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Abstract
Our results are contributions to the exponential time complexity of NP-hard problems.
We consider in particular the exponential time complexity of the Boolean Satisfiability
problem (SAT) and variants of it.
To study the exponential time complexity of a problem, we fix a parameter of the
problem: The number of variables n for SAT. We are interested in the constant c in
the exponential factor 2cn of a time bound of an algorithm for SAT. The smallest such
constant captures the exponential time complexity of SAT. Our results:
(1) There is a problem that has higher exponential time complexity than SAT and
comparable problems, assuming the Exponential Time Hypothesis (ETH). This
problem is the Constraint Satisfaction Problem (CSP). The reason is a dependency
of the complexity of CSP on the number of values a variable can take.
(2) Approximate counting of satisfying assignments has exactly the same exponential
time complexity as finding a satisfying assignment. In the proof of this theorem
we analyze a concrete algorithm for approximate counting. A similar algorithm,
for which no mathematical analysis of the approximation guarantee was known,
has been already successful in practice.
These results are meant to improve our understanding of the exponential time complexity of NP-hard problems. Besides the mentioned results, the main contributions of
this work, we discuss a couple of other results.

v

Zusammenfassung
Unsere Resultate sind Beiträge zur exponentiellen Zeitkomplexität NP-harter Probleme. Wir beschäftigen uns inbesondere mit der exponentiellen Zeitkomplexität des Booleschen Erfüllbarkeitsproblems (SAT) und Varianten davon.
Um die exponentielle Zeitkomplexität eines Problems zu studieren, fixieren wir einen
Parameter des Problems: Für SAT die Anzahl der Variablen n. Wir interessieren uns
für die Konstante c im exponentiellen Faktor 2cn einer Zeitschranke eines Algorithmus
für SAT. Die kleinste solche Konstante beschreibt die exponentiellen Zeitkomplexität
von SAT. Unsere Resultate:
(1) Es gibt ein Problem, das höhere exponentielle Zeitkomplexität als SAT und vergleichbare Probleme hat, unter der Annahme der Exponentialzeit-Hypothese (ETH).
Bei dem Problem handelt es sich um das Constraint Satisfaction Problem (CSP).
Der Grund hierfür ist eine Abhängigkeit der Komplexität von CSP von der Anzahl
der Werte, die eine Variable annehmen kann.
(2) Das approximative Zählen erfüllender Belegungen hat exakt die gleiche exponentielle Zeitkomplexität wie das Finden einer erfüllenden Belegung. Im Beweis dieses
Satzes analysieren wir einen konkreten Algorithmus zum approximativen Zählen.
Ein ähnlicher Algorithmus, für den es bisher keine mathematische Analyse der
Approximationsgüte gab, hat sich bereits in praktischen Anwendungen behauptet.
Diese Resultate sollen dazu beitragen, ein besseres Verständnis der exponentiellen Zeitkomplexität NP-harter Probleme zu erlangen. Neben den erwähnten Resultaten, den
Hauptresultaten dieser Arbeiten, werden eine Reihe weiterer Resultate diskutiert.
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CHAPTER 1

Introduction
1.1. Motivations
Solving a problem with the help of a computer requires time. It is a fundamental task
in computer science to find fast algorithms for important problems. There are however important problems for which we do not know efficient algorithms. The Boolean
Satisfiability Problem (SAT) is such a problem. All known algorithms for SAT are not
faster in the worst case than trivial and slow algorithms. Although it seems intuitively
clear that a computational problem requires some time to be solved, it is not clear if
we can solve computational problems such as SAT faster than in a trivial manner. We
just know that there are problems of arbitrary high computational complexity [HS65].
But whether important problems such as SAT, which we encounter in practice, can
not be solved faster than in a trivial way is an open question.
Many computational problems in practice and theory are NP-hard. In particular, SAT
is NP-hard [Coo71]. The theory of NP-hardness is a well established approach to classify computational problems according to their structural complexity. We consider the
NP-hardness of a computational problem as evidence that it is difficult to handle. We
may even believe that NP-hardness implies that the problem is not solvable in polynomial time. This theory, in rough words, relates the complexity of different problems to
each other. For example, all NP-complete problems have the same complexity as far
as polynomial time solvability is concerned: If some NP-complete problem is solvable
in polynomial time then all NP-complete problems are solvable in polynomial time.
Whether this is true or not is called the P versus NP problem.
If P 6= NP then no polynomial time algorithm exists for any NP-hard problem. The
exact time complexity of NP-hard problems such as SAT seems to be however much
higher. We can define a natural parameter which captures the complexity of SAT in
most natural settings. Define n as the number of variables in a conjunctive normal
form (CNF). Every variable can take two values. We can solve SAT in time Õ(2n ).
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We suppress a polynomial factor by writing Õ(·). Although this is the trivial bound
no improvement has been found so far.
Due to the importance of problems such as SAT, researchers started to design and analyze algorithms of running time Õ(2cn ) with c and the hidden polynomial factor small
enough for applications. These algorithms are commonly called moderately exponential
time algorithms. Their purpose is easily explained. Assume we have an algorithm of
running time O(2n/1000 · m) for SAT, m the number of clauses. Such an algorithm
can handle instances with up to tens of thousands variables and up to hundreds of
thousands clauses in a few minutes on a computer of current technology. This would
be fast enough for many real world applications.
In their paper [IPZ01], Impagliazzo, Paturi, and Zane develop a structural approach
similar to the theory of NP-hardness. They formulate an appropriate notion of a
subexponential time reduction and identify a class of problems in NP which have the
same complexity as far as subexponential time solvability is concerned. For example,
the problem of deciding satisfiability of a CNF with at most k literals per clause,
denoted by k-SAT, is complete under subexponential time reductions. We describe
two contributions of their paper in more detail.
1. Formulation of the Exponential Time Hypothesis (ETH): There exists k such that
there is no randomized algorithm for k-SAT of running time Õ(2εn ) for any ε > 0. In
other words, ETH states the exponential hardness of k-SAT w.r.t. n. This hypothesis
is sometimes assumed in its stronger form that k-SAT requires time Ω(2cn ) for some k
and c > 0. There are also variants in which we assume the non-existence of deterministic rather than randomized algorithms. In almost all exponential hardness proofs of
problems in NP we assume ETH or one of the mentioned variants.
2. The Sparsification Lemma for k-CNFs: Let ε > 0. There is an algorithm which,
given a k-CNF F over n variables, outputs a disjunction (an OR) of k-CNFs Fi over the
W
same set of variables such that (1) F and i Fi have the same set of solutions, and (2)
every variable occurs in every Fi at most s = s(k, ε) times. Its running time is O(2εn ).
This lemma is the main tool in almost all exponential hardness proofs of problems
in NP. The reason is that it allows us to use known polynomial time reductions. We
have the following rule of thumb: To prove the exponential hardness of a problem,
design a polynomial time reduction as in an NP-hardness proof and combine it with

1.2. Contributions and Organization

3

the sparsification lemma. As an example, we can show in this way that there is no
randomized subexponential time algorithm for finding an independent set of some give
size, unless ETH fails [IPZ01]. Subexponential time means Õ(2εv ) for the number of
vertices v and any ε > 0 here.
Knowing that a problem is exponentially hard helps us in understanding its actual
complexity. But it does not exclude the possibility of a moderately exponential algorithm. The next step in this development is thus to determine the exact exponential
time complexity of NP-hard problems. Let cSAT be the infimum over all c for which
there exists an algorithm of running time Õ(2cn ) for SAT. We would like to know cSAT
explicitly. Knowing the exact exponential time complexity of a problem has immediate implications for the design of algorithms. At our current state of knowledge we
do not know the exact exponential time complexity of any interesting problem, even
if we assume a reasonable hypothesis such as ETH. Problems arise already if we want
to relate the exact complexity of different problems. One problem is that the sparsification lemma in combination with standard NP-hardness reductions does not yield
meaningful results in this context usually. New ideas are necessary then.
We considered just NP-hard problems up to this point. Exact exponential time complexity applies also to problems of which we know that they are solvable in polynomial
time. As an example, Pǎtraşcu and Williams [PW09] show that if cSAT = 1 then a
couple of known polynomial time algorithms have essentially optimal running time.
One of these algorithms solves a special case of the junta problem, one of the central
problems in computational learning theory. We see here that we can use exponential
time complexity to prove optimal polynomial time lower bounds.
Our work is a continuation of the outlined approach. We develop new techniques to
prove our two main results – to show the existence of a problem in NP for which no
moderately exponential time algorithm exists, unless ETH fails, and to relate the exact
exponential time complexity of counting and deciding satisfiability.

1.2. Contributions and Organization
We describe our contributions and the organization of this work next. Ch. 2 is from
[Tra08] and Ch. 4 from [Tra09a]. We made only small adaptions. In particular,
we did not add any new results but rather removed some paragraphs. Every chapter

4
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has an introduction and a preliminaries section. We kept the preliminaries sections
intentionally as short as possible because we want that every section can be read on
its own. Every chapter has a section containing the proofs. Proofs are furthermore
outlined along with the statement of the results. The reader may start there and
then may switch to the proofs section for more details. We list common notation and
frequently used mathematical inequalities and identities in the appendix.

Complexity of Constraint Satisfaction, Ch. 2
Binary Sparse Constraint Satisfaction, Sec. 2.3. We study the time complexity
of (d, k)-CSP, the problem of deciding satisfiability of a constraint system C with n
variables, domain size d, and at most k variables per constraint. We are interested in
the question how the domain size d influences the complexity of deciding satisfiability.
We show (Theorem 2.1) that (d, 2)-CSP with bounded variable frequency requires
exponential time Ω(dcn ) for some c > 0 independent of d, unless ETH fails. In rough
words, no moderately exponential time algorithm exists for (d, 2)-CSP.
Unique Constraint Satisfaction, Sec. 2.4. We show (Theorem 2.2) that d-UNIQUECSP requires exponential time Ω(dcn ) for some c > 0 independent of d, unless ETH
fails. This is similar to the above result. UNIQUE-CSP is the special case for which it
is guaranteed that every input constraint system has at most 1 satisfying assignment.
A similar problem, which we may call the Isolation Problem for k-CNFs, is studied
in [CIKP08]. Our results on approximate counting – see below – can be seen as a
generalization of the techniques used to prove Theorem 2.2 and the main result in
[CIKP08].

Proof Complexity, Ch. 3
Resolution Complexity, Sec. 3.3. We show (Proposition 3.3) that for any ε > 0
there exists a sequence of unsatisfiable constraint systems with domain size d such that
every multi-way, tree-like refutation has size at least 2(1−ε)blog(d)cn up to a constant
factor, where n is the number of variables in the constraint systems. We obtain a
slightly weaker lower bound for general multi-way resolution. We obtain the lower
bounds by reduction to the Boolean case. The reduction is an adaption of the technique
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developed in the proof of Theorem 2.1. We include this result since lower bounds for the
size of resolution refutations imply lower bounds for the running time of backtracking
algorithms, they are (nearly) optimal, and since there is no need for assuming ETH
here.
Nondeterministic Bit Complexity, Sec. 3.4. We introduce an appropriate notion
of nondeterministic bit complexity and show (Proposition 3.5) that the nondeterministic bit complexity of Mixed Horn SAT (MHS) is between 0.5 and 0.5284, unless ETH
fails. For a slight variant of MHS it even holds that its nondeterministic bit complexity
is exactly 0.5. An instance of MHS is a CNF which consists of a 2-CNF part and a
Horn part. The nondeterministic bit complexity of a problem (language) L in NP and
a parameter n is the infimum over all c for which there exists a polynomial time verifier
V such that for all large enough n: x ∈ L iff ∃y ∈ {0, 1}bcnc such that V (x, y) accepts.
We include this result since it is a rare example of a result which states the almost exact
complexity of an interesting problem in a reasonable general model of computation.
Moreover, it seems that many moderately exponential time algorithms can be turned
into a polynomial time algorithm using a small amount of nondeterministic bits. This
is actually how we prove the upper bounds.

Complexity of Counting, Ch. 4

Analysis of Local Hash Functions, Sec. 4.4. We study the problem of extracting
uniform random bits given limited access to a random point x of the n-dimensional
cube. Every single bit must be extracted by a function which depends on a limited
number of coordinates of x. We call functions with this property local hash functions.
Towards an analysis of our local hash function (Lemma 4.8) we provide a new inequality
similar to the Hypercontractive inequality for Boolean functions. Our results are nearly
optimal in the oblivious randomness extraction model.
Complexity of Approximate Counting, Sec. 4.5. We use the construction of
our local hash function to design an algorithm for approximately counting the number of solutions of a CNF. We assume that the algorithm has access to a restricted
SAT-oracle. In particular, the algorithm can query only CNFs with at most as many
variables as the input CNF. We conclude that approximately counting CNF-solutions
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up to a subexponentially small error and SAT have exactly the same exponential time
complexity. Our algorithm is also similar to an algorithm which works well in practice
for which however no approximation guarantee was known. We show (Theorem 4.9):
Let c > 0 and assume there is an algorithm for SAT with running time Õ(2cn ). For
any δ > 0, there is an algorithm which outputs with high probability in time Õ(2(c+δ)n )
the approximation s̃ for the number of solutions s of an input CNF such that
(1 − 2−αn ) s ≤ s̃ ≤ (1 + 2−αn ) s
2

δ
with α = Ω( log(
1 ).
)
δ

Analysis of Hash Functions in More Detail, Ch. 5

The Number of Solutions and their Influence, Sec. 5.3. We study the influence
of the number of solutions on the complexity of SAT. We consider the problem Gapα SAT. An instance of it is a CNF with a gap in the number of solutions. It has either 0 or
at least 2αn solutions. We show (Theorem 5.4) that Gapα -SAT has higher exponential
time complexity than Gapα̃ -SAT if 0.6 < α̃ < α < 1. There is an additional restriction
on the maximum clause width. We construct and analyze a special local hash function
to derive this result.
The Left-Over Hashing Lemma Revisited, Sec. 5.4. We provide two alternative
proofs of special cases of the Left-Over Hashing Lemma of Impagliazzo, Levin, and Luby
[ILL89] using beside others the Fourier-analytic techniques developed in the proof of
Lemma 4.8. We also introduce a new technique which we call random polynomial
multiplication.
Derandomization and Hardness of Approximation, Sec. 5.5. All of our constructions of hash functions are probabilistic. This raises the question if we can derandomize these constructions. We will argue that a particular derandomization of
hash functions with constant locality implies the hardness of approximating MAX-kSAT. This connection to hardness of approximation via derandomization and work of
Applebaum et al. [AIK06b] is from [Tra09a].

1.3. Basic Terminology
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1.3. Basic Terminology
We define the Constraint Satisfaction Problem and variants of it, the Boolean Satisfiability Problem, and the Mixed Horn Satisfiability Problem.
A (d, k)-constraint system C consists of a finite set V of variables, a set of values Σ
with |Σ| = d, called the domain of C, and a set of constraints of the form
C := {z1 6= s1 , z2 6= s2 , ...}
with |C| ≤ k, zi ∈ V , and si ∈ Σ. We often identify C with the set of constraints and
denote by dom(C) the associated domain Σ. Furthermore, we denote by var(C) the set
of variables associated with C. Unless stated otherwise n := |V |. We often assume that
the set of variables V of a constraint system C equals the set of variables occurring in
C.
We call a mapping a : V → Σ an assignment. A constraint C ∈ C is satisfied by an
assignment a iff there exists some (x 6= s) ∈ C such that a(x) 6= s. A constraint system
C is satisfied iff every C ∈ C is satisfied. We denote by sat(C) (also sol(C)) the set of all
satisfying assignments of C. We call a satisfying assignment also a solution. We often
do not distinguish between an assignment and a point a ∈ Σn .
The Constraint Satisfaction Problem (d, k)-CSP is the problem of deciding if a satisfying assignment for a given (d, k)-constraint system exists. The (d, k, f )-FREQ-CSP is
the special case of (d, k)-CSP with maximum variable frequency f , that is, we require
that every variable occurs at most f times in an input (d, k)-constraint system, and
(d, k)-UNIQUE-CSP is the special case for which an input (d, k)-constraint system is
guaranteed to have at most 1 satisfying assignment.
The (d, 2)-CSP is a generalization of the d-Graph Colorability Problem (d-COL). For
seeing this, consider the following example.
Example 1.1. Let G = (U, E) be a graph with U = {x1 , ..., xn }. For {xi , xj } ∈ E the
constraints
{xi 6= 1, xj 6= 1}, {xi 6= 2, xj 6= 2}, ..., {xi 6= d, xj 6= d}
are in C. Set dom(C) := {1, ..., d}. Then, C is satisfiable iff G is d-colorable.

¤

The k-Boolean Satisfiability Problem (k-SAT) is the (2, k)-CSP up to notational changes.
A literal is either a variable v, called positive literal, or its negation v, called negative
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literal. A clause is a set of literals. A Conjunctive Normal Form of maximum clause
width k, a k-CNF in short, is a set of clauses of at most k literals each. An instance
of k-SAT is a k-CNF. The translation between k-CNFs and (2, k)-constraint systems
with domain {0, 1} is as follows: a positive literal v is the same as v 6= 0 and a negative
literal v is the same as v 6= 1.
MAX-k-SAT is the problem to find a solution which satisfies as many clauses as possible. An instance is a k-CNF in which every clause contains exactly k literals.
We can encode the set of all independent sets of a graph by a 2-CNF. An independent
set of a graph is a subset of its vertices which shares with every edge in the graph at
most one vertex.
Example 1.2. Let G = (U, E) be a graph with U = {x1 , ..., xn }. For {xi , xj } ∈ E the
clause {xi , xj } is in F . An assignment a of C induces a subset Ua ⊆ U : xi ∈ Ua iff
ai = 1. Then, a is a solution of C iff Ua is an independent set of G.

¤

A clause with at most one positive literal is called Horn. An instance of the k-Mixed
Horn Satisfiability Problem (k-MHS) is a CNF which contains clauses that have at
most 2 literals or Horn clauses that have at most k literals.
We write SAT if we do not have any restriction on the maximum clause width. Similar
for CSP, MHS, and other problems and parameters.

CHAPTER 2

Complexity of Constraint Satisfaction
2.1. Introduction
In this section we study the time complexity of the NP-complete Constraint Satisfaction
Problem (CSP). We are interested in the following question: What makes CSP hard
to solve? Besides being NP-hard – already (3, 2)-CSP and (2, 3)-CSP are NP-hard –
many algorithms and heuristics for CSP slow down with increasing domain size d. It
is however not clear that CSP effectively becomes harder with increasing d.
A promising result [BHKK07, Koi06, BH06] is that we can solve d-COL, the dGraph Colorability Problem, in time Õ(2ne ), where n
e is the number of vertices of the
input graph. We write Õ(·) to suppress a polynomial factor depending on the input
size. Such a result is however not known for (d, k)-CSP or the special cases (d, 2, 3d2 )FREQ-CSP and d-UNIQUE-CSP.

• (d, k, f )-FREQ-CSP is the (d, k)-CSP for which every input constraint system has
maximum variable frequency f .
• (d, k)-UNIQUE-CSP is the (d, k)-CSP for which every input constraint system is
guaranteed to have at most 1 satisfying assignment. Without any restriction on
the constraint size we have d-UNIQUE-CSP.

We provide precise definitions in Sec. 2.2. We now introduce some definitions to state
our results. We call an algorithm a 2cn -randomized algorithm iff its running time is
Õ(2cn ) and its error probability is at most 1/3. Let
cd,k := inf{c : ∃2cn -randomized algorithm for (d, k)-CSP}.
UQ
Define cFQ
d,k,f and cd,k analogously for (d, k, f )-FREQ-CSP and (d, k)-UNIQUE-CSP.

Let cd,∞ := limk→∞ cd,k .
The variant of the Exponential Time Hypothesis (ETH) we assume here states that
c2,3 > 0, i.e., 3-SAT is exponentially hard. It is straightforward to apply the results
9
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from [IPZ01] to show that c3,2 > 0 iff c2,3 > 0. In this section we improve on the lower
bound cd,2 > 0, assuming ETH.
Theorem 2.1. If ETH holds, there exists c > 0 such that for all d ≥ 3
c · log(d) ≤ cFQ
d,2,3d2
(where c depends on c3,2 only.)
Theorem 2.1 strongly contrasts the time complexity of d-COL for which we know a
2ne -algorithm [BHKK07, Koi06, BH06]. Such an algorithm is however unlikely to
exist for (d, 2, 3d2 )-FREQ-CSP because its existence implies that ETH fails.
If we define that a moderately exponential time algorithm has running time Õ(2cn ) for
some absolute constant c the previous result implies: There is no moderately exponential time algorithm for (d, 2, 3d2 )-FREQ-CSP, unless ETH fails.
The second special case of (d, k)-CSP we study is d-UNIQUE-CSP.
Theorem 2.2. For all d ≥ 2, it holds that
c2,∞ · blog(d)c ≤ cUQ
d,∞ .
Theorem 2.2 roughly says that the unique case is already the hardest one. Note that
the currently best upper bound for c2,∞ is 1.
2.1.1. Motivation. The motivation for our results comes from the design and analysis
of exponential time algorithms. We usually fix some natural parameter like the number
of variables n and try to find some small c such that we can solve CSP in time Õ(2cn ).
The best known upper bound Õ((d(1 − 1/k) + ε)n ), ε > 0, for (d, k)-CSP [Sch99] is
achieved by Schöning’s algorithm and it is improved to, omitting the polynomial factor,
d!n/d for (d, 2)-CSP [FM02], to 1.8072n for (4, 2)-CSP [Epp01], and to 1.3645n for
(3, 2)-CSP [Epp01]. The problem of maximizing the number of satisfied constraints of
a (d, 2)-constraint system is considered in [Wil05]. Our results say that the dependency
on d of these algorithms comes close to the best possible.
Studying the special case (d, 2, 3d2 )-FREQ-CSP is motivated by the observation that
algorithms for CSP are also analyzed w.r.t. to the number of constraints m instead of
n. This is in particular the case if optimization variants of CSP are considered. See
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[SS06] for such an algorithm and also for further references. A (d, 2)-constraint system
in which every variable has maximum frequency 3d2 has at most 3d2 n constraints. Our
results imply therefore limitations of algorithms which are analyzed w.r.t. m (Corollary
2.6).
The second special case we study, d-UNIQUE-CSP, is motivated by the use of randomness. The expected running time of the trivial algorithm for finding a satisfying
assignment of a constraint system with s > 0 satisfying assignments is roughly dn /s.
A considerable improvement, namely (2n /s)1−1/k , exists for k-SAT [CIKP03]. It also
seems likely that the algorithms in [Sch99, FM02] become faster if many satisfying assignments are present. Our results say that d-UNIQUE-CSP still has increasing
complexity w.r.t. to d and that CSP can only become easier if s is large enough. The
observed dependency of randomized algorithms on d and s seems therefore to be unavoidable.

2.1.2. Related Work. This chapter builds upon a series of papers [IP01, IPZ01,
CIKP03] which mainly deal with SAT and special cases of SAT like k-SAT. A central
question is: What makes SAT hard to solve? This question is motivated by the observation that many algorithms and heuristics for SAT work better on instances with
special properties. For example, there exists a 1.324n -randomized algorithm for 3-SAT
[IT04], whereas the best algorithms for SAT still take 2n steps in the worst case. In
[IP01] it was shown, assuming ETH, that for every k there exists k 0 > k such that
c2,k < c2,k0 . In other words, k-SAT becomes harder with increasing k. Our results,
Theorem 2.1 and 2.2, are of the same kind. It is however not clear how to adapt the
techniques in [IP01] to our problem. In particular, Impagliazzo & Paturi [IP01] ask if
a similar result as theirs holds for d-COL. Our approach is indeed different from theirs.
They use the concept of a forced variable whereas we work with a different technique
of partitioning variables (see Lemma 2.3).
In [JS99] the exponentially hard instances of the Maximum Independent Set (MIS)
problem with respect to the maximum degree were identified. It was shown that if
there exists a subexponential time algorithm for MIS with maximum degree 3 then
there exists one for MIS (which would contradict ETH). One part of the proof of
this theorem is a sparsification lemma for MIS. In the proof of our Lemma 2.5, a
sparsification lemma for (d, 2)-CSP, we apply the same technique as there. We prove a
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new sparsification lemma for (d, 2)-constraint systems because we want good bounds.
The sparsification lemma in [IPZ01] could also be used. But it gives worse bounds.
Calabro et al. [CIKP03] prove that
2
c2,k ≤ cUQ
2,k + O(log (k)/k)

(Lemma 5 of [CIKP03]). We generalize and improve this to
cd,k ≤ cUQ
d,k + O(log(dk)/k)
(see Sec. 2.4). Calabro et al. [CIKP03] conclude cUQ
2,∞ = c2,∞ from their result. This
theorem generalizes to cUQ
d,∞ = cd,∞ by the previous relation. We remark that our proof
is different from theirs although the dependency on k is similar. Calabro et al. adapt
the isolation lemma from [VV86] whereas we build upon the isolation lemma from
[MVV87]. In particular, we need a new idea to apply a generalization of the isolation
lemma from [MVV87] in our situation (see Lemma 2.9).
Our technique starts with grouping variables. This is for example similar to Chen et
al. [CCF+ 05]. Chen et al. also start with grouping variables. Our goal however is to
reduce the number of variables of the constraint system. Chen et al. want to reduce a
different parameter despite the fact that they work with circuits. They also enumerate
all possible assignments of every group.

2.2. Preliminaries
We use the notation which we introduce in Sec. 1.3.

2.3. Binary Sparse Constraint Satisfaction
The proof of Theorem 2.1 consists of three steps. We show first how to reduce the
number of variables by increasing the domain size (Lemma 2.3). We need this lemma
to provide a relation between (d, k)-CSP and (d0 , k)-CSP for d0 larger than d. This is
the core of our result that CSP has increasing complexity w.r.t. d. Then, we show in the
second step how to transform a (d, 2)-constraint system into a sparse (d, 2)-constraint
system, i.e., we prove a sparsification lemma for (d, 2)-constraint systems (Lemma
2.5). Our transformation can be carried out in subexponential time. Combining both
lemmas we are finally able to prove Theorem 2.1.

2.3. Binary Sparse Constraint Satisfaction
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At the end of this section we point out how our result relates to algorithms which are
analyzed w.r.t. the number of constraints.
The idea of our reduction is to group the variables of a constraint system C in groups of
size r and to replace every group of variables by a new variable. We need the following
definitions. Let U ⊆ var(C) and D be a constraint. Let var(D) be the set of all variables
occurring in D. Define nonsatU (D) to be the set of all assignments a : U → dom(C)
which do not satisfy D. Our algorithm gets as input a (d, k)-constraint system C and
outputs a (dr , k)-constraint system C 0 . It works as follows.
Algorithm partition: Let P1 , ..., Pt be any partition of pairwise disjoint subsets of
var(C) such that |Pi | = r for 1 ≤ i < t and 1 < |Pt | ≤ r. Extend Pt with new
variables such that |Pt | = r. Find new variables y1 , ..., yt , i.e., variables which are not
in var(C). Set C 0 ← C and dom(C 0 ) ← dom(C)r , i.e., dom(C 0 ) is the set of all strings
of length r with elements from dom(C). For every C ∈ C 0 and every 1 ≤ i ≤ t: if
var(C) ∩ Pi 6= {} then replace all the variables of var(C) ∩ Pi in C in the following
way. Let D ⊆ C be the set of all inequalities with variables from var(C) ∩ Pi . Add the
constraint C 0 ← (C \ D) ∪ {yi 6= b} to C 0 for every b ∈ nonsatPi (D). Remove C from
C 0 . END of algorithm.

Lemma 2.3. Let r be a positive integer. For every (d, k)-constraint system C over n
variables a satisfiability equivalent (dr , k)-constraint system C 0 over n0 := d nr e variables
can be computed in time drk · poly(|C|).
The following result is a direct implication of this lemma.
Corollary 2.4. For constant d, d0 and k with d0 ≥ d. It holds that cd0 ,k ≥ blogd (d0 )c ·
cd,k .
To prove Lemma 2.5 we will use algorithm SPARSIFYε defined in Fig. 2.3. The idea of
our algorithm is similar to one of the many backtracking algorithms for the Maximum
Independent Set Problem (MIS), namely, branching on vertices with large degree first.
Johnson & Szegedy [JS99] apply the same technique to prove a sparsification lemma
for MIS. Let ε > 0 and Kε,d :=

d
ε·log(d)

· log(d(ε/d) /(d(ε/d) − 1)). SPARSIFYε uses the

procedure SUBS(C) which searches in C for constraints of the form {x 6= s} and removes
all C ∈ C with |C| ≥ 2 and (x 6= s) ∈ C. It also uses the operation C [x7→f ] by which all

14
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Input: a (d, 2)-constraint system C.
Output: a list L of (d, 2)-constraint systems.
1. if ∃x ∈ var(C) and ∃s ∈ dom(C) s.t. freq(C, x, s) > dKε,d e then
2.
call SPARSIFYε (SUBS(C [x7→s] ));
3.
call SPARSIFYε (SUBS(C ∪ {{x 6= s}}));
4. else output C;
Figure 2.1. Algorithm SPARSIFYε
constraints C ∈ C with (x 6= f 0 ) ∈ C, f 0 6= f , and all inequalities x 6= f get removed
from C. Let freq(C, x, s) be the number of times x 6= s occurs in C.
Lemma 2.5. Let ε > 0. Let C be a (d, 2)-constraint system. SPARSIFYε enumerates with polynomial delay a list L of (d, 2)-constraint systems which has the following
properties:
(1) (Correctness) it holds that C is satisfiable iff there exists some satisfiable C 0 ∈ L,
(2) (Bounded frequency) for all D ∈ L, x ∈ var(D), and s ∈ dom(D):
freq(D, x, s) ≤ dKε,d e,
(3) (Size) |L| ≤ dεn .
As a direct consequence we get a lower bound for
ed,k := inf{c : ∃2c·m -randomized algorithm for (d, k)-CSP}
where m is the number of constraints.
Corollary 2.6. If ETH holds, there exists c > 0 such that for all d ≥ 3: ed,2 ≥
c · log(d)/d2 .
Note that ed,2 ≤ 2 · log(d)/d since we can remove every variable x which occurs less
than d times (because then there is a remaining value we can assign to x to satisfy
every constraint x occurs in). Hence, we may assume |C| ≥ d/2 · n. Enumerating all
possible assignments of the n variables yields the claimed upper bound.
Lemma 2.5 and the transformation afterwards give an upper bound of 3d2 on the
variable frequency and actually the bound freq(C, x, s) ≤ 3d. Let px be the number of
possible values of x, that is, d minus the number of constraints of size 1 in which x
occurs. Since we expect in the worst case that px = Ω(d) the following result suggests

2.4. Unique Constraint Satisfaction
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that this upper bound comes close to the best possible. For example, an improvement
√
of freq(C, x, s) ≤ d seems to be questionable.
Proposition 2.7 ([Hax95]). Let C be a (d, 2)-constraint system and define pmin :=
minx∈var(C) px . Then C is satisfiable if for all x ∈ var(C) and s ∈ dom(C) it holds that
freq(C, x, s) ≤

pmin
.
2

2.4. Unique Constraint Satisfaction
The proof of Theorem 2.2 consists of four steps. Our goal is to prove the relation
¶
µ
log(dk)
UQ
c2,k · blog(d)c ≤ cd,k ≤ cd,k + O
(Corollary 2.11).
k
Taking the limit k → ∞ proves Theorem 2.2. In this section we prove the upper bound
on cd,k . The lower bound follows from Corollary 2.4, Sec. 2.3. The first step in our
proof of the upper bound is a generalization of the isolation lemma from [MVV87].
We generalize this lemma from the Boolean to the non-Boolean case (Lemma 2.8). We
can however not apply this lemma directly to prove our upper bound. In a second
step, we therefore show how to use it to get an isolation lemma (Lemma 2.9) which
fits our needs. The crucial difference between the isolation lemma from [MVV87] and
Lemma 2.9 is that we can encode the random linear equations from Lemma 2.9 by a
(d, k)-constraint system. This is done in the third step (Lemma 2.10). Finally, we can
put it all together (Corollary 2.11) and prove Theorem 2.2.
We conclude this section with a remark on our main technical contribution, Lemma
2.9.
We start with a generalization of Lemma 1 from [MVV87]. The lemma there states
that if S ⊆ {0, 1}n is non-empty then the probability that S has a unique minimum
w.r.t. a random weight function is at least 1/2. Our result works for non-empty S ⊆
{0, ..., d − 1}n .
Lemma 2.8. Let n, c be positive integers and S ⊆ {0, ..., d − 1}n , S 6= {}. Choose
wi , 1 ≤ i ≤ n, independently and uniformly from {1, ..., c}. Define the random weight
P
function w as w(a) := ni=1 wi · ai . It holds that
¡d¢
Pr(S has a unique minimum w.r.t. w) ≥ 1 − n ·
w

2

c

.
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The random weight function w depends on n variables. This makes it at the first sight
useless for our needs since we can not encode it as a constraint system in subexponential
time. We can however apply it iteratively as we will see in the proof of the following
lemma.
Lemma 2.9. Let d ≥ 2, k ≥ 1, and S ⊆ {0, ..., d − 1}n be non-empty. There exists a
polynomial time computable set L of d nk e random linear equations, each depending on
at most k variables, such that
Pr(|S ∩ Sold (L)| = 1) ≥ 2−O(n

log(dk)
)
k

L

,

where Sold (L) is the set of solutions of L in {0, ..., d − 1}n .

The next lemma states the simple but important fact that we can encode the random
linear equations from the previous lemma as a (d, k)-constraint system.

Lemma 2.10. Let C be a constraint system with domain size d over n variables. There
exists a (d, k)-constraint system C 0 over n variables computable in time dk · poly(|C|)
such that if C is satisfiable then C ∪ C 0 has exactly one satisfying assignment with
probability at least 2−O(n·

log(dk)
)
k

. Moreover, |C 0 | ≤ dk · (n/k + 1).

We are now at a point where we can prove Theorem 2.2. It follows from the following
corollary by taking the limit k → ∞.

Corollary 2.11. For all d ≥ 2 and k ≥ 2, it holds that
µ
¶
log(dk)
UQ
c2,k · blog(d)c ≤ cd,k ≤ cd,k + O
.
k
In the proof of Lemma 2.10 we use the fact that we can encode the solutions of a random
linear equation as a constraint system without changing the number of variables. The
opposite is however not true. Therefore we may say that Lemma 2.9 is stronger than
Lemma 2.10. In particular, if we want to obtain similar relations as in Corollary 2.11
for other problems, Lemma 2.9 is appropriate if the problem at hand allows a compact
encoding of the solutions of a random linear equation. This is for example the case for
Binary Integer Programming.

2.5. Open Problems
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2.5. Open Problems
Question 2.12. Algorithm partition works for any partition P1 , ..., Pt of the variables into equal size parts. This opens an interesting possibility. It is possible to
prove
cd,2
= lim c2,k
d→∞ log(d)
k→∞
lim

for d a prime power of 2 if we can solve the following problem. Compute P1 , ..., Pt in
such a way that partition applied to a k-CNF returns a binary constraint system.
We have the following problem.
Define [r] := {1, ..., dre}. Let ε > 0 and k be a positive integer. Let H = ([n], E) be a
hypergraph for which |e| ≤ k, e ∈ E, and every vertex occurs at most c(k) times in it.
2

We may restrict to c(k) = 2O(k ) . Does there exist d = d(k, ε) and χ : [n] → [ nd ] such
that
(1) all but one color classes of χ are of size d and the exceptional color class has at
most d vertices,
(2) all but ε|E| edges are either monochromatic or bichromatic w.r.t. χ. We call an
edge e monochromatic (bichromatic) w.r.t. χ iff |{c ∈ [ nd ] : ∃v ∈ e s.t. χ(v) =
c}| = 1 (= 2).
We also want a subexponential or moderately exponential time algorithm for computing
√

χ. E.g., a running time as O(2

n

). There may be some dependency between ε and k,

but not much worse than ε = Θ( k12 ).
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2.6. Proofs
2.6.1. Proof of Lemma 2.3.
Proof. Our algorithm gets as input a (d, k)-constraint system C and outputs a (dr , k)constraint system C 0 . We claim that C is satisfiable iff C 0 is satisfiable. We assume
var(C) = {x1 , ..., xn }. The algorithm introduces new variables y1 , ..., yt . Let a ∈ sat(C).
For yi we define a0 (yi ) := a(x01 ) · ... · a(x0r ) with {x01 , ..., x0r } = Pi , i.e., a0 (yi ) is the
concatenation of the values of variables in Pi . Let C 0 ∈ C 0 and C ∈ C be the corresponding constraint C 0 emerged from. Since a satisfies C there exists some inequality
(x 6= s) ∈ C satisfied by a, i.e., a(x) 6= s. Assume x ∈ Pi . Then (x 6= s) ∈ D, D
as in the algorithm. This implies that (yi 6= b) ∈ C 0 for some b ∈ nonsatPi (D). Since
a0 (yi ) 6= b for all b ∈ nonsatPi (D) (because of a(x) 6= s) it follows that C 0 is satisfied
by a0 and therefore a0 ∈ sat(C 0 ).
For the other direction, assume that a 6∈ sat(C) for all assignments a of C. We have to
show that a0 6∈ sat(C 0 ) for all assignments a0 of C 0 . For x ∈ var(C) and x ∈ Pi , 1 ≤ i ≤ t,
we define a(x) := (a0 (yi ))(x). The assignment a is well defined because P1 , ..., Pt is a
partition of var(C). Also note that we consider a0 (yi ) here as an assignment of the
form Pi → dom(C). We know that there exists some C ∈ C which is not satisfied
by a. This implies that there exists some C 0 ∈ C 0 which is not satisfied by a0 and
which emerged from C. For seeing this, choose in the construction of C 0 the partial
assignment b ∈ nonsatPi (D) according to a, i.e., choose b such that b(x) = a(x) for all
x ∈ Pi .
It holds that n0 = t = d nr e. Note that the length of some assignment in nonsatPi (D) is
r and we introduce therefore dr new values. The old values are not used any longer.
The running time is polynomial in the input size with the exception of enumerating
nonsatPi (D) which takes time O(dr · |C|) and we may have to do this for every variable
in a constraint of size at most k. This yields O(drk · |C|).

¤

2.6.2. Proof of Lemma 2.5.
Proof. To see the correctness of algorithm SPARSIFYε note that C is satisfiable iff
SUBS(C [x7→s] ) or SUBS(C ∪ {{x 6= s}}) is satisfiable. The bounded frequency property
holds because of the branching rule. It remains to prove the last property. SPARSIFYε
branches on pairs (x, s) with freq(C, x, s) > dKε,d e. There are at most d · n such pairs.

2.6. Proofs
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Let n0 be the number of these pairs in C and t(n0 ) be the size of the search tree
0

induced by SPARSIFYε . If we can show that t(n0 ) ≤ d(ε/d)·n then |L| ≤ dε·n . For
0

n0 ≤ dKε,d e we can assume that t(n0 ) ≤ d(ε/d)·n holds. Now assume that the induction
hypothesis t(i) ≤ d(ε/d)·i holds for i ≤ n0 − 1. SPARSIFYε removes either at least
1 or at least dKε,d e pairs according to the two cases of the branching rule. In the
first case, SUBS(C ∪ {{x 6= s}}) yields a constraint system in which {x 6= s} occurs
once. No superset of {x 6= s} occurs in SUBS(C ∪ {{x 6= s}}). In the second case, the
constraint system C [x7→s] contains freq(C, x, s) new constraints of size 1 with no superset
in SUBS(C [x7→s] ). Hence
t(n0 ) ≤ t(n0 − 1) + t(n0 − dKε,d e)
which is by the induction hypothesis at most
0

0

d(ε/d)·n −(ε/d) + d(ε/d)·n −(ε/d)·dKε,d e
0

≤ d(ε/d)·n · (d−(ε/d) + d−(ε/d)·Kε,d ).
By the definition of Kε,d : d−(ε/d) + d−(ε/d)·Kε,d = 1.

¤

2.6.3. Proof of Theorem 2.1.
Proof. We apply Lemma 2.5 to a (d, 2)-constraint system C with fixed ε = γ :=
c3,2 /(4 log(3)) and get a list L of constraint systems. Every C 0 ∈ L has maximum
variable frequency Kγ,d · d. Let Kγ := dγ −2 e. Then, Kγ,d ≤ Kγ · d. Kγ,d ≤ γ −2 d
simplifies to y −

ln(d)2 1
d y

≤ ln(ey − 1) with y := γ ln(d)
. Note that 0 < γ ≤ 1/4 by
d

the definition of γ and therefore we can assume 0 < y ≤
ln(ey −1)−y+

ln(d)2
d

1
y

takes the minimum in y =

ln(d)
.
4d

ln(d)
.
4d

The function f (y) :=

The claim follows from f ( ln(d)
)≥0
4d

for all d ≥ 3. To reduce the maximum frequency to 3d2 , we introduce for every variable
x new variables x(1) , ..., x(Kγ ) . We can express that x(i) has exactly the same value as
x(i+1) with at most d2 constraints, namely, with all constraints {x(i) 6= s1 , x(i+1) 6= s2 },
s1 6= s2 . We add all constraints for 1 ≤ i ≤ Kγ −1 to C 0 and replace every occurrence of
x in such a way that for all x ∈ var(C 0 ), s ∈ dom(C 0 ): freq(C 0 , x, s) ≤ 3d. The number of
variables is at most Kγ · n. Using Corollary 2.4 we get the relation cd,2 ≥ blog3 (d)c · c3,2 .
Thus
cFQ
d,2,3d2 · Kγ + γ · log(d) ≥ cd,2 ≥ blog3 (d)c · c3,2 ,
and cFQ
d,2,3d2 ≥ blog3 (d)c · c3,2 /(2Kγ ). This completes the proof of Theorem 2.1.

¤
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2.6.4. Proof of Lemma 2.8.
Proof. Let 1 ≤ i ≤ n and 0 ≤ l ≤ d − 1. Define Si,l := {a ∈ S : ai = l} and


mina∈S w(a) − l · wi if Si,l 6= {}
i,l
.
Mi,l :=

0
Denote by Ei the event that ∃0 ≤ j < k ≤ d − 1 : Mi,j + j · wi = Mi,k + k · wi . For any
i it holds that
Pr(Ei ) = Pr(∃0 ≤ j < k ≤ d − 1 : (Mi,j − Mi,k )/(k − j) = wi ) ≤
w
w
µ ¶
µ ¶
d
d
/c.
≤
Pr((Mi,j − Mi,k )/(k − j) = wi ) ≤
2
2 w
Here, we used the union bound and the fact that

µ
¶ 
 1 if (Mi,j − Mi,k )/(k − j) ∈ {1, ..., c}
Mi,j − Mi,k
c
Pr
= wi =
w

k−j
0
(wi is chosen independently of w1 , ..., wi−1 , wi+1 , ..., wn ). Applying the union bound we
get (*)

¡d¢
Pr(∃0 ≤ i ≤ n : Ei ) ≤ n ·
w

2

c

.

Finally, assume that there exist a 6= b ∈ S which take the minimum value w.r.t. w.
Since a 6= b there exists 1 ≤ i ≤ n such that ai 6= bi and Mi,ai + ai · wi = Mi,bi + bi · wi .
¡¢
This can happen with probability at most n· d2 /c because of (*). Hence, the probability
¡¢
that S has a unique minimum w.r.t. w is at least 1 − n · d2 /c.
¤
2.6.5. Proof of Lemma 2.9.
Proof. We employ Lemma 2.8. Let c := 2 ·

¡d¢
2

· k. Independently and uniformly

choose wi from {1, ..., c} for all i. We define L to be the set of linear equations
(1+j)·k

X

w i · xi = r j

i=1+j·k

for 0 ≤ j ≤ t − 1 and

Pn
i=1+t·k

wi · xi = rt , where r0 , ..., rt are chosen uniformly at

random from {0, ..., c · (d − 1) · k}.
For simplicity we assume that n is a multiple of k, i.e., there exists i such that n = ik.
We prove by induction over i that the i equations in L have a unique solution in S with
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probability at least (2c(d − 1)k + 2)−i . If i = 1 then the probability that S has a unique
minimum w.r.t. w1 , ..., wk is at least 1/2 by Lemma 2.8 and the probability of guessing
the right value r0 is at least 1/(c(d − 1)k + 1); together at least 1/(2c(d − 1)k + 2). Now,
assume the induction hypothesis holds for i − 1. Let S 0 := {an−k+1 ...an : a ∈ S}. The
probability that the corresponding equation in the variables xn−k+1 , ..., xn has a unique
solution in S 0 is at least 1/(2c(d − 1)k + 2). Let an−k+1 ...an be this solution and S 00 :=
{b ∈ S : bn−k+1 = an−k+1 , ..., bn = an }. By the induction hypothesis the probability
that the first i−1 equations have a unique solution in S 00 is at least (2c(d−1)k +2)−i−1 .
Since w1 , ..., wn and r0 , ..., ri−1 are chosen uniformly and independently the overall
success probability is at least (2c(d − 1)k + 2)−i . Hence, PrL (|S ∩ Sold (L)| = 1) is
greater or equal than
(2c(d − 1)k + 2)−n/k−1 ≥ (4d3 k 2 )−n/k−1 ≥ 2−O(n

log(dk)
)
k

.
¤

2.6.6. Proof of Lemma 2.10.
Proof. Let L be as in Lemma 2.9. For every equation in L we can enumerate all
assignments of the k variables in dk steps. Thus, we can encode a single equation as
a (d, k)-constraint system in polynomial time. We define C 0 to be the set of these at
most dk · (n/k + 1) constraints. Now, let S := sat(C). If C is unsatisfiable then C ∪ C 0 is
unsatisfiable. Otherwise, S 6= {}. The probability that C ∪C 0 has exactly one satisfying
assignment is as in Lemma 2.9.

¤

2.6.7. Proof of Corollary 2.11.
Proof. The relation c2,k · blog(d)c ≤ cd,k follows from Corollary 2.4. To prove cd,k ≤
O(n·(log(dk)/k))
cUQ
times and test every time
d,k + O(log(dk)/k) we apply Lemma 2.10 2

if C ∪ C 0 is satisfiable using an algorithm A of time complexity 2(cd,k +δ)·n , δ ≥ 0, for
(d, k)-UNIQUE-CSP. If A once accepts, C gets accepted, otherwise rejected.

¤

CHAPTER 3

Proof Complexity
3.1. Introduction
One of the open problems in the exponential time complexity of NP-hard problems
is to prove or disprove that SAT requires time 2n−o(n) under a reasonable assumption
such as ETH. We do not know any indication why such a result should be possible. We
can only conclude from ETH that no algorithm of running O(2εn ) for any ε > 0 exists.
If we switch to resolution complexity and nondeterministic bit complexity we have
such arguments. The only other approach in this direction is due to Paturi & Pudlák.
Paturi & Pudlák [PP09] study one-sided probabilistic polynomial time algorithms.
We discuss their approach below.
Resolution for constraint satisfaction is studied for example in [Mit03, Mit02, HM05].
In particular, Hwang & Mitchell [HM05] provide a couple of separation results. There,
√

multi-way resolution is called d-way resolution. The lower bounds in [HM05] are 2Ω(

n)

for general multi-way resolution and (d − 1)Ω(n/ log(n)) for tree-like multi-way resolution
where n is as usual the number of variables and d the number of values a variable
can take. We improve these bounds. In particular, our bound for tree-like multi-way
resolution is optimal. Our technique which is an extension of the technique developed
in the proof of Theorem 2.1 may be seen as an example of what is called hardness escalation in [BHP09]. According to Beame et al. [BHP09], hardness escalation refers to
a transformation of a hard function f from a complexity class to another hard function
g in a larger complexity class. We show in particular that if f is hard for Boolean
resolution then g is hard for general multi-way resolution.
There is also a connection to a particular heuristic called k-consistency. This heuristic
is partial which means that we can find only special satisfying assignments. This
may lead to a decision that the instance is not satisfiable although it is. Mitchell
[Mit03] shows connections between resolution and backtracking extended with the kconsistency heuristic; Proposition 8 and 9 in [Mit03]. In rough words, the resulting

23

24

Chapter 3. Proof Complexity

algorithms are not stronger than resolution based algorithms. There is also a purely
combinatorial characterization of k-consistency in terms of k-treewidth [ABD07].
The nondeterministic bit complexity of NP-hard problems was not studied before to
the best of our knowledge. The approach which is closest to ours is referred to as
limited nondeterminisim [GLM96]. There, we consider problems which can be solved
with log(m)c nondeterministic bits, c a constant, and m the input size. There are
natural problems which can be solved with limited nondeterminism [GLM96]. This
is not the case for SAT, unless ETH fails. In our approach we bound the number of
nondeterministic bits by a function in a natural parameter. For example, the parameter
may be the number of variables of a CNF or the number of input gates of a Boolean
circuit. For the Circuit Satisfiability Problem (CSAT) we can show that n − o(n)
nondeterministic bits are necessary, unless ETH fails. Here, n is the number of input
gates. This is optimal up to low order terms. Note that ETH states only the existence
of a constant c > 0 such that cn − o(n) nondeterministic bits are necessary for kSAT and some k. We also study the nondeterministic bit complexity of Mixed Horn
SAT (MHS). We can show that for a natural variant of it the number of necessary
nondeterministic bits is between 0.5ne − o(ne ) and 0.5ne , unless ETH fails. We define
the parameter ne in Sec. 3.4.

3.1.1. One-Sided Probabilistic Polynomial Time Algorithms. Any NP-complete
problem admits a polynomial time algorithms with a one-sided error. We call such an
algorithm an OPP-algorithm [PP09]. In some known cases the OPP-algorithm has
a non-trivial success probability. For example, the success probability of an OPPalgorithm for k-SAT of Paturi et al. [PPZ99] is at least 2−(1−1/k)n , n as usual the
number of variables. Schöning’s algorithm [Sch99] for k-SAT is also an OPP-algorithm
with a similar success probability.
Paturi & Pudlák [PP09] show under different complexity theoretic assumptions that
no OPP-algorithm exists for CSAT with success probability at least 2−αn for α < 1. In
their terminology, CSAT w.r.t. the number of input gates n has exponential complexity
1.

3.3. Resolution Complexity
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Input: a (d, k)-constraint system C
Output: satisfiability of C
1. if C = {} then return satisfiable
2. if {} ∈ C then return unsatisfiable
3. x ← SELECT VARIABLE
4. for all s ∈ dom(C):
5.
set Cs to C after setting the value of x to s
6.
recursively decide if Cs is satisfiable
7. return satisfiable if every Cs is, otherwise unsatisfiable
Figure 3.1. Scheme for a mutli-way backtracking algorithm. The selection of a variable has to be specified to get an algorithm.
3.2. Preliminaries
We use the notation which we introduce in Sec. 1.3. We define multi-way resolution
refutation systems in Sec. 3.3 and nondeterministic bit complexity in Sec. 3.4.

3.3. Resolution Complexity
Multi-way resolution Rmult is a correct and complete refutation system with the resolution rule
C1 ∪ {x 6= 1}, ..., Cd ∪ {x 6= d}
.
C1 ∪ ... ∪ Cd
We call the constraint C1 ∪ ... ∪ Cd the resolved constraint. A refutation p in Rmult is a
sequence of constraints C1 , . . . , Ct where Ct = {} and for every 1 ≤ i ≤ t either Ci ∈ C
or Ci is derived by the resolution rule from constraints Ci1 , ..., Cid with 1 ≤ i1 , ..., id < i.
We call p tree-like iff every C in p is used at most once in an application of a rule. The
size | · | of p is the number of constraints t in it. Let S(C) be the size of a smallest
refutation for C.
We note here that a tree-like refutation corresponds to a run of a multi-way backtracking algorithm as defined in Fig. 3.1. Decisions made by the algorithm correspond to
an application of the multi-way resolution rule and vice versa. The selected variable
and the resolved variable are the same.
We also note that multi-way resolution Rmult is correct, i.e., if there exists a refutation
for a constraint system C then C is unsatisfiable. Multi-way, tree-like resolution Rmult
is furthermore complete, i.e., if C is unsatisfiable then there exists a tree-like refutation
in Rmult for C. We can conclude the completeness for example from the correspondence
between tree-like refutations and runs of multi-way backtracking algorithms.
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The essential relation between multi-way resolution and Boolean resolution is stated
in the following lemma.
Lemma 3.1. Let k ≥ 2 and r ≥ 1. Let C be an unsatisfiable (2, k)-constraint system
over n variables and let S be the size of a smallest resolution (tree-like, resp.) refutation
for C. There exists an unsatisfiable (2r , k)-constraint system C 0 over dn/re variables
such that the size S 0 of a smallest (tree-like, resp.) resolution refutation of C 0 is a at
least S/2r+1 .
Proposition 3.2 ([PI00]). There exist constants ck > 0 with ck = O(k −1/8 ) such that
for every k there exists a sequence of unsatisfiable k-CNFs which do not have tree-like
resolution refutations shorter than Ω(2n(1−ck ) ), where n is the number of variables.
In the previous proposition a sequence of unsatisfiable k-CNFs means actually an
infinite sequence of k-CNFs all of which have a different number of variables n. Note
that it does not have to be case that there exists a k-CNF with n variables for any
positive integer n. Together with Lemma 3.1 we get
Proposition 3.3. (Tree-Like Resolution Complexity of Constraint Satisfaction) For
every ε > 0 and integer d ≥ 2 there exists a sequence of unsatisfiable constraint systems
with domain size d which do not have multi-way, tree-like resolution refutations shorter
than Ω(2(1−ε)blog(d)cn ), where n is the number of variables.
The trivial upper bound on the resolution complexity is O(dn ). Hence the proposition
is an optimal lower bound. To get a lower bound for general multi-way resolution we
can use for example the 2Ω(n) lower bound for random 3-SAT from [CS88]. This yields
a 2Ω(blog(d)cn) lower bound.
Proposition 3.4. (Resolution Complexity of Constraint Satisfaction) For every integer d ≥ 2 there exists a sequence (Cn )n≥1 of constraint systems with domain size d such
that S(Cn ) = dΩ(n) , where Cn is a constraint system with n variables.
3.4. Nondeterministic Bit Complexity
We denote by CSAT the problem of deciding if a Boolean circuit over n input gates has
a solution. We assume that the circuits have one designated output wire and that they
consist of AND, OR gates with fan-in 2 and NOT gates. A solution is a 0/1-assignment
to the input gates which evaluates to 1.
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A polynomial time verifier V is a Turing machine which gets as input a binary input
string x and a binary witness string z. It runs in time polynomial in the input size,
i.e., the number of bits of x. It either accepts or rejects x. We call the bits of z
nondeterministic bits. Let code(C) be a bit encoding of a circuit C. Let ηCSAT be the
infimum over all c for which there exists a polynomial time verifier V : For all large
enough n, C has a solution iff there exists a witness string z ∈ {0, 1}dcne such that
V (code(C), z) accepts. We can think of z as a resource like time, space, or randomness.
Hence the name nondeterministic bit complexity.
An equivalent definition uses nondeterministic polynomial time Turing machines. For
a nondeterministic polynomial time Turing machine M for CSAT let η(M ) be the
infimum over all c such that M makes at most cn nondeterministic moves over all
computation paths of M and for all large enough n. Then, ηCSAT is equal to the
infimum over all c for which there exists a nondeterministic polynomial time Turing
machine M for CSAT such that η(M ) ≤ c.
A polynomial time verifier can also be transformed into a polynomial size circuit accepting the same instances with exactly as many input gates as the maximum witness
size, i.e., dcne in our case (see e.g. pages 168-170 in [Pap95]). This gives another equivalent definition of ηCSAT if we require additionally that the circuit family is efficiently
enumerable. This circuit characterization gives us immediately the following result.
Proposition 3.5. If ETH holds then ηCSAT = 1.
This result seems promising and we may hope to prove the same result for SAT with a
more complicated argument. We can show it for the Mixed Horn Satisfiability Problem
(MHS) as studied in [PS07]. The input CNF of this problem consist of a 2-CNF part
and of a Horn part. A clause is Horn iff it contains at most one positive literal. We
write 3-MHS iff every Horn clause contains at most 3 literals. We set the number of
essential variables ne as the primary parameter. A variable is essential iff it occurs in
a clause with exactly two positive literals. We define η3-MHS for 3-MHS together with
ne analogous as ηCSAT for CSAT and n.
Proposition 3.6. If ETH holds then
1
≤ η3-MHS < 0.5284.
2
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We need to assume ETH only for the lower bound. A circuit with n input gates
can be transformed into a satisfiability equivalent instance of 3-MHS such that ne =
2n. The lower bound follows then from Proposition 3.5. The upper bound is based
on a technique which may be seen as a nondeterministic simulation of backtracking
algorithms. In our case we simulate an algorithm, following an observation in [PS07],
which has running time Õ(3ne /3 ) with at most

log(3)
3

· ne < 0.5284 · ne nondeterministic

bits. We employ an algorithm which is used in [Epp03].
We can derive the exact nondeterministic bit complexity of another problem than
CSAT. It is a variant of 3-MHS. For an instance F of 3-MHS we define its constraint
graph G as the graph which is induced by the set of all clauses in F with exactly two
positive literals. It was already observed in [PS07] that we have to check all minimal
vertex covers of G only to decide satisfiability of F . This is an ingredient of the above
upper bound on η3-MHS . If G is moreover triangle-free, i.e., it does not contain a circle
of length 3, we get
Proposition 3.7. Let η be the nondeterministic bit complexity of 3-MHS with trianglefree constraint graphs. If ETH holds then
1
η= .
2
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3.5. Proofs
3.5.1. Proof of Lemma 3.1.
Proof. We transform an unsatisfiable (2, k)-constraint system C with n variables and
domain {0, 1} into an unsatisfiable (2r , k)-constraint system C 0 with d nr e variables, r a
positive integer, and then transform a smallest refutation p∗∗ for C 0 into a refutation
p for C such that |p| ≤ 2r+1 · |p∗∗ |. Let p∗ be a smallest refutation for C. We get
|p∗ | ≤ |p| ≤ 2r+1 · |p∗∗ | which proves the lemma.
For the first transformation we use the satisfiability preserving transformation induced
by algorithm partition. Recall, that dom(C 0 ) = {0, 1}r and that we partition V into
groups G = Gx of size r where x is a variable in C 0 . As an example, let Gx = {x1 , x2 }
and Gy = {y1 , y2 }. Consider the constraint C0 := {x1 6= 1, x2 6= 0, y2 6= 0}. Then, the
transformation yields the two constraints {x 6= 10, y 6= 00}, {x 6= 10, y 6= 01}.
We are left with showing that we can transform a refutation p0 for C 0 into a refutation
p for C such that |p| ≤ 2r+1 · |p0 |. We do this by simulating one multi-way resolution
step by at most 2r Boolean resolution steps. Set p to p0 . We replace in p every
inequality x 6= b1 b2 ...br by the Boolean inequalities x1 6= b1 , x2 6= b2 , ..., xr 6= br where
{x1 , x2 , ..., xr } = Gx . In one resolution step in p we resolve C1 ∪{x1 6= 0, x2 6= 0, ..., xr 6=
0}, ..., C2r ∪ {x1 6= 1, x2 6= 1, ..., xr 6= 1} to C1 ∪ ... ∪ C2r . To make this a correct Boolean
resolution step we resolve
Ci ∪ {x1 6= 0, x2 6= b2 , ..., xr 6= br } Cj ∪ {x1 6= 1, x2 6= b2 , ..., xr 6= br }
Ci ∪ Cj ∪ {x2 6= b2 , ..., xr 6= br , x2 6= b2 , ..., xr 6= br }
for any b2 ...br ∈ {0, 1}r−1 . We do this exactly 2r−1 times. In this step we eliminate
variable x1 . We continue with x2 , the new resolvents, and any b3 ...br ∈ {0, 1}r−2 . We
do this exactly 2r−2 times now. We repeat this step until we eliminated all variables.
At the end we resolved C1 ∪ ... ∪ C2r . As an example, the multi-way resolution step
C1 ∪ {x 6= 00} C2 ∪ {x 6= 10} C3 ∪ {x 6= 01} C4 ∪ {x 6= 11}
C1 ∪ C2 ∪ C3 ∪ C4
is simulated by 3 Boolean resolution steps:
C1 ∪ {x1 6= 0, x2 6= 0} C2 ∪ {x1 6= 1, x2 6= 0}
,
C1 ∪ C2 ∪ {x2 6= 0}
C3 ∪ {x1 6= 0, x2 6= 1} C4 ∪ {x1 6= 1, x2 6= 1}
,
C3 ∪ C4 ∪ {x2 6= 1}
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and
C1 ∪ C2 ∪ {x2 6= 0} C3 ∪ C4 ∪ {x2 6= 1}
.
C1 ∪ C2 ∪ C3 ∪ C4
The number of applications of the resolution rule is 2r−1 + 2r−2 + ... + 1 ≤ 2r , hence
|p| ≤ 2r · |p0 |. It is important here that we do not need to copy any parts of p0 . The
replacement is a local change.
We also observe that a non-derived constraint D in the refutation, i.e. a constraint
from C 0 , is not necessarily a constraint from C but a superset of a constraint C ∈ C.
For example, in the back translation of {x 6= 10, y 6= 00}, {x 6= 10, y 6= 01} we get
{x1 6= 1, x2 6= 0, y1 6= 0, y2 6= 0}, {x1 6= 1, x2 6= 0, y1 6= 0, y2 6= 1}. However, C0 is
a strict subset of both constraints. We can thus shorten the proof such that we only
use constraints from C by avoiding the resolving variables which occur in D but not in
C0 .

¤

3.5.2. Proof of Proposition 3.3.
Proof. Let ε > 0, ε0 = ε/2, and k be such that ε0 ≤ ck , the ck ’s from Proposition 3.2. Let T be the sequence of unsatisfiable (2, k)-constraint systems, i.e. kCNFs, from Proposition 3.2. We get for the tree-like resolution complexity Stree (C) =
0

Ω(2(1−ε )|var(C)| ), C ∈ T .
Let r := blog(d)c. By Lemma 3.1 there exists a sequence T 0 of (2r , k)-constraint systems
over |var(C 0 )| = d 1r ·|var(C)|e variables such that the size of a smallest tree-like resolution
0

0

0

0

refutation of C 0 is a at least 2(1−ε )|var(C)|−r−1 ≥ 2(1−ε )r|var(C )|−2r−1 ≥ 2(1−ε)blog(d)c|var(C )|
whenever 2r+1 ≤

εr
|var(C 0 )|.
2

Note that 2r ≤ d but not necessarily 2r = d. If this is not

the case we can turn the constraint systems in T 0 with domain size 2r into satisfiability
equivalent (d, k)-constraint systems by adding constraints which exclude new values.
This does not change the resolution complexity of the constraint systems.

¤

3.5.3. Proof of Proposition 3.4. The proof is the same as the proof of Proposition
3.3 with the exception that we use the main result in [CS88].
3.5.4. Proof of Proposition 3.5.
Proof. Let ε, δ > 0 and assume ηCSAT < 1. We provide an algorithm which decides
if a Boolean circuit C with n input gates has a solution. The algorithm runs in time
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Õ(2εn ). Let V be a polynomial time verifier for CSAT using (ηCSAT (M ) + δ) · n nondeterministic bits. We encode V with input code(C) as a circuit C1 with (ηCSAT (M )+δ)·n
input gates. This can be done in polynomial time (pages 168-170 in [Pap95]). The
size of C1 , i.e. the number of gates in it, is at most a polynomial in the number of
bits of code(C). Denote it by m. We repeat this step with C1 , get C2 , continue with
C2 , and so on. We need to repeat this step a constant number of times c(ε, δ) to get
a circuit Cc(ε,δ) of size which is bounded by a polynomial in m and at most εn input
gates. Moreover, C is satisfiable iff Cc(ε,δ) is. The reduction works in polynomial time
and we can thus decide in time Õ(2εn ) whether C has a solution. A contradiction to
ETH.

¤

3.5.5. Proof of Proposition 3.6.
Proof. For the lower bound, we apply Proposition 3.5 together with a reduction from
CSAT to MHS which is composed of standard reductions. Let C be a circuit over the
input gates x1 , ..., xn with AND, OR, NOT gates. We transform it into a circuit C 0
over the input gates x1 , ..., xn , x̃1 , ..., x̃n with AND, OR gates only. We assume here
that xi 6= x̃i . The circuits C 0 and C have the same number of solutions. We transform
C 0 furthermore into an instance of MHS with variable x1 , ..., xn , x̃1 , ..., x̃n . The 2-CNF
part consists of constraints which express xi 6= x̃i . The Horn part is a follows. For
every wire in C 0 we introduce a new variable wi . It expresses that the value of the i-th
wire is 0 (false). For every OR-gate with output wire wi and input wires wj , wk we
introduce the Horn-clause {wj , wk , wi }. For every AND-gate with output wire wi and
input wires wj , wk we introduce the Horn-clauses {wj , wi }, {wk , wi }. Next, we replace
every variable wi which emerged from a wire connected to an input gate xi (x̃i resp.)
by x̃i (xi resp.). Finally, let wi0 be the variable associated with the output wire of the
circuit. We add wi0 . This yields F . We note that the number of essential variables ne
in F is 2n.
The correctness of this reduction is shown e.g. in [Nie07]. We give a rough outline of the
proof here. Let a = (a1 , ..., an , ã1 , ..., ãn ) be an assignment to the input gates/variables
x1 , ..., xn , x̃1 , ..., x̃n such that ai 6= ãi . Let F a be F with variables set according to a.
If we can show that a is a solution of C 0 iff F a is satisfiable then correctness follows.
Assume a is a solution of C 0 . This means that C 0 evaluates to 1 under a. The i-the
wire has value bi in this evaluation. We set wi to 1 − bi in F . Proceeding this way we
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set in particular wi0 to 0. For the other direction we assume that a is not a solution
of C 0 . We have to show that F a is unsatisfiable. This claim follows from the following
observation. If a gate with output wire i in C 0 evaluates to 0 under a then every
satisfying assignment of F a assigns 1 to wi . Since the output wire i0 of C 0 has value
0 under a by assumption the observation implies that wi0 gets the value 1 in every
satisfying assignment of F a . We conclude that F a is unsatisfiable since the clause wi0
is in F .
For the upper bound we consider the constraint graph G = (V, E). The vertex set V
is the set of essential variables in an MHS-instance F and we draw an edge between
u ∈ V and v ∈ V iff the clause {u, v} is in F . We recall that a vertex cover of a graph
is a set of vertices which shares at least one vertex with every edge in the graph. An
independent set can be defined as the complement of a vertex cover, i.e., it shares at
most one vertex with every edge in a graph.
We make two observations. Clauses with two positive literals are the only clauses
which are not Horn. We can decide satisfiability of the instance F in polynomial time
given values of all variables in V since Horn-SAT is solvable in polynomial time (see
e.g. page 79 in [Pap95]). We need thus to find the appropriate minimal vertex cover
of G, equivalently, the appropriate maximal independent set of G. An independent set
is maximal if every strictly larger superset of it is not an independent set.
We describe a recursive backtracking algorithm ListMIS [Epp03] and subsequently
simulate it nondeterministically. Algorithm ListMIS gets as input a set of vertices I
and an (ordered) graph G. Initially, I = {} and H = G. ListMIS outputs I if it
is an independent set. Eppstein [Epp03] shows that ListMIS outputs every maximal
independent set.
We use the operation rem(·, ·) which takes as input a graph and a set of vertices and
returns a graph in which all vertices together with all their neighbors and incident
edges are removed. We also use the operation H \ {v} which removes the vertex v
together with its incident edges from H. The degree of a vertex v in a graph is the
number of its neighbors.
Case 1: If H contains no vertices then output I.
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Case 2: If H contains a vertex with degree at least 3 in H then take the first such
vertex v and call
ListMIS(rem(H, {v}), I ∪ {v})
and
ListMIS(H \ {v}, I).
Case 3: If there exists an edge {u, v} in H such that u has degree 1 in H then take the
first such edge in H and call
ListMIS(rem(H, {u}), I ∪ {u})
and
ListMIS(rem(H, {v}), I ∪ {v}).
Case 4: Let U be the set of all isolated vertices (degree 0 vertices) in H. Call
ListMIS(rem(H, U ), I ∪ U ).
Case 5: (Every vertex in H has degree exactly 2.) Take the first four distinct vertices
v1 , v2 , v3 , v4 such that {v1 , v2 }, {v2 , v3 }, {v3 , v4 } ∈ E, if existent. Call
ListMIS(rem(H, {vi }), I ∪ {vi })
for i ∈ {1, 2} and
ListMIS(rem(H, {v3 }) \ {v1 }, I ∪ {v3 }).
Case 6: (H consists of triangles.) Take the first three v1 , v2 , v3 forming a triangle in
H, if existent. Call
A(rem(H, {vi }), I ∪ {vi })
for i ∈ {1, 2, 3}.
We show that a graph on ne vertices has at most cne maximal independent sets with c =
√
3
3. This is a well known fact [MM65]. But we reprove it to get subsequently an upper
bound on the nondeterministic bit complexity of selecting a maximal independent set
of G. The proof is by induction. Case 1 is clear. In Case 2 we apply the induction
hypothesis to the two generated graphs. Assume v has degree t. Then
cne −t−1 + cne −1 ≤ cne −4 + cne −1 ≤ cne
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since the two generated graphs have ne − t − 1 and ne − 1 vertices. For Case 3 we get
2 · cne −2 ≤ cne .
since the two generated graphs have ne − 2 vertices. Case 4 is again clear. Case 5 yields
the inequality
2 · cne −3 + cne −4 ≤ cne
and Case 6 is the tight case
3 · cne −3 = cne .
We can visualize a run of ListMIS as a labeled tree T . Labels are the parameters (H, I)
of a call of ListMIS. We know at any vertex in T an upper for the number of maximal
independent sets of the graphs of its children. We use this fact for a nondeterministic
simulation. Assume we have w ∈ {0, 1}b

log(3)
·ne c+1
3

as an additional input for the poly-

nomial time verifier. We interpret w as an integer w̃ ∈ N := {0, ..., bcne c} and T as
a search tree with integers from N at it leafs. We distribute the integers in N among
the leafs in the following inductive way. The root gets N . At a vertex in T which
emerged from Case 2 with integers N 0 the first child gets the bcne −4 c smallest integers
in N 0 and the second child gets the remaining integers. At Case 3 the first child gets
the first bcne −2 c smallest integer in N 0 and the second child the remaining integers. At
Case 4 the child gets N 0 . At Case 5 the first child gets the bcne −3 c smallest integers
in N 0 , the second child the next bcne −3 c integers, and the third child the remaining
integers in N 0 . Case 6 is analogous. In this way we assigned disjoint sets of integers to
the leafs in T . We can find, following the distribution of the numbers, in polynomial
time the leaf which has an associated set containing a given integer. We can thus
compute a maximal independent set in G in polynomial time given w. Moreover, for
every maximal independent set I in G there exists w which leads to I. The latter is
due to the fact ListMIS outpus every maximal independent set at least once [Epp03].
Let us fix a maximal independent set I and let I denote its complement in G. We set all
variables of the vertex cover I in F to 1 (true). We accept if the resulting CNF, which
is Horn, is satisfiable and reject in any other case. We can guess the right independent
set I with b log(3)
· ne c + 1 non-deterministic bits by the above coding argument.
3

3.5.6. Proof of Proposition 3.7.

¤
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Proof. We describe the differences to the proof of Proposition 3.6. The lower bound
still holds since the instance of 3-MHS that the reduction from CSAT yields is triangle√
free. In the upper bound we set c = 2. The upper bound holds for all cases except
for the last. The tight case is now the third. The last case can however not occur
since the constraint graph G is triangle-free. Note that the graph property of being
triangle-free is preserved by the two operations ListMIS employs.

¤

CHAPTER 4

Complexity of Counting
4.1. Introduction
We analyze the approximation ratio of an algorithm for approximately counting solutions of a CNF. The idea of our algorithm goes back to Stockmeyer. Stockmeyer
[Sto85] shows that approximately counting witnesses of any NP-relation is possible in
randomized polynomial time given access to a Σ2 P-oracle. It is known that we only
need an NP-oracle if we apply the Left-Over Hashing Lemma of Impagliazzo, Levin,
and Luby [ILL89] which we discuss below. The use of an NP-oracle is necessary, unless
P = NP. Stockmeyer’s result and its improvement provides us with a first relation between deciding satisfiability and approximately counting solutions, a seemingly harder
problem.
A possible reduction for this purpose works roughly as follows. We assume to have
a procedure which takes as input a CNF F with n variables and a parameter m. It
outputs a CNF F ∪ Gm such that the number of solutions of F ∪ Gm times 2m is
approximately the number of solutions of F . We apply this procedure for m = 1, ..., n
and stop as soon as F ∪ Gm is unsatisfiable. Using the information when the algorithm
stops we can get a good approximation.
The construction of Gm reduces to the following randomness extraction problem. We
have given a random point x ∈ {0, 1}n and want a function h : {0, 1}n → {0, 1}m such
that h(x) is almost uniform. We think of h as m functions1 (h1 , ..., hm ) and additionally
require that each hi depends only on few coordinates. We use the later property to
efficiently encode h as a CNF in such a way that the encoding and the input CNF F
have the same number of variables. Stockmeyer’s result and its improvement can not
be adapted easily to get such an efficient encoding. We call h a local hash function.
We give a probabilistic construction of a local and linear hash function which is nearly
optimal in the oblivious randomness extraction model.

1Each

hi is of the form {0, 1}n → {0, 1}.
37
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The crucial difference of our approach to the original approach are the bounds on
the locality of the hash function. The analysis of local linear hash functions requires
different techniques than that of (non-local) linear hash functions. Our analysis is
Fourier-analytic whereas the proof of Left-Over Hashing Lemma [ILL89] uses probabilistic techniques. The Left-Over Hashing Lemma suffices for the non-local case. One
insight of our work besides our results is that the analysis of local and linear hash
functions is the same as proving hypercontractive estimates for Boolean functions. Hypercontractive estimates are central in the analysis of Boolean functions. The proof of
our new hypercontractive inequality relies on discrete Fourier analysis and basic real
analysis. It seems that probabilistic techniques are insufficient for proving hypercontractive estimates at our current state of knowledge.

4.1.1. Exponential Time Complexity. The motivation of our results comes from
exponential time complexity. Impagliazzio, Paturi, and Zane [IPZ01] develop a structural approach to classify NP-complete problems according to their exact time complexity. They formulate and prove the Sparsification Lemma for k-CNFs. This lemma allows us to use almost all known polynomial time reductions from the theory of
NP-completeness to obtain exponential hardness results. Following the approach in
[IPZ01], we relate the exact complexity of approximately counting CNF solutions and
the complexity of SAT. We show:
Let c > 0 and assume there is an algorithm for SAT with running time Õ(2cn ). For
any δ > 0, there is an algorithm which outputs with high probability in time Õ(2(c+δ)n )
an approximation s̃ for the number of solutions s of an input CNF such that
(1 − 2−αn ) s ≤ s̃ ≤ (1 + 2−αn ) s
2

δ
with α = Ω( log(
1 ).
)
δ

It is not clear if this approximation problem is in BP P N P because of the superpolynomially small approximation error. An improvement of the approximation error
would yield a similar reduction from #SAT to SAT.
A further application of our algorithm is to sample a solution approximately uniformly
from the set of all solutions [JVV86]. The approximation error is again subexponentially small in n. The reduction in [JVV86] preserves the number of variables.
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We can get also a result similar to Stockmeyer’s result. For any problem in parameterized SNP [IPZ01] – an appropriate refinement and subset of NP – we can define
its counting version. Every such problem reduces by our result and the sparsification
lemma to SAT at the expense of an increase of n to O(n) variables. Here, n may be the
number of vertices in the graph coloring problem or a similar parameter [IPZ01]. We
just have to observe that the sparsification lemma preserves the number of solutions.
We mention another application. Pǎtraşcu and Williams [PW09] show that if there is
no algorithm for SAT of running time Õ(2cn ), c < 1, then a couple of known polynomial
time algorithms are essentially optimal. One of these algorithms solves a special case
of the junta problem from learning theory. Said differently, an improvement of these
algorithms would yield together with the above result an algorithm for approximate
counting satisfying assignment of running time Õ(2cn ) for some c < 1.

4.1.2. A Practical Algorithm. Stockmeyer’s idea was recently implemented. Gomes
et al. [GSS06] provide independently of Stockmeyer [Sto85] and Impagliazzo et al.
[ILL89] an implementation of a reduction which uses a SAT-solver to answer the oracle
queries. The algorithm of Gomes et al. [GSS06] is almost the same as our algorithm.
It preserves the number of variables (F and F ∪Gm have the same number of variables)
and the maximum clause width is small (Gm is a k-CNF). This properties seem to be
crucial for a fast implementation, in particular, for the SAT-solver to work fast. The
construction of Gm is moreover similar to our construction.
Gomes et al. [GSS06] compare empirically the running time of their algorithm to the
running time of exact counting algorithms. Their algorithm performs well on the tested
hard instances and actually outperforms exact counting algorithms. The output values
seem to be good approximations. The reason for this is not understood by theoretical
means yet. A bound on the approximation ratio is not known.
Because there are only small differences between our algorithm and the algorithm of
Gomes et al. [GSS06], our bound on the approximation guarantee may be considered
as a theoretical justification for the quality of the algorithm of Gomes et al. [GSS06].
We do not attempt here to explain why the SAT-solver is able to handle the generated
instances well.
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4.1.3. Technical background: Hashing and its variants. Impagliazzo et al.
[ILL89] show that any pairwise independent2 family Hind of functions of the form
{0, 1}n → {0, 1}m satisfies the following extraction property: Fix a distribution f over
the cube {0, 1}n with bounded min-entropy3 at least m + 2 log(1/ε) and y ∈ {0, 1}m .
Then,
Pr (| Pr (h(x) = y) − 2−m | ≤ ε 2−m ) ≥ 0.1.

h∼Hind

x∼f

This result, in a more general form [ILL89], is called the Left-Over Hashing Lemma.
We want for our applications that h, seen as a random function, has besides the extraction property a couple of additional properties. The most important being that hi is a
Boolean function depending on at most k ¿

n
2

coordinates. This is what we call a local

hash function. These hash functions are however not necessarily pairwise independent.
This leads to a substantial problem. The proof of the Left-Over Hashing Lemma relies
on pairwise independence since it allows an application of Chebyshev’s inequality. In
its proof we define the random variable X = X(h) := Prx∼f (h(x) = y). Its expected
value is 2−m . This still holds in our situation. Its variance can be however too large
for an application of Chebyshev’s inequality. To circumvent the use of Chebyshev’s
inequality we formulate the problem in terms of Fourier analysis of Boolean functions.
We make use of a close connection between linear hash functions attaining the extraction property and the Fourier spectrum of probability distributions over the cube
{0, 1}n . We will then apply a new (hyper)contractive inequality for Boolean functions
in the proof of our main lemma.

4.1.4. Further related work. Calabro et al. [CIKP08] give a probabilistic construction of a ”local hash function” without the extraction property. They obtain a
similar reduction as the Valiant-Vazirani reduction [VV86]. The extraction property is not necessary for this purpose. Gavinsky et al. [GKK+ 08] obtain a local hash
function via the Hypercontractive inequality. However only for distributions with min√
entropy n − O( n). We remark that the motivations and applications in [GKK+ 08]
are different from ours.

2Pairwise

independence means here that Prh∼Hind (h(x1 ) = y1 , h(x2 ) = y2 ) = 2−2m for any x1 , x2 ∈
{0, 1} , x1 6= x2 , and y1 , y2 ∈ {0, 1}m .
3See Sec. 4.2.
n

4.3. Local Hash Functions: Definition

41

We borrow the term extraction property from Goldreich & Wigderson [GW97]. The
goal in [GW97] is to find small families of hash functions to reduce the amount of random bits needed to sample the hash function. A notion of locality (for pseudorandom
generators) which is close to ours is studied in the context of cryptography [AIK06a]
and inapproximability [AIK06b].
The Hypercontractive inequality [Bon70, Gro75, Bec75] found several diverse applications. See [O’D08] for further references.

4.2. Preliminaries
We use the notation which we introduce in Sec. 1.3. Moreover, we make the following
conventions. We assume uniform sampling if we sample from a set without specifying
the distribution. We also use a special O(·) notation for estimating the running time
of algorithms. We suppress a polynomial factor depending on the input size by writing
Õ(·). As an example, SAT can be solved in time Õ(2n ). We denote the Bernoulli
distribution with bias p by µp .

4.3. Local Hash Functions: Definition
A κ-junta is a Boolean function which depends on at most κ out of n coordinates. We
extend this notion to functions h : {0, 1}n → {0, 1}m , h = (h1 , ..., hm ), by requiring that
hi is a κ-junta for every i ∈ [m]. A Boolean function f : {0, 1}n → R is a distribution
iff all values of f are non-negative and sum up to 1. It has min-entropy t iff t is the
largest r with f (x) ≤ 2−r for all x ∈ {0, 1}n . The relative min-entropy t̃ is defined as
t̃ := t/n. A distribution f is t-flat iff f (x) = 2−t or f (x) = 0 for all x ∈ {0, 1}n .
Definition 4.1. Let 0 < p1 , p2 ≤ 1 and 0 < ε < 1. Let D be a distribution over
functions of the form {0, 1}n → {0, 1}m . A random function h is called κ-local with
probability p1 iff
Pr (h is a κ-junta) ≥ p1 .

h∼D

It is called a (t0 , ε)-hash function (for flat distributions, resp.) with probability p2 iff
Pr (| Pr (h(x) = y) − 2−m | ≤ ε 2−m ) ≥ p2

h∼D

x∼f
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for every y ∈ {0, 1}m and every (flat, resp.) distribution f of min-entropy t with
t0 ≤ t ≤ n.

4.4. Local Hash Functions: Construction and Analysis
We start with the definition/construction of two hash functions h and hc . After this we
discuss a basic connection between Fourier coefficients of distributions and the special
case of linear hash functions with a one-dimensional range. We generalize this finally
to functions with the high-dimensional range {0, 1}m .

Construction of h: For i = 1, ..., m: Choose a set Si ∼ µp . Define hi (x) :=

L
j∈Si

xj .

The hash function is h := (h1 , ..., hm ).

In other words, h is the linear map given by a Bernoulli matrix with bias p.

Construction of hc : Fix k. For i = 1, ..., m: Choose a set Si ∼ {S : S ⊆ [n], |S| = k}.
L
Define hci (x) := j∈Si xj . The hash function is hc := (hc1 , ..., hcm ).

4.4.1. Randomness Extraction and the discrete Fourier transform. We start
with describing basics from Fourier analysis of Boolean functions. The Fourier transform of Boolean functions is a functional which maps f : {0, 1}n → R to fb : 2[n] → R
and which we define by
fb(S) := Ex∼{0,1}n (f (x) (−1)

L
i∈S

xi

), S ⊆ [n].

We will study the following normalized Fourier transform given by
fe(S) := 2n−1 fb(S).
We call the values of fb Fourier coefficients and the collection of Fourier coefficients the
Fourier spectrum of f .
We can rewrite normalized Fourier coefficients to see the connection to hashing and
L
randomness extraction. We define i∈{} xi := 0.

4.4. Local Hash Functions: Construction and Analysis

43

Lemma 4.2. Let f : {0, 1}n → R be a distribution. For any S ⊆ [n],
M
M
1
1
fe(S) = Pr (
xi = 0) − = − Pr (
xi = 1).
x∼f
2
2 x∼f i∈S
i∈S
We may think of

L
i∈S

xi as a single bit which we extract from f . We are interested in

how close to a uniformly distributed bit it is. There is also a combinatorial interpretation of randomness extraction which we are going to use subsequently. We define for
non-empty A ⊆ {0, 1}n the flat distribution fA (x) :=

1
|A|

if x ∈ A and 0 otherwise. We

want a random hash function h : {0, 1}n → {0, 1} such that for every not too small
¯
¡¯
¢
A ⊆ {0, 1}n and b ∈ {0, 1}, Prh ¯Prx∼fA (h(x) = b) − 21 ¯ is small is large. This is the
same as saying that the probability of the event |A ∩ {x ∈ A : h(x) = b}| ≈

|A|
2

should

be large. In words, the hyperplane in Fn2 induced by h separates A in roughly equal
sized parts.

4.4.2. Analysis of Local Hash Function. In this section we describe our technical
tools for analyzing linear local hash functions. We show how to apply them on the
example of the two functions h and hc . The first result we need is a new inequality
similar to the Hypercontractive inequality for Boolean functions. It allows us to analyze
linear and local hash functions with a one-dimensional range. For the generalization
to functions with a high-dimensional range we use a technique which we call iterated
entropy decay.
4.4.2.1. A Hypercontractive Inequality. We give an outline of the proof. The support
of a function g : {0, 1}n → R is the set of all points with a non-zero value and denoted
by Supp(g). The norms below are w.r.t. the counting measure. Define
A(α, p) := sup
0≤x≤1

k(1 − 2 p x, 1 − 2 p (1 − x))k
k(x, 1 − x)k

1
αp

.

1
1−αp

Lemma 4.3. Let f, g : {0, 1}n → {−1, 0, 1}, 0 < p ≤ 12 , and 0 < α ≤ 1. Let Ã(α, p) be
such that max(A(α, p), (1 − p) 4αp ) ≤ Ã(α, p). Then,
ES∼µp (fˆ(S) ĝ(S)) ≤ 4−n Ã(α, p)n (|Supp(f )| · |Supp(g)|)1−αp .
The previous lemma is shown by induction over n. In its proof we work explicitly with
the Bernoulli distribution S is chosen from and avoid entirely the use of the (noise)
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operator as in [Bec75]. The purpose is to decompose in the induction step the ndimensional functions f and g into (n − 1)-dimensional functions with the same range
{−1, 0, 1}. Preserving the range seems to be an interesting benefit of our new proof.
The following estimation is the reason why it makes sense to introduce the new quantity
α which does not occur in [Bec75]. Setting for example α = 1/ log(n) will make Ã(α, p)
already reasonable small.
¡
¢αp
Lemma 4.4. It holds that A(α, p) ≤ 1 + 2−1/α+8
for 0 < α ≤ 19 , 0 < p ≤ 21 .
Finally, we arrive at the result we need. Its an application of the previous results
together with a result of Chor & Goldreich [CG89]. It seems that the Hypercontractive
inequality is not appropriate for proving it.
Lemma 4.5. Let f : {0, 1}n → R be a distribution of relative min-entropy t̃, 2t̃n ∈
{1, ..., 2n }, and 0 < p ≤ 12 . Then,
1 √ −p·n·t̃/ log(512/t̃)
ES∼µp (|fe(S)|) ≤
2
.
2
Applying the Hypercontractive inequality we get
Lemma 4.6. Let f : {0, 1}n → R be a distribution of min-entropy t with 2t ∈ {1, ..., 2n },
k be a positive integer, 0 < ζ < 1, and k ≤ nζ . Then,
ES∼([n]) (|fe(S)|) ≤
k

1 −(1−ζ)k/2 (n−t) k n−ζ
n
2
.
2

We remark that contraction refers to operators which map functions from an Lp -space
to an Lq -space with 1 ≤ q < p. We can easily rewrite Lemma 4.3 in terms of `p -norms
with the uniform measure over {0, 1}n using Parseval’s identity for the left-hand side
to see the (hyper)contractive inequality in its more common form. The case α = 1 in
Lemma 4.3 corresponds to the Hypercontractive inequality.
4.4.2.2. Iterated Entropy Decay. Our technique for analyzing hash functions of the
form {0, 1}n → {0, 1}m works as follows. Assume f has min-entropy t. Conditioning
on an event E ⊆ {0, 1}n yields a new distribution f 0 with min-entropy t0 . We can not
say much about the relation of t and t0 in general. If E is however a hyperplane (in
L
the vector space Fn2 ) induced by i∈S xi then our hypercontractive estimate tells us
that t0 ≈ t − 1 in the expectation, S ∼ µp . Iterating this step and keeping control
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of the entropy decay we get our result. This process works as long as we reach some
threshold t0 which is essentially determined by the bias p.
Formally, the proof is an induction over m and the induction step an application of
Lemma 4.5. We apply it to distributions fi which we define inductively for concrete
h∗ : {0, 1}n → {0, 1}m . For i = 0, f0 := f . For i > 0, fi is fi−1 conditioned on the event
{x ∈ {0, 1}n : h∗i (x) = yi }, i.e., fi (z) := Prx∼fi−1 (x = z | h∗i (x) = yi ). The function fi
is not well defined for every h∗ since Prx∼fi−1 (h∗i (x) = yi ) = 0 is possible. If this is
the case we define fj to be 0 on all points and for all j ≥ i. The following property
excludes this case if η < 1.
∀1 ≤ i ≤ m : | Pr (h∗i (x) = yi ) − 1/2| ≤ η/2
x∼fi−1

(4.1)

The next lemma allows us to bound the error of approximation, in particular, how far
Prx∼f (h∗ (x) = y) is from the optimal value 2−m .
Lemma 4.7. Let 0 < η < 1. If Prop. 4.1 holds for h∗ then

1. (1 − η)j 2−j ≤ Prx∼f (h∗1 (x) = y1 , ..., h∗j (x) = yj ) ≤ (1 + η)j 2−j , j = 1, ..., m,

2. | Prx∼f (h∗ (x) = y) − 2−m | ≤ 2−m ((1 + η)m − 1).
In the proof of our main lemma we establish the desired extraction property for h and
hc .
Lemma 4.8 (Main Lemma). Let 0 < ε < 1, 0 < p ≤ 12 . Define
P (t̃) :=

m √ −pnt̃/ log(512/t̃)
2
.
ε

Hash Function h. If there exists t̃0 such that P = P (t̃0 ) < 1 and t̃0 n + m + 1 ≤ n
then h is a (t̃0 n + m + 1, ε)-hash function for flat distributions with probability at least
(1 − P )m > 0.

Let 0 < ε < 1, 0 < ζ < 1. Let k be a positive integer. Define
Q(t) :=

m −(1−ζ)k/2 (n−t) k n−ζ
n
2
.
ε
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Hash Function hc . If there exists t0 such that Q = Q(t0 ) < 1 and t0 + m + 1 ≤ n
then hc is a (t0 + m + 1, ε)-hash function for flat distributions with probability at least
(1 − Q)m > 0.

4.4.3. Discussion of Techniques.
4.4.3.1. Rank of Bernoulli Matrices. We recall the combinatorial idea behind hashing.
Let M be a Bernoulli matrix with bias p and let y ∈ {0, 1}m . The preimage of y
intersects any large enough subset A ⊆ {0, 1}n in approximately |A| · 2−m points. Let
us assume m = n. If especially A = {0, 1}n we expect that the linear system M x = y
has one solution in Fn2 . This is is the case iff M has full rank. The threshold for this
property is around Θ( log(n)
) [Coo00]. In particular, the probability that M has full
n
rank can get very small below this threshold. In this case M fails to have the extraction
) if we want to extract all uniform
property with high probability. Thus, p = Ω( log(n)
n
bits.
4.4.3.2. The Isolation Problem. We will argue next that also the trade-off between
the size of A, i.e. the min-entropy of the corresponding flat distribution, and p is
close to optimal. Actually, we can restrict A to be the solution set of a k-CNF. The
following result is due to Calabro et al. [CIKP08]: For any distribution D of k-CNFs
over n variables, there is a satisfiable k-CNF F such that PrF 0 ∼D (|sol(F ) ∩ sol(F 0 )| =
1) ≤ 2−Ω(n/k) , where sol(F ) (sol(F 0 )) refers to the set of solutions of F (F 0 ). The
corresponding problem of finding F 0 is the Isolation Problem for k-CNFs [CIKP08].
We show how the Main Lemma relates to a solution of this problem. Let G be a
k-CNF and let p = nk , k = Θ(κ log(κ) log(n)). The Main Lemma guarantees just that
|sol(G) ∩ sol(G0 )|, G0 the CNF-encoding of h, is with high probability within a small
interval around v = 2O(n/κ) . We need to define an appropriate distribution D0 to apply
the mentioned result. Chernoff’s inequality guarantees that h is encodable as a k-CNF
G00 with high probability. We extend G00 by constraints (literals) which encode xi = 0
or xi = 1 as follows. Uniformly at random select a set of log(v) variables. Uniformly
at random set the value of these variables. This defines our distribution D0 . With
probability at least 2−O(n·log(κ)/κ) we get a O(k)-CNF G0 such that |sol(G)∩sol(G0 )| = 1.
The reason for this is the following simple to prove fact (Exercise 12.2, pg. 152 in
[Juk01]): Let B ⊆ {0, 1}n be non-empty. There exists a set of coordinates I ⊆ [n] and
b ∈ {0, 1}I such that |I| ≤ log(|B|) and |{x ∈ B : xi = bi ∀i ∈ I}| = 1. Note that the
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Input: CNF F over n variables and a parameter k.
1. Set p := k+1
2n .
2. For l = 1, ..., n + 1:
3.
Repeat 8dlog(n)e times:
4.
Construct h. Select b ∼ {0, 1}l .
5.
If |Si | > k for some i ∈ [l] then stop.
6.
Let G be the k-CNF encoding of h(x) = b.
7.
Record if F ∪ G is satisfiable.
8.
If unsatisfiability was recorded more than 4dlog(n)e times
9.
then output 2l−1 and stop.
10. Output 0.

Figure 4.1. Algorithm acount with access to a SAT-oracle
construction of D0 depends only on the parameters n, k, and m, but not on the input
k-CNF G. This is what we mean by oblivious hashing/randomness extraction, i.e.,
there is no dependency on the k-CNF itself. We can thus apply the result of Calabro
et al. [CIKP08]. Comparing the lower and and upper bound we see that we are off
by a factor O(log(k)2 log(n)) in the exponent.

4.5. Complexity of Approximate Counting
The algorithm which we employ subsequently is depicted in Fig. 4.1. It is similar to
the algorithm of Gomes et al. [GSS06]. One difference is the construction of h which
is a Bernoulli matrix with bias p in our case. Gomes et al. [GSS06] select uniformly
at random a linear function which depends on exactly k coordinates for every row.
Another difference is the output. We output an approximation for the number of
solutions. The algorithm of Gomes et al. [GSS06] outputs a lower and an upper
bound. Besides the experimental results, they can show that with high probability
the output lower bound is indeed smaller than the number of solutions. They give
however no estimation for the quality of the output bounds which would be necessary
for bounding the approximation ratio.
We define algorithm acount-constant similar to acount but with the only difference that it constructs and employs hc . We stress the fact that our algorithms are easy
to implement and that we can amplify the success probability further by repeating the
inner loop appropriately.
Theorem 4.9. 1. (Complexity of Approximate Counting) Let c > 0 and assume
there is an algorithm for SAT with running time Õ(2cn ). For any δ > 0, there is an
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algorithm which outputs with high probability in time Õ(2(c+δ)n ) an approximation s̃ for
the number of solutions s of an input CNF such that
(1 − 2−αn ) s ≤ s̃ ≤ (1 + 2−αn ) s
2

δ
with α = Ω( log(
1 ).
)
δ

2. (Algorithm Analysis) Let F be a CNF with n variables. Let k be such that
4 log(16n) ≤ k + 1 ≤ n and let κ be such that k + 1 = κ log(512κ) 4 log(16n). Let s be
the number of solutions of F . The probability that algorithm acount outputs in time
O(n · log(n) · (n2 + 2k · k · n + size(F ))) the approximation s̃ such that
1 −n/κ
2
s ≤ s̃ ≤ 4 s
4
is at least 1/4.

For constant k ≥ 5, the probability that algorithm acount-constant outputs the
approximation s̃ such that
1 −n+ log(n) n1−4/k
k
2
s ≤ s̃ ≤ 4 s
4
is at least 1/4.
4.6. Open Problems
Question 4.10. We would like to know if #SAT and SAT have the same exponential
time complexity, in particular, if #SAT reduces to SAT in such a way that we can use
SAT-solvers for a fast implementation.
Question 4.11. Another problem is to prove or disprove that approximate counting
with an approximation error as in Theorem 4.9 is in BP P N P .
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4.7. Proofs
4.7.1. Proof of Lemma 4.2.
Proof. Let I be the image of f and Xp := {x ∈ {0, 1}n : f (x) = p}, p ∈ I. Let
L
E := {x ∈ {0, 1}n : i∈S xi = 1}.
L

fe(S) = 2n−1 Ex (f (x) (−1) i∈S xi ) =
¶
X µ
M
M
n−1
=2
p Pr(f (x) = p,
xi = 0) − Pr(f (x) = p,
xi = 1) =
p∈I

x

X µ
n−1
=2
p
p∈I

i∈S

Pr (f (x) = p) − 2 ·

x∼{0,1}n

x

i∈S

¶
Pr n (f (x) = p, x ∈ E) =

x∼{0,1}

¶
X X
X µ1
1 X
p−
p=
|Xp | − |Xp ∩ E| =
=
p
2
2 p∈I, x∈X
p∈I x∈X ∩E
p∈I
p

p

M
M
1
1
= − Pr (
xi = 1) = Pr (
xi = 0) − .
x∼f
x∼f
2
2
i∈S
i∈S
¤

4.7.2. Proof of Lemma 4.3.
Proof. The proof is by induction on n. Let n = 1. If f or g is the constant 0 function
then the claim holds. There are 8 remaining functions of the form {0, 1} → {−1, 0, 1}.
We start with functions with range {0, 1}. Let h1 be the identity function, h2 be the
function which maps 0 to 1, 1 to 0, and let h3 be the constant 1 function. Their Fourier
coefficients in order (ĥi ({}), ĥi ({1})) are ( 21 , − 21 ), ( 12 , 12 ), and (1, 0). Avoiding symmetric
cases we have 6 combinations to check. We start our case analysis with f = g = h3 :
1 − p ≤ 4−1 Ã(α, p) 41−αp = Ã(α, p) 4−αp .
This inequality holds by definition of Ã(α, p). For the cases f = h1 , g = h3 and
f = h2 , g = h3 we have (1 − p) 21 on the left-hand side of the inequality:
(1 − p)

1
1
1
≤ 4−1 21−αp = 2−αp ≤ Ã(α, p) 2−αp
2
2
2

since Ã(α, p) ≥ 1. The cases f = g = h1 and f = g = h2 are immediate since the
left-hand sides are at most 14 . Let h4 be the function which maps 0 to −1 and 1 to
1. Its Fourier coefficients are (ĥ4 ({}), ĥ4 ({1})) = (0, −1). The claim is thus clearly
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true for f = g = h4 . We reduce the remaining cases to the previous ones by using the
linearity of the Fourier transform (multiplying with −1).
Assume that the induction hypothesis holds for n − 1. For h : {0, 1}n → {−1, 0, 1}, let
h0b (x) be 1 if h(x) = 1 and xn = b, b ∈ {0, 1}, and 0 otherwise. Let hb be the restriction
of h0b to first n − 1 coordinates. Let T ⊆ [n − 1]. It holds that
ĥ0 b (T ) =(−1)b ĥ0 b (T ∪ {n})
ĥb (T ) =

(4.2)

ĥ0b (T )
.
2

(4.3)

In what follows, S is chosen from [n] according to µp and S 0 is chosen from [n − 1] also
according to µp .
ES (fˆ(S) ĝ(S)) =
p ES (fˆ(S ∪ {n}) ĝ(S ∪ {n}) |n ∈ S ) + (1 − p) ES (fˆ(S) ĝ(S) |n 6∈ S ).
By the linearity of the Fourier transform (in particular, h\
0 + h1 = ĥ0 + ĥ1 ) and by Eq.
4.2 and 4.3,
¢
1¡
ES (fˆĝ) =
ES 0 (fˆ0 gˆ0 ) + ES 0 (fˆ1 gˆ1 ) + (1 − 2p)(ES 0 (fˆ0 gˆ1 ) + ES 0 (fˆ1 gˆ0 )) .
4
Define xb := |Supp(fb )|, yb := |Supp(gb )|, c := 1 − αp, d1 := 1 − 2p, and d2 := Ã(α, p).
By the induction hypothesis,
ES (fˆĝ) ≤ 4−n dn−1
((x0 y0 )c + (x1 y1 )c + d1 ((x0 y1 )c + (x1 y0 )c )).
2
We are left with showing that
(x0 y0 )c + (x1 y1 )c + d1 ((x0 y1 )c + (x1 y0 )c ) ≤ d2 ((x0 + x1 )(y0 + y1 ))c .
This inequality becomes trivial if at least 2 variables are 0 since d1 ≤ 1 ≤ d2 . We
assume w.l.o.g. that x0 , x1 , y0 > 0, define r :=

y1
,
y0

s :=

x1
,
x0

and divide the inequality

by x0 y0 . This yields
1 + d1 (sc + rc ) + (rs)c ≤ d2 (1 + r)c (1 + s)c .
We define z(r, s, c) := d2 (1 + r)c (1 + s)c − 1 − (rs)c − d1 (sc + rc ). We are going to
show that there exist one r0 ≥ 0 such that

∂z
(r )
∂r 0

= 0 first and

∂z
(r )
∂2r 0

> 0 for all s ≥ 0

subsequently. This proves that r0 is a minimum. Finally, we show that z(r0 , s, p) ≥ 0.
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Differentiating z in r and dividing by c rc−1 yields
d2 (r−1 + 1)c−1 (1 + s)c − sc − d1 = 0.
Resolving for r we get
µµ
r0 =
Define t :=

d1 +sc
.
d2 (1+s)c

d1 + sc
d2 (1 + s)c

Since s > 0 and p ≤

1
2

¶1/(c−1)

¶−1
−1
.

we conclude that t > 0. We also need to

show that t < 1 to conclude that r0 is a positive real. By definition of d2
¡
¡ 1
1
1 ¢1−c
1 ¢c
|1 − 2 p x| 1−c + |1 − 2 p (1 − x)| 1−c
≤ d2 |x| c + |1 − x| c .
We get this inequality also by multiplying
¡

1

with (1 + sc )−1 . Then, 0 < x =
not on x. Since
Next, dividing

sc

1+d1
d2 (1+s)c

∂z
∂2r

1

(1 + d1 sc ) 1−c + (d1 + sc ) 1−c
sc
1+sc

¢1−c

≤ d2 (1 + s)c

(4.4)

< 1. Note that d2 depends only on α and p and

> 0 we conclude that t < 1.

by c (c−1) rc−1 and noting that c (c−1) < 0 it holds that

∂z
(r )
∂2r 0

>0

iff
d2 (1 + r0−1 )−2+c (1 + s)c − d1 − sc < 0
iff
c−2

(1 + r0−1 )−2+c = t c−1 < t.
This inequality holds since

c−2
c−1

> 1 by definition and 0 < t < 1 as observed above. We

are left with showing that z(r0 , s, p) ≥ 0. It holds that z(r0 , s, p) ≥ 0 iff
(t1/(c−1) − 1)c (1 + d1 sc ) + sc + d1 ≤ d2 (1 + s)c tc/(c−1) .
Dividing by d2 (1 + s)c yields
(t1/(c−1) − 1)c

sc + d1
1 + d1 sc
c/(c−1)
≤
t
−
= t (t1/(c−1) − 1)
d2 (1 + s)c
d2 (1 + s)c

iff
(t1/(c−1) − 1)c−1 ≤

d1 + sc
.
1 + d1 sc

Dividing by d1 + sc and rewriting we get Eq. 4.4.

¤
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4.7.3. Proof of Lemma 4.4.
Lemma 4.12. (1) Let r ∈ R and q ≥ 1. The function ηr,q (x) = k(1−rx, 1−r(1−x))kq
is convex in R and symmetric around 21 , i.e., ηr,q ( 12 − y) = ηr,q ( 12 + y).
(2) A(α, p) ≥ 1 for every 0 < α ≤ 1 and 0 < p ≤ 12 .
Proof. We begin with the first claim. Let 0 ≤ t ≤ 1 and x, y ∈ R. By Minkowski’s
inequality
t η(x) + (1 − t) η(y) =
kt (1 − rx, 1 − r(1 − x))kq + k(1 − t) (1 − ry, 1 − r(1 − y))kq ≥
kt (1 − rx, 1 − r(1 − x)) + (1 − t) (1 − ry, 1 − r(1 − y))kq =
k(1 − r(t x + (1 − t) y), 1 − r(t (1 − x) + (1 − t) (1 − y))kq =
k(1 − r(t x + (1 − t) y), 1 − r(1 − (t x + (1 − t) y))kq = η(t x + (1 − t) y).
For the second claim, we have to find x0 such that
k(1 − 2 p x0 , 1 − 2 p (1 − x0 ))k
Set x0 = 0. It holds that k(1, 1 − 2 p)k

1
αp

1
αp

≥ k(x0 , 1 − x0 )k

≥ 1 = k(0, 1)k

1
1−αp

1
1−αp

.

.
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The following proposition is known as Bernoulli’s inequality except for the inequality
≤ (1+x)r . It can be seen by showing that (1+x)r −1− rx
is monotone increasing
1+ rx
2
2
in [0, 1].
Proposition 4.13. (1) If r ≥ 1 and x ≥ −1 then (1 + x)r ≥ 1 + rx.
(2) If 0 < x, r ≤ 1 then 1 +

rx
2

≤ (1 + x)r ≤ 1 + rx.

We will also use the standard estimate (1 − x1 )x ≤

1
e

≤ (1 −

1 x
) ,
x+1

x ≥ 1, without

explicitly mentioning it.
Proof. Let l(x) := k(1 − 2 p x, 1 − 2 p (1 − x))k

1
αp

and u(x) := k(x, 1 − x)k

1
1−αp

. Both

functions are symmetric around x = 12 , Lemma 4.12. It suffices thus to show the claim
for x ∈ [0, 12 ]. We simplify the upper bound first. The function u attains its minimum
2−αp at x0 = 12 , Lemma 4.12. Together with Proposition 4.13,
¡

1 + 2−1/α+8

¢αp

u(x) ≥ u(x) + u(x) αp 2−1/α+7 ≥ u(x) + αp 2−1/α+6 .
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1
1−αp

and u0 := αp 2−1/α+6 . By Proposition 4.13,

u(x) + u0 ≥ xq + (1 − x)q + u0 ≥ xq + 1 − qx + u0 =: v(x).
The function v is convex and monotone decreasing in [0, 12 ] since
and

∂v
∂2x

∂v
∂x

= q xq−1 − q ≤ 0

= q(q − 1) xq−2 ≥ 0 for x ∈ (0, 12 ]. The idea now is to find a tangent t of u0

which lies above l. Since l is convex, Lemma 4.12, we can show the latter by comparing
l and t at x = 0 and x = 21 . The function v has slope −p at x0 = (1 − (1 − αp) p)
µ
¶
µ
¶
(1 − αp)2
(1 − αp)2
exp −
≤ x0 ≤ exp −
.
α (1 − (1 − αp)p)
α

1−αp
αp

,

We define t(x) := (v(x0 ) + px0 ) − px.
1

Case l(0) ≤ t(0): l(0) = (1 + (1 − 2p) αp )αp ≤ 1 + αp exp(− α2 ). On the other side
t(0) = xq0 + 1 − qx0 + u0 + px0 ≥ xq0 + 1 − qx0 + u0 ≥ xq0 + 1 − (1 + 2αp) x0 + u0 where we
q
2
1
1
used that −q ≥ −(1 + 2αp). Since 1 − αp ≥ log(e)
, exp(− (1−αp)
) ≤ 2− α . It suffices
α
thus to show that
µ

1 − αp
0 ≤ exp −
α (1 − (1 − αp)p)
if

µ

1 − αp + 2p
0 ≤ exp −
α
We used 1 − αp + 2p ≥

1−αp
1−(1−αp)p

¶

¶

µ

(1 − αp)2
− exp −
α
µ

1 − 2αp
− exp −
α

¶
+ 61αp2−1/α

¶
+ 61αp2−1/α .

here. Multiplying with exp( α1 − 2p) and rearranging

yields
2p

1

1

1 − e−p− α ≤ 61 e−2p e α 2− α α p.
Noting that

1
3

2p

≤ e−2p and using the estimates e−p− α ≥ 1 − p −

2p
α

and 1 +

2
α

≤

3
α

we

conclude the claim from
3
61 1 − 1
≤
e α 2 α α.
α
3
¡ α ¢p
¡
¢1/p
Case l( 21 ) ≤ t( 12 ): l( 12 ) = 2αp (1 − p) ≤ 2e . By Proposition 4.13 1 − p2
≥ 21 and
¡ α ¢p
hence 2e
≤ 1 − p2 . It suffices thus to show v(x0 ) + px0 ≥ 1. With the the same
simplifications as above we get
µ
¶
µ
¶
1 − αp
(1 − αp)2
0 ≤ exp −
− exp −
+ 62αp2−1/α .
α (1 − (1 − αp)p)
α
¤
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4.7.4. Proof of Lemma 4.5. We need the following fact due to Chor & Goldreich
[CG89].
Proposition 4.14 (Convexity of distributions of bounded min-entropy). Let t be such
that 2t ∈ {1, ..., 2n }. A distribution f : {0, 1}n → R has min-entropy t iff it is a convex
combination of t-flat distributions f1 , ..., fL , i.e., f = λ1 f1 + ... + λL fL for some positive
λi ’s with λ1 + ... + λL = 1.

Proof. Assume f is a t-flat distribution. Define s := |{x : f (x) 6= 0}| and gf := df e,
i.e., f rounded up point wise. The range of gf is {0, 1}. Applying Lemma 4.3 and 4.4
n
and using the fact that fe(S) = 2 · gbf (S), S ⊆ [n],
2s

ES∼µp (fe(S)2 ) = (2 s)−2 4n ES∼µp (gbf (S)2 ) ≤
1

≤ (2 s)−2 (1 + 2− α +8 )αpn s2(1−αp) ≤
µ
¶
1
−2
−α
+8
≤ 2 exp (2
) αpn s−2αp .
By Jensen’s inequality,
1
ES∼µp (|fe(S)|) ≤ exp
2

µ

¶
1 − 1 +8
α
) αpn s−αp .
(2
2

Define α := 1/ log(512/t̃). Note that s = 2t = 2t̃n and α ≤ 19 . Thus,
¡ log(e) ¢
1 √ −αpnt̃
ES∼µp (|fe(S)|) ≤ 2αpnt̃ 4 −1 −1 ≤
2
.
2
Let f be a distribution of min-entropy t now. Using the convexity of distributions
of bounded min-entropy, Proposition 4.14, and the fact that the normalized Fourier
transform is a linear functional
¯!
Ã¯ L
¯
¯X
¯
¯
λi fe(S)¯ ≤
ES∼µp (|fe(S)|) = ES∼µp ¯
¯
¯
i=1

≤

L
X
i=1

1 √ −αpt̃n
λi ES∼µp (|fe(S)|) ≤
2
.
2
¤

4.7.5. Proof of Lemma 4.6.
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Proposition 4.15 (Kahn et al. [KKL88]). Let f : {0, 1}n → {−1, 0, 1} and 0 ≤ δ ≤ 1.
Then,
X

2

δ |S| fb(S)2 ≤ Pr(f (x) 6= 0) 1+δ .
x

S⊆[n]

Proof. Assume f is a t-flat distribution. Define p := Prx (f (x) 6= 0). Let gf := df e,
i.e., f rounded up pointwise. Applying Proposition 4.15 and using the fact that fe(S) =
1
2p

· gbf (S), S ⊆ [n],
X

X

fe(S)2 = (2 p)−2

S∈([n]
k )

2

gef (S)2 ≤ (2 p)−2 δ −k p 1+δ .

S∈([n]
k )
d

We recall that for a point r ∈ R ,
X
S∈([n]
k )

q P
d
2
d
i=1 ri . This implies
i=1 |ri | ≤

Pd

1
|fe(S)| ≤
2

We set δ = k/nζ and use the estimation
follows since p = 2−(n−t)

µ ¶1/2
δ
n
δ −k/2 p− 1+δ .
k

¡n¢

≥ (n/k)k . The claim for t-flat distributions
¡ ¢
and since S is chosen uniformly at random from [n]
. The
k
k

generalization to distributions of bounded min-entropy follows then from Proposition
4.14 and the linearity of the Fourier transform.

¤

4.7.6. Proof of Lemma 4.7.

Proof. Define pi := Prx∼fi−1 (h∗i (x) = yi ) and qi := Prx∼f (h∗1 (x) = y1 , ..., h∗i (x) = yi ).
From Prop. 4.1, (1 − η)/2 ≤ pi ≤ (1 + η)/2 for 1 ≤ i ≤ m. In particular, pi 6= 0 and
qi 6= 0 for 1 ≤ i ≤ m. Thus,
qj = pj qj−1 = pj pj−1 qj−2 = ... = pj · ... · p1 .
The first claim follows. Define q0 := 1. By the triangle inequality,
−m

|qm − 2

|≤

m
X
i=1

|qi −

qi−1
| · 2−(m−i) .
2
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Furthermore,

1
qi−1

· |qi −
−m

|qm − 2

qi−1
|
2

|≤

= |pi − 12 |. Thus,

m
X
|pi − 1/2| · qi−1

2m−i

i=1

≤

m
η X qi−1
≤
≤
2 i=1 2m−i

m
m
X
η X (1 + η)i−1 2−(i−1)
(1 + η)i−1
=
η
.
m
2 i=1
2m−i
2
i=1

Finally,
|qm − 2

−m

−m

|≤2

η

m
X

(1 + η)i−1 = 2−m ((1 + η)m − 1),

i=1

where we used η

Pm

i=1 (1

+ η)i−1 = (1 + η)m − 1.

¤

4.7.7. Proof of Lemma 4.8.
Proof. Let f be a flat distribution of min-entropy t with t0 = t̃0 n ≤ t ≤ n. We
define η :=

ε
.
2m

We show that h satisfies Prop. 4.1 with probability at least (1 − P )m .

The induction is over i = 1, ..., m. For i = 1, we need to show that | Prx∼f (h1 (x) =
y1 ) − 1/2| ≤ η holds with probability at least 1 − P . From Lemma 4.2, | Prx∼f (h∗1 (x) =
y1 ) − 1/2| = |fe(S ∗ )| where S ∗ defines h∗ . By Markov’s inequality and Lemma 4.5,
1

1

1

PrS∼µp (|fe(S)| ≥ η) ≤ P . Note that 1 − P > 0.
Assume the induction hypothesis holds for i < m. We condition on the fact that
(h∗1 , ..., h∗i ) satisfy Prop. 4.1. By Lemma 4.7 and observing that flat distributions are
closed under conditioning we get that fi is a flat distribution. We need to show that
| Prx∼fi (hi+1 (x) = yi+1 ) − 1/2| ≤ η holds with probability at least 1 − P . Again
∗
∗
| Prx∼fi (h∗i+1 (x) = yi+1 ) − 1/2| = |fei (Si+1
)| where Si+1
defines h∗i+1 . We want to apply
Lemma 4.5 again. We need to verify that the min-entropy of fi is not too small.
Equivalently, fi (z) should not be too large for any z ∈ {0, 1}n . By Lemma 4.7,
fi (z) = Pr (x = z | h1 (x) = y1 , ..., hi (x) = yi )
x∼f

= Pr (x = z, h1 (x) = y1 , ..., hi (x) = yi )·
x∼f

· Pr (h1 (x) = y1 , ..., hi (x) = yi )−1
x∼f

≤ 2−t 2i (1 − η)−i ≤ 2−t+i+2 .
The min-entropy of fm is thus at least t−i−2 ≥ t−(m−1)−2 ≥ (t0 +m+1)−m−1 = t0 .
Applying Lemma 4.5 finishes the proof of the claim.
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We showed that h satisfies Prop. 4.1 with probability at least (1 − P )m . This implies
that Prh (| Prx∼f (h∗ (x) = y) − 2−m | ≤ ε 2−m ) ≥ (1 − P )m by Lemma 4.7 and since
(1 + η)m − 1 ≤ ε. This finishes the analysis of h. The analysis for hc is the same as for
h but we use Lemma 4.6.

¤

4.7.8. Proof of Theorem 4.9.
Proof. Claim 2 (non-constant case). Let A be the solution set of F . Assume A
is non-empty and fix l. Define B := A ∩ {x : h(x) = b}, h from the l-th iteration of
acount.

Case |A|2−l−1 > 2n/κ . Define fA (x) :=
Lemma

1
|A|

if x ∈ A and 0 otherwise. By the Main

¯
µ¯
¶
¯
¯
7
−l
−l
Pr ¯¯ Pr (h(x) = b) − 2 ¯¯ ≤ ε 2
≥ ,
h,b
x∼fA
8

i.e.,
||B| − |A| · 2−l | ≤ |A| · ε · 2−l .

(4.5)

We have to calculate P to see this. Set ε := 12 . First,
p=

k+1
2 κ log(512κ) log(16n)
=
.
2n
n

Thus,
P =

l − log(16n2 ) κ log(512κ) t̃/ log(512/t̃)
1
2
≤
ε
8n

with t̃ = log(|A|)/n in our setting and since κ log(512κ) t̃/ log(512/t̃) ≥ 1. The latter
holds since t̃ ≥
n
κ

1
κ

by assumption. By the Main Lemma (t̃0 =

1
κ

and l ≤ n − nκ − 1 since

≤ log(|A|) − l − 1 by assumption)
µ
n

(1 − P ) ≥

1
1−
8n

¶n
≥ 7/8.

We estimate the probability that h is k-local next. Let |Vi | denote the number of
variables hi depends on. By Chernoff’s Bound
Pr(|Vi | ≥ 2pn) = Pr(|Vi | ≥ k + 1) ≤ (e/4)pn ≤
hi

Thus,

µ
Pr(∀i : |Vi | ≤ k) ≥
h

1
1−
16n

¶n
≥ 7/8.

1
.
16n
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The joint probability that Eq. 4.5 holds and h is k-local is thus at least 2 ·

7
8

− 1 = 34 .

The inner loop amplifies this probability to 1 − 1/n.

Case |A|2−l+3 < 1. Let X = X(h, b) be |B|. Let Xx indicate whether h(x) = b. Then,
E(Xx ) = 2−l and thus E(X) = |A|2−l . By Markov’s inequality,
Pr(X < 1) ≥ 7/8.
h,b

This implies that the joint probability that B = {} and h is k-local is at least 43 . The
inner loop amplifies this probability to 1 − 1/n.

Eq. 4.5 implies B 6= {} if A 6= {}. Assume the algorithm stops at l = l0 ∈ [n]. It
outputs 2l0 −1 . From the first case, we get that l0 ≥ log(|A|) −

n
κ

− 1 with probability

(w.p.) at least (1 − 1/n)n+1 because the algorithm continues if l0 < log(|A|) −

n
κ

−1

w.p. at least 1 − 1/n per step. From the second case, l0 ≤ log(|A|) + 3 w.p. at least
1 − 1/n because the algorithm stops if l0 > log(|A|) + 3 w.p. at least 1 − 1/n.

We do not know how the algorithm behaves in the range
Ω(1) ≤ log(|A|) ≤

n
+ O(1).
κ

This causes the approximation error. We can overcome this problem using a simply
technique to prove the second claim.

Claim 2 (constant case). This analysis remains the same as in the non-constant
case. We are just have to show (1 − Q)m ≥ 1/4 which follows from Q ≤
ζ := 1 − k4 , t0 := n −

log(n)
k

1
m

and ε := 12 ,

n1−4/k .

Claim 1. We note that we can count the number of solutions exactly in time Õ(2(c+δ)n )
if |A| ≤ 2δn . This follows from the self-reducibility of SAT and the prerequisites.
Set δ :=

1
.
κ

If p ≤

δ
2

we know that h is with high probability (δn)-local. We can

encode a (δn)-local hash function in time Õ(2δn ) as a CNF. We adapt acount in the
following way: If the input CNF F has more than b2δn c solutions we construct h for
l = 1, ..., d(1 − δ)ne and continue as long as F ∪ G has at least b2δn c solutions. We

4.7. Proofs
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output the exact number of solutions of F ∪ G times 2l . The analysis goes as follows.
We observe that as soon as |A| 2−l < b2δn c we know it and the approximation error is
thus determined by Eq. 4.5. Rewriting Eq. 4.5 we get
(1 − ε) |A| ≤ |B| 2l ≤ (1 + ε) |A|.
For some p = O(δ) and t̃ ≥ δ we get from the Main Lemma
P = 2−O(δ

2 n/ log(1/δ)−log( 1 ))
ε

which is small enough for some log( 1ε ) = Ω(δ 2 n/ log(1/δ)).

¤

CHAPTER 5

Analysis of Hash Functions in More Detail
5.1. Introduction
Hash functions are an important concept in different areas of computer science such as
algorithms, computational complexity, cryptography, and data structures. Their applications range from storing data, constructing cryptographic primitives to approximate
counting. We explore on the techniques for analyzing (local) hash functions in more
depth next.
We present a new application first. We study the satisfiability of CNFs with log(n)e
maximum clause width and with a gap in the number of solutions: an input CNF is
unsatisfiable or has at least 2αn solutions. We show that decreasing the gap causes
an increase in the complexity. For 0.6 < α̃ < α < 1 and all large enough e, the
corresponding satisfiability problem with gap parameter α̃ has higher exponential time
complexity than the problem with gap parameter α. If such a result holds for k-CNFs
with constant k remains open and is stated in [CIKP08].
We also provide two Fourier-analytic proofs of special cases of the Left-Over Hashing
Lemma [ILL89]. In one of the proofs we introduce a new technique which we call
random polynomial multiplication. Although the technique of multiplying with special
random polynomials is more complicated to apply than iterated entropy decay, it states
a connection between linear hashing and estimates of random power spectra that is
as close as possible. The power spectrum of a function g is (ĝ(S)2 )S⊆[n] . The only
restriction is as follows. In a probabilistic construction of a hash function we randomly
select S1 , ..., Sm according to some distribution D over X := {X : X ⊆ [n]}. The hash
L
L
function is ( i∈S1 xi , ..., i∈Sm xi ). The restriction that we have is that S1 , ..., Sm must
be selected independently and identically.
Random polynomial multiplication (Lemma 5.10) relates the expected error of the
randomness extraction process to estimates of ES∼E (f˜(S)2 ) where E is a distribution
over X which depends on D. This is similar to iterated entropy decay. But the
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connection to random power spectrum estimates is closer. Random power spectrum
estimates are themselves related to hypercontraction.

5.1.1. Hypercontraction. We explain the connection to estimates such as the Hypercontractive inequality of Boolean functions next. We will need Parseval’s identity
subsequently. See for example [O’D08] for a proof of it in the context of Boolean
functions. Parseval’s identity allows us to switch between the time domain and the
frequency domain.

Proposition 5.1 (Parseval’s identity). For any function f : {0, 1}n → R,
Ex∼{0,1}n (f (x)2 ) =

X

fˆ(S)2 .

S⊆[n]

We also need a couple of definitions. Define the convolution of f : {0, 1}n → R and
g : {0, 1}n → R as
(f ∗ g)(x) := Ey∼{0,1}n (f (x ⊕ y) g(y))
and the `p -norm, p ≥ 1, of f as
kf kp := (Ex∼{0,1}n (|f (x)|p ))1/p .
Let g be the function with ĝ(S) =

p
E(S), E as above. Then

ES∼E (fˆ(S)2 ) =

X

fˆ(S)2 · ĝ(S)2 = kf ∗ gk22

S⊆[n]

by the fact that convolution becomes multiplication in the frequency domain and by
Parseval’s identity. We think of g as fixed and define the convolution operator
Tg f := f ∗ g.
Written in this terminology, we are interested in bounds of the form
kTg f k2 ≤ B · kf kq
with q < 2. Operators with this property are called usually a contraction if additionally
B ≤ 1. In our setting we just want that B does not depend directly on f and that it
is small enough for our applications.
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The Hypercontractive inequality is a bound as above for the following operator Nε ,
ε ∈ [0, 1], called noise operator, which we define via its Fourier expansion by
|S|
d
ˆ
N
ε f (S) := f (S) ε .

The noise operator is also a convolution operator.
(Nε f )(x) = Ey∼µ 1−ε (f (x ⊕ y)) =
2

= 2n Ey∼{0,1}n (f (x ⊕ y) · µ 1−ε (y)) = 2n · (f ∗ µ 1−ε )(x)
2

2

We see that (Nε f )(x) may be understood as a noisy evaluation of f at x. The noise y is
selected from {0, 1}n according to the Bernoulli distribution µ 1−ε and (Nε f )(x) is the
2

average over all such y. We can see via a Chernoff bound that we change approximately
(1−ε)n
2

bits of x with high probability. The relation to random power spectrum estimates

is
kTgp f k2 = (1 − p)n/2 · kN√ p f k2
1−p
p
where gp is the function given by gbp (S) = µp (S) and 0 < p ≤

1
.
2

The following

estimate is a special case of the Hypercontractive inequality for Boolean functions. Its
formulation is from [dW08].
Proposition 5.2 ([Bon70, Gro75, Bec75]). Let f : {0, 1}n → R and 0 < p ≤ 12 .
Then

°
° N√

p
1−p

°
f °2 ≤ kf k

1
1−p

.

An important property of the Hypercontractive inequality is that it allows estimates
for random power spectra which are concentrated on the Fourier-coefficients with a
small support set. This is stated in the KKL inequality, Proposition 4.15. In rough
words, this is the reason for the “hyper” in hypercontraction. See [O’D08] for more
on this.
We can now compare Lemma 4.3 to the Hypercontractive inequality. We define Ã(α, p)
in Lemma 4.3. Note that the case α = 1 corresponds to the Hypercontractive inequality.
Corollary 5.3. Let f : {0, 1}n → {−1, 0, 1}, 0 < p ≤ 12 , and 0 < α ≤ 1. Then,
°
° N√

p
1−p

°
f °2 ≤

µ

Ã(α, p)
(1 − p) 4αp

¶n/2
kf k

1
1−αp

.
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1
1−αp

≤

1
1−p

and thus kf k

1
1−αp

≤ kf k

1
1−p

. We get this stronger con-

traction at the expense of a factor which is exponentially large in n if

Ã(α,p)
(1−p) 4αp

≥ 1 + δ,

δ > 0 constant.

5.1.2. Overview Hash Functions. We will see a couple of new hash functions in
this chapter. We provide a rough comparison of their most important properties in the
following table. The table does not contain exact results. See the references for the
exact results.
The most important quantity is compared in Column “Condition”. A flat distribution
with min-entropy t has to satisfy the condition t − m ≥ e + O(1), e the entry in the
table. We can then extract m random bits under this condition. The first four functions
exhibit a non-trivial locality property (Column “Locality”). The functions b, s, and g
have the diagonal property (Column “Diagonality”). All hash functions are linear by
construction and induce an m × n-matrix. If the first m columns of this matrix form a
diagonal matrix we say that the corresponding function has the diagonal property. We
also observe that in the analysis of the first four functions we need either Lemma 4.5
(AHI) or the Hypercontractive inequality (HI). Whereas it suffices to use Parseval’s
identity (P) in the analysis of the non-local hash functions. See Column “Estimate”.
We take a closer look at the trade-off between the amount of uniform random bits that
we can extract and locality. We need to set p = (c · log(n))/n for some c = c(κ) in the
construction of h to achieve t − m ≥ n/κ + O(1). In this case h has locality 10 c log(n)
with high probability. The locality of hc is k. We get these estimates from the proof
of Theorem 4.9. These two results complement each other.
The amount of uniform random bits the functions s and b can extract is limited to
t − m ≥ n/320 + O(1) and t − m ≥ 0.6n + O(1). Both hash functions are c log(n)-local
for some absolute constant c. It is not possible to extract more randomness by allowing
higher locality, i.e., by increasing c. Hence we do not have a trade-off. The difference
between h and hc on the one side and s and b on the other side is the diagonal property.
We recall that ε denotes the approximation parameter. We assume it is constant, say
ε = 12 , for the first four functions.
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Fct.

Condition

h

n/κ

hc

n−

s
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Locality

Diagonality

Estimate

Ref.

yes

no

AHI

4.4

yes

no

HI

4.4

n/320

yes

yes

AHI

5.6

b

0.6n

yes

yes

HI

5.3

g

6 log( mε )

no

yes

P

5.4

h1/2 2 log( 1ε )

no

no

P

5.4

log(n) 1−4/k
n
k

5.2. Preliminaries
We use the notation which we introduce in Sec. 1.3. We define local hash functions in
Sec. 4.3 and the (normalized) Fourier transform in Sec. 4.4.
We recall the conventions from Sec. 4.2. We assume uniform sampling if we sample
from a set without specifying the distribution. We also use a special O(·) notation for
estimating the running time of algorithms. We suppress a polynomial factor depending
on the input size by writing Õ(·). We denote the Bernoulli distribution with bias p by
µp .

5.3. The Number of Solutions and their Influence
An instance of Gapα̃,e -SAT is a log(n)e -CNF with either 0 or at least 2αn solutions, e
a positive integer. The problem is to decide satisfiability.
We call an algorithm a 2cn -randomized algorithm iff its running time is Õ(2cn ) and its
error probability is at most 1/3. Define
ce,α := inf{c : ∃2cn -randomized algorithm for Gapα,e -SAT}.
Theorem 5.4. Let 0.6 < α̃ < α < 1. For any large enough e,
cα̃,e > cα,e .
In words, deciding satisfiability is harder on instances with few solutions.
We start with the construction of the special local hash function b. After this we show
how our reduction works. At the end we outline the analysis of b.
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5.3.1. Construction of b. The construction and analysis of b are similar to that of
hc . We construct linear Boolean functions b1 , ..., bm : {0, 1}n → {0, 1} for given n, m,
and κ.

Construction of b: Fix a set V := {v1 , ..., vm } ⊆ [n] of size m. For i = 1, ..., m: Independently and uniformly at random choose a set Si ∼ Ti := {S : S ⊆ ([n]\V ), |S| = κ}.
L
Define bi (x) := xvi ⊕ j∈Si xj and continue. The hash function is b := (b1 , ..., bm ).

We can rewrite the linear system b1 (x) = y1 , ..., bm (x) = ym in matrix notation as
Bx = y, B ∈ {0, 1}m×n . We can transform B furthermore into a matrix by permuting
columns such that the first m columns form a diagonal matrix with non-zero entries
along the diagonal. This special property which we call diagonal property in the
introduction and the locality of b are essential for our applications.

5.3.2. Reduction. We outline how the reduction works next. We will see here (again)
why we need a local hash function. The reduction employs the probabilistic construction of b for some κ = O(log( mε )). Its input is a k-CNF F with n variables and
parameters m, ε. The set V is not important in our application. We specify m, ε,
and k below. The output is a O(k log( mε ))-CNF F 0 with n − m variables. The fact the
algorithm contracts the gap in the number of solutions of F motivates the name.

Algorithm F 0 = GapContraction(F ):
Construct b for some V = {v1 , ..., vm }. For i = 1, ..., m: Set b0i (x) := bi (x) ⊕ xvi .
Rewrite b0i (x) = 0 as a CNF Gi over variables with indices from Si . Replace every
occurrence of xvi in F by Gi and continue. Finally, transform the resulting set into a
CNF F 0 . We do this last step by enumerating for every set1 C in F all possible assignments of variables U occurring in it. We record all assignments a ∈ {0, 1}U which do
not satisfy any literal/CNF in C. We encode these assignments as clauses G01 , G02 , ...
and replace C by G01 , G02 , ....

1Which

is not necessarily a clause since it can contain CNFs.

¤
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In our setting k = log(n)e , m is essentially (α − α̃)n = Θ(n), and ε = 12 . Let us fix
V = {1, ..., m}. In the first step we transform the linear system
b1 (x) = 0
..
.
bm (x) = 0
into
b01 (x) = x1
..
.
b0m (x) = xm
with the same set of solutions. This is step in which we make use of the diagonal
property. We observe that we do not increase the locality of the rows.
Running Time. The critical step in the algorithm is the last one. We observe that the
CNFs Gi have maximum clause width κ = O(log( mε )) and contain 2κ−1 clauses. This is
necessary since the b0i ’s are linear functions. It is well known that linear functions are
hard to compute by CNFs. This is however not a problem since κ = O(log(n)) in our
application. The later is also the reason why the last step of GapContraction requires
quasi-polynomial time in n since we have to enumerate up to
2k·κ = 2O(log(n)

e+1 )

assignments for every clause.
Correctness. To prove the correctness of the algorithm we proceed in the proof roughly
as follows. Let A be the set of solutions of the input log(n)e -CNF F and let A0 be the
set of solutions of F 0 . We show: If F is unsatisfiable then F 0 is also unsatisfiable. If
F is satisfiable and thus |A| ≥ 2αn then Lemma 5.7 below guarantees that F 0 is also
0 0

satisfiable and moreover |A| ≥ 2α n , n0 the number of variables in F 0 .

5.3.3. Analysis of b. We outline the proof of Lemma 5.7 below. It states that the
random function b is a local hash function with high probability. We will achieve this
by suitable applications of the following result due to Kahn et al. [KKL88], called
the KKL inequality in [dW08], which is itself a consequence of the Hypercontractive
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inequality [Bon70, Bec75, Gro75]. See [dW08, O’D08] for further information.
We apply the KKL inequality also in the proof of Lemma 4.6.
Proposition 5.5 (KKL Inequality, [KKL88]). Let 0 ≤ δ ≤ 1 and g : {0, 1}n →
{−1, 0, 1}. Then,
X

δ κ gb(S)2 ≤

S∈([n]
κ)

X

2

δ |S| gb(S)2 ≤ Pr(g(x) 6= 0) 1+δ .

S⊆[n]

x

Together with Proposition 4.14 and the linearity of the Fourier transform we get the
more appropriate form
Lemma 5.6. Let f : {0, 1}n → R be a distribution of min-entropy t, 2t ∈ {1, ..., 2n },
¡ ¢
and 0 < δ ≤ 1. Let T ⊆ [n]
be non-empty. Then,
κ
ES∼T (|fe(S)|) ≤

(n−t) δ
ρ
with ρ = δ −κ/2 · |T |−1/2 · 2 1+δ .
2

We prove Lemma 5.7 by employing the technique of iterated entropy decay as described
in Sec. 4.4. It is the counter part of Lemma 4.8. In its proof we apply the previous
lemma.
√
Lemma 5.7 (Analysis of b). Let 0 < ε < 1 and m be such that log( mε ) = O( n) and
0.6n + m + 1 ≤ n. Then, b is a (0.6n + m + 1, ε)-hash function for flat distributions
with probability at least 1 − om (1).
5.4. The Left-Over Hashing Lemma Revisited
We prove special cases of the Left-Over Hashing Lemma which we discussed already in
Sec. 4.1. We provide an efficient probabilistic construction of a hash function g which
works for flat distributions of min-entropy t with Ω(log(n)) ≤ t ≤ n. We also show
that h from Sec. 4.4 with bias p =

1
2

is a hash function for distributions of min-entropy

t with Ω(1) ≤ t ≤ n. Both hash functions are not local and are therefore not applicable
in an obvious way to study the complexity of SAT. We use the locality of h with a
small bias p to encode it efficiently as a CNF.
The two proofs are different. In our first proof we use the technique of iterated entropy
decay from Sec. 4.4. In our second proof we present a new technique which is based
on multiplication with random polynomials.
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5.4.1. Via Iterated Entropy Decay. The construction and analysis of g are similar
to that of h and hc . We construct linear Boolean functions g1 , ..., gm : {0, 1}n → {0, 1}
for given n and m.

Construction of g: Fix V := {v1 , ..., vm } ⊆ [n]. For i = 1, ..., m: Independently
and uniformly at random choose a set Si ∼ Ti := [n] \ {v1 , ..., vi }. Define gi (x) :=
L
xvi ⊕ j∈Si xj and continue. The hash function is g := (g1 , ..., gm ).

The following lemma is the counterpart of Lemma 4.8.
Lemma 5.8 (Analysis of g). Let 0 < ε < 1. Let m be such that m + 6 log( mε ) + 1 ≤ n.
Then, g is an (m + 6 log( mε ) + 1, ε)-hash function for flat distributions with probability
at least 1 − om (1).

Its proof is more subtle since the size of the sample space gets smaller after every step
in the construction. We have to take care of this. On the other side we do not need
Lemma 4.5 but only the following lemma which is a consequence Parseval’s identity.
Lemma 5.9. Let f : {0, 1}n → R be a distribution of min-entropy t with 2t ∈ {1, ..., 2n }.
Then,
ES∼µ1/2 (|fe(S)|) ≤ 2−t/2−1 .
There is an important aspect in the application of Lemma 5.8. Instead of working with
0
the linear system (g1 , ..., gm ) = (y1 , ..., ym ) we work with (g10 , ..., gm
) = (xv1 , ..., xvm ), y

from the definition of a hash function and v1 , ..., vm from the construction of g. It is
constructed by the following process: For i = m, ..., 1, set gi0 = gi ⊕ xvi ⊕ yi , i.e., gi0
does no longer depend on xvi . Replace in every gj with j < i the variable xvi by gi0 if
xvi occurs in gj . Continue.
0
depend only on coordinates from [n] \ V .
We observe that the functions g10 , ..., gm

Moreover, both linear systems define the same subspace of Fn2 . We use this fact in the
proof of the lemma and also in an application we give below.
In the proof of Lemma 5.8 we use the technique of iterated entropy decay which we
describe in Sec. 4.4. We would like to remark on an interesting observation. In the
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proof we have to deal with sums of the form, i ∈ [n],
X

fˆ(S)2

S:i∈S

which equals
Pr (f (x) 6= f (x1 , ..., 1 − xi , ..., xn ))

x∼{0,1}n

up to a factor depending on the range of the function by Kahn et al. [KKL88]. We
assume here that the range of f has size 2. This quantity is called the i-th variable influence. We make the observation that low influential variables are good for constructing
hash functions. Selecting in every iteration step greedily a variable of smallest influence might yield better constructions. There is also a possible approach to construct
local hash functions based on variable influence bounds and work of Benjamini et al.
[BKS99]. We discuss it in a subsequent subsection.

5.4.2. Via Random Polynomial Multiplication. We need some preparation to
explain our new technique. In what follows let D be a distribution over all subsets
of [n], T1 , ..., Tm ∼ D, T := (T1 , ..., Tm ), b1 , ..., bm ∼ {0, 1}, and b := (b1 , ..., bm ). We
also define UI := ∆i∈I Ti . We observe that UI induces a distribution Ds , s = |I|,
on {X : X ⊆ [n]}. The concrete index set I does not matter since the Ti ’s are
independently distributed. Let Us ∼ Ds .
Let g : {0, 1}n → {0, 1} and define
m µ
Y
M ¶
h :=
bi ⊕
xj
i=1

j∈Ti

G := g · h
The function h is a random polynomial. If we say random polynomial multiplication
we actually mean another polynomial representation of h in terms of its “characters”.
See the proof of the following lemma for more details on it. The following lemma is
also the main tool of our new approach to analyze linear hash functions. Note that the
Fourier coefficient of a Boolean function with range {0, 1} at ∅ equals the probability
that a random point x ∼ {0, 1}n evaluates to 1.
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Lemma 5.10. Let T , b, and Us be as above. Let g : {0, 1}n → {0, 1}. Then,
m µ ¶
X
¡
¢
¡
¢
m
−m
2
−m
ET,b (Ĝ(∅) − 2 ĝ(∅)) = 4
EUs ĝ(Us )2 .
s
s=1
In terms of randomness extraction we get by dividing both sides with ĝ(∅)
Corollary 5.11. Let T , b, and Us be as above. Let f : {0, 1}n → R be a flat
distribution. Then,
M
¡
¢
ET,b ( Pr (∀i ∈ [m] :
xj = bi ) − 2−m )2 =
x∼f

j∈Ti

=4

−m+1

m µ ¶
X
¡
¢
m
EUs f˜(Us )2 .
s
s=1

The benefit of this result is that we can analyze the randomness extraction process by
¡
¢
estimating EUs f˜(Us )2 . We want an upper bound ε2 · 4−m . The goal is thus to identify
the distributions f for which
m µ ¶
X
¢
¡
m
EUs f˜(Us )2 ≤ ε2
4
s
s=1

holds. We give an example of how to do this next. Let D = µp . Then
Us = µps
where pi is defined recursively by p1 := p and pi+1 := p (1 − pi ) + pi (1 − p). Note that
limi→∞ pi = 21 . If furthermore p =

1
2

then pi =

1
2

for every i ≥ 1. In other words, Us is

the uniform distribution over {0, 1}n for every s ∈ [n] in this case. We can thus apply
Parseval’s identity and get the following result. We define h in Sec. 4.4.
Corollary 5.12 ([ILL89]). Let m be a positive integer. Let h1/2 denote h with bias
p = 12 . Let 0 < ε < 1. Let f be a flat distribution of min-entropy t. If t ≥ m + 2 log( 1ε )
then
¯¶
µ X ¯
¯
¯
1/2
−m ¯
¯
Pr
(h
(x)
=
b)
−
2
Eh1/2
¯ ≤ ε.
¯ x∼f
b∈{0,1}n

5.4.3. Application. We discuss an application of Lemma 5.8 next. We call a function
` : {0, 1}U → {0, 1}n a linear extension over U ⊆ [n] iff every `i is a linear function in
FU2 , i.e., `i (x ⊕ y) = `i (x) ⊕ `i (y) for all x, y ∈ FU2 .
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Proposition 5.13. Let 0 < ε < 1. Let g : {0, 1}n → {0, 1} with
1
Ex∼{0,1}n (g(x)) ≥ .
2
Let U ⊆ [n] with |U | = Ω(log( nε )). There exists a linear extension ` over U such that
¯
¯
¯
¯
¯Ex∼{0,1}n (g(x)) − Ex∼{0,1}U (g(`(x)))¯ ≤ ε · Ex∼{0,1}n (g(x)).
¯
¯
Moreover, ` is computable in randomized polynomial time in n.
An efficient deterministic construction of g implies an efficient deterministic variant
of the previous result with the consequence that P = RP = coRP. An efficient deterministic construction is thus probable hard to achieve. A similar result holds for
Lemma 5.10 with the difference that we can not fix U in advance. On the other side,
|U | = Ω(log( 1ε )) works.
5.5. Derandomization and Hardness of Approximation
All of our constructions of hash functions are probabilistic. This raises the following
question.
Question 5.14. Are there efficient deterministic constructions of hash functions with
bounded or perhaps even constant locality?
Deterministic constructions are often more informative than probabilistic constructions. This may help us subsequently to construct improved local hash functions for
flat distributions with a support set which can be defined by k-CNFs. We are mainly interested in these distributions. We recall that we remarked in Sec. 4.4 that our
constructions are essentially optimal. This holds however only if we construct them
without looking at the k-CNF which defines the support set of a flat distribution. We
need thus to get the right information out of the k-CNF before constructing the local
hash function. A deterministic algorithm may be more appropriate for this purpose.
To see the difficulty of the above question we discuss a connection between deterministic
constructions of local hash functions and hardness of approximation. The following
result which is similar to Proposition 5.13 follows from an analysis of a special local
hash function similar to b which we denote by s. We define it in the proof of the
proposition. We also use the terminology from the statement of Proposition 5.13.
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Proposition 5.15. Let 0 < ε < 1. Let g : {0, 1}n → {0, 1} with Ex∼{0,1}n (g(x)) ≥ 12 .
Let U ⊆ [n] with |U | ≥
such that

n
.
320

There exists a O(log( nε ))-local linear extension ` over U

¯
¯
¯
¯
¯Ex∼{0,1}n (g(x)) − Ex∼{0,1}U (g(`(x)))¯ ≤ ε · Ex∼{0,1}n (g(x)).
¯
¯

Moreover, ` is computable in randomized polynomial time in n.
One interesting way to define a derandomization of this result is to require an efficient
deterministic construction of ` which works for any function g with Ex∼{0,1}n (g(x)) ≥

1
2

– unlike in the proof of the previous result in which we fix g and show then existence of
`. If ` is additionally O(1)-local we get almost what Applebaum et al. [AIK06b] call
a linear pseudorandom generator with constant locality. There are (perhaps crucial)
differences in the concrete parameter setting. We think nevertheless that this connection can be seen as a hint that derandomized constructions of local hash functions are
hard to achieve since Applebaum et al. [AIK06b] show that the existence of linear
pseudorandom generators with constant locality imply the hardness of approximating
MAX-k-SAT. Moreover, they do not assume P 6= NP. We may conclude from this that
a derandomization is hard to achieve unless we assume a complexity theoretic hardness
assumption as for example in [IW97].

5.6. Open Problems
5.6.1. Local Hash Functions and Variable Influences. We discuss an alternative
approach to construct and analyze local hash functions. Central for the analysis of local
hash functions are bounds on the low levels of the Fourier spectrum, i.e., bounds on
E|S|=j (fˆ(S)2 ).
We can use for example Lemma 4.3 to obtain such bounds. We discuss an alternative
approach next.
We define the i-th variable influence of f as
Inf i (f ) :=

Pr (f (x) 6= f (x1 , ..., 1 − xi , ..., xn ))

x∼{0,1}n

and
Inf(f ) :=

n
X
i=1

Inf i (f )
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and
Π(f ) :=

n
X

Inf i (f )2 .

i=1

Benjamini et al. [BKS99] generalize a result of Talagrand [Tal96] by showing that
Proposition 5.16 ([BKS99]). For each j = 1, ..., n, there is a constant Cj < ∞ with
the following property. Let f : {0, 1}n → {0, 1} be a monotone increasing function.
Then,

X

fˆ(S)2 ≤ Cj Π(f ) log(1/Π(f ))j−1 .

|S|=j

Trivial bounds, f not a constant function, are
2−n ≤ Inf i (f ) ≤ 2µ(f )
with µ(f ) := Prx∼{0,1}n (f (x) = 1) and thus
4−n ≤ Π(f ) ≤ Inf(f ) ≤ 2nµ(f ).
We get however a considerable better bound if we assume that f has some structure. An
interesting case are functions which are defined by k-CNFs. For these not necessarily
increasing functions [Tra09b, PPZ99]
Inf(f ) ≤ 2kµ(f ) log(1/µ(f ))
and thus
µ ¶−1
n
2
ˆ
E|S|=k (f (S) ) ≤
2 Ck k µ(f ) log(1/µ(f )) (2n)k−1 ≤
k
µ ¶−1
n
≤
Ck k µ(f ) (2n)k ≤ Ck (2k)k µ(f ).
k
There are a couple of problems with this bound if we want to apply it in the analysis
of a local hash function for flat distributions defined by k-CNFs. First, we need an
additional factor 2−n/2 on the right-hand side and Ck ≤

1
k!

is preferable. Second,

the result holds only for increasing functions. On the positive side, we can apply the
technique of iterated entropy decay. It is easy to see that if we condition on an event
depending on k coordinates we get again a flat distribution that has a support which
is definable by a k-CNF.
5.6.2. Derandomization and Hardness of Approximation.
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Question 5.17. Do there exist hash functions which can extract a linear number of
random bits and which have constant locality? Do they exist with high probability?
Finally, another open problem is to make the connection between local hashing, derandomization, and hardness of approximation precise.
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5.7. Proofs
5.7.1. Proof of Corollary 5.3.
Proof. We observed in Sec. 5.1 that
kTgp f k2 = (1 − p)n/2 · kN√
where gp is the function given by gbp (S) =

p

p
1−p

f k2

µp (S) and for 0 < p ≤ 12 . We take a closer

look at this identity. By Parseval’s identity
kTgp f k22 = ES∼µp (fˆ(S)2 )
and
kN√

2
p f k2
1−p

=

X

µ
fˆ(S)2

S⊆[n]

p
1−p

¶|S|
.

This proves actually the identity. To prove our claim we rewrite
µ
¶1−αp
X
−n
kf k 1 = 2
|f (x)|
=
1−αp

x∈{0,1}n

= 2−(1−αp)n · |Supp(f )|1−αp
where Supp(f ) = {x ∈ {0, 1}n : f (x) 6= 0}. Applying Lemma 4.3
(1 − p)n kN√

p
1−p

f k22 = kTgp f k22 = ES∼µp (fˆ(S)2 ) ≤
≤ 4−n Ã(α, p)n |Supp(f )|2(1−αp) =
µ
¶n
Ã(α, p)
=
· kf k2 1 .
αp
1−αp
4
¤

5.7.2. Proof of Theorem 5.4.
Proof. Set ε :=

1
2

and m := b(α − α̃))nc − 1. Algorithm GapContraction gets

as input a log(n)e -CNF F and outputs a O(log(n)e+1 )-CNF F 0 . A O(log(n)e+1 )CNF is a log(n)e+2 -CNF for all large enough n. Note also that the running time
of GapContraction is quasi-polynomial in n. (We argued about it already in Sec. 5.3.)
If F is unsatisfiable then also F 0 by construction. Assume F is satisfiable and let
A ⊆ {0, 1}n be the set of solutions of F and A0 ⊆ {0, 1}n−m be the set of solutions of
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F 0 . Let B := A ∩ {x ∈ {0, 1}n : b(x) = (0, ..., 0)}. Define fA (x) :=

1
|A|

if x ∈ A and 0

otherwise. By Lemma 5.7,
¯
µ¯
¶
¯
¯
−m ¯
−m−1
¯
Pr ¯ Pr (b(x) = (0, ..., 0)) − 2 ¯ ≤ 2
≥ 1 − om (1),
b

x∼fA

i.e., ||B| − |A| · 2−m | ≤ |A| · 2−m−1 with probability 1 − om (1). This implies that
|B| ≥ 12 |A|·2−m ≥ 2α̃n . Moreover, |B| = |A0 | since the number of solutions is preserved
by the replacement done by GapContraction. Since the number of variables in F 0 is at
most n − b(α − α̃)nc + 1 ≤ (1 − (α − α̃))n + 2,
cα,e ≤ (1 − (α − α̃)) (cα̃,e+2 + δ)
for any δ > 0. We are left with showing that cα̃,e+2 ≤ cα̃,e + ε for given ε and large
enough e. We consider the sequence of numbers (cα̃,e )e≥1 . It has a limit cα̃ since the
sequence is non-decreasing and bounded above by 1. This implies that there exists
e0 (ε) such that for all e ≥ e0 (ε): cα̃ − cα̃,e ≤ ε. The claim follows from cα̃,e+2 ≤ cα̃ . ¤

5.7.3. Proof of Lemma 5.6.

Proof. Assume f is a t-flat distribution. Define p := Prx∼{0,1}n (f (x) 6= 0) and gf :=
df e, i.e., f rounded up pointwise. The range of gf is {0, 1}. Applying Proposition 5.5
1
and using the fact that fe(S) = 2p
· gbf (S), S ⊆ [n],
X
S∈T

fe(S)2 ≤

X

fe(S)2 = (2 p)−2

S∈([n]
κ)

X

2

gbf (S)2 ≤ (2 p)−2 δ −κ p 1+δ .

S∈([n]
κ)
d

We recall that for a point r ∈ R ,

q P
d
2
d
i=1 |ri | ≤
i=1 ri (e.g., a consequence of

Pd

Cauchy-Schwarz). This implies
X
S∈T

|fe(S)| ≤

δ
1
· |T |1/2 · δ −κ/2 · p− 1+δ .
2

The claim for t-flat distributions follows since p = 2−(n−t) and since S is chosen uniformly at random from T .
Let f be a distribution of min-entropy t now. Using the convexity of distributions
of bounded min-entropy, Proposition 4.14, and the fact that the normalized Fourier
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transform is a linear functional
ES∼T (|fe(S)|) = ES∼T

¯!
Ã¯ L
L
¯X
¯
X
ρ
¯
¯
e
λi f (S)¯ ≤
λi ES∼T (|fe(S)|) ≤ .
¯
¯
¯
2
i=1
i=1
¤

5.7.4. Proof Lemma 5.7. The following lemma states that |fe(S)| is small with high
probability for a large enough sample space T . We use it instead of Lemma 5.6.
Lemma 5.18. Assume the sample space T satisfies the following properties. Let 0 <
¡ ¢
√
ζ < 1 and 1 − ζ · 0.673 ≤ γ ≤ 1. Let κ = O( ζn) be an integer and T ⊆ [n]
be such
κ
¡dζne¢
that |T | ≥ κ . Let f : {0, 1}n → R be a distribution of min-entropy γn ≤ t ≤ n,
2t ∈ {1, ..., 2n }. Let 0 < η ≤ 1. Then, there exists d < 1 which depends on γ and ζ
only such that

³
η´
|fe(S)| ≤
≥ 1 − O(κ1/4 dκ /η).
S∼T
2
√
Proof. We recall Stirling’s approximation: n! = Θ( n(n/e)n ). Define ñ := dζne and
Pr

δ :=

κ
.
∆ñ

We specify ∆ below. By Lemma 5.6
³
ES∼T

´ 1 µ ∆ñ ¶κ/2 µñ¶−1/2
κ
e
· 2(n−t) ∆ñ .
|f (S)| ≤
·
κ
2
κ

By Stirling’s approximation,
µ
¶κ
µ µ
¶1/2 µ
¶ñ−κ ¶
∆ñ
κ(ñ − κ)
κ!(ñ − κ)!
κ
κ
·
=Θ ∆
1−
=
κ
ñ!
ñ
ñ
µ
¶
µµ ¶κ
¶
√ −κ+κ2 /ñ
∆ √
κ
= Θ ∆ κe
=Θ
κ
e
√
κ
where we used κ = O( ñ). For t = (1 − α)n and β = α/ζ, 2(n−t) ∆ζn = 2βκ/∆ . We
want to bound d := ∆ · e−1 · 22β/∆ away from 1. This is the case for ∆ = 2 ln(2) and
α < ζ log(e/∆) ∆2 . Thus, γ has to be larger than 1 − ζ log(e/∆) ∆2 which is the case if
γ ≥ 1 − ζ · 0.673. The claim follows then from Markov’s inequality.

¤

Proof. Let f be a flat distribution of min-entropy t with t0 = 0.6n+m+1 ≤ t ≤ n. We
show that b satisfies Prop. 4.1 with probability at least (1−P )m , P = O(κ1/4 dκ /η) and
η :=

ε
2m

and for some κ = Om (log( mε )). The induction is over i = 1, ..., m. For i = 1,

we need to show that | Prx∼f (b1 (x) = y1 ) − 1/2| ≤ η/2 holds with probability at least
1 − P . From Lemma 4.2, | Prx∼f (b∗ (x) = y1 ) − 1/2| = |fe(S ∗ )| where S ∗ defines b∗ . We
1

1

1

1

can thus apply Lemma 5.18. We fix ζ := 0.6. This implies that we can apply the lemma
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for distributions of min-entropy at least 0.6n – since 0.6 = γ > 0.597 > 1 − 0.6 · 0.673.
¡
¢
We apply it with Ti as in the construction. We have to check that |Ti | ≥ d0.6ne
.
κ
√
This is true since m ≤ 0.4n by the prerequisites. Furthermore, κ = O( n) by the
prerequisites.
Assume the induction hypothesis holds for i < m. We condition on the fact that
b∗1 , ..., b∗i satisfy Prop. 4.1. By Lemma 4.7, fi 6= 0. We need to show that | Prx∼fi (bi+1 (x) =
yi+1 ) − 1/2| ≤ η/2 holds with probability at least 1 − P . Again | Prx∼fi (h∗i+1 (x) =
∗
∗
defines b∗i+1 . We want to apply Lemma 5.18 again.
)| where Si+1
yi+1 ) − 1/2| = |fei (Si+1
We need to verify that the min-entropy of fi is not too small. Equivalently, fi (z)
should not be too large for any z ∈ {0, 1}n . By Lemma 4.7 and similar as in the proof
of Lemma 4.8
fi (z) ≤ 2−t 2i (1 − η)−i ≤ 2−t+i+2 .
The min-entropy of fm is thus at least t − i − 2 ≥ (0.6n + m + 1) − (m − 1) − 2 ≥ 0.6n.
Applying Lemma 5.18 finishes the induction step.
We showed that b satisfies Prop. 4.1 with probability at least (1 − P )m . This implies
that Prb (| Prx∼f (b(x) = y) − 2−m | ≤ ε 2−m ) ≥ (1 − P )m by Lemma 4.7 and since
(1 + η)m − 1 ≤ ε for all large enough m. Since κ = Om (log( mε )) we get a probability of
at least 1 − om (1). Note that d < 1 because of our prerequisites.

¤

5.7.5. Proof of Lemma 5.8.
Proof. Let f be a flat distribution of min-entropy t with t0 = m + 6 log( mε ) + 1 ≤
t ≤ n. We fix η :=

ε
.
2m

We show that g satisfies Prop. 4.1 with probability at least

(1 − m−2 )m . The induction is over i = 1, ..., m. For i = 1, we need to show that
| Prx∼f (g1 (x) = y1 ) − 1/2| ≤ η/2 holds with probability at least 1 − m−2 . From Lemma
4.2, | Prx∼f (g∗ (x) = y1 ) − 1/2| = |fe(S ∗ )| where S ∗ defines g∗ . By Lemma 5.9
1

1

1

1

ES∼µ1/2 (|fe(S)|) =
µ
¶
¯
¯
1
e
e
¯
¯
=
ES∼µ1/2 (|f (S)| i ∈ S) + ES∼µ1/2 (|f (S)| i 6∈ S) ≤ 2−t/2−1 .
2
Together with Markov’s inequality it follows that
Pr (|fe(S)| ≥ η/2) ≤ 2−t/2+1

S1 ∼T1

1
≤ m−2
η
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for all large enough m.
Define Vi := {v1 , ..., vi } with {v1 , ..., vm } from the construction of g and V i := [n] \
Vi . Assume the induction hypothesis holds for i < m. We condition on the fact
that g1∗ , ..., gi∗ satisfy Prop. 4.1. By Lemma 4.7, fi 6= 0. We need to show that
| Prx∼fi (gi+1 (x) = yi+1 ) − 1/2| ≤

η
2

=

ε
4m

holds with probability at least 1 − m−2 .

∗
∗
∗
∗
Again, | Prx∼fi (gi+1
(x) = yi+1 ) − 1/2| = |fei (Si+1
)| where Si+1
defines gi+1
. We apply

Lemma 5.9 not directly on fi now since gi+1 is constructed by uniform sampling from
Ti+1 . The cardinality of Ti+1 decreases with increasing i. We are going to define a
function g : {0, 1}V i+1 → R such that |e
g (S)| = |fei (S)| for any S ⊆ Ti+1 .
We defined g0 in Sec. 5.4. We define the affine functions a1 , ..., ai by aj := gj0 ⊕ yj ,
1 ≤ j ≤ i. By the definition of g0
fi+1 (z) = Pr (z = x | a1 (x) = xv1 , ..., ai (x) = xvi ).
x∼f

We define ι : {0, 1}V i+1 → {0, 1}n by


aj (u)
ι(u)j :=

uj

for j ∈ Vi+1

.

for j ∈ V i+1

We also define g(u) := fi (ι(u)). We make two observations. First, g(u) = fi+1 (ι(u)) for
all u ∈ {0, 1}V i+1 . Second, fi+1 (x) = 0 for every x ∈ {0, 1}n which is not in the image
of ι: Any such point is not contained in the subspace induced by (a1 (x), ..., ai (x)) =
(xv1 , ..., xvi ) and fi+1 is f conditioned on the event of being contained in this subspace. Furthermore, if fi (x) = 0 there is no contribution to |fei (S)| by definition of the
normalized Fourier transform. This implies
|e
g (S)| = |fei (S)| for any S ⊆ V i+1 .
We also need to verify that the min-entropy of fi is not too small. Similar to the proof
of Lemma 4.8, fi (x) ≤ 2−t+i+2 . The min-entropy of g is thus at least t − i − 2 ≥
t0 − (m − 1) − 2 ≥ (m + 6 log( mε + 1) − m − 1 ≥ 6 log( mε ). Applying Lemma 4.2, Lemma
5.9, and Markov’s inequality finishes the proof of the claim. To conclude the lemma,
we apply again Lemma 4.7.

5.7.6. Proof of Lemma 5.9.

¤
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Proof. Assume f is a t-flat distribution. By the definition of the normalized Fourier
transform,
X

fe(S)2 = 22(n−1)

S⊆[n]

X

fb(S)2 =

S⊆[n]

= 22(n−1) Ex∼{0,1}n (f (x)2 ) = 2n−2 2−t .
By Cauchy-Schwarz,
ES⊆[n] (|fe(S)|) ≤ 2−n/2 · 2(n−2)/2 · 2−t/2 = 2−t/2−1 .
The claim for distributions of bounded min-entropy follows from Proposition 4.14 and
the linearity of the Fourier-transform.

¤

5.7.7. Proof of Lemma 5.10.

Proof. To enhance readability we use an integral notation. We write

R

· dX instead

of EX (·) for a random variable X. We define the character χS (x) := (−1)

L
i∈S

xi

. It

holds that
u⊕

M

xi =

i∈S

¢
1¡
1 + (−1)u χS
2

for any u ∈ {0, 1} and any S ⊆ [n]. We use the definitions from Sec. 5.4.
h=2

−m

m
Y
¡

Y
X
L
¢
1 + (−1)bi χTi = 2−m
(−1) i∈I bi
χTi

i=1

I⊆[m]

i∈I

(If we change the domain {0, 1}n to {−1, 1}n the above representation of h becomes a
polynomial. See for example [O’D08] for more information on this polynomial representation. It also motivates the name random polynomial multiplication.) Reordering
X

h(x) = 2−m

χI (b) χU (x)

I⊆[m]
U =∆i∈I Ti

and thus
G(x) = 2−m

X
S⊆[n],I⊆[m]
U =∆i∈I Ti

ĝ(S) χI (b) χS∆U (x)
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We recall that we defined UI := ∆i∈I Ti .
X X

G(x) = 2−m

ĝ(S) χI (b) χS∆UI (x) =

I⊆[m] S⊆[n]

X X

= 2−m

ĝ(S 0 ∆UI ) χI (b) χS 0 (x) =

I⊆[m] S 0 ⊆[n]

=2

X µ X

−m

S 0 ⊆[n]

¶
ĝ(S ∆UI ) χI (b) χS 0 (x)
0

I⊆[m]

Thus
Ĝ(∅) = 2−m

X

ĝ(UI ) χI (b).

I⊆[m]

Since
(Ĝ(∅) − 2−m ĝ(∅))2 = Ĝ(∅)2 + 4−m ĝ(∅)2 − 2 · 2−m · Ĝ(∅) · ĝ(∅)
we calculate

R

Ĝ(∅)2 db and

R

Ĝ(∅) db next. By Parseval’s identity
Z µ X

Z
2

Ĝ(∅) db = 4

−m

¶2
ĝ(U ) χI (b)

db = 4−m

X
I⊆[m]

I⊆[m]

and thus by the definition of Vs
Z
m µ ¶Z
X
m
2
−m
Ĝ(∅) dT b = 4
ĝ(Vs )2 dVs .
s
s=0
We used here that
Pr(UI = S) = Pr(Vs = S)
for any S ⊆ [n], I ⊆ [m]. Using
Z
χI (b) db =



0 if I 6= ∅

1 if I = ∅

we get
Z
Ĝ(∅) db = 2

−m

X
I⊆[m]

Z
ĝ(U )

χI (b) db = 2−m ĝ(∅).

ĝ(U )2
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Putting it all together we get
Z
m µ ¶Z
X
m
−m
2
−m
(Ĝ(∅) − 2 ĝ(∅)) dT b = 4
ĝ(Vs )2 dVs − 4−m ĝ(∅)2
s
s=0
m µ ¶Z
X
m
−m
=4
ĝ(Vs )2 dVs
s
s=1
¤

5.7.8. Proof of Corollary 5.12.
Proof. We use the definitions from Sec. 5.4. The random variable Vs is the uniform
distribution for every s ∈ [n] in our setting. Let f be a flat distribution of min-entropy
t.
m µ ¶
X
m
s=1

s

EVs (f˜(Vs )2 ) = (2m − 1) EVs (f˜(V1 )2 )

By Parseval’s identity, Proposition 5.1,
EV1 (f˜(V1 )2 ) = 2n−2

X
S

Let P = P (T, b) := Prx∼f (∀i ∈ [m]

1
fˆ(S) = 2n−2 Ex∼{0,1}n (f (x)2 ) = · 2−t .
4
L
j∈Ti

xj = bi ). We get by Corollary 5.11

¡
¢
ET,b (P − 2−m )2 = 4−m · (2m − 1) · 2−t
and by Jensen’s inequality
p
¡
¢
ET,b |P − 2−m | ≤ 2−m · (2m − 1) · 2−t
Finally
¡
¢
ET,b |P − 2−m | ≤ 2−m · ε
and
ET

µ X

¶
−m

|P − 2

)|

≤ε

b∈{0,1}n

whenever t ≥ m + 2 log( 1ε ).

5.7.9. Proof of Proposition 5.13.

¤
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Proof. We employ the construction of g with m = n − κ for some κ = O(log( nε )) and
0
V = {v1 , ..., vm } = [n] \ U . We get a linear system (g10 , ..., gm
) = (xv1 , ..., xvm ). If we

know the values of a point at the coordinates U the remaining values xv1 , ..., xvm of a
point x ∈ {0, 1}n are determined. The point x is the value of ` at x0 ∈ {0, 1}U where
x0 and x agree on the coordinates U . This defines `. Equivalently,


g0 (x0 ) if i = vj , i ∈ V
j
0
(`(x ))i = xi =

 x0
i
for i ∈ [n].
The function ` is a κ-junta by definition. Define the flat distribution f := g · |{x :
g(x) = 1}|−1 . Since its min-entropy is at least n − 1 we can apply Lemma 5.8 with m
as large as defined above:
¯
¯
¯
¯
¯ Pr (g(x) = 0) − 2−m ¯ ≤ ε 2−m
¯ x∼f
¯

(5.1)

w.h.p. (with high probability). We observe that g(x) = 0 iff `(x0 ) = x. Thus,
E(g) · Pr (g(x) = 0) = µ(g) · Pr (`(x0 ) = x) = Ex∼{0,1}n (g(`(x0 )))
x∼f

x∼f

w.h.p. The claim follows from multiplying Eq. 5.1 with Ex∼{0,1}n (g(x)) · 2m .

¤

5.7.10. Proof of Proposition 5.15. We could also use the local hash function b
from Sec. 5.3 instead of the following one.
Construction of s: Fix a set V := {v1 , ..., vm } ⊆ [n] of size m. For i = 1, ..., m:
Choose a set Si ∼ Ti := {S : S ⊆ ([n] \ V )} according to µp . Define si (x) :=
L
xvi ⊕ j∈Si xj . The hash function is s := (s1 , ..., sm ).

Proof. We proceed as in the proof of Lemma 4.8. We define P (·) in Lemma 4.8.
Claim 5.19. Define
1
R(t̃) :=
p

µ

1
1−p

¶m−1
P (t̃).

If there exists t̃0 such that R = R(t̃0 ) < 1 and t̃0 n+m+1 ≤ n, then s is a (t̃0 n+m+1, ε)hash function for flat distributions with probability at least (1 − R)m > 0.
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Proof. Let i ∈ [m]. By Lemma 4.5
pt̃n
¯
¢
¡
1 √ − log(512/
t̃)
ES∼µp |f˜(S)| ¯ vi ∈ S, S ∩ (V \ {vi }) = {}) p (1 − p)|V |−1 ≤
2
.
2

The remaining analysis for s is the same as for h.
We continue with calculating R. We want R ≤

¤
1
.
8n

Let k be a positive integer. We

also want s to be k-local with high probability. Let p and κ be such that
p=

k+1
12 κ log(512κ) log(16n/ε)
=
.
2n
n

Thus,
¶m−1
µ
¶m
1
1
p
P =
1+
P ≤
1−p
p
1−p
2 m e2pm √ −p n t̃/ log(512/t̃) 2 n2 e2pm √ −p n t̃/ log(512/t̃)
≤
2
≤
2
.
εp
ε

1
R=
p

µ

√ −p n t̃/ log(512/t̃)
ε
1
We want e2pm 2
≤ 16n
3 to get Q ≤ 8n , i.e.,
µ
¶
16n
1
3 log
+ log(e)2pm ≤ p n t̃/ log(512/t̃).
ε
2
This holds iff
1 + log(e) 8 κ log(512κ)
iff

m
≤ 2 κ log(512κ) t̃/ log(512/t̃)
n

µ

¶
2 t̃
m
1 ≤ κ log(512κ)
− log(e) 8
.
n
log(512/t̃)
n
This requirement holds if we set κ := 2 and assume m ≤ 320
and
1≤
The later is true for t̃ ≥

319
.
320

20 t̃
.
log(512/t̃)

(We do not aim for optimizing the constants here.) Let t̃0

be the smallest real satisfying this inequality. We showed that s is with probability at
1 n
least (1 − 8n
) ≥ 7/8 a (t̃0 n, ε)-hash function. Applying Chernoff’s bound we conclude

that s is a k-local (t̃0 n, ε)-hash function with probability at least 3/4.
We employ the construction of s with m ≤

n
320

and k = O(log( nε )) and V = {v1 , ..., vm } =

[n] \ U . We get a linear system (s01 , ..., s0m ) = (xv1 , ..., xvm ) where s0i := si ⊕ xvi . If we
know the values of a point at the coordinates U the remaining values xv1 , ..., xvm of a
point x ∈ {0, 1}n are determined. The point x is the value of ` at x0 ∈ {0, 1}U where
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x0 and x agree on the coordinates U . This defines `. Equivalently,


s0 (x0 ) if i = vj , i ∈ V
j
0
(`(x ))i = xi =

x0
i
for i ∈ [n].
Define the flat distribution f := g · |{x : g(x) = 1}|−1 . Since its min-entropy is at least
n − 1 we can employ the construction of s:
¯
¯
¯
¯
¯ Pr (s(x) = 0) − 2−m ¯ ≤ ε 2−m
¯
¯
x∼f

(5.2)

with high probability. We observe that s(x) = 0 iff `(x0 ) = x. Thus,
E(g) · Pr (g(x) = 0) = µ(g) · Pr (`(x0 ) = x) = 2−m Ex∼{0,1}n (g(`(x0 )))
x∼f

x∼f

with high probability. The claim follows from multiplying Eq. 5.2 with E(g) · 2m .

¤

APPENDIX A

Common Notation
Notation Short Description

Ref.

SAT

Boolean Satisfiability

1.3

CSP

Constraint Satisfaction Problem

1.3

MHS

Mixed Horn Satisfiability

1.3

CSAT

Circuit Satisfiability

3.4

ETH

Exponential Time Hypothesis

2.1

Õ

special asymptotic notation

4.2

R

real numbers

e

Euler’s number 2.718...

log

logarithm with base 2

ln

logarithm with base e

∼

random selection

µp

Bernoulli distribution with bias p

[n]
¡[n]¢

denotes {1, ..., n}

l

set of all subsets from [n] of size l

F2

finite field with ground set {0, 1}

⊕

additive operator in F2

fˆ, f˜

Fourier transformations
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In the following table we list notation which we commonly use as described but not
exclusively that way.

Common Short Description

Ref.

ε

positive constant

c

constant

n

number of variables

1.3

k

maximum clause width

1.3

d

domain size

1.3

i, j

index, integer

C, D

constraint system

1.3

F, G

CNF

1.3

C, D

constraint or clause

1.3

f

distribution

4.3

t

min-entropy

4.3

t̃

relative min-entropy

4.3

A, B

subset of {0, 1}n

h, g, b, s

hash function

We refer to [Pap95] for the definition of the complexity classes P, NP, Σ2 P, #P, BPP,
RP, coRP.

APPENDIX B

Mathematical Inequalities and Identities
We refer to the following results by name usually. We list them here together with references to textbooks or tutorials explaining them. The Hypercontractive inequality for
Boolean functions was independently shown by Bonami [Bon70] and Gross [Gro75]
according to [O’D08]. Beckner [Bec75] proved generalizations. Kahn et al. apply
it in [KKL88] to derive an inequality which was named KKL inequality in [dW08].
Although we exclusively use the KKL inequality we usually say that we apply the
Hypercontractive inequality since the KKL inequality is a special case of the Hypercontractive inequality up to a standard application of Parseval’s identity. We state the
KKL inequality in Proposition 5.5.

Name

Reference

Cauchy-Schwarz

pg. 171 in [Juk01]

Stirling’s approximation

pg. 13 in [Juk01]

Markov’s inequality

pg. 44 in [MU05]

Chebyshev’s inequality

pg. 48 in [MU05]

Chernoff bounds

pg. 64-66 in [MU05]

Jensen’s inequality

pg. 24 in [MU05]

Minkowski’s inequality

pg. 31 in [HLP52]

Parseval’s identity

[O’D08]

Hypercontractive inequality

[O’D08]

KKL inequality

[dW08]
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