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Prof. Dr. Giorgio Ausiello, co-examiner
2012

Moim Rodzicom.
To my Parents.

Acknowledgements∗
This dissertation would have never been accomplished without the precious
support coming from people around me. I would like to express my gratitude to
my advisor, Prof. Dr. Peter Widmayer, for his kindness, guidance and advice.
I would like to thank Prof. Dr. Juraj Hromkovič, who invited me to work
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Berger, Tomas Hruz, Jens Maue, Marc Nunkesser, Elias Vicari, Jörg Derungs,
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Abstract
This dissertation is purely and entirely dedicated to the concept of reoptimization. This concept employs a special kind of additional knowledge: under the
assumption that we are given an instance of an optimization problem together
with a good solution for it, we want to efficiently compute a good solution for a
locally modified input instance. In this thesis, we study different reoptimization
approaches and apply them to a wide selection of reoptimization problems. The
contributions of the dissertation are the following.
In Chapter 4, we survey the reoptimization results available in the literature.
For many of these results, we briefly sketch the techniques behind them. The
problems we survey include different reoptimization variants of the Traveling
Salesman problem, the Minimum Steiner Tree problem, the β-Minimum Steiner
Tree problem, hereditary problems and many other [5, 1, 20, 50, 12, 26, 27, 97,
31, 72].
Studying a variety of reoptimization problems brought us to the conclusion,
that in most cases the best approximation results are obtained using a certain
method that we call the self-reduction method. In Chapter 5, we abstract this
method and present it in a certain generality, independent of the concept of
reoptimization. In order to obtain a good approximation algorithm for a reoptimization problem, this method needs to be combined with a greedy method,
which is different for different kinds of local modifications. We classify four
major types of local modifications and provide the general approximation algorithms for three of the classified types. We argue, that the fourth type is usually
hopeless to reoptimize.
In Chapter 6, we apply the general algorithms to different reoptimization
variants of the weighted and unweighted versions of the following problems:
the Minimum Set Cover problem, the Maximum Independent Set problem, the
Maximum Clique problem, the Minimum Dominating Set problem and the Minimum Vertex Cover problem. We complement these results by proving, for each
of these problems, that the approximation ratios provided by our general algorithms cannot be improved, in most cases under the assumption that P 6= NP .
This shows that our general ratios are tight in the following sense: to obtain an
approximation ratio better than the general algorithms provide, one needs to
explore the specific nature of the underlying optimization problem. The results
in Chapter 6 were previously published in [18].
In Chapter 7, we study the reoptimization of the Shortest Common Superstring problem. The reoptimization scenario we focus on here is adding a string
to the set of strings given in the input. We explain why the self-reduction
method cannot be directly applied and briefly sketch the way to adapt it. The
ratio of the parametrized approximation algorithm resulting from the adapted
method can be arbitrarily close to 1.6 for string addition and 13/7 for string
removal. The running time is in both cases O(m2k n2k (kmn+k(n3 +m))), where
n is the number of strings, m is the sum of the lengths of the strings and k is
a constant parameter. The larger k, the better the approximation ratio. The
actual contribution of this chapter is the analysis of the quadratic time OneCut
algorithm for adding a string. We prove, that it achieves an approximation ratio
of 11/6. All these results can be found in [16, 17].

Finally, in Chapter 8, we study four variants of the Minimum Steiner Tree
reoptimization problem: turning a terminal into a non-terminal and vice-versa,
and increasing and decreasing the cost of an edge. The direct application of the
general algorithms results in approximation algorithms with sub-exponential
running time. We show how to parametrize the self-reduction method to obtain
polynomial-time approximation algorithms with ratios converging to the ones
guaranteed by the general algorithms. Not surprisingly, the runtime of these
parametrized algorithms is exponential with respect to the parameter. Next,
we show how to improve the general ratios for the reoptimization scenarios that
turn a vertex into a terminal and vice-versa, and the scenario of decreasing the
cost of an edge. The resulting approximation ratios are 1.22 for the modifications altering the terminal set, 1.281 for increasing the cost of an edge and 1.25
for decreasing the cost of an edge. As an alternative, we present reoptimization algorithms for the studied modifications that do not use the self-reduction
method. They do not provide as good approximation ratios, but substantially
improve the running time. A part of these results was published in [97, 15].

Zusammenfassung
Diese Dissertation widmet sich ganz und gar dem Konzept der Reoptimierung.
Dieses Konzept nutzt ein besonderes, zusätzliches Wissen: unter der Annahme,
dass uns eine Instanz eines Optimierungsproblems zusammen mit einer guten
Lösung gegeben ist, wollen wir eine gute Lösung für eine lokal modifizierte
Eingabeinstanz berechnen. In dieser Dissertation studieren wir verschiedene
Ansätze der Reoptimierung und wenden diese auf eine breite Auswahl an Reoptimierungsproblemen an. Die Ergebnisse dieser Dissertation sind im Folgenden
beschrieben.
In Kapitel 4 geben wir einen überblick über die in der Literatur verfügbaren
Resultate zur Reoptimierung. Für viele dieser Resultate skizzieren wir kurz die
dahinter stehenden Techniken. Die betrachteten Probleme beinhalten unter anderem verschiedene Varianten zur Reoptimierung des Traveling Salesman Problems, des Minimum Steiner Tree Problems, des β-Minimum Steiner Tree Problems und Problemen der Heredität [5, 1, 20, 50, 12, 26, 27, 97, 31, 72].
Das Studium verschiedener Reoptimierungsprobleme hat uns zu der Erkenntnis gebracht, dass in den meisten Fällen die besten Approximationsresultate durch Verwendung einer gewissen Methode erzielt werden, welche wir als
Selbstreduktionsmethode (ßelf-reduction method”) bezeichnen. In Kapitel 5 abstrahieren wir diese Methode und präsentieren sie in einer gewissen Allgemeingültigkeit, unabhängig vom Konzept der Reoptimierung. Um einen guten Approximationsalgorithmus für ein Reoptimierungsproblem zu erhalten, muss diese
Methode mit einer Greedy-Methode kombiniert werden, welche von der Art der
lokalen Modifikation abhängt. Wir klassifizieren lokale Modifikationen in vier
Haupttypen und stellen allgemeine Approximationsalgorithmen für drei dieser
Typen vor. Ferner kommen wir zu dem Schluss, dass es hoffnungslos ist, Reoptimierung auf den vierten Typ anzuwenden.
In Kapitel 6 wenden wir die allgemeinen Algorithmen auf verschiedene Reoptimierungsvarianten von gewichteten und ungewichteten Versionen der folgenden Probleme an: das Minimum Set Cover Problem, das Maximum Independent Set Problem, das Maximum Clique Problem, das Minimum Dominating
Set Problem und das Minimum Vertex Cover Problem. Wir ergänzen diese Resultate durch einen Beweis, für jedes dieser Probleme, dass die durch unsere
allgemeinen Approximationsalgorithmen garantierte Approximationsrate nicht
verbessert werden kann, meistens unter der Annahme, dass P 6= NP . Dies zeigt,
dass unsere allgemeinen Approximationsraten im folgenden Sinne scharf sind:
Um eine bessere als die durch die allgemeinen Algorithmen garantierte Approximationsrate zu erhalten, muss man die Eigenheiten des unterliegenden Optimierungsproblems ausnutzen. Die Ergebnisse in Kapitel 6 wurden bereits in [18]
veröffentlicht.
In Kapitel 7 studieren wir die Reoptimisierung des Shortest Common Superstring Problems. Wir betrachten das Reoptimisierungsszenario in welchen
wir einen String zu den im Input gegebenen Strings hinzufügen. Wir erläutern,
weshalb die Selbstreduktionsmethode nicht direkt angewand werden kann und
skizzieren kurz, wie sie anzupassen ist. Die Rate des parametrisierten Approximationsalgorithmus, welcher aus der Anpassung der Methode hervorgeht, kann
beliebig nah an 1.6 für das Hinzufügen von Strings und 13/7 für das Entfernen
von Strings sein.

Die Laufzeit ist in beiden Fällen O(m2k n2k (kmn + k(n3 + m))), wobei n die
Anzahl der Strings, m die Summe der Längen der Strings und k einen konstanten Parater bezeichet. Je grösser k, desto besser ist die Approximationsrate.
Der eigentliche Beitrag dieses Kapitels ist die Analyse des linearen OneCut
Algorithmus für das Hinzufügen eines Strings. Wir beweisen, dass es eine Approximationsrate von 11/6 erreicht. All diese Resultate finden sich in [16, 17].
Schliesslich studieren wir in Kapitel 8 vier Varianten des Minimum Steiner
Tree Reoptimisierungsproblems: Hier kann ein Terminal in ein Nicht-Terminal
gewandelt werden, und umgekehrt, sowie die Kosten einer Kante herauf- oder
herabgesetzt werden. Die direkte Anwendung der allgemeinen Algorithmen liefert
Approximationsalgorithmen mit subexponentieller Laufzeit. Wir zeigen, wie man
die Methode der Selbstreduktion parametrisieren kann, um polynomielle Approximationsalgorithmen zu erhalten, deren Approximationsraten zu denen
konvergieren, welche von den allgemeinen Algorithmen garantiert werden. Es
überrascht nicht, dass die Laufzeit dieser parametrisierten Algorithmen exponentiell im Parameter ist. Als Nächstes zeigen wir, wie man die allgemeinen
Approximationsraten für die Reoptimierungsszenarien verbessert, bei denen ein
Knoten in ein Termial verwandelt werden kann (und umgekehrt). Die resultierenden Approximationsraten sind 1.22 fr eine Modifikation der Menge der
Terminale und 1.281 für eine Modifikation der Kosten der Kanten. Als Alternative dazu stellen wir Reoptimisierungsalgorithmen vor, welche nicht auf der
Methode der Selbstreduktion aufbauen. Diese liefern keine guten Approximationsraten, aber verbessern die Laufzeit erheblich. Ein Teil dieser Resultate ist
in [97] veröffentlicht.
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Introduction
For decades now the question whether P = NP has been the holy grail of research in theoretical computer science. It is commonly believed that the answer
to this question is negative. Due to that belief a lot of research has been devoted to classify the computational problems that are believed not to be in
P . A positive answer to this question, obtained in a constructive way, might
weaken the meaning of these results and have serious consequences for many
industry sectors whose services are based on optimization or some, considered
to be secure, cryptosystems. Due to the high importance of this question, a lot
of research time has been invested to understand where the border is between
P and NP . The first scientific papers related to this question establish the class
of NP-hard problems (see the compendium in Chapter 3 for examples). These
problems are characterized by the property that, if any of them is in P , then
all problems in NP are in P . Since at the current state of knowledge it takes
a tremendous time overhead to solve NP-hard problems, a lot of strategies and
concepts were proposed how to approach these problems. While at first the
main purpose of studying these concepts was to get around the hardness of the
problems, it quickly turned out, that they provide various classification tools
for hard problems, which are very helpful in understanding where the hardness
of a particular problem lies.
It is certainly the concept of approximation that attracted the most attention
among all these concepts. We describe it together with the related hierarchy of
hard problems in the next chapter. Generally speaking, approximation relaxes
the requirements on the required solution of an NP-hard problem by allowing
a limited error in the solution. While it is hard to solve the problem exactly,
providing a solution with a limited error may turn out in P . The problems
are then classified based on how much error we have to allow to be able to
solve the problem in a polynomial time within that error. For some NP-hard
problems, like the Knapsack problem, allowing an arbitrarily small non-zero
error suffices. For some other problems, like the Traveling Salesman Problem,
even an exponential in the size of input error is not enough (see the compendium
in Chapter 3 for a reference).
Another way out of the hardness is to restrict the set of allowed input instances. The idea here is to explore the fact that by far not all the instances
of NP-hard problems are hard. Investigating which instances are easy not only
shows that, for many practical scenarios, the problem is not NP-hard, but also
allows a better understanding of where the hardness of the problem lies. A
big success of this line of research was achieved for the Maximum Independent
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Set problem: in its full generality, even approximation cannot help, however,
if we restrict the input instances to perfect graphs, claw-free graphs or interval graphs, the Maximum Independent Set problem on the respective graphs is
in P (see the compendium in Chapter 3 for more details). One quite general
approach touching this direction is parametrized complexity [39]. There, a parameter is chosen for an NPO problem, and every instance of the problem has
a certain value of the parameter. Often restricting the set of instances to the
ones, where the parameter is of some limited order, lets us solve the problem
on these instances in a polynomial time. A lot of research has been devoted to
parametrized complexity in the last years, and many useful methods, like the
kernelization method, have been proposed to develop efficient parametrized algorithms. Parametrized complexity also provides interesting classification tools
for hard problems.
For many hard problems, like the Traveling Salesman Problem, a combination of approximation and a restriction of the set of input instances gives a
convenient way out of their hardness. The Traveling Salesman Problem in its
full generality is not even approximable, however restricting the input instances
to metric graphs allows approximating the problem within a factor of 1.5 from
the optimum [34]. Motivated by these results, an interesting question arose of
how an algorithm designed for a restricted set of instances performs, when given
a general instance, which is not too different from the instances in the restricted
set. This question is addressed by the stability of approximation [60], which
provides another useful tool for classifying the hardness.
There are many other approaches in the literature dealing with the hardness
of problems. The gain from developing such tools is not only in seeing where
the core of the hardness lies for each problem separately, but more importantly
in grouping together the problems that are hard in a similar way. In a sense,
these concepts are like maps for optimization: they provide structure and a clear
picture of the current state of the art. Moreover, they provide the general tools
applicable to whole groups of problems.
The concept of reoptimization, as studied throughout this dissertation, approaches the hardness from a different perspective. The approach is motivated
by the surrounding reality. The idea we pursue explores the fact that reality
often provides some additional information about an instance at hand. Imagine
for example a train station, where the trains come to the platforms according to
some fixed schedule. Such a schedule is computed just once, when the station
is ready to serve the trains, and if no conditions change, it can be used ever
since. Unfortunately, the initial conditions usually do not last forever, and at
some point a train is late. The question we address in this dissertation is what
can one do when confronted with such a situation. Is the previously computed
schedule of any help, or maybe the best one can do is to compute the whole
schedule from scratch? We try to answer this question for a variety of NP-hard
optimization problems. Our practical motivation is the following. When dealing
with real time environments which are relatively stable, i. e., where the changes
affect the situation only for a short period of time, it seems reasonable to spend
even a tremendous time for computing a good solution for the undisturbed instance, and profit from this solution when confronted with a temporal change.
Clearly, one is interested in handling the temporal changes efficiently, while still
being able to provide some guarantees for the quality of the adapted solution.
Our theoretical motivation is to observe how much easier an NP-hard problem
2

becomes if we provide this additional information in the input. Hopefully, in
this way we can gain some new insights on the nature of the hardness of the
studied problems.
In essence, a reoptimization problem can be built on top of any optimization
problem in the following way. An input to the reoptimization problem is a
triple (I, I 0 , Sol), where I is an original instance of the underlying optimization
problem, I 0 is a modified instance, obtained by applying some local modification
on the original instance I, and Sol is a (preferably good) solution for I. We
are interested in computing a good solution for the modified instance I 0 .
This dissertation is organized in the following way. In Chapter 2 we introduce basic notation and definitions used further. In Chapter 3 we survey
the optimization problems studied further in the reoptimization setting. For
each optimization problem we provide its definition together with the related
approximability and inapproximability results.
In Chapter 4, we survey the reoptimization results available in the literature.
For many of these results, we briefly sketch the techniques behind them. The
problems we survey include different reoptimization variants of the Traveling
Salesman problem, the Minimum Steiner Tree problem, the β-Minimum Steiner
Tree problem and hereditary problems.
In Chapter 5, we introduce the general model for reoptimization and provide
general approximation algorithms for a wide range of reoptimization problems.
In Chapter 6, we apply the general algorithms from Chapter 5 to different
reoptimization variants of weighted and unweighted versions of the following
optimization problems: the Minimum Set Cover problem, the Maximum Independent Set problem, the Maximum Clique problem, the Minimum Dominating
Set problem and the Minimum Vertex Cover problem. In addition to that, for
each of these problems, we prove that the approximation ratios achieved by the
general algorithms cannot be improved, in most cases under the assumption
that P 6= NP . These results can be found in [18].
In Chapter 7, we study the Shortest Common Super-string problem under
the modification of adding a string to the set of strings given in the input
and removing a string from that set. We attempt to employ the self-reduction
method and conclude that it cannot be directly applied, as the SCS problem does
not appear to be self-reducible. We briefly sketch the way to adapt the general
algorithms to these two reoptimization problems, obtaining an approximation
ratio arbitrary close to 1.6 for string addition and to 13/7 for string removal.
The running time is in both cases O(m2k n2k (kmn + k(n3 + m))), where n is
the number of strings, m is the sum of the lengths of the strings and k is a
constant parameter. The main contribution of this chapter is the analysis of
the quadratic time OneCut algorithm for adding a string. We prove, that it
achieves an approximation ratio of 11/6. All these results can be found in
[16, 17].
Finally, in Chapter 8, we study four variants of the Minimum Steiner Tree
reoptimization problem: turning a terminal into a non-terminal and vice-versa,
and increasing and decreasing the cost of an edge. The direct application of
the general schemes results in approximation algorithms with sub-exponential
running time. We show how to parametrize the self-reduction method to obtain
polynomial-time approximation algorithms with ratios converging to the ones
guaranteed by the schemes. Next, we show how to improve the general ratios for
the reoptimization scenarios that turn a vertex into a terminal and vice-versa.
3

The resulting approximation ratios are 1.22 for changing the status of a vertex
and 1.281 for changing the cost of an edge. For the scenario of decreasing the
cost of an edge, we additionally provide a 1.25-approximation algorithm, which
improves upon the general algorithm by means of careful case analysis. As an
alternative, we present reoptimization algorithms for the studied modifications
that do not use the self-reduction method. They do not provide as good approximation ratios, but substantially improve the running time. A part of these
results was published in [97, 15].
We conclude the dissertation in Chapter 9.
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2

Preliminaries

In this chapter, we introduce the notation and the elementary definitions commonly used in the literature as well as throughout this dissertation. All concepts
presented here can be found in a variety of books on complexity and approximation, see for example [6, 60] for a reference.

2.1 Sets
For a set A, we denote its cardinality (also referred to as size) by |A|. For any
natural number k ∈ N, we denote a set of all consecutive natural numbers from
1 to k by [k]. By A
k we denote a set of all subsets of A of size k. We say that
a set A covers an element a if a ∈ A. A set of sets is called a collection. A
collection A covers an element a if there is a set A ∈ A that covers a. Finally,
a collection A covers a set U if it covers all elements of U .
If there is a function c given on elements of a certain set A, i.e.,
P c :A→
(Q+ ∪ {0}), we extend c to the subsets A0 ⊆ A by setting c(A0 ) = a∈A0 c(a).
Hence, a subset A0 ⊆ A minimizing/maximizing function c while satisfying
some property is a subset A0 such that c(A0 ) is minimal/maximal among all the
subsets of A having the required property.

2.2 Graphs
A graph G = (V (G), E(G)) consists of a set of vertices V (G) and a set of edges
E(G), where each edge connects a pair of vertices. Typically, we write V for
V (G) and E for E(G), and use the argument when referring to the vertices and
edges of a graph other than G. The vertices connected by an edge in E are called
the endpoints of this edge. A loop is an edge connecting a vertex with itself.
An edge is undirected if the order of its endpoints does not matter, otherwise
it is directed from its source endpoint to its target endpoint. Two undirected
edges are parallel if they connect the same pair of vertices. Two directed edges
are parallel if they coincide on the source endpoint and the target endpoint.
In a simple graph all edges are undirected and there are no loops and no
parallel edges. For such a graph an edge e can be interpreted as a set of two
different vertices {u, v} ⊆ V . Unless stated otherwise, the term graph refers to a
simple graph. A directed graph is a graph where each edge is directed. A simple
directed graph is a directed graph with no loops and no parallel edges. In such a
graph, we denote an edge as an ordered pair (u, v) for u, v ∈ V (G). Again, unless
5
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stated otherwise, the term directed graph refers to a simple directed graph. A
multi-graph (or a directed multi-graph if the edges are directed) may contain
an arbitrary number of edges connecting arbitrary pairs of vertices.
The neighborhood of a vertex v ∈ V (G), i.e., the set of vertices connected to
v via edges in E, is denoted by ΓG (v). For a directed graph we define ΓG (v) as
the set of vertices which are the target endpoints of edges adjacent to v. Note
that, if G is a simple graph, v ∈
/ ΓG (v). The degree of a vertex v ∈ V (G) is
defined as deg G (v) = |ΓG (v)|.
A graph H is a subgraph of a graph G if V (H) ⊆ V and E(H) ⊆ E. We
then write H ⊆ G. An edge e ∈ E(G) can be seen as a subgraph H of G with
V (H) = {u, v} and E(H) = {e}. By G − V 0 for V 0 ⊆ V we denote the graph G
after removing all vertices from V 0 and all edges incident to these vertices. For
two subgraphs H1 , H2 ⊆ G (Hi can be a single edge), we introduce the following
notation. By H1 − H2 we denote the subgraph of G, where E(H1 − H2 ) =
E(H1 ) \ E(H2 ) and V (H1 − H2 ) are the vertices of V (H1 ) except of the vertices,
whose degree becomes 0 after removing the edges of H2 from the edges of H1 .
By H1 + H2 we denote a graph such that V (H1 + H2 ) = V (H1 ) ∪ V (H2 ) and
E(H1 + H2 ) = E(H1 ) ∪ E(H2 ).
Every subset of vertices V 0 ⊆ V induces a subgraph G|V 0 ⊆ G, where
V (G|V 0 ) = V 0 and E(G|V 0 ) are the edges of G with both endpoints in V 0 .
The complement
of a (simple) graph G is a graph H where V (H) = V (G) and

E(H) = V2 \ E(G).
A simple path is a graph where two vertices (endpoints of the path) have
degree 1 and all the other vertices have degree 2. The length of a path is its
number of edges. A graph is connected if it contains a path between every pair
of vertices. A simple cycle is a connected graph where all vertices have degree 2.
A tree is a connected graph which does not contain a cycle. For any collection
{T1 , . . . Ti } of vertex disjoint trees, T1 + · · · + Ti is called a forest. Unless i = 1,
such a forest is not connected. A matching in a graph is a set of edges without
common vertices. A maximum matching is a matching of maximum size and
can be computed in polynomial time [35].
A planar graph is a graph which can be drawn in the plane in a way that
the vertices are drawn as points and the edges are drawn as curves connecting
the corresponding endpoints. Such a drawing is called a plane embedding of
the graph. A unit disk graph is a graph obtained from a set of two dimensional
disks in the plane in a way that each disk corresponds to a vertex in the graph
and the vertices are connected via an edge if the corresponding disks intersect.
A b-claw is a simple graph on b + 1 vertices where one vertex is connected to
all remaining b vertices and no other edges are present. A b-claw-free graph
is a graph which does not contain an induced b-claw. A claw-free graph is a
3-claw-free graph. An odd hole in a graph G is an induced cycle in G of odd
length at least 5. A complement of an odd hole is an odd anti-hole. A graph
is perfect if it contains neither an odd hole nor an odd anti-hole. The class of
perfect graphs is closed under taking the complement.
A vertex-weighted graph is a triple G = (V (G), E(G), c), where c : V (G) →
(Q+ ∪ {0}) is a cost function defined on the set of vertices. For a vertex-weighted
graph, c(G) denotes the cost of G, i.e., the sum of all its vertex costs. An edgeweighted graph is a triple G = (V (G), E(G), c), where c : E(G) → (Q+ ∪ {0}) is
the cost function defined on the set of edges. For an edge-weighted graph, c(G)
denotes the cost of G, i.e., the sum of all its edge costs. Hence, the cost of a path
6
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in the edge weighted graph is the sum of the costs of its edges. A shortest path
is one of minimum length, whereas a cheapest path is one of minimum cost. The
shortest paths between all pairs of vertices in a directed edge-weighted graph
can be computed in O(|V |3 ) time using the algorithm of FloydWarshall.
A graph is complete if all pairs of vertices are connected. An edge-weighted
complete graph G is β-metric if
c({v, z}) ≤ β(c({u, v}) + c({v, z}))
for all v, u, z ∈ G and some β ≥ 21 . A 1-metric graph is called simply a metric
graph. For an edge-weighted multi-graph G = (V, E, c), its metric closure is a
e = (V, E, e
simple complete edge-weighted graph G
c ) where e
c ({u, v}) is defined
e is metric.
as the cost of the cheapest path in G from u to v. Observe that G
e can be computed in O(|V |3 + |E|) time using the algorithm of
Note, that G
FloydWarshall.
For an edge-weighted connected graph G, by MST(G) we denote the minimum spanning tree in G, i. e., the tree on all the vertices of G with the minimum cost. Note, that for computing MST(G) efficient algorithms have been
proposed. Kruskal’s algorithm computes MST(G) in time O(|E| log |V |) using basic data structures, whereas Prim’s algorithm, implemented with more
sophisticated data structures, computes MST(G) in time O(|E| + |V | log |V |).

2.3 Approximation
Practically all the results in this thesis are related to the concept of approximation presented here. As already mentioned in the introduction (Chapter 1),
approximation is extremely useful when dealing with hard algorithmic problems. Even though finding the desired solution is infeasible (unless P = NP ), a
small relaxation of our expectations often makes the problem efficiently solvable.
There are problems (e.g. the Knapsack problem), where finding the optimal solution is hard, yet we can efficiently find a solution arbitrarily close to the
optimum. Throughout this section, we cover the basic ideas behind the concept
of approximation and fix the notation used further in the thesis. For a wider
overview on the topic, we refer the reader to the related books [6, 95, 60, 49].
Since the concept of approximation applies to NP optimization problems, we
begin with the definition of an NP optimization (NPO) problem from the book
by Vazirani [95].
Definition 1. An NP optimization (NPO) problem Π= (DΠ ,RΠ ,cost Π ,goal Π )
consists of
1. A set of valid instances DΠ recognizable in polynomial time. We will
assume that all numbers specified in an input are rationals. The size of an
instance I ∈ DΠ , denoted by |I|, is defined as the number of bits needed to
write I under the assumption that all numbers occurring in the instance
are written in binary.
2. Each instance I ∈ DΠ has a set of feasible solutions, RΠ (I). We require
that RΠ (I) 6= ∅, and that every solution Sol ∈ RΠ (I) is of length polynomially bounded in |I|. Furthermore, there is a polynomial-time algorithm
that, given a pair (I, Sol), decides whether Sol ∈ RΠ (I).
7
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3. There is a polynomial-time computable objective function, cost Π , that assigns a nonnegative rational number to each pair (I, Sol), where I is an
instance and Sol is a feasible solution to I.
4. Finally, Π is specified to be either a minimization problem or a maximization problem: goal ∈ {min, max}.
An optimal solution to a problem Π is a feasible solution that minimizes
or maximizes the cost, depending on goal Π . We denote the set of optimal
solutions to an instance I by OptimaΠ (I) and the optimal cost by OptcostΠ (I).
Typically, we write Opt ∈ OptimaΠ (I) to denote an optimal solution to an
instance I of a problem Π . To denote any solution, we write Sol ∈ RΠ (I). The
costs are referred to as Opt and Sol, respectively. We omit the index and/or
the argument if it is clear from the context.
We view an optimization algorithm Alg solving an optimization problem Π =
(D, R, cost, goal ) as a mapping from the instance set to the solution set satisfying
Alg(I) ∈ R(I). We denote the asymptotic running time of an algorithm Alg by
Time(Alg). Moreover, Poly(n) is the set of all functions polynomial in n. For
the sake of simplicity, we define an order  on the values of cost which favors
better solutions:  equals ≤, if goal = min, and ≥ otherwise. An algorithm Alg
is exact if, for any instance I ∈ D,
cost(I, Alg(I)) = max{cost(I, Sol) : Sol ∈ R(I)}.


It is a σ-approximation, if for any instance I ∈ D,
cost(I, Alg(I))  σ max{cost(I, Sol) : Sol ∈ R(I)},


where σ ≤ 1, if goal = max, and σ ≥ 1 otherwise. In such case, σ is called
the approximation ratio of algorithm Alg. A problem Π that admits a σapproximation algorithm is σ-approximable. The approximation ratio σ may
depend on the size of the instance |I|, i. e., it may be a function of |I|.
We want to classify the optimization problems according to how well approximable they are. To be more precise, we are interested in which approximation
ratio a polynomial-time algorithm can achieve. The easiest class of problems
in that respect are the problems in NPO admitting an exact polynomial-time
algorithm. We denote this class by PO. From the approximation point of view,
it is not an interesting class. Furthermore, approximation makes most sense
under the assumption that PO ( NPO. This assumption, however, holds unless P = NP [79]. An example of a problem in PO is computing the minimum
spanning tree MST(G) given an edge-weighted graph G (see Section 2.2).
As already mentioned, there are some problems for which the approximation ratio may be arbitrarily close to 1. Each of these problems admits a
parametrized approximation algorithm, with the approximation ratio improving
and the running time worsening along with the parameter converging to 0. Such
a parametrized algorithm is called an approximation scheme.
Definition 2. A Polynomial-Time Approximation Scheme (PTAS) for a problem Π is an algorithm Alg with the following properties:
• Alg takes as input a parameter  > 0 and an instance I ∈ DΠ ,
8
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• for a fixed  > 0, algorithm Alg(, ·) is a polynomial-time (1+)-approximation
for Π if goal Π = min, and (1 − )-approximation if goal Π = max.
Definition 3. A Fully Polynomial-Time Approximation Scheme (FPTAS) for
a problem Π is a PTAS Alg with the additional requirement that the running
time of Alg(, I) is polynomial with respect to both |I| and −1 .
We denote the class of problems admitting a PTAS by PTAS and the problems admitting an FPTAS by FPTAS . Hence, up to this point, our hierarchy
starts with class PO, which is contained in the class FPTAS , which in turn
is contained in the class PTAS . An example of a problem in FPTAS is the
Knapsack (Knapsack) problem defined in the compendium in Chapter 3 (as are
the other problems mentioned below). An example of a problem in PTAS is
the Maximum Independent Set (MaxIndSet) problem on planar graphs. Above
PTAS , there is a class APX , which contains all NPO problems approximable
with a constant approximation ratio. An example of a problem in APX is the
Minimum Steiner Tree (SMT) problem. Finally, there is a class of problems
LOGAPX , approximable with ratio O(log |I|). A typical representative here is
the Minimum Set Cover (MinSetCov) problem.
Analogously to NP -hard problems, a problem Π is hard for a class C ∈
{FPTAS , PTAS , APX , LOGAPX , NPO } if all problems in C reduce to Π via
an appropriate reduction. A problem Π in class C that is hard for that class at
the same time is called C-complete. The examples of the problems given above
are complete for their classes. Unless P = NP , we obtain the following chain of
strict inclusions within the hierarchy of approximation classes:
PO ( FPTAS ( PTAS ( APX ( LOGAPX ( NPO
There has been some struggle in the literature over the years to define the
reductions between the approximation classes properly. The point of this struggle was to provide useful tools for proving inapproximability of problems in
NPO. One would want the reductions between the problems that preserve the
existence of FPTAS, PTAS, a b-approximation algorithm for some constant
b. In the past, various reductions were proposed to meet these requirements,
for instance F -reduction [36], P -reduction [76] or A-reduction [76] respectively.
Currently, AP -reduction [60, 6], which preserves both the existence of PTAS
and the existence of an approximation algorithm with a constant ratio, is common to use. An alternative L-reduction [6] can be also met in the literature.
When reducing from problems in APX , L-reduction is in fact a special case of
AP -reduction [6], and therefore preserves the same properties as AP -reduction.
Both these reductions are mostly used for showing APX -hardness. Due to availability of a variety of other tools allowing the inapproximability proofs, like the
gap preserving reduction [60], reducing to NP -hard problems, or the probabilistically checkable proofs (PCP) technique [60, 6], AP -reduction is not as well
known as Karp reduction for problems in NP . In this dissertation, we mostly
prove inapproximability via AP -reductions. Sometimes we use the reductions,
that preserve the cost of the solution exactly. Reductions AP and L with their
constant parameters (α and β, γ respectively as in the definitions in [6]) set to
1 are such reductions. We refer to such reductions as exact.
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3

A Mini Compendium of NP-hard
Optimization Problems
In this chapter we give a brief overview of NP-hard optimization problems studied in this thesis and the relevant results concerning them. For a thorough
compendium of NP-complete problems, which is beyond the scope of this thesis, we refer to the books [49, 6].
Definition 4. The Minimum Set Cover (MinSetCov) problem:
Given a universe U of elements and a collection A= {A1 , . . . , A|A| } of subsets
of U , find a minimum size sub-collection of A that covers all elements in U .
Definition 5. The Weighted Minimum Set Cover (wMinSetCov) problem:
Given a universe U of elements, a collection A = {A1 , . . . , A|A| } of subsets of
U , and a cost function c : A → (Q+ ∪ {0}), find a minimum-cost sub-collection
of A that covers all elements in U .
On the positive side, wMinSetCov is approximable within a ratio of (log |U |+
1) [64]. On the negative side, its special case MinSetCov is NP-hard to approximate within a factor of b log |U | for some constant b [82] and not approximable within a factor of (1 − ) log |U | unless NP has slightly super-polynomial
(nO(log log n) ) time algorithms [45]. We define the frequency of an element of U
as the number of sets in A containing it. If the maximum frequency is bounded
by b, then wMinSetCov is b-approximable [10].
Definition 6. The Minimum Dominating Set (MinDomSet) problem:
Given a graph G = (V, E), find a minimum-size dominating set, i.e., a set
V 0 ⊆ V of minimum size such that each vertex in V either is in V 0 or is a
neighbor of a vertex in V 0 .
Definition 7. The Weighted Minimum Dominating Set (wMinDomSet) problem:
Given a vertex-weighted graph G = (V, E, c), find a dominating set of minimum
cost.
The approximability results for wMinDomSet (respectively MinDomSet) are
the same as for wMinSetCov (respectively MinSetCov) due to exact reductions
between these problems [66]: page 108-109 (i. e. there are reductions in both
directions that preserve the exact cost (respectively the exact size) of the solutions).
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Definition 8. The Minimum Vertex Cover (MinVerCov) problem:
Given a graph G = (V, E), find a minimum-size vertex cover, i.e., a set V 0 ⊆ V
of minimum size such that every edge in E has at least one endpoint in V 0 .
Definition 9. The Weighted Minimum Vertex Cover (wMinVerCov) problem:
Given a vertex-weighted graph G = (V, E, c), find a minimum-cost vertex cover.
On the positive side, the approximation ratio of 2 for wMinVerCov follows,
as wMinVerCov is a special case of wMinSetCov where the frequency of each
element is 2. As a matter of fact, wMinVerCov is approximable within a factor
of (2 − logloglog|V|V| | ) [11, 75] and admits a PTAS for planar graphs [9] and for unit
disk graphs [61]. In contrast to that, MinVerCov is not approximable within a
factor of 1.16666 [58], not approximable within a factor less than 2 assuming
the unique games conjecture [69], but admits an approximation ratio of 32 for
6-claw free graphs. [55].
Definition 10. The Maximum Independent Set (MaxIndSet) problem:
Given a graph G = (V, E), find a maximum-size independent set, i.e., a set
V 0 ⊆ V of maximum size such that no two vertices in V 0 are connected by an
edge.
Definition 11. The Weighted Maximum Independent Set (wMaxIndSet) problem:
Given a vertex-weighted graph G = (V, E, c), find a maximum-weight independent set.
2

On the positive side, MaxIndSet is approximable with ratio Ω( (log|V|V| |) ) [28]
and admits a PTAS on planar graphs [9] and on unit disk graphs [61]. On the
1
negative side, MaxIndSet is not approximable within a factor of 1/|V | 2 − and,
unless the polynomial hierarchy collapses, not approximable within 1/|V |1−
for any  > 0 [57]. Its weighted generalization (wMaxIndSet) is solvable in
polynomial time for (3-)claw free graphs [63] and perfect graphs [52]. If the
degree of each vertex is bounded by a constant b, MaxIndSet remains APX complete [13], and wMaxIndSet is approximable within a factor of 23 if b = 3
log b
3
[85], within a factor of b+2
for b > 3 [54] and within Ω( b log
log b ) for large values
of b [53].
Definition 12. The Maximum Clique (MaxCli) problem:
Given a graph G = (V, E), find a maximum-size clique, i.e., a set V 0 ⊆ V of
maximum size such that any two vertices in V 0 are connected by an edge.
Definition 13. The Weighted Maximum Clique (wMaxCli) problem:
Given a weighted graph G = (V, E, c), find a clique of maximum weight.
A clique is an independent set in the complement graph (this gives immediately an exact reduction), and therefore the approximability results for wMaxCli
and MaxCli in general graphs carry over from the results for wMaxIndSet and
MaxIndSet. Since perfect graphs are closed under complement, the polynomialtime algorithm for wMaxCli in perfect graphs [52] carries over as well.
Definition 14. The Maximum Satisfiability (MaxSAT) problem:
Given a conjunctive normal form formula Φ on Boolean variables Var (Φ) =
{x1 , . . . , xn }, find a truth assignment to the Boolean variables that maximizes
the number of satisfied clauses.
11
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We denote the set of clauses by C(Φ), so that Φ = C ∈C(Φ) C . Each clause
is a disjunction of literals, each literal is either a variable or its negation. We
denote the number of literals in a clause C by |C |. For a truth assignment Sol
being a solution to MaxSAT, the set of clauses satisfied by Sol is referred to as
Sats(Φ, Sol).
Definition 15. The Weighted Maximum Satisfiability (wMaxSAT) problem:
Given a conjunctive normal form formula Φ on Boolean variables Var (Φ) =
{x1 , . . . , xn } and a weight function c : C(Φ) 7→ (Q+ ∪ {0}), find a truth assignment Sol that maximizes the weight of Sats(Φ, Sol).
Definition 16. The Maximum k-Satisfiability (Max-k-SAT) problem and
The Weighted Maximum k-Satisfiability (wMax-k-SAT) problem:
the variants of MaxSAT and wMaxSAT where the size of each clause in C(Φ) is
at most k.
On the positive side, wMaxSAT is approximable with an approximation ratio
of 0.77 [4], implying the same ratio for its variants: MaxSAT, Max-k-SAT and
wMax-k-SAT. Further, wMax-2-SAT is approximable within a factor of 0.931
[44] and wMax-3-SAT within a factor of 0.8 [92]. On the negative side, already
Max-2-SAT is APX -hard [78, 3].
Definition 17. The Knapsack problem:
Given a set A = {a1 , . . . , an } of objects, with specified volumes c : A 7→ N and
profits p : A 7→ N, and a knapsack capacity B ∈ N, find a subset A0 ⊆ A of
elements with volume bounded by c(A) ≤ B and a maximum profit.
Knapsack is NP-hard and admits an FPTAS [62].
Definition 18. The Weighted Minimum Feedback Vertex Set (wMinFvs) problem:
Given a vertex weighted graph G = (V, E, c), find a minimum-cost feedback
vertex set, i.e., a set of vertices of minimum cost whose removal results in an
acyclic graph.
The wMinFvs problem is APX -complete and approximable within a factor
of 2 [8].
Definition 19. The Minimum Steiner Tree (SMT) problem:
Given an edge weighted multi-graph G = (V, E, c) and a set of terminal vertices
S ⊆ V , find a minimum-cost Steiner tree, i.e., a tree in G spanning S .
The SMT problem is APX-complete, even when the values of the cost function are restricted to the set {1, 2} [14]. For many years, the best known approximation ratio was 1 + log2 3 = 1.55 for general edge costs and 1.28 for edge
costs from {1, 2} [83]. This result was the last in a series of improvements of
a 11
6 -approximation algorithm [96], the first to go beyond a trivial factor of 2
[95]. All the improvements until [83] are due to a combinatorial algorithm and
build up on the initial idea in [96]. In 2010, an LP-based randomized algorithm
achieving approximation ratio of 1.39 was proposed [30], which can be derandomized. The SMT problem can be solved optimally in time exponential in the
size of S with an algorithm proposed by Dreyfus and Wagner [40].
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Definition 20. The β-Minimum Steiner Tree (β-SMT) problem:
Given an edge weighted β-metric graph G = (V, E, c), β < 1, and a set of
terminal vertices S ⊆ V , find a minimum cost Steiner tree, i.e., a subgraph of
G of minimum cost spanning S .
Definition 21. The Shortest Common Super-string (SCS) problem:
Given a set of strings Str = {s1 , . . . , sm }, find a shortest string that contains
all the strings in Str as substrings.
The bad news is that SCS is APX-hard [94]. Many approximation algorithms
have been devised for SCS, the most popular being a greedy algorithm proposed
by Tarhio and Ukkonen [90] which can be proven to achieve an approximation
ratio of 3.5 [68], but is conjectured to be 2-approximative. The currently best
known approximation algorithms achieve a ratio of 2.5 [89, 67].
Definition 22. The Restricted Hamiltonian Cycle (RHC) problem:
Given an undirected graph G = (V, E) together with a Hamiltonian path in G,
determine whether there exists a Hamiltonian cycle in G, i. e. a cycle which
visits each vertex exactly once.
The RHC problem is NP-complete [77].
Definition 23. The Traveling Salesman (TSP) problem:
Given an edge-weighted graph G = (V, E, c), find a minimum-cost cycle that
visits all the vertices in G exactly once.
For the TSP problem there are only bad news. Unless P = NP , the TSP
problem is not polynomial time approximable within any polynomial function
of the size of the input instance [86].
Definition 24. The Metric Traveling Salesman (MetricTSP) problem:
Given an edge weighted metric graph G = (V, E, c), find a minimum-cost cycle
that visits all the vertices in G exactly once.
The good news is that the MetricTSP problem is approximable within a
factor of 1.5 [34]. The corresponding 1.5-approximation algorithm is known in
the literature as Christofides algorithm. We refer to it as CHR(G).
Definition 25. The Traveling Salesman with required edges (ReqTSP):
Given an edge-weighted graph G = (V, E, c), and a set of required edges R =
{e1 , . . . e|R| } that can be extended to a Hamiltonian cycle, find a minimum-cost
Hamiltonian cycle among the Hamiltonian cycles containing all the edges in R.
The ReqTSP problem is clearly at least as hard as the TSP problem.
Definition 26. The Maximum Cut (MaxCut) problem:
Given an edge-weighted graph, find a maximum-cost cut, i. e. a set of edges
E 0 ⊆ V 0 × (V \ V 0 ) for some V 0 ⊆ V of maximum cost.
The MaxCut problem is NP-complete even if the cost of each edge is equal
1 [48]. It admits an approximation ratio of 0.87856 [51].
Definition 27. The Maximum Cut with required edges (ReqMaxCut):
Given an edge-weighted graph, and a set of required edges R = {e1 , . . . e|R| } that
can be extended to a cut, find a maximum-cost cut among the cuts containing
all the edges in R.
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The ReqMaxCut problem is clearly at least as hard the MaxCut problem. It
is not difficult to verify, that 0.87856-approximation algorithm of Goemans and
Williamson [51] can be extended to ReqMaxCut.
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Related Work
4.1 A Road to Reoptimization
The concept of reoptimization is not new. Even before it was explicitly mentioned, the concept of reoptimization has been applied to a variety of polynomialtime solvable problems, where the goal was to maintain an optimal solution.
The first main direction was maintaining the minimum spanning tree MST(G)
(see Chapter 2) under various modifications applied to a graph G. A lot of
work has been invested to investigate this problem. In [88], it is shown that
a single vertex addition can be executed in running time O(|V |), as opposed
to O(|E| + |V | log |V |) needed for computing the minimum spanning tree from
scratch. This positive result encouraged further efforts. A simplified algorithm
for vertex addition, still running in time O(|V |), was presented in [33]. The
problem of vertex addition to the minimum spanning tree was also considered
in a parallel setting, and a variety of parallel algorithms has been proposed
[80, 65]. The update scenario where the weight of an edge changes (either it
increases or decreases) was for the first time
p considered in [47]. The authors proposedp
an algorithm with running time O( |E|). This result has been improved
to O( |V |) [41] and finally to O(|V |1/3 log |V |) [59].
Another line of research in early reoptimization is maintaining all pairs shortest paths in directed graphs (see Chapter 2). The modification on the underlying
graph that was considered was changing the cost of an edge (either increasing
or decreasing). Both lower and upper bounds for the computing times were
obtained [88, 84, 43]. The actual breakthrough, however, appeared in [70],
where the
p cubic running time in general digraphs was provably improved to
O(|V |2.5 C log |V |), assuming that the edge weights are bounded by an integer
C. A follow-up
paper [37] presents an algorithm that executes an update in
q
O(|V |2.5 S log3 |V |) if a limited number S of different rational values occurs
throughout the sequence of updates. Finally, the same authors improve the
amortized running time per update to O(|V |2 log3 |V |) [38].

4.2 Reoptimization for NP-hard Problems
The objectives changed when NP -hard problems came into consideration in
the reoptimization setting. There, even if the optimal solution to the initial
instance is given, the reoptimization is typically NP -hard [22]. Thus, what
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one can still hope for is a good approximation algorithm. In that respect, two
objectives become interesting: improving the running time and improving the
approximation ratio of the best algorithm that can be used for recomputing the
solution from scratch. An interesting trade-off between these two objectives has
been observed in the literature. In this chapter, we go through the results in
reoptimization that appeared before the work we present in further chapters.
All the results presented in this chapter assume that an optimal solution is given
in the input.
The term reoptimization was mentioned for the first time in [87] and applied
to the problem of scheduling with forbidden sets for the scenarios of adding
or removing a forbidden set. The authors point out that these reoptimization
problems are NP -hard and provide the lower bounds for approximation ratios of
3/2 and 4/3 respectively, if the algorithm is to run in a polynomial time. They
also present a polynomial-time 3/2-approximation algorithm for the scenario of
adding a forbidden set, proving the first of the inapproximabilty results tight.
Since then, reoptimization has been successfully applied to various other
NP -hard problems. A survey of some results can be found in [22, 50]. Since
the approximation ratios for the reoptimization of the Knapsack problem [2],
the Weighted Minimum Set Cover problem [73], and various covering problems
[18] can be derived from the general reoptimization schemes that we present in
Chapter 5, we focus here on other results. For the reoptimization of the Shortest
Common Super-string problem addressed in [16, 17, 74], we refer to Chapter 7.
There, we sketch the approximation algorithms for string addition and string
removal with approximation ratios 1.61 and 1.86 respectively. They give quiet
an improvement over the best known ratio of 2.5 for computing the solution
from scratch. Since these algorithms are not efficient with respect to computation time, we give an alternative quadratic algorithm for adding a string with
an approximation ratio of 1.84. The interesting question whether it would help
for reoptimization if one could choose which optimal solution one gets in the
input was addressed in [12, 24, 23] with a negative answer for the considered
problems. A related to reoptimization concept of post-optimality analysis deals
with the question of how much an instance may be altered without changing
the set of optimal solutions. In [93], the authors consider post-optimality analysis of 0/1-programs with a linear objective function. After an optimal solution
has been determined for a given cost vector, they study how much each cost
coefficient can vary individually without affecting the optimality of the solution.
They show that the existence of a polynomial method to calculate these maximal ranges implies a polynomial method to solve the 0/1-program itself. As
a consequence, post-optimality analysis of many well known NP-hard problems
cannot be performed by polynomial methods, unless P = NP . This motivates
us to study the reoptimization instead. In the remainder of this chapter, we
summarize the remaining results on the reoptimization of the SMT problem,
the TSP problem and hereditary problems. For the definitions of the SMT and
TSP problems, we refer to Chapter 3.

4.3 Reoptimization of the Steiner Tree Problem
The reoptimization of the Steiner Tree problem has recently received a lot of
attention in the literature [25, 15, 31, 74, 97]. By now, interesting results have
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been obtained for all natural reoptimization scenarios. We summarize them in
Table 4.1. The columns refer to the two variants of the problem that have been
studied in the reoptimization setting: SMT and β-SMT for β < 1. The rows
correspond to the reoptimization scenarios: S + refers to changing the status of
a vertex from a non-terminal to a terminal, S − refers to changing the status of
a vertex from a terminal to a non-terminal, c+ and c− refer to increasing and
decreasing the cost of an edge, respectively, and V + corresponds to adding a
vertex to the graph (it is either a terminal or not). Removing a vertex from the
graph is at least as hard as the SMT problem [31], hence we do not include it
in the table. The cells of the table contain the approximation ratios provided in
the literature. Note that all these ratios are obtained under the assumption that
an optimal solution is given in the input. The approximation ratios for adding
a vertex to the graph are given together with the corresponding running times.
An approximation ratio of 1.5 for that reoptimization scenario gives a solution
worse than computed from scratch, however, the fast running time makes the
result interesting if a quick update is needed.

Scratch
S+
S−
c+
c−
V+

SMT
1.39
1.22
1.22
1.281
1.25
1.5, O(MST(G))

Ref.
[30]
[Ch.8],[97]
[Ch.8]
[Ch.8]
[Ch.8]∗
[42]

β-SMT
2β
PTAS
PTAS
PTAS
PTAS
(1/2 + β), O(MST(G))

Ref.
[31]
[25]
[25]
[31]∗
[31]∗
[31]

Table 4.1: Reoptimization of the Steiner Tree Problem
* under the assumption that, after applying the modification, the graph remains
metric

In what follows, we briefly sketch the idea behind the PTAS for the first four
scenarios, and a (1/2 + β)-approximation algorithm for the scenario of vertex
addition for β ≤ 1. For the full analysis, we refer to [31].

4.3.1

The Polynomial Time Approximation Schemes for
β-SMT reoptimization

The Polynomial Time Approximation Scheme (PTAS) for β-SMT, β < 1, under
changing the status of a vertex or changing the cost of an edge has been proposed
in [25] and [31]. In a β-metric graph where β < 1, the maximal cost of an
edge c(emax ) is bounded by a constant factor f (β) (dependent on β) times the
minimum cost of an edge c(emin ) [7]:
c(emax ) ≤ f (β)c(emin ).
For all the considered scenarios, given an optimal Steiner tree Opt for an input
instance I = (G, S ), one can easily obtain a greedy solution Sol for the modified
instance I 0 = (G0 , S 0 ). The nice property of Sol is that Sol and an optimal
solution Opt0 for the modified instance I 0 differ by at most the cost of one edge,
i. e.,
c(Sol) ≤ c(Opt0 ) + c(emax ).
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For example, if a vertex of a graph turns into a terminal, we add to Opt the
cheapest edge connecting Opt with the new terminal. If the cost of Opt0 is
large enough, i. e., if c(emax ) ≤ c(Opt0 ) where  > 0 is fixed, the solution Sol
costs at most (1 + )c(Opt0 ). Otherwise,
f (β)
c(emax )
c(emin ) ≥
≥ c(Opt0 ),


so we can find Opt0 in polynomial time by searching through all the subsets of
edges of size at most f (β)
 .

4.3.2

The approximation algorithm for β-SMT under vertex addition

The approximation algorithm for β-SMT under vertex addition with an approximation ratio of (1/2 + β) for any β ≤ 1 has been proposed in [31]. Let Opt
be the optimal Steiner tree for the initial instance I = (G, S ) given in the input
and let Opt0 be the optimal solution for the modified instance I 0 = (G0 , S 0 ).
Let v be the vertex that, added to I, gives the modified instance I 0 . There
are two cases to be considered: one when the new vertex v is terminal and one
when it is not. We only show here the idea how to deal with the latter case,
where S 0 = S . The first case can be dealt with by combining the algorithm
for adding a non-terminal vertex and an algorithm for turning a non-terminal
into a terminal. We consider two alternative solutions for I 0 : one is Opt and
the other one is the minimum tree spanning the subgraph of G0 induced by the
terminal set and the new vertex MST(G0 |S ∪{v} ). Clearly, if v ∈
/ Opt0 , then
0
0
Opt is optimal for I . Assume therefore that v ∈ Opt .

Opt’

v

P1
T

w1
p1

T1

w2 p . . .
2

pk

wk
Tk

T2

P10
R1

R2

Rk

Figure 4.1: Reoptimization of the β-SMT problem
Let F = {{v, w1 }, . . . , {v, wk }} ⊆ Opt0 be the set of edges adjacent to v in
Opt0 , as shown in Figure 4.1. If we remove F from Opt0 and substitute these
edges with edges {w1 , w2 }, . . . , {wk−1 , wk }, we obtain a solution for I of cost at
most
c(Opt0 ) − c(F ) + c({{w1 , w2 }, . . . , {wk−1 , wk }}),

where c({wi , wi+1 }) ≤ βc({v, wi }) + βc({v, wi+1 }), so

c({{w1 , w2 }, . . . , {wk−1 , wk }}) ≤ 2βc(F ).
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This gives a solution to I of cost at most c(Opt0 ) + βc(F ). Hence,
c(Opt) ≤ c(Opt0 ) + βc(F ).
Now consider trees T1 , . . . , Tk ⊆ Opt0 rooted at the vertices w1 , . . . , wk . These
trees partition S into sets S1 , . . . , Sk according to which tree the respective
terminals belong to. Hence, Opt0 contains k disjoint paths P1 , . . . , Pk , each
connecting P
v with a terminal in the corresponding Si . Consider the tree T =
P
k
k
0
p
+
i=1 i
i=1 Ri spanning S , where pi is the cheapest edge connecting v
with Si and Ri is a path spanning Si , that visits the vertices in Si according
to a pre-order traversal of Ti . It holds that c(Ri ) ≤ 2βc(Ti ) − βc(Pi0 ), where
Pi0 = Pi − {v, wi } [97, 31]. Thus,
c(MST(G0 |S∪{v} )) ≤ c(T ) ≤
≤

=

k
X

c(pi ) +

i=1

k
X
i=1

0

(2βc(Ti ) − βc(Pi0 ))

c(Opt ) + β(c(Opt0 ) − c(F ))

(1 + β)c(Opt0 ) − βc(F ).

Choosing a better solution among Opt and MST(G0 |S∪{v} ) yields the result.

4.4 Reoptimization of different Variants of the Traveling Salesman Problem
The reoptimization of the Traveling Salesman problem has received extensive attention in the literature [5, 1, 20, 50, 12, 26, 27]. Different variants of TSP were
considered under vertex addition (referred to as V +), vertex removal (V −),
+
and changing the cost of an edge (either increasing or decreasing, c−
). In
[5], the authors study the problems TSP and Maximum TSP in metric and
non-metric graphs under vertex additions and deletions. These results are extended in [50, 20, 12], where the authors consider the scenarios of increasing
and decreasing the cost of an edge. In [50], the authors additionally consider
vertex addition and removal for the Asymmetric TSP problem and the Minimum Latency problem. In [26, 27], the whole variety of results for MetricTSP
with deadlines reoptimization was presented for both bounded and unbounded
number of deadlines. Here, we only present the results concerning adding and
removing a vertex without a deadline. For adding and removing deadlines and
vertices with deadlines we refer to [26, 27]. We summarize the aforementioned
results in the table below.
We briefly sketch the inapproximability results for the general TSP and the
approximation algorithms for the MetricTSP presented in Table 4.2.

4.4.1

The inapproximability results

The inapproximability results for the reoptimization scenarios applied to the
general TSP follow from the reduction from the RHC problem (see Definition 22
on Page 13). We present the idea on the example of TSP under vertex deletion,
the other reductions are similar. Let (H, P ) be an instance of RHC and let
a, b ∈ V (H) be the endpoints of P . We construct an instance (G, G0 , Opt) of
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TSP
MetricTSP
Asym. TSP
Max TSP
Max MetricTSP
Min Latency
Bounded Deadl.
Unb. Deadl.

Scratch
unb.
1.5
O(log |V |)
0.6
0.875
3.59
2.5
unb.

Ref.
[86]
[34]
[46]
[71]
[56]
[32]
[21]
[21]

V+
×
4/3∗
2
0.8
PTAS∗∗
3
2
2

V−
×
×
2
−
−
−
−
0.5|V |

+
c−
×
4/3
−
0.8+
PTAS
−
−
−

Ref.
[50, 5, 20]
[5, 1, 12]
[50]
[5, 12]
[5, 12]
[50]
[26]
[26]

Table 4.2: Reoptimization of the Traveling Salesman problem, different variants. The symbol × states that the problem is as hard to approximate as the
corresponding optimization problem, − denotes no results better than computing from scratch. The superscripts in the table have the following meaning:
* the result generalizes to adding more vertices
p
** the result generalizes to a PTAS for adding at most o( |V |) vertices
+ the result only holds for increasing the cost of an edge

TSP under vertex deletion as follows. The graph G contains the graph H as a
subgraph. Additionally, G contains a vertex v ∈
/ V (H). The edges of G that are
also the edges of H are assigned the cost of 1 in G, as well as the edge connecting
v with a and the edge connecting v with b. All the other edges in G are assigned
the cost of |V (H)| · 2Poly(|V (H)|) + 1, where Poly is an arbitrary polynomial. The
optimal solution Opt for G is then P + {a, v} + {v, b} with the cost of V (H) + 1.
The modified instance is G0 = G − v. Clearly, G0 has a cycle of cost |V (H)| if
and only if H has a cycle of cost |V (H)|. A 2Poly(V (H)) -approximation algorithm
for TSP under vertex deletion allows us to decide whether there is a cycle in G0
of cost |V (H)|.

4.4.2

The approximation algorithms

Approximation algorithms for the MetricTSP reoptimization scenarios all follow
from the fact, that the 3/2-approximation algorithm of Christofides [34] for
finding the minimum TSP tour in a metric graph G, referred to as CHR(G),
allows saving the cost of an edge. To be more precise, if Opt is an optimal
solution for G and emax ∈ Opt is an edge in Opt with the maximum cost, then
[5]
 
3
c(CHR(G)) ≤ Opt − c(emax ).
4.1 

2
For the scenario of vertex addition, given an input instance (G, G0 , Opt), where
G = G0 − v for some vertex v ∈
/ V (G), and Opt is the optimal solution for G,
we compute two solutions for G0 and return a better among them. The first
solution Sol1 is the cycle obtained from Opt by inserting v using the cheapest
edge ev adjacent to v in G0 . To be more precise, if ev is the cheapest edge
connecting v with Opt, we choose an arbitrary edge e ∈ Opt adjacent to ev
and substitute it with ev and the other edge fv adjacent to v and the other
endpoint of e. In that way, we obtain a cycle including v. Moreover, due to the
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metricity of G0 ,
c(Sol1 ) ≤ c(Opt) + 2c(ev ) ≤ c(Opt0 ) + 2c(emax ),

 
4.2 

where Opt0 is an optimal solution for G0 and emax is an edge in Opt0 with a
maximum cost. The second solution we compute is Sol2 = CHR(G0 ) with the
upper bound on its cost given by Equation (4.1). It is easy to see that
min{c(Sol1 ), c(Sol2 )} ≤

4
c(Opt0 ).
3

The algorithms for increasing and decreasing the cost of an edge are similar
in spirit. Let e be an edge that changes its weight from c(e) into c 0 (e). So,
the input instance for both scenarios is a triple (G, G0 , Opt), where Opt is an
optimal cycle for G, G = (V, E, c), G0 = (V, E, c 0 ), where c and c 0 coincide
on all the edges but e. For both scenarios, we assume that the graph remains
metric after the edge weight changes. Hence, for any edge f adjacent to e, it
0
holds that c(f ) ≥ δe
2 , where δe = |c (e) − c(e)| [22]. Now the idea is that, in
0
both scenarios, Opt must contain an edge adjacent to e, hence c(emax ) ≥ δe
2 ,
where emax is the edge of maximum cost in Opt0 . Thus, due to Equation (4.1),
CHR(G0 ) ≤ c(Opt0 ) −

δe
.
2

For both scenarios, Opt is a feasible solution to G0 of cost at most
c(Opt) ≤ c(Opt0 ) + δe.
Returning a better solution among Opt and CHR(G0 ) yields the claimed approximation ratio.

4.5 Reoptimization of Hereditary Problems
In [50, 29], the authors address reoptimization of hereditary problems. In
essence, hereditary problems is a family of NPO problems, which take as input a
vertex-weighted graph, and ask for the induced subgraph of maximum cost satisfying some hereditary property P. A property P on a graph is hereditary if the
following holds: if a graph satisfies P, then all its induced subgraphs satisfy P
as well. Hereditary problems proved to be among the hardest problems in NPO:
all non-trivial hereditary problems are not in LOGAPX unless P = NP , and
even stronger inapproximability bounds follow under weaker assumptions [72].
The authors study the reoptimization scenarios of adding and removing h vertices to the graph. As already observed in [50], a simple reoptimization strategy
gives an approximation ratio of 1/2 for hereditary problems under vertex insertion. Given (G, G0 , Opt) as an input, where V (G0 ) = V (G) ∪ {v}, we return
a better solution among Opt and {v}. Both these solutions are feasible to G0 ,
since both satisfy property P. Due to heredity, Opt0 \ {v} satisfies P. Hence,
Opt0 \ {v} is feasible for G, therefore c(Opt) ≥ c(Opt0 ) − c({v}). In [29], the
authors study some particular hereditary problems. For the scenario of vertex
addition, they obtain ratios better than 1/2. We summarize their results in
Table 4.3.
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Hereditary problem
Max k-colorable Subgraph
under insertion of h vertices
Max k-colorable Subgraph
under deletion of h < k vertices
Max k-colorable Subgraph
under deletion of h ≥ k vertices
Max Pk -free Subgraph, k ≤ 6
under insertion of one vertex
Max Split Subgraph
under insertion of h ≤ 2 vertices
Max Split Subgraph
under insertion of 3 vertices
Max Split Subgraph
under insertion of h ≥ 4 vertices
Max Planar Subgraph
under insertion of one vertex

Approximation
ratio

Inapproximability
bound

k
max{ k+h
, 12 }

k
max{ k+h
, 12 } + 

k−h
k

k−h
k

0

|V |

2k
3k+2

2k
3k+2

+

h+1
2h+1

h+1
2h+1

+

5
9

5
9

+

1
2

1
2

+

4
7

4
5

+

+

Table 4.3: Reoptimization of Hereditary Problems

22

5

General Settings
In the previous chapters, we described the motivation for studying reoptimization and the intuition behind it. This chapter introduces the foundation for the
concept of reoptimization. The work presented here contains the fundamental
definitions, models the concept formally and states the general results applicable to a variety of reoptimization problems. We observe that, in principle,
reoptimization of NP -hard problems is NP-hard. Not surprisingly, most of the
times approximation becomes easier, i.e., a reoptimization problem admits a
better ratio than the corresponding optimization problem. In principle, if the
modification changes the optimal cost only by a constant, the reoptimization
problem admits a PTAS (as we show further in Lemma 2, or as was shown in
[18] for unweighted problems on graphs and in [31] for β-SMT). The situation
becomes more interesting if the cost of the optimum can change arbitrarily, as
then we have to explore the nature of the local modification. It is typically
not hard to obtain a greedy solution for the modified instance by adjusting the
solution given in the input. This alone gives a quick reoptimization algorithm,
but its approximation ratio is not overall impressive. The approximation ratio,
however, can be improved significantly if we compute a solution alternative to
the greedy one and return a better among them.
The idea we embrace in this chapter is to use the self-reduction method to
compute the alternative solution. The self-reduction method seems to be a powerful and a general tool, so we invest some effort to understand it. As we show
further in this chapter, it applies to a variety of problems. Moreover, whenever employed, it automatically gives the reoptimization approximation ratios
improving their optimization counterparts. This shows that for a wide range of
problems reoptimization is substantially easier than recomputing the solution
from scratch. We show in this chapter, that the magnitude of improvement depends on what kind of modification we are dealing with. We classify typical local
modifications and propose general reoptimization algorithms, based on the selfreduction method, for the classified types of modifications. These algorithms
admit provable approximation ratios, which not only improve upon the ratios
for computing the solution from scratch, but also depend on these ratios. Thus,
any improvement in approximation ratio for the optimization problem improves
the related approximation ratio for reoptimization as well. In Chapter 6, we
consider some reoptimization problems for which the general approximation ratios proposed in this chapter are tight. This indicates that the general methods
are unlikely to be improved unless one explores specific properties of the studied
problem.
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5.1 The Basics
We model the scenario where an instance and a corresponding solution are
known, and one needs to find a solution after the instance is modified. Hence,
we introduce a binary modification relation on the set of instances, which determines which modifications are allowed. Formally, a reoptimization problem
is an NPO problem defined as follows (for the definition of an NPO problem we
refer to Definition 1 on page 7).
Definition 28. Let Π = (DΠ , RΠ , cost, goal ) be an optimization problem and
M⊆ DΠ × DΠ be a binary relation (the modification). The corresponding reoptimization problem RM (Π) = (DRM (Π) , RRM (Π) , cost, goal ) consists of:
1. a set of feasible instances defined as
DRM (Π) = {(I, I 0 , Sol) : (I, I 0 ) ∈ M and Sol ∈ RΠ (I)};
we refer to I as the original instance and to I 0 as the modified instance
2. a feasibility relation defined as RRM (Π) ((I, I 0 , Sol)) = RΠ (I 0 ).
We illustrate the concept on our working example of the Weighted Maximum
Satisfiability wMaxSAT (see Chapter 3 for the definition). In the reoptimization
scenario, a (hopefully good) assignment Sol to formula Φ is given. The given
formula Φ is altered for instance by adding one of its literals to one of its
clauses. This is captured by a modification relation: the original instance I and
the modified instance I 0 are a valid part of the input if and only if (I, I 0 ) ∈
M. The modification is defined as follows: (I, I 0 ) ∈ M if and only if all the
clauses but one are the same in Φ and Φ0 and the only different clause in Φ0
contains one additional literal. The reoptimization problem RM (wMaxSAT),
given (Φ, Φ0 , Sol) such that (Φ, Φ0 ) ∈ M, asks for an assignment Sol0 for Φ0
maximizing the total weight of Sats(Φ0 , Sol0 ).
Profiting from the input solution, however, is a risky business if we have no
clue on the quality of the solution. All the reoptimization results published so
far are a consequence of an assumption that the input solution is not bad, in
most cases optimal. Hence, we distinguish between the reoptimization problems
according to the quality of the solution given in the input. Recall, that  is ≤
if goal Π = min and ≥ if goal Π = max.
Definition 29. Let Π be a problem in NPO. A restriction of RM (Π) to the input instances (I, I 0 , Sol) satisfying Sol  ρOptcost(I) is referred to as ReρM (Π).
Formally,
DReρM (Π) = {(I, I 0 , Sol) : (I, I 0 ) ∈ M,Sol ∈ RΠ (I) and Sol  ρOptcost(I)}.
For the sake of simplicity, we denote Re1M (Π) by ReM (Π).
Note that ReρM (Π) does not need to be in NPO. We end this section with
two simple but important results.
Lemma 1. Reoptimization problems of NP-hard problems, where applying the
modification a polynomial number of times can arbitrarily change an input instance, are NP-hard, even if an optimal solution is given in the input.
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Sketch of Proof For the formal proof, we refer to the general hardness results
for reoptimization problems [22]. Here we give a sketch of the proof. Assume
we want to find an optimum for an instance I of an optimization problem Π.
We start from some trivial instance I0 ∈ DΠ , for which we can find an optimal
solution Opt0 in polynomial time. Then, we construct a sequence of instances,
where instance Ii+1 is the modified Ii , that is (Ii , Ii+1 ) ∈ M. The last element
of this sequence is I. Then, by consecutive applications of the reoptimization
algorithm on (Ii , Ii+1 , Opti ), we finally obtain an optimal solution for I. 
Lemma 2. If, for every instance (I, I 0 , Sol) of RM (Π) and any constant b, we
can compute in polynomial time
• a feasible solution Sol0 for I 0 , such that |Sol0 −OptcostΠ (I 0 )| ≤ b for some
constant b, and
• a best feasible solution among the solutions for I 0 whose cost is bounded
by b,
then RM (Π) admits a PTAS.
Proof. Let Π be a maximization problem (for minimization problems the proof
is analogous). For a given  > 0, we compute two solutions to I 0 : Sol0 as in the
claim of the lemma, and Sol00 , a best among the feasible solutions with cost
bounded by b . If OptcostΠ (I 0 ) ≤ b , then Sol00 is optimal. Otherwise
Sol0 ≥ OptcostΠ (I 0 ) − b ≥ (1 − )OptcostΠ (I 0 ).
We illustrate Lemma 2 on the example of the (unweighted) Maximum Satisfiability (MaxSAT) under clause addition: ReM (MaxSAT), where (Φ, Φ0 ) ∈ M
if and only if Φ0 = Φ ∧ Cnew for Cnew ∈
/ Φ. Due to Lemma 2, ReM (MaxSAT)
admits a PTAS. Clearly, if Cnew contains new variables, the reoptimization is
trivial, so we focus on the case when Cnew contains only variables from Var (Φ).
The costs of optimal assignments: Opt to Φ and Opt0 to Φ0 differ at most
by one (the contribution of Cnew ). Hence, Opt as a solution to Φ0 has a cost
greater or equal to Opt0 − 1. To satisfy the second condition of the lemma, we
need to compute a best among the solutions with cost bounded by a constant
b in polynomial-time. To that end, we exhaustively search for at most b to
be satisfied clauses. For each choice of b 0 ≤ b clauses we verify if the selected
set of clauses is satisfiable. Note that b 0 variables suffices to satisfy b 0 clauses,
so the satisfying assignment, if it exists, can be found in polynomial time via
exhaustive search. The PTAS for ReM (MaxSAT) follows by Lemma 2.
Similarly, we obtain a PTAS for the following reoptimization problems:
• MaxSAT if the modification alters only a constant number of clauses
• MaxIndSet, MaxCli, MinVerCov and MinDomSet if the modification alters
a constant number of vertices/edges in the graph [18]
• MinSetCov if the modification alters a constant number of sets
• β-SMT under edge weight increase/decrease by a constant and changing
the status of a vertex [31] (see Chapter 4)
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5.2 Self-reducibility
In this section we describe the self-reduction method, which is the basis for the
reoptimization algorithms we propose further. Naturally, we need to characterize the problems to which the method applies. We propose self-reducibility as
the property characterizing the problems of interest. Self-reducibility is quite a
general concept capturing a wide range of various optimization problems. Next,
we describe this concept in more detail before introducing the method.
The concept of self-reducibility has been widely studied since it appeared in
1970 in a paper of Trakhtenbrot as auto-reducibility [91]. It explains why, for
many NPO problems, we can construct a recursive algorithm, which reduces
an input instance to a few smaller instances and calls itself on each of them.
Perhaps the best problem to explain what we have in mind is MaxSAT. For a
given a formula Φ on n variables, a feasible solution is a partial assignment that
assigns to each variable xi ∈ Var (Φ) either 0 or 1 or nothing. The reason why it
is convenient for us to allow partial assignments as feasible solutions will become
clear in Section 5.3. For a partial assignment Sol to Φ, we set cost(Φ, Sol) to
be the total number of clauses satisfied by Sol. The recursive algorithm assigns
values to the variables one by one, handling one variable in each recursive call.
It takes the first unassigned variable x1 ∈ Var (Φ) and sets x1 = 1. It then
reduces Φ to a smaller formula Φx1 =1 , the solutions for which are the partial
assignments on the remaining n − 1 variables. The reduced formula Φx1 =1 is
obtained by removing all the literals x1 and x1 and all the clauses containing
x1 from Φ. Clearly, |Φx1 =1 | < |Φ|. The algorithm calls itself recursively on
Φx1 =1 . It returns a partial assignment Solx1 =1 defined on the variables other
than x1 . We construct the first solution Sol by assigning 1 to x1 and the
values of Solx1 =1 to the other variables. Analogously we construct Φx1 =0 and
recursively obtain the solution Sol0 by expanding Solx1 =0 . Finally, we return
a better solution among Sol and Sol0 .
This algorithm finds an optimum for the following reasons. Firstly, it stops
after at most 2|Φ| recursive calls, as |Φx1 =j | < |Φ| and each full assignment
on a particular variable can only take two values: xi = 0 or xi = 1 (the
algorithm constructs a full assignment). Secondly, there is a one-to-one correspondence between feasible assignments to Φ setting x1 to 1 and the feasible
assignments to Φx1 =1 . In the other words, for any Φ and any singleton assignment x1 = j, j ∈ {0, 1}, there is a bijection Λ(Φ, x1 = 1, ·) that assigns a
feasible assignment Solx1 =1 for Φx1 =1 to the corresponding assignment Sol for
Φ. Observe, that cost(Φ, Sol) is equal to the number of removed clauses plus
cost(Φx1 =1 , Solx1 =1 ), so Λ preserves the order on the assignments induced by
their cost. We need that property to find an optimum.
We want to state the algorithm defined above more generally and define the
class of problems to which we can apply this algorithm. We assume that the
solutions to instances of NPO problems have a certain granularity, i.e., they are
composed of smaller pieces called atoms. In the above example with MaxSAT,
an atom is an assignment on a single variable, for example x1 = 1 or x1 = 0. We
denote the set of atoms of solutions to I by Atoms(I). We assume that the size
of Atoms(I) is polynomially bounded in size of I, i.e., |Atoms(I)| ≤ Poly(|I|). A
variety of definitions trying to capture the concept of self-reducibility appeared
in the literature. Vazirani [95] defines it in the following way.
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Definition 30. A problem Π is generally self-reducible if there is a polynomialtime algorithm, ∆, and a polynomial-time computable function Λ(·, ·, ·) satisfying the following conditions.
1. Given an instance I and an atom α of a solution to I, ∆ outputs an
instance Iα . We require that the size of Iα is smaller than the size of I, i.e.,
|Iα | < |I|. Let R(I|α) represent the set of feasible solutions to I that are
consistent with atom α. We require that the feasible solutions of Iα , R(Iα ),
are in one-to-one correspondence with R(I|α). This correspondence is
given by the polynomial-time computable function Λ(·, ·, ·) as Λ(I, α, ·) :
R(Iα ) 7→ R(I|α)
2. The correspondence Λ(I, α, ·) preserves the order in the objective function
values of solutions. Thus, if Sol01 , Sol02 ∈ R(Iα ) with cost Π (Iα , Sol01 ) ≤
cost Π (Iα , Sol02 ), and Λ(I, α, Sol01 ) = Sol1 and Λ(I, α, Sol02 ) = Sol2 ,
then cost Π (I, Sol1 ) ≤ cost Π (I, Sol2 ).
3. Given the cost of an optimal solution to Iα , the cost of the best solution
in R(I|α) can be computed efficiently.
The main motivation of studying generally self-reducible problems is that
they allow an exact recursive algorithm solving them, as listed in Algorithm 1.
The algorithm Branch takes as an input an instance I of a generally selfreducible problem Π. We assume that if we proceed reducing the instance (and
decreasing its size), at some point we obtain a trivial instance where an optimal
solution is empty (the latest when the size of the instance becomes 0). If the instance is trivial, Branch returns an empty set. Otherwise, Branch exhaustively
searches through Atoms(I) to find an atom that belongs to the optimal solution
to I. For each guess α ∈ Atoms(I) it takes, it reduces the instance using the
reduction function ∆ and finds the optimal solution Branch(Iα ) to the reduced
instance Iα recursively. It then uses the function Λ to compute the solution to
I corresponding to Branch(Iα ). Due to the second condition in Definition 30,
this gives the best solution to I containing α. Since the search goes through all
atoms α ∈ Atoms(I), and there is an atom α contained in an optimal solution
to I, in the end we find an overall optimal solution by choosing the best among
the computed solutions.
The running time of Algorithm 1 is bounded by |Atoms(I)||I| . It can be
often improved using some additional knowledge about the problem Π. Often
it is not necessary to search for the right atom through all atoms in Atoms(I).
For example, for MaxSAT we only had to check two atoms at each level of the
recursion, hence we could achieve the runtime of 2|I| .
Definition 30 is unfortunately too general for our purpose, so we will narrow
it down to make it easier to work with. First of all, we assume that the solutions
are sets of atoms and thus we interpret the statements Sol ∈ R(I|α) and
α ∈ Sol as equivalent.
The set of atoms of solutions to I is formally defined by
S
Atoms(I) = Sol∈R(I) Sol. Note, that Atoms(I) is entirely determined by the
set of feasible solutions for I. For a problem Π = (D, R,
S cost, goal ), the set of
all atoms in all instances of Π is denoted by Atoms Π = I∈D Atoms(I) and we
omit the index Π if it is clear from the context.
To use our techniques, one needs to estimate the costs of parts of a solution.
We assume that cost(I, A) is defined for any set of atoms A ⊆ Atoms(I). We
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Algorithm 1 Algorithm Branch
Input: Input instance I of a generally self-reducible problem Π
1: if I is trivial then
2:
return ∅
3: end if
4: if goal Π = max then
5:
initialize Opt with cost 0
6: else
7:
initialize Opt with cost ∞
8: end if
9: for all α ∈ Atoms(I) do
10:
Iα := ∆(I, α)
11:
Opt := better among Λ(I, α, Branch(Iα )) and Opt
12: end for
Output: Opt

extend the function cost(I, ·) to any set of atoms in Atoms Π so that the atoms
do not contribute unless they are valid atoms to I. More formally, we denote
A ∩ Atoms(I) by [A]I and set cost(I, A) = cost(I, [A]I ). We assume, that we
can extract [A]I from A in polynomial time, i.e., we can recognize which atoms
are the atoms of I for any problem instance I. We end our wish list with two
more assumptions that follow. We impose a special form of correspondence Λ,
i.e. a solution to the reduced instance corresponds to the union of itself and the
set containing the atom used for the reduction. Clearly, the cost should carry
over accordingly. We phrase it formally as a definition.
Definition 31. We will say that a problem Π is self-reducible if there is a
polynomial-time algorithm, ∆, satisfying the following conditions.
1. Given an instance I and an atom α of a solution to I, ∆ outputs an
instance Iα . We require that the size of Iα is smaller than the size of
I, i.e., |Iα | < |I|. Let R(I|α) represent the set of feasible solutions to
I containing atom α. We require that every solution Sol of Iα , i.e.,
Sol ∈ R(Iα ), has a corresponding solution Sol ∪ {α} ∈ R(I|α) and that
this correspondence is one-to-one.
2. For any set A⊆ Solα ∈ R(Iα ) it holds that cost(I, A∪{α})) = cost(I, α)+
cost(Iα , A).
Note that the conditions in Definition 31 imply the conditions in Definition 30. Throughout this thesis, we adopt Definition 31. The long list of
problems which are self-reducible in this way (considered in this chapter and
Chapters 6 and 8) confirms that this restriction is not only convenient, but also
reasonable. We illustrate Definition 31 with a few examples. For the problem
definitions, we refer to the compendium in Chapter 3.
Example 5.2.1. The Weighted Maximum Independent Set problem
(wMaxIndSet):
For a given input instance G = (V, E, c) of wMaxIndSet, the set R(G) of feasible
solutions contains all sets of vertices that are independent in G: Sol ∈ R(G) ⇔
(Sol ⊆ V (G) and Sol is independent in G). The set of atoms for G, according
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to the definition, is the union of atoms over all the solutions in R(G). Since
any vertex in V (G) is in some independent set, we get Atoms(G) = V (G).
Given a set ofP
atoms A ⊆ Atoms(G) (not necessarily independent in G), we set
cost(G, A) = v∈A c(v). We argue next that this representation of wMaxIndSet
is self-reducible. The reduction algorithm ∆ on G and v ∈ Atoms(G) returns
a graph Gv , obtained by removing v and its neighborhood from G: ∆(G, v) =
G−ΓG (v). Clearly, any solution Solv to Gv maps to the solution to G given by
Sol = Solv ∪ {v}. Clearly, cost(G, Sol) = cost(Gv , Solv ) + c(v). Hence the
conditions of Definition 31 are satisfied.
Example 5.2.2. The Weighted Maximum Satisfiability (wMaxSAT):
For a given instance I = (Φ, c), the set of feasible solutions R(I) contains truth
assignments on the subsets of variables. A feasible truth assignment, as already
described at the beginning of Section 5.2, assigns either 0 or 1 but not both to
each variable in some set X ⊆ Var (Φ). We represent such assignment as a set
of pairs in X × {0, 1}. For example, an assignment that assigns 1 to x1 and 0 to
x2 is represented as {(x1 , 1), (x2 , 0)}. Such representation determines the set of
atoms for an instance (Φ, c) as Atoms((Φ, c)) = Var (Φ) × {0,
P1}. The cost of a
subset of atoms A ⊆ Atoms((Φ, c)) is then cost((Φ, c), A) = C ∈Sats(Φ,A) c(C ).
The reduction algorithm ∆ on atom (x, i), i ∈ {0, 1}, returns the instance
(Φ(x,i) , c) obtained by removing all literals x and x̄ and all clauses containing
x from Φ. Now to comply with the definition of self-reducibility we introduced
(Definition 31), we need to define the set of feasible solutions to (Φ(x,i) , c) as
partial assignments on the remaining variables Var (Φ)\{x}. Hence, even though
the reduction function ∆ may remove all the clauses with some other variable
y ∈ Var (Φ)\{x}, the feasible assignments to (Φ(x,i) , c) are still allowed to assign
values to y. In that case, clearly, cost((Φ(x,i) , c), {y}) = 0. Then, every solution
Sol(x,i) feasible for (Φ(x,i) , c) corresponds to Sol(x,i) ∪{(x, i)} feasible for (Φ, c).
Clearly, cost((Φ, c), Sol) = c(Sats(Φ, {(x, i)})) + cost((Φ(x,i) , c), Sol(x,i) ), so
the conditions in Definition 31 hold.
Example 5.2.3. The Minimum Steiner Tree (SMT):
For a given instance (G, S ), the feasible solutions in R((G, S )) are the subgraphs
of G spanning S . We represent solutions as sets of edges, i.e., Sol ⊆ E(G) is
a feasible solution to (G, S ) if the edges in Sol span S . This determines the
set of atoms: Atoms((G, S )) = E(G). The cost functionP
is defined as the
sum of costs of edges in the solution: cost((G, S ), Sol) = e∈Sol c(e). The
reduction function ∆((G, S ), e) contracts edge e to a vertex and includes that
vertex in the terminal set. Clearly, this might create parallel edges and selfloops. Nevertheless, any solution Sole ∈ R(∆((G, S ), e)) spans S and the
vertex corresponding to e in the contracted graph. Moreover, all edges of Sole
are edges in G. As a set of edges in G, Sole forms two connected components
attached to the endpoints of e, and the component Sole ∪ {e} spans S in G.
Example 5.2.4. The Traveling Salesman with required edges (ReqTSP):
For a given instance (G, R), the feasible solutions are Hamiltonian cycles in G
containing all the edges in R. This determines the set of atoms: Atoms((G, R)) =
E(G). The cost function is, as in the previous example,
defined as the sum of
P
costs of edges in the solution: cost((G, R), Sol) = e∈Sol c(e). The reduction
function ∆((G, R), e) reduces the cost c(e) to 0 and includes e in R. In this
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case, the correspondence function is identity. It is easy to find out that the
conditions in Definition 31 hold.
Example 5.2.5. The Maximum Cut with required edges (ReqMaxCut):
Analogously to Example 5.2.4.

At this point, after we introduced all the above examples of self-reducible
problems, it is worth to note which problems do not appear to be self-reducible.
A good candidate for a problem that is not self-reducible according to our definition is the Metric Traveling Salesman (MetricTSP) problem. Even if we allow
the required edges, the reduction as in Example 5.2.4 does not preserve the
metricity of the graph. In Chapter 7, we elaborate on non-self-reducibility of
the Shortest Common Super-string problem. The troubles with self-reducing
some problems, however, are the result of our somewhat restrictive definition.
The most general self-reducibility definition we are aware of is that a problem
in NP is self-reducible if for each instance we can find a certificate (if exists)
using the oracle for the decision version of the problem. According to this definition, all problems in NP-complete are self-reducible, due to self-reducibility of
the Satisfiability problem. This definition, however, is too general for our purposes. It would be interesting to find a more general than ours self-reducibility
definition, under which the scheme we introduce below still works.
The scheme we want to introduce is based on a trick which improves the
approximation ratio of a self-reducible optimization problem if every problem
instance admits an optimal solution containing an expensive atom. In essence,
we ”guess” the expensive atom by exhaustively searching through all atoms. For
each guess we make, we reduce the instance using the guessed atom, approximate
the solution of a reduced instance and add the missing atom. We refer to this
routine as SAlg . The pseudo-code is shown in Algorithm 2. Algorithm SAlg
computes a solution for a problem Π using any approximation algorithm Alg
for Π as a subroutine. Observe that, if |Atoms(I)| is bounded from above by a
polynomial in |I| and Alg runs in polynomial time, then SAlg runs in polynomial
time as well.
Algorithm 2 Algorithm SAlg employing an approximation algorithm Alg
Input: Input instance I
1: for all α ∈ Atoms(I) do
2:
Sol(α) := Alg(∆(I, α))
3: end for
Output: the best among Sol(α) ∪ {α}

The next lemma and corollary shows how much we can gain by using SAlg
compared to using Alg only.
Lemma 3. If Π = (D, R, cost, goal ) is self-reducible and Alg is a σ-approximation
algorithm for Π, then, for every Sol ∈ R(I) and every atom γ ∈ Sol, the following holds:
cost(I, SAlg (I))  σcost(I, Sol) − (σ − 1)cost(I, γ)
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Proof. Fix Sol ∈ R(I) and γ ∈ Sol. The algorithm returns Sol(α) ∪ {α} for
some atom α which gives the best cost. This solution is feasible for I due to
the first condition in Definition 31. Further, since Sol ∈ R(I|γ), there is Solγ
such that Sol = Solγ ∪ {γ}. The estimation of cost(I, SAlg (I)) follows:
cost(I, SAlg (I)) = cost(I, Sol(α) ∪ {α})

 cost(I, Sol(γ) ∪ {γ})
= cost(I, γ) + cost(Iγ , Sol(γ))
 cost(I, γ) + σcost(Iγ , Solγ )

= cost(I, γ) + σ(cost(I, Sol) − cost(I, γ))
= σcost(I, Sol) − (σ − 1)cost(I, γ)

Corollary 1. If, in any optimal solution to every instance I, there is an atom
α with cost(I, α)  δOptcost(I), then SAlg is a σ − δ(σ − 1)-approximation.
We generalize algorithm SAlg to give an analogous result for instances with
optimas containing a set of b atoms of large cost. This time, instead of iterating
through atoms, we iterate through all subsets of atoms of size b. Note that,
similarly as in S, the point of iterating through all sets of b atoms is to hit the
”right” set of atoms (that we need for analysis). We often refer to such iteration
b
as ”guessing” the set of atoms. The resulting algorithm SAlg
is presented in
Algorithm 3.
b
Algorithm 3 Algorithm SAlg
employing an approximation algorithm Alg

Input: Input instance I of a self-reducible problem Π
1: for all {α1 , . . . , αb } ⊆ Atoms(I) do
2:
I0 := I
3:
for j := 1 . . . b do
4:
if αj ∈ Atoms(Ij−1 ) then Ij := ∆(Ij−1 , αj ) else continue
5:
end for
g := Alg(Ib ) ∪ {α1 , . . . , αb }
6:
Sol
7: end for
g over all considered {α1 , . . . , αb } ⊆ Atoms(I)
Output: the best feasible Sol

Note that if {α1 , . . . , αb } is a subset of atoms of a feasible solution Sol =
{α1 , . . . , αb } ∪ Sol0 to instance I, then, due to Definition 31, Sol corresponds
to a solution Solα1 to instance I1 = ∆(I, α1 ) such that Sol = Solα1 ∪ {α1 }.
Thus all atoms of Sol, except of possibly α1 , are contained in Solα1 ∈ R(Iα1 ).
Hence, we can reduce I1 further using α2 as a reduction atom. The argument
b
then carries on to all the instances constructed by SAlg
. The ”if” assertion
in the pseudo-code is needed only if the set {α1 , . . . , αb } cannot be expanded
to a feasible solution. The sequence of instances and solutions constructed by
b
b
SAlg
is presented in Figure 5.1. The algorithm SAlg
runs in time b(Time(∆) +
1)|Atoms(I)|b , so it is a polynomial time algorithm if b is constant.
b
Let us illustrate SAlg
on the example of the Weighted Maximum Satisfiability
b
problem (see Example 5.2.2). The algorithm SAlg
takes as an input a formula
Φ with a cost function on the set of clauses c. The atoms, as described in
Example 5.2.2, are all the pairs (xi , j), where xi ∈ Var (Φ) and j ∈ {0, 1}. The
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algorithm chooses a subset of b atoms {(xi1 , j1 ), . . . , (xib , jb )} and reduces Φ
using these atoms. If the chosen set of atoms is a subset of a feasible solution,
b
then SAlg
reduces Φ b times ending with Φ(xi1 ,j1 )...(xib ,jb ) . It then applies an
approximation algorithm Alg to this formula and obtains an assignment on
g feasible to Φ by expanding
Var (Φ)\{xi1 , . . . , xib }. It constructs the solution Sol
the obtained assignment with the set {(xi1 , j1 ), . . . , (xib , jb )}. It then chooses
the best among the constructed solutions.
g
g
SOL
1 = SOL2 ∪ {α1 }

I
∆(I, α1)
I1

g
Λ(I, α1, SOL
2)

g
g
SOL
2 = SOL3 ∪ {α2 }

∆(I, α2)

Ib−2
∆(Ib−2, αb−1)
Ib−1
∆(Ib−1, αb)
Ib

g
g
SOL
b−1 = SOLb ∪ {αb−1 }

g
Λ(Ib−2, αb−1, SOL
b)

g
g
SOL
b = SOLb+1 ∪ {αb }

g
Λ(Ib−1, αb, SOL
b+1 )

g
SOL
b+1

b
Figure 5.1: Reduction path computed by Algorithm SAlg
b
In the next lemma we analyze the cost of the solution computed by SAlg
.

Lemma 4. If Π = (D, R, cost, goal ) is self-reducible and Alg is a σ-approximation

algorithm for Π then, for every Sol ∈ R(I) and every set A ⊆ Sol
[b] ,
b
cost(I, SAlg
(I))  σcost(I, Sol) − (σ − 1)cost(I, A)

Proof. We obtain inductively feasible solutions to the sequence of reduced instances:
g b+1 := Alg(Ib ) is a feasible solution to Ib = ∆(Ib−1 , αb )
Sol
g b−j := Λ(Ib−j , αb−j , Sol
g b−j+1 ) = Sol
g b−j+1 ∪ {αb−j }
Sol
is a feasible solution to

Ib−(j+1) = ∆(Ib−(j+2) , αb−(j+1) ), j = 0 . . . b − 1

g 1 is a feasible solution to Ib−b = I
Sol

Fix A as in the claim of the lemma. Definition 31 implies the following estimation of the cost of the output.
b
g 1 )  cost(I, Sol
g 2 ∪ {α1 })
cost(I, SAlg
(I))  cost(I, Sol

g 2)  · · · 
= cost(I, α1 ) + cost(I1 , Sol

b
X
j=1

g b+1 )
cost(Ij−1 , αj ) + cost(Ib , Sol

Now let Sol0 := Sol and Solj+1 be the solution for Ij+1 which satisfies
Solj = Λ(Ij+1 , αj+1 , Solj+1 ) = Solj+1 ∪ {αj+1 } for j := 1 . . . b. We con32
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tinue our estimation of the cost. Based on the second condition of Definig b+1 is a σ-approximation the following holds.
tion 31 and the fact that Sol
b
cost(I, SAlg
(I))  cost(I, A) + σcost(Ib , Solb )

= cost(I, A) + σ(cost(Ib−1 , Solb−1 ) − cost(Ib−1 , αb ))

= . . . = cost(I, A) + σ(cost(I, Sol) −

b
X

cost(Ij−1 , αj ))

j=1

= cost(I, A) + σ(cost(I, Sol) − cost(I, A))
In the next corollary, we state what the lemma above gives us, if an optimum
contains an expensive set of atoms.
Corollary 2. If, for every instance I, any optimal solution contains a set
b
A of b atoms with cost(I, A)  δOptcost(I), then SAlg
is a (σ − δ(σ − 1))approximation.
b
Corollary 2 follows from the fact, that SAlg
guesses A. We further generalize
this result to the case when an optimum contains an expensive set of at most b
atoms.

Corollary 3. If, for every instance I, any optimal solution contains a set A
of at most b atoms with cost(I, A)  δOptcost(I), then the algorithm returning
b0
the best among {SAlg
(I)}b 0 ∈{1...b} is a (σ − δ(σ − 1))-approximation.
In what follows, we generalize the idea even further by introducing the concept of guessable sets. To clarify what we have in mind we give an example first.
An optimal solution to an instance of a self-reducible problem is a guessable set:
the recursive algorithm Branch (see Algorithm 1) guesses the optimum in time
|Atoms(I)||I| by searching for it exhaustively. Since we are mostly interested in
polynomial-time algorithms, we do not want to spend that much time on guessing. Sometimes however, due to some additional knowledge, we can guarantee
the existence of a subset of atoms with some important property which can be
b
guessed faster. We saw above that SAlg
guesses a set of size b in a polynomial
time if b is constant.
In general, we say that a set of atoms A ⊆ Sol ∈ R(I) is F(n)-guessable
for some instance I of a self-reducible problem Π, |I| = n, if we can determine
a set G with |G| ∈O(F(n)) such that A ∈ G. We then call G a set of guesses
for A. Guessing A boils down to an exhaustive search through G. For example,
any subset A of Atoms(I) of size bounded by b is Poly(n)b -guessable, because
we can define G as all subsets of b atoms. Thus, A is Poly(n)-guessable if b is
constant (recall that we assume that |Atoms(I)| ≤ Poly(n)). Let us illustrate
this idea with one more example. Imagine that for an instance of a Vertex
Cover Problem we can guarantee somehow that there is an optimum Opt which
does not contain a certain vertex v whose neighborhood is expensive. Then
ΓG (v) ⊆ Opt. Note that ΓG (v) is O(|V (G)|)-guessable, because there is only
|V (G)| possible neighborhoods of a vertex. The set G is then defined as G =
S
v∈V (G) {ΓG (v)}.
b
We modify SAlg
to handle guessable sets. Let G be the set of valid guesses
G
b
in all but
for a set of atoms. The modified algorithm SAlg
runs exactly as SAlg
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G
the first step, where SAlg
runs through all sets A ∈ G instead of A ∈
The same analysis brings us to Corollary 4.



Atoms(I)
[b]

.

Corollary 4. If Π = (D, R, cost, goal ) is a self-reducible problem and Alg is
a σ-approximation algorithm for Π then, for every Sol ∈ R(I) and every set
A ⊆ Sol such that A ∈ G,
G
cost(I, SAlg
(I))  σcost(I, Sol) − (σ − 1)cost(I, A)
G
If A is F(n)-guessable, or equivalently |G| ∈ O(F(n)), then SAlg
runs in time
O(F(n)·Time(Alg))

We conclude this section with the following, important corollary.
Corollary 5. If, for any instance I, an optimal solution contains a guessable
G
set of atoms A with cost(I, A)  δOptcost(I), then SAlg
is a (σ − δ(σ − 1))approximation.

5.3 Modifications
G
The main problem with the algorithm SAlg
introduced in the previous section
is that it does not help if the optima do not contain an efficiently guessable
expensive set of atoms. Here, the reoptimization comes into play. Knowing the
solution to a similar problem instance, we can construct a greedy solution which
G
is an alternative to the solution computed by SAlg
. Luckily, the bad instances
G
for SAlg are exactly the good instances for the greedy algorithm.
For the remainder of this section, let Π = (D, R, cost, goal ) be a self-reducible
optimization problem and ReρM (Π) be the corresponding reoptimization problem. Recall that an input instance to the reoptimization problem is a triple
(I, I 0 , Sol) where I, I 0 ∈ D are instances of Π, Sol ∈ R(I) is a ρ-approximate
feasible solution to I and (I, I 0 ) ∈ M, where M is a binary relation describing
the way I can be modified into I 0 . Also, for the remainder of this section, let
Alg be a σ-approximation algorithm for Π.
The greedy algorithm depends on the type of modification. For example, if
the input solution Sol happens to be feasible to the modified instance I 0 , we
can use it as the greedy solution. Otherwise, we have to modify Sol to make it
feasible to I 0 . We discuss these issues in detail in this section. We classify four
types of local modifications by a combination of two classification criteria and
provide general approximation algorithms for three of the classified types. We
end the section arguing that the fourth type is in principle hopeless to reoptimize. The first classification criterion describes in which way the modification
preserves feasibility. For the so called progressing modifications, feasible solutions to the original instance I remain feasible to the modified instance I 0 .
For example, after removing an edge from a graph, independent sets remain
independent. This is not the case when adding an edge. Then, however, an
independent set in the modified instance I 0 is also independent in the original
instance I. The latter is how we define regressing modifications.
Once we figured out if the modification is progressing or regressing, we can
use the solutions to one of the input instances as the solutions to the other
one. Unfortunately, it does not work in the opposite direction. Hence our
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Modification
Progressing
Regressing
Subtractive Additive Subtractive Additive
1
2σ−1
2σ−1
σ
2−σ
σ
σ
Table 5.1: Different types of local modifications with the corresponding approximation ratios for ReM (Π)

second classification criterion describes how to modify a solution to this other
instance in order to make it feasible for the instance it is not feasible for. As
a result, both types of modification: progressing and regressing subdivide into
two further types: subtractive and additive. They strictly correspond to whether
the problem is a maximization or a minimization problem. The classification is
shown in Table 5.1.
The feasibility preservation has been observed before on a general level,
mainly with respect to hereditary problems [50]. As described in Chapter 4, a
hereditary problem, given a vertex weighted graph as input, asks for a maximum
induced subgraph satisfying a certain hereditary property. A graph property is
hereditary if, once satisfied by some graph, is also satisfied by any induced
subgraph of that graph. Consider the modification of adding a vertex to the
graph. Let the initial graph be G and the modified graph be G0 , where G =
G0 − v. Clearly, any solution feasible for G is feasible for G0 too. We would
classify it as a progressing modification. Now note that a solution in G0 is either
feasible for G or it contains v. In the later case, if Sol0 is a solution feasible
for G0 containing v, then Sol0 − v is feasible for G due to heredity. We would
classify therefore this modification as subtractive.
In what follows we introduce the formal setting. For our approximation algorithms to work, feasibility preservation must be accompanied by cost preservation. We start with a few definitions that let us preserve the cost of feasible
solutions in a convenient way.
Definition 32. We say that a cost function cost is:
1. pseudo-additive if the sum of the costs of two sets of atoms is greater or
equal than the cost of the union of the sets. Formally,
for any A1 , A2 ⊆ Atoms(I) such that A1 ∩ A2 = ∅, it holds that

cost(I, A1 ∪ A2 ) ≤ cost(I, A1 ) + cost(I, A2 )

and, if A1 ⊆ A2 , then cost(I, A1 ) ≤ cost(I, A2 ),
2. additive if the cost of a set of atoms is the sum of the measures of its
disjoint subsets. Formally,
for any A1 , A2 ⊆ Atoms(I) such that A1 ∩ A2 = ∅, it holds that

cost(I, A1 ∪ A2 ) = cost(I, A1 ) + cost(I, A2 ).

Note that, if the cost is pseudo-additive (Definition 32.1), then, for any
A1 , A2 ⊆ Atoms(I) it holds that cost(I, A1 ∪ A2 ) ≤ cost(I, A1 ) + cost(I, A2 ).
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Note also that if a cost function is additive (Definition 32.2), then it is pseudoadditive and A1 ⊆ A2 implies cost(I, A1 ) ≤ cost(I, A2 ). An example of a
problem with a pseudo-additive but non-additive cost function is every variation
of the Maximum Satisfiability problem.
We continue with defining a few basic properties of a modification M with
respect to the cost function.
Definition 33. A modification M is cost-preserving if, for all (I, I 0 ) ∈ M and
all Sol ∈ R(I), it holds that cost(I, Sol)  cost(I 0 , Sol).

Definition 34. A modification M is reversely cost-preserving if, for all (I, I 0 ) ∈
M and all Sol0 ∈ R(I 0 ), it holds that cost(I 0 , Sol0 )  cost(I, Sol0 ).
We are now ready to present our classification. We distinguish four types
of local modifications: two general types progressing and regressing and two
subtypes for each of the general types.
Definition 35. A modification M is:
1. progressing if feasible solutions to the original instance I are feasible also
to the modified instance: for every pair (I, I 0 ) ∈ M,
[R(I)]I 0 ⊆ R(I 0 ),
2. regressing if feasible solutions to the modified instance I 0 remain feasible
for the original instance I: for every (I, I 0 ) ∈ M,
[R(I 0 )]I ⊆ R(I).
Definition 36. A progressing modification M is:
1. subtractive (in maximization problems) if there is an optimal solution to
the modified instance I 0 which, after removing a part of it, becomes feasible
for I and not less valuable :
∃Opt0
∃A0

∈
⊆

Optima(I 0 )
Opt0

Opt0 \ A0 ∈ R(I)
cost(I, Opt0 \ A0 ) ≥ cost(I 0 , Opt0 \ A0 ),

2. additive (in minimization problems) if, for every optimal solution Opt to
the original instance I, there is an optimal solution Opt0 to the modified
instance I 0 such that one can be transformed into the other as follows
(a) Opt0 (minus possibly some atoms) becomes feasible to I after adding
to it a part of Opt
(b) If we remove this part from Opt, it may not be feasible anymore. It
becomes feasible to I 0 after adding a part of Opt0 . Formally:
∀Opt ∈ Optima(I)
∃Opt0 ∈ Optima(I 0 )
∃A ⊆ Opt
∃A0 , A00 ⊆ Opt0
Opt0 \ A00 ∪ A ∈ R(I)
cost(I, Opt0 \ A00 ∪ A) ≤ cost(I 0 , Opt0 \ A00 ∪ A)
(Opt \ A) ∪ A0 ∈ R(I 0 ).
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We illustrate Definition 36 in Figure 5.2. We then move to general approximation algorithms for the defined types of modifications. The theorems that
follow prove the approximation ratios of the respective general algorithms. We
first state the theorems under the assumption that an optimum is given in the
input and then generalize them to the case when an approximate solution is
given in the input.
R(I 0)

OP T 0

R(I 0)

OP T 0

A0

A0
OP T \ A ∪ A0

R(I)

R(I)
0

0

OP T \ A

OP T 0 ∪ A
A
A0
OP T

Figure 5.2: Progressing subtractive modification (to the left) and progressing
additive modification when A00 = ∅ (to the right)
Theorem 1. Let cost be pseudo-additive, M be cost preserving and progress1
ing subtractive and let A0 be as in Definition 36.1. Then, there is a 2−σ
approximation algorithm for ReM (Π) that runs in time O(F(n) · Time(Alg))
if A0 is F(n)-guessable.
Proof. Let (I, I 0 , Opt) be an input instance in DRe1M (Π) . The approximation
G
(I 0 ). Because M
algorithm for Re1M (Π) returns the better one of Opt and SAlg
0
0
is progressing, Opt ∈ R(I ). Let Opt be an optimal solution for I 0 . Then
 
cost(I 0 , Opt)
≥
cost(I, Opt)
5.1 

cost pres.
 
≥
cost(I, Opt0 \ A0 )
5.2 
prog. subt., optimality
 
≥
cost(I 0 , Opt0 \ A0 )
5.3 
prog. subt.
 
≥
cost(I 0 , Opt0 ) − cost(I 0 , A0 ). 5.4 
ps. add.
On the other hand, by Lemma 3,
G
cost(I 0 , SAlg
(I 0 )) ≥ σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , A0 ).

Simple calculation shows that at least one of the two provided solutions gives a
1
2−σ approximation ratio.
Below we propose a few generalizations of Theorem 1. First of all, note that
among the Inequalities (5.1-5.4) only Inequality 5.4 is crucial for the theorem
to hold. Hence,
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Remark 1. if we are able by some means to obtain a solution of cost bounded
from below as Inequality 5.4 dictates, then the claim of Theorem 1 holds.
We next show how to generalize Theorem 1 to the case, when we can guess a
larger part of Opt0 than the part that we need for estimating the cost of Opt.
Definition 37. A progressing modification is α-subtractive, α ≤ 1, if
∃Opt0
∃A0
∃A00

∈ Optima(I 0 )
⊆ Opt0
⊆ A0

Opt0 \ A00 ∈ R(I)
cost(I, Opt0 \ A00 ) ≥ cost(I 0 , Opt0 \ A00 )
cost(I 0 , A00 ) ≤ αcost(I 0 , A0 )

Note, that a 1-progressing subtractive modification is simply a progressive subtractive modification from Definition 36.1.
Corollary 6. Let cost be pseudo-additive, M be cost-preserving and α-progressing
subtractive and let A0 be as in Definition 37. Then, there is a 1−σ(1−α)
1−σ+α approximation algorithm for ReM (Π) that runs in time O(F(n) · Time(Alg))
if A0 is F(n)-guessable.
Proof. Analogous to the proof of Theorem 1. In Inequality 5.2 we substitute A0
with A00 . Inequality 5.4 gives then
cost(I 0 , Opt) ≥ cost(I 0 , Opt0 ) − cost(I 0 , A00 ).
Using the fact that
cost(I 0 , A00 ) ≤ αcost(I 0 , A0 ),

we obtain a lower bound on cost(I 0 , Opt) given by

cost(I 0 , Opt) ≥ cost(I 0 , Opt0 ) − αcost(I 0 , A0 ).
G
The alternative solution, SAlg
(I 0 ), by Lemma 3 satisfies
G
cost(I 0 , SAlg
(I 0 )) ≥ σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , A0 ).

Again simple calculation lead to the approximation ratio as claimed.
Corollary 7. Let the assumptions be as in Corollary 6. Then, there is a
ρ
ρ 1−σ(1−α)
1−σ+αρ -approximation algorithm for ReM (Π), that runs in time O(F(n) ·
0
Time(Alg)) if A is F(n)-guessable.
Proof. Plug in a multiplicative factor of ρ in Inequality 5.2. The rest of the
proof is analogous to the proof of Corollary 7.
Example. We illustrate this result with the example of wMax-k-SAT under
clause addition: ReρM (wMax-k-SAT) where (Φ, Φ0 ) ∈ M if and only if Φ0 =
Φ ∧ Cnew for Cnew ∈
/ C(Φ). Recall that solutions to Φ are partial assignments
and the cost function is defined as the
P sum of costs of the clauses satisfied by
the assignment, so cost(Φ, Sol) = C ∈Sats(Sol) c(C ). Observe that the cost
function is pseudo-additive (as in Definition 32). Since Var (Φ) ⊆ Var (Φ0 ), a
feasible assignment to Φ is feasible to Φ0 , and its cost does not decrease, hence
M is progressive and cost-preserving (as in Definitions 35 and 33). To prove
that it is also additive, let A0 be the set of atoms in Opt0 that satisfy Cnew ,
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i.e., the atoms of form (x, 1) for x ∈ Cnew and (x, 0) for x ∈ Cnew . Clearly,
|A0 | ≤ k, so |A0 | is nk -guessable if n is the size of the instance. The conditions
of Definition 36.1 are satisfied, as Opt0 \ A0 is feasible to Φ and its cost is the
same with respect to both Φ0 and Φ. Thus, Corollary 7 applies with α = 1 and
ρ
-approximation algorithm that runs in polynomial time if k
we obtain a 1−σ+ρ
is constant. For instance, for ReM (wMax-3-SAT) this gives an approximation
ratio of 0.83, whereas wMax-3-SAT admits an approximation ratio of 0.8. As a
matter of fact, following Remark 1 we can apply our algorithm to the wMaxSAT
problem under addition of a clause as well. It suffices to observe that, for any
atom xi = j ∈ Opt0 satisfying Cnew , it holds that
cost(I 0 , Opt) ≥ cost(I 0 , Opt0 ) − c(Cnew ) = cost(I 0 , Opt0 ) − cost(I 0 , {xi = j}).
In Table 5.2 we list the problems, where Theorem 1 directly applies.
Problem

Knapsack

Modification
edge removal
vertex addition
edge addition
vertex addition
clause addition
addition of a variable to arbitrary
number of clauses
item addition

ReqMaxCut

edge cost increase

wMaxIndSet
wMaxCli
wMax-k-SAT, const. k
wMaxSAT

Remarks
see Example 5.2.1,Page 28
for self-reducibility
analogous to wMaxIndSet
see Example 5.2.2,Page 29
for self-reducibility
the approximation results
in [2] follow
see Example 5.2.5,Page 30
for self-reducibility; implies approximation algorithm for MaxCut under
edge cost increase with the
same ratio

Table 5.2: Some reoptimization problems where Theorem 1 applies.
Theorem 2. Let cost be additive, M be cost preserving and progressing additive and A, A0 be as in Definition 36.2. Then there is a 2σ−1
σ -approximation
algorithm for ReM (Π) that runs in time O(F(n) · Time(Alg)) if A and A0 are
F(n)-guessable.
Proof. Let Opt and Opt0 be the optima of I and I 0 . The algorithm computes
G
two solutions: (Opt \ A) ∪ A0 and SAlg
(I 0 ) and returns the better one. Let us
0
first estimate the cost of (Opt \ A) ∪ A .
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cost(I 0 , (Opt \ A) ∪ A0 )
≤

cost(I 0 , Opt \ A) + cost(I 0 , A0 )

additivity

≤

cost(I 0 , Opt) − cost(I 0 , A) + cost(I 0 , A0 )

≤

cost(I, Opt) − cost(I 0 , A) + cost(I 0 , A0 )

optimality

≤

cost(I, (Opt0 \ A00 ) ∪ A) − cost(I 0 , A) + cost(I 0 , A0 )

≤

cost(I 0 , (Opt0 \ A00 ) ∪ A) − cost(I 0 , A) + cost(I 0 , A0 )

≤

cost(I 0 , Opt0 ) + cost(I 0 , A0 ).

ps. add.

cost pres.

additivity
ps. add.

On the other hand,
G
cost(I 0 , SAlg
(I 0 )) ≤ σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , A0 ).

Putting the inequalities together gives the desired result.
Note that, analogously as in Remark 1 under the Theorem 1, any greedy
solution with an upper bound of cost(I 0 , Opt0 ) + cost(I 0 , A0 ) on its cost gives
us an approximation algorithm as in the statement of Theorem 2.
Remark 2. Theorem 2 does not generalize to the case when an approximate
solution is given as a part of the input, see Section 6.4.2.
Example 5.3.1. We illustrate Theorem 2 on the example of the Weighted
Minimum Vertex Cover problem under edge removal, i. e., ReM (wMinVerCov),
where (G, G0 ) ∈ M if and only if V (G) = V (G0 ) and E(G0 ) = E(G) \ {e} for
some e ∈ E(G). For an instance G of wMinVerCov, a feasible solution is a set of
vertices Sol ⊆ V covering all the edges in G. This definesP
the set of atoms of G
as Atoms(G) = V (G). The cost function cost(G, Sol) = v∈Sol c(v) is clearly
additive. The self-reducibility manifests itself with the reduction function ∆
which removes a vertex from the graph together with the adjacent (covered)
edges: ∆(G, v) = G − v. A vertex cover remains feasible when an edge is
removed from the graph, hence M is progressing. The cost of any set of vertices
is the same for G and G0 , hence M is cost-preserving. Let Opt be an optimal
solution for the original graph and Opt0 for the modified graph. We expose the
sets A,A0 and A00 = ∅ satisfying Definition 36.2. Adding any endpoint of the
removed edge e to Opt0 makes it feasible for the original instance, as it covers
e. One of the endpoints of e however, say v, must be in Opt. We set A = {v}.
Observe that v ∈
/ Opt0 implies ΓG (v)⊆ Opt0 and set A0 = ΓG (v) to be the
second augmenting set. Since both A and A0 are Poly(n)-guessable, there is a
polynomial time 1.5-approximation algorithm for this variant of wMinVerCov
reoptimization by Theorem 2 (the approximation ratio for wMinVerCov is σ = 2
[11]).
The progressing additive modifications provide a wide variety of non-trivial
reoptimization problems. Typically it is easy to guess the set A (from Definition
36.2 ), but it is difficult to guess A0 in polynomial time. Due to this difficulty, for
instance, the Weighted Minimum Dominating Set problem under edge addition
and the Weighted Minimum Set Cover problem under insertion of an element
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to a set are provably as hard to approximate as their optimization versions
(see Chapter 6 and [18]). Observe, however, that reducing modifications give a
valuable upper bound of Optcost(I 0 ) on the cost of Opt \ A in I 0 . Since
cost(I 0 , Opt) ≤ cost(I, Opt) ≤ cost(I, (Opt0 \ A00 ) ∪ A)

≤ cost(I 0 , (Opt0 \ A00 ) ∪ A) ≤ cost(I 0 , Opt0 ) + cost(I 0 , A),
it holds that
cost(I 0 , Opt \ A) = cost(I 0 , Opt) − cost(I 0 , A) ≤ cost(I 0 , Opt0 ).
Hence, if Opt\A were feasible, it would be optimal in I 0 . Reoptimization of this
modification boils down to efficiently adding a set of atoms that make Opt \ A
feasible for I 0 and providing a good bound on the cost of these atoms. A good
example here is the Minimum Steiner Tree problem under turning a terminal
into a non-terminal which we will study in Chapter 8.
Definition 38. A regressing modification M is
1. additive (in minimization problems) if every feasible solution (possibly
without some atoms) of the original instance I becomes feasible by adding
a part of an optimal solution for the modified instance I 0 :
∀Sol
∃Opt0
∃A
∃A0

∈ R(I)
∈ Optima(I 0 )
⊆ Sol
⊆ Opt0

(Sol \ A) ∪ A0 ∈ R(I 0 )
cost(I 0 , Sol \ A) ≤ cost(I, Sol \ A)

2. subtractive (in maximization problems) if any solution of the original instance I becomes feasible to I 0 after removing a set of atoms:
∀Sol ∈ R(I)∃A ⊆ Sol : Sol \ A ∈ R(I 0 )
Theorem 3. Let cost be pseudo-additive, M be reversely cost-preserving (as in
Definitions 33 and 34) and regressing additive, and A0 be as in Definition 38.1.
Then there is a 2σ−1
σ -approximation algorithm for ReM (Π) that runs in time
O(F(n) · Time(Alg)) if A, A0 are F(n)-guessable.
Proof. The approximation algorithm for reoptimization receives as an input
(I, I 0 , Opt). Let Opt0 ∈ Optima(I 0 ). The algorithm returns the better of
G
(Opt \ A) ∪ A0 and SAlg
(I 0 ). Observe that, by Definitions 34 and 35.2,
 
cost(I 0 , Opt \ A)
≤
cost(I, Opt \ A)
5.5 
reg. add.
 
5.6 
≤
cost(I, Opt)

ps. add.
 
≤
cost(I, Opt0 )
5.7 
regressing
 
≤
cost(I 0 , Opt0 ).
5.8 

rev. cost p.
We estimate what follows based on pseudo-additivity and the above observation:
cost(I 0 , Opt \ A ∪ A0 )

≤

cost(I 0 , Opt \ A) + cost(I 0 , A0 )

≤

cost(I 0 , Opt0 ) + cost(I 0 , A0 ).

ps. add.
observation
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On the other hand, by Lemma 3:
k
cost(I 0 , SAlg
(I 0 )) ≤ σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , A0 ).

Simple calculation shows that one of the provided solutions gives an approximation ratio of 2σ−1
σ .
Note that, again, any greedy solution with a cost bounded by cost(I 0 , Opt0 )+
cost(I 0 , A0 ) gives us the algorithm as in the claim of Theorem 3. The next
corollary generalizes Theorem 3 to the case when only the approximation of the
optimum is given in the input.
Corollary 8. Let the assumptions be as in Theorem 3. Then ReρM (DΠ ) for
any ρ ≤ σ admits a σ−ρ+σρ
-approximation algorithm that runs in time O(F(n) ·
σ
Time(Alg)) if A0 is F(n)-guessable.
Proof. Plug in a factor of ρ in Inequality 5.7. The rest of the proof is the
same.
Example 5.3.2. We illustrate Theorem 3 with the Weighted Minimum Vertex
Cover problem under edge addition: ReM (wMinVerCov). The self-reducible
representation of the wMinVerCov problem was introduced in Example 5.3.1
on Page 40. Addition of an edge can make a vertex cover infeasible, but the
solution in the modified instance must cover this edge with one of its endpoints.
Therefore, adding this endpoint (A0 satisfying Definition 38.1 contains only this
endpoint) to the solution for the original instance makes it feasible for the
modified one. Hence, Theorem 3 implies a 1.5-approximation algorithm that
runs in polynomial time.
In Table 5.3, we list the problems where Theorem 3 applies.
Problem
wMinVerCov
wMinDomSet

wMinSetCov

SMT
wMinFvs

Modification
edge addition
vertex addition
edge removal
removal of an element
from an arbitrary number of sets
removal of a set of a
bounded size
removal of a bounded
number of elements from
a set
a non-terminal becomes
a terminal
edge weight increase
edge addition

Remarks
Examples 5.3.1 and 5.3.2
see Chapter 6
see Chapter 6

approximation results in
[73] follow
see Chapter 8

Table 5.3: The lists of the reoptimization problems where Theorem 3 applies.
The sub-exponential running time in case of SMT can be turned into a polynomial one by simple parametrization.
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Regressing subtractive modifications are the most difficult to reoptimize.
The reason is that the set of atoms A that we have to remove from the solution
for the original instance may constitute an arbitrarily large fraction of that
solution. The larger this fraction is, the less information we have. If this fraction
can be arbitrarily close to 1, we can in principle prove that reoptimization is
as hard to approximate as the underlying optimization problem (see Chapter 6
for examples). If we can, however, give a lower bound on what remains from
, we obtain an
Sol after removing A, i. e., there is a constant α ≤ cost(I,Sol\A)
Sol
ρα approximation ratio if a ρ-approximate solution was given in input. For
instance, for wMaxIndSet under edge addition, α = 12 . We state this formally
as a remark.
Remark 3. Let M be regressing subtractive and A be as in Definition 38.2. If
cost(I, Sol \ A) ≥ αcost(I, Sol), then there is a ρα-approximation algorithm
for ReρM (Π) that runs in time O(F(n)) if A is F(n)-guessable.
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6

Classical Graph Problems
In this chapter, we apply the general reoptimization algorithms introduced in
Chapter 5 to a variety of optimization problems under natural modifications.
For nearly each reoptimization problem considered in this chapter we prove,
that under reasonable assumptions (mostly P 6= NP ) it does not admit an
approximation ratio better than general. It shows that at a level as general as
in Chapter 5, the proposed algorithms are unlikely to be improved. Hence, to
obtain a better approximation ratio for reoptimization, one needs to explore the
specific properties of the problem, as we do it in Chapter 7 and in Chapter 8.
All the optimization problems studied in this chapter were introduced in
Chapter 3, so we refer to that chapter for the corresponding problem definitions. This chapter is devoted to the wMaxIndSet, wMaxCli, wMinDomSet and
wMinVerCov problems under
• addition of at most k edges
• removal of at most k edges
• addition of at most k new vertices
• removal of a vertex
and to the wMinSetCov problem under
• addition of at most k new elements to both U and A in an arbitrary
fashion
• removal of at most k elements from arbitrary sets of A
• total removal of at most k elements, from U and all sets of A
• addition of an element of U to a set of A
Sometimes instead of ”at most k” we say ”k”, but what we mean is always the
upper bound on the number of added/removed elements. Moreover, throughout
the whole chapter we always assume that k is an integer constant. The reason
for that is that only for constant k our algorithms run in a polynomial time.
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6.1 Reoptimization of the Weighted Maximum Independent Set and Clique Problem
In this section we study the wMaxIndSet problem under edge addition, edge
removal, vertex addition and vertex removal. The positive results follow as
conclusions from Chapter 5. We show in this section how the positive results
follow and provide the inapproximability results that prove them to be tight.
We conclude the section with the results for the wMaxCli problem reoptimization that directly follow from the results obtained for the wMaxIndSet problem
reoptimization. Before moving on to the results, we introduce a lemma that we
will use later on.
Lemma 5. Let k be
 an arbitrary
 positive integer and l be the unique positive
integer such that 2l ≤ k < l+1
2 . If a graph G contains at most k edges, then
its vertices can be partitioned into l independent sets.
Proof. For the sake of contradiction assume that a minimal partition has at least
l + 1 independent sets. Then k is at least 21 l (l + 1), as in any minimal partition

there is an edge linking any two different independent sets. Thus k ≥ l+1
2 ,
which contradicts the choice of l .

6.1.1

Edge Removal

In this section we consider the wMaxIndSet problem under removal of at most
k edges: ReρEk − (wMaxIndSet) (as defined in Chapter 5). There, Ek − is the
modification of removing at most k edges, i. e., (G, G0 ) ∈ Ek − if G = (V, E, c),
G0 = (V, E 0 , c), E 0 ⊆ E and |E \ E 0 | ≤ k. Recall that ρ is the approximation
factor of the input solution (i. e. ρ = 1 if the optimum is given in the input). For
ρl
the ReρEk − (wMaxIndSet) problem, there is a ρ(l−1)+l
-approximation algorithm,


where l is a positive integer constant such that 2l ≤ k < l+1
2 . This means
that l is the maximum size of a clique that can be filled with k edges. The
ρl
ρ(l−1)+l -approximation algorithm is a direct consequence of Corollary 7 from
the previous chapter. We show here how it follows from the corollary and prove
that its ratio cannot be improved unless P = NP .
Conclusion 1. There is an algorithm for ReρEk − (wMaxIndSet) with running
ρl
, where l is a
time O(|V |2k ), that guaranties an approximation ratio ρ(l−1)+l


l
l+1
positive integer constant such that 2 ≤ k < 2 .

Proof. We verify that the assumptions of Corollary 7 on Page 38 hold. Then
the claim is a direct consequence of Corollary 7. The corollary employs a σapproximation algorithm Alg for the wMaxIndSet problem. We use as Alg the
algorithm that returns an arbitrary vertex in the graph, so Time(Alg) ∈ O(1).
The bound on the approximation ratio of Alg that we use is σ = 0.
Recall our self-reducible representation of wMaxIndSet presented in Example
5.2.1 on Page 28. In order to apply Corollary 7, we show that the cost function
cost is pseudo-additive (see Definition 32.1 on Page 35), and Ek − is progressing
(see Definition 35.1 on Page 36) l−1
l -subtractive (see Definition 37 on Page 38)
and cost-preserving (see Definition 33 on Page 36). It is easy to see that cost is
pseudo-additive, as the sum of the costs of disjoint sets of atoms is equal to the
45

6.1. REOPTIMIZATION OF THE WEIGHTED MAXIMUM
INDEPENDENT SET AND CLIQUE PROBLEM
cost of their union (so cost is in fact additive). It is also easy to see that Ek −
is both cost-preserving and reversely cost-preserving, as the cost of any set of
atoms is the same in G and G0 . The fact that Ek − is progressing follows as any
independent set in G is also independent in G0 , after removing at most k edges.
The only thing left to show is l−1
l -subtractiveness. Thus, for an optimal solution
Opt0 for G0 (an independent set of vertices in G0 ) we have to specify A0 and A00 .
We let A0 ⊆ Opt0 be the endpoints of the k removed edges contained in Opt0 .
Thus, A0 is independent in G0 and the graph G|A0 induced by the vertices in A0
contains exactly the removed edges. Lemma 5 allows us to partition A0 into l
independent sets. We let A0 \ A00 be the one among them with the lowest cost.
0
0
Consequently, cost(G0 , A00 ) ≥ l−1
l cost(G , A ). Moreover, it is enough to remove
0
00
A from Opt to make it independent in G, as A0 \ A00 is an independent set.
Finally, since |A0 | ≤ 2k, it holds that A0 is |V |2k -guessable.
ρl
is tight.
Below we prove that the approximation bound of ρ(l−1)+l
Theorem 4. For any  > 0, any ρ ∈ (0, 1] and any positive integer constant k,
if l is an integer such that 2l ≤ k < l+1
2 , then, unless P = NP , there is no algorithm for ReρEk − (wMaxIndSet) with polynomial running time that guarantees
ρl
an approximation ratio of ( ρ(l−1)+l
+ ).
Proof. Let  > 0, ρ ∈ (0, 1] and k be fixed as in the theorem statement. Let
Alg Re be an algorithm for ReρEk − (wMaxIndSet) with polynomial running time
that guarantees an approximation ratio of µ+. We will show that if µ =
ρl
ρ(l−1)+l , we obtain a contradiction with the fact that the Maximum Independent
Set (MaxIndSet) is not polynomial-time constant approximable [57]. To be
more precise, for a given instance GMIS of MaxIndSet we build an instance
ρl
(G, G0 , Sol) of ReρEk − (wMaxIndSet) such that, if µ = ρ(l−1)+l
, then Alg Re
applied to the constructed instance gives a solution in GMIS of cost at least
Optcost(GMIS ). That gives us an -approximation algorithm for MaxIndSet
and the aforementioned contradiction. The idea of the reduction is presented in

z

GM IS

c(z) = C
x2

x1

x3

xl
x4
c({x1, ..., xl }) = C
Figure 6.1: The reduction used in the proof of Theorem 4
Figure 6.1. Graph G contains GMIS as a subgraph and assigns a cost of 1 to every
vertex in GMIS . Additionally,
G contains as a subgraph a clique on l vertices

and 2l edges where 2l ≤ k. We let the total cost of the clique be C. Finally,
G contains a vertex z of cost C connected to all the other vertices of G. Graph
G0 is obtained from G by removing all the edges of the clique. Hence, at most k
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edges is removed. To construct the complete instance for ReρEk − (wMaxIndSet)
we need to provide a solution Sol for G. We set Sol = {z}. To make the
reduction work, we need to choose the value of C such that
1. cost(G, Sol) = cost(G, z) = C ≥ ρOptcost(G), to ensure that Sol is a
ρ-approximation of the optimum in G, and
2.

cost(G,z)
0
0
= Optcost(G
0 ) ≤ µ, to ensure that any solution Sol for G of
0
cost at least (µ + )Optcost(G ) satisfies
C
Optcost(G0 )

cost(G0 , Sol0 ) ≥ µOptcost(G0 ) + Optcost(G0 ) ≥ C + Optcost(GMIS ),
and therefore contains more than z alone or the independent set of the vertices that previously were a clique. This additional bit that Sol contains
is an -approximate solution for GMIS .
Observe, that Optcost(G) = max{C, Optcost(GMIS ) + Cl }. To ensure (1),
lρ
we set C ≥ ρ(Optcost(GMIS ) + Cl ) equivalent to C ≥ l−ρ
Optcost(GMIS ). On
0
the other hand, Optcost(G ) = Optcost(GMIS ) + C, so to satisfy (2) we set
µ
C ≤ µOptcost(G0 ) equivalent to C ≤ 1−µ
Optcost(GMIS ). Therefore to find the
smallest ratio µ for which the reduction works, we set
µ
lρ
Optcost(GMIS ) = C =
Optcost(GMIS ).
l −ρ
1−µ
ρl
This gives µ = ρ(l−1)+l
as claimed.
Note that the factor of Optcost(GMIS ) that contributes to C can only take
values between 1 and |V (GMIS )|. Hence, to be sure that the right value was
assigned, it suffices to construct |V (GMIS )| instances of ReρEk − (wMaxIndSet)
and execute Alg Re on each of them.

6.1.2

Edge Addition

In this section we consider reoptimization of the wMaxIndSet problem under
addition of at most k edges: ReρEk + (wMaxIndSet) (as defined in Chapter 5).
Modification Ek + adds at most k edges to the graph. Formally, (G, G0 ) ∈ Ek +
if G = (V, E, c), G0 = (V, E 0 , c), E ⊆ E 0 and |E 0 \ E| ≤ k. Again recall that ρ is
the approximation factor of solution given in the input. For this problem, there
is a ρl -approximation algorithm, where l is again a positive integer constant such


that 2l ≤ k < l+1
2 . The result above is a direct consequence of Remark 3
from the previous chapter. We show here that this result is tight.
Conclusion 2. There is an algorithm for ReρEk + (wMaxIndSet) with running
time O(n2k ), that guarantees an approximation ratio of ρl for any ρ ∈ (0, 1].
Proof. The conclusion is a direct consequence of Lemma 5 and Remark 3.
Theorem 5. For any  > 0, any ρ ∈ (0, 1] and any positive integer constant k,
unless P = NP , there is no algorithm for ReρEk + (wMaxIndSet) with polynomial
running time, that guarantees an approximation ratio of ρl + , where l is a


constant such that 2l ≤ k < l+1
2 .
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Proof. Let  > 0, ρ ∈ (0, 1] and k be fixed as in the statement of the theorem.
By analogy with the proof of Theorem 4, assume that algorithm Alg Re for
ReρEk + (wMaxIndSet) admits an approximation ratio of µ+. We will show that,
if µ = ρl , then P = NP . To be more precise, for a given instance GMIS of
MaxIndSet, we will build an instance (G, G0 , Sol) for ReρEk − (wMaxIndSet), such
that Alg Re applied to it gives a solution in GMIS of cost at least Optcost(GMIS ).
But then there is an -approximation algorithm for MaxIndSet and hence P =
NP [57].

x2
x1

GM IS

x3

xl

x4
c(xi) = µOptcost(GM IS )
Figure 6.2: The reduction used in the proof of Theorem 5
The idea of the reduction is presented in Figure 6.2. Graph G contains
GMIS as a subgraph and assigns a cost of 1 to eachvertex of GMIS . It contains

additionally an independent set of l vertices with 2l edges missing, where 2l ≤
k. Each vertex of the independent set has a cost of µOptcost(GMIS ). Every
vertex of the independent set is connected to every vertex of GMIS . Graph
G0 is G where the the independent set becomes the clique by adding at most
k edges. The input solution Sol are the vertices of the independent set, so
cost(G, Sol) = µl Optcost(GMIS ). Note that
Optcost(G)

=

max{Optcost(GMIS ), µl Optcost(GMIS )} and

Optcost(G0 )

=

Optcost(GMIS ).

To ensure cost(G, Sol) ≥ ρOptcost(G), we set µl = 1 or equivalently µ = 1l .
Applying Alg Re to (G, G0 , Sol) returns a solution Sol0 with the following bound
of the cost: cost(G0 , Sol0 ) ≥ (µ + )Optcost(GMIS ). After removing a vertex
of the clique from Sol0 , we are left with a solution for GMIS of cost at least
Optcost(GMIS ). The argument why we can use Optcost(GMIS ) to set the
weights in G is analogous to the proof of Theorem 4.
The results obtained in this section for reoptimization of the wMaxIndSet
problem immediately imply analogous results for reoptimization of the wMaxCli
problem because of an exact reduction from wMaxIndSet to wMaxCli and from
wMaxCli to wMaxIndSet. The reduction is trivial: a clique in a graph is an
independent set in the graphs complement.
Corollary 9. Reoptimization of Maximum Weighted Clique (wMaxCli) admits
ρl
the following tight approximation bounds: ρl for ReρEk − (wMaxCli) and ρ(l−1)+l
for ReEk + (wMaxCli).
Proof. This follows from obvious exact reductions between the following problems:
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• wMaxIndSet and wMaxCli
• ReEk + (wMaxIndSet) and ReEk − (wMaxCli)
• ReEk − (wMaxIndSet) and ReEk + (wMaxCli)
These reductions are based on the fact, that a maximum independent set in G
is a maximum clique in the complement graph G.
To this end we remark, that wMaxIndSet under addition of k new vertices
to the graph, studied in [29], and under increasing the cost of k existing vertices
1
admits a ratio of 1−σ+ρ
due to Corollary 6. In contrast to that, the removal or
decreasing the weight of one vertex is as hard as the wMaxIndSet problem itself
[29].

6.2 Reoptimization of the Weighted Minimum Set
Cover Problem and its Derivatives
This section is devoted to reoptimization of the Weighted Minimum Set Cover
problem (wMinSetCov). The approximability results follow as conclusions from
the theorems presented in Chapter 5. Since wMinSetCov generalizes wMinDomSet
and wMinVerCov, the results carry over, as we shall see. We do not prove the
inapproximability results here, as they follow from inapproximability results for
wMinDomSet and wMinVerCov showed in further sections.
Recall that an input instance to the wMinSetCov problem is a triple I =
(U , A, c) where U is a set, A is a collection of subsets of U and c is a weight
function on the elements of A. In order to apply the aforementioned theorems,
we show a self-reducible (see Definition 31 on Page 28) representation of the
wMinSetCov problem. To be formally correct with the self-reducibility model
we introduced in Chapter 5, we let A = {Aj1 , . . . Ajm } be indexed with not
necessarily consecutive but pairwise different numbers. Let J = {j1 , . . . jm }.
The feasible solutions are subsets of J such that the corresponding sets cover
U . Hence, the set of atoms is Atoms(I) = P
J. The cost function on a set
of atoms J 0 ⊆ J is defined as cost(I, J 0 ) =
j∈J 0 c(Aj ). The cost function
is clearly additive (see Definition 32.2 in Chapter 5). The reduction function
∆(I, j) witnessing self-reducibility removes Aj from A (hence, j disappears from
the set of indices as well) and removes the elements of Aj from all the remaining
sets in A.
In the next sections we consider the following reoptimization scenarios:
1. adding a constant number k of elements not from U to U and the sets of
A in arbitrary fashion, referred to as ReρU k + (wMinSetCov),
2. removing a constant number k of elements arbitrarily from some sets of
A but not from U , referred to as ReρAk − (wMinSetCov),
3. removing a constant number k of elements from U and all sets of A,
referred to as ReρU k − (wMinSetCov),
4. adding an element of U to a set of A, referred to as ReρA+ (wMinSetCov).

49
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It is easy to observe, that the modifications of adding or removing a set are
as hard as the wMinSetCov problem itself, hence we do not study them in this
chapter.
All the modifications studied in this section: U k +, Ak −, k and A+ have a
few properties in common, that we describe first. Observe that the considered
modifications neither alter the set of atoms of the original instance nor the
cost function c. Hence, for any pair of instances (I, I 0 ) ∈ M, where M ∈
{U k +, Ak −, k, A+}, it holds that Atoms(I) = Atoms(I 0 ). Moreover, for any
set of atoms A ⊆ Atoms(I) it holds that cost(I, A) = cost(I 0 , A). Thus, all these
modifications are at the same time cost-preserving and reversely cost-preserving
(see Definitions 33 and 34 on Page 36).
In the following, for each of the scenarios 1-4 (referred to by numbers 1-4 in
the text), we show how to apply the respective algorithm from Chapter 5.
1. In this paragraph we consider ReρU k + (wMinSetCov): a reoptimization scenario of adding a constant number k of elements not yet in U to U and an
arbitrary number of sets in A in an arbitrary manner. Formally, the modification U k + binds I = (U , A, c) with I 0 = (U 0 , A0 , c) if U ⊆ U 0 , |U 0 | − |U | ≤ k
and for any Aj ∈ A and its corresponding set A0j ∈ A0 it holds that Aj ⊆ A0j
and A0j \ Aj ⊆ U 0 \ U . Additionally, since the elements we add do not initially
belong to U , we assume (w.l.o.g.) that each of them is added to at least one
set of A.
Modification U k + is regressing (see Definition 35.2 on Page 36), because
the sets corresponding to feasible solutions for I 0 cover U 0 ⊇ U . Finally, U k +
is regressing additive (see Definition 38.1 on Page 41). The sets A and A0
witnessing it in Definition 38.1 are A = ∅ and A0 is given by the indices in Opt0
of sets that cover the new elements. As k elements are added, the new elements
can be covered by k sets. So, the size of A0 is bounded by k and thus A0 is
|U | · |A|k - guessable. Thus, Corollary 8 yields the following conclusion.

Conclusion 3. There is an algorithm for ReρU k + (wMinSetCov) with running
time O(|U | · |A|k Time(Alg)) that guarantees an approximation ratio of σ−ρ+σρ
σ
for any ρ ≤ σ.

Since the wMinSetCov problem does not admit an approximation ratio better than O(log |U |) (see Chapter 3), σ can be arbitrarily large. Hence, the
approximation algorithm for wMinSetCov is of no help here, any therefore any
greedy algorithm can be used as Alg. For instance, the algorithm returning
all sets of A could be used. However, no matter how large σ is, the obtained
ratio σ−ρ+σρ
always remains below 1 + ρ. Thus, the reoptimization variant
σ
ReρU k + (wMinSetCov) due to Conclusion 3 admits an approximation ratio of
1 + ρ. Note that the special case of wMinSetCov when the frequency of elements is bounded by some constant b admits an approximation ratio of b (see
Chapter 3). Plugging in b in place of σ for the reoptimization ratio given in
Conclusion 3 yields a better ratio for reoptimizing this special case. Note also
that wMinVerCov is a special case of wMinSetCov where the frequency of each
element is exactly 2 [95], and as such wMinVerCov is 2-approximable. Adding
k new elements to an instance of wMinSetCov directly corresponds to adding
the same number of edges to a graph in the input instance of wMinVerCov.
Thus, Conclusion 3 gives a polynomial time (1 + ρ2 )-approximation algorithm
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for ReEk + (wMinVerCov), i. e., the wMinVerCov problem under addition of a
constant number k of edges.
2. In this paragraph we consider ReρAk − (wMinSetCov): a reoptimization scenario of removing a constant number k of elements contained in U from an arbitrary number of sets in A. Formally, the modification Ak − binds I = (U , A, c)
with I 0 = (U , A0 , c) if for any Aj ∈ A and its corresponding set A0j ∈ A0 it holds
that Aj ⊇ A0j and Aj \ A0j ⊆ {u1 , . . . uk } ⊆ U . Additionally, w.l.o.g. we assume
that each element of {u1 , . . . uk } ⊆ U has to stay in at least one set.
Note that modification Ak − is regressing (see Definition 35.2 on Page 36),
because the sets corresponding to feasible solutions for I 0 are contained in the
corresponding sets in I and U does not change. Note also that Ak − is regressing
additive (see Definition 38.1 on Page 41). The sets A and A0 that confirm it in
Definition 38.1 are A = ∅ and A0 is given by the indices in Opt0 of sets that
cover the removed elements (we assumed that every removed element remains
in at least one set). As at most k elements are removed, they can be covered
by at most k sets. So, the size of A0 is bounded by k and thus A0 is |U | · |A|k guessable. Thus, Corollary 8 on Page 42 yields the following conclusion.
Conclusion 4. There is an algorithm for ReρAk − (wMinSetCov) with running
time O(|U | · |A|k Time(Alg)), that guarantees an approximation ratio of σ−ρ+σρ
σ
for any ρ ≤ σ.
Since we don not have a good bound on σ, as already mentioned in the
analysis of the previous reoptimization scenario, Conclusion 4 implies an approximation ratio of 1 + ρ for ReρAk − (wMinSetCov). It is worth to mention at
this point that there is an exact reduction from wMinDomSet to wMinSetCov
[66]. The modification scenario ReρEk − (wMinDomSet) of removing k edges from
a graph in an instance of wMinDomSet corresponds to removing 2k elements
from the sets of A in the corresponding instance of wMinSetCov. Unfortunately, there is also an approximation preserving reduction from wMinSetCov
to wMinDomSet [66], and thus wMinDomSet does not admit approximation ratio asymptotically better than logarithmic in the number of vertices. Hence,
Conclusion 4 gives 1 + ρ-approximation ratio for ReEk − (wMinDomSet).
3. We consider here the complete removal of a constant number k of elements from U and all sets of A and refer to this reoptimization scenario as
ReU k − (wMinSetCov). Formally, the modification U k − binds I = (U , A, c)
with I 0 = (U 0 , A0 , c) if U \ {u1 , . . . uk } = U 0 and for any Aj ∈ A and its
corresponding set A0j ∈ A0 it holds that Aj \ {u1 , . . . uk } = A0j .
We first observe, that modification U k − is progressing (see Definition 35.1
on Page 36), because the sets corresponding to feasible solutions for I cover
U ⊇ U 0 . Moreover, U k − is progressing additive (see Definition 38.1 on Page
36). To certify this statement, we expose sets A00 = ∅, A and A0 satisfying the
conditions in Definition 36.2. The set A ⊆ Opt is given by indices in Opt\Opt0
of sets that cover the removed elements. The set A0 ⊆ Opt0 is given by the
indices in Opt0 of sets covering all elements in sets corresponding to indices in
A. Because k elements are removed, the size of A is bounded by k and therefore
A is (|U |·|A|k )-guessable. Therefore, if A0 is F(|I 0 |)-guessable, Theorem 2 yields
the following.
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Conclusion 5. ReU k − (wMinSetCov) admits a ( 2σ−1
σ )-approximation algorithm
with running time O(|U | · |A|k · F(|I 0 |)Time(Alg)).
If we bound the frequency by 2, i. e., the maximum number of times an
element of U appears in sets of A, then σ = 2. Additionally, we can in this
case guess A0 in polynomial time: since Opt0 does not contain indices in A, it
must cover every element of any set corresponding to an index in A with the
only other set that covers it. Thus, A and A0 are (|I 0 |k+1 )-guessable. This special case is nothing else but the wMinVerCov problem under removing k edges.
Hence, Conclusion 5 implies the existence of a polynomial time algorithm for
ReEk − (wMinVerCov) with 1.5 approximation ratio. If on the other hand the
number of elements in every set is bounded by a constant b, then A and A0
are (|I 0 |(b+1) )-guessable. This restriction of wMinSetCov admits the general approximation ratio of O(log |U |). Hence, Conclusion 5 implies the existence of a
polynomial time 2-approximation algorithm for this special case of wMinSetCov
under removing k elements whenever the optimum is given in the input.
4. We refer to adding an existing element to a set as ReA+ (wMinSetCov).
This reoptimization problem is, with respect to approximation, as hard as
MinSetCov. Instead of showing the reduction here, we show in the next section the inapproximability of wMinDomSet under edge addition. Note that
ReE + (wMinDomSet) reduces to ReA2+ (wMinSetCov) via an exact reduction, so
the inapproximability result carries over to ReAk+ (wMinSetCov) for any k ≥ 2.
It is not difficult to see, that a similar reduction works for ReA+ (wMinSetCov).

6.3 Inapproximability Results for the Weighted Minimum Dominating Set Reoptimization Problems
In this section we present the inapproximability results for the Weighted Minimum Dominating Set (wMinDomSet) problem under addition of an edge, referred to as ReE + (wMinDomSet), and under removal of an edge, referred to as
ReρE − (wMinDomSet). Due to an exact reduction from the wMinSetCov problem
to the wMinDomSet problem [66], the results carry over to ReAk+ (wMinSetCov)
and ReρAk − (wMinSetCov) respectively, for any k ≥ 2. It is not hard to see, that
similar reductions to the ones presented below prove the same inapproximability
results for k = 1.

6.3.1

Edge Addition

We show in this section an exact reduction from the wMinDomSet problem to
the ReE + (wMinDomSet) problem. In other words, we show that the reoptimization problem ReE + (wMinDomSet) admits no better approximation ratio
than its optimization counterpart wMinDomSet. Hence, our reduction implies
that, unless P = NP , ReρE k+ (wMinDomSet) does not admit an approximation
ratio asymptotically better than logarithmic in the number of vertices [66, 82]
for any k, ρ ≥ 1. Note that ReE + (wMinDomSet) reduces in an exact manner to ReA2+ (wMinSetCov), so this inapproximability result carries over to
ReρAk+ (wMinSetCov) for any k ≥ 2, ρ ≥ 1. It is not difficult to see, that a
similar reduction works for ReA+ (wMinSetCov).
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Theorem 6. If ReE + (wMinDomSet) admits a µ-approximation algorithm then
wMinDomSet admits a µ-approximation algorithm.
Proof. Consider the following reduction. Let GWMDS be an instance for the
wMinDomSet problem and cWMDS be the corresponding weight function. We
construct an instance (G, G0 , Opt) for ReE + (wMinDomSet), where Opt is an
optimal solution for G. Graph G is constructed in the following way. Let
V (G)
E(G)

= {x, y, u, v} ∪ V (GWMDS ) and
=

E(GWMDS ) ∪ {{x, y}, {x, u}, {u, v}} ∪ ({y} × V (GWMDS )).

For each w ∈ V (GWMDS ) let its cost be cWMDS (w), let the costs of u, x and y
be all equal to µcWMDS (V (GWMDS )) + 1, and let the cost of v be 0. Now let
the edge that we want to add be e := {x, v}, so E(G0 ) = E(G) ∪ {{x, v}}. The
constructed instance is shown in Figure 6.3.
x
y

u

GW M DS
c(v) = 0

v

c(x) = c(y) = c(u) =
= µcWMDS (V (GWMDS )) + 1

Figure 6.3: Reduction used in the proof of Theorem 6
Clearly, Opt = {v, y} is an optimal solution to G, and Optcost(G0 ) =
Optcost(GWMDS ). Since
cost(G, u) = cost(G, x) = cost(G, y) ≥ µOptcost(GWMDS ) + 1,
none of these vertices can be included in a µ-approximate solution to G0 . Therefore a µ-approximate solution to G0 (without vertex v) is a µ-approximate solution to GWMDS .
This result shows, that the modification of adding edges to a dominating set
is a hopeless case and not much can be done about it. We state this pessimistic
conclusion as a corollary.
Corollary 10. For every k, ρ ≥ 1 it holds that ReρE k+ (wMinDomSet) cannot
be approximated better than wMinDomSet.

6.3.2

Edge Removal

We prove in this section that, unless P = NP , the wMinDomSet problem under
removal of at most one edge (ReρE − (wMinDomSet)), does not admit a better
approximation ratio than 1 + ρ in polynomial time. To be more precise, we
reduce MinDomSet to ReρE − (wMinDomSet) in the following way. If there is
an algorithm for ReρE − (wMinDomSet) that for some constant  > 0 provides
a (1 + ρ − )-approximation, then there is a constant approximation ratio for
MinDomSet, what in turn implies that P = NP [66, 82].
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There is an exact reduction from the ReρE − (wMinDomSet) problem to the
problem, so the inapproximability result carries over to
for k ≥ 2. It is easy to verify, that a similar reduction
to the one presented below works for k = 1. This result proves that the approximation ratio of 1 + ρ for these problems obtained in the previous section
is tight.

ReρA2− (wMinSetCov)
ReρAk− (wMinSetCov)

Theorem 7. If ReρE − (wMinDomSet) for some constant  > 0 admits an approximation ratio less than or equal (1+ρ−), then MinSetCov admits a constant
approximation ratio.
Proof. Let  > 0 be fixed and choose a constant b > 1 . Under this choice of b
it holds that ρ(1+b)+b
> ρ + 1 − .
1+b
Consider the following reduction. Let GMDS be an instance of MinDomSet.
Below we construct an instance (G, G0 , Sol) for ReρE − (wMinDomSet), where
cost(G, Sol) ≥ ρOptcost(G). Graph G is constructed in the following way. Let
V (G)

=

E(G)

=

V (GMDS ) ∪ {z, x} and

E(GMDS ) ∪ (V (GMDS ) × {z}) ∪ {z, x}.

For each v ∈ V (GMDS ) we set its cost in G to 1, we set the cost of x to
bOptcost(GMDS ), and the cost of z to ρ(1 + b)Optcost(GMDS ). Similarly to the
previous reductions, since Optcost(GMDS ) can only take integer values from 1
to |V (GMDS )|, after testing |V (GMDS )| instances we are sure to encounter the
right value. Graph G0 is defined via an edge to be removed {z, x}. In other
words, E(G0 ) = E(G) \ {z, x}. Finally, we let Sol = {z}. The constructed
instance is shown in Figure 6.4. Clearly, the optimal solution in G is the union

GM DS

z

x

c(x) = bOptcost(GM DS )
c(z) = ρ(1 + b)Optcost(GM DS )

Figure 6.4: Reduction used in the proof of Theorem 7
of the optimal solution to GMDS and {x} because then Optcost(G) = (1 +
b)Optcost(GMDS ), which is smaller than or equal to the cost of z. Hence,
cost(G, z) = ρOptcost(G), and therefore Sol is a factor of ρ away from the
optimum in G. Clearly, Optcost(G0 ) = (1 + b)Optcost(GMDS ). Moreover, any
solution to G0 contains x. Thus, due to the choice of b, a solution Sol0 satisfying
cost(G0 , Sol0 ) ≤ (ρ + 1 − )(1 + b)Optcost(GMDS )
does not contain z. After removing x from Sol0 we obtain a solution to GMDS
with cost bounded by [(ρ − )(1 + b) + 1]Optcost(GMDS ) which is a constant
factor approximation for the MinDomSet problem.
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6.4 Inapproximability Results for the Weighted Minimum Vertex Cover Reoptimization Problems
In this section we present the inapproximability results for the Weighted Minimum Vertex Cover (wMinVerCov) problem under addition of an edge and under
removal of an edge, referred to as ReE + (wMinVerCov) and ReρE − (wMinVerCov).
To be more precise, we show that the approximation ratios obtained for these
problems in this chapter are tight.

6.4.1

Edge Addition

We prove below that if ReρE + (wMinVerCov) is (1 + ρ2 − )-approximable for any
constant ρ ∈ [1, 2),  ≥ 0, then MinVerCov is approximable with a constant approximation ratio better than 2. As stated in the compendium (see Chapter 3),
an approximation ratio of 2 remains for a long time the best up to date for the
MinVerCov problem and cannot be improved if the unique games conjecture
holds.
Theorem 8. For every  > 0 and for every ρ ∈ [1, 2) it holds that if there is a
1 + ρ2 − -approximation algorithm for ReρE + (wMinVerCov) then MinVerCov is
approximable within a factor (2 − 2).
Proof. Let ,ρ be fixed as in the statement of the theorem. Let GMVC be an
instance of MinVerCov and let M be the vertices that are matched by a maximal
matching in GMVC . Hence, M is a feasible vertex cover for GMVC which is a
factor of 2 away from the optimum [95]. We construct an instance (G, G0 , Sol)
for ReρE + (wMinVerCov). Graph G is constructed as follows. Let
V (G)
E(G)

= V (GMVC ) ∪ {x, y, z} and

= E(GMVC ) ∪ (M ∪ {z}) × {y}.

For each vertex in GMVC we assign the cost of 1, whereas the cost of x is
|V (GMVC )| + 1, the cost of y is 2−ρ
ρ Optcost(GMVC ) and the cost of z is given by
2Optcost(GMVC ) − cost(G, M ). As already mentioned in previous reductions,
the cost Optcost(GMVC ) can be guessed by searching trough |V (GMVC )| possible
values. Note that cost(G, M ) ≤ 2Optcost(GMVC ). Edge {x, y} is the one to be
added. We let Sol = M ∪ {z}. The situation is shown in Figure 6.5.

c(y) =

2−ρ
ρ Optcost(GM V C )

y

M

GM V C

z

c(z) + c(M ) =
2Optcost(GM V C )
x
c(x) = |V (GM V C )| + 1

Figure 6.5: Reduction used in the proof of Theorem 8

55

6.4. INAPPROXIMABILITY RESULTS FOR THE WEIGHTED
MINIMUM VERTEX COVER REOPTIMIZATION PROBLEMS
Let OptMVC be the optimal vertex cover in GMVC . Solution Sol is a ρapproximation of the optimal solution Opt = ({y} ∪ OptMVC ) for G:
cost(G, M ) + cost(G, z) = 2Optcost(GMVC ) = ρ(cost(G, y) + Optcost(GMVC ))
The optimal solution in G0 is Opt0 = ({y} ∪ OptMVC ), as the optimal
solution in G0 must contain y. A solution to G0 of cost at most (1 + ρ2 −
)Optcost(G0 ) clearly contains y and does not contain x. After removing y we
obtain a solution for MinVerCov of cost at most (2 − 2)Optcost(GMVC ).

6.4.2

Edge Removal

In Section 6.2 we concluded that ReE k− (wMinVerCov) is 1.5-approximable on
instances where the optimum is given in the input. In this section, we show
that this result is tight if the unique games conjecture holds. Moreover, we
show here that the 1.5-approximation algorithm provided in Chapter 5 does not
generalize for the case when a ρ-approximate solution is given in the input, for
any ρ > 1. To be more precise, we show that if ReE − (wMinVerCov) is (1.5 − )approximable, or if ReρE − (wMinVerCov) is (2 − )-approximable for some ρ > 1,
then MinVerCov is approximable with ratio strictly better than 2, what in turn
implies that the unique games conjecture does not hold [69]. This result shows
that Theorem 2 indeed cannot easily be generalized.
Theorem 9. For any  > 0 there is no ( 23 − )-approximation algorithm for
ReE − (wMinVerCov) unless MinVerCov is approximable within a constant factor
better than 2.
Proof. Let  > 0 be fixed as in the theorem statement. Consider the following
reduction, illustrated in Figure 6.6. Let GMVC be an instance of MinVerCov and
M be the vertices in a maximum matching in GMVC . Hence, M is a feasible
vertex cover for GMVC deviating from the optimum by at most a factor of 2
[95]. We construct an instance (G, G0 , Opt) for ReE − (wMinVerCov). Graph G
is constructed as follows.
V (G)
E(G)

= V (GMVC ) ∪ {x, y, z} and

= E(GMVC ) ∪ (M × {y}) ∪ {{x, z}, {y, x}}.

Each vertex in V (GMVC ) is assigned the cost of 1, whereas the cost of x is
2|V (GMVC )|+1, the cost of z is 2|V (GMVC )|, and the cost of y is Optcost(GMVC ).
Recall from previous reductions that the cost Optcost(GMVC ) can be guessed
by searching trough |V (GMVC )| possible values. Edge {x, z} is to be removed.
Observe that z needs to be taken by an optimal solution for G, and that
cost(G, M ) ≤ cost(G, y) + Optcost(GMVC ). Note also that if the optimal solution to G does not contain some vertex from M , it has to contain y and at
least the optimal cover OptMVC in GMVC . Since y and OptMVC are at least
as expensive as M , solution Opt = M ∪ {z} is optimal for G.
The optimal solution to G0 is Opt0 = {y} ∪ OptMVC and therefore the
cost of optimum in G0 is Optcost(G0 ) = 2Optcost(GMVC ). Now if there is an
algorithm that returns a solution to G0 of cost at most ( 23 − )Optcost(G0 ), we
remove y from that solution (it cannot contain z so it has to contain y), and
obtain a solution to GMVC of cost at most 2(1 − )Optcost(GMVC ).
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c(x) = 2|V (GM V C )| + 1
x

c(y) = Optcost(GM V C )
z
y

M

c(z) = 2|V (GM V C )|

GM V C
Figure 6.6: Reduction used in the proof of Theorem 9
The next theorem shows that, unless we are given the optimum in the input,
we essentially can do nothing for ReρE − (wMinVerCov).
Theorem 10. For any  > 0, ρ > 1 there is no (2 − )-approximation algorithm
for ReρE − (wMinVerCov) unless MinVerCov is approximable within a factor of
(2 − ).
Proof. Let  > 0, ρ > 1 be fixed as in the statement of the theorem. Let
GMVC be an instance of MinVerCov. We construct an instance (G, G0 , Sol)
for ReρE − (wMinVerCov), where cost(G, Sol) ≤ ρOptcost(G). The reduction is
shown in Figure 6.7. We construct graph G as follows:
V (G)

=

E(G)

=

V (GMVC ) ∪ {x, y, z} and

E(GMVC ) ∪ {x, y} ∪ {x, z}.

Let b ≥ 2 be a constant such that b+2
b+1 < ρ. For each vertex in V (GMVC )
we set its cost to 1, we set the cost of z to 0, whereas the costs of x and
y are equal bOptcost(GMVC ). We argued in previous reductions, that the cost
Optcost(GMVC ) can be guessed by searching trough |V (GMVC )| possible values.
Edge {x, y} is to be removed. We let Sol = M ∪ {x}, where M are the vertices
of a maximum matching in GMVC . Clearly, Sol = M ∪{x} is a ρ-approximation
of optimum in G due to the choice of b. A (2 − )-approximate solution to G0
without vertex z is clearly a (2 − )-approximate solution to GMVC .

c(z) = 0
M

GM V C

x

z

y
c(x) = c(y) = bOptcost(GM V C )

Figure 6.7: Reduction used in the proof of Theorem 10

6.5 Conclusions
In this chapter, we justified our model introduced in Chapter 5 by applying
it to a variety of reoptimization problems. We briefly summarize the results
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in Table 6.1. Interestingly, for all the problems considered in this chapter the
general approximation ratios from Chapter 5 turned out to be tight. This
shows that on a general level the algorithms proposed in Chapter 5 cannot be
improved. The results of this Chapter also illustrate a wide scale of how useful
is the knowledge of the solution in the input. There are hard modifications,
where we cannot do anything better than computing the solution from scratch,
but for easier modifications we can profit from the input solution significantly.
Interestingly enough, as the example of wMinVerCov under edge removal shows,
sometimes we are able to profit from the input solution only if it is optimal.
Table 6.1: Table provides the approximation ratios obtained in this chapter. There, wMaxIndSet stands for Maximum Weighted Independent Set,
wMaxCli stands for Maximum Weighted Clique, wMinDomSet stands for Minimum Weighted Dominating Set, wMinSetCov stands for Minimum Weighted
Set Cover, and wMinVerCov stands for Minimum Weighted Vertex Cover. The
value ρdenotes the quality of the solution given in the input, while l is such
that 2l ≤ k < l+1
2 . For graph problems, items refers to edges, whereas for
wMinSetCov adding/removing k items means adding/removing k elements of U
to some sets of A. All the bounds are tight under the condition that P 6= NP
(for wMinVerCov the condition is that the unique games conjecture holds).
Problem
wMaxIndSet
wMaxCli
wMinDomSet
wMinSetCov
wMinVerCov

adding k items

removing k items

ρ
l
ρl
ρ(l−1)+l

ρl
ρ(l−1)+l
ρ
l

O(log |V (G)|)
O(log |V (G)|)
1 + ρ2

3
2

1+ρ
1+ρ
if ρ = 1, 2 if ρ > 1
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The Shortest Common Super-string
problem
In this chapter, we study the reoptimization of the Shortest Common Superstring (SCS) problem. The definition and the results concerning the Shortest
Common Super-string (SCS) problem have already been introduced in Chapter 3. We mainly consider the reoptimization scenario ReStr+ (SCS) of adding a
new string to the input set of strings, where we assume that an optimal solution
is given in the input. We start our considerations with an attempt to apply the
general scheme from Chapter 5. The straightforward attempt fails due to lack
of a self-reducible representation of SCS. We sketch how to adapt the general
scheme to the specific nature of the SCS problem. The adapted method can
be also used for the reoptimization scenario ReStr− (SCS) of removing a string
from the input set of strings. It achieves a ratio of 1.61 for string addition and
1.86 for string removal. Recall that the best up-to-date approximation ratio for
the SCS problem is 2.5 (see Chapter 3). The adapted algorithm gives a good
approximation ratio by sacrificing the running time. We therefore present an
alternative approach: a simple and natural quadratic time algorithm OneCut
for ReStr+ (SCS), which achieves an approximation ratio of 1.84.

7.1 Notation and Preliminary Observations
We start with defining some notations for dealing with strings that we will
use throughout this chapter. We denote the length of a string s by |s|. By λ
we denote the empty string. The concatenation of two strings s and t will be
written as s · t, or as st for short. Let s, t, x, and y be some (possibly empty)
strings such that t = xsy. Then s is a substring of t (we write s v t) and t is a
super-string of s. If x is empty, we say that s is a prefix of t, if y is empty, then
s is a suffix of t. We say that a set Str of strings is substring-free if s 6v t, for
all s, t ∈ Str.
For two strings s1 and s2 , the overlap ov(s1 , s2 ) of s1 and s2 is the maximumlength proper suffix of s1 that is also a proper prefix of s2 . A prefix [suffix] of s is
proper if and only if it is not empty and not equal to s. If no such string exists,
we define ov(s1 , s2 ) to be the empty string λ. The corresponding prefix of s1 ,
i. e., the string p such that s1 = p · ov(s1 , s2 ), is denoted by pref(s1 , s2 ). The
merge of s1 and s2 is defined as merge(s1 , s2 ) := pref(s1 , s2 ) · s2 . We inductively
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extend this notion of merge to more than two strings by defining
merge(s1 , . . . , sm ) = merge(merge(s1 , . . . , sm−1 ), sm ).
The SCS problem we are investigating in this chapter is to find the shortest
common super-string for a given set Str = {s1 , . . . , sm } of strings. If Str is
substring-free, then the shortest common super-string can be unambiguously described by the order in which the strings appear in it: if si1 , . . . , sim is the order
of appearance in a shortest super-string t, then t = merge(si1 , . . . , sim ). This
observation leads to the following definition of the problem, which is equivalent
to Definition 21 given in Chapter 3.
Definition 39. The Shortest Common Super-string (SCS) problem is the following optimization problem:
Given a substring-free set of strings Str = {s1 , . . . , sm }, the feasible solutions
are all permutations (si1 , . . . , sim ) of Str. For any feasible solution Sol =
(si1 , . . . , sim ), the cost is |Sol| = |merge(si1 , . . . , sim )|, i. e., the length of the
shortest super-string for Str containing the strings from Str in the order as
given by Sol. The goal is to find a permutation minimizing the length of the
corresponding super-string.
As mentioned at the beginning of this chapter, we consider here two reoptimization variants of the SCS: adding a string to our set of input strings or
deleting one string from it. The corresponding reoptimization problems can be
formally defined as follows. Note that for the sake of convenience we change the
notation introduced in Chapter 5.
Definition 40. The input for the SCS problem under adding a string, referred to as ReStr+ (SCS), consists of two substring-free sets of strings StrO =
{s1 , . . . , sm }, StrN = StrO ∪ {snew } and an optimal solution OptO for StrO .
Analogously, the input for the SCS problem under removing a string, referred to as (ReStr− (SCS)) consists of two substring-free sets of strings StrO =
{s1 , . . . , sm }, StrN = StrO \ {sold } and an optimal solution OptO for StrO .
For both problems, the goal is to find an optimal solution OptN for StrN .
As opposed to the SCS problem, the reoptimization problems ReStr+ (SCS)
and ReStr− (SCS) might have became easier with the requirement for both SCS
input instances to be substring-free. As a matter of fact, if we do not impose that
requirement, for the scenario of removing a string we cannot do anything better
than to recompute the solution from scratch. The SCS problem reduces to the
non-substring-free SCS under string removal problem via an exact reduction: for
an instance Str of SCS, we construct an instance StrO of SCS, which contains
all the strings in Str and one more string sold that is a concatenation of strings
in Str. Clearly, sold is an optimal solution for StrO . After removing sold , we
have no information whatsoever on how the strings should be rearranged (see
[17] for the details). In contrast to ReStr− (SCS), for the scenario of adding a
string our results easily generalize to the case when neither StrO nor StrN
are required to be substring-free. Yet, for the sake of simplicity, we assume
substring freeness, as stated in Definition 40.
In addition to the maximum overlap and merge as defined before, we also
consider the overlap and merge inside a given solution. Let Sol be some solution
for an SCS instance given by a set of strings Str and let s and t be two strings
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from Str which are not necessarily overlapping in Sol. Then ovSol (s, t) denotes
the overlap of s and t in Sol, and we use mergeSol (s, t) = merge(s, . . . , t) as
an abbreviation for the merge of s and t together with all input strings lying
between them in Sol. By prefMSol (s, t), we denote the prefix of mergeSol (s, t)
such that prefMSol (s, t) · t = mergeSol (s, t). Note that s may be a proper prefix
of prefMSol (s, t). For Sol = OptO , we use the notations ovO , mergeO , and
prefMO for ovOptO , mergeOptO , and prefMOptO , respectively. Analogously, we
use ovN , mergeN , and prefMN for Sol = OptN . Note that, for two consecutive
strings s and t inside some solution Sol, mergeSol (s, t) = merge(s, t), but this
equality does not necessarily hold for non-consecutive strings.
We call a string s periodic with period π, if there exist a suffix π and a prefix
π of the string π and some k ∈ N such that s = π ·π k · π. In this case, we also
write s v π ∞ .

7.2 An Attempt to employ the General Tools
The NP -hardness of ReStr+ (SCS) is a direct consequence of Lemma 1 on
Page 24, where we show that reoptimization of hard problems is hard in general.
Some care needs to be taken to prove that ReStr− (SCS) is NP -hard, as we are
dealing with substring-free instances. Both NP -hardness proofs can be found
in [17].
We focus therefore on approximation. Note that, for ReStr+ (SCS), a greedy
solution Sol obtained by appending the new string at the end of OptO is at
most a factor of 2 longer than OptN , due to |OptO | ≤ |OptN | and |snew | ≤
|OptN |. In order to improve upon this approximation ratio, we attempt to
employ the self-reduction method described in Chapter 5. To do so, we need
to represent the solutions on a more granular level. For the purpose of the
argument, let us in this section adopt the following (equivalent) definition of
the SCS problem, referred to as GSCS.
Definition 41. The Granular Shortest Common Super-string (GSCS) problem
is the following optimization problem:
Given a substring-free set of strings Str = {s1 , . . . , sm }, the feasible solutions
(permutations) are represented as sets of pairs Sol = {(si1 , 1) . . . (sim , m)},
ij ∈ [m], where each string sij ∈ Str is paired with a unique number j denoting
its position in the respective permutation. For any feasible solution Sol =
{(si1 , 1) . . . (sim , m)}, the cost is |Sol| = |merge(si1 , . . . , sim )|, i. e., the length
of the shortest super-string for Str containing the strings from Str in the order
as given by Sol. The goal is to minimize the cost of the solution (the length of
the corresponding super-string).
In what follows, we need certain notions from Chapter 5 for the attempt
to use the general algorithms presented there. We provide the references to
Chapter 5 when needed and explain the meaning of the notions we use with
respect to the SCS problem. Following Definition 41 on Page 61, the set of
atoms of the input instance Str = {s1 , . . . , sm } for GSCS, i.e., the set of
the elementary components of the solutions to the instance Str, is defined
as Atoms(Str) = Str × [m] (for the formal definition see the paragraph above
Definition 30 on Page 26 and further). Since the solutions to instances of SCS
lack natural structure of a set, and we need to add and remove atoms to and
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from these solutions, we define for them alternative (but analogous) ∪ and [·]Str
←
−
←
−
operators: ∪ and [·] Str . Recall, that operator [·]Str was defined in Chapter 5
as [A]Str = Atoms(Str) ∩ A for any set A.
←
−
Operator ∪ is responsible for adding a set of atoms A ⊆ Atoms SCS to any
solution Sol for some instance Str = {s1 , . . . , sm } of SCS. If the positions
←
−
of strings in the atoms of Sol and A do not coincide, ∪ is a regular union.
←
−
Otherwise, ∪ inserts the strings from A on their corresponding positions in
Sol, moving the strings of Sol to the right. Formally, we first define how to
add an atom (si , j) to Sol = {(si1 , 1) . . . (sim , m)}:
←
−
Sol ∪ {(si , j)} =

Sol

}|
{
z


 {(si , 1) . . . (si , m), (si , j)}
1
m
=
{(si1 , 1) . . . (sij−1 , j − 1), (si , j), (sij , j + 1), . . . (sim , m + 1)}


{z
}
|
{z
}

 |
unaltered part of Sol
moved part of Sol

if j ∈
/ [m]
if j ∈ [m]

←
−
We extend the operator ∪ to adding a set A = {α1 , . . . , α|A| } of atoms to a
solution Sol by setting
←
−
←
−
←
−
Sol ∪ A = (Sol ∪ {α1 }) ∪ {α2 , . . . , α|A| }.
←
−
←
−
Analogously to the operator ∪ , we define the operator \ which subtracts an
atom from any solution Sol to any instance Str = {s1 , . . . , sm } of SCS. If the
subtracted atom is not in the solution, the result is the non-altered solution.
Otherwise, the atom is removed from the solution and the remaining strings are
moved to occupy the consecutive m − 1 positions. Formally stated, for an atom
←
−
(si , j) and a solution Sol = {(si1 , 1) . . . (sim , m)}, the operator \ is defined as:
←
−
Sol \ {(si , j)} =

Sol

z
}|
{


 {(si , 1) . . . (si , m)}
1
m
=
{(si1 , 1) . . . (sij−1 , j − 1), (sij+1 , j), . . . (sim , m − 1)}


{z
} |
{z
}

 |
unaltered part of Sol
moved part of Sol

if (si , j) ∈
/ Sol
if j ∈ [m]

←
−
Again, the operator \ can be extended to removing a set of atoms A =
{α1 , . . . , α|A| } by setting
←
−
←
−
←
−
Sol \ A = (Sol \ {α1 }) \ {α2 , . . . , α|A| }.
←−−−
The operator [Sol]Str , on a solution Sol ⊆ Atoms SCS to some instance other
than Str, removes all the atoms not in Atoms(Str) and moves the remaining
strings to the left, so that they occupy consecutive positions. Formally, we
define it for any set of atoms A ⊆ Atoms SCS as
←−
←
−
[A]Str = A \ (Atoms GSCS \ Atoms(Str)).
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With respect to the above defined operators, the modification Str+ is regressing additive (see Definitions 35 and 38 on Page 36 and 41) and reversely
cost-preserving (see Definition 34 on Page 36). This, for GSCS, means the
following (recall that R(I) is the set of solutions feasible to instance I):
←−−−−−−−
1. Str+ is regressing, i.e., [R(StrN )]StrO ⊆ R(StrO ) for any (StrO , StrN ) ∈
Str+. This means, that any solution SolN to StrN without an atom
←−−−−
corresponding to snew is feasible to StrO , i.e., [SolN ]StrO ∈ R(StrO ).
2. Str+ is reversely cost-preserving, i.e., the cost of any solution SolN ∈
R(StrN ) does not increase when taken with respect to StrO . Formally:
←−−−−
|SolN | ≥ |[SolN ]StrO | for any (StrO , StrN ) ∈ Str+ and SolN ∈
R(StrN ).
3. Str+ is regressing additive, i.e., for any (StrO , StrN ) ∈ Str+, any
solution SolO ∈ R(StrO ) can be expanded by an atom (snew , j) ∈ OptN
of a solution OptN ∈ Optima(StrN ) to a feasible solution for StrN ,
←
−
formally, SolO ∪ (snew , j) ∈ R(StrN ).
←
−
Hence, if the cost function | · | were pseudo-additive with respect to ∪ (Definition 32.1 on Page 35) and GSCS were self-reducible (Definition 31 on Page
35), we could directly apply Theorem 3 from Chapter 5. Unfortunately, we
cannot, and in what follows we explain why. The cost function | · | is pseudo←
−
additive with respect to ∪ if, for any sets of atoms A and A0 , it holds that
←
− 0
|A ∪ A | ≤ |A| + |A0 |. We have that property on a very limited scale, i.e.,
for A = Sol ∈ R(Str) for some instance Str = {s1 , . . . , sm } of GSCS and
←
−
A0 = {(s, j)} under the condition that j ∈
/ [m], because then ∪ is a regular union. Thus, following the proof of Theorem 3 with OptO in the input
for ReStr+ (SCS), due to property 3 in the list above, we can construct m + 1
←
−
greedy solutions OptO ∪ {(snew , j)} ∈ R(StrN ), one for every j ∈ [m + 1]. Due
to properties 1 and 2, the bound |OptO | ≤ |OptN | holds. If we had pseudo←
−
additivity, we would have a bound |OptO ∪ {(snew , j)}| ≤ |OptN | + |snew | on
each of these solutions. As discussed before, we have it only for j = m + 1.
Nevertheless, this gives us a greedy solution
←
−
SolG = OptO ∪ {(snew , m + 1)}
with the following bound on its cost
|SolG | ≤ |OptN | + |snew |.
The cost function causes even more problems with self-reducibility (see Definition 31 on Page 28). Consider an instance Str = {s1 , . . . sm } of GSCS, any
solution Sol = {(si1 , 1), . . . (sim , m)} to Str and any atom (sij , j) ∈ Sol. To
certify the self-reducibility of SCS, we need to reduce the instance Str to a
smaller instance Str(sij ,j) , such that there is a one-to-one correspondence between the solutions to Str(sij ,j) and the solutions to Str containing (sij , j). We
let Str(j,ij ) = Str \ {sj }. We let solution Sol(sij ,j) for Str(sij ,j) correspond
←
−
to solution Sol = Sol(j,ij ) ∪ {(sij , j)} for Str. This is a one-to-one correspondence. Unfortunately, it does not preserve the order on the solutions given by
their length. In particular, the condition 2 of Definition 31 is not satisfied. E. g.,
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for an optimal solution Opt to Str, and the solution Opt(sij ,j) to Str(sij ,j)
corresponding to Opt, we are not able to guarantee |Opt(sij ,j) | ≤ |Opt| − |sj |.
Figure 7.1 shows the problem on an example. Let Str = {s1 , s2 , s3 }, where s1 =
s1
s2
s3

a a a a a a a a b b b b b b b b b b

Figure 7.1: Example showing that SCS is not (even generally) self-reducible
aaaaaaaa, s2 = aaaaabbbb, s3 = bbbbbbbbbb, and let (sij , j) = (s2 , 2). For the reduced instance Str(s2 ,2) = {s1 , s3 }, any permutation of strings gives an optimal
solution, as the strings do not have characters in common. Now the solution
corresponding to {(s1 , 1), (s3 , 2)}, i.e., {(s1 , 1), (s2 , 2), (s3 , 3)}, is optimal, however, the solution corresponding to {(s1 , 2), (s3 , 1)},i.e., {(s1 , 3), (s2 , 2), (s3 , 1)},
is not. Moreover, for an optimal solution Opt = {(s1 , 1), (s2 , 2), (s3 , 3)} to Str,
and the solution Opt(s2 ,2) to Str(s2 ,2) corresponding to Opt, we are not able
to guarantee |Opt(s2 ,2) | ≤ |Opt| − |s2 |, as Figure 7.1 also clearly shows.
There is, however, a way around it. To decrease the length of Opt by the
length of sj , we need to remove from Str not only sj , but also all the strings
overlapping with sj in the string corresponding to Opt.
Algorithm S(Str, sj ), given an instance Str to GSCS and sj ∈ Str guesses
the leftmost string sl and the rightmost string sr which overlap with sj in the
string corresponding to Opt, together with the respective overlap lengths. Let
R ⊆ Str be the set of substrings of mergeOpt (sl , sr ). The algorithm computes
a reduced instance StrR = Str \ R, calls the σ-approximation algorithm for
SCS on StrR and obtains a solution SolR ∈ R(StrR ). It then returns the
solution obtained by appending the strings of R to SolR in the order they fit
in mergeOpt (sl , sr ), i.e.,
S(Str, sj ) = SolR ∪ {(sl , m − |R| + 1), . . . , (sr , m)}.
The situation is shown in Figure 7.2, where R = {sl , . . . , sj , . . . , sr } and
sl (resp. sr ) is the leftmost (resp. rightmost) string overlapping with sj in the
←−−−
string corresponding to Opt. Let OptR = [Opt]StrR , so OptR ∈ R(StrR ).
Then, |OptR | ≤ |Opt| − |sj |. Hence, applying a σ-approximation algorithm to
StrR gives us solution SolR ∈ R(StrR ) with |SolR | ≤ σ(|Opt| − |sj |). The
cost of the final solution is bounded by
|S(Str, sj )| ≤ σ(|Opt| − |sj |) + |mergeOpt (R)| ≤ σ(|Opt| − |sj |) + |Opt|.

The reoptimization algorithm Alg +
Re for ReStr+ (SCS) computes both solutions
(
|SolG | ≤ |OptN | + |snew |
|S(Str, snew )| ≤ σ(|OptN | − |snew |) + |OptN |

and returns the best solution among them. It is easy to see that Alg +
Re achieves
.
an approximation ratio of 1+2σ
1+σ
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..
sl

.
sj
sr

..

.

sj
R = {sl , . . . , snew , . . . , sr }
←−−−
OptR = [Opt]StrR

Figure 7.2: An alternative to self-reduction for SCS
As for ReStr− (SCS), the modification Str− is progressing subtractive, but
again the properties of the cost function do not allow applying the general
schemes from Chapter 5. In this case, the greedy solution is
←
−
Sol0G = OptO \ {(sold , j)},

←
−
where sold is at j-th position in OptO . Since OptN ∪ {(sold , m + 1)} is feasible
←
−
to StrO , we have |OptO | ≤ |OptN ∪ {(sold , m + 1)}| ≤ |OptN | + |sold |. Note
←
−
that |OptO \ {(sold , j)}| ≤ |OptO | − |sold | + |sx | + |sy |, where sx and sy are the
neighbors of sold in OptO as shown in Figure 7.3. W.l.o.g., let |sx | ≤ |sy | and
so
←
−
|Sol0G | = |OptO \ {(sold , j)}| ≤ |OptO | − |sold | + 2|sy | ≤ |OptN | + 2|sy |.

..

.
sx

sold

sy

|ov(sx , sold )| ≤ |sx |

..

.

|ov(sold , sy )| ≤ |sy |

|OptO | − |sold |
←
−
|OptO \ {(sold , j)}|

Figure 7.3: Reoptimization algorithm for ReStr− (SCS)
The reoptimization algorithm Alg −
Re for ReStr− (SCS) computes both solutions
(
|Sol0G | ≤ |OptN | + 2|sy |
|S(Str, sy )| ≤ σ(|OptN | − |sy |) + |OptN |
and returns the best solution among them. It is easy to see that algorithm
2+3σ
Alg −
Re achieves an approximation ratio of 2+σ .
An improvement to this algorithm can be obtained by iterating algorithm
S. The main idea is that once we guessed mergeOpt (sl , sr ), we can take it as
one string slr , and this time guess the left- and rightmost string overlapping
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with slr in the string corresponding to Opt. The theorems that follow next
state the final results. There, Sk is the algorithm S iterated k times, and Alg k+
Re
+
−
(resp. Alg k−
Re ) is Alg Re (resp. Alg Re ) that uses Sk instead of S. For the details
we refer to [17].
Theorem 11. [17] Algorithm Alg k+
Re yields a solution of length at most
2σ k+1 − σ k − 1
|OptN |.
σ k+1 − 1
Theorem 12. [17] Algorithm Alg k−
Re yields a solution of length at most
3σ k+1 − σ k − 2
|OptN |.
σ k+1 + σ k − 2
In the above, σ is the approximation ratio of any chosen algorithm for the
SCS problem. Thus, Theorem 11 yields that Alg k+
Re admits the approximation
ratio of 1.61 for sufficiently large k and the best up to date approximation
ratio σ = 2.5 for the SCS problem. Theorem 12 yields that Alg k−
Re admits
an approximation ratio of 1.86 for sufficiently large k and the best up to date
approximation ratio σ = 2.5 for the SCS problem.
Theorem
13. [17] Let n be the total length of all strings in Str, i. e., n =
Pm
|s
|.
Algorithm Sk works in time O(m2k n2k (kmn + kT (m, n))), where
j=1 j
T (m, n) is the time complexity of an approximation algorithm for SCS on an
input instance with at most m strings of total length at most n.

7.3 One-Cut Algorithm for Adding a String
In this section, we present a simple and fast algorithm OneCut for ReStr+ (SCS)
which cuts the given solution at the best position possible and inserts the
new string at this position. We prove that this algorithm achieves an 11/6approximation ratio. As a first step, OneCut preprocesses the old optimal
solution in such a way that it moves every string as much to the left as possible.
After that, no string can be moved farther to the left; we call such a solution
maximally compressed. The algorithm cuts OptO at all positions one by one.
Recall that the given optimal solution OptO is represented by an ordering of
the input strings, thus cutting OptO at some position yields a partition of the
input strings into two sub-orderings. The two corresponding strings are then
merged with snew in between. The algorithm returns a shortest of the strings
obtained in this manner, see Algorithm 4.
Algorithm 4 OneCut
Input: A set of strings Str = {s1 , . . . , sm }, an optimal solution OptO =
(s1 , . . . , sm ) for Str, and a string snew
1: Preprocess(OptO );
2: for i ∈ {0, . . . , m} do
3:
Solutioni := (s1 , . . . , si , snew , si+1 , . . . , sm );
4: end for
Output: A best of the obtained solutions Solutioni , for 0 ≤ i ≤ m
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Note that the preprocessing step of OneCut is necessary only for the analysis of the approximation ratio.
Theorem 14. The algorithm OneCut is an 11/6-approximation algorithm for
ReStr+ (SCS) running in time O(n · m) for inputs consisting of m strings of
total length n over a constant-size alphabet.
Proof. We first analyze the running time of OneCut. The preprocessing can be
done by successively finding the maximum overlap of merge(s1 , . . . , si ) and si+1 .
This is possible in O(n · m) time using standard pattern matching techniques.
Then, using suffix trees, we can compute all pairwise overlaps of {snew , s1 , . . . , sm }
in time O(n · m), see e. g. [19]. Using these precomputed overlaps, each of the
m + 1 iterations of OneCut can be performed in constant time. Thus, the
overall running time of OneCut is also in O(n · m).
We now show that OneCut provides an approximation ratio of 11/6 for
ReStr+ (SCS). The proof is constructed in the following manner. One by one,
we eliminate cases in which we can prove a ratio of 11/6 for OneCut, until all
cases are covered. Each time we prove a ratio of 11/6 under some condition, we
can deal in the following with the remaining cases under the assumption that
this condition does not hold. In this way, we construct a list of assumptions
which eventually lead to some final case.
Lemma 6. If the added string snew has a length of |snew | ≤ 56 |OptN |, then the
algorithm OneCut provides an 11/6-approximation ratio.
Proof. Consider the trivial solution of appending snew at the end of OptO . This
solution is taken into account by OneCut. Note that if |snew | ≤ (5/6) · |OptN |
then this trivial solution is already an 11/6-approximation.
Lemma 6 shows that the desired approximation ratio can be reached whenever the string snew is relatively short. This leads to the first assumption.
Assumption 1. The length of the new string is |snew | > 65 |OptN |.
..
L1

.
..
l

γL

prefMN (L1 , l)

.
snew

r

prefMN (l, snew )

(a) The new optimal solution OptN (in the case that L1 precedes l).
Lj+1

..
Lm−1

l

.
L1

L2

..
Li

.
..

Lj

.

(b) The old optimal solution OptO (in the case that Li 6= λ).

Figure 7.4: The new and old optimal solution.
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Under Assumption 1, we now look at the strings surrounding snew in an
arbitrary, but fixed optimal solution OptN of the modified instance. For this, let
l be the string directly preceding snew in OptN and let r be the direct successor
of snew in OptN (see Figure 7.4 (a), the additional strings L1 , . . . , Lm−1 in
Figure 7.4 will be considered in a later stage of the analysis). If there is no
predecessor [successor] of snew in OptN , then l [r] is defined to be the empty
string. Lemma 7 proves that we may assume, without loss of generality, that l
and r almost completely cover the string snew .
Lemma 7. If OneCut returns an 11/6-approximation for all instances where
there is at most one letter from snew not covered in OptN by either l or r, then
it returns an 11/6-approximation in general.
Proof. Assume that OneCut returns an 11/6-approximation for any instance
where there is at most one letter in snew not covered in OptN by either l or
r, and let us analyze the case when snew = ovN (l, snew ) · µ · ovN (snew , r) for
some string µ such that |µ| > 1. Consider an input instance for OneCut
given by OptO and s0new , where s0new is snew with µ replaced by a new symbol
#. Let Opt0N be a solution for OptO and s0new , obtained by substituting
snew with s0new in OptN . Note that Opt0N is optimal: If there was a better
solution, substitution of s0new with snew would give an improvement of OptN
for the initial instance. Moreover, |Opt0N | = |OptN | − |µ| + 1. Let Sol0 be a
solution found by OneCut applied to OptO and s0new . The solution Sol0 is
by assumption of the lemma an 11/6-approximation of Opt0N . We can obtain a
feasible solution Sol for the initial instance (OptO , snew ) by substituting s0new
with snew . Then the following holds:
|Sol|

≤

≤

≤

|Sol0 | + |µ| − 1 ≤

11
11
6 |OptN | − 6 (|µ|
11
6 |OptN |.

0
11
6 |OptN |

+ |µ| − 1

− 1) + |µ| − 1

Now it remains to observe that OneCut applied to (OptO , snew ) considers Sol
among other solutions.
In what follows, we can therefore make a second assumption stating that the
two strings l and r as defined above cover snew almost completely.
Assumption 2. In OptN , at most one letter of the string snew is not covered
by either l or r.
Under this assumption, we show the following lemma which bounds the
maximal length of the inserted string snew .
Lemma 8. Assumption 2 implies that either |snew | ≤ 21 |OptN | + |ov(l, snew )|
or |snew | ≤ 12 |OptN | + |ov(snew , r)|.
Proof. Assume to the contrary that
|snew | >

1
1
|OptN | + |ov(l, snew )| and |snew | > |OptN | + |ov(snew , r)|.
2
2

Summing up these two inequalities gives
2|snew | > |OptN | + |ov(l, snew )| + |ov(snew , r)|.
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..

.
l

snew

L1

L2

..

.

Li
prefMN (l, snew )

snew

..

.

L1 − ov(snew , L1 )

OptO − mergeO (l, L1 )

Figure 7.5: The solution Sol1 .
According to Assumption 2, this implies |snew | > |OptN | − 1, contradicting the
substring-freeness of the new instance.
By Lemma 8 and Assumption 2, without loss of generality, we may assume
the following for the rest of the proof.
Assumption 3. The added string snew has a length of |snew | ≤
|ov(l, snew )|.

1
2 |OptN |

+

From Assumption 3 and the fact that |l| ≥ |ov(l, snew )|, we obtain |snew | ≤
+ |l|. Together with Assumption 1 this implies the following:

1
2 |OptN |

Assumption 4. The length of l can be bounded from below by |l| ≥ 13 |OptN |.

We now enumerate the strings in OptO according to the position of l as
shown in Figure 7.4 (b), i. e., OptO has the following composition
OptO = (Lj+1 , . . . , Lm−1 , l, L1 , . . . , Lj )
for some j ∈ {0, . . . , m − 1}. In particular, let L1 be the direct successor of l in
OptO . If l has no successor in OptO , let L1 = λ be the empty string. In this
case, the strings preceding l in OptO are L2 , . . . , Lm , and L1 is located at the
end of OptO .∗
In Lemma 9, we resolve the case where L1 follows snew in OptN .
Lemma 9. Under Assumptions 1, 3, and 4, if L1 is located after snew in OptN ,
then OneCut returns an 11/6-approximation.
Proof. Consider the solution Sol1 = merge(Lj+1 , . . . , Lm−1 , l, snew , L1 , . . . , Lj ),
where snew is inserted between l and L1 , as presented in Figure 7.5. Since L1
is located after snew in OptN , the size of merge(l, snew , L1 ) is bounded from
above by the size of OptN . By Assumption 4 it follows that
|Sol1|

≤

≤

≤

|OptO | − |mergeO (l, L1 )| + |merge(l, snew , L1 )|

|OptO | − |mergeO (l, L1 )| + |OptN |
2|OptN | − |l| ≤ (2 − 13 )|OptN | ≤

11
6 |OptN |

which gives an 11/6-approximation ratio.
∗ Note that if L = λ, there are m − 1 strings preceding l in Opt , and we label them
1
O
L2 , . . . , Lm .

69

7.3. ONE-CUT ALGORITHM FOR ADDING A STRING

B

A

A

B

A

B

p1
(
Optn

Opto

L1
















..
l

p2

.

p1

L1
L2
Li

..

.

Figure 7.6: Periodicity of l and L1 .
If L1 = λ, we may assume that it follows snew in OptN . Thus, we can add
the following assumption.
Assumption 5. L1 is non-empty and it precedes snew in OptN .
For the remainder of the proof, we need to analyze the periodic structure of
the strings l and L1 . To this end, we introduce the following notation. We define
πL = AB, where A = prefMN (L1 , l) and B = prefMO (l, L1 ) = pref(l, L1 ). Note
that L1 = (AB)g p1 and l = (BA)h p2 for some natural numbers g, h, where p1
and p2 denote some prefixes of AB and BA, respectively (see Figure 7.6). Note
∞
and
that g and h might well be 0. Thus, L1 , l v πL
 
∞
mergeN (L1 , l) v πL
.
7.1 
Let γL denote the prefix of the super-string corresponding to OptN which
precedes L1 (see Figure 7.4 (a)).
We now distinguish two cases according to the length of πL . The next lemma
shows that we can guarantee our desired approximation ratio in case πL is long.
Lemma 10. Assumption 5 and |πL | ≥ 16 |OptN | − |γL | imply an approximation
ratio of 11/6 for the algorithm OneCut.
Proof. Again, let us consider solution
Sol1 = merge(Lj+1 , . . . , Lm−1 , l, snew , L1 , . . . , Lj ).
The following three equalities (see Figure 7.4)
1. |mergeO (l, L1 )| = |l| + |L1 | − |ovO (l, L1 )|,
2. |pref(l, snew )| = |prefMN (l, snew )| ≤ |OptN | − |γL | − |prefMN (L1 , l)| −
|snew |, and
3. |l| − |ovO (l, L1 )| = |prefMO (l, L1 )|
give the following bound on the cost of Sol1:
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|Sol1|

≤

|OptO | − |mergeO (l, L1 )| + |snew | + |pref(l, snew )|

≤

2|OptN | − |l| − |L1 | + |ovO (l, L1 )| + |snew | − |γL |

+

−

≤

|L1 | − |ov(snew , L1 )|

|prefMN (L1 , l)| − |snew | + |L1 |

2|OptN | − (|prefMO (l, L1 )| + |prefMN (L1 , l)|) − |γL |.
{z
}
|
|πL |

If |πL | ≥ 16 |OptN | − |γL |, then |Sol1| ≤

11
6 |OptN |.

In Lemma 10, we have handled the case that the period πL is relatively long,
yielding the following assumption for the rest of the proof.
Assumption 6. The length of the period πL is |πL | < 16 |OptN | − |γL |.
To proceed with the proof, we now need to look at the first string Li after
∞
L1 in OptO which is not periodic with period πL , i. e., which satisfies Li 6v πL
.
If there is no such string, let Li = λ be the empty string. Furthermore, let
L = mergeO (l, Li−1 ).
We now prove an approximation ratio of 11/6 for OneCut for the case in
which Li follows snew in OptN . Note that this also holds if Li is empty. To this
end, we first need the following lemma (which does not depend on the position
of Li in OptN ).
Lemma 11. Under Assumptions 4, 5, and 6,
|merge(L, snew , Li )| ≤ |merge(l, snew , Li )| + |πL |.
Proof. Note that, due to Assumptions 4 and 6, we have |l| > 2|πL |. We first
prove that
 
|merge(L, q)| ≤ |merge(l, q)| + |πL |,
7.2 
for an arbitrary string q.
Since both L and l are periodic with period πL , to prove the claim it suffices
to show that stretching merge(l, q) by one period length yields a super-string
∞
of merge(L, q). More precisely, since Li−1 v πL
= (BA)∞ , we can represent
f
it as Li−1 = si−1 (BA) pi−1 , for some f ∈ N, si−1 being a suffix and pi−1
being a prefix of BA. Since L is maximally compressed in OptO , si−1 falls into
the first period BA of l in OptO (see Figure 7.7). Consider string l0 obtained
from string merge(l, q) by shifting q to the right by one period BA, as shown in
Figure 7.7. If |ov(l, q)| < |πL |, then l0 is constructed as the concatenation of a
string l00 v (πL )∞ and q, such that l is a prefix of l00 and |l0 | = |merge(l, q)|+|πL |.
The string L must be a prefix of l0 . Otherwise, in OptO , string Li−1 ends
more than |BA| away from the end of l, and this implies l being a substring
of Li−1 (note that si−1 falls into the first period BA of l in OptO ). Therefore
|merge(L, q)| ≤ |l0 | = |merge(l, q)| + |πL |.
Choosing q = merge(snew , Li ), the claim of the lemma follows immediately
from (7.2).
We are now ready to prove the claimed approximation ratio of 11/6 for the
case when Li follows snew in OptN .
71

7.3. ONE-CUT ALGORITHM FOR ADDING A STRING

A

B

A

B

A

B

A

B

A

B

ov(l,q)

}|

z

l0
|

}|

{z

l00

{
{z
q

}

ov(l,q)

q

Opto


l




..

si−1





Li−1

}|

z

{

.

pi−1

Li

Figure 7.7: The situation in the proof of Lemma 11.
Lemma 12. Under Assumptions 1, 2, 3, 4, 5, and 6, and if Li follows snew in
OptN , OneCut is an 11/6-approximation algorithm for ReStr+ (SCS).
Proof. We consider the solution obtained by inserting snew before Li in OptO ,
that is,
Sol2 = merge(Lj+1 , . . . , Li−1 , snew , Li , . . . , Lj )
(see Figure 7.8). By Lemma 11, we can bound the length of the middle part of
Sol2 in the following way:
 
|merge(L, snew , Li )| ≤ |merge(l, snew , Li )| + |πL | ≤ |OptN | + |πL |.
7.3 
The bound for Sol2 follows from Assumption 4, Assumption 6, and (7.3):
|Sol2|

≤

≤

≤

|OptO | − |mergeO (L, Li )| + |merge(L, snew , Li )|

|OptN | − |l| + |OptN | + |πL |

2|OptN | + 16 |OptN | − |γL | − 13 |OptN | ≤

11
6 |OptN |.

Thus, we can make the following assumption for our final case. (In the case
where Li = λ, we may assume that Li follows snew in OptN .)
Assumption 7. Li is non-empty and it precedes snew in OptN .
For dealing with the remaining case, we first need to bound the length of
the overlap of Li−1 with Li .
..

.
l

L1

L2

..

Li−1
snew

.
Li

..

.

merge(L, snew , Li )
OptO − mergeO (l, Li )

Figure 7.8: The solution Sol2.
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Figure 7.9: Illustration of the proof of Lemma 13.
Lemma 13. Under Assumptions 1, 2, 3, 5, 6, and 7,
|ovO (Li−1 , Li )| ≤ |πL | + |γL |.
Proof. According to Assumptions 5 and 7, the case we are analyzing here is
that both L1 and Li are placed before l in OptN . Recall that, by definition,
∞
∞
(see Equation (7.1)), string Li cannot be
. Since mergeN (L1 , l) v πL
Li 6v πL
placed between L1 and l in OptN . Hence, Li is the first of these three strings
∞
∞
.
, also L v πL
to appear in OptN . Since l, L1 , . . . , Li−1 v πL
If |ovO (Li−1 , Li )| < |pref N (Li , L1 )|, the claim follows immediately since
pref N (Li , L1 ) v γL . Thus, we may assume in the following that |ovO (Li−1 , Li )| ≥
|pref N (Li , L1 )|. Let Q := pref N (Li , L1 ) and let P and R be such that QP :=
ovO (Li−1 , Li ) and QP R := Li (see Figure 7.9).
For the sake of contradiction, assume |QP | > |γL | + |πL |. Note that |Q| ≤
∞
∞
|γL |, and thus |P | > |πL |. Since QP v Li−1 v πL
, it must hold that QP v πL
.
Let α be the suffix of πL which is a prefix of P . Let β be a prefix of πL which
starts in P where α ends, such that |αβ| = |πL |. This implies βα = πL , and αβ
is a prefix of P . It follows that Q ends with β or with a suffix β of β. Thus,
Q = β or Q = βα(βα)q β for some suffix βα of βα and some q ∈ N.
Now note that, since Q = pref N (Li , L1 ) and QP R = Li , P R has to be a
prefix of L1 . Thus, because αβ is a prefix of P , it is also a prefix of L1 . But πL
is a prefix of L1 , and |αβ| = |πL |, which implies αβ = πL .
k
π1 for some k ∈ N and some prefix π1 of πL . Since P R
Moreover, L1 = πL
p
is a prefix of L1 , we can write P R = πL
π2 for some p ∈ N and some prefix
π2 of πL . Thus, Li = QP R can take one of the following two forms: either
p
p
p
Li = β πL
π2 or Li = βα(βα)q βπL
π2 = βα β(αβ)q πL
π2 , where βα is a suffix of
∞
βα. In both cases, Li v πL
, contradicting the definition of Li .
In the final case of the proof, as presented in Lemma 14, we use Assumptions 1 to 7 and Lemma 13 to prove our claim for all remaining situations not
previously dealt with.
Lemma 14. Under Assumptions 1, 2, 3, 5, 6, and 7, OneCut provides an
11/6-approximation ratio for ReStr+ (SCS).
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Proof. Again, consider solution Sol2. Since L = mergeO (l, Li−1 ), it follows
that
|mergeO (l, Li )| =

=
=
=

|mergeO (mergeO (l, Li−1 ), Li )|
|mergeO (L, Li )|

|L| + |Li | − |ovO (L, Li )|

|L| + |Li | − |ovO (Li−1 , Li )| (by substring-freeness).

Due to Lemma 11, we obtain the following bound for Sol2 (see Figure 7.8):
Sol2

≤

|OptO | − |mergeO (l, Li )| + |merge(L, snew , Li )|

≤

|OptN | − |mergeO (l, Li )| + |merge(l, snew , Li )| + |πL |

≤

|OptN | − |L| − |Li | + |ovO (Li−1 , Li )| + |l| + |snew |

≤

|OptN | − |l| − |Li | + |ovO (Li−1 , Li )| + |l| + |snew |

≤

|OptN | − |ov(l, snew )| + |πL | + |snew | + |ovO (Li−1 , Li )|.

Lemma 11

− |ov(l, snew )| + |Li | − |ov(snew , Li )| + |πL |
− |ov(l, snew )| + |Li | − |ov(snew , Li )| + |πL |

By applying Lemma 13 and using Assumption 6, we obtain the following bound:
|Sol2|

≤

≤

≤

|OptN | + |snew | − |ov(l, snew )| + 2|πL | + |γL |
4
3 |OptN |
4
3 |OptN |

+ |snew | − |γL | − |ov(l, snew )|
+ |snew | − |ov(l, snew )|.

Now, Assumption 3 gives the bound |Sol2| ≤

11
6 |OptN |.

The lemmata above directly imply that indeed, in any case, Algorithm 4
(OneCut) provides an 11/6 approximation. This completes the proof of Theorem 14.

7.4 Conclusions
We studied in this chapter the SCS problem under string addition and string
removal. The SCS reoptimization is an interesting and challenging problem. We
saw in Section 7.2 that the general algorithms from Chapter 5 do not directly
apply to it. Nevertheless, as we showed in Section 7.2, they still provide useful
guidelines on how to attack the problem. We were able to adapt the general algorithms for a problem, which, according to our definition, is not self-reducible.
This in fact shows the limitations of the model proposed in Chapter 5. An
interesting direction for future research would be to expand the model in order
to make it applicable to problems such as SCS. The adaptation of the general
algorithms from Chapter 5 resulted in two iterative algorithms, one for string
addition and one for string removal. These algorithms provide the approximation ratios of 1.61 for string addition and 1.86 for string removal. The drawback
of the iterative algorithms, however, is their runtime. The greedy solutions for
string addition and string removal, discussed in Section 7.2, can be computed instantly, and provide approximation ratios of 2 and 3 respectively. The OneCut
algorithm, which achieves an approximation ratio of 11/6 and runs in quadratic
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Table 7.1: Table provides the approximation ratios and times of all the algorithms discussed in this chapter. There, Greedy stands for the greedy algorithm.
For string addition, Greedy returns the greedy solution (SolG ) obtained by appending the new string at the end of the input solution. For string removal,
Greedy returns the greedy solution (Sol0G ) obtained by removing the string
k−
from the input solution. Iterative stands for algorithm Alg k+
Re and Alg Re respectively, where k is the number of iterations. The approximation ratios for
k−
Alg k+
Re and Alg Re provided in the table hold for k sufficiently large and the best
up to date approximation ratio for SCS, i.e., σ = 2.5. All these algorithms were
discussed in Section 7.2. OneCut stands for the OneCut algorithm presented
in Section 7.3. Symbol m stands for the number of strings in the input, whereas
symbol n stands for their total length. By T (m, n) we denote the running time
of the 2.5-approximation algorithm for SCS.

Greedy
OneCut
Iterative

String Addition
ratio
time
2
O(1)
1.84
O(m · n)
O(m2k n2k (kmn
1.61
+kT (m, n)))

String Removal
ratio
time
3
O(1)
−
−
O(m2k n2k (kmn
1.86
+kT (m, n)))

time, completes the interesting picture of a trade-off between quality and efficiency of SCS reoptimization. Recall that the best up-to-date approximation
ratio for computing the solution from scratch is 2.5 [89, 67]. We summarize
the results of this chapter in Table 7.1. An interesting open question related to
OneCut algorithm is how much would the approximation ratio improve, if the
algorithm could cut in more than one spot and rearrange the obtained strings
optimally.
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The Minimum Steiner Tree problem
In this chapter, we study reoptimization of the Minimum Steiner Tree problem. For the definition of the Minimum Steiner Tree (SMT) problem and the
information about it we refer to Chapter 3. Reoptimization of Steiner trees has
been widely studied in the literature and a variety of interesting results has been
obtained. For the current state of the art, we refer to Table 4.1 on Page 17.
The reoptimization scenarios we consider in this chapter are:
• turning a vertex into a terminal, referred to as ReS + (SMT),
• turning a vertex into a non-terminal, referred to as ReS − (SMT),
• increasing the cost of an edge, referred to as Rec+ (SMT),
• decreasing the cost of an edge, referred to as Rec− (SMT).
The approximation algorithms presented here achieve approximation ratios of
1.22 for ReS + (SMT) and ReS − (SMT) and 1.281 for Rec+ (SMT). For Rec− (SMT)
we present two alternative algorithms, one achieving a ratio of 1.281 and the
other one achieving a a ratio of 1.25. The first four algorithms are based on
the general approximation algorithms for the respective modifications provided
in Chapter 5. The last algorithm for Rec− (SMT) improves over the general
algorithm via means of careful analysis, specific to the studied problem. As
an alternative to the above algorithms, we present at the end of this section
an algorithm for ReS + (SMT), which does not use the self-reduction technique.
The approximation ratio of this algorithm is not as good, but the running time
is improved substantially. Before moving on to the results, we introduce a few
properties of the SMT problem that allow using the schemes from Chapter 5.

8.1 Notation and Preliminary Observations
In this section, we make some preliminary observations on the SMT problem and
introduce a few preliminary definitions. In order to comply with self-reducibility
introduced in Definition 31 on Page 28, we will represent Steiner trees, i. e., the
solutions to SMT, as sets of edges. This representation causes no loss, as any
set of edges A ⊆ E(G) of some graph G can be easily converted to a subgraph
Gr (A) of G: the vertex set V (Gr (A)) is the set of the endpoints of the edges in
A and E(Gr (A)) = A. Often in this chapter we will identify a set of edges with
the corresponding graph defined as above. We call a set of edges A a path (a
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tree, a forest) if Gr (A) is a path (a tree, a forest respectively). For a forest F , we
denote by |F |T the number of trees in it (the number of connected components
in Gr (F )). For the purpose of this chapter, we adopt the following, definition
of the SMT problem, which is the same as the the definition in Chapter 3, but
specifies the way of representing the solutions.
Definition 42. The Minimum Steiner Tree problem (SMT) is the following
optimization problem:
Given an edge weighted multi-graph G = (V, E, c) and a terminal set of vertices S ⊆ V , the feasible solutions are sets of edges forming Steiner trees, i. e.,
trees that span S in
P G. The cost function is defined for every set A ⊆ E as
cost((G, S ), A) = e∈A c(e), i. e., as the sum of the costs of all edges in A.
The goal is to minimize the cost of the Steiner tree.
Hence, we use precisely the representation of SMT presented in Example 5.2.3 on Page 29. As shown in the example, the SMT problem is selfreducible with respect to this representation.
Most known algorithms for the classical SMT only work for metric graphs.
This is no restriction for the SMT problem since the Steiner tree for an arbie coincide due
trarily edge-weighted multi-graph G and for its metric closure G
to Lemma 15.
Lemma 15. Let G = (V, E, c) be a graph and S ⊆ V be a set of terminals. If a
tree T is a minimum Steiner tree for (G, S ) then it is also a minimum Steiner
e S ). Proof can be found in [81].
tree for (G,

Lemma 15 allows restricting the input graphs for ReS + (SMT) and ReS − (SMT)
to metric graphs. Recall that input instances for ReS + (SMT) and ReS − (SMT)
are triples containing two input instances for SMT and the optimal solution Opt
to the first instance. Both modifications S + and S − modify only the terminal
set S , so the graph G is the same for both SMT input instances. If G is not
e The optimum Opt due to Lemma 15
metric, we compute its metric closure G.
e The modification adds a vertex to a
remains optimal for the metric closure G.
e S 0 ) and
terminal set S turning it into S 0 , so we can find the solution Sol to (G,
reconstruct from it the solution for (G, S 0 ) of the same cost.
The situation is not as bright for Rec+ (SMT) and Rec− (SMT), where the
input instances are of form ((G, S ), (G0 , S ), Opt), where G0 differs from G in the
cost of one edge. Unfortunately, changing the cost of an edge in G may cause a
e As it turns out, this only causes trouble
lot of edges changing their cost in G.
in the scenario of decreasing the edge cost: Rec− (SMT). There, we explicitly
e of
need to assume that c− alters only one edge cost in the metric closure G
0
e
f
G, i.e. G and G differ only by the cost of one edge. In case of Rec+ (SMT),
we do not need to assume the metricity of the input graphs. As a result of
these observations, we make a few additional assumptions in the definitions
of the SMT reoptimization problems that, on a general level, were introduced
in Chapter 5. Below we provide the formal definitions modified accordingly.
We stick to these definitions throughout this chapter. Note that, except for
Rec− (SMT), we do not loose the generality. Note also that the definition of
Rec+ (SMT) introduces no additional assumptions.
Definition 43. The input for the SMT reoptimization problem under turning a
non-terminal into a terminal (ReS + (SMT)) consists of two SMT input instances
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I = (G, S ) and I 0 = (G, S 0 ) and an optimal solution Opt for I, where G is
metric and S 0 = S ∪ {t} for some t ∈ V \ S .
Analogously, the input for the SMT reoptimization problem under turning a
terminal into a non-terminal(ReS − (SMT)), consists of two instances I = (G, S )
and I 0 = (G, S 0 ) and an optimal solution Opt for I, where G is metric and
S 0 = S \ {t} for some t ∈ S .
The input for the SMT reoptimization problem under increasing the cost of
one edge (Rec+ (SMT)) consists of two SMT input instances I = (G, S ) and
I 0 = (G0 , S ) and an optimal solution Opt for I, where G = (V, E, c) and
G0 = (V, E, c 0 ) and c coincides with c 0 on all edges but one edge e, where
c(e) < c 0 (e).
The input for the SMT reoptimization problem under decreasing the cost of
one edge (Rec− (SMT)) consists of two SMT input instances I = (G, S ) and
I 0 = (G0 , S ), and an optimal solution Opt for I. The graphs G = (V, E, c) and
G0 = (V, E, c 0 ) are both metric and c coincides with c 0 on all edges but one edge
e, where c(e) > c 0 (e).
For all these problems, the goal is to find a Steiner tree for I 0 of minimum
cost.
The metricity plays a crucial role in algorithms for the SMT problem, as it
allows narrowing the set of solutions down in a convenient way. For a given SMT
problem instance (G, S ), we will say that a solution to it Sol is branching, if
Sol is a Steiner tree, where all the non-terminal vertices have degree at least 3,
i.e., for any v ∈ V (Sol) \ S it holds that deg Sol (v) ≥ 3. Most of the time we will
be assuming that the solutions to metric instances of SMT are branching. This
is because if we are confronted with a non-branching solution Sol to the metric
instance of SMT, we can (in polynomial time) transform it to its branching
counterpart of the same cost. Mainly, we can substitute both edges adjacent
to every non-terminal vertex of degree 2 via a direct edge connecting the other
endpoints of these two edges. Due to the metricity, the cost of Sol does not
increase with this transformation. To be more precise,
Remark 4. for a given SMT problem instance (G, S ), where G = (V, E, c) is
a metric graph, any solution to it can be transformed in O(|V |) time into a
branching solution of the same cost.
As a consequence of Remark 4, without loss of generality, we will use branching solutions for analysis when needed. We end this section with a lemma, which
states an important property of branching solutions to metric instances of the
SMT problem. It will turn out useful many times further in this chapter.
Lemma 16. Let I = (G, S ) be an instance of the SMT problem, where G =
(V, E, c) is a metric graph. Let Opt ∈ Optima(I) be a branching optimal
solution to (G, S ). Let v, v1 be two vertices adjacent in Opt, i. e., {v, v1 } ∈ Opt.
Let Pv ⊆ Opt be the shortest path in Opt from v to S \ {v} passing through
(b)
v1 . Let Pv ⊆ Pv be the path consisting of the first b edges on Pv starting from
(b)
v. Let Pv0 be the remaining part of Pv , i. e., Pv = Pv ∪ Pv0 . Then
cost(I, Pv0 ) ≤

Optcost(I)
.
b
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(b)

Proof. Let w be other than v endpoint of Pv . If w ∈ S , then Pv0 = ∅ and the
lemma trivially holds as cost(I, Pv0 ) = 0. Otherwise, let v, v1 , . . . , vb = w be the
(b)
(b)
vertices of Pv in order of traversing Pv from v to w (see Figure 8.1). Since
all vi , i ∈ {1, . . . , b}, are non-terminal and Opt is branching, there is a path
Pi edge-disjoint with Pv from each vi to some terminal in S . Since Pv is the
cheapest path among paths from v to S \ {v} passing through v1 , it holds that
cost(I, Pv0 ) ≤ cost(I, Pi ) for all i ∈ {1, . . . , b}. Since the paths P1 , . . . , Pb , Pv0
are pairwise edge-disjoint and all contained in Opt, the claim of the lemma
follows.

v
v1
v2

P1

Pv(b)
...

Pv

P2
Pb

vb

Pv0

(b)

Figure 8.1: Illustration to Lemma 16: the paths branching from Pv

8.2 Turning a Non-terminal into a Terminal
In this section, we consider the reoptimization scenario of turning one of the
vertices in the graph into a terminal vertex: ReS + (SMT). The formal definition was introduced in the previous section (Definition 43). In this section, we
provide a number of algorithms for ReS + (SMT), where each next algorithm
improves the previous one. This chain of improvements brings us in the end to
a polynomial-time 1.22-approximation algorithm for this problem.
Before we drift away into technical details, we present the rough idea of
the algorithms that we further formally introduce. Let Opt0 be an optimal
branching solution to I 0 (due to Remark 4, there exists a branching optimal
solution to I 0 ). First observe that Opt0 contains a path Pt connecting t with
some terminal in Opt. This path, added to Opt, makes it a feasible solution
to I 0 , as shown in Figure 8.2. If we choose Pt to be the shortest path in Opt0
connecting t with a terminal in Opt, due to the branching structure of Opt0 its
G
length is bounded by log |V |. Hence, the algorithm SAlg
(I 0 ) (see Corollary 4 on
log |V |
), where the set of guesses G contains all
Page 34) guesses Pt in time O(|V |
G
subsets of at most log |V | edges. A better solution among Opt ∪ Pt and SAlg
(I 0 )
can be therefore computed in sub-exponential running time and provides an
approximation ratio of 2σ−1
σ . In fact, this is no more than the algorithm from
Theorem 3 on Page 41 applied to ReS + (SMT). Note that instead of Opt ∪ Pt
we could use Opt ∪ {et }, where et is a direct edge between the endpoints of
G
Pt . This does not substantially improve the running time, as SAlg
(I 0 ) has to
guess Pt anyway. To reduce the running time, instead of guessing the whole
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t
OPT0
(b)

Pt

OPT

Pt
e
(b)

(b)

Figure 8.2: The paths Pt and Pt , where Pt
Pt .

consists of the first b edges on

path Pt , we only guess the first b edges on it, where b is a constant. The first
(b)
b edges of Pt constitute a path Pt , shown in Figure 8.2. The greedy solution
(b)
(b)
becomes then Opt ∪ Pt ∪ {e}, where e is the cheapest edge connecting Pt
0
with Opt. Due to the branching structure of Opt , the cost of e is a negligible
fraction of Opt0 , if we choose Pt to be the cheapest path in Opt0 connecting t
(b)
G
with a terminal in Opt. The algorithm SAlg
(I 0 ) guesses Pt by going through
all subsets of edges of size bounded from above by b. Hence, the running time
becomes polynomial.
The final improvement is made based on the observation, that without loss
of generality we may assume that deg Opt0 (t) ≥ 2. Then there are two disjoint
G
paths in Opt0 from t to terminals in Opt, and we let SAlg
(I 0 ) guess them both,
while we only need one of them for constructing the greedy solution. In the
remainder of this section, we formalize the ideas presented above.
We start by showing that the general algorithm applies here, i. e., Theorem 3
on Page 41 directly applies to ReS + (SMT). To do so, we need to determine the
type of the modification S +. Since the sets of atoms are the same for the original
instance I and the modified instance I 0 , i. e., Atoms(I) = Atoms(I 0 ) = E(G),
and the cost function is the same for the original and the modified instance, the
cost preservation follows in both directions. In other words, S + is both costpreserving and reversely cost-preserving (see Definition 33 and 34 on Page 36).
Further, modification S + is regressing (see Definition 35.2 on Page 36): any
tree spanning S 0 spans also S ⊆ S 0 . Finally, S + is additive (see Definition 38.1
on Page 41). Let Sol be a feasible solution to I and let Opt0 ∈ Optima(I 0 )
be branching (due to Remark 4, there exists a branching optimal solution to
I 0 ). To show that S + is additive, we let A as in Definition 38.1 on Page 41 be
empty, and expose a set of edges A0 ⊆ Opt0 as in Definition 38.1, that added
to Sol makes it feasible to I 0 . Clearly, any path Pt connecting t with S in
Opt0 is a suitable choice for A0 (see Figure 8.2). If we choose Pt to be the
shortest such path, then |Pt | ≤ log |V | because Opt0 is branching. Thus, Pt is
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|V |log |V | -guessable. Therefore, due to Theorem 3 on Page 41, we conclude the
following.
Conclusion 6. ReS + (SMT) admits a 2σ−1
σ -approximation algorithm with running time O(|V |log |V | · Time(Alg)), where Alg is the σ-approximation algorithm
for SMT.
Recall that SMT is approximable with ratio σ = 1.39 (see the compendium
in Chapter 3). This, in combination with Conclusion 6, gives a sub-exponential
1.281-approximation algorithm for ReS + (SMT). This result is not satisfactory
for two reasons: the running time is not polynomial and the approximation ratio
can be improved. We start by showing how to deal with the sub-exponential
running time, then we move to improving the approximation ratio.
+ )Lemma 17. For any constant  > 0, there is a polynomial-time ( 2σ−1
σ
approximation algorithm for ReS + (SMT).
0
Proof. Let b be a positive integer constant satisfying b1 · σ−1
σ ≤ . Again, let Opt
(b)
be branching. Let Pt be the cheapest path from t to S in Opt0 . Let Pt ⊆ Pt
(b)
0
be the first b edges in Pt starting from t: Pt = Pt ∪ Pt (see Figure 8.2). If
(b)
Pt is shorter than b, we let Pt = Pt and Pt0 = ∅. We propose a modification
of the general approximation algorithm for regressing additive modifications
described in the proof of Theorem 3. The general algorithm returns returns a
G
better solution among Opt ∪ Pt and SAlg
(I 0 ), where the set of guesses G for
Pt contains all subsets of edges of size at most log |V |. We define G as the set
(b)
of all subsets of edges of size at most b and return better of Opt ∪ Pt ∪ {e}
(b)
G
and SAlg
(I 0 ), where e is the cheapest edge in G connecting Pt with S . Due

to Lemma 16 on Page 78, cost(I 0 , e) ≤ cost(I 0 , Pt0 ) ≤
(b)

cost(I 0 , Opt ∪ Pt

Optcost(I 0 )
.
b

Therefore,

1
(b)
∪ {e}) ≤ (1 + )Optcost(I 0 ) + cost(I 0 , Pt ).
b

On the other hand, due to Corollary 4 on Page 34,
(b)

G
cost(I 0 , SAlg
(I 0 )) ≤ σOptcost(I 0 ) − (σ − 1)cost(I 0 , Pt )

where σ is the approximation ratio of an algorithm Alg for SMT. Simple calculation shows that the cost of the cheaper of the two solutions above is bounded
2σ+ 1b (σ−1)−1
by
Optcost(I 0 ). Due to the choice of b, the approximation ratio of
σ
2σ−1
+  follows.
σ
To improve the ratio further, we observe that the interesting instances to
ReS + (SMT) have the property that in an optimal solution to the modified
instance the degree of the new terminal is at least 2.
Observation 1. An algorithm for ReS + (SMT), which returns a σ-approximate
solution on instances (I, I 0 , Opt) such that there is Opt0 ∈ Optima(I 0 ) satisfying deg Opt0 (t) ≥ 2, can be generalized to a σ-approximation algorithm for
ReS + (SMT).
Proof. Let Alg Re be a reoptimization algorithm for ReS + (SMT) returning a σapproximate solution on instances, where there is Opt0 ∈ Optima(I 0 ) such that
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t

OP T 0

Pt

t1

Rt

t2

(b)

Pt

T1

T2

Pt0
OP T

Figure 8.3: Optimal solution Opt0 and the paths Pt and Rt . Optimal solution
Opt is marked with a dash-dot line.
\
deg Opt0 (t) ≥ 2. We show an algorithm Alg
Re , which uses Alg Re to obtain σapproximate solution on the remaining instances. Let (I, I 0 , Opt) be an input
instance to ReS + (SMT), where for every Opt0 ∈ Optima(I 0 ) it holds that
deg Opt0 (t) = 1. Let Opt∗ ∈ Optima(I 0 ) be branching. Clearly, deg Opt∗ (t) = 1.
\
Let v ∈ V (Opt∗ ) be the only neighbor of t in Opt∗ . Algorithm Alg
Re runs
trough every vertex w ∈ V (G) \ {t} in order to find v. For each w ∈ V (G) \ {t},
\
Alg
Re computes a solution Solw . If w ∈ S , then Solw = Opt ∪ {{w, t}}.
Note that if w = v, then Solw is optimal for I 0 , as Opt∗ \ {{w, t}} is then
feasible for I. If w ∈
/ S , then we construct an instance (I, I 00 , Opt) of the
ReS + (SMT) problem, where I 00 = (G, S 0 \ {t} ∪ {w}). Intuitively, we want to
00
\
add the vertex w instead of t to Opt. Alg
Re applies Alg Re to (I, I , Opt)
00
and the solution Solw is in this case Alg Re ((I, I , Opt)) ∪ {{w, t}}. Let us
analyze what happens if such solution is computed for w = v. In that case,
v = w ∈ Opt∗ , and deg Opt∗ (w) ≥ 3, because Opt∗ is branching. Note also
that Opt00 = Opt∗ \ {{w, t}} = Opt∗ \ {{v, t}} is an optimal solution to I 00 ,
as otherwise Opt∗ would not be optimal to I 0 . Observe that deg Opt00 (w) =
deg Opt00 (v) ≥ 2. So
cost(I 0 , Alg Re ((I, I 00 , Opt))) ≤ σcost(I 00 , Opt00 ) = σcost(I 0 , Opt00 ).
Hence, since σ > 1,
cost(I 0 , Solw=v ) ≤ cost(I 0 , Alg Re ((I, I 00 , Opt)) ∪ {{w, t}})
≤ σcost(I 0 , Opt00 ) + cost(I 0 , {w, t})

≤ σcost(I 0 , Opt∗ ).

\
In the end, Alg
Re returns the best of the computed solutions. Clearly, at some
point the solution is computed where w = v. The observation follows.
3σ−2
Lemma 18. For any constant  > 0, there is a polynomial-time ( 2σ−1
+ )approximation algorithm for ReS + (SMT).

Proof. Let b be a positive integer constant satisfying b1 ≤ .
Due to Observation 1, we may assume that deg Opt0 (t) ≥ 2. Let t1 , t2 ∈
ΓOpt0 (t), t1 6= t2 , be any two neighbors of t in Opt0 . Let Ti , i ∈ {1, 2}, be
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the tree containing ti obtained by removing the edge connecting ti with t from
Opt0 . Let Si = V (Ti ) ∩ S for i ∈ {1, 2}. Clearly, S1 ∩ S2 = ∅.
Let Pt be the cheapest path in Opt0 connecting t with S1 and let Rt be
(b)
the cheapest path in Opt0 connecting t with S2 . Let Pt ⊆ Pt , respectively
(b)
Rt ⊆ Rt be the path composed of the first b edges on Pt , respectively Rt ,
(b)
(b)
starting from t: Pt = Pt ∪ Pt0 and Rt = Rt ∪ Rt0 (see Figure 8.3). Again, if
(b)
(b)
Pt (respectively Rt ) is shorter than b, we let Pt = Pt (respectively Rt = Rt )
0
0
and Pt = ∅ (respectively Rt = ∅). Without loss of generality we may assume
(b)
(b)
that cost(I 0 , Pt ) ≤ cost(I 0 , Rt ). We modify the algorithm used in the proof
of Lemma 17 by redefining the set of guesses G again. We define G as the set
(b)
(b)
of all subsets of edges of size at most 2b in order to guess Pt and Rt . We
(b)
G
0
return a better solution among Opt ∪ Pt ∪ {e} and SAlg (I ), where e is the
(b)

cheapest edge in G connecting Pt with S . Due to Lemma 16 on Page 78,
0
)
. Therefore,
cost(I 0 , e) ≤ cost(I 0 , Pt0 ) ≤ Optcost(I
b
(b)

cost(I 0 , Opt ∪ Pt

1
(b)
∪ {e}) ≤ (1 + )Optcost(I 0 ) + cost(I 0 , Pt )
b

On the other hand, due to Corollary 4 on Page 34,
G
cost(I 0 , SAlg
(I 0 )) ≤

(b)

(b)

σOptcost(I 0 ) − (σ − 1)(cost(I 0 , Pt ) + cost(I 0 , Rt ))
(b)

≤ σOptcost(I 0 ) − 2(σ − 1)cost(I 0 , Pt ),

where σ is the approximation ratio of an algorithm Alg for SMT. Simple calculation shows that the cost of a minimum of the two solutions is bounded by
3σ−2+ 2σ−1
b
Optcost(I 0 ). Again, due to the choice of b, the approximation ratio
2σ−1
3σ−2
of 2σ−1 +  follows.

8.3 Turning a Terminal into a Non-terminal
In this section, we consider the reoptimization scenario of turning one of the
terminal vertices in the graph into a non-terminal vertex: ReS − (SMT). For
the formal definition we refer to Definition 43 in Section 8.1 of this chapter.
We end this section with a polynomial-time 1.22-approximation algorithm for
ReS − (SMT). Recall that Opt is an optimal solution to the original instance
I = (G, S ) and let for the remainder of this section Opt0 be an optimal solution
to the modified instance I 0 = (G, S 0 ). Without loss of generality (see Remark 4)
we assume that both Opt and Opt0 are branching.
Again, before jumping into the details, let us briefly sketch the reoptimization algorithm that we will later formally introduce. The algorithm we propose
is an adaptation of the general algorithm from Theorem 2 on Page 39. The
general algorithm would in essence compute two solutions and return a better
among them. To obtain the first solution, it would remove a path from Opt to
drop its cost below the cost of Opt0 , and reconnect the obtained forest using
edges belonging to Opt0 (see Figure 8.4). Note that, since every tree in the
obtained forest contains a terminal, Opt0 must contain a forest that connects
G
these trees. To obtain the second solution, the algorithm would apply SAlg
(I 0 )
0
(see Corollary 4 on Page 34) to guess and reduce the edges of Opt used for
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reconnecting. To obtain a better ratio than stated in Theorem 2, we observe
that w.l.o.g we may assume that deg Opt (t) ≥ 2. That allows us to remove
two paths from Opt and use essentially the same reconnection procedure. The
major challenge that we are confronted with in this section is to guess the reconnecting edges in a polynomial time. In the remainder of this section we formally
describe how to do it.

OPT

t

Figure 8.4: A forest obtained by removing a path from Opt.
Let us first verify which type of modification, according to the classification
in Chapter 5, modification S − is. By analogy with S + (see Section 8.2), modification S − is cost-preserving, reversely cost-preserving and progressing. To
verify that S − is progressing subtractive (see Definition 36.1 on Page 36), we expose sets A, A0 and A00 satisfying Definition 36.1. Let A00 = ∅. Set A ⊆ Opt can
be any path Pt connecting t with S 0 in Opt. Clearly, Pt is Poly(|V |)-guessable,
as it is a path in Opt which is given. Let F = Opt \ Pt be the forest obtained
by removing Pt from Opt. The set A0 is the forest F 0 ⊆ Opt0 connecting the
trees in F . In this section we show how to guess F 0 in a polynomial-time. This
alone gives a ratio arbitrarily close to the one given by Theorem 2 on Page 39,
i. e. 2σ−1
σ . Since SMT is approximable within a factor of σ = 1.39 (see the compendium in Chapter 3), the ratio above is bounded by 1.281. In order to further
achieve the claimed 1.22 approximation ratio, we need to make the following
remark, which has a similar role to Observation 1 from Section 8.2.
Remark 5. W.l.o.g. we may assume deg Opt (t) ≥ 2. If it is not the case,
instead of t from Opt we remove the only neighbor v of t from Opt \ {{t, v}}.
We note at this point, that we could obtain a worse approximation ratio without guessing F 0 . If |Pt | ∈ O(log |V |) (which is the case if we choose the shortest
path), then |F |T ∈ O(log |V |) and with the algorithm of Dreyfus-Wagner [40]
(see the compendium in Chapter 3) we can reconnect F in polynomial time for
the cost Optcost(I 0 ). This observation gives (not directly) a 1.5-approximation
algorithm for ReS − (SMT) with the running time of an algorithm used for reconnection [25].
Below we introduce a lemma that settles an important property of Opt0 .
This property allows later guessing F 0 efficiently. We define a binary tree as
a tree where there is just one vertex of degree 2 called root, and every other
vertex has either degree 1 (a leaf) or 3 (an inner vertex). The set of leafs of a
tree T is denoted by Leaf(T ) and the set of inner vertices by Inner(T ).
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Definition 44. Let Opt0 ∈ Optima((G, S 0 )) be a minimum Steiner tree for
an SMT problem instance (G, S 0 ). A binary subtree B ⊆ Opt0 of Opt0 is Aappropriate for a set A ⊆ S 0 if and only if Leaf(B ) ⊆ A and Inner(B ) ∩ S 0 = ∅.

OPT0

B

A ⊆ S0

Figure 8.5: An A-appropriate subtree B ⊆ Opt0 , marked with solid line.
In Figure 8.5 we illustrate Definition 44 with an example of an optimal tree
Opt0 for an SMT instance (G, S 0 ), containing an A-appropriate subtree B for
some A ⊆ S 0 . In the next lemma we show, that for any instance (G, S 0 ) of
the SMT problem and any partition of the terminal set S 0 into S 0 = S1 ∪ S2
(i. e., S2 = S 0 \ S1 ), a branching optimal solution Opt0 contains a subtree
P (3) ∪ B1 ∪ B2 (recall that G is a metric graph according to Definition 42, so a
branching optimal solution always exists). The subtree P (3) ∪ B1 ∪ B2 consists
of two binary trees B1 and B2 , that are S1 and S2 -appropriate respectively, and
a path P (3) of at most three edges connecting these two trees. Figure 8.6 shows
the desired subtree.
S2
B2

P (3)
OPT0
B1

S1

Figure 8.6: A subtree P (3) ∪ B1 ∪ B2 ⊆ Opt0 proven to exist in Lemma 19 under
the assumption that Opt0 is branching.
The existence of the subtree as in Lemma 19 is crucial for our algorithms,
because we use it to reconnect the trees in F . These trees essentially partition
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the terminal set, and the subtree of Opt0 claimed to exist in Lemma 19 is what
we are going to be guessing.
Lemma 19. Let Opt0 ∈ Optima((G, S 0 )) be a branching minimum Steiner tree
for (G, S 0 ). Let S 0 = S1 ∪ S2 , where S2 = S 0 \ S1 , be any partition of a terminal
set into two disjoint subsets. Then Opt0 contains a subtree P (3) ∪ B1 ∪ B2 such
that
• |P (3) | ≤ 3
• B1 is S1 -appropriate tree rooted at r1 , where r1 ∈ Leaf(P (3) )
• B2 is S2 -appropriate tree rooted at r2 , where r2 6= r1 , r2 ∈ Leaf(P (3) )

Proof. In the following proof we analyze the structure of Opt0 : all the defined
sets of edges refer to subsets of Opt0 . Let C ⊆ Opt0 be a minimum size cut in
Opt0 between S1 and S2 , i. e. a minimum size set of edges separating S1 and
S2 in Opt0 . The well known max-flow min-cut theorem for multiple sources
and targets (see e. g. [35]) tells us, that C is in fact determined via a partition
of vertices in Opt0 . To be more precise, there are two sets S1 , S2 ⊆ V (Opt0 ),
where S2 = V (Opt0 )\S1 , S1 ⊆ S1 , S2 ⊆ S2 and C is exactly the set of edges that
connect a vertex from S1 with a vertex from S2 . Moreover, by the minimality
of the cut C, after removing C from Opt0 , every vertex in S1 is connected to
some vertex in S1 and every vertex in S2 is connected to some vertex in S2 .
We identify the set of edges C with a bipartite graph Gr (C ), as defined in the
beginning of this chapter. Let W1 = V (C) ∩ S1 and W2 = V (C) ∩ S2 be the
partition of vertices in C into two sets independent in C. Note that W1 and
W2 , although independent in C, do not have to be independent in Opt0 . For
0
each vertex v ∈ Wj , j ∈ {1, 2}, let D(v)
S be the set of edges in Opt between v
and the vertices of Sj . Let D(Wj ) = v∈Wj D(v), j ∈ {1, 2}. We illustrate the
situation in Figure 8.7. We say that an edge e ∈ D(Wj ), j ∈ {1, 2} is binary, if
its endpoint not in Wj is a root of an Sj -appropriate subtree. For the sake of
convenience, if v ∈ Wj is a terminal, we let it have an imaginary binary edge
in D(v), not connected to anything else but v. We aim to prove that there are
two binary edges, f1 ∈ D(W1 ) and f2 ∈ D(W2 ), both adjacent to the same edge
fc ∈ C.
Observe, that for each non-terminal vertex v ∈ Wj , j ∈ {1, 2}, it holds that
|D(v)| ≥ 2: if v is an endpoint of one edge in C, then it must have two adjacent
edges in D(v) as deg Opt0 (v) ≥ 3; otherwise, due to the minimality of the cut C,
vertex v must have at least as many adjacent edges outside the cut as inside the
cut.
We now define an equivalence relation ≈j , j ∈ {1, 2} on the vertices of Wj .
We say that v ≈j w for v, w ∈ Wj if there is a path from v to w in Opt0
that contains only vertices in Sj . We will call such path an Sj -path. Hence,
the vertices in Wj are partitioned into equivalence classes [·]≈j with respect to
relation ≈j . As
S a first step, we prove that for each class R ∈ [·]≈j , the set of
edges D(R) = v∈R D(v) contains at least one binary edge.
First observe, that if R contains a terminal vertex, than we are done because
of the imaginary binary edges. So assume that R ∩ S 0 = ∅. Let us start with
vertex v1 ∈ R and consider an edge e1 ∈ D(v1 ). If e1 is a binary edge, we are
done. Otherwise, there is an Sj -path starting with e1 from v1 to another vertex
v2 in R . We follow this path to v2 and consider all the vertices on this path
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D(W1)

C

D(W2)

S1

S2
W1

W2

Figure 8.7: Illustration to Lemma 19: Opt0 with its corresponding structures
visited. We enter vertex v2 with edge f2 ∈ D(v2 ). Now, since |D(v2 )| ≥ 2, there
is another edge e2 ∈ D(v2 ). If e2 is binary, we are done again. Otherwise, there
is an Sj -path starting with e2 from v2 to some v3 ∈ R. We continue following
the paths until either we found a binary edge, or we hit a vertex that we already
visited. Since we always leave a vertex via a different edge as we entered, the
latter implies a cycle in Opt0 and hence a contradiction.
Now let [·]≈1 = {ζ1 , . . . ζl } and [·]≈2 = {ξ1 . . . ξm } be the equivalence classes
on W1 and W2 respectively. Note that there can be at most one edge in C
between ζi and ξj , as otherwise Opt0 contains a cycle. Recall that any vertex
in W1 is connected with an edge in C to a vertex in W2 and vice-versa. We call
a vertex binary if it is adjacent to a binary edge. We proved that every ζi and
every ξj contains at least one binary vertex. Let v ∈ ζ1 be a binary vertex in
ζ1 . It is adjacent via an edge e ∈ C to some vertex w ∈ ξj . If w is binary, we
let fc = e and the proof is completed. Otherwise, there is another vertex in ξj
that is binary, let it be w0 . Vertex w0 is connected to v 0 in ζi , i 6= 1. If v 0 is not
binary, there must be another connection going from a binary vertex in ζi to
another yet unvisited ξj . We can continue traversing the equivalence classes in
this way until either we hit a binary vertex, or a class that was already visited.
The latter is a contradiction, as it implies that there is a cycle in Opt0 .
Once we have the above lemma at our disposal, we propose the approximation algorithm for ReS − (SMT). We start with an intuitive description of the
proposed algorithm. The algorithm is parametrized. Intuitively, the parameters
Z and Y determine the number of edges guessed by the algorithm. Let Opt
be rooted at terminal t that we want to remove. Due to Remark 5, we may
assume that t has at least two sons t1 and t2 in Opt. Each of these two sons
determines a subtree of Opt, i. e. the subtree containing ti , i ∈ {1, 2}, obtained
by removing the edge between t and ti from Opt. We let Si0 ⊆ S 0 , i ∈ {1, 2}, be
the set of terminals contained in the subtree of ti . Clearly, S10 ∩ S20 = ∅. Let Pt
be the cheapest path from t to S10 in Opt and let Rt be the cheapest path from
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(Y )

(Y )

t to S20 in Opt. Let Pt
⊆ Pt , respectively Rt ⊆ Rt be the path composed
of the first Y edges on Pt , respectively Rt , starting from t. Let Pt0 and Rt0 be
(Y )
(Y )
the remaining parts of Pt and Rt , i. e., Pt = Pt ∪ Pt0 and Rt = Rt ∪ Rt0 . As
(Y )
before, if Pt (respectively Rt ) is shorter than Y , we let Pt
= Pt (respectively
(Y )
0
0
Rt
= Rt ) and Pt (respectively Rt ) be empty. The reoptimization algorithm
(Y )
(Y )
removes paths Pt
and Rt from Opt, creating a forest F of at most 2Y + 1
trees. Note that every tree in F contains at least one terminal vertex. The
algorithm then applies the procedure Connect, described further in more detail
(see Algorithm 5), on the obtained forest. The procedure Connect on the one
G
hand guesses how Opt0 connects the trees in F , on the other hand it uses SAlg
to self-reduce the instance using the guessed edges of Opt0 . In the end Connect
returns the best among the solutions it computes. The reoptimization algorithm
then returns a better solution among Opt and the output of Connect.
We now describe the procedure Connect in more detail. It takes as input
an SMT instance I 0 = (G, S 0 ), a forest F = T1 ∪ · · · ∪ Tm and a parameter Z .
The precondition for Connect is that each tree in F has to contain a terminal
vertex from S 0 . Connect computes a number of Steiner trees for (G, S 0 ) and
returns the best among the computed trees. It connects the trees in F in a
recursive manner. At each recursive call it decreases the number of trees in
F by connecting the last tree Tm to some other tree Ti , i < m. This is done
with the help of Lemma 19. Since every tree in Ti contains a terminal, we can
partition the terminal set S 0 into two non-empty sets of terminals: the terminals
in the last tree Tm and the terminals in the remaining trees of F . Lemma 19
guarantees the existence of a subtree in Opt0 , which we partially guess and use
for connecting Tm with some other tree in F .
To be more precise, we set S1 = S 0 ∩V (Tm ) and S2 = S 0 ∩V (F \Tm ) to be the
partition of S 0 . Lemma 19 guarantees that Opt0 contains a subtree B1 ∪P (3) ∪B2
(Z )
(Z )
as in the claim of the lemma. Procedure Connect guesses B1 ∪ P (3) ∪ B2 ,
(Z )
where Bj , j ∈ {1, 2}, is the subtree of the first Z floors of the tree Bj . If the
(Z )

(h)

height of Bj is smaller than Z , we let Bj = Bj , where h < Z is the height of
Bj . In other words, if there is a terminal within the first Z floors of Bj , we only
guess as far as to reach that terminal. Since the size of the guessed subtree is
(Z )
(Z )
bounded by |B1 ∪ P (3) ∪ B2 | ≤ 2Z +1 + 3, the number of guesses is bounded
by a function of Z . We let T m run trough all trees of size bounded by 2Z +1 + 3.
(Z )
(Z )
For each guess T m for B1 ∪ P (3) ∪ B2 , we compute the cheapest edges em
and fm connecting T m with S1 and S2 respectively, and use T m ∪ {em , fm } to
connect Tm to some other tree Ti , i < m. We proceed recursively with a forest
of a smaller size. Once F becomes a single connected tree T1 (at the bottom of
G
recursion), two solutions are computed: Solj = T1 and Sol0j = SAlg
((G, S 0 )),
S
where G contains one guess, i. e., the union T i ∈Q T i of the trees guessed at
higher level recursive calls. There, j is incremented whenever a new pair of
solutions is computed and Q is a stack that stores the trees. Note that the
G
only purpose of SAlg
is to self-reduce the instance using the edges that were
guessed earlier. We present the pseudo-code in Algorithm 5. There, we allow
two operations on the stack Q: ← T puts a tree T on the top of the stack,
whereas → pops a tree from the top of the stack.
In the following lemma we give the bounds on the costs of solutions computed
by Connect.
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Algorithm 5 Recursive procedure Connect
Sm
Input: An SMT instance (G, S 0 ), F = i=1 Ti , parameter Z
1: if m := |F |T > 1 then
2:
S1 := S 0 ∩ V (Tm )
Sm−1
3:
S2 := S 0 ∩ V ( i=1 Ti )
4:
Gm := all subtrees of G of at most 2Z +1 + 3 edges
5:
for each tree T m ∈ Gm do
6:
Q ← Tm
7:
em := the cheapest edge between T m and S1
8:
fm := the cheapest edge between T m and S2
9:
Let i be the index of Ti ∈ F which contains an endpoint of fm
10:
Ti := Ti ∪ Tm ∪ {em } ∪ {fm } ∪ T m
11:
Connect((G, S 0 ), F \ Tm , Z )
12:
Q→
13:
end for
14: else
15:
j := j S
+ 1; Solj := T1 ;
G
(G, S 0 );
16:
G := { T i ∈Q T i }; Sol0j := SAlg
17: end if
Output: the best among the computed solutions Solj and Sol0j

Lemma 20. Let I 0 = (G, S 0 ) be an instance of the SMT problem where G is
metric. Let forest F = T1 ∪· · ·∪Tm be such, that for every tree Ti , i ∈ {1, . . . , m}
it holds that V (Ti )∩S 0 6= ∅. Let Z be a positive integer. Let Opt0 ∈ Optima(I 0 )
be branching. Let Sol be the best solution among solutions Solj and Sol0 be the
best among solutions Sol0j computed by Connect(I 0 , F , Z ). Then, there exists a
subtree T ⊆ Opt0 of Opt0 such that
cost(I 0 , Sol) ≤
cost(I 0 , Sol0 ) ≤

Optcost(I 0 )
2Z
0
0
σOptcost(I ) − (σ − 1)cost(I , T )
cost(I 0 , F ) + cost(I 0 , T ) + |F |T

Mo rover, if Z and the number of trees in F are constant, Connect runs in
polynomial-time.
Proof. At each recursive call the respective T i runs trough all trees of size at
most 2Z +1 +3. Due to Lemma 19, for the partition S 0 = S1 ∪S2 computed in that
(Z )
(Z )
recursive call, there exist a tree B1 ∪P (3) ∪B2 ⊆ Opt0 . Since B1 ∪P (3) ∪B2 ⊆
0
(3)
Z +1
B1 ∪ P ∪ B2 ⊆ Opt is a subtree of size bounded by 2
+ 3, at some point
(Z )
(Z )
T i is set to B1 ∪ P (3) ∪ B2 . Hence, at some point at the bottom of the
(Z )
(Z )
recursion we end up with every T i ∈ Q set to its respective B1 ∪ P (3) ∪ B2 .
In what follows, we analyze the solutions computed exactly at that point. Let j
S|F |
be such that Solj and Sol0j were computed at that point and let T = i=1T T i
be the corresponding selection of trees. The following bound holds:
cost(I 0 , Solj ) ≤ cost(I 0 , F ) + cost(I 0 , T ) +

|Q|
X

(cost(I 0 , ei ) + cost(I 0 , fi )).

i=1
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(Z )

Note that if there is a terminal leaf in B1 ⊆ T i , then c(ei ) = 0. If there
(Z )
(Z )
is a terminal leaf in B2 ⊆ T i , then c(fi ) = 0. If in Bi , i ∈ {1, 2}, there
is no terminal, due to Lemma 19 there are two paths branching from each of
0
(Z )
)
2Z non-terminal leafs of Bi . So, c(ei ) ≤ Optcost(I
(and analogously c(fi ) ≤
2Z +1
Optcost(I 0 )
).
2Z +1
0

0

)
In any case, max{c(ei ), c(fi )} ≤ Optcost(I
. Since |Q| ≤ |F |T and
2Z +1
0
cost(I , Sol) ≤ cost(I , Solj ), the upper bound on cost(I 0 , Sol) as claimed in
the lemma follows. The second inequality claimed in the lemma is a consequence
of the fact that T ⊆ Opt0 combined with Corollary 4 on Page 34.
Finally, let us analyze the running time of the procedure Connect. At each
Z +1
recursive call Connect runs through at most 2(2 +3) trees and makes a recursive call for each of these trees. The depth of the recursion is bounded by the
number of trees in the input forest minus one, i. e., |F |T − 1. Hence, we obtain
Z +1
a running time of O(2(2 +3)(|F |T −1) · Poly(|I|)). If Z and the number of trees
in F are a constant, this gives a polynomial running time.

The next lemma states the main result of this section.
3σ−2
Lemma 21. For any constant  > 0, there is a polynomial-time ( 2σ−1
+ )approximation algorithm for ReS − (SMT).

Proof. The final output of the reoptimization algorithm for ReS − (SMT) is the
(Y )
(Y )
best solution among Connect((G, S 0 ), Opt \ (Pt ∪ Rt ), Z ) and Opt.
Due to Lemma 20, and because |F |T ≤ 2Y +1, the bounds on the computed
solutions are as follows.
(Y )

(Y )

cost(I 0 , Sol) ≤ cost(I 0 , Opt \ (Pt ∪ Rt ))
(2Y + 1)Optcost(I 0 )
+ cost(I 0 , T ) +
2Z
0
0
0
cost(I , Sol ) ≤ σOptcost(I ) − (σ − 1)cost(I 0 , T )
cost(I 0 , Opt) ≤ Optcost(I 0 ) + min{cost(I 0 , Pt ), cost(I 0 , Rt )}
Taking into account the bound cost(I 0 , Opt) ≤ cost(I 0 , Rt ), it holds that
(Y )

cost(I 0 , Opt \ (Pt
0

≤ cost(I , Opt) − cost(I

≤

+
=

(Y )

∪ Rt
0

))

(Y )
, Pt )

(Y )

− cost(I 0 , Rt

)

(Y )
Optcost(I 0 ) + cost(I 0 , Rt ) − cost(I 0 , Rt )
(Y )
cost(I 0 , Pt ) − cost(I 0 , Pt ) − cost(I 0 , Pt )
Optcost(I 0 ) + cost(I 0 , Rt0 ) + cost(I 0 , Pt0 ) − cost(I 0 , Pt )

Since w.l.o.g. cost(I 0 , Rt0 ) ≤ cost(I 0 , Pt0 ), we can rewrite
cost(I 0 , Sol) ≤ (1+

2Y + 1
)Optcost(I 0 )−cost(I 0 , Pt )+2cost(I 0 , Pt0 )+cost(I 0 , T ),
2Z
0

0

0

)
,Pt )
where cost(I 0 , Pt0 ) ≤ cost(IY,Opt) ≤ Optcost(I
+ cost(I
due to Lemma 16 and
Y
Y
0
the bound on the cost of Opt given by cost(I , Opt) ≤ Optcost(I 0 )+cost(I 0 , Pt ).
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As a result of these calculations, we obtain the following bounds on the
considered solutions:
2
2Y + 1
)Optcost(I 0 )
+
Y
2Z
2
− (1 − )cost(I 0 , Pt ) + cost(I 0 , T )
Y
cost(I 0 , Sol0 ) ≤ σOptcost(I 0 ) − (σ − 1)cost(I 0 , T )
cost(I 0 , Sol) ≤ (1 +

cost(I 0 , Opt) ≤ Optcost(I 0 ) + cost(I 0 , Pt )

Long and exhaustive calculations bring us now to the approximation ratio:
3σ − 2 + (σ − 1) 2Y2Z+1
.
2σ − 1 − (σ − 1) Y2
This term converges to 3σ−2
2σ−1 as Z and Y grow. It is clear that with the right
3σ−2
choice of constant parameters Z and Y we will obtain a value within 2σ−1
+
for any  > 0. Polynomial running time follows from the fact, that Connect
runs in polynomial time.

8.4 Increasing the Cost of an Edge
In this section we consider the reoptimization scenario of increasing the cost
of one edge: Rec+ (SMT). We provide a polynomial-time 1.281-approximation
algorithm for this reoptimization variant.
Recall (Definition 43) that Rec+ (SMT) takes as input two SMT instances
I = (G, S ) and I 0 = (G0 , S ) together with an optimal solution Opt for I, where
G = (V, E, c), G0 = (V, E, c 0 ) and c coincides with c 0 on all the edges but one
edge e, where c(e) < c 0 (e). Recall that G and G0 need not to be metric. Before
we proceed, we make an observation which later allows reducing the problem
to an equivalent problem on metric graphs. For a multi-graph G, we call an
e is a cost of some path
edge f ∈ E(G) implied, if its cost in the metric closure G
between its endpoints, and this path is not just a single edge f .
Observation 2. Let I = (G, S ), I 0 = (G0 , S ) be two instances of SMT (see
Definition 42 on Page 77), where G = (V, E, c), G0 = (V, E, c 0 ) and c and
c 0 coincide on all the edges in E but e, where c(e) < c 0 (e). Let Sol be any
e = (V, E, e
f0 = (V, E, ce0 ) be the respective
feasible solution for I. Let G
c ) and G
d for I,
metric closures. We can, in polynomial time, compute a solution Sol
d
d
such that cost(I, Sol) ≤ cost(I, Sol) and for every edge f ∈ Sol \ {e} it holds
that e
c (f ) = ce0 (f ).
Proof. Let f ∈ Sol \ {e} be such that e
c (f ) < ce0 (f ). That can happen only if
c(f ) is in fact the cost of a path in G between the endpoints of f . In other
words, f is implied. Now the crucial observation is that we can substitute every
implied edge f in Sol with the respective path in G consisting of non-implied
edges only, and that such substitution does not increase the cost of Sol in
d is obtained by substituting all implied edges in this way, then
G, i. e., if Sol
d ≤ cost(I, Sol).
cost(I, Sol)
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d as in Observation 2, is a feasible solution to G
e as well (in fact,
Clearly, Sol
d
d
d
c(Sol) = e
c (Sol), because Sol contains only non-implied edges). Observe, that
d to its branching counterpart in G
e (see Remark 4) does not
transforming Sol
∗
d
change the invariant, that at most one edge e ∈ Sol satisfies e
c (e ∗ ) < ce0 (e ∗ ),
0
d
e
whereas e
c and c coincide on all the other edges of Sol. Hence, given any
e S ) of not
solution Sol to G, we can easily compute a branching solution to (G,
f0 . If we now find an
greater cost, where only one edge changes its cost in G
f0 , S ), it yields the solution to (G0 , S ) with the same
approximate solution to (G
approximation factor due to Lemma 15. We summarize these considerations in
the following remark:
Remark 6. Without loss of generality we may assume that the input instance
to Reρc+ (SMT) (as defined in Chapter 5) contains two SMT problem instances
I = (G, S ) and I 0 = (G0 , S ) together with a solution Sol for I, cost(I, Sol) ≤
ρOptcost(I), where G = (V, E, c) and G0 = (V, E, c 0 ) are metric, Sol is
branching and for every f ∈ Sol \ {e ∗ } it holds that e
c (f ) = ce0 (f ) whereas
∗
∗
e
c (e ) ≤ ce0 (e ).

In fact, throughout this section, we use the definition of Reρc+ (SMT) given
by Remark 6. We will only show how to address the scenario Rec+ (SMT), i. e.,
when an optimal solution is given in the input.
The modification c+ is practically both progressing and regressing (see Definition 35 on Page 36) since a solution feasible to I is feasible to I 0 and vice
versa. It is the cost preservation that determines the reoptimization strategy
here. It is clear that the cost of a Steiner tree in I is not greater than its cost in
I 0 , hence c+ is reversely cost-preserving (see Definition 34 on Page 36). What
we are missing to apply Theorem 3 on Page 41 is that c+ is regressing additive
(see Definition 38.1 on Page 41). For that, for any Sol ∈ R(I) we need to
expose sets A ⊆ Sol, A0 ⊆ Opt0 as in the definition, i. e. Sol \ A ∪ A0 is feasible
for I 0 and Sol \ A does not increase its cost in I 0 . Due to Remark 6, a set of one
edge {e ∗ } is a suitable choice for A. To reconnect the two disconnected trees
in forest Sol \ A, we choose A0 to be path Puv connecting any terminal u in
one tree with any terminal v in the other tree. If Puv is the shortest path (only
its endpoints are terminal), then |Puv | ≤ 2 log |V | due to Lemma 19, so Puv is
|V |2 log |V | -guessable. Therefore, due to Theorem 3, we conclude the following.

Conclusion 7. There is a 2σ−1
σ -approximation algorithm for Rec+ (SMT) with
running time O(|V |2 log |V | · Time(Alg)), where Alg is the σ-approximation algorithm for the SMT problem.

Conclusion 7, combined with the fact that SMT is approximable with ratio
σ = 1.39 (see the compendium in Chapter 3), gives a sup-exponential 1.281approximation algorithm for Rec+ (SMT).
As in previous sections, we modify the algorithm from Theorem 3 to run
in a polynomial time depending on a parameter, which also determines the
approximation ratio.
Lemma 22. For any constant  > 0, there is a polynomial-time
approximation algorithm for Rec+ (SMT).

2σ−1
σ

+ -
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Proof. Let Z be a parameter. Let S = S1 ∪ S2 be a partition of the terminal
set depending on to which tree in Opt \ {e ∗ } they belong, where Opt is the
input optimal solution for Rec+ (SMT) as in Remark 6. Let Opt0 be the optimal
branching solution to I 0 . Consider P (3) ∪ B1 ∪ B2 ⊆ Opt0 as in Lemma 19 for
(Z )
S1 and S2 . Let Bi , i ∈ {1, 2}, be the first Z levels of Bi starting from the
(Z )
(Z )
root and let T (Z ) = P (3) ∪ B1 ∪ B2 . For a tree T , let f1 (T ) be the cheapest
edge connecting it with S1 and f2 (T ) be the cheapest edge connecting it with
S2 . The reoptimization algorithm guesses T (Z ) , and returns a better solution
G
among Opt \ {e ∗ } ∪ T (Z ) ∪ {f1 (T (Z ) ), f2 (T (Z ) )} and SAlg
(I 0 ). We let G be the
subsets of E of size at most 2Z +1 + 3 to guarantee that it contains T (Z ) . For
each suitable T ∈ G the algorithm computes Opt \ {e ∗ } ∪ T ∪ {f1 (T ), f2 (T )}
G
and remembers the best solution as Sol. Then, it compares it to SAlg
(I 0 ), and
returns a better solution.
Note, that cost(I 0 , Opt \ {e ∗ }) ≤ Optcost(I 0 ) because
cost(I, Opt) ≤ cost(I, Opt0 ) ≤ Optcost(I 0 ).
The last inequality holds due to regressiveness and reverse cost preservation
(Opt0 is feasible to I and does not increase its cost in I). Due to Lemma 19,
cost(I 0 , f1 (T (Z ) )), cost(I 0 , f2 (T (Z ) )) ≤

Optcost(I 0 )
.
2Z +1

Therefore
cost(I 0 , Sol) ≤
≤

cost(I 0 , Opt \ {e ∗ } ∪ T (Z ) ∪ {f1 (T (Z ) ), f2 (T (Z ) )})
1
(1 + Z )Optcost(I 0 ) + cost(I 0 , T (Z ) ).
2

On the other hand, by the power of Corollary 4 on Page 34,
G
cost(I 0 , SAlg
(I 0 )) ≤ σOptcost(I 0 ) − (σ − 1)cost(I 0 , T (Z ) )

where σ is the approximation ratio of an algorithm Alg for SMT. Straightforward calculations reveal the approximation ratio:
2σ − 1 +
σ
This ratio can be arbitrarily close to
constant parameter Z .

σ−1
2Z

2σ−1
σ

.

= 1.281 with the right choice of

8.5 Decreasing the Cost of an Edge
In this section we consider a reoptimization scenario of decreasing the cost of
one edge: Rec− (SMT) (see Definition 43). We present here two algorithms:
one resulting from our general techniques introduced in Chapter 5 achieving an
approximation ratio of 1.281, and one improving this ratio to 1.25 via a careful
case analysis. This shows that, for this reoptimization variant of the SMT
problem, a careful analysis allows achieving a result better then the general
one. The later result is due to joint work [15], in particular with Tobias Mömke.
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Recall, that Rec− (SMT) takes as input two SMT problem instances I =
(G, S ) and I 0 = (G0 , S ), together with an optimal solution Opt for I, where
G = (V, E, c) and G0 = (V, E, c 0 ) are both metric graphs and c coincides with
c 0 on all the edges but e ∗ , for which c(e ∗ ) ≥ c 0 (e ∗ ). Let Opt0 be an optimal
solution for I 0 . Due to Remark 4 we assume that both Opt and Opt0 are
branching. Observe, that if e ∗ ∈ Opt, then Opt is optimal for I 0 , so we assume
that e ∗ ∈
/ Opt.

8.5.1

Employing the General Tools

In order to employ the general tools, let us first classify which type of modification c− is. The modification c− is both progressing and regressing (see
Definition 35 on Page 36) since a solution feasible to I is feasible to I 0 and vice
versa. It is again the cost preservation that determines the reoptimization strategy. It is clear that the cost of a Steiner tree in I 0 is not greater than its cost
in I, hence c+ is cost-preserving (see Definition 33 on Page 36). What we are
missing to apply the algorithm presented in Theorem 2 on Page 39 is that c−
is progressing additive (see Definition 36.2 on Page 36). To that end, we expose
sets A, A0 and A00 as in the definition. If e ∗ ∈
/ Opt0 then A, A00 , A0 = ∅ (Opt0
∗
does not increase cost in I). So assume e ∈ Opt0 and mind, that e ∗ ∈
/ Opt.
Set A00 = {e ∗ }. Since e ∗ ∈ Opt0 , forest Opt0 \ {e ∗ } is composed of two
connected components (trees). This gives a partition of S into S = S1 ∪ S2 ,
S1 ∩ S2 = ∅, according to the component in which the respective terminals are.
We let set A ⊆ Opt to be a path Puv connecting S1 with S2 in Opt, where
u ∈ S1 and v ∈ S2 . Let F = Opt \ Puv be a forest obtained by removing
Puv from Opt. The set A0 is the forest F 0 ⊆ Opt0 connecting the trees in F .
These sets certify that c− is progressing additive. While it is immediate to find
sets A00 and A, i. e. {e ∗ } and Puv , guessing F 0 in polynomial time is not at all
trivial. In what follows, we modify the algorithm given in Theorem 2 to handle
guessing in a polynomial time.
+ )Lemma 23. For any constant  > 0, there is a polynomial-time ( 2σ−1
σ
approximation algorithm for Rec− (SMT).
Proof. In the following prove we use the notation introduced earlier in this
section. Let B̃1 ∪ P̃ (3) ∪ B̃2 ⊆ Opt be a subtree of Opt given by Lemma 19
(Y )
for a partition S = S1 ∪ S2 as defined above. Let B̃i , i ∈ {1, 2}, be the
(Y )
first Y levels of B̃i . Let u0 ∈ Leaf(B̃1 ) be such that a path Puu0 ⊂ Opt
0
connecting u with any vertex in S1 , let it be u, is the shortest. Similarly, let
(Y )
v 0 ∈ Leaf(B̃2 ) be such that a path Pvv0 ⊂ Opt connecting v 0 with a vertex
(Y )
v ∈ S2 is the shortest. Let Puv ⊆ Opt be the unique path between u0 and v 0
(Y )
(Y )
(3)
in B̃1 ∪ P̃ ∪ B̃2 . The algorithm guesses P uv (Y ) in polynomial time: it is
|V |3 -guessable (see Remark 7). The reoptimization algorithm searches trough
(Y )
(Y )
all |V |3 candidates for Puv and applies Connect((G0 , S ), Opt \ Puv , Z ) where
Z is a parameter (see Algorithm 5 for procedure Connect). In the end the
best among Opt and the solutions resulting from applying Connect is returned.
Let us now analyze the quality of such solution in analogy to the analysis in
Section 8.3 for turning a terminal into a nonterminal. Let Sol be the best
solution among Solj and Sol0 be the best among Sol0j computed by procedure
Connect. Due to Lemma 20 on Page 89, the following bounds hold:
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(Y )
cost(I 0 , Sol) ≤ cost(I 0 , Opt \ Puv
) + cost(I 0 , T )
Optcost(I 0 )
(Y )
+ |Opt \ Puv
|T
2Z
0
0
0
cost(I , Sol ) ≤ σOptcost(I ) − (σ − 1)cost(I 0 , T ).

This can be rewritten as
cost(I 0 , Sol) ≤ cost(I 0 , Opt) − cost(I 0 , Puv ) + cost(I 0 , Pu0 u ) + cost(I 0 , Pv0 v )
(2Y + 1)Optcost(I 0 )
+ cost(I 0 , T ) +
2Z
0
0
0
cost(I , Sol ) ≤ σOptcost(I ) − (σ − 1)cost(I 0 , T ).

Recall that e ∗ ∈
/ Opt, so Opt does not change its cost from I to I 0 , and
0
∗
that Opt \ {e } ∪ Puv is a feasible solution to I which also does not change its
cost from I to I 0 due to the lack of e ∗ in it. Hence,
cost(I 0 , Opt) − cost(I 0 , Puv ) ≤
=
≤

cost(I, Opt0 \ {e ∗ } ∪ Puv ) − cost(I 0 , Puv )

cost(I 0 , Opt0 \ {e ∗ } ∪ Puv ) − cost(I 0 , Puv )
cost(I 0 , Opt0 ).

Note that as a consequence of Lemma 19,
cost(I 0 , Opt)
,
2Y +1
∈
/ Opt. The cost of Sol can be

cost(I 0 , Pu0 u ), cost(I 0 , Pv0 v ) ≤

where cost(I, Opt) = cost(I 0 , Opt) as e ∗
further estimated as
Y
cost(I 0 , Opt)
cost(I 0 , Sol) ≤ (1 + Z )Optcost(I 0 ) + cost(I 0 , T ) +
2
2Y
and further, because cost(I 0 , Opt) ≤ 3Optcost(I 0 ) (see Remark 8)
Y
3
+ Y )Optcost(I 0 ) + cost(I 0 , T )
2Z
2
Hence the following approximation ratio
cost(I 0 , Sol) ≤ (1 +

2σ − 1 − 2YZ − 23Y
.
σ
With the right choice of constant parameters Z and Y , the ratio can be arbitrarily close to 2σ−1
< 1.281.
σ
(Y )

Remark 7. Puv is |V |3 -guessable, as there are |S |2 possible paths Puv between
u ∈ S1 and v ∈ S2 , all of them can be found by traversing the tree Opt given in
input. For each such path Puv there are |V | possibilities of placing Y consecutive
edges.
Remark 8. cost(I 0 , Opt) ≤ 3Optcost(I 0 ). We prove the claim for the problematic case when e ∗ ∈ Opt0 , otherwise Opt0 preserves its cost in I and thus Opt is
optimal to I 0 . Let δe = c 0 (e ∗ ) − c(e ∗ ). Clearly, cost(I, Opt) = cost(I 0 , Opt) ≤
Optcost(I 0 ) + δe. However, any edge adjacent to e ∗ has cost at least δe
2 due to
the metricity of both graphs. Now to connect e ∗ with anything else, Opt0 must
0
contain an edge adjacent to it, hence δe
2 ≤ Optcost(I ) and the bound follows.
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8.5.2

Improvement via Case Analysis

In this section we present how to improve the general technique from the previous section by the means of a more careful analysis. We provide an algorithm
for SMT under edge cost decrease (Rec− (SMT), see Definition 43), which makes
use of a careful case distinction to yield the ratio of 1.25. This result is due to
joint work [15], in particular with Tobias Mömke. The algorithm is presented
in Algorithm 6.
Algorithm 6 Alternative algorithm for SMT under edge cost decrease
Input: An input instance for Rec− (SMT): (I = (G, S ), I 0 = (G0 , S ), Opt),
where G, G0 are metric, Opt ∈ Optima(I) is branching, and c = c 0 on all
but one edge e ∗ = {u, v} for which c(e ∗ ) ≥ c 0 (e ∗ ).
1: if u ∈ S and v ∈ S then
2:
Let fmax be the most expensive edge on the path from u to v in Opt
3:
Sol1 := (Opt \ {fmax }) ∪ {e ∗ }
4: end if
5: G := all subsets of edges of size at most 3
G
6: Sol2 := SAlg ((G0 , S ))
Output: min{Opt, Sol1 , Sol2 }
Theorem 15. Algorithm 6 for Rec− (SMT) achieves an approximation ratio of
1.25.
Proof. Let Opt0 ∈ Optima(I 0 ) be branching. First note that cost(I, Opt) ≥
cost(I 0 , Opt0 ). Note also that if e ∗ ∈
/ Opt0 , then Opt0 is has the same cost
in (G, S ), and thus Opt is optimal for the new instance. Since we already
assumed at the beginning of this section that e ∗ ∈
/ Opt, we further analyze the
only non trivial case when e ∗ ∈
/ Opt and e ∗ ∈ Opt0 . Hence, cost(I, Opt) =
cost(I 0 , Opt).
Let f1 , . . . , fk ∈ Opt0 be the edges adjacent to e ∗ in Opt0 . Let fi = {u, xi }
and gi = {xi , v}. A feasible solution (Opt0 \ {e ∗ }) ∪ {gi } for I preserves its
cost in I, hence cost(I, Opt) = cost(I 0 , Opt) ≤ cost(I 0 , Opt0 ) − cost(I 0 , e ∗ ) +
cost(I 0 , gi ). By metricity of G0 it holds that cost(I 0 , gi ) ≤ cost(I 0 , fi )+cost(I 0 , e ∗ ),
and therefore for each edge fi adjacent to e in Opt0 holds
 
cost(I 0 , Opt) ≤ cost(I 0 , Opt0 ) + cost(I 0 , fi ).
8.1 
On the other hand, as already stated in Remark 8
 
cost(I 0 , Opt) ≤ cost(I 0 , Opt0 ) + δe,
8.2 
∗
0 ∗
where δe = cost(I, e ) − cost(I , e ).
We distinguish two cases.
Case 1: u ∈
/ S or v ∈
/ S . Due to the fact that Opt0 is branching, the nonterminal endpoint of e ∗ has two adjacent edges in Opt0 , called further f1 and
f2 . Hence, the Algorithm 6 computes among other solutions the following two,
with the costs bounded as follows:
cost(I 0 , Opt) ≤Eq.

cost(I 0 , Sol2 )

(8.1)

≤Cor.

4

cost(I 0 , Opt0 ) + min{cost(I 0 , f1 ), cost(I 0 , f2 )}
σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , {f1 , f2 }),
96

8.6. A QUALITY VERSUS EFFICIENCY TRADE-OFF

where σ is the approximation ratio of algorithm Alg for the SMT problem. The
better of the two solutions guarantees a ratio of 3σ−1
2σ , which is bounded from
for
any
σ
≥
1.
above by 5σ−3
3σ−1
Case 2: u, v ∈ S . In this case Algorithm 6 computes solution Sol1 = (Opt \
{fmax }) ∪ {e ∗ }. Note that for any edge f adjacent to e ∗ it must hold that
cost(I 0 , f ) ≥ δe
2 due to metricity of both graphs, in particular it holds for fmax .
Therefore,
cost(I 0 , Sol1 ) ≤ cost(I 0 , Opt) − cost(I 0 , fmax ) + cost(I 0 , e ∗ )

 
δe
8.3 
2
by Equation 8.1. Algorithm 6 computes, among other solutions, the following
three:
≤ cost(I 0 , Opt0 ) + cost(I 0 , f1 ) + cost(I 0 , e ∗ ) −

cost(I 0 , Opt) ≤Eq.

(8.2)

cost(I 0 , Sol1 ) ≤Eq.

(8.3)

cost(I 0 , Sol2 )

≤Cor.

4

cost(I 0 , Opt0 ) + δe
σcost(I 0 , Opt0 ) − (σ − 1)cost(I 0 , {f1 , e ∗ })
cost(I 0 , Opt0 ) + cost(I 0 , f1 ) + cost(I 0 , e ∗ ) −

The best of the three solutions above guarantees an approximation ratio of
also in this case. Pluging in σ = 1.39 completes the proof.

δe
.
2
5σ−3
3σ−1

8.6 A Quality versus Efficiency Trade-off
The algorithms we proposed in this chapter provide good approximation ratios,
they are however not very efficient with respect to the running time. As for
many other problems, also here we can observe a trade-off between quality
and efficiency of reoptimization. To complete the picture of how the trade-off
manifests itself for SMT reoptimization, we provide in this section a simple and
time efficient 4/3-approximation algorithm for the SMT problem under turning
a non-terminal into a terminal. Note that for this scenario a greedy algorithm
connecting the optimum Opt to the new terminal t with the cheapest edge runs
in linear time and admits 1.5-approximation ratio. This is due to the fact that
the cost of Opt is not greater than the cost of the optimal solution Opt0 for
the modified instance, and the cost of the cheapest edge connecting Opt with
t is at most half of the cost of Opt0 due to Observation 1 on Page 81.
To obtain a quick 4/3-approximation algorithm for turning a non-terminal
into a terminal, we adapt an approximation algorithm for SMT, which computes
the minimum spanning tree MST(G|S ) on a subgraph of G induced by S . This
algorithm trivially admits an approximation ratio of 2 for SMT. Let Opt be the
optimal solution for the original instance I = (G, S ) and Opt0 be the optimal
solution for the modified instance I 0 = (G, S 0 ). The trick we employ is based
on the following observation.
Observation 3. For any path P ⊆ Opt0 it holds that
c(MST(G|S 0 )) ≤ 2Optcost(I 0 ) − c(P ).
The proof can be found in [97].
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The reoptimization algorithm computes two solutions: a greedy solution of
connecting t to Opt with the cheapest edge et , i. e., Sol0 = Opt ∪ {et }, and
MST(G|S 0 ). It then returns a better among these solutions.
Due to Observation 1 we assume that deg Opt0 (t) ≥ 2. Let Pt ⊆ Opt0 be the
cheapest path connecting t with S . Observe that Sol0 gives a 34 -approximation
if c(Pt ) ≤ 13 Optcost(I 0 ), since c(et ) ≤ c(Pt ) and Optcost(I) ≤ Optcost(I 0 ).
On the other hand, since deg Opt0 (t) ≥ 2, there is a path P ⊆ Opt0 trough t
from some terminal in S to some other terminal in S . Clearly, c(P ) ≥ 2c(Pt ).
Moreover, by Observation 3, we have c(MST(G|S 0 )) ≤ 2Optcost(I 0 ) − c(P ). If
c(Pt ) > 31 Optcost(I 0 ), this gives us a solution of cost at most
2
4
2Optcost(I 0 ) − Optcost(I 0 ) = Optcost(I 0 ).
3
3

8.7 Final Conclusions and Remarks
In this chapter, we studied the SMT problem under the modifications of changing a status of a vertex (from a non-terminal to terminal and vice versa) and
changing the cost of an edge (either increasing or decreasing). We showed, that
there is a polynomial-time 1.22-approximation algorithm for changing the status of a vertex, a polynomial-time 1.281-approximation algorithm for increasing
the cost of an edge and a polynomial-time 1.25-approximation algorithm for
decreasing the cost of an edge. Table 4.1 in Chapter 4 shows how these results
fit in a global picture of SMT reoptimization. These four reoptimization scenarios are the only ones where, according to the current state of the art, one
can, in terms of approximation, do anything better than computing the whole
solution from scratch. At the same time, these are the only scenarios where it
is not known if they admit a PTAS. In contrast to that, the scenario of adding
a vertex is APX -hard and the scenario of removing a vertex is at least as hard
to approximate as the SCS problem [31]. Hence, the question of a PTAS for
the scenarios considered in this chapter remains an interesting open question.
Another related open question is whether in terms of approximation one can do
anything better than computing the solution from scratch for the scenario of
adding a vertex.
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9

Conclusions
In this dissertation, we investigated the question whether it helps for solving
optimization problems to have a good solution for a similar problem instance at
hand. We took under scrutiny a variety of NPO-problems in the reoptimization
setting and considered a number of modifications to the original input instance.
It has already been known, that the general P vs. NP question for reoptimization problems admits the same answer as for their optimization counterparts.
Hence, the additional information we provide does not help in that respect.
We showed, that the situation improves, when we study the approximability of
reoptimization problems. For many of them, we were able to show that they
become substantially easier to approximate, when the additional information is
at hand. The range of improvement can be as high as a PTAS for the reoptimization problem whose optimization counterpart is not even approximable.
Interestingly, not only the approximability of the optimization problem contributes to the range of improvement, but also (maybe even more importantly)
the type of modification, and certain structural properties of the optimization
problem.
We invested a lot of effort to understand on a general level what factors
are crucial for the reoptimization setting and why. It has been observed in
the literature before, that certain structural properties of the problem, like the
heredity, are of substantial help for a reoptimization scenario of adding a vertex
to the input graph. In Chapter 5, we point at the self-reducibility as a property that allows reoptimization methods for a variety of problems under various
reoptimization scenarios. We observe, that the self-reducibility allows the selfreduction method, which essentially improves an approximation ratio of any
self-reducible optimization problem on the instances, where the optimal solution contains a costly element. That is why, whenever the self-reduction method
is employed for reoptimization, we always improve over the approximation ratio of the corresponding optimization problem. We studied, on a general level,
how much can we improve the approximation ratio and under what conditions.
We came to the conclusion, that it is the type of modification that determines
the range of improvement. Our considerations led to introducing in Chapter 5
a general reoptimization model for self-reducible optimization problems. We
classified four basic types of modifications that can be applied to an instance
of a self reducible problem. For the classified types, we provided general approximation algorithms with provable approximation ratios, that in three out of
four cases improve upon the approximation ratio for the optimization problem.
We argued, that the fourth type is the hardest type of modification, where we
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usually encounter the situation that the reoptimization problem is as hard to
approximate as its optimization counterpart. In addition to that, our model,
as opposed to the results presented in the literature so far, is not restricted to
the case when an optimal solution is given in the input for a reoptimization
problem.
In Chapter 6, we justified our model by applying it to a variety of reoptimization problems. We applied the general algorithms from Chapter 5 to the
weighted and unweighted versions of the Maximum Independent Set problem,
the Maximum Clique problem, the Minimum Dominating Set problem, the Minimum Set Cover problem and the Minimum Vertex Cover problem under the
modification of addition and removal of a constant number of edges (or, in the
case of Set Cover, elements). For all the unweighted problems, a very simple
method from Chapter 5 provides a PTAS. This gives a significant improvement over the corresponding approximation ratios for the optimization. For
all weighted problems, we applied our general algorithms that admit constant
ratios, always better than the ratios for the optimization counterparts. In particular, although four out of five studied problems are known to be inapproximable
within a constant approximation ratio, we obtained a constant approximation
ratio for many of their reoptimization variants. In addition to that, we proved
that the approximation ratios given by our general algorithms are tight for all
these problems, mostly under the assumption that P 6= NP . This shows, that
on a level as general as introduced in Chapter 5, the approximation ratios of
our algorithms cannot be improved.
In Chapter 7, we attack the Shortest Common Super-string problem, which,
unfortunately, does not appear to be self-reducible in our understanding of selfreducibility. Hence, the methods from Chapter 5 do not directly apply. Fortunately, we were able to adapt the self-reduction method and the related general
algorithms to obtain the approximation ratio of 1.61 for adding a string to the
input set of strings and 1.86 for removing a string. To obtain such approximation ratios, we have to iterate the self-reduction method, so the algorithms,
although polynomial-time, are not efficient with respect to their running time.
As an alternative, we proposed a simple quadratic OneCut algorithm achieving an approximation ratio of 1.84. All the obtained ratios give a substantial
improvement over the ratio of 2.5 for the SCS problem. The results expose an
interesting trade-off between efficiency and accuracy in reoptimization of the
SCS problem.
Finally, in Chapter 8, we deal with the Steiner Tree problem under changing the status of a vertex and changing the cost of an edge. The Steiner Tree
problem is self-reducible, however, the direct application of the general algorithms from Chapter 5 to turning a non-terminal into a terminal and increasing
the cost of an edge results in sub-exponential running times. Interestingly, a
simple parametrization of the general algorithms reduces the running time to
polynomial. In the case of somewhat more difficult modifications of turning a
terminal into a non-terminal and decreasing the cost of an edge, we managed
to adapt the general algorithms to bring the desired results. For the scenarios
where the status of a vertex changes and when the cost of an edge decreases,
we further improved over the approximation ratios provided by the general
algorithms. In the end, we obtained a polynomial-time 1.22-approximation algorithm for changing the status of a vertex (from terminal to a non-terminal
and vice versa), a polynomial-time 1.281-approximation algorithm for increas100

ing the cost of an edge and a polynomial time 1.25-approximation algorithm
for decreasing the cost of an edge. This, again, gives an improvement over the
approximation ratio of 1.39 for the Steiner Tree problem.
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