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Abstract

In this dissertation the particular problems involved in designing unmanned coaxial
rotor helicopters suitable for contact based inspection tasks are investigated. As established in the introductory section of this work, the facility maintenance industry is
calling for a new class of robotic rotorcraft systems capable of more than mere visual
inspections. The next generation of aerial inspection robots is expected to safely dock
to and interact with vertical surfaces in order to apply contact based inspection tools
to critical structures in various industrial facilities. The development of a robotic rotorcraft with such capabilities poses great challenges in regard of both theoretical and
practical aspects. From the design of the basic flight mechanism, over the integration
of the flight sensing and processing electronics to the final implementation of the required autonomous flight behaviors using suitable control architectures, all facets of
aerial robotics must be mastered. This is generally not possible based on mere engineering intuition and hence accurate simulation models guiding the design process
are indispensable. The dedicated objective of this dissertation is the realization of
such simulation tools.
With this context established, a research prototype based on a coaxial rotor concept is presented. In the scope of this thesis, this prototype predominantly serves as
a baseline system, based on which the simulation models developed herein may be
validated and related to a real world system. Before the specific characteristics of
the coaxial rotor configuration in free–flight as well as constrained in contact with
vertical surfaces may be investigated, the principle flight physics of coaxial rotor helicopters must be understood and modeled in detail. Consequently, a physical, yet
simple, analytical flight dynamics model accounting for the typical configuration of
model size coaxial rotor helicopters is developed and described. This physical free–
flight model is subsequently extended to incorporate the fundamental changes in a
rotorcraft’s flight dynamics due to the unilateral constraint forces established when
v

docking to a vertical surface. The resulting theoretical framework is assembled in
digital form using a symbolic computation software package.
Based on this digital model database, flight simulators are developed subsequently.
In order to parameterize these simulators, a parameter estimation methodology is presented which guarantees both model accuracy in the sense of matching the flight behavior of a real system and maintaining the physicality of all subsystems. Through an
extensive evaluation process using flight data from the aforementioned coaxial rotor
prototype, the presented models and the estimated flight parameters are validated.
Finally, the flight characteristics of typical robotic coaxial rotorcraft are investigated in more detail using the theoretical background developed in the preceding
chapters. The role of mechanical rotorcraft stabilization aids found on most model
size helicopter configurations is discussed and the principle rules defining rotorcraft
systems in contact with vertical surfaces are laid out.
Key words: helicopter, rotorcraft system, flight dynamics, coaxial rotor, aerial inspection, aerial manipulation, docking, Bell–Hiller flybar, resonance

vi

Kurzfassung

Diese Dissertation beschäftigt sich mit der Entwicklung von unbemannten Koaxialrotor Helikoptern für kontaktbasierte Inspektionsanwendungen. Bereits heute werden verschiedenste Ansprüche der Service– und Wartungsindustrie mit autonomen
Flugsystemen abgedeckt. Diese Flugroboter sind jedoch immer noch auf reine visuelle Inspektionen beschränkt. In Zukunft sollen Flugsysteme realisiert werden,
welche die Fähigkeit besitzen in sicheren Kontakt mit vertikalen Oberflächen zu
treten und somit auch den Einsatz von kontaktbasierten Inspektionssensoren zu ermöglichen. Die Entwicklung autonomer Flugroboter gilt jedoch generell als anspruchsvoll da eine Vielfalt von technischen Problemen sowohl praktischer wie auch
theoretischer Natur gemeistert werden müssen. Dies verlangt im Allgemeinen nach
Simulationsmodellen, welche die Dynamik solcher Helikopter exakt erfasst. Das erklärte Ziel dieser Arbeit ist die Umsetzung entsprechender Simulationswerkzeuge um
die weitere Entwicklung in diesem Forschungsbereich zu unterstützen.
In diesem Zusammenhang wird in einem ersten Schritt ein Koaxialrotor Flugsystem vorgestellt, welches spezifisch für eine detaillierte Untersuchung der eben beschriebenen Aufgabenstellung entwickelt wurde. Innerhalb dieser Dissertation dient dieses Flugsystem hauptsächlich als Validierungsgrundlage, mittels welcher die
Genauigkeit der hier umgesetzten Modellbildung sichergestellt werden kann. Bevor
die spezifischen Eigenschaften solcher Flugroboter sowohl in freiem Flug sowie in
Kontakt mit der entsprechenden Umgebung genauer untersucht werden können, müssen
die physikalischen Grundlagen der Koaxialrotor Helikopter–Konfiguration erläutert
werden. In einem weiteren Schritt werden deshalb exakte, jedoch vergleichsweise
einfache, analytische Helikoptermodelle vorgestellt. Um auch den Einfluss unilateraler Kräfte auf Grund von Oberflächenkontakten erfassen zu können, werden diese
Flugmodelle im weiteren Verlauf entsprechend erweitert.
Im Anschluss darauf werden an Hand dieser Modelle Flug–Simulatoren implevii

mentiert, welche eine Voraussage des Flugverhaltens der modellierten Platform ermöglichen. Diesbezüglich ist eine sinnvolle Parametrisierung natürlich unabdingbar.
Entsprechend wird ein Parameterschätzungsverfahren vorgestellt, welches eine akkurate Abbildung des Flugverhaltens der beschriebenen Helikopter Platform realisiert
und gleichzeitig ein korrektes und physikalisches Erfassen aller Subsysteme erlaubt.
Abschliessend werden verschiedene Aspekte typischer, unbemannter Koaxial Helikopter im Detail analysiert. Einerseits wird die Funktionalität mechanischer Rotor–
Stabilisierungsgshilfen diskutiert und andererseits wird das Flugverhalten autonomer
Helikopter in Kontakt mit vertikalen Oberflächen genauer evaluiert.
Stichworte: Helikopter, Flugdynamik, Koaxialrotor, Flugbasierte Inspektion, Kollisionsdynamik, Kontaktdynamik, Bell–Hiller Flybar, Resonanz
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Introduction

Ever since the first successful flight of a helicopter, rotorcraft systems have been regarded as a very special category of aircraft. Helicopters, unlike any other aerial
configuration, have an inherent capability of accurately hovering at a fixed position
relative to a point of reference, performing highly agile vertical and lateral flight maneuvers and take–off or land on almost any type of terrain. Indeed, the very first
attempts to build controllable flying machines were focused on rotary–wing configurations [13]. Yet, despite the many years of failed attempts in building a working
“airscrew” it was airplanes that first propelled man into sustained, controllable flight.
The reasons for the challenges faced in achieving reliable rotorcraft configurations were of both practical and theoretical nature. Lacking an appropriate source of
energy, a lightweight, efficient, yet very powerful motor system to drive the rotors
and without appropriate construction materials to sustain the vibrations and immense
loads generated by a spinning rotor, the realization of rotary–wing systems remained
a fantasy for almost 30 years after the first successful airplane flight. In addition to the
many practical issues to be faced and mastered, the complexity of rotorcraft dynamics
and aerodynamics left initial rotorcraft design attempts to intuition and practical experimentation. The advances in understanding the governing principles of helicopter
flight and the further evolution of analytical and numerical rotorcraft simulation tools
provided the required foundation to establish the modern day helicopter as the reliable
and versatile flight machine it is today.
The problems faced with the deployment of robotic rotorcraft systems are in many
ways similar to the issues troubling the pioneers of helicopter engineering. Particularly in case of smaller sized unmanned aerial vehicles (UAVs) there is still a lack
1
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of power sources that have a high enough power density, rotor geometries and motor drive systems that are efficient enough and construction methods and materials
that result in sufficiently lightweight, yet robust airframes. Nonetheless, research and
development on unmanned rotorcraft systems has seen a rapid growth over the last
decade [14–16]. Rotary wing systems are constantly entering broader application
fields due to their potential advantages and relatively low cost. Traffic and crowd
surveillance, geological mapping and visual inspection of a multitude of industrial
and civil structures have become standardized real world applications for many types
of UAVs.
However, to this day, airborne robotic systems have been limited to the functionality of observation platforms, regarding their physical environment as a source of
obstacles needing avoidance. Within the last few years, various research groups and
project consortia [8, 17–19] have been putting their efforts in trying to take a step beyond this perspective, investigating the problems and possibilities arising if different
types of unmanned rotorcaft configurations interact physically with their environment. In this context the terminology of aerial service robots, i.e. aerial robots that
may take an active role in supporting specific, potentially dangerous or remote operations, has been redefined. The vision of performing inspections of industrial facilities
has been the main source of inspiration in particular for the AIRobots project [8].
This thesis has evolved in the context of this project and thus shares many of the
project’s core motivations and goals.
In close collaboration with inspection and plant servicing experts, a multitude
of potential aerial inspection applications have been identified predominantly in the
field of petrochemical processing and power generation industries [20]. Figure 1.1
represents but a subset of industrial applications for autonomous aerial inspection.
The particular challenges posed by these applications includes the requirement of
a substantial amount of autonomy, robustness under adverse flight conditions, tele–
operation capabilities and airworthiness in indoor and outdoor settings. Beyond visual inspection, there is also a call for aerial vehicles which have an ability to safely
touch and interact with relevant plant components for the purpose of a closer examination using specialized, non–destructive testing (NDT) equipment.

1.1 Motivation and Objectives
Maintenance industry offers services to a large set of customers working in business
fields such as power production or oil and gas transportation and processing. During
repair and inspection sessions, various facility components have to be shut down at
least partially to avoid damage to inspection equipment and injuries of maintenance
personnel. The plant production and processing capabilities are therefore signifi2
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Figure 1.1: Coal power plant with a set of indoor and outdoor applications for aerial inspection.
From left to right: Boiler furnaces constitute large indoor spaces constructed from steel pipes
within which water or steam is transported. These constructions may be up to 50 meters high
and up to 40 meters wide depending on the type of boiler. Various substructures need to be
inspected on a regular basis. Industrial chimney stacks are commonly built from concrete or
brick and may vary between 20 to 200 meters in height and may be up to 2 meters in diameter.
Apart from the actual main structure, the top section of the chimney must be checked for
extensive cracking. Similarly, the steel reinforced concrete structure of cooling towers has to
be inspected. Being up to 200 meters high and up to 50 meters in diameter, the outer perimeter
as well as the internal surface are of potential interest for aerial inspection using UAVs.

cantly stalled for the duration of servicing. Accordingly, plant managers are likely
to choose a service provider which can offer the necessary tools and technologies
for short but reliable maintenance. Avoiding utilities such as cranes, scaffolds and
roping systems as visualized in Figure 1.2, inspection robots can provide a means of
efficient and frequent facility health monitoring without endangering inspection staff
3

INTRODUCTION

or extensively impeding plant operation.

Figure 1.2: Inspector probing a pipe using an ultrasonic NDT–sensor.

Climbing inspection robots such as [21–24] are becoming an accepted industry
standard. These systems allow for more accurate and efficient component life–time
assessments and provide access to remote points of inspection (e.g. elevated position, confined space, submerged in fluid etc.). However, climbing robots tailored
towards industrial inspection are typically designed for very specific tasks in clean
and well defined environments. Given the widespread use of ferromagnetic materials
employed in the industries relevant herein, the principle of magnetic adhesion in the
form of magnetic wheels or caterpillars is predominant in these systems. Problems
with ferromagnetic dirt particles adhering to magnetic wheels, non–ferromagnetic
surface segments and the occurrence of other difficult obstacles along an inspection
path may render a climbing solution impractical though. Figure 1.3 visualizes these
issues more explicitly.
For the simple fact of not being constrained to move along a surface, flying is
inarguably one of the most versatile forms of mobility. Consequently, obstacles as
depicted in Figure 1.3 are irrelevant so long as there is enough space to fly. Using
model size, robotic rotorcraft systems to fly and dock to points of interest may hence
be regarded as a viable inspection alternative. Notwithstanding, climbing robots have
already reached a level of technological majority which permitted an industrialization
and enabled practical applications in the servicing field. In contrast, contact based
aerial inspection is yet at a very basic level of proving the concept.
The objective of this dissertation is the detailed examination of the coaxial rotor configuration in the just described context. The focus on this more classical,
helicopter–type system, as opposed to other widely used flight concepts such as
quadro–copter or tail–sitter UAVs1 , is motivated by its scalability. Helicopters, unlike
1 In
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Figure 1.3: Visualization of problematic operation environments for magnetic climbing robots.

any other rotorcraft concept, have been realized from the miniature scale level such
as e.g. Epsons’s µFR [25] weighting a mere 12 grams in total to full scale rotorcraft
systems such as e.g. the autonomous K–MAX helicopter carrying payloads of over
two metric tons [26]. The findings established herein are thus beneficial for a wide
range of robotic rotorcraft systems. The selection of the coaxial rotor is related to
its compactness, i.e. the lack of a tail rotor which may be a source of failure when
operating close to objects.
The interest of this investigation is clearly targeted at the flight mechanism itself
rather than the sensing and control problems addressed in similar work. In other
words, we examine which features and what physical parameter settings may lead to
beneficial or adverse flight performance characteristics in free–flight and constrained
in contact with the environment.
This is of course only an initial step towards a vision shared with the AIRobots
project, namely aerial inspection vehicles with a capability to safely dock and slide
along vertical surfaces as depicted in Figure 1.4.

1.2 Overview of Current State of Research
An overwhelming variety of unmanned rotorcraft systems has been developed and
studied over the last roughly 20 years with a similarly vast diversity of applications in
mind. Yet, almost any reference presenting a new robotic rotorcraft prototype refers
helicopter with a articulated main and a tail rotor, from propeller based vehicles such as multi–copters and
ducted fan platforms.

5
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Figure 1.4: Vision of an aerial inspection platform with docking capabilities.

to aerial inspection as a potential application field. Herein, a more selective overview
shall be presented. The following summary on the state of the art in aerial robotics
will thus focus on flight systems which have either been specifically developed for
inspection purposes or have proven their capability of performing activities relevant
for servicing applications. In regard of rotorcraft modeling and more specifically
the modeling of rotorcraft systems under additional, external constraints, this view is
broadened to some extent.

1.2.1

Aerial Inspection Robotics

References [1] and [2] (both published in the 1990s) probably represent the very first
attempts at implementing aerial inspection systems. The propeller based concept presented in reference [1] also depicted in Figure 1.5 (a) was specifically developed with
surface scanning applications of civil structures in mind. Its airframe was engineered
such that wind gusts would press the vehicle towards the wall allowing it to e.g.
safely operate on the facade of a skyscraper. A working prototype was realized and
the goal to establish free–flight operation is mentioned in the associated publications.
No proof of free–flight capabilities could be found in literature though.
Impressively, the prototype depicted in Figure 1.5 (b) reached the level of a fully
6
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(a)

(b)

Figure 1.5: (a) Aerial surface scanning platform developed at the Miyazaki University in
Japan [1]. (b) Coaxial propeller, ducted fan vehicle developed in the context of the Advanced
Highway Maintenance and Construction Technology program at the University of California,
USA [2].

integrated flight system with onboard attitude sensing capabilities and an electronic
attitude stabilization system. The ducted fan concept was equipped with two coaxial
propellers as well as control flaps attached at the bottom of the structure. Powered
from an electric off–board source via cable, the payload capabilities of approximately
9 kilograms were sufficient to carry an onboard analog camera for a closer inspection
of bridge structures. The project was in fact successful enough that additional efforts
to further improve the concept were completed in 2008.
After these initial attempts however, the focus shifted considerably towards the
inspection of power lines as summarized in [27]. The typical UAV category that has
been used for this purpose corresponds to the conventional helicopter configuration,
powered by fossil fuels and using rotor diameters of one meter or more, similar to
the example depicted in Figure 1.6 (a). Equipped with redundant onboard computation and control systems, GPS localization and enough payload capabilities to carry
high–resolution video and thermal cameras, these vehicles are nowadays far more
than mere research prototypes. Various examples have shown that such unmanned
helicopters have become valuable inspection tools allowing for fast and safe examinations of critical but remote facility components. With the advent of robust and professionally designed multi–copter vehicles [28–30] more and more service providers
are now also harnessing similar inspection capabilities based on much smaller UAV
7
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(a)

(b)

(c)
Figure 1.6: (a) Autonomous helicopter developed by the Commonwealth Scientific and Industrial Research Organization (CSIRO) in Australia [3]. (b) Aeryon Labs quadro–copter UAV [4].
(c) Cyberhawk inspection multi–copter [5] based on platforms developed by [6].

systems, e.g. the platforms depicted in Figures 1.6 (b) and (c).
However, these inspection vehicles commonly operate at a considerable distance
to the inspected facility components, performing pure visual health assessments [4,5].
For an accurate evaluation of critical parts, mere visual inspection is often not sufficient though and more powerful NDT methods are required. As these more meticulous methods call for a stable contact between the respective sensing probes and
the inspected material surface, future inspection UAVs are required to safely touch
or dock to their environment, e.g. by attaching to or pressing against the inspected
structure. The functionality of establishing contact with the environment may further
provide the means to fix supporting devices (e.g. hooks or pulley systems) on a particular point of a structure which needs to be cleaned, inspected or repaired. Using
these supporting devices, heavier cleaning or repairing machinery may be pulled to
a remote, dirty or damaged component, thus avoiding complicated scaffold, crane or
elevator systems.
Yet, before contact based aerial inspections become a useful reality, much research work both on a theoretical and practical level is still required. Addressing this
8
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problem calls for further investigations in regard of its control, sensing and system
design related aspects.

1.2.2

Modeling of Unmanned Rotorcraft Systems

The work presented herein is predominantly focused on the design aspects. In order
to evaluate how specific design changes of the investigated coaxial rotor configuration affect its capabilities during flight as well as during contact based maneuvers, a
simple, yet accurate physical system description is required. A prerequisite for such
modeling efforts is of course a profound understanding of the coaxial rotor configuration in its more general free–flight condition.
When considering helicopter modeling in a wider sense one may also account
for the class of identified rotorcraft representations as for example the selection of
conventional helicopter models presented in [31–33] or the coaxial helicopter models
summarized in [34–36]. Although at least the technical report [31], which was later
extended in reference [37], have been influential to this work, only physically motivated models are accounted for in the following review. Identified rotorcraft models
are generally capable of accurately predicting the flight response of the identified
UAV prototype. The physicality of the model parametrization is usually lost though
(or at least deteriorated), such that flight dynamics assessments given different physical rotorcraft parameter sets are strongly limited.
In terms of the physical helicopter modeling process, reference [38] summarizes
a three level rotorcraft model categorization with increasing fidelity and complexity:
• Level 1 modeling: In the category of Level 1 models, the physical principles
governing helicopter flight are captured mostly based on analytical descriptions. This of course involves considerable simplifications of the rotor aerodynamics which are treated on a pure steady–state momentum level. In consequence all rotor generated loads are defined for the rotor as a whole without
consideration for local phenomena. Regarding the rotor dynamics such as blade
flapping, rigid body models are employed to represent the rotorcraft as well as
the rotor blades. To account for the dynamic interaction between the blade body
and the rotocraft body motion, simple, linear spring couplings are introduced.
The modeled rotor degrees of freedom commonly include blade flapping and
possibly blade lead–lag dynamics. This type of model is suitable for general
parameter studies and assessments of flight dynamics characteristics as well as
for low–bandwidth control evaluations.
• Level 2 modeling: The next level of modeling fidelity also introduces the nonlinear effects associated with the dynamics of rotor inflow. Rigid blades or
elastic blade models with a limited number of blade bending modes may be
9
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employed. As opposed to Level 1 modeling approaches, all rotor loads are
computed through numerical integration such that local aerodynamic effects
may be better accounted for. Such types of models are capable of more accurate parameter trend predictions and may be used for medium bandwidth
control.
• Level 3 modeling: Level 3 models account for the full effects of the rotor wake
using prescribed or free wake approaches, hence accounting for the vorticity
transport within the rotor downwash. Locally induced rotor loads are computed
and subsequently integrated numerically. Furthermore, detailed structural representation of rotor blades e.g. using finite element methods may be employed.
This type of model is commonly tailored towards detailed rotor design applications and vibration analysis e.g. to assess load limitations of a particular,
structural rotor composition.
As demonstrated, amongst others, by works such as [12, 39, 40], the University
of Maryland has become a well known capacity in regard of Level 3 modeling approaches. In the mentioned examples, larger scale coaxial rotors are investigated both
numerically as well as experimentally. Further impressive Level 3 studies are [41,42]
where an entire coaxial rotorcraft including a coaxial rotor and the corresponding rotorcraft canopy are simulated in various challenging flight conditions. These works
are highly didactic and may give a much needed appreciation of the relevant physical effects characterizing the coaxial rotor configuration in particular. In regard of
computational effort such methods are still very costly and given the complexity of
the helicopter wake and its interaction with the rotor blades and rotorcraft body, hard
to analyze and operate correctly. Furthermore, the Level 3 type of model does not
lend itself easily to a linearization process and is thus not accessible using linear system theory e.g. to specifically study the flight dynamics properties of the modeled
system. Strongly simplified helicopter representations, as defined by Level 1 and 2
model types, are better suited for such investigations. The physical helicopter model
types found in robotics literature are commonly a mixture of Level 1 and Level 2
modeling concepts. Probably, most relevant for this work is [43] and [44] which is
largely based on the theoretical background presented in [38]. Therein a conventional model helicopter configuration including its Bell–Hiller flybar mechanism is
modeled. Reference [45] also models a conventional model helicopter configuration,
extending the validity of the model itself by treating the rotor aerodynamics beyond
stall and in ground effect. With the modeling process completed, both works focus
on free–flight control synthesis though and a further investigation of the flight mechanism is not given.
Reference [46] studies the flight characteristics of a micro coaxial rotor helicopter
10
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equipped with a stabilizerbar2 . Therein two types of models are presented. The first
type of model constitutes a full Lagrangian description of an isolated coaxial rotor
equipped with a stabilizerbar. This model is used to analyze the coupled dynamics of
the modeled rotor system in response to pitch and roll maneuvers. The second type of
model aims at capturing the free–flight dynamics of a micro coaxial helicopter using
rotor models adopted from [47].
Unfortunately, none of the aforementioned helicopter models have been extensively validated against free–flight data from the modeled rotorcraft system. This
makes it hard to asses and compare their respective quality and fidelity.

1.2.3

Aerial Manipulation

Due to the considerable agility and the commonly unstable dynamics of most unmanned rotorcraft systems, adding non–negligible external forces e.g. through contacts with the environment, is a challenging and potentially hazardous endeavor. The
basic problem to be addressed is related to the fact that once such an external input is
affecting an aerial vehicle, its dynamic behavior may change fundamentally.
A good initial example consists of the general idea summarized in works such
as [48, 49] and [7, 50, 51], where ventrally mounted grippers are used to pick up
different payloads. Such experiments have been performed both using quadro–copter
vehicles e.g. picking up lightweight blocks to construct different three dimensional
structures or as in case of the Yale aerial manipulator using a larger model helicopter
configuration capable of grasping objects with a mass of up to one kilogram (Figure
1.7 (a)). The principle problem being addressed, commonly consists of coping with
the sudden change of the rotorcraft’s center of gravity, once a payload has been picked
up.
A more challenging but similar problem, also relevant for full–scale helicopters,
corresponds to so called “slung loads”. In this case the payload is not directly attached to the airframe but suspended under the UAV via a tether. In this case the
combined system of the UAV and the payload cannot be treated as one individual
body and the pendulum motion of the payload must be considered when actuating the
rotorcraft [52]. Several research groups have also addressed the issue of extending the
payload limitations of unmanned rotorcraft systems by suspending a larger payload
to several UAV platforms at the same time [53, 54]. Through the combined tethering
each vehicle will unavoidably affect the others. Accordingly, a force balance must
be ensured which does not destabilize any vehicle participating in this towing action.
Moreover, the trajectory of the payload must follow a predefined path to ensure safe
2 The Bell–Hiller flybar mechanism is sometimes also referred to as stabilizerbar. Herein we distinguish between the Bell-Hiller flybar and the coaxial rotor stabilizerbar.
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transport. This task is somewhat complicated by the fact that the forces which may
be transmitted to the payload via a tether are essentially unilateral, i.e. each UAV can
only pull but not push on the payload.

(a)

(b)
Figure 1.7: (a) The Yale aerial manipulator picking up an object in flight [7]. (b) The AIRobots
ducted fan performing “hand writing” maneuvers on a vertical surface in flight [8].

Unsurprisingly, the work established within the AIRobots project is directly related to the topics treated herein. Probably most influential to this thesis are the
results summarized in [55] where the problem of stability and control of a ducted fan
in contact with a vertical surface is addressed in great detail. Nonlinear control laws
to control the vehicle vertical position as well as the vehicle contact force are derived
and the effects of the geometric allocation of possible contact points are investigated.
The corresponding ducted fan platform depicted in Figure 1.7 (b) was later equipped
with an inspection manipulator presented in [56] e.g. in order to place an NDT–probe
on a structure of interest. At this point, various additional groups and project consortia have started to investigate the issue of safe manipulation by combining robotic
arms with an unmanned rotorcraft [57–59].
12
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1.3 Contributions of this Work
With this thesis a solid basis for the analysis of helicopter–type UAV configurations in
free–flight as well as in contact with the environment shall be established. The backbone of this work is formed by a detailed analytical rotorcraft model in combination
with a parameter set that is proven to represent a real world system. Similar to related
work in this area the corresponding rotorcraft subsystems are modeled from first principles to allow for subsequent parameter studies. The distinguishing feature of this
thesis is that the required rotor dynamics models are not derived by adopting a standard full–scale rotorcraft representation found in helicopter literature but developed
from the ground up. This provides full control over all assumptions and simplifications introduced during the modeling process. This has proven to be crucial for the
subsequent integration of the contact dynamics to simulate docking maneuvers.
More specifically, the contributions established herein may be separated into the
following categories:
Rotorcraft Free–Flight Simulation
Flight dynamics models for robotic helicopters generally fall in one of two categories.
The first category corresponds to the type of model associated with this work where
the full, nonlinear system dynamics are formulated based on first principles such that
the physical relation to all system parameters is maintained. Due to the complexity
of the involved system descriptions it is difficult to find parameter sets which are
physically meaningful and accurate enough to be validated against flight data from
a real system. This fact may jeopardize conclusions drawn from such models as
without a validation there is no guarantee that the derived model actually represents a
real system. In addition, the modeled robotic helicopters are generally treated as a one
would treat a full–scale rotorcraft. As will be shown in this work this is not always
appropriate due to the fundamentally different parameter ratios defining the flight
behavior of model scale helicopters in comparison with their full–scale counterparts.
The second type of model employs simplified (often linearized) model structures
which are subsequently parameterized using optimization techniques which minimize
the discrepancies between measured and simulated flight data segments. Model validation is considered a necessary step in this parametrization process. This type of
model is useful for high–bandwidth control synthesis for the position and attitude
loops of a particular rotorcraft prototype. Consider however that there is no guarantee that these models correctly capture the internal, unmeasured dynamics of the
modeled rotorcraft. Especially in case of coaxial rotor helicopters it is difficult to
associated specific flight behaviors to the upper or the lower rotors purely based on
measured trajectories of the rotorcraft body. Moreover, a re–parameterization to ac13
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count for changes in the physical properties of a given prototype is commonly not
possible unless actual flight data for such a case is available. This prohibits this type
of model from being useful for the purpose of estimating parameter trends.
The modeling and parametrization technique proposed herein realizes both, modeling accuracy in the sense of flight data matching and in the sense of representing
the physical properties of the real system. This is achieved using higher fidelity aerodynamics models to parameterize lower fidelity flight dynamics models. The output
of this effort is the simulation environment presented in Chapter 5.

Rotorcraft Contact Dynamics Simulation
An additional simulation environment is established to incorporate the capabilities of
accurately modeling collision and contact events such that docking maneuvers may
be simulated. The treatment of these contact dynamics is based on a solid theoretical
framework, which is fused efficiently with the free–flight rotorcraft simulation suite.
The approach that has been realized is in principle not restricted to coaxial rotor
helicopters but may be combined with other physical free–flight UAV models. The
resulting docking dynamics simulator also presented in Chapter 5 is thus a versatile
tool using which contact based inspection maneuvers may be investigated in detail.

Flight Performance Assessment
Based on the full free–flight and contact theory, additional simplified models are derived to gain further insight in the specific characteristics of several relevant rotorcraft
subsystems. Using these simplified models, specific characteristics of the pitch–roll
attitude dynamics of typical helicopter–type UAVs are investigated. The conclusions
drawn from this evaluation are relevant beyond the coaxial rotor configuration modeled in this work. In an additional analysis, the topic of safe contact point allocations
given the typical helicopter actuation principle and the problem of stable docking is
evaluated.
In conclusion, note that the dedicated goal of this work is not the direct construction of the next generation of aerial inspection vehicles or the implementation of new
control laws specifically enabling contact capabilities. Ultimately, this thesis is dedicated towards the realization of a toolset using which both the design aspects and
the control aspects of robotic helicopter systems in free–flight and in contact with the
environment may be safely examined.
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1.4 Roadmap for this Dissertation
In order to assure that the theoretical rotorcraft dynamics study presented in this work
has practical significance, it must be related to a real world rotorcraft system. The
corresponding coaxial rotor prototype and its hard– and software frameworks are
thus initially presented in Chapter 2. Within the scope of the AIRobots project, this
coaxial rotor UAV has been extensively used as a flight demonstrator. In the context of this work, the corresponding prototype is used to derive a baseline parameter
set and to validate the presented modeling approaches. Additionally, a coaxial rotor
testbench is briefly introduced. This rotor testbench was crucial for the further investigation of the isolated rotor system. Subsequently, the aerodynamics and flight
dynamics principles of the modeled coaxial rotorcraft configuration are established
and presented in detail in Chapter 3. Fundamental assumptions required to simplify
the corresponding rotorcraft representation are introduced and justified. In Chapter
4, this free–flight dynamics model is extended to incorporate models for the contact
forces due to unilateral constraints during docking maneuvers. In Chapter 5 these
models are parameterized and the resulting simulation frameworks validated based
on flight data collected from the real prototype. Finally, Chapter 6 presents a more
profound study of specific characteristics which define the helicopter configuration
under investigation. Chapter 7 concludes this thesis with final remarks and recommendations for future researchers in this field.
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2

Testbench and Prototype

The previous chapter presented a set of basic requirements derived from the general
mission scenarios for aerial service robots. These requirements combined with the
engineering experience gained with previously developed UAVs, formed the guidelines for the realization of the AIRobots coaxial rotorcraft (ACX) presented hereafter.
Aspects such as size and weight constraints had to be balanced with challenging requirements in regard of payload, functionality and robustness. Keeping the main
requirements in mind, the design mainly focused on a modular and robust vehicle.
Modularity was required in order to be expandable for further development and experiments, while robustness was needed to sustain possible crashes and collisions
assuring minimal maintenance effort. Similarly, also the ACX software framework
has been implemented with modularity and rapid prototyping of control algorithms
in mind.
Based on the coaxial rotor aerodynamics background discussed in [60], a first assessment for the rotor and vehicle size was established. Most typical miniature coaxial UAV platforms such as [36, 61–63] (and various others) are equipped with small
rotors in the range of 0.2 to 0.4 meters in diameter. With respect to these systems, a
comparatively large rotor has been considered necessary in order to lift the required
payloads defined within the AIRobots project. Similar to [61, 62], the entire ACX rotor system has been extracted from a commercial model helicopter (Walkera Lama 3)
to reduce the required engineering effort. At that time, this model rotorcraft [9] was
the largest commercially available coaxial helicopter using an electric drive. To realize the ACX flight system, the corresponding coaxial rotor has thus been integrated
into a customized airframe and combined with the appropriate sensing and process17
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ing electronics which fulfill the functional requirements that have been derived for
AIRobots.
Moreover, in order to support the initial development process of ACX and to extend the performance evaluation of the extracted coaxial rotor, a propulsion testbench
has been implemented. This testbench supplied the necessary measurements to assess
the rotor’s aerodynamic specifications such as e.g. its thrust capabilities and power
requirements.
The ACX prototype and its software framework have been carefully designed to
implement a modular and extendable research platform. This allows rapid development and testing of free–flight and contact controllers to e.g. autonomously dock
to a vertical wall. Furthermore, ACX has been developed first and foremost as a
demonstrator for autonomous flight operation in contact with vertical structures. In
the scope of this thesis it also serves as a baseline flight system to validate the flight
and contact dynamics models derived herein. In this sense, ACX does not represent
a true aerial service robot, but merely marks a step towards the realization of such
systems. To this author’s knowledge, aerial service robots are in general still at the
level of preliminary research platforms and apart from rare examples such as the autonomous K–MAX cargo helicopter developed by [26] far from being applicable in
real world scenarios.
The final ACX platform evolved over three distinct prototype stages, each improving upon the previous implementations. The first and the last prototypes referred
to as ACX V1 and ACX V3 (Figure 2.1) are discussed in more detail in Section 2.1.
The AIRobots rotor testbench, initially tailored for static thrust and torque measurements, was extended in a subsequent step to more specifically investigate particular rotor subsystems and associated dynamic effects. The corresponding hard– and
software configurations are described in Section 2.2.

2.1 AIRobots Coaxial Rotor Prototype
The ACX coaxial rotor platform can be separated into the three main subsystems
depicted in Figure 2.2. The first subsystem consists of the coaxial rotor including
its drive train which affords the vehicle flight and maneuvering capabilities. The
protective, composite airframe has been engineered to be lightweight yet robust and
modular and constitutes the second subsystem. This airframe is equipped with docking devices based on miniature force sensors to enable controlled docking and sliding
along walls while in contact. The last subsystem consists of a small box at the bottom
of the main airframe, incorporating all ACX processing electronics and sensor respectively actuator interfaces. The full prototype has an outer diameter of 840 millimeters,
a height of 360 millimeters and an approximate take–off weight of 1500 grams.
18
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Figure 2.1: Photograph of the original Walkera Lama 3 coaxial helicopter [9] and renderings
of the first and final ACX prototypes.

2.1.1

Prototype Hardware Architecture

In the following, the aforementioned ACX subsystems are presented briefly.
The Propulsion Subsystem
Conventionally, miniature coaxial helicopters are equipped with two separate motors,
individually driving the upper and lower coaxial rotors. The heave dynamics of these
vehicles are controlled by varying the net rotor speed and consequently the total rotor thrust. The yaw dynamics are controlled by adjusting the differential rotor speed
and thus the resulting rotor torque imbalance. With increasing rotor size, this con19
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Figure 2.2: The ACX hardware architecture.

trol concept becomes less suitable due to the increasing rotor inertia which must be
accelerated by the motors.
In case of ACX, the relative rotor speed is fixed as the two counter–rotating coaxial rotors are driven by a single BLDC–motor via a transmission stage. Depending
20
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on the transmission ratios from the motor to the upper and lower rotors, the individual rotor speeds differ with respect to each others. Due to the single motor actuation
and the coupling through the corresponding transmission stage, the differential rotor
speed and hence the resulting torque imbalance cannot be adjusted by changing the
motor speed. Accordingly, the ACX rotor speed is used to control the net rotor thrust
and thus the vehicle’s heave dynamics only.
The ACX swashplate is held by three servo motors and provides the means to
change the aerodynamic angle of attack of the lower rotor blades via the swashplate
position and attitude respectively. The aerodynamic drag of the lower rotor with
respect to the drag created by the upper rotor can be decreased or increased in dependency of the swashplate vertical position. This torque difference enables the yawing
motion of the vehicle. By tilting the swashplate, the lower rotor blades can be adjusted
to generate pitch and roll steering moments with which the lateral vehicle motion can
be achieved.

(a)

(b)

Figure 2.3: (a) ACX V1 drive train with main gear of the lower rotor and the belt drive of the
upper rotor. (b) ACX V3 drive train with upper and lower bevel gears.

For the first ACX prototype, the original model drive train was maintained, except
from an upgraded, more powerful BLDC–motor (Figure 2.3 (a)). The original ACX
V1 gear train configuration consisted of a two stage setup, combining a spur gear
transmission for the lower coaxial rotor (clockwise rotation) with a belt drive system for the upper rotor (counterclockwise rotation). This configuration and its hobby
grade components proved to be inadequate for the challenging flight requirements
defined by the application purpose of ACX. While the original model helicopter had
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been designed for occasional, low payload flights, ACX was expected to carry comparatively large payloads and sustain prolonged flight operation throughout extensive
flight testing phases. To increase the reliability and reduce the maintenance effort in
comparison to ACX V1, an alternative drive configuration (Figure 2.3 (b)) has thus
been realized for the final ACX prototype. The resulting single stage bevel gear transmission has been optimized based on the rotor and motor evaluation tools discussed in
Chapter 5, leading to lower mechanical loads for all involved gear components, while
increasing the platform’s payload capabilities. Moreover, bearings and rotor shaft
components have been redesigned and replaced with industry grade, high–quality
parts. Similarly, the original model swashplate servo motors used on ACX V1, have
been exchanged with faster, more accurate and more powerful replacements for ACX
V3, resulting in a substantial improvement of the lateral hover and trajectory tracking
capabilities.
Finally, note that the original coaxial rotor head installed on ACX V1 was equipped
with a stabilizerbar on the upper rotor and a Bell–Hiller flybar on the lower rotor as
depicted in Figure 2.1. The main purpose of these mechanisms is slowing down
the pitch and roll dynamics of miniature rotorcraft such that they may be controlled
by human pilots without the aid of an electronic stabilization augmentation system.
Both devices behave similar to a mechanical gyroscope and are connected to their
respective rotor in a way that disturbances in the rotorcraft pitch and roll rates are
compensated for. The functionality of these mechanical stabilization aids is further
discussed in [37,46,64] and will be explained in more detail in Chapter 3. To improve
the agility and general flight performance of ACX, the stabilizerbar has been removed
for the final prototype.

The Airframe
For the design of the ACX airframe, complex free–form shapes have been avoided
as far as possible and two dimensional construction elements have been used only.
Figure 2.4 (a) presents the most relevant structural elements, consisting of different
milled carbon and carbon–balsa wood composite plates. Although lower structural
weight may have been achieved in general by following a more integral construction
approach, the combination of flat elements allows for considerably higher modularity
and simplifies the fabrication process. Individual components may be easily replaced
in case of damage or when modifications are required e.g. such as in case of the
composite plates forming the airframe core which had to be adapted to fit the aforementioned, redesigned gear train configuration for ACX V3.
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(a)

(b)

Figure 2.4: (a) Airframe composition of ACX. (b) FEM analysis of strain distribution shortly
after a vertical impact.

However, to provide high functional payload capabilities1 , a very lightweight airframe structure is required. This is in direct contradiction with robustness requirements requesting stronger and thus heavier materials and geometries. To find an optimal balance between robustness and low weight, Finite Element Method (FEM) simulations have been carried out to investigate the structural behavior during free–flight
as well as during vertical and lateral crashes of the rotorcraft. Figure 2.4 (b) visualizes
the logarithmic strain distribution in the final ACX airframe design for a simulated
drop test, shortly after the impact. Due to the limited computational resources available to the author, not the entire airframe assembly but only the core airframe body
and a single colliding airframe beam have been simulated. Rigid body constraints
have been defined to interface the deformable components with the non–simulated
(virtual) airframe parts. A particular challenge herein consisted of properly treating
the anisotropic mechanical properties of the employed composite sandwich materials.
The corresponding carbon–balsa–carbon sandwich layup had initially been modeled
using simple shell type elements. Such elements cannot account for deformations in
the thickness direction of the simulated material, leading to an overestimation of the
structural stiffness. Consequently, the balsa wood sandwich cores have been modeled
1 In this context functional payload refers to any equipment that is not required to establish the general
flight capabilities of the rotorcraft. Such functional payloads may include high–level processing electronics, exteroceptive sensors such as machine vision systems and laser range finders or application specific
hardware such as docking devices or NDT inspection modules.
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using volume elements covered by carbon sheet elements too account for the fact that
the balsa wood may be compressed e.g. also under bending loads. Based on the structural understanding gained from these simulations, the geometry and materials have
been chosen in a way to provide stiffness and robustness where required and low mass
where possible. This has been implemented by simply removing material in low–
strain regions or using lower density balsa cores where affordable and adding material respectively using higher density balsa plates for highly loaded airframe sections.
Similarly, the carbon composite layup covering the balsa wood cores has been adjusted depending on the structural loads expected for a particular component.
The pentagon shape of the final airframe structure is motivated by the requirement of protecting the coaxial rotors while establishing contact with vertical surfaces
during docking and sliding maneuvers. The forward direction of the rotorcraft, designated by the location of the BLDC–motor, is aligned with a flat segment of the
airframe to stabilize the vehicle’s yaw motion while in contact with a flat surface.
To extend the functionality of the vertical beams, additional adhesion devices e.g. to
magnetically adhere to ferromagnetic surfaces or docking sensors as in Figure 2.2
may be attached.
The Sensing and Processing Hardware Module
At the bottom of the ACX airframe core, all onboard processing hardware has been
integrated in a small detachable box. For the ACX V1 prototype, the corresponding
avionics hardware consisted of an in–house developed autopilot board, depicted in
Figure 2.5, based on a 32 bit ARM Cortex–M3 processor. The device featured a
pre–implemented complementary filter, fusing the data from onboard inertial sensors
to provide attitude and body angular rate estimates. Onboard sensing capabilities
included three analog gyroscopes and two triple axis accelerometers. In addition,
interfaces for a pressure sensor, magnetometer and a GPS receiver were available.
These custom made avionics also offered the required number of digital output
ports to control the four ACX V1 actuators via Pulse Width Modulation (PWM) signals as well as digital input ports to e.g. connect an optical encoder (US Digital
EP4) measuring the BLDC–motor speed. In this configuration, the avionics were
connected to a ground station, running the implemented flight control algorithms via
a serial cable. Actuator commands for the swashplate servo motors and the BLDC–
motor driving the rotors where thus computed based on control actions transmitted
via hardwire from the ground station to the avionics module.
For ACX V3, these avionics had to be replaced due to reliability and sourcing
problems and due to the device’s strong sensitivity to mechanical vibrations. The
ACX V1 avionics were thus exchanged with an open source, Arduino–based autopilot
module [65] featuring magnetometers, 3 axis accelerometers and gyroscopes based
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Figure 2.5: ACX V1 hardware architecture.

on the MPU–6000 MEMS sensors developed by InvenSense. These replacement
avionics also offer the required number of digital output ports to control the four
ACX actuators via PWM signals. Additionally, more digital input ports are available
such that the required speed encoder as well as a set of force sensors (FlexiForce
A401) for the ACX V3 docking devices may be connected. Despite the upgraded
inertial measurement unit (IMU) being less sensitive to the mechanical vibrations
caused by the ACX rotors, additional damping has been realized by mechanically
decoupling the aforementioned box unit, carrying the avionics hardware, from the
main ACX airframe.
Finally, an Ascending Technologies atom board [6] running a fully featured Linux
distribution has been interfaced with the low–level avionics module. This high–level
processor provides the means to seamlessly transfer the flight control algorithms previously running on the ground station onboard the UAV.
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Figure 2.6: ACX V3 hardware architecture.

2.1.2

Prototype Software Architecture

Figure 2.7 provides a short summary of the general software architecture implemented for ACX. In order to provide a software development tool chain which allows
rapid prototyping of various control algorithms for free–flight as well as for docking,
all control functionalities have been directly implemented in SIMULINK code. Once
tested in simulation, the corresponding control logic can be exported, compiled and
made available as a CMake2 built C–library for external C or C++ programs. The
implemented toolchain differs from the default code generation process available in
the SIMULINK package, as code generation, compilation and integration in external
software sources are fully automated.
For the purpose of controller tuning and flight data logging, the presented framework also provides a direct TCP/IP data exchange between the corresponding
SIMULINK model interface and the compiled flight controllers. Control parame2 CMake is a cross–platform, open source build system which has become the de facto standard for
many open source C and C++ projects [66].
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(a) Off–board software architecture.

(b) On–board software architecture.
Figure 2.7: ACX control and data processing software architectures.

ters may thus be adapted online and flight measurements are immediately available
for post–processing in MATLAB e.g. for system identification, model validation or
flight performance assessment purposes.
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Moreover, the controller libraries generated via SIMULINK have been integrated
with the Robot Operating System (ROS) [67] to easily incorporate the vast set of
available functionalities therein. Accordingly, preimplemented ROS–nodes for a variety of human interface devices (HID) and a node collecting ACX pose measurements
from the employed motion capture system3 , are directly available. Additionally, a
ROS–node wrapping the interface code to the low–level avionics processor as well
as the interface code to the SIMULINK control libraries has been implemented. Updates of the measured vehicle pose and flight references defined by a specific HID
are thus continuously sent to the ACX control node, which forwards this information
directly to the SIMULINK control libraries to compute the required control actions.
The resulting control commands are subsequently transfered to the ACX actuators
via the low–level avionics processor, finally closing the control loop.
In order to support a seamless workflow between offboard flight control prototyping (Figure 2.7 (a)) and the integration of validated controllers on the ACX high–
level processor (Figure 2.7 (b)), special care has been taken to implement a framework
which allows transitions from offboard to onboard operation and vice versa with minimal effort. Accordingly, the ACX software architecture has been organized such that
switching between the onboard or offboard configurations is a matter of changing a
software flag only. Tedious code restructuring and adaptation work is thus omitted
when integrating a flight controller onboard the UAV.

2.2 AIRobots Coaxial Rotor Testbench
The rotor testbench presented hereafter, had initially been designed to evaluate the
thrust capabilities and power requirements of the ACX coaxial rotor in order to more
accurately assess if the selected rotor would be able to carry the payloads defined
within the AIRobots project. The configuration of the testbench hard– and software
was thus tailored towards steady state measurements of rotor thrust, rotor speed and
the average current consumption of the BLDC–motor driving the rotors. In a subsequent step the hardware and software were upgraded to enable more extensive
experimentation with the selected rotor. Consequently, the working principles and
physical effects defining the behavior of specific rotor subsystems, as more explicitly
explained in Chapter 3 and Chapter 5, could be investigated in detail.
The following sections describe the general setup of the initial testbench and
present the relevant features of the final testbench configuration.
3 ACX does not carry any sensors providing pose or velocity measurements apart from the onboard
IMU. A Vicon motion capture system [68] is thus used to track ACX in flight and close the corresponding
control loops.
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Figure 2.8: Photograph of the AIRobots coaxial rotor testbench.

2.2.1

Testbench Hardware Architecture

The general setup of the AIRobots coaxial rotor testbench (ATB) is depicted in Figure 2.8 and consists of a vertical aluminum pillar on top of which force and torque
sensors as well as the propulsion system of interest may be installed. In case of the
ATB, the same coaxial rotor configuration used on the ACX platform was mounted.
The height of the profile had been chosen in a way to avoid ground effect for this size
of rotor. The ATB rotor itself is encapsulated in a safety casing made from polycarbonate plates to protect nearby personnel and equipment in case of a structural rotor
failure.
Initially, the setup featured a one axis torque sensor (TS 70 ME–Measurement
Systems) and a one axis force sensor (FGP Instrumentation FN 3148) connected to
a National Instruments data acquisition kit (NI USB–6009), in order to collect thrust
and torque measurements of the upper and lower ATB rotors. The lower rotor speed
was estimated via an infrared emitter/receiver circuitry board, detecting reflective
markers attached to the lower ATB rotor main gear4 and the BLDC–motor current was
measured using a portable voltmeter. The swashplate servo motors and the BLDC–
4 The

ATB transmission setup corresponds to original gear train configuration of the ACX V1 proto-

type.
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motor were controlled directly using the original model helicopter remote control unit
and the corresponding receiver.
This configuration proved to be limiting in regard of the number of sensors and
actuators that could be controlled respectively logged and synchronized. Measurements of transient rotor responses to gain a deeper understanding of the rotor’s dynamic properties were thus not possible.

Figure 2.9: The ATB coaxial rotor testbench hardware layout.

The final ATB configuration visualized in Figure 2.9 is equipped with a six–axis
load cell (ATI FTS–Mini 45), an analog current sensor (LEM HAIS–100)
and a set of two optical speed encoders (Avago Technologies AEDR-8320), individually measuring the upper and lower rotor speeds directly at the respective rotor
shaft. These sensors are connected to a high performance data acquisition solution
(NI PCIe–6363, NI BNC–2110), providing the required number of analog and digital
inputs and outputs and offering the necessary data throughput to enable sufficiently
high sensor sampling frequencies. This data acquisition hardware also features a set
of hardware timers such that no external electronics are required to generate the PWM
motor signals controlling the ATB swashplate servo motors and BLDC–motor. Additionally, hardware triggers can be configured such that the sensor measurements and
the motor control signals could be tightly synchronized to accurately measure the rotor dynamics. Finally, a PointGrey Firefly MV camera has been integrated to capture
the motion of the lower testbench rotor and its flybar in operation. Reducing the camera resolution while keeping the image quality at a level where an automatic detection
and tracking of the rotor and flybar motion was still possible, the camera capture rate
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could be boosted beyond the camera’s original 60 frames per second (FPS) at full
resolution to a maximum of 370 FPS at a considerably lower image resolution.

2.2.2

Testbench Software Framework

For the initial testbench configuration the MATLAB Data Acquisition Toolbox was
used. Unfortunately, only a limited subset of the capabilities offered by the upgraded
NI hardware was accessible through this toolbox. Accordingly, in order to use the
aforementioned hardware timer and synchronization features, a custom MATLAB
toolbox had to be developed, directly interfacing the original NI hardware drivers.
This was preferred over switching to the NI specific LabVIEW software environment. On top of this interfacing layer, a testbench specific MATLAB library has been
implemented to configure, calibrate and operate all the measurement equipment. Additionally, a graphical user interface has been realized to more easily operate this
functionality. Finally, a data post–processing tool chain has been established to analyze the extensive amount of measurement information collected by the ATB.

Figure 2.10: An exemplary set of ATB rotor measurements. For the sake of visibility only the
measured forces and the lower rotor speed are presented.
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Figure 2.10 presents a typical measurement result from the final ATB after post–
processing. Due to the synchronization of the data acquisition and the motor commands, the measurements may be automatically partitioned such that each data segment could be associated accurately with a particular setting of the ATB swashplate.
Similarly, the dynamic response of the rotor following a swashplate or motor step
input could be captured and analyzed.

Figure 2.11: Tracking of the flybar flapping motion on the lower testbench rotor.

Finally, Figure 2.11 visualizes the typical image quality that was achieved capturing the ATB rotor in operation using the previously introduced camera system.
Using MATLAB’s Image Processing Toolbox these images were processed to extract
additional information on the dynamic characteristics of the ATB rotor.
Throughout Chapters 3 and 5 more specific results collected with the ATB will be
presented and further conclusions on the dynamics and aerodynamics of model–size
coaxial rotors will be drawn.

2.3 Final Remarks
Note that ACX is not a high–performance UAV system suitable for highly dynamic
maneuvering tasks. This is somewhat motivated by its application purpose but also
related to the limitations introduced by using a rotor head originally designed for
a hobbyist helicopter. It is also related to the fact that the aerodynamics and flight
dynamics models presented in this work were not available at the time the initial
ACX concept was conceived. Accordingly, the initial ACX design was mostly based
on engineering experience gathered from previously developed UAV systems, while
at least some understanding gained through the simulation tools presented herein was
put to use for the realization of the final ACX prototype.
Nonetheless, ACX has proven itself over extensive flight testing phases while
prototyping various control approaches for free–flight and contact–based maneuvers and throughout a multitude of critical flight situations in the three years of the
AIRobots project. Moreover, it represented an excellent research opportunity to study
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a helicopter–type rotorcraft configuration in free–flight as well as constrained in contact with its environment at comparatively low risk. Finally, Tables 2.1 and 2.2 present
the rough system specifications of the first and final ACX prototypes and Figure 2.12
depicts ACX airborne during docking tests at the Autonomous Systems Lab [69] of
the Swiss Federal Institute of Technology.
Table 2.1: ACX V1 coaxial rotor prototype specifications.

Component

Component specifications

Platform Size
Basic System Mass
Payload Capabilities
Propulsion
Servo Motors
BLDC-Motor
Motor Controller
LiPo Battery

840 mm
1450 g
300 g
Walkera Lama 3 coaxial rotor ( 620 mm )
3 x WK-7.6-6 (original Lama 3)
1 x Scorpion HK-II 2221-6 (upgrade)
1 x Scorpion Commander 26V 60A ESC
1 x Thunder Power Pro Lite V2 3S 5500 mAh

Table 2.2: ACX V3 coaxial rotor prototype specifications.

Component

Component specifications

Platform Size
Basic System Mass
Payload Capabilities
Propulsion
Servo Motors
BLDC-Motor
Motor Controller
LiPo Battery

840 mm
1550 g
300 g
Modified Walkera Lama 3 coaxial rotor ( 620 mm )
3 x Hyperion HP DS–11 GCB
1 x Hyperion GS-3020-06
1 x Scorpion Commander 26V 60A ESC
1 x Thunder Power Pro Lite 3S 2700 mAh
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Figure 2.12: The ACX coaxial rotor prototype during experiments at the flight laboratory of
the Autonomous Systems Lab.
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3

Rotorcraft Dynamics in Free-Flight

Various types of rotary wing UAV configurations have been developed in the past,
from helicopter–type UAVs [7, 31, 70], over a vast selection of multi–copter [28–30]
and tail–sitter [71, 72] vehicles, up to completely new types of flight mechanisms
[73–75]. The development and system analysis process for all these rotary–wing UAV
types is essentially very similar and is largely based on the methodologies originally
developed within the aerospace community for the evaluation of full–scale rotorcraft
[38, 47]. In the field of robotic research, two distinct types of models are commonly
employed to deal with the system design, respectively the control engineering aspect
of a robotic rotorcraft system. These models are usually implemented with a strong
focus on either the system design process or control algorithm development.
System design typically starts with the analysis of the expected mission and operation capabilities for the robotic rotorcraft under development. The list of requirements derived from this analysis defines the desired operation environment (indoor,
outdoor etc.), operation range, flight endurance and a set of autonomous operation
capabilities such as e.g. autonomous take–off and landing, position hold, trajectory
following or more advanced maneuvers. From this generic list of requirements, the
suitable sensing and processing electronics can be defined and a first layout of the
flight platform may be drafted, e.g. by comparing with existing systems developed
for a similar application. Subsequently, preliminary weight estimates and payload
requirements can be specified, based on which the sizing process of the propulsion
subsystem can be started.
At this stage of the development process, the lift capabilities and power consumption characteristics of the selected propulsion concept must be assessed and related to
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the mission requirements and the preliminary system specifications. To do so, aerodynamic simulation models of the respective propulsion device (rotor, propeller, cyclorotor etc.) have to be developed, preferably supported by testbench measurements.
These aerodynamic assessment models can be based on rather simplistic aerodynamic
theories such as the BEMT (Blade Element Momentum Theory) approach [76] or employ more advanced engineering software such as commercial Computational Fluid
Dynamics (CFD) programs [77]. In any case, these tools are commonly used to predict the aerodynamic steady–state forces and moments for a given rotor or propeller
geometry in hover and possibly in forward flight. Based on these assessments the
specifications (e.g. size, shape and airfoils) of the rotor or propeller in consideration
are optimized for efficiency and matched with the previously defined list of requirements. The only aspect of flight dynamics that usually finds consideration in this
design process, is the evaluation of the achievable force and moment magnitudes to
somewhat estimate the possible control margins for the designed rotorcraft.
The flight dynamics aspects of robotic research rotorcraft are usually addressed
only once development of simulation models for control design purposes begins.
These flight simulations are typically based on approximate model structures derived from a rough physical description of the modeled flight system. To limit the
model complexity, subsystem characteristics may be lumped and the corresponding
model parameters fitted to testbench measurements or matched to flight data from
the real vehicle using system identification techniques. This methodology is capable of producing very accurate simulation models of the input–output behavior for
a specific flight regime of a particular UAV platform. Note however, these models may loose the correct physical characteristics of the real flight platform such as
e.g. the time constants of specific subsystem dynamics. Especially for more complex
flight mechanisms, as in case of helicopter–type UAVs and particularly for coaxial rotor configurations such as ACX, maintaining physicality while achieving good flight
data matching is challenging. More importantly though, such models can only be
implemented once the actual flight platform is available which precludes their use in
supporting the initial platform design process.
Accordingly, optimization possibilities and potential limitations in regard of flight
dynamics remain unchecked until the first prototype has been realized. Furthermore,
once a prototype has been fabricated, the control engineer is left with the given dynamic characteristics of an already designed platform. This decoupling between system and control design is of course suboptimal as no control methodology will be able
to accomplish a flight performance that the underlying robotic platform has not been
built to achieve. As will be discussed in more detail in Chapter 6, this may have drastic implications for helicopter–type UAV configurations equipped with mechanical
stabilization aids such as as a Bell–Hiller flybar or a coaxial rotor stabilizerbar.
In this chapter, two types of models for coaxial rotor UAVs are summarized. The
36

3.1. FUNDAMENTALS OF ROTOR AERODYNAMICS

first type of model comprises an aerodynamic performance analysis method for the
coaxial rotor based on the BEMT approach. This theory forms the basis from which
the thrust capabilities and power consumption characteristics of a particular coaxial
rotor geometry can be assessed. It also serves the purpose of introducing the aerodynamic features of the coaxial rotor in some more detail. The second type of model
focuses on the flight dynamics of coaxial rotor UAVs and thus extends the initial
aerodynamic (steady state) perspective on an isolated coaxial rotor to an examination
of the entire aircraft. Unlike the aforementioned dynamic modeling methodologies
though, this model does so strictly based on detailed first–principles descriptions of
all relevant subsystems. Each of these subsystem models is derived in a way such that
its parameters may be computed either from pure white box estimates or through identification and parameter fitting methods. This affords the capability of flight dynamics
assessments already in the early design phase of the flight system, yet lends itself to a
subsequent parameter optimization process to improve the flight data matching once
the UAV has been realized.

3.1 Fundamentals of Rotor Aerodynamics
The fundamental aerodynamic working principle of a rotor is somewhat similar to the
working principles of an airplane wing. A rotor blade essentially consist of a radial
concatenation of airfoil segments moving through the air. While the rotor blades revolve around the rotorshaft, each airfoil segment produces lift and drag forces (Figure
3.1). Integrated over the entire rotor disc these lift and drag forces comprise the thrust
and torque of the rotor. Note though, that this simplistic two dimensional perspective
alone cannot capture the true nature of the complex three dimensional aerodynamic
effects around a working rotor.
Figure 3.1 visualizes one of the most relevant aerodynamic characteristics which
cannot be accounted for by a simple two dimensional study of rotor operation. As discussed in more detail in reference [13] as well as in [77], there is a pressure difference
between the upper and lower surfaces of a rotating rotor airfoil related to the generated lift and drag forces. This pressure difference creates radial flow velocities at the
rotor blade tips which induce swirl motions of the airflow behind the rotor blades.
The induced rotational energy is responsible for the formation of so called tip vortices which cause non–negligible lift losses near the rotor blade tips. In hover these
vortices form helical structures of constant vorticity which descend axially away from
the rotor disc while radially contracting until they finally dissipate in the far field of
the rotor. Under suitable weather conditions, tip vortices may become visible due to
water condensation as in case of the Bell Cobra combat helicopter depicted in Figure
3.1. More controllable visualization techniques used to analyze the characteristics of
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Figure 3.1: General aspects of rotor aerodynamics from the 2–dimensional airfoil aerodynamics as visualized by the flow field around an airfoil [10] to full 3–dimensional effects such as the
rotor tip vortices visible in the photograph of a Bell Cobra combat helicopter at take–off [11].

rotor vortices are laser velocimetry [13,78] or shadowgraphy [79,80]. These methods
have been used extensively in the past to understand the nature of tip vortex formation
under various flight conditions such as hover, axial climb and descent as well as in
forward flight.
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(a)

(b)

Figure 3.2: (a) Tangential airflow velocity distribution in hover. (b) Tangential airflow velocity
distribution in forward flight.

Accounting for the characteristics of the different rotor operation modes (hover,
forward flight etc.) is relevant beyond the investigation of this vortex formation process. The overall dynamic and aerodynamic rotor characteristics may change substantially depending on the pressure and velocity distribution of the air mass the rotor
blades are operating in. In consequence, the rotor forces and moments are directly
affected, not only by the environmental conditions around the rotor but also by the
rotorcraft body motion itself. A relevant example of this dependency in the rotorcraft
motion is visualized in Figure 3.2 and referred to as the dissymmetry of lift phenomenon [38]. In normal hover operation, the in–plane airflow velocity UT around
the rotor blades is mostly defined by the angular speed Ω of the rotor. In forward
flight, this situation becomes more unbalanced due to the additional forward flight inflow component related to the body linear velocity, here denoted as u. This introduces
a periodic dependency of the local lift and drag forces on rotor azimuth ξ. The advancing blades moving into the direction of the oncoming airflow will see an increase
in inflow UT and thus produce more lift. At the same time retreating blades will see
a reduced inflow and thus reduced lift as they are moving in the opposite direction of
the rotorcraft body. In consequence, a roll moment is produced, which increases with
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increasing forward flight velocity. This effect limits the achievable maximum forward
flight speed as the advancing blade tips at some point will approach the supersonic
flight regime, while a larger and larger area of the retreating blades will stall until
at some point the roll moment cannot be compensated anymore. For coaxial rotor
helicopters this problem is somewhat alleviated by the counter rotating main rotors.
Further forward flight related considerations are concerned with the effects of
the rotor wake being swept back behind the rotorcraft. In case of a conventional
helicopter configuration, the main rotor wake may become skewed towards the back
of the rotorcraft body such that it interferes with the tail rotor. In case of a coaxial
rotor such as ACX, changes in forward flight speed will affect how the upper rotor
downwash affects the lower rotor operation.

(a)

(b)

(c)

(d)

Figure 3.3: (a) Slipstream during normal hovering or axial climb. (b) Vortex ring state. (c)
Turbulent wake state. (d) Windmill break state.

Axial flight constitutes a further set of rotor operation modes, some of which may
be challenging to model accurately. Figure 3.3 visualizes the four main axial flight
modes of a helicopter.
In hover, the air mass propelled downwards by the revolving rotor blades forms
a stream tube along the direction of the rotor shaft axis. In axial climb, this stream
tube will more or less maintain a similar shape as in hover, while the overall airflow
velocity will increase according to the climb rate of the rotorcraft. In axial descent,
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the flow field in the vicinity of the rotor disc becomes substantially more complex. For
moderate descent rates, the dominant flow direction at the inner parts of the rotor disc
will continue to point downwards, while the airflow at the boundaries of the rotor disc
will start to roll up forming large vortex rings (hence the name vortex ring state). As
the descent rate further increases, also the flow field at the inner parts of the rotor disc
will start to reverse its direction. This transition, referred to as turbulent wake state,
is accompanied by strong turbulence in the rotor flow field, causing strong vibrations
of the rotorcraft body. Finally, at faster descent rates, the flow field direction is fully
reversed and the windmill break state is reached. At this point, the flow field around
the rotor disc will form a clear stream tube again but instead of the rotor accelerating
the air around it, the updraft will spin the rotor similar to a windmill.

3.2 Coaxial Rotor Aerodynamics
The just presented, rough introductory tour only collects some of the most prominent features of rotor aerodynamics and by no means provides a complete picture
of the complexity of helicopter flight. Accurately predicting the effects of these
rotor operation modes in all possible flight regimes, requires highly sophisticated
CFD and vortex simulation software especially so for the coaxial rotor configuration [12,41,42]. Such rotor simulation models are not easily accessible to or operated
by a non–aerodynamics expert (the roboticist) and are still a matter of very active
research. Moreover, despite their impressive modeling capacities, the complexity and
development effort of using and maintaining such models can be obstructive for the
basic design process of a robotic coaxial rotor platform.
As in case of ACX and many other coaxial rotor UAVs, considerably simpler
aerodynamic theories may be employed if the main operation scenarios are limited
to exploration maneuvers such as hover and slow forward flight (e.g. as in aerial
inspection missions).
The BEMT method presented in the following has found widespread use as it
often provides acceptable rotor thrust and power prediction accuracy despite its simplicity. In [77] a single rotor BEMT program has been implemented and good prediction quality has been achieved even at very low Reynolds numbers, such as for
the rotors of the micro–helicopter developed in the corresponding project [81]. As
demonstrated in reference [76], also coaxial rotor performance can be assessed with
acceptable accuracy using the BEMT approach.
The theoretical background of the BEMT method presented herein is mostly
based on reference [13] and is elaborated in some more detail next. This elaboration is necessary as key aspects of this theory are required to gain an appreciation of
the full coaxial rotor flight dynamics model presented later in this chapter.
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3.2.1

Assessing Rotor Performance

The basic aerodynamic challenge to be dealt with is how to establish a theoretical basis connecting the geometric and aerodynamic specifications of a particular rotor with
its thrust capabilities, respectively power requirements given the operation environment. Probably the most simplistic modeling approach to gain a first understanding
of rotor aerodynamics is Momentum Theory (MT).
Momentum Theory
In the MT approach, the helicopter rotor is abstracted to a simple propulsion disc
which accelerates air passing through it and due to the momentum exchange with
the accelerated air mass produces a thrust force T . Accordingly, any notion of the
individual rotor blades and their respective motion is lost.

(a)

(b)

Figure 3.4: (a) Side view on the slipstream control volume encompassing the MT propulsion
disc as well as the four control stations required to formulate the MT theory. (b) Top view on
the MT propulsion disc with annular section increment and root cutout.

Figure 3.4 visualizes such a propulsion disc with its radius R corresponding to the
radius of the modeled rotor. The dimensions of the rotor hub are represented by the
root cutout radius R0 . The rotor hub is assumed to produce drag but no lift. A control
volume is defined encompassing the propulsion disc and the surrounding air as well
as a total of four control stations. Station 1 is located at the beginning and station 4 at
the end of the control volume. Stations 2 and 3 are positioned right before and right
after the rotor disc.
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The velocities v1 at station 1 and the velocities v2,3 at the stations above and bellow
the rotor disc are known to be:
v1 = v∞

(3.1)

v2,3 = v∞ + vi

(3.2)

where v∞ corresponds to the vertical velocity component of the airflow at the beginning of the control volume and vi is the additional velocity induced in the airflow by
the propulsion disc. Note that the velocity v∞ may represent vertical wind gusts or
the climb or descent rate of the rotorcraft.
Using this abstracted representation of a rotor and including the known airflow
velocities, the laws of power, momentum and mass conservation can be formulated
across the boundaries of annular sections within the control volume (Figure 3.4):
1 ˙ 2 1 ˙ 2
dm4 v4 − dm1 v1
2
2
˙ 4 v4 − dm
˙ 1 v1
dT = dm
˙ 1 = dm
˙ 2 = dm
˙ 3 = dm
˙4
dm

dT v2,3 =

(3.3)
(3.4)
(3.5)

In this context dT is the thrust produced by the observed annular section and v4 is the
˙1
yet unknown axial airflow velocity at the end of the control volume. Similarly, dm
˙
to dm4 represent the mass flow rates at the respective control stations:
˙ j = ρ dA j v j
dm

with

j ∈ {1, 2, 3, 4}

(3.6)

where ρ is the air density and dA1 to dA4 are the annular areas of the control sections.
Assembling these relations while remembering that v2 = v3 and dA2 = dA3 =
2 π r dr, the following findings can be established:
dT = 4 π ρ vi (v∞ + vi ) r dr
v4 = v∞ + 2 vi
)
(
v∞ + vi
r dr
dA4 = 2 π
v∞ + 2 vi

(3.7)
(3.8)
(3.9)

Accordingly, two main conclusions may be drawn from the simplistic MT model.
First and foremost, it is possible to relate the induced velocity at the propulsion disc
vi and the produced thrust force T . Secondly, under the idealized assumptions made
with MT, the induced component of the airflow velocity is expected to accelerate to
twice its value at the rotor disc when reaching the end of the control volume. In
consequence, the slipstream is expected to contract since:
v∞ + vi
<1
(3.10)
v∞ + 2 vi
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This may also be observed in reality as impressively visualized in Figure 3.5. Under
the non–ideal conditions of the real world, the slipstream will accelerate and contract
less than predicted by MT though.

Figure 3.5: Visualization of tip vortex formation and slipstream boundaries. Photo courtesy of
Sikorsky Aircraft [12].

In rotor theory it is customary to express the above findings in normalized form
using the non–dimensional thrust coefficient [13]:
CT =

T
ρ (π R2 ) (Ω R)2

(3.11)

or its incremental version:
dT
(3.12)
ρ (π R2 ) (Ω R)2
Combining (3.7) with (3.12), the primary result which may be obtained from MT can
be formulated as:
dCT =

dCTMT = 4 (λi + λ∞ )2 r dr

(3.13)

The non–dimensional airflow velocity components λi and λ∞ have been normalized
with the rotor tip speed Ω R and are commonly expressed as:
vi
v∞
λi =
and
λ∞ =
(3.14)
ΩR
ΩR
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Similarly, the non–dimensional radius of the rotor disc annulus r = Rr and its non–
dimensional width dr = dr
R are normalized with the rotor radius.
Note that with (3.13), one of the basic difficulties in aerodynamic rotor studies,
namely the prediction of the induced inflow velocity λi , becomes apparent. Although
a relation between the locally induced inflow velocities at each annular position r
and the local thrust increments has been realized, one must be known to compute the
other. The BEMT method addresses this problem by combining the findings from
MT with Blade Element Theory (BET).
Blade Element Theory
For the BET, the modeling process starts by investigating the aerodynamic forces on
an individual airfoil segment of a rotor blade revolving around its shaft. The local
airfoil lift and drag forces (dL and dD) on each revolving blade segment contribute
a small part to the total thrust and torque increments (dT and dQ) produced by the
rotor:
dT = Nb (dL − Φ dD) ≈ Nb dL
(3.15)
dQ = Nb r (dD + Φ dL)
(3.16)
In this context Nb represents the number of rotor blades and Φ corresponds to the
local inflow angle which is assumed to remain small. Moreover, for low angles of
attack α, the drag force produced by an airfoil is commonly at least one order of
magnitude smaller than the corresponding lift force which justifies the simplification
introduced in (3.15).

(a)

(b)

Figure 3.6: (a) Rotor blade revolving around its shaft. (b) Airfoil segment at radial position r
of the revolving rotor blade.
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As may be found in any reference on helicopter aerodynamics, the lift and drag
increments produced by an airfoil are defined as:
1
1
ρ c C L U 2 dr ≈ ρ c C L UT2 dr
2
2
1
1
2
dD = ρ c C D U dr ≈ ρ c C D UT2 dr
2
2
dL =

(3.17)
(3.18)

where C L = C L (α, Re, Ma) respectively C D = C D (α, Re, Ma) are the local airfoil lift
and drag coefficients in function of the angle of attack α and the local Reynolds and
Mach numbers Re and Ma and c is the chord length of the observed airfoil segment.
The total inflow U as well as its tangential and perpendicular components UT and U P
are depicted in detail in Figure 3.6.
For a hovering rotor, the tangential component is largely depending on the rotor angular speed while the perpendicular component is mostly associated with the
induced velocity at the airfoil segment:
UT ≈ Ω r
U P ≈ vi + v∞

(3.19)
(3.20)

Since UT is commonly substantially larger than U P , one may expect that the total
inflow U is mostly defined by its tangential component as has been assumed for the
simplifications introduced in (3.17) and (3.18).
The following models for the lift and drag coefficients are usually applicable for
typical helicopter airfoils [13]:
C L = C L1 α + C L0

(3.21)

C D = C D2 α + C D1 α + C D0

(3.22)

2

The polynomial coefficients C L0 , C L1 as well as C D0 , C D1 and C D2 may be fitted
to measured or computed lift and drag polars for the airfoil of interest. These approximations may have limited validity for very low Reynolds numbers and strongly
cambered airfoils but are in general acceptable for various airfoil geometries found
on UAV rotors.
Figure 3.7 presents lift and drag polars of the ACX rotor airfoil computed with
the 2D airfoil analysis software XFLR5 [82]. The distribution of Reynolds numbers
corresponds to the typical range that may be found between the blade root and the
blade tip of the hovering ACX rotors. The angle of attack has been varied from
negative values up to positive values beyond stall. It is obvious that the general nature
of the ACX lift and drag coefficients agrees well with the models given in (3.21) and
(3.22) although changes due to Re have to be accounted for.
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Figure 3.7: Lift and drag polars of the ACX rotor blade airfoil for different Reynolds numbers
and angles of attack.

The angle of attack itself can be expressed as a function of the local airfoil pitch
angle θ and the inflow angle Φ. The corresponding relations between the angle of
attack, the blade pitch and the inflow velocities may be derived from trigonometric
considerations in Figure 3.6 (b) as:
UP
α=θ−Φ≈θ−
(3.23)
UT
Finally, the thrust increment at each radial station r of the revolving blades may
be derived by combining (3.15), (3.19) and (3.17) and displayed in normalized form
as:
Nb c
1
(3.24)
dCTBET = σ C L r2 dr with σ =
2
πR
Similarly, the rotor torque increments can be derived in non–dimensional form:
dQ
ρ (π R2 ) (Ω R)2 R
BET
BET
= dC Q0
+ dC Qi

dC Q =
dC QBET

(3.25)
(3.26)
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1
σ C D r3 dr
2
1
= σ C L (λi + λ∞ ) r2 dr
2

BET
dC Q0
=

(3.27)

BET
dC Qi

(3.28)

The parameter σ corresponds to the so called rotor solidity often used in rotorcraft
literature. It represents a rough metric of how much of a rotor disc is covered by rotor
blades as summarized in [60]. For clarity, the total incremental torque coefficient has
BET
been separated into its induced component dC Qi
related to the airfoil lift and the
BET
profile component dC Q0 related to the airfoil drag.
Consider that from (3.23) one may infer that the angle of attack and in consequence the airfoil lift and drag as well as the rotor thrust and torque are directly
affected by changes of the induced velocity vi . Accordingly, BET similar to MT may
be used to establish a meaningful though less apparent relation between the induced
velocities vi and the resulting thrust force T . However, as in case of MT also BET is
incapable of defining the radial thrust or the radial induced inflow distribution without
knowing the other.
Combining the Theories
The basic idea behind BEMT is to combine the thrust expression resulting from
MT (3.13) with the thrust expression from BET (3.24) to compute the induced inflow velocity independently of the thrust force. Different BEMT implementations
are possible related to how willing one may be to introduce assumptions for the lift
coefficient C L [77].
The method discussed in reference [13] represents a straight forward approach
tailored towards helicopter rotors. Assembling equations (3.13) and (3.24) under the
assumption (3.21) and replacing the actual blade pitch θ with a virtual blade pitch1
denoted as:
C L0
θ0 = θ +
(3.29)
C L1
to simplify the notation, the total inflow λ = λi + λ∞ can be derived:
λ (r, λ∞ ) =

√

A2 + B + A
σ C L1 λ∞
−
A=
16
2
σ C L1 0
B=
θ r
8

(3.30)

1 In the remainder of this work the lift curve offset C will be directly absorbed in the total blade pitch
L0
angle without specifically differentiating between the effective pitch θ and the virtual pitch θ0 .
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This formulation for the rotor inflow is entirely independent of the radial thrust
distribution and purely depends on geometric and aerodynamic properties of the modeled rotor as well as its operation environment. Knowing this approximate radial
distribution of inflow velocities, the rotor thrust and torque can be computed by integrating (3.24) and (3.25) along the rotor radius. Consequently, the thrust and torque
of a particular rotor can be predicted purely based on its physical specifications.
The prediction accuracy of the BEMT method may be further increased by accounting for tip–loss effects due to the previously mentioned tip vortices using the
Prandtl tip–loss function F(r, λ) [76] and modifying (3.30) according to:
σ C L1
λ∞
−
16 F(r, λ)
2
σ C L1 0
B=
θ r
8 F(r, λ)

A=

with
(
))
(
2
Nb (1 − r)
F(r, λ) = arccos exp −
π
2
λ

(3.31)

In this case, the induced inflow distribution has to be computed iteratively since (3.30)
depends on (3.31) and vice–versa.
Finally, knowing the radial distribution of inflow, the thrust and torque increments
can be integrated along the radial direction of the rotor to find expressions for the total
rotor thrust and torque coefficients:
∫
CT = Nb

R

R0

(∫

dCTBET
R

C Q = Nb
0

(3.32)
∫

BET
dC Q0
+

)

R

R0

BET
dC Qi

(3.33)

Note how the lift associated terms are integrated from the rotor root cutout radius R0 ,
where the drag associated term is integrated over the entire rotor disc. This provides
a simple means to implement the assumption that the rotor hub produces drag but
no lift. Also note that the blade pitch θ = θ(r) as well as the blade chord c = c(r)
may be functions of the radial direction r (twist and taper). Hence, due to the complexity introduced by the Prandtl tip–loss function and the possible complexity of the
radial pitch or chord distribution, the integrals (3.32) and (3.33) have to be evaluated
numerically.
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3.2.2

Extension to the Coaxial Rotor

The extension to the coaxial rotor BEMT is quite natural as may be inferred from
Figure 3.8. BEMT is able to model the effects of additional vertical inflow components v∞ which may represent wind gusts, the climb rate of the rotorcraft or as in case
of the lower coaxial rotor, the additional inflow due to the downwash from the upper
rotor. What must be accounted for, is the fact that only part of the lower rotor disc is

Figure 3.8: Basic concept of the coaxial rotor BEMT method.

affected by the upper rotor downwash, such that the normalized inflow velocity λl∞ at
the beginning of the lower rotor slipstream volume may be formulated as:

Ωu Ru



: r ∈ [0, Rdw ]
λ∞ + kdw λui
l
Ωl Rl
λ∞ = 
(3.34)


λ∞
: r ∈ (Rdw , Rl ]
The radius Rdw represents the radius of the downwash affected area of the lower rotor
and the factor kdw defines by how much the induced velocity λui at the upper rotor disc
accelerates before it reaches the lower rotor disc.
Assuming that the slipstream of the upper rotor is fully contracted when it impacts
the lower rotor, directly leads to the situation represented by (3.10) where the down50
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wash factor ideally equates to kdw = 2. Reference [76] presents a generic formulation
for the downwash factor which results in:
kdw =

R2l
R2dw

(3.35)

In this case, the downwash radius Rdw may be estimated from experiments with a
coaxial rotor testbench or from more advanced CFD simulations.

3.2.3

Final Remarks

A more detailed, quantitative discussion on the conclusions that may be drawn from
this aerodynamic coaxial rotor model will follow in Section 5 and only a short qualitative interpretation is given here.
Figure 3.9 presents typical results produced by the coaxial rotor BEMT program
implemented in the context of this thesis. Consider that BEMT essentially provides
two dimensional data only but the corresponding information is visualized in three
dimensional form here to establish a more natural connection to the MT propulsion
disc.
Two relevant observations can be made at this point. First, one may directly
observe how the thrust level increases towards the tip of the rotor disc where it drops
again due to the tip vortex effects modeled via the Prandtl tip–loss function. This
drop of the thrust force towards the edge of the rotor disc is associated with very high
inflow velocities due to the roll up motion of the tip vortices. This increase in axial
inflow at the borders of the rotor disc can also be seen e.g. in the inflow visualization
of the upper rotor in Figure 3.9 (c).
Secondly, the impact of the upper rotor downwash on the lower rotor disc may
be observed. Due this downwash, the total inflow at the core of the lower rotor is
strongly increased, up to the point where the local angle of attack drops to zero or
even negative values. This also becomes apparent by looking at the lower rotor’s
thrust distribution where the core of the rotor disc produces literally no thrust at all.
Note that the consequences of this effect may seem more drastic than they actually
are. Consider that the bigger part of the total thrust for the upper as well as the lower
rotor are predominantly generated on the outermost parts of the rotor disc and hence
the effect of the downwash related lift loss at the lower rotor core is somewhat limited.
Finally, it is important to remember that the BEMT method represents a rather
abstract description of the real physical effects of a working rotor e.g. by comparing
Figure 3.9 with a real world flow visualization given in Figure 3.5. One should bear
in mind that the assumptions introduced for MT and BET and thus inherently also
for BEMT can be fragile when investigating a more specific set of rotor geometries
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(a)

(b)

(c)

(d)

Figure 3.9: (a) Radial thrust distribution of the upper ACX coaxial rotor. (b) Radial thrust
distribution of the lower ACX coaxial rotor. (c) Radial inflow distribution of the upper ACX
coaxial rotor. (d) Radial inflow distribution of the lower ACX coaxial rotor.

and operation modes. Due to the method’s simplicity, it for example has only very
limited capabilities to account for the effects of more specific blade tip shapes where
proper CFD tools should be used as demonstrated in [77]. Yet another challenging
example is axial descent, where the MT slipstream volume does not represent a good
approximation of the real rotor flow field anymore and the assumptions of MT and in
consequence also of BEMT break down.
Despite these limitations, the resulting prediction accuracy is in general good and
may be used to assess coaxial rotor performance near hover.

3.3 Fundamentals of Rotorcraft Flight Dynamics
In the previous section, a basic understanding of the most relevant aerodynamic features of rotors, in particular the coaxial rotor, has been formed. Furthermore, a practical approach to model some of these features has been discussed largely based on
the developments presented in [76] and [13].
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It is important to realize that these aerodynamic fundamentals only provide an
initial perspective on the characteristics of rotorcraft flight. All observations made
up to this point have been limited to a steady–state analysis of the thrust and torque
characteristics of an isolated coaxial rotor. Such steady–state investigations constitute
a crucial step in the design process of a robotic rotorcraft but are not sufficient to
satisfy the key modeling requirements for rotorcraft design and flight control as also
elaborated in [38] and [83].
In order to support the system as well as the control design process for a robotic
rotorcraft, a flight dynamics model must be developed which provides accurate model–
flight data matching both in the sense of fidelity to predict the flight dynamics qualities and physical fidelity, i.e. the ability of the model to represent the underlying
physics of all subsystems. In this regard, flight performance assessment is commonly
based on one of two types of modeling approaches referred to as quasi–steady and
hybrid2 [84]. The quasi–steady modeling method employs a single rigid body representation of the rotorcraft, affected by the steady–state forces and moments originating from the propulsion subsystem. Hybrid models treat the rotorcraft as a multibody
system where the dynamics of the main aircraft body are coupled with additional
body dynamics of the rotor or propeller blades (e.g. blade flapping dynamics). Furthermore, dynamics of the induced inflow velocities may also be accounted for.
For propeller based rotary–wing UAVs like multi–copter and tail–sitter vehicles,
the quasi–steady approach is most widespread as it usually provides sufficient fidelity
to capture the main flight characteristics of these configurations. For helicopter–type
UAVs, the hybrid approach is more common as the dynamic modes of the rotor blade
motion are usually expected to to couple with the modes of the helicopter body. However, the proper application of the hybrid modeling methodology requires considerably more effort than using quasi–steady models and should only be resorted to if
justified. As long as the time–scales between the main body dynamics and the additional rotor dynamics are well separated, the quasi–steady approach is sufficient and
preferable.
In this sense, the category of helicopter–type UAVs such as ACX represents a very
special class of aircraft. Consequently, a hybrid modeling approach is implemented
to realize the desired level of model fidelity for the ACX configuration in free–flight
as well as constrained in contact with its environment. Note that selecting the appropriate modeling approach is also related to the desired frequency range within which
the model should accurately capture the behavior of the real system.
Before presenting a more focused treatment of the platform specific models developed within the context of this thesis, a general introduction to the hybrid rotorcraft
2 The categorization of hybrid rotorcraft models is not to be confused with the more general notion of
hybrid systems, i.e. systems that change their dynamics during operation such as e.g. a rotorcraft switching
from free–flight to constrained flight in contact with a surface.
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modeling approach is given. Additionally, a few design characteristics of helicopter
rotors relevant for the modeling process are discussed.

3.3.1

Basic Modeling and Analysis of Rotorcraft Flight Dynamics

In the context of the hybrid modeling approach, a flying rotorcraft is generally treated
as a multibody system where a set of interlinked bodies exchanges kinetic and potential energy under the influence of external forces and moments. Accordingly, a hybrid
rotorcraft model might be derived e.g. using the Euler–Lagrange methodology [85],
typically used to derive the dynamics of multibody systems in a clean and consistent
manner. To model rotorcraft dynamics, it is common though to follow a more modular approach where the entire aircraft is treated as a single rigid body first. Additional
dynamics, such as for example rotor flapping, may be appended to these body dynamics in a subsequent step. Unlike the more straightforward Lagrangian approach,
this provides the means to introduce crucial assumptions and simplifications during
the process of modeling. As will be clarified later in this chapter, this is necessary to
efficiently combine the dynamics of the rotorcraft main body with the dynamics of
the rotor subsystem.
Basic Modeling Rotorcraft Flight Dynamics
Modeling thus starts by treating the entire rotorcraft as a single, non–deformable
body, affected by external forces f and external moments τ. Using the Newton–Euler
formalism, one can directly assemble the linear and angular momentum balance for
the modeled rotocraft as:
)
v̇ + B ω × B v = B f
(
)
B B
I ω̇ + B ω × B I B ω = B τ
m

(

B

(3.36)

For simplicity’s sake, the body velocities and accelerations are usually defined with
respect to a body fixed frame B, located in the center of gravity of the rotorcraft. By
convention, the body frame’s x–axis is aligned with the rotorcraft’s forward direction
and the frame’s z–axis pointing down (Figure 3.10).
The vectors B v = ( u, v, w )T and B ω = ( p, q, r )T thus represent the rotorcraft linear and angular velocities with respect to B and B v̇ = ( u̇, v̇, ẇ )T and B ω̇ = ( ṗ, q̇, ṙ )T
the respective time derivatives. The inertial properties of these dynamics are defined
by the rotorcraft’s total mass m and its mass moment of inertia matrix B I, also expressed with respect to the body frame and its origin. The most relevant contribution
to the external forces B f and the external moments B τ clearly originates from the flight
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Figure 3.10: The body coordinate frame with external forces and moments defined for a conventional helicopter and a quadro–copter UAV.

mechanisms, i.e. the rotors as in case of a helicopter–type UAV or the propellers as
in case of a multi–copter platform.
Integrating these differential equations over time results in a prediction of the rotorcraft’s dynamic response to the external forces and moments, i.e. the evolution
of its absolute pose. This pose is commonly represented by the position of the rotorcraft’s center of gravity W rB = ( x, y, z )T , as well as the rotorcraft’s orientation
relative to an earth fixed world frame W which is considered inertial.
In case of the rotation matrix representation of orientations, the rotorcraft attitude
in three dimensional space is described in function of three consecutive rotations
defined by the Tait–Bryan convention [86]. These rotations are represented by the
roll, pitch and yaw angles φ, θ and ψ such that the resulting rotation matrix between
B and W can be summarized as:
W

RB = RZ (ψ) · RY (θ) · RX (φ)

(3.37)

with the three elementary rotations defined as:



RX (ϕ) = 




RY (ϕ) = 




RZ (ϕ) = 


1
0
0
0 cos ϕ − sin ϕ
0 sin ϕ cos ϕ
cos ϕ 0 sin ϕ
0
1
0
− sin ϕ 0 cos ϕ
cos ϕ
sin ϕ
0

− sin ϕ 0
cos ϕ 0
0
1














(3.38)

55

ROTORCRAFT DYNAMICS IN FREE-FLIGHT

In this case, the relation between the rotorcraft’s pose with respect to W and the body
frame velocities B v and B ω can be expressed as:
(
)T
B
v = W RB W ṙ
(3.39)
(
)T
B
ω̃ = W RB W ṘB
where the matrix B ω̃ corresponds to the skew–symmetric matrix representation of the
vector B ω defined as:


 0 −r q 


B
0 −p 
ω̃ =  r
(3.40)


−q p
0
For many robotic rotorcraft configurations it is
moment of inertia matrix is diagonal and thus:

 I xx 0

B
I =  0 Iyy

0
0

acceptable to assume that the mass
0
0
Izz






(3.41)

The parameters I xx , Iyy and Izz correspond to the total aircraft body inertia around the
body frame x-, y- and z-axis respectively. Under this assumption, the full, nonlinear
body dynamics (3.36) can be considerably simplified and summarized as:
 



 m (u̇ + q w + r v)  
 m (v̇ − p w + r u)   B f 

 


 m (ẇ +
( p v − q)u)  = 


(3.42)



 I xx ṗ + Izz − Iyy q r  
 I q̇ − (I − I ) p r   B τ 

 
 yy ( xx zz)
Izz ṙ + Iyy − I xx p q
At this point it is important to consider that the external forces and moments are
related to the rotorcraft’s actuator inputs u, the rotorcraft’s orientation with respect
to W and may also depend on the rotorcraft body motion itself. Additionally, as in
case of hybrid rotorcraft models, they may depend on further dynamics of the rotor
subsystems, here represented by a general rotor state vector εr :
(
)
f = B f u, W RB , B v, B ω, εr
(
)
B
τ = B τ u, W RB , B v, B ω, εr
B

(3.43)

While the formulation for the simplified body dynamics in (3.42) is quite generic,
(3.43) strongly depends on the rotorcraft configuration in consideration and poses
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the main modeling challenge. Accordingly, the exact formulation of (3.43) and in
particular of the system inputs u as well as the rotor vector εr will be specified in
detail when discussing the ACX coaxial rotor configuration more specifically in Section 3.4.1.
Assessment of Flight Characteristics
Independent of the particular UAV configuration being modeled, the resulting nonlinear system dynamics can usually be cast into state–space form and represented
as:
ẋ = F ( x, u )
x = ( xb , xr )T
u = ( u1 , . . . , uN )

(3.44)
T

where the nonlinear functions F define the rate of change of the body states xb as well
as the rotor states xr under the number of N actuator inputs.
In order to gain a deeper understanding of how (3.44) is affected by changes of
the flight system’s geometric, structural, inertial and aerodynamic parameters, three
main problems are commonly of relevance [38]:
• The Trim Problem deals with the computation of the set of actuator inputs u =
u0 under which the nonlinear dynamic system represented by (3.44) remains in
a desired trim point x = x0 and thus F ( x0 , u0 ) = 0. One of the most simple
examples of such a trim point is e.g. the hover condition where one may want
to find the required rotor speed Ω0 to hover.
• The topic of Stability deals with the question of how easily the rotorcraft will
deteriorate from a specific trim condition ( x0 , u0 ) and commonly involves the
linearization of (3.44) according to:
( )
∂F
A=
∂x x=x
( ) 0
∂F
B=
(3.45)
∂u u=u0
δẋ = A δx + B δu
where δx correspond to small changes of the trimmed system states and δu
represents small disturbances of the system. The eigenvalues and vectors of A
for example provide deeper insight into the motion characteristics and stability
properties of a particular rotorcraft.
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• Analyzing the System Response

∫

x(t) = x(0) +

t

ẋ dt

(3.46)

0

to characteristic inputs such as steps, pulses or specific input frequencies, provides additional information about the flight performance of a particular aircraft
configuration in different flight conditions.
Note that these modeling and analysis concepts commonly find wide applicability
for the assessment of rotorcraft flight performance and may be fundamental in gaining a deeper understanding of a particular robotic UAV configuration. This will be
demonstrated for ACX in Chapters 5 and 6.
In order to further the understanding of the not yet modeled rotor dynamics collected in ε r and the rotorcraft inputs u, a few mechanical key attributes of UAV rotors
must be discussed next.

3.3.2

Mechanical Layout of Helicopter Rotors

The main actuation mechanism for any helicopter–type UAV is its rotors. Accordingly, to understand the working principles and the dynamics of this category of UAV
systems, it is worth investigating a few of the main mechanical characteristics found
in typical rotor designs, particularly with the derivation of hybrid models in mind.
Rotor Degrees of Freedom
Rotor blades in general correspond to high–aspect ratio wings with long slender bodies. Consequently, in case of a completely rigid rotor, the aerodynamic and gyroscopic loads at the outer portion of the rotor disc are expected to cause high bending
moments at the rotor blade roots. In order to reduce the resulting mechanical stresses
and thus the risk of a rotor failure, a set of hinges has been introduced in the early
years of manned helicopter flight. These hinges allow the rotor blades to rotate with
respect to the rotor hub within a limited range of motion, ultimately diminishing the
problematic blade root loads [87]. With the emergence of new types of engineering
materials and structural analysis tools, the aforementioned mechanical stresses have
become a manageable engineering challenge though. In present time, some of these
mechanical hinges may thus be realized through structural deformation of elastic elements at the hub or through the deformation of the blade body itself.
Figure 3.11 visualizes an example of the classic mechanical rotor hinges corresponding to the flap, lead–lag and feathering (also referred to as pitch) degrees of
freedom. The flap hinge allows the rotor blade to flap up and down due to aerodynamic and inertial loads affecting the blade body during flight. The blade lead–lag
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Figure 3.11: Typical hinge configuration of an articulated rotor blade.

motion is induced by Coriolis effects related to blade flapping. The flap and the
lead–lag hinges are usually passive and possibly augmented with spring or damper
elements. The pitch hinge is commonly active in order to adjust the blade angle of
attack and thus the aerodynamic forces generated by each blade.
The specific characteristics of the flap hinge (offset from rotor shaft, stiffness and
damping) are fundamental for rotor blade flapping and in consequence for the rotorcraft pitch and roll dynamics as will be discussed later. The lead–lag dynamics
are less relevant for the general flight characteristics [38] but may be of interest in
more specific operation conditions e.g. for an analysis of the ground resonance phenomenon [87]. Dynamics in the pitch degree of freedom are usually attributed to its
actuators or dynamics of attitude stabilization aids such as the flybar or the stabilizerbar presented in Chapter 2.
Rotor Hub Categorization
Three types of rotor hubs are typically found in modern helicopter rotors, referred to
as teetering, articulated and hingeless, depending on the mechanical realization of
the flap hinge (Figure 3.12). In case of the teetering rotor, a single hub flap hinge is
located directly on the rotorshaft axis. For the articulated rotor the blades and the rotor
hub are connected via a mechanical hinge at a specific offset e from the rotor shaft
axis, allowing each blade to flap individually. The hingeless rotor flaps through the
deformation of elastic elements connecting the hub with each individual rotor blade
or directly through structural deformation of the blades themselves. In this case, a
virtual hinge offset can be defined at the intersection of the rotor hub plane and the
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tangent to the deflecting blade body at 75% of the rotor radius [13].

Figure 3.12: Rotor hub design concepts of a teetering rotor, an articulated rotor with hinge
offset e and a hingeless rotor with a virtual hinge offset e.

ACX and various similar robotic helicopter configurations are equipped with hingeless rotors. The respective rotor hubs are usually to be classified as relatively stiff
in comparison with their full–scale counter parts. Moreover, the lead–lag degree of
freedom is commonly undamped, where the opposite is the case for most full–scale
rotors. Depending on the geometric and structural properties of the UAV airframe and
its landing gear, this may lead to ground resonance problems. It is for this reason, that
the lead–lag degree of freedom has been fixed entirely by mechanical means in case
of the ACX prototype.

3.3.3

Rotor Actuation

Concluding this general discussion on the fundamentals of modeling rotorcraft flight
dynamics, a few rotor actuation concepts and some of the terminology used in this
context is summarized next.
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(a)

(b)

(c)
Figure 3.13: (a) Level swashplate in neutral position with actuator links. Parts shaded in green
remain aligned with the non–rotating frame. All other components rotate with the rotor. (b)
Vertical displacement of swashplate affecting the blade pitch collective. (c) Swashplate tilting
affecting the blade pitch cyclics.

61

ROTORCRAFT DYNAMICS IN FREE-FLIGHT

The Swashplate Mechanism
Figure 3.13 presents a revolving rotor actuated by a swashplate. The swashplate
mechanism essentially consists of two metallic discs which may rotate individually
around their principle axis but are otherwise rigidly connected. This set of discs is
mounted on the rotor shaft with a spherical bearing, enabling tilting with respect to
and sliding along the rotor shaft axis. While the bottom disc is connected to the
rotorcraft body, the upper disc rotates along with the rotor and its shaft. Both of these
connections are realized by means of special mechanical fixations. The so called pitch
horn of each individual rotor blade connects to the upper swashplate disc through
linking rods which couple the swashplate’s vertical position and its tilting angle with
the individual pitch angle of each rotor blade. As the lower disc is connected to a
set of actuators defining its pose and thus the pose of the entire swashplate, the pitch
angle of each rotor blade can be controlled while revolving around the rotor shaft.
Moving the swashplate vertically, changes the blade pitch angle for the entire rotor disc, while tilting it changes the pitch angle of each individual blade depending
on where the blade is located along the rotor azimuth. This is commonly referred
to as changing the rotor collective respectively the rotor cyclics. Adjusting the rotor
collective directly affects the thrust and torque levels the rotor is operating at. Cyclic
adjustment increase respectively decrease the local blade pitch angle on opposing
sides of the rotor disc. The resulting lift imbalance induces a periodic flapping motion of the individual rotor blades which finally creates pitch and roll moments as
explained in more detail later in this chapter. Accordingly, the rotor cyclics represent
the main control mechanism for the pitch and roll dynamics of helicopter–type UAVs
while the rotor collective is related to the heave–yaw dynamics.
Depending on the type of rotor, the kinematic connections between the actuators,
the swashplate and the rotor blades may differ considerably. A common variant found
on the main rotor of many helicopter–type UAV platforms is the cyclic and collective
pitch mixing (CCPM) swashplate actuated by a set of three servo motors as depicted
in Figure 3.14. The corresponding figure also visualizes the individual degrees of
freedom of the swashplate denoted by the tilting angles ϕ1c and ϕ1s as well as the
swashplate vertical position h sp . Note that this representation of the swashplate pose
is defined with respect to a non–rotating coordinate frame while the upper swashplate
disc (shaded in green) rotates along with the rotor.
Miniature–size coaxial helicopter configurations such as [35, 62, 88] commonly
employ a simplified swashplate referred to as cyclic pitch mixing (CPM). This type
of swashplate only realizes the tilt angles ϕ1c and ϕ1s using a set of two servo motors.
The thrust and torque level of such rotors is usually controlled using the rotor speed
only since the collective pitch is not adjustable.
In contrast, large–scale coaxial rotor platforms are generally equipped with a me62
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Figure 3.14: The ACX collective and cyclic pitch mixing swashplate and its degrees of freedom.

chanically complex dual swashplate configuration which is actuated by a set of four
servo motors. With this swashplate setup, the collective of the upper and lower coaxial rotors can be adjusted individually, while the cylcic setting of the two rotors is
coupled.
The Bell–Hiller Servo Rotor
Another swashplate variant is the CCPM swashplate augmented with a Bell–Hiller
flybar mechanism as visualized in Figure 3.15. The basic idea behind the concept of
a flybar is the implementation of a mechanical stabilization aid. The flybar mechanism is realized in a way as to stabilize and slow down the rotorcraft pitch and roll
dynamics such that the rotorcraft may be controlled by a human pilot without the
need for an electronic stability augmentation system. In principle, the flybar corresponds to a teetering rotor composed of a set of two metallic rods with small paddles
attached at their end. The center of gravity of the flybar body is hinged to the rotor
shaft above or below the main rotor such that the flybar may flap freely with respect
to the rotor shaft axis. The role of the flybar paddles is two–fold as they work as
small airfoils inducing a flapping motion for non–zero flybar pitch angles θ f b and as
weights defining the main flap inertia of the flybar body. It is due to this inertia that
the flybar flapping angle β f b not only responds to changes in flybar pitch but also to
changes in the rotorcraft pitch and roll rates similar to a mechanical gyroscope. Finally, note that the main axis of the flybar body is usually mounted with a 90◦ shift in
azimuth with respect to the rotor blades.
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Figure 3.15: Sketch of a rotor and its Bell–Hiller flybar mechanism. Parts shaded in green
remain aligned with the rotorcraft body.

For this rotor actuation concept, the swashplate is interlinked with the main rotor
blades as well as the flybar body to affect the rotor blade pitch angle θ (collective
and cyclics) as well as the flybar paddle pitch angle θ f b (just cyclics). To implement
the stabilization functionality of the flybar, its flapping response β f b is mechanically
mixed with the cyclic swashplate inputs to the rotor such that the combination of
both angles defines the cyclic component of the blade pitch angle θ. In consequence,
the flybar low–pass filters part of a pilots cyclic commands to the rotor, while also
damping the rotorcraft’s response to pitch and roll attitude disturbances.
At this point it is important to emphasize that the swashplate tilt angle ϕ sp , the
blade pitch angle θ as well as the flybar pitch and flapping angles θ f b and β f b are defined with respect to a rotating coordinate frame which rotates along with the revolving rotor. Accordingly, all involved angles may change periodically in dependency of
the rotor azimuth previously denoted as ξ.
The Coaxial Rotor Stabilizerbar
A similar mechanical stabilization aid, only found on the top rotor of model–size
coaxial helicopters, is a device herein termed as stabilizerbar. The working principle
of the stabilizerbar is very similar to the functionality of the flybar, except for the
fact that neither the corresponding rotor nor the stabilizerbar are linked to a swashplate. Moreover, as depicted in Figure 3.16, the stabilizerbar uses cylindrical weights
instead of paddles such that the response characteristics of the stabilizerbar flap dy64
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namics are mostly gyroscopic. Accordingly, the stabilizerbar flapping angle β sb responds to pitch and roll motions of the rotorcraft body only and doing so adjusts the
cyclic setting of the connected rotor through a linking rod.

Figure 3.16: Sketch of a rotor and its stabilizerbar mechanism.

Consequently, this type of rotor configuration is a purely passive device, which
similar to the flybar, damps the pitch and roll motion of the rotorcraft body. Finally,
instead of a 90◦ shift in azimuth as in case of the flybar, the stabilizerbar usually has
a shift angle of around 45◦ .

3.4 Coaxial Rotorcraft Flight Dynamics
As opposed to the coaxial rotor BEMT model, the coaxial rotorcraft dynamics model
introduced hereafter, has been fully derived within the context of this thesis. This was
preferred over repurposing existing flight dynamics models of full–scale, single rotor
helicopters. This affords better control over the introduced set of modeling assumptions. Implementing a custom flight dynamics model also proved to be crucial for
the subsequent integration with the contact dynamics theory discussed in Chapter 4.
Consequently, all subsystem models presented in the following have been developed
step by step, built from the ground up, based on the basic principles of helicopter
mechanics and aerodynamics. The effort for this modeling process will be justified in
Chapter 5, where the resulting (white box) flight dynamics simulator is successfully
validated against flight data from the real ACX platform.
The following sections will first summarize the main features of the ACX coaxial
rotor configuration modeled herein and concretize its respective rotor states εr and
system inputs u introduced in the previous section. Subsequently, models for the
relevant coaxial rotor forces and moments will be presented, followed by a discussion
of the rotor flapping and inflow dynamics as well as a more specific treatment of the
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ACX rotor actuation subsystems.

3.4.1

Coaxial Rotor Configurations

While full–scale coaxial helicopters maintain a constant rotor speed and rely on net
and differential collective blade pitch settings between the upper and lower rotor
to control thrust and torque generation [13], their model–size unmanned counterparts commonly found in robotics rely on considerably different rotor actuation concepts [89].
The ACX Coaxial Rotor Configuration
In the case of ACX, both rotors are driven via a single BLDC–motor and the upper
and lower rotor speeds are coupled over a gear train. Furthermore, ACX is equipped
with a CCPM swashplate and a flybar mechanism on the lower rotor. Figure 3.17
gives an overview of the individual subsystems of the ACX configuration as well as
their respective interconnections. It also forms the basis of the flight dynamics models
presented hereafter. In this context the indices u, l and f b denote the upper and lower
rotor and the flybar respectively.
The ACX BLDC–motor, spinning at a speed of Ωmot radians per second, defines
the opposing upper and lower rotor speeds Ωu (counterclockwise) and Ωl (clockwise)
via separate gear reduction stages. Accordingly, changing the motor speed is mostly
related to changing the net thrust level of the platform and constitutes the main control
mechanism for the heave–dynamics of the vehicle. The CCPM–swashplate on the
lower ACX rotor is linked to three servo motors with servo arm angles3 θA , θB and
θC . By adjusting these servo angles, the tilting angles ϕ1c and ϕ1s as well the vertical
position h sp of the swashplate can be controlled. The swashplate height h sp affects
the collective component of the blade pitch angle θl and thus the lower rotor’s thrust
and torque. As the upper rotor’s pitch angle θu is fixed, changing the lower rotor’s
collective pitch will alter the ratio between the upper and lower rotor torques. The
swashplate height is hence predominantly used to control the yaw–dynamics of the
ACX rotorcraft. Also consider that the thrust and torque levels of both rotors are
affected by their respective inflow rates υl and υu . Moreover, the downwash of the
upper rotor is expected to reduce the effective angle of attack of the lower rotor which
must be accounted for.
The swashplate tilt angles ϕ1c and ϕ1s define the cyclic setting of the flybar feathering angle θ f b and contribute to the cyclic setting of θl . The cyclic mixer mechanism
3 Within the model–helicopter community the corresponding servo motors are often referred to as
elevator, aileron and pitch. This terminology is misleading and thus avoided since model helicopters, as
opposed to model airplanes, are not equipped with elevators or ailerons.
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Figure 3.17: Signal flow diagram for the ACX coaxial rotor configuration. Dynamic blocks are
elevated.

combines the swashplate tilt input with inputs from the flybar flapping angle and sets
the total cyclic component of θl . Note that the flybar feathering angle θ f b can be
adjusted cyclically only. The periodic variations of θl and θ f b produce periodic variations in the aerodynamic forces on the rotor blades respectively the flybar paddles
and in consequence induce a flapping motion of both. The flapping motion of the
lower rotor blades and the flybar are captured by the angles βl and β f b . Note that
both flapping angles also respond to the pitch and roll rates p and q of the rotorcraft
body itself due to gyroscopic and aerodynamic effects. Since the upper ACX rotor
has a completely fixed pitch angle and thus is entirely passive, its flapping response
βu is only affected by the rotorcraft body pitch and roll rates. Finally, consider that
the flapping response of the upper and lower rotor produces pitch and roll moments
on the main ACX body through the mechanical coupling between the hingeless ACX
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rotor blades and the ACX rotor hubs. Accordingly, changing the cyclic setting on the
lower rotor provides an indirect means to control the ACX pitch and roll dynamics
via the flapping response βl .
Having the relevant subsystems and their respective role in the flight dynamics
of the ACX platform defined, the rotor vector εr and the system input vector u may
finally be specified:




εr = 



βl
βu
βfb
υl
υu










 ϕ1c
 ϕ
u =  1s
 h sp
Ωmot








(3.47)

In case of the ACX platform, the motor speed is directly measured using an optical
encoder such that the dynamics for the BLDC-motor do not have to be accounted for.
Consequently, Ωmot can be considered as a direct input to the ACX flight dynamics.
For other platforms it may not be feasible to measure the motor speed e.g. due to
payload limitations as in [62]. In such cases, the dynamics of the BLDC–motor
subsystem must be modeled explicitly as further elaborated in [77].
Finally, note that the rotor as well as the main body subsystems are also affected
by aerodynamic effects due to the lateral flight velocities u and v of the rotorcraft
body. Although these effects are included in the flight dynamics theory derived for the
ACX model, their contribution is considered negligible due to the slow maneuvering
nature of the main ACX application.
Miniature Coaxial Rotor Configurations
Although the coaxial rotorcraft dynamics model presented in the following has been
developed with a clear focus on the ACX configuration, some sense of generality is
maintained which broadens the applicability of the presented theory. The dynamic
and aerodynamic models developed for ACX are not specific to the ACX configuration and directly applicable for various similar UAVs. Accordingly, it is possible to
also account for the more typical rotor configuration of miniature coaxial helicopters
through minor modifications of the rotor actuation kinematics presented in Section
3.4.6. Hence, a quick summary on the typical system architecture of miniature coaxial rotor configurations is given for completeness.
Due to the size constraints of miniature coaxial rotor UAVs, these platforms are
usually equipped with a simple CPM swashplate mechanism on the lower rotor and
a stabilizerbar on the upper rotor. The rotor collective pitch is mechanically fixed
and the yaw–heave subsystem is controlled by collectively or differentially changing
the upper and lower rotor speeds with separate BLDC–motors. The pitch and roll
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dynamics on the other hand are controlled via the tilt angles of the CPM swashplate.
Figure 3.18 gives an overview of the individual subsystems of these configurations as
well as the respective subsystem interconnections.

Figure 3.18: Signal flow diagram for miniature coaxial rotor configurations.

The system inputs and the additional rotor dynamics to be considered can thus be
defined as:




εr = 



βl
βu
β sb
υl
υu










 ϕ1c
 ϕ
1s
u = 
 Ωmot,1
Ωmot,2








(3.48)

Comparing (3.47) and (3.48) as well as Figures 3.17 and 3.18, one may notice the
resemblance between the two configurations. Also note that the first ACX prototype,
previously termed ACX V1, was equipped with a stabilizerbar on the upper rotor as
well.

3.4.2

Definition of the Relevant Coordinate Frames

To enable a consistent description of all relevant subsystems, a set of coordinate
frames has to be defined which is introduced hereafter. Figure 3.19 presents this
set of coordinate systems required to model the rotor forces and moments introduced
later and needed to describe the motion of a rotor blade (or stabilization aid).
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Figure 3.19: Coordinate frames required to describe the motion of a rotor blade or stabilization
aid.

With respect to the world coordinate frame W with its origin considered inertial,
the pose of the rotorcraft body can be described by the rotorcraft body fixed frame
B, with its origin collocated with the rotorcraft’s center of gravity. As described
in [43] and [38] it is advisable to introduce a second body coordinate frame aligned
with the lateral direction of motion of the rotorcraft. This so called hub–wind frame
is here marked as Hw , is laterally displaced from B and located on the rotor shaft
axis. Moreover, it is rotated with respect to B by an angle ξw . The corresponding
displacement vector and rotation matrix are defined as:
B

B

r Hw


 Xhw

=  Yhw

0






RHw = RZ (ξw )

(3.49)
(3.50)

Introducing this hub–wind frame simplifies the formulation of the “forward flight”
rotor aerodynamics and avoids the separate treatment of the lateral or longitudinal
rotorcraft velocities u and v. For this purpose the hub–wind frame is continuously
realigned with the direction of the lateral rotorcraft body motion such that expressing
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the rotorcraft body velocities B v and B ω with respect to Hw results in:
 0   √ 2

 u   u + v2 

 0  
Hw
v =  v  = 
0

 0  
w
w
 0  
 p   p cos ξw + q sin ξw
 

Hw
ω =  q0  =  q cos ξw − p sin ξw
 0  
r
r

(3.51)





(3.52)

Realigning Hw thus ensures that u0 alone defines the forward flight speed.
To describe the rotational motion of the rotor structures, a set of hub frames Hi
with i ∈ {l, u, f b, sb} is introduced, representing the upper and lower coaxial rotors
and the flybar and stabilizerbar. These hub fames are each displaced from Hw along
the rotor shaft axis and rotated by the respective azimuth angle ξi :

Hw

Hw

rHi



 0 


=  0 


−Zi

RHi = RZ (ξi )

(3.53)
(3.54)

Additionally, a flapping coordinate frame Ki is introduced to represent the flapping of
the rotor blades and the stabilization aids. The position and orientation of these flap
coordinate frames are defined as:

Hi

Hi

rKi



 ei 


=  0 


0

RKi = RY (βi )

(3.55)
(3.56)

where ei corresponds to the hinge offset of the corresponding rotor structure.
A final coordinate frame Gi is introduced at the center of gravity of each flapping
body displaced from Ki by:

Ki

rGi



 di 


=  0 


0

(3.57)
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Essentially, each rotor blade would need to be represented by its own hub and flap
frames4 . For simplicity’s sake only, one frame per rotor is used, as the corresponding
dynamics of each individual rotor blade can be modeled by the same mathematical
representation, merely by shifting the azimuth position according to:
ξ j = ξi +

2 π ( j − 1)
Nb

(3.58)

for the jth blade of the ith rotor.
Similarly, the azimuth of the flybar or the stabilizerbar can be expressed in dependency of the respective rotor angular position as:
π
2
ξ sb = ξu + ϕ sb

ξ f b = ξl +

(3.59)
(3.60)

where the phase shift of the stabilizerbar is defined by ϕ sb which may vary depending
on the particular coaxial rotor. Finally, consider that in the case of the stabilization
aids, the origin of Ki and Gi coincide with the origin of Hi .

3.4.3

Coaxial Rotor Forces and Moments

For the robotic coaxial rotor configurations modeled herein, the dominant set of external forces and moments affecting the simplified rigid body dynamics (3.42) can be
summarized as:
∑
∑
f = fG +
f Tj +
f Hj + f D
(3.61)
τ=

∑
j∈S

j∈S

τQj

+

∑
j∈S

j∈S

τTj

+

∑
j∈S

τHj +

∑

τβj

(3.62)

j∈S

with S = {l, u}. A rough summary of the respective force and moment terms will
be given in the following and more explicit expressions may be found in Tables 3.1
and 3.2.
The force to due to earth’s gravitational field strength g is represented by the
vector f G and the thrust force vectors f Tj are defined by the rotor thrust magnitudes
T j as well as the tip–path plane normals of the two coaxial rotors. This set of forces
is usually related to the rotorcraft heave dynamics but due to the underactuation5
4 The rotor hub frames as well as the subsequent model explanations are presented for a clockwise
rotating rotor only. For coaxial rotor platforms also the counterclockwise rotating rotor must be modeled
which is possible by simply negating the rotor azimuth coordinate.
5 Most rotorcraft need to tilt their body to move forward.
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Figure 3.20: A coaxial rotor platform. Flapping angles have been exaggerated and only the
forces and moments relevant near hover have been visualized.

of most rotorcraft configurations is also related to the lateral and longitudinal body
accelerations u̇ and v̇.
As the rotor blades revolve around the rotor shaft and flap with respect to the
rotor hubs, the resulting blade tip trajectories roughly lie in a plane (the tip–path
plane). Rotor thrust is usually assumed to act in a direction perpendicular to this
plane defined by the tip–path plane normals B n j (Figure 3.20). Formulating the cross
product between two vectors lying in this tip–path plane, the following expression for
the tip–path normals6 may be obtained:

j
j 
 − cos β1s

sin β1c
B
η


j
j 
B
ni = B i
with B η j =  − cos β1c
(3.63)
sin β1s 
k ηi k

j
j 
− cos β1c cos β1s
The coefficients β1c and β1s represent the longitudinal and lateral flapping coefficients
describing the tilting of the rotor disc as elaborated in more detail later in this chapter.
j

j

is important to note that the flapping angles β1c and β1s do not correspond to consecutive rotations
as in case of the φ, θ and ψ Euler angles representing the rotorcraft body orientation. This assumption is
sometimes misleadingly introduced in certain references.
6 It
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Table 3.1: Coaxial rotorcraft forces.

Type of Force

Expression

Gravity

B

fG

=

Thrust

B

f Tj

=

Hub Forces

Rotorcraft Body Drag

B

B

f Hj

fD

(


)T 
W
RB 


B

0
0
−m g






nj T j

=

 j 
 H x 
 j 
 Hy 


0

=



 D x 


 Dy 
Dz

The vector f Hj collects additional in–plane hub forces H xj and Hyj related to rotor
drag effects that are usually negligible near hover. At higher lateral flight velocities
these hub forces become more relevant as summarized in [38].
In general an aircraft’s center of pressure is not collocated with its center of gravity and the body drag forces D x , Dy and Dz will also introduce moments. For the
coaxial rotor configuration modeled herein, the drag force f D is assumed to affect the
rotorcraft body directly in its center of gravity though. Regarding the flight velocities
commonly realized by ACX, as well as the structural composition of its airframe, this
is considered a fair assumption.
The balance respectively imbalance of the opposing coaxial rotor torques represented by the vectors τQj with magnitudes Q j , directly affects the yaw acceleration
ṙ of the rotorcraft body. The rotorcraft pitch and roll dynamics on the other hand
are controlled via the moments due to the blade flapping induced tilting of the tip–
path plane, represented by the vectors τTj , and the moments τβj due to the mechanical
coupling between the flapping rotor blades and the respective rotor hubs. In forward
flight, the pitch and roll subsystems are also affected by the moments τHj produced by
the rotor hub forces. Furthermore, the vectors B r j represent the displacement of the
upper and lower rotor hubs from the body frame origin.
The magnitude of the aforementioned mechanical coupling is partially defined by
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Table 3.2: Coaxial rotorcraft moments.

Type of Moment

Expression





0
0
∓Q j

Torque

B j
τQ

=

Thrust Moment

B

τT

=

B j

Hub Moment

B j
τH

=

B j

Flap Moment

B j
τβ

=






r × B f Tj
r × B f Hj


j
 −β1s
j 

j

kb  β1c

0







the hinge offsets e j but mainly affected by the hub stiffness of the rotors. The corresponding stiffness may be related to actual flap hinge springs as in case of teetering
and articulated rotors or to the structural stiffness of a hingeless rotor. In any case,
the corresponding stiffness properties are approximated by a simple, linear torsional
spring with a stiffness of kbj Newton meters per radian.
To finalize the models of these external forces and moments, the respective aerodynamic effects as well as the role and characteristics of blade flapping must be discussed next.

3.4.4

Simplified Aerodynamics

In Sections 3.1 and 3.2 some fundamental aspects of rotor aerodynamics have been
discussed and the BEMT method has been presented. Although BEMT in general
may be used to compute the thrust and torque levels of a rotor and even coaxial rotors,
it is not well suited for the purpose of modeling the dynamics of rotorcraft flight.
Figure 3.21 visualizes the relevant inflow velocities affecting the aerodynamic
forces on a rotor in a general flight condition. While the total aerodynamic inflow
velocity K vair = ( UR , UT , U P )T and thus the angle of attack α are predominantly
defined by the rotor angular speed Ω and the induced rotor inflow velocity vi , additional velocity components have to be accounted for once maneuvering flight is to be
modeled. These additional velocities depend on the rotorcraft body motion itself as
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(a)

(b)

Figure 3.21: (a) Top view of revolving rotor blades and the relevant velocities with respect to
the rotorcraft hub–wind and the rotor hub frame. (b) Side view of a revolving and flapping
rotor blade and the relevant velocities.

well as on the flapping motion of the rotor blades. Accordingly, the inflow velocities
affecting the local rotor blade aerodynamics depend on the blade segment velocity
K
vbl as well as on the local, rotor induced velocity vi :


 0 


K
K
(3.64)
vair = − vbl +  0 


vi
The radial flow velocities UR are usually considered negligible, such that only the
bl
K
y and z components vbl
y and vy of vbl are of interest. Accounting for the involved
degrees of freedom of a clockwise spinning rotor, the corresponding blade velocity
components can be approximated as:
0
vbl
y = Ω (e + r cos β) − u sin ξ + ω x r sin β

vbl
z

0

(3.65)
0

= w cos β − β̇ r − ωy cos β (e + r cos β) + u cos ξ sin β

(3.66)

The body angular velocities ω x and ωy in these expressions correspond to the projections of the rotorcraft body pitch and roll rates into the corresponding hub frame H:


 ω x 


H
(3.67)
ω =  ωy  = H RB B ω


ωz
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Note that considering the magnitude of the rotor angular speed, it is assumed that the
yaw motion of the rotorcraft body does not have to be accounted for. Accordingly,
the variable r represents the radial location of the observed airfoil segment and not
the rotorcraft yaw–rate.
It is customary in rotorcraft theory that (3.65) and (3.66) are further simplified under the assumption of small blade flapping angles [47]. Furthermore, linear velocities
are normalized with the rotor tip speed Ω R, angular velocities with the rotor speed
Ω, dimensions with the rotor radius R and time derivatives of the flapping angle are
substituted with derivatives with respect to rotor azimuth. The resulting aerodynamic
inflow velocities are finally expressed in non–dimensional form as:
U T = (e + r) − µ sin ξ

(3.68)

U P = λi − µz + ωy (e + r) + β,ξ r − β µ cos ξ

(3.69)

where the vertical and lateral advance ratios7 µz and µ are defined as:
u0
w0
and µz =
(3.70)
ΩR
ΩR
and the transition from flapping angle derivatives with respect to time to derivatives
with respect to rotor azimuth is:
µ=

β̇ =

dβ dξ
= β,ξ Ω
dξ dt

(3.71)

Inspecting (3.68) and (3.69), it is obvious that from the perspective of the revolving
rotor blades, the total inflow velocities vary periodically in function of rotor azimuth
ξ. Consequently, also the local blade angle of attack α and thus the local lift and drag
increments dL and dD defined in (3.17) and (3.18) vary in function of ξ.
Additional dependencies in rotor azimuth are related to the collective and cyclic
changes of the rotor feathering angle θ due to control inputs from the swashplate
mechanism. To account for this variation, the following representation of the feathering angle is commonly employed:
θ = θ0 + θ1c cos ξ + θ1s sin ξ

(3.72)

The swashplate mechanism essentially provides the means to adjust the collective
pitch angle θ0 as well as the longitudinal and lateral cyclic pitch angles θ1c and θ1s
individually (Figure 3.22). For twisted rotor blades, θ0 only represents the blade pitch
at the root of the rotor blade and an additional term in function of the radial coordinate
7 Herein it is assumed that the lateral and vertical inflow components µ and µ purely depend on the
z
rotorcraft body motion and do not account for e.g. inflow due to wind gusts.
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Figure 3.22: Visualization of the collective and cyclic rotor blade pitch coefficients.

r needs to be introduced. For linearly twisted rotor blades for example, the blade pitch
representation (3.72) is:
θ = θ0 − r θtw + θ1c cos ξ + θ1s sin ξ

(3.73)

where θtw corresponds to the total blade twist at the tip of the rotor blade.
A similar representation is usually chosen to capture the azimuth related variations of the flapping angle β:
β(t) = β0 (t) + β1c (t) cos ξ + β1s (t) sin ξ

(3.74)

In this case, the coefficient β0 (t) corresponds to the coning angle of the entire rotor disc whereas β1c (t) and β1s (t) are the longitudinal and lateral rotor disc tilting
angles [90] (Figure 3.23). Unlike the blade pitch coefficients in (3.72), the flap coefficients in (3.74) are assumed to be functions of time. This time dependency of
the flapping coefficients accounts for the dynamics associated with β and will be exploited later when deriving a suitable representation of the blade flapping dynamics.
In conclusion, note that it is exactly these dependencies in rotor azimuth which
cannot be accounted for by the BEMT method, rendering it inapplicable for the purpose of flight dynamics modeling. Due to the rotor abstraction introduced with the
MT approach, BEMT as opposed to BET has no notion of individual rotor blades.
Consequently, none of the azimuth related changes e.g. of the angle of attack α, the
aerodynamic inflow velocities UT and U P or the local lift and drag increments dL
and dD can be captured. This problem may be addressed by replacing BEMT with
highly sophisticated numerical aerodynamics tools or by replacing the MT approach
and combining BET with a simple yet less restrictive modeling method to compute
the rotor induced inflow.
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Figure 3.23: Visualization of the coning and lateral/longitudinal rotor blade flapping coefficients.

The first approach provides the means for accurate predictions of the forces and
moments generated by a rotorcraft system, accounting for various ranges of operation
conditions, detailed design specifications (e.g. of the blade geometry) as well as
aerodynamic interactions between the different rotors or propellers and possibly with
the rotorcraft body itself. However, this type of model is usually not easily maintained
and analyzed and may hide some of the fundamental flight dynamics characteristics
of a particular rotorcraft due to the involved complexity [13].
With this thesis, profound insight into the dynamic features of robotic coaxial
rotor platforms in free–flight and constrained in contact to the environment is to be
gathered and it is thus preferable to derive approximative, favorably analytical models
of the aerodynamic forces and moments. In order to do so, an appropriate model for
the unknown induced inflow velocity distribution across the rotor disc must be found,
such that the rotor forces and moments may be computed based on BET alone.
Non–Uniform Rotor Inflow
Experiments conducted with different full–scale rotors, operating under various lateral advance ratios µ, showed that the following approximate distribution [91] roughly
captures the inflow variation across a rotor:
λi = λ0 + r (λ1c cos ξ + λ1s sin ξ)

(3.75)

The inflow component λ0 represents the average induced inflow over the entire rotor
disc as predicted by MT. This average inflow λ0 may be directly computed using the
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iterative minimization method presented in [38]. The longitudinal and lateral inflow
coefficients λ1c and λ1s capture the radial and azimuthal variations of the flow field
at the rotor disc due to the rotorcraft advance ratio µ. A multitude of models has
been proposed for these coefficients, all in dependency of the skew angle χ of the
rotor wake in forward flight (Figure 3.24). As summarized in [91] only a few of
these models seem to be at least in moderate agreement with experimental data. The
coefficients proposed in [92] appear to correlate best with linear fits to experimental
rotor flow field measurements in low–speed and high–speed forward flight:
(
λ1c = λ0

15 π
χ
tan
32
2

)

λ1s = 0

(3.76)
(3.77)

The wake skew angle needed to compute the longitudinal inflow coefficient (3.76)
may be derived from trigonometric observations in Figure 3.24 as:
(
)
µ
(3.78)
χ = arctan
λ0 − µz
The same authors also presented a similar model which is capable of accounting
for the transient response of the induced rotor inflow. This higher order representation
of rotor inflow is crucial to e.g. capture the thrust overshoot following a sudden rotor
collective change which was investigated in experiments using whirl–tower tests as
summarized in [47].

Figure 3.24: Helicopter wake and wake skew angle.

This effect could also be reproduced on the lower ATB rotor as demonstrated in
Figure 3.25. In the corresponding experiment, collective pitch steps were performed
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Figure 3.25: Measured thrust overshoot of the lower ATB rotor following a collective pitch
step from 6.5◦ to 10◦ . The corresponding curves represent the raw, filtered and steady state
values of the lower rotor’s thrust and rotor speed.

at a given rotor speed setting. The motor was operated open–loop such that the rotor
speed Ωl dropped in response to additional external loads. Despite of the decay in
rotor speed in response to the increased torque following the collective pitch step,
there is a measurable thrust overshoot of almost 100 grams worth of payload. This
thrust overshoot is related to the delay between the immediate rotor thrust change
and the rotor inflow rate reaching its new steady state value. Due to this time lag, the
rotor angle of attack is temporarily increased, leading to the short peak in thrust with
respect to the steady state thrust magnitude.
The corresponding inflow dynamics can be described with the following state–
space form as:

 CT

M λ̇ + L−1 λ =  C L

CM






(3.79)

where the vector λ = ( λ0 , λ1c , λ1s )T collects the inflow coefficients introduced in (3.75),
CT corresponds to the thrust coefficient computed via MT and C L respectively C M
correspond to the rotor roll and pitch moment coefficients. The so called apparent
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mass matrix M and the gain matrix L are defined as:




M = 



8
3π
0






0

16 
−
45 π

0
16
−
45 π
0

0



1


2 λt


0
L = 

χ

 15 π tan
2

64 λm

0

(3.80)

15 π tan
0

64 λm

4
−
λm (cos χ + 1)
0

χ
2

0
−

4
λm (cos χ + 1)













(3.81)

where the following substitutions have been introduced to simplify the presentation
of the corresponding matrices:
Λ0 = λ0 − µz
√
λt = Λ20 + µ2
λm =

µ + Λ0 (Λ0 + λ0 )
λt

(3.82)
(3.83)

2

(3.84)

The inflow coefficient Λ0 represents the total inflow at the center of the rotor disc.
The inflow ratios λt respectively λm correspond to the normalized wake velocity also
depicted in Figure 3.24 and the so called mass flow parameter.
In state of the art full–scale rotorcraft simulators, the rotor inflow distribution (3.75)
and thus also the representation of its dynamics (3.79), are sometimes extended to
higher harmonics increasing the number of the flow field states. As summarized
in [93], the three state inflow model is usually sufficient for the purpose of flight
dynamics analysis, while resulting in considerably more manageable aerodynamic
expressions as compared to more extensive inflow representations8 .
Finally, also consider that using this dynamic formulation, iterative computations
of the rotor inflow λ0 can be avoided except for the calculation of the inflow initial
conditions.
8 The corresponding reference is highly recommended to gain a deeper understanding of the respective
literature. It is one of the very few examples that attempts to consistently and concisely describe the
underlying theory of the various modeling approaches for inflow dynamics and provides an extensive
historic overview of the related literature.
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Having a useful though rough representation of the rotor inflow distribution, BET
can be exploited to finally derive the aerodynamic models for the coaxial rotor forces
and moments introduced in (3.61) and (3.62), while also accounting for variations
due to rotor azimuth. The corresponding integrals for the respective aerodynamic
rotor forces as defined by BET are:
∫

R

T = Nb

dL
)
R (
UP
Q = Nb
r dD +
dL
UT
0
(
)
∫ R
UP
H x = Nb
sin ξ dD +
dL
UT
0
(
)
∫ R
UP
dL
H y = Nb
cos ξ dD +
UT
0
∫

(3.85)

0

(3.86)
(3.87)
(3.88)

Under further simplifying assumptions, the integrals (3.85) to (3.88) may be evaluated
analytically as demonstrated in reference [38]. As opposed to BEMT, the resulting
aerodynamic formulations are capable of accounting for the periodic changes of the
inflow velocities as well as the periodic variations of the blade pitch and flap angles.
Although it is crucial to capture all the aforementioned periodic dependencies
in ξ, it can be obstructive for the purpose of creating an efficient rotorcraft simulation. This is especially the case when accounting for two rotors operating at different
speeds e.g. as in case of a coaxial rotor platform. Directly simulating the body
dynamics (3.36) under the influence of the external forces and moments (3.61) and
(3.62) while accounting for the dependency in ξ, would lead to a rotorcraft model
where the rotor blade motion has to be simulated step by step while spinning around
the rotor shaft. Linking the rapidly evolving rotor states with the considerably slower
dynamics of the main body motion would thus lead to comparatively stiff differential
equations. This may be difficult to handle, especially once combined with the contact
and collision dynamics presented in Chapter 4.
Accordingly, a more suitable approach has been chosen by averaging the force
and torque integrals (3.85) to (3.88) over the rotor azimuth as:
T=

Nb
2π

Nb
Q=
2π

∫

2π

∫

Rtl

dL
0

∫

0

R0

2π

∫



1
0

(3.89)
∫

r dD +

Rtl
R0

UP
UT



dL

(3.90)
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Nb
Hx =
2π
Nb
Hy =
2π

∫

2π

0

∫

∫

sin ξ 

1

∫

cos ξ 

1

∫
dD +

R0

0

2π

0

Rtl

∫
dD +

0

Rtl
R0

UP
UT
UP
UT



dL

(3.91)



dL

(3.92)

In order to account to some degree for the lift loss at the rotor hub and the rotor blade
tips, all lift related integrals are evaluated from the normalized root hub radius R0 to
the normalized tip–loss radius Rtl < 1 defined as:

R0 =

R0
R

and Rtl =

Rtl
R

(3.93)

While the general azimuth dependency is maintained through the feathering, flapping and inflow coefficients (3.72), (3.74) and (3.75), further fidelity has to be sacrificed through the above averaging operation. Note though, that the purpose of the
flight dynamics model derived herein is not the capturing of high frequency effects
related to rotor vibrations. The model should simply capture the essential dynamic
characteristics of the modeled flight system. The modeling requirements for the ACX
simulator presented in Chapter 5 are thus somewhat relaxed in comparison with full–
scale helicopter simulation programs.
Combining the inflow velocity models (3.68) and (3.69) with the definitions of
the lift and drag coefficients (3.21) and (3.22), as well as the representations for the
rotor feathering angle (3.72) and the flapping angle (3.74) and including the inflow
distribution (3.75), the above averaging integrals can be evaluated analytically using
a symbolic computation program. To gain some appreciation of the insight that may
be gained from the resulting aerodynamic models, strongly simplified rotor thrust and
torque expressions are presented here.
Assuming near hover operation, neglecting the effects of rotor flapping as well
as the rotor pitch and roll motion and assuming linearly twisted rotor blades, the
following simplified model for rotor thrust may be derived in polynomial form:
CT = (kT 1 θ0 + kT 2 Λ0 + kT 3 )

(3.94)

The corresponding polynomial coefficients are collected in Table 3.3 and depend on
the rotor size, the rotor aerodynamic properties and the rotor solidity σ which was
introduced in Section 3.2.
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Table 3.3: Polynomial coefficients for the simplified thrust model.

Coefficient

Expression
(

Rtl
6

kT 1
kT 2

−

kT 3

−

(
(

3

R0
6

−

Rtl
4
Rtl
8

2

4

3

)

−

R0
4

−

R0
8

C L1 σ
2

)

4

)

C L1 σ
C L1 σ θtw

Table 3.4: Polynomial coefficients for the simplified torque model.

Coeff.

Expression
C D2 σ

k Q1

1
8

k Q2

− 13 C D2 σ

k Q3

−

k Q4

1
4

k Q5
k Q6

(
(
(

k Q7

(

1
4

)
C D2 θtw − 16 C D1 σ

1
12
3

Rtl
6

−
(

k Q9

)
C D2 θtw − 18 C D1 σ

C D2 σ

(
k Q8

1
5

−

2
C D2 θtw
−

−
2

Rtl
4
4

Rtl
8

3

R0
6

1
10

)
C D1 θtw + 81 C D0 σ

)
C L1 σ
2

)

4

)

−

R0
4

−

R0
8

C L1 σ
C L1 σ θtw
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Similarly, a simplified model for the rotor torque coefficient can be derived which
is again given in polynomial form:
C Q = C QD + C QL
(
)
(
)
C QD = kQ1 θ0 + kQ3 θ0 + kQ2 θ0 + kQ4 Λ0 + kQ5 Λ0 + kQ6
(
)
C QL = kQ7 θ0 + kQ8 Λ0 + kQ9 Λ0

(3.95)

The expression for the total rotor torque C Q has been separated into torque due
to profile drag C QD and torque due to induced drag C QL . The polynomial coefficients
kQ1 to kQ9 again depend on the rotor geometry and aerodynamic properties and are
defined in Table 3.4.

Figure 3.26: Measurements of the lower ATB rotor thrust and torque coefficients. The green
shaded area corresponds to the typical ACX flight operation range for the lower rotor collective.

As one may directly deduce from (3.94) and (3.95), thrust is a linear function of
the collective pitch angle θ0 and the average induced rotor inflow velocity Λ0 , while
torque depends quadratically on the corresponding variables. Note that this is a direct
consequence of the lift and drag coefficient models (3.21) and (3.22). Finally, Figure
3.26 presents measurements collected with the lower ATB rotor for different rotor
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speed and collective pitch settings. The rotor coefficients introduced with (3.94) and
(3.95), clearly capture the nature of rotor thrust and torque as confirmed by the given
experimental data.
However, the use of these force and torque models should be limited to flight
dynamics analyses. To design propeller or rotor blade geometries, more accurate
methods such as BEMT or even more so CFD tools as in [77] should be used. Depending on the actual blade geometry such as e.g. nonlinear twist or chord variations
and more specific blade tip designs, model accuracy has to be sacrificed with the just
derived aerodynamic models. For flight dynamics assessments this is acceptable as
long as the dominant flight characteristics are maintained.

3.4.5

Flapping Dynamics

Finally having generic rotor thrust and torque coefficient models defined, the thrust
and and torque levels T l , T u , Ql and Qu of the upper and lower rotors of a coaxial rotor
UAV may be estimated. Accordingly, the dominant forces and moments affecting the
heave and yaw dynamics of vehicles such as ACX can be predicted based on the upper
and lower rotor speeds Ωu and Ωl as well as the upper and lower pitch angles θu and
θl . In order to do the same for the pitch and roll dynamics, the flapping moments B τT
and B τβ and their relation to the previously introduced flapping coefficients β1c and
β1s must be further investigated next.
Modeling Rotor Flapping Dynamics
Rotor blade flapping inarguably corresponds to one of the most relevant physical
effects to be accounted for when modeling helicopter–type rotorcraft systems. Note
though that within the context of this work, as in case of the aerodynamic forces and
moments (3.94) and (3.95), there is no purpose in simulating all possible vibratory
modes originating from the rotor subsystems. Accordingly, a substantial amount of
simplifying assumptions will be introduced in the following in order to carve out
the most relevant dynamic effects of rotor flapping only. Care must be taken tough
not to oversimplify the problem at hand, such that the dominant characteristics and
parameters defining the ACX rotor flapping dynamics and thus the ACX pitch and
roll subsystems are maintained.
The commonly applied blade flap model described in [37] represents a simplified
version of the model originally presented in [90]. Due to its simplicity, it has become
widely used in identified coaxial rotor models e.g. [34, 35, 77, 94]. Using this simplified rotor model for identification purposes is acceptable, as a model structure that is
reasonably close to the real system dynamics is sufficient to generate good models.
The identification process will find an optimized parameter set for the given model
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structure that provides the best input–output fit for a given flight data set. When trying to predict a rotorcraft’s behavior based purely on its physical specifications on the
other hand, a model structure which maintains all the relevant characteristics of the
real system should be employed.
Figure 3.27 visualizes a flapping rotor blade including the relevant set of forces
and moments affecting its motion. In order to derive the differential equation governing the dynamics of the flapping angle β, the angular dynamics of a single rotor
blade are investigated. Accordingly, the rotor blade is cut free from the rotor hub and
the corresponding set of forces and moments coupling the blade body with the hub
are introduced. Subsequently, the momentum balance for the detached blade body is
formulated with respect to the origin of the flapping frame K here denoted by E:
(
)
(
)
K bl
K
K
K bl K
τE = mbl K rG × K aE + K Ibl
I E ωbl
(3.96)
E ω̇bl + ωbl ×
The acceleration K aE corresponds to the acceleration of the flapping frame origin
expressed with respect to the flapping frame itself. The vector K rG corresponds to
the displacement between E and the origin of the blade body frame G as defined
in (3.57). The angular velocity of the blade body is denoted by K ωbl and the blade
mass respectively the blade inertia are defined by mbl and K Ibl
E . The external moment
K bl
τE can be derived from Figure 3.27 as:




∗


K bl
(3.97)
τE =  τβ + τL + τg 


∗
To capture the full dynamic motion of the rotor blade, one would have to include
the effects of the blade drag forces and also account for the coupling of the blade
flapping, lead–lag and feathering dynamics as further explained in [87]. Focusing
on the flapping equation of motion, these couplings are neglected and only the ycomponents of (3.96) and (3.97) are considered.
The corresponding external moment in (3.97) can be separated in a spring moment τβ representing the compliant connection between the blade and the rotor hub,
an aerodynamic moment τL generated by the lift forces dL and a moment due to
gravity τg :
∫ Rtl
τβ = −kb β
τL =
r dL
τg ≈ 0
(3.98)
e

The bending stiffness of the rotor hub or the rotor blade is approximated with the
simple linear spring model introduced in Section 3.4.3 using the torsional stiffness kb
and the resulting flapping angle is assumed to remain small at all times. Furthermore,
it is assumed that the lift contribution from the innermost part of the rotor blades
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Figure 3.27: Simplified sketch of the forces and moments connecting a rotor hub (left side)
and its rotor blade (right side). Forces which are neglected for the modeling process are grayed
out.

can be neglected and the lift increment dL can be integrated starting from the hinge
offset e only. Accordingly, the lift generated by the rotor blade segment between
the rotor hub and the rotor hinge at E is ignored9 . Considering the lift distribution
computed via BEMT in Section 3.2 and visualized in Figure 3.9 this is considered a
valid assumption. Finally, for model size rotors inertial and aerodynamic effects will
dominate over the gravity related moment τg such that it is neglected at this point.
The inertial properties of the blade body are defined by its mass mbl as well as its
mass moment of inertia matrix G Ibl defined with respect to G and its origin:

 bl
0 
 I xx 0


G
bl
(3.99)
Ibl =  0 Iyy 0 

bl 
0
0 Izz
The mass of the rotor blade body is assumed to be concentrated in its center of gravity
such that its second mass moment of inertia with respect to K and its origin E can be
explicitly expressed as:
)T
(
K bl
(3.100)
I E = G Ibl + mbl K r̃G K r̃G
For the sake of simplifying the notation, the following substitution is used instead of
the explicit formulation:

 β
 I xx 0 0 


β
K bl
(3.101)
I E =  0 Iyy
0 

β 
0
0 Izz
9 For articulated rotors the root cutout radius R roughly corresponds to the hinge offset such that
0
e = R0 . For a hingeless rotor the hinge offset e is virtual and e > R0 in general.
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Assembling the equations of motion for β as defined by (3.96), leads to extensive
algebraic expressions which capture a multitude of secondary responses and coupling
terms hiding the dominant dynamics of the blade flapping motion. To simplify the
flapping equation of motion, additional assumptions are thus introduced which are
summarized shortly in the following.
Due to the high aspect ratio of most rotor blades, it is assumed that the blade body
inertia with respect of the K frame y–axis is comparable to its inertia with respect to
β
the K frame z–axis such that Iyy
= Izzβ = Iβ . Similarly, it is assumed that the blade
β
body inertia I xx
is negligible in comparison to Iβ . With regard to the flapping rates
of the rotor blades, it is also assumed that the rotorcraft’s lateral flight velocity as
well as its pitch and roll rates are comparatively small. Accordingly, only linear
terms related to the rotorcraft motion are maintained. For similar reasons, also the
angular acceleration of the rotor Ω̇ and the rotorcraft yaw rate r and acceleration ṙ are
neglected.
Introducing these assumptions finally results in a manageable formulation for
the dominant effects of the blade flapping dynamics. The corresponding differential equation essentially corresponds to an aerodynamically damped oscillator which
may be exited through blade pitch inputs θ or by the rotorcraft body motion:
(
)
β̈ + λ2β β = τω p0 , q0 , ṗ0 , q̇0 + τL (u0 , w0 , p0 , q0 , θ, β̇)

(3.102)

The parameter λβ corresponds to the so called flapping frequency ratio and represents
a rotor stiffness metric as discussed in greater detail later in this section. The moment
τω represents the gyroscopic response of the rotor disc to the rotorcraft roll and pitch
rates and τL to the lift related moment introduced in (3.98).
As for the rotor forces, directly implementing (3.102) for a flight dynamics simulator, can be problematic due to the dependency on the rotor azimuth ξ. To address
this situation, a common approach is to transform the local (single blade) differential
equation (3.102) to a global multi–blade representation as presented in [38] and to
subsequently neglect the remaining azimuth dependencies as discussed in [43]. Unfortunately, this transformation to so called multi–blade coordinates is not well suited
to describe the two–bladed rotors of ACX and many similar helicopter–type UAVs.
Accordingly, an alternative approach presented in [90] has been implemented in this
work.
The general solution of the differential equation (3.102) may be expressed as an
infinite Fourier series [87]:
β = β0 +

∞
∑
n=1

90

(βnc cos (n ξ) + βns sin (n ξ))

(3.103)
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where βnc and βns represent the coefficients of the nth harmonic of the solution (3.103)
given as:
∫ 2π
1
β dξ
2π 0
∫ 2π
1
β cos (n ξ) dξ
βnc =
2π 0
∫ 2π
1
βns =
β cos (n ξ) dξ
2π 0
β0 =

(3.104)
(3.105)
(3.106)

This solution may be approximated by the flapping angle representation given in
(3.74) which is reprinted here for the reader’s convenience:
β(t) = β0 (t) + β1c (t) cos ξ + β1s (t) sin ξ

(3.74)

Introducing (3.74) into (3.102) and separately averaging sine, cosine and non–periodic
terms over the rotor azimuth, one can derive a simplified and averaged flapping dynamics representation in function of the flapping coefficients β0 , β1c and β1s which is
independent of rotor azimuth. The resulting differential equation may be formulated
in vector form as:
Aβ̈ β̈ + Aβ̇ β̇ + Aβ β = Aθ θ +



 Λ0
 β0 



λ =  λ1c
β =  β1c 



λ1s
β1s



 p 
 θ0
 q 
 θ1c

θ
=
ω = 

 ṗ 
θ1s
q̇

Aω ω + Aλ λ





(3.107)






The involved matrices from Aβ̈ to Aλ depend on an abundance of aerodynamic, geometric, inertial and structural parameters of the modeled rotor system as well as on
the lateral advance ratio µ of the rotorcraft.
Considering that many robotic rotorcraft tailored for exploratory missions, such as
the inspection scenarios of ACX, operate at advance ratios of µ < 0.01 it may further
be assumed that µ ≈ 0. Under this assumption10 , the corresponding flap matrices can
10 In the interest of having presentable mathematical expressions it was also assumed that the modeled
rotor blades are not twisted such that θtw = 0. This assumption has not been made for the flap matrices
implemented in the flight simulator presented in Chapter 5.
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be simplified considerably and are thus presented here as:



Aβ̈ = 




Aβ̇ = 


1 0
0 1
0 0
Σγ
0
0



 1
 2
Ω

0
0 
 1
Σγ 2 

−2 Σγ Ω
0
0
1

 2
0
 λβ

Aβ =  0 λ2β − 1

0
−Σγ

 Σγ 0
0

Aθ =  0 Σγ 0

0
0 Σγ

0
 −Σγ
0

−Σγ
Aλ =  0

0
0

0
 0

 2 Σe −Σγ
Aω = 

 Σ
2Σ
γ

e

(3.108)

(3.109)

0
Σγ
λ2β − 1





0 

0 

−Σγ
0
0
Σe
Ω







0
Σe
−
Ω
0

(3.110)

(3.111)

(3.112)



 1

 Ω

(3.113)

The corresponding parameter substitutes used for the above matrices are collected in
Table 3.5.
Characteristics of Rotor Flapping
Two of the most relevant parameter substitutes, namely the so called Lock number
γ1 as well as the flapping frequency ratio λβ , should be addressed specifically [38].
For the flapping model derived herein the corresponding parameters amount to the
following expressions:
ρ C L1 R4 c
Iβ
√
e
Iβ
kb
λβ =
+
+1
Iβ Ω 2 Iβ
γ1 =
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(3.114)
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Table 3.5: Substitute parameters to simplify the flapping matrices Aβ̈ to Aλ .

Symbol

Σγ

Σγ 0
Σe

Expression

Symbol

Expression

Iβ

bl
Iyy
+ d2 mbl

Iβe

d e mbl

(
)
4
γ1 Rtl − e4
8
(
)
3
γ1 Rtl − e3
6
Iβ + Iβe
Iβ

The Lock number γ1 defines the relative significance of aerodynamic respectively
inertial effects. For low–lift, heavy rotor blades, the Lock number is small and the
rotor mostly behaves like a gyroscope. The flap behavior of lightweight, high–lift
rotor blades on the other hand is defined mostly by the generated aerodynamic forces.
As previously mentioned, λβ on the other hand corresponds to a stiffness metric and
is related to the hinge offset e and the flap stiffness kb . It essentially defines the

Figure 3.28: Flapping characteristics of a rotor including the flap phase shift ϕβ .
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magnitude of the coupling between the flapping rotor blades and the rotor hub with
respect to the rotor’s inertial properties.
Based on Figures 3.28 and 3.29, the relevance of these characteristic rotor parameters may be further understood. Figure 3.29 presents on– and off–axis (steady
state) flap responses computed from (3.107) to roll respectively longitudinal cyclic
pitch inputs in dependency of the Lock number and flapping frequency ratio. In general, one may conclude that the larger the Lock number and thus the more lift the
rotor blade produces, the stronger is the flapping response to cyclic swashplate commands. Similarly, one may conclude that for a large flapping frequency ratio and thus
a comparatively stiff rotor hub, the flapping response should be small in general.
More importantly though, the role of these parameters in terms of cross–coupling
effects may be understood. For an unrestrained teetering rotor, there is no hinge

(a) On–axis response of β1c to θ1c

(b) On–axis response of β1s to p

(c) Off–axis response of β1s to θ1c

(d) Off–axis response of β1c to p.

Figure 3.29: Normalized, on– and off–axis flap response (steady state) to roll inputs and longitudinal blade cyclic inputs.
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offset (e = 0) and no flap hinge spring (kb = 0) and in consequence, the flapping
frequency ratio will reduce to λβ = 1. In such a case, the lateral rotor disc tilting angle
β1s will respond only to longitudinal cyclic pitch inputs θ1c and the longitudinal disc
tilting anlge β1c only to θ1s . This corresponds to the essential 90◦ phase shift between
rotor cyclic inputs and the rotor flap response of teetering rotors discussed in [38]. For
rotors with flapping stiffness or hinge–offset, we have λβ > 1 and the corresponding
phase shift angle ϕβ is smaller. For comparatively stiff rotors such as in case of ACX,
this phase shift may be in the range of 40◦ to 60◦ and introduces strong couplings
between the rotor on–axis and the rotor off–axis flap responses and consequently in
the rotorcraft pitch and roll dynamics (Figure 3.28). Similar, though less obvious
conclusions can be made for the response to rotorcraft pitch and roll rates. For a
teetering rotor with heavy rotor blades (γ1 ≈ 1), it can be seen that the response
becomes more gyroscopic. In this case, a rotorcraft roll maneuver for example will
predominantly affect the lateral disc tilting angle β1s . These characteristics are clearly
captured by the steady state responses depicted in Figure 3.29.
In case of ACX and similar UAV platforms, additional conclusions may be drawn
from (3.107). Considering once more the body time constants of most rotorcraft
configurations in comparison with the time constants of the second order flapping
dynamics, one may assume that the fast poles in (3.107) are negligible as they mostly
represent rotor vibrations [37]. Accordingly, (3.107) is usually reduced to a first order
differential equation by introducing the assumption β̈ = 0. Due to similar arguments
also the pitch and roll accelerations ṗ and q̇ may be neglected.

Figure 3.30: Natural frequency scaling for the coning flapping dynamics (blue) and the longitudinal respectively lateral flapping dynamics (green) in dependency of λβ .
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Further inspecting (3.107), it can be seen that the corresponding flap differential
equations in principle represent a simple spring damper system where the matrix Aβ̇
defines the damping of the system and Aβ its stiffness. In the one dimensional case,
the second order dynamics of a spring damper system (with x being the degree of
freedom) may be written as:
ẍ + 2 ωn ζ ẋ + ω2n x = f (t)

(3.116)

The parameter ωn corresponds to the system’s undamped natural frequency, ζ is its
the damping ratio and f (t) represents an external driving force [95].
Comparing (3.107) with (3.116), it can be argued that the natural oscillation frequency of the coning dynamics β0 changes proportionally to λβ . Similarly, one may
conclude that the natural frequency
√ of the lateral and longitudinal flap dynamics β1c
and β1s changes in proportion to λβ 2 − 1. This observation also visualized with Figure 3.30 indicate that the dynamics associated with the coning motion β0 are substantially faster than the dynamics associated with the longitudinal and lateral flapping
motion represented by β1c and β1s . Accordingly, the dynamics of rotor coning are
in general less likely to couple with the motion of the rotorcraft body than the lateral and longitudinal flapping dynamics [37]. In consequence, coning dynamics have
been neglected for the implementation of the flight simulator developed in the context
of this dissertation. Considering that the heave dynamics of ACX and similar coaxial
rotor UAVs are comparatively slow, especially since thrust variations are mainly controlled via accelerating and decelerating the coaxial rotors, this is considered a fair
conclusion.
Note though that despite this extensive list of simplifications, having the flapping
dynamics (3.107) formulated, it is finally possible to account for the coaxial rotor
pitch and roll moments B τlT , B τuT , B τlβ and B τuβ introduced in Section 3.4.3. Consequently, the pitch and roll dynamics of ACX and similar UAVs may be expressed in
dependency of the upper and lower rotor speeds Ωu and Ωl as well as the corresponding pitch angles θu and θl . However, considering that both rotor pitch angles may also
depend on the motion of the stabilization aids discussed in Section 3.3.3 at least a
brief discussion of the flybar and stabilizerbar flapping dynamics is required.
Flapping Dynamics of the Stabilization Aids
The functionality of the Bell-Hiller flybar mechanism has been discussed to some
degree in Section 3.3.3 and is further elaborated in [33, 37, 64]. The flybar in general
corresponds to a specific type of teetering rotor and thus its flapping dynamics can be
modeled accordingly. For the ACX simulator, the flybar dynamics have been derived
similarly to the flapping dynamics for the main rotors. The corresponding modeling
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process is thus not explicitly discussed and only the resulting first order flapping
model is presented here:

βfb

β̇ f b = Aβf b β f b + Aθf b θ f b + Aωf b ω f b
 fb


fb 

 θ
β1c
 p 


ω f b = 
θ f b =  1c
fb
fb
q
β1s
θ1s



= 





(3.117)

with the respective flapping matrices defined as:

Aβf b
Aθf b
Aωf b



= 


= 
(
=


−Σγf 0b 
 Ωl
Σγf 0b −Σγf b 

Σγf 0b −Σγf b 
 Ωl
Σγf b Σγf 0b 
)
0 −1
1 0
−Σγf b

(3.118)

(3.119)
(3.120)

Table 3.6: Substitute parameters to simplify the flybar flapping matrices Aβf b to Aωf b .

Symbol
Σγf b

Expression
16 Σr γ f b
(
)
Σ2r γ2f b + 256
Σ2r γ2f b

Σγf 0b

(
)
Σ2r γ2f b + 256

Σr

R2 − R1

4

4

Symbol

γfb

Expression
fb
ρ C L1
(R2 − R1 )4 c f b

Iβf b

R1

R1
R2 − R1

R2

R2
R2 − R1

The substitute parameters used to simplify the flybar flap matrices are collected in
Table 3.6. Other than the individual rotor blades modeled in the previous section, the
flybar consists of one single rigid body and has to be modeled as such. The flybar’s
flap inertia Iβf b is thus defined with respect to its center of gravity which coincides
with the location of the flybar flap hinge. Furthermore, being represented as a single
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rigid body, the flybar inherently does not possess a coning mode and only lateral and
fb
fb
longitudinal flapping motions defined by β1c
and β1s
are possible.
fb
The aerodynamic properties of the flybar are defined by the lift curve slope C L1
of the paddle airfoils and the paddle chord length c f b . As the ACX flybar paddles are
fb
equipped with symmetric airfoils, it may be directly assumed that C L0
= 0. Finally,
consider that due to the low aspect ratio of the flybar paddles, it is not advisable to
choose the total flybar radius for the normalization of the flybar dimensions. Instead,
the flybar paddle length (R2 − R1 ) is used, where the radius R2 corresponds to the
outer radius of the flybar and R1 to the dimensions of the flybar root cutout.

Figure 3.31: Stabilizerbar flapping response to a positive roll maneuver.

The concept of the coaxial rotor stabilizerbar is in principle similar to the Bell–
Hiller flybar. Other than the flybar though, the stabilizerbar constitutes an entirely
passive stabilization device. Unlike the flybar, the stabilizerbar is not equipped with
airfoils and hence its flapping behavior is largely defined by its inertial properties.
Reference [46] presents a fully coupled rotor–stabilizerbar model based on the Lagrangian modeling approach and also proposes a substantially simpler flap model
adapted from [37]. The first order stabilizerbar flap model used herein is represented
by:
1 sb
β −q
τ sb 1c
1 sb
sb
β̇1s
=−
β +p
τ sb 1s

sb
β̇1c
=−
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and in principle corresponds to a damped gyroscope with a flapping time constant of
τ sb seconds.
Inspecting the flap dynamics of the flybar (3.117) as well as the flapping dynamics of the stabilizerbar (3.121), the gyroscopic behavior of either stabilization aid
becomes fully apparent. The flybar as well as the stabilizerbar are freely hinged at the
rotor shaft and consequently both devices will momentarily maintain their respective
plane of rotation (thus conserving their angular momentum) if the rotorcraft body roll
or pitch angles change. This results in a flapping motion of the flybar respectively stabilizerbar body with respect to the rotor which ceases over time due to the mechanical
and aerodynamic damping of the flapping motion. Accordingly, pitch rates q lead to
fb
sb
longitudinal flybar and stabilizerbar flapping angles β1c
and β1c
, while roll rates p
fb
sb
lead to a lateral flapping response β1s and β1s as represented by the corresponding
models derived herein. This behavior has also been validated experimentally as seen
in Figure 3.31, which shows a photograph of a coaxial rotor stabilizerbar captured
during a positive roll maneuver11 .

3.4.6

Modeling the Rotor Actuation Kinematics

At this point practical models for the primary set of forces and moments defining the
flight behavior of coaxial rotor UAVs have been derived and the relevant higher order dynamics affecting these forces and moments have been defined. With all these
subsystems modeled, a last step is required to connect the coaxial rotor speeds Ωl
and Ωu as well as the blade pitch angles θl and θu to the actuator inputs previously
summarized in the input vector u. For ACX and many similar coaxial rotor UAVs
neither the rotor speeds nor the rotor pitch angles can be measured directly. Inputs
to the real ACX platform, the ATB rotor testbench and the coaxial rotor flight simulator are thus defined on the level of the swashplate pose ϕ1c , ϕ1s and h sp and the
motor speed Ωmot . Similarly, the inputs to most miniature coaxial rotor platforms are
realized on the level of the swashplate tilt angles ϕ1c and ϕ1s and the opposing motor
speeds Ωmot,1 and Ωmot,2 . Establishing a consistent description for the kinematic relations interconnecting the swashplate, the stabilization aids and the BLDC–motor(s)
with the coaxial rotors, is thus crucial for a clear realization of the required UAV flight
controllers and is equally important for a proper validation of the coaxial rotor flight
simulator based on flight data and testbench measurements.
In the following, simplified models for these kinematic relations are presented.
First, a representation of the CCPM swashplate inverse kinematics, connecting the
swashplate pose with the configuration of the corresponding servo motors, is given.
Subsequently, the output of the swashplate is connected step by step to the cyclic
11 Unfortunately,

many robotics references incorrectly captured this fundamental characteristic.
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pitch angles of the flybar and the pitch inputs to the lower coaxial rotor. Finally, the
kinematics connecting the stabilizerbar flapping motion with the upper rotor pitch
angle is given and the motor to rotor speed transmission is commented briefly.

(a)

(b)

Figure 3.32: (a) General CAD sketch of a CCPM–swashplate including the swashplate discs
and the servo motor arms. (b) Definition of the CCPM–swashplate geometry.

Swashplate Kinematics
The general
( approach
) to define an attitude controller for a UAV is to calculate control
actions uφ , uθ , uψ ∈ [−1, 1] based on the error between the desired roll, pitch and
yaw states such as e.g. the absolute angles, the angular rates and possibly the accelerations, and the respective measurements. In case of ACX, these control
( actions have
)
to be translated into the desired swashplate pose defined by the triplet ϕ1c , ϕ1s , h sp .
The corresponding conversion between the pitch, roll and yaw control actions and the
swashplate pose can be defined as:
(
(
(
π)
π ))
ϕ1c = 0 ϕ1c + ∆ϕ1c uθ cos ϕβ −
− uφ sin ϕβ −
2
2
(
(
(
π ))
π)
0
(3.122)
+ uφ cos ϕβ −
ϕ1s = ϕ1s − ∆ϕ1s uθ sin ϕβ −
2
2
h sp = 0 h sp + ∆h sp uψ + (∆h sp + hmin
sp )
where 0 ϕ1c , 0 ϕ1s and 0 h sp correspond to the swashplate trim values and ∆ϕ1c , ∆ϕ1s
and ∆h sp define the upper and lower limits of the swashplate range of motion. With
this transition also the possible flap phase shift ϕβ between the cyclic rotor inputs and
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the resulting steady state rotor flap moments should be accounted for. This ensures
that the ACX swashplate inputs to the rotor produce minimal off–axis moments in response to the corresponding pitch and roll commands. The additional phase shift term
of − π2 in (3.122) is related to the mechanical configuration of the ACX swashplate.
Once the desired swashplate pose has been calculated, commands for the swashplate actuators need to be computed. In consequence the swashplate inverse kinematics (ϕ1c , ϕ1s , h sp → θA , θB , θC ) as opposed to the swashplate forward kinematics
(θA , θB , θC → ϕ1c , ϕ1s , h sp ) need to be formulated such that the desired servo motor
angles θA , θB and θC may be expressed in function of the swashplate pose.
References [96, 97] solve the full nonlinear forward and inverse kinematic problems of a helicopter swashplate relying on numerical methods. In this work, a considerably simpler, yet more practical approach has been chosen by defining a set of
nonlinear equations constraining the swashplate motion. This set of equations is subsequently linearized under the assumption of small angles. The swashplate constraint
equations are determined based on the geometric specifications in Figure 3.32 and are
formulated as:
rA1 A2
rB1 B2
rC1 C2

2

= a22

2

= b22

2

= c22

(3.123)

where the three vectors used for the above constraint equations may be derived as:
rA1 A2 = (rS 0 S 1 + rS 1 A2 ) − (rS 0 A0 + rA0 A1 )
rB1 B2 = (rS 0 S 1 + rS 1 B2 ) − (rS 0 B0 + rB0 B1 )
rC1 C2 = (rS 0 S 1 + rS 1 C2 ) − (rS 0 C0 + rC0 C1 )

(3.124)

To define the swashplate orientation with respect to the rotorcraft body frame, two
additional coordinate frames are introduced. Coordinate frame B0 is aligned with
the rotorcraft body fixed coordinate frame B but its origin is located at the point S 0
depicted in Figure 3.32 (b). This point lies on the rotor shaft axis, on the level of
the plane defined by the three servo arm hinge points A0 , B0 and C0 . The swashplate
rotating frame H sp is located at the swashplate pivot point S 1 and rotates along with
the upper swashplate disc and thus also with the corresponding rotor. Accordingly,
the swashplate pose with respect to B0 is defined by:


 0 
0


B
rS 0 S 1 =  0 


(3.125)
−h
sp

B0

RHsp = RZ (ξ) RY (ϕ sp )
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where the local swashplate tilting angle with respect to B0 is represented as:
ϕ sp = ϕ1c cos ξ + ϕ1s sin ξ

(3.126)

Based on the lengths of the involved links, the swashplate pose and the orientation of
the three servo arms defined by the rotation matrices RX (θA ), RX (−θB ) and RX (−θC ),
the constraint equations can be fully expressed.
Assuming that all involved angles remain small at all times, the simplified inverse
kinematics of the swashplate can be evaluated and expressed in polynomial form:
θA = kA1 ϕ1c + kA3 h sp + kA4 h−1
sp
θB = kB1 ϕ1c + kB2 ϕ1s + kB3 h sp + kB4 h−1
sp
θC = kC1 ϕ1c + kC2 ϕ1s + kC3 h sp +

(3.127)

kC4 h−1
sp

The corresponding polynomial coefficients kA1 to kC4 may be computed based on the
swashplate geometry or using the calibration procedure presented in Section 5. Note
that a specific nonlinearity related to the swashplate height has been maintained as it
has proven to be relevant in case of the ACX platform. Provided the swashplate servo
motors have been properly calibrated such that the mapping between the servo motor
commands and the resulting servo arm angles is known12 , pitch roll and yaw control
actions as computed by the corresponding flight controllers can be transmitted to the
flight system in a consistent manner.

Flybar Paddle Pitch Actuation
As has been mentioned in Section 3.4.1 and as depicted in the flow diagram in Figure
3.17, the flybar flapping dynamics not only respond to pitch and roll motions of the
main rotorcraft body but in fact also to cyclic inputs from the swashplate. Via a
set of links and hinges (Figure 3.33), the cyclics from the swashplate
( f b f b ) (ϕ1c , ϕ1s ) are
translated into cyclic feathering angles of the flybar paddles θ1c
,θ .
(
) 1s
fb fb
The corresponding forward kinematics ϕ1c , ϕ1s → θ1c , θ1s of the flybar pitch
acuation mechanism are highly nonlinear and are not easily resolved analytically.
Accordingly, the simplified approach successfully used for the swashplate inverse

12 The electric servo motors found on most model–size coaxial rotor configurations are controlled via
PWM signals and the position of the servo motor is encoded with the duty cycle of the corresponding pulse
modulations. The mapping between the servo motor duty cycle and the resulting servo motor position
varies from motor to motor and has to be calibrated.
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kinematics is also applied to compute the flybar pitch angles. To formulate the required constraint equations, kinematic loops in the flybar pitch input mechanism are
defined and formulated in mathematical form as:
rSb1 S 2 = rSb1 P1 + rPb1 P2 + rPb2 S 2
rSb2 S 3 = rSb2 P3 + rPb3 P4 − rSb3 P4
rSc1 S 2 = rSc1 P1 + rPc1 P2 + rPc2 S 2

(3.128)

rSc2 S 3 = rSc2 P3 + rPc3 P4 − rSc3 P4
rS 0 S 3 = rS 0 S 1 + rS 1 S 2 + rS 2 S 3
Note that in order to fully constrain the problem, both sides of the flybar input mechanism depicted in Figure 3.33 (b) and Figure 3.33 (c) denoted with the indices b and
c must be accounted for. These two kinematic chains prevent the swashplate height
h sp from affecting the flybar and ensure that θ0f b = 0 is given at all times. This is
required since the flybar does not posses a collective pitch angle due to the flybar
paddles being rigidly connected to one another.
Linearizing (3.128) and solving for the unknown angles αb1 to αc3 , the unknown
distance h2 and the flybar pitch angle θ f b in dependency of the swashplate tilt angle
ϕ sp and the swashplate height h sp , the following forward kinematics model can be
found:
θ f b = k f b ϕ sp
(3.129)
Considering that the flybar leads the rotor blade azimuth ξ with a phase shift of π2 , that
swashplate tilt is given by (3.126) and that the flybar pitch angles can be expressed
with respect to the non–rotating body frame B0 as:
(
(
π)
π)
fb
fb
θ f b = θ1c
cos ξ +
+ θ1s
sin ξ +
(3.130)
2
2
the relation for the flybar forward kinematics can be finally found as:
fb
θ1c
= k f b ϕ1s

fb
θ1s
= −k f b ϕ1c

(3.131)

The coefficient k f b may again be computed from the geometry of the kinematic mechanism itself or using a similar calibration method as for the swashplate.
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(a) The ATB flybar input kinematics.

(b) Sketch of the modeled flybar input kine- (c) Sketch of the modeled flybar input kinematics as seen from ξ = 90◦ .
matics as seen from ξ = 270◦ .
Figure 3.33: Flybar input kinematics.
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Lower Rotor Pitch Actuation
The role of the so called cyclic mixer has been somewhat discussed in Section 3.4.1
and Figure 3.34 shows a simplified representation of its kinematics. Just as for the
flybar and the swashplate, kinematic constraint equations are defined using as set of
support angles α1 to α3 , the swashplate tilt angle ϕ sp , the flybar flap angle β f b and
lower rotor pitch angle θl .
The constraint equations for the cyclic mixer are thus defined as:
rS 1 S 4 = rS 1 P1 + rP1 P2 + rP2 P3 + rP3 S 4
rS 4 S 5 = rS 4 P3 + rP3 P4 + rP4 P5 + rP5 S 5

(3.132)

After the linearization, one may solve for the unknown angles α1 to α3 and the rotor
blade feathering angle:
θl = k1cm ϕ sp + k2cm β f b + k3cm h sp + k4cm

(3.133)

The corresponding angles can again be expressed with respect to the non–rotating
frame B0 as:
l
l
θl = θ0l + θ1c
cos ξ + θ1s
sin ξ
)
(
(
π)
π
+ ϕ1s sin ξ −
ϕ sp = ϕ1c cos ξ −
2)
2)
(
(
π
π
fb
fb
β f b = β1c cos ξ −
+ β1s sin ξ −
2
2

(3.134)

Accordingly, the kinematic connection between the swashplate, the flybar flapping
angle and the lower rotor blade pitch components can be established as:
θ0l = k1cm h sp + k2cm
fb
l
θ1c
= k3cm ϕ1s + k4cm β1s
l
θ1s

=

−k3cm

ϕ1c −

k4cm

(3.135)

fb
β1c

The coefficients k1cm to k4cm depend on the geometric relations of the cyclic mixer
mechanism and may be computed from its geometric specifications or through calibration. Consequently, note how the lower rotor cyclic inputs and thus the generated
pitch and roll control moments B τT and B τβ depend on a linear combination of the
fb
fb
swashplate tilting angles ϕ1c and ϕ1s and the flapping coefficients β1c
and β1s
of the
flybar.
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(a) Photograph of the ATB flybar input kinematics
as seen from ξ = 0◦ .

(b) Sketch of the modeled flybar input kinematics as
seen from ξ = 0◦ .
Figure 3.34: Cyclic mixer kinematics.
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Upper Rotor Pitch Actuation
In order to capture how the stabilizerbar flapping angle β sb may affect the upper rotor
pitch angle θu , a simplified kinematic analysis of the stabilizerbar pitch link depicted
in Figure 3.35 is required. For a consistent description of the pitch link kinematics
(β sb → θu ), a set of four coordinate frames is employed. The corresponding coordinate frames consist of the upper rotor hub frame Hu and the stabilizerbar hub frame
H sb with origins S 6 and S 7 as well as the stabilizerbar flap frame K sb and the upper
rotor feathering frame Kθu also with origins S 6 and S 7 .

Figure 3.35: Kinematics of the stabilizerbar pitch link.

The relative orientations of these frames are defined via the following set of rotation matrices:
Hu

RHsb = RZ (−ϕ sb )

Hu
H sb

RKθu = RX (θu )

(3.136)

RKsb = RY (β sb )

The constraint equation for the stabilizerbar pitch link is defined as:
krP1P2 k2 = L22

(3.137)

and the corresponding vector may be computed as:
rP1 P2 = (rS 6 S 7 + rS 7 P2 ) − rS 6 P1

(3.138)
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Also accounting for the fact that the upper rotor collective angle θ0u is fixed and only
the cyclic components of θu are affected by the stabilizerbar, the resulting kinematic
relation may be found as:
θucycl = k1sb β sb + k2sb

(3.139)

k2sb

Note that according to the above equation,
represents a setup where the produced
cycl
blade cyclic command θu is not zero when the stabilizer flapping angle β sb is zero.
This configuration is possible if the pitch link arm length L2 is not adjusted appropriately and is generally undesired. A reasonably accurate configuration procedure
for the pitch link arm length should compensate for this parameter. Thus k2sb will be
dropped from the above equation in subsequent steps.
From these simplified kinematics and the following representation of the upper
rotor cyclic blade pitch and the stabilizer flapping angle:
u
u
θucycl = θ1c
cos (−ξ) + θ1s
sin (−ξ)
sb
sb
β sb = β1c
cos (−ξ − ϕ sb ) + β1s
sin (−ξ − ϕ sb )

the final formulation for kinematics of the pitch link can be found:
u
sb
sb
θ1c
= k sb β1c
cos ϕ sb − k sb β1s
sin ϕ sb
u
sb
sb
θ1s
= k sb β1c
sin ϕ sb + k sb β1s
cos ϕ sb

(3.140)

The stabilizerbar kinematics may thus vary depending on the configured phase shift
ϕ sb between the rotor blades and the stabilizerbar. The parameter k sb depends on the
geometry of the pitch link and simplifies to k sb = 1 if the distances S 6 Hu and S 7 H sb
are the same.
Finally, consider that the final ACX prototype ACX V3 is not equipped with a
stabilizerbar such that the upper rotor feathering angle does not posses cyclic compou
u
nents (θ1c
= θ1s
= 0).
Drive Train
As briefly mentioned in section 3.4.1, the rotors of most coaxial UAV configurations
may be actuated by either one individual or two separate BLDC–motors. In case of
ACX, the coaxial rotors are coupled to a single motor via a gear train such that the
upper and lower rotor speeds Ωu and Ωl are related to the motor speed Ωmot as:
l
Ωl = kgt
Ωmot
u
Ωu = kgt
Ωmot
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u
l
where the parameters kgt
and kgt
represent to the respective motor transmission ratios.
This simple representation of the drive train subsystem may be substantially complicated by the fact that ACX and many similarly sized helicopter–type UAV configurations are commonly equipped with a one–way clutch [98] to enable autorotation.
Due to this clutch, no “negative“ torques can be transmitted by the motor to actively
slow down the rotor speed and consequently, there may be situations where the motor
decelerates faster than the rotor. This causes the one–way clutch to disengage such
that the corresponding rotor spins freely, solely under the influence of its aerodynamic
drag, until the clutch re–engages once the rotor speed slowed down to the transmitted
motor speed. In case of ACX, each of the two coaxial rotors is equipped with its own
one–way clutch such that this decoupling and re–coupling process may happen for
either rotor independently. Depending on the particular platform, this type of hybrid
dynamics may have to be accounted for. For ACX, the one–way clutches are not explicitly modeled as their effect could not be measured on the testbench presented in
Chapter 2 and did not seem to affect the ACX flight dynamics throughout any of its
numerous flight tests.

3.5 Final Remarks
Assembling the full nonlinear ACX model, according to the interconnections specified in Figure 3.17, results in a system of nonlinear differential equations which
relates the actuator inputs ϕ1c , ϕ1s , h sp and Ωmot to the rotorcraft body, rotor blade
and flybar flap dynamics as well as the previously described inflow dynamics. All
these dynamic and kinematic subsystems have been implemented in a white box
SIMULINK flight simulator discussed in Chapter 5. These nonlinear system dynamics have been further used to derive linearized models to study the effect and
relevance of different system configurations as discussed in Chapter 6.
Also note that merely by changing the ACX swashplate/flybar model with a model
for the CPM swashplate kinematics and replacing the ACX single motor transmission
model with a model for two separate BLDC–motors, the system dynamics of the
typical miniature coaxial rotor UAV configuration as presented in Figure 3.18 can be
established directly.
In conclusion, consider that before a flight dynamics analysis of a particular prototype is possible and before simulation results can be produced, the equally important
problem of computing respectively predicting the correct system parameters must be
tackled. Additionally, to investigate a flight system such as ACX, not only in free–
flight but also during contact maneuvers, the just derived flight dynamics must be
fused with an appropriate representation of contact dynamics as presented in the next
chapter.
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CHAPTER

4

Rotorcraft Dynamics in Contact

Before presenting the contact dynamics model developed herein, specifically to simulate rotorcraft docking maneuvers, the topic needs to be discussed on a more global
level first. In general two types of contact models can be classified, namely models
using soft contacts and models using hard contacts. The soft contact modeling approach has found widespread use in the field of robotics [99] due to its more natural
representation of contacts and collisions between multiple bodies.
The basic concept of soft contact models treats the colliding respectively touching bodies as deformable and thus specifically accounts for the local deformations
and deformation rates between two bodies in contact. The resulting contact forces
are computed based on virtual spring damper systems connecting the touching bodies. The corresponding spring damper elements essentially represent the local, mechanical properties of the contact area. Note that this concept also simplifies the
treatment of impacts in comparison to hard contact models. Using soft contact models, the transition from an open to a closed contact is realized simply by activating
the contact spring–damper forces and thus does not require special treatment. Merely
by adding the formulations for the contact forces to the equations of motion of the
modeled systems, contacts as well as possible impacts can be accounted for.
However, to represent the fact that most robots and the environments
they are interacting with are comparatively rigid, very stiff contact elements have
to be used. This is especially problematic when hard surfaces in combination with
low contact forces are to be simulated (e.g. a miniature helicopter pressing against
a steel wall). Once a contact is established, the differential equations describing the
constrained robot become stiff and thus difficult to simulate efficiently. At this point
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choosing the contact parameters (contact stiffness and damping) usually becomes a
compromise between satisfactory simulation efficiency and maintaining physicality.
In view of a small aerial vehicle such as ACX, docking to a vertical surface (e.g. a
boiler wall), one needs to consider that only a marginal part of the vehicle’s lift force
is directed towards the wall. Accordingly, in regard of the expected material pairings and the force magnitudes to be simulated for a docking UAV, the meaning of
modeling local deformations of the wall or the rotorcraft airframe structure may be
challenged.
For this reason, the hard contact modeling approach more specifically described
in [100] is used in this work. Though in general more challenging to implement
in a simulation environment such as SIMULINK, this approach seems to be more
appropriate for the problem at hand and to some extent prohibits an arbitrary tuning
of what should be physical parameters. Different from the soft contact modeling
approach the colliding and interacting bodies are treated as completely rigid.

4.1 Multibody Dynamics with Unilateral Constraints
Figure 4.1 presents the three aspects involved in simulating mechanical systems with
contacts.

Figure 4.1: Newtons cradle visualizing the relevant aspects of multibody dynamics with unilateral constraints.

In what is herein termed the “free–flight” phase, the body (or multibody system)
of interest moves under the influence of a set of external and internal forces and moments e.g. such as in case of the helicopter system discussed in the previous chapter.
Once this body establishes a contact with another body, additional forces (and mo112
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ments) need to be introduced to account for the fact that the surfaces of the two touching bodies are not able to penetrate each others. Note that these forces are unilateral
such that the bodies may press against each others but not pull on one another. The
event that establishes the transition from the free–flight phase to the contact phase
is the collision. A collision between two bodies occurs once the closest distance
between their respective surfaces vanishes. In case of the hard contact modeling approach this event is assumed to happen within an infinitesimally small time step and
associated with a momentum exchange between the bodies. The impact event is thus
treated on a momentum–velocity level as opposed to a force–acceleration level as in
the soft contact approach. The collision may be fully elastic such that the kinetic energy of both colliding bodies is completely conserved, causing them to separate again
immediately after the collision. It may also be fully plastic such that a large part of
the kinetic energy is dissipated, causing the bodies to remain in contact immediately
after the collision. A collision may also be partially plastic in which case a smaller
part of the kinetic energy will dissipate1 . The type of collision that occurs for a particular impact is characterized by the so called coefficient of restitution, discussed
more specifically later in this section. In general, this parameter depends on the mechanical properties of the colliding bodies and the corresponding impact velocities.
Finally, the opposite transition from a closed contact to an open contact occurs when
the contact forces between the bodies vanish.
Once a collision between two bodies occurs, friction related effects may also have
to be accounted for. Figure 4.2 visualizes two approaching bodies spinning in opposite directions. Assuming that the friction coefficient for the material pairing of the
two bodies is comparatively high, a collision will not only happen in the normal direction of the two body surfaces but also in the tangential direction. Furthermore, once
in contact, the bodies may stick or slide and undergo transitions in between, depending on the applied tangential forces, the magnitude of the static friction coefficient
and the magnitude of the contact normal forces. Also consider that in a multibody
system such events may occur at various locations throughout the modeled system at
the same time.
Yet, as for the free–flight rotorcraft model presented in the previous chapter, one
needs to decide up to what extent which kind of physical effect has to be taken into
account. Efficiently fusing a rotorcraft model, which accounts for higher order effects
such as rotor flapping, with models for collision dynamics is thus difficult. Dynamic
effects that are deemed too fast to be relevant for the purpose of characterizing the
general flight behavior of a rotorcraft, are now to be combined with a models for
1 Note that this terminology is not to be confused with the notion of elastic and plastic deformations
in the sense of the mechanics of deformable continua. A collision may be plastic even though neither body
is plastically (irreversibly) deformed afterwards. E.g. dropping a palm–size steel ball from a very close
distance onto a steel plate one would most likely expect a plastic collision but no plastic deformation.
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Figure 4.2: Collision of two spinning bodies.

a phenomenon where fundamental changes in the structure of the modeled system
may happen instantly. However, it must be stressed again that there is no meaning in
modeling rotorcraft vibrations in the context of the problems to be addressed herein.
To directly cite reference [100] on the matter of modeling the dynamics of mechanical systems:
“Good models are economical models; they include everything to achieve the goals,
but not more.”
To this end, Figure 4.3 visualizes an object falling onto the ground to demonstrate
the basic concept of how rotorcraft docking maneuvers will be treated in this work.
The corresponding two dimensional representation shows a body with mass m and a
mass moment of inertia IS defined with respect to its center of gravity S . This body is
equipped with roller wheels at its bottom such that it may slide along a surface once
in contact. The friction between these roller wheels and the corresponding contact
surface (in this case the floor) is assumed to be high enough such that wheel slip
is impossible. To absorb the impact shock, the wheels and the body are connected
via spring–damper elements. In a more general setting, the location of the points
of contact may move along the contour of the colliding bodies as visualized by the
contour coordinate s2 in Figure 4.1. In case of the proposed concept, each wheel
body is represented by a point mass mi and collisions between a particular wheel
and the floor may occur at the location of the wheel point mass only. The physical
parameters li , ki and di represent the unloaded spring length, the spring stiffness and
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the damping coefficient of the ith spring–damper element. The spring displacements
are represented by the δi degrees of freedom. Finally, Zw corresponds to the vertical
distance the origin of the inertial world frame and the contact surface, the vector nw
to the contact surface normal and gNi represents the contact separation distance for
the ith wheel body.

Figure 4.3: Basic representation of the proposed docking model structure.

4.1.1

Multibody Dynamics

The main rotorcraft body dynamics, defined in Chapter 3, represented a single rigid
body affected by gravity and a specific set of aerodynamic forces and moments. In
contrast to this, the concept visualized in Figure 4.3 represents a multibody system in
the classical sense2 . Using the projected Newton–Euler representation, the equations
of motion of such a system may be formulated as:

)T (
) (
)T (
)
N (
∑


ṗ
JP
fP 
 JS

−
=0
(4.1)



 JR

JR
τ 
L̇
i=1

i

2 For this type of multibody systems it is generally impractical to formulate the Newton–Euler equations connected by the internal constraint forces and moments for each individual body. This approach has
been used for the specialized treatment of connecting the rotorcraft body dynamics with the rotor blade
flapping dynamics in Chapter 3 though.
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where pi and Li correspond to the linear and angular momenta of the ith body in the
aforementioned N–body system and f iP represents active forces affecting the ith body
at various points P and τi are active moments affecting the same body. The Jacobian
matrices J iS , J iP and J iR correspond to the Jacobian of translation of the ith body’s
center of gravity S i , the Jacobian of translation for arbitrary points P on the ith body
and the body’s Jacobian of rotation.
The system’s set of passive forces and moments is defined by its internal constraints and does not explicitly appear in the above differential equations. This is
established by choosing a set of generalized coordinates q which describe the subset
of motions of each individual body that are kinematically consistent with the internal
constraints of the modeled multibody system. Accordingly, by appropriately choosing q, the internal constraints of the multibody system under investigation are already
fulfilled. The subset of active forces and moments is defined by being able to produce
work. This includes forces and torques originating from actuators or forces and moments produced by springs and dampers connecting the bodies. The relation between
these generalized coordinates (respectively their time derivatives) and the linear and
angular velocities and accelerations of each body are established through the just introduced Jacobian matrices. The linear velocities viP of points P on the ith body and
the ith body’s angular velocity Ωi are related to the generalized velocities q̇ as:
(
(
) (
)
)
vP
JP
jP
q̇ +
=
(4.2)
jR i
Ω i
JR i
where the additional terms jiP and jiR are simply derived as:
(
) (
) (
)
jP
vP
JP
=
−
q̇
jR i
Ω i
JR i
The corresponding Jacobian matrices can thus directly computed from:
(
) (
)
JP
∂vP /∂ q̇
=
JR i
∂Ω/∂ q̇ i

(4.3)

(4.4)

Similarly, the relation between the linear and angular accelerations aiP and Ψi of
the ith body and arbitrary points on this body and the generalized accelerations q̈ is
established as:
(
)
(
) (
)
JP
aP
jP
q̈ +
=
(4.5)
JR i
Ψ i
jR i
i

i

with the additional terms jP and jR resulting from:
) (
) (
)
(
jP
aP
JP
=
−
q̈
Ψ i
JR i
jR i
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Remembering that the linear and angular momentum of each individual body3 may
be expressed as:
) (
)
(
) (
) (
ṗ
aS
03×1
m 13×3 03×3
=
+
(4.7)
03×3
IS i Ω̇ i
L̇ i
Ω̃ IS Ω i
and re–expressing the involved accelerations and velocities in dependency of the generalized coordinates, rates and accelerations as given by (4.2) and (4.5), the projected
Newton–Euler equations (4.1) may be reformulated in a more general representation
of the system’s equations of motion:
M (q) q̈ − h (q, q̇) = 0

(4.8)

The mass matrix M (q) thus corresponds to a projection of the system’s inertial properties represented by each body’s mass mi and each body’s mass moment of inertia
IiS into the vector space defined the degrees of freedom of the multibody system.
The vector h (q, q̇) represents the projection of active external forces and moments
as well as the projection of additional gyroscopic terms associated with the motion of
the system itself into the same vector space.
Once a pair of bodies, here denoted by the indices i and j, touch each others at
contact points Cki and Ck j on either body (Figure 4.2), contact forces for each of these
contacts k must be introduced. In the original formulation of the projected Newton–
Euler equations this would manifest as:
) (
)(
)}
)(
N {(
∑
∑
ṗ
JP
fP
JS
−
−
f Ck = 0
JR
τ
JR
L̇
i

(4.9)

Ck ∈Kcon

i=1

where Kcon represents the subset of active contacts out of the set of all potential contacts. The contact force projections f Ck are defined by the contact constraint forces
f Cki and f Ck j between the bodies i and j:
f Ck = J CT ki f Cki + J CT k j f Ck j

(4.10)

Naturally, to guarantee the force equilibrium between the bodies in contact:
f Ck j = − f Cki

(4.11)

must be given at all times.
For the problem at hand (Figure 4.3) the forces f Cki and f Ck j can only be realized
in the normal direction of the contacts. Accordingly, it is possible to express these
3 The matrices 1 and 0 correspond to the diagonal identity matrix and the zero matrix. The corresponding matrix sizes are specified for clarity.
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contact constraint forces by the contact normal directions nk j = −nki and the contact
force magnitude λNk only:
(
)
f Ck = J CT ki nki + J CT k j nk j λNk = wNk λNk

(4.12)

Recasting this formulation into the generalized coordinate representation, previously
given by (4.8), results in:
M q̈ − h − W N λN = 0

(4.13)

where the columns of the matrix W N are composed of the vectors wNk and the elements of the vector λN are defined by the normal force magnitudes λNk of the active
contacts. In consequence, the structure of the contact projection matrix W N and the
contact magnitude vector λN changes depending on the number of currently active
contacts.
In order to decide at what point two bodies actually establish contact, the contact
kinematics need to be investigated in more detail. To support this process, a simplified
notation is employed in the following. Hereafter, points Ck (previously denoted Cki )
shall represent contact points on a moving body while the points Cwk (previously
denoted as Ck j ) represent the corresponding projection points on a stationary contact
surface as depicted in Figure 4.3.

4.1.2

Contact Kinematics

The separation distance gNk between the contact surface and the contact wheels in
Figure 4.3 is simply determined by the normal distance between the contact points
Ck and their projections Cwk on the contact surface:
gNk = −rCT k Cwk nw

(4.14)

Since the contact surface is assumed to be absolutely flat, the contact surface normals
nwk can be represented by a single normal vector nwk = nw . Choosing the surface
normal vector nw to be facing away from the contact surface, a potential contact k is
assumed to be open as long as the contact separation is positive (gNk > 0). The case
of a negative contact distance (gNk < 0) represents a situation where a contact point
penetrates the contact surface and is not permitted.
With this in mind, note that a vanishing contact distance is a necessary but not a
sufficient condition for a contact to close. The condition gNk = 0 alone is simply an
indication that a collision between the points Ck and Cwk occurred. In order for the
contact to remain closed, also the contact velocity as well as the contact acceleration
need to vanish permanently (ġNk = 0, g̈Nk = 0). Otherwise given ġNk > 0 or g̈Nk > 0
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the contact would open already in the next time step while given ġNk < 0 or g̈Nk < 0
would mean that the contact point Ck will inevitably penetrate the contact surface.
Accordingly, it is necessary to also establish explicit formulations for what is referred
to as the contact velocities ġNk and the contact accelerations g̈Nk .
Computing the contact velocities is simply a matter of finding the difference of
the contact point velocities projected into the contact normal direction and can be
found as:
ġNk = −nTw vCk + nTw vCwk
= wTNk q̇ + wNk

(4.15)

with the contact projection vector wNk and the resulting additional terms wNk being
defined as:
wNk = −J CT k nw + J CT wk nw
wNk = − jCT k nw + jCT wk nw

(4.16)

Similarly, the contact acceleration may be found by computing the time derivative
of (4.15) according to:
)q
∂ġNk ( T
= nk vCk + nTw vCwk
(4.17)
∂t
q
where the operator () represents the derivative with respect to time. This derivative
is here only computed for the contact point normals and velocities and given as:
g̈Nk =

(

nTk vCk

)q

( )q
( )q
= nTk vCk + nTk vCk
(
)T
= ṅk + Ω̃k nk vCk + nTk aCk

(4.18)

The time derivatives for the contact surface normal and the contact surface velocities
are found in the exact same way.
Knowing that the transpose of a skew symmetric matrix simply relates to the
T
original matrix as Ω̃ = −Ω̃, one may directly express the contact accelerations as:
(
)
g̈Nk = nTk aCk − Ω̃k vCk + ṅTk vCk +
(
)
nTw aCwk − Ω̃wk vCwk + ṅTw vCwk
=

wTNk

(4.19)

q̈ + wNk
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Hence, the additional contact acceleration term wNk can be found as:
(
)
wNk = nTk jCk − Ω̃k vCk + ṅTk vk +
)
(
nTw jCwk − Ω̃wk vCwk + ṅTw vCwk

(4.20)

In the more general case, presented in reference [100], the contact kinematics are
also related to the motion of the contact points along the contours of the involved
rigid body surfaces and require a more careful treatment. For the given contact scenario depicted in Figure 4.3 even further simplifications can be introduced. Since
the contact surface is assumed to be entirely flat and fixed with respect to the inertial world frame W, the contact surface velocity and the contact surface angular rate
reduce to vCwk = 0 and Ωwk = 0. According to (4.4) this in consequence also leads to:
J Cwk = 03×n
jCwk = 03×1

(4.21)

jCwk = 03×1
where n corresponds to the number of degrees of freedom of the modeled multibody
system. This conclusion evidently leads to additional simplifications for the contact
projection terms which may thus be computed directly from:
wNk = −J CT k nw
wNk = − jCT k nw
(
)
wNk = − nTw jCk − Ω̃ vCk + ṅTw vCk

(4.22)

where the angular rate Ω corresponds to the angular velocity of the main rigid body
depicted in Figure 4.3. Vectorizing this representation of the contact kinematics finally leads to the following expressions:
ġN = W TN q̇ + wN

(4.23)

g̈N =

(4.24)

W TN

q̈ + wN

The vectors ġN and g̈N thus collect the contact velocities and accelerations of all
potential contact points.

4.1.3

Treating Collisions

As discussed in the previous section, observing a vanishing contact distance gNk corresponds to the detection of a collision event which must be handled accordingly. Furthermore, it has been mentioned that in case of the hard contact modeling approach
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employed in this work, collisions are assumed to occur within an infinitesimally small
time window and the collision process itself is treated on a momentum–velocity level.
At the moment of the collision, the dynamics of the modeled multibody system
may be represented by (4.13) where the contact projection matrix W N and the contact force vector λN include all contacts involved in the collision. This includes the
already established contacts and the just colliding, potential points of contact. Integrating the corresponding dynamics over the infinitesimal time interval during which
the collision happens:
∫

t+

(M q̈ − h − W N λN ) dt = 0

t−

(4.25)

provides the means to compute the generalized post–collision velocities q̇+ of the
modeled multibody system at the time right after the collision t+ , based on the pre–
collision velocities q̇− at time t− right before the collision. Consider that any non–
impulsive terms that may not reach infinite magnitude, such as the vector h, do not
contribute to the collision process.
The individual integral components in (4.25) can be expressed as:
∫

t+

t−

∫

∫

(
)
M q̈ dt = M q̇+ − q̇−
t+
t−

t+
t−

h dt = 0

(4.26)

W N λN dt = W N ΛN

where the vector ΛN collects the momentum magnitudes ΛNk exchanged at all current
contact and collision points. Introducing (4.26) into (4.25) produces the collision
equation:
(
)
M q̇+ − q̇− − W N ΛN = 0

(4.27)

To find the still undetermined contact momenta ΛN , one may reformulate this expression by substituting the generalized pre– and post–collision velocities with the pre–
and post–collision contact velocities ġ−N and ġ+N according to:
( )−1
q̇− = W TN
( )−1
q̇+ = W TN

(
(

ġ−N − wN
ġ+N − wN

)
)

(4.28)
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which results in the following expression for the collision momentum vector:
(
)−1 (
)
ΛN = W TN M−1 W N
ġ+N − ġ−N

(4.29)

Based on Newton’s treatment of impacts, the contact velocities right before and right
after the collision event relate as:
ġ+N = −EN ġ−N

(4.30)

where the diagonal matrix EN collects the coefficients of restitution Nk ∈ [0, 1] for
each point Ck in the set Kcol participating in the collision process:



EN = 


N1
..
.
0

···
..
.
···

0
..
.

Nk







Ck ∈ Kcol

(4.31)

A coefficient of restitution of Nk = 0 thus represents a completely plastic collision at
point Ck while a coefficient of restitution of Nk = 1 represents a completely elastic
collision.
Combining Newton’s impact law (4.30) with (4.29), one may finally compute the
impact momenta ΛN based on the known pre–impact contact velocity ġ−N , the known
mass and contact projection matrices and the matrix collecting the coefficients of
restitution:
(
)−1 (
)
1k×k + EN ġ−N
ΛN = − W TN M−1 W N

(4.32)

Knowing the impact momentum transfered during the collision event, also the system’s generalized post–impact velocities can be computed directly:
q̇+ = q̇− + M−1 W N ΛN

(4.33)

Consequently, whenever an impact is detected due to a vanishing contact distance, the
system’s post–collision velocities q̇+ must be computed and the post–impact contact
velocities ġ+N must be evaluated. For each potential contact point Ck ∈ Kcol with a
contact distance gNk = 0, the contact may be assumed to close and remain closed only
if the condition ġ+Nk = 0 is met as well. Once a contact k has been closed, the contact
point Ck becomes part of the contact set Kcon . Moreover, it is inherently assumed that
at this exact moment in time, also the contact acceleration g̈Nk must vanish. Otherwise
the condition of the vanishing contact velocity would be invalidated immediately.
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Computing the Contact Forces
The dynamics of the modeled multibody system constrained by a set of contacts is
defined by (4.13) is here reprinted for the reader’s convenience:
M q̈ − h − W N λ N = 0

(4.13)

All internal, persistent constraints of the system are essentially established by the appropriate choice of the system’s set of kinematically consistent degrees of freedom q.
Any motion that is not consistent with these internal constraints is not captured by
the generalized coordinates q and thus cannot be realized by the modeled system
dynamics (4.13). The additional unilateral motion constraints due to contacts are
established by the contact forces f Ck = − f Cwk between the contact surface and the
contact points Ck . The term W N λ N corresponds to the projection of these forces into
the motion subspace defined by the generalized coordinates and contains the contact
projection vectors wNk and contact force magnitudes λNk for all points Ck ∈ Kcon .
As previously discussed, for a contact k to be closed and to remain closed, the
contact distance gNk and its time derivatives ġNk and g̈Nk must vanish. Accordingly,
once it has been established that a contact has closed, the constraint equation:
g̈Nk = wTNk q̈ + wNk = 0

(4.34)

must hold for this particular contact until it opens. Expressing this fact for all currently closed contacts, results in a set of contact constraint equations given by:
g̈N = W TN q̈ + wN = 0

(4.35)

where the vector g̈N holds the contact accelerations for all currently closed contacts.
These mathematical constraints define the set Kcon and may be used to determine the
currently unknown contact force magnitudes λN . Solving (4.13) for the generalized
accelerations q̈ as:
q̈ = M−1 (h + W N λ N )

(4.36)

and introducing this solution into (4.35), results in a reformulated set of nonlinear
constraint equations independent of the generalized accelerations q̈, given as:
g̈N = W TN M−1 h + W TN M−1 W N λ N + wN = 0

(4.37)

These constraint equations can be directly solved for the contact force magnitudes λ N
resulting in:
(
)−1 (
)
λ N = − W TN M−1 W N
W TN M−1 h + wN
(4.38)
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Accordingly, the contact constraint forces established at the active contact points
Ck ∈ Kcon not only depend on the external, active forces included in the vector h
but are also related to the inertial properties and thus the dynamics of the entire modeled multibody system.
Note that due to the definition of the contact normal direction nw , the contact
forces are in general positive as long as a contact is closed. As the corresponding
constraints are defined to be unilateral, no negative contact forces may be transmitted.
This fact thus defines the conditions for the transition from a closed to an open contact
as demonstrated in reference [100]. Correspondingly, once the contact force of an
established contact vanishes, the corresponding contact k will open and hence has to
be removed from the set of currently active contacts Kcon .

4.2 Rotorcraft Dynamics with Unilateral Constraints
With this theoretical framework established, the particular problem of modeling the
ACX coaxial rotor vehicle while in contact with a vertical surface may be formulated.

Figure 4.4: Concept visualization for the ACX rotorcraft docking dynamics model.

Figure 4.4 visualizes the modeling concept introduced with Figure 4.3 applied to
the ACX flight platform. A set of spring damper elements is attached to the ACX
airframe representing the axial compliance properties of the docking devices which
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have been introduced shortly in Chapter 2. Each of these docking devices is equipped
with a spherical wheel (e.g. such as [101]) to realize for the vertical and lateral
sliding capability of the vehicle. The contact surface is displaced by Xw meters from
the origin of the world frame W in the world frame’s x–axis direction and the contact
surface normal is defined as:


 −1 


W
nw =  0 


0

(4.39)

The attachment points Pi with i ∈ {1, 2, 3, 4} of the spring–damper elements (representing the docking devices) on the ACX airframe are displaced from the ACX center
of gravity S by:

B

r S Pi



 Xi 


=  Yi 


Zi

i ∈ {1, 2, 3, 4}

(4.40)

and the displacement between these attachment points and the potential surface contact points Ci is defined by:

B

rPi Ci


 li + δi

=  0

0






i ∈ {1, 2, 3, 4}

(4.41)

The parameter li represents the undeflected length of the ith spring–damper element
while the variable δi represents its deflection. A positive deflection thus corresponds
to an elongated spring and a negative deflection corresponds to a compressed spring.
Figure 4.5 presents how the collision and docking dynamics are integrated with
the entire flight dynamics model discussed in Chapter 3. The original rigid body dynamics defined in equation (3.36) and visualized in Figure 3.17 are replaced with an
adapted implementation of the equations of motion given by (4.13). The extended
flight model including the presented contact dynamics is shortly summarized hereafter.
Naturally, the equations of motion (4.13) are adapted to account for the multibody system depicted in Figure 4.4 including the four spring–damper elements and
the inertial properties of the four contact bodies representing the ACX docking devices. The modeled degrees of freedom of the rotorcraft main body and the rotorcraft
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docking points are thus defined as:
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(4.42)

Based on the ACX rotor forces and moments, the effects of gravity on the involved
body masses and possibly also based on additional contact forces, the generalized accelerations q̈ of the main rotorcraft body and the contact points are computed. These
accelerations are integrated over time to calculate the generalized velocities q̇ and the
generalized coordinates q. The generalized velocities of the main body are continuously transformed into the body linear and angular rates B v and B Ω and forwarded
to the rotor models to account for the effects of the main body motion on the rotor
dynamics and aerodynamics.
Similarly, the contact distances gN are continuously monitored to detect collision
events. If a collision is detected, the post–impact velocities q̇+ are computed and
the main and contact body dynamics are reinitialized. Additionally, the post–impact
contact velocities ġ+N are calculated based on Newton’s impact law (4.30). For the
proposed contact model it is assumed that all impacts are completely plastic such that
a contact is automatically established for every impact occurrence. This has proven
to be a suitable assumption given the material properties of the ACX docking devices
and the commonly measured impact velocities. Note though that a detachment shortly
after an impact is still a valid possibility. If a vanishing contact force is computed at
a just established contact point, shortly after a collision, the contact will open again
instantly. Accordingly, the assumption EN = 0 merely prohibits detachments from
occurring over the infinitesimal time window of the impact process.
The state of each of the mentioned contacts is tracked by the discrete state vector
σC also depicted in the block diagram in Figure 4.5:

 σC1
 σ
σC =  C2
 σC3
σC4
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Figure 4.5: Signal flow diagram of the ACX coaxial rotor simulation model including the
presented contact dynamics theory.

A state value of σCi = 0 means that the ith contact is currently open and a state value
of σCi = 1 means that the ith contact is currently closed. This vector thus defines
which contact points Ci are part of the contact set Kcon .
Finally, the modeled system dynamics can be summarized and presented based on
the previously discussed theory for multibody systems. From the projected Netwon–
Euler equations (4.1), the mass matrix of the modeled system depicted in Figure 4.4
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can be summarized as:
(
M=

JS
JR

)T (

m 13×3
03×3

03×3
IS

)(

JS
JR

)
+

4
∑

(
)
mi J CT i J Ci

(4.44)

i=1

where a more explicit presentation is not meaningful due to the extent of the resulting
expressions. The contact bodies are not associated with a specific moment of inertia
due to the point mass assumption. However, the offset rS Ci between the main body’s
center of gravity and the docking points Ci results in a dependency of the main body’s
angular accelerations on the inertial properties of the docking masses.
The main forcing term h of the corresponding dynamics can be separated in individual components depending on the respective physical origin:
h = hdyn + hrot + hG + hkd

(4.45)

The vector hdyn = hS + hC corresponds to the gyroscopic terms resulting from the
angular velocities of the involved bodies, the vector hrot = h f +hτ collects the relevant
rotor forces and moments, hG collects the gravity related forces affecting each body
and hkd represents the spring and damper forces coupling the main rotorcraft body
motion with the motion of the contact point masses. Note however that hkd is not
only active when a contact is established, but generally couples the rotorcraft body
accelerations with the accelerations of the docking points. More explicit expressions
for the individual terms maybe found in Table 4.1 where Pl and Pu correspond to the
lower respectively upper rotor hub frame origins.
For the sake of completeness, also the gravity forces f Gi and spring damper forces
i
f kd for each docking point are introduced briefly. The gravity force of the main
rotorcraft body has been defined already in Chapter 3. The corresponding gravity
forces affecting each docking mass are defined in the same way as:

)T 
B i
f G = W RB 

(

0
0
mi g






i ∈ {1, 2, 3, 4}

(4.46)

Furthermore, the spring–damper forces characterizing the compliance behavior of the
ACX docking devices is defined as:

B i
f kd
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 ki δi + di δ̇i

0
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0






i ∈ {1, 2, 3, 4}

(4.47)
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Table 4.1: Forcing terms for the ACX free–flight and docking dynamics.
Component of h–Vector

Expression

Gyroscopic Moments

hS

=

Gyroscopic Moments

hC

=

Body Drag & Rotor Forces
Rotor Moments

Gravity

Spring–Damper Coupling

(
)
J TR Ω̃ IS Ω + IS jR
)
4 (
∑
mi J CT i jCi

i=1

=

J TS f D +

hτ

=

J TR

hG

=

J TS f G +

hf

hkd

=

j∈{l,u}

J TP j f Tj

)

)
∑ ( j
τQ + τTj + τβj

j∈{l,u}

4 (
∑
i=1

∑ (

4
∑
i=1

J CT i f Gi

J TPi f ikd − J CT i f ikd

)

4.3 Final Remarks
As of yet, the most relevant assumption introduced inherently by the chosen set of
generalized coordinates, has not been discussed. In a less specialized multibody system, all degrees of freedom of the modeled mechanism would be incorporated in the
generalized coordinates q. For the rotorcraft flight dynamics model presented here,
the degrees of freedom of the rotors and stabilization aids, namely the azimuth coordinate ξ and the flapping angle β for each rotor blade and the stabilizer– or the
flybar, have explicitly not been accounted for in q. This basically corresponds to the
assumption that in terms of the docking dynamics model presented herein, the rotor
may be abstracted as an actuator with its own internal dynamics (rotor flapping and
rotor inflow). This actuator affects the main body dynamics through the corresponding driving term hrot and is vice versa affected by the motion of the rotorcraft main
body. According to the modeled system structure, the dynamics of this actuator (the
ACX coaxial rotor) cannot participate in a collision process since the rotor forces
and moments contained in hrot are always finite. Similarly, since the rotor degrees
of freedom are not part of q, they are not directly affected by collision events either.
Consider however that in general, the impulsive forces generated during an impact,
may also be transmitted to the bodies of the rotor blades and the stabilization aids
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Figure 4.6: Forces transmitted to the ACX rotor head during a docking maneuver at a 15◦ pitch
angle. Forces that cannot be impulsive are grayed out.

through the internal binding forces connecting the rotor hubs to the flapping bodies (Figure 4.6). Accordingly, the post–impact velocities q̇+ , computed to reinitialize
the main and docking body dynamics after an impact shock, would from a strictly
theoretical point of view, also have to be computed for the rotor blades and the stabilization aids. To consistently incorporate the rotor dynamics for this purpose, none of
the assumptions introduced for an efficient treatment of the rotor flapping characteristics are applicable though4 . Without these assumptions on the other hand, all azimuth
dependencies of the rotor motion must be maintained, making the resulting system
model ineffective for practical uses. In addition, so long as the inclination angles
between the docking devices and the contact surface remain small, impulsive forces
transmitted to the rotor head will be minimal. In this regard note that the inclination
visualized in Figure 4.6 already corresponds to a comparatively aggressive docking
maneuver. In case of ACX, considerably smaller angles are commonly realized to
perform safe docking and sliding.
In conclusion, the selected modeling concept can be further motivated by compar4 The flapping coefficients β , β
0
1c and β1s introduced in Chapter 3 are not mechanical degrees of
freedom and do not correspond to generalized coordinates of the modeled rotor system. Accordingly, they
cannot be used to fuse the rotor dynamics with the contact dynamics framework presented in this chapter.
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Figure 4.7: Top view on the ACX platform during a docking maneuver comparing the proposed
hard contact concept and the soft contact concept.

ing it once more with the soft contact approach shortly introduced at the beginning of
this chapter. Figure 4.7 visualizes the ACX configuration during a docking maneuver
with a small yaw misalignment error with regard to the contact surface. Generally,
for both modeling approaches, the vehicle and the corresponding docking surface interact via compliant elements. Note however that there is a considerable difference
between the concept defined in this work and the visualized soft contact approach
more commonly used in robotics. While the spring–damper elements of the ACX
docking model are aligned with the rotorcraft forward direction, they are aligned
with the contact surface normal in case of the soft contact approach. As discussed
previously, the contact compliance modeled by the soft contact concept accounts for
the mechanical properties of the connecting surfaces. In this regard consider that the
structural stiffness properties of the ACX airframe are anisotropic, not only because
of the used composite materials, but also because of its structural layout. Hence, the
contact compliance modeled by the soft contact approach changes in dependency of
the impact angle of the ACX airframe. In the situation visualized in Figure 4.7, the
soft contact compliance unavoidably also models the torsional stiffness of the vertical
beam elements of the ACX airframe. In this case it is thus not strictly defined what is
being modeled with the soft contact compliance elements. In case of the hard contact
modeling concept used herein, the airframe is assumed to be rigid (or rigid enough)
and the mechanical properties of the spring–damper elements represent specific design parameters of the modeled system, namely the axial stiffness and damping of
the corresponding docking devices.
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CHAPTER

5

Coaxial Rotorcraft Simulation Suite

Chapters 3 and 4 summarized the basic theoretical framework to predict the steady
state thrust capabilities and power requirements of coaxial rotors. These chapters
also introduced models which account for the dominant coaxial rotorcraft dynamics
in free–flight as well as in contact with vertical surfaces. Based on this theoretical
background, several software tools supporting the coaxial rotorcraft design process
have been developed. Figure 5.1 presents a visualization of these software packages
grouped in two distinct sets. The first set, herein referred to as the propulsion evaluation tools, includes a MATLAB implementation of the coaxial rotor BEMT theory
presented in Section 3.2, as well as a BLDC–motor and a servo motor evaluation tool,
simplifying the selection of suitable actuator configurations.
The coaxial rotor BEMT software has been implemented as a fully functional
rotor design tool including a user friendly, graphical interface. Using this interface,
the relevant rotor and system parameters may be specified and the aerodynamic characteristics of selected airfoil geometries may be imported. The tool also provides
trimming routines, using which the coaxial rotor speeds Ωl and Ωu and the coaxial rotor collective pitch settings θ0l and θ0u may be computed for the hover condition. Directly trimming the coaxial rotor analytically has proven to be difficult due
to the aerodynamic interaction between the upper and the lower coaxial rotors and
due to the interdependencies between the rotor thrust and torque levels. Accordingly,
an iterative method is employed to compute the trim solution based on a numerical
multi–objective optimization program. With this program, rotor collective pitch and
rotor speed settings are computed which minimize the difference between the upper
and lower rotor torques Ql and Qu and the difference between the total rotor thrust
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Figure 5.1: Visualization of the ACX coaxial rotor and rotorcraft simulation tools.

and the total system weight. Additional objectives may be added if needed. In case
of the drive train redesign for the ACX V3 configuration, also the individual rotor
torque magnitudes have been minimized to reduce the loads for all involved gear
components. In essence, the tool provides a means to compute the thrust and torque
coefficients for a particular coaxial rotor configuration and provides estimates for the
trimmed rotor settings. Based on these rotor thrust and torque estimates and the required hovering rotor speeds, requirements1 for the BLDC–motor (or motors) may
be defined. To support the process of selecting a suitable motor and gear train configuration, an additional BLDC–motor evaluation tool has been implemented. This
tool features a database of roughly 120 BLDC–motors and approximately 150 lithium
polymer batteries currently tailored towards the ACX vehicle size. The models used
1 These motor requirements may also be established based on thrust and torque measurements from a
testbench.
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for the performance estimation of the BLDC–motors are based on simple DC–motor
assumptions [102] and the theory presented in [103]. Note that selecting a suitable
drive train configuration inherently involves several iterations of switching between
the rotor and the BLDC–motor evaluation tools since the motor and battery size also
affects the required trim settings for the hovering condition and vice versa. Additionally, a database of roughly 2400 servo motors has been collected from which a
suitable set of swashplate actuators may be selected. The tool has been kept simplistic and essentially provides the means to specify a desired range of servo motor
weights, delivered torques and actuation speeds. Based on this initial specification
range, suitable motors are automatically selected and proposed to the user for a subsequent comparison.
The second set of tools consists of a SIMULINK implementation of a pure free–
flight simulator and a flight simulator including the docking dynamics presented in
Chapter 4. The functionality of these flight simulators is extended with an additional
set of tools which support the linearization and analysis process for the ACX free–
flight and docking dynamics. Based on the respective linearizations, a deeper understanding of the characteristics of particular rotorcraft subsystems may be gained. This
will be further explored in Chapter 6 where different features of helicopter–type UAV
configurations will be investigated in free–flight and during docking maneuvers.
Although many operation efficiency related aspects of coaxial rotors may be evaluated based on the aforementioned propulsion design tools, this chapter is clearly
focusing on the implementation of the SIMULINK flight simulators. However, the
coaxial rotor BEMT tool has been extensively used to derive approximate aerodynamic parameters for the ACX flight simulators represented by the parameter vector
Θ in Figure 5.1. This will be shortly discussed wherever necessary.

5.1 Model Parametrization
Before the simulators described in the next section become truly useful, an extensive
list of system parameters must be determined. Table 5.1 summarizes the relevant
geometric, structural, inertial and aerodynamic parameters describing the ACX configuration. The docking related parameters have been roughly defined based on ACX
but are generally used as design variables which may be altered to evaluate their
respective effect. The free–flight related parameters on the other hand have been determined fully from the specifications of the ACX prototype in order to represent the
flight dynamics of this platform as accurately as possible.
The general approach to derive the flight parameters of a robotic rotorcraft commonly involves data fitting techniques in combination with a simplification of the
detailed parametric expressions introduced in Chapter 3 into lumped parameter sets.
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Table 5.1: List of the relvant ACX rotorcraft parameters.

Subsystem

Geometric

Structural

Rotorcraft

−

−

l
u
kgt
, kgt

Rotor Kinematics

cm
k1–4

Rotors

B

D x , Dy , Dz

−

−

−

−

−

−

rS P
R, R0 , c,
e, d, θ0 , θtw

kb

Iβ , mb

C L0 , C L1 ,
C D0 , C D1 , C D2
Rtl , kdw

kfb

−

−

−

R1 , R2 , c f b

−

Iβf b

fb
C L1

rS P1–4 , l1–4

k1–4 , d1–4

m1–4

−

Flybar Kinematics

Docking Devices

Aerodynamic

I, m

Drive Train

Flybar

Inertial

B

B

The data fitting approach may be as simple as e.g. fitting the polynomial coefficients
for the thrust and torque models introduced in Section 3.4 to testbench measurements.
It may also involve a more sophisticated approach to identify the parameters of the
entire flight model based on flight measurements from the real vehicle. In this case,
depending on the particular identification algorithm, a time domain or frequency domain metric will be optimized. Provided a suitable metric has been chosen, a parameter set may be found, which maximizes the matching between the simulated system
outputs and measured system outputs in response to specific input signals. Considering the complexity and the strong nonlinearities of rotorcraft flight dynamics, one
must assume that the parameter search space for such a data matching problem is
highly non–convex. Accordingly, a multitude of parameter solutions, non of which
are guaranteed to be physically meaningful, may lead to good values for the optimized matching metrics. Furthermore, note that the structure of any rotorcraft flight
model does not represent the dynamics of the respective real rotorcraft system but is
a mere approximation thereof. In consequence, even if a parameter set is identified
which leads to a perfect flight data match, it is generally not ensured that the identified parameters are physically consistent with the characteristics of the real system.
The assumption that the parameter set with the best flight data matching provides
136

5.1. MODEL PARAMETRIZATION

the best representation of the real flight system is thus fragile at best. This is not
to discredit the usefulness of the data matching approach but especially for complex
systems such as coaxial rotor helicopters, care must be taken to maintain a physically
consistent system description.
In this work, the physical rotorcraft parameters are maintained as far as possible
and estimated based on information collected from a set of software tools usually involved in the design process of UAV systems. The benefit of this effort is threefold.
First, having a baseline parameter set which is proven to represent a real system,
meaningful parameter studies may be performed. Secondly, the parameters are guaranteed to represent physical characteristics as opposed to maximizing a flight data
matching metric. Thirdly, the resulting model may be established already in the early
design stages of a rotorcraft where no flight data is available for a system identification procedure.
Generally, the most relevant dynamic subsystems may be modeled based on a
physical parametrization. In case of the ACX rotorcraft this has proven to be difficult
for a small subset of subsystems only, e.g. the rotorcraft body drag which damps the
linear body velocities B v. Wherever physical estimates were not realizable and resorting to the data matching approach was required, this is clearly stated. In this regard
note that the methodology presented herein is not to be understood as a replacement
of the data matching approach but as an extension to the set of tools required to devise
better coaxial rotor UAVs.

5.1.1

Geometric and Inertial Parameters

The general development process of any UAV system involves the use of computer
aided design (CAD) programs to graphically model the respective UAV prototype in
detail. The resulting CAD model forms the specification basis from which the corresponding mechanical components will be fabricated. Accordingly, most geometric
relations required for the simulator parameterization can be directly inferred from
such CAD–models.
In case of ACX, only the airframe, parts of the rotor mounting and the drive train
have been fabricated according to the author’s CAD specifications. The CAD models
for the commercial coaxial rotor head have not been available initially. Accordingly,
the rotor head has been disassembled entirely and remodeled based on geometric
measurements of all components. Similarly, electronic components, the rotor actuators and the used battery have been modeled according to specifications from the
respective hardware providers. This reverse engineering process is generally not as
accurate as “forward” engineering, i.e. fabricating based on the original CAD data.
Assigning the correct material characteristics to each CAD–component, rotorcraft, rotorblade and stabilization aid masses and inertias can be estimated. Addition137
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ally, the approximate location of the rotorcraft’s center of gravity can be computed.
Provided the CAD–model is detailed and accurate enough, good parameter estimates
can be established. Considering that in case of ACX, over 60% of the required parameters are geometric or inertial, the parameter estimation process is considerably
simplified.

5.1.2

Rotor Calibration

Due to the hobby grade quality of the ACX rotor head and due to the challenge of
exactly measuring all rotor components, it has proven to be difficult to predict the parameters of the swashplate, flybar and rotor kinematics accurately enough. Between
several different rotor heads of the coaxial model helicopter ACX is based on, a considerable variation of the configured rotor link lengths has been observed. This fact,
in combination with the amount of backlash in the setup, motivated the rotor calibration procedure presented in the following2 . Especially for the purpose of comparing
flight data from the ACX prototype and measurements from the ATB rotor head with
simulation results from the SIMULINK simulators, a consistent kinematic configuration must be ensured. A calibration of the rotor kinematics thus ascertains that the
testbench and prototype swashplates generate similar enough inputs for the ACX and
ATB rotors such that free–flight, testbench and simulation data may be related.

Figure 5.2: Servo motor calibration and identification rig.

The first step in this calibration procedure is recommended in general and consists
of a calibration of all servo motors. Figure 5.2 presents a small setup including a
servo motor mounted opposite the same camera type that has been used to record
the flybar motion as discussed in Chapter 2. Using a blob detection algorithm to
2 In case of high quality model helicopters, the lengths of all kinematic rotor links is commonly pre–
specified in the respective manual and a calibration of the rotor itself is not required.
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locate the mounting bores on the servo lever arm in combination with a simple line
fitting routine, the servo arm angle can be measured directly from the recorded camera
images. Figure 5.3 presents a typical result for a servo motor in the category of motors
fitting the ACX rotor head. Over the full range of the servo motion of ± 60 degrees,
the variability of the servo angle is roughly ±1.5 degrees and roughly ±1.0 degrees
for the range of motion actually used by ACX in flight. This result has proven to
be representative for most of the tested actuators. With this simple servo calibration
tool, the mapping between the duty cycle of the PWM signal sent to the motor and the
resulting servo arm angle can be derived. This is an important prerequisite in order
to geometrically model the entire rotor actuation mechanism. Having all swashplate
servo motors calibrated, the position of each motor may be specified in terms of
radians rather than duty cycle and the mapping between the servo arm angles θA , θB
and θC and the resulting swashplate tilting respectively flybar and rotor feathering
angles may be computed.

Figure 5.3: Servo motor calibration results for the Hyperion DS–11 GCB servo motor.

The second step in this procedure allows for a computation of the swashplate parameters kAi , kBi and kCi with i ∈ {1, 2, 3, 4} and the flybar and rotor parameters k f b and
kcm
j with j ∈ {1, 2, 3, 4}. The corresponding kinematic relations have been reprinted in
Table 5.2 for the sake of clarity. Figure 5.4 shows the calibration tools implemented
to measure the swashplate pose ϕ1c , ϕ1s and h sp and the flybar pitching and flapping
fb
fb
fb
fb
l
angles θ1c
, θ1s
, β1c
and β1s
as well as the resulting lower rotor feathering angles θ1c
,
l
θ1s . The measurement setup essentially consists of a set of two–axis accelerometers
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measuring the relevant rotational degrees of freedom.

(a)

(b)
Figure 5.4: (a) Swashplate calibration tool mounted to the ACX CCPM–swashplate. (b) Flybar
and lower rotor calibration tools mounted to the ACX rotor head.

Figures 5.5 and 5.6 show a typical rotor calibration sequence. First, the inverse
kinematic mapping between the swashplate pose and the servo motors is calibrated.
To do so, the swashplate is initially controlled with the kinematic parameters computed geometrically from the involved lever arm lengths. Subsequently, the motion
errors resulting from the initial kinematic parameters are compensated by the calibration process. Hereafter, inputs to the rotor may be defined on the level of the
swashplate pose without consideration of the individual servo motor angles.
This geometric description of the swashplate motion is not only useful for model
validation purposes but also simplifies the control design process. Furthermore, in
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Table 5.2: Swashplate inverse and rotor forward kinematic equations.

Swashplate Inverse Kinematics

(3.127)

θA = kA1 ϕ1c + kA3 h sp + kA4 h−1
sp
θB = kB1 ϕ1c + kB2 ϕ1s + kB3 h sp + kB4 h−1
sp
θC = kC1 ϕ1c + kC2 ϕ1s + kC3 h sp + kC4 h−1
sp
Flybar Forward Kinematics

(3.131)

fb
θ1c
= −k f b ϕ1s
fb
θ1s
= k f b ϕ1c

Cyclic Mixer Forward Kinematics

(3.135)

θ0l = k1cm h sp + k2cm
fb
l
θ1c
= k3cm ϕ1s + k4cm β1s
fb
l
θ1s
= −k3cm ϕ1c − k4cm β1c

case a swashplate actuator has to be exchanged e.g. due to excessive wear after
prolonged use, only minimal retuning of the flight controller is required. Since a
calibration of the replacement motor is sufficient to assure that the actuation of the
swashplate remains consistent, also the flight control gains may be maintained.

Figure 5.5: Swashplate calibration sequence for the ACX CCPM–swashplate.

141

COAXIAL ROTORCRAFT SIMULATION SUITE

Figure 5.6: Rotor calibration sequence for the lower ACX rotor with blades at ξ = 0◦ .
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Figure 5.6 presents a rotor calibration sequence related to the swashplate degree
of freedom calibrated in Figure 5.5 (see Table 5.2). Note that while the servo motor
motion in Figure 5.5 varies in the range of ±16 degrees, the swashplate merely tilts
by ±8 degrees. The rotor feathering angle in response to the swashplate tilting of ±8
degrees is further reduced to ± 4 degrees. The kinematic setup of the swashplate and
the cyclic mixer thus correspond to motion reduction mechanisms which somewhat
reduce the effects of actuation noise due to servo motor jittering.
From Figure 5.6, also the measurement reliability of the employed accelerometers
(Analog Devices ADXL322) may be deduced by inspecting the flapping angles of
the flybar and the lower rotor. Both flapping angles are mechanically fixed such
that the measured angular variations are mostly related to the quality of the used
sensors. As long as the motion of the calibration sequence is slow enough to minimize
inertial accelerations, good measurements are achieved. Furthermore, the quality of
the corresponding rotor mechanism may be assessed. For the particular calibration
sequence visualized in Figure 5.6, the rotor has been rotated to a rotor azimuth of
ξ = 0 degrees. In this configuration, the measured flybar feathering angle should not
be affected by the lateral tilting angle of the swashplate.
Further conclusions may be drawn from Figure 5.7 which presents the general
fitting quality of the kinematic models and the measured swashplate, rotor and flybar
degrees of freedom. Generally, the kinematic models derived in Chapter 3 agree
well with the kinematics of the ACX and ATB rotor systems and fit the measured
data within roughly ±1 degrees. The resulting errors are mostly related to hysteresis
effects due to backlash as may be seen in the respective plots. Depending on the
direction of a calibration sweep, slightly different angles are measured for the same
swashplate pose. Under the aerodynamic loads generated by the operating rotor, these
errors are to some extent compensated though. For the general flight condition of the
ACX platform, the blade pitch angle θl is always positive and the resulting blade
pitching moment always oriented in the same direction. Accordingly, since the blade
pitching motion and the remainder of the kinematic chain are linked, a counterbalance
alleviating backlash effects is created. However, as will be seen in the next section,
errors of less than a degree may already affect the flight behavior of the ACX system.
Generally, variations of a degree or less of cyclic pitch are sufficient to stabilize the
pitch and roll dynamics of helicopter–type UAVs in hover. Consequently, the more
inaccurate the rotor kinematics are, the lower is the achievable flight accuracy.
Finally, note that for less complex, respectively for more accurate kinematic configurations (e.g. a rotor without flybar) this calibration procedure is not necessary and
the kinematic parameters may be estimated directly from the lengths of the involved
linking segments. Simplifying the rotor kinematics generally leads to a more accurate
configuration, reduces backlash issues and the inarguably laborious rotor calibration
process may be avoided.
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(a) Fitting quality of the calibrated rotor collective
model (h sp → θ0l ) for several validation sweeps.

(b) Fitting quality of the calibrated rotor cyclic model
l
l
(ϕ1c → θ1s
) and (ϕ1s → θ1c
) for several validation
sweeps.

(c) Fitting quality of the calibrated rotor cyclic model
fb
fb
l
l
(β1c
→ θ1s
) and (β1s
→ θ1c
) for several validation
sweeps.

(d) Fitting quality of the calibrated flybar cyclic model
fb
fb
(ϕ1c → θ1s
) and (ϕ1s → θ1c
) for several validation
sweeps.
Figure 5.7: Calibration of rotor kinematics models and validation thereof.

144

5.1. MODEL PARAMETRIZATION

5.1.3

Aerodynamic Parameters

The most challenging set of parameters to derive accurately are the aerodynamic coefficients affecting a rotorcraft’s flight characteristics. In Section 3.2, the fundamentals
of rotor aerodynamics have been discussed and approximate models for the lift and
drag coefficients have been presented. Additionally, the downwash effects from the
upper rotor affecting the lower coaxial rotor have been discussed. Section 3.4 introduced further aerodynamic parameters defining rotorcraft flight behavior. Table 5.3
recollects a few relevant expressions for the sake of clarity.
Table 5.3: Lift and drag coefficient models.

Linear Lift Coefficient

(3.21)

C L = C L1 α + C L0
Quadratic Drag Coefficient

(3.22)

C D = C D2 α2 + C D1 α + C D0
Coaxial Rotor Interaction
λl∞ = λ∞ + kdw λui

(3.34)

Ωu Ru
Ωl Rl

In the following the respective lift and drag parameters C Li with i ∈ {0, 1} and
C D j with j ∈ {0, 1, 2} are collected in vectorized form to allow for a more consistent
description:
(
CL =

C L0
C L1

)


 C D0

CD =  C D1

C D2






(5.1)

Rotor Lift and Drag Coefficients
The starting point to estimate the thrust and torque characteristics of a particular rotor generally comprises a two dimensional analysis of its airfoils. In case of ACX,
neither the rotor nor the corresponding airfoils have been specifically optimized for
the particular applications defined within the AIRobots project. To keep the required
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engineering effort to a manageable level, the original rotor blades from the employed
model helicopter have been used and the airfoil geometry was initially unknown. To
extract this information, several blades were cut and scanned, producing high quality
images of the blade cross–sections at different radial positions along the blade body.
Since the chord length of the ACX rotor blades is constant, a single segment is representative for the entire blade. Figure 5.8 (a) shows an example of an airfoil scan
which may be achieved by this process.

(a)

(b)
Figure 5.8: (a) Scan image and extracted airfoil geometry for the ACX rotor blades. (b) Corresponding lift and drag polars for the ACX airfoil including locally fitted coefficient curves.
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Provided the resulting cross–section imagery is of high enough resolution and
contrast, the cross–section envelope and thus the airfoil shape may be extracted by a
sequence of image processing routines which have been implemented in the context
of this work. Once a coordinate based representation of the airfoil shape has been
generated, this geometry may be imported into a two dimensional airfoil analysis
software such as the XFLR5 package3 [82]. Using this aerodynamic software tool,
lift and drag polars for a specific airfoil shape may be generated over a range of
Reynolds and Mach numbers and angles of attack. Given the rotor radius of ACX as
well as its range of rotor speeds and advance ratios, one may assume that the resulting
Mach numbers are small enough such that aerodynamic compressibility effects may
be neglected. Figure 5.8 (b) presents the resulting lift and drag polars for the ACX
rotors within the expected operation envelope.
In order to account for three dimensional aerodynamic effects further considerations are necessary. The local Reynolds number for a revolving rotor blade section in
hover is defined as:
ρΩrc
Re =
(5.2)
ν
where r represents the radial location of the observed airfoil segment, c its chord
length and ν corresponds to the kinematic viscosity of the surrounding air. Assuming
that the rotor to be parametrized generally operates near hover, one may conclude
that the variation of C L (α, Re, Ma) and C D (α, Re, Ma) with regard of Re, as seen in
Figure 5.8 (b), predominantly represents radial dependencies in the r–coordinate.
In case of the BEMT rotor evaluation tool, shortly introduced in the beginning
of this chapter, one may thus compute specific curve fits CL (r) and CD (r) for the
coefficient models (3.21) and (3.22) at each radial station of interest. For this purpose, the r–coordinate is discretized into at total number of N s radial segments ri
with i ∈ {1, 2, . . . , N s }. Using the resulting local fitting values CL (ri ) and CD (ri ), the
locally induced inflow and thus the local thrust and torque increments dCT (ri ) and
dC Q (ri ) may be computed as presented in Figure 5.9. Numerically integrating these
increments will provide the BEMT thrust and torque estimates.
These integrals have already been evaluated analytically in case of the simplified,
flight dynamics thrust and torque models given in Section 3.4. Consequently, any
radial dependency has been lost and the aerodynamic parameters CL respectively CD
to be used for the SIMULINK models, represent averaged coefficient values for the
entire rotor disc. However, a simple mean value computation based on the BEMT
parameter vectors CL (ri ) and CD (ri ) does not seem justified given Figure 5.9. As
already discussed in Section 3.2, it is the outermost segment of a rotor which produces
3 XFLR5 provides a simple user interface to perform aerodynamic studies of airfoils as well as full
three dimensional evaluations of model size airplanes.
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Figure 5.9: Radial thrust and torque distribution for the trimmed upper and lower ACX V2
rotors with N s = 100. After evaluating the radial induced inflow distribution using BEMT, the
thrust and torque integrals as defined by MT (green) and BET (blue) have been computed. MT
does not account for induced drag and thus drastically underestimates the rotor torque.

the major part of the total rotor thrust and torque magnitudes. Accordingly, parameter
vectors associated with rotor segments close to the rotor hub, should be weighted less
than parameter vectors associated with the outer section of the rotor disc. Hence, to
compute the averaged parameters CL and CD , a weighted averaging function has been
implemented. The respective averaging operations are given by:
Ns
∑

CL =

Ns
∑

wT (ri ) CL (ri )

i=1
Ns
∑

CD =

wQ (ri ) CD (ri )

i=1

wT (ri )

i=1

Ns
∑

(5.3)
wQ (ri )

i=1

The weighting factors for this purpose are computed based on the normalized thrust
and torque distributions given by the BEMT software according to:
wT (ri ) =
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dCT (ri )
dCTmax

wQ (ri ) =

dC Q (ri )
max
dC Q

(5.4)
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max
where the normalization factors dCTmax and dC Q
correspond to the maximal values
of the thrust and torque increment curves visualized in Figure 5.9.

Tip Loss Factors
To account for the lift losses due to tip vortex formation, the Prandtl tip loss function
presented in Section 3.2 has been implemented for the BEMT rotor evaluation tool.
For the flight dynamics thrust and torque models this is not possible and a tip loss
reduced rotor radius Rtl < R has been introduced instead.
As presented in reference [13], a multitude of approximate tip loss models estimating the magnitude of the reduction factor Rtl /R has been defined in the past.
Which of these models is preferable under what circumstances is unclear though and
having a tool such as the coaxial rotor BEMT software available, a more suitable approach may be found. The general idea in this case consists of finding tip loss factors
Rtl /R for the upper and lower coaxial rotors which minimize the difference between
the BEMT thrust prediction using the Prandtl tip loss function and the simplified
thrust models using the tip loss reduced radius. To solve this minimization problem,
the optimization program originally used for the BEMT trimming routines has been
employed. With this functionality established, tip loss factors may be computed numerically based on the specifications of a particular rotor configuration. The resulting
values agree well with the typical range of tip loss factors found in literature.
Coaxial Rotor Downwash Factor
Looking at Figure 5.10 one may see the thrust and torque magnitudes for the trimmed
ACX V2 coaxial rotor as well as the relative thrust contribution for the upper and
lower rotors. The magnitude of the resulting thrust ratio seems to be quite typical for
coaxial rotor configurations as confirmed by [39, 104]. The effects of the upper coaxial rotor’s downwash on the lower rotor’s performance has been accounted for with
the modified inflow given with (3.34). As only the innermost part of the lower rotor
disc is affected by this downwash, the radial coordinate r is needed. Correspondingly,
as for the treatment of the averaged lift and drag coefficient models as well as for the
tip loss effects, a slightly different approach must be chosen for the flight dynamics
models. The downwash function (3.34) is thus redefined for the entire rotor disc and
replaced with the following formulation:
λl∞ = λ∞ + kdw λu0

Ωu Ru
Ωl Rl

(5.5)

The radial inflow distribution λui (r) of the upper rotor is replaced with the averaged
downwash value λu0 . To implement this downwash model it is furthermore assumed
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Figure 5.10: Trimmed thrust and torque values for the upper and lower rotors of the ACX V2
configuration.

that the entire lower rotor disc is affected by the upper rotor. To improve the thrust
prediction accuracy of this simplified representation, a similar strategy as for the tip
loss factors is employed. Again the difference between the BEMT thrust prediction
using the original radial inflow distribution and the simplified thrust models is minimized to find the downwash a factor kdw for the SIMULINK simulators. The resulting
simplified thrust predictions are commonly as (in–)accurate as the BEMT tool. It is
important to note though that (5.5) leads to a comparatively crude approximation of
a coaxial rotor.
Flybar Lift Curve Slope
Initial attempts to parameterize the ACX flybar similar to the ACX main rotors failed.
Considering the low aspect ratio of the flybar paddles in comparison to the aspect ratio
of the main rotor blades (Figure 5.11) one must assume that most likely, a large part
of the paddle bodies is engulfed in tip vortices. This effect is further magnified by
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the fact that the inflow velocity at the flybar paddle roots is of similar magnitude as
the inflow velocities at the flybar paddle tips. In consequence, the flybar root vortices
must be of similar magnitude as the flybar tip vortices, hence leaving an even bigger
portion of the flybar paddles affected. For this reason using a simple two dimensional
fb
airfoil analysis to find the flybar airfoil lift curve slope C L1
, in combination with tip
and root loss factors, is not sufficient to predict the flybar flapping dynamics.
To find a more suitable parametrization, Helmbold’s adaptation [105] of a wing’s
tip loss affected, three dimensional lift curve slope a based on the two dimensional
lift curve slope a0 has proven useful:
a= √

a0
( a )2
a0
0
+
1+
π AR
π AR

(5.6)

In this context a0 represents the original lift curve slope derived from the XFLR5
fb
polars for the flybar airfoils and a = C L1
corresponds to the adapted lift curve slope to
be used for the SIMULINK simulators. As further explained in reference [105], this
model provides remarkable prediction quality for aspect ratios of AR < 4. Although
the lift distribution across the flybar paddles is expected to deviate from the parabolic
lift distribution assumed to derive Helmbold’s equation, a reasonably good flybar
model could be established as further discussed in Section 5.2.1.

Figure 5.11: Comparison of the ACX flybar and rotor blade aspect ratios.

Rotorcraft Body Drag
For closed rotorcraft canopies, body drag estimates may be generated from the approach presented in [47]. The methodology described therein consists of establishing
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drag factors for individual components of the canopy which are subsequently combined to form the overall drag estimate for the entire rotorcraft body. In case of ACX,
this approach is not applicable due to the structural layout of its airframe. Accordingly, once all other flight parameters had been accumulated from lateral and vertical
flight experiments collected with the ACX V2 platform, the data matching approach
was used to establish estimates for the D x , Dy and Dz coefficients based on body
velocity measurements.

5.1.4

Structural Parameters

In order to estimate the structural flapping stiffness of the ACX rotors, bending test
with several sets of rotor blades have been performed (Figure 5.12). From the resulting images, the bending line of the rotor blade body may be extracted and the
flapping tangent can be drawn according to the guidelines given in [13]. This tangent
essentially defines the location of virtual flap the hinge offset e and the magnitude of
the flapping angle β. Knowing the magnitude of the applied bending loads as well as
the location of the load application, a rough estimate for the blade bending stiffness
kb may be computed. With the hinge offset defined, also the location of the blade
center of gravity d with respect to the blade flap frame may be found.

Figure 5.12: Blade bending test to extract the structural model parameters for the ACX rotor
blades.

With the hinge offset and the flapping stiffness defined, all parameters required
for a flight simulation are fully determined. Accordingly, the free–flight simulator is
discussed next.
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5.2 Free-Flight Simulator
The mathematical derivation process of the ACX free–flight and docking models is tedious and should be performed in a traceable and efficient manner. Consequently, all
presented subsystems have been fully derived from first–principles using the Mathworks symbolic computation tool MuPad. Using this tool, a library of mathematical
subsystem descriptions has been compiled which contains all of the discussed theory
in a consistent and modular model database. Additionally, export scripts have been
programmed which automatically convert these mathematical models into MATLAB
executable code which can be directly interfaced from within the SIMULINK simulators. The resulting framework is conceptually visualized in Figure 5.13. The
interfaces between MuPad, MATLAB and SIMULINK have been defined as to allow
for fast and flexible modifications to all involved system structures. This toolchain
provides the means of altering, replacing or correcting assumptions made during the
entire derivation process and achieves a high modularity and extendability in the presented simulation environment.

Figure 5.13: Architecture of the coaxial rotor UAV simulator.

One of the major challenges which must be tackled when assembling the mentioned subsystems is the fact that the model structure may change drastically de153
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pending on which type of coaxial rotor configuration should be simulated (e.g. with
or without a particular stabilization aid etc.). Similarly, one may wish to compare
simulation results using different modeling approaches such as comparing simulations based on second, first and zeroth order flapping dynamics or one may want to
simply exchange the inflow dynamics model with a steady state inflow computation
method. To avoid maintaining different model versions for each possible configuration, SIMULINK’s variant subsystem–mechanism has been employed. Each variant
of the configurable subsystems (e.g. flap dynamics, rotor inflow etc.) is implemented
as a variant subsystem SIMULINK–block. SIMULINK then provides the means to
conveniently switch between these subsystem versions using programmatic flags. Accordingly, it is possible to e.g. switch from second order flapping models to steady–
state flapping, alter the swashplate configuration or enable respectively disable the
stabilization aids without actively modifying the SIMULINK model itself.
The presented simulator environment has also been implemented with efficient
trim point computations, extensive parameter studies and subsystem identification algorithms in mind. The realization of the simulation software has thus been organized
in a way as to enable SIMULINK’s rapid accelerator mode which compiles the defined simulator functionality as well as the required solver routines into executable
binaries. In consequence the simulation speed may be drastically boosted. In case
of the pure free–flight simulator simulating one second of flight time roughly cor1
seconds of computation time on an average laptop computer. This
responds to 35
becomes relevant when simulated flight experiments are to be performed repeatedly
to study or optimize specific rotorcraft subsystems.

5.2.1

Simulation Results

Having the ACX rotorcraft dynamics and the underlying theoretical framework implemented and parameterized, an approximate description of the vehicle’s flight behavior has finally been realized. Before the corresponding flight dynamics models
may be used to further analyze the ACX helicopter and similar flight systems sharing
its features, it must be ensured that the modeled dynamics capture the behavior of the
actual prototype. Failing to do so may jeopardize any conclusion drawn from these
models.
Experimental Validation
To validate the presented simulation framework, including the system parameters derived in the previous section, a set of free–flight experiments has been recorded using
the ACX V2 configuration. For this purpose, the platform pose has been tracked using an external motion capture system [68] at a capture rate of 100 Hz. The vehicle
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linear and angular rates and accelerations have been computed based on the derivatives and double derivatives of the corresponding pose measurements. To excite the
dynamics of the ACX pitch, roll, yaw and heave degrees of freedom, piloted and automated chirp sweeps have been fed to the system according to the guidelines presented
in [37]. These guidelines have been defined to ensure high quality flight–data to be
used for rotorcraft system identification purposes. The general strategy to achieve
good flight data is to excite the rotorcraft dynamics over the range frequencies for
which the identified model should capture the behavior of the real vehicle. This is
equally relevant for the sake of the validating the ACX white box model.
Figures 5.14 and 5.15 presents a comparison between the real and simulated pitch
and roll open–loop dynamics in response to chirp sweeps of the swashplate tilt angles
ϕ1c and ϕ1s . Similar experiments have been carried out to excite the ACX heave–yaw
dynamics by generating frequency sweeps of the swashplate height h sp and the motor
speed Ωmot . Figures 5.14 and 5.15 present the corresponding validation plots. The
simulator has been supplied with the derived ACX parameter set and configured to
use the ACX V2 system layout equipped with a flybar but no stabilizerbar. First order
flapping and inflow dynamics models and a first order servo motor model identified
with the setup presented in Figure 5.2 have been used. The BLDC–motor speed has
been recorded with an encoder installed on the vehicle. Accordingly, except from
the servo motors, all subsystem dynamics are fully predicted based on the physical
principles given by the presented theory and the estimated set of physical parameters.
Good prediction quality has been achieved in general.
Table 5.4: Trim values of the ACX V2 prototype and the ACX simulator.

Rotor Input

Real Trim

Simulator Trim

ϕ1c [◦ ]
ϕ1s [◦ ]
h sp [mm]
Ωmot [rpm]

0.36
1.03
24.07
29873

0.0
0.0
23.94
29305

The trim points for the real vehicle and the simulated vehicle are given in Table
5.4. Note that despite the remarkable similarity between the two trim settings, minimal differences may already cause a considerable deviation between the simulated
and real rotorcraft responses. Consequently, the measured input data has been detrended and only the deviations from the real vehicle’s trimmed inputs have been fed
to the flight simulator.
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Figure 5.14: Time domain validation of the modeled pitch and roll dynamics for the ACX
platform.

Figure 5.15: Frequency domain validation of the modeled pitch and roll dynamics for the ACX
platform.
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Figure 5.16: Time domain validation of the modeled heave and yaw dynamics for the ACX
platform.

Figure 5.17: Frequency domain validation of the modeled heave and yaw dynamics for the
ACX platform.
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Discussion of Results
At this point, a preliminary discussion of a few relevant characteristics of
helicopter–type UAV systems may be initiated. Comparing the frequency plots for
the pitch–roll dynamics given in Figure 5.15 with the frequency plots for the heave–
yaw subsystems given in Figure 5.17, two distinct frequency peaks can be identified
for the pitch and roll rates, whereas only one frequency peak may be found in case
of the heave–yaw subsystem. The first peak essentially represents the dominant frequencies of the pure main body motion in the respective degrees of freedom. The
second peak in the pitch and roll plots, located at roughly 1.44 Hz, corresponds to
a resonance frequency related to the interaction between the flybar, the lower ACX
rotor and the ACX main body. This resonance represents an oversensitivity of the
ACX pitch and roll dynamics in the given frequency range (shaded in green). Periodically changing the ACX swashplate tilt inputs ϕ1c or ϕ1s near or at this frequency,
results in a violently oscillating vehicle which, if not stopped immediately, may result
in substantial damage. In this regard consider that this resonance is not related to low
quality components, a badly calibrated rotor head or a badly tuned flight controller.
This oversensitivity is an inherent flight characteristic of any helicopter equipped with
a Bell–Hiller flybar. Depending on the particular combination of aerodynamic, structural and inertial parameters the hazardous frequency range may shift and the associated resonance effects may be stronger or weaker as further elaborated in Chapter 6.
Using notch filters as discussed in [37] is one of several possible approaches with
which an actuator induced excitation of this resonance may be avoided. The general
idea commonly consists of attenuating the critical frequency range on the level of
the actuator signals. However, such attenuation techniques always introduce other
undesired response artifacts and cannot guarantee that external, unmodeled inputs
may not excite the system within the problematic frequency range. Capturing such
flight dynamics features in a simulation model is thus crucial as this may help to avoid
the resulting flight performance limitations already in the design phase of a UAV. Yet,
at the time of conceiving the ACX flight concept no such models were in existence.
Discussion of Potential Model Improvements
Given the free–flight data from the real ACX platform, the complexity of the involved
flight system dynamics is essentially hidden within the time trajectories of the measured main body degrees of freedom. In order to evaluate how the prediction accuracy
of the SIMULINK free–flight simulator might be improved in the future, an in depth
investigation of all modeled subsystems is unavoidable. Using the coaxial rotor testbench developed in the context of this work at least a limited subset of physical effects
may be further examined.
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Unexpectedly, the heave–yaw subsystem has proven to be more challenging to
predict accurately than the pitch–roll subsystem. This is mostly related to the strong
influence of rotor inflow effects which are difficult to account for exactly using the
simplified aerodynamic models derived herein. An evaluation of what parameters or
modeling approaches have to be adapted to further improve the model quality thus
calls for an investigation of the inflow rates of the upper and lower coaxial rotors.
In case of the rotor testbench introduced in Chapter 2 such measurement capabilities
have not been implemented though. For the pitch and roll subsystems on the other
hand, a deeper understanding may be gained by analyzing the rotor and flybar flap
responses in more detail, e.g. using the camera system also presented in Chapter 2.
The measurement concept used for this purpose is visualized in Figure 5.18.

Figure 5.18: Measurement concept to capture the transient rotor and flybar flapping responses
of the lower ATB rotor.

Whether or not the transient flap response of the ACX rotors and the flybar may be
captured by a camera is related to the time constants of the corresponding dynamics
and the camera’s capture frame rate. The effectively achievable sample rate however
also depends on the rotor speed as well as the number of rotor blades Nb . Since a
maximum of Nb samples per rotor revolution can be recorded when filming a rotor
from the side, the true sample rate f s is limited to:
fs =

Ω Nb
2π

(5.7)

samples per second. Given a rotor speed of roughly 2400 rounds per minute and a
number of two rotor blades as in case of ACX in hover, a maximum measurement rate
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of 80 Hz, corresponding to a period of 0.0125 seconds, may be achieved. Accordingly, the fastest flap transient that can be captured correctly with a single camera is
given by a time constant of 0.025 seconds. Comparing this limitation with the estimated time constants for the ACX flybar and rotors, it is clear that only the flybar flap
dynamics may be recorded and analyzed with the given measurement equipment.
Table 5.5: Estimated time constants of the ACX rotors and flybar.

Flapping Subsystem
Flybar
Lower Rotor
Upper Rotor

Time Constant [sec]
0.18754
0.00477
0.00482

Figure 5.19 presents measurements of the flybar flapping angle in response to tilting inputs from the swashplate. Inspecting the measured flap transients at different
rotor speeds, it is obvious that the assumption of a first order flap model agrees well
with reality. In order to compare the predicted flybar time constants with the measurements, first order transfer function models have been identified for each experiment.
Generally, the predicted and identified time constants correlate well. Note however
that the predicted flybar model commonly overestimates the resulting steady state flap
angle by roughly 3 to 4 degrees. This finding also explains the marginal overshoot
of the modeled pitch and roll responses in Figures 5.14 and 5.15 in comparison with
the measured flight data. Although the frequency of the pitch–roll resonance is captured correctly, its magnitude is slightly overestimated. A deeper investigation of this
discrepancy revealed that the magnitude of the flybar flap response is in fact affected
by the downwash from the upper and lower coaxial rotors. This is not accounted for
in the flybar model derived in this work or any other flybar model found in literature.
Hence, further modeling efforts are required to better account for this aerodynamic
effect.
The resulting model inaccuracy of the pitch–roll dynamics is thus related to a
structural problem of the mathematical system representation and not to wrong parameters. In an identified helicopter model, this error will be compensated by the
flight data matching procedure. A minimization of the difference between the simulated and the measured flight responses can only be achieved by spreading the modeling error over the associated system parameters though. This effect makes it difficult
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to ensure physically consistent UAV models when using rotorcraft identification techniques.

Figure 5.19: Comparison between identified (ID) and predicted whitebox (WB) flybar response
to swashplate step inputs.
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5.3 Docking Simulator
Generally, the flight model implementation for the docking simulator corresponds
exactly to the structure of the original free–flight model except for the treatment of
the body dynamics. The contact dynamics theory and its integration with the rotorcraft flight models has been derived in MuPad first, exported to MATLAB and
subsequently integrated in SIMULINK. Achieving similar simulation rates as for the
free–flight simulator has proven to be difficult though. The extensive amount of zero
crossing detections related to collision and detachment events enforce a considerable
reduction of the numerical integration step size. This essentially motivated the separation of the ACX docking simulator from the pure free–flight simulator.
Simulation of a Docking Maneuver
In the following results from a simulated docking maneuver are presented. Note
however that a validation of the flight trajectories is not directly possible as the timing
of the impact events both in simulation and on the actual prototype have a significant
effect on the evolution of a particular docking maneuver. Already minor discrepancies
quickly lead to a considerable divergence between the simulated and the real flight
paths. However, the contact force magnitudes and the general docking response of
the simulator matches the behavior of the actual prototype.

Figure 5.20: Simulated docking experiment.
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As on the real system, cascaded and gain scheduled PD and PID–controllers are
used to close the vehicle’s (free–flight) attitude and position loops. The virtual helicopter is starting at a distance of 0.7 meters from the simulated wall (Figure 5.20)
and is programmed to reach a position setpoint lying one meter behind the wall. In
consequence docking is automatically established. Note that the purpose of this flight
simulation is not the demonstration of the implemented control performance for docking maneuvers but rather an evaluation of the capabilities of the simulator itself. For
the real system a more advanced control approach generating flight trajectories which
minimize the rebounds during a docking maneuver is used [106]. Presenting this control approach in more detail is beyond the scope of this work though and would to
some extent distract from the discussion presented in the following.
Figure 5.21 visualizes the body roll, pitch and yaw angles during the docking
maneuver. The vehicle initially decreases its pitching angle to roughly −7 degrees to
accelerate towards the position setpoint, reaching a maximum velocity of 0.7 meters
per second in the process. This corresponds to a comparatively aggressive docking
maneuver. By the time of impact at t ≈ 1 second, the vehicle hits the wall with a
small yaw error such that contact point C3 strikes the wall first, followed by contact
point C4 . Due to the yaw misalignment and due to the comparatively high impact
velocity, the vehicle rebounds laterally while also being propelled away from the wall
in yaw, the latter being related to the impact sequence of the upper contact points.

Figure 5.21: Body absolute angles during the docking maneuver.

The evolution of the contact and detachment events may be better understood by
inspecting the contact distances, velocities and the contact forces depicted in Figure
5.22 and Figure 5.23. Note that the contact distances gN never become negative
such that the contact points never penetrate the simulated wall. Furthermore, discrete
steps can be observed in the contact velocities ġN . This is related to the momentum
exchange during the plastic collision events between the contact masses and the wall.
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Once a contact point collides with the wall, its contact velocity immediately drops to
zero and remains zero as long as the contact persists.

Figure 5.22: Contact distances gN and velocities ġN during the simulated docking maneuver.

The contact loads λN , which act on the contact points and thus on the ACX airframe (via the docking springs), reach magnitudes of 6 to 8 Newtons per contact
point. On the real vehicle typically observed impact forces reach magnitudes of 6 to
7 Newtons as measured on the upper ACX docking sensors.
In general, the lower docking devices are not needed for the purpose of sliding
along a vertical surface. Once a permanent contact between the rotorcraft and the
surface has been established, the bottom contact points will not touch the wall due to
the vehicle’s forward pitching angle (gN1 > 0 and gN2 > 0). In regard of the transition from free–flight to contact though, the bottom points may increase the system’s
robustness at least for comparatively high approach velocities. In case of ACX, not
adding the bottom docking devices would essentially cause a direct (hard) collision
between the airframe and the wall. This may on one hand lead to stronger rebounds
and on the other hand potentially damage the airframe itself.
Further design conclusions that may be drawn from this simulation experiment are
related to the docking spring length and stiffness. As can be seen from the spring displacement graphs δ in Figure 5.23, none of the contact springs are fully compressed
during the docking process. Selecting shorter or softer springs for the simulated impact velocities, may lead to secondary (hard) impacts between the airframe and the
wall. Knowing the specifications of a particular rotorcraft as well as the expected
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Figure 5.23: Contact spring displacement δ as well as the contact forces λN during the simulated docking maneuver.

impact velocities, the docking devices may thus be designed to allow for safe and
smooth docking maneuvers.

5.4 Final Remarks
In this chapter, a parameter estimation methodology which maintains the physical
nature of all relevant rotorcraft subsystems has been introduced. Additionally, the
subsequently discussed flight simulator has been validated, thus supporting the assumption that meaningful conclusions may be drawn from the presented simulation
framework. Finally, the docking simulation environment has been described shortly
and achievable simulation results have been discussed. The presented set of simulation tools provides an extensive amount of information which may support the further
development process of better aerial service robots. However, specific conclusions
which may be drawn about the free–flight and docking characteristics of coaxial rotor UAVs have been intentionally kept at a minimum. A more focused elaboration
on the flight properties of vehicles such as ACX is reserved for the chapter presented
hereafter.
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CHAPTER

6

Rotorcraft Characteristics

The SIMULINK free–flight and docking simulation tools presented in the previous
chapter provide a vast amount of information related to the flight characteristics of
the ACX coaxial rotorcraft. Given an appropriate set of parameters, these tools have
the potential to be equally useful for similar UAV configurations. All relevant rotor
and body states, the rotor forces and moments and all relevant information regarding
collisions and contact maneuvers may be simulated and analyzed in detail. Yet, as in
case of the measurements from the real vehicle, the fundamental changes in the flight
dynamics properties, in dependency of the various system parameters, are somewhat
hidden in the time trajectories of the rotorcraft states. This can make it difficult to
clearly relate a specific behavior to a particular rotorcraft subsystem. In this chapter,
a further evaluation is thus performed using simplified models based on the full flight
dynamics equations. The benefit of this study is twofold. First, an additional toolset
is defined which provides the means to analyze specific subsystems in greater detail
while avoiding the complexity of nonlinear flight simulations. Secondly, using this
toolset, a study of specific flight properties of the ACX configuration is given which
is highly relevant for various similar UAV types. To focus this investigation to some
extent, only the ACX pitch and roll subsystems are evaluated both in free–flight and
in contact. In case of the free–flight ACX model, the role of stabilization aids such
as the Bell–Hiller flybar is discussed in detail. For the docking dynamics aspects
the topic of safe flight conditions given particular contact point configurations are
investigated, while also accounting for the actuation limits of the ACX flight system.
167

ROTORCRAFT CHARACTERISTICS

6.1 Linearized Free-Flight Model
The entire flight dynamics theory presented in Chapter 3 has been developed in the
MuPad environment. In consequence, the corresponding flight dynamics formulations describing the main rotorcraft body, the rotors, the stabilization aids and the effects of inflow dynamics, may be assembled and subsequently linearized analytically.
In this process, the physicality of each subsystem is fully maintained and the resulting state–space matrices can be computed directly based on the parameters derived
in the previous chapter. With this functionality established, the effects of parameter
variations on the state–space representation of the linearized ACX rotorcraft model
may be analyzed, using the full potential of linear system theory.
For the purpose of this linearization, an adapted notation which maintains manageable formulations is recommendable. Accordingly, the ACX rotor subsystems
states are redefined as:
βl1c → α
βu1c
fb
β1c
sb
β1c
υl0

→ γ
→ ε
→ η
→ υ

βl1s → β

Lower Rotor Flapping

βu1s
fb
β1s
sb
β1s
υu0

→ δ

Upper Rotor Flapping

→ ζ

Flybar Flapping

→ ϑ

Stabilizebar Flapping

→ χ

Rotor Inflow

(6.1)

With this new definition of the rotor state variables in mind, the rotorcraft body dynamics, the rotor inflow dynamics as well as first order rotor, flybar and stabilizerbar
flapping dynamics have been assembled and subsequently linearized at the hover operation point. The resulting state–space representation is given in Table 6.1. For the
sake of generality both, the stabilizerbar and the flybar dynamics, have been maintained. Consider that this linear representation does not only describe ACX but a
wide range of coaxial rotorcraft systems. Consequently, in case of the ACX V2 and
V3 configurations, the stability derivatives associated with the stabilizerbar states η
and ϑ may be dropped. This model representation has also been used to derive identified flight dynamics models of the ACX flight system to achieve better input–output
data matching quality than achieved with the pure white box model. In the following, physicality shall be maintained though and except for the damping derivatives
uu , vv , ww and rr associated with the body damping coefficients Du , Dv , Dw and Dr ,
all control and stability derivatives are computed based on physical parameter estimates for each rotorcraft subsystem. Closely inspecting the given state–space model
representation in Table 6.1 several findings may be noted.
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6.1. LINEARIZED FREE-FLIGHT MODEL

Table 6.1: State–space representation of a coaxial rotor helicopter.
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Generally, one may see that the heave–yaw and the pitch–roll subsystems are
unrelated (near hover) and can thus be investigated separately. Each of these two
subsystems is internally coupled though. In case of the heave–yaw subsystem, the
coupling derivative rw may be found which is associated with the rotor torques Ql and
Qu and the corresponding torque balance in hover. Both torques (and thus the torque
balance) are affected by the changing rotor inflow conditions due the vertical vehicle
velocity w. For similar reasons both the heave acceleration ẇ (due to changes in rotor
thrust) and the yaw rate acceleration ṙ are affected by the inflow dynamic states υ
and χ according to the derivatives wυ , wχ , rυ and rχ . The lateral vehicle dynamics are
defined by the derivatives uθ and vφ , related to the rotorcraft pitch and roll angles φ and
θ and the derivatives uα , uγ , vβ and vδ related to thrust tilting due to rotor flapping. In
case of the rigid ACX rotor, flapping angles are commonly comparatively small such
that these derivatives have limited significance only. The pitch–roll subsystems are
purely coupled via the stability derivatives pβ , pδ , qα and qγ . These derivatives are
associated with the rotor flapping moments transmitted to the rotorcraft and account
for the effects of tip–path plane tilting and the effects of the hub stiffness kb . The
actual coupling of the pitch and roll dynamics is thus introduced through the p and q
flapping derivatives via which the rotor and stabilizer flapping dynamics are affected
by the pitch and roll motions of the rotorcraft. As may be further deduced from
Table 6.1, also the damping of the pitch–roll degrees of freedom is purely related to
the rotor and stabilizer dynamics. The pitch, roll and flap subsystems thus essentially
correspond to a feedback loop that may either stabilize or destabilize the rotocraft
pitch and roll dynamics. With a closer look at the rotor flapping subsystems, one may
see that the lateral (β, δ) and longitudinal (α, γ) rotor flapping dynamics are coupled
as well. The magnitude of this coupling is again strongly related to the aerodynamic,
inertial and structural properties of the modeled rotors. These flap couplings and their
relevance for rotorcraft flight dynamics as well as their relation to the physical rotor
properties will be discussed in more detail later in this section. Finally, note that with
the derivative υχ also the downwash effect from the upper rotor has been accounted
for.
In regard of the system inputs, again several findings may be summarized. Looking at the control matrix, the underactuation of the ACX rotorcraft becomes apparent.
Note how none of the four rotorcraft inputs are capable of directly affecting the lateral
u and v dynamics. In order to move laterally, ACX must tilt its body such that part
of the gravitational acceleration g is directed in the u or v directions (as defined by
uθ and vφ ). Furthermore, one may again deduce that the heave–yaw and pitch–roll
subsystems may be separated but are coupled individually. In case of heave–yaw, the
swashplate height as well as the rotor speed affect the upper and lower rotor torques
and thrust forces and thus the ẇ and the ṙ accelerations. For the pitch–roll dynamics, the hybrid nature of typical rotorcraft systems becomes evident. According to
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the given state space representation, neither the pitch, nor the roll accelerations ṗ
and q̇ can be directly affected by the swashplate tilting angles ϕ1c and ϕ1s . Tilting
the swashplate merely induces a flapping motion of the rotor which in consequence
generates moments affecting the rotorcraft pitch and roll accelerations.

6.2 Analysis of Rotorcraft Free-Flight Characteristics
Based on this representation of a hovering coaxial rotor UAV, many relevant flight
dynamics aspects may be evaluated in dependency of the physical parameters of a
particular prototype. Herein, the further focus is shifted towards the pitch, roll and
the rotor and flybar flapping dynamics. Hence, these dynamics are split off from the
remainder of the given state–space representation resulting in:
  
  

 ṗ   · · · pβ · pδ · ·   p   · · 
 q̇   · · q · q · · ·   q   · · 
α
γ
  
   

 α̇   α p αq αα αβ · · αε αζ   α   α1c α1s  (
 β̇   β β β β · · β β   β   β β  ϕ )
ε ζ   
  =  p q α β
 1c 1s  1c
(6.2)
 γ̇   γ p γq · · · · · ·   γ  +  · ·  ϕ1s
  
   

 δ̇   δ p δq · · · · · ·   δ   · · 
  
  

 ε̇   · εq · · · · εε εζ   ε   ε1c ε1s 
ζ̇
ζ p · · · · · ζε ζζ
ζ
ζ1c ζ1s
Written in a more general form, this corresponds to the standard state–space equations
of a linear system given as:
ẋ8×1 = A8×8 x8×1 + B8×2 u2×1

(6.3)

With this description of a coaxial helicopter’s attitude related dynamics and using the
ACX V2 parameters as a baseline, several aspects of rotorcraft flight and in particular
the pitch–roll resonance phenomenon shortly mentioned in the last chapter may be
examined.

6.2.1

Rotorcraft Modal Analysis

To start this investigation, the attitude relevant ACX poles have been estimated and
the associated dynamic modes have been computed. Doing so is a simple matter of
solving the eigenvalue problem [38] of the above system dynamics given as:
(
)
det λ 18×8 − A = 0
(
)
det λ0 18×8 − AT = 0

(6.4)
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Figure 6.1: Estimated pitch, roll and flapping poles of the ACX V2 configuration.

Figure 6.2: Eigenvector magnitudes of the estimated, linearized pitch–roll subsystem.
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The roots λ j and λ0j of these polynomial equations in λ and λ0 correspond to the
system’s poles and can be real or complex valued. Generally, these roots may be
composed as λ j = σ j ± i ω j with j ∈ {1, . . . , 8} and i ∈ C where σ j corresponds to the
damping factor and ω j to the damped natural frequency of the associated pole1 . The
eigenvectors w j and v j , corresponding to each of the 8 poles of the stability matrix
given in (6.2), must fulfill:
A wj = λj wj
(6.5)
AT v j = λ0j v j
respectively. Based on these eigenvectors and eigenvalues the general solution to the
unforced system dynamics:
ẋ = A x

given

x (0) = x0

(6.6)

can be computed as:
x(t) =

8 (
∑

)
vTj x0 eλ j t w j

(6.7)

j=1

where x0 = 0 represents the initial conditions of the problem investigated here. Note
that each component vTj x0 eλ j t w j of this solution essentially corresponds to a specific
dynamic mode of the modeled system. The stability of each of these modes is defined
by the real part σ j and the oscillation frequency is defined by the complex part ω j of
the respective eigenvalue. Naturally, if σ j is positive, the associated dynamic mode
will tend to infinity and the system is unstable. Which degrees of freedom compose
each of the system’s modes is characterized by the eigenvectors.
As can be seen in Figure 6.1, the ACX open–loop attitude dynamics are inherently
stable due to the flybar. The associated dynamic modes are presented in Figure 6.2.
Furthermore, one may see that there are two distinct sets of dynamic modes associated
with the rotors and the flybar. One may also see that the rotor flap related modes decay
considerably faster than the rotorcraft and flybar related modes This finding raises the
question up to what extent it is meaningful to actually account for the transient effects
of rotor flapping in case model size UAV rotors.
For a further investigation, the physical white box estimate of the lower ACX
rotor’s flap time constant is analyzed. This time constant may be estimated based on
the flap stability derivatives and can be formulated as:
τα = −

Σ2r γ12 + 256
1
(
)
=
αα 8 Σr γ1 λ2 + 1 Ω0
β

(6.8)

1 The eigenvalues λ and the damping factors σ are not to be confused with the respective symbols
j
j
for the normalized rotor inflow rates λi and λ∞ or the contact switching variables contained in the vector
σ defined in Chapter 4.
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where Ω0 is the hovering rotor speed.
For full scale helicopters, the typical range of Lock numbers corresponds to
γ1 = 5.6 for heavy rotor blades, up to values of γ1 = 10.4 for more lightweight
constructions [38]. The typical range for the flapping frequency ratio commonly lies
within values from λ2β = 1.1 for soft rotors to λ2β = 1.3 for comparatively rigid rotors.
At hovering rotor speeds of approximately 250 to 450 rounds per minute, the resulting flapping time constants are usually found in the range of 0.07 to 0.02 seconds in
extreme cases.
For the hovering ACX rotor, the flapping frequency ratio and the corresponding
Lock number are estimated at roughly λ2β = 2.6 and γ1 = 11.7 respectively and the
rotor operation speed is rated at approximately 2400 rounds per minute. Accordingly,
the ACX rotors are comparatively lightweight and considerably more rigid than the
typical rotors found on full scale rotorcraft. In consequence, in case of the ACX
rotor configuration, the transient response of rotor flapping may be neglected and a
quasi–steady rotor model may be used without considerably sacrificing fidelity. Any
transient flapping effects are thus predominantly related to the flapping response of
the flybar. This conclusion has also been validated with the SIMULINK free–flight
simulator.

(a)

(b)

Figure 6.3: (a) Flap time constants for a range of flapping frequency ratios and Lock numbers
at a rotor speed of 430 rounds per minute. (b) Flap time constants for a range of flapping
frequency ratios and and Lock numbers at the ACX hover rotor speed of 2400 rounds per
minute.

This observation is relevant for small scale rotorcraft in general as visualized in
Figure 6.3. Neglecting root and tip loss effects such that Σr = 1, the expected time
constants of full scale rotorcraft may be compared with the expected time constants
of a rotor in the ACX vehicle size class. Due to the small rotor radius and blade chord
of small size UAVs, considerably higher rotor speeds are required in comparison with
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full scale helicopters. This directly affects the time constants of rotor flapping which
become smaller with increasing rotor speed independently of the physical rotor properties. This may be somewhat explained by the inertial stiffening of the spinning
rotor blades due to centrifugal forces. Also note that the values for the flapping frequency ratio and the Lock number of the ACX rotors are not uncommon for model
size helicopter configurations. Accordingly, it is generally advisable to check how
well separated the time constants of the rotor flap modes are from the rotorcraft main
body modes e.g. by the simple modal analysis performed at the beginning of this
section. As mentioned in Chapter 3, switching from a hybrid rotorcraft representation to a quasi–steady modeling approach may considerably simplify the simulation
and evaluation process of any UAV platform. It may also further justify the separate
treatment of the rotor subsystem from the contact dynamics presented in Chapter 4.
Whether the rotor flapping transients should be accounted for also depends on the
magnitude of the body pitch and roll stability derivatives pβ , pδ , qα and qγ related
to the body pitch and roll inertias I xx and Iyy . A final decision on this matter should
always be based on the desired frequency range within which a model shall capture
a rotorcraft’s dynamics and the pitch–roll modal analysis. However, given the low
weight (and thus the low flap inertia) of most model size rotor blades, the comparatively high payloads carried by robotic UAVs and the resulting need for increased
rotor speeds, it is very likely that quasi–steady rotor models are often sufficient to
predict the flight behavior of small sized UAV platforms2 .

6.2.2

Investigation of the Pitch-Roll Attitude Resonance

A particularly challenging feature that has been found in the flight dynamics of the
ACX configuration is the pitch–roll resonance shortly mentioned in the previous
chapter. Reference [37] presents a general discussion of this issue. In the following,
this problematic flight dynamics feature is investigated in more detail and the effects
of the relevant rotorcraft, rotor and flybar parameters are examined. The parametric
relations of the resonance magnitude and frequency are evaluated and the reasons
why stabilization aids such as the flybar device are in general not well suited for the
rigid rotors of most small size helicopter configurations are elaborated.
In order to better understand the frequency characteristics of the ACX pitch–roll
dynamics, transfer function models given as:
(
) (
)(
)
P(s)
G PΦ1c (s) G PΦ1s (s)
Φ1c (s)
=
(6.9)
Q(s)
G QΦ1c (s) G QΦ1s (s)
Φ1s (s)
2 This may be different for identified rotorcraft models. System identification algorithms usually benefit from the additional optimization flexibility given by the rotor flap dynamics. In this case, better model
fitting quality may be achieved using a hybrid rotorcraft representation.

175

ROTORCRAFT CHARACTERISTICS

have been derived analytically.
In this context P(s), Q(s), Φ1c (s) and Φ1s (s) correspond to the Laplace transforms of the body pitch and roll rates p(t) and q(t), respectively the swashplate tilting
angles ϕ1c (t) and ϕ1s (t). The corresponding transfer functions G PΦ1c (s) to G QΦ1s (s)
may be directly computed from the state–space representation given in (6.2). To remain consistent with the findings described in the last section and in order to simplify
the corresponding formulations, quasi–steady rotor models are used though. Consequently, the only transient terms characterized by these transfer functions correspond
to the pitch–roll and flybar dynamics. The resulting system is of fourth order due
to the flybar and due to the pitch–roll cross couplings introduced by the rigid ACX
rotors:
G(s) =

a1

s4

b1 s2 + b2 s + b3
+ a2 s3 + a3 s2 + a4 s + a5

(6.10)

Note that the transfer function coefficients b1 to a5 are still directly related to the physical properties of the ACX pitch–roll and rotor–flybar subsystems such that different
parametric configurations may be studied. Based on these transfer function models,
the ACX associated Bode magnitude graphs can be drawn as shown in Figure 6.4.
Although the original resonance frequency at 1.44 Hz is shifted to a lower value of
roughly 1.34 Hz (due to the quasi–steady rotor models), the resonance characteristic
of the pitch–roll dynamics is clearly visible.
The question that may be answered at this point is which particular rotorcraft
parameters define the frequency as well as the magnitude of the ACX attitude resonance. To do so, the physical parameters defining the attitude dynamics given in
(6.2) are varied and Bode magnitude graphs are created for each of these parameter
variations. Additionally, the pole variations of the full pitch–roll state–space model
have been computed.
Variation of Rotorcraft Body Inertias
Figure 6.5 visualizes how the Bode graphs for the transfer function G QΦ1s (s) change
in dependency of the lateral and longitudinal ACX body inertias I xx and Iyy . Both
parameters have been varied simultaneously within a range of 50 % to 150 % of the
original ACX parameters values.
The first observation that may be established is that the parameter configuration
representing the flight characteristics of ACX, defined by the 100 % mark in the corresponding plot, is very close to the maximum resonance sensitivity and results in a
magnitude gain of roughly 125 dB. The worst configuration is defined approximately
by the 90 % mark which is located at 1.4 Hz and corresponds to an amplification of
200 dB for any signal exciting the system at this frequency. Considerably reducing
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Figure 6.4: Bode diagrams for the transfer functions of the ACX pitch–roll subsystem.

the body inertia leads to a lower resonance magnitude and pushes the corresponding
resonance frequency to higher values with a maximum of around 90 dB and 1.9 Hz
for the 50 % mark. Further increasing the body inertia also reduces the resonance
magnitude but shifts the resonance frequency to even lower values. This is generally
undesired as this would push the resonance further into the useful bandwidth of the
rotorcraft flight dynamics.
Accordingly, despite the fact that the ACX protection frame has been carefully
engineered to protect the flight system during docking maneuvers, it also considerably
increased the ACX inertia in comparison with the original model coaxial helicopter
and moved the resonance frequency to a frequency range generally excited by typical
flight maneuvers.
Variation of Rotor Speed
Figure 6.6 presents the Bode graphs for the transfer function G QΦ1s (s) in dependency
of the coaxial rotor speeds which are directly related to the ACX motor speed Ωmot
required for hovering. With a deeper understanding of the rotor and flybar dynamics,
it is clear that increasing the rotor and flybar speeds will change the aerodynamic
forces produced by the spinning rotor structures and it will also change their gyroscopic response to rotorcraft roll and pitch motions.
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Figure 6.5: Variation of the ACX pitch–roll resonance in dependency of the body inertias I xx
and Iyy .
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Figure 6.6: Variation of the ACX pitch–roll resonance in dependency of the motor speed Ωmot .
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At a lower rotor speed, the flybar and rotor flap dynamics become more dominated
by inertial effects, the aerodynamic damping is reduced and the corresponding time
constants increase. Accordingly, the entire rotor flap system becomes slower. This
assessment is also confirmed by the pole loci given in Figure 6.6. With increasing
rotor speeds all poles of the pitch–roll attitude subsystem move further away from the
imaginary axis into the negative half plane. Note that at the minimum 50 % mark, the
system would essentially become unstable. Practically, this is irrelevant though since
ACX does not produce enough lift for a take–off at these rotor speeds.
In terms of the resonance behavior, lowering the rotor speed leads to a lower
resonance magnitude and frequency, while an increase of the rotor speed generally
seems to reduce the resonance magnitude and increase the resonance frequency. At
the maximum rotor speed, the resonance shifts to 1.5 Hz and approximately 60 dB.
However, at this motor speed, the lower ACX rotor would already spin at a rate of
3600 rounds per minute which would significantly increase the risk of rotor blade
failures due to the considerably increased rotor loads.
In case of ACX, this variation of the pitch–roll resonance in dependency of the
rotor speed has been especially cumbersome in terms of tuning the ACX flight control
system. ACX has been originally built to be modular and thus to carry different types
of payloads for docking and free–flight experiments. With a change of payload, also
the rotor speed must be adapted, hence shifting the resonance to lower or higher frequencies and changing its frequency spread and response magnitude. Consequently,
any change in the ACX payload requires a retuning of the flight control gains and an
adaptation of the implemented notch filters to compensate the resonance behavior.
Variation of the Flybar Lock Number
Probably the most promising strategy to somewhat alleviate the effects of the flybar
resonance using mechanical means is given by altering the flybar inertia. This may be
achieved by using more lightweight flybar paddles or by changing the flybar airfoil
e.g. to an airfoil with a higher lift curve slope. The general trends for changing these
two flybar properties are similar since lowering the flybar inertia or increasing the
flybar lift curve slope has an equivalent effect on the flybar Lock number. According
to Figure 6.7, the frequency of the resonance is barely affected by a change of the
flybar inertia but the resonance magnitude changes considerably. Note however that
this will also lead to a more agile vehicle, potentially rendering the attitude dynamics
unstable as shown in the corresponding pole plot. Practically it may be more difficult
to drastically alter the flybar lift curve slope, whereas a suitable choice of materials
might more easily allow a reduction of the flybar paddle weight.
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Figure 6.7: Variation of the ACX pitch–roll resonance in dependency of the flybar flapping
inertia Iβf b .
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An alternative way to affect the flybar lift properties consists of changing the
chord length c f b while the flap inertia may also be altered by varying the distance
between the flybar paddles and the main rotor axis. These alternative means affect
both the flybar aerodynamic and the flybar inertial properties at the same time though,
making it more difficult to intuitively asses how the vehicle flight performance will
be affected.
Variation of Additional Parameters
Figure 6.8 depicts the resonance behavior in dependency of a further set of relevant
parameters such as the cylic mixing coefficient k2cm and the set of aerodynamic, inertial and structural parameters defining the flapping characteristics of the upper and
lower coaxial rotors. The kinematic coefficient k2cm of the cyclic mixer mechanism
l
l
essentially defines how strongly the cyclic pitch inputs θ1c
and θ1s
to the lower ACX
rotor are affected by the flapping motion of the flybar. The smaller this parameter is
the less the flybar inputs will be weighted relative to inputs from the swashplate tilting angles. Increasing this coefficient will increase the relative influence of the flybar
flapping motion and has a tendency to lower the stability of the pitch–roll dynamics.
Increasing k2cm also introduces a roughly linear increase of the resonance frequency
while the resonance magnitude is not significantly reduced. Lowering k2cm reduces the
sensitivity of the resonance but also shifts it into a lower frequency range. A similar
trend may be observed in dependency of the rotor lift curve slope C L1 and the rotor
stiffness kb . In case of the ACX rotor configuration, switching to more lightweight
rotor blades is clearly not advisable as this may increase the resonance sensitivity.
Switching to heavier blades on the other hand does not drastically reduce the resonance magnitude but generally seems to improve stability.
In conclusion, consider that although basic parameter trends may be noted in regard of the frequency range of the resonance, no such generalizations are possible
in case of the location of the resonance peak. Depending on the particular relations
of the rotorcraft body inertia, the aerodynamic, inertial and structural properties of
the rotors and the flybar, the resonance peak may be at an entirely different position in the associated parameter space. Furthermore, note that changing a specific
system parameter may positively affect the resonance problem but may otherwise adversely alter the general flight properties such as flight stability, accuracy and agility.
In terms of a robotic aircraft and especially for the purpose of aerial service robots
such effects are largely undesirable as the functional system payloads may change
from application to application hence altering the pitch–roll resonance characteristics. The strategy of using off the shelf, commercial model helicopters as a basis to
build robotic research aircraft is in general highly questionable. While the parametric
layout of the original model helicopter may have been optimized e.g. through exten182
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(a)

(b)

(c)

(d)

Figure 6.8: (a) Variation of the resonance characteristics in dependency of the cylcic mixer
coefficient k2cm . (b) Variation of the resonance characteristics in dependency of the main rotor
lift curve slope. (c) Variation of the resonance characteristics in dependency of the main rotor
hub stiffness. (d) Variation of the resonance characteristics in dependency of the main rotor
blade flap inertia.

sive testing and experimentation, extending such a system by adding robotic payloads
and customized airframes will considerably alter the flight behavior of the resulting
system. The consequences of such design modifications cannot be assessed using
pure engineering intuition due to the strong nonlinearities and interdependencies of
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the relevant system parameters. In this sense the models presented herein are indispensable to understand how a particular design change will affect the resulting flight
behavior.
Given the complexity of the helicopter–type configuration, achieving a good flight
vehicle may seem challenging. Yet, once a baseline parameter set has been established e.g. from an preliminary platform design, further optimizations of the flight
system are perfectly feasible given the design toolset presented herein. Having a
large set of parameters affecting a particular system’s flight behavior may also be
regarded as a substantial degree of design flexibility using which flight performance
may be tailored towards a particular application.
Further Investigation of the Flybar Stabilization Device
The design of the Bell–Hiller flybar mechanism was originally conceived to stabilize
the attitude dynamics of full–scale helicopters equipped with comparatively heavy
and low stiffness rotor heads. For this type of rotor, the flap response to cyclic inputs
and pitch and roll rates of the rotorcraft are similar to the flap response of the Bell–
Hiller flybar. In case of a more rigid rotor configuration though, the flap behavior
of the main rotor and the flybar are considerably different. Figure 6.9 provides a
sequential event diagram which visualizes the flap response of a rigid main rotor and
its flybar to swashplate inputs ϕ1s as well as to rotorcraft roll rates p. This event
diagram does not only represent the lower ACX rotor but the general relations for
most model helicopter configurations using a flybar mechanism. Note that in the
following, the use of the original rotor state annotation introduced in Chapter 3 is
employed.
A change in the swashplate tilt angle ϕ1s will directly affect the longitudinal pitch
fb
l
angles θ1c
and θ1c
of the main rotor blades and the flybar paddles, hence increasing
the aerodynamic forces at the ξ = 0◦ azimuth position on both. Consequently, a
flapping motion of the flybar and the main rotor blades will be induced. The flybar,
being a teetering rotor, will respond to this input with a flap phase shift of ϕβ = 90◦
as visualized in Figure 6.9 (a). Due to the cyclic mixer mechanism, the correspondfb
ing lateral flap response of the flybar (defined by β1s
) will be superimposed with the
original swashplate tilt angle ϕ1s giving the final cyclic input to the main rotor. The
exact azimuthal location of the maximal rotor flap response to these inputs, mainly
depends on the structural stiffness of the rotor hub but is also affected by its aerodynamic lift characteristics and the rotor blade weight. For the comparatively rigid
and lightweight rotors found on most commercial model helicopters, this flap phase
shift commonly lies within a range of 40 to 60 degrees. The resulting rotor moment
will thus induce a cross axis response, creating both pitch and roll accelerations. The
hence introduced pitching motion will produce secondary flybar flapping and rotor
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off–axis responses.

(a)

(b)
Figure 6.9: (a) Flybar and main rotor flap responses to a cyclic swashplate input.
(b) Flybar and main rotor flap responses to rotorcraft roll rates.

Similarly, a change in the rotorcraft roll rate will lead to a primarily lateral flybar
fb
flap response β1s
as visualized in Figure 6.9 (b). Through the cyclic mixing mechal
nism, the flybar flap response will again feed a cyclic pitch input θ1c
to the connected
rotor, inducing a flap response due to the additional aerodynamic loads at the front
of the rotor disc. The rotor itself though, will also respond to the roll rate of the
rotorcraft such that its actual flapping motion will be a mixed response to the flybar
input and the rotorcraft body motion. In case of a rigid rotor, the resulting flapping
moment induced by the flybar and the roll motion of the rotorcraft will not only create
the desired stabilization effect, damping the rotorcraft roll acceleration, but will again
introduce an off–axis pitch response. This interplay between the rotorcraft pitch and
roll motion, the flybar on–axis and the rotor cross–axis responses may therefore intro185
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duce the problematic resonance characteristics typically found in model helicopters
equipped with flybar mechanisms. Depending on the physical rotorcraft and rotor
respectively flybar properties, the resonance may be more or less pronounced.
To gain a more profound understanding of the rotor off–axis response, the flap
phase shift ϕβ must be revisited and further studied. This phase shift angle can be
computed directly based on the steady state rotor flap coefficients which may be
derived from the flapping dynamics model introduced with (3.107) in Section 3.4.
Finding the phase shift simply corresponds to finding the azimuthal position ξ = ϕβ
at which the rotor flapping angle β(ξ) is maximal for a specific type of input (e.g.
cyclic pitch variations or rotorcraft pitch and roll rates). Accordingly, the azimuthal
position where the flapping angle gradient β,ξ (ξ) vanishes is computed by solving the
following equation for ϕβ :
β,ξ (ξ = ϕβ ) = β1c sin ϕβ − β1s cos ϕβ = 0

(6.11)

The resulting expression for the flap phase shift can be found analytically and is given
here as:
(
)
1
−β1s + β1c i
ϕβ = − log
i with i ∈ C
(6.12)
2
β1s + β1c i
To compute the flap phase shift in response to cyclic rotor pitch inputs, one must
compute the steady state flap response of the rotor from the flap dynamics model
(3.107) according to:


 0 


−1
 β1c  = Aβ Aθ
β1s



 0 


 θ1c 
0

(6.13)

Likewise, the flap phase shift in response to a rotorcraft roll maneuver may be found
relative to the on–axis flap response, based on a slightly adapted expression given as:
(
)
π 1
−β1s + β1c i
ϕβ = − − log
i
2 2
β1s + β1c i

(6.14)

The steady state flap responses to be introduced in this formulation may be found
using the following computation:


 0 


−1
 β1c  = Aβ Aω
β1s
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(6.15)
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(a)

(b)

Figure 6.10: (a) Flap phase shift in response to rotor cyclic inputs θ1c and θ1s depending on the
rotor Lock number and flapping frequency ratio. (b) Flap phase shift in response to rotorcraft
pitch and roll rates p and q depending on the rotor Lock number and flapping frequency ratio.

Based on these formulations, the flap phase shift angles may be computed in dependency of the physical properties of a particular rotor configuration. Rendering the
flap phase shift angles in dependency of the commonly found ranges of Lock numbers and flapping frequency ratios (Figure 6.10), several conclusions may be drawn.
Note that the flap phase shift curves associated with teetering rotors (λβ = 1) such as
the flybar have been explicitly highlighted in Figure 6.10.
As mentioned before, the flap response of a teetering rotor to cylic blade pitch
inputs θ1c and θ1s will always have a flap phase shift of 90 degrees, independently of
the rotor Lock number. Increasing the flapping frequency ratio, which is equivalent
to a higher rotor hub stiffness, the flap phase shift is considerably reduced. These
characteristics are also conceptually visualized in Figure 6.11 (a). Figures 6.10 (b)
and 6.11 (b) present the behavior of the rotor flap phase shift in case of rotorcraft
pitch and roll motions. The teetering flybar rotor will generally respond with an on–
axis flap response which may be slightly delayed depending on the magnitude of its
Lock number. In case of the more rigid main rotor on the other hand, the gyroscopic
coupling moments, introduced at the rotor hub, will cause a flapping response at a
negative flap phase shift angle causing the previously mentioned coupled pitch–roll
effect.
At this point consider that in order for the flybar teetering rotor to provide a suit187
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(a)

(b)

Figure 6.11: (a) Sketch of the changing flap phase shift in response to cyclic rotor inputs in
dependency of the rotor flapping frequency ratio. (b) Sketch of the changing flap phase shift
in response to a rotorcraft roll maneuver in dependency of the flapping frequency ratio and the
rotor Lock number.

able cylic pitch input to a rigid main rotor, such that the produced main rotor off–axis
response is minimal and a pure attitude stabilization effect results, the flybar Lock
number would have to be increased considerably. The Lock number of the flybar
would have to be adapted to an extent that the flybar roll flap phase delay (ϕβ (p) > 0◦ )
matches the rotor cyclic pitch phase shift (ϕβ (θ1c ) > 0◦ ). However, it will be challenging to match the flybar Lock number to the flap phase shift of a rigid main rotor.
Flybar Lock numbers found in practice are commonly comparatively small (γ f b ≤ 1)
fb
due to small lift curve slope values C L1
and the small flybar paddle length. An alternative means would of course consist of adapting the cyclic mixer kinematics in
a way similar to the coaxial rotor stabilizerbar to account for the phase shift of rigid
rotors. In case of the coaxial rotor stabilizerbar kinematics, an adapted phase shift
is realizable using a relatively simple construction. In case of the Bell-Hiller flybar
however, the complexity of the cyclic mixer design would substantially increase. As
demonstrated by the original design intention of the Bell–Hiller flybar mechanism, it
is considerably more practical to reduce the flap stiffness of the main rotor such that
flybar inputs will effect the correct pitch–roll damping response.
In order to further support this line of thought, the transfer functions derived earlier have been recomputed using a teetering main rotor model. Neglecting the actual
hub stiffness and the hinge offset of the lower ACX rotor such that λβ = 1 and assuming heavier rotor blades such that γ1 < 5, leads to a main rotor which has similar
phase shift response characteristics as a Bell–Hiller flybar. Such a teetering main
fb
rotor responds to swashplate tilt inputs ϕ1s and to flybar flap inputs β1s
with a pure
◦
on–axis response at ξ = 90 . The main rotor steady state flap response in this case
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l
directly evaluates to βl1c = 0 and βl1s = θ1c
as also elaborated in [13]. The resulting
system has no cross–coupling effects and is of second order only:

G(s) =

b1
a1 s2 + a2 s + a3

(6.16)

Figure 6.12 represents the resulting transfer function Bode graphs for this case.

Figure 6.12: Bode diagrams for the transfer functions of the pitch–roll subsystem of a helicopter with a teetering main rotor and flybar.

Regardless of the actual flight performance the system represented by Figure 6.4
may have, it can be noted that the very prominent resonance characteristic, visualized
in Figure 6.4, disappeared entirely.
Given the recent advances in UAV flight measurement equipment and control
algorithms, it is generally debatable why mechanical stabilization means should be
used for robotic rotorcraft configurations. Where an electronic attitude stabilization
system may be implemented in a way to provide a certain amount of robustness to different flight applications common for aerial service robots, this is considerably more
difficult (if not unfeasible) using mechanical stabilization aids. Finally, also consider
that with the employment of mechanically stabilized rotors, one also automatically
accepts considerable constraints in terms of the system design flexibility. Using a
coaxial rotor stabilizerbar or a Bell–Hiller flybar for example, the number of rotor
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blades that may be used is directly limited to Nb = 2. In other words, consider that in
order to develop a coaxial rotor configuration fulfilling the payload requirements defined within the AIRobots project, a smaller rotor with an increased number of rotor
blades may have been realizable if mechanical stabilization aids had been avoided.
In conclusion, also note that in regard of flight performance, both a decrease in platform size and thus platform inertia and an increase in the number of rotor blades are
generally beneficial for flight dynamics performance and achievable flight accuracy.

6.3 Analysis of Rotorcraft Docking Dynamics
In the following, the flight dynamics of attitude controlled UAVs in constrained contact with vertical surfaces shall be analyzed in more detail. To allow for a generalization of the conclusions drawn from this analysis, the problem is treated on a
more abstract level and a specific focus on the ACX flight configuration is explicitly
avoided. Similar to the analysis presented in [55], where the dynamic features of
a ducted fan platform in contact with a vertical surface are investigated, the problem
shall be reduced to a simple two dimensional formulation on a pure force and moment
level (Figure 6.13).

Figure 6.13: Simplified docking dynamics model.
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A more specific analysis is generally possible using the full docking simulator
presented in Chapter 5. Notwithstanding, accounting for all effects defining the flight
behavior of ACX would significantly burden the following evaluation. Although
more detached from the physical characteristics of a real UAV system, the model
reduction presented hereafter provides the means to carve out all but the most fundamental features of rotorcraft systems docked to a vertical wall. Accordingly, as
depicted in Figure 6.13, the modeled flight mechanism is represented by a generic actuation system which affords the investigated vehicle a capability to produce a thrust
force T and a pitching moment Mθ . The docking springs used for the full docking
simulator as well as any kind of rotor off–axis response effects are fully neglected.
Accordingly, the system is fully constrained in yaw and a pure two dimensional evaluation is possible. In case of ACX, the thrust force T represents the collective thrust
magnitude from the upper and lower coaxial rotors and the pitching moment Mθ represents the hub moment initiated by the lower ACX rotor if the swashplate is tilted
correspondingly. Note that this basic representation of a rotorcraft’s actuation principle covers a wide range of different unmanned rotorcraft system types.
A fundamental difference between the type of UAV investigated herein and the
ducted fan presented in [55] is the location of the rotorcraft center of gravity. For
tail–sitter vehicles such as the mentioned ducted fan, the center of gravity is commonly located above the propulsion mechanism. For helicopter–type UAVs and most
multi–copter configurations, it is located bellow the propulsion mechanism. Another
substantial difference between the actuation concept treated herein and the typical
actuation concept commonly found on tail–sitter vehicles is the fact that here, a pure
torque source (given by Mθ ) is available. In case of the aforementioned ducted fan
platform, a similar moment is produced by diverting the downwash from the ducted
propeller using flaps at the bottom of the vehicle. However, this pitching moment is
generated by the resulting aerodynamic force on the flaps. This force also induces lateral accelerations potentially moving the vehicle away from the wall if not accounted
for. Conclusions drawn for one aerial configuration are thus not directly applicable
for the other.
The simplified UAV system presented in Figure 6.13 can be modeled directly
based on the theoretical background presented in Chapter 4. The equations of motion
of a single rigid body representing the docked rotorcraft are directly defined as:
(
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(
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τ

)
+ W N λN

(6.17)

The external inputs in this case are simply given by the contact force as well as the
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actuator force, the actuator moment and the gravity force:






 0 
0
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 B τ =  Mθ 
0
f S = 




m g cos (θ) − T
0

(6.18)

Directly accounting for the pure two dimensional nature of the problem at hand, the
representation of the system considerably simplifies. The generalized coordinates of
choice in this case are represented by the vector q = (x, z, θ)T . The resulting system
dynamics can be formulated as:
M q̈ = h + wN λN

(6.19)

The mass matrix M, the force and moment vector h as well as the contact projection
vector wN are simple enough to be presented explicitly as:
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0
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T sin (θ)
m g − T cos (θ)
Mθ






−1
0
XC sin (θ) − ZC cos (θ)

(6.20)





where XC and ZC represent the lateral and vertical displacements of the contact point
with respect to the rotorcraft body frame and its origin.

6.3.1

Steady-State Analysis of Rotorcraft Systems in Constrained
Contact

In an initial step, the trim problem of a rotorcraft pressing itself against a wall may be
investigated. Given the above formulation for the system dynamics, the corresponding trim equation can be formulated directly as:
h (q, q̇ = 0) = −wN λN

(6.21)

This trimming equation essentially constrains the thrust T compensating the vehicle
weight (such that z̈ = 0 independently of the pitching angle θ), the moment Mθ which
must balance the moments induced by the contact force λN (such that θ̈ = 0) and
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the contact force itself which must exactly compensate the amount of thrust directed
towards the wall (such that ẍ = 0). Based on these equilibrium constraints, two
problems may be investigated in general. Either one may compute the resulting wall
force λN given the external input Mθ or one defines the desired contact force and
computes the required pitching moment, pitching angle and thrust force. Herein the
latter shall be investigated in more detail.

Figure 6.14: Required pitching angle to realize a particular contact force λN in dependency of
the system mass m.

As long as the nonlinear trimming equation given with (6.21) is treated on a pure
force and moment level, without accounting for any kind of aerodynamic effects, the
solution may be found analytically. Given that T is always positive, the resulting
expressions for the thrust force and the pitching angle are defined as:
√
T = λ2N + (m g)2




(6.22)
λN


θ = − arcsin √




λ2N + (m g)2 
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Note that these trim values directly reveal that neither the thrust force nor the pitching
angle required to realize a specific lateral contact force depend in any way on the
geometrical layout of a particular UAV prototype. The only system parameter using
which the achievable magnitude of contact forces may be increased is the total system
mass. Unsurprisingly, the heavier a UAV, the larger are the realizable lateral forces.
The direct consequence of this finding is that employing comparatively small size and
thus low weight vehicles to perform aerial manipulation tasks is generally of limited
practical use. This fact is further visualized in Figure 6.14 where the vehicle pitching
angle required to achieve a desired contact force is plotted in dependency of the total
system mass m. A rotorcraft with a lower mass than for example ACX is required to
pitch considerably more if a similar range of contact forces is to be established. This
is a relevant design consideration which must be accounted for e.g. if a particular
application calls for a specific magnitude of lateral forces.
The necessary compensation moment Mθ on the other hand is directly affected by
the geometrical allocation of the contact point, here defined by the vector
B
rS C = (XC , 0, ZC )T . The resulting formulation may be found as:
√
Mθ = λ N

λ2N
(m g)2
Z
+
XC
√
C
λ2N + (m g)2
λ2N + (m g)2

(6.23)

Figure 6.15 visualizes the required thrust force, pitching angle as well as the necessary pitching moment Mθ for increasing lateral contact forces given different vertical contact point locations (defined by the vertical displacement ZC ). The baseline
parameters used for these graphs are based on the ACX platform which has its upper
docking points located at XC0 = 0.343 and ZC0 = −0.275 meters. The contact distance
XC is usually defined by the rotor diameter of the platform in consideration which
leaves little design flexibility. The largest analyzed vertical displacement is marked
by ZC = 1.5 ZC0 and the smallest evaluated displacement corresponds to a contact
point located slightly bellow the rotorcraft center of gravity given as ZC = −0.05 ZC0 .
Note that the Mθ plot has been separated in three specific sectors. The unmarked
area represents configurations along the corresponding equilibrium lines which a system is generally capable of reaching e.g. by slowly increasing the pitching moment
while adapting the thrust level accordingly. Configurations located in sector I may not
be reached while following the equilibrium line defined by a particular contact point
allocation. For these configurations, the compensation moment magnitude Mθ has to
be decreased in order to balance the positive pitching moment due to the increased
thrust level and the resulting contact force. However, reducing the actuation moment
Mθ once its maximum (negative) magnitude has been reached, will not allow a further
increase of the vehicle’s forward pitching angle θ. Accordingly, to reach even higher
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Figure 6.15: Graphs of the required pitching angle and thrust force in dependency of the desired
lateral contact force and the required pitching moment given different vertical contact point
configurations ZC .

contact forces, the pitching moment has to be slightly larger than the moment defined
by the respective equilibrium path but smaller than the moments required for the previously reached (lower) contact forces. This behavior must be accounted for and is
to some extent counterintuitive. Piloting a vehicle docked in contact to a wall, one
would typically try to continuously increase the pitching moment in order to reach
higher pitching angles and thus larger resulting contact forces. Further investigations
also revealed that the transition into sector I is marked by a transition from a critically
stable open–loop pitching subsystem to an unstable open–loop pitching subsystem.
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In conclusion one may thus note that system configurations marked by sector I are
characterized by an increased sensitivity for overturning. Configurations marked by
sector II correspond to situations where the sign of the compensation moment Mθ has
to be reversed. In this case Mθ is not responsible for maintaining the contact pressure on the wall but rather for stopping the vehicle from overturning immediately.
Operating in sector II is thus in general not recommendable.
As shown in Figure 6.15 decreasing the vertical contact point distance ZC reduces
the actuation effort required to balance a particular lateral contact force. Note however, that in consequence the transition point to sectors I or II occurs at considerably
lower contact forces λN . Figure 6.15 may thus serve as a design guideline using
which an appropriate vertical contact distance ZC may be selected once the desired
contact force magnitudes, the actuation limits and actuator energy consumption of a
particular UAV prototype have been estimated.

6.3.2

Evaluation of Rotorcraft Dynamics in Constrained Contact

The just presented steady–state study may be further extended based on an investigation of the dynamic stability properties of attitude controlled rotorcraft systems
in contact to a vertical wall. For this purpose the constrained system dynamics are
reformulated in a slightly more convenient form.
Instead of explicitly accounting for the contact force λN , one may in principle
also switch to a different set of generalized coordinates which inherently account
for the contact constraint. Considering that the lateral vehicle position x is fully
defined by the pitching angle θ as long as the vehicle is docked, one may thus replace
this coordinate with the corresponding constraint equations x = x(θ), ẋ = ẋ(θ, θ̇)
and ẍ = ẍ(θ, θ̇, θ̈). To establish these constraint equations, the contact conditions
discussed in Chapter 4 may be employed. Remembering that the contact distance gN ,
the contact velocity ġN as well as the contact acceleration g̈N must equate to zero if
a contact is to be considered closed, the required constraint equations for x, ẋ and ẍ
may be found directly. By selecting the new generalized coordinates p = (z, θ)T , the
internal contact force is automatically accounted for as the resulting system will not
be able to describe configurations which are not consistent with the contact constraint.
The original body dynamics in (6.19) are thus projected into an alternative set of
generalized coordinates defined by the vector p such that:
(
)
QT M Q p̈ + QT M Q̇ ṗ − QT h + QT wN λN = 0
(6.24)
The corresponding projection matrix Q is simply defined by:
q̇(p, ṗ) =
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ṗ = Q ṗ
∂p

(6.25)
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Since QT wN = 0 must be identically fulfilled, the new representation of the modeled equations of motion may be formulated as:
(
)
p̈ = M−1
hp − bp
p
M p = QT M Q
b p = QT M Q̇ ṗ

(6.26)

h p = QT h
In the context of this investigation, the vehicle attitude dynamics are considered
more relevant than effects related to the rotorcraft heave dynamics. Accordingly, just
as in case of the steady–state investigation in the previous section, the following discussion will focus on the rotorcraft pitch subsystem. In order to do so, the assumption
of a perfect gravity compensator is introduced such that the vehicle heave dynamics
are accounted for independently of the pitching angle θ.
The free–flight attitude dynamics of most unmanned rotorcraft systems are commonly stabilized using a simple proportional–derivative (PD) control architecture.
The question to be answered in this context is how such an attitude controlled system may be affected by the constraints introduced during a docking maneuver. The
specific magnitude and ratio of the control gains is of course strongly related to the
particular UAV prototype, its physical properties, the dynamics of its actuators and
what kind of closed–loop attitude control bandwidth should be achieved. However,
the more general problem to be analyzed herein is again the role of the vertical contact point location ZC and the magnitude of the contact forces λN which should be
realized.

Figure 6.16: Full pitch subsystem of the ACX rotorcraft.

Nonetheless, for the purpose of a meaningful discussion, a representative system
and an appropriate selection for the respective control gains is required. The ACX
pitch attitude loop to be used as a baseline configuration is visualized in Figure 6.16.
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Based on this system, representative control gains for the simplified rotorcraft given
in Figure 6.13 shall be derived in the following. In this regard consider that the simplified system is directly controlled via the moment Mθ . The inputs to the original
ACX helicopter on the other hand are defined on the level of the normalized swashplate command uθ . Furthermore, the ACX attitude loop damping is entirely realized
through the damping properties of the ACX rotors and the ACX flybar. To find proportional and derivative control gains KP0 and KD0 for the simplified rotorcraft, this
must be accounted for.
Neglecting the role of the upper ACX rotor, the actuated pitching moment generated by the lower ACX rotor can be defined directly as Mθ = kb βl1c . The steady–state
flapping angle βl1c may be computed from the flapping dynamics formulation defined
in Chapter 3. The resulting expression is here given in polynomial form as:
)
)
(
(
fb
fb
+ κc3 θ̇
(6.27)
− κc2 k1cm ϕ1c + k2cm β1c
βl1c = κc1 k1cm ϕ1s + k2cm β1s
The flapping coefficients κc1 to κc3 result from the corresponding steady–state flapping
equations and are too extensive to be displayed here in a meaningful manner. Also
note that in order to remain consistent with the assumptions defined in this section,
rotor off–axis responses are assumed to be minimal such that the body pitch rate
directly equates to q = θ̇. In addition, the cyclic mixer kinematic formulations have
been introduced to replace the lower rotor cyclic pitch angles. Based on the very
same assumptions, the simplified flybar dynamics may be computed as:
(
)
θ̇
fb
fb fb
fb
β̇1c = Ω κc1 β1c + κc1 k f b ϕ1s −
Ω
(6.28)
( fb fb
)
fb
fb
β̇1s = Ω κ s1 β1s − κ s1 k f b ϕ1c
fb
fb
where the coefficients κc1
and κ s1
are computed from the flybar flap matrices given in
Chapter 3 and the constant k f b corresponds to the motion scaling factor of the flybar
kinematics also defined in Chapter 3. Finally, in order to ensure that inputs from
the swashplate produce a pitching moment but no rolling moment, the swashplate
tilting angles ϕ1c and ϕ1s must be defined based on the pitch control command uθ by
accounting for the lower ACX rotor flap phase shift ϕβ . The swashplate tilting angles
are thus substituted as:

π
ϕ1c = uθ cos (ϕβ − ) ∆ϕ
2
π
ϕ1s = −uθ sin (ϕβ − ) ∆ϕ
2

(6.29)

where ∆ϕ represents the tilting range of motion of the ACX swashplate. Assembling
the corresponding expressions and separating them into terms associated with the at198
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titude rate θ̇ and terms directly related to the pitch control command uθ , representative
control gains for the ACX vehicle can be computed as:
(
)(
)
KP0 = kb k1cm + k2cm k f b κc1 cos (ϕβ ) − κc2 cos (ϕβ ) ∆ϕ KP



k2cm κc2 
0


KD = kb −κc3 +
fb 
Ωl κc1

(6.30)

where KP corresponds to the proportional gain of the actual ACX prototype defined in
Figure 6.16. As one may expect, the control gain KP0 is defined by system parameters
directly related to inputs from the ACX swashplate, while the derivative gain KD0 is
defined by system parameters associated with the damping characteristics of the ACX
rotor and flybar.

Figure 6.17: Pitch subsystem of the simplified, attitude controlled rotorcraft.

In order to evaluate under what circumstance the open–loop dynamics given by
(6.26), stabilized using a controller based on the gains computed with (6.30), may
become unstable, the system is linearized and reduced to the rotorcraft pitch subsystem defined by the states x = (θ, θ̇)T . The operating points for this linearization are
given by the trim equations presented in the previous section for different docking
configurations in dependency of ZC and the desired contact force λN . The free–flight
attitude controller is thus expected to stabilize the docked system at these operation
points. The closed–loop stability of the resulting system dynamics (Figure 6.17) is
defined by two poles denoted as λ1 and λ2 in Figure 6.18.
Note that the qualitative picture presented in this figure does not drastically change
when varying the abstracted control gains KP0 and KD0 . Although quantitative conclusions should be limited to a minimum, Figure 6.18 may thus be regarded as fairly
representative for an attitude controlled rotorcraft in contact with a vertical wall.
The conclusions to be drawn are essentially comparable to the conclusions established for the steady–state analysis presented in the previous section. Docking in
general may be regarded as a safe flight operation if the contact forces which should
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Figure 6.18: Stability of the closed–loop pitch subsystem of a rotorcraft docked to a vertical
wall.

be realized are small. As long as the vertical offset of the contact point is reasonably
large e.g. given by ZC = 0.5 ZC0 and the rotorcraft pitching angle remains comparatively small, the attitude subsystem will remain stable. However, for smaller values
of ZC and especially once larger contact forces are to be realized (e.g. in case of ACX
for θ > 10◦ ), the critical pole of the modeled system may move into the unstable region quickly and unexpectedly. Safe docking maneuvers thus call for an appropriate
consideration in regard of both the control and the platform design.
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CHAPTER

7

Conclusion

With this thesis, an accurate, modular and extendable simulation framework for coaxial rotorcraft configurations in free–flight as well as in contact with vertical surfaces
has been realized. The framework is configurable in the sense that various pre–
implemented levels of modeling fidelity may be adopted with minimum effort. The
theoretical background upon which the presented simulation environment has been
based is documented in a traceable digital form such that further extensions to the
theory can be integrated in the future. The presented models are accurate both in the
sense of representing the physicality of the modeled system as well as in the sense of
matching flight data from a real world system. Beyond the models of the flight and
contact dynamics of a particular coaxial rotorcraft UAV, a parameter set covering the
geometric, inertial, structural and aerodynamic properties of the ACX prototype have
been derived. This parameter set forms a baseline and may be referred to if a similar
platform is to be parameterized. The validity of the model structure as well as the
derived parameters has been established through an extensive examination process
using flight data from a real prototype and measurements form a rotor testbench.
In addition, simplified evaluation models have been developed using which the
dynamic characteristics of robotic helicopter systems may be investigated in detail.
Due to the physical nature of the presented modeling approach such evaluations are
already possible in the development stage of a prototype. Accordingly, preliminary
design decisions can be based on a solid framework, hence providing a toolset to
positively affect a prototype’s flight characteristics during the design phase.
Such an evaluation process has been demonstrated based on the ACX configuration. In particular, the pitch–roll attitude resonance introduced through the combi201
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nation of a comparatively rigid rotor head and the widely utilized Bell–Hiller flybar
mechanism has been analyzed in detail. Similarly, the specific characteristics of the
helicopter–type UAV configuration in contact with a vertical surface has been evaluated.

7.1 Final Discussion
In almost any other robotics discipline the process of building a highly performant
system is regarded as an integrated process including the design of the robotic apparatus, i.e. all relevant mechanical and electronic components, the sensing subroutines,
the control design and in particular the system’s actuation. Especially in the scope of
such specialized applications as flight maneuvering in contact, the particular requirements posed by the application should already be addressed in the design conceptualization phase of the employed flight mechanism. A commercial model helicopter,
designed to be affordable and manageable by the helicopter enthusiast is highly unlikely to match the requirements for a complex task such as contact based inspection.
In an age where attitude measurement and stabilization electronics are affordable to
the hobbyist, the use of mechanical stabilization aids for a robotic rotorcraft is thus
largely questionable. Acceptable for human piloted use, it considerably constrains
the achievable flight performance in case of an autonomous robotic flight machine.
The resonance characteristics observed on the ACX flight platform is certainly an
extreme example. Yet, as shown in this work, the Bell–Hiller flybar is not a suitable
device for the rigid rotors found on most smaller sized robotic rotorcraft.
Inarguably, helicopters belong to a class of UAV systems which are challenging
to model and design. Nonetheless, if engineered appropriately they can be incredibly
versatile and effective. As has been demonstrated explicitly, decisions regarding the
flight characteristics of helicopter–type UAVs cannot be based on pure engineering
intuition. Such decisions must be made after an extensive evaluation of the desired
concept using the type of rotorcraft models derived in this work and design specifications such as [107]. However, consider that in case of ACX most of its complexity
is introduced by the flybar kinematics and the coupled dynamics of the flybar, the
rotors and the rotorcraft body. Removing the ACX flybar would certainly render the
ACX open–loop pitch–roll dynamics unstable but would also considerably reduce
the system’s complexity. With a simplified kinematic configuration of the rotor actuation mechanism, problems such as backlash will be reduced and a more accurate
flight behavior may be expected. This would also open up the possibility to match
the number of rotor blades to the payload requirements posed by aerial inspection. In
case of ACX, this would e.g. allow for a reduction of the overall platform diameter. In
helicopter theory it is a well know fact, that with an increasing number of rotor blades,
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vibrations caused by the rotor system will be reduced [13,38]. Furthermore, consider
that also with a comparatively high rotor speed the loads generated by a cyclic pitch
input to a rigid rotor do not create continuous pitch or roll moments. Essentially,
the pitch–roll moments are only induced with each passing of a rotor blade. For an
Nb bladed rotor this means that the lateral and longitudinal hub moment magnitudes
generated by the rotor, oscillate with a period of 2 π/(Ω Nb ) seconds. Accordingly,
with an increasing number of rotor blades the rotor induced vibrations are shifted to
higher frequencies and are hence less likely to excite the remainder of the mechanical
flight structure. Reducing the rotor induced vibrations is of course generally beneficial for the longevity of the entire rotorcraft. Moreover, it may help to reduce level
of mechanical noise which can deteriorate the measurement quality of the employed
inertial measurement unit. Naturally, selecting a suitable number of rotor blades is a
compromise between requirements regarding flight dynamics aspects and operation
efficiency. In this regard, much remains to be learned from the practices routinely
applied in aerospace industry where full–scale rotorcraft systems are designed and
optimized based on clear and meaningful flight performance metrics.

7.2 The Next Steps
In the following, some final thoughts shall be elaborated, hopefully supporting the
further progress towards the ultimate goal of practical aerial service systems.

7.2.1

Aerial Inspection

Visual assessment is still one of the most important inspection tools in todays service industry. It is a fast and efficient means of gathering a first impression on the
global and local state of a specific structure. Accordingly, it is a necessary part of
the inspection process. Visual inspection using unmanned rotorcraft is already a reality. Various providers such as [4, 5, 108], offer the required system infrastructure and
knowhow to perform visual inspections of industrial and civil facilities using UAVs.
These types of inspection systems are generally operated by professional pilots and
limited to outdoor operations though. In order to visually survey a structure of interest, the pilot has to fly the corresponding UAV to an acceptable point of perspective
trying to keep the inspection target in sight. Doing so, the pilots require direct line
of sight to the aerial vehicle and may rely on GPS–support for position control. The
workload to safely operate the aerial vehicle remains purely the pilot’s responsibility.
Either a second person is required to perform the actual inspection or the pilot has to
divide his attention between two tasks, namely flying the vehicle and inspecting the
structure of interest. This will of course limit the quality of the performed inspection.
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Consequently, the use of these systems is limited to scenarios where the pilot has
a clear view of the flying vehicle. Availability of GPS measurements might further
limit the applicability.
Accordingly, aerial inspection systems must be developed which possess the capability of autonomously scanning along flat or curved surfaces, keeping the inspection camera aligned perpendicularly to the inspected area while avoiding possible
obstacles along the way. The required inputs from the operator must be limited to
simple directional commands and highlevel instructions (automatic take-off or landing, docking, waypoint following etc.). To provide the means for visual inspection,
live images must be transmitted to the operator’s base station and stored for post–
flight analysis. For dark indoor environments an illumination system may be required
as well. Moreover, the functionality of 3D mapping of the scanned surface is raising more and more interest. Even crude 3D representations are helpful to establish a
track record of damaged locations found during the inspection. Such models would
allow better planning for current or future maintenance sessions and thus increase
the efficiency of the servicing process in general. With the further miniaturization of
computer systems as well as the further sophistication of localization and mapping
algorithms, such capabilities are not far from being realized. Indeed, recent examples [109] demonstrated successful flight experiments, visually scanning surfaces of
a real world boiler furnace while simultaneously achieving vision–based localization
and flight stabilization of a quadro–copter platform. It is thus this author’s believe
that such more autonomous tools are at the border of becoming useful for practical
servicing tasks.
Regarding contact based inspection, a first investigatory step has been taken with
the AIRobots project and the work presented herein. Many challenges especially
on the practical side remain yet unresolved. The payloads to be carried by an aerial
service robot suitable for contact based inspection are considerable. Beyond requiring
robust and thus heavy airframes to guarantee safe interaction, localization sensors and
the corresponding inspection equipment has to be carried to various relevant points
of an inspected structure. Loaded with such payloads, the vehicles employed in the
AIRobots project are limited to a few minutes of flight time only. Merely increasing
the platform size is not an acceptable choice though due to size constraints defined by
the industrial environment and due to safety considerations. Flight accuracy, system
integration and endurance are thus only a few aspects which must be enhanced to
realize the vision of contact based aerial servicing.

7.2.2

Aerial Manipulation

Care must be taken to focus future research efforts on meaningful applications. In this
regard it must be considered that the lateral forces which may be exerted by model
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size UAVs such as ACX are quite limited. Accordingly, manipulation of heavy objects or performing more laborious tasks such as cleaning of industrial equipment
may not be feasible using a small sized system. However, on a university research
level, using smaller sized vehicles can be meaningful to study the fundamental problems involved in this endeavor at a manageable risk. A good example for this is the
ARCAS project [17] which aims at coordinated aerial manipulation using teams of
helicopters. The conceptual issues of this project are addressed using quadro–copter
platforms e.g. as in discussed in [59]. Once initial results are to be ported to larger
unmanned rotorcraft though, full awareness of the potential risks involved is required.
One fundamental problem which does not seem to be addressed in literature yet is for
example the well known problem of ground resonance also mentioned in Chapter 3.
Figure 7.1 visualizes this problematic situation. For most unmanned helicopters the
lead–lag degree of freedom is free to move. Coupling such a system to a ground
bound object via a manipulator may induce impulsive forces into the rotor system
which can lead to potentially unstable dynamic modes related to the lead–lag motion of the rotor blades. In this case, the constrained motion of the rotorcraft body
and the lead–lag motion of the rotor blades may couple in a way that the center of

Figure 7.1: An aerial manipulator and the potentially hazardous lead–lag resonance.
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gravity of the rotor disc (defined by the center of gravity of the rotor blades) will perform a divergent, oscillatory motion essentially destroying the entire rotorcraft and
endangering any personnel involved in such an experiment.
Just as in case of the flybar induced resonance phenomenon, such an unexpected
flight behavior cannot be avoided using basic rules of thumb and pure intuition. An
appropriate treatment of such critical scenarios calls for a fundamental understanding
of helicopter physics and a detailed evaluation using flight dynamics models like the
rotorcraft simulation toolset presented in this dissertation.
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A

ACX Simulator Parameters

Table A.1: ACX V2 rotorcraft parameters. Masses are specified in kg, inertias in kg mm2 ,
lengths in m and stiffness in Nm/rad.

Mass & Inertia

m

Θ xx

Θyy

Θzz

Rotorcraft Body
Rotor Blades
Flybar

1.2
0.0165

30500

32000
114
191

51000

Rotor Parameters

R

R0

c

e

d

kb

0.32
0.31
0.17

0.06
0.05
0.11

0.03
0.03
0.033

0.1
0.09

0.07
0.07

12.2
12.2

ktl

C L0

C L1

C D2

C D1

C D0

0.985
0.985

0.24
0.24

5.92
5.92
2.36

0.38
0.38

0.001
0.001

0.02
0.02

Lower Rotor
Upper Rotor
Flybar
Aerodynamics

Upper Rotor
Lower Rotor
Flybar
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Table A.2: ACX V2 Rotor kinematic parameters.

Drive Train

Cyclic Mixer

Flybar

l
kgt

u
kgt

0.0816

0.0920

k1cm

k2cm

k3cm

k4cm

0.4345

0.3216

31.8188

−0.6931

kfb
1.7203
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