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Abstract
Aging power system infrastructure and increasing integration of renewable energy sources call for substantial investments in power systems, in
order to ensure power system security and competitiveness. Investments
on new lines, such as AC or High-Voltage Direct Current (HVDC) lines,
are among the options. This thesis develops methods in order to incorporate HVDC lines based on the Voltage-Source Converter technology
(VSC-HVDC) in power system operation and planning.
The main contributions lie in the introduction of new algorithms and the
derivation of analytical relationships in response to questions regarding
power system planning and operation in case of contingencies.
Focussing on VSC-HVDC lines, two Security Constrained OPF problems are formulated which can be used either for planning or for operation studies. Both take into account the VSC-HVDC lines and their
ability to react fast offering corrective control actions. The “Cost of Security” index is also introduced for ranking different expansion measures
in planning studies.
In order to identify which form of transmission expansion is more preferable, analytical relationships are derived so as to examine if an overlay
network with long lines, or local reinforcements by shorter AC line segments result in higher utilization. Relationships are also extracted in
order to estimate (and appropriately model) reactive power series compensation of AC lines, when dealing with simplified networks.
The need for increased power flow controllability in highly meshed systems, such as the European network, is identified in several case studies
in this thesis. In this respect, the concept “Towards a Fully Controllable
Power System” is introduced, which aims at decoupling the market operations from the security considerations. A lower bound on the number
ix
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of controllers needed in order to make a system fully controllable is derived and the “controllability vector” is introduced as a controllability
index. Focussing on HVDC lines, two placement algorithms are developed in order to maximize power system controllability and maximize
social welfare. The first is based on the controllability vector introduced in this thesis, while the second makes use of properties of the
Karush-Kuhn-Tucker optimality conditions for a DC-OPF problem.
This thesis concludes with yearly simulations on a simplified European
power network. The goal in these is to identify the cost of operation
and the Cost of Security of different expansion measures. Our results
show that controllable flows and the capability of VSC-HVDC lines to
offer corrective control actions can significantly reduce both the cost of
operation and the Cost of Security.

Kurzfassung
Alternde Netzinfrastrukturen und die zunehmende Einspeisung aus erneuerbaren Energien erfordern erhebliche Investitionen in die bestehenden elektrischen Energiesysteme, um sowohl die Netzsicherheit als
auch die Konkurrenzfähigkeit der Strommärkte zu gewährleisten. Dabei
stehen verschiedene Technologien als Investitionsalternativen zur Auswahl, wie zum Beispiel Wechselstromleitungen oder Hochspannungsgleichstromübertragung (abgekürzt mit HGÜ oder HVDC auf Englisch). Diese Dissertation beschäftigt sich mit Methoden zur Netzeinbindung von spannungsgeführten HGÜ-Systemen (Voltage Source Converter HVDC), wobei Fragen von Netzbetrieb und Netzplanung gleichermassen behandelt werden.
Die Hauptbeiträge der Arbeit liegen in der Entwicklung neuer Algorithmen und in der Herleitung analytischer Zusammenhänge für Netzplanung und -betrieb. Konkret werden zwei optimale Lastflussalgorithmen
präsentiert. Das Optimierungsproblem berücksichtigt explizit auch die
Netzsicherheit. Im Fokus steht darüber hinaus die Fähigkeit von VSCHVDC Leitungen im Fehlerfall schnell korrektive Regelmassnahmen zu
ermöglichen. In diesem Zusammenhang wird ein Index zur Bewertung
der entstehenden Kosten für die Gewährleistung der Netzsicherheit entwickelt (Englisch “Cost of Security”). Mit diesem Index ist es möglich,
verschiedene Ausbaumassnahmen hinsichtlich Netzsicherheit und Kosten zu evaluieren.
Weiterhin werden analytische Zusammenhänge hergeleitet, um zu
überprüfen ob ein sogenanntes “Overlay” Netzwerk mit langen,
grenzüberschreitenden Leitungen oder lokale Verstärkungsmassnahmen
mit kürzeren Wechselstromleitungen zu einer höheren, d.h. effizienteren
Netzausnutzung führen. Berücksichtigt werden dabei auch Fragen der
Blindleistungskompensation für Wechselstromsysteme.
xi
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Kurzfassung

Das Bedürfnis nach erhöhter Lastflussregelfähigkeit in stark vermaschten Systemen – wie zum Beispiel dem europäischen Übertragungsnetz
– wird in mehreren Fallstudien dieser Arbeit identifiziert und analysiert. Daraus abgeleitet ergibt sich das “Konzept für ein vollständig
regelfähiges Netz” (Englisch: “Towards a Fully Controllable Power
System”). Ziel ist es, den Marktbetrieb von Sicherheitsüberlegungen
zu entkoppeln, d.h. der Marktbetrieb wird nicht mehr durch die
Gewährleistung der Netzsicherheit beschränkt. In diesem Zusammenhang wird eine untere Grenze für die Anzahl von Reglern bestimmt,
die nötig sind um ein System vollständig regelbar zu gestalten. Dabei
dient ein eigens entwickelter Vektor als Mass für die Regelbarkeit, der
sogenannte “Controllability Vector”. Der Vektor wird nachfolgend benutzt, um den Netzausbau mittels HGÜ-Leitungen zu evaluieren, d.h.
um zu klären, wo Leitungen gebaut werden sollen, um die Netzregelbarkeit bzw. die soziale Wohlfahrt zu maximieren. Komplementär kommt
ein zusätzlicher Algorithmus zu Vergleichszwecken zum Einsatz, der auf
den Karush-Kuhn-Tucker Optimalitätsbedingungen für ein vereinfachtes optimales Lastflussproblem beruht.
Im Rahmen dieser Arbeit werden auch annualisierte Simulationen auf
einem vereinfachten europäischen Netzmodell präsentiert. Ziel ist es,
die Netzbetriebskosten und die Netzsicherheitskosten (“Cost of Security”) von verschiedenen Ausbaumassnahmen zu evaluieren. Die Resultate zeigen, dass die regelbaren Flüsse und die Fähigkeit von spannungsgeführten HGÜ-Leitungen korrektive Massnahmen zu ermöglichen, zu
erheblichen Kosteneinsparungen hinsichtlich Netzbetrieb und Netzsicherheit führen.
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Chapter 1

Introduction
1.1

Background and Motivation

A fundamental change in terms of operation and planning took place
over the last one or two decades in the European interconnected power
system. The transmission grid no longer serves only as a tool for mutual
assistance in case of emergencies but has become a complex “platform”
for shifting growing power volumes all across the continent [3]. Market
developments result in higher cross-border and long-distance energy exchanges. Other cross-continental power flows result from the fast and
successful development of intermittent energy generation with limited
predictability (e.g. wind power). These developments were not taken
into account in the original system design.
The power grid is one of the key enablers for successful integration of
Renewable Energy Sources and the creation of an Internal European
Market, while it is responsible for maintaining power system security
(i.e., avoid blackouts). Due to these developments, it is widely suggested that a reinforcement and partly redesign of the power grid will
be necessary in the next decades.
At the same time, technological developments have introduced new
power system components which offer additional functionalities. HighVoltage Direct Current Line (HVDC) based on the Voltage-Source Converter technology (VSC-HVDC) is a relatively recent technology that
can offer new opportunities with respect to power system operation and
1
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control. By being able to control independently the active and reactive
power flow, it can change its power flow in order to relieve overloadings and assist in voltage support. Being able to react fast, it can offer
corrective control actions if a contingency occurs.
In order to take advantage of the several functionalities of the VSCHVDC lines we need new algorithms and methods that will integrate
them in the planning and operation of the power system. This will be
the topic of this thesis.
We will first start with a short review on available expansion measures,
and then we will carry on with the formulation of Security-Constrained
Optimal Power Flow (SC-OPF) algorithms which incorporate the functionalities of the VSC-HVDC lines. We will also derive analytical relationships in order to address network planning questions, and we will
introduced the concept “Towards a Fully Controllable System”. Two
placement algorithms for HVDC lines will also be proposed, while this
thesis will conclude with case studies on a simplified European network.
The next Section will summarize the main contributions of this work,
while Section 1.3 will present the structure of this thesis.

1.2

Contributions

The main contributions of this thesis are:
• A Security-Constrained Optimal Power Flow formulation which
incorporates post-contingency control actions of VSC-HVDC
lines. The formulation is based on the current injection method.
To our knowledge, this is the first formulation in the literature
that takes into account control actions of VSC-HVDC lines both
before and after an outage. The objective is to relieve possible
overloadings or control pre- and post-fault voltage levels.
• Introduction of the Linear AC Current Outage Distribution Factors and of linear relationships that compute the corrective control
actions of VSC-HVDC lines. Incorporation of these Current Distribution Factors in a SC-OPF problem. Introduction of the “Cost
of Security” index for planning studies.

1.3. Outline of the Thesis
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• Development of an analytical approach to address network planning questions. Derivation of analytical relationships which show
that overlay networks are preferable over local reinforcements in
weakly interconnected meshed networks. Extraction of an upper
bound for the maximum utilization of long AC interconnecting
lines.
• Analytical relationships in order to account for the internal network impedance in studies with simplified networks. Relationships
to estimate, or properly model, the required series compensation
of long AC lines in such networks.
• Introduction of the concept “Towards a Fully Controllable Power
System” with the objective to decouple completely the market
operations from the security considerations. Extraction of a lower
bound for the number of controllers necessary to make the system
fully controllable.
• Introduction of the Controllability Vector. Development of an
HVDC placement algorithm in order to maximize controllability
in the system.
• Development of an HVDC placement algorithm for maximizing
social welfare. Derivation of an upper bound for the line installation costs.
• Case studies on a simplified European network in order to quantify
the cost of operation and cost of security of different transmission
expansion options. Yearly simulations for a generation and demand scenario which projects 80% renewables by 2050 are carried
out.

1.3

Outline of the Thesis

This thesis is structured as follows:
Chapter 2: Expansion measures This chapter presents a short
overview of the available expansion measures in power systems. It provides the motivation for focussing to a great extent on the VSC-HVDC
lines in this thesis.
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Chapter 3: SC-OPF Formulations In this chapter, we present two
SC-OPF formulations, which both take into account post-contingency
control actions of the VSC-HVDC lines. The first is based on the current injection method, it is quite detailed and has the ability to compute
corrective control actions both in order to relieve line overloadings and
to maintain voltage setpoints. The second is based on linear Current
Distribution Factors, which are incorporated in an optimization problem where the full AC equations are taken into account. We examine
the accuracy and the performance of the algorithms in case studies.
The “Cost of Security” index as well as an approximate analytical relationship for the calculation of post-contingency control actions of the
HVDC line are also introduced.

Chapter 4: Analytical Methods for Transmission Expansion In this
chapter, analytical approaches are developed to address two questions:
(a) network planning issues for meshed AC networks, and (b) how to
account for the internal network when adding overlay lines in reduced
power system models. First, relationships are derived to compare the
effectiveness of expansion measures. Second, upper bounds for the maximum utilization of long AC lines over a meshed network are extracted.
Third, relationships have been extracted in order to account for the
internal network in simulations with simplified power system models,
as well as to compute estimates of the necessary series compensation of
overlay lines in such networks. The obtained relationships are confirmed
with case studies.

Chapter 5: Towards a Fully Controllable Power System The objective of the concept introduced in this chapter is to decouple completely
the market operations from the security considerations in power systems. This is equivalent to the elimination of the Cost of Security and
can be achieved through increased controllability in the power flows.
In this chapter, we extract relationships for the minimum number of
controllers that are necessary in order to make a system fully controllable. We subsequently introduce the controllability vector and develop
a placement algorithm based on vector properties for the placement of
HVDC lines in order to maximize the controllability in the system. The
algorithm requires reduced computational effort and results in a better
visualization of the placement process.
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Chapter 6: HVDC placement for Maximizing Social Welfare The
algorithm described in this chapter is based on properties obtained
through the Karush-Kuhn-Tucker optimality conditions. The method
poses an upper bound on the line installation costs, which could also be
used to increase the efficiency of optimization algorithms. The HVDC
placement algorithm is tested on two case studies.
Chapter 7: Case Studies In this chapter, we apply the SecurityConstrained OPF algorithm introduced in Chapter 3 on a simplified
European network. Our goal is to quantify the Cost of Security for four
expansion options: AC lines 400 kV, AC lines 750 kV, and HVDC lines
with and without post-contingency control capabilities. We carry out
yearly simulations for a generation and demand scenario that projects
80% renewables by the year 2050.
Chapter 8: Conclusions and Outlook This chapter presents the key
findings of the thesis and suggests directions for future work.
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T. Krause, O. Mäkelä, J.L. Mathieu, L. Roald, R. Wiget, G. Andersson (2013). A Unified Analysis of Security-Constrained OPF

6

Chapter 1. Introduction
Formulations Considering Uncertainty, Risk, and Controllability
in Single and Multi-area Systems. 2013 IREP Symposium - Bulk
Power System Dynamics and Control - IX (IREP), Rethymnon,
Greece, August 2013.
4. S. Chatzivasileiadis, T. Krause, G. Andersson (2013). Supergrid or
Local Network Reinforcements, and the Value of Controllability –
An Analytical Approach. IEEE Powertech 2013, Grenoble, France,
June 2013.
5. S. Chatzivasileiadis, T. Krause, G. Andersson (2013). HVDC
Line Placement for Maximizing Social Welfare – An Analytical
Approach. IEEE Powertech 2013, Grenoble, France, June 2013.
6. S. Chatzivasileiadis, T. Krause, G. Andersson (2012). SecurityConstrained Optimal Power Flow including Post-Contingency
Control of VSC-HVDC lines. XII SEPOPE 2013, Rio de Janeiro,
Brazil, May 2012.
7. T. Krause, S. Chatzivasileiadis, M. Katsampani, G. Andersson
(2012). Impacts of grid reinforcements on the strategic behavior
of power market participants. 9th International Conference on the
European Energy Market (EEM), Florence, Italy, May 2012.
8. S. Koch, M.D. Galus, S. Chatzivasileiadis, G. Andersson (2011).
Emergency Control Concepts for Future Power Systems. 18th
IFAC World Congress, Milan, Italy, August 2011.
9. A. Ulbig, M. Arnold, S. Chatzivasileiadis, G. Andersson (2011).
Framework for Multiple Time-Scale Cascaded MPC Application in
Power Systems. 18th IFAC World Congress, Milan, Italy, August
2011.
10. S. Chatzivasileiadis, M. Bucher, M. Arnold, G. Andersson (2011).
Incentives for Optimal Integration of Fluctuating Power Generation. 17th Power Systems Computation Conference (PSCC),
Stockholm, Sweden, August 2011.
11. S. Chatzivasileiadis, T. Krause, G. Andersson (2011). Flexible
AC Transmission Systems (FACTS) and power system security –
A valuation framework. IEEE Power and Energy Society General
Meeting 2011, Detroit, USA, July 2011.

1.4. List of Publications

7

12. S. Chatzivasileiadis, M.D. Galus, Y. Reckinger, G. Andersson
(2011). Q-learning for optimal deployment strategies of frequency
controllers using the aggregated storage of PHEV fleets. IEEE
Powertech 2011, Trondheim, Norway, June 2011.
13. S. Koch, S. Chatzivasileiadis, M. Vrakopoulou, G. Andersson
(2010). Mitigation of cascading failures by real-time controlled
islanding and graceful load shedding. 2010 IREP Symposium Bulk Power System Dynamics and Control - VIII (IREP), Buzios,
Brazil, August 2010.
14. A. Ulbig, M.D. Galus, S. Chatzivasileiadis, G. Andersson (2010).
General frequency control with aggregated control reserve capacity from time-varying sources: The case of PHEVs. 2010 IREP
Symposium - Bulk Power System Dynamics and Control - VIII
(IREP), Buzios, Brazil, August 2010.
Journals
1. S. Chatzivasileiadis, D. Ernst, G. Andersson (2013). The Global
Grid. Renewable Energy, vol. 57, pp. 372-383, September 2013.
Further Publications
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Chapter 2

Infrastructure Measures for
Transmission Expansion
Aging power system infrastructure and increased integration of fluctuating energy sources call for substantial investments in power system
infrastructure. Different expansion measures exist. In this chapter,
we review the main transmission technologies used for reinforcing, upgrading and expanding the transmission network. The main goal of
each reinforcement is to increase transmission capacity and enhance the
power system security. In this short review, we list the main characteristics of each technology, and we compare these with respect to their
effectiveness regarding power system security problems.

2.1

AC Transmission Lines and Reinforcements

Construction of AC lines is probably one of the first options considered
in transmission expansion planning. AC transmission relies on a mature
and reliable technology, widely used, and with standardised equipment,
e.g. protection components. It allows simple connectivity between the
nodes, and easy injection/withdrawal of power along an AC transmission path. The construction of additional AC links has a significant positive effect on most aspects of security, as it assists in congestion relief,
9
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alleviates oscillatory instability, and at the same time, it enhances both
transient and voltage stability. AC transmission is probably the option
usually preferred for shorter transmission lengths, while, along with
compensation (or FACTS devices), it provides an attractive solution
for distances up to 300-400 km. An increased number of new projects
involves higher voltage levels for transmission, e.g. above 700 kV, especially in systems that are now developing their interconnections, such
as India and China (e.g. [4]).
AC transmission can be divided in three main technology types: AC
Overhead Lines, AC cables, and Gas-Insulated Lines. Since the early
development of power systems, AC Overhead lines have been the dominant transmission technology, using the air as insulating medium. AC
cables are used for underground or submarine transmission of a limited
distance. Currently, cross-linked polyethylene (XLPE) or other polymeric meterial based power cables are the most common form of power
cable used in the world for all voltages up to 500 kV. Prior to their
development, cable types were either oil-filled, mass impregnated, or
gas pressurized. Gas-Insulated Lines (GIL) are a means of bulk electric
power transmission at extra high voltage. AC conductors are encased
in a metallic tube filled with SF6 and N2 gases. They are considered as
a complementary solution to AC lines and cables, and are used when
conventional AC transmission is not possible, e.g. in densely populated
areas, or along longer underground routes [5].
Overhead lines are significantly less expensive than cables or GasInsulated lines. At the same time, they demonstrate a better performance than the two counterparts, in many power system aspects.
Both cables and GIL have a limited transmission length, due to the
need of reactive compensation. Furthermore, cables do not allow transmission capacities as high as overhead lines due to overheating, while
widespread construction of GIL still lacks maturity (as a state-of-the-art
technology) and acceptance at some TSOs (countries) due to the use of
CFC-gas SF6 as insulating medium1 . Nevertheless, for short transmission lengths, cables and GIL (e.g. up to 30-40 km for cables and 60-80
km for GIL) have location specific advantages, as for example less visual impact. In conjunction with the lack of public acceptance for new
overhead lines, which is often a major problem – especially in Europe –
cables or GIL might be preferred in some occasions.
1 CFC stands for chlorofluorocarbon and describes a family of organic compounds
known to contribute to the greenhouse effect.
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Line reinforcements, such as replacing the conductors of existing lines
with high temperature low sag (HTLS) conductors, dynamic line rating
(DLR), or upgrading to higher voltage levels, can also be considered.
From the three options, voltage upgrading, as for example from 150 kV
or 220 kV to the 400 kV level (for European systems), is probably the
most effective of these measures with respect to power system security.
DLR and HTLS, on the other hand, help relieve congestions by adding
additional capacity to the network. Still, they demonstrate certain limitations. First, despite the increase in the line capacity, there might
be other pieces of equipment, such as transformers, breakers, or disconnectors that would also need to be upgraded in order to sustain these
higher loadings (e.g. see [6]). Second, in terms of dynamic security they
probably have an insignificant or even negative effect, as they do not
help reducing the “electrical distance” in the system, i.e. decrease the
effective line reactance.

2.2

HVDC transmission

In comparison with AC systems, HVDC technology still is the only
technology that allows submarine cable connections longer than 100 km,
while it proves a more economical solution for overhead line transmission
for distances longer than about 400 km. With its active power flow
control capability, HVDC can prevent overloadings on parallel AC lines
and can assist towards the damping of inter-area oscillations.
There are two main types of HVDC technology: the Line Commutated
Converter (LCC) and the Voltage Source Converter (VSC). LCC-HVDC
is a more mature technology, with many applications around the world
for over 50 years. The currently largest project is in China, having an
installed power of 6,400 MW, and a transmission distance of 2,000 km
[7]. In order for LCC-HVDC to operate, it needs an AC network with
sufficient short-circuit capacity as well as extensive filters at the AC
converter stations side, i.e. reactive power compensation equipment.
With the more recent introduction of high power rating IGBTs, the alternative VSC-HVDC was developed. VSC-HVDC technology exhibits
several advantages over the conventional LCC-HVDC, as it can operate
in weaker networks, hardly needs compensation equipment or harmonic
filters, has black-start capabilities, and allows independent control of the
active and reactive power. The latter allows the VSC-HVDC to assist
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in voltage stability problems. On the other hand, the LCC technology
exhibits less losses (0.7% for LCC vs. 1% for VSC expected till 20152020), and it allows for larger transmission capacity; VSC is currently
limited to 1,000 MW and is projected to reach 2,400 MW by 2020 [1].
With a view in the future though, the most important advantage of the
VSC technology is that it allows the operation of DC multi-terminal
systems, and, thus, it is able to form HVDC grids capable to easily
accommodate bidirectional flows2 . Currently, the unavailability of a
DC circuit breaker in a commercial scale does not allow the practical
realisation of DC grids. However, significant developments have taken
place during the last few years in this field. A successful operation of
a hybrid DC breaker, which combines mechanical components and IGBTs has been recently documented [8]. It is expected, therefore, that a
DC breaker will exist as a commercial product in the near future, thus
enabling the formation of DC grids.

2.3

FACTS devices

Flexible AC Transmission Systems devices (FACTS) are designed in order to provide compensation, injecting or withdrawing reactive power
at weak network points in the AC grid. Standard compensation equipment (i.e. a mechanical switched reactor or capacitor connected in
series or in parallel), Phase-Shifting Transformers, as well as powerelectronics-based equipment can also be incorporated in the extended
FACTS family. FACTS equipped with power electronics can actively
control voltage and active power flow.
FACTS can be divided in two categories: shunt compensation and series compensation. FACTS connected in parallel are fixed or switchable
shunt reactors/capacitors, Static Var Compensators (SVCs) and STATCOMs. Such devices provide mainly voltage support. Especially SVCs
and STATCOMs, equipped with power electronics, can actively control the voltage, assisting in voltage stability and, additionally, damp
inter-area oscillations. They can further provide help during transient
instability in reducing the reactive loading of the generators. STATCOMs, based on the voltage-source technology, demonstrate a better
2 LCC-HVDC can also form HVDC grids, for example when connecting multiple
off-shore wind farms to the grid. However, this technology is not suitable for frequent
changes in the flow direction, as the voltage polarity must be inverted with every
change in the power flow direction.
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performance than standard (thyristor-based technology) SVCs, as they
are effective also during low network voltage.
FACTS connected in series consist mainly of Fixed Series Compensation (FSC - in effect, a series connected capacitor), Thyristor Controlled
Series Compensation (TCSC) and Phase-Shifting Transformers (PSTs).
Such devices can increase the line flows and assist in voltage and transient stability issues. TCSC and PST can actively control the power
flow, preventing the overloading of parallel lines. The TCSC assists
also in power oscillation damping, usually, in a more effective way than
SVC or STATCOM.

2.4

Costs

The cost to deploy and implement the various technologies is very difficult to pinpoint in general terms. Each individual project needs to be
assessed on a case by case scenario as local geographical, environmental
and political conditions play a critical part in determining this parameter of cost. However, this does not mean that attempts to quantify
this parameter have not been attempted. Figure 2.1 does give a relative comparison between the primary transmission media and a general
indication of costs as it pertains to Germany [1].
The transmission options illustrated in Fig. 2.1 correspond to the following technologies:
• Basic – 380 kV AC overhead line option
• FLM – Using Dynamic Line Rating option
• TAL – Modifying existing lines with High temperature conductors
• Hybrid – 800 km 4400 MW HVDC from Schleswig-Holstein
(north) to Baden-Württemberg (south-west) with additional
3100 km AC overhead lines
• GIL – Underground Gas Insulated Lines
• HVDC – note that the values for HVDC corresponds to underground cables, while for AC to overhead lines. Therefore, a direct
cost comparison is not completely possible.
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Figure 2.1: Dena Grid Study II Expansion and Annual Costs for different Transmission Options in Germany. Source: dena [1].
The dena grid study (Ref. [1]) concluded that for short transmission
lengths and small capacity (100 km / 1000 MW lines) the 380 kV AC
overhead lines provided the best solution. On the other hand, for long
transmission lengths and high capacity (400 km / 4000 MW) HVDC
lines’ performance proved superior. For transmission lengths and capacities between the two extremes a combination of the two technologies provided the best results. Still, Ref. [1] points also out that such
sample evaluations are not suitable for generalisation, as each individual
project has its own specificities.
Further cost comparisons related to the AC line reinforcements, or
FACTS devices, are relatively difficult due to the uniqueness of each
project. Nevertheless, new AC, GIL or HVDC lines are expected to
cost more than any of reinforcements such as DLR of HTLS, or elements such as TCSCs or SVCs.

2.5

Conclusions

HVDC systems, and specifically VSC-HVDC, combine many of the merits of both parallel and series FACTS devices, while they allow fast controllability of both active and reactive power. At the same time, HVDC
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lines add additional capacity and assist in the increase of N-1 security. Building new AC overhead lines, on the other hand, demonstrates
also significant advantages, as they increase the transmission capacity,
and assist in both steady-state and dynamic security by decreasing the
“electrical distance”.
As far as the security problems are concerned, these are usually locationdependent and each demonstrates its own specifics which call for different infrastructure measures. In general though, VSC-HVDC systems can be probably considered as the most effective measure for both
steady-state and dynamic security.
As we will analytically show in Chapter 4, long overlay lines are preferable for transferring significant amounts of power over highly-meshed
interconnected systems. In such cases, the HVDC technology becomes
also attractive from an economic point of view. Controllable power flows
are necessary in order to increase line utilization over highly-meshed interconnected systems. Therefore, HVDC lines or AC lines combined
with FACTS devices, e.g. TCSCs or PSTs, seem to constitute the best
candidates for expansion technologies. First steps towards increased
power system controllability are currently being taken in Europe. Germany, for example, has decided on several network reinforcements and
the expansion of its transmission network with three HVDC corridors
(about 5 HVDC lines) in its North-South axis during the next 10 years
[9].
Due to the several advantages that HVDC demonstrates, in the following chapters we will mostly focus on the HVDC technology as an
expansion measure. Whenever possible, we will compare its effectiveness with the addition of AC-400 kV and AC-750 kV lines.

Chapter 3

Security-Constrained Optimal
Power Flow Formulations
3.1

Introduction

In order to ensure security, power system operation should always fulfill
certain security criteria. Among them, the most commonly used is the
N-1 criterion. According to the ENTSO-E definition of the N-1 criterion
[10], a loss of an element within the TSO’s responsibility area must not
endanger the security of interconnected operation and “must not lead to
the triggering of an uncontrollable cascading outage propagating across
the borders or having an impact outside the borders [of the TSO responsibility area]”. Most power systems in practice, not only in ENTSO-E,
are bound to operate in an N-1 secure state. Common formulations
of OPF-problems in the academic literature usually do not consider
the N-1 security criterion. An optimization problem which explicitly
takes into account outage events is often termed Security-Constrained
Optimal Power Flow (or SC-OPF). The objective is to find a least-cost
generation dispatch such that an outage of an arbitrary line or generator
will not lead to overloads at any point in the system. Other objectives,
except for a dispatch which minimizes costs, could also be possible,
such as minimizing active power losses or minimizing the redispatching
actions.
The SC-OPF extends the OPF problem by incorporating additional
constraints resulting from the operation of the system under a set of
17
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possible contingencies [11]. In its general formulation, the SC-OPF is
a non-linear, non-convex, large-scale optimization problem with both
continuous and discrete variables [12]. In its first formulations, e.g.,
[12], the SC-OPF focussed on preventive control actions. The objective
in such formulations is to identify the optimal setpoints for the control variables in the pre-contingency state, so that the power system
remains secure in the event of all considered contingencies. Subsequent
formulations included the identification of hypothetical corrective control actions, which would be applied in the occurrence of a contingency
[13].
The conventional SC-OPF problem can be formulated as follows [11],
[12], [13]:
min f0 (x0 , u0 )

(3.1)

gi (xi , ui ) = 0

(3.2)

hi (xi , ui ) ≤ 0
ui = Mi (u0 )

(3.3)
(3.4)

u0 ,...,uc

subject to:

for i = 0 . . . c, where i = 0 denotes the pre-contingency (base-case) and
otherwise denotes a post-contingency state. The equality constraints
g represent the power flow equations and the inequality constraints h
stand for line flow constraints, voltage limits, etc. Vector x represents
the state variables, such as voltage magnitude and angles, and vector u
stands for the control variables, such as generators’ active power, HVDC
flows, etc. The optimization tries to identify the optimal values for the
control variables u in both the pre-contingency and post-contingency
states, in order to minimize the scalar function in Eq. 3.1. This represents costs as a function of the pre-contingency state. If corrective
control actions are also taken into account, Eq. 3.4 can be incorporated
representing the change of control setpoints between the base case and
the post-contingency state i.
One of the major SC-OPF challenges is the large problem size [14].
Numerous SC-OPF formulations have been proposed in the literature
during the last 40-50 years, suggesting novel ways to handle contingencies in order to reduce the problem size. As described in [11], the
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approaches can be divided in four categories: a) formulations which use
the full model for post-contingency states and try to identify efficiently
an as small as possible subset including all binding contingencies; b)
approaches using simplified models for post-contingency states, in conjunction with Benders decomposition; c) approaches adding only the
relevant post-contingency inequalities linearized around the optimized
base case; and d) keeping the exact model of a “direct” area, where the
contingency has a significant impact, and of an “indirect” area, comprising control variable which have an important effect on the constraints of
the direct area. The external network of these two areas is compressed
to a REI-Dimo equivalent [15], [16].
At the same time, increased need for novel SC-OPF formulations is
identified which should be able to handle uncertainties in an improved
manner [11]. First, increased integration of renewable energy sources
with a fluctuating power infeed calls for stochastic SC-OPF approaches
taking into account potential large variations in the real-time production. Second, as links among interconnected networks become stronger,
the risk of cascading events increases and new security criteria – beyond the classical N-1 criterion – need to be considered. The operation
of such large multi-area interconnected networks, as is for example the
situation in Europe, calls not only for improved security criteria but
also for distributed formulations of SC-OPF algorithms (e.g. [17]).
The work presented in this chapter focusses on the incorporation of
corrective control actions from HVDC lines in the SC-OPF problem.
Two formulations are introduced. Both take into account the full AC
equations for the main OPF problem and calculate the post-contingency
flows based on the current injection method. Their difference lies on the
approximations they assume for the contingency cases and the corrective actions. The first formulation focusses on accuracy and on the full
representation of HVDC corrective actions. The HVDC line can react
both by changing its active power setpoint and the reactive power injected/withdrawn from the network at both converter ends. Additional
equations are introduced in order to increase the accuracy of the calculated post-contingency line flows. In the second formulation, the focus
is shifted towards computational speed. We extract simplified current
relationships and introduce sensitivity factors, which we term Line Outage Current Distribution Factors (LOCDF). Through the LOCDFs, all
post-contingency line flows can be computed. Given a line outage m−n,
LOCDFs can compute the change in the current flow of line k − l, by
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af ter
0
Ikl
= LOCDFmn,kl · Ikl
. The LOCDFs can be pre-computed and
remain constant during the OPF calculation. Similar relationships are
extracted for generation outages. Based on these, linear factors are derived in order to compute the necessary corrective control actions of the
HVDC lines. In this second formulation, only the change in the active
power flow setpoint is assumed as HVDC corrective action.

Stochastic SC-OPF formulations for the integration of RES forecast
uncertainty will not be considered within this thesis. Ref. [18] and [19]
have considered stochastic security-constrained formulations in both a
linearized OPF and full AC OPF context. In Ref. [20], the linearized
stochastic SC-OPF has been extended in order to include HVDC corrective control actions. A unified analysis of several SC-OPF formulations
is presented in Ref. [21]. This includes stochastic power infeed, riskbased security criteria, corrective control actions from responsive loads,
HVDC point-to-point links and HVDC networks, as well as multi-area
SC-OPF formulations.

3.2

Cost of Security Approach

As already mentioned, the objective of an SC-OPF is to find a least-cost
generation dispatch such that an outage of an arbitrary line or generator will not lead to overloads at any point in the system. It is evident
that the dispatch costs determined from SC-OPF calculations will be
at least equal to or higher than the costs determined through a “standard” OPF. The difference in the generation dispatch costs between a
“standard” OPF and an SC-OPF is what we term the ‘Cost of Security’
(see Eq. 3.5). Essentially, the ‘Cost of Security’ reflects the additional
costs incurred to the system, so that N-1 security is ensured [22].
CoS = CSCOP F − COP F

(3.5)

The ‘Cost of Security’ (CoS) provides a quantitative index when comparing the effects of different network reinforcements on the system with
respect to power system security. The solution that results in the least
‘Cost of Security’ guarantees, on the one hand, the secure operation of
the power system, and, at the same time, it has the maximum positive
effect from a societal viewpoint, as it incurs the least additional costs.

3.3. AC-OPF including VSC-HVDC Lines
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AC Optimal Power Flow including
VSC-HVDC Lines

The formulation of the optimization problem is divided in two parts.
In this section we describe the standard formulation of an AC Optimal
Power Flow (OPF) and the necessary extensions in order to include the
HVDC line constraints in the algorithm. In the next section we discuss
how system security is incorporated in the optimal power flow resulting
in a Security-Constrained OPF.

3.3.1

Standard AC Optimal Power Flow (AC-OPF)

The objective of the standard AC Optimal Power Flow (AC-OPF) is
usually to minimize total generation costs (see Eq. 3.6). The AC-OPF
is implemented as follows:
Ngen

X

Cj (Pgen,j )

(3.6)

f (θ, V, P, Q) = 0,

(3.7)

Pmin,i ≤ Pgen,i ≤ Pmax,i ,
Qmin,i ≤ Qgen,i ≤ Qmax,i ,

(3.8)
(3.9)

min

j=1

subject to:

Vmin ≤ Vbus,i ≤ Vmax ,
θref = 0,

(3.10)
(3.11)

|Iij (θ, V )| ≤ Iij,max ,
|Iji (θ, V )| ≤ Iji,max .

(3.12)
(3.13)

Eq. 3.7 represents the power flow equations as described in [23] and [24].
The remaining constraints refer to the active and reactive power limits
of the generators (Eq. 3.8 and Eq. 3.9), the voltage limits of the nodes
(Eq. 3.10) and the line thermal limits, expressed as constraints on the
current (Eq. 3.12 and Eq. 3.13). Eq. 3.11 is added, defining the slack
bus, where the phase angle is set to zero.

22

Chapter 3. SC-OPF Formulations

3.3.2

VSC-HVDC Modelling and Additional Constraints

The modelling of the VSC-HVDC line for the OPF calculations, as
shown in Fig. 3.1, is based on [25]. A VSC-HVDC system consists
of two voltage-source converters, connected either Back-to-Back (BtB)
or through a common DC-link, which could be a DC overhead line,
a DC cable, or a combination of both. The two HVDC converters
are represented by AC voltage sources, which are connected to the AC
side through the coupling transformer’s impedance ZC . The DC-side is
described by the relationships Eq. 3.14 – Eq. 3.20. MCi stands for the
PWM amplitude modulation index, VDCi is the average DC capacitor
voltage at the DC side, and RDC the DC cable resistance. From Fig. 3.1
it is evident that for every new HVDC line we incorporate in our system,
we need to create two new virtual AC nodes, where we connect the
equivalent AC voltage sources of the HVDC-link.

loss
ℜ V Ck · I ∗k + V Cm I ∗m + PDC
= 0,

MC
VCi = √ i VDC i ,
2 2

MCi ∈ [0, 1],

loss
PDC
=

X

VDC = VDC j − VDC i +

2
PC2 j RDC

VDC j

i = k, m

,

PCj RDC
= 0,
VDC j

(3.14)
(3.15)
(3.16)

i, j = k, m, i 6= j

(3.17)

VCi ,min ≤ VCi ≤ VCi ,max ,

(3.18)

VDCi ,min ≤ VDCi ≤ VDCi ,max ,

(3.19)

MCi ,min ≤ MCi ≤ MCi ,max .

(3.20)

The HVDC-Voltage Source converters allow for two independent power
control loops: the active power and the reactive power control loop [25].
In the active power control loop, the converter at the one side is set to
control the power flow, while the converter at the other side controls
the DC voltage. In the reactive power control loop, the two converters
can act independently, controlling either the voltage at the node, or the
reactive power. Combining the two control loops, each converter is able
to operate in two possible modes, either in the PV or in the PQ control
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Figure 3.1: Equivalent circuit of the VSC-HVDC line for OPF calculations.
mode. In the PV control mode, the converter controls the active power
and the voltage, while in the PQ mode it controls the active and the
reactive power. In both cases, if one converter controls the active power,
the other will control the DC voltage.

3.4

Security-Constrained Optimal Power
Flow based on Current Injection

In this formulation we will focus mainly on the line outages and their
effects on the line flows (including the HVDC links). Incorporating
the N-1 security criterion means that additional constraints should be
introduced, calculating the line loadings when an unplanned outage of
a single transmission line occurs. The objective is to find a least cost
generation dispatch such that an outage of an arbitrary line will not
lead to overloads at any point in the system.
For the implementation of an SC-OPF different approaches exist. Usually, a standard OPF is solved, followed by a contingency analysis which
determines the critical overloads. Then these constraints are added to
the initial OPF problem and the OPF is solved again [26]. Another
possibility is to rely on linear approximations, as in [26] and [22]. An
approach suggested in [27] and [24], introduces a second set of power
flow equations and constraints, in order to incorporate “critical” conditions associated with the maximum loading margin. In this way, the
N-1 criterion is being considered by taking into account the overloading,
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which occurs during the most severe line outage.
In this formulation, we use the current injection method, which allows
us to compute the line flows after an outage without having to solve
a full power flow. The method was first derived in [28] and [29], and
enhanced and applied for FACTS devices in [30]. The current work proposes a further enhancement to the method in order to incorporate the
HVDC corrective control actions after a contingency. In Section 3.4.1
we describe the basic current injection method. In Section 3.4.2 the formulation for the post-contingency control of HVDC lines is introduced,
while in Section 3.4.3 is shown how this is combined with the method
for increased accuracy proposed in [30]. The outage of HVDC lines can
also belong to the set of critical contingencies. Section 3.4.4 presents
how HVDC outages are included in this algorithm.

3.4.1

Current Injection Method

The current injection method is able to determine accurately the line
currents after an outage through the solution of a linear system of equations, thus avoiding the need of a full power flow calculation. As a result,
constraints for the line currents after an outage can be easily incorporated in the optimization problem. Figure 3.2 illustrates the concept
of the current injection method. The left part shows the system state
before the outage, while in the middle the situation after the outage is
represented. As shown in the right part of Fig. 3.2, the outage of the
line l−p can be represented by a pair of injection currents I Sl , I Sp at the
respective nodes, approximately compensating for the current flowing
over the line. Essentially, instead of changing the network topology, injection currents eliminate the line flow, thus simulating the line outage.
Following the notation in [30], in the non-faulted situation the relationship between bus voltages and bus currents is given by Eq. 3.21. Z 0 is
the bus impedance matrix. When a line outage occurs, bus voltages and
bus currents change to V F and I F respectively, while the new network
topology leads to a new bus impedance matrix Z F . Eq. 3.22 holds in
this case.
V 0 = Z0 · I0
V F = ZF · IF

(3.21)
(3.22)
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Figure 3.2: Illustration of the Current-Injection Method.
Here, we introduce the vector of injection currents I S . Assuming a
non-faulted network topology, as given by Z 0 , the injection currents
should compensate for the flows on the outaged line. The only non-zero
elements of the vector I S correspond to the nodes l, p, where the outage
occurred. Hence, Eq. 3.23 is equivalent to Eq. 3.22:
V F = Z 0 · (I F + I S )

(3.23)

As a result, the change in the bus voltages after the fault is given by:
∆V = V 0 − V F = Z 0 · (I 0 − I F −I S )
| {z }

(3.24)

≈0

As implied by Eq. 3.24, the basic current injection method assumes
that the difference in the bus currents before and after the outage is
negligible. Hence, the changes in the line flows can be computed through
Eq. 3.25:
∆I line = I line,0 − I line,F = Y L ∆V ≈ − Y L Z 0 ·I S
| {z }

(3.25)

D

Here, Y L is the line admittance matrix of the situation without outage.
Matrix D = Y L · Z 0 is known as the matrix of distribution factors [28],
reflecting the influence of the injection currents to the line currents.
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The injection currents that we calculate have an effect not only on the
rest of the line flows but also on the outaged line itself, in a recursive
way. In other words, any additional current injection at the nodes l, p
will also change the line flow to I lp,new = I lp,0 − ∆I lp . As a result, if
we wish to eliminate the line flows on the outaged line, the injection
currents should be determined from the following equations:
I Sl = I lp,0 − ∆I lp = I lp,0 + D(lp,l) · I Sl + D(lp,p) · I Sp

I Sp = I pl,0 − ∆I pl = I pl,0 + D(pl,l) · I Sl + D(pl,p) · I Sp

(3.26)
(3.27)

where ∆I lp corresponds to the element associated with the line l − p in
the vector ∆I line , while I lp,0 is the current that flows on the line before
the outage. The notation D lp,l indicates the element in the row associated with line l−p and in column p of matrix D. Using the values for I Sl
and I Sp calculated through the above equations, the changes in voltages
and line currents after the outage can consequently be calculated with
the help of Eq. 3.24 and Eq. 3.25.

3.4.2

Inclusion of HVDC lines in the Security-Constrained OPF

As it is evident from Eq. 3.24, the changes in the bus currents before
and after the outage are considered negligible in the basic current injection method. However, as we want to account for the post-contingency
control capabilities of the HVDC lines, and based on the HVDC modeling approach in Section 3.3.2, the bus currents at the nodes where the
HVDC line is connected cannot be considered constant. Therefore, we
introduce an additional current injection vector, so that the bus currents
after the fault to become equal to:
IF = I0 + IT .

(3.28)

The vector I T has non-zero values only at the elements which correspond to the converter nodes of the HVDC line, i.e. nodes Ck and Cm
in Fig. 3.1. Consequently, Eq. 3.24 changes to:
∆V = V 0 − V F = −Z 0 · (I S + I T ).

(3.29)
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The additional currents have also an effect on the calculation of the
injection currents I Sl and I Sp . Eq. 3.26 and Eq. 3.27 change to:

I Sl = I lp,0 + Dlp,l · I Sl + Dlp,p · I Sp + Dlp · I T

(3.30)

I Sl = I lp,0 + Dpl,l · I Sl + Dpl,p · I Sp + Dpl · I T

(3.31)

In the post-contingency state, we need both HVDC converters to operate under a PV control mode in order to accomplish two functions.
First, they should keep the voltage constant to a specified value at both
line ends. Second, they must control the active power flowing through
the HVDC line in an appropriate way, in order to relieve AC lines from
possible overloadings. Eq. 3.32 refers to the voltage constraints, while
Eq. 3.33 – Eq. 3.35 express the constraints for active power. In Eq. 3.32
– Eq. 3.35, an index i to a matrix refers to a whole row, while an index
i to a vector refers to a single element.
V Fi
V Fi

2

= Z Fi · (I 0 + I T ) = V i,spec ⇒


∗
= Z Fi · (I 0 + I T ) Z Fi · (I 0 + I T ) =
= Z Fi · I 0

2

+ (Z Fi · I 0 )(Z Fi · I T )∗ +

2

+ (Z Fi · I 0 )∗ (Z Fi · I T ) + Z Fi · I T = V i,spec
| {z }

2

.

(3.32)

neglected

Here, it should be noted that while Eq. 3.32 refers to the nodes k, m of
the AC system, Eq. 3.33 - Eq. 3.35 refer to the ‘virtual’ converter nodes
Ck and Cm .
PCi ,P CC = ℜ{V FCi · (I 0Ci + I TCi )∗ }

= ℜ{Z FC · (I 0 + I T ) · (I 0C + I TC )∗ }
i

i

i

= ℜ{(Z FCi · I 0 ) · I ∗0Ci + (Z FCi · I 0 ) · I ∗TCi +
+ (Z FC · I T ) · I ∗0i + (Z FC · I T ) · I ∗TC }.
i
i
{z
}i
|

(3.33)

neglected

In Eq. 3.32 – Eq. 3.33, we neglect the values of the terms where the
injection currents appear squared. Since we are dealing with p.u. values,
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which are usually smaller than 1, the contribution of the square of such
a value should be relatively small. At the same time, neglecting these
terms allows us to keep our system linear. As we will also see in the
case studies, in Section 3.5, the loss in accuracy by omitting these terms
is indeed very low. The elements of the I T vector not corresponding
to a converter should be set to zero. Equivalently to Eq. 3.14 for the
non-faulted state, Eq. 3.34 requires that the change in the active power
flow after the fault must also be balanced. Here, the effect of the DC
line losses, which are comparably small, is neglected. As implied by
Eq. 3.33 and Eq. 3.34, an additional optimization variable PCk ,P CC is
added to the optimization problem for each considered outage, bounded
through Eq. 3.35.
PCk ,P CC = −PCm ,P CC

−PHVDC,limit ≤ PCk ,P CC ≤ PHVDC,limit

(3.34)
(3.35)

Hence, splitting the system of equations Eq. 3.30 – Eq. 3.33 into real
and imaginary parts, and forming the linear system of Eq. 3.36, the
currents I S and I T can be determined. Here, Aic is derived directly
from the linear terms, while bic from the constant terms of Eq. 3.30 Eq. 3.33. Subsequently, the new line currents of the faulted case can be
determined through Eq. 3.37. The entries in Iline that correspond to the
outaged line in both directions are equal to the virtual currents which
are eliminated from the injection currents IS . Thus, for correctness
these entries should be set to zero.


ℜ{I S }
 ℑ{I S } 

(3.36)
Aic 
 ℜ{I T }  = bic ,
ℑ{I T }
I line = I line,0 − ∆I line = I line,0 + Y L · Z 0 · (I S + I T )

3.4.3

(3.37)

Extension of the Basic Current Injection
Method for Increased Accuracy

In [30] an extension to the current injection method was proposed in
order to improve its accuracy. The reasoning lies in the fact that the bus
currents do change after the fault. The authors distinguish between the
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three different types of buses and form the equations, which are restated
here, in Eq. 3.38 – Eq. 3.41, for the sake of completeness. The vector I S
has, again, non-zero values only at the nodes of the outaged line. On the
other hand, due to the extension, the only zero elements of the vector
I T are the ones corresponding to PQ buses without loads. For the slack
bus Eq. 3.38 should be satisfied, while for the PV buses Eq. 3.39 and
Eq. 3.40 should be fulfilled. Finally, Eq. 3.39 and Eq. 3.41 should hold
for PQ buses. For further details the interested reader can refer to [30].
∆V i = −Z 0 · (I S + I T ) = 0
∗

Pi = ℜ{V Fi · (I 0i + I Ti ) }

V Fi = |Z F · (I 0 + I T )| = |V 0i |
Qi = ℑ{V Fi · (I 0i + I Ti )∗ }

(3.38)
(3.39)
(3.40)
(3.41)

Due to the extension, the HVDC converters are not bound any more to
operate in PV control mode during the post-contingency state. We distinguish between two alternatives. If the HVDC converter is connected
to a PQ bus, then we assume that it should operate in a PV mode after the occurrence of a contingency, in order to keep the post-fault bus
voltage to the specified value. If, however, the converter is connected to
a PV bus, then the voltage will be controlled from the voltage controller
(e.g. AVR of a generator) connected at that bus. Thus, the converter
can operate in a PQ control mode after the fault with the objective
to keep the reactive power injection/withdrawal steady at the pre-fault
level. The formulation of such a constraint is similar to Eq. 3.41. Operating in a PV control mode after an outage usually requires the injection
of reactive power, which limits the active power transfer capability of
the HVDC converter. Therefore, as long as there is a component controlling the voltage at the node (e.g. an AVR), a PQ control mode could
allow for an increased active power transfer.

3.4.4

Accounting for the HVDC line outages

As soon as we include HVDC lines in our system, we should also account
for the probability of them to fail when considering the N-1 criterion.
Since the modelling of each HVDC line requires two virtual voltage
sources which are not connected through a line but only coupled through
additional constraints, an HVDC outage would not result to a change
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of the bus admittance matrix. Therefore, the virtual injection currents
I Sl and I Sp are not necessary in this case. Instead, we model an HVDC
outage by setting the active and reactive power at both converter nodes
equal to zero. For HVDC outages it holds:

V F = Z 0 · (I 0 + I T )

I line = I line,0 + Y L · Z 0 · I T

(3.42)
(3.43)

In order to find I T we solve the linear system defined by the equations
3.32 – 3.33 and 3.38 – 3.41, with three modifications. First, instead of
Z F we use Z 0 . Second, in order to account for the HVDC outage, we
need to set the post-fault HVDC flows for this specific line equal to zero.
The post-fault active power flow of every HVDC line, however, is an
optimization variable PCi ,P CC . Therefore, for each HVDC outage we set
the limits of the outaged line in Eq. 3.35 equal to zero, i.e. the outaged
line will not be able to offer any post-contingency control actions during
its own outage. We do the same for the reactive power flows by setting
in Eq. 3.41 the reactive power of the converters corresponding to the
HVDC line equal to zero, i.e. if l − p is the outaged HVDC line then
QCl = 0 and QCp = 0. Of course, if there are more HVDC lines in the
system, the rest of the HVDC lines can act correctively after an HVDC
outage and change their power flow, as in the case with AC lines.
Here, it should also be noted that in Section 3.4.3 we distinguish between
two operating modes of the HVDC line: the PV and the PQ-mode. For
the lines in PV-mode we consider Eq. 3.39 and 3.40, while for the lines
in PQ-mode we consider Eq. 3.39 and 3.41. In order to be able to set
the reactive power flow equal to zero even if the HVDC line in question
is operating in PV-mode, we do the following. Only for this HVDC line,
and only during the post-fault calculations for this HVDC outage, we
change its operating mode from PV to PQ.
In Chapter 7, we present case studies where HVDC outages are also
taken into account.

3.5

Case Studies

For the first two case studies we used the 10-bus power system depicted
in Fig. 3.3. The system is similar to the one used in [23] and [22]. It
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emulates to a certain extent the interconnecting flows between Switzerland, France and Italy. Due to differences in generator costs and loads,
the power flow in the network is generally from the top left towards the
bottom right. The system data and main characteristics can be found
in Appendix A.
In the following case studies, the post-fault line flow computations from
the current injection method are compared with the results from an AC
power flow (AC-PF). Since the HVDC active and reactive power setpoints have already been determined from the OPF at both system and
converter nodes, and the AC-PF serves only for comparison purposes,
the simplified steady-state model of the HVDC can be used for the ACPF [31]. Therefore, each converter is modeled as a generator, as already
shown in Fig. 3.1. The virtual converter buses are assigned to be PQ
buses. For the SC-OPF the SNOPT Solver from Tomlab Optimization
(www.tomopt.com) was used.

3

~

Switzerland
1

~

4

2
5

France

~

9
6

~

10
7

8 ~

Italy

Figure 3.3: 10-bus network used for the simulations in the first two case
studies.
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3.5.1

Case Study #1

In this case study we place the HVDC line between nodes 6 and 7,
replacing the existing AC interconnection between France and Italy.
Node 6 is a PQ bus, while Node 7 is a PV bus, thus allowing the
study of different control modes for the converters. The capacity of the
converters is set to 3000 MVA. We assume that a transfer of 1700 MW
has already been agreed from node 6 to node 7 through e.g. a dayahead market clearing. The voltages at both ends of the line are set
to 1.0 p.u. during normal operation. The goal of this case study is to
examine to what extent the HVDC line can contribute to congestion
relief in case of the most critical contingency: the outage of line 2-9.
Different corrective control strategies can be envisioned. Here, we set
the post-contingency voltage level of PV-controlled converter (node 6)
equal to 1.05 p.u., while the active power is allowed to vary in order
to relieve any overloadings. All PV-buses should keep their pre-fault
voltage levels.
Table 3.1: Additional Data for Case Studies #1 and #2 for the 10-bus
system

VSC-HVDC:
MCi ,min = 0.85
VDCm = 3.3p.u.
Emergency
Overload Rating:

Replacing line 6-7 in Case Study #1 [3000 MVA]
Replacing line 1-10 in Case Study #2 [2000 MVA]
MCi ,max = 1.00
RDC = 0.00334p.u.
ZCi = 0.001 + j0.01p.u.
emg
Iij,max
= 1.2 · Iij,max

As shown in Fig. 3.4, the voltage at node 6 indeed increases from 1.0
p.u. and reaches the value of 1.058 p.u. The voltages at the PV buses
remain at the same levels. Bus 9, which is a PQ bus where the outaged
line was connected, experiences a significant voltage drop. The postcontingency flow over the HVDC line is determined equal to 2955.7
MW, flowing from node 6 to node 7. In Fig. 3.5, the accuracy of the
current injection method is examined. As shown, the post-contingency
line loadings are approximated sufficiently well. For line 2-10, which is
the critical line loading, the error is 2.7%.
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Voltage Levels before and after Outage of Line 2-9
1.4

Voltage Level (p.u)

1.2

Before Outage
After Outage

1.0
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10 Cnv1Cnv2
Lines (Cnv1 and Cnv2 denote the AC side of the two HVDC converters)

Figure 3.4: Voltage levels before and after the outage of line 2-9. The
voltage at node 6 increases after the contingency.

Line and HVDC Converter Loadings for Outage of Line 2-9
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Current Injection Method
AC Power Flow
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1-3 2-3 1-10 2-9 2-10 3-4 3-5 3-6 4-5 5-6 7-8 8-9 9-10Cnv1Cnv2
Lines (Cnv1 and Cnv2 stand for the two HVDC converters)

Figure 3.5: Comparison of the line loadings from Current Injection with
the line loadings determined through an AC power flow.

34

3.5.2

Chapter 3. SC-OPF Formulations

Case Study #2

In this case study we allow the SC-OPF to determine the optimal voltage values and power dispatch, both in pre- and post-fault case, in order
to achieve the minimum costs. Here, an HVDC line replaces the AC
line connecting nodes 1 and 10, with a converter capacity of 2000 MVA.
Additionally, in order to study the performance of the algorithm, and
more specifically the reversal of the HVDC flow after a contingency, we
exchange the loads at buses 1 and 10, i.e. L10 is now at bus 1 and viceversa. Critical contingency in this case is considered the outage of line
6-7. In Table 3.2, the total generation costs from a Standard AC-OPF
dispatch and from the SC-OPF dispatch both with and without postcontingency control (PCC) of the HVDC line are shown. We observe
that the ‘Cost of Security’, i.e. the additional costs in order to guarantee the N-1 security, can significantly decrease if we take advantage of
HVDC PCC capabilities. In Table 3.3, the active and reactive power
setpoints of the HVDC line are presented. Observe here that after the
fault the HVDC active power changes direction, flowing from node 1 to
node 10.
Table 3.2: Total Generation Costs resulting from a Standard AC-OPF
dispatch and from a SC-OPF dispatch with and without PCC
of HVDC. (Critical Contingency: outage of line 6-7).
Standard OPF
315’442 e/h
Cost of Security

SC-OPF without PCC
324’816 e/h
9’374 e/h

SC-OPF with PCC
316’328 e/h
886 e/h

As shown in Fig. 3.6, the post-contingency line loadings are approximated, again, sufficiently well. For line 2-10, which is the most critical
line loading, the error is 2.6%.
Figure 3.7 refers exclusively to the SC-OPF solution where the PCC
capabilities are enabled. The line loadings during three different states
are presented: (a) pre-fault state (no outage), (b) outage of line 6-7 but
HVDC setpoints same as in pre-fault state (no PCC), and (c) outage of
line 6-7 and post-contingency control of HVDC line. We observe that if
no post-contingency control takes place, line 2-10 exceeds its emergency
overload rating.
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Table 3.3: HVDC active and reactive power setpoints resulting from a
Standard AC-OPF, and from the SC-OPF with PCC during
the pre-fault and post-fault state (PHVDC positive direction:
1 → 10). Values are in MW resp. MVAr.
Standard OPF
PHV DC
Qconv1
Qconv2

-568.8
731.1
320.1

SC-OPF
(pre-fault dispatch)
-192.3
284.8
-96.7

SC-OPF
(PCC of HVDC)
1400.1
1428.2
-271.0

Line and HVDC Converter Loadings for Outage of Line 6-7
120

Line Loading (%)

100

Current Injection Method
AC Power Flow

80
60
40
20
0

1-3 2-3 2-9 2-10 3-4 3-5 3-6 4-5 5-6 6-7 7-8 8-9 9-10Cnv1Cnv2
Lines (Cnv1 and Cnv2 stand for the two HVDC converters)

Figure 3.6: Comparison of the line loadings from Current Injection with
the line loadings determined through AC-PF.
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Line Loading [absolute values] (p.u.)

Line and HVDC Converter Loadings for Outage of Line 6-7
6
5
4

No Outage
Outage – no PCC
Outage with PCC
Contin. Rating
Emerg. Rating

3
2
1
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1-3 2-3 2-9 2-10 3-4 3-5 3-6 4-5 5-6 6-7 7-8 8-9 9-10Cnv1Cnv2
Lines (Cnv1 and Cnv2 stand for the two HVDC converters)

Figure 3.7: Comparison of Line Loadings during (a) pre-fault state,
(b) post-fault state but with no post-contingency control
(HVDC setpoints same as in the pre-fault state), and (c)
post-fault state with HVDC post-contingency control. The
HVDC converters have no overload capability.
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Case Study #3: the European Network

The EU Project IRENE-40 (www.irene-40.eu) aims at identifying the
appropriate transmission expansion measures in order to achieve a more
secure, sustainable, and economically competitive European power system. Within this context, simulations based on different future generation scenarios are carried out. With respect to security, the objective
is to identify the appropriate reinforcements in order to minimize the
‘Cost of Security’. Hourly generation and load data for the years 2010,
2020, 2030, 2040, and 2050 are provided for each EU-27 member state,
Norway, and Switzerland [15].
Here, we study a single-hour snapshot of the year 2050. The generation and load data are taken from the scenario RES, which projects a
high share of renewable generation in Europe ( 80%) by the year 2050.
In Chapter 7, detailed results are presented concerning the appropriate
expansion measures for this scenario. In this chapter, the focus is on
the description of the algorithm and its performance. For the sake of
this example, we compare the case where no expansion measures are
undertaken (i.e. system as in 2010) with the case where one AC and
three HVDC lines are added. The AC line connects Lithuania with
Poland. The additional HVDC lines connect UK with the Netherlands
(BritNed), Norway with Germany (NorGer), and Sweden with Lithuania (NordBalt). The lines are already in construction/planning phase,
with BritNed and NorGer being based on the LCC-HVDC technology.
In order to test the performance of the algorithm, we assume all links
are VSC-HVDC lines. The studies are carried out with a single-node
per country model, comprising 32 nodes and 104 branches. Each interconnection (except for the submarine cables) is modeled as two identical
AC lines. Thus, a line outage will result to a loss of only 50% of the
interconnection capacity. The line data are aggregations of real data
provided by UCTE (now ENTSO-E) (www.entsoe.eu).
Figure 3.8 presents the line loadings after the expansion, resulting from a
Standard OPF dispatch and the SC-OPF. For the SC-OPF, the twelve
most critical contingencies are taken into account. As shown in Table 3.4, the expansion results in a reduction of about 6.4% to the ‘Cost
of Security’ for this snapshot.
Figure 3.9 presents the line loadings resulting from the current injection
method and from an AC power flow during the outage of line DE-PL,
which is one of the critical contingencies considered. As it is shown,
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Table 3.4: Cost of Security calculations when no transmission expansion
takes place, and after the addition of one AC line (LT-PL)
and three HVDC lines (NL-UK, DE-NO, LT-SE). The SCOPF takes into account the 12 most critical line outages.

Standard OPF
SC-OPF with PCC
Cost of Security
Reduction in Cost of Security

Costs (in million e/h)
Addition of
No Expansion
1 AC + 3 HVDC lines
9.52
9.50
10.61
10.52
1.09
1.02
6.4%

the line loadings are well approximated. In Fig. 3.10, the mean and
maximum error of the line loadings for the twelve critical contingencies
is presented. It can be observed that the mean error for most lines is
close to zero, while in any case it does not exceed 5%. For most lines,
the maximum error is also near zero. In only a few cases it reaches a
value of 8%-11%. The results are in line with the results presented in
[30].
In Table 3.5, the active and reactive power setpoints for all three HVDC
lines, during a Standard OPF and an SC-OPF in the pre-fault state are
presented. Indicatively, the post-fault cases of lines DE-PL and IT-SI
outages are also shown.
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OPF RES 2050

High Loading (Existing Line)
Medium Loading (Existing Line)
Low Loading (Existing Line)
High Loading (New AC/HVDC Line)
Medium Loading (New AC/HVDC Line)
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SC−OPF RES 2050
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Medium Loading (New AC/HVDC Line)
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Figure 3.8: Line Loadings during a Standard OPF (top) and the SCOPF dispatch (bottom). Both illustrations correspond to
the 3HVDC+1AC expansion case. The line width is proportional to the Net Transfer Capacity of the interconnection.
Loadings: High > 70%, Medium 50 − 70%, Low < 50%.
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Comparison of Line Loadings after the Outage of Line 49 (DE-PL)
120

Line Loading (%)

100
Curr. Inj. Method
AC Power Flow
Line Limit

80

60

40

20

0
0

10

30

20

40

50

60

Lines
Comparison of Line Loadings after the Outage of Line 49 (DE-PL)
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Figure 3.9: Comparison of the derived line loadings from the current
injection method with the line loadings determined through
an AC-PF, during the outage of line DE-PL.
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Figure 3.10: Mean and maximum approximation error of the line loadings derived from the current injection method for the 12
critical contingencies.
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Table 3.5: HVDC active and reactive power setpoints resulting from a Standard AC-OPF, and from the SCOPF with PCC during the pre-fault and post-fault state (for Line Outages 49: DE-PL and 65:
IT-SI). All values are in MW resp. MVAr. Arrow (e.g. NL → UK) shows the positive direction of
the power flow.
NL)
Qconv2
-16.29
-10.35
-7.30
-8.41

NorGer (NO → DE)
PHV DC Qconv1 Qconv2
1396.76 -25.27
0.23
1396.76 -33.31
0.09
1227.40 -32.15
2.12
1293.85 -32.89
0.80

NordBalt (SE → LT)
PHV DC Qconv1 Qconv2
699.19
23.46
0.01
413.02
-10.72
2.27
699.97
6.15
6.15
78.28
11.42
8.00
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OPF
SC-OPF
Out. 49
Out. 65

BritNed (UK →
PHV DC Qconv1
-999.98
5.55
-533.32
-6.49
-313.00
-3.84
-700.00
-5.17
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3.6

Current Distribution Factors

3.6.1

AC Current Distribution Factor

In Section 3.4.1 we introduced matrix D, which is the matrix of distribution factors reflecting how bus current injections change line currents.
We define matrix D = Y L Z 0 as the product of the line admittance matrix Y L and the bus impedance matrix Z 0 = Y −1
0 (This matrix was first
introduced in [28], defined as D = −Y L Z 0 ).
Besides its use in the current injection method, matrix D can generally
determine the relationship between the bus current injections I 0 and
the line currents I line , as shown in Eq. 3.44:
I line = Y L · V 0 = Y L · Y −1
I
| {z 0 } 0

(3.44)

=D

For the rest of this thesis we will refer to matrix D as the matrix of
Current Distribution Factors (CDF) and define it as in Eq. 3.45:
CDF:

3.6.2

D = Y L Y −1
0

(3.45)

Linear AC Outage Distribution Factors

As described in 3.4.1, the outage of the line l −p can be represented by a
pair of injection currents I Sl , I Sp at the respective nodes, approximately
compensating for the current flowing over the line. Subsequently, the
changes in all line flows can be computed through these injection currents and matrix D. Using the values for the injection currents I Sl
and I Sp calculated through Eq. 3.26 and Eq. 3.27 in Section 3.4.1, the
changes in voltages and line currents after the outage can consequently
be calculated with the help of Eq. 3.24 and Eq. 3.25, i.e.:

∆I line




0
IS 
 l
 . 
= −D ·  .. 
 
I S 
p
0

(3.46)
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Examining I Sl and I Sp in simulations, we observe that their absolute
values are quite similar. This should have been expected, as the bus
injection currents try to eliminate the flow on the outaged line by injecting opposite currents at the line ends. Since the value of the current
at the beginning of the line is very similar to the value of the current
at the end of the line (they differ only by the amount of losses on the
line), it follows that currents I Sl and I Sp would also be very similar. By
assuming that I Sl = −I Sp allows us to derive a linear factor to describe
the effect of one line outage on all line flows, which is dependent only
on the electrical characteristics of the network, i.e. dependent only on
matrix D and not on the operating point. These factors can be precomputed and kept constant during the whole optimization procedure.
As we will see in the following sections, the accuracy of this factor is
equally good as the simple current injection method presented in [28]
and [29] (i.e., if we neglect Eq. 3.38–Eq. 3.41 which were introduced for
increased accuracy).
From Eq. 3.26 and Eq. 3.27, by assuming that I Sl = −I Sp , we have:
I Sl =

I Sp =

1
1 − D(lp,l) + D(lp,p)
1
1 + D(pl,l) − D(pl,p)

· I lp,0

(3.47)

· I pl,0

(3.48)

In the general case:
∆I line = −D · S · I line

(3.49)

where S is a nB × 2nL matrix. Matrix S has 2nL since we take into
account both flow directions in our calculations (nB and nL are the
number of buses and lines respectively). When considering line l − p as
the only critical outage, then matrix S will be a matrix having non-zero
elements only in the vectors corresponding to the outaged line l − p, and
its reverse flow p − l, i.e.:




0
0
..


 1+D 1−D



.

(lp,l)
(lp,p) 


1



0
S pl =  1−D(pl,l) +D(pl,p) 
S lp = 
(3.50)
,



..


.




..
.
0
0
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S= 0

... 0

S lp

45
S pl


... 0

(3.51)

Specifically, the non-zero element of S lp will appear in the row corresponding to bus l, and the non-zero element of S pl will appear in the
row corresponding to bus p.
The line currents after an outage will be given from the relationship:
I ′line = (1 + D · S) · I init
line

(3.52)

Eq. 3.53 gives the definition of the Line Outage Current Distribution
Factor (LOCDF):
(3.53)
LOCDF = 1 + D · S

3.6.3

Examining the LOCDF accuracy: 10-bus system

We test the accuracy of our approach on the 10-bus system presented
in Section 3.5. First, we will compare the post-contingency current
flows computed through the current distribution factors and the simple
current injection method. Subsequently, we will focus on the LOCDF
approximation errors with respect to the AC Power Flow results.
Figures 3.11 and 3.12 present the deviation of the LOCDF calculation
for the post-contingency currents with respect to the simple current
injection method for all possible contingencies, i.e. line outages. The
deviation has been calculated here in two ways. First, by computing
the deviation of the current magnitudes only, without taking into account the phase angle difference, as shown in Eq. 3.54. The resulting
deviations are presented in Fig. 3.11.
Magn.Dev. =

|ICurr.Inj | − |ILOCDF |
|ICurr.Inj |

(3.54)

Second, by calculating the error vector magnitude (EVM) as shown in
Eq. 3.55, which takes both magnitude and phase angle differences into
account. Figure 3.12 presents the EVM deviations.
EVM =

|ICurr.Inj − ILOCDF |
|ICurr.Inj |

(3.55)
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Figure 3.11: LOCDF vs. Simple Current Injection: Deviation of current
magnitude plotted against the corresponding line loading
for the 10-bus system.
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Figure 3.12: “Error Vector”: Deviation of LOCDF calculation in %
from the simple current injection method plotted against
the corresponding line loading for the 10-bus system.
For estimating the line loading, only the current magnitude is of interest. As shown in Fig. 3.11, the difference between the LOCDF calculation and the simple current injection method, is very small. For
line loadings above 50% of the line thermal capacity, the relative de-
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viation does not exceed 2%. In lower loadings, the error calculation
is more sensitive to small deviations and therefore we observe higher
relative deviations. For example, the post-contingency current flow of
a line loaded at 1.12% of the thermal capacity differs by about 38% between the two methods. Nevertheless, in absolute numbers the LOCDF
method estimates a loading of 1.62%, while the simple current injection
method a loading of 1.18%. As it can be observed the difference with
respect to line loading is almost insignificant.
As we wish to use the CDF approximations for general calculations,
e.g. also for estimating active and reactive power and not only line
overloadings, the phase angle difference plays also a role. The error
vector magnitude also includes such deviations. By definition, the magnitude deviations will always be smaller than the EVM deviations, as
they do not include the difference in phase angles. This is also evident
by comparing Fig. 3.12 with Fig. 3.11. We see again that the difference
between the two methods is small. For line loadings above 50%, the
difference does not exceed 3% in any case.
Concluding, we can see that LOCDF calculation yields almost the same
results as the simple current injection method, especially with increasing
line loadings. For very low line loadings, the relative deviation increases,
but remains small in absolute values.
In the following investigations in this section we will examine only the
error vector magnitude, as this includes the phase angle difference and
poses an upper bound on the current magnitude error. The approximation error for the current magnitude, which plays an important role for
the calculation of post-contingency overloadings, will always be smaller
than the error vector magnitude. We leave the comparison between
the two approximation methods, and we now focus on the actual error that the LOCDF calcuation introduces in the computation of the
post-contingency current flow. Figure 3.13 presents the relative errors
of the post-contingency line flows computed with the LOCDF, as opposed to the actual current values, obtained through an AC Power Flow.
The relative errors are plotted against the corresponding loadings of the
lines. As it can be observed, for higher line loadings the accuracy of the
LOCDF factor increases. For loadings above 50%, the approximation
error is below 13%. Similar results are obtained by the simple current
injection method.
As it can be observed, the LOCDF calculation results to acceptable ap-
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LOCDF vs. AC Power Flow
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Figure 3.13: Approximation errors of LOCDF calculation (EVM) plotted against the corresponding line loading for the 10-bus
system.
proximation errors, comparable to the simple current injection method.
It is also important to note that not all of these errors are critical for the
power system operation, especially if one focuses on post-contingency
line overloadings. In the following paragraph we will examine how many
of these approximation errors can lead to a false estimate for a line
overloading in the IEEE 118-bus system. We will find out that the percentage of false-negative or false-positive samples is indeed very small.
Taking further into account the gains in computation speed, as we will
see in Section 3.7.3, the LOCDF provides a good and fast estimate of
the post-contingency current flows in a security-constrained AC-OPF
context.

3.6.4

Examining the LOCDF accuracy: IEEE 118bus System

The LOCDF accuracy was also tested in the IEEE 118-bus system. The
system data can be found in [32], while the line capacity data were taken
from [33]. The system consists of 186 lines. From these, the outage of 9
lines results to isolated buses, and therefore they should be considered
as a bus outage. As a result, we studied 177 line outages and their effect
on the line flows (total 32922 samples). Fig. 3.14 presents the approxi-

Approximation Error (in p.u., relative to Actual Line Loading)
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Figure 3.14: Approximation errors of LOCDF calculation plotted
against the corresponding line loading. The grey area denotes the false positive samples and the light orange the
false negative.
mation errors of the LOCDF calculation against the corresponding line
loading. In this paragraph, we focus on the number of false-positive and
false-negative samples. False-positive are loadings that were assumed
to exceed the line limit, but in reality were not. In an SC-OPF context, these samples will result in constraint violations, for which the
SC-OPF algorithm has to account. False-negative are loadings that
were considered below the line limit, but in reality the lines were overloaded. False-negative samples do not appear to violate the SC-OPF
constraints, although in reality an SC-OPF algorithm should have accounted for these instances too. In total, only 27 out of 32922 (0.08%)
samples were false positive and 1 sample (0.00%) false negative.
Concluding, we can see that for the post-contingency flows, which are
of importance in a security-constrained OPF algorithm, only in 0.08%
of the cases were found to effectively influence the dispatch determined
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through the optimization algorithm. Considering that the number of
false-positive samples is higher than the false-negatives, in this case
(IEEE 118-bus) the SC-OPF algorithm will probably tend to result to
a more constrained, i.e. more expensive, dispatch than it would in
reality.

3.7. SC-OPF based on Current Distribution Factors

51

3.7

Security-Constrained OPF based on
Current Distribution Factors

3.7.1

Inclusion of Line Outages and Generation
Outages

AC Line Outages In case of AC line outages, as presented in Section 3.6.2 the LOCDF can determine with a good approximation the
post-contingency current flow on all lines.
Generation Outages In case of a generation outage, the bus current
vector I 0 will change. The lost generated power should be “shifted” to
other generators. Since the generating buses are PV buses, by assuming
constant voltage before and after the outage on all generating buses,
the power shifting is equivalent to the shifting of current injections. Let
a generator on bus p get outaged, and generators on buses m and n
compensate for this generation loss (N.B. on buses m, n, p loads may
also exist). Then:

I ′bus




..
.


 I0p − Igp 



=
I0m + ∆Igm 
 I0n + ∆Ign 


..
.

with

Igp = ∆Igm + ∆Ign

(3.56)

Through Eq. 3.56 and 3.44 we observe that in case of a generator outage the current distribution factors, represented by the matrix D, can
determine the line flows :
I ′line = D · I ′bus

(3.57)

HVDC Outages We can handle HVDC outages similar to generation
outages, since HVDC converters are modelled as virtual voltage sources.
Instead of generation shifts, we would need to set to zero the entries in
I ′bus that correspond to the HVDC converters. The new line currents
are expressed again through Eq. 3.57.
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VSC-HVDC
Post-Contingency
Control
through Current Distribution Factors

The Current Distribution Factors (CDF) and the Line Outage Current Distribution Factors can be used for the calculation of the postcontingency control actions of a VSC-HVDC line. A contingency could
be either a generator or a line outage. Here, we will focus on the more
interesting case of a line outage. A VSC-HVDC line can be modelled
as two voltage sources, with one voltage source connected at each end
of the line. One of the two voltage sources will be withdrawing a certain amount of power, while the voltage source at the other end will be
injecting the same amount of power. Here, we neglect the ohmic losses
and the converter losses of the HVDC line. We also assume that the
HVDC line operates in PV mode, setting the voltage at both line ends
to a specified value. This allows us dealing with the currents instead of
active power for the post-contingency control, without significant loss of
accuracy. Let the HVDC line be connected between nodes m − n. Then
a change ∆IDC in the HVDC line flow will change the bus injection
currents:

I ′bus



 

I01
0
 ..  

..
 .  

.

 




I
∆I
=
+
DC  ,
 0m  
 I0n  −∆IDC 

 

..
..
.
.

(3.58)

which will result in a change of the line currents, as expressed through
Eq. 3.57.
Assume now that we want to study the change on AC line flow k, when
AC line l − p is outaged, and the HVDC line m − n changes its power
flow. Then the current flow on line k will be given from the relationship:
Iklpout = LOCDFk,lp · I ′line,∆IDC ,

(3.59)

where I ′line,∆IDC are the changes in the line currents solely due to the
change in the HVDC power flow.
From Eq. (3.57) we rewrite Eq. 3.59 as follows:
Iklpout = LOCDFk,lp · D · I ′bus,∆IDC .

(3.60)
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LOCDFk,lp is given by:
LOCDFk,lp = 1 + Dk · S lpout ,
where Dk is the row k of the matrix D and

S lpout = 0 S lp . . . 0 S pl
So, in general:

3.7.3

(3.61)


... 0 .

I ′line = LOCDF · D · I ′bus .

(3.62)

(3.63)

Case Study

In this section we present a case study applying the SecurityConstrained OPF based on the current distribution factors. For the
sake of comparison with the SC-OPF based on the Current Injection
method, we will use again the assumptions of Case Study #2, presented in Section 3.5.2. As critical contingency we also assumed here
the outage of line 6-7, while an HVDC line is replacing the AC line between nodes 1-10. This SC-OPF formulation is again based on the full
AC equations. In comparison with the previous formulation, here we
exchange Eq. 3.37 with Eq. 3.63. This reduces significantly the computation effort, since the matrices LOCDF and D can be precomputed.
Table 3.6: Total Generation Costs resulting from a SC-OPF dispatch
with and without PCC of HVDC. Comparison between the
method based on the Current Distribution Factors and the
method based on Current Injection (Critical Contingency:
outage of line 6-7).

Current
Dist. Factors
Current
Injection
Deviation

SC-OPF without PCC

SC-OPF with PCC

321’926 e/h

315’443 e/h

324’816 e/h

316’328 e/h

0.9%

0.2%

Table 3.6 compares the generation costs obtained from both algorithms.
The formulation based on the current injection method results in higher
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costs, which are closer to reality, as the approximations introduced with
the current distribution factors relax the constraints in this case. Still,
the deviation as can be observed, is relatively small. Especially in the
case where PCC actions are enabled, the difference between the two
methods is almost insignificant. The reason lies probably in the fact
that the additional degrees of freedom after an outage relax the security
constraints. Thus, the solution is mainly constrained from the AC-OPF
equations (see Eq. 3.6 – Eq. 3.20). As both problems share the same
AC-OPF formulation, the solutions converge.
Table 3.7: HVDC active power setpoints during the pre-fault and postfault state resulting from the CDF-based SC-OPF and the
Current-Injection-based SC-OPF (PHV DC positive direction:
1 → 10). Values are in MW resp. MVAr.

CDF : PHVDC
Curr. Inj.: PHVDC

SC-OPF
(pre-fault dispatch) [MW]
-568.8
-192.3

SC-OPF
(PCC of HVDC) [MW]
1215.6
1400.1

Table 3.7 presents the setpoints for the HVDC line calculated with
both methods. We observe here that there is a difference between the
solutions. For the pre-fault dispatch, although the two SC-OPF formulations converge to different HVDC setpoints, both HVDC power flows
result to no overloaded lines. In Fig. 3.15 we examine the line loadings resulting from the post-contingency HVDC setpoints. We plot the
line loadings as computed through the CDF and the Current Injection
method, and compare them with the results from an AC Power Flow,
assuming the same HVDC setpoints as in the respective formulation. As
we can see in Fig. 3.15, line 2-10 results in a higher actual overloading
in the CDF-based SC-OPF (AC Power FLow – CDF bar). This occurs
due to the higher level of approximation of the Current Distribution
Factors.
In Table 3.8 we compare the computation effort for both SC-OPF formulations. As we observe, the formulation based on the CDF requires
about 50% of the time required for the solution based on the current
injection method for this small system. It is expected that in larger
systems the benefits in terms of computation effort will be higher.

3.8. Approximate analytical solution for HVDC-PCC

55

Line and HVDC Converter Loadings for Outage of Line 6-7
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Figure 3.15: Comparison of the line loadings computed through the
CDF-based SC-OPF and the Current-Injection-based SCOPF. The yellow bars (AC Power Flow) present the actual loadings appearing in the system with the Generation+HVDC dispatch as determined from the two SC-OPF
formulations.
Table 3.8: Computation Time needed for the CDF-base SC-OPF and
for the Current-Injection-based SC-OPF.

Comp. Time

3.8

CDF
0.62 seconds

Curr. Injection
1.16 seconds

Approximate analytical solution for
VSC-HVDC post-contingency control

The formulations presented in Section 3.7 allow us to introduce an approximate analytical solution for the post-contingency control actions
of the VSC-HVDC lines. This solution could be of help during the
real-time operation of power systems. Assuming that an outage leading
to a line overloading occurs in the system, the operator could use this
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method to compute fast a HVDC post-contingency control action which
could help relieve the overloaded line.
Assume that an outage of line l − p leads to an overloading of line k,
out
. In order to achieve a line current I ′k which will lie below
equal to I lp
k
the thermal limit, we assume a uniform decrease of the absolute values
out
of both the real and imaginary part of I lp
so that |I ′k | = Fk . This
k
is shown in Eq. 3.64. Fk is a real number and represents the current
thermal limit of the line.
I ′k = Fk ·

out
I lp
k
out
|
|I lp
k

(3.64)

The current thermal limit is a scaler. In our analysis, however, we
are dealing with complex currents. We employ Eq. 3.64, in order to
determine a line current which will have both a real and imaginary
part, but its absolute value will be equal to the thermal limit. Here, we
out
, as the
assume that this current will have a phase angle similar to I lp
k
electrical characteristics of the network and the bus current injections,
except for the HVDC flow, remain constant.
From Eq. 3.63, we define LOCDF · D = LOCDF P CC . Assuming that
we want to control a single HVDC line which is connected between the
nodes Cm and Cn , then the change in the HVDC line flow should be:
∆ICm =

I ′k − LOCDFkP CC I bus
P CC − LOCDF P CC
LOCDFk,C
k,Cn
m

(3.65)

Here, I bus is the vector with the bus currents before the outage.
P CC
LOCDFkP CC refers to the row k of the matrix, while LOCDFk,C
m
refers to the matrix element.
From the change in the current ∆ICm we can subsequently calculate the
new active power flow setpoint of the HVDC line.
In Fig. 3.16, we present the resulting line loadings after applying
Eq. 3.65 in the case study we presented in Section 3.7.3. The dark green
bars present the line loadings exactly after the line outage 6-7, when no
post-contingency control action is taken. The light green bars present
the line loadings that occur if we apply the post-contingency control
action computed through the analytical formulation in Eq. 3.65. The
yellow bars show the line loadings as resulted from the solution of the
Security-Constrained OPF based on the Current Distribution Factors.

3.8. Approximate analytical solution for HVDC-PCC
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Figure 3.16: Comparison of the line loadings after the outage of line 6-7:
(a) without any post-contingency control actions (PCC),
(b) PCC through the analytical approach, (c) (PCC)
through the SCOPF based on the Current Distribution
Factors.

As we can observe, right after the outage two lines are overloaded with
line 2-10 reaching about 160% of its limit. We see that with the analytical solution we are able to compute fast a post-contingency control
action for the HVDC line, that will relieve a single overloaded line and
will reduce the loading of line 2-10 to about 113%. The solution through
the SC-OPF results in a somewhat more effective action, but at the cost
of significantly higher computation time.
From the short analysis presented above we conclude that the analytical
formulation introduced in Eq. 3.65 can provide a fast first reaction for
the operator after an outage. The formulation ensures that the loading
in the overloaded line will be reduced to a value close to its thermal
limit (a deviation should probably be expected due to the approximations). It should be stated here though, that the analytical formulation
cannot guarantee that by this action no new overloadings will occur. A
simple solution to bypass this shortcoming is to make use of Eq. 3.63.
For example, such an action could be computed as a first step for a
fast reaction. Subsequently, through Eq. 3.63 we can determine if the
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computed action results to additional overloaded lines. If not, it can be
implemented. Future work could focus on the development of a simple
algorithm in order to ensure that the computed actions would not result
to additional overloaded lines.

3.9

Conclusions

HVDC lines based on the Voltage-Source Converter technology are expected to play a significant role in the future power systems. In this
chapter, Security-Constrained Optimal Power Flow formulations including post-contingency control of HVDC lines were introduced. Two algorithms were proposed.
The first integrates the control capabilities of the VSC-HVDC technology in a single optimization problem, without the need to solve a
detailed power flow or OPF for each contingency. The approach is
based on the current injection method and takes full advantage of the
VSC-HVDC line flexibility. It allows setting post-contingency voltage
setpoints at the HVDC nodes and determines the optimal active HVDC
power flow – pre- and post-fault – in order to avoid line overloads. After
a contingency, each HVDC converter side can be controlled either in PV
or in PQ control mode, depending on the type of nodes to which it is
connected.
This algorithm can be used for both power system operation and planning studies. The term ‘Cost of Security’ is introduced for planning
studies, which provides a quantitative index for evaluating infrastructure reinforcement measures, with respect to power system security.
Three case studies were presented in order to examine the performance
of the algorithm. It was shown that the current injection method approximates well the post-fault line flows. Furthermore, taking advantage
of the HVDC post-contingency control, the second case study showed
that a significant decrease in the ‘Cost of Security’ can be achieved. The
third case study presented the application of the algorithm on a power
system model which studies the cross-border power flows of the European power system. Multiple HVDC lines and critical contingencies
were included in the SC-OPF computation. Results about the ‘Cost of
Security’ and HVDC post-contingency setpoints for a single snapshot
were provided. This algorithm will be applied in Chapter 7 in a Eu-
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ropean network for yearly simulations in order to identify the Cost of
Security of different expansion options.
A simplified SC-OPF formulation, based on Current Distribution Factors and taking into account the post-contingency control actions of
VSC-HVDC lines has also been presented in this chapter. The Line
Outage Current Distribution Factor (LOCDF) was introduced, which
provides a linear relationship between the line flows before and after
a line outage. Linear relationships for HVDC and generator outages,
as well as for the post-contingency control actions of HVDC lines have
been presented. Examining the accuracy of the algorithm in two case
studies, we found out that it compares to the simple current injection
method, i.e., the original method, excluding the equations for increased
accuracy. We also compared the two algorithms we presented in this
chapter in terms of the resulting operating costs, and computation time.
The deviation we observed in the operating costs was below 1% for this
case study, while the algorithm based on the Current Distribution Factors required only 50% of the computation time. Still, for day-ahead
operation studies, the SC-OPF based on the current injection method
seems more appropriate due to its higher accuracy.
At the end of this chapter we also introduced an approximate analytical
solution in order to compute the necessary post-contingency control
actions of the HVDC line after an outage occurs. This relationship
can be used as a first step in order to compute fast a corrective control
action to be taken by the HVDC line. It ensures that the loading on the
overloaded line will decrease, however it cannot guarantee that no other
overloadings will occur. In the case study we presented, the relationship
resulted in a significant decrease in the loading of the critical line, similar
to the solution obtained though an optimization procedure, i.e. SCOPF. The relationship can be used as a first check for a possible action
to relieve overloaded lines. Future work should seek simple algorithms
which could take advantage of this relationship in order to compute in
real-time corrective control actions that are also guaranteed not to incur
subsequent overloadings. Furthermore, additional case studies in larger
systems need to be performed with the SC-OPF formulation based on
the current distribution factors in order to check its accuracy and its
computation performance.

Chapter 4

Analytical Methods for
Transmission Expansion and
Simulations on Simplified
Networks
4.1

Introduction

With the increasing penetration of renewable sources installed in bulk
quantities, as for example in the North Sea, network investments on
the transmission level seem not only necessary but inevitable. Different
options for network upgrade exist. One possibility is to strengthen the
network with local reinforcements, e.g. in the form of AC line segments.
As the additional necessary transmission capacity for accommodating
large power transfers is significant, such reinforcements are expected to
take place at several points along the determined transmission path.
A different possibility is to install new transmission lines near major
generation and demand centers, in the form of an overlay grid, usually
referred to as “Supergrid”. Such lines can either be based on the High
Voltage Direct Current (HVDC) or the High Voltage Alternating Current (HVAC) technology. For HVDC, it is expected that lines forming
an overlay network will be based on the Voltage-Source Converter technology. For the HVAC option, voltages of 400 kV or higher are expected
for the long transmission lines. Lines at the level of 750 kV and above,
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as have already been installed in India and China, are a quite probable
candidate in the case of an AC overlay network.
This chapter derives analytical relationships in order to address two
main goals. First, compare analytically different approaches for reinforcement measures, in particular local network reinforcements versus
long overlay lines. Second, introduce relationships to increase the modelling accuracy of network reinforcements (i.e., primarily new lines) in
simulations where only a reduced model of the real power system is
considered.
In Section 4.2 of this chapter, we develop an analytical method in order to compare the option of local network reinforcements along the
determined transmission path with the installation of direct transmission lines. In Section 4.3, the method is extended in order to extract
upper bounds on the maximum line utilization that can be achieved in
the case of an AC overlay network. We confirm the relationships we
derived with case studies on the two-area RTS-96 network presented in
Section 4.4. Following that, Section 4.5 introduces analytical relationships which account for the impedances of existing lines in parts of the
network that are neglected in simplified power system models. The focus is on the approximation of the internal network for single-node per
country models. Based on these approximations, Section 4.6 extracts
relationships in order to estimate the series compensation of long AC
lines. The relationships are applied to a single-node per country European network in Section 4.7, where we estimate the expected operating
cost savings resulting from different expansion technologies. Section 4.8
concludes this chapter.

4.2

Overlay Grids vs.
ments

Local Reinforce-

In this section we develop an analytical approach in order to address
the question of what is more preferable as a transmission expansion
measure: building long lines in the form of overlay grids or carrying out
local reinforcements in the existing grid along the transmission path.
Before we detail our approach, we further define the objectives and the
assumptions of this work.

4.2. Overlay Grids vs. Local Reinforcements

4.2.1
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Objective of the Comparison

The underlying assumption for the comparison is that we want to increase transmission capacity between point A in country A and point
B in country B, as shown in Fig. 4.1. Such a potential network expansion poses the question, which option allows for a higher power flow: a
long direct line connecting points A and B, or line segments inside the
country which will reinforce the internal network, and then transmit the
power to point B.

Figure 4.1: Illustrative example of a direct overlay AC line (in red) or
local reinforcements (in orange). The existing network is
represented in grey color.
In other words, the objective is to identify which expansion measure
leads to better network utilization. It has been shown that an increase
of the effective transmission capacity is usually associated with the increase of the overall social welfare (e.g., [34]). As a result, an expansion
measure that increases network utilization is also beneficial from a societal point of view.

4.2.2

General Assumptions

We focus our study on the interconnections between regions or countries
as we are following a European perspective on network expansion. We
assume that point C, shown in Fig. 4.1, exists. Point C is the point
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(i.e. substation) close to the border of country A from which the interconnecting lines to country B emanate1 . Here, we assume that all
such interconnecting points connecting country A with country B are
reduced to point C. We further assume that the power grid inside each
country is more meshed than the grid connecting each country to its
neighbors2 . Both are reasonable assumptions, since the intra-country
networks were built first and subsequently the interconnections with
neighboring countries followed. In this Section, we limit our study only
to AC lines, as the HVDC technology is usually used either for long
distance transmission or for submarine cables.

4.2.3

Overlay Grid
Znew
IOL

A

Znew,ext

Znew,int

B

Inew

Interconnection
INTC
Zext

Zint

C
Figure 4.2: Representation of the existing grid and the new overlay line
between points A and B.
Figure 4.2 relies on equivalent impedances to represent the existing
grid and the overlay line as shown in Fig. 4.1. Zint is the aggregated
impedance of all existing transmission paths between points A and C,
while Zext is the aggregated impedance of all existing interconnecting
lines between points C and B. The new direct overlay line is connected
1 This is the case for example with Laufenburg, a swiss substation next to the
borders with Germany. Interconnecting Laufenburg with Germany and France in
1958 marked the birth of integrated network operation in Europe [35].
2 We will usually refer to the network inside a country as “internal network”, while
the lines that connect each country to its neighbors will be usually referred to as
“interconnections”.
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between points A and B and has an impedance of Znew . We divide this
impedance in two parts as follows: Znew,int corresponds to the length of
the line inside country A, i.e., the distance from A to C, while Znew,ext
corresponds to the length of the line between points C and B. Thus, the
length of Znew,ext is equivalent to the length of an interconnecting line.
We assume that we want to transmit a certain amount of power from
point A to B. Of specific interest is the resulting power flow on the
two parallel paths, knowing that the transmissible power in the existing path (i.e., Zint and Zext ) is limited by the Net Transfer Capacity
(NTC) between the countries. Instead of power, we selected to work
with currents, due to their linear relationship with impedances. With
IN T C we denote the current which corresponds to the NTC power for
the existing path. According to the current divider rule, the current
which will flow on the overlay line is defined as:
IOL =

Zint + Zext
· IN T C .
Znew,int + Znew,ext

(4.1)

Without loss of generality, we assume that the overlay line has enough
capacity to carry the current IOL .

4.2.4

Local Reinforcements

Figure 4.3 represents the effect of local network reinforcements with
equivalent impedances.

Figure 4.3: Representation of the existing grid and the internal reinforcements between points A and C.
Zint is, as in the case of the overlay grid, the aggregated impedance
of all existing transmission paths between points A and C. Znew,int is
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the additional line we add between points A and C within the same
country. It represents the local reinforcement that is necessary in order
to remove the bottleneck. Zext,equiv corresponds to the interconnecting
lines between points C and B. The value of Zext,equiv is equal to Zext
in parallel with Znew,ext . We assume that the main bottlenecks are inside country A, while the interconnecting path has enough transmission
capacity to transfer the additional flows. Therefore, the limiting factor
for the cross-border power flow is the segment A-C. This assumption
appears realistic in a European context, as the NTC values are often
determined by bottlenecks inside the countries. Working again with the
current divider rule, and assuming that through the existing path flows
current equal to IN T C , the current which will flow over the additional
line is given by:
IRN F =

4.2.5

Zint
· IN T C .
Znew,int

(4.2)

Analytical Approach

We make the following assumptions with respect to the line impedances:
′
′
′
′
• Zext
≤ Znew,ext
, where Zext
and Znew,ext
stand for impedances
per unit length. Most countries are already interconnected by
more than one parallel line. As a result, assuming that Zext and
Znew,ext have the same length lext , the impedance of a new line
should be greater3.
′
′
≤ Zext
(per unit length). Normally the network within a
• Zint
country is significantly more meshed than at the border. From a
point A within the country, the current can follow several paths
to “reach” an interconnection substation. As a result, the per
′
unit length impedance Zint
should be smaller than the impedance
′
Zext . The relationship between Zint and Zext in absolute values
3 In order to be able to compare the two options, we use the same voltage level
for both local reinforcements and long AC lines. In a European context, local AC
reinforcements are probably going to be carried out in the 400 kV level. As most
European countries are interconnected by at least one 400 kV line, the assumption
′
′
should hold. At the end of this section we comment on higher
≤ Znew,ext
Zext
voltage levels for overlay grids.
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depends on the length of the interconnections and the distance of
point A from the borders (distance A–C in Fig. 4.1).
′
′
• For overlay lines we assume the relationship: Znew,int
= Znew,ext
per unit length, as it is the same line. However, for absolute
values Znew,int ≥ Znew,ext . For example, assume that we have a
400 km line of which only 80 km represent the interconnection. If
we assume that, except for the interconnection, most of the line
is within country A, this corresponds to about 320 km. As the
line segment within the country is much longer, the respective
impedance should be greater.

From the above assumptions follows (with lint and lext denoting the line
lengths):

′
Zint
′
Znew,int
′
Zint
· lint
′
Znew,int · lint

′
Zext

≤

′
Znew,ext

≤

′
· lext
Zext
′
Znew,ext · lext

⇒

(4.3)
⇒

Zint
Zext
≤
.
Znew,int
Znew,ext

(4.4)
(4.5)

If Eq. 4.5 holds and all values are positive, then:
Zint + Zext
Zext
Zint
≤
≤
.
Znew,int
Znew,int + Znew,ext
Znew,ext

(4.6)

We assume that the current IN T C and the impedance Znew,int in both
the overlay line and the local reinforcements have the same value. From
Eq. 4.1, 4.2, and 4.6, we can derive that:
IRN F ≤ IOL .

(4.7)

As, a result the total current (or power) that can be transmitted with
the addition of an overlay line is higher than if similar line kilometers in
the form of local reinforcements were installed along the transmission
path:
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Inew,RN F ≤ Inew,OL ,

(4.8)

Inew,OL = IN T C + IOL ,
Inew,RN F = IN T C + IRN F .

(4.9)
(4.10)

where:

Eq. 4.8 will be true, as long as the condition in Eq. 4.3 is fulfilled. This,
′
′
′
′
in turn, is fulfilled if it holds Zint
≤ Zext
and Znew,int
≥ Znew,ext
. In
other words, even if we assume that the interconnecting network is as
′
′
meshed as the internal one (Zint
= Zext
), the equivalent impedance (per
′
unit length) of the internal reinforcements Znew,int
must be less than the
impedance of the external segment of the parallel line (per unit length),
for local reinforcements to achieve a higher network utilization than a
′
′
long direct transmission line. For Znew,int
to be smaller than Znew,ext
,
we need to install more than one line in parallel in the internal network.
The more meshed the internal network is with respect to the external
′
′
(i.e., Zint
≤ Zext
), the more parallel lines must be installed. This
means that if we decide for the option of local network reinforcements
in weakly interconnected meshed networks, we will probably build more
kilometers of lines in parallel compared with a single long transmission
line, in order to achieve a similar network utilization.
Translating these conclusions to numbers, we assume that we want to
reinforce the interconnection Germany-Switzerland with a 400 kV/3000
MVA transmission line. The length of the interconnection is 20 km. We
also assume that the non-congested substation (point A) has a distance
of 150 km from the interconnection point C, which results in a total
distance of 170 km for a direct line (point A to B). We also assume that
the internal network in Germany, being more meshed than the cross′
′
. This
border lines, has an equivalent impedance per km Zint
= 0.5Zext
means that for each interconnecting line, at least two paths of similar
voltage level that connect points A and C should exist (these paths do
not necessarily need to be direct lines). According to the considerations
above, in the case of internal reinforcements, we should install at least
2 parallel 400 kV lines to the substation at the German border, i.e.,
′
′
and Eq. 4.6 may no
300 km of lines, so that Znew,int
= 0.5Znew,ext
longer hold. Otherwise, it is preferable to build a direct line from that
substation in Germany to Switzerland. Simulations and more concrete
examples are provided in Section 4.4.
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If we now assume that the long direct line should be based on the AC750 kV technology, while the internal reinforcements should be carried
out on the AC-400 kV level, then the effectiveness of the direct lines
is even more apparent, as the following difference becomes even larger
′
′
(due to the fact that Z400
> Z750
):
′
Zint
′
Znew,int,400

≤

′
Zint
′
Znew,int,750

′
+ Zext
.
′
+ Znew,ext,750

(4.11)

In conclusion, we have shown that if we want to increase the transmission capacity of weakly interconnected meshed networks and allow
for higher power transfers over longer distances, installing long transmission lines can be more effective than carrying out several local reinforcements. In such a case, the concept of a Supergrid increases the
utilization of transmission assets, resulting in a smaller footprint for the
line installation, while increasing social welfare.

4.3

Overlay Grid: AC vs. DC

In this section, we deal with the question if the overlay grid should use
alternating current (AC) or direct current (DC). Several concepts for
an overlay HVDC grid exist, but there are also ideas on an Ultra High
Voltage AC overlay network, at a voltage level of 750 kV. Here, we derive
an upper bound that could be achieved in terms of line utilization when
we add a single AC overlay line along an interconnection. In compliance
with Section 4.2, we assume that through the existing grid a current of
IN T C can maximally flow, which is equivalent to the NTC capacity of
the interconnection. From Eq. 4.6 and Eq. 4.1, we can derive an upper
bound for the flow IOL , according to the following equation:
IOL ≤

′
Zext
′
Znew,ext

· IN T C .

(4.12)

A similar length lext is assumed for both impedances. As already mentioned, most interconnections in Europe comprise of at least one 400 kV
′
line. If an AC-400 kV line has Z400kV
Ohms per length unit, and since
′
Zext aggregates the existing interconnecting lines of an interface, it will
′
′
hold Zext
≤ Z400kV
.
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Therefore, if we add a long AC-400 kV line, according to Eq. 4.12,
the power flow on the new line will not exceed the NTC value. Since
′
′
Zext
≤ Z400kV
, the total power flow will be upper-bounded at twice the
NTC value:
Inew,OL−400kV ≤ 2 · IN T C .
(4.13)
Based on [36], a single-circuit AC-750 kV/3900 MVA line has an
′
′
impedance equal to Z750kV
= 0.65 · Z400kV
, where the AC-400 kV is
a double-circuit 3000 MVA line. Hence, for an AC-750 kV line, this
bound will be:
Inew,OL−750kV ≤ 2.6 · IN T C .
(4.14)
It should be noted that our calculations are in per unit in order to be
able to compare between different voltage levels. All our considerations
hold true for the power transfers in absolute values4 .
In fact, the more parallel lines exist along a certain interconnection,
the less power will flow along the new direct line5 . As we will see in
Section 4.4, this can significantly limit line utilization. On the other
hand, an HVDC line, due to its capability to control the power flow,
can be loaded up to its thermal limit. This stresses the need for power
flow controllability, which becomes stronger as the underlying network
becomes more meshed. In Section 4.7, we demonstrate these results
with simulations on a simplified pan-European grid.

4.4

Case Study: RTS-96 Two-Area System

Figure 4.4 illustrates the RTS-96 two-area network [2], which is used to
test the results derived in the previous sections. The goal is to identify
the maximum transmissible power from bus 222 in Area 2 to bus 123
in Area 1. In doing so, we set bus 222 as the slack bus and increase
the active power consumption on bus 123 in steps of 50 MW. Bus 222
should compensate for this load increase. After each step, a DC power
4 With the same base value for power on the whole network, a comparison of
currents in the per unit system can be directly transferred to a comparison of power
in absolute values with V=1 p.u. and S = V · I ∗ , |S|pu = |I|pu .
5 This is under the assumption that the power flows over the AC lines are not
controllable. If along with the new direct AC line a PST were installed, naturally
the line utilization would increase and the derived relationships would no longer
hold. For a comparison between controllable (HVDC) and uncontrollable AC power
flows, the reader may refer to the case study in Section 4.7.
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Figure 4.4: RTS-96 two-area system [2]. Area 1 includes the buses 101–
124, while buses 201–224 belong to Area 2. The added
overlay line is shown in red and the local reinforcements in
orange.

flow is executed, and the line flows inside Area 2 are compared against
their limits. The maximum power transfer is defined as the amount of
power injected in bus 222 at the step which the first line inside Area 2
gets overloaded.
As described in Ref. [2], the upper part of the system operates on a
voltage level of 230 kV, while the lower part is operating on 138 kV.
The flow from bus 222 has two main routes to follow inside Area 2, both
on 230 kV, one arriving at bus 217 and the other arriving at bus 215.
We study three different “levels” of interconnection: (a) line 123-217
(230 kV) is the sole interconnecting line between Areas 1 and 2, (b)
Areas 1 and 2 are connected with lines 123-217 and 107-203 (138 kV),
and (c) all three lines, i.e. 123-217, 107-203 and 113-215 (230 kV) are
connecting the two areas. From bus 222 the power flows along two main
paths: the first is towards bus 217 and the second is towards bus 215. In
case (a), the external “network”, comprising line 123-217, is clearly less
“meshed” than the internal network in area 2. In case (b), as line 107203 is on a lower voltage level, still the interconnections should appear
as a less meshed network than the two parallel paths on 230 kV which
emanate from bus 222. The same can probably not be argued for case
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(c), where the power at bus 222 is injected on two parallel paths, while
the interconnection network comprises three lines. So, we are expecting
that the relationships extracted in the previous sections will hold when
the two areas are connected by one or two interconnecting lines, but in
case of three interconnections the conditions for a weakly interconnected
meshed network, as seen from bus 222, are no longer fulfilled.
Except for the base case, where no expansion measures are undertaken,
we define three further expansion scenarios along the path 123-222, as
shown on Fig. 4.4: (i) local reinforcements, i.e., 230 kV parallel lines
along the existing ones, connected at the buses along the route, (ii)
overlay line, i.e., one direct 230 kV line connecting buses 123 with 222,
and (iii) a similar overlay line, but on a higher voltage6 (400 kV; line
data taken from Ref. [36]). It should also be noted that the two overlay
options have length equal to the sum of the length of the line segments
in the local reinforcements.
Table 4.1: RTS-96 – Maximum Power Transfer from Bus 222 (in MW)
Interconnecting
Lines
123-217
123-217
107-203
123-217
107-203
113-215

No
Expansion

Local
Reinforc.

Overlay

Overlay
Higher Volt.

951.40

1501.40

1551.40

3201.40

951.40

1451.40

1501.40

3001.40

901.40

1451.40

1301.40

2501.40

Table 4.1 presents the results for the maximum power transfer from bus
222. In general, expansion measures allow more power to be transferred
than in the base case. As already derived in Section 4.2, the overlay
option leads to a higher power transfer, as long as the external network
is less meshed than the internal. This is when Areas 1 and 2 are interconnected by one or two lines. When all three lines connect the two
areas, the internal network, as seen from bus 222, is not more meshed
6 At least for Europe, an AC overlay network is expected to operate on 750 kV
level. Still, as RTS-96 is operating on 138/230 kV, we selected appropriate voltage
levels for a fair comparison.
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than the external, and therefore, local reinforcements are more effective
than the overlay line. The last column of Table 4.1 presents the maximum power transfer achieved when the overlay line is operating on a
voltage level higher than the rest of the network. As it can be observed,
for all levels of interconnection studied, overlay lines on higher voltage
levels have an advantage against other expansion options with respect
to network utilization.
Table 4.2: RTS-96 – Line Loadings: Overlay vs. Local Reinforcements
(in MW) for P222 = 1301.40 MW
Interconnecting
Lines
123-217
123-217
107-203
123-217
107-203
113-215

Overlay
123-222

123-217

Local Reinforcements
217-218 218-221 221-222

494.36

577.20

426.28

261.68

445.94

469.24

533.01

409.40

250.43

447.86

402.46

401.18

345.66

207.98

454.84

Table 4.2 assumes a fixed power injection of 1301.40 MW at bus 222
and compares the loadings of the additional lines in the case of local
reinforcements and in the case of the overlay line. All lines are on the
230 kV level, as the rest of the network. As already shown in Section 4.3,
the loading of the parallel interconnecting line, i.e., 123-217, should be
higher than of the overlay line, as long as the internal network is more
meshed than the external. At the same time, the loading of the overlay
line is higher than the loading of any of parallel lines added in the
internal network. Both effects can be observed in the first two rows of
Table 4.2. In the third case, where all three interconnecting lines are
assumed connected, the external network can no longer be assumed less
meshed than the internal, and, therefore, the obtained relationships in
Sections 4.2 and 4.3 would not hold.
An additional effect mentioned in Section 4.3, that can be observed in
Table 4.2, is that with increasing the number of interconnecting lines,
the utilization of the overlay line is decreased. Indeed, the more interconnected the two systems are the less power flow through the overlay
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line.
As a closing remark, concerning the necessary line-kilometers in the case
of local reinforcements, it could be argued that not all line segments
might need to be reinforced, and, therefore, less line-kilometers might
need to be built. Although this may be less probable for higher power
transfers, still, it could be equally argued that a direct line might be
able to follow a shorter route and, thus, also result in need for less
line-kilometers.

4.5

Accounting for the internal network
impedance in simplified networks

As shown in the previous sections, overlay networks lead to a higher
utilization in weakly interconnected meshed power systems. For the rest
of this chapter we will focus on long AC lines which can form overlay
networks7 .
Before continuing with the derivation of the additional relationships, let
us first motivate the work to be presented in the following sections. As
already mentioned, a part of the work described in this thesis has been
carried out within the framework of the EU FP7 Project IRENE-40
(www.irene-40.eu), where case studies based on a European system
had to be examined. For the implemented case studies we developed,
among other things, a single-node per county European model. The
data for the interconnecting lines were based on data obtained from
the UCTE (now ENTSO-E (www.entsoe.eu)). As we were studying
the addition of long AC lines, where both line ends were connected
to nodes further away from the country borders, we needed to derive
relationships which approximate the internal network, in order to have
a better representation of the resulting power flows.
One approach is to determine an equivalent impedance representing the
internal network, and keep an accurate model of the new long transmission lines. Here, we will follow a different approach. Instead of adding
an equivalent impedance representing the internal network in each country, we prefer to adapt the impedance of the long AC line to be added.
7 In the case study in Section 4.7 we will also compare the long AC line reinforcements with their HVDC counterpart.

4.5. Internal Impedance in Simplified Networks

75

As shown on the right side of Fig. 4.5, our modelling approach for the
network considers only Zext , which represents the interconnecting lines
between the countries. In reality though, there will also exist an internal
network as shown on the left side of Fig. 4.5. Our goal here is to find
eq.
an equivalent impedance Znew,int
, in order to represent more accurately
the relationship between the current that flows in the existing interconnection and the current that flows in the new line. In other words, the
ratio Inew /Iext should remain unchanged in both cases8 .
IOL

B

A Inew

INTC

IOL

Znew,ext

Znew,int

Zint

Zext

C

eq.
Znew,int

Znew,ext

A Inew

B

INTC

Zext
Interconnection

Figure 4.5: Accounting for the network internal impedance with an
eq.
equivalent Znew,int
.
Based on the current divider rule and Eq. 4.1 we obtain:
Zint + Zext
Zext
=
eq.
Znew,int
+ Znew,ext
Znew,int + Znew,ext

(4.15)

This yields:
eq.
Znew,int
= Znew,int −

Zint
(Znew,int + Znew,ext )
Zint + Zext

(4.16)

Example: We apply Eq. 4.16 on the following example. We assume
that Znew,int represents 80% of the total new line impedance Znew,int +
Znew,ext . This is equivalent to a new line of 500 km, of which 100 km
8 Reasons for not calculating the total equivalent impedance: An equal total equivalent impedance would mean that if we applied the same voltage, equal current will
flow through both circuits. However, this is not our focus here. In our case, we
assume that we have a certain amount of current that we want to pass through the
circuits (one could equivalently say that we have a certain amount of power that
we want to pass through the interconnection). The question we want to answer is
how this current is divided between the existing interconnections and the new line.
From that we can identify what are the limiting factors and which solution allows a
greater amount of this power to flow through the circuit.
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are the interconnection length (Znew,ext ) and 400 km are within the
regional networks (Znew,int ): 200 km in one side and 200 km in the
other side, i.e. lext = 100 km, lint = 400 km. This results in:
eq.
Znew,int


= 0.8 −

Zint
Zint + Zext



Znew,ext
0.2

·

(4.17)

′
′
We further assume that Zint
= 0.5·Zext
(see assumptions in Section 4.2).
This is roughly equivalent to the assumption that for each interconnecting line, there exist at least two lines of a similar voltage level inside
the country. From Eq. 4.17 we can conclude that:

eq.
Znew,int
= 0.67 · Znew,ext

(4.18)

From Eq. 4.18 it is obvious that the total equivalent impedance of a
eq.
new long parallel line would be about Znew
= 1.67 · Znew,ext , and as
a result, in reality, it will allow less current than what we assumed in
Section 4.3. The upper bound in Section 4.3 was determined equal to
Itot ≤ 2 · N T C. In this specific case (80% of the new line in regional networks and internal network twice as meshed as the external), it should
hold Itot ≤ 1.6 · N T C for the best case.

4.6

Series Compensation
Expansion Scenarios

for

the

AC-

For the expansion scenarios considering long AC lines, i.e. over 300 km,
it is reasonable to assume that every long AC line which we add has series compensation installed. Due to our single-node-per-country model,
calculating the exact degree of compensation for each line that will be
necessary in reality is not straightforward. Since we neglect the internal network in our simulations, claiming that this compensation is the
impedance difference between the actual line length and the effective
line length we have assumed in our studies would not be valid in reality. In fact, the actual degree of compensation is dependent on the
internal network. As we will see in the following analysis, there are
two main factors on which the degree of compensation depends. The
first is how much more meshed the internal network is in comparison
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with the external interconnections. The second is the length of the AC
line connecting the two border substations compared with the total line
length.
We split the compensated new AC line in the external part Znew,ext ,
which corresponds to the interconnection length between the two regions, and the internal part Znew,int , which represents the part of the
line inside the two countries. According to Eq. 4.19, without loss of
generality, we assume that the whole amount of compensation is incorcomp
porated in the internal part, thus resulting in Znew,int
. Here Zcomp can
be assumed equal to Zcomp = jXcomp .

comp
comp
Znew
= Znew −Zcomp = Znew,ext +Znew,int − Zcomp = Znew,ext +Znew,int
{z
}
|
comp
Znew,int

(4.19)

Eq. 4.16 is rewritten as Eq. 4.20, assuming now, however, a compensated
line.
eq.
comp
Znew,int
= Znew,int
−

Zint
comp 
Znew,ext + Znew,int
Zint + Zext

(4.20)

Compensation when Zeq.
new,int = 0 Depending on the selected level
of compensation, Eq. 4.20 determines the new equivalent internal
impedance that should be taken into account in the simulations. In this
eq.
paragraph we will follow the inverse approach. For a given Znew,int
, we
intend to identify the necessary amount of compensation on the line.
As shown in Section 4.3, the power flown through an overlay AC line
in weakly interconnected meshed systems is bounded from the power
that would flow to a similar line with length equal to the length of the
interconnection. In order to account for the most favorable case in our
simulations, we assume that all AC overlay lines added to the system
have an effective length equal to the interconnecting length. In other
words, we assume that all new lines are sufficiently series compensated,
eq.
so that Znew,int
= 0. In this paragraph, we will derive the necessary
relationships in order to determine the amount of series compensation
eq.
that is necessary so that Znew,int
is canceled out.
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Eq. 4.20 can be rewritten in the form of Eq. 4.21:


Zint
Zint
eq.
comp
1−
Znew,int
= Znew,int
−
Znew,ext (4.21)
Zint + Zext
Zint + Zext
eq.
For Znew,int
= 0 in Eq. 4.21 it holds:


Zext
Zint
comp
Znew,int
=
Znew,ext
Zint + Zext
Zint + Zext

(4.22)

As Zint + Zext 6= 0, Eq. 4.22 can be rewritten as Eq. 4.23.
comp
Znew,int
Znew,ext
=
Zint
Zext

(4.23)

In Eq. 4.24 we express all the impedances shown in Eq. 4.23 as the
product of the “impedance per unit length” (Z ′ ) times the length of the
line (either the internal part or the external part).
′

′

comp
comp
′
′
Znew,int
· lint
Znew,int
Znew,ext
· lext
Znew,ext
=
⇒
=
′ ·l
′
′
′
Zint
Zext
· lext
Zint
Zext
int

(4.24)

We now make two assumptions, which have already been mentioned in
Section 4.2. The first is that the internal network, within the countries,
is more meshed than the external (the interconnections). This is represented by Eq. 4.25, which states that the equivalent impedance per unit
length inside the country (Zint ) is lower than the equivalent impedance
′
per unit length of the lines going outside the country (Zext
), by a degree γ. The second assumption is that the interconnecting line, which
we add, has the same impedance per unit length along the whole line
(either in the internal part or the external part). This is reasonable to
assume, since it is the same line.

′
′
Zint
= γ · Zext
,

′
Znew,tot

=

′
Znew,int

=

0<γ≤1

′
Znew,ext

(4.25)
(4.26)

Taking into account Eq. 4.25 and Eq. 4.26, Eq. 4.24 turns into Eq. 4.27:
′

comp
′
Znew,int
= γZnew,int

(4.27)
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Assuming that in transmission systems R << X, then Znew,int ≈
′
′
comp
comp
Xnew,int and Znew,int
≈ Xnew,int
. The necessary impedance for series compensation Xcomp , as well as the degree of compensation can
now be computed through Eq. 4.28 and Eq. 4.29.


′
comp
′
′
· lint = (1 − γ) · Xnew,int
· lint (4.28)
Xcomp = Xnew,int
− Xnew,int

Dcomp



′
(1 − γ) · Xnew,int
· lint
Xcomp
lint
lext
=
=
= (1−γ)
= (1−γ) 1 −
′
Xtot
Xnew,tot
· ltot
ltot
ltot
(4.29)

As lint ≤ ltot , this means that:
Dcomp ≤ 1 − γ.

(4.30)

If we assume that for every interconnecting line there are two parallel
paths of similar voltage inside the countries, then γ = 0.5. This means
that the necessary compensation for our studies should not exceed 50%
in any case (upper bound). Here, we can observe two effects. The more
meshed the internal network is with respect to the external, the higher
this upper bound gets, i.e. more compensation would be necessary.
The longer the internal part of the line is with respect to the external
interconnection length, the higher is the degree of compensation that is
necessary (but still remains below the upper bound defined by Eq. 4.30).

4.7

4.7.1

European network – single node per
country system
OPF Calculations

In this section, we present simulation results on a simplified European network, developed within the framework of the EU FP7 Project
IRENE-40 (www.irene-40.eu). In this context, simulations based on
different future generation scenarios were made. Hourly generation and
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RES 2050 OPF HVDC − Annual Average Loading

High Loading (Existing Line)
Medium Loading (Existing Line)
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Figure 4.6: Annual average line loadings in the HVDC expansion scenario. High Loading: >85 %. Medium Loading: 50 %-85 %.
Low Loading: <50 %. The line width is proportional to the
line capacity.

load data for the years 2010, 2020, 2030, 2040, and 2050 for each EU27 member state, Norway, and Switzerland were taken from [37]. The
studies were performed with a single-node per country model, comprising 32 nodes and 104 branches. The model includes the former UCTE
area, Nordel, UK and Ireland, and the Baltic States. Each interconnection (except for the submarine cables) was modeled as two identical
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AC lines. The line data were aggregations of real data provided by
UCTE (now ENTSO-E) (www.entsoe.eu). The used network model is
illustrated in Fig. 4.6.
For the case studies presented in this chapter, the generation and load
data are taken from the so-called RES scenario, which projects a high
share of renewable generation in Europe (80 %) by the year 2050. In
this case study, the focus is on the line utilization and the associated
costs for different expansion technologies.
Three expansion technologies have been considered: double circuit AC-400 kV/3000 MVA with series compensation, single-circuit
AC-750 kV/3900 MVA with series compensation, and VSC-HVDC
3000 MVA9 . In all cases we assume that we add one parallel line along
interconnections which are congested (i.e., 100 % loaded) over 50 % of
the time during the year. The estimated amount of the series compensation necessary in both AC scenarios is presented in Section 4.7.2.
Figure 4.6 graphically illustrates the average line loadings resulting in
the case of HVDC, after carrying out hourly Optimal Power Flow simulations for a whole year. The algorithm is based on a standard AC
Optimal Power Flow formulation, as described in [38]. The modelling
of the VSC-HVDC lines was based on [25]. The non-linear optimization
solver SNOPT from the Tomlab toolbox (www.tomopt.com) was used.
The average loadings of the AC expansion options result in a lower
average line loading (not shown here for space economy).
In both AC scenarios, all submarine interconnections are assumed to be
VSC-HVDC cables. In Fig. 4.7, we focus only on the lines we added on
land. We present the maximum loading of the three used technologies
achieved during a year. As mentioned in Section 4.6, in order to account
for the best possible case in the AC scenarios we have assumed that the
long AC lines are sufficiently series compensated (i.e., up to 50 %), so
that Eq. 4.12 is an equality. In Section 4.7.2, we will estimate the
amount of this compensation.
9 Currently, VSC-HVDC lines of 3000 MVA are not available. Such capacities can
be achieved at the moment by connecting converter stations in parallel. We have
assumed a 3000 MVA capacity in order to carry out a fair comparison with the rest
of the AC technologies. Nevertheless, from the results we see that incorporating the
losses of the parallel converter stations would not have had a significant effect on
the resulting network utilization. In any case, it is foreseeable that the VSC-HVDC
capacity of a single line will increase in the future and has certainly the potential to
reach such values.
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Figure 4.7: Maximum Utilization of New Lines for Different Expansion
Options in the RES 2050 Scenario.

The purple bars in Fig. 4.7 represent the assumed NTC values of the
existing interconnections, while the blue, red, and green bars on top
show the maximum loading of the parallel line that was achieved during
a year with the three different technologies. It can be observed that the
maximum utilization of both AC options is low compared with their
theoretical thermal limit. In all cases the upper bounds we extracted in
Eq. 4.13 and Eq. 4.14 hold true. On the other hand, the HVDC lines,
due to their inherent controllability, can always be loaded almost up to
their limit.
Figure 4.8 presents the total generation operating costs that were incurred over a year in the European system for the RES 2050 Scenario10 .
The maximum reduction in costs is achieved when HVDC technology is
used for the overlay grid. For the two AC options, operating costs are
10 The generation capital costs are assumed as given and are the same for the base
case and all three expansion options. The focus here is on the amount of cost savings
that can be achieved through the use of different technologies during transmission
expansion.
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Figure 4.8: Annual Total Generation Costs (line) and Cost Savings
(bars) in different Transmission Expansion Scenarios.
about 6-8 billion11 Euros per year higher.
From these results it seems apparent that the European grid will need
a significantly higher degree of controllability in the future. Due to the
highly meshed nature of the European power system, the addition of
new lines without any power flow control, will lead to under-utilization
of the new assets. This controllability can be achieved either with the
use of HVDC lines, or, alternatively, with the extensive installation of
FACTS devices in the AC network.

4.7.2

Equivalent compensation for the AC Expansion scenarios

In Table 4.3, the degree of compensation and the necessary series compensation in Mvar for the long AC 400 kV and AC 750 kV lines is
presented, taking into account two assumptions: a) there are two parallel paths of similar voltage inside the countries for each interconnection
(γ = 0.5), and b) all the new lines are 500 km long. The degree of compensation Dcomp is the same for both expansion options, as it not depen11 1

billion e= 109 e
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dent on the reactance Xcomp . In Table 4.3, Scomp is computed through
2
400kV
the relationship Scomp = Imax
· Xcomp , where Imax
= 1.5p.u. and
750kV
Imax = 3.9p.u. (nominal voltage; baseMVA=1000 MVA; 1500 MVA is
the capacity for the AC-400 kV single circuit line and 3900 MVA is the
capacity of the 750 kV line). For the AC-400 kV case, Scomp is doubled,
in order to account for the double-circuit line.
Table 4.3: Series compensation for the AC-400 kV and AC-750 kV expansion scenarios, expressed in degree of compensation and
amount of reactive power. (Assumptions: lines are 500 km
long; for each interconnection there are two parallel paths of
similar voltage inside the countries)

Line
AT-DE
AT-HU
FR-ES
FR-CH
DE-NL
DE-PL
DE-CH
IT-SI
RO-RS
LT-PL
Total

Dcomp (%)
42.5%
38.0%
41.0%
46.0%
47.0%
48.5%
48.0%
44.0%
49.0%
45.0%
–

AC 400 kV
Scomp (Mvar)
1494
1336
1441
1617
1652
1705
1688
1547
1723
1582
15785

AC 750 kV
Scomp (Mvar)
1666
1490
1608
1804
1843
1902
1882
1725
1921
1764
17605

Based on the mentioned assumptions, it can be seen from Table 4.3,
that the compensation ratio does not exceed 50%. However, if the
intra-country network is more meshed, then the necessary compensation
ratio would also increase. Here it should be noted that for compensation
ratios above 50%, additional studies need to be carried out (e.g., about
sub-synchronous resonance phenomena), in order to ensure that the
dynamic security of the system is maintained.
Based on the results from Table 4.3, the estimated total amount of
series compensation that was assumed as installed during our simulation
studies is 15.8 Gvar for the AC-400 kV expansion scenario and 17.6 Gvar
for the AC-750 kV expansion scenario.

4.8. Conclusions
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Conclusions

In this chapter, analytical approaches have been developed in order to
deal with two questions: (a) network planning issues for meshed AC
networks, and (b) how to account for the internal network when adding
overlay lines in reduced power system models. First, relationships have
been derived to address the question of what is more preferable as a
transmission expansion measure: the building of long lines in the form
of overlay grids or local reinforcements in the existing grid along the
transmission path. Second, upper bounds for the maximum utilization
of long AC lines over a meshed network have been extracted. Third,
relationships have been extracted in order to account for the internal
network in simulations with simplified power system models, as well as
to compute estimates of the necessary series compensation of overlay
lines in such networks. Our results suggest the following:
• Overlay networks are preferable. Long direct lines, e.g., in the
form of a Supergrid, can transfer more power for the same linekilometers and line capacity over weakly interconnected meshed
networks. An overlay grid at higher voltage levels could be the
preferred option even over stronger interconnected networks.
• An upper bound for the maximum utilization of one additional
(long) AC line along an interconnection has been extracted. For
highly meshed systems, this upper bound can reduce significantly.
• The derived relationships have been confirmed through simulations on the two-area RTS-96 system and on a simplified European
network. Controllable power flows, either in the form of HVDC
lines, or AC lines coupled with FACTS devices, seem necessary.
• Simulation results on the simplified European network show that
HVDC lines, by offering this controllability, can save up to 8 billion
Euros/year in comparison with the non-controllable AC technologies.
• Based on the extracted relationships, the necessary series compensation has been estimated to about 15.8 Gvar for the AC-400 kV
expansion scenario and about 17.6 Gvar for the AC-750 kV expansion scenario.
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In general, our results show that the concept of a controllable Supergrid has the potential to increase the utilization of transmission assets,
to result in smaller footprint for the line installation, and to decrease
operation costs.

Chapter 5

Towards a Fully Controllable
Power System
5.1

Introduction and Objective of the Concept

Modern power systems are expected to ensure security of supply and at
the same time operate at the minimum possible cost. Although electricity markets try to guarantee an optimal economic dispatch from a social
welfare perspective, power system operation often calls for redispatching actions in order to keep the system secure. Such preventive control
actions are necessary due to the uncontrollable nature of the AC line
flows. System operators must guarantee that all power injections will
not lead to overloaded lines, even if a power system element is lost1 . If,
however, all line flows were controllable, the vast majority of such redispatching actions would no longer be necessary. First, because instead of
adjusting power injections, overloadings can be avoided by controlling
preventively the power flows. Second, in case a contingency occurs, the
operator can reroute the power flows in a corrective manner so that all
load is served and overloaded lines are relieved. This is the framework
upon which the concept “Towards a Fully Controllable Power System”
is based.
1 As already mentioned in previous chapters, this is what is often termed as N-1
security.
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“Towards a Fully Controllable Power System” aims to arrive at a system where the market operations are fully decoupled from the security
considerations. In such a system, the “Cost of Security” will be zero2 ,
as the system controllability will guarantee the security of the system
without need for any costly preventive control actions, such as the generation redispatching. A brief explanation of the concept follows.
The first objective in power system operation is to satisfy the power
demand. As long as a Standard OPF results in a feasible solution, the
system has both the necessary generation and transmission capacity in
order to supply all loads.
Normally, however, most power systems are dispatched in a way so that
they can remain N-1 secure. For that purpose, a Security-Constrained
OPF is executed, as for example in Chapter 3. As long as the SecurityConstrained OPF results in a feasible solution, it means that the system has additional generation capacity, and, most importantly, enough
transmission capacity, so that even if an element is lost, no overloadings will occur. In other words, the system is able to accommodate the
power flows necessary to cover the demand, even if an element is lost.
Due to the uncontrollable nature of the AC line flows though, the points
where the power is injected play a crucial role on the resulting power
flows and on possible overloadings. Therefore, the Security-Constrained
OPF results in a different dispatch than the standard OPF, as even if
an element is lost, the selected power injections should not lead to overloaded lines.
In case we were able to control all line flows, the injection points would
no longer play a significant role. There are two important factors. First,
that enough power is injected to the network in order to cover the demand: this is guaranteed as long as the standard OPF results in a
feasible solution. Second, that there is enough transmission capacity, so
that even at a loss of an element, the power can be transmitted from generation to load: this is guaranteed as long as the Security-Constrained
OPF results to a feasible solution3 . The goal of the concept “Towards a
fully Controllable Power System” is to decouple the dependence of the
2 See

Section 3.2 for the definition of the “Cost of Security”
it must be noted that although a feasible SC-OPF solution ensures the
availability of sufficient transmission capacity in case of contingency, the SC-OPF
problem has usually several additional constraints which could significantly limit
the solution space. As a result, even in case of infeasible SC-OPF solutions, the
transmission capacity might still be sufficient.
3 Here,
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line flows on the power injection points. In that sense, the power could
be injected from any possible node, and as long as there is full control
of the power flows, we can route the power in such a way in order to
serve all loads.
Summarizing, market operations, e.g. the solution of a standard OPF,
should determine the most economical dispatch. The system operators
should guarantee the security of the system. Through fully controllable
power flows the operator can reroute the power so that any overloadings
are avoided even in case of a loss of an element. Thus, as long as the
transmission capacity is sufficient, there will be no need for (preventive)
generator redispatching actions and the dispatch determined through
the market can be accepted as it is. No additional redispatching costs
are incurred, resulting to a zero “Cost of Security”.
In the rest of this chapter we will deal with two main problems. First,
the minimum number of controllers that are necessary in order to make
the system fully controllable will be determined. Second, a placement
algorithm in order to achieve maximum controllability in the system
with the least number of controllers will be introduced. In the next
chapter, an additional placement method for HVDC lines will be presented with the objective to maximize the social welfare.
The following methods focus mostly on HVDC lines. However, with
small modifications they can also be applied to Thyristor-Controlled
Series Capacitors (TCSCs) and Phase-Shifting Transformers (PSTs),
as we will discuss in this chapter. In the text, we will use the terms
“HVDC” and “controllers” interchangeably, denoting the same thing.

5.2

Definition of Controllability

In this work, we aim at maximizing the controllability of the system
with the least number of controllable elements. We define controllability as the magnitude of the control action necessary to perform a
change in each of the line flows. In order to maximize controllability
in the system we are seeking controller placements that will require the
smallest control action in order to perform the same change in each of
the line flows.
In mathematical terms, for a single controller c we define controllability
Hc as the sum of the absolute changes in the controller setpoint ∆Pc , in
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order to perform a power flow change ∆Pli = pi on all AC lines i ∈ nL :

Hc =

nL
X
i=1

5.3

|∆Pci |,

so that

∆Pli = pi

for every AC line i ∈ nL .
(5.1)

Modelling Approach: the Controllability Vector CV

In this work we use the linearized (i.e. “DC”) power flow approach
based on the Power Transfer Distribution Factors (PTDF)4 .
The PTDFs are linear sensitivities, which express the effect of bus injections on the line flows, as shown in Eq. 5.2. More specifically, a PTDF
describes the change of the flow Pli on a certain line i ∈ nL given an
additional marginal injection (e.g. 1 MW) at the slack node and the
corresponding withdrawal at a certain node k ∈ nB [39]. The vector
Pl = [Pli ] has dimensions nL × 1 and contains all line flows, while the
vector Pb = [Pbk ] has dimensions nB × 1 and contains all the bus power
injections/withdrawals. It follows that the PTDF is an nL ×nB matrix.
Pl = PTDF · Pb

(5.2)

For more information on the derivation of the PTDF factor, the reader
can refer to Appendix B.
The equations for the HVDC links follow the formulations introduced in
[40] and [20]. As shown in Fig. 5.1, each HVDC link is approximated by
two virtual voltage sources located at the two nodes where the HVDC
line is connected. For each HVDC link, we assume one additional variable for the HVDC power flow, which represents the bus injections at
the connecting ends of the HVDC line. Let P DC ∈ RnDC represent the
vector of power flows on the HVDC lines. For an HVDC link j connected between nodes m and n, the balance between the active power
4 The approach that will be described in the next sections can easily be adapted
for the full AC power flow equations, if instead of power we focus on current and
instead of PTDFs we use the current distribution factors (CDF), as described in
Section 3.6.1.
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injected or withdrawn from the line is maintained by assuming that
Pinj,m = PjDC and Pinj,n = −PjDC .
m

n
PDC,j

~

−PDC,j

~

Figure 5.1: Representation of the HVDC line in DC-OPF context.
Based on the above considerations, assuming that an HVDC line is
connected between nodes m and n and all bus power injections are
kept constant, a change in the power flow of the HVDC link ∆PDC will
affect the rest of the AC lines as shown in the following equations. From
Eq. 5.2 it holds:
∆Pl = PTDF · ∆Pb
(5.3)
We rewrite Eq. 5.3 in terms of its matrix and
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(5.4)

For an arbitrary change ∆PDC in the power flow of the HVDC line, the
following equation will hold:
∆Pl = (PTDFm − PTDFn ) · ∆PDC ,

(5.5)

where PTDFm , PTDFn are nL × 1 vectors corresponding to the
columns m and n of the PTDF matrix.
Based on Eq. 5.5, we define the controllability vector CV to represent
the effect of a marginal change of the HVDC line flow on each AC line
of the system, as follows:
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CVmn = PTDFm − PTDFn

(5.6)

Each element of the controllability vector represents the change in the
power flow of a specific AC line resulting from the change of the HVDC
line setpoint. The higher the absolute value of this element is, the larger
the influence that the DC line has on this specific AC line.
There exists one controllability vector for each pair of nodes in the
system. As a result, each HVDC placement between two arbitrary nodes
corresponds to a unique controllability vector. The controllability vector
will become central in our analysis and the design of the placement
algorithm in the following sections.

5.4

Minimum number of controllers for full
controllability

For the following derivations we will follow the DC approach (i.e., linearized equations for power) in order to be in line with the rest of the
chapter. Nevertheless, we can derive the same results using the full AC
approach. For this we need to focus on the bus and line currents, i.e.
the currents injected in every bus and the currents flown on every line,
and make use of the Kirchhoff current law.
We assume a power system with nB nodes and nL branches connecting
the nodes. For every node k it will hold:
Pk = Pki + Pkj + Pkm + . . .

(5.7)

where i, j, k, m, . . . ∈ {1, . . . , nB }. Pki , Pkj , . . . represent the line flows
on lines connected at node k, while Pk represents the net power injections (resp. withdrawals) at the same node. If no shunt element (e.g.
generator, load, shunt capacitance, etc.) is connected to a node k, then
Pk = 0.
We now assume that the system is fully controllable. This means that
given a certain profile of power injections at all nodes, we can determine
independently the power flows on each line. In other words, we assume
that in such a system the line flows are not distributed to parallel paths

5.4. Minimum number of controllers
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based on the apparent impedance as it is common in AC networks.
Such a system could be thought of as a network of HVDC point-topoint links, i.e. a network of HVDC lines not comprising multi-terminal
converters, but rather each HVDC line is connected to the other through
a DC/AC/DC converter.
The algebraic system of Eq. 5.7 for all nodes k ∈ nB is of the form:
Ax = B

(5.8)

A is a nB × nL matrix whose elements are ones or zeros. B is a nB × 1
vector equal to the bus power injections: B = [P1 . . . PnB ]T . x corresponds to a nL × 1 vector containing all the line flows, i.e. x = [Pij ],
with i, j ∈ {1, . . . , nB }.
We consider that the net injections/withdrawals are given, so B is a
vector of constants. The question is how many elements of the x vector
should be known (or “exogenously constrained”) in order to be able to
fully define the power flows, i.e. the rest elements of the x vector.
From linear algebra, we know that in order for a system of equations to
have a unique solution, matrix A must be square and non-singular. In
a meshed power system, however, there are usually more branches than
nodes, i.e. nL > nB . This means that our problem is underdetermined.
Assuming P
no losses in the lines, for all nodal power injections Pk it
must hold k Pk = 0. This implies that the equations in the system of
Eq. 5.7 (for all nodes k ∈ nB ) are linearly dependent. In total, we have
nB − 1 linearly independent equations.
Regarding the columns, these are linearly independent since each column is a vector of zeros with two “1” in the starting node and in the
ending node of the branch. We assume here that all parallel lines between two nodes are represented by one equivalent line. No linear combination of the lines is possible, as any linear combination should result
in a vector with more than two “1”. So, we can say that matrix A is of
full column rank.
If nL < nB , then it must hold that nL = nB − 1, since each branch
connects two nodes. Consequently, for two nodes we need at least 1
branch, for 3 nodes we need minimum 2 branches and for nB nodes we
need at least nL = nB − 1 branches. Due to the linear dependency,
we should have nB − 1 independent rows and matrix A should have
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dimensions (nB − 1) × nL ⇒ (nB − 1) × (nB − 1). As long as the rows
and columns are linearly independent, matrix A is square and nonsingular. As a result, our problem yields one unique solution. This, in
other words, means that we cannot freely select any of the xi variables in
Eq. 5.8 (or, equivalently, any of the Pki , Pkj , . . . variables in the system
of Eq. 5.7). Consequently, for a given set of bus injections, none of the
line flows can be controlled to an arbitrary setpoint if nL = nB − 1.
If nL = nB and we have nB − 1 linearly independent equations, then we
need to define one more equation in order to have a single solution of the
system. In other words, we have to impose an additional “constraint”
which will in effect determine the power flow on one line. As a result, if
nL = nB we need one controller to set one line flow to a specific value.
According to this value the rest of the line flows can be calculated.
If nL > nB , then we can freely select nL − nB + 1 variables. As a result, even in a fully controllable power system we can freely determine
the flow only on nL − nB + 1 lines. The rest of the line flows will be
determined through the bus power injections. This implies that during
a controller placement process – converting an AC non-controllable system to a system with controllable power flows – we would not need to
place more than nL − nB + 1 controllers. Assuming sufficiently large
transmission capacity on all lines and sufficient large control bounds, by
placing nL − nB + 1 controllers we can control the maximum number of
lines for a given set of bus power injections.
This should hold, as long as the controllers are assumed to have infinite (i.e. sufficiently large) boundaries. If their operation is limited,
either we might need more controllers, or we might never achieve full
controllability of the power flows. This leads us to the following two
conclusions, as shown in Eq. 5.9–5.10.
First, in order to achieve full controllability we need at least nL − nB + 1
controllers:
inf Ncontrollers = nL − nB + 1.
(5.9)
Second, for a given set of power injections, it is not possible to control
all line flows to any value: the maximum number of line flows we can
control for a given power injection profile is nL − nB + 1:
supNAC−ctrl = nL − nB + 1.

(5.10)

5.5. Adding a controller to the system
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In other words, even in the ideal case where all line flows were fully
controllable and the controllers had infinite bounds, at any given point
no more than nL − nB + 1 controllers could be active.

5.5

Adding a controller to the system

In this section we now assume that we have a non-controllable AC network. We further assume that the line capacities are sufficiently high
so that no congestion is induced by different bus power injections. We
will focus on two main power flow control elements: the HVDC line and
the Thyristor-Controlled Series Capacitor (TCSC). We will show that
each of these elements can determine the flow on a single AC line. In
other words, we will show that by adding a single HVDC line or TCSC
device we are able to control a single xi variable of Eq. 5.8.

5.5.1

HVDC line

From Eq. 5.5 and 5.6, it follows that:
DC
Pl = CVmn · Pmn
,

(5.11)

where m, n are the nodes connected through the HVDC line and Pl is
a nL × 1 vector containing all the AC line flows. Through Eq. 5.11, we
can observe that by adding an HVDC line, we influence all AC power
flows in the system5 . If we wish to control, however, the AC line flows
to a specific setpoint, as shown in Eq. 5.11, we can determine arbitrarily
DC
the flow only on a single AC line in the system: we can set Pmn
such
that a specific AC line has flow equal to Pli = p. The rest of the line
DC
(assuming
flows Plj , j 6= i, will be a linear function of this setpoint Pmn
a DC power flow approximation). As a result, by adding one HVDC
line we can control the flow of one AC line, i.e. determine the value of
one element of the x vector. This means that in order to achieve a fully
controllable system, we will need at least nL − nB + 1 HVDC lines.
5 This holds as long as all elements of the vector C
mn are non-zero. This is
most often the case. First, because all entries of the PTDF matrix, except for
the column corresponding to the slack bus, are usually non-zero. Second, because
in a meshed transmission system it is relatively rare that power injections from
two different nodes m, n influence in exactly the same way a line flow k (so that
CVmn,k = P T DFm,k − P T DFn,k = 0).
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Thyristor-Controlled
(TCSC)

Series

Capacitor

A TCSC is connected in series to a transmission line and is able to
control the reactance of this line. As a result, it can indirectly control
the line flow either on this line, or influence the flow of any other line in
the system. The difference is on the controller’s sensitivity. The same
change on the line’s reactance might have significant effects on the flow
of the line in question, but less significant effect on neighboring lines
– and vice versa6. Through the following mathematical derivations we
show that one TCSC device can influence all line flows in the system
(to different degrees). As long as the control boundaries are sufficient,
it can arbitrarily set the line flow on exactly one line. The power flow
on the rest of the lines will be a linear function of this setpoint.
In a DC power flow context it holds:
Pl = PTDF · Pb ⇔ Pl = BL B̃−1
B Pb

(5.12)

BL is the line susceptance matrix. B̃−1
B is the inverse of the bus susceptance matrix BB . Because the bus susceptance matrix is singular,
before inverting it we have to eliminate the row and the column corresponding to the slack bus. After the inversion we insert zero vectors
at this row and column which correspond to the slack bus. In order to
denote this manipulation, we express the inverse of BB with a tilde, i.e.
B̃−1
B .
We wish to examine the change in the line flows Pl , by changing the
line reactance xij (not to be confused with the vector x in Eq. 5.8). It
is:
∂(BL B̃−1
∂Pb
∂Pl
B )
=
Pb + BL B̃−1
B
∂xij
∂xij
∂xij
| {z }

(5.13)

=0

∂(B̃−1
∂Pl
∂(BL ) −1
B )
B̃B Pb + BL
=
Pb
∂xij
∂xij
∂xij

(5.14)

∂(B̃B ) −1
∂(BL ) −1
∂Pl
B̃B Pb + BL B̃−1
B̃B Pb
=
B
∂xij
∂xij
∂xij

(5.15)

6 The same holds, of course, for the HVDC line. Different AC lines have different
sensitivities on the change of the HVDC setpoint.

5.6. Example – 10-bus network
∂Pl
∂(B̃B ) −1
∂(BL ) −1
B̃ Pb + PTDF
B̃B Pb
=
∂xij
∂xij B
∂xij
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B̃B ) −1
B̃B will always result in a nonFrom Eq. 5.16, the term PTDF ∂(∂x
ij
sparse matrix (in the general case all values will be non-zero, except
for the column corresponding to the slack bus). This leads to two conclusions. First, that in the general case a TCSC can influence all AC
lines in the system. Second, assuming that the TCSC has sufficiently
large boundaries, it can determine arbitrarily the flow on one line in the
system. This follows from Eq. 5.17:

Pnew
= Pl +
l

∂Pl
· ∆xij ,
∂xij

(5.17)

where xij is the line reactance, where the TCSC is installed. For a
given network topology and operating point ∂Pl /∂xij is a constant.
Nevertheless, this term changes for different operating points dependent
on bus injections Pb .
As in the case of the HVDC lines, by changing the line reactance xij
we can set a specific AC line flow to a setpoint Pli = p. The rest of
the line flows will be a linear function of this value xij (assuming a DC
power flow approximation). Similarly to the case of the HVDC lines,
by adding a TCSC we can determine the value of one element of the
x vector (see Eq. 5.8). This means that in order to achieve a fully
controllable system, we will need at least nL − nB + 1 TCSC devices.

5.6

Example – 10-bus network

Consider the power system model of Fig. 5.2. It consists of 10 nodes
and 14 AC lines (same as Fig. 3.3 but repeated here for the sake or
readability). The system data can be found in Appendix A.
In this example we will examine the placement of TCSC devices. We
will show that, given a single generation and demand snapshot, there
is a maximum number of controllable devices we can install in a power
system, above which no additional power flow controllability can be
gained. This upper bound is equal to nL − nB + 1. For this specific
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Figure 5.2: 10-bus network used for the simulations.
case study, with nB = 10 and nl = 14, this amounts exactly to 5 TCSC
devices.
We start by having no TCSC device installed in our system. We run
a Standard AC-OPF and a Security-Constrained OPF and compute
the Cost of Security – as defined in Eq. 3.5 – in percentage values.
For the SC-OPF algorithm, we use the formulation described in [22].
Subsequently, we add a TCSC device along an existing line and compute
the Cost of Security (CoS) again. We do that for each possible line
placement, before we move on to the installation of two TCSC devices
at the same time. All possible combinations of line pairs are examined.
We go on by placing three, four, etc. TCSC devices until we place one
TCSC device on each line.
Figure 5.3 presents the Cost of Security in percentage, after placing one
TCSC, two TCSCs, etc. up to 14 TCSC devices. The values shown are
for the TCSC placement that achieved the highest CoS reduction from
all possible combinations at each placement step.
With the installation of TCSC devices both the AC-OPF and the SCOPF costs decrease. At the same time, their difference, both in absolute
and percentage terms, also decreases. As shown in Fig. 5.3, after the
placement of the first TCSC device we observe a significant reduction
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Figure 5.3: Cost of Security (in % relative to AC-OPF Costs) for different number of TCSC devices installed
in the CoS. The controllability introduced through this TCSC offers
additional flexibility in the routing of the power flows which reduces the
amount of redispatching necessary to maintain the system N-1 secure.
It is interesting to note that after the placement of five TCSC devices,
the CoS stabilizes and no further significant reduction on the CoS can
be observed, e.g. by adding six or more TCSCs.
According to our considerations, the minimum number of TCSC devices
for full controllability is 5 controllers (nL = 14, nB = 10, see Eq. 5.9).
This is confirmed from the simulation results shown in Fig. 5.3. The
placement of further controllers does not add anything to the controllability of this system, and it has no effect for the cost reduction of the
specific snapshot.
Two additional comments about this case study should be made here.
First, as we can observe, the CoS is not eliminated but amounts to
about 0.72% of the AC-OPF costs after the placement of five or more
TCSCs. Second, the CoS “stabilizes” at about 0.72% but small oscillations around this value can be observed with the placement of additional TCSC devices (i.e. above five). The main reason for these two
phenomena has to do with the TCSC limits. For this case study, we
have selected realistic limits for the control capabilities TCSC devices:
the TCSC can vary the line reactance up to 60%. With sufficiently
large limits, the CoS could be completely “stabilized” and most prob-
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ably eliminated7 . An additional reason for these small “oscillations” is
the fact that both the AC-OPF and the SC-OPF are non-linear and
non-convex problems. As a result, there might be small differences due
to numerical reasons, as the solver might not be able to identify the
absolute optimal solution.

5.7

HVDC Placement for Maximum Controllability

In the rest of this chapter, we will propose an algorithm for the placement of HVDC lines in order to maximize the controllability in the
system.
The goal here is to achieve the maximum degree of controllability in
the system with the minimum number of controller placements. The
approach we will describe can be directly applied for the placement of
HVDC lines. At the end of this chapter we will discuss the placement
of Thyristor-Controlled Series Capacitors (TCSCs) and Phase-Shifting
Transformers (PSTs), showing that the proposed algorithm can also be
applied for the placement of other power flow control elements.
The goal here is to introduce an algorithm that will make the placement
process more intuitive and more “visualizable”. Further, it is important
to reduce the amount of computational effort that the algorithm needs.
The algorithm introduced in this chapter is based on the controllability
vector CV . Dealing with vectors for the placement procedure allows a
better “visualization” of the process and, hopefully, allows a more intuitive way to explain the obtained results. Further, taking advantage of
linear algebra properties and metrics, such as orthogonality and norms,
we are able to save significantly on computational effort, thus allowing
fast computational times.
In the following sections, we describe the placement criteria and metrics we used and detail the algorithm steps. Subsequently, we apply
7 In order to completely eliminate the Cost of Security not only controllability
plays a role but also the transmission capacity. In case of contingency, enough transmission capacity should be available, so that the power could be rerouted through
alternative paths.

5.8. Placement Criteria

101

the algorithm on a case study and compare the results with an exhaustive search algorithm. This chapter concludes with a discussion about
possible extensions of the algorithm.

5.8

Placement Criteria

The placement of the controller should be based on two main criteria. First, the influence of the controller on a specific line. Seeking to
maximize controllability, the most effective controller placement is at a
location where a marginal change in the controller setpoint will result
in the maximum change of the line flow8 . The second criterion is the
number of individual lines it can control in a sufficient manner. The
more lines it can affect the more efficient is the placement. In the ideal
case, we are seeking a controller placement which will be able to control
as many lines as possible, and, at the same time, it will need the least
control actions to achieve a power flow change. As these two objectives
cannot always be satisfied at the same time, what we are looking for
is the best possible compromise. We will see in the following how we
translate these two objectives in equivalent metrics, and how we design
our algorithm in order to identify the optimal controller placement.

5.9

Metrics for the placement criteria

Our approach is based on the controllability vector CV introduced in
Section 5.3. The first metric that comes to mind for quantifying the
placement criterion is the norm of the controllability vector CV . For
example, by taking the ∞-norm, we can identify the HVDC placement
which has the maximum influence on an arbitrary line. Nevertheless, as
we are trying to identify placements that will have an effect on several
lines in the system, the 1-norm or 2-norm, where all vector elements are
taken into account, seem more suitable metrics for placing the HVDC
lines. In general, higher norms give increasing weight to the largest
8 As we are dealing with the linear approximations for the power flow (dc power
flow), this statement is equivalent to the definition in Eq. 5.1. According to this
definition, we could equally state that in order to maximize controllability we are
seeking the controller which will perform the minimum change in its setpoint in order
to achieve the same change in the power flow of an AC line.
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vector elements. The 2-norm penalizes more the small values and gives
an advantage to large values in the elements of a vector. On the other
hand, the 1-norm measures the contributions of each element in a more
‘equal’ way. As a result, vectors with a few large values and all the rest
small will often have a higher 2-norm in comparison with vectors which
have several values that are neither too large nor too small. As we are
seeking a placement which will be able to influence in a satisfactory
way as many lines as possible, the 1-norm seems more suitable for our
purposes.
After the placement of the first controller, the second controller should
be placed in such a way so that it can influence a set of lines as different
as possible from the first vector. In mathematical terms, this would
imply a controllability vector that is as orthogonal as possible to the first
vector. Beside the direction of the vector, however, which determines
which lines are mostly influenced, the norm of the vector should also
be taken into account, as this determines how much these lines are
influenced by this controller.
A measure that could quantify both the direction and the norm of the
controllability vectors is the volume of the polytope covered by the vectors in question. Here, we will define the polytope not from the vectors
themselves, but from the projections of the vectors on the coordinate
axes, as explained in the following. In general, the larger the volume
covered by the polytope, the higher and more diverse is the influence
of the controllers on the line flows. This is schematically presented in
Fig. 5.4. Assume that axes x, y, z represent the flows on three AC lines.
The orange and green vectors are controllability vectors, representing
the influence of a controller placement on these lines. The higher the
projection of the vector on each axis is, the higher the effect that a
marginal change of this controller has on the specific line flow. The
convex hull of each CV is determined from the projection of the CV
on each axis. As we can observe the green vector has a substantial influence on two of the lines (along x and y axes), but it does not affect
significantly the third line (along the z axis). On the other hand, the
orange controllability vector has a more balanced influence on all lines.
Selecting the 1-norm as a metric, the green vector has a higher 1-norm
than the orange vector. On the other hand, the convex hull resulting
from the orange vector results to a larger volume than the convex hull
from the green vector. As we are seeking controller placements with a
uniform influence on as many lines as possible, the volume of the convex
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hull metric seems more appropriate for our approach.

z

x

y
Figure 5.4: Schematic representation of the 1-norm and the convex hull
volume metrics. The orange controllability vector has a
lower 1-norm but its convex hull covers a larger volume than
the green vector.
Each controllability vector CV has dimension nL × 1, where nL is the
number of lines. Each element of CV can be regarded as a point in
the nL -dimension space along one dimension. In other words, we transform the vector CV = [ci ] into the matrix X = diag([ci ]), where each
row corresponds to a point in the nL -dimension space. We augment
matrix X by adding the point of origin, i.e. a zero vector, so that
X ′ = diag([0 ci ]). The set of these points define a conical hull, which
is by definition convex. Convexity is a necessary condition in order to
compute the resulting volume. As a result, by ensuring that all sets
of such points will result in a conical hull, we will be always able to
compute the convex hull volume.
In the rest of this Section we will focus on the definition of the conical
hull and how it applies in our case. Assuming only two points, then
their convex hull comprises those points and the line segment between
them. The conical hull is the union of all rays that emanate from the
origin and intersect the convex hull of those two points.
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In terms of definition, the conical hull is the set of all conical combinations for a given set S.
)
( k
X
αi xi |xi ∈ S, αi ∈ R, αi ≥ 0, i, k = 1, 2, . . .
(5.18)
coni(S) =
i=1

Based on Eq. 5.5, Eq. 5.6 and the considerations above, we realize that
the axis projections of an arbitrary controllability vector define a conical
hull. Vectors xi are the row vectors of matrix X ′ , while the scalars ai
represent ∆PDC . Due to the definition of the conical hull, the row
vectors of X ′ can belong to an arbitrary set S, but ∆PDC should be
positive. In reality though, ∆PDC could also be negative. In order
to account for that in our algorithm, we consider instead both CV
and −CV for each placement. In other words, we consider both the
controllability vectors as computed (see Eq. 5.6), as well as with their
′
opposite values, i.e. CVmn
= −CVmn .
A detailed description of the algorithm will follow in the next sections.

5.10

CV -based Placement Algorithm

In the approach we will describe in the rest of this chapter, we select the
polytope volume as the appropriate metric for the HVDC placement for
the reasons described in Section 5.9.
As already mentioned, for the first placement, we compute the volumes
of the convex hulls defined by two vectors: the CVmn and −CVmn , so
as to account for both directions of the power flow. In order to have
a fair comparison among all controllers, we assume the same marginal
change in the controller flow for all possible placements: ∆PDC = 1.
As placement measure we use the sum of these volumes. The larger the
sum, the more effective the controller placement.
When a second controller is added, the effect on each line will be a
linear combination of the two controllability vectors. Here we focus
on a sequential placement, so we assume that the location of the first
controller is already given. Again, we assume that the power flow change
in the second controller is marginal, i.e. |∆PDC | = 1. The same power
flow change is also assumed for the already installed first controller9 .
9 Here,

it is implicitly assumed that both controllers have the same capabilities in
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By adding the two controllability vectors, i.e. CV1 + CV2 , where CV1
corresponds to the first placement and CV2 to the second placement,
we calculate the expected effect on the AC line flows by the combined
“positive” action of both controllers. What we should take into account
during this process is that the power flow could be either in the positive
or in the negative direction. Therefore, all possible combinations should
be considered: CV1 + CV2 , CV1 − CV2 , −CV1 + CV2 , −CV1 − CV2 .
Normally, we should compute the volumes resulting from each of these
combinations and add them together. The problem, however, is that
these volumes may be overlapping. In order not to consider parts of
each volume twice or more times in our measure, we do the following. First we form a matrix will all vectors and their combinations: S =
[CV1 −CV1 CV2 −CV2 CV1 + CV2 CV1 − CV2 −CV1 + CV2
−CV1 − CV2 ]. We divide the column vectors of matrix S in the orthants10 they belong to. For each orthant p we form a matrix S orth,p
with the respective column vectors. Subsequently, we select the
extreme values from each row vector of matrix S orth,p and form
the vector S orth−max,p. By extreme values we mean the maximum
if they are positive, or the minimum if they are negative. Finally,
we compute the conical hull defined from the row vectors of matrix
]). We repeat the same proceS orth−max−vol,p = diag([0; sorth−max,p
i
dure for each orthant that contains a column vector of matrix S. In the
end we P
compute the sum of the conical hull volumes for this placement:
ij
. By this process, we ensure that for each orthant we
V2ij = p V2,p
compute only once the maximum volume that we can achieve with
the controllability vectors we consider, or with a combination of them.
Figure 5.5 presents a schematic representation of the resulting volumes
after this procedure.

terms of minimum and maximum control of their power flow. If different capacities
are assumed, then this could be reflected with an appropriate ratio in the assumed
marginal changes |∆PDC |.
10 Orthant is the equivalent term for the quadrant (2-dimensional space) or octant
(3-dimensional space) in the n-dimensional space.
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Figure 5.5: Schematic representation of the convex hull volumes resulting from the placement of the first and second controller.
(green: CV1 ; red: CV2 ; green-dashed: −CV1 ; red-dashed:
−CV2 ; blue (on the axes): CV1 + CV2 ; cyan (on the axes):
CV1 − CV2 ). Plotted are only the convex hulls resulting
from {CV1 , CV1 + CV2 , CV1 − CV2 }; CV2 ; −CV2 . The convex hull resulting from {−CV1 , −CV1 + CV2 , −CV1 − CV2 }
has been omitted for the sake of readability.
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Orthogonal vectors From the above procedure, it is easily realised
that for every subsequent placement, a total of nB (n2B −1) different options need to be examined. For example, for the placement of a second
controller in a system with 100 nodes, a total of 4950 different placements need to be examined.

Figure 5.6: Schematic representation of the convex hull volumes resulting from two nearly orthogonal vectors (green and red; their
addition is shown in blue) in comparison with the volume of
the convex hulls resulting from vectors not too orthogonal
(green and black; their addition is shown in purple).
In order to reduce the number of possible placements to be examined,
we limit the search for subsequent placements in controller positions
that will allow us to control an as different as possible set of AC lines.
In mathematical terms, we are looking for controllability vectors as
orthogonal as possible to the vectors we have already selected11 . As
11 By definition, two vectors can either be orthogonal or not. Here, by the phrase
“as orthogonal as possible” we imply that the angle between the two vectors should
be as close to 90o as possible. For the sake of readability in this and the following
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shown in Figure 5.6, such vectors would not necessarily result in the
largest possible convex hull volume, but, in any case, they will offer
more diverse controllability options. Still, we should not simply select
the most orthogonal vector, since, for example, the vector most orthogonal to the first placement could contain elements with very low values,
thus meaning that placing a controller in that location will not have a
significant influence on the AC line flows. In order to account for the
compromise between orthogonality, norm of the vector, and thus the resulting volume of the polytope, we propose the following: compute the
orthogonal projections of all the remaining controllability vectors on
the vector space defined by the controllability vectors already selected
for placement. Subsequently calculate the cosine of the angle between
these projections and the initial vectors. As we have calculated the projections, the angle between the initial vector and its projection should
be in the range between [-90, 90] degrees. Therefore, the cosine will
be non-negative. Select the controllability vectors with the k smallest
cosine values. Calculate the volumes of the resulting convex hulls just
for these k options. By this we guarantee that the next placement will
be at a location where as much as possible different AC lines will be
affected.

sections, we will abuse the term “orthogonal” in order to compare the angles between
vectors, e.g. “less orthogonal” will denote that the angle between a pair of vectors
deviates further away from 90o .
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Algorithm steps
1. Get Admittance Matrix of the Network (only the imaginary part)
2. Calculate PTDFs
3. Calculate controllability vectors: CVmn = [cmn
i ] = P T DFm −
P T DFn
4. Form diagonal matrices from the CV , including the point of origin,
in order to define a conical hull: X′mn = [0; diag([cmn
i ])]
5. Calculate the sum of the two conical hull volumes defined from the
row vectors in X′mn and −X′mn : V1mn = vol(X′mn ) + vol(−X′mn )
6. Place the first controller between the nodes m, n that resulted in
the largest V1mn .
7. Calculate the orthogonal projections of all other controllability
vectors CVij on the vector space defined by CVmn (after the
first placement the vector space will be a line, after the second a
plane, and so on).
(a) Calculate the matrix for the linear transformation: PA =
A(AT A)−1 AT , where A = [CVmn ]
proj
(b) Calculate the orthogonal projections: CVij
= PA CVij ,
for i, j 6= m, n

8. Calculate the cosine of the angles of the orthogonal projections to
the initial vectors: cosφij =

proj
kCVij
k
kCVij k .

It holds cosφij ∈ [0, 1].

9. Select the k-vectors CVij with the lowest cosφij .
10. For all k-vectors formulate matrix S =
CV2
−CV2
CV1 + CV2
CV1 − CV2
−CV1 − CV2 ].

[CV1
−CV1
−CV1 + CV2

11. Divide the column vectors of matrix S in the orthants they belong
to. For each orthant p form a matrix form a matrix S orth,p with
the respective column vectors.
12. Select the extreme values from each row vector of matrix S orth,p
and form the vector S orth−max,p .
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13. Compute the volume of the conical hull defined from the row
vectors of matrix S orth−max−vol,p = diag([0; sorth−max,p
]), i.e.
i
ij
V2,p
= vol(S orth−max−vol,p ).
14. Repeat Steps 12 and 13 for all p orthants.
15. Compute
P theij sum of the conical hull volumes for this placement:
.
V2ij = p V2,p

16. For the second placement, select the nodes i, j, for which V2 becomes maximum.

17. For subsequent placements go to Step 7, now assuming the the
vector space will be defined by the vectors A = [CVmn CVij . . .]

5.11

Case Study

Consider the power system model of Fig. 5.2 (it is shown again on
Fig. 5.7 for the sake of readability). As already mentioned, it consists
of 10 nodes and 14 AC lines. No HVDC line is installed. The system
data can be found in Appendix A.
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Figure 5.7: 10-bus network used for the case study.
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In this case study, we will apply the CV -based placement algorithm
detailed in Section 5.10. There are in total nB (nB − 1)/2 = 45 different
options for placing the first HVDC line. We form the PTDF vectors
and calculate the controllability vectors CV for each pair of nodes, as
described in Steps 1-3 of the algorithm. The five lowest and five highest
1-norm values of the controllability vectors are presented in the first
three columns of Table 5.1. Subsequently, we compute the two conical
hulls determined from each controllability vector, i.e. the ones resulting
from CVij and −CVij , and calculate the sum of their volumes. In order
to calculate the volumes of the convex hulls throughout this chapter,
we used the function convhulln of Matlab, which is based on Qhull
(www.qhull.org).
In the rest of this section we will first compare the 1-norm metric with
the volume of the convex hull, and then we will apply the CV -based
algorithm described in Section 5.10 for the series placement of three
HVDC lines with the objective to maximize controllability. In the next
section, we compare the results we obtain in this section with the results
from an exhaustive search optimization algorithm.
Comparison of the two metrics: 1-norm vs. volume of convex hull
Table 5.1 shows the top-five and bottom-five values of each metric. The
absolute values of the metrics are not of significance, the important is
the ranking of the different placements. As we can observe, pair 48 results in the highest “controllability” with both metrics. It is also
interesting to observe that the bottom-five placements are the same for
both metrics, nevertheless with a slightly different ranking. Similar is
the case for the top-five placements with the exception of one pair in
each metric – still, the top two pairs are the same for both metrics.
Figure 5.8 presents the 1-norm of all controllability vectors, sorted from
minimum to maximum volume of the convex hulls they define. Although
the ranking resulting from the two metrics does not exactly match, it
is evident that there is a correlation between the two. The blue dashed
line shows the trendline of the 1-norm vectors. In our approach, we
have selected the volume of the convex hull as metric, as we expect it
to better represent the degrees of freedom that are added through the
placement of each controller.
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Table 5.1: Comparison of Controllability Metrics: 1-norm of controllability vector vs. the volume of the convex hull defined by the
controllability vector
1-norm of CV
from–to 1-norm
2–9
1.42
3–4
1.44
8–10
1.56
1–3
1.56
4–5
1.76
...
...
5–10
3.77
4–9
3.82
5–9
3.91
5–8
3.98
4–8
4.11

Volume of Convex Hull
from–to
volume
3–4
8.72E-33
2–9
2.41E-32
1–3
3.20E-30
4–5
6.47E-30
8–10
1.67E-29
...
...
6–8
1.54E-20
5–9
1.82E-20
5–10
4.29E-20
5–8
1.04E-19
4–8
1.19E-19

4.5
4.0

1-norm of CV

3.5
3.0
2.5
2.0
1.5
1.0
0.5
3
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4−
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−
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−
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−
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Figure 5.8: 1-norm of Controllability Vectors CVmn . The vectors are
sorted from minimum to maximum volume of the convex
hull they define. The blue dashed line represents the trendline, denoting a correlation between the convex hull volumes
and k CVmn k1
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Placement of three HVDC lines As shown from the results presented
in Table 5.1 and Fig. 5.8, the first HVDC line should be placed between
nodes 4 and 8. CV48 is the vector with both the highest 1-norm and
the largest resulting convex hull volume.
Figure 5.9 presents again the 1-norm of all controllability vectors, but
with a different sorting. CVs are now sorted with respect to the volume
of the convex hull they create after the second placement. This is the
convex hull determined from CV48 , i.e. the first placement, and the
corresponding CVij for the second placement. Red-hued to yellow-hued
bars denote the CVs most orthogonal to CV48 . In our case, these are
all the CVs which have a cosφ ≤ 0.2, where φ is the angle between CVij
and CV48 . The hue denotes the orthogonality, with red illustrating the
most orthogonal CVs while yellow the less orthogonal – but still within
the range 0 ≤ cosφ ≤ 0.2, i.e. φ ∈ [78◦ , 90◦ ] . All green bars correspond
to a cosφ higher than 0.2. The detailed numerical results from this
placement can be found in Table C.1 in Appendix C. From Fig. 5.9, we
conclude that the CV that is quite orthogonal and results to the largest
convex hull volume is the one connecting the nodes 1-7. Between these
nodes we select to place the second HVDC line.
We repeat the same procedure in order to place the third HVDC line.
Now the polytope is determined from CV48 and CV17 , which correspond
to the first and second placement. In order to identify the orthogonal
vectors, we calculate the angle of the CVs with respect to the plane defined from these two vectors. Figure 5.10 presents the CVs, now sorted
with increasing volume of the polytope they determine in combination
with CV48 and CV17 . Green bars denote a cosφ > 0.2, while the yellowhued bars denote the vectors that are quite orthogonal to the already
determined plane, i.e. cosφ ≤ 0.2. The detailed numerical results can
be found on Table C.2 in Appendix C. As it can be observed, only
two vectors are below the orthogonality vector we have determined, i.e.
cosφ ≤ 0.2. As already described in Section 5.10, the algorithm should
compute the resulting convex hull only for these two vectors, thus saving significantly on computation time. Here, we have calculated the
volumes of all resulting convex hulls for comparison reasons. Based on
the results presented in Fig. 5.10, the algorithm will place the third
HVDC line between nodes 9-10.
In the following section, we present an exhaustive search algorithm we
developed in order to test the validity of our results.
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Placement of Second HVDC line

Figure 5.9: Second HVDC placement. First HVDC placed between
4-8.
The CVs are sorted with increasing volume of
the convex hull they create in combination with CV48 .
Red/yellow-hued bars denote the most orthogonal CVs, i.e
cosφ(CVij −CV48 ) ≤ 0.2. Red are closest to zero, yellow closest to 0.2. The CV to be selected is one with cosφ ≤ 0.2
that results in the largest volume. Here, this is between
nodes 1-7.
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Figure 5.10: Third HVDC placement. First two HVDCs placed between 4-8 and 1-7. The CVs are sorted with increasing
volume of the convex hull they create in combination with
[CV48 CV17 ]. Red/yellow-hued bars denote the most orthogonal CVs, i.e cosφ ≤ 0.2. Red are closest to zero,
yellow closest to 0.2. The CV to be selected is one with
cosφ ≤ 0.2 that results in the largest volume. Here, this is
between nodes 9-10.
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Comparing the Placement Algorithm
with an Exhaustive Search Algorithm

In order to test the applicability of our CV -based placement algorithm
described in the previous sections, we developed an optimization algorithm, which checks each possible HVDC placement for all changes in
the AC line flows of the system.
Based on the definition of controllability in Section 5.2, this algorithm
aims to identify the least possible HVDC control actions in order to
change the setpoint of specific AC line flows, for a given generation and
demand snapshot.
We assume that no HVDC line is placed in our system in the first place.
For the load and system data shown in Appendix A, we first run a DCOPF in order to create a generation and demand snapshot, resulting in
specific AC line flows. Subsequently, we determine the change we want
to incur in the flow of each AC line. This can be an arbitrary number
and may differ from AC line to AC line. In our case, we set the same
flow change on all AC lines. This is equal to ∆PLi = +100M W . The
controllability of each HVDC placement equals the sum of necessary
control actions, so that the power flow of each AC line in the system
can change by +100M W . In this respect, we formulate the optimization
algorithm presented in Eq. 5.19–5.22.
For every different HVDC placement and each “set” of AC line flows:
X
(PjDC )2 + cpen · (∆Pbslack )2
(5.19)
min
j

subject to:

∆Pbslack = 1T (PGen − PLoad )

(5.20)

−PDC
max

(5.22)

CV · PDC = ∆Pline
DC

≤P

≤

PDC
max

(5.21)

The optimization runs iteratively for each possible HVDC placement
and each “set” of AC line flows. Concerning the placements, given that
our system has 10 nodes, we need to iterate for a total of 45 placements.
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In Section 5.5, we showed that each new HVDC line can independently
control one AC line. This means, that for the first HVDC placement,
we can control to an arbitrary setpoint only one AC line. During the
second placement, we can control two AC lines at the same time, while
during the third placement we can control three AC lines. Thus, by the
term “set”, we denote the set of AC lines to be independently controlled
during each HVDC placement. For the first placement, the “set” of AC
lines comprises only one AC line at a time. During the second HVDC
placement, two AC lines can be independently controlled. Therefore,
the “set” will have two elements. Equally, during the third placement,
the “set” will comprise three AC lines.
Table 5.2: Number of Optimization Problems (i.e., iterations) needed to
be executed for each HVDC placement with the exhaustive
search algorithm.
Placement #
1st HVDC
2nd HVDC
3rd HVDC

HVDC potential
positions
45
45
45

AC lines

Iterations

single lines: 14
possible pairs: 91
possible triplets: 364

630
4′ 095
16′ 380

Table 5.2 shows the necessary number of optimization problems needed
to be solved for our relatively small test system, which has 10 buses
and 14 AC lines. For larger systems, it is evident that these numbers
will increase exponentially. The same will happen for subsequent placements, where combinations of four or five AC lines should be checked
at the same time. For this system, for example, there are 1001 possible
quadruplets and 2002 possible sets of five AC lines.
In comparison, the CV -based placement algorithm detailed in Section 5.10 needs only to calculate the convex hull volume of the controllability vectors during the first placement – the CVs need to be
calculated in any case for both algorithms. For the second placement,
45 different angles need to be calculated in order to identify the most
orthogonal CVs. Subsequently, based on the orthogonality threshold we
set, only 10 convex hull volumes need to be determined. For the third
placement, after identifying again the most orthogonal CVs only two
convex hull volumes need to be computed.
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According to the controllability definition in Eq. 5.1, weP
are interested
in the sum of absolute HVDC power flow changes, i.e.
|∆PDC |. In
this section though, we define a quadratic programming (QP) problem,
taking the sum of squares of ∆PDC in the objective function, as shown
in Eq. 5.19. Minimizing the 2-norm, instead of the 1-norm, avoids
any large deviations in the PDC , but does not penalize too much small
deviations. Minimizing the 1-norm, on the other hand, would need
a somewhat more complex linear programming problem formulation
with additional help variables and constraints. The results should be,
nevertheless, similar for the two cases.
In addition to the P DC , the objective function includes a term for the
power deviation of the slack bus. This term is included for numerical
reasons, in order to ensure that for any resulting DC flows the loadgeneration balance is satisfied, as expressed by Eq. 5.20. cpen is set to
100. The term ∆Pbslack should be maintained equal to zero.
In Eq. 5.19–5.22, CV stands for a matrix of the controllability vectors, i.e. CV = [CVmn CVij . . .], depending on the number of HVDC
placements, PDC expresses the power flow setpoint of the HVDC lines,
and ∆Pline is the change in the AC line flows we want to incur, i.e.
∆Pline = [∆PLi ]. As already mentioned, CV, PDC , and ∆Pline in
Eq. 5.21 have different number of elements for the different HVDC placements. When placing the first HVDC line, PDC and ∆Pline are single
elements, and CV an nL × 1 vector. For subsequent placements, PDC
and ∆Pline are nDC × 1 vectors and CV an nL × nDC matrix.
DC
Concerning Pmax
, we set it to a large value, so that there is always
enough room for control actions by the HVDC lines and, thus, to be able
to better compare our results with the CV -based placement algorithm.
In case, nevertheless, the QP problem still terminates with infeasibility,
we manually set the DC flow change to a very large number. Here, in
case of infeasibilities we set PjDC = 106 M W for every j. Given the
large DC capacity, infeasibilities will usually occur only if the two or
three DC lines cannot bring to the determined setpoint all of the AC
lines belonging to a certain “set”.

In the next subsection we present the exhaustive search algorithm results both for series HVDC placement and concurrent placement. In
series HVDC placement, we place one HVDC line at a time. For example, after determining the best placement for the first HVDC line, we
go on with the second, and so on. In concurrent placement, we examine
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the placement of two (or three) DC lines at the same time, and then
investigate how these results compare with the series placement.

5.12.1

Series Placement

Figure 5.11 presents the exhaustive search algorithm results for the first
HVDC placement. Each AC line in the system, shown in Fig. 5.7, should
change its power flow by +100 MW. The green bars show the sum of
squares of the HVDC power flow changes in order to achieve all the
AC line flow changes (one at a time). In case the placement resulted
to infeasibilities, the green bar includes also the penalty factor. We
will refer to this sum as the “magnitude of the control actions”. In
Fig. 5.11, and in subsequent figures, we express this magnitude relative
to the largest magnitude of control actions that was calculated through
the optimization algorithm, i.e. relative to the “worst case”. During the
first placement, no infeasibilities occur. As shown in Fig. 5.11, placing
the HVDC line between nodes 4-8 will require only about 6.5% of the
control actions which would be necessary if we placed the HVDC line
between nodes 3 and 4. Indeed, placing the first HVDC line between
nodes 4 and 8 is also the result of our CV -based placement algorithm
described in Section 5.11.
We carry out the same procedure for the placement of the second HVDC
line. Now, all possible pairs of AC lines should change their power
flow by +100 MW at the same time. The first HVDC line is always
placed between nodes 4-8. Figure 5.12 presents the results for the second
placement. As it can be observed, placing the HVDC line parallel to the
existing one, i.e. between nodes 4-8, results to the largest magnitude
of control actions. This is because two parallel HVDC lines, although
they can act independently, cannot control most pairs of AC lines to
the determined setpoint and result to infeasibilities. In the Discussion
in Section 5.13, we show through mathematical derivations that in the
general case parallel HVDC lines (independent of the number) can only
control a single AC line.
The first four placements result to a very similar amount of control
actions, namely to about 1.18% of the worst case, while the next five
are also very close, ranging to about 1.19% to 1.31% compared with
the worst case. The CV -based placement algorithm we proposed in
the previous sections selects to place the second HVDC line between
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Placement of First HVDC line

Figure 5.11: First HVDC line – exhaustive search algorithm. Sum of
control actions for each placement (expressed in % relative
to the worst case). The red dashed line indicates the selection of the CV -based placement algorithm (described in
Section 5.11).
nodes 1 and 7. As it can be observed from the exhaustive algorithm
results in Fig. 5.12, this placement belongs to the top three equally good
placements
Carrying on with the placement of the third HVDC line, Fig. 5.13 shows
the results obtained through the exhaustive search algorithm. The first
two HVDC lines are placed between nodes 4-8 and 1-7. As in the
previous placement, placing the third HVDC line in parallel with an
existing HVDC line results to the largest magnitude of control actions,
as several infeasibilities occur in the effort to control three AC lines
at the same time. Based on Fig. 5.13, the best placement is between
nodes 5-9, requiring only 2.29% of the control actions necessary for the
worst cases. This placement results in 8 infeasible to control AC line
triplets. The placement selected through our CV -based algorithm in
Section 5.11 is between nodes 9-10. This placement requires 5.88% of
the control actions necessary for the worst case. The main reason for the
difference between placements 5-9 and 9-10 in the number of infeasible
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Placement of Second HVDC line

Figure 5.12: Second HVDC line – exhaustive search algorithm. First
line placed between nodes 4-8. Sum of control actions for
each placement (expressed in % relative to the worst case).
The red dashed line indicates the selection of the CV -based
placement algorithm in Section 5.11 (nodes 1-7).
cases: this adds 3 · 106 M W of control actions for each infeasibility.
Placing the line between nodes 9-10 results in 21 infeasibilities out of the
364 possible triplets of AC lines tested. From Table C.2, we observe that
CV59 has cosφ = 0.514 with respect to the plane defined from CV48 and
CV17 . At the same time, as also shown on Table 5.1, CV59 has the third
largest 1-norm of all controllability vectors. In Section 5.13, we discuss
on the different metrics that can possibly be used for the CV -based
placement algorithm.

5.12.2

Concurrent Placement

For the placement of one HVDC line, we cannot distinguish between
series and concurrent – or parallel – placement. In order to examine
though how the series placement of two HVDC lines compares with the
placement of two HVDC lines at the same time, we run the algorithm
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100

Placement of Third HVDC line

Figure 5.13: Third HVDC line. First two lines placed between nodes
4-8 and 1-7. Sum of control actions for each placement
(expressed in % relative to the worst case). The red dashed
line indicates the selection of the placement algorithm in
Section 5.11 (nodes 6-9).
described in Eq. 5.19–5.22, but now for all possible HVDC pairs. Given
that there are 45 possible HVDC placements, there are in total 990
possible pairs of HVDC lines that need to be examined. Figure 5.14
presents the results. Both the vector-based and the exhaustive search
series algorithms seem to perform sufficiently well. Their solution, i.e.
placing the two HVDC lines between nodes 4-8 and 1-7, results in 1 infeasibility and requires 1.63% of the control actions which are necessary
for the worst case. Still, there are 16 possible placements that result in a
better performance, as no infeasibilities occur in these cases. All these
16 cases, however, do not include an HVDC line between nodes 4-8,
which shows the best performance when placing only one HVDC line.
As a result, they could not have been identified by a series placement
algorithm. Identifying a better placement than the series placement
algorithms does not come, of course, for free. The necessary iterations
for placing two HVDC lines at the same time are “91 pairs of HVDC
lines × 990 HVDC pairs = 90’090” iterations. This compares to 4’095
iterations necessary for the exhaustive search algorithm (about 95.5%
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less) and the 45 projection calculations and 10 convex hull volume computations of the CV -based placement algorithm (here the computation
time is almost insignificant).
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Figure 5.14: Placement of two HVDC lines at the same time – exhaustive search algorithm. Sum of control actions for each
placement of an HVDC pair (expressed in % relative to
the worst case). The red dashed line indicates the selection of the CV -based placement algorithm (nodes 4-8, and
1-7).
We carry out the same comparison for placing three HVDC lines at the
same time. Figure 5.15 presents the results. In total 14’190 triplets
of HVDC lines have been examined. Placing the three HVDC lines
between nodes 4-8, 1-7, and 9-10 requires 5.86% of the control actions
necessary for the worst case. Placing the three HVDC lines between
nodes 4-8, 1-7 and 5-9 requires 2.28% of the worst-case control actions.
Still, we see that both placements through the series placement algorithms results in the top 5% of the concurrent placing algorithm. A
discussion on the appropriate metrics follows in the next section, based
on the insights gained through the validation of our results in this section.

Relative Magnitude of Control Actions (in %)
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Figure 5.15: Placement of three HVDC lines at the same time. Sum of
control actions for each placement of an HVDC triplet (expressed in % relative to the worst case). The red dashed
line indicates the selection of the placement algorithm
(nodes 4-8, 1-7, and 6-9).

5.13

Discussion

Placing HVDC lines in parallel As we have seen in Fig. 5.12 and 5.13,
placing the HVDC line parallel to an existing one results in the most infeasibilities, and, therefore, to the largest magnitude of control actions.
In this paragraph we will show that in the general case an arbitrary
number of parallel HVDC lines cannot control the flow of more than
one AC line in the system.
Assume two HVDC lines, the first connecting nodes m, n and the second
connecting nodes i, j. If ∆Pl is an nL × 1 vector denoting the change
in the flow of all AC lines, then:
DC
+ CVij PijDC
∆Pl = CVmn Pmn

(5.23)

If the second HVDC line is placed along the first then CVij = CVmn .
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As a result:
DC
∆Pl = CVmn (Pmn
+ PijDC )

(5.24)

DC
The terms Pmn
, PijDC are scalars. From Eq. 5.24 becomes evident that
DC
even if we are able to control independently Pmn
and PijDC , we could
freely determine the change on only one AC line flow. The rest of the
line flows will be a linear function of this change. The same holds if
we place more than one HVDC lines in parallel. In the end the sum
DC
(Pmn
+ PijDC + . . .) will be a scalar that can only control the flow on a
single AC line.

Based on the above considerations, we expect that for the second HVDC
placement in Section 5.12.1 placing two parallel HVDC lines between
nodes 4 and 8 will result in an infeasible problem for all possible pairs
of AC lines that should be controlled at the same time. Indeed, the
optimization results in an infeasible solution for 90 out of 91 cases. The
one case where the optimization converged corresponds to the control
of the AC lines 6-7 and 7-8. This occurs because both AC lines have
the same sensitivity to an HVDC power flow change between nodes 4-8,
AC
AC
DC
i.e. ∆P67
= ∆P78
= 0.276 · ∆P48
Metrics for placement criteria It seems that the 1-norm of the controllability vector plays quite a significant role in the effectiveness of
the placement. If we compare the numerical results obtained through
the CV -based placement algorithm in Appendix C with Fig. 5.12 and
Fig. 5.13, then we observe that the 1-norm metric could perform equally
well to the volume of the convex hull. For the first HVDC line both metrics indicate nodes 4-8 as the best placement. This is indeed confirmed
through the exhaustive search algorithm, as shown in Fig. 5.11. Assuming now that we keep the orthogonality threshold of cosφ ≤ 0.2, then the
1-norm metric would indicate nodes 7-9 for the second placement and
nodes 9-10 for the third placement. With regard to the second placement, we observe from Fig. 5.12 that the placing of the second HVDC
line between nodes 7-9 has a marginally better performance than nodes
1-7. Still, the difference is almost insignificant. For the third placement,
the 1-norm metric agrees with the convex hull volume metric.
By closer examination of Fig. 5.13, we observe that placements between
nodes 5-9 or 6-9 achieve a better performance; mainly because they
result to less infeasibilities. In Table C.2 in Appendix C, the vectors
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CV59 and CV69 are shown to have a cosφ higher than 0.2. On the
other hand, both have relatively high 1-norm values in comparison with
the rest of the vectors: CV59 has the 3rd largest and CV69 the 8th
largest 1-norm out of 45 vectors. Assuming that we had set the cosφ
threshold to a higher value, e.g. cosφ ≤ 0.5 ⇔ φ ≥ 60o , then the 1-norm
metric would have performed better than the convex hull volume. We,
therefore, realise that except for the orthogonality, the 1-norm of the
controllability vector plays a significant role. A future version of this
algorithm, combining the cosφ with the 1-norm metric (e.g. the product
of the two measures), could arrive at even better results.
Application for TCSCs and PSTs The described algorithm, making
use of the controllability vectors, can be directly applied on HVDC
lines. In the case of TCSCs, instead of the HVDC power flow, the
“control variable” here is the reactance xij of the line, where the TCSC
is installed. The CVs express the relationship between the change in
the HVDC power flow PDC and the flow Pl on the AC lines. In a similar
sense, instead of the controllability vectors the relationship in Eq. 5.16
can be used. This is restated for readability in Eq. 5.25 and 5.26.

∂(B̃B ) −1
∂(BL ) −1
∂Pl
B̃B Pb + PTDF
B̃B Pb
=
∂xij
∂xij
∂xij
∂Pl
· ∆xij
∆Pl =
∂xij

(5.25)
(5.26)

∂Pl
is a nL × 1 vector which expresses the change in all AC
The term ∂x
ij
line flows by changing the reactance xij . By replacing the CV with this
vector, the rest of the algorithm can be applied as already described.
The difference between Eq. 5.25 for TCSCs and the CV for the HVDC
lines, is that in the case of TCSCs Eq. 5.25 is dependent on the operating
point – the vector Pb is part of the equation. As a result, the placement
algorithm might need to take several instances of Eq. 5.25 into account
for each pair of nodes, considering different operating points.

For PSTs, an expression similar to Eq. 5.25 can be derived, where the
derivative to be computed will be with respect to the angle change
instead of the reactance change. Again, it is expected that this vector
will depend on the operating point as with TCSCs.
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Conclusions and Outlook

In this chapter we have introduced the concept “Towards a Fully Controllable Power System”, which aims to fully decouple the market operations from the security considerations in power systems. In a fully
controllable system, the electricity market could freely determine the
generator dispatch, keeping the redispatching actions which maintain
system security to a minimum. This minimizes the redispatching costs,
and in effect eliminates the Cost of Security. In current AC power systems, redispatching actions are necessary as the power flows incurred
on the lines are dependent on the power injection points. Controllable
line flows eliminate the dependency on the injection points. Thus, in
case of contingency the power can be rerouted so that all load is served
and no overloadings occur.
We have dealt with three main topics in this chapter. First, we have
presented a new way to consider controllability in the power system
with the introduction of the controllability vector CV as an index. The
controllability vector expresses the effect a power exchange between
two nodes has on all AC lines in the system. Being in a vector form,
CV allows a better visualization as well as the application of several
manipulations from linear algebra. The controllability vector can be
used in several applications. Assuming that the power exchange between
two nodes is the result of an HVDC line, CV can determine the effect
of this line in the controllability of the system. We use this property in
order to develop a controller placement algorithm which maximizes the
controllability in the system.
Second, we have derived a lower bound on the number of controllers
which are necessary to make a system fully controllable. This lower
bound is equal to: nL − nB + 1 controllers (nL is the number of lines
and nB is the number of buses in the system). We have also shown that
at any time only nL − nB + 1 number of AC lines can be independently
controlled.
Third, we introduced a placement algorithm which takes advantage of
the power system characteristics in order to find the best controller
placements for maximizing the controllability in the system. The algorithm is based on the controllability vector. With this new approach
our aim is to make the placement process more “visualizable” and more
intuitive. Its further advantage is that the algorithm needs only a small
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number of computational operations in order to identify a near-optimal
solution. The approach can be applied to both the linearized (i.e. “DC”)
power flow formulation, as well as to the AC formulation with the help
of the Current Distribution Factors. At the end of the chapter we also
compare the results we obtained with an exhaustive search algorithm
we developed.
The proposed placement algorithm can also use different metrics for
ranking placements or can be applied to different power flow controllers.
In this chapter we already provide a discussion on these topics. The
object of future work would be to investigate the applicability of metrics
such as 1-norm in combination with orthogonality, as well as to apply
the algorithm for the placement of TCSC and PST devices.

Chapter 6

HVDC Placement for
Maximizing Social Welfare
6.1

Introduction

Aging power system infrastructure and the need for increased integration of fluctuating generation call for substantial investments in transmission infrastructure and enhanced power system flexibility. Several
measures are being investigated in order to expand the transmission
capacity in the network. High Voltage Direct Current lines (HVDC)
belong to the most attractive candidates as they combine additional
transfer capacity with controllability in their power flow.
The objective of this work is to propose a method for HVDC line placement, relying on power system characteristics, such as the network
topology and the generator costs. The goal is either to identify directly
the “optimal” solution avoiding iterative optimization procedures, or,
at least, define appropriate search-space bounds, thus significantly increasing the efficiency of an optimization algorithm.
First, an upper bound on the installation costs of an HVDC line is
derived when the line placement aims to maximize social welfare. Section 6.2 provides an overview of the analytical approach, while Sections 6.3 and 6.4 describe the theoretical derivations supporting the
proposed method.
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Second, an algorithm for HVDC placement is outlined (see Section 6.5).
Its performance is validated with two case studies in Section 6.6: in the
first, a 10-bus network is used to show that the method can also be
valid in an AC-OPF context; in the second, the method is applied on
a simplified European network, where several congested lines appear.
Section 6.7 concludes this work.

6.2

Description of the Approach

Increasing social welfare is synonymous to the relief of existing congestions, as also shown in [34]. Equivalently, the investment objective can
be expressed as the elimination of the Lagrangian Multipliers of the line
flow inequalities (Line LMs), i.e., to set them to zero. In Section 6.4, we
show that in a DC-OPF context, the Line LMs λ are dependent only
on the linear costs of the marginal generators for any given network.
The generators which are dispatched neither at their minimum nor at
their maximum limit are marginal. In [41], similar results are obtained
for the general case, namely that the nodal prices are a function of the
marginal generators costs and the network constraints, including the
losses.
Assuming linear generator costs and a DC-OPF context, in Section 6.3,
we show that if N lines are congested, there exist exactly N +1 marginal
generators. Equivalently, eliminating a marginal generator will result
in the relief of a line congestion.
Therefore, adding a line with the objective of setting the dispatch of the
out-of-merit order generator to zero, is equivalent to congestion relief
and maximization of the social welfare. The power produced by this
generator can be delivered by the cheaper marginal generator.
Assuming one congested line in our system, there exist exactly two
marginal generators1: one low-cost generator GLC – with a cost equal
to, or lower than, the system marginal cost without congestion – and one
high-cost generator GHC – with a cost higher than the system marginal
cost. The objective here is to add line capacity, such that the low-cost
generator can produce the amount of power initially injected from GHC ,
′
i.e. PLC
= PLC + PHC . In doing so, the low-cost generator takes on
1 See

Section 6.3 for a more detailed treatment of the underlying theory.
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the production share of the high-cost generator. The simplest solution
in this case is to add a line, connecting the nodes GLC and GHC with
line capacity equal to CDC = PHC . This serves as an upper bound, i.e.,
any reinforcement which is more expensive than this solution should be
discarded (as long as the objective is to relieve the specific congestion).
This holds true for the placement of HVDC lines, as the DC technology
ensures controllability and the ability to transfer any desired amount
of power up to the line’s capacity limit. Instead, the power transfer
capability of an AC line depends also on its electrical characteristics. It
might occur that an AC line with capacity equal to PHC cannot transfer
power up to its limit, due to the meshed structure of the network. In
this case detailed calculations are necessary in order to determine the
optimal characteristics of the AC line. The interested reader can refer
to Chapter 4 for upper bounds in loadings of long AC lines.
A DC line connecting the marginal generators with capacity PHC defines
the upper bound for line installation costs, and sets the benchmark for
the “best performance” with respect to social welfare maximization.
Depending on the network topology and the position of the marginal
generators, further studies taking installation costs into account can
identify the (near-)optimal line placement between nodes with a shorter
distance or with capacity less than PHC .
Proposition: In case of one congested line, there exist two marginal generators: GLC , with lower marginal costs, and GHC , with higher marginal
costs. If GLC has sufficient capacity, a DC line which directly connects
the two marginal generators with line capacity equal to PHC (the power
produced from the expensive generator) serves as the upper bound with
respect to costs. Any solution which is more expensive than this should
be discarded.
The above Proposition also shows that the placement of a DC line
which relieves congestion and maximizes social welfare is not necessarily along the congested line, but rather on the path that connects
the two marginal generators.
The Proposition refers to one congested line. In case N line congestions
exist in the system, at least N additional DC lines will be necessary,
assuming that each line addition relieves one congestion. It may occur though, that the low-cost marginal generator does not have enough
available capacity in order to take up the total production of the expensive marginal generator. In such a case, either the line will remain
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congested or a different congested line will appear. As a result, the number of congested lines N defines also the lower bound of the number of
DC lines necessary to relieve all congestions.
Concerning a system with several congested lines and marginal generators, the first line should be placed between the most expensive marginal
generator and the least-cost marginal generator in the system, assuming
that the low-cost generators have enough available power capacity. In
Section 6.5 we outline an algorithm for the placement of HVDC lines in
a sequential manner, taking into account the limitations in the installed
capacity of the generators and the thermal capacity of the HVDC line.
We then apply this algorithm on a case study.

6.3

Relationship between Number of
Marginal Generators and Line Congestions

In this section we show that for N congested lines in the system, there
exist exactly M = N + 1 marginal generators. For the derivation,
generators are modeled with linear costs, and the problem is assumed
feasible, i.e., no load should be curtailed due to e.g., limited transmission
capacity. Further, identical parallel lines, and generators with equal
costs on the same bus are aggregated in one equivalent line or generator
respectively.

6.3.1

DC-OPF Formulation

We assume a standard DC-Optimal Power Flow formulation, with linear
costs for the generators, and based on the Power Transfer Distribution
Factors [26]:
NPG

min

X
i=1

subject to:

ci PG,i ,

(6.1)
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NPL

NPG

X
i=1
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PG,i −

X

PL,i = 0,

(6.2)

i=1

PTDF · |(PG − PL )| ≤ FL ,

(6.3)

0 ≤ PG ≤ PG,max .

(6.4)

Eq. 6.1 minimizes the generation costs, where ci is the linear cost of
each generator. Eq. 6.2 imposes the total generation to equal total
demand, while Eq. 6.4 keeps the generators within limits. Eq. 6.3 uses
the PTDF expression for the line flows, which constrains them below
line limits FL,i . Boldface symbols denote vectors or matrices.

6.3.2

Lagrangian Function of the DC-OPF Problem

The Lagrangian function of the problem, as formulated in Eq. 6.1-6.4,
is:


NPL
NPG
NPG
X
X
X
PL,i 
ci PG,i + ν · 
PG,i −
L(PG , ν, λ, µ) =
i=1

+

i=1

NL
X
i=1

+

NL
X
i=1

NPG

+

X
i=1

µ+
i

i=1

λ+
i · [PTDFi · (PG − PL ) − FL,i ]

λ−
i · [−PTDFi · (PG − PL ) − FL,i ]

NPG

 X
µ−
· (PG,i − PG,i,max ) +
i · (−PG,i ) ).

(6.5)

i=1

Here, ν is the Lagrangian multiplier for the equality constraint; λ is a
vector containing the Lagrangian multipliers for the line flow inequal−
ities (λ+
i in the defined as positive direction and λi in the opposite
direction); and µ is a vector containing the Lagrangian multipliers for
the generation inequality constraints.

6.3.3

Derivation of the Relationship

If there is no congestion in the system, the generators should be dispatched according to the merit-order curve. Assuming linear generator
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costs, which implies constant marginal costs, a cheaper generator should
be dispatched to its full capacity, before a more expensive generator is
committed. As a result, in case of no congestion, there is only one
marginal generator.
Assuming that there is a line congestion in the system, there should
exist at least two marginal generators2. According to the Karush-KuhnTucker (KKT) conditions, ∂L/∂PG = 0. Additionally, µ+ = µ− = 0 for
all marginal generators, and λ+ = λ− = 0 for all non-congested lines (for
more information on the derivation of the KKT conditions in a general
optimization problem see, e.g., [42]). Without loss of generality, we
assume that the single congested line k has a line flow in the positive
−
direction, i.e., λ+
k 6= 0 and λk = 0. Let the marginal generators be
denoted as PGm and PGn . Then:
cm + ν + λ+
k · P T DFk,m = 0,
cn + ν +

λ+
k

· P T DFk,n = 0.

(6.6)
(6.7)

Eq. 6.6 and Eq. 6.7 describe a 2x2 linear system, with two equations and
two unknowns: ν and λ+
k . This yields a unique solution if the system
is non-singular. If a third marginal generator PGp existed for a single
congestion, this would have resulted in a 3x2 linear system. In order for
such a system to have a solution, the third equation should be linearly
dependent on the first two. This implies that the linear cost cp and the
P T DFk,p , which describes the effect of power injection to bus p on line
k, should obey a certain relationship, as for example:
cp = cm +

cm − cn
· (P T DFk,m − P T DFk,p ) .
P T DFk,n − P T DFk,m

(6.8)

Such a relationship between the generator costs and P T DF factors is
very difficult to occur in reality. Even under this extreme condition
though, it has been found through simulations that the optimization
will often converge to a solution dispatching one of the generators to its
upper or lower bound and let the rest as marginal.
2 Here, we will not study the boundary condition, where the load demand downstream the congestion is equal to the power flow which results in a line loaded at
exactly 100%, without the need to dispatch additional generators (e.g., 100 MW
load on a remote bus, which is connected with a 100 MW line to the rest of the
system).
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Concluding this section, it has been shown that for linear generator costs
and N congested lines, there exist almost always M = N + 1 marginal
generators. A case where M > N + 1 could only exist in a case, which
is highly improbable to occur in most real power systems. Still, it
has been observed that even under this condition, the optimization of
realistic power systems will usually converge to a solution where there
exist M = N + 1 marginal generators.

6.4

Calculation of the Lagrangian Multiplier of a Congested Line

We rewrite Eq. 6.6 and Eq. 6.7, adding the factor ξk ∈ {1, −1}, so that
the equations are independent of the flow direction in which the line k
is congested:
cm + ν + ξk · λk · P T DFk,m = 0,
cn + ν + ξk · λk · P T DFk,n = 0.

(6.9)
(6.10)

In case of one congested line, the Lagrangian multiplier of the line can
be computed from the following relationship:
λk = ξk ·

cm − cn
,
P T DFk,n − P T DFk,m

(6.11)

where cm and cn are the linear costs of the marginal generators; and
P T DFk,m and P T DFk,n are the PTDFs of the congested line k for the
nodes m, n, where the marginal generators are connected.
If there is more than one congested line, the line Lagrangian multipliers can be derived by solving a linear system. For example, for two
congested lines, a 3x3 linear system must be solved:


1 ξk1 · P T DFk1,g1
1 ξk1 · P T DFk1,g2
1 ξk1 · P T DFk1,g3

  
 
ξk2 · P T DFk2,g1
ν
cg1
ξk2 · P T DFk2,g2  · λk1  = − cg2 
ξk2 · P T DFk2,g3
λk2
cg3

(6.12)

Here, ξkj ∈ {1, −1}. If the congested line has a flow along the defined
positive direction, then ξkj = 1. If the power flows along the opposite

136

Chapter 6. HVDC for Maximizing Social Welfare

direction, then ξkj = −1. The unknown
P variable
P ν is the Lagrangian
multiplier for the equality constraint
PG − PL = 0. The value of
ν is also the nodal price at the slack bus.
Concluding this section, it becomes apparent that for a given network
the Line LMs are only dependent on the costs of the marginal generators.
By eliminating the marginal generators, line congestions are relieved
and, thus, the maximization of the social welfare is achieved.

6.5

Algorithm for HVDC Placement

In this section, an algorithm is proposed for sequential placement of
HVDC lines in a system. For a given HVDC capacity, the algorithm
identifies the placement which will lead to the highest cost savings. To
maximize cost savings, except for the marginal costs of the generators,
equally important is the amount of power that can be shifted between
the marginal generators. This is taken into account in Eq. 6.13 and
Eq. 6.14, which, for a given HVDC capacity CDC , identify the highcost (GHC ) and low-cost (GLC ) marginal generators that the line should
connect. PG,i is the active power output and PG,i,max is the maximum
active power limit of Generator i.
GHC : maxi (ci · min {CDC , PG,i }) ,
GLC : mini (ci · min {CDC , (PG,i,max − PG,i )}) .

(6.13)
(6.14)

Eq. 6.15 gives a lower bound on the cost savings that can be achieved
through the line placement. This not only provides an estimate on
the minimum expected benefit without the need to run an additional DC-OPF, but can also serve as an index for selecting the “optimal” capacity of the line. Eq. 6.15 is an equality when CDC =
min {CDC , PG,HC , (PG,LC,max − PG,LC )}.
CS ≥ (cHC − cLC ) · min {CDC , PG,HC , (PG,LC,max − PG,LC )}
In the following, we outline the steps of the proposed algorithm:
1. Run DC-OPF and find marginal generators.

(6.15)
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2. Select HVDC Capacity CDC
3. Find the high-cost marginal generator (see Eq. 6.13).
4. Find the low-cost marginal generator (see Eq. 6.14).
5. Connect the two generator nodes with an HVDC line.
6. Calculate an estimate for the cost savings (see Eq. 6.15).
7. If equal cost savings are achieved for more that one pair of nodes,
select the placement that results to the shorter line length.
The algorithm can be extended by two additional steps, in order to
identify the “optimal” line capacity and placement, with respect to the
installation costs. The inclusion of the following steps in case studies
remains the object of future work.
• Change the capacity of the line and go to Step 3. Reiterate for
the set of available line capacities. Select the line capacity that
leads to the maximum lower bound for the cost savings.
• Include the installation costs and calculate the cost savings for all
possible pairs of marginal generators. Identify the optimal placing
with respect to the maximum lower bound for the cost savings.
After adding an HVDC line between nodes i and j, the DC-OPF described in Eq. 6.1-6.4 should be amended with the following additional
constraints:
PDC,i + PDC,j = 0,
−PDC,max ≤PDC,i ≤ PDC,max ,

−PDC,max ≤PDC,j ≤ PDC,max .

6.6
6.6.1

(6.16)
(6.17)
(6.18)

Case Studies
AC-OPF on a 10-bus Network

Figure 6.1 presents a 10-bus network used to test the validity of the
proposed approach. A brief description of the system, as well as the
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system data can be found on [22]3 .
Although the relationships derived in the previous sections assume a
DC-OPF, in this example we will employ a full AC-OPF with quadratic
generator costs. The goal here is to demonstrate that the placement
method identified through the linear relationships will remain “optimal”
even with a more realistic representation of the system, where thermal
losses and reactive power flows are taken into account. The AC-OPF
results show that line 2-10 is congested, while the marginal generators
are located on buses 3 and 8. As shown in Table 6.1, Generator 8 is the
out-of-merit generator, having higher costs than Generator 3. According
to our approach, the HVDC line should connect nodes 3 and 8 with a
capacity higher than 1’532 MW, in order to relieve the congested line.

3

~

Switzerland
1
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4

2
5

France

~

9
~
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6

7
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Figure 6.1: 10-bus test system. Line 2-10 is congested resulting in two
marginal generators on buses 3 and 8. Generator 8 is the
out-of-merit order dispatched generator.
Subsequently, we added a single HVDC line with 2’000 MW capacity
between every possible pair of buses, and ran the OPF for each case.
In total, all 45 possible HVDC placements have been tested. Figure 6.2
3 For this case study, all line limits were decreased by 30% in comparison with
[22], so as the AC-OPF solution to result to a congested line.
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Table 6.1: Marginal Generators – 10-bus system

Bus
3
8

PG,i (MW)

PG,max (MW)

ci (/ eMWh)

6’129
1’532

8000
2000

24.3
50.0

ci,quad
(/ eMWh2 )
0.00040
0.00150

presents the cost savings achieved with each placement. As it can be
observed, an HVDC line between the nodes 4-5 or 4-9 has almost no
effect on the dispatch costs. On the other hand, the maximum cost
savings are achieved when the line is placed between nodes 3 and 8,
exactly where the two marginal generators are connected. In this case,
the line congestion is relieved and generator 8 is not dispatched. It
should also be noted that placing the HVDC line between nodes 2-10,
in parallel with the congested line, results in savings of 7.46%, while the
“optimal” placement achieves savings of 10.82%. This highlights the
fact that the optimal placement of HVDC lines is not necessarily along
the overloaded lines.
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Cost Savings (%)

10

8

6

4

2

4
−
4 5
−
5 9
−
3 9
−
3 4
−
3 9
−
1 5
−
6 6
8 −9
−1
1 0
−
1 9
−
2 7
−
2 3
−
7 4
−
2 9
−
5 5
−
4 6
−
1 6
−
1 5
−
3 4
−
8 6
−
1 9
9 −3
−1
2 0
−
1 6
−
6 2
−
2 7
7 −9
−1
7 0
−
2 8
−
5 7
−
4 7
−
1 7
1 −8
−1
3 0
2 −7
−
6 10
−
4 10
−
2 10
5 −8
−
3 10
−
6 10
−
4 8
−
5 8
−
3 8
−
8

0

Figure 6.2: Cost savings after adding an HVDC line between all possible
pair of nodes in the 10-bus system. Maximum cost savings
are achieved when the HVDC line connects the two marginal
generators (buses 3 and 8).
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European Network – single-node per country
system

A single-node per country European model, as illustrated in Fig. 6.3, is
used in order to test the approach proposed in this work. The model
comprises 32 nodes and 56 interconnecting lines. The line data are
aggregations of real data provided by UCTE (now ENTSO-E) (www.
entsoe.eu). The generation and load data are taken from the RES
2050 Scenario, as described in Ref. [37]. For this snapshot, 70 generators are assumed in total. On each node, at least two different generators are connected, representing aggregations of RES (Renewable Energy Sources) and conventional power plants respectively. An additional
generator is assumed for countries operating nuclear power plants. RES
comprises wind, solar and hydro, while, the “conventional” power plant
includes up to 10 different generation types (e.g., gas-CCGT, gas-CHP,
hard coal, lignite, oil, etc.).
The maximum capacity PG,max for the RES generators corresponds to
the available RES energy for the specific hour and varies throughout
the year. The maximum capacity PG,max for the nuclear and the conventional generators varies based on the availability of each plant. For
each country, an average availability of 80% was assumed throughout
the year (60% during the six months with the lowest demand, and 100%
during the rest of the year).
RES marginal costs are assumed at 0.01 / eMWh, while nuclear power
plants have marginal costs of 0.54-0.55 / eMWh. For the conventional
generator in each country, the linear costs of each available technology
are aggregated in a piece-wise linear function, which is then approximated with an appropriate – “fitted” – quadratic function. For the scope
of this work, we will only use the linear coefficient of this quadratic fit.
For the RES 2050 generation scenario, the conventional generation costs
are comparatively higher, as a carbon tax is projected to be imposed.
Differences in fuel costs between summer and winter have also been
taken into account.
Table 6.2 presents the marginal generators for the system in the base
case. In total, there are 19 congested lines and 20 marginal generators,
with a total generation dispatch cost of 15’174’361 / eh.
Following the algorithm steps outlined in Section 6.5, we assume an
HVDC capacity of 10’000 MW for each of the transmission expansions

6.6. Case Studies

141

RES 2050 DC−OPF − Line Loading

High Loading (Existing Line)
Medium Loading (Existing Line)
Low Loading (Existing Line)
High Loading (New HVDC Line)
Medium Loading (New HVDC Line)
Low Loading (New HVDC Line)
7.FI

23.SE
26.NO

6.EE

14.LV

5.DK

15.LT
12.IE

24.UK
16.NL
17.PL
2.BE
9.DE

4.CZ
1.AT

8.FR

25.CH

20.SK
11.HU

21.SI

19.RO

29.HR
32.RS
28.BA
13.IT
18.PT

30.ME31.MK
27.AL

3.BG

22.ES

10.GR

Figure 6.3: Single-node per country European model. Line loadings for
the RES 2050 scenario after the addition of three HVDC
lines. The line thickness is proportional to the transfer capacity of the interconnections.
we carry out in this case study. Such a transmission capacity implies
two to five parallel transmission lines, depending on the selected HVDC
technology and DC voltage. Applying Eq. 6.13 and Eq. 6.14 on the
data of Table 6.2, we find that there are two equally good candidates
for placing the first HVDC line. These are PT-ES and NO-ES. As the
line PT-ES is much shorter than the line NO-ES, we prefer at this step
to install the line between the nodes PT and ES.
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Table 6.2: Marginal Generators – No HVDC Expansion.
Bus

PG,i (MW)

DK
IE
PT
RO
NO
FR
SE
SI
AT
NL
LT
BE
EE
IT
DE
UK
HU
PL
ES
GR

6’164
7’232
16’210
9’042
33’718
52’943
1’526
652
1’723
8’272
422
5’386
646
27’442
9’271
23’198
828
20’832
20’662
4’632

PG,max (MW)a ci (/ eMWh)a
7’524
10’734
30’642
10’836
44’061
54’276
11’453
1’059
3’952
29’941
2’338
27’657
5’039
45’769
111’793
75’023
9’298
52’763
43’408
9’336

0.01
0.01
0.01
0.01
0.01
0.54
0.55
52.55
54.28
57.32
67.02
92.17
95.02
97.05
105.86
126.71
129.05
142.51
151.00
151.07

a

The values PG,max and ci are dependent on the
specific snapshot. Please refer to the text for further details.

Fig. 6.4 presents the achieved cost savings after installing a single HVDC
line between all possible nodes in the system. For the 32 nodes in the
system, we ran 496 instances of the DC-OPF. For the sake of readability, Fig. 6.4 presents the three line placements with the lowest and
the twenty line placements with the best performance. As it can be
observed, placing an HVDC line either between the nodes ES-NO or
PT-ES results in equal cost savings of 9.95%.
It is also interesting to note here that by applying Eq. 6.15, and as
CDC = min {CDC , PG,HC , (PG,LC,max − PG,LC )}, we arrive at the same
result with respect to the cost savings, without the need to run an
additional DC-OPF.
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Figure 6.4: Placement of first HVDC line. Cost savings after adding an
HVDC line between all possible pairs of nodes. From a total
of 496 combinations, illustrated are the three pairs with the
lowest and the 20 pairs with the best performance.
Table 6.3 presents the marginal generators after the addition of an
HVDC line between nodes PT-ES. Since in the first placement CDC <
PG,HC , no congested line was relieved. Still, the added transmission
capacity led to the dispatch of lower-cost generators, and thus resulted
to a cost reduction of 9.95%. Again, applying Eq. 6.13 and Eq. 6.14
on the data of Table 6.3, it seems that the “optimal” HVDC placement
would be between the nodes NO-ES. Indeed, running again a DC-OPF
for all possible pairs of nodes, Fig. 6.5 shows that the line placement
resulting in the highest cost savings is between nodes NO-ES. Naturally,
placing a direct HVDC line between Norway and Spain would not be a
quite realistic option. Still, it could be expected that smaller segments
of HVDC lines will be installed during time and that in the end an
HVDC corridor between Norway and Spain can be formed. In any case,
the algorithm proposed in this chapter aims at identifying the upper
bound, i.e. the absolute best solution, in cost savings which could be
achieved. And in this case the highest cost savings are achieved by
placing the line between NO-ES. Engineers can subsequently examine
shorter HVDC lines that might be able to achieve as similar as possible
– but certainly not higher – cost savings. Having installed line PT-ES
and adding the HVDC line NO-ES results in cost savings of 19.90% in
comparison to the base case. The second best option for the second line
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placement, line ES-SE, results in savings of 19.84% with respect to the
base case.

Table 6.3: Marginal Generators – HVDC between PT-ES.
Bus

PG,i (MW)

DK
IE
PT
RO
NO
FR
SE
SI
AT
NL
LT
BE
EE
IT
DE
UK
HU
PL
ES
GR

6’164
7’232
26’210
9’042
33’718
52’943
1’526
652
1’723
8’272
422
5’386
646
27’442
9’271
23’198
828
20’832
10’662
4’632

PG,max (MW)a ci (/ eMWh)a
7’524
10’734
30’642
10’836
44’061
54’276
11’453
1’059
3’952
29’941
2’338
27’657
5’039
45’769
111’793
75’023
9’298
52’763
43’408
9’336

0.01
0.01
0.01
0.01
0.01
0.54
0.55
52.55
54.28
57.32
67.02
92.17
95.02
97.05
105.86
126.71
129.05
142.51
151.00
151.07

a

The values PG,max and ci are dependent on the
specific snapshot. Please refer to the text for further details.

The third line placement follows the same procedure. Due to space
limitations, we do not present the marginal generators after the second
line placement. Still, from Table 6.3, it can be easily observed that after
adding a line between NO-ES, the best placement for an additional line
with 10’000 MW capacity would be between the nodes PL-SE. As shown
in Fig. 6.6, placing the line between the nodes PL-SE results indeed to
the highest cost savings (29.23% in comparison to the base case).
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Figure 6.5: Cost savings after placing the second HVDC line; first
placed between PT-ES.
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Figure 6.6: Cost savings after placing the third HVDC line; first two
placed between PT-ES and ES-NO.

6.6.3

European Network – Simultaneous Placement
of two HVDC lines

In this section, we examine the difference in the obtained results if
instead of the sequential approach described in the previous sections, we
followed a more parallel approach. In total we ran 122’760 instances of
the DC-OPF in order to identify which pair of HVDC lines would result
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in the maximum cost savings4 . As shown in Fig. 6.7, the results coincide
with results obtained in Section 6.6.2. It is also interesting to note that
there are several options with almost equally good performance. The
absolute maximum in cost savings is achieved with the pair PT-ES,
ES-NO, however about nine combinations of HVDC lines, most of them
containing either PT-ES or ES-NO, can achieve cost savings above 19%.
Object of future work will be the derivation of the theoretical guarantees
which would show that the sequential approach proposed in this work is
equivalent to the simultaneous placement of an equal number of HVDC
lines.
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Figure 6.7: Cost savings after simultaneous placing of two HVDC lines.
From 122’760 combinations in total, shown are the three
worst and the 20 with the best performance.

6.7

Conclusions and Outlook

Concluding, in this work we derive a rule for HVDC line placement in
order to maximize social welfare. Assuming linear generator costs, we
show that for N congested lines, there exist exactly N + 1 marginal generators. HVDC lines connecting a high-cost with a low-cost marginal
4 Placing 3 HVDC lines simultaneously would result in the investigation of
20’214’480 possible combinations for the 32-node system. This would have led to
three orders of magnitude longer computation time.
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generator lead to the maximization of the social welfare. This proposition helps placing an upper bound on the line installation costs, when
searching for an optimal HVDC placement, and could also be used in optimization algorithms for bounding the search space. Any solution with
installation costs higher than the line connecting marginal generators
should be discarded. It also shows that an optimal HVDC placement
is not necessarily along the overloaded lines. Instead, for maximizing
social welfare, the position of the marginal generators should be taken
into account.
Furthermore, an algorithm is outlined which can identify the “optimal”
placement between any possible pair of nodes in a single iteration. Additional iterations are necessary in case different line capacities need to
be considered, or the line installation costs are taken into account. The
proposed approach is also able to predict a lower bound of the expected
cost savings after the line placement. The validity of the method is
demonstrated with two case studies, one on a 10-bus network and one
on a simplified European network.
Future work will seek theoretical guarantees which show that the sequential approach for the placement followed in this paper is equivalent
to placing simultaneously an equal number of lines. It will further extend the algorithm so as to consider snapshots where different marginal
generators appear.

Chapter 7

Case Studies

7.1

Introduction

The goal of the case study presented in this chapter is to estimate the
Cost of Security for different transmission expansion options in the European network. The model has been developed for the studies within
the EU-FP7 IRENE-40 project. The main objective of the project was
to identify the most effective infrastructure measures for the next 40
years, i.e. until 2050, with respect to security, sustainability, and competitiveness in the European interconnected system. Two European
network models have been developed to achieve this goal: a detailed
European model with more than four thousand nodes and a simplified
“single-node-per-country” model. In this case study we will focus on
the simplified model, on which we will apply the Security-Constrained
OPF algorithm introduced in Chapter 3. As we are dealing with a
simplified model, we will also use several of the relationships described
in Chapter 4. Before going on with the calculation of the Cost of Security in Section 7.7, Sections 7.2 and 7.3 provide details about the
approaches we used for modelling the network as well as for modelling
the generation and demand. In Sections 7.4 and 7.5 we further describe
the method we employed in order to identify the necessary line reinforcements, while in Section 7.6 we refer to the criteria for selecting the
critical contingencies.
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Network Modelling

The model we used in our simulations represents the EU-27 Region,
with the exception of Malta and Cyprus, which are islands, as well as
Luxembourg which is incorporated in Germany. The model represents
also the Balkan States, Norway and Switzerland.
The modeling approach, represents up to a certain extent the flow-based
allocation mechanism. Flow-based allocation mechanisms are under a
test phase in different regions of Europe [43] and are expected to be the
major market operation scheme of the European interconnected system
in the coming years. In this mechanism, the capacity allocation for
the cross-border flows takes place after the computation of the physical
flows. For this reason, the TSOs determine the power transfer distribution factors as well as the border capacities of their interconnections [44]
and the allocation office carries out a DC-OPF1 . In our case, the border
capacities are the 1.4*NTC(2010) values (see Section 7.2.1), while instead of the PTDFs we use the R,X, and B values of the lines. Finally,
instead of a DC-OPF we run an AC-OPF and a Security-Constrained
OPF.

Continental Europe – former UCTE Region The model parameters
for this part are based on official UCTE (now ENTSO-E) data for
the continental power system. We assume a copperplate power system
within each country and we model only the interconnections between the
countries. More specifically, the interconnections (220 kV and 380 kV)
are all aggregated into one equivalent line, with an equivalent impedance
(pi-model of the line – R,X,B), based on the UCTE data. The line limit
is set to be the Net Transfer Capacity (NTC) value.

Nordic Countries Our modeling for this part was based on an extended version of the Nordic-32 power system [45]. The Nordic-32 power
system is an aggregated model for dynamic studies which represents
mainly Sweden, as well as the connection to Finland. In the extended
version that we obtained from Svenska Kraftnät, the interconnection
with Norway was also provided. The connection of Sweden to Denmark
1 For example, for the Central-West European (CWE) region, the allocation/auction office is located in Luxembourg hwww.casc.eui.
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was based on reasonable assumptions. As line limits, again, the NTC
values were assumed.
Connection of the UK, Ireland, Baltic States, Nordic Countries –
LCC-HVDC lines For the connection of (i) the Baltic States to Finland, (ii) Nordic countries to continental Europe, (iii) Ireland to the
UK and (iv) UK to France, no data were available. Taking into account
the respective NTC values, we made some reasonable assumptions for
the line impedances in accordance with the rest of the system. Since in
most of the cases the connections are radial (i.e. no parallel paths), the
modeling of the respective lines should not have a large effect on the
power flowing through them. Here it should also be noted, that some of
these connections are actually HVDC lines based on the Current Source
Converter technology. Taking into account the radial structure of the
network, we modeled these lines as AC lines with very low impedance.

7.2.1

Modifications for the Security Considerations

During our steady-state security studies, we need to consider the N-1
security criterion. This criterion, in its simplest form, says that the system should be able to withstand the loss of any single component, e.g.
line, generator, etc., without jeopardizing the system operation. Applying the N-1 criterion in our simplified model, where all interconnections
are aggregated into one interconnecting line, would mean that we would
study the outage of all interconnections between two countries at once.
As usually more than one parallel line serve as interconnecting lines between two countries, we decided that it would be more realistic to model
each interconnection as two parallel identical lines. Subsequently, we
could study the outage of one of the two lines for each interconnection,
representing in this way the unavailability of half of the transmission
capacity2 . The two parallel lines would now have double R and X values and half of the B values and line capacities in comparison with the
initial aggregated line.
Furthermore, the total capacity of each pair of parallel lines is set
equal to the respective NTC capacity of 2010, increased by 40%, i.e.
2 This assumption may deviate from reality in interconnections where several parallel lines exist. Nevertheless, the main objective of this case study is to compare the
cost of security resulting from each expansion option. As long as we take the same
assumptions, concerning N-1, for all expansion scenarios, our results are comparable.
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1.4*NTC(2010). The increase accounts for three reasons: (a) reactive
power flows, (b) ±10% variation of voltage, and (c) line limits before
the N-1 criterion is applied.
Note The impedance values for some lines in the continental network
were significantly low, leading to severe numerical problems during the
calculation of the Optimal Power Flow (the lines are: AT-DE, FR-CH,
DE-NL, DE-CH). In order to avoid this problem, we increased these
impedances, however keeping them still at lower values than the rest of
the network and maintaining the relative differences.

7.3

Generator Modelling

The generation and consumption data were compiled from the Energy
Center of the Netherlands (ECN), a project partner within the IRENE40 Project. ECN developed five generation and demand scenarios covering a large spectrum of different possible developments for the European
system until 2050. A general description of the scenarios is available in
[37], while a more detailed description is provided in [46]. For this case
study we will focus only on one scenario, the so-called RES scenario.
RES projects a final electricity demand of about 4800 TWh/year for
2050 in the European system, and about 2300 GW of installed generation capacity. In total, renewable sources amount to 80% of the installed
capacity. Intermittent renewable sources have a share of 50% in generation, while the rest 30% corresponds to “dispatchable” renewables
such as hydros and biomass. Demand side management, in the form
of shifting energy from peak-demand to lower-demand periods, is also
assumed for about 5% of the loads. RES scenario is expected to lead
to a CO2 reduction of about 90%-95% in 2050 compared to the 2010
levels.
Hourly consumption data for each country, as well as hourly generation
data for wind, solar PV, and concentrated solar power – where applicable – were available. The initial 15 different types of generators were
aggregated in 3 equivalent generators for each country. The first generator models all the RES (wind, solar, CSP, pump-hydro, hydro) and
has a marginal cost of 0.10 e/MWh; the second represents the nuclear
with a marginal cost of 0.54-0.60 e/MWh; the third aggregates the
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remaining capacity of all the conventional generators for each country,
i.e. biomass, gas (open-cycle, combined cycle, etc.), CHP, waste, hard
coal, lignite, oil. For the third equivalent generator we aggregate the
capacities and linear cost functions of all conventional plants in each
country in a piecewise-linear cost function. Subsequently, we substitute
this function with an appropriate – “fitted” – quadratic function, which
we could use as part of our objective function. For winter and summer,
different fuel prices and availability indices are used.
Figure 7.1 presents some examples from the “fitting” procedure. If the
“fitting” is not acceptable, we break the piecewise linear function in
two – or more – piecewise linear functions and we perform the fitting
again. As a result, for certain countries, such as Sweden, the generator
representing all the conventional sources would usually be represented
by two or more equivalent generators with the appropriate capacity
and cost functions. We ran the fitting procedure for each generation
scenario, for both summer and winter (different fuel costs), and for
both high and low availability indices.
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Figure 7.1: Examples of the “fitting” of the piecewise linear function of
the conventional generators (in blue) with a quadratic function (in green). For Italy the fitting in this scenario (RES
2050-winter-low availability) is very good, while for Sweden
needs improvement. For Sweden the piecewise linear function will be represented with two quadratic functions, i.e.
two equivalent generators.
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AC-OPF with soft constraints on the
line flows to ensure no load shedding
and convergence

First, we ran an OPF with the base configuration, i.e. the interconnections are based on the NTC values of 2010 (we have increased the
NTC values by 140%, for the reasons stated in Section 7.2.1). Running
an OPF through the whole year, we realized that there were certain
hours that the load could not be served through the existing interconnections and generation capacities. Therefore, we modified our OPF
algorithm, and transformed the line flow constraints (see also Eq. 3.12
and Eq. 3.13) into soft constraints. We imposed a heavy penalty factor
on the slack variables, so that the OPF would be reluctant to exceed
the transmission line limits, and only attempt it in case where the load
cannot be served. After this set of simulations, we have identified which
are the absolutely necessary line reinforcements, in order to ensure that
the demand is covered for every hour during the year in Europe of 2050.
These are shown on Table 7.1.
Table 7.1: Line Reinforcements that are necessary in order to ensure
that load is served 100% of the time in 2050.

BG-RO
BG-MK
FR-ES
GR-AL
GR-MK
IT-SI
DK-NO
GR-IT
NL-NO

Additional
Capacity
(MVA)
40
144
1084
146
692
162
3952
932
4432

Assumed Apparent
Power Capacity of
2010 (MVA)
715
643
1785
215
429
543
950
500
700

Additional Capacity to
ensure N-1 criterion
(MVA)
40+0 = 40
144+0 = 144
1084+0 = 1084
146+0 = 146
692+0 = 692
162+0 = 162
3952+2000 = 5952
932+0 = 932
4432+2200 = 6632

From Table 7.1 it is observed that two lines need substantial reinforcements. These are the interconnections between Norway and Denmark,
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as well as between Norway and the Netherlands. Given the increased
integration of renewable sources, additional interconnection capacity
between Norway, which has a lot of hydro production, and continental
Europe will be surely necessary until 2050. It should be noted though
that in this case study the need for these reinforcements is partly exacerbated due to the assumption of the RES scenario that the hydro units
in Norway have a yearly availability of 58%. As a result, there are certain times during the year, when the generation capacity in Norway is
not sufficient to cover the demand. In any case, however, these interconnections are still one of the most probable candidates to be reinforced
until 2050 in order to ensure the security of supply.
The additional line capacities that were determined during the AC-OPF
calculations did not take into account the N-1 security criterion. Therefore, in the right column of Table 7.1 the total additional transmission
capacities are indicated, so that the N-1 criterion can be satisfied. Additional capacities are considered only for the radial interconnections,
namely DK-NO and NL-NO. The rest of the interconnections are part of
a meshed network, so an analysis about the critical contingencies and an
SC-OPF calculation will be necessary, as we will see in the Section 7.6.
The system with the additional line capacities serves as the base system
for each expansion we will apply.

7.5

Identifying the Line Reinforcements
for the Expansion Scenarios

Here we use the standard AC-OPF, as described in Section 3.3, with
the additional line capacities, as shown in Table 7.1. Running the OPF
for a whole year, we calculate the loading of each line for every hour.
In Ref. [22], we have concluded that the line reinforcements should be
placed in parallel to lines that are most often congested (Note that,
for example, this does not hold for FACTS devices. The placement
of FACTS devices depends on the network topology and can be more
effective on lines that are not necessarily congested).
Therefore, we decided to reinforce the lines that are between 99% and
100% loaded for more than 4000 hours a year. Here, it should be noted
that we did not select the average line loading as a criterion for line
reinforcements. Although both criteria – hours per year above 99%
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loaded and average line loading – would often result in the same line
reinforcements, cases might exist where a line is very often loaded to
e.g. 80% of its capacity, but only seldom loaded near 100%. Such lines
demonstrate good line utilization, but do not need reinforcement, as
they are not congested. As we will see in Section 7.6, we use the average
line loading in order to determine the critical contingencies that we will
incorporate in the Security-Constrained OPF.

Figure 7.2: Duration of Line Loadings in hours per year. The line loadings are expressed in %. Lines that are loaded above 99%
for more than 4000 hours per year are selected for reinforcement.
Based on our considerations in Chapters 2 and Chapter 4, we selected
the installation of long transmission lines in all cases. For all lines we
assumed a standard length of 500 km, considering that such lines could
bypass possible bottlenecks and connect two non-congested substations.
The submarine cable interconnections are based on the VSC-HVDC
technology for all expansion scenarios, as the AC cables can be used
only for limited lengths.
For the “Expansion on Land” we distinguish between three expansion
scenarios:
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Table 7.2: RES 2050: Location and transmission capacity of the line
reinforcements
Expansion
on Land
AT-DE
AT-HU
FR-ES
FR-CH
DE-NL
DE-PL
DE-CH
IT-SI
RO-RS
LT-PL

Capacity [MVA]
(AC-400kV or HVDC/
AC-750kV)
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900
3000/3900

Submarine
Cables
NL-UK
DE-NO
LT-SE
EE-FI
FR-UK
IE-UK
GR-IT
NL-NO
PL-SE

Capacity [MVA]
(HVDC cables)
Planned: 1000
Planned: 1400
Planned: 700
3000
3000
3000
3000
3000
3000

• AC-400 kV / 3000 MVA with series compensation
• AC-750 kV / 3900 MVA with series compensation
• VSC-HVDC / 3000 MVA
For both AC scenarios, we assumed long AC lines with series compensation. In Section 4.6 we detailed our method for estimating the necessary
series compensation. Further, in Section 4.7.2 we computed our quantitative estimates for the series compensation necessary for both AC
expansion scenarios.
It should be noted here that VSC-HVDC is currently limited to
1’500 MW for the overhead lines and is projected to reach 2’400 MW by
2020 [47]. Nevertheless, we selected to consider a 3000 MVA capacity
for our HVDC expansion scenarios for two reasons. First, so that we
can carry out a fair comparison with the other two AC transmission
technologies which can transmit up to 3000 MVA for a double-circuit
AC-400 kV line and up to 3900 MVA for an AC-750 kV line. Second,
because up to 2050 it can be expected that the VSC-HVDC technology
would have achieved transfer capacities up to 3000 MVA.
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Critical Contingencies

For the Security-Constrained OPF algorithm we need to select the most
critical contingencies, for which the algorithm should ensure that the
system remains N-1 secure. Here, we based our selection on the annual
average loading index. For each generation and expansion scenario under study, we identified the lines that have an average loading above
85% during the year. These are the lines we have considered as critical
contingencies.
In our analysis, there were certain lines that had an average loading
above 85%, but they were not considered as critical contingencies. These
are the existing submarine HVDC lines EE-FI, FR-UK, IE-UK, PL-SE,
and the under construction LT-SE. The reason is that detailed planning
studies have already been carried out during the design and construction
of these lines, in order to determine the transmission capacity of the lines
and the system operation of the interconnected countries. The Net
Transfer Capacity that has been determined should ensure that both
countries connected by each of these lines, maintain their N-1 security,
even under a maximum line loading. It should be noted that this kind
of “critical contingency waiver” holds only for the existing lines. If a
new HVDC line proposed in one of the expansion scenarios, which is
parallel to the aforementioned lines, is found to have an average loading
above 85%, then this line will be taken into account in the SC-OPF as
a critical contingency. Such an example is the line PL-SE.
Figures 7.3-7.5 present graphically the annual average line loadings for
each generation and expansion scenario. Table 7.3 lists the critical contingencies which were incorporated in each SC-OPF problem. It is
interesting to note here, that the reduced generation costs in Fig. 4.8
for the HVDC scenario result from a better (higher) utilization of the
lines. Therefore, it should be expected that in the HVDC scenarios
more lines might have a loading higher than 85% and, thus, constitute
critical contingencies.
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RES 2050 OPF AC−400kV − Annual Average Loading
High Loading (Existing Line)
Medium Loading (Existing Line)
Low Loading (Existing Line)
High Loading (New AC/HVDC Line)
Medium Loading (New AC/HVDC Line)
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Figure 7.3: Annual average line loadings for the AC-400 kV expansion.
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RES 2050 OPF AC−750kV − Annual Average Loading
High Loading (Existing Line)
Medium Loading (Existing Line)
Low Loading (Existing Line)
High Loading (New AC/HVDC Line)
Medium Loading (New AC/HVDC Line)
Low Loading (New AC/HVDC Line)
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Figure 7.4: Annual average line loadings for the AC-750 kV expansion.
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RES 2050 OPF HVDC − Annual Average Loading
High Loading (Existing Line)
Medium Loading (Existing Line)
Low Loading (Existing Line)
High Loading (New AC/HVDC Line)
Medium Loading (New AC/HVDC Line)
Low Loading (New AC/HVDC Line)
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Figure 7.5: Annual average line loadings for the HVDC expansion.
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Table 7.3: RES 2050: Critical Contingencies for the four expansion scenarios (HVDC-noPCC and HVDC consider the same critical
contingencies)
AC-400kV Exp. AC-750kV Exp. HVDC Exp.
AC lines(existing 400kV)
AT-DE
AT-DE
AT-DE
EE-LV
EE-LV
EE-LV
FR-ES
FR-ES
FR-ES
IT-SI
FR-ES
FR-ES
RO-RS
DC lines (new)
GR-IT
PL-SE
PL-SE
PL-SE
PL-SE
PL-SE
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Cost of Security

In order to calculate the Cost of Security we need to run both a Standard
OPF and a Security-Constrained OPF and compute the difference in the
generation costs. First, we ran the AC-OPF as detailed in Section 3.3.
Three expansion scenarios are investigated in the AC-OPF, namely AC400 kV, AC-750 kV and HVDC, as described in Section 7.5. The annual
generation cost results are shown in Fig. 4.8, in the case study presented
in Section 4.7.
Having identified the critical contingencies for each case, we proceed
with the calculation of the Security-Constrained OPF. Here we apply
the SC-OPF algorithm we introduced in Sections 3.3 and 3.4. For the
SC-OPF calculations, we examine the same expansion scenarios as for
the Standard AC-OPF with a small difference. For the HVDC scenario, we distinguish between two cases: the “HVDC-noPCC”, where
the HVDC lines are not allowed to offer any Post-Contingency Control
(PCC) actions, and the “HVDC-withPCC”, where the HVDC lines can
react right after a contingency by changing their power flow setpoint.
Consequently, for the SC-OPF we examine in total four different cases.
As the algorithm, compared to the AC-OPF, is significantly more timeconsuming, we did not run the SC-OPF for the whole year, but we
did an hour ”sampling” and we ran the algorithm only for these hours.
Following that, we selected the same hours from the OPF results and
calculated the cost of security for the specific number of hours. This
cost was extrapolated to 8760 hours, in order to estimate a “Cost of
Security” value during the whole year. The results of our calculations
are presented in Fig. 7.7.
In order to get as representative results as possible, we needed a relatively good hour sampling which will include weekdays and weekends,
different hours during the day, and different seasons during the year.
For this reason, we decided to run the SC-OPF for 7-hours batches,
taken each 35 hours. As a result, the SC-OPF ran for the hours 1-7,
36-42, 71-77,. . . , and so on. In total, the SC-OPF ran for a maximum
of 1757 single-hour snapshots in each case, which represents about 20%
of the year. From the results, we selected only the optimizations which
had finished successfully. The successful termination of the optimization depended mostly on the complexity of the case, and particularly
on the number of critical contingencies and the number of HVDC lines.
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The most frequent reason for an unsuccessful termination was that the
maximum number of iterations had been reached. So, for example, for
the HVDC with Post-Contingency Control scenario we had usually less
successful terminations of the SC-OPF in comparison with the other
expansion scenarios. More specifically, on average for the different generation scenarios, the AC-400 kV sample size was 16.3% (of 8760 hours),
the AC-750 kV was also 16.3%, the HVDC-noPCC was 12.2%, and the
HVDC-withPCC sample size was 6.3%.
The obtained results are considered to represent sufficiently well the
situation for the whole year. From the AC-OPF runs, it has been observed that the general trend was reflected in almost every hour. For
example, if the HVDC expansion scenario resulted in less annual generation costs, this was also reflected in almost all single-hour OPF runs.
Figure 7.6 compares the Cost of Security values for all common singlehour snapshots of the three expansion scenarios: AC-400kV, AC-750kV,
HVDC-noPCC, and HVDC-withPCC.
1.4
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AC-750kV
HVDC-noPCC
HVDC-withPCC
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Figure 7.6: Comparison of the Cost of Security of each expansion scenario for RES 2050. The selected hour samples are the ones
which were common in all four scenarios.
Two important observations can be made based on Fig. 7.6. First, clear
trends can be observed between most of the expansion scenarios. We
notice that for the vast majority of snapshots the AC-400 kV results
in higher Cost of Security (CoS) than the AC-750 kV scenario, which,
in turn, has almost always a higher CoS than the HVDC-withPCC
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scenario. At the same time, as it can be expected, there is no snapshot
of the HVDC with Post-Contingency Control scenario that performs
better than the HVDC scenario where Post-Contingency Control actions
are allowed. Table 7.4 presents the number of “outliers” in percentage
that do not follow the “general trends” depicted in Fig. 7.6.
Table 7.4: Number of snapshots (in % of common samples size) which
do not follow the general trend in Fig. 7.6.
CoSAC-750kV
CoSHVDC-noPCC
CoSHVDC-withPCC
CoSHVDC-noPCC
CoSHVDC-withPCC
CoSHVDC-withPCC

≥
≥
≥
≥
≥
≥

CoSAC-400kV
CoSAC-400kV
CoSAC-400kV
CoSAC-750kV
CoSAC-750kV
CoSHVDC-noPCC

6.7
28.5
0.6
47.7
1.3
0

%
%
%
%
%
%

As shown on Table 7.4, a rank for the HVDC-noPCC scenario with
respect to the two AC scenarios, however, is not so clear. About 70%
of the HVDC-noPCC snapshots perform better that the AC-400 KV
scenario, while in comparison with the AC-750 kV case this number
falls down to about 50%. From Fig. 7.7, we observe that the HVDCnoPCC scenario results to a Cost of Security similar to the AC-750 kV
scenario. Therefore, it is reasonable to expect that on average about
50% of the HVDC-noPCC snapshots will perform better than the AC750 kV snapshots and 50% worse, as it is indeed confirmed through
Table 7.4. Concerning the comparison between the AC-400 kV scenario
and the HVDC-noPCC, we observe that the number of snapshots deviating from the “general trend” is significantly higher than, for example,
between AC-400 kV and AC-750 kV. This occurs due to the controllability of the HVDC lines and the OPF results. During the OPF runs,
the HVDC expansion resulted in significantly lower operation costs than
the AC-400 kV. However, when the critical contingencies are taken into
account, and given the fact that the HVDC lines cannot act correctively,
the SC-OPF dispatch in certain snapshots may result to costs similar to
the SC-OPF costs for the AC-750 kV or even the AC-400 kV scenarios.
As the Cost of Security (CoS) is the difference between the SC-OPF
and the AC-OPF operation costs, this means that the resulting CoS for
the HVDC-noPCC case could be higher than the AC-400 kV in these
snapshots, even if both the AC-OPF and the SC-OPF result in lower
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operation costs.
The second observation refers to a Zero [value of the] Cost of Security.
A zero CoS is the sought ideal state during our studies, as it means
that the system maintains the N-1 security, while it has a generation
dispatch equal to the AC-OPF dispatch. In other words, when a zero
CoS occurs, the economic operation is decoupled from the security considerations (see also Chapter 5). Thus, the system can operate towards
the maximization of the social welfare, while at the same time it remains N-1 secure. As shown in Fig. 7.6, a zero CoS occurs a few times
in the HVDC scenarios, but relatively rarely in the AC scenarios. Table 7.5 presents in detail the number of snapshots with zero CoS for
each expansion scenario3. As can be observed, controllability through
the HVDC lines contributes significantly towards the reduction of the
CoS. A last remark about Fig. 7.6, is that, as it would have been expected, the Cost of Security falls during the summer - the samples are
uniformly taken from the whole year - due to the lower demand, which
leads to a lower system loading.
Table 7.5: Number of Snapshots with zero Cost of Security.
AC-400 kV
AC-750 kV
HVDC-noPCC
HVDC-withPCC

0
1
11
19

[0.0
[0.2
[2.1
[3.7

%]
%]
%]
%]

Figure 7.7 presents an estimated value of the annual Cost of Security for
all expansion scenarios. As it can be observed, the expansion with AC750 kV lines results in a lower cost of security than the expansion with
AC-400 kV lines. Similarly, the HVDC-withPCC expansion achieves the
best performance, leading to the least Cost of Security. The AC-750 kV
and the HVDC-noPCC scenarios on the other hand result in quite similar CoS. This leads to two interesting remarks. First, the controllability
offered through the HVDC lines results in additional savings with respect to the redispatching costs (i.e. Cost of Security) which can reach
up to 2 billion Euros4 per year in comparison to the AC scenarios if we
3 For this case study, as “zero CoS” we assumed all snapshots with CoS < 1000 e,
i.e. practically less than 0.01% of the AC-OPF costs.
4 1 billion Euros = 1 × 109 Euros
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billions of Euros per year (1 × 109 )

allow the HVDC lines to act correctively. These savings which result
from a more optimal economic dispatch, as the SC-OPF can take advantage of the flexibility that is added to the system through the ability
to rapidly control the HVDC lines in case a contingency occurs. Second,
we observe that alone the HVDC capability for post-contingency control
results in additional cost savings of about 1 billion Euros per year. If
the HVDC lines were not allowed to act correctively their performance
would be similar to the non-controllable AC-750 kV case. This is, of
course, true only with respect to the redispatching costs incurred. In
absolute values the HVDC scenario would result in lower total operating
costs, as it has also been shown in Fig. 4.8.
5

4

3

2

1

0

AC-400kV

AC-750kV

HVDC-noPCC

HVDC-withPCC

Figure 7.7: Cost of Security for the different expansion scenarios. The
selected critical contingencies are the lines which during the
OPF calculations had an average annual loading above 85%.
Therefore, for each case a different number of contingencies
is taken into account.

7.8

Conclusions

In this chapter we presented a case study on a single-node per country
European network in order to identify the Cost of Security (i.e. the
redispatching costs) of different expansion options for the year 2050.
A generation and demand scenario projecting 80% share of renewables
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in the European generation mix by 2050 has been considered. Within
the chapter we provide details on our network and generation modelling
approach and assumptions. We also describe the procedure we followed
in order to identify the interconnections where additional capacity was
necessary and the procedure for selecting the set of critical contingencies
for the SC-OPF.
For the SC-OPF calculations we examine four expansion options: two
based on the AC technology, i.e AC-400 kV and AC-750 kV and two
based on the HVDC technology. For the HVDC, we distinguish two
cases: the “HVDC-noPCC”, where the HVDC lines are not allowed to
offer any post-contingency control actions, and the “HVDC-withPCC”,
where the HVDC lines can react right after a contingency by changing
their power flow setpoint.
Our results showed that the HVDC expansion with the capability to
offer Post-Contingency Control (PCC) actions can save up to 2 billion
Euros per year in redispatching costs (i.e. Cost of Security) in comparison with an expansion based on AC-400 kV lines. Additionally, we
observed that alone the HVDC capability for post-contingency control
results in additional cost savings of about 1 billion Euros per year.
From our results the need for controllability in the power flows of the European interconnected network becomes apparent. Controllable power
flows, either in the form of HVDC lines or AC lines coupled with FACTS
devices, can ensure power system security and, at the same time, substantially reduce both the Cost of Operation (AC-OPF) and the Cost
of Security (SC-OPF).

Chapter 8

Conclusions and Outlook
In this chapter we will first summarize the work presented in this thesis,
and subsequently we will focus on the main conclusions we can draw
from our investigations. We will conclude this chapter with an outlook
of future work.

8.1

Summary

Aging power system infrastructure and increasing integration of renewable energy sources call for substantial investments in power system, in
order to ensure power system security and competitiveness. This thesis
tried to develop methods in order to incorporate VSC-HVDC lines and
their controllability in power system operation and planning.
We first carry out a short survey, in order to identify the available
expansion measures and qualitatively examine which measures are the
most effective for increasing power system security and competitiveness.
Focussing on VSC-HVDC lines, we carry on with the formulation of two
Security Constrained OPF problems which can be used either for planning or for operation studies. Both take into account the VSC-HVDC
lines and their ability to react exactly after a contingency occurs offering corrective control actions. In this part, we also introduce the “Cost
of Security” index which will help us in planning studies for ranking
expansion measures.
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In order to identify which form of transmission expansion is more preferable we derive analytical relationships to examine if an overlay network
with long lines, or local reinforcements by shorter AC line segments
result in higher utilization. We also develop relationships in order to
estimate and appropriately model reactive series compensation of AC
lines, when dealing with simplified networks.
At the same time, we identify the need for increased power flow controllability in highly meshed systems, such as the European network.
We introduce the concept “Towards a Fully Controllable Power System” which aims at decoupling the market operations from the security
considerations. We derive a lower bound on the number of controllers
needed in order to make a system fully controllable and we introduce the
controllability vector. HVDC lines can indeed offer such controllability.
Focussing on HVDC lines we develop two placement algorithms maximizing power system controllability and maximizing social welfare. The
first is based on the controllability vector we have introduced, while the
second makes use of properties of the Karush-Kuhn-Tucker optimality
conditions for a DC-OPF problem.
We conclude this thesis with yearly simulations on a simplified European
power network. The goal is to identify the cost of operation and the
Cost of Security of different expansion measures.

8.2

Conclusions

Carrying out a short survey about transmission expansion measures,
we found out that new VSC-HVDC lines are one of the most effective measures for several power system security problems, ranging from
congestion management to small-signal stability and voltage stability
problems. Until recently, the cost was a limiting factor for the installation of new HVDC lines, but currently they are already a cost-effective
solution for transmission distances longer than 400 km. With the ability to form HVDC networks and allow for cable transmission over long
distances, after a successful introduction of a DC-breaker which is still
in experimental state, the potential of VSC-HVDC lines will probably
increase further.
Formulating Security-Constrained OPF algorithms that take into account the post-contingency control capabilities of VSC-HVDC lines, we
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were able to realize the amount of cost savings that can be achieved in
the daily operation of power systems. At the same time, by extracting
linear relationships, we were able to identify an approximate analytical
solution for possible corrective control actions of the HVDC lines after
the occurrence of a contingency.
Assuming the need for increased power transfer capacities over longer
distances in the future, we further examined the question “supergrids
or local reinforcements” with the help of analytical relationships. We
found out that for meshed weakly interconnected power system, long
overlay lines result to a higher utilization. At the same time, we derived
upper bounds on the utilization of long AC lines over a meshed network.
For highly meshed systems, this upper bound can reduce significantly.
We confirmed the derived relationships through case studies on the twoarea RTS-96 system and on a simplified European network. Controllable
power flows, either in the form of HVDC lines, or AC lines coupled with
FACTS devices, seem necessary. In general, our results show that the
concept of a controllable Supergrid has the potential to increase the
utilization of transmission assets, to result in smaller footprint for the
line installation, and to decrease operation costs.
As we had to deal with a simplified European network in our case
studies, we developed relationships in order to account for the internal network impedances in our studies. This helped us also estimate
and appropriately model the series reactive compensation in our case
studies.
Within the concept “Towards a Fully Controllable Power System” we
deal with three main topics. First, we present a new way to consider
controllability with the introduction of the controllability vector CV as
controllability index. The controllability vector expresses the effect a
power exchange between two nodes has on all AC lines in the system.
Being in a vector form, CV allows a better visualization as well as
the application of several manipulations from linear algebra. Second,
we have derived a lower bound on the number of controllers which are
necessary to make a system fully controllable. This lower bound is
equal to: nL − nB + 1 controllers (nL is the number of lines and nB
is the number of buses in the system). We have also shown that at
any time only nL − nB + 1 number of AC lines can be independently
controlled. Third, by introducing a placement algorithm based on power
system properties and the controllability vector, our aim is to make the
placement process more “visualizable” and more intuitive. A further
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advantage of the algorithm is that it needs only a small number of
computational operations in order to identify a near-optimal solution.
The approach can be applied to both the linearized (i.e. “DC”) power
flow formulation, as well as to the AC formulation with the help of the
Current Distribution Factors. A comparison of the results we obtained
with an exhaustive search algorithm we developed is also included in
the thesis.
Besides maximizing controllability, HVDC lines can also reduce costs.
Taking advantage of properties of the Karush-Kuhn-Tucker conditions
for the DC-OPF, we derive a rule for HVDC line placement in order to
maximize social welfare. Assuming linear generator costs, we show that
for N congested lines, there exist exactly N + 1 marginal generators.
HVDC lines connecting a high-cost with a low-cost marginal generator
lead to the maximization of the social welfare. This proposition helps
placing an upper bound on the line installation costs, when searching
for an optimal HVDC placement, and could also be used in optimization
algorithms for bounding the search space. Any solution with installation costs higher than the line connecting marginal generators should
be discarded. It also shows that an optimal HVDC placement is not
necessarily along the overloaded lines. Instead, for maximizing social
welfare, the position of the marginal generators should be taken into
account. Furthermore, we have outlined an algorithm which can identify the “optimal” placement between any possible pair of nodes in a
single iteration. Additional iterations are necessary in case different
line capacities need to be considered, or the line installation costs are
taken into account. The proposed approach is also able to predict a
lower bound of the expected cost savings after the line placement. The
validity of the method is demonstrated with two case studies, one on a
10-bus network and one on a simplified European network.
Last but not least, we apply the Security-Constrained OPF algorithm
we have developed based on the current injection method on yearly
simulations of a simplified European network. We examine four expansion options: two based on the AC technology, i.e AC-400 kV and
AC-750 kV and two based on the HVDC technology, distinguishing between with or without post-contingency control capabilities. First, we
estimate the necessary series reactive compensation for the two AC scenarios. Based on the analytical relationships we have extracted, the
necessary series compensation is estimated to about 15.8 Gvar for the
AC-400 kV expansion scenario and about 17.6 Gvar for the AC-750 kV
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expansion scenario. Our simulation results show that, with respect to
cost of operation, the HVDC lines can save up to 8 billion Euros/year in
comparison with the non-controllable AC technologies. Concerning the
Cost of Security, the HVDC expansion with the capability to offer PostContingency Control (PCC) actions can save up to 2 billion Euros per
year in redispatching costs (i.e. Cost of Security) in comparison with
an expansion based on AC-400 kV or on AC-750 kV lines. Additionally, we observe that alone the HVDC capability for post-contingency
control results in additional cost savings of about 1 billion Euros per
year. From our results, the need for controllability in the power flows of
the European interconnected network becomes apparent. Controllable
power flows, either in the form of HVDC lines or AC lines coupled with
FACTS devices, can ensure power system security and, at the same
time, substantially reduce both the Cost of Operation (AC-OPF) and
the Cost of Security (SC-OPF).

8.3

Outlook

With the increased installation of VSC-HVDC lines in the future, a significant amount of research is necessary in order to optimally integrate
them in the daily operation of power systems.
Concerning the topics that this thesis has dealt with, object of future
work should be the testing of the Security-Constrained OPF formulations on larger systems in order to examine their accuracy and performance. Additional types of contingencies, such as generator outages,
should be examined. Additionally, it would be interesting to seek simple
algorithms which could take advantage of the analytical relationships
presented in this thesis in order to compute in real-time corrective control actions and at the same time provide guarantees that they would
not incur subsequent overloadings.
Furthermore, concerning the placement algorithm for maximizing controllability, object of future work would be to investigate the applicability of metrics such as 1-norm in combination with orthogonality, as
well as to apply the algorithm for the placement of TCSC and PST
devices. Finally, with respect to the maximization of the social welfare,
future work could seek theoretical guarantees which show that the sequential approach for the placement followed in this paper is equivalent
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to placing simultaneously an equal number of lines, while it can further extend the algorithm so as to consider snapshots where different
marginal generators appear.

Appendix A

System Data
A.1

10-bus System
Table A.1: Generator and Loads

# bus
1
2
3
4
5
6
7
8
9
10

Pload
[MW]
55
55
1300
650
650
200
2600
3600
1100
1900

Qload
[MVAr]
18
18
427
214
214
66
855
1183
362
624

Pgen
[MW]
–
1200
8000
–
3000
–
800
2000
–
–
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a1
[Eur/MW]
–
6.9
24.3
–
29.1
–
6.9
50.0
–
–

a2
[Eur/MW2 ]
–
0.00067
0.00040
–
0.00006
–
0.00026
0.00150
–
–
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Table A.2: Transmission line parameters [Sbase =1000 MVA]
from
# bus
1
1
2
2
2
3
3
3
4
5
6
7
8
8

to
# bus
3
10
3
9
10
4
5
6
5
6
7
8
9
10

R
[p.u.]
0.04
0.08
0.01
0.02
0.02
0.02
0.02
0.02
0.02
0.02
0.01
0.01
0.01
0.04

X
[p.u.]
0.10
0.27
0.12
0.07
0.14
0.10
0.17
0.17
0.17
0.17
0.16
0.25
0.25
0.07

B
[p.u.]
0.04
0.08
0.01
0.02
0.02
0.02
0.02
0.02
0.02
0.02
0.01
0.01
0.01
0.04

max
Sij
[MVA]
4200
2800
4900
3164
2212
2492
3010
4900
3010
3920
4900
2800
3164
4900

Appendix B

Power Transfer Distribution
Factors
According to the definition in [26], the PTDF is the fraction of the
amount of a transaction from one node to another that flows over a
given transmission line. For example, P T DF34,15 represents the change
in the flow of line connecting nodes 3 and 4, given an additional marginal
injection of 1 MW at node 1 and equivalent withdrawal from node 5 [39],
i.e.:
∆P34
∆P1→5

(B.1)

Xik − Xjk − Xim + Xjm
xij

(B.2)

P T DF34,15 =
The equation for the PTDF is:
P T DFij,km =
where
xij
Xik

reactance of the transmission line conneting node i and node j
is the entry in the ith row and the kth column of the bus
reactance matrix X

The change in the flow of line ij associated with a power injection at
node k and an equivalent withdrawal at node m is:
∆Pij = P T DFij,km ∆Pkm
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(B.3)
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In case we wish to calculate the total flow over a line, this is given by:
X
Pij =
P T DFij,km Pm
(B.4)
m

where node k is the slack bus and all the PTDFs are calculated with
respect to this node. For more information, the interested reader can
refer to [39, p.50-53]. It can be shown that the location of the slack bus
will not change the obtained line flows.

B.1

Derivation of the PTDF

In a DC power flow, the flow over a transmission line connecting bus i
with bus j is given by:
Pij =

1
(θi − θj )
xij

(B.5)

Assume an injection of ∆Pk = ∆Pkm at node k and an equivalent
withdrawal of ∆Pm = −∆Pkm at node m. This would have an effect
on the line flow Pij of line connecting nodes i and j, i.e.:
∆Pij =
It holds:



 
θ1
X11
 ..   ..
.  .
  
 θi  =  Xi1
  
.  .
 ..   ..
θn
Xn1

1
(∆θi − ∆θj )
xij

...
..
.
...
..
.

X1i
Xii

. . . Xni

(B.6)




P1
  .. 
 . 
 
 
. . . Xin 
  Pi 
 . 
  .. 
. . . Xnn
Pn

...

X1n

(B.7)

According to Eq. B.7, ∆θi = Xi1 ∆P1 + . . . + Xii ∆Pi + . . . + Xin ∆Pn .
However, except for the injection at node k and the withdrawal at node
m, there is no change on the rest of the power injections, i.e. ∆Pi = 0
for i 6= k, m. As a result,
∆θi = Xik ∆Pk + Xim ∆Pm ⇒

∆θi = Xik ∆Pkm − Xim ∆Pkm .

(B.8)
(B.9)
(B.10)
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Similarly for θj it holds:
∆θj = Xjk ∆Pkm − Xjm ∆Pkm .

(B.11)

Replacing Eq. B.10, B.11 in Eq. B.6, we get:
1
(Xik ∆Pkm − Xim ∆Pkm − Xjk ∆Pkm + Xjm ∆Pkm ) ⇒
xij
(B.12)
1
(Xik − Xim − Xjk + Xjm )∆Pkm .
Q.E.D.
(B.13)
∆Pij =
xij

∆Pij =

Appendix C

Placement Algorithm for
Controllability – Numerical
Results
Table C.1: Placement of Second HVDC line (CVij ). First line placed
between nodes 4-8. The cosφ is between CVij and CV48 .
The volume of the convex hull determined by CV48 and CVij .
#id
42
14
41
5
45
1
17
20
6
19
16
9
13
2

Sorted by Orthogonality
from-to k CV k1
cosφ
7-10
3.11 0.008
2-7
3.33 0.076
7-9
3.64 0.094
1-6
2.93 0.104
9-10
2.44 0.106
1-2
2.40 0.112
2-10
2.01 0.117
3-6
2.06 0.123
1-7
3.53 0.164
3-5
1.77 0.192
2-9
1.42 0.222
1-10
2.50 0.224
2-6
3.14 0.225
1-3
1.56 0.234
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Sorted by Convex Hull
#id from-to k CV k1
14
2-7
3.33
13
2-6
3.14
41
7-9
3.64
42
7-10
3.11
12
2-5
3.20
1
1-2
2.40
35
5-10
3.77
36
6-7
2.05
25
4-5
1.76
19
3-5
1.77
34
5-9
3.91
4
1-5
2.99
8
1-9
3.24
5
1-6
2.93

Volume
Volume
1.30E-19
1.65E-19
1.94E-19
2.21E-19
2.28E-19
2.67E-19
4.44E-19
4.46E-19
6.09E-19
7.54E-19
7.92E-19
8.86E-19
9.10E-19
9.70E-19
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8
43
31
39
4
38
36
10
40
21
44
12
25
24
23
15
32
35
7
34
3
26
18
37
11
27
29
30
22
33

1-9
8-9
5-6
6-10
1-5
6-9
6-7
2-3
7-8
3-7
8-10
2-5
4-5
3-10
3-9
2-8
5-7
5-10
1-8
5-9
1-4
4-6
3-4
6-8
2-4
4-7
4-9
4-10
3-8
5-8

3.24
2.50
1.96
3.48
2.99
3.66
2.05
1.84
2.64
3.09
1.56
3.20
1.76
2.68
2.73
2.55
3.35
3.77
3.22
3.91
2.82
2.55
1.44
3.50
3.00
3.75
3.82
3.74
3.14
3.98

0.250
0.258
0.291
0.303
0.308
0.348
0.354
0.387
0.395
0.401
0.409
0.433
0.450
0.452
0.461
0.483
0.492
0.494
0.503
0.510
0.591
0.593
0.608
0.643
0.713
0.732
0.742
0.757
0.760
0.780

23
45
40
18
16
44
20
2
10
38
9
43
39
17
6
29
21
32
31
3
11
26
15
37
7
24
22
30
27
33

3-9
9-10
7-8
3-4
2-9
8-10
3-6
1-3
2-3
6-9
1-10
8-9
6-10
2-10
1-7
4-9
3-7
5-7
5-6
1-4
2-4
4-6
2-8
6-8
1-8
3-10
3-8
4-10
4-7
5-8

2.73
2.44
2.64
1.44
1.42
1.56
2.06
1.56
1.84
3.66
2.50
2.50
3.48
2.01
3.53
3.82
3.09
3.35
1.96
2.82
3.00
2.55
2.55
3.50
3.22
2.68
3.14
3.74
3.75
3.98

1.12E-18
1.20E-18
1.66E-18
2.03E-18
2.05E-18
2.08E-18
2.22E-18
2.62E-18
3.90E-18
4.38E-18
6.07E-18
8.18E-18
8.47E-18
1.02E-17
1.02E-17
1.33E-17
1.35E-17
1.93E-17
2.34E-17
2.56E-17
2.70E-17
3.30E-17
4.90E-17
5.26E-17
5.67E-17
6.93E-17
3.05E-16
4.61E-16
5.72E-16
1.03E-15
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Table C.2: Placement of Third HVDC line (CVij ). First two lines
placed between nodes 4-8 and 1-7. The cosφ is between
CVij and the plane defined from CV48 and CV17 . The volume of the convex hull is determined by CV48 , CV17 and
CVij .
Sorted by Orthogonality
#id from-to k CV k1
cosφ
17
2-10
2.01 0.164
45
9-10
2.44 0.181
16
2-9
1.42 0.232
19
3-5
1.77 0.270
43
8-9
2.50 0.276
31
5-6
1.96 0.332
13
2-6
3.14 0.348
20
3-6
2.06 0.373
10
2-3
1.84 0.387
38
6-9
3.66 0.388
25
4-5
1.76 0.450
12
2-5
3.20 0.454
39
6-10
3.48 0.456
23
3-9
2.73 0.463
24
3-10
2.68 0.465
44
8-10
1.56 0.497
41
7-9
3.64 0.501
15
2-8
2.55 0.511
34
5-9
3.91 0.514
9
1-10
2.50 0.533
1
1-2
2.40 0.535
8
1-9
3.24 0.537
35
5-10
3.77 0.537
36
6-7
2.05 0.566
26
4-6
2.55 0.605
14
2-7
3.33 0.609
18
3-4
1.44 0.633
37
6-8
3.50 0.653
2
1-3
1.56 0.666
40
7-8
2.64 0.681
32
5-7
3.35 0.681
4
1-5
2.99 0.688

Sorted by Convex Hull
#id from-to k CV k1
1
1-2
2.40
19
3-5
1.77
25
4-5
1.76
36
6-7
2.05
18
3-4
1.44
16
2-9
1.42
20
3-6
2.06
34
5-9
3.91
42
7-10
3.11
12
2-5
3.20
4
1-5
2.99
44
8-10
1.56
17
2-10
2.01
2
1-3
1.56
14
2-7
3.33
10
2-3
1.84
41
7-9
3.64
13
2-6
3.14
23
3-9
2.73
45
9-10
2.44
40
7-8
2.64
5
1-6
2.93
38
6-9
3.66
26
4-6
2.55
31
5-6
1.96
35
5-10
3.77
43
8-9
2.50
39
6-10
3.48
8
1-9
3.24
3
1-4
2.82
9
1-10
2.50
15
2-8
2.55

Volume
Volume
0
1.41E-18
1.46E-18
2.26E-18
4.70E-18
7.01E-18
7.14E-18
9.95E-18
1.19E-17
1.41E-17
1.47E-17
1.55E-17
1.79E-17
2.03E-17
2.14E-17
2.24E-17
2.89E-17
3.11E-17
3.27E-17
3.35E-17
3.51E-17
3.95E-17
4.09E-17
5.00E-17
5.04E-17
5.21E-17
6.04E-17
9.77E-17
1.23E-16
1.27E-16
1.28E-16
1.39E-16
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42
11
29
5
21
22
33
30
7
3
27

7-10
2-4
4-9
1-6
3-7
3-8
5-8
4-10
1-8
1-4
4-7

3.11
3.00
3.82
2.93
3.09
3.14
3.98
3.74
3.22
2.82
3.75

0.693
0.726
0.745
0.745
0.761
0.774
0.780
0.783
0.798
0.827
0.840

11
21
24
32
37
7
22
30
29
27
33

2-4
3-7
3-10
5-7
6-8
1-8
3-8
4-10
4-9
4-7
5-8

3.00
3.09
2.68
3.35
3.50
3.22
3.14
3.74
3.82
3.75
3.98

1.61E-16
1.92E-16
4.03E-16
4.42E-16
7.37E-16
8.62E-16
1.77E-15
2.96E-15
2.99E-15
5.74E-15
6.56E-15
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