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ORIGINAL ARTICLE WILEY

Estimation and convergence rates in the
distributional single index model

Fadoua Balabdaoui® | Alexander Henzi | Lukas Looser

Seminar for Statistics, ETHZ, Zurich, L . . . . .
Switzerland The distributional single index model is a semipara-

metric regression model in which the conditional
E:;;zzp;;;:;;f;i’ Seminar for distribution functions P(Y < y|X = x) = Fy(0o(x),y)
Statistics, ETHZ, Rimistrasse 101, 8092 of a real-valued outcome variable Y depend on
Ziirich, Switzerland. d-dimensional covariates X through a univariate, para-
Email: fadouab@ethz.ch metric index function 6y(x), and increase stochastically
as 0p(x) increases. We propose least squares approaches
for the joint estimation of 6, and F, in the important
case where 0y(x) = ag x and obtain convergence rates of
n~'/3, thereby improving an existing result that gives
a rate of n=/%. A simulation study indicates that the
convergence rate for the estimation of a; might be
faster. Furthermore, we illustrate our methods in an
application on house price data that demonstrates the

advantages of shape restrictions in single index models.

KEYWORDS

monotone regression, isotonic distributional regression, single index
model

1 | INTRODUCTION

Consider the classical regression framework in which one aims to predict a response variable
Y € R with covariates X € X C R¢. The popular generalized linear models (GLMs) assume that

E[Y]X = x] = gy(a]X),
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where Y follows an exponential family distribution, & is unknown, and g, is a monotone
transformation known up to a dispersion parameter ¢ that does not depend on the covariates.
Balabdaoui, Durot, and Jankowski (2019) study a semiparametric variant of this model, the mono-
tone single index model, where the function g, is replaced by an unknown monotone function
wo that is estimated nonparametrically, jointly with ay. The focus of this article is an exten-
sion of the monotone single index model introduced by Henzi, Kleger, and Ziegel (2023), called
the distributional single index model, which aims at estimating conditional cumulative distri-
bution functions (CDFs) of Y given X rather than only its conditional expectation. The model
assumes that

P(Y <y|X =x) = Fo(6o(x),y), €))

where y — Fy(z,y) is an unknown conditional distribution function for all fixed z € R, 6 :
R? - R a mapping of the d-dimensional covariates to R, and monotonicity of v is replaced
by the assumption of stochastic monotonicity. Stochastic monotonicity means that Fy(z,y) is
non-increasing in z for all fixed y € R, so graphically, the conditional CDFs Fy(z,y) shift to the
right as z increases, or in simple words, Y tends to attain larger values when 6y(X) is large. In
this article, we are interested in the special case where 6,(x) = aOT x is a linear function. The most
popular families in GLMs—Gaussian, Binomial, Poisson, Gamma, Inverse Gaussian—satisfy the
stochastic monotonicity assumption of the distributional single index model, save for a change
of sign of ap for decreasing link functions. Thus, the model can be regarded as a semiparametric,
distributional extension of GLMs. If Y has finite expectation, then

0 0
E[Y]|X =x] = / (1= Folagx.y)) dy —/ Fo(ayx,y) dy,
0 _

o

isincreasing in ag X, so the assumption of stochastic monotonicity is stronger than monotonicity
of the conditional expectation in this case. When Y is binary, the distributional single index model
becomes a special case of the monotone single index model. Both the monotone single index
model and the distributional single index model build on the idea of single index model intro-
duced by Hérdle, Hall, and Ichimura (1993), and we refer the interested readers to the literature
reviews in Balabdaoui, Durot, and Jankowski (2019) and Henzi et al. (2023) for a comprehensive
discussion of related work.

Rates for the estimation of the conditional CDFs in the distributional single index model
have already been obtained by Henzi et al. (2023). They showed that for an independent and
identically distributed (i.i.d.) sample (X1, Y1), ... ,(Xy, Y,) from model (1), if 8, is a uniformly
consistent estimator for 6, converging at a rate of o,((log(n) /n)Y/?) and if F, is computed on
the data (0,(X1), Y1), ... . (0.(Xy), Y,) with isotonic distributional regression (Henzi, Ziegel, &
Gneiting, 2021; Mésching & Diimbgen, 2020), then

sup. |Fa(0(x), ) = Fo(B0(x), )] = 0p((log(n)/n)"/®), (2)
YER, xeX,

under certain regularity conditions. Here X, = {x € X : 0y(x) + ¢, € I} for an interval I on which
0(X) has density bounded away from zero and infinity, and €, > 0is a certain sequence converging
to zero. When 6, and F,, are computed on independent samples, a faster rate of o,((log(n)/ n)'/3)is
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achieved, if 4, converges to 6 at least at this rate. Henzi et al. (2023) provide no theoretical results
on the estimation of the index function, and the rate of 0, ((log(n)/ n)'/%) is likely to be suboptimal,
because if 6y = 8, it should be op((log(n)/ n)/3) by theorem 3.3 of Mdsching and Diimbgen (2020),
or if Y is binary the results of Balabdaoui, Durot, and Jankowski (2019) yield Op(n‘l/ 3) for the
estimation of Fy and 6, when the latter is linear.

In this article, we focus on the linear case 6y(x) = aOT x, and propose to estimate (Fy, ) by
minimizing weighted least squares criteria of the form

L(QF.a)=13 / (1{Y; <t} = F(@"X,. 1)) dQ(v), (3)
i=1 /R

where Q is a Borel measure. We obtain a rate of Op(n~'/3) when Q has a finite support or it is com-
pactly supported Lebesgue continuous with a bounded density. Furthermore, we investigate an
approach with Q equal to the empirical distribution of Y7, ... , Y;, which has favorable invariance
properties under transformations of the response variable, but the consistency and convergence
rates of which remain an open challenge.

The article is structured as follows. In Section 2 we describe the estimation method in detail.
Convergence rates are derived in Section 3. In Section 4, we present the invariance property
result which holds when Q is taken to be the empirical distribution function of the responses. In
Section 5 we discuss computational aspects and present a simulation study and an application
on house price data. We conclude with a discussion in Section 6, and the proofs are deferred to
Appendix. Throughout the article, we denote the joint distribution of (X, Y) by [P, the marginals
by PX and PY, and the conditional distributions by PYX=* and PXIY=Y, respectively. The empirical
distributions of n independent observations are denoted by P,, PX, PY. We denote by supp(P) the
support of a probability measure P, and by A° the interior of a set A. The expectation operator E[-]
is understood to be with respect to P, unless explicitly defined differently.

2 | ESTIMATION

Let (X1, Y1), ... ,(Xp, Yy) be a sample of covariates and response variable from model (1), where
from now on we always assume that 6y(x) = a(")' x.Define C, = {a'x : x € X}, and let F, : C, X
R — [0, 1] be the class of bivariate functions F for which y — F(z,y) is a CDF for all fixed z € R,
and z — F(z,y) is non-increasing for all fixed y € R. The function F, and the parameter « in
(1) are not identifiable, since Fo(z,y) = Fo(z/c,y) and &y = ¢ - ap for ¢ > 0 yield the same condi-
tional distributions. Hence, we assume that ay € Sy_; = {x € R? : ||x|| = 1}, and define the class
of candidate functions for estimation by

F={F,a): a € Sy, FeF,}.

To estimate (Fy, ap), we propose to minimize the least squares criteria of the form given in (3).
The following proposition describes the solutions of this minimization problem.
Proposition 1. Assume that Q is locally finite.

(i) For a fixed a € Sy_1, let 71 < - - - < zy, be the distinct values of a' X1, ... ,a"X,,
with multiplicities ny, ... ,n,. The minimizer of L,(Q;F,a) in F is uniquely
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defined in the first argument on {z;, ... .2y} and in the second argument on
supp(Q), and it is given by

Fro(ziy) = kmln

lz mnk+ +n,z z HYs <y}, m. (4)

j=k st aTX =z

(i) Let S*={a€S41:a'X;#a'X;, i,j=1,...,n, i #j}. The minimum of
Ln(Q; F, a) is achieved for a pair (F4, . &,) with &, € SX and F,;_given by (4.
The minimizer is not unique.

The estimator F,,, in (4) is called the isotonic distributional regression in Henzi et al. (2021),
and the fact that it is a minimizer is due to theorem 2.1 of that article; the condition that Q is
locally finite is only necessary to ensure uniqueness in part (i). It follows directly from (4) that
¥+ Fo.(a"X;,y)isindeed a CDF fori = 1, ... ,m. For a fixed a, the estimator £, , depends on Q
only through its support, as can be seen from (4). It suffices to compute it at the distinct values
yp <---<yofYy, ..., Y, ssincefory >y,

HY; <y} =1{Y; <y}, i=1,..,n with Ip)=max{je {1, ...k} :y <y},

and 1{Y; <y} = 0ify < y;. Part (ii) of the proposition follows by the same steps as Prop. 2.2 in Bal-
abdaoui, Durot, and Jankowski (2019). Note that the minimizers &, and, hence, Fn,&n do depend
on Q, which appears in the criterion (3). To lighten the notation, we write Fn,a,, = F,, in the follow-
ing, and only use the subscript when it is necessary to indicate the dependence on &,. To define
F, beyond the set {&, X1, ... ,ayX,} X supp(Q), we let

0, y <y,
Fozy) =1F@zy), yeEWpym) j=1, ... k=1, 5
1 Y 2 Y
forz € {a, X1, ... ,a,X,} andy € R, and
Fp(z1,y), Z2<2,
Fozy) = Zj ~ PG+ L Fa@y),  2€1G ) J=1, . m -,
n(Zm,y), Z Z Zm~

We apply these interpolation methods in our empirical studies in Section 5. For the theory,
any other interpolation methods satisfying the monotonicity constraints in both arguments is
admissible.

In the forecasting literature, the loss function (3) with Q equal to the Lebesgue measure A
is known under the name continuous ranked probability score (CRPS), which is a widely used
proper scoring rule for the estimation of distribution functions and for forecast evaluation (Gneit-
ing & Raftery, 2007). The criterion with general Borel measures Q are the so-called threshold
weighted forms of the CRPS (Gneiting & Ranjan, 2011). At a first sight, the CRPS seems to be a
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natural choice for the loss function since it weighs all thresholds equally, but it has the drawback
that E[L,,(4; Fy, ap)] is finite only if the conditional distributions corresponding to FO(aOT X, +) have
finite first moment; see (21) in Gneiting and Raftery (2007). This is an unnecessary assumption
if the goal is the estimation of the conditional CDFs, rather than conditional expectations, and it
complicates proofs of consistency. We therefore focus on finite measures Q.

3 | CONVERGENCE RATES
3.1 | Assumptions

We proceed to establish consistency results for the bundled estimator F,,(&,}x,y) and for the the
separated estimators &, and F,(z,y). The proofs and assumptions are closely related to those by
Balabdaoui, Durot, and Jankowski (2019) for the monotone single index model.

Assumption 1. The set X is bounded and convex.

Assumption 2. The measure Q and the distribution of (X,Y) satisfy one of the
following assumptions.

(i) Thedistribution of X admits a Lebesgue density px which is bounded from below
by p, > 0 and from above by py, < o0, and Q has finite support, putting mass only
onpoints f; < --- <.

(ii) For all y € supp(PY), the distribution of X conditional on Y =y admits a
Lebesgue density bounded from below by p, > 0 and from above by py < o,
with constants not depending on y. The measure Q has support on [a, b] and
admits a Lebesgue density g bounded from above by ¢ < .

Assumption 3. Forallt € supp(Q) the function z — Fy(z, t) is continuously differen-
tiable on C,, with derivative F(()l)(z, t),and 0 < IF(()D(z, t)| < K forallz € C; and some
KI < 0.

Assumption 4. Foralla € S;_;, the random variable ¢ X admits a Lebesgue density
bounded from below by g > 0 and from above by g > 0.

Assumption 5. The density px of X is continuous on X.

Assumptions 1,4 and 5 correspond to (Al), (A4) and (A6) in Balabdaoui, Durot, and
Jankowski (2019), respectively, and Assumption 3 is a direct extension of their condition (A5) to
our case.

In the next sections, we present one of the main convergence results of this work, derived
under the assumptions above. The case Q = PY would have been a natural choice. One referee
raised the point of whether one can derive rates of convergence in this case when the distribution
of Y is compactly supported. Unfortunately, compactness of the support does not solve the issue
that empirical process associated with the estimation problem at hand contains a term that cannot
be handled with the classical results such as Lemma 3.4.2 or Lemma 3.4.3 of van der Vaart and
Wellner (1996). The reason behind the additional difficulties is that this term in question is of the
form
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/ wn(O@y - PV)(@),

where y, is random function involving the empirical measure P,; additional details are provided
in Section 4. More sophisticated tools need to be used in this context. The problem is beyond the
scope of this article but worth investigating in future research.

3.2 | Convergence rate for the bundled estimator

The results for convergence rates for both types of Q in Assumption 2 are presented in a unified
framework. For the bundled estimator, we obtain the following result.

Theorem 1. Under Assumptions 1 and 2, it holds that
1/2
( / / (Fu(@nx.t) = Folagx, 1))* dP* (x)dQ(t)> = Op(n™'7).
R JR

The proof of Theorem 1 applies theorem 3.4.1 and Lemma 3.4.2 of van der Vaart and Well-
ner (1996), and it is given in Section A.1. In the following, we introduce empirical process
notation, provide auxiliary results that are of independent interest, and discuss the techniques
and problems involved in the proof.

In accordance with Assumption 1, assume ||x|| < R for all x € X and some R > 0, so that
laTx| < R for « € S*1. In the proofs, the following function classes appear,

H = {h : [-2R,2R] — [0,1], nonincreasing},
C={g: X —[0,1], gx) =h(a"x), (a,h) € Sq_; x H},

where the support in the class H has to be extended to [-2R, 2R] for technical reasons. Nonin-
creasing functions  : [-R,R] — [0, 1] are considered as elements of H by constant extrapolation
at the boundaries. Denote the L,-norm of functions from X to R, with respect to a Borel measure

s by
1/2
1l = ( /X e du(x)> |

For integration with respect to the Lebesgue measure over a set A, we write ||f]| 4. The bracketing
entropy of a function class 7 with respect to some norm || - || is denoted by Ng(¢, T, || - ||), and the
bracketing integral is defined as

3
J@ET.0-1h= / V1+1ogNg(e, T, || - ) de.
0

The following proposition, which relies on theorem. 2.7.5 of van der Vaart and Wellner (1996)
and a result of Feige and Schechtman (2002), is crucial for all our results.

Proposition 2. Let u be a Lebesgue continuous distribution with support in a bounded
set contained in a ball of radius R > 0 with density bounded from above by D > 0. Then,
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2@D/2q1/4RED2(1 4 \/R)(dV/A + K\/R)WD
1 . <
0g(Np(&, G, || - 1)) < .

for universal constants A,K > 0.

Due to Proposition 2, the entropy of the class of functions x = F(a"x,y) for (F,a) € F and y
fixed is of the same order as the entropy of the monotone function class with values in [0, 1]. If Q
has finite support, this is sufficient to obtain the cubic convergence rate. However, as one would
expect, the constants in the bounds increase with the size of the support, and it is not possible to
extend the same proof strategy to Lebesgue continuous Q. For this case, a bound for the entropy
of the class

M = {h :RYXR - [0,1], h(x,y) = / F(a"x, £)2dQ(t), (F,a) € F}, (6)
[y,00)

is required. We find such a bound by constructing a suitable discretization of the support of Q.

Remark 1. One might think that a simpler way to bound the entropy of the
class M would be via the results of Gao and Wellner (2007) on the entropy
of multivariate monotone function. Indeed, the function (z,y) — F(z,y) is bivari-
ate monotone, and due to Proposition 2, the fact that we have a'x in the first
argument only increases the entropy by a constant factor. However, according
to theorem 1.1 of Gao and Wellner (2007), the entropy of the class of bivariate
monotone functions is of order 1/¢2, which leads to a diverging entropy inte-
gral. Even with the relaxation discussed on p. 326 of van der Vaart and Well-
ner (1996), which allows to integrate only from min(ué?,8)/3 for small u > 0 in
the entropy integral, it is not possible to achieve the cubic rate with this entropy
bound.

3.3 | Convergence rate for the separated estimators

The rate for the separated estimators F,(z,y) and @&, relies on Theorem 1 and is proved in a
similar way as in theorem 5.2 and corollary 5.3 of Balabdaoui, Durot, and Jankowski (2019).
Note that under our model assumptions, the parameters F and « are indeed identifiable.
More precisely, if F(a'X,f) =F0(agX, t) almost surely for a fixed f, then F(z,t) = Fy(z,t)
for (z,t) € Cy, x supp(Q), and a@ = ap. This is shown in an analogous way as in proposi-
tion 5.1 of Balabdaoui, Durot, and Jankowski (2019), and it is proven in Section A.5 for
completeness.

Theorem 2. Let Assumptions 1, 2, and 4 hold true. Assume that for each t the func-
tion Fy(-,t) is left-continuous, nonconstant and does not have discontinuity points on
the boundary of C, . Furthermore, assume that from each subsequence (ny)ien we can
extract another subsequence (n,)ien which satisfies

lim / / (Folagx, t)—F,,kl(&;lx, £))2dPX (x)dQ(t) = 0, (7)
RJX

I->00

almost surely. Then,
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8 W l L EY BALABDAOUI ET AL.

(i) @y converges to ag in probability in the euclidean norm,
(ii) forall continuity points (z,t) of Foin Cy X supp(Q), we have that F,(z, t) converges
to Fy(z,t) in probability.

Remark 2. The condition (7) in Theorem 2 holds under our assumptions due to
Theorem 1.

Theorem 3. Define c = inf C,, and ¢ = sup C,,. Under Assumptions 1-5, we have that

@ llao = &l = Op(n™73);
(i) if Sup;equpp(o) Kt < o0, then

v, 1/2
( / / (Foz, ) — Fu(z, 1)) *dz dQ(t)> = Op(n™'/3), (®)
R

ct+v,

for all sequences v, such that c +v, < ¢ —v, and n'/3y, - oo forn — .

Part (ii) of Theorem 3 can be regarded as analogous to the result (2) derived by Henzi
et al. (2023, theorem 5.1), with the weighted L,-norm replacing the supremum norm. Henzi
et al. (2023) do not assume a linear index function, but they impose the assumption that the index
function is estimated the rate of (log(n)/n)'/?, rather than deriving a convergence rate, which we
do in part (i) of the above theorem.

4 | EMPIRICAL DISTRIBUTION AS WEIGHTING MEASURE

The methods proposed so far require the specification of a weighting measure Q. An interesting
variant of the criterion (3), which does not require an explicit weighting choice, arises when Q
equals the empirical distribution PY; that is,

Lu(PY:F.a) = %Z{ /]R (1Y < 1} — Fa" X, 1) dPY(t) = %Z‘,lu{yi <Y} - F@"X., Y)).
1= 1J=

According to the following lemma, for this choice of Q the estimator &, and the pointwise error
of the CDFs at the observed values of the response variable do not depend on the scale of the
observations Y.

Lemma 1. Let f : R — R be strictly increasing on the support of Y, and f~1(t) =
inf{s € R : f(s) > t}. Then, the following hold with probability one.

() A tuple (Fy4, , &) minimizes L,(PY; ) if and only if (Fnz, ,&n) with Fu4 (£,2) =
Froa (z.f71(t) is a minimizer of Ly(P";-), and it holds that Ly(PY; Fys , &) =
Ln(PQ(Y);Fn,&na ).

(i) With Fo(z,t) = Fo(z,f (1)) and t; = f(Y;), we have

Fra (@nXi ) — Fo(a X, t;) = Frg (60X, YD) = Fo(@ X, Y2), i=1, ... ,n.
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If Fn,&,. and Fn,,;n are interpolated as in (5), then the above equality holds for all
yeRandt=f(y).

The above result is generally not true for Q # PY in (3). The invariance property aligns well
with the fact that the transformed outcome f(Y) again follows a distributional single index model
with the same parameter ay and the corresponding CDFs ¢ — Fo(ag x,f71(t)). However, it turns
out that deriving convergence rates for this criterion is substantially more difficult than for fixed
measures Q, because the integral in the function class M in (6) is now over the random measure
P, instead of the fixed measure Q. We suspect that the rate for this estimator should still be of order
Op(n‘l/ %), and our simulations confirm this intuition in certain examples. However, a completely
different strategy of proof seems necessary to prove this rate.

5 | EMPIRICAL RESULTS
5.1 | Simulations

We investigate the convergence of our estimators in simulations. For d = 2, 3, we simulate X; ~
Unif(0,1),j =1, ... ,d, independently, and generate the response variable in two ways,

YW = (a)X)’e, € ~ N(0,1), Y@ = (ayX)*n, n ~ Exp(1). 9)
For the weighting measure Q, we consider the empirical distribution PY, the uniform distribution
on [—10, 10] and the Gaussian distribution with variance 4 truncated to the interval [—4, 10] for
the simulations with Gaussian noise, and the uniform distribution on [0, 50] and the truncated
Gamma distribution with shape 3 and scale 1 for the simulations with exponentially distributed
noise, respectively. The rationale is that the uniform distribution over a large set provides a rather
rough choice for the weighting, whereas the truncated distributions more closely follow the actual
outcome distributions, up to truncation to a compact interval.

The index @y is parameterized in spherical coordinates with 6, € [0,27] and
values 6y =xn/4, n/3, n/2 for d=2, and 6,€[0,7z]x[0,27] and values 6y =
(n/4,7/2), (n/3,7x/3), (x/2,x/4) for d =3. To perform estimation, we parameterize « in
spherical coordinates and do a grid search followed by local numerical optimization. For
d =2, we choose 40 equidistant points ; =0< 0, < --- < f49 = 27, evaluate the criterion
(3) at a; = (cos(6)),sin(6))), and perform numerical optimization of (3) with respect to # in
a = (cos(6), sin(#)) around the 6; for which the minimal value of the criterion is attained. The pro-
cedure for d = 3 is analogous, and for the grid we take all combinations of 20 equidistant points
01 € [0, x] and 40 points 6, € [0,2z], j=1, ... ,20, k=1, ... ,40. Numerical optimization is
performed with optimize in R (R Core Team, 2022) for d = 2, and nmkb from the package
dfoptim(Varadhan, Borchers, & Bechard, 2020) for d = 3. Estimation of the conditional CDFs
uses the isodistrreg package (Henzi et al., 2021). A general implementation of our estimator
and replication material for Section 5 are available on https://github.com/AlexanderHenzi/distr
_single_index.

To estimate the rates of convergence, we simulate 100 realizations of the examples described
above for each of the sample sizes n = 2", m = 8,9, ... ,13, and compute the the index error
l&, — ao]|, the bundled error L(E,, &,), and of the error of the CDFs Lcpr(F,). The integrals in
L(F,, &,) and Lcpp(F,) are estimated with the mean of the integrand evaluated at 5,000 draws
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fory ~ PY and x ~ PX, or z ~ Unif(c, ¢), respectively. We then estimate the convergence rate with
the slope coefficient from regressing log(err,;), for all n and samplesi =1, ... , 100, on — log(n),
for each setting and error measure. The estimates and SEs are shown in Table 1. Naturally, there
are many factors influencing the convergence rates estimates, such as noise in the estimation,
different constants in different examples, and, most importantly, the fact that the rates of the
errors are only estimated on a grid of finite sample sizes. Therefore, even if one might expect the
same asymptotic rates in the examples that we consider, there are some deviations due to different
constants and finite sample effects. However, Table 1 suggests that the rate of &, is faster than
n~1/3, as in the experiments of Balabdaoui, Durot, and Jankowski (2019), and the rates for the
bundled estimator and for the CDF are around n~'/3. There are no systematic differences between
the results for Q = PY and for the other approaches, with average rates over all settings of 0.51,
0.28, and 0.39 for the index, CDF, and bundled estimator for the empirical weighting measure,
and 0.51, 0.30, and 0.38 for the other weighting methods. This suggests that the same rates should
hold for Q = PY.

Remark 3. For dimension d = 1, the computation of &, is a one-dimensional opti-
mization problem, and &, can be approximated to a high accuracy provided that the
grid for the initial grid search is fine enough. For d > 2 the grid search becomes expen-
sive, and there are no guarantees that a pair (&,, F,) chosen by our implementation
is a global minimizer of our target function, which is nonsmooth and nonconvex.
Estimation in the monotone single index model for the mean suffers from the
same optimization difficulties, and although there has been extensive research on
implementation and alternative methods for estimating &, (Balabdaoui & Groene-
boom, 2021; Balabdaoui, Groeneboom, & Hendrickx, 2019; Groeneboom, 2018;
Groeneboom & Hendrickx, 2019), the computation of &, remains a challenge, espe-
cially in higher dimensions.

5.2 | TIllustration on house price data

We illustrate the distributional single index model in a data example by Jiang and Yu (2023,
section 4.4). The dataset, which is available on https://doi.org/10.24432/C5J30W, contains 414
real estate transaction records from Tapiei City and New Taipei City. The dependent variable is the
price per unit area, and the covariates are the number of convenience stores in the living circle on
foot, the building age, the transaction year and month, and the distance to the nearest metro sta-
tion. The transaction time is transformed to a numerical variable with values in between 2,012.67
and 2,013.58, and it is a proxy variable which captures effects such as trends in the house prices,
or different policy regimes over time that might influence the prices.

Figure 1 depicts the index values a,X; and prices Y;,i =1, ... ,414, for the distributional sin-
gle index model, the monotone single index model, and for the noncrossing quantile regression
estimator by Jiang and Yu (2023); the results for the latter are equal to those shown in (Jiang &
Yu, 2023, figure 3(c)) and reproduced with the code from the supplement of their article. We
implemented the distributional index model with the empirical measure and with the uniform
measure over a large set including all observed prices. For the distributional methods, the lines
in the figure show estimated conditional quantiles at levels = = 0.1,0.5,0.9, which are obtained
by inversion of the CDFs for our estimator. Jiang and Yu (2023) center all covariates around
their mean before estimation. With shape restricted estimation methods, such centering is not
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FIGURE 1 Pairs (&,X;,Y;),i =1, ... ,414, for the distributional single index model, the monotone single
index model, and for noncrossing quantile regression. The lines for the distributional methods are estimated
conditional quantile curves at the levels z = 0.1,0.5,0.9.

necessary since it does not change the order of the projections &} X;. As the scatterplots sug-
gests, the order of the index values &IXi, i=1,...,414, obtained with the three methods are
very similar, and the pairwise Spearman correlations between them are indeed all above 0.98.
In the given data application, all methods have advantages and disadvantages. The computa-
tion of the estimator by Jiang and Yu (2023) is fast, but it involves several tuning parameters,
namely, an initial quantile level for estimation, set to = = 0.5, bandwidths for kernel smoothing,
and a prespecified grid of quantiles on which the estimator is computed and evaluated, chosen
to be 7 =0.1,0.2, ... ,0.9. Estimation for our method and for the monotone single index model
is slower, since we take a fine grid for the grid search over a and perform local optimization in
several regions to ensure a good approximation of the minimum. However, the parameters of the
shape restricted methods are more easily interpretable due to the monotone dependence on &, X.
One can draw the—reasonable—conclusions that the price is increasing in the number of closely
situated convenience stores and over time, and decreasing in the distance to the nearest metro
station and in the age of the building; see Table 2. The interpretation is more difficult for the esti-
mator by Jiang and Yu (2023). Although the signs of &, in their estimator agree with those of the
shape restricted methods, the conditional quantile curves are nonmonotone and interpolate the
prices for some of the observations.

6 | DISCUSSION

In this article, we proposed estimators for the distributional single index model, and proved a con-
vergence rate of Op(n~/3) both for bundled and separated estimators. This greatly improves upon
the (log(n)/n)'/°-rate known so far. There are several avenues for future research. Consistency for
our transformation-invariant estimator proposed in Section 4 is an open challenge, which goes
beyond the techniques applied for the convergence rates in this article. A possible future research
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TABLE 2 Estimates &, for the different methods.
Number Building Transaction Distance
Method stores age date metro
Distributional index model (empirical) 0.706 —0.263 0.658 —0.013
Distributional index model (uniform) 0.750 —0.186 0.634 —0.008
Monotone single index model 0.415 —-0.122 0.902 —0.006
Noncrossing quantile regression 0.152 —0.060 0.987 —0.004

Notes: For the noncrossing quantile regression, we show the entries for NCCQR, from table 6 of Jiang and Yu (2023),
standardized to norm 1 for comparability.

direction is to study convergence under more general weighting measures Q with possibly an
unbounded support. This would allow analyzing whether there is an optimal choice of Q in terms
of the estimation error for ay. As for the monotone single index model, our simulations also sug-
gest that ag is estimated at a faster rate. Deriving this rate, as well as a comparison to the estimators
for ap in the monotone single index model, would be an interesting direction for future work.
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APPENDIX A. PROOFS

A.1 Proof of Theorem 1

The proof of Theorem 1 is slightly different for the two cases in Assumption 2, which involve
different entropy calculations. We first give a proof for the theorem with an unspecified constant
in an entropy bound, and then derive the constant for the two cases in separate lemmas.

Proofof Theorem 1. The proof applies theorem 3.4.1 and Lemma 3.4.2 of van der Vaart
and Wellner (1996).

M (F, a) = // (1{y <t} = F(a"x,0))* dP,(x,y)dQ(t),
R JRIxR

M(F, @) = // (1{y < t} = F(a"x, 1))* dP(x,y)dQ(0).
R JRIXR

Expanding the squares and using the fact that E[1{Y < ¢}|X =x] = Fo(aOT X, t) yields

M(F, a) — M(Fy, ag) = / / (F(a"x, 1) — Fo(a x, 1))* dPx)dQ(t) =: d((F, a), (Fo, a0))*.
RJR
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Furthermore, we have

M, (F, a) — MI(F, a) = /

/ (1{y <t} = F(a"x,)*dQ(t) d(Pn(x,y) — P(x, y)),
R J RIXR

or, when rescaling with \/ﬁ and using empirical process notation,
VM, (F, ) - M(F. ) = G, /R (U{y <t} = F(a"x, 0)*dQ(¢t).
‘We now analyze the functions of the form
2(x,y) = /R (1{y <t} = F(a"x,1)*dQ(®),

with (F, «) € F, and denote the class of such functions by L. Also, let £ contain all
functions of type

f(x,y) =7(x,y) — / Af{y <t} - Fo(agx, 0))2dQ(b),
R

with Z € £ and for which
82 2 12112 = d(F, ), (Fo, ap))? = M(F, @) — M(F, ).

The elements in £ are obtained by shifting elements of £ by a fixed function, so we
have N3(g, Ls, || - llp) < Na(e, L, || - ||p). To apply Lemma 3.4.2 of van der Vaart and
Wellner (1996), we have to find an upper bound for the bracketing entropy of the class
L. Since Q is a finite measure, we have

£(x,y) =1-Q([t, 0)) + /F(aTX, t)de(t)+/ F(a"x, )dQ(0).
—— JR , VA
=:f(t) g ~ ~~ 4
=:g(x) =:h(xy)

The function f above does not contribute to the entropy, and g does not depend on y
and belongs to the class G, for which we know from Assumptions 1 and 2 and Proposi-
tion 2 thatlog(Np(e, G, || - ||px)) < E‘/ ¢ for a constant C > 0.In separate lemmas below,
we show that the entropy of the functions of the form h above, with (F,a) € F, is
bounded from above by D /€ for some constant D. Let now [I, u] be an e-bracket con-
taining g and [L, U] an e-bracket containing h. We interpret [, u as functions of (x,y)
which are constant in y. Then the functions U + u + 1 — Q([t, ), L + 1 + 1 — Q([t, o)
form a (2¢)-bracket containing #, because

lU+u-L-1|2 = / {U-LY+@—-1*+2U-L)u-D} dP(x,y)
R4xR

1/2 1/2
<2e?+ 2</ (U =1L)? dIP’(x,y)) </ (u=1> dIP’(x,y))
RAXR RIxR

< 4¢%.
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Consequently, the number of e-brackets required to cover L is bounded from above
by 2(C + D)/e =: /e, which yields the following bound on the entropy integral,

5 s 3 1/2

JG6.L - lls) = / V1+1logNye L, | - 1) de < / 1+ (5) de = & + 2612612,
0 0 13

Lemma 3.4.2 of van der Vaart and Wellner (1996) with M = 2 implies

E

Gy /R (1{y <t} = F(a"x,1))*dQ(t) — /R Ay <t} —Fo(aJx,t))de(t)llﬁg]

Nk 2K1/251/2>

1/251/2
<(6+2k76 )(1+ YD

Consequently, with

$n(5) = (5 + 2)(1/251/2)(1 + 25 +522,;11//2251/2>
Bn(8) 1= Pn(8)/Pn(1),
we have
E l sup |(ML,, — M)(F, a) — (M, — M))(Fo, 060)|] < pn(8),
(F.a):d((F.a),(Fy.09))<6

and, for r,=n*3 ri¢,(1/r,) <n'/2. Since (F,, &, maximizes M, by
definition, theorem 3.4.2 of van der Vaart and Wellner (1996) implies that
n!3d((Fy, @), (Fo, a0)) = Op(1). .

For the entropy of the function class
M= {h :RIxR = [0,1], h(x,y) = / F(a'x,)dQ(t), (F,a) € F},
[y,00]

we begin with the simpler case that Q has finite support.

Lemma 2. Under Assumptions 1 and 2 (i), we have

~

C+
log(Ns(e, M. || - [I)) < Tp, £€(0,1),

where C = E‘(d, R, py) is the constant from Proposition 2, and p is the cardinality of the
finite support of Q.

Proof of Lemma 2. Recall that Q puts all its mass on the points ; < --- < t,. Let [, u;,
i=1, ... ,N be e-brackets covering G, and let [;;, u;;, be an e-bracket containing x —
F(a'x,t),j=1, ... ,m. Then,

Lecy) i= ) QUEDLGE), Uy 1= Y QU HuigX),

jigzy jigzy

LSO SUOWILLIOD SAIER1D) d|gedl|dde au Aq pausenob ae Sajoie WO ‘9N JO Sa|nJ 10y ARiqiTaulUO AB]1 UO (SUOIPUOD-PUR-SLLLIB) 0D AS | 1M ALeiq)BU 1 UO//Sd1L) SUONIPUOD PUe SWid 1 84} 89S * [202/70/9T] U0 Aeiqiauliuo A1 ‘younZ H13 Aq 9ee2T UeS/TTTT OT/I0pAL0o A3 | Afeiq1jput jUO//SAIY WO1) POPeOUMOQ ‘0 ‘7256297 T



BALABDAOUI ET AL. Wl L EY 17

are an e-bracket containing h, because

2

IU-LI2 = /]R D QUG Hwip ) — i) | dPx,y)

R\jg2y

< /R T QUi () — gy ) dP(x,y)

dXRj:lij

p
< /R D QUGN i) — Li(x)?* dP(x. y)

xR j=1

p

= / ZQ({tj})(ui(j)(x) = ligy(x))* dP(x)
R i5

<¢

Moreover, there are pN functions of the form of L, U, corresponding to N choices for

li» uijy and p choices of ¢;. So for € € (0,1), we have

~ C+
log(Ng(e, M, || - llp)) < C/e+p < Tp

For Q with Lebesgue continuous distribution, the entropy bound is as follows.

Lemma 3. Under Assumptions 1 and 2 (ii), we have

3C max l,o)+b—a+1
log(Np(e, M, || - Is)) < ( l . ee@),

where C = E‘(d, R, py) is the constant from Proposition 2.

Proof of Lemma 3. We assume that Q is Lebesgue continuous on [a, b] with density
bounded from above by ¢ < . Discretize the interval [a, b] with a net of suitable size,
namely, let N’ = [(b — a)/e] and define

ti=a+(-1b-a)/N, hix) :=/ Fa"x,t) dQ(), j=1, ... ,N +1.

la.;]

The functions h; are contained in the class G. Let [;,u;, i = 1, ... , N be e-brackets for
G, such that Np(e, G, || - ||pxiv=r) < C/e for all y € supp(PY). Forj =1, ... ,mlet i(j) be
an index such that l;;) < h; < uy;), and for ¢ € (-0, b], define

min(r(t) + 1, N’ + 1), t>a,

r() ;=max{j e {1, ... , N +1} : ; <t}, s(t):={ ,
r(t), t<a

and the functions

Lx,y) = ligonyX), U@,y 1= ujspyx), Yy € (—oo,b],
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with L(x,y) := U(x,y) := 0fory > b. Note that there are at most N(N’ + 1) such func-
tions for all choices of ¥(y) € {1, ... ,N’ + 1} andi(j) € {1, ... ,N},j=1,... , N +1.
By construction, we have

Lx,y) < / F(a'x,t) dQ(t) < U(x,y), y € R.
[y,00]
We show that L, U form an e-bracket. First, notice that
IU-LI} = / (U(x,y) - L(x,))* dP(x,y)

RIxR

= / (Uigsr) %) = Ly x))* dP(x, y)
RIxR

= / / , WUits() @) = Ligriyyy 0)? dPXY = (x)dPY ().
R JR

We separate the outer integral into three parts. The lower part, over (-0, a), satisfies

/ (Usi) ) — Ly () dP* = (x) dPY (y) = / / (ui) ) — Ly (0))? dPXY=(p) dPY (x)
—o00 JRY —00J —0

: / (i) (X) = Ly (0))* dPX=(p),

since lj), i1y are e-brackets. The upper part over (b, o) equals 0 because L(x,y) =
U(x,y) = 0 for y > b. For the middle part over [a, b], let y in [{;, {;4,). Then,

/ (Wisy () = Ligrpy (0)? dPXIY 2 () = / (Ui (%) — ligy(0))* dPXIY =V (),
Rd Ré

and we expand the integrand as follows

/ (i1 (%) — ligy(0))> dPXIY=(x)
§ (A1)
= / (Mi0+1)(x) - hj+1(x) + hj+1(x) — hj(x) + hj(x) _ li(j)(x))z dPXlY:y(x),
Rd
Since l(i(k)), i =1, ... , N are e-brackets, we have

/ (Wi (0) = Ry (0)? + () — L (0)? dP* P (x) < 2€2,
Rd

and also, because tj,1 —; < (b—a)/e

/ (Rj1 () = hy(x))* dPXY = (x) = / ( /
Rd R4 (

fitial

2
< / < / ldQ(t)> APV (x)
RN I Gt

2
F(a"x, 1) dQ(t)> dPXIY=(x)
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< [ (ce)? dPXY=(x)
Rd

< (ce)>.

The cross-terms can be bounded by applying the Cauchy-Schwarz inequality,

/]R d(ui(j+1)(x) — i1 00 (i1 () — hj(x)) dPXY = (x)

1/2 2
< </ (Uigs1)(X) — th(x))zdey:y(x)) </ hjp1(x) — hj(x)> dPXIY:yOO)
Rd Rd

< max(l, c)e?,

1/2

applying the bounds from above; the other cross terms are bounded in an analogous
way. Hence,

N/

Z/ / (Usy () = L (x))* dPXIY=dPY
j=1 7 [t R4

N/

< 2/ 9 max(1, c*)e? dP¥

Jj=1 [[j tj+1)

/ (thsy) () = by (0))* dPXIYZVaPY =
[a,b) J R4

< 9max(1, )e?,

where the factor 9 is due to the fact that one obtains three square terms and six
cross-terms from expanding the square in (A1). So we have

/ / (s () = Lry)(0))* < 9max(1, ¢*)e.
R JRd

Consequently, we obtain

SE‘max(l,c) + b—a+1

log(Ng(e, M, || - lIp)) < "

A.2 Proof of Proposition 2

Proof. Fix € € (0,1). By Lemma 21 of Feige and Schechtman (2002), we know that
S4-1 can be partitioned into N subsets of equal size with diameter at most £ such
that N < (4/€%)4, for a universal constant A. Let ay, ... ,ay be points in these N
subsets. Furthermore, from Theorem 2.7.5 of van der Vaart and Wellner (1996),
we can find N’ <exp(K/e) brackets [h[,hV],i=1, ... N’ with respect to the

norm || - [|[-2r2r)-
Let g € C. Then, g(x) = h(a"x) for some « € Sy_; and h € H. Leti € {1, ... ,N}
andj € {1, ... ,N’} such that ||a — &;]| < €2 and hjL <h< hjU. Now, it follows from the

Cauchy-Schwarz inequality that

a'x=(a—a)x+ aiTx [= [aiTx — &2R, aiTx + &2R] € [-2R, 2R].
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By monotonicity of h this implies that
h(ax + £’R) < h(a'x) < h(ax — €’R),
and hence
hjL(aiT X+ €%R) < h(a'x) < hjU(aiTx —€%R). (A2)

Now, using the Minkowski inequality, we have that

) 1/2
</ {hjU(aiTx —€2R) - hjL(aiTx + 62R)} dx)
X

5 1/2

< < / {hjU(al.Tx — £?R) — h(ax — ezR)} dx>

X

1/2

+ </ {h(al.Tx —£?R) — h(aiTx + £2R)}2 dx)

X

5 1/2
+ </ {hjL(aiTx+62R) - h(aiTx+62R)} dx>
X
=L+ L+I.
Note that for any a = (a'V, ... ,a@) € S;_;, there exists j € {1, ... ,d} such that

la?| > 1/ \/E Without loss of generality we assume that |afl)| >1/ \/E Consider the
change of variable ¢(x) = t where

h=a/x—¢R and f;=x;, forj=2, ....d.

Then,

1/2

2 1
I < / () - h(t) ) di—=
¢<X>{ / } af)

R R R 2\ V2
<(Vaf [ [ {we-ne)a)
—2RJ -R —R

R 1/2
< dY42R)@-D/2 </ {hjU(tl) - h(tl)}zdn)

2R

SR 1/2
< d1/4(2R)(d—1>/2 </ {hjU(h) — h(ty) }Zdh)

2R
< d1/4(2R)(d_1)/26,

where above used that t; = a'x — €2R € [-2R, R] for all x € X. Using a similar rea-
soning, we can bound I; by the same constant. Now, we turn to I,. With the same
change of variable, we have that
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1/2
it
X
. 1/2
< d/4(2R)D/2 </ {h@ - hiz+ 262R)}2dz>
—2R
. 1/2
< d1/4(2R)(d—1)/2 (/ {h(Z) — h(z + ZEZR)}dZ> 5
2R

using monotonicity of h and that h(z) — h(z + 2¢2R) € [0, 1] for all z € [-2R, R]. Now,

R R R
/ {h(z) — h(z + 2¢°R) }dz = / h(z)dz — / h(z + 2¢?R)dz
—2R _

-2R 2R

R R+2€%R
= / h(z)dz — / h(z)dz
—2R —2R+2¢2R

—2R+2¢2R R+2¢7R
= / h(z)dz — / h(z)dz
- R

2R
< 2¢%R.

Thus,

1/2

2
< / {hjU(aiTx ~ €’R) — b (o x + £2R)} dx) < 2dV4Q2R)@"V2¢ 4 dV/*(2R)V/2/2y/Re
X

< 2dY4Q2R) V21 + V/R)e.

If we put B=2d/4(2R)@V/2(1 + 1/R), then the previous calculations and the
inequality (A2) imply that

Ng(Be, G, | - llx) < NN,
and hence

log(Np(Be, G, || - l|x)) < logN +1log N’

A | 2KVR

< dlog—2 +
13 &
A 2K+/R
=2dlog£ + —\/_
13 13

g 2(dVA + K\/R)
<

which in turn implies that

2@HV/21/ARED2(1 4 \/R)(d\/A + 2K\/R)

log(Ng(e, G, || - llx) < .
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Finally, since the Lebesgue density of u is bounded from above by C, the previous
bound implies

log(NB(E Gl ) < 2(d+l)/2d1/4R(d—1)/2(1 + \/ﬁ)(d\/z-l-ZK\/ﬁ)C
s I u) = .

13

A.3 Proof of Theorem 2

Proof. For simplicity of notation, index the subsequence by n, and choose an w in the
underlying probability space such that (7) holds true. Recall that £, is non increasing
in the first entry and nondecreasing in the second entry for every n. Lemma 2.5. in van
der Vaart (1998) can be adapted to this case. Therefore £, converges pointwise along
a subsequence to a bivariate function G at each point of continuity of G that lies in
supp(Q). The limit G has the property that G(-, t) is left continuous and nonincreasing
for each t € supp(Q) and G(z, -) nondecreasing for every z. Furthermore, &, € S4-; is
a sequence in a compact space and hence converges along a further subsequence to
fo in the Euclidean distance.

Our goal is to show that G = Fj and ay = ffp. Recall that if the L, distance between
two functions is zero then they coincide almost surely. We have

/ (G(By x, ) — Folag x, £))*dP* (x)dQ(t)
xR

= / (G(Byx, 1) — G(apx, 1) + Fu(@nx, t) — Folag X, 1) + G(anx, 1) — Fp(ax, t))zd}P’X ()dQ(b)
AXR

< 311 + 3L, + 31,3,

by applying the Cauchy-Schwarz inequality, where

Ly = / (GBI x, 1) — Gagx, 1)) dP* () dQ(e),
XXR

Lz = / (En(anx, t) — Foladx, £)) dP* (x)dQ(t),
XxXR

Iz = / (G(&Ix,t)—Fn(&lx,t)deP’X(x)dQ(t).
XXR

We show that for n — oo the terms I, I,,», I,3 converge to zero almost surely, so
G = F, almost surely.

Recall that &, converges to fy. Therefore, at all continuity points of G, we have
that Go(a, x, t) converges to Go(ﬁoT X, t). Note that Gy is bounded and monotone in both
variables. Lavric (1993) shows that the set of all discontinuity points of the bivariate,
monotone function G may not be countable but has Lebesgue measure 0. When using
that both Q and PX are equivalent to the Lebesgue measure, under our assumptions,
we have that I,; — 0 by Lebesgue’s dominated convergence Theorem. The second
integral I, , converges to 0 directly by (7). Finally, we rewrite the third integral to

Ins = / (G(z. t)—Fn(z,t))den(z)dQ(t),
XXR
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where Q, denotes the distribution of @, X and X is a random variable that is inde-
pendent of the data, but has distribution PX. As at each point of continuity of G, the
function F, converges to G and the set of discontinuity points of G has Lebesgue
measure 0, Assumption 4 and Lebesgue’s dominated convergence theorem imply that
In’3 — 0.

If necessary, modify G to not have discontinuity points at the boundary. By Propo-
sition 3 it follows that iy = &y and G = F, everywhere on C,, X supp(Q). As we have
found almost sure convergence along a subsequence, we follow that the statements
hold true for convergence in probability. [

A.4 Proof of Theorem 3

Proof. We apply Lemma 2.5. from Murphy, van der Vaart, and Wellner (1999). Rewrite
the integrated error as follows,

/ (Fra, (@1x, 1) = Folag x, 1) dPX 00dQ(t) = / (G1(x, 1) + G(x, )2 dP* (x)dQ(1)
XxXR

XxR
=E[(Gi(X.T) + Go(X, T))*]

where the expectation is a shorthand notation of integrating with respect to a ran-
dom variable (X, T) whose distribution is the product measure of PX and Q. The
functions G, and G, are Gy(x,t) = Fn(&)x, t) — Fo(arx, ) = Gy (&) x, t) and Gy(x, f) =
Fo(anx,t) —Fo(ag x,t). The Cauchy-Schwarz inequality and the tower property of
conditional expectations yield

E[G,(X. T)G,(X, )] = E [élmlx, T)G(X, T)] ’

~ 2
E [Gl<alx, T) E[Gy(X, T)|é1 X, T]]

IA

E|Gi(an X, T)Z] E[E[G:(X, T)| &, X, T)?]

B [Gi(X, T)*|E[Go(X, T,

where
E[E[G(X. T)| 4, X, T?]  E[(Fo(anX,T) — E[Fo(ay X, T)| a3 X, T1)?]
B E [G.(X, T)? B E [(Fo(anX, T) — Fo(ag X, T))?| '

Cn
If ¢, < 1 it follows by Murphy et al. (1999) that

/ ) (En(@lx, ) — Folagx, 1)) dP¥ (x)dQ(t)
XX

> (1 - v/eo) (E[(Fa(@rX. T) = Fo(@n X, T))°| + E[(Fo(anX. T) — Folag X. T))?]) .

(A3)

‘We now prove that there exists a ¢ < 1 such that from any subsequence (1 )ken, there
exists a subsequence (ny,)ien along which lim sup,_, ¢, < ¢ <1 almost surely. This
shows that (1 — y/c,)™ = Op(1).

To prove the claim, consider an arbitrary subsequence. For simplicity of notation,
index it with n. Define u, = ||@, — al| and y, = (&, — @) /uy. As |lyx|l =1 and Sy,
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is compact, y, converges to some yy € S4-; along a subsequence. Recall that &, con-
verges to ap in probability. Therefore, we can extract a further subsequence along
which the convergence from &, to ay and from y,, to y, happens almost surely. To make
notation less cumbersome we index this subsequence again by n. Fix an event @ in the
underlying probability space such that &y — «y and y,, — ¥, So that we can consider
&, and y, as nonrandom.

By Assumption 3, for every t € R the map Fy(:, t) is continuously differentiable on
Cq,- Extend the function Fy(-, t) such thatit is bounded and continuously differentiable
on R and the partial derivative z — Fél)(z, t) is bounded on R2. By Taylor’s Theorem
we have that forx € X andt € R,

Fo(agx, £) = Fo(@nx, 1) + Fy (@3, 0)(@o — &) "x + 0(itn). (A4)
Thus the numerator of ¢,, becomes

E[E[Fo(@nX. T) — Fo(ag X, T)| &y X, TT’]
= E[E[Fff)(alx, T) (oo — &) "X + 0(up)| @n X, T]Z]

= E[EIF) @1 X, )@ - &) X| 41X, TP + o(ud),
as the mixed term can be controlled by

20(uy) E[Fg”(alx, T)(ao — &n)TX] | = o0sd).

This is because the partial derivative z — F(()l) (z,t) is bounded. Similarly the denomi-
nator becomes

E[(Fo(@nX. T) = Folag X, T)Y?] = B[ (F @l X, T)(ato = ) 'X02| + o(u),
We rewrite

E [(Fg“(alx, )y E[X]| a) X, T])Z] +0(1)

Ch =
E (P @)X, Trf 02| + o)

By Lemma 9.1 in the supplement of Balabdaoui, Durot, and Jankowski (2019) we have

that E[X]| ar X, T] - E[X | a(')rX , T] almost surely. By Lebesgue’s dominated conver-
gence theorem and the continuity of F(()D(-, t), we have that

E [(F(()D(ag X, T)/JEIX| o] X, T])2]

lim sup ¢, =
oo E|F (g X, Tyrg x7]

VI E [F(()D(aOT X, TE[X]| ] X, TIE[X| o] X. T]T] %

7 E[F g X, D2XXT | 7o
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AS &, € Sy_1, it follows that 1 = ||&,|| = ||ao + un¥ull = ll@oll + u2 + 2un{ao, y,) and
thus 2(ag, yn) = —u, — 0 and (@, o) = 0. Write

yTE|F (g X, TPEIX| g X, TIEIX| o] X, TT |7

c= sup
ESumyi{a0)=0 7B [F(@]X. TRXXT| 5

Then, we have that lim,,_,,, ¢, < ¢ where c does not depend on the chosen path w. It
remains to prove that ¢ < 1. We first expand the matrix in the denominator and get

E [Fél)(aoT X, T) XXT] =F [Fél)(ag X, T’E[X| o) X, T] E[X| o) X, T]T]
+E [FgD(aOT X, TR(X - E[X| o] X, T))(X — E[X] o] X, T])"
:=A+B.
Note that yOT Ayp equals the numerator in the expression of c. Consider some y € Sy_;
with {ag, y) = 0. Define the 2 X d matrix Ay to have first row equal to ag and second
row equal y T and Z = (Z,, Z,) = A¢X. Since X has a density that is positive on X, the
variable Z admits a density that is positive on the set Z := {A¢x : x € X'}, which has
nonempty interior. Then,
/TE [Fgl>(ag X, XX - E[X| a] X, TNX — E[X] a] X, T])T] y
—F [F(()l)(aOT X, TG "X - Ely"X] o] X1 .

isequal to zero ifand only if y 'X = E[y"X| aj X, T] almost surely or equivalently Z, =
E[Z,]|Z;] almost surely. This would mean that the distribution of Z is concentrated
on a one-dimensional subspace. This contradicts the fact that the density of Z with

respect to the Lebesgue measure is positive on Z. It follows that y "By > 0 and thus
¢ < 1. This proves the claim. In integral notation, it follows from (A3) that

/ (En(anx, t) — Foladx, 1)) dP* (x)dQ(t)
XxR
>(1- \/cn)< / (Fn(@nx, ) — Folanx, H)*dP*dQ(t)
XXR
+ / (Fo(@nx, t) — Fo(ag x, t))zdIP‘X(x)dQ(t)>
XxR

> (1-+/cn) / (Fo(@nx, ) — Folagx, 1)) dP¥dQ(t)

XXR

=(1—\/E)/

AXR

(P @, o — )+ o(un))zle’Xde

> /|l — a0 inf / (FTx2dP* ()dQ(D),
pES, XXR

d-1

for some ¢ > 0 by the previous observations, for n large enough. Note that the
infimum above is strictly positive and achieved for some g, as the function
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B [om (BT0)?PX(x)dQ(t) is continuous, Sy_; is compact and the density px is
bounded away from zero. Thus, there exists K > 0 such that

lan — ol < K / (En(@rx, t) — Folag x, 1) “dP*dQ(t) = Op(n>/%)
XXR

for large n and almost surely.
We turn to the second part. Recall that the density of &, X is bounded from below
by g > 0,so

/ (Fa(@rx, t) = Fo(anx, ) dP* (x)dQ(0) > g / (Fu(z, t) — Folz, 1)) dzdQ(t)
XXR Cy, ¥R

Zq//_n(Fn(z,t)—Fo(z,t))zdde(t)
“JR Jcty,

(A5)
with probability tending to one for n — oo, using the definition of v, and that
|, — aoll = Op(n~1/3). The left-hand side of (A5) can be bounded from above by

/ (En(@nx, t) — Fo(anx, 1) dPX ()dQ(t) < 2 / (En(@nx, 1) — Folagx, 1)) dP¥ (x)dQ(t)
xR

AxR

+2 / (Fo(@nx, t) — Fo(ag ,t))zdPX(x)dQ(t).
XxXR

The first term is bounded Op(n~2/3) by Theorem 1 and the seconded term can be han-
dled due to the fact that the absolute value of the partial derivative Ff)l)(z, t) isbounded
by K = SUp,equpp(g) Ke; this yields

/ (Fo(@1x, £) — Fo(agx, ) "dPX(0)dQ(t) < K> / (a0 — &) X)*dPX (x)dQ(1)
XXR

X xR
< K?R?||ag — &l
= Op(n™?/3).

A.5 Identifiability
The identifiability result in this section is a direct adaptation of Theorem 5.1 of Balabdaoui, Durot,
and Jankowski (2019).

Proposition 3. Assume X C RY is convex and has at least one interior point. Further-
more, assume X has a density with respect to the Lebesgue measure which is strictly
positive on X. Suppose that for each t € supp(Q) the function Fy(-,t) is left-continuous
(or right-continuous), non constant and does not have discontinuity points on the
boundary of Cq,. Then (Fy, ap) is identifiable.

Proof. Wewill prove the left-continuous case; the right-continuous case can be treated
with the same arguments. Consider pairs (F, a), (H, ) € F having the property that
for each t € supp(Q), the functions F(-, t) on C, and H(-, t) are left-continuous on Cp,
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non constant and do not have discontinuity points on the boundary of their domain.
Assume

F(a™x,t) = H(Bx, t)

for PX almost all x € R%. Fix t, € R and define f = F(-,ty) and h = H(-, ).
By assumption we have f(a”x) = h(p7x) for almost every x € X. As f,h are
left-continuous, this holds for all points in the interior of X. If we prove a = § we can
follow thatf = h on the interior of C, = Cy. As there are no discontinuity points on the
boundary, f = h holds everywhere on C, and finally, so F = H on C, X R. Therefore,
it suffices to show a = f.

As X is convex, for L > 0 small enough we can find an open ball B, of radius L
contained in X such that x — f(a’x) is non constant and

f@'x) = h(p"x) (A6)

for every x € Br. Without loss of generality, we assume that B;, is centered at the
origin — if necessary, replace f(z) with f(z — a’xy) and h(z) with h(z — f7x,), where
Xp is the center of a ball with the desired properties. We first show g € {«, —a} and
then g # —a.

Assume for a contradiction that g ¢ {a, —a}. Then a and f are linearly indepen-
dent and by the Cauchy-Schwarz inequality for v = § — @, it holds via = fTa -1 < 0
and vT g > 0. Using the monotonicity of f and h it follows that

f@) = f(a"(za)) = h(F" (za)) = h(a" za) + V" (za)) > h(2),
h(z) = h(p"zp)) = f(a" ) = f(B" (2B) =" (2P)) > ().

for each z € [0,L) and so f(z) = h(z) on [0, L). By the same arguments one shows
f(=2) = h(-z)on [0,L), and so f = h on (—L, L). Hence, for x € By, we have

fla™x) =f(p ). (A7)

Since x ~ f(aTx) is non-constant on B;, there exists a point b € (=L, L) of strict
decrease, so one of the following two conditions must hold,

f(b—¢€)> f(b), € € (0,L+ D). (A9)
The ball By, can be chosen in such a way that b # 0. In the case (A8), if b > 0 we can
choose e small enough such that for x := (b + €)p it holds x € By and a”x < b, since

aTf < 1. Then, we have

f@™) > f(b) > f(b+¢€) = f(Bx),
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which contradicts (A7). If b < 0 we let x = ba and choose ¢ sufficiently small such
that b+ e < 0and f7x = bpTa > b + €. Then,

flax) =f(b) > f(b+e€) > f(5"),
which contradicts (A7), again. The second case, (A9), can be proven with similar ideas.

Namely, if b < 0 choose x = (b — €)f and ¢ small enough such that a”f(b — €) > b.
Then,

fB"%) =f(b—e) 2 f(b) 2 f(a"x)

which contradicts (A7). If b > 0 choose x = ba and e small enough such that ba”f <
b — ¢. Then,

FB™%) > f(b—€) > f(b) = fa'x)

which contradicts (A7). This proves f € {—a, a}.
Finally, we assume for a contradiction that § = —a. For z € [0, L) we have

f@ = f(a’ (za)) = h(B(za)) = h(~2),
by (A6). With the same argument one shows
h(2) = h(Bzp)) = f(a(zp)) = f(-a).
Thus by monotonicity of h we have for z € [0, L),
f@) =h(=2) > h(z) = f(—2),

and so f(z) = f(—z) on [0, L). As f is also nonincreasing, we conclude that f is constant
on (—L, L), a contradiction. Consequently, « = # and Proposition 3 follows. [

A.6 Proof of Lemmal

Proof. Replacing Yy, ... .Y, by f(Y1), ... ,f(Y,) in (4) and the fact that 1{Y; <
Y} = 1{f(Y)) <f(Y;)} almost surely for i,j=1,...,n imply Ln(]I"}{;Fnﬁn,&n) =
L,,(IP{,(Y); Fn,&n, @y), which also yields the statement about the minimizers in (i). Part
(ii) holds by definition of t;, i = 1, ... ,n, F,,4 , and F,. n
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