
ETH Library

The stable set problem
Some structural properties and relaxations

Journal Article

Author(s):
Michini, Carla

Publication date:
2013-07-01

Permanent link:
https://doi.org/10.3929/ethz-b-000074178

Rights / license:
In Copyright - Non-Commercial Use Permitted

Originally published in:
4OR 11(2), https://doi.org/10.1007/s10288-012-0218-8

This page was generated automatically upon download from the ETH Zurich Research Collection.
For more information, please consult the Terms of use.

https://doi.org/10.3929/ethz-b-000074178
http://rightsstatements.org/page/InC-NC/1.0/
https://doi.org/10.1007/s10288-012-0218-8
https://www.research-collection.ethz.ch
https://www.research-collection.ethz.ch/terms-of-use


4OR-Q J Oper Res (2013) 11:199–200
DOI 10.1007/s10288-012-0218-8

PHD THESIS

The stable set problem: some structural properties
and relaxations

Carla Michini

Published online: 17 November 2012
© Springer-Verlag Berlin Heidelberg 2012

This is a summary of the author’s PhD thesis supervised by Antonio Sassano and
defended on June 4, 2012 at Sapienza Università di Roma. The thesis is writ-
ten in English and is available at http://padis.uniroma1.it/bitstream/10805/1598/1/
thesisCarlaMichini.pdf. The thesis deals with a polyhedral study of the fractional
stable set polytope and aims mainly at establishing some new structural properties of
this polytope.

The fractional stable set polytope is the polytope defined by the linear relaxation
of the edge formulation of the stable set problem. The edge formulation is defined
by two-variable constraints, one for each edge of a graph G, expressing the simple
condition that two adjacent nodes cannot belong to a stable set. Even if the fractional
stable set polytope is a weak approximation of the stable set polytope, its simple geo-
metrical structure provides deep theoretical insight as well as interesting algorithmic
opportunities.

Exploiting a graphic characterization of the bases, we first redefine simplex pivots
in terms of simple graphic operations, that turn a given basis into an adjacent one.
Among all possible pivots, we characterize degenerate and non-degenerate ones, and
we differentiate those leading to an integer or to a fractional vertex. The graphic
characterization of bases is crucial to prove another structural property of the fractional
stable set polytope, concerning the adjacency of its vertices. In particular, we extend a
necessary and sufficient condition due to Chvátal for adjacency of (integer) vertices of
the stable set polytope to arbitrary (and possibly fractional) vertices of the fractional
stable set polytope. These results lead us to prove that the Hirsch conjecture is true
for the fractional stable set polytope, i.e. the combinatorial diameter of this fractional
polytope is at most equal to the number of edges of the given graph. We actually refine
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this bound in the nonbipartite case by proving a tighter bound, equal to the number of
nodes of the graph. We also design a simplex-like algorithm for the stable set problem
that relies on the adjacency properties mentioned above. Our algorithm generates
only integer solutions without using cutting plane methods. Preliminary results are
encouraging but show that cycling can occur, due to the high degree of degeneracy
of the polytope. Nevertheless, the perspective of an exact combinatorial method of
solution for the stable set problem based on this algorithm seems promising, provided
that an anti-cycling rule is embedded in its current design.

The graphic characterization of bases also provides a significant assessment on
strength of different corner relaxations for the edge formulation of the maximum
cardinality stable set problem. The corner relaxation of a mixed-integer linear program
is a central concept in cutting plane theory. In a recent paper Fischetti and Monaci
provide an empirical study of the strength of the corner and other related relaxations
on benchmark problems. We validate with theoretical arguments the empirical results
obtained by Fischetti and Monaci: we give a precise characterization of the bounds
given by the corner relaxation and three of its extensions in the special case of the
edge formulation of the stable set problem, for which a full description of the corner
polyhedron is available. Our theoretical analysis shows that degeneracy plays a major
role, as the difference in the bounds given by corner relaxations from two different
optimal bases can be significantly large. Therefore, exploiting multiple degenerate
bases for cut generation could give better bounds than working with just a single
basis.

Finally, a concave reformulation for set covering problems is presented, where
integrality constraints are dropped and the original linear objective function is replaced
by a concave one, penalizing fractional values. For such reformulation, any integer
local optimum corresponds to a heuristic solution of the original problem. To determine
local optima of our concave reformulation, we apply the Frank–Wolfe algorithm with a
multistart approach. The choice of a suitable parametric concave function allows us to
regulate the smoothness of the objective function and to achieve sparseness of the local
optimum. When applied to the edge formulation of the stable set problem, additional
properties of local optima can be established. Namely, if the parameter of the objective
function belongs to a certain range, binary valued variables of the local optimum
can be fixed, allowing a reduction of the dimension of the problem. Computational
experiments show that the concave heuristic is effective on some difficult benchmark
problems.
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