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Abstract
Fluid flows are prevalent in our environment and in technical devices. For example, in the atmosphere, turbulent flows laden with dust particles, ice crystals,
or water droplets determine weather and climate. Slowly moving water flows
in the porous subsurface determine groundwater levels and quality. Turbulent
reactive flows in combustion devices are important for energy production and
transportation.
Turbulent flows are chaotic and involve, on one hand, a level of fine-scale
detail that mostly cannot be completely resolved in computations. On the other
hand, in environmental and engineering applications, typically the large-scale
motions are of greatest interest. A probabilistic flow description reduces the
range of relevant scales since statistical moments like means and standard deviations, or probability density functions (PDFs) involve much less spatial and
temporal variability. In subsurface flow applications, in contrast, it is quite easy
to calculate flow fields of domains with given subsurface characteristics. However, these characteristics are highly uncertain since measurement campaigns
are very expensive. Consequently, probabilistic simulation methods are needed
to determine uncertainties of subsurface flow and transport. To this end, a
model that quantifies uncertainties in the characterization of the subsurface is
used as a basis.
For turbulent and subsurface flows, Eulerian descriptions in the form of partial differential equations (PDEs) and Lagrangian descriptions based on moving
fluid particles are applied. In a probabilistic context, the latter has advantages
when dealing with reactive flows and is attractive for model development. Fluid
particles enable a direct modeling approach since different physical effects are
quite well separated in Lagrangian equations. In moment equations that result
from PDEs, however, modeling is complicated by the fact that different physical
effects appear in a more interlinked form. Moreover, particle-based methods can
be easily parallelized and therefore, are ideally suited for todays supercomputers
that grow mainly in size but not so much in speed.
To model the motion of fluid particles in turbulent flows, stochastic Langevin
processes have been applied quite successfully. However, the modeling of molecular mixing along fluid particle trajectories cannot be described well with such
processes. Computationally efficient mixing models were developed during the
coarse of this habilitation thesis. The resulting simulation framework provides
accurate predictions of the joint velocity–concentration PDF as a function of
time and the spatial location in the simulation domain.
Subsurface transport of tracers or contaminants is governed by similar physical processes as in turbulent flows. Accordingly, similar particle-based solution
methods that were developed in the context of turbulent flows including mixing
models can be applied for subsurface flows. However, fluid flows in the subsurface are determined by the characteristics of the subsurface and are different
in nature compared with turbulent flows. In this respect, an important advancement has been made in this work through the development of Markovian
velocity process (MVP) models, which describe flow-induced particle transport
at negligible computational costs compared to established sampling-based methods. A joint velocity–concentration PDF method that incorporates MVPs was
successfully tested for subsurface flow applications.
Finally, Lagrangian methods are ideally suited to model the motion of droplets

or particles in turbulent flows. To this end, new stochastic processes and
moment-based models were devised that can predict turbulence modulation effects resulting from particles or droplets. One example of such a modulation
effect is the attenuation of turbulent velocity fluctuations as a result of inertial
particles.

Zusammenfassung
Fluidströmungen sind allgegenwärtig in unserer Umwelt und in technischen
Geräten. Turbulente Strömungen, die beispielsweise mit Staubpartikel, Eiskristallen oder Wassertropfen beladen sind, beeinflussen grösstenteils Wetter und
Klima. Langsame Wasserströmungen im porösen Untergrund bestimmen Grundwasserniveaus und -qualität. Turbulente reaktive Strömungen in Verbrennungsmaschinen sind wichtig zur Energieproduktion und für den Transport von Personen oder Gütern.
Turbulente Strömungen sind chaotisch und beinhalten einerseits feine Skalen, die in Computersimulationen oftmals nicht aufgelöst werden können. Andererseits sind in Ingenieuranwendungen meist die grossskaligen Bewegungen von
zentraler Bedeutung. Eine probabilistische Strömungsbeschreibung reduziert die
Bandbreite der relevanten Skalen, da statistische Momente wie Mittelwerte,
Standardabweichungen oder Wahrscheinlichkeitsdichtefunktionen kaum feinskalige Schwankungen in Raum und Zeit beinhalten. Simulationen von Strömungen
im porösen Untergrund dagegen sind oft problemlos durchführbar bei Rechengebieten mit gegebener Charakterisierung des Untergrunds. Allerdings ist eine solche Charakterisierung oft mit grossen Unsicherheiten verbunden, da die
Durchführung von Messungen sehr kostenintensiv ist. Daher sind zur Bestimmung der Unsicherheiten von Strömung und Transport probabilistische Simulationsmethoden notwendig. Als Basis dient hierbei ein Modell, das die Unsicherheiten in der Charakterisierung des Untergrundes quantifiziert.
Für turbulente Strömungen und Untergrundströmungen sind Eulersche Beschreibungen in der Form von partiellen Differentialgleichungen sowie Lagrangesche Beschreibungen basierend auf sich bewegenden Partikel anwendbar. Im
probabilistischen Kontext hat der Lagrangesche Ansatz Vorteile bei der Beschreibung von reaktiven Strömungen und ist attraktiv zur Modellentwicklung.
Fluidpartikel ermöglichen eine direkte Modellentwicklung, da verschiedene physikalische Effekte in einer gut trennbaren Form auftreten. In Momentengleichungen hingegen, welche aus partiellen Differentialgleichungen herleitbar sind,
treten Terme auf, in denen sich verschiedene physikalische Effekte überschneiden. Zudem können partikelbasierte Methoden leicht parallelisiert werden und
sind daher ideal für heutige Supercomputer geeignet, die hauptsächlich grösser,
aber kaum schneller werden.
Stochastische Langevin-Prozesse werden zur Modellierung der Bewegung von
Fluidpartikel in turbulenten Strömungen recht erfolgreich eingesetzt. Allerdings
sind solche Prozesse zur Modellierung der molekularen Mischung entlang von
Partikelbahnen ungeeignet. Rechnerisch effiziente Mischungsmodelle wurden im
Rahmen dieser Habilitationsarbeit entwickelt. Die resultierende Simulationsmethode liefert genaue Vorhersagen der gemeinsamen Wahrscheinlichkeitsdichtefunktion von Geschwindigkeit und Konzentration als Funktion von Zeit und Ort
innerhalb des Rechengebiets.
Der Transport von Tracersubstanzen oder Schadstoffen im Untergrund wird
bestimmt durch ähnliche physikalische Prozesse wie bei turbulenten Strömungen. Entsprechend ähnliche partikelbasierte Lösungsmethoden, die im Bereich
der turbulenten Strömungen entwickelt wurden, sind anwendbar zur Beschreibung von Strömungen im Untergrund. Allerdings werden Strömungen im Untergrund durch die Charakterisierung des Erdreichs bestimmt und sind daher von
anderer Natur als turbulente Strömungen. Diesbezüglich wurde innerhalb der

vorliegenden Arbeit ein wichtiger Fortschritt durch die Entwicklung der Markovschen Geschwindigkeitsprozessmodelle erzielt. Diese beschreiben strömungsinduzierten Partikeltransport bei vernachlässigbarem Rechenaufwand gegenüber
von etablierten Monte Carlo Methoden. Eine Methode zur Berechnung der gemeinsamen Wahrscheinlichkeitsdichtefunktion von Geschwindigkeit und Konzentration, die auf den genannten Geschwindigkeitsprozessen aufbaut, wurde
erfolgreich zur Simulation von Untergrundströmungen getestet.
Schliesslich sind Lagrangesche Methoden ideal zur Modellierung der Bewegung von Tropfen und Partikel in turbulenten Strömungen geeignet. Zu diesem
Zweck wurden neue stochastische Prozesse und momentenbasierte Modelle entwickelt, welche die Turbulenzmodulation durch Tropfen oder Partikel vorhersagen können. Ein Beispiel eines solchen Modulationseffektes ist die Abdämpfung
turbulenter Geschwindigkeitsschwankungen durch träge Partikel.
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Preface

This habilitation thesis is the result of research conducted mainly while I was
working as an Oberassistent at the Institute of Fluid Dynamics, ETH Zürich.
Three publications that are part of this thesis focus on the modeling of molecular
mixing in turbulent flows with probability density function (PDF) methods and
three articles deal with the modeling of advective transport of fluid particles in
uncertain subsurface flows. The last two publications deal with the modeling
of particle-laden turbulent flows. Even though the listed three research areas
are quite different, each one involves the modeling of fluid mechanical processes
along Lagrangian particle pathlines by means of stochastic processes. This
similarity is the unifying central topic of this habilitation thesis.
Without the crucial support of my advisors Professors Jenny and Tchelepi
this thesis would not have been possible and I would like to thank them sincerely.
Several Bachelor, Master, and doctoral students contributed to this thesis. More
specifically, I would like to acknowledge (in alphabetical order) the help of Tarun
Chadha, Rajdeep Deb, Pascal Diggelmann, Roman Fuchs, Niklaus Meinen, Florian Müller, and Yvonne Reinhardt. Moreover, I am thankful to my colleagues
Grégoire Mariethoz and Huanquan Pan for helpful discussions. I would like
to acknowledge as well the constructive feedback from several anonymous reviewers, that helped to improve the journal contributions that comprise this
habilitation thesis. Last but not least, I am very grateful for the support of my
wife Carla and I would like to thank our little daughter Angelina for being a
source of so much positive energy.
The research included in this thesis was funded through the chairs of Professors Jenny and Tchelepi at ETH Zürich and Stanford University, respectively.
Moreover, I was financially supported by a Blaustein Visiting Fellowship from
Stanford University.
This thesis is structured as follows. The first part deals with the modeling
of turbulent mixing of fluid particles and in the second part, our work on the
modeling of particle transport in subsurface flows is outlined. In the third part,
models for particle-laden turbulent flows are presented. Each one of the three
parts starts with an introduction. There, our research is put into context and
is motivated by identifying open problems. After the introduction, our research
results are presented in a compact form while referring to the corresponding
journal publications for details. Each part is concluded with a short summary.
The journal publications from parts I to III are collected in part IV and are
provided for reference with the publishers’ permissions.

1

Part I

Modeling turbulent mixing of
fluid particles

2

Simulating turbulent mixing

Fluid flows are important in many ways. For example, the flow of air and water
in our environment is central for all living species on our planet. Moreover,
in many human made devices fluid flows are important. Often these flows are
turbulent and involve the mixing and possibly chemical reaction of different
chemical compounds. The numerical simulation of turbulent flows is complicated by the fact that they entail motions at a wide range of length and time
scales. In most simulations, only large-scale motions can be resolved and the
influence of unresolved fine-scale motions on the large scales is modeled.
In this part, our work on the modeling of turbulent mixing is presented. The
Lagrangian reference frame, which is adapted here for the simulation of turbulent flows, but which is also relevant in other parts of this thesis, is introduced
in section 2.1. After briefly motivating the statistical description of turbulent
flows in section 2.2, moment and PDF methods are introduced in sections 2.3
and 2.4, respectively. In section 2.5, the Lagrangian modeling approach—that
is an important part of every PDF method—is outlined in more detail. In section 2.6, we focus on the modeling of molecular mixing in the context of PDF
methods. We present the current state of research and motivate our work, which
is discussed in the following sections.

2.1

Fluid particles—the Lagrangian reference frame

A large category of flows are described by the incompressible Navier–Stokes
equation
∂Ui
∂Ui
1 ∂p
∂ 2 Ui
+ Uj
=−
+ν
.
∂t
∂xj
ρ ∂xi
∂xj ∂xj

(1)

It describes the evolution of component Ui of the flow field vector U(x, t) as a
function of position x and time t [Pope, 2000, equation (2.35)].1 In equation (1),
ρ is the fluid density, p is the pressure, and ν the kinematic viscosity. The indices
i and j go from 1 to 3 and are used to enumerate spatial directions. With initial
and boundary conditions specified, equation (1) can be solved in the so-called
Eulerian reference frame spanned by x.
Alternatively, to describe fluid flows, the fluid particle concept can be introduced. The position of a fluid particle that originates at time t = t0 from
position x = X0 and that is transported over t ≥ t0 by the flow is given by the
1 Einstein’s

summation convention applies for repeated indices.

5

particle pathline
X(t, X0 ) = X0 +

Z

t

U[X(t0 , X0 ), t0 ] dt0 .

(2)

t0

Expressing the temporal change of the flow velocity along the particle path as
∂Ui ∂Xj
∂Ui
∂Ui
∂Ui
d
Ui [X(t, X0 ), t] =
+
=
+ Uj
dt
∂xj ∂t
∂t
∂t
∂xj
reveals that equation (1) quantifies the fluid particle acceleration in a Lagrangian
reference frame that is moving with the particle. For convenience, the so-called
substantial derivative
∂Ui
∂Ui
DUi
≡
+ Uj
Dt
∂t
∂xj
is introduced to refer to the time derivative in the Lagrangian reference frame.
Combining this definition with the Navier–Stokes equation (1) leads to
DUi
1 ∂p
∂ 2 Ui
=−
+ν
.
Dt
ρ ∂xi
∂xj ∂xj

(3)

A similar development can be made for the concentration φα (x, t) of a certain
chemical compound α that is dissolved in a fluid flow. Its evolution is then
described by the advection–diffusion–reaction equation
∂ 2 φα
Dφα
= D(α)
+ Sα (φ).
Dt
∂xi ∂xi

(4)

In this work, mostly the generic term scalar is used to refer to concentrations or
temperature.2 In equation (4), Dα is the diffusion coefficient and the reaction
source term Sα (φ) depends on the scalar vector φ with components φα .3

2.2

Statistical descriptions of turbulent flows

Many engineering applications involve turbulent flows at Reynolds numbers
Re ≡ U L/ν > 104 based on a characteristic flow velocity U and length scale L.
These flows are chaotic and are very sensitive to small variations in the initial or boundary conditions and the physical parameters. For this reason, in
most applications, one specific flow field realization U(x, t) is of reduced value
and statistical moments like the mean hU(x, t)i or the velocity probability density function (PDF) fU (V; x, t) are more desirable quantities to characterize
such flows.4 In addition to their chaotic behavior, turbulent flows involve a
large range of flow field length and time scales. This is illustrated in figure 1,
where the concentration distribution of a passive tracer that is mixing in forced
homogeneous isotropic turbulence is plotted. In direct numerical simulations
(DNS), where all scales are numerically resolved, this leads to a scaling of the
computational cost that is proportional to Re3 [Pope, 2000, equation (9.12)].
Therefore, with Re > 104 , it is virtually impossible to perform DNS of different
flow field realizations based on equation (1) to determine, for example, hU(x, t)i
by ensemble averaging.
2 Small

excess temperatures behave similarly like concentrations.
bracketed indices, Einstein’s summation convention does not apply.
4 For the velocity U, V is the corresponding probability space coordinate vector. The
semicolon in the PDF argument list indicates that the PDF is a probability density with
respect to the variables in front of the semicolon only.
3 For

6

Figure 1: Distribution of a passive scalar in forced homogeneous isotropic turbulence (adapted from [Watanabe and Gotoh, 2004, figure 31] with permission). The computational domain of the DNS is a periodic three-dimensional
box and the scalar distribution in one cross-section is plotted. The integral-scale
Reynolds number Re = 27,350 and the Schmidt number Sc = 1.
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〈C(x,t)〉
C(x,t)

Figure 2: Instantaneous (bottom half) and mean concentration distributions
(top half) in coaxial water jets (adapted from [Villermaux and Rehab, 2000,
figures 2(b) and 4(a)] with permission). Shown is the concentration of a fluorescent dye that is added to the annular jet and illuminated by a laser light
sheet that is parallel to the image plane and cuts through the jet axis. The
velocity of the annular jet is four times higher than the one of the central jet.
The Reynolds number based on the annular jet thickness and velocity is equal
to 1,400 and the Schmidt number is Sc ≡ ν/D = 2,000.

2.3

Moment methods

As an alternative to DNS-based sampling, more direct approaches like moment
methods that are also referred to as Reynolds-averaged Navier–Stokes (RANS)
methods are applied. Here, the RANS equation
∂hUi i
1 ∂hpi
∂ 2 hUi i
∂hui uj i
∂hUi i
+ hUj i
=−
+ν
−
∂t
∂xj
ρ ∂xi
∂xj ∂xj
∂xj

(5)

with the velocity fluctuation u ≡ U − hUi and the mean scalar equation
∂hφα i
∂
∂ 2 hφα i
+
hUi φα i = D(α)
+ hSα (φ)i
∂t
∂xi
∂xi ∂xi

(6)

derived from equations (1) and (4), respectively, are solved for hUi and hφi.
As can be seen in figure 2, where results from a mixing experiment with coaxial jets by Villermaux and Rehab [2000] are depicted, the mean concentration
involves much less fine-scale details compared with a concentration snapshot.
This reduces the computational costs associated with RANS methods to a very
small fraction of the costs of corresponding DNS. However, Eulerian equations
like (6) are subject to closure problems, since higher order moments like hui uj i,
hUi φα i, or the mean of the typically highly non-linear source term hSα (φ)i are
not completely determined by hφα i and hUi i. Turbulence models for the closure of the Reynolds stresses hui uj i are discussed in [Pope, 2000, sections 10
and 11]. Closure models for the mean scalar equation are presented in [Fox,
2003, sections 4 and 5].
8

ψ
1
joint velocity–scalar
probability space

φ*
〈φ〉

V2
U*

〈U2〉
0

V1

〈U1〉

assume ergodicity inside grid cell
→ estimate statistics in grid cell
with particles inside cell

physical
space

X*

U*

x2
x1

Figure 3: Based on a two-dimensional spatial domain, the estimation of joint
velocity–scalar statistics like the scalar mean hφi or the mean velocity hUi at
one location or more precisely inside one grid cell is illustrated. In the example
depicted, 19 particles are located inside the highlighted grid cell and are used
for the estimation.

9

2.4

PDF methods

Moment closure problems can be avoided by resorting to a Lagrangian particlebased solution approach. Here, fluid particle evolution equations of the form
dXi
dUi
dφα

= Ui dt,




1 ∂hpi
∂ 2 hUi i
1 ∂p0
∂ 2 ui
=
−
+ν
dt + −
+ν
dt, and
ρ ∂xi
∂xj ∂xj
ρ ∂xi
∂xj ∂xj


∂ 2 hφα i
∂ 2 φ0α
=
D(α)
+ Sα (φ) dt + D(α)
dt
(7)
∂xi ∂xi
∂xi ∂xi

resulting from equations (3) and (4) with fluctuations p0 ≡ p − hpi and φ0 ≡
φ − hφi are solved for an ensemble of particles with each particle representing
a different realization of the turbulent flow. In equations (7), the first terms
on the right hand sides, including the reaction source term, can be calculated
without any closure assumptions. Means like hU(x, t)i are determined based on
particles with X(t, X0 ) = x.5 In a numerical implementation illustrated in figure 3 that involves finite-sized particle ensembles, the computational domain is
decomposed into grid cells that are small enough to resolve changes in statistical
moments. For example, the mean hU(x, t)i in a grid cell centered at point x
is estimated by averaging U over all particles inside that grid cell at time t.
When dealing with statistically stationary turbulent flows, time averaging can
be applied to reduce statistical errors resulting from small particle ensembles
[Jenny et al., 2001]. It is pointed out that not just means but any statistical
moment and even the joint velocity–scalar PDF fUφ (V, ψ; x, t) can be estimated from the particle ensemble.6 This is why the particle-based approach is
referred to as PDF method. Besides the exact treatment of the reactive source
term, PDF methods have an advantage over moment methods in applications
where, for example, exceedance probabilities of chemical concentrations have
to be quantified. Such probabilities are important in applications dealing with
environmental flows.

2.5

Lagrangian modeling in PDF methods

In a PDF method, particles are statistically independent and one particle provides information about U and φ at point X only. Therefore, gradient statistics
are not available and the second terms on the right hand sides of equations (7)
need to be modeled. For example, to model the last term in the velocity evolution equation in (7), the generalized Langevin model (GLM) is applied [Pope,
2000, equation (12.110)], which leads to
r


∂ 2 hUi i
C0 huj uj i
1 ∂hpi
∗
∗
+ν
+ Gij uj dt +
dWi .
(8)
dUi = −
ρ ∂xi
∂xj ∂xj
2τ
Here and from now on, the superscript ∗ is used to identify modeled particle
properties. In equation (8), the first term on the right hand side is a deter5 The mean pressure hp(x, t)i can be determined from the elliptic mean pressure problem
∂ 2 hui uj i
1 ∂ 2 hpi
∂hUi i ∂hUj i
=−
−
[Pope, 2000, equation (11.17)].
ρ ∂xj ∂xj
∂xj ∂xi
∂xj ∂xj
6 V and ψ are coordinate vectors of the probability space associated with vectors U and φ,
respectively. V and ψ are called sample space variables or vectors.
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ministic term in the sense that it depends linearly on U∗ (t) and on statistical moments. The second term is a stochastic term with the turbulence time
scale τ and the Wiener increment dWi being a Gaussian random number with
hdWi i = 0 and hdWi dWj i = δij dt.7 The stochastic fluctuations resulting from
dWi are counteracted by the last contribution in the first term. Both contributions model the unclosed second term on the right hand side of the particle
velocity equation in (7). Models of this kind with a deterministic drift and
a stochastic diffusion term were introduced by Langevin [1908] in connection
with Brownian motion after the groundbreaking publication of Einstein [1905]
on the same topic. Differential equations (8) with stochastic terms are called
stochastic differential equations (SDE). With respect to the scalar evolution in
equation (7), a mixing model Mα (U∗ , φ∗ ) is introduced to account for the last
term in the scalar equation in (7) leading to


∂ 2 hφα i
∗
∗
∗
∗
+ Sα (φ ) + Mα (U , φ ) dt.
(9)
dφα = D(α)
∂xi ∂xi
Since the particle position equation in (7) and equations (8) and (9) all
belong to the category of stochastic diffusion processes, an equivalent Fokker–
Planck equation for the joint position–velocity–scalar PDF fL (x, V, ψ; t|x0 , t0 )
that is conditional on the initial particle position X0 is given by
 

∂fL
∂fL
∂
∂ 2 hφα i
+ Vi
=−
fL D(α)
+ Sα (ψ) + Mα (V, ψ)
∂t
∂xi
∂ψα
∂xi ∂xi
 

∂
∂ 2 hUi i
1 ∂hpi
−
fL −
+ν
+ Gij (Vj − hUj i)
∂Vi
ρ ∂xi
∂xj ∂xj
+

C0 hui ui i ∂ 2 fL
4τ
∂Vi ∂Vi

(10)

[Gardiner, 2004, section 4.3.5]. The expression
Z
fL (x, V, ψ; t|x0 , t0 ) dx0 = fUφ (V, ψ; x, t)
establishes a relation between the Lagrangian PDF fL and its Eulerian counterpart fUφ , which is a slight generalization of [Pope, 2000, equation (12.80)].
Based on this relation, fL in the Fokker–Planck equation (10) can be replaced
with fUφ by integrating equation (10) over x0 .
Moment equations can then be derived from the resulting transport equation
for the joint PDF fUφ . These moment equations in turn can be compared with
their exact counterparts derived from equations (1) and (4). In this way, consistency requirements for the models included in SDEs (8) and (9) can be devised
[Pope, 1994b]. For example, from equation (10) (with fL replaced by fUφ ) the
scalar mean equation
∂hφα i
∂
∂ 2 hφα i
+
hUi φα i = D(α)
+ hSα (φ)i + hMα (U, φ)i
∂t
∂xi
∂xi ∂xi
is resulting. Comparing this equation with equation (6) reveals that the mixing
model has to satisfy the requirement hMα (U, φ)i = 0.
7δ

ij

is the Kronecker delta that is equal to one for indices i = j and zero otherwise.
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2.6

Mixing models for PDF methods

With the previously outlined model calibration methodology and available experimental and DNS reference data sets, accurate models like the GLM for the
particle velocity were developed over the past decades [Pope, 1994a]. However,
the formulation of an accurate and computationally efficient mixing model is
still an ongoing research effort. In addition to requirements derived from moment equations, complications arise due to the nature of molecular diffusion.
For example, different non-reactive chemical compounds diffuse independently.
Moreover, in the absence of chemical reactions, molecular diffusion leads in
scalar space over time to a contraction of the convex hull of observable chemical composition states. Therefore, mixing models need to fulfill independence
and boundedness requirements. Lists including these and other requirements
offer guidance for mixing model development and have been composed by Subramaniam and Pope [1998], Pope [2000, page 554], and Fox [2003, section 6.6].
Moreover, to verify the accuracy of mixing model predictions, detailed DNS
studies have been published that deal with the mixing of one [Eswaran and
Pope, 1988, Overholt and Pope, 1996] and two non-reactive scalars [Juneja and
Pope, 1996] in statistically homogeneous or space-stationary turbulent flows.
These flows are ideally suited for mixing model validations since the molecular
diffusion term that is closed by a mixing model dominates the PDF transport
equation (10) for fUφ or more precisely fφ [Pope, 2000, equation (12.345)].
More recently, DNS and experimental reference data sets of non-reactive inhomogeneous flows were made available by Cai et al. [2011], Cha et al. [2006],
Lavertu and Mydlarski [2005], Sawford and de Bruyn Kops [2008].
Over the past decades, several mixing models were proposed. A few examples
are the Euclidean minimum spanning tree (EMST) model [Pope, 1991, Subramaniam and Pope, 1998], the Curl models [Curl, 1963, Janicka et al., 1979], and
the parametrized scalar profile (PSP) mixing model [Meyer and Jenny, 2006].
Probably the most popular model is the interaction by exchange with the mean
(IEM) model [Villermaux and Devillon, 1972], i.e., M(U∗ , φ∗ ) or
1
dφ∗
= − (φ∗ − hφi),
dt
τφ

(11)

where τφ is the mixing time scale that is typically set proportional to the turbulence time scale.8 Each of these models has certain shortcomings (table I
in appendix A.1). For example, in non-reactive statistically homogeneous or
space-stationary turbulent flows, the IEM model conserves the shape of the initial scalar PDF [Meyer and Jenny, 2009, figure 6]. In corresponding DNS on the
other hand, it was observed that the scalar PDF approaches a Gaussian PDF at
late times [Juneja and Pope, 1996, figure 10]. Like the IEM model, the EMST
model does not approach a Gaussian PDF [Meyer and Jenny, 2009, figure 2]
and it violates the independence requirements. However, the EMST model is
currently the only model that satisfies the localness requirement, which means
that only particles that are neighbors in scalar space interact. This aspect is
important in combustion simulations [Norris and Pope, 1991, page 28] and is
probably the main reason why the EMST model is most accurate for simulations of non-premixed turbulent flames [Cao et al., 2007]. The Curl models do
8 The spatial dependence of the scalar mean, i.e., hφi = hφ(x = X∗ )i or = hφ|X∗ i, is
suppressed for the sake of a compact formulation.
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not relax to a Gaussian PDF as well and particle trajectories in scalar space involve jumps [Meyer and Jenny, 2009, figure 1]. The latter violates the localness
requirement. More specifically, particles can jump over reaction zones without
reacting, which is unphysical [Norris and Pope, 1995, page 212]. The PSP model
approaches a Gaussian PDF, has continuous scalar particle trajectories, but violates the independence requirement, and satisfies the boundedness requirement
only approximately. Meyer and Jenny [2009] have shown that the PSP and
the modified Curl model [Janicka et al., 1979] lead to most accurate results for
statistically homogeneous turbulent flows. In terms of computational cost, the
EMST model scales with the number of particles to the square, while all other
models have a close-to-linear scaling [Meyer and Jenny, 2009, figure 14].
Pope [1998, equation (35)] has introduced a mixing model requirement that
is of special relevance in joint velocity–scalar PDF methods, i.e., the conditional
mean hMα (V, φ)i = 0 for any velocity U = V. This requirement arises from
the fact that in the high Reynolds and Péclet number limit, hφi is not altered
by turbulent mixing [Taylor, 1922]. Except for the IEM mixing model, where
a velocity-conditional version was devised [Fox, 1996, Pope, 1994b, 1998], this
requirement was largely ignored in most simulations with the joint velocity–
scalar PDF method. In the interaction by exchange with the conditional mean
(IECM) model by Pope [1994b, 1998], the scalar mean in the IEM model (11)
is replaced by the velocity-conditional mean, i.e.,
1
dφ∗
= − (φ∗ − hφ|U∗ i).
dt
τφ
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(12)

3

Improving the PSP mixing model

Given the state of research described in the previous section, a new mixing model
was formulated based on the PSP mixing model that resolves almost all of its
shortcomings. The new model is briefly presented in this section. For details,
the corresponding journal article [Meyer, 2010] is included in appendix A.1.
The new model is formulated based on the following idealizations of turbulent mixing: (i) Turbulent mixing is an exchange process between neighboring
fluid particles. (ii) Fluid particles in turbulent flows are rearranged by turbulent advection at time scales given by the turbulence time scale τ . To model
behavior (i), the SDE
1
dφ∗
=−
dt
τφ



φ∗ −

φ◦ + φ•
2



(13)

is applied for the scalar evolution of particle ∗. In equation (13), φ◦ and φ•
are scalar vectors of other particles that stem from the same spatial grid cell
as particle ∗ (compare figure 3 on page 9). Equation (13) leads to a drift of
φ∗ to (φ◦ + φ• )/2 at a time scale τφ . Accordingly, we refer to φ◦ and φ•
as drift compositions and to particles ◦ and • as drift particles. φ◦ and φ•
in turn evolve like φ∗ , but with different drift particles. To account for the
rearrangement of fluid particles (ii), each drift particle is associated with a
stochastic lifetime process [figure 1 in appendix A.1]. As soon as the lifetime of
a drift particle has elapsed, a new drift particle is randomly selected from the
particle ensemble in the grid cell of particle ∗ and the lifetime is reinitialized
based on the turbulence time scale τ [section II.B in appendix A.1]. To make
sure that hφi remains unchanged by the mixing model in a joint velocity–scalar
PDF method, the choice of drift particle ◦, for example, is biased such that
U◦ ≈ U∗ [section III.F in appendix A.1].
The outlined formulation conserves the advantages of the PSP mixing model,
while in addition satisfying the independence and boundedness requirements
[sections III.C and D in appendix A.1]. To verify whether the new model is
able to reproduce PDF predictions at similar accuracy compared with the PSP
model, simulations of the homogeneous flows studied by Juneja and Pope [1996]
were conducted [section IV.A in appendix A.1]. The new model accurately
predicts the evolution of the joint scalar PDF in all cases inspected. Moreover, based on simulations of the mean scalar gradient test case studied by
Overholt and Pope [1996], it was found that the new model satisfies the requirement hMα (V, φ)i = 0 ∀ U = V to a good approximation [section IV.B in
appendix A.1].
14

In addition to the improved mixing model, a velocity-conditional version
of the modified Curl model was presented [section III.F in appendix A.1] and
successfully tested with the mean scalar gradient DNS of Overholt and Pope
[1996].
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4

Simulating statistically inhomogeneous turbulent mixing

In the study described in the previous section, tests were conducted with flows
that are statistically homogeneous or that can be brought into a statistically homogeneous form. In our next contribution [Meyer and Deb, 2012], the new PSPbased model is generalized for spatially inhomogeneous flows and is tested in the
three-stream problem studied by means of DNS by Sawford and de Bruyn Kops
[2008]. In the following, our contribution is presented in brief terms and for
additional details the full publication is included in appendix A.2.
In terms of complexity, the flow simulated by Sawford and de Bruyn Kops
[2008] and depicted in figure 4 can be located in-between the statistically homogeneous turbulent flows considered so far and turbulent jet flows like the one
studied experimentally by Cai et al. [2011]. In the three-stream problem, the
flow field is equivalent to decaying grid turbulence. Accordingly, time-dependent
DNS and PDF method calculations were conducted in a reference frame that
is moving with the mean flow [Pope, 2000, section 5.4.6]. As a result of the
selected initial condition (φ(x1 = 0, x2 ) in figure 4), the joint velocity–scalar
statistics are varying in x2 -direction only and the PDF transport equation (10)
reduces to



∂fuφ
∂fuφ
∂
∂ 2 hφα i
+ v2
= −
fuφ D(α)
+ Mα (v, ψ)
∂t
∂x2
∂ψα
∂x2 ∂x2
2
C0 hui uj i ∂ fuφ
∂
−
(fuφ Gij vj ) +
(14)
∂vi
4τ
∂vi ∂vi
for the joint fluctuating velocity–scalar PDF fuφ (v, ψ; x2 , t). The transport
equation for the joint scalar PDF fφ (ψ; x2 , t), i.e.,
 

∂fφ
∂
∂
∂ 2 hφα i
+
(hu2 |ψifφ ) = −
fφ D(α)
+ hMα (u, ψ)i ,
∂t
∂x2
∂ψα
∂x2 ∂x2

(15)

can be obtained from equation (14) by integration over velocity probability
space. For the solution of equation (14) by means of particles, an equidistant
spatial grid is applied in x2 -direction.
The introduction of spatial grid cells makes an adaptation of the PSP-based
model discussed in the previous section necessary. This is because drift particles ◦ and • of particle ∗ may travel to different grid cells or may leave the
computational domain (compare figure 3 on page 9). To resolve this, we propose to reinitialize the drift compositions as before based on other particles in
16

Figure 4: Depicted is the flow configuration simulated by Sawford and
de Bruyn Kops [2008] (adapted from [Meyer and Jenny, 2013, figure 5] with
permission). It involves three streams with two inert scalars. x1 and x2 are
spatial directions that are parallel and normal to the mean flow velocity U , respectively. The scalar boundary conditions are depicted at x1 = 0 with φ1 (0, x2 )
(dashed line) and φ2 (0, x2 ) (solid line). Joint scalar PDFs (contour plots with
logarithmic levels) were reported on the centerline, i.e., x2 = 0, at two different
downstream locations x1 /(U T0 ) = 1 and 4.

the grid cell, but evolve them over time with the IECM model [section II.B in
appendix A.2]. For example for φ◦ , this leads to
dφ◦
1
= − (φ◦ − hφ|U∗ i),
dt
τd

(16)

where τd is a relaxation time scale that is modeled based on the turbulence time
scale τ . Accordingly, φ◦ and φ• do no longer belong to other particles, but
are additional properties of particle ∗. To estimate the conditional scalar mean
hφ|U∗ i from the particles in one spatial grid cell, an additional grid in velocity
probability space has to be applied [section III.B in appendix A.2].
Predictions resulting from this generalized model are compared with the
three-stream DNS and IECM model predictions. The joint scalar PDF predictions of the generalized model are in better agreement with the DNS than
the IECM model [section IV in appendix A.2]. This is further confirmed by
the superior agreement of the conditional diffusion rate hMα (u, ψ)i and hu2 |ψi
[figures 7–9 in appendix A.2]. These quantities determine the evolution of the
joint scalar PDF in the transport equation (15).
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5

Investigating the significance of velocity conditioning

When solving the three-stream problem in a moving reference frame, the joint
velocity–scalar statistics depend on the spanwise x2 -direction only, but are time
dependent. Therefore, time averaging cannot be applied to reduce statistical
errors and large particle ensembles have to be applied to obtain reliable statistical estimates. In [Meyer and Deb, 2012] discussed in the previous section,
simulations with an average of 312,500 particles per grid cell were conducted.
This enables the accurate estimation of hφ|U2∗ i in x2 -v2 -space with a fine grid
in velocity probability space (50 cells). The velocity-conditional scalar mean is
central in the IECM model (12) and is needed in the drift composition evolution (16) as well. However, in more realistic PDF method simulations, computational domains are two- or three-dimensional and of the order of 100 particles
per spatial grid cell are applied. This makes it difficult to obtain reliable estimates for hφ|U∗ i as was illustrated by Bakosi et al. [2007, section III.B]. They
have simulated turbulent mixing from a point source with the IECM model and
43 velocity grid cells per spatial grid cell to discretize the three-dimensional
velocity space.
In the journal article [Meyer and Jenny, 2013], which is briefly summarized
in this section and included for reference in appendix A.3, an alternative generalization of the mixing model (13) for inhomogeneous flows is presented. This
second generalization does not require the estimation of hφ|U∗ i.
Probably the simplest way to model the temporal behavior of a drift composition φ◦ or φ• is to keep it constant after its initialization until its lifetime has
elapsed. In section 3.1 of appendix A.3, we provide mixing model results with
this approach for the statistically homogeneous flow studied by Juneja and Pope
[1996]. Like with the original PSP model, we found good agreement with the
DNS reference. In a next step, the refined model and the velocity-conditional
Curl model mentioned in section 3 were successfully tested in connection with
the three-stream case [section 3.2.1 in appendix A.3]. Both models provide
better results compared with the IEM and the IECM models. In the inhomogeneous case, velocity-conditioning in the mixing model proofed to be crucial.
More specifically, the IEM model—the IECM model with one single velocity
grid cell reduces to the IEM model—is unable to provide accurate predictions
for scalar means and variances [figures 16 and 17 in appendix A.3]. Moreover, at
least 10 grid cells in velocity probability space are required in the IECM model
to obtain converged scalar means and variances.
With respect to the size of particle ensembles, it was found that bias errors
18

resulting from too small particle counts were sufficiently small with 500, 100, and
500 particles per spatial grid cell in the IECM, the velocity-conditional modified
Curl, and the refined PSP-based model, respectively. In terms of computational
costs, the Curl model was least expensive followed by the refined model and the
IECM mixing model, which was most expensive [figure 22 in appendix A.3].
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6

Summary

Based on the PSP model [Meyer and Jenny, 2006], an improved mixing model
for joint velocity–scalar PDF methods that satisfies almost all mixing model
requirements was developed. The new mixing model compromises only with
respect to localness in scalar space, which is computationally most expensive to
satisfy as was seen when inspecting the performance of the EMST model. Similarly to the IEM and the Curl models, its formulation is relatively simple and it
produces accurate results at low computational costs. Compared to the IECM
mixing model, the predictions resulting from the new PSP-based model are more
accurate and come at a reduced computational cost. The model performance
was assessed in a number of statistically homogeneous and inhomogeneous turbulent flows dealing with single and multiple inert scalars.
Moreover, based on the promising results of the modified Curl model reported in [Meyer and Jenny, 2009, figure 6], a velocity-conditional modified Curl
model that conserves the scalar mean in spatially inhomogeneous cases was implemented. It provides predictions of similar accuracy like the PSP-based model
at smaller computational expenses. However, unlike the PSP-based model, the
velocity-conditional modified Curl model leads to a non-Gaussian scalar PDF
in statistically homogeneous isotropic turbulence. Moreover, scalar trajectories
of all Curl models are discontinuous, which can be problematic in connection
with reactive flows.
As a next step, it seems reasonable to test the PSP-based model and the
velocity-conditional modified Curl model for more realistic flows like the channel
flow studied by Lavertu and Mydlarski [2005] or the jet flow investigated by Cai
et al. [2011]. Moreover, simulations of reactive flows should be conducted. A
weak link in the modeling of molecular mixing in the context of PDF methods is
the mixing time scale. More general mixing time scale models are needed that
can account, for example, for the dominant initial scalar length scale.
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Part II

Modeling particle dynamics in
subsurface flows

7

Quantifying uncertainties of subsurface flow
and transport

Groundwater is stored in large porous rock formations called aquifers and is exploited for agricultural and drinking water use. Groundwater may be exposed to
contamination, for example, by leaking storage sites of chemicals, land fills, or
nuclear deposition sites. In the future, CO2 storage sites may pose additional
risks to groundwater resources. Simulation tools are needed for groundwater
management decisions, for example, dealing with the planning of new deposition
sites or the coordination of remediation actions in the wake of a contamination
hazard. Rock formation characteristics that determine groundwater flow, however, are typically spatially heterogeneous with short correlation lengths (compared to the aquifer extension) and are hardly accessible. Consequently, these
characteristics are subject to large uncertainties. Existing flow and transport
simulation methods that account for the input parameter uncertainty are either
limited to mildly heterogeneous formations like low-order perturbation theory,
or are general but provide predictions at high computational costs like Monte
Carlo (MC) techniques. In this part of the thesis, an alternative approach is
developed that is conceptually similar to the PDF method discussed in part I.
It is equally applicable for mildly and highly heterogeneous formations at very
low computational costs.
In the next section, the governing equations for subsurface flow and transport
are stated with a special emphasis on the hydraulic conductivity. The latter
determines the flow field and is a major source of uncertainty in groundwater
flow as is discussed in section 7.2. Methods that are applicable to determine the
resulting uncertainty in flow and transport are presented in section 7.3. This
section concludes with a motivation of our work that is briefly introduced in
section 7.4 and presented in more detail in sections 8 to 10. The corresponding
publications are included in appendices B.1 to B.3, respectively.

7.1
7.1.1

Aquifer contamination—problem formulation
Flow problem

The flow of groundwater in the saturated porous subsurface is described by
Darcy’s law
q(x, t) = −K(x)∇h(x, t).
(17)
Here, the specific discharge q(x, t) quantifies the flow in terms of the water volume per time and flow-normal cross-sectional area of the porous medium. K(x)
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is the hydraulic conductivity that depends on the geometrical characteristics of
the porous medium and on the physical properties of water. In the unsaturated
case, the hydraulic conductivity depends through the local water saturation also
on time. The hydraulic head
h(x, t) ≡

p(x, t)
+ x3
ρg

depends on the water pressure p, the water density ρ, and the gravitational
acceleration g that acts in negative x3 -direction. An alternative form of Darcy’s
law that is based on the so-called permeability k reads
q(x, t) = −

k(x)
∇[p(x, t) + x3 ρg],
µ

where µ is the dynamic water viscosity. The permeability k is determined by
the geometry of the porous medium and is related to the hydraulic conductivity
via K = kρg/µ.
To determine the hydraulic head, the continuity equation ∇ · q = 0, written
here for incompressible and saturated flow in the absence of wells, is combined
with Darcy’s law (17) to obtain
∇ · (K∇h) = 0.
7.1.2

(18)

Hydraulic conductivity

The hydraulic conductivity and permeability are quantities whose definitions
are based on soil or rock samples of sufficiently large volume. These volumes
are called representative elementary volumes (REV) [Bear, 1972, page 20] and
their defining length scale is referred to as Darcy scale. If the sample volume is
smaller than an REV, the individual pore network geometry becomes relevant
and parameters like the permeability may vary from one sample to another.
In both equations (17) and (18), the hydraulic conductivity plays a central
role. In most aquifers, the hydraulic conductivity is a very heterogeneous quantity that varies over short distances with respect to the aquifer extension. This is
illustrated in figure 5, where the permeability of a borehole core from the Mount
Simon sandstone aquifer (Illinois, USA) is depicted. One can observe that the
permeability varies over four orders of magnitude within few feet. Gelhar [1993,
page 2] writes in his textbook on stochastic subsurface hydrology with reference
to the variability depicted in figure 5: ‘. . . such variations in hydraulic properties are the rule rather than the exception.’ Hydraulic conductivities are often
found to have a log-normal distribution [Gelhar, 1993, page 130]. Accordingly,
the log-conductivity Y ≡ ln(K) has a Gaussian distribution and its variance σY2
characterizes the degree of variability or heterogeneity of Y .
Since aquifers typically are very shallow, often a two-dimensional description
is applied. For example, the Mount Simon aquifer expands over several hundred
kilometers horizontally but is only few hundred meters deep as is documented
in [Olcott, 1992, figures 114 and 115] and [Lloyd and Lyke, 1995, figure 50].
To reduce the problem to two spatial dimensions, averaging in the vertical x3 direction is applied to obtain from a conductivity distribution K(x1 , x2 , x3 ) a
transmissivity field T (x1 , x2 ). Despite the depth averaging, the transmissivity
variability is typically still very large as is documented in [Rubin, 2003, tables 2.1
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Figure 5: Depicted is the permeability in millidarcy and the porosity along a
borehole core that stems from the Mount Simon sandstone aquifer in Illinois,
USA [Bakr, 1976].

and 2.2]. Variances in the range 0.03 < σY2 < 5 are reported for the logtransmissivity Y , which is of similar magnitude as provided by [Gelhar, 1993,
page 2]. For simplicity, no distinction in the notation is made between the
log-transmissivity and the log-conductivity.
Typical log-transmissivity correlation lengths lY are between one and few
kilometers [Gelhar, 1993, table 6.1]. Therefore, with the region of interest spanning usually over dozens to a hundred kilometers, flow fields are calculable at
reasonable computational expenses. This is different to turbulent flows, where
the numerical solution of the Navier–Stokes equation often requires supercomputers.
7.1.3

Transport problem

Transport in porous media flows can be described by the following advection–
dispersion equation for concentration C(x, t),


∂C
∂C
∂
∂C
+ ui
=
Dij
,
(19)
∂t
∂xi
∂xi
∂xj
25

pore-scale dispersion
molecular
diffusion
[1μm...1cm]

macro dispersion

mechanical
dispersion
(pore network)

heterogeneity of
transp. parameters
[1cm...1km]

dispersion in a groundwater aquifer [10km]

Figure 6: As a small (black) tracer or contaminant plume is advected through
the porous subsurface, it grows in size due to different dispersion mechanisms
that act at different scales.

where D is the dispersion tensor that accounts for pore-scale dispersion (PSD)
at length scales smaller than the Darcy scale. This includes isotropic molecular
diffusion and anisotropic mechanical dispersion resulting, for example, from pore
network bifurcations. Typically, PSD effects are small in magnitude compared to
advective transport with Péclet numbers9 Pe > 100 [Rubin, 2003, section 10.5.2]
[Dagan and Fiori, 1997, page 1595]. To calculate velocity u of fluid particles in
the pore network10 from the specific discharge q, the porosity n of the porous
medium has to be taken into account, i.e., u = q/n. Here, we assume that the
porosity is a constant parameter, which is a quite common assumption. For
example, in figure 5, it is shown that the spatial variability in the porosity is
much smaller than in the permeability. Common terms for u are pore, seepage,
or filtration velocity [Dagan, 1989, equation (2.5.4)]. If chemical reactions play
a role, a reaction source term similar to equation (4) on page 6 is added to
equation (19).
The advection–dispersion equation (19) encompasses dispersion mechanisms
that act at different scales as is illustrated in figure 6. Initially, very small
plumes grow due to molecular diffusion and mechanical dispersion. Both effects
are summarized under the term PSD. If the plume has grown sufficiently large,
the heterogeneity of the hydraulic conductivity or more precisely, spatial velocity
differences that are a result thereof become the dominant dispersion mechanism.
The latter is called macro dispersion.
Contamination hazards are often idealized as point injections in space and
9 The

Péclet number quantifies the ratio between transport due to advection and PSD.
the subsurface flow context, the lower case u is used to refer to the flow velocity instead
of the upper case U used in turbulent flows.
10 In
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time. The resulting contaminant plumes are convected by the flow and diluted
by PSD. Therefore, a Lagrangian description of the transport problem (19)
seems a natural choice,


∂
∂C
DC
=
Dij
.
(20)
Dt
∂xi
∂xj
PSD effects can be accounted for by an anisotropic random walk of contaminant
molecules [Kinzelbach, 1988]. In advection-dominated flows with Pe being large,
a Lagrangian approach has the advantage that it is not subject to numerical
diffusion like Eulerian methods [de Dreuzy et al., 2007, section 2.4]. If PSD is
neglected with Pe → ∞, equation (20) reduces to DC/Dt = 0 and point-like
plumes can be tracked by the Lagrangian expression
X(t, X0 ) = X0 +

Z

t

u[X(t0 , X0 ), t0 ] dt0

(21)

t0

introduced in section 2.1. Here, t0 and X0 are the injection time and location,
respectively.

7.2

Conductivity or transmissivity uncertainty

As was mentioned earlier, unlike turbulent flows, most subsurface flows relevant
in engineering applications are calculable with current computers. In subsurface
flows, the main complication arises from the high degree of parameter uncertainty. Boreholes are very expensive to drill and therefore, only very limited
information about the hydraulic conductivity is typically available. To cope
with this uncertainty, the log-conductivity or log-transmissivity is treated as a
random field. Based on the Gaussianity discussed in connection with the logconductivity in section 7.1.2, it is often assumed in practice that the joint PDF
of the log-conductivity Y (x) at different points in space is multi-variate Gaussian [Gelhar, 1993, pages 99 and 130] [Zhang, 2002, page 192]. A statistically
homogeneous or space-stationary multi-variate Gaussian field is characterized
by a mean distribution and a spatial correlation structure. In many applications,
the exponential correlation structure
CY (x1 , x2 ) ≡

σY2



|x2 − x1 |
exp −
lY



(22)

involving two points x1 and x2 in space is applied. Here, σY2 is a variance parameter and lY a correlation length. The inclusion of log-conductivity measurements
is relatively easy, leading to a conditional multi-variate Gaussian PDF for Y (x).
However, more sophisticated geostatistical models that go beyond multi-variate
Gaussian models are available as well [Caers, 2005].

7.3

Assessing flow and transport uncertainty

With the flow and transport problems defined and the parameter uncertainty
characterized, the resulting uncertainties in flow and transport remain to be
determined. To this end, different approaches have been devised over the past.
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7.3.1

Low-order perturbation theory

Early contributions in the field of stochastic subsurface hydrology have focused
on analytical derivations. In the absence of PSD with Pe → ∞ and for a point
injection of volume (or area) V0 with concentration C0 , the concentration PDF
fC (c; x, t) is related to the plume position PDF fX (x; t) as
fC (c; x, t) = δ(c − C0 ) V0 fX (x; t) + δ(c)[1 − V0 fX (x; t)]

(23)

with the Dirac delta function δ [equation (12) in appendix B.1].11 From this
PDF the concentration mean and variance can be derived readily as
hC(x, t)i = C0 V0 fX (x; t) and hC 0 2 i = hCi(C0 − hCi),

(24)

respectively. Therefore, the PDF fX (x; t) or the statistical moments of the contaminant plume position X(t, X0 ) are central to the quantification of transport
uncertainty.
In the space-stationary case, where velocity statistics are constant in space,
the mean is easily calculable form equation (21), hX(t, X0 )i = X0 + (t − t0 )hui.
For the position covariance we obtain
d2 hXi0 Xj0 i
= 2hu0i (X0 , t0 )u0j [X(t, X0 ), t]i
dt2

(25)

[Bear, 1972, equation (10.3.28)], which involves the Lagrangian velocity covariance. The position covariance growth rate is quantified by the macro-dispersion
tensor
1 dhXi0 Xj0 i
Dij ≡
(26)
2
dt
[Dagan, 1987, equation (3.6)] and related to the Lagrangian velocity covariance
through
Z
t

Dij (t) =

t0

hu0i (X0 , t0 )u0j [X(t0 , X0 ), t0 ]i dt0 .

(27)

For example, to determine the evolution of hXi0 Xj0 i, Dagan [1984] approximates
the Lagrangian velocity covariance by its Eulerian counterpart, i.e., uij (x1 , x2 ) ≡
hu0i (x1 )u0j (x2 )i. In his work, Dagan [1984] focuses on a two-dimensional spacestationary setting with constant mean flow driven by a head gradient −J =
(−J, 0)T applied at the domain boundaries. He determines uij based on a
first-oder perturbation approach. Here, the log-conductivity is decomposed as
Y (x) = hY i + Y 0 (x) and the hydraulic head as h(x) = −J · x + h0 (x), where h0 is
a head fluctuation. With these decompositions inserted into Darcy’s law (17),
we arrive at
qi (x)

11 The

∂
− exp[hY i + Y 0 (x)]
[−J · x + h0 (x)]
∂xi



Y 0 (x)2
∂h0 (x)
hY i
0
= −e
1 + Y (x) +
+ . . . −Ji +
2
∂xi


0
∂h (x)
= ehY i Ji + Ji Y 0 (x) −
+ ... .
∂xi
=

variable c is the sample space variable of the random variable C.
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Neglecting higher order terms and with hY 0 i = hh0 i = 0, one can write for the
mean discharge hqi i = ehY i Ji and eventually for the mean pore velocity
hu1 i = ehY i J/n and hu2 i = 0.
Similarly, the velocity covariance uij was derived, which fully determines the
velocity statistics that are Gaussian like Y (x) and h(x) [Dagan, 1984, page 156].
Based on the resulting expressions for the position covariance and the macrodispersion tensor, the limiting behavior for small and large times was investigated by Dagan [1984, section 4] in connection with the log-conductivity covariance (22). For t ≈ t0 , the Lagrangian velocity covariance is high, Dii ∝ t, and
hXi0 Xi0 i ∝ t2 , which is referred to as the Taylor short-term or ballistic limit. For
t  t0 , u(X0 , t0 ) and u[X(X0 , t), t] are nearly uncorrelated and the Lagrangian
velocity covariances approach zero. The longitudinal macro dispersion D11 approaches a constant and hX10 X10 i ∝ t, which is the Fickian dispersion limit.
Moreover, the transverse macro dispersion D22 → 0 and hX20 X20 i approaches
a constant value. This behavior is resulting from the fact that in a time- and
space-stationary two-dimensional flow, streamlines cannot cross in transverse
x2 -direction.12 These limits resulting from the first-order perturbation theory
were confirmed analytically [Attinger et al., 2004] and numerically [de Dreuzy
et al., 2007].
Generalizations of the perviously outlined work for small σY2 and large but
finite Péclet numbers were presented by Dagan and Fiori [1997], Fiori [1996],
Fiori and Dagan [2000], Fiorotto and Caroni [2002], Tonina and Bellin [2008].
Here, the concentration PDF is no longer bi-modal as in expression (23), but
includes non-zero probabilities for mixtures of concentrations C = 0 and C0 .
Moreover, the concentration variance is no longer a function of the concentration
mean as in expression (24), but is significantly influenced by PSD despite the
high Péclet numbers relevant in hydrology, i.e., Pe of the order of 100 to 10,000
[Dagan and Fiori, 1997, pages 1595–1596] [Fiorotto and Caroni, 2002, figures 2
and 3]. The concentration mean, on the other hand, is weakly influenced by PSD
as stated by Dagan and Fiori [1997, page 1604] and demonstrated by Fiorotto
and Caroni [2002, figures 2 and 3].
In the contributions summarized in this section, analytical expressions were
derived that directly reveal the dependence of the flow and transport uncertainty on parameters like σY2 , lY , and J. However, certain simplifications that
were applied are valid for σY2 < 1 only. This is a serious limitation in view of
typical aquifers with σY2 going up to 5. Inaccuracies of low-order perturbation
predictions at elevated σY2 were, for example, reported by Salandin and Fiorotto
[1998] and Fernandez-Garcia et al. [2005].
7.3.2

Monte Carlo simulation methods

An alternative approach that does not suffer from the limitations of low-oder
perturbation theory is Monte Carlo simulation (MCS). Here, based on a prescribed geostatistical model for the log-conductivity Y (x), an ensemble of Y fields is generated. To this end, geostatistical algorithms like sequential Gaussian simulation (SGSIM) [Deutsch and Journel, 1997] or FFT-based techniques
[Dietrich and Newsam, 1997] are available. For each conductivity field, the flow
12 This

is valid in the absence of PSD only.

29

and transport problems given by equations (17), (18), and (19) are solved numerically. If the indicated flow and transport equations and the selected geostatistical model are accepted, MCS does not involve any additional assumptions.
Therefore, MCS can be used as a tool, similar to DNS in turbulent flows, to
provide reference data for model development and model validation. For example, Salandin and Fiorotto [1998] have applied MCS to validate the first-order
perturbation theory by [Dagan, 1984] for σY2 up to 4. The main drawback of
MCS is its high computational cost. Especially the flow problem with the elliptic head equation (18) is computationally expensive
to solve. To reduce the
√
statistical error, which scales proportional to 1/ number of samples, a large
number of samples has to be simulated. For example, Salandin and Fiorotto
[1998] have tracked 20,000 plumes to estimate the position covariance hXi0 Xj0 i
and the macro-dispersion tensor Dij . Ten times more realizations were applied
to estimate the entire position PDF fX (x; t) in [Meyer et al., 2013]. Despite
the high computational costs, MCS is used frequently for model development
and validation as is illustrated by the following exemplary contributions from
different groups [Borgne et al., 2008, Caroni and Fiorotto, 2005, Cirpka, 2002,
de Dreuzy et al., 2007, 2012, Englert et al., 2006, Graham and McLaughlin,
1989, Liu et al., 2007].
More recently, MCS has been combined with multi-grid techniques resulting
in the multi-level Monte Carlo simulation (MLMCS) method. Cliffe et al. [2011]
have used MLMCS in the context of subsurface flow to estimate water fluxes in
one- and two-dimensional domains. We have applied MLMCS to estimate the
water saturation in water-flooded oil reservoirs with different σY2 and lY [Müller
et al., 2013]. In MLMCS, for example, the concentration mean is estimated as
follows
L
X
hC` − C`−1 i,
(28)
hCL i =
`=1

where ` identifies grids of different sizes with ` = 1 being the coarsest and
` = L being the finest grid. To numerically estimate the difference hC` − C`−1 i,
M` samples are calculated with each sample simulated on grids ` and ` − 1
at an average computational cost w` . Similar to equation (28),
√ the statistical
error associated with hCL i can be decomposed into errors σ` / M` originating
from different grid pairs ` and ` − 1. To make sure that the estimated hCL i is
accurate within a prescribed sampling error tolerance, an optimization problem
is solved [Müller et al., 2013, section 5.3], where the total computational cost is
minimized and the number of samples M` for ` = 1, . . . , L are determined. In
efficient MLMCS, most of the sampling is done on coarse grids (M` is high) and
few samples are calculated on fine grids, where w` is high. In our simulations of
two-phase flow subsurface transport, this was the case and MLMCS speedups
with respect to MCS of the order of 10 [Müller et al., 2013, table 9] were found.
This is in line with the speedups reported by Cliffe et al. [2011] for single-phase
flow.
7.3.3

Other methods

As an alternative to MLMCS, the computational cost of MCS can be reduced by
replacing the expensive flow calculations with a less expensive surrogate model.
For example, Rubin [1990], Bellin et al. [1994], and Dentz et al. [2002] have gen30

erated velocity fields based on results from low-order perturbation theory. To
this end, Rubin [1990] and Bellin et al. [1994] have applied methods borrowed
from geostatistics like SGSIM to generate flow fields, while Dentz et al. [2002]
have used a spectral method to generate solenoidal flow fields. In all contributions, the transport problem was solved with a particle-tracking scheme. Even
though more efficient than MCS, the listed methods are based on low-order
perturbation theory and suffer from the limitation to small σY2 .
In connection with Karhunen–Loève and polynomial chaos expansions (KLE,
PCE), we have proposed and tested a surrogate model for the flow field that is
in principle not limited to small σY2 [Müller et al., 2011]. At the basis of the
approach is the KLE
Y (x, ξ) = hY (x)i +

∞ p
X

λn fn (x)ξn

(29)

n=1

for the log-conductivity field Y . The KLE nicely isolates the stochastic contribution in the form of the vector ξ with statistically independent and standardnormal components ξn . The deterministic quantities λn and fn (x) are eigenvalues and eigenfunctions, respectively, that are determined from an eigenproblem
that involves the covariance CY (x1 , x2 ). For certain covariances, the eigenvalues λn decay quickly [Ghanem and Spanos, 1991] and the KLE can be truncated
after a limited number N of terms. The dependent hydraulic head is then written as a PCE of the form
h(x, ξ) =

∞
X

hp (x)Ψp (ξ),

(30)

p=1

where Ψp (ξ) are orthogonal normalized Hermite polynomials of varying order.
Like the KLE, the PCE is truncated after P terms and the deterministic expansion coefficients hp (x) are determined, for example, by a collocation method.
Here, equation (30) is enforced at P collocation points ξ j with j = 1, . . . , P .
The right hand side of the resulting linear system requires the solution of P flow
problems to obtain h(x, ξ j ) for the log-conductivity fields Y (x, ξ j ) at the collocation points ξ j . The number of terms P depends on N and the highest order d
of the chaos polynomials, i.e., P = (N + d)!/(N ! d!). In our simulations, we
have applied particle tracking for transport. It could be demonstrated that the
method works well for sufficiently large correlation lengths lY . (In our case, lY
was 40% of the domain size.) For lY too small, the decay of the KLE eigenvalues degrades and as a consequence, the number of KLE terms N has to be
augmented. Accordingly, the number of flow problem solves P increases. Other
KLE-based approaches [Li and Zhang, 2007, Lin and Tartakovsky, 2009] suffer
from the same limitation.
Similar to moment methods discussed in the context of turbulent flows in
section 2.3, Kapoor and Kitanidis [1998] have applied the same concept for
subsurface flows. They have derived equations for the concentration mean and
standard deviation and have proposed closure models for unclosed terms like
hui Ci. However, in applications, where chemical reactions play a role or thresholds of contaminant concentrations are prescribed, statistical moments are of
limited value (see sections 2.3 and 2.4). In this respect, Cirpka et al. [2008] have
proposed to assume a beta PDF for the concentration PDF fC (c; x, t) and to
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fully determine this PDF based on hCi and hC 0 2 i. Even though Caroni and
Fiorotto [2005] have provided some evidence in support of the assumption of a
beta PDF, this assumption is strongly case dependent and may fail, for example,
in the case of a trimodal concentration PDF.
7.3.4

Summary

Except for MLMCS, each approach presented so far has clear disadvantages in
certain respects and there is room for an improved method to quantify uncertainty of flow and transport in the subsurface. More specifically, the low-order
perturbation theory provides concentration and velocity means, variances, and
covariances as a function of, e.g., σY2 and lY , but is limited to small σY2 . MCS on
the other hand is very general, but is computationally expensive mainly because
of the flow problem. Hybrid methods that apply cheap surrogate models instead
of expensive flow solves are limited to aquifers with mild log-conductivity heterogeneity or to aquifers with long log-conductivity correlation lengths. MLMCS
provides good speedups over MCS, but the computational costs are still considerable. Moreover, MLMCS relies on the fact that log-conductivity fields can
be generated on coarse grids at low cost compared with fine grids. This may
become problematic for more complex non-Gaussian geostatistical models. Finally, most approaches discussed so far have focused on the prediction of means
and variances. In practice, however, PDFs are important in subsurface flows for
the same reasons as discussed in section 2.4 in connection with turbulent flows.

7.4

A PDF method for subsurface flows

Replacing the expensive flow field solutions in MCS with a suitable Lagrangian
stochastic process for fluid particles or point-like tracer plumes was proposed in
a conference paper by Jenny et al. [2006] and seems a straightforward ansatz
given the discussion on PDF methods for turbulent flows in section 2.4. Based
on such a process, a PDF method could be formulated that avoids limitations
in terms of σY2 and lY , and closure problems related to reaction source terms,
or the PDF shape.
Together with our earlier contribution [Jenny et al., 2006], the following
sections present our first attempts to develop a PDF method for subsurface
flows. The next two sections 8 and 9 focus on the implementation of a suitable
stochastic velocity process first for the space-stationary case and second for cases
that include log-conductivity measurements. The development presented in
these sections is guided by analysis of MCS data. In our MCS study, the velocity
dynamics were carefully inspected and it was found that unless σY2 ≈ 0, the
complex dynamics cannot be represented by the linear Langevin-type velocity
processes as applied in turbulent flows and [Jenny et al., 2006]. The processes
eventually resulting from the work contained in this thesis are highly non-linear
and combine processes that are Markovian in time and space. In section 10,
a joint velocity–scalar PDF method is presented, where the space-stationary
velocity processes outlined in section 8 were combined with a suitable mixing
model from part I of this thesis to account for PSD effects.
In analogy to the structure of part I, sections 8 to 10 provide brief presentations of our work. Details are contained in our publications [Meyer and Tchelepi,
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2010], [Meyer et al., 2013], and [Meyer et al., 2010] included in appendices B.1
to B.3, respectively.
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8

Velocity processes for space-stationary scenarios

In a first step, to formulate a stochastic velocity process for transport of fluid
or contaminant particles, we focus on a space-stationary, two-dimensional, and
advection-dominated case. The mean flow velocity hui = (U, 0)T is parallel to
the x1 -direction and the log-conductivity is assumed to be multi-variate Gaussian with the exponential covariance (22) determined by variance σY2 and correlation length lY . The contamination is resulting from a point injection. The
outlined case represents a standard scenario in hydrology similar perhaps to
homogeneous isotropic turbulence in turbulent flows. This scenario was applied
as specified or with finite-sized plumes or PSD included, for example, by Dagan
[1984], de Dreuzy et al. [2007], Fiori and Dagan [2000], Fiorotto and Caroni
[2002], Liu et al. [2007], Salandin and Fiorotto [1998], Tonina and Bellin [2008]
and many others. The scenario is considered simple for σY2 ≈ 0 and difficult
for σY2 > 1. Moreover, finite-sized initial plumes are simpler to simulate than
point-like plumes. This is because with point injections, the average plume
shape short after the injection at time t = t0 is dominated by the joint velocity
PDF, i.e.,


1
x − X0
fX (x; t) ≈
fu v =
; x = X0 , t = t0
(31)
(t − t0 )2
t − t0
for t − t0 small [equation (10) in appendix B.2].13 Therefore, inaccuracies in
the transport model or velocity process are easily identified based on a point
injection. With finite sized plumes, however, the average plume shape short
after injection is governed by its deterministic initial condition. Similarly PSD
has a smoothing effect that will disguise deficiencies in the transport model.

8.1

Introducing Markovian velocity processes (MVPs)

For an arbitrary time t after the injection, the position PDF can be related to
the velocity statistics with
fX (x; t) = hδ[x − X(t, X0 )]i
 

Z t
=
δ x − X0 −
u[X(t0 , X0 ), t0 ] dt0
≈
13 Equation

Z

∞

−∞

···

Z

t0

∞

−∞

"

δ x − X0 − ∆t

N
X

vn

n=0

(31) was derived for t ≈ t0 based on equation (32).
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#

fu0 ...uN (v0 , t0 ; v1 , t1 ; . . . ; vN , tN ) dv0 · · · dvN

(32)

[equation (15) in appendix B.1]. In the second equality, the particle position (21) was introduced and in the third equality, the Lagrangian velocity
u(t) = u[X(t, X0 ), t] was approximated by a discretized form given at times
tn = t0 + n∆t with time step ∆t and n ∈ {0, 1, . . . , N = t/∆t}. To evaluate the
mean in the last approximate equality, the joint velocity PDF involving N times
is needed. We assume that this PDF can be approximated as
fu0 ...uN (v0 , v1 , . . . , vN ; ∆t) ≈

fun |un−1 (vN |vN −1 ; ∆t) · · · fun |un−1 (v1 |v0 ; ∆t) fu (v0 )

(33)

based on the stationary one-time velocity PDF fu (v) and the velocity transition
PDF fun |un−1 (vn |vn−1 ; ∆t). This assumption is based on the Markov hypothesis, which states that un depends on un−1 only, but not on un−2 or velocities
at earlier times. Writing the previous expression in a more compact form for
N = 1 integrated over u0 velocity space leads to
Z ∞
fu (v1 ) =
fun |un−1 (v1 |v0 ; ∆t) fu (v0 ) dv0 .
(34)
−∞

Therefore, the one-time velocity PDF is a result of a given velocity transition
PDF, which can be used as a verification of the Markov hypothesis and a selected
transition PDF. Moreover, the Markov hypothesis can be verified by means of
the autocorrelation function
ρu (t0 , tn ) = ρu (tn − t0 ) =
R∞ R∞
(v − hui) (vn − hui) fu0 un (v0 , vn ; tn − t0 ) dv0 dvn
−∞ −∞ 0
h(u − hui)2 i

,

(35)

where u is an arbitrary velocity component of the velocity vector u and the twotime velocity PDF that is resulting from marginalizing the N -time PDF (33),
i.e.,
fu0 un (v0 , vn ; tn − t0 ) =
Z∞
Z∞ Y
n
···
fum |um−1 (vm |vm−1 ; ∆t) fu (v0 ) dv1 · · · dvn−1 .
−∞

−∞ m=1

Again, the velocity transition PDF plays a central role in the two-time velocity
PDF.

8.2

Analysis of the Lagrangian velocity process

To develop an understanding of the velocity transition PDF, which is the defining element of the Markovian velocity process (MVP), we have performed MCS
for different log-conductivity variances σY2 in the range from 0.0625 up to 4
(2−4 , 2−3 , . . . , 22 ).14 Where available, the MCS results were successfully validated with MCS studies from Salandin and Fiorotto [1998] and Trefry et al.
14 This range was motived on the basis of aquifer measurements collected by Rubin [2003,
tables 2.1 and 2.2] (compare section 7.1.2).
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Figure 7: One-time velocity PDFs recorded in space-stationary aquifers with
different heterogeneity levels σY2 . In panels (a) and (b), the mean-flow parallel
and transverse velocity PDFs are provided, respectively. Quantities are made
non-dimensional with the mean velocity U .
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[2003]. Care was taken to avoid boundary condition effects in the velocity
statistics extracted from our MCS. For details on the MCS setup, the reader is
referred to section 4 in appendix B.1. In a first step, we inspect the one-time
velocity PDFs and velocity autocorrelation functions that are both reflections
of the velocity transition PDF (see equations (34) and (35)). The marginal velocity PDFs of velocity components u1 and u2 being parallel and transverse to
the mean flow direction, respectively, are plotted in figure 7. For small σY2 , the
velocity PDFs in both directions are close to Gaussian PDFs. For increasing
heterogeneity, however, the PDFs develop long tails and the mean-flow parallel or longitudinal PDF becomes skewed. This behavior is in contrast to the
Gaussian velocity characterization that is derived from first-order perturbation
theory (section 7.3.1). When moving from small to high σY2 , the autocorrelation functions depicted in figure 8 get more complex as well. For small σY2 ,
the autocorrelation function of the longitudinal velocity component is to a good
approximation exponentially decaying, whereas the autocorrelation of the transverse component becomes negative after a certain time difference. For increasing σY2 , the autocorrelation drops faster. However, for u1 (t) at time differences
∆t > 4lY /U , the residual correlation is higher at σY2 = 4 than 0.0625.
The discussed behavior in the velocity PDFs and autocorrelation functions
becomes more clear when inspecting exemplary realizations of u1 (t) and u2 (t)
as depicted in figure 9. For example, the skewness in fu1 (v1 ) and the elongated
tails in both fu1 (v1 ) and fu2 (v2 ) are resulting from the infrequent high-velocity
bursts that become apparent at high σY2 . These burst are resulting from socalled preferential flow paths [Trefry et al., 2003, figure 2] that are forming
along high-conductivity zones. They are represented by gray streaks in the
bottom left panel of figure 9. On a preferential flow path, the velocity changes
at a high frequency, which is probably causing the sharp drop in correlation
seen in figure 8 for σY2 = 4. Outside of preferential flow paths, fluid particles
travel at slow speeds for extensive times, which is probably causing the elevated
residual correlations seen in the autocorrelation functions of case σY2 = 4.

8.3

Modeling Lagrangian velocity processes with MVPs

To reduce the complexity of the velocity process u(t), we assume in a first
step that the velocity components u1 (t) and u2 (t) are statistically independent
processes.15 Moreover, to capture the complex velocity dynamics, we apply
stochastic velocity processes or MVPs with non-linear drift and diffusion coefficients. For turbulent flows, processes with linear coefficients are usually applied
that depend on velocity moments and correlation time scales (see, for example,
GLM (8) mentioned on page 10).
To account more easily for the skewness in the longitudinal velocity component, we have formulated the MVP
∆u0 = a0 (u0 )∆t + b0 (u0 )∆W0

(36)

for the logarithm of the normalized velocity magnitude, i.e.,
u1 = U exp(u0 )
15 In

section 9, this assumption is revisited and relaxed.
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Figure 9: Particle pathlines, velocity distributions, and temporal velocity evolutions in media of different heterogeneity levels σY2 are shown. In the left
column, for each σY2 inspected, a few pathlines are depicted together with the
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evolutions u1 (t) along the thick pathlines are plotted.
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[section 3.1 in appendix B.1].16 As a result, process u0 (t) has a stationary
PDF that is close to a Gaussian PDF unlike u1 (t) (compare figure 7a). The
negative correlation behavior encountered in figure 8b for the transverse velocity
component can be reproduced by an MVP of the form
∆u2 = a2 (u2 )∆t − ω02 Ξ∆t + b2 (u2 )∆W2 with ∆Ξ = u2 ∆t,

(38)

where Ξ(t) is an auxiliary random process and ω0 a model parameter [section 3.2
in appendix B.1]. In MVPs (36) and (38), ∆W0 and ∆W2 are increments of
two statistically independent Wiener processes with zero mean and variance
equal to ∆t. Accordingly, the transition PDFs defined by these two processes
are Gaussian. To determine the non-linear drift and diffusion coefficients of
MVPs (36) and (38), we take the conditional expectation, for example, of process (36) with respect to u0 , which leads to
a0 (u0 ) =

h∆u20 |u0 i h∆u0 |u0 i2
h∆u0 |u0 i
and b0 (u0 )2 =
−
.
∆t
∆t
∆t

(39)

Therefore, the first two transition moments of the MVP u0 (t) define the drift and
diffusion coefficients. A similar derivation can be made for u2 (t) [paragraph 23
in appendix B.1].
To determine the MVP coefficients based on expressions of the form (39) for
different σY2 , transition moments like h∆u0 |u0 i were estimated from our MCS
data for a given time increment ∆t.17 The resulting data points [u0 , a0 (u0 )] and
[u0 , b0 (u0 )] for a set of different u0 were fit to suitable analytical expressions for
a0 (u0 ) and b0 (u0 ) [equations (35) to (38) in appendix B.1]. The expressions for
a0 (u0 ) and b0 (u0 ) depend on a set of parameters whose values resulted from the
fitting procedure [tables 1a and 1b in appendix B.1]. The fitted parameter values
show a distinct dependence on σY2 , which is, however, not further investigated in
this part of the work. To arrive at analytical expressions for coefficients a2 (u2 )
and b2 (u2 ) of the transverse MVP, the same procedure was applied.

8.4

Validation of the MVP model

With the MVPs for both velocity components defined at different discrete σY2 ,
realizations of u1 (t) and u2 (t) can be generated at very low computational cost
without the need to solve elliptic problems. The resulting realizations are in
good qualitative agreement with the velocity dynamics resulting from Darcy
flow solutions (see figure 9). For example, the complex behavior discussed in
section 8.2, that results from the formation of preferential flow paths, is reproduced by MVP (36) and mapping (37) [figure 7 in appendix B.1]. Moreover,
the validity of the Markovian hypothesis can be verified by comparing the resulting one-time velocity PDFs and the velocity autocorrelation functions from
the MVP model with MCS results. This was done in section 4.2.1 and figures 8
and 9 of appendix B.1. In support of the Markov hypothesis good agreement
was found for the entire σY2 -range under consideration.
In a next step, transport predictions of the MVP model were compared with
MCS data [section 4.2.2 in appendix B.1]. Based on the good agreement of the
16 Mapping (37) does not account for reverse flow, which was, however, found to be very
rare (compare figure 7a and [Trefry et al., 2003, paragraph 25]).
17 The impact of the time increment size on the MVP coefficients is discussed in [paragraph 30 in appendix B.1].
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one-time velocity PDFs and relation (31), it is not surprising that the early-time
transport statistics match well with the MCS reference data. The time evolutions of the position variances hX10 X10 i and hX20 X20 i are related to the velocity
autocorrelation or more precisely the covariance through equation (25). Accordingly, the position variances and the macro-dispersion coefficients D11 and D22
are in good agreement with the MCS. Higher order statistical moments like the
particle position skewness and kurtosis and the marginal particle position PDFs
fX1 (x1 ; t) and fX2 (x2 ; t) were successfully validated as well. The MVP model
approaches the Taylor short-term limit for t ≈ t0 and the Fickian dispersion
limit with D11 = constant and D22 → 0 for t  t0 (compare section 7.3.1).

8.5

Discussion

In summary, the MVP model for space-stationary aquifers of different heterogeneity can accurately describe the independent dynamics of velocity components and corresponding particle position statistics for σY2 close to 0 and up
to 4. It is based on the assumption that the two velocity components are statistically independent. The indicated σY2 -values encompass a wide range of velocity
dynamics. This includes small Gaussian velocity fluctuations for σY2 ≈ 0 and
highly skewed velocity PDFs with long tails and complex temporal dynamics
for σY2 > 1. The latter is very different from the velocity dynamics typically
encountered in turbulent flows. As a result, depending on σY2 , large differences
in the temporal spreading of the particle position PDF are induced. For example, the particle position variances differ by two orders of magnitude between
σY2 = 0.0625 and 4.
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9

Velocity processes for non-space-stationary scenarios

The MVP model presented in the previous section is applicable in the absence of
conductivity measurements for space-stationary cases with constant σY2 . In the
formulation of the model, it was assumed that the velocity components u1 (t) and
u2 (t) are statistically independent processes. This assumption is inspected by
means of figure 10, where exemplary time evolutions of the velocity components
u1 (t) and u2 (t) are depicted. Comparing the two components reveals that their
dynamics are tightly coupled since the occurrence of preferential flow paths leads
to velocity jumps at equal times in both components. Therefore, it is imprecise
to assume that the two components are statistically independent.
A more suitable polar MVP (PMVP) formulation for


cos[θ(t)]
u(t) = u(t)
sin[θ(t)]
that is based on a velocity magnitude u(t) and an angle process θ(t) is outlined
in section 9.1.1. Tests of the PMVP model for space-stationary cases are provided in section 9.1.2. In a second step, the PMVP model was generalized and
validated for inhomogeneous cases that involve conductivity measurements as
is documented in sections 9.2. The listed sections summarize our work [Meyer
et al., 2013] that is contained in appendix B.2 for reference.

9.1

PMVP model for space-stationary scenarios

In figure 10, the temporal evolutions of the velocity magnitude u(t) and the
velocity direction angle θ(t) are depicted. It is interesting to note that even
though the frequencies of fluctuations in u(t) and θ(t) vary quite synchronously,
the magnitude of the variations are not correlated. This is different from the
processes u1 (t) and u2 (t). A quantitative analysis of the statistical dependence
of both processes was provided by means of their one-time joint PDF in section 3.1 of appendix B.2. Based on this analysis it was found that it is accurate
to assume that ln[u(t)] and θ(t) are statistically independent. Moreover, the
joint PDF of both processes was found to be to a good approximation joint
Gaussian for σY2 ≈ 0 up to 4.
9.1.1

Formulation

Based on the statistical independence of ln[u(t)] and θ(t), suitable processes
for both components were introduced in sections 3.2 and 3.3, respectively, of
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Figure 10: Time evolutions of the particle velocity components u1 (t) and u2 (t)
in flow-parallel and transverse directions, respectively, and the particle velocity
magnitude u(t) and the velocity direction angle θ(t) are depicted. The corresponding particle pathline was extracted from a space-stationary Darcy flow
solution with constant mean velocity U , log-conductivity correlation length lY ,
and variance σY2 = 4.
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appendix B.2. For the process formulations, the non-dimensional variables
x̃ ≡ x/lY , t̃ ≡ t U/lY , and ũ ≡ u/U

(40)

were used.
Due to the similarity between the processes u1 (t) and u(t) apparent in figure 10, a process similar to MVP (36) was applied for u(t), i.e.,
ũ(t̃) = exp[v(t̃)] with
∆v = v(t̃ + ∆t̃) − v(t̃) = au [v(t̃)]∆t̃ +

q

du [v(t̃)]∆t̃ ζ,

(41)

where ζ is a standard normal random number.18 Like in the MVP formulation,
the drift and diffusion coefficients were determined with transition moments estimated from the MCS data [section 4 in appendix B.1]. The resulting analytical
expressions given in equation (15) of appendix B.2 have a direct dependence
on σY2 and are much more compact than the ones developed in our previous
work (compare with equations (35) and (36) in appendix B.1).
Unlike process u(t) that depends on travel time t, it proofed to be more
elegant to formulate the angle process as a function of travel distance
Z t
l(t) ≡
|u[X(t0 , X0 ), t0 ]| dt0 and ˜l ≡ l/lY .
(42)
t0

For example, the angle fluctuations observable in the pathlines shown in the
left column of figure 9 are quite uniform in space compared to figure 10, where
θ(t) is plotted and modulations in the fluctuation frequency due to preferential
flow paths are visible. This is supported by figure 11, where θ(l) is provided
as a function of travel distance l for the same pathline and time span as shown
in figure 10. Compared with θ(t), no variations in the fluctuation frequency
are visible in θ(l). The quite regular spatial fluctuations of θ(l) are originating
from the fact that the pathline tortuosity is driven by the heterogeneity of the
hydraulic conductivity, which in turn is determined by the constant correlation
length lY [paragraph 26 in appendix B.2].19 The selected random process for θ(˜l)
has a similar form like MVP (38), but has linear drift and diffusion coefficients
that depend non-linearly on σY2 [paragraph 28 in appendix B.2]. A linear process
for θ(˜l) was selected because of the rather simple dynamics in ˜l and the one-point
PDF of θ(˜l) that was found to be Gaussian to a very good approximation as
is documented in figure 12. It is pointed out that with process θ(˜l) defined for
a given distance increment ∆˜l, particle pathline geometries can be generated
independent of process ũ(t̃). To determine the temporal motion of particles
along the pathline, however, ũ(t̃) is required.
9.1.2

Validation

With the PMVP model defined for space-stationary settings with constant σY2
in the range from 0 up to 4, transport simulations that provide the joint particle
√
Wiener increment ∆W = ∆t ζ, where ζ is a standard normal random variable.
on a comparison of u(t) with u(l) shown in figure 11, a process formulation based on
the travel distance, i.e., u(l), may seem beneficial. However, the strong compression in l-space
of stagnant flow regions with low conductivity (gray-shaded areas in figure 11) introduces a
complication. To resolve these zones accurately, very small increments ∆l would be required.
18 The

19 Based
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Figure 11: Evolutions of the particle velocity magnitude u and the velocity
direction angle θ plotted as a function of travel distance l. The gray plot in
the background represents u(t) and is provided to illustrate the compression of
stagnant flow zones when changing from travel time t to travel distance l. Data
from the particle pathline displayed in figure 10 is shown.
fθ(ϑ;l)
0.7
0.6
0.5
0.4
0.3
0.2
0.1
-2

-1

1

2

ϑ

Figure 12: The one-point PDF of the velocity direction angle process θ(l) is
plotted (symbols) for the case σY2 = 4 inspected in the MCS study outlined in
section 4 of appendix B.1. For comparison, a Gaussian PDF (line) with the
same mean and standard deviation is provided.
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θ(t)
σY(X)

u(t)
U(X,t)

X(X0,t)
l(t)

X0
Figure 13: Sketch of a pathline X(X0 , t) of a tracer particle originating from
point X0 at time t = t0 (thick solid and dotted lines) and pathlines (thin solid)
of the mean flow field U(x, t). The local velocity magnitude u(t) and direction
angle θ(t) of the pathline with respect to U(X, t) are depicted as well (adapted
from [Meyer et al., 2013, figure 3] with permission).

position PDF fX (x; t) can be conducted. In section 3.4 of appendix B.2, a series
of particle position statistics were validated with MCS results stemming from
[Meyer and Tchelepi, 2010]. This includes the variances hX10 X10 i and hX20 X20 i,
the marginal PDFs fX1 (x1 ; t) and fX2 (x2 ; t), and the joint PDF fX (x; t). All
PMVP predictions were found to be in very good agreement with the MCS
reference data [figures 11 to 17 in appendix B.2] for log-conductivity variances
from σY2 ≈ 0 up to 4. Like the MVP model, the PMVP model reproduces the
correct transport behavior in the limit of small and large times. This includes
the Taylor short-term limit, where the position variances grow with t2 and the
shape of the particle position PDF is dominated by the one-time velocity PDF.
For t  t0 , hX20 X20 i approaches a constant, while hX10 X10 i grows linearly with
time.

9.2

PMVP model for non-space-stationary scenarios

Compared with the space-stationary cases considered so far, more realistic scenarios may involve spatial variations in the log-conductivity mean hY i, or variability in σY2 resulting, for example, from conductivity measurements20 or spatially varying heterogeneity levels.
9.2.1

Formulation

Darcy’s law u = − n1 K∇h establishes a linear relation between the pore velocity u and the hydraulic head h. If the hydraulic head changes by a factor, the
pore velocity field and U(x, t) = hu(x, t)i scale accordingly. Therefore, the influence of head variations on the pore velocity field can be captured by U(x, t).
0
Moreover, since u = − n1 ehY i eY ∇h for K = eY = exp(hY i + Y 0 ), changes in hY i
have a deterministic scaling effect on u(x, t) that can be represented by U(x, t).
Changes in Y 0 quantified by σY2 have a non-linear effect on the pore velocity
field and are represented in the PMVP model by drift and diffusion coefficients
20 If

2 = 0 at measurement locations.
measurement uncertainties are neglected, σY
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that depend non-linearly on σY2 . Moreover, changes in the log-conductivity correlation length lY lead through equations (17) and (18) to linear changes in the
pore-velocity length scales and transport time scales. Thus the non-dimensional
formulation of the PMVP model that is based on a parametrization in terms of
σY2 (x) and the reference quantities U(x, t) and lY can account for changes in
the hydraulic head and the conductivity characteristics.
With U(x, t) and σY2 (x) being local quantities, we have proposed to generalize the PMVP for non-space-stationary settings as is illustrated in figure 13.
The PMVP model is applied based on σY2 (x) in a local coordinate system
aligned with U(x, t). The non-dimensional pore velocity ũ(t̃), time step ∆t̃,
and distance step ∆˜l in the PMVP model are scaled by the reference quantities U = |U(x, t)| and lY . After the scaling, the dimensional pore velocity u(t)
is aligned with U(x, t) to perform particle transport. Details about the algorithmic implementation of the PMVP model for non-space-stationary cases is
provided in section 4.1 of appendix B.2.
To arrive at a closed system, we have proposed to combine the PMVP model,
which accounts for velocity fluctuations, with conventional methods to determine the mean pore velocity U(x, t) and the log-conductivity variance σY2 (x).
This is similar to the hybrid PDF method in turbulent flows, where a PDF
method to model velocity fluctuations is combined with RANS equation (5),
which provides the mean flow field [Jenny et al., 2001]. For the calculation of
the log-conductivity variance σY2 (x) in the case of measurements, a computa2
on page 11]. In a
tionally efficient Kriging scheme was applied [Caers, 2005, σE
first step, to determine U(x, t), we have used conventional MCS, but any other
suitable method like MLMCS could be applied as well. In this context, we point
out that to estimate the mean pore velocity U(x, t), a relatively small number
of simulations is necessary (100, say) in comparison with the number of simulations required to estimate the particle position PDF fX (x; t) for transport
(100,000, say).
9.2.2

Validation

In a series of test cases, the performance of the PMVP model for non-spacestationary subsurface flow and transport involving conductivity measurements
was evaluated [section 4.2 in appendix B.2]. For the log-conductivity field, a
multi-variate Gaussian characterization with isotropic exponential covariance
function (22) and σY2 = 3 in the absence of measurements was applied. The
domain size spans over 48×36 correlation lengths lY in line with typical aquifers
(compare section 7.1.2). Conductivity measurements were introduced at 11
locations such that strong mean streamline curvature, and high and low meanvelocity zones were induced. To validate the PMVP model for different transport
scenarios, point injections were placed at 9 different locations in the aquifer
[figures 18 and 19 in appendix B.2]. Details about the MCS and the PMVP
calculations are contained in paragraphs 45 and 46 of appendix B.2.
The resulting particle position PDFs fX (x; t) were found to be asymmetric
and showed a range of shapes and time evolutions for the different injection
scenarios inspected [figures 20 to 25 in appendix B.2]. In general the PMVP
predictions were found to be in good agreement with the MCS reference data
[section 4.2.2 in appendix B.2]. Deviations were typically encountered at lowconductivity measurement locations, where contaminant plumes get trapped
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for a certain time. Here, the PMVP model showed a tendency to over-predict
the trapping. This behavior may be related to the assumption in the PMVP
model that the local σY2 (x) determines the magnitude of velocity fluctuations.
Moreover, with the rather large time and distance steps applied in the PMVP
model formulation, i.e., ∆t̃ = ∆˜l = 1, variations in σY2 (x) were in some cases
not accurately resolved [paragraph 51 in appendix B.2]. The PMVP model,
with the MCS-based calculation of U(x, t) and the Kriging solution for σY2 (x)
included, outperformed MCS in terms of computational efficiency by roughly
three orders of magnitude [section 4.2.3 in appendix B.2].

9.3

Discussion

In summary, the PMVP model represents a significant improvement over the
MVP model in terms of compactness and rigor of the model formulation, but
also in terms of applicability and accuracy. The PMVP model can be applied for
arbitrary log-conductivity variances up to 4 and possibly higher. Moreover, it
is applicable for realistic non-space-stationary settings that may involve spatial
variations in the mean flow field and in the log-conductivity mean and variance.
The latter may result from conductivity measurements. PMVP predictions
come at a very small fraction of the computational price of conventional MCS.
So far, PSD effects were neglected, which is valid in the limit of Péclet
numbers Pe → ∞ (compare section 7.1.3). In most applications in hydrology,
Pe > 100 [Rubin, 2003, section 10.5.2]. Even though the concentration variance
is affected by PSD at these Péclet numbers, the mean concentration hC(x, t)i
is virtually not influenced [Dagan and Fiori, 1997, page 1596]. Therefore, if the
Péclet number is high but finite and if hC(x, t)i is of prime interest, the PMVP
model is expected to provide accurate predictions even though PSD effects are
neglected.

47

10

A joint PDF method for subsurface flows

As was illustrated in figure 6 on page 26, PSD changes the chemical concentrations of fluid particles as they travel through aquifers. Moreover, chemical reactions may alter the composition of fluid particles. To account for these effects,
a concentration evolution equation has to be solved in addition to the fluid particle position equation (21) (page 27). As was pointed out in the discussion on
turbulent flows (section 2.4, page 10), chemical reactions are treated exactly in
the Lagrangian reference frame, while molecular mixing—or PSD in subsurface
flows—has to be modeled by a mixing model. In this section, we briefly present
our work on a new joint velocity–concentration PDF method [Meyer et al.,
2010], where the MVP model from section 8 was supplemented by a concentration evolution equation. The resulting PDF method can be applied to quantify
exceedance probabilities that are of relevance in environmental applications or
can be used for uncertainty quantification of reactive subsurface flows. The new
method was validated based on MCS results from Caroni and Fiorotto [2005].
They have simulated the transport and dispersion of an initially rectangular
tracer plume at different Péclet numbers in aquifers with space-stationary conductivity and velocity statistics. For reference, our contribution [Meyer et al.,
2010] is contained in appendix B.3.
The steps for the development of the joint PDF method for subsurface flows
are equivalent to what was outlined in sections 2.4 and 2.5 in the context of
turbulent flows. However, to introduce the methodology to hydrologists and
the subsurface flow community, we have included all necessary elements in our
publication. In a first part, we have derived exact moment equations from the
concentration transport equation (19) for the concentration mean hCi, hC 2 i,
and the concentration flux hu Ci [section 2 in appendix B.3]. In a next step,
we have postulated SDEs for the particle position, velocity, and concentration
[section 3.1 in appendix B.3]. Based on these equations and in analogy to the
steps outlined in section 2.5 of part I, a transport equation for the joint velocity–
concentration PDF was derived [sections 3.2 and 3.3 in appendix B.3]. Since
this equation is based on models included in the SDEs, e.g., the MVP model for
advection, modeled moment equations were derived based on the PDF transport
equation [section 3.4 in appendix B.3]. By comparison with the exact moment
equations, the same mixing model requirements introduced in section 2.6 of
part I (page 13), e.g., hM (v, C)i = 0 for any velocity u = v, could be derived
in the subsurface flow context. Since like in turbulent flows, the concentration
mean is virtually not altered by PSD [Dagan and Fiori, 1997] and Péclet numbers
are high, it is not surprising that the model requirements cary over in unchanged
form to flows in the heterogeneous subsurface. To account for PSD in the
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Figure 14: Rectangular computational domain used in the validation study of
the joint PDF method for subsurface flows. The initial tracer body (black
square, 2lY × 10lY ) and the locations, where CDFs were sampled (filled black
circles), are depicted (adapted from [Meyer et al., 2010, figure 3] with permission).

concentration SDE, the velocity-conditional modified Curl model outlined in
section 3 of part I (or in section III.F of appendix A.1) was applied. For the
mixing time scale, an ad hoc Péclet-number-dependent model was applied.
To validate the resulting joint velocity–concentration PDF method, the MCS
study of Caroni and Fiorotto [2005] was used as a reference. Here, the evolution of a rectangular tracer plume in a space-stationary rectangular aquifer
with a constant mean flow was simulated as illustrated in figure 14. Different heterogeneity levels σY2 = 0.05, 1, and 2, and Péclet numbers Pe = 100,
1,000, and 10,000 were considered. Caroni and Fiorotto [2005] have provided
concentration mean and standard deviation distributions along the x1 -axis at
different times and cumulative distribution functions (CDFs) at the points indicated in figure 14. In simulations with the PDF method, an ensemble of
particles was evolved in time based on the SDEs, and statistical moments and
CDFs were estimated on a grid as outlined in part I (compare section 2.4 and
figure 3 on page 9). More details on the implementation of the PDF method
are provided in section 5.2 of appendix B.3. Good agreement was found between the joint PDF method and the MCS results for the entire range of logconductivity variances and Péclet numbers inspected. Deviations were more
apparent for small Pe, where the mixing model is more important [section 5.3
in appendix B.3]. Compared to the low-order perturbation theory that was
tested by Caroni and Fiorotto [2005] and found to be accurate for σY2 ≤ 0.2,
the PDF method offers especially for σY2 ≥ 1 results of higher accuracy.
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Summary

Unlike moment-based approaches, PDF methods provide the full PDF in the
absence of assumptions about the PDF shape. This is advantageous in environmental flows and applications, where chemical reactions play a role. We have
developed a joint velocity–concentration PDF method for subsurface flows based
on existing methods for turbulent flows. However, compared with turbulent
flows, the velocity dynamics are much more complex, especially in subsurface
formations with high spatial heterogeneity. The MVP model and more so the
PMVP model can account for these dynamics and provide an important element
for an accurate and generally applicable PDF method. Mixing models are required to account for PSD effects and in this regard our advances, dealing with
velocity-conditional mixing models presented in part I, proofed to be crucial.
A missing element in the newly developed PDF method for subsurface flows
is a model for the mixing time scale that determines the rate at which the mixing model reduces concentration fluctuations. Moreover, in connection with the
PMVP model certain aspects would benefit from further analysis. For example,
at this point, the significance of the time and distance step sizes is not completely
clear. So far, in the PMVP formulation, non-dimensional step sizes were used
that enabled a compact formulation of drift and diffusion coefficients and computationally efficient simulations. However, these rather large step sizes seem
to have a negative impact on the prediction accuracy in some circumstances.
Moreover, the assumption that the magnitude of velocity fluctuations is determined by the local log-conductivity variance seems to have its limitations.
Finally, the PMVP model could be generalized in several ways. For example,
three-dimensional processes could be formulated or anisotropic log-conductivity
covariance structures could be considered.
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Part III

Particle-laden turbulent flows

12

Turbulence modulation

Particle- or droplet-laden turbulent flows are of relevance in many applications.
Clouds that consist of water droplets or ice crystals are a great example that
illustrates the importance of such flows in atmospheric sciences [Grabowski and
Wang, 2013, Shaw, 2003]. Sedimentation is another example belonging to the
category of environmental flows, where solid particles are suspended in water
or air [Charru et al., 2013]. Moreover, an important application example from
mechanical engineering is spray combustion, where fuel droplets are suspended
in air [Jenny et al., 2012]. Henceforth, the term particles is used to refer to both
particles and droplets. Reviews about particle-laden turbulent flows including
simulations thereof were compiled by Balachandar and Eaton [2010], Eaton
[2006, 2009], and Loth [2000].
The interaction between the turbulent fluid phase and the dispersed particle
phase involves different regimes that are mainly determined by the volume loading Φv , i.e., the volume fraction occupied by the particle phase versus the fluid
phase volume. Based on the work of Elghobashi [1994], Poelma et al. [2007]
have listed three interaction regimes. In the one-way coupling regime characterized by Φv < 10−6 , the fluid phase is influenced by the particle phase, but
not vice versa. In the two-way coupling regime given by 10−6 < Φv < 10−2 ,
the particle phase has an effect on the fluid phase turbulence as well. At loadings Φv > 10−2 , the particles perform collisions in addition to the previously
mentioned interactions, which is referred to as four-way coupling. In our works
[Meyer, 2012, Reinhardt et al., 2013] summarized in this section and contained
in appendices C.1 and C.2, we have focused on the two-way coupling regime
and have formulated models that account for turbulence modulation effects.
Different turbulence modulation effects have been reported. For increasing
Stokes numbers St ≡ τp /τη , where τp and τη are the particle and Kolmogorov
time scales, respectively, the particle motions are increasingly dominated by
inertial forces and the particle phase has an attenuating effect on the fluid
turbulence. While τη characterizes the fluid time scales of the smallest turbulent
eddies of size η, the particle time scale
 2
2 ρp 1 d
τp ≡
9 ρ ν 2
depends on the particle density ρp , the fluid density ρ, the fluid kinematic
viscosity ν, and the particle diameter d. Heavy inertial particles with large τp
lead to high St and react slowly to fluctuations in the fluid-phase turbulence.
Turbulence attenuation was studied by means of DNS by Boivin et al. [1998].
For Φv = 10−4 and Stokes numbers in the range from 1 to 15, they found
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that particles can reduce the turbulent kinetic energy k by up to 50%. In
their simulations, the particle geometry was not resolved, but particles were
treated as points subject to Stokes drag forces. The corresponding point-force
approximation is applicable for particles with diameters being smaller than the
Kolmogorov length scale, i.e., d < η.
In contrast to turbulence attenuation, the turbulent wakes of particles with
sufficiently large relative velocities compared with the surrounding fluid flow
can augment the turbulence intensity. To quantify the relative velocity, the
particle Reynolds number Rep ≡ |u−v|d/ν is introduced, where v is the particle
velocity and u is the velocity of the surrounding fluid flow. For turbulence
augmentation to occur, d has to be larger than 10% of the turbulence integral
scale [Balachandar and Eaton, 2010, page 125] and Rep > 210 [Bagchi and
Balachandar, 2004, page 121]. In our work, we focus on small particles and small
particle Reynolds numbers, where turbulence augmentation is unimportant.
In the case, where particle and fluid phases have a mean relative velocity, i.e.,
|hui−hvi| =
6 0, the fluid-phase Reynolds-stress tensor hu0i u0j i with the fluctuating
velocity component u0i = ui − hui i becomes anisotropic. This effect was studied
with DNS by Elghobashi and Truesdell [1992, 1993] and experimentally by Geiss
et al. [2004], Poelma et al. [2007]. In all studies, the mean velocity difference
was induced by gravitational settling of heavy particles. Poelma et al. [2007]
have related the anisotropy of hu0i u0j i to an anisotropy of the dissipation tensor
εij in the Reynolds-stress transport equation.
Besides turbulence modulation, the Stokes number and the density ratio
ρp /ρ determine the accumulation of particles in certain areas of the fluid flow,
which is referred to as preferential concentration [Balachandar and Eaton, 2010,
section 4]. For example, heavy particles accumulate at St ≈ 1 in high shear
regions away from high vorticity zones. Experimental and numerical studies
that focus on preferential concentration were reviewed by Eaton and Fessler
[1994].
For the simulation of particle-laden turbulent flows, RANS methods (compare section 2.3, page 8) are often applied for the fluid phase to calculate
hui, hu0i u0j i, and the dissipation rate ε of k ≡ hu0i u0i i/2 [Loth, 2000]. For the
particle phase with the point-particle or point-force approximation adopted, a
Lagrangian particle-based modeling approach is a straightforward choice. However, for example, with Stokes drag forces being governed by the relative velocity
vn − u(xn , t), a model for u(xn , t) at the particle location xn , which is usually
referred to as the seen fluid-phase velocity, is needed. To this end, stochastic
processes similar to the ones encountered in part I (equation (8) on page 10) were
applied by Minier et al. [2004] in combination with a k–ε turbulence model. In
our work [Meyer, 2012, Reinhardt et al., 2013] summarized next and contained
in appendices C.1 and C.2 for reference, we have formulated a refined model
that accounts for turbulence attenuation, anisotropies in εij and hu0i u0j i, and for
preferential concentration effects.
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RANS–Lagrange modeling framework

For particles with d < η, the point-force approximation is applicable and the
motion of a particle with index n is described by the following ordinary differential equations in time
dxn
= vn and
dt


c
ρ
dvn
ρ Du
= − mp [vn − u(xn , t)] +mp
+ mp 1 −
mp
g. (43)
dt
τp
ρp Dt
ρp
{z
}
|
≡ Fn

Here, xn and vn are the position and velocity of particle n, mp is the particle
mass, and g the gravitational acceleration. The Schiller–Naumann drag coraccounts for non-linear effects and depends on the
rection c ≡ 1 + 0.15Re0.687
p
Reynolds number of particle n. In the Stokes drag term, which is the first term
on the right hand side, u(xn , t) is the seen fluid-phase velocity. The second term
accounts for viscous and pressure forces exerted by the fluid on particle n. The
third term represents gravity and buoyancy forces.
For the fluid flow, our development is based on a second-order moment
closure represented by the RANS equation
∂hu0i u0j i
∂hui i
∂hui i
1 ∂hpi
∂ 2 hui i
+ huj i
=−
+ν
−
+ hΦm fi i
∂t
∂xj
ρ ∂xi
∂xj ∂xj
∂xj

(44)

and the Reynolds-stress transport equation
∂hu0i u0j i
∂hu0i u0j i
∂hu0i u0j u0k i
∂ 2 hu0i u0j i
+ huk i
=−
+ Pij + Πij + ν
− εij
∂t
∂xk
∂xk
∂xk ∂xk
+hΦm u0j fi i + hΦm u0i fj i,

(45)

where the mass loading
Φm (x, t) ≡

np (x,t) n
X F (t)
1
mp np (x, t)
and
f
(x,
t)
≡
3
∆ ρ
np (x, t) n=1 mp

is a specific force.21 Both quantities are defined based on a fluid volume ∆3
that is sufficiently small to resolve variations in the particle number density
21 In

accordance with the literature on particle-laden flows, a slightly different notation was
used compared to part I. Unlike in part I, u is the full fluid velocity and u0 and hui represent
the velocity fluctuation and mean, respectively.
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np (x, t), which counts the number of particles inside the volume ∆3 centered at
position x. The mass and volume loadings are related as Φm = (ρp /ρ)Φv . For
a derivation of equations (44) and (45), see section 2 in appendix C.1. In the
Reynolds-stress equation (45), the production term Pij appears in closed form,
whereas the velocity-pressure-gradient term Πij and the dissipation tensor εij
require modeling [definitions (2.14) to (2.16) in appendix C.1]. The last terms
in equations (44) and (45) couple the fluid with the particle phase and are
estimated based on the particle statistics resulting from equation (43), e.g.,
1
hΦm f i = 3
∆ ρ

*np (x,t)
X
n=1

n

+

F (t) .

Closure models for the seen fluid-phase velocity u(xn , t) and Du/Dt in
equation (43) and the dissipation tensor εij in equation (45) that account for
preferential concentration and turbulence modulation effects are introduced in
sections 13.1 and 13.2, respectively. For the velocity-pressure-gradient term
in equation (45), standard turbulence models are applicable [Pope, 2000, section 11].

13.1

Seen particle velocity

In the limit of St → 0, particles act like passive tracers that are convected with
the flow. Accordingly, the seen velocity becomes equivalent to the velocity of
fluid particles characterized by hui, hu0i u0j i, and the Lagrangian turbulence time
scale TL ≡ 4k/(3εC0 ) [Pope, 2000, equation (12.99)]. Corresponding stochastic
models were discussed in section 2.5 of part I. For St → ∞, on the other hand,
heavy particles move ballistically independent of the fluid flow. The seen velocity
is again characterized by hui and hu0i u0j i, but the correlation time scale depends
on the relative velocity between the particle and the fluid. Based on these limits
of St → 0 and ∞, it was assumed that the seen fluid-phase velocity independent
of St is characterized by hui and hu0i u0j i.
To ensure that the seen fluid-phase velocity of particle n, i.e., un (t) =
u(xn , t), is consistent with hui and hu0i u0j i at location xn , we have proposed
to use the statistically independent stochastic processes
s
dt
2
dξin = − ∗ ξin +
dWi
(46)
TL
TL∗
with standard normal stationary PDF and correlation time scale TL∗ [section 2.2
in appendix C.1]. To arrive at the seen velocity un (t), process ξ n (t) is rescaled
with the linear transformation
q
n
un = hui + V w0 n and wi0 n = hwi0 2 iξ(i)
.
(47)

The transformation matrix V is resulting from the eigendecomposition U =
V W VT of the Reynolds-stress tensor U with elements hu0i u0j i. The diagonal
matrix W has elements hwi0 2 i that correspond to the Reynolds stresses in the
principle axis coordinate system of tensor U. As is illustrated in figure 15, the
eigendecomposition of U varies from one grid cell to the next as particle n travels
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vn(t)
xn(t)
〈u〉
〈u’u
i ’〉
j

u[xn(t),t]

w’2 u’2

W, V
w’1
U

u’1

Figure 15: As a particle with index n travels through different grid cells of
the computational domain, it encounters different fluid-phase statistics hui and
hu0i u0j i with different eigensystems W and V of the Reynolds-stress tensor U
with elements hu0i u0j i. The ellipses represent the joint PDF of the fluid phase
velocity u.

through the computational domain. The transformation (47) ensures that the
mean and the covariances of un are equal to hui and hu0i u0j i, respectively.
For the correlation time scale TL∗ , a model was proposed that accounts for
preferential concentration effects important at intermediate Stokes numbers
[pages 258–259 in appendix C.1]. In the limit of St → 0 and ∞, TL∗ is determined by TL and the Eulerian correlation time scale TE resulting from the
relative velocity vn (t)−hu(xn , t)i and the spatial fluid-phase velocity correlation
function [Pope, 2000, page 223]. Away from these limits, He et al. [2005], Jung
et al. [2008] have investigated the influence of preferential concentration on TL∗
by means of one-way coupled DNS valid for Φv and Φm ≈ 0. They have found
that preferential concentration leads to a strong prolongation of the correlation
time scale and have proposed an empirical expression that reflects this behavior
and recovers TL and TE in the limits of small and large St [Jung et al., 2008,
equation (29)]. In our work, we have extended this expression by accounting for
mass loadings Φm ≥ 0 leading to
 

2
St
1
1 + (0.025St)1.5 TE /TL
TL∗
= 0.245 exp ln
(1 + CT 2 Φm ) +
, (48)
TL
CT 1 1.3
1 + (0.025St)1.5

where CT 1 and CT 2 are model parameters [equation (2.24) in appendix C.1].
The outlined Lagrangian model for the two-way coupling terms in equations (44) and (45) was validated with the well-documented DNS study by
Boivin et al. [1998]. They have simulated forced homogeneous isotropic turbulence with particles of ρp /ρ = 2000, Stokes numbers in the range from 1 to 15,
and mass loadings from zero to one. For the cases inspected, the Reynolds-stress
transport equation reduces to
dk
= Pf − ε + PSt = 0
dt

(49)

for the turbulent kinetic energy k ≡ hu0i u0i i/2. Equation (49) includes the artificial forcing term Pf and the extra dissipation term PSt ≡ Φm hu0i fi i. Boivin
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gravity
〈u’1u’1〉≥〈u’2u’2〉

Reynolds
stresses

x1

〈u’1u’1〉=〈u’2u’2〉
=〈v’1v’1〉=〈v’2v’2〉 0

〈u1〉

〈v1〉

mean flow
〈u〉 water
〈v〉 particles
x2

Figure 16: Water flow in a vertical channel with suspended particles as studied
by Poelma et al. [2007] (adapted from [Reinhardt et al., 2013, figure 1] with
permission). At the origin x1 = 0, the Reynolds-stress tensor is isotropic but
becomes anisotropic downstream for x1 > 0.

et al. have reported all components of the energy budget (49) together with
the turbulence intensity k at which the forcing input Pf is balanced by the
dissipation resulting from ε and PSt . In our simulations, the dissipation rate is
modeled by
20 k 2
(50)
ε=
3 Re2λ ν
resulting from the definition of the Taylor-scale Reynolds number Reλ [Pope,
2000, equation (6.64)]. Values for Reλ and Pf were taken from the data reported by Boivin et al. [1998]. The extra dissipation term was calculated from
particle statistics with the outlined models for the seen velocity un (t) and TL∗ .
Details about the numerical implementation are provided in section 3.1.2 of
appendix C.1. The predictions of the extra dissipation term and the resulting
stationary turbulence levels k are in very good agreement for all six cases inspected by Boivin et al. [figures 2 to 5 in appendix C.1]. Especially for particles
with Stokes numbers close to 1, it was found that the refined correlation time
scale model (48), that accounts for preferential concentration effects, is crucial
[figure 6 in appendix C.1].

13.2

Anisotropic Reynolds-stress dissipation

Poelma et al. [2007] have investigated a particle laden turbulent flow in a vertical
water channel as illustrated in figure 16. To avoid wall effects, their analysis was
focused on the flow in the center of the channel. Both phases have a constant
mean velocity in upward direction, but due to the gravitational pull, on average,
the heavy particles move slower than the fluid phase, |hui − hvi| 6= 0. A grid
placed in upstream direction is used to generate fluid-phase turbulence. The
particle phase is characterized by the following parameter magnitudes, St ≈ 0.1,
ρp /ρ ≈ 3, and Φm ≈ 0.5%. Poelma et al. have found that the gravity-induced
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relative motion between the fluid and particle phases leads to anisotropies in the
Reynolds-stress dissipation tensor εij and as a result in the Reynolds stresses
hu0i u0j i. Based on their observations, we have formulated a model for εij that
reproduces the observed anisotropies for different Stokes numbers and volume
loadings [Meyer, 2012, Reinhardt et al., 2013]. The basic model concept was
introduced by Meyer [2012] and an equivalent but more compact formulation was
presented by Reinhardt et al. [2013]. In the following, the compact formulation
is outlined.
For the modeling of anisotropy in εij resulting from the particle phase having
a mean relative motion with respect to the fluid phase, i.e., |hui−hvi| =
6 0, Meyer
[2012] and Reinhardt et al. [2013] have introduced the dissipation tensor


2ε
(hui i − hvi i)(huj i − hvj i)
+
δ
εij = (κ − 1)δij + 3(1 − κ)
,
(51)
ij
|hui − hvi|2
3
where δij is the Kronecker delta. In expression (51), κ acts as a blending
factor between the standard isotropic model applied in turbulence modeling,
i.e., εij = 23 εδij [Pope, 2000, page 388], and an anisotropic tensor based on the
relative velocity hui − hvi. A short discussion about the choice of this tensor
is included after equation (4) of appendix C.2. A tensor of similar form is, for
example, used to model anisotropic dispersion in subsurface flows [Bear, 1972,
equation (10.4.15)].
s
|hui − hvi| η
p
κ ≡ 1 + Ca Φm
(52)
2k/3 d

is governing the amount of anisotropy in εij and depends on the mass loading,
the normalized mean velocity difference between the phases, and the normalized
particle diameter [equation (2.27) in appendix C.1]. The parameter Ca is a
model constant. For hui = hvi, equation (52) leads to κ = 1 and the standard
isotropic model in expression (51) is recovered, whereas |hui − hvi| =
6 0 leads to
κ > 1 and eventually to an anisotropy in εij that is aligned with hui − hvi. In
addition to the RANS-based formulation presented here, a model formulation
for PDF methods in connection with the GLM (see SDE (8) on page 10) was
outlined [section 2.4 in appendix C.1].
To validate our model, we have performed numerical simulations of the setup
studied by Poelma et al. [2007] with the RANS approach given by equations (44)
and (45). Due to the small mass loadings investigated by Poelma et al., the
contributions of the two-way coupling terms involving Φm are small and were
neglected in equations (44) and (45). This simplification was verified in section 3.2.3 of appendix C.1. Details about the turbulence models that were
applied to close, for example, the velocity-pressure-gradient term Πij and the
computational implementation are provided in section 4 of appendix C.2. Very
good agreement was found for the Reynolds-stress evolutions of all five configurations inspected by Poelma et al. [section 5 in appendix C.2]. The parameters
of the different configurations are summarized in table 2 of appendix C.1.

59

14

Summary

Particle-laden flows are important in environmental and engineering applications. Turbulence modulation effects are relevant in many of these flows. In
connection with a RANS–Lagrange modeling framework, closures were proposed
that account for turbulence attenuation effects and anisotropy in the Reynoldsstress tensor. The latter is resulting from mean relative velocities between the
particle and fluid phases. The accuracy of both models was inspected by means
of suitable test cases that reveal model errors unambiguously. Both models
were found to provide accurate results for a range of particle parameters and
loadings.
An obvious next step would be the application of the outlined models for
more complex flows. This might include polydisperse particles. Here, the Lagrangian model for the two-way coupling terms in the RANS and Reynoldsstress equations can be applied in unchanged form. However, the anisotropy
factor κ in the dissipation tensor model has to be generalized. One possible
option that can account for polydisperse particles was suggested in section 4
of appendix C.1. Finally, for the inclusion of turbulence augmentation due to
particle wakes, additional modeling is required.
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Part IV

Appendices

A

Modeling turbulent mixing of fluid particles

In the following sections, three journal articles are included that deal with the
modeling of molecular mixing in the context of joint velocity–scalar PDF methods. PDF methods are applied to simulate the statistical behavior of turbulent
flows.

A.1

A new particle interaction mixing model for turbulent
dispersion and turbulent reactive flows

The journal article [Meyer, 2010] contained in this section presents a new mixing
model that mimics the temporal scalar evolution of a fluid particle. The new
model is based on the PSP mixing model [Meyer and Jenny, 2006] and resolves
certain deficiencies thereof. For example, unlike the PSP model, it satisfies the
independence and boundedness requirements. Besides the model formulation,
the article contains an extensive model validation study. Moreover, a velocityconditional extension of the widely used modified Curl mixing model [Janicka
et al., 1979] is presented and successfully tested. The article was published in
March 2010 in Physics of Fluids.
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A new particle interaction mixing model for turbulent dispersion
and turbulent reactive flows
Daniel W. Meyera!
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!Received 11 February 2009; accepted 20 January 2010; published online 11 March 2010"
Probability density function !PDF" methods are an established tool applied for the simulation of
turbulent mixing and turbulent reactive flows. Mixing models are required to close the molecular
diffusion term in the PDF transport equation. From the nature of molecular diffusion, several
requirements or design criteria can be derived for mixing models. All current models have certain
shortcomings with respect to these requirements. A new mixing model is presented which fully
satisfies almost all requirements. It conserves the mean of an inert scalar, reduces its scalar variance,
and relaxes closely to a Gaussian scalar PDF. Multiple inert scalars without differential diffusion
effects evolve independently and are kept bounded within their allowable region. Mixing is
conditional on the velocity and particle scalar trajectories are continuous in time leading to a model
that is local in a weak sense. Validation tests show that the model can reproduce differential
diffusion effects and mixing rate dependencies due to variable initial scalar length scales or
Reynolds and Schmidt number variations. © 2010 American Institute of Physics.
#doi:10.1063/1.3327288$
I. INTRODUCTION

Scalar and joint velocity-scalar probability density function !PDF" methods are widely used for the simulation of
turbulent mixing and turbulent reactive flows.1,2 In the scalar
PDF method, a transport equation for the scalar PDF is
solved. A scalar can represent a temperature or a concentration of a chemical species. In a reactive flow, the scalar PDF
is required for the closure of the average chemical source
terms. These terms appear in the Reynolds averaged scalar
conservation equations and influence through density effects
the flow field. Alternatively, the joint velocity-scalar PDF
method was developed by Pope and co-workers.3–5 Both
PDF methods require a so-called mixing model to close the
molecular diffusion term. This term plays a central role in the
scalar PDF evolution and in reactive flows, it also affects the
flow field. Mixing models are therefore a crucial component
in a PDF method.
The earliest and simplest mixing models are Curl’s coalescence and dispersion !CD" model6 and the interaction by
exchange with the mean !IEM" model by Villermaux and
Devillon7 from 1963 and 1972, respectively. Later, Janicka
et al.8 proposed a modified version of Curl’s CD !MCD"
model. Based on Ottino’s research that dealt with molecular
mixing in lamellar scalar structures,9 Fox10 developed a stochastic mixing model that was derived from a Fokker–
Planck !FP" equation. In contrast to Fox’s FP based model,
the mapping closure !MC" model of Pope11 is purely deterministic. The MC model is applicable for single-scalar mixing and an extension of this model for multiple scalars based
on Euclidean minimum spanning trees !EMSTs" was suggested by Subramaniam and Pope.12 Recently, Meyer and
a"

Electronic mail: meyerda@stanford.edu.

1070-6631/2010/22#3!/035103/17/$30.00

Jenny13–16 outlined a mixing model that is based on an ensemble of parametrized scalar profiles !PSPs".
To guide the design process and to assess mixing model
performance, a catalog of requirements was composed.
These requirements were derived from the characteristics of
molecular diffusion. For example, the mean of an inert scalar
must be conserved by a mixing model and molecular mixing
must be uncorrelated with the velocity at high Reynolds !Re"
numbers. Lists of these requirements were provided and discussed in Ref. 12 and in Sec. 6.6 of Ref. 17. For quantitative
validations of mixing models, direct numerical simulations
!DNSs" involving inert scalars were performed by Eswaran,
Juneja, Overholt, and Pope.18–20 Reviews about mixing models were compiled by Janicka et al.,8 Dopazo,21 Subramaniam and Pope,12 and Meyer and Jenny.13,14
Most of the mixing models considered so far were concerned with the scalar PDF method. However, in the context
of the joint velocity-scalar PDF method, the complexity of
the problem increases. The unclosed molecular diffusion
term in the joint scalar or joint velocity-scalar PDF transport
equations contains a conditional mean of the scalar diffusion
rate. In the scalar PDF transport equation #Eqs. !12" and
!6.27" in Refs. 8 and 17, respectively$, this mean is conditional on the scalar only, i.e., %!"2"! & #'. Here, ! is the
diffusion coefficient, "! ( " − %"' is the fluctuating part of
the scalar, and # is the scalar sample space coordinate. In the
joint velocity-scalar PDF transport equation #Eq. !3.109" in
Ref. 3$, however, the velocity sample space vector V is included in the conditioning, i.e., %!"2"! & V , #'. A physical
explanation for this was given by Fox !p. 2679 in Ref. 22":
“Conceptually, one can think of velocity-conditioned scalar
mixing as occurring between fluid elements that arrived in
the same physical eddy, while unconditional scalar mixing
occurs between all fluid elements regardless of their origin.”
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TABLE I. Mixing model assessment based on the requirements listed by Subramaniam and Pope !Ref. 12" and
Fox !Ref. 17". The symbols !, !, and $ refer to requirements that are completely, partly, and not fulfilled,
respectively. The accuracy of a mixing model that includes initial scalar length scale dependencies, and Re, Sc
or Pr number effects depends on the corresponding mixing time scale model.
IEM

CD

MCD

FPa

MCb

EMST

PSP

M

Conservation of mass
Decay of variance
Approach a Gaussian
Boundedness

!
!
$
!

!
!
$
!

!
!
$
!

!
!
!

!
!
!
!
!

!
$
!
!
!

!
$
!
!
!

!
!
!
!
$
!
$
!
!

!c
!
!
!e
$
!

!

Independence
Localnessg

!
!
!
!
%
!
$
!
!

Requirement

Condition on velocityh
Length scale dependencej
Re, Sc, or Pr effectsk

*
*
!
!
!
!

*i
!
!

!
!d
!
!f
!
!
!
!

For requirements with *, demonstrations for general cases are outstanding.
The MC is a single-scalar mixing model.
A correction mechanism is required and available !Secs. III B 2 and III B 3 in Ref. 15".
d
Satisfied to a good approximation.
e
For one scalar this requirement is always satisfied and for multiple scalars fulfilled in the limit of an infinite
particle ensemble.
f
Scalar-individual mixing-time-scale models introduce a coupling between scalars.
g
Models with ! have continuous trajectories in scalar space over time.
h
Model variants that incorporate velocity conditioning are directly included. For example, the IECM model is
included through the IEM column.
i
A demonstration is outstanding, but generally the same approach as for the new mixing model !M" seems
applicable.
j
Models with ! cannot incorporate individual initial scalar length scale effects for different scalars.
k
Models with ! cannot incorporate scalar-individual effects for multiple scalars !e.g., differential diffusion".
a

b
c

Moreover Pope wrote similarly !p. 172 in Ref. 3": “Molecular mixing is a microscale process. When a fluid particle’s
composition changes, it does so by molecular exchange with
neighboring fluid particles. The velocities of neighboring
fluid particles—or even of particles separated by the Kolmogorov scale—are strongly correlated.” An example that
involved a one-step reaction mechanism and a velocityconditional mixing model was provided by Hulek and
Nevertheless,
in
most
combustion
Lindstedt.23
applications,24,2,25 mixing models developed for the scalar
PDF method were often combined without additional measures with a joint velocity-scalar PDF method. Thus, as implied by the quote of Fox, mixing rates are overestimated
#Eq. !5.183" in Ref. 3$ and a spurious sink term in the scalar
flux evolution equation is resulting #p. 307 in Ref. 26 or Eq.
!86" in Ref. 27$. Pope26 related these observations with the
velocity-conditioned scalar diffusion rate and showed that it
tends to zero for Re and Peclet numbers going to infinity, i.e.,
%!"2" & V' = 0. This is supported by the DNS data of Overholt and Pope.20 The reported condition is slightly modified
by subtracting !"2%"', which is usually neglected in turbulent flows #Eq. !7" in Ref. 26 or Eqs. !12.322" and !12.326"
in Ref. 28$. This leads to %!"2"! & V' = 0, which serves as an
additional requirement for mixing models in the joint
velocity-scalar PDF context !p. 308 in Ref. 26".
Mixing models that honor this requirement and that are
based on Curl’s model6 were sketched out in Sec. 5.6 of Ref.
3. In the original and the modified Curl’s models,8 the mixing process is modeled by the instantaneous merging of randomly selected particle pairs in scalar space. Pope suggested
to select particle pairs that are neighboring in velocity space

or alternatively, to make the mixing rate of each particle pair
dependent on the velocity difference between the two particles. The latter was implemented and tested by Song29 in a
homogeneous turbulent flow with a mean scalar gradient.
Pope27 analyzed the scalar flux evolution that is implied by
the IEM model. He showed that a model extension, where
the scalar mean is replaced by the velocity-conditioned scalar
mean, is consistent with local isotropy at large Re numbers.
A generalized version of the interaction by exchange with the
conditional mean !IECM" mixing model was outlined by
Fox.22 Fox’s model is a blend of the conventional IEM and
the IECM. The blending parameter determines depending on
the Re number the amount of local scalar anisotropy. In
Fox’s work, a validation study was provided, which involved
statistically homogeneous turbulent mixing scenarios. Numerical algorithms for the efficient calculation of the
required conditional scalar mean were outlined in Refs. 30
and 22.
In Table I, we assess the listed mixing models with respect to the catalog of model requirements. This assessment
shows that an ideal mixing model that satisfies all requirements and that provides accurate results efficiently is still
unavailable.
Recently, several articles30–33 dealing with turbulent
mixing of passive tracers were published. In the reported
simulations, the IECM model was used and a limited set of
scalar moments were validated with experimental or DNS
data. Deviations in the higher moments were observed. The
shape-preserving character of the IEM model3 most likely
contributed to these deviations: In statistically homogeneous
turbulence, the IEM model predicts that the shape of the
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scalar PDF remains unchanged and does not approach a
Gaussian as found in experiments and DNS studies !Fig. 6 in
Ref. 13".
These recent examples underscore the need for an improved mixing model. In the present paper, an attempt is
made to develop an accurate and computationally efficient
mixing model that honors the mentioned requirements. In a
first step, simplifications are proposed that resolve certain
flaws of the PSP mixing model. The new model maintains
the accuracy and computational efficiency of the PSP model
while approaching a Gaussian scalar PDF and honoring the
boundedness requirement. Second, generalizations are introduced that enable the modeling of differential diffusion and
honor in a joint velocity-scalar PDF method the corresponding joint statistics.
All mixing models require a mixing time scale to characterize the mixing rate. This time scale is influenced by Re,
Schmidt !Sc", or Prandtl !Pr" number effects, and the scalar
length scale spectrum. In this work it is assumed that such a
model is available. In most applications, the mixing time
scale is set proportional to the turbulence time scale #Eq.
!5.22" in Ref. 3$. Fox’s spectral relaxation !SR" model34 is a
more sophisticated model for the mixing time scale. Models
for turbulent dispersion applications were documented by
Cassiani et al.33 !Sec. 3" and Sawford32 !Sec. II D".
The present paper is structured as follows: In Sec. II A,
the joint velocity-scalar PDF method is outlined and the mixing closure problem highlighted. The formulation of the new
mixing model is provided in Sec. II B. In Sec. III, the characteristics of the new mixing model were validated with respect to the requirements listed in Table I. To assess accuracy
and computational efficiency, the model was validated with
DNS data. The corresponding results are presented in Sec.
IV. The test cases focus on the physics of molecular mixing
and consequently, are restricted to inert scalars. This includes
the so-called three-stream problem of Juneja and Pope,19
which involves two inert scalars, and the inhomogeneous
mean scalar gradient test case studied by Overholt and
Pope.20
II. FORMULATION
A. PDF method

Pope3 derived the transport equation

$ f 1 %p' $ f
$f
$f
$f
+ Vi
=
− '"2%Ui'
− ! !("" 2% " ('
$ xi & $ xi $ Vi
$t
$ Vi
$ #(

)*

+ + ,-

$ "(
+ U · " " ( = ! !("" 2" ( + S (! " "
$t

!2"

appears in closed form. However, the conditional average of
the scalar diffusion rate %!!(""2"(! & V , !' requires multipoint
statistics. These statistics are not provided by the one-point
PDF f!V , ! ; x , t" and consequently, mixing models are required to close this term. These models are based on
f!V , ! ; x , t" and a model for the mixing time scale. In the
joint velocity-scalar PDF method, Eq. !1" with the unclosed
terms replaced by corresponding models is solved.
For the numerical solution of the resulting modeled PDF
transport equation, particle-based methods are used:35 An ensemble of notional particles is evolved in physical space,
velocity, and scalar sample space by so-called stochastic and
ordinary differential equations !SDEs and ODEs". For example, the ODE for the reactive scalar "( reads
d"(!i"
1
= !!(""2%"(' − r!("%)'!"(!i" − %"('" + S(!"!i"",
2
dt
!3"
where the superscript i identifies a certain particle and the
second term on the right hand side represents the IEM mixing model. Here, the mixing time scale of scalar ( was related to the turbulence time scale or more precisely, the inverse average turbulence frequency 1 / %)' through the
mechanical-to-scalar time scale ratio r( = r(!x!i" , t". Based on
a suggestion by Spalding #Eq. !5.22" in Ref. 3$, this time
scale ratio is often modeled with a constant. Alternative mixing time scale models were mentioned in Sec. I. In a socalled particle-mesh method, the physical space is discretized into grid cells and within each of them spatial
independence of the PDF !homogeneity" is assumed. For
example, the mean value in a certain grid cell is then estimated by
n

1 p !i"
% " (' = . " ( ,
n p i=1

1 p!
$
−
f ' " 2u i −
V, !
$ Vi
& $ xi
−

time, p is the pressure, ' is the kinematic viscosity, u and p!
are the fluctuating velocity and pressure components, respectively, and !( is the diffusion coefficient for the scalar component with index (. In this equation, Einstein’s summation
convention is implied for unbracketed repeated indices. In
Eq. !1", the reactive source term with S( from the scalar
conservation equation

$
$
!f%!!(""2"(! &V, !'" −
#fS(!!"$
$ #(
$ #(
!1"

for the joint velocity-scalar PDF f!V , ! ; x , t" #Eq. !3.109" in
Ref. 3$. In this equation, " ( !"1 , . . . , "( , . . . , "ns"T is the
scalar vector involving ns scalars, ! is the corresponding
sample space vector, "(! ( "( − %"(' is the fluctuating part of
the scalar component (, x is the spatial coordinate, t is the

!4"

where n p is the number of particles in that cell.
For inert scalars, statistically homogeneous scalar and
flow fields, and a Gaussian scalar PDF, the IEM mixing
model and Spalding’s suggestion are exact !as is shown in
Ref. 11". The resulting variance decay is given by
d
ln%"(!2' = − r(%)'.
dt

!5"
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FIG. 1. Simulation of single-scalar mixing with a mean scalar gradient.
Scalar trajectories !a" of particle i !solid line", the corresponding drift particles m !dashed line" and n !dashed-dotted line", and !b" the associated drift
particle lifetimes.

B. Mixing model

In this section, a new mixing model that is based on the
PSP mixing model by Meyer and Jenny15 is outlined. In the
new model, similarly to the IEM mixing model, the scalar
change is given by

)

-

d"(!i"
"!m" + "(!n"
1
= − Crr!("%)' "(!i" − (
,
2
2
dt

!6"

where Cr is a model constant. In expression !6", particles i,
m, and n from the grid-cell ensemble interact. The particles
with indices m and n shall be called drift particles since they
form in Eq. !6" the center in scalar space where "!i" drifts to.
The indices m and n are %i. A certain lifetime is associated
with every drift particle. If the lifetime of a drift particle has
elapsed, a new particle is randomly selected replacing the
previous one. An example that illustrates the dynamics of the
drift particles and their lifetimes is shown in Fig. 1. In the
random selection process for the drift particles, every particle
from the ensemble in the grid cell !excluding particle i" is
equally probable.
The lifetime of a new drift particle is initialized to
1 / !Cr!r̄)!i"". Here, Cr! is a second model constant,
n

1 s
r̄ ( . r(
ns (=1

!7"

is a scalar-averaged mechanical-to-scalar time scale ratio,
and )!i" is an instantaneous turbulence frequency. For )!i",
the gamma-distribution model developed by Jayesh and
Pope36 is used. In the joint velocity-scalar PDF method or
more precisely the joint velocity-scalar-frequency PDF
method, this is a standard model to determine a turbulence
time scale distribution.
Due to turbulent advection, particle i and the drift particles m and n may get convected into different computa-

tional grid cells. Mixing of particles from different grid cells,
however, reduces the spatial resolution of the particle-mesh
method since it implies spatial homogeneity of the scalar
PDF over multiple grid cells. This computational issue is
resolved by replacing drift particles that no longer reside in
the same grid cell by particles from the grid-cell ensemble of
particle i. To make sure that the drift particle dynamics are
determined by the life-cycle process and remain independent
of the grid resolution, a replacement particle from the new
grid cell should have ideally the same or at least very similar
properties as its predecessor.
In summary, the proposed mixing model requires for every particle i a turbulence frequency )!i" and the scalar values "!m" and "!n" of two drift particles m and n from the
particle ensemble of the grid cell where particle i resides.
Each drift particle has a corresponding lifetime. The model
constants Cr and Cr! determine together with a model for the
mechanical-to-scalar time scale ratio r(!x!i" , t" the mixing
rate.
For deterministic models, e.g., the IEM or the MC mixing models, the specification of boundary or initial conditions is limited to the joint scalar PDF. For example, at a
boundary, we have "+ = "!i", where "+ represents the scalar
vector of a fluid particle consistent with the scalar PDF at the
boundary. In the new model, the joint statistics of the scalars
and the scalar diffusion rates !!(""2"(! can be taken into
account: In addition to "+ = "!i" the drift particles m and n
can be selected such that

)

"!m" + "(!n"
1
!!!(""2"(! "+ / − Crr!("%)' "(!i" − (
2
2

-

!8"

is approximately satisfied. Therefore, in the new model, the
notional particles reflect better the physical behavior of fluid
particles. Lifetimes of drift particles for boundary or initial
conditions are initialized with * / !Cr!r̄)!i"", where * ! #0 , 1$ is
a uniformly distributed random number. This renders the current state of the drift particle life-cycle random.
III. VALIDATION MIXING MODEL REQUIREMENTS

In Secs. III A–III G, it is verified if the outlined mixing
model satisfies the model requirements that were introduced
in Sec. I !Table I". Differences between the present mixing
model and the PSP model are mentioned where relevant. A
formal proof concerning the decay of an inert scalar to a
Gaussian as observed in the DNS studies by Eswaran,
Juneja, Overholt, and Pope18–20 is not provided. However, in
Sec. IV, this is verified in different numerical tests. The performance of the new model is summarized in Table I !column M".
A. Conservation of mass

Averaging Eq. !6" leads to

)

-

1
% " (' + % " ('
d%"('
= − C rr !("% ) ' % " (' −
=0
2
2
dt
and consequently the mean value of an inert scalar is not
changed by the mixing model.
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In the PSP model #Eq. !9" or Eq. !17" in Ref. 15 or Ref.
13, respectively$, individual frequencies )!i" were used instead of the average value %)' for every particle. Thus the
scalars "(!i" and the turbulence frequency )!i" become correlated and a correction mechanism had to be introduced to
make the PSP model mass conservative.
B. Decay of variance

Multiplication of Eq. !6" by "(!i" and averaging results in
d%"(2 '
dt

)

= − Crr!("%)' %"(2 ' −

%"(!i""(!m"'

0 )

= − Crr!("%)'%"(2 ' 1 −
+

%"(!i""(!n"'
%"(2 '

-1

+
2

%"(!i""(!n"'

-

1 %"(!i""(!m"'
2
%"(2 '
!9"

.

Based on the Cauchy–Schwartz inequality #Eq. !3.94" in Ref.
28$ and with m % i and n % i we have for the correlation
coefficients

+

%"(!i""(!m"'
%"(2 '

+

+1

and

+

%"(!i""(!n"'
%"(2 '

+

+ 1.

C. Boundedness

The drift particles "!m" and "!n" are part of the particle
ensemble. For equal mechanical-to-scalar time scale ratios r(
and inert scalars, the particle composition "!i" moves toward
the drift center that is located in between the drift particles.
Thus the particle composition cannot escape the convex hull
formed by the particle ensemble and therefore remains inside
the allowable region.
More rigorously, Subramaniam and Pope12 formulated
the boundedness requirement for equal mechanical-to-scalar
time scale ratios r( = r with

-!i" . 0 and

and the conditions
!10"

np

-!i" = 1.
.
i=1

This is Eq. !18" in their work and q is a time-step index.
Based on the mixing model expression !6", we can write

"(!i"q+1 = "(!i"q −

)

Cr/t !i"q 1 !m"q 1 !n"q
"( − "( − "(
2
2
0"

-

with the mixing time scale 0" = 2 / !r%)'". This leads to

-!i" = 1 −
and

Cr/t
,
0"

-!m" = -!n" =

Cr/t
,
20"

∀ j " 2i,m,n3.

These coefficients satisfy for /t 1 0" / Cr both conditions in
Eq. !10".
In the multiscalar PSP mixing model, the correction
mechanism that was introduced to conserve the scalar mean
!Sec. III A" violates the boundedness requirement for finite
particle ensembles.
D. Independence and linearity

For equal r(, the evolution of the inert scalar "( given
by Eq. !6" is independent of the other scalars "2 with 2
% (. This is in agreement with the diffusion equation for
inert scalars. In the PSP mixing model, the scalar vector " is
used for the selection of drift particles and therefore independence is violated. Subramaniam and Pope12 #Eq. !24" on p.
494$ have shown that with equal r( independence is a necessary and sufficient condition for linearity.
For unequal r(, independence is violated by the suggested mixing model. This is because r̄ #definition !7"$ used
in the drift particle life-cycle process of "( introduces time
scale information from other scalars, i.e., r2 with 2 % (.
E. Localness

Consequently, the last factor on the right hand side of Eq. !9"
is greater than zero. Finally, with Crr!("%)' , 0 we have
d%"(2 ' / dt + 0, which means together with d%"(' / dt = 0 that
the scalar variance, %"(!2' = %"(2 ' − %"('2, decreases.

"(!i"q+1 = -!i""(!i"q

-!j" = 0

The mixing model equation !6" provides temporal scalar
evolutions that are differentiable once. Consequently, the
scalar trajectories are continuous in time !Fig. 1" and therefore the mixing model is local in a weak sense. Strong
localness,12 which means that particles mix with other particles in their immediate neighborhood in scalar space, is not
fulfilled.
F. Conditioning on velocity

It was shown in Sec. III A that the mixing model given
by expression !6" does not change the scalar mean, i.e.,
%!"2"!' = !"2%"!' = 0. In the joint velocity-scalar PDF
method, the requirement for the conditional mean
%!"2"! & V' = 0 !introduced in Sec. I" is satisfied too, if the
drift particles m and n have the same velocity as particle i:
Averaging Eq. !6" over all particles with a velocity U!i" = V
leads to

)

-

%"&V' + %"&V'
1
− Crr%)' %"&V' −
=0
2
2
since the velocities of the drift particles U!m" = U!n" = U!i" = V.
This reasoning is in line with the generalization of Curl’s
model suggested by Pope3 !see Sec. I". For the newly suggested mixing model, this implies that the selection of drift
particles should enforce the condition U!m" = U!n" = U!i". Once
a drift particle has to be renewed, this condition is approximately satisfied by selecting the particle m, where !U!m""2
− !U!i""2 is smallest. This requires the calculation of n p distances in velocity sample space. In an alternative approach,
nv particles are selected from the grid-cell ensemble, with
particle i excluded. Here, nv is an additional model constant,
the selection of each particle is equally probable, and repeated selections of the same particle are possible. In veloc-
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ity sample space, the distances of these nv particles to U!i"
are calculated and the particle with the shortest distance is
selected. If nv + n p as will be demonstrated in Sec. IV B, the
second procedure is computationally more efficient. One can
think of nv as the length of a ranking list. The entries in the
list are randomly selected from the particles in the grid cell
and the particle that is closest to U!i" is at the top. The longer
the list, the more probable it gets that a neighbor of particle
i is at the top. Both procedures are also applicable in the Curl
models, for the selection of the second particle in a mixing
particle pair.
Note that after a new drift particle was initialized with,
e.g., U!m" / U!i", the velocities U!m" and U!i" will increasingly
deviate over the lifespan of the drift particle m. The role of
the lifespan parameter Cr! and nv is investigated in more
detail in Sec. IV.

φ1(x,0)

f(ψ;x,0)

φ2(x,0)

A

B

C

G. Dependence on initial scalar length scales and Re
and Sc numbers

Dependencies of the mixing rate on the initial scalar
length scales, and the Re and Sc numbers can be incorporated with a suitable model for the mechanical-to-scalar time
scale ratio r( !e.g., Fox’s SR model34" and by matching the
joint statistics of the scalar and the scalar diffusion rates !end
of Sec. II B".

The following DNS comparisons demonstrate the accuracy and computational efficiency of the suggested mixing
model. The statistically homogeneous and inhomogeneous
test cases focus on the performance of the mixing model.
A. Three-stream problem

In statistically homogeneous isotropic turbulence, the
transport equation !1" for statistically homogeneous inert
scalars reduces to
with

ψ2

D

0

-0.8
-1.2

0

ψ1

1.2

FIG. 2. The first two columns show density plots of planar slices through
the initial scalar fields "1!x , 0" and "2!x , 0". Contour plots of the corresponding joint scalar PDFs are shown in the third column. The ten contour
levels range from 0.01 to 1 !black" and represent the PDF normalized by its
maximum value. The rows correspond to different length scale pairs listed in
Table II.

IV. VALIDATION WITH DNS DATA

$f
$
#3(!!,t"f$
=−
$t
$ #(

1.4

3(!!,t" ( %!!(""2"(! &!'
!11"

for the joint scalar PDF f!! ; x , t" = f!! ; t". Equation !11" is
exact and describes the evolution of the scalar PDF due to
the unclosed molecular mixing term solely. Therefore, the
underlying mixing scenario is ideally suited for the validation of mixing models. DNS reference data for this case were
made available for two scalars by Juneja and Pope.19 At the
beginning of each DNS, the scalar field is composed of pockets of three different mixtures !Fig. 2". Therefore, this case is
usually referred to as the three-stream problem.37 Juneja and
Pope studied the effect of differential diffusion and the influence of the dominant initial scalar length scale on the mixing
dynamics. They performed short-term simulations !R92" for
a Taylor-scale Reynolds number Re4 = 92.4 together with

long-term simulations !R48" at a reduced Reynolds number
Re4 = 48.6. Based on the statistics from the R92 simulations,
the behavior of the bivariate scalar PDFs was investigated,
whereas the R48 simulations were used to monitor the evolutions of statistical moments and the mechanical-to-scalar
time scale ratios r(. It was found that the observed scalar
PDF evolution stages were almost not influenced by Re4
!end of Sec. IV A in Ref. 19". Therefore, since we are interested in both the short- and long-term dynamics of the scalar
PDF and scalar moments, we focus on the setup of the R48
simulations. The corresponding simulation parameters are
summarized in Table II. In this table the so-called selected
wavenumbers ks for scalars 1 and 2 are provided #for a definition, see Eq. !11" in Ref. 19$. These wavenumbers are inversely proportional to the initial scalar length scales as is
shown in Fig. 2, where the initial scalar distributions are
shown. With the Prandtl numbers Pr1 and Pr2 and the kinematic viscosity ' = 0.025 !specified in Tables 2 and I in Ref.
19, respectively" the diffusion coefficients !1 and !2 can be
calculated.
For the mixing scenario under consideration, SDE !6"
and the gamma-distribution model of Jayesh and Pope36 simplify to

Downloaded 17 Jul 2013 to 82.130.106.104. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://pof.aip.org/about/rights_and_permissions

035103-7

Phys. Fluids 22, 035103 #2010!

A new particle interaction mixing model
TABLE II. Scalar field parameters of the different DNS cases in Ref. 19.
Case

A

B

C

D

E

!ks / k0"1
!ks / k0"2
Pr1

4
4
0.7
0.7

8
8
0.7
0.7

2
2
0.7
0.7

2
4
0.7
0.7

4
4
0.7
0.35

Pr2

)

-

"!m" + "(!n"
1
d"(!i" = − Crr!("%)' "(!i" − (
dt
2
2
d)!i" = − !)!i" − %)'"
with

dt
+
T)

4

and

252%)')!i"
dW!t"
T)

!12"

T)−1 ( C3%)'.

The simplified form of the turbulence frequency model leads
to a random process with a stationary gamma distribution
with a mean %)' and variance %)!2' = 52%)'2. The model parameters 5 and C3 determine the variance and time scale,
respectively, of the turbulence frequency model.
1. Numerical methods

To initialize the scalars and the mixing model properties
of the particle ensemble, in a first step, the initial scalar distributions displayed in Fig. 2 were generated with the spectral algorithm outlined in Sec. III of Ref. 19. These distributions were represented by an ensemble of fluid particles and
they provided the joint statistics of the scalars "( and the
scalar diffusion rates !!(""2"(! . In a second step, for every
notional particle a fluid particle was randomly selected and
the scalar values of the fluid particle were attributed to the
notional particle. Subsequently, drift particle pairs were selected several times !as outlined at the end of Sec. II B" and
after a fixed number of trials the drift particle pair that came
closest to satisfying condition !8" was chosen. For the initialization of the turbulence frequency, a suitable gammadistributed random number generator was used.
For the time integration of the scalar equation in the
SDE set !12", the scheme

0 )
)

- 1
-

1
"(!i"q+1 = exp − Crr!("%)'/t − 1
2

"!m"q + "(!n"q
$ "(!i"q − (
+ "(!i"q
2

temporal evolutions are depicted in Fig. 3. Compared to the
DNS, short time fluctuations that are most certainly resulting
from poor statistics were omitted. For large times !t" , 6",
the mechanical-to-scalar time scale ratios r( approach 2.5. In
Fig. 3 and in subsequent plots, the time t" = t / TE was normalized by the eddy turnover time TE = 0.5 s provided in Table
II of Ref. 19.
For the simulations reported in Sec. IV A 2, 1 $ 106 particles were used together with a time-step size /t
= 0.005/ %)' and the mixing model constants Cr = 1.3 and
Cr! = 0.975. These model parameters reproduce the exact scalar variance decay given by Eq. !5" and were calibrated
based on the following results. For the gamma-distribution
model the standard parameter values C3 = 1.0 and 52 = 1 / 4
were used !p. 511 in Ref. 28" and the mean turbulence frequency %)' was set to 0.91 s−1 consistent with the DNS
results19 !Table II".
2. Results

The evolutions of the standard deviation "("
( 4%!"( − %"('"2', the skewness %!"( − %"('"3' / "("3, and the
flatness %!"( − %"('"4' / "("4 are depicted in Figs. 4 and 5, respectively. The model accurately reproduces the influence of
the different initial scalar length scales on the decay rates of
the standard deviations !cases A–D". For case C, no DNS
data for the evolutions of the skewness and the flatness are
available. Differential diffusion effects investigated in case E
seem underpredicted. Unfortunately, the moments provided
in the DNS study show significant fluctuations that are most

8
7
6

!13"

was used #Eq. !22" in Ref. 15$, where /t is the time-step size
and q is the time level. For the integration of the turbulence
frequency, the semi-implicit Milstein algorithm, as outlined
in the Appendix, was applied. The Wiener process W!t" was
discretized by /W!t" = 4/t6!t", where 6!t" is a standard normal random variable #Eq. !3.8.7" in Ref. 38$.
In most cases of the DNS study,19 the mechanical-toscalar time scale ratios r( are not well approximated by constants. Since the development of a mixing time scale model
is not the scope of this work, the r( evolutions reported in
Ref. 19 were used !Fig. 14 in Ref. 19". The corresponding

5
4
3
2
1
0

1

2

3

t*

4

5

6

7

FIG. 3. Temporal evolution of the mechanical-to-scalar time scale ratio r(
based on Fig. 14 of the DNS study !Ref. 19". r1 and r2 of case C and r1 of
case D !solid line"; r1 and r2 of case A, r2 of case D, and r1 of case E
!dashed line"; r2 of case E !dashed-dotted line"; r1 and r2 of case B !dotted
line".
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FIG. 4. Temporal evolution of the standard deviation of the first scalar "1 !solid lines" and the second scalar "2 !dashed lines" for the test cases !a" A to !e"
E. The thick lines represent the mixing model results and the thin lines the DNS predictions !Fig. 12 in Ref. 19". The dotted lines correspond to a decay given
by Eq. !5" with r( = 2.5.

likely due to insufficient statistical resolution. Larger DNS or
averaging over multiple simulations would be required to
become fully conclusive.
For large times, the scalar PDFs in all cases get close to
joint Gaussian PDFs. Gaussianity of the bivariate PDFs
f!! ; t" and the marginal PDFs f!#1 ; t" and f!#2 ; t" is verified
in Fig. 6. Here, the PDFs were plotted at time t" = 8 for the
cases A, D, and E. In a small study, it was investigated if the
asymptotic shape of the scalar PDF is affected by the choice
of the model parameters Cr and Cr!. The corresponding flatness is depicted in Fig. 7 as a function of Cr!. In the underlying simulations, Cr was adjusted such that the correct
asymptotic variance decay rate given by Eq. !5" resulted.

For case A, the evolution of the joint scalar PDF f!! ; t"
at early times is compared to the reference DNS in Fig. 8.
The corresponding marginal PDFs f!#1 ; t" and f!#2 ; t" are
provided in Fig. 9. The distribution of the conditional average scalar diffusion rate vector # = !31 , 32"T in scalar space
! = !#1 , #2"T is provided in Fig. 10. In these figures, the DNS
and the mixing model results are compared for equal values
of the normalized standard deviation "1"!t" / "1"!0". Both
f!! ; t" and #!! , t", depicted in Figs. 8 and 10, respectively,
are in good agreement. A more quantitative evaluation is
performed by comparing the marginal scalar PDFs shown in
Fig. 9. For case B depicted in Figs. 11 and 12, there is very
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FIG. 5. Temporal evolution of the skewness !curves with values +1" and the flatness !curves with values ,1" of the first scalar "1 !solid lines" and the second
scalar "2 !dashed lines" for the test cases !a" A to !e" E. The thick lines represent the mixing model results and the thin lines the DNS predictions !Fig. 11 in
Ref. 19".

good agreement between the model results and the DNS. The
model predictions for case C are provided in Fig. 13. For the
evolutions of f!! ; t" and #!! , t", no DNS reference data are
available. However, the evolution stages of the joint scalar
PDF are very similar to cases A and B: First, mixing takes
place at the interfaces of the mixture patches shown in Fig. 2.
Thus, the peaks present in the initial joint scalar PDF start to
merge pairwise #"1"!t" / "1"!0" = 1 , . . . , 0.8$. This is reflected
by the streamline sections in the #-plots that are parallel to
lines that connect two peaks of f!! ; 0" !Fig. 2". Intermediate
mixtures develop and a more or less uniform triangular PDF
is forming #"1"!t" / "1"!0" = 0.8, . . . , 0.6$. Eventually this PDF
decays to a Gaussian that finally contracts around the scalar

mean %"' #"1"!t" / "1"!0" , 0.6$. The #!! , t"-vectors point in
the direction of the scalar mean and the magnitudes of the
vectors are proportional to the distance &! − %"'& in scalar
space. The results for case D with different initial scalar
length scales are summarized in Figs. 14 and 15. The agreement between the DNS R92D and the mixing model predictions is reasonable. Deviations stem from differences in the
conditional average scalar diffusion rate #!! , t". This behavior can be explained based on the initial scalar PDF f!! ; 0"
!Fig. 2, last row": Compared to the other cases, the peaks in
the initial scalar PDF of case D are much more pronounced.
This reduces the degrees of freedom to select appropriate
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FIG. 6. In the first column the normalized joint scalar PDF f!! ; t" and in the
second column standard normal PDFs !solid lines", the normalized marginal
PDFs f!#1 ; t" !dashed lines" and f!#2 ; t" !dots" are plotted. Rows !a", !d",
and !e" correspond to cases A, D, and E.

drift particles in fulfillment of Eq. !8". In case E, where differential diffusion was investigated, the model predictions
are in good agreement with the DNS. Both the conditional
average scalar diffusion rates provided in Fig. 16 and the
joint scalar PDF displayed in Fig. 17 capture the major dynamics present in the DNS R92E.

0

ψ1

1.2

FIG. 8. Evolution of the joint scalar PDF f!! ; t" for case A; !a" DNS, !b"
mixing model; the ten contour levels range from 0.01 to 1 !black" and
represent the PDF normalized by its maximum value.
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In various DNS studies, e.g., Refs. 39 and 20, the mixing
of passive scalars in statistically stationary homogeneous isotropic turbulence with an imposed mean scalar gradient was
simulated. For this flow configuration, which represents a
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FIG. 7. Scalar flatness !solid line" in the three-stream problem as a function
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correct scalar variance decay is resulting.
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FIG. 10. Evolution of the conditional average of the scalar diffusion rate
#!! ; t" for case A; !a" DNS, !b" mixing model; the ten contour levels range
from 0.01 to 1 !black" and represent &#& normalized by its maximum value;
the streamlines are parallel to #.

building block for more complex inhomogeneous flows, accurately validated turbulent transport models are available
and the joint velocity-scalar statistics are well documented.
Therefore, this mixing scenario is very well suited to validate
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FIG. 12. Evolution of the conditional average of the scalar diffusion rate
#!! ; t" for case B; same as Fig. 10.

mixing models. It is used in this work to verify the joint
velocity-scalar statistics, i.e., %!"2"! & V' = 0, investigate the
role of the model parameters Cr! and nv, study the dependence of the resulting scalar statistics on the number of par-
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FIG. 11. Evolution of the joint scalar PDF f!! ; t" for case B; same as
Fig. 8.
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FIG. 13. !a" Evolution of the joint scalar PDF f!! ; t" and !b" the conditional
average of the scalar diffusion rate #!! ; t" for case C; the ten contour levels
range from 0.01 to 1 !black" and represent in !a" the PDF normalized by its
maximum value and in !b" &#& normalized by its maximum value; the
streamlines in !b" are parallel to #.
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FIG. 14. Evolution of the joint scalar PDF f!! ; t" for case D; same as
Fig. 8.

FIG. 16. Evolution of the conditional average of the scalar diffusion rate
#!! ; t" for case E; same as Fig. 10.

ticles n p, and the scaling of the computational cost with increasing number of particles n p and scalars ns. The joint
velocity-scalar statistics are also verified for the velocityconditional extension of the modified Curl model that was
mentioned in Sec. III F.

Under the outlined conditions with the mean scalar gradient 2 ( $%"' / $x2 and the substitution f!V , # ; x , t"
= g#v , #!!# , x2" ; t$ with #! = # + %"'!x2", the PDF transport
equation !1" simplifies to
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FIG. 15. Evolution of the conditional average of the scalar diffusion rate
#!! ; t" for case D; same as Fig. 10.
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FIG. 17. Evolution of the joint scalar PDF f!! ; t" for case E; same as
Fig. 8.
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FIG. 18. Nondimensional scalar variance resulting from the new mixing
model as function of the integer parameter nv and the number of particles n p.
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Here, v is the sample space coordinate of the fluctuating
velocity component that is equal to V since %U' = 0. Multiplying this equation by #!2 and integration over velocityscalar sample space leads to the scalar variance evolution
equation
d%"!2'
= − 2%7"!' − 22%u2"!'.
dt

!15"

This is Eq. !15" in Ref. 20. In DNS studies !e.g., p. 3136 in
Ref. 20", it was shown that the scalar variance growth resulting from the scalar flux term 2%u2"!' is balanced at some
level by the scalar dissipation term %7"!' and thus, the scalar
variance approaches a stationary value. The corresponding
stationary scalar PDF was found to be close to a
Gaussian.20,40 In accordance with Eq. !14", the SDEs for the
notional particles are
3
!i"
4
du!i"
2 = − C0%)'u2 dt + C0%)'kdW!t"
4

0

and

1

!16"
!m"
!n"
1
"
+
"
!
!
Crr%)' "!!i" −
+ u!i"
d"!!i" = −
2 2 dt.
2
2

)

-

In the first SDE, the simplified Langevin model !SLM" for
the velocity is used. The equation set !16", where k is the
turbulent kinetic energy and C0 is a SLM constant, is closed
by adding the gamma-distribution model #second expression
in Eq. !12"$. Equation !16" and the gamma-distribution
model can be nondimensionalized by introducing the variables
t̃ ( %)'t,

ũ2 (

u2
,
u!

where u! ( 42k/3

˜( " ,
"
2L7

and
3

and

u!
L7 (
.
%)'k

The resulting nondimensional SDEs are

˜(
)

)
,
%)'

p

1

10

2

10
nv

3

˜ !!i" = −
d"

0 )

4

3
C0dW̃!t",
2

10

- 1

˜ !m" ˜ !n"
3
1
˜ !!i" − "! + "!
C rr "
+ ũ!i"
dt̃,
2
2
2 2

and
!18"

˜ !i" = − C3!)
˜ !i" − 1"dt̃ + 42C352)
˜ !i"dW̃!t",
d)
with the initial lifetimes for the drift particles m and n set to
˜ !i"". The Wiener process dW̃!t" has the properties
1 / !Cr!r)
%dW̃' = 0 and %dW̃2' = dt̃.
1. Numerical methods

In different numerical simulations, the equation set !18"
was solved for an ensemble of n p notional particles. In all
simulations the standard parameter values28 C0 = 2.1, C3 = 1,
52 = 1 / 4, and r = 2 were used. The selected value for the
mechanical-to-scalar time scale ratio r is usually applied in
the high-Reynolds number limit #Eq. !5.22" in Ref. 3$. At the
beginning of each simulation, the particle properties were
initialized as follows: For the velocities ũ!i"
2 , a standard normal distribution was used and for the turbulence frequency
˜ !i", a gamma distribution with %)
˜ ' = 1 and standard devia)
˜ !!i" were
tion equal to 5 was applied. The scalar values "
initially set to zero. For the time integration of Eq. !18", a
1.5
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FIG. 19. Scalar flatness resulting from the new mixing model as function of
the integer parameter nv and the number of particles n p.
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FIG. 20. Conditional mean of the scalar diffusion rate as a function of the
velocity sample space coordinate v2 and for different values of the integer
parameter nv.
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FIG. 21. Correlation coefficient between the scalar diffusion rate !"2"! and
the velocity u2 as function of the integer parameter nv and the number of
particles n p.

time-step size dt̃ = 0.006 was used. After the statistics had
reached a stationary state, time averaging was applied to improve the scalar statistics. The conditional mean of the scalar
diffusion rate, %!"2"! & v2', and the correlation coefficient &
between u2 and !"2"! were estimated based on the particle
!i"
data. Hereto the joint statistics of u!i"
2 and d"! / dt were
used, where only the contribution of the mixing model was
taken into account but not −u!i"
2 2 #Eq. !16"$. For the modified
Curl model these statistics cannot be determined since the
scalar trajectories are discontinuous !not differentiable in
time".
2. Results

In a first step, the role of the model parameter nv relative
to the number of particles n p in the grid cell is investigated.
For this purpose, simulations with Cr = 1.3, Cr! = 0.975, based
on Sec. IV A, and variables nv and n p were conducted. In
Figs. 18 and 19, the scalar variance and flatness are plotted
as a function of nv for different n p. Bias error effects due to
particle ensembles that are too small vanish for n p , 100. For
sufficiently large n p, the flatness is close to the Gaussian
value !=3", which is in agreement with the findings from
DNS. For larger nv, the mixing model is increasingly local in
velocity sample space, the mixing rate decreases, and accordingly the stationary variance increases. As shown in Fig. 20,
the conditional mean diffusion rate reduces for increasing nv

p
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FIG. 23. Scalar flatness resulting from the modified Curl mixing model as
function of the integer parameter nv and the number of particles n p.

and approaches the requirement %!"2"! & V' = 0. All simulations reported in Fig. 20 involved n p = 104 particles. The discussed statistics approach stationary states for nv , 60 !Fig.
21". This behavior is independent of n p. In Figs. 22 and 23,
the variance and flatness, respectively, of the modified Curl
model are provided as a function of nv for different n p. Even
though the agreement in the flatness is slightly worse and
stationarity is already obtained for nv , 20, the trends are
very similar compared to the results of the new model in
Figs. 18 and 19. Based on the outlined results, it is suggested
to use n p . 100 particles per grid cell, in the new mixing
model nv . 60, and in the modified Curl model nv . 20 for
the drift particle selection.
In a second step, the dependence of the model predictions on the lifetime parameter Cr! is examined. In accordance with the results from the three-stream problem !second
paragraph in Sec. IV A 2 and Fig. 7", Cr was adjusted as a
function of Cr!. Multiple simulations involving a mean scalar
gradient with n p = 2 $ 104 and nv = 103 for different pairs of
Cr! and Cr were performed. To investigate the influence of
velocity conditioning on the joint velocity-scalar statistics,
the same calculations were repeated with nv = 1 !no velocity
conditioning". All simulations are summarized in Fig. 24.
The flatness remains at the Gaussian level for all Cr! and both
nv. For increasing Cr!, however, drift particle lifetimes grow
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FIG. 22. Nondimensional scalar variance resulting from the modified Curl
mixing model as function of the integer parameter nv and the number of
particles n p.
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FIG. 24. Nondimensional scalar variance !solid line", scalar flatness !dashed
line", correlation coefficient & !dashed-dotted line", and Cr !dotted line" as a
function of Cr!. Lines with and without symbols correspond to nv = 1 !no
velocity conditioning" and nv = 103, respectively.
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shorter and the velocities of the particles remain more correlated. Accordingly, the stationary scalar variance increases
and the correlation coefficient & between u2 and !"2"! reduces. These observations are confirmed by the trends depicted in Fig. 25: The requirement %!"2"! & v2' = 0 is satisfied
for increasing Cr!. In Fig. 24, the scalar variance reaches a
plateau for Cr! , 1.5 and therefore, it is concluded that the
parameter pair Cr = 1.3, Cr! = 0.975 favored in the previous
test cases leads to reasonable results also in the present
context.
C. Multiscalar test

Subramaniam and Pope12 extended the mean scalar gradient test from one scalar to an arbitrary number of scalars.
The corresponding SDEs read

4

3
C0dW̃!t"
2

and

0 )

- 1

˜ !!m" + "
˜ !!n"
"
3
(
˜ !!i" = − 1 Crr "
˜ !!i" − (
+ ũ(!i" dt̃,
d"
(
(
2
2
2

!19"

where r is equal for all scalars ( ! 21 , 2 , . . . , ns3. These are
Eqs. !54" and !55" in Ref. 12. With the outlined multiscalar
test case, various aspects can be assessed: The fulfillment of
the Gaussianity and independence requirements can be numerically verified for multiple inert scalars. Furthermore, the
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FIG. 25. Conditional mean of the scalar diffusion rate as function of the
velocity sample space coordinate v2 and different Cr! / Cr ratios.
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FIG. 27. In !a", the normalized joint scalar PDF f!! ; t" that is resulting in
the mean scalar gradient test case with ns = 2 and n p = 219 = 524 288 is plotted.
In !b", the corresponding marginal PDFs f!#1 ; t" !dashed line" and f!#2 ; t"
!dots" are compared to a standard normal PDF !solid line".

scaling of the computational cost with respect to the number
of particles and scalars can be investigated.
In a series of numerical calculations the number of particles n p and scalars ns were varied. The computing time was
measured and moments of the resulting steady state scalar
PDF were determined. Since the individual scalars are statistically equivalent, the statistical error was reduced by averaging over multiple scalars. The same model parameter values as in the previous test case were applied, i.e., Cr = 1.3,
Cr! = 0.975, C0 = 2.1, C3 = 1, 52 = 1 / 4, and r = 2. Simulations
with varying ns were carried out with n p = 29 = 512 and for
calculations with variable n p two scalars were used.
The flatness is plotted as a function of the number of
scalars ns and particles n p in Fig. 26. To quantify the statistical error of the flatness, 95% confidence intervals were
used. There is no significant dependence on the number of
scalars ns, which is expected for a model that satisfies the
independence requirement. In agreement with the findings
reported in Sec. IV B, the bias error is small for n p , 27
= 128 and therefore, approximately 100 particles per grid cell
should be sufficient in inhomogeneous simulations. In both
figures, the flatness is very close to the Gaussian value which
is equal to 3. An inspection of the skewness showed that it is
equal to zero with 95% confidence in all calculations. The
scalar PDF is validated in Fig. 27, where the result of a
two-scalar simulation with n p = 219 = 524 288 is shown and
excellent agreement with a Gaussian PDF is found. The com-
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FIG. 26. Scalar flatness as function of the number of !a" particles n p and !b" scalars ns.
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linear increase.

putational efficiency is documented in Fig. 28, which shows
a linear scaling of the computational cost with respect to ns
and n p. The scaling behavior of other mixing models, e.g.,
IEM and EMST, was investigated in Figs. 13 and 14 of
Ref. 13.
V. CONCLUSIONS

A new mixing model for turbulent dispersion and turbulent reactive flows was outlined. It belongs to the category of
particle interaction mixing models such as the PSP, IEM,
Curl, and EMST models. In the EMST mixing model, all
particles that belong to the EMST perform a contraction in
scalar space. In the IEM model all particles drift to the scalar
mean and in the Curl model particle pairs merge. In this
respect, the new mixing model is a blend of some of these
models: The particle scalar values drift in an IEM-like manner in the direction of individual drift centers that are formed
by Curl-like particle pairs. Many of these features were already present in the PSP model, where particle triplets represent small-scale scalar profiles. The present model evolved
from the PSP model under the premise of satisfying as many
mixing model requirements as possible. It predicts a decay to
a Gaussian PDF for inert scalars unlike Curl and IEM models. The scalar trajectories are continuous in time unlike the
Curl models. Multiple inert scalars evolve independently for
equal mixing time scales unlike the PSP and EMST models.
Furthermore, multiple scalars remain bounded, which is only
approximately the case in the PSP model. In different test
cases, the accuracy and computational efficiency of the
model were assessed. The considered mixing scenarios focus
on the effect of molecular mixing and involve variable initial
scalar length scales, differential diffusion, and mean scalar
gradients. The model accurately predicts the evolution of
joint scalar PDFs, is computationally efficient, and honors
the joint velocity-scalar statistics. It compromises with respect to localness, which is computationally most expensive
to satisfy. It remains to be demonstrated if weak localness
paired with accurate scalar PDF predictions are sufficient to
obtain reliable results in applications with localized reaction
zones.
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APPENDIX: SEMI-IMPLICIT MILSTEIN ALGORITHM

To integrate the SDE
dy = a!y"dt + b!y"dW!t"
in time, Gardiner38 #Eqs. !10.4.16" and !10.4.17"$ outlined
the iterative method
ȳ n = ȳ n + 21 A!ȳ n"/t + 21 b!ȳ n"/Wn ,
y n+1 = 2ȳ n − y n ,

!A1"

where /t is the time-step size, /Wn is the Wiener process
increment, A!y" = a!y" − b!y"b!!y" / 2, and b!!y" is the first derivative of b!y" with respect to y. Here, the first equation is
solved iteratively for ȳ n and from the second expression the
value at the next time step, y n+1, is calculated.
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There is an error in the first equation of the equation set !A1" of my paper.1 The first term on the right hand side is ȳ n but
should be y n. Accordingly, the correct equation reads
ȳ n = y n + 21 A!ȳ n"!t + 21 b!ȳ n"!Wn .

!1"
1

For calculations reported in the paper, the correct formula !1" was used and therefore all results and conclusions remain
unchanged.
I thank Maulik Mehta from Iowa State University USA for bringing this error to my attention.
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The subsequent journal contribution [Meyer and Deb, 2012], that appeared in
Physics of Fluids in February 2012, deals with generalizations of the mixing
model introduced in the previous section. The generalized model is applied for
the simulation of a spatially inhomogeneous three-stream mixing scenario and
its results are successfully compared with DNS reference data and other mixing
model predictions.
Meyer devised the mixing model generalizations. Both authors wrote the
simulation code and performed simulations. Meyer and Deb wrote and edited
the paper, respectively. Both authors approved the manuscript.
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Simulations of spatially inhomogeneous turbulent mixing in decaying grid turbulence with a joint velocity–concentration probability density function (PDF) method
were conducted. The inert mixing scenario involves three streams with different
compositions. The mixing model of Meyer [“A new particle interaction mixing
model for turbulent dispersion and turbulent reactive flows,” Phys. Fluids 22(3),
035103 (2010)], the interaction by exchange with the mean (IEM) model and its
velocity-conditional variant, i.e., the IECM model, were applied. For reference, the
direct numerical simulation data provided by Sawford and de Bruyn Kops [“Direct
numerical simulation and lagrangian modeling of joint scalar statistics in ternary
mixing,” Phys. Fluids 20(9), 095106 (2008)] was used. It was found that velocity
conditioning is essential to obtain accurate concentration PDF predictions. Moreover, the model of Meyer provides significantly better results compared to the IECM
C 2012 American Institute of Physics.
model at comparable computational expense. !
[http://dx.doi.org/10.1063/1.3684994]

I. INTRODUCTION

In probability density function (PDF) methods, a transport equation for the joint PDF of the
relevant flow quantities is solved (Sec. 2.1 of Ref. 3). In combustion applications, for example,
PDF methods for the joint concentration PDF or the joint velocity–concentration PDF are used.4
Here, chemical source terms in the composition conservation equations play an important role. In this
respect, PDF methods have a key advantage compared to other approaches because the corresponding
term in the PDF transport equation appears in closed form (chapters 4 and 5 in Ref. 5).
Moreover, PDF methods are interesting for the simulation of inert flows such as atmospheric
tracer dispersion or turbulent mixing in oceans and rivers.6 In these applications, exceedance probabilities are often relevant that are not calculable based on the first few statistical moments of
concentrations. An additional advantage of joint velocity–concentration PDF methods is that turbulent advection appears in closed form in the corresponding PDF transport equation.
The PDF transport equation also involves unclosed terms. To model terms involving unknown
velocity or pressure statistics, the simplified and generalized Langevin models (SLM and GLM,
respectively) can be applied.3 To model the turbulence integral time scale or more precisely the
turbulence frequency, Jayesh and Pope7 (see also chapter 12.5 in Ref. 4) have proposed the gammadistribution model. Most challenging, however, is the closure of the molecular mixing term. Here,
statistics of concentration gradients are needed that are unavailable from the one-point, one-time
PDFs that are calculated in standard PDF methods (chapters 6.6 and 12.7.4 in Refs. 4 and 5,
respectively).
Various models for the molecular mixing term have been proposed over the past decades.
The most important approaches—including the Curl models, the interaction by exchange with
the mean (IEM) model and its velocity-conditional variant, i.e., the IECM model, the Euclidean
a) Electronic mail: meyerda@ethz.ch.
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minimum spanning tree (EMST) model, and models based on parametrized scalar profiles (PSP)—
were reviewed by Janicka et al.,8 Dopazo,9 Subramaniam and Pope,10 and Meyer and Jenny.11, 12
Molecular mixing is a local process, where concentration changes due to local concentration gradients. Accordingly, chemical compounds are exchanged between neighboring fluid particles having
similar concentrations and velocities. In high Reynolds number flows with Schmidt numbers greater
than one, it was found that the mixing rate is determined by turbulence, that is, the stretching
and folding of equi-concentration surfaces, and becomes independent of molecular diffusion. Accordingly, the mixing time scale is usually set proportional to the integral turbulence time scale
(Eq. (5.22) in Ref. 13).
Mixing models in the joint velocity–concentration PDF context that neglect localness in velocity
sample space lead to erroneous mixing or concentration variance decay rates (Eq. (5.183) in Ref.
13). In combustion simulations, however, velocity statistics are often not taken into account in the
mixing model formulation. Pope18, 21 introduced a generalized IEM model, i.e., the interaction by
exchange with the conditional mean (IECM) model, that honors velocity statistics. Fox14 proposed
and successfully validated a combination of IEM and IECM. More recently, Meyer1 proposed an
improved velocity-conditional mixing model on the basis of the PSP model. Moreover, velocityconditional versions of Curl’s model are available.1, 13, 15
In this contribution, the importance of velocity conditioning is demonstrated based on the work
of Sawford and de Bruyn Kops.2 They have performed PDF calculations with the IECM mixing
model and direct numerical simulation (DNS) of a spatially inhomogeneous scenario involving three
streams of different compositions mixing in decaying grid turbulence. They have demonstrated that
the IECM model leads to some significant deviations compared to what was observed in the DNS. In
this work, we reproduce their IECM mixing model results with a generalized solution algorithm and
compare the IECM results with predictions from the standard IEM model. Moreover, a generalized
version of the velocity-conditional mixing model of Meyer1 is outlined that leads to more accurate
results compared to the IECM model.
In Sec. II, the joint velocity–concentration and joint concentration PDF methods are formulated
and the different mixing models are introduced. The investigated mixing scenario and the computational solution method are outlined in Sec. III. Model results are compared with the DNS reference
data of Sawford and de Bruyn Kops2 in Sec. IV and conclusions are drawn in Sec. V.

II. FORMULATION
A. PDF method

Decaying incompressible grid turbulence can be well approximated in a reference frame moving
with the mean velocity by decaying homogeneous turbulence (Sec. 5.4.6 in Ref. 4). The corresponding PDF transport equation reads
∂guφ
∂guφ
∂
∂guφ
+ vi
= −#∇ 2 #φα $
−
∂t
∂ xi
∂ψα
∂vi
−

!

guφ

∂
(guφ ##∇ 2 φα% |v, ψ$),
∂ψα

"

#
$%
1 ∂ p % ##
v, ψ
ν∇ u i −
ρ ∂ xi #
2

(1)

which is a simplified form of Eq. (3.109) in Ref. 13. Here, guφ (v, ψ; x, t) is the joint velocity–
concentration PDF at a given position x and time t, φ is the concentration vector with components
φ α and fluctuating part φα% ≡ φα − #φα $, ψ is the corresponding sample space vector, u is the
velocity vector with zero mean, i.e., #u$ = 0, v is the velocity sample space vector, p% is the pressure
fluctuation, ν is the kinematic viscosity, and # is the diffusion coefficient. The semicolon in the PDF
argument list is used to make clear that guφ (v, ψ; x, t) is a density with respect to v and ψ given
at x and t. For repeated indices, Einstein’s summation convention applies. The last two terms in
Eq. (1) involve conditional means with respect to v and ψ. Integrating Eq. (1) over velocity sample
space v with guφ (v, ψ; x, t) = gu|φ (v|ψ, x, t)gφ (ψ; x, t) leads to a transport equation for the joint
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concentration PDF gφ (ψ; x, t), i.e.,
∂gφ
∂gφ
∂gφ
∂
= −#∇ 2 #φα $
−
(gφ ##∇ 2 φα% |ψ$).
+ #u i |ψ$
∂t
∂ xi
∂ψα
∂ψα

(2)

So, the concentration PDF evolution depends on the concentration-conditional mean velocity #ui |ψ$
(or more precisely #ui |ψ, x, t$), the mean molecular diffusion, and the concentration-conditional
diffusion rates ##∇ 2 φα% |ψ$. In concentration PDF methods, #ui |ψ$ is usually closed with a gradientdiffusion model (compare Eq. (6.29) in Ref. 5).
To model the viscous diffusion and fluctuating pressure gradient term in Eq. (1), we employ the
SLM which leads to
'
&
∂guφ
∂
∂guφ
∂ 2 guφ
+ vi
= 12 + 34 C0 #ω$
(guφ vi ) + 12 C0 #ω$k
∂t
∂ xi
∂vi
∂vi ∂vi
∂guφ
∂
−#∇ 2 #φα $
−
[guφ Mα (v, ψ, x, t)].
(3)
∂ψα
∂ψα
In this equation, M(v, ψ, x, t) is a generic function for an arbitrary mixing model, C0 is a model
constant, #ω$ is the mean turbulence frequency, and k = 12 #u i u i $ is the turbulent kinetic energy.
For incompressible flows, Pope provides an expression (Eq. (12.80) in Ref. 4) relating the Eulerian
PDF guφ (v, ψ; x, t) with the Lagrangian PDF guφX (v, ψ, x; t). The latter describes the statistics
of fluid particles with positions X(t), velocities u(t), and concentrations φ(t). Based on the relation
between these PDFs, it can be shown that the PDF transport equations (1) and (3) apply equivalently
for both Eulerian and Lagrangian PDFs. Therefore, Eq. (3) is a Fokker–Planck equation for the
Lagrangian PDF guφX (v, ψ, x; t). A set of stochastic differential equations (SDEs) that is equivalent
to Fokker–Planck equation (3) can be formulated (Sec. 4.3.5 in Ref. 16), i.e.,
dX(i) = u(i) dt,
du(i) = −

&1
2

(
'
+ 34 C0 #ω$u(i) dt + C0 #ω$k dW(t), and

dφ (i) = [M(u(i) , φ (i) , X(i) , t) + #∇ 2 #φ|X(i) , t$]dt,

(4)
(5)
(6)

where superscript (i) identifies a particle with index i, dt is the time-step size, and dW(t) is a vectorvalued Wiener process with components #dWi $ = 0 and #dWi dWj $ = δ ij dt. SDEs (4)–(6) describe
the evolution of stochastic particles that mimic the behavior of fluid particles. If sufficiently large,
an ensemble of stochastic particles that are uniformly distributed in physical space (chapter 6.7.3 in
Ref. 5) approximates the Eulerian PDF.
B. Mixing models

Different closure expressions for M(v, ψ, x, t) are available. In this work, we focus on the
mixing model of Meyer,1 and the IEM and IECM mixing models.17, 21
In the IEM mixing model,
1
(7)
M(v, ψ, x, t) = − (ψ − #φ|x, t$).
τφ
Here, #φ|x, t$ is the position- and time-dependent mean concentration vector and τ φ is the mixing
time scale.
Pope18 has shown that ##∇ 2 φ α |v$ = 0 in the high Reynolds and Peclet number limit. Moreover,
for large Reynolds and Peclet numbers, #∇ 2 #φ$ = 0 to a good approximation (Eq. (7) in Ref. 18).
Combining these equalities leads to ##∇ 2 φα% |v$ = 0, which implies the following requirement for
mixing models:
##∇ 2 φα% |v, x, t$ = #M(v, φ, x, t)$ = 0.

(8)

As is shown in the Appendix, an evolution equation for #φ α |v$ can be derived based on the PDF
transport Eq. (1). The mixing model is represented in this equation through ##∇ 2 φα% |v$ only. Since
##∇ 2 φα% |v$ = 0, this implies that the mixing model should not change #φ|v$.
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Multiplication of IEM model expression (7) by the conditional PDF gφ|u (ψ|v, x, t) and integration
over ψ-sample space leads to
#M(v, φ, x, t)$ = −

1
(#φ|v, x, t$ − #φ|x, t$) '= 0,
τφ

(9)

and therefore, the IEM mixing model does not satisfy requirement (8). Pope18, 21 proposed the
generalization
M(v, ψ, x, t) = −

1
(ψ − #φ|v, x, t$)
τφ

(10)

of the IEM model, which satisfies requirement (8) and is referred to as interaction by exchange with
the conditional mean (IECM) mixing model.
Recently, Meyer1 has proposed a mixing model based on the PSP model.11, 19 In this model, the
concentration evolution equation for particle i reads
dφ (i) = −

1 (i)
(φ − φ (i)
c )dt
τφ

(11)

similar to the IECM model but with the conditional concentration mean replaced by φ (i)
c
(i)
(i)
(i)
≡ (φ (i)
◦ + φ • )/2. Here, φ ◦ and φ • are drift concentrations that are attributed to particle i. The
drift concentrations imitate the effect of neighboring fluid particles on the concentration of particle i. Equation (11) describes a drift of φ (i) toward φ (i)
c , that is, the algebraic mean of the drift
concentrations. To account for turbulent advection—leading to a rearrangement of neighboring
fluid particles—every drift concentration is associated with a lifetime process, i.e., t◦(i) and t•(i) . The
sawtooth-like time evolution of t◦(i) is determined by
dt◦(i) = −dt for t◦(i) > 0 and the reinitialization
t◦(i) = 1/ωt for t◦(i) ≤ 0.

(12)

The evolution of t•(i) is analogous. The renewal frequency ωt is modeled with a gamma-distributed
random number with mean 1/τ t and normalized variance σ 2 = #(ωt τ t − 1)2 $ similar to the turbulence
frequency model of Jayesh and Pope7 mentioned in the Introduction. τ t is an average lifetime that is
set proportional to the integral turbulence time scale. The drift concentration φ (i)
◦ (and analogously
(i)
φ (i)
• with t• ) is modeled according to
dφ (i)
◦ = −

1 (i)
(φ − #φ|u(i) , X(i) , t$) dt for t◦(i) > 0 and is reinitialized to
τd ◦

(m)
if t◦(i) ≤ 0.
φ (i)
◦ = φ

(13)

Here, τ d is a mixing time scale for the drift concentrations that is set proportional to the integral
turbulence time scale and m identifies a random particle with u(m) = u(i) from the particle ensemble
in the grid cell where particle i resides. A similar approach such as Eq. (13) was applied to generalize
the PSP mixing model for inhomogeneous scenarios (Eq. (19) in Ref. 11).
In the old formulation outlined by Meyer,1 the drift concentrations were taken from two other
particles with indices m and n in the grid cell of particle i. This approach leads to a complication
in spatially inhomogeneous settings with multiple grid cells. For example, if particle m leaves the
grid cell where particle i resides, a replacement for particle m with similar properties has to be
found from the current grid cell of particle i. This necessitates a search over all particles in the grid
cell and can become computationally demanding. The model formulation in this work resolves this
complication.
III. NUMERICAL SIMULATIONS
A. Test case

Sawford and de Bruyn Kops2 have investigated the mixing of three streams with two concentrations in decaying turbulence. The flow field statistics are spatially homogeneous with the initial
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y/L0
φ2
φ1,2

1

φ1

1
0

t/T0

-1

FIG. 1. Distributions of concentrations φ 1 and φ 2 in the DNS study of Sawford and de Bruyn Kops2 at time t = 0. The
concentration field statistics are inhomogeneous in y-direction only and change over time t.

(at t = 0) turbulent kinetic energy k/u% (0)2 = 1.5 and turbulence frequency #ω$L0 /u% (0) = 0.8064.
The initial concentration distributions are depicted in Fig. 1. To non-dimensionalize, the stream
thickness L0 (see Fig. 1) and the root-mean-square flow velocity at t = 0, i.e., u% (0), were used. Time
was normalized by T0 = L0 /u% (0). At the boundaries of the computational domain located at y/L0
= ±10, periodic boundary conditions were applied.
B. Numerical solution

For the mixing scenario outlined, the statistics are constant in all but the y-direction. Therefore,
the PDF guφ (v, ψ; x, t) can be reduced to guφ (v, ψ; y, t) with concentration sample space vector ψ
= (ψ 1 , ψ 2 )T . Accordingly, both the PDF transport equation and SDEs (4)–(6) simplify
dY (i) = u (i) dt,

du (i) = −

&1
2

(
'
+ 34 C0 #ω$u (i) dt + C0 #ω$k dW (t),

(14)
(15)

dφ (i) = M(u (i) , φ (i) , Y (i) , t)dt, and

(16)

dω(i) = −C3 (ω(i) − #ω$)#ω$dt − Cω2 #ω$ω(i) dt
(
+σ #ω$ 2C3 ω(i) dW (t),

(17)

where the mean concentration gradient in Eq. (16) was neglected. Expression (17) is the gammadistribution model of Jayesh and Pope7 that was applied to determine the evolution of the mean
turbulence frequency. SDE (17) involves the model constants C3 , Cω2 , and σ . In the works of
Sawford,20 and Sawford and de Bruyn Kops,2 the turbulent kinetic energy k and dissipation rate ε
= #ω$k were prescribed by power laws with parameters extracted from the DNS results (e.g., Eqs.
(15) and (16) in Ref. 2). For the numerical time integration of Eqs. (12), (14), (15), and (17) forward
Euler schemes were applied with a time-step size -t. For the Wiener process increments
-W,
√
normally distributed random numbers with zero mean and standard deviation equal to -t were
used. To determine the integral turbulence time scale, which serves as a basis for the mixing time
scale, the case-specific model proposed by Sawford20 and also applied by Sawford and de Bruyn
Kops2 was used, i.e., τ = t. Mixing model ordinary differential equations such as (11) or (13) were
integrated in time with the stable scheme
−-t/τφ
+ φ (i)
φ (i) (t + -t) = [φ (i) (t) − φ (i)
c (t)] e
c (t).

(18)

The same scheme was also used for Eq. (13) and the IEM and IECM mixing models with φ (i)
c (t)
replaced by #φ|X(i) , t$ and #φ|U(i) , X(i) , t$, respectively.
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Unlike in the work of Sawford and de Bruyn Kops,2 where the velocity-conditional concentration
mean was calculated based on case-specific analytical expressions (Eq. (20) in Ref. 2), we estimate
#φ|v, y, t$ numerically. To this end, the velocity sample space is decomposed into grid cells. The
grid cells are equidistant in the transformed space obtained by
%
!
v − #u$
1
∈ [0, 1]
w(v) = 1 − 2 erfc √
2u %
with −∞ < v < ∞. The mapping w(v) leads for a Gaussian velocity PDF with mean #u$ and
standard deviation u% to a uniform distribution in w-space and, therefore, to approximately equal
particle counts in each velocity-space grid cell. As a consequence, the statistical errors of the
estimates for #φ|v, y, t$ are approximately equally distributed over all velocity-space grid cells. A
similar ansatz was also outlined by Fox.14 To make sure that in Eq. (13) u(m) = u(i) or more precisely
u(m) ≈ u(i) in numerical calculations, particle m is randomly selected from the same grid cell in
y- and w-space where particle i resides.
For the discretization in y-direction and w-space, 320 (as in Ref. 2, p. 5) and 50 grid cells,
respectively, were used. The particle ensemble to estimate statistics depending on space, time,
and concentration consisted of 108 stochastic particles. On average, this leads to 6250 particles
per y/w-grid cell. For time integration, a time-step size -t/T0 = 0.001 was applied. For the SLM
model (15), C0 = 1.4 as in the contributions of Sawford,20 and Sawford and de Bruyn Kops.2
In the gamma-distribution model (17) and the lifetime process (12), the standard model constants
σ 2 = 1/4, C3 = 1, and Cω2 = 0.77 were applied (Eq. (12.191) and pages 382 and 384 in Ref. 4).
Sawford and de Bruyn Kops proposed to model the mixing time scale in the IECM model by τ φ
= 0.8 τ (Sec. IV A in Ref. 2). For the IEM model, it was found that τ φ = 2. 0τ provides an
optimal agreement. Two different simulations were performed with the mixing model (11). In the
first simulation, time scales were set to τ φ = 7/20 τ , τ d = 7/2 τ , and τ t = 7/30 τ . This set leads to
good agreement in concentration variances and is consistent with the ratios τ d /τ φ = 10 and τ t /τ φ
= 2/3 reported in Refs. 1 and 11, respectively. In a second simulation, the time scales were set to τ φ
= 1/30 τ , τ d = 2 τ , and τ t = 2/3 τ providing good agreement of concentration variances and somewhat better agreement in the joint concentration PDF. At the beginning of the simulations with model
(i)
= ξ/ωt , where ξ ∈ [0, 1] are uniformly
(11), the drift concentration lifetimes were initialized by t◦/•
distributed random numbers. This makes sure that the lifetime processes have arbitrary states at
t = 0. For the particle velocities and turbulence frequencies, suitable Gaussian and gamma-distributed
random number generators were used.
IV. RESULTS

In a first step, the flow field statistics resulting from the PDF method are compared in Fig. 2
with the power laws that represent the reference DNS (Eqs. (15) and (16) from Ref. 2). There is
excellent agreement between the DNS-based expressions and the results from the PDF method.
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FIG. 2. Decay of (a) turbulent kinetic energy k and (b) dissipation rate ε as a function of time t. Results of (solid lines) the
PDF method and (dots) DNS-based power laws (15) and (16) from Ref. 2 are plotted.
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FIG. 3. (Color online) Velocity-conditional concentration means (a) #φ 1 |v, y, t$ and (b) #φ 2 |v, y, t$ for different times t and
velocities (solid lines) v = +u% (t) and (dashed lines) v = −u% (t). Results of (dots) the PDF method with the mixing model
(11) and (lines) analytical expression (20) from Ref. 2 are plotted.

In Fig. 3, it is verified that the mixing model (11) does not change #φ|v, y, t$ as required by
condition (8). #φ 1 |v, y, t$ and #φ 2 |v, y, t$ are plotted for different times and velocities as a function
of y. The mixing model results are in exact agreement with the analytical expressions for #φ|v, y,
t$ provided in Ref. 2, and therefore, the mixing model does not change the velocity-conditional
concentration mean.
The decay of the concentration standard deviations σ φ1 and σ φ2 are depicted in Fig. 4 for
different times as functions of y. In the top panels, the results from the second simulation of the
mixing model (11) are depicted. These results are in very good agreement with the DNS from
Ref. 2 and are almost identical to the results from the IECM model (10) and the first simulation
with model (11). In the bottom panels, the results from the IEM model (7) are compared with
the DNS. Deviations in σ φ1 at y/L0 ≈ −1 and in σ φ2 at y/L0 ≈ 0 are clearly visible. It is not
possible to obtain reasonable agreement for the standard deviation at all times by adjusting the
proportionality constant that links the mixing and turbulence time scales. The same statements as
for the concentration standard deviations also hold true for the covariance #φ1% φ2% $ as depicted in
Fig. 5.
From the DNS study,2 the joint concentration PDF at y = 0 and t = T0 is available. Up to
this time, mixing leads mainly to non-zero probabilities along lines connecting the concentrations
ψ = (0, 1)T , (0, 0)T , and ψ = (0, 1)T , (1, 0)T (corresponding to the compositions of the central,
top, and bottom streams, respectively). This behavior is captured by both the IECM model and
mixing model (11). To a limited extent, mixing also leads to intermediate concentrations between
the connecting lines in the vicinity of ψ = (0, 1)T . This behavior is not captured by the IECM model
and mixing model (11) provides little improvement.
In the DNS study,2 it is documented that at later time t = 4T0 and location y = 0, mixing
leads to roughly uniform concentration probabilities in concentration sample space as depicted
in Fig. 6(a). Moreover, the quantities that determine the PDF evolution (compare Eq. (2)) are
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FIG. 4. (Color online) Concentration standard deviations of ((a) and (c)) φ 1 and ((b) and (d)) φ 2 for different times (solid
lines) t/T0 = 1, (dashed lines) 2, and (dotted lines) 4. Results of ((a) and (b)) the second simulation with mixing model (11)
and ((c) and (d)) IEM model (7) are plotted. For reference, (dots) the DNS results from Ref. 2 are provided. The agreement
of the first simulation with model (11) and with the IECM mixing model (10) is almost identical to (a) and (b).

provided in Ref. 2 as well, i.e., the conditional mean diffusion rates ##∇ 2 φα% |ψ, y, t$ and the
conditional mean velocity #u|ψ, y, t$. Comparisons of all these quantities with the different mixing
model results are provided in Figs. 6–10. The IECM model results are in excellent agreement with
the corresponding data reported in Ref. 2. In addition to the comparison in Fig. 3, this provides
further evidence that the numerical scheme to determine the velocity-conditional concentration

0.1
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1 2
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〈φ φ 〉
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FIG. 5. (Color online) Concentration covariance #φ1% φ2% $ for different times (solid lines) t/T0 = 1, (dashed lines) 2, and (dotted
lines) 4. Results of (a) the second simulation with mixing model (11) and (b) IEM model (7) are plotted. For reference, (dots)
the DNS results from Ref. 2 are provided. The agreement of the first simulation with model (11) and with the IECM mixing
model (10) is almost identical to (a).
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FIG. 6. (Color online) Logarithm of the joint concentration PDF gφ (ψ; y, t) at location y = 0 and time t = 4T0 . Provided are
(a) the DNS results,2 (b) the first and (c) second simulations with mixing model (11), and (d) the IEM and (e) IECM model
results.

mean is accurate. Compared to the DNS, the IECM model leads to too little spreading of the
joint PDF in concentration sample space. These deviations are also reflected by deviations in the
concentration-conditional mean diffusion rates and mean velocity. With the IEM model, there is even
less spreading since the concentration mean in the absence of velocity conditioning identifies one
deterministic point, i.e., #φ|y, t$, in concentration sample space. Based on Eq. (7), the conditional
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FIG. 7. (Color online) Conditional mean diffusion rate distribution of the first concentration ##∇ 2 φ1% |ψ, y, t$T0 /0.64 at
location y = 0 and time t = 4T0 . Provided are (a) the DNS results,2 (b) the first and (c) second simulations with mixing model
(11), and (d) the IEM and (e) IECM model results.

mean diffusion rates in the IEM model are proportional to the distance from the concentration mean
in concentration sample space. This leads to contour lines of ##∇ 2 φα% |ψ, y, t$ that are parallel to the
axes as seen best in Fig. 8(d). The mixing model (11) leads to more spreading of the concentration
PDF due to velocity conditioning and individual drift concentrations (compare Eqs. (11) and (13))
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FIG. 8. (Color online) Conditional mean diffusion rate distribution of the second concentration ##∇ 2 φ2% |ψ, y, t$T0 /0.64 at
location y = 0 and time t = 4T0 . Provided are (a) the DNS results,2 (b) the first and (c) second simulations with mixing model
(11), and (d) the IEM and (e) IECM model results.

and there is better agreement in the logarithm of the joint PDF with the DNS compared to the IECM.
For example, the probability accumulation in the IECM result at around ψ = (0.2, 0.7)T in Fig. 6(e)
and Fig. 10 at t/T0 = 4 is absent and especially the concentration-conditional mean velocity (Fig. 9)
and mean diffusion rates (Figs. 7 and 8) are in better agreement with the DNS for the mixing
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FIG. 9. (Color online) Conditional mean velocity #u|ψ, y, t$/u% (t) at location y = 0 and time t = 4T0 . Provided are (a) the
DNS results,2 (b) the first and (c) second simulations with mixing model (11), and (d) the IEM and (e) IECM model results.

model (11). Reducing τ φ in the second simulation with model (11) leads to more spreading in the
joint PDF (compare panels (2) and (3) in Fig. 6) and somewhat better agreement with the DNS. In
Fig. 10, simulation results at later time t/T0 = 8 (where no DNS data is available) are provided and
it is demonstrated that differences in the model PDF predictions persist.
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FIG. 10. Joint concentration PDF gφ (ψ; y, t) at location y = 0 and times t = 4T0 and 8T0 . Compared are model results from
the IEM, IECM, and the second simulation with the generalized model (GM). White corresponds to zero probability density.

V. CONCLUSIONS

The velocity-conditional mixing model of Meyer1 was generalized for inhomogeneous settings
and applied for the simulation of the three stream mixing configuration studied by means of DNS
and joint concentration PDF simulation by Sawford and de Bruyn Kops.2 The generalized model
leads to more accurate concentration-conditional mean diffusion rate and velocity predictions and
consequently better agreement in the joint concentration PDF compared to the IEM and IECM
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mixing models. The IECM mixing model results included in Ref. 2 were exactly reproduced and
complemented by the IEM model calculations. Unlike in Ref. 2, the velocity-conditional mean
concentration was estimated numerically from the particle ensemble with a suitable mapping in
velocity sample space. In the absence of velocity conditioning, the IEM model is unable to provide
accurate concentration PDF predictions, which highlights the importance of velocity conditioning
in the joint velocity–concentration PDF context.
This is also relevant in combustion simulations conducted with joint velocity–concentration
PDF methods, where velocity conditioning is often ignored in the mixing model. Here, deviations in
the concentration variances are typically addressed by adjustments to the mixing time scale model.
As an alternative, for example, in the EMST mixing model that is applied in combustion simulations,
particle velocities could also be included as additional coordinates for the construction of the multidimensional EMST. Finally, it is pointed out that the generalized mixing model provides predictions
at similar computational cost compared to the IEM and IECM mixing models.
APPENDIX: TRANSPORT EQUATION FOR !φ|v"

Multiplication of the PDF transport equation (1) by ψ β and integration over ψ-sample space
leads with guφ (v, ψ; x, t) = gφ|u (ψ|v, x, t)gu (v; x, t) to
!
%
∂
∂
(#φβ |v$gu )
+ vi
∂t
∂ xi
= #∇ 2 #φβ $gu −

∂
(#φβ Ai |v$gu ) + ##∇ 2 φβ% |v$gu
∂vi

(A1)

with gu (v; x, t) and where
Ai ≡ ν∇ 2 u i −

1 ∂ p%
.
ρ ∂ xi

Integration of Eq. (1) over ψ-sample space leads to
∂gu
∂gu
∂
+ vi
=−
(#Ai |v$gu )
∂t
∂ xi
∂vi

(A2)

for the joint velocity PDF gu (v; x, t). By subtracting Eq. (A2) multiplied by #φ β |v$ from Eq. (A1)
and by dividing the resulting equation with gu (v; x, t), we obtain a transport equation for #φ β |v$,
i.e.,
∂
∂
#φβ |v$ + vi
#φβ |v$ = #∇ 2 #φβ $
∂t
∂ xi
−

1 ∂
1
∂
(#φβ Ai |v$gu ) + ##∇ 2 φβ% |v$ + #φβ |v$
(#Ai |v$gu ).
gu ∂vi
gu
∂vi

(A3)
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A.3

Accurate and computationally efficient mixing models for the simulation of turbulent mixing with PDF
methods

The next journal article [Meyer and Jenny, 2013] was published in August 2013
in the Journal of Computational Physics. It outlines a computationally efficient
implementation of the mixing model outlined in the earlier publications [Meyer,
2010, Meyer and Deb, 2012]. Model predictions for a three-stream mixing scenario are presented and compared with results from the velocity-conditional
modified Curl model, the IECM model, and the IEM model. Moreover, it is
clearly demonstrated that it is important for mixing models to account for the
joint velocity–scalar statistics to obtain accurate predictions of scalar statistics.
Finally, the sensitivity of the results on numerical parameters like the number
of particles per grid cell or the number of velocity grid cells in the IECM model
is inspected.
Meyer wrote the simulation code and performed the simulations. Both authors discussed the simulation results. Meyer and Jenny wrote and edited the
paper, respectively. Both authors approved the manuscript.
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a b s t r a c t
Different simulation methods are applicable to study turbulent mixing. When applying
probability density function (PDF) methods, turbulent transport, and chemical reactions
appear in closed form, which is not the case in second moment closure methods (RANS).
Moreover, PDF methods provide the entire joint velocity-scalar PDF instead of a limited
set of moments. In PDF methods, however, a mixing model is required to account for
molecular diffusion. In joint velocity-scalar PDF methods, mixing models should also
account for the joint velocity-scalar statistics, which is often under appreciated in applications. The interaction by exchange with the conditional mean (IECM) model accounts for
these joint statistics, but requires velocity-conditional scalar means that are expensive to
compute in spatially three dimensional settings. In this work, two alternative mixing models are presented that provide more accurate PDF predictions at reduced computational
cost compared to the IECM model, since no conditional moments have to be computed.
All models are tested for different mixing benchmark cases and their computational efficiencies are inspected thoroughly. The benchmark cases involve statistically homogeneous
and inhomogeneous settings dealing with three streams that are characterized by two passive scalars. The inhomogeneous case clearly illustrates the importance of accounting for
joint velocity-scalar statistics in the mixing model. Failure to do so leads to significant
errors in the resulting scalar means, variances and other statistics.
! 2013 Elsevier Inc. All rights reserved.

1. Introduction
Turbulent mixing plays a role in many environmental and industrial applications. For example, the spreading of contaminants in the atmosphere is governed by turbulent advection and molecular mixing. Moreover, when dealing with reactive
flows, turbulent mixing determines together with chemical reactions the local chemical composition.
For the characterization of the listed flows, statistical moments are often used. For example, the mean velocity is determined by the Reynolds averaged Navier–Stokes (RANS) equation [1,2]. However, when dealing with reactive flows the reaction source terms appearing in the corresponding Reynolds averaged species conservation equations are typically not in
closed form [1, Section 3.3.1]. As an alternative to moment equations, a probability density function (PDF) transport equation
that contains the joint statistics of the flow velocity and the chemical composition can be derived [2, Chapter 12]. Here, the
chemical source terms appear in closed form [3, Section 2.3]. In addition to the mentioned closure problems, a characterization based on moments may be insufficient. For example in applications involving atmospheric flows, exceedance
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probabilities of certain concentration thresholds are sought which requires a complete specification of the local concentration PDF [4].
In realistic applications, the joint PDF depends on more than seven independent variables (position vector, time, velocity
vector, and concentration vector). To solve the resulting high-dimensional PDF transport equation, conventional finite volume or finite difference methods are not suitable, since their computational cost grows exponentially with the number of
dimensions [5]. Instead, a solution technique is applied that is based on stochastic particles. Here, the computational cost
scales linearly with the number of sample space dimensions. Moreover, the particle-based numerical solution technique
makes PDF methods attractive for parallel computing.
When applying PDF methods, physical processes that are determined by one-point statistics like turbulent advection
(joint velocity-concentration statistics are needed) or chemical reaction (joint concentration PDF is required) appear in
closed form. Effects that involve multi-point statistics like spatial gradients, however, need to be modeled. This includes fluctuations of the viscous stresses and pressure gradients that are approximated with Langevin-type models of different complexity, e.g., simplified or generalized Langevin models (SLM or GLM) [3, Sections 12.2.1 and 12.2.2]. Moreover, to account for
changes of the joint PDF in concentration probability space due to gradient-driven molecular diffusion, accurate mixing
models are needed [1, Section 6.6]. While the SLM and GLM models provide accurate results for a number of flows, mixing
models are still an active area of research [6, p. 13].
For reviews on mixing models the reader is referred to [7,8]. In the context of joint concentration or scalar PDF methods,
the modified Curl and the interaction by exchange with the mean (IEM) mixing models by Janicka et al. [9] and Villermaux
and Devillon [10], respectively, are often applied. Both models are conceptually simple and computationally efficient but
have certain shortcomings. For example, in scenarios where scalars are well macromixed but poorly micromixed [1, Table 3.1], i.e., the composition statistics are spatially independent or homogeneous, both models lead in the limit of large
times to non-Gaussian scalar PDFs [8, Figure 2]. This is at odds with the physical behavior observed in direct numerical
simulation (DNS), for example by Eswaran and Pope [11], Juneja and Pope [12]. Fortunately, in poorly micro- and macromixed scenarios, where advective transport has an effect on the scalar PDF, the mentioned deficiency has a reduced impact.
When dealing with reactive flows, the modified Curl model mimics the molecular mixing of fluid particles in time by a
series of jumps in scalar space. This can lead to inert mixing over reaction zones which is unphysical [13]. A mixing model
which does not suffer from this deficiency is the Euclidean minimum spanning tree (EMST) model [7]. It is local in scalar
space meaning that only neighboring particles in scalar space mix directly with each other. However, it does not perform
well in poorly micromixed and well macromixed cases [8, Figuers 2 and 7] and its computational costs grow quadratically
with the number of particles per grid cell [8, Figure 13]. This is why the EMST model is not considered in this work. Despite
the weaknesses of the IEM and the modified Curl model, both models are often applied for PDF simulations most probably
because of a lack of suitable alternatives.
Generalizations of both models for joint velocity-scalar PDF methods have been outlined. The interaction by exchange
with the conditional mean (IECM) model was proposed by Pope [14,15]. It requires the calculation of conditional statistics,
i.e., the velocity-conditional scalar mean, which negatively impacts the linear computational efficiency of the particle-based
solution method. Fox [16] has proposed a grid-based method to determine the velocity-conditional scalar mean. To simulate
dispersion from a line source in a turbulent channel flow, Bakosi et al. [17,18] have used velocity grids with 33 up to 53 cells
to estimate velocity-conditional scalar means. In each velocity grid cell, a fraction of the particle count in a physical-space
grid cell is available. Consequently, to keep statistical errors of conditional statistics at acceptable levels, the number of particles has to be increased with the number of spatial dimensions. More recently, an implementation of a velocity-conditional
modified Curl model was outlined [19] based on the contributions of Pope [20, Section 5.6] and Song [21]. In the same contribution, an alternative mixing model was presented that is based on the parameterized scalar profile (PSP) model by Meyer
and Jenny [22]. The PSP model and the PSP-based model presented in [19] do not suffer from the discussed deficiencies of the
modified Curl and the IEM model.
In [19], successful model tests were presented that focus on spatially homogeneous mixing scenarios, where the chemical components are well macromixed but poorly micromixed. Meyer and Deb [23] have generalized the PSP-based model
[19] and have applied it for spatially inhomogeneous mixing, where three streams with different compositions mix laterally. For this case, DNS data was provided by Sawford and de Bruyn Kops [24]. The generalized model provides results of
higher accuracy compared to the IECM model, but it is based on the velocity-conditional scalar mean like the IECM model
and therefore suffers from a reduced computational efficiency. To obtain PDF predictions with small statistical error,
312,500 particles per computational grid cell were applied, which is not realistic in most spatially inhomogeneous
applications.
In this work, (1) an alternative generalization of the mixing model of Meyer [19] that does not rely on conditional means
is presented. Moreover, (2) the accuracy and computational efficiency of the new model formulation is compared in a series
of different homogeneous and inhomogeneous cases where DNS reference data is available. The comparison includes (3)
simulations of the three stream mixing case with the velocity-conditional modified Curl model. Moreover, (4) the importance of honoring the joint velocity-scalar statistics in the mixing model and (5) the performance of the three mixing models
with realistic particle numbers are inspected.
The remainder of this work is structured as follows: Formulations of the PDF method, scalar moment equations, and the
velocity-conditional mixing models are provided in Section 2. Validations of the PDF method with different mixing models
are presented in Section 3. Conclusions are drawn in Section 4.
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2. Formulation
In a first step, the joint velocity-scalar PDF transport equation is provided in Section 2.1 and the particle-based solution
method is discussed. Moreover, models are introduced to determine unclosed terms in the PDF transport equation with an
emphasis on mixing models. In Section 2.2, scalar moment equations are derived that are utilized to discuss the importance
of mixing models that depend on velocity. The reader familiar with PDF methods can skip Section 2.1 and the reader who is
also aware of the effect of velocity-conditional mixing on the scalar mean and variance evolutions may proceed with the
mixing model formulation in Section 2.3.
2.1. PDF transport equation
Based on the Navier–Stokes equation
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the continuity equation @U i =@xi ¼ 0, and the scalar transport equation
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the transport equation for the joint velocity-scalar PDF f ðV; w; x; tÞ, i.e.,
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can be derived [2, Eq. (12.352)]. In these equations, Uðx; tÞ is the flow velocity at position x and time t; /a is a scalar, e.g., the
concentration of chemical component a; p is the pressure, q is the density, m is the kinematic viscosity, and Sa ð/Þ is the reaction source term of component a based on the chemical composition / ( ð/1 ; /2 ; . . . ÞT . Einstein’s summation convention
does not apply for indices in brackets. In the PDF transport equation (3), V and w are sample space variables of the random
variable vectors U and /, respectively. The ensemble mean of scalar /a is written as h/a i and the mean of /a conditional on
the velocity U ¼ V as h/a jVi. Fluctuations are identified by primes, e.g., p0 ( p # hpi and velocity fluctuations by ui ( U i # hU i i.
Integration of the joint velocity-scalar PDF transport equation (3) over velocity sample space V leads to
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for the joint scalar PDF f ðw; x; tÞ.
In Eq. (3), turbulent advection, mean pressure gradient effects, mean viscous diffusion, and chemical reaction appear in
closed form. After applying the SLM and a generic mixing model expression M a ðV; wÞ for the unclosed conditional means we
arrive at

@f
@f
1 @hpi @f
@
1
@f
@
@
þ Vi
¼
# Gij
½f ðV j # hU j iÞ' þ C 0 hxik
#
½fMa ðV; wÞ' #
½fS ðwÞ';
@t
@xi q @xi @V i
@V i
2
@V i @V i @wa
@wa a

ð5Þ

where hxi is the mean turbulence frequency, k the turbulent kinetic energy, and Gij is the drift rate in the GLM. For example,
with
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#
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the SLM with model parameter C 0 and the Kronecker delta dij is recovered. Eq. (5) is a Fokker–Planck equation and is equivalent to the following set of stochastic differential equations (SDEs) that describe the evolution of individual realizations of
the PDF or of particles [25, Section 4.3.5]:

dX )i ¼ U )i dt;
$
%
qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 @hpi
# Gij ðU )j # hU j iÞ dt þ C 0 hxik dW i ðtÞ; and
dU )i ¼ #
q @xi
d/)a ¼ ½Ma ðU) ; /) Þ þ Sa ð/) Þ'dt:

ð7Þ

Each particle has a position X ðtÞ, velocity U ðtÞ, and composition / ðtÞ. In Eq. (7), statistical moments like hU j i are evaluated
at the particle location x ¼ X) ðtÞ and dW i is a Wiener process with properties hdW i i ¼ 0 and hdW i dW j i ¼ dij dt.
)

)

)
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2.2. Moment equations
From the modeled PDF transport equation (5), evolution equations of statistical moments can be derived [2, pp. 552–554].
For example, for the scalar mean and the scalar variance we get
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and

respectively. In the scalar variance equation (9), the first three terms on the right hand side account for transport, production,
and dissipation, respectively. For the scalar flux hui /0a i we obtain
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By comparing the modeled mean equation (8) with the mean equation that can be derived from Eq. (2), the requirement
hMa ðU; wÞi ¼ 0 can be derived if Ca r2 h/a i * 0, which is a good approximation in high Reynolds number flows [1, Eq. (3.88)].
This requirement implies that the mixing model should not change the scalar mean directly [1, Eq. (6.65)]. By inspection of
Eq. (10) it becomes clear that the mixing model, however, can change h/a i through hui /0a i indirectly. Based on the work of
Taylor [26] and supported by the DNS results of Overholt and Pope [27], Pope [15, Section 5.1] introduced the hypothesis that
in high Reynolds and Péclet number flows molecular diffusion does not change h/a jVi. Consequently, under the mentioned
conditions molecular diffusion does not affect the scalar mean because
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and leaves any joint velocity-scalar moment of the form hgðUÞ/a i with the arbitrary velocity-dependent function gðUÞ unchanged since
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In the previous two expressions, f ðV; x; tÞ is the joint velocity PDF. Therefore, with respect to Eq. (10), hui /0a i and hui uj /0a i remain unchanged by molecular diffusion because

hgðUÞ/0a i ¼ hgðUÞ/a i # hgðUÞih/a i
with all right hand side terms being independent of molecular diffusion. For mixing models that account for molecular diffusion, this implies that hui M a ðU; /Þi in Eq. (10) should vanish. Accordingly, Pope [14, Eq. (35)] states that consistent mixing
models satisfy

hM a ðV; /Þi ¼ 0 for any given velocity U ¼ V

ð11Þ

and as a result
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Requirement (11) is more restrictive compared to hM a ðU; /Þi ¼ 0 since

hM a ðU; /Þi ¼
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and therefore,

hM a ðV; /Þi ¼ 0 8 V ) hM a ðU; /Þi ¼ 0

but hM a ðU; /Þi ¼ 0 ) hM a ðV; /Þi ¼ 0 8 V does not hold:
2.3. Mixing models
Probably the simplest mixing model that honors requirement (11) is the IECM mixing model
MðV; wÞ ¼ #s#1
/ ðw # h/jViÞ [14,15]. The corresponding particle formulation for a non-reactive mixture reads
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The mixing timescale s/ depends on the mechanical-to-scalar timescale ratio r, which is typically modeled as a constant. To
numerically calculate the velocity-conditional scalar mean, the velocity sample space V is discretized by a grid with ncv cells
and in each grid cell the conditional mean h/jVi is calculated by averaging over the /) of the particles in the cell.
In the modified Curl mixing model [9], the mixing process is modeled by the mixing of randomly selected particle pairs.
During a mixing step, the scalars of particles + and , of a particle pair are set to

/+ ¼ /+ þ hð/, # /+ Þ=2 and
/, ¼ /, þ hð/+ # /, Þ=2;

ð14Þ

where h is a uniformly distributed random number in the interval ½0; 1' different for each particle pair. The mixing rate is
controlled by the number of particles nm ¼ 6np Dt=s/ that are pairwise selected from the np particles in a grid cell during
one time step of size Dt and that perform a mixing step as given by expression (14). In joint velocity-scalar PDF methods,
a velocity-conditional modified Curl model that honors requirement (11) is resulting, if the particles have velocities
U+ ¼ U, . To approximately satisfy this equality, the velocity sample space can be discretized with a grid similar to the IECM
model. Then, particle + is selected randomly from all particles in a grid cell in physical space and next, particle , is randomly
selected from the same cell in physical and velocity space where particle + resides. The outlined procedure necessitates the
sorting of all particles in a physical grid cell in velocity sample space, which is computationally expensive. Alternatively, a
more efficient approach was outlined in [19]: here, after having selected particle + as before, nv candidates for particle , are
randomly selected and the particle for which jU+ # U, j is smallest is chosen.
In the mixing model of Meyer [19], the composition of particle ) evolves like
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/) #
:
dt
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ð15Þ

Here, compositions /+ and /, are drift compositions that are initialized similar to /+ and /, in the velocity-conditional modified Curl model. However, from the nv candidates for, e.g., composition /+ , the one with jU+ # U) j smallest is selected [19].
Moreover, each drift composition has a lifetime during which /+ or /, remain constant after initialization. The drift composition lifetimes are initialized to C t s/ with C t being a model parameter. To render lifetimes random at inflow boundaries or initial
conditions, the lifetimes are set to fC t s/ with f being a uniformly distributed random number 2 ½0; 1'. The outlined model formulation is simpler compared to [23], where the drift compositions were evolved with the IECM model and their lifetimes
were initialized based on gamma-distributed random numbers. In mixing model (15), the mixing process has been abstracted
based on the following two observations. Molecular mixing is an exchange process between neighboring fluid particles. The
drift compositions represent fluid particles adjacent to particle ). Turbulent advection rearranges fluid particles which is
why the drift compositions have lifetimes. These lifetimes are modeled based on a mixing timescale which in turn is typically
modeled based on a turbulence timescale. When dealing with reactive flows, it has been shown [28, Figure 10] that modeling
s/ based solely on the turbulence time scale is of limited validity. This modeling aspect, however, is not addressed in this work.
In the outlined mixing models (14) and (15), the parameter nv determines how well requirement (11) is satisfied. For
example with nv ¼ 1, the mixing models are not velocity-conditional or velocity-independent. Meyer [19] has determined
nv and has suggested to use nv ¼ 20 for the modified Curl model (14) and nv ¼ 60 for the PSP-based model that is similar
to model (15). In [19], it was demonstrated that the reported nv are independent of the number of particles per grid cell, np .
3. Validation
In a first step, based on a statistically homogeneous mixing scenario, it is verified if the modified mixing model (15) is able
to provide joint scalar PDF predictions at similar accuracy like earlier model versions documented in [19,23]. Moreover, it is
verified whether the model predicts at large times a relaxation to a joint Gaussian scalar PDF as was observed in DNS studies
[1, Section 6.6.2] and [2, p. 554].
3.1. Homogeneous test case
The homogeneous test case presented next corresponds to well macromixed but poorly micromixed conditions. If the
joint velocity-scalar statistics are spatially homogenous and in the absence of chemical reactions, the PDF transport equation
(4) reduces to

@f
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¼#
ðf hCa r2 /a jwiÞ
@t
@wa

ð16Þ

for the joint scalar PDF f ðw; x; tÞ. Here, the time evolution of f ðw; x; tÞ is dominated by the mixing model and therefore this
case is ideal for mixing model performance tests. However, advective transport does not influence the joint scalar PDF and
velocity-conditioning in the mixing model is irrelevant. In the next section, mixing scenarios where advection is important
are considered. Juneja and Pope [12] have provided DNS reference data for homogeneous mixing of two-scalar PDFs. In this
work, we focus on case A in their DNS study. The initial joint scalar PDF consists essentially of three peaks representing a
complicated correlation structure between the two passive scalars in the DNS [12, Figure 4(a1)]. For the simulation, the code
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Fig. 1. Marginal scalar PDFs (a) f ðw1 ; tÞ and (b) f ðw2 ; tÞ for spatially homogeneous mixing and different normalized rms values of the first scalar, i.e.,
rms½/1 ðtÞ'=rms½/1 ð0Þ' ¼ 1 (blue, dotted), 0.7 (red, dashed), 0.5 (green, dash dotted), 0.3 (black, solid); DNS (thick lines), mixing model (15) (thin lines). (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

documented in [19, Section IV.A] was applied and an ensemble of np ¼ 106 particles was used. The mechanical-to-scalar
timescale ratio rðtÞ was taken from the DNS and is depicted in [19, Figure 3]. The model parameter C t ¼ 1=2 for the drift composition lifetimes was found to provide optimal agreement with the DNS.
A comparison of the marginal scalar PDFs resulting from the DNS and the PDF method in connection with mixing model
(15) is provided in Fig. 1. The marginal PDFs are in good agreement with the DNS and similar agreement was found as well
when comparing the joint scalar PDF. In Fig. 3(a), the evolution of the third and fourth normalized scalar moments, i.e., skewness and flatness, respectively, are provided. Here, the time was normalized by the eddy-turnover time. Model (15) relaxes to
a joint Gaussian scalar PDF with skewness and flatness values equal to zero and three, respectively. A similar behavior was
observed as well in case A of the DNS study [12], which is included in Fig. 3(a) for comparison. Other cases in the DNS study
[12, Figure 11] with different scalar initial conditions also show a relaxation to a joint Gaussian PDF.
For comparison, the corresponding moment evolutions resulting from the modified Curl model (14) are provided in
Fig. 3(b). The modified Curl model does not relax to a Gaussian PDF, which is for example documented by the flatness values
which exceed the Gaussian level substantially. This is resulting from the fact that there is always a non-zero probability of having unmixed particles at large times. The outlined behavior is also reflected in Fig. 2, where the evolutions of the marginal scalar PDFs are depicted. Another important difference between models (14) and (15) is illustrated in Fig. 4. Unlike model (15), the
modified Curl model involves scalar jumps in time which may lead to unphysical mixing in reactive cases as was noted by Norris and Pope [13].
3.2. Inhomogeneous test cases
In the inhomogeneous cases considered in this section, the scalar PDF is influenced by joint velocity-scalar statistics, i.e.,
the advection term in PDF transport equation (4), and therefore velocity-conditioning becomes important in the mixing
model.
Detailed reference data for spatially inhomogeneous mixing model validations is scarce. However, Cha et al. [29] and
Sawford and de Bruyn Kops [24] have published DNS data dealing with the turbulent mixing of three spanwise streams
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Fig. 2. Same as Fig. 1, but with results from the modified Curl mixing model.
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in decaying grid turbulence. In the simulation of Cha et al. [29], one non-reactive scalar was considered and distributions of
the first four scalar moments were provided. Sawford and de Bruyn Kops [24] have performed simulations involving two
inert scalars and have reported marginal and joint scalar moments, joint velocity-scalar moments, and joint scalar PDFs.
Moreover, analytical expressions for the scalar means and the velocity-conditional scalar means were reported. According
expressions for the single-scalar setup considered by Cha et al. [29] are available in [30]. The setup of the case considered
by Sawford and de Bruyn Kops [24] is depicted in Fig. 5. Their simulations were conducted in a reference frame moving with
the mean downstream velocity U and the flow domain spans from y=L0 ¼ #10 to 10. As a result, the downstream coordinate
x shown in Fig. 5 translates into a time t ¼ x=U. To normalize velocities, time, and lengths, the reference quantities u0 ð0Þ; L0 ,
and T 0 ¼ L0 =u0 ð0Þ [24, Section III.B], respectively, were applied. Here, u0 ð0Þ is the rms of the initial velocity fluctuations and L0
is the initial integral turbulence lengthscale [24, Section III.A] which is equal to the half width of the central stream. At time
t ¼ 0, the turbulent kinetic energy k=u0 ð0Þ ¼ 1:5 and the mean turbulence frequency hxiL0 =u0 ð0Þ ¼ 0:8064.
For the simulations with the PDF method in this work, the code of Meyer and Deb [23] was used. Meyer and Deb [23] have
applied the SLM and for the mixing timescale they made use of the case-specific model s/ ¼ C s t with the model constant C s
proposed by Sawford [30, Section II.D]. Except for the mixing model, the same model parameters as reported in [23, Section III.B] were applied. The flow domain was discretized with 320 grid cells. For the modified Curl model, nv ¼ 20 and
for model (15), nv ¼ 60 and C t ¼ 1=2 like in the homogeneous test case were used. For the calculation of h/jVi in the IECM
mixing model, the velocity sample space was discretized as outlined in [23, Section III.B] with ncv ¼ 50 grid cells. Like in
[24,30], where the IECM model was tested for the single scalar case studied by Cha et al. [29], C s was determined by matching the time evolutions of scalar standard deviations r/1 and r/2 . For the IECM model, C s ¼ 0:8, for the modified Curl model,
C s ¼ 0:75, and for model (15), C s ¼ 0:55 were used.
3.2.1. Verification of model accuracy
In a first step, the outlined generalization of model (15) is validated and compared with the modified Curl and IECM models. To obtain accurate results with small statistical error, 108 particles were applied which corresponds to np ¼ 312,500
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Fig. 5. Setup of the two-scalar three-stream configuration studied by Sawford and de Bruyn Kops [24]. The scalar boundary conditions are depicted at x ¼ 0
with /1 ð0; yÞ (dashed line) and /2 ð0; yÞ (solid line). Joint scalar PDFs (contour plots) were reported in [24] on the centerline, i.e., y ¼ 0, at two different
downstream locations x=ðUT 0 Þ ¼ 1 and 4.

particles per grid cell. (This leads to 6250 particles in a velocity grid cell in the IECM model.) All mixing models lead to scalar
means that are in exact agreement with [24, Eq. (19)] as seen, for example, in Fig. 6 for h/1 i. In Figs. 7 and 8, the standard
deviations of scalars /1 and /2 resulting from the different mixing models are compared with DNS reference [24]. All models
provide very good predictions for the scalar standard deviations and also the covariance h/01 /02 i of scalars /1 and /2 shown in
Fig. 9. Differences in the model predictions become apparent when inspecting the joint scalar PDF. For example in Fig. 10, the
joint PDF at y ¼ 0 and t=T 0 ¼ 4 resulting from different mixing models are compared with DNS reference [24, Figure 11].
Since the contour level distribution is logarithmic, it is much more probable to encounter compositions on the lower half
of the lines that are connecting points ð0; 0Þ and ð1; 0Þ with point ð0; 1Þ in scalar sample space. Both results from the modified
Curl model (14) and mixing model (15) reflect this behavior seen in the DNS. The modified Curl model provides slightly better agreement including low probability densities. However, the IECM model (13) leads to noticeable deviations: with the
IECM model, a probability accumulation around point ð0:2; 0:7Þ is resulting, which is not present in the DNS.
Validations of higher order statistical moments were made based on the DNS study [29]. Cha et al. [29] have simulated
the mixing of one non-reactive scalar / in the same flow configuration as Sawford and de Bruyn Kops [24]. The initial condition /ðy; t ¼ 0Þ involves two steps at y=L0 ¼ -1 and can be written as /ðy; 0Þ ¼ /1 ðy; 0Þ þ /2 ðy; 0Þ=4 based on the setup of
[24] depicted in Fig. 5. Like in the two-scalar case (Fig. 6), exact agreement with the DNS or the equivalent analytical expression (8) reported in [30] was found for h/ðy; tÞi. Similar agreement as seen in Figs. 7 and 8 was found for r/ . In Figs. 11 and
12, the skewness and flatness, respectively, of / at different times from the PDF method are compared with DNS [29]. All
mixing model results are in very good agreement with the DNS reference.
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Fig. 6. Mean of scalar /1 ðy; tÞ for different times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue). The arrow points in the direction of increasing time. Depicted are
PDF method results (lines) based on IECM mixing model (13) (dotted), modified Curl model (14) (dashed), mixing model (15) (solid), and for reference,
expression (19) from [24] (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 7. Standard deviation of scalar /1 ðy; tÞ for different times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue). The arrow points in the direction of increasing time.
Depicted are PDF method results (lines) based on IECM mixing model (13) (dotted), modified Curl model (14) (dashed), mixing model (15) (solid), and for
reference, DNS data [24] (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 8. Standard deviation of scalar /2 ðy; tÞ for different times. Same as Fig. 7.
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Fig. 9. Covariance h/01 /02 i of scalars /1 and /2 for different times. Same as Fig. 7.

An additional two-scalar simulation with the modified Curl model was performed, where particle pairs are selected from
grid cells in physical and velocity sample space as described after Eq. (14). Like in the IECM model calculation, 50 grid cells in
velocity sample space were used. It was found that results from the computationally more costly grid-based Curl implementation are equivalent to results based on selecting nv ¼ 20 particles and choosing the particle with smallest velocity difference.
3.2.2. Significance of velocity-conditional mixing
In Section 2.2, it was shown that mixing models that change h/a jVi or equivalently that violate requirement (11), lead to
erroneous scalar means, fluxes, and as a result to inaccurate scalar variances (Eqs. (8)–(10), respectively). By reducing parameters nv in mixing models (14) and (15) and ncv in the IECM model (13), the impact of violating requirement (11) on the
simulation results has been investigated.
In Fig. 13, the velocity-conditional scalar mean resulting from simulations with mixing model (15) at an exemplary position in velocity sample space is compared with expression (20) reported in DNS study [24]. As the conditioning parameter nv
in the mixing model is increased from 1 (no conditioning) to 100, the PDF method approaches the reference, which means
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Fig. 10. Contour plots of log10 ½f ðw; y; tÞ' at y ¼ 0 and t=T 0 ¼ 4 resulting from PDF method simulations with (a) IECM mixing model (13), (b) modified Curl
model (14), (c) mixing model (15), and (d) DNS [24].
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Fig. 11. Skewness of scalar /ðy; tÞ for different times t=T 0 ¼ 0:1 (black), 0.2 (red), 0.4 (blue), 0.8 (magenta), 1 (black), and 2 (red). The arrows point in the
direction of increasing time. Depicted are PDF method results (lines) based on IECM mixing model (13) (dotted), modified Curl model (14) (dashed), model
(15) (solid), and for reference, DNS data [24] (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

that the mixing model leaves h/2 jVi unchanged if nv is sufficiently high (> 50). This observation is supported by the scalar
mean and standard deviation results provided in Figs. 14 and 15, respectively. Here, the agreement with the DNS reference is
best if nv is sufficiently large. However, significant deviations result if nv is too small or in the worst case, if the mixing model
is velocity-independent, i.e., nv ¼ 1. The threshold of 50 for nv is in good agreement with nv ¼ 60, which was determined in
[19, p. 14] based on a different mixing scenario. Similar observations can be made for the modified Curl mixing model and
variable nv .
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Fig. 12. Flatness of scalar /ðy; tÞ for different times. Same as Fig. 11.
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Fig. 13. Velocity-conditional mean of the second scalar, h/2 jV ¼ u0 ðtÞ; y; ti, at times t=T 0 ¼ 1 (blue) and 4 (red) resulting from PDF method simulations with
mixing model (15) and conditioning parameter nv ¼ 1, 5, 10, 20, and 100 (lines). Arrows point in the direction of increasing nv . For reference, the means
given by expression (20) in DNS study [24] are plotted (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Fig. 14. Mean of scalar /2 ðy; tÞ for different times t=T 0 ¼ 1 (red) and 4 (blue) resulting from PDF method simulations with mixing model (15) and
conditioning parameter nv ¼ 1, 5, 10, 20, and 100 (lines). Arrows point in the direction of increasing nv . For reference, the means given by expression (19) in
DNS study [24] are plotted (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In the IECM mixing model (13), the number of grid cells in velocity probability space, ncv , plays a similar role like nv in
mixing models (14) and (15). This is illustrated in Figs. 16 and 17, where h/2 i and r/2 resulting from IECM computations with
different ncv are plotted. With 10 or more velocity grid cells, the IECM results accurately approximate the DNS.
3.2.3. Bias error
The model results presented so far involve np ¼ 312; 500 number of particles per physical-space grid cell which is
unrealistic in most practical applications. In this section, the accuracy of the different mixing models for smaller particle
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Fig. 15. Standard deviation of scalar /2 ðy; tÞ at time t=T 0 ¼ 1 resulting from PDF method simulations with mixing model (15) and conditioning parameter
nv ¼ 1, 5, 10, 20, 50, and 100 (lines). The arrow points in the direction of increasing nv . For reference, the DNS result [24] is plotted (,).
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Fig. 16. Mean of scalar /2 ðy; tÞ for different times t=T 0 ¼ 1 (red) and 4 (blue) resulting from PDF method simulations with IECM mixing model (13) and
different ncv ¼ 1, 2, 5, and 10 (lines). The arrows point in the direction of increasing ncv . For reference, the means given by expression (19) in DNS study [24]
are plotted (,). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 17. Standard deviation of scalar /2 ðy; tÞ at time t=T 0 ¼ 1 resulting from PDF method simulations with IECM mixing model (13) and different ncv ¼ 1, 2,
5, 10, and 20 (lines). The arrow points in the direction of increasing ncv . For reference, the DNS result [24] is plotted (,).

ensembles is inspected. To keep statistical errors with the reduced particle numbers at equal magnitudes, statistical quantities were averaged over multiple statistically independent simulations. (This does not include h/jVi in the IECM mixing
model, which was calculated for each simulation independently.) In Table 1, the number of simulations are listed that were
used to determine results for specific particle numbers np . A sufficiently high number of simulations was required to accurately determine the low probabilities in the joint scalar PDF (compare Fig. 10). However, with respect to typical applications,
it is pointed out that for the calculation of statistical moments up to second order far fewer simulations are required. For
example in Fig. 18, it is illustrated that one simulation with 300 particles per grid cell already provides reasonable estimates
of h/2 i and r/2 . To reduce statistical errors in time-stationary cases, time-averaging can be applied [31].
To avoid velocity grid cells that contain no particles in simulations with the IECM mixing model, the number of grid cells
in velocity sample space, ncv , had to be reduced for simulations with small np . To identify bias errors resulting from too low
particle counts, standard deviation r/2 ðy; tÞ proofed to be a good error indicator.
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Table 1
Number of particles per grid cell, np , number of simulations, ns , and number of velocity grid cells for IECM
mixing model runs, ncv .
np

ns

ncv

100
300
1000
3000
30,000
312,500

3000
1000
300
100
10
1

5
10
20
50
50
50

1
4
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Fig. 18. Mean (left half) and standard deviation (right half) of scalar /2 ðy; tÞ at times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue) resulting from PDF method
simulations with mixing model (15) and np ¼ 300 particles per grid cell. The arrows point in the direction of increasing time. The solid lines represent the
results from one simulation and the dotted lines depict averages over ns ¼ 1000 statistically independent simulations. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 19. Standard deviation of scalar /2 ðy; tÞ at times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue) resulting from PDF method simulations with IECM mixing
model (13) and different number of particles per grid cell np ¼ 100, 300, 1000, and 312,500. The arrows point in the direction of increasing np . (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

The standard deviation distributions resulting from mixing models (13)–(15) are depicted in Figs. 19–21, respectively.
The velocity-conditional modified Curl model (14) is very robust and already with np ¼ 100 particles per grid cell leads to
results that are close to r2 ðy; tÞ obtained with np ¼ 312; 500. Both IECM (13) and mixing model (15) require in the order
of np ¼ 500 particles per grid cell to reduce bias errors to low levels. As seen in Fig. 21, significant bias errors result, if mixing
model (15) is applied in connection with too small np , e.g., 100. This is similar to our previous finding [22, Section IV.C.3]
reported for the PSP mixing model.
The scaling of the computational cost associated with the different mixing models is shown in Fig. 22 as a function of np .
The particle-based solution method and the mixing models applied in this work lead to linear dependencies of the computational costs with respect to the number of particles. The IECM model and mixing model (15) are approximately 5.4 and 2.8
times as expensive as the modified Curl model, respectively. With respect to the overall computational cost of the PDF method, IECM model (13) accounts for 23%, modified Curl model (14) for 5%, and mixing model (15) for 14%. In terms of computational cost, the discontinuous scalar trajectories in the modified Curl model are advantageous, since compared to the other
two models only a fraction of all particles mix during one time step.
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Fig. 20. Standard deviation of scalar /2 ðy; tÞ at times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue) resulting from PDF method simulations with the modified
Curl mixing model (14) and different number of particles per grid cell np ¼ 100 and 312,500. The arrows point in the direction of increasing np . (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 21. Standard deviation of scalar /2 ðy; tÞ at times t=T 0 ¼ 1 (red), 2 (magenta), and 4 (blue) resulting from PDF method simulations with mixing model
(15) and different number of particles per grid cell np ¼ 100, 300, 1000, and 312,500. The arrows point in the direction of increasing np . (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 22. Computing time in seconds as a function of the number of particles per grid cell, np , for IECM mixing model (13) (dotted), modified Curl model (14)
(dashed), and mixing model (15) (solid). The overall computing time of the PDF method (þ) and the mixing model subroutine (+) are provided.

4. Conclusions
An alternative generalization of the velocity-conditional mixing model presented by Meyer [19] that is based on the PSP
mixing model [22] was outlined. Unlike the generalization proposed by Meyer and Deb [23], the new model does not require
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the estimation of velocity-conditional scalar means like, e.g., needed in the IECM mixing model. In comparison to unconditional means, the estimation of conditional means requires significantly more particles, since probability space has to be partitioned into subdomains that typically contain a small fraction of the overall particle count.
The new model provides accurate joint velocity-scalar PDF predictions for statistically homogeneous and inhomogeneous
settings. Unlike the modified Curl and IEM (or IECM) mixing models, it approaches a joint Gaussian scalar PDF in a homogeneous setting at large times, which is in agreement with DNS observations. Moreover, scalar particle trajectories resulting
from the new model are continuous in time, which is relevant when dealing with reactive flows and which is not the case in
the modified Curl model. In the inhomogeneous settings simulated, all velocity-conditional mixing models provide accurate
predictions for the first four scalar moments. However, with unfavorable velocity conditioning parameters or in the extreme
case with velocity-independent mixing models, significant inaccuracies in scalar means, variances, and other scalar statistics
are resulting.
The velocity-conditional modified Curl and the new model provide more accurate joint scalar PDF predictions at lower
computational cost compared to the IECM model. The results of the velocity-conditional modified Curl model proofed to
be very robust to bias errors and 100 particles per grid cell were found to be sufficient. In the IECM and the new model,
500 particles should be used to reduce bias errors to acceptable levels. In two or three-dimensional mixing scenarios, bias
errors in the IECM model are expected to become more dominant compared to the one-dimensional settings considered in
this work. This is because for a particle ensemble of a given size, the number of particles per velocity grid cell is inversely
proportional to the second or third power of the number of velocity grid cells in one spatial direction. In the present study,
it was found that 10 velocity grid cells in each spatial direction lead to accurate scalar statistics when applying the IECM
mixing model. To further demonstrate the applicability of the outlined mixing models, additional model validations should
be performed involving two- and three-dimensional settings.
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B

Modeling particle dynamics in subsurface flows

In this section, three journal publications are provided that focus on a new
particle-based method to estimate flow and transport uncertainty in the subsurface. Such methods are required because of the high degree of uncertainty that
is involved in the characterization of the hydraulic conductivity. The latter is a
spatially heterogeneous property that determines the flow field and accordingly
governs the transport of tracers or contaminants in subsurface formations.

B.1

Particle-based transport model with Markovian velocity processes for tracer dispersion in highly heterogeneous porous media

A new particle-based transport model for subsurface flows is introduced in the
following publication [Meyer and Tchelepi, 2010]. The model is based on novel
Markovian velocity processes (MVPs) and is applicable for mildly and highly
heterogeneous subsurface formations with space-stationary statistical characterization. In comparison to the stochastic diffusion processes applied for turbulent
dispersion, the MVPs applied in this work are non-linear and of higher complexity. The journal publication has appeared in Water Resources Research in
November 2010.
Based on discussions with Tchelepi, Meyer devised the MVP concept. Meyer
wrote analysis and simulation codes, and performed the simulations. Meyer and
Tchelepi wrote and edited the paper, respectively. Both authors approved the
manuscript.
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Particle‐based transport model with Markovian velocity processes
for tracer dispersion in highly heterogeneous porous media
Daniel W. Meyer1 and Hamdi A. Tchelepi1
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[1] Monte Carlo (MC) studies of flow in heterogeneous porous formations, in which the
log‐conductivity field is multi‐Gaussian, have shown that as the log‐conductivity variance
s2Y increases beyond about 0.5, the one‐point velocity probability density functions
(PDFs) deviate significantly from Gaussian behavior. The velocity statistics become more
complex due to the formation of preferential flow paths, or channels, as s2Y increases.
Methods that employ low‐order approximations (e.g., truncated perturbation expansions)
are limited to small s2Y and are unable to represent the complex velocity statistics
associated with s2Y > 1. Here a stochastic transport model for highly heterogeneous
domains (i.e., s2Y > 1) is proposed. In the model, the Lagrangian velocity components
of tracer particles are represented using continuous Markovian stochastic processes
in time. The Markovian velocity process (MVP) model is described using a set of
first‐order ordinary and stochastic differential equations, which are easy to solve using a
particle‐based method. Once the MVP model is calibrated based on velocity statistics
from MC simulations of the flow (hydraulic head and velocity), the MVP‐based model can
be used to describe the evolution of the tracer concentration field accurately and
efficiently. Specifically, the MVP model is validated using MC simulations of longitudinal
and transverse tracer spreading due to a point-like injection in the domain. We demonstrate
that for s2Y > 1, the ensemble‐averaged tracer cloud remains markedly non‐Gaussian
for relatively large travel distances from the point source. The MVP transport model
captures this behavior and reproduces the velocity statistics quite accurately.
Citation: Meyer, D. W., and H. A. Tchelepi (2010), Particle‐based transport model with Markovian velocity processes for tracer
dispersion in highly heterogeneous porous media, Water Resour. Res., 46, W11552, doi:10.1029/2009WR008925.

1. Introduction
[2] Extensive experimental and theoretical studies have
shown that while the spreading of passive tracers in natural
porous formations depends on pore‐scale dispersion (PSD),
the spatial variability of the hydraulic conductivity plays a
dominant role. This leads to a process referred to as macrodispersion or effective dispersion [Gelhar, 1993; Dagan,
1986, 1987]. In the field, measurements provide an incomplete picture of the hydraulic conductivity distribution in
the formation or sedimentary aquifer of interest. As a result,
a probabilistic framework is usually employed, in which
statistical information about the hydraulic conductivity combined with available measurements are used to generate
ensembles with probable conductivity fields [de Marsily,
1986; Journel and Huijbregts, 1978]. For example, simple
multivariate Gaussian models are commonly used to represent log‐conductivity fields, Y(x). These models are parameterized by the log‐conductivity mean, hYi, the variance, s2Y,
and a number of correlation length scales depending on the
spatial dimensionality of the problem. Limitations of these
1
Department of Energy Resources Engineering, Stanford University,
Stanford, California, USA.

Copyright 2010 by the American Geophysical Union.
0043‐1397/10/2009WR008925

models were explored by Gomez‐Hernandez and Wen [1998]
and Zinn and Harvey [2003]. For example, Zinn and Harvey
[2003] have demonstrated that conductivity fields with very
different connectivity patterns can result from nearly identical geostatistical characterizations that are based on a
specific correlation structure and a univariate Gaussian log‐
conductivity distribution. The uncertainty associated with the
geostatistical model of the hydraulic conductivity leads to
uncertainty in the spatial velocity distribution. Consequently,
the evolution of the tracer concentration field, which depends
strongly on the velocity field, is also uncertain.
[3] There are two main methods for modeling tracer
dispersion in heterogeneous domains: statistical moment
equations (SMEs) and Monte Carlo (MC) simulation. In SME
methods, the flow and transport equations are expanded
in power series in terms of a ‘small’ parameter (e.g., log‐
conductivity, Y ), and the equations governing the statistical
moments of flow‐related quantities (hydraulic head, velocity,
concentration) are derived. In practice, only the first two
moments are usually considered, and low‐order approximations (LOAs) of these moment equations are formulated and
solved. For example, Gelhar et al. [1979] and Dagan [1984]
derived analytical first‐order equations for the temporal
evolution of spatial moments of an ensemble averaged tracer
cloud originating from a point‐like injection. Analytical
expressions resulting from LOAs directly relate the dispersion process to the parameters of the underlying (usually
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multi‐Gaussian) log‐conductivity model. For low log‐
conductivity variances, LOA methods, e.g., Dagan [1987],
reproduce field observations accurately. Examples where this
is shown include the Borden experiment with s2Y = 0.38
Mackay et al. [1986] and the Cape Cod tracer test with s2Y =
0.24 Garabedian et al. [1991]. Fernandez‐Garcia et al. [2005]
compared LOA methods with experimental data from a test
aquifer with s2Y = 1.8. Good agreement in the first two temporal moments of recorded breakthrough curves were found,
but large deviations in the skewness and kurtosis were
reported by Fernandez‐Garcia et al. [2005, Figures 10 and
11]. For cases with large s2Y, such as the MADE experiment
[see Adams and Gelhar, 1992], LOA methods do not perform adequately.
[4] Compared with LOA methods, MC simulation of
flow (head and velocity) and transport (concentration)
offers conceptual simplicity and generality. However, high‐
resolution MC simulations that provide accurate statistical
moments of flow and transport‐related quantities, beyond the
first statistical moment, can be computationally expensive.
The computational cost comes from resolution requirements
of each realization of the heterogeneous geologic formation,
as well as, the number of realizations (size of the discrete
ensemble) used to obtain converged statistical moments, or
more generally, probability density functions (PDFs). Salandin
and Fiorotto [1998] performed two‐dimensional MC simulations to validate LOAs for simple transport problems; they
simulated the evolution of a tracer cloud from a point‐like
injection with a constant mean flow in the absence of PSD.
Here, the flow problem involves the solution of an elliptic
partial differential equation, which is computationally expensive. A two‐dimensional, multi‐Gaussian log‐conductivity
model with an isotropic exponential covariance function was
used to generate 500 realizations of the hydraulic conductivity field, which was found to provide an adequate ensemble. They reported that the ensemble averaged dispersion
coefficients from the LOA method deviated significantly as
s2Y increased. Furthermore, the one‐point (equivalently, one‐
time) velocity PDFs along the flow direction, p(v1; x), and
perpendicular to it, p(v2; fx) were far from Gaussian, and that
led to highly non‐Gaussian and non‐Fickian concentration
fields. Similar observations were made by Trefry et al. [2003,
Figure 2], where it was illustrated clearly that non‐Gaussian
velocity PDFs are the result of preferential flow paths that
form in conductivity fields with large s2Y. These paths lead to
short high‐velocity events and long correlated low‐velocity
sections through zones with small conductivity. The LOAs
validated by Salandin and Fiorotto [1998], on the other
hand, imply Gaussian velocity PDFs and Gaussian ensemble
averaged tracer cloud shapes. The reported MC results demonstrate that Gaussian distributions are a good approximation
only for s2Y close to zero.
[5] Combinations of MC and LOA methods were
described by Rubin [1990], Bellin et al. [1994], and Dentz
et al. [2002], in which the computationally expensive MC
solution of the flow problem is avoided by utilizing realizations of the velocity field generated directly based on LOAs.
In the work of Rubin [1990], it is assumed that the velocity
field is multivariate Gaussian. The velocity at a particular
particle location is assumed to be a random deviate from a
Gaussian PDF, whose mean and variance are calculated by a
Kriging system based on the velocity statistics at the previous
particle locations. This procedure honors the spatial velocity
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covariance structure. Compared with analytical solutions of
LOAs, the resulting methods offer greater flexibility. However, the velocity field is still limited to a Gaussian two‐
moment characterizations, and this is only accurate for small
log‐conductivity variances.
[6] Recently, Le Borgne et al. [2008a, 2008b] proposed a
model for longitudinal dispersion in highly heterogeneous
porous media with s2Y = 9. They consider multi‐Gaussian,
connected (as proposed by Zinn and Harvey [2003]), and
layered log‐conductivity fields with a Gaussian correlation
structure. PSD effects were included and the Péclet number
Pe was 100. Based on MC simulations, they analyzed the
computed velocity statistics and proposed spatial Markov
processes for the discretized longitudinal velocity. In their
model, particles undergo transitions across different discrete
velocity classes as they travel from one grid‐point to the next.
The probabilities for these transitions are given by a large
transition matrix computed using MC simulations. Furthermore, they concluded that Markov processes in time are not
suitable for their scenario. This was attributed to having different correlation behaviors for low and high instantaneous
velocities.
[7] The simulation methods discussed so far are based on
stationary geostatistical conductivity models and velocity
statistics, which imply ergodicity. Limitations of the ergodicity hypothesis were discussed by Fiori and Jankovic [2005].
They compared the dispersion of individual tracer clouds
with the ensemble averaged tracer cloud. More precisely, they
investigated the statistical convergence of an individual cloud
to the ensemble averaged cloud for increasing dimensions
of the initial cloud. They found that depending on the initial
cloud shape and orientation, certain spatial second statistical
moments of the cloud never converge to their ensemble
averaged values. Therefore, ensemble averaged predictions
provided by stochastic models are of limited applicability in
certain cases.
[8] Our goal is to develop an accurate and computationally
efficient tracer dispersion model for heterogeneous porous
media that is valid for a wide range of log‐conductivity
variances (e.g., s2Y = 1/16, …, 4). In this work, ergodicity is
postulated (i.e., spatial and ensemble averaging are equivalent), PSD is neglected, and a particle‐based method is used to
solve the tracer transport problem. Unlike Le Borgne et al.
[2008a], we formulate temporal MVPs for both transverse
and longitudinal velocity components, and we demonstrate
that these processes represent the dynamics at low and
high instantaneous velocity levels quite well. Similar to the
approach of Le Borgne et al. [2008a, 2008b], the MVPs in our
model are calibrated based on MC simulations of the velocity field. Unlike their approach of using discrete transition
matrices, the velocity statistics are characterized using four
functions that have proved to be quite effective for the wide
range of log‐conductivity variance studied.
[9] The paper proceeds as follows. The equations that
describe flow and transport of a conservative tracer are stated
and the dispersion scenario presented. The use of particles
to describe the transport is summarized, and the role of the
temporal velocity process is highlighted. Then, the Markovian velocity process (MVP) model is outlined, and the parameters in the MVP model are determined for multi‐Gaussian
conductivity fields with s2Y = 1/16, …, 4. Transport predictions of the MVP model are presented, including a detailed
validation of the underlying assumptions. The applicability
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of the model to connected conductivity fields (as outlined by
Zinn and Harvey [2003]) is demonstrated in Appendix E.

2. Statement of the Transport Problem
[10] In this section, the theoretical foundation for the new
tracer dispersion model is laid out, and the dispersion scenario under consideration is presented. With PSD neglected,
the transport of a conservative tracer with a volumetric concentration C(x, t) at position x and time t is purely advective,
i.e.,
@C
@
þ
ðui C Þ ¼ 0;
@t @xi

ð1Þ

which is equation (8.4) in the study by Rubin [2003]. Here,
ui is the ith component of the velocity vector u(x). The flow
field u(x) = q(x)/n, where q(x) and n(x) are the specific discharge and porosity, respectively, is calculated from Darcy’s
law,
qðxÞ ¼ %K ðxÞrhðxÞ;

ð2Þ

where K(x) is the hydraulic conductivity field. The hydraulic
head h(x) is determined from the continuity equation of
incompressible, single‐phase flow, r · q = 0, leading to
r & ð KrhÞ ¼ 0:

ð3Þ

As a result, we have r · u = 0 for incompressible flow and a
constant‐porosity medium (see equation (4.6.12) in the
textbook of Bear [1972] for details). Therefore, equation (1)
reduces to
@C
@C
þ ui
¼ 0:
@t
@xi

Xðt; X0 Þ ¼ X0 þ

Z

t0

t

u½Xðt0 ; X0 Þ; t 0 (dt0 ;

ð5Þ

where X = (X1, X2, X3)T denotes the particle position vector,
and X0 is the origin where the particle was released at time t0.
With PSD neglected, the concentration on a particle pathline
C[x = X(t, X0), t] is constant, so we can write
@C @C @Xi
þ
¼ 0:
@t @xi @t

[12] We study the dispersion, or spreading, of tracer clouds
in different realizations of the porous medium. The particle
cloud originates at time t0 from a small volume V0 = DV at
a fixed point X0. All medium realizations are consistent with
the same geostatistical model for the hydraulic conductivity
K(x). The spatial domain is two‐dimensional. The velocity
fields are assumed to be steady, and the mean velocity is hui =
(U, 0)T. This scenario is an idealization of the regional flow
that can be modeled as a vertically averaged two‐dimensional
flow similar to the field experiments carried out at Borden,
Canada (e.g., Mackay et al. [1986]) and Cape Cod, Massachusetts (e.g., Garabedian et al. [1991]). A basic quantity of
interest in this scenario is the spreading of the cloud ensemble
quantified by the covariance tensor of the particle pathlines
hXi′Xj′i. An evolution equation is derived from equation (5),
i.e.,
d2 hXi 0 Xj 0 i
¼ 2hui 0 ðX0 ; t0 Þuj 0 ½Xðt; X0 Þ; t(i
dt 2

ð6Þ

With ∂Xi(t, X0)/ ∂t = ui[X(t, X0), t], this equation is equivalent to equation (4); therefore, the Lagrangian representation based on tracer particles is equivalent to the Eulerian
description.
2.1. Dispersion Scenario
[11] In heterogeneous porous media, where limited information about the spatial distribution of the hydraulic conductivity, K(x), is available, a probabilistic framework is used,
in which K(x) is a random field. Consequently, the flow field,
u(x, t), the tracer particle pathlines, X(t, X0), and the tracer
concentration distribution, C(x, t), are random variables.

ð7Þ

(see equation (10.3.28) in the textbook of Bear [1972] for
details). Here, h·i and prime symbols denote ensemble
averages over all possible medium realizations and fluctuations, e.g., u′ = u − hui, respectively. Consequently, the
spreading of the ensemble averaged tracer cloud is governed
by the velocity covariance tensor. The covariance growth rate
is described by the macrodispersion tensor defined as
Dij )

1 dhXi 0 Xj 0 i
2
dt

ð8Þ

(equation (3.6) in the study by Dagan [1987]). Together with
equation (7), we get

ð4Þ

As an alternative to the Eulerian equation (4), Lagrangian
tracer particles are considered. A tracer particle, which
represents the tracer content in a small volume DV of the
porous medium, travels along a pathline
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Dij ðt Þ ¼

Z

t
t0

hui 0 ðX0 ; t0 Þuj 0 ½Xðt0 ; X0 Þ; t 0 (idt0 ;

ð9Þ

which shows that time integration of the velocity covariance
tensor provides the macrodispersion tensor.
[13] The limiting spreading behavior for short and long
times in the absence of PSD is well documented by LOAs,
e.g., Dagan [1984], and more recently MC simulations
de Dreuzy et al. [2007]. For short times, the velocity autocorrelation coefficient is close to unity and both the longitudinal and transverse particle position variances grow /t2.
This is the so‐called Taylor short‐term limit (equation (4.7) in
the study by Dagan [1984]). For t → ∞, the velocity autocorrelations in both spatial directions go to zero. Therefore,
the longitudinal macrodispersion coefficient approaches a
finite value and likewise hX1′X1′i / t, which is the Fickian
dispersion behavior. In the transverse direction, however, the
velocity autocorrelation function becomes negative after a
certain time, and D22 → 0 as t → ∞. Accordingly, hX2′X2′i
approaches a constant. In the MC simulations of de Dreuzy
et al. [2007], the large time limits of the macrodispersion
coefficients were reached for s2Y = 1 and 9 at non‐dimensional
times ≈50 and 500, respectively.
2.2. Temporal Velocity Process
[14] A more detailed characterization of the tracer‐cloud
statistics is provided by the local time‐dependent tracer concentration PDF p(c; x, t), where c is the sample space coordinate of the random variable C(x, t). Note that the semicolon
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indicates that p(c; x, t) is a density with respect to c only, but
not x and t. In other words, multiplication of the probability
density function by an infinitesimal concentration interval,
i.e., p(c; x, t)dc, leads to the probability that the concentration at location x and time t will be inside the intervals dc
centered at point c. The concentration PDF can be written as
an expectation of a Dirac delta function, i.e.,
pðc; x; t Þ ¼ h!½c % C ðx; t Þ(i:

ð10Þ

The concentration resulting from a point-like tracer injection can be expressed as C(x, t) = C0V0dDV [x − X(t, X0)]
(equation (3.1) in the study by Dagan [1987] for small V0),
where
!DV ðx % XÞ )

!

1=DV
0

if x % X 2 DV
else

ð11Þ

and dDV (x − X) = d DV (X − x). The injection volume V0 =
DV, the concentration in it is equal to C0, and the injection
point is located at X0. Substitution in equation (10) leads to
Z

!½c % C0 V0 !DV ðx % x0 Þ(pðx0 ; t Þdx0
Z
Z
¼ ! ðc % C 0 Þ
pðx0 ; t Þdx0 þ !ðcÞ

pðc; x; t Þ ¼

W

DV

W%DV

¼ !ðc % C0 ÞV0 pðx; t Þ þ !ðcÞ½1 % V0 pðx; t Þ(;

W

pðx0 ; t Þdx0 ¼ 1:

ð12Þ

ð13Þ

The resulting concentration PDF is bimodal and essentially
defined by the particle position PDF. From the concentration
PDF, different statistical concentration moments can be calculated, e.g., the mean
hC ðx; tÞi ¼ C0 V0 pðx; t Þ

ð14Þ

(this is equation (9.25) in the textbook of Rubin [2003]).
[15] As implied by equation (5), the particle position PDF
in turn depends on the velocity field:
pðx; tÞ ¼ h!½x % Xðt; X0 Þ(i
$ "
#%
Z t
u½Xðt0 ; X0 Þ; t (dt 0
¼ ! x % X0 %
t0
#
Z 1 "
Z 1
N
X
&&&
! x % X0 % Dt
vn
*
%1

%1

n¼0

& pðv0 ; t0 ; v1 ; t1 ; . . . ; vN ; tN Þdv0 . . . dvN ;

t/Dt, and un = u[X(tn, X0), tn] with the sample space vector vn.
The velocity process is fully characterized by the multivariate
velocity PDF p(v0, t0; v1, t1; …; vN, tN) that reflects the
properties of the porous medium. For time‐ and space‐
stationary velocity fields, only time differences tn − tn−1 = Dt
matter; therefore, we write the multivariate velocity PDF in
the more compact form p(v0, v1, …, vN; Dt).
[16] The early shape of the ensemble averaged tracer
cloud hC(x, t)i is governed by the one‐point velocity PDF,
since the tracer particle displacements are strongly correlated with the initial particle velocities. This is readily verified
by inspection of equation (15) for small times t:
pðx; tÞ ¼ h!½x % Xðt; X0 Þ(i * h!½x % X0 % uðXðt0 ; X0 Þ; t Þt (i
&
'
Z 1
x % X0
¼
;t :
!ðx % X0 % vt Þpðv; t Þdv ¼ t p v ¼
t
%1

ð16Þ

Accordingly, non‐Gaussian velocity PDFs, as reported for
example by Salandin and Fiorotto [1998] for relatively large
log‐conductivity variances s2Y, lead to initially non‐Gaussian
average tracer clouds.
2.3. Markovian Hypothesis
[17] In the MVP model, we assume that

pðx0 ; tÞdx0

where W is the position sample space, and p(x; t) is the
particle position PDF defined analogously to p(c; x, t). In the
first step, the integral was decomposed into a zone of size
DV centered at x and a region W − DV that excludes this
zone. Based on the definition of dDV, the Dirac delta function is constant in the two regions. For DV sufficiently small,
p(x′; t) is approximately constant in the first integral. The
second integral was simplified with the normalization property of the position PDF, i.e.,
Z
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ð15Þ

pðv0 ; v1 ; . . . ; vN ; Dt Þ * pðvN jvN %1 ; Dt Þ . . . pðv1 jv0 ; Dt Þpðv0 Þ:

ð17Þ

Accordingly, the multivariate velocity PDF is modeled by a
one‐time PDF p(v0), which is time independent, and a two‐
time transition PDF p(vn∣vn−1; Dt), where the probability of
un at time tn is conditional on un−1 at tn−1 = tn − Dt. This is
the Markovian hypothesis, which leads to the Chapman‐
Kolmogorov equation for a sequence of three events
pðvnþ1 jvn%1 ; 2Dt Þ ¼

Z1

%1

pðvnþ1 jvn ; Dt Þpðvn jvn%1 ; Dt Þdvn : ð18Þ

This is equation (2.78) in the textbook of Risken [1989].
[18] Provided that a Markov process based on the transition
PDF p(vn∣vn−1; Dt) is formulated, we can verify the validity
of the Markovian hypothesis (17) and the transition PDF
in two ways: multiplication of the Chapman‐Kolmogorov
equation (18) by the one‐time PDF p(vn−1) and integration
over vn−1 sample space leads to
pðvnþ1 Þ ¼

Z1

%1

pðvnþ1 jvn ; Dt Þpðvn Þdvn :

ð19Þ

Therefore, the one‐time velocity PDF p(v) is implicitly
determined by equation (19), and we can verify p(v) since it is
a unique result from the transition PDF p(vn∣vn−1; Dt) that
defines the Markov process. Furthermore, we can verify
the long‐term behavior of the Markov process through the
autocorrelation function

where in the second step the Lagrangian velocity trajectory
was approximated by a time‐discrete random velocity process with the time step Dt, tn = t0 + n Dt, n 2{1,2, …, N}, N =
4 of 22

" ðt n Þ ¼

R1 R1
%1

%1

v00 vn0 pðv0 ; vn ; tn % t0 Þdv0 dvn
:
hu0 2 i

ð20Þ
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In equation (20), u represents an arbitrary component of the
velocity vector u with sample‐space variable v, and n is an
integer ≥0. For the exact velocity process, we have
pðv0 ; vn ; tn % t0 Þ ¼

Z1

%1

&&&

Z1

%1

pðv0 ; v1 ; . . . ; vn ; Dt Þdv1 & & & dvn%1
ð21Þ

and based on the Chapman‐Kolmogorov equation (18), the
two‐time PDF for the Markovian process is given by
pðv0 ; vn ; tn % t0 Þ ¼

Z1

%1

&&&

Z1 Y
n

%1

m¼1

pðvm jvm%1 ; DtÞpðv0Þdv1& & & dvn%1 :
ð22Þ

The outlined verification methods for the Markovian hypothesis and a given transition PDF rely on one‐time velocity
PDFs and velocity autocorrelation functions.

3. Markovian Velocity Process Model
[19] In a first step, we focus on the longitudinal velocity
process because it is less complicated to model compared
with the transverse velocity, which has a hole‐type autocorrelation function. For example, Gelhar [1993, Figure 2.7]
refers to correlation functions with piecewise negative
values—like the ones of the transverse velocities [e.g.,
Salandin and Fiorotto, 1998, Figure 5b]—as hole‐type correlation functions. For both velocity components, we first
present simple processes covered in the textbook of Risken
[1989] to introduce the terminology and to highlight a few
basic process properties. Conceptually similar but more complex processes are presented subsequently. These refined
processes form the basis of the MVP model.
3.1. Longitudinal Velocity Process
[20] A simple stochastic process for the longitudinal velocity component u1 is given by
du1 ¼ %#1 ½u1 ðt Þ % U (dt þ

pffiffiffiffi
q1 dW ðt Þ;

for the process (23) is derived in section 3.1 (equation (3.10))
of Risken [1989], i.e.,
hu10 ðt0 Þu10 ðt Þi ¼

q1 %#1 ðt%t0 Þ
e
2#1

ð24Þ

for t ≥ t0. The inverse of the parameter g 1 has the meaning
of a velocity correlation time scale, and q1 quantifies the
velocity fluctuations. Function (24) has a similar shape as the
longitudinal correlation functions obtained from LOAs [e.g.,
Rubin, 1990], and MC studies [e.g., Salandin and Fiorotto,
1998]. The longitudinal particle position variance is determined based on equations (7) and (24). The resulting variance
evolution honors the Taylor small time limit and Fickian
dispersion behavior for large times.
[21] To account for the reported non‐Gaussian one‐time
velocity PDFs associated with large s2Y, a more general
stochastic process is required. For example, Le Borgne et al.
[2008a] pointed out that low instantaneous velocities are
much more strongly correlated compared with the high
velocities. To account for this behavior and better resolve the
low‐velocity zone, we introduce the mapping
u0 ¼ lnðju1 j=U Þ;

ð25Þ

where velocities close to zero are magnified. However,
reverse flow (u1(t) < 0), which was found by de Dreuzy et al.
[2007] to be very rare, cannot be reproduced by u0(t). The
generalized stochastic process for u0 then reads as
du0 ¼ aðu0 Þdt þ bðu0 ÞdW ðt Þ:

ð26Þ

Here, a(u0) and b(u0) are drift and diffusion functions,
respectively. Le Borgne et al. [2008a, 2008b] do not work
with a continuous velocity process like the one described
by equations (25) and (26). Instead, they discretize the
velocity space into different velocity classes. The transition
probabilities between these classes, which characterize the
dynamics in their process, were estimated from MC data.
Similarly, the drift and diffusion functions can be estimated
based on particle pathlines recorded in the MC simulations:
averaging the MVP (26) conditional on u0 leads to

ð23Þ

where g 1 and q1 are positive constants and W(t) is a Wiener
process. Equation (23) is a stochastic differential equation
(SDE), where W(t + dt) − W(t) is normally distributed with
zero mean and variance equal to the time step dt. More details
about the Wiener process are available in Appendix A. With
W(t + dt) → W(t) for dt → 0, the process (23) is continuous in
time. The process (23) is Markovian, because its future value,
i.e., du1 + u1, depends only on the present value u1, but
not on past values (section 2.4.1 in the textbook of Risken
[1989]). Therefore, we refer in this work to temporal processes like equation (23) as Markovian velocity processes
(MVPs). Analytical expressions for the stationary one‐time
velocity PDF and the autocorrelation function are discussed
in the book of Risken [1989]: the one‐time PDF is Gaussian
with hu1i = U and the variance is equal to q1/(2g 1). The first
term on the right hand side causes u1(t) to drift to U, whereas
the second term adds random fluctuations to u1(t). Therefore,
they are referred to as drift and diffusion terms. Note that in
the present context, diffusion takes place in velocity sample‐
space, but not in physical space. The autocorrelation function
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aðui Þ ¼

hdui jui i
dt

ð27Þ

for i = 0 and since
hbðui ÞdW jui i ¼ bðui ÞhdW i ¼ 0

ð28Þ

with hdW(t)i = 0 and dW(t) being statistically independent of
any other random variable. Similarly, the square of the diffusion function b(u0) can be estimated based on the expression
bðui Þ2 ¼

hdu2i jui i hdui jui i2
%
;
dt
dt

ð29Þ

derived in Appendix B. Hence, suppose that the Markovian
hypothesis holds, the two functions a(u0) and b(u0) that
determine the longitudinal MVP can be estimated from pathline velocity statistics recorded from MC simulations.
3.2. Transverse Velocity Process
[22] The hole‐type temporal autocorrelation function of
the transverse velocity component cannot be reproduced by a
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du2 ¼ aðu2 Þdt % !20 Xðt Þdt þ bðu2 ÞdW ðtÞ

W11552

ð32Þ

for the transverse velocity component. Based on equation
(32) the same expression (27) for the drift function a(u2)
can be derived, where the simplification
h!20 Xdtju2 i ¼ !20 hXju2 idt ¼ !20 hXidt ¼ 0

Figure 1. Computational domain (128lY × 128lY) used in
the Monte Carlo simulations with the sampling zone (white
square, 96lY × 96lY) surrounded by a boundary buffer layer
(gray‐shaded area) and 82 equidistantly distributed tracer
particle release locations (thick vertical line).
stochastic process of the forms (23) or (26). However, Risken
[1989, section 10.2] has outlined the generalized stochastic
process
du2 ¼ %#2 u2 ðt Þdt % !20 XðtÞdt þ

pffiffiffiffi
q2 dW ðt Þ

hu20 ðt0 Þu20 ðt Þi

q2 %#2 ðt%t0 Þ=2
¼
e
2#2

(

cosh

#2
% pffiffiffi2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi2ffi sinh
2 #2 =4 % !0

applies for hXi = 0 resulting from hu2i = 0 and X and u2
being statistically independent. The latter is demonstrated in
Appendix D. For the estimation of the diffusion function b(u2),
also the same expression (29) is applicable as is shown in
Appendix B.
[24] After having laid out the theoretical foundation of the
MVP method, we proceed in the next section with the specification of the drift and diffusion functions a(ui) and b(ui).
For this purpose, MC simulations were performed, and the
functions extracted as implied by expressions (27) and (29).
In a next step, the MVP method is verified by validating the
one‐time velocity PDFs, the temporal autocorrelation functions, and finally the resulting predictions for the ensemble
averaged tracer cloud with the MC results.

4. MVP Model Calibration and Validation
[25] In natural porous formations, the log‐conductivity Y =
ln(K) is often described using a Gaussian distribution. Here, a
multivariate Gaussian geostatistical model with a stationary
mean and variance s2Y and an isotropic exponential covariance function

ð30Þ

with the auxiliary random variable dX = u2(t)dt and the
parameter w0. The process (30) has for 0 < w0 ≤ g 2/2 a hole‐
type autocorrelation function of the form
"qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#
#22 =4 % !20 ðt % t0 Þ

"qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
#)
2
2
#2 =4 % !0 ðt % t0 Þ

ð31Þ

for t ≥ t0 (equation (10.101) in the book of Risken [1989]). If
the diffusion term is dropped from the MVP (30), we have the
velocity evolution equation of a damped harmonic oscillator,
where g 2 is the friction parameter, w0 the eigenfrequency of
the undamped oscillator, and X (t) measures the displacement. Expression (31) reduces for w0 = 0 to the exponentially decaying correlation function (24) for the longitudinal
velocity. The parameters g 2 and q2 quantify the correlation
function decay and the velocity variance. In the statistically
stationary state, the random variables X and u2 were found to
be uncorrelated and the velocity has a Gaussian distribution with zero mean and variance q2/(2g 2) similar to u1(t).
Also, the particle position PDF is Gaussian with zero mean
(equation (10.55) in the textbook of Risken [1989]). The
transverse dispersion coefficient D22(t → ∞) that results
from equation (9) with expression (31) is equal to zero,
consistent with the limit reported earlier.
[23] Analogous to the generalization introduced for the
longitudinal velocity process, we propose the MVP

ð33Þ

CY ðrÞ ) $2Y expð%r=lY Þ

ð34Þ

is used. In the work of Le Borgne et al. [2008a, 2008b], a
Gaussian covariance function was used. In equation (34), r
is the distance between two points and lY is the conductivity
correlation length scale. For the generation of the hydraulic conductivity distributions used in the MC simulations,
sequential Gaussian simulation was employed. More specifically, the SGSIM computer program that is part of the
geostatistical software library GSLIB of Deutsch and Journel
[1997] was used. Eight different log‐conductivity variance
levels were investigated, i.e., s2Y = 1/16, 1/8, 1/4, 1/2, 1, 2, 3, 4.
[26] The MC setup is conceptually identical to the one of
the studies by Salandin and Fiorotto [1998], where a critical
assessment of the required simulation parameters, e.g., grid
size, resolution, and MC ensemble size, was made. In our
simulations, additional grid and other refinements were made
to further reduce numerical and statistical errors. The flow
domain is sketched in Figure 1. The two‐dimensional domain
spans 128 correlation length scales lY in both directions. For
each log‐conductivity variance, 512 realizations of the conductivity field, K(x), were generated. For each of these realizations, flow and transport computations were performed.
The mean flow velocity in the x1‐direction is U and zero in
the x2‐direction. No‐flow was applied at the lateral boundaries (x2 = 0 and 128lY), constant flow along the upstream
boundary (x1 = 0), and constant head at the outflow boundary (x1 = 128lY). To solve the elliptic equation (3) for the
hydraulic head h(x), a finite‐volume approach and an efficient algebraic multigrid method [de Dreuzy et al., 2007;
Stueben, 1983] were employed. An orthogonal equidistant
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Figure 2. Longitudinal velocity PDFs for s2Y = 4 and different grid resolutions. Sixteen (solid line) grid cells per correlation length lY, eight (dashed line), four (dash‐dotted line).
computational grid with 16 grid cells per correlation length
scale lY was used for each spatial direction. Subsequently,
the flow field was calculated from Darcy’s law (2). A grid
refinement study showed that the selected resolution resolves
the high‐velocity tails in the velocity PDFs properly. This is
illustrated by the longitudinal velocity PDFs of simulations
with 4, 8, and 16 grid cells per lY depicted in Figure 2. To
avoid boundary‐condition effects, flow and transport statistics were sampled inside a zone separated from domain
boundaries by a layer of 16lY thickness. Inspection of spatial
distributions of the statistical velocity moments up to order 4
showed that the obtained velocity statistics are spatially independent in the sampling zone. In comparison, Salandin and
Fiorotto [1998] used a thickness of 4lY (p. 954) and 8 grid
cells per correlation length scale. They calculated 500 realizations for each variance level (p. 952), and their computational domain was 64lY × 64lY. Le Borgne et al. [2008a] used
also 8 grid cells per lY for the same domain size and used 100
realizations for s2Y = 9.
[27] The particle position PDF p(x; t) and Lagrangian
velocity statistics are numerically estimated by tracking 82
tracer particles in each of the 512 conductivity fields. This
leads to 41,984 particle pathlines for a given log‐conductivity

W11552

variance. Tracer particle release locations were separated
by lY (compare Figure 1). For the numerical integration of
equation (5), the semi‐analytical algorithm of Pollock [1988]
was employed. In comparison, Salandin and Fiorotto [1998,
p. 952] calculated 20,000 pathlines, used the same separation
distance for particle release locations, and also applied the
algorithm of Pollock [1988] for particle tracking. Le Borgne
et al. [2008a, 2008b] focused in their validation on breakthrough curves and ‘injected particles proportionally to the
local flow’. High‐velocity pathlines are therefore over represented in comparison with the setup of Salandin and Fiorotto
[1998], which is used in this work, and complies with ergodicity. Eulerian statistics, e.g., one‐point velocity PDFs, were
collected in the sampling zone depicted in Figure 1. Travel
time‐dependent Lagrangian statistics were recorded from
particle pathlines until the first of the 41,984 tracer particles
exited the sampling zone. So, the recording time for all
pathlines is equal, which avoids biased statistics, where slow‐
moving particles residing longer in the sampling zone are
over represented. For s2Y = 1/16, 1, and 4, the first particle
exits the sampling zone at non‐dimensional times tU/lY = 81,
53.6, and 30.5, respectively.
4.1. Drift and Diffusion Functions
[28] With expressions (27) and (29) and the particle pathline statistics obtained from the MC simulations, the drift and
diffusion functions a(ui) and b(ui) for the longitudinal and
transverse velocity components (i = 0,2) were estimated. For
this purpose, an equidistant grid in u0‐ and u2‐direction was
used. The resulting functions for the MVPs for u0(t) and u2(t)
with s2Y = 4 are depicted in Figures 3 and 4, respectively. The
shapes of these functions are much more involved compared
with the idealized functions taken from Risken [1989]. This
is also the case for more homogeneous media with s2Y = 1/16.
Then, the estimated discrete functions were parameterized
with suitable continuous functions: for the longitudinal velocity process u0(t) the following functions with a suitable qualitative form were chosen:
)
*
+ )
*
,
aðu0 Þ
¼ %10 u0 þ %20 tanh %30 u0 þ %40 þ 1
U =lY
+ )
*,./
!
)
* ln 2 cosh %70 u0 þ %60
þ %50 u0 þ %60 þ
%70

Figure 3. (a) Drift and (b) diffusion functions a(u0) and b(u0), respectively, for the logarithm of the
longitudinal velocity estimated from the MC results for s2Y = 4.
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Figure 4. (a) Drift and (b) diffusion functions a(u2) and b(u2), respectively, for the transverse velocity
estimated from the MC results for s2Y = 4.
and
+ )
*
,& 4
bðu0 Þ2
¼ &01 tanh &02 u0 þ &03 þ 1 0
U =lY
+ )
*,./
!
)
* ln 2 cosh &07 u0 þ &06
5
6
þ &0 u0 þ &0 þ
:
&07

ð36Þ

For the transverse velocity process u2(t), the functions

and

(

+
)
*,
ju2 j ln 2 cosh %22 %32
%
U
%22
!
" &
'#/9
ju2 j
>
>
þ %32
ln 2 cosh %22
=
u2
U
þ
þ %42
2
>
U
%2
>
;

aðu2 Þ
u2
¼ %12
ju2 j
U 2 =lY

þ

(

+
)
*,
ju2 j ln 2 cosh &22 &23
%
U
&22
n
h 0
1io9
=
ln 2 cosh &22 juU2 j þ &23

bðu2 Þ2
¼ &21
U 3 =lY

ð37Þ

&22

;

þ &24

ð38Þ

were used. Finally, the parameter values aij and b ij in these
functions were fit to the MC estimates of a(ui) and b(ui) with
a nonlinear least‐squares method and are summarized in
Tables 1a and 1b. It is interesting to see that all parameters
follow certain trends. The resulting functions (35) to (38)
accurately match the MC estimates a(ui) and b(ui) for s2Y =
1/16, …, 4. Note that the functions (35) to (38) are not unique.

Simpler functions with fewer parameters may exist. Low‐
order polynomials, however, were unable to capture the shape
of the drift and diffusion functions. Polynomials with higher
order, on the other hand, were found to lead to oscillations in
regions with few data points and consequently increased
statistical error (high‐velocity tails).
[29] The parameter w0 in the transverse velocity process
u2(t) was identified by matching the hole‐type velocity
autocorrelation function to the MC data. The resulting values
are listed in Tables 1a and 1b. Note that even though w0
influences the temporal behavior represented by the autocorrelation function, it does not alter the stationary one‐time
velocity PDF. This is demonstrated in Appendix C for the
case where u2 and X are statistically independent.
[30] For the estimation of the drift and diffusion functions (27) and (29), respectively, the time step dt plays an
important role. The influence of dt is investigated in Figure 5,
where the drift and diffusion functions for s2Y = 1/16 with
dt = 1/4, 1/8, and 1/16lY/U are depicted. Although a significant dependence on dt is visible, the resulting stationary
velocity PDFs and the shape of the temporal velocity autocorrelation functions remain independent of dt. The integral
time scales of the autocorrelation functions, however, deviate
as depicted in Figure 6a. As seen in Figure 6b, this deviation is
due to the fact that the autocorrelation function from the MC
is different near the origin compared with the ones from the
MVPs. The autocorrelation function from the MC simulations appears to be continuous at the origin, whereas the ones
from the MVPs are not. Even though the autocorrelation
functions intersect at offsets approximately equal to the corresponding dt, they deviate elsewhere.
[31] Equation (7) directly relates the velocity autocorrelation function to the particle position variance. Velocity
processes with erroneous autocorrelation functions therefore

Table 1a. Parameter Values of MVP u1(t) = Uexp[u0(t)]
s2Y
1/16
1/2
1
2
3
4

a10

a20

a30

a40

a50

a60

a70

b10

b 20

b30

b40

b50

b60

b70

'0

−0.84
−1.33
−2.2
−4.83
−5.79
−8.23

−0.00902
−0.135
−0.295
−0.570
−0.692
−1

0.573
0.795
0.817
0.798
0.752
0.909

−0.976
−1.06
−1.44
−2.07
−2.2
−2.32

0
0
0
−1
−5.14
−8.25

‐
‐
‐
3.65
4.72
5.11

‐
‐
‐
−2.59
−1.15
−1.4

0.00618
0.173
0.621
1.88
3.12
6.11

1.01
0.771
1.25
1.09
1.29
1.34

1.07
−0.250
−0.975
−1.50
−1.63
−2.13

−1.68
−1.10
0.552
0.623
−0.427
0.429

0
0
0
−2.56
−15.9
−591

‐
‐
‐
3.30
4.69
8.4

‐
‐
‐
‐1.279
‐0.807
‐0.591

1
1.19
1.3
1.34
1.06
1
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Table 1b. Parameter Values of MVP u2(t)
s2Y
1/16
1/2
1
2
3
4

a12

a22

a32

a42

b 12

b 22

b32

b42

w20

'2

−1
−3.58
−3.96
−8.66
−12.4
−10.8

3.99
0.951
0.898
0.486
0.334
0.414

−0.391
−0.854
−1.02
−2.28
−2.99
−3.5

−0.215
1.07
1.03
1.97
3.46
1.76

0.0150
0.688
1.25
0.839
0.737
0.719

10.4
2
1.25
0.839
0.737
0.719

−0.115
−0.593
−0.859
−1.51
−1.61
−1.9

0.00478
0.045
0.09
0.15
0.25
0.2

0.015
0.022
0.04
0.06
0.08
0.09

2.6
1.86
1.35
1.3
1
1

lead to inaccurate variance evolutions. However, deviations
in the integral time scale of an autocorrelation function
similar to the ones depicted in Figure 6a can be corrected
by scaling the time axis with a correction factor 'i ≠ 1. For
the longitudinal and transverse velocity processes, this
leads to

and

pffiffiffiffiffi
du0 ¼ aðu0 Þ'0 dt þ bðu0 Þ '0 dW ðt Þ
pffiffiffiffiffi
du2 ¼ aðu2 Þ'2 dt % !20 X'2 dt þ bðu2 Þ '2 dW ðt Þ
with dX ¼ u2 ðt Þ'2 dt;

ð39Þ

ð40Þ

pffiffiffiffi
respectively. In the diffusion terms, 'i was used, sincepthe
ffiffiffiffi
Wiener process increments dW(t) are proportional to dt .
Note that to reduce the number of parameters in the MVP
model, the 'i could be eliminated by combination with
the drift and diffusion function parameters, and with w20.
However, for the sake of clarity, 'i are separately listed in
Tables 1a and 1b and were not combined with other model
parameters.
[32] After having completely specified the MVP model,
the resulting velocity and particularly transport statistics are
validated in the next section based on the same MC simulations that were used to extract the drift and diffusion
functions.
4.2. Model Validation
[33] With the MVPs defined by equations (39) and (40),
the mapping (25) for the longitudinal velocity component u1(t), the drift and diffusion functions defined by the
expressions (35) to (38), and the corresponding parameters in

Tables 1a and 1b, an ensemble of particles can be released
at time t0 = 0 from the point X0 = (0, 0)T and tracked by
Xðt; X0 Þ ¼ X0 þ

Z

t
t0

uðt0 Þdt 0 :

ð41Þ

For the temporal integration of the velocity processes and
the particle position evolution equations, explicit Euler
schemes were used. For example in the longitudinal direction
(equation (39)) at time step q + 1, we used

and

) *
X1qþ1 ¼ X1q þ uq1 Dt with uq1 ¼ U exp uq0

ð42Þ

) *
) *pffiffiffiffiffi
uqþ1
¼ uq0 þ a uq0 '0 Dt þ b uq0 '0 DW ðt q Þ;
0

ð43Þ

where the drift and diffusion functions given by expressions
(35) and (36) were evaluated based on uq0 and the parameter
values in Tables 1a and 1b. The Wiener process increment
DW(t q) was implemented by a Gaussian random number
generator with zero mean and variance equal to the time step
Dt. To initialize the tracer particle velocities at the beginning
of a simulation, two time series (realizations) of both velocity
processes were generated, where the longitudinal velocity
process was initialized with u0 = 0 and the transverse process with X = 0 and u2 = 0. The resulting time series
represented the stationary velocity PDFs to a very good
approximation, and the tracer particle velocities were initialized with randomly drawn samples from these time series.
Simulations were performed for log‐conductivity variances
s2Y = 1/16,1/2,1,2,3, and 4. In each simulation, 200,000 particles were used and the time step ranged from Dt = 1/16lY/U
for s2Y = 1/16 to 1/128lY/U for s2Y = 4. These time step sizes are

Figure 5. (a) Drift and (b) diffusion functions a(u0) and b(u0), respectively, for the logarithm of the
longitudinal velocity fitted to the MC results for s2Y = 1/16 and dt = 1/4lY /U (solid line), dt = 1/8lY/U
(dashed line), and dt = 1/16lY/U (dotted line).
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Figure 6. Lagrangian velocity autocorrelation functions r11(t) for the longitudinal MVPs resulting from
the drift and diffusion functions depicted in Figure 5. The drift and diffusion functions were estimated
with dt = 1/4lY/U (thin solid line), dt = 1/8lY/U (dashed line), and dt = 1/16lY/U (dotted line). The thick
solid line is the autocorrelation function from the MC simulations and Figure 6b is a magnified view of
Figure 6a.
sufficiently small to resolve the relevant short‐term fluctuations in the MVPs and enable stable time integration. More
specifically, the accuracy of the time integration scheme was
verified, and it was found that further reduction of the time
steps does not change the reported results.
4.2.1. Velocity Statistics
[34] Lagrangian velocity time series recorded along different tracer particle pathlines from MC simulations and
MVP model calculations are depicted in Figures 7a and 7b,
respectively. Here, three representative pathlines were taken
from conductivity field realizations with s2Y = 1/16, 1, and 4.
These pathlines illustrate the increasing complexity in the
transport behavior with s2Y. The velocity fluctuations for the
mildly heterogeneous medium with s2Y = 1/16 are fairly regular both in time and velocity magnitude and are balanced
around the mean value hui = (U, 0)T. For s2Y = 4, however,
long periods with small velocities are interrupted by erratic
bursts of high velocity. The temporal velocity fluctuations are
small for small instantaneous velocities; however, much
larger velocity variations are observed for larger instantaneous
velocities. Therefore, the velocity fluctuations are highly
variable and appear to grow in magnitude with increasing
instantaneous velocities. These observations are consistent
with those made by Trefry et al. [2003]. The channeling
behavior that they documented for high log‐conductivity
areas is represented by short bursts of high velocity. These
bursts occur when a particle reaches a channel and are separated by low‐conductivity zones with small velocities. As
stated by Le Borgne et al. [2008a] for their somewhat different scenario: ‘…low particle velocities are much more
strongly correlated in time than high velocities’.
[35] The reported behavior is reflected by the drift and
diffusion functions a(ui) and b(ui), respectively, For the
transverse velocity process with s2Y = 4, for example, a(u2)
and b(u2) are depicted in Figure 4. For large velocity magnitudes, the diffusion function b(u2) increases. Moreover, the
random fluctuations controlled by the diffusion term also
increase. The drift term, on the other hand, counteracts the
diffusion term: the drift function a(u2) grows essentially with
opposite sign relative to the velocity and consequently pulls
high‐velocity particles back to lower velocity values.
[36] The autocorrelation functions of the longitudinal and
transverse velocities r11(t) and r22(t) resulting from the MC
simulations are depicted in Figure 8a. They agree quite well

with the corresponding functions provided by Salandin and
Fiorotto [1998, Figure 5] and reflect the behavior observed
in Figure 7. The steep decay of correlation, observable for
increasing s2Y, is due to the growing velocity fluctuations at
increasing frequencies. The long‐term residual correlation
present in Figure 8a for large s2Y, on the other hand, is most
likely the result of continuous flow in the low‐conductivity
zones. The autocorrelation functions resulting from the MVP
model are shown in Figure 8b and are in good agreement with
the MC results. Deviations in the transverse autocorrelation
functions are observable specifically for negative function
values. Equations (7) and (9) show that the velocity autocorrelation functions are connected to the particle position
variances and the dispersivities.
[37] The longitudinal and transverse velocity PDFs p(v1)
and p(v2) are depicted in Figures 9 and 10. Apart from the fact
that the negative branches in the longitudinal velocity PDFs
from the MVP model are missing (equation (25)), the PDFs
from the MC simulations and the MVP model displayed
in Figures 9a and 10a and Figures 9b and 10b, respectively,
are in very good agreement. The tails of the PDFs that represent very low probability values are accurately reproduced.
Especially the skewness and kurtosis of the velocity PDFs are
dominated by the tails, and they are crucial for the accurate
prediction of the initial ensemble averaged tracer cloud (as
seen from equation (16)). Some of the observations made in
the analysis of the velocity time series (Figure 7) are also
reflected in the velocity PDFs. For example, the relatively
regular fluctuations of both velocity components found for
s2Y = 1/16 are well approximated by Gaussian PDFs that are
centered around the mean at v1 = U and v2 = 0. For s2Y = 1,
velocity bursts are observable in Figure 7 that lead to velocity
PDFs with elongated non‐Gaussian tails. These tails become
very pronounced as s2Y approaches 4. With the longitudinal
velocity mean hu1i = U for all s2Y, the tails of p(v1) are
balanced by probability accumulations near zero. These
accumulations represent flow with small velocities in low‐
conductivity zones. For s2Y > 1, there is a finite, but quite
small, probability of reverse flow (v1 < 0) as indicated in
Figure 9a.
[38] To verify our MC results, comparisons with data from
the studies by Salandin and Fiorotto [1998] and Trefry et al.
[2003] were made. In Figures 9a and 10a, our results are
compared for the case s2Y = 1 with the ones of Trefry et al.
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Figure 7. (left) Longitudinal and (right) transverse velocity time series recorded along pathlines of tracer
particles in porous media with three different log‐conductivity variances s2Y for (a) MC and (b) MVP
models.
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Figure 8. Longitudinal (strictly positive) and transverse (partly negative) Lagrangian velocity autocorrelation functions r11(t) and r22(t) for different s2Y, where s2Y = 1/16 (solid line), 1 (dash‐dotted line),
and 4 (dashed line with dots) for (a) MC and (b) MVP models.
[2003]. The agreement is very good; however, the tails are
slightly less pronounced in the results of Trefry et al. [2003].
One possible reason for this deviation is the reduced computational resolution that was used by Trefry et al. [2003]. For
further validation, statistical velocity moments provided by
Salandin and Fiorotto [1998] and Trefry et al. [2003] are
compared in Figure 11a and were found to be in very good
agreement. The velocity variances depicted in Figure 11a are
represented, to a good approximation, by a power law, i.e.,
hui′2i / (s2Y)m with m ≈ 1.2. For increasing s2Y, the skewness
and kurtosis provided in Figure 11b depart markedly from the
Gaussian values that are equal to zero and three, respectively.
The skewness and the kurtosis of the random variable X are
defined as
hX 0 3 i

0 2 3=2

hX i

and

hX 0 4 i

hX 0 2 i2

;

ð44Þ

respectively, and are therefore normalized central moments.
The kurtosis characterizes the “peakedness” in the PDF of a

random variable. The skewness shown in Figure 11b illustrates the increasing asymmetry of the longitudinal velocity
PDF for s2Y > 0. The kurtosis of the longitudinal and transverse velocity components are also depicted in Figure 11b
and are surprisingly almost identical.
4.2.2. Evolution of the Average Tracer Cloud
[39] So far, we have focused on the analysis of velocity statistics that determine the dispersion behavior in the
absence of PSD. Equation (14) shows that the ensemble
averaged cloud is proportional to the particle position PDF
p(x; t). Temporal evolutions of statistical moments of p(x; t)
are depicted in Figures 12–16. They characterize the shape
of the ensemble averaged tracer cloud. The variances
depicted in Figures 12 and 13 quantify the extent of the
cloud and were normalized by the respective s2Y values.
Initially, the longitudinal variance grows quadratically, which
is the Taylor small‐time limit. For large times, the variance
growth approaches a linear regime, in agreement with Fickian
dispersion. The transverse variance behavior is similar for
small times, but the variance growth rate decreases for large

Figure 9. Longitudinal velocity PDFs for different s2Y, where s2Y = 1/16 (solid line), 1/2 (dashed line),
1 (dash‐dotted line), 2 (dotted line), 3 (solid line with dots), and 4 (dashed line with dots), results reported by
Trefry et al. [2003, Figure 4a] (crosses) (for s2F = 1 and lF = 8m) for (a) MC and (b) MVP models.
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Figure 10. Transverse velocity PDFs for different s2Y. Same as Figure 9.
times. Overall, the MC calculations (Figures 12a and 13a)
and MVP model simulations (Figures 12b and 13b) are in
good agreement. Some deviations in the transverse variances
are present that reflect the previously discussed inaccuracies in the corresponding velocity autocorrelation functions
(equation (7)). If the variances are not normalized by their
individual s2Y values, they vary over a wide range. This is
shown in Figure 14, where variance evolutions for times up
to tU/lY = 30 are provided.
[40] The variance growth rates are further analyzed by
means of the macrodispersion coefficients D11 and D22 that
were calculated by numerical integration of the correlation
functions r11 and r22 (see equation (9)). The results were
normalized by s2Y and are plotted in Figures 17 and 18. The
MC data agrees very well with the results of Salandin and
Fiorotto [1998, Figure 11]. There is also good agreement
between the MC data and the MVP model; however, the
transverse dispersivities seem to decay too quickly, which is

most obvious for s2Y = 1/16. In light of the integral relation (9)
this is a direct result from the reported inaccuracies in the
transverse autocorrelation functions. The dispersivity and
particle position variance results illustrate that the precise
reproduction of the velocity autocorrelation functions is a
crucial prerequisite for an accurate dispersion model.
[41] Higher spatial moments of the ensemble averaged
tracer clouds are compared in Figures 15 and 16. The initial
skewness and kurtosis levels from the MC simulations are
well reproduced by the MVP model. Since the initial shape
of the mean tracer cloud is governed by the velocity PDF
(equation (16)), the good agreement is expected. The particle position kurtosis drops within a few correlation time
scales lY/U to the Gaussian level (three), as seen in Figure 16,
but the skewness in the longitudinal direction is more persistent (Figure 15) and relaxes to zero slowly. For the skewness and kurtosis, Salandin and Fiorotto [1998] provided
values at time t = lY/U, which are in very good agreement with

Figure 11. (a) Longitudinal and transverse velocity variance as a function of s2Y. MC results in the
present study (solid line), in the study by Salandin and Fiorotto [1998] (circles), and by Trefry et al.
[2003] with lF = 8m (crosses). (b) Longitudinal velocity skewness (right axis) as a function of s2Y.
MC results in the present study (solid line) and in study by Salandin and Fiorotto [1998] (circles).
Longitudinal (solid, circles) and transverse (dashed, crosses) velocity kurtosis (left axis) as a function of
s2Y. MC results in the present study (lines) and in the study by Salandin and Fiorotto [1998] (symbols).
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Figure 12. Temporal evolution of the longitudinal particle position variance divided by s2Y. s2Y = 1/16
(solid line), 1/2 (dashed line), 1 (dash‐dotted line), 2 (dotted line), 3 (solid line with dots), and 4 (dashed
line with dots) for (a) MC and (b) MVP models.
our MC results. The steep decay of the skewness and kurtosis
is accurately captured by the MVP model. Especially early in
time, the kurtosis decays very quickly.
[42] Direct comparisons of the corresponding temporal
evolutions of the cloud shape are provided in Figures 19
and 20 for the cases s2Y = 2 and 4, respectively. In Figures
19 and 20, the marginal tracer particle position PDFs
pðx1 ; tÞ ¼

Z

1
%1

pðx; tÞdx2 and pðx2 ; t Þ ¼

Z

1

%1

pðx; t Þdx1

ð45Þ

are plotted for different times. Deviations are observed at
time t = 8lY/U. Otherwise the results of the MVP model and
the MC simulations are in very good agreement. Similar
or better agreement was found for the other cases with s2Y =
1/16, 1/2, 1 and 3. For large times, it was numerically
verified that the MVP model leads to Gaussian ensemble
averaged tracer clouds. Independent of s2Y, the cloud extenpffi
sions converge to a constant and grow proportional to t in

transverse and longitudinal directions, respectively. Finally,
in the MC simulations, virtually no particles travel upstream
in the longitudinal direction, i.e., p(x1; t) ≈ 0 for x1 < 0, which
justifies neglecting reverse flow in the MVP model.

5. Conclusions
[43] We studied the spreading, or dispersion, of a passive
tracer in heterogeneous porous media with large variance of
log‐permeability. The specific problem studied involves the
evolution of the concentration field of tracer due to a point‐
like injection in a two‐dimensional heterogeneous domain
with multi‐Gaussian conductivity distributions and log‐
conductivity variances ranging from 1/16 up to 4. The short‐
term evolution of the ensemble averaged tracer cloud was
found to be dominated by the one‐point velocity probability
density function (PDF). Due to the formation of preferential
flow paths at high log‐conductivity variances, the one‐point
velocity PDF departs markedly from Gaussian behavior.
Specifically, the PDFs show long tails and get very skewed

Figure 13. Temporal evolution of the transverse particle position variance divided by s2Y. Same as
Figure 12.
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Figure 14. Temporal evolution of the (a) longitudinal and (b) transverse particle position variance. MC
(thick lines) and MVP models (thin lines); lines that are not visible overlap.
in the longitudinal direction. Reverse flow, however, is very
improbable. For very long times, the tracer cloud decays to a
Gaussian, and its spreading is governed by the Lagrangian
velocity autocorrelation functions.
[44] The main contribution of this work is the formulation
of a new particle‐based tracer dispersion model, where the
evolutions of longitudinal and transverse tracer particle
velocities are modeled by temporal Markovian velocity processes (MVPs). These processes are continuous in time and
their parameters were determined based on velocity statistics
from MC simulations.
[45] The velocity PDFs that resulted from the MVPs are
in very good agreement with the MC data; moreover, the
Lagrangian velocity autocorrelation functions match quite
well. The resulting ensemble averaged tracer cloud evolutions were validated and found to be in very good agreement
with the MC transport simulations for all the log‐conductivity
variances we considered. The good agreement of the velocity
statistics and the transport results provides evidence in support of the Markovian hypothesis. For increasing s2Y, the low
velocities are much more strongly correlated in time com-

pared with high velocities, and this characteristic is captured
accurately by the proposed temporal MVPs. Le Borgne et al.
[2008a] concluded that the complex correlation behaviors
of the velocity prohibit the applicability of the Markovian
hypothesis in time. Our results demonstrate, however, that
the Markovian processes proposed in this work represent
the complex velocity statistics quite well. One important
aspect of the model proposed here is the mapping (25), which
helps to resolve low‐velocity zones adequately. It is worth
noting that in the work of Le Borgne et al. [2008a, Figure 6],
the temporal transition matrix appears to be quite discontinuous for low velocities. However, detailed comparisons
with the work of Le Borgne et al. [2008a] are difficult
due to differences in s2Y and the log‐conductivity correlation structure.
[46] In this work, MVPs for multi‐Gaussian log‐
conductivity fields with exponential correlation structure and
s2Y = 1/16, …, 4 were presented. The proposed MVP model
may be used to simulate tracer dispersion for different initial
and boundary conditions without having to perform additional MC simulations of the velocity. The MVP model is

Figure 15. Temporal evolution of the longitudinal particle position skewness; s2Y = 1/16 (solid line),
1/2 (dashed line), 1 (dash‐dotted line), 2 (dotted line), 3 (solid line with dots), 4 (dashed line with dots)
[Salandin and Fiorotto, 1998] (circles) for (a) MC and (b) MVP models.
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Figure 16. Temporal evolution of the longitudinal and transverse particle position kurtosis for (a, c) MC
and (b, d) MVP models. Same as Figure 15.

Figure 17. Temporal evolution of the longitudinal dispersion coefficient normalized by s2Y, where
s2Y = 1/16 (solid line), 1/2 (dashed line), 1 (dash‐dotted line), 2 (dotted line), 3 (solid line with dots), and
4 (dashed line with dots) for (a) MC and (b) MVP models.

Figure 18. Temporal evolution of the transverse dispersion coefficient normalized by s2Y. Same as
Figure 17.
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Figure 19. Evolution of the ensemble‐averaged tracer cloud represented by the marginal particle position
PDFs p(x1; t) and p(x2; t) at different times t with s2Y = 2 for MC (solid line) and MVP models (dashed line).
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Figure 20. Evolution of the ensemble‐averaged tracer cloud represented by the marginal particle position
PDFs p(x1; t) and p(x2; t) at different times t with s2Y = 4 for MC (solid line) and MVP models (dashed line).
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computationally efficient, since the particle position evolution equations and the stochastic velocity processes are
first‐order ordinary and stochastic differential equations,
respectively, which are easy to integrate numerically. For
example, the MC simulations including transport for s2Y = 4
took 36 hours on a standard dual‐core PC, whereas the corresponding MVP calculations took about 20 min.
[47] For more general applications, the drift and diffusion functions in our velocity model can be made spatially
dependent to reflect non‐stationary flow effects, or include
conditioning on measurements, for example. In Appendix E,
the outlined MVP‐based methodology is employed to model
dispersion in ‘connected’ conductivity fields (as described by
Zinn and Harvey [2003]) with s2Y = 2. Essentially the same
drift and diffusion function parameterizations used for the
multi‐Gaussian fields described in the main body of the paper
are used, and the agreement with MC transport simulations is
also quite good.
[48] Pore‐scale dispersion (PSD) effects were not included
in our test cases, but they are expected to actually simplify the
MVPs for the following reasons: PSD is usually modeled by
Markovian processes. So, as the Péclet number decreases
and PSD becomes more important, the Markovian model
becomes more accurate. Furthermore, PSD reduces the
alignment of tracer particle trajectories with the preferential
flow paths, and this is expected to reduce the long‐term
correlation effects in the Lagrangian velocity statistics. In this
respect, the specific setting considered in this paper, which
does not include PSD effects, is more challenging. To determine MVPs in the presence of PSD requires additional MC
simulations, however. Alternatively, at high Péclet numbers
(≥100), where the coupling between advective transport and
PSD is weak, PSD could be included (in a manner similar
to LOA methods) by adding a Brownian motion term to the
particle position evolution equation.

Appendix A: Wiener Process W(t)
[49] Risken [1989, section 3.2] introduced the Wiener
process based on the Langevin force G(t) with hG(t)i = 0
and hG(t)G(t′)i = qd(t − t′). Here, d is the Dirac delta function and q is a constant. The Langevin force and the Wiener
process are related by
1
W ðt Þ ) pffiffi
q

Z

0

t

0

0

Gðt Þdt :

ðA1Þ

More details on the connection between G(t) and W(t) are
available in section 4.1 of Gardiner [2004] (equation
(4.1.17)).

The right hand side terms simplify to
haðu2 Þ2 ju2 idt 2 ¼ aðu2 Þ2 dt 2 ;
%2!20 haðu2 ÞXju2 idt 2 ¼ %2!20 aðu2 ÞhXidt 2 ¼ 0;
2haðu2 Þbðu2 ÞdW ju2 idt ¼ 2aðu2 Þbðu2 ÞhdW idt ¼ 0;

+
,2
hdu22 ju2 i ¼ h aðu2 Þdt % !20 Xdt þ bðu2 ÞdW ju2 i
¼ haðu2 Þ2 ju2 idt2 % 2!20 haðu2 ÞXju2 idt2
þ
%

2haðu2 Þbðu2 ÞdW ju2 idt þ !40 hX2 ju2 idt2
2!20 hbðu2 ÞXdW ju2 idt þ hbðu2 Þ2 dW 2 ju2 i:

ðB1Þ

ðB2Þ

!40 hX2 ju2 idt 2 ¼ !40 hX2 idt 2 ;
%2!20 hbðu2 ÞXdW ju2 idt ¼ %2!20 hbðu2 ÞXi hdW idt ¼ 0;

and most importantly
hbðu2 Þ2 dW 2 ju2 i ¼ bðu2 Þ2 hdW 2 i ¼ bðu2 Þ2 dt:

ðB3Þ

In these simplifications, the properties of the Wiener process
hdWi = 0 and hdW2i = dt, hXi = 0 from hu2i = 0, and the
statistical independence of dW were used. Furthermore, it
was assumed that X and u2 are statistically independent (see
Appendix D). Finally, with a(u2) from equation (27) and the
fifth term neglected for small dt, we get for the diffusion
function
bðu2 Þ2 ¼

hdu22 ju2 i hdu2 ju2 i2
%
:
dt
dt

ðB4Þ

The same expression can be derived for u0(t) from the
process (26) with the drift term w20Xdt absent.

Appendix C: Independence of Velocity PDF on w0
[51] For the vectorial stochastic process Z = (u2, X)T, i.e.,
dZ ¼ AðZÞdt þ bðZÞdWðt Þ;

ðC1Þ

the corresponding Fokker‐Planck equation reads
X @
@pðz; t Þ
¼%
½ Ai ðzÞpðz; t Þ(
@t
@zi
i
,
1 X @2 +
Bij ðzÞpðz; t Þ with BðzÞ ) bðzÞT bðzÞ:
þ
2 i; j @zi @zj

ðC2Þ

It describes the evolution of the joint PDF p(z; t) in
the multivariate z sample space over time t. These are
equations (5.3.4) and (5.3.1) in the textbook of Gardiner
[2004], respectively. In equation (C1), A(z) and b(z) are
drift and diffusion function vectors, respectively.
[52] With the sample space vector z = (v2, x)T for the
transverse velocity component and

Appendix B: Estimate for the Diffusion Function b(ui)
[50] Squaring and averaging of equation (32) conditional
on u2 leads to
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AðzÞ ¼

&

aðv2 Þ % !20 (
v2

'

and bðzÞ ¼

&

bðv2 Þ
0

'

ðC3Þ

from equation (32), the Fokker‐Planck equation (C2)
reduces to
,
@pðz; t Þ
@ +
@
f aðv2 Þ % !20 ( pðz; t Þg þ v2 pðz; t Þ
¼%
@t
@v2
@(
i
1 @2 h
2
b
ð
v
Þ
p
ð
z;
t
Þ
:
þ
2
2 @v22
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was calculated and for example with s2Y = 4 is depicted
in Figure D1. Since the contour lines are approximately
parallel to the x‐axis, p(v2∣x) is to a good approximation
independent of x and therefore is approximately equal
to p(v2). Thus, equation (D2) reduces to equation (D1)
and the two random variables are indeed statistically
independent.

Appendix E: MVPs for Connected
Log‐Conductivity Fields

Figure D1. Contour plot of the logarithm of the PDF of u2
conditional on X for the case s2Y = 4. Both sample space
coordinates v2 and x were normalized by their respective
standard deviations.
For p(z; t) = p(v2; t)p(x; t) valid for u2 and X being statistically
independent (see Appendix D), we integrate equation (C4)
over x sample space and obtain
i
@pðv2 ; t Þ
@
1 @2 h
2
¼%
½aðv2 Þpðv2 ; tÞ( þ
b
ð
v
Þ
p
ð
v
;
t
Þ
: ðC5Þ
2
2
@t
@v2
2 @v22

In this derivation, the simplifications
Z

1
%1

!20 (pðv2 ; t Þpð(; t Þd( ¼ !20 pðv2 ; t Þ

1
%1

1

%1

v2

Z

1
@
@
pð(; t Þd(
½ pðv2 ; t Þpð(; t Þ(d( ¼ v2 pðv2 ; t Þ
@(
%1 @(
¼ v2 pðv2 ; t Þpð(; tÞj1
(¼%1 ¼ 0

+ )
*
,&4
bðu0 Þ2
¼ &01 tanh &02 u0 þ &03 þ 1 0
U =lY
+ )
*,./
!
)
* ln 2 cosh &07 u0 þ &06
5
6
þ &0 u 0 þ &0 þ
þ &08 :
&07

ðE1Þ

(pð(; t Þd(

¼ !20 pðv2 ; t ÞhXi ¼ 0

with hXi = 0 and
Z

Z

[54] In an attempt to generalize our approach, the MVP
methodology was applied for the simulation of tracer transport in connected conductivity fields with s2Y = 2. A corresponding geostatistical model was outlined by Zinn and
Harvey [2003]. It is based on a transformation (equation (6)
in their work) of multi‐Gaussian log‐conductivity fields.
The resulting Y fields also display a Gaussian one‐point
PDF and a close‐to‐exponential covariance structure. High‐
conductivity zones, however, are more connected.
[55] For the MC simulations with the connected conductivity fields, the same setup as for the multi‐Gaussian fields
outlined in section 4 was used. The drift and diffusion functions were extracted from the MC results as documented in
section 4.1 but with equation (36) slightly generalized by
addition of the parameter b80, i.e.,

ðC6Þ

The resulting MVP model parameters for the connected
geostatistical model with s2Y = 2 are listed in Table E1.
Table E1. Parameter Values of MVPs u1(t) = Uexp[u0(t)] and
u2(t) for the Connected Geostatistical Model with s2Y = 2
Parameter

ðC7Þ

with p(x; t) = 0 for x → ±∞ were made. The parameter w0 is
not included in equation (C5) and therefore does not influence
the stationary velocity PDF p(v2; t).

Appendix D: Statistical Independence of u2 and X
[53] In the derivations made in section 3.2 and
Appendices B and C, the statistical independence of the
transverse velocity u2 and X plays an important role. Based on
the calculations presented in section 4 with s2Y = 1/16, 2, and
4, it was numerically inspected whether the joint probability
density p(v2, x) satisfies the condition
pðv2 ; (Þ ¼ pðv2 Þpð(Þ;

ðD1Þ

where v2 and x are sample space variables of u2 and X,
respectively. This equation states that the two random variables are statistically independent. More specifically, the
conditional PDF
) !*
pðv2 j(Þ ¼ p v2 ; y) =pð(Þ

ðD2Þ
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a10
a20
a30
a40
a50
a60
a70
b 10
b 20
b 30
b 40
b 50
b 60
b 70
b 80
'0
a12
a22
a32
a42
b 12
b 22
b 32
b 42
w20
'2

Value
−9.47
−1.05
1.35
−1.53
−300,000
6.79
−1.73
3.7
1.03
−1.2
1.31
−130
5.11
−1.04
0.088
1.4
−6.34
1.14
−1.46
0.575
14.8
1.21
−0.911
0.265
0.11
0.8
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Figure E1. (a) Longitudinal and (b) transverse velocity PDFs resulting from the MC simulations (solid
lines) and the MVP model calculations (dots) for the connected log‐conductivity field with s2Y = 2. The
dashed lines represent MC results for the multi‐Gaussian case with s2Y = 2.

Figure E2. Temporal evolutions of the (a) longitudinal and (b) transverse particle position variances.
MC results for the connected case (solid line), MC results for the multi‐Gaussian case (dashed line),
and MVP model results for the connected case (dotted line).

Figure E3. Temporal evolutions of higher longitudinal and transverse particle position moments. MC
results for the connected case (solid line), MC results for the multi‐Gaussian case (dashed line), and
MVP model results for the connected case (dotted line).
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[56] For the MVP simulations, a time step size Dt =
1/64lY/U was used. All other computational parameters were
the same as in the multi‐Gaussian calculations. The velocity
PDFs that resulted from the MVP simulations are compared
with their MC counterparts in Figure E1 and are in very good
agreement. Furthermore, the effect of the connectivity on
the velocity PDFs is investigated by comparison with the
multi‐Gaussian MC results. In the connected fields, high‐
conductivity zones are better connected, and the high‐
velocity tails are more pronounced. Transport predictions are
validated in Figures E2 and E3, where the particle position
variance, skewness, and kurtosis are shown. The longitudinal
variance resulting from the MVP model is in excellent
agreement with the MC results. Some deviations are, however, observable in the transverse variance evolution, which
reflects differences in the corresponding velocity autocorrelation function. The skewness and kurtosis evolutions
depicted in Figure E3 are in good agreement. The longitudinal kurtosis drops quickly, goes below the Gaussian value
which is equal to 3, and relaxes to 3 eventually.
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[1] In the paper “Particle‐based transport model with
Markovian velocity processes for tracer dispersion in
highly heterogeneous porous media” by D. W. Meyer and
H. A. Tchelepi (Water Resources Research, 46, W11552,
doi:10.1029/2009WR008925, 2011), there are typographical errors. The brackets in the first terms of equations (35)
and (36) are incorrect. The corrected equations are
o
!
"n
# !
"$
aðu0 Þ
¼ !10 u0 þ !20 tanh !30 u0 þ !40 þ 1
U =lY
%
# !
"$&(
'
!
" ln 2 cosh !70 u0 þ !60
þ !50 u0 þ !60 þ
!70

ð35Þ

[2] Some of the b40 and b12 values reported in Tables 1a
and 1b of the paper are erroneous. The corrected Tables 1a
and 1b appear here.
[3] In the second half of paragraph 4 of the paper,
p(v2;fx) should be replaced by p(v2;x). In equation (D2),
yc should be replaced by x. Equation (D2) in corrected form
reads p(v2∣x) = p(v2,x)/p(x).
[4] All results and simulations reported in the paper are
based on the correct equations and parameter values. Therefore, all results and conclusions in the paper remain valid.
[5] We thank Birendra Jha from the Massachusetts Institute of Technology for having brought the typographical error
in equation (36) to our attention.

and

n
o"04
# !
"$
bðu0 Þ2
¼ "01 tanh "02 u0 þ "03 þ 1
U=lY
%
# !
"$&(
'
!
" ln 2 cosh "07 u0 þ "06
þ "05 u0 þ "06 þ
:
"07

ð36Þ
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Table 1a. Parameter Values of MVP u1(t) = Uexp[u0(t)]
s2Y

a10

a20

a30

a40

a50

a60

a70

b10

b20

b30

b 40

b 50

b 60

b 70

!0

1/16
1/2
1
2
3
4

−0.84
−1.33
−2.2
−4.83
−5.79
−8.23

−0.00902
−0.135
−0.295
−0.570
−0.692
−1

0.573
0.795
0.817
0.798
0.752
0.909

−0.976
−1.06
−1.44
−2.07
−2.2
−2.32

0
0
0
−1
−5.14
−8.25

‐
‐
‐
3.65
4.72
5.11

‐
‐
‐
−2.59
−1.15
−1.4

0.00618
0.173
0.621
1.88
3.12
6.11

1.01
0.771
1.25
1.09
1.29
1.34

1.07
−0.250
−0.975
−1.50
−1.63
−2.13

1.68
1.10
0.552
0.623
0.427
0.429

0
0
0
−2.56
−15.9
−591

‐
‐
‐
3.30
4.69
8.4

‐
‐
‐
−1.279
−0.807
−0.591

1
1.19
1.3
1.34
1.06
1

Table 1b. Parameter Values of MVP u2(t)
s2Y

a12

a22

a32

a42

b 12

b22

b 32

b 42

w20

!2

1/16
1/2
1
2
3
4

−1
−3.58
−3.96
−8.66
−12.4
−10.8

3.99
0.951
0.898
0.486
0.334
0.414

−0.391
−0.854
−1.02
−2.28
−2.99
−3.5

−0.215
1.07
1.03
1.97
3.46
1.76

0.0150
0.688
2.13
8.88
16.0
27.9

10.4
2
1.25
0.839
0.737
0.719

−0.115
−0.593
−0.859
−1.51
−1.61
−1.9

0.00478
0.045
0.09
0.15
0.25
0.2

0.015
0.022
0.04
0.06
0.08
0.09

2.6
1.86
1.35
1.3
1
1
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With respect to the previous article, a generalized flow and transport model
that is based on polar Markovian velocity processes (PMVPs) is presented in
the journal article [Meyer, Tchelepi, and Jenny, 2013] contained in this section.
In this work, the process parametrization could be substantially simplified. The
resulting PMVP model provides very accurate results at very low computational costs. Moreover, the selected process parametrization enables the inclusion of conductivity measurements, which enables the simulation of non-spacestationary cases. The journal article has appeared in Water Resources Research
in May 2013.
Meyer devised the PMVP concept, wrote analysis and simulation codes, and
performed simulations. All authors discussed the results and their implications.
Meyer wrote the paper and Tchelepi and Jenny edited it. All authors approved
the manuscript.
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[1] In subsurface aquifers, dispersion of contaminant, or tracer, is mainly driven by spatial
fluctuations in the flow field caused by heterogeneity of the hydraulic conductivity.
Measurements of conductivity, however, are usually sparse. To assess the resulting
uncertainty in the transport of tracers, Monte Carlo (MC) methods are usually applied,
where the transport statistics are sampled over a large number of probable hydraulic
conductivity realizations. In this paper, an alternative method is described that provides
accurate transport statistics at a computational expense that is 3 orders of magnitude lower
than conventional MC. The new method is applicable for conductivity fields with
multivariate Gaussian characterization involving conductivity measurements for both small
and high log-conductivity variances. The new method is validated against MC for different
dispersion scenarios, where the region of interest spans tens of log-conductivity correlation
lengths.
Citation: Meyer, D. W., H. A. Tchelepi, and P. Jenny (2013), A fast simulation method for uncertainty quantification of subsurface
flow and transport, Water Resour. Res., 49, 2359–2379, doi:10.1002/wrcr.20240.

1.

Introduction

[2] The spreading of contaminants, or tracers, in groundwater aquifers is governed by advective transport, mechanical dispersion, for example, due to pore bifurcations [Bear,
1972, p. 581], and molecular diffusion. The combined
effects of mechanical dispersion and molecular diffusion
are referred to as pore-scale dispersion (PSD). Spatial heterogeneity of the conductivity field induces spatial velocity
differences that significantly contribute to plume spreading,
which is referred to as macrodispersion [Dagan, 1997,
p. 15]. The effect of PSD is related to macrodispersion
through the P!eclet number defined as Pe ! UlY =D, where
U is the mean flow velocity, lY the correlation length of the
log conductivity Y, and D the PSD coefficient. In most
groundwater applications with Pe > 100 [Rubin, 2003, section 10.5.2], PSD is weak compared with macrodispersion.
[3] Different contributions focusing on two-dimensional
planar settings have shown that macrodispersion is caused
by complex velocity dynamics in heterogeneous conductivity fields. For example, Salandin and Fiorotto [1998] have
shown that the distribution of the Lagrangian velocity is
highly skewed for large log-conductivity variances involving low velocities, but also well-above-average velocities
at low probabilities. Trefry et al. [2003, Figure 2] have
documented that the high-velocity bursts represent flow in

so-called preferential flow channels that become more
connected for increasing log-conductivity variance. Borgne
et al. [2008] have analyzed macrodispersion in mean-flowparallel longitudinal direction and have shown that the
velocities are much more correlated in low-conductivity
zones compared with flow in preferential flow channels at
high velocity. A similar analysis was performed by Meyer
and Tchelepi [2010], where in addition, transverse dispersion
perpendicular to the mean flow was investigated. Attinger
et al. [2004] and de Dreuzy et al. [2007] have shown by
means of analytical derivations and numerical simulations,
respectively, that macrodispersion in the transverse direction
reaches an asymptotic limit. In spatially three-dimensional
cases, however, transverse macrodispersion is unbounded
[Attinger et al., 2004].
[4] As direct observations of the hydraulic conductivity
are expensive, measurements are typically available at few
wells only [Gelhar, 1993, pp. 10 and 284]. Moreover, conductivity is a spatially heterogeneous quantity that may
vary over several orders of magnitude for short distances
[Gelhar, 1993, Figure 1.3]. In practice, multivariate Gaussian random fields are used as a mathematical description
for the log conductivity [Anderson, 1997, p. 29]. These fields
are characterized by a spatially dependent mean, a correlation structure, and can incorporate an arbitrary number of
measurement values. A common isotropic correlation structure involving spatial positions x1 and x2 is given by
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!
"
jx2 $ x1 j
;
CY ðx1 ; x2 Þ ! !2Y exp $
lY

(1)

which is parameterized by the log-conductivity variance !2Y
and the correlation length lY [Gelhar, 1993, equation
(2.2.6)]. For most of the groundwater aquifers summarized
by Gelhar [1993, Table 6.1] and Rubin [2003, Table 2.2],
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!2Y is in the range between 1 and 3, and the aquifers extend
over tens of correlation lengths. The lY. multivariate Gaussian log-conductivity fields with isotropic exponential correlation structure were, for example, applied by Salandin
and Fiorotto [1998], de Dreuzy et al. [2007], and Meyer
and Tchelepi [2010].
[5] Based on the uncertainty in the hydraulic conductivity field, Monte Carlo (MC) simulation can be used to
determine the uncertainty in the flow field [Salandin and
Fiorotto, 1998] and eventually in tracer concentrations
[Caroni and Fiorotto, 2005]. In the standard MC approach,
realizations of hydraulic conductivity fields are generated,
e.g., with sequential Gaussian simulation (SGSIM) [Caers,
2005, section 3.5.1], and for each realization, the flow and
transport problems are solved. To reduce the statistical
error in the transport results, a large number of realizations
have to be computed. For example, Salandin and Fiorotto
[1998] have tracked 20,000 point-like tracer clouds to analyze the effects of macrodispersion.
[6] For cases where the log-conductivity correlation
length is long compared with the aquifer extent, e.g., 50%,
and in the absence of PSD, the uncertainty in the transport
can be estimated efficiently based on Karhunen-Loève (KL)
and polynomial chaos (PC) expansions [M€uller et al., 2011].
For shorter correlation lengths, or with PSD at high P!eclet
numbers, however, the KL or PC expansions, respectively,
cannot be truncated after few terms and the computational
gain over MC is diminished.
[7] Recently, we introduced an alternative methodology
for uncertainty quantification of transport [Meyer and Tchelepi, 2010; Meyer et al., 2010] that is much more computationally efficient than standard MC simulation. In Meyer
and Tchelepi [2010], Markovian velocity processes
(MVPs) were introduced that account for macrodispersion
by accurately reproducing the previously mentioned complex velocity dynamics. Earlier, Jenny et al. [2006] had
proposed Langevin-type stochastic processes for fluid particle velocities similar to the ones applied for turbulent dispersion. The process formulation accounts for velocity
moments up to second order, but is unable to reproduce the
complex velocity dynamics. Moreover, the formulation
involves nonzero asymptotic transverse dispersivities in
two-dimensional settings. In Meyer et al. [2010], we combined the MVPs of Meyer and Tchelepi [2010] with suitable models for PSD leading to a probability density
function (PDF) method, which yields the joint PDF of velocity and concentration as a function of space and time.
Our PDF method was validated by comparisons with the
MC results of Caroni and Fiorotto [2005] for different logconductivity variances and P!eclet numbers. Our previous
efforts [Meyer and Tchelepi, 2010; Meyer et al., 2010]
have focused on statistically homogeneous cases where the
conductivity fields are heterogeneous; however, their statistics are constant in space, and thus, measurements are
not taken into account.
[8] In this work, we still use a multivariate Gaussian
characterization with correlation structure (1) for the log
conductivity; however, the MVPs are generalized for statistically inhomogeneous cases that can also account for
conductivity measurements. In the next section, an overview of our approach is provided together with the dispersion scenario we consider. In section 3, new polar MVPs

(PMVPs) are developed that are more accurate and more
easily generalizable for statistically inhomogeneous (i.e.,
nonstationary) cases compared with the ones described by
Meyer and Tchelepi [2010]. The generalization for statistically inhomogeneous cases that include measurements is
presented together with an extensive validation study in
section 4. Conclusions are given in section 5.

2.

Formulation

2.1. Flow and Transport Equations
[9] In this section, the theoretical foundation for the new
macrodispersion model is presented. In the absence of
PSD, the transport of a conservative tracer with a volumetric concentration C ðx; tÞ at position x and time t is purely
advective, i.e.,
@C
@
ðui C Þ ¼ 0;
þ
@t @xi

(2)

where ui is the ith component of the velocity vector uðx; tÞ.
The flow field u ¼ q=n, where qðx; tÞ and nðxÞ are the specific discharge and porosity, respectively, is determined by
Darcy’s law,
qðx; tÞ ¼ $K ðxÞrhðx; tÞ;

(3)

where K ðxÞ is the hydraulic conductivity field. In equation
(3), hðx; tÞ is the hydraulic head. Combining the continuity
equation for incompressible single-phase flow in the absence of wells, i.e., r ' q ¼ 0, with equation (3) leads to
r ' ðKrhÞ ¼ 0:

(4)

For an incompressible flow in a constant-porosity medium,
the continuity equation can be written in terms of the velocity field, i.e., r ' u ¼ 0 (see equation (4.6.12) in Bear
[1972] for details). Therefore, equation (2) reduces to
@C
@C
¼ 0:
þ ui
@t
@xi

(5)

Alternatively, the transport problem described by the Eulerian equation (5) can be treated in a Lagrangian reference
frame that is moving with fluid or tracer particles. Each
particle represents a small fluid volume #V traveling along
a path line
Xðt; X0 Þ ¼ X0 þ

Z

t
t0

u½Xðt0 ; X0 Þ; t0 )dt0 :

(6)

Here, X ¼ ðX1 ; X2 ; X3 ÞT denotes the particle position vector
and X0 is the origin where the particle was released at time
t ¼ t0 . As we do not take PSD into account, the tracer concentration along a particle path line, i.e., C ½x ¼ Xðt; X0 Þ; t),
remains constant, and therefore, equations (5) and (6) are
equivalent [Meyer and Tchelepi, 2010, equation (6)].
[10] Uncertainty of the hydraulic conductivity K ðxÞ or
the log-conductivity Y ¼ lnðK Þ is translated through equations (3) and (4) into uncertainty of the flow field uðx; tÞ
and through equations (5) or (6) into uncertainty of the
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concentration C ðx; tÞ. The PDF of concentration C, i.e.,
pðc; x; tÞ, is used to characterize the uncertainty in the concentration field. The semicolon in the argument list of
pðc; x; tÞ indicates that the PDF p is a density with respect
to the concentration sample-space variable c only, but not
with respect to x and t.

pðx; tÞ ¼ h"½x $ Xðt; X0 Þ)i * h"½x $ X0 $ uðX0 ; t0 Þðt $ t0 Þ)i
Z 1
"½x $ X0 $ vðt $ t0 Þ)pðv; x ¼ X0 ; t ¼ t0 Þdv
¼
$1
!
"
x $ X0
$2
¼ ðt $ t0 Þ p v ¼
; x ¼ X0 ; t ¼ t0
t $ t0
(10)

2.2. Dispersion Scenario
[11] We model dispersion from a point-like, instantaneous tracer injection at time t ¼ t0 as sketched in Figure 1.
The point-like injection region $0 is centered at point x ¼
X0 and has a volume V0. The initial concentration inside
$0 is C0. The initial concentration distribution reads

in a spatially two-dimensional case. For the last derivation
step in equation (10), it is important to note that
"½x $ X0 $ vðt $ t0 Þ) is an abbreviated notation for
m $
Y
%
" xi $ X0;i $ vi ðt $ t0 Þ with m spatial dimensions. To

C ðx; t ¼ t0 Þ ¼

#

C0
0

if x 2 $0 and
else :

(7)

For times t > t0 and with $0 being of small extension compared with the log-conductivity correlation length lY, we
assume that the point-like injection region stays compact.
In the absence of PSD, the motion of the injection zone can
therefore be described by a tracer particle. With the flow
field being uncertain, the random position Xðt; X0 Þ of a
tracer particle released at time t0 from the injection location
X0 is characterized by the tracer particle position PDF
pðx; tÞ. In our earlier work [Meyer and Tchelepi, 2010,
equation (12)], we expressed the time-dependent concentration PDF based on pðx; tÞ as
pðc; x; tÞ ¼ "ðc $ C0 ÞV0 pðx; tÞ þ "ðcÞ½1 $ V0 pðx; tÞ)

(8)

with the Dirac delta function ". Based on equation (8), the
concentration mean, or the average tracer cloud, is given by
hC ðx; tÞi ¼ C0 V0 pðx; tÞ;

(9)

and therefore is proportional to the tracer particle position
PDF pðx; tÞ.
[12] For short times t $ t0 after the injection, Meyer and
Tchelepi [2010] showed that pðx; tÞ is determined by the
local velocity PDF, i.e.,

i¼1

take the velocity PDF out of the integrand by means of the
sifting property of the Dirac delta function [Pope, 2000,
equation (C.11)], substitutions yi ¼ vi ðt $ t0 Þ are made,
which lead to the prefactor ðt $ t0 Þ$m with m ¼ 2 in the
final result. Equation (10) illustrates that depending on the
velocity PDF pðv; x; tÞ, the initial shape of the average
tracer cloud can become quite complex, which renders
point injection scenarios challenging especially for high !2Y
with preferential flow channels. In contrast to scenarios
with injection volumes that are larger than lY, the average
tracer cloud short after injection is essentially determined
by the prescribed shape of the injection volume and therefore is less sensitive to velocity-modeling errors. In this
work, we focus on point injections in a two-dimensional
setting.
2.3. Markovian Velocity Processes
[13] For a statistically homogeneous setting with multivariate Gaussian characterization of the log-conductivity
field Y ðxÞ and constant mean flow velocity U ¼ huðxÞi, we
proposed modeling the Lagrangian velocity u½Xðt; X0 Þ) of
tracer particles with nonlinear MVPs [Meyer and Tchelepi,
2010]. In a Markov process, the future state, e.g., at time
t þ #t, depends only on the present state at time t, but not
on additional past states at times smaller t. For the longitudinal velocity component u1 parallel to the mean flow
direction, we applied in our earlier work an MVP of the
form,
u1 ðtÞ ¼ exp½vðtÞ) with
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vðt þ #tÞ $ vðtÞ ¼ a1 ½vðtÞ)#t þ d1 ½vðtÞ)#t# 1 ;

(11)

and for the transverse component,

u2 ðt þ #tÞ $ u2 ðtÞ ¼ fa2 ½u2 ðtÞ) $ b2 yðtÞg#t
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
þ d2 ½u2 ðtÞ)#t# 2 with

(12)

yðt þ #tÞ $ yðtÞ ¼ u2 ðtÞ#t

Figure 1. Sketch of the point-like, instantaneous tracer
injection scenario. At initial time t ¼ t0 , the small region
$0 located at x ¼ X0 in x1 and x2 space is filled with tracer
at a concentration C ðx; t ¼ t0 Þ ¼ C0 . If the tracer region is
sufficiently small, the tracer region does not deform for
times t > t0 and is advected with the velocity u½Xðt; X0 Þ; t)
along the tracer particle path line Xðt; X0 Þ (dotted line).

was used. Here, #t is a time increment, # 1 and # 2 are statistically independent standard normal random numbers with
zero mean and unit variance, b2 is a constant coefficient,
and a1 ðvÞ; a2 ðu2 Þ and d1 ðvÞ; d2 ðu2 Þ are nonlinear drift and
diffusion coefficients, respectively. All coefficients were
determined based on a large number of particle path lines
extracted from MC simulations for different log-conductivity variances !2Y . For each log-conductivity variance, Meyer
and Tchelepi [2010, section 4] simulated 512 flow fields
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tions are known. For example, by means of MC with few
samples, Uðx; tÞ can be estimated. Moreover, for multivariate Gaussian fields, !2Y ðxÞ can be calculated from analytical
expressions [Caers, 2005, !2E on p. 11]. Based on Uðx; tÞ
and !2Y ðxÞ, we propose to model the Lagrangian velocity
u½Xðt; X0 Þ; t) of tracer particles undergoing macrodispersion in terms of two statistically independent Markov processes for the local velocity magnitude u(t) and the direction
angle $ðtÞ leading to
u½Xðt; X0 Þ; t) ¼

!

"
uðtÞ cos½$ðtÞ)
:
uðtÞ sin½$ðtÞ)

Here, vector u½Xðt; X0 Þ; t) is defined in a coordinate system,
where the first component is parallel to the mean flow
Uðx; tÞ, as illustrated in Figure 3. Processes u(t) and $ðtÞ
depend on local Uðx; tÞ and !2Y ðxÞ and have forms similar to
MVPs (11) and (12). In the next two sections, the details of
the new approach, which is referred to as PMVP model, are
described.
Figure 2. Computational domain used in the Monte Carlo
study [Meyer and Tchelepi, 2010] with the sampling zone
(white square) surrounded by a boundary buffer layer (gray
shaded area) and 82 equidistantly distributed tracer particle
release locations (thick vertical line). The log-conductivity
field was modeled by a multivariate Gaussian random field
with negative exponential correlation function, constant
variance !2Y , and correlation length lY.
with the setup presented in Figure 2. In each field, 82 particle path lines were tracked. In their validation study, Meyer
and Tchelepi [2010, section 4.2] found that the MVPs for
each !2Y ranging from 1=16 up to 4 could reproduce both
transverse and longitudinal macrodispersion accurately.
[14] Inspection of the transverse and longitudinal velocity
components in Meyer and Tchelepi [2010, Figure 7a]
reveals that the temporal evolution of both components
along a particle path line is strongly correlated. The correlation between the two components is less of an issue when
considering the dispersion in transverse and longitudinal
directions independently, as was done in Meyer and Tchelepi [2010], where both components were modeled with statistically independent MVPs (equations (11) and (12)).
However, to model two-dimensional dispersion as in the
present work, this behavior has to be accounted for. Fortunately, if velocity magnitude and velocity direction angle
are considered, instead of the Cartesian velocity components, the problem of statistical dependence vanishes. This
is because the velocity magnitude and angle processes are to
a good approximation statistically independent, as will be
shown in section 3.1. For this reason, a new improved
PMVP model is proposed. Moreover, as is discussed in the
next paragraph, a PMVP enables a straightforward extension
of the MVP concept to statistically inhomogeneous settings.
[15] Unlike in the statistically homogeneous setting considered in Meyer and Tchelepi [2010], in statistically inhomogeneous settings, the mean flow velocity can be space
and time dependent, i.e., Uðx; tÞ ¼ huðx; tÞi, and the logconductivity variance is a function of space, e.g., !2Y ¼ 0 at
measurement locations. In this work, we assume that the
mean flow velocity and log-conductivity variance distribu-

3.

PMVP Model

[16] In the first step, PMVPs are developed in this section based on a statistically homogeneous setting. The development is based on our MC data [Meyer and Tchelepi,
2010] generated with the setup shown in Figure 2, which
involves 512 + 82 ¼ 41,984 particle path lines, for each
log-conductivity variance in the list {1/16, 1/2, 1, 2, 3, 4}.
A grid convergence study was included in Meyer and Tchelepi [2010, Figure 2] to make sure that the statistics following from our analysis are independent of the selected grid
cell size. Moreover, statistics were successfully verified
with other publications where available.
[17] To render the PMVP formulation in this section
independent of the mean flow velocity U and the correlation
length lY used in the MC study, the nondimensional variables
~x ¼ x=lY ; ~t ¼ tU =lY

and

u ¼ u=U
~

(13)

Figure 3. Sketch of a path line XðX0 ; tÞ of a tracer particle originating from point X0 at time t ¼ t0 (thick solid and
dotted lines) and streamlines (thin solid) of the mean flow
field Uðx; tÞ. The local velocity magnitude u(t) and direction angle $ðtÞ of the path line with respect to UðX; tÞ are
also depicted.
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are used for the formulations outlined in sections 3.2 and
3.3. In section 3.4, the macrodispersion predictions that
result from the PMVP model are thoroughly validated in
the statistically homogeneous case.
[18] In the next step, the PMVP model is generalized in
section 4 for the statistically inhomogeneous case with spatial variations in the mean flow velocity and the log-conductivity variance.
3.1. Statistical Independence of ln½uðt Þ) and hðt Þ
[19] In this section, the statistical independence of u(t),
or more precisely, the logarithm of the Lagrangian velocity
magnitude, ln½uðtÞ), and the Lagrangian velocity angle $ðtÞ
is verified. To this end, the joint PDF of lnðuÞ and $ is plotted together with the PDF of lnðuÞ conditional on $ in Figures 4a and 4b. The data for these figures were extracted
from the first 10; 496 particle path lines for the case !2Y ¼ 4
in Meyer and Tchelepi [2010] with equidistant travel time
increments. This case proved to be most complex in all
respects.
[20] In Figure 4a, the joint PDF is slightly skewed in
ln ðuÞ direction, but otherwise resembles a bivariate Gaussian. This is supported by the marginal PDFs of lnðuÞ and $
that are compared with Gaussian PDFs of equal means and
variances in Figures 4c and 4d, respectively. Accordingly,
the PDF of lnðuÞ conditional on $ depicted in Figure 4b
shows little dependence on $ with contour lines being
approximately parallel to the $-axis. For improbable angles
with j$j > 1, the PDF of lnðuÞ conditional on $, i.e.,
p½lnðuÞj$), shows some dependence on $. For !2Y < 4; lnðuÞ
and $ become statistically more independent and closer to a
joint Gaussian PDF. Based on these observations, it is
assumed that lnðuÞ and $ are to a good approximation statistically independent.
3.2. Velocity Magnitude Process
[21] In Figure 5b, the Lagrangian velocity u(t) along a
particle path line from the MC study [Meyer and Tchelepi,
2010] with !4Y ¼ 4 is depicted. The complex velocity dynamics composed of short high-velocity bursts and long
low-velocity periods are clearly visible. A very similar
behavior was found for the longitudinal velocity component

u1 ðtÞ modeled by the MVP of equation (11) [Meyer and
Tchelepi, 2010, Figure 7a]. Based on this similarity, we
apply a process with the same structure, i.e.,
~
u ð~t Þ ¼ exp½vð~t Þ) with
#v ¼ vð~t þ #~t Þ $ vð~t Þ ¼ au ½vð~t Þ)#~t þ

qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
du ½vð~t Þ)#~t #;

(14)

where # is a standard normal random number.
[22] The drift and diffusion coefficients au ðvÞ and du ðvÞ
in equation (14), respectively, were estimated from the particle path line statistics for a given #~t based on the
relations
au ðvÞ ¼

h#vjvi
#~t

and

du ðvÞ ¼

h#v2 jvi
$ au ðvÞ2 #~t
#~t

that involve means of #v conditional on v and that can be
derived from equation (14). In Meyer and Tchelepi [2010],
we have applied the same approach to define MVP u1 ðtÞ.
The time step was set to #~t ¼ 1, which provides a good
compromise between computational efficiency (large step)
and accuracy to model the early-time evolution of the average tracer cloud (small step). The analytical functions
(

"

au ðvÞ ¼ $0:266 v $ exp 3:21 $

5:88
0:135

#)

ð!2Y Þ
'!
" (
)
0:914
v
þ
1
and
+ tanh 0:414 þ
5 þ !2Y
"
#
12:9
v2
du ðvÞ ¼ exp 10:8 $
$
0:0671
3:92 þ 0:195!2Y
ð!2Y Þ
#

(15)

represent accurate curve fits for the estimates of au ðvÞ and
du ðvÞ and for log-conductivity variances up to !2Y ¼ 4. The
drift and diffusion coefficients are formulated such that in
the limit of !2Y ! 0, particles move with the mean flow velocity, i.e., vð~t Þ ¼ 0, for example, du ðvÞ ! 0.
[23] In Meyer and Tchelepi [2010, equations (35)–(38)],
drift and diffusion coefficients involving several parameters
were proposed, and parameter value sets for different

Figure 4. Based on the MC data [Meyer and Tchelepi, 2010] for case !2Y ¼ 4, the joint statistics of the
logarithm of the velocity magnitude, lnðuÞ, and the velocity angle $ along particle path lines are depicted.
(a) Joint PDF of lnðuÞ and $. (b) PDF of lnðuÞ conditional on $. (c and d) The lines represent marginal
PDFs of lnðuÞ and $, respectively. For comparison, the dots identify Gaussian PDFs with equal means
and variances. Statistics are symmetric around $ ¼ 0.
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Figure 5. (a) Particle path lines that stem from an arbitrary simulation with !2Y ¼ 4 of the MC study
[Meyer and Tchelepi, 2010] are depicted. The gray shading represents the distribution of the logarithm
of the normalized velocity magnitude, i.e., lnðu=U Þ. At few points on the central thick path line, nondimensional travel times are provided. (b and c) The velocity magnitude and direction angle, respectively,
along the thick path line from Figure 5a are depicted as functions of travel time.
discrete log-conductivity variances were provided. These
values are listed in Meyer and Tchelepi [2010, Tables 1a
and 1b] and show trends with respect to !2Y . The drift and
diffusion coefficients (15) have a direct dependence on !2Y .
They were determined in a two-step fitting process. In the first
step, suitable functions for au ðvÞ and du ðvÞ with two parameters in each function were selected. As in our previous work,
the parameters in these functions were fit with a least-squares
method to the MC data for !2Y 2 f1=16; 1=2; 1; 2; 3; 4g. In
the second step, to capture the dependence of the parameters
on !2Y , suitable functions were selected and fit with a leastsquares method. This process ultimately led to coefficients

(15) that depend jointly on v and !2Y . For !2Y ¼ 4, an exemplary comparison of the particle path line statistics extracted
from our MC data [Meyer and Tchelepi, 2010] with the corresponding curve fits (15) is provided in Figure 6. In both fitting
steps, coefficients of determination [Draper and Smith, 1981,
equation (2.6.11)] R2 > 95% were achieved. (A perfect fit
corresponds to R2 ¼ 100%.) It is pointed out that coefficients
au ðvÞ and du ðvÞ depend, in addition to !2Y , on the time step
#~t, and consequently, expressions (15) are valid for #~t ¼ 1
only.
[24] Based on MVP (14), drift and diffusion coefficients
(15), and the time step #~t ¼ 1, time series of the
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Figure 6. Comparison of (a) drift and (b) diffusion coefficients (15) (solid lines) with the corresponding statistics (dots) extracted from the MC data [Meyer and Tchelepi, 2010] for !2Y ¼ 4.
Lagrangian velocity process ~u ð~t Þ can be generated for !2Y
up to 4 at low computational expenses. An example of the
velocity time series generated with MVP (14) for !2Y ¼ 4 is
depicted in Figure 7. The nonlinear drift and diffusion coefficients reproduce the complex temporal correlation behavior observed in the MC time series from Figure 5b. The fast
oscillations observed in Figure 5b, however, cannot be
resolved by the MVP with a time step #~t ¼ 1, as seen in
Figure 7. A comparison of the PDF of ~u ð~t Þ resulting from
MVP (14) for !2Y ¼ 4 with the MC reference is provided in
Figure 8, and good agreement is found. Deviations are visible for high velocities with low probability. For smaller
log-conductivity variances, the agreement is even better.
3.3. Velocity Angle Process
[25] In Figure 5, the flow pattern or more precisely one
representative particle path line in an exemplary flow field
from the MC study [Meyer and Tchelepi, 2010] with !4Y ¼ 4
is inspected. Preferential flow channels are represented by
white streaks in Figure 5a and correspond to travel time intervals with high velocity magnitudes in Figure 5b. Particles can
travel over dozens of correlation lengths in such channels.
For example, the thick particle path line inspected in Figure 5
covers more than 40 correlation lengths during the first 15
time units in one preferential flow channel. In preferential

Figure 7.

flow channels, the velocity magnitude fluctuates at high frequency and high variance, as is visible from Figure 5b. In
low-conductivity zones on the other hand, velocity magnitudes are small and the fluctuation frequency is reduced.
[26] For the velocity angle plotted in Figure 5c, the fluctuation frequency reduces in low-conductivity zones as
well, but the variance does not change significantly. This
leads to a more uniform fluctuation behavior in space compared with the velocity magnitude, as seen in Figure 5a.
Furthermore, spatial fluctuations of the path line direction
angle depicted in Figure 5a are more regular compared
with the fluctuations in time shown in Figure 5c. The more
regular spatial fluctuation behavior is due to the fact that
the path line tortuosity is caused by spatial variability of
the conductivity field. The latter is determined by the logconductivity correlation length, which is constant in space.
For these reasons, we formulate the velocity angle process
in terms of travel distance instead of travel time, namely
l ðt Þ !

Z

t
t0

ju½Xðt0 ; X0 Þ; t0 )jdt0 ;

(16)

as illustrated in Figure 3. In accordance with equation (13),
travel distance is normalized by the correlation length lY,
i.e., ~l ¼ l=lY .

Time series of the Lagrangian velocity magnitude ~u ð~t Þ resulting from MVP (14) for !2Y ¼ 4.
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and the !2Y -dependent coefficients
a$ ¼ $

0:624

;
0:216
ð1 þ 0:785!2Y Þ
*
+
b$ ¼ $0:0416 exp $0:135!2Y ; and
!
12:1
d$ ¼ exp 9:32 $
:
0:0699
ð!2Y Þ

Figure 8. PDF of the Lagrangian velocity magnitude ~u ð~t Þ
resulting from (line) MVP (14) and (dots) MC study
[Meyer and Tchelepi, 2010] for !2Y ¼ 4. Plots with logarithmic and linear scalings are provided.

[27] For a fixed travel distance step size #l, the angle
process determines the spatial path line geometry irrespective of u(t). Accordingly, it is relatively easy to design a
Markovian angle process that leads to vanishing transverse
macrodispersion for large travel distances in spatially twodimensional scenarios.
[28] By inspection of the MC data [Meyer and Tchelepi,
2010], it was found that the PDF of the Lagrangian velocity
angle is close to Gaussian. For the highest log-conductivity
variance studied, i.e., !2Y ¼ 4, a comparison of the angle
PDF with a Gaussian PDF is provided in Figure 4d. The
following Markov process is similar to MVP (12) used in
Meyer and Tchelepi [2010] for transverse dispersion, but
has drift and diffusion coefficients that are simply linear in
terms of $, which leads to the Gaussian angle process:
*
+
*+ $ *+
* +%
$ ~l þ #~l $ $ ~l ¼ a$ $ ~l þ b$ y ~l #~l þ

with
*
+
*+
*+
y ~l þ #~l þ y ~l ¼ $ ~l #~l

qffiffiffiffiffiffiffiffiffiffi
d$ #~l #

(17)

(18)

[29] Unlike the temporal velocity magnitude process, the
correlation behavior of $ over travel distance is less complex, which enables the use of a process that is linear with
respect to $. Coefficients a$ ; b$ , and d$ were extracted from
the MC data as outlined in section 3.2 for a travel distance
increment #~l ¼ 1. This value is sufficiently small to
resolve changes in the direction along path lines, as seen in
Figure 5a. Coefficients (17) are formulated such that in the
limit *of+!2Y ! 0, particle path lines become straight lines,
i.e., $ ~l ¼ 0, as d$ ! 0 while a$ and b$ remain negative.
[30] With the Markov process (17) and a distance step
#~l ¼ 1, the spatial geometry of realizations of particle path
lines is completely determined, and path line realizations
can be generated at low computational costs. Three realizations of process (17) with !2Y ¼ 4 are provided in Figure 9
and are comparable to the MC path lines from Figure 5a. A
more quantitative comparison is provided in the form of
the Lagrangian velocity angle PDF plotted in Figure 10.
The agreement is good, which is also the case for !2Y < 4.
3.4. Validation of Transport Statistics
[31] Based on the outlined PMVP model consisting of
Markov processes for the velocity magnitude and the direction angle, i.e., processes (14) and (17), respectively, tracer
particle path lines can be simulated in statistically homogeneous cases with constant mean flow velocity and log-conductivity variance. The cost of our MVP-based computations is a
small fraction of the MC simulation time. In this section, the
evolutions of the resulting average tracer clouds, i.e.,
hC ðx; tÞi / pðx; tÞ (equation (9)), based on an ensemble of
41,984 tracer particles are compared with the MC data
[Meyer and Tchelepi, 2010] for different !2Y .
[32] For all !2Y inspected, it was found that the center of
the average cloud, i.e., h~
x i, moves in agreement with the

*+
Figure 9. Three statistically independent time series of the Lagrangian velocity angle $ ~l resulting
from the Markovian angle process (17) for !2Y ¼ 4.
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PMVP model. We note that good agreement was not just
found for the plotted times, but for the entire time periods
up to ~t ¼ tU =lY ¼ 80, 53, and 30 for !2Y ¼ 1=16, 1, and 4,
respectively. Moreover, good agreement between predictions stemming from the PMVP model and MC were found
for the other !2Y levels considered in this work, namely,
1=2, 2, and 3.

4.
*+
Figure 10. PDF of the Lagrangian velocity angle $ ~l
resulting from (line) the Markovian angle process (14) and
(dots) MC study [Meyer and Tchelepi, 2010] for !2Y ¼ 4.
Plots with logarithmic (left half) and linear (right half) scalings are provided.
mean flow velocity, i.e., h~
u i ¼ ð1; 0ÞT . The particle position variances that characterize the spreading due to macrodispersion are compared with the MC data in Figure 11. At
!2Y ¼ 4, the spreading is roughly 2 orders of magnitude
larger than the !2Y ¼ 1=16 case. Moreover, the variances
2
grow initially with ~t , whereas in the ~x 1 direction, a linear
asymptote is reached, and in the ~x 2 direction, the particle
position variances become constant for large times. The
PMVP model captures all these trends, and its predictions
are in good agreement with the MC reference data.
[33] Detailed comparisons of the average tracer clouds at
different times and for different log-conductivity variances
are provided in Figures 12–17. The average cloud evolution
is most complex for !2Y ¼ 4, which is why this case is
documented in greater detail (see Figures 16 and 17) compared with the other cases with smaller !2Y , i.e., 1=16 and 1.
For example, for !2Y from 1/16 up to 4, the average tracer
clouds become increasingly non-Gaussian at early times
with increased skewness in the mean-flow-parallel direction. This behavior is due to the fact that preferential flow
channels at high !2Y lead to very skewed velocity PDFs,
which determine the initial average cloud shape as was discussed in connection with equation (10). Moreover, for
increasing !2Y , non-Gaussian joint particle position PDFs
persist longer. Both trends are captured accurately by the

Generalization for Inhomogeneous Cases

[34] By assuming that the mean flow field is known and
that macrodispersion at location x and time t is determined
by Uðx; tÞ; !2Y ðxÞ, and lY, the PMVPs are directly applicable
in a local coordinate system that is aligned with the mean
flow direction Uðx;tÞ, as is illustrated in Figure 3.
4.1. Solution Algorithm
[35] Based on this reasoning, the following forward
Euler algorithm is proposed to perform a time step #t of a
tracer particle at location XðX0 ; tÞ:
[36] (1) Nondimensionalize the time step: % ¼ #tU =lY ,
where U ¼ jU½XðX0 ; tÞ; t)j. * +
[37] (2) Integrate ~u ð~t Þ and $ ~l (processes (14) and (17))
with !2Y ½XðX0 ; tÞ) and steps #~t ¼ #~l ¼ 1 over the time
interval %, which results in the displacement vector #~
x.
[38] (3) Rescale the displacement : #x ¼ #~
x lY .
[39] (4) Transform the displacement to the x1- and x2coordinate system : rotate #x by the angle arctanðU2 =U1 Þ,
where U1 and U2 are components of velocity vector
U½XðX0 ; tÞ; t).
[40] (5) Update XðX0 ; tÞ with the rotated displacement:
XðX0 ; t þ #tÞ ¼ XðX0 ; tÞ þ #x.
[41] For multivariate Gaussian log-conductivity fields,
the variance !2Y at point x can be calculated based on a
Kriging system [Caers, 2005, !2E on p. 11]. To avoid recalculating the Kriging system at different tracer particle positions x ¼ XðX0 ; tÞ; !2Y ðxÞ is determined on a Cartesian grid
in a preparatory step. During transport simulations, !2Y is
then interpolated to particle locations XðX0 ; tÞ based on the
grid values.
[42] The outlined approach honors the mean flow velocity distribution. Moreover, in the absence of measurements
and in a statistically homogeneous case, it recovers the
PMVP behavior that was analyzed in section 3.

Figure 11. Variances of particle position coordinates (a) x1 =lY and (b) x2 =lY as a function of time
resulting from (thin lines) the PMVP model and (thick lines) the MC study [Meyer and Tchelepi, 2010]
for (blue solid) !2Y ¼ 1=16, (blue dashed) 1/2, (blue dash-dotted) 1, (blue dotted) 2, (red solid) 3, and
(red dashed) 4. The variances become larger for increasing !2Y .
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Figure 12. For !2Y ¼ 1=16, the logarithm of the joint particle position PDF, i.e., ln½pðx; tÞ), is plotted at
two different times. In the bottom and top halves of the plots, the results from the PMVP model and the
MC study [Meyer and Tchelepi, 2010], respectively, are compared.
4.2. Statistically Inhomogeneous Validation Case
[43] In a final step, the performance of the PMVP model
for statistically inhomogeneous cases that include conductivity measurements is tested.
4.2.1. Numerical Setup and Method
[44] To this end, a setup with a time-independent flow
field was chosen that enables the simulation of different realistic dispersion scenarios in line with the domain size and
heterogeneity levels mentioned in section 1. The configuration that we consider is depicted in Figure 18 and involves

11 conductivity measurements. The domain is rectangular
and spans over 48 + 36 correlation lengths lY in x1 and x2
direction, respectively. The log-conductivity field is modeled by a multivariate Gaussian random field with isotropic
negative exponential covariance structure (1), variance
!2Y ¼ 3, and correlation length lY ¼ 1. At the measurement
locations, the log-conductivity variance goes to zero,
whereas away from measurements, the unconditional variance level is recovered within few lY. To validate the
PMVP performance for a number of different dispersion

Figure 13. For !2Y ¼ 1=16, the marginal particle position PDFs, i.e., (left) pðx1 ; tÞ and (right) pðx2 ; tÞ,
at two different times are plotted. The results from (solid line) the PMVP model and (dots) the MC study
[Meyer and Tchelepi, 2010] are compared.
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Figure 14. For !2Y ¼ 1, the logarithm of the joint particle position PDF is plotted at two different
times. Same as in Figure 12.
configurations, nine tracer injection locations were placed
in the domain. Three injection points were set to coincide
with measurement locations. On average, the time-stationary flow moves in positive or negative x1 direction depending on the constant head-boundary conditions applied. For
injection locations close to the left or right boundaries, positive or negative mean flow was applied, respectively. For
injection locations in the domain center, both flow directions were used. The mean flow velocity at the inflow in x1
direction is U ¼ 61=0:3. At the bottom and top boundaries, no-flow boundary conditions were applied. The mean
stationary flow pattern resulting from 100 MC simulations

with positive U is plotted in Figure 19. It is clearly visible
that the selected measurement values lead to curved mean
streamlines, zones with flow focusing involving very high
velocities, and stagnant low-velocity regions. For negative
U, the streamline pattern stays the same, but the flow direction is reversed.
[45] For the MC reference results, 200,000 log-conductivity and flow fields were generated, and in each flow field,
12 particle path lines were tracked from the nine injection
locations (particles from the three central locations were
tracked in two flow directions, 3 þ 3 þ 2 + 3 ¼ 12). For
the generation of log-conductivity fields, SGSIM [Deutsch

Figure 15. For !2Y ¼ 1, the marginal particle position PDFs at two different times are plotted. Same as
in Figure 13.
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Figure 16. For !2Y ¼ 4, the logarithm of the joint particle position PDF is plotted at four different
times. Same as in Figure 12.
and Journel, 1997] was applied, which operates pointwise
along a randomly generated path or a sequence of points.
To solve the flow problem consisting of equations (3) and
(4), a finite-volume method with eight grid cells per correlation length [de Dreuzy et al., 2007, Table 1] and an efficient algebraic multigrid solver were used [Stueben, 1983].
To track particles, the semianalytical method of Pollock
[1988] was used. To avoid a performance loss resulting
from file input/output, all mentioned steps were integrated
into one Fortran 90 program.
[46] The PMVP model calculations were conducted similar to the MC simulations with 200,000 tracer particles for
each of the 12 injection scenarios. The mean flow field for
the PMVP method was determined based on an average
involving 100 MC runs with the previously listed parameters. The log-conductivity variance distribution was calculated in a preprocessing step at the flow-field grid nodes.
The resulting distributions of !2Y ðxÞ and UðxÞ are shown in
Figures 18 and 19, respectively. For the time integration of
particle path lines, a time step of #t ¼ 0:25 was applied.
Simulations with a smaller step size, i.e., #t ¼ 0:1, provided the same results, and therefore, it was concluded that
#t ¼ 0:25 is sufficiently small.

4.2.2. Validation of PMVP Results
[47] In the following, we focus on six representative scenarios, which reflect the range of average cloud shapes, i.e.,
hC ðx; tÞi / pðx; tÞ, obtained for the different dispersion
scenarios. Due to variations in the mean flow field and the
log-conductivity variance distribution, most average tracer
clouds undergo complex evolutions, which are very different from what was observed in Figures 12–17 for the statistically homogeneous case.
[48] In Figure 20, the temporal evolution of the average
tracer cloud or the particle position PDF pðx; tÞ resulting
from the MC and the PMVP model for the top left injection
location (compare Figure 18) is depicted. This injection location coincides with a measurement point, where Y was set
equal to the unconditional mean hY i. At all evolution stages,
the PMVP model prediction involves peaks of increased probability compared with the MC results. Apart from this observation, the complex cloud shapes are accurately predicted.
For example, the low-conductivity measurements present in
the center of the domain led to a retardation of tracer particle
migration, which is captured by the PMVP model.
[49] The average cloud evolution resulting from the
middle left injection point is depicted in Figure 21. The
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Figure 17. For !2Y ¼ 4, the marginal particle position PDFs at four different times are plotted. Same as
in Figure 13.

cloud shape at t ¼ 2 from the PMVP model is in good
agreement with the MC result. Due to the blockage caused
by the central low-conductivity measurements, tracer particles tend to accumulate at these locations. This trend is
overpredicted by the PMVP model compared with MC as
is best seen at time t ¼ 16. A very elongated cloud is in
part resulting from the high log-conductivity variance
present at the injection location (compare Figure 16),
which is different from the previous case where !2Y ¼ 0 at

the injection point. However, as in the previous case, the
average cloud shape is accurately predicted by the PMVP
model.
[50] The next case documented in Figure 22 involves the
top center injection point that is directly upstream of a lowconductivity measurement. Accordingly, tracer particles
accumulate in the resulting low-velocity zone (see Figure
19). There is good agreement between the PMVP model
predictions and the MC reference.
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Figure 18. Computational domain used for the validation
of the PMVP model for statistically inhomogeneous cases.
The gray shading represents the log-conductivity variance
distribution !2Y ðxÞ that goes to zero at each of the 11 measurement locations. Measurement values of the log-conductivity Y are provided at each location. The red circles
indicate nine different tracer injection locations.

[51] Tracer injection at the bottom center location is
shown in Figure 23. This location coincides with a highconductivity measurement and an according high-velocity
region. Initially, the average tracer cloud in the PMVP prediction is somewhat too compact and travels too fast compared with the MC result, where tracer particles disperse to
zones with smaller velocities leading to a larger and slower
average cloud. In this context, the PMVP time and distance
steps #~t ¼ #~l ¼ 1 are probably too coarse to resolve
changes of !2Y as seen in Figure 18. At later times, this
weakness becomes less apparent with !2Y being more uniform, and at time t ¼ 4, the Gaussian-like average tracer

cloud from the PMVP model is in reasonable agreement
with the MC result.
[52] An asymmetric average tracer cloud or particle position PDF is obtained for the middle right injection point as
shown in Figure 24. The high-velocity flow region in the domain center leads to a curved average tracer cloud visible at
times t ¼ 8 and 16. Moreover, the low-conductivity measurements with Y ¼ $3:5 and $3 in the domain center and to
the right of the center, respectively, lead to a trapping of
tracer particles and therefore increased values in pðx; tÞ.
Both features are captured well by the PMVP model whose
predictions are in good agreement with the MC reference.
[53] In Figure 25, the evolution of the average tracer
cloud resulting from the bottom right injection location is
shown. The diverging mean streamline pattern to the left of
the domain center leads to a widening of the otherwise
slender average tracer cloud. This effect is somewhat overpredicted by the PMVP model, but overall there is good
agreement between the model and the MC reference.
4.2.3. Computational Cost
[54] The 200,000 MC runs with 12 particle path lines in
each run took 435,392 s (5.04 days) of CPU time on a
state-of-the-art desktop computer. For the 12 PMVP simulations with 200,000 particles in each simulation, a computing time of 209.65 s was required. The generation of the
mean flow field required by the PMVP method based on
100 MC flow field samples took 209.66 s. The calculation
of the variance distribution based on the 11 measurements
required 0.51 s. In total, for the PMVP calculations of all
12 injection scenarios, 419.82 s (7 min) of computing time
were needed. Therefore, the PMVP model calculations
were 1037 times faster compared with the MC simulations.
[55] The reported speedup is essentially based on the fact
that besides for the calculation of the mean flow field, no
log-conductivity fields have to be generated, and no pressure problems have to be solved in the PMVP method. In
this work, no attempt was made to reduce the CPU time
required for the calculation of the mean flow field, which
accounts for half of the total PMVP CPU time.

5.

Figure 19. Mean flow field UðxÞ resulting from 100 MC
simulations. Streamlines are provided with solid white
lines. The gray shading represents the logarithm of the velocity magnitude, i.e., ln½jUðxÞj). White circles and crosses
indicate tracer injection and measurement locations,
respectively.

Conclusions

[56] The PMVP model provides a significant improvement over our earlier MVP model [Meyer and Tchelepi,
2010]. The parameterization of the Markov processes in the
PMVP model is considerably simpler, and the model is applicable for arbitrary log-conductivity variances from 0 up
to 4. Macrodispersion predictions from the PMVP model
for statistically homogeneous cases are in good agreement
with the MC reference and are calculated at a very small
fraction of the computational cost of MC. Validations that
exceed !2Y ¼ 4 have not been conducted at this point.
[57] The outlined generalization of the PMVP formulation for statistically inhomogeneous flows provides accurate macrodispersion predictions at CPU times that are
more than 1000 times smaller compared with MC. To further reduce the PMVP computing time, larger time steps
could be applied. Moreover, more efficient methods other
than MC may be applicable to generate the mean flow field
required by the PMVP method. In this work, dispersion
away from formation boundaries was considered. This type
of setting is limited, but seems relevant in many applications.
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Figure 20. Evolution of the average tracer cloud, i.e., hC ðx; tÞi / pðx; tÞ, originating at time t ¼ t0 ¼ 0
from the top left injection point X0 (red circle). Both the MC and PMVP result at equal times correspond
with the color bar to the right. Red crosses represent measurement locations.
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Figure 21. Evolution of the average tracer cloud originating from the middle left injection point. Same
as in Figure 20.
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Figure 22. Evolution of the average tracer cloud originating from the top center injection point. Same
as in Figure 20.
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Figure 23. Evolution of the average tracer cloud originating from the bottom center injection point.
Same as in Figure 20.
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Figure 24. Evolution of the average tracer cloud originating from the middle right injection point.
Same as in Figure 20.
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Figure 25. Evolution of the average tracer cloud originating from the bottom right injection point.
Same as in Figure 20.
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Besides the mean flow field, which is an input to the PMVP
model, higher-order velocity statistics seem to become independent of boundaries at distances of few log-conductivity
correlation lengths, as shown by Salandin and Fiorotto
[1998, Figure 2] and Meyer and Tchelepi [2010, p. 7].
Nevertheless, it is conceivable to determine PMVP coefficients that include boundary condition effects; however, this
aspect is left for future investigations.
[58] The core assumption in the PMVP model, i.e., that
macrodispersion is locally determined by the log-conductivity variance, the log-conductivity correlation length, and
the mean flow velocity, proved to be a good approximation
for the realistic dispersion scenarios inspected in this work.
However, to further improve the accuracy of the PMVP
method, processes with reduced nondimensional step sizes
should be developed that enable a better resolution of spatial log-conductivity variance variations.
[59] Other extensions of the present work are conceivable
as well. For example, a generalized PMVP formulation that
can account for anisotropic correlation structures could be
constructed. Such an extension would entail a more complicated parameterization of the drift and diffusion coefficients
of the MVPs. Moreover, an extension of the PMVP model
for three-dimensional cases would broaden the range of
applicability. One aspect that is simplifying this task is the
fact that macrodispersion is unbounded in three-dimensional
versus two-dimensional cases. Finally, PSD effects could be
incorporated into the PMVP model with similar methods as
in our earlier work [Meyer et al., 2010].
[60] Acknowledgments. D.M. gratefully acknowledges a Blaustein
Visiting Fellowship from Stanford University. Several constructive comments of three anonymous reviewers that helped to improve the present
work are acknowledged.
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B.3

A joint velocity–scalar PDF method for tracer flow
in heterogeneous porous media

In the contributions included in the previous two sections [Meyer and Tchelepi,
2010, Meyer et al., 2013], dilution or mixing of tracers or contaminants at the
pore scale due to molecular diffusion and pore network bifurcations was neglected. In the following publication [Meyer, Jenny, and Tchelepi, 2010], the
Markovian velocity process model outlined in appendix B.1 (page 117) was
combined with the generalized Curl mixing model presented in appendix A.1.
The resulting particle-based simulation method was validated with reference
data provided by Caroni and Fiorotto [2005]. Our publication has appeared in
Water Resources Research in December 2013.
Meyer identified the test case, wrote simulation codes, and performed the
simulations. Meyer and Tchelepi discussed the resulting data. Meyer wrote the
paper and Tchelepi and Jenny edited it. All authors approved the manuscript.
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[1] The probability density function (PDF) of the local concentration of a contaminant, or
tracer, is an important component of risk assessment in applications that involve flow
in heterogeneous subsurface formations. In this paper, a novel joint velocity‐concentration
PDF method for tracer flow in highly heterogeneous porous media is introduced. The
PDF formalism accounts for advective transport, pore‐scale dispersion (PSD), and
molecular diffusion. Low‐order approximations (LOAs), which are usually obtained
using a perturbation expansion, typically lead to Gaussian one‐point velocity PDFs.
Moreover, LOAs provide reasonable approximations for small log conductivity variances
(i.e., s2Y < 1). For large s2Y, however, the one‐point velocity PDFs deviate significantly
from the Gaussian distribution as demonstrated convincingly by several Monte Carlo
(MC) simulation studies. Furthermore, the Lagrangian velocity statistics exhibit complex
correlations that span a wide range of scales, including long‐range correlations due to
the formation of preferential flow paths. Both non‐Gaussian PDFs and complex
long‐range correlations are accurately represented using Markovian velocity processes
(MVPs) in the proposed joint PDF method. LOA methods can be generalized to
some extent by presuming a certain shape for the concentration PDF (e.g., a b PDF fully
characterized by the concentration mean and variance). The joint velocity‐concentration
PDF method proposed here does not require any closure assumptions on the shape of
the marginal concentration PDF. The Eulerian joint PDF transport equation is solved
numerically using a computationally efficient particle‐based approach. The PDF method is
validated with high‐resolution MC reference data from Caroni and Fiorotto (2005) for
saturated transport in velocity fields, which are stationary in space and time, for domains
with s2Y = 0.05, 1, and 2 and Péclet numbers ranging from 100 to 10,000. PSD is
modeled using constant anisotropic dispersion coefficients in both the reference MC
computations and our PDF method.
Citation: Meyer, D. W., P. Jenny, and H. A. Tchelepi (2010), A joint velocity‐concentration PDF method for tracer flow in
heterogeneous porous media, Water Resour. Res., 46, W12522, doi:10.1029/2010WR009450.

1. Introduction
[2] The spreading of contaminants, or tracers, in subsurface formations is governed by advective transport and
pore‐scale dispersion (PSD). The advective flow component
is determined by the hydraulic conductivity field, which
usually displays considerable spatial variations in groundwater aquifers. In field applications, information about the
conductivity field is usually very sparse; therefore, the
uncertain conductivity is considered to be a random variable
and is usually modeled by geostatistical techniques [Dagan,
1989; Gelhar, 1993; Zhang, 2002]. Uncertainty in the
conductivity leads to uncertainty in the flow field, which in
turn, leads to uncertainty in the transport (e.g., the concentration distribution in space and time).
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1.1. Concentration Mean and Variance
[3] Significant efforts have focused on calculation of the
local concentration mean and variance. For example,
Graham and McLaughlin [1989] introduced a perturbation‐
based method that is valid for relatively small log conductivity variances s2Y. Kapoor and Kitanidis [1998] formulated
evolution equations for the concentration mean, hCi, and
variance, s2C; they proposed and validated closure models
for terms in the derived equations that depend on statistical
moments other than hCi and s2C. Both the perturbation‐
based method and moment equations approach are formulated based on the advection‐dispersion equation (ADE) in
the Eulerian reference frame.
[4] The Lagrangian theories of Dagan [1984], Fiori and
Dagan [2000], and Fiorotto and Caroni [2002] are based
on low‐order approximations (LOAs) and are accurate for
small s2Y. Dagan [1984, equation (3.6)] introduced a theory
based on a linearized Darcy’s law, in which the correlation
functions for the hydraulic head h and log conductivity Y are
assumed to have a stochastic dependence that is linear with
respect to s2Y. Dagan’s LOAs imply a Gaussian one‐point
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velocity probability density function (PDF) [Dagan, 1984,
p. 156]. He also presented expressions for the concentration
mean, where PSD effects were neglected for predictions at
the regional scale. Dagan and Fiori [1997] and later Fiori
and Dagan [2000] extended the LOA formalism of Dagan
[1984] for finite Péclet (Pe) numbers with PSD modeled
by a Brownian motion term with a constant dispersion coefficient. They also discussed why PSD may be neglected for
predictions of hCi, but that PSD effects must be accounted for
in evaluating higher‐concentration moments like s2C. Dagan
and Fiori [1997] showed that the local concentration PDF
remains bimodal in the absence of PSD. The PDF is nonzero
only at concentrations representing pure water, i.e., C = 0, or
a fixed contaminant concentration C = C0 at the contamination source, e.g., given by the solubility limit. For finite Péclet
numbers, however, local dilution leads to nonzero probabilities at intermediate concentrations, and the concentration
PDF becomes continuous. Bellin et al. [1994] investigated the
influence of the sampling volume on the concentration variance. In their work, a Gaussian velocity PDF was employed
and PSD effects were neglected. In contrast to the work of
Bellin et al. [1994], Dagan and Fiori [1997] and Fiori and
Dagan [2000] focused on concentration statistics recorded
using point‐like sampling volumes whose dimensions are
small relative to the log conductivity correlation length lY.
More recently, Tonina and Bellin [2008] outlined a generalized first‐order approximation theory based on the work of
Fiori and Dagan [2000] that includes PSD effects and provides concentration mean and variance values for variable
sampling volumes. Many of the previously listed LOA studies
rely on Monte Carlo (MC) simulation results for validation.
Until now, equations for statistical moments like hCi or s2C
can be solved directly without any closure assumptions or
models only by MC simulations.
1.2. Concentration PDF
[5] Maximum contaminant concentrations Cmax are usually specified for water quality regulations as in the Safe
Drinking Water Act implemented by the United States
Environmental Protection Agency (US EPA), for example.
With the concentration C treated as a random variable and
described by the concentration PDF p(c), the requirement on
the maximum concentration
R C translates into the exceedance
probability, namely, 1 − 0 max p(c)dc. In this respect, concentration means and variances provide incomplete information regarding the assessment of risk associated with
contaminant transport in natural subsurface aquifers. More
recently, there has been significant work on developing
methods that provide complete local concentration PDFs.
For example, Tartakovsky et al. [2009] and Broyda et al.
[2010] have outlined semianalytical theories for a specific
class of reactive flows that involve no pore‐scale mixing,
but where the reaction rates are slow and uncertain. For a
more conventional nonreactive setting, Caroni and Fiorotto
[2005] have performed MC simulations of the spreading of
an initially rectangular tracer cloud in a two‐dimensional
heterogeneous medium. They assumed stationary mean flow
and analyzed the behavior for different Péclet numbers.
Caroni and Fiorotto [2005] demonstrated that b PDFs can
be used to represent local concentration PDFs reasonably
well. Since the b PDF is completely determined by its first
two moments, then if it is applicable, one can fully char-
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acterize the concentration PDF based on hCi and s2C. This
strategy was recently suggested by Cirpka et al. [2008] in
the context of reactive subsurface flow. Bellin and Tonina
[2007] discuss the various mechanisms associated with
transport in heterogeneous formations that lead to concentration distributions close to b PDFs. Specifically, they introduced the stochastic differential equation (SDE)
dC ¼ !ðhC i " C Þdt þ

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"C ðC0 " C ÞdW ðt Þ

ð1Þ

for the concentration C. The two terms on the right hand
side are related to different spreading mechanisms. The first
term with the model parameter ! is the so‐called interaction
by exchange with the mean (IEM) mixing model. It
represents mixing at the pore scale as a decay of C toward
the mean concentration hCi. The second term in equation
(1), which involves the model parameter ", the source
concentration C0, and the random Wiener process W(t),
accounts for flow nonuniformities. The Wiener process
increment dW(t) is random and has a Gaussian distribution
with hdWi = 0 and hdW2i = dt. Therefore, W(t) is continuous
in time. The time‐stationary distribution of equation (1) is a
b PDF, whose shape is governed by the model parameters.
By using LOA methods similar to Dagan and Fiori [1997],
Caroni and Fiorotto [2005] derived an analytical expression
for the point‐like concentration PDF and verified the predictions for heterogeneity levels with s2Y ≤ 2. They concluded that their LOA‐based expression is accurate for s2Y
up to 0.2. Schwede et al. [2008] extended the work of
Caroni and Fiorotto [2005] and investigated the influence
of the sampling volume size on the concentration statistics.
Their semianalytical approach employs LOA techniques and
is limited to time‐independent tracer dispersion.
[6] In this work, we propose a new methodology
designed to produce accurate predictions of local concentration PDFs for point‐like sampling volumes in saturated
heterogeneous porous media. For the characterization of
the constant porosity formation, a space‐stationary multi‐
Gaussian geostatistical model for the log conductivity Y(x)
is used with s2Y = 0.05, 1, and 2. The proposed framework
works for steady state and time‐dependent transport problems, takes PSD for Péclet numbers Pe > 100 into
account, and does not involve any restrictions on the shape
of the concentration PDF. Specifically, the joint velocity‐
concentration PDF is derived and solved using a particle‐
based method. We focus on a dispersion scenario with
regional flow that is stationary in both space and time. In a
first step, PSD is modeled based on a constant anisotropic
dispersion tensor aligned with the mean flow direction.
Jenny et al. [2006] had proposed a similar, but much more
limited, approach, that was motivated by PDF methods for
modeling turbulent reactive flows. In a PDF method,
conservation laws for momentum and mass are cast into a
high‐dimensional PDF transport equation that is typically
solved with particle‐based numerical solution algorithms
[e.g., Jenny et al., 2001]. Pope [1985] and coworkers have
evolved PDF methods for modeling turbulent reactive
flows over the last two decades. Those, and related efforts,
have made PDF methods a standard tool for the prediction
of turbulent reactive flows [Fox, 2003; Pope, 2000].
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1.3. Turbulent Versus Subsurface Flows
[7] In both turbulent and subsurface flows, advective
transport is the dominant spreading mechanism and is a
primary source of uncertainty. Nevertheless, the two flows
are very different. For large Reynolds numbers, where
inertial forces dominate, the Navier‐Stokes equations
become unstable and distortions in the initial or boundary
conditions are amplified leading to unsteady fluctuations in
the flow field. Even though the velocity fluctuations in
such turbulent flows are uncertain, from a statistical point
of view they are relatively well behaved. For example, for
many turbulent flows of practical interest, the statistical
distribution of the velocity at a certain point in space and
time is usually quite close to Gaussian. In natural porous
media, on the other hand, one has flows at low Reynolds
numbers that are friction dominated and stable. In porous
media, the flow is governed by the pore‐scale geometry of
the porous medium, which is represented by upscaled
transport parameters at the Darcy scale, for example. In
heterogeneous aquifers, the (Darcy‐scale) transport parameters, which cannot be measured exhaustively, show
large spatial variations. The spatial heterogeneity of the
transport parameters (especially hydraulic conductivity)
and the sparse sampling at a particular site is the central
source for uncertainty. Unlike turbulent flows, the one‐
point velocity statistics can deviate significantly from a
Gaussian PDF depending on the specific characteristics of
the porous medium. The non‐Gaussian behaviors of the
velocity field have been demonstrated using MC simulations of saturated flows by Salandin and Fiorotto [1998]
and Trefry et al. [2003]. In these studies, the one‐point
velocity PDFs in the mean flow direction become
increasingly skewed for s2Y > 0.5. Furthermore, the PDFs
of both velocity components (i.e., in the mean flow direction
and perpendicular to it) develop long tails that are manifestations of preferential flow paths. These non‐Gaussian
behaviors increase substantially with the heterogeneity
level. By construction, LOA methods that rely on Gaussian
velocity PDFs cannot capture such deviations from Gaussian behaviors. The non‐Gaussianity of the velocity PDF is
less important for travel distances that exceed dozens of log
conductivity correlation lengths (central limit theorem), but
is crucial for shorter travel distances as demonstrated by
Caroni and Fiorotto [2005, Figure 6]. In our PDF method,
we employ the Markovian velocity processes (MVPs) proposed recently by Meyer and Tchelepi [2010] to account for
the complex correlation structures exhibited by the velocity
statistics in highly heterogeneous aquifers.
1.4. Approach
[8] The main contributions of this works are (1) the
development of a joint velocity‐concentration PDF transport
equation and (2) the numerical solution of the equation
using a computationally efficient stochastic particle‐based
method. The joint PDF method incorporates models for
advective transport and pore‐scale mixing.
[9] In section 2, the ADE that describes tracer flow in
heterogeneous porous media in a stationary Eulerian reference frame is introduced and exact evolution equations
of the statistical moments of concentration and velocity are
derived. These evolution equations will serve as benchmarks for the development of the Eulerian joint velocity‐
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concentration PDF method outlined in section 3. The
Eulerian joint velocity‐concentration PDF represents the
velocity and concentration statistics of an ensemble of fluid
volumes, or particles, at a certain spatial location, where
each particle evolves in a different porous medium realization. Evolution equations, or more specifically stochastic
differential equations (SDEs), for Lagrangian particle properties like position, velocity, and concentration (similar to
equation (1)) are postulated in section 3.1. In section 3.2,
a Lagrangian PDF transport equation is derived from the
postulated SDEs. Subsequently, an equivalent Eulerian joint
velocity‐concentration PDF transport equation is described in
section 3.3. Based on the Eulerian PDF transport equation,
evolution equations for concentration statistical moments,
similar to the ones presented by Kapoor and Kitanidis [1998],
are derived in section 3.4. Comparisons of these moment
equations with the ones from section 2 lead to consistency
requirements for the models included in the SDEs. To solve
the Eulerian PDF transport equation numerically, an ensemble of particles is evolved based on the SDEs. In section 4,
the corresponding algorithm is presented. In section 5, the
PDF method is validated with MC reference solutions provided by Caroni and Fiorotto [2005] for Péclet numbers
form 100 to 10,000 and s2Y = 0.05, 1, and 2. Finally, conclusions are drawn in section 6.

2. Exact Moment Evolution Equations
[10] In this section, the exact moment evolution equations
for the concentration mean hCi, the second moment hC2i,
and the flux huiCi are derived from the ADE. Here, C is the
concentration, ui is the ith component of the Darcy velocity
vector u, and h·i denotes an ensemble average over all
possible realizations of the heterogeneous hydraulic conductivity field. The corresponding moment evolution equations are also derived from the Eulerian PDF transport
equation in section 3.4. By comparing the two sets of
moment equations, consistency conditions are specified for
the models included in the joint PDF method.
[11] The spreading of a passive tracer in a fully saturated
porous medium is described by the ADE
"
#
@C
@C
@
@C
þ ui
;
¼
Dij
@t
@xi @xi
@xj

ð2Þ

where xi and t are the space and time coordinates, respectively, and D is the dispersion tensor, which accounts for
mechanical mixing at the pore scale and molecular diffusion
[Rubin, 2003, equation (7.9)]. u is the seepage velocity
proportional to the specific discharge
q ¼ nu;

ð3Þ

which is determined by Darcy’s law
q ¼ "Krh

ð4Þ

and mass conservation for incompressible flow in the
absence of sources or sinks, i.e.,
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In expressions (3) and (4), h(x, t) is the hydraulic head, n(x)
is the porosity and K(x) is the hydraulic conductivity. Both n
and K are averaged over a representative elementary volume
(REV). Due to the spatial heterogeneity of the hydraulic
conductivity K(x), it is assumed to be a random function.
The porosity n(x), however, is assumed to be constant. As a
result, q(x, t) and u(x, t) are also random space functions
and equation (2) is a stochastic equation. It then follows that
C(x, t) is also a random space function.
[12] In this work, we focus on a two‐dimensional velocity
field that is stationary in time and space. The mean flow
velocity hui = (U, 0)T is parallel to the x1 direction. Generally, the dispersion tensor D is velocity‐dependent [e.g.,
Rubin, 2003, equation (8.3)]. Here, for simplicity and for
consistency with the MC study of Caroni and Fiorotto
[2005], which we use here as a reference, we use the following anisotropic dispersion tensor
D¼

"

D1
0

#
0
;
D2

ð6Þ

where ∂ui/∂xi = 0 for a constant‐porosity medium without
sources or sinks and an incompressible fluid (equations (3)
and (5)). The corresponding evolution equation of the second concentration moment, hC2i, is derived by multiplication of equation (2) by C and averaging. If we use ∂ui/∂xi =
0, the resulting equation can be written as
$ %
$ %
&
'
@ C2
@2 C2
@ $ 2%
@C @C
:
þ
ui C ¼ Dij
" 2Dij
@xi
@xi @xj
@t
@xi @xj

ð7Þ

By comparing equations (6) and (7) for hCi and hC2i,
respectively, it becomes clear why PSD is less relevant for
the concentration mean but cannot be neglected for the
second moment. In a particular realization of the porous
medium, the concentration field usually exhibits large spatial variations, and that renders the last term in equation (7)
important, even for large Péclet numbers. However, ensemble averaging reduces the spatial variability of the individual
concentration fields and leads to spatial gradients of the
ensemble averages that are small. Thus, for large Pe, the first
terms on the right hand sides of equations (6) and (7) are
negligible.
[13] An evolution equation for the flux, huiCi, that
appears in equation (6) is readily derived by multiplying
equation (2) by the kth velocity component, uk, and averaging. In this derivation, the different terms are simplified as
follows:
uk

@C
@
¼ ðuk C Þ
@t
@t

for a stationary velocity field. Furthermore, we have
uk ui

@C
@
@
@uk
¼ uk
ðui C Þ ¼
ðuk ui C Þ " ui C
@xi
@xi
@xi
@xi

and
uk Di

"
#
@2C
@
@C
@uk @C
" Di
¼ Di
uk
@xðiÞ @xi
@xðiÞ
@xi
@xðiÞ @xi

with
Di

"
#
"
#
@
@C
@2
@
@uk
¼ Di
uk
ðuk C Þ " Di
C
@xðiÞ @xi
@xðiÞ
@xi
@xðiÞ @xi

which leads to
&
'
@
@
@uk
huk C i þ
huk ui C i " ui C
@xi
@t
@xi
&
"
#'
&
'
@2
@
@uk
@uk @C
¼ Di
C
" Di
:
huk C i " Di
@xðiÞ @xi
@xðiÞ @xi
@xðiÞ @xi

ð8Þ

where D1 and D2 are spatially constant longitudinal and
transverse dispersion coefficients (with respect to the mean
flow direction). Taking the ensemble mean of equation (2)
leads to
@ hC i
@
@ 2 hC i
þ
;
hui C i ¼ Dij
@t
@xi
@xi @xj
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Equation (6), which governs the mean concentration, hCi,
contains not only hCi but also the statistical moment of the
flux, huiCi. This quantity is governed, in turn, by the flux
evolution equation (8), which is needed to close equation
(6). However, the flux equation, itself, contains additional
unknown statistical moments that require additional closure
equations. This is the so‐called closure problem associated
with moment‐based methods. Zhang [2002] discussed this
closure problem in detail for moment equations of hydraulic
head (section 1.4.1). Closure models for the concentration
mean and variance equations are discussed by Kapoor and
Kitanidis [1998].
[14] Using the velocity decomposition ui = huii + u′i, we
get from the flux term huiCi = huiihCi + hu′i Ci, where the
second term is the so‐called macrodispersive flux [Rubin,
2003, equation (8.9); Kapoor and Kitanidis, 1998, equation (5)]. The second term is then modeled using a macrodispersion tensor similar to PSD [Rubin, 2003, equation
(8.13); Kapoor and Kitanidis, 1998, equation (12)]. In the
joint PDF method described in section 3, the flux term in the
concentration mean is determined directly from the joint
velocity‐concentration PDF and appears in closed form.

3. Joint PDF Method
3.1. Stochastic Differential Equations
[15] To model the spreading of a tracer in a heterogeneous hydraulic conductivity field, we employ a stochastic
particle‐based method, where each particle represents a fluid
volume. The size of the fluid volume is similar to the REV
associated with the Darcy scale for a porous‐medium realization. The Lagrangian particle location evolves as
X ðt Þ ¼ X 0 þ

Z

t
t0

uðt 0 Þdt 0 þ Xd ðt Þ;

ð9Þ

where X0 = X(t = t0) at initial time t0, u(t) is a Lagrangian
particle velocity, and Xd(t) is a Brownian motion–type
displacement due to PSD with hXdi = 0 and hX2dii = 2Di(t −
t0) [Dagan, 1984, equation (3.21)]. With PSD modeled by a
vectorial Wiener process W(t), where each component Wi(t)
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Figure 1. Particle evolution in the position‐velocity‐
concentration probability space from a state at time t0 to a
later state at t > t0.
is statistically independent and dWi(t) ∼ N(m = 0, s2 = dt),
we have for the particle position
dXi ðt Þ ¼ ui ðt Þdt þ

pffiffiffiffiffiffiffi
2Di dWðiÞ ðtÞ:

ð10Þ

For example, in the LOA method outlined by Dagan and
Fiori [1997, equation (25)], the same approach is used to
model Xd(t) [Rubin, 2003, equation (9.60)].
[16] Here, the particle velocity is modeled by a stochastic
Markov process [Gardiner, 2004, section 3.2]
dui ðt Þ ¼ aðui Þdt " #i2 !20 Xdt þ bðui ÞdWðiÞ ðt Þ with dX ¼ u2 ðt Þdt;

ð11Þ

where a(ui) and b(ui) are drift and diffusion functions,
respectively, that are different for the longitudinal and the
transverse velocity components. di2 is the Kronecker delta,
w0 is a model constant, and X(t) is an auxiliary random
variable. Meyer and Tchelepi [2010] have demonstrated that
the auxiliary random variable X(t) is required to reproduce a
hole‐type Lagrangian correlation function for the transverse
velocity as observed in high‐resolution MC simulations
[Salandin and Fiorotto, 1998, Figure 5b]. The random
process (11) is very different from treatment used in LOA
methods. The process in equation (11) allows for velocity
PDFs that are markedly non‐Gaussian with long time correlations. Both features are important in aquifers with high
variability levels of the hydraulic conductivity.
[17] Dilution of a specific fluid volume resulting from
mass exchange due to PSD with other fluid volumes is
modeled using
dC ¼ M ðC; X; uÞdt;

ð12Þ

where M(C, X, u) is a so‐called mixing model. The rate of
change dC/dt depends on the current location of the particle
X, the particle concentration C, and the velocity u. For
example, in the IEM mixing model used by Bellin and Tonina
[2007] (equation (1)), M(C, X, u) = ![hC(x = X)i − C], the
rate of change is proportional to the difference between the
fluid volume concentration C and the local concentration
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mean hC(x = X)i. This model is based on the assumption that
PSD drives the concentration C in a particular realization of
the aquifer toward the local mean calculated using all realizations. For Pe → ∞, no dilution takes place, the concentration PDF remains bimodal, and dC/dt = 0, which is satisfied in
the IEM model only if ! = 0. Therefore, M(C, X, u) should
also depend on Pe. In PDF methods for turbulent reactive
flows, mixing models are a key component. This is because
the mixing model plays a crucial role in capturing the proper
shape of the local concentration PDF. Reviews related to
mixing models in the context of turbulent flows have been
published by Subramaniam and Pope [1998], Meyer and
Jenny [2009] and Meyer [2010].
[18] Equations (10), (11), and (12) form a set of stochastic
differential equations (SDEs) that describes the evolution of
the properties of a fluid volume in an aquifer realization as
depicted in Figure 1 for one spatial dimension. The mixing
model, drift, and diffusion functions need to be determined.
[19] So far we have focused on Lagrangian SDEs. In
sections 3.2 and 3.3, the transport equations for the
Lagrangian and Eulerian joint velocity‐concentration PDFs,
which are equivalent to the corresponding SDEs, are
derived. The Eulerian joint PDF, p(v, c; x, t), contains
information about the joint velocity‐concentration statistics
at a given point in space, x, and time, t. Here, v and c are
sample space or probability space coordinates for the random variables u and C, respectively. Note that the semicolon indicates that p(v, c; x, t) is a density with respect to v
and c but not x and t. In other words, multiplication of the
probability density function by infinitesimal intervals, i.e.,
p(v, c; x, t)dv dc, leads to the probability that the velocity
and concentration at location x and time t will be inside the
intervals (dv, dc) centered at point (v, c). The concentration
PDF, p(c; x, t), which is our ultimate goal, is a marginal
PDF of the joint velocity‐concentration PDF and is determined by integration of the joint PDF over the velocity sample
(or probability) space.
3.2. Fokker‐Planck Equation
[20] Gardiner [2004] shows that the vector‐valued stochastic differential equation (SDE)
dZ ¼ AðZ; tÞdt þ BðZ; t ÞdWðt Þ;

ð13Þ

for the random variable vector Z with the drift function
vector A(Z, t) and the diffusion function matrix B(Z, t),
corresponds to an equivalent transport equation given by
)
@p
@
1 @2 (
¼"
½ Ai ðz; t Þp( þ
Bik ðz; tÞBjk ðz; t Þp :
@t
@zi
2 @zi @zj

ð14Þ

In equation (14), the PDF p(z; t∣z0, t0) is conditional on the
initial state Z0 at time t0, and z and z0 are the sample space
vectors that correspond to Z and Z0, respectively. Note that
the times t and t0 are not random variables, but they are
included in the argument list of the PDF to reflect its time
dependence and the times corresponding to z and z0.
Equation (14) is a Fokker‐Planck equation (FPE) that
describes the time evolution of the PDF p(z; t∣z0, t0) from a
given initial state Z0 at time t0. Apart from the initial state,
which may also involve some level of uncertainty, this
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evolution is characterized by the drift vector A(z, t) and the
diffusion matrix B(z, t).
[21] Based on the correspondence between equations (13)
and (14), the FPE that is equivalent to the specific set of
SDEs (10), (11), and (12) can be written as
i
@p
@p
@2p
@
1 @2 h
¼ "vi
þ Di
"
½aðvi Þp( þ
bðvi Þ2 p
@t
@xi
@xðiÞ @xi @vi
2 @vðiÞ @vi
@
@p
@p
ð15Þ
" v2 ;
" ½ M ðc; x; vÞp( þ !20 $
@c
@v2
@$

where p(x, v, x, c; t∣x0, v0, x 0, c0, t0) is the joint position‐
velocity‐concentration PDF, and x and x are sample space
coordinates for X and X, respectively. Details about the derivation of equation (15) are provided in Appendix A. This
joint PDF is a Lagrangian PDF that contains information
about the transition probability from a state (x0, v0, x0, c0) at
time t0 to a later state (x, v, x, c) at t > t0 (see Figure 1). We
point out that the initial state is not necessarily completely
known and may involve uncertainty. For example, the initial
concentration C0 from a fluid particle may be a deterministic
function of the initial particle location X0 for a scenario with
a well‐defined initial tracer cloud. The initial velocity u0, on
the other hand, depends on the hydraulic conductivity field
which is typically uncertain.
3.3. Eulerian Joint PDF Transport Equation
[22] In applications, we are often interested in probability
information at a given spatial location x and time t, which is
characterized by the Eulerian joint velocity‐concentration
PDF p(v, c; x, t). Next, the relation between the Lagrangian
and the Eulerian joint PDFs is derived.
[23] First, an unconditional joint PDF is determined
based on the joint PDF of the particle states at times t and
t0, i.e., p(x, v, x, c, x0, v0, x 0, c0; t, t0):
pðx; v; c; t Þ ¼

Z1 Z1 Z1 Z1 Z1

"1

0

"1

"1

"1

pðx; v; $; c; x0 ; v0 ; $0 ; c0 ; t; t0 Þ

& dx0 dv0 d$0 dc0 d$
¼

Z1 Z1 Z1 Z1 Z1

"1

0

"1

"1

"1

pðx; v; $; c; tjx0 ; v0 ; $0 ; c0 ; t0 Þ

& pðx0 ; v0 ; $0 ; c0 ; t0 Þdx0 dv0 d$0 dc0 d$:

ð16Þ

The joint PDF for the states at times t0 and t quantifies the
probability that a particle has at time t0 the state (x0, v0, x0,
c0) and reaches later at time t > t0 the state (x, v, x, c). In
the last integral of equation (16), the joint PDF for the
states at times t and t0 was replaced by a product of the
corresponding transition PDF and the marginal probability
for the state at time t0.
[24] Secondly, the joint velocity‐concentration PDF conditional on the particle position is given by
pðv; cjx; t Þ ¼

pðx; v; c; t Þ
;
pðx; t Þ

ð17Þ
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equation (17). In Appendix B, it is shown that for a uniform initial particle position PDF p(x0; t0) and an incremental particle displacement dX (equation (10)), which
does not depend on the spatial location, the resulting
particle position PDF p(x; t) for t > t0 remains uniform or
equal to a constant. One should keep in mind that the
uniform distribution holds for fluid particles with individual tracer concentrations but not for tracer particles.
Equation (18) relates the Lagrangian and Eulerian joint
PDFs, and it serves as a bridge between the discrete
particle representation of the Lagrangian SDEs and the
Eulerian joint velocity‐concentration PDF p(v, c; x, t).
[25] Eventually, the transport equation
@p
@p
@2p
@
þ Di
"
½aðvi Þp(
¼ "vi
@t
@xi
@xðiÞ @xi @vi
þ

h
i @
1 @2
bðvi Þ2 p " ½ M ðc; x; vÞp(
2 @vðiÞ @vi
@c

ð18Þ

for the Eulerian joint PDF p(v, c; x, t) results after applying
steps (16) and (17) to the FPE (15). The FPE (15) and PDF
transport equation (18) are almost identical except for the
last two terms in equation (15). These terms drop since
Z

1

"1

!20 $

@pðx; v; $; c; t Þ
@
d$ ¼ !20
½ hXjx; v; cipðx; v; c; t Þ( ¼ 0
@v2
@v2

for hXi = 0 and X being statistically independent of the
random variables u, X, and C as demonstrated by Meyer and
Tchelepi [2010, Appendix D]. Furthermore,
Z

1
"1

v2

@pðx; v; $; c; t Þ
d$ ¼ v2 pðx; v; $; c; t Þj1
$¼"1 ¼ 0
@$

with p(x, v, x, c; t) = 0 for x = ±∞.
[26] Integration of p(v, c; x, t) over the velocity sample
space leads to the PDF of the local concentration, p(c; x, t),
which is the target quantity of interest here.
3.4. Moment Equations Implied by the PDF Method
[27] In sections 3.1–3.3, a set of stochastic processes for
the position, velocity, and concentration of Lagrangian
particles was proposed, and the corresponding Eulerian joint
PDF transport equation was derived. In this section, we
investigate if the moment evolution equations derived from
the joint PDF transport equation (18) are consistent with the
ones from the ADE (2) (provided in section 2).
[28] In an intermediate step, the transport equation for the
Eulerian concentration PDF p(c; x, t) is derived by integration of equation (18) over the velocity sample space. This
leads to
@p
@
@2p
@
ð hui jc; x; tipÞ þ Di
" ½ h M ðc; x; uÞip(: ð19Þ
¼"
@t
@xi
@xðiÞ @xi @c

Here, the following simplifications were made:
Z

1

"1

which is equivalent to the Eulerian PDF p(v, c; x, t). Note
that the particle position appears in the denominator of
6 of 17
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"1
@
½ hui jc; x; tipðc; x; t Þ(
¼
@xi
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and similarly for the last term in equation (19); furthermore,
Z

1

"1

and
Z

1

"1

and
Z

@
½aðvi Þp(dvi ¼ ½aðvi Þp(j1
vi ¼"1 ¼ 0
@vi

¼

i
i,,1
@2 h
@ h
bðvi Þ2 p dvi ¼
bðvi Þ2 p ,,
¼0
@vðiÞ @vi
@vi
vi ¼"1

@ hC i
@
@ 2 hC i
þ
þ h M ðC; x; uÞi
hui C i ¼ Di
@t
@xðiÞ @xi
@xi

1

"1

vk
Z

ð20Þ

Z

1

@
½ M ðc; x; vÞpðv; c; x; t Þ(dc dv
@c
Z 1
@
vk
c ½ M ðc; x; vÞpðcjv; x; t Þ(dcpðv; x; t Þdv
@c
0
c

0
1

"1

¼"

with p(v, c; x, t) = 0 and ∂p(v, c; x, t)/∂vi = 0 for vi = ±∞.
Multiplication of equation (19) with c and integration over
the concentration sample space leads to
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Z

1

"1

vk h M ðC; x; vÞipðv; x; t Þdv

¼ "h uk M ðC; x; uÞi:

Finally, we can write
@
@
@2
huk C i þ
huk ui C i " hCaðuk Þi ¼ Di
huk C i
@xðiÞ @xi
@t
@xi

for the mean concentration. In this derivation, the last term
in equation (19) was simplified by partial integration, i.e.,

þ h uk M ðC; x; uÞi:

ð22Þ

By comparing the concentration flux evolution equation (22)
with the corresponding exact equation (8) derived from the
Z 1
Z 1
@
1
c ½ h M ðc; x; uÞip(dc ¼ ½ch M ðc; x; uÞip(jc¼0 " h M ðc; x; uÞipdc ADE, one can draw the following conclusions. The last term
@c
0
0
on the left hand side of equation (22) is a closure model for
¼ "h M ðC; x; uÞi:
the corresponding term in equation (8) (see Appendix C).
Equation (20) is consistent with equation (6) derived from The last two terms on the right hand side of equation (8)
include multipoint statistics that involve spatial gradients.
the ADE for a mixing model that satisfies
Statistics of this kind are not represented in our joint PDF
h M ðC; x; uÞi ¼ 0:
ð21Þ method, which provides one‐point statistics only. In view of
this limitation, we are forced to assume that the two terms
This condition together with equation (12) imply that the under consideration are negligible. However, this assumpmixing model should not change the local concentration tion can be tested by comparisons with the MC reference
mean hCi or more precisely hC(x, t)i. PSD is a local process, data for the concentration mean. Such a comparison is
where the tracer mass is redistributed between neighboring performed in section 5. Note that the flux huiCi plays a
fluid particles. However, the overall tracer mass is conserved, central role in the evolution equation of hCi. Neglecting the
which is requirement (21). The IEM mixing model used by last two terms in equation (8) implies that the last term in
Bellin and Tonina [2007] and introduced in equation (1) equation (22) is equal to zero. This leads to the following
satisfies this requirement, since h!(hCi − C)dti = 0.
additional requirement
[29] A different requirement that is more restrictive
compared with requirement (21) results from a comparison
h M ðC; x; vÞjui ¼ 0 8u
ð23Þ
of the exact flux evolution equation (8) with the one
obtained from the joint PDF method. The latter is obtained
from equation (18) multiplied by vkc and integrated over for the mixing model M(C, x, u), which renders the previvelocity and concentration sample space. After some alge- ously derived requirement (21) redundant. This is because a
mixing model that satisfies requirement (23) also complies
braic manipulation, we arrive at
with requirement (21). The converse, however, is not necZ 1 Z 1
essarily true. Likewise, our physical interpretation of con@
c
vk
½aðvi Þp(dv dc
dition (23) involves a refined view of the mixing process at
@vi
0
"1
the pore scale compared with the interpretation provided for
Z 1 Z 1
.)
@ ( - . requirement (21). PSD effects take place at length scales that
c
vk
a vðk Þ p vðk Þ ; c; x; t dvk dc
¼
vðk Þ
0
"1
are small compared with the length scales of the flow field.
Z 1
Therefore, fluid particles that mix at the pore scale have
chaðuk Þjc; x; tipðc; x; t Þdc
¼"
similar, or strongly correlated, velocities. Furthermore, these
0
fluid particles exchange tracer mass during the mixing
¼ "hCaðuk Þjx; t i;
process, but in a Lagrangian reference frame at the flow
field scale, the overall mass or concentration does not
Z 1 Z 1
i
change. Consequently, the local mean concentration for an
@2 h
c
vk
bðvi Þ2 p dv dc
ensemble of fluid particles with equal velocity u must not
@v
@v
i
ðiÞ
0
"1
change over time as implied by expression (23) and
Z 1 Z 1
h
i
- .2 .
@
equation (12), i.e., dhC∣x, ui/dt = 0. It is important to note
c
vk 2 b vðk Þ p vðk Þ ; c; x; t dvk dc
¼
@vðk Þ
0
"1
that the Eulerian mean tracer concentration (equation (20)),
+,
Z 1 /*
on the other hand, may change over time because of me. i ,1
@ h - .2 ,
¼
c vk
b vðk Þ p vðk Þ ; c; x; t
chanisms other than the mixing model, like advective, or
,
@vðk Þ
0
vk ¼"1
PSD driven, transport.
Z 1
.i i
@ h - .2 [30] The evolution equation of the concentration second
"
b vðk Þ p vðk Þ ; c; x; t dvk dc ¼ 0;
"1 @vðk Þ
moment is derived by multiplying equation (19) with c2, and
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computational grid resolves the spatial variability of the
joint PDF, or its statistical moments, adequately.
[33] More details about the drift and diffusion functions in
the velocity SDEs, equation (11), are provided in section 4.1.
A complete specification of these functions is provided by
Meyer and Tchelepi [2010]. The mixing model included in the
concentration SDE, equation (12), is outlined in section 4.2.

Figure 2. Particle‐based algorithm for the numerical solution of the Eulerian joint velocity‐concentration PDF transport equation.

4.1. Markovian Velocity Processes
[34] Meyer and Tchelepi [2010] proposed Markovian
velocity processes (MVP) of the form (11) for an isotropic
multi‐Gaussian geostatistical characterization of the log
conductivity Y(x) with s2Y = 1/16, 1/2, 1, 2, 3, and 4. These
processes account for non‐Gaussian one‐point velocity PDFs
observed by Salandin and Fiorotto [1998], Trefry et al. [2003],
and Meyer and Tchelepi [2010]. They do not, however,
account for PSD. With PSD neglected, a tracer particle travels
along a pathline

then integrating over the concentration sample space, which
leads to
$ %
$ %
@ C2
@2 C2
@ $ 2%
þ
ui C ¼ Di
þ 2hCM ðC; x; uÞi:
@xi
@t
@xðiÞ @xi

ð24Þ

The last term in this equation is obtained as follows:
Z

1
0

Z

Xðt Þ ¼ X0 þ

A comparison of equation (24) with the exact evolution
equation (7) shows that the two differ only in the last term.
The corresponding term in equation (7) includes statistics of
spatial concentration gradients that are not available from
the one‐point joint velocity‐concentration PDF. Therefore,
the last term in equation (24) represents a closure model that
is implied by the mixing model in our joint PDF method.
[31] Next, the concentration PDF is computed with the
proposed PDF method and is compared with high‐resolution
MC simulations.

4. Numerical Methods
[32] Based on the set of SDEs (10), (11), and (12), an
ensemble of particles can be evolved in the x‐v‐x‐c sample
space to solve the Eulerian joint PDF transport equation (18)
numerically. For the numerical solution of equation (18), the
high dimensionality of the sample space is prohibitive for a
finite difference method. Pope [1981] showed that a particle‐based solution method provides a computationally efficient alternative solution strategy. The basic concept of the
particle‐based solution procedure is illustrated in Figure 2.
To determine the spatial distribution of different statistical
moments, e.g., hCi or sC, the computational domain is
discretized into control volumes, or grid cells. It is assumed
that the Eulerian joint PDF p(v, c; x, t) inside each grid cell
is spatially constant. The joint PDF in a grid cell is then
approximated by the particles contained in the cell. For
example, hC(x, t)i in a cell is calculated by averaging the
concentration over all particles in it. The assumption of
piecewise constant Eulerian joint PDFs implies that the

Z

t0

t

u½Xa ðt 0 Þ; t 0 (dt 0 :

ð25Þ

If PSD is present and described by the Brownian motion
displacement Xd(t) introduced in equation (9), the particle
pathline is given by

1

@
½ h M ðc; x; uÞip(dc ¼ "2
c
ch M ðc; x; uÞipdc
@c
0
¼ "2hCM ðC; x; uÞi:
2

Xa ðtÞ ¼ X0 þ

Z

t0

t

u½Xðt 0 Þ; t 0 (dt 0 þ Xd ðt Þ:

ð26Þ

The pathlines from equations (25) and (26) are different.
The Lagrangian velocity processes u[Xa(t), t] and u[X(t), t]
are also expected to be different. In the present work, we
neglect the influence of PSD on advective transport, and we
use the velocity processes of Meyer and Tchelepi [2010].
This leads to trajectories similar to equation (26) but with
u[X(t), t] replaced by u[Xa(t), t]. Similar simplifications
are made in LOAs [e.g., Fiori and Dagan, 2000; Caroni
and Fiorotto, 2005].
[35] The drift and diffusion functions in the SDE (11),
a(ui) and b(ui), respectively, are based on parameterized
functions [Meyer and Tchelepi, 2010, equations (35)–(38)].
The parameter sets that determine these functions are tabulated for different log conductivity variances s2Y ranging from
1/16 up to 4 [Meyer and Tchelepi, 2010, Tables 1a and 1b].
We point out that Meyer and Tchelepi [2010] do not provide
the drift and diffusion functions for the longitudinal velocity
process u1(t) directly, but instead for the process u0(t) =
ln[u1(t)/U], i.e., a(u0) and b(u0) which differ from a(u1) and
b(u1). Nevertheless, this does not invalidate the derivations in
section 3.2 and Appendices A–C that were based on equation
(11): with Ito’s transformation formula [Gardiner, 2004,
equation (4.3.14)], the drift and diffusion functions for the
MVP u1(t) are given by a(u1) = {a[u0(u1)] + 12b[u0(u1)]2}u1
and b(u1) = b[u0(u1)]u1. Consequently, the velocity process
(11) remains applicable also for u1(t). The MVP formulation
for u1(t) based on u0(t) does not allow for reverse flow, i.e.,
u1(t) < 0, though. Nowak et al. [2008, paragraphs 9 and 39]
and Englert et al. [2006, paragraph 44] showed that reverse
flow is very improbable for log conductivity variances s2Y ≤ 5.
[36] Numerical integration of the particle position and
velocity SDEs (10) and (11) over time was performed with
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an explicit Euler scheme. For example, in the longitudinal
direction at time step q + 1, we used
X1qþ1 ¼ X1q þ uq1 Dt þ

with uq1 = U exp(uq0) and

pffiffiffiffiffiffiffiffi
2D1 DW1q

- .
- .
u0qþ1 ¼ uq0 þ a uq0 Dt þ b uq0 DW0q :

ð27Þ

ð28Þ

The Wiener process increments DWqi were implemented by
a Gaussian random number generator with zero mean and
variance equal to the time step Dt.
4.2. Mixing Model
[37] For M(C, x, u), a generalization of the modified Curl
mixing model by Janicka et al. [1979] that takes the velocity
into account (requirement (23)) was applied. Originally,
Curl [1963] developed a mixing model to describe the
mixing or mass exchange of colliding droplets with different
concentrations in a two‐liquid suspension. Because of the
similarity between droplets and particles, Curl’s model can
be integrated easily into a particle‐based PDF method and
has received considerable attention in the turbulent combustion community. The IEM mixing model used by Bellin
and Tonina [2007] (first term in equation (1)) is also widely
applied in turbulent flows. It has, however, a well‐documented drawback that is of relevance in the present application. In the absence of advective transport, the IEM model
preserves the shape of the concentration PDF and predicts a
contraction of the PDF around the mean. Thus, a bimodal
concentration PDF will remain bimodal, which is unphysical
(see Pope [2000] and Meyer and Jenny [2009] for details).
In this respect, the Curl models (original and modified)
provide more realistic alternatives. Subsurface flows, however, are typically advection dominated, and therefore the
shape‐preserving nature of the IEM model is most probably
less critical.
[38] In each time step and every computational grid cell,
particle pairs are randomly selected and their individual
concentrations set to
.
C ðiÞqþ1 ¼ C ðiÞq þ h Cm " C ðiÞq
.
and C ð jÞqþ1 ¼ C ð jÞq þ h Cm " C ð jÞq
C ðiÞq þ C ð jÞq
:
where Cm ¼
2

ð29Þ

This is the modified Curl model, where i and j are indices of
two randomly selected particles from a certain grid cell, q is
a time step index, and h is a uniformly distributed random
number in the interval between 0 and 1. For h = 0 the
particle pair does not mix at all, and for h = 1 it mixes
completely. This means that the concentration values of
particles i and j are set to the mean value Cm. The temporal
reduction of the concentration variance is controlled by the
number of particle pairs nm that participate in the mixing
process during one time step Dt, i.e.,
nm ¼ Cc N Dt=%:

ð30Þ

Here, Cc is a mixing model parameter that depends on the
Péclet number and possibly other factors, N is the total
number of particles in the grid cell, and t is a time scale that
is set equal to lY/U.
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[39] Reformulating requirement (21) based on the concentration SDE (12) leads to dhC∣xi/dt = 0, which implies
that the local concentration mean must not change due to the
mixing model. Because the concentration changes for the
particles i and j of each particle pair add up to zero in every
grid cell, the modified Curl model does not change the local
mean. Therefore, it satisfies requirement (21). The refined
requirement (23) that involves conditioning on velocity,
however, is not fulfilled at this stage. In the context of
turbulent dispersion, Meyer [2010] has recently outlined and
validated a velocity conditional version of the modified Curl
model that satisfies the refined requirement (23) approximately. In the velocity conditional version of the modified
Curl mixing model, particle pairs that are neighbors in the
velocity sample space are selected. The first particle i in a
pair is randomly selected with all particles in the grid cell
equally probable. For the second particle j, nv possible
candidates are randomly selected from the grid cell particle
ensemble with all particles except particle i equally probable. Here, nv is another model parameter, and repeated
selections of the same particle are allowed. Finally, the
candidate with a velocity closest to the one of particle i is
selected from the nv candidates. With nv sufficiently large,
Meyer [2010] demonstrated that this refined modified Curl
model satisfies the requirement dhC∣x, ui/dt = 0 derived
from equations (12) and (23) quite well.

5. Validation
5.1. Monte Carlo Reference Simulations
[40] To validate the outlined joint velocity‐concentration
PDF method, the scenario studied by Caroni and Fiorotto
[2005] is used. Caroni and Fiorotto [2005] performed MC
simulations to investigate the dispersion of an initially
rectangular tracer body in spatially infinite porous media
with isotropic multi‐Gaussian log conductivity fields. The
dimensions of the tracer body were 2lY × 10lY in the x1 and
x2 direction. Media with log conductivity variances s2Y =
0.05, 1, and 2 were simulated and Péclet numbers, Pe =
UlY/D1 of 101, 102, …, 104 were used. For the transverse
dispersion coefficient, Caroni and Fiorotto [2005] used
the same value reported by Fiorotto and Caroni [2002], i.e.,
D2 = D1/20. Tracer concentration mean and variance distributions were reported along the centerline of the domain.
Furthermore, concentration cumulative density functions
(CDFs) were provided at five different spatial locations. The
sampling locations (x1, 0)T are indicated in Figure 3 and the
sampling times were t = x1/U.
5.2. Joint Velocity‐Concentration PDF Method
[41] The computational domain used for the simulations
with the joint PDF method is depicted in Figure 3. To
emulate a spatially infinite domain, periodic boundary conditions were applied in both the longitudinal x1 and transverse
x2 direction. Particles that move out at one boundary are reintroduced into the domain at the opposite boundary. In the
longitudinal direction, particles are reintroduced at the left
boundary with their concentrations set to zero.
[42] Initially at time t = t0, particles are introduced with
their positions X(t0) uniformly distributed inside the computational domain. This initial state complies with the specifications in Appendix B. With the outlined boundary
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Figure 3. Rectangular computational domain used in the
joint PDF method simulations with the initial tracer body
(black rectangle, 2lY × 10lY) and the locations where CDFs
were sampled (solid black circles).
conditions, the particle distribution remains uniform during
the simulation for t > t0. The particle velocity components ui
and the auxiliary random variable X were initialized based
on their time‐stationary PDFs. At the beginning of a simulation, two time series (realizations) of both velocity processes were generated, where the longitudinal velocity
process was initialized with u0 = 0 and the transverse process with X = 0 and u2 = 0. The resulting time series
represented the stationary velocity PDFs to a very good
approximation, and the fluid particle velocities were initialized with randomly drawn samples from these time
series. The initial particle concentrations were set to unity
for particles inside the rectangular tracer body shown in
Figure 3 and to zero outside. This initial setup defines the
joint PDF p(x0, v0, x0, c0; t0) that appeared in equation (16).
[43] For the numerical simulation of the transition PDF
p(x, v, x, c; t∣x0, v0, x 0, c0, t0) and eventually the Eulerian
joint PDF p(v, c; x, t) (equation (17)), an ensemble with
10 million particles, a time step size Dt = 0.05lY/U, and
computational grids with 141 × 81 and 71 × 41 cells were
used for s2Y = 0.05 and s2Y = 1, 2, respectively. This corresponds to grid spacings of lY/4 and lY/2. A grid and time step
refinement study showed that the selected values provide
accurate computations of the joint velocity‐concentration
statistics. In these studies, it was verified if calculations
with half the grid resolution, half the time step, and half
the number of particles lead to same results, which was the
case. We used
Cc ¼ 6:25Pe"0:7

ð31Þ

to determine the Pe‐dependent mixing rate. With this
expression, the contribution of the mixing model vanishes
for Pe → ∞. Expression (31) is a first step in the development of an accurate mixing rate model and provides reasonable results for the log conductivity variances and the
entire Péclet number range under consideration. The velocity
conditioning parameter was set to nv = 100 based on the
results of Meyer [2010].
5.3. Results
[44] Simulation results of the joint PDF method are
validated with the MC reference solutions of Caroni and
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Fiorotto [2005] for heterogeneous media with s2Y = 0.05,
1 and 2. Concentration mean and standard deviation distributions along the x1 axis (x2 = 0) are compared in
Figures 4, 5 and 6 for s2Y = 0.05, 1 and 2, respectively, and
Péclet numbers Pe = 102, …, 104. In most applications, the
Péclet number is >100 [Dagan and Fiori, 1997; Rubin,
2003, section 10.5.2]. For s2Y = 0.05, the ensemble of
tracer clouds is symmetric from the beginning and remains
fairly compact for the observation times considered. This is
reflected by the concentration mean and standard deviation
curves depicted in Figure 4 and is the reason why a finer
computational grid was used for this case. For all s2Y, the
concentration mean values, hCi, are in very good agreement with the MC results. At early times, the ensemble
averaged tracer cloud depends significantly on the one‐
point velocity PDF (specifically, skewness), since the particle displacements are strongly correlated with the initial
velocities (compare to Meyer and Tchelepi [2010, equation
(16)], for more details). Even though the skewness for s2Y
= 1 and 2 has largely vanished at nondimensional time 15 in
the mean distributions, it is more persistent in the standard
deviations (Figures 5 and 6). The LOA method by Caroni
and Fiorotto [2005] that is based on a Gaussian velocity
PDF does not reproduce this behavior. Furthermore, the
negative tails of the Gaussian velocity PDFs represent significant reverse flow and lead (with Pe ≥ 100) to high
(nonphysical) nonzero hCi and sC upstream of the tracer
injection zone. As discussed in the introduction, PSD has
little effect on the concentration mean for the Péclet
numbers considered; however, this is not the case for the
standard deviation of concentration. PSD reduces spatial
concentration fluctuations and leads to lower sC values for
smaller Pe, which is best seen at late times. Overall, the
concentration standard deviations sC are in good agreement.
However, the mixing model is somewhat too dissipative for
Pe = 100 and leads to standard deviations that are too small,
especially for long times. The mixing rate model (31) plays
an important role in the resulting levels of the concentration
variance, s2C. For our model, this is particularly the case for
small Péclet numbers, which indicates that the mixing‐rate
model may be too simple.
[45] The deviations in the concentration variance are also
reflected in the concentration CDF evolutions. CDFs are
provided in Figures 7, 8, and 9 for s2Y = 0.05, Figures 10, 11,
and 12 for s2Y = 1, and Figures 13, 14, and 15 for s2Y = 2. For
small Péclet numbers, the concentration CDFs of the joint
PDF method at late times increase too rapidly from zero to
one. Therefore, low concentrations that represent diluted
fluid are more likely in the joint PDF results versus the
MC simulations. Overall, however, the CDFs are in good
agreement and the modified Curl model seems to perform
well. Up to nondimensional time of 2 and for large Pe
(Figures 9, 12, and 15), the concentration PDF is almost not
influenced by PSD and is still very much bimodal. The CDF
accordingly jumps at concentrations c = 0 and 1 but remains
fairly constant for values between 0 and 1. In the high log
conductivity variance case with s2Y = 2, the plateau of the
CDF is at ≈0.5 and therefore, probabilities for concentrations c = 0 and 1 are equal (Figure 15). Accordingly, it is
equally probable for our chosen geometry that the sampling
location, which coincides with the center of the ensemble
averaged cloud, resides inside the tracer cloud or outside.
For s2Y = 0.05 and 1, the plateau of the CDF is below 0.5 and
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Figure 4. Comparison of (left) the concentration mean hCi and (right) the standard deviation sC resulting from the joint velocity‐concentration PDF method (solid lines) and the Monte Carlo simulations
(dashed lines) for s2Y = 0.05 and different Péclet numbers. Comparisons are provided for times tU/lY =
2, 5, and 15.
likewise the probability for concentration c = 0 is smaller
compared to 1 (Figures 9 and 12). With s2Y = 0.05 and 1, the
tracer clouds are less distorted by advective transport and it
is more probable that the sampling location is inside the

tracer cloud with concentration 1. For later times, PSD leads
to concentration PDFs that deviate from the bimodal one,
and correspondingly the CDFs approach curves that continuously increase from 0 to 1. At late times, it becomes
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Figure 5. Same as Figure 4 but for s2Y = 1.

increasingly improbable to find undiluted tracer at the
sampling location: the CDF is ≈1 for c = 1. All these trends
are observable in both the MC results and the joint PDF
calculations. Overall, the joint PDF method seems to perform better for larger s2Y: the standard deviations are in

better agreement and the CDF evolution stages from the MC
simulations are somewhat better reflected. Note that for s2Y =
0.05, the theory of Caroni and Fiorotto [2005] provides
better results compared to the proposed joint PDF method.
In their work, the first two concentration moments and
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Figure 6. Same as Figure 4 but for s2Y = 2.
also the CDFs are in almost exact agreement with the MC
reference.

6. Conclusions
[46] A new joint velocity‐concentration PDF method
was proposed for tracer spreading in heterogeneous aquifers. The resulting PDF transport equation was solved

using a stochastic particle‐based method. The PDF formulation accounts for non‐Gaussian advective transport
and anisotropic pore‐scale dispersion (PSD). The new
method employs Markovian velocity processes (MVPs),
which model advective dispersion due to heterogeneity in
the hydraulic conductivity field. Pore‐scale dispersion is
incorporated by an anisotropic Brownian motion term in
the particle position evolution equation. Dilution at the
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Figure 7. Comparison of the concentration CDFs resulting
from (left) the joint velocity‐concentration PDF method and
(right) the Monte Carlo simulations for s2Y = 0.05 and Pe =
100. Comparisons are provided at locations x1/lY = 2, 5, 10,
15, and 20 at times t = x1/U.
fluid volume scale is modeled by a Péclet number–
dependent mixing rate model and a velocity‐conditional
modified Curl mixing model borrowed from PDF methods
for turbulent dispersion applications. Unlike LOA methods,
the joint PDF method is designed to cope with highly
heterogeneous media and involves no assumptions about
the shape of the concentration PDF.
[47] The resulting PDF method is computationally much
more efficient compared with standard Monte Carlo (MC)
methods. The computational cost of the MC method scales
(for an optimal flow solver) linearly with the number of grid
cells times the number of pathlines, or particles. For the PDF

Figure 8. Same as Figure 7 but for Pe = 1,000.

W12522

Figure 9. Same as Figure 7 but for Pe = 10,000.
method, the cost scales with the number of particles. This is
because the particles in the PDF method represent statistically independent realizations that do not require the solution of a flow problem. The statistical properties of the flow
problem dynamics (i.e., velocity field) were determined in a
preprocessing step based on MC simulations and are
represented in the form of MVPs. Once the MVPs are
determined for a certain porous medium, they can be applied
for different transport problems. Similar to standard MC
computations, the PDF method uses a computational grid. In
the PDF method, however, the grid is used for the estimation
of statistics. Therefore, it does not have the same resolution

Figure 10. Comparison of the concentration CDFs resulting from (left) the joint velocity‐concentration PDF method
and (right) the Monte Carlo simulations for s2Y = 1 and Pe =
100. Comparisons are provided at locations x1/lY = 2, 5, 10,
15, and 20 at times t = x1/U.
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Figure 11. Same as Figure 10 but for Pe = 1,000.
requirements as in a standard MC method. This is because
ensemble averaged statistical quantities like hC(x, t)i are
smoother compared with individual realizations C(x, t). For
example, Caroni and Fiorotto [2005] used 8 grid cells per lY
for the MC simulations compared with 2 and 4 grid cells in
our joint PDF calculations.
[48] The concentration mean in all the simulations were in
excellent agreement with the MC reference solutions. This
supports our assumption that certain terms in the flux evolution equation (8) are negligible. Based on this assumption,
a refined mixing model requirement (23) was derived. If
these terms were significant, the flux would be erroneous
and the predictions for the concentration mean would suffer.
The concentration standard deviations depend strongly on
the mixing rate model (31) and were found to be in good
agreement with the MC data. The joint PDF method
reproduces accurately the cumulative density functions
(CDF) observed in the MC simulations. Overall, the joint

W12522

Figure 13. Comparison of the concentration CDFs resulting from (left) the joint velocity‐concentration PDF method
and (right) the Monte Carlo simulations for s2Y = 2 and Pe =
100. Comparisons are provided at locations x1/lY = 2, 5, 10,
15, and 20 at times t = x1/U.
PDF method seems to perform better for increasingly heterogeneous media and high Péclet numbers. The accuracy of
the method starts to deteriorate, however, for Pe ≤ 100.
[49] Several simplifications applied in the present work
are connected with the MVP model used for advective
transport: MVPs for geostatistical models other than multi‐
Gaussian were presented in the work of Meyer and Tchelepi
[2010]. Generalized MVPs for three‐dimensional flows,
nonstationary velocity fields, and MVPs that include the
coupling between PSD and advective transport need to be
developed. The coupling between PSD and advective
transport was neglected in the present study with Péclet
numbers ≥100 relevant in most applications. Similar
approximations are applied in LOAs (e.g., Fiori and Dagan

Figure 12. Same as Figure 10 but for Pe = 10,000.

Figure 14. Same as Figure 13 but for Pe = 1,000.
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The resulting specific FPE is obtained by inserting expressions (A1) into the general FPE (14) which eventually leads
to equation (15).

Appendix B: Particle Position PDF
[52] The location of a particle at time t = t0 + Dt that was
released from point X0 at time t0 is given by X = X0 + DX.
Here, DX is the particle displacement whose PDF is given
by p(Dx; Dt). Consequently, the joint displacement PDF is
p(x, x0; Dt) = p(x0; t0) p(Dx = x − x0; Dt) and the marginal
position PDF at time t is
pðx; t ¼ t0 þ Dt Þ ¼
¼

Figure 15. Same as Figure 13 but for Pe = 10,000.
[2000, equation (13)] or Caroni and Fiorotto [2005, equation
(2)]). Irrespective of the MVP model, the inclusion of velocity‐
dependent PSD effects (e.g., as documented by Scheidegger
[1961]) seems straight forward with the Lagrangian particle
method providing joint position‐velocity statistics at hand. In
LOAs [e.g., Fiori and Dagan, 2000, section 3.1], PSD is
made dependent on the mean velocity, which reduces the
complexity of the resulting analytical expressions.
[50] Even though the modified Curl mixing model and the
proposed mixing rate model provided accurate results, more
insight into the mixing processes associated with porous
media flow and transport would be beneficial. This should
lead to improvements in the PDF method for low Péclet
numbers. In this context, Monte Carlo simulations could
facilitate the development of better mixing models.

Appendix A: Correspondence SDEs and FPE
[51] The relation between a set of SDEs and the corresponding FPE is given in general form by the vectorial SDE
(13) and the FPE (14) for the generic random variable vector
Z. Based on the specific SDEs (10), (11), and (12) for the
fluid‐volume position, velocity, and concentration, respectively, the specific expressions for Z, the drift vector A(Z, t),
and the diffusion matrix B(Z, t) are given by
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With a uniform initial particle positionR PDF p(x0; t0) the
1
right hand side becomes proportional to "1 p(Dx = x − x0;
Dt)dx0. Furthermore, if the particle displacement probability is independent of the initial particle location x0, in agreement with equations (10) and (11), this integral is equal to
unity and the particle position PDF remains uniform.

Appendix C: Consistency Condition
for Concentration Flux Equation
[53] In this section, the relation between the terms
&

Cui

@uk
@xi

'

and hCaðuk Þi

ðC1Þ

from the exact and the modeled concentration flux equations
(8) and (22), respectively, is investigated. In a time‐stationary velocity field, the temporal change of the velocity
component uk on a pathline reads ui ∂uk/∂xi (substantial
derivative), which is the second part in the first term of
expression (C1). Assembling a corresponding expression
based on the model expression (11) leads to
&
'
duk
1
¼ hCaðuk Þi " #k2 !20 hCXi þ hCbðuk ÞdWk ðt Þ i
C
dt
dt
¼ hCaðuk Þi;

which demonstrates, that the second term in expression (C1)
is a model for the first term taken from the exact concentration flux equation. The second step in this derivation is
based on the statistical independence of C and X and hXi =
0. The velocity u and the concentration C are statistically
dependent and u2 and X are formally connected. However,
Meyer and Tchelepi [2010, Appendix D] have shown
numerically that u2 and X are statistically independent and
therefore also C and X are statistically independent.
[54] Acknowledgments. Funding for this work was provided by the
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Particle-laden turbulent flows

In the following sections, two journal articles are included that deal with the
modeling of turbulence modulation. The turbulence characteristics of fluid flows
are modified by droplets or particles if suspended at sufficiently high volume
loadings.

C.1

Modeling of turbulence modulation in particle- or
droplet-laden flows

The following article [Meyer, 2012] was published in the Journal of Fluid Mechanics in September 2012. Two new models are presented, where the first one
accounts for turbulence attenuation of heavy particles and the second one for
anisotropic Reynolds-stress dissipation resulting from a relative motion between
the fluid and particle phases. The first model relies on a Lagrangian particlebased description, whereas the second model involves an empirical expression for
the Reynolds-stress dissipation tensor that is determined by the local particle
mass loading and the phase velocity difference.
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Modelling of turbulence modulation in particleor droplet-laden flows
Daniel W. Meyer†
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Addition of particles or droplets to turbulent liquid flows or addition of droplets to
turbulent gas flows can lead to modulation of turbulence characteristics. Corresponding
observations have been reported for very small particle or droplet volume loadings Φv
and therefore may be important when simulating such flows. In this work, a modelling
framework that accounts for preferential concentration and reproduces isotropic and
anisotropic turbulence attenuation effects is presented. The framework is outlined
for both Reynolds-averaged Navier–Stokes (RANS) and joint probability density
function (p.d.f.) methods. Validations are performed involving a range of particle
and flow-field parameters and are based on the direct numerical simulation (DNS)
study of Boivin, Simonin & Squires (J. Fluid Mech., vol. 375, 1998, pp. 235–263)
dealing with heavy particles suspended in homogeneous isotropic turbulence (Stokes
number St = O(1–10), particle/fluid density ratio ρp /ρ = 2000, Φv = O(10−4 )) and the
experimental investigation of Poelma, Westerweel & Ooms (J. Fluid Mech., vol. 589,
2007, pp. 315–351) involving light particles (St = O(0.1), ρp /ρ & 1, Φv = O(10−3 ))
settling in grid turbulence. The development in this work is restricted to volume
loadings where particle or droplet collisions are negligible.
Key words: multiphase flow, turbulence modelling

1. Introduction
Turbulent dispersed multiphase flows that involve particles or droplets dispersed
in turbulent carrier flows are present in many processes in nature and industry. For
example, droplet–turbulence interaction influences rain and cloud formation (Shaw
2003). Spray combustion or aerosol transport, for example, are relevant industrial and
environmental applications (Fernando & Choi 2007). Based on the high relevance of
dispersed multiphase flows in industrial and environmental processes, various reviews
have been compiled over the past few years dealing with the simulation of particleor droplet-laden flows (Loth 2000; Eaton 2006, 2009; Balachandar & Eaton 2010).
Henceforth, the term particle is used generically to cover both particles and droplets.
The fluid and particle phases are characterized by a small number of parameters.
The turbulence of the continuous fluid phase is described by the fluid density ρ and
viscosity ν, the integral length scale L, the Kolmogorov length and time scales η
and τη , respectively, the turbulent kinetic energy k, and its dissipation rate ε. The
particle phase is characterized by the particle diameter d, the particle density ρp ,
† Email address for correspondence: meyerda@ethz.ch
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and the volume loading Φv . The latter is equal to the ratio of volume fractions
occupied by the particle and fluid phases. In this work, we focus on a monodisperse
particle phase where particles of one size are present, but extensions for polydisperse
particles are discussed as well. Different interaction regimes between the two phases
can be distinguished based on Φv and were summarized by Poelma, Westerweel
& Ooms (2007, table 1). For Φv < 10−6 , the dispersed phase is influenced by the
fluid-phase turbulence but not vice versa. In this regime, the interaction between the
fluid and particle phases is referred to as one-way coupling. At intermediate loadings,
10−5 < Φv < 10−2 , both phases interact, which is called two-way coupling. If Φv is
increased above 10−2 , the particles not only have an effect on the fluid phase but also
collide (four-way coupling). In this work, we focus on the two-way coupling regime.
Interphase processes of different form and complexity can be characterized by a set
of parameters. The Stokes relaxation time, defined as
 
2 ρp 1 d 2
τp ≡
(1.1)
9ρ ν 2
(see Squires & Eaton 1991a, equation (3.14)), quantifies the drag-driven particle
response time to velocity variations in the fluid phase. Particles with small τp
adjust quickly to velocity-field changes in the carrier flow. Based on the parameters
listed in the previous paragraph, a set of non-dimensional parameters can be
formulated: the length scale and density ratios d/η and ρp /ρ, respectively, the mass
loading Φm ≡ (ρp /ρ)Φv , the Stokes number St ≡ τp /τη , and the particle Reynolds
number Rep ≡ |u − v| d/ν. Here, |u − v| is the magnitude of the relative velocity
between the particle velocity v and the surrounding carrier fluid flow u.
For very small St and in the absence of external forces like gravity, particles behave
like passive tracers and are convected with the carrier flow, i.e. Rep ≈ 0. For increased
St or when external forces are present, particles no longer move synchronously with
the carrier flow; therefore Rep > 0, and the relative motion between the fluid and
particle phases leads, at sufficiently high loadings (Φv > 10−5 ), to modulations of the
carrier-phase turbulence (Eaton 2006; Balachandar & Eaton 2010). Boivin, Simonin &
Squires (1998, figure 3) have demonstrated by means of direct numerical simulation
(DNS) that in the absence of external forces particles with Stokes numbers in the
range from 1 to 10 can reduce the turbulence intensity, i.e. k, by more than 50 % for
Φv = O(10−4 ) and Φm = 1. This illustrates that even for very small volume loadings,
two-way coupling effects can be significant. More recently, Poelma et al. (2007) have
demonstrated experimentally that particles with St = O(0.1) settling under gravity may
induce an anisotropic dissipation tensor εij in the evolution equation of the fluid-phase
Reynolds stress tensor hui uj i. In the experiments of Geiss et al. (2004) and the
DNS of Elghobashi & Truesdell (1992) and Elghobashi (1993) similar effects were
documented.
Moreover, at moderate Stokes numbers, i.e. St ≈ 1, and with ρp /ρ > 1, particles
accumulate away from flow regions with high vorticity, which is referred to as
preferential concentration (Balachandar & Eaton 2010, § 4.1). A number of DNS
studies dealing with preferential concentration in homogeneous turbulence have been
conducted, for example by Squires & Eaton (1990, 1991b), He et al. (2005), and
Jung, Yeo & Lee (2008). Also by means of DNS, Sundaram & Collins (1997)
have demonstrated that preferential concentration is important in flows where particle
collisions matter. A review of preferential concentration effects in various flows was
compiled by Eaton & Fessler (1994). If τp  τη and St  1, the turbulent fluid-phase
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motions have virtually no influence on the particle motions. However, if the particles
are sufficiently large and Rep exceeds the critical Reynolds number of around 210
(Bagchi & Balachandar 2004, p. 121), vortex shedding occurs in the particle wakes,
which leads to turbulence augmentation (Balachandar & Eaton 2010, § 6.2). More
specifically, Eaton (2006, p. 12–87) and Balachandar & Eaton (2010, p. 125) conclude
that particles with diameters >0.1L lead to turbulence augmentation whereas smaller
ones lead to turbulence attenuation. In this work, we focus on quite small particle
Reynolds numbers Rep ≈ 0.3–30 and therefore ignore turbulence augmentation due to
vortex shedding.
Different simulation methods are applied for the simulation of turbulent particleladen flows. Loth (2000) has reviewed contributions that focus on the one-way
coupling regime and has included Reynolds-averaged Navier–Stokes (RANS) methods,
large-eddy simulation (LES), and DNS. For the treatment of the particle phase, Loth
has distinguished between Eulerian (based on conservation laws) and particle-based
Lagrangian methods. The Lagrangian methods were further decomposed into pointvolume and resolved-volume particle methods (Loth 2000, figure 4). Point-volume
particle methods do not resolve the particle geometry and neglect particle volume
effects on the continuous fluid phase. These methods are computationally efficient, but
applicable for d < η only.
For example, Minier, Peirano & Chibbaro (2004) have proposed an
Eulerian/Lagrangian point-volume simulation method, where an Eulerian grid-based
technique was applied to solve the RANS equations for the fluid phase and a
Lagrangian probability density function (p.d.f.) method was used for the particle phase.
Their method is applicable for heavy particles with ρp  ρ and accounts for two-way
coupling effects on the basis of the k-equation. Accordingly, anisotropic turbulence
modulation effects as documented by Geiss et al. (2004) and Poelma et al. (2007)
cannot be accounted for. Moreover, preferential concentration effects are not addressed
in the framework of Minier et al. (2004). However, model predictions were found to
be in good agreement with an experiment involving a particle-laden bluff-body flow.
More recently, Balachandar & Eaton (2010, § 3) have reviewed LES and DNS
simulation approaches. There, and also in other contributions focused on DNS (e.g.
Boivin et al. (1998) or Eaton (2006)), the point-volume particle method is referred
to as the point-force approximation or point-force coupling scheme. Shortcomings
of the point-force approximation were discussed by Eaton (2006, top of p. 12–91).
Balachandar & Eaton (2010) and also Eaton (2006, § 12.6.5) have discussed turbulence
modulation effects and concluded that improved models are needed for simulations in
the two-way coupling regime.
In the present work, a refined Eulerian/Lagrangian point-volume simulation
framework similar to the one proposed by Minier & Peirano (2001) is outlined. We
take the contributions of Boivin et al. (1998) and Poelma et al. (2007) as a reference
and develop models that can reproduce the reported turbulence modulation effects for
a range of particle and loading parameters. As outlined previously, the studies of
Boivin et al. (1998) and Poelma et al. (2007) focus on well-documented turbulence
modulation effects and deal with different canonical flows. Both studies provide details
about the selected flow and particle parameters and quantify turbulence modulation
effects based on quantities that are available in the RANS context. Moreover, in
both studies, d < η and in the DNS study of Boivin et al. (1998), the point-force
approximation is applied.
The main contributions of the present work are as follows. A stochastic Lagrangian
model for the particle phase is outlined that accounts for preferential concentration,
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anisotropy in the fluid-phase Reynolds stress tensor, and enforces consistency between
the seen and fluid-phase statistics. Based on the experimental work of Poelma et al.
(2007), a refined model for the dissipation tensor in the fluid-phase Reynolds stress
transport equation is proposed. It accounts for anisotropic dissipation effects and
formulations for both RANS and p.d.f. methods are presented. Moreover, a new nondimensional group is introduced that relates dissipation anisotropy to the underlying
particle- and fluid-phase characteristics. In § 2, the governing equations for the fluid
and particle phases are presented and the model formulations are outlined both in the
RANS (§§ 2.2 and 2.3) and p.d.f. context (§ 2.4). Section 3 deals with the validation
of the modelling framework based on the DNS data of Boivin et al. (1998) and the
experimental study of Poelma et al. (2007). Finally, conclusions are drawn in § 4.
2. Formulation
In several previous contributions dealing with dispersed two-phase flow (Squires
& Eaton 1990; Elghobashi 1993; Boivin et al. 1998), the point-force approximation
was applied. Here, the two-way coupling forces at the particle/fluid interface are
represented in the Navier–Stokes equation by Dirac delta functions, i.e.
N
1
1X n
Dû ∂ û
≡
+ (û · ∇)û = − ∇ p̂ + ν∇ 2 û +
[F δ(x − xn )],
Dt
∂t
ρ
ρ n=1

(2.1)

where p̂ is the pressure, Fn and xn are the drag force experienced by particle n and
the position of particle n = 1 . . . N, respectively, with N dispersed particles in total.
Q
δ(x − xn ) ≡ 3i=1 δ(xi − xin ) is a vectorial Dirac delta function with δ(x − xn ) = 0 for
x 6= xn and
Z ∞
Z ∞Z ∞Z ∞
δ(x − xn ) dx ≡
δ(x − xn ) dx1 dx2 dx3 = 1.
(2.2)
−∞

−∞

−∞

−∞

Gravity effects may be included in (2.1) but can be lumped into a modified pressure p̂g
by means of a suitable potential, e.g. p̂g ≡ p̂ − ρ g x1 . Here, g is the gravity constant.
The position xn (t) of particle n with velocity vn (t) is given by
dxn
= vn
dt

(2.3)

and


dvn
c n
ρ Du
ρ
n
mp
= − mp [v − u(x , t)] +mp
+ mp 1 −
g
(2.4)
dt
τp
ρp Dt
ρp
|
{z
}
≡ Fn
(Balachandar & Eaton 2010, p. 123). In (2.4), mp is the mass of a single particle, g is
the gravitational acceleration vector, and Fn is the Stokes drag force. In the definition
of Fn , u(xn , t) is the velocity of the fluid that is surrounding particle n but is not
disturbed by particle n; u(xn , t) at particle location xn is also referred to as seen
fluid-phase velocity. To account for nonlinear drag effects at elevated particle Reynolds
numbers Rep , the Schiller–Naumann drag correction c ≡ 1 + 0.15Re0.687
is applied with
p
Rep ≡

|vn − u(xn , t)|d
.
ν

(2.5)
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The second term on the right-hand side of (2.4) represents pressure and viscous forces
exerted by the fluid phase on particle n. The last term in (2.4) represents gravity and
buoyancy effects.
For small particles with d  η, the fluid-phase velocity in the undisturbed particle
neighbourhood, i.e. u(xn , t), is uniform to a good approximation but 6= û[xn (t), t]
from (2.1). To determine u(x, t) from the velocity field û(x, t), a low-pass filter of
width ∆ in the range d  ∆ < η is applied. The filtering removes the localized
flow-field disturbances induced by the particles and leads to a suitable approximation
for u(x, t). To this end, (2.1) is multiplied by the box filter kernel defined as
G(r) =

3
1 Y
H
∆3 i=1

1
∆
2


− |ri |

(2.6)

with H(r) being the Heaviside step function. Subsequently, (2.1) is integrated with
respect to the displacement vector r. Unlike in LES, where typically the filter width
∆  η, here the filtering operation has little effect on the structure of (2.1). For the
time-derivative term, for example, we obtain
Z ∞
Z ∞
∂ û(x − r, t)
∂
∂u(x, t)
G(r)
dr =
G(r)û(x − r, t) dr =
.
(2.7)
∂t
∂t −∞
∂t
−∞
|
{z
}
≡ u(x, t)
The last term reduces to

Z ∞
N 
1X
n
n
F (t)
G(r)δ[x − r − x (t)] dr
ρ n=1
−∞

Z ∞
N 
1X
n
n
n
F (t)G[x − x (t)]
δ[x − r − x (t)] dr
=
ρ n=1
−∞

N
3
Y


1 X n
F
(t)
H 12 ∆ − |xi − xin (t)|
3
∆ ρ n=1
i=1
|
{z
}
= 1 for |xi − xin (t)| < ∆/2∀i
and = 0 otherwise
mp
= 3 f (x, t)np (x, t)
(2.8)
∆ρ
with f (x, t) being the algebraic mean of the Stokes drag forces Fn (t)/mp of all np (x, t)
particles inside the filter volume located at x. Finally, with the mass loading

=

mp np (x, t)
,
∆3 ρ
the filtered Navier–Stokes equation reduces to
Φm (x, t) ≡

(2.9)

∂u
1
+ (u · ∇)u = − ∇p + ν∇ 2 u + Φm f ,
(2.10)
∂t
ρ
where p(x, t) is the filtered pressure. Equation (2.10) is equivalent to equations applied,
for example, by Squires & Eaton (1990, p. 1193) and Rogers & Eaton (1991, p. 935),
and discussed in the review articles by Eaton (2006, § 12.6.3) and Balachandar
& Eaton (2010, p. 127). In the DNS studies of Boivin et al. (1998, § 2.5) and
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Elghobashi (1993, p. 1791), the effect of the point forces in the two-way coupling
term in (2.1) is distributed to neighbouring grid nodes of grid cells with size .η. This
treatment has the same effect on û(x, t) as the previously outlined filtering.
2.1. Reynolds-averaged equations
Next, RANS equations are discussed for the computationally efficient solution of
particle-laden flows. Ensemble averaging the Navier–Stokes equation (2.10) leads for
velocity component ui (Pope 2000, p. 85) to

∂hui i
1 ∂hpi
∂ 2 hui i ∂hu0i u0j i
∂hui i
+ huj i
=−
+ν
−
+ hΦm fi i.
∂t
∂xj
ρ ∂xi
∂xj ∂xj
∂xj

(2.11)

In (2.11), the Reynolds decomposition with the fluctuating velocity defined as
u0 ≡ u − hui was used. Equation (2.11) has a similar structure to the Navier–Stokes
equation (2.10), but the ensemble-averaged quantities show much less spatial
variability (Pope 2000, pp. 556–557) and, therefore, much coarser computational grids
can be used for its numerical solution. However, the Reynolds stress tensor hu0i u0j i
and the two-way coupling term, i.e. hΦm fi i, require closure relations. Corresponding
expressions are discussed in the following three sections.
A transport equation for hu0i u0j i is derived with the procedure outlined by Fox (2003,
§ 2.2.3) that is based on the relation
∂u0i u0j
∂y

= u0j

∂u0j
∂u0i
+ u0i
,
∂y
∂y

(2.12)

where y is a generic independent variable representing t or an arbitrary spatial
coordinate xk . Subtracting RANS equation (2.11) from Navier–Stokes equation (2.10)
for component ui leads to an equation for u0i . Multiplication of this equation by u0j
and addition of a corresponding equation for u0j multiplied by u0i leads after ensemble
averaging to the Reynolds stress transport equation
∂hu0i u0j i
∂t

+ huk i

∂hu0i u0j i
∂xk

=−

∂hu0i u0j u0k i

+ Pij + Πij + ν

∂xk
+ hΦm u0j fi i + hΦm u0i fj i

with the production term

∂ 2 hu0i u0j i
∂xk ∂xk

− εij
(2.13)

∂huj i
∂hui i
+ hu0j u0k i
,
∂xk
∂xk

(2.14)



0
0
0 ∂p
0 ∂p
ui
+ uj
,
∂xj
∂xi

(2.15)

Pij ≡ hu0i u0k i
the velocity–pressure-gradient term
1
Πij ≡ −
ρ
and the dissipation tensor

εij ≡ 2ν



∂u0i ∂u0j
∂xk ∂xk



(2.16)

(except for the two-phase flow terms see Fox (2003, pp. 49–50)). The last two terms
appear in unclosed form and for example εij is often approximated by the isotropic
model εij = (2/3)εδij away from walls (Pope 2000, p. 388). Here, δij is the Kronecker
delta.
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(1/2)hu0i u0i i,
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(2.13) reduces to

∂ 2 hu0i u0j i
∂k
1 ∂hu0i u0i u0j i
1 ∂hu0j p0 i
∂k
+ huj i
=−
−
+ν
+P
∂t
∂xj
2 ∂xj
ρ ∂xj
∂xi ∂xj
+ν

∂ 2k
− ε + hΦm u0i fi i
∂xj ∂xj

(2.17)

with the kinetic energy production and dissipation rate
 0 0
∂ 2 hu0i u0j i
∂ui ∂ui
0 0 ∂hui i
+ν
and ε ≡ ν
,
(2.18)
P ≡ hui uj i
∂xj
∂xj ∂xj
∂xi ∂xj
{z
}
|
≡ ε̃
respectively (Fox (2003, p. 51); Pope (2000, pp. 132–133)); ε̃ is the pseudodissipation.
For forced homogeneous isotropic turbulence with hvi = 0 and hui = 0, ∂k/∂t = 0
(or more precisely dk/dt = 0 since t remains the only independent variable), and all
particles uniformly distributed, i.e. Φm being constant, (2.17) simplifies to
dk
= Pf − ε + PSt = 0 with PSt ≡ Φm hu0i fi i
(2.19)
dt
similar to Boivin et al. (1998, equation (3.1)). Here, Pf is an artificial forcing term
that was added to the k-equation to keep k constant over time. To implement Pf ,
for example Boivin et al. (1998) have used in their spectral DNS the forcing scheme
proposed by Eswaran & Pope (1988), where kinetic energy is added by random
excitation of the large-scale modes. −PSt in (2.19) is referred to by Eaton (2006,
p. 12–90) and Balachandar & Eaton (2010, p. 127) as particle extra dissipation.
2.2. Lagrangian particle-phase model
In this section, a new model is outlined that mimics the dynamics of particles and
enables the calculation of unclosed two-way coupling terms like hΦm fi i or hΦm u0i fi i
based on an ensemble of particles. To this end, a new stochastic model for the
seen fluid phase velocity u(xn ) and the Lagrangian fluid-phase acceleration Du/Dt,
both appearing in (2.4), is proposed. Stochastic processes for the Lagrangian fluid
acceleration were developed in the context of p.d.f. methods by Pope (1985, § 4.6).
However, since particles are not necessarily passively convected with the fluid flow,
modified processes are needed. In the limit of small or large Stokes numbers, particles
behave like fluid particles or heavy ballistic particles, respectively, both experiencing
the same local velocity statistics characterized by hui and hu0i u0j i. In the present work,
it is assumed that the seen velocity is characterized by hui and hu0i u0j i from (2.11) and
(2.13) irrespective of the Stokes number.
To make sure that the seen velocity statistics are consistent with the mean fluid
velocity and Reynolds stress tensor at position xn (t) the following numerical scheme
is applied. The Reynolds stress tensor U with elements hu0i u0j i is a symmetric,
diagonalizable matrix. Therefore, V T UV = W , where matrix V and the diagonal matrix
W contain the eigenvectors and eigenvalues of tensor U , respectively. At every spatial
location or in every computational grid cell, the diagonalized Reynolds stress tensor
W can be computed for example by a QL-decomposition-based method as documented
by Press (2001, § 11). In the principal-axes coordinate system where W is defined, the
cross-covariances hw0i w0j i = 0 ∀i 6= j. If we assume that the local velocity p.d.f. is joint
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w0i
n

Gaussian, the velocity components
are statistically independent processes (Pope
2000, p. 63). Therefore, to model u(x ) and Du/Dt we attribute to every particle three
independent Ornstein–Uhlenbeck processes ξin (t) with correlation time scales TL∗ and
standard normal stationary probability distribution, i.e.
s
2
dt
dξin = − ∗ ξin +
dWi (t),
(2.20)
TL
TL∗
where dt is the time step size and dWi (t) is a Wiener process increment that is
statistically independent for every component i and particle n (Pope 2000, appendix J).
To obtain correct Reynolds stresses for the seen quantities in the original and principalaxes coordinate systems, we set
q
n
w0n
=
hw0i 2 iξ(i)
and u(xn ) = hui + V w0n .
(2.21)
i

Likewise, for the substantial derivative of the fluid-phase velocity
q
Du
dw0n
n
0 2
dw0n
=
=
V
(2.22)
hw
i
dξ
and
i
i
(i)
Dt
dt
are used. In (2.21) and (2.22), brackets round indices are used to suppress Einstein
summation. Note that hui, V , W , and TL∗ change as particles travel from grid cell
to grid cell. These changes are smooth, however, since the computational grid is
supposed to resolve variations of statistical quantities and particles do not travel over
several grid cells during one time step. Minier et al. (2004, equation (33)) have
formulated a random process for the seen fluid-phase velocity directly. Since this
process is based on k, anisotropy in the fluid-phase turbulence is not taken into
account. Moreover, consistency between the seen and fluid-phase velocity statistics is
not enforced.
The time scale of changes in the seen fluid velocity, TL∗ , depends on the Stokes
number and external forces acting on particles (Minier & Peirano 2001). For St → 0
and in the absence of external forces, particles are passively convected by the
fluid flow, i.e. h|u(xn ) − vn |i → 0, and TL∗ reduces to the Lagrangian correlation
time scale TL of fluid-phase particles. In the ballistic motion limit that applies
for St → ∞ or √
for strong external forces acting on particles, the relative velocity
h|u(xn ) − vn |i  2k(xn )/3 and, consequently, the correlation time scale is determined
based on the frozen turbulence approximation (Pope 2000, equation (6.203)) by the
Eulerian time scale TE . TE is determined by the relative velocity between the particle
and fluid phases and the flow-field correlation length scale. A model for the correlation
time scale of the seen fluid velocity that attains the limits TL and TE was proposed
by Minier et al. (2004, p. 2423). More recently, He et al. (2005) and Jung et al.
(2008) have shown by means of DNS that away from these limits, preferential
concentration effects lead to considerable changes in TL∗ . In this respect, Jung et al.
(2008, equation (29)) have proposed the model
 


TL∗
St
1 2 1 + (0.025St)1.5 TE /TL
= 0.245 exp ln
+
.
(2.23)
TL
CT1 1.3
1 + (0.025St)1.5

As illustrated in figure 1, the second term dominates for St → 0 and ∞ leading to
TL∗ = TL and TE , respectively. The first term in (2.23) on the other hand accounts
for a prolongation of TL∗ due to preferential concentration. Jung et al. (2008) have
determined the parameter value CT1 = 1.2 based on their DNS results. In this work,
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F IGURE 1. The lines show the dependence of TL∗ on the Stokes number as modelled by (2.23)
for TE /TL = 1.3. TL∗ (St) is plotted for two different CT1 parameter values, i.e. CT1 = 0.8 used
in this work (solid line), and CT1 = 1.2 proposed by Jung et al. (2008) based on their DNS
data (dashed line). The dotted line corresponds to TL∗ (St) resulting from (2.23) with the first
term removed. The symbols represent the DNS results by: , Jung et al. (2008) and •, He
et al. (2005).

CT1 = 0.8 is applied, which leads to good agreement of (2.23) with the DNS data of
Jung et al. (2008) and He et al. (2005) as seen in figure 1.
The development of Jung et al. (2008) is based on DNS with one-way coupling and
accordingly is valid for small mass loadings and does not take into account turbulence
modulation effects. We expect that the prolongation of TL∗ due to preferential
concentration is amplified with increasing Φm , since particles form clusters with
increasing inertia that sweep surrounding fluid along. In this respect, we propose
the following generalization of model (2.23):

 

1 2
St
1 + (0.025St)1.5 TE /TL
TL∗
, (2.24)
= 0.245 exp ln
(1 + CT2 Φm ) +
TL
CT1 1.3
1 + (0.025St)1.5
where CT2 is a model parameter to be determined.
In a last step, closure expressions for the time scales TL and TE are presented. Based
on an analysis involving the Lagrangian structure function, Pope (1994, pp. 33–34) has
shown that the fluid-particle correlation time scale TL can be modelled as
4 k
(2.25)
3C0 ε
with C0 being a Reynolds-number-dependent model parameter. To determine the
Eulerian time scale, we apply the model TE = τ ≡ k/ε. As seen in figure 1, TE
becomes important in the modelling of TL∗ for large Stokes numbers. Refined models
for TE that take the relative velocity between the fluid and particle phases into account
are conceivable (Minier et al. 2004, p. 2423) but of reduced importance in the present
work with St  100.
In summary, the Lagrangian particle-phase model consists of the particle equations
of motion (2.4) and model equations (2.20)–(2.22) for the seen fluid-phase velocity
with the generalized correlation-time-scale model (2.24). The latter is based on TL
and TE given in the previous paragraph.
TL =

2.3. Anisotropic turbulence dissipation model
Poelma et al. (2007) have performed experiments with small volume and mass
loadings of solid particles dispersed in water. They have demonstrated that mean
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relative motion between the phases induced by external gravity forces can lead
to significant anisotropy in the fluid-phase dissipation tensor εij . More specifically,
the dissipation rate parallel to the mean relative velocity reduces, whereas the
perpendicular components increase (Poelma et al. 2007, figure 10). However, the
turbulent kinetic energy decay remains unchanged and therefore extra dissipation
seems virtually absent at the low mass loadings investigated. Next, a model is
presented that accounts (unlike the standard model εij = (2/3)εδij ) for dissipation
anisotropy due to the particle phase.
Poelma et al. (2007, § 5.3) have suggested using the Stokes load defined as
6 η3
St
(2.26)
π d3
to relate the dissipation rate anisotropy to the underlying particle- and fluid-phase
parameters. ΦSt , however, does not include the mean relative velocity between
the phases which is causing the anisotropy. We propose the non-dimensional
mass–velocity–size coefficient,
s
|hui − hvi| η
√
MVS ≡ Φm
,
(2.27)
2k/3 d
ΦSt ≡ Φv

and demonstrate in the Appendix that the MVS coefficient is to a good approximation
linearly correlated with the dissipation rate anisotropy observed in the experiments of
Poelma et al. (2007).
In a first step, a model formulation for the case where the mean relative velocity
vector hui − hvi is aligned with the x1 coordinate is outlined. For this case, we propose
to model the dissipation tensor with elements εij by



2(1 − κ)
0
0

 2ε
0
κ −1
0 



Ẽ ≡ 
(2.28)
 + I .
0
0
κ − 1

 3
Here, I is the identity matrix, κ ≡ 1 + Ca MVS and Ca is a model constant. With
increasing MVS coefficient, κ grows and ε11 becomes smaller while ε22 and ε33
increase. The trace of Ẽ is given by εii = 2ε. This is consistent with definitions (2.16)
and (2.18) of εij and ε, respectively, if ε̃ = ε, which is virtually always the case (Pope
2000, bottom of p. 132). Therefore, in agreement with the findings of Poelma et al.
(2007), the model (2.28) does not change the dissipation rate of k. Moreover, the
formulation was chosen such that κ = ε22 /(εii /3) and therefore κ can be viewed as an
anisotropy ratio.
To generalize the model (2.28) for scenarios where the coordinate system is not
aligned with the mean relative velocity, the transformation R ≡ [r1 , r2 , r3 ]T with unity
vectors
r1 ≡

hui − hvi
,
|hui − hvi|

r2 ≡

r1 × e
,
|r1 × e|

and r3 ≡ r1 × r2

(2.29)

is introduced. The first vector r1 is parallel to the relative velocity vector hui − hvi and
the second vector r2 is normal both to r1 and e. Vector e is any eigenvector of the
Reynolds stress tensor U that is not parallel to r1 . The transformation R is constructed
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T

such that the velocity vector u in the coordinate system (x1 , x2 , x3 ) is mapped by
ũ = R u

(2.30)

E = R T ẼR .

(2.31)

T
Ē = R̄ T Ẽ R̄ = A R
ẼR} AT ,
| {z

(2.32)

T

to a coordinate system (x̃1 , x̃2 , x̃3 ) whose x̃1 -direction is parallel to the relative
velocity vector. Conversely, R can be applied to map the model dissipation tensor
Ẽ – whose contribution is determined in the x̃ coordinate system – to the x coordinate
system with
Next, it is demonstrated that expression (2.31) is a tensor. Matrix Ẽ does not
change if the coordinate system is changed by means of a linear transformation,
say A. However, vector e and the relative velocity vector change; for example, ē = A e.
Therefore, in the new coordinate system, R transforms into R̄ = [A r1 , A r2 , A r3 ]T =
(A[r1 , r2 , r3 ])T = RAT and R̄ T = A R T . Thus, we obtain
=E
which is how a second-order tensor is supposed to transform (Pope 2000, p. 648).
In summary, the anisotropic turbulence dissipation model is based on the dissipation
tensor (2.31). The two tensors appearing in (2.31) are essentially based on the mean
relative velocity between the two phases and expression (2.28). The anisotropy ratio κ
that appears in (2.28) depends on the MVS coefficient (2.27).
2.4. Model formulation for joint p.d.f. methods
So far, a new framework to model turbulence modulation in the RANS context has
been formulated. In this section, corresponding formulations for p.d.f. methods are
proposed. More specifically, additions to the simplified Langevin model (SLM), which
is often applied in p.d.f. methods for the simulation of turbulent flows (Pope 2000,
§ 12.3), are outlined.
In p.d.f. methods, a transport equation for the joint p.d.f. of the fluid-phase
velocity u is solved instead of a set of moment transport equations as in RANS
methods. The p.d.f. transport equation is discussed in the textbooks by Pope (2000,
§ 12.2) and Fox (2003, § 6.5). A stochastic differential equation (SDE) that is
equivalent to the joint velocity p.d.f. transport equation is given by
p
1 ∂hpi
(2.33)
dt + Gij [uj − huj i] dt + C0 ε dWi (t),
dui = −
ρ ∂xi

which is equation (12.110) in Pope (2000). SDE (2.33) is a model for the Lagrangian
acceleration of a fluid particle, i.e. dui ≈ Dui /Dt dt (Pope 1985, §§ 4 or 4.6). C0 is
the same model constant that determines the Lagrangian time scale (2.25) and Gij is
a model for the mean acceleration of a fluid particle. From SDE (2.33), the Reynolds
stress transport equation
∂hu0i u0j i
∂t

+ huk i

∂hu0i u0j i
∂xk

=−

∂hu0i u0j u0k i
∂xk

+ Pij + Gik hu0j u0k i + Gjk hu0i u0k i + C0 εδij

(2.34)

can be derived (compare Pope (2000, § 12.2.3)). A simple model for the specification
of the tensor G with elements Gij is the SLM which reads
ε
Gij = − 21 + 34 C0 δij .
(2.35)
k

262

D. W. Meyer

To include the fluid-phase turbulence modulation effects discussed in §§ 2.2 and 2.3,
the SDE (2.33) is modified by including the mean Stokes drag contribution, i.e.
p
1 ∂hpi
dui = −
dt + hΦm fi i dt + G0ij [uj − huj i] dt + C0 ε dWi (t),
(2.36)
ρ ∂xi
and by modifying Gij with two additions, i.e. tensor
1
hΦm u0i fi iI − E 0
(2.37)
2k
with elements G0ij is proposed as a replacement for Gij in (2.33). In (2.36) and (2.37),
x identifies the current fluid-particle position. The last two terms in (2.37) account for
turbulence attenuation and anisotropic dissipation with

 2(1 − κ)
0
0

 hũ01 ũ01 i


κ −1
ε

0
0


hũ02 ũ02 i
(2.38)
E 0 = R T Ẽ 0 R and Ẽ 0 ≡ 
 ,
3

κ
−
1


0
0

hũ0 ũ0 i 
G0 = G +

3 3

respectively. In Ẽ 0 , the Reynolds stresses hũ0i ũ0i i stem from the transformed Reynolds
stress tensor Ũ = RUR T (compare (2.30)). In the x̃ coordinate system (defined by
the transformation R based on expression (2.29)), it can be shown by insertion of
expression (2.37) as a replacement for Gij into (2.34) that the resulting Reynolds stress
dissipation tensor is equivalent to the RANS formulation (2.28). To prove that E 0 is a
tensor, the same arguments as outlined after (2.31) are applicable.
3. Model validation
In the following two sections, the turbulence modulation modelling framework that
has been outlined is validated for different parameter values. In § 3.1, a validation
based on the DNS study of Boivin et al. (1998) is presented and in § 3.2 model
comparisons with the experimental study of Poelma et al. (2007) are provided. Both
cases involve particle parameters in the range Φm ≈ 0–1 and St ≈ 0.1–14.
3.1. Attenuation of homogeneous isotropic turbulence
3.1.1. DNS setup
Boivin et al. (1998) have performed DNS of forced homogeneous isotropic
turbulence with different particle relaxation times τp and mass loadings Φm = 0, 0.2,
0.5, and 1. They have inspected the turbulent kinetic energy budget given by (2.19)
and have monitored the turbulence level given by k at which the forcing energy
production, dissipation, and extra dissipation terms balance. Since all the different
contributions to the energy budget are reported, their work provides an ideal reference
to validate the Lagrangian particle-phase model (introduced in § 2.2) for different
particles and mass loadings.
The turbulent fluid flow in their simulations was characterized by ν = 0.015 m s−1
(see Boivin et al. 1998, table 1) and the Taylor-scale Reynolds numbers
r
20 k2
(3.1)
Reλ ≡
3 εν
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τp

Φm
0.2

0.069
0.251
0.698

0.5

1.0

67.19/5.387 58.90/4.758 45.01/4.028
66.56/5.046 70.85/4.902 57.58/4.671
66.95/4.847 74.55/5.123 67.13/4.721

TABLE 1. Values of Reλ /Pf (where Pf (m2 s−3 ) is the forcing energy production rate)
for different particle relaxation times τp (s) and mass loadings Φm . The reported values
were determined with (2.19) and (3.1) and k, ε, and PSt reported in Boivin et al. (1998,
figures 3, 4, and 12), respectively.

summarized in table 1. To maintain stationarity, the large-scale flow structures were
excited by the stochastic forcing scheme outlined by Eswaran & Pope (1988). The
applied forcing energy production rates Pf are summarized in table 1. Small,
heavy particles with a density ratio ρp /ρ = 2000 (see Boivin, Simonin & Squires
2000, table 3) and diameters d/η = 0.11, 0.21, and 0.35 (see Boivin et al. 1998,
table 2) were used. The resulting τp values listed in table 1 were calculated with
1/4
definition (1.1). To this end, the Kolmogorov length scale η ≡ (ν 3 /ε) = 0.0277 m
for Φm = 0 was determined with the values reported in Boivin et al. (1998, table 1).
Owing to the high density ratio, the pressure and viscous force term in particle
equation (2.4) was not included in the DNS and the model simulations.
3.1.2. Simulation setup
In the simulations, the anisotropic turbulence dissipation model (introduced in § 2.3)
drops out because on average there is no velocity difference between the two phases.
Therefore, the present validation case is focused on the accurate modelling of the extra
dissipation term in the k budget (2.19). To determine the stationary turbulence level
in the model calculations, the energy budget (2.19) was solved until a stationary state
with respect to k was reached. To this end, the simulator of Fuchs, Jenny & Meyer
(2010) was used as a basis. At the beginning of the simulation, k was set to 7 m2 s−2 ,
which is the turbulent kinetic energy reported by Boivin et al. (1998, table 1) for
Φm = 0. For the forcing production rate Pf , the values reported in table 1 were
used. To calculate the dissipation rate ε in (2.19), the Taylor-scale Reynolds numbers
provided in table 1 were enforced: definition (3.1) leads to

ε=

20 k2
3 Re2λ ν

(3.2)

for the energy dissipation rate. The parameter C0 in the model expression (2.25) for
TL was set to 4.68 based on expression (2.25) and the values reported by Boivin
et al. (1998, table 1) for the case with Φm = 0, i.e. TL = 0.35 s, ε = 5.7 m2 s−3 , and
k = 7 m2 s−2 . The resulting C0 is in the range of values reported by Pope (1994,
pp. 54–55). In model (2.24) for the seen fluid velocity correlation time TL∗ , CT2 = 23
was found to lead to accurate predictions in the present study. To obtain reliable
estimates for the extra dissipation term in (2.19), ensembles of 10 000 particles were
used in all simulations and the statistics were time averaged over 40TL . Note that the
particles in the model simulations represent all probable states of physical particles,
but are not to be confused with the number of physical particles present in a DNS.
In the Reynolds-averaged energy budget (2.19), the number of physical particles is
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F IGURE 2. Attenuation of turbulent kinetic energy k as predicted by (a) the DNS of Boivin
et al. (1998) and (b) the model for different mass loadings Φm and particle diameters: solid,
d/η = 0.11, τp = 0.069 s; dashed, d/η = 0.21, τp = 0.251 s; dotted, d/η = 0.35, τp = 0.698 s.
The turbulent kinetic energy is normalized by k = 7 m2 s−2 at Φm = 0.
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F IGURE 3. Extra dissipation −PSt as predicted by (a) the DNS of Boivin et al. (1998) and
(b) the model for different mass loadings Φm and particle diameters. Line styles as in figure 2.
−PSt is normalized by ε = 5.7 m2 s−3 at Φm = 0.

represented by the mass loading Φm . At the beginning of the simulation, all ξin were
initialized with Gaussian
√ random numbers with zero mean and unity variance and the
vin were set equal to 2k/3ξin . For the time integration of (2.19) and (2.20), forward
Euler schemes with a time step dt = 0.001 s were used. The Wiener process increment
dW(t) was discretized
√ with a normal random variable with zero mean and standard
deviation equal to dt (Gardiner 2004, § 3.8.1).
3.1.3. Results
Based on the Pf and Reλ values taken from the DNS and the Lagrangian particlephase model outlined in § 2.2, predictions for different particle relaxation times and
mass loadings can be made. In figure 2, the turbulent kinetic energies that resulted
from the model computations are compared with the corresponding DNS results. For
the case with τp = 0.069 s and Φm = 0.2, k is somewhat too small but otherwise
there is very good overall agreement. These observations are supported by the extra
dissipation predictions provided in figure 3. For τp = 0.069 s and Φm = 0.2, the extra
dissipation is larger in the model simulations compared to the DNS. For all other
particles and mass loadings, −PSt is in very good agreement and the Lagrangian
particle-phase model with the generalized correlation-time-scale model (2.24) performs
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F IGURE 4. Dissipation of turbulent kinetic energy k as predicted by (a) the DNS of Boivin
et al. (1998) and (b) the model for different mass loadings Φm and particle diameters. Line
styles as in figure 2. The dissipation rate is normalized by ε = 5.7 m2 s−3 at Φm = 0.
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F IGURE 5. Stokes numbers as predicted by (a) the DNS of Boivin et al. (1998) and (b) the
model for different mass loadings Φm and particle diameters. Line styles as in figure 2.

very well. Given the fact that k is accurately predicted and that Reλ is taken from
the DNS, it is not surprising that the dissipation rates calculated from (3.2) are in
very good agreement with the DNS results as seen in figure 4. The Stokes numbers
St ≡ τ√
p /τη in the model simulations and the DNS with the Kolmogorov time scale
τη ≡ ν/ε are reported in figure 5. The very good agreement of St between the
model and the DNS is expected from the very good agreement observed in ε.
The importance of the generalized correlation-time-scale model (2.24) is illustrated
in figure 6. Here, simulation results with the first term in (2.24) removed are
provided. Except for τp = 0.698 s, where St ≈ 10 as seen in figure 5 and consequently
preferential concentration effects are small (compare figure 1), the model results
are significantly different from the DNS. Therefore, it seems crucial to account for
preferential concentration effects if St ≈ 1 as for the cases with τp = 0.069 s and
τp = 0.251 s.
3.2. Gravitational settling of particles in decaying grid turbulence
3.2.1. Experimental setup
To validate the anisotropic turbulence dissipation model presented in § 2.3 and to
further test the applicability of the Lagrangian particle-phase model in a spatially
inhomogeneous scenario, an attempt is made to reproduce the gravity-driven flow
investigated by Poelma et al. (2007). They have studied anisotropic dissipation effects
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F IGURE 6. Extra dissipation −PSt (a) and turbulent kinetic energy k (b) as predicted by the
model with the first term in the TL∗ model (2.24) removed. Line styles as in figure 2. −PSt and
k are normalized by ε = 5.7 m2 s−3 and k = 7 m2 s−2 at Φm = 0, respectively.
No. d
(µm)
1
2
3
4
5

153
280
254
254
280

ρp
τp
(kg m−3 ) (ms)
3800
3800
2450
2450
3800

5.0
16.6
8.8
8.8
16.6

St

|hui−hvi|
(m s−1 )

Φv
(%)

Φm
(%)

√
2k0 /3
(m s−1 )

ω0
(s−1 )

LD
(m)

0.07
0.23
0.12
0.12
0.23

0.0246
0.0604
0.0366
0.0366
0.0604

0.12
0.10
0.26
0.072
0.18

0.44
0.38
0.65
0.18
0.67

0.00805
0.00901
0.01033
0.00879
0.00904

1.59
1.73
2.80
1.89
1.73

0.45
0.5
0.675
0.6
0.5

TABLE 2. Particle- and fluid-phase parameters from five experiments conducted by Poelma
et al. (2007, tables 3 and 4). The fluid-phase boundary conditions k0 and ω0 were extracted
from Poelma et al. (2007, figures 16–18).

in a solid/liquid two-phase system. In their experiments, particles were settling in a
channel with constant cross-section under gravity at constant mean velocities relative
to a parallel, upward, uniform fluid flow. Measurements were taken in a small
section in the channel centre to minimize boundary layer effects (Poelma et al. 2007,
pp. 326–327). In all experiments, the mean relative settling velocity was more than
8 times smaller in magnitude than the mean upward fluid flow and, therefore, the
particles were also moving upward in all cases.
The parameters of the first five experiments that were conducted by Poelma et al.
(2007) are reported in table 2. Poelma et al. (2007) have provided Reynolds stress
evolution data for experiments 1–6, but experiment 6 involved significant turbulence
augmentation due to particle wakes. This effect is not captured by the present models
and therefore experiment 6 was excluded from the present validation. The fluidphase density and kinematic viscosity were ρ = 1000 kg m−3 and ν = 10−6 m2 s−1 ,
respectively. The particles were uniformly distributed in the test section and the mean
T
fluid flow velocity was hui = (0.53 m s−1 , 0, 0) in all experiments. The mean relative
velocities between the particle and fluid phases, i.e. |hui − hvi| = hu1 i − hv1 i, were
constant in the flow domain (Poelma 2004, p. 136) and are reported in table 2. At
the inflow boundary (or the virtual origin in the experiments (Poelma et al. 2007,
figure 10)) at x1 = 0, the fluid-phase Reynolds stress tensor is isotropic. The location
of the turbulence generating grid, however, was approximately 35 grid spacings M
upstream of x1 = 0. Moreover, the root-mean-square particle-phase velocity at x1 = 0
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was isotropic and equal to √
the fluid-phase value (Poelma et al. 2007, figure 7). The
corresponding values, i.e. 2k0 /3, are listed in table 2 and were extracted from
Poelma et al. (2007, figures 16–18). Also the dissipation rates at the inflow boundary,
ε0 , or more precisely ω0 = ε0 /k0 are listed in table 2 and were estimated based on the
slope of k at the inflow from Poelma et al. (2007, figures 16–18).
3.2.2. Simulation setup
For the simulations presented in this section, the single-phase p.d.f. code of
Meyer & Jenny (2007) was enhanced by two-phase flow functionality. In a next
step, the general model formulations presented in § 2 are simplified for the case
under consideration. Since the particle distribution is uniform and the mean flow
velocities for both phases are to a good approximation constant (Poelma 2004, p. 136);
(Poelma et al. 2007, § 2.5), it suffices to focus on statistics of the fluctuating velocity
components. From (2.4), we obtain a corresponding equation for the fluctuating
particle velocity, i.e.


dv0 n
c n
1
ρ Du ∂hu0 u01 i
n
n
n
(3.3)
= − [v − u(x )] + hc[v − u(x )]i +
−
dt
τp
τp
ρp Dt
∂x1

since


Dui
Dt



=

∂hu0i u01 i
∂x1

(3.4)

and with x1 being the only direction of spatial inhomogeneity and hui being constant
in time and space. The fluid-phase equations (2.36) and (2.37) reduce to
du0i =

p
∂hu0i u01 i
dt + G0ij u0j dt + C0 ε dWi (t)
∂x1

(3.5)

with
Φm 0
hu fi iI − E 0 and R = I .
(3.6)
2k i
The first term on the right-hand side of (3.5) results from subtracting the mean
from (2.36) or more precisely


∂hu0i u0j i
Dui
0
dui = dui −
dt = dui −
dt.
(3.7)
Dt
∂xj
G0 = G +

This is consistent with SDE (7.59) given by Fox (2003, § 7.4.2). To determine the
dissipation rate ε, the gamma distribution model of Jayesh & Pope (1995) for
the turbulence frequency hωi = ε/k was applied. Here, an instantaneous turbulence
frequency ω is attributed to every fluid particle and the SDE
s
2σ 2 hωiω
1
dt
dω = −(ω − hωi) − hωiωSω +
dW(t) with Tω =
(3.8)
Tω
Tω
C3 hωi

is solved for every particle (Pope 2000, § 12.5.3). For the flow under consideration
with hui being constant, the source term Sω simplifies to Cω2 with Cω2 , C3 , and σ
being model constants. Details about the numerical time integration of the SDEs and
the estimation of position-dependent statistics like k(x1 ) and ε(x1 ) (based on hω(x1 )i)
are provided in Meyer & Jenny (2007, § 4.1). For the calculation of the Kolmogorov
1/4
length scale that appears in the MVS coefficient (2.27), the definition η ≡ (ν 3 /ε)
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with ε(x1 ) was applied. Given the small Stokes numbers, the particlep and seen fluid0n
n
phase velocities at the inflow were initialized as equal, i.e. vi = hu02
i iξ(i) . (For the
flow under consideration, the Reynolds stress tensor W in (2.21) and (2.22) is equal
to U and the transformation V = I .) By inspecting the simulation results, it was found
that the correlation between the
p two velocities is high in the entire domain as expected
n
and therefore setting vi0 n = hu02
i iξ(i) at the inflow is reasonable. Since the Stokes
numbers and mass loadings are small, the correlation time scale (2.24) was simplified
to TL∗ = TL . To reduce the statistical error in the results, time averaging was applied
after the statistics in each simulation had reached a stationary state in time.
For the simulations of experiments 1–5, the domain sizes LD as listed in table 2
were used. In all simulations, the domain was discretized with 100 grid cells and
1002 computational particles were used for each phase. To initialize the fluctuating
velocities of the particles of both phases at the isotropic inflow, the turbulent kinetic
energies k0 reported in table 2 were applied. The turbulence frequencies of the
fluid-phase particles were initialized such that hωi = ω0 , which are also provided
in table 2. Both k0 and ω0 at the virtual origin were extracted from Poelma et al.
(2007, figures 16–18) based on linear fits for 1/k(x1 ). Subsequently, ω0 = ε0 /k0 was
determined based on
ε=−

d
dk
k(x1 = hu1 it) = −hu1 i
.
dt
dx1

(3.9)

Relation (3.9) is applicable if grid turbulence is approximated as decaying
homogeneous turbulence in a moving reference frame (Pope 2000, § 5.4.6). To
determine the time step size, a CFL number of 1/4 was applied in connection with
the mean velocity (1t ≈ 2.5 × 10−3 s). For the velocity SDE (3.5) and the gamma
distribution model (3.8), standard values for the model constants were applied, i.e.
C0 = 2.1 (Pope 2000, p. 504), C3 = 1, and σ 2 = 1/4 (Pope 2000, § 12.5.3). However,
Cω2 was calibrated based on the data reported by Poelma et al. (2007, table 2) for
single-phase flow. It was found that Cω2 = 0.96 leads to very good agreement as is
seen in figure 7 for both the turbulent kinetic energy k and turbulence frequency
hωi. Here, to normalize the downstream coordinate x1 , the grid spacing M = 7.5 mm
reported by Poelma et al. (2007, § 2.1) was used. The anisotropy model parameter Cα
was set to 28. This value leads to very good agreement for experiment 1 and was used
for all simulations.
3.2.3. Results
In figures 8 and 9, the anisotropic dissipation and the Lagrangian particle-phase
models are validated with the experimental data of Poelma et al. (2007). A second set
of simulation runs with the extra dissipation term in SDE (3.5) removed showed no
significant difference with respect to the results presented in figures 8 and 9. Therefore,
unlike in the DNS case studied in § 3.1 and in agreement with the conclusions of
Poelma and coworkers, the extra dissipation represented by the Lagrangian particlephase model plays a minor role in their setup. On the other hand, strong anisotropic
dissipation effects are visible in figures 8 and 9 and there is very good overall
agreement between the experimental data and the model predictions. The Reynolds
stress evolutions are predicted correctly and depending on MVS(x1 ), the anisotropic
dissipation model regulates the level of anisotropy. For example, a comparison of
experiments 3 and 4, where the mass loading Φm was reduced by a factor of 3.7,
shows a reduction of anisotropy in experiment 4 that is captured by the model.
Comparing cases 3 and 5, where Φm is almost equal but the mean relative velocity
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F IGURE 7. Validation of single-phase flow simulation results (lines) with experimental data
of Poelma et al. (2007, table 2) (solid circles). The normalized inverse of the turbulent kinetic
energy (a) and the turbulence frequency (b) are compared. The values reported by Poelma
and coworkers for the turbulence frequency or more precisely the dissipation rate needed
to be correct by a factor of 2/3 (C. Poelma 2011, personal communication). The crosses
in (b) represent the results obtained from a linear fit to the experimental data in (a) and
application of (3.9).

differs by a factor of 1.7, reveals that the mean relative velocity has a reduced effect
on the anisotropy level; and similarly for experiments 1 and 2, where the small change
of Φm (×0.86) almost compensates for the larger change in the mean relative velocity
(×2.5). The effect of Φm is also visible in experiments 2 and 5, where the particle
loading was varied. The model captures all these variations very well. It does not,
however, include a mechanism for turbulence augmentation due to vortex shedding
in particle wakes. In experiment 5, this effect is most probably responsible for a
stabilization of the Reynolds stresses for x1 /M > 40 as documented in figure 9(b)
(Poelma et al. 2007, § 5.4). This limitation is causing the most pronounced deviations
in the present validation.
4. Conclusions
In the present study, a modelling framework that accounts for turbulence modulation
in particle- or droplet-laden flows is outlined. The framework consists essentially
of two sub-models. The first component is a Lagrangian particle-phase model that
mimics particle dynamics and can be used to calculate mean drag and extra dissipation
effects acting on the fluid phase. The model accounts for preferential concentration
effects that become important for moderate Stokes numbers. The second sub-model
reproduces anisotropic dissipation effects of the Reynolds stresses that originate from a
mean relative velocity between the phases. To this end, a new non-dimensional group
was introduced to parametrize the anisotropic dissipation effect. Formulations of both
models for RANS and joint p.d.f. methods are presented.
The performance of both models was verified in two test cases. Both cases deal
with simple canonical flows, which minimizes interference with other models, e.g.
turbulence models or turbulence augmentation models, and thus facilitates a thorough
validation of the proposed modelling framework. The first validation case uses DNS
data of stationary homogeneous isotropic turbulence as a reference. DNS data sets
with particles suspended at different mass loadings and with different relaxation times
were used. The model accurately quantifies the particle extra dissipation for the entire
range of relaxation times and mass loadings. Accurate modelling of the seen fluid
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F IGURE 8. Validation of Reynolds stress evolutions resulting from two-phase flow
simulations (lines) and experiments by Poelma et al. (2007, figures 16–18) (symbols). Results
of (a) experiment 1, (b) experiment 2, and (c) experiment 3. hu1 i2 /hu01 u01 i (dotted lines and
crosses), hu1 i2 /hu03 u03 i (dashed lines and dots), and hu1 i2 /(2k/3) (solid lines).

velocity correlation time scale proved to be crucial for particles with short relaxation
times where preferential concentration effects are important. In the second validation
case, experimental data of particles settling under gravity in decaying grid turbulence
were used as a reference. The resulting anisotropy in the dissipation rate tensor and
the Reynolds stresses was accurately reproduced by the proposed framework for the
different particle classes and mass loadings investigated.
The presented work can be generalized in several ways. For example, in applications
involving flows with inhomogeneous particle distributions, the particle mass loading
in (2.11) and (2.13) needs to be estimated by counting particles in grid cells of the
computational domain. Moreover, a generalization of the Lagrangian particle-phase
model for polydisperse particles is straightforward. In the anisotropic dissipation
model, on the other hand, the particle size d influences the MVS coefficient. To
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F IGURE 9. As figure 8 but for (a) experiment 4 and (b) experiment 5.

account for size distributions – quantified by the local size p.d.f. fd (y; x) with sample
space variable y – we suggest applying an average MVS coefficient of the form
MVS =

Z
0

∞

MVS(d = y)fd (y; x) dy.

(4.1)

In a Lagrangian particle-phase method, where physical particles are represented by
computational particles, statistics such as fd (y; x) are readily available. Finally, the
proposed generalization of the correlation-time-scale model (2.24), where a linear mass
loading dependence was introduced, should be verified by means of DNS.
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Appendix. Mass–velocity–size coefficient

Poelma et al. (2007, figure 19) have proposed the Stokes load given by
definition (2.26) to parametrize particle-generated dissipation anisotropy. The mean
relative velocity between the phases that causes and determines the anisotropy,
however, is not represented in the Stokes load ΦSt . In the absence of a mean relative
velocity, like in the DNS case discussed in § 3.1, ΦSt may be well above zero, but
nevertheless the flow is isotropic. Here, we introduce the mass–velocity–size (MVS)
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for the experiments reported by Poelma et al. (2007, tables 3, 4 and figure 19). The labels
identify each experiment and correspond with the numbers in table 2 of this work and table 4
of Poelma et al. (2007).

coefficient,
s
MVS ≡ Φm

|hui − hvi| η
√
,
2k/3 d

(A 1)

as an alternative non-dimensional parameter. It is based, like ΦSt , on the volume
loading Φv , the density ratio ρp /ρ, and the particle diameter d/η, but also includes the
mean relative velocity |hui − hvi|.
Based on the data reported by Poelma et al. (2007, tables 3, 4 and figure 19) the
anisotropy ratio x /0 (Poelma et al. 2007, p. 343) for all experiments can be plotted
as a function of the MVS coefficient. The corresponding data points for the different
experiments are depicted in figure 10 and illustrate that there is a linear correlation
between the MVS coefficient and x /0 . (Experiment 3 is not included in figure 10
since it could not be identified in Poelma et al. (2007, figure 19). Experiments 7 and 8
were not included in § 3.2 because no Reynolds stress data were provided in Poelma
et al. (2007) for these experiments.)
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C.2

Modeling anisotropic Reynolds-stress dissipation in
particle- or droplet-laden flows

In the following brief journal contribution, a more compact model formulation
for the anisotropic Reynolds-stress dissipation tensor εij is presented. Unlike the
formulation presented in the previous paper [Meyer, 2012], an explicit expression
for εij is given without the need for matrix transformations. This contribution
is set to appear in the International Journal of Multiphase Flow in October 2013
[Reinhardt, Meinen, and Meyer, 2013].
Meyer devised the compact tensor formulation. Meinen implemented the
simulation code and conducted the simulations. Reinhardt and partially Meyer
supervised his work. Meyer and Reinhardt wrote and edited the manuscript,
respectively. All authors approved the manuscript.

207

International Journal of Multiphase Flow 56 (2013) 1–3

Contents lists available at SciVerse ScienceDirect

International Journal of Multiphase Flow
j o u r n a l h o m e p a g e : w w w . e l s e v i e r . c o m / l o c a t e / i j m u l fl o w

Brief communication

Modeling anisotropic Reynolds-stress dissipation in particleor droplet-laden flows
Yvonne Reinhardt, Niklaus Meinen, Daniel W. Meyer ⇑
Institute of Fluid Dynamics, ETH Zurich, Sonneggstrasse 3, CH-8092 Zurich, Switzerland

a r t i c l e

i n f o

Article history:
Received 9 March 2013
Received in revised form 3 May 2013
Accepted 4 May 2013
Available online 15 May 2013
Keywords:
Particles
Droplets
Turbulence modeling
Reynolds-stress modeling
RANS

a b s t r a c t
Particles or droplets dispersed in turbulent flows at sufficiently high volume loadings lead to modifications of turbulence characteristics. More specifically, in a detailed experimental investigation by Poelma
and coworkers, where the particle phase moves with a non-zero mean velocity relative to the fluid phase,
it was found that anisotropic Reynolds-stress dissipation is induced. Recently, we have proposed a model
that can account for this effect in RANS-based and PDF method simulations. In our previous work, however, no simulation results of the RANS model formulation were presented. In the present work, a new
compact tensorial RANS formulation is presented and the new formulation is validated against the experimental data of Poelma and coworkers.
! 2013 Elsevier Ltd. All rights reserved.

1. Introduction
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¼#

@hu0i u0j u0k i
@xk
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@ 2 hu0i u0j i
@xk @xk

# eij

Particles or droplets dispersed in turbulent flows at sufficiently
high volume loadings lead to modifications of turbulence characteristics (Balachandar and Eaton, 2010, Section 6). More specifically, in the experimental investigation (Poelma et al., 2007),
where the particle phase moves with a non-zero mean velocity relative to the fluid phase, it was found that anisotropic Reynoldsstress dissipation is induced. This is similar to previous observations in the experiments (Geiss et al., 2004) and the direct numerical simulation (DNS) study (Elghobashi and Truesdell, 1993).
Recently, Meyer (2012, Section 2.3) proposed a model that can
account for this effect in RANS-based and PDF method simulations.
In (Meyer, 2012), however, no simulation results of the RANS formulation were presented. In the present work, a much more compact tensorial RANS formulation compared to (Meyer, 2012) is
presented and the new formulation is validated against the experimental data in (Poelma et al., 2007).

(Meyer, 2012, Eq. (2.13)). In Eq. (1), u0i & ui # hui i is the fluctuating
part of the fluid velocity component ui with mean huii subtracted,
hu0i u0j i is the i–j-Reynolds-stress, t the time, xk a spatial coordinate,
P ij and Pij are the production and velocity–pressure-gradient terms,
respectively,
!
" m is the kinematic viscosity, eij the dissipation tensor,
and Um u0i fj are extra-dissipation terms resulting from the particle
phase with the amount of dispersed particles being quantified by
the mass loading Um.
To model the anisotropy in eij resulting from the particle phase
having a mean relative motion with respect to the fluid phase, i.e.,
jhui # hvij – 0 with v being the particle phase velocity vector,
Meyer (2012) has introduced the dissipation tensor

2. Formulation

B6
@4

The Reynolds-stress evolution equation for turbulent fluid flow
with dispersed particles or droplets reads

þ hUm u0j fi i þ hUm u0i fj i

02

2ð1 # jÞ
0

0

E-mail addresses: reinhardt@ifd.mavt.ethz.ch (Y. Reinhardt), meyerda@ethz.ch
(D.W. Meyer).
0301-9322/$ - see front matter ! 2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijmultiphaseflow.2013.05.002

0

j#1

0

0

j#1

3

1

7 C 2e
5 þ IA ;
3

ð2Þ

where I is the unit matrix, e the dissipation rate of the turbulent kinetic energy k and j can be interpreted as an anisotropy ratio with
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The parameter Ca is a model constant, g & (m3/e)1/4 is the Kolmogorov length scale, and d the particle diameter of the monodisperse
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about the particle and fluid phase parameters are summarized in
(Meyer, 2012, Table 2).

gravity
〈u’1u’1〉≥〈u’2u’2’ 〉

Reynolds
stresses

〈u’1u’1〉=〈u’2u’2〉
=〈v’1v’1〉=〈v’2v’2〉

4. Numerical implementation

x1
〈u1〉=
0.53m/s
0

〈v1〉

m
mean flow
〈u
〈u〉 water
〈v
〈v〉 particles
x2

Fig. 1. Schematic of the flow setup applied in the experiments by Poelma et al.
(2007).

particle phase.1 For hui = hvi, Eq. (3) leads to j = 1 whereas j > 1 for
hui – hvi. To align the tensor of Eq. (2) with vector hui # hvi, which
is causing the dissipation anisotropy, Meyer (2012, Eqs. (2.29) and
(2.31)) has applied a suitable rotation matrix.
In this work, we propose a mathematically more compact tensorial model formulation with

"

eij ¼ ðj # 1Þdij þ 3ð1 # jÞ

ðhui i # hv i iÞðhuj i # hv j iÞ
jhui # hv ij2

þ dij

#

2e
;
3

ð4Þ

where dij is the Kronecker delta. Here, j acts as a blending factor between the standard isotropic model, i.e., eij ¼ 23 edij , and an anisotropic tensor based on the relative velocity hui # hvi. For example
with hui # hvi being aligned with the x1-direction, eij reduces to
Eq. (2). For j > 1, the first two terms in the bracket of Eq. (4) lead
to a reduction of dissipation in the direction of hui # hvi and an
enhancement of dissipation in the directions normal to hui # hvi.
Tensors similar to Eq. (4) are for example used to model anisotropic
dispersion in subsurface flows (Bear, 1972, Eq. (10.4.15)).
3. Test case
To validate the new RANS model formulation for the dissipation
term, the experimental data of Poelma et al. (2007) is used as a reference. Poelma et al. (2007) have investigated the turbulent flow of
water loaded with solid monodisperse particles in the center of a
vertical channel, where wall effects are negligible. Their experimental setup is sketched in Fig. 1. Both the fluid and particle
phases move in x1-direction upward. A turbulence generating grid
with grid-spacing M = 7.5 mm is placed upstream of the test section. At x1 = 0, the velocity fluctuations of the fluid and particle
phases are equal and the fluid phase Reynolds-stress tensor is isotropic. The mean velocities of both phases are constant in space
and time. Due to the higher density of the particle phase, the average particle velocity hv1i is smaller compared to hu1i. The velocity
difference between the phases induces a growing Reynolds-stress
anisotropy in downstream direction with hu01 u01 i > hu02 u02 i ¼ hu03 u03 i
for x1 > 0.
Based on different experiments, Poelma et al. (2007) have
investigated the influence of particle characteristics and mass loadings on the fluid phase Reynolds-stress anisotropy. The density ratio between particle and fluid phases was ranging from qp/q = 2.45
to 3.8, the Stokes number defined by the particle relaxation time
and the Kolmogorov timescale was between St = sp/s = 0.07 and
0.23 and mass loadings Um were between 0.18% and 0.67%. Details
1
A possible extension of j applicable for polydisperse particles is discussed in
(Meyer, 2012, Eq. (4.1)).

For the small mass loadings considered by Poelma et al. (2007),
the extra-dissipation terms in the Reynolds-stress transport Eq. (1)
are negligible (Meyer, 2012, Section 3.2.3). To model the transport
term (first term on the right hand side of Eq. (1)) the Daly–Harlow
model (Pope, 2000, Eq. (11.147)) was used and the LRR-IP model
(Pope, 2000, Section 11.5.1) was applied for the velocity–pressure-gradient term. The latter includes Rotta’s return-to-isotropy
model (Pope, 2000, Eq. (11.24)). In the flow setup considered, the
Reynolds-stress isotropization of Rotta’s model is counteracted
by the dissipation model (Eq. (4)). To determine e appearing in
the different models, the standard empirical e-transport-equation
(Pope, 2000, Eq. (11.150)) is solved.
For the model parameters, the following standard values were
applied: in the e-equation, Ce = 0.15 and Ce1 = 1.44, and in the modeled Reynolds-stress transport equation, Cs = 0.22 (Daly–Harlow
model) and C2 = 3/5 (IP term in LRR-IP model). In agreement with
the choice of Cx2 in (Meyer, 2012, p.268), Ce2 = 1 + Cx2 = 1.96
(Pope, 2000, Eq. (12.184)) was applied in the e-equation. This
choice deviates somewhat from the standard value of 1.92 but
leads to optimal agreement of the downstream decay of k (Meyer,
2012, Fig. 7). For the model constants in Rotta’s return-to-isotropy
model and Eq. (4), two value pairs, i.e., CR = 1.8 (standard value)
with Ca = 14 and CR = 4.15 with Ca = 28 (Meyer, 2012, p. 268) were
used. Ca = 14 in the first parameter pair, which was not used in
(Meyer, 2012), leads to optimal agreement with the experimental
Table 1
Summary of RANS model coefficients with the two parameter pairs involving CR and
Ca.
Parameter pair
One

Two

Ce

Ce1

Ce2

Cs

C2

CR

Ca

CR

Ca

0.15

1.44

1.96

0.22

3/5

1.8

14

4.15

28

Fig. 2. Validation of single-phase flow simulation results (lines) with experimental
data of Poelma et al. (2007, Table 2) (solid circles). The normalized inverse of the
turbulent kinetic energy (top plot) and the turbulence frequency (bottom plot) are
compared. The values reported by Poelma and coworkers for the turbulence
frequency or more precisely the dissipation rate needed to be corrected by a factor
of 2/3 (Poelma 2011, personal communication).
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(a)

3

by the outlined Reynolds-stress turbulence model and with Eq. (4)
included.
5. Results

(b)

In a first step, the Reynolds-stress model implementation was
tested by simulating the turbulent water flow in the absence of
particles. The resulting decay in downstream direction x1 of the
turbulent kinetic energy k and the turbulence frequency x & e/k
is plotted in Fig. 2. More precisely, the inverse of k is plotted, which
leads to a close-to-linear evolution as a function of x1. Both distributions are in good agreement with the experimental data of Poelma et al. (2007, Table 2).
In a next step, the two-phase cases considered by Poelma et al.
(2007) were simulated to investigate the accuracy of the new RANS
formulation. In Fig. 3, results of the first (qp/q = 3.8, St = 0.07,
Um = 0.44) and the third experiment (qp/q = 2.45, St = 0.12,
Um = 0.65) of Poelma et al. (2007) with the second parameter pair,
i.e., CR = 4.15 with Ca = 28, are reported. The particle phase leads to
an enhancement of the Reynolds stress in streamwise direction,
! 0 0"
i.e.,
! 0 0 u1 u1 0 , 0 "and a reduction in spanwise directions, i.e.,
u2 u2 i ¼ hu3 u3 . This behavior is accurately captured by the model
and there is good agreement with the experimental data. Similar
agreement was found as well for the first parameter pair and the
other experiments 2, 4 and 5 with both parameter pairs.
6. Conclusions

Fig. 3. Validation of Reynolds-stress spatial development resulting from two-phase
flow simulations (lines) and experiments 1 (panel a) and 3 (panel b) by Poelma et al.
(2007, Figs. 18 and 16) (symbols). hu1 i2 =hu01 u01 i (dash-dotted red line and red
squares), hu1 i2 =hu03 u03 i (dashed blue line and blue dots), and hu1i2/(2k/3) (solid black
line). (For interpretation of the references to color in this figure legend, the reader is
referred to the web version of this article.)

In different numerical and experimental studies it was found
that particles or droplets that move with a mean velocity relative
to the fluid phase induce a Reynolds-stress anisotropy. A new compact model formulation that accounts for this effect in Reynoldsstress-based RANS simulations was proposed and successfully validated based on the experimental data by Poelma et al. (2007).

data (Poelma et al., 2007). As is explained next, the second parameter pair is consistent with the PDF method simulations reported in
(Meyer, 2012, Section 3.2.3). Based on the simplified Langevin
model (SLM) parameter C0 = 2.1, which is typically applied in PDF
methods (Pope, 2000, p.504), and with C R ¼ 1 þ 23 C 0 (Pope, 2000,
Eq. (12.62)), which results from relating Rotta’s model with the
SLM, we obtain for the Rotta model constant CR = 4.15. The adopted
RANS model coefficients are summarized in Table 1.
For the discretization of the Reynolds stress and e transport
equations, a grid starting at x1 = 0 with 100 equally-spaced grid
cells of length 6 mm was applied. At the inflow, boundary conditions for the mean velocities (Fig. 1), the mass loading, the dissipation rate and the isotropic Reynolds stresses were applied.2 For the
numerical solution of the discretized equations, the solver twoPhaseEulerFoam, being part of the OpenFOAM 1.7.1 (2012) software library was used as a basis with the k–e turbulence model replaced
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