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Abstract. Inspired by work of G. Harder we construct via the motive of a Hilbert modular
surface an extension of a Tate motive by a Dirichlet motive. We compute the realisation
classes and indicate how this is linked to the Hodge-1-motive of the given Hilbert modular
surface.

0. Introduction

Let D be a prime with D = 1(mod 4) and let F = Q(\/B) be the real quadratic
number field of discriminant D. We choose /D > 0 and consider F as a subfield
of R. We assume that the class number in the narrow sense 2™ is 1. Denote by
OF C F the ring of integers. Its group of units O}, is isomorphic to Z x (Z/27)
and there is a fundamental unit &g € (’)j‘v with norm —1, where we choose g9 > 1.
Moreover, we define € := 88, which is a generator of the totally positive units. By
xp(-) := (£) we denote the primitive Dirichlet character mod D and ¢p(—1) is
the Dedekind ¢ -function of F at —1.

Consider the algebraic group G/Q := Resp;g(GL/F) with rational points
G(Q) = GL(F) and real points G, := G(R) >~ GL,(R) x GL2(R). Note that the
nontrivial element ® € Gal(F/Q) interchanges the two copies of GL;(R). Define
Koo = {(Zi _a?‘ ) X (Z; _azz )} C G, where GY C Go is the connected com-
ponent of the identity. The quotient X := Goo /Koo is (9T UH ) x (HTUH7),
where $* C C is the upper/lower half plane. We write in the following $ = H.
Let Ay = ZQ® Q be the ring of finite adeles of Q. For an open compact subgroup
Ky C G(Ay) we define Sk, (C) := G(Q)\ (X x G(Ay)/Ky), and we get a
quasi-projective complex algebraic surface called a Hilbert modular surface. With
the standard maximal compact subgroup Ko := Hp GL>(Op) we get the Hilbert
modular surface of full level S(C) := Sk, (C), which is connected and moreover,
S(C) =T\ ($H x $), where I' := PSL,(OF). It has cyclic (quotient-) singularities,
caused by the fixed points of the Ko-action. These are mild singularities, which
can be resolved by finite chains of rational curves, cf. [8], I1.6. Let us denote this
resolution again by S(C). By the theory of canonical models (see e.g. [6]) we know
that S(C) are the complex points of a quasi-projective scheme S defined over Q.
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Recall that S/Q represents the coarse moduli space of polarised abelian surfaces
with real multiplication by Of. To get a fine moduli space (i.e. a universal fam-
ily of abelian surfaces), one has to introduce a level N-structure. Otherwise one
is just left with a moduli stack S. For this we consider the congruence subgroup
Ky = {g € Kolg = id mod N}. Now according to [21], the scheme Sk, /Q
represents for N > 3 the fine moduli space of polarised abelian surfaces with real
multiplication by OF and level N-structure.

There are different ways to compactify our surface S. First, there is the (singular)
Baily-Borel compactification S < . Basically, thisis § = SU (PSLo(OF)\P}),
and here in our case (with class number 1 and full level) it is just given by adding
a singular point oo at infinity (a cusp). This cusp singularity can be resolved in a
canonical way S — S.Forthe complex surface S(C) this is due to Hirzebruch (as in
[17]), blﬂ; it can also be done over QQ according to Rapoport ([21] and [1 9]). Thig res-
olution § is the smooth toroidal compactification ([1]). The boundary S0 := S — S
is a polygon with rational components Eoo, i ~ Pl

We get our motive, which is an extension of a Tate motive by a Dirichlet motive,
as a piece of a long exact sequence. Our approach is a little bit different from
Harder’s general proposal in [16], 1.4, where he considers a smooth closed sub-
scheme Y C X of a smooth projective scheme X/Q. For such a pair one gets the
long exact sequence

= H(X-Y,Z) > H(X - Y, Z) > HWNY) - ...,

where NVY denotes the punctured normal bundle of Y. Here in our situation the
closed subscheme Y = §oo cCS=X is not smooth. It is a divisor with nor-
mal crossings. Let j : § < § be the open embedding of S/Q into the toroidal
compactification §/ Q. It induces an exact triangle

71Q — Rj.Q — Rj,Q/jQ — jHQ[1]

of complexes of sheaves on S, ie. a sequence in the derived category of S. This
gives rise to the long exact sequence

.. — H'(S, jQ) — H'(S,Rj:Q) — H'(S,Rj,Q/HQ) — ...

By definition we have H'(S, j\Q) = H.(S, Q) and H'(S, Rj,Q) = H'(S, Q) and
our duty is to compute the motives H' (S, Rj,Q//Q) (Sect. 1.2). Our understand-
ing of these motives is a touch old fashioned (see [14], 1, [16], 1). We discuss the
realisations of motives in more detail below (Sect. 1.4). For example there are the
Tate motives Q(—n) = H?"(P", Q). In Sect. 1.2 we show the above sequence gives
rise to an exact sequence of motives

0 — Q(0) - H*(S,Q) — H*(S,Q) - Q(=2) — 0.

With the interior cohomology H!Z(S, Q) = Irn(ch(S, Q) — H*(S,Q)) we get
an extension 0 — H!Z(S, Q) — H2(S,Q) - Q(=2) — 0. Now the bottom
H!2(S , Q) is a semi-simple module for the Hecke algebra and we can find a direct
summand HéH(S, Q1)) = QO)®Q(0)xp, where Q(0) xp is the Dirichlet motive
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for the quadratic character xp in the sense of Deligne ([7], 6). It is generated by
the first Chern class ¢1 (L1 ® Lz_l) € H!z(S, @), where L1 ® L is the line bundle
of Hilbert modular forms of weight (2, 2) on S. Hence after twisting and splitting
the summand Q(0) one is faced with

0 — Q0)xp — Heyr(S, Q) (=) — Q(—1) — 0,

i.e. an element [ Hp (S, Q(1))(—)] € Ext)y, Mg (Q(=1). Q) xp). which we call
a Kummer—Chern—Eisenstein motive.

We have various realisations of our motive. For each prime [ there is an [-
adic realisation [HéHEyl(S, Q))(—)] € Ext}\/lgAE(Ql(—l), Qi(0)xp), which is
a mixed Gal(Q/Q)-module. We show that this extension group is isomorphic to
the subgroup of norm one elements in /-adic completion of F* tensorised with Q.
Setd 1= g~ 26r(=D7"

Theorem. For each prime number [ the [-adic realisation of our Kummer—Chern—
Eisenstein motive | H, HEl(S QM) (—)]is=.
The corresponding l-adic Galois representation is induced be the Kummer field

00 = _ —_— —1
extension F ( VZ, Qeo) attached to €, i.e. Gal(Q/Q) 3 o + (XDSU) Iz(aff(a)(”)),

where « is the cyclotomic character and tz (o) is defined by o <= () f) = ;f;(").

™

There is the Hodge-de Rham extension, which is a mixed Hodge-de Rham struc-
ture [HCHE’OO(S, Q) ()] e EXtMHdR@ (Q(—1), Q(0) xp) and we can identify
this group with R.

Theorem. The Hodge-de Rham realisation of our motive [ H CHE (S, QM) ()]
is loge.
There is a general construction of a so called Kummer motive K (g) attached to &

(cf. Sect. 1.4), and these two theorems tell us that the realisations of our motive are
exactly those of the Kummer motive K (g),

(UH115, 00 (S, QUL [HEjg (5. QD)) = (og B, B) = (K B, K @),

but we do not know, whether actually [H(%HE(S, Q) (—)] = K(¢). Moreover,
one observes (cf. Sect. 4.1) that such a Kummer motive K (€) is actually a Kum-
mer-1-motive M5 in the sense of [5] and we appoint a candidate for Mz. Consider

e D ~ . . . S
L =L; ®L,,where L; is the unique prolongation of L; to the compact surface S,
such that its first Chern class restricted to the boundary is trivial. Thus, if we denote

by u : Pic(§) — Pic(§oo) the restriction map, we get u(ZI_1 ® Ij;) € Pico(goo)
We know that PICO(SOO) ~ (G, and geta 1- motlve [Z(xp) - LS PICO(SOO)] where
Z(xp) - L is the submodule generated by L.

Theorem. Consider the motive T ([Z(xp) - L5 Pico(goo)]v) ® Q of the dual
Kummer-1-motive [Z(xp) - L — Pic®(Sso)]Y. Then

[HEpe,(S. QU] =~ Ti(1Z(xp) - L = Pic®(50)]¥) @ Q.
In particular, we have [ CHEI(S QM) ()] = Ti(Mz) ® Q.
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There is a third motive attached to the surface S, the Hodge-one-motive ng. It
is induced by the Hodge structure given by the second cohomology of S. Using [3]
and the previous theorem we obtain.

Theorem. The Kummer-1-motive attached to =2 is isomorphic to a submotive of
the Hodge-one-motive ns. In particular, the dual of the Kummer—Chern—Eisenstein
motive [HgHE(S, Q) ()Y is isomorphic to a submotive of the realisation
T (ns) ® Q of the Hodge-one-motive.

1. The Kummer—Chern-Eisenstein motive

Let F be a real quadratic number field with conventions and notations fixed in the
introduction. Let S be the Hilbert modular surface of full level as discussed in the
introduction.

1.1. The line bundles of modular forms

Since the first Chern class of the line bundle of Hilbert modular forms on § is the
one of the main ingredients for our construction, we investigate it more precisely.
Let us start with the complex situation (i.e. with the Betti realisation). By [8], I1.7,
we know that the line bundle of modular forms is a product L} ® Lo, where each
factor corresponds to the factor of automorphy (czi + d)?, resp. (c®zz + d©)>.
The sections of L1 ® Ly on S(C) are Hilbert modular forms f(zy, z2) of weight
(2,2), and we know that L; @ L, = Q2 ) We have the Chern class map

c1 @ Pic(S(C)) — H?(S(C), Q(1)), where Q(1) = 27i Q. The map c; is in-
duced by the exponential sequence 0 — Z(1) — Og ) = O?((C) — 0 of sheaves
on S(C), where Pic(S(C)) = H!(S(C), O% ((C)) Now we want to extend the line
bundles L1, Ly on S(C) to the compact surface S (C). This is given by

Lemma 1.1. Let L; € Pic(S(C)), i = 1,2 be the line bundles on S(C) as above.
Then there is a _unique line bundle L in Plc(S (©)) with trivial Chern class on
the boundary, L;|t ils. € Pic® (Soo((C)), such that its restriction to the open
part S(C) is L;. In particular, with the interior cohomology H,Z(S((C), Q) =
Im (H2(S(C), Q(1)) - H*(S(C), Q(1))) we have c1(L;) € HF (S(C), Q(1)).

Proof. For the constructlon of the extensions Ll, L2 compare e.g. [8], IV.2. The
tensor product is L1 ® Lz = Qz(log So0(C)), where Qz(log Soo(C)) denotes the
sheaf of differentials on S((C) which may have poles of at most simple order along
the boundary S, (C). To proof the uniqueness, we observe that there is, according
to [10], Lemma 2.2, the following commutative triangle

HZ(S(C), Q(1))

|

H*(S(C), Q(1)) —= H2(S(C), Q(1)),
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ie. H2(S((C) Q(1)) = Im (H2(§(<C) Q(1)) — H?(S(C), Q(1))).Now the Chern
class ¢y (L ) € HZ(S((C) Q(1)) of the above 11ne bundle is a prelmage of c1(L;),
that has trivial Chern class on the boundary, i.e. L ks ils ) € Pic? (Soo (C)). We have
to see that this extension is indeed unique. We prove that the extension cannot be
modified by a divisor, that is supported on the boundary Soo(C). For this we use
the fact that the intersection matrix (S; - S;);; of the boundary divisor Sxo(C) is
negative definite. In particular, the self-intersection number Sl.2 is at least —2, see
for example [8], I1.3. This means that a divisor, which is only supported on §oo (©)
has non zero degree. And hence we cannot modify a line bundle with trivial Chern
class on S (C), for example our above Li, by a boundary divisor. Compare also
[10], Hilfssatz 2.3. O

The sections of E ® sz over SQC) are now meromorphic Hilbert modular forms
of weight (2, 2). The product L| ® L» is trivial on the polygon at infinity, since
there is, up to a constant, a non-vanishing section, see [8], IIl. Lemma 3.2. But the
restriction of each factor L to Soo (C) is not trivial. We see this in

Lemma 1.2. Let L| ® L2 be the line bundle of meromorphic Hilbert modular
Jforms of weight (2, 2) on S(C). Let ¢ = 80 € O3 be as above. Then the restric-
tion Lil5_(c) € Pic® (85 (C)) >~ C* of eachfactor L; to the boundary Seo(C) is

L1|S (C)—sandL2|S ((C)_g -1

Proof. Restrict L; to the boundary Sso(C) and use the explicit glueing of the com-
ponents Soo i (C) (cf. [17], 2.3) to see what happenend to a section of L ils. () by

going around the polygon S0 (C). Moreover, we use that fact that the units identify
SOo ;(C) and Soo i+n(C), see loc. cit. or [1], 1 O

Note that the exponent =1 of ¢ has been fixed by the orientation of the boundary.

To discuss the other realisations, we must look at the moduli interpretation.
For the fine moduli space there is the universal family A/Sk, of abelian surfaces,
as above, with the zero section s : Sk, — A. Let 5214 /Sy be the sheaf of rela-
tive differentials. Then we have the Lie algebra Lie(A) := s*Qi4 ISk, , which is a
locally free O ® Oy Ky -module of rank one (here we denote by (95 Ky the struc-
ture sheaf of Sk, ). And we define, as in [21], 6, a line bundle wsg,, On Sky by
ws, = Nm@F@OSKN /Os., (Lie(A)), where NmOF®OSKN /Osy., is the norm
map from O ® OSKN to OSKN and Lie(A)"Y the dual Lie algebra. For its global
sections we have

Lemma 1.3. Let L1 ® Ly be the line bundle of Hilbert modular forms of weight
(2,2) on Sky(C). Then its global sections are global sections of a)?K2 ©) on
N

Sk (C), i.e. the line bundle L1 ® Ly comes from a line bundle on Sk .

Proof. This is [6], Lemme 6.12. Note that this is true for any level N, so even for
the stack. O

Still we have to show that each factor L; is defined over F, i.e. a line bundle on
Sky % F. For this we base change our scheme Sk, over QQ to F and observe
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that O ® F decomposes into F & F along the action of Gal(F/Q) = {id, ®}.
So this implies after base change a decomposition of the above Of ® (’)SKN—
module Lie(.4). But then according to this splitting and the above lemma, we get
WSk xF = Ly & L,, and therefore a)?}?}v «r=L1®Ls.

For the [-adic Chern class of these line bundles we start with the Kummer
sequence of sheaves on Sk, x @, thatis 0 — upm — G, — G, — 0. This gives

rise to the Chern class map ¢ : Pic(Sk, X @) — Hé(SKN X @, Qq (1)), where

Pic(Sky x Q) = H (Sky x Q. Gm.sx,) = H;,(Sky x Q. OF, ).

Remark 1.4. To get rid of the level N-structure, we proceed as in the proof of [21],
Lemme 6.12, i.e. we look at the (K /K3y)-invariants in Pic(Sk,, x Q), resp.

HZ (Sksy x Q, Q(1).
Finally, we use our considerations in the complex case to get

Corollary 1.5. Let Ly ® Ly be the line bundle of Hilbert modular forms of weight
(2,2) on S x Q. Then there is a unique line bundle L;,i = 1,2, in Pic(S x Q)
with trivial Chern class on the boundary, L; |§OO «Q € Pic%(Ss x Q), such that its

restriction to the open part S x Q is Li. In particular, we have
ci(Li) € H, (S x Q, Qu(1)).

Proof. We have discussed this for the complex surface S(C). By the comparison
theorems this is also true for the algebraic classes ci(L;) € Hézt,!(S x Q, Qi(1)).
By Lemma 1.1 we get this extension in the complex context and in Lemma 1.2 we
showed that the restriction class is defined over F and in particular El € Pic(§ X F).

O

1.2. The construction of the motive

Recall from the introduction the long exact sequence
.= H'(S, jQ) — H'(S.Rj,Q) > H'(S,Rj,Q/jiQ) — ....
The next step to get our motive is

Lemma 1.6. From this long exact sequence one can break the exact sequence
0— H'(S,RjQ/jQ) — HI(S,Q) — H*(S,Q) — H*(S,RjxQ/jiQ) — 0.

Proof. By Poincaré duality we just have to prove the vanishing of H'(S, Q). This
is stated for example in [10], Satz 1.9 (compare also [9]), but without any proof.
In the Betti realisation the vanishing can be seen by the use of group cohomology
for I' = PSL,(OF). One has H'(S(C), Q) = HY(I", Q) = Homgroups(I', Q) =~
Hompay,(I'/[T, T'], Q). The quotient ra& — r/[I, T is finite (compare [23],
Théoréme 3), and so H'(S(C), Q) must be trivial. By the comparison theorems
this holds then also for the other cohomology theories. O
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The complex RjQ/jiQ lives on the boundary Sso and is isomorphic to the
complex i*Rj,Q, where i : Soo <> S denotes the closed embedding. We compute
its cohomology in the following lemma, which is just a special case of a theorem
by Pink (see e.g. [14], 2.2.10).

Proposition 1.7. Let j : S — S be the open embedding of the Hilbert modular sur-
face S into its toroidal compactification S. Thenwe have H' (S R;.Q/jiQ) ~ Q(0)

and H*(S, Rj,Q/jQ) =~ Q(-2).

Proof. We denotePy §oo, il = §oo, i N §oo,,-+1 the intersection of the two com-
ponents Soo ; and Su ;41 Withi =0, ..., n — 1. Now we distinguish the two cases.
First, the point P is smooth, i.e. P ¢ S ;+1 for all i. Then we get for the fibre
over P,

Q(0), q=0
Hq(va Q) = Q(_l)’ q = 1
0, q =2.

If the point P = P; ;4 is not smooth, i.e. P; ;41 € §oo,,~,,-+1, we get for the fibre
over P i1,

Hq(Gm XGm,Q): Q(_1)®Q(—1), g= |
Q(-2), g=2
This leads us to
Q(O)Eoo’ q = 0
R4j,Q/Q = | PN, a=1

@Q(_z)goo.i.ﬂrl ’ q= 2,
1

Now we put the cohomology classes HP(S, R1j,Q/jQ) into a diagram, which
describes the E5?-term of the spectral sequence, i.e. E5? = HP(S, R?j,Q/jQ)
looks like

-2
D) .
d02
D1 . Da-2)
Soo,i Soo.z
dOl
Q) Qo ~ PeED

Soo,i
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All the other entries are zero. Since our polygon is a closed chain of P!’s, we

conclude that the differential d** : @ Q(—2) — @z, Q(—2) must have rank
Piit1 '

n — 1. To see this, we observe that %% is given by

(Po,1s+-vs Py 0) > (§oo,0 — Soo1s Sool = S00.2, -+ §oo,n—1 — So0.0)

1 -1

i.e. can be represented by an (n x n)-matrix like this , which

o

1 -1
—1 1
is of rank n — 1. Therefore the kernel of d"? is one copy of Q(—2). This gives
us H2(S, Rj,Q/jiQ) ~ Q(—2). Furthermore, the kernel of d?! is Ker(d?') =

@500 . Q(=2). The quotient of this by the image of d"? gives one copy of Q(—2).
And thisis H3(S, Rj,Q/jiQ). The second differential map d°! : éegw, Q(-1) —
€B§ooi Q(=1) is an isomorphism, hence we are left with H(S, R;.Q/jQ) ~
Q(0). O

With the interior cohomology H!z(S, Q) = Im(ch(S, Q) — H2(S, Q)) we have
an immediate consequence

Corollary 1.8. For a Hilbert modular surface S we get a short exact sequence
0 — H(S,Q) — H*(S,Q) - Q(-2) — 0.

Now we decompose the bottom of the extension H!Z(S, Q) even further. For this
we twist the above sequence with Q(1) and get

0 — HZ(S,Q(1)) — H*(S,Q(1)) = Q(—~1) — 0.

By [10], 1.8, (see also [8], X1.2) we get, according to the semi-simple action of the
Hecke algebra (see loc. cit. for the definition), a decomposition H!Z(S, Q) =
chusp(S, Q) @ HgH(S, Q(1)), and furthermore, this Hecke action commutes
with the action of Galois. The first summand chusp(S , Q(1)) collects all the contri-
butions coming from the cuspidal representations of weight two. (In [10], 1.8, this
is denoted by Cohy, the “interesting” part.) The second one HéH(S , Q(1)) consists
of those coming from the one dimensional representations, i.e. the Gréencharact-
ers. (In loc. cit. this is denoted by Coh,, the “trivial” part.) Note that in our case of
h*t =1and Ky = K| there is only a contribution by the trivial character. More-
over, this summand HéH(S , Q(1)) is spanned by our two Chern classes ¢ (L) and
c1(L») of Sect. 1.1 (compare e.g. [8], XL.2).

Now we identify the Dirichlet character xp with the associated Galois char-

acter Gal(@/@) Res Gal(Q(¢p)/Q) L Gal(F/Q) ~ {£1}, with the Galois

group Gal(Q(¢p)/Q) =~ (Z/DZ)* of the cyclotomic field Q(¢p)/Q. Then define
Q(0)xp to be the Dirichlet motive for the quadratic character xp in the sense of
Deligne ([7], 6). We explain this latter notion in more detail below. And we get
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Corollary 1.9. We have an isomorphism
He(S. Q1) = Resp/(Q(0) = Q(0) ® Q(0) xp.
Proof. See e.g. [10], Proposition 2.10, or [8], XI.2 Proposition 2.7. O

If we use the above decomposition, our sequence becomes

0 — H&y(S, Q1)) — Heup(S, Q(1)) — Q(—1) — 0,

where Hayg (S, Q(1)) := H?(S, Q(1))/ Hayp (S, Q(1)). So we identify the bottom

u

HéH(S, Q(1)) with Q(0) & Q(0)xp, and define

Definition. (Kummer—Chern—Eisenstein motive): We call the extension

0— Q0 ® QO)xp = Hepg(S, Q1) = Q(=1) = 0
a Kummer—Chern—Eisenstein motive.

Now we still have the action by the involution ® € Gal(F/Q). This gives a further
decomposition into (£1)-eigenspaces. Regarding this our sequence becomes after
splitting the (41)-eigenspace Q(0),

0= QO)xp = Hgg(S, Q1) (-) - Q(=1) - 0,

with H(%HE(S, QM) (—) := H(%HE(S, Q(1))/Q(0). So we get an element

[Hee(S, QU)()] € Exth 0, (Q(=1), QO xp),

which we call again a Kummer—Chern—Eisenstein motive, and which is now defined
over Q. The name bases on the idea that it is an extension of Q(—1) by Q(0)xp
(so it should be Kummer), and that the extension HéHE(S , Q(1)) is spanned by the
Chern classes and the section of the restriction map. And the latter one is given by
the Eisenstein section.

Now we have the various realisations of our motive. There are the [-adic
realisations [Héyg (S, QU ()] € Exthy g4, (Qi(=1), Q(0)xp), which are
mixed Galois modules (see e.g. [14], I). And we have the Hodge-de Rham reali-
sation [ Hayg o (S, Q(1))(—)] € Ext) 15, 1Ry (Q(=1). Q(0)xp). which is a mixed
Hodge-de Rham structure (loc. cit.).

Remark 1.10. We want to fix a generator of the summands of H(%H(S, Q(1)). The
first summand Q(0) is generated by ¢ (L1 ® L2) = c¢1(L1) 4 c¢1(L»). For the sec-
ond one Q(0) xp, we have the choice between ¢ (L] ® Lz_l) and ¢ (Ll_1 ® L»).
These two differ by the action of ©® € Gal(+/Q). Here we choose ¢ (L ® L5 1)
for a generator of Q(0)xp. Note that we do not have a canonical choice of the
generator, because both classes generate the submodule Q(0) xp. So we are left
with this (£1)-ambiguity. But our results respects this in the sense that if we flip
the generator, we get the conjugate result.
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1.3. The dual Kummer—Chern—Eisenstein motive

In Chapter 2 we compute the /-adic realisations of [HéHE(S, QM))(—)]. In order
to do so, we look at the dual motive [HéHE(S, Q) (—)1Y.

Lemma 1.11. The Kummer—Chern—Eisenstein motive
0= QO)xp — Heyp(S, Q) (=) — Q(=1) > 0

becomes by dualising 0 — Q(1) — HéHE(S, QN (=)Y — QO)xp — O,
where the bottom Q(1) is H'(S,Rj,Q/jQ) ® Q(1) the motive as in Proposition
1.7. In particular H'(S, Rj,Q/jiQ) is canonical dual to H*(S, Rj,Q/jQ).

Proof. Recall that by Lemma 1.6 the sequence
0 — H'(S,Rj:Q/jiQ) — HZ(S,Q) — H*(S,Q) — H*(5.RjzQ//Q) — 0

is the starting point of the construction of the motive. And the outer terms can
be identified as 0 — Q(0) — H2(S,Q) — H*(S,Q) — Q(=2) — 0, see
Proposition 1.7. To get the dual motive, we consider the Poincaré duality pairing
H2(S,Q) x H*(S, Q) — Q(—2). Hence H2(S, Q(1)) and H>(S, Q(1)) are dual
to each other, i.e. the dual of the map HCZ(S, Q1)) — HZ(S,Q(1)) is the map
itself, and therefore the dual of the kernel is the cokernel and vice versa. Now this
means that if we tensorise the above sequence with Q(1), its dual sequence is just
the same sequence 0 — Q(1) — HZ2(S, Q(1)) — H?(S,Q(1)) — Q(—1) — 0.
So the dual sequence for 0 — H!Z(S, Q) — H%(S,Q(1) — Q(=1) - 0
is0 — Q() — H2(S,Q(1)) — [H(S,Q(1)]" — 0. But the cokernel of
Q) — ch(S, QD)) is H,2(S, Q(1)) the interior cohomology itself, this means
H2(S, Q(1)) is self-dual, that is [H2(S, Q(1))]" = H2(S, Q(1)). So take the
Kummer—Chern-Eisenstein motive 0 — QO0)xp — HéHE(S, Q) (—) —
Q(=1) — 0. Then we get, according to the previous discussion, by dualising
the extension 0 — Q(1) — HZye(S, Q(1)(—)Y — QO)x," — 0. As x3 =
1, we end up with 0 — Q1) — H(%HE(S, QNH(=)Y — QO)xp — 0in
Exthy 1o (QUO)xp. QD). o

Remark 1.12. The dual motive HéHE(S, Q(1)(—)V sits in HCZ(S, Q(1)), because
our motive [H(%HE(S, Q(1))(—)] is by definition a quotient of H2(S, Q(1)) and
H%(S, Q(1)) is the dual of HCZ(S, Q(1)). We have chosenci (L) = c1 (L1 ® Lz_l) €
HXZ(S , Q(1)) for the generator of Q(0) xp. In the dualising process we have to flip
the generator and the dual motive of Q(0) x p is therefore generated by ¢ (L fl ®L»).
Moreover, by Siegel’s theorem (see e.g. [8], IV.1 and Chapter 3) the cup product of
ci(L1 ® Ly 1) with itself is —4¢r(—1). And therefore to normalise the generator
of the dual motive we have to multiply it with —1/4¢p(—1).

In the following we give an alternative construction of the dual extension. Start
again with the open embedding j of S and the closed embedding i of Sso into
the toroidal compactification S. This gives a short exact sequence 0 — jij*Q —
Q — i4i*Q — 0 of sheaves on S. By definition we have the identifications
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H(S, jij*Q) = H!(S,Q) and H'(S,i4i*Q) = H'(S, Q). Therefore, the se-
quence of sheaves induces a long exact sequence in the cohomology. Since the
compact surface Sis simply connected (cf. [8], IV.6—more general the first coho-
mology with nontrivial coefficients vanishes by [10], Proposition 5.3), we get

0= H' (5, Q) = HX(S.Q) L H2S, Q) = H2(5oo, Q) — 0.

We twist this with Q(1) and by the above remark we know that the dual motive
HZpe(S, Q()(—)Y sits in H2(S, Q(1)). Moreover, we have

Lemma 1.13. Let 0 — H'(Sx0, Q(1)) — H2(S,Q(1)) — Im(f1) — 0 be the
short exact sequence that is induced by the above sequence. Then the dual of our
Kummer—Chern—Eisenstein motive [HgHE(S , QD) (—)]Y sitsinside this extension,
that is

0 —> H'(S00, Q(1)) —— HX(S,Q(1)) ——— Im(f)) —=0

0 Q) HZp(S, Q1)) ()Y ——= QO0)xp —= 0.

Proof. Consider the square H2(S, Q(1)) == H2(S, Q(1))

| |

H*(S, Q(1)) —= H*(S, Q(1)).
By [10], Lemma 2.2 and Hilfssatz 2.3 (see also Proposition 5.3 of loc. cit.)
we have that Im(fz) = H!Z(S, Q1)) ~ Im(f;) and moreover H,2(S, Q1)) ~
Im (H*(S, Q1)) — H*(S,Q(1))) . So the two kernels H' (Sao, Q(1)) = Ker(f1)
and H' (S, R, Q/7HQ) ® Q(1) = Ker(f2) have to be isomorphic, and we get the
bottgm of our ¢ extension. Moreover, we have, by Lemma 1.1, the unique extension
c1(L) € H3(S,Q(1))of ¢; (L) € H,Z(S, Q(1)) and ¢ (L) generates Q(0) xp. Since
Im(f1) ~ Im(f>), we can consider Q(0) xp inside Im( fi) ]

1.4. Realisations of mixed motives

In this section, we touch the general theory of motives a little further. The main
references are [14], 1, [16], 1, and [7]. (But consult additionally [19], 1.)
According to the very general conjectures (see e.g. [18], 3) one expects for
mixed Tate motives over a number field k that Ext}w M, (Q(—1),Q(0)) =k* Q.
But one expects even more. Each of such an extension should come from a so called
Kummer motive K (a), a € k*. In other words the Kummer motives should exhaust
Ext}vl M, (Q(—1), Q(0)). Recall briefly the construction of a Kummer motive K ()

attached to a € k*. For details see e.g. [19], 3.1. Start with X = P,i —{00, 0} = Gy,
and the divisor D = {1, a}, a # 1, and consider the relative cohomology sequence

0—> H'G,,Q — H'(D,Q) — H' (X, D,Q) > H'(G,,,Q) — 0,
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which becomes 0 — Q(0) — Q(0) ® Q(0) — K{a) - Q(—1) — 0. And this
givesus K (a) € Ext}MMk (Q(—1), Q(0)). The realisations are (K (@)oo, K (a);) =
(I1,xwc loglt(a)l, a). Now one observes (cf. Sect. 4.1) that such a Kummer motive
K (a) is actually a Kummer-1-motive M, in the sense of [5]. Here we meet a slightly
different situation, as our motive [HgHE(S , Q(1))(—)] is an extension of the Tate
motive Q(—1) by the Dirichlet motive Q(0) xp. This means it is defined over Q,
but its extension class is actually in the real quadratic field F. If we just look at the
realisations of [HéHE(S , Q(1))(—)], the situation becomes more transparent.

The [-adic realisations
For each prime / the /-adic realisation of our mixed motive [HéHE(S ,Q))(—)]1is

an extension of Gal(Q/Q)-modules, i.e. an element in Ext}w GAL Qi(—=1),Q(O)xp).
Let us describe this group.

Lemma 1.14. Let ® € Gal(F/Q) be the nontrivial element. Consider F*(© =
1(i£1 F*/ (F*!" the l-adic completion of F* and define the subgroup of norm-one-

n

—\ —0 —
elements (F*’(l)) = {f € F*O|® . f = f~1Y. Then there is a canonical
——\ -0
isomorphism Ext}\/tgAE(Qz(—l), QiOxp) = (F*’(l)) ®z, Q.

Proof. By definition we have

Extig a2 (Q(=1), Q) xp) = limH ' (Gal(Q/Q), pin ® xp) @7, Q-

n

Recall that u;» ® xp denotes the Galois module, given by the product of the cyclo-
tomic character o and the quadratic character xp, i.e. the tensor product of Galois
representations. Furthermore, we identify Z /17 with the roots of unity ;. Now by
the Hochschild-Serre spectral sequence one has the exact sequence

0— H' (Gal(F/Q). (kn ® x0)™ V) - 1! (Gal@Q/Q). i © 1)

— Gal(F/Q)
— H' (Gal@/F). r ® x)

— H? (Gal(F/Q). (ki ® xp) @) .

One firstly notes that (i ® xp) QP s trivial, ie.

H' (Gal(F/Q), (@ xp)™ @) = 0 = H(Gal(F/Q), (wpr @ xp)™ /D).
Hence the spectral sequence gives us
H'(Gal(@/Q), ppn ® xp) =~ H (Gal(@Q/F), ppn ® xp)*F/ Q.

Now Gal(Q/F) acts only on u;», and therefore we get a (twisted) Kummer isomor-
phism for H'(Gal(Q/F), u;» ® xp). This gives in the limit F*® @ xp, where
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Gal(F/Q) acts on F*® by conjugation, i.e. by ®, and on yxp by the multiplication
by —1. This means that, eventually, for the invariant part

)Gal(F/Q)

(F0@xo ~{feF0O- f =)

O

So the [-adic realisations of the Kummer—Chern—Eisenstein motive is determined by

—

ascalarin F*® ®z, Qi, whichis then independent of /. Moreover, the /-adic exten-
sion classes give rise to two dimensional Galois representations

Gal@/Q — GLa(@), with o > (“47

(Tate) character and where * denotes the extension class. And by Kummer theory
this element star * is given by a Kummer field extension. If one suspects such
an [-adic representation to come from a Kummer motive K (a), with a € F* of

(1%
norm one, then the star x is determined by the Kummer-one-cocycle M

), where « is the cyclotomic

Va
]OC
Hence, * = 7,(0)a" (o), with %ﬂ = {fo‘é(a). Indeed, we prove that our
a

[HéHE’ ;(S, Q(1))(—)] induces such a Galois representation (Theorem 2.5).

The Hodge-de Rham realisation
To describe Ext}vm iR (Q1),Q(0)xp) we follow basically the exposition in
[19], 1.5 (see also [16], 1.5.2, and [14], 4.3.2).

We are in the following situation: We have an element [M ] = [M]p_4r €
Ext}vm dRg (Q(—1),Q0)xp), ie. two exact sequences in the commutative
diagram

/;EE\'\
0—=QO)xpp®C—MpRC——Q(-1Dp®C——0

D)™ J/N Iool~ @ri)~! J/~

00— QO xpar ®C— Mjr @ C —— Q(—1)yrg ® C ——0,
\ _____ I

that are linked by the comparison isomorphism I, : Mg @ C >~ M g ® C. The
isomorphism on the right is given by multiplication with (27) ™!, and on the left we
have the multiplication with the inverse of the Gaull-sum G (xp) = /D of XD, See

explanation below. So we get a representation like ( ‘/05 o ) , where the star * is our

[M]s. To get this, we observe that each of the sequences splits in its own category,
i.e. we have sections sp and s4g, and the extension class is given by the comparison
of sp and s4g. Furthermore, we know for the Hodge filtration F°*M ;g of M g that
F'Myr ~ F1Q(=1)4r =~ Q(—1)4g, and this isomorphism gives the section syg.
Now let us describe the rule to get [M] € Ext}deRQ (Q(—1),Q0)xp). We
start with a generator 15 of Q(—1)p ® C. This goes via the right isomorphism to
Qri)~' 14z € Q(=1)4r ®C, by syg we land in Mg @ C and by 1! in Mg @ C.
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On the other hand we can map 13 € Q(—1)p ® C by the section sp directly to
Mp ® C such that the image is in the (—1)-eigenspace of Fi. Then the difference
sp(1p) — IZN((2mi)~! - 14p) is in the kernel Q(0) xp. p ® C. More precisely, it is
in iR. If we multiply this with the inverse of the Gau3-sum G (xp) of xp (here it
is («/5)’] ), we get exactly our class [M]s. We summarise the description of the
Hodge-de Rham extension classes in

Lemma 1.15. There is an isomorphism EXt}VlHdR@ (Q(=1),Q0)xp) ~ iR. We
choose here ﬁ as a basis for iR, i.e. we get Ext}\AHdR@ Q(—-1),Q0)xp) ~ R.

Proof. For details see e.g. [19], 1.5. O

Note that the image of the realisation functor consists of those elements in R such
that ® acts by —1. Again in the case of a Kummer motive K (@) one knows how

the realisation class K (a)~ looks like (compare [19], 3.1), one gets (\/OB 1;’7%?) .

So in view of the above conjecture, one should have the following identification
Ext}vIMQ(Q(—l), Q) xp) ~ (F*)™® ® Q, i.e. if we have got a pair (Moo, M)
such that there exists an a € F* of norm one with (M, M;) = (loga, a), then
this should come from a Kummer motive K (a) € Ext}w Mo (Q(—1),Q0)xp).

In the end of this section I discuss briefly the category of motives, where the
constructed Chern—Eisenstein motives are living in. It is the category that is gen-
erated by Dirichlet motives and their extensions - cf. [7], 6. One should think of a
Dirichlet motive in our special case of a real quadratic number field F/Q and its
character y p as follows: our F/Q is a subfield of Q(¢p)/Q, where D is the discri-
minant of F. Hence we get Spec(Q(¢p)) — Spec(F). The abelian Galois module
Spec(Q(¢p)) decomposes by the characters, and we define Q(0) xp as the direct
summand, corresponding to the projector W ZoeGal(Q(;D) /@) Xp(0) - 0,

where we use that XEI = xp. (The general definition of Q(0)x for an arbitrary
Dirichlet character x : (Z/DZ)* — E* with values in a field E is given by the
above projector with the inverse character x ~!.) If we restrict this to Spec(F), we
get Q(0) x p as the direct summand, corresponding to the projector % (id—®), where
@ is the nontrivial element in Gal(F/Q). So we have Spec(F') as a two dimensional
motive over Spec(Q), i.e. H(Spec(F)) = Q(0) ® Q(0)xp.

Let us again look at the realisations of Q(0) x p. There we have (by loc. cit.) the
I-adic realisations that are one dimensional Galois modules Q; (0) x p, i.e. Gal(Q/Q)
acts by xp. For the Hodge-de Rham realisation we have that the Betti realisation
Q(0) xp.p is just Q(0). The Hodge structure of Q(0) ® C is pure of type (0, 0),
and the involution F, given by the complex conjugation. Furthermore, over C it
becomes Q(0) x p, p ® C and isomorphic to the de Rham realisation Q(0) xp s r ®C.
As an appropriate basis of Q(0)xp.ar we choose the GauB-sum G(xp) of xp -
compare [7], 6.4. In our case of the quadratic character (with D = 1(mod 4)) this
is G(xp) = ~/D. But this is a very special case of a Dirichlet motive, in particular
its values are yet in Q.
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2. The [-adic realisations of our motive

We start with the calculation of the /-adic realisations of our Kummer-Chern—
Eisenstein motive. We determine the action of Gal(Q/Q) on [HgHE’ (S, Q) ()]
For each [ we get a two dimensional extension

0= Qi) xp = Hepg, (S, QU)(=) = Qi(—1) > 0,

and we know that Gal(Q/Q) acts by the quadratic x p on the left and by the inverse
of the Tate character « on the right term. Hence there is a two dimensional Galois

representation Gal(@/@) — GL(Qy), with o +— (XDéo) a,fm) and the star

* represents the extension class in Ext}wg A £ (@Qi(=1), Q(0)xp). Now in accor-

dance of Lemma 1.14 this group is (F *’(l)) ®z, Q;. In the following sections I
compute this scalar, which belongs to the /-adic realisations of the Kummer—Chern—
Eisenstein motive. We know by Kummer theory that this gives rise to Kummer field
extensions of F, and the associated Galois representations of our /-adic realisations
above come exactly from this field extensions.

2.1. Detection of the l-adic extension classes

The first problem is to find an appropriate recipe that describes such an extension
class. In our situation this can be done in the following manner.
If we look at the dual motive (compare Lemma 1.11) we get extensions

0— Q1) > Héyg (S, QU= — Qi) xp — 0

in Ext}wg AL (@Qi1(0)xp, Qi (1)). Hence the Galois representation for the dual mod-

ule looks like o (a((f) XD*(U)) . Recall by Sects. 1.2 and 1.3 that the top of the

extension Q;(0) xp is generated by the first Chern class ¢; (L) = ¢ (Ll_1 ® Ly) €
Hézt’!(S x Q, Q1)) C Hézt (S x @, Q(1)), and note that we write again L (instead
of L™") to keep the notation easy and we normalise as described in Remark 1.12.
Furthermore, the middle H(%HE’ , (S, Q(1))(—)V sits in the cohomology with com-
pact support Hézt’C(S X @, Qq (1)) - see loc. cit. And the bottom @Q;(1) comes from
the cohomology Hélt(:S: x Q, Rj,Q;/jQy) twisted by Q;(1).

Now along the general procedure to get such a group extension class, we must
lifte) (L) € H2 (SxQ, Q1) toc (L) € H2 (SxQ, Q;(1)) and find the action

et,! ét,c
of Gal(Q/Q) on this lifting ¢1 (L). The extension class is then given by the cocycle

P

o ((:T(/L)) —oei(L), o € Gal(@/Q). This is an element in H2 (S x @, Qi(1)
that goes to zero in Hézt (SxQ, Q;(1)), i.e. itisin the kernel, which is Q; (1). We note
that the above cocycle o (¢1(L)) —oer (L) is in Extl g 4 (@1 (0)xp, Qi(1). This
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is just because ® € Gal(F/Q) flips the two factors of L = L*l ® Lj, i.e.
®-c1(L) = —c1(L). We observe that we have the first Chern class of a line bundle,
which is defined over F, ie. it is in the Galois invariant part H; 2 L(S % Q,
Ql(l))Gal(@/ F) This means that the Galois is group Gal(@/ F) acts trivially on ¢y (L),

and in particular, o¢1 (L) = ¢ (L), resp. ocl(L) = cl(L) Recall that (by Sect. 1.1)
the above ¢;(L;)’s in Hezt /(8 x Q, Q;(1)) come uniquely from the first Chern

classes of the line bundles L; of modular forms on the toroidal compactified surface

S x @ ie. ci(L;)) = cl(f)ls o} So in order to lift our class
c1(L) € et,(SxQ Qi (1)) to HLZH(SXQ Qi (1)), we can lift the class ¢ (L) in

H2 (S xQ, Q1)) to H?

&, C(S X Q, Q;(1)). The following lemma shows that those
two liftings are equal.

Lemma 2.1. Start with ci(L) € H2 (S x Q. Qu(1)) and lift this to ¢;(L) €
H? (S x Q,Q;(1)). Let ¢ (L) € H2 (S x Q, Qi(1)) be the Chern class of the

et,c

extended line bundle L. Then cl(L) maps to ci (Z) via Hézt C(S X @, Q1)) —
HZ(S x @, Qu(D)), ice. ey (L) lifts to 1 (L),

Proof. Again according to [10], Lemma 2.2, we know that H?> &, (S x Q, Qi(1))
is isomorphic to the image of the restriction map Hézt (S x Q, Q1)) — Hézt(S X
@, Q;(1)). And moreover, we have that cl(l~,) € Hézt(g x @, Q;(1)) is the unique
lift of ¢1 (L) € HZ(S x Q, Q(1)) - see Corollary 1.5. o

Our next goal is the construction of a diagram, which contains all cohomology
groups that play along. For this we turn over to finite coefficient u;», i.e. we con-

sider the map ciln) that is given by Hélt(§ x Q, Gp) —> Hézt(g x Q, Z;(1))

\ iclmodl"
" Ra
HZ (S x Q. )

and we get the class cl )(L) € H; 2 (S x Q, Jtn), and furthermore we observe that
ci(L) = hmcll W) e HZ(SxQ Z;(1)). We know (Lemma 1.11) that the bottom

VL

@y (1) of our extension comes from Hélt (§ xQ, R;.Q; /71 Q) ®Q; (1), and the [-adic

version of our Lemma 1.13 gives the isomorphism 1<i1_nH élz(goo X @ ) ® Q =
n

H (§ x Q, Rj.Q;/71Q) @ Q;(1). To construct the diagram, we start with the open
embeddmg jof S x Q and the closed embedding i of S+ % Q into the toroidal

compactification S x Q. We have the following diagram of sheaves on S x Q with
exact rows and columns.
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0——jj*mps —— j1j*G, 5 —— jj*G, 5 ——0

where in each row sits a Kummer sequence. In the next lemma we take a look at
the cohomology of these sheaves. We abbreviate S@ =8 x Q, etc.

Lemma 2.2. The above diagram of sheaves on §@ gives rise to the following dia-

gram of cohomology groups with Galois equivariant maps and exact rows and
columns.

L=
0——> Hét(S@, Gm)

H! (S

et 00

g m) > H (S 5.7%G,, 3)

Hjy oS Cm) ——> Hj, (Sg. Cm) —> H (S mn) —> H}, (Sg CGm)

B

0 ——— H},(55.Gm) —— H},(Sq. Gm) — HZ (Sg mn) —> H, (S Gm)

| |

Hélt(goo,@’ ) > Hélt(goo,@’ i*GmS) > Hél/(goo,@' i*ij) > Hézz(goo‘@’ mpn)

(S wm) —>= HZ, (Sg.Cm) 0

H2

ét,c

Proof. By definition we have Hét(g x Q, 1G5 = Heft (8 x Q, G,,) and
fé}(g X @, jlj*l’vl",i) :_Heiz,c(S X @ ). For pn one also~kn(i)vs Hét(g X
Q,ixi*mpn 5) = H; (SooxQ, ppn). Butfor G,, we only know H} (SxQ, i+i*G,, 3)
~H L’ ’ (§Oo xQ, i *an,§)- The compact surface Sis simply connected (cf. [8], IV.6),
i.e. Hélt(g X @, Jt;n) vanishes (cf. also [10], Proposition 5.3). ]
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The [-adic version of Lemma 1.13 tells us that we can find our dual extension in
the above big diagram. Let

0~ ), 5o x Q. ) ® Q — mH (5 x T ) ® @ — (i) — 0

éet,c
n n

be the short exact sequence, coming from the above diagram in Lemma 2.2. Then
the /-adic realisation [HéHE (S, Q(1))(—)]Y sits inside this extension.

2.2. Galois action on the liftings

The idea to describe the Galois action is based on the above big diagram in Lemma
2.2. It relates the Chern class cgln)(Z) € Hé2t(§ X @, ju;n) of the line bundle
L eH élt(:S: x @, G,,) and the restriction of L to the boundary Seo X Q. To
get this restriction L|§oo «Q» We compose the above “restriction map” in the dia-
gram R : Hélt(:S" x Q,Gp) — Hélt(:S:<>o x Q, i*G,, 5) with the map Hélt(i*) :
Hélt(gOo x Q, i*Gm’g) — H;,(§OO~X Q, G,,), which is induced by the morphism
i*G,, 5 = G, 5 of sheaves on S x Q. Now we add to the bottom part of the
diagram in Lemma 2.2 the map Hélt (i*), that is

Hélt (E@, Gm) Hélt(s:@, Gn)

| |

o0 M) —= H (S 5.i*G,, 5) —— H}, (5, 5.1"G,, 5)

|t e

Hélt (S;oo,@v ”vln) — Hélt(s;oo,@’ Gm) —K> H;l(goo»@’ Gm)

1
Hét(S

We note that the restriction to the boundary factorises into H élt(i*) o R, ie.
(Hélt(i*)oR)(Z) = Z|§oo><@’ By Sect. 1.1 we know Z'me@ €G, 5= Pic (S x
Q) c Hélt(:S:oo x Q, G,,) and even more Z|§OO «Q = &~2. This restriction class
Lig «Q is the obstruction of the triviality of the extension. In the case it would
vanish, then the lifting m would come from an element in H élz,c(§ x Q, Gp),
i.e. it would be Galois invariant.

To prepare the proof of Theorem 2.5 below, we must investigate some dia-
gram chases in the diagram of Lemma 2.2. This exhibits how the Galois action

on [H(%HE’ ;(8,Q(1))(—)]" and the above Kummer sequence in the cohomology
are linked. We start with ¢\ *(L) € H2(S x Q, up) in the big diagram. This
comes from the line bundle L € Hélt(g X @, Gy). If we send L to Hélt(goo X
Q, i*G,, 5), we get a map ¢ from Hézl (S x Q, ) to Héll(gOo x Q, i*G,, 5)- But
this is not precisely correct, as there is some arbitrariness caused by the liftings.
To understand this we consider the map Héz[(ozl D ay) : Hézt(S x Q, upn) —
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Hézt SxQ,Gn)® Hézt (Soo X @, pyn), which is induced by the right bottom corner
of the big diagram. The kernel Ker(H;, 2 (a1 @ a2)) is the subgroup of those classes
that are Chern classes of line bundles and that have furthermore trivial Chern class
on the boundary Soo X Q Note that by construction cgl (L) € Ker(H 2 (a1 D 2)).
And secondly, consider the map Hét (B) defined by Ro« : Hé I(S x Q,G,) —
H élt(goo x Q, i *G,,.5)- The notation H Z . (—) indicates that these morphisms actu-
ally come from morphisms of sheaves in the above diagram. We want to construct

two maps Ker(H 2 (a1 ®ap)) — Coker(H (B)). Let us write the whole diagram
again.

0 > Hélt(gﬁ' Gm)

Seoge um) > HY (5 5.1%G,, 5)

E
L

(S=. Gp) —> H? (Sg- #m) —> H2 (Sg:Gm)

Sz Gm)HH ét,c ét,c

etL‘ ét,c

Hi (011)
0 ———— H} 5. Gm) —— H},(Sg. Gm) — HZSg. ) ——> H2 (S5, Cm)

R T H2 (@)
L

Hélt(§w, ) > H} (soo@ "G, ) > H) (SOCQ i*G,, 5) > HL(S g Ker(H? (2 ® a2))

et 00
© o

(Sg ki) —>= HZ (Sg:Cm) Coker(H}, (8) 0
SRR

et(

e

Since we divide out the image of H élt (B) we know that o : Ker(Hézt (a1 ®an)) —
Coker(H élt (B)) is a well-defined map. But in the diagram we have the dotted arrows
A from Ker(Hézt (a1 @D ap)) to Héll(goO x Q, i*G,, 5), where that sits now in the
right top corner. If we compose this with the map «, induced by the Kummer map,
we get a morphism k o A, which lands in the same quotient Coker(H éll (B)) of

H élt(goo X @, i*Gm’g) as the p. The following lemma shows that these are equal.

Lemma 2.3. With the above notations, the two maps x o A and ¢ are equal.

Proof. First we have to see that k o A is indeed well-defined.

For this regard again the above diagram of cohomology groups. We know that
l )(L) € Ker(H2 (1 ® a2)) C H2 (S X Q ), or any other element, comes

from a lifting in Hé,C(S x Q, [Lln). If we send this lifting via the natural co-

boundary morphism to Hézt’C(S x @, G,,), the image cannot vanish. Otherwise

the lifting would be the class, coming from an element in H élt C(S X @, Gyn), and
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this would contradict by exactness the non-vanishing of the boundary class of Lin
Hélt (800 xQ, i*G,, 5). Butwe know that we can lift this elementin Hézl L(5xQ, Gp)
to Hélt(gOo x Q, i*Gmyg), since ciln)(Ij) € Ker(Hézt(al)). So we are in the right

top corner. Apply the Kummer map k¥ and we are done. We have to take into
considerations the non-uniqueness of the liftings. The first step does not effect any-

thing, since the lift to Hézt C(S X @, Jn) 1s unique up to Hélt(goo X @, Jn) and
this is the kernel of the Kummer map. The second lift to H élt(goo X @, i *ij')
is unique up to elements in H élt(:S" x Q, G,,). Here we use that we actually want

to land into Coker(H élt (B)), hence this ambiguity is divided out. Now I show that
Kk o A and the ¢ have to coincide. Since the rows in the diagram are exact, it is
sufficient to consider the map Ker(H7(a')) — Coker(H} (B)), where

Ker(Hézt(o/)) = Ker (H,2 (S x @ L) — Hézt(g X @, Gm)) . Then we have a

et,c
“snake diagram”

Ker(H2 (o))

l H2 ()

H), g Gm) —— H},$g.C@) — H2, (Sg ) T H2 S, Gm)

1 27
iHét(ﬂ) - i / lyétm )
H (B él(u) él(L)

H) 5. Gn)' — HL,$ 5.1*G,, 5) — H2(Sg KB) —= H2(Sg. Gm)

|

Coker(Hél[ o))

which is induced by the following exact diagram of sheaves on S xQ,

’

00— Jjii*mps ——G, 3 C) —=0

0 K(B) Gy 5~ ii*Gpy 5 —= 0.

With the notation C(a’) for the cokernel of «’, and K(B8) for the kernel of B.
Now one just imitate the proof of the snake lemma to get the well-defined map
Ker(Hézt (a")) — Coker(H élt (B)). The diagram does not fulfill exactly the assump-
tion of the snake lemma, but here we are in a special case, which makes the things
work. The “snake diagram” explains to us the two maps from Ker(Hézt (a1 ®a)) to

Coker(Hélt (B)) viathe left bottom corner and the right top corner of the big diagram.
First of all, this is due to the fact that there are two morphisms H élt (§ X @, C)) —
Hézt (S xQ, KC(B)). One factorisation is given if we start with Hélt (SxQ, C(a)) and
go via the natural coboundary map to Héz[ (S xQ, j!j*[l,lnyg) = Hézt’c(S x Q, W)
and compose this with the morphism induced on the second cohomology.And for
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the other round we start with H élt(§ x Q, C(a’)) and go via the induced map to
Hélt(§ x Q, i*i*Gm’g) and apply the other coboundary map to Hézt (§ x Q, K(B)).
Now we are left to show that we get o in the first case and k o A in the second one,
so eventually by the commutativity they have to be equal. To do so we observe that
u and v in the above diagram can be factorise in two ways: for o we have

/

0—j1i*mp s —=G, 3 C(a) 0

/ﬂlf N G G}I,S 0
Y.

0 K@) G5 141" G,, § —0.
and for A
0—Jjij*mp s ——=G, 3 C(a) 0
| N
j!j*Gm,§ ij l*l*Gm,§ 0
This is just due to the commutativity of our initial diagram of sheaves. O

We come back to our situation with the

Corollary 2.4. Let H élt (i*) be as above. Let ciln)(Z) € Ker(Hézt (a1 @ a2)) and
let ¢ € O} be as fixed in the very beginning. Then Hélt () ((K o A)(cgln)(Z))) =
HL ) (o6 (D)) =2

Proof. First recall the construction of A (Lemma 2.3), i.e. we have the following
piece in the big diagram

H}.(S x Q.Gp) H}.(5 x Q. Gp)

|

H} (Sso x Q.i*G,, 5) —— H},(Sc x Q,i*G,, 5)

|

H?2 (8 xQ,G,)

et,c
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The lift from Hézm(S x Q, G to Hélt(gOO x Q,i*G,, 5) is well-defined up to an
image coming from H élt (S x Q. G,,), but now we choose this such that the lift goes
under k to Q(cgln) (Z)). We can do this, since we know that the image of the lift via
k is also only well-defined up to the image of H élt (B). We know that Q(CY") (Z)) €
Héll(gOo x Q, i*Gm’g) comes from the line bundle L € Hélt(§ x @, G,,). Since
the restriction map factorises into Hélt(i*) o R, we have that Hélt @i*) (Q(ciln)(Z)))

equals the restriction of L to the boundary Soo x Q, and we computed this in Lemma
. . "5 = —1 _
1.2, ie. HL (%) (g(ci )(L))) =L g= (Ll ® L2) 5 g =2 O

Let us now turn over to the Galois action and our main theorem. Recall that
our big goal is to determine the Galois representations o +> XD(;") a_T(U) ,
which come from the /-adic realisations of our Kummer—Chern—Eisenstein motive
[HéHE(S , Q(1))(—)]. The above discussion gives the star %, and shows that it comes
indeed from a Kummer extension of our real quadratic field F. We sum this up in

the

Theorem 2.5. Let ¢ € O} be as fixed in the very beginning and define & :=
e~ 27D Thep [HZ e (S, QD) ()] is &
The corresponding l-adic Galois representation is induced by the Kummer field
extension F ( Ve, Qoo) attached to €, i.e. o (XDéJ) ’?(ZZ‘;‘(:;")) , where T (0)
o('Ve) _ 50

lof/g 5

is defined by

Proof. By Kummer theory we know that the first assertion follows from the second
one. . . o
We take off with the cocycle o (01 (L)) — c¢1(L), where the class ¢ (L) is the

lifting of ¢ (Z) € Hézt (§ X @, Qi (1)) (compare Lemma 2.1). That cocycle gives
the extension class of the dual Galois module [HéHE 4 (S, Qi(1)(—)1Y. We know
that the dual motive sits in the following sequence (see Lemma 1.13)

0 — LimH,, (S x Q. ) ® @ — ImHZ, (S x Q, ) ® Q1 — Im(f1) = 0,
n n

where this sequence itself is part of the big diagram of Lemma 2.2. Now we apply
the diagram chases in this diagram (loc. cit.). For start, we go again back to finite
coefficients, i.e. consider the class ciln)(Z) € Hézt (§ x Q, jn), and we write the
action now multiplicatively. Furthermore, we should remind ourselves that L is a
certain power of L - see Remark 1.4. For the sake of simplicity, write in the fol-

e~ ]
lowing for this power again L. So we get the element o (ciln) (L)) (ciln)(L))

in Hézt (8 x Q, L), which vanishes under the restriction map to Héz[ (§ x Q, ),
i.e. it is in the kernel, and this is Hélt(goo X @, n). By construction of A, more
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precisely by the commutativity of

H] (Soo x Q. ppp) — H}, (500 x Q. i*G,, 3)

i i

HZ (S x Q, ) —— HZ (S x Q,Gp)

ét,c
we conclude furthermore that up to an ["-torsion element "™ that we have the
equality

(Fw) () = (D)) (D)

The ambiguity given by 1% comes from the line bundles in Héll (S x Q, G,,) that

map via R to
o (D) (D))

I call this torsion element tl(,? ) with (“obs” := “obstruction”). These line bun-

dles, causing the trouble are also /" - torsion elements in H élt(:S: x Q, G,,). Now

H e}t(§ x @, G,) is of finite rank. (Note that Pico(§ x @) vanishes.) Thus we can

only have finitely many tl(,?bs)’s in the image. Assume that these line bundles are

all of /*-torsion. Otherwise, we choose a suitable power, i.e. take k > 0. So let us
consider again our situation with /" -coefficients for n > k,

o (cm)) (c?'?)(/L))_l — 0 (A (cil")(Z))) (A (CYII)(Z)))_l 'tl(l:)bs)'

Now if we raise this to [¥-th power, the obstruction vanishes, i.e.

(W) (@) o (@) (D))

Hence in the limit
() () =0 ( (4 D)) (- (D))
ie.
N (CT(/L)) (cT(/L))_1 =0 (A (e1(D)) (x (cx(Dy)) "

By Corollary 2.4 we know (x o 1) (cgln)(Z)) =0 (cgln)(Z)) and therefore

1

7 (@) (@ @) =0 (Ve D)) (Ve@@)



46 A. Caspar

where '/— indicates the preimage « ~! of the Kummer map. We conclude that we
have the equality

o () () = (Vo D) (Velad)

in l(anHélt (§OO X @, M’l”) X Ql

n

-1

This group is the bottom of our extension Hélt(g x Q,RjQ;/iQ) ® Q1) ~
Qi (D).

Now we have to determine this element in Q;(1). For this consider again the
diagram (Sect. 2.2)

H} (S x Q,Gp) H}(S x Q, Gp)
R R
H} (Soo x Q, pn) — HL (S x Q,i*G,, 5) —— H.(Sxc x Q. i*G,, 5)

1; 1
Hél(l*) Hét(l*)

H] (oo x Q. ) —— H}, (oo x Q. Gp) — > H},(Soo x Q. G)

G G

If we apply the above Corollary 2.4, we get

Hj () (a (J ot} (@) (’V a(ci”’)(Z)))_l) — o (Ve?) (Ve?)

n n _l n
where o (' 8*2) (lx/s*Z) e F ( Ve 2, ;“ln) is an element in the Kummer

extension of degree I" attached to £~2. Moreover, this is exactly the Galois cocy-
cle attached to this field extension. Now the two Kummer maps above have the

same kernel, which is H ;t(gm X @, ), and hence we see that in the limit l(gn
n

that o (a(D) (a @) = o (Vo@@) (Ve @)  =o(Ve?)

0 -1
([«/8*2) . All this yields eventually to the Galois representation o >

1°/—5
(o) rs_zw)a*l(a)) "( ¢ ) _ 5e2(0)
( 0 xp(o) » Where %= G0 )

We know that the Galois cocycle for the actual module [HéHE (S, Q) (—)]
inExtly g 42 (Q (1), Q(0)xp) is given by o (—cl (L)) - (—cl (L)) ,i.e.wecan
play the same game with the inverse. But here we have to be careful as we have to
normalise the generator after dualising, see Remark 1.12, i.e. we have to multiply
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1 - . . .
with —m. Therefore we get (¢2)” ®FrED =% and our Galois representation is
xp(©) rg(a)a*‘(rr))
o ( e @), O

Remark 2.6. Since the restriction of L ® L is trivial on Ss X Q (Lemma 1.2)

and its Chern class generates the (41)-eigenspace Q(0) (Remark 1.10), we get a
1 0 0

three dimensional representation ¢ + | 0 xp(o) 1’5(0)7“(6) , that is induced by
0 0 a” (o)

0— QO0)®QO)xp — H(Z;HEJ(S, QM) —» Qi(=1) — 0.

Let us note that this is the realisation of the Kummer motive K (g) attached to
ourz,ie. K(&) = [HéHEJ(S, Q))(—)] ==

3. The Hodge-de Rham Realisation

In this chapter, we compute the extension class [H, CHE 0o (S, Q) (—)] of the
Hodge-de Rham realisation, which is an element in Ext!, MHARq Q(=1),Q0)xp).
In Sect. 1.4 we give the recipe that describes such an element. We must understand
the sections sp and s4g in our setting. Recall that Corollary 1.8 is the starting point
of the construction of the motive, i.e. we have the sequence 0 — H, 2(S Q) —
H2(S, Q) - Q(=1) — 0. And the top Q(—1) is given by the toroidal com-
pactification S as H2(S, R Q//Q) ® Q(1). Now we consider the complex points
S(C) and let 8500(((3) be the boundary of a suitable neighbourhood of S, (C). By
[10], 5, we have the exact sequence

0— H' (85 (C), Q) — H2(S(C), Q) — H>*(S(C), Q) — H?* (35 (C), Q) — 0.

For the vanishing of H'(5(C), Q), resp. H3(S((C) Q) see Lemma 1.6. So the
cokernel H2(3Sx(C), Q) is isomorphic to HZ(S((C) R;.Q/jQ). By [1], L5, or
[10], 3 and 5, we know that BSOO (C) is isomorphic to the boundary 3S(C)25 o
the Borel-Serre compactification S(C) < S(C)25. This put us in the position to
describe the sections s and sy by Eisenstein cohomology, and that is done in the
next section.

3.1. The extension class as eisenstein class

All this bases on Harder’s notes [15], see also [9] and [12]. Consider the short exact
sequence

0 — H2(S(C),C) — H*(S(C)B5,C) - H*(3S(C)B5,C) — 0,

which now comes from the Borel-Serre compactification S(C) — S (C)BS. The
homotopy equivalence between S(C) and S(C)?% induces the isomorphism be-
tween H2(S(C), C) and H*(S(C)BS, C). For simplicity, we restrict the general
setting concerning Eisenstein cohomology to our situation, i.e. to the case of our
group G = Resp;@(GLy/F) and the cohomology in degree two H2(S(C), C)
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with the constant coefficient system C. Let us start with the de Rham theorem
([12], Satz 3.7.8.2) H*(3S(C)BS,C) ~ H*(g, K; C>®(B(Q)\G(A))), with the
Lie algebra g = Lie(G) of G, the group K = Ko and the standard Borel
subgroup B C G, where the notation are as in the introduction. We define (as in
[12], 5.2, or [9], 2) Eis : C®°(B(Q)\G(A)) — C®°(G(Q)\G(A)) by Eis(yr) :=
{g = 2 ueB@)\G@ V(ag)}. Thisinduces amap H?(g, K; C*(B(Q\G(A))) —
H?*(g, K; C>®°(G(Q)\G(A))) and a section H2(dS(C)B5,C) — H?*(S(C),C)
of the restriction map to the boundary, see loc. cit. To describe this in more
detail, we go back to the Lie algebra cohomology. We have the isomorphism
(again by the de Rham theorem) Homg (Az(g/E), C®(BQ\GA) =
Q2(B(Q\G(A)/KxoK f) = Q2(3S(C)BS), where € := Lie(K o) is the Lie alge-
bra of K. The product G(R) >~ GL>(R) x GL,(R) induces a Hodge decom-
position A%(g/®) = A*(g1/t) @ (A'(g1/6) ® Al(g2/82)) ® A*(g2/t) for
the exterior algebra A?(g/€). Now we can choose a dual basis w, jrw— j of
Al(gj/{%j), which corresponds to dzj, dZj ordx; £idy;, j = 1, 2, see for exam-
ple [10], 3, or [14], 4.3.3. To simplify the notation, we denote 6z; = w4 j
and §z; := w_ j, this means for the cohomology classes [dz;] = [6z;]. Since
{dz1 Ndzp,dz1 ANdZa,dZ1 Adza, dZ1 A dZo} generate the same C-vector space as
{dx1 Adxz,dx1 Adya, dx> A dy1,dyr A dys}, we get in same manner elements
{8x1 A8x2, 8x1 Ady2, 8x2 ASy1, 1 ASya) in Homg (A2(g/8), C¥(B(Q)\G (A))),
which form a dual basis. Now we have to consider the finite part of the cohomology
of the boundary H 2(3S(C)BS, ©). Since we know that this is one dimensional, the
finite adelic part is just generated by a normed standard spherical function ¥ 7, i.e.
V¥ (1) = 1. More precisely, we have the

Lemma 3.1. The cohomology class [(6x1 A 6x2) @ Yy] € H*(S(C)BS, C) of
(Bx1 Adx2) @Yy € Homg (A%(g/®), C*(B(Q)\G(A))) generates the cohomol-
ogy H*(3S(C)B>, C) of the Borel-Serre boundary 3S(C)5BS.

Proof. See e.g. [9], Proposition 1.1. O
Let us denote this generator wg by wg := §x1 A §x2. Then we have

Lemma 3.2. Let w = 8x1 Adxo 4+ -8x1 Adys+ap-8xa ASy1 + B-8y1 Adya be
a form, which defines a closed form w @ ¥y € Q*(dS(C)BS). Then its cohomology
class [o @ ¥r] in H?(3S(C)B5, C) equals [wy @ Yrl, ie. it is independent of
the coefficients a1, az and B. If we apply the Eisenstein operator to w  V f, we
get a closed form Eis(w ® ¥y) € Homg (A2(g/®), C>®°(G(Q)\G(A))), and the
class [Eis(w @ ¥r)] € H?(S(C), C) restricted to the boundary 3S(C)8S is again
[Eis(w @ V)llyscyss = [0 ® Yrl € H2(3S(C)BS, C), i.e. independent of the
coefficients oy, ap and B. And Eis is indeed a section for the restriction map.

Proof. See e.g. [9], Theorem 2.1. O
Let us compute the Eisenstein class.

Theorem 3.3. Let w = 8x1 ASxa 4+ -8x1 ASyr +ap-Sxa ASyr+ B-8y1 Adya
be a closed two form o € Q*(dS(C)BS). Then [Eis(w ® Yr)l e H2(S(C), C) is
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[Eis(wo®1/ff)]+é% (a1 - c1(L1) + a2 - c1(L2)) , where againe = &} € O%

is our fixed totally positive unit and h the class number of F (where we actually
assume that h = 1).

Proof. According to the last lemma above, the difference of the two sections
[Eis(w ® ¥ )] and [Eis(wo ® ¥ )] vanishes under the restriction to the bound-
ary, i.e. [Eis(w® ¥ r)] — [Eis(wo @ ¥ )] € H!Z(S((C), C). In particular, it lies in the
space H(%H(S (C), €), which is generated by the two Chern classes ¢;(L1), ¢1(L2),
see Sect. 1.2. Hence we have to compute the relation [A] := [Eis(w ® V)] —
[Bis(wo ® ¥ )] = A1 - c1(L1) + Az - c1(L2). This is done in the same manner as in
the proof of [11], Proposition 3.2.4 (see also [9], 2). Recall that the c1(L ;) are the

cohomology classes of {; := M’Aa}’ ,i.e.2m-c1(Lj) = [¢;]. By the use of loc. cit.

(compare additionaly [9], Propos1t10n 2. 3) we know that the ¢’s are cohomologous

to forms with compact support ;, i.e. £; = ¢; — d¥;, where ¥; := —f - Sx/’

and where f is a C°°-function on the boundary that has support in the nelgh—
bourhood of the cusp, and is equal to one in a smaller neighbourhood (see loc.
cit.). So ¥; bounds ¢; around the cusp. To get the coefficients A1, 1>, we cup the
above equation [A] = Aj - ¢(L1) 4+ A2 - c1(L2) = 5= (A1 - [G1]+ 22 - [&2]) =

1[4l + A5 - [&] with [55]. The cup product gives on the right hand side
(MIa] + A5[0]) ULl = M [0 1U 6]+ (AS[22] U [62] — A5[52] U dWs) . Recall
that here in our case Sk, (C) = I'\($ x ), with I' = PSL,(OF). Then by loc. cit.

the cup product reduces to A{[£1] U [£2] = A - fl"\()’)xf)) ‘le)f:z‘syl A % =
A 472 - Vol(T\(H x $)) = A 872 - ¢p(—1), where the last equality is
again Siegel’s theorem. Now we have to compute the other side, which is a lit-
tle bit more delicate. For this we chop off the cusp at a certain level ¢ > 0, i.e.
we consider the Borel-Serre compactification. Then the left hand side becomes
[A]U [22] = fF\(ﬁxﬁk AN = fr\(ﬁxﬁ) A A (L — d¥;) . And therefore
[AIU[L] = — Jovoxsyo, ANV = — fa(r\mxmfc) A AW, According to [9],

2, weknow A = (a1 -8x1 A8y + 02 -8x2 Ady1 + B -0y1 Ady2) @ Yy + O(CLN).
We get

AN Yy

ANy

/B(F\(S’JXﬁ)<c) ~/3(roo\(f)><~6)<z:)

1)
= —a) / dx1 ASxy A —y2
(T \(H%9)<c) Y2

The second equality comes from the fact that we integrate over the boundary cir-
cle, where the product y; - y» of the imaginary parts is constant. To calculate
the latter integral, we recall ([1], [.5) that the boundary is a torus bundle over St
with fibres isomorphic to O \R?. Moreover, the base S! is given by the action of
the units O}. According to our orientation, we have to integrate in the (second)
coordinate y, from 1 to e~! with fibres OF\R?, i.e. the latter integral becomes

—1
fOF\RZ Sxi Adxa- [ % = —+/D -log &, where the factor /D is the Euclidean
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volume of our! real quadratic field F-note that D = 1(mod4). Therefore we geteven-
tually [AJU[] = — fa(rm\(ﬁxﬁ)q) AAW, = a;-+/D-log ¢. Plugging in this into

the above formula, we get A’l 872 Cr(—=1) =ay- VD- log e. And we end up with
A o= VD-loge

I ™ 8x2.p(=-1)
observe that we have to integrate from 1 to ¢. Then the minus sign disappears, too.

Altogether we end up with [A] = % <(ay - cr(Ly) +ap-c1(Lp)). If we
relax the assumption that 7 = 1, we have to add up all the contributions from the

different cusps. o

- o¢1. For the other coefficient X’z we do the same, but now we

Now let us come back to the determination of the extension class
[HepE, 00 (S QD) (D] € Extlypz,, (Q(=1). QO)xp).

In the above Theorem 3.3 we have the term %(al - c1(Ly) +
a3 - ¢1(L2)). This describes what happens, if we modify wy ® ¥ by a coboun-
dary d¢. Then wp ® ¥y and (wo + d¢) ® ¥ have the same cohomology class
[(wo +dp) @ ¥l = [wo ® ¥ f] € H>(@S(C)BS, C), but the image under Eisen-
stein may differ, and this is exactly given by the above term. This is the Hodge-de
Rham extension [HéHE’OO(S, Q) (—)]in Ext}vdeQ (Q(=1),Q0)xp).

Theorem 3.4. Let ¢ € O} be as fixed in the very beginning. Then the Hodge-de
Rham realisation [Hgyy, (S, Q(1)(—)] € Extly ., iR QD). QO)xp) of our
Kummer—Chern—Eisenstein motive is —% =loge.

Proof. We have the diagram

SB
P

0= QO x5 & C = Hayg 5(S, Q1)) & C —Q(~1)5 ® C =0

A(\/E)ll: Iool/: Qi) |~
0>Q0)xp.ar ® C > HéHE,dR(S, QN ®C>=Q(=1Hir®C=0
e

SdR

and we must describe the two sections sp and sgz. This is inspired by the consid-
erations in [14], 4.3.2, and [16], . Note that we neglect v r. Along the rules we
must find a form w;,, € Homg (A%(g/®), C>°(B(Q)\G(A))), whose cohomology
class [w;0p ] generates H2(3S(C)B%, Q(1)) ® C, and where the involution F,, acts
by —1. By Lemma 3.1 we get wyp := 27i - §x1 A dx7, and we have to note that,
because we have Q(1)-coefficients, the involution F, acts indeed by —1. Then
[Eis(2mi - 6x1 A 8x2)] gives us sp(1p).

Furthermore, we must find a form wy,,; € Homg (A%(g/8), C®(B(Q)\G(A))),
whose cohomology class [wy] generates H2(3S(C)BS, Q(1)) ® C, and addition-
ally it must be in FlHjR(S((C), Q(1)) ® C (cf. Sect. 1.4). This is fulfilled by
[@no1] = [621 A 6z2], where we again have to put into account our Tate twist by
Q(1). So actually, we look at F> HG%R (S(C), @)®C. And the Hodge filtration tells us
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that thisis H%(S(C), Q). Then [Eis(27i-8z1 A822)] gives us sqr (14r). Letus make
this more precise. We start with [2777-8x] Adx2] as the generator 13 € Q(—1)pQC.
This goes to [§z1 Adz2] = Qri)~ 148 € Q(=1)gr ®C. And we have to compute
Io_ol([(Szl A dz2]) € HéHE’B(S, Q(1))(—) ® C. For this we go around the square
again in the other direction, i.e. IO_OI([(Szl A 8z2]) = [EisQ2mi - 8z1 A 822)]. So
we get the difference [Eis(27i - §z1 A §z2)] — [Eis(27i - §x1 A dx2)], which is in
Q(O)XD 5 ®C. And we are left with the multiplication with the Gau3-sum (WD) !,
ie. [ CHEOQ(S Q) (—)] is f/Li ([Eis(6z1 A 6z2)] — [Eis(8x1 A 8x3)]) . The
first term [Eis(6z1 A 8z2)] is computed by Theorem 3.3. As §z1 A §z2 = dx1 A
8x2 +i(8x1 A Sys — 8x2 A Sy1) + 8y1 A 8yz, we have o) = i = —ap. There-
fore [Eis(8z1 A 822)] = [Bis(8x1 A 8x2)] +i - 222228 (¢ (Ly) — ¢1(L2)). Since
the bottom Q(0) xp p ® C is generated by 27i - (c1(L1) — c¢1(L2)), the extension
class is this multiple of 2mwi - (c1(L1) — c1(L2)). So [HéHE,OO(S, Q)] =

i-loge 1 . . .
prvguen B If we choose 21? as a basis for iR, we are left with
[Hpg 00 (S QU ()] = — 5255 O

Again the realisation is that of the Kummer motive K(g), i.e.
K (#)oo = [Hapg, o0 (S, Q(1))(—)] = logF.

4. Kummer-one-motives

In this chapter, we give even more evidence that the Kummer—Chern—Eisenstein
motive [HéHE(S , Q(1))(—)] is the Kummer motive K (g) attached to ¢. This relies
on the observation that K (g) is isomorphic to the one-motive M5z attached to € in
the sense of [5]. I show how our [HéHE(S, Q(1))(—)] gives rise to the Kummer-1-
motive Mz attached to the element ¢. There is a third (one-)motive related to our
surface S, the Hodge-one-motive ng. It corresponds to the Hodge structure of the
cohomology of S. We meet this in Sect. 4.2.

4.1. Kummer—Chern—Eisenstein vs. Kummer-one-motives

Let us briefly recall the definition of a 1-motive in the sense of Deligne (see [5],
10). Since we are in a very easy particular situation, we do not need the general
theory. A one-motive (or 1-motive) over a (algebraically closed) field k is defined

by a complex [X % GJ, where X is a finitely generated free Z-module, G is a
semi-abelian variety over k, i.e. an extension of an abelian variety by a torus, and
u : X — G(k) a group homomorphism.

Remark 4.1. If k is not algebraically closed, but still a perfect field, one claims a
Gal(k/k)-action on X and G, and the morphism u is supposed to be morphism of
Gal(k/k)-modules.

Such a one-motive M gives rise to a motive T'(M) = (Tp(M), Tyr(M), T;(M)),
see [5], 10.1. For example: T([Z — 0]) = Z(0),T(0 — G,]) = Z(1) or
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T(Z — Gy) € Ext}ka (Z(0), Z(1)). We would like to see that the Kummer—
Chern—Eisenstein motive in Ext}w MQ(Q(_I)’ Q(0) xp), which was constructed
in Chapter 1.2, actually comes from a one-motive, i.e. there is a 1-motive M such
that T(M) @ Q = [HéHE(S, Q(1))(—)]. Here we have to take into account the
Galois action, that is given by the character xp.

Each 1-motive [X — G7]is an extension in the category of 1 - motives 1. My i.e.
0— [0 G] = [X = G] = [X — 0] — 0. On the other hand, each extension
of [Z — 0] by [0 = G,,], i.e. an element in Ext%Mk([Z — 0], [0 = G, is of

the form M = [Z =5 Gl

Definition. We call an element in Exth ([Z — 0],[0 - G,,]) a Kummer-1-
motive and denote it by M; = [Z = Gul, that is u(l) = t.

Here we know that such an M, is uniquely determined by ¢ € G, (k), i.e. we have
Ext1 1My ([Z — 0], [0 — G,,]) = k*. Recall (Sect. 1.4) that we have for the cate-
gory ./\/l./\/lk of mixed motives over k, only a conjecture of such an identification,
i.e. we can only expect

Exth g, (T(Z = 0) ®Q, T([0 — Gy)) ® Q) C Extlyq, (Q(0), Q(1).

In other words, the Kummer-one-motives and the Kummer motives should form
the same subcategory, and indeed we have

Lemma 4.2. Let a € k*. Let K {(a) the Kummer motive attached to a, and M, the
Kummer-one-motive attached to a. Then K {(a) = M,.

Proof. The construction of K (a) is explained in detail in [19], 3.1 (we sketched this
construction in the beginning of Sect. 1.4). But this is exactly the same construction
for M, as in [5], 10.3. Compare also [22], 2.7. O

This lemma puts us in an even better situation to conclude that the our
Kummer—Chern—Eisenstein motive is indeed a Kummer motive. So we must find
the one dimensional Z-module X, the multiplicative group G,, and the map u.
Let us look at the dual situation (Sect. 1.3). The dual [HéHE(S Q) (—)1Y isin
Ext! MMg (Q(0)xp, Q(1)) and by the above third example we know

ExtMMQ(T([Z(XD) —-0)®Q T(0—Gn)®Q) C ExtMMQ Q) xp, Q1)).

Again we must be aware of the action of Galois given by the character xp, i.e. the
realisation T ([Z(xp) — 0]) ® Q is the Dirichlet motive Q(0) xp.

Recall (by Sects. 1.2 and 1.3) that the top of the extension Q(0) x p is generated
up to a constant by the first Chern class c1 (L) = ¢ (Lf1 ®Ly) € HQ(S Q(1)), see
Remark 1.12. The middle H(%HE(S Q(1)(—)V sits in HZ(S Q(1)) - see loc. cit.
The bottom Q(1) comes from the cohomology group H' (S,R J«Q/71Q) twisted
by Q(1). B B B

Now consider the restriction map u : Pic(S) — Pic(Sx). In Pic(S) we
have the element L = L, ' ® Lo, whose Chern class cl(a_l ® Ly) gener-
ates Q(0)xp (Lemma 1.13). Furthermore, we know that this has got trivial Chern
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class on the boundary, i.e. u(ZI_1 ® ZE) € Pico(goo), and finally we know that
Pic’(Ss0) = Gy, that is we get a 1-motive [Z(xp) - L —> Pic®(Sso)].

Lemmad3. LetL = L, ' ®L, € Pic(S)andu : Pic(S) — Pic(Sso) be as above,
Let ¢ € OF. be as fixed in the very beginning. Then the 1-motive [Z(xp) - L5
PZCO(SOO)] is equal to the Kummer-1-motive attached to ¢~

Proof. In Lemma 1.2 (see also Corollary 2.4) we proved that L ! ® L, goes via
the restriction map to £ 2. O

So write M, = [Z(xp) - L5 Pico(goo)] as an extension
0— [0— Pico(goo)] — M, — [Z(xp) - L — 0] — 0,

i.e. as an element in Exth ([Z(xp) — 01, [0 = G,,)).

Lemma 4.4. Let Pic(S), PiCO(SOO) and the line bundle L € Pic(§) as above. Let
QO)xp and H 1(s, Rj.Q/jQ) be the motives as in Sects. 1.2. Then
T([Z(xp) - L— 0D ®Qis lsomorphlc to Q(0) xp. And there is an isomorphism
T([0 — Pic®(Seo))) ® Q =~ H'(S, RjQ//1Q) ® Q(D).

Proof. We know that PicO(S) is trivial, i.e. the Chern class map c; sends the line
bundle L uniquely to 0 C (Z) e H 2(§ Q(1)). Since this class generates Q(0) x p, we
getthat T ([Z(xp) - L— 0]) ® Q is isomorphic to Q(0) x p. We know by definition
that 7 ([0 — PICO(SOO)]) RQ =T(0 - G, ® Q = Q(1). We observe that
our Pic®(Sxo) is in H' (Swo, 0% ).ie.T(0— Pic(Sa0)) ® Q ~ H'(Ss0, Q(1)).
On the other hand, we have H (Soo, Q) = H'(S, R;.Q//Q) @ Q(1) = Q(1),
(Lemma 1.13) i.e. T([0 — Pic®(S50)]) ® Q ~ H'(S, Rj.Q/jQ) ® Q(1). O

Now we conclude that the motive T ([Z(xp) - L5 Pico(:S"oo)]) ® Q is isomor-
phicto 0 - Q(1) - T(M,—2) ® Q — Q)xp — 0, ie. an element in
EXt.I/\/lMQ Q) xp, Q(1)). And if we normalise (Remark 1.12) the dual one is
0— QO xp - T(Mz) ® Q — Q(—1) — 0. Now I would like to claim even
more that indeed [H(Z:HE(S, QM) (—)] =~ T (Mz) ® Q. We have this at present for
the /-adic realisations.

Theorem 4.5. Let [HéHE(S , Q(1))(—)] be our Kummer—Chern—Eisenstein motive
and T ([Z(xp) - L Pic0(§oo)]v) ® Q. Then the l-adic realisations are isomor-
phic [Hyg (S, Q) ()] = Ti(Z(xp) - L = Pic®(5:)1¥) ® Q. In particular,
we have [Hgpp (S, QD) ()] = Ti(Mz) ® Q.

Proof. We add the map H é]t (i*) on the bottom of the big diagram in Lemma 2.2—
see beginning of Sect. 2.2. Then we find the [-adic realisations of the 1-motive

Ti(M,2) ® Q = Ti(IZ(xp) - L = Pic®(Ss0)]) ® Q; as

[H)(S x Q,Gn) — H} (Soo x Q.i*G,, 5) —> H, (S0 x Q. G,, 5.)] .
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We know that the dual motive sits in the following sequence (see Lemma 1.13)

0— hmH (SOo X Q ) @ Qp — hmHtC(SxQ ) @ Qr — Im(f1) — 0,

n n

where this sequence itself is part of the big diagram of Lemma 2.2. Recall further-
more, that the extension class of [HéHEJ (S, Q(1))(—)]Vis ¢~2 and is in the bottom
Q;(1). By Lemma 4.4 we see that the generator L of Ti([Z(xp) - L — 0]) ® Q
goes via the Chern class map uniquely to c; (L) € Im( f1), and this class generates
Qi(0)xp- On the other hand, we know (Lemma 4.3) that this generator L maps
under u = Hélt(i*) o R to T;([0 — Pico(goo)]) ® Qy, and its image is u(l) =
(H}(i*)oR)(L) = (H}(i*)00)(c1(L)) = £~2. Now the [-adic realisation 7; ([0 —
Pic? (Soo)])®(@l is the Tate module of Pic? (Soo) ie. % (PICO(SOO)) = %,(G,,), but
this is exactly hmH (Soo X Q 1) ®Qy, therefore the /-adic realisation class of the

one-motive is 1n the bottom Q;(1). Now we use the same diagram chases as in the
proof of Theorem 2.5. This gives us [HéHEJ(S, Q)Y =2 Ti([Z(xp) - L5
Pico(goo)]v) ® Q =T)(M,—) ® Q. And we are left with dualising. O

To get the deeper result that [H(%HE(S Q) ()] = T(Mz)®Q, we have to assume
that [HéHE(S Q(1))(—)] is indeed a Kummer motive. Then we can refer to [18],
Theorem 4.3, which allows that it is sufficient to look at the /-adic realisations. This
theorem says that two one-motives are isomorphic, if and only if the /-adic reali-
sations 7 are isomorphic. So if [HéHE(S, Q(1))(—)] is a Kummer motive, then it
has to be M5.

4.2. The Hodge-one-motive of an algebraic surface

In this final section we show how our Kummer—Chern—Eisenstein motive and the
I-motive M5z fitinto the picture of [3]. In loc. cit. one considers the case of a complex
surface. Since [H(%HE(S, Q(1))(—)] is defined over Q, we need a generalisation to
arbitrary base fields. This has been done (even for higher dimensions) in the works
of L. Barbieri-Viale, et al. [2] and independently of N. Ramachandran [20]. These
tell us that the Hodge-one-motive is indeed defined over Q. Hence in the following
we refer to [3], but keep the others in mind. If one wants to avoid these generali-
sations, one can just look at the complex situation. The starting point is Deligne’s
observation ([5], 10.1.3) that the category of 1-motives is equivalent to the category
of torsion-free mixed Hodge structures of length one. Consider the largest Hodge
substructure of H2(X, Q(1)), whichis oftype {(0, 0), (—1, —1), (0, —1), (—1,0)},
where X is a complex algebraic variety. Then, by the above equivalence of catego-
ries, there is a unique 1-motive nx corresponding to this Hodge structure, which
is called the Hodge-1-motive. Now [3], Theorem K, delivers that for a complex
algebraic surface S there is a geometric construction of ng, i.e. it is isomor-
phic to a 1 - motive, called the trace-1-motive ts of S. Here in our case of the
Hilbert modular surface S it comes down to an easy situation, as we described
in the last Sect. 4.1 (compare also [3], Chapter 15). Let NS(S, Soo) C NS(S)
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be the subgroup of the Neron-Severi group NS(S), consisting of those cycles
on the compact surface S, which have trivial Chern class on the boundary divi-
sor So. Note that this is a finitely generated Z-module, and furthermore, since
PICO(S) vanishes, we have that Plc(S) = NS(S) Then we get, by [3], Theorem
K, the Hodge-one -motive of H 2(S Seo, Q) = H2(S, Q) via the restriction map
ns =7Ts: NS(S Soo) — Pic? (Soo) On the other hand, we have got our Kummer-
1-motive [Z(xp) - L= PICO(SOO)] ~ M,->. We can consider M, > as a submotive
of g = ng, since the generator L is mapped uniquely to c1(L) € NS(S Soo)
(compare Lemma 4.4). Now according to Theorem 4.5 above this should be the
dual of our Kummer—Chern—Eisenstein motive [HéHE(S , Q(1)(—)1Y. To get the
things in order, one must look briefly at the weight filtration of the Hodge structures.
First we observe, since we deal with Q(1)-coefficients, that we have to consider
a substructure of type {(0, 0), (—1, —1), (0, —1), (—1, 0)} for the Hodge-1-motive
ns. The weight filtration {W, H2(S, Q(1))} of H?(S, Q(1)) is (see [8], VL.1)

0 k<0
HZ(S, Q1 k=1=2
WeH?(S,Q(1)) = O'( ) L3

H2(S,Q(1)) k=>4

Therefore we must focus on the Gr}”—part, and this is just H,Z(S , Q(1)). For this we
have the Hodge filtration { F 'H,Z(S , Q1)) ® C} (compare e.g. loc. cit. Proposition
1.2). And in view of the one-niotives, we must take the (0, 0)-part (note our Tate
twist). It consists of the two Chern classes ¢; (L) and ¢; (Ly) and some (1, 1)-forms
coming from the cuspidal part. In particular, we find there our motive Q(0) x p. One
should think of a picture like this for GrYV

1 1,1

Moreover, we cannot expect to get the whole Hodge-one-motive.

Theorem 4.6. Let S be our Hilbert modular surface. Consider the Kummer—Chern—
Eisenstein motive [HgHE(S, Q))(—)], the Kummer-(one)-motive M > attached
to the element £ =2 and the Hodge-one-motive ns attached to the Hodge structure
of H*(S, Q(1)). Then the Kummer-1-motive attached to €2 is isomorphic to a
submotive of the Hodge-one-motive ns. In particular, the dual of the Kummer—
Chern—Eisenstein motive [HéHE(S, Q(1))(—)1Y is isomorphic to a submotive of
the realisation T (ng) ® Q of the Hodge-one-motive.

Proof. As described above welmgw by [3], Thegrem K, that the Hodge-one-motive
ns is isomorphic to, tg : NS(S, Seo) — PicO(Soo), i.e. by Lemma 4.3 we get the
submotive [Z(xp) - L —> Pic®(Soo)] =~ M, 2. O
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