ETH Library

Distributed small connected
spanning subgraph
Breaking the diameter bound

Report
Author(s):
Ram, L. Shankar; Vicari, Elias
Publication date:
2011
Permanent link:
https://doi.org/10.3929/ethz-a-006782153
Rights / license:
In Copyright - Non-Commercial Use Permitted
Originally published in:
Technical Report / ETH Zurich, Department of Computer Science 530

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

Distributed Small Conne ted Spanning Subgraph:
Breaking the Diameter Bound
L. Shankar Ram, Elias Vi ari
ETH Zuri h,
Institute of Theoreti al Computer S ien e,
8092 Zuri h, Switzerland.

E-mail:

{lshankar,vi ariel}inf.ethz. h.
ETH Te hni al Report - 530

Abstra t
In any ad ho or a wireless sensor network, the question of designing
e ient distributed algorithms for onne tivity problems is important.
We study one su h problem here. The Small Conne ted Spanning Subgraph Problem (SCSSP) is the following: Given a onne ted network
G = (V, E) and a parameter |V | − 1 ≤ k ≤ |E| nd a onne ted subgraph S = (V, E ′ ) where E ′ ⊆ E su h that |E ′ | ≤ k . If k = |V | − 1
then the subgraph is a spanning tree. It is known that any distributed
algorithm needs d(G) rounds to ompute a spanning tree where d(G)
is the diameter of G. In this paper, we design a simple distributed algorithm that nds a onne ted spanning subgraph with (1 + ε)n edges
in min{d(G), O (log n)} rounds, for any ε > 0. We redu e the message
omplexity of this algorithm and provide another algorithm whi h also
nds a onne ted spanning subgraph with (1 + ε)n edges but runs
in min{d(G), O (log n · log log n · log⋆ n)} rounds. Moreover, we show
that any syn hronous distributed algorithm running for o(log n) rounds
omputes a onne ted spanning subgraph with ω(n) edges. Our results
make use of a famous theorem from extremal graph theory and hold
for arbitrary graphs.

1 Introdu tion
The design of distributed algorithms for problems appearing in the realm
of ad ho and sensor wireless networks has gained onsiderable momentum
in the re ent years. One of the main reasons for this is that the distributed
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paradigm lies in the bridge onne ting theory and pra ti e. Several problems
from theory have been onsidered in the distributed setting and pra ti al
implementations have been su essful [KMW05℄.
An ad ho network is omprised of autonomous nodes that ommuniate with ea h other via radio equipment without any apriori information
on the stru ture of the whole network. In other words, if two nodes are
not within dire t transmission range then they ommuni ate through other
intermediate nodes (relays). Sin e there is no lear stru ture in su h a network, as the name suggests, almost every solution relies on a dominating
set based lustering approa h [AWF02, KMW04, WL99℄. Clustering fa ilitates ee tive routing [AWF02, WL99℄ and e ient network initialization
[KMW04, MvRW06℄.
Our distributed model is based on message passing with the further assumption that all the algorithms are syn hronous i.e., it takes the same time
for a message to transfer from one endpoint to another of an edge, for all the
edges and the transmission starts simultaneously at all the nodes. The lo al
omputations performed by a node in between the rounds are not taken into
onsideration for measuring the time omplexity. Every node ommuni ates
with its neighbours using messages. In one round, any node an broad ast
messages to some or all of its neigbours. Thus an important parameter in
determining the omplexity of a distributed algorithm is the time omplexity
(number of rounds). Another interesting parameter is the message omplexity or the size of a message between two nodes. We state two assumptions
that we make in our model. These assumptions, in no way, redu e the omplexity of a given problem but only help to simplify the des ription and the
analysis.
In the distributed setting of sensor networks, a meaningful algorithm is
one whi h runs in o(d(G)) rounds of syn hronous omputation. Here d(G) is
the diameter or the length of a longest shortest path in G. This is be ause, in
d(G) rounds every node of G knows the whole graph and hen e in parti ular,
any substru ture of G an be omputed.
Computing spanning trees is one of the fundamental problems in the
theory of networks. Naturally, in the distributed setting it assumes even
more importan e. Several asymptoti near-optimal distributed proto ols are
known for the problem [KP98, Elk04a, Elk04b℄. For example, √
Kutten and
Peleg [KP98℄ design a proto ol with a running time of O (d(G) + n · log∗ n).
Note that the running time required ex eeds the diameter of the graph in
the worst ase and therefore it is not suitable for highly dynami systems as
wireless sensor networks.
In this paper, we onsider the following problem (Small Conne ted Spanning Subgraph Problem or SCSSP): Given a onne ted network G = (V, E)
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and a parameter |V | − 1 ≤ k ≤ |E| nd a onne ted subgraph S = (V, E ′ )
where E ′ ⊆ E su h that |E ′ | ≤ k. Clearly when k = |V | − 1, the subgraph
of interest is a spanning tree.
In the entral setting (non-distributed) the fo us was dire ted towards
minimum-weight spanning trees and there e ient algorithms do exist (see
for example [CLR90℄). The O (m log m)-textbook-algorithms were su esively improved up to an algorithm with a running time of O(m log β(m, n))
due to [GGST86℄ where β(m, n) is the minimum integer i su h that the value
obtained by iterated logarithm on n is less than mn with n = |V |, m = |E|.
Fourteen years later, the running time has been further improved by Chazelle
[Cha00℄ up to the urrent optimal algorithm due to Pettie and Rama handran [PR00℄, who show a deterministi omparison-based algorithm that
nds a solution in O (T ∗ (m, n)) time, where T ∗ (m, n) is the number of edgeweight omparisons needed to determine the solution. Surprisingly, in the
distributed setting, a spanning tree annot be found in o(d(G)) rounds where
d(G) is the diameter of the graph G. One an dedu e this result from the
impossibility of ele ting a leader in a ring (a y le of n nodes) within n
rounds of syn hronous omputation (for example see [Awe87℄). Therefore,
we onsider the problem of nding onne ted spanning subgraphs for other
values of k.
The SCSSP problem an be motivated by the following appli ation. In
many networks, broad asting or the ability of a node to transmit a message
to all other nodes, is an important requirement. Thus, one an imagine
that an e ient algorithm for the SCSSP problem an be dire tly used for
broad asting sin e minimum number of edges are used in the onne ted
spanning subgraph. Broad asting is important for many tasks on a network,
as ounting the number of nodes, spread a message to all nodes and so on.
The problem an be related to graph spanners or tree spanners where the
aim is to ompute a spanning subgraph where distan e between nodes is
bounded by at most a fa tor (usually alled the stret h fa tor) of the a tual
distan e in the original graph (for a survey see [Soa92℄).
In this paper, we design a simple distributed algorithm that nds a
onne ted spanning subgraph with (1 + ε)n edges in min{d(G), O (log n)}
rounds for any approximation ratio ε > 0. We redu e the message omplexity of this algorithm and provide another algorithm whi h also nds a
onne ted spanning subgraph with (1 + ε)n edges but runs in min{d(G),
O (log n · log log n · log⋆ n)} rounds. Here log⋆ n is the minimum integer t
su h that the value of the iterated logarithm on n for t steps is less than 2.
Moreover, we show that any syn hronous distributed algorithm running for
o(log n) rounds omputes a onne ted spanning subgraph with ω(n) edges.
Our results make use of a famous theorem (Turan type) from extremal graph
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theory. Up to the knowledge of the authors, the results of this paper are the
rst ones for this problem. The paper is organized as follows: in Se tion 2
we introdu e the distributed model that we will be working with. In Se tion
3 we des ribe our algorithm followed by a redu tion of message omplexity
of this algorithm in the subsequent se tion. Finally in Se tion 5 we give the
lower bound for the problem.

2 The Model
An ad ho or a sensor wireless network an be modelled as a simple graph

G = (V, E). The vertex-set V represents the devi es of the network that an

ommuni ate dire tly if the orresponding nodes are onne ted by an edge
in G. Usually one assumes G to be a unit-disk graph (the interse tion graph
of unit disks on a plane), a quasi unit-disk graph, or a growth-bounded graph
(for a formal denition see [KMW05℄) whi h is a large lass ontaining the
former two lasses in the wireless sensor network ommunity. These lasses
are both suitable in pra ti e (they model the reality up to some extent) and
have ni e theoreti al properties. However, in this work we do not require the
network to be belonging to any of the aforementioned spe ial graph lasses.
All our results hold for arbitrary graphs.
As mentioned in the introdu tion, the goal of SCSSP is to ompute a
onne ted spanning subgraph of a given graph with as few edges as possible.
Every node of the network is given a unique Id (for example the IP-number
in a omputer network) whi h indu es an ordering on the edges. An edge
s = xy (wlog Id(x) > Id(y)) is said to be bigger than an edge t = uv
(Id(u) > Id(v)), if Id(x) > Id(u) or if x = u and Id(y) > Id(v). We require
that every node knows n, the number of nodes in the graph.
We assume that the nodes are time-aware having a ess to a global lo k
allowing a syn hronous exe ution of the program they run. In the literature,
dierent type of syn hronizers are des ribed, whi h extend a result for synhronous network elements to asyn hronous networks at the ost of in reased
time and message omplexities.
In every round, ea h node an send a message to all of its neighbors.
Although we give upper bounds on message sizes at some pla es, we generally
assume that message size is unbounded and that there is no restri tion to
lo al omputations. These assumptions are not restri tive [KMW05℄.
Throughout this paper we make use of some standard notation: Kn is
the omplete graph on n verti es, Nv (t) is the set of nodes at distan e at
most t to v (v in luded), dH (x, y) is the number of edges of a shortest path
between x and y a ording to a subgraph H of G and n is the size of the
4

network, i.e. the number of nodes of G. Let d(G) be the diameter of the
graph where
d(G) := max dH (x, y).
x,y

In Se tion 4 we make use of the maximal independent set problem (Mis)
and the notion of a κ-ruling set. The former is the problem of nding a
subset S ⊂ V with the property that no two nodes of S are onne ted in
G and su h that no superset S ′ ⊇ S has this property. A κ-ruling set is a
subset S ⊂ V su h that every node in the graph is at a distan e at most κ
to a vertex in S (ruling property ). Note that an MIS is a 1-ruling set.

3 The Distributed Algorithm
In this se tion we des ribe a distributed algorithm for the SCSSP. We improve the message omplexity of this algorithm in the subsequent se tion.
Our algorithm works as follows: we explore the c(ε) log n-neighbourhood
(Nv (c(ε) log n)) for all verti es v ∈ V . In su h a neighbourhood, every v
omputes lo ally all the y les and removes the lexi ographi ally biggest
edge of every y le in the in reasing order of the length of the y les. We
refer to this pro ess of removing the biggest edge of a y le as destroying a yle. Note that by our assumption of the model, all these lo al omputations
are not measured in the time omplexity of the algorithm.
Now we analyze Algorithm 1 showing that it builds a onne ted spanning
subgraph with few edges. For bounding the number of edges returned by
the algorithm, we make use of theorems from Turan's Theory (see [Bol04℄)
of extremal ombinatori s.
3.1

Results from Extremal Graph Theory

Turan's theory deals with the question of bounding the maximal number
of edges that a graph G on n verti es an possibly have avoiding a given
subgraph H . We denote this quantity by ex(n, H) when the underlying
graph G is the omplete graph Kn . An interesting theorem was proved by
Mantel in 1907 whi h states that ex(n, K3 ) = ⌊n2 /4⌋, whi h was further
1
n2
generalized by Turan in 1941 to ex(n, Ks ) = 1 − s−1
2 (see [Bol04℄). A
elebrated result by Erd®s and Stone [ES46℄ solves the problem meaningfully
for all non-bipartite graphs H by proving
ex(n, H) =



1
1−
χ(H) − 1
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n2
+ o(n2 )
2

: Small Spanning Subgraph

Algorithm 1

Algorithm:Spanning_Subgraph

: A graph G = (V, E), an approximation ratio ε > 0
Output: A onne ted spanning subgraph of G with (1 + ε)n edges.
Set c := 6/ log(1 + 2ε)
∀v ∈ V :
v deletes the biggest edge for every y le in Nv (c log n); destroy small
y les rst.
Input

1
2
3
4

return The remaining spanning subgraph

where χ(H) denotes the hromati number of H . Several results are known
when the subgraph to be avoided belongs to other lasses of graphs. If
we have to avoid more than one type of subgraph, the extremal number is
denoted ex(n, H1 , H2 , · · · , Hl ). In other words the maximal number of edges
a graph G on n verti es an have without ontaining any of H1 , H2 , · · · , Hl
as a subgraph is given by ex(n, H1 , H2 , · · · , Hl ).
With a method due to Moore and improved by Alon et al. [AHL02℄
one an prove the upper bound of the following proposition. The lower
bound is due to Margulis [Mar88℄ using the famous Ramanujan graphs and
to Lubotzky et al. [LPS88℄.
Proposition 1.
2
1
1
1
n1+ 3k+3 ≤ ex(n, C3 , C4 , . . . , C2k+1 ) ≤ n1+ k + n
2
2

3.2

The Algorithm

Our algorithm returns a onne ted spanning subgraph with as few edges as
possible, suggesting of ourse trees or subgraphs with not many more edges
than a tree, also graphs with large girth. This is our motivation to use the
above proposition. From Proposition 1, we an prove a linear upper bound
on the number of edges of the subgraph returned by Algorithm 1.
ε > 0 Algorithm 1 builds a onne ted spanning
(1 + ε)n edges in min{d(G), O (log n)} rounds.

Theorem 1. For every
graph with at most

sub-

Let H = (V, E ′ ) denote the subgraph returned by the algorithm. Note
that sin e we run the algorithm on all verti es, the subgraph is spanning.
We need to verify that H is onne ted and |E ′ | = (1 + ε)n.
Conne tivity: Consider a y le present in the log n-neighbourhoods of
u, v ∈ V . Sin e the lexi ographi ally biggest edge of this y le is unique, one
Proof.
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an ensure that always this same edge is deleted by the algorithm running
on u, v respe tively. Sin e the y les of smallest length are destroyed rst,
after destroying all the y les we are still left with a onne ted subgraph H .
Number of edges: H does not ontain any y le of length less than
c log n (c hosen as in Algorithm des ription) sin e all the y les within
the c log n-neighbourhoods of the verti es have been destroyed. Thus the
remaining y les of H have to be of length greater than c log n. Therefore
by using Proposition 1 H annot ontain more than
1
2

2

1
2

1
2

ex(n, C3 , C4 , . . . , Cc log n ) ≤ n1+ c log n−1 + n ≤ n26/c = (1 + ε)n
edges.

♦

Note that by hoosing ε := 1/ log n, the algorithm onstru ts a onne ted
spanning subgraph with n + o(n) edges in O log2 n rounds.
Unfortunately, the distan es in the new graph are not under ontrol: If
one onsiders the graph onstituted by y les of length O (log n), pairwise
merged on a ommon edge, one an dene the labels in su h a way, that two
neighboring nodes get to distan e n after the pro ess.
3.3

The Weighted Case

Consider the ase where the graph is provided with a weight fun tion ℓ :
E → R on the edges. ℓ(e) ould represent the ost to use the edge e during
a broad asting transmission or the laten y one in urs by sending a message
along e. We are interested in a weighted version of SCSSP denoted w-SCSSP.
Here the goal is to nd a onne ted spanning subgraph of minimum total
weight. Unfortunately for w-SCSSP, one annot design a fast distributed
algorithm that has a provable approximation guarantee. Consider for example a y le of length n, where every edge has weight 1 ex ept for one
whi h has weight ϑ ≥ 1. The optimal onne ted spanning subgraph has a
weight of n − 1 given by a minimum weight spanning tree (MST), but every
algorithm working for o(d(G)) rounds ne essarily sele ts all the edges of the
y le, yielding a onne ted spanning subgraph of total weight n − 1+ ϑ. This
an be arbitrarily bad, sin e ϑ an be made big.
On the other hand, if the weight fun tion is bounded and the instan e is
large enough, our algorithm provides immediately a (1 + ε)-approximation
for this problem, by hoosing an appropriately large c (refer to Algorithm 1).
We an suitably modify the deletion rule by hoosing the heaviest edge (with
respe t to the weight fun tion) in the y le, breaking ties as before.
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: (3κ − 1)-ruling set

Algorithm 2

Algorithm:

Ruling_set

: A graph G = (V, E), a desired depth κ.
: A 3κ − 1-ruling set S .
S := V , G := G
Input

Output

1
2
3
4
5
6
7
8
9

κ

Repeat

times

Simultaneously for all v ∈ S : send an invitation to a G-neighbor.
Simultaneously for all v ∈ S : a ept an invitation, if any.
Compute a MIS M on the generated subgraph.
S := M , other nodes ina tive
′
′
V (G ) := S , E(G ) := {xy | x, y ∈ V, dG ≤ 5}
′

G := G

return S

4 Redu ing Message Complexity
Algorithm 1 although being time-optimal, requires that all the nodes in the
network ompute O (log n)-neighbourhoods to destroy y les. This generates
a huge message tra whi h is not desirable and possibly not supported by
the network. Here, we des ribe a solution that over omes this issue by requiring only o(n) nodes to ompute the neighbourhoods and subsequently
destroy the y les. Of ourse this implies that the time omplexity is inreased at the ost of a redu tion in the number of truely a tive nodes.
The rst phase is a prepro essing phase where a subset of size o(n) of
the nodes are hosen to work in the y le destru tion phase. At the end of
this phase, the set of nodes obtained will be referred to as supernodes.
A ording to Algorithm 2, we identify a small set S of verti es with the
property that every node in V \S has to be lose to one of them. A tually we do not need a very spe ial stru ture (like an independent set here),
but we an make use of the broad ma hinery developed for this problem to
a hieve our goal. To this end, we modify the ruling-set algorithm by Kuhn et
al [KMNW05℄ whi h builds a degree-bounded subgraph (a tually the maximum degree is two) in onstant time, allowing thereby the omputation of
a maximal independent set (MIS) in O (log⋆ n) time [CV86, GPS87, Lin92℄.
In our algorithm for omputing a ruling set, after every iteration we
maintain the omputed MIS. This denes an auxiliary graph (on the nodes
of the ruling set) in whi h we re urse. The nodes of this auxiliary graph are
given by the nodes of the set S and we onne t two nodes if they are at a
distan e of at most ve in G. This preserves the ruling property and ensures
8

that the number of nodes keeps de reasing in every step of re ursion, be ause
a node hosen to be in S an nd another element of S in its 5-neighborhood
by onstru tion.
Lemma 1. For any

κ>1

Algorithm 2 returns a

κ
most (2/3) n verti es.

3κ − 1-ruling

set

S

of at

Every node a epts exa tly one invitation. So, together with its invitation, at most two edges per node are sele ted. If a node is not involved
in the edges generated, it must have a neighbour whi h is. This is true for
any iteration of the algorithm.
Let us prove by indu tion on κ. For κ = 1 we have a MIS of a degree-two
graph, so at least a third of the nodes be ome ina tive. Sin e every node
has an involved neighbour and a MIS is a 1-ruling set, we get the 2-ruling
property and the laim is established for κ = 1.
Let us assume that the indu tion hypothesis is true for κ ≥ 1. Now
onsider the next iteration. If at the beginning n ≥ (2/3)κ n nodes were still
a tive, we loose again at least one third of those. Thus at most 2/3n =
(2/3)κ+1 n nodes are still a tive.
Let 3κ − 1 be the ruling distan e of the auxiliary graph with respe t to
the original graph at the beginning of the next iteration. From the above
reasoning, after the new iteration every node is at most at a distan e 3κ to
an a tive node. Sin e we produ e again a 2-ruling set of the auxiliary graph,
the ruling distan e of the original graph generated after this iteration is
Proof.

3κ − 1 + 2 · 3κ = 3κ+1 − 1

whi h ompletes the proof.

♦

Note that Algorithm 2 runs in min{d(G), O (log n · log log n · log⋆ n)}
rounds.
Theorem 2. Algorithm 3 produ es a

ε)n

edges in

destroy the

onne ted spanning subgraph with

min{d(G), O (polylog n)}
y les of G.

rounds where at most

o(n)

(1 +

supernodes

Proof. Choosing κ = log log n, Algorithm 2 produ es a (c log 3 n − 1)-ruling
set with o(n) supernodes. If every supernode destroys y les in its 2c · log 3 nneighborhood then there is no y le of length at most c log n. Applying the
same argument as in the proof of Theorem 1 proves the laim.
♦

9

: Small Spanning Subgraph with few supernodes

Algorithm 3

Algorithm:Spanning_Subgraph_With_Supernodes

: A graph G = (V, E), an approximation ration ε > 0.
Output: A onne ted spanning subgraph of G with (1 + ε)n edges.
Set c := 6/ log(1 + 2ε)
Apply Ruling_set on G with κ := log c log n
∀v ∈ S :
v deletes the biggest edge for every y le in Nv (2c log 3 n); destroy
small y les rst.
Input

1
2
3
4
5

return Remaining edges

5 Lower Bound
A well-known result states that it is impossible to ele t a leader in a ring
(a y le on n nodes) in less than O (n) rounds of syn hronous omputation.
This implies that building a spanning tree on a ring network also takes d(Cn )
time where d(Cn ) is the diameter of the ring. This is be ause, a better
algorithm for the spanning tree ould be used to solve trivially the leader
ele tion problem with an additional round.
In this se tion, we show a lower bound on the number of edges of the
onne ted spanning graph produ ed by a distributed algorithm running for
o(log n) rounds on the SCSSP problem.
Theorem 3. Every distributed syn hronous algorithm running for
rounds with the aim of building a

ω(n)

edges in the worst

o(log n)

onne ted spanning subgraph pi ks at least

ase.

Proof. Let us onsider su h an algorithm A. Sin e A runs for o(log n) rounds,
every node explores at most its o(log n)-neighbourhood. Thus every node has
to base its de ision only a ording its o(log n)-neighborhood and it annot
therefore prevent y les of length at least Ω(log n).
Let G = (V, E) be an extremal graph where the length of a shortest
y le is Ω(log n) and |E| is maximum among all su h graphs. If this graph
is given as input to A then every node needs to hoose all edges in its
o(log n)-neighborhood, in order to ensure onne tivity. But this means that
all the edges of the graph have to be output. Using the lower bound given
in Proposition 1, this yields
2

log n

ex(n, C3 , C4 , . . . , Co(log n) ) ≥ n1+ 3/2(o(log n)+1) = n · 2 o(log n) = ω(n)

edges.

♦
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