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Abstract

Local and global forces are important quantities of interest in electrostatic and magnetostatic
settings. They are important for the mechanical design or analysis of an electromechanical
system and their computation via numerical simulations is thus a valuable tool. They are
obtained through post-processing of the numerically computed fields and, generally speak-
ing, can be obtained via either a volume-based or a boundary-based approach. For classical
schemes based on the Maxwell Stress Tensor, the boundary-based computation yields lower
convergence rates and total errors compared to the volume-based computations, especially
for the case of non-smooth domains with sharp corners. When working with the boundary
element method (BEM), the boundary data is obtained directly from the solvers, making it
convenient to do a boundary-based computation of forces. Alas, it suffers from low conver-
gence rates. Yet, it is not efficient to reconstruct the field solution inside the domain and
use a volume-based computation in this case.

This work is aimed at obtaining better boundary-based computation algorithms for elec-
tromagnetic forces. The central idea comes from the Virtual Work Principle which relates
the change of field energy for a deformation of the geometric configuration to the work done
by the force fields. These energy changes are tracked using the shape derivative of the field
energy which yields the forces in the sense of a distribution over the space of velocity fields.
The computation of the shape derivative can be done with a variational constraint using the
adjoint method which provides another point of attack. By choosing a variational constraint
in the volume, we recover the Maxwell Stress Tensor based formulas, but by choosing a
boundary integral equation constraint we obtain novel expressions which resemble bound-
ary integral operators and thus have certain smoothing properties, making them superior to
the classical boundary based approaches. In this work we compute these boundary integral
equation constrained shape derivatives for various electrostatic and magnetostatic settings
and compare their performance to the classical boundary based algorithms via numerical
computation of forces and torques. In the process of computing the energy shape deriva-
tives, we also attempt to provide more clarity to the idea of “holding the fluxes constant”
while using the Virtual Work Principle, which emerges as a natural by-product of the adjoint
calculus in our computations. Finally, for the case of permanent magnets, we show how the
equivalent charge and equivalent current models are related to each other.



Abstrakt

Lokale und globale Krafte sind wichtige Grofien von Interesse in elektrostatischen und mag-
netostatischen Umgebungen. Sie spielen eine entscheidende Rolle beim mechanischen De-
sign oder der Analyse eines elektromechanischen Systems, und ihre Berechnung mittels nu-
merischer Simulationen ist somit ein wertvolles Werkzeug. Diese Grofien werden durch die
Nachverarbeitung der numerisch berechneten Felder erhalten und kénnen im Allgemeinen
entweder durch einen volumenbasierten oder einen grenzbasierten Ansatz ermittelt wer-
den. Bei klassischen Methoden, die auf dem Maxwell-Spannungstensor basieren, ergibt
die grenzbasierte Berechnung niedrigere Konvergenzraten und Gesamtfehler im Vergleich zu
volumenbasierten Berechnungen, insbesondere fiir den Fall von nicht glatten Doméanen mit
scharfen Ecken. Bei der Arbeit mit der Randelementmethode (BEM) werden die Randdaten
direkt von den Losungsalgorithmen erhalten, was die Durchfithrung einer grenzbasierten
Berechnung von Kréften erleichtert. Leider leidet sie unter niedrigen Konvergenzraten. Es
ist jedoch nicht effizient, die Feldlésung im Inneren der Doméne zu rekonstruieren und in
diesem Fall eine volumenbasierte Berechnung durchzufiihren.

Diese Arbeit zielt darauf ab, bessere grenzbasierte Berechnungsalgorithmen fiir elektro-
magnetische Krafte zu entwickeln. Die zentrale Idee stammt vom Prinzip der virtuellen
Arbeit, das die Anderung der Feldenergie fiir eine Verformung der geometrischen Konfig-
uration mit der durch die Kraftfelder verrichteten Arbeit in Beziehung setzt. Diese En-
ergiedanderungen werden mithilfe der Formableitung der Feldenergie verfolgt, die die Krafte
im Sinne einer Verteilung tiber den Raum der Geschwindigkeitsfelder liefert. Die Berech-
nung der Formableitung kann mithilfe einer Variationsbedingung unter Verwendung der ad-
jungierten Methode erfolgen, die einen weiteren Ansatzpunkt bietet. Durch die Wahl einer
Variationsbedingung im Volumen erhalten wir Formeln, die auf dem Maxwell-Spannungstensor
basieren. Durch die Wahl einer Randintegralgleichungsbedingung erhalten wir jedoch neuar-
tige Ausdriicke, die Randintegraloperatoren dhneln und somit bestimmte Glattungseigenschaften
aufweisen, die sie den klassischen grenzbasierten Ansatzen tiberlegen machen. In dieser Ar-
beit berechnen wir diese durch Randintegralgleichungen eingeschrankten Formableitungen
fiir verschiedene elektrostatische und magnetostatische Umgebungen und vergleichen ihre
Leistung mit den klassischen grenzbasierten Algorithmen durch numerische Berechnung von
Kraften und Drehmomenten. Im Prozess der Berechnung der Formableitungen der Energie
versuchen wir auch, mehr Klarheit in die Idee des “Konstantenhaltens der Fliisse” zu bringen,
wahrend wir das Prinzip der virtuellen Arbeit verwenden, das in unseren Berechnungen als
natiirlicher Nebenprodukt des adjungierten Kalkiils entsteht. Schliellich zeigen wir fiir den
Fall permanenter Magneten, wie die Modelle des aquivalenten Ladungs- und aquivalenten
Stroms miteinander verbunden sind.
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Chapter 1

Introduction

“The electromagnetic field is something fundamental in the universe, whether
it’s in galaxies, atoms, or you and me.”

- Michael Faraday

Electromagnetic phenomena have long piqued our curiosity, manifesting in seemingly
simple ways—such as the creation of static electric charge through friction leading to forces
of attraction and tiny sparks, or the alignment of a magnetic material with the Earth’s mag-
netic north. The laws governing electromagnetic phenomena were discovered incrementally
by Coulomb, Faraday, Biot-Savart, and Ampere, and were later unified into a set of mathe-
matical equations by Maxwell. This natural phenomenon not only stimulates contemplation
but also forms the basis of many modern-day developments, becoming an indispensable part
of our lives.

In the realm of mechanical devices operating in conjunction with electromagnetism, the
forces of attraction and repulsion become crucial considerations. Mathematical models for
forces between static charges and steady currents and magnetic fields were established over
a century ago through Coulomb’s law and Lorentz force law. These laws describe scenarios
where the charges, currents, and fields are known. However, modeling becomes more intricate
when dealing with physical scenarios where all the fields and charge/current distributions are
not directly known. In such situations, an additional step is required to estimate the fields,
typically utilizing numerical solvers like the finite element method or boundary element
method. Forces can then be obtained as a post-processing step based on the computed
field solution. Popular methods involve using Coulomb’s law or Lorentz’s law directly or
employing computations based on the Maxwell Stress Tensor [23],38].

Electrostatics and magnetostatics can also be viewed from an energetic perspective, a
concept known for a considerable period. In the spirit of the Virtual Work Principle, an
alternative approach emerged for force computation—one that considers virtual deformations
of the geometrical configuration, linking changes in energy to force fields. This idea has been
extensively explored and applied in mechanics. Several authors, such as Bossavit [4-7],
Henrotte and Hameyer [20,27-29], Medeiros et al. [39,/40], and Sanchez-Grandia [51], have
contributed significantly in this direction. While their work has clarified the use of the Virtual
Work Principle in the context of electrostatics and magnetostatics, it has also generated some
confusion, particularly in the interpretation of the principle. A mathematically satisfying



answer to the question is given in the work by Henrotte and Hameyer which proposes to look
at the deformations through the lens of differential forms and moving the relevant quantities
as appropriate differential forms which implicitly preserves their “flux”. Work by Bossavit,
for example, takes a slightly different approach where he tracks the total energy change
and algebraically extracts the mechanical power from it, which contains only the partial
derivative of the field energy with respect to the configuration. Although an interesting
approach, it often fails to give a detailed picture of what is being done. It also adds to the
confusion when sometimes a quasi-static model is used to model a static setting as done
in [7]. Some works further add to the confusion when their application of the Virtual Work
Principle holds the fields constant.

This work aims to bring clarity to these issues by deriving force expressions through track-
ing energy changes in explicitly defined deformed configurations. Our approach is similar to
Bossavit’s, although the tools we employ differ. We define deformed configurations in terms
of explicit boundary/transmission conditions and deformed sources (if any, as appropriate
differential forms). Every deformed configuration has an associated field solution encoded
through a variational formulation, which is linked to the energy for that configuration. The
change in field energy is then tracked by computing the energy shape derivative, and the
variational constraint is taken into account via the adjoint method. To facilitate this com-
putation, we utilize tools from differential geometry and shape calculus. The novelty of this
work lies not only in this methodology but also in using boundary integral equation (BIE)
based variational formulations. While volume-based variational formulations yield classical
force expressions, also obtained through the Maxwell Stress Tensor, BIE-based variational
formulations produce entirely new force expressions. At the final step of our methodology
we also see the connection with holding the fluxes constant and how it emerges naturally
from the adjoint calculus.

As BIE constrained shape derivatives are the focal point of this work, we commence by
introducing the BIEs for the Laplace and curl-curl equations in Chapter 2] In Chapter [3]
we outline the tools from shape calculus and differential geometry that we will employ to
compute the shape derivatives. Subsequently, in Chapter [4] and Chapter [5] we present the
energy shape derivatives for various electrostatic and magnetostatic models, respectively,
along with numerical experiments comparing the performance of the methods.



Chapter 2

Boundary Integral Equations

2.1 Laplace Equation

2.1.1 Representation Formula

For a bounded Lipschitz domain Q2 C R, d = 2,3, and u € C? (ﬁ) we have the representation
formula [58, Equation. 6.1], |54, Theorem 3.1.6], [43, Theorem 6.10]

w(x) = / G(x,y) Vuly) - n(y) dS, — / V,G(x,y) - nly) uly) dS,

r

—/G(:v,y) Au(y) dy, =€ Q, (2.1.1)
Q

where n is the exterior unit normal vector field on the boundary I' := 0Q. G : {(x,y) €
R? x R4, x # y} — R is the fundamental solution for the Laplace operator, and is given as

—%k{g\lm —y|| ford=2,

Glz,y) = ford=3.

(2.1.2)
Am |z -y

For an exterior Lipschitz domain . := R\ Q, that is the open complement of the bounded
Lipschitz domain §2, the representation formula still holds in 3D if Au is compactly sup-
ported, and u satisfies the decay conditions [58| Section 7.5]

[u(@)] = O(lz]| ), [Vu(z)| = O(|l|*) for ||| — oo uniformly.

2.1.2 Traces

The appearance of the boundary data of u in the integrals over I' in Equation (2.1.1)) leads us
to the definition of traces. For u € C''(Q) we define its Dirichlet trace ypu and the Neumann

'We use standard notations for function spaces and, in particular, Sobolev spaces: C>(Q), L?(Q2), H*(Q),
Wm2(Q), ete., where 2 denotes a “generic domain”. We adopt the conventions of [54, Sect 2.3 & 2.4].
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trace (also called the co-normal derivative in literature) yyu at © € I' as

= 1 = 1 .

Tou(@) Qaylggceru<y)’ V(@) Qaylgclcer Vuly) -n(@),

where n is the exterior unit normal on the boundary I'. The trace operators can be extended
to bounded linear operators between the following spaces [54, Section 2.6,2.7]

v HA(Q) = H2([), ~p: HY(Q) — H2(T),

where HA(Q) == {u € H..(Q) : Au € L2, (Q)} (see [54, Equation 2.108]). The traces can
also be defined from the unbounded complement domain €).. In the subsequent chapters
we will denote the interior traces with a superscript “ — 7 and the exterior traces with a

superscript “ 47 following the notation in [54, Remark 2.7.10].

2.1.3 Layer Potentials

The boundary integrals in Equation (2.1.1) motivate the definition of the single layer po-
tential Wg; and double layer potential Upy. For f € LY(T) and € R?\ ' [54, Section
3.1]

Uer (f)() = / G(e.y) f(y) dS,,

Vou(1)(o)i= [ V,G(@.u) nly) ) dS,. (2.1.3)

T

The layer potentials also have a more general, abstract definiton in terms of the Newton
potential and adjoint trace operators, which can be found in [54, Definition 3.1.5], and
which leads to bounded linear operators

Wep: H3H(0) = HEB(R?), Wpp: H2P(T) — HYP(RP\T),

loc

where |s| < % for Lipschitz domains. The abstract definition coincides with the integral
representations for L' densities which holds true in the numerical implementations.
The representation formula itself can be defined in a more abstract fashion for u € H} (R?\T')
using the abstract definitions of the layer potentials |54, Section 3.1.1], [43, Chapter 6].

2.1.4 Boundary Integral Operators

Since the layer potentials map into HY in both € and its complement €, := R\ Q, we can
apply the trace operators from both sides. Averaging these traces on I' gives us boundary
integral operators. We write the average traces on the boundary %(’y*_ u+vtu), * € {N, D},
using the shorthand notation {v,u}p. Using this convention, we can write down the definition
of the boundary integral operators

Vi ={w¥sc(¥)}r, Kg:={1w¥pr(9)}r, 1.
K'¢ = {wYsr(¥)}r, Wg:=—{w¥r(9)}r, (2.1.5)
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where V, K, K, W are called the single layer, double layer, adjoint double layer and hyper-
singular boundary integral operators, respectively. These boundary integral operators are
bounded linear maps between trace spaces

V:H :T) > H:(I), K:H*T)— H2(T), (2.1.6)
K':H 3T)— H (), W:H3T)— H (D). (2.1.7)
)

It is also well known that the single layer BIO is elliptic on H _%(F for d = 3 |58, Theorem
6.22] and for d = 2 it is elliptic under the assumption diam(€2) < 1 [58, Theorem 6.23]. The

hypersingular BIO is elliptic on H*% () :={ue Hz(T): [ udS =0} [58, Section 6.6].
r

For I' belonging to the class C’zw and argument functions in L*°(I") the boundary integral
operators have integral representations in terms of weakly singular integrals which will be
heavily used in subsequent chapters:

V(w)(a) = [ Glewy) vly) d3,. 219
K(g)(z) = [ V,G(z.y) - n(y) g(y) dSy, (2.1.9)

K'(0)(@) = | V.G(x,y) n(x) (y) dS,. (2.1.10)

S— T —

The hypersingular BIO W has an explicit integral representation as a finite part integral.
We have a more convenient representation for the bilinear form it induces [58, Section 6.5],
which we will use. We call the bilinear form induced by the hypersingular BIO byw. It is
given as

(o) = [ [ Glew) Biy) G @) ds, ds. (D), 2.1.11)
bw(g,v) = //G(ac,y) curlp g(y) - curlpv(x) dS, dS; (3D), (2.1.12)

where in the 2D case % represents the arclength derivative.

Remark 1. Note that the assumptions required for the integral representations to be valid
hold true for boundary element approximations where the basis functions are piecewise
smooth and so are the boundaries.

The traces of layer potentials also satisfy certain jump relations which we mention next
[58, Chapter 6], [54, Theorem 3.3.1]. We denote a jump using [-], which is given as the ex-
terior trace minus the interior trace. For example, [vp Wsr(¥)]r = 71 Ysr(¥) —vp Ysr(v).
Using this notation, the jump relations are expressed as

[o¥se(@)]r =0, [w¥pr(g)lr =9, (2.1.13)
[w¥se(@)r = =¥, [w¥pr(g)r = 0. (2.1.14)
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Combining the definition of the BIOs and the jump relations gives us

1o ¥si(¥) = V(¥), VHVsL(v) = V( ), (2.1.15)
W sr () = 5 + K/, mfﬂ(w R, (2.1.16)
15 ¥oi9) = =5 +Klg). 7 ¥nil) = 5 +K(g), (2.1.17)
v¥Yor(g) = —W(g), \PDL(g) W(g). (2.1.18)

2.1.5 Boundary Integral Equations

Let Q C R? be a bounded Lipschitz domain. Let Q. := R?\ Q denote its complement and
let u € C?*(QUQ,.). We have the representation formulas for u in both domains:
For x € ()

u(x) = Vsr(yyu)(®) — Ypr(ypu)( /G z,y) Au(y) dy (2.1.19)
For x € (.
u(@) = =gy (yyu) (@) + Upr(vhu)(x) — /G(wvy) Au(y) dy. (2.1.20)
Qe

Notice the sign flip for the layer potentials in the representation formula for the exterior
domain. This is because when considering the representation formula on {2, the exterior
unit normal vector field points into 2. Writing the integral expressions and traces in terms
of the exterior unit normal gives us the sign flip. Applying the traces to these representation
formulas yields the two sets of boundary integral equations.

fea] [0 Gl y) Auty) iy
G =5 —K] o] _ | P , (2.1.21)
Sy KW ] f G(z,y) Auly) dy

-V _% + K— —fy;\r]u' fG T,y Au y) dy-
—';' -K W _fyﬁu_ - nyfG x,y) Au(y) dy| - (2.1.22)

2.2 Curl Curl Equation

2.2.1 Representation Formula

For any Lipschitz domain Q € R?® and a vector field A € C?*(Q)% which has divA and
curlcurl A compactly supported and decaying like A(z) = O(||z|| "), curlA(x) = O(]|z| ")
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for ||z|| — oo , we have the representation formula 33, Equation 5.1]

A(z) = — curl, / (n x A)(y) Gla, y) dS, — / (n x curlA)(y) G, y) dS,

T

+ grad,, /(n -A)(y) G(z,y) dSy + /curlcurlA(y)G(a:, y) dy
r Q

—/divA(y) grad, G(x,y) dy, =€ Q, (2.2.1)
Q

where G(z,y) is the fundamental solution for the Laplacian in 3D ([2.1.2).

2.2.2 Layer Potentials

The three boundary integrals that appear in the representation formula lead us to
three layer potentials. To express their properties, we require the relevant tangential trace
spaces for vector fields in H(curl, Q) := {u € L*(Q) : curlu € L?(Q)}, where L*(Q) is the
space of square integrable vector fields on a bounded domain 2. We will simply mention the
relevant tangential trace spaces as H~2(curly, ') and H ™z (divp, I') which are dual to each
other with respect to the pivot space L?(T") of square integrable tangential vector fields on
', and refer the reader to [810,33] for technical details.
The vectorial single layer potential is defined as

YA(A)(x) = /G(:I:,y) A(y)dS,, =x¢T, (2.2.2)

r

and its continuity properties are made explicit in [33, Theorem 5.1]. The vectorial double
layer potential is defined as

T (u)(z) = curl, / G(z,y) (n(y) x u(y))dS, «¢T (2.2.3)

=curl¥, (n x u), (2.2.4)

and its continuity properties are made explicit in 33, Theorem 5.3]. Next we define the
scalar single layer potential, which we already saw in the case of the Laplace operator:

Vsi(0)(@) = [ Gle.y) ow)iS,, ¢ (2.2.5)

r

The mapping property for the single layer potential is mentioned in Section [2.1.3

2.2.3 Traces

For a bounded Lipschitz domain € C R? with a unit normal n on its boundary I' = 96, we
can define three traces for a vector field A € (C'(Q))3. The tangential trace is defined as

wA(z) == n(z) x (A(z) x n(z)), (2.2.6)
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for almost all € I'. It represents the tangential component of the vector field on I" and can
1

be extended to a continuous and surjective mapping ¢ : H(curl, Q) — H~2(curly, I') with

a continuous right inverse |33, Theorem 3.2]. The magnetic trace is defined as

WA (z) = curlA(x) x n(x), (2.2.7)

which can be extended to a continuous and surjective mapping v : H (curl®; Q) — H —3 (divp, ),
where H (curl?; Q) := {u € H(curl; Q) : curlcurlu € L*(Q)} [33, Section 3]. The normal trace
v, is defined as

A (x) := A(x) - n(x), (2.2.8)
and can be extended to a mapping v, : H(div;Q) — H2(T") [33, Section 3]. The traces
can also be defined from the unbounded complement Q. = R?\ Q. To distinguish the traces
from the inside and outside we will use the superscript “—" and “+” respectively as in the
Laplace case. The notation for the jump remains the same and we use the same convention
of “exterior trace minus interior trace”.

2.2.4 Boundary Integral Operators

To get the boundary integral operators, we take the traces of the layer potentials. Here
we assume boundaries of class C7, and use the results from [14, Chapter 2, Section 2.6]
for the traces. We mention the BIOs in their integral representations which will be used
subsequently, but similar to the Laplace case, they have an abstract definition as well for
which we refer to [33, Section 5,6].

The interior and exterior tangential trace of the vectorial single layer potential gives us

AN (@) = 7 Ta(N)(@) = n(z) x / G(w.y) Ny)dS, xn(@) |, weT,

where the integral is defined as an improper integral. This leads to the definition of the
boundary integral operator

AA)(x) :=n(x) x /G(m,y) Ay)dSy xn(x) |, =z=el. (2.2.9)

It has the mapping property A : H _%(din,F) — H _%(curlp,F) and induces an elliptic
bilinear form on H~z(divp 0,T") [33, Theorem 6.2]. Thus we have the relations

% TaN)(@) =7 Ta(A)(z) = AN (). (2.2.10)

Assuming A is a continuous tangential density, the magnetic trace of the vectorial single
layer potential gives

Y Pa(N)(z) = /curlm(G(a:,y) Ay)) x n(z) dS, — %)\(az), zel, (2.2.11)
Tm¥AN) () = /curlm (G(z,y) Ay)) x n(x) dS, + %)\(w), zel, (2.2.12)
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where the integrals exist as Cauchy Principal Value integrals. This leads to definition of the
boundary integral operator

BO\)(x) = / curl, (G(x,y) A(y)) x n(z) dS,, z €T, (2.2.13)

r

which has the mapping property B : H_%(divlﬂ, r) — H‘é(divF, ') |33, Theorem 6.1]. The
existence of the integral as an improper integral can be seen from the integrand
curl, (G(z,y) A(y)) x n(z) =n(z) - V.G (z,y) Ay) — n(z) - A(y)V.G(z, y)
=n(z) - VaolG(z,y) AMy) —n(z) - (A(y) — A(z)) VoG(z,y).

By jump relations, the trace relations can be rewritten as

T PAN (@) = BV @)~ 2A@), 1w Pa)(@) = BN @)+ jA@), @el. (2214)

Now applying the tangential trace to the vectorial double layer potential gives us

U (1) (@) = n(z) x / (VaC(a.y) x (0 x w)(y)) x n() dS, + su(). @ el

2
Y% ¥m(u)(x) = n(x) x / (VwG(ac,y) X (n x u)(y)> x n(x) dSy — %u(m) zecl.

(2.2.15)

The integrals are defined as Cauchy Principal Value integrals, which can be shown using the
argument above. This leads us to the boundary integral operator

C(u)(x) :=n(x) x / <VmG(w,y) X (n x u)(y)) x n(x) dS,, (2.2.16)

r

which has the mapping property C : H~2 (curly, I') — H~2(curly, T') [33, Theorem 6.1]. The
jump relations are compactly written as

7 O (u)(z) = C(u)(x) + %u(af:), Y Pm(u)(x) = C(u)(x) — %u(w), zel. (2217)

Applying the Neumann trace to the vectorial double layer potential gives us

() @) = Taraa(w)(@) = [ VaGleny) dive(n x w)(y) dS(y) x n(@), (2219

which leads us to the boundary integral operator

N(u)(x) := /VmG(w,y) divp(n x u)(y) dS(y) x n(x), x=ecT. (2.2.19)

It has the mapping property N : H_%(curlp, I — H_%(din,F) [33, Theorem 6.1]. The
integral exists as a Cauchy-Principal Value [14] but the operator has an associated bilinear
form with improper integrals [33, Lemma 6.3].
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Remark 2. The bilinear form associated with A/ can be made elliptic if we consider it
1
on a subspace of H™2(curlr, I') with the kernel of the operator removed, that is the space

1 1 1 1
{u e Hz(curl., 1) : (u,gradpv)fé =0 ve H}I)}, where H?(I') := {v € H2(I') :
JvdS=0}and (-,-)_ 1 denotes the inner product for the Hilbert space H ~2(curlp, I'). This
r
characterization is valid only for trivial topologies, for a more general treatment, we refer
to [13].

Writing the trace relation compactly we have

MM (@) = 1 Tm(u) () = N (u)(2). (2.2.20)

2.2.5 Boundary Integral Equations

Using the notation for traces and layer potentials, we have the following representation in
the interior of a bounded Lipschitz domain €2

Az) == Tm(yy A)(@) + Wa (A (2) + grad, Uy (v, A)(x)

—l—/curlcurlA(y)G(w,y) dy — /divA(y) grad, G(x,y) dy, =€ Q. (2.2.21)
Q 0

For the exterior domain ., = R?\ Q, we get a sign flip for the unit normal which leads to
the representation

A(z) =Unm( A)(z) — WA (1A (2) — grad, Uy (v, A)(z)

—I—/curlcurlA(y)G(:c,y) dy — /divA(y) grad, G(z,y) dy, x € Q. (2.2.22)
Qc Qc

In the subsequent chapters, we will be dealing with vector potentials with zero divergence.
Applying the Dirichlet and Neumann traces to the two representation formulas yields two
sets of boundary integral equations given as

“A 49 Al [gradp Uy (voA)] o S{curlcurlA(y) G(z,y) dy
-B+Y N | |wA] | 0 | 7 | [ curleurl A(y) G(a, y) dy |
Q

. L ) v [ curleurl A (y) G(z,y) d
A —C+ 4] [mA] | [erad Ty(yfA) "] W) Clwy) dy
+

Qe
B % N _’y,jA_ 0 ] Yo [ curleurlA(y) G(z,y) dy
QO

- c

(2.2.23)
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Chapter 3

Virtual Work Principle and Shape
Calculus

In solid mechanics, the Virtual Work Principle states that for a system in equilibrium,
the virtual work done by the external forces adds up to zero. Virtual work is defined as
the work done by the forces along virtual displacements. This idea has also been applied to
electrostatic and magnetostatic settings, where general deformations of a domain assume the
role of virtual displacements [4,|11}|1528,[29]. One can imagine an external entity applying
an equal and opposite force to the one generated by the electric or magnetic field to slowly
cause the deformation. Obviously the total virtual work done is zero, but the virtual work
done by the electric or magnetic field corresponds to a change in the energy contained in the
fields. We can calculate this change in the field energy and obtain the force field from it.
We use tools from shape calculus to track this change in energy, specifically via the shape
derivative of the field energy.

3.0.1 Shape Differentiation via Perturbation of Identity

In the subsequent chapters, we will think of the field energy as a shape functional £ =
Er()), a mapping from a set of admissible domains to R. To shape differentiate Ep at
a reference Lipschitz domain €2°, we will use the perturbation of identity approach [57,
Sect. 2.8]. Starting with a fixed velocity field V € (C5°(R%))?, we define the perturbation
map

TR = RY TY(z):=x+sV(x), sck (3.0.1)

There exists a 6(V) > 0 such that T% is bijective for |s| < 6(V), as seen in 19, Chapter 4,
Section 4.3]. Thus, the family of one-parameter domains

Q5 :=TY(Q%), |s] <d(V), (3.0.2)

will still have connected Lipschitz boundaries T'* := 9Q% = T¥(T"°). This family gives us the
admissible set on which we can consider our shape functional £r. We call the limit
d€p Er(Q2%) — Ep(Q°)

ACF (30, y)) . 1
aq (V)= i s

_ di‘i{s o e (3.0.3)

s=0

18



if it exists, the shape (Gateaux) derivative in the direction of V. If, in addition, V
Lr(Q% V) € R is a distribution on (Cgo(Rd))d, a l-current in words of de Rham [17,
Ch. 3, § 8], then Q — Ep(Q) is called shape-differentiable and that distribution is the shape

derivative “£E(Q) of Er in QO

Remark 3. Note that we are talking about the unconstrained case when ¥V € (C§°(R%))? |19,
Chapter 4, Section 4]. For the computation of shape derivatives we will place additional
constraints on the velocity field V depending on the model problem we are working with.
These constraints will mainly be fixing the velocity field to zero at some part of the geometric
configuration which would not be of interest when calculating forces. This part of the space
would usually be associated with charge or current sources or some boundary conditions.
The mathematical developments for this case are presented in [19, Chapter 4, Section 5],
where the bijective property of the map T% is shown to still hold.

Remark 4. The Hadamard structure theorem [18, Ch. 9, Thm 3.6] states that if ' is
C*°-smooth, the shape derivative V dgF (QO V) admits a representative h in the space of
distributions on I'° such that

dEr
ds2
This distribution A can be regarded as representing a normal surface force density.

L@ V) = (h, Vnlw) , Ve (CPRY)!. (3.0.4)

3.0.2 Forces and Torques From Energy Shape Derivative

The Cartesian components of the total force F = (Fy,..., Fy) € R? acting on an object of
interest D C R? are the shape derivatives of the energy with respect to deformation fields
that agree with Cartesian coordinate vectors in a neighborhood of D:

L0 fo o ex(@)) (3.0.5)

where y € Cg°(R?) is a cut-off function such that y = 1 close to the object of interest D. It
would also carry the additional constraints that are imposed on the velocity field V for the
concrete computation of the shape derivative in subsequent chapters.

The total torque T experienced by D with respect to the pivot point ¢ € R? (and axis
a € R3 |la|]| =1, for d = 3) is given by

F, =

dép o N
dQ(Q {x— (x—c)"}) for d=2,

-4 (3.0.6)
dQ(Q {x —»ax(x—-c)}) for d=3,

with L indicating an anti-clockwise plane rotation by 7/2 and x denoting the vector product.

The energy functionals we will work with will have a dependence on the domain 2 which
manifests itself in two ways: through integrals defined on the domain 2 or its boundary
I', and through the solution of a variational problem which also depends on the domain or
its boundary. The field energy functional will be £ = Ep(2;u(f2)) which expresses this
dependence. For computing the shape derivative of such a functional, we will resort to the
adjoint method, the details of which will be elaborated in the subsequent chapters.
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3.0.3 Shape Transformations and Derivatives

To compute shape derivatives with a variational constraint, we will always try to formulate
the problem for a deformed configuration, obtained using the perturbation map, using an
equivalent formulation on the reference configuration. The procedure to accomplish this
consists of two steps: transformation of the integrals in the variational formulation to the
reference configuration using the perturbation map and in the second step, pulling
back functions to the reference configuration. In this sub-section we will mention the impor-
tant transformation rules that we will need and the associated derivatives that will occur in
the computations.

For transforming the integrals in the variational formulations, we will mainly use the
following two formulas for transformation of volume and boundary based integrals. Let
0% € R? be a bounded Lipschitz domain and T := 99° be its boundary. Let Q% := T%(Q°)
and I'* := TY(T"?), then for f € L'(T'*) and F € L'(92*) we have the identities |18, Ch. 9,
Sec. 4.2, eq. 4.9], |57, Sect. 2.17]

/ () dSy — / FIT(2)) wa(@) dSs. (3.0.7)

/ Flx) de = / F(T"(2)) | det DT"(2)] d, (3.0.8)
Qs Qo
where DTY is the Jacobian matrix of the transformation and
ws(@) == |C(DT{(2)) n(z)]|, (3.0.9)

where C(DTY) is the cofactor matrix of DT? and n is the unit normal vector field on the
reference boundary I'’. In our computations, we will also require the transformation rule for
the unit normal vector field. Denoting the normal on I'* by n, we have the identity [18, Ch.
9, Thm. 4.4 ]

w(a) _ COT(@) (@) C(DTY(@) a(a) 5010

ws () |C(DT%()) n(z)]|

In the computation of shape derivatives, we will encounter derivatives of certain quantities
which we will mention next. These partial derivatives can be obtained using the definition
of T% and the formulas in [57, Sect. 2.13]

d(DT¥ ddet(DTY d T
d(DTY) — DV, ddet(DTY) —V.V, d(f o TY) — V-V, (3.0.11)
ds s=0 ds s=0 ds s=0
d(DT*) ™ _ v _
d0T) | om0 oyt~ ppv1, - —DV, (3.0.12)
ds o ds s=0
v v =T
IC(DTY) d(detDTY (DT2) ") .
| - (V-V)I, - (DY), (3.0.13)
s=0
ds =0 ds s=0

(3.0.14)
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3.0.4 Pullbacks

After transforming the integrals to the reference configuration, the integrands still contain
functions on the deformed configuration. We need appropriate pullbacks to equivalently
express the integrals in terms of functions on the reference configuration and get an equivalent
formulation. The tools for accomplishing this can be borrowed from Differential Geometry.
Here we simply mention the pullbacks we will require and refer the reader to [5,32,[35] for
more details.

3.0.4.1 O0-Form

Let u : ©2° — R be the vector proxy of a 0-form and its pullback (vector proxy) be denoted
by @ : QY — R which satisfies the relation [35, Table 2]

u(T(2)) = u(@). (3.0.15)

Its gradient (exterior derivative) is a 1-form for which we have the pullback relation |35, Table
2]

Vu(T%(z)) = DT%(2)" " Vi(z). (3.0.16)

The restriction of u to the boundary is still a 0-form [35, Section 2.2.3]. Let g := ypu, ¢ :=
ynu be the Dirichlet and Neumann boundary data associated with it respectively. Denoting
their pullbacks by §: I'° — R, ¢ : ' — R we have the relations
V(A Al V(s 1& x
o (@) = g(@). w(Ti(a) = "D (30.17)

we(2)

The above relations are obtained by using the fact that pullback and trace commute with
each other [32, Section 2.2]. So the pullback for the trace of a 0 form is the trace of the
pullback, that is § = ypu. The Neumann trace is a 2-form which becomes clear when we
look at its more general definition (eVu) - n, where € is a symmetric positive definite tensor.
In the formalism of differential geometry, it is called a Hodge operator |35, Section 2.4.3].
We will see an explaination for the pullback shown above when discussing 2 forms.

We will also encounter curlr v when working with the hypersingular operator associated
with the Laplace BIE. Writing curlr v = Vu x n and using the individual transformation
rules, we get

det DT* (&) DT (&)" (&)
ws(x)

Vu(T(2)) x n(T (%)) = <DT’;(:&)*TVﬁ(z&)> x ( ) (3.0.18)
DT” () (va(:;;) X ﬁ(:%))
_ 3.0.19
ws(@) ’ ( )
where we used the identity (Ma) x (Mb) = det(M)M ™7 (axb) for a regular matrix M € R3?
and a,b € R3. In the manipulations above, n and n denote the normals on I'* and I'°
respectively. Thus we have the relation

DTY(x)

curlp u(TY(z)) = (@)

curlr (). (3.0.20)
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3.0.4.2 1-Form

Fixing d = 3, let A : Q° — R® be the vector proxy of a 1-form. Its pullback (vector proxy)
is denoted as A : Q° — R and satisfies the relation [35, Table 2]

A(T%(z)) = DT%(2)"" A(). (3.0.21)

We know that curl A (exterior derivative) is a 2-form. Using the fact that exterior derivative
and pullback commute [32, Equation 2.13], we can use the pullback of 2 forms |35, Table 2]
to get the relation

1

curlA (T (z)) = 1tDT ()

DT%(x) curlA( ). (3.0.22)
The vector potential (1-form) will be encountered in curl curl type problems. Let the asso-
ciated tangential trace n x (A X n) and magnetic trace curlA x n be denoted as g : I'* —
R3, 9 : I'* — R3 respectively. Let their pullbacks be denoted as g : 'Y — R3, 9 : I'* — R3.
They satisfy the relations

w(r@) = © 2 (@) 3.0.23
(T!(2)) = DT (2) 7 (). (3.0.21

For the pullback of the tangential trace, we again used the commutative property of the trace
and pullback [32, Section 2.2]. We can find the pullback of the magnetic trace by preserving
the inner product of the two traces

/¢ ) dS, /¢ g(2) d (3.0.25)

In the BIE formulation we will encounter curlp g, which is the scalar surface curl. It can be
written as curlp g = curlA - n, which allows us to obtain the pullback after plugging in the
pullbacks for individual terms.

curl A(T”(&)) - n(T"(&)) = (detD;TU()DT"( #) curlA(#) ) (det DT?<$>£(%<®>‘ ﬁ@))
curlA(2) - a(a)
B ws(x) '
Thus we get the pullback relation
cur v curlp g()
Irg(Th(z)) = —ws(:i') .

3.0.4.3 2-Form

For d = 3, let B : * — R3 be the vector proxy of a 2-form. Its vector proxy pullback,
denoted by B : Q" — R? satisfies the relation [35, Table 2]
DTY(z) ...

B(T? =———"— B(2). 3.0.26

e (30.20)
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Let us denote divB by p : 2° — R which is the exterior derivative of a 2-form. Let its
pullback be denoted as p: Q° — R. It satisfies the relation [35, Table 2]

. p(x)
™ _— .0.2
P(TS(2)) = det DT () (3.0.27)
Let the associated normal trace B - n be denoted as A : ['¥ — R. Its pullback A:TO 5 R

can be obtained by plugging in the individual pullbacks

B(T%(#)) - n(T%(&)) = (—dlﬁqéa})@ B@)) - (< e LTZ} o =)
_ B(@) n(@)
(@)
Thus we get
AT (&) = % (3.0.28)

The expression above is precisely the pullback we used for the Neumann trace in (3.0.17))
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Chapter 4

Energy Shape Derivatives for
Electrostatic Models

In this chapter we look at the field energy shape derivatives for different electrostatic models.
All the shape derivative expressions are derived using a common framework: we start from
either a BIE based or a volume based variational formulation, construct a perturbed formu-
lation using the perturbation map and then compute the energy shape derivative using
pullbacks and the adjoint method. We will see that the final expressions obtained from the
volume based variational formulation yield the known classical formulas that are related to
the Maxwell Stress Tensor (MST). However, the BIE based formulations would yield novel
expressions that are better behaved when evaluated numerically.

4.1 Dirichlet Boundary Value Problem

The contents of this section are reproduced from [48]. A solid conducting object filling the
bounded open connected domain D C RY, d = 2,3, with C}, boundary, is embedded in
a non-conducting homogeneous isotropic dielectric medium. Both together occupy a larger
bounded open domain B C R? with C’Ifw boundary, D C B, which represents the geometry
of a container with metal walls.

A potential difference U is imposed between the object and the metal box by a voltage
source, see Figure 4.1 For d = 3 this arrangement represents a realistic laboratory setup,
for d = 2 it is to be read as a cross-section description of a situation with translational
symmetry. We use the short notations Q := B\ D for the “field domain”, I" := 9D for the
boundary of the object, and assume that I' is connected.
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Figure 4.1: Geometric setting for model problem

The (non-dimensional, rescaled) electrostatic scalar potential u : 2 — R can be obtained
as the unique weak solution in H'(£2) of the linear elliptic boundary value problem

Au=0 in Q wu=g on 00. (4.1.1)

The physical setting of Figure [4.1| corresponds to constant Dirichlet data on the boundaries
1
[ and 0B, that is g|r = U and g|gp = 0, but we prefer to admit general g € Hz(0f2) at this

point.
The field energy we consider for shape differentiation is
1 1
Er = 5 / |Vu(x)||” dx = 5 /g Vu-ndS. (4.1.2)
Q 9

Integration limit of ) in the above expression instead of the usual R? can be justified if we
consider deformations that do not affect the boundary 0B of metal box. This is because due
to Dirichlet shielding, the field energy outisde will not change and consequently not affect
the shape derivative.

4.1.1 Variational Boundary Integral Equations

From [54, Section 2.9.2.1], [43, Thm. 7.5] we learn that the unknown co-normal/Neumann
trace ¢ := Vu - n|,, of the solution of Equation (4.1.1) can be recovered as the solution of
the following first-kind boundary integral equation

weH2(0Q): av(v,9) = 3y(0) +bilg,¢) V€ H2(39), (4.1.3)
with

av (6, 0) = /d ) /d Gla,y) U(y) pla) S()dS(a).
bic(g, ¢) = / | ViGl@y) nw)aw) pla) Sw)as(a). (4.1.4)

() = /8 (@) (@) (o)
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and the fundamental solutions G : {(z,y) € R x RY, &z £y} - R

1 1
G =——1 - for d =2 G = ——— ford=3.
@y) = —g-oa(le—yl) ford=2 . Gley)= oy fo
Existence and uniqueness of the solution of (&.1.3) follows from the H~2(99Q)-ellipticity of
ay [b4, Theorem 3.5.3], ensured after a suitable rescaling for d = 2.

4.1.2 Variational Formulation on Deformed Domain

We consider the Dirichlet boundary value problem Equation for the 1-parameter
family of domains (0 := T¥(Q2°)) induced by the perturbation map (3.0.1). To make the
notation simpler, we will skip the sub/super-script for quantities in the reference configu-
ration, that is s = 0. The velocity field inducing deformations is compactly supported in
the metallic box, that is V € (C5°(B))%. In the deformed configuration, we impose Dirich-
let boundary conditions via the restriction of g € H}(B) to the boundary 9Q°, that is
g =Gloas € H %(398). The variational formulation for this deformed s-configuration carries
the exact same structure as Equation , and to account for the dependence on the
scalar parameter s, we augment the notation.

Ve € H2(00) 1 av(s)(ths, ) = 3,(5)(9) + bi(s)(g,0) V€ H2(00),  (4.15)

where the (bi)linear forms ay (s), bx(s),[,(s) denote that the integration is over 0€2°. Field
energy for the deformed s-configuration is given as:

Ep(s) =1 / g s dS. (4.1.6)
o0s
4.1.3 Equivalent Formulation on Reference Domain

To achieve an equivalent formulation to (4.1.5) on the reference boundary, we start by
transforming the surface integrals using identities from Section [3.0.3, The building blocks of
(4.1.5)) can be written by means of integrals over 0€:

ay(s)(v,¢) = /8Q ., G(TS (@), T{(9)) Y (T(Y) p(TE(2)) ws(9) ws(2) dS(y)dS(z)

bic(5)(9, ) = / (V,G(T"(&), T%()) - COT*())n(9)}
KO G(T()) (T (@) wy(@) dS(Y)dS (&)
0,(3)(p) = /a 0(T2(@) (T (@)) () dS(3).

and the expression for the energy becomes
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Since the nature of 15 is that of a surface charge density, we pull back 1, to the space

H~2(09) using the pullback of surface densities (3.0.17)

G(&) == o(T*(&))ws(&), & €N, e H 2(50°). (4.1.7)

Thus, we find that ), satisfies the transformed variational boundary integral equation
Ve € HT2(09) 1 av(sih, ¢) = 35(5:9) + bi(s;5,9) VpeH2(0Q),  (4.18)

with the abbreviations (6,9 € H™ (69))
o= [ [ Gm@) @) o) £(@) d3(0)dS (@) (4.1.92)
be(sgip) = [ [ (v 6 z<se>,'r:<@>>~<§<DT5<@>>n<@>}- (4.1.9b)
G (9)) &) dS(9)dS (@)

fi(s:0) = [ G(T(@) 9@ dS(@). (4:190)

The field energy can be written in terms of the pulled back Neumann trace solution g@s

/ws x))dS(z) . (4.1.10)

4.1.4 BIE-Constrained Shape Derivative

In order to compute the shape derivative %£(Q; V) = déjf (V;0) for s — Ep(V;s) from

(4.1.10) with s — @ZA)S defined through the linear variational equation (4.1.8]) we resort to the
well-established adjoint approach [31], Sect. 1.6.4]. The relevant Lagrangian is given by

L(s;6,0) == 105(5;6) +av(s;6,0) — 2l5(s;9) — br(s:9,0), 6,9 € H 2(89), (41.11)
and, writing ¢, for the solution of (4.1.8), it permits us to express SF(V; s) as
Er(Vis) = L(s; s, @) Vg € H2(09) . (4.1.12)

We exploit the freedom of being able to insert any ¢ € H _%(89) into (4.1.12)) and choose it
as the solution p of the adjoint variational problem: seek p € H*%@Q) such that

4y (0,4, p) = §<a£~< t), > ¥ € H™2(99)
& av(0; 0, p) = —%/Fgo(ﬁ:)g(ﬁz) dS(xz) Ve e H’%(aQ) : (4.1.13)

Noting that 1y = 1, ¥ the solution of the BIE (4.1.3), this yields the formula
dEr oL, - . 0l day V0l b
75 —((V:0) = 95 —-(05¢p9, p) = 5@(0;?/1) + E(OM/%P) 5@(0;/)) g((lg,ﬂ) :
(4.1.14)

27



It expresses the directional shape derivative of Er by means of partial derivatives with respect
to s of the terms in (4.1.8]). Those partial derivatives can be computed using the formulas
mentioned in Section |3.0.3] Thus, swapping differentiation and integration in we get

8av /89/8Q dG( T” T"( )

P(y) p(x) dS(y)dS(z) ,

=0

0 ds

dS(z) = /m o()Vi(@) - V(@) dS@) .  (4.1.15)

s=0

Adding up individual contributions gives us the directional shape derivative

.
o

w|H0>‘§'3

<

=

<

=,

|

[ #(@) (Vit@)- V@) as(a) T ()
+/89/mw<.@> {VaG(@,9) - V(&) + V,G(,9)  V§)} p(&) dS@)dS(x) = Ta(0,p)
[ [ @it dVyG(T{f)’TZ@)) n) dS(3)dS(a) — Ty(p)
< [ @iti) V.65 - (0V) n@) ds(@)as(@) — T4(p)

- [ ] o@(V,6@0) - 5@)V - @5V ) @)@ —: T5(p)
-3 | ol@) (Vit@) - V(@) (@) ~: Te(p)
(4.1.16)
The notation %2 (V; 0) [w, p] hints that this expression can be viewed as a function of the

two arguments 1) € H~2(9Q) and p € H~2(99Q), for which we have to plug in the solutions
of the “state problem” (4.1.3) and of the adjoint problem (4.1.13]), respectively, in order to
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recover the force in direction V. Note that
dV,G(T%(2), T%(y))
ds

=D,V,G(#.9) V(&) + D,V,G(#.9) V(§)  (4.117)

= V,V,G(,9) (V(g) - V(ﬁ:)), (4.1.18)
where

(4.1.19)

4.1.5 Boundary-Element Galerkin Discretization

We introduce a mesh partition 02, of 9Q2 whose cells are curve segments (d = 2) or curved
triangular panels (d = 3). We perform a Galerkin discretization of employing so-
called boundary element spaces S;'(9€) of 9Q-piecewise (mapped) polynomial functions
of degree ¢ € Ny. The simplest option ¢ = 0 uses the boundary element space spanned by
the characteristic functions of the cells of the mesh. For the details of the construction of
S, (0Q) refer to [58, Chapter 10] or [54, Chapter 4]. The choice of basis functions and the
computation of the Galerkin matrices is presented in [54, Chapter 5.

We restrict ourselves to the boundary element space Sy *(9€2,) and write 1, € Sy (9Q,)
for the Galerkin boundary element solution of (4.1.3). The results of [54, Section 4.3] predict
asymptotic convergence |[1) — ¢hl|H—%(ag) = O(h”?) when the meshwidth h of 9, is sent to
zero through uniform regular refinement, and the exact solution v of is sufficiently
smooth.

4.1.6 BEM-Based Approximation of Forces

To evaluate the shape derivative (4.1.16|) for a displacement vector field V, beside the data g
we need the solutions ¢ € H~2(09) (state solution) and p € H~2(99) (adjoint solution) of

the weakly singular variational boundary integral equations (4.1.3]) and (4.1.13)), respectively.
In general, those will only be available through boundary element Galerkin approxima-

tions as introduced in Section 4.1.5] In other words, we evaluate (4.1.16)) after replacing ¢
and p with Galerkin approximations ¢, and py. This gives an approximation for the action
of the surface force density on the displacement V, the “force in direction V7,
f' (z) - V(x)dS(x) ~ —%(V;O) [Yn, pn] - (4.1.20)
r
Neglecting potential variational crimes this perfectly fits the abstract framework laid out in
the following proposition

Proposition 1. Let V5, C Vo C V be closed subspaces of a Banach space V, and let
a:V xV — R be a bounded Vj-elliptic bilinear form, £ € V', g € V, and consider the
variational problems
vwelVy+g: a(u,v) =L(v) Yvely, (4.1.21)
up, € Vor+9: a(up,vp) = L(vy) Yo, € Vo - (4.1.22)
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If F € C?(V,R), then the output error estimatd]]
|F'(u) = Fun)| < [lall flu = unlly inf [z =, + (4.1.23)
’UhGVo’h

%OrélTaz(l HD2F(Tuh + (1 - T)u)H l|lu — uh||%,

holds true, where u, u;, designate the solutions of (4.1.21) and (4.1.22)), respectively, and
z € Vy is the solution of the adjoint variational problem

zeVy: a(v,z)=DF(u)(v) Yvel. (4.1.24)

Proof. By the Lax-Milgram lemma [12, Sect. 6.2] existence and uniqueness of both u and uy,
is guaranteed. We write e := u;, — u € Vj for the Galerkin discretization error and recall its
property known as Galerkin orthogonality: a(e,v,) = 0 for all v, € Vj,. By second-order
Taylor expansion [12, Theorem 7.9-1] we find

F(u+e)— F(u) = DF(u)(e) + /01(1 —t)D*F(u + te)(e,e) dt . (4.1.25)

Thanks to the defining equation (4.1.24]) for z € V4 and Galerkin orthogonality, we can
rewrite

DF(u)(e) = a(e,z) = ale,z —wvy) Yoy € Vou - (4.1.26)

The continuity estimate |a(v,v")| < |jal| ||v]ly, [|V']|;, for all v,v" € V; together with the defi-
nition of the norm of D?F finishes the proof. O]

For the h-version of the finite-element method (FEM) the message of Proposition |1]is that
the output error F'(u)— F'(uy,) can converge to zero faster than the energy norm ||u — uy||;, of

the Galerkin discretization error provided that the best-approximation error ian llz — vnlly,
VREVO,h

for the solution z of the adjoint variational problem tends to zero with some rate. In this
case we observe superconvergence of F(uy) — F(u) for h — 0.

Propositioncan be applied to the evaluation of (4.1.20) with V' := H: (092) x Hz (092),

_dér,

a:=ay X ay, and F((p,0)) : V;0) [p,o]. The linear form is a combination of the

linear form appearing in (4.1.8)) and (4.1.13)).
Obviously the mapping (¢,0) € H=2(0Q) x H2(9Q) — F((¢,0)) is a quadratic func-
tional:

dt (v7 O) [907 U] = qV(<g07 0)7 (907 0)) +pv(90) + TV(O-) ) (4127)

F((e,0)) :
with a bilinear form gy on H~2(9Q) x H~2(d9) and linear forms py, and ry,, given as

av((p,0), (p,0)) == Ta(p,0) , pylp) = Ti(e) , (4.1.28)
ry(o) := Ts(0) + Ty(o) + Ts(o) + Te(o) , (4.1.29)

!|lal| and ||D%F|| designate the operator norms of bounded bilinear mappings V x V — R
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in terms of the abbreviations from (4.1.16)). Thus, F' will be C*°-smooth with first derivative
DF((QO, O—))((gp/a J/)) = qV((Spv 0)7 ((10/7 OJ)) + CIv((SD/a 0/)7 (907 0)) _'_pV(SO/) + 7AV(UI) ) (4130)

and constant second derivative, if and only if qy and py, ry are bounded on H _%(89) X
H~2(09Q) and H~2(09), respectively.

From (4.1.30) we also learn that the adjoint variational problem (4.1.24]) becomes: seek
(v, k) € H™2(99Q) x H-2(9%) such that

aV(307 V) + aV(U7 K‘) = QV((W p)? ((pa U)) + %}((% U)v (¢> p)) +pV(()0) + TV(U) (4131>

for all (p,0) € H™2(09) x H™2(99). A decoupling is possible: From the special structure
of Ty we infer

qV((07 0)7 (30/7 0/)) = qV((SO; U)J (gpl7 0)) =0 v@a gplv g, OJ S H*%(@Q) .
This reveals that (4.1.31]) is equivalent to the two decoupled variational equations

_1
av(p,v) = qu((p,0), (¥, p)) + pv(p) Ve € H2(09), (4.1.32a)
av (0, k) = au((¥, ), (0,0)) + ry(0) Vo € H2(99) . (4.1.32b)

Proposition (1] sends the message that for predicting superconvergence of forces it will be

important to establish enhanced smoothness of the solutions v and k of (4.1.32]). Therefore
we have to understand the regularity of the right-hand sides of these variational equations.

4.1.7 Mapping properties of Shape Derivative

In this section we study the continuity of the quadratic functional (p,0) € H ~2(09) x
H*%(ﬁQ) — F((p,0)) :== dj—j(v; 0) [, o] from (4.1.27)), (4.1.28]). This boils down to estab-

lishing the continuity of its bilinear and linear terms qy, py, ry on the trace space H -3 (092).
We do this by a close inspection of the integral kernels occurring in (4.1.16)). To avoid tech-
nical complications we impose smoothness requirements on ¥V and g, which can certainly be
relaxed.

Assumption 1. We assume that both V € (CgO(B))d and g € C°(B).

4.1.7.1 Analysis of qy
Using elementary properties of the fundamental solutions
—%log||m—y|| ford =2, 1

G(way) = 1 fOI' d — 3 VyG(way) =
Azl — y| ’

and the fact V,G(x,y) = —V,G(z,y) the term T, from (4.1.16) can be recast as

z—y
4
20717 |l — g |

1.33)

av((p,0), (¢, 0")) = /m /M2 p(y) {VaG(z.y) V() +VyG(z,y)- V(y)} o'(z) dS(y)dS ()

=g | [ e @) E Y Vi) - V) @)
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Thus, gy can be expressed as

av((p,0), (¢, 0") = — /mV(SD)(w) o'(x)dS(x) , (4.1.34)

with an integral operator

V(Y)(x) = o, Ky(x,z —y)¥(y)dS(y), x €0, (4.1.35a)

whose kernel is given by (z := ¢ — y)

Ky(x,z) : Lz (V(x)-V(x—2)), z,zcR? 2+#0. (4.1.35Db)

= ﬁw :
Thanks to Assumption [I] we can insert a local Taylor expansion of V

V(z) — V(z — 2) = DV(x)z — 1D*V(z)(z,2) + O(||z||) for z—0, (4.1.36)
and the apparently strong singularity of the kernel can be canceled. For d = 2 we find

.

- D

Ky(x,z) = Ko(x,2) + Ky(x,2), Ko(x, z):= —z2 ‘T(’aljgz . x,z€RY 240,
llz

(4.1.37)

where
e Ky(x,z) is smooth on B x R?\ {0},
e z € R?\ {0} — V.Ky(x, 2) is homogeneous of degree —1 =1 — d and odd,
e 2z Ky(x, z) belongs to W1 (R2) for all = € B.

According to [44, Sect. 4.3.3] this qualifies Ky as a pseudo-homogeneous kernel of class —1.
For d = 3 we get (redefining notations)

z'DV(z)z 1 2'D*V(z)(2,2)
B2 el

-~ -~

=:Ko(x,2) =:K1(z,z)

Ky(x,z) = +Ky(z, 2) . (4.1.38)

The terms satisfy that
e both Kj and K belong to C*(B x R?\ {0}),

o z € R?\ {0} — V.Ko(z, 2) is homogeneous of degree —2 = 1 — d and odd, and so is
z € R?\ {0} — D2K,(x, 2), and,

e again, z — Ky (z, z) belongs to Wh°(R3) for all & € B.
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As a consequence, also for d = 3, the kernel Ky meets the requirements of |44, Sect. 4.3.3]
for being pseudo-homogeneous of class —1.

Now we can invoke [44, Thm. 4.3.2] together with results from [24] Sect. 1.3] on scales of
Sobolev spaces H*(99) supported on boundaries of class C™', r € Ny [24, Def. 1.2.1.1].

Lemma 1. Under Assumption |1 and for Q) of class C™', r € Ny, the boundary integral
operator V' as defined in (£.1.35) provides a bounded operator H*~2(0)) — H**2(8Q) for
allr—%§s§r+%.

This means that for 99 of class C™! the bilinear form gy, is continuous as a mapping
av : (H—%+S(a§z) X H—%+S(aﬂ)) X (H—%-S(ag) x H—%—S(am) SR, (4.1.39)

for any s € [r — 3,7+ 3].

4.1.7.2 Analysis of ry,

Inspecting (4.1.16)) we see that the linear form ry, as introduced in (4.1.28)) can be expressed
in terms of integral operators:

(@)= [ Riba)(@ (@) 8@+ [ K- @)@ ol@)dS@) (@140
1

- /BQ o(2)(V§- V(z))dS()

with integral operators

R(f)(x) = o, Kr(y,x —y)f(y)dS(y) , (4.1.41)
Kty = - LDOTOLIT|
+VyGy+2zy) (DV@®) 'n), z#0,
K(f)(x) = ., Kk(y,z —y)f(y)dS(y) , (4.1.42)

Ki(y,z) =V,Gly+z,y)-nly), z#0.
To begin with, the boundary integral operator K is the standard double-layer boundary
integral operator for —A and, as such, K : H*(9Q2) — H*(092) is continuous for —r — 1 <

s <r+1,if 9Q is of class C™! [43] Thms. 7.1 & 7.2].
We continue with an inspection of the kernels of the integral operator R using (4.1.33)):

_ dV,G(TY(y + 2), TY(y))
ds

‘n(y) + V,Gy +z,9) - (DV(y)) n(y))

1 n(y) (V(y +z) — V(y)) z - n(y) (Z . (V(y +2z)— V(y)))
- 2d—17.r{_ 12| +d 127 + (4.1.43)
o OV )
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Inserting the Taylor expansion
V(y+2) - V(y) =DV(y)z + iD*V(y)(2,2) + O(||z|*) for z—0, (4.1.44)

we are rewarded with a serendipitous cancellation of the third term and get (redefining

notation from Section 4.1.7.1])

d z-n(y) 2'DV(y)z

KR(y7z) = _
N
:K;Eyvz)
1 In(y) -D°V(y)(2,2)  dz-n(y) z-D*V(y)(z,2) | | ~
— N = + = +KR(y7Z)7 (4145)
24 1”{ 2 [E1lk 2 ||| [E1ls
fK:?yVZ)

for which we find that

e as functions of (y, z) both K, and K; feature the same smoothness as the kernel Ky
of the double-layer boundary integral operator,

e z € R?\ {0} — Ky(y, 2) is odd and homogeneous of degree 1 — d,
e z € R?\ {0} — V_.K,(y, 2) is odd and homogeneous of degree 1 — d,
o and K € Wh=(9Q x R2).

We conclude that Ky is a pseudo-homogeneous integral kernel of class 0 in the sense
of |44 Sect. 4.3.3], which means that the integral operator R enjoys the same continuity
properties as K: It maps continuously H*(0Q2) — H®*(0Q2) for —r — 1 < s < r+ 1, if 0Q is
of class C™! [44, Thm. 4.3.2].

Summing up, under Assumption [1| for O of class C™! this ensures

R(Glaq) € HHO) , K(V - (gV)|yg) € H(00) ,
which means that 7y, is a continuous linear functional on H—"~1(99), which, by duality, can
be identified with a function in H"*(99).
4.1.7.3 Analysis of py

The simple formula

o) =5 | e@)(Via) - Via) d(a) (1146

combined with the smoothness assumption Assumption (1| for ¢ and V means that py is a
continuous linear functional on H~*(d0) for s = r+1, if 9 is of class C™'. Thus, by duality,
py can be regarded as an element of H""!(99).
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4.1.8 Section4.1.6|continued: BEM-Based Approximation of Forces

As announced in Section [4.1.5] we consider only the lowest-order boundary element space
Sy 1 (0Q)) of OSy,-piecewise constant functions. Then, Proposition [1] gives us the following
concrete estimate for the error of the computed force in the direction V: With a constant
C' > 0 independent of the boundary element space

s Vi0) ¢, p] = —=(

ds V; 0) [Q/Jh, ph] S CEI(EQ + El) s (4147)

with the best approximation error norms, which are equal to the Galerkin discretization
error by Cea’s lemma [58, Sect. 8.1, Theorem 8.1]

E = inf — 1 + inf — 1 ,
= A Tl sy Bt e = onlly oy
Es = inf K—Kpll . _1 + inf V—1pll 1 ,

where 1, p, v,k € H™2(99) are the solutions of ([@.1.3), (£.1.13), (#.1.32a), and (4.1.321),
respectively.

For the following discussion we maintain Assumption [1] and also assume that OS2 is of
class C™!, r € Ny, which entails that

the right-hand side of the BIE (4.1.3)) can be regarded as a function in H"™1(92),

the right-hand side of the adjoint variational problem (4.1.13) belongs to H"™1(99),
too,

by the results from Section |4.1.7.3|the right-hand side of (4.1.32a)) is in H"™1(992), and,
e as we have seen in Section 4.1.7.1| and Section 4.1.7.2} the right-hand side of (4.1.32b))

corresponds to a an element of H™Ms+Lr+1H(9Q), if o € H*(0N).

By the following elliptic lifting theorem for the single-layer boundary integral equation,
regularity of the right-hand sides can be transferred to solutions.

Theorem 1 ( [43, Theorem 7.16]). Given f € H2(99Q) let n € H~2(9S) be the solution of

)= | f@p@)ds@) vpe H™2(0Q)

the integral to be read as duality pairing. Then extra smoothness of f induces more regularity
of n:

(i) If 9Q is Lipschitz, f € H'(99Q), then n € L*(09Q).

(i) If O is of class C™, r € N, and f € H™"2(8Q), then n € H™2(99).
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In addition, in [54, Sect. 4.3.4] we find the following approximation estimate for piecewise
smooth J€) and shape-regular sequences of meshes

inf _ < opmin{lsts
‘Pheso_l(th) ||90 SOhHH 2oy~ ||Q0|

wen) Ve € H(09), (4.1.48)

where h stands for the mesh width of 0€2;,. We discuss two cases.

(I) If 99 is of class C™! with r € N, then Theorem [l| together with the right-hand side
regularities listed above yields

U, p, U, K E HT*%(GQ) )

The S;'(09,) best-approximation errors in the H~2(8)-norm for all of these func-
tions will converge like O(hmi“{%””}) for h — 0, for instance on sequences of uniformly
refined meshes. Plugging this into (4.1.47)), we end up with

dép dép

E(V; 0) [¢, p] — E(V; 0) [, pr]| = O(hmin{3’27"}) for h—0. (4.1.49)

(IT) If we merely know that 0f2 is Lipschitz, we can still conclude
U, p, v,k € L*(09)

and the H _%(aﬁ)morms of the best approximation errors decay asymptotically like

O(h%) for h — 0. By (4.1.47) this involves a minimal O(h) -convergence of the error
in the force.

Remark 5. The above crude convergence estimates can be refined for piecewise smooth
domains taking into account the special corner and edge singular functions present in the
solutions of the variational problems |16]. This a-priori knowledge about the structure of the
solution can be exploited through the use of algebraically graded meshes, see |25, Chapter 7],
[21], [53], in a BEM framework with fixed polynomial degree, or by employing geometrically
graded meshes combined with hp-BEM, see [30,41,59] and [25, Chapter 8]. A flexible
alternative is adaptive mesh refinement controlled by an a-posteriori error estimator, refer
to [3] and the references therein.

Remark 6. Throughout this section we took for granted a given fixed smooth displacement
field V. As an extension of the investigations in this section one could also aim for V-uniform
estimates of the approximation error for shape derivatives as has been done in [34].

4.1.9 Forces from Volume Variational Formulations

The derivation of formulas for the directional shape derivative %(Q; V) is well established

for the standard variational formulation of (4.3.1]) [18}36./57] given as

weV,:=Hy(Q)+g: alu,v) ::/Vu-Vvdw:() Yo e Vyi=Hy(Q),  (4.1.50)
0
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where g € H'(Q2) extends the Dirichlet data g, g| = g, and vanishes on dB. With details

postponed to Section [4.1.11.1] we remark that “implicit shape differentiation” of (4.1.50))
yields the boundary-based formula

%(Q;V) - %/F ((V§=Vu)-n)(Vu-n) +Vg-Vu) (V-n)dS, (4.1.51)

where u is the solution of (#.3.1), and V € (Cgo(B))d. Obviously, extra smoothness of u
and g beyond merely u € H'(Q2) and g € H}(B) is required to render (4.1.51)) meaningful.
For g = U and VY constant in a neighborhood of I' we recover the classical formula (4.1.56]).

In fact, also the volume-based force formula (4.1.57)) can be obtained as a shape derivative.
Again, we start from the standard variational formulation on °:

u=u(Q) € Hy(Q*) +7: Vu(z) - Vu(z)dze =0 Vo€ Hj(F), (4.1.52)
Qs
and then pull it back to Q = Q°. We arrive at a variational characterization of the pullback
s := u(Q*) o T%: Seek 4 = U5 € Hy(Q) + g o T such that
/ ((DT’S’(:%))A(DT’;(&:))*TVQ(:%)) -Vo(z)|det DTY ()| dz =0 (4.1.53)
Q

for all v € H}(€). This confines the s-dependence to the integrand. The same trick works
for the field energy

Er(s) ::/ [(DTY(2))” " Vi, (2)|[*| det DT (z)| dz . (4.1.54)
0
Then computing the shape derivative %£(Q; V) = %£(0) using the adjoint approach from

PDE-constraint optimization, see Section [4.1.11.2] yields a volume-based formula, which
boils down to (4.1.57)) for ¢ = U in a neighborhood of I" and suitably chosen V.

4.1.10 Numerical Experiments

Now we study the convergence of the new pullback approach formula from em-
pirically and compare it to the classical boundary based evaluation resulting from the
Maxwell Stress Tensor, and the volume based evaluation also known as the “egg-shell
method” [27,28,/42]. The convergence studies are done in 2D entirely and are divided into
two parts. In the first part we restrict ourselves to physically meaningful quantities: net
forces and torques. In the second part, aligned with our view of force as a shape derivative,
a linear functional on displacements, we examine the convergence of a dual norm of the
approximation error.
We remind that standard methods employ the Maxwell stress tensoxﬂ [38, Section 6.9]

T(u) :== VuVu' — 3||[Vu|]?L;: Q — R* (4.1.55)

21, stands for the d x d identity matrix.
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involving the electrostatic potential u, which solves (4.3.1]). Then, writing n for the exterior
unit normal vector field on 992, the vector field f'(z) := T(u(x))n(x), £ € T gives the
electrostatic surface force density, and, consequently,

F;:/fde:/T(u)ndS:1/|vu-n|2nds (4.1.56)
r r 2 r

is the total force on the object, where the last equality holds for constant Dirichlet data
g =U. Since V - T(u) = 0, by elementary computations using Au = 0, integration by parts
yields the equivalent formula ]

F = / T(u)Vwde = / Vu(Vu - Vw) — 1|Vu|[*Vw de . (4.1.57)
Q Q
for any w € Wh*(Q) with w|. =1 and w|,z = 0.

4.1.10.1 Implementation
Both the pullback approach formula (4.1.16) and the stress tensor formula (4.1.51f) were

implemented using exact parametrizations for the boundarieﬁ. Quasi-uniform sequences
of mesh partitions of 02 were employed with increasing resolution. As explained in Sec-
tion and Section [£.1.6] boundary-element Galerkin discretization with trial and test
space Sy 1(0€,) is employed to solve the variational equations and approx-
imately. The obtained solutions v, and p, are used to compute approximations of the
forces according to (4.1.20)). For the evaluation of integrals with singular kernels we use log
weighted gauss quadrature and regularization by transformation to polar coordinates [26),
Section 9.4.5]. All integrals with smooth integrands are evaluated using Gauss quadrature
of order 16. The required derivatives of g and V are assumed to be explicitly available in
the implementation.

4.1.10.2 Total Force and Torque

Experiment 1. We solved ([4.3.1]) for ¢ = 1 by means of piecewise linear C° finite elements
on quasi-uniform shape-regular sequences of triangular meshes for d = 2, and

(i) a smooth “kite-shaped” D, given by the parameterization v : [0, 27] — R? ¢ — [0.3 +
0.35 cos(t) + 0.1625 cos(2t), 0.5 + 0.35sin(¢)] and a square-shaped B =]—2,2[x]|—2,2],
and

(ii) a unit square D :=|0, 1[? inside B :=]—3,3[x]—3,3].

The coarsest meshes used for each geometry are displayed in Figure [£.2]

3We write - for the inner product in Euclidean space R? and || - || for the associated norm.
4Code available at https://gitlab.ethz.ch/ppanchal/fcsc.git. Instructions on how to repeat some of the
numerical experiments of this section are given in a README file.
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(a) Kite-shaped D (b) Square-shaped D

Figure 4.2: Geometries and coarsest finite element meshes for the numerical tests covered in
Experiment []]

We directly evaluate both formulas (4.1.56|) and (4.1.57) for the finite element solution
and use the following C' cut-off function in the volume-based formula (4.1.57)):

1 for ||z|| < 1.2,
w(x) == ¢ cos?(12I12)  for 1.2 < [jz|| < 1.9, (4.1.58)
0 for ||z|| > 1.9,

The Euclidean norm of the error in the computed forces is shown in Figure [4.3|as a function
of the mesh width A of the underlying triangulations. |
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Figure 4.3: Fuclidean norm of errors in approximate total force for finite-element solution
inserted into (4.1.56)) (blue, “Stress tensor (FEM)”) and (4.1.57) (green, “Volume formula”),
respectively. The dashed lines represent the linear regression fit.

5 As reference solution we used the total force computed by the pullback approach (4.1.16) on a uniform
mesh with 9000 (kite-shaped D)/7200 (square-shaped D) cells
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We make the striking observation that, when used with a finite-element solution, the
volume-based formula enjoys a vast superiority over the boundary-based formula
, both in terms of absolute accuracy and in terms of rate of asymptotic (algebraic)
convergence.

Proposition [1] is key to understanding Experiment [I} The boundary-based output func-
tional is not even continuous on H'(Q), let alone differentiable. We conclude this
from the failure of the co-normal trace u — Vu - n|, to map from H'(2) into L*(I"). Con-
versely, if w € W1*°(Q), then the volume-based functional is a smooth quadratic
functional on H'(Q). If w € W?>(Q) as in Experiment (1] and u € H?*(2), then the first
derivative of the volume-based force functional will even be continuous on L?(§2), which en-
tails extra smoothness of the dual solution z by virtue of elliptic lifting results. This explains
the “superconvergence” of the forces computed by means of in Experiment .

Experiment 2. We compute the total force for the geometric setting introduced in Ex-
periment (1| by evaluating for S;'(09,) boundary-element Galerkin solutions on
quasi-uniform sequences of mesh partitions 0€2;, of 9€2 with increasing resolution. An ex-
act parametric representation of curved boundary parts was employed along with polar-
coordinate transformation techniques for singular integrals [26 Section 9.4.5]. We add the
resulting error curves to the plots of Experiment [I] see Figure [4.4]
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Figure 4.4: Error of S;*(95,)-BEM based forces by (4.1.56) (“Stress tensor (BEM)”) as a
function of the meshwidth h of 0€2;,. Dashed lines represent the linear regression fits.

For the non-smooth square-shaped object we observe that both accuracy and convergence
of the forces obtained from (4.1.56)) using a BEM solution are as poor as those for the ones
obtained using a FEM solution. Yet, for the kite-shaped smooth object, with the
BEM solution delivers remarkable accuracy almost on par with that of volume-based formula
used with the FEM.

Experiment 3. We use the same geometric settings as introduced already in Experiment [T}
In particular we use g = 1 close to dD and g = 0 close to B. For constant Dirichlet data
we compute the total force according to (3.0.5) based on the deformation fields discussed in

Section We employ both (4.1.16) (“Pullback approach (BEM)”) and (4.1.51)) (“Stress
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tensor (BEM)”) on a quasi-uniform sequence of meshes of 0€2,. As before we monitor
the Euclidean norm of the error in the total force as a function of the mesh width. As
reference bona-fide close-to-exact solution we used the total force computed by the pullback
approach on a uniform mesh with 9000 (kite-shaped D)/7200 (square-shaped D) cells. The
resulting error curves are added to the plots of Experiment [2] and are shown in Figure [4.5
for comparison.
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(a) Kite-shaped D (b) Square-shaped D

Figure 4.5: Error of S;*(982,) - BEM based forces as a function of the meshwidth h of 9€2,.
Dashed lines represent the linear regression fit.

We see that the pullback approach outperforms every other method not only in terms of
the absolute accuracy but also in terms of the asymptotic rate of (algebraic) convergence.
For the smooth kite-shaped D (Figure 4.5 (A)) it achieves the optimal convergence O(h?) for
h — 0 predicted in Section[4.1.8] For the square-shaped D (Figure (A)) strong singular-
ities of the electrostatic potential u at the re-entrant corners make the rates of convergence
deteriorate substantially for all methods, with the pullback approach maintaining its clear
lead.

Remark 7. The surprisingly good performance of the BEM-based evaluation of the stress
tensor formula for smooth I' remains a mystery. It reminds us of a similarly unex-
pected fast convergence of a boundary-based shape-derivative formula reported in [34, Sect. 4]
and, later, theoretically explained in |22 Sect. 3.2].

Experiment 4. In the setting of Experiment [3| we also compute the total torque on D
according to (3.0.6]), with ¢ = (0.5,0)" for square-shaped D and ¢ = (0.38,0.5)" for kite-

shaped D, using the pullback approach (4.1.16) and stress tensor formula (BEM) (4.1.51]).
The errors of the approximate torques are plotted against the meshwidth A in Figure [4.6]
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Figure 4.6: Errors of Sy '(9€,) - BEM based torques by (#.1.16) (" Pullback approach”) and
(4.1.51)) (“Stress tensor (BEM)”) as a function of the meshwidth h of 02,

The observations closely match those made in Experiment The pullback approach
gives the best results both in terms of absolute accuracy and in terms of asymptotic rate of
convergence. Its advantage is more pronounced for non-smooth D.

4.1.10.3 Approximation of Force Functionals

Experiment 5. Inspired by [34, Sect. 4] we consider the dual norm of the force as a linear
mapping from displacements V to the real numbers over a finite dimensional subspace Wy
of (H'(B))” and measure the error

err = max o | () ) - F

0 4.1.59
vewn [Vl | dt (V:0) [Un. pn]| (4.1.59)

both for the pullback approach (4.1.16]) and stress tensor (BEM) (4.1.51). We adopt the
setting of Experiment [3[ and we use the same BEM to compute vy, pr, € Sy *(98,). Two
choices for Wy := U x U are used in this numerical experiment,

(1) U :=span{zx = (z,y)" — 2™y", 1 <m,n <5}, (4.1.60)
(I1) U = span{zx = (z,)" > sin(mx)sin(ny), 1 <m,n <5} . (4.1.61)
Since we are dealing with purely boundary-based expressions, we don’t need to introduce

cut-off functions for the velocity fields. As reference solutions we use the directional forces
obtained by the pullback approach on meshes created by one more step of refinement. The

dual norms (4.1.59)) are plotted in Figure
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Figure 4.7: Dual norm errors (4.1.59) for polynomial (poly) and sinusoidal (sin) basis, as a
function of the meshwidth h of 0€2;,. Dashed lines represent the linear regression fit.

Obviously, the BEM-based pullback approach offers better accuracy also in the
approximate dual norm, but for the kite-shaped D the stress tensor formula (4.1.51)) achieves
similar empiric rates of convergence for h — 0. We cannot offer an explanation for this
surprising observation. Conversely, for the square-shaped D the pullback approach is much
better also in terms of the rate of asymptotic (algebraic) convergence. It seems to be less
affected by the presence of strong corner singularities in v and p.

Experiment 6. For the computation of the shape derivative we had always taken for granted
that the Dirichlet data g possess a sufficiently regular extension g to the hold-all domain B.
In this experiment we demonstrate the importance of the smoothness of g as regards the
approximations of shape derivatives. The experiment shown next uses two different functions
g1 and g, such that g|p = go| = g. We work with the model geometry of the square-shaped
D from Experiment [I] and with g = 1.

For imposing g = 1 on I" we use g; = 1 in a neighborhood of I" and for g, we use four
corner singular functions located at the four corners of the square shaped D. These corner
singular functions are rotations and reflections of the simple function

(r,0) — ri Sin(ge) (polar coordinates) ,

which is harmonic but its gradient blows up for r — 0.

By comparing the green and red curves in Figure 4.8 we see that a smoother g drastically
improves the performance of the pullback approach as regards both absolute accu-
racy and the asymptotic (algebraic) convergence rates. For the case of stress tensor formula
(4.1.51]), a smoother g makes little difference.
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4.1.11 Shape Derivatives From Volume Based Variational Formu-
lation

4.1.11.1 Derivation of Boundary-Based Shape Derivative Formula (4.1.51))
We start from a mixed variational formulation of (4.3.1) in H'(B) x H(div0, B) [58, Sec.
4.1.2]. We seek (u,p) € H(B) x H(div0, B) such that
/Vu-Vvdac—l—/ vp-ndS=0 Vv e HY(B), (4.1.62)
Q o9

/ u)\-ndS:/g)\~ndS VA € H(div0, B) , (4.1.63)
o9 r

where g = g|r for a ¢ € H'(B) that vanishes on dB. There is a unique solution only for u
but not for the Lagrange multiplier u. We define the associated symmetric bilinear form a
and linear form I3 for (w,k), (v,\) € H'(B) x H(div0, B):

a((w,K), (v,A)) :—/Vw-Vv dw+/ vn-ndS+/ uX-ndS, (4.1.64)
Q o9 20
(0, M) ::/g)\~ndS. (4.1.65)

The system in (4.1.62)) can be compactly written as: Seek (u,u) € H'(B) x H(div0, B):
a((u,p), (v,0) =L((v,A)) VY(v,\) € H(B) x H(div0, B) . (4.1.66)

We use the field energy in the volume integral form:

£r(Q) = %/ﬂ Va(@)|? da = %a((u,O), (1,0)) (4.1.67)

44



where u = u(Q2) solves (4.1.62)). Following the developments in section 4.1.2, we write
(€2° :=TY(€2)) 55 for the 1-parameter family of slightly deformed domains induced by a

given deformation vector field V € (CgO(B))d. Replacing 2 — Q% 0Q — 0Q° and I' — I'®
in (4.1.64) yields a s-dependent version of its constituent parts. For (w, &), (v,\) € H'(B) x
H(div0, B):

a(s; (w, k), (v,A)) == Vw - Vo d:v—i—/ vn-ndS—i—/ ud-ndS, (4.1.68)
Qs o0 o0s
l(s; (v, X)) = / gA-nds. (4.1.69)
FS
The s dependent energy functional is given as
1
Er(s) = J(s; (us,pus)) ,  J(s;(w,K)) :== 53(3; (w,0), (w,0)), (4.1.70)

where (us, pts) € H'(B) x H(div0, B) solves the state problem on °:
a(s; (us, s), (0, X)) = lz(s; (v,A)) V(v,A) € H(B) x H(div0, B) . (4.1.71)

Notice that in this derivation, the function space framework is already independent of s.
Following the adjoint approach [31, Sect. 1.6.4] from section we can define the relevant
Lagrangian. For (w, &), (v,\) € H(B) x H(div0, B):

L(s;(w,K), (v, X)) = J(s; (w,K)) + a(s; (w,K), (v,N)) = l5(s; (v,A)) . (4.1.72)

Plugging in (w, k) = (us, ps), the solution for (4.1.71]), we recover an expression for the field
energy

Er(s) = L(s; (us, ps), (v, X)) V(v,A) € H'(B) x H(div0, B) . (4.1.73)

Exploiting the freedom to choose (v, X), we choose it as the adjoint solution (p,w) € H'(B) x
H(div0, B) such that

(0; (u(0), p(0))), (v,)\)> V(v,\) € H(B) x H(div0, B)
(4.1.74)
& a((v,A), (p,m)) = —a((v,0), (u,0)) VY(v,A) € H(B) x H(div0, B) , (4.1.75)

a(0; (v,A), (p,m)) = — <8 o

(w, k)

where we used u(0) = u and p(0) = p. The equations can easily be decoupled by putting
v =0 or A = 0. Thus we see that adjoint solution is (p,7) = (0, —Vu). Now the shape
derivative can be computed using only the partial derivatives with respect to s:

d€p 0

Br 0y = 8_L oJ Oa ol
ds -~ 0s

(O; (U,M), (O’ _vu)) = E(Ov (uvﬂ))_F%(O; (U,[L), (07 —VUJ))—g(O; (07 —VU)) :
(4.1.76)
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Using the identities in section and [18, Ch. 9, Thm. 4.1], the partial derivatives with
respect to s can be easily computed, because the integrands are independent of s:

0 ww) = 5 [IFuPv ) as, (4.1.77)
%(0;(%#) (0, —Vu)) /||Vu|| (V-n) (4.1.78)
gl;( 0; (0, —Vu)) / Vu-V§(V-n)dS. (4.1.79)

Summing up and using the fact that Vg — Vu is in the normal direction at the surface, we
get the shape derivative:

d€p 1

0 — (V) = 5 /F (Vg —Vu)-n)(Vu-n) +Vg-Vu) (V- n)dS . (4.1.80)

4.1.11.2 Derivation of Volume-based Shape Derivative Formula
We start from the variational formulation of (4.1.1]) in the Sobolev space Hj () using w :=
u—g€ Hy(Q):
we Hy(Q):  a(w,v) = / Vw-Vode = l3(v) == —/G -Vodz Yo € Hy(Q),
Q 0
(4.1.81)

where g = g|r for a g € H'(Q) that vanishes on OB and G := Vg. By the Lax-Milgram
lemma [12, Sect. 6.2] existence and uniqueness of w is guaranteed. We use the energy
functional in the volume integral form

=3 [IVu@ do=3 [ [Vul@) + 6@ do,  (1s2)

where w = w(£2) solves (4.1.81]). Following the definitions in sectiond.1.2, we write (€2* := T}(2)) ;5

for the 1-parameter family of slightly deformed domains induced by a given deformation vec-
tor field V € (CSO(B))d. Considering g € H}(B) and replacing Q — Q° in (4.1.81) yields a
s-dependent version:

wy € Hy (%) 1 a(s;ws,v) = l5(s;0) Yo € Hy(QF) (4.1.83)

where, for w,v € H}(QF),

a(s;w,v) == / Vw-Vode, [(s;v)=—[| G-Vvde. (4.1.84)
S QS

Transforming integrals back to the reference domain §2 we arrive at a variational character-
ization of the pullback wg := w(Q*) o T¥: Seek w, € Hy () such that

4(s;5,0) = I5(s;0) Yo € HY(Q) , (4.1.85)
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where, for 0,9 € Hg(Q),
A(s;,0) = /Q(DTg(:fc)—va) - (DT%(&)” " V9)| det DT (z) | d: , (4.1.86)
l}(s;f;) = — /QG(T’;(ﬁ:)) - (DT¥(z)" "V0) |det DT (2)| d: . (4.1.87)
The field energy is also dependent on the parameter s and is given as:

Ep(s) = J(s;b,), J(s;0) = %/QHDT‘;(&:)TV@D(:?:)+G(T’;(§:))||2 | det DT ()| d .
(4.1.88)

Following the steps in section. we use the adjoint approach [31, Sect. 1.6.4] and define
the relevant Lagrangian for w, 9 € H}(Q):

L(s;,0) := J(s;0) + &(s;10,0) — l5(s;0) . (4.1.89)
Plugging in w = w,, we recover the expression for field energy
Er(s) = L(s;w,, ) Vi € Hy(Q) . (4.1.90)

Since we are free to choose v, we choose it as the adjoint solution p which solves

p€ H;(Q): 4&(0;0,p) = — <g£(o;w(0)),@> Vo € Hy () (4.1.91)
o a(v,p):—/(Vw—i—G)-Vv dz =0 Voe HY(Q), (4.1.92)
Q

where in the last equality we used (4.1.81) and the fact that wg = w. This gives us the
adjoint solution p = 0 and allows us to calculate the shape derivative in terms of partial
derivatives of s:

d€e . OL . 9] - 94 Qg 4.1.93
o (0) = S (0:0(0), p) = - (0w) + 5= (0w, p) = £ (0:p) - (4.1.93)

The last two terms go to zero and we are left with the partial derivative of J (0;w) defined
in (4.1.88). We can swap integration with the partial derivative and using the required
expressions from section |4.1.4] we get

d€p

“r(0) = %/ VU2V - V + 2Vu - (—VVVu+ VVVG+ VVGY) dz . (4.1.94)
Q

where we used w =u — g.
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4.1.11.3 Equivalence of volume based and boundary based shape derivatives

We start with the Volume formula from (4.1.94]):

%/ <||Vu||2V~V+2 Vu - (— VVVu+ VVVyg + VVE]JT\J))dI.
Q

This can be written as :

1
5/ <v- <||Vu||2V) 12 Vu- (—vvw + VVV§+ VVFVY — VVuTv>)dx .
Q

Since VVu and VVyg are symmetric, the highlighted terms can be combined together to
give:

1 -
—/ V. (||Vu||2V> +2Vu- (—V(v .Vu) + V(V-V5) )dx .
2 Ja
This can be further simplified by combining the two highlighted terms:
1 9 ~
§/Qv- (ku v) +2vu.v(v. (Vg - Vu))dx .

Using the Divergence theorem for the first term and Green’s first formula for the second
term with Au = 0, we get:

1/ VeV nds+ [ Vun (V- (VG- Vu))ds
2 Joa 20

On the boundary, we know that Vg — Vu is in the normal direction. Using that we get:
1 -
—/ IVul’V-ndS+ [ Vu-n(V§—Vu) nV-ndS,
2 Jaq a0
Whis can be rewritten as:
1 .
—/ HVUH2V~ndS+/ Vu- (V§—Vu) V- -nds.
2 Jaq a0

Thus we recover the boundary based shape derivative seen in (4.1.51)).

4.2 Floating Potential Problem in 3D

The contents concerning the floating potential problem have been reproduced with permis-
sion from Springer Nature [49]. We have two solid conducting objects occupying bounded,
open and simply connected domains D, B C R® with C?, boundaries. The complement
M :=R®\ (B U D) is occupied by a homogeneous, linear and isotropic dielectric medium
with its dielectric tensor given by the Kronecker delta, €;; := d;;, 4,5 € {1,2,3}. The
solid object B is grounded (at electrostatic potential 0), whereas the solid object D has a
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known net electric charge () which resides entirely on its surface, a phenomenon well known
for conductors in electrostatic equilibrium [23]. Writing 0B and 9D for the boundaries of
these conducting objects, the electrostatic potential u can be obtained as the weak solution

in H'(M) of the linear, constant coefficient homogeneous Poisson boundary value problem
(BVP) on the unbounded domain M:

Au =0 in M,
u=20 on 0B,
u=-c on 0D, (4.2.1)
Vu-ndS=-Q on 0JD,

oD
u(@) = Ol ™")  as [lz] = oo,

where c is the unknown constant potential of the conducting body D and n is the exterior unit
normal vector field on the conducting objects D and B. The model electrostatic boundary
value problem (|4.2.1)) is known as the floating potential problem in literature [1].

Remark 8. The unbounded electrostatic setting chosen in our considerations becomes non-
physical in R? as the electric field energy in the unbounded domain goes to infinity due to a
mere O(|||| ") decay of the field for ||| — co. This problem can be circumvented with the
additional constraint that the combined net charge on D and B is zero, leading to a faster
O(|||| ) decay for ||| — oc.

For solving the model problem (4.2.1), we use the first BIE for the exterior traces in
(2.1.22)) also known as the direct first kind formulation [54, Sec. 3.4.2]. The corresponding
boundary integral equation is

V(viu) = (=& + K) (vhu), (4.2.2)

where vu and y/u are the exterior Neumann and Dirichlet traces respectively of the solution
u. They are defined for smooth functions as

+ *\ L ; . *
TN 3= o Bty V) ),
+ *) L li

o) = 0 B eons )

where n is the unit exterior normal vector field on the boundary I' := 0D U0B. In Equation
(4.2.2), V is the Single-layer BIO and K is the Double-layer BIO, introduced in Section [2.1]
The BIOs V and K are continuous, linear operators between the following spaces:

V:H () — H2(I), K:Hz2(T)— Hz(D).

Writing the Dirichlet trace as ypu = ¢ 1yp and the Neumann trace as yyu = 1, Equation

(4.2.2) becomes

V(z) = —gllaD(a:) teKlpplx) zel, (4.2.3)
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where K 1gp () can be simplified further as

K Lon(z) / VG(x,y) - n(y) Lop(y) dS(y)

r
0 ifxeoB (4.2.4)
:a[ VG(@.y)-nly) dS(y) B {—% almost evé:rywhere on 0D,
which yields
Vi(x)+clop(x)=0 xel. (4.2.5)

4.2.1 Variational Boundary Integral Equations

To get the variational formulation we test Equation (4.2.2) with ¢ € H~2(I'). Another

equation is provided by the fixed charge constraint which we test with some non-zero constant
. . . 1

d € R. We obtain the mixed formulation: seek ¢,c € H™2(I') x R such that

/ V(@) o) dS(@)+c / Top(a) 6(x) dS(x) = 0 Vo € H-H(D),
p / Lop(2)d(x) dS(x) = —p Q WweR  (426)

This system of equations can be written in a compact way by introducing notation for the
bilinear forms that we encounter:

H
(¥,

N[ =

(H2([) x H2(I') > R
i (1, 6) / V(@) dla)dS(x) = / / G, y)i(@)d(y) dS(y)dS(z),
H ) xR >R
b (6.p) = p / Ton()(x) dS(z).

\ r

where G(z, y) is the fundamental solution for the Laplace operator. This notation allows us

to write (4.2.6) compactly

ay (¢, ¢) + b(g,c) = 0 Vo € H3(D),
b(,p) =—p @ VpeR. (4.2.7)

We note that the equations above have a saddle-point structure. The bilinear form ay is
bounded and elliptic on H~2(I') and we refer to [54, Thm. 3.5.3], [58] for the proof. The
bilinear form b is bounded on H~2(I') x R which is trivial considering the L*(I") duality
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pairing that appears in the expression. The stability condition [58, Thm. 3.11] for the
bilinear form b can be shown easily:

sup b(¢7p) > b<_pwap)
0£peH ™3 (T) H¢”H*%(F) H_pwHH*%(F)

=C |p|.

The conditions listed in [58, Thm. 3.11] are satisfied, thus we have the unique solvability of
(14.2.7)).

Remark 9. Due to the special structure of the bilinear form b we have b(¢, c) = ¢ b(¢, 1).
Assuming ¢ # 0 we can divide by ¢ and get

(0

av(—,¢) = —b(p,1) Vo e H (D).

C

The above equation has a unique solution ¢, € H~2(I') due to the ellipticity of ay in H~2(T').
The solution ¥ = ¢ ¢y can be obtained by scaling and the solution ¢ is obtained via () given
in fixed charge constraint.

_ Q

~ b(Uy,1)

To bring the system of equations to a standard variational form, we add the two equations

, . (4 — -1
in (4.2.7) and write: seek [c € V:= H 2(I') x R such that

SRS I

c D D

where the bilinear form A and the linear form L are defined as

(V xV = R,

A A f 7 [ﬁ]) = ay (¥, ) + b(é,c) + b, p),
(V = R,

L L(H) =-—pQ
\ p

This form is amenable to a Galerkin discretization for numerical solution.

4.2.2 Variational Formulation on Deformed Domain

Let Q° := DU B? denote the reference configuration for which we want to compute forces,
where D° and B are the reference states for the conducting objects. To apply the Virtual
Work Principle via shape calculus, we consider the floating potential problem from Section
for a set of admissible domains Ay = {Q° := T¥(QY), s € (=§(V),d(V))}. For all
configurations s € (—4(V),d8(V))}, the conducting object B* := T%(B°) is grounded and
D# := T¥%(D") carries the net charge Q. The solution v, ¢, € H~2(I"*) x R now becomes
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dependent on the configuration. Since the only connected conducting body is grounded, the
total energy £(s) comprises of only the field energy Er(s)

1
£r(s) = 5 / Vus(@)|? da, (4.2.9)
R3\(®
where ug is the solution corresponding to Q° € Ay,. Using Green’s identity and the de-

cay condition for the solution us; we can get a boundary integral expression for the energy
functional.

1 s :
5 [ W@l de=tm 5 [ [Vu@) e
R3\OF Br(0)N(R3\0?)
1 1
= Rlim —5 / cs Ys(x) dS(x) + P}im 5 / us(x) Vus(x) -n(x) dS(x)
aDs 8BR(0)
1 cs Q
- / s () dS() = 58 =2 (5 (1, 02).
oDs

We recognize the final expression for energy being the familiar formula for energy stored in
a capacitor [23, Eq. 2.5].

For the s configuration we seek [fs] €V, := H2(I'*) x R such that

S

A(s)({%] , m) _ L(s)(m) y m eV, (4.2.10)

Cs

where the augmented s dependent bilinear and linear forms are defined as:

(Vo x V, = R,

Als) + S A(s)( ﬂ , m) = av(s) (¥, ¢) +b(s)(¢,c) + b(s) (¥, d),
(V, = R,

L(s) : L(s)( [‘2]) — —dO,

and

(

1
2

H3(I%) x H 3(T*) = R
w@=awmm@:/]b@wwwwwﬁM£@x

H™:(I%) x R —> R
b(s) 1 { b(s)(6,d) = d / Lon(@)é(@) dS(x).

\ I's

(
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4.2.3 Equivalent Formulation on Reference Domain

The expressions appearing in eq. (4.2.10) contain integrals on I'* which can be transformed
to integrals on the reference boundary I'° using the formula

/f ) dS(y /f (T(2)) ws(x) dS(z), y=T"(z), (4.2.11)

where wg(x) := ||C(DTY(x)) no(x)|| is the Jacobian of transformation, ng is the exterior
unit normal vector field on T'° and C(A) denotes the cofactor matrix of A. We get integral
expressions on the reference boundary:

wonf] 3

= [ [ 6Tz Tow) (T @) wa(e) 0T w) wuly) dS(e) dS(w)

o 1o
te [ YT () w(x)dS(a) +d | 6(T(x)) w.(z) dS(x).
1 1

¢
d

This transformation is not necessary for the linear form L(s)( { ] ) or the energy functional

J(s; [Zﬂ) as they involve simple expressions without integrals. The next step is to get rid

of function spaces on I'* which we accomplish using the pullback for surface charge densities

(13.0.17):
beH II): =0T ) w, eH 2(¥). (4.2.12)

Since T¥ is a Lipschitz continuous mapping and w, € L>®(T'%), the trace spaces are preserved
under pullback. This allows us to write an equivalent formulation to (4.2.10): we seek
Yg, s € Vo = H_%(FO) x R such that

Ao |95 9]y g [@ 6

A(s; Ls g ) = L(s; J ) ¥ J e V. (4.2.13)

where the bilinear form A : R x Vo X Vo — R and the linear form L:Rx Vo — R are defined
as:

'%x%%R
Als: G(TY(x), T" x dS(zx) dS
" ( H / / ‘() (@) 6(y) dS(x) dS(y)
+c/w )+d/(b(w)d8(w)
\ o0DO o0D0
Vo — R
L(s) L(s; m) —d Q,
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In a similar fashion we need a pulled back version of the energy functional J:RxVy = R,

i g =

4.2.4 BIE-Constrained Shape Derivative

The energy shape derivative has to be calculated taking the BIE constraint into
account. For computing such a constrained shape derivative we use the well known adjoint
approach from literature |31} Sect. 1.6.4]. To perform the computation, we start with defining
the lagrangian £: R x Vo x Vj = R

e [V] )= A 2] [o] - tess [+ s [ (12.14)

C C

We observe that by plugging in the state solution [lﬂ = [%] we get

S

L(s; Ve : ¢ ) = J(s; ¥s )=Er(s) V o e H2(T) x R. (4.2.15)
CS d Cs d
From the above expression, the energy shape derivative can be calculated as
d o ¢
£5F( $)|s=0 = 8_£( [Cs] L} )| s=0, (4.2.16)

where [g] € H () x R solves the adjoint equation

oL o] [¢]y [ o vl ey
(2 [ [ mo v[emimoxe e
0
c
Using the definition of Lagrangian the adjoint equation becomes
N T R T

Using symmetry of the bilinear form and comparing with (4.2.13), we immediately get the
adjoint solution {g] = % Fé}()] and the shape derivative can be obtained via the partial
0

derivative with respect to s:

d a
55(3)@0
(4.2.19)



The partial derivatives wrt s are easy to calculate:

2 As [ } H / [ (V.Glay) vlw) + V.0l y) v(y) v@) () dS()dS(y),

%j(& M) 8SL(S M):o.

Using these results we get the required energy shape derivative as

d

8ot ) = [ [ (V.6(@,9) v(@) + VGl ) - vlw) vola) Cly) dS(@)dS (w).

which after plugging in the adjoint solution becomes

= %/1“0 /FO(VJ;G(m,y) v(z) + V,G(z,y) - v(y)) Yo(x) Yoly) dS(x)dS(y).  (4.2.20)

The notation £E(0;v)(¢, C ) hints that this expression can be viewed as a function of the

two arguments ¢, € H~ (FO) where if we plug in the appropriate state and adjoint so-
lutions, we get the shape derivative in direction v. For a detailed analysis of the mapping
properties of we refer to [48, Sec. 4.4] and Section m Here we simply mention
that it is a continuous, bilinear mapping H~2(I'%) x H~2(I'°) — R which makes its Galerkin
approximation superconvergent, see Proposition [I}

An advantage of over the shape derivative formula in is its simplicity. It
contains a single double integral expression which can be evaluated without computing the
adjoint solution.

Remark 10. It can be shown that the expression (4.2.20)) is equivalent to (4.1.16]) under the
condition that ¢ is constant in a neighborhood of I'. We start by seeing that the terms T4

and Tg in (4.1.16)) vanish because Vg = 0 at I'. Terms T3, T4 and T come from abK (0; 9, p)

as seen in ({.1.15). Putting §|r = 1, dlop = 0 in the expression for bx(0;7, p) in -D we
get

bxc(0:3.0) = [ [ V,G(TU@).T2@) - (COOTL@) 2@) ple) dSy S (1221

o r

Transforming the inner integral back to I'* we get

1 (0:3,p) = / / V,G(T"(%),y) - n(y) p(&) dS, dSs. (4.2.22)

o0 I's

We see that the integral over y evaluates to a constant. It is zero when T%(2) € 0B and
—0.5 almost everywhere for T%(&) € I'*. Thus we see that bg (0; 7, p) is a Constant hence its
partial derivative wrt s is zero. Thus we conclude that terms T3, T4 and Ty in are
zero. Thus we are left with

_ / (VaG(5,9) - V(&) + V,G@.9) V@) ) 0@) p&) dS@)dS(&). (4.2.23)
o0 J o
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Now we find the relation between the adjoint solution p € H _%(89) that solves (4.1.13]) and
the state solution 1y € H~2(9R) that solves ([@.1.8) for s = 0. Writing the representation
formula for u, we see

u(@) = Usr () (@) — Upr(§)(x), z €. (4.2.24)

Since glr =1 and §lop =0, Yp(g)(x) = 0 for € Q. Taking the Dirichlet trace, we obtain
the relation

V() = gloa- (4.2.25)
On comparing with the variational adjoint equation (4.1.13]) we immediately see the relation
P = —% p and the shape derivative reduces to
1 . . . . . . . .
Ta(wp) =5 [ [ {VaGl8.9)- V&) + V,G6l@.0) - V@)} 0(0) 0(@) dS(0)dS (@),
o0 Joa
(4.2.26)

which is exactly the expression obtained in (4.2.20]), with an opposite sign.

4.2.5 Implementation

The numerical implementation is done in 3D and relies on the MATLAB based Gypsilab
framework (Matthieu Aussal, 2019) E] For solving the state and adjoint problems, BIOs
are assembled using the available implementation in Gypsilab, with a quadrature order of
3. For evaluating the BEM based force formula in eq. , we use Sauter and Schwab
quadrature technique [54] to evaluate the weakly singular integral with a tensor product
quadrature rule of 3* points. The implementation can be found in the repositoryE].

For convergence study a quasi-uniform sequence of mesh partitions M, of I with increas-
ing resolution was employed, consisting of triangular panels. Net forces and torques were
computed using available methods and the numerical error recorded against the meshwidth

h.

4.2.6 Force and Torque Computation

For computing the cartesian components of the net force F = (Fy, Fy, F3) € R?, and the
total torque T about the axis @ € R? and point ¢ € R3, we use the strategy mentioned in
. Since we are interested in forces on the object D, the chosen cut off function ¢ is
such that £ =1 in a neighborhood of 9D and £ = 0 in a neighborhood of 0B.

Comparison is done with the forces and torques computed using the Maxwell stress tensor
based formulas

]‘ 2
Fe / (Vau(x) - n(x))? n(x) Sy,
oD
1 2
T = 3 /(Vu(x) ‘n(x))° (x —¢) x n(x) dSx.

Shttps://github.com/matthienaussal /gypsilab
"Code available at https://github.com /piyushpler7/gypsilab_forces
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Numerical experiments are done on two geometries shown in the figure:

30 20
20

10

-10 .
-20

-20

20 30

y s0 40
X

(a) Cube and Torus (b) Sphere and Torus

Figure 4.9: Geometries for numerical experiments

4.2.7 Cube and Torus

In this experiment forces and torques are computed on the cube shaped domain D := (—5,5)3
while the torus shaped domain B is connected to ground. The torus with R = 10 and r» = 3
is obtained via a rotation and translation, where r is the radius of the tube and R is the
distance between center of tube and center of torus. Reference values are computed using
at a refinement level of h = 0.42. The results are computed using Q = 10% and
plotted in Figure We see the shape derivative formula is superior to the Maxwell
Stress Tensor formula in absolute accuracy and asymptotic rate of convergence for both
force and torque computation which are also tabulated in Table [4.1] and The results are
in agreement with the observations in Section where we observed a clearly superior
performance of the shape derivative formula, especially for geometries with corners.

57



_ a5 B ]
EMVWEEEE’"BEEBE/EEEB ==
107 %
AAA"A/A( ]
5 5
& ]
o o ]
2 =
k] =
[} i [}
i o
1 10 E
—4A— Pullback approach —4A— Pullback approach
—F— Stress tensor 4 —E— Stress tensor
1 0-5 1 1 1 1 10-6 1 1 1 1
0.5 1 15 2 0.5 1 1.5 2
Meshwidth h Meshwidth h
(a) Force computation (b) Torque computation

Figure 4.10: Error plots for Cube Torus geometry. Dashed lines represent the linear regres-
sion fit.

4.2.8 Sphere and Torus

In this experiment forces and torques are computed on a torus shaped domain D with
R =10 and r = 3, at the origin, while a grounded spherical body B of radius 5 is present at
a distance. Reference values are computed using (4.2.20)) at a refinement level of h = 0.36
and using @ = 10%. The results are plotted in Figure [4.11] We see that the shape derivative
formula is slightly superior to the Maxwell Stress Tensor formula in absolute accuracy and
asymptotic rate of convergence for both force and torque computation for this smooth case.
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Figure 4.11: Error plots for Sphere Torus geometry. Dashed lines represent the linear re-
gression fit.
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Table 4.1: Asymptotic rate of algebraic convergence for forces

Method Torus D, sphere B | Cubic D, Torus B
Pullback approach (BEM) 2.55 2.77
Stress tensor (BEM) 2.14 0.35

Table 4.2: Asymptotic rate of algebraic convergence for torques

Method Torus D, sphere B | Cubic D, Torus B
Pullback approach (BEM) 2.51 2.85
Stress tensor (BEM) 2.43 0.65

4.3 Linear Dielectric and Mixed Boundary Conditions

The contents of this sub-section have been reproduced from [50]. To keep the presentation
focused we confine ourselves to the following setting: We consider a parallel-plate capacitor
where the gap between the plates is denoted by the simply connected, open domain Q, C R?,
d = 2,3 which has ng boundary. The gap is filled with two homogeneous, isotropic, and
linear dielectric materials, where one material is entirely embedded in another, as shown in
Figure [4.12] The inner material occupies the domain €; C €. and has dielectric constant
g; € R*, and the outer material occupies the domain €, C €2, and has dielectric constant
g, € R*. By ©; being embedded inside ., we mean Q; U Q. = Q. and Q; N Q. = 99,.
Both ; and €2, have ng boundaries. Under operation of the capacitor, there is an imposed
potential difference between the plates, giving rise to an electric field inside (). which stores
energy.

We define I'; = 0€); as the interface between two dielectrics, and I'c := 0Q¢ as the
outer boundary of the capacitor. We also introduce the notation I'p C I'c for the part
of the outer boundary touching the capacitor plates where the external voltage is applied
(Dirichlet boundary conditions), and I'y = I'c \ I'p for the free boundary of capacitor
(Neumann boundary conditions). In the sequel, we admit a general Dirichlet boundary
condition g € H %(FD). On the boundary I'y, a zero Neumann boundary condition is a
sensible choice to model the ideal case where the electric field lines stay inside the dielectric
and there is no fringing around the edges [23], Section 4.4]. Also here we may impose a more
general Neumann boundary condition through an element n € H *%(F N).

Writing n, for the exterior unit normal vector field on I'¢, the electrostatic scalar potential
u : Q. — R can be obtained as the weak solution in H'(€2.)f| of the linear elliptic mixed
boundary value problem

V-(eVu)=0 in Q, u=g on I'p, Vu-n.=n on Iy, (4.3.1)

where e(x) =¢; for x € Q; and ¢(x) =€, for x € Q.. BVP (4.3.1)) can be reformulated
as a transmission problem for the Laplacian. Using the notation u;,u. for the potentials
inside subdomains €2;, €2, respectively, and n;, n. for the exterior unit normal vector fields

8We adopt the convention of [54, Sec. 2.3 & Sec. 2.4] for function spaces and Sobolev spaces:
Whp(Q), H'(Q), Hz (Q), L2(Q), C*(Q) etc., where Q denotes a generic domain.
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over 0€);, OS2, respectively, we can write the equivalent problem
Au; =0 in Q;, Au,=0 in €,
ue=¢g on I'p, Vu.-n.=1n on Iy,

with the transmission conditions [54, Sec. 1.1] at the interface I'; which are given as

UZ’FI = ue‘F[ y 81 Vul . n7’|FI et _66 Vue . ne‘FI . (434)
Qe
n;
I'p
Iy
o,
K

[
‘ U e

Figure 4.12: Geometric setting for the model problem. (). comprises all shaded regions.

Since we deal with two domains with similar BIEs, we will write them compactly using
the sub-script * throughout this section, where * € {i,e} denotes the interior domain €;
and exterior domain (2., respectively. For the bounded open Lipschitz domain (2,, the
electrostatic potential wu, € H'(Q,) weakly satisfying the Laplace equation Au, = 0 in ,
also satisfies the following boundary integral equations:

-V, Y4K| ] 0
Iz_d_K; —~W, 1 ['Y*DU* = lol- (4.3.5)

In the equations above v is the interior Neumann trace operator v~ : H'(A;Q.,) —
H=2(05),), and 72 is the interior Dirichlet trace operator P : H'(Q,) — Hz(89,), defined
for a function f € C*(Q,) as:

W fx) = lim o Vf(x) ndx), 7 f(x) = lim o f(x), (4.3.6)

Xy EQi X EN N4 X4 €EQu —XEINN

where n, is the unit exterior normal vector field on 99,. The operators V,, K,, K/ and

W, are the well known single-layer, double-layer, adjoint double-layer and hypersingular
boundary integral operators (BIOs) for the Laplacian which are bounded linear operators
acting between the following spaces:

V, : H72(9,) — H2(9,), K, : H2(09,) — Hz(09,),
K. : H 2(9,) — H 2(09,), W, : H2(85),) — H 2(09,).

For input data lying in L>(0f),), the boundary integral operators also have explicit repre-
sentations as improper integrals which we will use in the next sub-section. This regularity
assumption will obviously be true for the boundary element spaces used for discretization.
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4.3.1 Traces

To obtain a variational formulation of the BIEs, we first rely on the offset function technique
used for the mixed boundary value problem [58, Ch. 7] [54, Ch. 4]. Let g, € H2(I'¢) and
New € H™2(T'¢) be suitable extensions of the given boundary data g and 7 respectively, such
that gex‘FD =g and 7761"1“1\, = 1. Using these extensions, we decompose the tracesﬂ on I'c
and define

‘F — fez, UE I:I%(FN) ={bv € H%(FC) :supp(v) C 'y}, (437
= e = e, ¥ € H2(Tp) = {6 € H 2(T'0) : supp(v) C I'p}. N

u—veue

The unknown traces on I'; are denoted as u; = fyfueh,] and 9 = fyévue‘rl, where u; €

Hz2(I;) and ¢; € H~2(I';). The task of solving the transmission problem (4.3.3)) then reduces
to finding the unknown traces u € Hz(T'y), ¢» € H™2(T'p), u; € Hz([;) and ¢; € H™2(T;).
More information on the “tilde spaces” can be found in [54, Sec. 2.4.2], |58, Sec. 2.5].

4.3.2 Variational Boundary Integral Equations

To get the variational equations we rely on the duality of the Sobolev spaces H _%(89*) and
H %(69*), and the corresponding duality pairing (-, -),. Testing the first equation in (4.3.5)
for * = e with ¢ € H2(9%.), we get

ay e( Ue, ¢ =35 <75 Ue, ¢> + ak e( eDuey ¢) v¢ € Hﬁ%(age)a (438)
where the bilinear forms are defined as:

ay - H_%(aQ*) X H_%(aQ*) — Ra aav* (1/}7¢> = <V* 1/}7¢>*7
ak.: H2(00.) x H2(00) = R, au. (9,0) == (K. g,9),.

We work with the integral representations of these bilinear forms which hold for functions
in L>°(9€),). In that case, the duality pairing (-, -), also reduces to the L?(9€,) pairing. The
integral representations are

. 00) = [ [ Glxy) vly) o) dS(y)d8 (),

O 00

e g//vaxy1m><>wmﬁmw@»

where G(x,y) : {(x,y) € R x R?: x # y} — R is the fundamental solution for the Laplace
operator,

1 1
G(x,y) = —glog(ﬂx—yﬂ) ford=2, G(x,y):= e | for d = 3.

9For functions in H? we use Roman letters and for those in H~2 we use Greek letters
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Let the chosen test function ¢ in (&.3.§) be such that ¢|p, = 0, and ¢|p, = ¢ € ﬁ_%(FD).
The integrals over 02, can be decomposed into integrals over the disjoint boundaries I'; and
I'c, and we get

// (x,3) ¥r(y) $(x) dS M$@+//G@JH%@%M%W$@M$w%@)

=5 [ 8209 500 856+ [ [ V,Gx.3) nly) () 09 dS(3)aS()
+//Wﬁ®ﬁwﬁﬁ@@ﬂmﬁﬁ%@wﬂwﬁ® Vde HHTp),  (43.9)

I'cTo

where ; = vNu|r,, ur = 7Pu,, and ¢, u are the unknown traces on I'¢ defined in (4.3.7)).
We introduce some notation to write the variational equations in a compact way. For e, A €

{I,C}, we define

(H2(T,) x H2(T,) - R
apt w¢k+//cxy H(x) dS(y)dS(x)
’H%(r)xH .

1°: }_>/ (x)

agt H//vaxyru><wwmﬁmw@>

@mwf//akwd%>“<ww>ﬁw> (2D)

Q%A dt dt
(g,v) — //G(x, y) curlr g(y) - curlr v(x) dS(y)dS(x) (3D).

In the definition of ay*, 4 denotes the arclength derivative along a curve and curly u(x) :=
grad u(x) x n.(x) is the vectorial surface curl operator. This notation allows us to rewrite
(4.3.9) as

aa‘l/,c (wb é) + aag,c (wa é) - aaé{vc (ub é) - &a%c‘ (u> é)
1

= §lc<ge:va (;) - aa‘c/,c (77617 (5) + aaf(,c (ge:pu (;) \V/(; € ﬁi%(FD>
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Similarly, we test the second equation in (4.3.5) for * = e with a function v € Hz(d€,), such
that v|r, = 6 € H2(I'y) and v|p, = 0. This yields

aa@c(ul,ﬁ) —i—aavcv,c(u,t)) +a cc( 77/1) +a C’I( ,@/)[)

= -1% New) = 8,0, (Gex, B) — 8,00 (0, mea) VB € H2(I'y).

Note that we write the bilinear form corresponding to K’ in terms of ag*, exploiting the
relation (K. g, ¢), = (9, K, ¢),. Next, we obtain equations on I';. We test the first equation

in (4.3.8) for x =i with ¢; € H™2(I';):
av.; (7w, o) = = <% ui, ¢1), + ai (7 i, ¢r) Vor € H™3(T)). (4.3.10)

From the transmission conditions (4.3.4) we know that e;v¥u; + €.¥¥u, = 0 on 'y, which
gives yNu; = —=2¢)r, and that vPu; = u;. Using these relations we get

= [ [ Gtxy) valy) o0 d(y)as(x) = / (%) 61(x) dS(x)

Iy I'r

+ //VG(X, y) - n;(y) us(y) ¢r(x) dS(y)dS(x) Ve € H’%(FI). (4.3.11)

Iy I'r

This equation on I'; is not very useful by itself, as we do not know any traces on I';. We
combine it with the corresponding equation for €2, as follows: We test the first equation
in for = ¢ with a function ¢ € H~2(dS,), such that dlr. = 0 and ¢, = ¢; €
H~2(T';). Then subtracting from it gives

Ee
aagaf(lﬁ, or) + (1 + ;)aay (Y1, 1) — A 0.0 (u,¢r) — 22,11 (ur, ¢1) =
— 8,01 (Tew, 1) + 2,01 (9ew, 61) Yooy € H™2(T)).

In the simplification above, we used the fact n; = —n.|r,. Combining the second equation
in (4.3.5) for * =i, e in a similar fashion, we obtain

aag/,l(u, U[) + (1 —f- )a II(U[7U[) + a IC’(U[,?,D) + 2aa§%1(0[7¢1) =

— aa%z(gem U[) — aakc(t)],?]ew) Yo € H%(F[).
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In the combined system of equations we seck u € Hz(Iy), » € H2(I'p), u; € Hz(I';) and
¢y € H2(I';) such that

&;
aa%z(u, U[) + (1 + c )a II(U.[, U]) + aK (U[,ZD) + QaQQI(UI,zD[)

= —a,0.1 (8er, 1) — 8,10 (07,7 Vo, € H2(T)),
€e
aag’f(@/), ér) + (1 + ;)aa{/ (Y1, 01) — a}%’l(ua ¢r) — 2aa§<,1 (ur, ¢1)
= —a CI(nexa(bI) +aa%1(gema¢l> V(bl S Hﬁé(rl)a

aaf/*c (wla q;) + aag,c (wa Q;) - aakc( gb) —a, C ¢ (u q;)

= Elc(gemv gg) - aag,C (nexa Qg) + aa%C (ge:w QNS) VQ; € INJ_% (FD)a

aaé‘,/c(u],f)) —I—aagv,c(u,t)) +a f{c( ¢) +a CI( ,Qﬁ[)

= 510 ) — 1,50(0009) — 00 (Bon) VO € HH(T)
(4.3.12)

Remark 1. From our knowledge of the mapping properties of the layer potentials and
boundary integral operators [54, Sec. 3.1.2] we know that all the bilinear forms on the
LHS of (4.3.12)) are bounded. Combining all the bilinear forms on the LHS and setting

(0,0,07,07) = (u,w,ul,wj) we get the ellipticity estimate

(1 oo arur) + (4 ), (01 01) + g0 (.0) + a0 (1) + 20,10 (U1, ¥) + 20,0 (w1,
2 a,11 (Y1, vr) + aag,c(w, ) + 2a,1. (¢, w)+aa%c (u,u) + 2a,1c (ur,u) + a1 (uz,uy)
= ay, (Y, ) + aw (0, 1)
> ¢ (1612 gy + 1000 g Il g )+ il )

where ¢/ € H 2(0) : /|, = ¢1,¢’|FC = and v € Hz(0Q,) : o|p, = ur, W, = u.
For ellipticity results on the bilinear forms ay and aw we refer to [54, Sec. 3.5.2]. The
existence of a unique solution for (4.3.12) is then guaranteed by the Lax-Milgram lemma [5),
Lem. 2.1.51].

4.3.3 Variational Formulation on Deformed Domain

We start by denoting the reference configuration with superscript zero, that is QY and Q2

for the inner and outer dielectric materials, and Q0 = Q) U QO for the capacitor domain.
We denote by TY := 9QY the reference interface on which we wish to compute forces, and
by T := 9Q° the outer boundary of the capacitor. We will only consider perturbations of
the reference domain QY as it induces the perturbation of 9. The perturbation map
then gives a set A, of admissible domains, A, := {2 :=T%(QY),s € (=d(v),d(v))}. In the
spirit of the Virtual Work Principle, we consider the electrostatic setting from Sub-section
for this set of admissible domains. Temporarily we fix a velocity field ¥V € C§°(D), which
need not vanish on I'Y,. Dependence on V will not always be indicated in notations.
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For the “s” configuration, all the boundaries and interfaces are defined using the per-
turbation map, for example I'§ := T¥(T'%). The dielectric constant for the s-configuration is
defined as £°(x) := ¢, for x € QZ, * € {i,e}. The boundary conditions for the s-configuration
are denoted by g5, € H %(FSC) and S, € H _%(F%). To impose constant Dirichlet boundary
conditions on the capacitor plates we need a voltage source which we will call the battery in
the sequel. It needs to be included in the energy considerations because the battery supplies
energy during shape deformations. We denote the total energy for the s-configuration by
J (s), which is the sum of battery’s energy Jp(s) and the electric field energy Jr(s), which
are mappings J, Jg, Jr : (—0(¥),d(v)) — R. The field energy is given as

Tels) 1= 5 / £ (X)Vu'(x) - Vi (x) dx

Q2
S Ve )| dx+ = | Ve )| d
=5 [ IVuE)I*dc+ o [ [[Vue)l* dx (4.3.13)

=5 [ (W) +95(x) (n%(x) +¢°(x)) dS(x),

I'e

where u® : Q27 — R is the electrostatic potential in the s-configuration, and u; := u*
u*|gs. The Dirichlet and Neumann traces are denoted in a similar way using the superscript
s where u® and 1)® denote the traces on I';,, and uj and 1] denote the traces on I';. The field
energy expression for s-configuration motivates us to define

-
anui T

J(s): H2(T%) x H 2(T%) — R,
€e

T6)(0.0)i= 5 [ (06x) + 82, )) (12,0 + 61) dS(x). (43.14)

I'e

Remark 2. The shape deriwvative of the battery energy is related to the shape derivative for
the field energy by *2£(0) = —2%(0). This holds because for a battery supplying a constant

ds
dJB

voltage *2(0) = —g%(O), where Q(s) is the net charge on the outer boundary I'},, given as

Qs == [ ) as
'y
Hence we only need to examine the shape derivative of the field energy which gives the negative

force field.

Since the perturbation map is a C*° diffeomorphism for small enough s, the domains in
A, will possess connected Lipschitz boundaries. Thus, we can augment the bilinear forms
from (4.3.12)) appropriately to get the variational formulation for the s-dependent problem.
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The augmented bilinear forms are given as

(H~2(T¥(IY)) x H™2(T%(1Y)) - R
At (s) : Wy [ ] Gy ey o) dS(y)iS(x)
\ Ty (TQ) T4 (T9)
(H=(T%(I)) x H™3(T%(1Y)) — R
1°(s) : (9,0) / 9(x) 6(x) dS(x)
\ T"(FO)
(H:(T%(9)) x ) = R
ar(s) (9,6) / / vexy> “(v) 9(y) 9(x) dS(y)dS(x)
\ T¥(I'Y) T¥ (T
(H2(T%(TY)) x H2<T';<r‘1>> —R
" G [ Gy By G asyasi (2p)
ay (S): TY(TY) T%(T9)
(9,v) — / G(x,y) curlr g(y) - curlr v(x) dS(y)dS(x) (3D),
\ T4 (T$) T(I9)

where o, A € {I,C'}. Note that in the new s-dependent expressions, & <2 and curly denote the
arclength derivative and the surface curl operator respectively on the perturbed boundaries.
The symbol n{ denotes the normal vector on €2} = I't, UT'7. This notation allows us to
write the s-dependent model problem in a similarly compact way. We seek u® € H %(Fﬁv),
Vs € H2(T%), us € H2(I%) and 45 € H~2(I%) such that

aw (s)(w,0p) + (1 + ;> axy (5) (w3, 01) + i (s) (07, 4°) + 2aid (5) (01, 5)
= —aSV% ><gzw or) — a(s)(07,m,) Vo € H2(T3),
—)av ()5, 1) — ai () (", 6r) — 2ag () (w7, 61)
(5) (120 61) + a5 () (95 61) Vo € H2(I)),
avC(s) (15, @) + aSC(s) (1, @) — aiﬂ (15, 6) — a % (s) (u", )
= S0 B) — ()0 D) +aL(s) (02, 0) ¥ € HE(T),
axy (5)(u7, 8) + ay” (s)(u®, 8) + a(s)(8, 1°) + ag" (s)(8, ¥7)

1

= 1) (0, 1%,) — aw’ ()82, ) — a“(s)(B,72,) Vo

€2

ay" (s)(¥%, 61) + (1 +

C,I
= —ay

(
(o

A possible way to choose these boundary conditions is by taking the trace of functions in
1
the volume, for example g5, := f|rs, € Hz(T'g,) for some f € H'(RY).
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4.3.4 Equivalent Formulation on Reference Domain

We begin by transforming the integrals back to the reference domain using the perturbation
map. The objective is to write an equivalent problem to (4.3.15)) on the reference domain.

“0.0) = [ [ G, T DTy waly) OTH) () dS(¥)dS(),

(5)(9: ) = / (T2(x)) G(TH(x) () dS(x).

/ / V,G(T (%), T(y)) - (DT (y))nl(y) g(T*(y))-
% 1 S(T(x)) wa(x) dS(y)dS(x).

G(TY(x), T{(y))
rg 19 ws(y) ws(x) dS(y

)T (y)) ()T (x))- (2D),

dt
(x)

/ G(T(x), T (y)) (curlr g)(T;(y)) - (curlrv)(T%(x))- (3D),
1y 1y ws(y) ws(x) dS(y)dS(x)

dg
(G ¢
)dS

aw’ (s)(g,v)

(4.3.16)

where n? is the unit normal vector field on the reference boundary 9QY and C(M) is the
cofactor matrix of M. We have used the following identity for transforming surface integrals
[18, Ch. 9, Sec. 4.2, eq. 4.9], [57, Sect. 2.17] from T%(T°) to T°:

/ F(x) dS(x /(foT")() (%) dS(x),  wi(x) = ||C(DT?)(x) n’(x)

T"(FO

},XEFO,

where n® is the unit normal for T%(T'°). We have also used the following formula for the
transformation of unit normal vector fields [18, Ch. 9, Thm. 4.4 |

C(DTY (x))n"(x)

T = e omm X<

4.3.5 Pullback

The next step to achieve our objective of having an equivalent problem on the reference
domain is the use of a pullback, which allows us to get rid of the s-dependence of the
function spaces. We use a pullback of surface charge densities (2-forms in the language of
exterior calculus) for functions in H~2(I'3) and a pullback of potentials (0-forms from the
perspective of exterior calculus) for functions in Hz(I'), e € {I,C}:

pEHEIY: = oT) w, veH (T, (4.3.17)
e H:(I%: &:=vo0T", ve Hz (). (4.3.18)
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The pullback allows us to work with functions on the reference boundaries I'Y which will be
important in order to compute the energy shape derivative later. Since T% is a Lipschitz
continuous mapping and w, € L>®(I'%), the trace spaces are preserved under pullback. We
also need additional transformation rules for the hypersingular bilinear form ay (s)(g,v). In
2D it involves the arclength derivative which transforms as

9(T{(x)) —9(TY(y)) goT{(x) —goTi(y) 1 dg

A9\ irow — lim — lim = X
@ T = I TR Tl e wely X g @)™

% is the arclength derivative of g which lies on the reference boundary.

In 3D we have to transform the surface curl operator. We begin by noting that curlp u(x) :=
gradp u(x) x n(x) = Va(x) x n(x), where @ : R® — R is an extension of u € C'(T) to a
neighborhood of the surface I' along the outward normal n(x). Using the transformation
rules for the gradient and the normal we get

(curlp ) (T(x)) = Va(T{(x)) x n*(T{(x))

where

= DT V(o T X (B aia]
_ det(DT%(x)~")DTY (x) o TY)(x) x n’(x)) = DT (x) curlpa)(x
~ |IDT2(x)"T n°(x)|| (V(E o)) > 2) ws(x) feue )

where we used the identity (Ma) x (Mb) = det(M)M~T(axb) for a regular matrix M € R3?
and vectors a,b € R3, and n®(x) is the outward normal on the boundary T%(I'?).

Based on the pullbacks, we define bilinear forms that look similar to those of ,
but are defined on s-independent trace spaces on reference boundaries. Notice the difference
in notation for these bilinear forms for which the parameter s is included as an independent
variable, thanks to the spaces being independent of s.

((—6(V),6(V)) x H2(T%) x H2(I) - R

avt (5:9.) > / / G(T?(x), T2(y)) d(y) d(x) dS(y)dS(x)
((=6(V),8(V)) x H2(TY) x H2(T%) = R

g (5:9.0) / §(x) d(x) dS(x)

((—6(V),0(V)) x H2(T9) x H2(I'}) = R

ant (5:9.0) / / V,G(T%(x), T(y)) - C(DT(y))nl(y) 4(y) H(x) dS(y)dS(x)
(= 3(V),6(V)) x H3(T9) x H%ﬂi)%ﬁ p

n (s19.0) = [ [ 6T, T2 (G5 (1)) dS(3)iS0) (D),

(5:6,0) / / G(T*(x), T%(y)) (DT (y)(curly §)(y))-  (3D).

\ Lo o (DT (x)(curlr 9)(x)) dS(y)dS(x)
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Using a similar procedure we can also get a transformed energy functional J
(=6(V).8(V)) x H(Ig) x H™3(Ig) — R,
(5:18,) = 5 /(ﬂ(X) + 05,(%)) (92, (x) + $(x)) dS(x),
re

where g2, and 7, are the pullbacks of the extended Dirichlet and Neumann boundary data
respectively. Finally our system of equations becomes: seek u* € H %(FS)V), Vv e H _%(FOD),
it € H2(I") and 5 € H 2(I'9) such that

égvl(s u’o) + (1+ ‘)é{,\ﬁ(s u3,07) + aK (s; 61,1/35) + 22&%&1(5; 6[,1[1?)

= —aSV%s gwna — a7 (s; 07,72, Vo, € H2(IY),
ay! (s;9%, 1) + (1 + 1>A“< (0, dr) — g (s;10°, dr) — 242 (51165, )

= —331(5'77;:»651) +a (5382, 01) Vo € H™3(IY),

ai}c(s;'&b(ﬁ) + éS/C(S;’lZ}s?qg) - aKC(S uIa ¢) - aK (S u 7¢>
2 ~s 7 2C, 25 7 1 r—2
- 510(5 gem) Ay (5175, 0) + Ay (5185, 0) Vo e H2(T')),
1~ R . R R R ~
17 (51 0.0%,) = A (5182, 0) — (51 0,%,) WO € HA(IR).
(4.3.19)

At this point we make the assumption that V|F% = 0. Consequently, the boundary ',
does not change under the perturbation map, neither do the boundary conditions on T'%.
Exploiting this we write 75, = 7., and g3, = g., which will make easier computing partial
derivatives with respect to s.

Introducing the notations

Vo= ﬁ—%(ro ) x H2([9) x H™2(I'9) x H2(I'Y),
(% 1/117111) € V X? = (Zﬁsa Asa }97&?) € V7 Y = ((5767(5[761) € ‘/7
the system of equations (4.3.19)) can be written as

XeV: A(s;XY)=L(s;Y) VY eV (4.3.20)
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where the s dependent bilinear and linear forms A and L are given as

(= 6(V),6(V)) xV xV =R
(5;X,Y) —ay (s;1,07) + (1

(
~ N 566 ~
A Vs, o) + (1 5_) ( sr, or) — agl(s i, ér) — 24y (s; iy, o)
y (53907, 0) + ay (s, 0) — g (s, 6) — g (51, )+
\ iy (517, 0) + Ay (5514, 0) + i (50, 9) + i’ (510, ),

((—0(V),6(V)) xV =R ) )
(SaY) - é“\():vI<S Yex U]) ALC(S; 6[7 nex) - éJSJ(S; Nex ¢]) + é“§71<8;96$7 ¢I)+

L: 1. - Al A - .
1 (53 ey 0) = AV 7 (53 eas ©) + 8 (55 B, @) + 51516, 1e)
\ a\?vc(S;gexa A) - a}(i (53 6777@x)-

We call the “state (variational) equation”. This formulation is equivalent to our
s-dependent model problem as a solution of the original formulation also solves
this pulled-back formulation by definition. Conversely, if & € H2(I'%), ¢* € H~2(T'%),
i3 € H2 (1Y) and ¢ € H2(I"Y) solve then using the fact that TY is a diffeomorphism
and taking into account pullbacks, we recover the original formulation (4.3.17)).

4.3.6 BIE Constrained Shape Derivative

While shape differentiating the field energy, we need to account for the constraint (4.3.19)).
We do this using the well-established adjoint approach [31, Sect. 1.6.4]. We start by defining
the Lagrangian:

L:(=0V),0V)xVxV =R, L(XY):=A(5;X,Y) - L(s;Y) + J(s; X),
where
3OV XV B 3X) = [0+ 0u) (a0 + 96) a0

We recover the energy functional by plugging in the pulled-back solution X* € V of (4.3.20))
into the Lagrangian,

L(s;X°Y) = J(s;X°) = Tr(s).
Differentiating with respect to s and using chain rule gives

dJr oL oL axe

0 )
ds 55 0= Os 8X(0 XLY); ds

—(0; X" Y)+< (0)> VY e V.

Using the adjoint solution P& V| the Gateaux shape derivative in the direction of V can
be written as:

0; X", P

ST0) = 0 X,P)
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The adjoint solution P := (p, p, pr, pr)€ V solves the adjoint variational equation

%(0;X°7P); Z> =0 VZeV| (4.3.21)

where Z := (8, w, 57, w;), and the notation <g—§(O;XO,P); Z> means the derivative in the
direction Z. Written more explicitly, the adjoint variational equation is

PcV: A(0;Z,P)= —%(IC(o;w,nm + 0 +1°00; 9., + 1%, 8)) VZEV. (43.22)
The adjoint equation involves a similar bilinear form as the state equation (4.3.20)) and a

modified RHS. The partial derivatives with respect to s are computed by differentiating with
respect to s under the integral, using the chain rule and product rule:

agﬁ (0:4.9) ://WIG(X’ y) - v(x) + V,G(x,y) - v(y)) ¥(y) (x) dS(y)dS(x),
o . o
Os (Ov 7¢): ,

@é;{‘

(0:4,) = / / (Vo (VG y)T - w(x)+
B V,(7,G00 )T - ly)) - n0y) §(y) $(x) dS(y)dS(x)
[ [¥,6603) - (v nlly) - DU nly)

~

r3 e g(y) o(x) dS(y)dS(x),
(VoG(x,y) - v(x) + V,G(x,y) - v(y)): (2D)

do

rg rg d_g X X

(0:4.6) = / / (V.G(x,y) v(x) + V,G(x,y) v(y)): (3D)
0o 1Y curly §(y) - curly v(x) dS(y)dS(x)

+//G(x, y) ((DV(y) curly §(y)) - curlp o(x)+
ro o curlr §(y) - (DV(x) curly 9(x)) dS(y)dS(x),

\

(4.3.23)
where we have used the identities [57, Sect. 2.13]
d(f 0T d(C(DT” d(DT”
Mhzozvf.y, M|S:0:v.y1d_(Dy)T, ( )ySZOZDv,
ds ds ds

The energy shape derivative is obtained by combining these partial derivatives. It seems
A0, A N

that the integrands in d?; (0; g, ¢) feature strong singularities. However, after inserting

a Taylor expansion of V it turns out that these cancel and we end up with only weak

singularities [48, Equation 4.37].
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The final expression for the shape derivative of the field energy in the direction of V
reads

dJF _oc oA oL, ]

d . . 0 . 0 0 . o 0 .
asa\g\/l(07u0’ I) + (1 + )8_8’{)\}'(0 u(l)ap1> + &aic(o;pla wo) 26_8‘1{1(0 p[a ¢I)

(O;Xo) =

LRGN0 ) + (1 ) a0 00, ) — 0080, ) — 22RO )
4 L8, 5) A0, ) — k(08 p) — A0, )

4SR5 5) + oSO8, 5) + RS0, 00) + oA 015, 0

+ ; (05 Gews Pr) + %aK (0; D1, 7ea) + %év’ (03 ea 1) — %aK (0; gea, 1)

1 10

2

d - ) 0
_1 . ~ -~ _ o ——IC
Ep (0; Gews p) + asav (05 News ) aSaK (05 gew, P) P (05D, New)

0 cor .0
+ %aW (O7g€$?p) + &saK (O pa 77696)
(4.3.24)

because J does not depend on s. Now we will study the properties of the shape derivative
expression.

4.3.7 Mapping Properties of the Shape Derivative Formula

We saw in the previous sub-section that the shape derivative formula contains the
expressions %é{,"(o;zﬁ,qﬁ), 25340 g, ¢) and 235t (0;9,0) for o, A € {I C} In this sub-
section, following [48, Section 4|, we will briefly discuss the smgularltles of the kernels in
these integrals which will determine the mapping properties of the related boundary integral
operators. It is to be noted that when e # A, the integrals are well defined as Lebesgue
integrals since the singularity is never encountered in the double integral. So we will restrict
the discussion to the case @ = A and write I' instead of I',. We also drop the superscript
notation for the sake of simplicity. For the analysis we assume v € (C5°(Q.))? and g., €
C>®(T¢c).

Next, we focus on the terms aaisv and 82—?’ to demonstrate the analysis techniques, as they
contain the same kernel. A similar analysis for 2% can be found in [48| Sec. 4.4]. Using the

Js
expression for the fundamental solution, we obtain its gradient:

1 X—y
2007 [|x — ||

V,G(x,y) = d=2,3.
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The boundary integral operator Ty at the core of 85‘—;’ and

1 X—y

Ty ¥(x) : (v(x) —v(y)) ¢(y) dS(y), xe€T (4.3.25)

T 9d-1r ol
/ Tyl

z

=« (l/(x) —v(x— z))

2]
Thanks to the smoothness of the velocity field V, we can employ a local Taylor expansion
1
V(x) = V(x - 2) = DV(x)z = -D*V(x)(2,2) + O(|[2]|") for z =0,

which gives us

2'DV(x)z

Ky(x,2z) = K\l,(x,z) + K\Q,(x,z), K\l,(x,z) = ” Hd
z

For d = 2 we observe that Ky(x,2) is a homogeneous kernel of class —1 according to
the definition in |44, Sec. 4.3.3], as its first order derivatives in z are homogeneous with
degree —1 = —(d — 1), and are odd. We also observe that z — KZ(x,2z) € W>°(R?) for all
x € . Finally, the assumptions on V give us regularity of x — Ky (x,2). Thus Ky(x,2) is
a pseudo-homogeneous kernel of class —1.

For d = 3 we first redefine the notations as

Ky(x,2) = Ky(x,2) + Kj(x,2) + Ky(x, 2),

2I'DV(x)z 12'D?*V(x)(z,2
Ky(x,2) = —Hz”(d ) , Ky(x,2) = 3 Hz(Hd)( ),

and see that the first order derivatives of z — K{(x,2) are homogeneous with degree —2 =
—(d — 1) and are odd, making it pseudo homogeneous of class —1. The same holds true for
the second order derivatives of z — KZ(x,z) which makes it of class —2. The rest of the
terms encapsulated in z — K3(x, z) belong to W (R3). Using regularity of V we conclude
that Ky(x, 2) is pseudo-homogeneous of class —1.

The pseudo-homogeneity discussed is enough to invoke [44, Thm. 4.3.2]. Combining it
with results from [24, Sec. 1.3] on scales of Sobolev spaces H*(I") supported on boundaries
of class C™!,r € Ny [24, Def. 1.2.1.1], we get the mapping properties which are summarized
in the following three lemmas, whose detailed proofs we skip, referring to [48, Section 4]
instead.

Lemma 2. Assuming V € (C5°(D))? and T' of class C™', the boundary integral operator Ty
defined in (4.3.25)) is a bounded linear operator Ty : Hl’%(f‘) — H”%(F), —7"—% << 7"+%.

Consequently %is" provides a continuous bilinear form on Hl_%(F) X H_l_%(F).

Lemma 3. Assuming V € (CZ(D))? and I’ of class C™, %% : HH(D) x HYT) — R is
a continuous bilinear form for —r — 1 <[ <r.
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daw

5ok, For d = 2, using integration by parts,

This result is due to the special structure of

8aw d d
s —(0;u,v) = ( (d oTyo dt) )LQ(I‘)' (4.3.26)

Since Ty : H'(I') — H'""Y(T'), —r —1 <1 <r, we have £ 0o Ty o4 : H'*/(T') — H'(T') and by
duality the lemma follows.

For d = 3 the expression % aaw (0;u,v) consists of two parts as seen in m Using integra-
tion by parts, the first term becomes

/ / (VoG(x,y) - v(x) + V,G(x,y) -¥(y)) curlp u(y) - curlr v(x) dS(y)dS(x)
= — (v, (curlpo Ty o CurlF)u>L2(F) )

where curly is the scalar surface curl operator. For the second part of ‘%‘—‘S’V(O; u,v) in (4.3.23)),
integration by parts gives

//G(x, y) ((DV(y) curly u(y))-curl v(x)+curlr u(y)-(DV(x) curlr v(x)) dS(y)dS(x)

= — (v, (curlp o Ty o(DV + DV7) curlr)u)

L2(T)
For Ty : H(T') — H*YT), —r — 1 <1 < r, we have bounded operators

curlp o Ty o curly : HY(T) — HY(T),
curlp o Ty o(DVY + DVT) curly : HHT) — HY(D),

and by duality the lemma follows.

Lemma 4. [48, Sec. 4.4] Assuming V € (C°(D))? and T of class C™!, 8;‘—? provides a
continuous bilinear form on H'(T) x HYT), —r —1 <1 <r+1.

The obtained mapping properties of the bilinear forms lead to the following Proposition

e (0; V) : VXV = R, (Xo,P) = 22(0; V)[Xo, P,

as defined in 4 3.24)) is continuous.

This paves the way for invoking Proposition [1| to conclude superconvergence of the BEM
approximation /£ (0; V)[Xo 4, Py), where X, P, are the boundary-element Galerkin solu-
tions.

4.3.8 Numerical Experiments in 2D

This section is focused on demonstrating the numerical efficacy of the new shape derivative
formula (4.3.24)) by using it to compute forces and torques, and comparing it with the
interface-based and volume-based methods obtained from the Maxwell Stress Tensor [23|
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Section 8.2, Eq. 8.17]. Inside the linear, homogeneous and isotropic dielectric medium €,
* =i, e , the Maxwell stress tensor is given as [

T, (u.)(X) = e, (Vu*(X)Vu*(X)T - %HVU*(X)HQId) , x € Q. (4.3.27)

At the material interface I';, the Maxwell stress tensor is discontinuous and the surface force

density f; is defined as (T.(u.) — Ti(u;))n; [28]. In our model problem, there are no residual
charges inside €);, hence it experiences only surface forces. The net force F on the interface
['; can be obtained by integrating the surface force density

F = /ff(x) dS(x) = /(Te(ue)(x) — T;(u;)(x)) n;(x) dS(x). (4.3.28)

Note that the above expression for net force is an interface-based expression as it only involves
integration on the boundary I';. For d = 2 (4.3.28) can be simplified further using the

transmission conditions, resulting in an expression containing only Dirichlet and Neumann

traces,
S ; Ee / ((%(@)2 4 i_jq/@(x)) n;(x) dS(x), (4.3.29)

Iy

where ¢; = vév Ue|r,, Uy = %D Uelr,, and %I represents the arclength derivative of u;. Note

that the expression (£.3.29) is not well defined on Hz(I';) x H~2(I';).

4.3.8.1 Boundary-Element Galerkin Discretization

We start with mesh partitions C;, and Zj of the boundaries I'c and I'; respectively, whose
cells consist of either straight line segments (d = 2) or flat triangular panels (d = 3). We
perform a Galerkin discretization of employing the lowest order boundary element
spaces S5 (Cp) and Sy (Zy,) for H~2(T'¢) and H~2(T';) respectively, and S%(C,) and S9(Z;,)
for Hz(I'¢) and H2(T';) respectively. Sy is the space of functions that are piece-wise
constant on the underlying mesh. S¢ is the space of functions which are continuous across
the boundaries of the mesh elements and are polynomials of degree one when restricted to
the elements (piece-wise linear functions). For more details about the construction of the
spaces Sy and SY we refer to [58, Ch. 10] or [54, Ch. 4]. The choice of basis functions and
the computation of the Galerkin matrices is presented in [54, Ch. 5].

4.3.8.2 Implementation

The BEM solution for both state and adjoint problem is computed using 2DParametricBEM
E], a C++ library for BEM in 2D which uses exact parametrization for the boundaries. It
evaluates the integrals with weakly singular kernels, like that of Single and Double layer po-
tential, using log weighted Gauss quadrature (order 16) and regularization by transformation

107, stands for the d x d identity matrix, ||.|| denotes the Euclidean norm
1 Code available on Ning Ren’s Github repository https://github.com/gninr /FCSCD

5



to polar coordinates [26, Section 9.4.5]. Galerkin boundary-element solutions of the state
and adjoint equations, (4.3.20)) and (4.3.22)), are computed using lowest order BEM spaces
Sy HCh), Sy M (Tn), SY(Cr), SY(Ty,) for a quasi-uniform sequence of mesh partitions Cj, of I'c
and Zj of I'; with decreasing meshwidth h. As pointed out in Section Syt is the
space of piece-wise constants, and SY is the space of continuous piece-wise linear functions.
In the implementation, the extended trace g., is constructed using a smooth extension of
g by zero to I'c, which on the discrete level is implemented by forcing its finite element
approximation to have zero coefficients on mesh nodes in the interior of I'y. 7., is obtained
from 7 by a trivial extension by 0.

The shape derivative formula is also implemented in 2DParametricBEM using
similar techniques to evaluate integrals with weakly singular kernels. For implementation we
assume that the perturbation field v is available in a functional form along with its first and
second derivatives. Smooth integrals are simply evaluated using Gauss quadrature of order
16.

Comparison with the volume formula is done using a FEM implementation. The solution
for the potential u is computed using piece-wise linear finite elements on a quasi-uniform
sequence of triangular meshes of €, with decreasing mesh size h. A polygonal approximation
of smooth curved boundaries is used.

4.3.8.3 Force Computation

For computing forces using the shape derivative formula, we use specific test vector fields V
as pointed out in . The cut-off function £ we use is such that £ € C§°(€2.) and £ =1
in a neighborhood of T[]

The force evaluated using the above recipe is compared to the interface based formula
from (4.3.28)), which is evaluated using the BEM solution and the trace of the FEM solution.
For the sake of completeness we also do a comparison with the volume based “egg-shell”
formula [27], [2§], [42] which is computed by plugging the FEM solution for u into

P [ ) (Vul) (Va0 Vuo) - 5 IVubl Vuto) ix, (1550

Qe

where w € Wh(Q.) with w|. =1 and w| = 0. We perform numerical computations on
two domains

e A square shaped €2, := (—2,2)? and a smooth kite-shaped €; given by the parametriza-
tion

v :[0,27] = R? ¢t 0.3+ 0.5 cos(t) + 0.1625 COS(Qt):|

0.5+ 0.35 sin(t)
e A square shaped €. := (—2,2)? and a square-shaped Q; := (0, 1)?

The coarsest volume meshes can be seen in Figure for both geometries. The Dirichlet
boundary conditions in both cases are given as g(—2,y) = 4,9(2,y) =0, y € [-2, 2] and the

120nly the values of ¢ on T';(= 1) and on I'c(= 0) are needed. Thus ¢ need not be specified any further.
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(a) Kite-shaped ©; (b) Square-shaped £;

Figure 4.13: Geometries for the numerical experiments

Neumann data n = 0. For the volume based formula (4.3.30)), we use the cut-off function

The

1 for ||x|| < 1.4,
w(x) = cos?(HLAmy fop 1.4 < [|x|| < 1.9,
0 for ||x| > 1.9.

reference values are computed using the shape derivative formula at a refinement level

of 4728 panels for the kite-shaped €2; and 5120 panels for the square-shaped €2;. Figure

4.14

d 1
shows the convergence plots for relative error of the computed net force (Z Ff) > Vs
i=1

mes

hwidth h for both domains.

From the plots we can immediately see that the shape derivative formula outperforms
other methods in terms of absolute accuracy as well as the asymptotic convergence rate,
which are tabulated in Table The worst formula in terms of performance is the interface-
based formula from (4.3.28)).

Table 4.3: Estimated asymptotic rates of algebraic convergence

Method Kite-shaped §2; | Square-shaped €2;
Pullback approach (BEM) 2.96 1.76
Stress tensor (BEM) 1.76 0.648
Volume formula (FEM) 2.29 1.73
Stress tensor (FEM) 1.06 1.09
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Figure 4.14: Error of total forces as a function of the meshwidth h. Dashed lines represent
the linear regression fits.

4.3.8.4 Torque Computation

For computing the net torque about a point ¢ € R? using the shape derivative, we use a
rotational test vector field V around the point ¢ as mentioned in (3.0.5). The net torque on
Q; is given as

- dd%(o; {z = (x—e)¢(x)}),

T
where £ € C§°(€2.) and £ = 1 in a neighborhood of I';. This will be compared to torque
computed using the surface force density (Te(u.) — T;(u;)) - n; at the interface I'; which is
given as:

T = /det [x — ¢, (Te(ue)(x) — Tyi(us)(x)) - my(x)] dS(x).

Ty

The determinant is a simple way of computing a cross product in 2D. Numerical compu-
tations are done in the same experimental setting introduced in the previous subsection.
As reference solution we use the torque evaluated using the shape derivative formula at a
refinement level of 4728 panels for the kite-shaped €2; and 5120 panels for square-shaped
;. Torque is computed about the point ¢ = (0.3,0.5) for square-shaped 2; and about
¢ = (0.5,0.5) for kite-shaped ;. Figure shows the plot of the relative errors in the
computed torque vs the meshwidth h for both domains.
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Figure 4.15: Error of net torque as a function of the meshwidth h. Dashed lines represent
the linear regression fits.

Estimates of asymptotic convergence rates are given in Table [4.4]

Table 4.4: Asymptotic rate of algebraic convergence

Method Kite-shaped €2; | Square-shaped §2;
Pullback approach (BEM) 4.38 1.69
Stress tensor (BEM) 2.78 0.84

4.4 Linear Dielectric With Source Charge Density

Consider a linear, homogeneous and isotropic dielectric material, occupying a bounded sim-
ply connected and open domain 2 C R3 with ng boundary, whose permittivity is given by
e € RT. The material is placed in a vaccum with permittivity ¢g € R™. In the vicinity of
the linear material, we have a continuous distribution of charges occupying Q.. € R? whose
charge density is given by p(x), where for x ¢ . p(x) = 0. The situation is depicted in

Figure
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Figure 4.16: Geometric setting

The electrostatic potential u is described by the following transmission problem

—div(e(x) Vu(x)) = p(x) in QU .,
[vpulpr =0 on I' := 09,
[e(x) ynulp =0 onT,
lux)| = O(||x||”") for ||x|| = oo. (4.4.1)

4.4.1 Variational Boundary Integral Equations

The transmission problem can be approximated using a boundary integral formulation.
We start with the representation formulae [2.1.20| for « in the two subdomains.
For Q:

u(x) = Vor(vyu)(x) — Ypr(vpu)(x).

For Q.:
1
u(x) = =W (yxu) (%) + Upr(ypu)(x) + < NP)x).
where N(p)(x f G(x,y) p(y) dy is the Newton potential of the charge distribution

p- Applying the Dirichlet and Neumann trace operators from both subdomains yields the
boundary integral equations ([2.1.21)) and (2.1.22)) which we use directly.



We use the notation ¢ := yfu and g := v} u for the exterior traces. Using the transmis-
sion conditions, the interior traces are denoted as yp,u = g and yyu = <. Inserting this
notation into the equation for €2 gives us

Vo Yo K]| 2] o
—H4K W g ] 10)

which can be rescaled to get

L6 2= )
—$+K  SW ||g 0"

Adding it to the equations for €2, gives us

o ] (o) 5 )

€0
The first equation is in Hz(I') and can be tested with ¢ € H2(I') to get the variational
equation
€ 1 _1
(14 -2)bv(¥:0) = 20k(g,0) = = (EN(p), ) Vo € HTH(T).

Similarly the second equation is tested with w € Hz(T') to get

(1 S)bwlg.w) + 2bre () = = (iN(p)w) Vw € HH(D)

€
We can combine the two equations into a single variational formulation. We seek the solution

e H2(I'),g € H2(T') such that

(14 20bv(®,0) = xc(g,0) + (14 —)bwlg, w) + 2oy ()

~ (BN 6) + — (AN(pw), Vo€ HHD),we HAD). (142)

€0

Equation (4.4.2) is uniquely solvable as we will see next. We first note that the equation
has a solution, which are the exterior traces of the potential u that solves the transmission
problem . To show unique solvability, we require the solution of the homogeneous
equation to be trivial.

Theorem 2. For €, ¢y € R™, the homogeneous equation

a+%mwwaW@@+u+§mm%m+%mwm=a Vo € H2(T),w € H(T),
(4.4.3)

has a trivial solution ¢y = 0 € H2(I') and g = 0 € H2 ().
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Proof. Plugging in ¢ = and w = g into (4.4.3) we get
€ €
(L4 -2)bv(w:¥) + (1+ =)bw(g,9) = 0. (4.4.4)

Writing g, := g — ¢ where ¢ := [ g dS, we see that
r

bw(g,9) = bw(gs« + ¢, g« + ¢) = bw (g, gs)- (4.4.5)
1 1 1
Obviously g, € H2(I') :={u € H2(') : [wdS = 0}. Given the ellipticity of V on H 2(T)
r
1
and W on HZ(I') [58, Section 6.6.1, 6.6.2] we conclude that

v=0, g¢g.=0.

Thus we have g = ¢. Testing the homogeneous equation with w = 0 and putting ¢ = 0 we
get

—2bk(c,¢) =0 Vo e H 2(T).

Since K 1sp = —% as seen in (4.2.4]), we get
c/¢ds =0 VoeH ().
T

Thus we have ¢ = 0 which implies g = 0. O

The field energy is given as

1 2
£ — §/e(x) IVa(x)|? dx

R3
=5 [ IVl ax+ 3 [ Ivutol” dx
Q QC

1
zf/uyNudS—E—O/u%f,udS—l——/pudx
2 2 2
r r Qsre
1 :
=3 / pudx, since [eyyu]p =0.
QS['C

To get the energy in terms of traces, we insert the representation formula for v in the exterior
domain and get

&r = [ 06 (= Uss (V)60 + Unr(9)x) + N(P))) dx.

€0
QSI‘C
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We observe the following relations

[ 160 w160 dx = [ o) [ Gxy) vy) asy ax

_ / b(y) / G(x,y) p(x) dx dSy = (15N(p), v),
T Qsre

and

[ o0 vslo)x) ax= [ otx) [ V,603) niy) oly) d, dx

Qsre Qsre T

_ / g(y) / V,G(x,y) - n(y) p(x) dx S,

F erc

— [ 96 [ 9,600 0 ply) dy 5,
r Qsre
- / 9(x) | V.Glxy) n(x) ply) dy dSx = (1iN(p),g)

In the last step we used the fact V,G(y,x) = —V,G(x,y) = V,G(x,y). Using these
relations, the energy can be written as

Er =~ (BN ) + 1 (ENO)0) + o [ 20 NI

We notice that the first two terms of the energy expression (up to a scaling) correspond to
the rhs of the variational formulation (4.4.2)) with a flipped sign.

4.4.2 Variational Formulation on Deformed Domain

Let Q° denote the reference domain and let Q° := T%(Q°) where T” is the perturbation
map [3.0.1] The velocity field V is such that ¥V = 0 at the source domain ()., leading
to deformations of only the material occupying Q°. The variational formulation for the

transmission problem posed on the deformed domain has a similar structure to [4.4.2; seek
1 1
s € H 2(I'%), gs € H2(I'®*) such that

(1+ %O)bv(s)(ws, ¢) — 2bk(s)(gs, ¢) + (1 + é)bw(sﬂgs, w) + 2bgr () (s, w)

1 1 1 1
- (VBN(p); &) + o (ViN(p),w)p., Vo€ H2(I%),we H2(I%), (4.4.6)

where the bilinear forms b, (s),* € {V,K,K', W} contain integrals on I'* and (-, )., repre-
sents the duality pairing for H2(I'*) and Hz (I'*).
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4.4.3 Equivalent Formulation on Reference Domain

We start by transforming the integrals in the bilinear forms back to the reference boundary
I'% using the perturbation map.

s) (¥, ¢) = // (x,y) B(x) dSy dSx

=//aﬁ®mmwwﬂwwwwm%®%@w%ﬁm

= [ [ 96y niy) aty) 600 ds, as,

C(DTY(y)) n(y)
ws(¥)

://wmﬂ®mww-

(JJS()A() ws(y) dSy dS;(,

9(T:(y)) ¢(TL (%))

bw(s)(g,v) = //G(X, y) curlp g(y) - curlp v(x) dSy dSx

I's I's

=//ﬂﬂ&ﬂﬂ%ﬂmhﬂﬂ®%wmﬂﬂﬁwuﬂ%@M&ﬁﬁ

ro ro

We don’t explicitly mention by since it can be written in terms of its adjoint bk. Trans-
forming the terms appearing on the RHS of we get

<ﬁmm@ﬁ5//mn®mmwmn&mqﬁww$

0 Qsre

(AN )y = [ [ VG0, 3) - n(T2 ) ply) ulTHR) wu(x) dy dSs.

0 Qsre

Based on the pullbacks in Section [3.0.4.1| we have

wm&»:ﬁﬂ,
curlr u(TY(x)) = Dczls(l}(z; curlr 4(x),



we define new pulled back bilinear forms

~

by (s, 8) = / / G(T(3), T*(§)) D(§) (%) dSg dSx.

bu(si9.0) = [ [ V6T, T25) - (CIOTL9) 83)) a(5) G(5) dSy dSs
by (s: 9, 8) := / / G(T2(%), T%(3)) (DT(3) curly §(3) ) - (DTY(3) curlr i(3) ) dSg dSs.

Similarly we define the pulled back linear form

H T / / G(T4(%),y) ply) $(%) dy dSx

o / / Vi G(TX(%),y) - (CIDT(%)) 8(%)) ply) (%) dy dSs.

T0 Qsre

The equivalent pulled back formulation reads: Seek v, g, € Vo := H~2(I'°) x Hz(I'°) such

that
b(s: {ﬂ : M) = {(s; M) % m eV, (4.4.7)

- ) 5 €0\ ¢ Ao ~ Lo - A €. r .
b(s; M , M) =1+ ;O)bv(ss ¥, ¢) = 2bk(s; 9, 9) + 2bw (s, 4) + (1 + —)bw(s; g, ).
The energy for the deformed s configuration can be written as

£r(s) = 2 (s {;fs]HQ—GO [ 09 NG

src

Notice that the second contribution does not depend on s as the source charges don’t move
with the velocity field V.

4.4.4 BIE-Constrained Shape Derivative
We start by defining the Lagrangian £ : R x V5 x Vj — R,

~

et [V ] =i [V [ - s [+ s [+ e [ o0 N0

sSrc

Plugging in the pulled back state solution gives

a3 B [ e

gs
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Differentiating with respect to s gives

- 3 - (35 B4 e

9

We use the freedom to choose the test functions such that the second term vanishes. This

gives us the adjoint equation where we seek [])5\} € Vy such that

(eI B - Hles
g

Computing the partial derivative of the Lagrangian gives us

wof] B~ (5] e

Flipping the sign of the test function u we get

o[ (=210 v en

Finally by noticing that

the adjoint equation reads

e w3 f-5e0) +[ev

Comparing to the state equation [£.4.7 we conclude that

A _ % o A _ % o
[—ﬁ] 2 [!?0} - [ﬁ] 2 {—Qo]'
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Thus the shape derivative is given as

dép o _ 0L o [do] €[ o

ds (0) N 0s (O’ |:§0:| ' 2 |:—g0 )

_(‘36 .1/30 €o @/A)o _aé .o 1&0 e O/ .—1@0
=250 {go] 2 {—go ) =502 L)) T2 5% g )

e B35 [3)

=50+ 2) [ [{Ta6x3)- Vi) + TGl y) - Vi) do(s) ) dy a

=20 [ [ 9,66y) - (V- V) ily) - DY) i(y)) G5) () dSy S
-2 dVyG<T{§j)’T5“‘7”|S o803 G0(3) dol) dSy S

_E 1+60 // X,y) {DV( ) curlp go(y) - curly go(y)
e +DV( ) curlrgo( ) CUFIF!JO( )}dS dSx
—//VmG(&Y)-V(fc) p(y) (%) dy dSx
0 Qe

dVxG(TY(%),y)
ds

“n(x) p(y) go(X) dy dSx

0 Qgre

[ [ Va6 (V- VE) 8% - DV ) () dofx) dy dSs.

FO QSI’C
The derivative of V,G(TY(x),T%(y)) with respect to s is given as

dv,G(T5(x), T (9))
ds

=D,V,G(x,y) V(x) +D,V,G(x,5) V(y)

s=0

~V,V,G(%¥) (wy) - V<f<>)’

where

3 (x—y)x-y)' 1 d
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4.4.5 Shape Derivative From Volume Based Variational Formula-
tion

The transmission problem from (4.4.1) has a well posed variational formulation in the
weighted Sobolev space H'(A;R?) := {u: R®> - R: [ |[Vu|®+ 1+1|0\1H2 dx < oo} [54} Section
R3

2.9.2.8]: seek u € H'(A;R?) such that

/e(x) Vu(x) - Vu(x) dx = / p(x) v(x)dx Vv e HY(A;R?). (4.4.12)

R3 Qsre

We deform the reference domain Q° using a velocity field V that is zero around the source
charge. The resulting variational problem on the deformed domain Q° := T%(Q°) has a

similar structure. Transforming the permittivity as a O-form, we get the variational problem:
seek u, € H'(A;R?) such that

/es(x) Vus(x) - Vo(x) dx = / p(x) v(x) dx Vv e H' (A;R?).

R3 Qsre

The bilinear form on the LHS can be transformed using the perturbation map as

/es(x) Vus(x) - Vo(x) dx = /e(f{) Vus(TY (%)) - Vo(T%(x)) det DT (x) dx,

R3 R3

and using the pullback for a 1-form to transform the gradient (Vu(T¥ (%)) = DT%(x)~* Vi(%)),
we get the pulled back bilinear form

b(s: 4, 0) := / e(%) (DT';(&)’TVQ(&)) : (DT’;(&)’TW}(&D det DT (%) dx.

Since the velocity field is zero in (., the linear form on the RHS remains unchanged. So
we define the pulled back linear form as

~

(D) = / p(x) 0(x) dx.

The pulled back formulation reads: Seek i, € H'(A;R3) such that

~

b(s; s, 0) = £(d) Vo € H'(A;R?). (4.4.13)

The field energy for the deformed configuration can be written in terms of the pulled back
bilinear form and reads

1~
EF(S) = éb(s; as; as)
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To compute the shape derivative using the adjoint method, we define the Lagrangian L :

R x H'(A;R3) x HY(A;R?) — R,

. . 1.
L(s;0,0) :=b(s;u,v) — () + §b(s;ﬁ,ﬁ).

Plugging in @ = u, gives the field energy
Er(s) = L(s;0,,0) 0 € HY(A;R?).

The shape derivative can be computed as

d&r 0L,
E(O) - g(ovump))

where p € H'(A;R3) solves the adjoint equation

<%(o;ao,ﬁ);@> =0 Vo€ H}(R?).

Simplifying the above and using the symmetry of the bilinear form we get

~

b(0;0,p) + b(0;9,79) =0 Vo € HY(A;R?),

which immediately yields the adjoint solution as p = —uy. Using (3.0.12)) we compute the
shape derivative as

dp, 0L, . 1db, .
E(()) = E(Ovuo, —1ly) = 595 (0; g, 1)
1
= -3 / ex){ = Vg (x)(DV(x) + DV (x)) Vitg + | Vi (x)|* V- V(x)} dx.
]R3

(4.4.14)
We use the identity [2, Section 6]
V- V(Vu-Vv)+ Vu' (DY +DV") Vo =Vu-V(V-Vu) + Vu-V(V- Vo).
For u = v it becomes
V-V(|Vul]?) =2 Vu-V(V - Vu) = —Vul (DY + DVT) Vu.
Using this the integrand in becomes
— Vit (x) (DV(x) + DV (x) ) Vo (x) + || Vo (x)[|* V- V()

= V() V([Vio)|*) = 2 Vio(x) - V(V(x) - Viio(x)) + | Vit (x)[|* V- V(x)
=V (IVag()|* V(x)) =2 Vio(x) - V(V(x) - Viio(x)),
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allowing us to write the shape derivative as

-2 / V- (IViX)]* V(x)) =2 Vitg(x) - V(V(x) - Vitg(x)) } dx
——5 [ {7 (IVael* Vi) 2 Via(x) - VW) - V() }
3 / o { V- (IIVio(®)I” V(x)) =2 Vitg(x) - V(V(x) - Viio(x)) } dx.

The integrals on the two subdomains can be simplified further. We show the simplification
for 2 and the other one follows in a similar fashion

/Vu(x)~V(V(X)-Vu(X)) dx:/V- (v<x)- u(x) Vu(x /v - Vau(x) Au(x) dx.

?Ne get
%(0) = %Q/e [V (Va0 V(x) — 2 Viio(x)Vio(x)" V(x)) } dx
- %/ o { V- (IVio(x)* V(x) = 2 Vitg(x) Vit (x) V(X)) = 2 V(x) - Vito(x) piif)} dx.
Qe

We see the appearance of the Maxwell Stress Tensor in the integrands and write the expres-
sions as

d;;F( ) =— /5 AV <{wld _ Vﬁo(X)Vﬁo(X)T}V(X)> dx

Q

- /60 V. ({wkj — Viig(x) Vito(x) V(x)) dx

/V - Vi (x) p(x) dx.

The integral over (). vanishes since the velocity field is chosen to be zero at the source
charges. We look at the integrals with stress tensors and change them to boundary integrals
using divergence theorem. This gives the jump of the stress tensor on the boundary. We
write 4§ for the potential in €. and 4, for the potential in € and get the jump of stress
tensor times the normal which resembles the force density reported in [2§]

e, / Voo { 1Y% L i) — v 95 0 - mi i

1

€0 V(X)T{Hvuo—xn

5 (x) — Vig (x)Vag (x) - n(x)} dx.

r
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Now we inspect the integrand closely. Skipping the hat and the zero subscript in the notation
of potential u, we see that

2 )2 2
”VQuH -n— (Vu-n)Vu = (Vu ) "‘2ngadFUH n — (Vu-n)’n — (Vu-n)gradpu
. 2 2
_ _(Vu2 n) 0t nga;ir | n — (Vu - n)gradp u,

which allows us to simplify the jump as

v +112 v —12
60<H Z | n—(Vu+~n)Vu+) —€<|| Z | n—(Vu’~n)Vu’)
rad U
:€0< ('y]\;u n+ e ZWD ” n—yiu gradrﬁgu>
rad U
—e( (VNQH n -+ ||g 27D H n— yyu gradF75u>.

Using the transmission conditions and defining o := €y yyu = € Yyu, g := YHu = Ypu we
get a force density expression that resembles its magnetic counterpart reported in [6]

n

(€] llgradr g = ['].0?) 5.
which finally allows us to express the shape derivative in Hadamard form

%(0) ;/([[GHF lgrady g(x)||” — [e '] af > ) - 1(x) dSx. (4.4.15)

r

4.4.6 A Note on “Holding the Fluxes Constant”

Often in literature, the Virtual Work Principle is applied by computing the derivative of the
energy with respect to geometric configuration while “holding the fluxes constant” |28}52].
We would like to clarify that the approach we take is a fundamentally different one and is
described by holding the charges constant. Nevertheless, we see that in the end we obtain
the same result. We can see this by working backwards from the expression

% (o) = —2 2 0, i)
— %%( / (%) (DTY(X) " Vig(%) ) - (DTY(X) " Vitg(%)) det DTY(x )dx>|

R3

Now we imagine the potential g in the reference configuration transported by the pertur-
bation map to u%, for which we have the pullback relations

ug(T(%)) = (%),  Vuy(T(%)) = DTY(%) ™" Vi (%),
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which allows us to write

%(0) _ %%( / (%) (Vui(TY(%))) - (Vui(T4(%))) det DTY(%) dﬁ) [s=0-

R3

Transforming the integral using the inverse of the perturbation map gives us

dEp 1d x 2 _d&g
“L0) = —5%< [ et vl dx) om0 = = =2(0),

R3

where &5(s) is the field energy obtained by simply transporting the reference solution @ using
the perturbation map. The left hand side contains the energy shape derivative computed
by moving the charges in reference configuration as a 3-form, whereas the shape derivative
on the RHS is computed by moving the potential in the reference configuration as a 0-form.
By moving the potential a O-form on the RHS, the commutative property of the exterior
derivative and pullback [32, Equation 2.13| ensures that the electric field in the reference
configuration (exterior derivative of the potential) moves as a 1-form, hence preserving its
fluxes. This idea is also reported by the authors in [28] and we see both forms of the virtual
work principle reported in [39]. Note that in both the cases, the permittivity is moved as a
0-form. This will also hold true for the magnetostatic case as we will see later.

4.4.7 Numerical Experiments

Now we compare the shape derivatives (called “MST” in the plots) and
(called “BEM” in the plots) using numerical experiments. Discretizing the boundary with a
triangular mesh of meshwidth h, we solve for the traces v, and g, by the Galerkin method,
restricting the BIE formulation to the discrete spaces Sy for H 3 (piece-wise linear
functions) and Sy ' (piecewise constants) for H ~2. We compute the forces and torques for
a sequence of meshes with decreasing meshwidth h using the recipe in (3.0.5) and plot the
errors against h. Terms in the BEM based shape derivative are computed using the
Sauter and Schwab quadrature rule [54, Chapter 5] of order 5! whereas is evaluated

using a quadrature rule of order 3 per triangle element. The computations are done using
Gysilab 7]

4.4.7.1 Dual Norm Error Computation

The shape derivative can be interpreted as a linear functional on test velocity fields YV € X.
Denoting the evaluation of the shape derivative for V by dj—SF(O; V), we can define the dual
Nnorm error as

d
err :=  sup (ﬁ(o; V) —
Vex |V ,=1 ds

it

0 V), (4.4.16)

13Code is available at https://github.com/piyushpler7/gypsilab_forces
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where % (O V) denotes the evaluation by plugging in the Galerkin solution at a meshwidth

h. The reference value d‘g—SF(O,V) is computed numerically at a high refinement level. To

make the computation tractable [46], we choose X as the finite dimensional span of the
orthogonal velocity fields

v(a,b,c,k): (~N7,Nm)* = R®, N cZ", a,bcec{0,1,2}, k=1,23,
x
v(a,b,c,k)(|y]|) := cos(ax) cos(by) cos(cz) ey.
z

The size parameter N is chosen to be big enough such that (—N7, N7)3 contains the do-
main of interest. Because of the ease of computation, we choose the H' norm for X. The
supremum can be explicitly computed. Consider the following abstract setting: we have a
linear functional [ : X — R where X is a Hilbert space with a finite dimensional basis. We
want to maximize [(V) such that ||V||, = 1. This can be done by introducing the Lagrange
function

[iRXX SR, fAV) =1V) +A(IVIE -1).

The solution of the constrained maximization problem V, € X satisfies

of AN /
<av(>\V)v>—0 vV e X,

which gives
[(V)+2X V., V)x=0 VWV eX.
Writing V. =) a; b; and testing the above with b; gives

> ai(by,bi)x = —ﬁl(b)
We can solve for a := aq, as, ... from the linear system
Ma = —l, Mij = (bj, bi))(, lz = l(bz),

La;. Using the constraint || V,|[3 = 1 we get

1 1
)\:\/QaTMa:U—?le.

Thus the constrained maxima for the linear functional is

=13 arb) =3 o i(by) Ly @b —laTl:\/llTM—Tl.
J D) 2ol l 2 2

Thus we need to evaluate the errors for different velocity fields and they can be combined
using the formula above to get the dual norm. The matrix M can be computed explicitly
for the chosen velocity fields. Since the velocity fields are orthogonal to each other, M is
diagonal.

. ) .
which gives o} = 2)\
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Experiment 7. In this experiment, € is a spherical domain of radius 1, centered at (5,5, 3),
occupied by a linear material with € = 4, surrounded by a linear material with ¢y = 2. There
is a spherical charge source of radius 1 centered at the origin, with a constant surface charge
density equal to 15. The situation is depicted in Figure

Figure 4.17: Spherical material with spherical charge

Total force and torque is computed using the shape derivatives (4.4.8)) and (4.4.15]) and the
errors are plotted in Figure[d.18] As reference value, we use the BEM based computation at a
refinement level of h = 0.055. Torque is computed about the point (4, 0,0). The convergence

rates for the two methods are very similar as seen in the plot. They are also tabulated in
Table 45|
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Figure 4.18: Error in force and torque computation for Experiment EI

94



Table 4.5: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.31 2.31
Stress tensor 2.41 2.40

The methods can also be compared via dual norm error. The results for it are plotted in
Figure [4.19| where we see similar convergence rates. The reference values for dual norm error
computation are computed using the BEM based shape derivative at a refinement level of
h = 0.078.
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—3¢— BEM: 2.4032
—E— MST: 2.2841
(¢ . . . . ! ! !
0.1 0.15 0.2 025 0.3 0.35 04

meshwidth

Figure 4.19: Dual norm error for Experimentﬁl

Experiment 8. Keeping the same spherical source charge as in the previous experiment,
we now have ) as a cube shaped domain of side 2 and centered at (5,5,3), occupied by a
linear material with € = 4, surrounded by a linear material with ¢y = 2. The situation is
depicted in Figure |4.20

- o R, N WA

Figure 4.20: Cube shaped material with spherical charge
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Error in total force

Total force and torque is computed using the shape derivatives (4.4.8) and (4.4.15) and
the error plotted in Figure m Torque is computed about the point (4,0,0). As reference
value, we use the BEM based computation at a refinement level of A = 0.108. As seen in the

plot, for this non-smooth setting the BEM based formula gives a higher convergence rate
which is also tabulated in Table 4.6l

10-2 L
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Error in total torque
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meshwidth h
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(a) Error in total force
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meshwidth h

0.3

0.35

(b) Error in total torque

Figure 4.21: Error in force and torque computation for Experiment

Table 4.6: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.66 3.65
Stress tensor 1.84 1.88

0.4

0.45

The methods can also be compared via dual norm error. The results for it are plotted in
Figure where we get another confirmation of the superior convergence rate of the BEM
based shape derivative. The reference values for dual norm error computation are obtained
using the BEM based shape derivative at h = 0.108.
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Figure 4.22: Dual norm error for EXperiment

Experiment 9. Keeping the same spherical source charge, we make 2 a brick shaped domain
with side lengths (3,1,1) and centered at (2, 1,3), occupied by a linear material with € = 4,
surrounded by a linear material with ey = 2. The situation is depicted in Figure

= o B N W b

Figure 4.23: Brick shaped material with spherical charge

Total force and torque is computed using the shape derivatives (4.4.8) and (4.4.15) and
the error plotted in Figure m Torque is computed about the point (4,0,0). As reference
value, we use the BEM based computation at a refinement level of A = 0.079. As seen in the

plot, for this non-smooth setting the BEM based formula gives a higher convergence rate
which is also tabulated in Table [4.7
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Error in total force
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Figure 4.24: FError in force and torque computation for Experiment |§|

Table 4.7: Asymptotic rate of algebraic convergence for Experiment |§|

Method Force | Torque
Pullback approach | 3.58 3.58
Stress tensor 1.91 1.88

The methods can also be compared via dual norm error. The results for it are plotted in
Figure [4.25 where we get another confirmation of the superior convergence rate of the BEM
based shape derivative. The reference values for dual norm error computation are obtained
using the BEM based shape derivative at h = 0.079.

dual norm error

——BEM: 3.0086 | |
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meshwidth
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Figure 4.25: Dual norm error for EXperiment@

Experiment 10. Keeping the same spherical source charge, we make 2 a tetrahedral shaped
domain with corners (£1, 0, _\/LE) and (0, +1, i?), translated by (2,1,3) , occupied by a linear
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material with ¢ = 4, surrounded by a linear material with ¢y = 2. The situation is depicted

in Figure

Figure 4.26: Tetrahedral shaped material with spherical charge

Total force and torque is computed using the shape derivatives (4.4.8) and (4.4.15) and
the error plotted in Figure Torque is computed about the point (4,0,0). As reference
value, we use the BEM based computation at a refinement level of A = 0.04. As seen in the

plot, for this non-smooth setting the BEM based formula gives a higher convergence rate
which is also tabulated in Table 4.8

Error in total force
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(a) Error in total force (b) Error in total torque

Figure 4.27: Error in force and torque computation for Experiment
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Table 4.8: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.52 2.55
Stress tensor 1.44 1.44

The methods can also be compared via dual norm error. The results for it are plotted in
Figure 4.28 where we get another confirmation of the superior convergence rate of the BEM
based shape derivative. The reference values for dual norm error computation are obtained
using the BEM based shape derivative at h = 0.04.
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Figure 4.28: Dual norm error for Experiment

100



Chapter 5

Energy Shape Derivatives for
Magnetostatic Models

In this section we apply the Virtual Work Principle via Shape Calculus to various mag-
netostatic settings, following a similar procedure to the electrostatics case in the previous
chapter. In magnetostatics we can approach the model problem using either a scalar po-
tential or a vector potential formulation. We will explore shape derivatives obtained using
both formulations. In addition to that, we can also choose between a volume based or a
BIE based variational formulation as a constraint. We will explore both choices, and simi-
lar to the electrostatics case, the volume based formulations will yield expressions based on
Maxwell Stress Tensor, whereas the BIE based formulation will yield novel expressions for
computing forces and torques.

5.1 Linear Magnetic Material - Transmission Problem

Figure 5.1: Geometric setting
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We have a linear, isotropic and homogeneous material with permeability 4 € RT occupying
the bounded, simply connected and open domain Q C R? with C’gw boundary. The exterior

Q. := R3\ Q represents vacuum with permeability given as jiy € R*, 9 # p. There is an
external current source supplying the current density J which is compactly supported with
supp(J) C Q4 € R3. The fields B and H are modelled by the Maxwell’s equations

divB =0 inR?

curlH =J in R?, (5.1.2)

which are supplemented by the material law:

B(x) = u(x) H(x), pu(x) = {u x € Q

o xe Q. (5.1.3)

The fields are discontinuous at the interface I' := 0€2 due to different material parameters
and are coupled through the following transmission conditions:

[Bl - n=0, [H]pxn=0, (5.1.4)

where [-J; denotes the jump, defined earlier in Section . The fields can be obtained
by solving a variational problem posed on the volume or the boundary. We will investigate
formulations based on either a scalar/vector potential for the fields. The field energy stored
in the magnetic field £F we will shape differentiate is given as

1

Ep = E/u_l(x) IB(x)|* dx. (5.1.5)

]RIS
5.1.1 Scalar Potential Formulation
We begin by defining H:=H - Hj and noticing that
curlH = curl(H — Hy) =0 in R?,

where
H;(x) := curl / G(x,y) J(y) dy = curlH; =J, divH; = 0. (5.1.6)
QSI‘C

This allows us to write H = Vu for a scalar potential v in QUSQ,, which means H = Vu+Hj.
Using the equation div B = 0 and the material law, we get

divH = Au = divH — div Hy = div(u(x) " B(x)) =0 in QUQ,,

where we used the fact div Hy = 0, which holds for a divergence free source current density
J. The transmission conditions can be obtained as

Bl ' n=0 = [p(Vu+Hy)]y -n=0.
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Enforcing the continuity of the Dirichlet trace for the scalar potential u, that is v u = y,u
leads to the continuity of the surface curl of the traces, or

[Vulp xn=0 = [H]p xn=0. (5.1.7)

Thus we have the transmission problem

Au=0 in QUQ,
[ulp =0 on I’
[eVulp - n=—[ulyHy-n onT
Ju(x)] = O(Ix]| ) for |[x[| — oo (5.1.8)

5.1.1.1 Variational BIEs

The transmission problem at hand can be approached using boundary integral equations.
We simply reuse the BIEs we derived for the Laplace equation in [2.1.22

{%_—VK’ g—t?vK} [%Z] = m ) (5.1.9)
L%"_YK _%\JZFVK} [ﬁﬂ - m : (5.1.10)

We can test the above equations with ¢ € H=2(T") and v € H2(I'). The first set of equations
gives

—by(yyu, ¢) + % (vpu, ®) + b (vpu, ) =0 Yo € H 2(I), (5.1.11)
% (7w, v) — b (yyu, v) — bw(ypu,v) =0 Vo € H(T), (5.1.12)

and the second set of equations gives

—by(yxu, ¢) — % (7hu, 6) + bi(vhu, @) =0 Vo € H 2 (I), (5.1.13)
—% (v, v) — b (Y, v) — by (vihu,v) =0 Vo € HZ(T). (5.1.14)

We denote the exterior traces as g := v u and ¥ := vju. Based on this the interior traces
have the notation y,u = g and yyu = %@/} + %HJ -n. The two sets of equations can be

combined together and we get the variational problem: seek v € H=2(T'), g € Hz(T') such
that

(1+ %) by (1, ) — 2 b (g, 8) + 2 b (10, v) + (1 + ﬁ) bw (g, v)

- _[[/ﬂ]FbV(HJ-n, ¢>+% (Hy -n,v) - [[ZEF b (Hyn,v) Vo€ H3(D),0 € HA (D).
(5.1.15)
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We know that the traces of the potential u satisfying (5.1.8]) is a solution to (5.1.15)). The
solution is unique from Theorem . The field energy £ in (5.1.5)) can be written in terms
of the scalar potential as

& =5 [ 1 IV dxt 5 [ ) [ dx+ [ ) V) - Hy(x)

R3 R3 R3

Applying Green’s formula in §2 and €2. and using div Hy = 0 we get

&p = %/,u(x) | Vu(x)|® dX—i—%/,u(X) IH; (x)[|* dx — Mr/gHJ.ndS
R3 R3 T
= %/ullvu(x)ll2 dX—I—%/Mo | Vu(x)|” dX—F%/,u(X) I H; (x)[|* dx — [[M]]F/QHJ.MS
Q 3 /
_H —— Ho 1 )
— 5/”YDU Yyt dS — ?/’YDU yaudS + = /u(x) |Hy(x)||” dx — [[U]]r/g H; -n dS
r T R3 T

- —@/gHJ-nds+§/u<x> [ H () dx.

To make the computation of shape derivative simpler, we express the field energy in terms
of the linear form on the RHS of Equation ([5.1.15)), which is

14 {ﬂ) = —%bV(HJ ', Q) + [[2#/1]; (Hy -n,v) — [[Z%bK’(HJ 'n,0).

To see the connection with £z, we plug in —1 and ¢ into the linear form to get

- _% [[M]]F ‘n _[[N]]F , ‘n
e e )

= H'ZEF{% by (¢, Hy -n) — b/ (Hy - n, g) + % (H; -n,g) } (5.1.16)

Testing (5.1.11)) with Hy - n gives us

1
%bv(T/J,HJ -n) — b (Hy-n,g) = —%bV(HJ ‘n,Hj-n)+ - (g,H; - n),

2
which can be plugged into (5.1.16)) to get the relation

—w} [elr g ey
¢ — W f Wry Hy -0, Hy -n) + (Hy-n,g) b,
({g) NO{ MV(JH Jn)<Jn9>}
which finally yields the relation for the field energy
2
_ 1
Ep = _@g([ ﬂ) _ MbV(HJ.n,HJ.n)+§/u(X) Hyx)|2 dx.  (5.1.17)

2 g 20
R3
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5.1.1.2 Variational Formulation on Deformed Domain

The reference domain QV is deformed using the perturbation map T¥, using a velocity field
VY which is zero at the source current. In other words, we only deform the domain °. The
permeability is transformed as a 0-form to p, such that us(T%(x)) = p(%x). The variational
formulation for this deformed s configuration has a similar structure to : Seek 1 €

H=2(I%), g, € Hz(I'*) such that

(1+ ‘:f> V() (s 8) — 2 bic(5) (g, 8) + 2 bicr () (4, v) + (1 4+ 12) by (5) (g4, 0)

Ho

By e oy B gaty e I o) o € HEE G € H-AT
= by (s)(Hy ’¢)+2uo (Hy - n,v)p.— 0 b (s)(Hyn,v) Vo e H>(I"),Vo € H (1),

where the bilinear forms b, (s) contain integrals on I'* = 9Q° = T%(I"°) and (-, )., denotes
the duality pairing between H*%(Fs) and H%(FS).
5.1.1.3 Equivalent Formulation on Reference Domain

Using the perturbation map T%, we transform the integrals in the (bi)linear forms back to
the reference boundary I'°, similar to Section and Section

by (5) (10, 6) = / / G(x,¥) u(y) B(x) dS, dS

= [ [ G0, T (T ) 6T () (9) Sy S

ro ro

bic(s)(gs, ¢ //V G(x,y) - n(y) gs(y) ¢(x) dSy dSx

s

-/ / VLG, T2(3)) - OB o (9)) T () (5 () S i

o 10 WS(}A,)
bw (s)(gs,v) = //G(X, y) curlp g4(y) - curlp v(x) dSy dSx
— [ [ G0, T2) curle g (T2(5)) - curle o T2(R) () o (3) dSy S

(2(3)(6) = by(s)(Hy -1, 6) = / / G(x,y) Hy(y) - n(y) 6(x) dSy dSy

C(DT%(y)) n(y)
ws(¥)

_ / / G(TY (%), T(3)) Hy (T¥(3) -

ro ro

ly(s)(v) == (Hy - n,v)p /HJ ) v(x) dSx

P(TL(Y)) ws(X) ws(y) dSy dSs,
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/HJ (M (%)) - SOTEX B qwigy) o (%) ass,

ws(X)
l3(s)(v) = b (s)(Hy - n,v) = //VYG(X, y) -n(y) v(y) Hj(x) - n(x) dS, dSx
= [ [viemm.mx) . SEERIRY
v(T(y)) Hy(T{(%)) - C<DT§§2)) e ws(¥) ws(X) dSy dSx.

We use the same pullbacks as in Section [4.4.3]
u(T{(x)) = i(x),

w(ry(x) = 20
curlru(T%(x)) = D@zli}%( curlr 4(x)

This leads us to the pulled back hat (bi)linear forms

by (s, 8) = / / G(T (%), T*(5)) 9(§) $(%) dSq dSs

bu(s:9.9) = [ [ 9yGITI60. T2(3)) - (COTA(3) 25)) 9(5) 9() dS, dSs

bue(si0.0) = [ [ G260, T2(3)) (OTU) curle 4(3)) - (DT29) eurle 7)) dSy d

0 = [ [ G, Te) BT - (COT ) 05)) 6(5) dsy d
(s:0) /HJ (T*(%)) - (C(DTY(%)) A(x)) (%) dSx

Is(s: ) = / [v,6m60. %) - (COT3) a()

ro ro

6(y) Hy(T%(%)) - (C(DTY(%)) (%) ) dSy dSx.

Using the pulled back hat (bl)hnear forms, we formulate the pulled back variational formu-
lation: seck 1y, §s € Vo := H™2(I°) x Hz(I'°) such that

e
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(s || 2]) = (1 29 B(s1,) = 2Bis(539,8) 4 2 ie(ss00) + (14 2) (i),
it 0]y = =2 sy + L gy - e .

Following the structure in (5.1.17)), field energy for the deformed s configuration can be
expressed in terms of the pulled back linear form as

— % - < V(% 2 e Y (%) dx
£x(s) = itss | )+ 2/ (0) [HL, (T4(5)) | det DTY(%) d

[[:u]]r // G(T*(%), T(¥)) Hy(T*(¥)) - <C(DTZ(S’)) ﬁ(f’))

H;(TY(%)) - (C(DTY(%)) (%) ) dSg dSs.

= 1(x), leading to the expression above.

The integral over R? is transformed using js(T% (%))

5.1.1.4 BIE-Constrained Shape Derivative
We start by defining the Lagrangian £ : R x V5 x V5 — R,

cof] B[] Ep-re -3 5]
) dx

+3 / (%) [Ha (T2 )| det DT (x

S O

MF / /G (T2(5%), T4()) Ha(T4(5)) - (COOT(9)) 1(5))

H; (T (%)) - <C(DT"( ) ﬁ(fc)) dSy dSx.

<

S

Plugging in the pulled back state solution [qg} = A } gives

s

~

Enls) = L(s: [‘ﬂ , m) v m € V.

The shape derivative can be computed as

Br o= Ze o []. 2)
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S

where the adjoint solution } € 1} solves the adjoint equation

G Bl D)o e

I"@>

~

L g

Computing the partial derivative gives the adjoint equation in an explicit form
so: [2] T 2 Hogg. [0 6

Flipping the sign of the test function q5 gives us
o [0 A oy [0 ¢
b(0: ¢ — 2U(0:

and finally using the property

we get

ﬂ) — 0. M) v|? e,
0 v 0]
which yields the adjoint solution as

p 2 19 p 2 1 9

Using this the energy shape derivative can be computed using the partial derivatives ([3.0.11))
and (3.0.13)), and is expressed as

dép oc - o Ho —g

0= Ge 0] e [ )y
_ i db o fi] [=do]y o, 90 [
N 2&9(0’ [ﬁo}’[go]) MO@S(O’lﬁo])

—M/HH 1> V-ndS

Mr / / {ViG(x.9) - VR) + VyGxy) - V) b (Ha) - 0()) (Ha() - 0(%)) dSy dSs

ro ro

[[M]]r // (x y n’(y) DH;(y) V(y) + Hi(y)"a(y) V- V(y)

ro ro

—Hy(5)" DV () a(9) | (Ha() - (%)) dSy dSx
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MF// & y 0’ (%) DHy (%) V(%) + Hy(X)'0(%) V- V(%) (5.1.18)

~H;(%)? DV (%) fl(fc)} (HJ (¥) - ﬁ(y)> dSy dSx.

The partial derivatives of the (bi)linear forms can be computed using formulas in ((3.0.11))

and (3.0.13)), and are given as

P 0:6.6) = [ [ {TuG3) V00 + TGl 3) - V) 55) 565 S,

P (0:0.9) = [ [ 9263 (7))~ OV 8(9) a(5) 65 a5, S,
s [ RO g 565) G0 ds, dss,
8bw g // V G(x,y) - V(x)+ V,G(x,y) - V(y)} curlp §(y) - curly 9(x) dSy dSx
+ [ [ty {oviy) eurlr i) - curro(s)+
o e DV(x) curly 4 (%) - curly §(§ )} dSy dSx,
861 A // V G(x,y) - V(x)+ V,G(x,y) - V(y)} Hj(y) - n(y) <;3(§<) dSy dSx
+ / / G(x,y) ﬁ(y)T{DHJ YV _DVH;+V-V HJ}(y) d(%) dSy dSx.,
Ty = [ [ TEEEEELTE ) 065) (e (%) dSy S
[ 966y (Vi) i) - DV ily) 05) Halx) () dS dS
+ //vy(;(x, v) - 2(¥) 9(3) ﬁ(x)T{DHJ V-DVH; +V.V HJ}(X) dSy dSs.

(5.1.20)
The derivative for V,G(TY(x),T%(y)) is given in (4.1.18]).
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5.1.1.5 Shape Derivative From Volume Based Variational Formulation

The transmission problem has a weak solution u € H'(A;R?) which solves the varia-
tional problem

/u(x) Vu(x) - Vou(x) dx = /v [u]lpHy -ndS Yve HY(A;R?). (5.1.21)

We write the field energy (5.1.5)) in terms of the bilinear form of the variational formulation
above

Er = /M*QWdex

R3

:g/HVu—f—HJH2 dx+%/||Vu+HJ||2 dx
Q Qe

| —

1 1
— §/lu(x) | Vu(x)]||? dx—|—§/u(x) | H;(x)|? dx—}—IuO/Vu-HJ dx—i—,u/Vu-HJ dx
0

R3 R3 Qe

:%/M@WVM@WdX+%/u@MHﬂdex_Mh/tunds
= =5 [ HOAITUI 5 [0 A e

In the above manipulations we used the fact that divHy = 0 and the variational equation

(5.1.21).

5.1.1.6 Variational Formulation on Deformed Domain

We use the perturbation map T% from with velocity field V such that ¥V = 0 around the
source. This leads to deformations of only the reference domain Q°. The permeability u(x)
is transformed as a O-form to us(x) such that pus(T%(x)) = p(x). The variational formulation

has a structure similar to [5.1.21| and reads: seek u, € H'(A;R3) such that
/us(x) Vus(x) - Vo(x) dx = [[u]]F/v Hj-ndS Vve H'(A;R?).
R3 rs

5.1.1.7 Transformation and Pullback

Transforming the integrals using the perturbation map and using the pullback Vu(TY (X)) =
DTY(x) "' Va(x), we get

/ 1a(%) Viua(x) - Vo(x) dx — / (T (%)) Vo (T (%)) - Vo(T* (%)) det DT(%) dx

R3 R3
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_ / (%) Vi (TY(%)) - Vo(T* (X)) det DT*(X) dx

- / (%) <DT’S’(§<)‘TV{LS(§<)> : <DT’S’(§<)‘TV@(§<)> det DT” () d
[l / vHy ndS =[], / o(T2(5) H (T2() - SO 5 s,

— [ur [ 60 Ha(T2(3) - (COT(60) (5 ) S
170
Based on these expressions we define the pulled back hat (bi)linear forms:

A~

b(s; @, 0) := / (%) (DT’;(&)’TVQ(&)> : (DT’;(&)’TVQG(&)) det DT” (%) dx,
{(si) = [y [ 960 Ha(T2(650) - (CDTY(0) 0(5)) S

which allows us to write the equivalent pulled back formulation: seek i, € H'(A;R3) such
that R R
b(s; s, 0) = U(s;0) € H'(A;R?).

The field energy for the deformed configuration s can be written in terms of the pulled back
bilinear form as

~

L 1 . . Vi gm
Er(s) = yblsittri) + 5 [ w() [Ha(T(60)|* det DT(%) dc
R3
5.1.1.8 Adjoint Method
We start by defining the Lagrangian £ : R x H'(A;R3) x HY(A;R?) — R,

L(s;:0,0) = b(s;0,0) — {(s;0) — 56(3;11, i) + %/u(&) |H3(TY(%))||> det DT¥(x) dx.
R3
Plugging in @ = 1, gives the field energy
L(s;1,,0) = Ep(s) Vo € H'(A;R?).
The shape derivative can be computed as
T 0) = S 050,5),
where p € H'(A;R3) solves the adjoint equation

<g—§(0;fto,ﬁ);@> =0 Voe H(AR?).
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Computing the partial derivatives gives the adjoint equation in an explicit form
b(s;p,0) — b(s; 6, 0) =0 Vo € HY(A;R?),

which gives the adjoint solution as p = wg. Using the partial derivatives from (3.0.11)),
(3.0.13), and LH;(T%(%))|s—o = DHy(x) V(x), the shape derivative is expressed as

dep (0L

ds (0) = 83 95 (il o)
+;/mm{Mh@w2vw4w+20nh@yww)¢h@&dx
=;/mw{—v%&mvww+Dv%mﬁmwo+mmwmﬁvvww}w
—wjﬁ/%wﬁﬁmwwvu»-mm+Hx@-@ﬂwwﬁ@wwwﬂwﬁwmw&
+%/;(X>{ [, 601 V- V(0 + V() - V(B () - Hy () } dx.

The expressions can be simplified further. We observe that

/ I ¥ V) + V) -V (Hy () - Hy(x)) } dx

— [ v V) dxot [ podiv(El* V) dx= - ;[ [EGOI Vo nix) dS.

Qe
We also have the identity |2, Section 6]
V- V(Vu-Vv)+ Vu' (DY +DV") Vo = Vo -V(V-Vu) + Vu- V(Y- Vo).
Thus we have
V- -V(|Vul?) =2 Vu-V(V - Vu) = —Vu' (DY + DVT) Vu
which helps us simplify the expression

/,u(x){ — Vi () (DV(x) + DV () ) Vitg + [Vito(x)|* V- V(30)} dx

RS

= /M{V(X)-V(I\Vﬁo(X)HQ) —2 Vig(x) - V(V(x) - Vitg(x)) + [ Va(x)]|” V-V(X)} dx

Q

112



+/M0{V(X)'V(||Vfbo(><)||2) —2 Vig(x) - V(V(x) - Viig(x)) + || Vit (%) V'V(X)} dx

Qe

zz/u {”V;” V — Vu v V}dx+2/uov {“VQ“” Y — Vu Vu v}
Q Qe

(5.1.22)

Using the following notation for the Maxwell Stress Tensor
Id
?(u) =€ (Vu Vul — > ||Vu|\2>,

the above expression can be written as
Q/VT Hu ?(u)]] n dS.
r
r

We try to simplify [[,u ?(u)ﬂ n. We start by writing

I
T : llsradc
[{u (u)]]F n= 'uo(nyu) 2 +M ’YNU gradr f)/Du >
_/“‘(715“)22 — i Yyu gradrypu + 4 ngad;%i_)“H

Since [ypu] = 0, we write the Dirichlet trace as g. The expression above becomes

o n
= (uo(ﬁv“)Q - u(vNU)Q) 5 + [ vl gradr g — Ly ]]F lgrady g||*
_ L\1 0
= <M0(7}J\7“)2 - M(WNU)2> 5 — [ulr Hy - n grad.g - % |grady g||*

We know that [B]-n = 0. We denote the normal trace of B as B,, which allows us to write
the relations

YU = ,u_an — Hj - n, ﬁ{fu = MEan —Hj; n.
Thus we get

po(vhu)? — plyyu)® = po(pg ' By — Hy - n)? — p(p ' B, — Hy - n)?

:MO(M—%JF(HJ'H) — HJ'D)—M(FJF(HJ-H) -2 Hj - n)

= [Vl B + [uly (Hs - n)*
The remaining expression to be simplified in the shape derivative is
— [y / iio(x){ (DH3 (%) V(x)) - 5(x) + Hy(x) - (V- V(x) ia(x) = DV (x) 1(x) ) }dS.
o
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To simplify it, we rely on the identity
V-(VH")=(V-V)H+ (DH) V. (5.1.23)
Interchanging V and H in the above gives (for div H = 0)
V-HV")=(V-H)V+ (DV)H = (DV)H

The two identities allow the simplification

(DHJ(X) V(x)) A (x) + Hy(x) - (v V(x) i(x) — DVT(x) ﬁ<x)>

— 4" (x) DH; (x) V(x) + 87 (x) Hy(x) V- V(x) — 8" (x) DV(x) Hy(x)

— " (x) (DH; (x) V(x) + H;(x) V - V(x) — DV(x) Hy(x))

= 7(x) V- (V(x) Hj (x) - Hy(x) V(%))

— f(x) -V x (HJ( ) x V(x)). (5.1.24)
Thus we have

— Lul; / iio(){ (DH (x) V(x)) - 5(x) + Hy(x) - (V- V(x) a(x) ~ DV (x) ia(x) ) }as,

170

[l / o) 81(x) -V x (Hy () x V(x)) dSi

170

- [[,u]]r/curlp o (x) - (HJ(X) X V(X)> dSx
- [[M]]F/V(X) : (curlp tig(x) x HJ(X)> dSy,

where in the last step we used the identity from [9, Definition 2.3]. Denoting the tangential
component of H and Hy as H” and HJ respectively, we get the force distribution

(1] r
2

n
(170 B2 + [l (s - 0)?) S~ [l Hy - grady g — 5F |lgrady gl

~ [y eurly g x Hy — L0 g

= (e B2 + Dl (8- 0)?) 2~ [l B, - grady g — P20 grad, g
+ [l Hy < (grady g < ) — P90 (11, npn 00 g
— 0 82— 00 grad g n - I Hy g = Ul g

= [vIr B, [[M]]r||gradr9+H H >
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n n
= [Vl B — H|? -,

We recover the classical formula for the force distribution at the interface of a linear material
[6], and the shape derivative is reduced to the Hadamard form

“E0 =5 [ (B2 = b B ) Von s, (5..25)

To

5.1.1.9 Numerical Experiments

In this section we evaluate the shape derivative formulas (called “BEM” in the
plots) and (called “MST” in the plots) numerically. Since both formulas are entirely
boundary-based, we use the boundary element method based on a discretization of
to solve for the required boundary data. The geometries in our numerical experiments are
discretized with a triangular boundary mesh and we use the discrete spaces SY for H > and
Syt for H ~3. The Galerkin approximation of the boundary data is then plugged into the
shape derivative formulas which are evaluated on the discretized geometry using numerical
quadrature. For evaluating the MST like shape derivative, we use 3 quadrature points per
triangle and for evaluating the BIE based shape derivative we use the Sauter and Schwab
quadrature rule which is described in [54]. The integral over the four dimensional unit
cube is computed using a tensorized quadrature rule of 5* points, obtained using 5 Gauss
Legendre quadrature points in one dimension. All the terms that appear in the BIE based
shape derivative resemble the electrostatic case where we also dealt with a BIE constraint
arising from a Laplace problem. To study convergence of the two methods, we use the values
obtained using the BIE based shape derivative at a high refinement level as the reference.
The shape derivatives can also be compared using the dual norm error computation. The
procedure for that is outlined in Section 4.4.7.1

Experiment 11. We have a linear material in the shape of a cube which is in presence of
a source current of unit strength running along the surface of a torus. The cube has sides
of length 2 and center at (5,5,3) and the torus is centered at the origin, with a distance
of 2 betwen the origin and the center of the tube which has a radius of 0.5. The material
parameters are chosen as p =4 and py = 2.
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The results for total force and torque computation are presented in Figure 5.3

o N W A

Figure 5.2: Cube and Torus geometry

As

reference values, we use the force/torque obtained from the average of and
at a refinement level of h = 0.088. Torque is computed about the point (4,0,0). We see
the superiority of the BEM based shape derivative. The asymptotic convergence rates are
tabulated in Table Bl
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meshwidth h meshwidth h

(a) Error in total force

(b) Error in total torque

Figure 5.3: Error in force and torque computation for cube torus (Experiment

Table 5.1: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.98 1.96
Stress tensor 0.71 0.74
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We also compare the shape derivative in terms of dual norm errors, which are plotted
in the Figure confirming the slight edge of the BEM based formula. For dual norm
computations, the reference values are computed using the BEM based shape derivative at
a refinement level of A = 0.088.

dual norm error

-7 4
10 ( —¥— BEM: 2.5596

—E— MST: 0.93164
I I

0.1 0.15 0.2 025 0.3 035 04 045
meshwidth

Figure 5.4: Dual norm error for Experiment

Experiment 12. In this experiment we consider a spherical shaped linear material in pres-
ence of a torus shaped source current. The sphere is of radius 1 and centered at (5,5,3),
whereas the torus is the same shape and at the same location as in Experiment (11| with a
unit tangential current. We choose the parameters ¢ =4 and pg = 2.

o R N W B

Figure 5.5: Sphere torus geometry

The results for total force and torque computation are shown in Experiment As

reference values, we use the force/torque obtained from the average of ((5.1.18)) and ({5.1.35))
at a refinement level of h = 0.055. Torque is computed about the point (4,0,0). We see
that the two methods have identical performance which is in contrast with the results from
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Experiment [T} This is in alignment with the results we have seen for a smooth domain in
other experiments. The asymptotic convergence rates are reported in Table [5.2
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meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.6: Error in force and torque computation for sphere and torus (Experiment

Table 5.2: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.38 2.38
Stress tensor 2.37 2.36

The shape derivatives can be compared using dual norm error computed for cosine ve-
locity fields as mentioned in Section the results of which are plotted in Figure 5.7
As in the force and torque error computations, the reference values are obtained using the
BEM based shape derivative formula at a refinement level of A = 0.055.

105

dual norm error

—¥— BEM: 2.2967
—EO— MST: 2.2809

0.1 0.15 0.2 0.25 03 035 04
meshwidth

Figure 5.7: Dual norm error for Experiment
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Experiment 13. In this experiment we consider a brick shaped linear material with per-
meability ;1 = 4 placed near the torus shaped current source from Experiment We use
1o = 2 for the external medium. The cuboid has sides of length 3,1,1 and is centered at
(2,1,3).

Figure 5.8: Cuboid torus geometry

The results for total force and torque computation are shown in Experiment For error
computation we use the BEM shape derivative based values at a refinement level h = 0.064
as the reference value. Torque is computed about the point (4,0,0). We observe a superior
performance from the BEM based shape derivative. The asymptotic convergence rates are
tabulated in Table (.3

103 ‘ ‘ ‘ ‘ 3 108
4 | 4 4 4
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s e il s
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106 2 iMST I $MST |
0.1 0.15 0.2 025 03 0.1 0.15 0.2 025 03
meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.9: Error in force and torque computation for cuboid and torus (Experiment
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Table 5.3: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.05 3.11
Stress tensor 0.94 0.79

The dualnorm errors are computed using the BEM based shape derivative as the reference
value at h = 0.064 and are plotted in Figure It confirms the superiority of the BEM
based shape derivative.
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meshwidth

Figure 5.10: Dual norm error for Experiment

Experiment 14. In this experiment we consider a tetrahedral shaped linear material with
permeability 1 = 4 placed near the torus shaped current source from Experiment We use
o = 2 for the external medium. The tetrahedron has corners at (1,0, —\%) and (0, 1, %)

is translated by (2,1,3).

Figure 5.11: Tetrahedron torus geometry
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The results for total force and torque computation are shown in Experiment For error
computation we use the BEM shape derivative based values at a refinement level h = 0.041
as the reference value. Torque is computed about the point (4,0,0). We observe a superior
performance from the BEM based shape derivative. The asymptotic convergence rates are
tabulated in Table [5.4]
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(a) Error in total force (b) Error in total torque

Figure 5.12: Error in force and torque computation for tetrahedron and torus (Experi-

ment

Table 5.4: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.39 2.32
Stress tensor 1.02 0.96

The dualnorm errors are computed using the BEM based shape derivative as the reference
value at h = 0.041 and are plotted in Figure [5.13] We see a superior performance from the
BEM based shape derivative.
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Figure 5.13: Dual norm error for Experiment

5.1.2 Vector Potential Formulation

The divergence equation in [5.1.2] allows us to write B = curlA in Q U .. Enforcing the
jump condition [A]; x n =0 leads to

0=curlr(n x (JA]p xn)) =curl [A]; -n = [B]; - n. (5.1.26)
The other jump condition is obtained from the jump condition for H
[ curlA] x n=0. (5.1.27)

Combining it with the equation for H in and the material law |5.1.3| we get

curl(; ' (x) curlA(x)) = J(x) in QUQ,,
[[/fl ’yMA]]F =0 on I,
[A]p =0 on T,
IA)]| = O(lx[ ") at co. (5.1.28)

The solution the to the above problem is still not unique, we take care of that by using the
Coulomb gauge:
divA=0 inQuUQ, [Al;-n=0 onT.

5.1.2.1 Variational Boundary Integral Equations

We approach [5.1.28] with a BIE based formulation. We can use the boundary integral
equations derived in ([2.2.23]) for the interior and exterior traces

{ A —%A—/C} {mﬂ N {gradp Uy (v, A)} _ 0]

) + B — ’Yt_ 0 0’
{ A 5 —C] {%&A} N {gradp Wy (7 A)} o {%* N(J)}
Y+B N |[%A 0 NI |
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Since there are no surface currents at the interface I' := 02, the magnetic trace 7;A €

H~2(divp 0,T) and the first equation can be tested with a test function ¢ € H~z(divy0,T),
leading to a meaningful variational formulation [33]. The second equation for interior and
exterior traces is tested with test function u € H _%(curlp, ['). We get the equations

1 1, ..
bA(’YIT/IA7<) - 5 </yt_A7€> - bC(’Yt_AaC) =0 VC € H_E(leF 0, F),
1 1
—by (7 A ) — 5 (1A, u) + bg(vyA,u) =0 Vu € H z(curlp, I),
1 1, ..
ba(1aA,€) + 3 (% A, ¢) —be(vd A, C) = o (7 N(J),€) V¢ € H 2(divp 0,T),

1 1
—bp (7 A, u) + 3 (A, u) + ba(viA u) = po (W N(J),u)  Vu e H Z(curly, D).

Using the notation < -,- > for the duality pairing between H *%(divF, [') and H ~3 (curly, T),
the bilinear forms used in the above equations are defined as

ba($.€) = (A®),C), belg,¢) = (C(g).C). (5.1.29)
bs(, ) := (B).u), by(g.u) = (N(g), u). (5.1.30)

The variational equations can be combined using the transmission conditions to get a single-
trace formulation. We use the notation g := ;" A and 9 := ;A for the exterior tangential
and magnetic traces respectively. The interior traces can then be written as 7, A = g and
TMA = -}%1/). Substituting the notation for traces and combining the variational equations
gives the variational formulation. To ensure its unioi[ue solvability, we need the space V :=
{u e H2(curly,T) : (u,grady U)—%,r =0 Yve H()}, where (-, -)_%’F is the H™2 inner

1
product which essentially ensures orthogonality to the kernel of N' which is grad H2(T).

This works for simple topologies as mentioned in Remark . We seek ¢y € H —3 (divp0,T"),g €
V such that

(1+ ﬁ)bA(iﬁ,C) —2be(g,¢) — (1 + %)bN@ﬂl) +2bp(¥,u)

= 110 (W N(), ) + o (NI, u) V¢ € H 2 (divp 0,T),Vu e V. (5.1.31)

The unique solvability can be seen by plugging in { =% and u = g on the LHS which gives
1 1
(1+)ba(®,¢) = (1+ " )bu(g,u).
Ho K

We conclude the ellipticity based on the ellipticity of b4 [33] and —b,s which can be concluded
by combining the closed range of operator curlp [13| Lemma 9] and the result |33, Lemma
6.3]. The field energy can be written in terms of traces. Starting with the expression for
field energy

Er = —/ul(x) lcurl A (x)||* dx

RS
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= MT/ [curl A (x)||? dx +H / |curl A (x
Q
pt fo!

erc

Due to the transmission conditions, the first two terms cancel each other. To write the
energy expression purely in terms of traces, we use the representation formula for A in the

exterior domain €2, (2.2.22)). This gives us

1

£r = / (Unilg) — Wa(®) — grad, Uy (v A) + uoN(T)) - J dx.

QS[‘C

The third term in the representation formula drops out since we assume divJ = 0 in (g,
and J -n =0 on 0€,.. This gives

fr=13 / (ni(g) — Ua ) + N () - I dx
/ [ (9Glxy) x (nx g)(3) - ) xS,
—57/G(X,y)1/)( ) J(x) dSy dx + 2 // (x,y) I(y) - J(x) dy dx.

Swapping the variables x and y in the first two terms and using the fact that V,G(x,y) =
—VxG(y,x) we get the field energy in terms of traces

1 1
& =5 (@)~ 5 N ) + 2 [ [ Gexy) ) T dy ax (5132
QSI’C QS[‘C
5.1.2.2 Variational Formulation on Deformed Domain

We consider a deformation using V such that ¥V = 0 at Q.. Thus only the domain Q° is de-
formed. The variational formulation for the deformed s conﬁguration has the same structure
as [5.1.31} seek 9, € H™2(divp 0,T%), g, € V, := {u € H 2 (curly, ) : (u, grady, v) i =

1
0 Yve HZ(I®)} such that

(1 )ba() (0, €) = 2 be(s)(80:€) 2 bis() (W w) = (15 “1)bir(s) g, w)
= 10 (%N, Oy + 10 (N, w),, V¢ € H 3 (divp 0,1%),Vu € V.
In the variational formulation above, the bilinear forms b.(s) represent integrals on [ := 00

and (-, -)p. represents the duality pairing between H~ (curlp, ['*) and H~ (din, ).
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5.1.2.3 Equivalent Formulation on Reference Domain

We transform integrals in the (bi)linear forms back to the reference boundary T'° using the
perturbation map

D@.¢) = / / G(x, ) Y(y) - C(x) dS,dSy

- / / G(TY (%), T2(5)) $(T*(§)) - C(TY(X)) ws(%) wn(§) dSdSs.,
be(s) (g, ) = / / (VGlx,y) x (n x g)(y)) - C(x) dSy dSx

= [ [ (v, « (CPERE gr))

ro ro

-C(TL(x)) ws(X) ws(y) dSy dSs,
by (s)(g,u) = — / / G(x,y) curlpg(y) curlp u(x) dSy dSx

. / / G(T (%), T*(5)) curle g(T%(§)) curlr u(T¥ (%)) wu() ws (%) dSy dSs.

ro ro

((5)(€) = (W NI), ¢y, = // (x,y) J(y) - {(x) dy dSx

_ / / G(TX(%),y) I(y) - C(TL(%)) wi(%) dy dSs,

l5(s)(u <7§4N // V G(x,y) x J(y )) (n(x) x u(x)) dy dSy
:F[Qi <VXG(T’S'(§(),y) X J(y)> ) (C(DTES)((;;()) n(x) % u(Tlsj(f())) w(%) dy dSs.

The vector potential A in our considerations is a 1-form and its tangentlal trace () would
be a 1-form as well. So for functions associated with the space H ™z (curlp, I') we use a
pullback for 1-forms. The Neumann trace is a twisted tangential trace of a 1-form and we
will use the following pullback derived using the duality pairing of these traces

DT(X) - _

m Y(x),

g€ H % (curly, %), g € H 3 (curlp, T°) :  g(T%(%)) = DT*(%) 7 g(%).

p € H 2 (divp 0,1%), ¢ € H™3(divp 0,T%) :  9(T%(%)) =

We will also need a pullback for the scalar surface curl operator that appears in by,

curlp g(T%(x)) = %ég)
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Based on the transformed integrals and pullbacks, we define the pulled back hat (bi)linear
forms:

~

bals9.0) = [ [ T, T2(3) (OT2(5) 93)) - (DTG0 €0 Sy S

be(si8.0) = [ [ (VG0 T2(3) x (DT2(3) {(3) x 8(3)}) ) - (DT €13 Sy S,
bu(si) =~ [ [ GITIR).T5) curle g(5) cunlr (5) dSy dSx

bisd) = [ [ om0y 3 (DT €3 dy s
FO QS!’C
= [ [ (96(T60.3) x 33) - (PT2Go ) x (50} dy S
FO QSI‘C
We don’t explicitly mention the bilinear form by since it can be written in terms of the bilinear

form related to be. For the pulled back bilinear form we have the relation 53(3;12),11) =
be(s;0,9). For Xy := H 2 (divy 0,T°) x V the pulled back formulation reads

~

[‘gb} €Xy: b(s; [ﬁ] : m) = U(s; m) v Lﬂ € X, (5.1.33)
where
b(s; rg ; Lﬂ) =(1+ %)bA(s,{b,&) — 2be(s;8,C) + 2 ba(s:gp,0) — (1 + %>BN(S’ 1),

Following the expression in (5.1.32)), the field energy for the deformed configuration can be
written in terms of the pulled back linear form as

R
Ep(s) = —551(8;%) + 552 55 8s) / / x,y) J(y) - J(x) dy dx.

erc erc

Using the variational equation (5.1.33) we can write it as

oo e ] [+ ] f o s

src Src

5.1.2.4 BIE-Constrained Shape Derivative

To compute the shape derivative, we start by introducing the Lagrangian £ : Rx Xy x Xy —



+2%B@w§][ ] ”0/1/ (x,5) I(y) - I(x) dy dx.

irc Q‘%rc

Plugging in the state solution gives the field energy

L(s; [QZ)S] , [ﬂ) =&p(s) V [g] c X,.

8s

This allows us to compute the shape derivative as

wo-se ]

where L{j € X, solves the adjoint equation

(Bl B - e

g
Computing the partial derivatives gives us the adjoint equation in an explicit form

g B 1 40 s [ - o

To simplify the adjoint equation we observe the relation
500 V0] [y = =0 L08a00:80,€) + 2 B0(0580.0) 2 (05t ) — (1 L2010

g0 u )
- [l [

where we used the symmetry of b 4 and b v - The adjoint equation then reduces to the simple

]MJ£$ZOVEG%- (5.1.34)

g [ ol

We get the adjoint solution in an explicit form as

-l
P Ko —éo'

The shape derivative can be written as

wo-sollul)
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2] [t ] o[8[ 2]

o] [ )

2410 Os g0 g0 4o 11p 05 go
= QLMO{(l + No)abA(O 1/)0 'po) 2 %(0 g0, 1/)0) aabB(O ¢0 go) + (1 + /;0)85 (0; 8o, go)}
{0y - L2} (5135

We list all the partial derivatives with respect to s which will be used in evaluating the above

expression

ab*‘ 0= [ [19:0003) V) + 9,600.3) - Vi) 9ly) -0 a5, a5,

ro ro

+ [ [ 66y {(DVE) 96 £60 + i) - OV €lx)) | dS, ds

ro ro

Pe08.6)= [ [ (TuGiy) OV 03) % 80} ) L) a5, a5,

ro ro

[ [ (9Gxy) < () < 8(3))) - (PV60) E60) a8y a

ro ro

+ // <dVXG(TZC§j)7TZ(Y)) =0 ¥ (ﬁ(y) X g(y)>) &(X) dS, dSy, (5.1.36)

To 10

85_2[(05 g,0) = — / /{VXG(X,Y) -V(x) + VyG(x,y) - V(y)} curlrg(y) curlpu(x) dSy dSx,

ro ro

D0:0)= [ [ ey 3t (0¥ £y a5,

0 Qsre

—|—/ / ViG(x,y) - V(x) J(y) &(X> dy dS,

052 a / / )) : <DV(X){ﬁ(X) X ﬁ(x)}) dy dS,
+ KQ/ (dv"G Z V)|, x 3(y)) - (Blx) x (x)) dy dSx.

The partial derivative for V,G(T%(x), T%(y)) with respect to s is given as

dV.G(T% (%), T (9))

s=0
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— V,V.G(%,§) (V(fc) — V(y)), (5.1.38)

where
3 (x-y)x-y)" 1 Id
vV,V,Gx,y) =V, V.G(x,y) = — _ (5.1.39)
Y ir x -y’ Am ||x -y
Similarly
dVG(TY (x),

5.1.2.5 Shape Derivative From Volume Based Variational Formulation

We need the following weighted Sobolev space for physical vector potential solutions in the
whole space R? [33]

VR = {ue DR, — 2 ¢ 2R curlu € L*(R?), divu = 0 in R},
1+ |x]*

Writing V' = V(R?), the transmission problem (5.1.28)) has a weak solution that satisfies the

following variational formulation

AcV: /pfl(x) curlA (x) - curlA'(x) dx = / J(x)-A'(x)dx VA'eV. (5.1.41)

R3 erc

The field energy expression can be written in terms of the vector potential

£ =1 / p () [leurlAx) |2 dx.

RS

5.1.2.6 Energy Shape Derivative

We deform the system using V such that YV = 0 around the source current. So we deform
only the material occupying Q°. The permeability is transformed like a O-form: permeability
for the s configuration is u4(x) and satisfies p(X) = us(T%(x)). The variational formulation
for the s configuration is similar to (5.1.41)) in structure

A eV / 1 (x) curl A (x) - curl A/ (x) dx — / J(x)- Al(x) dx VA’ € V.
R3 erc
Transforming the integral on the LHS using the perturbation map gives us:
[ T0) (curl ) (T60) - (curl&))(T2(5) | e DT i = [ 350 ') .
R3 erc
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The right-hand side remains unchanged since the velocity field is zero around (.. We use
the following pullback for the curl of the vector potential which transforms like 2-forms:

1

(curl A)(T() = G b )

DT (X) curlA (x).

Denoting the pullback of A, by A,, using the pullback relation A(T%(%)) = DT% (%) TA(%)
from Section |3.0.4.2) we get the pulled back variational formulation: seek A, € V such that

/ p~L(%) (DT (x) curlA,(x)) - (DTY(x) curlA’(x)) m dx

RS
:/J(&)-A’(&) dx YA €V. (5.1.42)
QSI‘C

To write things compactly we introduce the (bi)linear forms

~a - - 1
. AN —1/g V(S S i v/ 1/ I 2
b(s; A, A') = /;L (x) (DTY(x) curlA(x)) - (DT%(x) curlA’(x)) et DTV ()] dx,
R3
I(s; A := / J(x) - A'(%) dx.
QSTC

The pulled back variational formulation can be written as
A, cV: b(s;A,,A)=1(s;A") VA eV.

The field energy for the deformed s configuration £r(s) can be written in terms of the pulled
back bilinear form b as

1~ « ~
Er(s) = §b(8; A Ay).
For using the adjoint method, we start by defining the Lagrangian £L: R xV xV — R,

~ ~ ~ ~ ~

L(s;A,A") :=b(s; A, A) —1(s;A') + 5b(s A A).
Plugging in the state solution gives us
L(s;A,, A =Ep(s) VA eV.

The shape derivative can be computed as

d&r 0L, -
E(O) = g(O,Ao,P),

where P € V solves the adjoint equation
oL Ao <
<—A(O;A0,P);A/> =0 VA'eV.
0A
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The adjoint equation can be written explicitly as
b(0;P,A") +b(0; Ag,A') =0 VA' eV,
which yields the adjoint solution P = —A,. Thus the energy shape derivative is

dEr 1 / g {DV(&)curle-curle(fc)+curlA0(§<)-DV()E)curle} -

25 V=73 — curl Ay (%) - curlAy (%) V- V(X)

R3
(5.1.43)
The shape derivative can be simplified further. The integral can be split into integrals over

R3? into Q and .. Writing the magnetic flux intensity B in place of curlAy we get

d€lp

—1
o)=L /{BT(Dv +DVT)B - [B|? V- V} dx
Q

—1
- % /{BT(Dv +DV)B — |B|® V- V} dx.
Qe

The expression BY (DY + DV)B in the integrands above can be simplified further as

B'(DY +DV")B=2B" VYV B =2B"(V(B-V)-VB V) =2B"V(B-V) - 2B’VB VY
=2div((B-V) B) —2B"VB V = 2div(BB" V) - 2B’ VB V.

The expression ||B||> V -V can be replaced using the following relation
div(|B|* V) =2 V'VB B + |B|* V- V.
The whole integrand then becomes

1B

2div(BBT v 5

V)+2V'(VB - VB")B.
The above expression can be simplified further by observing that

OB, 0,By 01D OB, 0;B, 03B
VB - VB! = |0,B; 0;By 0yBs| — |01By 9yBy 03Bs
8331 a3B2 a3B3 8133 a2B3 a3B3
0 01By — 03B, 01B; — 03B,
= |0yB; — 1 B> 0 OB — O3B
8331 - 81B3 6’332 - 8233 0

Thus the product (VB — VB?)B becomes

0 8132 — 0231 8133 — 8331 B1
8231 — 8132 0 8233 — 8332 Bg
8331 — 8133 8332 — 8233 0 Bg
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(6132 — 8231)32 + (8133 — 8531)33 (CUI'IB)Q,BQ — (curlB)233
= (8231 — 8132)31 —+ (8233 — 8332)33 = (curlB)133 — (curlB)331 = B x curlB.
(8331 — 8133)31 + (3332 — ang)Bg (Clll'lB)QBl — (curlB)132
(5.1.44)

Combining all these simplifications, the shape derivative reduces to

o T B o T B
:_ul/dlv(BB V- 5 V)dx—,uol/dw(BB V- 5 V)—/v.(BxJ)dx
Q Qc erc
2 2
=t /div(BBT V- —”]z” V) dx — ,uol/div(BBT V- —“an V).
Q Qe

Using divergence theorem, the formula reduces to
/ a [{?(B)]] n ds,
r
I
where we have the Maxwell Stress Tensor

vt fanr Bl
T B)(x) == u(x) {BB _T'd}'

Finally using the transmission conditions, the shape derivative reduces to the Hadamard
form and we recover the same expression obtained using the scalar potential formulation in
(5.1.25|)

%((D _ / {BZ [[;u]]r Rk 2[[ul]p} Vonds. (5.1.45)

FO

where B,, is the normal component of B and H. is the tangential component of H. Notice
that this formula matches with the force formula in literature [6].

5.1.2.7 Note on “Holding the Fluxes Constant”
We inspect the shape derivative in [5.1.43| which is given as

0 =5 ([

R3

)DTg (%) curl A, (%)

2 1 R
det DT¥ (%) dx) '

Consider that the vector potential Ay in the reference configuration is moved by T as a
1-form to A’ such that A*(T¥%(x)) = DT%(x) T Ay(x). For its curl, a 2-form, we have the
pullback relation

o DT (%) curl Ay (x
curl A, (T3(%)) = d(et)DT"(fc)O( |
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Thus we can write

d€p

% 0) = %%(/;ﬂ(x) o7 (%) curtAq(3) | m %) |10

o~ s . *(TY (% V(s o
_ _§£< / (T%(%)) leurl AZ(T%(%))||* det DT(x) dx)’szo
R3
d /1 [ _ *
-4 / () lewrl AL (X)[* - dx ) oo
R3
d&x . ' *
T dsF 0), Er(s) = §/M51(X) curl A% (x)||* dx.
R3

In the last step we transformed the integral back using the perturbation map. The expression
in the brackets is the energy of the magnetic vector potential obtained by dragging the vector
potential in the reference configuration as the appropriate differential form, denoted by £5:(s).
This dragging of fields as the appropriate differential form is what constitutes holding the
flux constant, also mentioned in [28]. We obtain a relation similar to the one we saw in
4.4. 10

sy, dE;

5.1.2.8 Numerical Experiments

Now we compute the shape derivatives and evaluate their performance numerically. Since
both the shape derivative formulas (called “BEM” in the plots) and (called
“MST” in the plots) are purely boundary based, we directly solve for the boundary data
using a discretization of . Discretizing the boundary I" with a mesh M), consisting
of triangular elements, we use the space n x VP!(M},) to discretize H _%(din 0,T") which
was the zero surface divergence constraint built into the equation [33]. The space P!(M},) is
the space P'(M},) with the constants removed, which can be implemented by enforcing zero
mean on the elements of P;. For the tangential tragce the relevant continuous space is V' :=
{ue H z(curly,I) : (u,gradpv) 1 =0 Vo e H2(I)} (for trivial topology), as explained
in Remark [2] which is discretized uszing the lowest order Nedelec edge elements and enforcing
the orthogonality constraint to the elements of P!(M}) space. In the discrete system,
these constraints are applied through a mixed formulation following the ideas mentioned
in [58, Section 3.5, Chapter 3|. For the computation of the BEM based shape derivative,
we use the Sauter and Schwab quadrature rule [54] of order 5*. For evaluating the partial
derivative ‘98%0, we simply use the singular quadrature rule for evaluation even though we do
not have a proof that the integrals exist as weakly singular integrals, like we had in the case
of electrostatics as seen in Section [f.1.7] Surprisingly, the numerical performance seems very
good as we will see next. The shape derivatives are also compared using the dual norm error
computation, the procedure for which was outlined in Section {.4.7.1]
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Experiment 15. We have the same experimental setting as in Experiment (cubic Q),
now approached using a BIE formulation based on the vector potential. The strategy for
computing force and torque remains the same, as mentioned in Section [3.0.2] As reference
values, we use the force/torque obtained from the average of and at a
refinement level of A = 0.088. Torque is computed about the point (4,0,0). The errors are
plotted in Figure and their asymptotic convergence rates are reported in Table [5.5
We can see the superior asymptotic convergence rate of the BEM based shape derivative
formula.
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(a) Error in total force (b) Error in total torque

Figure 5.14: Error in force and torque computation for cube torus (Experiment

Table 5.5: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 2.00 1.93
Stress tensor 1.30 1.23

The shape derivatives can also be compared via dual norm computations for cosine ve-
locity fields mentioned in Section The results for that are plotted in Figure [5.15
which confirms the superiority of the BEM based shape derivative formula.
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dual norm error

—3— BEM: 2.6471
—O— MST: 1.1485
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Figure 5.15: Dual norm error for Experiment

Experiment 16. We have the same experimental setting as in Experiment (spherical
), now approached via a vector potential formulation. As reference values, we use the
force/torque obtained from the average of and at a refinement level of
h = 0.055. The errors are plotted in Figure [5.16
(4,0,0). The asymptotic convergence rates are reported in Table We see a similar
performance from the two methods for this smooth case.

Error in force magnitude

Torque is computed about the point
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Figure 5.16: Error in force and torque computation for sphere and torus (Experiment

Table 5.6: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.16 2.17
Stress tensor 2.21 2.10
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The shape derivatives are also compared via a dual norm error computation which is
plotted in Figure [5.17} It confirms the similar performance for this smooth case.

10°°

107 ¢

dual norm error

—3— BEM: 2.3015
—E— MST: 2.4993

107"
meshwidth

Figure 5.17: Dual norm error for Experiment

Experiment 17. We have the same experimental setting as in Experiment [13| (cuboidal (2)
now approached via a vector potential formulation. The errors are computed using the BEM
based shape derivatives as the reference value obtained at a refinement level of h = 0.064 and
plotted in Figure [5.18] Torque is computed about the point (4,0,0). We see that the BEM
based shape derivative gives a higher convergence rate which is also tabulated in Table
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Figure 5.18: Error in force and torque computation for cuboid and torus (Experiment
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Table 5.7: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.35 2.36
Stress tensor 1.46 1.37

The dual norm errors are also computed for the shape derivatives which are reported in
Figure [5.19, The reference values are again computed using the BEM shape derivative at
h = 0.064. The superiority of the BEM based shape derivative is confirmed.
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Figure 5.19: Dual norm error for Experiment

Experiment 18. We have the same experimental setting as in Experiment (14 (tetrahedral
2) now approached via a vector potential formulation. The errors are computed using
the BEM based shape derivatives as the reference value obtained at a refinement level of
h = 0.041 and plotted in Figure m Torque is computed about the point (4,0,0). We see

that the BEM based shape derivative gives a higher convergence rate which is also tabulated
in Table 5.8
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Figure 5.20: Error in force and torque computation for tetrahedron and torus (Experi-

ment

Table 5.8: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.06 2.24
Stress tensor 1.33 1.33

The dual norm errors are also computed for the shape derivatives which are reported
in Figure [5.21] The reference values are again computed using the BEM shape derivative
at h = 0.041. The dual norm computation confirms the superior performance of the BEM
based shape derivative.
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Figure 5.21: Dual norm error for Experiment
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5.2 Linear Material Inside a Constant Field

Figure 5.22: Geometric setting

Consider a linear, isotropic and homogeneous material with permeability ;1 € R™ occupying
the bounded, simply connected and open domain €; C R* with C?, boundary. This domain
is entirely enclosed by a ball Br(0) centered at the origin and with radius R. The domain
Q. := Br(0) \ Q; denotes the space in between, which is occupied by a linear, isotropic and
homogeneous material of permeability py € RT. Our motivation is to model a case where a
linear material is placed inside a constant field. The total fields By, H;,; inside the domain
obey the magnetostatic equations

diV Btot = O, CurlHtot = 0,

which are complemented by the material law

B p X € Qia
Btot = ,M(X>Htot7 M(X) T {MO X € Qe'

5.2.1 Vector Potential Formulation

The divergence constraint on B;,; allows us to use a vector potential ansatz B;,; = curlA;;.
In an attempt to model a constant field at I'., we enforce the Dirichlet boundary condition
VeAtot = VeAconst Where Aons: is a vector potential such that curlA,,; = By, By € R?
being the constant field. Notice that we can find an explicit form for A o = %BO X X
but we won’t need it. We can do the decomposition A;,; = A + A.nse and writing the
transmission conditions for A, in terms of A we get the transmission problem

curl (1! (x) curlA) = 0 in Q; UQ.,
[[u_lvMA]]F = — [[u_l]]F Boxn only,
[vA]lr=0 on I';,
MnwA =0 on I.. (5.2.1)

To render the above transmission problem uniquely solvable, we enforce the coulomb gauge

divA = 0.
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5.2.1.1 Variational Boundary Integral Equations

The transmission problem can be approached using a BIE based formulation. We start by
inspecting the BIEs for 0€), in the variational form. Since €2, is bounded we use the first set
of BIEs in and denote the BIOs on 0f), with a subscript e. For the vector potential
A in ., we denote its magnetic trace as ¥ and its tangential trace as g. Thus we have

b, (.) + b (8,C) + 3 (8:C)on, =0 V¢ € H-H(divr 0,09,),

—bg. (¥, u) + % (,u)y0 +by.(g,u)=0 YuecH > 2 (curly, ). (5.2.2)

Since 092, = I';UI',, the integrals in the bilinear forms can be decomposed, which are written
compactly using the notation

b%* : H 2 (divp0,T,) x H 2 (divp0,T,) — R,
b%* (¥,¢) : // X,y) ) - €(x) dSy dSx,

Fa T
.A - H Clll'lp, ) x H™2 (leFO FA) — R
b2 (8.) //vaxy (n(y) x g(y))) - ¢(x) dSy dSx.
s T
byt :H‘l(curlp7 ) x H™2 (curlp,FA) — R,
by (g, ) : // x,y) curlp g(y) curlpu(x) dSy dSx. (5.2.3)
I T

The bilinear form by* (), u) := bg*(u,9). In the above definitions, n represents the exterior
unit normal on both I'; and I'.. The duality pairing over 02, can be easily split into duality
pairings over I'; and T',. Denoting Y. =Y., 8. = g|r.,{« =(|r,,u. = u|p,, * € {i,e}, we

can write the equations in as
—Wwwww%%w—WWAﬂbW%@
—bg' (8 €i) — be"(8i: o) + b (e, Ci) + bE* (8e, e
bys' (i, W) + bz (%, wi) — b (s, ) — b (e, e

1
+b/\/’(gza uz) + bj\/ (gea ul) + bN (gm ue) + bN’ (gea U, + = <¢17 uz) 5 <¢e> ue)re = O

1

+5 <gwcz> 2 <gea<e>re =0,

)
)
)
)

Notice the sign flip in the bilinear form related to C. This arises from the fact that the
external unit normal n, on 0€2, satisfies n.|r, = —n. From the Dirichlet boundary condition
at I'., we have g, = 0. We first set (. = 0, u. = 0 which gives us

ii ei ii 1 1,
—b% (i, Ci) — b (Ye, Ci) — bg'(gi,¢i) + 3 (gi,Ci)p, =0 V¢ € H2(divp 0,1),  (5.2.4)
- . - 1
by (¥i, w;) + b’ (Y., ;) + bir(g:, w;) + 5 (i, w;)p, =0 Vu; € H2 2(curly, T).  (5.2.5)
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Setting ¢; = 0,u; = 0 instead gives us

b3 (W C) — b5 (e Co) b”<g,,<e> =0 W€ H 3 (dive0.L), (526)
—bge('l/)i? ue) - bes’e(iﬁe, ue) + bj{/?(gia ue) + 5 <¢€7 u6>I‘ 0 vue cH” (Clll'lp, ) (527)

Now we have a look at the BIEs on I'; = 0€2;. Denoting the interior traces as 9, g; we get the
variational equations by testing the interior BIEs in (2.2.23)) with ¢; € H_%(diVF 0,T),u; €
H—3 (curlp, I';). Thus we have

i i 1 1
—b'y (¥, ¢i) +bs'(gr,¢i) + 3 (g1,¢i)p, =0 V¢ € H2(divp 0, 1), (5.2.8)
ivi 1 ivi
—bé (’lp[, lli) + 5 <’l/)[, ui)ri + b/\’[(g], ul) =0 ‘v’uz c H =2 (Curlr, ) (529)
Using the transmission conditions we have the relations

gr=8i, Yr=p [[/fl]]pBo Xn— ﬁ%;

allowing us to write the above equations as

IR i 1 iy
%b/’x (i, G) +be'(8:,€) + 5 (g3 Cidr, = 1 [ £ B (Bo > m, Gy), (5.2.10)
i 1 ROIRE
by (¥, wi) — B (i, wi)p, + gob/\/(gi, u;)
B (5.2.11)
fo [

= o [[qul]]r bgz(BO X n, ul) — 5 <B0 X n, ui>ri .

Subtracting ((5.2.4]) from (5.2.10]) we get
Koy i e,i - i
(1 + %)b,zl (’lpm(z) + 2bé (g’LJC’L) + b,,éi (¢67Ci> = [[:u 1]]1" b,é,l (BO X n?(i)?
adding (5.2.11)) and (5.2.5)) we get

2by(¢za ui) + bgi(we; uz) (1 +— [ )bj\/< i, uz)

) Ko [[:U’_ ]]1" <

5 BQ X n, u,->rl_ .

= pto [ '] b (Bo x m, u;

Using as the third equation, we get an elliptic system if we look for g; € V,; =

1
{ue H: (curlp, ;) ¢ (u,gradpv)_ i, =0 Yo e H! (T';)}, where (-,-)_ i, Is the -3
inner product for function spaces assocnated with I';. The variational problem is then : seek
P, e H > (leF 0,1%),g.€Vi,¥v.c H = (lep 0,T) such that

(14 LB (0 €0) 265 (1. ) B b C) =
pla ] bEBo xn,¢;) W € H2(divr0,Ty),
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— 2b (i, ;) — <1+M>bN<gz,uz> b%y (1., ;) =

. —1
— o [ ], b (By g+ ol e

by (1. o) + b (1. Co) + b (W C) = 0 W(. € H#(dive 0.T).

Defining the space X := H_%(din 0,1) x V; x H_%(din 0,T.), the above system can be
written compactly as

B() X n,ui)ri Vul- S Vi,

¥, Y| |G Gi Ci
gi| €X: b(|g|,|w|)=0]w|) V| iw|leX, (5.2.12)
¢€ ¢€ Ce CE Ce
where
v [¢ . . |
b( gi|, W ) 1:(1 + _)b%(lpn(i) + lec’l(gz',@) + biiz(%be,@)
Ye| |[Ce Ho

- 2b21<¢17 uZ) (1 +— [ )bN< g, uz) b;;’i(’%be, ui)
+ b (i Co) + b (@i, Ce) + b (e, Co),

£ lclz ) i=u [[,u_l]]r bff(BO x n,(;)

Ko [[ﬂ’i ]]F <

= o [ B (B x m,ug) + =

By x n, ui>ri )

It is easy to see that the bilinear form is elliptic. Putting {; = ¥;,w; = g;,{. = . we get
(14 b5 00 h0) + b W, ) + b (W ) + B (e, €)= (1+ D))
> bAew,«p) -1+ ’j’)bm,g»
> e 9l

b el

H™ 2C111‘11"F)

= o[l H b (divery T Hwa”H—f(dw r) T ||gzHH 3 (curlp,I';)

> C( Il oy et ion ) + 181 e )

We concluded the ellipticity for —A using the closed range of the operator curlp from [13,
Lemma 9] and the result [33, Lemma 6.3]. Now we try to express the field energy in terms
of the linear form. We focus on the field energy inside Bg(0) since the chosen deformation
fields will not affect the exterior or the Dirichlet boundary I'.. The field energy is given as

Er = / pH(x) [leurlA(x) + Byl dx.

BRr(0)

142



Splitting the integrand, using integration by parts and transmission conditions, we get

SF — [[:u]]r <g“B0 > > + HB20” / ,u,il(X) dx.

Br(0)
To get the desired relation we start by observing that
1 v Ko i i 1
(| —&i|) = —bi(Bo x n,%;) + bz (Bo x n,g;) — - (Bo X n,8i)p -
[ o V. o 2

Testing (5.2.10)) with By X n we get

%bA(z/)i,Boxn)—i—bc’ (1 Bo x 1) + 5 (g, Bo x )y, = s [1'] . b4 (Bo x m, By x m),

which can be plugged into the relation above to get

i
1 _ i
[[lfl]]pﬂog( :/)gi )= [[,u 1]]F b (Bo x n,Bg x n) — (By X 1, &)y -

Comparing with the expression for the energy, we finally get the relation

P, —172 2

1 > B

Ep=—0(|—g|) - Mbﬁ;{(BO <, By x n) + 120l / plx) dx. (5.2.13)
20 | g, 2 2

BRr(0)

5.2.1.2 Variational BIEs on Deformed Boundary

The configuration is deformed using the perturbation map T% from with a velocity
field V € (C5°(Bgr(0)))? which leaves the outer boundary unperturbed. For the deformed
configuration, the Dirichlet boundary condition at the outer boundary remains unchanged.
The material parameter p; in the deformed configuration is obtained by transforming the
reference values as a O-form. We denote the deformed boundaries with a superscript s, for
example I, 'Y and so on. The variational BIEs for the deformed configuration have a similar
structure to ( m Defining the relevant function space X, := H~z(divr 0, I'?) x Vi x
1

H*%(divp 0,1%), where Vi := {u € H = (curlp,I‘S) : (u, gradp v)f%’F$ =0 Yve H (%)},
we have the variational problem

Vi UHIEIE Ci Gi
gi| €Xso: b(s)(|gf |, |w|)=L(s)(|w|) V|w| eX,, (5.2.14)
(I Yo | |Ce Ce Ce
where
v [¢ . ’ |
b(s)(| & |, |w )::(1+%)b%(3)(¢ia<i)+2bzcﬂ(3)(gia<i)+bi7lz(5>(¢'ea<i)

Ye] |[Ce
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— 2b% (s) (@, w) — (1 + %)bﬁﬁ(s)(gi, W) — b3 (s)(We, wy)

+ b5 (5) (¥, Ce) + b (s)(gi,Ce) + Y (5) (e, Ce),
ci
0(s)(|ui |) = [u ] 0% (s)(Bo x 0,¢;)

e

Ho [[N_lﬂr

— pto [ '] - b5 (5)(Bo x n, ;) + 5

(Bo X m, w;)ps -
The definitions for the s bilinear forms are analogous to ([5.2.3), with integrals on I'; and I';.

5.2.1.3 Equivalent Formulation on Reference Boundary

For computing the shape derivative, we require the pulled back version of the bilinear forms.
The procedure of transformation and pullbacks mirrors the one outlined in |5.1.2.3] Here we
directly mention the pulled back bilinear forms. We skip the sub/superscript s when it is
Zero.

b%* : R x H3(divr 0,I%) x H2(divp 0,T9) — R,
bt (5:9.0) = [ [ 6T, 25 (D7) $3)) - (DTG0 €9 sy i

rQ r9

be* : R x H 2 (curly, %) x H2(divp 0,T9) — R,
‘8.0 [ [ (TOmE.TG) x (DTEHA0) x 65)})) - (DTG () dsy dsi

rQ 9

>

b%* : R x H™2(curly, ') x H™2(curly, I') — R,

by* (s; 8, 1) : //G (T%(x),T%(y)) curlp g(y) curlp a(x) dS; dSx. (5.2.15)

rQ r9

We define b (s;:¢, &) := b2 (s; &,¢). Notice that on the outer boundary I'., T%(X) = % and
DTY(x) = Id. We need to do similar transformations for the terms appearing on the RHS to
get a pulled back linear form. We skip the details and mention the expression for it

~

G
U(s; |0, ]) =

ple ], [ [ 6T (Bo < (COTE) a@)}) - (DT ) asy ass

0 10
Fi Fi

] [ [ (VG T * (DT (66) x w)}))
T (B x {C(DT)(%) (%)} ) dSy S
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N %Aﬂr/ (DT () (%) x @ (3)}) - Bo dSs.

We have the pulled back state equation:

b, AN e ¢
gl eX: b(s;|g|,|w|)="Ls;|M|) V|| X,
e e Ce Ce Ce
where
N ,‘ZZ éz M n. ~ N ne N N ~ A~
b(s; | & |, [Wi|) =1+ —=)bY(s:9;,(;) +2bs"(s:8:,(;) + b (5:%.,¢;)
¥.] (¢, o

R T A Mo\ i PN Ce,i -
- 2bé (8;¢i7 ui) - (1 + go)b./{f<8a i, lli) - bl’j; (S;"/Je? ui)

+ b (5:9;,C.) + b (58, C.) + B (539, C.).- (5.2.16)

5.2.1.4 BIE-Constrained Shape Derivative

The transformations are also carried out for the additional terms appearing in the relation

between the field energy and the linear form (5.2.13)). Again, we skip the details and include
the transformed expressions in the definition of the Lagrangian £L: R x X x X — R

'l:bi &z R {bz &z R EZ 1 . {bl
L(s; | & |, |w|):=b(s; & |, |w|)—Ls; | )+ﬂ€(s; &)
’lpe Ce /('be Ce Ce ’ /(pe
el [ [ 6.2 (Box (COTHE) (3} - (Bo x {COT)(R) 1)) dS, dss
N ”320” / (%) det DTY(%) dk.
Bgr(0)

Plugging in the pulled back state solution gives the relation

¥ [ ¢
Yl e Ce
which allows us to compute the shape derivative as
~0 ~
020 1) (o)
ds - 0s %’o ’ % ’

e
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using the adjoint solution

~ ~0 ~ ~ ~
Ai oL (2 Ai ¢ ¢
pil e X: 7 0; [g2], |pi|); || )=0 V|u| e X.
A 1 et e A
ole| e S ‘
Y.

Computing the partial derivative reduces the above expression to an explicit variational

equation
Sl T4 ¢
b(0; |G, |, | D )+2_€(0§ —0;|)=0 V|u
Ce }‘6 NO Ce Ce

Changing the sign of the test function 4; we get

R &z Xz R Xz &z 1 - &z &1
b(0; | =0 |, [Pi|) =b(0; | —pi|, |W]|) = —2—5(0; ) Vil
Ce AG }‘6 (e Ho Ce Ce

Comparing with the state equation we get

eX.

pi| =5 | &
A Ho _AO
The shape derivative can then be computed using (3.0.11]), (3.0.13), and is given as
~0 ~0
dse o, |Yil 1 | 7Y
—(0)=—-(0;|& | . 5| & |)
ds 0s ~0 | 2p0 ~0
¢e _Q/)e
-0 -0 -0
1 db ’/’0 ’/’zo 100 ’/’1'0
= —2—“0%( %'LO |8 %a((); & )
Y. Y.
-1
el / (V.0(5.9)- V&) + V,6(5.9)- V) (Box 6($)) - (B x (%)) dS dsi
o o
-1
T Gy (B (9 V() i) - DV} - (Byx 660 as, S,
o 1o
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_ w /V(}g) -R(X) dSx, (5.2.17)

where the partial derivative of the bilinear form can be computed using the definition (}5.2.16))
and the partial derivatives of its constituents

P (0:,0) = [ (9:665)- v + 9,655 - V) 663 -¢(x) Sy S
" 77@(&&) (DY) () - ¢(%) dSy S
+// G(%3) 9(3) - (Dv<f<> (%)) Sy ds,
PE 0,6, / / (DGR, o (a5) x (5)) ) - €650 Sy dSs
// V.G ( VEHAE) x 83)}) ) - ¢() dSg dSx
// (V.66.3) x (3(3) x () ) - (DV(%) () dSg dSi,
‘92;’ (0:8, 1) :—//(v G(%,3) V(%) + V,G(%.5) V() cwlrg(3) curly a(X) dSy dSx.

(5.2.18)

The partial derivative for V,G(T%(x), T%(y)) with respect to s is computed in (5.1.38)). The
partial derivative for the linear form is given as

~

N C
ag AZ p—
o i) -

il T [ (VaG63) V60 + V,6605) V) (Bo x i) €60 dsy d

ro ro

sl Dy [ [ 663 (Box (V) i) - DY) -6(5) dSy dss

ro ro

suln L [ [ 6y (Baxa) - (OVG) &) dSy dss

ro 1o
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o [T, / / (DCTDTWD) () () ) - (Bo x 860 dsy ds

— o [, / / G(x.3) % (DVE)RG) x 1) )) - (Bo x 4(3)) dSy dss
o [, / / (V.669) x (80) « 0() ) - (Bo x {7 - V() 8(5) — DV (5a()}) dS; dS
w1l [ (0w x ) By dse

5.2.1.5 Numerical Experiments

In this section we evaluate the shape derivatives numerically and gauge their performance.
The BEM based shape derivative (denoted “BEM” in plots) is compared with
(5.1.45) (denoted “MST” in plots). Note that “MST” is exactly the expression obtained
via a volume based variational constraint, also obtained using the Maxwell Stress Tensor.
Discretizing the boundary T’ with a triangular mesh My, we use the space n x VP}(M},)
to discretize H ™2 2(divy 0,T), where P! is the space of piece-wise linear functions with a Zero
mean. For the tangential trace the relevant continuous space is V := {u € H~2(curly,T) :

(u,grad;v)_ 1=0 Ywel 2(F)} (for trivial topology), as explained in Remark which
is discretized usmg the lowest order Nedelec edge elements and enforcing the orthogonal-
ity constraint to the elements of P!(M}) space. In the discrete system, these constraints
are applied through a mixed formulation following the ideas mentioned in [58| Section 3.5,
Chapter 3]. For the computation of the BEM based shape derivative, we use the Sauter and

7,1

Schwab quadrature rule [54] of order 5*. For evaluating the partial derivative 8; we simply
use the singular quadrature rule for evaluation even though we do not have a proof that the

integrals exist as weakly singular integrals, exactly as done in Section [5.1.2.§]

Experiment 19. We have a spherical domain €2; with radius 2.5, centered at (1,0,0) oc-
cupied by a linear material with 4 = 4. It is surrounded by a ball of radius 4 centered at
(0,0,0) and the space in between is occupied by a linear material with py = 2. The setting
is depicted in Figure[5.23] We use the value By = (1,1, 1).
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Figure 5.23: Geometrical setting

The total force and torques are computed using the shape derivative formulas
(“BEM”) and (“MST”) and the errors are plotted in Figure We see similar
convergence rates for this smooth spherical setting which are also reported in Table[5.9) The
reference values for force and torque are computed using the BEM based shape derivative
at a refinement level of h = 0.138.
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meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.24: Error in force and torque computation for Sphere (Experiment

Table 5.9: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.44 2.55
Stress tensor 2.65 2.28

The dual norm computations are presented in Figure [5.25| where the reference values are
again computed using the BEM based shape derivative at a refinement level of h = 0.196.
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Figure 5.25: Dual norm error for Experiment

Experiment 20. We have a cubic domain €; with side length 2, centered at (1,0.5,1)
occupied by a linear material with p = 4. It is surrounded by a ball of radius 4 centered at

(0,0,0) and the space in between is occupied by a linear material with py = 2. The setting
is depicted in Figure [5.26, We use the value By = (1,1,1).

Figure 5.26: Geometrical setting

The total force and torques are computed using the shape derivative formulas (5.2.17)
(“BEM”) and (“MST”) and the errors are plotted in Figure We see similar
convergence rates for this smooth spherical setting which are also reported in Table|5.10, The
reference values for force and torque are computed using the BEM based shape derivative
at a refinement level of h = 0.108.
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Figure 5.27: Error in force and torque computation for Cube (Experiment

Table 5.10: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.29 2.29
Stress tensor 0.27 0.27

The dual norm computations are presented in Figure [5.28 where the reference values are
again computed using the BEM based shape derivative at a refinement level of A = 0.108.

dual norm error

—— BEM: 25143
—EO— MST: 0.64103
|

0.15 0.2 0.25 0.3 0.35 0.4 045
meshwidth

10°°
Figure 5.28: Dual norm error for Experiment

Experiment 21. We have a cuboidal shaped domain 2; with sides (3,1,1), centered at
(1,0.5,1) occupied by a linear material with g = 4. It is surrounded by a ball of radius 4
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centered at (0,0,0) and the space in between is occupied by a linear material with py = 2.
The setting is depicted in Figure We use the value By = (1,1, 1).

Figure 5.29: Geometrical setting

The total force and torques are computed using the shape derivative formulas
(“BEM”) and (“MST”) and the errors are plotted in Figure We see similar
convergence rates for this smooth spherical setting which are also reported in Table|5.11] The
reference values for force and torque are computed using the BEM based shape derivative
at a refinement level of h = 0.118.

Error in total force
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Error in total torque
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meshwidth h meshwidth h

(a) Error in total force (b) Error in total torque

Figure 5.30: Error in force and torque computation for Cuboid (Experiment
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Table 5.11: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.15 2.42
Stress tensor 0.74 0.35

The dual norm computations are presented in Figure [5.31| where the reference values are
again computed using the BEM based shape derivative at a refinement level of h = 0.118.

dual norm error

—3¥¢— BEM: 2.7947
—6— MST: 0.89711

0.15 0.2 025 0.3 0.35 0.4 0.45 0.50.550.6
meshwidth

Figure 5.31: Dual norm error for Experiment

Experiment 22. We have a tetrahedral shaped domain 2; with corners (1,0, —\%) and

(0, £1, %), translated by (2, 1, 3) occupied by a linear material with p = 4. It is surrounded
by a ball of radius 2 centered at (2.3,1.5,3.1) and the space in between is occupied by a
linear material with g = 2. The setting is depicted in Figure [5.32l We use the value
BO - (1, O7 0)

Figure 5.32: Geometrical setting
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The total force and torques are computed using the shape derivative formulas (5.2.17)
(“BEM”) and (“MST”) and the errors are plotted in Figure We see similar
convergence rates for this smooth spherical setting which are also reported in Table[5.12] The
reference values for force and torque are computed using the BEM based shape derivative
at a refinement level of h = 0.082.
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(a) Error in total force (b) Error in total torque

Figure 5.33: Error in force and torque computation for Tetrahedron (Experiment

Table 5.12: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.98 1.96
Stress tensor 1.13 1.13

The dual norm computations are presented in Figure [5.34] where the reference values are
again computed using the BEM based shape derivative at a refinement level of A = 0.082.
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Figure 5.34: Dual norm error for Experiment

5.2.2 Scalar Potential Formulation

Instead of using the divergence constraint to introduce a vector potential ansatz, we use
curlH;,, = 0 to write H;,; = Vu. We enforce the Dirichlet boundary condition ypu =
YDUeonst at the outer boundary I'. where e, = Hp - x such that Vue,,g = Hg. Coupling
the scalar potential ansatz with the divergence equation for B,, and the material law we
get the transmission problem

div(p(x) Vu) =0 in ; UQ,,
[ynulp =0 at I';,
lvpulr =0 at I';,
vpu =Hgy-x at .. (5.2.19)

The transmission conditions are I'; are obtained from the transmission conditons for B,y
([Biotlp - n = 0) and Hyp ([Hyot] X n = 0) expressed in terms of u.

5.2.2.1 Variational Boundary Integral Equations

We derive the BIE based variational formulation for (5.2.19). We start with BIEs for 9€). in
variational form. Since €. is bounded, we can use the equations for the bounded domain from
(2.1.22). Denoting the Neumann and Dirichlet traces of u on 90, by ¥ and g respectively
and denoting the BIOs with sub-script e we have
1 _1
b, (1, 8) = b (9, 6) = 5 (9, 0)a, =0 Vo € H™3(09%),
1 1
) (¥, u) o, +brr (¥, u) +bw,(g,u) =0 Vu € H2(9).

Since 0€), = I'; UT', we can split the integrals in the bilinear forms. The resulting equations
can be written compactly using the following notation:

by« H 2(I,) x H 2(T,),
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654 (0.0) = [ [ Glxy) wly) o) a5, dS..

b;<‘ . H2(T.) x H2(T,),
by //vaxy n(y) g(y) 6(x) dSy dSx,

Ty T
byA - H2(T',) x H2(T,),
by (g, u) = //G(X, y) curlp g(y) - curlp u(x) dSy dSx. (5.2.20)
Ty T

Bilinear form for K’ is defined as by (1, u) := by®*(u, ¥). In the above definition, n denotes
the exterior unit normal for both e, A € {i,e}. Writing 1, := ¥|r,, g« := g|r., 0« = ¢
ulr,, * € {i,e} and the introduced notation, we can write the above equations as

b (1 0) + By (i, &) + b (W, &1) + bY (e, 6)

Ty Ux =

+bi (93, 01) + b (91, 0e) — b (ge, & Z) b (e, ¢e)
1
<gz>¢l> <g€’¢€> O’
b%(gi,ui)—biﬁ(gi,ue)— (ge,uz)+ W (9es e)

—b?{z(uzadjz) - bif(“i)%&i) bEl(ue’ Z) bee(ue’we)
1
2 (Wi, i), <w€’u€> =0

Dirichlet boundary condition at ', gives us g.(x) = Hy - x. Putting ¢. = u. = 0 gives us
i ey i 1 ey ~1
by (Wi, #i) + by (Ye, 9i) + by (g, di) — 5 (9is Pi)p, = bK (ge, @) Vo € H2(1y),  (5.2.21)
i i ire 1 e 1
by (gis ws) — by (i, i) — by (ws, the) — 5 (i wi)p, = by (gesws)  Vu; € H2(Ly).  (5.2.22)
Putting ¢; = u; = 0 gives us

b%/e@bi; ¢e) + b36(¢e> Qbe) + bi’(e(giy gbe) = bfée(ge; ¢e) + % <¢e, ge>Fe \V/Qbe < H_%(Fe)’

(5.2.23)
i€ e, e,e 1 e,e =
_b\;\/(giaue) + bK’ (uea ¢z) + bK’ (ue7¢e) - 5 <¢e»ue>re - bV{/ (gea ue) \V/Ue S H;(Fe)
(5.2.24)

Now we write the variational BIEs for 0€);, for which we can use the BIEs for a bounded
domain again. They can be written in terms of the introduced notation. Denoting the
interior Neumann and Dirichlet traces of u on 0€); as ¢; and g; respectively, we get

. . 1 1
bl\}l(l/}b sz) - b;g(gb sz) -3 <gI7 ¢Z>Fz =0 quz € H_i(Fl-),

2
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1 i i 1
—5 W ui)p, + b (Y, wi) + by (gr,ui) =0 Vuy € H2(T).
Transmission conditions at I'; allow us to write
gr = gi, Yr=——1;.
14

Thus the variational equations for 0€2; become

1, %,0 1 _1
(s 00) + b (90, 00) 5 Lo 60, =0 Vo€ HET), (5225)
1 .. .. 1
0

To get the variational problem we combine equations (5.2.25)) and (5.2.21)), and (5.2.26)) and
(5.2.22). The third equation we use is (5.2.23)). Defining X := H~2(I';) x Hz(I';) x H2(L,),
we seek

(V8 (5 ®i Gi Oi
g |l €X: b(lagl|,|w|)=0|u|) V]|ul| €X, (5.2.27)
e e Ge Pe Ge
where
(5 Gi o i, N A
b(|gi|.|ui|):= (14 =)by (¥i, d5)+ 2by (gs, ¢i) + by (e, ¢4)
e Ge H

_ Qb%(%,uz) + (1 + ’uﬂo)bi,’é(gi, uz) — bf{f(%, Uz)

+ bi’/e(l/)ﬁ Qbe) + bi&e(gzﬁ ¢e) + bi}e(¢e7 ¢e)7

o , A 1
£( U ) = b?{J(ge» ¢z) + b%{;(gwui) + b;{e(gea ¢e) + 5 <¢6’g€>re :
Pe

Obviously the traces of potential u satisfying (5.2.19)) satisfy (5.2.27)). To show that the
solution is unique, we consider the solution to the homogeneous equation

(05 Vil | b
gilex: b(lgl|,|w|)=0 V]ul| e (5.2.28)
/lfbe /l/}e ¢6 ¢6

Plugging in ¢; = ¢, u; = g; and ¢ = Y. we get
(1+ %)b@iwi, v+ (1+ ﬁ)b@agi,gi) b (e, 1) = 0.

Similar to the proof of Theorem [2| we conclude that the solution to the homogeneous equation
is trivial. Thus we have a unique solution to Equation ([5.2.27)).

157



For shape differentiation, we try to express the energy in terms of the linear form ap-
pearing in the variational formulation ([5.2.27)). We will focus on the energy inside Bg(0).

ge=y [ w60 G dx=5 [ w0 Vol dx

Br(0) Br(0)

The expression can be converted to a boundary based form using integration by parts and
transmission conditions which yields

Er = % <geywe>pe . (5229)

To relate the linear form with the energy expression, we begin by noting that

s | | '
PO 01 =i ) = 6% (ger i) — B (Ger 1) + B2 (Ger ) + = (Ve G, -
[[,u]]r ¢6 2

Testing (5.2.24]) with u, = g. gives us

i.e e,i e.e 1 e.e 1
—byw (g 9e) + b (ges ¥3) + bR (Ges V) = 5 (Wes Ge)r, — By (9e:9e) Ve € H2(I'e). (5.2.30)
Thus we have the relation

(05
% ( —Gi ) = % <we>ge>re - %b%{;(geage)-
Ve

Comparing with the energy expression in ([5.2.29)) we get the desired relation

Ho ¢Z Ho,ee
Ep = B ([—gi|)+ Ebv’v (Ge» ge)- (5.2.31)
e

5.2.2.2 Variational Formulation on Deformed Domain

Similar to the vector potential case, we carry out deformations using a velocity field V €
(Cs°(BRr(0)))? which only deforms the interior of the ball Bg(0). For the deformed config-
uration, we move the permeability to us as a O-form while keeping the boundary condition
at 0Bg(0) fixed to zero. Thus we have a similar variational problem to ([5.2.27). Denoting
the deformed boundaries and the corresponding solutions with a superscript s, we define the
relevant space X; := H_%(Ff) x Hz (%) x H_%(Fg). We have the variational problem

P ; Gi O bi
gl eXs: b)) g, |w]|)=Ls)(|w]|) V|w]| € X,
. . Pe De Ge
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Vi| | ¢ g g .
b(s)( {Zi : Zz ) =1+ %)bi}l(s)(%@) +2b (5) (g3, ¢4) + by () (¢e, 61)
— 2by)(5) (i ) + (1 + ﬁ)bi}é(é’)(gi, ui) = b (s) (ve, wi)
+ by (5) (¥, de) + b (5) (93, be) + by (5) (Ve de),
i . . 1
{(s)( ZZZ ) 1= by (8)(e, #:) + by (8)(ge, wi) + b (5)(Ge, Pe) + 2 <¢eage>rg

The bilinear forms b$*(s) are defined exactly like but with integrals on I'j, 1"
instead. Note that I' = I'.. These integrals can be transformed back to the reference
boundaries using the perturbation map and then using pullbacks, the arguments can be
pulled back to function spaces associated with the reference boundaries.

5.2.2.3 Equivalent Formulation on Reference Boundary

We skip the derivation here as it mirrors the one shown in Section [5.1.1.3| and mention the
definition of the pulled back bilinear forms.

R x H2(T%) x H 2(I'Y),
/ / G(T* (%), T(§)) (§) H(%) dSy dSs,

B;‘JQXZﬁa?)xH‘%rb,
514 (5190 i= | [ V,G(T0, T2(9) - (COOT9) (3) a(9) 6160 dSy di
bt Q;;FUXH(W)
/ / G(TY (%), T*(3)) (DTg(y) curly g(y))-(DTg@z) curlpﬁ(fc)) dS; dSx.

(5.2.32)

The pulled back bilinear form 6%/‘ is defined as B;{,‘ (s:1h,§) = Bfg'(s; §,%). We carry out
similar transformations for the RHS of the variational problem to get the pulled back linear
form

_[#
U(s; ﬁ, )=

//VGT” .y) -n(y) Hy - § (%) dSy dSx

FO FO
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+ / / G(TY(%),3) (Ho x n()) - (DTU(%) curlpiu(x)) dSy S

ro ro

" / / V,G(%9) - n(§) Ho - § do(%) dSq dSs

re e

1 A
+§/H0'Y¢e(}’) dSy.
o0

Writing X = A} the pulled back state problem can be formulated as

i e Tel (e i
gleX: b(s;|g|,|uw])=4L0s|w|) V|w| e,
Ve (0 Ge Ge be
where
b(S; g:z ) ?}z )::(1“—E)bi}l<3;¢i7¢i)+2b?{2($;§ia¢i)+b€/ﬂ(5;¢ea¢i)
V] |0

A~

— 2b% (s34, @) + (1 + ﬁ)%&(s;gi, i) — b (55 e, 1s)
+ By (551, de) + B (51 51, D) + DY (5190, e). (5.2.33)

5.2.2.4 BIE-Constrained Shape Derivative

To compute the shape derivative we start by defining the Lagrangian £ : R x X x X —
R. Transformation for the additional terms in (5.2.31]) is included in the definition of the
Lagrangian.

B[ 8] w (R a
L(s; gi | | U ) := b(s; gi || U ) — U(s; u; )+ EE(S; —Ji ) + ?bf,ﬁ(ge,ge).
e Ge e Ge Ge Ve

By plugging in the pulled back state solution we see that

AN o
gF(S) = E(S; Qj , I:LZ ) v 1}1 e X.
Vel Lo Pe

The shape derivative can then be computed as

—
LT el B
ds - 85 v | 9 ) §z )

ve

3]
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where the adjoint solution

;\’ oL Azo 5‘1 ng ng
]51 e X ~ (0, AZQ , }31 ), ﬁz =0 V 7:61 e X.
5\6 K AO 5\6 AE Ae
Ve
Computing the above partial derivative yields the adjoint equation in an explicit form
M . [é 4
¢€ Ae d)e ¢€
Changing the sign of the test function ; yields
AT AR . A [
b(0; | =t |, [pi|) =b(0; |=pi|,|U]|)= _7£(0§ a;|) V|| €X.
Pe Ae Ae Pe Pe Pe
Comparing with the state equation we get the adjoint solution in an explicit form
5 .
| Mo jgz
=5 |
)\e —¢2
The shape derivative can then be computed as
d&€ oL 0] 0}
F ol Mo | o
7 (0) 35(,51@0,2 _930)
R 7,0 7,0 R 7,0
o, Y] |V ol |
=220 g | | =97 ) + ro- (05 [0 | ). (5.2.34)
2 0s &0 1;0 S 1;0

The partial derivative for the bilinear form can be computed based on the definition (}5.2.33))
and the partial derivatives

obyr s

S 0:0.0) = [ [ (V653 V) + 9,6605)- V) D) 665 dSy dSs
rQ 9

byt - dv,G(T%(x), T%(y o A g

(g, = [ [ TEEEEOD ) g(s) d0x) asy dss
19 19
s [ [9,66.5) (7 V(5) 86) - DV () ) 9(5) () dSy dSx

rQ r9
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8b“ // v G, ¥) - V(X )+vyG(5<,y)-V(y)) curly §(¥) - curly @(x) dS; dSx
// (x y (y) Curlpg(y)> curlp u(x) dSy dSx
// (%,9) curlr §(§) - (DV(:?() curlp 4(x )) dSy dSx. (5.2.35)

The derivative for V,G(T%(x),T%(y)) is given in (4.1.18). Partial derivative of the linear

form is given as

We have the relation
DmvyG(fc, y)V(x) = -V.V.G(x,¥) V(X), (5.2.36)

where V,V,G(x,y) is given in (4.1.19).

5.2.2.5 Numerical Experiments

Now we compare the shape derivative formulas and using numerical ex-
periments. We discretize the geometry with a triangular mesh and solve for the boundary
data using a Galerkin method based on the BIE formulation . The discrete spaces
used are SY (piece wise linear functions) and S;* (piece wise constants) for H > and H2
respectively. The computed solution is plugged directly into the shape derivative formulas
for evaluation. The terms in the BEM based shape derivative are computed us-
ing Sauter and Schwab quadrature rule of order 5* whereas is calculated using a
quadrature rule of order 3 per triangle. The shape derivatives are computed for a sequence
of uniformly refined meshes with decreasing meshwidth h. The computations are done using

Gypsilab [1]

1Code is available at https://github.com/piyushpler7/gypsilab_forces
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Experiment 23. We have a spherical domain €2; with radius 2.5, centered at (1,0,0) oc-
cupied by a linear material with p = 4. It is surrounded by a ball of radius 4 centered at
(0,0,0) and the space in between is occupied by a linear material with py = 2. The setting
(10,3,1).

is depicted in Figure [5.35. We use the value Hy =

Figure 5.35: Geometrical setting

The total force and torques are computed using the shape derivative formulas
and and the errors are plotted in Figure . We see similar convergence rates for
this smooth spherical setting which are also reported in Table The reference values for
force and torque are computed using the BEM based shape derivative at a refinement level

of h =0.196.

102 | /
7
o &
4 P
) 4
re 4
-
re
P
~
© Pid g
s - &
= A L
8 _ 5
210"} 7 g
= 2 £
e g S
w 4 re m
7
e
-
¥
/ BEM
BEM
/ i MST i MST
100 : L I L L I L | 1071 5 . L L L L L L
0.3 0.4 0.5 0.6 07 08 09 1 0.3 0.4 0.5 0.6 07 08 09 1
meshwidth h meshwidth h

(a) Error in total force (b) Error in total torque

Figure 5.36: Error in force and torque computation for Sphere (Experiment
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Table 5.13: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.72 3.55
Stress tensor 2.69 2.85

The dual norm computations are presented in Figure [5.37| where the reference values are
again computed using the BEM based shape derivative at a refinement level of h = 0.138.

dual norm error

—¥— BEM: 2.599
—E— MST: 2.6655

10-2 I I I I I
0.2 0.3 0.4 05 06 0.7 0809 1

meshwidth

Figure 5.37: Dual norm error for Experiment

Experiment 24. We have a cubic domain 2; with side length 2, centered at (1,0.5,1)
occupied by a linear material with p = 4. It is surrounded by a ball of radius 4 centered at

(0,0,0) and the space in between is occupied by a linear material with py = 2. The setting
is depicted in Figure [5.38, We use the value Hy = (10,3, 1).

Figure 5.38: Geometrical setting

The total force and torques are computed using the shape derivative formulas (|5.2.34)
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and (5.1.45) and the errors are plotted in Figure |5.39) We see similar convergence rates for
this smooth spherical setting which are also reported in Table The reference values for
force and torque are computed using the BEM based shape derivative at a refinement level

of h =0.108.
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Figure 5.39: Error in force and torque
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computation for Cube (Experiment

Table 5.14: Asymptotic rate of algebraic convergence for Experiment

Method

Pullback approach

Stress tensor

Force | Torque
2.6 2.40
1.12 1.36

The dual norm computations are presented in Figure [5.40| where the reference values are
again computed using the BEM based shape derivative at a refinement level of h = 0.108.

100r

dual norm error

107 F

—3k— BEM: 3.0409
—E— MST: 1.0287
0.15 0.2 0.25 03 035 04 045
meshwidth

Figure 5.40: Dual norm error for Experiment
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Experiment 25. We have a cuboidal shaped domain ; with sides (3,1,1), centered at
(1,0.5,1) occupied by a linear material with 4 = 4. It is surrounded by a ball of radius 4
centered at (0,0,0) and the space in between is occupied by a linear material with pg = 2.
The setting is depicted in Figure [5.41] We use the value Hy = (10, 3, 1).

Figure 5.41: Geometrical setting

The total force and torques are computed using the shape derivative formulas (|5.2.34)

and (5.1.45) and the errors are plotted in Figure [5.42] We see similar convergence rates for
this smooth spherical setting which are also reported in Table [5.15] The reference values for
force and torque are computed using the BEM based shape derivative at a refinement level

of h =0.118.
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Figure 5.42: Error in force and torque computation for Cuboid (Experiment
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Table 5.15: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.71 2.93
Stress tensor 1.2 1.15

The dual norm computations are presented in Figure [5.43| where the reference values are
again computed using the BEM based shape derivative at a refinement level of h = 0.118.

dual norm error

—3¢— BEM: 2.9687
—E6—MST: 1.0351

0.15 0.2 025 0.3 0.35 0.4 0.450.50.550.6
meshwidth

Figure 5.43: Dual norm error for Experiment

Experiment 26. We have a tetrahedral shaped domain ; with corners (1,0, —\%) and
(0, £1, %), translated by (2,1, 3) occupied by a linear material with p = 4. It is surrounded

by a ball of radius 2 centered at (2.3,1.5,3.1) and the space in between is occupied by a
linear material with py = 2. The setting is depicted in Figure .44, We use the value
H, = (10,3, 1).

Figure 5.44: Geometrical setting
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The total force and torques are computed using the shape derivative formulas (|5.2.34)
and (5.1.45)) and the errors are plotted in Figure |5.45, We see similar convergence rates for
this smooth spherical setting which are also reported in Table [5.16| The reference values for

force and torque are computed using the BEM based shape derivative at a refinement level
of h = 0.082.

Error in total force
Error in total force
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(a) Error in total force (b) Error in total torque

Figure 5.45: Error in force and torque computation for Tetrahedron (Experiment

Table 5.16: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.67 3.69
Stress tensor 1.36 1.37

The dual norm computations are presented in Figure [5.46| where the reference values are
again computed using the BEM based shape derivative at a refinement level of A = 0.082.
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Figure 5.46: Dual norm error for Experiment

5.3 Dirichlet BVP (Superconductor)

Figure 5.47: Geometric setting

We have a superconducting material occupying the bounded, simply connected and open
Q C R? with C2, boundary. The exterior €. := R*\ Q represents vacuum with permeability
io € RT. There is an external current source supplying the current density J which is
compactly supported with supp(J) C Qg. € R3. The fields B and H are modelled by the
Maxwell’s equations

divB =0 inR?
curlH =J in R
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Since superconducting materials expel magnetic field, we have B = 0 inside (2 and the
boundary condition B-n = 0 on I' := 09Q. In the exterior domain ). we have a linear
relationship between B and H given as

B:M()H

The energy stored in the magnetic field £ is given as

M_l 2
ér =2 [ [BX)|* dx.
Qc

5.3.1 Vector Potential

Since divB = 0, we introduce the vector potential A such that B = curlA. Using the
material law and the equation for H, we get the boundary value problem

1o eurleurlA = J in €.,
YA =0 on I' ;= 09,
divA =0 in Q,,
A = O(llx ) for [x]| = oo. (5.3.1)

Note that we choose the Coulomb gauge div A = 0 to ensure uniqueness of the solution. The
Dirichlet condition 7, A = 0 implies curlp7;” A = curlA - n = B -n = 0, or in other words,
the body €2 expells the magnetic field.

5.3.1.1 Variational BIEs

We approach the exterior Dirichlet BVP (/5.3.1]) using boundary integral formulation. Putting
the Dirichlet trace to zero in the first equation for the exterior traces in (2.2.23) gives us

A(A) = — gradp Uy (7, A) + o 7 N(J).

Denoting the unknown magnetic trace by 9 and testing with ( € H _%(din 0,1") gives the
variational problem: seek ¢ € H2(divp 0,T) such that

b e H =(divr0.T) s ba@.() =) Y &H *(divr0,T), (5.32)

where the bilinear form was defined in and the linear form is defined as

00) = o (N ) = o [ [ Gloxy) ¢l) - y) dy i

r erc

We keep the notation (-,-) for the duality pairing between H 2 (divy, ') and H~2 (curlp, I).
The variational problem is well posed because of the ellipticity of the bilinear form b4
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on H™2 (leFO I'). The field energy can be obtained in terms of the traces by using the
representation formula.

2
= % / { — W () (x) — grad, Uy (v, A)(x) + po / G(x,y) J(y) dY} - J(x) dx
Qsre Qsre
[ maw / Glx,y) I(y) dy } - 3(x) dx

:——// (x,y) -J(x) dSy dx + 10 // (x,y) ) - J(x) dy dx

brc T src brc

:——€ // X - J(x) dy dx.
2 ,Y) (x) dy

src Qﬁrc

5.3.1.2 Variational BIEs on Deformed Domain

We consider deformations with a velocity field V that is zero around (2. Thus, the ve-

locity field only deforms the superconducting material. The variational formulation for the
1

deformed s domain Q° := T%(Q°) has a similar structure to seek ¥, € H™z(divp 0,1)

such that

ba(s)(®,,€) = £(s)(¢) V¢ € H™2(divp 0, 1),

where the bilinear form b4(s) contains integrals on I'* := T¥(T"°) and the linear form is given
as

0(s)(€) == po (NI, ¢y s

where (-, -)p. represents the duality pairing between H ’%(divF, ['*) and H~ (curlp, o).

5.3.1.3 Equivalent Formulation on Reference Domain

The integrals are transformed back to the reference boundary I'° using the perturbation
map. This gives

)W) / / (5,¥) $a(y) - C(x) dSy dS,

- / / G(T (%), T2(§)) $:(T*(5)) - C(T¥ (%)) wn(§) we(%) dSg dSs.

To 10

Mo//ny -J(y) dy dSx

QSFC
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— 1o / / G(T(3),y) C(TZ(3)) - 3(y) wa(%) dy dSs.

FO QSI’C
Using the pullback
o DTY(%) -
b e H Maiv 0.0, € B @ 0.0 p(Ti(50) = Tol i),

we define the pulled back hat (bi)linear forms:

ba(s59.0)i= [ [ GT0. T2(5)) (OT26) 93)) - (DT2(3) $(5)) Sy S
(0 = [ [ 6T2G0.y) (PT260 €0 - 3(y) dy S

0 Qgre

We can now write the equivalent pulled back variational problem: seek qAbS eVy:=H: (divp 0,T9)
such that

ba(s:%,,¢) = {(s:¢) V¢ € V.

Field energy for the deformed s-configuration can be expressed in terms of the pulled back
linear form as

Erls) = —i(s:h,) + 220 / / G(x,y) I(y) - I(x) dy dx.

5.3.1.4 BIE-Constrained Shape Derivative
We start by defining the Lagrangian £ : R x V5 x Vj — R,

£s9.0) 1= balsith.O) ~ €)= 5l + [ [ Glxy) 33)-3(x) dy dx

QSTC sSrc

We recover the field energy after plugging in {b = {bs

Er(s) = L(5:9,,0) ¥ € Va.
The energy shape derivative can be computed as

d€r oL
ds (O> (0 I¢07 )7

where \ € Vh solves the adjoint equation

8£ 5
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Simplifying the above expression gives the adjoint equation in an explicit form.

~

b(0;¢, A )—Q—Mao ) =0 VeV

Given the symmetry of the bilinear form, the adjoint solution is given as A= ﬁ'&o, allowing
us to write the shape derivative as

d€ oL, - 1 -
d_SF(O) = _<031/)0a —1/)0)
b ol 1 - 1 00, -
( ¢'O> 1/’o) —( »Q—MO%) — 2_#0%(0”/’0)
1 b 100

2 ( ¢0’¢0) (0 "/Jo)
Mo f1o O
=5 / [ (Ve606x.3) - V) + Ty Glxy) - V) oly) - ol dS,

ro ro

i / / G(xy) { (DY) $u(y)) - 9o (x) + doly) - (DY) $o(x) ) } dSy dS.

ro ro

// (x.3) (D) () - 3(v) dy S, (5:33)

5.3.1.5 Shape Derivative From Volume Based Variational Formulation

We start by defining the relevant space for vector potentials on the exterior domain Q¢ [33]

V() = {ue D), — X ¢ 12(0,), curlu € LX), divu = 0 in O},
1+ [x|”

The boundary value problem has a weak solution which satisfies the variational problem:
seek A € V(£,) such that

ot /curlA-curlA’ dx = /J -Adx VA e V(Q.). (5.3.4)

QC QSI‘C

The field energy can be expressed in terms of the bilinear form as
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5.3.1.6 Perturbed Problem

As in our approach with BIEs, we only consider deformations of the superconducting ma-
terial. The variational formulation for the deformed s-configuration resembles [5.3.4F seek
A, € V(€2) such that

A, V() ugl/curlAs-curlA’ dx = /J-A’ dx VA € V(),

Qg QSI‘C

where V' (€2?) is defined in an analogous way as V().

5.3.1.7 Transformation + Pullback

We transform the integrals back to the reference domain using the perturbation map. This
gives us

/ curlA, - curlA’ dx = / curlA, (T (X)) - curl A/(T% (%)) det DT (%) dx.

Qg Q0
Since the vector potential A is a 1-form, we use the pullback of a 2-form for its curl

1

(curlA)(T(x)) = DTV ()

DT (%) curlA (x).

Based on the pullback we define the pulled back (bi)linear forms. The linear form remains
unchanged in structure because the deformations don’t affect 2.

" A A’ - v A (S V(s A/ (% 1 2
b(s; A, A’) := uol/ (DTS(X) curlAS(x)) : (DTS(X) curl A (x)> wome &
Q0 °
U(s;A)) == /J A dx.
QSI’C

The equivalent pulled back variational formulation reads: seek A, € Vj := V(9°) such that
b(s;A,, A =i(s;A') VA’ €V

Energy for the deformed s-configuration can be expressed in terms of the pulled back bilinear
form as

1A n ~
Er(s) = §b(s; A A).

5.3.1.8 Adjoint Method
We start by defining the Lagrangian £ : R x V5 x Vj — R,

PN A PN A o 1~ PO
L(s;AA") :=b(s;A,A") — ((s; Al) + ib(s; A A).
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Plugging in the state solution gives
Er(s) = L(s;A,,A") VA eV
The energy shape derivative can be computed as

dEr 0L, . .
E(O) = g((),Ao,P),

where P € Vj solves the adjoint equation
<§—§(0;AO,P);A'> =0 VA eV,
Simplifying the above expression yields the adjoint equation in an explicit form
b(0; A", P) +b(0; A", Ay) =0 VA’ eV,

which gives the adjoint solution as P = —A,. The shape derivative can then be written as

dEp 0L, .
E(O) = E(QAOa_AD)

ob. . . ol . 10b,  + -
= g(S;Ao, —Ay) — —8(0; —Ay) + §£(O;A0,Ao)
10b, -
= —5%(0;A0,A0)
po' A i Wk
- -2 {curlAOT(Dv + DV )eurlA, — chrlAOH v v} dx.
0

The shape derivative can be simplified as we saw earlier in the arguments following [5.1.43|
Since the velocity field V is zero at (g we get

dép o 1 [y v IBJ’
E(O)——,uo /le({BB _Tld} V) dx

= g /V : {B(B ‘n) — @n} ds. (5.3.5)

As expected, we see the appearance of the Maxwell Stress Tensor.

5.3.1.9 Numerical Experiments

In this section we evaluate the shape derivative formulas numerically. Since the formulas
(5.3.3) (called “BEM” in the plots) and (called “MST” in the plots) are purely
boundary based, we solve for the boundary data via a discretization of . We discretize
the superconductor boundary I' with a boundary mesh M, consisting of triangular elements.
As in the transmission problem case, we discretize H_%(din 0,T) using n x VSY(My),
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enforcing a zero mean constraint for SY via a mixed formulation approach. The Galerkin
solution is then plugged into the shape derivative formulas and evaluated using quadrature.
For (5.3.5) we use a quadrature of order 3 on one triangle whereas for we evaluate
using the Sauter and Schwab quadrature of order 5% for each interaction. The computations
are done for a series of meshes with decreasing meshwidth h. Forces and torques are evaluated
using the procedure mentioned in Section [3.0.2] and the dual norm error is computed with

the procedure mentioned in Section

Experiment 27. We have the same geometrical setting as in Experiment (cube shaped
), shown in Figure The cube in this case represents the superconducting object whereas
the torus carries a unit surface current. We choose pp = 1 and compute the error in force and
torque computation. The reference value is obtained via the BEM based shape derivative
at a refinement level of h = 0.0707. Torque is computed about the point (4,0,0). The errors
are plotted in Figure[5.48 and their asymptotic convergence rates are reported in Table[5.17]
We can see the superiority of the BEM based formula for this case of a cube shaped domain.

Wal

o
IS

Error in total force
=)
&

Error in total torque

—3%— BEM 105 —¥—BEM |
—E— MST —O—MmsT
0.1 0.15 0.2 0.25 03 035 04 045 0.1 0.15 0.2 0.25 0.3 035 04 045
meshwidth h meshwidth h

(a) Error in total force (b) Error in total torque

Figure 5.48: Error in force and torque computation for cube torus (Experiment

Table 5.17: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 2.892 | 2.897
Stress tensor 1.109 | 1.144

The shape derivatives are also compared via a dual norm computation which is plotted
in Figure [5.49, confirming the superior performance of the BEM based shape derivative.
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dual norm error

—¥— BEM: 3.038
107 F —E—MST:1.0398 | |

0.1 0.15 0.2 0.25 0.3 035 04 045
meshwidth

Figure 5.49: Dual norm error for Experiment

Experiment 28. Choosing pp = 1, we work with the geometrical setting introduced in
Experiment (spherical ), depicted in Figure The sphere assumes the role of the
superconductor whereas the torus carries a unit surface current density. For plotting the
error in force and torque, we use a reference value obtained using the BEM based shape
derivative at a refinement level of A = 0.0392. Torque is computed about the point (4,0,0).
The errors are plotted in Figure [5.50| along with their asymptotic convergence rates which
are tabulated in Table We see that for a smooth spherical domain, the performance
of the two methods is identical. This is in line with our earlier observations with smooth
domains.

104
£ L 4
5 510
<10° e
£ £
8 s
W i
—3¥— BEM —— BEM
—©—wsT 105 ¢ —©—MST ||
10'6 1 1 1 1 1 1 1 1 L L L L L L
0.1 0.15 02 025 03 03504 0.1 0.15 02 025 03 03504
meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.50: Error in force and torque computation for sphere and torus (Experiment
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Table 5.18: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.976 | 1.981
Stress tensor 2.0335 | 1.981

The shape derivatives can also be compared in terms of the dual norm errors which is
plotted in Figure [5.51

-
o
&

dual norm error

—3¢— BEM: 2.1605
—6— MST: 2.2063
!

0.1 0.15 0.2 025 0.3 03504
meshwidth

Figure 5.51: Dual norm error for Experiment

Experiment 29. Choosing pyp = 1, we work with the geometrical setting introduced in
Experiment (brick shaped €2), depicted in Experiment . The brick shaped domain
assumes the role of the superconductor whereas the torus carries a unit surface current
density. For plotting the error in force and torque, we use a reference value obtained using
the BEM based shape derivative at a refinement level of A~ = 0.064. Torque is computed
about the point (4,0,0). The errors are plotted in Figure along with their asymptotic
convergence rates which are tabulated in Table Similar to the case of a cube shaped
domain, we see a superior performance from the BEM based shape derivative.
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Figure 5.52: Error in force and torque computation for cuboid and torus (Experiment

Table 5.19: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.96 2.97
Stress tensor 1.05 1.00

The shape derivatives can also be compared in terms of the dual norm errors which is
plotted in Figure |5.53] It confirms the superiority of the BEM based shape derivative.
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Figure 5.53: Dual norm error for Experiment

Experiment 30. Choosing py = 1, we work with the geometrical setting introduced in
Experiment [14] (tetrahedral ), depicted in Experiment . The tetrahedral domain assumes
the role of the superconductor whereas the torus carries a unit surface current density. For
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plotting the error in force and torque, we use a reference value obtained using the BEM
based shape derivative at a refinement level of h = 0.041. Torque is computed about the
point (4,0,0). The errors are plotted in Figure along with their asymptotic convergence
rates which are tabulated in Table[5.20] We again see a superior performance from the BEM
based shape derivative.
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(a) Error in total force
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10°
meshwidth h

(b) Error in total torque

Figure 5.54: Error in force and torque computation for tetrahedron and torus (Experi-

ment

Table 5.20: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.39 1.39
Stress tensor 0.53 0.45

The shape derivatives can also be compared in terms of the dual norm errors which is
plotted in Figure [5.55] confirming the superiority of the BEM based shape derivative.
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Figure 5.55: Dual norm error for Experiment

5.3.2 Scalar Potential

Similar to our approach to the transmission problem case using scalar potential, we use the
equation
curlH = J,

to write

curlH = curl(H — Hy) = 0

where Hj is defined in[5.1.6| The above equation allows us to introduce the scalar potential
u such that H = Vu and div B = 0 gives us

Au=0 1in Q.. (5.3.6)

The potential u decays as O(||x||™") at co. At the boundary T' := 9, due to the linear
material law B = poH, we have the condition H - n = 0 which translates to a Neumann
boundary condition for u

(H+H;) n=0 = Vu-n=-Hy-n onl. (5.3.7)

Thus we have the boundary value problem

Au=0 in Q, (5.3.8)
Vu-n=-Hy-n onl, (5.3.9)
u(x) = O(||x||™")  for |[|x|| = oo. (5.3.10)

5.3.2.1 Variational BIEs

The boundary value problem [5.3.10| has a unique solution because of the decay condition at
infinity. We use the second boundary integral equation for the exterior traces[2.1.22

W) + (54K ) (i) = 0.
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Denoting the Dirichlet trace of u by ¢ and plugging in the known Neumann trace, we get

the relation ¥
Wig) = (3 +K')(Hy )

Testing with v € Hz(I') gives
1 1
bw(g,v) = 5 (Hy -n,v) + b (Hy -n,v) ve Hz2(I). (5.3.11)

Here (-, -) denotes the duality pairing between H~2 (') and Hz (I'). We know that the bilinear
form on the left hand side has a kernel which is the constant functions [58, Section 6.6]. Thus
solving for g using the above equation will not give a unique solution. To make the above

variational equation uniquely solvable, we restrict ourselves to the space V(') := HZ(T).
The variational problem reads: seek g € V(I') such that

geV(): bw(g,v)=Iw) veV(), (5.3.12)
where

1
[(v) == 5 (Hy -n,v) + b (Hy - n,v).

Note that the solution of the variational problem ¢ does not necessarily coincide with the
Dirichlet trace of the potential v in the exterior domain, which we denote by g. The field

energy is given as
=2 [Vl x5 /||H.-.|| x
Q

:—%/gH,yndS—i— /||H I? dx.
I

We notice that in the energy expression, we require the Dirichlet trace g. To express it using
the solution g of the variational BIE, we use the representation formula:

u(x) =Yg, (Hy - n)(x) + ¥pp, (9)(x) x € Q.

Taking the Dirichlet trace gives us the desired relation

g=V(H; m)+ 4 K()

Inserting the above expression into the field energy expression gives us

er =~ [ (Vs )+ 4 K@) Haonas+ 22 [ ) dx
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5.3.2.2 Variational BIEs on Deformed Domain

As in the vector potential formulation, we deform only the superconducting object. To
simplify the notation, we will denote the Dirichlet trace solution without a tilde symbol.
Variational formulation for the deformed s-configuration has a similar structure to [5.3.12}
seek g5 € V(I'*) such that

bw(s)(gs,v) =l(s)(v) Vv e V(I?),

where V(I'®) := HZ(T®),

1(5)(0) = 5 (Hy -, ), + by () (HLy - m,v),

and the bilinear forms b,(s) are given in Section [4.4.3]

5.3.2.3 Equivalent Formulation on Reference Domain
The integrals can be transformed back to the reference boundary using the perturbation

map. This gives

bw(s)(gs,v) = //G(x, y) curlp g,(y) - curlp v(x) dSy dSx

- / / G(T(%), T%(§)) curly g,(T*(§)) - curly v(T*(X)) w,(§) wu(X) dSy dSs.

ro ro

/HJ nvdS+//V G(x,y) - n(y) v(y) Hy(x) - n(x) dS, dS,

/ H, (T2 (DTV(()Q 200 4 25 5 e
ooy COTE) BE) | o,

+ / J%G(Ts( )T 5) - SO yry(s))

(1 (x) - SOTCDR o) 5 sy

while lead to the following definition of the pulled back hat (bi)linear forms
- / / G(TY(%), T*(3)) (DTg(y) curly g(y)) : (DT;’(&) curly @(x)) dSy dSs,
o 1o
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/HJ (T (% (DT”( ) ﬁ(fc))) (%) dSx

+ / / V,G(TY(X), T4(Y)) - (CDTY(y)) () ) ()

H,(TY(%)) - (C(DTY(%)) (%)) dSy dSs.
The pulled back variational formulation reads: seek g, € Vy := V(I'Y) such that
bw (53 95, 0) = U(s;0) 0 € Vo

Field energy for the deformed s-configuration can be written in terms of the pulled back
linear form as

Er(s) == Sl(s:9.)

/ / G(T(%), T2(9)) Hy(TX(3)) - (COTZ(3)) 4(3))

H,(TY(x)) - (C(DT(X)) (X)) dSy dS

n %/HHJ(Tg(ﬁ))H? det DT” (%) dx.

5.3.2.4 BIE-Constrained Shape Derivative
We start by defining the Lagrangian £ : R x Vg x Vj — R,

£(5:9,0) :=bw(s:9,9) — U(s:) — L20(5:9)

- [ [ a0 ) T - (cOT) ay)

H,;(TS(%)) -

/N

C(DT”(x)) ﬁ(fc)) dS, dSy

+%/||HJ(T5(§<))||2 det DT (%) dx.

Plugging in the state solution gives the field energy
Er(s) = L(s;gs,0) Y0 € V.
The energy shape derivative can be computed as

d€p, . OLC

E(()) = g(o;go,p),
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where p € V; solves the adjoint equation

<g€(0 G0, D); >—0 Yo € V.

Simplifying the above expression gives the adjoint equation in an explicit form

bw (0; p, ) — E20(0;0) =0 € Vi

2
The adjoint solution is given as p = £2 o, giving the energy shape derivative
d€p oL Ho .
0;
ds ——(0) = ( : o, 90)
// V G(x,y) - V(x)+ V,G(x,y) - V(y)) curlr go(y) - curlr go(x) dSy dSx
70 10

+ % / / G(x,y) <DV(y) curlpg(y)> - curly §(x) dS, dSx

T0 10

o / / Gx.y) (DV(x) curlr j(x)) - curle g(y) dSy dS

To 10
Ho T T T
-2 { DH, V + H] (v Vi- DV n>}ds
o
— Ho //VyG(X, y) - a(y) gg(y){flTDHJ v+ HY <V Vi—DYT ﬁ) }(x) dS, dSx
o 1o
— o //VyG(x, y) - (V -V n-DV! ﬁ) (y) go(y) Hy(x) - in(x) dSy dSx
ro 1o
AV, G(T(x), T*(y)) ., .. .
o [ [ FEEERT i) duty) By () - ) Sy
70 10
[ [ (96x3) - Vi) + Gl y) - V) (Ha ) (y) (H 1)) dS, dSs
o ro
Mo AT T T - .
—//G(X,y) (n DH; V + n'H; V-V - HY DV n)(y> (HJ-n>(X) dS, dSx
70 10
Mo T T T - A
—//G(x,y) (n DH; V + n'H; V.-V — HY DV n)(x) (HJ-n>(y) dS, dSx
T0 10
— %/HHJHZ V- nds. (5.3.13)
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5.3.2.5 Shape Derivative From Volume Based Variational Formulation

We begin by defining the relevant space for potentials in the unbounded domain

V() = {u: 0 > R: /||Vu|| T ” 7 % < o0}

The BVP (5.3.10) admits a weak solution in the space V(£2.) which solves the variational
problem: seek u € V(€).) such that

/VU-VU dx = /v Hy -ndS YveV(Q). (5.3.14)

r

The field energy can be written in terms of the bilinear form as

Q
Ho 2
:7/\]Vu\| dx+u0/Vu-HJ dx + — /HHJH dx

:%/HVuHQ dx—,uo/uHJ ndx + — /||H 1> dx

—%{/HVUwck4. L/nHﬂ|ck
Qe

5.3.2.6 Variational Formulation for Deformed Domain

Considering deformations of only the superconducting material, the deformed s-configuration

has the variational problem with a similar structure to (5.3.14)): seek us € V(€2Z) such that

/Vus~Vvdx:/vHJ-ndS Vo e V(€).

02

The space V(€2) is defined in an analogous way as V(£2.).

5.3.2.7 Transformation + Pullback

The integrals in the variational formulation above are transformed back to the reference
domain using the perturbation map which gives

/ Vu, - Vo dx — / V(T (%)) - Vo(T¥ (%)) det DT (%) d,

C(DT* (%)) i(%)

/fhnw—/<ﬂ®nmm®»

186



We use the pullbacks

using which we define the pulled back hat (bi)linear forms

b(s; @, 0) = / (DT’S’(&)*T va(@) : (DT';(&:)*T V@(x)) det DT” (%) dx,

QO

c

U(s;) = /@(f{) H; (T (%)) - (C(DT’;(&)) ﬁ(fc)) dSz.

To

The pulled back variational formulation is then given as: seek i, € Vy := V(Q) such that

~

b(s;ts,0) = {(s;0) b€ V.

Field energy for the deformed s-configuration can be expressed in terms of the pulled back
bilinear form as

Er(s) = ~2b(s i, i) /||H (T* (%) det DT”(%) dx.

5.3.2.8 Adjoint Approach
We start with defining the Lagrangian £ : R x Vj x V5 — R,

L(s;0,0) == b(s; 6, 0) — 0(s;0) — %b s:10, 1) + —/HHJ (TY(%))||* det DT¥(x) dx.

Plugging in the state solution gives the field energy
Er(s) = L(s;1,,0) Y0 €V,
which can be shape differentiated as

d€p oL

E(O) = %(O;U()ap)v

where p € Vj solves the adjoint equation given as

<g§<o 0, B); > —0 Vel

On simplification, the adjoint equation can be written explicitly as

~

b(0; p, 0) — pob(0; a0, 0) =0 Vi € Vg,
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from which we can read the adjoint solution as p = g tg. The shape derivative is then

d€r oL

E(O) = g(o;ﬂowo tio)

Mo 86 RPN 8@ s Mo 2 2 ~
= D220, 1) — o (030) + 52 [ { IEL[P V-V + V- V([H ) | dx
Q2

Mo AT T A A2

-L { = Vil (DV + DY) Vi + | Vo V- V} ax
Qg

—Mo/ao {ﬁTDHJ V+H; a(V-V) - HIDV! n} dS
10

- %/HHJ“z V nds. (5.3.15)
FO

The shape derivative can be simplified further using the simplification ideas shown in (}5.1.22))

and (5.1.24). Writing g = o|r, we have

d& Vii||? o
T

—,uo/v- (CurlpngJ> dsS
r

—%/HHJHQ V. nds.
FO

Inserting the Neumann trace allows further simplification and in the end we get

d€p I S
) == [ v s
r

where HJ , is the tangential component of the total H field at the interface I'.

5.3.2.9 Numerical Experiments

Now we evaluate the shape derivative formulas (5.3.13) (called “BEM” in the plots) and
(5.3.15)) (called “MST” in the plots) numerically. Since both formulas are purely boundary
based, we opt for a BEM solution using a discretization of . We discretize the
superconductor boundary I’ with a triangular mesh M,,. The space Hz(I')\ R is discretized
using P}(M},), where the zero mean constraint is added via a mixed formulation. The
galerkin solution is then plugged into both the shape derivative formulas and evaluated using
numerical quadrature. The boundary based formula is evaluated using a quadrature rule of
3 points per triangle, whereas the BEM based shape derivative formula is evaluated using
the Sauter and Schwab quadrature rule of 5* for each interaction. These computations are
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done for a series of meshes with decreasing meshwidth h. Forces and torques are computed
using the procedure mentioned in Section [3.0.2] and the dual norm error is computed using
the procedure mentioned in Section [4.4.7.1

Experiment 31. We have the same experimental setting as in Experiment [27] (cube shaped
), now approached via a scalar potential formulation. The error for force and torque com-
putation is done using a reference solution obtained using the BEM based shape derivative
evaluated at a refinement level of h = 0.0707. Torque is computed about the point (4,0,0).
The errors are plotted in Figure [5.56] and the rates of convergence are tabulated in Ta-
ble 5.21] We again see the superiority of the BEM based shape derivative for the cube
shaped superconductor.
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Figure 5.56: Error in force and torque computation for cube torus (Experiment

Table 5.21: Asymptotic rate of algebraic convergence for Experiment

The shape derivative formulas are also compared via dual norm computations which are

Method Force | Torque
Pullback approach | 2.922 | 2.926
Stress tensor 1.013 | 0.965

presented in Figure [5.57], confirming the superiority of the BEM based shape derivative.
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Figure 5.57: Dual norm error for Experiment

Experiment 32. We approach the experimental setting from Experiment [28| (spherical 2)
using a scalar potential formulation. Computing the reference force and torque values using
the BEM based shape derivative at a refinement level of h = 0.0277, we get the error plots
in Figure Torque is computed about the point (4,0,0). The convergence rates are
tabulated in Table[5.22l For the case of a smooth domain we see that the two formulas have

identical performance which is not a surprising result for a smooth domain.
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Figure 5.58: Error in force and torque computation for sphere and torus (Experiment

Table 5.22: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.975 | 1.980
Stress tensor 1.990 | 1.998
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Comparison of the shape derivatives via dual norm computations results in identical
performance as reported in Figure [5.59

10°°

dual norm error

—¥— BEM: 2.1862
—E—MST: 2.1984

0.1 0.15 0.2 0.25 03 035 04
meshwidth

Figure 5.59: Dual norm error for Experiment

Experiment 33. We approach the experimental setting from Experiment (tetrahedral
shaped ) using a scalar potential formulation. Computing the reference force and torque
values using the BEM based shape derivative at a refinement level of h = 0.041, we get the
error plots in Figure |5.60, Torque is computed about the point (4,0,0). The convergence
rates are tabulated in Table [5.23] We see superior performance from the BEM based shape
derivative.
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Error in total torque
\

BEM

A l MST
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(a) Error in total force (b) Error in total torque

Figure 5.60: Error in force and torque computation for tetrahedron and torus (Experi-

ment
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Table 5.23: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.30 1.30
Stress tensor 0.54 0.55

Dual norm computation results as reported in Figure |5.61| which confirms the superiority
of the BEM based shape derivative.

dual norm error

—3j— BEM: 1.3633
—E— MST: 0.45717

|
107" 100
meshwidth

Figure 5.61: Dual norm error for Experiment

Experiment 34. We approach the experimental setting from Experiment [29| (brick shaped
) using a scalar potential formulation. Computing the reference force and torque values
using the BEM based shape derivative at a refinement level of h = 0.064, we get the error
plots in Figure . Torque is computed about the point (4,0,0). The convergence rates
are tabulated in Table [5.24, We see a superior performance from the BEM based shape
derivative.
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Table 5.24: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.00 3.00
Stress tensor 1.01 0.97

Comparison of the shape derivatives via dual norm computations shows superior perfor-
mance of the BEM based shape derivative as seen in Figure [5.63
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Figure 5.63: Dual norm error for Experiment

193



5.4 Permanent Magnet

In this section we look at the model for a permanent magnet where the relation between B
and H fields is affine and is given as

B(x) = uo(H(x) + M(x)), o € R, x € R

This model is not new and has been used in the works [6,7,[37,139,51]. In contrast to a
linear material where we saw a linear relation, we can see that the magnetic flux density
B does not go to zero when the externally applied magnetic field H is set to zero. This is
in accordance with the physical concept of a permanent magnet where we don’t necessarily
need external current sources for magnetic effects. Note that it is the simplest model of a
permanent magnet and does not consider effects like hysteresis. We take for granted the
existence of a magnetized piece of material with the magnetization M. In other words, we
don’t consider the energy expended to magnetize the permanent magnet.

In our concrete setting, we consider a permanent magnet with magnetization M occu-
pying the bounded, simply connected and open domain €2 with ng boundary, which is sur-
rounded by vacuum (permeability = pg). We assume M|q € H(curl, Q2), curlM € H(div; R?)
and M(x) =0, x € Q.. There is an exterior divergence free source current J with support
in Qg € R3, such that QucNQ = ¢ and J lo0.,.. ‘11 = 0. We have the magnetostatic equations

src

divB(x) =0 in R?
curlH(x) = J(x) in R?,

which are supplemented by the material law
B(x) = u(H(x) + M(x)> x€Q, B(x)=pu Hx) x€Q. (5.4.1)

Due to different material properties, the fields are discontinuous at the interface I' := 02,
but nevertheless satisfy the following transmission conditions

Bl - n=0, [H]xn=0.

For the case of permanent magnets, we will see that the choice of the energy or co-energy
used to compute the shape derivative formula is important and is related to whether we use
a H based (scalar potential) or a B based (vector potential) description.

5.4.1 Magnetic Field Energy and Co-Energy

The field energy is defined as the work done to create the given configuration. From the
considerations in [38, Section 6.2] we see that for the incremental change dB in the magnetic
flux density, the change in magnetic field energy is given by the expression

5W—/H'5de.
R3
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Figure 5.64: Geometric setting

The expression for co-energy is analogous, where a change dH is considered and it leads to

5U:/B~5de.
R3

The expressions above suggest that we use energy with a vector potential formulation which
models B and use co-energy with a scalar potential formulation which models H, an idea
which is well known [29//39,40,51,/52]. The expressions above can be integrated to obtain the
expressions for the energy and co-energy. Using the material law for the permanent magnet

B = /J“O(H + M)?

where M is compactly supported, we get

B
W—//(uolB—M>dx-dB
B:BT‘RS
B B
:/ / uolB-dde—/ / M - dB dx
R3 B=B, R3 B=B,
—1
L
= (1B - B ix - [ M- (B-B,) x
R3 R3

Choosing B, = 0 gives us the energy expression which matches with the expression reported
in literature [7,40,51]. A similar integration of the co-energy expression gives

U= /H /MO(H+M>dx-dH
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H H
//ungX-dH—F//,qudx'dH

H=H, R3 H=H, R3
=20 () ) dx+u0/1\/[- (- H,) dx
R3 R3

Choosing H,, = 0 gives us another familiar expression [40], where the authors also report
two other expressions for energy and co-energy using different integration limits B, and H,..
Thus, we will consider the shape derivatives for the two energy shape functionals Ep, £ and
two co-energy shape functionals Jr and J}., which are given as

—1
Ep = %/HBHQ dx, (5.4.2)
R3
—1
= %/HBW dx—/B~de, (5.4.3)
R3 R3
Th = %/HHHQ dx, (5.4.4)
R3
JIr = %/HHH2 dx—l—/LO/HJ\/Idx. (5.4.5)
R3 R3

Using the material law we can easily see the relations

Th=Eh+ %/HMHQ dx, Jr=Ep— %/HMHQ dx. (5.4.6)
Q Q

Remark 11. We use these four different expressions because it is unclear what is the right
one to use for the case of a permanent magnet. We simply compute the shape derivatives
for these expressions and determine which ones make physical sense.

5.4.2 Vector Potential Formulation

Based on divB = 0 we express the magnetic flux as B = curlA. Using the material law
(5.4.1), we get

curlA = yy(H+M) inQ, curlA =pH in Q.
Combining this with the equation for H gives us

11p *eurleurl A = curlM  in ),
pip teurleurl A = J in Q..

The vector potential satisfies the transmission conditions

[Hl; xn=0 = ;"' [ymA]p = —M x n.
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By setting the jump of Dirichlet trace of A to zero, we get
[A]p =0 = [curlp Al =0 = [eurlA]; - n=0 = [B];-n=0.
Thus we have the transmission problem

pp teurleurl A = curlM in Q,

py ‘eurleurl A = J in Q.

[vA]r =0 on I

ot [ymA]p =M xn  onT,
IAG) | = O(llx[ ") for [|x|| = oo (5.4.7)

To ensure uniqueness of the above problem, we enforce the Coulomb gauge, that is div A =0
in QU Q. and [A]p-n=0onT.

5.4.2.1 Shape Derivative From Volume Based Variational Formulation

We define the following function space for physical vector potential solutions in R? [33]

u(x)

V(R?) := {u € D(R?, € L*(R?), curlu € L*(R?), divu = 0 in R%}.

L+ |x]*

The transmission problem ([5.4.7)) has a weak solution A which solves the variational problem:
seek A € V(R3?) such that

/,ual curlA -curlA’ dx = /(Mxn)-A’ dS+/cur1M-A’ dx+/ J-A'dx VA € V(R?).

R3 T Q erc

(5.4.8)
The field energy £ can be expressed in terms of the bilinear form as
1 1 2
Er = 5 | Ho ||lcurl A (x)||” dx.
R3

Notice that it is also equal to half of the linear form in (5.4.8) with A’ = A. We will also
compute the shape derivative for

1
Ep=3 / 1 ourlA ()| dx — / curl A (x) - M dx
R3 Q
1 1 1 /
=3 (Mxn)-AdS—§ curlM-Adx—|—§ J- A’ dx. (5.4.9)
F Q QSYC
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5.4.2.2 Variational Formulation on Deformed Domain

The velocity field V doesn’t affect the source current and deforms only the magnet, whose

~

magnetization is transformed like a 1-form to M, such that M(T%(x)) := DT¥(%x)~ " M(x).
The variational formulation for the deformed s-configuration reads: seek A, € V(R?) such
that

b(s)(A,, A') =((s)(A") A’ e V(R?),
where the (bi)linear forms are defined as
b(s)(A,A’) := /,uol curlA - curlA’ dx,
((5)(A") = la(s)(A") + La(s)(A') + L(s)(AT),
l1(s)(A) = /(Ms xn)-A'dS,
l(s)(A") := [ curlM, - A’ dx,
/
l3(s)(A") = [ J- A dx.
/

The integrals are transformed using the perturbation map to get
b(s)(A,A’) = /ual curlA - curlA’ dx
R3
= /ugl curl A (TY(x)) - curlA'(T%(x)) det DT%(x) dx,
R3
(1(s)(A)) = / (M, x n) - A’ dS
I's

= [ (Mt x PR A ) w5 s

ws(X)

fo
lo(s)(A") = /curll\/IS - Al dx
&s
= /curlMS(T'S’(fc)) - A'(T%(x)) det DTY(x) dx,
o
l5(s)(A") = / J- A dx.
Qsre

The vector potential A and the magnetization M are 1-forms. We use the following pullback
for 1-forms and their curl

A(T(x)) = DT(x)™" A(%), M,(T% (%)) = DTY(%) " M(x),
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V(s . DTZ(*) A (2D vz - DTIS/(}AQ
curlA (T (x)) curlA (%), curl M (T (x)) = det DT (X) c

— s\ IM(X).
det DT? (%) urlM(%)

Using the pullbacks we define the pulled-back hat (bi)linear forms

o o o 1 )
b(si A, A" 1= [ " (DT2(3) curlA(5) - (DT(5) curlA' () Jaet D2
R3 s
01 (s; A7) = /(M x 1) - A’ dS,
To

ly(s; A) = /curlM A’ dx,
Qo
ls(s; A') = / J- A dx.

erc

The pulled back variational formulation is then given as: seek A, € V; := V(R?) such that
b(s;A,, A') = {(s;A") VA’ eV,
where

U(s;A") := 01 (s;A) + Uy(s; A') + U5(s; A).

The energy Er for the deformed s-configuration can be written as

5.4.2.3 Adjoint Method

To compute the shape derivative using the adjoint method, we start by defining the La-
grangian £ : R x V5 x Vj — R,

~ ~ ~ ~ ~ ~ ~ ~ ~

L(s; A, A") :=b(s; A, A") —U(s; A') + §b(8; A A).
Plugging in the state solution gives
Er(s) = L(s;A,,A") A eV,

The energy shape derivative is then computed as

T
E(O) - %(07A07P)7

where P € Vj solves the adjoint equation
oL, ~ =~ & .
<—A(0;A0,P);A’> =0 VA ¢V,
0A
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The above expression simplifies to
b(0; P,A") +b(0; Ag,A) =0 VA’ eV,

which yields the adjoint solution as

P = —A,.
The energy shape derivative is given as
dEp oL, o 10b, + .
—(0; Ap,P) = —=—(0; Ay, Ay). 4.1
dS (0) 88 (Oa 0 ) 9 88 (07 05 0) (5 O)

Note this is same as the expression Equation ([5.1.43) derived in the transmission problem
case which is computed using the identities in (3.0.11)). It can be simplified further to get

dEp _ _Mal T T o 2
—£(0) = T/{B (DV +DV") B — |B]| v-v} dx
R3
-1
— —‘%</{BT(DV+DVT) B — ||B|? v.v} dx
Q

+ / {B"(OV+DV") B B’ V -V} dx>

Qe

/v curlMxB dx—i—u /VT n L ds (5.4.11)

Q

where

T(B) = (BB - % :T)

By writing out the jump of the stress tensor using the transmission conditions, we finally get
the equivalent current model which is known in literature [29, Example 2, Section 5], |39,
Section 2.A], [45, Section 2.A], [56, Equation 6], [60, Section 2.1]

%(0) — [V (curlM x B) dx+/ (M xn) x {B}) - Vas. (5.4.12)

For computing the total force F, we plug constant velocity fields into ([5.4.11)). They can be
taken out of the integral and we can write the vectorial form of the total force

F= /curlM « B dx + ugl/ [[? nﬂ ds (5.4.13)
I
Q r
= /curlM x B dx + /(M x n) x {B} dS. (5.4.14)
Q T
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Using (5.1.23), (5.1.44) and div B = 0, we notice that

V.T =DBB - VBB = curlB x B. (5.4.15)

Inside €2 the material law gives us curlB = o curlM. Thus we can write (5.4.13)) as

F = /curlM x B dx + pgy [[? n| dS. (5.4.16)
I
Q

1F/ ﬂ
:uglfv-? dx—i—,ugl/ [[‘? nﬂr dS. (5.4.17)

Using the divergence theorem, we can write the expression purely in terms of the stress
tensor from the outside T T. We get

F =t / T+ n ds. (5.4.18)
I

Now imagine a domain €2,, @ R? such that Q € Q,,. It is clear that div ? = 0 inside €,, \ﬁ

since there is no magnet or source current there. Integrating V - ? on this domain and
using the divergence theorem gives us the result

F:/cur1Mdex+/(M><n)x{B}dszuol/?MdS:uol / T +n ds.
Q r T o0

(5.4.19)

Note that the above holds true for any arbitrary surface which doesn’t intersect €2 and ).
Now we compute the shape derivative for €. From Equation (5.4.9) we see that it can
be expressed in terms of the linear form. Thus, for the deformed configuration, we have

, 1. o 1. 1.
Ep(s) = —551(5;As) - égz(S;As) + 553(5;As)-

Using the adjoint method again, we define the Lagrangian £ : R x Vi x V5 — R,

~

L'(s; A, A" :=b(s; A, A") —i(s;A’) — %fl(s; A)— %ég(s; A)+ %l@;(s; A).
Plugging in the pulled back state solution gives us
E(s) =L (s;A,,A") VA eV
The shape derivative can be computed as

dg, oL o
ds (O> - E(()?A(%P)?

201



where P’ € 1}, solves the adjoint equation

oL, . . .

The expression above simplifies to
PN I < 1. < 1. - .
b(0; A", P') = Eﬁl(O;A’) + 562(0; A — éfg(O;A’) VA" € V.

We notice that the state solution Ao € Vj solves the state equation

~

b(0; Ag, A') = 01(0; A') + 05(0; A') + 05(0; A') VA’ € V.

To obtain the adjoint solution explicitly, we consider the state solution to be the sum Ao =
An + Ay, where the components solve the variational problems

b(0; An, A') = £1(0; A') + 05(0; A) VA’ €V},
b(0; Ay, A') = l5(0; A) VA € 1},
The solution Ay is the vector potential for the magnetic flux density corresponding to zero

magnetization M, whereas Ay is the vector potential for the magnetic flux density for zero
source current J. Based on this the adjoint solution can be expressed as

P/ _ AM - AJ
—
The shape derivative is then given as
d&s, L', . o, 9b . -
0)=—(0;Ag,P) = —(0; Ay, P’
ds ( ) Os ( 0 ) (98( y 430, )
1 db 10b 16b
= 3%s - (0;AM + Aj, A — Ay) = 278 +-(0; An, Am) — 58_([); A Aj)

1
- / {BT (DV +DV?) By — || Bu|® V- v} dx

1
+§/u1{ (DV +DV") By — [Bu|* V- V} dx

Qe

1

§/M1{B (DV +DV") By — [By|* V-V dx
Q

1

§/u '{BY (DV +DV") By — Byl V- V} dx
Qe

It can be simplified further to get

= ! /div ({BM BY, — g B }v) +V. (BM x curlBM> dx

Q
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g /div ({Bu B - g [Bul }¥) + V- (Bu x curlByy )
- uolﬂ]div ({BsB] - g Bl }V) + V- (By x curlBy ) dx
e Q/div ({BsB] - g B3] }v) +V- (By x curlBy ) dx
_ MOIQC/ aiv ({By BY; - g [Bual* }V) dx + /v - (Baa x curlM) dx
! 7div ({Bu B~ (Bl }v) dx Q
- u017div ({ByBY 2By }) ax
i’ Q/div ({By By 2 ByJ* }v) ax.
J.

Jump of the stress tensor corresponding to By is zero since it arises for the case M = 0 and
the permeability is po everywhere. As we saw in the simplification for the shape derivative
of Er, jump of the stress tensor with B, gives the surface part of the equivalent current
model. Thus we are left with

d€p (0) = / ({BM}F x (M x n)) LV dS + / V- (BM X curlM) dx. (5.4.20)

ds
T

The peculiar thing about the above expression is that it completely ignores the existence of
the source current, since By is the magnetic field in absence of the source current. Using
the shape derivatives of £ and &£}, we can easily compute the shape derivatives for Jr and
J} using the relations (5.4.6). We just need to compute the shape derivative of

Ho 2
S
Qs

For the vector potential case where M transforms as a 1-form, we get the following shape
derivative

2
Qo0

([N ax)lo =12 [ { -7 (DV(s)+DVGI )M+ [MIP V() }
J

The shape derivatives that emerge for Jr and J}. are summarized in Table [5.29]

5.4.2.4 A Note on “Holding the Fluxes Constant”

Inspecting the shape derivative for ¢ in ((5.4.10)) we see that we can use the same arguments
as in Section [5.1.2.7/to conclude that we can recover the same force distribution by performing
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differentiation while holding the fluxs of the B field constant, that is transforming the B
field in the reference configuration as a 2-form. We would also get the same derivative for £
if we transform B as a 2-form and M as a 1-form. This holds because the additional term

in &
—/B-de,

Q

would not change if we transformed the B field in the reference configuration as a 2-form to
B: and M as a 1-form to M. We can easily verify it by seeing

/ B (x) - M, (x) dx = / DT:(%) B(x) (DT’;(&)‘T M(fc)) det DT” (%) d%

dot DT? (X)
Qs QO
= /B - M dx.
0o

This is why differentiating the expression £ while holding the fluxes constant gives the
expected force distribution as seen in [20,[29]. But we can clearly see from our computation
of the shape derivative for £ that we get a different result. So the relation of energy shape
derivatives computed by our approach and “holding the fluxes constant” remains intact for
Ep, but breaks down for &.

5.4.2.5 Variational BIEs

We approach the transmission problem ([5.4.7)) using boundary integral equations. We use
the BIEs given in ([2.2.23|)

{%—_AB g : c} B?ﬂ - {gradp \IJOV(%A)} o Dl%‘dll\\ll((?:lrrlll\l\m | (5.421)

i S e [RE] e
where

N(curlM) := / G(x,y) culM(y) dy, N(J):= / G(x,y) I(y) dy. (5.4.23)

We denote the exterior traces as
g="%A, ¥=yA,
allowing us to express the interior traces using the transmission conditions as

"WA=8 TmA=¢+pMxn.
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Plugging this notation into the (5.4.21)) and (5.4.22)) and flipping the signs in ([5.4.21)) gives

A —% —C|l Y+ puMxn n gradp Wy (v, A) _ v N(curlM)
~44B8 N g 0 Oy N(curlM) | ’
A §-Cl[¥] ., [sradr v A)] _ [%N(J)
|:§ + B —N :| |:g + 0 = Mo ’YK/IN(J) . (5424)
The first set of BIEs for the interior traces can be rearranged to get
A Y] v . [eradr Uy(v;A)] [y N(curlM)| AM x n)
“d4B N | lg 0 — M0 L N(curlM) | HO |~ M x n(—|— B(l\/)I xn)|
5.4.25
Summing and we get
2A =2C | ¥ n gradp Uy (v, A +~TA)
2B 2N | |g 0
[ NGewIM)] AMxm) ] [N
T L uN(eurdM) | T O I M xn 4+ B(M xn)| T 5N ]

We see that 13,A € H’%(din 0,T") because from the outside, near I" using the identity [14,
Equation 2.75]

divr(curlA x n) = curlcurlA - n = 0.

This will allow us to test with functions in H ’%(diVF 0,T") and get rid of the normal trace of
A, a strategy employed in [33|. Testing the first equation with { € H 2 (divp 0,T) gives us

2b.»4<1/)7 C) - 2bC(g7 C)
= o (W N(3).€) = po (e NlewrIM), ¢) — pig ba(M x n.¢) ¥ € HH(divy 0,T),
where the bilinear forms are defined as in ((5.1.30|) and (-, -) represents the duality pairing be-

tween H~2 (divy,I') and H—2 (curlp, I'). Testing the second equation with u € H~2 (curlp, I)
gives us

— 2by(g,u) + 2bs(¥, u)
= 110 (7aN(J), w)—po <’yl(/IN(curlM),u>—|—% (M x n,u)—po bg(Mxn,u) Vu € H z(curly, ).

We combine the two equations to get a variational problem. To ensure unique solvability
1

we require the space V := {u € H z(curl,I) : (u,gradpv)_;F =0 Yo e H(I')}

as explained in Section [5.1.24 We have a variational problem posed in the space X :=

H~2(divp 0,T) x V(I): seck z] € X such that

T T

gl |u u u
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where

o([%] 8] = 2400~ 20cte.¢) 4 20ut ) - 2t ),

and

(&) = 0 (GN):€) = o (o NleurtD), €)= o (M. €)
+ o (VN (J), u) — p1o (v N(curlM), u) + — (M x n,u) — yp bg(M x n,u).

We focus on the expression £ as we observed in m ) that we recover the equivalent
current model from its shape derivative. £r can be written in terms of traces of the vector
potential A as

1 1 1
F:§/A~curlde+§/(M><n)-AdS—|—§/J-Adx

r Qsre

1
=3 / (= Tnag) + WA®W + o M x 1) + grad, Wy (7, A) + pio N(ourlM) ) - curlM dx
Q
1
+§/(Mxn)-gd8
I
1
5 [ (rale) ~ Baw) —srad W (57 A) + o N@)) T dx
erc

Assumption 2. Magnetization M is such that curlM|r-n = curlp M = divp(M xn) =0
on T, or equivalently curlM € H(div;R3).

Assumption [2| can be interpreted as conservation of charge for the equivalent current. It
allows us to get rid of the normal trace of A. Using J - n|gq,,. = 0 and divJ = 0, the energy
expression becomes

- —%/\IIM(g)-curlM dx+%/\IIA(1/)) - curlM dx+%/lIlA(M x n) - curlM dx

1
+§/(M><n)-gdS

/\I'M de——/\IlA -J dx

QSTC bI‘C

+ % N(curlM) - curlM dx + ?0 N(J) - J dx.

Q erc

The integrals which contain layer potentials can be written in terms of duality pairings.

/\IIM ) - curlM(x) dx = /curll\/[ /V G(x,y) x (n(y) x g(y)) dSy dx

Q
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_ / {9.G(x,y) % (n(y) x g(y)) } - curM(x) dS, dx
xoy / / {vxc % (n(x) x g(x))} -curlM(y) dSx dy
://{vxc: ) x curlM(y) } - (n(x) x g(x) dy dS.

curl/G(X, y) curlM(y) dy} - (n(x) x g(x)) dSx
= (1 N(curlM), g) ,

/lIIA(zﬁ)-curlM dx:ﬂ/curlM /Gx y) ¥(y) dSy dx

Q

I
’1\ =
—

xery / / Gly, x) curlM(y) - $(x) dSy dy

_ / W(x) - / G(x,y) curlM(y) dy dSy

Q
= (7¢ N(curlM), ) .
The same procedure applies for double integrals with {2y, and I'. Thus we get
1 1
Ep = ) {(ymN(curlM), g>+§ (7¢ N(curlM), ) + ’u20 (75 N(curlM), M x n)
1
+§/(Mxn)-gd8

1

| ) ;
5 (WaN@).g)— (VN9
+ % N(curlM) - curlM dx + % N@J) - J dx.

erc

Having a relation between the energy expression £ and the linear form makes the compu-
tation of energy shape derivative simpler as we get the adjoint solution in an explicit form.
We observe that

1 -l
ng([g])_
+= (uNQJ), g)— < N(curlM), g) + i(Mxn,g)—%bB(Mxn,g).

o 1 1
("N, w>+§ (7 NlcurIM), ) 4 = b4(M x n,9))

— N =

[\

Comparing with the expression for £z above we get

QL/LOK( {_gﬂ) =Ep — % (75 N(curlM), M x n) — % (M x n, g)
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- % N(curlM) - curlM dx — % N(J) - J dx

erc

1 1 1
—|—§bA(Mxn,t/))+Z<M><n,g>—§bB(Mxn,g).

Since divp(M x n) = 0 on I' by Assumption [2, we can test the first BIE in Q with M x n
which gives
1
ba(p, M x n)+ 1o ba(M xn,M x n) — 5 (M x n,g) —be(g, M x n)
= —po (7 N(eurlM), M x n),

which can scaled to get

1 1
- §bA(¢7M X n) + §bB(M X n, g)

1
:%<’Y§N(cuﬂM),Mxn>+% bA(MXn,Mxn)—Z(MXH,Q-

This allows us to write the relation between £r and the linear form as

Er :ia {_g'ﬂ ) + #o {7 N(curlM), M x n) + % b4(M >, M x n)
0

+ % N(curlM) - curlM dx + % N(J) - J dx. (5.4.27)

Q QSI‘C
5.4.2.6 Variational BIEs on Deformed Domain

We consider deformations using V such that ¥V = 0 around the source current. Thus we

only deform the permanent magnet whose magnetization is transformed like a 1-form to
M, such that M,(T¥%(x)) := DT%(x)~T M(x). Variational formulation for the deformed

s-configuration has a similar structure to ((5.4.26|). Defining V', := {u € H_%(curlp,FS) :
(u,gradpv)_1p. =0 Vo € HZ (%)} we have: seek ¥, g, € X,y := H 2(divp 0,T%) x V,

such that
wis)(|2] [ =[]y v [E] e 2.

where

o(6) %] [4]) = 2040)9.0) — 20e(5).0) + 2b(5) 0 ) ~ 2 (5 ).

using the bilinear forms b(s) contain integrals over I'* and the linear form is split into a
source current and permanent magnet part as

)[4 = (5] + o [

u
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where

(S
[
—~
VA
~
—~
=

]) = 1o (N O+ p0 (EN(I), ),

o) §]) = =0 (o NleuIML). €)= o (g NicwrM.) ),

+ 5 (ML x ) — o ba(s) (M x 1,€) — o bi(s)(ML x 1, ).

In the expressions above, (-,-)p, denotes the duality pairing between H ™2 (leF,FS) and
H~2(curlp, I'¥).
5.4.2.7 Equivalent BIEs on Reference Domain

The integrals in the (bi)linear forms can be transformed back to the reference boundary
using the perturbation map. This has already been done for the bilinear forms in [5.1.2.3| so
we only mention the linear forms

(a6 |4 = 0 IS, + 0 (N )

—no [ [ Gxy) I3 €0 dy a

s Qgre

m// VGxy) % 3(v)) - (0x) x u(x) dy S,

= 1o / / G(T2(%),y) () - C(TY(%)) wa(%) dy dSs

0 Qsre

v [ [ (F600250,5) % 36)) - (SRR < u(0)) ) dy s

9 Qgre

taa(5)( H ) = — o (3 N(urIML),€) . — jio (1N (curIM,), ).,

+ 5 (ML ) — g Da(s) (M x 1,€) = o bi(s)(M, x 1)

// (x,y) curlM, (y) - {(x) dy dS,

— Lo // (VXG(X, y) X curlMs(y)> - (n(x) x u(x)) dy dSx

I's Qs

+ 20 [ (M%) x n(x)) - ulx) ds.

o [ [ Gxy) (Mily) % n(3) - €0 Sy,

209



~ 1o / / (VLG(x,¥) % (n x u)(y)) - (Ms(x) X n<x)> dS, dSx

= 1o / / G(T?(%), T (§)) curl M, (T%(§)) - C(T¥(%)) wa(%) det DT*(3) dy dSs
o QO
0 [ [ (TG, T2(3) % curlML(T2(3) )
o QO

(n(T{(x)) x u(T{(x))) ws(x) det DT(y) dy dSx

+ 20 [ (ML(T2(3)) x (T (%)) - (T (%)) e, (%) S

~ro [ [ G0 T2)) (MUTLE) x n(T2ED)) - CT60) w3) () dSyess
o[ [ (TG, T25) x ((T23) x (T ()

(ML(T ()  n(T())) () wx(%) dSydSs.
We use the following pullbacks for 1-forms and their curl

A(T(x)) = DT%(%) " A(x),
DT (%

curl A (T” (%)) — WTU()A)

curl A (%).

For the traces and the corresponding test functions, we use the pullbacks

DT 4
== b,

ge H 2(curlp, %), g € H 2(curly, I°) :  g(T¥(%)) = DT (%) 7 g(x).

Y € H 2(dive 0,1%), § € H2(divr 0,1%) 1 9(T%(%))

Using the transformations above, we define the pulled back hat (bi)linear forms. Here we
only mention the linear forms since the bilinear forms are exactly like the ones defined in

b.I23

~

it [§y = [ [ ey s (o €0) ay s

[ [ (VOTG0y) % 36) - (DT (() x a(x)}) dy dSs.
(s [ﬁ]) = [ [ G, Ts) (OTU) curl(3) - (DTU(R) £50) dy a
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VLG(T (%), T2(3)) x (DT(3) curlM(3)) )

DT” (%) {A(X) x ﬁ(fc)}) dy dSs
o / (M%) x (%)) - (5) S

o [ [ G0 ) (0T {ME) x a5)}) - (DT ¢)) ds, ds
o [ [ (G0 ) x (0726 {a) x 66)}) )

(DT'S’(&){M(&) X ﬁ(&)}) dSy dS.

The equivalent pulled back formulation reads: seek {gs] € X, such that

o] [ -ie[f v[em

where

(st %] |4]) = 20a(s:9.) — el 8.0 + 2ol ) — (s

and

U(s: H) = Uy (s; m)wms; m)

u

Field energy for the deformed s-configuration can be written in terms of the linear form as

£r(s) = 5-i(s ["H)

2
+u0// () curlM(y )) (DT’;(X){M(&) X ﬁ(fc)}) d§ dSs
o / / *(50.T2(5)) (DT(9) {M(9) x 2(3) }) - (DT(%) {M(3) x a(5)} sy a5,
// () curl M (3 )) (DT( ) curlM (x )) dy dx
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5.4.2.8 BIE-Constrained Shape Derivaive

To compute the shape derivative using the adjoint method, we start by defining the La-
grangian £ : R x Xy x Xy — R,

Lis t{ﬂ | L{J) b(s: [@b} {C}) (s ,Lﬂ) 2;05(3; [_gﬂ)

// G(TY (%), T (3 (DT” ) curlM( ))-(DTZ(&){M(X)XI&(&)}) dy dSx

ro Qo

ot [ Jemznms (orz s < uo)

(DTg(fc){M(fc) X ﬁ(&)})dSy dSx
2 [ [ a0 1) (OTH) curlM()) - (DT (%) curlM(x) d dx

+ % N(J) - J dx.
QSI'C

Pluggin in the pulled back state solution gives the field energy
L(s: {"’} , H) _Euls) ¥ H € Xo.
g |a a
The energy shape derivative can be computed as

d€p, 0L, [d,] [A
wo-solpl-Gh

A~

where P] € X, solves the adjoint equation
b

oL / \ - ;
<—A(0; {‘?0] : H); H =0 V H e V(r).
{1/}} go| |P u a
0
Simplifying the above expression gives the adjoint equation in an explicit form

b(0; H : H) = QLE(O; { q) v m € X,

u p Ho —u

Changing the sign of the test function u gives

o[ 8- s ) [ e
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We use the property

b(s: [‘Q , [‘ﬂ) — b(s; m , Bﬂ)’

o3 - e

which finally yields the adjoint solution as

KA
Pl 2u0 |~

The shape derivative can then be computed as

to get

wo-5o ] a %)

which simplifies to

ool [4)-5e2)

ds ( )_2u085

gl &) s | &

b [ [ (9x6:3)- V) + 9,G.3) V) curlM() - (M%) x 2(5)) dy dSs
T u// G(%,5) (DV(F) crlM() ) - (M(%) x (%)) dy dS
+ u// G(%,y) eurlM(y) - (DV(%){M(%) x () } ) dy dSs

) / / (VaC(%.9)- VE) + VyG.9) - V() (M) x 2(3)) - (M) x (%) )dSy S
T //G<x 9) (DY@ {ME) x 8(3)}) - (M) x (%)) dSy dSx
v & //G<x 9)(M@E) x 8(3)) - (DVE){M(X) x (%) } ) dSy dSs

// (V+G(.9) - V() + Ty G(%,3) - V() ) cwrlM(3) - curlM(x) dy dx

T %// G(%,) (DV() curlM(y)) - curlM(x) dy dx
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/ / (%,9) curl M(3) - (Dv(fc) curlM(fc)) dy dx. (5.4.28)
Q0 QO
The partial derivative for the bilinear form can be computed based on the computations

in p.1.2.4 The partial derivative of the linear form can be computed using the partial
derivatives of the two linear forms ¢35 and /)y which are given as

Ol

75 H> uo//V G(x,y) - V(x) I(y) - {(x) dy dSx

o / / () 3(y) - (DY) £x)) dy ds,

+ u/ / (dV*G(E(X)’” o > 3(y) - (8 ) () dy
+ o / / )< 3(y)) - DV x 0)) (x) dy dSs.
and o
oo [{ -
o [ [ (VGx3)- Vi) £ V.Gl y) - Vi) crlM(y) -¢(x) dy
- u// Glx,y) (DV(y) curlM(y) ) - {(x) dy dS,
- M// G(x,y) curlM(y) - (DV(x) {(x) ) dy dS;
/Q/ (CTLTEO, s cunm(y)) - (8 0) () dy a
—u// (VxGxy) x {DV(y) curlM(y) }) - (8 x 1) (x) dy dS,
- MOF}? (va ) x curl M(y )) (Dv {ﬁ x ﬁ}><x) dy dS,
- u// (V<G (%) + VyGlx,y) - Vy)) (M x 1) () - C(x) S,y dSi
- u// G(x,y) (DV {M x i} ) (y)-{(x) dsy ds,
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o [ [ Gxy) (Mxa) ) (0V¢) ) S, s,

ro ro

[ [ (dv"G”{ﬁ?’T?(y” o x {a(y) xam)}) - (M 8) (o as, ds,

ro ro

“iio [ [ (TGx3) % {OVE) ) x i) }) - (M) ) a5, a5,

ro ro

—uo//<VxG(x,y)><{ﬁ(y)><ﬁ }) ( { }) ) dS, dS.

ro ro

The partial derivative for V,G(T%(x), T%(y)) with respect to s is given as (|5.1.38]). We can
also compute

dV,G(TY(x),y
ds

)\Szo =D,V.G(x,y) V(x) = V. V.G(x,y) V(x), (5.4.29)
where V,V,G(x,y) is explicitly computed in (4.1.19)).

5.4.2.9 Numerical Experiments

In this section we evaluate the shape derivatives numerically and investigate their perfor-
mance. The shape derivative formulas we compare are (5.4.28)) (called “BEM” in the plots)
and the equivalent current model (called “MST” in the plots). To keep things simple
in terms to implementation, we choose the magnetization M such that curlM = 0 inside €.
This can be achieved by either using a constant magnetization, or a gradient free magneti-
zation. This allows us to have purely boundary based expressions which can be evaluated
by directly using the BEM solution obtained from a discretization of . The discrete
spaces used are already introcuded in Section |[5.1.2.8 as we have the same bilinear form on
the left hand side in . The evaluation of discrete solution and the shape derivatives
is thus carried out in an identical fashion. For convergence studies we evaluate the Galerkin
solution and plug it into the shape derivative formulas for a decreasing meshwidth h. Forces
and torques are computed using the recipe mentioned in Section and dualnorm error
is computed based on the procedure laid out in Section 4.4.7.1

Experiment 35. Choosing iy = 1 and M = (1,0,0) we consider a cube shaped perma-
nent magnet in the presence of a source current. The geometrical situation is described in
Figure where the torus carries a unit tangential surface current density. The reference
force and torque values are computed using the BEM based shape derivative at a refinement
level of h = 0.07. Torque is computed about the point (4,0,0). The corresponding errors are
plotted in Figure [5.65] and the convergence rates are tabulated in Table[5.25] It is clear that
the BEM based shape derivative has an edge over the equivalent current model for the cube
shaped geometry.
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Error in total force
Error in total torque

- BEM BEM
05 iMST ; MST
0.1 0.15 0.2 025 03 035 04 045 10 0.1 0.15 0.2 025 0.3 0.35 0.4 045
meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.65: Error in force and torque computation for cube torus (Experiment

Table 5.25: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.691 | 3.696
Stress tensor 2.006 | 1.843

The performance of the two shape derivatives can also be compared via dual norm error
computation which is presented in Figure 5.66 The reference values are computed using
the BEM based shape derivative at the refinement level A = 0.088. This error computation
cements the superiority of the BEM based shape derivative formula.

1072

10X

dual norm error

—3¢— BEM: 2.3839
—E—MST: 0.96914
| |

0.1 0.15 0.2 025 0.3 035 04 045
meshwidth

Figure 5.66: Dual norm error for Experiment

Experiment 36. Keeping py = 1, we consider a spherical permanent magnet with M =
(1,0,0) as shown in Figure The reference values for force and torque are computed using
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the BEM based shape derivative at a refinement level h = 0.039, resulting in the error plot
Figure |5.67| and convergence rates given in Table Torque is computed about the point

(4,0,0). We see similar convergence rates as expected for the smooth domain.

Error in total force
=) =)
IS &
'\\

L

\
Error in total torque

i BEM
MST

o
&

Figure 5.67: Error in force and torque computation for sphere and torus (Experiment

. . . . ! ! !
0.1 0.15 02 025 03 03504

meshwidth h

(a) Error in total force

A

BEM
MST

0.1 0.15 0.2
meshwidth h

(b) Error in total torque

Table 5.26: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 2.355 | 2.357
Stress tensor 2.436 | 2.642

. . . .
025 0.3 03504

The dual norm errors are also compared where the reference values were computed using
the BEM based shape derivative at a refinement level of A = 0.039. The results are shown
in Figure [5.68 We see a sligtly superior performance from the BEM based shape derivative.

102

dual norm error

1041
—3— BEM: 2.2457
—E— MST: 1.4705

1071
meshwidth

Figure 5.68: Dual norm error for Experiment
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Experiment 37. Keeping o = 1, we consider a brick shaped permanent magnet with
M = (1,0,0) as shown in Experiment [13] The reference values for force and torque are
computed using the BEM based shape derivative at a refinement level h = 0.05, resulting in
the error plot Figure [5.69] and convergence rates given in Table [5.27, Torque is computed
about the point (4,0,0). We see a superior performance from the BEM based shape derivative
for this non smooth case.

10"

Error in total force

10"

Error in total torque

. BEM
10 =l
- MST
‘ . .

o
S

N T

o
%)

=

L

BEM
MS

| |
0.1 0.15 0.2 025 0.3
meshwidth h

(a) Error in total force

- A | |
0.1 0.15 0.2
meshwidth h

(b) Error in total torque

0.25

0.3

Figure 5.69: Error in force and torque computation for cuboid and torus (Experiment

Table 5.27: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 3.61 3.73
Stress tensor 1.65 1.62

The dual norm errors are also compared where the reference values were computed using
the BEM based shape derivative at a refinement level of h = 0.064. The results are shown

in Figure [5.70| which confirms the superiority of the BEM based shape derivative.
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Figure 5.70: Dual norm error for Experiment

Experiment 38. Keeping pg = 1, we consider a tetrahedral shaped permanent magnet
with M = (1,0, 0) as shown in Experiment The reference values for force and torque are
computed using the BEM based shape derivative at a refinement level h = 0.041, resulting
in the error plot Figure [5.71| and convergence rates given in Table |5.28] Torque is computed
about the point (4,0,0). We see a superior performance from the BEM based shape derivative.

100 ; A

Error in total force

BEM
MST

meshwidth h

meshwidth h

(a) Error in total force (b) Error in total torque

Figure 5.71: Error in force and torque computation for tetrahedron and torus (Experi-

ment

Table 5.28: Asymptotic rate of algebraic convergence for Experiment

Method Force | Torque
Pullback approach | 1.78 2.00
Stress tensor 1.08 1.09
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The dual norm errors are also compared where the reference values were computed using
the BEM based shape derivative at a refinement level of h = 0.041. The results are shown
in Figure [5.72] which confirm the superiority of the BEM based shape derivative.

9)

dual norm error

—%— BEM: 1.7308
—EO— MST: 1.0977

107" 100
meshwidth

Figure 5.72: Dual norm error for Experiment

5.4.3 Scalar Potential Formulation

To get to the scalar potential formulation, we start with the magnetostatic equations

divB=0 inR3
curlH = J in R3.

We mention again that supp(J) = Qqe € R?, such that Qgu.NQ = ¢. Defining H := H—Hjy,
where H:= [ G(x,y) J(y) dy, the equation for the field H can be written as

QSTC

curlH = curl(H — H;) =0 in R?,

where Hy was already defined in (5.1.6). We can introduce a scalar potential u such that
H = Vu. Using the material law we have the relations

H=/,'"B-M inQ,
H=.,'B in Q..

Combining them with Au = divH = divH (divHj = 0), we get

Ay =—divM in €,
Au=0 in €.

Transmission condition for yyu can be obtained as

0=[B]l n=pwH" " n—peH n—pyM-n
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=po (Vu™+Hy) n—puo (Vu~ +Hy) n—pyM-n
= po [Vul -n— po M - n,
which gives
[Vu]p -n=M"-n.
To get the transmission condition for the Dirichlet trace, we consider

curlp [vpu]p = [Vu]p xn = Hﬁﬂr xn=[H-H;]; xn=[H]. xn=0.

Thus we can set [ypup = 0. We have the transmission problem

—Au=divM =p in €,

Au=0 in .,

[vpulp =0 on I,

[vwulp=M-n=X onT,
lu(x)| = O(||x||~")  for ||x|| — oo. (5.4.30)

5.4.3.1 Shape Derivative From Volume Based Variational Formulation

Assuming M € H(div;2), the transmission problem ([5.4.30) admits a weak solution u €

HY (AR = {u: R - R : ngVqu 1+||2 7 dx < oo} which solves the variational
R

equation

/Vu -Vou(x) dx = / M- ndS+/divadx Vv € HY(A;RY). (5.4.31)

The co-energy Jr can be written in terms of the bilinear form as

JF=@/ |H|? dx+u0/M~de

“0/ 7 dx+/ IV dx+—/ IH | dx

—l—pg/ VU-Hde+u0/ VU-HJder/LO/M-VudX—i—,uO/M-HJdX
Q Qe (

,UQO gM - ndS+2/u lede—i——/ IH;|” dx

r Q

—l—(H—yo/qM ndS—,uo/u dl\l\/[dx—i—,uo/l\/[ H; dx

/HV I* dx + 22 /HHJH dx+uo/M Hj dx.

In the above manlpulatlons we used Green’s first identity, the transmission conditions and
the fact that divHjz = 0.
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5.4.3.2 Variational Formulation for Deformed Domain

We deform only the magnet and transform its magnetization as a 2-form to M, € H(div; Q*)

such that M,(T%(x)) = dett)gf}(f()ﬁ) M(x). Variational formulation for the deformed s-configuration

has a similar structure to (5.4.31)): seek u, € H'(A;R?) such that

/Vus(x) -Vou(x) dx = —/v M; -ndS+ /divMS vdx Vv e H'(A;R?).
Rg FS QS

To simplify the notation a bit, we will write

divM, = p, € L*(Q) in %, M,-n=A\ € H (%) onl"

5.4.3.3 Transformation + Pullback

Using the perturbation map, the integrals can be written on reference domains. This gives
us

/Vus(x) -Vu(x) dx = /VUS(T';(fc)) - Vou(T%(x)) det DT%(x) dx,

[ ot nds = [ o) Ha(T260) - n(TH(R) e (R) S
/v A, dS = /U(T'g(f{)) A (TY(%)) ws (%) dSx,
/ps vdx = /pS(T';(fc)) v(T%(x)) det DT%(x) dx.
Qs Qo

Based on the pullbacks
AX) = A(TE(X) we(x), - p(x) = ps(T(x)) det DTY(x),  a(x) = us(TE(%)),
we define the pulled back hat (bi)linear forms

~

b(s; @, 0) := / (DT’S’(&)‘TVQ(ﬁ)> : (DT';(&)‘TVM&)) det DT (x) dx,

0(s;9) :z—/fm\dSvL/@pdx.

o 0o
The pulled back formulation reads: seek i, € Vg := H'(A;R?) such that
b(s; s, 0) = U(s;0) Vo € V.

Co-energy Jr for the deformed configuration can be expressed in terms of the pulled back
bilinear form as

Tes) = =52b(s1 s, ) + %/HHJ(T’;(&))HQ det DTY(%) d%
R3
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w0 [ (DT M) - Ha(TH(5) dic

Qo

In the above expression, it is assumed that Hy is not subject to the transformation.

5.4.3.4 Adjoint Method
To compute the shape derivative using the adjoint method, we start with the Lagrangian

L:RxVyxVy—R,

L(s;0,0) = b(s;a,0) — () — “2b(s; 0, @) + /||H (T (%))||* det DT¥(x) dx

T o / (DTY(%) M(%)) - Hy(T (%)) s

Q0
we get the co-energy after plugging in the state solution

Tr(s) = L(s;ts,0) VO € Vj.
The energy shape derivative can be computed as

dJr oL

ds (0) aS (0;U0,p)7

where p € Vj solves the adjoint equation

<g€(0 U, P); > =0 Voel,.

The adjoint equation simplifies to
b(0;0,p) = po b(0;9,19) Vo € Vi,

which yields the adjoint solution in an explicit form as

P = o Uo-

The shape derivative can be computed using formulas (3.0.12)), (3.0.11)) and LH;(T%(%X))|s=0 =
DHj;(x) V(x) and is given as

dJ, oL ob ol
dsF( ) Os (0 U, o Uo) o 2 Os (0 U0>U0) Ds (0 Ho Uo)
+u0/ DVM) H, + (DHJ v) M dx

:%/ — Vil (DY +DV) Vi + | Vi’ V- V) dx
R3
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+ uo/ (DV M) - H; + (DH; V) - M dx. (5.4.32)

Qo
Note that the partial derivative of { is zero. The integrand in the latter term is simplified as

H;DVYM+M"DH; V=H;DVYM+M" VH; V+M' DH; V - M’ VH; V
— M (vv H, + VH, v) + M7 («;mrlHJ x v)
:M~V(V~HJ>,

since curlHy = 0 inside 2°. The latter integral then becomes

/M.v(v-HJ) dx:/V-HJl\/LndS—/V-HJ div M dx.
0o 10 0o

The first term in ([5.4.32)) can be simplified in a similar fashion to Section which leads

to:

VA 2
%/(—wl‘f(DvT+DV) Viig + ||Vio|” vv) dx =uo/v- {H ZOH d— Vi, vag“} i
R3 J
| Vo || R
Q

—MO/V-VQO div M dx.
Q

Using the divergence theorem, we transform the integrals to the boundary and get the jump
of the Maxwell Stress Tensor. Calling u; the solution inside and u, the solution outside, we
see:

(Vuo Vu, -n— vaouz n) — (Vui Vu; -n — M n)

(vuo2' n)> n— ||grad2r u0H2 n

(Vu; - n)? ot |gradp u;||” N
2 2

= ((Vuo -n)? — (Vu; - n)2)g + <(Vu0 ‘n) — (Vu; - n)) grady g

= ((Vu,-n) — (Vu; - n)) {((Vuo -n) + (Vu, - n))% + gradrg}

M - n) {((Vuo ‘n) + (Vu; - n))g + gradrg}
M

= (Vu, -n)’> n+ (Vu, -n) gradpu, —

— (Vu; -n)* n — (Vu; - n) gradpu; +
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So the shape derivative reduces to
dJr :
d—(O):,uo VH_]<MII)dS—ILLO VHJ divM dx
’ ro 0O
+MO/V~{I:I} (M~n)dS—uo/V~I:I divM dx
To QO
I,LLO/V-{H} (M- n) dS—,uo/V-H div M dx. (5.4.33)
ro 0O

We identify the above expression with the equivalent charge model which is well known in
literature [39, Section 2.A], [45, Section 2.A], [55, Equation 4], [56, Equation 5], [60, Section
2.2]. For computing the total force F on the magnet, we plug in constant velocity fields into
. They can be taken out of the integral and we get a simple expression for the total
force F:

F = po /{H} (M-n)dS— ,UO/H divM dx. (5.4.34)
ro Qo

Defining

2
T ::HHT—@M,

(5.4.35)

and using (5.1.23), (5.1.44]), we see that

V. T=DHH_-VHH+V .-HH (5.4.36)
=curlHxH+ V- -HH. (5.4.37)

In free space, we see that curlH = 0 (no source currents) and divH = pgdivB = 0, so
V- = 0. In the region occupied by the permanent magnet, we have curlH = 0 and using
the material law B = po(H+M), we have V- T =V-H H = —divM H. Now we imagine
Q,, € R? such that Q € Q,, and Q,, N Qe = ¢. Denoting the stress tensor in the exterior
domain Q. by T *, and using the divergence theorem over €, \ Q we get

/ Tnds = / T'n ds. (5.4.38)
0Qm r

Using the transmission conditions for H at the interface I', we can easily verify that
[ﬁﬂr n=(M-n) {H). (5.4.39)

Integrating over the interface I' we get

T] nas= [ (M- n) {H} dgs. (5.4.40)
7] ms= |

T r
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The expression on the LHS can be written as

/[[ﬂ]r nds_/?mdS—/?—nds_/?mdS—/v-?dx
F :F/?mds:/divMde.F Q

Q

So we have

/(M-n) {H}dsz/‘?+nds+/divMde.

r r Q

Using (5.4.38) we get
/ ?+ndsz/(M-n) {H}dS—/divMde.
OQm

r Q

Thus

F:,uo/(l\/[-n){H}dS—,uo/divMde:,uo / T+ nds.

r Q OQm

(5.4.41)

(5.4.42)

(5.4.43)

(5.4.44)

(5.4.45)

Remark 12. Comparing (5.4.19)) and (5.4.45)) we can show the equivalence of the two models

for computing total forces because in air we have B = yoH and thus

2 2
H
%1(3 BT — @Id) — 1o (H H? - %Id).

(5.4.46)

With (5.4.45]) we have verified that the total force on the permanent magnet can also be
computed by integrating the Maxwell Stress Tensor on an arbitrary interface enclosing the

magnet, which doesn’t intersect the magnet or the source current.
The alternative co-energy expression J7.

=" [ 1| ax
R3

can be written in terms of the scalar potential as

Tp =" [ Ival? dx B[R
R3 R3

To compute its shape derivative, we use the adjoint approach again. We start with the

Lagrangian £ : R x V5 x Vj — R,

L (s;0,0) == b(s; 6, 0) — 0(s;0) + “0 s; 10, 11) +—/|\HJ\| dx.
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Plugging in the pulled back state solution we get
Tr(s) = L'(s;10,0) Vo € V.
We can compute the shape derivative as

A7y oL
ds (O) - g(O;UO;p),

where p € V solves

oc . . X
%(O;uo,p)(v) =0 Voel,.

Simplifying the adjoint equation gives

b(0; 0, p) + pob(0; g, 9) = 0 Vo € Vj,

giving us p = —poeltg. Thus the shape derivative is given as
AT ac . podb,
— Q. — — 07"
ds (0) s (O,Uo, ILLOUO) D) 88( ,Uo,'LLD)
- -5 (= Vaf (DV" +DV) Vi + Vo’ V- V) dx
R3

:—uo/v-{ﬁ} (M- n) dS+uo/V-Vﬂ0 div M dx.
ro Qo
(5.4.47)

Shape derivatives for £r and £ can also be computed using relations in (5.4.6). We need

the shape derivative of
Ho 2
AL
Qs

where M is transformed like a two form. In that case we have the shape derivative

2 [ {M7(ov() + DV )M - [MIP V- V(x)} dx.

The shape derivatives for different energy and co-energy functionals using vector potential
formulation are summarized in Table [£.291
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(Co)Energy Shape Derivative
Er / (curlM x B) dx + / (M xm) x {B}) -V as Physical
G412) ) ]
Er /V- curlM X BM> dx — / ((M X n) X {BM}> -V dS Non-physical
(5.2.20) ) /
/V curlMxBM> dx—/((Mxn)x{BM}>-VdS
JTr : . Non-physical
Ho Y A T 2 o N
= {=M"(DV+DV) )M+ M| V-V } dx
QO
/v. <cur1M><B) dx+/<(M><n) x {B}) -V dS
Jr “ 8 Physical
_Ho ML T P .
> [ {-™M"(ov+ V)M M V-V dk
Qo0

Table 5.29: Shape derivatives from vector potential formulation

We also summarize the results for the scalar potential formulation in Table [5.30]

(Co)Energy Shape Derivative
MO/V-{H} (M-n)dS—uo/V-H divM dx
Er @ Physical
+“2° {MT(DV + DY) )M — M| V- V} dx

—MO/V-{f{}(M-n)dS—l—ug/V-ICI div M dx

/ Q .
Er o Non-physical
0 T T 2 . 5
5 [ {M"(Dv+DV))M - [MIP vV} dx
F /V {H} (M -n) dS —|—/L0/V H divM dx Non-physical
GA47)
Jr Mo/v {H} (M -n)dS — MO/V H divM dx Physical
6.4.33) J

Table 5.30: Shape derivatives from scalar potential formulation

We see that with the vector potential formulation we get some sort of equivalent current
model and only & gives us the equivalent current model known in literature. On the other
hand, the scalar potential formulation always gives a variant of the equivalent charge model
and we get the well known model in literature only with the shape derivative of Jp.
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5.4.3.5 Equivalence of Equivalent Charge and Equivalent Current Models

The relation in Equation We can see from the tables above that the force field
expressions for the equivalent magnetic current model and equivalent magnetic charge model
are very different from one another. It has also been confirmed numerically in the work
[39,145.55]. However, when computing total forces and torques, these methods turn out to
be equivalent [39,/55,|60]. Using the shape derivative computation, it can also be proven.
Notice the relation in Equation (|5.4.6|)

Tp = Ep — % / IM|? dx.
Q

Considering deformations using a constant velocity field YV we see that the transformations
of the magnetization as a 1 form and 2 form coincide (DT% = Id,ws; = 1) which implies
that the deformed configurations in the scalar potential and a vector potential formulation
coincide, leading to the following relation between energy and co-energy of the deformed
s-configuration

Te(s) = Enls) — %/HMSHQ dx.
Qs

The integral of | M,]||* turns out to be constant since the magnet is just translated by the
constant velocity field. We immediately conclude that

dJr d€r
—(0) = ——(0).
75 (0)=—-(0)
Thus we have the equivalence of the two models for computing total forces. A similar

argument can be made for the case of purely rotational fields of the form V(x) :=a x (x —
Xo), @ := (a1, as,a3)’ € R3. We can explicitly compute the Jacobian

0 —das (05}
DYy = as 0 —a
—a2 aq 0.

Thus we have DT = Id+ sDV, giving us det(DT?) = 1+s? ||a||*. Upon explicitly computing
the (DTY)~T we get
DT
— s 9] 2 )
deror) T O

oy = COT) _ 1

- = Id + sD 2
det(DT?) detDT';(d+S V+0())

We notice that the transformations as a 1-form and a 2-form are same up to order s. Thus
the deformed model problems for the scalar and vector potential formulations coincide up to
order s which is important since the shape derivative is a first order derivative in s. Since a
rotational transformation would not change the integral of | M||> over Q°, we again get the
relation

0Jr . der
%(0) = E(O)‘

Note that the equivalence would hold true for the boundary integral formulation as well.

229



5.4.3.6 Variational BIEs

The transmission problem ([5.4.30)) can be approached using boundary integral equations.

We reuse the BIEs derived in (2.1.21) and (2.1.22)). Since Au = —p, we flip the sign in
(2.1.21)) to get a positive RHS. Thus we have

-V ¥ +K]| [wul _ [
4_K —-W | |ypu
Id_v / _%_’_K %J{,u = 0 .
—4-K W | |[ypu 0

Denoting the exterior traces as

g="pu, Yyu=1,

the interior traces can be written using the transmission conditions as
Yot =9, INu=1—=A
Using the notation above, the BIEs become

e WL RG]

-V Y4 K] ] o
—%—K’ -W gl |0’
and can be added to get

5 - LE

Testing the first equation with ¢ € H~2(I), second equation with u € Hz(I') and adding
them up gives us the variational formulation: seek ¢ € H—2(T"),g € Hz(T)

— 2by (¥, ¢) + 2bk (g, ¢) — 2bk/ (¢, u) — 2bw (g, u) =
(3aN(9). ) = by(0d) + (N (). u) + 5 (1) — bieA) Yo € HHT), e H(D).
(5.4.48)

We know that traces of the potential u satisfying (5.4.30)) satisfy (5.4.48]). Unique solvability
can be shown using Theorem [2]

In the above equation, (-,-) denotes the duality pairing between H~2 (') and Hz(T"). We
focus on the shape derivative of Jr as that gave us a meaningful physical shape derivative
in (5.4.33]). Using Green’s formula, the co-enery expression [Jr in (5.4.5) can be written as

ij%/HVU—i—HJHQ dx+u0/M.(Vu+HJ) dx
R3 0
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:%/IIWH2 d><+%/|IHJII2 dx+uo/Vu-HJ dx+uo/M-(Vu+HJ> ax
3 R3

:@/HVuH2 dx+u0/M-Vudx+ /HHJH dx+,u0/M Hjy dx

/||v 12 dx+ 2o /||HJ|| dX+M0/M H, dx

= 'L;O ud1dex+2 gM-ndS—I—E/HHJH dx—{—uo/M-Hde.
R3 Q

Plugging in the representation formula for u in Q (2.1.20)) we get

Te == [ (Np)6) + st () (x) = i, (9)(x) ) div Mi(x) dx

Q

+ £ gM -ndS+ — /HHJ“ dx—i—,uo/M H; dx

2
// (x,y) p(y) p(x) dy dx

- 7 ® (7pN(p), ¥) + B <’YD ) A)

@W‘V g>+—Ag>

To find the adjoint solution explicitly later on, it is useful to express the co-energy in terms

of the linear form. Denoting the RHS of (5.4.48)) as ¢( {ﬂ ), we observe that

1 {_ﬂ) = — (vpN(p),¥) + by (A, %) + {(v¥N(p), 9) + (A, g) — bxr(X, 9),

which gives us

= (N ) + (AN g) = | Y] = b = 5 ) + b0

Plugging this in the co-energy expression we get

// (x,¥) p(y) p(x) dy dx



+ 2 (NN + 5 ()

+%/HHJH2 dX+M0/M'HJ dx.
R 0

Testing the first BIE for the interior traces with A and scaling, we get

~E2bu (6, 0) + 249, 0) + Bbic(9.) = £ (3pN(p). A) = Bby (2 ).

This finally leads to the desired relation

Ep = ’;0{ } “0//ny ) p(x) dy dx

+ o (vpN(p), A) — —bv A )

5.4.3.7 Variational BIEs on Deformed Domain

We consider deformations of only the permanent magnet as in the vector potential case. The
magnetization M is moved as a 2-form now, which is natural considering that its divergence
and normal traces show up in the formulation. Variational problem for the deformed s-
configuration has a similar structure to (5.4.48): seek ¢, € H *%(FS),us e H %(Fs) such
that

u

oio)(|] [ = [0y o i, e mia),
where

b(s)( M , [ﬂ) = by (5)(t, ) + 2bx()(9, 6) — by (5) (10, 10) — 2by (5)(g ).

q u

The bilinear forms b, (s) contain integrals over I'*. The linear form is defined as

6<s><[ﬂ>:= (N, ). — bu(5) e 6) + (15N (0. )y, + 5 (st = b () ),

u

where (-, -)p. denotes the the duality pairing between H~2(I'*) and Hz(I?).

5.4.3.8 Equivalent BIEs on Reference Domain

Using the perturbation map, we transform the integrals in the (bi)linear forms back to the
reference domains. These computations have already been done for the bilinear forms in
Section so we only mention the transformation for the linear form

OHHIE

u
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/ G(TY(R),T2(§)) p(T(9)) (TY(X)) det DT(§) wi() d dS

s [ [ VG0, T  nT0) pu(T(9) W(T () det DTX(S) () S
= [ [ G, AT ) DT ) (3 5 Sy

FO/ / V(T T) - (P I T ) M) () (5 S
45 [ AT T 5) () S

We use the following pullbacks

D)
T =
W(T60) = 2
. DT (x .
curlp u(T? (%)) = ws(é) curlp 4(x)
We use the following pullbacks for \; and p;
A A(X) . p(X)
T = T =
)\5( S (X)) ws(&) ) pS( S (X)) det DT'S/()A()

The pulled back bilinear forms are defined in Section 4.4.3] and the pulled back linear form
is defined as

its 2] = / / G (). T2(9)) p(5) () dy S
+ [ [ 96, T - (COTH6) 1) o5) (%) dy ds
ro Qo
— by (s; A, ¢) — by (3N, 4) + %/)\ a dS.

Co-energy for the deformed s-configuration can be written in terms of the pulled back linear
form as

7o) = it [ ) -2 [ [ Gms0. T2090) ot ot s

Q0 QO

// G(TY (%), TY(9)) pl9) AK) d dSs — 2by(s: 0, ) +—/HHJH dx

ro Qo
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o / (DTY(%) M(®)) - Hy(T (%) dsc

[olY

The pulled back variational problem is given as: seek 1, gs € Vo := H~2(I'°) x H2(I'°) such

that
o] =i ] e
where

b(s; m , [ﬂ) = —2by (53¢, 0) + 2bK(s; 9, 8) — 2bxc (53 ¢, ) — 2bw (3 §, ).

5.4.3.9 BIE-Constrained Shape Derivaive
We start by defining the Lagrangian £ : R x Vg x V5 — R,

s [V 2] o= btss [0 o] - s 2]+ 2ot [ 7))

g U g Uu u g
-8 [ [ 0. 1) o5 o) dy ax
Q0 QO
T / / G(T? (%), T(9)) p(§) A(%) dg dS
o QO
bV (si A \) + /HHJ” dx

Plugging in the state solution, we see that

Tr(s) = L(s; M M) V[ﬂe%.

s

We can compute the shape derivative as
d€p Yo 7
0 ),
2o = 2o ] 2]

where {g} € Vj solves the adjoint equation



which simplifies to

o121 T[]y o #0jeo. [9] — ¢

b(0; [ﬁ p )+ 26(0, a )=0 V 5 e W.
Changing the sign of the test function ¢ in the adjoint equation we get

o] [+ 0o ] e

P 2

Finally, using the property

The shape derivative is then given as

o= ih= o ] )

Noab(o [@ZJ} [¢9})+M0%(05 [_A@ZJO )
0 S
G

2 é Glxy) V() + 7y <>:y> V() oly) plx) dy dx
+u// VAG(x,y) - V(X) + VyGlx,y) - V(y)) ply) A() dy dS
// VaG(x,y) - V() + VyGlx.y) - V(y)) M) Alx) dS, dS
+ 10 F/ EODV M) Hj + (DHJ v) .M dx. (5.4.49)
o

The partial derivatives for the bilinear forms have been computed already in (5.1.20). The
partial derivative for the linear form is given as

Sol] - / / (VaGlx.3) - Vi) + TGl y) - V) p(5) 665) d dS
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lomo - B(X) p(3) 4(%) dy dSs

d( VxG(T{ (%), T{(¥))
o (w0, 79)
+ / / VxG(x,y) - (V-v(fc> n(x) - DV (%) ﬁ(fc)) () a(X) d§ dSg

— [ [ (9xGx3) - V0 + 9yGlx.y) - V) M) 96 S S,
Obk .
- K(O, U, \).

The partial derivative for VG (T%(x),T¥(y)) with respect to s is computed in (5.1.38).

Remark 13. For a constant velocity field V, we see a massive simplification of ((5.4.49) and
the shape derivative formula reduces to

%(o) _ Mo/ (Dv M) Hy + (DHJ v) ‘M dx, (5.4.50)

QO

which is precisely the last term in (5.4.32]) which was obtained via a volume based variational
formulation.

5.4.3.10 Numerical Experiments

In this section we compute the shape derivatives (called “BEM” in the plots) and
(5.4.33) (Called “MST” in the plots) numerically. To keep computations entirely boundary
based, we restrict ourselves to magnetizations M which are either constant or are obtained
from a curl. Then we can compute boundary data using a BEM formulation based on
(5.4.48) and use it directly to evaluate the shape derivatives. We don’t mention the discrete
spaces again as the setting is very similar to the one in Section [5.1.1.9| since we have the
same structure as the variational problem in ([5.1.15)). The total force and torque is com-
puted from the shape derivative as mentioned in Section for a sequence of meshes with
decreasing meshwidth A. For computing the dualnorm error, we use the procedure laid out

in Section L4711

Experiment 39. We have the same setting as in Experiment (cube shaped magnet)
with the same constant magnetization M = (1,0,0), now approached with a scalar poten-
tial formulation. The reference values for force and torque are computed usig the BEM
based shape derivative at a refinement level h = 0.07. Torque is computed about the point
(4,0,0). The resulting error in force and torque is plotted in Figure and the asymptotic
convergence rates are tabulated in Table |5.31L For total force, we see the exact same perfor-
mance, whereas for total torque, we see a superior performance from the BEM based shape
derivative.
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Error in total force
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&

Error in total torque

—3— BEM —¥— BEl
—O—MST —EO—MST
10-4 L L L L L L L L L L L L L L L L
0.1 0.15 0.2 025 03 035 0.4 045 0.1 0.15 0.2 025 03 035 0.4 045
meshwidth h meshwidth h
(a) Error in total force (b) Error in total torque

Figure 5.73: Error in force and torque computation for cube torus (Experiment

Table 5.31: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 2.199 | 2.202
Stress tensor 2.199 | 1.1912

The shape derivatives can also be compared using the dual norm error. The reference
value is again computed using the BEM based shape derivative at a refinement level h =
0.088. The resulting errors are plotted in Figure [5.74] which show the superiority of the BEM
based shape derivative.

1072
103
S
5]
€
o
c
©
>
T 104
—3¥¢— BEM: 2.7068
—EO— MST: 1.0338
10—5 I I I I I L L L
0.1 0.15 0.2 025 0.3 035 0.4 045

meshwidth

Figure 5.74: Dual norm error for Experiment

Experiment 40. We have the same setting as in Experiment |36| (spherical magnet) with the
constant magnetization M = (1,0, 0), now approached using a scalar potential formulation.
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The reference values of force and torque are computed using the BEM based shape derivative
at a refinement level h = 0.039, leading to the error plot Figure Torque is computed
about the point (4,0,0). The asymptotic convergence rates are tabulated in Table . We
see a similar performance for the two methods which is expected for the case of a smooth
domain.

=)
&

Error in total force
Error in total torque

—3¥— BEM —¥—BEM
—E— MST | 4 —O—MST

. . . . | T . . . . | T
0.1 0.15 0.2 025 0.3 0.3504 0.1 0.15 0.2 025 0.3 0.3504
meshwidth h meshwidth h

(a) Error in total force (b) Error in total torque

Figure 5.75: Error in force and torque computation for sphere and torus (Experiment

Table 5.32: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 1.994 | 1.995
Stress tensor 2.068 | 2.019

The dualnorm errors for the shape derivatives are given in Figure [5.76] computed using
reference values computed using BEM based shape derivative at a refinement level h = 0.055.
We again see a similar performance for the two shape derivatives.
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Figure 5.76: Dual norm error for Experiment

Experiment 41. We have the same setting as in Experiment (brick shaped magnet)
with the constant magnetization M = (1,0,0), now approached using a scalar potential
formulation. The reference values of force and torque are computed using the BEM based
shape derivative at a refinement level h = 0.05, leading to the error plot Figure[5.77, Torque
is computed about the point (4,0,0). The asymptotic convergence rates are tabulated in
Table We see the exact same performance for total force computation and only a
slightly superior performance for total torque computation.
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Figure 5.77: Error in force and torque computation for cuboid and torus (Experiment
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Table 5.33: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 3.15 3.15
Stress tensor 3.15 2.64

The dualnorm errors for the shape derivatives are given in Figure [5.78 computed using
reference values computed using BEM based shape derivative at a refinement level h = 0.064.
For general velocity fields V, we see a superior performance from the BEM based shape
derivative.

dual norm error

—3¢— BEM: 3.2056
105 —E—MST:1.007 | |
0.1 0.15 0.2 025 0.3
meshwidth

Figure 5.78: Dual norm error for Experiment

Experiment 42. We have the same setting as in Experiment 38| (tetrahedral magnet) with
the constant magnetization M = (1,0,0), now approached using a scalar potential formu-
lation. The reference values of force and torque are computed using the BEM based shape
derivative at a refinement level h = 0.041, leading to the error plot Figure |5.79. Torque is
computed about the point (4,0,0). The asymptotic convergence rates are tabulated in Ta-
ble[5.34. We see similar convergence rates for the two shape derivatives but a lower absolute
error for the BEM based shape derivative.
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Figure 5.79: Error in force and torque computation for tetrahedron and torus (Experi-

ment

Table 5.34: Asymptotic rate of algebraic convergence (Experiment

Method Force | Torque
Pullback approach | 1.24 1.24
Stress tensor 1.01 1.01

The dualnorm errors for the shape derivatives are given in Figure [5.80, computed using
reference values computed using BEM based shape derivative at a refinement level A = 0.041.
We see a slightly superior performance of the BEM based shape derivative.
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Figure 5.80: Dual norm error for Experiment
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Chapter 6

Implementation

In this chapter, we go over the numerical implementation of BEM based shape derivatives
derived in the previous chapters. All the 3D implementation codes can be found in the git
repository[[} which is a fork of the open-source Gypsilab repository !l The 2D implementation
for the Dirichlet BVP from Section can be found in the FCSC repository ﬁ, whereas the
implementation for 2D dielectric case from Section 4.3 can be found in the FCSCD repository
Ml both of which are based on the 2DParametricBEM library ] For evaluating the BEM
solutions for various model problems presented, we rely on the available implementation for
assembling the BIOs in these libraries.

Having the BEM solution, the critical part of the implementation of shape derivatives
involves evaluating singular integrals of the (general) form

I= x,y) ¥(y) g(x) dSy dSx, (6.0.1)
/[

where K(x,y) is a singular kernel for x = y. The dependence on V could appear anywhere
in the integral, either the kernel K or the functions ¢ and g.

Remark 14. Note that we may have a vector-valued kernel with vector-valued trial and
test functions which are coupled through cross products and dot products. The evaluation
strategy is similar to the scalar case.

In 2D the BEM based shape derivatives can be evaluated by switching to polar coordi-
nates as elaborated in [47, Section 3.2] for each of the terms appearing in (4.1.16). In 3D
the evaluation is done using the Sauter and Schwab quadrature rule [54, Chapter 5].

Assuming that we have a triangular mesh M, of the boundary I', the integral I is
decomposed as

=y Z// (x,y) (y) g(x) dS, dSy. (6.0.2)

TEMp tEMy, -

Thttps://github.com/piyushpler?/gypsilab_forces
Zhttps://github.com /matthienaussal /gypsilab
3https://gitlab.ethz.ch/ppanchal /fesc
4https://github.com/gninr/FCSCD
Shttps://gitlab.ethz.ch/ppanchal /2dparametrichem
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The evaluation then involves treatment of the singular cases where the triangular elements
7 and t have an intersection: common vertex, common edge or identical elements. The
quadrature rules for these cases have been summarized in [54, Section 5.2.4]. If there is no
intersection, the singularity is not hit and the integral can be simply evaluated by numerical
quadrature.
During the actual evaluation, we have the BEM solution in terms of basis functions of a
N

BEM space, for example ¥ (x) = Z b; B;(x) and g(x) = ZM: a; a;(x), where {3;(x)}Y, and

{a;(x)}M, are the basis functlons The integral I can then be written as
I =a" Mb, a:=[a1,ay,...,ap]", b= [by, by, ..., 0n]", (6.0.3)

and

. //ny Bi(y) as(x) dSy dSw, i€ {1, M}, jE{1, .. N},  (6.0.4)

r

So the integral is evaluated for all pairs of trial and test basis functions, all of which
have compact support in a few triangular elements in the mesh. The basis functions for
general triangular elements are obtained via appropriate transformations of the reference
shape functions which are defined on the reference triangle K with vertices (0,0), (1,0) and
(1,1). For assembling the matrix in , we compute for each possible pair 7,t € My x M,
the local matrices

L7 = // (639, 0(3)) Ful3) Gp(X) wr (%) wal§) dSy dSs, p € {1,cim}, q € {1,.m},

(6.0.5)
where w,, w; are the Jacobians of the transformations . : K — T, Xt - K — t, and &, ﬁq are
the reference shape functions of the corresponding BEM spaces. For each pair of a reference
shape function and a mesh element, there is a unique global basis function index. Using this
local to global mapping, the final global matrix is assembled from all local matrices
. A similar panel-oriented assembly is used for the 2D computations where the local
matrices are evaluated for all element pairs and mapped to the global location.

The Sauter and Schwab quadrature rule for evaluating the integrals is based on
integration on a unit four dimensional cube [0, 1]*. We use a tensor product Gauss Legendre
quadrature rule of order 5 to generate the points and weights which are then transformed
according to the expressions presented in [54, Section 5.2.4] to get the final quadrature
points and weights, which are simply plugged into the integrands in . We use the
same evaluation technique for the case of the strongly singular kernel present in as
the Sauter and Schwab quadrature technique can be applied to such integrals [54, Section
5.1.2].

6.0.1 2D Implementation (2DParametricBEM)

2D BEM implementations are based on the 2DParametricBEM library which consists of
parametric meshes, handled by the object 'ParametrizedMesh’. The mesh contains the
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sequence of mesh elements which are just parametrized curves, allowing the possibility of
pointwise evaluation of the curve and its derivative. The library implements parametrizations
like fourier sum, line segment and polynomial parametrization. The functionality to assemble
BIOs is already there in the library using the method GalerkinMatrix in the namespaces
‘single_layer’, ’double_layer’ and ’hypersingular’. Below is an example of solving the direct
first kind BIE V¢ = (1Id + K)g for given Dirichlet data g. Note that 2DParametricBEM
uses the C++ based Eigen library to handle matrices and linear algebra operations.

Eigen :: VectorXd solve (const ParametrizedMesh &mesh,
std :: function<double(double, double)> g, unsigned order) {

// Lowest order space of piece-wise constants (P0O)

DiscontinuousSpace<0> trial_space;

DiscontinuousSpace<(0> test_space;

// Space used for interpolation of Dirichlet data (P1)

ContinuousSpace<l> g_interpol_space;

// Computing V matriz

Eigen :: MatrixXd V = single_layer :: GalerkinMatrix (mesh,
trial_space , order);

// Computing K matric

Eigen :: MatrixXd K =

double_layer :: GalerkinMatrix (mesh, g_interpol_space, test_space
, order);

// Computing mass matriz

Eigen :: MatrixXd M = MassMatrix (mesh, test_space
g_interpol_space , order);

// Interpolating Dirichlet data

Eigen :: VectorXd g.N = g_interpol_space.Interpolate (g, mesh);

// Build rhs for solving

Eigen:: VectorXd rhs = (0.5 * M + K) * g.N;

// Solving for coefficients

//Eigen: :FullPivLU<Eigen::MatrizXd> dec(V);

Eigen :: HouseholderQR<Eigen :: MatrixXd> dec(V);

Eigen :: VectorXd sol = dec.solve(rhs);

return sol;

}

Evaluation of the terms in the shape derivative is done in a similar fashion to the evaluation
of boundary integral operators.

6.0.2 3D Implementation (Gypsilab)

All 3D implementations are done using Gypsilab. Triangular meshes in Gypsilab are handled
by the “msh” class which provides methods for accessing the mesh elements, vertices, nor-
mals etc. There are some built-in methods for generating spherical meshes (“mshSphere”),
cuboidal meshes (“mshCube”) and toroidal meshes (“mshTorus”). These can be found in
the sub-directory Gypsi_files/openMsh.

Given a msh object, we can construct a “dom” object which contains information about
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quadrature weights and points associated with the mesh. This can be constructed using
a mesh by the command dom(mesh,order) where order is the quadrature order per mesh
element. There are only a certain number of quadrature orders available in the library.
With the msh object, we can also construct a “fem” object which represents a discrete
space associated with the mesh elements. Is is constructed using the command fem(mesh,type)
where type specifies the type of the space. There are several options like PO’ (piece-wise
constants), 'P1’ (piece-wise linear function), 'NED’ (Nedelec edge elements) and 'RWG’
(Rao-Wilton-Glisson) for constructing the fem object. It is also possible to apply some
operators to these spaces using the fem object as shown in the code snippet below

/4 Spherical boundary mesh with radius 1

mesh = mshSphere (50,1);

/4 Dom object for quadrature of order 3 per triangle
Gamma = dom(mesh,3) ;

/i Piece-wise linear functions on the mesh
P1 = fem (mesh, ’P17);

/i Piece-wise constant functions on the mesh
PO = fem (mesh, P07 ) ;

/i, Nedelec edge elements on the mesh

NED = fem (mesh, *NED’ ) ;

/4 RWG basis functions on the mesh

RWG = fem (mesh, ’RWG’ ) ;

/s Applying nxzgrad operator to Pl
nxgradP1 = P1.nxgrad;

/s Applying surface divergence to RWG
divRWG = RWG. div;

With the mesh, quadrature and discrete spaces at our disposal, we can assemble BIOs
required for our case. For this task, we utilize the “integral” functionality in the library which
allows us to evaluate various integrals. In the library, the quadrature is directly applied using
the singular kernel and whenever it is close to 0, it is assigned the value 0. To get the correct
integrals, the library offers a “regularize” method which needs to be used after applying
the “integral” method for singular kernels. These computations have been wrapped in the
functions like “single_layer”, “double_layer_laplace”, “double_layer_magnetostatics” etc. for
a high level access. The implementation for “single_layer” is shown here for reference

function MV = single_layer (Gamma, test , trial)

/4 Kernel for single layer

Gxy = @Q(X,Y)femGreenKernel (X,Y,’ [1/r]’ ,0);

/i Evaluating the integral

MV = integral (Gamma,Gamma, test ,Gxy, trial)/(4xpi);

/i Regulartizing the integral to get the final Galerkin matriz

MV = MV + 1/(4*pi)*regularize (Gamma,Gamma, test ,’ [1/r]’, trial);
end

In the code snippet above, 'test’ and ’trial” represent the test and trial spaces respectively.
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The BIOs can then be easily combined together into a block structure if needed as they are
full matrices. Solving for the unknowns is straightforward for which we use the backslash
operator in Matlab. Below is a simple example of solving the direct first kind BIE V¢ =
(3!d + K)g with a given Dirichlet data g(x) = a - x for some constant a € R?

/i Spherical boundary mesh with radius 1

mesh = mshSphere (50,1) ;

/s Dom object for quadrature of order 3 per triangle
Gamma = dom(mesh,3) ;

/i Piece-wise linear functions on the mesh
P1 = fem (mesh, ’P17);

/i Piece-wise constant functions on the mesh
PO = fem (mesh, P07 ) ;

/4 BIOs

V = single_layer (Gamma, PO, P0) ;

K = double_layer_laplace (Gamma, PO,P1) ;
M = mass_matrix (Gamma, PO,P1) ;

/s Constant vector a
a = [1 2 3];
%4 Dirichlet data as a function (assumes input of size N X 3)

g =QX) X % a’;

% Quadrature points

[X,7] = Gamma. qud;

/s Evaluating Dirichlet data at all quadrature points

g_values = g(X);

/4 Projecting the data to the space P1 and getting the coefficients
g_coeffs = proj(g_values ,Gamma,P1) ;

/s Solving the linear system to get pst
psi = V\((0.5 * M+ K) * g_coeffs);

6.0.2.1 CUDA Acceleration

For evaluating the BEM based shape derivatives, we use a CUDA based implementation,
especially for the evaluation of the dual norm as mentioned in Section where the
shape derivative needs to be evaluated for multiple velocity fields. The CUDA codes are
compiled to .ptx format using the NVCC compiler and the CUDA kernel is launched directly
from Gypsilab. The .cu and .ptx files are available in the repository El in the sub-directory
“Piyush’s codes/CUDA”.

Since the computation of the local matrices are independent from each other, they
can be done in parallel if there are enough computing resources available and GPUs provide

Shttps://github.com /piyushpler?/gypsilab_forces
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the perfect hardware to do that. They contain thousands of cores (up to 16000 for RTX
4090) which can take up a small chunk of all the possible triangle pairs 7,¢. Assuming that
the total number of triangle pairs is N where N,; is the number of triangular elements in the
mesh M,,, and total number of available CUDA threads is Ny eqds, €ach thread computes
ceil(N2 /Ninreaas) interactions (except for the last one) for all reference shape functions.

For the computations, we pass the required BEM coefficients a,b to the GPU along with
information about the mesh like vertices, elements, areas and normals. We also pass the
quadrature rules for the different interaction cases (common edge, common vertex, identical
panel and far away panel) to the GPU. A skeleton of the CUDA kernel is shown below

/%
This function computes the shape derivative Tnu’ * M * Tdu using CUDA
parallelism.

Parameters:
NInteractions (int): The total number of interaction pairs.
NThreads (int): The number of CUDA threads to be used for parallel
computation.
I (const int*): Array of length NInteractions containing the indices of
the first elements of the interaction pairs.
J (const dnt*): Array of length NInteractions containing the indices of
the second elements of the interaction pairs.
relatton (const int*): Array of length NInteractions containing the
type of relation for each interaction pair (ranging from 0 to 3,
representing the number of wvertices intersecting between two
triangular elements).
WK (const doublex*): Array of length NgK containing the weights for the
first set of quadrature points of interaction type K = {0,1,2,3}.
XK (const doublex): Array of length NgK containing the coordinates for
the first set of quadrature points of interaction type K =
{0,1,2,3}.
NgK (int): The number of quadrature points for the interaction type K =
{0,1,2,3}.
Tdu (const doublex): Coefficients for trial function
Tnu (const doublex): Coefficients for test function.
Elements (const int*): Array containing the elements of the mesh.
Vertices (const doublex): Array containing the wvertices of the mesh.
Normals (const doublex*): Array containing the normals of the mesh
elements.
Areas (const doublex*): Array containing the areas of the mesh elements.
Elt2DofTest (const int*): Array containing the element to dof mapping
for the test space.
Elt2DofTrial (const int+*): Array contatining the element to dof mapping
for the trial space.
*/
__global__ void computeShapeDerivative( int NInteractions,
int NThreads, const int %I, const int *xJ, const int xrelation,
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const double *W0, const double X0, int NqO0,
const double xW1, const double *X1, int Nql,
const double *xW2, const double X2, int Nq2,
const double *xW3, const double *xX3, int Nq3,
double xshapeDerivative ,
const double xTdu, const double *xTnu,
const int xElements, const double *xVertices, const double *xNormals,
const double xAreas,
const int xElt2DofTest, const int *xElt2DofTrial) {
// Get thread ID (Assuming 1D block and grid)
int ThreadID = blockldx.x % blockDim.x + threadldx.x;

// No. of interactions assigned per thread
int InteractionsPerThread = ceil (double(NInteractions) / double
(NThreads) ) ;
for (int idx = 0; idx < InteractionsPerThread; 4++idx) {
// The interaction number
int Interactionldx = ThreadlD x InteractionsPerThread +
idx ;

// Make sure that the last thread stays in limit
if (Interactionldx >= NlInteractions)
break;

// The pair of interacting elements
int i = I[Interactionldx], j = J[Interactionldx];

// Processing the interaction t,7

For evaluating the shape derivative, we don’t need to assemble the matrix . Instead,
we accumulate to the shape derivative value from all the local interactions as soon as they
are computed. This is very efficient in terms of memory usage, which can be limited on a
GPU. Writing to a global shape derivative repeatedly by each thread needs atomic compare
and swap operations which can be time consuming. Instead, the threads accumulate the
shape derivatives to the shared memory based on all the interactions assigned to them and
write to a global location only at their end, reducing the amount of atomic operations. For
dual norm computations, each thread also loops over all the velocity fields and accumulates
the associated shape derivatives at different positions in shared memory which are eventually
written at different positions in the global memory.

There are some things to keep in mind for CUDA implementation. Since there is no
branch prediction on GPUs, it is not a good idea to use conditional statements. The threads
are executed in groups of a certain size called warps under the SIMD (single instruction
multiple data) paradigm. This means that the threads visit both the branches of a condi-
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tional statement which is wasted computing effort. To get rid of if conditions in our CUDA
implementation, we do some pre-processing on the CPU. There are a few places where these
conditions could be used: selection of the quadrature rule based on the type of interaction
between a pair of triangles, evaluation of the type of intersection between a given pair and or-
dering of the vertices while performing integration. In our implementation, we pre-compute
the interaction type for all pairs on the CPU, along with the required permutation the ver-
tices need to be in while computing the integrals. This information is passed to the CUDA
kernel and used directly, allowing us to get rid of conditional statements.

With GPU computations, it is very important to make use of the registers, shared memory
and constant memory for the fastest memory accesses. The information transferred to GPU
is stored in global memory and access to it is much more time consuming and often the cause
of performance problems. With that in mind, our implementation is sub-optimal as we don’t
use the faster memory accesses for the quadrature points, which is by far the largest chunk
of data to be read. This is because the quadrature rule takes up much more space than
available in the shared memory or constant memory, which is up to 96 Kb in modern GPU
architectures. This problem is remedied a bit by using the __1dg functionality in CUDA which
loads the data from cache if available, reducing the number of global memory accesses, as the
quadrature points and weights are stored as a contiguous array. But this is not the optimal
solution. The alternative of dividing the quadrature points across all threads might not be
the best solution either because then the threads have to compute all the interactions. The
optimal solution would be dividing both quadrature points and interactions across CUDA
threads by using large block sizes and larger number of blocks. The end goal is to limit
the amount of memory usage per block which would allow all the necessary information
to be stored in the shared memory or constant memory, allowing for a faster read time
and ultimately faster computations. Keeping the memory usage light for a given block,
the hardware allows for more performance optimization: A streaming multiprocessor, the
computing unit which executes the warps in a lockstep with each other, can handle different
warps or different blocks simultaneously. If it requires some additional clock cycles for a
given warp, to fetch some data for example, if can execute another one meanwhile if it is
ready for execution. This could be exploited if multiple blocks or warps need to work on the
same chunk of the quadrature data, which has already been loaded into the shared memory.

Since the GPU computations are independent of the CPU computations, we can also
compute things in parallel on the CPU. This is also used in our implementation where the
shape derivative computations are divided into a Sauter and Schwab based part and the rest.
The prior is sent to the GPU for computation while the latter is processed on the CPU at
the same time. It is obviously possible to use parllelization on the CPU side as well to speed
up the computations but in our case, the Sauter and Schwab based computations take up
more time.
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Chapter 7

Conclusion and Outlook

In this work, we explored energy shape derivatives for various electrostatic and magnetostatic
model problems, both with a volume-based variational formulation and a boundary integral
formulation constraint. We mainly worked with linear, isotropic and homogeneous materials
and for the case of permanent magnets, chose an affine material law. We observed that
the volume-based variational constraint yields shape derivatives that recover the Maxwell
Stress Tensor-based formulas, whereas the BIE constraint yields novel expressions for the
energy shape derivatives, containing double integrals resembling boundary integral opera-
tors. In the case of electrostatics, we theoretically argued that these BIE-constrained shape
derivatives are continuous on energy trace spaces, compared to the MST-based expressions
on the boundary which lack continuity. The continuity of the shape derivative was crucial
in showing supercovergence during numerical evaluation as seen in Proposition |1} This was
also evident in all the numerical experiments, both in 2D and 3D, where we observed the su-
perior performance of the BIE-based shape derivatives, especially in cases with non-smooth
domains where the solutions exhibit corner singularities. We observed a performance that
was superior even to volume-based (egg-shell) computations in Section [£.1] We confirmed
the superior convergence rate of the BEM based shape derivatives with a more general eval-
uation via the dual norm. It would be interesting to extend the technique presented in
this work to analytical non-linear material laws, for example a magnetic material where the
B — H curve passes through the origin.

In the case of permanent magnets, the affine material law led to inevitable volume-based
terms depending on either curlM or div M, even with BEM based shape derivatives. In
this work, we restricted ourselves to the simple case where the volume terms go to zero by
assuming that curlM = 0 or div M = 0. Evaluation with a more general magnetization M is
a possible extension of the numerical experiments for the permanent magnet case. However
it requires treatment of singular integration for tetrahedron interactions (double integrals
over 1) and tetrahedron-triangle interactions (double integral involving © and 0f2). For
constant velocity fields ¥V we saw that the BEM based shape derivative for a scalar potential
formulation of a permanent magnet reduced to an MST-like expression (see Remark .
This also explained why in some experiments in Section we saw an exact overlap of
the BEM based and MST-based approaches. However, the BEM based shape derivative still
retained its superior convergence during more general dual-norm computations.

For the case of permanent magnets, we explored shape derivatives for two energies and two
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co-energies in a brute force approach to a-posteriori find out meaningful shape derivatives.
We saw that our approach gave a physically plausible result only for specific choices of
the energy and co-energy as seen in tables Table [5.30] and Table [5.29] whereas the others
gave a force density which ignored the existence of the current source and reported just the
interaction of the magnet with itself. We used these “right” (co)energies for the BEM based
shape derivative evaluation. It is still unclear what is the right (co)energy to use and what
is the true force density inside a permanent magnets. It has been a topic of interest and
confusion for a long time because as we saw, the two different models of the magnet we used
give the same total force and torque. This also implies that the BEM based shape derivative
could be used to compute these quantities reliably at a faster convergence rate. The question
of the true force density for permanent magnets still remains open.

We currently lack a theoretical argument to show the superiority of the BIE-constrained
shape derivatives obtained via a vector potential formulation or even to demonstrate that
the partial derivatives obtained via the vectorial double-layer potential are defined as weakly
singular integrals. Nevertheless, implementing them using Sauter and Schwab quadrature
works just fine and yields these amazing results, hinting at the possibility of demonstrating
their existence as weakly singular integrals and nice mapping properties.

We also discovered how the idea of holding the fluxes constant, as described by Henrotte
and Hameyer, emerges as a natural consequence of our method: that forces can be obtained
via shape differentiation by transforming the reference fields and potentials as the appropriate
differential forms. With this approach, we also proved the equivalence of the equivalent
current and equivalent charge model of a permanent magnet for computing the total force
and total torque.

The work here was restricted to a static setting. It would be interesting to extend this
approach to an electrodynamic setting or exploring other types of elliptic problems where
force is a derived quantity and of interest. For the sake of curiosity, such derivations could
also be attempted at a more abstract level where we don’t work with integral representations
of the BIOs.

A missing result in this work is showing the equivalence of the BEM based and MST
shape derivatives after they have been computed. Showing this would allow us to express
the BIE-constrained shape derivatives in Hadamard form.

Finally, there is potential for improvement in the numerical implementation, especially
the CUDA acceleration which can lead to drastic performance improvements. This would be
an interesting direction for not just computing BEM based shape derivatives but for BEM
solvers in general.
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