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Prof. Dr. Nina Amenta, UC Davis, co-examiner
Dr. Joachim Giesen, ETH Zürich, co-examiner

Abstract
In this thesis we introduce two new cell complexes, the stable flow complex
and the unstable flow complex, that structure a set of weighted points in the
Euclidean space.
Both complexes are based on a flow derived from a distance function that is
defined by a finite set of weighted points. The distance function is closely
related to Voronoi and Delaunay diagrams. The flow complexes can be computed efficiently in two and three dimensions. They have applications in surface reconstruction and bio-geometric modeling.
The main results of this thesis are:
We characterize the flow in direction of steepest ascent of a distance function
derived from a finite set of weighted points. Based on this flow we define two
cell complexes, the stable flow complex and the unstable flow complex. We
show how the flow complexes cover the Euclidean space.
In two dimensions we provide algorithms to compute the stable and the unstable flow complex of a set of weighted points. The algorithms are based
on the computation of the Delaunay and Voronoi diagrams. Their worst-case
running time of O(n2 ) is optimal. We show that the combinatorial complexity of both complexes in two dimensions is Θ(n2 ). We introduce a condition
under which a symmetry known from Voronoi and Delaunay diagrams can be
partially adapted to stable and unstable flow complexes in two dimensions.
Under this condition the stable flow complex can be constructed by a discrete
flow on Delaunay triangles.
In three dimensions we provide an algorithm to compute the stable flow complex of a set of weighted points. We simplify the algorithm for the case of
unweighted points and derive an algorithm to approximate the stable flow
complex by Delaunay simplices.
Finally, we use the stable flow complex for two applications. First we show
how to reconstruct the boundary surface of a solid object from a finite set
of sample points by a piecewise linear manifold. Our algorithm is fast and
guarantees, that the output is a 2-manifold, even for noisy samples. For the
second application we model macromolecules by the positions and radii of
their atoms. We use the stable flow complex to decompose a macromolecule
into its constituents and to model special cavities, called pockets.
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Zusammenfassung
In der vorliegenden Arbeit untersuchen wir zwei neue Zellkomplexe, den
Stable-Flow-Komplex und den Unstable-Flow-Komplex, die eine Menge von
gewichteten Punkten im Euklidischen Raum strukturieren.
Beide Zellkomplexe basieren auf einem Fluss, der von einer Distanzfunktion
abgeleitet ist. Die Distanzfunktion ist definiert durch eine endliche Menge von
gewichteten Punkten und steht in enger Beziehung zu Voronoi- und DelaunayDiagrammen. Die Zellkomplexe können im zwei- und dreidimensionalen
Raum effizient berechnet werden. Sie haben Anwendungen in der Flächenrekonstruktion und der bio-geometrischen Modellierung.
Die zentralen Ergebnisse dieser Arbeit sind:
Wir charakterisieren den Fluss in Richtung des steilsten Anstiegs einer Distanzfunktion, die von einer endlichen Menge von gewichteten Punkten abgeleitet ist. Basierend auf diesem Fluss werden zwei Zellkomplexe definiert: der
Stable-Flow-Komplex und der Unstable-Flow-Komplex. Wir zeigen, wie diese
Zellkomplexe den Euklidischen Raum überdecken.
Für den zweidimensionalen Raum geben wir Algorithmen zur Berechung beider Zellkomplexe für gewichtete Punkte an. Die Algorithmen basieren auf
der Berechnung von Delaunay- und Voronoi-Diagrammen. Ihre Laufzeit von
O(n2 ) im schlechtesten Fall ist optimal. Wir zeigen, dass beide Zellkomplexe im zweidimensionalen Raum eine kombinatorische Komplexität von
Θ(n2 ) haben. Wir geben eine Bedingung an, unter der eine von Voronoiund Delaunay-Diagrammen bekannte Symmetrie sich teilweise auf die Zellkomplexe im zweidimensionalen Raum überträgt. Unter dieser Bedingung
kann der Stable-Flow-Komplex durch einen diskreten Fluss auf DelaunayDreiecken berechnet werden.
Im dreidimensionalen Raum geben wir einen Algorithmus zur Berechung des
Stable-Flow-Komplexes einer Menge von gewichteten Punkten an. Wir vereinfachen den Algorithmus für ungewichtete Punkte und leiten daraus eine
Approximation durch Delaunay-Simplizes ab.
Am Ende der Arbeit beschreiben wir zwei Anwendungen des Stable-FlowKomplexes. Als erstes zeigen wir, wie die Oberfläche eines dreidimensionalen Objektes aus einer endlichen Menge von Samplepunkten rekonstruiert
werden kann. Dieser Algorithmus ist schnell und gewährleistet, dass das
Ergebnis eine 2-Mannigfaltigkeit ist, selbst für verrauschte Punktemengen.
Für die zweite Anwendung modellieren wir Makromoleküle durch die Position und den Radius ihrer Atome. Mit Hilfe des Stable-Flow-Komplexes
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zerlegen wir die Makromoleküle in ihre Hauptbestandteile und modellieren
spezielle Kavitäten, sogenannte Pockets.
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Chapter 1

Introduction
Structuring finite point sets is at the heart of computational geometry since
such point sets arise naturally in many applications. Organizing these point
sets in some data structure is a first step in further processing them. Some
of the most prominent geometric data structures for finite sets of (possibly
weighted) points are Voronoi and Delaunay diagrams. These diagrams are
dual to each other and it is easy to compute one from the other. Voronoi
and Delaunay diagrams turned out to be useful for applications in numerical
analysis (e.g. finite element methods), computer graphics and modeling (e.g.
curve and surface reconstruction), and meshing. They were applied to geographical information systems and to describe various natural phenomena. So
it is not surprising that Voronoi and Delaunay diagrams attracted numerous
researchers. A remarkable feature might be that they describe local as well
as global properties of a point set. Considering the amount of information
they contain they can be computed quite fast, at least in lower dimensions. An
overview of both diagrams is given in many books, e.g. [52] [10] [20].
Voronoi and Delaunay diagrams are defined for varying distance functions.
Here we concentrate on the distance function h that assigns to every point in
space the square of the smallest distance to any point in a finite set P of points.
In this thesis we derive two new data structures from the distance function h,
the stable flow complex and the unstable flow complex. Each cell in the stable
flow complex corresponds to a (local) maximum of h, each cell in the unstable
flow complex corresponds to a (local) minimum of h. Both flow complexes
partition the Euclidean space similar to Voronoi and Delaunay diagrams, but
neither the stable flow complex nor the unstable flow complex is a subset of
1

2

Chapter 1. Introduction

the Voronoi diagram or the Delaunay diagram and vice versa.
Nevertheless, there is a strong relation between Voronoi and Delaunay diagrams and the flow complexes. Note, that every Delaunay cell corresponds
to a Voronoi vertex and every Voronoi cell corresponds to a Delaunay vertex. The set of maxima of h is a subset of the Voronoi vertices and the set of
minima of h is a subset of the Delaunay vertices, which itself is a subset of
the set of input points P . Recalling the correspondence between a cell in a
flow complex and a minimum/maximum we see that the partitionings of the
flow complexes are coarser than the partitionings of the Voronoi and the Delaunay diagram. And in contrast to the Voronoi and the Delaunay diagram
every cell of a flow complex contains its corresponding point. Therefore, flow
complexes might be well or even better suited for some of the applications
mentioned above. In fact, we successfully applied the stable flow complex to
applications in geometric and bio-geometric modeling.
To be precise, we study a flow φ derived from the distance function h to compute the flow complexes. We get the flow φ by following the gradient of h,
or more precisely the steepest ascent. At local minima, maxima and saddle
points a (unique) steepest ascent does not exist. We call these points critical.
For a critical point c we are interested in its stable manifold, which is the set
of points that flow into c following the gradient flow. The stable manifolds of
all critical points build the stable flow complex. The unstable flow complex is

Figure 1.1: Left: The Delaunay diagram (straight lines) of a set of points (•)
and the Voronoi diagram (dashed lines) with the Voronoi vertices (◦). Middle:
The stable manifolds of maxima ⊕ (light grey) and saddles
(dark grey)
Right: The unstable manifolds of minima (light grey) and saddles (dark
grey)
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build by the unstable manifolds. An unstable manifold of a critical point c are
all points that are reachable following the gradient flow of points close to c.
The study of flows on the mentioned distance function was inspired by the
work of Edelsbrunner, Facello and Liang on the definition and construction of
pockets in macromolecules [27] [25] and by the work of Edelsbrunner on surface reconstruction [26]. They define a discrete flow on Delaunay tetrahedra
of a point set that is motivated by the gradient flow on the distance function.
But the stable manifolds of the discrete flow and the gradient flow are not
identical. One of the main goals of this thesis is to compute the gradient flow
and its related structures exactly and to analyze its properties.
The difficulty in analyzing and computing the structure of the flow complexes
lies in the fact that the distance function h is not smooth everywhere, even not
differentiable. Therefore, neither the related Morse theory nor the theory of
dynamical systems can be applied.
Analyzing the flow complexes will show again the deep correspondence to
Voronoi and Delaunay diagrams. For instance, in order to determine critical
points and the direction of steepest ascent of the distance function h at any
point we will need both diagrams. Therefore, the results of this thesis also
provide new insights into the rich structure of Voronoi and Delaunay diagrams.

Outline of the thesis
This thesis is organized as follows. First we define the flow complexes and related structures and prove some basic properties. Then we analyze the stable
flow complex and the unstable flow complex in two dimensions and provide
algorithms to compute them. In three dimensions we confine our investigations to the stable flow complex. Finally, we show two applications of the
stable flow complex in three dimensions.
Chapter 2. Foundations. The second chapter of this thesis introduces the
basic concepts behind the flow complexes. First we define a flow of steepest ascent of a distance function induced by a finite set of (weighted) points
and derive the stable flow complex and the unstable flow complex. Then the
Voronoi and the Delaunay diagram are introduced. These will be the main
data structures to analyze and to compute the flow complexes. We show how
to determine the steepest ascents of the distance function h, which is the basic
tool to characterize the flow on h. Finally we show how the flow complexes
cover the space, prove that the union of the one-dimensional faces of the stable flow complex is always connected and derive an interesting relation to the
Gabriel graph.
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Chapter 3. Two dimensions. In the third chapter we provide an extensive
analysis of the flow complexes in two dimensions. We will first show how
to compute the stable flow complex followed by the computation of the unstable flow complex. For both complexes we exploit the observation, that
the one-dimensional faces of the flow complexes build the boundaries of the
two-dimensional cells. Therefore, it will be sufficient to provide algorithms
to compute the one-dimensional faces. We will see that these algorithms have
a runtime of O(n2 ) which matches with the worst case complexities of both
flow complexes in two dimensions of Θ(n2 ). Finally, we adapt a symmetry between Voronoi and Delaunay diagrams to stable and unstable flow complexes.
We give conditions that imply such a symmetry and show a correspondence to
a discrete flow on the set of Delaunay triangles.
Chapter 4. Three dimensions. In the fourth chapter we investigate the threedimensional case and confine our analysis to the stable flow complex. In analogy to the two dimensional case the three dimensional cells are bounded by
the lower dimensional faces. Therefore, it is sufficient to provide algorithms
for the one- and two-dimensional faces. Since the algorithm for a set of unweighted points is simpler we discuss this case separately. It turns out that we
can approximate the stable flow complex for a set of unweighted points nicely
by Delaunay facets.
Chapter 5. Applications. In the last chapter we discuss two applications of
the stable flow complex in three dimensions: surface reconstruction and biogeometric modeling.
In the first application we are given a finite set of input points sampled from
the boundary surface of a three-dimensional solid object. The goal is to reconstruct the surface of the object as a piecewise linear manifold. Our algorithm
is based on the observation, that a subset of the three-dimensional cells of the
stable flow complex approximates the interior of the object. The boundary
surface of this subset consists of some two-dimensional faces of the stable
flow complex and hence approximates the boundary surface of the object. We
will see that our algorithm is fast and quite robust against noise. The output is
always a 2-manifold.
As a second application we use the stable flow complex to study properties
of macromolecules. The centers and radii of the atoms of a macromolecule
are modeled by weighted points which are the only input. We show how to
decompose a macromolecule in its constituents by deriving the bond structure from the one-dimensional faces of the stable flow complex. The threedimensional cells are useful to model pockets of a macromolecule. To define
pockets we follow the approach by Edelsbrunner et al. [27] based on a discrete

5

flow on Delaunay tetrahedra. We think that the stable flow complex captures
the primary ideas behind the definition of pockets in a more direct way than
the discrete flow on tetrahedra.
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Chapter 2

Foundations
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Chapter 2. Foundations

2.1 Distance function and flow

Figure 2.1: Illustration of the distance function and the vector field induced
by a set of points.
Distance function. For a finite set of points P in Rd we define a distance
function h. It assigns to every point x the smallest squared Euclidean distance
to any of the points in P .
h(x) = min{kx − pk2 : p ∈ P }
For points from P the function evaluates to 0. For points far away from P the
function values are large.
An interesting view of the distance function is that of the union of balls. The
set of points x with h(x) ≤ α for a positive
α ∈ R is the union of balls
√
centered at the points in P and radius α. Figure 2.1 illustrates a distance
function in R2 as the union of a set two-dimensional balls with increasing
radii.
The graph of h can be seen as a height function. In R1 the graph is the lower
envelope of a set of parabolas (see Figure 2.2), in R2 it is the lower envelope
of a set of paraboloids.
Vector field. We define a unit vector field v : Rd → Rd . It assigns to every
point x ∈ Rd the unit vector v(x) that points in the unique direction of steepest ascent of the distance function h. If the direction of steepest ascent at x is
not unique or non-existent we assign to x the zero-vector ~0. The vector field

2.1. Distance function and flow
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Figure 2.2: Graph of the distance function h in R1 .

is illustrated in Figures 2.1 and 2.2 by small arrows.
Critical points. A point x ∈ Rd with v(x) = ~0 is called a critical point. These
points are the local minima, local maxima and saddle points of the distance
function h. The critical points are characterized in Section 2.3. Non-critical
points are called regular. Figure 2.3 shows critical points in R2 .
Minima are located exactly at the points in P . Locally around a minimum of h
all vectors of v point away from it. Locally around a maximum of h all vectors
of v point into it. Saddle points do not occur in R1 , but in higher dimensions.

Figure 2.3: Left: The critical points which are minima
maxima ⊕. Right: Some orbits of the flow.

, saddles

and
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Flow. Associated with the vector field v is a flow
φ : [0, ∞) × Rd → Rd .
We often refer to the first argument as time. The flow φ is defined by the
equations
φ(0, x) = x,
lim

t ↓ t0

φ(t, x) − φ(t0 , x)
= v(φ(t0 , x)).
t − t0

The idea is that for a fixed point x0 the flow φ(t, x0 ) starts at time t = 0 at
x0 and follows the vector field v. The second equation in the definition establishes the connection between v and the right derivative of φ. In Section 2.4
we will give an explicit solution of the equations.
Orbits. For a fixed x0 we call φx0 (t) = φ(t, x0 ) the orbit or flow line of x0 .
The distance function h increases along the orbit. This implies that there are
no closed orbits. Figure 2.3 shows some orbits in R2 .
Fixpoints. A fixpoint of the flow φ is a point x with φ(t, x) = φx (t) = x
for all t ≥ 0. The fixpoints of φ are exactly the critical points of the distance
function h. We will see later that the orbit of every point reaches a critical
point in finite time or goes to infinity.
Stable and unstable manifolds. We are interested in the set of points that
flow into a critical point or out of a critical point. Figure 2.4 illustrates the
following definitions.
The stable manifold S(x) of a critical point x is the set of points that flow into
x, i.e.
S(x) = {y ∈ Rd : ∃ t ≥ 0 s.t. φy (t) = x}.
The unstable manifold U (x) of a critical point x is the set of points that lie on
an orbit of a point close to x. To be more formal let U be a neighborhood of x
and let V (U ) be the set of all points which lie in an orbit that starts in U , i.e.
V (U ) = {y ∈ Rd : ∃ z ∈ U, t ≥ 0 s.t. φz (t) = y}.
Then U (x) is defined as the intersection of all such sets V (U ), i.e.
\
U (x) =
V (U ).
neighborhood U of x

2.1. Distance function and flow
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Observe that the stable manifold of a minimum is the minimum itself. The
unstable manifold of a maximum is the maximum itself.
We refer to the interior of a stable or unstable manifold always with respect to
its dimension.
Observe, that the definition of stable and unstable manifolds can be directly
extended to non-critical points.
Stable and unstable flow complex. The set of the stable manifolds of all
critical points as well as the set of the unstable manifolds of all critical points
structures the space Rd . We call the set of all stable manifolds the stable flow
complex of P . The set of all unstable manifolds is called the unstable flow
complex of P . In the following sections we will show that the flow complexes
have properties similar to simplicial complexes.
Weighted points. We can modify the distance function by weighting the
points. One way is to assign to every point p ∈ P a weight wp ∈ R. Then a
weighted point is a pair (p, wp ) ∈ Rd × R. We define the distance function
for weighted points as
h(x) = min{kx − pk2 − wp : p ∈ P }.
Figure 2.5 shows an example of a distance function in R1 as a lower envelope
of a set of parabolas. In contrast to the case of unweighted points the vertex

Figure 2.4: Left: The flow and the critical points. Middle: The stable manifolds of maxima ⊕ (light grey) and saddles (dark grey) Right: The unstable
manifolds of minima (light grey) and saddles (dark grey)
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of a parabola is moved downwards (for a positive weight) or upwards (for
a negative weight). That illustrates that the influence of points with a small
weight is smaller than that of points with a large weight.
The definitions of the vector field v and the flow φ for unweighted points
depend only on the height function. Therefore we define them for weighted
points in exactly the same way. Almost all properties that we derived so far are
still true for the weighted case. The only exception is that not every weighted
point of P corresponds to a (local) minimum. But still every minimum corresponds to a weighted point. See Figure 2.5 for an illustration.
Power distance. The distance function for weighted points minimizes the
power distance to all points in P . The power distance of a point x ∈ Rd to a
weighted point (p, wp ) it is defined as
πp (x) = kx − pk2 − wp .
The distance function for weighted points can be rewritten as
h(x) = min{πp (x) : p ∈ P }.
Union of balls. A point p with a positive weight wp can be interpreted as a d√
dimensional ball or a (d − 1)-dimensional sphere with radius wp and center
p. Notice, that the value h(x) for any point x that lies inside such a ball is
negative, for any point outside the union of balls it is positive.
The set of points x with h(x) ≤ α for α ∈ R is a union of balls. A ball
√
centered at p ∈ P with radius wp + α belongs to this union, iff wp + α is

Figure 2.5: Graph of the distance function h in R1 for weighted points.

2.1. Distance function and flow
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non-negative.
Notes and comments. Flows and orbits are usually defined in the context of
dynamical systems. A dynamical system (or flow) is a differentiable function
φ : R × M → M on a differentiable manifold M with φ(0, x) = x and
φ(t, φ(s, x)) = φ(t+s, x) for all x ∈ M and all s, t ∈ R. Orbits and fixpoints
are defined in the same way. In a dynamical system time inversion yields
another dynamical system. In the flow defined in this section time inversion
can give rise to non-deterministic flows.
On the other hand, the notion of critical points is related to Morse functions.
Let f be a smooth function f : M → R for a smooth and compact d-manifold
M without boundary. A point c ∈ M is called critical if


∂f
∂f
(c), . . . ,
(c) = [0, . . . , 0]
∂x1
∂xd
A non-critical point is called regular. At a regular point the gradient of f does
not vanish, i.e. there exists a direction of steepest ascent. One can classify
critical points as degenerate and non-degenerate. For a non-degenerate critical
point c the determinant of the Hessian of f at c is non-zero. If all critical points
of f are non-degenerate we call f a Morse function. The Morse lemma states
that at every non-degenerate critical point c one can choose local coordinates
such that
f (x1 , . . . , xd ) = ±x21 · · · ± x2d .

The number of minuses is called the index of c. Vector fields can be defined by
the gradient of f . This gives rise to a flow and (un)stable manifolds of critical
points as defined above. For an introduction to Morse theory see the book of
Milnor [49].
The distance function h of a set of (weighted) points is non-smooth and therefore not a Morse function. To fill this gap Edelsbrunner gave in [26] a infinite
family of smooth functions that converge to h. All functions in this family
have the same critical points as h. This approach is used to motivate a discrete
flow on Delaunay tetrahedra of a symmetric set of points. We discuss the
symmetric set of points and the flow on Delaunay tetrahedra in more detail in
Section 3.4. The set of (un)stable manifolds of the flow on Delaunay tetrahedra does not coincide with the set of (un)stable manifolds of the distance
function h. In other words, the (un)stable manifolds of h can not be computed
using the flow on Delaunay tetrahedra.
We have seen that there is a strong relation between a distance function from
a set of points and the union of balls centered at this points. Properties of

14
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union of balls where studied for instance by Edelsbrunner [23] and Amenta
and Kolluri [7]

2.2. Voronoi and Delaunay diagrams
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2.2 Voronoi and Delaunay diagrams
In the previous section we introduced a distance function for a finite set of
points P in Rd . This distance function is closely related to the Voronoi diagram and the Delaunay diagram of P . Both will be introduced in this section.
We will see in the following sections how Voronoi and Delaunay diagrams can
be used for an explicit definition of the flow φ.

Figure 2.6: Point set in R2 . Left: Voronoi diagram. Middle: Voronoi and
Delaunay diagram, a degenerate case where four points lie on a circle. Right:
Delaunay diagram.
Voronoi cells. Starting with a finite set of points P in Rd we assign to every
point p ∈ P a Voronoi cell Vp . In principle Vp is the set of all points of Rd
that are closer to p than to any other point of P . We define
Vp

= {x ∈ Rd : ∀q ∈ P kx − pk2 ≤ kx − qk2 }
\
=
{x ∈ Rd : kx − pk2 ≤ kx − qk2 }.
q∈P

=

\

q∈P

{x ∈ Rd : 2(q − p)T x ≤ q T q − pT p}

It follows that the Voronoi cell Vp for a point p is the intersection of closed
halfspaces, which is a (possibly unbounded) convex polytope. All polytopes
together form a partitioning of Rd , because every point of Rd has at least one
closest point in P . Figure 2.6 shows such a partitioning of R2 into Voronoi
cells.
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Voronoi diagram. The boundary of a Voronoi cell consists of lower dimensional convex polytopes. We call a k-dimensional boundary polytope
a k-dimensional Voronoi object. A Voronoi cell itself is also denoted as a
d-dimensional Voronoi object. The 0- and 1-dimensional Voronoi objects
are Voronoi vertices and Voronoi edges, respectively. The (d–1)-dimensional
Voronoi objects are called Voronoi facets. Lower dimensional Voronoi objects
are shared by Voronoi cells of different points in P . For instance a Voronoi
edge in R2 is shared by two Voronoi cells, see Figure 2.6 for an example. The
set of all Voronoi objects of a point set P is called the Voronoi diagram of P .
Bisector. If the Voronoi cells of two points p and q intersect in a Voronoi facet,
they are separated by a hyperplane. This hyperplane is called the bisector of
p and q. It is orthogonal to the line pq and is implicitly defined as
Hpq

=
=

{x ∈ Rd : kx − pk2 = kx − qk2 }
{x ∈ Rd : 2(q − p)T x = q T q − pT p}.

This definition of the bisector can be directly extended to all pairs of points
p 6= q ∈ P .
Interior and boundary. A point x ∈ Rd can lie in several Voronoi objects.
Usually we are interested in the lowest dimensional Voronoi object that contains x, which we denote by Vx . We define the boundary of a Voronoi object
V as the set of points of V that are also contained in a lower dimensional
Voronoi object, i.e. as the set {x ∈ V : V 6= Vx }. The interior of a Voronoi
object V is defined as the set {x ∈ V : V = Vx }. So the terms interior and
boundary of V are meant with respect to the dimension of V .
Delaunay diagram. Every Voronoi cell corresponds to a point in P . Now we
define for every k-dimensional Voronoi object V a (d–k)-dimensional object
D, called the dual Delaunay object. Let
PV = {p ∈ P : Vp contains V }
be those points of P whose corresponding Voronoi cells contain the Voronoi
object V . PV contains at least d − k + 1 points. For example in R2 the set PV
for a Voronoi edge V contains two points. By definition a point in V has the
same distance to all points in PV .
The Delaunay object D dual to V is defined as the convex hull of PV . D is a
(d–k)-dimensional polytope with vertices in P . Usually we denote PV also as
PD . The set of all Delaunay objects is called the Delaunay diagram.
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For R2 the Figure 2.6 gives an example of a Delaunay diagram. In R2 the
Delaunay object dual to a Voronoi edge is a Delaunay edge. The Delaunay
object dual to a Voronoi vertex in R2 is usually a triangle, generally it is an
n-gon.
The Delaunay objects partition the convex hull of P . This follows from the
fact that the Delaunay diagram is the projection of a convex polytope in R d+1
into Rd . For a proof we refer to [24].
In analogy to Voronoi objects we define the boundary and the interior of a
Delaunay object. For a point x we denote the lowest dimensional Delaunay
object that contains x as Dx .
Orthogonality. In Figure 2.6 it can be seen that the Voronoi edges are orthogonal to their dual Delaunay edges. In fact, we have in any dimension: A
Voronoi object V and its dual Delaunay object D are orthogonal to each other.
P ROOF. Let p, q ∈ PV be any two points whose Voronoi cells Vp and Vq
contain V . If we prove that V is orthogonal to p − q then we get the final
statement from the definition of D as the convex hull of PV . V is contained
in the hyperplane H separating Vp and Vq . H is implicitly defined as
H = {x ∈ Rd : 2(p − q)T x + q T q − pT p = 0}.
It follows that H is orthogonal to p − q and therefore V is orthogonal to p − q.

Since V and D are orthogonal their affine hulls have exactly one point of intersection. Furthermore a point in the affine hull of V has the same distance to
all points in PV , which follows from the orthogonality and Pythagoras’ theorem.
Degeneracy. Usually every d-dimensional Delaunay object is a d-dimensional
simplex. In this case the Delaunay diagram is a simplicial complex. One can
characterize the exceptions. Let D be the Delaunay object dual to a (d–k)dimensional Voronoi object V . D is a k-dimensional simplex if and only if
|PV | = k + 1. D is not a simplex if PV contains more than k + 1 points. In
this case at least k + 2 points lie on a (k–1)-dimensional sphere. But k + 1
points would be sufficient to define this sphere. We call this a degenerate
case. Figure 2.6 shows such a degenerate case. Four Voronoi cells intersect
in a Voronoi vertex. The dual Delaunay object is a quadrangle defined by
four points of P . These four points lie on a common circle, which is a onedimensional sphere.
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If no subset of P with k + 2 points lies on a (k–1)-dimensional sphere we say
the point set P is in general position. In R2 a point set is in general position
if there are no four points that lie on a common circle. In R3 we have the
additional condition that no five points lie on a common sphere.
A point set in degenerate position is not stable in the sense that a small perturbation of the points leads to a general position. The perturbation can be done
symbolically, see [24].
Weighted points. As we did in Section 2.1 we can weight the points in P .
A weighted point is a pair (p, wp ) ∈ Rd × R, where wp is called the weight
of p. We define a Voronoi cell for a weighted point with respect to the power
distance πp (x) = kx − pk2 − wp to the points in P .
Vp

=
=
=

{x ∈ Rd : ∀q ∈ P πp (x) ≤ πq (x)}
{x ∈ Rd : ∀q ∈ P kx − pk2 − wp ≤ kx − qk2 − wq }
\
{x ∈ Rd : kx − pk2 − wp ≤ kx − qk2 − wq }
q∈P

=

\

q∈P

{x ∈ Rd : 2(q − p)T x ≤ (q T q − pT p) − (wq − wp )}

Like in the unweighted case a Voronoi cell is the intersection of halfspaces.
Therefore a Voronoi cell is again a (possibly unbounded) polytope. In contrast to the unweighted case a Voronoi cell can be empty. The definitions and

Figure 2.7: Set of weighted points in R2 . Left: Weights shown as disks.
Middle: Disks and Voronoi diagram. Right: Voronoi and Delaunay diagram.
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properties stated in the unweighted case are still valid for weighted points.
Figure 2.7 shows the Voronoi and Delaunay diagrams for a set of weighted
points in R2 .
Notice that we can add a constant c ∈ R to the weight wp of every point p ∈ P
without changing the Voronoi and Delaunay diagram of P .
Notes and comments. Voronoi diagrams for weighted points are usually
called Power diagrams. In general position Delaunay diagrams for unweighted
points are called Delaunay triangulations, for weighted points they are called
regular triangulations or weighted Delaunay triangulations. For simplicity
we use in this thesis the short forms. It will be always clear from the context
if we talk about the weighted or the unweighted case.
Voronoi diagrams and Delaunay diagrams have a long history back to the 17th
century. Introductions and overviews can be found in several books and articles, e.g. in the book by Preparata and Shamos [52], in the Handbook of
Computational Geometry [10], in the book by de Berg et al. [20] and in the
book by Edelsbrunner [24].
In lower dimensions Voronoi and Delaunay diagrams can be computed quite
efficiently. The optimal runtime is O(n log n + ndd/2e ). There are several
implementations available. For two and three dimensions the triangulation
package of the Computational Geometry Library CGAL [16] is a good choice.
Besides the generalization to weighted points presented here other generalizations were studied. These are for instance distances from other sites (like
line segments), additively weighted points, higher order Voronoi diagrams or
other spaces and metrics than the Rd and the Euclidean distance. It might be
interesting to apply critical point theory and flow ideas to such generalized
distance functions.
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2.3 Characterization of the steepest ascent
The direction v(x) of steepest ascent for a given point x ∈ Rd can be computed explicitly using the Voronoi and Delaunay diagrams of the point set
P . The main idea is to find a unique point opposite to the direction of steepest
ascent at x. We show how to compute such a point and prove some basic properties. Based on this concept we derive in Section 2.4 an explicit formulation
of the flow φ.
In this section we always talk about a given finite set P of (weighted) points
in Rd , its Voronoi and Delaunay diagrams, and the induced vector field v.
Besides the dimension of the space the variable d will also denote special
points in space. But the meaning will be always clear from the context.

x

V

D

d

x=V

D=d

d
D

x

V

Figure 2.8: Three examples for a point x on the Voronoi object V with dual
Delaunay object D and driver d.
Driver. For a point x let V be the (lowest dimensional) Voronoi object that
contains x. Let D be the Delaunay object dual to V . The point d ∈ D that is
closest to x is the driver of x. We denote it by driver(x). Figure 2.8 illustrates
some examples in R2 .
A Voronoi object and its dual Delaunay object are orthogonal to each other
and therefore they intersect in at most one point. If x is the intersection point
of a Voronoi object with its dual Delaunay object then driver(x) = x. Otherwise the vector (x − driver(x)) 6= ~0.
Correlation driver/vector field. We will prove in Theorem 2.7 that
direction of v(x) = direction of the vector (x − driver(x)),
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where v is the vector field of steepest ascents. In particular this characterizes
the critical points of v as the intersection points of a Voronoi object with its
dual Delaunay object. See Figure 2.9 for examples in R2 .
Degeneracy. To simplify the following statements and proofs we need some
assumptions about the point set P . For a Voronoi object V and its dual Delaunay object D we want to avoid that the affine hull of V intersects the boundary
of D or that the affine hull of D intersects the boundary of V . (Remember
that their intersection is either empty or a point.) If such an intersection at the
boundary occurs, we say that the points are in degenerate position. Otherwise
they are in general position. General position implies that two critical points
can not coincide.
In the following we assume that P is in general position.
Power of a driver. We assign to every driver d a power wd . Let D = Dd be
the lowest dimensional Delaunay object that contains d. Then there is a unique
intersection point z of the affine hulls of D and the Voronoi object dual to D.
We define
wd = kd − zk2 − πp (z),
where p is an arbitrary vertex of D and πp denotes its power distance function.
Observe that the value wd is independent of the choice of p.
The power of a driver will be a useful concept to prove that the flow is well

V

D

V

c=D
c

D
c=V

Figure 2.9: Critical points c as an intersection points of a Voronoi object V
and a Delaunay object D. Left: A minimum . Middle: A saddle . Right:
A maximum ⊕.
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defined.
Properties. We will prove the following properties:
• Points in the interior of a Voronoi object have the same driver.
(Lemma 2.1)
• There are only finitely many drivers. (Corollary 2.2)
• A relation between the power of a driver and the distance function.
(Lemma 2.3)
• Properties of the power of a driver on the boundary of a Voronoi
object. (Lemma 2.4)
• Critical points are local maxima in their corresponding Delaunay
object. (Lemma 2.5)
• Properties of the direction of a driver. (Lemma 2.6)
• The driver determines the direction of steepest ascent. (Theorem 2.7)
Lemma 2.1 All points in the interior of a Voronoi object V have the same
driver d. More general, d is the closest point of the Delaunay object D dual
to V to any point in the affine hull of V .
P ROOF. The following proof is illustrated in Figure 2.10. The affine hulls of
V and its dual Delaunay object D intersect in exactly one point z. Let d ∈ D
be the point closest to z. Note that it is possible that d = z. Let x be any point

V

d
z

D
x

p

y

Figure 2.10: Illustration for the proof of Lemma 2.1.
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in D and y be any point in the affine hull of V . Since x − z is orthogonal to
y − z we have by Pythagoras’ theorem
kx − yk2

= kx − zk2 + ky − zk2
≥ kd − zk2 + ky − zk2

= kd − yk2

Thus d is the closest point in D for all y ∈ V and therefore d is the driver of
all points in the interior of V .


Corollary 2.2 There are only finitely many points that can appear as drivers.
P ROOF. Since Rd is covered by Voronoi objects and there are only finitely
many of them we get the statement as a collorary of Lemma 2.1.

Lemma 2.3 For a Voronoi object V let p be a vertex of the dual Delaunay
object D. Let d be the driver of the interior of V and let y be any point in V .
Then h(y) = πp (y) = ky − pk2 − wp = ky − dk2 − wd .
P ROOF. Figure 2.10 illustrates the following proof. The first and the second
equality follow directly from the definitions. We will prove the last equality.
The power of d is defined as wd = kd − zk2 − πp (z), where z is the unique
intersection point of the affine hulls of V and D. We have
ky − pk2 − wp

=

ky − zk2 + kz − pk2 − wp
[Pythagoras’ theorem]

=

ky − dk2 − kz − dk2 + kz − pk2 − wp
[Pythagoras’ theorem]
ky − dk2 − wd

=


Lemma 2.4 Let V be a Voronoi object and let V 0 be a Voronoi object that
contains V in its boundary. Let d and d0 be the drivers of the interior of V
and the interior of V 0 , respectively.
If the line Lyd0 through points y ∈ V and d0 intersects the interior of V 0 then
wd0 > wd . Otherwise d = d0 which implies wd0 = wd .
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P ROOF. The proof is illustrated in Figure 2.11. Let D and D 0 be the Delaunay
objects dual to V and V 0 , respectively. Let y be any point in the interior of V .
Let z be the intersection point of the affine hull of D and V .
First we show that wd0 − wd = kz − d0 k2 − kz − dk2 . We have
=
=
=
=
=
=

w d0 − w d
wd0 − wd + ky − dk2 − ky − dk2 + ky − d0 k2 − ky − d0 k2


ky − dk2 − wd − ky − d0 k2 − wd0 + ky − d0 k2 − ky − dk2


ky − pk2 − wp − ky − pk2 − wp + ky − d0 k2 − ky − dk2
[for a vertex p of D according to Lemma 2.3]
ky − d0 k2 − ky − dk2
kz − d0 k2 + ky − zk2 − kz − dk2 − ky − zk2
[Pythagoras’ theorem]
kz − d0 k2 − kz − dk2

Now we show that if Lyd0 intersects the interior of V 0 we have kz − d0 k >
kz − dk which implies wd0 > wd and that we get d = d0 otherwise.
Let H1 be the affine hull of D. Let H2 be the hyperplane through d0 orthogonal
to Lyd0 . H2 contains D 0 , because the line yd0 is contained in the affine hull
of V 0 which is orthogonal to D 0 . Therefore the intersection of H1 and H2
contains D 0 . H1 is subdivided by H2 in two half-subspaces.
Let q be any Delaunay vertex of D which is not a vertex of D 0 . The point q

H1

H2

q

q
V
z=d
D

D

y

D’= p= d=d’
Lyd’

Lyd’
V
V’

y

=

D’= d’
p H
1

z
H2

V’

Figure 2.11: Illustration for the proof of Lemma 2.4 in R2 . The Voronoi edge
V is contained in the boundary of the Voronoi cell V 0 . Left: Lyd0 intersects
V 0 . Right: Lyd0 does not intersect V 0 .
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lies on the same half-subspace of H1 as the convex hull of D 0 ∪ {q} ⊂ D and
the point d0 lies in D0 . So if q lies on the same half-subspace as z there is a
point of D closer to z than d0 and therefore kz − d0 k > kz − dk. If any such
q lies on a different halfspace than z then d0 is the closest point of D to z and
therefore kz − d0 k = kz − dk.
If Lyd0 intersects V 0 then q lies on the same half-subspace as z. Otherwise
they lie on different half-subspaces. This proves the lemma.

Lemma 2.5 Let D be a k-dimensional Delaunay object that intersects the
affine hull of its dual Voronoi object in a point z. Let PD be the vertices of D.
Let N ⊂ D be a sufficiently small neighborhood of z in D.
Then z is a local maximum in D with respect to PD , i.e.
∀x ∈ N \ {z} : hD (z) > hD (x),
where hD (x) = min{kx − pk − wp : p ∈ PD } is the smallest distance to
any point in PD .
(Note: If z lies inside the Voronoi object dual to D then z is a critical point.)
P ROOF. The following proof is illustrated in Figure 2.12. For the proof we
assume d = k. For smaller k we prove everything in the affine hull of D and
therefore we can refer to the case of a smaller d.
For any p ∈ PD the hyperplane through z orthogonal to the vector p − z
subdivides Rd in two halfspaces. Let Hp be the open halfspace that contains
p. Let U be the union of halfspaces Hp for all points p ∈ PD . We will

N z

z

Hp

y

Bp

Cp
p

Figure 2.12: Illustration for the proof of Lemma 2.5 in R2 . Left: Halfspaces
that do not cover R2 \ {z}. Right: The intersection of the cone Cp with the
neighborhood N of z.
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show that U = Rd \ {z}. It is easy to see that z 6∈ U . Now assume that
there is a point y 6= z with y 6∈ U . For any p ∈ PD the angle between the
vector p − z and the vector y − z is not less than π/2. Therefore all points in
PD are contained in the closed halfspace separated by the halfplane through z
orthogonal to the vector y−z. Therefore the interior of D (which is the convex
hull of the PV ) cannot contain z. This is a contradiction to the assumption.
Since we chose open halfspaces Hp we can shrink each set Hp to an open
cone Cp with apex z, axis z − p and opening angle less than π/2 such that the
union of all cones covers Rd \ {z}. For a sufficiently small neighborhood N
of z the intersection of Cp and N is completely contained in the open ball Bp
centered at p with radius kz − pk. Therefore
∀y ∈ N ∩ Cp : h(y) ≤ ky − pk2 − wp < kz − pk2 − wp = h(z).
The last equality holds because z has the same power distance to all points in
PD . The set N \ {z} is covered by the union of all cones and therefore h(z)
is maximal in N .

The following lemma is illustrated in Figure 2.13.
Lemma 2.6 For x ∈ Rd let V = Vx be the lowest dimensional Voronoi object
that contains x. Let D be its dual Delaunay object and PD the vertices of D.
The driver d of x is contained in a Delaunay object D 0 ⊂ D. We choose the
smallest such D 0 . Let PD0 be the vertices defining D 0 . Let V 0 be the Voronoi
object dual to D 0 . Let  > 0 be sufficiently small and let yx = x +  · v.
In the case x 6= d let v be the unit vector in direction x − d. We have:
a) The vector v is orthogonal to D 0 .
b) The point yx lies in the interior of V 0 .
c) The points x and yx have the same driver d.
d) The distance value h(y) for a point y 6= yx with kx − yk =  is less
than h(yx ).
In the case x = d let v be any unit vector orthogonal to D. We have:
e) The distance value h(y) for a point y with kx−yk =  is equal to h(yx )
if y ∈ V . It is less than h(yx ) if y 6∈ V .

2.3. Characterization of the steepest ascent

27

P ROOF.
a) If x − d would not be orthogonal to D 0 then we could move d on D 0 in
the direction of the foot of perpendicular of x at the affine hull of D 0 . Since d
is not in the boundary of D 0 (with respect to the dimension of D 0 ) we would
decrease the distance of x and d. This leads to a contradiction to the definition
of the driver of d.
b) From (a) we know that v is orthogonal to D 0 . If D0 = D then V 0 = V
and the statement for x +  · v follows immediately. Otherwise V is in the
boundary of V 0 and v either points inside or outside V 0 at x. Because of the
convexity of D we know that the points in PD \ PD0 lie on a different side of
H than x. Therefore v points into V 0 .
c) From (b) we know that x+·v lies in the interior of V 0 . Therefore the driver
of this point is the closest point in D 0 which is d, the foot of perpendicular to
D0 .
d) This part of the proof is illustrated in more detail in Figure 2.14. First we
observe that
h(y) =
≤

min{ky − pk2 − wp : p ∈ P }
min{ky − pk2 − wp : p ∈ PD0 }.

Let p ∈ PD0 be the vertex of PD0 that minimizes ky − pk2 − wp . Let H

p
D
ε

d
=

y
D’ x
v
yx
V
V’

Figure 2.13: Illustration for the proof of Lemma 2.6 in R3 . The point x is a
Voronoi vertex V . D is a Delaunay tetrahedron. The driver d of x lies on a
Delaunay facet D 0 .
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be the hyperplane orthogonal to v containing d. Let yd be the projection of
y onto H. Let δ1 = kx − dk, and 1 such that kyd − yk = δ1 + 1 . Let
2 = kyd − dk. We know that either 2 > 0 or (2 = 0 and 1 < 0). Let
δ2 = kp − dk. Since d maximizes h in D 0 locally around d (Lemma 2.5) we
know that kp − yd k2 ≤ δ22 ≤ δ22 + 22 . Then
h(y) ≤
=
≤

ky − pk2 − wp
kyd − pk2 + ky − yd k2 − wp
δ22 + 22 + (δ1 + 1 )2 − wp .

p
The distance kyx − xk is per definition the same as  = ky − xk = 21 + 22 .
The distance value h(yx ) = πp (yx ) because of statement (b). We get
h(yx )

= kyx − pk2 − wp
= kyx − dk2 + kd − pk2 − wp [Pythagoras and (a)]

2
q
=
δ1 + 21 + 22 + δ22 − wp .

Subtracting h(yx ) by h(y) gives
q
h(yx ) − h(y) ≥ 2δ1 21 + 22 − 2δ1 1
q
= 2δ1 ( 21 + 22 − 1 )

> 0, because of δ1 > 0 and (2 > 0 or 1 < 0).

e) The assumption x = d implies D = D 0 because of our degeneracy condition that V does not intersect D in its boundary. We want to use statement (d)

p
D

δ 2 yd

δ1

ε1

ε2
d

y

=

=

D’ x
v
H V

yx
V’

Figure 2.14: Illustration for the proof of Lemma 2.6.d).
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for the following proof. In the proof of statement (d) we have h(y) = πp (y)
because of D = D 0 and locally around x the value of h is determined by
points in PD . Furthermore we have δ1 = kx − dk = 0. Therefore we would
have h(yx ) = h(y) iff kyd − pk2 = δ22 + 22 . This equation says that y − yd
has to be orthogonal to D. Therefore the statement (c) implies that
• the value of h(x +  · v) is independent of the choice of v unless v is
orthogonal to D,
• for y 6∈ V (which is locally around x equivalent to y − yd is not orthogonal to D), we have h(y) < h(x +  · v).

Theorem 2.7 For a point x ∈ Rd we have:
direction of v(x) = direction of the vector x − d,
where v is the vector field of steepest ascents.
P ROOF. For x 6= driver(x) the statement follows directly from Lemma 2.6.d.
It remains to analyze the case x = driver(x). If D is d-dimensional then x is
a maximum (Lemma 2.5). Otherwise there are at least two vectors orthogonal
to D. Because of Lemma 2.6.e these vectors point in a direction of steepest
ascent. Therefore the direction is not unique and x is a critical point. If x is a
critical point then v(x) = ~0 = x − driver(x).

Notes and comments. As mentioned before, we defined flow and critical
points on a non-smooth function. Grove extended the notion of critical points
to (non-smooth) distance functions, see [40] or [51]. He defines a function
f : M → R that assigns to every point on a Riemannian manifold M its
distance to a compact subset K. For every point x ∈ M the set Γ(x) denotes
the set of unit vectors tangent to a segment from K to x of length f (x). A point
x ∈ M is denoted as regular, if the vectors in Γ(x) are contained in an open
hemisphere. Otherwise, x is denoted as a critical point. With this definitions
one gets a generalization of an important statement from Morse theory: If
f −1 ([a, b]) contains only regular points, then f −1 ([−∞, a]) is homeomorphic
to f −1 ([−∞, b]), and f −1 ([−∞, b]) deformation retracts onto f −1 ([−∞, a]).
In our setting we have M = Rd and K = P , i.e. a finite set of points.
Hence, the above statement holds also in our setting. One can show that both
definitions of critical points are equivalent.
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The observation that critical points of the distance function h are intersection
points of Voronoi objects and with their dual Delaunay objects was also made
by Edelsbrunner in [26].

2.4. Characterization of the flow
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2.4 Characterization of the flow
From the concept of a driver introduced in the previous section we derive an
explicit formulation of the flow φ that uses the Voronoi and Delaunay diagrams.
In this section we always talk about a given finite set P of (weighted) points
in Rd , its Voronoi and Delaunay diagrams, and the induced vector field v and
flow φ. Usually the variable d will denote the dimension of the space as well
as a driver of a point. But the meaning will be always clear from the context.

tx
x
=

x’
φx(t x )

Figure 2.15: Recursive definition of the flow. Left: First recursion step for
φx . Right: Piecewise linear orbits of four points.
Explicit formulation of the flow. The characterization of the vector field v
using the concept of a driver leads to an explicit formulation of the flow φ.
To compute the orbit φx of a point x we first follow a ray originating at x in
direction v(x) until the driver changes. This means that also the direction of
v(x) changes. We get the following statements for the orbits of φ.
For critical points x we have
φx (t) = x , t ∈ [0, ∞).
For regular points x we have
φx (t) = x + t · v(x) , t ∈ [0, tx ].

where tx > 0 is the distance from x in direction v(x) to the first point x0 that
has a different driver than x. See Figure 2.15 for an example. If the Voronoi
object containing x is unbounded in direction v(x) we set tx to infinity.

32

Chapter 2. Foundations

For t > tx we have
φx (t) = φx0 (t − tx ) where x0 = φx (tx ).
We will see that the power of the driver of x is strictly greater than the power of
the driver of x0 . Therefore we have a strictly monotone decreasing sequence
in the recursion. The recursion ends after a finite number of steps, because
there are only finitely many drivers (Lemma 2.3).
Observe that v is linear in the interior of a fixed Voronoi object. This follows
from the fact that all points in the interior of a fixed Voronoi object have the
same driver, which we proved in Lemma 2.1.
Computing the flow. In Section 2.3 we have shown how to compute the
direction of steepest ascent v(x) for a point x ∈ Rd using the Delaunay and
Voronoi diagrams. Here we will discuss how to find the point x0 . Starting at x
along a ray in direction v(x) this is the first point with a different driver. We
will show that the driver of x0 has less power than d.
In principle there are two cases, both illustrated in Figure 2.16. Let D be
the Delaunay object dual to the (lowest dimensional) Voronoi object V that
contains x. The driver d of x is determined by a Delaunay object D 0 ⊆ D. If
D0 = D the rays goes inside V until we hit the boundary of V in a Voronoi
object V 00 . From Lemma 2.4 we know that the power of the driver of the
interior of V 00 is less then the power of d. Therefore we reached x0 . If D0 ⊂ D
then we first enter the Voronoi object V 0 dual to D0 . The driver of the interior
of V 0 is also d due to Lemma 2.6.c. Next, the ray has to reach the boundary
of V 0 in a Voronoi object V 00 . Like in the first case we know that we reached
a point x0 that has a driver with less power than d.
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Figure 2.16: Computing the next point x0 in the orbit of x in R2 . Left: V is a
Voronoi cell, V 00 is a Voronoi edge. Right: V and V 00 are Voronoi edges, V 0
is a Voronoi cell.
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Therefore the flow φ is completely characterized by basic operations on the
Voronoi and Delaunay diagrams.
Index of a critical point. In the previous section we have seen that a critical
point c is the intersection of a Voronoi object V with its dual Delaunay object
D. We assign an index to c which we define as the dimension of D. Therefore
a minimum which is the intersection of a Delaunay vertex and a Voronoi cell
has index 0. A maximum has index d. Saddle points have indices between
1 and d − 1. A saddle point with index i is called an i-saddle. Figure 2.17
shows critical points in R2 as intersection points of Voronoi and Delaunay
objects and their indices.
Let ck be the number of critical points of index k. Then the following equation
holds.
X
(−1)k ck = 1.
k

A proof for the two-dimensional case for unweighted points can be found
in [54]. The proof can be directly adapted to the general case.
Index of a stable/unstable manifold. Stable and unstable manifolds are defined with respect to a critical point. We assign to a stable/unstable manifold
an index, which is the index of its critical point. We will see that if P is not
degenerate, the dimension of a stable manifold is the same as its index, but
in general it can have higher dimensional parts. The dimension of a unstable
manifold is d minus its index, but it can have lower dimensional parts. Fig-
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Figure 2.17: Indices of the critical points in R2
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Figure 2.18: Left: The stable manifold of a 2-saddle in R3 that contains
three-dimensional parts. Right: The unstable manifold of a minimum in R3
that contains a two-dimensional part and a one-dimensional part.
ure 2.18 shows two examples.
Cells and skeletons of the flow complexes. We call a stable manifold of an
i-saddle also as a stable i-cell. A unstable manifold of an i-saddle is called an
unstable i-cell.
We denote the union of all stable manifolds with index less or equal than i as
the stable i-skeleton. The union of all unstable manifolds with index less or
equal to i is called the unstable i-skeleton. Observe that the stable d-skeleton
is the stable flow complex and that the unstable d-skeleton is the unstable flow
complex.
Notes and comments. In the general setting of a critical point theory for
distance functions over a Riemannian manifold M with respect to a compact
subset K developed by Grove [40] it is difficult to assign indices to critical
points. As mentioned in this section Siersma proved in [54] for the specialization M = R2 and K = P that the alternating sum of critical points equals
one. Observe that for such a formula an index theory for critical points is
necessary. Siersma also discusses extensions to higher dimensions and other
distance functions.
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2.5 Properties of stable and unstable manifolds
Before we study stable and unstable manifolds of critical points in more detail
for the special cases of two and three dimension, we state and prove some
properties of them in arbitrary dimensions.
In this section we always talk about a given finite set P of (weighted) points in
Rd , its Voronoi and Delaunay diagrams, the induced distance function h and
flow φ and its critical points.
Space filling properties. The union of unstable manifolds of all critical points
as well as the union of all stable manifolds cover the whole space R d (if we
add a symbolic maximum at infinity).
More precisely we show in Lemma 2.9 that every point x is contained in the
unstable manifold of a minimum, i.e. in every neighborhood of this minimum
there is a point that contains x in its orbit. This minimum might not be unique,
but we give a sufficient condition for the uniqueness. The proof is constructive,
i.e. it implies an algorithm to compute such a minimum.
In Lemma 2.8 we show that every point x that does not flow to infinity is contained in the stable manifold of a critical point, i.e. the orbit of x ends up in a
critical point. This critical point and therefore the stable manifold containing
x is unique. The mentioned critical point can easily be computed by following
the orbit of x.
Unstable flow complex for unweighted points. If the points in P are unweighted, the unstable flow complex is almost the Voronoi diagram of P . We
show in Lemma 2.10 that the interior of a full–dimensional cell of the unstable
flow complex is the interior of a Voronoi cell, and vice versa. Therefore, the
unstable flow complex for a set of unweighted points is not very interesting.
Stable 1-skeleton. Usually the stable 1-skeleton is a one-dimensional structure. We give in Lemma 2.11 a condition under which a stable manifold of a
1-saddle is a piecewise linear curve. Every point set that does not fulfill this
condition is not stable in the sense that it fulfills this condition after a small
perturbation of the points.
The stable 1-skeleton is connected, which we prove in Lemma 2.12. Therefore the set of minima is connected by stable manifolds of 1-saddles.
Gabriel graph. For a set of unweighted points the 1-skeleton coincides with
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the Gabriel graph. The vertices of the Gabriel graph are the points in P , its
edges are those Delaunay edges that intersect their dual Voronoi facets. The
interior of an edge in the Gabriel graph is the stable manifold of a 1-saddle
(see Lemma 2.11).
Observe that for a set of weighted points a stable manifold of a 1-saddle is not
necessarily contained in a straight line segment.
Properties. We will prove the following properties:
• The orbit of each point in Rd goes to infinity or ends up in a critical
point. Therefore the stable manifolds cover the set of the points that do
not flow to infinity. (Lemma 2.8)
• Every point in Rd is contained in the unstable manifold of a minimum.
Therefore the unstable manifolds (of the minima) cover the whole Rd .
(Lemma 2.9)
• If P is a set of unweighted points, the interior of an unstable d-cell is
the interior of a Voronoi cell, and vice versa. (Lemma 2.10)
• Locally around a 1-saddle s its stable manifold S(s) is contained in
the Delaunay edge containing s. If S(s) does not contain a point from a
Voronoi object of index lower than d − 1, then S(s) is a piecewise linear
curve. (Lemma 2.11)
• If P is a set of unweighted points, a stable manifold of a 1-saddle s coincides with the interior of the Delaunay edge containing s. (Lemma 2.11)
• The stable 1-skeleton is connected. (Lemma 2.12)
Lemma 2.8 The orbit φx of each point x in Rd goes to infinity or ends up in
a critical point.
P ROOF. There are finitely many drivers (Lemma 2.2) and the power of the
drivers along the orbit φx (t) is strictly monotone decreasing. Therefore there
is a driver d and an t0 > 0 such that d is the driver of all points φx (t) for
t ≥ t0 . If d = φx (t0 ) then we reached a fixpoint which is a critical point.
If d 6= φx (t0 ) then φx (t) for t ≥ 0 goes along a line starting at φx (t0 ) in
direction opposite to d to infinity.

Lemma 2.9 For every point x in Rd there is a minimum m such that the
unstable manifold U (m) contains x.
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The minimum is unique, if x lies in the interior of a Voronoi cell and the stable
manifolds of x does not contain a point from a Voronoi object of dimension
less than d − 1. In this case, the stable manifold of x is a piecewise linear
curve.
P ROOF. In this proof we show how to find recursively a point that contains x
on its orbit. We proceed until we end up in a minimum.
Let Px be the set points whose dual Voronoi cells contain x. Let p ∈ Px
be the point with maximal weight wp . The neighborhood locally around x
is completely contained in the Voronoi cells of the points in Px . Let us look
at any hyperplane Hpq that separates Vp and any other Voronoi cell Vq for
q ∈ Px . The point p lies on the same side of Hpq as Vp because of the
maximal weight of p. Therefore the line Lpx connecting p and x goes through
the Voronoi cell Vp into x.
If p is inside Vp then p is a minimum. Every point of the line Lpx (possibly
without x) is contained in the interior of Vp and is driven by p into x. Hence,
for every  > 0 there is a point on L with distance less then  to p that is driven
by p into x. Therefore x is contained in U (p).
If p is not inside Vp then let x0 be the intersection point 6= x of Vp and the line
Lpx . Since x0 lies on the boundary of Vp it has the same driver as the interior
of Vp which is p (Lemma 2.4). Therefore x0 is driven by p into x. Also from
Lemma 2.4 we know that if x is a point in the boundary of Vp , the power of
the driver of x is less than the power the interior of Vp .
If we proceed with x0 as we did with x we get a sequence of points that lie
on the boundaries of Voronoi cells and flow into x. We reach a minimum in
finitely many steps, because we decrease the power of the driver in every step
and there are only finitely many drivers (Lemma 2.3). So we proved the first
part of the lemma.
In fact we did nothing else than following an orbit backwards in the stable
manifold S(x) of x. Now assume that x lies in the interior of a Voronoi cell.
Therefore Px contains only one point p, which is the driver of x. It follows
that the stable manifold S(x) is linear in Vp . So we are done if p is a minimum.
Otherwise we assume that S(s) does not contain a point from a Voronoi object
of dimension less than d − 1, then x0 (defined as above) must lie in the interior
of a (d-1)-dimensional Voronoi object V 0 . The set Px0 contains therefore only
two points p and r. The driver of V 0 is p, which implies that no point of V 0
and Vp is part of S(x0 ), except x0 itself. Therefore S(x0 ) is locally determined
by r and is linear in Vr .
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Recursively, we get that S(x) coincides with the orbit construction above and
it follows that S(x) is a piecewise linear curve. Let m be a minimum that
contains x in its stable manifold. Every neighborhood N of m contains a
point y from the S(x), because there is an orbit starting in N and containing
x. With the fact that S(x) is a piecewise linear curve we can conclude that m
is unique.

Lemma 2.10 If P is a set of unweighted points, the interior of an unstable
d-cell is the interior of a Voronoi cell, and vice versa.
P ROOF. Let m be a Delaunay vertex. Since the points in P are unweighted,
m is contained in its dual Voronoi cell V . Hence, m is a minimum.
Let x be a point in the interior of V . By the definition of the flow, m is the
only driver that can drive points into x. Therefore, m is the unique minimum
whose unstable manifold U (m) contains x. The same argument shows that no
point of the interior of a Voronoi cell 6= V can be contained in U (m). Hence,
all points of U (m) that are not contained in the interior of V have to lie at
Voronoi facets and can not be part of the interior of V .

Lemma 2.11 For a 1-saddle s its stable manifold S(s) connects s with minima. Locally around a 1-saddle s its stable manifold S(s) coincides with the
Delaunay edge containing s. If S(s) does not contain a point from a Voronoi
object of index lower than d − 1, then S(s) is a piecewise linear curve.
If P is a set of unweighted points, S(s) coincides with the interior of the
Delaunay edge containing s.
P ROOF. A 1-saddle s is the intersection of a Delaunay edge D with endpoints
p and q. and a Voronoi facet V . In a sufficiently small neighborhood of s only
points from D flow into s. More precisely,
S(s) ∩ U = D ∩ U.
All points of U \ V are driven by p or q and flow onto V . The only points
that flow directly into s are the points of D ∩ U . The driver of the point in
V is s. Therefore the orbits of all points of D ∩ U leave V . They will never
enter Vp ,Vq and V again, because the power of the drivers decreases along the
orbits and the power of the drivers of the Voronoi objects in the boundary of
V are smaller than those of Vp ,Vq and V . Therefore S(s) ∩ U = D ∩ U and
S(s) is linear in the U .
Let xp ∈ Vp ∩ D ∩ U and xq ∈ Vq ∩ D ∩ U . The orbits of xp and xq end up in
s and S(s) = edge(xp , xq ) ∪ S(xp ) ∪ S(xq ). From Lemma 2.9 we know that
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there is a minimum mp that contains p in its unstable manifolds. Therefore
S(xp ) connects mp and p. Analogously there is a minimum mq .
If S(s) does not contain a point from a Voronoi object of index lower than
d − 1, the same holds for S(xp ) and S(xq ). From Lemma 2.9 we get that
S(xp ) and S(xq ) are piecewise linear curves. Therefore S(s) is a piecewise
linear under this conditions.
If all points are unweighted, they are contained in their dual Voronoi cell, i.e.
they are all minima. In particular p and q are minima and therefore S(s) is the
interior of D, i.e. the straight line segment connecting p and q.

Lemma 2.12 The stable 1-skeleton is connected.
P ROOF. Let M ⊆ P be the set of all minima. Let R ∪ B = M be a partition
of M , i.e. R ∩ B = ∅, R 6= ∅, B 6= ∅. We will show that there is a minimum
in R that is connected to a minimum in B by the stable manifold of a 1-saddle.
This implies that the stable 1-skeleton is connected.
We enlarge R to a set R+ by points from P . We start with R+ = R and
successively add a point p ∈ P to R if it is contained in the Voronoi cell of a
point in R+ . Analogously we get B + out of B. Every point p ∈ P is either
part of R+ or B + . This is because if a point p is contained in the Voronoi cell
of a point q 6= p, then wq > wp . Recursively repeating this process gives an
increasing sequence of weights for points in P . Therefore we have to end up
with a minimum. It follows that R+ and B + build a partition of P .
Let x ∈ Rd be the point with distance function value α = h(x) such that
the distance function values restricted to the points sets R + and B + coincide,
i.e. min{πp (x) : p ∈ R+ } = min{πp (x) : p ∈ B + }. We assume that α
is minimal.√Let UR+ be a union of open balls. A ball with center r ∈ R+
and radius wr + α belongs to UR+ , if wr + α is non-negative . Analog we
define UB + . Because of our definition of R+ , the ball corresponding to a point
p ∈ R+ \ R is always incident to a ball with larger radius corresponding to a
point in R+ and therefore by a sequence of balls incident to a minimum in R.
The same holds for UB+ .
The intersection UR+ ∩ UB + is empty. Otherwise we could decrease α and
therefore the radii of the balls until the balls are separated and the intersection
is empty. There has to be a value α0 < α such that the closure of the two sets
touch each other. For this value we could find a point y, a touching point of the
two sets, with α0 = h(y) < h(x) = α such that the distance function values
restricted to the points sets R+ and B + coincide. This is a contradiction to
the assumption, that α is minimal.
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Let r ∈ R+ and b ∈ B + be the points that determine h(x). The point x lies
in the Voronoi facet f spanned by r and b. The points r and b lie on different
sides of f . Otherwise their corresponding balls and therefore UR+ and UB +
would intersect. Let z be the intersection point of the Delaunay edge rb and
the affine hull of f . If z 6= x then we would have πr (z) < α and πb (z) < α
and therefore z ∈ UR+ ∩ UB + , which is a contradiction. It follows that x is
the intersection point of a Voronoi facet and a Delaunay edge, which implies
that x is a 1-saddle.
The stable manifold of x can be subdivided at x in two parts. One part
lies completely in UR+ , the other part lies completely in UB + . We get with
Lemma 2.11 that one endpoint of the stable manifold of x is a minimum in B,
the other endpoint is a minimum in R.

Notes and comments. Gabriel graphs occured in several applications ranging
from geographical systems and communication systems to curve and surface
reconstruction algorithms [33][47] [2][9].
There is an alternative definition of the Gabriel graph. A straight line segment
connecting two points of P is an edge of the Gabriel graph, if the smallest ball
that contains this line segment does not contain any point of P in its interior.
Already in [47] many of the basic properties of this structure are published.
The Gabriel graph is connected and contains the minimum spanning tree as a
subgraph. It is itself contained in the Delaunay triangulation. In two dimensions the Gabriel graph is planar.
The stable 1-skeleton can be seen as a generalization of the Gabriel graph
to weighted points. Even more general a stable i-cell can be seen as an idimensional Gabriel face.
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3.1 The stable flow complex
In this section we provide an algorithm to compute the stable flow complex of
weighted points in R2 . In fact, we show how to compute the stable 1-skeleton
and prove that the 2-cells are determined implicitly. The proof is based on a
combinatorial counting argument.
We have to take care of Voronoi vertices, that are contained in the stable 1skeleton. In such a case the stable manifold of a saddle point can contain
two-dimensional parts.
In the following we always talk about the Delaunay and Voronoi diagram, the
flow, the critical points and their stable manifolds of a finite set of weighted
points in R2 . We will not assume general position regarding the Delaunay
diagram. But we assume that no two critical points coincide.

Figure 3.1: Left: The stable manifold of a saddle containing a join (◦). Right:
The thinned stable manifold of the same saddle.
Stable 0-skeleton. The stable 0-skeleton is the set of minima of the distance
function h. From Section 2.3 we know that minima are Delaunay vertices that
are contained in their dual Voronoi cell.
Join. We have seen in Section 2.4 that in R2 the stable manifold S(s) of a
1-saddle s is a piecewise linear curve if S(s) does not contain a Voronoi vertex. But the stable manifold of a Voronoi vertex v can be a two-dimensional
region. In such a case we call v a join if it is contained in the stable manifold
of a saddle. The interior of the stable manifold of v is called a join region.
Figure 3.1 shows the stable manifold of a saddle containing a join.
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Thinned stable 1-skeleton. Lemma 3.1 analyzes the structure of the stable
manifold S(v) of a Voronoi vertex v that is not a maximum. It shows that if
S(v) is two-dimensional in a neighborhood N of v, then S(v) is an angular
domain in N . We build a thinned stable manifold of v by restricting S(v) to
those points that flow into v via the two boundary rays of S(v) in N . Similarly, we can restrict a stable manifold of a saddle to a thinned stable manifold
by removing points that flow into joins not via the boundary rays. A thinned
stable manifold contains per definition no two-dimensional part. Figure 3.1
shows a thinned stable manifold of a saddle. The thinned stable 1-skeleton is
the union of all minima and thinned stable manifolds of saddles.
Graph. We can see the thinned stable 1-skeleton as the geometric embedding
of a graph. Its vertices are all saddles, minima and joins. The edges of the
graph are edges corresponding to arcs of the thinned stable 1-skeleton connecting the vertices. By construction the graph is planar. We will prove in
Theorem 3.3 that the thinned stable 1-skeleton is connected.
Stable 2-skeleton. The thinned stable 1-skeleton decomposes R 2 into regions.
We have bounded regions and one infinite region. In Theorem 3.3 we prove
that every bounded region is either part of a join region or the stable manifold of a maximum. Hence, the computation of the thinned stable 1-skeleton
gives the boundaries of the stable manifolds of the maxima. It follows that the
boundary of the stable manifold of a maximum is a polygon that contains as
vertices minima, saddles and joins among others.
Algorithm. Based on Lemma 2.11 and Lemma 3.1 we give an algorithm
that computes the thinned stable 1-skeleton. We start at the saddle points
and follow the flow lines backwards. The algorithm S TABLE -1- SKELETON is
given in pseudo code in Figure 3.2, the subroutine J OIN is given in Figure 3.3.
The algorithm works as follows: All line segments of the 1-skeleton are stored
in the set E. After computing the Voronoi and Delaunay diagram and the set
of saddles points S (lines 2 and 3) we follow the orbits ending at the saddle
points backwards (while loop starting at line 7). The driver of such an orbit
close to a saddle point s is an endpoint of the Delaunay edge containing s.
We store in a set F pairs of points x from the orbits and the drivers d that
push points into x. If the driver d is a minimum we have reached the starting
point of the orbit (lines 10,11). Otherwise we follow the orbit one more line
segment backwards to the point x0 (line 13). If x0 lies in the interior of a
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Algorithm
S TABLE -1- SKELETON( set of weighted points P )
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

E := ∅
compute Voronoi and Delaunay diagram of B.
compute the set of saddles S.
for each s ∈ S do
d1 d2 := Delaunay edge that contains s.
F := {sd1 , sd2 }
while F 6= ∅ do
choose xd ∈ F .
F := F − {xd}
if d is minimum do
E := E ∪ {xd}
else
x0 := intersection point of the segment xd
with a Voronoi edge e that does not contain x
E := E ∪ {xx0 }
if x0 lies in the interior of e do
dd0 := Delaunay edge dual to e.
F := F ∪ {x0 d0 }
else
(d1 , d2 ) := J OIN(x0 )
F := F ∪ {x0 d1 , x0 d2 }
return E.
Figure 3.2: Algorithm S TABLE 1- SKELETON

Voronoi edge we can easily find the new driver d0 . Otherwise we might have
reached a Voronoi vertex that is a join. The thinned stable 1-skeleton can split
here. In this case we compute the drivers in a subroutine J OIN (line 19).
The subroutine J OIN can be implemented as follows: It takes Voronoi vertex
v as input. Then a sequence D of Delaunay vertices of the Delaunay cell dual
to v is build (lines 1–5). D contains a Delaunay vertex d, if the line segment
vd intersects the Voronoi cell dual to d, i.e. d pushes points directly into v.
For the sequence D we choose a data structure that provides constant time
access to its elements and constant time insertion at the end of the sequence.
We collect the Delaunay vertices in D in counter clockwise order. Hence, it is
easy to choose the pair (d1 , d2 ) of consecutive Delaunay vertices that spanes
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Subroutine
J OIN( Voronoi vertex v )
1 D := ∅
2 for all power cells c incident to v in
counter clockwise order around v do
3
d := Delaunay vertex dual to c.
4
if vd crosses c do
5
D := D ∪ {d}
6 (d1 d2 ) := the pair of consecutive points in the sequence
V [1], . . . , V [|V |], V [1] that maximizes the smaller
angle spanned by the segments vd1 and vd2 .
7 return (d1 , d2 ).
Figure 3.3: Subroutine J OIN
the largest angle with v. From Lemma 3.1 we know that these are edges of
the thinned stable 1-skeleton. All points locally around v that flow into v are
contained in the area spanned by this angle. Note that d1 and d2 can coincide.
In Theorem 3.4 we show that this algorithm has a runtime of O(n2 ). We will
see in Section 3.3 that this is optimal.
Properties. We will prove the following properties of the stable 1-skeleton:
• The stable manifold of a Voronoi vertex v that is not a maximum is
locally around v either a line segment or an angular domain.
(Lemma 3.1)
• Every bounded region of the thinned stable 1-skeleton is either the
stable manifold of a maximum or part of a join region and contains no
maximum. (Theorem 3.3)
• The thinned stable 1-skeleton is connected. (Theorem 3.3)
• The algorithm S TABLE -1- SKELETON runs in time O(n2 ).
(Theorem 3.4)
Lemma 3.1 Let v be a Voronoi vertex that is not a maximum. Let U be a
sufficiently small neighborhood of v and let SU (v) be the set of points from U
that flow into v, i.e.
SU (v) = {x ∈ U | ∃t : v ∈ φx (t)}.
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Figure 3.4: Illustration of the proof of Lemma 3.1.
The set SU (v) is a line segment or an angular domain.
The boundary segments of SU (v) are contained in segments that connect v
with Delaunay vertices d1 and d2 of the Delaunay cell dual to v. The line segments vd1 and vd2 intersect the Voronoi cells dual to d1 and d2 , respectively.
The angle ∠d1 vd2 is maximal under this restrictions.
P ROOF. The proof is illustrated in Figure 3.4.
From Lemma 2.9 we can conclude that SU (v) is not empty. Let D be the dual
Delaunay cell of v. Since v is not contained in D there exists a line through v
such that the smallest angular domain A centered at v that contains D lies on
one side of this line and touches the line only at v. Let x ∈ U ∩ (R2 − A). The
flow of x is driven by points on the boundary of D ⊂ A. Thus φx ([0, ∞)) ∩ U
cannot contain any point from A. Furthermore the flow of x has to leave U
in finite time since φ has no fixpoints in U for sufficiently small U . Hence
SU (v) is contained in A. This implies altogether that there has to exist a
smallest angular domain A0 ⊂ A centered at v that contains SU (v). We want
to show that SU (v) = A0 ∩ U .

First we show that all points in the intersection of U with the two boundary
rays of A0 have to flow into v. Let R be a boundary ray of A0 . By construction
there exists a point x ∈ R ∩ U that flows into v. The flow of x is either
controlled by a Delaunay edge or by a Delaunay vertex. In the first case x lies
on a Voronoi edge and flows directly on this edge into v, i.e. the ray R contains
this Voronoi edge and all points in U that lie on this edge flow into v. In the
second case we know that the flow of x has to stay in A0 . Thus the Delaunay
vertex that drives the flow has to lie in R2 − interior(A0 ) because otherwise
the flow would leave A0 . More specifically this Delaunay vertex has to lie on
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R since otherwise the points that flow into x would lie outside of A0 but also
flow into v which is impossible. Thus all points on R in a small neighborhood
of v flow into v.
Next we show that the first case in the above reasoning is not possible. That
implies that the boundary rays of A0 contain line segments that connect v with
some Delaunay vertex. Assume that the flow in the intersection R ∩ U is
controlled by a Delaunay edge. That is, the points in R ∩ U flow directly into
v on a Voronoi edge E and the Delaunay vertices that correspond to E lie on
opposite sides of the bisector that contains E. Let x ∈ R∩U . By the definition
of φ all points in the intersection of a sufficiently small neighborhood of x and
the two segments that connect x to the two Delaunay vertices that correspond
to E have to flow through x, i.e. they have to flow through v. But that means
that R cannot be a boundary ray of A0 which is a contradiction.
Finally we show that all points in A0 flow into v. By construction D is contained in A and does not contain v. Thus there exists a line which separates
v from D which has non empty intersection with A0 ⊂ A. Let L be such a
line and consider the portion of A0 that lies below L. For sufficiently small U
this portion contains all points in A0 ∩ U . The flow of the points in A0 ∩ U is
driven by points in the boundary of D. Hence the flow of these points cannot
leave A0 ∩ U by crossing L. Since φ has no fixpoints in U we know that all
points in A0 ∩ U have to leave A0 ∩ U either through the boundary rays of A0
or through v. We have already shown that all points in the intersection of U
with the boundary rays of A0 flow into v. That shows that all points in A0 ∩ U
flow through v before they leave U .
Let d be a Delaunay vertex of D such that the line segment dv intersect the
Voronoi cell dual to d. All points of the line segment dv in U are driven by
d into v. Hence, they are part of SU (v). Since the boundary rays lie on such
line segments, the pair of line segments vd1 and vd2 that maximizes the angle
∠d1 vd2 describes the boundary rays.

Lemma 3.2 Every bounded region of the thinned stable 1-skeleton is either a
join region or contains a maximum.
P ROOF. Let G be the thinned stable 1-skeleton and let K be a bounded region
of G. Let x be an interior point of K that is not a minimum.
The orbit of x cannot go to infinity, because the orbit would have to meet G.
But this would imply that the orbit of x ends in a saddle point and does not go
to infinity.
With Lemma 2.8 we can conclude that the orbit of x ends in a maximum m
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or a saddle s. In the first case the orbit of x can not meet G, because then the
orbit would end in a saddle point. Hence, we have found a maximum in K. In
the second case the saddle s is a join, because x is not part of G. Hence, K is
a join region.

Theorem 3.3 The interior of every bounded region of the thinned stable 1skeleton is either the stable manifold of a maximum or part of a join region
and contains no maximum.
The thinned stable 1-skeleton is connected.
P ROOF. Let G be the thinned stable 1-skeleton. G decomposes the plane into
regions. From the Euler formula for planar graphs in the plane we find for the
number of bounded regions:
# bounded regions of G
= # edges of G − # vertices of G
+ # connected components of G
≥ # edges of G − # vertices of G + 1
We want to count the number of edges and vertices of G. The vertices of G
are the minima, saddles and joins, i.e.
# vertices of G
= # minima + # saddles + # joins.
Since G was constructed via a flow we can orient the edges of G in the direction of the flow along an edge. Minima have only outgoing edges and joins
and saddles have exactly two incoming edges. The total number of edges of
G equals the total number of incoming edges. That is,
# edges of G = 2 # saddles + 2 # joins.
Finally, we know that the alternating sum of the number of critical points is
one (see Section 2.4):
# minima − # saddles + # maxima = 1
Combing all these equations gives that the number of regions is at least the
number of all maxima and joins, i.e.
# bounded regions of G ≥ # maxima + # joins.
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A bounded region of G is either a join region or not, i.e.
# bounded regions of G
= # bounded join regions of G
+ # bounded non-join regions of G.
We can assign every join to its unique join region. We call a join an inner join
if it corresponds to a bounded join region and we call a maximum an inner
maximum if it is contained in the interior of a bounded region. Obviously we
have
# maxima ≥ # inner maxima
and
# joins ≥ # inner joins.
We can assign every inner join to a unique bounded join region. We get
# inner joins ≥ # bounded join regions of G.
This in turn implies together with the previous inequalities
# bounded non-join regions of G
≥ # maxima ≥ # inner maxima.
Finally we get from Lemma 3.2
# bounded non-join regions of G ≤ # inner maxima.
This implies
# maxima = # bounded non-join regions of G
and
# joins = # bounded join regions of G,
i.e. every bounded region contains either exactly one maximum or got assigned to exactly one join. In the first case all inner points of the region have
to flow into the maximum and it follows that the region is the stable manifold
of the maximum. In the second case all the points of the region flow into the
join and it follows that the region is part of a join region.
The connectedness of the thinned stable 1-skeleton is an immediate consequence of the equality of the number of regions of G and the number of maxima and joins. We just have to plug this equality into the formulas for the
number of vertices and edges of G and have to plug these equations in turn
into the Euler formula for planar graphs.
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Theorem 3.4 The algorithm S TABLE -1- SKELETON runs in time O(n2 ) on
the input of n weighted points.
P ROOF. The time to compute the Voronoi and Delaunay diagram is bounded
by O(n log n). The set of saddles S can be computed in time O(n). Observe
that we insert a line segment into E and a pair into F at most once. Therefore,
the insertion of one element can be done in constant time.
To estimate the overall running time of the inner loop (lines 8–20) we decompose the thinned stable 1-skeleton into arcs that have as their endpoints either a
saddle point, a join or a minimum. Every saddle point has at most two incident
arcs, every join has at most three incident arcs. No arc has only minimas as its
endpoints. There are only O(n) saddle points and joins and therefore we have
O(n) arcs. For every such arc there is an orbit that contains it. Hence, every
arc crosses each Voronoi object at most once (see Section 2.4). This implies
that there are O(n) passes through the inner loop (lines 8–20) for every arc.
Altogether we have O(n2 ) such passes.
For every arc the minimum check (line 10) has to be done at most once for
each Delaunay vertex and the intersection point (line 13) has to be computed
at most once for each Voronoi edge. The minimum check for a Delaunay
vertex d has to iterate over all Voronoi edges of the Voronoi cell dual to d.
Every Voronoi edge is incident to at most two Voronoi cells and therefore
every Voronoi edge is touched at most twice for every arc for the minimum
check. Since there are O(n) Voronoi edges we have a running time for the
minimum checks for an arc of O(n). A similar analysis yields a running time
of O(n) for all computations of intersection points for an arc. We get an
overall running time for minimum checks and intersection point computations
for all arcs of O(n2 ).
The subroutine J OIN runs in time O(n) for a fixed Voronoi vertex. It is called
at most once for every Voronoi vertex. Therefore, the time spend for the subroutine J OIN for the overall computation is O(n2 ).
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3.2 The unstable flow complex
In this section we provide an algorithm to compute the unstable flow complex
of weighted points in R2 . In fact, we show how to compute the unstable 1skeleton and prove that the 2-cells are determined implicitly. The proof is
analogous to the case of the stable flow complex and uses a combinatorial
counting argument.
We have to take care of unstable manifolds of saddle points that merge. We
treat these cases explicitly in the algorithm.
In the following we always talk about the Delaunay and Voronoi diagram, the
flow, the critical points and their unstable manifolds of a finite set of weighted
points in R2 . We will not assume general position regarding the Delaunay
diagram. But we assume that no two critical points coincide.

Figure 3.5: The unstable manifolds of two saddles meeting in a Steiner vertex (◦).
Maxima. The unstable 0-skeleton is the set of maxima of the distance function h. From Section 2.3 we know that maxima are Voronoi vertices that are
contained in their dual Delaunay cell.
Steiner vertices. We prove in Lemma 3.5 that unstable manifolds of saddles
are piecewise linear curves. Two such curves can meet in a point. This is illustrated in Figure 3.5. We call such a point a Steiner vertex. The orbit of this
point is contained in the unstable manifolds of both saddles.
Graph. Since the unstable 1-skeleton is piecewise linear (see Lemma 3.5) it is
the geometric embedding of a graph. Its vertices are the saddles, maxima and
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Steiner vertices. Extra care has to be taken for the edges that go to infinity. We
introduce a symbolic vertex at infinity that is the endpoint of every such edge.
By construction the graph is planar, i.e. it can be embedded crossing free on a
sphere.
Unstable manifolds of minima. The unstable 1-skeleton decomposes the R 2
into regions. In Theorem 3.7 we prove that every region is the interior of the
unstable manifold of a minimum. Hence, the computation of the unstable 1skeleton gives the boundaries of the interior of the unstable manifolds of the
minima. It follows that the boundary of the unstable manifold of a minimum
is a polygon that contains as vertices maxima, saddles and Steiner vertices
among others.
Algorithm. Based on Lemma 3.5 we give an algorithm that computes the
unstable 1-skeleton. We simply follow the orbits starting at the endpoints of
the Voronoi edges that contain saddles. The algorithm is given in pseudo code
in Figure 3.6.
In the algorithm we have to take care of orbits that come together at Steiner
vertices, so that we do not output the orbit of these Steiner vertices twice.
Such a Steiner vertex x can only lie at a Voronoi edge e whose driver is not
a Delaunay vertex, i.e. its driver lies in the interior of a Delaunay edge. The
orbit of x goes along e and leaves e in a Voronoi vertex. We store at e the
positions of incoming orbits in a set A(e) and treat them later.
Furthermore, we process the orbit of every Voronoi vertex at most once by
marking every Voronoi vertex that has been already processed with a flag.
The overall algorithm is given in Figure 3.6 and works as follows: All line
segments of the 1-skeleton are stored in a set E. In the first part the Voronoi
and Delaunay diagrams are computed and the attributes for Voronoi edges and
Voronoi vertices are initialized (lines 1–5). In the second part we compute
the set of saddle points and follow the orbits of the endpoints of the Voronoi
edges that contain these saddles (lines 6–22). Line segments of orbits that go
through Voronoi cells are added to E, all other line segments are stored in the
sets A(e). In the third part we sort the elements in each set A(e) and add the
resulting line segments of the orbits at these edges to E (lines 23–26).
In Theorem 3.8 we show that this algorithm has a runtime of O(n2 ). We will
see in Section 3.3 that this is optimal.
Properties. We will prove the following properties for the unstable 1-skeleton:
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Algorithm
U NSTABLE -1- SKELETON( set of weighted points P )
// initial part //
1 E := ∅
2 compute Voronoi and Delaunay diagram of P .
3 for each Voronoi edge vw do
4
f lag(v) :=false; f lag(w) :=false
5
A(vw) := ∅
// orbits through Voronoi cells //
6 compute the set of saddles S.
7 for each s ∈ S do
8
vw := Voronoi edge that contains s
9
A(vw) := A(vw) ∪ {v, s, w}
10
for each x ∈ {v, w} do
11
while x is not a critical point or x is not
a Voronoi vertex with f lag(x) = true do
12
if x is a Voronoi vertex do
13
f lag(x) := true
14
d := driver of x
15
if d is a Delaunay vertex do
16
x0 := intersection point 6= x of straight line dx0
with boundary of Voronoi cell of d
17
E := E ∪ {xx0 }
18
else
19
e := Voronoi edge dual to Delaunay edge that contains d
20
x0 := Voronoi vertex of e opposite to d at x
21
A(xx0 ) := A(xx0 ) ∪ {x, x0 }
22
x := x0
// orbits along Voronoi edges //
23 for each Voronoi edge e with A(e) 6= ∅ do
24
sort A(e) along e.
25
for each consecutive pair vw in A(e) do
26
E := E ∪ {vw}
27 return E.
Figure 3.6: Algorithm U NSTABLE -1- SKELETON
• The unstable manifold of a saddle s is a piecewise linear curve. It
contains the Voronoi edge that contains s as a subset. (Lemma 3.5)
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• Every region of the unstable 1-skeleton is the interior of the unstable
manifold of exactly one minimum. (Theorem 3.7)
• The unstable 1-skeleton is connected. (Theorem 3.7)
• The algorithm U NSTABLE -1- SKELETON runs in time O(n2 ).
(Theorem 3.8)
Lemma 3.5 The unstable manifold U (s) of a saddle s in R2 is a piecewise
linear curve. The Voronoi edge that contains s is a subset of U (s).
P ROOF. The proof is illustrated in Figure 3.7. The saddle s is the intersection
point of a Voronoi edge V and its dual Delaunay edge D. All points in V have
s as their driver. Therefore V ⊂ U (s).

Next we will show that in a sufficiently small neighborhood U of s we have
U (s) ∩ U ⊂ V . Assume x ∈ U (s) ∩ U \ V . From x ∈ U \ V we get that x
has to lie in the interior of one of the Voronoi cells that are incident to s. Let
Vp be this Voronoi cell and let p be the dual Delaunay vertex of Vp .

The point p is the driver of all points in Vp . All the points of Vp that contain
x in its orbit lie on the line segment px. This line segment does not intersect
every sufficiently small neighborhood of s. It follows that x 6∈ U (s), which
contradicts our assumption.
If U (s) is a piecewise linear curve locally around s, we know that it is piecewise linear in general, because every orbit is a piecewise linear curve.


p

Vx
x
V

s
D

Figure 3.7: Illustration for the proof of Lemma 3.5.
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Lemma 3.6 Every region of the unstable 1-skeleton contains at least one minimum.
P ROOF. Let K be such a region. Every point on the boundary of this region
belongs by construction to an unstable manifold of some saddle, i.e. there
cannot exist any orbits connecting points from R2 − closure(K) with points
in the interior of K. Especially the points in the interior of K do not belong to
the unstable manifold of a minimum that lies outside K. From Lemma 2.9 we
know that the unstable manifolds of the minima of φ cover the whole plane R 2 .
Thus the points in the interior of K must belong to the unstable manifold of
some minimum in the interior of K. That is, K contains at least one minimum.

Theorem 3.7 Every region of the unstable 1-skeleton is the interior of the
unstable manifold of exactly one minimum.
The unstable decomposition graph associated with φ is connected.
P ROOF. Let G be the unstable 1-skeleton. Since G is planar, we can embed
G crossing free on a sphere. From the Euler formula for planar graphs on a
sphere we find for the number of regions:
# regions of G
= 1 + # edges of G − # vertices of G
+ # connected components of G
≥ 2 + # edges of G − # vertices of G
We want to count the number of edges and vertices of G. The vertices of G are
maxima and saddles of φ, Steiner vertices and one additional point at infinity,
i.e.
# vertices of G
= # maxima + # saddles + # Steiner vertices + 1.
Since G was constructed via a flow φ we can orient the edges of G in the direction of the flow along an edge. Maxima have only incoming edges, Steiner
vertices have exactly one outgoing edge and saddles have exactly two outgoing edges. The total number of edges of G equals the total number of outgoing
edges. That is,
# edges of G
= 2 # saddles + # Steiner vertices.
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Finally, we know that the alternating sum of critical points equals 1 (see Section 2.4):
# minima − # saddles + # maxima = 1
Combing all these equations we get that the number of regions is either larger
than or equal to the number of minima, i.e.
# regions of G ≥ # minima.
With Lemma 3.7 we can conclude that every region contains exactly one minimum.
Let K be a region of the unstable 1-skeleton and m be the minimum contained
in K. Every point x ∈ K is contained in the unstable manifold of a minimum
(Lemma 2.9). If x would be contained in the unstable manifold of a minimum
m0 6= m, there would be a point close to m0 that contains x in its orbit.
This orbit would be an orbit that crosses the unstable 1-skeleton. This is not
possible because we could construct two orbits that intersect traversally. The
same argument shows that no interior point from a region K 0 6= K can be
contained in the unstable manifold of m. Since the unstable 1-skeleton is onedimensional (Lemma 3.5) it follows that the interior of K is the interior of the
unstable manifold of m.
The connectedness of the unstable 1-skeleton is an immediate consequence of
the equality of the number of regions of G and the number of minima of φ.
We just have to plug this equality into the formulas for the number of vertices
and edges of G and have to plug these equations in turn into the Euler formula
for planar graphs.

Theorem 3.8 The algorithm U NSTABLE -1- SKELETON runs in time O(n2 )
on the input of n weighted points.
P ROOF. We will analyze the three parts of the algorithm separately. Several
times we will use the fact that there are O(n) Voronoi and Delaunay objects.
The first part takes time O(n log n): The time to compute the Voronoi and
Delaunay diagram is O(n log n). The initialization of the attributes for the
Voronoi edges and Voronoi vertices takes time O(n).
The second part takes time O(n2 ): The computation of all saddles takes time
O(n). For the loops in lines 7 and 10 their common body in the lines 11–22 is
entered twice for each saddle, i.e. O(n) times. This body computes the orbit
of a Voronoi vertex as a sequence of points x that are Voronoi vertices or lie
on a Voronoi edge. We will show that one pass of the body has a running time
of O(n).
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Insertions into E can be done in constant time per element, because no element
is inserted more than once. Therefore the overall running time for insertions
into E is O(n) per pass. A crucial step is the analysis of the critical point
check (line 11), the driver computation (line 14) and the computation of the
intersection point x0 (line 16). For a point in the interior of a Voronoi edge
the critical point check and the driver computation can be done in constant
time. For a Voronoi vertex we have to iterate for both computations over all
Delaunay edges of the dual Delaunay cell and have constant time operations
per Delaunay edge. Since an orbit contains every Voronoi vertex at most once
(see Section 2.4), we touch in a pass of the body every Delaunay cell at most
once and therefore every Delaunay edge at least twice. This gives a running
time of O(n) per pass. To compute the intersection point x0 we have to iterate
over all Voronoi edges of a Voronoi cell. Since an orbit enters every Voronoi
cell at most once (see Section 2.4), we touch in a pass of the body every
Voronoi cell at most once and therefore every Voronoi edge at most twice.
This gives a running time of O(n) per pass.
We analyze the number of insertions into the sets A(e) separately. We show
that this number is O(n). Therefore the overall cost of these insertion operations is O(n2 ). A point inserted to one of the sets A(e) is either a Voronoi
vertex or a Steiner vertex where the unstable manifolds of two different saddles meet. Multiple insertions can happen if a vertex is contained in the unstable manifold of more than one saddle. Observe that in the algorithm we
do not follow the unstable manifold of a saddle any further if we encounter
a Voronoi vertex that has already been inserted into V . A Steiner vertex can
be inserted at most twice. But that happens only in the degenerate situation,
where the unstable manifolds of two saddles meet at the point where they
hit the same Voronoi edge. Let e be a Voronoi edge and S(e) be the set of
Steiner vertices contained in e. A Voronoi vertex incident to e can be inserted
at most 2|S(e)| + 1 times. The unstable 1-skeleton has only O(n) Steiner
vertices, because there are O(n) saddles whose unstable manifolds can meet
only O(n) times. Thus there are only O(n) insertions of Steiner or Voronoi
vertices into sets A(e) and we can bound the time spent on insertions in these
sets by O(n2 ).
The third part takes time O(n log n): We know from the analysis of the second
part that the total number of elements in the sets A(e) is O(n). Sorting O(n)
points takes time O(n log n). Insertions from A(e) into E can be done in
constant time per element. Therefore the overall running time of the third part
is O(n log n).
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3.3 Complexities
Voronoi and Delaunay diagrams of a finite set of n weighted points in the
plane have a worst case algorithmic complexity of O(n log n) and contain
at most O(n) objects, see [10]. These bounds are tight. Interestingly, the
worst case complexity of the geometric realization of the flow diagrams of n
weighted points in the plane is Θ(n2 ) and they contain up to O(n2 ) vertices
and straight line segments, as we will see in this section.
We will give upper bounds for the complexities of the geometric realizations
of both complexes (Lemmas 3.9 and 3.11) and show two constructions for sets
of n weighted points in the plane that prove tight lower bounds (Lemmas 3.10
and 3.12). Combining the results we get a maximum complexity of the geometric realization of both complexes of Θ(n2 ) vertices, Θ(n2 ) straight line
segments and Θ(n) regions.
This results show that the algorithms presented in Sections 3.1 and 3.2 have
optimal worst-case runtimes.
For unweighted points in the plane the maximal complexity of the geometric
realization of both complexes is Θ(n) and the worst case algorithmic complexity is Θ(n log n). This is shown for a wider class of point sets in Section 3.4.
Lemma 3.9 The geometric realization of the stable flow complex of a set P
of n weighted points consists of O(n2 ) vertices, O(n2 ) straight line segments
and O(n) regions.
P ROOF. The Voronoi diagram of P has O(n) vertices, O(n) edges and O(n)
cells, see [10]. That is, the Voronoi diagram of P contains O(n) Voronoi
objects. According to Lemma 2.1 the points in the interior of a fixed Voronoi
object have the same driver. This implies that the flow induced by P can have
only O(n) different drivers.
The geometric realization of the stable flow complex associated with P is the
union of the thinned stable manifolds of the saddle points of the flow induced
by P . Given such a saddle s, the thinned stable manifold T (s) of s can be
decomposed in arcs which have as one of their endpoints either s or a join.
There are two arcs which have s as one of their endpoint. Any other arc must
have at least one join as one of its endpoints. For every join in T (s) there are
always three arcs which are incident to this join. One of these three arcs is
incident also to another join or s. Every arc can be directed according to the
direction of the flow along the arc and it contains the same number of straight
line segments as the orbit of some point very close to its beginning. Since
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every driver controls the flow of this point at most once, its orbit consists of
O(n) straight line segments. The number of joins is at most the number of
Voronoi vertices and the number of saddles is at most the number of Voronoi
edges, i.e. there are O(n) joins and O(n) saddles. For every saddle or join
there are only two arcs. This implies that the geometric realization of the
stable 1-skeleton associated with P contains O(n2 ) straight line segments and
vertices.
From Lemma 3.3 we know that the geometric realization of the stable flow
complex decomposes the plane into O(n) regions, because the number of regions corresponds to the number of maxima and joins, which is bounded by
the number of Voronoi vertices.

Lemma 3.10 For every n ∈ N there exists a set P of n weighted points, such
that the geometric realization of the stable flow complex consists of Ω(n 2 )
vertices, Ω(n2 ) straight line segments and Ω(n) regions.
We give a construction of n weighted points that fulfill the required properties.
The construction is illustrated in Figure 3.8.
Let k be bn/2c if this expression is odd and bn/2c + 1 otherwise, i.e. k is
always odd. Let m = n − k. We place m weighted points b1 , . . . , bm on a

L2

c1

L1

ck
d2
d1

bm

b1
Figure 3.8: Nine (weighted) points •, the corresponding Voronoi diagram and
the stable manifolds of the five saddles .
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vertical line L1 such that the indices of the points represent the ordering of
the points along L1 . We choose some weight for the point bm and adapt the
weight of bm−1 such that the bisector of bm and bm+1 lies above bm . We set
the weight of bi for i = m − 2, . . . , 1 such that the bisector of bi and bi+1
lies below the bisector of bi+1 and bi+2 but above bm . The k remaining points
c1 , . . . , ck are placed on a line L2 orthogonal to L1 that intersects L1 above
bm . Let d1 denote the distance between bm and L2 . The indices of these
points represent the ordering the points along L2 . The point cdk/2e is placed
on the intersection of L1 and L2 . We choose the weight of cdk/2e such that
the bisector of cdk/2e and bm intersects L1 in distance d2 below L2 . We keep
the distance d2 fixed in contrast to d1 which has only to be large enough to
guarantee that the bisector of cdk/2e and bm lies above the bisector of bm−1
and bm . We assign the same weight to all ci , i = 1, . . . , k as we assigned to
cdk/2e . Note that this weight is a function of d1 .
By construction the following pairs of points give rise to a Voronoi edge:
(bi , bi+1 ) for i = 1, . . . , m − 1, (c1 , bi ) for i = 1, . . . , m − 1, (ci , bm ) for
i = 1, . . . , k, (ck , bi ) for i = 1, . . . , m − 1 and (ci , ci+1 ) for i = 1, . . . , k − 1.
We can bring the smaller angle made by L1 and all Voronoi edges besides the
edges corresponding to the pairs (ci , ci+1 ) arbitrarily close to π/2 by increasing d1 while keeping d2 fixed, i.e. by moving L2 further away from bm . At the
same time the angle made by L2 and the Delaunay edges dual to the Voronoi
edges corresponding to the pairs (ci , bm ), i = 1, . . . , k comes arbitrarily close
to π/2. Since the distance d2 remains fixed this implies that these Delaunay
edges have to intersect their dual Voronoi edges, i.e. we have k saddles corresponding to the pairs (ci , bm ), i = 1, . . . , k.
The thinned stable manifold of the saddle s that corresponds to the pair (c i , bm ),
i ∈ {1, . . . , k} has non empty intersection with the interior of the stable 2-cell
of the minimum b1 . That is, part of the thinned stable manifold of s connects b1 with s without containing b1 . To do so this part of the thinned stable manifold has to cross all Voronoi edges corresponding to pairs (b i , bi+1 ),
i = 1, . . . , m − 1. That is, the thinned stable manifold of s contains at
least m straight line segments. By definition thinned stable manifolds of
different saddles cannot meet. Thus the geometric realization of the stable
1-skeleton contains at least km = Ω(n2 ) straight line segments and at least
k(m + 1) = Ω(n2 ) vertices.
Since the points c1 , . . . , ck have the same weights, there is a saddle between
every pair (ci , ci+1 ), i = 1, . . . , k − 1 that builds a region with the two saddles
corresponding to the pairs (ci , bm ) and (ci+1 , bm ). Therefore the number of
regions is at least k − 1 = Ω(n).
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Lemma 3.11 The geometric realization of the unstable flow complex of a set
P of n weighted points consists of O(n2 ) vertices, O(n2 ) straight line segments and O(n) regions.
P ROOF. The Voronoi diagram of P has O(n) vertices, O(n) edges and O(n)
cells, see [10]. That is, the Voronoi diagram of P contains O(n) Voronoi
objects. According to Lemma 2.1 every point in the interior of some Voronoi
object has the same driver. This implies that the flow induced by P can have
only O(n) different drivers.
The geometric realization of the unstable 1-skeleton is the union of the unstable manifolds of the saddle points. Given such a saddle s, the unstable
manifold U (s) of s can be decomposed in two arcs which both have s as
one of their endpoints (Lemma 3.5). One such arc contains exactly as many
straight line segments as the orbit φx of some point x ∈ U (s) sufficiently
close to s. Since every driver controls the flow φx at most once φx consists of
O(n) straight line segments. That is, U (s) contains O(n) line segments. The
number of saddles is at most the number of Voronoi edges, i.e. there are O(n)
saddles. This implies that the geometric realization of the unstable 1-skeleton
contains O(n2 ) straight line segments and therefore O(n2 ) vertices.
From Lemma 3.7 we know that the geometric realization of the unstable 1skeleton decomposes the plane into O(n) regions, because there cannot be
more minima than weighted points.

Lemma 3.12 For every n ∈ N there exists a set P of n weighted points, such
that the geometric realization of the unstable flow complex consists of Ω(n 2 )
vertices, Ω(n2 ) straight line segments and Ω(n) regions.
P ROOF. We give a construction of n weighted points that fulfill the required
properties. The construction is illustrated in Figure 3.9.
Let k be bn/2c if this expression is odd and bn/2c + 1 otherwise, i.e. k is
always odd. Let m = n − k. We place m weighted points b1 , . . . , bm on a
vertical line L1 such that the indices of the points represent the ordering of
the points along L1 . We choose some weight for the point bm and adapt the
weight of bm−1 such that the bisector of bm and bm+1 lies above bm . We
set the weight of bi for i = m − 2, . . . , 1 such that the bisector of bi and
bi+1 lies below the bisector of bi+1 and bi+2 but above bm . The k remaining
points c1 , . . . , ck are placed on a line L2 orthogonal to L1 that intersects L1
below b1 . Let d denote the distance between b1 and L2 . The indices of these
points represent the ordering the points along L2 . The weighted point cdk/2e
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is placed on the intersection of L1 and L2 . We choose some point x on L1
below the bisector of b1 and b2 but above bm . We set the weight of cdk/2e such
that the bisector of cdk/2e and b1 intersects L1 in x. The same weight, which
is a function of d, is assigned to all points c1 , . . . , ck . That is, we have k − 1
saddles on L2 , one between each pair of weighted points (ci , ci+1 ).
By construction the following pairs of weighted points give rise to a Voronoi
edge: (bi , bi+1 ) for i = 1, . . . , m − 1, (c1 , bi ) for i = 1, . . . , m, (ci , b1 ) for
i = 2, . . . , k − 1, (ck , bi ) for i = 1, . . . , m and (ci , ci+1 ) for i = 1, . . . , k − 1.
We can bring the smaller angle made by L1 and all Voronoi edges besides
the edges corresponding to the pairs (ci , ci+1 ) arbitrarily close to π/2 by increasing the distance d of b1 and cdk/2e , i.e. by moving L2 further away from
b1 .
The unstable manifold of the saddle s that corresponds to the pair (c i , ci+1 )
contains the straight line segment that connects the saddle with the Voronoi
vertex v corresponding to the points ci , ci+1 and b1 . By construction b1 is the
driver of the flow in v. The smaller angle made by L1 and the segment that
connects b1 with v is bounded from above by


kb
−
xk
π
1
cos−1
< .
ks − cdk/2e k
2

L1
x
bm

b1
d
L2

c1

ck

Figure 3.9: Nine (weighted) points •, the corresponding Voronoi diagram and
the unstable manifolds of the four saddles .
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On the other hand the smaller angle made by L1 and the Voronoi edges corresponding to (ci , b1 ), i = 1, . . . , k can be arbitrarily close to π/2. That implies
that the flow at v goes through the Voronoi cell corresponding to b1 until it hits
the Voronoi edge corresponding to the pair (b1 , b2 ) in some point y. By construction the flow at y is driven by b2 . We can again bound away from π/2 the
smaller angle made by L1 and the segment that connects b2 to y. On the other
hand the smaller angle made by L1 and the Voronoi edges corresponding to
(c1 , b2 ) and (ck , b2 ) can be arbitrarily close to π/2. That is, the flow of y goes
through the Voronoi cell corresponding to b2 until it hits the Voronoi edge corresponding to the pair (b2 , b3 ). Using the same arguments we can show that
the flow continues through all the Voronoi cells corresponding to b3 , . . . , bm .
That is, the unstable manifold of the saddle s contains m + 1 line segments.
By construction the unstable manifolds of the k − 1 different saddles do not
meet. Thus the geometric realization of the unstable 1-skeleton contains at
least (k − 1)(m + 1) = Ω(n2 ) straight line segments and (k − 1)m = Ω(n2 )
vertices. The number of regions is k = Ω(n).
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3.4 Symmetry
The duality between the Voronoi and the Delaunay diagram is well known. In
Section 2.2 this correspondence is used to define the Delaunay objects. Less
well known is another symmetry that links Voronoi and Delaunay diagrams:
For every finite set P of weighted points there is a finite set P 0 of weighted
points, such that essentially the Voronoi diagram of P is the Delaunay diagram
of P 0 and the Delaunay diagram of P is the Voronoi diagram of P 0 .
We have a natural question to ask if this symmetry applies also for the stable
flow complex and the unstable flow complex. In this section we will see that
the symmetry of Voronoi and Delaunay diagrams does not hold in general for
flow complexes. Figure 3.10 gives an example. But we will give a strong
symmetry condition for a point set in the plane under which some symmetry properties are established. The condition is natural in the sense that it is
fulfilled for finite sets of unweighted points. We will see that under this condition the maximal combinatorial complexity and the worst case algorithmic
complexities are lower than in the general setting.
In this section, P is a finite set of n weighted points in R2 , P 0 is its symmetric
set of points. S and U denote the stable and unstable flow complex of P , S 0
and U 0 denote the stable and unstable flow complex of P 0 . We assume general
position of P regarding its Delaunay diagram.

S

U’

U

S’

Figure 3.10: Two sets of weighted points where the strong symmetry conditions does not hold. Left: A set of 4 points with its stable flow complex S and
the unstable flow complex U 0 of the symmetric point set. Right: A set of 5
points with its unstable flow complex U and the stable flow complex S 0 of the
symmetric point set. In both cases the symmetric point set is not shown.
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We begin with establishing the symmetry between Voronoi and Delaunay diagrams. Unfortunately there is no symmetric set P 0 of points that fulfills the
required properties. This can be easily seen by the fact, that a Voronoi diagram
contains unbounded cells, in contrast to the Delaunay diagram. But what we
can do is constructing a sequence of point sets that fulfills the properties in
the limit. As a key tool we will introduce polyhedra in R3 , such that their
projection is the Voronoi or Delaunay diagram of P .
Paraboloids and polarity. As we have seen in Section 2.2 the distance function h is the lower envelope of some paraboloids in R3 . In fact, the paraboloid
associated to a point p ∈ R2 with weight wp ∈ R is
Πp = {(x, kx − pk2 − wp ) : x ∈ R2 }.
The tangent plane at x = 0 is the graph of the function fp (x) : R2 → R with
fp (x) = −2pt x + kpk2 − wp .
Every non-vertical hyperplane is the graph of such a function for a point
(p, wp ) ∈ R3 . The polar point of fp is
fp∗ = (p, −kpk2 + wp ) ∈ R3 .
Therefore, polarity establishes a relationship between non-vertical hyperplanes
and points in R3 . The order reversal property of polarity states that if a point
g ∗ lies above (on, below) a hyperplane f then f ∗ lies above (on, below) g.
Voronoi and Delaunay polyhedra. For p ∈ P let hp be the closed halfspace
bounded by fp that contains only one point from Πp . The intersection of all
the hp for all p ∈ P is a convex polyhedron PV in R3 . We call PV the Voronoi
polyhedron of P . Figure 3.11 shows an example in R2 . Vertical projection of
the boundary of PV onto R2 gives the Voronoi diagram of P .
The intersection of all closed halfspaces that are bounded from above by nonvertical hyperplanes and that contain the polar points fp∗ for all p ∈ P is a
convex polyhedron PD in R3 . We call PD the Delaunay polyhedron of P .
Note that PD has vertical boundary faces. Figure 3.11 shows an example in
R2 . Vertical projection of the boundary of PD onto R2 gives the Delaunay
diagram of P .
Symmetric set of weighted points. We can now look for the symmetric set
P 0 of weighted points such that the Delaunay polyhedron PD of P becomes
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the Voronoi polyhedron PV0 of P 0 . By definition the Delaunay polyhedron
PD has to contain vertical boundary faces, but also by definition no Voronoi
polyhedron of a finite weighted point set in the plane can have vertical boundary faces. We resolve this problem by turning to a limit construction. In
Lemma 3.13 we give for any small ε > 0 a set Pε0 of weighted points such
that we have for their Voronoi polyhedra PV0 (ε) and their Delaunay polyhedra
0
PD(ε)
0
lim PV0 (ε) = PD and lim PD(ε)
= PV .
ε→0

ε→0

We will see that in the limit symbolically the symmetric set
P 0 = lim Pε0
ε→0

of weighted points contains the appropriately weighted Voronoi vertices of
the Voronoi diagram of P plus a point at infinity in the direction of every
unbounded Voronoi edge of the Voronoi diagram of P . These points at infinity
have weights such that they are orthogonal to the endpoints of the Delaunay
edge dual to the unbounded Voronoi edge. From now on, we will always use
for simplicity P 0 as the symmetric set instead of discussing the limit ε → 0
explicitly.
Symbolically we get that the Delaunay diagram of P is the Voronoi diagram
of P 0 and the Voronoi diagram of P is the Delaunay diagram of P 0 .

PV

PD

Figure 3.11: Left: The Voronoi polyhedron of a set of weighted points in one
dimension. Right: The Delaunay polyhedron of the same set of points.

3.4. Symmetry

67

Lemma 3.13 For every finite set P of weighted points and every sufficiently
small ε > 0 there is a set Pε0 of weighted points such that we have for their
0
Voronoi polyhedra PV0 (ε) and their Delaunay polyhedra PD(ε)
lim PV0 (ε) = PD

ε→0

and

0
lim PD(ε)
= PV .

ε→0

Every Voronoi vertex in P is a weighted point in Pε0 , all other points in Pε0 go
to infinity with ε → 0.
P ROOF. We say a hyperplane f supports the Voronoi polyhedron if it has
a non-empty intersection with the boundary and an empty intersection with
the interior. Directly from the definitions of the Voronoi polyhedron PV and
the Delaunay polyhedron PD we get the following statement: A non-vertical
hyperplane f supports PV if and only if its polar point f ∗ is contained in the
boundary of PD and vice versa, i.e. a non-vertical hyperplane g supports PD
if and only if its polar point g ∗ is contained in the boundary of PV .
Let F be the set of all supporting hyperplanes of the Delaunay polyhedron
PD that contain a boundary face of PD . Every vertical hyperplane f ∈ F
contains an unbounded boundary face of PD . Such a face is incident to an
edge ef whose vertical projection is a Delaunay edge on the convex hull of
P . Let ε > 0. We rotate every vertical hyperplane f ∈ F by an angle ε
around ef such that for sufficiently small ε the rotated hyperplane fε is still a
supporting hyperplane of PD . Let Fε be the set of hyperplanes that we get by
replacing every vertical hyperplane f ∈ F by fε . Note that all hyperplanes in
Fε are non-vertical now. For f ∈ Fε there exists a closed halfspace bounded
by f that contains PD , if we assume that ε is sufficiently small. We denote the
intersection of all such halfspaces as PD(ε) . It is PD ⊂ PD(ε) and
lim PD(ε) = PD .

ε→0

Let Fε∗ = {f ∗ : f ∈ Fε }. Every f ∗ ∈ F has a unique representation
(q, −kqk2 + wq ) ∈ R3 . The set Pε0 of the points q with weights wq corresponding to the points in Fε∗ is called the symmetric set of weighted points at
level ε.
We distinguish two cases, either the hyperplane f ∈ Fε corresponding to
f ∗ ∈ Fε∗ is contained in F ∩ Fε or not. In the first case q is a Voronoi vertex
in the Voronoi diagram of P and wq = πp (q) for any p ∈ P such that q
is contained in the Voronoi cell of p. In the second case, q is a point on an
unbounded Voronoi edge of the Voronoi diagram of P . This edge is dual to
some Delaunay edge in the convex hull of P . The weight wq is the Voronoi
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distance to any of the two weighted endpoints of this convex hull edge. We
have that kqk and wq go to infinity as ε goes to zero.

By construction the Voronoi polyhedron PV0 (ε) of Pε0 is the polyhedron PD(ε) .
Thus we have PD ⊂ PV0 (ε) and
lim PV0 (ε) = PD .

ε→0

0
Let PD(ε)
be the Delaunay polyhedron of Pε0 and PV the Voronoi polyhedron
0
of P . From polarity we get PD(ε)
⊂ PV and
0
lim PD(ε)
= PV .

ε→0


Critical points. A critical point is the intersection of a k-dimensional Voronoi
object V and its dual (2-k)-dimensional Delaunay object D. Therefore a critical point of index k of the distance function of P is a critical point of index
2 − k of the distance function of P 0 and vice versa, because Voronoi and Delaunay diagrams get exchanged. This implies for instance, that a minimum of
P is a maximum of P 0 and a maximum of P is a minimum of P 0 .
This is exactly what we want if we try to establish a symmetry between the
stable and the unstable flow complex. A stable manifold of index k of P is
related to an unstable manifold of index k of P 0 and vice versa.
Strong symmetry condition. As we have seen in Figure 3.10, not every set
of weighted points has symmetric properties similar to Delaunay and Voronoi
diagrams. But we give a condition under which some of the properties hold.
We say that P obeys the strong symmetry condition if each point in P is contained in its Voronoi cell.
Note that the set P 0 of dual points need not fulfill the strong symmetry condition even if P does.
Observe that the strong symmetry condition is always obeyed by a finite set of
unweighted points.
Under the strong duality condition every sample point is a minimum in the
context of P and a maximum in the context of P 0 .
The stable flow complex and the Gabriel graph. We have seen in Section 2.5 that the stable 1-skeleton S of a set of unweighted points is the Gabriel
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graph. This is also true under the strong symmetry condition for P , which follows directly from the algorithm. In this case the unstable 1-skeleton U 0 of
P 0 in R2 is also the Gabriel graph of P (see the algorithm in Section 3.2)
and therefore coincides with the stable 1-skeleton of P . Figure 3.12 gives an
example.
It follows that the stable flow complex S of P is the unstable flow complex
U 0 of P 0 . From the combinatorial and algorithmic complexities of the Gabriel
graph in R2 we get under the strong symmetry condition
• The maximum combinatorial complexity of S and U 0 is Θ(n) vertices,
Θ(n) edges and Θ(n) regions.
• The worst case algorithmic complexity of S and U 0 is Θ(n log n).
These complexities are less than the complexities in the general case.
Note that the interior of any region in S or U 0 is the interior of a union of
Delaunay triangles of P . In higher dimensions a similar statement does not
hold.
The unstable flow complex and Voronoi cells. Under the strong symmetry
condition we have a simpler characterization of the unstable complex flow
complex of P . Remember, that under the strong symmetry condition every
point in P is a minimum. The proof of Lemma 2.10 still works under this
assumption and we get, that the interior of the unstable manifold of a minimum

S

U’

Figure 3.12: Left: The stable 1-skeleton S of a set of points P that obeys
the strong duality condition and its Voronoi diagram. Right: The unstable
1-skeleton U 0 of the symmetric point set P 0 and its Voronoi diagram.
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m is the interior of the Voronoi cell dual to m. With Theorem 3.7 we get
that the Voronoi edges separate the interiors of the unstable manifolds of the
minima and therefore build the unstable 1-skeleton.
From the combinatorial and algorithmic complexities of the Voronoi diagram
in R2 we get under the strong symmetry condition
• The maximum combinatorial complexity of U is Θ(n) vertices, Θ(n)
edges and Θ(n) regions.
• The worst case algorithmic complexity of U is Θ(n log n).
These complexities are less than the complexities in the general case.
Stable flow complex and the triangle flow. Last but not least we are going to
study a discrete flow introduced in [27] and its relationship to the stable flow
complex. Let us assume that P obeys the strong symmetry condition. Since
we assume general position, the Delaunay diagram of P is a triangulation. We
will define a discrete flow on these triangles.
The flow of a triangle in one time step is determined by the position of its
circumcenter, i.e. its dual Voronoi vertex. The triangles that contain their own
circumcenter are the fixpoints.
We associate every edge of a triangle with the halfspace that intersects the
triangle only in this edge. For each triangle the intersections of two such halfspaces build three wedges. See Figure 3.13 for an example. No Voronoi vertex

Figure 3.13: Left: The three wedges of a triangle with its Voronoi vertex and
the three incident Voronoi edges. Right: Example of a triangle flow.
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is contained in a wedge of its dual Delaunay triangle. Otherwise, the Delaunay
vertex incident to this wedge would not lie in its dual Voronoi cell. This can
be seen in Figure 3.13 together with the observation, that the Voronoi edges
incident to the Voronoi vertex are locally determined by their orthogonality to
the Delaunay edges of the triangle. But if a Delaunay vertex does not lie in its
dual Voronoi cell, we have a contradiction to the strong symmetry condition.
We can conclude that the Voronoi vertex of every triangle σ either intersects
σ or lies in exactly one of the halfspaces associated with the edges. In the
first case they are fixpoints, in the second case we let the triangle flow into the
neighboring triangle incident to that edges. We call this neighboring triangle
Succ(σ).
Now we can define the flow over time. Assume that P obeys the strong duality
condition. Let D denote the set of all Delaunay triangles in the Delaunay
triangulation of P together with an abstract triangle inf at infinity. The flow
on D is a function Φ : N0 × D → D which satisfies
(i)
(ii)

Φ(0, σ) = σ
Φ(n + 1, σ) =



σ,
if σ is a fixpoint.
Φ(n, Succ(σ)), otherwise.

for every σ ∈ D. That is, Φ is defined recursively.

We find directly from the definitions that the fixpoints besides inf of the
triangle flow are exactly the dual triangles of the maxima of the height function
h of some set P of weighted points. Furthermore the stable manifolds of the
triangle flow, i.e. the sets
{x ∈ σ 0 ∈ D : ∃n ≥ 0 such that Φ(n, σ 0 ) = σ}
for a fixpoint σ in Φ, are the 3-cells of the stable flow complex, which we will
prove in the following.
First observe that the flow Φ has to be acyclic, because the power of the driver
of the Voronoi vertices dual to the Delaunay triangles increases in every time
step of the flow Φ. By construction the flow Φ cannot pass any Gabriel edge.
On the other hand every region in the Gabriel graph of P is a 2-cell of the
stable flow complex of P and contains exactly one maximum of φ, i.e. one
fixpoint of Φ.
Therefore the triangle flow coincides with the stable flow complex for sets of
points the obey the strong duality condition.
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Notes and comments. The symmetry between Voronoi and Delaunay diagrams is known, but we have never seen a proof that explicitly handles the
infinite cells. So we decided to include a proof in this thesis.
The triangle flow introduced in this section is defined in [27] for Delaunay
tetrahedra of weighted point sets in R3 . There it is shown that the flow relation for Delaunay tetrahedra is acyclic. But interestingly the successor of
a Delaunay tetrahedron in the flow relation is not unique, not even for unweighted points. Hence, there can be tetrahedra that belong to more than one
stable manifold.

Chapter 4
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4.1 The stable flow complex
In this section we provide an algorithm to compute the stable flow complex
of a set of weighted points in R3 . In fact, we show how to compute the stable 2-skeleton and prove that the 3-cells are computed implicitly. Therefore,
the stable flow complex is completely characterized in R3 . Like in two dimensions the proof is based on a combinatorial counting argument. The main
difficulty compared to the two-dimensional case is the analysis of the stable
2-cells.
In the following we always talk about the Delaunay and Voronoi diagram, the
flow, the critical points and their stable manifolds of a finite set of weighted
points P in R3 . For simplicity we will assume general position, i.e. we assume that certain properties are stable under small perturbations of P . We
explicitly state these properties later.

Figure 4.1: Left: The 2-skeleton of a stable flow complex in R3 . Right: A
2-cell of the stable flow complex.
Stable 0-skeleton. The 0-skeleton is the set of minima. From Section 2.3
we know that a minimum of the distance function is a Delaunay vertex that is
contained in its dual Voronoi cell. In contrast to the unweighted case not every
Delaunay vertex is contained in its dual Voronoi cell. It can even happen that
the Voronoi cell of a weighted point is empty.
Whether a weighted point is contained in its dual Voronoi cell or not can be
checked algorithmically by sidedness tests of the facets of the Voronoi cell
with the Delaunay vertex.

4.1. The stable flow complex

Algorithm
S TABLE -1- SKELETON( set of weighted points P )
1
2
3
4
5
6
7
8
9
10
11
12
13

14
15
16
17

E := ∅
compute Voronoi and Delaunay diagram of P .
compute set of 1-saddles S.
for each x ∈ S do
Q := ∅
vw := Delaunay edge that contains x.
Q.push( (x, v) ); Q.push( (x, w) )
while Q 6= ∅ do
(y, d) := Q.pop
if d is a minimum do
E := E ∪ {yd}
else
y 0 := first intersection point of the segment
from y to d with a Voronoi facet f that
intersects yd in only one point.
E := E ∪ {yy 0 }
dd0 := Delaunay edge dual to f .
Q.push( (y 0 , d0 ) )
return E
Figure 4.2: Algorithm S TABLE -1- SKELETON
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Stable 1-skeleton. From our assumptions on the general position of the point
set we know from Lemma 2.11 that the stable 1-cells of the 1-saddles are
piecewise linear curves. The same lemma gives as an algorithm to compute
the 1-cells. The pseudo-code of this algorithm is presented in Figure 4.2.
The algorithm works as follows: The line segments that build up the stable
1-skeleton are stored in a set E. After computing the Voronoi and Delaunay
diagram, the set of 1-saddles is computed. The 1-cell for each 1-saddle is
computed seperately (lines 5-16). In a set Q pairs of points y and Delaunay
vertices d are stored, where d drives points into y. For a 1-saddle x the endpoints of the Delaunay edge that contains x drive points into x (lines 6,7). A
pair (y, d) in Q is processed by following the flow into y back (line 11). We
have to add a new pair to Q if the flow does not end up in a minimum (line
13-16).
Stable 2-skeleton. To analyze the stable manifold S(v) of a 2-saddle s it
is necessary to analyze the stable manifold of a point v that is contained in
the interior of a Voronoi edge V . We analyze a subset SN (v) of S(v) in
a sufficiently small neighborhood N of v. All the drivers that drive points
directly into v have to be contained in the Delaunay facet D dual to V .
There are three sets of different types of drivers that drive points directly into
v. We denote these sets with Tv0 , Tv1 , Tv2 . First, there are Delaunay vertices of
D that drive points into v inside a Voronoi cell. The line segment vd for such
a Delaunay vertex d ∈ Tv0 has to intersect the Voronoi cell of d. The second
type of drivers are intersection points of a Delaunay edge D 0 and the affine
hull of the Voronoi facet V 0 dual to D0 . These drivers drive points along a
Voronoi facet into v if the line segment vd for such a driver d ∈ Tv1 intersects
V 0 . Finally the intersection point of D and the affine hull of V is the only
driver in Tv2 . It drives points into v along the Vornoi edge V .
A driver from Tv2 will never occur in our analysis of the 2-skeleton because
either D is not intersected by the affine hull of V or v will be a 2-saddle, which
means that no point besides v is driven into v along the Voronoi edge V .
If we determine the stable manifolds of the points that are driven by a driver
from Tv0 into v, we see that its stable manifolds is a one-dimensional curve if
the point set is in general position (see Lemma 2.9). Therefore we can restrict
ourself to drivers from Tv1 if we are only interested in the two-dimensional
parts of the stable manifold of v.
Algorithm. Figure 4.3 gives the pseudo-code of the algorithm S TABLE -2-
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Algorithm
S TABLE -2- SKELETON( set of weighted points P )
1
2
3
4
5
6

F := ∅
compute Delaunay and Voronoi diagram of P .
compute set of 2-saddles S.
for each x ∈ S do
I N F LOW E DGE( x )
return F
Figure 4.3: Algorithm S TABLE -2- SKELETON

Subroutine
I N F LOW E DGE( Point-on-a-Voronoi-edge v )
1 f := Delaunay facet dual to the Voronoi edge
that contains v.
2 for each Delaunay edge dd0 incident to f
whose endpoints lie on different
sides of its dual Voronoi facet g do
3
s := intersection of the triangle vdd0 with
the Voronoi facet g.
4
if s 6= v do
5
v 0 := endpoint of s different from v.
6
I N F LOW FACET( v, v 0 , d )
7
I N F LOW FACET( v, v 0 , d0 )
8
if v 0 is not contained in dd0 do
9
I N F LOW E DGE( v 0 )
Figure 4.4: Subroutine I N F LOW E DGE
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Subroutine
I N F LOW FACET( Point v, Point v 0 , Delaunay-vertex d )
c := Voronoi cell dual to d.
p := intersection of c with triangle vv 0 d.
F := F ∪ {p}
if d is not a local minimum do
for each Voronoi facet f incident to c that
is intersected by the triangle
vv 0 d in a line segment
ww0 6= vv 0 do
dd0 := Delaunay edge dual to f .
I N F LOW FACET( (w, w 0 , d0 ) )
for each Voronoi edge e incident to c that
is intersected by the triangle
vv 0 d in a point w 6∈ {v, v 0 } do
I N F LOW E DGE( w )

1
2
3
4
5

6
7
8

9

Figure 4.5: Subroutine I N F LOW FACET
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d

Figure 4.6: Geometric objects that occur in the subroutines I N F LOW E DGE
(left) and I N F LOW FACET (right).
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to compute the stable 2-skeleton of a set of weighted points in R 3 .
The subroutines I N F LOW E DGE and I N F LOW FACET are shown in Figure 4.4
and Figure 4.5, respectively.
SKELETON

The algorithm S TABLE -2- SKELETON computes the stable 2-skeleton as a set
of polygonal surface patches that are stored in the set F . The set F can also
be accessed by the subroutines. After computing the Voronoi and Delaunay
diagram and the set of 2-saddles (lines 2,3) every 2-saddle is processed seperately. The stable manifold of a 2-saddle x is computed by the subroutine
I N F LOW E DGE (line 5).
The subroutine I N F LOW E DGE computes the stable manifold of a point v contained in a Voronoi edge. The left picture in Figure 4.6 illustrates the geometric objects that occur in the subroutine. As we know, the two-dimensional
parts of this stable manifold are driven into v by drivers on Delaunay edges dd 0
of the Delaunay facet f dual to the Voronoi edge containing v. The endpoints
of such a Delaunay egde have to lie on different sides of the dual Voronoi
facet (line 2). A line segment s is computed that contains all points that are
driven by a driver on dd0 into v (line 3). If s and v do not coincide we know
that a driver on dd0 drives a line segment into v (and not out of v). The set of
points that are driven by d and d0 into s is computed by calling the subroutine
I N F LOW FACET twice (lines 6,7). More points flow into v via s if the endpoint
v 0 of s different from v is not a 1-saddle, i.e. is not contained in dd0 . In this
case we have a recursive call of I N F LOW E DGE (lines 8,9).
The subroutine I N F LOW FACET computes the set of points that flow into a
line segment vv 0 contained in a Voronoi facet and that are driven by a Delaunay vertex d. The right picture in Figure 4.6 illustrates the geometric objects
that occur in this subroutine. The set of points that is driven by d into vv 0
is the intersection p of the triangle vv 0 d with the Voronoi cell c dual to d.
This intersection is a polygon. If d is a minimum, no further points flow into
vv 0 . Otherwise, the intersection of p with the boundary of the Voronoi cell
c yields recursive calls. The subroutine I N F LOW FACET is called, if p intersects a Voronoi facet of c in a line segment 6= vv 0 (lines 5-7). The subroutine
I N F LOW E DGE is called, if p intersects a Voronoi edge of c in a point 6= v
and 6= v 0 (lines 8,9). From the assumption of general position of the set of
weighted points P we know that p cannot intersect a Voronoi edge of c only
in a point.
Stable 3-skeleton. The 2-skeleton decomposes R3 into regions. We have
bounded regions and one infinite regions. In Theorem 4.4 we prove that every
bounded region is the stable manifold of a maximum. Hence, the computation
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of the stable 2-skeleton gives the boundaries of the stable manifolds of the
maxima. It follows that the boundary of the stable manifold of a maximum is
a polyhedron that contains as vertices minima, 1-saddles and 2-saddles among
others.
Properties. We will prove the following properties:
• Properties of a stable manifold of a point at a Voronoi edge.
(Lemma 4.1)
• The Euler characteristic of the interior of a 1-cell is −1. The Euler
characteristic of the interior of a 2-cell is 1. (Lemma 4.2)
• Every bounded region of the stable 2-skeleton contains a maximum.
(Lemma 4.3)
• Every bounded region of the stable 2-skeleton is the stable manifold of
a maximum. (Theorem 4.4)
• The stable 2-skeleton is connected. (Theorem 4.4)
Lemma 4.1 Let v be point in the interior of a Voronoi edge V . Let D be the
Delaunay facet E dual to V .
We have |Tv0 | − |Tv1 | = 0 if the affine hull of V intersects D and |Tv0 | −
|Tv1 | = 1 otherwise.
Let vp be a sufficiently small line segment for a point p at a Voronoi facet
F incident to V close to v. Let d be a Delaunay vertex of D incident to the
Delaunay edge E of D dual to F that drives points directly into vp \ {v}.
Let d0 be the first Delaunay vertex from Tv0 that we hit if we walk along the
boundary of D starting at d0 , not crossing E. (It might be that d = d0 .) Then
in a neighborhood of v the line segment d0 v contains the boundary of the twodimensional set of points that flow into vp via the driver d.
P ROOF. The last statement is illustrated in Figure 4.7. In the proof we do not
assume general position of the point set regarding the Voronoi diagram, i.e.
we allow configurations with more than three Voronoi cells incident to V .
To analyze the structure around v we project a neighborhood of v to a twodimensional subspace of R3 . Let H be the two-dimensional subspace spanned
by the vertices of D. We are interested in the two-dimensional Voronoi diagram of the weighted vertices of D in H. This diagram is the orthogonal
projection of the Voronoi objects around v onto H in a neighborhood of v.
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Figure 4.7: Illustration of the second statement of Lemma 4.1. A point v contained in a Voronoi edge, the incident Voronoi facets and the dual Delaunay
facet shown in an orthogonal projection along the Voronoi edge.
O
d
v’

L

R

C

Figure 4.8: Voronoi vertex v 0 , an incident Voronoi cell (highlighted) and its
dual Delaunay vertex d in R2 . Due to the position of d, the Voronoi cell is
labeled with L.
Figure 4.9 shows three such projections. We denote the projection of v and V
with v 0 . It is the Voronoi vertex dual to D in H. We fix one side of H to get a
unique orientation of the Voronoi objects around v 0 at H.
We label every Voronoi cell Vp in H according to the position of its dual
Delaunay vertex p (see Figure 4.8). To do so we orient the two Voronoi edges
bounding Vp in direction to v 0 . If p lies inside Vp we choose the label C. If p
lies left of both Voronoi edges we choose the label L. If it lies right of both
Voronoi edges we label it with R. Otherwise we label it O. Examples of such
labelings are shown in Figure 4.9.
Let us look at the sequence of labels c0 c1 . . . cn c0 of the n Voronoi cells in
counter-clockwise order around v 0 . Observe that two consecutive labels can
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Figure 4.9: A Voronoi vertex and its dual Delaunay facet in R2 . Those lines
that are directly driven into the Voronoi vertex are highlighted. The Voronoi
vertex is Left: a maximum. Middle: driven by a Delaunay vertex. Right:
driven by a point at a Delaunay edge.

not have any of the patterns RL,OL,LO.
Now we are able to connect the projection with the neighborhood of v in R3 .
In H the dual Delaunay vertex of a Voronoi cell labeled with C is contained
in the set Tv0 . The affine hull of a Voronoi edge in H intersects its dual Delaunay edge, iff the Voronoi cells incident to the Voronoi edge are labeled with
CC,LC,CR or LR. If the segment dv 0 of the intersection point d and v 0 is contained in the Voronoi edge (i.e. the Voronoi edge intersects its dual Delaunay
edge), then d is a driver in Tv1 . This completely characterizes the sets Tv0 and
Tv1 .
Observe that if a Voronoi cell in H is labeled with O, then the dual Delaunay
vertex is the driver of v 0 . If the affine hull of a Voronoi edge in H intersects
its dual Delaunay edge and the intersection point d is not contained in the
Voronoi edge, then d is the driver of v 0 .
We distinguish three cases depending on the type of the driver of v 0 .
First we assume that the affine hull of V intersects D, i.e. v 0 is contained
in contained in D. Observe that in this case no Voronoi cell in H has label
O and all Voronoi edges whose neighboring Voronoi cells are labeled with
CC,LC,CR or LR intersect their dual Delaunay edge. We let the sequence
c0 c1 . . . cn c0 start with the label C. (Observe that at least the Voronoi cell dual
to the Delaunay vertex with the largest weight has this label.) Since RL cannot
occur in the sequence of labels around v 0 , the sequence is a concatenation of
subsequences of the form CL. . . LR. . . R, followed by a C, where the number of
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occurrences of L’s and R’s in each sequence can be zero. See the left picture
in Figure 4.9 for an example. It immediately follows that |Tv0 | − |Tv1 | = 0.

Next we assume that there is a Voronoi cell in H labeled with O. We let the
sequence c0 c1 . . . cn c0 start with O. The sequence has the form
OR. . . RS. . . SCR. . . RO,
where the S’s are subsequences of the form CL. . . LR. . . R with possibly zero
L’s and R’s. Since the driver of v 0 is a Delaunay vertex, all Voronoi edges
whose neighboring Voronoi cells are labeled with CC,LC,CR or LR intersect
their dual Delaunay edge. See the picture in the middle of Figure 4.9 for an
example. It immediately follows that |Tv0 | − |Tv1 | = 1.

Finally, we assume that the driver of v 0 is contained in a Delaunay edge of D.
There are no Voronoi cells in H labeled with O. The sequence c0 c1 . . . cn has
the form
R. . . RS. . . SCL. . . L,

if we split the sequence of Voronoi cells around v at the Voronoi edge dual to
the Delaunay edge that contains the driver of v 0 . Since this Voronoi edge does
not corresponds to a driver in Tv1 , it immediately follows that |Tv0 | − |Tv1 | = 1.
See the right picture in Figure 4.9 for an example.
Now we are going to prove the second statement. If the projection of the
Voronoi cell dual to d onto H is labeled with C the statement is obvious.
It cannot be labeled O. We investigate the case where it is labeled R. (The
argumentation in the case of label L is analogous.) We follow the flow of the
points in vp back in direction d. Since we cross a Voronoi cell labeled R, we
reach a line segment vp0 where p0 is a point on the Voronoi facet in counterclockwise order around V . From the analysis of the sequence c0 . . . cn c0 for
all possible configurations we know that the next Voronoi cell is either of
labeled C or R. In the first case we are done, in the second case we continue
recursively.

Lemma 4.2 Let TS be a cw-complex representing the closure of a stable manifold S of a critical point and let T∂S be a cw-complex representing those parts
of TS that do not belong to S. Let e(T ) be the Euler characteristic of a cwcomplex T . We define the Euler characteristic e(S) of S as the difference
e(TS ) − e(T∂S ).

The Euler characteristic of a stable manifold of a 1-saddle is −1. The Euler
characteristic of a stable manifold of a 2-saddle is 1.
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P ROOF. To determine the Euler characteristic of the stable manifold S of a
1-saddle we analyze the algorithm S TABLE -1- SKELETON. It shows that T S
consists of two arcs connected at s. If we do not count the endpoints we have
one more edge than vertices. Therefore e(S) = −1.

To determine the Euler characteristic of a stable manifold S of a 2-saddle we
analyze the subroutines of the algorithm S TABLE -2- SKELETON. For every
subroutine we count its contribution to e(S), i.e. the alternating sum of the
faces added to the stable 2-skeleton in this subroutine. Observe that the 0- and
1-dimensional parts of S are not computed in the algorithm, so we have to
take extra care.
First we count the contribution of the subroutine I N F LOW FACET to e(S). We
count the interior of the edge vv 0 with −1 and assume that the points v and
v 0 have been already counted. The intersection polygon p is counted with +1.
We assume that the boundary edges of p inside the Voronoi cell c have been
already counted. If the Delaunay vertex d is a minimum, it is not contained in
S so we do not count it. The intersection points of p with the boundary of the
Voronoi cell c will be counted in the recursive subroutine calls. Therefore, the
overall contribution of the subroutine I N F LOW FACET to e(S) is 0.
In the subroutine I N F LOW E DGE we count the point v on a Voronoi edge with
+1. The points that flow into v via a fixed driver from Tv0 build a onedimensional structure of S. This structure is not present in the subroutine.
It contributes −1 to e(S) because it contains one more edge than vertices.
Observe that the endpoint 6= v is a minimum, so we do not count it. An edge
vv 0 driven by drivers from Tv1 into v will be counted in the subroutine I N F LOW FACET twice with −1. For compensation we add here a +1 for every
such edge. Observe, that if v 0 is a 1-saddle we reached the boundary of S and
hence, we do not have to count the orbits ending there. Therefore, the overall
contribution to e(s) is |Tv1 | − |Tv0 | + 1. From Lemma 4.1 we get that this
number is +1 if v is a 2-saddle, which occurs only once in S. Otherwise, the
overall contribution of I N F LOW E DGE to e(S) is 0.
The second part of Lemma 4.1 shows that the parts of S computed in the
recursive calls of the subroutines I N F LOW E DGE and I N F LOW FACET are geometrically connected. We can conclude that the points that flow into a point
v contained in the interior of a Voronoi edge are homotopic equivalent to a
disk in a sufficiently small neighborhood of v. Therefore at such a point no
boundary lines were forgotten in the counting.
Summing up everything we get that e(S) is 1 for the stable manifold S of a
2-saddle .
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Lemma 4.3 Every bounded region of the stable 2-skeleton contains a maximum.
P ROOF. Let x be an interior point of a bounded region K of the stable 2skeleton. The orbit of x cannot meet the stable 2-skeleton, because then x
would be contained in the stable 2-skeleton, which is a contradiction. The
same argumentation shows, that x cannot flow to infinity and with Lemma 2.8
we follow that the orbit of x ends up in a critical point in K. This critical
point is a maximum in K, because otherwise x would be contained in the
stable 2-skeleton. Hence, K contains a maximum.

Theorem 4.4 Every bounded region of the stable 2-skeleton is the stable manifold of a maximum.
The stable 2-skeleton is connected.
P ROOF. From Lemma 2.12 we know that the stable 1-skeleton is connected.
Since the boundaries of the stable manifolds of 2-saddles are part of the stable
1-skeleton we know that the stable 2-skeleton is connected.
The Euler characteristic of the stable 2-skeleton can be computed as an alternating sum of Betti numbers χ = β2 − β1 + β0 , see [50]. All Betti numbers
are non-negative. The second Betti number β2 counts the number of nonbounding shells, i.e. the number of bounded regions of the stable 2-skeleton.
The Betti number β0 counts the number of connected components. Hence
β0 = 1. Combining all these informations we get
χ − 1 ≤ # bounded regions of the stable 2-skeleton.
By construction the stable 2-skeleton is a cw-complex. The Euler characteristic of a two-dimensional cw-complex is determined by
χ = c 0 − c1 + c2 ,
where ci denotes the number of i-dimensional faces in the complex. We will
count the faces contained in the different stable manifolds of the critical points
separately. Every minimum is a zero-dimensional face. From Lemma 4.2 we
get that the stable manifold of a 1-saddle contributes −1 to χ and the stable
manifold of a 2-saddle contributes 1 to χ. Thus we have
χ = # minima − # saddles of index 1 + # saddles of index 2 .
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From Section 2.4 we know that the alternating sum of the critical points equals
one, i.e.
1 =

# minima − # saddles of index 1 +
# saddles of index 2 − # maxima

Combining all these equations leads to
# maxima ≤ # bounded regions of the stable 2-skeleton.
From Lemma 4.3 we know that every bounded region of the stable 2-skeleton
contains a maximum and therefore
# maxima = # bounded regions of the stable 2-skeleton.
We conclude that every bounded region K of the stable 2-skeleton is exactly
the stable manifold of a maximum, because no orbit of an interior point of K
can leave K.
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4.2 The stable flow complex for unweighted points
If we want to compute the stable flow complex for a finite set of unweighted
points P in R3 , the algorithms for the general case of weighted points from
Section 4.1 become much simpler.
Stable 0-skeleton. Every point p ∈ P is contained in its dual Voronoi cell.
Therefore every point p ∈ P is a minimum and belongs to the stable flow
complex.
Stable 1-skeleton. In Section 2.5 we have seen that the 1-cells of the stable flow complex are Gabriel edges, i.e. Delaunay edges that intersect its
dual Voronoi facet. Therefore the stable 1-skeleton is simply the union of all
Gabriel edges.
Stable 2-skeleton. To compute the stable 2-cell of a 2-saddle s we can simplify the algorithm given in Section 4.1. Since every point p ∈ P is a minimum, the subroutine I N F LOW FACET simply adds a triangle to the output and
does not make a recursive call. Furthermore the endpoints of each Delaunay
edge lie on different sides of the dual Voronoi facet. This simplifies a test in
the subroutine I N F LOW E DGE. We combine all subroutines in one routine.
Algorithm. In Figure 4.10 we give an algorithm to compute the set of triangles
that spans the stable 2-skeleton for a set of unweighted points.
The algorithm works as follows: All output triangles are stored in a set F . After computing the Voronoi and the Delaunay diagram and the 2-saddles (lines
2,3) the stable manifold of every 2-saddle is computed seperately (lines 5-19).
The set Q stores a pair of a point v and a Delaunay edge e, if e contains a driver
that drives points into v. If v is a 2-saddle these are all edges of the Delaunay
facet that contains v (lines 7,8). Then these pairs are processed recursively.
First the line segment s = vv 0 is determined that is driven by a driver on the
Delaunay edge e on the Voronoi facet g dual to e. Two triangles flow into s
(line 15). If v 0 is not a 1-saddle, two segments on Voronoi facets flow into v 0
driven by drivers on Delaunay edges. These Delaunay edges are pushed onto
Q (lines 17-19).
Approximation. For various applications it might be interesting to approximate the stable flow complex by Delaunay simplices. The algorithm presented
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Algorithm
S TABLE -2- SKELETON( set of unweighted points P )
F := ∅
compute Voronoi and Delaunay diagram of P
compute set S of 2-saddles
for each x ∈ S do
Q := ∅
f := Delaunay facet that contains x.
for each Delaunay edge e incident to f do
Q.push( (w, e) )
while Q 6= ∅
(v, e) := Q.pop
d, d0 := endpoints of e.
g := Voronoi facet dual to e.
s := intersection of the triangle vdd0 with g
v 0 := endpoint of s different from v
F := F ∪ {vv 0 d, vv 0 d0 }
if v 0 is not contained in e do
f 0 := Delaunay facet dual to the
Voronoi edge that contains v 0 .
18
for each edge e0 6= e incident to f 0 do
19
Q.push( (v 0 , e0 ) )
20 return F
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Figure 4.10: Algorithm S TABLE -2-S KELETON for unweighted points
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Algorithm
A PPROXIMATED -S TABLE -2- SKELETON( set of unweighted points P )
1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21

F := ∅
compute Voronoi and Delaunay diagram of P
compute set S of 2-saddles
for each x ∈ S do
Q := ∅
f := Delaunay facet that contains x.
F .push( f )
for each Delaunay edge e incident to f do
Q.push( (w, e) )
while Q 6= ∅
(v, e) := Q.pop
d, d0 := endpoints of e.
g := Voronoi facet dual to e.
s := intersection of the triangle vdd0 with g
v 0 := endpoint of s different from v
if v 0 is not contained in e do
f 0 := Delaunay facet dual to the
Voronoi edge that contains v 0 .
F .push( f 0 )
for each edge e0 6= e incident to f 0 do
Q.push( (v 0 , e0 ) )
return F

Figure 4.11: Algorithm A PPROXIMATED -S TABLE -2-S KELETON for unweighted points

above can be easily adapted to such an approximation of the stable 2-skeleton
of a set of unweighted points.
The idea is to add a Delaunay facet to the output, if its dual Voronoi edge
is intersected by the stable 2-skeleton. The pseudo-code of this algorithm is
presented in Figure 4.11. It differs from the exact algorithm in the assignments
to the output set F (lines 7,18).
The computed Delaunay facets are connected by Delaunay edges. The boundary of an approximated stable 2-cell still consists of Gabriel edges. But it
can happen that two approximated stable 2-cells intersect in Delaunay facets.
Even an approximated stable 2-cell can intersect itself in such a way. Observe
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Figure 4.12: Zoom into the stable 2-skeleton of a set of unweighted points.
Left: Triangles from the stable 2-skeleton. Right: The approximation consisting of Delaunay triangles of the input points.
that such intersections are not possible for the exact stable 2-cells.
Notes and comments. The presented approximation is the set of Delaunay
triangles whose dual Voronoi edges are intersected by the stable 2-skeleton.
There is a more general concept behind this approach.
Let S be a subspace in Rd and let P be a finite set of sample points from S. We
can define the restricted Delaunay triangulation R of P as the set of Delaunay
objects whose dual Voronoi objects intersects S. In [32] properties are given
that imply that R and S are homeomorphic or at least homotopy equivalent.
Several algorithms for surface reconstruction and meshing use this concept.
Thereby, S is a 2-manifold in R3 and P is a finite sampling of S that fulfills a
density property. One can show that the restricted Delaunay triangulation R is
a good approximation of S. This observation can be used for practical surface
reconstruction algorithms, see for instance [5].
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5.1 Surface reconstruction
Lets look at the stable flow complex of a point set sampled from the surface of
a three-dimensional object. The 2-cells capture the surface much better than
the whole set of triangles of the Delaunay triangulation. Therefore the stable
flow complex seems to be well suited for surface reconstruction. In this section we show how to get a reconstruction out of the stable flow complex of a
sampling .

Figure 5.1: Left: Sampling from the surface of an object with three holes.
Middle: Stable flow complex. Right: Reconstruction of the object surface.
Surface reconstruction. Our goal is to compute a manifold triangular mesh
from an unorganized finite set P of points sampled from a surface in R 3 . Here
we focus on dense samplings of closed surfaces, i.e. the surface is the boundary of a solid object. Obviously, the sample points must be sufficiently dense
to capture the various features of the surface. Since we give no formal proof
for the correctness of our algorithm, we do not give a sampling condition that
guarantees correctness. But we explicitly do not exclude noisy data, i.e. the
points can be perturbed in a neighborhood of the surface.
Basic idea. We build on the observation, that a subset of the 3-cells of the
stable flow complex is a good representation of the interior of the object. We
will label the 3-cells of this subset as interior and the other 3-cells as exterior.
Then we make use of the structure of the stable flow complex and output the
set of 2-cells that lie on the boundary of both an interior and an exterior 3-cell.
Figure 5.2 gives an intuition for the analog curve reconstruction problem.
To label the 3-cells we group them into regions. We start with as many regions as there are 3-cells and assign to every region a different 3-cell. One
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Figure 5.2: A point set sampled from a curve in R2 and its stable flow complex. Interior 2-cells and the 1-cells that build the final output are highlighted.
region corresponds to the 3-cell at infinity. We label it as exterior. Then we
successively merge regions that contain neighboring 3-cells. If we merge a
region with the exterior region, we label the resulting region and its 3-cells as
exterior. Therefore we have always exactly one exterior region. After we stop
we label the remaining non-exterior regions as interior.
In the following we have to answer two questions. When do we stop and
which regions do we merge?
Topological constraint. The output consists of 2-cells that lie on the boundary of different regions after the merging process. The 2-cells meet at 1-cells
of the stable flow complex. If a 1-cell lies on the boundary of more then two
regions we would have more than two 2-cells that meet at this 1-cell and lie

Figure 5.3: A 1-cell (the edge) that is incident to three different regions.
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between different regions, as illustrated in Figure 5.3. The output would not
be a 2-manifold. Therefore we have to guarantee the following topological
constraint: Every 1-cell lies on the boundary of at most two regions. This is
our stopping criterion, and therefore the topological constraint is fulfilled after
the merging process. We will merge two regions only if one of the separating
2-cells violates the topological constraint.
Merging. The merging process is illustrated in Figure 5.4. We assign to
every region R a value mR . The value mR is the largest value of the distance
function h of a point in R. Therefore the initial value of a region R is h(m),
where m is the maximum of the stable manifold S(m) initially assigned to R.
To the exterior region we assign the value infinite, because there are points in
this regions with an arbitrary large distance function value. When two regions
are merged it is easy to update this value.
To decide which regions will be merged we initially build pairs (R, s), where
s is a 2-saddle and R is a region containing s in its boundary (including the

Figure 5.4: The merging process. In every step the pair of a region and a
2-cell that determines the next merging step is highlighted. The point in every
region with the largest distance function value is marked by ⊕.
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infinite region). Therefore we get two pairs for every saddle s.
We are interested in the pairs (R, s) with the following properties:
• s is contained in the boundary of two different regions.
• The stable manifold of s contains a 1-cell that violates our topological
constraint.
Out of these pairs we choose the pair (R, s) with the smallest value mR −h(s).
Then we merge the two regions that contain s on its boundary as explained
above. Then we update the remaining pairs and repeat until no such pair exists anymore.
Intuition of correctness. We will give no proof that the algorithm works correctly under some sampling condition. But we will try to give some intuition.
We have to argue that an essential 3-cell from the inside of the object is never
merged with a 3-cell from the outside.
We assume that the points of P are sampled with respect to the medial axis
of the original surface. The medial axis is the set of all points that are centers
of medial balls. A medial ball is a ball that touches the surface in at least two
points but does not intersect the surface.
Intuitively speaking, critical points of the flow complex of P lie either close
to the surface or close to its medial axis. For a maximum m close to the surface and a neighboring 2-saddle s close to the surface the value h(m) − h(s)
is small. Hence, such a maximum will be merged with a maximum at infinity or close to the medial axis. A 2-saddle s1 close to the medial axis has a
large distance function value compared to a neighboring 2-saddle s 2 close to
the surface. Hence, s1 will be opened with a higher priority than s2 . Altogether we have, that a 2-saddle close to the surface will merge two maxima
close to the medial axis only with a low priority. The topological constraint
guarantees, that we do not merge in such a case under an appropriate sampling.
Implementation. The merging process can be implemented using a unionfind structure and a priority queue. The union-find structure contains the maxima and supports the merging of the regions. A priority queue is a data structure for a set of elements that have keys from an ordered domain. It supports
finding and/or removing the element with the largest key. The elements we
are interested in are pairs of regions R and 2-saddles s. The key we assign to
a pair (R, s) is the negative value h(s) − mR . When we merge two regions
it will happen that some values mR for regions R increase. We do not have
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to update these values in the priority queue. But if we take the pair with the
largest key out of the priority queue we have to check if the key is up to date.
If it is not we have to set the key to its actual values and insert the element in
the priority queue again. We can always ignore pairs from the priority queue
that are not contained in the boundary of two different regions.
Topological non-regularities. Our topological constraint does not guarantee
that the output of our algorithm is always a 2-manifold. We can only guarantee that the result is the surface of some solid. However, it can happen that
the surface meets itself in a point or a curve. Figure 5.5 shows such a locally
non-regular situation. It can be resolved by cutting the surface along the curve
and moving the two resulting caps a little bit apart. An alternative approach
would be to remove the triangles on one side of the curve and to triangulate
the remaining hole. Resolving these non-regularities finally provides us with
a topologically correct surface that is our final reconstruction.
Approximation. Instead of the stable flow complex we can also use the approximation presented in Section 4.2. The advantage is that the output consists
of triangles from the Delaunay triangulation of P . We do not need to introduce extra vertices, except for resolving non-regularities. The disadvantage is
that different 2-cells can share triangles. One has to resolve this situation, e.g.
by deleting those triangles.
Experimental results. We implemented our algorithm using C++. Our implementation is based on the Computational Geometry Algorithms Library
CGAL [16] that provides fast and robust Delaunay triangulations in three dimensions.

Figure 5.5: Left: A surface that meets itself in a curve (line segment). Right:
The same surface after resolving the non-regularity in two different ways.
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We tested our algorithm on several examples. In the following table we summarize data of these models. It contains the number of points and triangles in
the output, the number of non-regularities we had to resolve and the running
time on a 480 MHz Sun Ultra Sparc II.

Model
3H OLES
K NOT
T EETH
O ILPUMP
D RAGON
H IP
B UDDHA

#Input
points
4000
10000
29152
30937
25010
132538
144647

#Output
points
12008
30000
87415
92789
299410
397386
433396

#Output
triangles
24024
60000
174826
185574
598820
794772
866832

#Non-regularities
0
0
1
0
2
0
9

Time
in sec
2.32
13.03
19.30
19.99
82.74
113.74
118.35

In Figure 5.6 we show pictures of the stable flow complex and the final reconstruction for some of the examples. The models are visualized using the
rendering tool Geomview [34].
One of our findings was that non-regularities are not very frequent. We explicitly checked the models for topological correctness before and after resolving
non-regularities. An indication for the topological correctness of the reconstructed models is that they all satisfy Euler’s formula
# triangles = 2 · # vertices + 4 · (genus − 1).
Satisfying Euler’s formula is only a necessary condition for topological correctness. So we also checked if every point in a model has a neighborhood
homeomorphic to an open disc which was always the case.
The output of our algorithm is visually pleasing. Furthermore it is quite robust
against noise. For noisy data the visual quality of the reconstruction suffers of
course, but the algorithm could still produce a fairly good and topologically
correct reconstruction.
Notes and comments. There exist several algorithms to reconstruct a surface
from an unorganized set of points in Rd .
Researchers from Computer Graphics are focused on fast algorithm that are
easy to implement and work well on practical data, which is usually uniformly
sampled. Some of them try to avoid the Delaunay triangulation and make local decisions for choosing triangles for the reconstruction. This can lead to
very fast algorithms like the localized Delaunay approach [39] and the Ball
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pivoting algorithm [13], a variant of an algorithm based on α-shapes[30]. Another approach is to define an implicit function R3 → R [15][19][41][56].

Figure 5.6: Examples of the surface reconstruction algorithm based on the
stable flow complex. Left column: Boundaries of the interior regions before
merging. Right column: The final reconstruction.
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The zero-set of this function is an approximation of the surface. One way
to triangulate the zero–set is to use Marching Cubes techniques [46]. The
implicit function usually assigns to every point a signed distance from the
surface. This is in contrast to the algorithm we presented here, where the
distance function is unsigned and its zero-set is not a surface. Some of the algorithms are based on the Delaunay triangulation. One of this methods is the
sculpturing method which successively removes Delaunay tetrahedra at the
boundary [14]. Variants of it can be found in [9] and [26]. Other algorithms
initially start with a subgraph like the Euclidean minimum spanning tree [48]
or the Gabriel graph [2][9], which contains the Euclidean minimum spanning
tree as a subgraph. The Gabriel graph is the set of 1-cells in the unstable flow
complex and is therefore related to our approach, see Section 2.5.
Researchers from Computational Geometry found algorithms that give provable good results under some sampling condition. They usually propose algorithms that build on top of the Delaunay triangulation like Crust [3][4], an approach based on Natural neighbors [15], Cocone [5] and its variants [21][22]
and the Power crust algorithm [6] which guarantees that the output is a 2manifold for every sample by labeling inner and outer regions like in the algorithm we presented in here. Since there are very fast and robust implementations of Delaunay triangulations available nowadays, the algorithms mentioned above are also quite useful in practice.
Two algorithms build on a discrete flow on the set of Delaunay tetrahedra [26]
[17]. We mentioned in Section 3.4 the correspondence between this discrete
tetrahedra flow and the stable flow complex.
Those algorithms that can give guarantees come with proofs for smooth surfaces. Most of the proofs are based on the following sampling condition introduced by Amenta et al. in [3]. The points are sampled with respect to the
medial axis of the surface. The medial axis is the set of all points that are centers of medial balls, whereas a medial ball is a ball that touches the surface in
at least two points but does not intersect the surface. The sampling condition
states that every point has a sample point within a distance less than  times its
distance to the closest point on the medial axis. This sampling condition has
the nice property that it respects both local and global features of the surface,
is adaptive and does not forbid oversampling.
The merging part of our algorithm can be seen as a simplified version of the
topological simplification method introduced in [29]. The idea is to build pairs
of critical points. One critical point in this pair creates a homological feature
and the other critical point destroys it. Cancellation of such a pair simplifies
the topological structure. One can assign a value to every pair, called the
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persistence of the pair. This concept is originally used to detect topologically
important features in macromolecules.
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5.2 Bio-geometric modeling
In this section we are going to demonstrate how the stable flow complex
for weighted points can be applied to model certain properties of macromolecules. First, we will present a geometric model for molecules that represents a molecule as weighted points in R3 . Based on this we want to discuss
two applications of the stable flow complex.
The first application aims for decomposing a molecule. Macromolecules are
often a collection of proteins that are only loosely coupled. We want to use the
1-skeleton of the stable flow complex to decompose a macromolecule in these
constituents. In the second application we are going to rephrase the concept of
pockets in macromolecules as developed by Edelsbrunner et al. [27] in terms
of the 2-skeleton of the stable flow complex.

Figure 5.7: Space filling models of some Neurotoxin protein. Left: Van der
Waals model. Right: Solvent accessible model.
Space filling models. A natural geometric model for molecules is a union
of balls in R3 , where each ball represents an atom of the molecule. Such
models are called space filling models [18, 53]. A ball is characterized by
a pair (p, r) ∈ R3 × [0, ∞), where p ∈ R3 denotes the center of the ball
and r denotes its radius. That is, a ball can be seen as a weighted point p
with positive weight wp = r2 . In space filling models the balls are centered
at the locations of the corresponding atoms. Usually one gets these locations
from X-ray diffraction of the crystallized protein. The two most popular space
filling models differ in the radii they assign to the balls.
Van der Waals model: The radius of a ball is the van der Waals radius of the
corresponding atom.
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Solvent accessible model: The radius of a ball is the van der Waals radius of
the corresponding atom plus the radius of some solvent molecule also modeled as a ball. That is, the balls in the solvent accessible model are always
larger than the corresponding balls in the van der Waals model. The solvent is
frequently taken to be a water molecule, modeled as a ball with radius 1.4 Å
(Angstrom).
Both models are illustrates in Figure 5.7.
In the following we assume that we are given as input a space filling model of
a macromolecule as a set P of positively weighted points. Our approach can
handle both types of space filling models as input, but the solvent accessible
seems to be more reasonable from a chemical perspective. The points in P
model the atoms of the macromolecule and their weights the radii of these
atoms. We derive both the distance function h and the flow φ from the point
set P .

Decomposing macromolecules
Bonds. When we try to decompose a macromolecule in its constituents we
essentially try to predict the bonds between the atoms of the molecule. There
should not exist bonds between the different constituents of the macromolecule. Bader [11] has developed a theory based on the gradient vector field of
the charge density to predict bonds. He writes in his book,
The topology of ρ, the charge density, as displayed in the global
properties of its gradient vector field, yields a faithful mapping of
the chemical concepts of atoms, bonds, and structure.
The global properties mentioned in this citation are for example the critical
points of the charge density. Bonds in this theory are represented as 1-saddles,
because stable 1-cells connect pairs of centers of atoms. If we assume that the
distance function h approximates −ρ (the negative of the charge density) to
some extent then we should be able to derive an approximation of the bond
structure from the index 1 saddle points of h.
Filtration. The collection of all stable 1-cells, i.e. the collection of the stable
manifolds of the 1-saddles, forms the 1-skeleton of the flow complex. We
have seen in Section 2.5 that the 1-skeleton is connected. That is, we cannot
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decompose a macromolecule by directly using the stable 1-skeleton induced
by P . Instead we are going to use a filtration of the 1-skeleton.
The distance function h takes values at the 1-saddles. We assign these values
to the corresponding stable 1-cells. Let S1α be the subset of the stable 1skeleton that contains all stable 1-cells whose assigned value is smaller than
or equal to α. Figure 5.8 shows an example in R2 . Since we have
S1α ⊆ S1β if α ≤ β,
these sets give us a filtration of the stable 1-skeleton.
Decomposition. For a fixed α the stable 1-cells in the set S1α connect centers
of the atoms. The connected components decompose the molecule. By decreasing α we get more components, by increasing α we get less components.
We found that setting α to −8 Å (Angstrom) decomposes many macromolecules in its constituents, if the input was a solvent accessible model with solvent radius 1.4 Å. If the input was a van der Waals model, a value of −1.2 Å
works well. Table 5.1 on page 107 shows the number of components for this
values for some proteins.

Pockets in macromolecules
As we mentioned earlier, pockets were introduced by Edelsbrunner et al.
in [27] to model essential cavities in macromolecules. Their definition is based

Figure 5.8: Left: A space filling model in R2 . Right: The 1-skeleton of the
model on the left. The subset S1α for α = 0 is highlighted.
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on a space filling model of the molecule. We follow their approach. Liang et
al. [45] found that in about 80% of the proteins they investigated, the largest
pocket coincides with the biologically active site of the protein.
Void. For pockets we are mainly interested in the subset S of R3 that is not
occupied by the union of balls. The set S consists of connected regions. We
call such a region a void if it is bounded, e.g. it is not connected to infinity. If
we let the radii of the balls grow, new voids are created and existing ones get
destroyed. Finally all voids get destroyed. See Figure 5.9 for an example in
R2 . We choose the following growing model. For the radius r of a ball at time
zero we define
p
r(t) =
r2 + t for all t ≥ 0
as the radius at time t. Remember that the weight wp of a point p is the square
of the radius and therefore wp (t) = wp + t. The weights are now a function of
time. The advantage of this growing model is that the Voronoi and Delaunay
diagram and therefore the flow φ remain the same for all values of t.
While the radii grow, a void shrinks until it finally consists of only a single point before it vanishes. These points are positive maxima of the height
function h of P . We will group the positive maxima together if they can be
connected by a path outside the union of balls but inside the convex hull CH

Figure 5.9: Left: A space filling model in R2 . The atoms do not define a void.
Middle: The disks are grown and a void emerged. At the point x a void was
created in the meantime and has already been destroyed. Right: The critical
points of the flow induced by the set of weighted points and their Voronoi and
Delaunay diagram. Note that two of the maxima are at positions where voids
get destroyed if we grow the disks.
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of P , i.e. they are connected in the intersection of S and CH. Essentially, such
a group of positive maxima defines a pocket.
Restricted flow complex. The height function h of P assigns negative values
to critical points that are inside a ball of the space filling model. We call these
critical points negative critical points. Positive values are assigned to all other
critical points, called positive critical points. The restricted flow complex is
the subcomplex of the flow complex that consists of all stable manifolds of
positive critical points. See Figure 5.10 for an example.
Pocket. From the restricted flow complex we directly derive our definition of
a pocket. A pocket is a maximal connected component of the restricted flow
complex, i.e. the component is connected and there is no larger connected
component in the restricted flow complex that contains it. Thus a pocket is a
collection of connected cells corresponding to positive critical points.
If a 3-cell contains a positive critical point in its boundary then the corresponding maximum is also positive. Therefore a pocket usually contains at least one
3-cell and fills some volume in space.
Boundary. To visualize pockets we make use of the cell structure of the stable
flow complex. The boundary of a pocket consists of stable manifolds of crit-

Figure 5.10: Left: An example of a restricted flow complex for a union of
balls. It consists of the stable manifolds of two maxima and two saddles. It
defines one pocket. Right: The boundary of the pocket on the left consists of
the stable manifolds of three saddles (highlighted). The mouth of the same
pocket is the stable manifold of one saddle (not highlighted).
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ical points with indices less than 3. We call the stable manifold of a negative
critical point on the boundary of a pocket a boundary stable manifold. Instead
of visualizing a pocket directly, we visualize its boundary stable manifolds.
See Figure 5.10 for an example. Notice, that a stable manifold of a negative
critical point can not be contained in the boundary of stable manifolds of positive critical points.
Mouth. We call the stable manifold of a positive critical point on the boundary
of a pocket an opening stable manifolds. A mouth of the pocket is a maximal
connected component of its opening stable manifolds. A mouth is an opening
to the outside of the protein, i.e. to the set of all points that flow to infinity.
Classification. We use the number of mouths of a pocket to classify three
types of pockets. See Figure 5.11 for examples.
A void is a pocket that is not incident to any mouth. A void is an unaccessible
cavity, i.e. solvent molecules from outside the protein cannot enter a void.
Voids sometimes have a stabilizing functionality for a protein.
A normal pocket is a pocket that is incident to exactly one mouth.
A tunnel is a pocket that is incident to more than one mouth. Proteins that
function as an ion pump typically contain a large tunnel with 2 mouths.

Figure 5.11: Three types of pockets. Left: A void in a fatty acid. Middle: A
normal pocket in some receptor protein. The mouth is highlighted. Right: A
tunnel in a Gramicidin protein.
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Protein
N EUROTOXIN
G RAMICIDIN
OXYGEN
1 X T HROMBIN
R HINOVIRUS
2 X T HROMBIN
R ECEPTOR
A LPHA - TOXIN
N ITROGENASE

pdb key
1nxb
1alz
1mbd
1ppb
4rhv
1aho
a7gg
7ahl
1n2c
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#Atoms
543
850
1666
2819
6542
6901
8580
22778
24432

#Components
1
2 (+noise)
1
1
4
2
5
7
8

Time
0.8
1.7
2.8
4.9
11.6
12.0
15.2
41.5
43.5

Table 5.1: Basic data for several molecules. With the pdb key the molecule
data can be retrieved from the Protein Data bank [12]. The timings are given
in seconds.

Experimental results
Like our surface reconstruction algorithm we implemented the algorithms
from this section using C++. Our implementation is based on the Computational Geometry Algorithms Library CGAL [16] that provides fast and robust
Delaunay triangulations for weighted points in three dimensions.
We tested our implementations on protein datasets that we retrieved from the
Protein Data bank [12]. All tests were performed on a 480 Mhz Sun Ultra Sparc II. Screenshots of some of the results can be found in Figures 5.12
and 5.13. We used Geomview [34] to render the models. All data were computed from solvent accessible models of the molecules. In Table 5.1 we summarize some data of the shown molecules.
Notes and comments. The type of space filling models we used in this section
has been introduced by Lee and Richards [43][53]. In [18] van der Waals radii
are discussed.
Usually the charge density of a macromolecule is given as function values
over a three-dimensional grid. To analyze the bond structure of a macromolecule several researchers exploited critical points of the charge density
function [42] [44]. They denote the stable 1-skeleton as the critical point
graph.
Liang et al. [45] found that in about 80% of the proteins they investigated
the largest pocket coincides with the biologically active site of the protein.
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Figure 5.12: Decompositions of some macromolecules. Left: One protein
chain in the decomposition of Alpha-toxin. The protein consists of 7 such
chains. Right: A zoom into the decomposition of Nitrogenase. On the top, two
nicely separated ATP molecules.
Compared to our pocket definition Edelsbrunner et al. [27] assign a different shape to a pocket. In fact their approach is based on the discrete flow on
Delaunay tetrahedra mentioned in Section 3.4. Further approaches exist for
special pockets like tunnels. They are ad hoc and need quite some user interaction [55].
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Figure 5.13: Pockets of some macromolecules. Above: Two viewing directions of a tunnel in Alpha-toxin. Below left: Two Thrombin proteins bind at
their active sites which gives rise to a tunnel. The three mouths of the tunnel
are emphasized. Below right: A normal pocket in Neurotoxin. The mouth is
emphasized.
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