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Abstract. We investigate electron attachment to strongly attaching gases as a
function of the electron energy. The total electron attachment cross section of this
electronegative sample gas is determined from the eﬀective ionization rate constant
νeﬀ /N measured in a swarm experiment using the buﬀer gases N2 and CO2 with minor
proportions (. 0.8%) of the sample gas SF6 , and C3 F8 respectively. The measured
rate constants νeﬀ /N for varying reduced electric ﬁeld strengths E/N are unfolded
from the electron energy distribution of the buﬀer gases. Diﬀerent unfolding routines
for so-called ill-posed problems are tested to ﬁnd robust solutions for the attachment
cross section. Finally, we propose Tikhonov regularization, which is a well deﬁned
algorithm for discrete linear inversion problems, as most eﬃcient. Our method gives
rise to an approximate and clearly deﬁned solution for the attachment cross section,
and it is described in detail.
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1. Introduction
Electron collision cross sections are required for modeling processes in low temperature
plasmas on the basis of the kinetic gas theory [1]. The ability of electronegative gases to
attach free electrons is crucial for various industrial applications such as semiconductor
manufacturing or high voltage gas insulation [2]. Thus, it is particularly instructive
to monitor a molecule’s attachment cross section as a function of the incident electron
energy. Several methods have been introduced to obtain attachment cross sections and
also other types of electron collision cross sections. The most common methods to
obtain elastic, excitation or ionization cross sections are ab-initio quantum theoretical
calculations [3], electron beam measurements [4] and electron swarm experiments [5].
In the context of swarm experiments, with exquisite control over electrical ﬁeld
strength, density, temperature and mixing ratio of a gas mixture, assessing cross sections
is enabled by measuring the swarm parameters [6, 7]. The extraction of a full cross
section set derived from swarm measurements requires numerical methods for solving
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the Boltzmann equation or Monte Carlo techniques to simulate the motion of electrons.
Furthermore, numerical optimization techniques are necessary to adapt an initial guess
of cross sections over a wide energy range. In general, these iterative procedures have
to deal with the non-uniqueness problem of the obtained cross section sets [5, 7].
The attachment cross section σa of a strongly attaching gas can be probed by
mixing it in small proportions to a buﬀer gas, such as Ar, N2 or CO2 , with well known
collision cross sections. Then the derivation of σa is decoupled from the entire cross
section set of the sample gas, assuming that the mixture is undisturbed by the present
sample gas in terms of electron energy distribution. Some methods derive σa by means
of algorithms, which minimize the sum of the least squares between calculated and
measured eﬀective ionization rate constants νeﬀ /N by iteratively adapting σa towards
a positive solution. Such a method “requires a considerable degree of experience and
discernment” [8]. Typically, the solution for σa depends on its initial guess as well as
on the exact form of the iteration algorithm. Furthermore, the statistical uncertainty
of the experimental data aﬀects the outcome.
Extracting cross sections from swarm parameters could be based on a transparent
method which gives rise to an approximated and well-deﬁned solution for σa . Besides,
before trying to unfold the cross section, the actual existence of a usable solution
should be checked. Subsequently, if necessary the problem must be modiﬁed either
experimentally, by e.g. extending the range of measurements, or mathematically by
introducing constraints on the solution for the cross section. The latter may also
be independent of an initial guess, iteration procedures and measurement noise to
make comparison between diﬀerent data sources possible. Similar to the problem of
determining σa from observed rate constants νeﬀ /N , in other ﬁelds of science and
engineering, such as e.g. medical imaging or geophysical prospecting, so called “illposed” problems arise when computing a source that gives rise to some observed data
[9, 10, 11, 12, 13].
In this work, we adapt the well known linear inversion methods for ill-posed
problems to the problem of determining the source σa from the experimentally observed
data νeﬀ /N . We describe and test our method in detail and compare it with another
independent unfolding method, which is based on a gauss function expansion of σa .
The linear inversion technique is applied to measurements with Sulfur hexaﬂuoride SF6
as well as Octaﬂuoropropane C3 F8 in the buﬀer gases N2 and CO2 , and the results
for σa are compared with literature data. We discuss the limits of this method for
unfolding the attachment cross section σa from the rate constants νeﬀ /N . Furthermore,
we propose the linear inversion method as a simple tool for determining initial guess
cross sections for numerical optimization techniques that determine cross section sets
from swarm data.
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2. Theory
For an equilibrated electron swarm in a binary gas mixture with mixing ratio k, the
eﬀective ionization rate constant νeﬀ /N is described by [14]:
√
∫ ∞
2
B
(σi − σa )εf dε .
νeﬀ /N = (1 − k)νeﬀ /N + k
(1)
me 0
Here me is the electron mass, N is the number density of the gas. The eﬀective
B
/N , whereas σi (ε) and σa (ε) are
ionization rate constant of the pure buﬀer gas is νeﬀ
the ionization and attachment cross sections of the sample gas. The electron energy
distribution function (EEDF) of the gas mixture is a function of the reduced electric
ﬁeld E/N , where E is the electrical ﬁeld strength. The EEDF f (E/N, ε) is normalized
to
∫ ∞
√
εf dε = 1.
(2)
0

Equation (1) can be written in the form of a Fredholm integral equation of the ﬁrst
kind:
∫ ∞
K(E/N, ε)σa (ε)dε = g(E/N ),
(3)
0

where the Kernel K is given by the EEDF of the mixture
K(E/N, ε) = εf (E/N, ε).

(4)

The right-hand side additionally depends on the measured values of νeﬀ /N and
as well as the ionization cross section σi :
√
∫ ∞
1 me
B
g(E/N ) =
σi εf dε +
{(1 − k)νeﬀ
/N − νeﬀ /N }
(5)
k
2
0

B
νeﬀ
/N

The Kernel K linearly relates the cross section σa with the right-hand side
g. Furthermore, it is a square integrable function, according to equation (2) and
f (ε → ∞) = 0. This is an important requirement for the linear inversion methods
B
described in section 3.5. If νeﬀ /N and νeﬀ
/N are measured in the experiment, and
the EEDF as well as the cross section σi are given, then the functions K and g are
known. Then, the integral equation (3) corresponds to the classical example of an illposed problem [15]. Its discretization into a matrix problem leads to a system of linear
algebraic equations, for which standard routines for the analysis of discrete ill-posed
problems can be applied [16, 17].
3. Methods
3.1. Pulsed Townsend method
The experimental method and evaluation procedure applied in this work have been
described elsewhere [18]. A short laser pulse of 1.5 ns FWHM releases approximately

Obtaining electron attachment cross sections by means of linear inversion of swarm parameters4
106 − 107 start electrons from a photo cathode into the gas volume. The electron swarm
drifts in a uniform electric ﬁeld through a gap between two Rogowski type electrodes.
The gap distance is controlled and in the range of 9 to 18 mm and the applied voltage is
up to 40 kV. The base pressure is < 10−8 mbar and the measurements are typically taken
between 20-100 mbar and at room temperature. The resulting reduced electrical ﬁeld
strength is typically in the range of 20 - 200 Td, where the upper value is determined
by the critical electric ﬁeld strength that we normally exceed only by a few percent.
The displacement current of the electron swarm drifting in the gas gap is recorded and
evaluated. From an exponential ﬁt to this current the eﬀective ionization rate νeﬀ is
determined, corresponding to the exponential growth/decrease of the electron number
B
in the swarm. The ﬁnal values for νeﬀ /N and νeﬀ
/N are obtained by linear regression
over the gas number density N :
νeﬀ
νeﬀ =
N.
(6)
N
Electron attachment to SF6 and C3 F8 in terms of reaction rates was already
investigated previously [19]. In this work, we measure rates for the pure buﬀer gases
N2 and CO2 , as well as for mixtures with minor proportions (. 0.8%) of the sample
gases SF6 and C3 F8 . The rate constant νeﬀ /N is measured for diﬀerent reduced ﬁeld
strengths E/N , given in Townsend (1 Td = 10−21 Vm2 ).
3.2. Obtaining the kernel K(E/N, ε)
For solving equation (3), the Kernel K and thus the EEDFs of the gas mixtures are
needed, which is in general not known due to non-existing cross section data of the
sample gas. Nevertheless, for a buﬀer gas the change in the electron energy distribution
due to a small amount of the sample gas is supposed to be small [20, 21]. This assumption
was tested by means of the Boltzmann solver Bolsig+ (version 08.2012) using the twoterm approximation [14]. We therefore calculated νeﬀ /N of a gas mixture (0.6% of C3 F8
in Ar, N2 and CO2 ) according to equation (1) using both, the exact EEDF of the
mixture and an approximated one, given by the EEDF of the pure buﬀer gas. The
cross section sets from SIGLO database (www.lxcat.net, both retrieved on December 9,
2013) were used. For the buﬀer gases N2 and CO2 , both results yield the same values
for νeﬀ /N . However, for Ar we detect strong inﬂuence of the sample gas on the electron
energy distribution and thus on νeﬀ /N . For high E/N -values, the change of νeﬀ /N due
to adding a sample gas might be even dominated by the change of the EEDF and not
by the attachment and ionization cross sections of the sample gas.
3.3. Obtaining the right-hand side g(E/N )
In order to obtain the ﬁrst term of equation (5), we use the EEDF’s f (E/N, ε) from
section 3.2 and reference data for the ionization cross section σi for SF6 [22] and C3 F8
B
[23]. The second term is calculated from the measured νeﬀ /N - and νeﬀ
/N -data (see
section 3.1), which is ﬁtted with smoothing spline to evaluate the ﬁt in 1 Td steps.
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3.4. Discretization
The discretization of equation (3) into a linear system of equations is necessary to
numerically unfold σa on a computer. Two diﬀerent discretization methods, namely
quadrature and expansion methods, are generally used to ﬁnd approximated solutions
for the continuous function σa . Expansion methods approximate σa with a set of basis
functions, which should be chosen in such a way that they provide a good solution. The
subsequent linear inversion would then return the corresponding expansion coeﬃcients.
In this work we chose the quadrature method, which evaluates approximated function
values at selected abscissas. After the discretization, the linear system of equations is
given by n equations and m unknowns, where n is the number of all used EEDF’s and m
is the length of the solution vector σa , which is given by the number of selected abscissas
introduced by the quadrature method.
Increasing the number of linear independent algebraic equations for the inversion
procedure reduces the noise of the solution for σa . Thus, to increase the rank of this
Matrix problem, it is instructive to use as many diﬀerent EEDF’s as possible. In the
experiment, this would correspond to measuring νeﬀ /N over a wide E/N -range for a
high variety of buﬀer gas species.
3.5. Linear inversion
The matrix inversion of the discretized form of equation (3) yields a ”naive” solution that
is very sensitive to perturbation of the right-hand side, which is in our case determined
by the measurement error of νeﬀ /N as well as uncertainties in the EEDF. Therefore,
to deal with such noise problem, regularization methods that provide stable solution
are needed. This fact is mathematically well deﬁned by the so-called discrete Picard
condition [17].
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Figure 1. The L-curve for Tikhonov regularization in case
∫ ∞of SF6 : logarithmic
plot of the solution norm ∥σa ∥2 vs. the residual norm ∥g − 0 Kσa ∥2 (——). The
regularization parameter λ is tuned from low (upper left) to high (lower right) values,
with the regularized λ-parameter at the corner (- - - -).
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The superior tool for linear inversion is the singular value decomposition (SVD),
which is needed for all regularization methods. Common methods are truncated
SVD (TSVD), damped SVD (DSVD), compact generalized SVD (CGSVD), Tikhonov
regularization or Maximum Entropy regularization, which are all implemented in Matlab
Regularization Tools (Version 4.1) [17].
We applied these methods to diﬀerent measurements involving diﬀerent kinds
of gas compounds, and we identiﬁed the Tikhonov regularization as the most
convenient method for obtaining attachment cross sections. This method introduces
a regularization parameter λ that controls the large noise components of the solution
by minimizing the functional
∫ ∞
g(E/N ) −
K(E/N, ε)σa (ε)dε + λ2 ||σa (ε)||2 −→ 0.
(7)
0

2

Depending on the value of λ, the solution will either be dominated, for small λvalues, by the perturbations or will be oversmoothed for large λ-values. To obtain the
regularized solution σa for a well deﬁned parameter λ, the L-curve method is used [17].
∫∞
It ﬁnds a balance between the two norms ∥σa ∥2 and ∥g − 0 Kσa ∥2 , which occur in
equation (7). Graphically, the L-curve identiﬁes the corner when plotting these norms,
as shown in ﬁgure 1 for the case of cross section unfolding in SF6 , see section 4.1.
If the solution has negative components, we increase λ until the absolute value of
the minimum is below 5% of the peak value of the solution. All positive and negative
values of σa within this 5% tolerance are identiﬁed as noise and are set to zero.
3.6. Inversion by gaussian expansion method
In this subsection we present a gaussian expansion method diﬀerent from the linear
inversion technique in section 3.5. The gaussian expansion method is merely introduced
for comparing the results of the linear inversion by an independent method. We do not
necessarily propose it as a routine for unfolding cross sections since it is not a direct
method, computationally much less eﬃcient than the linear inversion method and it
assumes a simpliﬁed shape of σa .
Nevertheless, in many cases, attachment of electrons in a swarm is dominated by a
few channels, such as parent ion attachment and dissociative attachment process. Each
channel is typically peaked at a certain energy with a certain width. Therefore, it might
be suﬃcient to approximate the attachment cross sections by two gaussian functions:
σa (ε) ≈

2
∑

ci e−(ε−εi )

2 /(2s2 )
i

.

(8)

i=1

Thus, overall, six parameters are necessary for this simpliﬁed model to describe σa :
the amplitudes c{1,2} , widths s{1,2} and the positions of the center of the peak ε{1,2} .
We seek a small number of ﬁt parameters, in order to eﬃciently minimize the norm
∫∞
∥g − 0 Kσa (ε)dε∥2 . Note that σa is linear in c1,2 , which therefore can be derived by
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Table 1. Overview of the measurements that were used to determine the attachment
cross sections σa .
SF6

C3 F8

buﬀer
gas

mixing
ratio %

(E/N )-range
(Td)

mixing
ratio %

(E/N )-range
(Td)

N2

0.25
0.62

95 - 172
127 - 178

0.81

32-150

CO2

0.01
0.05

11 - 94
30 - 99

0.27

25-104

linear regression, with the constraint c{1,2} ≥ 0, yielding a positive solution for σa . Thus,
for the ﬁnal ﬁt only four independent ﬁt parameters remain, which are s{1,2} and ε{1,2}
For ﬁnding the global minimum, a scatter search algorithm from Matlab MultiStart
is used, which uses a great user-chosen number (here we chose 105 ) of uniformly
distributed start points for the ﬁt parameters within deﬁned bounds [24].
4. Results
The attachment cross sections of the two sample gases SF6 and C3 F8 were unfolded
from the measurements summarized in table 1. The experimental conditions and
electron current evaluation procedures are given in section 3.1. The sources of the
EEDF’s and the ionization cross sections of the sample gases are given in sections 3.2
and 3.3. Following section 3.4 and section 3.5, the linear inversion was applied to the
measurement data to ﬁnd the attachment cross sections σa . In addition, the gaussian
expansion method was used to ﬁnd a second independent solution for σa .
4.1. Attachment to SF6
We investigated N2 /SF6 gas mixtures with 0.25% and 0.62% SF6 , as well as CO2 /SF6
mixtures with 0.01% and 0.05% SF6 . The mixing ratios were chosen in such a way
that our measured waveforms could still be evaluated over a wide E/N -range, especially
towards low E/N -values. E.g. for 0.05% SF6 in CO2 , the electron current signal vanishes
due to the very strong attachment rates below E/N ≈ 30 Td, whereas for 0.01% SF6 in
CO2 we can evaluate our signal down to E/N ≈ 11 Td. Figure 2 shows the measured
rate constants νeﬀ /N for both, (a) N2 and (b) CO2 mixtures with SF6 . With increasing
SF6 content, νeﬀ /N decreases. We calculated the rate constants by equation (1) with the
attachment cross section from linear inversion, gauss expansion as well as from reference
data [22], as indicated in ﬁgure 2. The results for the unfolded attachment cross section
σa are shown in ﬁgure 3 and compared with the reference data [22].
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Figure 2. Measured and calculated eﬀective ionization rate constants vs. E/N for
SF6 in buﬀer gases (a) N2 and (b) CO2 : measured νeﬀ /N for pure buﬀer gas (♢)
and mixtures ( ), as well as calculated values with cross section derived from linear
inversion (——), from gaussian expansion (- - - -) and from Ref. [22] (— · —).
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Figure 3. Present results of the attachment cross section of SF6 as a function
of electron energy: σa obtained by means of linear inversion (——) and gaussian
expansion (- - - -). For comparison, reference data [22] (— · —).

4.2. Attachment to C3 F8
We investigated a N2 /C3 F8 gas mixture with 0.81% C3 F8 , as well as a CO2 /C3 F8 mixture
with 0.27% C3 F8 . Figure 4 shows the measured rate constants νeﬀ /N for measurements
in (a) N2 and (b) CO2 mixtures. The rate constants calculated by equation (1) with
the attachment cross sections obtained from linear inversion, gauss expansion as well
as from reference [25] are also indicated in the ﬁgure. The measured rate constants
decrease by adding C3 F8 to the buﬀer gases. The results for the unfolded attachment
cross section σa are shown in ﬁgure 5 and compared with the reference data [25].
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Figure 4. Measured and calculated eﬀective ionization rate constants vs. E/N for
C3 F8 in buﬀer gases (a) N2 and (b) CO2 : measured νeﬀ /N for pure buﬀer gas (♢)
and mixtures ( ), as well as calculated values with cross section derived from linear
inversion (——), from gaussian expansion (- - - -) and from Ref. [25] (— · —).
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Figure 5. Present results of the attachment cross section of C3 F8 as a function
of electron energy: σa obtained by means of linear inversion (——) and gaussian
expansion (- - - -). For comparison, reference data [25] (— · —).

5. Discussion and Conclusion
5.1. Thermal electron attachment to SF6
In general, the cross section derived by the linear inversion method is in good agreement
with the reference data, see ﬁgure 3. The calculated rate constants ﬁt the measurement
νeﬀ /N -values well for σa derived by both, linear inversion as well as gaussian expansion,
see ﬁgure 2. As one can already see by simply comparing the curves, the rate constants
calculated by the attachment cross section from Ref. [22] do not ﬁt the measured rate
constants distinctly better than the present results.
For energies below 0.01 eV, the linear inversion solution for σa tends to converge
to zero, whereas electron attachment to SF6 is known to be high near zero energy
predominantly due to parent ion attachment [22]. However, the cross section derived by
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means of gaussian expansion is in very good agreement with the reference data in the
low-energy range. We tested the linear inversion method with diﬀerent discretization
methods as well as with a higher number of abscissas in order to improve energy
resolution. However, the zero-energy peak of σa for SF6 could not be unfolded perfectly
from the swarm data. The limiting resolution of swarm derived cross section is generally
known and therefore the uncertainty of the swarm-derived attachment cross section for
SF6 near zero energy accepted to be large, see e.g. [26]. From a more mathematical
perspective, the resolution limit of σa obtained by the linear inversion method, applied to
the present νeﬀ /N -data, is due to the relatively large λ-parameter in order to regularize
the solution, see section 3.5.
5.2. Parent ion attachment to C3 F8
Electron attachment to C3 F8 has been investigated in beam experiments [27], which
−11
cannot detect the parent ion C3 F−
− 1 · 10−8 s
8 due to its reported lifetime of 5 · 10
[25]. In swarm studies, pressure dependency due to three body stabilization of shortlived parent anions has been observed for high gas pressures larger than 500 kPa [25].
In contrast to that, we measured a purely linear increase of the rate constant
νeﬀ with the gas number density, corresponding to equation (6), without second
order contributions ∝ N 2 due to three-body processes. Thus, no signiﬁcant pressure
dependence could be detected over our relatively low pressure range. We conclude that
the three-body stabilization does not play a role in our pressure range due to small
three-body recombination coeﬃcients for the stabilization of the parent ion.
Both unfolding methods, linear inversion as well as gauss expansion, yield a
peak around 3 eV corresponding to dissociative attachment, which is qualitatively in
agreement with the reference data [25], see ﬁgure 5. Interestingly, in contrast to the same
reference, both unfolding methods detect a low-energy contribution to the attachment
cross section. The reported lifetimes of C3 F8 are small compared to the electron transit
times of (1 − 10) · 10−7 s in our experiment. We conclude from this ﬁnding, together
with the fact of no observed three body stabilization, that the reported lifetimes for
C3 F8 are at least one order of magnitude larger than reported.
5.3. Comments on the linear inversion method
The measurements in SF6 and C3 F8 give important insights into advantages and
problems of the linear inversion method applied to swarm studies. Our results underline
the usefulness of the linear inversion method for the investigation of attachment cross
sections from νeﬀ /N . Nevertheless, several steps in our method have to be questioned
carefully. First of all, the method relies on an undisturbed electron energy distribution
in the buﬀer gas when adding a sample gas in small proportion. For the buﬀer
gases N2 and CO2 , this assumption seems to be valid as was tested by means of
simulations using Bolsig+, whereas in Argon the energy balance of the electrons is
aﬀected by collision with the molecules of the sample gas. In general, for the linear
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inversion, too strong attachment rates should be avoided due to the eﬀect of attachment
heating [28]. Non-conservative collisions may strongly change the EEDF, which cannot
be investigated using Bolsig+, but only via more advanced Monte Carlo methods.
Performing measurements with even lower partial pressures of the sample gas can
circumvent the problem of a disturbed energy balance.
Secondly, the fact that the inversion problem typically is ill-conditioned and needs
regularization might give solutions for σa that are over-smoothed in energy. Often, the
regularization parameter has to be increased even more than given by the corner of the
L-curve in order to obtain positive solutions for σa . In addition, any contribution to σa
below a certain threshold, typically 5% of the peak value, has to be neglected. In case
of one dominant attachment channel that exceeds all other weaker channels by at least
1 order of magnitude, only the dominant attachment channel can be detected in the
solution of σa . SF6 is such an example where due to very large parent ion attachment,
the other channels are not visible within the linear inversion method.
From a more general point of view, the need of regularization might be undesirable
since the original inversion problem has to be modiﬁed. At the same time, it acts as an
indicator for the cross section unfolding method not being accurate without extending
the range of the experimental data or any additional information on the shape of the
cross section. Therefore, any solution for σa derived from a certain data set by means of
an unfolding method that does not regularize the problem is highly questionable being
well-deﬁned and robust with regard to uncertainties in the data.
6. Summary and Outlook
We introduced a method for the investigation of attachment cross sections from swarm
parameters. For this purpose, a sample gas was added in small proportion to diﬀerent
buﬀer gases and the eﬀective ionization rate constants were measured. The measured
data was unfolded from the known electron energy distribution of the pure buﬀer gas
by applying straightforward routines for so-called ill-posed problems in order to obtain
an approximated solution for the attachment cross section. We explained the method
in detail and applied it to the gases SF6 and C3 F8 . We discussed the usefulness of the
method for the cross section derivation from swarm data as well as its limitations.
The rapid determination of the attachment properties of electronegative gases in
our experiment gives important insights into their suitability as high voltage insulation
gases or as additives in gas mixtures. By our swarm parameter measurements, we aim
to investigate the attachment cross sections as well as the critical electric ﬁeld strengths
of interesting candidate gases, for which no complete cross section data exists at this
date.
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