving this class of well-balanced SC-SC problems [Zhang et al., 2019b]. Subproblems
in [Thekumparampil et al., 2019, Lin et al., 2020b] are harder to solve because of ill-balanced
condition numbers, thus requiring complicated subroutines.

Besides the complexity improvement, our algorithm is significantly simpler and easier to
implement than the current state-of-the-arts. Under SC-SC setting, Minimax-APPA in [Lin
et al., 2020b] and APPA-ABR in [Wang and Li, 2020] are triple-loop algorithms which stack
several acceleration schemes together. Under SC-C setting, they add a smoothing term in
y to induce a SC-SC auxiliary problem. The DIAG algorithm in [Thekumparampil et al.,
2019] applies Nesterov’s accelerated gradient ascent to the dual function and an additional
two-loop algorithm to solve their subproblems. In contrast, our algorithm only requires
two loops for either setting, does not require to prefix accuracy €, and has fewer tuning
parameters.

STOCHASTIC VARIANCE-REDUCED ALGORITHMS. We now turn our attention to
minimax problems with a finite-sum structure, represented as min,cy max,cy f(x,y) £
Ly | fi(x,y). Correspondingly, the SC-SC auxiliary problem () can also be readily
written in a finite-sum form. When f is /-AS, this auxiliary problem can be solved by a
number of linearly-convergent variance-reduced algorithms, such as SVRG, accelerated
SVRG (Acc-SVRG) [Balamurugan and Bach, 2016]" 2, and EG with variance reduction
(VR-EG) [Alacaoglu and Malitsky, 2022].

When using SVRG or SAGA as M, we have A o« n+ (W)Z [Balamurugan

and Bach, 2016]. If Acc-SVRG or VR-EG is employed, A, < 1+ ) [Balamurugan

min{p,, T}

Although Balamurugan and Bach [2016] assumes individual smoothness, their analysis can be extended to the
averaged smoothness.

Algorithms in [Balamurugan and Bach, 2016] requires computing the proximal operator of an (y, )-SC-SC
function. For any (y, #1)-SC-SC function in the form of Y; fi(x,y), we can rewrite it as Y;[f;(x,y) — 4. ||x[|* +
$-1y112] + 5 (J|x[|? = ||y||*), where the first term is convex-concave, and the second term is (y, 1)-SC-SC and
admits a simple proximal operator.
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M Apr & Choice for T Total Complexity of Catalyst
2
(+T _ A nf?
GDA (mrier) Hx — My © (W log ¢ )
l+T _ 2 1
EG/OGDA T e — iy O (p-108t)
. px =y, i € > pay/n -
/4 . A 2 1(2 1
SVRG/SAGA n+(m) W—#y,lf#y\/ﬁéféﬂx\/ﬁ (’)<(n+m+"\/@)loge)
0,if £ < py\/n
Acc-SVRG/ ~HnitEz e 1
cc- Vn(l+7) N nif2
VR-EG N EGan T | He <<y | O ((" + et ) log ¢ )
0,if £ < pyv/n

TABLE 2.3: The table summarizes the optimal choice of regularization parameter T and total
complexity of the proposed Catalyst framework for finite-sum SC-SC minimax opti-
mization with f(x,y) =

' | fi(x,y), when combined with

different methods M.

and Bach, 2016, Alacaoglu and Malitsky, 2022]. Specifically, for Acc-SVRG or VR-EG, the

optimal 7 is (proportional to) px — py, if £ > px\/n, % — py if py/n < L < py/n, and 0
otherwise. Therefore, the total complexity for the case y, > 0 is

°
(%

fﬁ
v HxPy

) (nlog €> ,

1

1)

€

if pyv/n <0< p/n;

The total complexity for the case y, = 0 is

@<<n+
(<n+

O

VntDy
V Hx€
Tl%\/zpy

> log i), if £ > yyn;
1 .
> log e) , otherwise.

NG

otherwise.

if £ > ,ux\/ﬁ;

(2.10)

(2.11)

Remark 2.2.15. In the SC-SC setting, our complexity, as presented in (2.10), aligns with the re-
cently established lower complexity bound in [Han et al., 2021], with differences only in logarithmic
factors related to py, py, and L. For the SC-C setting, the complexity in (2.11) also nearly matches
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M A o Choice for T Total Complexity of Catalyst
2
(+T A ( Dy
cor | (i) . o (45 wst)
EG/OGDA e i O ("2210gt)
,if 0> ~ "
SVRG/SAGA | n+ (mif{T T})Z o AL 2 i/ o) <<n f/ly n ”}Dy> log g)
v L 0 < e/ e
Acc-SVRG/ Va(l+7) px, i £ > pxy/n JilDy | nifiDy 1
VR-EG " nin{jen ) O (n+me +7 " ) loge
f’ if £ < pxy/n

TABLE 2.4: The table summarizes the optimal choice of regularization parameter T and total com-
plexity of the proposed Catalyst framework for finite-sum SC-C minimax optimization
with f(x,y) = L Y7, fi(x,y), when combined with different methods M.

with the lower complexity bound in [Han et al., 2021], up to logarithmic factors with problem
parameters and €. Notably, these complexities improve over Acc-SVRG and batch Catalyst-EG.

2.3 NONCONVEX-(STRONGLY)-CONCAVE MINIMAX OPTIMIZATION

We now shift our focus to nonconvex-strongly-concave (NC-SC) and nonconvex-concave
(NC-C) minimax problems. We continue to assume that f has ¢-Lipschitz gradients, as
stated in Assumption 3.

Assumption 5. f(x,-) is p-strongly-concave for any x in X with y >0, i.e

Fen) = Fe2) +Vuf (xoy2) (1 =) + 2l =2l Wy e .

X and Y are convex and closed sets, and we further assume Y be bounded with diameter D+ when
py = 0.

When the strong concavity modulus u > 0, we refer to the setting as #-NC-SC; when
u = 0, we refer to the setting as NC-C. Given the objective function is nonconvex about
x, finding a global solution will be intractable. Our goal is to identify an approximate
stationary solution for the primal function ®(x). As per [Lin et al., 2020a], in the NC-SC
setting, ® is differentiable and L-smooth with L = 2%2 In the NC-C setting, however,
® is /-weakly convex and might not be differentiable [Thekumparampil et al., 2019].
Consequently, we adopt distinct stationarity concepts for these two settings.
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Definition 12 (Stationary point in NC-SC setting). For a differentiable ®, a point x* is an
e-stationary point of ® if

¢ ]

x* — Py (x* - 1V<I>(x*)> H <e.

Definition 13 (Stationary point in NC-C setting). For a weakly convex (and potentially
non-differentiable) ®, we first define the Moreau envelope as:

, 1
@)(2) = min @ (x) + o [|x — 2|

(x7)

A point x* is an e-stationary point of ® if H Vo

1 ‘SG-
20

2.3.1 A Catalyst Framework

Our nonconvex Catalyst framework is described in Algorithm 2. This can be considered
as applying the proximal point algorithm to the primal function ®(x) £ max,ey f (%, ),
leading to a new minimax subproblem (x%), which is (¢, u)-SC-SC after we add the
regularzation in x. This is in the same spirit as [Rafique et al., 2022, Thekumparampil et al.,
2019, Lin et al., 2020b]. The main difference lies in that we use Algorithm 1 to solve this
unbalanced subproblems. The algorithm is easier to implement than others, because the
overall algorithm, i.e., Algorithm 2 equipped with Algorithm 1 to solve the subproblem,
can be considered as a two-time-scale inexact proximal point algorithm, which repeatedly

solves a series of problem with changing prox centers ¥; and z;,
min,e y maxyey f(x,y) + £l|x — % ||> + Zlly — z¢[|%, (2.12)
by some existing algorithm M.
2.3.2 Convergence Analysis
We begin by presenting the convergence analysis for the outer loop of Algorithm 2. The

subproblem (xx) is strongly-convex-(strongly)-concave, so we can utilize the results from
Chapter 2.2 to determine the inner-loop complexity.
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Algorithm 2 Catalyst for NC-C/NC-SC Minimax Optimization

1 Input: initial point (xo, yo)

2: forallt=0,1,...,T do

3. Find an inexact solution (x;41,y¢+1) to the following problem by Algorithm 1 from
the initial point (xy, y:)

minmax |fi(x,y) £ f(oy) + x = x| (%)
such that
if py = 0: gap;, (xe11, Y1) < & (2.13)
if py > 0: gapy, (xes1,Yer1) < e[| — 2>+ lye — 9. (2.14)
4: end for

5. Output: £7, which is uniformly sampled from xo, ..., x7_1 if p, = 0, and from x1, ..., x1
if py > 0.

Theorem 2.3.1 (Outer-loop complexity for NC-SC objectives). Suppose f satisfies Assumption

4
5 with p, > 0 and Assumption 3. If we choose ay = sz for t > 0 and ag = MW’ the

output from Algorithm 2 satisfies

1T€2
7L

t=1

275£ 35/
<A STD‘}, (2.15)

1
fr — Px <J?T - £V¢(3€T)>

where A = ®(xo) — minyex @(x), Dy = [lyo — y*(x0)||* and y*(x0) = argmax,cy, f (xo, ).

Theorem 2.3.2 (Outer-loop complexity for NC-C objectives). Suppose f satisfies Assumption
5 with py, = 0 and Assumption 3. The output from Algorithm 2 satisfies

E[[ve; @ <7

T
A—FEQ],

where A = ®(xp) — mingcy O(x). If T = 16{Ae 2 and & < Sg, then E {HVCI)%[()?T)H} <e.

Remark 2.3.3. Above we choose & = (’)(62) which requires to fix the target accuracy. We can
21, which leads to E [||V®y /o (27)[?] < w'

Compared with the constant €, it has an additional logarithmic term in T.

also choose €; to be decreasing, i.e. & =

Corollary 2.2.11 and 2.2.12 will capture the complexity of solving auxiliary problems
(x%) with Algorithm 1. However, we should first specify how far the initial point (x;,y;)
we pick for the subproblem is from the optimal solution of (xx) compared to the target

accuracy we want.
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Lemma 2.3.4 (Warm start for NC-SC objectives). Under the assumptions in Theorem 2.3.1, if we

can find a point (X411, Y1) such that gapﬁ(xtﬂ,yt“) <% gapﬁ([zt]ﬁ), where z; = (xt,y4),
B > 6, and A and [z]g are defined as in Lemma 2.2.2, then it also satisfies the stopping
criterion (2.14).

Lemma 2.3.5 (Warm start for NC-C objectives). Under the assumptions in Theorem 2.3.2,
suppose we run Algorithm 2 with é = g—;. As we set the initial point of the algorithm for solving

subproblem (xx) as (x;,y¢), then for all t < T = 16{Ae~2, we have ||x; — 2;|| < |/ 2, where
(%3, 07) is the saddle point of f;.

2.3.3  Specific Algorithms and Complexities

Theorem 2.3.2 and 2.3.1 imply that the outer-loop complexity is O (¢Ae~2). In the
following corollaries, we specify the choices of T and M for solving subproblems and the

total complexity.

DETERMINISTIC FIRST-ORDER ALGORITHMS. Since (x*) is (¥, yy)-SC-SC, by our
discussion in Section 2.2.3, the best choice for 7 is £ — jy no matter we choose GDA, EG
or OGDA as M in Algorithm 1. Then Algorithm 2 finds an e-stationary point (¢ < ED%,
when i, = 0) with the total number of gradient evaluations of

- (*DyA 1

O < 633} log <€)> , when u =0;

& (3(A+ DY)
VHe?

Remark 2.3.6. The above complexity for the NC-SC setting matches the lower bound in [Zhang

>, when p > 0.

et al., 2021b, Han et al., 2021], up to a logarithmic factor in L and « (x £ %). It improves over
Minimax-PPA [Lin et al., 2020b] by log?(1/¢€), GDA [Lin et al., 2020a] by x3 and therefore
achieves the best of two worlds in terms of dependency on x and €. In addition, our Catalyst-
EG/OGDA algorithm does not require the bounded domain assumption on y, unlike [Lin et al.,

2020b].

Remark 2.3.7. The complexity for the NC-C setting matches with the current state-of-the-art
complexity for nonconvex-concave minimization [Lin et al., 2020b, Thekumparampil et al., 2019,
Zhao, 2020, Ostrovskii et al., 2020] with improvement in logarithmic factors. Note that our
algorithm is much simpler than the existing algorithms, e.g., Prox-DIAG [Thekumparampil et al.,
2019] requires a four-loop procedure.
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STOCHASTIC VARIANCE-REDUCED ALGORITHMS. We now consider finite-sum-structure

minimax problems, f(x,y) = 1Y, fi(x,y) and assume f is ¢-AS. Since the ratio between
smoothness constant and strong-convexity constant in auxiliary problem (xx) is ©(1),
according to Section 2.2.3, the best choice for 7, is proportional to max {% — Uy, 0} when

we choose SVRG or SAGA as M. In particular, the total complexity is

3
~ [ [ ni0PDyA  nlA 1
O(( o + 2 >log<€>), when p, = 0;

~ 3/4p1/2\ U(A+ G
O<<n+n 152 ) ( 5 y>>, when p, > 0.
Hy €

Remark 2.3.8. In the NC-SC setting, according to the lower bound established in [Zhang et al.,
2021b], the dependency on «x in the above upper bound is nearly tight, up to logarithmic factors. Re-
call that SREDA [Luo et al., 2020] achieves the complexity of O (x*/ne ™2 +n + (n + «) log(x))
for n > «% and O ((x* +«n) e2) for n < x* Hence, our Catalyst-SVRG/SAGA algorithm
attains better complexity in the regime n < x*. Particularly, in the critical regime x = Q(y/n)
arising in statistical learning [Shalev-Shwartz and Ben-David, 2014], our algorithm performs
strictly better.

Remark 2.3.9. Variance reduced algorithms are still under-explored for NC-C setting. PG-SVRG
proposed in [Rafique et al., 2022] provides a complexity of O (ne=2 + €~°), which has a much
worse dependence on € and n.

2.4 NUMERICAL EXPERIMENTS

In this subchapter, we carry out experiments across a range of applications to demon-
strate the enhanced performance of Catalyst in diverse settings. Our experiments encom-
pass a communication challenge involving an adversary, a binary classification task, and
distributionally robust logistic regression. Our primary emphasis will be on comparing
the performance of algorithms before and after the integration of Catalyst acceleration.
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2.4.1  2-D Nonconvex-Concave Example

We design a straightforward nonconvex-concave example, drawing inspiration from an
example presented in [Abernethy et al., 2019]. The smooth function is defined as:
1 1 1
—5C08X —5x — gz forx < -7,
F(x) =4 —cosx for -7 <x< 7,

1 1 1 T
—5COSX + 53X — 37T for x > 7

2

10 —GDA
€ —Catalyst-GDA
S 10';
1=
2
g 10
(5 /

’ 0_1 | | | \ ‘ ) ///|® Final-Catalyst-GDA

0 500 1000 1500 2000 -30 -20 -10 0 10 20 30
Oracle Number X
(a) Gradient mapping (b) Trajactory

F1GUrE 2.1: Comparison of GDA and Catalyst-GDA on the 2-dimensional example.

We apply both GDA and Catalyst-GDA to a minimax problem defined as: min, max, f(x,y) =
F(x) + 10xy. The function f has a single saddle point and stationary point located at (0, 0).
Given it is 2-smooth, we select T = 1 for Catalyst-GDA. Figure 2.1 contrasts the perfor-
mances of GDA and Catalyst-GDA, both utilizing a stepsize of 0.01 for x and y, based on
the gradient norm and trajectory. Notably, while GDA struggles to converge, Catalyst-GDA
converges without any issues.

2.4.2 Experiments on Simulated Datasets.

We explore a wireless communication problem as presented in [Boyd et al., 2004]. Given
n communication channels, each with signal power p € R" and noise power ¢ € R", the
capacity of the i-th channel is proportional to log(1 + B;p;/ (¢? + 0;)), where both g; > 0
and ¢? are predefined constants. Our objective is to optimize the channel capacity in the
face of noise chosen by an adversary, as discussed in [Garnaev and Trappe, 2009]. This

scenario can be modeled as a minimax problem:

minmax £(p,0) = —)_log (1 " U?ﬁf;) el =Yl @)

i=1 !
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FIGURE 2.2: SC-SC experiment on power allocation with same stepsizes for EG and Catalyst-EG

subject to 170 = N,p>0,0>0,

where N > 0 represents the total noise power constraint, and A and v serve as regulariza-

tion parameters.

SC-SC SETTING. For our experiments, we set p = 1,A = 3,v = 0.0001, and uni-
formly sample ¢® € R1%% from [0,100]!°%. The problem defined by (2.16) is strongly
convex with respect to p and strongly concave in ¢. Our primary focus is on compar-
ing the performance of EG, Catalyst-EG, SVRG, and Catalyst-SVRG to understand their
respective behaviors in SC-SC scenarios. For both EG and its Catalyst-enhanced ver-
sion, we employ the same stepsizes for the primal and dual variables. Within the Cata-
lyst framework, we employ the following as the stopping criterion for the subproblem:
[xe = P (xr = BV f (xt, y1)) I/ B+ llye — Py (ye + BVyf(x1,y1)) ||/ B- The subroutine accu-
racy, €', is controlled as max{c (1 — 0.9\/ﬁ)t ,€}, where c is a constant, € is a predetermined
threshold, and g is is set to be g = A /v as specified in Algorithm 1.

Figures 2.2(a) and 2.2(b) present results based on two error metrics with optimally-tuned
stepsizes: (a) distance to the limit point, represented as ||p; — p*|| + ||ox — ||, and (b)
the norm of gradient mapping, given by ||V, f(p:, 01))|| + ||or — Pe(ct + BVef (pt,01)) ||/ B.
To highlight the acceleration effects of Catalyst, Figure 2.2(c) compares the convergence
results of EG and the Catalyst-EG subroutine, both using the same stepsizes ranging from
0.05 to 0.2. Our observations indicate that SVRG achieves convergence significantly faster
than EG, and the Catalyst framework notably boosts the performance of both algorithms.

SC-C SETTING. For our experiments, we set § = 1,A = 3,v = 0, and uniformly sample
¥ € R from the interval [0, 10]500. The minimax problem, as defined in (2.16),is strongly-
convex-concave. We compare the performance of EG with averaged iterates, Catalyst-EG,
and DIAG. While EG with averaged iterates boasts a complexity of O(1/¢€) in the convex-
concave setting [Nemirovski, 2004], both Catalyst-EG and DIAG are tailored for SC-C
minimax optimization. Specifically, Catalyst-EG has a complexity of O(¢//ji€), whereas
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[FEG1
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FIGURE 2.3: SC-C experiment on power allocation with same stepsizes for EG and Catalyst-EG
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FIGURE 2.4: SC-C experiment on distributionally robust logistic regression

DIAG’s complexity is O (E% / (‘u\/E)> Within the Catalyst framework, the subroutine
accuracy, €', is controlled as max{c/ £, €}, where c is a constant and € is a predetermined
threshold. In contrast, DIAG lacks a straightforward stopping criterion for its subroutine.
For DIAG’s subroutine, we employ the stopping criterion: ||xx — xx_1]|? + lyx — vk_1/|>,
where k denotes the subroutine iterations.

Figures 2.3(a) and 2.3(b) showcase a comparison of these algorithms using optimally-
tuned stepsizes, focusing on metrics like distance to the limit point and gradient mapping.
Another figure contrasts the performances of EG and Catalyst-EG across three stepsizes:
1, 1.5, and 2. Our observations confirm that Catalyst-EG not only accelerates EG but also

outperforms DIAG in performance.

2.4.3 Distributionally Robust Logistic Regression

We consider the distributionally robust logistic regression problem as presented in [Namkoong
and Duchi, 2016]. This problem aims to minimize the worst-case loss over an ambiguity

set centered around the empirical distribution, leading to a minimax formulation:

min max ; —pi (yilog (7 (Xi)) + (1 —y;) log (1 — 7 (X;))) (2.17)

subject to ||p —1/n|| < p,
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where 6 represents the parameters of the classifier 7(-), ¢ : R — R is a specified function,
and (y, X) denotes the classification dataset.

01 x
eGTx
lem in (2.17) can then be reformulated as an SC-C minimax problem with L, regularization:

SC-C SETTING. In this setting, we define f(x) = 7 and choose ¢(z) = z. The prob-

n
i max ; pilog(1+exp(—yif ' X;)) + %HGH2 subject to [|p —1/n|| < p,
where A denotes the regularization parameter.

For our experiments, we utilize the Wisconsin breast cancer dataset [Dua and Graff, 2017],
which comprises 30 attributes and 569 samples. We allocate 80% of the data for training.
Our comparative analysis includes EG, Catalyst-EG, and DIAG, with implementations
consistent with those in Chapter 2.4.2. Figures 2.4(a) and 2.4(b) present the convergence
behaviors of these algorithms using optimally-tuned stepsizes. In Figure 2.4(c), we compare
the performances of EG and Catalyst-EG across three stepsizes: 0.2, 0.3, and 0.4. Notably,
Catalyst-EG and DIAG exhibit comparable performances, both significantly outpacing EG.

" [F-GDA wi stepsize 0.05 f f f f f f f I=T
- Cat-GDA w/ 0.05 | - Catalyst-GDA|
GDA w/ stepsize 0.1 EG

- Catalyst-GDA w/ stepsize 0.1
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F1GURE 2.5: NC-C experiments on DRO on Breast Cancer Dataset with same stepsizes

Compare Compare Compare

102

3
>
o
a
©
5]
>

T

Ie]

3

m

[}
Gradient Mapping
l T

o

i3

m

lo}
Gradient Mapping

Gradient Mapping

=)
&

0 1000 2000 3000 4000 5000 6000 10
Oracle Number Oracle Number %104 Oracle Number «10*

(a) Toxic Dataset (b) breast cancer Dataset (c) Madelon Dataset

F1GURE 2.6: NC-C experiments on DRO with different stepsize

43



44

A CATALYST FRAMEWORK FOR UNBALANCED MINIMAX PLOBLEMS

TY
NC-C SETTING. For this setting, we define §(x) = erT and set ¢(z) = 2log (1+3).

We transition the constraint on p into a smoothed L; regularization relative to p —1/n :

d
/=Yy 1 a(pi=1/m) ~a(pi=1/m)
Ru(p l/n)—;aoog(l—i—e )—Hog(l—f—e )),
with the regularization parameter A designated as 0.01. This leads us to the following

minimax formulation:

n

mein ;ré?n( ; pi¢p [log(l + exp(—inTXi))} + ARy (p — 1/n). (2.18)
Our comparison encompasses four algorithms: GDA, EG, Catalyst-GDA, and Catalyst-EG.
We employ the mushrooms dataset from LIBSVM [Chang and Lin, 2011], drawing a
random subset of 2000 samples for training, with each sample comprising 112 features.
It's noteworthy that there is an absence of established theoretical outcomes for the vanilla
EG in this context, while GDA boasts a complexity of O(e~) [Lin et al., 2020al.

In Figure 2.6, we report the gradient mapping norm: ||Vgf(0:, pe))|| + ||p: — Pr(pe +
BV, f(6:,pt))||/ B in relation to the count of gradient evaluations, where P represents the
feasible set for p. Observationally, both EG and GDA experience a marked enhancement
in performance when integrated with the Catalyst framework.
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2.5 APPENDIX
2.5.1 Notations and Useful Lemmas

Before we present the theorem and converge, we adopt the following notations.

* ¥(y) = minycy f(x,y): the dual function;

* ®(x) = max,cy f(x,y): the primal function;

* x*(y) = argmin, _, f(x,y): the optimal x w.r.t y;

* y*(x) = argmax, ., f(x,y): the optimal y w.r.t x;

o fi(x,y) = f(x,y) — £|ly — z:||*: the auxiliary problem (%) at iteration ¢;

* ¥i(y) = mineex f(x,y) — 3|ly — z:||*> = ¥(v) — ||y — z[|* the dual function of the
auxiliary problem (x);

(xf,y;): the saddle point the auxiliary problem (%) at iteration .

Lemma 2.5.1 (Lemma B.2 [Lin et al., 2020b]). Consider a minimax problem miny maxy f(x,y).
Assume f(-,y) is py-strongly convex for Yy € Y and f(x,-) is py-strongly concave for Vx € X
and f is {-Lipschitz smooth. Then we have

a) y*(x) = argmax, .y, f(x,y) is ”%—Lipschitz;

b) ®(x) = max,cy f(x,y) is %—Lipschitiz smooth and p-strongly convex with V®(x) =
Vaf (x,y7(x));

c) x*(y) = argmin,_, f(x,y) is %—Lipschitz;

d) ¥(y) = minyecy f(x,y) is %Z-Lipschitiz smooth and p,-strongly concave with V¥ (y) =
Vf (" (), y)-

2.5.2  Proofs for Chapter 2.2

A. Proof for Chapter 2.2.1

Proof of Lemma 2.2.2
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Proof. We construct a "ghost" point:

1

x1 =Py <x—[3

Ve i (ldlp W) ), 1 =Py (y+ 29,7l W) )
B

From (x,y) to (x1,1) is just one step of extra-gradient with stepsize % According to

[Nemirovski, 2004] or Section 4.5 of [Bubeck, 2017], we have, VX € X,7 € ),

Vaf([x]g, [yp)" ([x]p — %) — Vi f ([xlp lylp) " ([y]s — 7)

< g[(Hx =22+ ly = 911*) = (e = 2> + [y — 7]*))- (2.19)
1. Because f is convex in x and concave in y, we have
gap([z]p)
= f([x]p [ylp) —min f(x, [y]p) +r;1ea)3<f([x]ﬁ,y) — f([x]g, [ylp)
< Vif ([x]g, [vlp) T ([x]p — 2" ([y]p)) — Vi f (2], Wlp) " (lv]p — y" ([x]p))
< § [(lx = x* (W) 11> + lly — y* ([x]p)1?) — (l2r — 2" ([l )1 + v — v ([x]p)1*)]

< Bllx— 2P+ I — (WP + Iy — v 12+ Iy* — v* ()| (2.20)
72
< Bllx = "1+ ly=y° 2+ B Ul = 17+ s =1
72 72
< <f5+ Zﬁf ) [l — 1P+ lly — y* IP] + 255 Nilp - 2P+ s -2, (220)

where in the second inequality we apply (2.19), in the third and last inequalities we
use Young's inequality, and in the fourth inequality we use ||x* — x*([y]g)|| = [|x*(y*) —
x*([ylg) |l < %H [yl — y*|| (and similarly for ||y* —y*([x]p)||, by Lemma 2.5.1). From Lemma
3.1 and Proposition 3.2 in [Tseng, 1995], we have

1
g = x 11+ 1ylp — ylI* < =5 [lx = xall* + ly — 1 [l”]

(1-¢/B)
2 * *
< m[l\x—x I+ lly = y*11%). (2.22)
Combining with (2.21), we have
202 472 . .
gopy((lp) < (B4 2o+ s ) e = P ly =y B a2
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Then again from (2.19), for any i € ), we have

Vaf ([, lp) T ([x]p — " ([¥lp)) — Vi F ([x]p, W]p) " ([vlp — 7)

< Bl =2 (W2 + ly = 912) — (s = 2 (I + ln — 917

< B ()P + Ellly — 517 ~ s — 917

< Bl ()P + By~ wallly — 9+ - 91
72 72

< (p+ %+ g 2y ) W= X P Iy =y P+ B0y ly =1+ s = )
72 72

< (p+ 2+ e /W) =2+ ly — y* I + 26D [llx — * | + lly — y° ],

where in the fourth inequality, we bound ||x — x*([y]g)||* the same way as we did from
(2.20) to (2.22), and in the last inequality we use ||z — z*|| < ||z1 — z*|| (Proposition 3.2 in

[Tseng, 1995]). By noting that

Vf ([x]g, [ylp) " ([x]p — x"(lylg)) > 0,

we reach our conclusion.

2. Theorem 3.1 of [Pang, 1987] shows the relationship between ||x — x*| + |ly — y*||
and [|x — [x]g|| + |ly — [y]g|| in the case B = 1. The proof can be extended to the following
general case:

+
o~

P

[l ="+ fly = y7ll < [llx = (x]gll + lly = [ylgll] -

=t

The second inequality we want to show is just equation (2.22). To show the third
inequality, since ®(x) is p, strongly-convex and differentiable, we have

O(x) = O(x) + (VO(x"),x —x7) + By =272 2 @ (') + BX x — 7|12

Similarly, because ¥ (v) is y, strongly-concave and differentiable, we have ¥ (y*) — ¥ (v)
By -y P
ol A

IV

B. Outer-loop complexity

Proof of Theorem 2.2.5

47
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Proof. Because f(x;,y) = f(xt,y) — %|ly — z¢||? is T-strongly-concave in y, we have, Vy € Y,

T T 1 -
Sy = 5 llye = z|]* = [f (xt,y) — Sy = %] > 5Tlly - il + Vo f (e y0) (ye — ).

With stopping criterion of the auxiliary problem (2.2), we have

1 T T
Fry) = fGy) 2 5rlly =yl + Sy =zl = Sy —=zlP = @)
Choose vy = a7 + (1 — ay)y;—1 in (2.24), where 7 is an arbitrary vector in Y, then
flxe,9) — f(xe,ye) < (1 —a)[f(xe,7) — f(xt,y6-1)] — Za2(||or - glI> = lloe—1 — 7%
2
- %Hyt —z|?+ €. (2.25)

Note that

fQxe,7) — f(xt,y1-1)
= f(xi-1,9) = f(xi-1,y0-1) + f(xi-1, 1) — f(xe,ye-1) + f(x, §) — f(x0-1,7)
< flx-1,9) — f(xe—r,ym1) + f(x0 §) — f(xi1,9) + €77, (2.26)

where the inequality follows because f(x;, y¢) — minyex f(x, ) < €'. Plugging this back
to (2.25) and rearranging,

1 - T _
E[f(xt,y) — f(xe,y1)] + §||Ut — 7|17
t
11—« - T _
< Ul d) — fenye )] + g loen =gl
t
11—« 5 B 1—a; , 1
U f(xn7) — fla1, )]+ —5 e+ el (2.27)
oy oy L

Using the update rule for sequence {a};, for t > 1 we have

1 9) — Fl ] + 5 o g1

oy
1 . T 12
< 7)) = fo-vy-)] + 5 o = 7)17+
& q
1 5 5 1 4 1,
——f(x, ) — f(x-1,§)] + 5—€ " + €. (2.28)

& q & q oy
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Iterating this inequality results in

U7 9) — FCynl + g o= 1

. T 3
< p[f(xl,y) — f(x1,y1)] + §HU1 — 77+
1
| L1 L1,
Y (e 9) = flxio1, 7 +Z 5 +) e
=2 %1 2 81 =2 &%
= f(x1,§) — f(x1,y1) + *Hvl — 717+
| L1 L1,
Z 2 [f(xt/y) xt 1/ +Z 7l 2726, (2.29)
t=2 %1 f—1 =2 &}

where we use a; = 1. Applying (2.27) with t = 1 (note &; = 1), we have

) T T )
fer,9) = foeuy) + S llor = 7112 < S llyo = 911 + €. (230)

Combining with (2.29),

:zT[f(xT,y”) ~ fleryn) + 2llor — g1P

T P | - - S PR
< Slvo—=gIP+ ) = 9) = flaa, D + ) € +) e
=2 %1 =2 &1 =1 &
T 1 L1 L1 L1
< 5lvo=9lI° + —flar7) = 1, —flxu9) + et} e,
where in the last inequality we use % — a21 = IX% Rearranging,
t t—1
T T
T 1 1
Sl =l + ) ——€e"t+ ) e
2 ,; oy ; of
1 . T 12 1 _ L1 _
> < [fer,9) = feeryr)] + Sllor =917 = 5—f e, §) + )} —f(x1-1,7)
&t 2 X1 =2 X1

f

ke

¥) — alsz(xT/yT)

~~

v vV
[~ I~
2=

1 (& Va 1
—f X, 7| — —f(xr,y1)
m=1 &m t; Yo 1/ay ot
L 1 L 1/lXt 1 1
> ), —f ——x,7 | — 5 f(Fyr) — €, VFEX,
mX:;l K ; Yo 1/ oz a2
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where in the third inequality we use the convexity of f(-,7), and in the last inequality we
use f(xt,y¢) — mingey f(x,y:) < €'. Note that

ii_i (1_1)+<1_1>+ Y (E S U S SN
= 2 2) 2 ) T\ e) T P

Therefore

t=1"t

3 3 T 3 L1 3 3
f(xr,9) - f(%,yr) < af leyo—yHZHZazet]/ VieX,jeY, (232

which directly implies

T 1
gapf(fT, yr) < OCZT ED%; +2 Z azet] ) (2.33)
=1 %
By choosing €/ = % with p > 1,
T DZ _ T DZ -1 00 DZ
le ™Dy (p—1) Z T y(p )/ 181‘ i, (230)
P 4 =(t+1 4 1 e 4
therefore,
gap;(¥r,yr) < a37D3. (2.35)
O

Before we prove Theorem 2.2.5, we present a lemma from [Lin et al., 2017]. Algorithm 1
can be considered as applying Catalyst for strongly-convex minimization in [Lin et al., 2017]
to the function —¥(y) = — min,cy f(x,y). The following lemma captures the convergence
of Catalyst framework in minimization, which we present in Algorithm 3.

Lemma 2. 5 2 ([Lin etal., 2017]). Assume function h is p-strongly convex. Define Ay = TT_; (1 —
a;), N = =xoand vy = Xp_1 + - (xt—xt,l)fort > 1. We
construct a potentzal function: S¢ = h(x;) — h(x*) 4 ZA%T Hx vt|| , where x* is the optimal

2(1—ay11)
solution. After running Algorithm 3 for T iterations, we have

7ST< (\F+22 ) . (2.37)

Proof of Theorem 2.2.5
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Algorithm 3 Catalyst for Strongly-Convex Minimization

: Input: function h, initial point xp, strong-convexity constant y, parameter T > 0
: Initialization: g = %,21 = Xo, 01 = /4.

=

N

3: forallt=1,2,...,T do
4 Find an inexact solution x; to the following problem with algorithm M
. o Tiiw o112
miniy(x) = [h(x) + 3lx — =]
such that
B (x;) — min iy (x) < €. (2.36)
xeX

50 Choose ai4q € [0,1] such that a2, = (1 — ap41)af + o,
6:  zpy1 = X+ Bi(xr — x4_1) where B; = %
7. end for
8: Output: xr1.

Proof. First, we will see that sequences {z;}; in Algorithm 1 are built in the same way as
in Algorithm 3. Note that by the definition of z;,

1
zt =01 + (L —ne)ye—1 = 14 [yt—z + ﬁ(ytq — %—2)} + (1 =70y

1
= Y1+ < - 1) (Yt-1 — Yr-2)- (2.38)
Xt—1
Furthermore,
< 1 > &1—4 ( 1 > Q—aaf; 1—aq  (I—a)af ;(1—ag)
]7t _— = _— 1 = . ==
a1 T—q \ar ar(1—q) a1 ap — &g
(1—a)e? ((1—a;1)  apq(1— o
= ik = 12( 1) _, Bt-1, (239)
wp — o+ (1 —ap)a; oy g+

where in the second and fourth equality we use the update rule of {a;};.

The dual function of f is ¥(y) = minycx f(x,y). Define ¥¢(y) = min,cx f(x,y) — 5|ly —
z||> = ¥(y) — 5|y — z||* and y; = argmin,cy ¥;(y). The auxiliary problem (x) can be
considered as max,cy ¥¢(y). The stopping criterion (2.3) implies that max,cy ¥:(y) —
¥ (y:) < €'. Therefore Algorithm 1 can be considered as applying Algorithm 3 to —¥ (y)

51
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and Lemma 2.5.2 can guarantee the convergence of the dual function. Define S; = ¥ (y*) —

¥ (y;) + 77?1“;:17 |ly* — v¢]|?, and Lemma 2.5.2 gives rise to

2
A—ST< (\/>+22 ) . (2.40)

When a1 = /g, it is easy to check that a; = /7, A; = (1 — \/ﬁ)t and

met  Ni—q9 VT Ni—q VAT q(y Ty

20—a1)  1—q 20—q) t/(uy+71)2(1—/9) 2 27

Therefore Sop = ¥ (y*) — ¥(yo) + %Hy* —yol> <2(¥(y*) — ¥(vo)). Then with ! = %(1 —
p)tgapf(xo,yo), we have

Right-hand side of (2.40)

2

< (\/2( (v*) —¥(v0)) +Z\/ gapf(xoz]/o)>

T 1—
<2 1+Z< p) 8apf(xO,yo)

t=1 1—a

(Vie) AN
S2| | sapon) 2| A= (1_ )gapf(xorw)-
_ A0 4 Va
1-vq 1-va

Plugging back into (2.40),

St

2
) (1—p)""" gap;(xo, o)

1
_2<\/1—P—¢1—\/ﬁ
8 \TH1
S it =P

where the second inequality is due to /1 — x + 5 is decreasing in [0, 1]. Note that

gap(xo, o), (2.41)

lxr — " |12 < 2flxr — 2" (yr) 2 + 2[1x* (yr) — *"(y") 1P

Y
2
< L Ceryr) = £ () )]+ 2 (j) r—

4 2
< =T +2( ) *112. (2.42)
o " lyr — "l 4
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where in the second inequality we use Lemma 2.5.1. Then,

4

%2 T
T — +—€".

lyr —y7|l i

X

\ , 0\
ler — 2+ lyr — v I < [2 (y) 11 (2.43)

X

Because ||yt — y*||* < V%[‘Y(y*) —¥(yr)] < V%ST’ we finish the proof by plugging in (2.41)

and definition of €’ and get

(\? 16(1—p) V2 .
e =+ lyr =y < { (2 (50 ) 1) S0+ Y2 h0 - ) gapy (o)
Hx m(VI—0)P BP0
U
C. Inner-loop complexity
Proof of Lemma 2.2.8
Proof. We split the proof into case t = 1 and case t > 1.
Case t = 1: Note that z; = yg and therefore the auxiliary problem at iteration 1 is
: 7 N T, a2
min max AiGey) 2 fly) = Slly = voll?] - (2:44)
As xi = argmin,_, fi(x,y]) = argmin,_, f(x,y;) and x* = argmin ., f(x,y"), by
Lemma 2.5.1, we have ||x* — x]| < %Hy* — y;|]. Then we further have
lxo = 2511 + llyo — yilI* < 2[lxo — 2[|* + 2] x" — 27 [|* + [[yo — y7[I?
< 2f|xo — x H2+?||y —il?+ lyo — w1l (2.45)
X
202
< 2||xg — x*|* + <2 + 1) D3,
Hx
Case t > 1: Since f(+,y) is u-strongly convex, we have
% [k * (kN (12 ¢ 2 * * 2
1" (Y1) =" (WD) < ™ lye = viall™ (2.46)

Define ®@;(x) = maxyey f(x,y) — 5 |ly — z||* to be the primal function of the the auxiliary
problem. Because it is ji,-strongly convex,

261‘71
Pr

* * 2 *
s = )P < () — i) < (2.47)

53
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We further have
o1 — xF [ < 2flee1 — (i) 1P+ 20" (viq) — x* (i)

4et-1 ( ( )2 )
< +2(— =il (2.48)
i iy Iy — viall

Define ¥¢(y) = minycx f(x,y) — %||y — z¢||* to be the dual function of the the auxiliary
problem, which is (y, + T)-strongly concave. Define ¥} = max,cy ¥:(y). We have

~ * % * * 4 % * *
190 — yilI> = 2llye—r —yi >+ 2llyi 1 —yilI* < = ¥ = ¥ilyen)] + 20y - vi
< Hy+T +2Hyt71 — Y ||2 (2.49)
Combining with (2.48), we have
120 — 3712 + 170 — w1 < (4 " 4) el |2 (‘5) 22| yia - sl (250)
Px Uy +T Hx

_ 2
We finish the proof by noting that ||y; — y;_ ;|| < Dy and €' < M,Vt.

Proof of Lemma 2.2.7

Proof. We split the proof into case t = 1 and case t > 1.
Case t = 1: Following (2.45) in the proof of Lemma 2.2.8, we have

=512+ 10 = il <2050 = "I+ 2 Iy" = yi 1P + o = v 2
X
Y . 42 .
<20 — "I+ Sl — v+ (;ﬂ“) —
4£2 * (12
gap(xo, yo) + z Tl lyo—wil%, (2551)

X

8¢2
<——
3 min{ gy, py }

where in the last inequaltiy we use the strong convexity of ®(-) and strong concavity of
(). It remains to bound ||yo — y7||. Since ¥ (v) — Z|ly — vo||* is (yy + T) strongly-concave
about y, we have

(i) = 315 = v0lP) = vt = vol* = ¥(wo) = ¥ [¥* — ¥ (0)]

>¥(yr) - [¥" =¥ (wo)l,
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and it further implies

ll/l * k
(v+52) llyi = woll® < ¥* = ¥(v0) < gapy(xo, o). (2.52)
Plugging back into (2.51), we have

802 802 + 22
o * (|12 _ 4% 2 < X
s =51+ lyo — P < | e+ S gap (i)

- 16+/2(2 163202 +4v2u2 | 1 R
= | g min{p, py } (27 + py)pz I-p

Case t > 1: (2.50) in the proof of Lemma 2.2.8 still holds. Now we want to bound
ly;_; — ;|- By optimality condition, we have for Vy € Y,

(v—vi) V¥:(y) <0, (y—vy; 1) V¥ia(yf ) <0. (2.53)

Choose y in the first inequality to be y; ;, y in the second inequality to be y;, and sum
them together, we have

(i — i) (V¥ (yig) — V¥(yr)) <0 (2.54)
Using V¥+(y) = Vyf(x*(y),y) — T(y — z¢), we have

(W =) (Vof (F (i) i) = T(yig = ze-1) = Vo f (3 (), 1) + Ty —21)) 0.

(2.55)
By strong concavity of ¥(y) = maxycx f(x,y), we have
Wi —vi) " (V¥@) = VY1) < —myllyi —viall™ (2.56)
Adding to (2.55), we have
(Wi —yi) [T —z) — (i —z-0)) < —myllyf —yia (2.57)
Rearranging,
i =i (=20 = Ny =yl (2:58)
‘uy +T N - B
Further with (47 — y7_1)" (21 — ) < |y} — yi_a 11 — 2], we have
* * T
Iyt —yiall < — Zllze-1 —zll. (2.59)
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From (2.38) and (2.39), we have for f > 2

1zt = zea |l = lye—1 + Br—1(Ye—1 — Ye—2) — yi—2 — Pr—2(yt—2 — yt-3) |
< (T4 Be-1) lye—1 — ye—2ll + Bi—2llyi—2 — yi-sl|
<2yt —yrall + lyr—2 — i3]
< 6max{[lyi—1 —y* (|, lye—2 = v |, llye-s — "I}

where in the second inequality we use B; < 1, Vt (shown in the proof of Proposition 12 in
[Lin et al., 2017]). Note that

Izt — ze—1||* < 36max{|lyi—1 — v*I% [ly—2 — v*|1% lve—s — y*[I*}

72
< PT max{¥(y;—1) =¥, ¥(yi—2) - ¥, ¥Y(yi—3) — ¥*}
Y

72
< —max{S;_1,S5t-2,5t-3},
Hy

where in the second inequality we use strongly concavity of h and in the last we use

¥(y) —¥* < S;. Combining with (2.59) and (2.50), we have

%0 — 7 112 + |50 — i |I?

4 4 14472 ‘\?
S E— er
<ux Py + 7T (Myﬂ)%[ P

Plugging in S; < Wg_mz(l —p)"* 1 gap;(xo,yo) and definition of €', we have

max{st—ll Stle St73}-

02
i 4 > 1 2042 (L 1) }ef

e rt)1op Gy 0N/i—p) - p)?
(2.60)

0 = 5717+ 0~ w1 < { (
It left to discuss the case t = 2. Similarly, we have

lz2 = z1][ = [lya + B1(y1 —yo) — woll = (14 B1)lly1 — ol < 4max{|[y1 —y* ||, lyo — v*[}
Then

12 = za]|* < 16 max{[ly1 — y*|1% lyo — y*[I*} < ljymax{‘l’(yl) — ¥ ¥ () - ¥}

32
< V—maX{Sbgapf(xo,yo)},
Y
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Combining with (2.59) and (2.50), we have

10 — 23112 + |50 — 31

4 4 6472 2%
< (it o) o |(5) +1] rntsmmoo
Plugging in S; < ﬁ(l —p0)?gap f(xo,yo) and definition of €2, we have
2
i 4 | 1024v27% (5 +1)
%o — x5 |12 + ||7o — *2§{<+ ) + i }62. (2.61)
%0 — 23| 150 — 2l e  pyt+T)1-p Vy(ﬂ;ﬂ-T)z(\/ﬁ—P)

O
Proof of Corollary 2.2.10

Proof. We seperate into deterministic and stochastic settings.

DETERMINISTIC SETTING.  We apply a deterministic algorithm M to solve the auxiliary
problem and M has a linear rate described by (2.4). Denote 7 = £ + T as gradient lipschtiz
constant of the auxiliary problem, and ji = max{py, 7}. By Lemma 2.2.2, after K iterations
of algorithm M,

2 " "
i el I+ e = gl < =3l =+ g =37 P (262
2 1 K ~ * (12 ~ *12
s(l_z/ﬁ)g(l—w) %0 — 12 + 190 — 1]
(2.63)

() %€l fiel 2 .
Let &) = min { AT (4;3Dy(ﬁ+2)) } Choosing

(1—=2/B)*(||Fo — x*||* + llgo — v*[I*)
2&()

1—
K= Apm;log < Am,log

where D = Dy if t =1and D = D, if t > 1 as specified in Lemma 2.2.8, then we have
k= [kl + llyx — ]l < .
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STOCHASTIC SETTING. We apply a stochastic algorithm M to solve the auxiliary
problem and M has a linear rate described by (2.4). With the same reasoning as in

deterministic setting and applying Appendix B.4 of [Lin et al., 2017], we have

(1= 2/B)*(lI%0 — x* 11> + llgo — v*[1*)
K(e) < Aprlog N +1

and the conclusion follows. O

Proof of Corollary 2.2.9

Proof. We discuss the deterministic setting, since the stochastic setting follows in the same

way as in the proof of Corollary 2.2.10.

DETERMINISTIC SETTING. Denote / = ¢+ T as gradient lipschtiz constant of the

auxiliary problem, and fi = max{jx, jty + 7}. Then (2.63) still holds. Let &) = A(ffl?)f
Choosing
B (1—2/8)3(||%0 — x*|12 + |70 — v*|12)
K= Apm-log 0
—7/B)%! C(1-/B)(B+1)°A
< Amr log T = Am,log 2ji ’

where C = C;if t =1 and C = C if t > 1 as specified in Lemma 2.2.7, then we have
ek — [xxlgll? + llyx — [yxlgl® < &

O
D. Total Complexity
Proof of Corollary 2.2.11
Proof. By Theorem 2.2.3 and Lemma 2.2.2, Algorithm 1 finds a point (x,y) such that

(x,y
[x —x*2+ |ly —y*||*> < e after T = O ( BT Jog (max{u}gapf Yo0) l)) outer-loop

My min{1,px iy b
iterations. By Corollary 2.2.9, it takes at most

max{1,/¢,7} ))
K=0(A — 1
( M08 (mm{l, by}
gradient oracle calls for M to solve the auxiliary problem. The total complexity is K - T.
O
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Proof of Corollary 2.2.12

Proof. Because 2/ (t +2)? < a? < 4/(t+ 1)?, by Theorem 2.2.5, Algorithm 1 finds e-saddle
point after T = O (v/t/e - Dy + 1) outer-loop iterations. Note that the accuracy we want
for solving auxiliary problem (x) is, Vt € [T],

T(p —1)Dja; T(p—1)Dj T(p—1)Dj,
4(t+1)p = (t+1)P(E+2)2 = (T+1)P(T +2)?
_ Q(Tp‘uflfp/ZD;Oeler/Z),

e =

By Corollary 2.2.10, it takes at most

_ max{1,¢, 7} Dy|lxo — x| 1
K=0 <AM,T log < min{1, py, T} €

gradient oracle calls for M to solve the auxiliary problem. The total complexity is K- T. [

2.5.3 Proofs for Chapter 2.3

A. Outer-loop Complexity

Proof of Theorem 2.3.2

Proof. First we define ¢ as the extended-value function of ®: ¢(x) = ®(x) if x € X and
P(x) = oo if x ¢ X. Note that ®(x) = max,cy f(x,y) is (-weakly convex [Lemma 3,
[Thekumparampil et al., 2019]]. It directly follows from the definition of ¢ that ¢ is also
(-weakly convex. We define ®+(z; x) = ®(z) + 5 ||z — x||%. Define the proximal point of x
by

prox_,(x) = argmin < ¢(z) + in — x> } = argmin ®.(z; x).
w9 z 2t zeX

With T = 2/, By Lemma 4.3 in [Drusvyatskiy and Paquette, 2019],

2
HVgl%(xt) H = 40%||x; — prox(p/ze(xt)ﬂ2
< 8Dy 20 (xt; Xt) — P1/20(PrOXy /1y (Xt); X))
< B[Py 00 (xt; xt) — Pry2e(Xet1; Xt) + €]
= 80{D(xt) — [®(xp41) + €| xe41 — x| + €}
< BUD(xp) — P(xp41) + €], (2.64)
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where in the first inequality we use {-strong convexity of ®;,5¢(+;x;), and the second
inequality follows from @ ,5p(x¢+1; %) < mingey Pq/2¢(x; x;) + €. Summing from 0 to

T —1, we get
1] 2 ®(xp) — P(x7) 212 [A
— < el < = — 4+ €.
T;)HV%(”)H —84 T +€] _TX—E[T—’_G}
We finish the proof by noting Vo, (x) = Vo, (x) for x € X.

O

Now we will provide the outer-loop complexity for the NC-SC setting. We denote (%, ;)
as the optimal solution to the auxiliary problem (xx) at t-th iteration. It is easy to observe
that £; = proxg, ,,(xt). Define &, (x) = max, f(x,y) + £]|x — x|

In the following theorem, we first show the convergence of the Moreau envelope
V@120 ()|

4
Theorem 2.5.3. Under the same assumption as Theorem 2.3.1, if we pick oy = %for t > 0and

ny = m, then iterates from Algorithm 2 satisfy
T-1
87L 70
Z qu’l/%(xt)nz < ?AO + ng, (2.65)
t=0

where DY) = [lyo — y«(x0)[|* and Ao = ®(x°) — min, ().

Proof. In this proof, we denote b, 1 = gap [ (Xt+1,Ye+1)- According to the last proof and

inequality (4.40),
IV @12 (x) > < 8E[@(xt) — @(x141) + brsa]. (2.66)

Then, fort > 1
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where we use Lemma 2.5.1 in the second inequality, and (¢, 4#)-SC-SC of f; 1(x,y) and
Lemma 2.2.2 in the last inequality. Therefore,

R . 82 4/? R
e = 212+ lye — 9ul|* < ;Tbt + (;4 + 1> [EE (2.67)

By our inner-loop stopping criterion and ||V ®1 o0 (x;)||> = 46?||x; — £]|?, for t > 1

. . 1 1
bt < e [lxe — 212+ llye — 9e]2] < bt+t(y >|!Vq’1/zz(xt)||2~

402

It is easy to verify that as a; =

542
Define 0 = = and w = 112(3

28/3, then % < 6 and

a (% + 442) < w. We conclude the following recursive bound

b1 < 0by + w|| V Dy 0 (x1) [ (2.68)

Fort =0,

R i o, 0\? X
o — 9ol < 2llvo — " (x0) 12 + 2110 — 5 (xo) I < 2llyo — v (x0) |2 42 (V) 0 — 202

(2.69)
Because ®(x) + ¢||x — x¢||? is ¢-strongly convex, we have

(@(%0) + £]|20 — x0l1?) + ;Hfo —x0[|* < ®(x0) = @+ (P(x0) — ") < P(Fo) + (P(x0) — D).

This implies ||£9 — xo[|> < 5(®(x) — ®*). Combining with (2.69)

R . AR . .
Iy = golP + 0 = 2l < (53 + 5 ) (@(30) = @)+ 2o — " ()|

Hence, by the stopping criterion,
(AN

i < 0 (2 + 5 ) (@0) = @) + 200~ (1) -

pt
With ag =

Define 6, = 320* max{1,0}’

write

1“2 X (fl—z + g) < 0y and 2y < 6y. Then we can

by < 60(®(x0) — @) + ol|yo — " (x0) 1>
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Unravelling (2.68), we have for t > 1

t
b1 <0 +w Y 0K VD (x|
=1

t
< 0'60(P(x0) — @) +6'60lyo — v (x0) > +w Y 0" [ VP o (i) |1*

Summing fromt =0to T —1,

T-1 T-1
th+1 = th+b1
t=0
-1

~1 ¢
= % Z 0'[@(x0) — @] + o Z 6 lyo — y* (x0) > + Z Z 0" K| VD1 /20 (x|
t=0 =1 k=1

T—
< 6o 29 — @]+ 6 Z 0" lyo — y* (x0)||* +w Z —llwbuze(mu ,

(2.70)

Whefe we use Y/ ' Yy 017K VDy o (x) |12 = T Ty 08K VD1 o0 (x0) || <
Zk 1T 9||V(D1/zg(xk)”2 Now, by telescoping (2 66)

T-1
37 Y IV @120 (x)[|* < P(x0) — D* + Y b
t=0 t=0

Plugging (2.70) in,

T-1 1
5 2 VP (x) [P —w Y = VP10 (1) ||
8¢ = =1-6

— " (x0) 1%
Plugging in w < 135, 75 = Z and 6p < &
1 I-1 , 87 . 7 . )
1ol Z_;,) IV ®@1/20(x) [ < 5 [®(x0) = @] + o5 llyo =y (xo0) I

Proof of Theorem 2.3.1
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Proof. We still use b;1 = gap 1 (Xt+1,Yt+1) as in the proof of Theorem 2.5.3. Since £; is the
optimal solution to min,c y CTJt(x), &, is differentiable and X is convex, we have

P, <£t V(%) +€2g(£f - xt)> H o

(2.71)

Therefore,

1
Xi41 — Px <xt+1 - qu)(xt-&-l)) H

1
Xi41— Px (xt+1 - qu’(xtﬂ)) ]

V(%) — VO(xp41) ||

_4%(ﬁ_vqﬂmaaﬂ—%vu

< 2f|xepa = Rl + 20 — Ref| +

V4
/¢ N .
<2 1+ﬁ xr41 — & + 2] r — 24|
4/ R R
< 7||xt+1 — &+ 2[[xr — ], (2.72)

where in the second inequality we use Lemma 2.5.1. Further with Lemma 2.2.2 and Lemma
4.3 in [Drusvyatskiy and Paquette, 2019],

3263
02 by + 2| VP e (x) |12

1
Xe41 — Py <Xt+1 - EVCI’(xtH))

Summing from t = 0 to T — 1, we have

3253 ,
Z bri1+2 Z VD120 (xt) |7 (2.73)

‘L

1
Xi+1 — (xt+1 - qu)(xtJrl))

Applying (2.70), we have

32637“ 32036, & & 320%9
th+1< 0}:9t — o + " 0}:9Hy —y*(x0) >+
32€3w 1
o 2,
2 E{ T gl VPr2(x)l
5 2
Plugging in 6y = 16[2, 0= % and w = ﬁ,
32123 142 144 =
Z b1 < - [@(x0) — P+ = lyo — v OP 2 ) VP10 (xo)|1%
t=1
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Plugging back into (2.73),

2

— 1
Z Xi+1 — (xt+1 - qu)(xt+l)>
=0
4¢ 14¢ =1
Sgﬁ(m ]+ = llyo — v (x0)[|>+3 Y [V 20 (x1) |7,
t=0
Applying Theorem 2.5.3,

T

EZZ Xt —

t=1

275¢ 35¢

2
P (- gvo@) )| < 20w - @)+ Sl - v o)l

B. Warm Start

Proof of Lemma 2.3.4

Proof. The subproblem is (¢, 4)-SC-SC and 3/-smooth. By Lemma 2.2.2, with > 6/,

a o
Zt gap; ([zlg]) < allze — 2]

Proof of Lemma 2.3.5

Proof. From equation (2.64) in the proof of Theorem 2.3.2, we have

e = 7|1 < Z[@(x0) = Pxes1) +&].

C\\I\J

Summing from 0 to T — 1, we get

Zth_xtH2<7+ Z@ ST
. . . A 2
where in the second inequality, we use T = 1%A t = g Therefore, for Vt < 12# —

we have ||x; — xj|| < /2.

1,
O



GLOBAL CONVERGENCE FOR PL-PL MINIMAX PROBLEMS

Simple algorithms such as the gradient descent ascent (GDA) are the common practice
for solving these nonconvex games and receive lots of empirical success. Yet, it is known
that these vanilla GDA algorithms with constant step size can potentially diverge even in
the convex setting. In this chapter, we show that for a subclass of nonconvex-nonconcave
objectives satisfying a so-called two-sided Polyak-Lojasiewicz inequality, the alternating
gradient descent ascent (AGDA) algorithm converges globally at a linear rate and the
stochastic AGDA achieves a sublinear rate. We further develop a variance-reduced algo-
rithm that attains a provably faster rate than AGDA when the problem has a finite-sum
structure.

3.1 OVERVIEW

We consider unconstrained minimax optimization problems of the forms

min max f(x,y) £ Egwp[F(x,y;€)], (3.1)
x€RM yeR™2
and
. aly
min max f(x,y) = — i(x,y), 2
min max flxy) =5 ;f (x,y) (3-2)

where ¢ is a random vector, and f(x,y) is a possibly nonconvex-nonconcave function.
The most frequently used methods for solving minimax problems are the gradient
descent ascent (GDA) algorithms (or their stochastic variants), with either simultaneous
or alternating updates of the primal-dual variables, referred to as SGDA and AGDA,
respectively. While these algorithms have received much empirical success, especially in
adversarial training, it is known that GDA algorithms with constant stepsizes could fail to
converge even for the bilinear games [Gidel et al., 2019, Mescheder et al., 2018]; when they
do converge, the stable limit point may not be a local Nash equilibrium [Daskalakis et al.,
2018, Mazumdar and Ratliff, 2018]. On the other hand, GDA algorithms can converge
linearly to the saddle point for strongly-convex-strongly-concave functions [Facchinei and
Pang, 2007]. Moreover, for many simple nonconvex-nonconcave objective functions, such
as, f(x,y) = x> +3 sin® x sin? y —4y?> — 10 sin® Y, we observe that GDA algorithms with
constant stepsizes converge to the global saddle point (see Figure 1). These facts naturally
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H
DN
3

2|2 + llye — v° 1
o
2

|
=
=
=
3
]
=
s
¢

L
200 400 600 800 1000 0 200 400 600 800 1000
Iterations Iterations X

(a) Surface plot of f(x,y)  (b) Deterministic GDA (c) Stochastic GDA (d) Trajectories

FIGURE 3.1: (a) Surface plot of the nonconvex-nonconcave function f(x,y) = x> 4 3sin” xsin® y —
4y*> — 10sin? y ; (b) Convergence of SGDA and AGDA; (c) Convergence of stochastic
SGDA and stochastic AGDA; (d) Trajectories of four algorithms

raise a question: Is there a general condition under which GDA algorithms converge to the global
optima?

Furthermore, the use of variance reduction techniques has played a prominent role
in improving the convergence over stochastic or batch algorithms for both convex and
nonconvex minimization problems [Johnson and Zhang, 2013, Reddi et al., 2016a,b, Xiao
and Zhang, 2014]. However, when it comes to the minimax problems, there are limited
results, except under convex-concave setting [Palaniappan and Bach, 2016, Du and Hu,
2019]. This leads to another open question: Can we improve GDA algorithms for nonconvex-
nonconcave minimax problems?

3.1.1  Contributions

In this chapter, we address these two questions and specifically focus on the alternating
gradient descent ascent, namely AGDA. AGDA is widely used for training GANs and
other minimax problems in practice; see e.g., [Liu and Tuzel, 2016, Metz et al., 2016]. Yet
there is a lack of discussion on the convergence of AGDA for general minimax problems
in the literature, even for the favorable strongly-convex-strongly-concave setting. Our main

contributions are summarized as follows.

TWO-SIDED PL CONDITION. First, we identity a general condition that relaxes the
convex-concavity requirement of the objective function while still guaranteeing global
convergence of AGDA and stochastic AGDA (Stoc-AGDA). We call this the two-sided PL
condition, which requires that both players” utility functions satisfy Polyak-Lojasiewicz (PL)
inequality [Polyak, 1963]. The two-sided PL condition is very general and is satisfied by
many important classes of functions: (a) all strongly-convex-strongly-concave functions; (b)
all PL-strongly-concave function (discussed in [Guo et al., 2020]) and (c) many nonconvex-

nonconcave objectives. Such conditions also hold true for various applications, including



3.1 OVERVIEW

vl

o o N ® o

e =21 + llye — ||
)

e = 1% + 1y

—SGDA|
sl |--AGDA
0 50 100 150 200 250 300 ”
Iterations X

—SGDA|
---AGDA
4

0 100 200 300 400 o 5 5 o« 2 o
Iterations X

@) T = 0.01 (b) T = 0.01 (c) T =0.025 (d) T =0.025

FIGURE 3.2: Consider f(x,y) = log (1 +¢*) + 3xy —log (1 + ¢¥): (a) Convergence of AGDA and
SGDA with the stepsize T = 0.01; (b) Trajectories of two algorithms with T = 0.01; (c)
Convergence of AGDA and SGDA with stepsize T = 0.025; (d) Trajectories of two
algorithms with T = 0.025;

robust least square, generative adversarial imitation learning for linear quadratic regulator
(LQR) dynamics [Cai et al., 2019], zero-sum linear quadratic game [Zhang et al., 2019c], and
potentially many others in adversarial learning [Du et al., 2019], robust phase retrieval [Sun
et al., 2018, Zhou et al., 2016], robust control [Fazel et al., 2018], and etc. We first investigate
the landscape of objectives under the two-sided PL condition. In particular, we show
that three notions of optimality: saddle point, minimax point, and stationary point are
equivalent.

GLOBAL CONVERGENCE OF AGDA.  We show that under the two-sided PL condition,
AGDA with proper constant stepsizes converges globally to a saddle point at a linear
rate of O(1 — x2)!, while Stoc-AGDA with proper diminishing stepsizes converges to a
saddle point at a sublinear rate of O(x°/t), where « is the underlying condition number.
To the best of our knowledge, this is the first result on the global convergence of a class of
nonconvex-nonconvex problems. In contrast, most previous work deals with nonconvex-
concave problems and obtains convergence to stationary points. On the other hand, because
all strongly-convex-strongly-concave and PL-strongly-concave functions naturally satisfy
the two-sided PL condition, our analysis fills the theoretical gap with the first convergence
results of AGDA under these settings.

VARIANCE REDUCED ALGORITHM. For minimax problems with the finite-sum struc-
ture, we introduce a variance-reduced AGDA algorithm (VR-AGDA) that leverages the
idea of stochastic variance reduced gradient (SVRG) [Johnson and Zhang, 2013, Reddi et al.,
2016a] with the alternating updates. We prove that VR-AGDA achieves the complexity of
O ((n+n**c)log(1/€)), which improves over the O (nx®log 1) complexity of AGDA
and the O (x°/¢€) complexity of Stoc-AGDA when applied to finite-sum minimax problems.
Our numerical experiments further demonstrate that VR-AGDA performs significantly
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better than AGDA and Stoc-AGDA, especially for problems with large condition numbers.
To our best knowledge, this is the first work to provide a variance-reduced algorithm and
theoretical guarantees in the nonconvex-nonconcave regime of minimax optimization. In
contrast, most previous variance-reduced algorithms require full or partial strong convexity

and only apply to simultaneous updates.

3.1.2 Related work

NONCONVEX MINIMAX PROBLEMS. There has been a recent surge in research on
solving minimax optimization beyond the convex-concave regime [Sinha et al., 2017, Chen
et al., 2017, Qian et al., 2019, Thekumparampil et al., 2019, Lin et al., 2018, Nouiehed et al.,
2019, Abernethy et al., 2019, Lin et al., 2020b, Barazandeh and Razaviyayn, 2020, Ostrovskii
et al., 2020], but they differ from our work from various perspectives. Most of these work
focus on the nonconvex-concave regime and aim for convergence to stationary points of
minimax problems [Chen et al., 2017, Sinha et al., 2017, Lin et al., 2020a, Thekumparampil
et al., 2019]. Algorithms in these work require solving the inner maximization or some sub-
problems with high accuracy, which are different from AGDA. Lin et al. [2018] proposed
an inexact proximal point method to find an e-stationary point for a class of weakly-
convex-weakly-concave minimax problems. Their convergence result relies on assuming
the existence of a solution to the corresponding Minty variational inequality, which is hard
to verify. Abernethy et al. [2019] showed the linear convergence of a second-order iterative
algorithm, called Hamiltonian gradient descent, for a subclass of "sufficiently bilinear"
functions. Very recently, Xu et al. [2020c] and Bot and Bohm [2020] anslyze AGDA in
nonconvex-(strongly-)concave setting. There is also a line of work in understanding the
dynamics in minimax games [Mazumdar et al., 2020, Fiez et al., 2019, Fiez and Ratliff,
2020, Fiez et al., 2020, Daskalakis and Panageas, 2018, Hsieh et al., 2021].

VARIANCE-REDUCED MINIMAX OPTIMIZATION. Palaniappan and Bach [2016], Luo
et al. [2019], Chavdarova et al. [2019] provided linear-convergent algorithms for strongly-
convex-strongly-concave objectives, based on simultaneous updates. Du and Hu [2019]
extended the result to convex-strongly-concave objectives with full-rank coupling bilinear
term. In contrast, we are dealing with a much broader class of objectives that are possibly
nonconvex-nonconcave. We point out that Luo et al. [2020] and Xu et al. [2020a] recently
introduced variance-reduced algorithms for finding the stationary point of nonconvex-

strongly-concave problems, which is again different from our setting.
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3.2 GLOBAL OPTIMA AND TWO-SIDED PL CONDITION

We assume that the function f(x,y) in (4.1) is continuously differentiable and has Lipschitz

gradient. Here || - || is used to denote the Euclidean norm.

Assumption 6 (Lipschitz gradient). There exists a positive constant | > 0 such that

max{|[Vyf (x1,41) = Vyf (x2,52)
holds for all x1,x; € R, yy, yo € R,

We now define three notions of optimality for minimax problems. The most direct
notion of optimality is the global minimax point, at which x* is an optimal solution to the
function g(x) := max, f(x,y) and y* is an optimal solution to max, f(x*,y). In the two-
player zero-sum game, the notion of saddle point is also widely used [Von Neumann et al.,
2007, Nash, 1953]. For a saddle point (x*,y*), x* is an optimal solution to min, f(x, y*)
and y* is an optimal solution to max, f(x*,y).

Definition 14 (Global optima).

1. (x*,y*) is a global minimax point, if for any (x,y) : f(x*,y) < f(x*,y*) < max, f(x,y').
2. (x*,y*) is a saddle point, if for any (x,y) : f(x*,y) < f(x*,y*) < f(x,y%).

3. (x*,y*) is a stationary point, if : V. f (x*,y*) = V, f(x*,y*) = 0.

For general nonconvex-nonconcave minimax problems, these three notions of optimality
are not necessarily equivalent. A stationary point may not be a saddle point or a global
minimax point; a global minimax point may not be a saddle point or a stationary point.
Note that for minimax problems, a saddle point or a global minimax point may not always
exist. However, since our goal in this chapter is to find global optima, in the remainder of

the chapter, we assume that a saddle point always exists.

Assumption 7 (Existence of saddle point). The objective function f has at least one saddle point.
We also assume that for any fixed y, min, _pa, f(x,y) has a nonempty solution set and a optimal
value, and for any fixed x, max, s, f (x,y) has a nonempty solution set and a finite optimal value.

For unconstrained minimization problems: minycgr» f(x), Polyak [1963] proposed Polyak-
Lojasiewicz (PL) condition, which is sufficient to show global linear convergence for
gradient descent without assuming convexity. Specifically, a function f(-) satisfies PL

condition if it has a nonempty solution set and a finite optimal value f*, and there exists

AIVf (x1,91) = Vif (x2,92) 1} < Il = 22l + {1 = y2],
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some p > 0 such that |V f(x)]|?> > 2u(f(x) — f*),Vx. As discussed in Karimi et al. [2016],
PL condition is weaker, or not stronger, than other well-known conditions that guarantee
linear convergence for gradient descent, such as error bounds (EB) [Luo and Tseng, 1993],
weak strong convexity (WSC) [Necoara et al., 2018] and restricted secant inequality (RSI)
[Zhang and Yin, 2013].

We introduce a straightforward generalization of the PL condition to the minimax
problem: function f(x,y) satisfies the PL condition with constant y; with respect to x, and
-f satisfies PL condition with constant y, with respect to y. We formally state this in the
following definition.

Definition 15 (Two-sided PL condition). A continuously differentiable function f(x,y) satisfies
the two-sided PL condition if there exist constants 1, yup > 0 such that: Vx,y,

IVafCepl? > 2 f (x,y) —min f(x,y)], [V, f(xy)]* > 2ﬂz[mef(x,y) - fxy)l-

The two-sided PL condition does not imply convexity-concavity, and it is a much weaker
condition than strong-convexity-strong-concavity. In Lemma 3.2.1, we show that three
notions of optimality are equivalent under the two-sided PL condition. Note that they may
not be unique.

Lemma 3.2.1. If the objective function f(x,y) satisfies the two-sided PL condition, then the
following holds true:

(saddle point) < (global minimax) < (stationary point).

Below we give some examples that satisfy this condition.

Example 1. The nonconvex-nonconcave function in the introduction, f(x,y) = x>+ 3sin? xsin? y —
4y? — 10sin? y satisfies the two-sided PL condition with 1 = 1/16,us = 1/11 (see Appendix
3.6.1).

Example 2. f(x,y) = F(Ax, By), where F(-,-) is strongly-convex-strongly-concave and A and
B are arbitrary matrices, satisfies the two-sided PL condition.

Example 3. The generative adversarial imitation learning for LQR can be formulated as ming maxg m(K, 0),
where m is strongly-concave in terms of 6 and satisfies PL condition in terms of K (see [Cai et al.,
2019] for more details), thus satisfying the two-sided PL condition.

Example 4. In a zero-sum linear quadratic (LQ) game, the system dynamics are characterized by
Xt+1 = Axt + Buy + Coy, where x; is the system state and u;, vy are the control inputs from two-
players. After parameterizing the policies of two players by uy = —Kx; and vy = —Lx;, the value
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functionis C(K,L) = E,,.p {Z;"’:O [xtTth + (Kx¢) " R (Kx;) — (Lx;) " RY (th)} }, where D
is the distribution of the initial state xo (see [Zhang et al., 2019c] for more details). Player 1 (player
2) wants to minimize (maximize) C(K, L), and the game is formulated as ming max; C(K, L).
Fixing L (or K), C(-,L) (or —C(K, -)) becomes an objective of an LQR problem, and therefore
satisfies the PL condition [Fazel et al., 2018] when argmin, C(K, L) and argmax; C(K, L) are
well-defined.

The two-sided PL condition includes rich classes of functions, including: (a) all strongly-
convex-strongly-concave functions; (b) some convex-concave functions (e.g., Example 2);
(c) some nonconvex-strongly-concave functions (e.g., Example 3); (d) some nonconvex-
nonconcave functions (e.g., Example 1 and 4). Under the two-sided PL condition, the
function g(x) := max, f(x,y) satisfies PL condition with y; (see Appendix 3.6.1). Moreover,
it holds that g is also L-smooth with L := I +1?/u, [Nouiehed et al., 2019]. Finally, we
denote y = min(pyy, ) and x = ﬁ, which represents the condition number of the problem.

3.3 GLOBAL CONVERGENCE OF AGDA AND STOC-AGDA

In this subchapter, we establish the convergence rate of the stochastic alternating gradient
descent ascent (Stoc-AGDA) algorithm, which we present in Algorithm 4, under the two-
sided PL condition. Stoc-AGDA updates variables x and y sequentially using stochastic
gradient descent/ascent steps. Here we make standard assumptions about stochastic
gradients Gy(x,y,¢) and Gy(x,y,$).

Assumption 8 (Bounded variance). Gy (x,y,¢) and G, (x,y, ) are unbiased stochastic estima-
tors of Vf(x,y) and NV, f(x,y) and have variances bounded by o > 0.

Algorithm 4 Stoc-AGDA
: Input: (x0,y0), stepsizes {7} }; > 0,{ti} > 0
: forallt=0,1,2,...do
Draw two i.i.d. samples &1, &2 ~ P(E)
Xp41 < X — T Ge(xt, Y1, En)
Yir1 < Ye + TGy (%11, Y1, i)
end for

SV A W NR

Note that Stoc-AGDA with constant stepsizes (i.e., Tf = 11 and th = 1) and noiseless
stochastic gradient (i.e., 0> = 0) reduces to AGDA:

Xt+1 = Xt — Tlef(xt,yt),

Yer1 = Y+ oVyf (X1, ye)

(3-3)
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We measure the inaccuracy of (x;,y;) through the potential function
Pt = a; + A bt, (34)

where a; = E[g(x;) — ¢*], by = E[g(x¢) — f(x¢,y¢)] and the balance parameter A > 0 will be
specified later in the theorems. Recall that g(x) := max, f(x,y) and ¢* = min, g(x). This
metric is driven by the definition of minimax point, because g(x) — ¢* and g(x) — f(x,y)
are non-negative for any (x,y), and both equal to o if and only if (x,y) is a minimax point.

STOC-AGDA WITH CONSTANT STEPSIZES  We first consider Stoc-AGDA with constant
stepsizes. We show that {(x, y;) }+ will converge linearly to a neighbourhood of the optimal
set.

Theorem 3.3.1. Suppose Assumptions 10, 7, 12 hold and f(x,y) satisfies the two-sided PL
condition with py and yy. Define Py := a; + 15by. If we run Algorithm 4 with ©) = 1 < 7 and

2
1 t
P S(l — 5]41'['1) Py+ 6, (35)
where § = (1—pr1) (L+1) T+ +10L7} o2,

10}11 T

Remark 3.3.2. In the theorem above, we choose T smaller than T, 71/ T < y%/ (1812), because
our potential function is not symmetric about x and y. Another reason is because we want y;
to approach y*(x;) € argmax f(x;,y) faster so that V. f(x:,y;) is a better approximation for
Vg(xe) (Vg(x) = Vyif(x,y*(x)), see Nouiehed et al. [2019]). Indeed, it is common to use different
learning rates for x and y in GDA algorithms for nonconvex minimax problems; see e.g., Jin et al.
[2020] and Lin et al. [2020a]. Note that the ratio between these two learning rates is quite crucial
here. We also observe empirically when the same learning rate is used, even if small, the algorithm
may not converge to saddle points.

Remark 3.3.3. When t — oo, P, — 6. If 1 — 0 and t2/71 — 0, the error term § will go to o.
When using smaller stepsizes, the algorithm reaches a smaller neighbour of the saddle point yet at
the cost of a slower rate, as the contraction factor also deteriorates.

LINEAR CONVERGENCE OF AGDA  Setting 02 = 0, it follows immediately from the pre-
vious theorem that AGDA converges linearly under the two-sided PL condition. Moreover,
we have the following:
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Theorem 3.3.4. Suppose Assumptions 10, 7 hold and f(x,y) satisﬁes the two- sided PL condition

with yy and py. Define Py := a; + 5 Lp,. If we run AGDA with 7y = 18[3 and T, = l, then
mid\
172
P < — == P,. .
Furthermore, {(xt,y;) }+ converges to some saddle point (x*,y*), and
%12 * (12 Vllu% t
th - X H + Hyt - y H S o - 3613 PO’ (3'7)

where « is a constant depending on yq, yo and I.

The above theorem implies that the limit point of {(x;, y¢) }+ is a saddle point and the
distance to the saddle point decreases in the order of O ((1 — x3)"). Note that in the special
case when the objective is strongly-convex-strongly-concave, it is known that SGDA (GDA
with simultaneous updates) achieves an O(x?log(1/¢)) iteration complexity (see, e.g.,
Facchinei and Pang [2007]) and this can be further improved to match the lower complexity
bound O(xlog(1/€)) [Zhang et al., 2019b] by extragradient methods [Korpelevich, 1976]
or Nesterov’s dual extrapolation [Nesterov and Scrimali, 2006]. However, these results
heavily rely on the strong monotonicity of the corresponding variational inequality, which
does not apply here. Since the general two-sided PL condition contains a much broader
class of functions, we may not expect to achieve the same dependency on «.

STOC-AGDA WITH DIMINISHING STEPSIZES  While Stoc-AGDA with constant step-
sizes only converges linearly to a neighbourhood of the saddle point, Stoc-AGDA with
diminishing stepsizes converges to the saddle point but at a sublinear rate O(1/t).

Theorem 3.3.5. Suppose Assumptions 10, 7, 12 hold and f(x,y) satisfies the two-sided PL

condition with yy and yy. Define Py = a; + %bt If we run algorithm 4 with stepsizes T} = £

v+t
181 B

and T4 = Towwy for some B > 2/uy and v > 0 such that v} < min{1/L, u3/181%}, then we

have

L+1)B?%+18%1°B2/u% + 10LB?*| >
P < L, where v := max{fyPo, [( O+ F/ua + P ]U } (3.8)

Tyt 10p18 — 20

Remark 3.3.6. Note the rate is affected by v, and the first term in the definition of v is controlled
by the initial point. In practice, we can find a good initial point by running Stoc-AGDA with
constant stepsizes so that only the second term in the definition of v matters. Then by choosing
B =3/, we havev = O ( > Thus, the convergence rate of Stoc-AGDA is O (" - )

1 2
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Algorithm 5 VR-AGDA
1 input: (%o, 7o), stepsizes 11, T, iteration numbers N, T
2: forallk=0,1,2,... do
32 forallt=0,1,2,..T —1do

4: X0 =X, Yo = U,

5 compute Vo f (%, i) = 5 Uiy Vafi(%e, ) and Vy f (%, ) = 5 iy Vyfi(Ze, Gt)
6: forallj=0to N—1do

7 sample i.i.d. indices i}, i]2 uniformly from [n]

8: Xtjr1 = Xtj — Tl[vxfi} (X, Yrj) — fo,-]l (X, 7t) + Vaf (%, 1))

9: Yoje1 = Yuj + ©[Vyfa (xejen yoj) = Vyfa (X §e) + Yy f (3 50)]

10: end for

11: Xt+1 = XN, Vir1 = YN

12: end for

13:  choose (x¥,y¥) from {{(xt,]-,yt,]-)}]i o' Hoy uniformly at random
1y Fo=x5 go=1f

15: end for

3.4 STOCHASTIC VARIANCE-REDUCED ALGORITHM

In this subchapter, we study the minimax problem with the finite-sum structure: min, max,
f(x,y) = LY, fi(x,y), which arises ubiquitously in machine learning. We are especially
interested in the case when n is large. We assume the overall objective function f(x,y)
satisfies the two-sided PL condition with y; and u», but do not assume each f; to satisfy
the two-sided PL condition. Instead of Assumption 10, we assume each component f; has
Lipschitz gradients.

Assumption 9. Each f; has I-Lipschitz gradients.

If we run AGDA with full gradients to solve the finite-sum minimax problem, the total
complexity for finding an e-optimal solution is O(nx>log(1/€)) by Theorem 3.3.4. Despite
the linear convergence, the per-iteration cost is high and the complexity can be huge
when the number of components n and condition number x are large. Instead, if we run
Stoc-AGDA, this leads to the total complexity O (":T‘f) by Remark 3.3.6, which has worse
dependence on €.

Motivated by the recent success of stochastic variance reduced gradient (SVRG) tech-
nique [Johnson and Zhang, 2013, Reddi et al., 2016a, Palaniappan and Bach, 2016], we
introduce the VR-AGDA algorithm (presented in Algorithm 5), that combines AGDA with
SVRG so that the linear convergence is preserved while improving the dependency on n
and x. VR-AGDA can be viewed as the applying SVRG to AGDA with restarting: at every
epoch k, we restart the SVRG subroutine by initializing it with (x¥, 1), which is randomly
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selected from previous SVRG subroutine. This is partly inspired by the GD-SVRG algo-
rithm for minimizing PL functions [Reddi et al., 2016a]. Notice when T = 1, VR-AGDA
reduces to a double-loop algorithm which is similar to the SVRG for saddle point problems
proposed by Palaniappan and Bach [2016], except for several notable differences: (i) we
are using the alternating updates rather than simultaneous updates, (ii) as a result, we
require to sample two independent indices rather than one at each iteration, and (iii)
most importantly, we are dealing with possibly nonconvex-nonconcave objectives that
satisfy the two-sided PL condition. The following two theorems capture the convergence

of VR-AGDA under different hyper-parameter setups.

Theorem 3.4.1. Suppose Assumptions 7 and 9 hold and f(x,y) satisfies the two-sided PL condition
with py and piy. Define P = a* + %b*, where a* = E[g(x*) — ¢*] and b* = E[g(x*) — f(x¥, y*)].
If we run VR-AGDA with 7y = B/(28¢%1), o = B/ (Ix®), N = |ap~2/3x%(2 + 4B/ 2x=3) 71|
and T = 1, where «, B are constants irrelevant to I,n, uy, pa, then Py < %Pk. This implies
complexity of

O((n+x°)log(1/€))

total for VR-AGDA to achieve an e-optimal solution.

Theorem 3.4.2. Under the same assumptions as Theorem 3.4.1 , if we run VR-AGDA with
T = B/(28x%In?/3), 7y = B/ (In*/3), N = |aB~2/3n(2+4B"?n=1/3)"1 |, and T = [x3n~1/3],

where , B are constants irrelevant to I, n, py, po, then Py < 3Py. This implies complexity of
O((n+n*3x>)1log(1/¢))

for VR-AGDA to achieve an e-optimal solution.

Remark 3.4.3. Theorems 3.4.1 and 3.4.2 are different in their choices of stepsizes and iteration
numbers, which gives rise to different complexities. VR-AGDA with the second setting has a lower
complexity than the first setting in the regime n < x°, but the first setting allows for a simpler
double-loop algorithm with T = 1. The two theorems imply that VR-AGDA always improves over
AGDA. To the best of our knowledge, this is also the first theoretical analysis of variance-reduced
algorithms with alternating updating rules for minimax optimization.

3.5 EXPERIMENTS

We present experiments on two applications: robust least square and imitation learning
for LQR. We mainly focus on the comparison between AGDA, Stoc-AGDA, and VR-
AGDA, which are the only algorithms with known theoretical guarantees. Because of their

simplicity, only few hyperparameters are induced and are tuned based on grid search.
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FIGURE 3.4: AGDA and VR-AGDA on generative adversarial learning for LOR

3.5.1 Robust Least Square

We consider the least square problems with the coefficient matrix A € R"*" and noisy
vector 1o € R” subject to bounded deterministic perturbation 4. Robust least square (RLS)
minimizes the worst-case residual, and can be formulated as [El Ghaoui and Lebret, 1997]:
miny maxg; |s|<p | Ax — y||?>, where § = yy — y. We consider RLS with soft constraint:

min, max, F(x,y) := ||Ax — y||3; — My — voll3e (3.9)

where we adopt the general M-(semi-)norm in: ||x|3, = xT Mx and M is positive semi-
definite. F(x,y) satisfies the two-sided PL condition when A > 1, because it can be written
as the composition of a strongly-convex-strongly-concave function and an affine function
(Example 2). However, F(x, ) is not strongly convex about x, and when M is not full-rank,
it is not strongly concave about y.

Datasets. We use three datasets in the experiments, and two of them are generated in the
same way as in Du and Hu [2019]. We generate the first dataset with n = 1000 and m = 500
by sampling rows of A from a Gaussian N (0, I,;) distribution and setting yo = Ax* + €
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with x* from Gaussian N'(0,1) and € from Gaussian A (0,0.01). We set M = I, and A = 3.
The second dataset is the rescaled aquatic toxicity dataset by Cassotti et al. [2014], which
uses 8 molecular descriptors of 546 chemicals to predict quantitative acute aquatic toxicity
towards Daphnia Magna. We use M = I and A = 2 for this dataset. The third dataset
is generated with A € R0 from Gaussian N'(0, ) where %; ; = 271=//10, M being
rank-deficit with positive eigenvalues sampled from [0.2,1.8] and A = 1.5. These three
datasets represent cases with low, median, and high condition numbers, respectively.

Evaluation. We compare four algorithms: AGDA, Stoc-AGDA, VR-AGDA and extra-
gradient (EG) with fine-tuned stepsizes. For Stoc-AGDA, we choose constant stepsizes to
form a fair comparison with the other two. We report the potential function value, i.e.,
P; described in our theorems, and distance to the limit point || (x;, y¢) — (x*,y*)||>. These
errors are plotted against the number of gradient evaluations normalized by 7 (i.e., number
of full gradients). Results are reported in Figure 3.3. We observe that VR-AGDA and
AGDA both exhibit linear convergence, and the speedup of VR-AGDA is fairly significant
when the condition number is large, whereas Stoc-AGDA progresses fast at the beginning
and stagnates later on. These numerical results clearly validate our theoretical findings.
EG performs poorly in this example.

3.5.2 Generative Adversarial Imitation Learning for LQR

The optimal control problem for LQOR can be formulated as [Fazel et al., 2018]:
minimize [E, .p Z xtTth + utTRut such that x;1 = Ax; + Buy, uy = m(xy),
T t=0

where x; € R? is a state, u; € R¥ is a control, D is the distribution of initial state xo,
and 7; is a policy. It is known that the optimal policy is linear: u; = —K*x;, where
K* € RF<4If we parametrize the policy in the linear form, u; = —Kbx;, the problem
can be written as: ming C(K; Q,R) := Ey,.p [L2 (x; Qx; + (Kx¢) "R(Kx;))] where the
trajectory is induced by LQR dynamics and policy K. In generative adversarial imitation
learning for LQR, the trajectories induced by an expert policy K are observed and part
of the goal is to learn the cost function parameters Q and R from the expert. This can be
formulated as a minimax problem [Cai et al., 2019]:

min, 55;@{”1(& Q.R) i= C(K;Q,R) = C(Ke; Q,R) — ®(Q,R) },
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where © = {(Q,R) : agl = Q =< Bol,arl = R = BrI} and & is a strongly-convex regu-
larizer. We sample 7 initial points x((]l), x((]z), s x(()”) from D and approximate C(K; Q, R) by

sample average C,(K; Q,R) := 1 Y7 | [ (x] Qx¢ + u/ Ruy)] (i - We then consider:

Xo= 0

min (S}aa)‘)é@{m”(K’ Q,R) := Cu(K; Q,R) — Cu(Kg; Q,R) — ®(Q,R) }. (3.10)

Note that m, satisfies the PL condition in terms of K [Fazel et al., 2018], and m,, is
strongly-concave in terms of (Q, R), so the function satisfies the two-sided PL condition.

In our experiment, we use ®(Q,R) = A(]|Q — Q|*> + ||IR — R||?) for some Q,R and
A = 1. We generate a dataset with different n and k: (1) d = 3,k = 2; (2) d = 20,k = 10; (3)
d = 30,k = 20. The initial distribution D is N/ (0, I;) and we sample n = 100 initial points.
The exact gradients can be computed based on the compact forms established in [Fazel
et al.,, 2018, Cai et al., 2019]. We compare AGDA and VR-AGDA under fine-tuned stepsizes,
and track their errors in terms of ||K; — K*|? + [|Qr — Q*||2 + || Rt — R*||2. The result is
reported in Figure 3.4, which again indicates that VR-AGDA significantly outperforms
AGDA.
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3.6 APPENDIX
3.6.1  Proofs for Chapter 3.2

We first present several key lemmas.

Lemma 3.6.1 (Karimi et al. [2016]). If f(-) is I-smooth and it satisfies PL with constant u, then
it also satisfies error bound (EB) condition with y, i.e.

IV = pllxp — x|, v,

where x) is the projection of x onto the optimal set, also it satisfies quadratic growth (QG) condition
with y, i.e.
fx) = £+ > Bllxy = 22, vi.

Conwversely, if f(-) is I-smooth and it satisfies EB with constant i, then it satisfies PL with constant
u/l

From the above lemma, we easily derive that [ > u.

Lemma 3.6.2 (Nouiehed et al. [2019]). In the minimax problem, when — f(x, -) satisfies PL
condition with constant yy for any x and f satisfies Assumption 10, then the function g(x) :=
max,, f(x,y) is L-smooth with L := 1 + 12/ and Vg(x) = V.f(x,y*(x)) for any y*(x) €
argmax, f(x,y).

Lemma 3.6.3. In the minimax problem 4.1, when the objective function f satisfies Assumption

10 (Lipschitz gradient) and the two-sided PL condition with constant yq and o, then function
g(x) := maxy f(x,y) satisfies the PL condition with ;.

Proof. From Lemma 4.6.3,

IV ()II? = [ Vf (x, 5" (x)) 1%

Since f(-,y) satisfies PL condition with constant y, we get

IVg()|I> = 2ml[f(x,y*(x)) - min f(x', y" (x))]- (3.11)
Also,
£,y (x)) < max f(¥,y) = min f(¥, " (1)) < minmax f(x',y) =g, (312)

Combining equation (3.11) and (3.12), we obtain,

IVg()I? > 2 (g(x) — g").

79



8o

GLOBAL CONVERGENCE FOR PL-PL MINIMAX PROBLEMS

The following lemma states that stochastic gradient descent converges linearly to the
neighbourhood of the optimal set under PL condition. The proof is based on [Karimi et al.,

2016].

Lemma 3.6.4. Consider the optimization problem min, f(x) = E[F(x; ()], where f is I-smooth
and satisfies PL condition with constant . Using the stochastic gradient descent with stepsize
T<1/1,

Xep1 = xp — TG(xt, Et),
where
E[G(x,¢) - Vf(x)] =0,  E[|G(x,&) - Vf(x)]*] <o
then we have

E[f(x41) = ff] < (1= pun)E[f(x¢) — f*] + 70

Proof. By smoothness of f we have

flxesn) = 5 < fx) +(Vf(xe), X1 —xe) + éthH - tz —f
2
= fxt) = T(Vf(x), G(xt,8t)) + %HG(%@)Hz —f~

Taking expectations of both sides, we get

2
E[f(xt+1) = ] S E[f(x) — f*] = TE[|Vf(x0) ] + ZLIE[HG(% &)l

172

= E[f(xt) = £ = TE[|Vf(x) ] + ZE[IVf (x)II]
!
+ TRV £(x) - (2017
!
<Elf(x)~ f] - EIE[IIVf(xt)H 1+ o2
!
< (1 - pElf(n) - 1]+ e,
where in the equality we use E[G(x;,&;)] = Vf(x;), in the second inequality we use
T < 1/1, and we use PL condition in the last inequality. O

Proof for Lemma 3.2.1

Proof. ¢ (stationary point) = (saddle point): From the definition of PL condition, if
(x*,y*) is a stationary point,

. 2
max f(x",y) = f(x",y") _Zy IVuf G y)|" =0,
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fy) —min f(x,y) < o | Vaf (7, ) |F =0,
M1
so maxy f(x*,y) = f(x*,y*) = min, f(x,y*), and therefore f(x*,y*) is a saddle
point.
¢ (saddle point) = (global minimax point): Follow from definitions.
* (global minimax point) = (stationary point): If (x*,y*) is a global minimax point,
then by definition,
y* € argmax f(x*,y*),x* € argmin g(x),
y X
Then by first order necessary condition, we have,
Vyf(x*y*) =0,Vg(x") =0,
Further with Lemma 4.6.3,
Vg(x*) = Vuf(x",y") =0

Thus, (x*,y*) is a stationary point.

Proposition 1. The function
f(x,y) = x* + 3sin® x sin’ y — 4y*> — 10sin’ y,
satisfies the two-sided PL condition with y; = 1/16, up = 1/14.
Proof. It is not hard to derive that arg min, f(x,y) = 0,Vy, and argmax, f(x,y) = 0, Vx,

ie. x*(y) = y*(x) = 0,Vx,y. Therefore, (0,0) is the only saddle point. Then compute the
gradients:

V.f(x,y) = 2x + 3sin®(y) sin(2x),
Vyf(x,y) = —8y + 3sin?(x) sin(2y) — 10sin(2y).
and
[Vif(x,y)| = 2+ 65in’(y) cos(2x)| <8,
IVif(x,y)| = | — 8+ 6sin*(x) cos(2y) — 20 cos(2y)| < 28.

so f(+,y) is L1-smooth with L; = 8 for any x and f(x, -) is Lp-smooth with L, = 28 for any
y. Then note that:

IVif(uy)l _ [Vaf(xy)| _ |22 +3sin’(y) sin(2x)| _ 1
|x —x*(y)] | x| | x| 2
IVuf o)l _ [Vyf(oy)l _ | =8y +3sin’(x) sin(2y) — 10sin(2y)| _ )
ly —y*(x)] il | o
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So f(-,y) satisfies EB with ypp; = 1/2, and -f(x, -) satisfies EB with pgp, = 2. By Lemma
4.6.2, we have f(-,y) satisfies PL with constant y1 = 1/16 and -f(x, -) satisfies PL with

constant y; = 1/14.
O

3.6.2  Proofs for Chapter 3.3

Before we step into proofs for Theorem 3.3.1, 3.3.4 and 3.3.5, we first present a contraction
theorem for each iteration.

Theorem 3.6.5. Assume Assumption 10, 7, 12 hold and f(x,y) satisfies the two-sided PL condition
with py and py. Define a; = E[g(x;) — ¢*] and by = E[g(x;) — f(x¢,y4)]. If we run one iteration
of Algorithm 4 with T{ =11 <1/L (L is specified in Lemma 4.6.3) and th =1 <1/I, then

arp1 + Abpr < max{ky, ko }(ar + Aby) + A1 — pup12) L+ 1112(72 + %/\1}202 + %leaz,
where
kii=1—m[n+A1-mwn)u —A1+B)(1—wn)2n +117)], (3.13)
1 12 1 12 5
ky:=1—pwn+—+ (1- ]lzTZ)le +(1+)1- ‘usz)f(Z'L’l +1t7), (3.14)
j2A 2 p Mo

and A, B > 0 such that k; < 1.
Proof. Because g is L-smooth by Lemma 4.6.3, we have
* * L
8(xtr1) =& < &(x1) =&+ (Vg(xt), Xpy1 — x1) + EHXH—I —x?
L
=g(x1) = 8" = (Vg(x), Gx(xt,y1, Gn)) + 5 711G (31, v, G ) |-
Taking expectations of both sides and using Assumption 12, we get
E[g(xt+1) — &7
* L
< E[g(x) — 8'] = nE[(Vg(xr), Vif (xt,y1))] + ST E[l|Ge(xt, 1, En1) |

2
< Elg(x) ~ §°] - HE[(V8(x1), Vaf (v,y0))] + 5 FE(Vef (xty0) 2] + 5 0

< Elg(x) — ') ~ E({Ve(x), Vuf (90} + LE[|Vf (0, 30) ) + 5 07

o T T L
< E[g(x) —&"] - gll‘EHVg(Xt)ll2 + EllEHfo(xt/yt) - Vg(x)|* + Eff(fz, (3.15)

where in the second inequality we use Assumption 12, and in the third inequality we use
7 < 1/L. Because —f(x¢11,y) is I-smooth and y1-PL, by Lemma 3.6.4, when 1y < 1/ we

have

E[g(xt41) — f(Xer1,Yev1)]
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!
< (1 - n)B[g(xi1) — f(xre,ye)] + ETzZUZ

l
< (1= o) Elg(x) = f(xnye) + f (e y) = f (e, y0) + 8(xi41) — g(x)] + 51307
(3.16)
Because of the Lipschitz continuity of the gradient, we can bound f(x;, y¢) — f(x¢41,y:) as

I
fxt,ye) = f(xeen,ye) < —(Vaf (X0, Y1), o1 — x1) + §||xt+1 — xy|?

I
< (Vaf(xe,ve), Ge(xt,y1,811)) + ET%HGx(xt/ i, &n)l%

Taking expectations of both sides and using Assumption 12,

l l
E[f(xt,y0) = f(xien,90)] < (14 ST)E|Vaf (0, y0) [* + 570 (3.17)
Also from (3.15) ,

T T L
Elg(xt+1) — g(xt)] < —gll‘EHVg(xt)H2 + gllEIIfo(xt,yt) — Vg (x| + 571202~ (3.18)

Combining (3.16), (3.17) and (3.18),
E[g(xt41) = f(xt41, Ye41)]
< (1~ wom)Elg(x) — e, y0)] + (1 jom) (1 + 2 VB Vif (xt 1) [P
(1= j22) S BV (xe) |2+ (1 = i) SB[ Vaf (x1,y1) — Vo) P+

L+1 l
(1—pom) > 712(72 + 51’220'2. (3-19)

Combining (3.15) and (3.19), we have VA > 0,
api1 + Abpyq
5! 5! 2
< — |5+ M1 - pm) 5 | ElVg()|P + A1 - pom)bit

T T l
(5 A = ) 3 BV (1, 90) = V) A0 = ) (14 577 ) BIDf o) [P+

L+1 ! L
Al — ) ;— Ho? + E)\TZZUZ + ET%O'Z

l
<o [T 420 ) 220490 - ) (1 + 57 )| BTS00 +A0 — )t

T T 1 l
5 mm G+ (1) (=) (1 57 ) | BNV ) - Vel
Al — o) L ;— lrlzoz + é)\TZZO'Z + % 202, (3.20)
where in the second inequality we use Young’s Inequality and g > 0. Now it suffices to
bound V||g(x:)||?> and ||V f (xt,v:) — Vg(x:)||? by a; and b;. With Lemma 4.6.3, we have:

IVaf (xt,ye) = VE(x)|1? = [IVaf (xe,y5) — Vaf (20, " (x0)|* < Plly*(xe) —yel”, (3.21)
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for any y*(x;) € argmax, f(x,y). Now we fix y*(x;) to be the projection of y; on the the
set arg max, f(x;, ). Because —f(xs,-) satisfies PL condition with i, and Lemma 4.6.2

therefore indicates it also satisfies quadratic growth condition with o, i.e.

ly* () — el < ;Z[goc» — Flxny)], (3.22)

along with (3.21), we get

2
IVaf () — V()2 < ifz[go«t) ~ Flrw). (3.23)

Because g satisfies PL condition with y1 by Lemma 3.6.3,

IVg(x)|* = 2mlg(x) — 8] (3-24)
Plugging (3.23) and (3.24) into (3.20), we can get

ap41 + /\bt+1 < {1 — M [Tl + )\(1 — szz)’L’l — )\(1 + ,B)(l — ‘Msz)(Z’L’l + ZT%)] }QH—

A{l— T+Zzi+(1— T)ﬁr+(1+1)(1— T)lz(2T+lT)}b+
U212 VZA szyzl ﬁ szy 1 1 t
A1 = 1) L ;_ lrlz(72 + é/\rzzaz + %T120'2. (3.25)

O

PROOF OF THEOREM 3.3.1

Proof. In the setting of Theorem 1, Tlt =11 and th = T, Vt. By Thoerem 3.6.5, we only need
to choose 71, T2, A and f to let kq, k, < 1. Here we first choose p =1 and A = 1/10. Then

ki=1-— U1 [Tl + /\(1 — ‘usz)Tl — )\(1 + ,B)(l — ‘UZTZ)(ZTl + lle)]

<1—m{n —AQ1—wo)ull+p)2+In)—-1]} <1- %lel, (3.26)

where in the last inequality we just plug in f and A and use Iy < 1. Also,

’ry 12 1 12
ky=1—pom+ m + (1 - ‘MZTZ)EH + (1 [3)(1 — ‘uz’l'z)y (2T1 + lTl)
12 2 1 1
Sl—ls{}ZE—A—(l—ym) [1+ <1+5> (2+ln)”
12
<1- % (3.27)

1422

where in the last 1nequa11ty we plug in f and A and we use < 18 by our choice of

7. Note that 21131 < 1 pecause (3mp) / (%) =02 <1 Defme Py :=a; + $5b. By

Theorem 3.6.5,

1 (1 ;12 [2) (L l) [12 2 l [22 2 L [12 2
P < | — —T P _|_ < R .
t+1 > ( 2 l,u1> t 20 0 200 + > o
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With some simple computation,

1 (1 — o) (L +1)7? + I7% + 10LT?
P < (1— )P LT 2 Lo?,
< ( 2V1T1) 0+ 00 (o)
2 2
We verify that 1 <1/L by noting: 77 < % < 1@% < é% and L :H—L—z2 < %2 O

PROOF OF THEOREM 3.3.4

Proof. The first part of Theorem 3.3.4 is a direct corollary of Theorem 3.3.1 by setting o = 0.

We show the second part by noting that

xren = x| = T | Vof (e o)l and [yess — il > = 2 || Vof )| (3.28)
Also,

IVyf (e, y) 12 < IV f oy 12+ 1V f (xes1,50) = Vi f (2 y0) [P
<V f (e, ye) = Vyf G,y () 1P+ Pllxer — x|
< Pllye —y* o) lI? + Pllxes — x?
212

< —
_]/12

212
b+ || xe1 — xe||* = th + P2V f (x1,91) 1%, (3-29)

where in the second inequality y*(x;) is the projection of y; on the set arg maxy f(x:,y)
and V f(x;,y*(x;)) = 0, in the third inequality we use the Lipschitz continuity of gradient,
and in the last inequality we use quadratic growth condition. Also,

IV f e y) 2 < IVl + [V (xr, ye) = Vg (x) 12

= [Vg(x) = V() > + IV f (e, y0) — Vg (xi) |I?
< L2l — 2|2+ Blly” (xe) — el

< —ap+ —Uby, (3-30)
Ha

where in the first equality x* is the projection of x; on the set arg min, g(x) and Vg(x*) =0,
in the second inequality y*(x;) is the projection of y; on the set argmax, f(x;,y) and
Vg(xt) = Vif(xt,y¢), and in the last inequality we use quadratic growth condition.
Therefore with (3.29) and (3.30),

2
e = x|+ lye = yesa |* < 7 (1 Vaf Cory)IP + 3 (| Vo f (i, 1) |

212
< U+ BRNVaf (i) |2+ -7l

< 2(1+ T2212)T12L2at N 2(1 + 2121212 + 21272 by
M1 M2
< 2(1+ T;zlz)rsz N 20(1 + 1’2212);1212 +201°13 Py’
1 2

85
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where ¢ — 1 — ;ég;sg Letting a; = [2(1+T§[112)112L2 20(1+T2212)H1;1212+2012722} Py, we have
[xe1 = xe|| + [|yes1 — vel| < V2apc'/2.
Forn > t,
n—1 00 /2 20(1Ct/2
2w = 2l My = yell < Y i — 2l + lyin —yill < V2a1) c72 < T
i=t i=t

so {(x¢,y¢) }+ converges and by first part of this theorem the limit (x*, y*) must be a saddle

point. Thus we have

2 %112 20(1 t t
xp— x*||° + — < ————— ' =ac'Py,
[ 17+ lye —y7[I” < ENGE 0
212\ 272 2712\ 212 2.2
with « = 2 [2(1+Ti,ll )TiL + 20(14-151 )yrzll +20/ T2i| /(1 B \ﬁ)z =
PROOF OF THEOREM 3.3.5
2 2.t
Proof. First note that since ©/ < u3/181%, 1} = Vzl(si ft) = 18:[;1 < % Similar to the proof
2 2

of Theorem 3.3.1, by choosing § = 1 and A = 1/10 in the Theorem 3.6.5, we have
min{ky, kp} = %;411'{. We prove the theorem by induction. When t = 1, it is naturally
satisfied by the definition of v. We assume that P, < # Then by Theorem 3.6.5,

1 L+1 I L
Py < (1 - 2;4171> P+ A1 — poth) 5 (th20? + A (Th)%0? + = (th)%0?

2 2
S ahiamp v {(Hl)ﬂz 18152 Lp? ]az
T+t oyt [20(y+1)? 0 20p(y + 1) 2y +1)

yhi-1 dmp-1  [(L+DF 18P L ]
A R O [20(7+t)2 20ﬂ§(7+t)2+2(7+f)2]0 (5:31)
<Y

oy +t+1

where in the second inequality we plug in 7} and 7}, and in the last inequality we use
(y+t+1)(y+t—1) < (y+1t)? and the fact that sum of last two terms in (3.31) is no
greater than o by our choice of v. O

3.6.3 Proofs for Chapter 3.4

PROOF OF THEOREM 3.4.1

Proof. Because the proof is long, we break the proof into three parts for the convenience of
understanding the intuition behind it.
Part 1.
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Consider in one outer loop k. Define at] = E[g(x;j) — %], brj = E[g(xt;) — f(x¢,y1,)],
a = E[g(%) — ¢*] and by = E[g(%) — f(%,7;)]. We omit the subscript t for now and
denote the stochastic gradients as

Gx(xj,¥7) = Vufi,(xj,yj) — Vafi,(2,7) + Vi f(2,7),
Gy(xj, Yj41) = Vyfi/<xj+1/]/j) - vyfij(ff]?) + Vyf(%, 7).
Note that these are unbiased stochastic gradients. Similar to the proof of Theorem 3.6.5
(replace 02 in (3.15) ), with 7y < 1/L, we have

T T L
aj1 < aj— %EHVg(xj) 17+ §E||fo(xj/yj) —Vg(x)|*+ §T121E||Gx(xj/yj) — Vaf (x5, y7)|1%
(3-32)
By Lemma 3.6.4, with » <1/1,

T !
bjv1 < Elg(xj41) = f (%11, 9] = S EIVyf (%11, 9) 1>+ ETzZ]EH Gy (xj21,Y) — Vyf (X1, 97) 1>
(3-33)
Furthermore, we bound the distance to the ¥ = x as

E||xj41 — %[|* = E||x; — 11Gx(xj, yj) — %|)?
= Elx; — |+ 2E(x; — £ 0V f (x,y;)) + DEVaf (51,1 P+
TE| Gy (x},y;) — Vaf (x5, )12
T
< (1+ upy)E|x — 72 + (r%+ [;1) E||Vxf(x,y) [P+

TE||Gx(x;,y7) = Vi f ()|, (3:34)
where in the last inequality we use Young’s inequality to the inner product, and f; > 0 is
a constant which we will determine later. Similarly,

o ~ T
Ellyj1 —9)1* < (1+ wB2)Ely; — 7)1 + <T22 + é) E|V,f(xj1,,) |+

2 2
BE|Gy(xj11,j) = Vyf (xj1,9)11% (3:35)
where in the last inequality we use Young’s inequality to the inner product and 8, > 0isa
constant. We construct a potential function

Rj = aj+ Abj + ¢;|x; — 2| + djl|y; — 91, (336)
and we will determine A, ¢; and d; later. Combining (3.32), (3.33) and (3.35),
L
Rjp1 < aj— IEHVg ()1 + E\\fo(xpyﬂ Ve()|1* + S TE[Ge(xj,y)) = Viuf (x5, yj) I+

NE[g(xj1) — F(xjo1, )] — B[y flxjn, )P+

. Al
i lyoa = 7+ (i + 5 ) BEIGy (51,4 = o (0, ) P+
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djs1(1+ 2p2)Ely; — 711 + dja <T22 + ;2) E|Vyf(xj+1,97) 17 (3-37)

Then we bound the variance of the stochastic gradients,
E|Gy(xj+1,¥) — Vyf (xj1,) I

= E||Vyfi(xjr1,¥) = Vyfi (59) + Vyf(£,9) = Vyf (200, y7) |17

<E|Vyfi (xj11,5j) = Vyfi, (5 D)I* < PE||xj41 — £]1* + PE[ly; — 7117, (338)
where in the first inequality we apply E[V,f; (xj+1,y;) — Vyfi,(Z,7)] = Vyf(xj11,95) —
V,f(%,7). Similarly,

E||Gx(xj,yj) — Vsf (xj, ) |7 < PE||x; — %[> + PElly; - 9> (3-39)

Plugging (3.38) into (3.37),
Rji1 <aj— %IEHVg(x]-)HZ + %]EHVXf(xjr]/j) — Vg (x))|* + %TfIEHGx(szyj) = Vaf (xj,y) P+

AT
ME[(x41) = (x40, 9)] = 2BV f (x40, ) |P+

Al .
ot (dpa+ g ) P3|l — 212+

[

Al _
[dm(l +1p2) + <dj+1 + 2) ZZTzZ] E|ly; — 7lI* + dj <T22 + 5

VIS G, )
(3-40)
Then we plug in (3.34) and rearrange,
T
Rin < a;— SE|Vg(x)|>+

Al T T
[c]'+1 + <d]-+1 + 2> ZZTZZ] <T12 + [;1) ]E||fo(x]-,y]-)||2 + %IEHfo(x]-,y]-) — Vg(x]-)\|2+

AT, T
AElg(500) = £(3y00,97)) = | 732 = din (F+ 32 )| BNVuf s ) P+
Al . Al -
ot (dpeat G ) BR| (o mpoE Iy — 5P+ [dysa (L o) + (i + 5 ) P By = g1+
L Al 2.2 2 2
5 T ot (i + 5 ) Fo | GE|G(x, ) = Vaf (xj,) I (3-41)

Consider the third line. Using PL condition ||V f(xj11,¥j)[|* > 2u2[g(xj41) — f(xj41,Yj)]
and assuming A > d;;1(72 + 1/B2), which we will justify later by our choices of d;; and

B2, we have
the third line
)\ 2 Tz
<Al -1+ §dj+1 T + B H2| E[g(xj1) — f(xj51,Y))]

A
<A [1 — Tz + Edj+1 <T22 +
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A I
<A|l—1mu+ d]+1 <T2 + 5 ) yz] {bj + (Tl + 2T12> IEHfo(xj,yj)Hz—i—
!
§T121E|\Gx(xj/yj) — Vaf (%, il — ElEva(xj)llzﬂL

T L
S EIVef(xj,y7) = V8(x)|I* + STE[Gx(x,y)) = Vf (%), ) ||2}/
where in the last inequality we use (3.32) and (3.17). Now we plug this into R;,,

T
Ry < 0 — 2 (14 ADE| V() P+
ALY 5 o 2, 0 I , 2
Cjy1+ | dj+1+ > Fo| {4+ B +A T+ 54 E[|Vf(xj,y;)l°+
T
51(1 + ADE(Vif (x5,y5) — V(x> + AZbj+
Al Al
|:C]‘+1 + (dj+1 + 2) 12T22:| (1 + T1ﬁ1>]Eij — fHZ + |:d]+1(1 + Tzﬁz) + <dj+1 =+ 2) l2T22:| ]EH]/] — sz—*—

L Al L+1
[2+Cj+1 + (d1+1 + )12 ; ] TE|Gx(xj,y;) — Vf (x, )17 (3-42)

where we define { =1 - p2 + 3dj11 (T% + 3 ) 2 and ¢ = 1= . With ||V (xj,) |2 <
2HVg(Xj)HZ +2[|Vg(xj) — fo(xj,]/j)Hz, we have

4 — {2(1 +AD) —2 [c]-H + (d]-+1 4 A;) zzfg] <T12 + ;) _oag (n + ;112> }]E||Vg(x]-)|]2+
ACb; + {2(1 +A)+2 |:C]_|_1 + <dj+1 + /;l> lszz} <T2 ) —2AC <T1 + lT1> }IEHfo(x],y]) Vg(xj)Hz—i—

B1

Al - Al B
|:Cj+1 + (d]'+1 + 2) ZZT22:| (1 + Tlﬁl)lEij — xH2 T |:d]'+1(1 + T2I32) + <dj+1 + 2) 12T22:| ]EHy] _ yH2+

L Al L+1
[2 ot <d1+1 + 2) P + )\CZ] TE||Gx (%), 97) — Vi f (x| (3.43)

Rjp1 <

Then plugging in (3.23), (3.24) and (3.39), we get

aj — {71(1+A§) —4 [cjﬂ + (d]H + /;l) 1’7 ] ( 7+ ) —4A <rl + ;712) }]/llﬂ]'+

1 412 412 l
RSP TR e ST

{[d]+11+r2[32 +<d]+1+ > ] [+c]+1+<+1+ )

] %lz}lEllyj gl
(3-44)
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Now we are ready to define sequences {c;}; and {d;};. Let cy = dy = 0, and

Al L Al +1
¢ = [Cjﬂ + (dj+1 + 2> Zszz] (1+7p1) + [2 + ot <dj+1 + 2) T+ /\g] 71,

Al L Al L+1
d; = [dj+1(1 +2B2) + (d]-+1 + 2) lzTQZ] + [2 + i1+ <d]'+1 + 2> 5+ Ag} Tl

We further define
Al T !
m] 27(14+A0) - [Cjﬂ + <dj+1 + 2) 12722] (le + 1) —4Ag (Tl + 2T1Z> , (3-45)

B1
1 ’t 4]2 Al T 412 l
28 2.2 1 2
m; = — ——A+A0) — — |cip1+ | d; —l—)lr}( + )—/\ (T+T>}.
; { P V2( 7) m{]ﬂ (]+1 5 ARG By i ¢({m 5T
(3-46)
Then we can write (3.44) as
Rjj1 < Rj —m}aj — Am3b; (3-47)
Now we bring back the subscript t. Summing the equation from 0 to N —1,
N-1 ~ T 7
Ro—RN  ato+Abto —apN —Abgn  dp + Aby — dp 1 — Abryq
; Ab; s < = 4 4 = .
]';Q at,] + tj = N’)’ N’}’ N’Y ’ (3 48)

where v := minj{m]l, m]2}, and the first equality is due to cy = dy = 0 and (x40, y10) =
(%t, J¢). Summing ¢ from o to T — 1, we get

—1N-1 7 k k
ao 4+ Aby  a“+ Ab

The left hand side is exactly akH + Ab*+1, because (xy,yx) is sampled uniformly from

{Ceiye) o H o

Part 2.
It suffices to choose proper 11, 7o, N and T such that NT+y > 1. Driven by the proof, we
choose

k k
7211, B1=kox®l, T = 73, B2 = lky.

We will choose ki, k2, k3 and k4 later and we let k1, k2, k3, kg < 1. Plug back to ¢; and d;, we

T =

have
k? k23 Kk
¢j = (1 + kiko + K}l> Cip1+ [k3(1 + kiky) + 12 3 + (L+ l) (lZ + 3) ]«lz} di1+

1%k,
A, L, A /\
SR +kiko) + 5 7k + 5 5

k3 I
< <1 + kiky + K}{) Cjt1+ (3k§ + 37{31&) dic1 + 20K+ (14 2A)gk2, (3.50)

133 + S+ DK3(1 — ksky)
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where in the last inequality we assume k3 + § k3 <1

d] = FC]'+1 + 1 + k3k4 + k3 (L + l) lz + ﬁ ]42 + k1k3 dj+1+
ﬁucg +5 k2 +5 A 1k2k§ +53 A (Lt DK (1 — ksky)
kz 2 3 2 2 I
< c]+1 + ( 1+ kakg + 2k5 + k d]-+1 + Alks 4+ (1+ 27\)@’% (3-51)

We define ¢; = max{c;j,d;}. Then combmmg (3.50) and (3.51), we easily get

I

4
e < <1 + kyky + kskg + 3K3 + K3k§> ejr1+2AIK5 + (14 2)‘)51{%'

As en = 0, we have
(1 + kiko + ksks + 3K3 + %k%)N -1 (3.52)
kika + kaka + 33 + 52 73

and note that ¢; > ¢;,1 so ¢; < e, Vj. Then we want to lower bound . Rearrange (3.45),

eg < [zmkg +(1 +2A)Kl3k%]

1
m}:yl{T1(1+)L—)LT2]12) A2 ( +,5> 4) (Tl—i— T1>(1—T2]12)
1
l T

=27 | + +4 112 +8<T +T2> (T2+> }d‘ —
[ 1<2 ﬁ>}42 ( ﬁl) 1750 2 B> Mo | Gjy1
4 T2+T1> C; }

< 1 ﬁl ]+1

1 4 ,(.2 Kk 10p2 2 ks | m 2 ki w1

> Efl,ul - [K4k3 <k + i > 2] —ki (k3 + — ks 2 d]+1 Py ki + k 2 Cit+1s
(3-53)

where in the inequality, we use A = 1/20 and assume that Kl—zkg(kl + ,{1—2) < 10. Rearranging
(3-46),

I’ (1 l5 T 412 l
m? =7 —1<—|—1— > <T2—|— l)rz <T+ TZ) 1—7 —
i 2U2 i \A T U2 1 B 02 1 1) ( 212)

91

— |+ = +-I'nln+-)+-——mlt++-)+—(n+3T T+ — dis1—
[/\ < 2 B, H2 1o [3 )\Hz B1 M 1150 2 B M2 | djt1

4% <T +’C1) .
)\]/[2 1 ,B] j+1

lle 2 k3 80 2 kl | 2] 80 2 k1 W2
> s~ 20 (8 i (4 1) | o= (94 2) o 50

where in the inequality we use A = 1/20 and assume k; < k3/28 and Fké (k1 + E) <1/4.

1 2T
Note that ;111 = szlkl and 5—— {Vll o] = 2%mn {}41 yz}kl' Then we have
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Ll [Ae(esh) 0m (o k\]dna_ 4 (2 k) Gn
{3k | (R4 2) + P (84 2)| 9 - 5 (B4 2) 9 6o
{kl [ <k k2>+200<k3+k4>]l iy e

Letting k1 /ky = k3 /ky and k; = 21—8k3, we have

1 k3 €o
> —
v > { 56k3 360 <k k4> T } (3-57)

where we use ¢;j,d; < e, Vj. By plugging in ky = k3/28 and A = 1/20 into (3.52), we have
(1 + 2ksks + 4K3)N — 1

| \/
3|

IS \

< .
€0 = ks/ka+ 3 (3-58)
Plugging this into (3.57), we have
1 k3 (1 + 2ksky + 4k§)N 1 5
k . .
5> [56 360 T (k5 + k3 /ks) (3-59)
We choose ks = ké/ 2 then
NTy > L |8 g0 (12072 4 a2)N — 1 R NT
Y23 %—6((4‘ 3 C -+ 4k3) _> m . (3.60)

Part 3
We choose T =1, k3 = ﬁK‘6 and N = 1x(2kg/2 +4k§)_1 > %k2_3/2, where «, 8 is irrelevant
to 1,1, pt1, p2. Then since (1 + 21{2/2 + 4k%)N < ¢*, after plugging in N and k3, we have

1

NTy > = ks _ 360(e” )(2k3)] Lol [516 —2 % 360(e" — 1)] afV2 (3.61)

[56 272 72

Therefore, for choosing & small enough and B small enough, we have NT+ > 2. Now it
remains to verify several assumptions we made in the proof. The first is k3 + k% < 1. Since
ki + k3 = kl/ 2 1 k2, this assumption easily holds when B < 1/4. The second assumption

we want to verify is 5k2 (k; + & ) < 1/4. Note that
Y 18 (3K3 ks

1 1 1 k 1
pké <k1 + kz) = Pk§ <k1 + 7 ]3{1> = pké (28k3 + 28k, 1/2>

So this assumption can also be easily satisfied when f is small. The last assumption we
need to verify is A > d; 1 (’L’z + é) Because dj ;1 < ¢y and (3.58),

1 (1+2ksks +4K5)N —1 (ks 1
d; <1
j+1 <TZ+52> ks/ks+ 3 <z +k41>
K2+ k2
2 3 3
< (14 2Ksky + 43N 1) <k3_1/2+3

< 2(e* —1)ks.
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So this assumption holds when a and  are small.

PROOF OF THEOREM 3.4.2

Proof. We start from Part 3 of the proof of Theorem 3.4.1. We now choose k3 = pn=2/3,
N = a(2k3/? +4k3)~!, and T = «*n~1/3 then
NTvy > RPN 360(e* —1)| ap~1/? (3.62)
2 |56
Therefore, for choosing « small enough and B small enough, we have NTvy > 2. Note
that when x31n~1/3 < 1, we choose T = 1 and the complexity is therefore O(n). Other

assumptions can be easily verified by the same way as in the proof of Theorem 3.4.1. [
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SINGLE-LOOP ALGORITHMS FOR NONCONVEX-PL MINIMAX
PROBLEMS

This chapter establishes new convergence results for two alternative single-loop al-
gorithms — alternating GDA and smoothed GDA — under the mild assumption that the
objective satisfies the Polyak-Eojasiewicz (PL) condition about one variable. We prove that,
to find an e-stationary point, (i) alternating GDA and its stochastic variant (without mini
batch) respectively require O(x?¢~2) and O(x*e~*) iterations, while (ii) smoothed GDA
and its stochastic variant (without mini batch) respectively require O(xe2) and O(x%e %)
iterations. The latter greatly improves over the vanilla GDA and gives the hitherto best

known complexity results among single-loop algorithms under similar settings.

4.1 OVERVIEW

In this chapter, we consider finding stationary points for the smooth minimax optimiza-
tion problems:

min max f(x,y) £ E[F(x,y;)], (41)
x€R yeR™2

where ¢ is a random vector and f(x,y) is nonconvex in x and possibly nonconcave in y.

Due to its simplicity and single-loop nature, gradient descent ascent (GDA) and its
stochastic variants, have become the de facto algorithms for training GANs and many other
applications in practice. Their theoretical properties have also been extensively studied in
recent literature [Lei et al., 2020, Nagarajan and Kolter, 2017, Heusel et al., 2017, Mescheder
et al., 2017, 2018].

Lin et al. [2020a] derived a complexity analysis for simultaneous GDA (with simul-
taneous updates for x and y) and for stochastic GDA (hereafter Stoc-GDA) for finding
stationary points when the objective is concave in y. In particular, they show that GDA
requires O(e~°) iterations and Stoc-GDA without mini-batch requires O(e~®) samples
to achieve an e-approximate stationary point. When the objective is strongly concave in
y, the iteration complexity of GDA can be significantly improved to O(x?¢~2) while the
sample complexity for Stoc-GDA reduces to O(x%¢~*) with a large batch of size O(e2) or
O(x%e =) without the batch, i.e., using a single sample to construct the gradient estimator.

Here « is the underlying condition number defined as //y with I being Lipschitz smooth-
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Algorithms HCvog(pxl)e |)|d;ye ”g(}r(lzflye;‘(r Z . Loops | Additional assumptions
GDA [Lin et al., 2020a] O(x>Ale™2) O(k>Ale™2)* 1 strong concavity in y
Catalyst-EG [Zhang et al., 2021b] O(\/xAle™2) O(\/xAle=2)* 3 strong concavity in y
Multi-GDA [Nouiehed et al., 2019] | O(x3Ale=2)* O(x*Ale~2) 2

Catalyst-AGDA [Appendix 4.6.4] O(xAle™2) O(xAle™2) 2

AGDA O(x>Ale™2)° O(x®Ale™2) 1

Smoothed-AGDA O(xAle™2) O(xAle™2) 1

TABLE 4.1: Oracle complexities for deterministic NC-PL problems. Here O(-) hides poly-
logarithmic factors. I: Lipschitz smoothness parameter; y: PL parameter, x: condi-
tion number ﬁ; A: initial gap of the primal function. We measure the stationarity by

|V®(x)| with ®(x) = maxy f(x,y) and ||V f(x,y)||. Here * means the complexity is
derived by translating from one stationary measure to the other (see Proposition 2). ¢
it recovers the same complexity for AGDA as Appendix D in [Yang et al., 2020a]

ness parameter and y strong concavity parameter. However, the following question is still
unsettled:

Can stochastic GDA-type algorithms achieve the better sample complexity of O(e~*)
without a large batch size?

Besides the dependence on ¢, the condition number also plays a crucial role in the
convergence rate. There is a long line of research aiming to reduce such a dependency, see
e.g. [Lin et al., 2020b, Zhang et al., 2021b] for some recent results for minimax optimization.
These algorithms are typically more complicated as they rely on multiple loops, and
are equipped with several acceleration mechanisms. Single-loop algorithms are far more
favorable in practice because of their simplicity in implementation. Recently, several single-
loop variants of GDA have been proposed, including Alternating Gradient Projection
(AGP) [Xu et al., 2020c] and Smoothed-AGDA [Zhang et al., 2020a]. Unfortunately, most
of them fail to provide faster convergence in terms of the condition number and they only
consider the deterministic setting. The following question is therefore still unanswered:

Is it possible to improve the dependence on the condition number without resorting to
multi-loop procedures?

In short, there is an urgent need to obtain faster convergence in terms of both the target
accuracy € and the condition number x with single-loop algorithms. This is even more challenging
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Algorithms HCvog(pxl)e \Ti;ye Hg(])fall);e)]l Z . Batch size Additional assumptions
Stoc-GDA[Lin et al., 2020a] | O(x3Ale™*) O(x3Ale™)* O(e7?) strong concavity in y
Stoc-GDA[Lin et al., 2020a] O(x3Ale™>) O(x3Ale=>)* O(1) strong concavity in y
PDSMJGuo et al., 2021b] O(x3Ale™) O(r3Ale™)* O(1) strong concavity in y
ALSET[Chen et al., 2021b] O(x3Ale™) O(x3Ale™)* O(1) strong concavity in y, LipschitzV
Stoc-AGDA O(x*Ale™) O(x*Ale™) O(1)

Stoc-Smoothed-AGDA O(x2Ale ) O(x2Ale ) o(1)

TABLE 4.2: Sample complexities for stochastic NC-PL problems when the target accuracy € is

small, i.e. € < O(V/Al/x3). We measure the stationarity by ||[V®(x)|| with ®(x) =
maxy f(x,y) and ||V f(x,y)||. Here * means the complexity is derived by translating

from one stationary measure to the other (see Proposition 2). V It assumes the function
f is Lipschitz continuous about x and its Hessian is Lipschitz continuous.

when the objective is not strongly-concave about y. In this chapter, we investigate two
viable single-loop algorithms to address this question: (i) alternating GDA (hereafter AGDA
and Stoc-AGDA for their stochastic variance) and (ii) Smoothed-AGDA. Importantly, AGDA,
with sequential updates between x and y, is one of the most popular algorithms used in
practice and has an edge over GDA in several settings [Zhang et al., 2021a]. Smoothed-
AGDA, first introduced by [Zhang et al., 2020a], utilizes a regularization term to stabilize
the performance of GDA when the objective is convex in y. We show that these two
algorithms can satisfy our need to achieve faster convergence under milder assumptions.

We are interested in analyzing their theoretical behaviors under the general NC-PL
setting, namely, the objective is nonconvex in x and satisfies the Polyak-Lojasiewicz (PL)
condition in y [Polyak, 1963]. This is a milder assumption than strong concavity and does
not even require the objective to be concave in y. Such an assumption has been shown to
hold in linear quadratic regulators [Fazel et al., 2018], as well as overparametrized neural
networks [Liu et al., 2020a]. This setting has driven a lot of the recent progress in the quest
for understanding deep neural networks [Lee et al., 2017, Jacot et al., 2018], and it therefore
appears as an ideal candidate to deepen our understanding of the convergence properties
of minimax optimization.
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4.1.1  Contributions

In this chapter, we study the convergence of AGDA and Smoothed-AGDA in the NC-PL
setting. Our goal is to find an approximate stationary point for the objective function
f(-,+) and its primal function ®(-) £ max, f(-,y). For each algorithm, we present a unified
analysis for the deterministic setting, when we have access to exact gradients of (4.1), and
the stochastic setting, when we have access to noisy gradients. We denote the smoothness
parameter by I, PL parameter by y, condition number by x = ﬁ and initial primal function
gap ®(x) —infy O(x) by A.

DETERMINISTIC SETTING.  We first show that the output from AGDA is an e-stationary
point for both the objective function f and primal function ® after O(x>Ale~2) iterations,
which recovers the result of primal function stationary convergence in [Yang et al., 2020a]
based on a different analysis. The complexity is optimal in €, since Q(e~2) is the lower
bound for smooth optimization problems [Carmon et al., 2020]. We further show that
Smoothed-AGDA has O(xAle~2) complexity in finding an e-stationary point of f. We
can translate this point to an e-stationary point of ® after an additional negligible O(x)
oracle complexity. This result improves the complexities of existing single-loop algorithms
that require the more restrictive assumption of strong-concavity in y (we refer to this
class of function as NC-SC). A comparison of our results to existing complexity bounds is
summarized in Table 6.1.

STOCHASTIC SETTING. We show that Stoc-AGDA achieves a sample complexity of
O(x*Ale~*) for both notions of stationary measures, without having to rely on the O(e~2)
batch size and Hessian Lipschitz assumption used in prior work. This is the first conver-
gence result for stochastic NC-PL minimax optimization and is also optimal in terms of the
dependency to €. We further show that the stochastic Smoothed-AGDA (Stoc-Smoothed-
AGDA) algorithm achieves the O(x2Ale~*) sample complexity in finding an € stationary
point of f or ® for small €. This result improves upon the state-of-the-art complexity
O(x3Ale~*) for NC-SC problems, which is a subclass of the NC-PL family. We refer the
reader to Table 4.2 for a comparison.

4.1.2  Related Work

PL CONDITIONS IN MINIMAX OPTIMIZATION. In the deterministic NC-PL setting,
Yang et al. [2020a] and Nouiehed et al. [2019] show that AGDA and its multi-step variant,
which applies multiple updates in y after one update of x, can find an approximate
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stationary point within O(x?¢~2) and O(x%e~2) iterations, respectively. Recently, Fiez et al.
[2021] showed that GDA converges asymptotically to a differential Stackelberg equilibrium
and establish a local convergence rate of O(e~2) for deterministic problems. In comparison,
our work establishes non-asymptotic convergence to an e-stationary point regardless of the
starting point in both deterministic and stochastic settings, and we also focus on reducing
the dependence to the condition number. Xie et al. [2021] consider NC-PL problems in the
federated learning setting, showing O(e~2) communication complexity when each client’s
objective is Lipschitz smooth.

NC-SC MINIMAX OPTIMIZATION. NC-SC problems are a subclass of NC-PL family.
In the deterministic setting, GDA-type algorithms has been shown to have O(x%e2)
iteration complexity [Lin et al., 2020a, Xu et al., 2020c, Bot and B6hm, 2020, Lu et al., 2020].
Later, Lin et al. [2020b] and Zhang et al. [2021b] improve this to O(\/Ee_z) by utilizing a
proximal point method and Nesterov acceleration, and Zhang et al. [2021b] and Han et al.
[2021] develop a tight lower complexity bound of Q(y/xe~2). Yan et al. [2020] introduce
Epoch-GDA for weakly-convex-strongly-concave problems. Comparatively, there are less
studies in the stochastic setting. Recently, Chen et al. [2021b] extend their analysis from
bilevel optimization to minimax optimization and show O(x%¢~*) sample complexity for
an algorithm called ALSET without the O(e~2) batch size required in [Lin et al., 2020a].
ALSET reduces to AGDA in minimax optimization when it only does one step of y
update in the inner loop. Guo et al. [2021b] utilize stochastic moving-average estimator
to nonconvex optimization and their algorithm PDSM achieves the same complexity for
NC-SC minimax problems. We also refer the reader to the increasing body of bilevel
optimization literature; e.g. [Guo and Yang, 2021, Ji et al., 2020, Hong et al., 2020, Chen
et al., 2021a, Zhang, 2021b]. Also, Luo et al. [2020], Huang and Huang [2021] and Tran-
Dinh et al. [2020] explore variance-reduced algorithms in this setting under the averaged
smoothness assumption. Concurrently, Fiez et al. [2021] prove perturbed GDA converges
to e-local minimax equilibria with complexities of O(e~*) and O(e~2) in stochastic and
deterministic problems, respectively, under additional second-order conditions. Notably, Li
et al. [2021] develop the lower complexity bound of Q (y/xe 2 + x!/3¢~*) for the stochastic
setting. Other than first-order algorithms, there are a few explorations of zero-order
methods [Xu et al., 2021, Huang et al., 2020, Xu et al., 2020b, Wang et al., 2020b, Liu et al.,
2020e, Anagnostidis et al., 2021] and second-order methods [Luo and Chen, 2021, Chen
and Zhou, 2021]. All the results above hold in the NC-SC regime, while the PL condition

is significantly weaker than strong-concavity as it lies in the nonconvex regime.
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4.2 PRELIMINARIES

NOTATIONS. Throughout the chapter, we let || - || = 1/(:,-) denote the ¢, (Euclidean)
norm and (-, -) denote the inner product. For non-negative functions f(x) and g(x), we
write f = O(g) if f(x) < cg(x) for some ¢ > 0, and f = O(g) to omit poly-logarithmic
terms. We define the primal-dual gap of a function f(-,-) at a point (£,7) as gap(£, ) S
max, g, f(£,y) —min, s f(x,9).

We are interested in minimax problems of the form:

min max f(x,y) £ E[F(x,y; )], (4-2)

x€RM yeR%2
where ¢ is a random vector with support E, and f is possibly nonconvex-nonconcave. We
now present the main setting considered in this paper.

Assumption 10 (Lipschitz Smooth). The function f is differentiable and there exists a positive
constant | such that

[Vaf (x1,y1) — f(xz,yz)II < Il[x1 = 22| + [ly1 — y2ll],
[Vyf (x1,y1) = Vi f (x2,y2) || < 1llxn — %2l + lly1 — w2ll],

holds for all x1,x; € R, yy, yo € R,

Assumption 11 (PL Condition in y). For any fixed x, max, .gs, f (x,y) has a nonempty solution
set and a finite optimal value. There exists y > 0 such that: |V, f(x,y)||* > 2u[max, f(x,y) —

floy)l vxy.

The PL condition was originally introduced in [Polyak, 1963] who showed that it
guarantees global convergence of gradient descent at a linear rate. This condition is shown
in [Karimi et al., 2016] to be weaker than strong convexity as well as other conditions
under which gradient descent converges linearly. The PL condition has also drawn much
attention recently as it was shown to hold for various non-convex applications of interest
in machine learning [Fazel et al., 2018, Cai et al., 2019], including problems related to
deep neural networks [Du et al., 2019, Liu et al., 2020a]. In this work, we assume that the
objective function f in (4.2) is Lipschitz smooth and satisfies the PL condition about the
dual variable y, i.e. Assumption 10 and 11, which is the same setting as in [Nouiehed
et al., 2019] and [Yang et al., 2020b] (Appendix D). However, to the best of our knowledge,
stochastic algorithms have not yet been studied under such a setting.

From now on, we will define ®(x) £ max, f(x,y) as the primal function and x = ﬁ as
the condition number. We will assume that ®(-) is lower bounded by a finite ®*. According
to [Nouiehed et al., 2019], ®(-) is 2«I-lipschitz smooth with Assumption 10 and 11. There
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are two popular and natural notions of stationarity for minimax optimization in the form
of (4.2): one is measured with Vf and the other is measured with V®. We give the formal

definitions below.

Definition 16 (Stationarity Measures).
a) (X,9) is an (€1, €2)-stationary point of a differentiable function f(-,-) if |V f(%,9)| < €1
and ||V, f(%,9)|| < e2. If (£,9) is an (e, €)-stationary point, we call it e-stationary point
for simplicity.

b) % is an e-stationary point of a differentiable function ®(-) if || VO(2)|| <e.
These two notions can be translated to each other by the following proposition.

Proposition 2 (Translation between Stationarity Measures).

a) Under Assumptions 10 and 11, if £ is an e-stationary point of ® and ||V, f(%,7)|| < €/,
then we can find another § by maximizing f(%,-) from the initial point §j with (stochastic) gradient
ascent such that (£,7) is an O(€)-stationary point of f, which requires O <K log (’%)) gradients
or O (x + x>0 ~2) stochastic gradients.

b) Under Assumptions 10 and 11, if (%,7) is an (€,€/+/x)-stationary point of f, then we
can find an O(e)-stationary point of ® by approximately solving min, maxy f(x,y) + I||x — &2
from the initial point (%,1) with (stochastic) AGDA, which requires O (xlog (x)) gradients or
O (x + k>02e~2) stochastic gradients.

Remark 4.2.1. The proposition implies that we can convert an e-stationary point of ® to an
e-stationary point of f and an (€,€//x)-stationary point of f to an e-stationary point of ®,
at a low cost in 1/€ dependency compared to the complexity of finding the stationary point of
either notion. Therefore, we consider the stationarity of ® a slightly stronger notion than the other.
Lin et al. [2020a] establish the similar conversion under the NC-SC setting, but it requires an
(e/x)-stationary point of f to find an e-stationary point of ®. Later we will use this proposition to
establish the stationary convergence for some algorithms.

Finally, we assume to have access to unbiased stochastic gradients of f with bounded

variance.

Assumption 12 (Stochastic Gradients). G, (x,y,¢) and Gy(x,y,¢) are unbiased stochastic
estimators of V. f (x,y) and YV f (x,y) and have variances bounded by ¢ > 0.

4.3 STOCHASTIC AGDA
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Algorithm 6 Stoc-AGDA
Input: (xo, o), step sizes 4 > 0,72 >0
forallt=0,1,2,..,T—1do
Draw two i.i.d. samples ¢}, ¢}
Xep1 < X — T Ge(xt, Y1, &)
Yir1 < Yt + Gy(xe11,y1,85)
end for
Output: choose (%, 7) uniformly from {(x¢, y;)};-

T 1

N VAR R NR

Stochastic alternating gradient descent ascent (Stoc-vAGDA) presented in Algorithm
6 sequentially updates primal and dual variables with simple stochastic gradient de-
scent/ascent. In each iteration, only two samples are drawn to evaluate stochastic gradients.
Here 71 and 1 denote the stepsize of x and y, respectively, and they can be very different.

Theorem 4.3.1. Under Assumptions 10, 11 and 12, if we apply Stoc-AGDA with stepsizes

i VA 1 . 1A 1
=min<{ —Y2—, = = min<{ 22, 7
E {4m<2\/n' sl (4 T2 ol 1 (- then we have

1 TZl]EHW D2 <1088ZK2A N 1361;<2a0 N SKZ\ﬂaoa 1232;«2\/1%
- T T VAT VT '

where A = CD(xo) — ®* and ag := D(x9) — f(x0,y0). This implies a sample complexity of
@) (Z"ZA + 1K4A‘7 > to find an e-stationary point of ®.

We can either use Proposition 2 to translate to the other notion with extra computations
or show that Stoc-AGDA directly outputs an e-stationary point of f with the same sample
complexity.

Corollary 4.3.2. Under the same setting as Theorem 4.3.1, the output (%,
satisfies E||Vyf(%,7)| < € and E||V,f(%,7)| < € after O (ZKZA + "%
implies the same sample complexity as Theorem 4.3.1.

g from Stoc-AGDA
A ) iterations, which

Remark 4.3.3. The dependency on ag = ®(xo) — f(xo,y0) can be improved by initializing v
with gradient ascent or stochastic gradient ascent to maximize the function f(xo, -) satisfying the
PL condition, which has exponential convergence in the deterministic setting and O(+) sublinear
rate in the stochastic setting [Karimi et al., 2016].

Remark 4.3.4. The complexity above has different dependency as a function of € and x for the
terms with and without the variance term . When o = 0, iterations the output from AGDA
after O (Ix*Ae=2) will be an e-stationary point of both f and ®. It recovers the same complexity
result in [Yang et al., 2020b] for the primal function stationary convergence. Nouiehed et al. [2019]
show the same complexity for multi-GDA based on the stationary measure of f, which implies



4.4 STOCHASTIC SMOOTHED AGDA

O(Ix®ANe™2) complexity for the stationary convergence of ® by Proposition 2. See Table 6.1 for
1more comparisons.

Remark 4.3.5. When o > 0, we establish the brand-new sample complexity of O(Ix*Ae™*)
for Stoc-AGDA. 1t is the first analysis of stochastic algorithms for NC-PL minimax problems.
The dependency on e is optimal, because the lower complexity bound of Q(e~*) for stochastic
nonconvex optimization [Arjevani et al., 2022] still holds when considering f(x,y) = F(x) for
some nonconvex function F(x). Even under the strictly stronger assumption of imposing strong-
concavity in y, to the best of our knowledge, it is the first time that vanilla stochastic GDA-type
algorithm is showed to achieve O(e~*) sample complexity without either increasing batch size as in
[Lin et al., 2020a] or Lipschitz continuity of f(-,y) and its Hessian as in [Chen et al., 2021b]. In
[Lin et al., 2020a], they show a worse complexity of O(e~>) for GDA with O(1) batch size. We
refer the reader to Table 4.2.

Remark 4.3.6. We point out that under our weaker assumption, the dependency on the condition
number x is slightly worse than that in [Lin et al., 2020a, Chen et al., 2021b]. If only O(1) samples
are available in each iteration, Stoc-GDA only achieves O(e~°) sample complexity [Lin et al.,
2020a]. On the other hand, the analysis in [Chen et al., 2021a] is not applicable here. It uses
a potential function V; = ®(x;) + O(p)|ly: — v*(x¢)||?], where y*(x;) = argmax, f(x,y). To
show a descent lemma for IE[V}], it shows the Lipschitz smoothness of y*(-), which heavily depends
on Lipschtiz continuity of f and its hessian, while under PL condition y*(x) might not be unique
and we no longer make additional Lipschitz assumptions. Instead, we present an analysis based on
the potential function Vi = ®(x;) + O(1)[®(x) — f(x¢, y¢)] (see Appendix 4.6.2).

4.4 STOCHASTIC SMOOTHED AGDA

Algorithm 7 Stochastic Smoothed-AGDA
: Input: (xo, Yo, 20), step sizes 4 > 0,72 >0
:forallt=0,1,2,..,T —1do
Draw two i.i.d. samples ¢}, &}
41 = x¢ — T [Gx (21, y1, 61) + p(x1 — z1)]
Y1 = Yi + TZGy(xtJrlr Yt 65)
Zir1 =zt + B(Xe41 — 2t)
end for
. Output: choose (£,7) uniformly from {(x¢, y:)}/2,)

N AR N
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Stochastic Smoothed-AGDA presented in Algorithm 7 is closely related to proximal
point method (PPM) on the primal function ®(-). In each iteration, we consider solving an
auxiliary problem: min, ®(x) + §||x — z[|?, which is equivalent to:

minmax f(x,y;z:) £ f(x,y) + 5 x|,

where z; is called a proximal center to be defined later. Recently, proximal type algorithms
including Catalyst have been shown to efficiently accelerate minimax optimization [Lin
et al., 2020b, Yang et al., 2020b, Zhang et al., 2021b, Luo et al., 2021]. While these algorithms
require multiple loops to solve the auxiliary problem to some high accuracy’, Stoc-
Smoothed-AGDA only applies one step of Stoc-AGDA to solve it from the point (x;,y;) as
in step 4 and 5. Step 6 in Algorithm 7 with some B € (0,1) guarantees that the proximal
point z; in the auxiliary problem is not too far from the previous one z;_;. Smoothed-
AGDA was first introduced by Zhang et al. [2020a] in the deterministic nonconvex-
concave minimax optimization. To the best of our knowledge, its convergence has not been
discussed in either the stochastic or the NC-PL setting.

Stoc-Smoothed-AGDA still maintains the single-loop structure and use only O(1) sam-
ples in each iteration. If we choose p = 1 or p = 0, it reduces to Stoc-AGDA. Later in the
analysis, we choose p = 2/ so that the auxiliary problem is /-strongly convex in x. We will
see in the next theorem that this quadratic regularization term enables Smoothed-AGDA
to take larger stepsizes for x compared to AGDA. In Smoothed-AGDA, the ratio between
stepsize of x and y is ®@(1)?, while this ratio is ©(1/x?) in AGDA.

Theorem 4.4.1. Under Assumptions 10, 11 and 12, if we apply Algorithm 7 with 71 =
: A 1 i A1 _ _
min {Za\gﬁl j}/ T2 = min {W\Cﬁ'@}’ p = 21 and ’B = 1-256, then
c1xV1b cokVIA
o+

= colx
= E{ (|Vif (x5, +x||Vyf (x4, <—A+b o,

7 L E{IVf Gyl [1Vf G|} |+ e+

where A = ®(zo) — ©* and by = 2gapy,. ...\ (X0, Yo) is the primal-dual gap of the first auxiliary

function at the initial point, and cy, c1 and cp are O(1) constants. This implies the sample complexity
of O <IKA + ZKZA” > to find an (e, € /+\/x)-stationary point of f.

Remark 4.4.2. In the theorem above, by measures the optimality of (xo,yo) in the first auxiliary
problem: min, maxy f(x,y) + I||x — zo||?, which is I-strongly convex about x and u-PL about y.
Therefore, the dependency on by can be reduced if we initialize (xo,yo) by approximately solving the
first auxiliary problem with (Stochastic) AGDA, which converges exponentially in the deterministic
setting and sublinearly at O(1/T) rate in the stochastic setting for strongly-convex-PL minimax
optimization [Yang et al., 2020a].

In Appendix 4.6.4, we present a two-loop Catalyst algorithm combined with AGDA (Catalyst-AGDA) that
achieves the same complexity as Algorithm 7 in the deterministic setting.

2 In Appendix 4.6.4, we show Catalyst-AGDA takes the stepsizes of the same order in the deterministic setting.



4.5 EXPERIMENTS

By Proposition 2, we can convert the output from Stoc-Smoothed-AGDA to an O(e)-
stationary point of ®.

Corollary 4.4.3. From the output (£,7) of stochastic Smoothed-AGDA, we can apply (stochastic)
AGDA to find an O(e)-stationary point of ® by approximately solving min, max, f(x,y) +I[[x —

£||2. The total complexity is O (l’;—f) in the deterministic setting and O (l’e‘—f + l’i%"z + KZ—‘{Z) in

the stochastic setting.

Remark 4.4.4. In the deterministic setting, the translation cost is x log(x), which is dominated
by the complexity of finding (e, € /\/x)-stationary point of f in Theorem 4.4.1. In the stochastic

1502
T2
the condition number. In practice, the inverse of the target accuracy is usually large. We leave the

setting, the extra translation cost O is low in the dependency of 1 but larger in terms of
question of reducing translation cost and whether Stocastic Smoothed-AGDA can directly output
an approximate stationary point of ® to future research.

Remark 4.4.5. The term without variance o has better dependency on € and x than the term with
. In the deterministic setting, Smoothed-AGDA achieves the complexity of O(IxAe~2), which
improves over AGDA [Yang et al., 2020a] and Multi-AGDA [Nouiehed et al., 2019] with either
notion of stationarity. Notably, this complexity under our weaker assumptions is better than that
of other single-loop algorithms under a stronger assumption of strong-concavity in y (see Table
4.2). Recently, Zhang et al. [2021b] provide a tight lower bound of O(I\/xAe~?) for deterministic
NC-SC minimax optimization. However, we do not expect the same complexity can be achieved
under weaker assumptions.

Remark 4.4.6. In the stochastic setting, we show Stoc-Smoothed-AGDA achieves a sample
complexity of O(Ix>Ae*) for finding an e-stationary point of f. To find an e-stationary point of @,
it bears an additional complexity of O(x°c?e~2), which is negligible as long as € is asymptotically
small, i.e. when € < O(\/A/Ix3). This sample complexity improves over O(lx*Ae™*) sample
complexity of Stoc-AGDA in NC-PL setting, and even O(Ix>Ae~*) complexity of Stoc-GDA
[Lin et al., 2020a] and ALSET [Chen et al., 2021b] in NC-SC setting. Moreover, this sample
complexity improvement comes without any large batch size, additional Lipschitz assumptions,
or multi-loop structure. Very recently, Li et al. [2021] develop the lower complexity bound of
Q (Ve + x1/3e~4) in NC-SC setting, but there is no matching upper bound yet.

4.5 EXPERIMENTS

We illustrate the effectiveness of stochastic AGDA (Algorithm 6) and stochastic Smoothed-
AGDA (Algorithm 7) for solving NC-PL min-max problems. In particular, we show that
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FIGURE 4.1: Training of a toy regularized WGAN with linear generator. Shown is the evolution of
the stochastic gradients norm and the distance to the optimum. All methods are tuned
at best for a minibatch size of 100, and each experiment is repeated 5 times (1 std
shown). For Adam and RMSprop, we tuned over 4 learning rates (le —4,5¢ — 4, 1e —
3,5e — 3) and 2 momentum parameters 0.5, 0.9. The optimal configuration is obtained
for a stepsize of 5¢ — 4 and momentum 0.5. For stochastic AGDA we considered each
combination of 7y, 7» € {le —2,5¢ —2,1e — 1,5¢ — 1,1}. The optimal configuration
was found to be 71 = 5¢ — 1, T, = 1. For stochastic Smoothed-AGDA we use f = 0.9,
p = 10 and tuned it to best: 71 =5e — 1,72 = 5¢ — 1.

the smoothed version of stochastic AGDA can compete with state-of-the-art deep learning

optimizers 3.

TOY WGAN WITH LINEAR GENERATOR. We consider the same setting as [Loizou
et al., 2020], i.e. using a Wasserstein GAN [Arjovsky et al., 2017] to approximate a one-
dimensional Gaussian distribution. In particular, we have a dataset of real data x" and
latent variable z from a normal distribution with mean 0 and variance 1. The generator is
defined as G,,+(z) = p + 0z and the discriminator (a.k.a the critic) as Dy (x) = ¢1x + pox?,
where x is either real data or fake data from the generator. The true data is generated from
f = 0,0 = 0.1. The problem can be written in the form of:

minmax f(,7, ¢, ¢2) 2 E (e 1)op D (X ) — Dy (Gpuo(2)) — AlloI,

where D is the distribution for the real data and latent variable, and the regularization
Al|¢]|> with A = 0.001 makes the problem strongly concave. This problem is non-convex
in ¢: indeed since z is symmetric around zero, both ¢ and —¢ are solutions. We fixed
the batch size to 100 and tuned each algorithm at best (see plots in the appendix). Each
experiment is repeated 3 times. In Figure 4.1 we provide evidence of the superiority of Stoc-
Smoothed-AGDA over Stoc-AGDA, Adam [Kingma and Ba, 2014] and RMSprop [Tieleman
et al., 2012]. As the reader can notice, Stoc-Smoothed-AGDA is competitive with fine-tuned
popular adaptive methods, and provides a significant speedup over AGDA with carefully
tuned learning rates, which verifies our theoretical results.

3 Code available at https://github.com/aorvieto/NCPL.git
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4.5 EXPERIMENTS
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FIGURE 4.2: ReLU Network generator for a regularized WGAN (same settings as for Figure 4.1).
Each algorithm is tuned to yield best performance, with a procedure similar to
the one in Figure 4.1. The gradient with respect to the discriminator evolves very
similarly to the last example, with fast convergence to a non-zero value.
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FIGURE 4.3: Robust non-linear regression on a synthetic Gaussian Dataset. Using 11 = 5¢ —4, 7p =
5 for both AGDA and Smoothed-AGDA, we notice a performance improvement for
the latter using g = 0.5, p = 10.

TOY WGAN WITH NEURAL GENERATOR. Inspired by [Lei et al., 2020], we consider
a regularized WGAN with a neural network as the generator. For ease of comparison,
we leave all the problem settings identical to the last paragraph, and only change the
generator G, to Gy, where 0 are the parameters of a small neural network (one hidden
layer with five neurons and ReLU activations). After careful tuning for each algorithm, we
observe from Figure 4.2 that Stoc-Smoothed-AGDA still performs significantly better than
vanilla Stoc-AGDA and Adam in this setting. The adaptiveness (without momentum) of
RMSprop is able to yield slightly better results. This is not surprising, as adaptive methods
are the de facto optimizers of choice in generative adversarial nets. Hence, a clear direction
of future research is to combine adaptiveness and Smoothed-AGDA.

ROBUST NON-LINEAR REGRESSION. The experiments above suggest that Smoothed-
AGDA accelerates convergence of AGDA. We found that this holds true also outside the
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WGAN setting: in this last paragraph, we show how this accelerated behavior in a few
robust regression problems. We first consider a synthetic dataset of 1000 datapoints z in
500 dimensions, sampled from a Gaussian distribution with mean zero and variance 1.
The target values yg are sampled according to a random noisy linear model. We consider
fitting this synthetic dataset with a two-hidden-layer ReLU network (256 units in the first
layer, 64 in the second): net,(z) with x being the parameter. For the robustness part, we
proceed in the standard way (see e.g.[Adolphs et al., 2019]) and add the concave objective
—2lv — yol|? to the loss:

3

A
il - t 2 _7r _ 2
ngnex — " =5y = woll”,

where we chose A = 1. In this experiement, we compare the performance of AGDA
and Smoothed-AGDA under the same stepsize 11, . From Figure 4.3, we observe that
Smoothed-AGDA has much faster convergence than AGDA both in the stochastic and
deterministic setting (i.e. with full batch).



4.6 APPENDIX

4.6 APPENDIX
4.6.1  Useful Lemmas

Lemma 4.6.1 (Lemma B.2 [Lin et al., 2020b]). Assume f(-,y) is py-strongly convex for
Vy € R% and f(x,-) is py-strongly concave for Vx € R™ (we will later refer to this as (jix, py)-
SC-SC)) and f is I-Lipschitz smooth. Then we have

a) y*(x) = argmax, g, f(x,y) is Viy-Lipschitz;

b) ®(x) = max, i, fx,y)is %—Lipschitz smooth and p-strongly convex with VO&(x) =
Vaf (6,57 (x));

) x*(y) = argmin, _pa, f(x,y) is ﬁ-Lipschitz;

d) ¥(y) = min, e f(x,y) is %Z—Lipschitz smooth and p,-strongly concave with VY (y) =
Vyf(x*(y) y)-

Lemma 4.6.2 (Karimi et al. [2016]). If f(+) is I-smooth and it satisfies PL condition with constant
U, ie.
IVF()I1? = 2p[f (x) — min f(x)], ¥x,
then it also satisfies error bound (EB) condition with u, i.e.
IV = pllxp = x]l, ¥,
where x, is the projection of x onto the optimal set, and it satisfies quadratic growth (QG) condition
with y, i.e.
_ mi iy, — x|2
Fx) = min £(x) > L, — 22, v
Lemma 4.6.3 (Nouiehed et al. [2019]). Under Assumption 10 and 11, define ®(x) = max, f(x,y)
then

a) forany x, xp, and y*(x1) € Argmax, f(x1,y), there exists some y*(x2) € Argmax, f(x2,y)
such that

* * Z
Mrmmézﬁm—mw

b) ®(:) is L-smooth with L = 1 + & with x = % and VO(x) = V. f(x,y*(x)) for any
y*(x) € Argmax, f(x,y).
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Now we present a Theorem adopted from [Yang et al., 2020a]. Under the two-sided PL
condition, it captures the convergence of AGDA with dual updated first#:
Y=Y RV (Y,
karl — xk _ Tlvxf(xk/]/k+1)- (43)

Theorem 4.6.4 (Yang et al. [2020a]). Consider a minimax optimization problem under Assumption

min max f(x,y) = E[F(x,y; &)].

x€RM yeR%2

Suppose the function f is I-smooth, f(-,y) satisfies the PL condition with constant yq and — f (x, -)
satisfies the PL condition with constant yy for any x and y. Define

1
Pe=E[Y" = ¥(y)] + 5 E (" y") - ¥ ()]
with ¥ (y) = miny f(x,y) and ¥* = max, ¥ (y). If we run Stoc-AGDA (with update rule (4.3))

2
with stepsizes 71 < % and v < Y117 then

18127
‘]/[2T2 k 23121—22/‘111 + ZT12 2
P.<(1——==) P . .
k= ( 2 ) 0+ 10‘1/12"(2 7 (4 4)
In the deterministic setting, e.g. o = 0, if we run AGDA with stepsizes 7 = } and 7, = %3 then
GIZAY
P < < ST ) Po. (4-5)

Definition 17 (Moreau Envelope). The Moreau envelope of a function ® with a parameter A > 0
is: 1
@, (x) = min ®(z) + ||z — x|*
() = min &(z) + 572 x|
The proximal point of x is defined as: prox, 4 (x) = argmin, _ge, {®(z) + 55|z — x|*}.
The gradients of ® and and @, are closely related by the following well-known lemma;
see e.g. [Drusvyatskiy and Paquette, 2019].

Lemma 4.6.5. When F is differentiable and (-Lipschitz smooth, for A € (0,1/¢) we have
V@ (prox)p(x)) = VP, (x) = A~ (x — prox, & (x)).

The update is equivalent to applying AGDA with primal variable update first to min, max, —f(x,y), so its
convergence is a direct result from [Yang et al., 2020a]. We believe a similar convergence rate to Theorem
4.6.4 holds for AGDA with x update first. But for simplicity, here we consider update (4.3) without additional
derivation.
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PROOF OF PROPOSITION 2

Proof. We will prove Part (a) and (b) separately.
Part (a): If we can find § such that max, f(%,vy) — f(%,7) < f— thenas ||V, f(%,y* (%)) =0,
(

IVyf (& DI = [IVyf(£,9) = Vyf(2y ()]

<Ig-y @ < l\/y[m;Xf(x y) —f(2,9)] < V2e,

where in the first inequality we fix y*(x) to the projection from § to Argmax, f(%,y), in
the second inequality we use Lipschitz smoothness, and in the third inequality we use PL
condition and Lemma 4.6.2. Also,

IV f (2D < IVef Ry (D + IVef(£,9) = Vaf (£ y7(2)) ]
< [[Ve@)[+1g -y @)

< [[Ve@)] +l\/y[mya><f(x y) = f(&9)] < 1+ V2)e,

where in the second inequality we use Lemma 4.6.3. Therefore, our goal is to find § such

that max, f(£,y) — f(%,7) < % by applying (stochastic) gradient ascent to f(%,-) from
initial point .

Deterministic case: Since ||V, f(%,7)|| < €, we have max, f(%,y) — f(£,7) < e 5 by PL
condition. Let y* denote k-th iterates of gradient ascent from initial point § with steps1ze
Then by [Karimi et al., 2016]

k
ma f(5,y) ~ f(5,9) < (1= 1) | max () - 72

Y K y
So after O <K log (’%) ) , we can find the point we want.

Stochastic Case: Let y* denote k-th iterates of stochastic gradient ascent from initial point
7 with stepsize T < }. Then by Lemma A4 in [Yang et al., 2020b]

5 s k+1 [ s ~ K I7? 2
E [max f(2,5)) ~ (5,47 < (1= w0 [max(5,9)) = (50| + 0%
which implies _
E [max f(5,)) ~ £(5,5)] < (1 40 |max f(2,) ~ £ (2] + 52

y
So with T = min {% ( e )}, we can find the point we want with a complexity of
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Part (b): We first look at @ /5;(¥) = min, ®(z) + I||z — %||*>. Then by Lemma 4.3 in [Drusvy-
atskiy and Paquette, 2019],

[V ®1/21(%)]?
= 41| % — proxg, 5 (%) 17
< 8I[D(%) — @(proxg (%)) — I||proxg (%) — |
=81 [®(%) = f(%,7) + f(%,7) — f(proxe, (%), §) + f(ProxXg, 5 (%), 7) — (proxg, 5 (%))

—I|lproxg, 5 (%) — %%

1
<81 | o VU (E D)+ F(5.9) — f(proxe, s (£),5) — Hproxe, (%) — 7 (4.6)

| 2

—

where in the first inequality we use the I-strong-convexity in x of ®(x) + I||x — £||, in
the second inequality we use ®(%) — f(%,7) < - IVyf(x, 7)||?> by PL condition, and

f(proxgy(%),7) — ®(proxy 5 (¥)) < 0. Note that by defining f(x,y) = f(x,y) +1||x —
%||?, we have

- / -
)) = 5 l1x = proxg, . (F)*
1 o l _ l 5
< S IV E DI+ 5 llx = proxe,(D)* = S llx = proxe,» (¥)*

< IVFEDI = IV DI,
where in the second inequality we use I-strong-convexity in x of f(x,y). Plugging into
(4.6),
IV @1/21()]|? = 41| — proxg, (%) < 4x[|Vy £ (2, ) [ + 4 V2f (£, P)II* < 8e. (4.7)
If we can find £ such that ||proxg, (%) — £|| < , then
IVO(2)[| < [[VE(proxg, (%)) + [[VE(2) — V@ (proxg, (%))
< ([ VD2 (%) || + 251 | proxg, 5 (£) — £|| < (2V2 +2)e,

where in the second inequality we use Lemma 4.6.3 and Lemma 4.6.5. Note that proxg, ,»; (%)
is the solution to min, ®(x) + [||x — ¥||?, which is equivalent to

m}(inmyaxf(x,y)%—le—fHZ. (4.8)

This minimax problem is /-strongly convex about x, y-PL about y and 3/-smooth. Therefore,
we can use (stochastic) alternating gradient descent ascent (AGDA) to find £ such that

|proxg /5 (%) — £|| < 5 from initial point (%, 7).
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Deterministic case: Let (x¥,y¥) denote k-th iterates of AGDA with y updated first from
initial point (%, #) on function (4.8). Define & (x) = max, f(x,y) = max, f(x,y) +1||x — %||?,
¥(y) = miny f(x,y) = min, f(x,y) +1||x — %||?> and ¥* = max, ¥(y). We also denote x* =
argmin & (x) = proxg, o (%). Then we define P, = T — ¥k + 5 {fA(xk,yk) - ‘?(yk)].
Note that

T U YU o oo, 1 A
Po=¥ —¥(7) + 35 |[f&9) —¥®)| < ¥ —¥@) + 55 Vo f (5 9)]
2
N A €
<Y —Y(7)) + —. .
<Y -Y(@) + 55 4-9)

Also, we note that
¥* — ¥(7) = maxmin f(x,y) — min f(x, 7)
v x x

~ maxmin f(x,y) — max f(%,) + max f(£,y) = F(7,9) + f(%,7) — min f(x,7)
2

1 A 1 A 1 1 €

< = T o 2 — o 12 4 v 2 < &

< 3 IV DI + IV FEDIE = IV @0 + IV FEDIF < T

where in the first inequality we use max, min, f(x,y) < max, f(%,y), I-strong-convexity
of f(-,7) and u-PL of f(%,-). Combined with (4.9) we have

2
Ponge.

Then we note that
* * * * 42 P *
" = 22 < 2]l = 2 )P+ 201" (F) — 217 < PR Y =]+ 18]y -y
4 . s 18 ss 40
< SUEEY) =¥+ F[T(yk) —Vl= ke

where in the second inequality we use I-strong-convexity of f(-,y*) and Lemma 4.6.1, in
the third inequality we use u-PL of ¥(-) (see e.g. [Yang et al., 2020a]). Because f(x,v)
is I-strongly convex about x, u-PL about y and 3I-smooth, it satifies the two-sided PL
condition in [Yang et al., 2020a] and it can be solved by AGDA. By Theorem 4.6.4, if we

choose 71 = 4 and & = ﬁ = 3¢, we have
1
< (1 - ——
Pes (=g ) R
Therefore,
40 40 1 \F 80€> 1 \F
FxP< =P <—=(1—-—— | < — (1—-—) .
I === 5 k—y< 972¢) 0= Tl 972k

So after O(k log x) iterations we have ||x* — x*||? < %

Stochastic case: By Theorem 4.6.4, if we choose 71 < % and ©, = BEIE = %, we have

_ 2
P < ( 5 ) P0+O(KT20' )
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xlo?

O (klog(x) + x°c*log(x)e~?) iterations.

With 7, = min {ﬁ,@ ( e )} and 7 = 1621, we have || — x*[|2 < £ after

4.6.2  Proofs for Stochastic AGDA

PROOF OF THEOREM 4.3.1

Proof. Because ® is L-smooth with L =1+ %‘ by Lemma 4.6.3, we have the following by

Lemma A.4 in [Yang et al., 2020a]
L
P(xp1) < @) + (VP(xp), Xes1 = xe) + S [|xp1 — x>
L
= ®(xt) — 1 (VP(xt), Ga(xt, Y1, E11)) + Ele"Gx(xt/yt/ ol
Taking expectations of both sides and using Assumption 12, we get

E[®(x41)] < E[@(x)] = nEB[(VP(x;), Vi f (x1, y1))] + %Tf]E[HGx(xh}/t, o]

< E[®(x)] ~ nE[(V(x), Vo (0, y0))] + 5 CE|V.f (x0,0) ] + 5 770
< E[@(x)] = nE[(VO(x1), Vif (xr,y1))] + %]E[Hvxf(xt,yt)Hz] + %leaz
< E[@(x)] ~ TE|VO(x) | + TE| Vef (u,y1) — VO() | + 57,

2
(4.10)

where in the second inequality we use Assumption 12, and in the third inequality we use
71 < 1/L. By smoothness of f(x,-), we have

I
fxe1,ye01) > f(xn,ye) + (Vyf (e, Y1), Yer — yie) — §!|yt+1 — el

172
> f(xi1, 1) + (Vo f (X1, 1), Gy (X1, Y1, 85)) — 72||Gy(xt+1/]/t/ &) |

Taking expectation, as 7, < %

172 172
Ef(xt11,y141) — Ef (X1, 91) = BE|Vyf(x1,y0)|* = %E\!Vyf(xm,]/t)”z - 7202
T 172
> EZIEHvyf(xtH,yt)Hz - 72‘72- (4.11)

By smoothness of f(-,y), we have
I
fCersr,ye) 2 f O ye) +(Vaf (2,90, X1 = x1) = S|xe01 = x|

Z 2
> f(xe,ye) — (Vaf (x6,ye), Gof (x,y1,81)) — %ch(xhyt, DI
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Taking expectation, as 71 < %

172
Ef(xiv1,y:) —Ef (xn,y:) > —aE[[Vaf (x,y:) || — IEHfo(xt,yt)ll - *1 2

3T lT
>~ E|Vaf (a1, |P — 5Ho%. (4.12)

Therefore, summing (4.12) and (4.11) together
Ef(xt11,ye41) — Ef (x,yt)
%% ,

> 2BV, e )l - SRE Vel - B - Bt )
Now we consider the following potential function, for some a > 0 which we will pick later
Vi £V (xe,ye) = @(x) +a[®@(x) — f(xe,y0)] = (14 a)@(x1) — af (x1, 1)
Then by combining (4.10) and (4.13) we have
EVi —EVi 4
> D1+ 0)E [V ()| = 21+ 0)E | Vaf (x1,51) = VO (x0) | + SB[V f(xe1,y1) 2=

2
3T L1+« 120 IT?w
BN )P - | F R 4 2 4 TR

[5(1 +0) = 3ma| B[V (x))|* = [ 5 (1+ ) +30a] E | Vaf (x,y1) = VO (x0) | +

v

T T L(1+a IT2a I«
BB (i) = 2Ty e, 0) = Tof )| - [FF 4 T2 T 2

[50 + ) = 36| E |V (x))|* = [ 3L (1+a) +3nia| E[|Vaf (x1,ye) — VO (x1)|* +
L(1+ oc)T2 N It N l'tlzzx} 2

v

T T
B9 | — B PE s -l - [ T2 T

T
> [3(1 +0) = 3na| E [V (x))|* = [ 5 (1+2) +30a] E | Vaf (x,y:) = VO (x1) | +
T L(1+4a e It?a T
BV )|~ BRIV Syl - | e T T Rt 2
> {—(14—0&) 310 — Tal’T }]EHVq)(xt)H -

|5 (1+a) +3mia + Tl | B || Vaf (x1,1) = VO (x0)[|* +

) 2 2
where in the first inequality we use ||a + b||?> < 2|a||?> + 2||b||? and ||a]|®> > ||b]|?/2 —
|a — b||?, in the second inequality we use smoothness, and in the last inequality we use

i L(1+« 20 IT?a T
BBV f )| - [( RN L +2azzrﬂ 2, (4.14)
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116
|a + b||> < ||a]|? + ||b]|*>- Note that by smoothness and PL condition, fixing y*(x;) to be the

projection of y; to the set Argminf (x;,y)
y
IVf (2, ye) = V (x0) [ < Pllye =y () IP < €21V f (e, o) |
Plugging it into (4.14), we get
EV; — EVjyq > 2(L+@ 3na—qw2}muv¢ugu+
[Tl
28— D1+ ) = Brian® — ol } E||Vy f (xe, 1) 1>~
[L(1+a) , IT2a IT?« 5 5
5 T+ > + > —|——l oe. (4.15)
Then we note that when a = % T < % and »», < 1,
T T
?1(1 +a) —3T0 — T20612T12 > 1—2
Furthermore, when 7y < 68K2’ then
e _ _ 2> >
1 5 (1 + o)k — 3nax?® — nal*tix 64T2 > 16K T.
Also, as o« = %,ng%andﬁ = &
Ld+a) , [Pa It 2 .
— <
5 T + > + > +21xl 292x*172,
Therefore,
T
Ew—EnggéEHV¢()H+d6xqﬁmgﬂﬂﬂgw 29214t (4.16)
Telescoping and rearraging, with a 2 ®(x0) — f(x0,y0),
1= , 16 . 4 2
— Z E|V® (x)]” < T[Vg min V(x,y)] + 4762k 100
T p
16 2
< —[®(x0) — D] + —=a + 4672k 1707
< TlT[ (x0) 1+ T1Ta0+ 672K*1T107,
where in the second inequality we note that since for any x we can find y such that
®(x) = f(x,y),
Vo —min V(x,) = ®(xo) + a[®(x0) — £(x0,y0)] — min{ ®(x) + a[®(x)  £(x,)]}
— @ +a[®(x0) — f(x0,40)]-

= ®(x)

. . _ . CI>(X0)—<D* 1
Picking 7y = mm{ VTl Gl (7

1 T—
T ZIEHV‘D ()|
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2 2 2
< max {m,6811c2}16[®(x0) — ®*] + max {m,6811<2}a0+

@(Xo) — d* T q)(X()) — P T
M467ZK4ZUZ
402/ Tl
10881x> 1361x2 8x2v/1ag 1232x2/1[®(xq) — D*]
< D(xg) — D] + ap + o+ .
= T [ ( 0) ] T 0 [CD(XO) _ CD*]T ﬁ

—

. o . 17 q)(X())—(I)*
Here we can pick 7, = min { VTR

b

PROOF OF COROLLARY 4.3.2

Proof. Similar to the proof of part (a) in Proposition 2, fixing y*(x;) to be the projection of
x to Argmax, f(xt,y), we have

IVf Cer, y) 12 < 20 Ve f (e y* (xe)) 12 + 201V f et ye) = Vief Ge y* () |12
< 2 Vo) |2 + 217 [lye — y* (o) |2
< 2| V(x| + 262 Vy f (xe, y0) 1%,

where in the first inequality we use Lemma 4.6.3 and in the last inequality we use Lemma
4.6.2. Plugging into (4.16),

T
EV; — EVjyq > 3—;]E IV® (x1)||” + 20| Vy f (x1, 1) || — 29247202,

By the same reasoning as the proof of Theorem 4.3.1 (after equation (4.16)), with the same

stepsizes, we can show

1 T-1 ’
T Y E(Vaf (x0,y0) |1+ 326°E || Vy f (xt, 94|

=0

dolx® dqlx? dox®/1ag d3x?\/1[®(xg) — P*]
< D(xp) — P + ag + o+ o,
=T e T e e — e T VT

where dy, d1,d and d3 are O(1) constants.

4.6.3  Proofs for Stochastic Smoothed AGDA

Before we present the theorems and proofs, we adopt the following notations.
o flx,y;2) = f(x,y) + Pllx — z||%: the auxiliary function;

* ¥(y;z) = miny f (x,y;z): the dual function of the auxiliary problem;
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®(x;z) = maxy f(x,y;z): the primal function of the auxiliary problem;

* P(z) = min, max, f (x,y;z): the optimal value for the auxiliary function fixing z;

e x*(y,z) = argmin_ f(x,y;z): the optimal x w.r.t y and z in the auxiliary function;

* x*(z) = argmin, ®(x;z): the optimal x w.r.t z in the auxiliary function when y is
already optimal w.r.t x;

* Y*(z) = Argmax, ¥ (y; z): the optimal set of y w.r.t z when x is optimal to y;

e y(z) = y+ oV, f(x*(y,2),y;2): y after one step of gradient ascent in y with the

gradient of the dual function;

e xT(y,z) = x — 1V.f(x,y;2): x after one step of gradient descent with gradient at
current point;

o Gi(x,y,&2) = Ge(x,y,&) + p(x — 2): the stochastic gradient for regularized auxiliary
function.
Lemma 4.6.6. We have the following inequalities as p > |
lx*(y,2) = x* (v, 2 < mllz =2,
Ix*(z) = x*(z') < mllz—Z|,
Ix*(y,2) = x* (v, 2|l < 2lly =l
El|xt41 — x* (v, 20) |* < BRENVaf (x1,y62) |* + 21707,
I+
where 71 = %er’ Yo = Tfp tmd’y§ = ﬁ + 2.
Proof. The first and second inequality is the same as Proposition B.4 in [Zhang et al., 2020a].

The third inequality is a direct result of Lemma 4.6.1. Now we show the last inequality.
e =" (v, z) 12 <202 = 2" (g, 2012 + 20|21 — x|

2 A A
<yl Vaf ey IP + 28 G, o 8152

where the second inequality use (—I + p)-strong convexity of f(-, y; z;). Taking expectation

* 2 A A
E|[xr41 — x* (y1,21) || Smﬁ\lvxf(xt,ytmﬂlz + 210 E|| Vi f (x1,y15 1) ||> + 27707

1 A
=2 [ it Tﬂ E|Vf (xe, yiz0) | + 2720

Lemma 4.6.7. The following inequality holds

2
Iv@ =5 @21 < o (1 + 2D 9, ) )P )
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Proof. By the (p — I)-strong convexity of ®(+;z), we have

Ix"(z) =2 (y* (2),2)I”
< 2 [0l ' (2),22) — ol (2:2)

SV @2,y @I

where in the last inequality we use u-PL of f(x,-;z) and f(x*(y*(z),z),y"(2);z) <
®(x*(z);z). Then

IVyf (x
< [IVyf(x*

y'(2),2),y" (2);2)|
v, 2), 52+ IV f (" (1,2), 132) = Vi f (" (v (2),2), " (2);2) |
< IVyf (" (v 2), s 2) | + 1" (v,2) = 2" (" (2), )| + Ly =y ()|

< ( =ity ) ) +r1) IV, (v, 2), y:2)

where in the last inequality we use Lemma 4.6.6 and ||y — y* (2)|| = ||V, f (x* (v, 2), y;2)||.

“(
(
(
l(

We reach our conclusion by combining with the previous inequality.
O

PROOF OF THEOREM 4.4.1

Proof. We separate our proof into several parts: we first present three descent lemmas,
then we show the descent property for a potential function, later we discuss the relation

between our stationary measure and the potential function, and last we put things together.

PRIMAL DESCENT: By the (p + [)-smoothness of f(-,ys;zt),

R R N +1
fxer1,y62e) < f(xe,ysze) + (Vaf (X6, Yt 28), Xpg1 — Xp) + P 5 || X1 — xtH2

2 ; A +
= f(xt,yi;zt) — T{Vaf (xt,y6:21), Ge (X1, y1, &35 24)) + P 2| G (xt, yi, Es 2 |2,

We can easily verify that EG, (xt,ye, 8 ze) = fo(xt,yt;zt) and ]EHGX xt, Vi, 8t ze) —
EGy(xt,yt, & 20) | = E|Ge(x1, 1, &) — Vi f (x1,y1) ||> < 2. Taking expectations of both
sides, we have

Ef (xt1,y520) < Ef(xe,yi20) — TE|Vaf (xe,yi20) P+

p+l 5
2

+1
PE||Vof (xr, v 20) |12+ P2t T,
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1
AS Tl S m,

R A T A +1
Ef(xt,yize) — Ef (Xe11,y52¢) = EllEHfo(xt,yt;zt)Hz - pz o’ (4.18)

Also, because f(xt41,;z¢) is smooth,

Flxesr,yeze) — F(xXes1, i1 2e)
(V

l
> (Vyf (X1, Y620, Yt — Yi1) — Syt =y 5

= (Vi (11, 528), G (o1, 1, E8)) — 531Gy v,y G52
Taking expectations of both sides,
Ef (xe41,¥62¢) — Bf (Xe41,Yi1152¢)
> OBV f (1,012 — S BTy (o, y0) |~ 50
—— (14 3) mEI Ve | - 330% 419
Furthermore, by definition of f and z;11,as 0 < f < 1,
Flxen, v ze) = f(Re01, Yo ze0)
= Bl = 2 = e = 2al?) = § | e = 20l = 11— Bt — )P

(1-p)? P

1
2 Gt~ = Sz = 22| 2 B =zl (4:20)

Combining (4.18), (4.19) and (4.20),

R ” T a It
Ef (xt,y520) — Ef (xi,920) > DE[Vif (xt,yi52)|12 — (1 T ) DEIIV, (i) [P+

I 55 p+l 5,
> > T o (4.21)

LEllz — 2o |2

2p

DUAL DESCENT: Since the dual function ¥(y;z) is Ly smooth with Ly = [ 4 Iy, by
Lemma B.3 in [Zhang et al., 2020a],

L
¥(yz) =Y (Woz) 2 (V¥ o z), ye =) = = [y =l

N

N L
= (Vo f (2" (Yt 20), yi:20), Yesr = o) = -y = el
Taking expectation,
EY (yri1;2) — BY (yi:21) > ©E(V, f (X (ye,2), Y15 24), Vi f (K41, Y1) —

L Ly
-t ZIEHVyf(xtH,]/t)H — 7T22(72 (4.22)
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Also,

Yy ze01) — YW ze) =F( (X041, 2e01), Ve Zes1) — FO (Ve 22), Yesns 2t)
>

N

F (X1, 2041), Yer15 Ze41) — f(x* (Y1, 2641), Ve, 2t)
£zt = X es ze0) 12 = Nzt = % (v, ze0) |
P

2

(ze1 — z6) T[22 + 20 — 20 (Yer1, 2041))- (4-23)
Combining with (4.22), we have

EY (Vit1;ze41) — EY (ye; 2¢)

. L
> RE(V f (X" (Yr,2),Y6:20), Vi f (X1, 91)) — %Tzz]EHVyf(xt+1/]/t)||2+

L
21E(Zt+1 — Zt)T[Zt+l + 2zt = 2% (Yry1,20401)] — szzaz.

> (4.24)

PROXIMAL DESCENT: for all y*(z¢41) € Y*(2441) and y*(z¢) € Y*(z4),
P(zp11) = P(ze) = Y (Y (ze41)520401) — ¥ (Y (2¢);5 2¢)
Yy (ze41);ze41) — Y (¥ (241)52¢)
(0 (2001), 2001), ¥ (2001)5 2001) = F (X (Y (201), 20), Y (2040)520)
(W (2041),20), ¥ (20401)s 2001) = F (W (2041),20), 57 (2041);20)

(zt11 — 21) " [2041 — 2 — 26* (Y* (2441), 2¢)]-

I IA
N

IN

N

(4-25)

POTENTIAL FUNCTION  We use the potential function V; = V(x¢, ys, z¢) = f(xt,yt;zt) —
2¥ (yi; z¢) + 2P(z¢). By three descent steps above, we have

EVi —EVi 4

T A It
> BEIV izl (14 5 ) BNV () P + LBl =zl

2BE(Vy f(x* (v, 2e), yi:20), Vi f (X1, 1)) — LeBE|| Vy f (e, ve) ||+

PE(ze41 —21) " [z041 + 26 — 26" (Ye41, 2041)] — PE (2041 — 20) T [z001 — 20 — 207 (" (2041), 1) —

l l
§T22(72 — p; 0% — LyTio?

T A It
> SUE|| Vo f (0, y620) |* + (1 - 72 - L‘FT2> BE||Vyf(xer1,y0) |* + zli,s]EHZt —zen|+

2RE(Vy f(x* (e, 20), yi:2e) — Vyf (xes1,ve), Vi f (xe1,y1))+

- X / +1
PE(zi1 = 20) T[26 (v (z4),20) = 26 (o, 21)] = 5307 = e - Lytdo?
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T S T
> SE||Vaf (xys20) [P + S EIVyf (1,30 P + 5 Lz — 2o |2+

p
2BV f (X (yr,20), v zt) — Vyf (xe1,v8), Vi f (Xes, 1))+
- « l +1
2 (211 — ) [V (" (zes1),20) = ¥ e z0)] — 580~ Pt o? — Ly,
(4.26)
where in the last inequality we use 1 — lﬁ — Ly > % since Ly = 4I by our choice of 1

and p. Now we denote A = 212<Vyf( (yt, zt),Y6:2t) — Vyf (Xe11,9), Vi f (Xe41,y1)) and

B =2p(zsp1 —z¢) " [x* (y* (z041),2¢) — x* (Ys11, 2141)]. We note that

B =2p(z31 — z) " [X* (v (ze51), 2t) — X* (Y (2041), 2e41) |+
2p(zip1 — z) | (X (Y (2e41), Z041) — X (Yes1, 2041))]

> 2pmllzier — 2|2+ 2021 — z0) T (Y (2041), 2021) — X5 (Wi, 2e41)]

(ZP% + ﬁ) Ize41 = ze|? = 6pBllc* (v (z041), 2e41) — X (Wesr, 2 1P (4:27)
where we use 4.6.6 in the first inequality. Also,
A > 20|V, f (" (v, zt), vt 2t) — Vyf (e, Y | Vo f (xern, ve)
> =20l||xepr = X (Yo, 2e) HIVy f (i1, o)
BV G, )P — v i — 2 (g1, 20) I, (4:28)

where in the second inequality we use Vyf(x*(yt, zt),yizt) = Vyf (x*(ys,2z¢),y:) and in
the third inequality v > 0 and we will choose it later. Taking expectation and applying
Lemma 4.6.6

EA = —TWE|V,yf (i1, y0) | = v BNV f (xi,yiz) |2 = 2070 (429)
Plugging (4.29) and (4.27) into (4.26),
EV, — EVi44
T _
> (3 — 1 R) Bl Vaf (o yiz) 12+ (5 — 1) BV f (ki o) [P+
(5~ 20m = &5 ) Blls— a2 = 6pBEIL (5" (110) 2100) = (2000 -

l l
(p;— +21v‘1) 0% — (2 + ny) 307, (4-30)

We rewrite ||V, f(x¢11,y¢) || as:

IVyf (e, y) |12 =V f (X (e, ze), yi2e) + Vo f (xes1,ye) — Vo f (X (Y 20), v 20) |12
>V f(x* (e, ze), v 20 117/2 = | Vy f (i1, ve) — Vi f (X (e, 2e), v 22) |12
>y f (" (yeze), yi 2 |2/2 = P|xea — x* (yi,ze) || (4.31)

*

X
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Taking expectation and applying Lemma 4.6.6

ElIVyf (xes1,yo)lI? > EIVyf (x* (e, z0), ye 2|1/ 2~
PRRE(Vaf (x,y20) | - 27 0. (4-32)
Note that x*(y*(zi+1),zi41) = x*(2041). We rewrite ||x* (y*(z141), ze101) — X* (Y11, 2e41) |2
as the following
1" (z1) = x" (Y141, 2040) |
<Al (zi4) = 2" (@201 + 4l (21) — 2" (] (=20), 20) [P+
Al (i (20, 20) = 2" (W1, 20 |12 + 4l (e, 20) — 27 (Y1, 2000 1P
< 47illzee1 — zel|* + 412" (z) — x" (7 (21), 2¢) H2 +4%3 |y (20) — yeal® + 4illze — zean |
<4l (ze) = 2 (0 (20), 20) |2 + 8TV f (" (9r), 20), yes 21) = Vi f (xrer, yo) [P+
813 Vyf (x141,y1) — Gy (xea1, 41, 8)|1* + 8931zt — zea |1
<4l (z) = 2" (07 (20), 20) P + 8RBT L|x" (1) — xea [P+
8750 | Vyf (xie1,yt) — Gy(xis1, Y1, E0) I + 871 l|z¢ — ze4a %,
where in the second and last inequality we use Lemma 4.6.6, and in the third inequality
we use the definition of y;" (z;). Taking expectation and applying Lemma 4.6.6
E|lx*(z141) = 2" (Y141, 2e41) |1?
< 897E||z — zes1 | + 4E[lx"(z2) — 2" (] (z0), 20) [P+
8RGIERTE|Vaf (x,ys2:) | + 16¥3 51 5 0” + 8v3 130 (4.33)
Plugging (4.33) and (4.32) into (4.30), we have
EVi —EVin
> |5 — v — (5 = BIv) Pl — 48pprd i aded| Bl Vaf (xo,yiiz) |2~
* * [+ 2 T hlv Pl 2
24pBE | (2) — 5 ) ) P+ (2 = B ) BV () i) P
L —2m = ks~ 8y Bl =zl

! !
[p;— +2lv 1 + 96pBYI TR + 21 <E - %lv)} ho? — [2 + Ly +48pB73 | T

T s T o
> LEIVf (xnysz) |+ EIV,f(x (y:20), 9520) |2 + LBz — 22—

4P
24pBE||x* (z1) — x* (y{ (21), 2|2 — 2120 — 50>, (434
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The last inequality above holds because by our choice of i, 7, p and B, we have 1 = 2,

Y2 = 3 and 3 = ﬁ + 2, and therefore when we choose v = ﬁ = %, we have
1
F-5 = fand
v+ (5 - i) Pl + 48ppodriiingd
[ 1T 2
= [ 0mod) - L G+ assip 2 (PR |
L T14 T
[ 1 1 486 x 2
< |2 -1( = — (1 212 1 2
< |w <1l+~c]l>+%( +T11)+48><16ool” 1+ | T
20 1 1 1 486 x 2 1 T
< —(1+= — = (142 ) lut? < —=
= 91/Tll+96< +9>+48><1600( +9> ”T2]T1— 1’
and
< - - <
- +2lv~ 1 +96pBysTII% 4 21 (2 T2l> [2+12+ 1600 FFut + 1 <2,
and
! 1
§+ny+48p[3'y%§ [2+4+48x2x4><9[3}l§51,
and

Lo - L —asppr = [y —ap o] K= L

STATIONARY MEASURE: First we note that
IV f (e, ye) | < IVaf (xe,y620) | + pllae — z¢]]
< IVaf(xnysz)|| + pllae — x|l + pllxea — 2zl
< |IVaf(xoyze) || + prullGr (xe v, 85 2e) |+ plixecs — zil.
Taking square and expectation
E|| V. f (x¢,y0) P
< 6E||Vaf (xt,y620) |* + 6p*TE|| Vi f (1, ys: z¢) ||* + 6P21E!|xt+1 — zt|)* + 6p* 170
= 6(1 4 p*10)E||Vif (xt,y1520)|I* + 6p°E|| x31 — z¢]|* + 6p° 110 (4.35)
Also,

IVyf(xe )]
S NVyf eyl + (1Vyf (xeye) = Vi f(xea, v |
< NVyf e, ye) |+ e — x|
< It |Ge(xe, y1, 6 20) | + IV f (" (e 26) yis 20 | + IV f (" (e 20), y6526) — Vg f (xes1,y0) |
<TG (xt, ye, €55 20) |+ 1V f (X (e 26) s 2e) |+ Hlxen = %™ (ye, 20 |-
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Taking square and expectation, and applying Lemma 4.6.6
E|[Vyf (xt, ye) |
< 6PTE|Vaf (xt,yi20) 1P + 617700 + 6IE||VyJ?(X* (e ze), yesz2) >+
P GTE|Vaf (xe,yi20)|1* + 12077
< 617 (1+ V3)E|| Vaf (x1, 52 | + 6IEHVyf (Y 21), yi2) |2 + 18P0, (4.36)
Combining with (4.35),
lEHfo(Xt,yt) 12+ K[|V f (et yo) I
< 6(1+ p*1i + kT + kP T)E(| Vo f (x1, yi;20) [I” + 6KE |V f (x* (ye, 24), v 22) | >+
6p7E||xi11 — zt||* + (6p* + 18x1%) T
< 24¢E|| Ve f (xt, yo;20) |2 + 6KE |V f (x* (e, 21), yii z0) [P0 + 6p°El 01 — z4* + 42w
(4-37)
where in the last inequality we use 6p* + 18xI? = 2412 + 18«I* < 42«I* and
1+ p*1d + k17 + k2931 =1 + 41217 + w11 + 2¢(1 + T21°)

13
<§ +2K+3K12 < 4xk.

PUTTING PIECES TOGETHER: From Lemma 4.6.7,

24pB Dl(p+1) - .
28 (1 20D 2,000

1 N
S ETZ || Vyf(x* (yt/ Zt)/ Yt Zt)

where in the second inequality we use

24pBllx*(z) — x* (¥ (2),2)|I°

IN

7,

2
24pp <1 ol WW) BB s < P < 1y,
(p— D =1 H poo16
Plugging into (4.34),
T ? i 7
EV, — EVyy > ilEHfo(xt,yt;zt)Hz + é]EHVyf(X*(yt,Zt)ryt:Zt)H2+

P.B

IEHzt — x441||? — 21t — 5lTE0>.
Plugging into (4.37),
E||Vf Ge, yo) 12 + KBV f (et o) |1
< 24|V fx(xt, Y 20) |* + 6KE||Vy £ (x* (1, 2¢), yis 20) || + 6p7E|| X1 — 2z ||? + 421> 10

24
< max { 96K, 96K, p} [EV; — EVijq + 20t20% + 511’220'2] + 42k 1?7207
T T B
O(1 O(1)xIt?
Wr gy, gy, QT

0% 4+ 0(1)klto? + O(1)xl*tio?
T T
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< O(Tl)K[IEVt—IEVtH]+O(1)KZT102+O( 1)kIPt20?
1

< O V¥ By, BV ]+ 0(1)xime?, (4:38)
1

where in the second and fourth inequality we use 77 = 487 and p/B = 3200x/ 1.

Telescoping,

1= O(1)x _
; E Bl f oY)+ KEIV i) 2 < S5 Vo — min V (3,3, 2)] + O(1) w0,

Since for any z we can find x, y such that (£(x,y:2) — ¥(y;2)) + (P(z) — ¥(y;2)) = 0,
Vo~ minV(x,,2)
= P(20) + (f(x0,50;20) — ¥ (¥0;20)) + (P(20) — ¥ (y0;20)) —
min[P(z) + (fxy:2) =¥ (y:2) + (P(2) = ¥(y;2))]
< (P(z0) —min P(2)) + (f(x0, y0;:20) — ¥ (03 20)) + (P(20) — h(y0; z0))-
Note that for any z
P(z) = minmax f(x,y) +I}x - z|? = min @(x) +1]x — z||* = ®1/21(2) < P(2),
and P(z) = @1 21(2) also implies min, P(z) = min, (x). Hence
Vo —minV(x,y,z) < (®(z0) — min (x)) + (f (x0, y0;20) = ¥ (y0;20)) + (P(20) — ¥ (y0; 20))-

(4-39)
With b = (f(xo,yo; 20) — ¥ (yo0;20)) + (P(z0) — ¥ (y0; 20)), we write

1T 2 O(l)K 2
T 1E||fo e, y) |+ KE[|Vy f (0, y2) > < T [A+b] +O(1)xlno”.
with A = ®(z) — ®*. Picking T, = min {W 311}

1 T-1
7 L E(|Vaf (x, y0)|I? + KE[|Vy f (xt, y0) |2

t=0
20Tl (Dx . O(1)VA
_max{ N 31} T [D(z9) — P* +b] + 20 /Tl -kl 0?
O(1)x OMxvVIib  O(1)xVIA
< A+ b+ N/ IR

We reach our conclusion by noting that b < 2 gap (er20) (xt, Yt)-
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4.6.4 Catalyst-AGDA

Algorithm 8 Catalyst-AGDA
1 Input: (xo,y0), step sizes 5 > 0,72 > 0.
2: forallt =0,1,2,..,T—1do
32 Letk=0and x8 = Xg.

4:  repeat

5: y}icﬂ = y}ic + TZvyf(xltc;yltct) t t

6: Xy = X — T [Vaf (X, Yy q) +21(x — x)]

7 k=k+1 X

5 until gap; (xL, y}) < Bgap;, (v, yh) where fi(x,y) 2 £(x,y) +I[lx — x}|
o X =Xy Yol = Vi

10: end for

11: Output: ¥, which is uniformly sampled from xé, . xg

Now we present a new algorithm, called Catalyst-AGDA, in Algorithm 8. It iteratively
solves an augmented auxiliary problem similar to Smoothed-AGDA:

filx,y) £ f(xy) +1x = x]?,
by AGDA with y update first>. The stopping criterion for the inner-loop is

gapy, (xi vi) < Bgapy, (xo,Y0),

and we will specify f later. For Catalyst-AGDA, we only consider the deterministic case,
in which we have the exact gradient of f(-, ).

In this subchapter, we use (x!,y") as a shorthand for (x}, ). We denote (#!,7") with
7' € Y* as the optimal solution to the auxiliary problem at t-th iteration:
min, e Max, cpe, [ft(x,y) 2 fx,y) +1]|x — foz] Define &;(x) = max, f(x,y) +1||x —
x'[|2. We use Y*(x) to denote the set Argmax, f(x,y). In the following lemma, we show
I

the convergence of the Moreau envelop || V®y 5 (x)||* when we choose  appropriately in

the stopping criterion of the AGDA subroutine.

Lemma 4.6.8. Under Assumptions 10 and 11, define A = ®(xg) — ®*, if we apply Catalyst-
AGDA with B = %22 in the stopping criterion of the inner-loop, then we have

4
T-1
351
Z ||vq)1/21(xt)|’2 S 7A+3l€lo,
t=0

where ag := P(xo) — f(x0,Yo)-

5 We believe that updating x first in the subroutine will lead to the same convergence property. For simplicity,
we update y first so that we can directly apply Theorem 4.6.4.
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Proof. Define g+1 = gap;, (x'1,y"*1). It is easy to observe that £ = prox, »,(x"). Define
®;(x) = max, f(x,y) + I||x — x'||%. By Lemma 4.3 in [Drusvyatskiy and Paquette, 2019],

V@120 (x") [ = 412" — 2] < 81[D1(x") — Di(proxg, o (x'))]
< 81[dy(x") — Dy (x") + b1
=81{d(x") - [cb(xf“) + 1|ttt — xfuz] + by}
< 8I[@(x") — D(x ) + gr41], (4-40)
where in the first inequality we use I-strongly convexity of &;. Because f is 3l-smooth,

[-strongly convex in x and p-PL in y, its primal and dual function are 18/x and 18/ smooth,
respectively, by Lemma 4.6.3. Then we have

gapy,(x',y') = max fi(x',y) — minmax fi(x,y) + minmax fi(x,y) — min fi(x, 1)
< 9lx|lx" — 21>+ 9ty - 917, (4.41)

for all §* € Y*. For t > 1, by fixing = to be the projection of y' to Y*~!, there exists
7t € Y* so that

ly" = 911> <2lly’ — 9"+ 2]ly" (271 -y (&)

2
l) A At—1H2
2
) e a (L) ey
H

8l l
< = +4< > 2 — |2,
‘uzgt 1 H H

where we use Lemma 4.6.3 in the second inequality, and strong-convexity and PL condition

<2y -7 +2

7N
=

<2yt — 5 1||2+4(

= |~

in the last inequality. By our stopping criterion and |V ®y,y/(x!)[|? = 412|x" — £!|]2, for
t>1

(x)]1%.
(4-42)

ger1 < Bgapy (¥, y') < 9lkpl|x’ — 2|2 + 91Blly’ — 91> <

For t = 0, by fixing y*(x°) to be the projection of y° to Y*(x?),
ly° = 9°112 < 2]ly” = y* (O)IIP +219° -y (") < 300 + 2672 — 202, (4-43)
Because ®(x) + I||x — x%||? is I-strongly convex, we have
(@(2°) +1]]2° — x°||?) + é||9?0 Y2 < () = @ + (®(x0) — ®*) < D(20) + (P(x0) — @*).
This implies ||£0 — x0||> < 2 (P(x?) — ®*). Hence, by the stopping criterion,
g1 < Bgapy, (x°,y°) < 9lp|x” — 22+ 91B|ly° — 9°II* < 18x*BA + 36KBac.  (4.44)
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Recursing (4.42) and (4.44), we have for t > 1

12«2 _
g1 < (720B)' 51+ TP Y (722 B) K| VD ()2
k=1

12K2 B

< 18x*B(72x*B)' A + 36K B(72kB) ag + Z (7262 B) K| VD1 /01 (x1) ]|

Summing fromt =0to T — 1,

T-1 T-1
Y o g=) &+&
t=0 =1

T-1 T-1 12 T-1 t
< 18«*B Y (72x*B)'A+36xB Y (72x7B) ag + < Z Y (7212 B) K [V @y 1 () |12
=0 t=0 t=1 k=1
- 18«2 Ats 36;<[—3 . 12«2 TZ V@4 ()2 (4.45)
= 1-72¢2B 72628 T (1 - 7262P) 2aF N 445
where in the last inequality we use
T-1 t )k , T )k ,
Y (7262 B) [V @1 (i) |12 = ) Y (7262 B) F |V @y oy (1) |
t=1 k=1 k=1 t=k
T-1 1 5
< — ||V 1\ Xx .

Now, by telescoping (4.40),
1 T-1 ) T-1
g7 2 V@12 < @(x%) ="+ gria.
t=0 t=0
Plugging (4.45) in,
1 12x2[s =l ) 18«2 36x5
Sl - < —— - .

With B = W' we have = 72213 75 < 192 . Therefore,
T-1
351
Y V@ (x| < —~ A+ 3lag.
t=0
O
Theorem 4.6.9. Under Assumptions 10 and 11, if we apply Catalyst-AGDA with p = ZJW in
the stopping criterion of the inner-loop, then the output from Algorithm § satisfies
191 6l
2 Ve h)|? < 2 V(|2 < o8+ ao (447

which implies the outer-loop complexity of O(IAe~2). Furthermore, if we choose 71 = % and
Ty = g3, it takes K = O(x log(«)) inner-loop iterations to satisfy the stopping criterion. Therefore,
the total complexity is O(xlAe 2 log k).
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Proof. We separate the proof into two parts: 1) outer-loop complexity 2) inner-loop conver-
gence rate.
Outer-loop: We still denote g+1 = gapy, (x*!,y**!). First, note that

V()2 < 2| V(1) — V() |2 + 2] V(2 2
212 .
<2 ( : ) e = 22 4 2 V()P

1613
< 2 8t +2|| VD o (x1) || (4-48)

where in the second inequality we use Lemma 4.6.1 and Lemma 4.3 in [Drusvyatskiy and
Paquette, 2019]. Summing from t = 0 to T — 1, we have

T-1 - 1613 T— T-1 )
Y IVeE™)* < — Z 8141 +2 Z V@121 (x| (4-49)
t=0
Applying (4.45), we have
=l 161° 12x%B =
) t+1y12 < . 2 d 2
Y IVeG DI < | S gy +2) L IV@aG)IP
16/°  18x°B N 16/°  36xp
uz  1—72x%p T 721(2[3
With g = 2(}?, we have
- 12« 2 v 2 oL
Yo VTP <3 )Y (IVPyu(x)|* + EA—l—Blao.
t=0 t=1
Applying Lemma 4.6.8,
191 6l
; 2 VOGP < oA+ Tap.

Inner-loop: The objective of auxiliary problem min, max; f;(x,y) £ f(x,y) +I||x — x}||?
is 3l-smooth and (I, 4)-SC-PL. We denote the dual function of the auxiliary problem by
¥t (y) = min, f;(x,y). We also define

s s 1 7, a
P2 max ()~ #(6h)| + g [ k)~ ¥ ).

12

_ 1 g
G — 360 satisfies

By Theorem 4.6.4, AGDA with stepsizes 71 = % and 7, =

t(1__H t
Pk—( 9721) B
We denote x(y) = argmin_ f;(x,y). We note that
Ik — 2112 =2/ — 2L (wio) P + 21X (i) — 21
=2||x — x4 (i) |7 + 2L (i) — 2 (91) 112
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b f Jrt (.t 3612 it (At gt b
<7 [k = ¥ 0] + S5 1@ - )
40 3612 uoNk o,
< =4 = _ 7
= ( R > (1 9721) Fo (4-50)

where in the first inequality we use I-strong convexity of f;(-, y;) and Lemma 4.6.1, and in
the second inequality we use y-PL of ¥! and Lemma 4.6.2. Since &' is smooth by Lemma
4.6.3,

R R 2(31)> 91 (40 36l BNk

tra by t’\l’< t_f\t2<77 _ t. .

&) - @2y < 0 1 -2 <20 (T30 ) (- ) sy
Therefore,

oy st abot L et ety [92 (40 3612 HOYE o
gapﬁ(xk,yk)—<I>(xk)—<1>(X)+‘F(y)—‘F(yk>§[V e )t (1-5057) B

1 k
<754x* <1 — 972K> gapﬁ(xé,yf)).

where in the last inequality we note that P} < 1l gap 7 (x0,Yp)- So after K = O(xlog(x))
iterations of AGDA, the stopping criterion gap (x}, ¥;) < pgapy (x(, p) can be satisfied.
O

Remark 4.6.10. The theorem above implies that Catalyst-AGDA can achieve the complexity of
O(xlAe2) in the deterministic setting, which is comparable to the complexity of Smoothed-AGDA
up to a logarithmic term in x.

131






PARAMETER-AGNOSTIC NONCONVEX MINIMAX OPTIMIZATION

Adaptive algorithms like AdaGrad and AMSGrad are successful in nonconvex opti-
mization owing to their parameter-agnostic ability — requiring no a priori knowledge about
problem-specific parameters nor tuning of learning rates. However, when it comes to
nonconvex minimax optimization, direct extensions of such adaptive optimizers without
proper time-scale separation may fail to work in practice. We provide such an example prov-
ing that the simple combination of Gradient Descent Ascent (GDA) with adaptive stepsizes
can diverge if the primal-dual stepsize ratio is not carefully chosen; hence, a fortiori,
such adaptive extensions are not parameter-agnostic. To address the issue, we formally
introduce a Nested Adaptive framework, NeAda for short, that carries an inner loop for
adaptively maximizing the dual variable with controllable stopping criteria and an outer
loop for adaptively minimizing the primal variable. Such a mechanism can be equipped
with off-the-shelf adaptive optimizers and automatically balance the progress in the primal
and dual variables. Theoretically, for nonconvex-strongly-concave minimax problems, we
show that NeAda with AdaGrad stepsizes can achieve the near-optimal O(e~2) and O(e™*)
gradient complexities respectively in the deterministic and stochastic settings, without prior
information on the problem’s smoothness and strong concavity parameters. To the best
of our knowledge, this is the first algorithm that simultaneously achieves near-optimal

convergence rates and parameter-agnostic adaptation in the nonconvex minimax setting.

5.1 OVERVIEW

Adaptive gradient methods, whose stepsizes and search directions are adjusted based on
past gradients, have received phenomenal popularity and are proven successful in a variety
of large-scale machine learning applications. Prominent examples include AdaGrad [Duchi
et al.,, 2011], RMSProp [Hinton et al., 2012], AdaDelta [Zeiler, 2012], Adam [Kingma
and Ba, 2015], and AMSGrad [Reddi et al., 2019], just to name a few. Their empirical
success is especially pronounced for nonconvex optimization such as training deep neural
networks. Besides improved performance, being parameter-agnostic is another important
trait of adaptive methods. Unlike (stochastic) gradient descent, adaptive methods often
do not require a priori knowledge about problem-specific parameters (such as Lipschitz

133



134

[

PARAMETER-AGNOSTIC NONCONVEX MINIMAX OPTIMIZATION

constants, smoothness, etc.)." On the theoretical front, some adaptive methods can achieve
nearly the same convergence guarantees as (stochastic) gradient descent [Duchi et al., 2011,
Ward et al., 2019, Reddi et al., 2019].

Recently, adaptive methods have sprung up for minimax optimization:

min max f(x,y) £ E[F(x,y;8)], (5.1)

where f is [-Lipschitz smooth jointly in x and y, ) is closed and convex, and ¢ is a random
vector. A common practice is to simply combine adaptive stepsizes with popular minimax
optimization algorithms such as Gradient Descent Ascent (GDA), extragradient method
(EG) and the like; see e.g., [Gidel et al., 2018, Gulrajani et al., 2017, Goodfellow, 2016]. It is
worth noting that these methods are reported successful in some applications yet at other
times can suffer from training instability. In recent years, theoretical behaviors of such
adaptive methods are extensively studied for convex-concave minimax optimization; see
e.g., [Bach and Levy, 2019, Antonakopoulos et al., 2019, Antonakopoulos, 2021, Ene and
Nguyen, 2020, Stonyakin et al., 2018, Gasnikov et al., 2019, Malitsky, 2020, Diakonikolas,
2020]. However, for minimax optimization in the important nonconvex regime, little theory
related to adaptive methods is known.

Unlike the convex-concave setting, a key challenge for nonconvex minimax optimization
lies in the necessity of a problem-specific time-scale separation of the learning rates between the
min-player and max-player when GDA or EG methods are applied, as proven in [Yang et al.,
2022b, Lin et al., 2020a, Sebbouh et al., 2022, Bot and Bohm, 2020]. This makes the design
of adaptive methods fundamentally different from and more challenging than nonconvex
minimization. Several recent attempts [Guo et al., 2021a, Huang and Huang, 2021, Huang
et al., 2021] studied adaptive methods for nonconvex-strongly-concave minimax problems;
yet, they all require explicit knowledge of the problems” smoothness and strong concavity
parameters to maintain a stepsize ratio proportional to the condition number. Such a
requirement evidently undermines the parameter-agnostic trait of adaptive methods. This
raises a two interesting questions: (1) Without a problem-dependent stepsize ratio, does simple
combination of GDA and adaptive stepsizes still converge? (2) Can we design an adaptive algorithm
for nonconvex minimax optimization that is truly parameter-agnostic and provably convergent?

In this chapter, we address these questions and make the following key contributions:

* We investigate two generic frameworks for adaptive minimax optimization: one is a
simple (non-nested) adaptive framework, which performs one step of update of x
and y simultaneously with adaptive gradients; the other is Nested Adaptive (NeAda)
framework, which performs multiple updates of y after one update of x, each with

For distinction, we use “parameter-agnostic” to describe algorithms that do not ask for problem-specific
parameters in setting their stepsizes or hyperparameters; we refer to "adaptive algorithms" as methods whose
stepsizes are based on the previously observed gradients.
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————— Adam AMSGrad AdaGrad GDA
NeAda-Adam NeAda-AMSGrad NeAda-AdaGrad NeAda-GD
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FIGURE 5.1: Comparison between the two families of non-nested and nested adaptive methods on
function f(x,y) = —1y? + 2xy — 2x? with deterministic gradient oracles. r = ¥ /5*
is a pre-fixed learning rate ratio.

adaptive gradients. Both frameworks allow flexible choices of adaptive mechanisms
such as Adam, AMSGrad and AdaGrad. We provide an example proving that the
simple adaptive framework can fail to converge without setting an appropriate
stepsize ratio; this applies to any of the adaptive mechanisms mentioned above, even
in the noiseless setting. In contrast, the NeAda framework is less sensitive to the

stepsize ratio, as numerically illustrated in Figure 5.1.

¢ We provide the convergence analysis for a representative of NeAda that uses Ada-
Grad stepsizes for x and a convergent adaptive optimizer for y, in terms of nonconvex-
strongly-concave minimax problems. Notably, the convergence of this general scheme
does not require to know any problem parameters and does not assume the bounded
gradients. We demonstrate that NeAda is able to achieve O(e2) oracle complexity
for the deterministic setting and O(e~*) for the stochastic setting to converge to
e-stationary point, matching best known bounds. To the best of our knowledge, this
seems to be the first adaptive framework for nonconvex minimax optimization that

is provably convergent and parameter-agnostic.

¢ We further make two complementary contributions, which can be of independent
interest. First, we propose a general AdaGrad-type stepsize for strongly-convex prob-
lems without knowing the strong convexity parameters, and derive a convergence
rate comparable to SGD. It can serve as a subroutine for NeAda. Second, we provide
a high probability convergence result for the primal variable of NeAda under a

subGaussian assumption.

¢ Finally, we numerically validate the robustness of the NeAda framework on several
test functions compared to the non-nested adaptive framework, and demonstrate the
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effectiveness of the NeAda framework on distributionally robust optimization task
with a real dataset.

5.1.1 Related work

ADAPTIVE ALGORITHMS. Duchi et al. [2011] introduce AdaGrad for convex online
learning and achieve O(\/T ) regrets. Li and Orabona [2019] and Ward et al. [2019] show
an O(e*) complexity for AdaGrad in the nonconvex stochastic optimization. There are
an extensive number of works on AdaGrad-type methods; to list a few, [Levy et al,,
2018, Antonakopoulos and Mertikopoulos, 2021, Kavis et al., 2019, Orabona and Pal, 2018].
Another family of algorithms uses more aggressive stepsizes of exponential moving average
of the past gradients, such as Adam [Kingma and Ba, 2015] and RMSProp [Hinton et al.,
2012]. Reddi et al. [2019] point out the non-convergence of Adam and provide a remedy
with non-increasing stepsizes. There is a surge in the study of Adam-type algorithms due
to their popularity in the deep neural network training [Zaheer et al., 2018, Chen et al.,
2019, Liu et al., 2020c]. Some work provides the convergence results for adaptive methods
in the strongly-convex optimization [Wang et al., 2020a, Levy, 2017, Mukkamala and Hein,
2017]. Line search and stochastic line search are another effective strategy that can detect
the objective’s curvature and have received much attention [Vaswani et al., 2019, 2021,
2020]. Notably, many adaptive algorithms are parameter-agnostic [Duchi et al., 2011, Reddi
et al., 2019, Ward et al., 2019].

ADAPTIVE ALGORITHMS IN MINIMAX OPTIMIZATION. There exist many adaptive
and parameter-agnostic methods designed for convex-concave minimax optimization as a
special case of monotone variational inequality [Bach and Levy, 2019, Antonakopoulos
et al., 2019, Antonakopoulos, 2021, Ene and Nguyen, 2020, Stonyakin et al., 2018, Gasnikov
et al., 2019, Malitsky, 2020, Diakonikolas, 2020]. Most of them combine extragradient
method, mirror prox [Nemirovski, 2004] or the like, with AdaGrad mechanism. Liu et al.
[2019] and Dou and Li [2021] relax the convexity-concavity assumption to the regime where
Minty variational inequality (MVI) has a solution. In these settings, time-scale separation
of learning rates is not required even for non-adaptive algorithms. For nonconvex-strongly-
concave problems, Huang and Huang [2021], Huang et al. [2021], Guo et al. [2021a] propose
adaptive methods, which set the learning rates based on knowledge about smoothness
and strong-concavity modulus and the bounds for adaptive stepsizes.
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5.2 NON-NESTED AND NESTED ADAPTIVE METHODS

In this subchapter, we investigate two generic frameworks that can incorporate most
existing adaptive methods into minimax optimization. We remark that many variants
encapsulated in these two families are already widely used in practice, such as training

of GAN [Goodfellow, 2016], distributionally robust optimization [Sinha et al., 2018], etc.

These two frameworks, coined as non-nested and nested adaptive methods, can be viewed
as adaptive counterparts of GDA and GDmax. We aim to illustrate the difference between

these two adaptive families, even though GDA and GDmax are often considered “twins”.

NON-NESTED ADAPTIVE METHODS. In Algorithm 9, non-nested methods update the
primal and dual variables in a symmetric way. Weighted gradients m} and m{ are the
moving average of the past stochastic gradients with the momentum parameters p* and
BY. The effective stepsizes of x and y are 7*/+/v} and ¥/ /v}, where the division is taken
coordinate-wise. We refer to 7* and 7 as learning rates, and v}, v are some average of
squared-past gradients through function ¢. Many popular choices of adaptive stepsizes

are captured in this framework, see also [Reddi et al., 2019]:

(GDA) B=0; ¢ (vo,{87}=o) =1, (AdaGrad) B=0; ¢ (vo,{g7}i=9) = 0 +Z 2,
(Adam) ¢ (00, {g7}1=g) =¥ oo+ (17 27t ig?,

(AMSGrad) ¢ (v0, {g7}—) = max 7" EER ZW’” g
m=0,...,

NESTED ADAPTIVE (NEADA) METHODS. NeAda, presented in Algorithm 10, has a
nesting inner loop to maximize y until some stopping criterion is reached (see details in
Chapter 5.3). Instead of using a fixed number of inner iterations or a fixed target accuracy
as in GDmax [Lin et al., 2020a, Nouiehed et al., 2019], NeAda gradually increases the
accuracy of the inner loop as the outer loop proceeds to make it fully adaptive.

We refer to the ratio between two learning rates, i.e. 7Y/%*, as the two-time-scale. The
current analysis of GDA in nonconvex-strongly-concave setting requires two-time-scale
to be proportional with the condition number x = [/, where | and u are Lipschitz
smoothness and strongly-concavity modulus [Lin et al., 2020a, Yang et al., 2022b]. We
provide an example showing that the problem-dependent two-time-scale is necessary for
GDA and most non-nested methods even in the deterministic setting.
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Algorithm 9 Non-nested Adaptive Algorithm 10 Nested Adaptive (NeAda)

Method Method

1: Input: xo and ypo 1: Input: x9 and 1)

2. fort=0,1,2,...do 2: fort=0,1,2,...do

3:  sample §; and let 32 fork =0,1,2,... until a stopping criterion
g¥ = Vi F(xt,y;¢;) and is satisfied do
8 = VyF(xt,yi:¢t) 4 sample ¢f and g, = VyF(xt, yf; &)

4 // update the first moment 5: tk+1 ﬂymtk +(1- ,By)gtk
mffﬂ - 'me? (1-p*)gi and 6: ?k+1 =y’ (Ut,()/ {(gtz) i= o)
my,, = pYmi +(1—p¥)g/ 7 Yl =gk Y

5. // update the second moment
Vi = ¢ (v, { (87 )2 i_o) and
U¥+1 =1 (Uo/ {(gl )? i=0 )

6: // update variables

8  end for

Yy tk+1
\ Chk+1
Y

. Y Yy
9 Upp10 = Vpppq and my

t+1, tk+1
10:  sample & and gF = V., F(x;, v+ &)

1w omp = Bmi+ (1 B*)gt
12: Uﬁrl = lpx (U(J)C/ {(g;c)Z zt:O)

o= m

— n* x
Xpi1 = Xt — \/Tth and

+ my : =y —
Y1 = Yt \/Z My q 130 X1 = Xt \/ﬁmt+1
7: end for 14: end for
Lemma 5.2.1. Consider the function f(x,y) = —3y* + Lxy — L *x2 in the deterministic setting.

Let ry* = 5. (1) GDA will not converge to the stationary point when r < L?:
T-1

Vaf(xr,y1) = Vaf (xo,30) [T [1+77(L>—1)].

=0

(2) Assume the averaging function Y* and ¥ are the same, and satisfy that for any T, if vf = 0]
and (g7)* = (g} )? then v}, = T}, ;. With B* = BV, v} = v} = 0 and m§ = mg = 0 (which
are commonly used in practice), non-nested adaptive method will not converge when r < L:

T-1 Lﬂx
Vaf (xr,y1) = Vaf(xo,90) [T |1+ (1-B)(L—r)

o v

Whenr =L, Vif (xt,y:) = Vxf (x0,y0) for all t.

Remark 5.2.2. Most popular adaptive stepsizes we mentioned before, such as Adam, AMSGrad
and AdaGrad, have averaging functions satisfying the assumption in the lemma. Any point on
the line y = Lx is a stationary point for the above function, and the distance from a point to
this line is proportional to its gradient norm, so the divergence in gradient norm will also implies
that of iterates. In the proof, we will also show that the averaged or best iterate will still diverge

under the same condition. The lemma implies that for any given time-scale r, there exists a problem
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for which the non-nested algorithm does not converge to the stationary point, so they are not
parameter-agnostic.

We compare non-nested and nested methods combined with different stepsizes schemes:
Adam, AMSGrad, AdaGrad and fixed stepsize, on the function: — %yz + 2xy — 2x2. In the
experiments of this subchapter, we halt the inner loop when the (stochastic) gradient about
y is smaller than 1/t or the number iteration is greater than t. We observe from Figure 5.1
that the thresholds for the non-convergence of non-nested methods (r = 2 for adaptive
methods and r = 4 for GDA) are exactly as predicted by the lemma. Although the adaptive
methods admit a smaller two-time-scale threshold than GDA in this example, it is not a
universal phenomenon from our experiments in Chapter 5.4. Interestingly, nested adaptive
methods are robust to different two-time-scales and always have the trend to converge to

the stationary point.

5.3 CONVERGENCE ANALYSIS OF NEADA-ADAGRAD

In this subchapter, we reveal the secret behind the robust performance of NeAda by
providing the convergence guarantee for a representative member of the family. For the
sake of simplicity and clarity, we mainly focus on NeAda with AdaGrad. The Adam-type
mechanism can suffer from non-convergence already for nonconvex minimization despite
its good performance in practice. Our result also sheds light on the analysis of other more
sophisticated members such as AMSGrad in the family.

NEADA-ADAGRAD: DPresented in Algorithm 11, NeAda-AdaGrad adopts the scalar
AdaGrad scheme for the x-update in the outer loop and uses mini-batch in the stochastic
setting. For the inner loop for maximizing y, we run some adaptive algorithm for maximiz-
ing y until some easily checkable stopping criterion is satisfied. We suggest two criteria
here: at t-th outer loop: (I) the squared gradient mapping norm about y is smaller than
1/(t+ 1) in the deterministic setting, (IT) the number of inner loop iterations reaches f + 1
in the stochastic setting.

For the purpose of theoretical analysis, we mainly focus on the minimax problem of the
form (5.1) under the nonconvex-strongly-concave (NC-SC) setting?, formally stated in the

following assumptions.

Assumption 13 (Lipschitz smoothness). There exists a positive constant I > 0 such that

max { [|Vaf (x1,y1) = Vf (x2,92) ||, |V f (x1,51) = Vyf (2, 2) || } < Il = 22l + lyr = v2ll],

Note that for other nonconvex minimax optimization beyond the NC-SC setting, even the convergence of
non-adaptive gradient methods has not been fully understood.
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Algorithm 11 NeAda-AdaGrad
u: Input: (xo,y-1), vo > 0,7 > 0.
2 fort=0,1,2,..,T—1do

3 from y;_; run an adaptive algorithm A for maximizing f(x;, -) to obtain y;

(a) stopping criterion I (deterministic): stop when [ly: — Projy, (y: + Vy f (x1,y:))||* <

1
1

(b) stopping criterion II (stochastic): stop after t 4+ 1 inner loop iterations.
N .
4 U =0 F Hﬁ Y M VLE(xs,y6 &) H where {¢}}M, are i.i.d samples

5: Xt41 = Xt — \/ﬁ ( ZM vxF(xt/yt/ Ct))
6: end for

holds for all x1,x; € R%,y1, y € ).

Assumption 14 (Strong-concavity in y). There exists p > 0 such that: f(x,y1) > f(x,y2) +
(Vyf () —2) + 5y — 2l ¥x € R y1, 0 € D

For simplicity of notation, define x = I/ as the condition number, ®(x) = max,cy f(x,y)
as the primal function, and y*(x) = argmaxy, f(x,y) as the optimal y w.r.t x. Since the
objective is nonconvex about x, we aim at finding an e-stationary point (x;,y;) such that
E||Vyf(xt,y:)|| < € and E||lyr —y*(x;)|| < €, where the expectation is taken over the
randomness in the algorithm.

5.3.1 Convergence in Deterministic and Stochastic settings

Assumption 15 (Stochastic gradients). V. F(x,y;&) and V,F(x,y;¢) are unbiased stochastic
estimators of Vf (x,y) and ¥V, f(x,y) and have variances bounded by ¢ > 0.

We assume the unbiased stochastic gradients have the variance ¢2, and the problem
reduces to the deterministic setting when ¢ = 0. Now we provide a general analysis of the
convergence for any adaptive optimizer used in the inner loop.

Theorem 5.3.1. Define the expected cumulative suboptimality of inner loops as € = E [ A M} .

2y
Under Assumptions 13, 14 and 15, the output from Algorithm 11 satisfies

17= 2A+E) viVATE 2/(AtE)e
] e 4 s

where A = 2A + (f 2Kl77> [1 +2log (POIY (T 8’% \Uﬁ by, vo, vlo))]
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Remark 5.3.2. The general analysis is built upon milder assumptions than existing work on
AdaGrad in nonconvex optimization, not requiring either bounded gradient in [Ward et al., 2019]
or prior knowledge about the smoothness modulus in [Li and Orabona, 2019]. This theorem implies
the algorithm attains convergence for the nonconvex variable x with any constant 1 > 0 and
vo > 0 that does not depend on any problem parameter, so it is parameter-agnostic.

Remark 5.3.3. Another benefit of this analysis is that the variance o appears in the leading term
T~%, which means the convergence rate can interpolate between the deterministic and stochastic
settings. It implies a complexity of O(e~2) in the deterministic setting and O(e™*) in the stochastic
setting for the primal variable as long as the accumulated suboptimality for the inner-loops & is
O(1), regardless of the batch size M. However, M can control the number of outer loops and there
affect the sample complexity for the dual variable.

In the next two theorems, we derive the total complexities, in the deterministic and
stochastic settings, of finding e-stationary point by controlling the cumulative suboptimality
€ in Theorem 5.3.1 for subroutine A with specific convergence rate. In fact, we can also use
any off-the-shelf adaptive optimizer for solving the inner maximization problem up to the
desired accuracy. Note that (stochastic) GDmax fixes each inner-loop’s accuracy or steps
to be related with y, ¢ and € so that £ can be easily bounded [Lin et al., 2020a, Nouiehed
et al., 2019]. In contrast, since we do not have access to the problem parameters and ¢,
Algorithm 11 gradually increases the inner-loop accuracy. In the proof of the following
theorems, we will show that with our proposed stopping criteria and desired subroutines,
€ is bounded by O(logT).

Theorem 5.3.4 (deterministic). Suppose we have a linearly-convergent subroutine A for maxi-
mizing any strongly concave function h(-):

ly* =y I1? < a1 (1 = a2)*fly” — y*|I?
where y* is k-th iterate, y* is the optimal solution, and a; > 0 and 0 < ay < 1 are constants
that can depend on the parameters of h. Under the same setting as Theorem 5.3.1 with ¢ = 0, for
Algorithm 11 with M = 1 and a subroutine A under stopping criterion I, there exists t* < o) (e7?)
such that (x;,ys) is an e-stationary point. Therefore, the total gradient complexity is O (e72).

Remark 5.3.5. This complexity is optimal in € up to logarithmic term [Zhang et al., 2021b],
similar to GDA [Lin et al., 2020a]. Note that many adaptive and parameter-agnostic algorithms
can achieve the linear rate when solving smooth and strongly concave maximization problems; to
list a few, gradient ascent with backtracking line-search [Vaswani et al., 2019], SC-AdaNGD [Levy,
2017] and polyak stepsize [Hazan and Kakade, 2019, Loizou et al., 2021, Orvieto et al., 2022] 3.

3 Levy [2017] needs to know the diameter of J. Hazan and Kakade [2019], Loizou et al. [2021], Orvieto et al.
[2022] use polyak stepsize which requires knowledge of the minimum or lower bound of the function value.
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Here we can also pick more general subproblem accuracy in criterion I that only needs to scale with
1/t.

Theorem 5.3.6 (stochastic). Suppose we have a sub-linearly-convergent subroutine A for maxi-
mizing any strongly concave function h(-): after K = k + 1 iterations
bily’ = y*[1* + ba
k 7
where y* is k-th iterate, y* is the optimal solution, and by, by > 0 are constants that can depend on

E[ly* —y*||* <

the parameters of h. Under the same setting as Theorem 5.3.1, for Algorithm 11 with M = €2 and
subroutine A under the stopping criterion II, there exists t* < O (e~2) such that (xy,y;) is an
e-stationary point. Therefore, the total stochastic gradient complexity is O (e™4).

Remark 5.3.7. This O (e™*) complexity is nearly optimal in the dependence of € for stochastic
NC-SC problems [Li et al., 2021]. Here we set M = €~ for the simplicity of exposition, and a
similar result also holds for gradually increasing M. The sublinear rate specified above for solving
the stochastic strongly convex subproblem can be achieved by several existing parameter-agnostic
algorithms under some additional assumptions, such as FREEREXMOMENTUM [Cutkosky and
Boahen, 2017] and Coin-Betting [Cutkosky and Orabona, 2018]*. Parameter-free SGD [Carmon
and Hinder, 2022] is partially parameter-agnostic that only requires the stochastic gradient bound
rather than the strongly-convexity parameter. Mukkamala and Hein [2017] and Wang et al. [2020a]
introduce the variants of AdaGrad, RMSProp and Adam for strongly-convex online learning, but
they need to know both gradient bounds and strongly-convexity parameter for setting stepsizes. We
will show in the next subchapter that AdaGrad with a slower decaying rate is parameter-agnostic.
We note that the analysis of this theorem is not the simple gluing of the outer loop and inner loop

complexity, but requires more sophisticated control of the cumulative suboptimality £.

5.3.2 Generalized AdaGrad for Strongly-Convex Subproblem

We now introduce the generalized AdaGrad for minimizing strongly convex objectives,
which can serve as an adaptive subroutine for Algorithm 11, without requiring knowledge
on the strongly convex parameter. We analyze it for the more general online convex
optimization setting: at each round ¢, the learner updates its decision x;, then it suffers
a loss fi(x;) and receives the sub-gradient of f;. The generalized AdaGrad, described in
Algorithm 12, keeps the cumulative gradient norm v; and takes the stepsize 1/v{ with

AdaGrad achieves the linear rate if the learning rate is smaller than O(1/1), and O(1/k) rate otherwise [Xie
et al., 2020].

FREEREXMOMENTUM [Cutkosky and Boahen, 2017] and Coin-Betting [Cutkosky and Orabona, 2018] can
achieves O(logk/k) convergence rate when the stochastic gradient is bounded in Y. If the subroutine has
additional logarithmic dependence, it suffices to run the subroutine for tlog?(t) times using criterion II (see
Appendix 5.5.2).
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a decaying rate a € (0,1]. When a = 1/2, it reduces to the scalar version of the original
AdaGrad [Duchi et al., 2011]; when a = 1, it reduced to the scalar version of SC-AdaGrad
[Mukkamala and Hein, 2017].

Algorithm 12 Generalized AdaGrad for Strongly-convex Online Learning
1: Input: x9, 99 >0and 0 <a < 1.
2 fort=0,1,2,... do
3. receive g € df;(x¢)
4 O = v+ |lg?
5
6

Ui

X
Ui

Xty1 = Px (xt - gt>

: end for

Theorem 5.3.8. Consider Algorithm 12 for online convex optimization and assume that (i) f; is
continuous and p-strongly convex, (ii) X is convex and compact with diameter D; (iii) ||g:|| < G
for every t. Then for 0 < a < 1 with any n > 0, the regret of Algorithm 12 satisfies:

t=1

T-1 T-1 1—a
max Y- (fe(xe) = frlx)) < e+ da (Uo +) HgtHz> ,
YeL 120

and for « = 1 with n > g—;,

T-1 T-1
max Y (fi(x;) — fi(x)) < ca + delog <Uo +) Hgt\|2> ,

XEX ) =1

where c, and d, are constants depending on the problem parameters, a and 1.

The theorem implies a logarithmic regret for the case &« = 1, but the stepsize needs
knowledge about problem’s parameters p and G; similar results are shown for SC-
AdaGrad [Mukkamala and Hein, 2017] and SAdam [Wang et al., 2020a]. When a < 1, the
algorithm becomes parameter-agnostic and attains an O(T'~*) regret. Such parameter-
agnostic phenomenon for smaller decaying rates is also observed for SGD in stochastic
optimization [Fontaine et al., 2021]. Proving the regret bound for the generalized AdaGrad
with & < 1 in the online setting is challenging, since the adversarial g; can lead to a
“sudden” change in the stepsize. In the proof, we bound the possible number of times such
“sudden” change could happen.

To the best of our knowledge, this is the first regret bound for adaptive methods with gen-
eral decaying rates in the strongly convex setting. By online-to-batch conversion [Kakade
and Tewari, 2008], it can be converted to O(T*) rate in the strongly convex stochastic
optimization. Xie et al. [2020] prove the O(1/T) convergence rate, or a linear convergence
rate when the smoothness parameter is known, for AdaGrad with « = 1/2 in this setting,
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""""""""" Adam AMSGrad serennenennenenns - AdaGrad s GDA
NeAda-Adam NeAda-AMSGrad ———— NeAda-AdaGrad —————————— NeAda-GD

10! 10!

05000 10000 15000 20000 25000 30000 35000 40000 02000 4000 6000 8000 10000 12000 14000 [

5000 10000 15000 20000
Feradient calls Fgradient calls Fgradient calls

@) r = 0.01 (b) r = 0.03 () r = 0.05

FIGURE 5.2: Comparison between the two families of non-nested and nested adaptive methods
on McCromick function with stochastic gradient oracles. o = 0.01, #¥ = 0.01 and
r = 17y / ;73‘ .

but under a strong assumption — Restricted Uniform Inequality of Gradients (RUIG) —
that requires the loss function with respect to each sample ¢ to satisfy the error bound
condition with some probability.

5.4 EXPERIMENTS

To evaluate the performance of NeAda, we conducted experiments on simple test
functions and a real-world application of distributional robustness optimization (DRO).
In all cases, we compare NeAda with the non-nested adaptive methods using the same
adaptive schemes. For notational simplicity, in all figure legends, we label the non-nested
methods with the names of the adaptive mechanisms used. We observe from all our
experiments that: 1) while non-nested adaptive methods can diverge without the proper
two-time-scale, NeAda with adaptive subroutine always converges; 2) when the non-nested

method converges, NeAda can achieve comparable or even better performance.

5.4.1 Test functions

In Chapter 5.2, we have compared NeAda with non-nested methods on a quadratic
function in Figure 5.1 and the observations match Theorem 5.2.1. Now we consider a more
complicated function that is composed of McCormick function in x, a bilinear term, and a
quadratic term in y,

. 3 5 1
f(x,y) =sin(x; + x2) + (x1 — x)% — ok + 7 X2 + 1+ x1y1 + X212 — Q(y% + y%),
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For this function, we compare the adaptive frameworks in the stochastic setting with
Gaussian noise. As demonstrated in Figure 5.2, non-nested methods are sensitive to the
selection of the two-time-scale. When the learning rate ratio is too small, e.g., n¥/#* = 0.01,
non-nested Adam, AMSGrad and GDA all fail to converge. We observe that GDA converges
when the ratio reaches 0.03, while non-nested Adam and AMSGrad still diverge until
0.05. Although non-nested adaptive methods require a smaller ratio than GDA in Lemma
5.2.1, this example illustrates that adaptive algorithms sometimes can be more sensitive to
the time separation. In comparison, NeAda with adaptive subroutine always converges
regardless of the learning rate ratio.

5.4.2  Distributional robustness optimization

To justify the effectiveness of NeAda on real-world applications, we carried out ex-
periments on distributionally robust optimization [Sinha et al., 2018], where the primal
variable is the model weights to be learned by minimizing the empirical loss while the
dual variable is the adversarial perturbed inputs. The dual variable problem targets finding
perturbations that maximize the empirical loss but not far away from the original inputs.
Formally, for model weights x and adversarial samples y, we have:

. 1 »

min max f(x,y), where f(x,y)=-3 fi(xy)—lvi— vl

¥ y=[y1eynl nis
where 7 is the total number of training samples, v; is the i-th original input and f; is the loss
function for the i-th sample. <y is a trade-off parameter between the empirical loss and the
magnitude of perturbations. When v is large enough, this problem is nonconvex-strongly-
concave, and following the same setting as [Sinha et al., 2018, Sebbouh et al., 2022], we set
v = 1.3. For NeAda, we use both stopping criterion I with stochastic gradient and criterion
IT in our experiments. For the results, we report the training loss and the test accuracy on
adversarial samples generated from fast gradient sign method (FGSM) [Goodfellow et al.,
2015]. FGSM can be formulated as

Xadv = X + € -sign (Vi f(x)),
where € is the noise level. To get reasonable test accuracy, NeAda with Adam as subroutine
is compared with Adam with fixed 15 inner loop iterations, which is consistent with the
choice of inner loop steps in [Sinha et al., 2018], and such choice obtains much better

test accuracy than the completely non-nested Adam. Our experiments include a synthetic
dataset and MNIST [LeCun, 1998] with code modified from [Lv, 2019].
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FIGURE 5.3: Experimental results of distributional robustness optimization task on a synthetic
dataset.

RESULTS ON SYNTHETIC DATASET. We use the same data generation process as
in [Sinha et al., 2018]. The inputs are 2-dimensional i.i.d. random Guassian vectors, i.e.,
xi ~ N(0,L,), where I, is the 2 x 2 identity matrix. The corresponding y; is defined as
y; = sign(||x;||, — V2). Data points with norm in range (v/2/1.3,1.3v/2) are removed to
make the classification margin wide. 10000 training and 4000 test data points are generated
for our experiments. The model we use is a three-layer MLP with ELU activations.

As shown in Figure 5.3(a), when the learning rates are set to different scales, i.e.,
n* = 0.01,7Y = 0.08 (red curves in the figure), both methods achieve reasonable test
errors. In this case, NeAda has higher test accuracy and reaches such accuracy faster than
Adam. If we change the learning rates to the same scale, i.e., #* = 0.01,#Y = 0.01 (blue
curves in the figure), NeAda retains good accuracy while Adam drops to an unsatisfactory
performance. This demonstrates the adaptivity and less-sensitivity to learning rates of
NeAda. In addition, Figure 5.3(b) illustrates the convergence speeds on the loss function,
and NeAda (solid lines) always decreases the loss faster than Adam. Note that Adam with
the same learning rates converges to a lower loss but suffers from overfitting, as shown in
Figure 5.3(a) that its test accuracy is only about 68%.

RESULTS ON MNIST DATASET. For MNIST, we use a convolutional neural network with
three convolutional layers and one final fully-connected layer. Following each convolutional
layer, ELU activation and batch normalization are used.

We compare NeAda with Adam under three different noise levels and the accuracy is
shown in Figures 5.4(a) to 5.4(c). Under all noise levels, NeAda outperforms Adam with
the same learning rates. When we have proper time-scale separation (the red curves), both
methods achieve good test accuracy, and NeAda achieves higher accuracy and converges



5.4 EXPERIMENTS

010

fle.y)

005

Test Accuracy

0 10000 20000 30000 40000 500
dient calls

(a) e=0.1 (b) € = 0.05 (c) e =0.02 (d) loss

10000 20000 30000 40000 50000 60X
#gradi

T 10000 20000 30000 40000 508
#radient calls dient call

010000 20000 30000 40000 50000 60000 70000 50000
#aradient calls

FIGURE 5.4: Results of distributional robustness optimization task on MNIST. € is the noise level.

faster. After we change to the same learning rates for the primal and dual variables (the
blue curves), the accuracy drop of NeAda is slighter compared to Adam, especially when
€ = 0.1. As for the training loss shown in Figure 5.4(d), NeAda (the solid curves) is always
faster at the beginning. We also observed that with proper time-scale separation, NeAda
reaches a lower loss.
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5.5 APPENDIX
5.5.1 Helper Lemmas and Proofs for Chapter 5.2

A. Helper Lemmas

Lemma 5.5.1 (Lemma 4.3 in [Lin et al., 2020a] and Lemma A.5 in [Nouiehed et al., 2019]).
Under Assumption 13 and 14, define ®(x) = maxyecy f(x,y). Define y*(x) = argmaxyeyf(x,y).
Then y*(-) is k-Lipschitz with k = % ®(-) is L-smooth with L := 1+ Ix and V®(x) =

Vaf (%, y7(x))-

Lemma 5.5.2. Let xq,..., xT be a sequence of non-negative real numbers, x; > 0and 0 < a < 1.

<t:i1xt)1_a<z e Er (éﬂ)l_a-

When o« = 1, we have
T t
Z <1+log <M> :
=1 (Thes xk) 1

Remark 5.5.3. The case « = 1/2 has been noticed in [Auer et al., 2002], and the upper bound in

Then we have

the case o« = 1 has already been noticed in [Ward et al., 2019]. Here we we extend it to 0 < a < 1.

Proof. For the first inequality, we have

Fn o e (5
x — x X .
= (Li- 1xk) t=1 (Zk 1xk> <ZtT=1 xt) =N

For the second inequality, we follow a similar procedure as in the proof of Lemma 3.5

of [Auer et al., 2002]. First consider the case 0 < « < 1. By Bernoulli’s inequality, as y < 1
and 0 < a < 1, we have 1 — (1 — &)y > (1 — y)!~*. Denoting S; = ¥_4_; x; and Sy = 0, by
replacing y with x;/S;, we have

1—a
Xt Xt
1—a)—<1—(1-—— .
a-wy<1-(1-3)

Multiplying both sides by S!™*, then we have
(1—a)g <S" =S

Summing over the inequalities for t = 1,..., T gives us the desired result. For « = 1, it is
proved by [Ward et al., 2019]. O
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Proposition 3. If x2 < (ay + axx) (a3 + a4 log(asa; + asayx)) with x,a1,a, a3, a4, a5 > 0 and
ap > 0, then
a
x < a—l + 16a3a3as + 3a3a3
2

Proof. The proof is similar to Lemma 6 in [Li and Orabona, 2019]. If a,x < a;, we have
x < ay/ap. Assume a,x > a1, then
x? < 2ayx(a3 + aglog(2asarx)) < 2apx (az + as\/2asarx)
which implies
x < 2apasz + 2ara4/2asa,x —> x? < Sa%ag + 16a%aﬁa5x.

Solving this, we get

x < 8a3a3as + \/6411211211% + 8a3a} < 16a3a3as + 3a343.

O
Proposition 4. Assume x;,a;,by >0, fort =0,1,2,..., and x;11 < ayx; + by, then we have
T-1 T2 [ T-1
xr < Hﬂt Xo+2 Hﬂi by +br—y, T>2
t=0 t=0 \i=t+1
Proof. Let’s prove it by induction. It is obvious that this inequality holds for T = 2:
Xy = a1x1 + b1 = ajapxg + a1bg + bs.
Assume this inequality holds for T, then
T-1 T-2 [ T-1
X741 <ar Hﬂt X0 + Z H a; | by +br_q| +br
t=0 t=0 \i=t+1
T -1/ T
=\ TJa:|xo+ Y | I] ai|b:+0br
t=0 t=0 \i=t+1
O

Lemma 5.5.4. Assume x; > 0, for t =0,1,2,..., and x;1 = a1x:/(t+ 1) +az/(t + 1), then we

have :
E xt < ax(1+log T) + aze™ + xpe™.
t=0

Proof. By Proposition 4, we have

T T
Z xr <xo+ (a1x0 + az) + 2

t=0 =2 S
X0+ x iﬁ o +i v (11~ ) < +i - (5-2)
=Xo + X0 . —. .
Hi—oltl SR st it St
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We note that Y/, 2 < a5(1 +log T) and
T -1

T at
1
XOE I <
t=1

where the last inequality can be derlved from Taylor expansion of exponential function.

t=11i=

Then it remains to bound the third term on the right hand side of (5.2). We can upper
bound it by noticing

(1)

t=2 j=i+1

Tl Totidtg

=das Z ﬂl -
=1 i=1j=i
T-1 T—t 1 i+t—1 1 i+t

e fa ¥ (15115
=1 i=1 =ix1 ]
-1t [ ¢t -

a 1
1

x4 (11 11

=1 =17 j=T- t+1] =1t

where in the third equality we use ; (]_[”“t 11 ]‘[;ﬁ 11 ]) ]_[;Jf } the last inequality

can be derived from Taylor expansion of exponentlal function; and to see the first equality,
the left hand side is the sum of the following

Elzx%l
o x§x g %4
wx§x§xG GxYxt o fxg
ay X G X xXqhy GG XX gl 723 X 721
apxX g x--oxd  2xIx..oxd T2 X 13 X ¢ R X T,
and on the right hand side we sum them by each diagonal.

B. Proofs for Chapter 5.2

Proof for Lemma 5.2.1. Note that Vf(x,y) = —L2x + Ly and V, f(x,y) = Lx — y. Then we

have

Vaf (Xt11,Y141) = —L%xp41 + Lyt

X
=12 [xt — Lmi‘

Vor

X
L/

my
\/Uy
t

+L |y +
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2 X LT’
—L2x; + Ly: + 17 \/1
Gpa. Withof = vf =1,mf = —L2%x; + Ly; and m? = Lxt — vy,

Vaf (Xe41,Y141) = —L*x; + Lyy + L**(—L?x; + Ly;) + Lriy* (Lx; — 1)
= (—=L2%x; + Ly;) (1 + L?y* — %)
= (L+ L2 — ") Vaf (e, yr)-
ADAPTIVE METHODS.  Note that (¢F)? = L?(g/)?, so by our assumption, v} = L?v] for
all t. Also, with p* = BY, we have
mi +rmi = BEmi_y + (1= %) (=L2x + Lys) +rp*my_y +r(1— ) (Lxt — i)

= B (miy +rml_) + (1= 1) (1= B)Vaf (xu, ).

Recursing this with

Lx
Vof(xea1,yi1) = Vaf (xt,y1) + ——=(mf +rm!), and  m§ = m} =0,
(Y

<

when r < L we have

Vif(xr,y1) > Vif(x0,Y0) H
+=0

x

\/T

AVERAGED AND BEST ITERATE.  We note that the distance from a point (x, y) to the line

y = Lx, the set of stationary point, is |\/7| that is proportional to |V f(x,y)|. Therefore,

—B)(L—7)

the iterate converges to the set of stationary point if and only if the gradient about x
converges to 0. This also explains the best iterate will not converge to the set of stationary
point for GDA with r < L? and for adaptive methods with r < L. Average iterate will not
converge under the same condition by observing that if an iterate (x;,y;) is on the one side
of the line y = Lx, the next iterate (x;41,Yy;+1) will stay on the same side. Without loss of
generality, assume (x;,y;) is on the right of the line y = Lx, i.e., y; < Lx;. By the update of
GDA,

X1 = x5 (L2xy — Lyr), Yo = v+ 7" (Lxe — i),

we have y;,1 < Lx;y1 as r < L2. For adaptive methods, by the recursion of m} and m/,
if y; < Lx for all s < t, we have —m} > Lm]. The update of adaptive methods can be

written as:

X r X
X1 = Xt + 7 (=mi), Y1 =yt + 1 my
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Then y;41 < Lxpygasr < L2. Now we conclude that the iterate will always stay on the one

side of line y = Lx.
O

5.5.2  Proofs for Chapter 5.3
A. Proofs for NeAda-AdaGrad

PROOFS FOR THEOREM 5.3.1

Proof. Part of the proof is motivated by [Ward et al., 2019]. By the smoothness of ® from
Theorem 5.5.1, we have

D(xp11) < D(xr) + (VO(x1), xp1 — x1) + Kl |01 — x|

Ui 1 i Kl}72
= P(xt) — <VCI>(xt), NG (M Zfo(Xt/yt; Ct)) > + ?H

1 i
M vaf(xt/yt;gt)
Note that

Eg

t

(VO(x;), Vaf (xt,y1) — 5 Li Vof (x1, y15 C§)>] _o
Vi + [[Vaf (xe,y0) |2+ 02/ M

Therefore,
ALLBELLY

1 1 1 i )
= [(x/vt IV f G y) [P+ 02/ M \/th) <W’(Xf)fM;fo(xt,ytlét)ﬂ

(VO(xt), Vif (xt,yt)) |3 =i fo(xtrl/t;(?i)Hz
Vor + IVaf (xe,y0) |2+ 02/ M Vt41 '

Now we want to bound the first term on the right hand side and let’s denote it as K. First

(5-3)

kInEg

t

we note that
1 1
Vor + IVaf o, y) [P+ 02/M - /o

Vi — Vo + [ Vaf (e, 1) 2+ 02/ M
V01 \/Ut + [[Vaf (xt,y0) ||+ 02/ M

| (Ve = Vo 9 Gy P+ 02/M) (Vo + Vor + [V Gy [P+ 02/M)
Voo TV f (e g7+ 077 M (o + /o + [Vaf (o, y) P+ 02/ M)

IN

2
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_ |8 i Vaf oy &) = IVaf (xeye) | — 02/ M
VI IVaf eyl IP + 027 M (o + /or + [Vaf (e, y) [P+ 02/ M)

_ (|77 Zi Vaf e,y D\ = IV f (2, y)) (|57 X Vaf (26, y6:80)|| + Hfo(xt,yt)H) —?/M
VOV Ve f ey ) P02/ M (ot + /o + [Vef G,y [P+ 02/ M)
132 X Vo f Cer, s D — IV f (e )l g/VM }
VOV + [Vaf Gy P+ 02/M 7 oo + Vo f (e y) 2+ 02 /M)
where in the second equality we use the definition of v;. Therefore we have
. NIt
[l Zi Vf ety G| = IVf Gee y) NIV R ()| [ 3 K Vf (1,965 61) |
VOV o+ [ Vef (xuy) [P+ 02/ M

V()| | 4 T vxf<xt,yt,-a;‘>2] }

< max{

K < max {]E{;‘t

(5-4)

Voo + [V f (e, y) [P + 02/ M
o : < 1,2 2 Wi — /M
By Young’s inequality ab < jya” + Ab” with A T o
[l 80 X Vf oo [ VS e IV @E g 1 i Vaf i) |
VotV f (xeye) [P+02 /M VOt
right hand side of (5.4) can be upper bounded by

e | VO IV Gy P+ a7 M (| £ Vaf (oo 8| = IV Gy I 19000 ) )
“ 402/M Vo + IVof oy P+ 02/ M

a = , the first term on the

E o?/M |1 i Vo (xe,y1:81) |
b Vo IVaf o,y P+ 02/ M NG

o VP Bz, |3 5 Vef (x5 81) = Vf (xt, 1)

HMZl Vaf (0, Y1 8}) H ]

402 Jor + [Vaf e, y) [P+ 02/ M m Vi1
IV (x,) 2 y T, |4 5 Vaf (xe, v )|
4\/vt+HVXf(xtr]/t)Hz‘i‘Uz/M \ﬁ Ut+1
2/ M _ £ Vo(x)|

Similarly, by Young’s Inequality with A =

a =
Vot [V f () P+02/ M Vot Vaf (xe) [2+02 /M

and b = s & VLI Gopid) | the second term on the right hand side of (5.4) can be upper
= . , g 54 PP

bounded by
[ 2
B | Vot IVf Gy [P+ 0%/ M Sl Ve ()|
" 402/ M Vor + [[Vaf(xe, )| +02/M

E 1 HMZI xf Xt,Yt; G H
Vo + IV f Gy P+ 02/ M e
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112
e o 0 [l Ve ey
= & .
4/vi + [Vaf (xr,ye) [+ 02 /M~ VM Vit
Therefore,
IC TS o 28, OV |
T 4o+ [V f (x,y1) 2+ 02/ M \/> (JES]
Plugging this into (5.3),
IEért CI)(xtH)—CD(xt)
Ui
e R | DA BT
T 4o+ [Vaef () 2+ 02/ M f U

(VO(xt), Vaf (xt,y1))

+ Kli’]IEgt

37 X vxf<xnyf;€i>”2]

Vot [IVaef (xpy) 2 + 02 /M U1
2
- (0+xl;7>]E | i VS (e ys 8D | [Vaf (xe, ye) |12
VM V41 2\ + [ Vaf (xt,y1) |2 + 02/ M

IV f(xt,yt) = VO (x| (5.5)
2/0: + [Vf (xe,y0) 7+ 2/ M '
where in the second inequality we use ||a||?/4 — (a,b) < —||b||*/2 + ||a — b||* /2. Applying
the total law of probability,

1T1

s L EF

IV f Cxr ye) |12
Vor + IVaf (xe,y) |2 + 02/ M
®(xg) — min, ®(x) < o ) =l
< + +xlyp | E
= 7 v T E Y
©  IVaf(xnye) — VO (xy) |2 .
=0 23/vr + [V f (xt,y0) |2 + 02/ M

I A Vaf (xt,ys 8 H2

Ot+1

(5-6)

Denote
2
7 4 vx , 2 c2 ||vxf(xt,yt)|| ,
Z || f Xt yt || Z \/Ut‘f’ Hvxf(Xt,yt)Hz U'Z/M
|31 5 Vef ey 8| s IVef(xny) — VO (x|
» Q=E Z 2 2 ’
Ot41 =0 2\/7){ + Hfo(xt,yt)H +0o /M

D]EZ

By Theorem 5.5.2 witha =1,

1+log <1+ ). X Ve f o0 )]

=0 Yo

D <E

<1+E -
0

log (1 S G DI + B 4 i Veof (oo 80) — Ve (e 30) ”2)]
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<1+2E 5
0

. 1/2
log (1 . Z+ Y0 s 5 Vaf (x0,y16) — fo(xt,yt)H2> ]

[ T-1111 y. Ly 2
<1+2E |log (1+ vZ VELS 13050 Vaf (1, 1581) = Vf G| )]

v Voo
E |V Eizo [l Zi Vaf (ke ye ) —fo(xt,yt)Hz
<1+4200g |14 B2, W 0 ll3 }
T—1
<14 2105 (14 EVA m) < 1+2log <1+1E[\/Z] L Ve )
Ve e Vi Vb

where in the fourth inequality we use (a + b)'/2 < al/2 + b/2 with a,b > 0, the fifth and

sixth inequalities are from Jensen’s inequality. Also, by /-smoothness of f,

0-gy VG —VOE)P [Z 2y: —y*(x»HZ] te ()

=0 2ot + [ Vaf (xe,y)) [P+ 02/ M~ |5 270
Also,
C> Tz_l]E IV f (et ye) |2 ]
> _ Gy I
= -\/UO + 00 I X Vaf (o yis SO + S50 1 Vaf (x, ) I12 + 02/ M
Y E IV e )P
=0 oo+ 3R VS (g, P+ 25050 1V f (vt ) — g K Vif (e s G112 + 02/ M

Z
. | /00 +3Z + 2510 I Vaf (v i) — 4 5 Vaf (v yis 812 + o-Z/M]
(]E[ﬁ])z
E _\/Uo +3Z+ 25 IVaf (o i) — 31 L Vo f (X, v €1) |12 +02/M}
. (Elvz))” > (EvZ])’
VO BEIVZ] /M + 2T o2/ M VO +SEWVZ] 4+ 20VT/ VM

where in the fourth inequality we use Holder’s inequality, i.e. E[X?] > % with

v

1/2
X = — Z - , and
V0ot 3Z+2 TN IV f (i) — 5 L Vaf (xiyids) [2+02/ M
1/4

Y = (vo +3Z 4+ 2 0 IVaf (xi,yi) — 5 X Vaf (3, i E1) |12 + 02/M> , and in the fifth
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inequality we use (a + b)!/2 < a'/2 4+ b'/2 and Jensen’s inequality. Plugging the bounds
for C, D and Q into (5.6),

(B1v2)
Voo + 3E[VZ] +20VT/VM

2 (®(x0) — min, ®(x)) 40 E[VZ] oVT
< ” +<\/M+2Kli7> 1+210g<1+ o +\/%\/M> +£.
(5.8)

Now we want to solve for E[v/Z]. Denote A = ®(x() — min, ®(x). By Proposition 3, we
have

V0o 432A% 20T 32 0 o 407 )
< — —_— .
E[VZ] < 3+ o +3m+432 1+\/% P 4 S ) 1088

We plug this loose upper bound into the logarithmic term on the right hand side of (5.8)

and denote the right hand side as A + £. Then we solve the inequality

(Eva)
V00 + 2E[VZ] +20VT/VM ~ e

which gives rise to
E[VZ] <2(A+ &)+ <v§ +2a%TiM—i> VATE. (5.9)

Note that
40 1

A o
A= —+ | — +2«l 1+2log(Poly (T,E, —, ——,«l ,v,))].
1 <\/M ”)[ g( y( TN ™

PROOF FOR THEOREM 5.3.4 Now we state Theorem 5.3.4 in a more detailed way.

Theorem 5.5.5 (deterministic). Suppose we have a linearly-convergent subroutine A for maxi-
mizing any strongly concave function h(-):
ly* =y I1? < a1 (1 = a2) fly” — y*|I?
where y* is k-th iterate, y* is the optimal solution, and a; > 0 and 0 < ay < 1 are constants that
can depend on the parameters of h.
Under the same setting as Theorem 5.3.1 with o = 0, for Algorithm 11 with subroutine A under
criterion I: ||y — Projy, (y: + Vy f (xt, 1)) |* < 75, and M = 1, there exists t* < O (€72) such

that (x4, vy ) is an e-stationary point. Therefore, the total gradient complexity is O (e72).

Proof. For convenience, we denote Gy(x,y) = ||y — Projy,(y + Vyf(x,y))|| as the gradient
mapping about y at (x,y). From Theorem 3.1 in [Pang, 1987] and Lemma 10.10 in [Beck,
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2017], we have I%Hy —y ()| < 1Gy(x,y)|| < (2+1)|ly —y*(x)]||. With criterion I, £ can
be bounded as the following

T A VPG )] 2012 11 g
=0 2p%\/vo 2o Ht+1 T 2\/v0 ’

where in the first inequality we use the strong concavity. By setting ¢ = 0and M =1 in

E<E

Theorem 5.3.1, we have

1 T=1 LA+ EN i
L Vel < HATEE  AEE)
t=0

where A+ & =0 (M + 20 + xly + (l\/tl) ) We use O() to include the prob-
lem parameters in O(-), and similarly &(-) ignores the logarithmic terms. Second, we need
to compute the inner-loop complexity. At (t 4 1)-th inner loop, we need to bound the

initial distance from y; to the optimal y w.r.t x;.

lye = y* Cor) 12 < 2llye =y (xo) [P+ 20ly" (xe) =y (o) |2
2(1 —|— 1)?

IN

Gy f (et yo)lI? + 2062 [ xe — 2142

2(l+1)2 1 x*n? )
. \V4 <
12 Fr1 7 o IVaf (e, y0)[I7 <

where in the second inequality we use Theorem 5.5.1, and in the third we use x;14

2(1+1)?
< B — + 2K2772,

update rule. Therefore subroutine A takes O ( % log(l / t)) iterations to find y;1 such that
Gy (x4, ye+)I1* < (2 4+ 1D?[[Yrs1 — y* (xe41) || < 57 Then we note that

= 2 * 2 2, (H‘ )2
}_:;,)I\fo(xt,yt)l\ + llye —y* (x)[|” < ;)I!fo(xt,yt)ll Gy f (xe, ye) |12
<4(A+E + Voo(A+E) + ( ;:21)2 (1+1logT).

So there exists t < & (((A+&)2+ oo(A+E) + (K2 +1/p2)) €?) suchthat Hfo Xt Yt ) <
eand ||ly; — y*(x;)| < e. Therefore the total complexity is & <<(AZZ£) Y A+g (Le) > )

p2ay
withA+g:ﬁ(M+zg+Km+ a\/ﬂ) )

O]

Remark 5.5.6. As long as we use the stopping criterion ||y; — Projy,(ye + Vy f (x, yi))|1* < 71,
the exact same oracle complexity as above can be attained for the primal variable, regardless of the
subroutine choice. The convergence rate of the subroutine (not necessarily linear rate) will only

affect the oracle complexity of the dual variable.

PROOF FOR THEOREM 5.3.6  Now we state Theorem 5.3.6 in a more detailed way. Here
we consider more general subroutines with O(1/k) convergence rate. When the subroutine
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has the convergence rate O(1/k) without additional logarithmic terms, it reduces to the
setting of Theorem 5.3.6. The proof of the theorem relies on Theorem 5.5.4.

Theorem 5.5.7 (stochastic). Suppose we have a sub-linearly-convergent subroutine A for maxi-
mizing any strongly concave function h(-): after K = klog” (k) + 1 iterations

IEIIyK—y ||2 < 1Hy Z H 2’

where y* is k-th iterate, y* is the optimal solution, p € N is an arbitrary non-negative integer and
by, by > 0 are constants that can depend on the parameters of h.

Under the same setting as Theorem 5.3.1, for Algorithm 11 with M = €2 and subroutine A
under the stopping criterion: at t-th inner loop the subroutine stops after tlog? (t) + 1 steps, there
exists t* < O (€72) such that (x;-,yp) is an e-stationary point. Therefore, the total stochastic
gradient complexity is O (e™*) .

Proof. First we note that
lye =" Gee) 7 < 2llye = y* o)1+ 2ly" (x) — " (i) 2 < 20y =y () > + 2%

By the convergence guarantee of subroutine A, after tlog?(t) + 1 inner loop steps, it
outputs

g% 2 gk 2 2.2
Ellyis1 — y* (xee1) |2 = bullys =y (i) I + b2 _ 2blye — y* (x0) [|° + 2%5°b1 + by

t - t
(5.10)
Taking expectation of both sides and by Theorem 5.5.4, we have
E Z ly: — v (x1)]|? < b3(1 +1og T) + bze®™ + X2, (5.11)
with by = 2K2772b1 + by and X denotes ||yo — *(xg) |?. Then
2 2 2
Z lye —y" (x)[|” < 2\7 [b3(1+1ogT)+b3e + Xoe }
By setting M = €2 in Theorem 5.3.1, we have
1
1= 20A+E)  yyVA+E  2\/(A+E)oe
LY IVl | < 2AEE L% s AT E)e
T & VT VT T3
where A = 0 (M + (\ﬁ + Klﬂ) (1+ bl)). Therefore,
1
E 4|7 2 IVef(xoy)l?| + | E Z lye —y*(x0) |7
=0
< Z(A‘f’g) + Ug\/A+S +2\/(A+5 \/b3 1—|—10gT) +b3€2b1 —|—X0€2b1

VT VT T+ VT
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By setting the right-hand side to €, we need
T =6 (((A+ 8P+ ValA+E)1+0) +a+ (bt X)) )

outer-loop iterations. Since M = €2, the sample complexity for x is Te 2 = O(e™4).
Since the inner loop iteration is at most Tlog’ T + 1, the sample complexity for y is
T2log” T+ T = O(e™%).

O

Remark 5.5.8. The same sample complexity for the primal variable can be attained as above, as long
as (5.10) holds. The choice for the subroutine will affect the number of samples needed to achieve
(5.10), and therefore the sample complexity for the dual variable. Although the complexity above
includes an exponential term in by, we note that by = 0 in many subroutines for strongly-convex
objectives [Cutkosky and Boahen, 2017, Rakhlin et al., 2012, Lacoste-Julien et al., 2012].

B. Proofs for Generalized AdaGrad

PROOF OF THEOREM 5.3.8

Proof. We separate the proof into three parts.

PART I. From the update of Algorithm 12, we have for any x € X
2

2 2
e = 2 = e = ogr = x| = Il — 22+ oIt = (8o, x = ).
Uit Uit Lo

Multiple each side by vf, ;,

2
Ol — ¥l = v — I+ gl — 29 (g3 — ).
t+1

By strong convexity,

filx) = filx) < (gex = x) = Bz — x|

Plug it into the previous inequality,

2
ol — 2117 < o e — )2+ S llgell? = 2n(fe(x) — fi(x)] = gl = x|

t+1
Telescope fromt =0to T —1,
T-1 T-1
21 g[ft(xt) — fe(x)] < of[lxo — x| — o [|xrr — x|* - ; [0f — oy + ] e — x|
T-1 ,2
+ Y gl (5.12)

=0 “t+1
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PART I11.  In the part, we focus on the second term on the right hand side of the previous

inequality. For convenience, we denote

By = vfyy —of — .
Denote set S = {t : B; > 0}. We will first bound the number of ¢ for which the coefficient
B; is positive, i.e., |S|, for the case 0 < a < 1. We note that

o + lgt 1l a_ B
( o Ly —np
2 o 2
<o (1+al8f y)y, _lP_ 519
t

where in the inequality we apply Bernoulli’s inequality, i.e.,, (1 + x)" < 1+ rx with
0 <r<1and x > —1.If By is positive, it leads to

il
t

By = (v + ||g]*)* —of —nqu =1

Bi>0 gl > Eofe (5.14)
— ||gt||2>%vé-“ (5.15)

This means ||g¢|| is not small once we observe B; > 0. Since ||g|> < G?, if the right hand
side of (5.14) is larger or equal to G2, then B; can not be positive, i.e.

1
2\ T—«
Moo s G2 ey M(“G>
& mu

|?, (5.15) implies that once we observe B; > 0,

On the other hand, because vt+1 = v+ || gt
vy will increase by at least W ~%. Therefore, it can be positive for only finite times, i.e.,

1
aG? | = a
o< Ui)" ey

= — . (5.16)
2—u _
Tt ey
Even when B; is positive, its value is bounded above from (5.13),
| g |? aG?
B < ngtg U< (5-17)
Uy Y

Now it is left to discuss the case « = 1. When a« =1,

B = —vi + 01 — i < [[ge)* =y < G* =y

Therefore, when 1 > %2, we have B; < 0 for all ¢.

PART I11I.  In this part we wrap up everything for two cases: i) 0 < « < 1; ii) & = 1. From

equation (5.12),

T-1
2n ;)[ft(xt)—ft(X)] iD*+ Y BD* + 1 Z

tes t+1

8 (5.18)
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cAasE 0 < a <1. ByLemma 5.5.2,(5.16) and (5.17),

T-1 2
21 ¥ [fi(w) = fi(x)] < 01D+ ¥ BD? + Lol
t=0

tes
2-n
< (vo+G2)”‘D2+ “(“GZ)H ’72 1-a
- (pp)Frog2e - 1—at

casew =1. Wehave By <0foralltasny > %2 Then by Lemma 5.5.2,
Lo HgtH2> .

21 Ii:l[ft(xt) — fi(x)] < (Uo—i-Gz)Dz—l—iyzlog < ~
t=0

O

Remark 5.5.9. We note that the regret bounds contain a constant term y‘ﬁ, which increases

exponentially as « approaches 1. However, such term is common even in the convergence result of
SGD with a non-adaptive stepsize i in strongly-convex stochastic optimization; e.g., Theorem 1
in [Moulines and Bach, 2011] and Theorem 31 in [Fontaine et al., 2021] both contain a term that
will not diminish before © (y‘ﬁ> iterations.
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LIMIT OF UNTUNED SGD AND POWER OF ADAPTIVE METHODS

The classical analysis of Stochastic Gradient Descent (SGD) with polynomially decaying
stepsize 7; = 17/+/t relies on well-tuned 7 depending on problem parameters such as
Lipschitz smoothness constant, which is often unknown in practice. In this work, we
prove that SGD with arbitrary 1 > 0, referred to as untuned SGD, still attains an order-
optimal convergence rate O(T~'*) in terms of gradient norm for minimizing smooth
objectives. Unfortunately, it comes at the expense of a catastrophic exponential dependence
on the smoothness constant, which we show is unavoidable for this scheme even in the
noiseless setting. We then examine three families of adaptive methods — Normalized
SGD (NSGD), AMSGrad, and AdaGrad — unveiling their power in preventing such
exponential dependency in the absence of information about the smoothness parameter
and boundedness of stochastic gradients. Our results provide theoretical justification for
the advantage of adaptive methods over untuned SGD in alleviating the issue with large
gradients.

6.1 OVERVIEW

In this chapter, we study the stochastic optimization problem of the form:
min f(x) = Egp [F(x;8)],
x€R?

where P is an unknown probability distribution, and f : R? — R is an ¢-Lipschitz smooth
function and can be non-convex. In the context of machine learning, ¢ may represent an
individual training sample from the data distribution P, and x denotes the weights of the
model.
Stochastic Gradient Descent (SGD), originated from the seminal work [Robbins and
Monro, 1951], performs the following update iteratively:
X1 = Xt — i VE (x5 G1),
where 7; > 0 is some stepsize and VF(x;;¢;) is an unbiased stochastic gradient. SGD
has shown remarkable empirical success in many modern machine learning applications,
e.g., [Bengio, 2009, Sutton and Barto, 2018]. Its efficiency is usually attributed to its cheap
per iteration cost and the ability to operate in an online fashion, making it suitable for
large-scale problems. However, empirical evidence also reveals undesirable behaviors

of SGD, often related to challenges in selecting appropriate stepsizes. In particular, a
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. Upper bound; Lower bound; Upper bound; Lower bound;
Algorithms P A s X
deterministic deterministic stochastic stochastic
SGD (Eq. 6.1) O ((4ep2Pe) 0 ((8e)7 /e 4) O ((4e)2ntPe4 0 ((8e)7/5e4)
— 1
M= Jia [Thm. 6.3.1, 6.5.1] [Thm. 6.3.3] [Thm. 6.3.1, 6.5.1] [Thm. 6.3.3]
NSGD (Alg. 16) o (e72) Q(e7?) N/A due to Nonconvergent
= m [Cutkosky and Mehta, 2020] & [Prop. 5] [Carmon et al., 2020] lower bound [Thm. 6.4.1]
NSGD-M (Alg. 13) 19) (e2),a=1/2 Q(e7?) 10} (e™), x=3/4 Q™)
n= m [Cutkosky and Mehta, 2020] & [Prop. 5] | [Carmon et al.,, 2020] | [Cutkosky and Mehta, 2020] & [Prop. 13] | [Arjevani et al., 2022]
~ _2
AMSGrad-norT (Alg. 14) o (674) Q (674) N/A due to Q (e 174) V¢ € (0.5,1)
"= [Thm. 6.4.3, 6.5.6] [Thm. 6.5.9] lower bound [Thm. 6.4.2]
AdaGrad—norn’; (Alg. 15) o (6—2) Q (6—2) 1) (674) o) (6—4)
= Vo, s [Yang et al., 2022a] & [Prop. 6.4.4] [Carmon et al., 2020] [Yang et al., 2022a] & [Prop. 6.4.4] [Arjevani et al., 2022]

TaBLE 6.1: Complexities of finding an e-stationary point for SGD, NSGD [Nesterov, 1984], NSGD-
M [Cutkosky and Mehta, 2020], AMSGrad-norm (norm version of AMSGrad [Reddi
et al., 2019]), and AdaGrad-norm [Streeter and McMahan, 2010]. We only assume
f is £-smooth, and unbiased stochastic gradients have bounded variance ¢?. Hyper-
parameters (e.g., v and 7) are untuned. Here, O and O hide polynomial terms in
problem parameters and hyper-parameters. The bounds are with respect to specific
algorithms and stepsizes, and lower bounds for general first-order methods still hold
[Carmon et al., 2020, Arjevani et al., 2022]. We denote the effective stepsize at iteration
t as ns.

number of works report the gradient explosion effect [Bengio et al., 1994, Pascanu et al,,
2013, Goodfellow et al., 2016] during the initial phase of training, which may eventually
lead to divergence or prohibitively slow convergence. The phenomenon is also observed in
our experiments (see Figure 6.1(b)) when the stepsize is poorly chosen. Unfortunately, this
phenomenon is not well understood from a theoretical point of view. The classical analysis
of SGD in the smooth non-convex case [Ghadimi and Lan, 2013], prescribes to select
a non-increasing sequence of stepsizes {#;},.,; with #; < 2//. In particular, the choice
1t = 1/(£+\/t), guarantees’ to find a point x with E [[[V£(x)||] < e after O (e™*) stochastic
gradient calls, which is also known to be unimprovable in the smooth non-convex setting
unless additional assumptions are made [Arjevani et al., 2022, Drori and Shamir, 2020].
However, the bound on the smoothness parameter / is usually not readily available for
practitioners, and the limited computing power usually refrains them from exhaustive tun-
ing to find the best stepsize. It is therefore important to provide theoretical understanding
for SGD with an arbitrary stepsize (which we refer to as untuned SGD) that is agnostic to
the problem parameter. The following intriguing question remains elusive in the stochastic

optimization literature:

1 Given access to unbiased stochastic gradient oracle with bounded variance.



6.1 OVERVIEW

How does untuned SGD with decaying stepsize 7y = n/+/t perform when 7 is
independent of the smoothness parameter? How to explain the undesirably large
gradients encountered in training with SGD?

Recently, there has been a surge of interest in adaptive gradient methods such as Adam
[Kingma and Ba, 2015], RMSProp [Hinton et al., 2012], AdaDelta [Zeiler, 2012], AMSGrad
[Reddi et al., 2019], AdaGrad [Duchi et al., 2011], Normalized SGD [Hazan et al., 2015] and
many others. These methods automatically adjust their stepsizes based on past stochastic
gradients rather than using pre-defined iteration-based schedules. Empirically, they are
observed to converge faster than SGD and mitigate the issue of gradient explosion across
a range of problems, even without explicit knowledge of problem-specific parameters
[Kingma and Ba, 2015, Liu et al., 2020b, Pascanu et al., 2013]. Figure 6.1(a) provides a
basic illustration of performance differences between SGD with 7; = 1/+/t stepsizes and
adaptive schemes such as AdaGrad and Normalized SGD with momentum (NSGD-M)
[Cutkosky and Mehta, 2020]. Notably, when the initial stepsize is too large (compared
to 1/ value), SGD reaches the region with large gradients, while adaptive methods do
not suffer from such effect. However, the theoretical benefits of adaptive methods over
SGD remain unclear. A large number of existing analyses of adaptive methods assume
bounded gradients, or even stochastic gradients, precluding not only a fair comparison
with SGD whose convergence does not need bounded gradient but also the possibility to
explain their benefit when facing gradient explosions. While recent developments show
that AdaGrad-type methods [Faw et al., 2022, Yang et al., 2022a] can attain O (e7*) sample
complexity under the same standard assumptions as for SGD analysis, there still lacks a
good explanation for the huge performance gap observed in practice despite SGD with
well-tuned stepsizes theoretically achieving the lower complexity bound. We will address

the following open question:

Can we justify the theoretical benefits of adaptive methods over untuned SGD for
smooth non-convex problems without assuming bounded gradients?

Consequently, this work is based on the premise of not assuming bounded gradients
and hyper-parameters being independent of problem parameters. The main contributions

are as follows:

e We show that untuned SGD with diminishing stepsizes #; = 7/+/t finds an e-stationary
point of an /-smooth function within O((¢2 + 0'47]4€4)(46)2'72E2€_4) iterations for any
17 > 0. Here 02 corresponds to the variance of the stochastic gradient. Although this
classical algorithm converges and has the optimal dependence on €, we further show
that the disastrous exponential term in %22 is not avoidable even when the algorithm
has access to exact gradients. This explains its proneness to gradient explosion when
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FIGURE 6.1: Comparison of SGD, AdaGrad, and NSGD-M on a quadratic function f(x) = ¢x2/2
and a neural network. SGD employs a diminishing stepsize of 7/+/, while the step-
sizes for AdaGrad and NSGD-M are specified in Propositions 6 and 6.4.4, respectively.
In the left figure, we set 7 = 1 for all methods and test with two different values of /.
In the right figure, we train a 3-layer neural network on the MNIST dataset [LeCun,
1998] using cross-entropy loss and set 7 = 10.

the problem parameter is unknown. Previous analyses fail to capture this exponential
term, since they assume 7 is well-tuned to be ©(1/¢).

* AMSGrad, proposed to fix the nonconvergence of Adam, is not yet well-understood, with
previous analyses depending on bounded stochastic gradients. We show that AMSGrad
(norm version) is free from exponential constants in the deterministic setting without
tuning, in stark contrast with SGD. Surprisingly, in the stochastic setting when the
stochastic gradients are unbounded, we show that AMSGrad may converge at an
arbitrarily slow polynomial rate. To the best of our knowledge, these are the first results
of AMSGrad without assuming bounded gradients.

¢ To further illuminate the advantages of adaptive methods, we re-examine the results
for Normalized Gradient Descent (NGD), Normalized SGD with momentum (NSGD-
M) from [Cutkosky and Mehta, 2020] and AdaGrad-norm from [Yang et al., 2022a],
considering stepsize independent of the problem parameters similar to untuned SGD.
They all achieve near-optimal complexities while shredding off the exponential factor. As
a side result, we provide a strong non-convergence result of NSGD without momentum
under any bounded stepsizes, which might be of independent interest.

Our findings contribute a fresh understanding of the performance gap between SGD and
adaptive methods. Albeit with a near-optimal rate, untuned SGD is vulnerable to gradient
explosion and slow convergence due to a large exponential constant in its complexity,
which can be circumvented by several adaptive methods. To the best of our knowledge,
this substantial difference is unformed in the previous literature, because the majority

of analyses for SGD and adaptive methods turn to either well-tuned stepsize based on
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problem parameters or the assumption of bounded gradients. Part of our results are
summarized in Table 6.1 and full results for a broader range of stepsizes can be found in
Table 6.2 in the appendix.

6.1.1 Related Work

SGD in nonconvex optimization. Stochastic approximation methods and SGD in
particular have a long history of development [Robbins and Monro, 1951, Kiefer and
Wolfowitz, 1952, Blum, 1954, Chung, 1954, Nemirovski and Yudin, 1983, Polyak and
Juditsky, 1992]. When the objective is /-smooth and the gradient noise has bounded
variance 02, Ghadimi and Lan [2013] and Bottou et al. [2018] prove that if stepsize
i = /T, where 1 = 17(¢,0?) and T is the total iteration budget, then SGD can find an
e-stationary point within O ({o?e~*) iterations. Similar complexity (up to a logarithmic
term) can also be achieved by decaying stepsizes 77/+/t [Ghadimi and Lan, 2013, Drori and
Shamir, 2020, Wang et al., 2021]. This result was later shown to be optimal for first-order
methods under these assumptions [Arjevani et al., 2022]. Several works consider various
relaxations of the stochastic oracle model with bounded variance, for instance, biased oracle
[Ajalloeian and Stich, 2021] or expected smoothness [Khaled and Richtérik, 2020]. However,
these results also heavily rely on sufficiently small 7, e.g., 7 < 1//, and the convergence
behavior in the large # regime is rarely discussed. Remarkably, Lei et al. [2019] characterize
the convergence of SGD under individual smoothness and unbiased function values. They
consider Robbins-Monro stepsize schemes, which includes 7 /t* when a > 1/2, and derive
O(ea%l) sample complexity including an exponential dependence on the smoothness
parameter. Unlike [Lei et al., 2019], we focus on the standard assumptions and derive
better dependency in smoothness constant when a > 1/2. Importantly, we further justify
that the exponential constants are unavoidable with a lower bound.

Adaptive methods. We focus on methods directly using gradients to adjust stepsize,
rather than other strategies like backtracking line search [Armijo, 1966]. Normalized Gradi-
ent Descent (NGD) was introduced by [Nesterov, 1984] for quasi-convex functions. Hazan
et al. [2015] apply NGD and NSGD with minibatch to the class of locally-quasi-convex
functions. Later, Cutkosky and Mehta [2020] and Zhao et al. [2021] prove NSGD with
momentum or minibatch can find an e-stationary point in smooth nonconvex optimization
with sample complexity O(e~*). AdaGrad was introduced in the online convex opti-
mization [Duchi et al., 2011, McMahan and Streeter, 2010]. In nonconvex optimization,
AdaGrad and its scalar version, AdaGrad-norm [Streeter and McMahan, 2010], achieve
competitive convergence rates with SGD [Ward et al., 2020, Li and Orabona, 2019, Kavis
et al., 2022a, Li and Orabona, 2020]. RMSProp [Hinton et al., 2012] and Adam [Kingma
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and Ba, 2015] use the moving average of past gradients, but may suffer from divergence
without hyper-parameter tuning [Reddi et al., 2019]. Recently, it was shown in the finite-
sum setting that they converge to a neighborhood, whose size shrinks to o by tuning
hyper-parameters [Shi and Li, 2021, Zhang et al., 2022]. However, most of the results on
AdaGrad and Adam-type algorithms assume both Lipschitz and bounded gradients [Zhou
et al., 2018, Chen et al., 2019, Défossez et al., 2020, Ward et al., 2020, Zou et al., 2019]. Very
recently, Faw et al. [2022] and Yang et al. [2022a] independently show that AdaGrad-norm
converges without assuming bounded gradients and without the need for tuning, attaining
a sample complexity of O(e™4).

SGD v.s. adaptive methods. Despite similar complexities, adaptive methods typically
converge faster than SGD in practice [Brown et al., 2020, Liu et al., 2020d] and are widely
used to prevent large gradients [Pascanu et al., 2013, Ginsburg et al., 2019]. Various
attempts have been made to theoretically explain these differences. Some suggest that the
advantage of adaptive algorithms is their ability to achieve order-optimal rates without
knowledge of problem parameters such as smoothness and noise variance [Ward et al.,
2020, Levy et al., 2021, Kavis et al., 2019]. Other studies investigate the faster escape from
saddle points by adaptive methods [Levy, 2016, Murray et al., 2019, Xie et al., 2022]. The
importance of coordinate-wise normalization in Adam has also been highlighted [Balles
and Hennig, 2018, Kunstner et al., 2023]. Furthermore, the influence of heavy-tail noise
on the performance of adaptive methods is studied [Zhang et al., 2020b]. However, most
previous works do not provide an explanation for the faster convergence of adaptive
methods in terms of sample complexity. Notably, Zhang et al. [2019a] and Wang et al.
[2022] explain the benefits of gradient clipping and Adam under a relaxed smoothness
assumption, a setting where SGD with non-adaptive stepsizes may not converge. In
contrast, we analyze SGD and several adaptive methods under standard smoothness and
noise assumptions, distinguishing it from the recent work of Wang et al. [2022] that focuses
on one variant of Adam for finite-sum problems with individual relaxed smoothness and

random shuffling.

6.2 PROBLEM SETTING

Throughout this chapter, we focus on minimizing an ¢-smooth function f : RY — R. We
have access to a stochastic gradient oracle that returns g(x;¢) at any point x, and we make

the following standard assumptions in nonconvex optimization.

Assumption 16 (smoothness). Function f(x) is {-smooth with £ > 0, that is, ||V f(x1) —
Vf(x2)|| < £||x1 — x2|| for any x; and x, € RY.
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Assumption 17 (stochastic gradients). The stochastic gradient g(x;¢) is unbiased and has
a bounded variance, that is, Eg [g(x; )] = Vf(x) and E¢ [||g(x; &) —f(x)Hz} < o? for any
x € R%

We present the general scheme of SGD with initial point xy and a stepsize sequence

Wanas
Xep1 = X — 1y (x5 Cr). (6.1)

Some commonly used stepsizes include polynomially and geometrically decaying stepsize,
constant stepsize, cosine stepsize, etc. When the stepsize depends on the instantaneous
or past gradients, i.e., {g(x;Cx)}k<:, we call it adaptive stepsize, namely Normalized
SGD [Hazan et al., 2015], AdaGrad [Duchi et al., 2011], Adam [Kingma and Ba, 2015],
AMSGrad [Reddi et al., 2019], etc. In some adaptive methods, momentum is also considered,
replacing g(x4;¢;) in (6.1) with a moving average m;.1 of the past stochastic gradients
(see Chapter 6.4 for more details). To set the stage for our analysis, we assume that
f(x0) —min,cge f(x) < A, where A represents the initial gap. Given that the function class
of interest is nonconvex, we aim to find an e-stationary point x with E[||V f(x)||] < e.

63 CONVERGENCE OF UNTUNED SGD

In this subchapter, we focus on SGD with the decaying stepsize:
M= !
Vi+ T

where 7 > 0 is the initial stepsize. Most convergent analysis requires 7 < 2/¢ [Ghadimi

and Lan, 2013, Bottou et al., 2018] so that there is “sufficient decrease" in function value
after each update, and if # is carefully chosen, it can achieve the near-optimal complexity
of @(€€_402) [Arjevani et al., 2022]. Nevertheless, as the smoothness parameter is usually
unknown, providing guarantees with optimal # or assuming # to be problem-dependent
does not give enough insights into practical training with SGD. Hence we are interested in
its convergence behavior in both small and large initial stepsize regimes, i.e.,, 7 < 1/ and
n>1/L

Theorem 6.3.1. Under Assumptions 16 and 17, if we run SGD with stepsize 1; = \/%, where
n >0,

2A;7_1T_%, whenn <1/¢,

1 T-1 )
=) E|Vf(x)| <
T t;() VGl 4\[26A(43)T(7TT)’%, wheny > 1/¢,

where T = [n?0?> — 1] and A = (A + ZU;WZ (1+1log T))
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This theorem implies that when the initial stepsize 7 > 1/¢, SGD still converges with
a sample complexity of O((£2 + o**¢*)(4e)2"’e~*) . Although the dependency in the
target accuracy e is near-optimal, it includes a disastrous exponential term in 72¢2. This is
due to polynomially decaying stepsizes: in the first stage before T = [(17¢)? — 1] iterations,
the function value and gradients may keep increasing in expectation until reaching an
exponential term in 722, which is in stark contrast with adaptive methods that we will see
in Chapter 6.5.3; in the second stage after t > 7, the stepsize is small enough to decrease
the function value in expectation at a rate of 1/+/T up to a small term in ¢.

If we pick an arbitrary # = ©(1), untuned SGD may induce large gradients growing
exponentially in / in the first stage, which matches our observation in Figure 6.1. On the
other hand, deriving the dependence in hyper-parameter 7 is essential for assessing the
effort required in its tuning: SGD with # that is ¢ > 1 times larger than the optimally tuned
one can have an exp(poly(c)) times larger gradient norm in the convergence guarantee. To
the best of our knowledge, there is limited study for non-asymptotic analysis of untuned
SGD under the same assumptions. Moulines and Bach [2011] study untuned SGD under
individual smoothness and convexity assumptions, i.e., g(x; ¢) is Lipschitz continuous and
F(x;¢) is convex almost surely. They show an O(1/T'/3) rate, which is suboptimal in the
convex case. Later, Fontaine et al. [2021] provide O(1/T'/?) convergence rate for untuned
SGD in the convex setting yet without an explicit dependency in ¢ and 7.

Remark 6.3.2. We focus on the stepsize of the order of 1/+/t, because it is known for SGD
to achieve the best dependency in € for nonconvex optimization [Drori and Shamir, 2020] and
easier to compare with adaptive stepsizes. We also present the convergence results for more general
polynomially decaying stepsizes, i.e., 17 = ﬁ with 0 < « < 1, in Theorem 6.5.1 of the appendix.
There exists a trade-off between convergence speed O(1/T'2") and the exponential term in (7)1
for a € [1/2,1). Intuitively, larger a leads to a shorter time in adapting to 1/{ stepsize but a
slower convergence rate. We do not consider constant stepsize, i.e., « = 0, because it is well known
to diverge even in the deterministic setting if the stepsize is agnostic to the problem parameter

[Nesterov, 2013, Ahn et al., 2022].

The question arises as to whether the exponential term is necessary. In the following, we

provide a lower bound for SGD under this choice of stepsize.

Theorem 6.3.3. Fixing T > 1,7 > 0,/ > 0 and A > 0 that y¢ > 5, there exists a {-smooth
function f : R — R and an initial point xo with f(xo) — f* < A such that if we run Gradient

Descent with stepsize 17; = \/%, then for t <ty = |n?(*/16 — 1],

VF0] 2 (2 (80 and [V£x)| 2 |30 (80)/;
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FIGURE 6.2: Demonstration of the constructed function for proving the lower bound.

if T > to, then for tg <t < T,
\Vf(xe)| > }L\/Zmin {61/2, (217)1/2T1/4}, where A > 3;476(83)'72”/162&
This theorem suggests that Gradient Descent with decaying stepsize 17/+/t + 1 needs
at least Q) (=44 *2(86)’7252/ 8¢~4) iterations to find an e-stationary point in the large initial
stepsize regime. Therefore, it justifies that an exponential term in 72/ multiplied by 1/+/T
is not avoidable even in the deterministic setting. Note that our result is limited to untuned
(S)GD with the particular stepsize scheme. It is worth pointing out that the existing lower
bounds for first-order methods [Arjevani et al., 2022] and SGD [Drori and Shamir, 2020]
do not contain any exponential terms.
We illustrate our hard instance for Theorem 6.3.3 in Figure 6.2, which is one-dimensional.
The algorithm starts from a valley of the function f(x) = x%/2,ie., Segment 1. Because
of the large initial stepsize and steep slope, in the first ¢ iterations, Gradient Descent

e/ 16A). Then the iterate x,11 jumps

increases the function value as large as A = Q) ((86)’7
to the top of a very flat valley, i.e., Segment 4, so that Gradient Descent decreases the
gradient as slowly as Q(T~1/4).

Why do not we assume gradients to be bounded? The assumption on bounded gradients is
not satisfied even for the simple function f(x) = £x>/2. When training neural networks,
gradient explosion is often observed [Pascanu et al., 2013, Schmidhuber, 2015], which
directly suggests that this assumption is not satisfied or only satisfied with a numerically
large constant. In Proposition 7 in the appendix, we also provide a simple proof for the
convergence under the additional assumption of bounded gradient, i.e., ||V f(x)| < G for
all x, attaining a sample complexity of O(32¢2G*c?e~*) without any information about
problem parameters. However, compared with Theorem 6.3.1 and 6.3.3, constant G hides
the exponential term. In Figure 6.1, we observe that the gradient bound along the trajectory
of non-adaptive stepsize can be much larger than that of adaptive stepsize even if starting
from the same initial point, so assuming bounded gradient will obscure the difference

between them.
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64 POWER OF ADAPTIVE METHODS

In this subchapter, we focus on the convergence behaviors of adaptive methods, which
adjust their stepsizes based on the observed gradients. In particular, when arriving at a
point with a large gradient, adaptive methods automatically decrease their stepsizes to
counter the effect of possible gradient increase; to list a few, Normalized SGD [Hazan
et al., 2015], AdaGrad [Duchi et al., 2011], Adam [Kingma and Ba, 2015]. Since the analysis
for adaptive methods is usually on a case-by-case basis, we will examine three examples —
Normalized SGD, AMSGrad-norm, and AdaGrad-norm — to establish a universal observa-
tion that they avoid exponential dependency in ¢ without tuning. Although many existing
analyses rely on bounded gradients (and function values) or information on problem
parameters, we will abandon such assumptions as noted in the previous subchapter. We
focus on the norm instead of the coordinate-wise version of adaptive methods, which
means each coordinate adopts the same stepsize, because the norm version is usually
dimension-independent in the complexity, and is also widely used in both theory and
practice [Zhang, 2018, Ling et al., 2022, Li and Orabona, 2019, Leevy and Khoshgoftaar,

2020, Palfinger, 2022, Kavis et al., 2022b].

6.4.1 Family of Normalized SGD

Normalized (Stochastic) Gradient Descent [Nesterov, 1984, Hazan et al., 2015], referred
to as NGD and NSGD, is one of the simplest adaptive methods. It takes the stepsize in
(6.1) to be normalized by the norm of the current (stochastic) gradient:

Tt
" s Enl’
where {7:}i>0 is a sequence of positive learning rate. Cutkosky and Mehta [2020] and
Zhao et al. [2021] show that NSGD with «; = 7/+/T can find an O(1/+/T + 0)-stationary
point. In order to compare fairly with untuned SGD with decaying stepsize, we present a
modification with decaying v; = v/+/t + 1 in NSGD.

Proposition 5. Under Assumption 16 and 17, if we run NSGD with «; = \/%, then for any
¥ >0,

1=l A
7 L EIVA()] <3 (7 +€'ylog(T)> T~* 4 240,
t=0

NGD. In the deterministic setting, by Proposition 5, NGD converges to an e-stationary
point with a complexity of O(( 2 4 92¢2)e~2) for any y > 0, which importantly does not
include any exponential term. Thus, even if the initial stepsize is not small enough, it does

not result in a catastrophic gradient explosion.
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NSGD. In the stochastic setting, Proposition 5 implies that NSGD can find an e-stationary
point only when the noise variance is small enough, i.e,, ¢ < O(e). This is not the
consequence of a loose analysis. Hazan et al. [2015] show that NSGD with constant y; = 7y
does not converge when the mini-batch size is smaller than ®@(¢~!) for a non-smooth
convex function. Here we provide a non-convergence result in the gradient norm with
a smooth objective for all uniformly bounded stepsizes. The intuition behind this is
illustrated in Figure 6.3 in the appendix, where E¢ g(x;¢)/||g(x;¢)|| can easily vanish or
be in the opposite direction of V f(x) under some noises.

Theorem 6.4.1. Fixing ¢ > 0, c > 0, € > 0, A > 0 and stepsize sequence {’Yt}fio with
Yt < Ymax that €& < min{o?,20A,2A(0 — €)/Ymax }, there exists an (-smooth convex function
f, initial point xo with f(xo) — miny f(x) < A and zero-mean noises with o variance such that
the output from NSGD satisfies E||V f(x;)|| > € for all t.

This theorem implies that fixing function class (¢, A, o) and any sequence {7;}; uni-
formly upper bounded by ymax, NSGD cannot converge to an arbitrarily small e. Specifi-
cally, the expected gradient norm will always stay larger than min{c, v2(A, vk (—A +

max

/D% + 2AYmax0) }. Most {7:}; used in practice is upper bounded, e.g., constant or de-
creasing sequences. The condition € < 2/A is necessary by noting that ||V f(xo)||? <
20[f(x0) — min, f(x)] < 2¢A. Considering v; = 1/+/t + 1, when A > o and V2/A > 7, it
matches with Proposition 5 where NSGD can only converge to a ®(c)-stationary point.
Since Sign-SGD and NSGD coincide in one-dimensional objectives, our non-convergent
example also applies to Sign-SGD. It sheds light on why increasing batch size improves
Normalized and Sign-SGD [Zhao et al., 2021, Kunstner et al., 2023]. However, they are
generally different in higher dimensions, as Karimireddy et al. [2019] show that sign-SGD
may not converge even with full-batch.

NSGD with momentum. While NSGD may not always converge, Cutkosky and Mehta
[2020] introduced NSGD with momentum (NSGD-M) presented in Algorithm 13 with
constant 7; = 7. We provide the following modification with diminishing v; that eliminates
the need to specify the total number of runs beforehand.

Proposition 6. Under Assumptions 16 and 17, if we run NSGD-M with a; = % and

Y= W, then for any v > 0,

PN

1=l A
T LEIVA <€ (5 + @+ ntog(n)) T4,
t=0
where C > 0 is a numerical constant.

It implies that NSGD-M attains a complexity of O((y~* + y*¢*)e™*) for any v >
0. Compared with Theorem 6.3.1 and 6.3.3, NSGD-M not only achieves near-optimal
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Algorithm 14 AMSGrad-norm
1: Input: initial point xo, momentum param-
eters 0 < B; < land 0 < B, <1, stepsize

Algorithm 13 NSGD-M
1: Input: initial point x, stepsize se-

quence {7:}, momentum sequence sequence {7} and initial momentum my
{a;}, and initial momentum go. a}nd v > 0.
2: 0p = 0g
2 fort=20,1,2,... do 3: fort=0,1,2,... do
: le ét
D X = X — o 4 samp
YT s 5 =B+ (1- pg(xd)
4 sample G 6: véﬂ Bavi + (1~ fo) g (xi 6
7. (% = maXy 0y, 0
50 g = (1= a)ge +aig(xi1; ) o T _{ . )
: t+1 = Xt \/ﬁTmtJrl
. t+1
6: end for o: end for

dependency in the target accuracy €, but also shreds the exponential term when the
hyper-parameter is agnostic to smoothness constant.

6.4.2 AMSGrad-norm

AMSGrad was introduced by Reddi et al. [2019] to fix the possible non-convergence
issue of Adam. Notably, current analyses of AMSGrad in the stochastic setting show
a convergence rate of O(1/T'/*), but they rely on the assumption of bounded stochastic
gradients [Chen et al., 2019, Zhou et al., 2018], which is much stronger than assumptions
used for SGD analysis. Here, we examine the simpler norm version of AMSGrad, presented
in Algorithm 14. We prove that without assuming bounded stochastic gradients, AMSGrad-
norm with default v; = 7/+/f + 1 may converge at an arbitrarily slow polynomial rate.
In fact, this holds even if the true gradients are bounded. We believe this result is of
independent interest.

Theorem 6.4.2. For any £ > 0, A > 0,0 > 0and T > 1, there exists a {-smooth function
f:R? = R? xo with f(xo) —infy f(x) < A and noise distribution P with variance upper
bounded by 02, such that if we run AMSGrad-norm with 0 < B1 < 1,0 < By < land 7 = \/ZTl
we have with probability 1 5, it holds that

IVf ()l =

te{O o 1}

T .
[SEa]

16max{1/€ 21 (Tl_g—é)}
(1-

[T

o(e (*—1))

forany 1 < ¢ <1, where T'(-) denotes the Gamma function.
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The intuition behind this theroem is that since AMSGrad utilizes the maximum norm
of past stochastic gradients with momentum in the denominator of stepsizes, some noise
distributions enable this maximum norm to increase polynomially, making the stepsizes
too small. However, we can still explore its benefit in the deterministic setting. Whether it
converges without assuming bounded gradients, to the best of our knowledge, is unknown.
Here, for simplicity, we consider AMSGrad-norm without momentum, i.e., 1 = B2 = 0.

Theorem 6.4.3. Under Assumption 16, if we run AMSGrad-norm with y; = ﬁ, vg > 0and

B1 = B2 = 0 in the deterministic setting, then for any v > 0and 0 < a <1,

1T—1 -
= xt)|| <
7 L IVf0)]

where M = {~? (1 +log <%)>

The theorem implies that AMSGrad-norm achieves a complexity of O((£** + 2 +
0392 + (y~2)e™*) with the default 7, = @(t~1/2) [Reddi et al., 2019, Chen et al., 2019, Guo
et al., 2021a]. Compared with untuned Gradient Descent, it gets rid of the exponential
dependency. In the proof, we show that before the first iteration T when stepsize #; reduces
to 1/¢, the accumulated gradient norms Y7 ||V f (x;) ||> are upper bounded polynomially,
which is in striking contrast with SGD in Theorem 6.3.3. We further provide theoretical
guarantees for more general schemes ﬁ with 0 < &« < 1 in Theorem 6.5.6 in the
appendix. We also derive matching lower bounds in Theorem 6.5.9 for any 0 < « < 1, and
justify that AMSGrad may fail to converge with constant y; = y (i.e., « = 0) if the problem

parameter is unknown.

6.4.3 AdaGrad-norm

AdaGrad chooses its stepsize to be inversely proportional to the element-wise accumu-
lated past gradients [Duchi et al., 2011, McMahan and Streeter, 2010]. Its norm-version,
AdaGrad-norm (presented in Algorithm 15) [Streeter and McMahan, 2010, Ward et al.,

2020], picks stepsize in (6.1) to be
n

VoA + o ls(igo >

where vy > 0. Very recently, AdaGrad is proven to converge in nonconvex optimiza-

Mt =

tion without the assumption on bounded gradients or tuning # [Faw et al., 2022, Yang
et al., 2022a]. Because NeAda-AdaGrad (Algorithm 11) reduces to AdaGrad-norm for

minimization problems, the following result is a direct corollary of Theorem 5.3.1.

175

Tt \/ZA max{vg, V2{A}y1, when vy < Y,

T’%'yzﬁvo’z + T3 \/Z'y(M + A)max{yl,\/20(M + A)}, when vy > v,
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Algorithm 15 AdaGrad-norm

1: Input: initial point xo, vg > 0and 7 > 0

2. fort=20,1,2,...do

32 sample ¢;

4 Ohy =07+ ||g (i )
C X = X — ——o(xp;

5 1 = Xt \/ﬁg( t:Gt)

6: end for

I

Corollary 6.4.4. Under Assumptions 16 and 17, if we run AdaGrad-norm, then for any n > 0
and vg > 0,

7

2A n VO A n 2V Ao
VT

1T—1
= E|Vf(x)| <
Tt;) IV f (xe)] - 1

S

where A = O (%—Hf—i—&y).

Proof. Define a function f : R? x R — R such that f(x,y) = f(x) — £y2. Since the fis
{-smooth and /-strongly concave about y, the condition number is defined to be x = 1.
Applying AdaGrad-norm to f is equivalent to applying NeAda-AdaGrad (Algorithm
11) to f with y; = 0. For every x, we know y*(x) £ argmax, f(x,y) = 0. Then £ 2
Yy W = 0. Plugging in x = 1, £ = 0 and batchsize M = 1 to Theorem 5.3.1,
we reach the conclusion.

O

The above result implies a complexity of O (1772 + 02 + 262) (€2 + 0% ~*)). Notably,
if 77 can be chosen to be 1/+//, it achieves the optimal complexity in both ¢ and e up
to logarithmic terms like well-tuned SGD [Arjevani et al., 2022]. Even if # is agnostic to
¢, AdaGrad-norm does not suffer from the exponential term present in untuned SGD.
One of the intuitions in the deterministic setting, similar to the AMSGrad-norm, is that
the accumulated squared gradient norm before the first iteration with stepsize smaller
than 1// will be upper bounded by a polynomial term (see Theorem 3.2 in [Li, 2022]).
Another benefit of AdaGrad over other methods is to achieve optimal convergence rates
simultaneously in deterministic and stochastic settings with the same hyper-parameters.
This is sometimes referred to as “noise adaptivity", which is out of the scope of this paper.
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6.5 APPENDIX

6.5.1 Results Summary

Aleorithms Upper bound; Lower bound; Upper bound; Lower bound;
8 deterministic deterministic stochastic stochastic
o1/ _ ) (noyL/a B .
SGD (Eq. 6.1) o g(%z,x)f{fmgm Q ((8e)r/2é2/8€—4) k) gj(%za)wmem Q ((8@)’7262/85*4)
I
= a € (0,1) [Thm. 6.3.1, 6:5.1] a=1/2 [Thm. 6.3.3] a € (0,1) [Thm. 6.3.1, 6:5.1] a=1/2 [Thm. 6.3.3]

NSGD (Alg. 16)
Mt = Telauin

O(e?),m= ﬁ
[Cutkosky and Mehta, 2020] & [Prop. 5]

Q(e72)
[Carmon et al., 2020]

N/A due to
lower bound

Nonconvergent
V bounded {7} [Thm. 6.4.1]

NSGD-M (Alg. 13)
_ o
= DT

O(e2),a=1/2
[Cutkosky and Mehta, 2020] & [Prop. 5]

Q(e7?)
[Carmon et al., 2020]

O(e™), a=3/4
[Cutkosky and Mehta, 2020] & [Prop. 13]

Q(e™)
[Arjevani et al., 2022]

AMSGrad-norm (Alg. 14)

= +
(t+1)4/07

6] e*Z/(HO), x € (0,1)
[Thm. 6.4.3, 6.5.6]

Q (e*2/<1*“>), xe(0,1)
Nonconvergent, « = 0
[Thm. 6.5.9]

N/A due to
lower bound

Q (6’2/“’5)), a=1/2
V¢ € (0.5,1) [Thm. 6.4.2]

AdaGrad-norm (Alg. 15)
Uk

(S BN e AT

0] (e72)

Q(e72)

Q(e)

4] (e™)

[Yang et al., 2022a] & [Prop. 6.4.4] [Carmon et al., 2020] [Yang et al., 2022a] & [Prop. 6.4.4] [Arjevani et al., 2022]

TaBLE 6.2: Comparisons of complexities to find an e-stationary point, i.e., E||V f(x)| < €, between
SGD, NSGD, NSGD-M, AMSGrad-norm and AdaGrad-norm. We only assume f
is /-smooth, and unbiased stochastic gradients have bounded variance ¢?. Hyper-

parameters (e.g., 7 and 7) are arbitrary and untuned. In this table, @ and Q hide
polynomial terms in problem parameters and hyper-parameters, and O also hides all
logarithmic terms. We use #; to denote the effective stepsize at iteration .

In this work, we study stochastic gradient methods for minimizing smooth functions in
the parameter-agnostic regime. Firstly, we show SGD with polynomially decaying stepsize
1/+/t is able to converge with the order-optimal rate, with and without bounded gradients
(Proposition 7 and Theorem 6.3.1). Its limitation lies in an unavoidable exponential term in
2 when we do not assume bounded gradients (Theorem 6.3.3). We demonstrate that several
existing adaptive methods do not suffer from the exponential dependency, such as NGD,
AdaGrad, AMSGrad-norm in the deterministic setting (Proposition 5 and Theorem 6.4.3),
and NSGD-M, AdaGrad in the stochastic setting (Proposition 6 and Proposition 6.4.4).
However, it does not mean adaptive methods are always better than SGD. We provide
a non-convergence result for NSGD (Theorem 6.4.1) and a slow convergence result for
AMSGrad-norm (Thoerem 6.4.2) in the stochastic case. We believe our results shed light
on explaining commonly observed large gradients during training and provide a better
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theoretical understanding of the convergence behaviors of adaptive methods in the regime

with unbounded stochastic gradients.

6.5.2  Proofs for SGD in Chapter 6.3

A. Upper Bounds for SGD

We provide an extended theorem of Theorem 6.3.1 and include more general decaying

stepsizes 1y = 1/ (t+1)* with 0 < & < 1.

Theorem 6.5.1. Under Assumptions 16 and 17, if we run SGD with stepsize n; = n/(t + 1)*

wherey > 0and 1/2 <« < 1, then withn < 1/¥,

VT 2

1T*1 5

E|= \V4 _c

P LIVAIP| <42 (a4 0
2 A N lon?
nTe \T1=2¢ ~ 2(1 —2a«)

withn > 1/¢,
V2 (4e)°

nvnrtT
when o =1/2,
2 (4e*)T T
L ers [T (141
when1/2 <a <1,
2 (482“)T

E

LY v )
T t=0 f "

when 0 < a < 1/2,
where T = [(nt)"/* —17.

Proof. By ¢-smoothness of f(-),

Flot41) < f(3) + (VG w0 = ) + 3 s =l

2
= f(xe) =V f(xe), 8(x;Ge)) + %Hg(xt; &l®

Taking expectation,

2 gﬂtz 2 ! 7
Ef(xee1) < Ef (x) = [V (xe) |7+ B[V () [[7+ =+

1+ 0 (1+2v7)] (a4

1—a

SlIC

1 _2172a)

2.2
2 <A+€U 1 (1+logT)>, when o =1/2,
2,2
< 2 <A+M>,when1/2<(x<1,

>,when0<tx<1/2;

(1+1log T)> ,

EU21’]2 )

s (101 (

50.2172 )

2(1—2x)

0_2
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2
< Bf(x) - (1~ L) BIVF )|+ Lo 62)

Wenotethatqt—%>ﬂwhen17 <1lie > ( E)l/a_l Defi = [( E)l/a_l“
2 = 2 t > gs L€y _77 . erme T 17 .

Therefore, for all t < T,

E <E K”f UIE 5 2 U 2
f(xe1) <Ef(x) + IVf)ll” + =" (6.3)
For all t > 7, we have
il 2, g 2
Ef(vi1) < Bf(x) — LE|Vf(x)|P + o2, (64)
Summing from t = 7 to T — 1, we have
=T 2 77 72
Y M|V f(x)|? < Ef(xr) ~ Ef(x1) z f 63)
t=T1

Now we want to bound Ef(x;) — f(x7) < Ef(x;) — f*, where f* £ min, ga f(x). From
(6.3),

2
Ef(s) — £ < Ef(s) — £+ B9 )+ 207

<q +€217?)[1Ef(X) F+ e,

where in the second inequality we use ||V f(x)||? < 2¢[f(x) — f*]. When T = 0, f(x;) —
f(xr) < A; when T > 1, recursing the inequality above, for j < T,

In? 7,
A 62 62 ik 2 ] 2
o <o) 1 o) s
< (1:[1 + ezq?) (A + Z Z*az>
t=0 =0
7—1 -1 &72
< (H 1+ e%ﬁ) (A +Y 2%2) . (6.6)
t=0 t=0

Also, with |V f(x)]|? < 20[f(x) — f*], if T > 1,
-1 -1
Y FEIVA()IP < 3l () - 1)

-1 71 -1 &72
</ (Z m) (1‘[1+£2;7$> <A+ Y 2%#) /
t=0 t=0 t=0

where in the second inequality we use (6.6) . Combining with (6.5) and (6.6), if T > 1

Z”tIEHVf )I? < <H1+£2 )(A+Z b 2)+Z£’7f o
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T—1 T—1 T—1 5,72
+¢ (Z m) (]’[1 +£217t2> <A+ ) f(72> :
t=0 t=0 i 2
We note that

-1 -1 2.2 =1 (92,2 20 2,2 20\ T
H(1+£2’7t2):H<1+(£;7 ): o (Cr* + (t+1) )<(€’7 +7)

ol rallry F41)2 (1)« - (T!)2

_ ey )T
— ! 20 — 2w

) [ 27”(%)Texp(12r1+1)}

1 20226 1 2 T
< < x
- (2mT)* < T2 > - (2mT)* (4e)",
where in the third inequality we use Stirling’s approximation. Therefore,

e 2 1 2\ T
Y LIV < s (467

t=0

T—1 .2
(A +) Eﬂt(ﬁ) .
- 2

£0'2172

7—1
1+ / (Z 77t>
t=0
Plugging in 7y = n7/(t +1)%, when o« = 1/2,

V2T

T-1
Y B9 < e (14t (142v7) (a+

when1/2<tx<1

(1+1og T));

ZIEHVf WP < (2 TT) (462)7 [1+£;7 <1+1T1_a>] <A+2(1&_7221712_M)>.

when0 < a <1/2,

Z]EHVf @2 < (2T)(4€2"‘)T [1—1—&7 <1+1T1__“)] (A+W>;

Ift= 0, from (6.5),
¥ 2 ¥ o1 o
ZE]EHVf(xt)H SA"’ZTU,
t=0 t=0
Plugging in 1;, when o« = 1/2,

}:Enw | Lo

(1+10gT)>
when1/2 <a < 1,
T-1 T (02
22l ko
Y BNVl < 2 (84 56 g )
when 0 < a <1/2,

2T« &7_2 2'1"1720(
2<7 ot
Z]EHVf w)l < = (A+ 2(1_2a)>.
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Remark 6.5.2. When we run SGD with stepsize 1y = 1/ (t + 1), where 1/2 < a < 1, Theorem
1/a _
6.5.1 implies a complexity of O ((462"‘) = () et ) in the large initial stepsize regime

n > 1/L. Compared with the case « = 1/2, when w is larger, the convergence rate in T is slower,
but it also comes with a smaller exponent, i.e., (1£)Y*. This is because « = 1/2 leads to the best
convergence rate in T [Drori and Shamir, 2020], while the faster decaying stepsize « > 1/2 will
reach the desirable stepsize 1/{ earlier so that it accumulates less gradient norms before T. For
0 < a < 1/2, however, it comes with both a larger exponent and a slower convergence rate.

Proposition 7 (with bounded gradient). Under Assumption 16, 17 and additionally assuming
that the gradient norm is upper bounded by G, i.e., |V f(x)|| < G for all x € RY, if we run SGD
with stepsize 1y = 1/t + 1 with y > 0, then

| F R v < g 5+ 1 D g

VT \ 1 2

Proof. By the smoothness of f(-), we have

2
flxea) < flxe) = mi{VE(xi;8), Vf(xe)) + EZtHVF(Xt; &l

Taking expectation and summing from ¢t =0to T — 1,

T-1 : ngl ) )
E| L mlVx)l ] < f(x0) = flxr) 4 5 1 0 [| V(i)
gT—l ) )
<A+2 Y PE [|IVEGE) ]
t=0

ET_l 2 2 2
<A+5 Y (IVF) P +E [IVF(xsE) - f(=)IF])
t=0
(& 5 0 o
<A+ Y P (GP oY)
2 t=0
Let 77t — W/\/m/
T-1
ZOHVf(xt)H2
t=

T-1

n 2

U
—E
VT

B. Lower Bound for SGD

PROOF FOR THEOREM 6.3.3
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Proof. We construct the hard instance with 4 segments of quadratic functions. The function
is symmetric about x = 0, and we will define it on x < 0 as below. We illustrate it in Figure
6.2.

Segment 1. We define f(x) = 5x2. We pick xj such that f(xg) — f* = A, ie, xo = /2*. We
define t to be the first iteration that 77;, = \/tZT > %, ie, tg = L% - J . With the update

_ it it
rule xy, 1 = xy — Vst (1 \/tTl) x;, we have for t < {j

t 2 t
x> = [H (?/EI;— )] ]xo!zzn%!xo\z

k=1
PR, o PR L1
O > el > 577

202
where in the inequality we use (% — 1) > % with k < tg, in the second inequality we

(8e)'|xol?,

use Stirling’s approximation, and in the last inequality we use t < 2% /16. We note that

4 202 116
|xy|* > i(SE)t“!xOlz 5 (8e)T /1072 |xo |7,

~ 3vh 3l
Without loss of generality, we assume x¢, > 0. Segment 1 is define on the domain {x :
x| < xto -

Segment 2. This segment is the mirror of Segment 1. On domain {x : x;; < x < 2xy,}, we
define f(x) = —5(x — 2x4,)? + (7.

Segment 3. We note that

nt
Xtg+1 = Xty — N lxyy, = <1 — o 1) Xty < —3x4,,

where the inequality is from the definition of ¢y, and

2
AL exto > 3(86)112(2/1672’3{0‘2 _ i(Se)”zﬂ/m*zA_

2 T 3y - 3

We construct a quadratic function such that: it passes (—2x;,, Extzo) with gradient o; the

gradient at x = x; 41 is \/KT - . This quadratic function is uniquely defined to
2\/max{1/€,zt;f0+1 ne}

be _
\/E (.’X,' —+ 2xt0)2

4(—2xp) — Xpy+1) \/max{l/é Zt for1 Mt}
It can be verified that this function is ¢-smooth: as x4, 11 < —3xy,,

NEYE =
2%t S \/E — \/E S /
2(_2xt0 - xt0+1) 2(—2xt0 — xt0+1)\/z

flx) =~ +Lxp.
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/T

—— S g.
2(—2x4) — Xxpy11) \/max{l/ﬁ ), for1 1t}

The function is defined on the domain {x : x;,11 < x < —2x;}.

Segment 4. For convenience, we define w = f(x;,41). We can verify that w > Aras L < 4

Vi ot
o — (1= nt v < 4 E@M< Xto
o ht1) ="V 2 4 =V
—2xt, — Xt0+1 lgxtzo \/Z (Xtg41 + 2xt0)2 <A

4\/max{1/€ Zt fo+1 77t} V2 4(— 2xy, — xt0+1 \/max{l/é Et to+1 ’7t} -

So we conclude w > A. Now we construct a quadratic function similar to that in Proposition

1 of [Drori and Shamir, 2020]: it passes (x;,41, w) with gradient \/ZT—l ; the
2\/max{1/€,2t:,0+1 7}

minimum is at x = x¢, 1 — \/ Amax{1/¢, 7} to+1 1t }- This quadratic function is defined to
be

2
f( ) (x Xtg+1 + \/A max{l/f Zt to+1 771‘}> " A
x) = w7
d4max{1/¢, Y]} for1 Mt} 4

on the domain {x : x < x4,41}. It is obvious that f(x) > 0 and is /-smooth. Following the
same reasoning of Proposition 1 in [Drori and Shamir, 2020], also presented as Lemma

6.5.3 in the appendix for completeness, we can conclude forall t : tp +1 <t < T,

V(i) 2 VA LV Amin { V(29 ver- 1),
4\/max{1/£ i, to+1 ’7t}

where in the second inequality we use Zt b1 Mt =

Zt to+1 \/? < 2’7Tl/2

O]

The following lemma is used in the proof of Theorem 6.3.3. It is a straightforward modi-
fication of Proposition 1 in [Drori and Shamir, 2020]. We present it here for completeness.

Lemma 6.5.3. Under the same setting and notations as the proof of Theorem 6.3.3, if we run
gradient descent with stepsize {;}]_ t 41 Starting from point xy,11 on function

2
. (x — Xy1 + \/A max{1/¢, /2! | ﬂt}) N
x) = YTy
4max{1/€ Zf to+1 171‘}

>

e

then forall t : tg+1 <t <T,
VA

IV f(xe)| > .
4\/max{l/€ Zt hot1 Nt}
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Proof. From the update of gradient descent, we have

Xt xto-‘rl + \/A max{l/e Zt to+1 7’]t}
2max{1/¢, Zt to+1 ne}

Xt41 = Xt — Nt -

7

which leads to

T-1

Xt+1 — X1 + \l Amax{1/¢, Z ne}

t=tp+1

T-1
Ui X
=(1- Xt — Xp+1 + 4| Amax{1/¥, et |-
( 2max{1/6, Y} Ut}) ( ’ J t:%rl

Recursing this, for j < T

t:t0+1

j=1 T-1
Mk 3
= | I 1-— X —x + | Amax{1/¥,
k:to+1< 2max{1/¢, Zt to+1 Wt}) ( ot e J { t=§+1 Ut})

1 — Mk B T-1
exp( 5 tZ: ) \lAmaX{l/ﬁ, Z 17,5}

T—1
Xj— Xpo11 + J Amax{l/ﬁ, 2 Nt}

v

12max{1/¥, Zt b1 Nt} t=to+1

v

1 B T-1
> Amax{1/¢, Z 7},

t=ty+1

where in the second inequality, we use 1 —z/2 > exp(log 5 - z) for 0 < z < 1. This directly

implies what we want to prove by computing V f(x;).
O

6.5.3 Proofs for NSGD Family in Chapter 6.4

Algorithm 16 Normalized Stochastic Gradient Descent (NSGD)
1: Input: initial point xg
2 fort=20,1,2,.. do

sample ¢; and set learning rate *y;

¥ X1 =%~ a8 (X i)

5: end for

@
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A A

. A N

f normalization i normalization .

: i 3 — ;

\4 \4 r [
(a) example 1 (b) example 2

FIGURE 6.3: The expected update of NSGD can vanish (example 1) or be in the opposite direction
(example 2) of the true gradient. The solid black arrow represents the true gradient
and the dashed arrows are the possible stochastic gradients (with equal possibilities).
The solid blue arrow is the expected direction of NSGD update.

PROOF FOR THEOREM 6.4.1

Proof. Let us pick f(x) = Lx? with £

f < x9 < 4/ 3, which implies that HVf(xO)H > € and f(xo) - mmxf < A. Now we define
= {x: —w < x < w} with §{ + Ymax < w < §. For x € D, we have ||Vf(x)|| < o and
we construct the noisy gradients: with § > 1

$(x8) = (1+8)V(x) wp. 2, and g(x;€) = (1-8)Vf(x) wp. 5.

It is obvious that V f(x) = E[g(x; &)] and the variance at this point E||V f(x) — g(x; &)|*> =
82| Vf(x)||? < o2 with ¢ sufficiently close to 1. With the update rule, we note that
Xi41 = Xt — Yyt W.p. 1/2 and x41 = x; + ¢ w.p. 1/2, and therefore

1
Eg, [IVf(xrsa)lxe € DI} = S[Llxe — el + Lllxe +ell] = Llixe]| = [V Cxe) [l

For x ¢ D, we have ||x|| > €/L + Ymax, and we assume there is no noise in the gradients.

Therefore, if x; ¢ D, we know that after one step of update ||x¢11]| > €/L, which implies
|V f(xt41)]] > €. Combining two cases that x; € D and x; ¢ D, we know that E||V f(x;)| >
€ for all t.

O

PROOF OF PROPOSITION §5

Proof. Denote e; = g(xt;G) — V f(x;). By Lemma 2 in [Cutkosky and Mehta, 2020],

flxepn) — f(x) < _%va(xt)n L om 8')’1‘ ’yt

¢
llee]| +
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Telescoping from t =0to T — 1,

v T-1 1 T-1 8 T-1 T-1 E,YZ
LIRS 5 V) <A+ S Y wled + ¥
t=0 t=0 t=0 t=0

Taking expectation, rearranging and using E [||e;||] < (E [HetHZ])l/z < o, we derive

T-1 T-1 T-1

A 8o 1 0y 1
Y E[VFx) <3t |2+ Yy 4y 2
= [H f( t)”] v 3 = (t+1)1/2 2 = t+1

<3T!/? [3 + 80TV + 4y log(T)} .

PROOF FOR PROPOSITION 6

Proof. We define é; = g; — V f(x¢). By Lemma 2 in [Cutkosky and Mehta, 2020], for any

vt >0

g 2
Frn) = FOa) < =2V AN+ 22 erl| + 2. 6.7)

Telescoping fromt =0to T — 1,
y =l 17T-1 g -1 T-1 42
3T Y VGl < 3 Y el V() < Atz Yo villed + ) Tt
t=0 t=0 t=0 t=0

By taking expectation on both sides, rearranging and controlling the variance term using

Lemma 6.5.4, we derive

T-1
ZO E[|IVf(x0)]] < 3T

t

A 8 T-1 A E,Y T-1 _3/2
P > vE[llal]+ 5 ) (t+1)

t=0 t=0
A 8 2@’)’
<3734 [7 + 3 (Cro+ Caly) log(T) + Tl/z}
< CcT¥/4 [3 + (0 + Ly) log(T)] :
O

Lemma 6.5.4. Under the setting of Theorem 6, there exist numerical constants C1, C, > 0 such
that for all t > 1,
E[[|&:]]] < Croa,” + Calyray !,

T-1
Y mE[|é] < (Cioy + Coty?) log(T),
t=0

where & = gt — V f(xy).
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Proof. Define e; = g(xt;¢t) — Vf(xt), St = Vf(xt) — Vf(xt41). Then
b1 = g1 — Vf(xe1)
= (T—a)gr+ g (xei1;Gev1) — Vf(xi41)
= (1—a)é + arerr1 + (1 —ar)Sy.
Unrolling the recursion from t = T — 1 to t = 0, we have

T-1 T-1 T-1
oy = (H(l — ) o+ Z Xer i H (I—ar)+ Y (1—a)S J] (1—ar)(68)

=0 =41 t=0 T=t+1
Define the o-field F; := o({xo, o, ..., {t-1}). Notice that for any , > t; > 0 we have

E [(er, er,)] = B [E [{en, en,)[Fr]] = E [(er,, B [er, | F1,])] = 0. (6.9)

Then taking norm, applying expectation on both sides of (6.8) and using E [||é||]] < o, we
have

T—1
Efllerll] < <H(1—0<t )‘THE

t=0

T= t+1

- T-1
[T Q—a0) ]
= T=t+1
T—1 27\
< < (1—¢xt)>(7—|— (IE Z“tet+1 H 1—aq) ])
t=0 T=t+1
T-1 T-1
+ ) (—a)E[ISf] TT (1 —ar)
t=0 T=t+1
T-1 T—1 T—1 /2
< < (1—«xt)> o+ (D?JE leeal?] TT (1—wr>2>
t=0 t=0 T=t+1
T-1 T-1
+4 ;}(1 — ) Hl(l — ar)
T-1 -1 2 T-1
< <I_£(1—(xt> (2"% Hll—txf)> (Z'Yt Hll—a7)>€,
t= t=0 T=t+ t=0 T=t+

where the first inequality holds by Jensen’s inequality applied to x + x?, the second
inequality follows by (6.9) and the bound ||S;|| < ¢||xt41 — x¢|| = ¢7;. The last step is due
to bounded variance E [||&]|] < o and a; < 1.

By the choice of momentum sequence, we have ay = 1 and the first term is zero. By
Lemma 6.5.5, there exist numerical constants C1,C, > 0 such that

2 T-1
(Z af H 1—ac) ) < Ciaf?, (Z 7 I1 1—th)> < Coyrar

t=0 T=t+1 t=0 T=t+1
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Therefore, for all T > 1, we have

E [Héﬂ’] < C1O'1Xl/2 + ng’)/TlXT .

T—1 i T-1
Y vEllel] < Co ) nw + Gl Y ey

T-1 T-1
< Coy Y (t+ 1)) T4 Gl Y (1) (1)
t=0 t=0

< (Cioy + Coty?) log(T).
O

Lemma 6.5.5 (Lemma 15 in [Fatkhullin et al., 2023]). Let g € [0,1), p > 0, o > 0 and let
= (:25)" 1 = 70 (7)" for every integer t. Then for any integers t and T > 1, it holds
T-1

Z v [T A =n0) < Cyng?,

t=0 T=t+1

where C :=2P~1(1 — q)—lto exp <2‘1(1 _ El)to_q) + 22p+1—q(1 _ q)—z and
1
= B —q
tp := max { (4(177‘;)2’1) q ,2 (7(110_:)2) } .

6.5.4 Proofs for AMSGrad-Norm in Chapter 6.4

The following is an extended version of Theorem 6.4.3 including v; = ﬁ with
O0<a<l.
Theorem 6.5.6. Under Assumption 16, if we run AMSGrad-norm with y; = v > 0 and

(t+1)w
B1 = B2 = 0 in the deterministic setting, thenfor any vy >0and 0 < a < 1,ifvg <yl

1 T-1
7 L IVA)IP < oy max{uo, V27A},
=0 Y

ifvg > Yl

1

S , (@) awm
7 Yo IVl < T + 7T1 . max{'y£ \/TM}
£=0
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where

E’yz (1 + log (?)) , when o =1/2,
0

-
M = 2(1 _217204)’

fy)a1
%, when 0 < a < 1/2.
2(1 —2a)v;

when 1/2 < a <1,

Proof. The effective stepsize of AMSGrad-norm contains a maximum over all gradient
norms in the denominator. As it is desirable to find a lower bound for the effective stepsize,
we begin by bounding the gradient norms.

Let T be the first iteration where the effective stepsize is less or equal to 1/7, i.e.,
fc—1 > 1/4 and n < 1//. First, we assume T > 1, i.e., vy < y¥. The time stamp 7 itself is

naturally bounded by
1 1
1 x x
pam et = (1) ()
T = { Ut 0o
We have .
ZHVf H2<m%zs<fﬁ>“vz£2. (6.10)
0

By /-smoothness of f(-),
Flo41) < f(x) + (V)31 = 1) + 3 s —
2
= )~ ml VA ) 2+ 2 £ )2 (6.11)

V4
< flx) + ’“HVf NE
Therefore,

o) = f(0) < 5 TR0 = 5 T 219G

=0 t+1

<S5

N\&

E’yz

7(1 +logT), whena =1/2,
S G
2(1—21-2)
E,)/ZTlfzoc
(2(1 —2a)’
We denote the right-hand side as M. Also from (6.11) and definition of 7, we know that
f(x¢) < f(x¢) for t > 7 and therefore, for all t > 7,

flxe) = f* = fx) = f(x0) + f(x0) = fF < M+A,

when 1/2 < a < 1,

IN

when 0 < a < 1/2.
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which implies
IVF(xe)lI? < 26(f () = f7) < 26(M+ A).

Therefore, we can bound for all ¢ > 0,

v < max{yl,\/2{(M + A)}.

flxia) = flx) < =TIV ()

By telescoping from t = T to T — 1, we get

T-1
2(f(xe) = flxr)) = 3 el Vf ()2

For t > 7, by (6.11)

_ Y 2
= L o IVA@)

Y
|V ()|
+1

()%

- ; T* max{vy/, \/ (M+A) }

~ (Flxe) = £x) T max{yt, /26(M + )}
< 2 (flxe) = F) T max{yt, \20(M + )}
2MAD) o
2N o, a3

Combining with (6.10), we obtain

Z IV f(x)]]? < <Z> ‘ V2% 4 W max{yl, \/20(M + A)}.

When T = 0, we have

Then we have
T-1

Y IVn)|? <

t=T

2(f(x 2 > Vi(x 2,
(f(x0) I 2 L r e IV o)
which implies
T-1 ) 2ATY
Z IV F(xp)||” < T max{vg, V2/A}.
t=0
Remark 6.5.7. For any 0 < a < 1, if we compare simplified AMSGrad with ~y; = (t+1) to SGD

with 1y = L)a in the deterministic case (setting o = 0 in Theorem 6.5.1), we observe that they

(t+1
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achieve the same convergence rate. However, the complexity of simplified AMSGrad only includes
polynomial term in vy and £, while that of SGD includes an exponential term in (7£)'/%.

O

In the following, we will first provide the lower bounds for scalar version of AMSGrad
(referred to as AMSGrad-norm) with each & € (0,1) and discuss why it may fail with
« = 0 when problem parameters are unknown, which means that it can not achieve the
optimal complexity O(e2) in the deterministic setting. Second, we show that it also fails to
achieve the optimal convergence rate in the stochastic setting when stochastic gradients are
unbounded. To make the results more general, we consider the standard scalar AMSGrad
with momentum hyper-parameters f; and B,, which is presented in Algorithm 14.

Before proceeding to our results, we present a lemma which is handy for conducing
lower bounds for SGD-like algorithms with momentum (see Algorithm 17). As long as an
upper bound is known for stepsize #;, we can derive a lower bound similar to Proposition 1
in [Drori and Shamir, 2020].

Algorithm 17 General SGD with Momentum

1: Input: initial point xo, momentum parameters 0 < 1 < 1 and initial moment my.
2. fort=20,1,2,...do

32 sample &;

g myp = Bymy+ (1 — B1)g (x5 81)

5:  obtain stepsize 77 > 0

6 Xyl = Xt — MiMyqq

7. end for

Lemma 6.5.8. Forany ¢ > 0, A > 0and T > 1, there exists a {-smooth function f : R — R, and
xo with f(xg) —infy f(x) < A, such that if we run Algorithm 17 with deterministic gradients
and ny < s fort =0,1,2,..., T — 1, then we have

min |V f(x)| > \/ A T—1 ~

te{01,...,T—1} 16max{1/¢4,%, " 7t} '

Proof. We construct a quadratic function similar to Proposition 1 in [Drori and Shamir,
2020]. The following function is considered:

flx) =

x2

4 max {1/5,2;;01 ﬁt}.
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Without loss of generality, we assume the initial moment m is non-positive, and we set

the initial point x( as

t=0

T—1
Xo = Amax{l/ﬁ, Z ﬁt}-

Otherwise if the initial moment is set to be positive, then we let xy be negative and follow
the same reasoning.
Since x is positive, the first gradient direction would be positive, i.e., Vf(xo) > 0. Let

T be the first iteration such that m,; > 0. By the update rule and definition of 7, it is
obvious that x; > xo for t <7 —1.If T < 7, it trivially holds that V f(x;) > V f(xo) for all
0 <t < T —1. Otherwise, we have m; = B1mr_1+ (1 —B1)Vf(xr-1) < (1= B1)Vf(xr1).
That is to say, the gradient estimation m. used in the 7-th step has the correct direction
but its magnitude is no larger than the actual gradient. Starting from the 7-th iteration, x;
will monotonically move left towards the solution. Note that since our stepsize is small
enough, i.e,,

T-1

N < 7y < 2max {l/ﬁ, Z ﬁt} ,

t=0
the updates will remain positive, i.e., x; > 0 for t > 7. By the update rule, we note that
Xt+1 < x¢ for t > 7, and therefore V f(x;11) < Vf(x;). We can conclude that for any t > 7,

we have m; < Vf(x;_1). Then for t > T — 1 we have

t—1
Xf = Xp_1 — Z My
k=1-1
t—1
> Xroq1 — Z MtV f(xe_1)
k=7—1
t—1 77
=x; 1 — Tt X711
T-1 4
k=1—1 2 max {1/5/ Zt:() ﬂt}
1
> Ex'rfl
1
> —Xp.
= 2x0

Then we conclude by

V()| = a > s - SR
2 max {1/6, ZtT:_Ol ﬁt} 4 max {1/6, th:_ol ﬁt} 16max{1/¢,%, " 7:}

O]

Now we proceed to provide the lower bound for deterministic case.
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Theorem 6.5.9. For any ¢ > 0, A > 0and T > 1, there exists a £-smooth function f : R — R
and xo with f(xg) —infy f(x) < A, such that if we run Algorithm 14 with deterministic gradients,
0<y < %’,and% = ﬁ with v < %,wehave(l)ifo <a <1, forany0 < By < 1and
0 < B2 <1, we have

A
16max{1/¢, (171)

Tl—zx}’

te{0,1,..., T—1} %

min [Vf(x)| > \/
and (2) if « =0, for B1 = 0 and any 0 < Br < 1, we have

i \Y > 0.
te{og}}g_l}l f(xe)| > o
Remark 6.5.10. From the theorem, we can conclude that the optimal convergence rate % for
|V f(x¢)|| is infeasible for AMSGrad with polynomially decreasing stepsize. When o = 0, a similar
result can be obtained for the case f1 > 0, B2 = 0 and small enough vy.

Proof. For a« > 0, we have
Y < Y

M= = .
(t+1)% fo2,, — (E+ 1)

Let 7j; = (t+¥)avo and then we have
T-1 T-1
~ Y Y 1—a
= < T-".
L= L iy < -

Applying Lemma 6.5.8 directly gives us the desired result.

For &« = 0, we consider function

flx)=—x
Y
Note that since vy < %7, the function is ¢-smooth. Let
Y
X0 = ~N7
072

which satisfies the condition that f(xg) < A. Then after one update
vt = Bavg + (1= B2) |V f (x0) I = v
X1 = X0 — LVf(xo) = —% = —Xp.
/2
1
If we continue this calculation, we find that the iterates will oscillate between % and —%
forever, which finishes the proof. O

PROOF FOR THEOREM 6.4.2
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Proof. We consider a two-dimensional function f : R? — R?, for x = (x!,x%)" € R?,

flx) = F(x'),
where its function value only depends on the first dimension and we will define F : R — R
later. The gradient at x is Vf(x) = (VF(x!),0)". We add the noise only to the second
dimension, i.e., ¢(x; &) = (VF(x!),&). For any t > 0, the probability density function of
the noise as

pe,(x) =

where s =

m Note that the distribution is symmetric and E [¢;] = 0. Also, we

note that |&;| follows the Fréchet distribution [De Gusmao et al., 2011] with cumulative

distribution function

Pr(lg] <x)=e () 7,

NN

and
Var [&] = E [|&]*] — (E[&])?
=< (1-5) - E )

< $T <1—§)

<o?

7

where we used the exact second moment for Fréchet distribution.
Next, we will show that & := maxo<r<;{|&|} > Q (W) with probability 3. We
know that & also follows Fréchet distribution with CDF

Pr(¢ <x)=exp | — (s(t—i—l)g> .

Then for constant C > 0,
2
(1)
s (F+1)E

(c
{5

1)?

Pr(& < C-(t+1)72) = exp

:r\m—-

/\

S 4tr12
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((-1)*

where the last inequality is by selecting C = ST and using exp (_2m+1 : tm) < 417

em
for any t > 0 and 0 < m < 1. Then using union bound, we have

T-1
d : i3 ci<T-1>1-y L+ 1
Pr(& >C-(t+1)*2 for 0<t<T—-1)>1 54(t+1)2_2.

Now we have shown that with some probability, the noise is large enough. We can use
this property to provide an upper bound 7j; for the stepsize as follow

. Y
N W
_ Y
T Vit Iy/maxocia o - (0 Pl a0
Y
= Vi Tymaoae (0 Pl e )

< Y
T Vi Ty/maxo<r< {(1 — B2) 1Zk[1?}
Y

T Vi L/ - B)G
< 7 2
T C(t+1)8/(1 - B2)

ﬁtl

This implies

Yo< 7 (T4 —¢)
5" 1-0c/T-p) |
We observe that the update with AMSGrad-norm in function f corresponds to applying
general SGD with momentum (Algorithm 17) to function F with stepsize #;. Therefore,
we can pick a hard instance F according to Lemma 6.5.8, and by noting that ||V f(x)| =
|VF(x!)| we reach our conclusion.

O

Remark 6.5.11. As we see above, the function F in the proof is constructed by Lemma 6.5.8. We
note that even assuming the gradients of f to be bounded, i.e., |V f(x)|| < K for all x, will not
prevent the slow convergence in Theorem 6.4.2. This is because in the proof of Lemma 6.5.8 all
iterates stay between [0, xr_1] (e.g., T = 1 if my = 0), so we can construct any Lipschitz function
outside of this segment.






SUMMARY AND FUTURE DIRECTIONS

Good questions outrank easy answers.
— Paul Samuelson

In this chapter, we summarize the key contributions of this work and explore possible
future research directions.

This thesis provides a comprehensive exploration of challenges and advancements
in minimax optimization, particularly focusing on imbalance, NC-NC problems, and
adaptivity. In the first chapter, a Catalyst framework is introduced, inspired by proximal
point methods, to address unbalanced regimes in minimax optimization. The following
two chapters shed light on the NC-NC regimes, where particular emphasis is given to the
behavior of the Alternating Gradient Descent Ascent (AGDA) algorithm, its convergence
under different scenarios. The fourth chapter shifts focus to the NC-SC setting, introducing
NeAda, a novel nested adaptive framework designed to make conventional Gradient
Descent Ascent combined tuning-free with adaptive schemes. In the closing chapter, the
advantages of adaptive methods, particularly in relation to Stochastic Gradient Descent,
are analyzed in the setting when problem parameters are unknown. The thesis, as a whole,
offers insightful strategies and analyses that push the boundaries of current understanding
in minimax optimization and adaptive methods.

7.1 FUTURE DIRECTIONS
7.1.1  Unbalanced Minimax Problems

In Chapter 2, we introduce a universal framework for tackling unbalanced minimax
problems, aiming to bridge the gap between lower and upper bounds in these scenarios.
However, several intriguing questions remain unanswered. Firstly, in the context of the
NC-SC setting, it would be compelling to explore if the complexity’s dependence on n for
finite-sum NC-SC minimax optimization can be further refined. Secondly, the absence of
lower bounds for the NC-C setting leaves us uncertain about the potential for enhancing
the current state-of-the-art upper bounds. Lastly, devising a universally near-optimal single-
loop algorithm that encompasses all these unbalanced scenarios presents an interesting
challenge.

197



198

SUMMARY AND FUTURE DIRECTIONS

7.1.2  Nonconvex-Nonconcave Minimax Optimization

While Daskalakis et al. [2021] highlight the challenges associated with identifying or
finding certain types of stationary and local solutions for smooth and Lipschitz nonconvex-
nonconcave minimax problems, it remains an open question whether there are alternative
meaningful notions that can be achieved more efficiently. In Chapters 3 and 4, we introduce
efficient algorithms aimed at finding global solutions or stationary points for two specific
subclasses of nonconvex-nonconcave problems: the two-sided PL and NC-PL problems.
Another intriguing avenue of exploration is determining the lower complexity bounds for

these two categories.

7.1.3 Adaptive Methods for Minimax Optimization

In Chapter 5, the proposed algorithm, NeAda, is analyzed when the function is strongly-
convex w.r.t. the dual variable. For practical applications, such as Generative Adversarial
Networks [Goodfellow et al., 2014], it might be overly optimistic to assume that the dual
variable exhibits such desirable properties. A potential direction for future research would
be to move beyond this assumption to the NC-C setting or nonconcave structures such as
PL condition. Furthermore, eliminating the assumption of bounded (stochastic) gradients
for the dual variable is another important future direction. As highlighted in Chapter 6,
adaptive methods possess a strict advantage over SGD in the absence of this assumption.
Achieving this for NC-SC problems with our NeAda algorithm framework would hinge
on the development of parameter-agnostic stochastic algorithms for strongly concave
maximization problem — a known open challenge [Orvieto et al., 2022].

7.1.4 Adaptive Methods for Problems

In Chapter 6, we analyze the benefit of adaptive methods over SGD when the stepsize is
independent of problem parameters and the objective function is not necessarily Lipschitz.
There are several potential future extensions. Firstly, it is interesting to understand whether
similar benefits of adaptive methods persist for the high probability convergence guaran-
tees and extend to other adaptive optimizers. Secondly, we emphasize the significance of
eliminating the assumption of bounded gradients for more adaptive algorithms. Such an
assumption can hide the dependence on ¢ and obscure the advantage over SGD. Thirdly,
based on our negative results concerning AMSGrad-norm, further exploration of the
convergence properties of AMSGrad and its variants becomes interesting. This exploration
could involve scenarios where true function gradients are unbounded, but additional



7.1 FUTURE DIRECTIONS

assumptions can be made regarding the noise distribution. Lastly, understanding the
impact of adaptive algorithms on the optimization of possibly non-smooth nonconvex
objectives, which frequently arise in the training of modern machine learning models, is

another intriguing avenue for future research.
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