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Abstract
In the last decades, low-dimensional electronic and magnetic systems, and their extraordinary quantum-mechanical properties, have attracted a lot of experimental and theoretical interest.
This thesis is dedicated to the experimental study of the organometallic material
(C7 H10 N)2 CuBr4 (DIMPY), discovered in 2007. Due to its crystal structure, the copper ions and their electronic spins build a one-dimensional coupling network, a so-called
antiferromagnetic Heisenberg spin ladder in the strong-leg coupling regime. The clean onedimensionality of this system and the comparatively small interaction strength between
copper spins enable to strongly influence the magnetic properties at low temperatures or
applied magnetic fields and to drive it through a series of quantum phase transitions. In
fact, it is possible to access the full temperature-field phase diagram of this material with
conventionally available low temperatures in the millikelvin-range and magnetic fields up
to a few dozen of Tesla.
In this thesis, the static and dynamic magnetic properties of DIMPY were studied with a
series of inelastic neutron scattering experiments and magneto-thermodynamic measurements, throughout its phase diagram. The following topics were covered:
1.) Large and deuterated single crystals with masses up to several grams were grown and
characterized in our laboratories at ETH Zürich.
2.) Inelastic neutron scattering experiments were performed at zero field and at lowest temperatures, by applying both the triple-axis and time-of-flight neutron scattering
techniques. The thereby obtained excitation spectrum was studied in combination with
numerical Density Matrix Renormalization Group (DMRG) calculations, enabling for example to determine the exchange constants of the 1D Hamiltonian.
3.) The field-dependence of the dynamical structure factor was measured with inelastic
neutron scattering experiments. At a critical magnetic field of µ0 H ' 2.6 T, the quantum
phase transition from the low-field gapped spin liquid to a gapless Tomonaga-Luttinger
spin liquid (TLSL) state was observed, along with the associated spectral changes. In
particular, the transformation of the sharp and gapped excitation modes at low fields into
intercalated, highly structured, gapped and gapless continua above the critical field was
studied. We were able to confirm so far experimentally untested quantum field theoretical
predictions concerning several spectral features. Furthermore, numerical DMRG calculations enabled to reproduce the measured spectra, in quantitative agreement. In addition
to a recent study of the opposite and complementary strong-rung spin ladder material
BPCB, addressing the lowest-energy continuum only, we reported the first observation of
the complete spectrum in the field-induced TLSL regime of a strong-leg spin ladder.
4.) The finite-temperature properties at zero field were studied using a series of inelastic
neutron scattering experiments. The magnon excitation was observed to be subject to a
iii

thermal renormalization of its gap energy or lifetime and to acquire an intrinsic linewidth
at higher temperatures. The obtained results were compared to theoretical predictions
and a recent thorough combined study of various gapped quantum magnets. The universal
thermal effects observed in the latter could be confirmed for the material DIMPY as well.
5.) In order to experimentally test universal scaling predictions due to the quantum criticality of the field-induced TLSL state, inelastic neutron scattering experiments were
performed with the time-of-flight technique. The temperature- and field-dependent local
dynamical structure factor S(ω) was observed to collapse onto a single curve, if shown
in scaled variables, thus confirming quantum criticality. In addition, it could be shown
that the scaling curve itself is well-described by the quantum field theoretical prediction
and the thereby obtained TLSL parameters were found to agree with numerical calculations. Consequently, the universal scaling predictions of the field-induced TLSL state of
a gapped quantum magnet could be experimentally confirmed.
6.) Comprehensive magneto-thermodynamic measurements of the magnetic moment and
specific heat were performed throughout the (H, T )-phase diagram. The low-temperature
properties of these quantities were found to change fundamentally by crossing the quantum
critical points at µ0 H ' 2.6 T and 29 T, separating the spin liquid, TLSL and fully
polarized state from each other. The low-temperature asymptotics of these quantities
enabled to determine the key parameters of the respective regimes: The magnon gap and
relativistic velocity c (H < Hc1 ) as well as the field-dependence of the Fermi velocity u
and the TLSL exponent K (H > Hc1 ), respectively. In the specific heat measurements
performed above the critical field, lambda-shaped anomalies were observed. The latter
indicate the thermal phase transition to an antiferromagnetic ordered state, also referred
to as a Bose-Einstein condensate (BEC) of magnons.
In conclusion, the static and dynamic properties of the strong-leg Heisenberg spin ladder material (C7 H10 N)2 CuBr4 were studied with magneto-thermodynamic and inelastic
neutron scattering experiments, throughout the (H, T )-phase diagram. The large precision with which for example the spectral features could be observed and the quantitative agreement between experiment, numerics and analytic theory is only enabled by
the following aspects: 1. The discovery and synthesis of novel materials with excellent
one-dimensionality and well-suited energy scales, 2. the recent advances in neutron instrumentation at large-scale facilities (in particular the new time-of-flight spectrometers),
3. the novel numerical methods and codes for one-dimensional quantum system and 4. the
vast number of available theoretical studies for such systems.
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Zusammenfassung
Niedrigdimensionale elektronische und magnetische Systeme haben in den letzten Jahrzehnten aufgrund ihrer aussergewöhnlichen quantenmechanischen Eigenschaften ein reges experimentelles und theoretisches Interesse geweckt.
Diese Doktorarbeit befasst sich mit der umfangreichen experimentellen Untersuchung der
eindimensionalen magnetischen Eigenschaften eines neuartigen organometallischen Materials, (C7 H10 N)2 CuBr4 (DIMPY). Aufgrund der Kristallstruktur bilden die Kupferatome und deren elektronische Spins ein eindimensionales Kopplungsmuster, eine sogenannte antiferromagnetische Heisenberg-Spinleiter mit einer dominaten Kopplung entlang der Holme. Die klare Trennung der eindimensionalen Einheiten dieses Materials und die vergleichsweise schwachen Wechselwirkungen zwischen den Kupferatomen
ermöglichen, das physikalische Verhalten bei tiefen Temperaturen sowie hohen magnetischen Feldstärken stark zu beeinflussen und eine Reihe von Quantenphasenübergängen
zu induzieren. Tatsächlich lässt sich das ganze Temperatur-Feld-Phasendiagramm durch
konventionell erreichbare tiefe Temperaturen im Millikelvin-Bereich und hohe magnetische
Feldstärken von bis zu einigen Dutzend Tesla untersuchen.
Die statischen und dynamischen magnetischen Eigenschaften von DIMPY wurden innerhalb des gesamten Phasendiagramms anhand von umfangreichen Neutronenstreuungsexperimenten sowie der Messung thermodynamischer Grössen untersucht. Die folgenden
Aspekte werden in der Arbeit besprochen:
1.) Vollständig deuterierte Einkristalle mit einer Masse von bis zu mehreren Gramm wurden in unseren Laboratorien an der ETH Zürich gezüchtet und charakterisiert.
2.) Mit Hilfe von Dreiachsenspektrometern sowie der Neutronen-Flugzeit-Methode wurden
inelastische Neutronenstreuungsexperimente im Nullfeld durchgeführt. Das damit untersuchte Anregungsspektrum ermöglichte in Kombination mit numerischen DichtematrixRenormierungsgruppen-Rechnungen, unter anderem die Parameter des Hamiltonoperators zu bestimmen und die Anregungen gemäss ihrer Symmetrie zu trennen.
3.) Mit inelastischen Neutronenstreuungsexperimenten wurde die Feldabhängigkeit des
dynamischen Strukturfaktors studiert. Dabei wurde bei einem kritischen Feld von µ0 Hc1 '
2.6 T der Quantenphasenübergang zu einem Tomonaga-Luttinger Spinflüssigkeitszustand
(TLSL) und die damit einhergehenden spektralen Veränderungen beobachtet. Unter anderem wurde untersucht, wie sich die ursprünglich scharfen Anregungsmoden mit spektralen Lücken in überlappende, strukturierte sowie teilweise lückenlose Anregungskontinua verwandeln. Damit konnten bislang experimentell nicht überprüfte quantenfeldtheoretische Vorhersagen spektraler Merkmale bestätigt werden. Numerische Rechnungen
ermöglichten aussderdem, das beobachtete Spektrum in quantitativer Übereinstimmung
zu reproduzieren. Im Gegensatz zu kürzlichen Untersuchungen am komplementären Spinleiter Material BPCB, das sich durch eine dominante Sprossenkopplung auszeichnet und in
dem das Anregungskontinuum bei tiefsten Energien studiert wurde, haben wir zum ersten
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Mal das vollständige Spektrum eines Spinleitersystems mit dominanter Holmenkopplung
im feldinduzierten TLSL Zustand vermessen können.
4.) Inelastische Neutronenstreuungsexperimente wurden im Nullfeld als Funktion der
Temperatur durchgeführt. Es konnte beobachtet werden, wie die ursprünglich scharfe
Magnonanregung mit zunehmender Temperatur eine thermische Renormierung der Lückenenergie, eine endliche Lebenszeit und somit eine intrinsische Linienverbreiterung erhält.
Die Resultate wurden mit theoretischen Vorhersagen sowie einer kürzlich publizierten umfassenden Studie an anderen magnetischen Materialien verglichen. Die darin beobachtete
universelle Temperaturabhängigkeit konnte für ein weiteres Material bestätigt werden.
5.) Um die experimentell bislang nicht überprüften universellen Skalengesetze des feldinduzierten TLSL Zustands zu untersuchen, wurden inelastische Neutronenstreuungsexperimente mit Hilfe der Neutronenflugzeit-Spektroskopie durchgeführt. Es wurde beobachtet,
wie der temperatur- und energieabhängige lokale dynamische Strukturfaktor S(ω) in
skalierten Variablen aufgrund der Quantenkritikalität auf eine einzelne Kurve fällt. Es
wurde gezeigt, dass die Skalierungskurve selbst durch die quantenfeld-theoretische Vorhersage beschrieben ist und dass die bestimmten TLSL-Parameter mit numerischen Rechnungen übereinstimmen. Somit konnten experimentell die universellen Skalengesetze des
feldinduzierten TLSL Zustands von magnetisch eindimensionalen Systemen mit einer Energielücke bestätigt werden.
6.) Umfassende Messungen der Temperatur- und Feldabhängigkeit der spezifischen Wärme
und des magnetischen Moments wurden durchgeführt. Es wurde beobachtet, wie sich das
Tieftemperaturverhalten dieser Grössen grundlegend ändert, wenn bei µ0 Hc1 ' 2.6 T und
29 T die Quantenphasenübergange zu einem TLSL Zustand beziehungsweise zu einem
vollständig polarisierten Zustand induziert werden. Mit Hilfe des Tieftemperaturverhaltens dieser Grössen konnten die Schlüsselparameter der jeweiligen Phasen bestimmt werden: Die Magnonenenergielücke und deren relativistische Geschwindigkeit c (H < Hc1 )
sowie die Feldabhängigkeit der Fermi-Geschwindigkeit u und des TLSL-Exponenten K
(H > Hc1 ). In den kalorischen Messungen wurden oberhalb des kritischen Feldes Anomalien entdeckt, die auf einen thermischen Phasenübergang zu einem antiferromagnetisch
geordneten Zustand hindeuten. Letzerer wird in der Literatur oft als Bose-EinsteinKondensat von Magnonen bezeichnet.
Zusammenfassend konnten mittels thermodynamischer Messungen und Neutronenstreuungsexperimenten die statischen und dynamischen Eigenschaften des HeisenbergSpinleitermaterials (C7 H10 N)2 CuBr4 innerhalb des gesamten (H, T )-Phasendiagramms
untersucht werden. Die Möglichkeit, solche Systeme mit der in dieser Arbeit präsentierten Genauigkeit und in quantitativer Übereinstimmung mit numerischen und analytischen Berechnungen zu vermessen, ist massgeblich durch die folgenden vier Punkte
geprägt: 1. Die Entdeckung und Synthese neuer Materialien mit geeigneten magnetischen
Eigenschaften, 2. dem Fortschritt in der Neutronenspektroskopie-Instrumentierung an
den grossen Forschungszentren (insbesondere der Flugzeit-Spektrometer der neuen Generation), 3. den neuartigen numerischen Methoden und Programmen für eindimensionale
Quantensysteme sowie 4. der Vielzahl an vorhandenen analytischen Resultaten für solche
Systeme.
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Chapter 1
Introduction
1.1

Low-dimensional magnetism

Common magnetic materials show very similar behaviour. At high temperatures, they
remain paramagnetic and barely tend to develop a magnetic moment co-aligning with an
applied magnetic field [1]. However, if cooled down below a certain temperature Tc , they
suddenly undergo a phase transition and become magnetically ordered. An iron magnet,
for example, becomes a ferromagnet, while other materials become antiferromagnets or
show complex emergent magnetic structures [2, 3].
The study of these thermal phase transitions has been subject to a tremendous amount
of research during the last few decades [4, 5, 2]. It is now well-understood that they
are driven by an interplay between the internal energy U favouring an ordered state
and the entropy S preferring maximal disorder [5]. At high temperatures T  Tc , the
entropy contribution dominates the free energy. The entities responsible for the magnetic
behaviour1 remain uncorrelated and point in random directions. However, at very low
temperatures T  Tc , the internal energy contribution dominates. The latter favours
neighbouring spins for example to co-align and the system displays long-range order [5].
In between, right at the critical temperature Tc , the system spontaneously choses one out
of many ordered state. The symmetry present in the high-temperature phase suddenly
lowers at Tc , it gets spontaneously broken. Based on this symmetry breaking principle, a
vast number of powerful techniques and concepts describing the critical behaviour were
developed, such as Landau Mean-Field theory [6], critical exponents [5] or the concepts
of scaling, universality and the renormalization group [7, 8]. Nowadays, these thermal
phase transition and ordering phenomena are largely understood, not only for magnetic
but for a wide and diverse range of phase transitions including e. g. structural, magnetic,
ferroelectric, multiferroic, nematic phase transitions [5] or the transition to more exotic
states such as charge and spin density waves (CDWs and SDWs) [9] or superconductors
[10].
1

In this thesis, the latter will turn out to be ions carrying a non-zero spin.
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Although magnetism itself is a phenomenon deeply rooted in quantum mechanics [11] and
although quantum mechanics plays a crucial role on the microscopic scale [12, 13, 14],
the critical behaviour of thermally induced magnetic phase transitions is mostly captured
by classical Hamiltonian functions and classical statistical physics, at least close to Tc
[15]. The reason is simple: By approaching the critical point, the typical length scale of
local fluctuations ξ diverges but also the typical time scale τ describing for how long local
fluctuations survive. At Tc , these fluctuations slow down and their typical frequency ω0
becomes zero. Therefore, close to Tc , the condition ~ω  kB T is always fulfilled and a
classical description is justified [15].
Nevertheless, magnetic systems behave differently if their dimensionality is reduced, for
example if the magnetic entities are coupled only in one or two spatial dimensions [16, 17].
In particular, as rigorously proved by N. Mermin and H. Wagner [18], there can not be
any spontaneous breaking of a continuous symmetry at a finite critical temperature for
one- and two-dimensional systems. More dramatically, in many one-dimensional systems,
even the ground state itself is disordered. In other words: The picture of a ferro- or
antiferromagnetic ground state with spins pointing up or alternately up and down becomes
meaningless. This counterintuitive behaviour is based on the breakdown of the classical
picture: These systems are described in terms of the quantum-mechanical dynamics of
spin operators rather than classical magnetic moments and consequently, this branch of
study is called quantum magnetism [19, 20].
Even though one dimensional systems are disordered both at finite and zero temperature, their properties are highly complex [16, 17]. These systems provide an excellent
playground in order to experimentally, numerically and theoretically study exotic ground
and excited states of quantum many-body systems [16, 17] as well as transitions between
them, induced by the application of non-thermal parameters such as applied magnetic
fields, pressure or chemical composition. The latter are referred to as quantum phase
transitions and are a particularly hot topic in condensed matter physics [21, 15].
Despite the simple geometry of one-dimensional space, the quantum mechanical problem of an infinite number of interacting quantum mechanical spins is highly non-trivial.
In order to tackle the latter, a vast number of analytic and numerical techniques were
developed and for one-dimensional systems, many analytic results are available [16, 22].
They range from exact quantum mechanical solutions [23, 24], techniques from quantum
mechanical perturbation theory to quantum field theoretical approaches [16, 22, 25, 26].
Furthermore, the recent advances in numerical techniques [16, 27] allows nowadays to
numerically calculate static and dynamic properties of 1D systems with extremely high
precision, especially if compared to their higher-dimensional analogues.
Certainly, one-dimensional spin systems are not only a fruitful playground for theoretical
physicists. Such systems often appear in nature, for example in form of crystalline materials [28]. Special crystal structure occasionally favour the interaction between magnetic
entities in one or two dimensions, leading to essentially one- or two-dimensional magnets.
Since the translational symmetry is ensured, these materials are perfect prototypes with
well-defined Hamiltonians, enabling to experimentally study one-dimensional many-body
physics in great detail.
2

1.1 Low-dimensional magnetism

Moreover, since the one-dimensional magnetic entities are embedded in a strictly translationally invariant crystal structure, experiments addressing bulk properties can be performed on single crystals with masses up to several grams, enabling to use a variety of
different experimental techniques for this purpose [29, 30, 31, 32, 33]. This is in contrast
to other low-dimensional electronic or magnetic study subjects which either have to be
synthesised and stabilised in the laboratory with high-tech equipment or which are inherently microscopic and only exist as ultrathin 1D or 2D objects with a thickness or
diameter of few atoms. Examples include 2D lattices on surfaces such as e. g. magnetic
ultrathin films [34] or graphene [35], 1D objects such as carbon nanotubes [36], carbon
nanotubes filled with fullerenes filled with spin-carrying atoms [37, 38, 39], 1D and 2D
electron gases in quantum wires or quantum wells [40, 41] or cold fermionic or bosonic
atoms trapped in one- or two-dimensional optical lattices [42, 43, 44, 45].
Due to the recent developments of low-temperature cryogenics [46], high-field magnet
construction as well as spectroscopic and neutron scattering instrumentation [29, 30, 32],
the various physical properties of naturally occurring low-dimensional magnetic materials
can nowadays be studied with great precision and under most exotic conditions. The
latter include low and high temperatures, high magnetic and electric fields or applied
pressure.
It is the fruitful interplay between (a) the discovery and synthesis of novel materials
described by simple toy Hamiltonians, (b) the vast improvements in low-temperature
or high-field techniques and neutron or photon scattering instrumentation and (c) the
progress in analytic theory and (d) in powerful numerical techniques that enables today to
study one-dimensional quantum magnetism experimentally, numerically and theoretically
on a fully quantitative level and to observe subtle effects and features.
In this work, we study such a novel material which realizes a one-dimensional spin system, a so-called antiferromagnetic two-leg S = 1/2 Heisenberg spin ladder. This material,
(C7 H10 N)2 CuBr4 or DIMPY for short, was discovered in 2007 [47]. We will touch and
combine all four branches mentioned above: (a) Large single crystals were grown and
characterized in our laboratories at ETH Zürich, enabling a variety of experimental investigations. (b) We took advantage of the powerful neutron scattering instruments at
large-scale facilities as well as of our thermodynamic measurement equipment at ETH
Zürich, and studied the spin ladder properties throughout its complete (H, T )-phase diagram, down to temperatures as low as 50 mK and up to high magnetic fields above 50 T.
(c, d) These measurements were shown to quantitatively agree with both analytic theories as well as state-of-the-art numerical calculations, performed by P. Bouillot, Prof. C.
Kollath and Prof. T. Giamarchi from the university of Geneva.
In the next sections, the spin ladder system as well as its rich (H, T )-phase diagram are
briefly introduced, before some known and studied spin ladder materials are presented
and discussed. Finally, an outline of this PhD thesis is given.
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1.2

The AF S = 1/2 Heisenberg spin ladder

In general, a n-leg spin ladder is an arrangement of n interacting one-dimensional chains,
each consisting of quantum mechanical spins at sites l, interacting with their neighbours
[48]. In this thesis, magnetic ions will be responsible for the magnetic behaviour. Each ion
carries an effective spin S and interacts with its neighbours, e. g. through superexchange
[49, 50]. The nature of the ground state and low-energy excitation spectrum depends on
the product of the number of legs n and the spin quantum number S [51, 25]. If n · S is
integer, the ladder remains in a quantum-disordered, non-magnetic spin liquid state with
short-ranged spin-spin correlations hSlz Slz0 i and gapped excitations [25]. If n · S is not
integer, the ground state is an exotic Tomonaga-Luttinger spin liquid (TLSL) [52, 53, 54]
with algebraically decaying correlations (quasi long-range order) and characteristic gapless
two-spinon excitations [16].
In this work, the two-leg antiferromagnetic S = 1/2 Heisenberg quantum spin ladder is
studied [48]. The Hamiltonian can be written as

X
X
X
z
Sl,j
(1.1)
Sl,1 Sl,2 − gµ0 µB H
Sl,1 Sl+1,1 + Sl,2 Sl+1,2 + Jrung
H = Jleg
l,j

l

l

+ −
− +
z
α
with Sl,j Sl0 ,j 0 = Sl,j
Slz0 ,j 0 + 12 (Sl,j
Sl0 ,j 0 +Sl,j
Sl0 ,j 0 ) and Sl,j
denoting the spin operator component α = {z, +, −} at site l of the ladder leg j = 1, 2. The last term describes the Zeemaninteraction with the electron g-factor g, the permeability of free space µ0 = 4π·10−7 N A−2 ,
the Bohr magneton µB and the strength of the magnetic field H = (0, 0, H), pointing along
the z axis. In real spin ladder materials, the ’pure’ spin ladder Hamiltonian in equation
(1.1) may be perturbed by additional intra- or inter-ladder interactions. In this work,
diagonal exchange Jd with terms proportional to Sl,1 Sl+1,2 as well as inter-ladder interactions J 0 will be important (fig. 1.1).

S1,1

S2,1

S3,1

Jleg

S4,1

Jrung

S1,2

S3,2

S4,2

J'

Jd,1

Jd,1

Figure 1.1: Illustration of the most important interactions of the pure spin ladder (red) as well
as further intra- or inter-ladder interactions (orange).
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The spin ladder Hamiltonian in equation (1.1) features several important symmetries,
such as a global SU(2) and U(1) rotational symmetry in zero and finite magnetic fields or
a translational symmetry along the ladder. Furthermore, in the absence of e. g. diagonal
interactions, the ladder is invariant under the permutation of the two ladder legs. These
dynamical symmetries enable to label the eigenstates of H by a set of quantum numbers:
The total spin S = Stot , the spin-projection along the z-axis MS , a k vector kk out of
the first Brillouin zone −π < kk < π due to the translational symmetry (Bloch’s theorem
[1]) as well as a perpendicular k vector k⊥ with k⊥ = 0 or k⊥ = π for symmetric and
antisymmetric excitations [55]. This notation will be used throughout the thesis.

1.3

Generic spin ladder phase diagram

Strictly speaking, there are no finite-temperature phase transitions in one-dimensional
systems with a continuous symmetry [56]. However, by applying a magnetic field, the
ground state and low-energy excitation properties may change abruptly due to quantum
phase transitions [21]. The nature of the ground state and low-energy spectral properties
strongly affects the finite-temperature behaviour of static and dynamic physical properties. Thus, it is possible to define a ’phase’ or ’regime’ diagram illustrating these various
regimes and crossovers between them. Figure 1.2a illustrates the generic phase diagram
of a S = 1/2 Heisenberg spin ladder. In particular, the spin-liquid (SL), the TomonagaLuttinger spin liquid (TLSL), the quantum critical (QC), the fully polarized (FP) regime
and the magnetically ordered state will be discussed now.
In zero field, the ground state of the Heisenberg two-leg spin ladder is a non-magnetic
singlet state2 . The low-energy excitation spectrum consists of a set of gapped triplet
excitations, so called magnons (fig. 1.2b) [25]. Showing a sharp energy-momentum dispersion, they are referred to as quasiparticles. Due to the spin gap and thus exponentially
suppressed thermal population of excited states, thermodynamic response functions such
as specific heat or susceptibility are exponentially activated at low temperatures [57].
Equal-time spin-spin correlation functions hS0z Slz i are short-ranged, with a finite correlation length ξ [58].
By applying an external magnetic field H, the threefold degeneracy of the S = 1 magnon
excitation is lifted into its MS components according to the Zeeman-effect [59] (fig. 1.2c).
With increasing magnetic field, the gap linearly decreases and at a critical field of µ0 Hc1 =
∆/(gµB ), the MS = 1 component of the magnon becomes zero. Unlike in finite-size
systems, where a level crossing (or anti-crossing) would occur, the infinite-size system
undergoes a quantum phase transition, i. e. in the infinite-lattice limit, the ground state
energy and wave function change in a non-analytic way at Hc1 [21].
The state beyond Hc1 is a Tomonaga-Luttinger spin liquid (TLSL) [52, 53, 54, 16] describing the low-energy physics of any gapless one-dimensional quantum system, as first
conjectured by Haldane [51].
2

With quantum numbers S = 0, MS = 0, kk =0 and k⊥ = 0.
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T

(a)

Paramagnet
J
Δ

Luttinger
Liquid
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FP
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0.5

0.6
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Figure 1.2: (a) Generic phase diagram of the S = 1/2 AF Heisenberg spin ladder. (b)-(d)
Zero-temperature spectrum at H = 0, H < Hc1 and H > Hc1 respectively.

It replaces the Landau Fermi-Liquid theory [60, 61] describing gapless interacting
fermions in higher dimensions. The TLSL state is characterized by a ground state with
finite susceptibility and a gapless excitation spectrum with linear threshold (fig. 1.2d).
Unlike in the spin liquid regime, correlations are not short-ranged but decay algebraically
[16]. Both the correlation length ξ and the characteristic time τ = ξ z are hence infinitely
large, and there is no typical length beyond which spins are essentially uncorrelated and
no typical time τ after which a system forgets about its initial state. Thus, the TLSL
state is at criticality [62], with divergent ξ and τ but still without finite static correlations
and thus no Bragg diffraction.
At the critical field Hc2 , the system undergoes a second quantum phase transition, from
the TLSL to a fully polarized FP state [63, 64]. In the latter, all spins are forced to
co-align with the magnetic field. The FP state is described by a completely magnetized
z
ground state |FPi with hFP|Sl,j
|FPi = 21 . Although all spins are co-aligning, the FP
state is disordered, since there is no spontaneous breaking of the systems transverse U(1)
symmetry. In the FP phase, the excitation spectrum acquires a spin gap with ∆ =
gµ0 µB (H − Hc2 ) between the fully polarized ground state and the first excited state with
a MS value reduced by 1 [65]. The maximal polarization of the ground state enables
to exactly calculate the low-energy spectrum with standard many-body techniques [65],
similar to the spin-wave theory in ordered magnets [1].
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The quantum critical points at Hc1 and Hc2 , separating the TLSL state from the SL
and FP states are described by the distinct dynamical critical exponent z = 2 [62]. The
physics in the grey-shaded are at kB T  gµ0 µB |H − Hc,j | is governed by this quantum
critical point and shows different scaling relations [62].
In real materials, there are always at least weak inter-ladder interactions present, rendering
the effective coupling network three-dimensional. The SL and FP states are protected from
such interactions and remain gapped even in the presence of weak inter-ladder interactions
[66, 67]. The latter merely renormalize e. g. the magnon dispersion parameters. The TLSL
state, however, features an infinitely large correlation length and is at criticality [16]. It
is at the verge of order and without inter-ladder interactions, the phase transition is only
prevented by the system’s one-dimensionality [56]. Consequently, any finite inter-ladder
interactions immediately lead to a finite critical temperature Tc below which the system
undergoes a ordinary thermal second-order phase transition [68]. There, it breaks the
rotational symmetry around the magnetic field, develops transverse magnetic order and
becomes a canted antiferromagnet.
The magnetic ordered state is often referred to as a Bose-Einstein condensate (BEC)
of magnons [69]. It relies on a mathematical mapping of the spin ladder magnons to a
Hardcore-bosons [70], i. e. bosons with an infinitely large on-site repulsion. Although the
treatment of hard-core bosons is a formidable mathematical problem, just around the
critical fields, the boson density is low and the hardcore constraint irrelevant [68]. The
quantum critical points at Hc1 and Hc2 thus correspond to the universality class of an
ordinary BEC transition and there is a one-to-one correspondence [69] between e. g. the
order parameter or the boson density of a magnon BEC and conventional types of BECs
as frequently appearing cold gases in optical lattices [71, 72].
Finally, once the temperature is increased to kB T  Jleg , Jrung , the spins decouple from
each other, the entropic contribution dominates and the system behaves as an ordinary
paramagnet with Curie-Weiss-like susceptibility or T −2 behaviour of specific heat [14].
In conclusion, a spin ladder system exhibits a rich and fascinating temperature-field phase
diagram with strongly different static, kinematic and dynamic physical properties.

1.4

Spin ladder materials

There are numerous materials in nature that are excellent realizations of Heisenberg S =
1/2 spin ladder Hamiltonians. Table 1.1 summarizes a few materials.
The magnetic behaviour of these materials is governed by the valence electrons in the
partially filled 3d-like atomic orbitals of the copper Cu2+ ions. The latter have 9 electrons
(4 pairs and one unpaired electron), thus leading to a total spin of S = 1/2. Unlike
in itinerant magnetic systems, such as e. g. the band ferromagnets Fe or Co [1, 50], the
magnetism of these systems arises due to interacting localized magnetic moments on the
copper sites. These systems thus belong to the class of Mott insulators [50].
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Material
Sr14 Cu24 O41
La4 Sr10 Cu24 O41
SrCu2 O3
BiCu2 PO6
IPA-CuCl3
BPCB
DLCB
Cu(DEP)Br2
Cu(DMP)Cl2
Cu(Qnx)Br2
Cu(Qnx)Cl2
5(IAP)2 CuBr4 ·H2 O

Jleg /meV
130
186
160
6.9
1.2
0.31
0.60
0.73
1.2
2.0
1.6
0.06

Jrung /meV
72
124
80
6.2
2.9
1.09
0.64
1.5
2.4
3.3
3.0
1.12

x
1.8
1.5
2
1.1
0.41
0.28
0.94
0.5
0.5
0.6
0.5
0.06

∆/meV
32.5
26.4
36
2.9
1.17
0.78
0.29
1.1
1.8
2.0
1.9
1.05

Additional Refs.
[73, 74]
Jcyc
[75]
[76, 77]
JNNN , J 0
[78]
0
Jdiag , J
[79, 80]
[81, 82]
0
J , Janis
[83, 84]
[85, 86]
[86]
[87, 88]
[88]
[89]

Table 1.1: List of inorganic materials (upper part) and organometallic materials (lower part)
realizing the Heisenberg spin ladder Hamiltonian. Jleg and Jrung describe the leg and rung
exchange constants, x = Jleg /Jrung and ∆ denotes the spin gap. Additional interactions shown
to be significant are listed as well. Jcyc : Cyclic exchange. JNNN : Next-nearest neighbour
interactions. J 0 : Inter-ladder interactions. Janis : Anisotropic interactions.

The effective low-energy physics of these systems is, to a first approximation, described in
terms of an isotropic Heisenberg Hamiltonian3 with terms Sl,j · Sl0 ,j 0 as present in equation
(1.1).
The interaction between localized magnetic moments is mediated by the ligand anions
located in between the Cu2+ cations. Examples include the anions O2− , Cl− or Br− ,
featuring a noble gas electron configuration. Due to the hybridization of the copper dtype orbitals with the ligand p-type orbitals, the latter enable to ’mediate’ the interaction
between the copper ions [50]. This mechanism is called ’superexchange’ [90, 49] and it can
lead to comparatively large exchange constants J up to several hundreds of meV. These
arguments remain handwaving but a thorough mathematical explanation is beyond the
scope of this introduction and we refer to the book [50].
Some of the materials presented in table 1.1 are inorganic cuprates (copper oxide materials), such as e. g. Sr14 Cu24 O41 [73, 91, 74] or SrCu2 O3 [76]. In these materials, the
interaction between usually octahedrally coordinated copper Cu2+ ions is mediated by
the p-orbitals of the oxygen O2− ions. Due to the strong overlap of the oxygen 2p- and
copper 3d-type orbitals, typical exchange constants are large with J ≈ O(100 meV). Critical fields are hence as high as µ0 Hc1 ≈ 300 T. Therefore, under experimental conditions,
only the spin liquid phase in the limit H  Hc1 can be studied. The cuprate material
Sr14 Cu24 O41 and its derivatives belong to the most studied inorganic spin ladder materials
[73, 91, 74].

3

Additional non-Heisenberg interactions may be present since the orbital momentum is not completely
quenched by a tetrahedral or octahedral crystal field and due to relativistic spin-orbit interactions [50].
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In the last few decades, a vast number of halide-based organo-metallic materials has been
discovered [92, 93]. They consist of often tetrahedrally coordinated [CuX4 ]2− units (with
X = Br, Cl) and organic molecules which act as spacer and separate the magnetic units
from each other. The localized spins on the copper ions are mutually interacting through
super-exchange interactions mediated by the halide ions. The latter is usually orders of
magnitude weaker than oxygen-based superexchange and typical exchange constants are
comparatively weak with J ≈ O(1 meV) [92].
Due to the low energy scales, typical critical field strengths µ0 Hc1 , µ0 Hc2 are on the order
of several Tesla. With conventional superconducting magnets, it is possible to study both
spectral properties (using e. g. inelastic neutron scattering), transport quantities as well
as magneto-thermodynamic properties (specific heat, magnetization, etc) throughout the
complete phase diagram, i.e. both in the SL, TLSL, QC, and FP regimes as well as in
the magnetically ordered phase, if present.
The materials (CH3 )2 CHNH3 CuCl3 (IPA-CuCl3 ) [94] and (C5 H12 N)2 CuBr4 (BPCB) [95]
belong to the most studied organo-metallic spin ladder materials and their static and
dynamic properties have been studied throughout a large part of the phase diagram using
a vast number of methods, such as neutron diffraction [96], inelastic neutron scattering
[79, 97, 98, 99, 100, 96, 82], neutron resonance spin echo [101], measurements of specific
heat [102, 103, 96], magnetization [94, 81], magnetostriction [104], magnetocaloric effect
[103, 96], thermal expansion [105] or electron spin resonance (ESR) [95, 106, 107] and
nuclear magnetic resonance (NMR) [108, 109].
However, being in the limit with x = Jleg /Jrung  1, most of the underlying physics of
these systems could be understood in terms of weakly coupled dimers. Therefore, what
has been missing so far is a material with 1.) a clean Heisenberg spin ladder Hamiltonian
without additional difficulties, 2.) low enough energy scales to access a large part of the
phase diagram but 3.) with dominant leg exchange and thus realizing the case of weakly
coupled chains rather than dimers.
In fact, such a material has been discovered in 2007: The organometallic spin ladder
material (C7 H10 N)2 CuBr4 , also known as DIMPY [47]. A first neutron scattering experiment [110] proved that this material features excellent one-dimensionality and low energy
scales as well as a probably dominant leg exchange. In this thesis, a thorough study of
the thermodynamic and dynamic properties of this material will be presented, throughout
the (H, T )-phase diagram.

1.5

Outline of this thesis

In chapter 2, the crystallographic and structural properties of (C7 H10 N)2 CuBr4 are presented. The experiments performed prior to the start of this thesis are briefly summarized.
In addition, the crystal growth as performed in our laboratories at ETH Zürich is discussed along with the characterization using single-crystal X-ray diffraction. The sample
preparation and sample holder construction for inelastic neutron scattering is mentioned.
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Chapter 3 summarizes the basic theoretical background of the neutron scattering techniques applied in this thesis. After a general introduction, the triple-axis neutron spectrometer and the neutron time-of-flight technique are discussed in some detail.
Chapter 4 devotes itself to the excitation spectrum of the spin ladder DIMPY at zero magnetic field. Comprehensive inelastic neutron scattering experiments performed both with
the triple-axis and neutron time-of-flight technique are presented. The leg-permutation
symmetry of the ladder is exploited in order to measure antisymmetric and symmetric
excitations in different regions of the Brillouin zone. Measurements are compared to
state-of-the-art numerical DMRG calculations, allowing to determine the spin Hamiltonian. Finally, the evolution of the dynamical structure factor from the strong-rung to the
strong-leg coupling regime is discussed, in combination with analytic results and numerical
DMRG calculation performed by our collaborators.
In chapter 5, inelastic neutron scattering experiments in the zero-field spin liquid regime
and at various finite temperatures are presented. The temperature-dependence of the
magnon gap and lineshape is determined and compared to recent studies on various
gapped quantum magnets and theoretical results based on the mapping to the non-linear
sigma model.
Chapter 6 deals with the zero-temperature dynamical structure factor at finite applied
magnetic fields as observed with several inelastic neutron scattering techniques. Measurements of the neutron scattering spectrum throughout the entire 1D Brillouin zone
performed with different neutron scattering techniques are presented, both in the spin
liquid and field-induced Tomonaga-Luttinger spin liquid regime, again in combination
with DMRG calculations and analytic quantum field theoretical results.
In chapter 7, we exploit the fact that the field-induced TLSL state is in fact a quantum
critical point. The associated z = 1 quantum critical scaling is tested by performing
inelastic neutron scattering studies of the lowest-energy excitations, in the field-induced
TLSL state and as a function of temperature. After having successfully verified the scaling
properties, our findings are compared to quantum field theoretical predictions based on
the bosonization method and numerical calculations.
In chapter 8, magneto-thermodynamic experiments of the field- and temperaturedependence of specific heat and magnetization throughout the entire phase diagram are
discussed. It is shown, how these quantities fundamentally change in the SL, TLSL and
FP regime. In addition, the key parameters describing the low-energy excitations are
extracted from the low-temperature behaviour of the thermodynamic response functions
and compared to numerical calculations. Finally, we discuss the phase transition to a
magnetically ordered state for H > Hc1 , also referred to as a Bose-Einstein condensate
(BEC) of magnons.
After having summarized the main conclusions, chapter 9 provides two additional branch
of studies that could be pursued in the future: 1.) The investigation of the z = 2 quantum
critical points at Hc1 or Hc2 and 2.) the study of non-magnetic impurities in the spin ladder
DIMPY. For both cases, specific experiments are suggested and discussed.
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Chapter 2
The strong-leg Heisenberg spin
ladder DIMPY
In this chapter, the crystallographic and structural properties of the material bis(2,3dimethylpyridinium) tetrabromocuprate (DIMPY or (C7 H10 N)2 CuBr4 ) is briefly introduced. The experiments performed prior to this PhD thesis are mentioned and summarized. In addition, the crystal growth as performed in our laboratories at ETH Zürich
is discussed along with the characterization using X-ray diffractometry.

2.1

Crystallographic structure

In this work, the organo-metallic material bis(2,3-dimethylpyridinium) tetrabromocuprate, DIMPY or (C7 H10 N)2 CuBr4 , is studied [47, 111]. It consists of tetrahedral
[CuBr4 ]2− units as well as organic 2,3-dimethylpyridinium (2,3-lutidinium) molecules. The
latter are protonated at their nitrogen site and the interaction between the [CuBr4 ]2−
tetrahedra and the positively charged 2,3-lutidinium molecules is thus mainly ionic.
DIMPY crystallizes in the monoclinic space group P21 /n (No. 14) with lattice parameters
a = 7.504 Å, b = 31.61 Å, c = 8.202 Å and β = 98.97◦ (T = 88 K), as revealed by single
crystal X-ray diffractometry [47]. Figure 2.1a and b illustrate the structure as seen along
the crystallographic c and a axis respectively. In addition, the inversion centers are shown
(orange circles), located at (x, y, z) with x, y and z being half-integer or integer1 .
The magnetic behaviour of DIMPY is caused by the copper Cu2+ ions, which feature an
[Ar] 3d9 electron configuration and a 2 D ground state term symbol, according to Hund’s
rule [59]. The tetrahedral crystal field generated by the bromine Br− ions lifts the degeneracy of the d-orbitals into a 2-fold level at lower energies (transforming according to the
E irreducible representation of Td and consisting of the dx2 −y2 and d3z2 −r2 type orbitals)
1

For simplicity, the n glide-planes and 21 screw axes are not shown. Further information can be found
in the International Tables for Crystallography, Vol. A, Space group 14, p. 184.
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2,3-dimethylpyridine

Inversion center

[CuBr4]2- tetrahedra

Br−
Cu2+

(a)

3.98 Å
a

c

7.60 Å

4.34 Å

b

(b)

c

a

b

Figure 2.1: Crystallographic structure of DIMPY (a) as seen along the crystallographic cdirection and (b) as seen along the a-direction. Red and black spheres indicate the copper Cu2+
and bromine Br− ions, respectively. The gray spheres indicate the hydrogen (light gray) as well
as the nitrogen and carbon (both dark gray) positions of the organic 2,3-dimethylpyridinium
molecules. The black rectangle illustrates the unit cell.

and a 3-fold level at higher energies (transforming according to the T2 irreducible representation and with dxy , dxz and dyz ) [112]. There is thus a single unpaired spin occupying
one of the dxy -, dxz - or dyz -type orbitals of the T2 level.
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Since the crystal field is of sufficiently high symmetry to generate remaining degeneracies
and since none of the above mentioned orbitals features vanishing angular momentum
projection onto the z-axis, the total angular momentum is not fully quenched. Thus, in
addition to the Heisenberg interaction JS1 ·S2 between two copper ions, spin-orbit interactions could potentially lead to additional terms such as Dzyaloshinskii-Moriya interactions
D · (S1 × S2 ) or bond anisotropies Aαβ S1α S2β [13]. In fact, ESR experiments show a slight
g-factor anisotropy of g = 2.08 − 2.26 [113], confirming the occurrence of residual orbital
angular momentum. The relative strength of D and A is not a priori known, although one
can roughly estimate their orders of magnitude to be |D| ' (∆g/g) J and |A| ' (∆g/g)2 J
[114] and thus 0.1 meV and 0.005 meV respectively, assuming J ' 1 meV. Due to symmetry, the Dzyaloshinskii-Moriya interaction on the rungs is known to be exactly zero
since an inversion center is located at the center of the exchange path connecting the two
copper ions [115] (fig. 2.1). Nevertheless, a quantitative determination of D and A for the
remaining exchange paths is only possible experimentally.
The [CuBr4 ]2− tetrahedra responsible for the magnetic behaviour are arranged in a two-leg
ladder structure along the crystallographic a-axis (Figure 2.1a). There are two different
types of spin ladder systems related to each other by the n glide plane symmetry element
of the space group P21 /n. Although all intra-ladder coupling geometries are exactly the
same, the ladder systems are described by two distinct rung vectors d1,2 . The latter
describe the vectors between the two Cu2+ ions on the ladder rung and are given by
d1,2 = (0.423, ±0.256, 0.293), in fractional coordinates.
The copper ions interact with each other through Cu-Br-Br-Cu superexchange [92], mediated by the electron density of the Br− ions. The interaction strength depends on
the Cu-Br-Br-Cu geometry and decreases exponentially with the Br-Br bond-length [92].
The most important superexchange paths, both within single ladder systems (intra-ladder
interactions) as well as between different ladders (inter-ladder interactions), are shown in
figure 2.1 and 2.2 as black and coloured bonds respectively. The corresponding Br-Br
distances, Cu-Br-Br angles and Cu-Br-Br-Cu torsion angles are summarized in table 2.1.
We first discuss the most important intra-ladder superexchange interactions. The Br-Br
distance along the leg is dleg (Br-Br) = 3.91 Å and the exchange geometry is similar to
the leg exchange path in the spin ladder material C10 H24 N2 CuBr4 [116]. In the latter,
the interaction strength was determined to be J ≈ 1.0 meV. The Br-Br distance along
the rung of DIMPY is longer with drung (Br-Br) = 4.33 Å. It exhibits similar Cu-Br-Br-Cu
geometry as e. g. the rung and leg exchange paths in the material C10 H14 N4 CuBr4 (Jrung ≈
0.6 meV and Jleg ≈ 0.4 meV [117, 118]). Other intra-ladder contributions such as the short
or long diagonal interaction feature a very long Br-Br distance with dd (Br-Br) > 7 Å.
Therefore, they are not expected to have significant superexchange interaction strengths.
The potentially most important inter-ladder interactions are summarized in figure 2.2.
The Br-Br distance for the interaction along the crystallographic c direction and between
ladder systems of the same type is 4.86 Å (blue bonds in fig. 2.2). Although no similar
coupling geometry has been found in the literature, this inter-ladder interaction may be
significant due to the relatively short Br-Br distance.
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Interaction path
Intra-ladder:
Ladder rung
Ladder leg
Diagonal short
Diagonal long
Inter-ladder:
Path along c
Path 1 along b
Path 2 along b

d(Br − Br)

^(Cu-Br-Br) ^(Br-Br-Cu) Torsion angle

4.34
3.98
7.60
9.76

Å
Å
Å
Å

155.9◦
128.9◦
101.9◦
130.7◦

155.9◦
150.4◦
101.9◦
130.7◦

180.0◦
0.5◦
180.0◦
180.0◦

4.86 Å
6.43 Å
6.52 Å

125.2◦
112.0◦
114.1◦

125.6◦
128.2◦
133.6◦

117.0◦
96.7◦
137.2◦

Table 2.1: Potentially relevant Cu-Br-Br-Cu superexchange paths both within single ladders
(intra-ladder interactions) as well as between different ladder systems (inter-ladder interactions).
The Br-Br distance, Cu-Br-Br and Br-Br-Cu angles as well as the Cu-Br-Br-Cu torsion angle
are listed. The Br-Br bonds for the inter-ladder interactions are shown in figure 2.2 as blue lines
(path along c) as well as light and dark gray lines for path 1 and 2 along b respectively.

Ladder type 2
6.43 Å
Ladder type 1

6.52 Å

4.86 Å

c
a
b

Figure 2.2: Inter-ladder interactions in DIMPY. Inter-ladder exchange paths with shortest BrBr distances along the crystallographic c direction (blue bonds) and along the crystallographic
b direction (light and dark blue bonds) are shown.

There are two similar superexchange paths along the crystallographic b axis (light and
dark gray lines in figure 2.2). They do not only connect ladder systems of different
types but also connect one rung of one ladder system with two consecutive rungs of
another ladder system. Provided that this interaction is antiferromagnetic, it would lead
to a geometrically frustrated spin Hamiltonian [119]. However, the corresponding Br-Br
distances are comparatively large with d(Br-Br) > 6 Å. If present at all, this effect is
expected to be orders of magnitude smaller.
In summary, from structural considerations, the organometallic material DIMPY is expected to be a realization of a AF S = 1/2 Heisenberg spin ladder Hamiltonian, with
possibly minor additional terms such as anisotropies or DM interactions. Due to the CuBr-Br-Cu superexchange geometries present in DIMPY, the superexchange interactions
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along the ladder legs are expected to be stronger than along the rungs with exchange
constants on the order of 1 meV. Inter-ladder interactions are probably orders of magnitude smaller than the intra-ladder interactions and they are presumably stronger in the
crystallographic c-direction than in the b-direction.

2.2

Review of previous research on DIMPY

The strong-leg Heisenberg spin ladder material DIMPY was discovered in 2007 by A.
Shapiro et al. [47]. In ref. [47, 111], the crystallographic structure was studied using single crystal X-ray diffractometry. Additional magnetization measurements (reproduced in
fig. 2.3a) indicated that this material realizes a gapped spin Hamiltonian. The exchange
constants were estimated both in comparison with numerical calculations of the spin ladder susceptibility [120] as well as by first principles calculations [47].

T. Hong et al., Phys. Rev. Lett. 105, 137207 (2010)
A. Shapiro et al., J. Am. Chem. Soc. 129, 956 (2007)

Figure 2.3: Summary of studies performed on the spin ladder material DIMPY, prior to this
PhD thesis. Left: Susceptibility as published in fig. 3 of ref. [47]. Middle and right: Inelastic
neutron scattering experiments as published in fig. 1 and 2 of ref. [110]. They show the measured
dispersion of magnon excitations (middle) as well as the field-dependence of constant-Q and
constant-energy scans (right).

A first inelastic neutron scattering experiment was performed by T. Hong et al. in ref. [110],
in combination with specific heat measurements. Main results from neutron scattering
experiments are reproduced in fig. 2.3b and c. These experiments demonstrated that
DIMPY realizes an antiferromagnetic Heisenberg spin ladder material in the strong-leg
coupling regime with Jleg > Jrung and with very weak inter-ladder interactions.
Around the magnetic Brillouin zone center, the magnon excitation was measured with
inelastic neutron scattering (fig. 2.3, middle panel). The spin gap ∆ and the excitation
velocity c were determined to be ∆ ≈ 0.32 meV (µ0 Hc1 ≈ 3 T) and c = 2.36 meV.
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Only partially deuterated samples (67%) were available and their measurements were
hence severely hindered by the strong incoherent scattering of hydrogen. The magnon
excitation was measured only in 15% of the 1D Brillouin zone. Based on the comparison
to perturbative continuous unitary transformation (PCUT) calculations, the exchange
parameters were estimated to be Jrung = 0.78(6) meV and Jleg = 1.8(2) meV. In order
to test the magnetic one-dimensionality of the material, the magnon dispersion was measured along the perpendicular Q = (0.5, Qk , 0) rlu and Q = (0.5, 0, Ql ) rlu directions in
reciprocal space. No significant dispersion was found, indicating that in DIMPY, interladder interactions J 0 are orders of magnitude smaller than Jleg and Jrung . In addition,
the authors of ref. [110] claimed, that there is no field-induced magnetic order (H > Hc1 )
down to at least 150 mK.
Finally, J. L. White et al. [121] studied the magnetic and optical properties of DIMPY
up to high magnetic fields. In their high-magnetic field measurements at low temperatures of T ≥ 480 mK and with the magnetic field applied along the crystallographic
b axis, they determined the critical fields to be µ0 Hc1 ' 2.8 T and µ0 Hc1 ' 29.0 T.
In their optical transmittance measurements covering a wide energy range of 74 meV to
6.5 eV and performed at magnetic fields up to µ0 H = 50 T, they observed a strong coupling between the spin and charge degrees of freedom. In fact, they observed that the
field-induced transition to a fully polarized state drives a field-induced color change as
manifested in the determined absorption α(~ω, H) around 2.4 eV − 2.8 eV. Their findings
were explained and supported by ab initio calculations of the spin-density distribution
of the [CuBr4 ]2− chromophores depending on whether the system remains in a antiferromagnetic or polarized state. The contribution of the bromine 4p-type orbitals (4s-type
orbitals) to the chromophore 6A1 state was found to strongly increase (decrease) with
increasing spin polarization and successively reduces the dipole moment matrix elements
for the chromophore 6A1 ← 1B1 and 6A1 ← 1B2 transitions at 2.7 eV.

2.3

Crystal growth and sample preparation

Single crystals were grown from solution in our laboratories at ETH Zürich, according
to the temperature gradient method. A comprehensive description of the crystal growth
performed in our laboratories at ETH Zürich and the exact conditions for the growth of
DIMPY were published in ref. [28].
The main working principle of the gradient method is summarized in figure 2.4. An oversaturated solution in a cylinder (with the excess powder material at the bottom) is placed
on a hotplate and inside a temperature controllable chamber. By choosing appropriate
hotplate and chamber temperatures, a thermal gradient is formed across the cylinder.
Due to the thermal dependence of solubility, the saturated solution from the warmer
lower part of the cylinder becomes over-saturated if transported to the cooler regions
at the top. Therefore, small crystals start to grow at the cylinder wall. Subsequently,
they are hang up as seeds and grow slowly to large single crystals. A photograph of the
experimental setup is shown in figure 2.4b.
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(b)
Temperature gradient

(a)

Static
solution
Seed

Solid
material

Hot plate

Figure 2.4: (a) Crystal growth according to the thermal gradient method. An oversaturated
solution is placed on a hotplate inside a thermally controllable chamber. Large single crystals
grow from seeds hang up by thin teflon threads. (b) Photograph of the experimental setup in
our laboratories at ETH Zürich. This figure is published in ref. [28].

Hydrogenated and deuterated single crystals were grown for magneto-thermodynamic and
inelastic neutron scattering experiments respectively. The basic formation reaction was
2C7 H9 N + 2 HBr + CuBr2 → (C7 H10 N)2 CuBr4 ,
2C7 D9 N + 2 DBr + CuBr2 → (C7 D10 N)2 CuBr4 .
Typically, a solution with 30 mL ethanol and 10 g of (C7 H10 N)2 CuBr4 (i. e. 0.017 mole)
in the correct molarity of each constituent was prepared. The solution was stirred at
50 ◦ C and evaporated in order to produce 10 g of black powder. The latter was dissolved
in 25 mL ethanol and put in a 25 mL cylinder. The oversaturated solution was put on
a hotplate at 50 ◦ C inside a thermally controllable chamber at 25 ◦ C. Small black single
crystals were harvested several weeks thereafter, either from the bottom or the walls of
the glass cylinder. Small and untwinned single crystals (seeds) were hang up with a thin
teflon thread, approximately 2 cm below the filling level. With this method, large single
crystals with masses up to several grams grew within weeks or months (figure 2.5).
Single crystals were grown with high purity chemicals. In particular, 2,3-dimethylpyridine
(Sigma-Aldrich, 99% purity), CuBr2 (Sigma-Aldrich, 99.999% purity) and HBr in aqueous
solution (48 wt.%, Sigma-Aldrich, 99.99%) were used. Deuterated chemicals were ordered
from Armar Chemicals, in particular DBr in aqueous D2 O solution (46 wt%, 99 atom%
D), anhydrous ethanol-d6 (99 atom% D) and fully deuterated 2,3-dimethylpyridine (99
atom% D).
Single crystals were characterized using a single crystal X-ray diffractometer (BRUKER
SMART APEX II). The unit cell parameters were determined to be a = 7.610 Å, b =
31.736 Å, c = 8.291 Å and β = 98.75◦ at room temperature and on a sample with V ≈
1 mm3 . The structure was refined using the APEX2 SHELLXTL software. The space
group, lattice parameters and atomic positions agree with published results [47, 111].
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We briefly comment the quality of the grown single crystals. In neutron diffraction experiments using the ORION diffractometer at the Paul Scherrer Institute, the diffraction
peaks of nuclear reflections were found to be resolution limited. Large fully deuterated
single crystals of DIMPY hence feature an intrinsic mosaic of much less than 0.5◦ [122].
Furthermore, the number of e. g. point defects or copper ions within a locally different
environment can be estimated. Due to the non-magnetic ground state of a spin ladder,
magnetic impurities or additional misplaced copper ions within the crystal structure would
lead to a clear paramagnetic signal in magnetization measurements at low temperatures
[14]. The concentration z of such paramagnetic impurities was estimated to be z ≈ 0.001
by measuring magnetization as a function of applied magnetic fields (0 T < µ0 H < 7 T)
at T = 500 mK (ref. [123], supplementary material) using a MPMS SQUID device with a
iHelium3 gas handling system. In other words, on average, only 1 out of 1’000 copper spins
is not incorporated into the global singlet state of the spin ladder and contributes paramagnetically. The crystals grown in our laboratories at ETH Zürich is hence considered
to be of very high quality.s
Except for a first test measurement, all inelastic neutron scattering experiments were
performed on co-aligned fully deuterated single crystals. A sample holder was fabricated
of anticorodal aluminium alloy, as shown in figure 2.5 [124]. Four single crystals with a
total mass of m = 3.7 g were wrapped in teflon foil and mounted on the sample holder
with thin aluminium wire. The positive b axis of each crystal was pointing up (fig. 2.5a).
The crystals were co-aligned using the ORION neutron diffractometer at PSI (Villigen)
[122]. From measuring the sample orientation angle as a function of goniometer angle
on the Q = (2, 0, 0) rlu and (0, 0, 4) rlu reflection, the horizontal and vertical final mosaic
were estimated to be 1◦ and 4◦ respectively [124].

(a)

(b)

706 mg
724 mg
1490 mg
747 mg

b

b
a

a

c

c

Figure 2.5: (a) Sample used for inelastic neutron scattering experiments. Four single crystals
were wrapped in teflon and co-aligned on the sample holder. (b) Typical large fully deuterated
single crystals of (C7 D10 N)2 CuBr4 , with masses up to 1.5 g.
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Chapter 3
Neutron scattering
This chapter summarizes the basic theoretical background of the neutron scattering techniques applied in this thesis. After the general introduction, a basic theoretical description
is given. Furthermore, the triple-axis neutron spectrometer and the neutron time-of-flight
technique are presented and discussed.

3.1

Introduction

In order to study static and dynamic, structural, magnetic as well as electric properties of
condensed matter systems, a vast number of methods and techniques have been developed
during the last century, ranging from magneto-thermodynamic experiments [46], optical
spectroscopy [32] to local techniques such as nuclear magnetic resonance [125], electron
spin resonance [126], muon spin rotation [127] or Mössbauer spectroscopy [128]. Of particular importance, however, became wave-like
scattering experiments using particle probes
√
with a de Broglie wavelength λ = h/ 2mE comparable to lattice constants of typically
several Ångström. Examples include photons [30, 31], neutrons [129, 130, 131, 29] or
electrons [132]. Figure 3.1 illustrates the main principle of such scattering experiments.
Particles with a well-defined initial state1 described by the wavevector ki = pi /~, incident
energy Ei and initial flux Φi are shot onto the sample under investigation, resting in a
initial state |λi i with probability pλi . The test particles interact with the sample through
a potential V, excite the sample into final states |λf i and get emitted with final energies
Ef and into directions kf . A detector measures the particles emitted per second into the
solid angle element dΩ and with a final energy in the range [Ef , Ef + dEf ]. Therefore, in
these experiments, the key quantity is the partial differential cross section,
d2 σ
number of particles scattered per second
=
.
dΩdEf
Φi dΩ dEf
1

(3.1)

For neutrons, photons and electrons, the polarization Pi,f or spin state |σi,f i can be determined as
well, allowing to access the spin-state partial differential cross sections [131, 31, 132].
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kf ,

Ef

z

dΩ
Source

ki, Ei

y
x

Sample
|λi > → |λf >

Figure 3.1: Basic principle of scattering experiments.

The properties of commonly used particles as well as their interaction with the sample are
widely different. Table 3.1 summarizes the main properties of the most frequently used
particles for wave-like scattering experiments in condensed matter physics.

mass
charge
spin
magn. dipole moment
velocity at λ = 5Å
energy at λ = 5Å
scattered by

Neutron
1.675 · 10−27 kg
0
1/2
−9.662·10−27 J T−1
790 m s−1
3.28 meV
nuclei
magnetism

Photon
0
0
1
≈0
3.00 · 108 m s−1
2.48 keV
electron density
weak: magnetism

Electron
9.109 · 10−31 kg
−1.602 · 10−19 C
1/2
−9.285·10−24 J T−1
1.46 · 106 m s−1
6.02 eV
charge density

Table 3.1: Particles commonly used for scattering experiments in condensed matter physics.

Photons, for example, are inherently relativistic and do not possess any rest mass or
charge. At wavelengths of several Ångström, they belong to the X-ray spectral region
and have energies as high as a few keV. Consequently, their energies are much larger than
typical excitation energies of condensed matter systems such as phonons, magnons, charge
and orbital excitations [133, 1, 30]. In contrast, neutrons and electrons both possess a rest
mass and behave non-relativistically for similar wavelengths. While electrons still carry
a rather high energy of several eV at λ = 5 Å, neutrons with E ' 3.3 meV feature an
energy scale closely matching the excitation energies of condensed matter systems [29].
The particle-matter interactions are different for the test particles listed in table 3.1.
While X-ray photons are mainly scattered by the electron density and much weaker by
magnetic effects [31], electrons carrying an electric charge are mainly scattered by the
charge density due to Coulomb interactions [132].
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Electrically neutral neutrons, however, are scattered by the point-like nuclei themselves
and the scattering cross section is determined by the nuclear forces [131]. Moreover, due
to its magnetic moment µn = −9.662 · 10−27 J T−1 , the neutron is able to interact with
magnetic fields produced within the sample and it sees both static and dynamic magnetic
properties. There are various advantages of neutron scattering if compared to X-ray and
electron scattering:
• Neutrons are scattered by the nuclei themselves with a scattering cross section
depending on the complex interaction of the neutron with the nucleus. Therefore,
neutrons can easily resolve light elements such as hydrogen, distinguish atoms of
comparable atomic number and even different isotopes [131].
• Due to the missing charge and the low energy, the neutron beam is non-destructive
and induces a small disturbance on the sample’s properties. Linear response theory
is thus an excellent approximation [29].
• Since the neutron is neutral and sample-neutron interactions are small, the penetration depth is usually as high as several millimeters or centimeters. Therefore,
the neutron is able to penetrate and traverse the sample under investigation, thus
probing bulk properties.
• The large penetration depth enables to perform experiments under extreme conditions such as at low and high temperatures, at high pressures or at high magnetic
and electric fields. In such experiments, the sample is always surrounded by heavy
shielding or other metal constructions and a large penetration depth is crucial.
• Due to the excellent energy scales and its magnetic moment, the neutron is able
to study both static and dynamic magnetic properties of condensed matter systems
with high precision [130, 2].
• The neutron nuclear spins can be spin-polarized with moderate efforts [29]. Being
able to scatter and detect neutrons with well-defined spin polarization, it is possible
to perform polarized neutron scattering and neutron spin echo experiments [2, 134].
The main disadvantages are 1.) the low brilliance of neutron sources, low intensity and
statistical noise, 2.) the fact that neutrons are hard to manipulate, control and accelerate
due to the missing charge, 3.) the existence of nuclei which strongly absorb neutrons or
become heavily activated and 4.) that the direct study of electric effects and phenomena is
not possible with neutron scattering, due to the electrical neutrality and so far undetected
neutron electric dipole moment [135]. In summary, the neutron exhibits excellent properties in order to study static and dynamic, nuclear and magnetic properties of condensed
matter systems, throughout the entire Brillouin zone and under most exotic conditions.
In the next paragraphs, the basic theory for nuclear and magnetic scattering is summarized. The content is restricted to the concepts and equations essential for understanding
the underlying physics and working principles of the instruments, preparation of the experiments and analysis of the data. There are numerous excellent textbooks for further
details about neutron scattering, both in terms of exact derivations, theoretical concepts,
neutron sources, instrumentation or textbook examples [131, 129, 130, 136, 30, 29].
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3.2
3.2.1

Basic Theory
Fermi’s Golden rule

Assuming that the interaction V between the neutron and the studied system is a weak
perturbation, the partial differential cross section can be calculated within first-order
time-dependent perturbation theory [59] and it is given by Fermi’s Golden Rule [131],
kf
d2 σ
=
dΩdEf
ki



mn
2π~2

2 X

pλi |hkf , λf |V|ki , λi i|2 δ(Eλi − Eλf + Ei − Ef ),

(3.2)

λi ,λf

with the wavevector ki (kf ) and energy Ei (Ef ) of the initial (final) neutron and the
neutron mass mn . λi and λf denote the quantum states (with energy eigenvalue Eλi
and Eλf ) of the scattering-system described by the Hamiltonian H, before and after the
scattering process respectively. pλi denotes the Boltzmann weigth with the canonical
partition function Z,




X
1
Eλi
Eλ
pλi = exp −
exp −
and Z =
.
(3.3)
Z
kB T
k
BT
λ
The delta-function ensures overall energy conservation. The energy transfer ~ω to the
sample corresponds to the difference between incident and final energy of the neutron,
~ω = Ef − Ei =

~2 |kf |2 ~2 |ki |2
−
,
2mn
2mn

(3.4)

while the transferred momentum or scattering vector Q is given by Q = kf − ki . Finally,
the partial differential cross section contains both coherent and incoherent contributions.
The coherent ones are due to collective many-body effects and describe time-dependent
correlations of different nuclei, spins etc. They are responsible for Bragg diffraction or the
coherent inelastic scattering of e. g. lattice or magnetic excitations [131]. The incoherent
scattering is due to correlations of the same nucleus, spin etc. at different times. It describes the deviations of an individual nuclei, scattering length or spin from an equilibrium
or mean arrangement due to e. g. thermal fluctuations, diffusion or random distributions
of scattering lengths [131].

3.2.2

Nuclear Scattering

In contrast to charged particles or electromagnetic radiation, neutron do not interact with
the charge or electron density. They are scattered by the small nuclei (r ≈ 1 fm) and the
interaction potential can hence be approximated by delta functions [131],
2π~2 X
bj δ(r − Rj ).
Vn =
mn j
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Here, bj is the scattering length and Rj = Rj (t) the coordinate operator of the nuclei j.
The scattering lengths are determined by the nuclear interaction between the nuclei and
neutron. They vary between different types of nuclei or even different isotopes [29].
b*

(a) Elastic process

(b) Inelastic process

b*

(2,0,3)

kf

(2,0,2)

kf

(2,0,1)

(-2,0,-2)

τ

2Θ

a*

2Θ

a*

Q

a

q

τ

-b

ki

ki

Figure 3.2: Ewald constructions (a) for elastic and (b) for an inelastic process. a? , b? and a,
b are the reciprocal and real space unit vectors, ki and kf denote the initial and final neutron
wavevector, τ is a reciprocal lattice vector and 2θ is the scattering angle. Q is the scattering
vector and q = Q − τ .

Coherent elastic scattering occurs, if the momentum transfer Q coincides with a reciprocal
lattice vector τ = h a? + k b? + l c? with h, k, l ∈ Z [1] (fig. 3.2a). The reciprocal lattice
unit vectors are given by
a? = 2π

b×c
,
a · (b × c)

b? = 2π

c×a
,
a · (b × c)

c? = 2π

a×b
a · (b × c)

(3.6)

and with a, b and c denoting the real space lattice unit vectors. According to Bragg’s law
[133], the scattering angle 2θ between incident and final neutron direction is given by
sin(θ) =

λ
h a? + k b? + l c? .
4π

(3.7)

Here, λ denotes the neutron wavelength. While the position of Bragg reflections is determined by the unit cell geometry, their intensity depends on the unit-cell content (the
’basis’). For a non-Bravais crystal with a n-atomic basis described by the coordinates
{%1 , . . . , %n }, the intensity of Bragg reflections is modulated by the nuclear structure
factor FN (Q) [29],
X
dσ
(2π)3 X
= N0
|FN (Q)|2 δ(Q − τ ) with FN (Q) =
bd e−Wd (Q) eiQ%d .
dΩ
V0 τ
d

(3.8)

Here, e−Wd (Q) denotes the Debye-Waller factor and accounts for the thermal motion of the
atoms [131]. The neutron itself exhibits a spin and for nuclei with non-zero nuclear spin
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I, the scattering length bj depends on whether the neutron and nuclear spin are parallel
(ortho configuration) or antiparallel (para configuration) during the scattering process.
The coherent processes depend on the correlation of different ions with a mean scattering
length bj at different times and lead to interference effects, such as e. g. Bragg scattering
[131]. Incoherent nuclear scattering, however, originates in the random distribution of
scattering lengths. It is proportional to the variance of scattering lengths, var(b) = b2 −(b̄)2
and does not depend on the scattering angle. In hydrogen, the difference between the
scattering length for the ortho and para configuration, b+ = 1.09 · 10−12 cm and b− =
−4.75 · 10−12 cm, is particularly large [29]. The incoherent contribution from hydrogen is
exceptionally strong and constitutes a huge elastic background. Therefore, for neutron
experiments, fully deuterated samples are used whenever possible.
At finite temperatures, a crystal is never at complete rest since slight lattice vibrations
are thermally excited, locally distorting the perfect translational symmetry. If the crystal
is composed of N unit cells with a basis of n atoms per unit cell, there are 3 × n × N
eigenmodes with a sharp momentum-energy dispersion ωs (q), so-called phonons [133, 1].
In total, there are 3n phonon branches: Three of them are acoustic and linearly emanate
out of the structural Bragg peaks while the remaining 3(n − 1) branches are optical and
gapped.
The neutron interacts with the nuclei and sees density-density correlations [131]. The
initial neutron can thus transfer some of its momentum ki and energy Ei to (or from) the
sample in order to excite (or absorb) one or several phonons with momenta q and energies
~ωs (q) (fig. 3.2b). Within the harmonic approximation and by writing the displacement
uj (t) of an ion j from its equilibrium position lj in terms of phonon normal modes, the
scattering cross section for a one-phonon emission process can be written as [131, 29]
2
kf X 1 X bd −Wd (Q) iQd
d2 σ
∝
e
e
(Q
·
e
(q))
√
d,s
dΩdEf
ki s,q ωs (q) d
md
X
(n(ωs (q), T ) + 1)δ(ω − ωs (q))
δ(Q − q − τ ).
τ

(3.9)

Here mj denotes the mass of the ion j, ωs (q) is the phonon dispersion of branch s with
the polarisation vector ed,s (q) [133]. Moreover, n(ω, T ) describes the Bose factor with
n(ω, T ) = (e~ω/kB T − 1)−1 . The contribution from one-phonon scattering scales with
ωs (q)−1 , with Q · ed,s (q) and with n(ω, T ) + 1. Therefore, the phonon-scattering becomes strong at low energy transfer and large scattering vectors |Q|. Only phonons are
detected with a significant component of the polarization vector along Q. Moreover, the
temperature dependence is given by the Bose factor n(ω, T ) + 1.
In the study presented in this thesis, phonons will merely act as background contribution.
However, the characteristics of the one-phonon scattering cross section in equation (3.9)
will help to efficiently subtract the inelastic lattice contributions.
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3.2.3

Magnetic Scattering

Due to its magnetic dipole moment, the neutron is able to interact with magnetic fields
produced within the scattering system, e. g. by localized magnetic moments. The potential
Vm describing the interaction between the neutron spin σ and the magnetic field H
produced within the scattering system can be written as [29]
Vm = µ0 µ · H = −γ µ0 µN σ · H,

(3.10)

with the nuclear magneton µN = e~/2mp and γ = 1.913 for neutrons.
In the case of e. g. itinerant band-ferromagnets (such as solid iron), where the magnetism
originates in the different population of spin-up and spin-down electron bands [1], the
emerging field distribution H(r) is complicated and depends on the actual band structure [129, 130]. In contrast, in this work, scattering systems are studied where localised
magnetic moments of transition metal ions are responsible for the magnetic behaviour.
In the approximation of localised moments and within the dipole-dipole approximation
[137], the partial differential cross section for magnetic scattering greatly simplifies and
can be written as [131]

X
Qα Qβ
d2 σ
2 kf
2 −2W (Q)
= (γr0 ) |F (Q)| e
δαβ −
S αβ (Q, ω)
(3.11)
2
dΩdEf mag
ki
Q
α,β
X
X
iQ(Rj −Rj 0 )
αβ
(3.12)
pλi hλi |Sjα0 |λf ihλf |Sjβ |λi i δ(Eλi − Eλf + ~ω).
e
S (Q, ω) =
j,j 0

λi ,λf

Here, Sjα denotes the spin operator component α ∈ {+, −, z} or α ∈ {x, y, z} of the ion
j and r0 denotes the classical or Lorentz radius of the electron, r0 = 2.818 · 10−15 m.
The term (δαβ − Qα Qβ /Q2 ) is referred to as the polarization factor and accounts for the
fact that neutrons can only be coupled to magnetism or magnetic fluctuations that are
perpendicular to the scattering vector Q. Moreover, F (Q) is the magnetic form factor and
corresponds to the Fourier transform of the normalized density of unpaired electrons of
a single magnetic ion. For frequently appearing magnetic ions, the magnetic form factor
was numerically calculated in ref. [138] within the Hartree-Fock approximation.
The main physical information about the scattering system is incorporated in the dynamical structure factor S αβ (Q, ω). Using the integral-representation of the δ-distribution, it
can be rewritten in the physically more intuitive form,
1 X
S αβ (Q, ω) =
2π~ j,j 0

Z∞

eiQ(Rj −Rj0 ) hSjα (0)Sjβ0 (t)ie−iωt dt,

(3.13)

−∞

where Sjβ0 (t) is an operator in the Heisenberg picture, Sjβ0 (t) = eiHt/~ Sjβ0 e−iHt/~ . The dynamical structure factor hence corresponds to the time-space Fourier transform of the
spin-spin correlation function and, loosely speaking, describes the probability of finding
an ion at position Rj and at a time t0 = 0 with some spin component Sjα and another ion
Rj 0 at time t and with spin component Sjβ0 .
25

Chapter 3: Neutron scattering

According to the fluctuation-dissipation theorem, the dynamical structure factor is related to the imaginary part of the generalized wavevector- and frequency dependent susceptibility tensor χαβ (Q, ω) [1],
−1 h
i
N~
− ~ω
1 − e kB T
S αβ (Q, ω) =
Im χαβ (Q, ω)
(3.14)
π
With inelastic neutron scattering, it is hence possible to directly measure χαβ (Q, ω), the
linear response M α (Q, ω) of a system if exposed to a frequency- and wavevector-dependent
magnetic field H β (Q, ω). This quantity is arguably the most important one within the
framework of linear response theory.

3.2.4

Sum rules

The analytic structure of the dynamical structure factor implies further relations that
are particularly useful for analyzing neutron scattering data. The concept of sum rules is
briefly mentioned here. The n-th moment of the scattering function is defined as [139]
Z ∞
S αβ (Q, ω)(~ω)n d(~ω).
(3.15)
−∞

Assuming that an inversion symmetry is present, the zeroth and first moment sum rules
read as [139]
Z ∞
1 α α
S−Q i
(3.16)
n=0:
S αα (Q, ω) d(~ω) = hSQ
N
−∞
Z ∞
iiE
1 Dh α h α
S αα (Q, ω) (~ω) d(~ω) = −
n=1:
SQ , S−Q , H
,
(3.17)
2N
−∞
α
where SQ
denote the Fourier-transform of the spin operator Sjα . The zeroth moment
sum rule mainly states that the momentum- and energy-integrated dynamical structure
factor is equal to S(S+1), independent of the underlying Hamiltonian. Therefore, neutron
scattering intensity from materials with magnetic Cu2+ ions with an effective spin S = 1/2
is small compared to materials with Ni2+ or Mn2+ (typically S = 1 and S = 5/2) or even
from rare-earth ions with total angular momentum quantum numbers J of up to J = 8
for e. g. Ho3+ [14, 29].

The first-moment sum rule is particularly useful in order to describe the Q-dependence
of dispersive modes with a sharp energy-momentum relation2 , i. e. if S(Q, ω) = S(Q) ·
δ(ω − ωq ), where ωq describes the excitation dispersion.
In case of a spin ladder Hamiltonian H, the commutator in equation (3.17) can be calculated. If the spectrum consists of a sharp excitation only, the momentum-dependence
S(Q) is exactly given by [139]





8
4
1
2 Q·a
2 Q·d
− Jleg hSj,1 Sj+1,1 i sin
− Jrung hSj,1 Sj,2 i sin
, (3.18)
S(Q) =
~ωq
3
2
3
2
2

In the absence of further excitations such as multiparticle continua etc.
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where the average exchange energies on the leg Eleg = Jleg hSj,1 Sj+1,1 i and on the rung
Erung = Jrung hSj,1 Sj,2 i can be obtained from a fit to the neutron data. This method will
be used in section 4.2.

3.3

Inelastic neutron scattering techniques

In this section, two inelastic neutron scattering techniques are introduced: The triple-axis
neutron scattering and the neutron time-of-flight technique.

3.3.1

Triple-axis spectroscopy

The basic principle of a triple-axis spectrometer (TAS) is shown in figure 3.3 [136].

Analyzer

2θA

Detector
Monochromator

Ef
C
TASP Spectrometer (PSI)

kf

2θM

Source
M

ki , E

Detector

i

Source

2θS

Sample

CE

M

F

Analyzer

Sample

Monochromator

Figure 3.3: Triple-axis neutron scattering technique. (lef t) Schematic illustration of a tripleaxis spectrometer. A first monochromator fixes the incident neutron direction (wave vector ki )
and neutron energy Ei . These neutrons are scattered by the sample. The analyzer monochromator scatters neutron propagating along the direction kf with energy Ef , onto the detector.
(right) Photograph of the TASP spectrometer at PSI. ’F’, ’M’ and ’CE’ denote the Beryllium
filter, the monitor and the cryogenic equipment respectively.

A polychromatic beam of neutrons originating from a (continuous) spallation source or
a nuclear reactor and with a Maxwellian distribution of velocities is scattered by a first
monochromator crystal (scattering angle 2θM ). The latter fixes the incident energy Ei
and corresponding wavevector ki according to Bragg’s law [133].
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After the monochromator, the remaining neutrons are scattered by the sample in all
directions, both coherently and incoherently, elastically and inelastically.
A mobile analyzer-detector unit is placed after the sample. Neutrons scattered by the
sample into the direction k̂f with scattering angle 2θS reach the analyzer monochromator.
Depending on whether they were scattered elastically or inelastically, they may have a different final energies Ef . However, neutrons are scattered by the analyzer monochromator
with scattering angle 2θA onto the detector only if Bragg’s law is fulfilled for the analyzer
monochromator crystal. By rotating the analyzer and detector (broken lines in figure 3.3)
and thus changing the scattering angle 2θA , the final energies Ef of the neutrons scattered
into the direction k̂f are analyzed3 . In summary, the partial differential cross section can
be measured for a given momentum transfer Q = kf −ki and energy transfer ~ω = Ef −Ei
by adjusting the sample space, analyzer and detector units in the correct relative position
to each other.
The triple-axis technique intrinsically suffers from loosing a large percentage of the neutrons both at the two monochromating crystals as well as the sample position. Typically,
the incident neutron flux before the monochromator is about 1014 n cm−2 s−1 . At the sample position it is already reduced to less than 107 n cm−2 s−1 while only a few dozens of
neutrons up to a few thousand neutrons are finally counted per minute by the detector for
e. g. magnetic excitations and structural Bragg peaks respectively. The main advantage
of the TAS technique is the possibility to exactly control the momentum- and energytransfer resolution and thus the ability to perform experiments at well-defined values of
(Q, ~ω) repeatedly, for example as a function of external parameters such as magnetic
field or temperature.
In order to either increase the intensity at the detector or sample position or in order
to optimize the energy and momentum resolution, several additional items can be used
in a TAS experiment. Blade collimators consisting of parallel sheets made of a neutronabsorbing material such as gadolinium reduce the angular divergence. The flux at the
sample and detector position can be increased by using horizontally or vertically focusing
monochromators or analyzers. Finally, since Bragg’s law is fulfilled for multiples of ki (or
fractions of λi ) as well, higher-energy neutrons are scattered by the sample. In order to
avoid the latter, a transmission filter nearly opaque to neutrons with a energy above a
cut-off Ec can be placed between the sample and analyzer. More details and a thorough
description of these items can be found in refs. [136, 30, 29].
Generally, the measured intensity I(Q̃0 ) is the convolution of the scattering cross section S
(a sample-dependent quantity) with the resolution function R (an instrument-dependent
quantity),
Z
I(Q̃0 ) = R(Q̃0 − Q̃) S(Q̃) d4 Q̃.
(3.19)
Here, Q̃0 is the four-dimensional vector describing the nominal or mean momentum- and
energy-transfer for a given instrumental configuration.
3

In practice, the final energy Ef is usually kept constant (constant-kf mode) while Ei is varied [30].
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The resolution function R(Q̃0 − Q̃) essentially describes the probability that neutrons
undergo a scattering process with slightly different momentum- and energy transfer Q̃ =
Q̃0 + ∆Q̃. As first introduced by Cooper and Nathans [140], R(Q̃0 − Q̃) can be approximated by a Gaussian function,


Z
1
T
I(Q̃0 ) = R0 (Q̃0 ) exp − (Q̃0 − Q̃) M (Q̃0 − Q̃) S(Q̃) d4 Q̃
(3.20)
2
provided that the mosaicity of both the analyzer, monochromator, sample crystals as
well as the transmission function of the additional collimating items can be approximated
by Gaussian functions. Here M is a 4×4 matrix (the resolution matrix) and R0 is the
maximum of the resolution function at Q̃0 . Both quantities can be calculated analytically [141]. The effect of focusing monochromator or analyzer crystals can be taken into
account, as derived by Popovici [142]. In this work, the ResLib 3.4 resolution analysis
package from A. Zheludev [141] was used (in the Popovici approximation) with corrected
equations for M and R0 as given in the manual of the program package.
Consequently, instrumental lineshapes can be exactly determined from geometrical considerations only. This is of special importance, if the observed signal is not sharp in
energy but features an intrinsic linewidth or internal structure. Finally we mention, that
in this work, whenever possible, the measured TAS data was fitted globally by fitting a
general model cross section S(Q, ω) to all measured data simultaneously and by taking
the resolution function of the instrument into account.

3.3.2

Neutron time-of-flight technique

Cold neutrons with an energy of Ei = 3.3 meV or an associated de Broglie wavelength
of λi = 5 Å are slow and propagate with a velocity of only vi ' 790 m s−1 . Therefore,
energies or energy changes can readily be obtained by measuring the time-of-flight of the
neutron over a fixed distance. This is the basic idea of the neutron time-of-flight (TOF)
technique (fig. 3.4) [29].
Neutron TOF experiments require a pulsed beam. The beginning of a pulse defines the
reference time t0 . The white neutron pulse with a Maxwellian velocity distribution arrives
at a chopper monochromator system consisting of two or more rotating discs which are
opaque to neutrons except for a small slit. Only neutrons with a certain incident velocity
vi = ~ki /mn or incident energy Ei = 12 mn vi2 move through the slits of all chopper discs.
After travelling through the chopper system, the monochromatized neutrons are scattered
by the sample. Depending on whether the scattering process is inelastic or not, they propagate with a different velocity vf through the evacuated detector tank onto the spherical
area detector located radially at a distance L0 from the sample. The latter consists of
parallel vertical positive-sensitive 3 He detector tubes and cover a large solid angle area.
The LET instrument at ISIS, for example, covers −40◦ ≤ 2θ ≤ 140◦ horizontally as well
as up to 60◦ in vertical direction [143].
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Figure 3.4: Basic principle of a direct-geometry neutron time-of-flight instrument. (a) A
pulsed beam is monochromatized by a chopper system. The beginning of the pulse defines the
reference time t0 . Neutrons with incident energy Ei travel the distance L to the sample, are
scattered elastically or inelastically, and reach the spherical 2D area detector at position (φ, 2θ)
and time t. From the position and time-of-flight t − t0 the momentum transfer Q and energy
transfer ~ω are determined. (b) Photograph of the LET 2D area detector, consisting of vertical
positive-sensitive 3 He detector tubes with a height of 4 meters (photograph from R. Bewley
et. al, [143])

Let us assume that the neutron arrives at time t = t0 + ti + tf on the detector position
(φ, 2θ) where φ and 2θ denote the vertical polar and azimuthal angle respectively, with
the flight times from the chopper to the sample (ti = L/vi ) and from the sample to the
detector (tf = L0 /vf ). The energy transfer ~ω = Ef − Ei is then given by4 [29]


mn 2 t2i − t2f
~ω =
L
.
(3.21)
2
t2f t2i
Moreover, the absolute value of the momentum transfer Q = |Q| reads as [29]
s
t2 + t2i − 2 ti tf cos(2θ)
mn
Q=
L f
.
(3.22)
~
t2i t2f
√
From ki = (k, 0, 0) and kf = kf (cos(2θ), sin(2θ), 0) for φ = π/2 and with kf = 2mn Ef /~,
the vector direction of Q can be calculated by Q = kf − ki . Since the orientation of the
sample or the direction of a? , b? and c? with respect to the incoming beam with ki is
known, the momentum transfer Q can be converted into reciprocal lattice units of the
sample.
Figure 3.5a illustrates Ewald constructions for elastic scattering processes. In this example, the b? axis points along ki . For a single orientation of the sample, part of a thin
spherical surface in reciprocal space is covered, as shown as a red full line in figure 3.5b.
For simplicity, we redefine the reference time t0 to be at L = L0 , i. e. t0 → t0 + m(L0 − L)/~|k|.
Furthermore, we stay within the horizontal xy-plane (φ = π/2) in order to keep equations simple.
4
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Apart from the incident energy, the only remaining degree of freedom is the sample
orientation angle. By rotating the sample (green arrows in fig. 3.5b), its reciprocal space
is covered slice by slice. By combining the various sample orientations, a four-dimensional
data set I(Q, ~ω) of intensity I as a function of Q = (Qh , Qk , Ql ) and energy transfer ~ω
is obtained. From this data set, any cut or slice can be determined.

2D detector

(a)

b*

(b)
b*

kf

kf

a*
ki

a*

Q
ki

Incident
beam

Q

Experimentally covered
Q values for a single rotation

Figure 3.5: Ewald constructions for an elastic process, illustrating the covered region in reciprocal space for a single sample orientation. (a) Examples of the wavevectors and momentum
transfer of two neutrons arriving at distinct positions on the detector. (b) The covered region
in a single orientation is a thin surface of a sphere in reciprocal space, shown as a red full line.
By rotating the sample (green arrows), the reciprocal space can be covered slice by slice.

In order to exactly define the reference time t0 and thus allowing for high energy resolution,
the neutron beam must consist of short pulses. TOF experiments can either be performed
at pulsed spallation, continuous spallation or nuclear reactor sources. However, in the
latter two cases, the continuous beam has to be chopped up artificially. Examples of
direct geometry TOF instruments at pulsed sources are the LET instrument at ISIS
[143], the CNCS instrument at SNS [144] or the CNDCS instrument at J-PARK [145],
while the IN5 [146] is a cold neutron TOF instrument at the continuous reactor source
ILL.
The time-integrated neutron flux at the sample position of a TOF instrument is low
if compared to the flux at the sample of a TAS instrument. For λ = 5 Å, the LET
TOF instrument [143] at target station of ISIS (a 48 KW spallation source) has roughly
6·104 n cm−2 s−1 [143] while the flux at the TAS instrument IN14 at ILL (a 50 MW nuclear)
is as large as 1.6 · 107 n cm−2 s−1 . However, in contrast to a TAS instrument, all neutrons
scattered by the sample are measured by the large 2D detector of a TOF instrument and
contribute to the huge I(Q, ~ω) data set. In contrast, in a TAS experiment, only neutrons
1.) scattered into the direction of the analyzer and 2.) with the appropriate final energy
are counted by the detector. This is the main advantage of the TOF instrument.
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Finally, the frame rate multiplication technique of the LET [143] instrument at ISIS is
discussed. Figure 3.6 illustrates the basic principle of this advanced multi-chopper system.

(a)

Ei,1

30

Ei,2

(b)

Ei,3

25

Ch 5

20
Ch 4

15

Ch 3

10

Ch 2
Ch 1

5
0

10
10

4

10

3

10

2

10

1

10

0

Ei,2

Ei,3

Fast neutrons

Slow neutrons

Sample

Intensity (arb. units)

Distance from moderator (m)

Detectors

Ei,1
5

0

20

40

60

80

100

Time-of-flight t1-t0 (ms)

Energy
gain

0

20

Energy
loss

40

60

80

100

Time-of-flight t1-t0 (ms)

Figure 3.6: Schematic illustrating the multi-chopper system of the LET spectrometer at ISIS
[143]. (a) A setup of 5 different choppers enables to analyze neutrons with different initial
energies Ei within a single neutron pulse. The covered distance is shown as a function of the
time-of-flight t − t0 . (b) Schematic representing the time-dependence of detector signal. The
neutrons with different incident energies appear in time-intervals clearly separated from each
other. (After fig. 4 in R. Bewley et. al. [143])

The LET instrument is located at the target station TS2 at the ISIS facility. The latter
is a pulsed spallation source and TS2 works at a frequency of 10 Hz. The time window of
100 ms between two pulses is much larger than the time interval of less than 10 ms - 20 ms
in which scattered neutrons with a single incident energy arrive. By using an advanced
combination of five different choppers, LET allows neutrons with several incident energies
to cross the chopper system [143]. Figure 3.6a shows the distance from the moderator as a
function of the time-of-flight t − t0 . The slow, intermediate and fast neutrons (black, blue
and red lines in fig. 3.6) propagate with distinct velocities. After the scattering process,
they arrive at the detector in separate time-intervals (as schematically shown in fig. 3.6b).
Using this technique, several experiments can be performed at the same time. In the
work presented in section 6.3, measurements with Ei = 2.2 meV, 4.2 meV and 11 meV
were performed simultaneously. The different data sets have different properties and were
used for different purposes. While Ei = 2.2 meV and Ei = 4.2 meV data set contained the
low-energy high-resolution data as well as the full spectrum respectively, the Ei = 11 meV
data set was used for tracking the alignment of the sample.
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Spin ladder excitations in zero field
In this chapter, the zero-field spectral properties of the Heisenberg spin ladder material
DIMPY are studied using inelastic neutron scattering techniques. Performing these measurements at lowest temperatures enables to directly observe spin ladder excitations.
After having introduced intuitive pictures of excitations in the strong-rung and strongleg coupling limit and the concept of rung structure factors, triple-axis measurements of
excitations in the antisymmetric and symmetric channels are presented. Comparison with
DMRG calculations determines the spin Hamiltonian of DIMPY. The rung permutation
symmetry and the complete spectra in both channels are studied with the neutron timeof-flight technique. Finally, the evolution of the spectrum from the strong-rung to the
strong-leg regime is discussed in a broader context.
The work presented in this chapter was published in refs. [28, 147, 148, 149].

4.1

Theoretical background

In zero field, the Heisenberg two-leg spin ladder features a singlet ground state, protected
from lowest-energy excited states by a finite energy gap [150]. The latter correspond to a
branch of triplet excitations (magnons) with a sharp energy-momentum dispersion [25].
They are separated from further high-energy continuous and sharp excitations. While
the singlet ground state is symmetric with respect to the permutation of the ladder legs
(k⊥ = 0), magnon excitations are antisymmetric (k⊥ = π). The nature of the gapped
magnon excitation is explained by the large-S mapping of the spin Hamiltonian onto the
O(3) non-linear sigma model NLσM [25, 151, 152]. The latter predicts that the gapped
magnon
p excitation is described by a relativistic form around the magnetic zone center,
kk = ∆2 + c2 (kk − π)2 , with the gap ∆ and the relativistic velocity c. Still, the magnon
dispersion throughout the Brillouin zone depends on the details of the Hamiltonian.
The nature of emergent magnon excitations can be explained both qualitatively and quantitatively if either the rung or leg exchange is dominant, with x = Jleg /Jrung  1 (strongrung regime) or x  1 (strong-leg regime) respectively.
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Figure 4.1 summarizes intuitive pictures explaining the occurrence of gapped magnon
excitations in both coupling regimes.
(1a)

Strong-rung coupling limit:
Weakly coupled dimers

(2a)

Strong-leg coupling limit:
Weakly coupled spin chains

Jleg
Jrung

Jrung
Jleg

(1b)

Uncoupled limit: Dimer triplets

(2b)

Uncoupled limit: Spinon excitation
Spinon excitation

E
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S = 0: Singlet ground state
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Hopping of triplets → Dispersive triplet excitation

Restoring force → Two spinon bound states

Figure 4.1: Magnon excitations in the strong-rung (left) and strong-leg (right) coupling regime.
Details are explained in the text.

The physics of a strong-rung spin ladder is particularly simple (fig. 4.1 1a-1c) [153, 154].
If the rung exchange is dominant, the spin ladder consists of weakly coupled dimers on
the rungs. For x → 0, they are uncoupled: Each rung has a singlet ground state and
a triplet excited state above a gap of ∆ = Jrung . In the spin ladder ground state, all
dimers are in their respective singlet ground state while lowest-energy ladder excitations
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correspond to states with exactly one dimer-triplet excited on one single rung. It has an
excitation energy of ∆ above the ground state and is described by S = 1. For a long but
finite ladder consisting of L rungs, there are L such states. They are degenerate and can
be combined to L linear combinations being described by L equally spaced kk -vectors out
of the first Brillouin zone 0 ≤ kk < 2π. A weak leg-exchange Jleg  Jrung renders such an
excited dimer triplet mobile (fig. 4.1 1c). The lowest-energy excitations hence become a
slightly dispersive mode. To a first approximation, the dispersion is described by a cosine
function [154]. Such slightly dispersive magnon excitations of strong-rung spin ladders
have been observed e. g. in the material BPCB [100, 82, 153].
In the opposite strong-leg coupling limit with x  1, the spin ladder consists of two
weakly coupled antiferromagnetic Heisenberg spin chains on each leg (fig. 4.1 2a). In the
uncoupled limit x → ∞, elementary excitations of each chain are fractional S = 1/2
excitations, so called spinons [155]. Naively, spinons can be visualized by domain walls
(kinks) of the Ising spin chain [156], in the isotropic limit Jxy → Jz [16]. In experiments,
spinons with a fractional spin S = 1/2 can only be excited in pairs, due to selection rules
for neutron or light scattering techniques which do not allow a half-integer change of S
or MS [129, 130].
On a single chain, two such excited spinons are free and move independently [16] (fig. 4.1
2b). In experiments, a broad continuum of two-spinon excitations is typically observed
[157, 158]. However, if the chains are coupled to a ladder, the potential energy increases
as a function of distance between the two spinons because by moving apart, progressively
more spins are coupled ferromagnetically to the second chain, instead of being coupled
antiferromagnetically (orange bonds in figure 4.1 2c). Intuitively, there is a restoring
force trying to put spinons together or equivalently, a confinement potential develops.
Due to this attractive potential, bound two-spinon states occur. The latter possess a
finite zero-point energy and the gapless two-spinon excitation continuum is thus replaced
by gapped S = 1 two-spinon bound states, which we refer to as ’magnons’. So far, magnon
excitations of strong-leg Heisenberg spin ladders have been observed experimentally in the
high-energy scale cuprate material Sr14 Cu24 O41 and its derivatives [73, 91].
In addition to one-magnon excitations, a spin ladder Hamiltonian features various kinds
of higher-energy quantum states. Of special importance are two-magnon excitations, as
schematically shown in figure 4.2. While they can be calculated numerically or analytically
in the strong-rung or strong-leg coupling limit (section 4.5), we now introduce an intuitive
explanation1 : In a quantum-mechanical scattering picture, one could excite two magnons
with k vectors kk,1 and kk,2 and corresponding energies k,1 and k,2 , propagating on the
ladder background with mutual collisions described by a scattering matrix S. Depending
on their energies and kk vectors, they could be combined to ’free’ or ’bound’ solutions.
A free two-magnon excitation would correspond to two freely propagating magnons with
a total kk vector of kk = kk,1 + kk,2 and total energy k = k,1 + k,2 (fig. 4.2a). Since
one can vary the kk vectors of both magnons randomly, there is broad continuum of such
two-magnon excitations (shaded area in fig. 4.2b).
1

For the interested reader, we refer to the Appendix of reference [159], where the following ideas are
mathematically carried out for the related model of a gapped alternating spin chain.
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However, only the support of the (kk , k )-region with possible two-magnon excitations can
be constructed. The actual distribution or density of states of two-magnon states within
this support fully depends on the underlying Hamiltonian.
k| = 0

2.5

εk,|| (Jrung)

εk

S=2

Magnon
1

2.0

εk,1

S=1
S=0

εk,2

2-magnon continuum

k| = π

2

Bound States

(a)
0
0.0

k||,1

k||,2 0.5

k||

1.0

k|| / 2π

1.5
0.0

(b)
0.5

1.0

k|| / 2π

Figure 4.2: (a) Construction of the support of two-magnon excitations. (b) Two-magnon
continuum and S = 0, 1 bound and S = 2 antibound states (after ref. [160]).

The above-mentioned construction of the support of free solutions is similar to e. g. electronhole excitations of a semiconductor, where the (q, )-support of the particle-hole continuum can be determined based on band energies of the valence and conduction band [161].
However, residual interactions between electrons and holes in semiconductors, or equivalently between excited magnons in the spin ladder, may lead to bound solutions as well.
In semiconductor, these electron-hole bound solutions within the band gap are referred
to as excitons [161, 1].
In analogy, the short-ranged interactions between excited magnon quasiparticles can lead
to bound states, in addition to the free two-magnon continuum solutions. They correspond
to modes with a sharp energy-momentum dependence and are located below or above the
two-magnon continuum. Since the magnon carries a total spin S = 1, there are S = 0, 1
and 2 bound and anti-bound states [160], according to the fundamental addition theorem
of angular momenta [59]. Furthermore, since both magnons carry a perpendicular k vector
of k⊥ = π, any two-magnon state is described by k⊥ = 0 and is thus symmetric under the
leg exchange. To the present, such spin ladder two-magnon excitations have been observed
only in the cuprate strong-leg Heisenberg spin ladder material La4 Sr10 Cu24 O41 [91] and
in Sr14 Cu24 O41 [74], with inelastic neutron and X-ray scattering techniques, respectively.
In addition to magnon and two-magnon excitations, there are still numerous higherenergy quantum states. However, inelastic neutron scattering, as studied in this chapter,
measures the dynamical structure factor Sqαβ
(qk , ω). At low temperatures kB T  ∆ where
⊥
only the ground state |0i is thermally populated, the latter reads as [153]
 E2
2π X D X −i qk l  β
iq⊥ β
λ
e
S
+
e
S
δ(~ω + E0 − Eλ ),
(4.1)
Sqαβ
(q
,
ω)
=
k
l,1
l,2 0
⊥
L λ
l
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with α and β describing the spin components α, β ∈ {+, −, z} and the eigenenergies E0
and Eλ of |0i and |λi. The support of Sqαβ
(qk , ω) for the zero-field spin ladder corresponds
⊥
λ
0
λ
λ
0
λ
to the (qk , ~ω)-values qk = kk − kk = kk and ~ω = Eλ − E0 with q⊥ = k⊥
− k⊥
= k⊥
[153]. Furthermore, due to spin selection rules, only states |λi with S = 1 can be coupled
to the S = 0 ground state by the matrix elements in equation (4.1). Therefore, under
(qk , ω) corresponds to the S = 1 sector
the conditions considered here, the support of Sqαβ
⊥
of the eigenenergy-spectrum. However, it fully depends on the matrix elements appearing
in equation (4.1), to what extent any such excited state |λi contributes to the dynamical
structure factor and thus, whether it can be observed with inelastic neutron scattering
techniques. In general, these matrix elements are strongest for the magnon excitation
while higher-energy quantum states contribute progressively less. Moreover, in the strongrung limit x = 0, the matrix elements between the ground state |0i and multi-magnon
excited states are forbidden by symmetry [153]. Therefore, two-magnon excitations are
usually too weak to be observable in strong-rung spin ladders, such as e. g. the strong-rung
spin ladder material BPCB [162, 153].
In summary, inelastic neutron scattering experiments at low temperatures T  ∆/kB and
(qk , ω) whose
zero-field directly probe the zero-temperature dynamical structure factor Sqαβ
⊥
support corresponds to the support of the S = 1 energy spectrum of the Hamiltonian. The
main contribution to the dynamical structure factor is due to gapped magnon excitations
with a sharp energy-momentum dependence, contained in the antisymmetric channel with
q⊥ = π, and much weaker continuous or sharp two-magnon excitations with q⊥ = 0.
As explained in the next subsection, inelastic neutron scattering enables to measure the
antisymmetric and symmetric contributions not only throughout the entire Brillouin zone
but also separately, in different regions of the Brillouin zone.

The rung structure factors
Due to the leg-permutation symmetry of a pure spin ladder Hamiltonian without further interactions (section 1.2), the dynamical structure factor S(Q, ω) decomposes into a
symmetric S0 (qk , ω) and antisymmetric Sπ (qk , ω) part [153],
S(Q, ω) = s0 (Q) S0 (qk , ω) + sπ (Q) Sπ (qk , ω).

(4.2)

Here, Sq⊥ (qk , ω) are the dynamical structure factor components associated with the operα
α
ators Sj,1
± Sj,2
as defined in equation (4.1). Since the unit cell contains several magnetic
ions, the symmetry sectors are weighted by different phase factors in reciprocal space, the
antisymmetric and symmetric rung structure factors sπ (Q) and s0 (Q), respectively.
For DIMPY, two crystallographically equivalent spin ladder systems are present in the
crystal structure with distinct rung vectors d1,2 = (0.423, ±0.256, 0.293) in fractional coordinates (section 2.1). Although their respective contribution to the dynamical structure
factor is the same at any qk = Q · a, their individual rung structure factors show a distinct Q-dependence. Assuming that the individual ladder systems are non-interacting,
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the combined rung structure factors become [162]


1
iq⊥
iq⊥
2 + e cos(Q · d1 ) + e cos(Q · d2 ) .
sq⊥ (Q) =
4

(4.3)

Figure 4.3 illustrates the antisymmetric rung structure factor sπ (Q) as calculated for (a)
the Q = (Qh , 0, Ql ) and (b) for the (Qh , Qk , 0) scattering plane.
(a) Antisymmetric rung structure factor (a*c*-plane)
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Figure 4.3: Antisymmetric rung structure factor sπ (Q) (a) in the (Qh , 0, Ql ) and (b) in the
(Qh , Qk , 0) scattering plane. Blue regions correspond to s0 (Q) = 1 (sπ (Q) = 0) and contain
only symmetric contributions (q⊥ = 0) while red regions correspond to sπ (Q) = 1 (s0 (Q) = 0)
and contain antisymmetric contributions (q⊥ = π).

In the red coloured regions, sπ (Q) = 1 (and s0 (Q) = 1) and only contributions from
Sπ (qk , ω) such as magnon excitations are observable. In the blue coloured regions, s0 (Q) =
1 (and sπ (Q) = 1) and symmetric excitations are visible. The dynamical structure factor
of the ladder system itself depends on the momentum transfer along the leg qk = 2π Qh /rlu
only and is the same in each Brillouin zone. As seen in figure 4.3, the qk -dependence of the
antisymmetric and symmetric dynamical structure factor can be followed by performing
experiments in the (Qh , 0, Ql ) scattering plane along the red and blue regions (white
arrows). The latter are defined by the lines (Qh , 0, Ql ) = (ξ, 0, n · 1.7 − 1.44 · ξ) rlu with
n odd and even for the red and blue regions respectively. In the (Qh , 0, Ql ) scattering
plane, the contribution from the two individual ladder systems with different rung vectors
d1,2 is equal, since the projection of d1,2 onto the (Qh , 0, Ql )-plane is the same. This is
in contrast to e. g. the (Qh , Qk , 0)-scattering plane as shown in figure 4.3b. Except for
a few discrete values of qk = 2π Qh /rlu in reciprocal space (white points in fig. 4.3b), a
weighted combination of antisymmetric and symmetric contributions is observed.
The concept of the rung structure factor will now be used in order to experimentally study
the qk - and ~ω-dependence of antisymmetric and symmetric excitations separately in the
a? -c? scattering plane. In the next subsections, antisymmetric and symmetric excitations
are measured at (Qh , 0, Ql ) = (ξ, 0, 1.7 − 1.44 · ξ) rlu and (Qh , 0, Ql ) = (ξ, 0, −1.44 · ξ) rlu
respectively.
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4.2

Zero-field excitations measured with TAS experiments

Antisymmetric excitations
In order to study excitations in the antisymmetric channel, a series of triple-axis neutron scattering experiments were performed. Both a fully deuterated single crystal of
(C7 D10 N)2 CuBr4 (m = 0.7 g) as well as four fully deuterated and co-aligned single crystals (mtot = 3.7 g) were used (section 2.3). Measurements were performed with the TASP
cold neutron triple axis spectrometer [163] at the SINQ spallation source (Paul Scherrer Institute, Switzerland). The temperature was controlled with a standard 3 He-4 He
dilution refrigerator and data was measured at T = 100 mK and below. A series of
34 constant-Q scans in the (Qh , 0, Ql )-scattering plane were performed with fixed final
energy Ef = 3.5 meV as well as vertically and horizontally focusing pyrolytic graphite
monochromator and analyzer respectively. In order to avoid higher-order contaminations,
a beryllium filter cooled by liquid nitrogen was placed between sample and analyzer
and measurements were performed in the collimation mode open-80’-open-open [136].
Constant-Q scans were performed as a function of energy transfer ~ω for several values
of Qh (or qk = Q · a) and at the maximum of the antisymmetric rung structure factor,
i. e. at Q = (ξ, 0, 1.7−1.44·ξ) rlu. The experimentally covered Q positions as well as the
antisymmetric rung structure factor sπ (Q) in the (Qh , 0, Ql ) scattering plane are shown in
figure 4.4a. Figure 4.4b illustrates representative raw data measured at different positions
in the 1D Brillouin zone (coloured circles) and normalized to a typical counting time of 2
minutes per point2 .
Throughout the entire 1D Brillouin zone 0 rlu ≤ Qh ≤ 1 rlu, the magnon excitation is observed as a well-defined inelastic peak, clearly separated from the elastic incoherent line
(gray shaded area) and on a flat background of 5 counts per minute. This measurement
is enabled by the use of fully deuterated single crystals of high quality. In contrast, the
measurement of T. Hong et al. in ref. [110] with partially deuterated single crystals was
severely hindered by the incoherent scattering of the remaining hydrogen. In particular, in
that study, the magnon excitation could only be measured in the vicinity of the magnetic
zone center (0.3 rlu < Qh < 0.5 rlu), proving the necessity of fully deuterated samples.
Taking the resolution function of the instrument into account, 29 constant-Q scans3 were
fitted simultaneously to the following model: The dynamical structure factor was assumed
to consist of a sharp magnon excitation only, S(Q, ω) = S(Q) δ(~ω − ~ωq ) where S(Q)
corresponds to the equal-time structure factor and ~ωq denotes the magnon dispersion.
The latter was approximated by the empirical function
q
~ωq = ∆2 sin2 (πQh )2 + A2 cos2 (πQh ) + B 2 sin2 (2πQh ),
2

(4.4)

More precisely, data was normalized to the number of counts of a monitor placed between monochromator and sample. In this case: 90’000 counts, corresponding to about 2 minutes.
3
Due to contamination by a non-dispersive background contribution around 0.65 rlu < Qh < 0.8 rlu,
5 scans were excluded from the global fit (shaded region in fig. 4.4c,d).
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Figure 4.4: (a) Experimentally covered Q-positions (white points) and antisymmetric rung
structure factor sπ (Q) (color plot). (b) Representative constant-Q scans from TAS experiments
of DIMPY, showing intensity as a function of energy transfer, measured at Q = (ξ, 0, 1.7−1.44·
ξ) rlu. Solid lines represent the results of the resolution-limited global fit. (c) Magnon dispersion
~ωq and (d) equal time structure factor S(Q) as determined from single fits (symbols) and the
global fit (black line). The shaded region is contaminated by a non-dispersive background
contribution. The relativistic behaviour around Qh = 0.5 rlu is shown as a red line.

with the parameters ∆, A and B parametrizing the magnon dispersion. The same empirical function was previously used in order to describe the magnon dispersion in the
strong-rung spin ladder material IPA-CuCl3 [79]. Assuming that DIMPY is described
by a simple spin ladder Hamiltonian without further interactions and that most of the
spectral weight is contained in the magnon excitation, the equal time structure factor was
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obtained from the first-moment sum rule (section 3.2.4, [139, 164]),


S1 1
(1 − cos(Q · a)) + S2 .
S(Q) =
~ωq 2

(4.5)

Here, S1 denotes a global constant prefactor while S2 is the ratio of the bond energies,
S2 = Erung /(2Eleg ). The latter describe the average exchange energy on the rung and leg
respectively, i. e. Erung = Jrung hSj,1 Sj,2 i and Eleg = Jleg hSj,1 Sj+1,1 i [139].
The parametrized cross section, equations (4.4) and (4.5), was numerically convoluted
with the resolution function of the spectrometer in the Popovici approximation [142]
using the ResLib 3.4 analysis package from A. Zheludev [141]. The magnetic form factor
of Cu2+ was included in that fit. It was approximated by F (Q) ' j0 (Q) with the function
j0 (Q) as numerically calculated for Cu2+ in ref. [138]. Finally, the fit allowed for a Qand ~ω-independent constant background.
The least-square fitting procedure determined the parameters to be ∆ = 0.332(2) meV,
A = 1.55(1) meV and B = 2.27(1) meV, as well as S2 = 0.35(4) and hence Eleg /Erung =
1.42(16). The magnon dispersion and the equal time structure factor as obtained from
the global fit are shown as a black full lines in figure 4.4c and d respectively. Symbols4
correspond to the magnon peak positions and intensities obtained in fits to single constantQ scans. Scans as simulated with parameters determined from the global fit are shown
as black full lines in figure 4.4b. The observed lineshapes are fully reproduced by the
corresponding simulations, proving that the lineshape of magnon excitations are entirely
due to resolution effects, without measurable intrinsic linewidths.
While the magnon dispersion throughout the Brillouin zone is determined by the underlying spin ladder Hamiltonian, the O(3) NLσ model [25, 165, 152] predicts the behaviour
around the magnetic zone center to be universal
p and to be described by a relativistic
energy-momentum dispersion relation, ~ωq = ∆2 + c2 |qk − π|2 with qk = 2π Qh /rlu.
The relativistic velocity5 c is given by [98]
r
p
d (~ωq )2 − ∆2
A2 − ∆2
= B2 +
.
(4.6)
c=
d(2πQh )
4
Qh =0.5
The velocity c was determined to be c = 2.39(1) meV, and agrees with c = 2.36(4) meV,
as obtained by T. Hong et al. in ref. [110]. The relativistic behaviour of the magnon
dispersion around the magnetic zone center is readily observed (red line in fig. 4.4c) and
remains a good approximation at least for 0.4 rlu ≤ Qh ≤ 0.6 rlu and ~ω ≤ 1.3 meV.
It is worth pointing out that the one-magnon dispersion could be followed throughout the
entire Brillouin zone until the ferromagnetic zone center at Qh = 0 rlu or 1 rlu.
4

Circles and squares for experiments with four co-aligned crystals and one single crystal respectively.
In this work, we measure the velocity of spin excitations in energy units, as defined by a linear onedimensional dispersion relation, ~ω = c · qk . It can easily be converted into the velocity c̃ in conventional
units of m s−1 by c̃ = c · 2π/(~ |a? |) with |a? | = 0.848 Å−1 . Therefore, the relativistic ’speed of light’ of
magnons is c̃ ' 2.7 · 103 m s−1 . In addition, the magnon mass is given by m = ∆/c̃2 ' 7.5 · 10−30 kg, thus
an order of magnitude larger than the free electron mass.
5
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This is in contrast to the previously studied Heisenberg spin ladder material IPA-CuCl3
[79, 98, 80]. In this material, the one-magnon dispersion was found to suddenly terminate
at a critical wavevector ξc . IPA-CuCl3 is a spin ladder with strong ferromagnetic diagonal
couplings (Jleg = 1.2 meV, Jrung = 2.9 meV and Jd = −2.3 meV) [79, 80]. Although the
Hamiltonian is not frustrated, the diagonal couplings destroy the leg permutation symmetry. Consequently, the sudden magnon termination could be attributed to a two-magnon
decay. It is now well-known [166, 167, 168] that in one-dimension, magnon excitations
become instable in the q-~ω regions spanned by the multi-particle continuum. If the leg
permutation symmetry is present, one- and two-magnon excitations are described by distinct rung k-vectors k⊥ and the decay is forbidden by symmetry. If diagonal interactions
are present, the leg permutation symmetry is broken. Magnon and two-magnon excitations hence carry the same set of quantum numbers and a two-magnon decay is possible.
Therefore, in IPA-CuCl3 , the magnon terminates when entering the two-magnon continuum [80].
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Figure 4.5: Measured magnon excitation (white symbols), global fit (black line) and the
constructed support of the two-magnon continuum (blue shaded region). Magnon excitations
remain stable inside the two-magnon continuum, proving the leg-permutation symmetry.

Figure 4.6 illustrates the magnon excitations measured in DIMPY (white circles) along
with the global fit (black line). In addition, the support of the two-magnon continuum
(blue shaded area) constructed from the magnon dispersion ~ωq is shown, as explained
in section 4.1. This allows to estimate the region in which the magnon excitation is located inside the two-magnon continuum: −ξc + n < qk /(2π) < ξc + n where n is integer
and ξc ' 0.15. Experimentally, no anomalies in the magnon branch were observed at
the critical wave vectors n ± ξc . Within experimental error, it remains resolution limited
throughout the entire Brillouin zone, proving that the magnon states are protected from
two-magnon decay by symmetry. In conclusion, the magnon stability validates the absence of significant leg permutation symmetry breaking interactions in the Hamiltonian
such as for example diagonal exchange.
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Symmetric excitations
Symmetric excitations were studied with a triple-axis experiment, conducted at the TASP
spectrometer (Paul Scherrer Institute, Switzerland) [163]. This experiment was performed
with a conventional 4 He cryostat but otherwise identical experimental conditions as in
the last paragraph. Three constant-Q scans were measured on the maximum of the symmetric rung structure factor s0 (Q): At Q = (0.5, 0, −0.72) rlu, (0.625, 0, −0.9) rlu and
(0.75, 0, −1.08) rlu (fig. 4.6d). Figure 4.6a-c shows the measured neutron intensity at 4 He
base temperature T0 = 1.5 K (white symbols) and as a function of energy transfer ~ω.
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Figure 4.6: Symmetric excitations of DIMPY, as measured with triple-axis neutron spectroscopy and at T = 1.5 K. Constant-Q scans were measured on the maximum of the symmetric rung structure factor s0 (Q), with (a) Q = (0.5, 0, −0.72) rlu, (b) (0.625, 0, −0.9) rlu and
(c) (0.75, 0, −1.08) rlu. White and blue circles correspond to raw and background subtracted
data. Red and orange lines represent the resolution limited fit and numerical DMRG calculation
(convoluted with experimental resolution). (d) Covered Q-positions and s0 (Q) (color map).

Although inelastic peak-like features are observed around 2 meV, the corresponding intensity is an order of magnitude lower if compared to the antisymmetric channel. Moreover,
it is possibly contaminated by background contributions. In order to subtract the latter,
the same scans were performed at higher temperatures of T1 = 50 K and T2 = 110 K,
where no magnetic contribution is expected. Two remaining sources of background were
assumed: (a) Scattering from the cryostat or other instrumental parts independent of the
sample temperature T and (b) inelastic one-phonon scattering from the sample, scaling
with the Bose factor n(ω, T ) + 1 = (1 − e−~ω/kB T )−1 (section 3.2.2).
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These background contributions were determined and subtracted point-by-point as described in appendix 10.1. Background-subtracted scans (blue symbols in fig. 4.6) display
well-defined inelastic peaks. Taking the instrumental resolution function into account and
assuming that measured excitations correspond to sharp single-modes with S(Q, ~ω) =
S(Q) · δ(~ω − ~ωc ), the peak positions ~ωc were determined to be ~ωc = 1.87(1) meV
(Qh = 0.5 rlu), 2.39(2) meV (Qh = 0.625 rlu) and 2.67(2) meV (Qh = 0.75 rlu). The
resolution-limited simulated scans are shown as red lines in figure 4.6. Apart from a
possible tail at higher energies, the simulations excellently agree with the measured data.
Therefore, we conclude that the main contribution to the magnetic signal stems from a
sharp mode with an intrinsic linewidth much smaller than the energy resolution.

4.3

Numerical DMRG calculations

In order to validate the spin Hamiltonian, to determine the exchange constants and
to assign the measured contributions, numerical density matrix renormalization group
(DMRG) calculations were performed by P. Bouillot et al. [148]. Using the time-dependent
DMRG method [169, 170, 171, 172], the frequency and momentum resolved zerotemperature dynamical structure factor in both symmetry channels Sqαβ
(qk , ω) was calcu⊥
6
lated , according to equation (4.1).
As a first step, the exchange constants were determined by fitting the experimentally
measured magnon dispersion (white points in figure 4.7) with the numerical result for
different exchange constants Jleg and Jrung . In a least squares fit, they were determined
to be Jleg = 1.42(6) meV and Jrung = 0.82(2) meV respectively [148].
Figure 4.7a illustrates the numerically calculated antisymmetric component Sπ (qk , ω)
(color map) for the exchange constants quoted above. The experimentally determined
magnon positions are shown as white points. The agreement is almost perfect, indicating
that DIMPY can be faithfully described by a simple spin ladder Hamiltonian with exchange constants Jleg and Jrung . Additional terms such as anisotropies, diagonal exchange,
second-nearest neighbor, Dzyaloshinskii-Moriya or inter-ladder interactions appear to be
orders of magnitude smaller and do not play a significant role for the energy scales associated with the experiments and calculations presented here. In addition to the magnon
excitation, Sπ (qk , ω) contains a continuum of excitations starting at ~ω = 1.5 meV at
qk = π. However, its spectral weight is two orders of magnitude lower than the magnon
excitation and it remains experimentally unobserved.
Figure 4.7b illustrates the symmetric dynamical structure factor S0 (qk , ω), as numerically
calculated with the fitted exchange constants.
6

Calculations of the dynamical structure factor were performed by P. Bouillot et al. on spin ladders
with L = 200 rungs (400 spins) while keeping M = 200 DMRG states. The time- and space-dependence of
αβ
β
α
the spin-spin correlations, Sl,j
(tn ) = h0|eitn H Sl+L/2,j
e−itn H SL/2,1
|0i, was calculated with discrete time
steps of tn = n δt and δt = 0.1 Jrung . The dynamical structure factor components were obtained by
filtered discrete Fourier transformation. Further details are contained in refs. [148, 173].
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Figure 4.7: Dynamical structure factor Sqαβ
⊥ (qk , ω) (a) in the antisymmetric and (b) in the
symmetric channel. The numerical DMRG calculation is shown as a colormap, in logarithmic
intensity scale. White circles in (a) and (b) correspond to experimentally determined magnon
and two-magnon bound state excitation energies. The yellow broken line in (b) marks the
two-magnon continuum as constructed from the magnon dispersion ~ωq .

S0 (qk , ω) contains both a diffusive continuum of excitations and an excitation with a
sharp energy-momentum dispersion, separated from the continuum by a gap. The former
corresponds to the two-magnon continuum. Based on the one-magnon dispersion ~ωq , the
lower and upper boundary of the two-magnon continuum contributions in the (qk , ~ω)plane can be constructed (yellow broken lines in fig. 4.7). The numerically calculated
continuum is clearly contained within this region and exactly bound from below by the
yellow broken line.
However, most of the spectral weight is contained in an intense sharp excitation below the
two-magnon continuum. In the spirit of the strong-coupling approach [153], this sharp
excitation corresponds to the S = 1 two-magnon bound state and in a scattering picture
[159], it relies on the short-ranged interaction between excited magnons. The scans measured in fig. 4.6a-c can be reproduced by convoluting the DMRG calculation of S0 (qk , ω)
with the instrumental resolution function (orange line). Therefore, the sharp peaks experimentally observed in the symmetric channel (white points in fig. 4.7b) correspond to the
two-magnon bound state contribution, while the possible tail at higher energies originates
in the much weaker two-magnon continuum. The experimentally observed energy positions of the two-magnon bound state quantitatively agrees with the numerical calculation
based on the exchange constants determined from the magnon excitation only.
Using inelastic neutron scattering, similar two-magnon excitations have been observed
in the high-energy cuprate materials La4 Sr10 Cu24 O41 [75], Sr14 Cu24 O41 [74] and in other
gapped quantum magnets such as the alternating Heisenberg spin chain material copper
nitrate, Cu(NO3 )2 · 2.5D2 O [159].
The various excitation branches, their evolution from the strong-rung to the strong-leg
regime as well as the agreement with analytic results will be discussed in section 4.5.
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4.4

Full spectrum measured with TOF experiments

An inelastic neutron time-of-flight (TOF) experiment was performed at the CNCS cold
neutron chopper spectrometer [144] at the SNS spallation source (Oak Ridge, US). The
sample holder consisting of four fully deuterated single crystals (section 2.3) was mounted
with the crystallographic b-axis vertical. For temperature control, a conventional 4 He
cryostat was used and experiments were performed both at 1.5 K as well as at 50 K and
110 K for background subtraction. The incident energy was fixed to Ei = 4.2 meV while
the sample was horizontally rotated by 180◦ in steps of 5◦ . The intensity was normalized
with respect to the proton charge on the target [144]. The latter was fixed to 1.5 µC
per rotation step for the 1.5 K and 0.75 µC for the 50 K and 110 K measurements, with a
typical counting time of 30 minutes and 15 minutes per rotation step respectively.

Integrated intensity and rung structure factor
Figure 4.8 illustrates raw data measured at 1.5 K and 50 K respectively. Data was integrated along the perpendicular b? and c? direction7 , using the Horace program [174].
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Figure 4.8: Summary of data measured by neutron TOF experiments on DIMPY. Intensity is
shown as a function of energy transfer ~ω and momentum transfer along the leg qk = 2π Qh /rlu.
(a) and (b) illustrate raw data measured at T = 1.5 K and T = 50 K respectively, integrated
along b? and c? . Typical non-magnetic phononic and instrumental background features are
marked by arrows. (c) Background-subtracted data.
7

As previously shown in ref. [110], excitations in DIMPY are non-dispersive along the perpendicular
directions, due to its exceptionally one-dimensional Hamiltonian. Data can hence be integrated along
b? and c? . This procedure highly improves statistics without artificially broadening otherwise sharp
features.
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In the integrated raw data in figure 4.8a, both the magnon and the two-magnon bound
state excitation are visible in at least four Brillouin zones. However, the magnetic scattering is obviously contaminated by non-magnetic background features, either from the
instrument or the sample itself. In order to separate the sample-temperature dependent
and T -independent contributions, the spectrum was recorded at 50 K and 110 K where
no magnetic signal is expected. Similar as in section 4.2, the temperature-dependent
contribution was assumed to stem from one-phonon scattering of the sample scaling with
the Bose factor n(ω, T ) + 1 (section 3.2.1). From the integrated data sets at 50 K and
110 K, the T -dependent and T -independent contribution were determined (section 10.1).
Yellow arrows in figure 4.8 indicate prominent instrumental background features while
black arrows highlight one-phonon scattering. The latter becomes particularly strong at
large |Q|, low energy transfer and high temperatures.
Figure 4.8 illustrates background subtracted data in the first Brillouin zone 0 rlu < Qh <
1 rlu. Most of the background features could be removed. Due to the integration along the
directions perpendicular to the ladder, the cosine-functions in the rung structure factors
(equation 4.3) average to 1/2 and a nearly equal combination of the antisymmetric and
symmetric contributions, Sπ (qk , ~ω) and S0 (qk , ~ω), is observed.
In order to experimentally map out and confirm the structure factors sq⊥ (Q), raw data
at 1.5 K as well as background data at 50 K and 110 K was integrated around the magnetic zone center Qh = [0.45, 0.55] rlu and in the energy range ~ω = [0.2, 0.6] meV and
[1.75, 2.05] meV, enclosing the magnon and two-magnon bound state respectively (fig. 4.9).
The instrumental and phonon background were separated, extrapolated to 1.5 K and subtracted, as graphically illustrated in figure 4.9a-d. The background subtracted intensity
as a function of Qk and Ql , integrated in the regions quoted above, is shown in figures
4.9e and f for the cuts around the magnon and two-magnon contribution. The phase shift
between magnon and two-magnon data is clearly manifested: Two-magnon intensity is
strong at areas where one-magnon intensity is weak (and vice versa).
The structure factors sq⊥ (Qh = 0.5, Qk , Ql ) were calculated for Qh = 0.5 rlu and on the
same (Qk , Ql )-grid as the experimental data. They were multiplied by the magnetic form
factor |F (Qh = 0.5, Qk , Ql )|2 of Cu2+ (section 4.2). The calculated antisymmetric and
symmetric contribution is shown in figure 4.9g and h respectively.
The cut around the magnon excitation in fig. 4.9e clearly follows the predicted antisymmetric rung structure factor sπ (Qh = 0.5, Qk , Ql ). Although the vertical coverage
of the 2D time-of-flight detector was limited by ±16◦ , the exceptionally large b-axis of
DIMPY (b = 31.61 Å) enabled to observe a full period of the structure factor in vertical direction. Although the intensity is much weaker for the cut around the symmetric
two-magnon bound state (fig. 4.9f), enhanced intensity is observed in the range with
−2 rlu < Ql < 0 rlu with −1 rlu < Ql < 1rlu while it is nearly zero for 0 rlu < Ql < 2 rlu.
This observation is in excellent agreement with the calculated variation of the symmetric
structure factor s0 (Qh = 0.5, Qk , Ql ) (fig. 4.9h).
In conclusion, the distinct rung structure factors for the antisymmetric and symmetric
excitations could be experimentally confirmed.
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Separation of the symmetry channels
Although the integration along perpendicular directions averages out the contribution
from the antisymmetric and symmetric channel, the information is still contained in the
large 4D TOF data I = I(Qh , Qk , Ql , ~ω), due to the distinct rung structure factors. In
this paragraph, the symmetry channels are separated based on the knowledge of the rung
structure factors which were successfully mapped out in the last paragraph.
The basic idea was to divide the 4D data set into 2D cuts by integrating along small ranges
in Qh and ~ω and to determine the contribution of the antisymmetric and symmetric
channel for each value of (Qh,i , ~ωj ), assuming that the structure factors are given by
equation (4.3).
The Qh -~ω plane was divided into 1600 boxes (Qh,i , ~ωj ) of the size 0.025 rlu × 0.075 meV.
For each box (Qh,i , ~ωj ), data measured at both 1.5 K, 50 K and 110 K was integrated
T
along a small range Qh,i ±0.025 rlu and ~ωi ±0.075 meV, leaving 2D data sets Ii,j
(Qk , Ql ).
Background subtraction was performed for each (Qh,i , ~ωj ) using the data sets measured
at 1.5 K, 50 K and 110 K.
The structure factor for the antisymmetric and symmetric channel were calculated on the
same grid as the data, sq⊥ ,i (Qk , Ql ). Two masks Mq⊥ ,i,j (Qk , Ql ) were defined by
(
sq⊥ ,i (Qk , Ql )−1 |F (Qh,i , Qk , Ql )|−2 , sq⊥ ,i (Qk , Ql ) ≥ Lq⊥
Mq⊥ ,i,j (Qk , Ql ) =
,
(4.7)
0,
otherwise
such that the antisymmetric and symmetric masks cut out data in the region where
intensity from the corresponding channel is expected according to the structure factor.
The thresholds for the two channels were fixed to L0 = 0.8 and Lπ = 0.85, respectively.
In order to determine the separated antisymmetric contribution, the background-subtracted
sub
measured data Ii,j
(Qk , Ql ) was multiplied element-wise by the antisymmetric mask
Mπ,i,j (Qk , Ql ), summed up and divided by the number of nonzero elements - leaving one
number Iπ (Qh,i , ωj ), describing the antisymmetric contribution at the position (Qh,i , ~ωj ).
The same procedure was performed for the symmetric mask leading to the symmetric contribution I0 (Qh,i , ωj ) at (Qh,i , ~ωj ).
The separated and symmetrized contributions Iπ (Qh , ω) and I0 (Qh , ω) in the first Brillouin
zone 0 rlu < Qh < 1 rlu are shown in figure 4.10a and c respectively. Iπ (Qh , ω) clearly contains the single-magnon excitation while no contribution from the higher-energy magnon
bound state is visible. Figure 4.10b shows the DMRG calculation of Sπ (Qh , ω) convoluted
with a similar resolution as in Fig. 4.10a. However, due to the separation process, the
intensity is not in quantitative agreement anymore. In the separated symmetric channel
I0 (Qh , ω) (fig. 4.10b), the two-magnon bound state is contained, in agreement with the
calculated S0 (Qh , ω) (fig. 4.10d). The symmetric contribution still contains a ghost of
the single-magnon excitation (red arrow), an artefact of the separation process.
In conclusion, it could be confirmed that the magnon (two-magnon) excitations are antisymmetric (symmetric) with respect to the permutation of the ladder legs, by separating
the excitations from the measured 4D neutron TOF data set.
49

Chapter 4: Spin ladder excitations in zero field
6

8

10

20

40

60

80

Intensity (arb. units)

hω (meV)

3

(a)

2

1

1

3

0

0.5

1

0

2

1

1

0

(b)

0

3

(c)

2

0

Calculation

3

2

0

hω (meV)

Experiment

0.5

1

q|| / 2π

0

0.5

1

0.5

1

(d)

0

q|| / 2π

Figure 4.10: Separation of the antisymmetric and symmetric contributions, Sπ (qk , ~ω) and
S0 (qk , ~ω), based on neutron time-of-flight experiments on DIMPY. (a) Antisymmetric and
(c) symmetric contribution extracted from the raw TOF data, as explained in the text. The
numerical DMRG calculation of (b) Sπ (qk , ~ω) and (d) S0 (qk , ~ω) are shown, convoluted with
a similar resolution as in (a). The red arrow highlights a spurious remainder of the magnon
excitation.

4.5

Spectral evolution from the strong-rung to the
strong-leg limit

In order to discuss the previous results in a broader context, DMRG calculations of the
momentum and frequency resolved dynamical structure factor Sqαβ
(qk , ω) in both the
⊥
symmetric and antisymmetric channel were performed by P. Bouillot et al. [149].
In particular, calculations were performed for x = 0.5, 1, 1.72, 5, 10 (with x = Jleg /Jrung
and Jleg fixed to unity), as well as for the S = 1/2 Heisenberg spin chain Hamiltonian
corresponding to x → ∞. Figure 4.11 shows the calculated dynamical structure factor
in the antisymmetric and symmetric channel with q⊥ = π and 0 (upper and lower panel
respectively). It is shown as a function of energy transfer ~ω and momentum transfer
along the leg of the ladder qk = Q · a.
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Figure 4.11: Evolution of the antisymmetric (upper panel) and symmetric (lower panel) dynamical structure factor Sqαβ
⊥ (qk , ω) , from the strong-rung (left) to the strong-leg regime (right).
The DSF was numerically calculated with the DMRG method (P. Bouillot et al. [149]). It is
shown as a function of momentum transfer along the leg qk and energy transfer ~ω. Black and
white broken lines indicate the one-magnon and two-magnon bound state dispersion as predicted
by the strong-coupling approach [154, 160]. Red solid lines represent the prediction by quantum
field theory, as explained in the text.

Strong-rung regime
In the strong-rung regime x < 1, the spin ladder consists of weakly coupled dimers on
the ladder rungs (fig. 4.11a1 ). The antisymmetric dynamical structure factor Sπ (qk , ω) is
dominated by a slightly dispersive magnon excitation with a gap ∆ ' Jrung − Jleg and
a bandwidth of W ' 2Jleg . The symmetric channel (fig. 4.11a2 ) contains a weak twomagnon continuum and a S = 1 concave two-magnon bound state, existing around the
magnetic zone center qk = π only.
For strong-rung ladders, the spectral properties in either symmetry channel were studied in detail with various analytic and numerical approaches. The emerging magnon
excitation of strung-rung ladders have been studied by perturbation theory up to third
order in Jleg /Jrung [154] and up to higher order using the linked cluster series expansion
[175]. Two-magnon excitations have been studied using perturbation theory [151] and
with linked cluster series expansion [176, 160] or by mapping the spin ladder onto a dilute
Bose gas with infinite on-site repulsion [177, 178]. One- and two-magnon contributions
were also studied using a variational mean-field treatment [179] based on the bond operator formalism [180, 181]. In addition, numerical calculations with various techniques
were performed [150, 55, 57, 182, 183].
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In particular, the dispersion and spectral weight of the magnon, the two-magnon continuum as well as the two-magnon bound states were studied. These studies indicate
that
1.) The antisymmetric channel is dominated by a hardly dispersive magnon excitation
with a nearly cosine-like dispersion.
2.) The symmetric excitation spectrum contains both two-magnon continuum excitations
as well as S = 0, S = 1 two-magnon bound states below the two-magnon continuum
and S = 2 antibound states above the continuum [151, 160, 183, 177, 178]. The
gap between the continuum and the bound state (the binding energy Eb ) becomes
progressively smaller with increasing x [160]. Due to selection rules, only the S = 1
bound state contributes to the dynamical structure factor at zero temperature8 .
3.) The bound states are confined to a narrow q-range around the magnetic zone center
at qk = π. The S = 1 bound state for example is limited to 2π/3 < qk < 4π/3, i.e.
one third of the Brillouin zone, for small Jleg /Jrung [160].
4.) In the strong-rung limit x = 0, the contribution of two-magnon excitations to the dynamical structure factor is strictly zero due to selection rules [153, 151]. With increasing leg exchange, the contribution from two-magnon excitations becomes progressively
stronger and the spectral weight scales with x2 [151]. Throughout the strong-rung
regime, two-magnon excitations remain relatively weak. Therefore, two-magnon excitations have remained experimentally unobserved in strong-rung Heisenberg spin
ladder materials, so far [162].
The black and white broken line in fig. 4.11a and corresponds to the magnon dispersion
and the two-magnon bound state dispersion, as perturbatively calculated up to third order
in Jrung /Jleg [154, 160]. The agreement with the numerical calculation for x = 0.5 is still
good. The magnon and two-magnon gaps ∆m and ∆BS at the magnetic zone cetner qk , for
example, are ∆m ' 1.3 Jleg and ∆BS ' 4.0 Jleg (DMRG calculation, x = 0.5), in reasonable
agreement with ∆m ' 1.3 Jleg and ∆BS ' 4.1 Jleg (series expansion). However, for x = 1,
the perturbative results (∆m ' 0.75 Jleg and ∆BS ' 2.9 Jleg for x = 1) strongly deviate
from the numerical calculation (∆m ' 0.5 Jleg and ∆BS ' 2.2 Jleg for x = 1). They differ
as much as 30% to 50%. Thus, in conclusion, DIMPY with x = 1.76 is clearly outside
the regime where the strong-coupling expansion results are quantitatively applicable.

Strong-leg regime
In the strong-leg coupling regime x > 1, both the symmetric and antisymmetric dynamical
structure factor converge towards the two-spinon continuum spectrum of the Heisenberg
S = 1/2 spin chain for x → ∞ (fig. 4.11 e1,2 ) [186].
8

We mention that bound states with S 6= 1 are still observable with different techniques such as
infrared absorption spectroscopy or Raman scattering [184, 185, 183]. It is argued, that the S = 0 twomagnon excitation was observed in the optical conductivity of Ca14−x Lax Cu24 O41 [184]. In the latter
case, phonon-assisted two-magnon excitations (two-magnon-plus-phonon excitations) were observed. Due
to the excitation of an additional phonon ensuring momentum conservation, a weighted combination of
magnetic excitations throughout the entire Brillouin zone is accessed.

52

4.5 Spectral evolution from the strong-rung to the strong-leg limit

At least the (qk , ~ω)-support of the latter can be analytically calculated using the Bethe
Ansatz method [23, 24]. The two-spinon continuum is gapless, features a bandwidth of
W = πJleg and is bounded by l = πJleg /2| sin(qk )| and u = πJleg | sin(qk /2)| from below
and above respectively [186, 16] (red broken lines in fig. 8.5). The spectrum becomes
gapless at qk = 0 and π and the lower threshold is linear with l ' u|qk | and l ' u|qk − π|
with the velocity u = πJleg /2 [186, 16].
At finite inter-chain interaction Jrung , spinons become confined to bound pairs and the
previously gapless continuum turns into sharp and gapped modes (both around qk =
0 and π) separated from diffuse multi-particle contributions at higher energies. The
antisymmetric excitations acquire a spin gap of ∆ ' 0.41 Jrung , at qk = π and for x  1
[187, 182].
The low-energy and long-wavelength properties of two weakly interacting spin chains
can be treated by highly involved quantum field theoretical methods [22]. As shown by
Shelton et al. in ref. [187], the bosonized Hamiltonian of two interacting spin-chains can be
mapped onto a system of weakly interacting massive triplet and singlet Majorana fermions,
with masses ms ' 3mt , propagating with the velocity of the Heisenberg spin chain, u =
πJleg /2. The quantum field theoretical treatment is based on the bosonization method,
the mathematical mapping onto four species of weakly interacting Majorana fermions and
the equivalence to ”four decoupled noncritical Ising models with Z2 × SU(2) symmetry”
[187]. Although the mathematical treatment is of utmost complexity, the lower threshold
of emerging multi-particle continua can be described by the following simplified picture
[188]: The triplet Majorana fermion is antisymmetric under leg permutation symmetry
(its bears a rung k-vector of k⊥ = π) while the singlet Majorana fermion is symmetric
with k⊥ = 0. The dynamical structure factor contains various sharp and continuous single
and multi-Majorana fermion excitations.
The excitation of a single triplet Majorana fermion contributes as a sharp mode (the
’magnon’) around qk = π in the antisymmetric channel q⊥ = π. Its dispersion is given by
q
(4.8)
t = m2t + u2 (qk − π)2 ,
with the gap mt ≈ 0.41Jrung [182].
Intuitively, one can determine the support of the various multiparticle continua, such as
e. g. two-triplet excitations, two-triplet plus one-singlet excitations etc [188]. The lower
boundaries of these continua are given by
q
l = m2thresh + u2 (qk − qk,min )2 ,
(4.9)
and the continuum contributes either to the symmetric (q⊥ = 0) or antisymmetric (q⊥ =
π) channel, depending on the types of particles involved. mthresh describes the total mass
(the total gap in the spectrum) while qk,min = 0 or π denotes the qk -position around which
the minimum occurs.
Table 4.1 summarizes the various multi-Majorana fermion excitations and where the corresponding contributions are expected.
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Of course, the internal structure and spectral weight of the different contributions can
only be obtained by highly involved quantum field theoretical calculations [22], outside
the scope of this thesis.

Excitation
1T
2T
3T
1T + 1S
2T + 1S

q⊥
π
0
π
π
0

qk,min
π
0
π
0
π

mtresh
1m
2m
3m
4m
5m

Table 4.1: Multi triplet (T) and singlet (S) Majorana fermion low energy excitations. q⊥
denotes the symmetry channel in which these excitations appear while qk,min determines whether
they occur around qk = π or 0. mthres describes to the gap of the corresponding excitation.

The predicted sharp magnon modes and continuum boundaries are shown in figure 4.11
as red full lines. They successfully describe the lower boundary of the dynamical structure
factor in the strong-leg regime. The symmetric contribution at (q⊥ , qk ) = (0, 0) is identified
as a two-triplet continuum with m = 2mt . The antisymmetric contribution at (q⊥ , qk ) =
(π, 0) is identified as a one-triplet-plus-one-singlet excitation with a gap of m = mt +|ms | ≈
4mt . Finally, the continuum around in the symmetric channel around qk = π previously
described as a two-magnon continuum can be identified by a two-triplet-plus-one-singlet
excitation with a gap of m = mt + 2|ms | ≈ 5mt and thus m ≈ 5 · 0.41Jrung .
For DIMPY, the above mentioned predictions for the various multi-particle continua is still
in fair agreement and qualitatively explains the occurrence and location of the different
spectral contributions (fig. 4.11c1,2 ). However, for a quantitative agreement, the ratio
between the rung- and leg exchange is too small for the quantum field theory to apply.
Also, rather than continua, we observed bound state solutions e. g. in the symmetric
channel around qk = π. Although such bound-state solutions9 could be calculated in the
quantum field theoretical framework of ref. [187], the ratio x for DIMPY is too small for
a quantitative comparison.
In conclusion, being in an intermediate coupling regime with neither x  1 nor x  1,
the observed spectral contributions can be understood qualitatively either as magnon and
multi-magnon excitations in the language of the strong-coupling expansion or as Majorana
fermion triplet and multi-Majorana fermion continua in the quantum field theoretical
language of Shelton et al. [187]. However, the analytic solutions from both coupling
limits cannot describe the spectral components quantitatively anymore.

9

In the language of ref. [187], they correspond to a three-particle bound state of two triplet and one
singlet excitations.
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4.6

Summary

In this chapter, the zero-field excitations of the strong-leg Heisenberg spin ladder
material DIMPY were studied in detail, using various inelastic neutron scattering
techniques and by comparing experiment to state-of-the-art numerical DMRG
calculations.
Using the triple-axis neutron scattering technique and taking advantage of
the distinct rung structure factors of antisymmetric and symmetric excitations, the
latter were measured in different regions of the reciprocal space.
The antisymmetric channel was found to be dominated by a highly dispersive magnon excitation with a gap of ∆ = 0.33 meV and a velocity of c = 2.39 meV
around the magnetic zone center qk = π. The magnon excitation was shown to be
stable throughout the complete Brillouin zone, thus confirming the leg-permutation
symmetry. The symmetric channel was observed to be dominated by a strong twomagnon bound state (∆BS = 1.9 meV) and much weaker two-magnon continuum
excitations. With subsequent neutron time-of-flight experiments, the magnon and
two-magnon excitations were observed in more than four Brillouin zones. This
experiment enabled to map out the rung structure factors directly and to separate
the symmetry channels.
Comparison to DMRG calculations allowed to determine the exchange constants, Jleg = 1.42 meV and Jrung = 0.82 meV. The latter also reproduced the
measured spectrum on a quantitative level, both in terms of position and lineshape
of the measured excitations. The exceptional agreement between experiment and
numerics confirms that a simple Heisenberg spin ladder Hamiltonian is a valid description for the material DIMPY and that other interactions play no significant role.
Finally, measurements and calculations for the coupling ratio of DIMPY were
compared to analytic theories as well as to a series of DMRG calculations for
a wide range of coupling ratios Jleg /Jrung , ranging from the strong-rung to the
strong-leg regime. As a main conclusion, we argued that the antisymmetric and
symmetric excitations of DIMPY can be understood qualitatively both as magnon
and multi-magnon excitations in the strong-rung language [154, 160] or as multi
Majorana fermion excitations, in spirit of the mapping introduced by Shelton et
al. [187].
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Chapter 5
Universal finite-temperature
properties in zero field
The restrictive geometry of one-dimensional space often makes single-particle descriptions impossible because mutual collisions between particles are unavoidable. Surprisingly,
a quasiparticle description remains possible in one-dimensional gapped quantum magnets
due to the vanishing particle density at low temperatures. In this chapter, the temperaturedependence of the zero-field dynamical structure factor of the strong-leg Heisenberg spin
ladder DIMPY is measured with inelastic neutron scattering techniques. The results are
compared to findings of recent thorough neutron scattering studies of various gapped quantum magnets [99] and theoretical predictions based on the O(3) NLσ model [165, 189].
The results presented in this chapter are unpublished.

5.1

Theoretical background

The low-temperature properties of gapped 1D quantum magnets are governed by the
gapped magnon excitations with a sharp energy-momentum dispersion around the magnetic zone center [25]. At low temperatures, magnons can considered to be thermally
excited ’quasiparticles’, propagating on the ladder background. This behaviour is remarkable since in one-dimensional systems with a gapless spectrum, quasiparticle excitations
are fully replaced by collective ones [16], due to the restrictive geometry of one-dimensional
space. The latter makes collisions between particles unavoidable. Consequently, singleparticle descriptions such as the Fermi-liquid theory for 1D metals breaks down [16].
Interestingly, this is not the case in 1D gapped quantum magnets. There, the finite gap
controls the number of particles and at low temperatures kB T  ∆, their density vanishes
exponentially. Consequently, the propagation and mutual collisions of these thermally
excited magnon excitations control the thermodynamic and dynamical quantities [57,
189, 151].
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For the dynamical structure factor or spin-spin correlation function, the main consequence
is a collision-induced finite lifetime [189] and hence an intrinsic lineshape of the magnon
contribution as well as a thermal renormalization of the gap energy [165].
As first conjectured by Haldane in 1983 [25], the low-energy and long-wavelength properties of gapped 1D quantum magnets are universally described in terms of the mapping
of the spin Hamiltonian onto the O(3) non-linear sigma model NLσM [25], at least in
the large-S limit. The
p latter is based on gapped quasiparticle modes with a relativistic
dispersion ~ωkk = ∆2 + c2 (kk − π)2 , separated from higher-energy multiparticle continua. According to the one-loop O(3) NLσM treatment in Ref [165], the temperature
˜ = ∆(T )/∆0 , with ∆0 = ∆(0), is given by
dependence of the reduced gap ∆
∞

X
1
˜ =
˜ ),
ln(∆)
K0 (n∆/τ
2
n=1

(5.1)

with the reduced temperature τ = kB T /∆0 and the modified Bessel functions Kν (z).
As proposed by S. Sachdev and K. Damle. [189, 151], further universal properties are
accessible by a semi-classical model, solely based on the assumption that the system
displays a gapped spectrum with a sharp energy-momentum dispersion around the gap
position following ~ωkk ≈ ∆+c2 /2∆(kk −π)2 . At low temperatures, the thermal de Broglie
√
becomes small compared to
wavelength λ = c/ ∆kB T of these
√ magnon∆/kquasiparticles
−1
BT
their mean spacing l ' % ∝ c/ ∆kB T e
. As a consequence, the latter can be
described in terms of a dilute gas of weakly interacting classical particles. This enables a
straight-forward derivation of the low-temperature thermodynamic properties, based on
the magnon gap ∆0 and relativistic velocity c (section 8.3 and appendix 10.2).
For dynamical quantities such as correlation functions, mutual collision have to be taken
into account quantum-mechanically by a two-particle scattering matrix S [151]. Fortunately, the latter acquires a superuniversal form independent of the magnon parameters or
other microscopic details, as argued in ref. [151] and proved for the O(3) NLσM as well as
the strong-leg spin ladder Hamiltonian [151]. As a main effect, the magnon contribution
to the dynamical structure factor acquires an intrinsic lineshape. At qk = π, the latter
follows the ’reduced scaling form’


AcLt ω − ∆
.
(5.2)
S(qk = π, ω) = 2 Φ
π ∆
L−1
t
Here, A describes a non-universal and system-dependent amplitude and Lt denotes the
finite lifetime
inversely proportional to the magnon density % and the thermal velocity
p
vT = c kB T /∆,
3kB T −∆/kB T
L−1
e
.
t = √
π

(5.3)

Numerical simulations in ref. [151] proved that within this semi-classical approach, the
lineshape Φ[z] is in fact Lorentzian with a HWHM width of Γ = a L−1
and a ' 0.71.
t
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In summary and to first approximation, the zero-field dynamical structure factor of gapped
quantum magnets at finite temperatures T . ∆0 /kB is predicted to consist of a welldefined magnon contribution at low energies with an intrinsic Lorentzian linewidth Γ(T )
and a renormalized gap energy ∆(T ). Their temperature dependence is universally described by equations (5.2) and (5.1). Consequently, the reduced quantities ∆(T )/∆0 and
Γ/∆0 are expected to collapse onto the same curve if shown as a function of τ = kB T /∆0 ,
for any gapped 1D quantum magnet and independent of the underlying microscopic Hamiltonian.
In a recent comprehensive study [99], the universal low-temperature behaviour of gapped
1D quantum magnets was experimentally addressed with a series of inelastic neutron scattering experiments. By performing constant-Q scans at the antiferromagnetic zone center,
the temperature-dependence of the magnon energies ∆(T ) and intrinsic energy linewidths
Γ(T ) was measured. In particular, the asymmetric strong-rung spin ladder material
(CH3 )2 CHNH3 CuCl3 (IPA-CuCl3 , [79, 97, 98]) and the 4-leg spin tube D8 C4 SO2 Cu2 Cl4
(Sul-Cu2 Cl4 , [190]) were experimentally studied and the results were compared to existing
data on the gapped S = 1 Haldane spin chain materials Ni(C2 H8 N2 )2 NO2 ClO4 (NENP,
[191]), Ni(C3 H10 N2 )2 N3 ClO4 (NINAZ, [192]), Y2 BaNiO5 [193] and CsNiCl3 [194, 195, 196].
As a main result, it was found that the temperature-dependence of ∆(T ) and Γ(T ) is in
fact universally described in terms of the O(3) or O(N) NLσM theory [165, 197], apart
from a system-dependent but temperature-independent scaling factor on the order of
unity [99]. The latter reflects model-dependent interactions between magnon quasiparticles, since strictly speaking, the NLσM mapping is only correct in the large-S limit.
In this chapter, the temperature-dependence of the zero-field spectrum of the strong-leg
Heisenberg spin ladder material DIMPY is studied, using the time-of-flight and the tripleaxis inelastic neutron scattering techniques. From these experiments, the temperaturedependence of ∆(T ) and Γ(T ) is determined and compared to recent experiments on
gapped quantum magnets as well as theoretical results.

5.2

Inelastic neutron scattering experiments

The temperature-dependence of the zero-field dynamical structure factor was measured
using the time-of-flight inelastic neutron scattering technique. Measurements were performed at the the CNCS cold neutron chopper spectrometer [144] (SNS spallation source,
Oak Ridge). Data was measured during the same experiment and under identical conditions as in section 4.4. In addition to the data measured at T = 1.5 K presented in section
4.4, experiments were performed at T = 3 K and 6 K, corresponding to kB T /∆0 ' 0.4,
0.8 and 1.6 respectively. Intensity was normalized with respect to the total proton charge
on the target with 1.5 µC (30 minutes), 1.0 µC (20 minutes) and 0.8 µC (15 minutes)
per rotation step, for 1.5 K, 3 K and 6 K respectively. Figure 5.1 shows data integrated
along the non-dispersive b? and c? direction and after subtraction of the background as
determined in section 4.4. Intensity is shown as a function of momentum transfer along
the leg qk = Q · a = 2π Qh /rlu and energy transfer ~ω.
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Figure 5.1: Temperature-dependence of the zero-field dynamical structure factor of DIMPY,
measured with the TOF technique, (a) at T = 1.5 K, (b) at 3 K and (c) at 6 K (Ei = 4.2 meV).
Data was integrated along the non-dispersive b? and c? directions and was backgroundsubtracted. Intensity is shown as a function of energy transfer ~ω and momentum transfer
along the leg qk = Q · a.

If compared to the data at T = 1.5 K (fig. 5.1a), the magnon excitation becomes significantly broadened in energy at T = 3 K and at T = 6 K. While the magnon dispersion
as well as the two-magnon bound state remain observable at T = 3 K, the spectrum at
T = 6 K consists of a broad continuum. Although the contribution around the magnetic
zone center qk = π remains well-defined, the rest of the dispersion as well as the twomagnon bound state become washed out and are hardly visible. In order to make these
arguments quantitative, one-dimensional constant-Q cuts were obtained by integrating
the background subtracted data along the a? direction, in the range qk = [0.49, 0.51] π
(fig. 5.2).
Taking the resolution function into account, the cuts were fitted by the same doubleLorentzian model cross section function S(qk , ω) as previously used in Refs. [99, 198, 196],


S(qk )
Γ
Γ
−
.
S(qk , ω) = (n(ω) + 1)
π
[~ω − ~ω0 (qk )]2 + Γ2 [~ω + ~ω0 (qk )]2 + Γ2

(5.4)

p
Here, n(ω)+1 = (1−e−~ω/kB T )−1 denotes the Bose factor and ~ω0 (qk ) = ∆2 + c2 (qk − π)2
is the zero-temperature magnon dispersion around qk = π. The equal-time structure factor
S(qk ) was taken from section 4.2 with S(qk ) = [~ω0 (qk )]−1 (sin2 (qk /2) + 0.35). Furthermore, Γ = Γ(T ) and ∆ = ∆(T ) with ∆(0) ' 0.332 meV are the temperature-dependent
Lorentzian linewidth and gap energy, respectively. The relativistic velocity c was assumed
to retain its low-temperature value of c = 2.39 meV. The model function in equation (5.4)
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Figure 5.2: 1D constant-Q cuts at the magnetic zone center qk = π as a function of energy
transfer and for (a) T = 1.5 K, (b) 3 K and (c) 6 K. Data was integrated along the b? and c?
direction and in the range qk = [0.49, 0.51] π. Full lines indicate resolution limited fits (see text).

is in accordance with the detailed balance principle [131],
− k~ωT

S(Q, −ω) = e

B

S(Q, ω).

(5.5)

The resolution was taken into account by assuming a Gaussian resolution function with
approximately constant HWHM widths of Γqk = 0.027·2π and Γ~ω = 0.059 meV for the qk
and energy resolution respectively. The latter was obtained from the fitted Gaussian width
of the incoherent elastic line and the former was determined in the fit at T = 1.5 K. The
assumption of constant Gaussian widths are justified since the magnetic signal appears
in a narrow energy range with ~ω  Ei . Furthermore, data is integrated along the
non-dispersive directions and the resolution function is hence averaged out.
The fitted gap energies ∆(T ) and intrinsic linewidths Γ(T ) are ∆(1.5 K) = 0.347(1) meV,
∆(3 K) = 0.408(2) meV and ∆(6 K) = 0.65(1) meV as well as Γ(1.5 K) = 0.046(1) meV,
Γ(3 K) = 0.160(2) meV and Γ(6 K) = 0.60(1) meV. The corresponding resolution-limited
fits are shown in figure 5.2 as black solid lines. With increasing temperatures, the gap
energies and intrinsic linewidths rapidly increase. While the gap at T = 1.5 K is still
close to ∆(0.05 K) = 0.332 meV (section 4.2), it deviates as much as 0.3 meV at 6 K. The
experimentally obtained 1D constant-Q cuts are readily reproduced by the assumption of
a Lorentzian lineshape.
In order to study the temperature-dependence of the magnetic scattering at the magnetic
zone center in more detail, for various temperatures and with controllable resolution, an
inelastic neutron scattering experiment was performed with the TASP triple-axis neutron
spectrometer at PSI [163]. The same sample consisting of four fully deuterated single
crystals of DIMPY was used. Temperature was controlled using a standard 4 He cryostat
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and data was measured at 1.4 K ≤ T ≤ 12 K. Constant-Q scans were performed in
the a? -c? scattering plane with fixed final energy of Ef = 3.0 meV. A nitrogen-cooled
Be-filter was placed between sample and analyzer and measurements were performed in
the collimation mode open-800 -open-open. In order to optimize the resolution in qk and
minimize spurious contributions from qk 6= π, scans were performed at Q = (0.5, 0, Ql ) rlu
with Ql optimized such that 1.) kf is reasonably close to the real-space a axis and 2.)
that the antisymmetric rung structure factor is still close to sπ (Q) = 1 at Ql = 0.98 rlu
(section 4.1). As a compromise, Ql = 1.2 rlu was chosen. Measurements were performed
at T = 1.4 K, 2 K, 2.5 K, 3 K, 3.5 K, 4 K, 4.5 K, 5 K, 5.5 K and 6.5 K with a typical
counting time of about 4 minutes to 8 minutes per data point. Figure 5.3 shows raw and
background subtracted magnetic data.
The gapped magnon excitation is clearly visible in the raw data (fig. 5.3a, white points)
as a sharp inelastic peak on top of the non-magnetic background (broken line). The
latter was determined with a simultaneous fit (black line) of both the background and
magnetic contributions to the data at 1.4 K. The background was modeled as a constant
contribution, a resolution-limited elastic peak describing the incoherent scattering as well
as a weak elastic contribution with a finite width Γ, mimicing the slight Lorentzian tail
observed at very low energy transfer ~ω. The resolution function was taken into account
by using the ResLib package of A. Zheludev [141].
The background contribution was subtracted from the data measured at all temperatures
(fig. 5.3b,c). For each temperature, the background subtracted data was fitted with the
same double-Lorentzian model cross section as previously used in refs. [99, 198, 196] or
for analyzing the TOF data (equation (5.4)). The magnon energy position ∆(T ), linewidth Γ(T ) and intensity I0 (T ) were simultaneously fitted, while the relativistic magnon
velocity c was fixed to the low-temperature value c = 2.39 meV.
The fitted intrinsic linewidths Γ(T ) and
pgap energy offsets ∆(T ) − ∆0 , as well as the
reduced quantities γ = Γ/∆0 and δ = [∆(T )/∆0 ]2 − 1, are summarized in figure 5.4
(gray circles). The simulated lineshapes are shown as black full lines in fig. 5.3.
Both the linewidth and thermal renormalization of the gap energy (fig. 5.4a and b) show an
exponentially activated behaviour and continuously increase with increasing temperature.
At higher temperatures T & 5 K, corresponding to τ = kB T /∆0 & 1.3, an accurate
determination of Γ(T ) and ∆(T ) becomes impossible because the broad magnetic signal
strongly overlaps with the incoherent elastic scattering. The fitted values based on the
TAS experiments (gray circles in fig. 5.4) are in reasonable agreement with the linewidths
and gap energies as obtained from the TOF experiments (gray squares).
The temperature-dependence of ∆(T ) and Γ(T ) is compared to the predictions by the
O(3) NLσM [165] and the treatment in Refs. [189, 151], as given by equations (5.1) and
(5.2) respectively (black lines in fig. 5.4 a,b). As previously observed in ref. [99], the O(3)
NLσM prediction describes the measured data only if system-dependent but temperatureindependent scaling factors α and β are introduced. By fitting the γ(τ ) and δ(τ ) data
in the range with τ ≤ 1 and τ ≤ 1.3 respectively, the scaling prefactors of DIMPY were
determined to be α = 1.23 and β = 0.67, according to the convention of ref. [99].
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Figure 5.3: Zero-field constant-Q scans of DIMPY, performed at Q = (0.5, 0, 1.2) rlu and at
finite temperatures 1.4 K < T < 6.5 K. (a) Background subtraction: The total signal (white
circles) corresponds to the sum of the magnetic signal (red circles) and the background (black
broken line). Red and black full lines correspond to resolution limited fit of the magnetic and
complete signal respectively. (b, c) Background subtracted magnetic scattering measured at
finite temperatures (circles) together with the resolution-limited fit (black lines).
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Figure 5.4: Summary of the temperature-dependence of the magnon linewidths Γ(T ) and
renormalized energies ∆(T ). (a, b): The parameters obtained in the presented experiments on
the spin ladder material 0.8
DIMPY are shown as gray full symbols (squares and circles for the
TOF and TAS experiments respectively). The black lines correspond to the predictions by the
NLσ model from equation (5.2) and (5.1), red lines are corrected by the fitted model-dependent
prefactors α and β (open0.4symbols were excluded from the fit). (c, d): Reduced linewidth and
reduced energy renormalization as a function of the reduced temperature. The data on DIMPY
is compared to existing data on the S = 1/2 gapped quantum magnets Sul-Cu2 Cl4 , and IPACuCl3 as well as BPCB, 0.0
published in Refs. [99] and [162] respectively.
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The corresponding scaled theoretical predictions are shown as red lines in fig. 5.4a and
b. The scaled data, βγ(τ ) and αδ(τ ), are shown in fig. 5.4c and d. The curves according
to equations (5.2) and (5.1) (red lines in fig. 5.4) are in reasonable agreement with the
measured data.
The results obtained in the presented study on the strong-leg Heisenberg spin ladder
DIMPY are compared to the recent neutron scattering studies of other S = 1/2 gapped
quantum magnets [99]. Figure 5.4c and d show the reduced quantities βγ(τ ) and αδ(τ )
as a function of the reduced temperature τ = kB T /∆0 for the strong-leg Heisenberg spin
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ladder material DIMPY studied in this work, the asymmetric Heisenberg spin ladder
material IPA-CuCl3 [79, 99], the four-leg spin tube Sul-Cu2 Cl4 [190, 99] and the strongrung spin ladder material BPCB [100, 162]. The finite-temperature properties at zerofield and the scaling prefactors α and β of IPA-CuCl3 and Sul-Cu2 Cl4 were experimentally
studied1 and determined in ref. [99]. For BPCB (open squares in fig. 5.4c and d), data on
the finite-temperature behaviour of ∆(T ) and Γ(T ) was taken from ref. [162]. The scaling
prefactors were determined to be α = 1.7 and β = 1.2. The properties of the various
materials are summarized in table 5.1.

Material
DIMPY
IPA-CuCl4
Sul-Cu2 Cl4
BPCB

∆/meV
0.33
1.5
0.52
0.82

c/meV
2.39
2.9
13.7
0.60

λ
7.1
1.9
25
0.7

α
1.23
1.30
1.35
1.70

β
0.67
1.20
0.80
1.20

Type
strong leg spin ladder
asymmetric spin ladder
4-leg spin tube
strong rung spin ladder

Table 5.1: Summary of the dispersion parameters and non-universal scaling prefactors of
various materials based on Cu2+ ions and with S = 1/2. The magnon gap ∆ and relativistic
velocity c, the ratio λ = c/∆ and the scaling prefactors α and β are listed.

The prefactors α and β are similar for all S = 1/2 materials, although it appears that
β < 1 for materials with mobile magnons (λ  1) while β > 1 for λ . 1. The collapse
of the reduced quantities αγ and αδ onto the same scaling curve is readily observed and
the reduced temperature dependence is well-described by equations (5.1) and (5.2). In
conclusion, the neutron scattering experiments performed on the complementary strongleg Heisenberg spin ladder DIMPY confirm and extend the observations of universal finitetemperature properties of the zero-field spectrum of gapped quantum magnets, as recently
published in ref. [99].
Finally, the results are discussed with respect to the current debate about asymmetric lineshapes [199, 200]. In fact, calculations according to the O(3) NLσM approach
[199, 200], instead of the semi-classical treatment [189, 151], showed that already at rather
low temperatures of T & 0.4 ∆0 /kB , the intrinsic lineshape significantly deviates from a
Lorentzian form. However, finite energy and momentum transfer resolution in neutron
scattering experiments may hide the asymmetric shape due to the convolution with the
resolution function. In fact, the authors of ref. [199] proved that if their asymmetric
lineshapes are fitted with a Lorentzian profile, the extracted positions of ∆(T ) and Γ(T )
agree with experimental results on Y2 BaNiO5 [201] and the semi-classical approach in
refs. [189, 151]. Therefore, under conventionally accessible energy and momentum transfer resolution, asymmetric lineshapes have been hidden due to the convolution with the
spectrometer resolution function. The same is true for the neutron scattering experiments
on the strong-leg Heisenberg spin ladder DIMPY presented in this chapter. The high mobility of magnons did not allow to observe any significant deviation from a Lorentzian
lineshape.
1

The corresponding data shown as white open triangles in fig. 5.4c,d was taken from fig. 3 and 4 of
ref. [99]
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Exceptions were reported for strongly-dimerized gapped 1D quantum systems, such as the
alternating spin chain material copper nitrate [202] and the strong-rung spin ladder BPCB
[162]. In these materials, asymmetric lineshapes and additional features such as intraband excitations [202] were observed. Being in the dimerized coupling regime, magnons
in these materials are strongly localized and the gap is large compared to the velocity
or bandwidth. Consequently, the experimental Q-resolution does not lead to spurious
asymmetric lineshapes, as typically observed in systems with a steep dispersion [190, 99,
147]. This greatly simplifies the study of potentially intrinsic asymmetric lineshapes.
However, for these strongly dimerized materials, it remains questionable to what extend
the NLσM approach is applicable since the latter assumes a relativistic dispersion of
magnons. This assumption is clearly fulfilled in a wide energy range in systems with
mobile magnons (λ  1). In dimerized systems, however, the magnon dispersion rapidly
deviates from a relativistic form away from the gap position. Therefore, in these systems,
the physics is described in terms of dimer-based perturbative treatments [203, 204] instead
of the mapping to the O(3) NLσM.
In conclusion, intrinsic asymmetric lineshapes as predicted by the O(3) NLσM treatment
[199, 200] remain experimentally unobserved in materials with highly mobile magnon
quasiparticles (λ  1) and a material with optimal energy scales has not yet been found.
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5.3

Summary

In summary, inelastic neutron scattering experiments addressing the temperaturedependence of the zero-field dynamical structure factor were performed on the
strong-leg Heisenberg spin ladder material DIMPY, both with the neutron time-offlight and triple-axis neutron spectroscopy techniques.
The full spectrum was mapped out with the TOF method at different temperatures and the magnon excitation of DIMPY was shown to remain a well-defined
excitation, with a finite intrinsic Lorentzian linewidth Γ(T ) and a renormalized
magnon gap energy ∆(T ). Subsequent triple-axis measurements at various temperatures showed a systematic increase of Γ(T ) and ∆(T ). Resolution-limited fits to
the measured scans were compatible with Lorentzian lineshapes.
These results were found to be in agreement with recent theoretical studies
based on the mapping to the O(3) non-linear sigma model [165], a semi-classical
treatment derived thereof [189, 151] as well as a comprehensive experimental
study on various gapped quantum magnets in ref. [99]. In fact, ∆(T ) and Γ(T ) as
measured in DIMPY were shown to to collapse onto the same curve as previously
observed for various gapped one-dimensional spin systems [99], if shown in reduced
variables.
In contrast to strongly dimerized systems such as dimerized alternating spin
chains [202] or strong-rung spin ladders [162], no evidence of asymmetric lineshapes
was found. It was suggested that in systems with highly mobile magnons (∆  c),
the observation of asymmetric intrinsic lineshapes is a formidable problem due to
finite experimental energy and momentum transfer resolution.
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Chapter 6
Excitations in applied magnetic
fields
In the last chapter, the zero-field spectral properties of the strong-leg Heisenberg spin ladder
material DIMPY were studied in detail, at zero and finite temperatures and by using
different inelastic neutron scattering techniques. In addition to weaker high-energy twomagnon contributions, characteristic magnon excitations with a sharp energy-momentum
dispersion and a gap as small as ∆ = 0.33 meV were observed. The associated energy
scales are low if compared to the Zeeman-energy, gµ0 µB H. The latter is about 1.2 meV
for a magnetic field of 10 T, still easily accessible in neutron scattering experiments.
In this chapter, we study the effects of applied magnetic fields on the dynamical structure
factor at lowest temperatures, as observed in inelastic neutron scattering experiments on
the spin ladder material DIMPY. In these measurements, the applied magnetic fields enable to drive the system through a quantum phase transition from a gapped spin-liquid to
a gapless Tomonaga-Luttinger spin liquid state. This transition is accompanied by a fundamental change of the ground state and the excitation spectrum, or, from a many-body
physicist’s point of view, of the time- and space-dependent correlations between spins.
Results shown in this chapter were partially published in ref. [205].

6.1

Theoretical background

The main effect of an applied magnetic field H = (0, 0, H) is a Zeeman-term Hz in addition
to the isotropic zero-field Heisenberg spin ladder Hamiltonian Hsl , with
X
z
Hz = gµ0 µB H
Sl,j
.
(6.1)
j,l

As a key property, the Zeeman Hamiltonian commutes with Hsl . Therefore, the eigenstates
|λi of Hsl + Hz remain exactly the same as those of Hsl , while the eigenenergies acquire a
shift [59]. As long as the magnetic field is smaller than the critical field µ0 Hc1 = ∆/gµB ,
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the ground state stays the same and excitations remain gapped. As an example, the
threefold degeneracy of the magnon excitations lifts and the latter decompose into three
branches (kk , MS ) with MS = 0, ±1. They exhibit the same dispersion as in zero field,
0 (kk ), but shifted by the Zeeman energy,
(kk , MS ) = 0 (kk ) − MS gµ0 µB H.

(6.2)

Excitations with different MS value are contained in different components (α, β) of the
T = 0 dynamical structure factor Sqαβ
(qk , ω), which connects them to the ground state.
⊥
In fact, contributions with MS = 1, 0 and −1 are contained in Sq−+
, Sqzz⊥ and Sq+−
, with
⊥
⊥
a relative intensity scale of 1 : 2 : 1 for MS = −1, 0 and 1 respectively [98].
At H = Hc1 , the low-energy magnon branch with MS = 1 becomes zero and the ground
state properties change fundamentally. The spin ladder system undergoes a quantum
phase transition [21] from a disordered spin-liquid state with gapped magnon excitations
to a nearly-ordered Tomonaga-Luttinger Spin Liquid TLSL state with algebraically decaying spin-spin correlations and gapless continua of excitations [16].

Energy E(k||) (arb. units)

For H > Hc1 , the spin ladder Hamiltonian can be mapped onto a system of spinless
fermions using a Jordan-Wigner transformation [206]. These fermions interact with
their nearest-neighbour and the corresponding fermionic band is partially filled. In onedimensional fermionic systems, Landau’s Fermi liquid theory [60, 61] breaks down. However, the physics of one-dimensional systems of interacting fermions still bears an universal
description provided by the Tomonaga-Luttinger spin liquid (TLSL) theory [52, 53, 54, 16].
TLSL behaviour has been observed in a wide range of systems including organic conductors [207], quantum wires [208], carbon nanotubes [209], edge states of the quantum Hall
effect [210], ultracold atoms [211] as well as gapless 1D spin systems [212, 157, 158, 16]
or in the field-induced gapless phase of gapped 1D spin systems [16, 153].

Δ - gμ0μBH

(a)
0

H < Hc1
π

k||

2π

0

π

k||

2π

0

π

k||

Figure 6.1: Schematic illustration of 1D fermions. Details are explained in the text.
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Figure 6.1 sketches the fermionic band E(kk ) at different applied fields. As soon as
H > Hc1 , the Fermi energy crosses the gap and the fermionic band gets partially filled
(figs. 6.1b,c). The Fermi points kF become incommensurate with kF = π(1 ± mz ) and
mz = µz /gµB denoting the reduced magnetic moment per spin. Around the Fermi points,
the fermionic band can be linearized (red broken line) and is described by the Fermi
velocity u. Gapless low-energy excitations correspond to particle-hole excitations around
or across the two Fermi points (fig. 6.1c). A linearized fermionic band is justified as long
as the excitation energy ~ω and the thermal energy kB T are sufficiently smaller than the
depth of the Fermi sea WF ' gµ0 µB |H − Hc1 | [213].
A quantitative description of long-wavelength excitations and correlation functions at low
energies and low temperatures is provided by the bosonization method [214, 16]. Due to
the restrictive geometry of one-dimensional space, the particle-hole excitations can themselves be represented by bosonic quasiparticles with a sharp energy-momentum dispersion
instead of a diffuse continuum present in higher dimensions [16]. The bosonization treatment enables to analytically describe the low-energy and long-wavelength physics by an
effective quantum field theoretical Hamiltonian of free bosonic excitations [51, 215, 153],

Z 
u
1
2
2
uK [∂x Θ(x)] + [∂x φ(x)] dx.
(6.3)
HLL =
2π
K
Here, φ(x) and Θ(x) describe bosonic fields with canonic commutation relations, u is the
Fermi velocity and K is the TLSL parameter controlling the interaction between fermions.
The latter are non-universal and depend on both the form and exact parameters of the
underlying Hamiltonian[16]. Usually, they have to be calculated numerically [153]. Thus,
apart from the non-universal values of u and K, the low-energy physics of a gapless 1D
system is universally described in terms of a quantum field theory of gapless bosonic
excitations.
From the solution of the Hamiltonian in equation (6.3), analytic expressions for the most
important static and dynamic properties can be derived [16]. As an example, the zerotemperature dynamical structure factor was found to contain various gapless continua
with a linear lower threshold ~ω = u|qk − q ? |. They appear either around commensurate
or incommensurate central positions q ? , as summarized in fig. 6.2a and b.
Commensurate gapless excitations with q ? = π and q ? = 0 are predicted in the Sπ±∓
and S0zz components of the dynamical structure factor respectively (fig. 6.2 b and a)
[16]. Moreover, incommensurate gapless excitations appear around q ? = π ± 4πmz and
q ? = ±4πmz in the Sπ±∓ and S0zz channels [16]. Again, mz denotes the reduced longitudinal
magnetic moment µz /gµB per spin, with 0 ≤ mz ≤ 0.5.
According to ref. [153, 216], the T = 0 commensurate and gapless low-energy contributions
to the longitudinal and transverse components Sqαβ
are given by
⊥
Kω
Θ(~ω)[δ(~ω − uqk ) + δ(~ω + uqk )],
u

1−1/4K
4u2
8π 2 Ax
?
±∓
q = π : Sπ (qk , ω) =
Θ(~ω − u|qk − π|)
(6.4)
uΓ(1/4K)2
(~ω)2 − u2 (qk − π)2 .
q ? = 0 : S0zz (qk , ω) = (4πmz )2 δ(qk )δ(~ω) +
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Figure 6.2: Various gapped and gapless contributions to the dynamical structure factor components Sqαβ
⊥ , as predicted by quantum field theory [63, 216]. Apart from the low-energy gapless
contributions in (a) and (b), several gapped continua are predicted (c) in Sπ±∓ and (d) in S0zz .
mz = µz /gµB denotes the reduced magnetic moment per spin (0 < mz < 0.5), h is the Zeeman
energy h = gµB H and m denotes the renormalized gap [216].

The non-universal amplitude Ax describes the strength of the commensurate contribution
(fig. 8.9). Further information and equations for the incommensurate gapless contributions
are given in Appendix B of ref. [153].
The commensurate contributions to the dynamical structure factor have been observed
and studied with inelastic neutron scattering experiments in several Heisenberg spin chain
systems which exhibit TLSL properties already at zero field. Examples include the highenergy scale materials SrCuO2 [217], KCuF3 [218, 158] or the organo-metallic materials
(C5 H5 N)2 CuCl2 (CPC) [212, 219], Cu(C6 H5 COO)2 · 3D2 O (copper benzoate) [157, 220,
221], Cu(C4 H4 N2 )(NO3 )2 (CuPzN) [222, 223] or (C4 H8 O2 )2 CuCl2 · 2H2 O (Dioxane) [224].
Incommensurate contributions were observed in Heisenberg spin chains in magnetic fields,
in CuPzN [223] and in copper benzoate [220, 221].
Due to lack of appropriate materials with the appropriate energy scales and experimentally accessible critical fields or without additional terms in the Hamiltonian, the spectral
changes accompanied by the field-induced transition to a TLSL state in 1D gapped quantum magnets were observed only recently [82], in the prototype strong-rung Heisenberg
spin ladder material (C5 H12 N)2 CuBr4 (BPCB) [95, 100, 82, 153]. In ref. [82] and at
applied magnetic fields H > Hc1 , the gapless TLSL continuum contribution at lowest
energies was observed. The latter originates in the closing MS = 1 magnon branch. Due
to the dominant rung exchange, much of the underlying physics could be explained by
perturbative methods based on weakly coupled dimers [153] and by the mapping onto the
XXZ spin chain with anisotropy parameter ∆ = 1/2 [216, 225, 153].
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The quantum field theoretical approach based on the bosonization enables to describe
only the low-energy and long-wavelength spectral properties. In fact, emergent gapless
contributions in the TLSL regime have their origin in the MS = 1 magnon branch. Still,
in addition, many more distinct features originating in the MS = 0, −1 magnon as well
as the multi-particle excitations can be expected.
For the case of a Heisenberg spin ladder in the strong-leg coupling regime with Jleg  Jrung ,
further theoretical predictions are available [63, 216]. The theory of Shelton et al. [187]
(section 4.5), treating weakly coupled spin chains in the continuum limit, can be extended
in order to take finite fields into account and to calculate correlation functions in the fieldinduced TLSL state [63, 216]. This quantum field theoretical approach predicts not only
gapless excitations with the soft MS = 1 magnon in their origin but also distinct gapped
features as remainders of the MS = 0 magnon. These field theoretical predictions are
summarized in figure 6.2. As expected, gapless excitations generic to the TLSL state
are predicted correctly (fig. 6.2a and b). In addition, gapped continua originating in the
MS = 0 magnon branch were obtained. They appear in the Sπzz and S0±∓ channels with
incommensurate minima at qk = π ± 2πmz and qk = ±2πmz (fig. 6.2c and d respectively).
Furthermore, excitations at qk = 0 (in S0±∓ ) and qk = π (in Sπzz ) are predicted to scale
with the magnetic field and to appear at the corresponding Zeeman-energy of ~ω = h =
gµ0 µB H.
In this chapter, we present a thorough neutron scattering study of the complete spectrum
of the strong-leg Heisenberg spin ladder material (C7 H10 N)2 CuBr4 , DIMPY, both below
and beyond the critical field Hc1 . Using the triple-axis and neutron time-of-flight techniques, we will follow the field-dependence of the zero-temperature dynamical structure
factor and study the spectral changes induced by the quantum phase transition to the
TLSL regime.
As a main goal, the following questions are answered:
1.) Which parts of the spectrum can be considered to be universal for all gapless onedimensional spin systems?
2.) Which features, although not universal, are still covered by existing quantum field
theoretical mappings based on weakly coupled chains?
3.) Which spectral contributions are non-universal, not covered by analytic theory and
reproducible by numerical methods only.
Finally, we finish the discussion by presenting numerical DMRG calculations showing
how the dynamical structure factor of DIMPY develops if the magnetic field is increased
further into the TLSL regime and finally to Hc2 and beyond.
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6.2

Excitations at the magnetic zone center

The field-evolution of magnetic excitations at the antiferromagnetic zone center with
qk = π was studied using the triple-axis neutron scattering method. Measurements were
performed at the TASP spectrometer [163] at the PSI facility. The temperature was
controlled by a standard 3 He-4 He dilution insert (T = 60 mK) inside a vertical cryomagnet.
A collimation of open-80’-open-open as well as a beryllium filter after the sample were
used and the final energy was fixed to Ef = 3.5 meV. Constant-Q scans in the a? -c?
scattering plane were performed at the magnetic zone center on top of the maximum
of the antisymmetric rung structure factor sπ (Q), at Q = (0.5, 0, 0.98) rlu (section 4.1).
Magnetic fields were applied along the crystallographic b-axis with 0 T ≤ µ0 H ≤ 5.9 T.
Figure 6.3a shows representative scans showing intensity as a function of energy transfer
~ω, measured at four different magnetic fields and with a counting time of about 4 minutes
per point.
At low magnetic fields H < Hc1 , the splitting of the magnon into three peaks is observed
(fig. 6.3a), in accordance with the expected Zeeman effect. Above the critical field µ0 Hc1 =
∆/gµB ' 2.6 T, the formerly sharp modes become considerably broad and their intensity
decrease. This behaviour is readily observed in the data measured at µ0 H = 4 T or 6 T
(fig. 6.3a).
In order to make these arguments quantitative, the measured constant-Q scans were
fitted, while taking experimental resolution into account and using the ResLib 3.4 matlab
package [141]. The measured signal was modeled as four sharp single modes: An elastic
line at ~ω = 0 meV and three single-modes with the same S(Q) and dispersion as in zero
field (section 4.2) but shifted in energy1 . In order to take into account that high-energy
features apparently become broad for H > Hc1 , a finite Lorentzian energy linewidth Γ
was included in the fit (fig. 6.3c). The fitted energy positions of the various modes and
their intrinsic linewidths ΓHWHM are summarized in fig. 6.3b and c respectively. The solid
black lines in figure 6.3 correspond to individual fits.
Below the critical field Hc1 , the measured peaks are reproduced by the resolution-limited
calculation without significant intrinsic broadening (black lines in fig. 6.3). For H > Hc1 ,
the formerly sharp magnon modes become broad features. For comparison, figure 6.3a
shows the fits with and without intrinsic line-widths as black and grey lines respectively.
Clearly, the observed features are not resolution-limited for H > Hc1 .
Circles in fig. 6.3b and c show the fitted energy positions and the intrinsic linewidths
ΓHWHM . Below Hc1 , the peak energy positions follow the Zeeman energy shift, given by
~ω = ∆ − MS gµ0 µB H with an intensity ratio of 1 : 2 : 1 for MS = −1, 0 and 1 respectively.
For H > Hc1 , the MS = 0 excitation branch from the longitudinal contribution Sπzz (qk , ω)
becomes a broad excitation whose mean energy position scales as ~ω = gµ0 µB H. The
MS = −1 excitation branch from the transverse Sπ+− (qk , ω) component, however, grows
with twice the field, ~ω = 2 gµ0 µB H.
1

For H < Hc1 , it was assumed that the MS = −1 and 1 lines have identical intensities and that they
are symmetrically shifted around the central peak with MS = 0.
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Figure 6.3: TAS experiments of DIMPY in applied magnetic fields at the magnetic zone center
Q = (0.5, 0, 0.98) rlu. (a) Raw data (circles) showing intensity as a function of energy transfer
~ω and fits (black and grey lines) taking instrumental resolution into account. (b) Summary of
fitted energy position of sharp and broad features below and above Hc1 respectively. The full
line indicates the fit of ~ω = MS gµ0 µB H (for H < Hc1 ) and ~ω = gµ0 µB H, 2gµ0 µB H (for
H > Hc1 ). (c) Fitted intrinsic line-widths Γ of the MS = 0 and MS = −1 contributions (blue
and red symbols respectively). The MS = −1 linewidths are scaled down by a factor of two for
comparison. The black line in (c) is a guide to the eye only.

The black line in fig. 6.3b displays the fit of the energy positions 1.) to a Zeeman-shift for
H < Hc1 and 2) to ~ω = gµ0 µB H and ~ω = 2gµ0 µB H for H > Hc1 , respectively. In that
fit (black line in fig. 6.3b), the g factor was determined to be 2.18(1). The critical field
was estimated to be µ0 Hc1 = ∆/gµB ' 2.61(8) T, in agreement with values obtained by
complementary thermodynamic measurements [121, 110, 226] and section 8.
In the data for H > Hc1 in fig. 6.3a, additional intensity is observed at low energy
transfer with ~ω < 0.6 meV. The latter is assumed to originate in the gapless low-energy
continuum typical for the TLSL state [16, 221, 162]. Such low-energy tails at the magnetic
zone center originating in the low-energy TLSL continuum excitations have been observed
previously, for example in the field-induced TLSL state of the spin ladder BPCB [82], or
various Heisenberg spin chain systems [157, 222, 221, 158, 224, 162].
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In order to make sense of the various features measured beyond the critical field, experimental data is compared to numerical DMRG calculations of the antisymmetric dynamical structure factor components Sπαβ (qk , ω). Calculations of the latter were performed
by P. Bouillot et al. [205], using the exchange constant previously determined in zero
field (section 4.3). Numerical calculations were performed for µ0 H = 0 T (section 4.3)
and µ0 H = 5 T, corresponding to a reduced longitudinal magnetic moment per spin of
mz = 0.04, assuming g = 2.18.
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Figure 6.4: Comparison of measured constant-Q scans of DIMPY at Q = (0.5, 0, 0.98) rlu
with numerical DMRG calculations, (a) for µ0 H = 0 T and (b) for µ0 H = 5 T. The black
line corresponds to the total fit, the red and blue lines indicate the longitudinal and transverse
magnetic contributions (DMRG calculation) and the gray line shows the elastic contribution.
All contributions are convoluted with experimental resolution.

Since measurements were performed on top of the antisymmetric rung structure factor
and since the magnetic form factor does not depend on the energy transfer, the measured
constant-Q scans at the magnetic zone center correspond to [153]
d2 σ
∝ 4Sπzz (qk , ω) + Sπ+− (qk , ω) + Sπ−+ (qk , ω).
dΩdEf

(6.5)

This combination of numerically calculated dynamical structure factor components was
convoluted with experimental resolution using ResLib [141]. The remaining scale prefactor
between the numerical calculation and the experiment was determined from the constantQ scan and DMRG calculation in zero field (section 4.3). Figure 6.4a and b summarize
the measured constant-Q scans (white points) as well as the fit (black line) consisting
of the magnetic signal (red and blue lines) as well as the elastic background (gray line),
for µ0 H = 0 T and 5 T respectively. It is worth to point out that having fixed the scale
prefactor between theory and experiment in zero field, there is no additional open fit or
scale parameter for the comparison at µ0 H = 5 T.
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The calculated scans are in complete quantitative agreement with the measured data, both
in terms of energy positions, lineshapes and absolute intensities of the various features.
Moreover, the calculation verifies that the excitation at ~ω = gµ0 µB H corresponds to
the longitudinal 4Sπzz polarization channel only (red shaded region in fig. 6.4), while the
much weaker excitation at ~ω = 2gµ0 µB H is part of the transverse channel Sπ±∓ (blue
shaded region in fig. 6.4). Finally, the calculation confirms that the additional intensity at
low energy transfer ~ω ≤ 0.6 meV is in fact due to the gapless commensurate low-energy
continuum, as contained in Sπ±∓ (blue shaded region).
The observed spectral features at the magnetic zone center can be classified according to
whether they are described by analytic theory or not:
(a) The low-energy intensity at ~ω < 0.6 meV corresponds to the universal gapless contribution to Sπ±∓ at q ? = π, generic to gapless 1D systems.
(b) The existence of a broad mode at ~ω = gµ0 µB H and qk = π originating in the MS = 0
magnon branch is explained by the field theoretical approach of ref. [63, 216] (fig. 6.2)
based on weakly coupled chains. The latter predicts this contribution to be contained
in the Sπzz channel, in accordance with the numerical calculation.
(c) The weak remainder of the MS = −1 magnon branch at ~ω = 2gµ0 µB H in the Sπ+−
component is neither universal nor captured by the approach of ref. [63, 216].
Although instructive, the study at the magnetic zone center yields only limited information. Therefore, the full spectrum throughout the entire 1D Brillouin zone was addressed
with separate neutron time-of-flight experiments as presented in the next section.

6.3

The full spectrum of a magnetized spin ladder

In order to study the entire spectrum of DIMPY throughout the 1D Brillouin zone, a
neutron time-of-flight experiment was performed at the cold neutron spectrometer LET
at the ISIS facility [143]. With the crystallographic b axis vertical, the sample (section
2.3) was mounted in a 3 He-4 He refrigerator inside a vertical cryomagnet. All data was
recorded at base temperature of T ≤ 70 mK and at applied fields of µ0 H = 0 T, 2.55 T,
5 T and 7 T. Due to the repetition rate multiplication of the advanced LET chopper
system [143], low- and high-resolution spectra with an initial energy of Ei = 4.2 meV and
2.2 meV were recorded at the same time. For this purpose, the chopper frequencies were
set to 100 Hz, 10 Hz, 100 Hz, 50 Hz and 100 Hz, for the choppers 1-5 respectively [143].
The sample was rotated in steps of 2◦ and data was normalized to the proton charge on
the target, with 10 µC (15 mins), 16 µC (20 mins), 28 µC (30 mins) and 28 µC (30 mins)
for µ0 H = 0 T, 2.55 T, 5 T and 7 T respectively.
As a reference and for comparison, figure 6.5a and b show background-subtracted zerofield data measured with incident energies of Ei = 2.2 meV and 4.2 meV respectively.
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Figure 6.5: TOF inelastic neutron scattering spectrum of DIMPY measured at µ0 H = 0 T
and T = 70 mK, (a) in the high-resolution setup (Ei = 2.2 meV) and (b) in the low-resolution
setup (Ei = 4.2 meV). Data (color map), showing measured intensity as a function of momentum transfer along the leg qk = Q · a and energy transfer ~ω, was integrated along the
non-dispersive b? and c? directions. The inelastic background was subtracted. (c) Numerical
DMRG calculation of the zero-temperature dynamical structure factor, convoluted with instrumental resolution. The white line indicates the onset of incoherent elastic nuclear scattering.

Raw data was integrated along the non-dispersive b? and c? directions and intensity is
shown as a function of energy transfer ~ω and momentum transfer along the leg direction qk = Q · a = 2π Qh /rlu. The intensity of all neutron data shown in this chapter is
normalized such that ’100’ corresponds to the maximum intensity of the magnon in zero
field at qk = π.
Knowing the zero-field dynamical structure factor in great detail (section 4), the qk -~ω
region without expected magnetic contribution was assigned as background. Through
interpolation, the inelastic background was estimated throughout the entire qk -~ω region
covered experimentally. This background map was subtracted pixel by pixel. The zerofield background map was subtracted for TOF data performed at all fields shown in this
chapter, unlike stated otherwise.
As discussed in section 4.4, the integrated spectrum contains an approximately equal
combination of the antisymmetric and symmetric channel. In fig. 6.5a and b, both the
magnon as well as the two-magnon bound state excitations are visible. In addition, even
the much weaker diffuse two-magnon continuum is observed with a typical intensity of
2% - 6% of the maximum magnon signal. This demonstrates the exceptional data quality
and the exceptionally low background of the LET instrument. Figure 6.5c shows the
numerical DMRG calculation of the zero-field dynamical structure factor (section 4.3),
convoluted with the experimental qk - and ~ω- resolution. The latter was approximated to
be constant within the (qk , ~ω)-range shown. The calculation was also corrected for the
experimental coverage (see below).
78

6.3 The full spectrum of a magnetized spin ladder

The experiment is in almost perfect quantitative agreement with the DMRG calculations,
both in terms of location and intensity of the various spectral contributions.
An externally applied magnetic field H < Hc1 lifts the threefold degeneracy of the excitation spectrum. This is readily observed in figure 6.6a and b which show data measured
at µ0 H = 2.55 T < Hc1 and with Ei = 2.2 meV and 4.2 meV respectively.
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Figure 6.6: TOF inelastic neutron scattering spectrum of DIMPY measured at µ0 H = 2.55 T <
Hc1 and T = 70 mK, (a) in the high-resolution setup (Ei = 2.2 meV) and (b) in the low-resolution
setup (Ei = 4.2 meV). Data was integrated along the non-dispersive b? and c? directions and
the inelastic background was subtracted. (c) Numerical DMRG calculation of the dynamical
structure factor, convoluted with instrumental resolution.

As discussed in section 6.1, the finite-field spectrum appears as a superposition of the polarization channels Sqαβ
(qk , ~ω) with (αβ) = (−+), (zz) and (+−) containing excitations
⊥
carrying MS = 1, 0 and −1 respectively. Moreover, the MS = 0 contribution remains twice
as strong as the ones from the MS = ±1 branches. Since the experimental temperature
is low enough and negligible thermal population of gapped excited states is guaranteed,
the three polarization components are identical to the zero-field spectrum, except for the
overall Zeeman energy shift.
This is readily observed at qk = π in the measured data in fig. 6.6b. There, not only
the antisymmetric magnon excitation is split into its three MS components (white arrows
in fig. 6.6c) but also the symmetric two-magnon bound state as well as the two-magnon
continuum (black labels), with an intensity ratio of 1 : 2 : 1 for MS = −1, 0 and 1
respectively. The splitting of two-magnon bound state or continuum excitations have not
been observed in any material so far. The measured spectrum agrees with the combination
of the zero-field dynamical structure factor components Sq−+
, Sqzz⊥ and Sq+−
, as numerically
⊥
⊥
calculated by the DMRG method (section 4.3), shifted by the corresponding Zeemanenergy gµ0 µB H and convoluted with the experimental resolution (fig. 6.6c). In particular,
the sharp features at the magnetic zone center and the enhanced intensity due to the
various crossings of magnon and two-magnon bound state modes are apparent.
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The main goal of this chapter, however, is to study the evolution of the spectrum in the
TLSL regime for H > Hc1 . Figure 6.7a,b and 6.7d,e show TOF data measured with an
incident energy of Ei = 2.2 meV and 4.2 meV and at µ0 H = 5 T and 7 T respectively.
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Figure 6.7: TOF inelastic neutron scattering spectrum of DIMPY, measured in the fieldinduced TLSL regime, at (a, b) µ0 H = 5 T and (d, e) µ0 H = 7 T (T = 70 mK). (a, d) and
(b, e) were measured in the high- and low-resolution setup with Ei = 2.2 meV and Ei = 4.2 meV
respectively. Data was integrated along the non-dispersive b? and c? directions and the inelastic
background was subtracted. (c, f ) Numerical DMRG calculation of the dynamical structure
factor, for mz = 0.04 and mz = 0.065, convoluted with instrumental resolution.

As can be seen from data measured beyond the critical field Hc1 , the spectrum changes
fundamentally in the field-induced TLSL phase (fig. 6.7). In fact, the spectrum changes
more dramatically than expected from the TAS measurements presented in section 6.2
and performed at the magnetic zone center only. The previously sharp modes completely
decompose into highly structured and overlapping continua. Moreover, the low-energy
magnon excitation branch decomposes into a gapless spectrum bounded by a linear threshold. Additional distinct features appear at higher energies: The reminder of the MS = 0
and MS = −1 magnon modes, for example, display prominent minima at incommensurate
positions and with increasing incommensurability at higher fields.
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Before discussing the different contributions in detail and before comparing the measured
spectrum to numerical calculations, we mention that the total neutron scattering cross
section for data as presented here consists of six independent contributions [153],
 

Q2z
d2 σ
2
∝ |F (Q)| 4 1 − 2 [s0 (Q) S0zz + sπ (Q) Sπzz ]+
dΩdEf
Q



Q2z
+−
−+
+−
−+
+ 1 + 2 [s0 (Q)(S0 + S0 ) + sπ (Q) (Sπ + Sπ )] .
(6.6)
Q
Here, F (Q) denotes the magnetic form factor, sq⊥ (Q) are the (anti)symmetric rung structure factors while Qz describes the component Q along the magnetic field direction. In
(qk , ω) denote antisymmetric and symmetric components of the zero= Sqαβ
addition, Sqαβ
⊥
⊥
temperature dynamical structure factor, as introduced before.
Although experimentally challenging, it is possible to separate the six channels in inelastic
neutron scattering experiments, 1.) by performing experiments at wave vectors in different
Brillouin zones, 2.) by applying a horizontal magnetic field within the scattering plane
or 3.) by using polarized neutron beams [129, 130]. Instead, here, we take guidance
from numerical DMRG calculations which can provide the frequency- and momentumwith great precision [16, 153]. Numerical
dependence of the various components Sqαβ
⊥
calculations were performed by P. Bouillot et al. [205], for Jleg = 1.42 meV, Jrung =
0.82 meV, g = 2.18 and µ0 H = 5 T and µ0 H = 7 T respectively, corresponding to a
net reduced longitudinal magnetic moment per spin mz = µz /gµB of mz = 0.04 and
mz = 0.065. The individual components Sqαβ
(qk , ω) are shown in figure 6.8 for µ0 H = 7 T.
⊥
The calculated total cross section as given by equation (6.6) is shown in figure 6.7c and 6.7c
for µ0 H = 5 T and 7 T respectively. It was convoluted with the approximate experimental
momentum and energy resolution. It was also corrected for the experimental coverage in
Q and ~ω: By integrating experimental TOF data along the non-dispersive b? and c?
directions, the magnetic form factor |F (Q)|2 , the rung structure factors sq⊥ (Q) and the
transverse and longitudinal polarization prefactors Pk,⊥ = (1±Q2z /Q2 ) were averaged over
the accessed (Qk , Ql )-region for each value of (qk , ~ω). The integrated TOF data hence
corresponds to the scattering cross section

d2 σ
∝ |F |2 (qk , ω) 4Pk (qk , ω)[s0 (qk , ω) S0zz + sπ (qk , ω) Sπzz ]+
dΩdEf

+−
−+
+−
−+
(6.7)
+P⊥ [s0 (qk , ω)(S0 + S0 ) + sπ (qk , ω) (Sπ + Sπ )] .
Here, quantities with an overbar had to be averaged over the experimentally covered
(Qk , Ql ) region for each point of (qk , ~ω). In order to compare the numerical calculation
to the inelastic neutron scattering data, the former was corrected for these averaged
quantities pixel by pixel.
The numerically calculated spectrum (fig. 6.7b,e) is in spectacular quantitative agreement
with the measured neutron data (fig. 6.7c,f), both in terms of energy- and momentumpositions as well as intensities of the various spectral features. Most of the characteristics
observed in the experimental data are reproduced by the numerical DMRG calculation.
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Figure 6.8: Momentum- and frequency-resolved components Sqαβ
⊥ (qk , ω) of the zerotemperature dynamical structure factor, numerically calculated by P. Bouillot et al. [205] with
the DMRG method for the exchange constants of DIMPY and for µ0 H = 7 T (mz = 0.065).
Antisymmetric and symmetric contributions are shown left and right respectively. Solid lines
and symbols denote predictions by analytic theory and are explained in the text.

It is worth pointing out that typical intensities of the magnetic contributions at µ0 H = 5 T
and 7 T are comparatively weak and only 2% to 10% of the maximal magnon intensity
in zero field. The acquisition of such high-quality data is enabled 1.) by the optimized
low-background time-of-flight spectrometers such as LET, 2.) by the integration along
the non-dispersive directions highly improving the signal-to-noise ratio and 3.) by the
deuterated high-quality DIMPY single crystals available for the present experiment.
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6.4

Universal and non-universal features

In this subsection, the various spectral components experimentally observed in the TLSL
regime of DIMPY are compared to existing quantum field theoretical results. Some of
the features are universal and appear in any gapless 1D system [16]. Others are generic
to spin ladder systems in the strong-leg coupling regime and are explained by advanced
quantum field theoretical mappings based on weakly coupled chains [63, 216]. Finally,
some of the high-energy features are non-universal, not covered by any analytic theory
and can only be reproduced numerically.

6.4.1

Gapless TLSL contributions

As mentioned in the beginning of this chapter, several gapless contributions generic to
gapless 1D system are expected [16, 153]. They are bounded from below by a linear
threshold ~ω = u|qk − q ? |, with q ? denoting gapless qk -positions. Commensurate gapless
excitations with q ? = π and q ? = 0 are predicted in the Sπ±∓ and S0zz components of
the dynamical structure factor respectively (fig. 6.2b and a). Moreover, incommensurate
gapless excitations appear around q ? = π ± 4πmz and q ? = ±4πmz in the Sπ±∓ and S0zz
channels.
The commensurate gapless excitations around q ? = π are readily observed in the experiment at µ0 H = 5 T and 7 T (fig. 6.7). They are also detected in the numerically
calculation of the Sπ±∓ components (fig. 6.8, white full lines). From the experimentally
observed commensurate gapless contribution around qk = π, the TLSL parameters can be
determined. As mentioned in section 6.1, the zero-temperature and low-energy gapless
contribution to the transverse dynamical structure factor is given by [153]

1−1/4K
4u2
8π 2 Ax
±∓
Θ(~ω − u|qk − π|)
(6.8)
Sπ (qk , ω) =
uΓ(1/4K)2
(~ω)2 − u2 (qk − π)2
where u and K denote the TLSL parameters and Ax is a field-dependent prefactor.
This expression was fitted to the low-energy signal as measured at µ0 H = 5 T and 7 T.
A series of 1D constant-energy cuts at ~ωi was calculated from the measured TOF data
(Ei = 2.2 meV), by integrating along the non-dispersive b? and c? directions and in the
energy range ~ωi ± 75 µeV. The local background was subtracted by fitting the signal
around qk = π with a linear background as well as two Gaussian functions. The linear
background was locally subtracted. Figure 6.9a and b depicts background subtracted
constant-energy cuts (gray symbols) as obtained from the µ0 H = 5 T and 7 T data set.
The TLSL parameters u and K were determined by fitting equation (6.8) to the obtained
constant-energy cuts, convoluted with an effective qk resolution of Γqk = 0.038 · 2π. The
fits (red lines in fig. 6.9) are in good agreement with the measured data2 .
2

The cut at ~ω = 0.515 meV and for µ0 H = 5 T deviates from the TLSL prediction. This can be
explained by the overlap with the remainder of the MS = 0 magnon branch around 0.5 meV. The latter
is not covered by the TLSL prediction.
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Figure 6.9: Low-energy gapless TLSL excitations of DIMPY. One dimensional cuts were
obtained from the TOF data at Ei = 2.2 meV, (a) at µ0 H = 5 T and (b) µ0 H = 7 T. Data
was integrated along the non-dispersive b? and c? directions and in small ranges of energy.
Background subtracted data is shown as gray symbols. Red symbols correspond to the fit
according to equation (6.8), as explained in the text.

The fitted K parameters were K = 1.05(8) and 1.27(9) for µ0 H = 5 T and µ0 H = 7 T
respectively. This is in fair agreement with the numerical K values K = 1.127 and
1.171, as determined from DMRG calculations of static correlations [148]. The fitted
velocity parameters were determined to be 1.91(3) meV and 2.23(2) meV for µ0 H = 5 T
and 7 T respectively. They are slightly larger than the numerical values u = 1.70 meV
and u = 1.87 meV. However, it is worth to point out 1.) that the signal measured is
comparatively low and only 2% - 10% of the magnon signal in zero field, 2.) that the
signal is significantly broadened by the experimental momentum- and energy-resolution
and 3.) that experimental data had to be integrated in a large energy interval in order to
get reasonable statistics. Thus, the slight deviations of the determined parameters most
probably originate in these difficulties and the agreement is satisfactory.
As stated above, gapless excitations also appear in other gapless 1D quantum systems,
such as in Heisenberg half-integer spin chains or in the field-induced TLSL state of two-leg
spin ladders, Haldane spin chains or other gapped quantum magnets [51, 16]
Gapless TLSL excitations were for example studied with inelastic neutron scattering experiments in several Heisenberg spin chain materials at zero field, such as SrCuO2 [217],
KCuF3 [158], CuPzN [222], copper benzoate [157] or 2Dioxane·D2 O·CuCl2 [224]. In
CuPzN and copper benzoate, both the commensurate and incommensurate low-energy
excitation were studied in applied magnetic fields corresponding to mz = 0.15 [223] and
up to mz = 0.05 [220], for the two materials respectively.
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Recently, the commensurate and incommensurate gapless spectral contributions in the
field-induced TLSL phase of a strong-rung Heisenberg spin ladder could be observed
in the prototype material BPCB [82]. However, in all of these experiments, the TLSL
parameter K was either fixed to K = 0.5 (zero-field studies) or 0.5 < K ≤ 1 (field studies).
In contrast to these systems, the TLSL parameter K of DIMPY is strongly different. In
fact, it is larger than unity, indicating that the one-dimensional fermions in strong-leg
spin ladders are attractive (K > 1) rather than repulsive (K < 1) [16]. Consequently,
the strong-leg Heisenberg spin ladder shows TLSL parameters more similar to the ones
of a field-induced TLSL state of a S = 1 Haldane spin chain (with K > 1 [227]), a
hypothetical XY spin chain (K = 1 [225]), a hypothetical XY spin ladder (K > 1 for
any Jleg /Jrung [225]) as well as to more exotic TLSL systems such as counterpropagating
fractional quantum Hall edge states in bent quantum wells [228, 229].
We turn now to the incommensurate gapless excitations generic to the magnetized TLSL
state. However, these incommensurate excitations around q ? = π ± 4πmz and q ? =
±4πmz remain experimentally undetected. They would appear at qk /2π = 0.42, 0.58 and
qk /2π = ±0.08 at µ0 H = 5 T and at qk /2π = 0.37, 0.63 and qk /2π = ±0.13 at µ0 H = 7 T
respectively. In the experimental data (fig. 6.7), no enhanced intensity is observed in
these regions, neither in the high- nor low-resolution setups. In the numerical calculation,
they are visible but appear at least 2 orders of magnitude weaker than the commensurate
ones.
This, again, is in strong contrast to other TLSL systems, such as Heisenberg spin chains
[220, 223] or strong-rung ladders such as BPCB [82]. In these systems, gapless incommensurate excitations were observed experimentally. This difference can be explained by
the different nature of interactions between fermions. The latter affect both the TLSL
parameters u and K as well as the non-universal amplitudes of the commensurate and incommensurate excitations [153]. The strength of the commensurate and incommensurate
excitations in Sπ±∓ are described by the amplitudes Ax and Bx , while the strength of the
incommensurate contribution in S0zz is determined by Az [153].
The set of TLSL parameters u and K as well as the amplitudes Ax , Bx and Az were
numerically calculated by P. Bouillot et al. [148], both for DIMPY and the strong-rung
spin ladder BPCB [153]. The ratios (α1 , α2 ) = (Ax /Az , Ax /Bx ) at mz = 0.065 were
numerically determined to be (α1 , α2 ) = (13.1, 8.9) for DIMPY [148] and (2.5, 1.3) for
BPCB [153], proving that incommensurate contributions are suppressed in strong-leg
ladders. The absence of incommensurate spectral contributions will become particularly
helpful for the study of scaling relations (chapter 7).
In conclusion, we experimentally observe commensurate gapless excitations in the strongleg Heisenberg spin ladder material DIMPY, generic to the TLSL state. The fitted TLSL
parameters u and K are in satisfactory agreement with DMRG calculations. Interestingly,
the TLSL parameter K remains larger than one indicating that fermionic interactions in
strong-leg Heisenberg spin ladders are attractive rather than repulsive, in contrast to
strong-rung Heisenberg spin ladders. Finally, we observed experimentally and numerically, that incommensurate gapless contributions are strongly suppressed in strong-leg
spin ladders, again in contrast to other TLSL systems.
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6.4.2

Gapped contributions generic to strong-leg spin ladders

Having discussed the gapless TLSL contributions, we turn to the quantum field theoretical predictions from ref. [63, 216]. As discussed in section 6.1, the theory of Shelton et
al. [187] can be extended in order to take finite fields into account and to calculate correlation functions in the field-induced TLSL state [63, 216]. This quantum field theoretical
approach predicts not only gapless excitations with the soft MS = 1 magnon in their
origin but also distinct gapped features as remainders of the MS = 0 magnon.
In particular, gapped contributions with minima at incommensurate positions qk = π ±
2πmz and qk = ±2πmz are predicted in the Sπzz and in the S0±∓ component of the dynamical structure factor. The incommensurate minima around qk = π ± 2πmz are readily
observed in the measured spectra (fig. 6.7). The measured data from section 6.3 is reproduced in fig 6.10 and the incommensurate positions are marked by grey and white stars.
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Figure 6.10: Experimental data of DIMPY in the high- and low-resolution setup (with Ei =
2.2 meV and 4.2 meV) (a, b) measured at µ0 H = 5 T and (c, d) at µ0 H = 7 T respectively. Black
lines indicate the lower boundary of predicted commensurate gapless excitations. Stars indicate
the predicted incommensurate gapped minima positions at qk = π ± 2πmz and qk = ±2πmz .
Circles indicate the Zeeman energy ~ω = gµ0 µB H at µ0 H = 5 T and 7 T.

Especially in the experiments with high resolution (Ei = 2.2 meV), the minima at incommensurate positions are evident. The qk - and ~ω-positions of these minima were fitted
(table 6.1).
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µ0 H
5T
5T
5T
5T
7T
7T
7T
7T
7T
7T
7T

qk,exp /2π
0.00
0.462(2)
0.50
0.538(2)
−0.559(2)
−0.500
−0.432(2)
0.000
0.438(2)
0.500
0.561(2)

qk,th /2π
0.00
0.46
0.50
0.54
−0.565
−0.500
−0.435
0.000
0.435
0.500
0.565

~ωexp /meV
0.675(4)
0.549(15)
0.643(2)
0.541(6)
0.648(8)
0.898(2)
0.633(9)
0.897(3)
0.637(6)
0.901(2)
0.642(9)

~ωth /meV
0.628
−
0.628
−
−
0.879
−
0.879
−
0.879
−

Ei /meV
4.2
2.2
2.2
2.2
2.2
2.2
2.2
4.2
2.2
2.2
2.2

Table 6.1: Gapped commensurate and incommensurate features as observed in the spectrum
of DIMPY. qk,exp , qk,th as well as ~ωexp , ~ωth , denote experimentally observed and theoretically
predicted qk and energy position respectively. Ei indicates whether the experimental values were
determined from the high- or low-resolution setup with Ei = 2.2 meV and 4.2 meV respectively.

In fact, the qk position are directly controlled by the field-dependent magnetic moment
and correspond to π ± 2πmz , i. e. to 2π(0.5 ± 0.04) and 2π(0.5 ± 0.065) for µ0 H = 5 T
and µ0 H = 7 T with mz = µz /gµB = 0.04 and mz = 0.065 respectively. The incommensurate minima qk = ±2πmz around the ferromagnetic zone center remain undetected
experimentally, except for a hint of a minimum at qk = 2π · 0.06 (white star in fig. 6.10).
The incommensurate minima at qk = π±2πmz and qk = ±2πmz appear in the numerically
calculated dynamical structure factor components Sπzz (fig. 6.8a) and S0±∓ (fig. 6.8 d,f)
components,
respectively. Fitting the peak-like features of the numerically calculated Sqαβ
⊥
the energy positions of the incommensurate minima were determined. For µ0 H = 5 T
and H = 7 T, the latter were ~ωnum = 0.539(3) meV and ~ωnum = 0.626(4) meV. The
error bar was estimated by comparing the fitted positions for the minima in Sπzz , S0+− and
S0−+ respectively. A precise and unique determination of the energy position, however,
remains impossible, since the spectrum consists of both sharp and diffuse contributions
or further internal structures. The energy positions are in excellent agreement with the
experimentally determined energy minimum positions ~ω exp = 0.545(8) meV and ~ω exp =
0.640(4) meV for µ0 H = 5 T and 7 T respectively. As a side-remark, we mention that
while we experimentally and numerically verify the predicted incommensurate minima at
qk = π ± 2πmz and qk = ±2πmz , the energy position does not correspond to the gap
energy ∆ as predicted by ref. [216]. Presumably, this difference originates in a additional
energy shift due to the mass renormalization outside the vicinity of the quantum critical
point [230]. Since the treatment of ref. [216] was limited to fields close to Hc1 , this
renormalization was not taken into account.
Finally, the quantum field theory of refs. [63, 216] predicts that excitation energies at the
zone boundary qk = 0 (in S0±∓ ) and at the antiferromagnetic zone center qk = π (in Sπzz )
scale with the magnetic field and appear at exactly ~ω = h = gµ0 µB H.
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In our inelastic neutron scattering experiments performed at µ0 H = 5 T and 7 T, peaklike features are detected both at the zone center and boundary with ~ωexp (qk = 0) =
0.68 meV, ~ωexp (π) = 0.64 meV and ~ωexp (0) = 0.90 meV, ~ωexp (π) = 0.90 meV for µ0 H =
5 T and 7 T respectively (white and grey points in fig. 6.10). In the numerical DMRG
calculations, the corresponding excitation energies read as ~ωtheor = 0.624(12) meV and
0.868(4) meV. These excitation energies are in close agreement with the Zeeman energies
gµ0 µB H = 0.628 meV and 0.879 meV for µ0 H = 5 T and 7 T respectively.
In conclusion, we were able to experimentally observe the gapped incommensurate and
commensurate features in the inelastic TOF neutron scattering spectrum of the strong-leg
Heisenberg spin ladder DIMPY, as predicted by the QFT treatment of ref. [216].

6.4.3

Non-universal spectral features

In the last two subsections, the various spectral features in the measured inelastic neutron
scattering data as well as the numerical DMRG calculations were assigned to universal
gapless TLSL contributions as well as gapped excitations explained in the quantum field
theoretical framework of ref. [63, 216]. However, apart from these low-energy features
originating exclusively in the MS = 0 and MS = 1 magnon excitation, there are various
spectral contributions which are not accounted for by the field theoretical methods. They
are non-universal and depend on the underlying lattice Hamiltonian.
As numerically resolved in fig. 6.8a and b, the contributions in Sπzz and Sπ+− originating in
the MS = 0 and MS = −1 magnon branch consists of a highly structured continua. The
internal structure of these continua is not described by analytic theory. Compared to the
strong-rung case, the latter can not be described in terms of a mapping onto the problem
of a mobile hole in a spin chain either ([153] and references therein), since in a strong-leg
spin ladder, there is no clear energy scale separation allowing perturbative treatments as
described in Appendix A of ref. [153].
Furthermore, the QFT results do not give any explanation how two-magnon contributions develop in the TLSL regime. In the numerical calculations shown in figs. 6.8b, d
and f, remainders of the two-magnon excitations are visible, in the S0−+ , S0zz and S0+−
channels, respectively. Interestingly, the contribution in S0zz and S0−+ still resemble the
corresponding contribution in zero field, except for a shift in energy, a slightly reduced
bandwidth and a loss of intensity. Contrarily, two-magnon excitations in the S0+− -channel
acquire a novel structure with sharp and continuous structures, incommensurate minima
at qk = π ± 2πmz as well as an apparently bound mode around qk = π.
In conclusion, quantum field theoretical methods enable to explain quantitatively distinct
gapped and gapless, commensurate and incommensurate features in the spectrum while
most of the internal spectral structure and high-energy features are not covered by these
theories and can only be calculated numerically.
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Evolution towards the fully polarized regime

In order to complete the discussion about excitations in applied magnetic fields in DIMPY,
numerical calculations of the dynamical structure factor for magnetic fields 7 T  µ0 H 
Hc2 are presented and discussed. Although high magnetic fields up to 40 Tesla in combination with low temperatures are currently not experimentally accessible in inelastic
neutrons scattering experiments, properties of the high-field phases can be measured with
different techniques, such as measurements of thermodynamic quantities at high magnetic
fields or by nuclear magnetic resonance (NMR). For the latter, the nuclear spin lattice
relaxation rate T1−1 is closely related to the dynamical structure factor [231].
In order to study the evolution of the dynamical structure factor towards Hc2 , the comwere calculated by P. Bouillot et al. [232] using the DMRG method. The
ponents Sqαβ
⊥
magnetic fields were chosen to be µ0 H = 11.6 T, 19.8 T and 26.0 T, corresponding to
quarter, half or three-quarter saturation magnetic moment, i. e. mz = 0.125, 0.25 and
0.375 respectively. The antisymmetric and symmetric combinations Sq⊥ = Sq⊥ (qk , ~ω)
are shown in figure 6.11 in the upper and lower panel.
+ Sq−+
with Sq⊥ = 4Sqzz⊥ + Sq+−
⊥
⊥
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Figure 6.11: Numerical calculation of the dynamical structure factor Sq⊥ = 4Sqzz⊥ + Sq+−
+ Sq−+
⊥
⊥
for q⊥ = π (upper panel) and q⊥ = 0 (lower panel). Calculations are shown for reduced
magnetic moments mz = 0.125, 0.25 and 0.375, corresponding to µ0 H = 11.6 T, 19.8 T and
26.0 T respectively. Gapped features predicted by quantum field theory [63, 216] are shown as
stars and circles, marked by arrows.
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The dynamical structure factor channels undergo dramatic changes by increasing the
magnetic field from Hc1 towards Hc2 . For example, the contribution of the MS = 0
magnon remains a well-structured continuum (with a gap position moving progressively
from qk = π to qk = 0) while the remainder of the MS = −1 magnon branch becomes
progressively weaker at higher energies.
The various gapless and gapped features as discussed in section 6.4.1 and 6.4.2 remain
visible throughout the TLSL phase. The commensurate and incommensurate linear lowenergy excitations are shown as white full lines in fig. 6.11. The gapped features [63,
216] such as the incommensurate minima controlled by the magnetization and the welldefined excitations at the zone center and boundary are shown as coloured circles and
stars respectively. For the latter, the excitations energies ~ω are 1.46 meV, 2.49 meV
and 3.27 meV for µ0 H = 11.6 T, 19.8 T and 26.0 T respectively, in agreement with the
corresponding Zeeman energies ~ω = gµ0 µB H.
At the critical field of µ0 Hc2 = (Jrung + 2Jleg )/gµB ' 29 T, the spin ladder system undergoes a quantum phase transition from the gapless TLSL state to a fully polarized
state [153]. The latter is particularly simple because, unlike in the gapped spin-liquid
phase, quantum fluctuations are quenched [96]. The ground state is fully aligned with
z
Sl,j
|FPi = 21 |FPi for all l and j = 1, 2. It is described by a total spin projection of MS = L,
with L denoting the number of rungs of a long but finite ladder, and the perpendicular
k-vector of k⊥ = 0.
The lowest energy excitations are those with all spins up except for one pointing down
(MS = L − 1). In total, there are 2L such states. Since the spin ladder Hamiltonian
z
value (section 1.2), one can exactly obtain these excitations and their
conserves the Stot
dispersion (kk ) by diagonalizing the Hilbert subspace with MS = L − 1, using standard
many-body techniques [65]. As a result, there are two sharp modes appearing, one in the
antisymmetric and symmetric excitation channel. Their excitation energies k⊥ (kk ) are
given by (H ≥ Hc2 )
k⊥ = 0 :
k⊥ = π :

0 (kk ) = Jrung + Jleg + Jleg cos(kk ) + gµ0 µB (H − Hc2 )
π (kk ) = Jleg + Jleg cos(kk ) + gµ0 µB (H − Hc2 ).

(6.9)
(6.10)

At mz = 0.375 (fig. 6.11e and f), the development of these modes beyond Hc2 is visible.
The yellow broken lines indicate equations (6.9) and (6.10) for H = Hc2 .
As an experimental consequence, the exchange constants can be directly measured by
studying excitations in the FP phase. This argument remains true for any magnetic
system. Exchange constants were measured in various systems which could be driven into
a field-induced FP phase, as published for example in refs. [64, 82, 233]. Importantly,
the states with MS = L − 1 are the only ones contributing to the zero-temperature
dynamical structure factor (equation (4.1)), since the selection rules for matrix elements
α
hS 0 , MS0 |Sj,l
|S, MS i require that S 0 −S = 0, ±1 and MS0 −MS = 0, ±1 with S = 0 6↔ S 0 = 0
[59]. Excited states with more than one spin pointing down are described by MS < L − 1
and have vanishing matrix elements. Therefore, in contrast to the zero-field case, there are
no further multi-particle continua or bound states contributing to the zero-temperature
dynamical structure factor at H > Hc2 .
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Summary

A series of inelastic neutron scattering experiments was performed in order to study
the dynamical structure factor of the strong-leg Heisenberg spin ladder material
DIMPY in applied magnetic fields. In particular, the field-induced quantum phase
transition from the gapped spin liquid to the gapless algebraic Tomonaga Luttinger
spin liquid and its consequences on the complete inelastic neutron scattering
spectrum were observed and discussed.
With inelastic triple-axis and neutron time of flight experiments, we observed
that at low magnetic fields, both the antisymmetric magnon as well as symmetric
two-magnon bound state and continuum contributions are subject to a Zeemansplitting. By crossing the quantum critical point at µ0 Hc1 ' 2.6 T, excitations at
the magnetic zone center and the complete spectrum undergo fundamental changes.
Beyond Hc1 , the spectrum consists of various gapless and gapped, intercalated
and well-structured continua. DMRG calculations performed by P. Bouillot et
al. [153] and based on the previously determined exchange constants, were able to
reproduce the measured spectra on a quantitative level.
The various emergent spectral features were compared to existing analytic
theories. Commensurate and incommensurate gapless contributions were found
to agree with the predictions by the TLSL theory [16]. In addition, we were able
to assign contributions at the ferro- and antiferromagnetic zone center as well as
incommensurate gapped continua to the quantum field theoretical treatment of
refs. [63, 216], based on the perturbative treatment of two weakly coupled spin
chains. Various contributions were found not to be described by analytic theory
and only reproducible by numerical calculations.
Finally, DMRG calculations were presented illustrating how the symmetric
and antisymmetric spectral contributions evolve by increasing the magnetic field
towards Hc2 and beyond.
The results presented in this chapter correspond to the first experimental observation of the complete neutron scattering spectrum of a strong-leg spin ladder
system, both below and beyond the critical field Hc1 . Together with the recent
study of low-energy excitations in the opposite strong-rung Heisenberg spin
ladder material BPCB [82, 153], these results give a comprehensive view of the
field-dependent zero-temperature dynamical structure factor of simple Heisenberg
spin ladder systems.
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Chapter 7
Scaling properties of the
field-induced TLSL state
In recent years, the study of quantum phase transitions of condensed matter systems has
attracted a lot of interest in both experimental, numerical and theoretical solid state physics
[15, 21, 234]. In this chapter, we present an experimental study of the z = 1 critical
behaviour in the field-induced TLSL state of an one-dimensional Heisenberg spin ladder.
We perform inelastic neutron scattering experiments with the material (C7 H10 N)2 CuBr4
(DIMPY) featuring perfect energy-scales for the present purpose.
The study presented in this chapter was published1 in ref. [235].

7.1

Theoretical background

A Tomonaga-Luttinger spin liquid state is described by algebraically decaying spin-spin
correlations and thus a divergent correlation length ξ [16]. In fact, it is precisely located at
a quantum critical point with respect to various non-thermal parameters [21]. Infinitesimally small additional interactions may destroy the TLSL state and lead to magnetic
order or open a finite spectral gap [236]. In a Heisenberg spin chain, for example, any
finite bond alternation α = (J2l − J2l+1 )/(J2l + J2l+1 ) with α 6= 0 renders the system a
spin liquid, while a TLSL state is only realized precisely at α = 0 [237]. Similarly, due
to the coupling of such systems to the lattice degrees of freedom, they may undergo a
Spin Peierls transition [238], as observed for example in the materials CuGeO3 [239] or
TFFCuS4 C4 (CF3 )4 [240]. As a further example, any finite interaction J 0 between onedimensional TLSL systems leads to magnetic long-range order [68, 241] (section 8.1).
1

The experiment presented in this chapter was prepared, performed, analyzed and published together
with A. Zheludev, K. Yu. Povarov and N. Reynolds, with major inputs from everybody. In ref. [235], the
text was written by K. Yu. Povarov and A. Zheludev while the analysis presented therein were performed
by K. Yu. Povarov and the author of this thesis, respectively. In this chapter, I present my own analysis
of the corresponding data, partially in a slightly different context.
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The emergent magnetic structures for J 0 > 0 and J 0 < 0 differ and the TLSL state
corresponds to the quantum critical point located in between at J 0 = 0.
It is well-known for the case of thermal phase transitions, that upon approaching the
critical temperature, the only length and time scale in the system become the correlation
length ξ and the characteristic time τ = ξ z [5]. Therefore, the physics remains unchanged
if the length scale (time scale) is rescaled such that the correlation length (or characteristic
time) remains the same. As a consequence, the singular part of the free energy density is
argued to be a homogeneous function [242].
Usual phase transitions at a finite critical temperature Tc are driven by thermal fluctuations with entirely classical critical behaviour sufficiently close to Tc [5]. Quantum phase
transitions, however, are transitions between different competing quantum mechanical
ground states [21, 15] and they are driven by a non-thermal parameter r in the Hamiltonian [21]. Due to a striking mathematical correspondence between a quantum phase
transition in a system with d spatial dimensions and the (classical) thermal phase transition in d+z spatial dimensions, the classical homogeneity law for thermal phase transitions
can be reformulated for the case of quantum phase transitions [15]. In the vicinity of the
quantum critical point at r = rc and T = 0, the homogeneity law for the free energy
density f reads as [15]
f (t, H, T ) = λ−d−z f (tλ1/ν , HλyH , T λz ).

(7.1)

with the scale factor λ > 0. It implies scaling properties of both static and dynamic
quantities [15]. For example, a wavevector and frequency dependent observable C(q, ω) at
the quantum critical point t = |r − rc |/rc = 0 obeys the scaling law [15]


q
~ω
−η/z
,
.
(7.2)
C(t = 0, q, ω, T ) = T
Φ
kB T (kB T )1/z
Consequently, instead of a depending in a complex way on both ~ω, q and kB T , the
observable is described by a scaling function Φ[x, y] dependent on the combinations x =
~ω/(kB T ) and y = q/(kB T )1/z only.
A field-induced TLSL state of a one-dimensional gapped quantum magnet2 is described by
the dynamical critical exponent z = 1, for Hc1 < H < Hc2 [62]. Therefore, the dynamical
structure factor S(q, ω) is predicted to follow the scaling relation


~ω u (q − q ? )
β
,
,
(7.3)
S(q, ω) = T Φ
kB T
kB T
with q ? = 0 or π and with the non-universal temperature exponent β, depending on the
actual Hamiltonian [15]. If, for example, the dynamical structure factor is measured at
q = q ? for several temperatures T , the data is predicted to collapse onto a single curve
Φ[x, 0] if it is plotted as S(q, ω)/T β versus ~ω/kB T .
2

For field-induced TLSL states, the dynamical exponent z is z = 1 only for Hc1 < H < Hc2 . The
quantum critical point at T = 0 and H = Hc1 , however, is described by z = 2 [62].
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A similar scaling relation holds for the q-integrated dynamical structure factor S(ω) which
corresponds to the time Fourier transform of the local spin-spin correlation function, i. e.
hS0α (0)S0β (t)i. The scaling law for S(ω) reads as


Z
~ω
α
,
(7.4)
S(ω) = S(q, ω) dq = T Ψ
kB T
with the temperature exponent α = β + 1 and a different scaling function Ψ[x].
Regardless of the exact form of the scaling functions Φ[x, y] and Ψ[x], the scaling prediction of the dynamical structure factor itself is a powerful statement. However, advanced
quantum-field theoretical methods based on the Bosonization technique even allow to
analytically calculate both the exponents α and β as well as the scaling functions for
the TLSL state [16]. As discussed in section 6.1, the low-energy physics of gapless 1D
systems is described by the TLSL theory, in terms of interacting spinless fermions [16].
The latter replaces the Landau-Fermi-Liquid description of interacting fermions in higher
dimensional systems (section 6.1). The TLSL theory is parametrized by two numbers:
The velocity u at the Fermi points ±kF as well as a dimensionless parameter K controlling
the interaction between fermions [16]. For K < 1, the latter are repulsive while they are
attractive for K > 1 [16]. The TLSL theory predicts that around q ? = π, the exponent α
is given by α = 1/2K −1 while the scaling function Φ[x, y] = ΦK [x, y] reads as [243, 62, 63]
"
 1
  1
 #
x+y
Γ 8K
− i x−y
Γ
−
i
1
4π   8K
4π
 .
Im  8K−1
(7.5)
ΦK [x, y] =
x−y
8K−1
−x
1−e
Γ 8K − i 4π Γ 8K − i x+y
4π
Here, Im[. . .] denotes the imaginary part and Γ is the complex gamma function3 . The
scaling function Ψ[x] is given by the integration of ΦK [x, y] along the y coordinate.
Having direct access to the dynamical structure factor S(q, ω), inelastic neutron scattering
is an excellent technique to test such scaling predictions. Recently, the scaling properties
of the dynamical structure factor were experimentally verified in inelastic neutron scattering studies on gapless Heisenberg spin chain materials without applied magnetic fields.
Examples include studies on KCuF3 [158], copper benzoate [221] or BaCu2 (Si0.5 Ge0.5 )2 O7
[244]. In these materials, the parameter K is fixed to K = 0.5 and the scaling exponents
are β = −1 and α = 0. In KCuF3 , a complete data collapse could be observed by showing S(π, ~ω) · T as a function of ~ω/kB T , as measured at temperatures up to 200 K. In
copper benzoate [221] and BaCu2 (Si0.5 Ge0.5 )2 O7 [244], the scaling relation for S(ω), given
by equation (7.4), could be observed as well.
However, the TLSL scaling predictions of equations (7.3) and (7.4) have not yet been
tested for any system with K 6= 0.5, as realized in Heisenberg spin chains with applied
magnetic fields [221] or the field-induced TLSL state of 1D spin-gapped systems such as
for example two-leg spin ladders [245, 82], S = 1 Haldane spin chains [246] or alternating
S = 1/2 spin chains [247].
3

Note that here the scaling function for the dynamical structure factor is shown. In virtue of the
fluctuation-dissipation theorem, the scaling function Φ̃K for the generalized susceptibility Im[χ(q, ω)] is
obtained by dividing equation (7.5) by the Bose factor (nω + 1) = (1 − e−x )−1
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In general, these experiments are more subtle. First, a candidate material requires appropriate energy scales, 1.) enabling to tune K away from the zero-field value or to overcome
the spin gap with magnetic field strengths accessible in inelastic neutron scattering experiments and 2.) enabling to study the gapless low-energy contribution with sufficiently
good experimental q- and ~ω-resolution.
Second, the incommensurate or longitudinal gapless contributions, usually present in 1D
gapless spin systems [16, 220], should be either tuned away from qk = π with sufficiently
strong magnetic fields or weak enough to ensure that mainly the gapless transverse contribution from qk = π is studied and the observation of scaling properties possible.
The Heisenberg spin ladder material (C7 H10 N)2 CuBr4 , DIMPY, is an excellent prototype
material to study a scaling behaviour very different from the one previously observed in
spin chains. First of all, its low energy scales enable to easily overcome the critical field
of µ0 Hc1 = 2.6 T while still enabling to experimentally study the low-energy contribution
at ~ω < 0.5 meV with inelastic neutron scattering techniques. The TLSL behaviour of
DIMPY has been confirmed both by thermodynamic (section 8) and inelastic neutron
scattering experiments (section 6). Further intra- or inter-ladder interactions are known
to be 2-3 orders of magnitude weaker than Jleg and Jrung (section 8.5) and the system
displays excellent one-dimensionality.
The TLSL exponent K of DIMPY is predicted to change its value from K(µ0 Hc1 ) =
1 to K(20 T) ' 1.3 and remains larger than 1 throughout the TLSL regime (section
8.4.3). The scaling exponents α and β are between α = −0.5, β = −1.5 at Hc1 and
α = −0.62, β = −1.62 for µ0 H ' 20 T. They are strongly different from the spin chain
case, with K = 0.5, α = 0 and β = −1. In addition, the incommensurate continuum
contributions are strongly suppressed (section 6.4.1). They appear at least 2-3 orders of
magnitude weaker than the commensurate ones and consequently, the scaling laws are
not expected to be affected. This is in contrast to spin chains, where commensurate and
incommensurate contributions are often of comparable strength [221, 162].
In conclusion, in this chapter, we present inelastic neutron scattering experiments performed on the Heisenberg spin ladder material DIMPY in order to test the scaling predictions for the field-induced TLSL state. In particular, we answer the following questions:
1.) Do the experimentally determined values of S(ω) at different temperatures collapse
onto a single curve if shown in reduced variables as defined by equation (7.4)?
2.) Is the scaling curve itself given by equation (7.5) for some value of K?
3.) Does the experimentally determined value of K agree with the one obtained by numerical DMRG calculation based on the full Hamiltonian?

7.2

Inelastic neutron scattering experiments

The temperature dependence of the dynamical structure factor in the field-induced TLSL
state of DIMPY was studied using the time-of-flight neutron scattering technique.
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The experiment was performed at the LET spectrometer [143] at ISIS. Experiments were
performed with a 3 He-4 He dilution refrigerator inside a vertical cryomagnet (µ0 Hmax =
9 T, H k b). Spectra were measured with an initial energy of Ei = 2.2 meV and with
chopper frequencies of 100 Hz, 10 Hz, 100 Hz and 100 Hz for choppers 1, 2, 3 and 5 respectively4 . Data was gathered at base temperature of 60 mK at zero field and at T = 0.06 K,
0.15 K, 0.4 K, 0.8 K, 2.3 K, 3.0 K and 5.2 K for an applied magnetic field of µ0 H = 9 T
respectively.
Since the low-energy contribution to the dynamical structure factor is contained in the antisymmetric channel and around qk = π, the rotation angles φ were chosen such that the region around the maximum of the rung structure factor (section 4.1) at Q = (0.5, 0, 0.98) rlu
is covered. The minimal and maximal φ rotation angles5 were chosen to be φmin = 132◦
and φmax = 176◦ . Figure 7.1a illustrates the experimentally covered region (shaded area)
together with the antisymmetric rung structure factor sπ (Q) calculated in the (Qh , 0, Qk )
plane. The sample was rotated by 2◦ per step and with a typical counting time of
30 minutes or 45 minutes for T < 3 K and T ≥ 3 K respectively (20 µC or 32 µC proton charge on the target).
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Figure 7.1: (a) Experimental coverage: Antisymmetric rung structure factor sπ (Q) (colormap)
and (Qh , 0, Ql )-region accessed in the experiment (~ω = 0). (b)-(d) Background subtraction of
data measured with Ei = 2.2 meV and at µ0 H = 9 T: 1D constant-energy cuts, raw data
(white circles) and background subtracted data (red circles), showing intensity as a function
of momentum transfer along the leg Qh . Data was integrated along the perpendicular nondispersive b? and c? directions.

The measured data was analyzed using the Horace program [174] and integrated along
the non-dispersive b? and c? directions, as in sections 4.4 and 6.3. Figure 7.1b-d illustrates representative one-dimensional constant-energy cuts (white circles) measured at
base temperature and with µ0 H = 9 T, showing intensity as a function of momentum
transfer along the leg Qh (qk = 2π Qh /rlu), for ~ω = 70 µeV , 270 µeV and 490 µeV
respectively.
4
5

Chopper 4 was broken which lead to a slight loss of energy resolution [143].
The angle φ is defined with respect to c? . φ = 0◦ means that the c? is parallel to ki .
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In order to subtract the background, the following procedure was applied6 . The background contribution was assumed to be well-described by a linear function in the vicinity of
the magnetic zone center where magnetic signal is expected. The data measured at all temperatures and at µ0 H = 9 T, in the energy-dependent Qh range Qh > Qh,1 and Qh < Qh,2
with Qh,1 = (−0.4625 + 0.05 ~ω/meV) rlu and Qh,2 = (−0.5375 − 0.05 ~ω/meV) rlu was
assigned as background, fitted with a linear function and subtracted. Since the background definition strongly influences the data integration along the Qh direction, the uncertainty of the background level was included for the error estimation of the integrated
data S(ω) (see below). It was defined by the standard deviation of the non-magnetic
background-subtracted data with Qh > Qh,1 and Qh < Qh,2 . The red symbols in fig. 7.1bd illustrates data after background subtraction. The magnetic low-energy TLSL signal
around Qh = 0.5 is readily observed as a single peak at low energy transfer (fig. 7.1b) and
a double-peak shaped contribution at higher energy transfer (fig. 7.1d).
The experimental coverage in the perpendicular directions Qk and Ql differs from data
point to data point. The integration process along these directions leads to distinct averages of the antisymmetric structure factor sπ (Q) and magnetic form factor |F (Q)|2 .
Therefore, data was corrected for the average of the structure and form factor, in the
same way as in section 6.3. Typically, the correction was less than 5% − 10%. Background subtracted data shown in fig. 7.1 was corrected for the structure and form factor.
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Figure 7.2: Background subtracted neutron time-of-flight spectrum of DIMPY (Ei = 2.2 meV),
measured at µ0 H = 9 T, T = 0.06 K and as a function of energy transfer ~ω and momentum
transfer along the leg Qh . Data was integrated along the non-dispersive b? and c? directions.

Before proceeding, we determine the energy- and temperature-range in which the assumptions for the TLSL low-energy description are expected to be fulfilled. First of all, TLSL
physics due to the transverse gapless dynamical structure factor contributions can only
be observed if they are not perturbed by additional gapped or longitudinal ones.
6

The background subtraction code was written by K. Yu. Povarov.
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Since the entire spectrum was measured up to ~ω = 2.2 meV, the region without further
spectral perturbations can be determined. Figure 7.2 shows background subtracted intensity as a function of Qh and energy transfer ~ω as measured at base temperature and
µ0 H = 9 T. The low-energy gapless TLSL contribution from the transverse Sπ±∓ component of the dynamical structure factor is readily observed at low energies. It is bounded
by a linear threshold (black line), as expected. However, at higher energies ~ω > 0.6 meV,
the TLSL intensity is contaminated by gapped contribution from the longitudinal channel
Sπzz , as previously observed and discussed in section 6.3 (fig. 6.8). Clearly, these gapped
contributions render an observation of scaling properties impossible. Therefore, as a first
constraint, only data with ~ω . 0.5 meV can be considered (red broken line in fig. 7.2).
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Figure 7.3: One-dimensional constant-energy cuts showing intensity as a function of momentum transfer along the leg Qh for different energies ~ω, measured at µ0 H = 9 T and (a)
T = 0.06 K, (b) T = 0.8 K and (c) at T = 2.3 K. Gray lines illustrate the integration range for
the determination of S(ω).

Second, the mapping onto the effective low-energy TLSL theory relies on the assumption
that the fermionic band can be linearized and that the Fermi sea is not probed outside the
linear regime [16]. The thermal energy kB T and energy transfer ~ω are thus required to
be much smaller than the depth of the Fermi sea, WF = gµ0 µB |H − Hc1 |. For µ0 H = 9 T,
the latter is WF ' 0.77 meV. Therefore, no TLSL behaviour is expected for ~ω & 0.5 meV
or T & 0.5meV/kB = 5.8 K.
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In addition, the numerical DMRG calculations of Sπ±∓ (fig. 6.8, sec. 6.3) performed for a
similar magnetic field of µ0 H = 7 T, clearly show that a linear behaviour of the dynamical
structure factor, originating in the linear dispersion of the fermionic band, is expected up
to at least 0.8 meV. Consequently, the energy transfer and temperatures considered for
the further analysis of experimental data, restricted to ~ω ≤ 0.5 meV and T ≤ 5.2 K,
should safely fulfill the assumptions of the TLSL theory.
Figure 7.3 shows a series of 1D constant-energy cuts from data sets at µ0 H = 9 T and
at different temperatures, corrected for both the non-magnetic background as well as
the structure and form factor. The integration ranges for these cuts were chosen to be
Qk = [−2, 2] rlu , Ql = [−2, 2] rlu and data was integrated in energy by ±10 µeV and
±15 µeV for T ≤ 0.8 K and T > 0.8 K respectively.
The integrated intensity S(ω) of the magnetic signal, was determined by numerically integrating the one-dimensional scans shown in figure 7.3 (shaded area). The Qh integration
range was varied depending on the energy transfer ~ω. The integration boundaries are
shown in figure 7.3 as light gray lines. Figure 7.4 shows the integrated intensity S(ω) as
a function of energy transfer for different temperatures. The error bars were calculated
by taking into account 1.) the error propagation due to the numerical integration and 2.)
the uncertainty of the background level.
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Figure 7.4: Qh -integrated intensity S(ω) of DIMPY, as a function of energy transfer ~ω,
measured at µ0 H = 9 T and at various temperatures T ≤ 5.2 K.

The integrated intensity generally decreases as a function of energy transfer ~ω and shows
only a slight temperature dependence for T ≤ 0.8 K. At higher temperatures, S(ω) becomes small even at low energy transfer. We address now the first question and test,
whether the measured data collapses onto a single curve if the combination S(ω)/(kB T )α
is shown as a function of the dimensionless quantity ~ω/kB T for some α = 1/2K − 1.
Figure 7.5a-c presents data shown in this form (coloured symbols).
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Figure 7.5: Scaling plot of the temperature-scaled integrated intensity S(ω)/(kB T )α of
DIMPY, as a function of ~ω/kB T , (a) for α = 0 (K = 0.5), (b) for α = −0.9 (K = 5) and
(c) for α = −0.58 (K = 1.2). Measurements were performed at µ0 H = 9 T. The black full line
corresponds to the theoretically predicted scaling function ΨK [x] according to equation (7.7).

As a first step, we show S(ω) as a function ~ω/kB T (fig. 7.5a), i. e. we test whether
the data scales for α = 0 or K = 0.5. In spin chain materials such as copper benzoate,
a complete data collapse onto a single scaling curve was observed for α = 0 [221]. As
expected, this is not the case for DIMPY and the data does not scale for the exponent
α = 0. There are clear offsets between data sets measured at different temperatures. For
a smaller exponent α or a larger parameter K, the overlap is improved. In figure 7.5b,
S(ω)/(kB T )−0.9 is shown as a function of ~ω/kB T , i. e. the scaling hypothesis is tested for
α = −0.9 or K = 5. Nevertheless, there are still slight offsets between datasets measured
at different temperatures.
In order to measure the degree of overlap and in order to determine the exponent α
or parameter K for which the overlap is optimal, the following pseudo-χ2 quantity was
defined,
χ2 (K) :=

X X (yk (Tj ) − yk (Ti ))2
i6=j

σk (Tj )2

k

.

(7.6)

It corresponds to the weighted sum of squared differences between the overlapping data
points. For the data set at each temperature Ti , the combination S(ω)/(kB Tj )1/2K−1 and
corresponding standard deviations σ(Tj ) measured temperature Tj 6= Ti was interpolated
to the discrete values of xk = ~ωk /kB Ti of the data set at Ti . The interpolated value at
xk of the temperature set at Tj is denoted by yk (Tj ). Only overlapping data ranges from
temperatures Ti and Tj were considered. The corresponding differences were squared,
summed up and divided by the square of the standard deviation.
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A minimal χ2 was found for K = 1.29 for the S(ω)/(kB T )1/2K−1 data while data in
logarithmic scale lead to a slightly smaller value of K = 1.12. Since different definitions
of χ2 lead to slightly different values of K, we can estimate the latter to be K ' 1.2(1).
Figure 7.5c shows the scaling plot for K = 1.2. Indeed, the overlap between the data sets
measured at different temperatures is nearly perfect.
In conclusion, a full collapse of the S(ω) data sets measured at all temperatures is observed
for α = −0.583 or K = 1.2 respectively.
As a next step, the scaling curve is compared to the analytic predictions by the TLSL
theory (section 6.1). According to the latter, Ψ = ΨK [x] is given by
"
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In figure 7.5a-c, the scaling function Ψ = ΨK [x] is show as a black full line for K = 0.5,
K = 5 and K = 1.2 respectively7 .
For K = 0.5, no data collapse was observed and consequently, the scaling function Ψ0.5 [x]
does not describe the measured data at all. While the scaling behaviour for K = 5
was found to be nearly fulfilled, the agreement with the numerically calculated scaling
function Ψ5 [x] is poor. Therefore, the TLSL exponent is clearly different from K = 5.
For K = 1.2, an almost perfect agreement between the scaled data and the theoretical
prediction is found for Ψ1.2 [x]. Notably, the agreement is nearly perfect over as much as
three orders of magnitude in ~ω/kB T .
In conclusion, we observe that the measured data of S(ω) collapses onto a single curve
for K = 1.2 and that, if shown as S(ωk )/(kB T )1/2K−1 versus ~ω/kB T , it is exceptionally
well-described by the TLSL prediction for K = 1.2, given by equation (7.7).
The experimentally determined value of K = 1.2 can also be compared to the K parameter
as predicted by numerical DMRG calculations based on the full Hamiltonian (P. Bouillot
et al. [148] and section 8.4.3). For µ0 H = 9 T, the exponent K was determined to
be K = 1.202, in accordance with the experimental value of K ' 1.2(1). We thus
find an exceptional agreement between the results from our inelastic neutron scattering
experiments, the analytic description in terms of the low-energy TLSL theory as well as
the numerical predictions based on the full Hamiltonian.
Finally, we note that even though the internal q-structure of the non-local dynamical structure factor S(q, ω) is strongly washed out by the finite experimental resolution, the measured constant-energy cuts can still be compared and even fitted with the
theoretical prediction in equation (7.6), by folding the latter with an approximate Qresolution. Figure 7.6a, b and c show a set of representative constant-energy cuts at
~ω = 0.13 meV, 0.25meV and 0.43 meV respectively and at various temperatures. The
cuts were background-subtracted and corrected for structure and magnetic form factor,
in the same way as for figures 7.1 and 7.3.
7

Since the indefinite integral of the integrand is not known, the latter was calculated on a fine grid of
y and numerically integrated.
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Figure 7.6: Temperature-dependence of one-dimensional constant-energy cuts of DIMPY
(µ0 H = 9 T), showing intensity as a function of momentum transfer along the leg Qh for (a)
~ω = 0.13 meV, (b) ~ω = 0.25 meV and (c) ~ω = 0.43 meV. Data was integrated along b? and c?
as well as ±10 µeV in energy, background subtracted and corrected for structure and magnetic
form factor. The black full lines correspond to the theoretical prediction, as explained in the
text.

The one-dimensional constant-energy cuts for all energy transfers ~ω and obtained from
data measured at temperatures with T ≤ 0.8 K were simultaneously fitted with the theoretical prediction of S(q, ω) (equation (7.3), with ΦK [x, y] as given by equation (7.5)),
by folding it with an approximate Gaussian Qh -resolution of ΓHWHM ' 0.038 rlu. The
only open parameters remained an arbitrary scale prefactor, the Fermi velocity u and the
TLSL exponent K. In that fit, these parameters were determined to be K = 1.19(2) and
u = 1.98(2) meV (with χ2 = 1.44). The black lines in fig. 7.6 correspond to the theoretical
prediction with the parameters u and K as determined from the fit, for all temperatures
and at ~ω = 0.13 meV, ~ω = 0.25 meV and ~ω = 0.43 meV (figs. 7.6a-c respectively).
The agreement between the measured data and the theoretical prediction is excellent and
the peak shapes and strengths are reproduced for the full temperature and energy range
of 0.05 K < T < 5.2 K and ~ω < 0.5 meV. Finally, the parameters u and K from the
global fit are in accordance with the numerical DMRG calculation of u = 1.904 meV and
K = 1.202 at µ0 H = 9 T [148] (section 8.4.3).
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7.3

Summary

The z = 1 critical scaling properties of the field-induced TLSL state of a Heisenberg spin ladder were experimentally observed, for the first time in any gapped
one-dimensional quantum magnet. Featuring ideal energy scales, the material
DIMPY was studied by performing time-of-flight neutron scattering experiments at
µ0 H = 9 T  Hc1 and at finite temperatures 0.06 K < T < 5.2 K.
From background-subtracted and integrated one-dimensional constant-energy
cuts, the local temporal transverse spin correlation function S(ω) was determined.
A full collapse of all data was observed by showing S(ω)/(kB T )α as a function of
~ω/kB T . An optimal overlap of data measured at different temperatures was found
for α ' −0.58 or equivalently, K = 1/(2 − 2α) ' 1.2.
In addition to the observation of scaling properties, the scaling function itself
was shown to be correctly described by the analytic Tomonaga-Luttinger spin
liquid theory [16] for K = 1.2, in agreement with the values numerically calculated
by the DMRG method [148]. Notably, it could be confirmed that in DIMPY, K is
larger than unity and interactions between fermions are thus attractive.
The experimentally determined non-local dynamical structure factor S(q, ω)
was found to be reproducible by the TLSL prediction (scaling function Φ[x, y]), if
folded with experimental Q-resolution. In a global fit, the TLSL parameters were
determined to be K = 1.19(2) and u = 1.98(2) meV, in close agreement with the
numerical DMRG calculation of K = 1.202 and u = 1.904 meV at µ0 H = 9 T.
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Chapter 8
Thermodynamic properties
throughout the phase diagram
The macroscopic thermodynamic properties of a system, such as the free energy, magnetization or entropy, are determined by the partition function. The nature of the ground
state degeneracy and the spectrum of excited states, or the vicinity to thermal and quantum
critical points, strongly influence the temperature- and field-dependence of these quantities [248, 249]. Due to tremendous advances in measurement techniques, thermodynamic
properties can nowadays be studied under most exotic conditions, such as high magnetic
fields, low temperatures or high applied pressures.
In this chapter, the magnetic moment and the specific heat of the strong-leg Heisenberg spin
ladder material DIMPY are studied throughout the entire (H, T )-phase diagram. These
measurements reveal the fundamental changes accompanied by the transition from the
gapped spin liquid, to the gapless Tomonaga-Luttinger spin liquid, the fully polarized state
or the field-induced magnetically ordered phase. Moreover, the low-temperature behaviour
of these quantities enables to determine the key parameters describing the ground state
properties and low-energy excitations, such as the magnon dispersion in the SL or the
parameters u and K in the TLSL regime.
The main theoretical background is developed in the next few paragraphs, before the experiments are discussed in detail and in comparison with numerical DMRG calculations.
The study presented in this chapter was partially published in ref. [148].

8.1

Theoretical background

In this subsection, models for the asymptotic low-temperature behaviour are described
and discussed, for the spin liquid and the TLSL regime as well as for the magnetically
ordered phase.
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Spin liquid regime
In the spin liquid regime of a gapped quantum magnet, the thermodynamic behaviour is
controlled by the singlet ground state and the gapped triplet magnon excitations [57]. At
zero temperature, the magnetization and susceptibility remain zero since only the singlet
ground state is thermally populated. At finite temperatures, thermodynamic response
functions such as susceptibility or specific heat are exponentially activated due to the
presence of a finite spectral gap ∆.
At low temperatures kB T  ∆, the density %√of excited magnons remains exponentially
excited magnons is
small. In fact, the mean spacing l ' %−1 ∝ c/ ∆kB T e∆/kB T between √
much larger than their typical magnon de Broglie wavelength, λ ' c/ ∆kB T [189, 151].
Therefore, the system can be treated as a classical gas of three kinds of non-interacting
particles, with MS = 0, ±1 and a relativistic energy-momentum dispersion [57],
k (MS ) =

p
∆2 + c2 k̃ 2 − MS h ≈ ∆ + ak̃ 2 − MS h.

(8.1)

Here, c denotes the relativistic velocity and k̃ = kk − π, a = c2 /2∆ and h = gµ0 µB H. In
analogy, the magnon mass is given by m = ∆/c2 . Since the number of excited magnons
is not subject to a conservation law, magnons can be created and destroyed. The system
is hence described by a zero chemical potential µ, in analogy to the statistical treatment
of the photon or phonon gas [248, 249].
From the classical grand partition function Z, expressions for the low-temperature asymptotics of the specific heat C or susceptibility χ can be obtained (Appendix 10.2, ref. [57]),
r
∆
NA g 2 µ0 µ2B
e−∆/kB T ,
(8.2)
χmol (T, H = 0) =
c
2πkB T
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#
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h
h
2h(2∆ + kB T )
cosh
−
sinh
e−∆/kB T
(8.4)
∆2
kB T
∆2
kB T
Here, R = 8.3145 J mol−1 K−1 denotes the molar gas constant and NA is the Avogadro
number. ∆, c and g are the only open parameters in the above equations. Similar
expressions for the zero-field response were derived in ref. [57]. In the thesis presented
here, however, we explicitly include the effect of magnetic fields (Appendix 10.2), instead
of using the zero-field expression for finite-field experiments as well [110].
In conclusion, in the spin-liquid regime of a gapped quantum magnet, the measurement
of low-temperature specific heat or susceptibility enables to access the key magnon parameters, the gap ∆ and the relativistic velocity c, by fitting equations (8.2) - (8.4) to the
experimental data.
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Tomonaga-Luttinger spin liquid regime
As discussed in section 6.1, the low-temperature and low-energy physics in the TLSL
regime can be described in terms of interacting one-dimensional fermions with a partially
filled band [16]. Although the Landau-Fermi liquid theory [60, 61] breaks down and
is replaced by the 1D fermionic description in virtue of the TLSL theory [52, 53, 54,
16], the static thermodynamic properties still resemble the ones of an ordinary Fermi
liquid. Particularly, the specific heat becomes linear at low temperatures while the system
acquires a constant low-temperature susceptibility. Consequently, unlike in the spin-liquid
phase, the system becomes quickly magnetized if a magnetic field is applied.
The temperature proportionality constant of the low-temperature specific heat and the
constant low-temperature susceptibility are related to the two key parameters universally
describing the TLSL physics: The Fermi velocity u as well as the dimensionless TLSL parameter K. The exact low-temperature asymptotics of the specific heat and susceptibility
are given by [153]
kB π
T,
6u
µ0 µ2B g 2 K
χmol (T, H) = NA
.
2π u

Cmol (T, H) = R

(8.5)
(8.6)

The field-dependence of these quantities is captured by the field-dependence of the TLSL
parameters u = u(H) and K = K(H).
In order to experimentally observe TLSL behaviour, several constraints have to be taken
into account. First of all, the TLSL theory applies only if the thermal energy kB T is
sufficiently smaller than the depth of Fermi sea WF = gµ0 µB |H − Hc1 | (section 6.1)
[213]. Furthermore, residual inter-ladder interactions (of typical strength J 0 ) must be
sufficiently smaller than the thermal energy kB T . Away from the critical point and for
kB T  J 0 , the low-energy TLSL characteristics can be measured by e. g. specific heat or
susceptibility, thereby enabling to get direct experimental access to the field-dependence
of the TLSL parameters u and K. By measuring thermodynamic quantities, the Fermi
velocity u was determined for example in spin chain materials in zero field (CuPzN [222]
or copper benzoate [157]) and in the Haldane spin chain NTENP [246]. In complementary
studies of DIMPY, the related Wilson ratio RW = 4 K [250] was studied with combined
specific heat and magnetization measurements [226] while K was determined with NMR
measurements of the nuclear spin lattice relaxation rate T1−1 [123].
Magnetically ordered state
In real materials, there are always at least weak interactions between individual onedimensional objects such as chains or ladders. They render the coupling network effectively three-dimensional and the Mermin-Wagner theorem [56] does not prevent the
system from long-range order. Depending on the type of ground state and depending on
the relative strength of inter- and intra-object interactions J and J 0 , these systems may
or may not develop magnetic order.
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The spin-liquid regime of a Heisenberg spin ladder is known to be protected from ordering
as long as the inter-ladder interactions remain small. In fact, for these systems, there is
a critical ratio J 0 /J = αc below which the system remains in a spin liquid state with
merely renormalized properties such as the gap energy or magnon dispersion [66, 67].
For comparatively large inter-ladder interactions with J 0 /J > αc , the systems develops
magnetic long-range order below a finite critical temperature Tc , as observed e. g. in
C9 H18 N2 CuBr4 [83, 84]. For a Heisenberg spin ladder with Jrung = Jleg , the critical value
is as high as αc ' 0.3 [67], while αc differs for other exchange constants or inter-ladder
geometries [66].
Being just at criticality (section 7.1), the TLSL state, however, is instable against any
inter-ladder interaction J 0 [69]. For finite J 0 , long-range magnetic order transverse to the
applied magnetic field develops, with a transition temperature Tc on the order of J 0 /kB .
The quantum phase transitions at T = 0 K and H = Hc1 or Hc2 themselves are known
to belong to the universality class of the Bose-Einstein Condensation (BEC) [68, 69], due
to the mapping of the spin Hamiltonian onto a 3D system of interacting bosons with
vanishing density and interactions, close to the critical fields [251, 68]. The magnetically
ordered phase is thus often referred to as a BEC of magnons [69]. In the vicinity of
the critical fields, the phase boundary is predicted to follow Tc ' (H − Hc1 )φ with the
mean-field critical exponent φ = 2/3 [68].
Outside the vicinity of the quantum critical point (Hc1  H  Hc2 ), the density of
condensed bosons becomes large and mutual interactions are important. In that case, a
fermionic description in virtue of the Jordan-Wigner transformation [206] is favourable.
In particular, inter-ladder interactions become small compared to the typical energy scale
of the 1D fermionic problem [68] and therefore, it is possible to treat them on a mean-field
(MF) level while keeping the full TLSL description of 1D correlation functions [68]. In
the MF approach, the phase transition takes place, if [68, 252, 153]
−

2
= χ+−
⊥ (q = 0, ~ω = 0, T )
zJ 0

(8.7)

is fulfilled [68]. In the TLSL state, the low-energy asymptotics of the correlations functions
αβ
and hence the generalized transverse and longitudinal susceptibility tensors χαβ
⊥ , χk are
known [63]. The latter are controlled by the TLSL parameters u and K.
As derived in ref. [68], the transition temperature Tc as well as the order parameter can
be analytically obtained. The latter corresponds to the staggered magnetization µxa . The
transition temperature Tc = Tc (H) reads as [153]
1 u
Tc =
kB 2π

Ax zJ 0 sin

π
4K



2u Γ


1 2
8K

8K−1 2
8K

Γ

Γ


4K−1 2
4K

2K
! 4K−1

(8.8)
.

Here, Γ denotes the gamma function, z is the number of nearest neighbours and Ax
describes the non-universal prefactor describing the commensurate low-energy excitations
around qk = π [153]. The reduced staggered magnetic moment mxa = µxa /(gµB ), with
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0 < mxa < 0.5, reads as [68]
mxa

8K−1
1p
8K−2
=
Ax F (K)
2



πAx zJ 0
2u

1
 8K−2

with the function F (K) given by
8K
 8K−1   8K−1

−2 
−2
Γ 8K
π2
4K
16K − 3
8K


F (K) =
Γ
Γ
π
1
8K − 1 Γ 8K
8K − 1
16K − 2 .
sin 8K−1

(8.9)

(8.10)

In conclusion, the properties associated with the magnetic long-range order are predicted
to be either universally described by the BEC quantum critical behaviour (H & Hc1 , H .
Hc2 ) or accessible by a mean field approach based on the field-dependence of the TLSL
parameters u and K only (Hc1  H  Hc2 ). In recent comprehensive nuclear magnetic
resonance [108] and neutron diffraction experiments [96] of the strong-rung Heisenberg
spin ladder material BPCB, this mean-field description could be confirmed for both the
phase boundary, the order parameter as well as predictions concerning the nuclear spin
lattice relaxation rate T1−1 [68, 153].

8.2

Experimental details

SQUID magnetization measurements
The temperature- and field-dependence of the sample longitudinal magnetic moment µz
was measured using a SQUID magnetometer. The basic principle is explained in figure
8.1a. A detailed description can be found in refs. [253, 254].
A sample mounted on a sample rod inside a sample chamber with controllable temperature
is scanned through a superconducting second-order gradiometer consisting of a closed
system of oppositely wound loops (red and blue arrows). An external magnetic field is
applied by a high-homogeneity superconducting magnet surrounding the gradiometer.
The magnetic moment of the sample µz = µz (T, H) induces a flux change in the gradiometer loops and thus creates a current in the superconducting gradiometer circuit.
The latter acts as a flux transformer and is inductively coupled to a SQUID. The SQUIDbased read-out system converts the induced flux into a measurable voltage output signal.
Therefore, the SQUID mainly acts as an extremely sensitive current-to-voltage converter.
For a detailed discussion of the read-out principle, we refer to the book [253]. The voltage
output signal is recorded as a function of sample position z , as schematically shown in
figure 8.1b. The magnetic moment of the studied material µz (H, T ) is determined by
fitting the signal with the response curve of a point-like sample [254].
In this work, measurements were performed with a Magnetic Property Measurement System XL equipped with a high-homogeneity superconducting magnet (µ0 H ≤ 7 T). Temperature was controlled by a 4 He cryostat (T > 1.8 K) and a 3 He insert (T > 0.5 K).
Single crystalline samples with known orientation and a typical mass of 5 mg - 20 mg were
measured.
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(a)

motor

(b)

H
Sample position

sc magnet
sample
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Liquid helium
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Electronics

Figure 8.1: (a) SQUID magnetometer using a superconducting 2nd order gradiometer system.
Surrounded by a superconducting magnet, the sample is scanned through the oppositely wound
gradiometer coils. The induced flux is read out using a SQUID-based system. (b) Typical
response curve showing the SQUID output signal as a function of sample position.

Specific heat measurements
Specific heat measurements were performed based on the relaxation technique [255, 256,
162]. This procedure differs from the common adiabatic measurements of specific heat
C. In the latter, a heat pulse of energy ∆Q is applied to a thermally isolated sample and
the temperature rise ∆T is recorded, with C = ∆Q/∆T . However, if the system can not
be thermally isolated and if the heat-flow from or to the sample during the heat pulse is
significant, the adiabatic technique can not be applied. Particularly at low temperatures,
the relaxation rate between the sample and environment becomes small, making adiabatic
measurements challenging [162].
Relaxation measurements rely on the application of a short heat pulse to a system in
thermal contact with a bath and the subsequent measurement of the relaxation back
towards the bath temperature [255]. Figure 8.2a and b illustrate the basic principle.
The sample is mounted on a thin plate (fig. 8.2b) properly thermalized with a bath
at temperature T0 . A heat pulse of length τheat is applied and leads to an increase in
temperature. The relaxation of the temperature back to T0 is measured by a thermometer
on the sample holder. The temperature difference ∆T (t) = T (t) − T0 is determined by the
specific heat of the sample (sample holder) with C (C 0 ) as well as the thermal conductivity1
between sample holder and heat sink K 0 . During the heat pulse of length τheat , applied
at time t = t0 = 0, ∆T (t) is given by [162]
 


K0
∆P
∆P
+ ∆T (0) − 0 exp −
t .
(8.11)
∆T (t) =
K0
K
C + C0
1

For the discussion here, we assume an ideal thermal coupling between the sample and sample holder.
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Figure 8.2: (a) Illustration of the sample holder, sample and bath. (b) Typical time-dependence
of the temperature difference ∆T (t) (red line) for an applied pulse (0 ≤ t ≤ τheat ). (c) Photograph of the setup in our laboratories at ETH Zürich.

Here, ∆P describes the maximum pulse energy. Similarly, ∆T (t) decays exponentially
0
with the same lifetime τ = C+C
after the applied pulse t > τheat (fig. 8.2b). By measuring
K0
the relaxation both with and without sample on the holder and by determining the lifetimes τ = (C + C 0 )/K 0 and τ = C 0 /K 0 , the specific heat of the sample can be determined
for any value of temperature T and applied magnetic field µ0 H.
These measurements were performed with a Physical Property Measurement System
(PPMS, Quantum design) equipped with a 14 T magnet and a Helium-3 system (Model
P825, Quantum design). A photograph is shown in fig. 8.2c. Measurements above 4 K
were performed without dilution insert, for 1.1 K < T < 4 K, the temperature was controlled by 3 He evaporation while for 50 mK < T < 1.1 K dilution cooling was applied.
The specific heat was measured with a heat capacity sample mount (Quantum Design).
Samples with typical masses of 2.5 mg were used and specific heat was measured for
0 T < µ0 H < 14 T and typically 0.05 K < T < 4 K.

High-field magnetization measurements
Magnetization experiments2 under high pulsed magnetic fields were performed at the
Laboratoire National des Champs Magnétiques Intenses (LNCMI, Toulouse).
In these experiments, short magnetic field pulses with a typical length of about 100 ms are
produced by decharging a huge capacitor bank (with a capacity of C = 48 mF, Umax '
24 kV and a stored energy of up to 14 MJ) through coils surrounding the sample, thus
producing large magnetic fields on short time scales.
The magnetization measurement itself is based on the compensated-coils technique (fig. 8.3b)
[257]. Two concentric coils with N1,2 windings and radii of R1,2 are wound clock- and anticlockwise around the sample position and the induced voltage Utot is measured as a
function of time t.
2

These experiments were performed in collaboration with M. Jeong and H. Mayaffre from the research
group of C. Berthier and M. Horvatić (LNCMI-CNRS, Grenoble) and with kind support of G. Ballon,
W. Knafo and B. Vignolle (LNCMI, Toulouse).
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Figure 8.3: Pulsed high-field magnetization measurements. (a) Schematic of the compensatedcoils technique. (b) 14MJ capacitor bank of LNCMI located in Toulouse (France), allowing to
produce magnetic pulses up to 90 T (copyright by J. Billette, reproduced with kind permission).

The induced voltage in each coil U1,2 is given by [257]
Ui = ∓πµ0 Ni Ri2

dH(t) dΦi
+
.
dt
dt

(8.12)

where H(t) denotes the time-dependent magnetic field and Φ1,2 is the flux in coil 1 and 2
associated with the magnetic moment of the sample µz = µz (T, H). By constructing the
magnet according to the condition N1 R12 = N2 R22 , the total induced voltage is a direct
measure of the derivative of the total flux Φ = Φ1 − Φ2 associated with the magnetic
sample. The latter is proportional to dµz (t)/dt and enables to determine dµz /dH, based
on the knowledge of H(t). Since a complete compensation is impossible, measurements
were performed with and without the sample, thus enabling to determine the background.

8.3

Thermodynamic properties in the SL regime

In this section, magnetic moment and specific heat measurements in the spin liquid regime
H < Hc1 of the Heisenberg spin ladder material DIMPY are presented. It is shown, that
the simple model of a classical gas of non-interacting particles quantitatively describes the
low-temperature thermodynamic behaviour. The key dispersion parameters are extracted
and compared to the ones obtained by complementary methods such as inelastic neutron
scattering.

8.3.1

Zero-field susceptibility

Figure 8.4 illustrates the results from measurements of the longitudinal magnetic moment
µz (T, H) using the MPMS SQUID device. From the latter, the molar susceptibility χmol ,
Mmol dµz
χmol (T, H → 0) =
msample dH

Mmol µz
≈
msample H
H=0

(8.13)

was calculated, with the sample mass msample and the molar mass of DIMPY, Mmol =
599.5 g mol−1 (per formula unit). In fig. 8.4a, the molar susceptibility χmol is shown as
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a function of temperature. Data was measured with a magnetic field applied along the
crystallographic a-axis and with µ0 H = 0.1 T at low temperatures (gray circles) and
µ0 H = 1 T at high temperatures (white circles).
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Figure 8.4: Temperature dependence of the zero-field molar susceptibility χmol of DIMPY
as determined from the measured longitudinal magnetic moment µz . (a) Data set measured at
µ0 H = 1 T (white circles) and µ0 H = 0.1 T (gray circles) indicating the paramagnetic behaviour
at high temperatures (red line: Curie-Weiss law). (b) Logarithm of susceptibility as a function
of the inverse temperature (red line: model of non-interacting classical gas).

At high temperatures with kB T  Jleg , Jrung , the system behaves as an ordinary paramagnet and the susceptibility follows the Curie-Weiss law [1],
χmol (T ) =

CCurie
+ χ0
T −Θ

with CCurie =

NA µ0 µ2B g 2 S(S + 1)
.
3kB

(8.14)

Here, χ0 denotes a constant diamagnetic contribution. The fitted values3 are χ0 ≈
−4.12(17) · 10−9 m3 mol−1 , Θ = −15.2(7) K and C = 5.60(6) · 10−6 K m3 mol−1 (red line
in fig. 8.4a). From the Curie constant, the g-factor along the a-axis is estimated to be
ga = 2.179(11). The diamagnetic contribution χ0 is in reasonable agreement with an estimate based on Pascal’s constant [258], χ0 ≈ −3.8 · 10−9 m3 mol−1 and mainly originates
in the atomic diamagnetic contribution of the Br− ions and the carbon ring atoms.
At temperatures around T ' −Θ, the susceptibility starts to decrease and rapidly drops
towards zero, indicating the crossover to the spin liquid regime. The exponentially activated behaviour is readily observed by showing the logarithm of the susceptibility as
a function of the inverse temperature (fig. 8.4b). At low temperatures (T  ∆/kB '
3.85 K), the dependence is linear. The low-temperature susceptibility was fitted according
to the classical gas model (section 8.1),
r
NA µ0 µ2B g 2
∆
e−∆/kB T + bp T −1 + χ0
(8.15)
χmol (T ) =
c
2πkB T
In cgs units, the fitted values are C = 0.446(5) K emu mol−1 and χ0 = −3.28(14) · 10−4 emu mol−1 .
The estimate from Pascal’s constant reads as χ0 ≈ −3.0 · 10−4 emu mol−1 .
3
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with a possible paramagnetic contribution bp T −1 due to unpaired spins and with the
constant diamagnetic term χ0 as previously determined. By considering data with T ≤
3.5 K, the various parameters were determined to be bp = 1.32(3) · 10−8 m3 mol−1 K,
∆ = 0.332(6) meV and c = 2.50(8) meV. The corresponding fit curve is shown as a red
full line in figure 8.4b.

8.3.2

Specific heat

Specific heat was measured using the PPMS measurement system and by applying the
relaxation method (section 8.2). A sample with a mass of m = 0.25 mg was used and the
magnetic field was applied along the crystallographic b axis. Figure 8.5 illustrates the
low-temperature zero-field specific heat (grey circles), normalized to one mole of copper
ions.
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Figure 8.5: Low-temperature specific heat of DIMPY, measured at µ0 H = 0 T. Separation
of the zero-field specific heat data (grey circles) into the magnetic contribution (red line) and
phononic contribution (black broken line). White circles correspond to the phonon-subtracted
data. Inset: Logarithm of specific heat as a function of 1/T , illustrating the thermally activated
behaviour.

The measured signal consists of two main contributions: 1.) According to Debye’s law
[1], collective crystal lattice vibrations (phonons) contribute to the specific heat with a
cubic temperature dependence, Cph = b T 3 . 2.) The zero-field molar magnetic specific
heat according to the classical gas model is given by

3/2 "

2 #
3R
∆
∆
kB T
3 kB T
Cmol (T ) = √
1+
+
e−∆/kB T
(8.16)
c
∆
4 ∆
2 2π kB T
for kB T  ∆. In a simultaneous fit (black line in fig 8.5a), the dispersion parameters
∆ and c as well as b describing the phononic contribution were fitted to the zero-field
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specific heat data. The parameters were determined to be b = 0.0359(9) J K−4 mol−1 ,
∆ = 0.315(1) meV and c = 2.76(1) meV respectively.
The temperature-dependence of specific heat was measured for various magnetic fields
H < Hc1 . Figure 8.6a and b show the magnetic specific heat as a function of the inverse
temperature and temperature respectively.
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Figure 8.6: Low-temperature specific heat of DIMPY, measured at H < Hc1 . (a) Magnetic
specific heat shown in logarithmic scale and as a function of the inverse temperature 1/T . (b)
Low-temperature magnetic specific heat divided by temperature, Cmag /T . The full lines in (a)
and (b) correspond to the classical gas model, equation (8.18).

The phonon contribution determined from the zero-field specific heat was subtracted. In
addition, the contribution due to the Zeeman-splitting of the nuclear spin quantum states
was subtracted (Appendix 10.3). The latter can be calculated exactly. Including all nuclei
of DIMPY, the nuclear specific heat contribution is given by [46, 14]
Cns (T, H) ≈

X Ni Ii (Ii + 1)γ 2 ~2 H 2
i

i

T2

3kB

= 1.893 · 10−4

H2 J K
,
T 2 T2 mol

(8.17)

for 2kB T  γH~. Here, Ii is the nuclear spin quantum number of the isotope of type
i, γi its gyromagnetic ratio and Ni is the number of isotopes of type i in 1 mole of
C14 H20 N2 CuBr4 .
Figure 8.6a shows the logarithm of magnetic specific heat as a function of the inverse
temperature 1/T . At low temperatures, a linear behaviour is observed with a progressively decreasing slope with increasing magnetic field. This is explained by the decreasing
˜ = ∆ − gµ0 µB H. The black lines in figure 8.6 correspond to the unfitted
spectral gap ∆
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prediction according to the classical gas model,
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sinh
∆2
kB T
∆2
kB T
as described in section 8.1. The previously determined zero-field specific heat values of ∆
and c as well as g = 2.18 were used and no fit was performed. Calculations according to
equation (8.18) are shown as black full lines in figure 8.6 a and b and fully describe the
measured data in the temperature range shown (T . ∆/kB ).

8.3.3

Determination of the magnon dispersion parameters

In conclusion, the simple model of a classical gas of non-interacting gapped magnon
quasiparticles with a relativistic energy-momentum dispersion enables to quantitatively
describe the low-temperature and field-dependent thermodynamic response functions of
the Heisenberg spin ladder material DIMPY for H < Hc1 . They allow, to determine the
key parameters describing the magnon dispersion around the magnetic zone center, i. e.
the magnon gap ∆ and the relativistic velocity c.
Table 8.1 compares the dispersion parameters determined from susceptibility and specific
heat measurements presented in this work, from specific heat measurements published by
T. Hong et al. [110] and determined by inelastic neutron scattering methods (section 4.2).

Method
Susceptibility
Specific Heata
Specific Heatb
Neutron Scattering

∆/meV
0.332
0.315
0.32
0.332

c/meV
2.50
2.76
2.36
2.39

Table 8.1: Summary of the dispersion parameters ∆ and c of DIMPY as measured with different
methods. a Specific heat values from this work and b from ref. [110].

The gap and velocities extracted from thermodynamic measurements presented in this
work are in excellent agreement with the ones obtained both by Hong et al. in [110] as
well as the ones obtained by inelastic neutron scattering (section 4.2). Consequently, the
thermodynamic measurements performed in this chapter and the analysis based on the
simplified model of a classical gas of non-interacting particles gives a complementary and
simple access to the magnon dispersion properties, at least around the magnetic zone
center qk = π.
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8.4

Thermodynamic properties in the TLSL regime

8.4.1

Field-dependence of the magnetic moment

The field-dependence of the magnetic moment µz (T, H) was measured using the MPMS
SQUID device (section 8.2). Figure 8.7a illustrates the field-dependence of the molar
magnetic moment µzmol = Mmol /msample µzexp , measured at T = 500 mK (gray circles) and
T = 1.8 K (white circles). The magnetic field was applied along the crystallographic aaxis.
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Figure 8.7: Field dependence of the low-temperature magnetic moment. (a) SQUID measurements of the molar longitudinal magnetic moment µzmol performed at T = 500 mK (white
symbols) and 1.8 K (gray symbols). (b) Magnetic moment (black line) as measured in pulsed
magnetic fields and at T = 1.5 K. Red lines indicate the DMRG calculation for T = 0 K.

At low magnetic fields µ0 H  2 T, µz remains nearly zero, while it suddenly starts to
increase around Hc1 ' 2.6 T (section 6.2). This is a clear manifestation of the transition
from the non-magnetic SL to the TLSL state. The latter becomes quickly magnetized
due to its finite zero-temperature susceptibility.
At zero temperature, the transition from the SL to the TLSL state at Hc1 would be
sharp. However, in the measured data, the transition is progressively washed out with
increasing temperature and at T = 1.8 K, it is hardly visible (fig. 8.7a). This behaviour
is explained by the thermal population of the closing magnon MS = 1 branch. The latter
becomes significant for µ0 H & (∆ − kB T )/gµB , i. e. for µ0 H & 2.3 T and µ0 H & 1.4 T for
T = 500 mK and 1.8 K.
As shown in figure 8.7a, even at highest field of µ0 H = 7 T, the magnetic moment is only
−1
13% of the saturated moment µz,sat
mol−1 . The upper critical field is thus
mol ' 6.09 J T
much larger than 7 T.
In order to explore the phase diagram up to high magnetic fields, a pulsed magnetization
measurement was performed at the LNCMI facility in Toulouse.
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Figure 8.7b shows the magnetic moment µzmol as a function of magnetic field as measured
at pulsed magnetic fields up to 52 T (H k a) and T = 1.5 K (black line). Data4 was
−1
normalized to the expected saturated magnetic moment of µz,sat
mol−1 . Bemol ' 6.09 J T
yond the first critical field Hc1 , the magnetization monotonically increases until a second
quantum phase transition to a fully polarized state takes place at Hc2 . The latter was
estimated to be µ0 Hc2 ' 30.3(2) T. However, due to the comparatively large temperature
of T = 1.5 K ' 0.4 ∆/kB , the transition is thermally washed out, the determined value of
Hc2 is expected to be too high and and a more accurate determination of Hc2 impossible.
The critical field strengths Hc1 and Hc2 were previously determined by J. L. White et
al. in ref. [121], i. e. µ0 Hc1 ' 2.8 T and µ0 Hc2 ' 29.0 T (for b k H). In these experiments,
the field-dependent magnetic moment was measured at lower temperatures of 480 mK,
where the thermal wash-out of the quantum phase transitions between the SL, TLSL and
FP phases is less pronounced. Their values of Hc1,2 hence slightly deviate from the ones
obtained in this work and at T = 1.5 K.
The red lines in fig. 8.7 illustrate the numerical calculation of the zero-temperature magnetic moment µz (H) (see below). The latter was calculated by P. Bouillot [148] using
the DMRG method and with the exchange constants Jleg and Jrung as determined from
zero-field neutron scattering experiments (section 4.3) and for g = 2.18. The critical
fields as determined from the numerical calculation are µ0 Hc1 = ∆/gµB = 2.9 T and
µ0 Hc2 = (2Jleg + Jrung )/gµB = 29.0 T, in satisfactory agreement with recent experiments
and the values determined in this thesis. Apart from the vicinity to the critical fields Hc1
and Hc2 , the numerical calculation is in excellent agreement with measured data for the
complete field-range Hc1  H  Hc2 .

8.4.2

Specific heat

Specific heat was measured in the TLSL regime beyond the critical field, with µ0 Hc1 ≤
µ0 H ≤ 14 T. A representative data set measured at µ0 H = 12 T is shown in figure 8.8a
(gray circles). The magnetic specific heat contribution (white circles) was obtained after
subtracting the lattice contribution (black broken line) as determined in zero-field as well
as the nuclear spin contribution (black full line, equation (8.17)).
In contrast to the data measured in the SL regime, with exponentially suppressed lowtemperature specific heat, the magnetic specific heat in fig. 8.8a becomes linear at low
temperatures 0.5 K < T < 1.5 K. This linear behaviour is characteristic for the TLSL
state and the slope of the linear contribution γ is directly related to the field-dependent
TLSL parameter u = u(H) with [16],
CLL,mol (T, H) = R

kB π
T = γ T.
6u(H)

4

(8.19)

These high-field experiments were performed together with M. Jeong, G. Ballon, W. Knafo and B.
Vignolle. A more thorough analysis in combination with magnetic torque and NMR measurements will
be published by M. Jeong et al. [259].
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Figure 8.8: Low-temperature specific heat in the TLSL regime for H > Hc1 . (a) Representative
data set at µ0 H = 12 T. The magnetic specific heat (white circles) was obtained after subtracting
the phononic contribution (black broken line) and nuclear spin contribution (black full line) from
the raw data (gray circles). (b) Magnetic specific heat shown as Cmag /T versus temperature.

By fitting the magnetic specific heat (white circles in fig 8.8a) at µ0 H = 12 T and in the
temperature-range 0.6 K < T < 1 K to a linear function, the slope γ and hence the TLSL
parameter u were determined to be γ = 0.196(1) J K−2 mol−1 and u(12 T) = 1.92(1) meV
respectively.
In a purely one-dimensional system, the specific heat in the TLSL regime would remain
linear down T = 0 K. However, in figure 8.8a, the magnetic specific heat features a λlike anomaly at T ' 300 mK. The latter indicates the true thermal phase transition to
a magnetically ordered state, enabled by residual interactions between one-dimensional
ladder systems. The nature of this phase transition, the phase boundary as well as other
issues are discussed in section 8.5.
Figure 8.8b shows low-temperature magnetic specific heat as Cmol /T , after subtraction
of lattice and nuclear spin contributions and measured at different magnetic fields H >
Hc1 . Clearly, Cmol /T becomes constant at low temperatures before the phase transition
takes place. Black lines in fig. 8.8 illustrate the slope γ as obtained by fitting data with
0.6 K < T < 1.0 K (for µ0 H ≥ 5 T) and 0.4 K < T < 0.6 K (for µ0 H < 5 T) respectively.
The thereby determined values of u are summarized in table 8.2.

8.4.3

Determination of the TLSL parameters

The combination of magnetic moment and specific heat measurements presented in the
last subsections enables to determine the field-dependence of the TLSL parameters K and
u. First of all, as discussed in the last paragraph, the specific heat is proportional to the
temperature and the proportionality constant γ is a measure of u−1 . The velocities u as
determined from the specific heat measurements are shown in figure 8.9b as open symbols
and are listed in table 8.2, in energy units of Jleg = 1.42 meV [148].
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The low-temperature susceptibility in the TLSL regime [153],
χmol (H) =

dµzmol
µ0 (gµB )2 K(H)
= NA
,
dH
2π
u(H)

(8.20)

is a measure of the ratio u/K. The molar susceptibility was determined from the lowand high-field measurements of the magnetic moment µz presented in figure 8.7a and b.
Gray circles in fig. 8.9d correspond to the derivative of the SQUID low-field magnetic
moment measured as a function of magnetic field (T = 500 mK). The high-field data was
processed differently: Due to residual oscillations in the raw data, the latter was divided
into disjunct field intervals with a length of less than 1 T. Data within the interval was
fitted to a linear function and the slope was assigned as the susceptibility (white circles
in fig. 8.9d).
Together with the specific heat data, the TLSL parameter K was determined by

2
χ
1 πkB
.
(8.21)
K(H) =
3µ0 gµB C/T
Here, C/T = γ denotes the proportionality constant in equation (8.19). The K values as
determined from the specific heat and susceptibility data are shown in figure 8.9b (white
symbols) and are listed in table 8.2.
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Field µ0 H
4.0 T
4.5 T
5.0 T
6.0 T
8.0 T
12.0 T
14.0 T

mz
0.026
0.033
0.040
0.053
0.078
0.130
0.158

(u/K)exp /meV
1.40
1.49
1.56
1.57
1.60
1.63
1.39

uexp /meV
1.48
1.53
1.72
1.82
1.97
1.92
1.76

uth /meV
1.446
1.600
1.701
1.820
1.899
1.850
1.776

Kexp
1.05
1.03
1.10
1.16
1.23
1.18
1.27

Kth
1.088
1.111
1.127
1.152
1.187
1.242
1.265

Table 8.2: Summary of the TLSL parameters u and K as determined experimentally and
calculated numerically [148]. The ratio (u/K)exp was determined from low-field and high-field
magnetization measurements (T = 0.5 K, µ0 H ≤ 6 T and T = 1.5 K, µ0 H > 6 T). uexp was determined from specific heat measurements. The numerical values were determined from DMRG
calculations by P. Bouillot et al. ([148] and as explained in ref. [153]).

The field-dependence of the TLSL parameters was numerically calculated by P. Bouillot et al. [148] based on the exchange constants determined in section 4.3 and using the
DMRG method [153]. The ratio u/K was obtained from the field-dependence of the
low-temperature susceptibility while K and Ax were determined from numerically calculated static correlations hSlx Slx0 i [173, 153]. Here, Ax denotes a non-universal amplitude
describing the strength of commensurate spectral contributions at qk = π [153].
The blue lines in figure figure 8.9a-d show the numerical results, obtained for the exchange
interactions of DIMPY. The various parameters are shown as a function of the reduced
longitudinal magnetic moment per spin mz = µz /gµB According to the definition of P.
Bouillot [153], the latter is given by
gµB µ0
m (H) =
2
z

ZH

1 K(H̃)
dH̃.
π u(H̃)

(8.22)

Hc1

Outside the vicinity of the critical points Hc1 and Hc2 , the experimentally determined
values of u, u/K and K are in excellent agreement with the numerical calculation. Note
that there are no additional hidden scaling prefactors in equations (8.19) and (8.20) and
the comparison is quantitative.
In the vicinity of the critical fields, the obtained TLSL parameters disagree with the
numerical calculation. In particular, this disagreement is obvious in fig. 8.9d, where
the inverse susceptibility is shown. The high-field data measured at 1.5 K deviates from
the numerical calculation for fields close to Hc1 and Hc2 with µ0 H . 4 T and µ0 H &
27 T. This disagreement is readily explained by the breakdown of the conditions for
which the TLSL theory applies. Since magnetization experiments were performed at finite
temperatures, the thermal energy kB T and the depth of the Fermi sea gµ0 µB (H − Hc1 )
become comparable close to the critical fields and the TLSL assumptions are not fulfilled
anymore. Thus, the TLSL expressions are only expected to be valid for magnetic fields
µ0 H  3.6 T and µ0 H  28 T (high-field measurements, T = 1.5 K) and µ0 H  3 T
(SQUID measurements, T = 0.5 K), as shown by red arrows in fig. 8.9d).
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Using magneto-thermodynamic measurements, the TLSL parameters, particularly the
velocity u, have been experimentally determined in several materials. The linear specific
heat was observed and studied in Heisenberg spin chain materials at zero field, such as
CuPzN [222] or copper benzoate [157]. In the field-induced TLSL state of gapped spin
systems, the field-dependence of u has been studied in the Ni2+ -based Haldane spin chain
NTENP [246]. It has also been discussed in the organic alternating chain compound
F5 PNN [260] and the strong-rung spin ladder material BPCB [245, 153].
In contrast to the above-mentioned studies performed on spin chains, the TLSL exponent
K observed and calculated for the strong-leg spin ladder DIMPY is remarkably different5 .
As discussed in detail in section 6.4.1, K is fixed to K = 0.5 in Heisenberg spin chains
(zero field) and increases monotonically up to K = 1 at the critical field Hc [225, 16].
For strong-rung spin ladders, K remains smaller than 1 throughout the field-induced
TLSL regime Hc1 < H < Hc2 [225, 153]. In figure 8.9a-c, the numerical calculation
of the field-dependence of the TLSL parameters for the strong-rung spin ladder BPCB
are reproduced, as calculated by P. Bouillot et al., [153] (red lines). In contrast, K is
larger than 1 throughout the complete TLSL regime in DIMPY (blue lines in fig. 8.9).
This indicates, that spinons in strong-leg Heisenberg spin ladders are attractive (K > 1)
rather than repulsive (K < 1) [16]. The study presented in this chapter hence confirms
results from inelastic neutron scattering experiments (section 6.4.1 and 7.2), magnetothermodynamic measurements [226] and NMR studies [123]. Although this behaviour is
remarkably different from strong-rung spin ladders or Heisenberg spin chains, a similar
behaviour has been numerically observed in the field-induced TLSL phase of AF S = 1
Haldane spin chains [227] or in hypothetical strong-leg as well as strong-rung XY spin
ladders [225]. Finally, an experimental confirmation of TLSL exponents with K > 1
was achieved in measurements of more exotic TLSL systems such as counterpropagating
fractional quantum Hall edge states in bent quantum wells [228, 229].
In conclusion, we were able to determine the TLSL parameters u and K in a wide range of
the TLSL phase of the strong-leg Heisenberg spin ladder material DIMPY, by combining
low-temperature specific heat and magnetic moment measurements. Our findings are
in excellent quantitative agreement with numerical DMRG calculations. Moreover, we
confirm the findings of section 6.4.1, indicating that the K parameter of strong-leg spin
ladders is larger than unity and 1D fermion interactions attractive [16], in contrast to
e. g. strong-rung spin ladders [153].

8.5

Field-induced magnetic long-range order

As discussed in section 8.1, residual inter-ladder interactions J 0 destroy the critical TLSL
state and lead to magnetic order transverse to the applied magnetic field [68]. This thermal
phase transition is accompanied e. g. by λ-like anomalies in specific heat [102, 85].
5

During the same time as the work presented here [148], K. Ninios et al. [226] published a combined
specific heat and magnetization study as well and determined similarly the closely related Wilson ratio
RW = 4K [250], in combination with DMRG calculations for Jleg /Jrung = 2.
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In the specific heat measurements presented in the last subsection, such anomalies were
observed in data sets measured above the critical field Hc1 . Figure 8.10a summarizes the
experimentally observed maxima of the λ-anomalies indicating the critical temperatures
Tc = Tc (H). Four representative data sets are shown in figure 8.8b.
0.5
Specific heat
DMRG + MF

Temperature T (K)

0.4

zJ' = 9 μeV

0.3
zJ' = 6.5 μeV

0.2
zJ' = 3 μeV

0.1
0.0
0

5

10

15

20

25

30

μ0H (T)

Figure 8.10: Phase diagram of the magnetically ordered state. White symbols indicate Tc (H)
as determined from the maximum of the λ-anomalies observed in specific heat measurements.
The blue full line denotes the fit according to equation (8.23) for zJ 0 = 6.5 µeV. Calculations
for zJ 0 = 3 µeV and 9 µeV are shown for comparison.

The transition temperatures Tc = Tc (H) quickly increase around the critical field and
reach their maximum of roughly 300 mK around 10 T. Since the λ-anomalies could not
be detected at temperatures below 150 mK, the close vicinity of Hc1 is not accessible
under experimental conditions. Critical exponents and other properties related to the
BEC quantum phase transition at H = Hc1 could hence not be addressed with this study.
However, for Hc1  H  Hc2 , the inter-ladder interactions J 0 are small if compared
to the typical energy scale of the 1D TLSL system (section 8.1). The physics is hence
predicted to be well-described by a mean-field approach, as discussed in refs. [68, 153]
(section 8.1). According to this MF treatment, the phase boundary is given by
Tc (H) =

1 u
kB 2π

Ax zJ 0 sin

π
4K



2u Γ


1 2
8K

8K−1 2
8K

Γ

Γ


4K−1 2
4K

2K
! 4K−1

.

(8.23)

Here, z describes the number of nearest neighbours and u and K are the field-dependent
TLSL parameters (section 8.4.3 and figure 8.9).
The combination zJ 0 in equation (8.23) was fitted to the observed transition temperatures
and determined to be zJ 0 = 6.5(1) µeV. The calculated phase boundary (blue line in
figure 8.10) quantitatively reproduces the observed phase boundary in the experimentally
accessed field region. Calculations for zJ 0 = 3 µeV and zJ 0 = 9 µeV are shown for
comparison (broken lines in fig. 8.10).
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As argued in ref. [153], the mean field approach slightly underestimates the real coupling
constants J 0 since quantum fluctuations are neglected. However, the conversion between
J 0 and JMF is on the order of unity [153, 261]. Therefore, it can be concluded that,
although present, inter-ladder interactions are at least 2 orders of magnitude smaller than
the leg- and rung exchange constants, confirming the excellent one-dimensionality of the
spin Hamiltonian of DIMPY.
Field-induced magnetic phase transitions have been observed in various spin-gapped materials, for example in the 3- and 2-dimensional dimer systems TCuCl3 (T = Tl, K, NH4 ,
[262, 263, 264, 265, 266]) and BaCuSi2 O6 [267, 268, 269], the alternating spin chain
Cu(NO3 )2 · 2.5 H2 O [270] or the materials Cs3 Cr2 Br9 [271], (C4 H12 N2 )Cu2 Cl6 (PHCC,
[272, 273, 274]) as well as in several S = 1 Haldane spin chain materials [275, 276, 246,
277, 278, 279].
In addition to the strong-leg Heisenberg spin ladder material DIMPY (zJ 0 /Jrung = 8 ·
10−3 ) studied in this work, the strong-rung spin ladder material BPCB (J 0 /Jleg = 3 ·
10−3 [96, 153]) and the asymmetric spin ladder material IPA-CuCl3 (|J 0 /Jleg | = 0.25
[102, 80]) are mentioned. The inter-ladder interactions of DIMPY or BPCB are orders of
magnitude smaller than Jleg and Jrung . Consequently, 1D physics can still be observed in
a wide temperature range. This is in contrast to the spin ladder material IPA-CuCl3 or
high-energy cuprate materials in which inter-ladder interactions are large. They allow to
observe typical 1D TLSL behaviour such as linear specific heat or constant susceptibility
only in a very limited temperature range, if at all [102].
Finally, we discuss the specific heat results and the observed transition to a magnetically
ordered state with respect to recent and complementary nuclear magnetic resonance experiments performed by M. Jeong et al. (ref. [123]). The main results of that study are
reproduced in figure 8.11.
In these experiments, the coupling of the nitrogen nuclear spin to the local environment
and especially to the electronic spin through hyperfine interaction [125] was studied.
Above the critical temperature, the 14 N NMR spectrum was found to consist of four doublets6 corresponding to the four inequivalent nitrogen sites in the unit cell (fig. 8.11a).
Below Tc , each peak was observed to split into two sub-peaks, indicating the phase transition to an antiferromagnetic state with a collinear structure. Due to the latter, the
number of inequivalent nitrogen sites and hence the number of peaks double. This observation rules out an incommensurate structure which would show a broad distribution of
NMR lines instead.
The line splitting of the NMR lines is a direct measure of the transverse staggered magnetic moment µxa and thus the order parameter. Figure 8.11b shows the temperaturedependence of the line splitting for several fields H > Hc1 [123]. The thereby determined
critical temperatures are shown in fig. 8.11c, along and in agreement with the phase
boundary determined in this work (gray squares) and from ref. [226] (gray triangles).
6

Since 14 N exhibits a nuclear spin quantum number of I = 1, it is subject to quadrupolar interactions
connected to local electric field gradients [125, 33]. Therefore, the four expected NMR lines are further
split into four doublets.
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M. Jeong et al., Phys. Rev. Lett. 111, 106404 (2013)

Figure 8.11: Summary of 14 N NMR results obtained by M. Jeong et al., reproduced from
Phys. Rev. Lett 111, 106404 (2013). (a) 14 NMR spectra measured at H = 15 T both below and
above Tc ' 300 mK. (b) Observed line splittings as a function of temperature for several applied
magnetic fields H > Hc1 . (c) Temperature-field phase diagram. The transition temperatures
are shown as determined from NMR studies (red spheres), specific heat studies in this work
(gray squares) and from ref. [226] (light gray triangles).

In the vicinity of Hc1 , the phase boundary is readily reproduced by (H −Hc1 )2/3 (fig. 8.11b,
blue line) with the critical exponent φ = 2/3, as expected for the BEC quantum critical
point [68]. The order parameter β associated with the thermal phase transition (for H 
Hc1 ), however, was determined to be β = 0.36, in agreement with the expected critical
exponent β = 0.35 for the thermal phase transition of a 3D XY antiferromagnet [280].
Therefore, the 14 N NMR experiments of M. Jeong et al. of ref. [123] confirm the phase
boundary as observed in this work and clearly indicate a simple collinear antiferromagnetic
structure.
The development of transverse magnetic long-range order is expected to be accompanied
by additional magnetic Bragg reflections due to the new periodicity of the magnetic lattice
[1], observables with methods such as e. g. neutron diffraction [29]. In other spin ladder
materials such as IPA-CuCl3 [79, 97] or BPCB [95, 96], magnetic Bragg reflections of
this type were observed at commensurate Q-positions. The emergent magnetic structure
could be refined based on single crystal neutron diffraction experiments [97, 96].
Similar neutron diffraction experiments were performed on the strong-leg spin ladder
DIMPY, with the magnetic field applied along the b-axis, at 150 mK and below and at
various commensurate positions Q, with Qh = 0.5 rlu and Qk and Ql both half-integer and
integer [281]. The MF calculation according to equation (8.9) predicts, that the strength
of the staggered magnetic moment of DIMPY and BPCB should be similar. However, so
far, no magnetic Bragg peaks could be detected. At the moment, it is unclear whether the
absence of magnetic Bragg peaks can be attributed to technical or experimental problems,
such as strong incoherent background contribution, temperature instability or accidentally
low magnetic structure factors for the Q-positions accessed.
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In order to rule out these technical explanations, further neutron diffraction experiments
would be required, with an increased counting time, optimized thermal contact to the
sample, possibly magnetic fields applied within the scattering plane or by mounting the
sample in different directions with respect to the applied field.
As a second scenario, the staggered magnetic moment could be suppressed due to a physical reason. In fact, this hypothesis is supported by the chemical structure of DIMPY
(section 2.1). The superexchange coupling geometries are widely different along the perpendicular crystallographic b and c axes and the inter-ladder interactions are expected
to be much stronger along the c than along the b direction (figure 2.2). Furthermore,
if the couplings are antiferromagnetic along the b axis, they would even be frustrated.
Therefore, it is currently discussed [282], whether the phase transition at Tc ' 300 mK
could be due to a two-dimensional ordering within the a-c planes, separated by weak
and frustrated interactions, and whether a full three-dimensional lock-in of these ordered
planes occurs at lower temperatures Tc3D [283].

8.6

Summary

In this chapter, thermodynamic properties of the Heisenberg spin ladder material
DIMPY were studied down to low temperatures of 50 mK and up to high magnetic
fields above 50 T. Fundamental changes of both the magnetic moment and specific
heat were observed by crossing the quantum critical points at Hc1 ' 2.6 T and
Hc2 ' 29 T, separating the gapped spin-liquid, gapless TLSL and gapped FP state.
Comparison to simple low-energy models, such as the model of a gas of noninteracting classical particles with relativistic energy-momentum dispersion (SL
regime) or the Tomonaga-Luttinger low-energy theory (TLSL regime) enabled to
extract the key parameters describing the low-energy excitations. In the SL regime,
the magnon gap ∆ and velocity c could be determined with magnetic moment and
specific heat measurements, in agreement with the parameters obtained in complementary inelastic neutron scattering experiments. For H > Hc1 , measurement of
the magnetic moment and specific heat enabled to experimentally determine the
field-dependence of the TLSL parameters u(H) and K(H) for µ0 Hc1 < µ0 H < 14 T
(and the ratio u/K up to 27 T), in quantitative agreement with DMRG calculations.
At magnetic fields H > Hc1 , λ-shaped anomalies were observed in specific
heat measurements at T . 300 mK, indicating the thermal phase transition to
a magnetically ordered antiferromagnetic state (’Bose-Einstein Condensation of
magnons’). The phase boundary Tc (H) for H  Hc1 could be reproduced by
a mean-field approach taking the field-dependence of the TLSL parameters into
account. The strength of (renormalized) inter-ladder interactions was determined
to be zJ 0 = 6.5(1) µeV. Being 2-3 orders of magnitude smaller than the intra-ladder
interactions, the exceptional one-dimensionality of DIMPY could be confirmed.
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General conclusion and outlook
9.1

General conclusion

In this thesis, a thorough study of the recently discovered [47, 110] organometallic Heisenberg spin ladder material (C7 H10 N)2 CuBr4 (DIMPY) was presented. Ranging from crystal growth [28], X-ray characterization, magneto-thermodynamic measurements [148] to
various inelastic neutron scattering experiments under different experimental conditions
[147, 28, 148, 149, 205, 235], the properties of DIMPY were experimentally studied in
detail, throughout its temperature-field phase diagram and in comparison with numerical
and analytic calculations. The most important results are summarized in fig. 9.1.
• Fully deuterated single crystals of (C7 D10 N)2 CuBr4 (DIMPY) with masses up to
1.5 g were grown from solution, according to the temperature-gradient method [28].
The structural properties were confirmed by X-ray and neutron diffractometry.
• The zero-field spectral properties were studied using inelastic neutron scattering
TAS and TOF techniques [147, 148, 149]. In addition to antisymmetric magnon
excitations, a strong symmetric two-magnon bound state and weaker two-magnon
continuum contributions were observed [148] and the leg permutation symmetry was
confirmed [147]. The comparison to numerical DMRG calculations of the dynamical structure factor components, performed by P. Bouillot et al. [148], enabled to
determine the exchange interactions, to quantitatively reproduce the measured data
and to relate the results of DIMPY to analytic theories describing the strong-rung
and strong-leg regime [149].
• The finite-temperature properties of the zero-field neutron scattering spectrum was
studied with neutron TAS and TOF experiments. A thermal renormalization of the
magnon energies and lifetimes was observed and the results were shown to agree
with recent observations of universal finite temperature behaviour [98].
• Inelastic neutron scattering studies were performed at low temperatures and applied
magnetic fields both below and above the critical field µ0 Hc1 ' 2.6 T, separating the
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Figure 9.1: Summary of the most important results obtained in this PhD thesis.

gapped spin liquid from the gapless TLSL state. A Zeeman-splitting of all spectral
components was found for H < Hc1 . Above Hc1 , however, the complete spectrum was observed to undergo fundamental changes and to transform into various
well-structured and intercalated continua [205]. DMRG calculations quantitatively
reproduced the measured data. The combination of experimental data and numerical calculations was compared to existing quantum field theoretical predictions
[16, 63, 216]. Apart from recent measurements in the complementary and opposite strong-rung spin ladder material BPCB [82, 153] addressing the lowest-energy
TLSL contribution, our study corresponds to the first observation of the complete
spectrum of a strong-leg Heisenberg spin ladder in the field-induced TLSL state.
• Finite-temperature scaling properties in the field-induced TLSL state were studied
using inelastic neutron scattering TOF experiments [235]. The measured local temporal spin correlation function S(ω) was found to collapse onto a single curve if
shown in scaled variables as S(ω)/(kB T )−0.58 versus ~ω/kB T , thus confirming quantum criticality. The analytic TLSL theory enabled to quantitatively describe the
observed scaling function [63]. The experimentally determined TLSL parameters u
and K were shown to agree with numerical DMRG calculations. This study corresponds to the first observation of z = 1 scaling properties in the field-induced TLSL
state of a gapped quantum magnet. It complements and extends recent experiments
addressing scaling properties of zero-field Heisenberg spin chains [221, 158, 98].
128

9.1 General conclusion

• Measurements of specific heat and the magnetic moment were performed down to
low temperatures of 50 mK and up to high magnetic fields of µ0 H = 50 T. Data measured in the various regimes of the phase diagram were found to be well-described
by the corresponding low-temperature analytic descriptions and enabled to determine the key parameters such as the magnon gap and velocity (H < Hc1 ) or the
field-dependence of the TLSL parameters (H > Hc1 ). For the latter, u(H) and
K(H) could be quantitatively reproduced by numerical DMRG calculations. Finally, the transition to an antiferromagnetically long-range ordered state (BEC of
magnons), enabled by residual inter-ladder interactions, was observed by λ-shaped
anomalies in specific heat at H > Hc1 . The phase boundary Tc (H) was reproduced
by a mean-field approach and allowed to estimate the inter-ladder interaction to
be zJ 0 ' 6.5 µeV, thereby confirming the exceptional one-dimensionality of this
material.
In conclusion, the static and dynamic properties of a Heisenberg spin ladder material
in its simplest form without additional terms in the Hamiltonian and in the strongleg coupling regime were studied throughout its temperature-field phase diagram and
in quantitative agreement with numerical and analytic results. This study was enabled
by the fruitful interplay between 1.) the recent discovery of novel materials described
by simple toy Hamiltonians and the synthesis of large single crystals thereof, 2.) the
vast improvements and advances in low-temperature and high-field techniques, neutron
production and particularly in neutron scattering instrumentation, 3.) the rapid advances
in powerful numerical techniques and codes as well as 4.) the wealth of available analytic
results for one-dimensional systems. If combined, they allow nowadays to study onedimensional quantum magnetism experimentally, numerically and analytically on a fully
quantitative level and to observe the most subtle effects and features.
With the recent discovery and extensive study of clean one-dimensional Heisenberg spinladder materials in their simplest form, such as e. g. IPA-CuCl3 [94, 102, 79, 97, 98,
99, 101, 80], BPCB [81, 103, 105, 100, 108, 104, 96, 82, 109, 153, 107], or DIMPY [47,
110, 147, 148, 28, 226, 149, 205, 235] as studied in this thesis, the spin-ladder system
in its simplest form can considered to be mostly understood, studied and addressed,
throughout a large part of the temperature-field phase diagram and both experimentally,
numerically and analytically. Clearly, additional and competing terms in the Hamiltonian,
such as anisotropies, Dzyaloshinskii-Moriya interactions, frustration, strong intra- and
inter-ladder interactions or the coupling to the charge or lattice degrees of freedom, could
lead to novel and exciting phenomena way beyond the physics discussed in this thesis.
Also, the application of additional external parameters such as pressure, electric fields
or the introduction of chemical disorder could lead to interesting and novel emerging
phenomena.
In the next few paragraphs, several possible future experiments are suggested and discussed along with recent and preliminary results.
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9.2

Outlook: Investigation of the z = 2 QCP

As discussed in detail in section 7, the gapless TLSL state is located at a z = 1 quantum
critical point which implies striking scaling properties of both static and dynamic properties. However, the critical field Hc1 separating the disordered spin-liquid (H < Hc1 )
from the TLSL state (H > Hc1 ) is of interest as well1 . In contrast to the TLSL state,
this quantum critical point is described by the dynamical critical exponent z = 2 [62] and
shows distinct scaling properties.
T

kBT = gμ0μB |H-Hc1|

kBT = gμ0μB |H-Hc1|

Quantum Critical
(z = 2)

Quantum Disordered
(no criticality)

Tomonaga Luttinger Spin Liquid
(z = 1)

H

Hc1

Figure 9.2: Generic (H, T )-phase diagram in the vicinity of the critical field Hc1 .

In the vicinity of Hc1 , the temperature-field phase diagram can be drawn as shown in
˜ the spin ladder is not at
figure 9.2. For H < Hc1 and kB T  gµ0 µB (H − Hc1 ) = ∆,
criticality and shows typical spin liquid properties (section 5). Beyond Hc1 and at low
˜ the system exhibits the critical properties generic to a TLSL
temperatures kB T  |∆|,
state with z = 1, such as the scaling relations discussed in section 7.
˜ the physics is governed by the z = 2 quantum critical
For temperatures kB T  |∆|,
point at Hc1 . This implies different scaling properties than the ones observed in the
TLSL dominated regime. In particular, the dynamical structure factor S xx (q, ω) and the
longitudinal magnetic moment µzmol (T, H) were shown to scale as [62]
 

~ω c(q − q ? ) gµ0 µB (H − Hc1 )
(kB T )−1
xx
,
and
(9.1)
Im A
,√
S (q, ω) =
1 − e~ω/kB T
kB T
kB T
2∆kB T
r


2kB T ∆
gµ0 µB (H − Hc1 )
z
µmol (T, H) = NA gµB
M
(9.2)
c2
kB T
respectively. M[x] and A[x, y, z] denote universal scaling functions. The former is exactly known for one-dimensional systems while for the latter was calculated only in the
asymptotic limit [62]. Further scaling properties of e. g. the equal-time or local dynamical
structure factor and hence the nuclear spin-lattice relaxation rate T1−1 can be obtained
from equation (9.1).
1

Similar z = 2 critical behaviour is expected for the QPT to the fully polarized phase.
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So far, the z = 2 scaling of the magnetic moment has been observed only in the strong-rung
spin ladder material BPCB [81] while NMR studies of the nuclear spin-lattice relaxation
rate T1−1 of BPCB and the Haldane spin chain DTN were recently published [109].
DIMPY features excellent energy scales to measure the scaling predictions of equations
(9.1) and (9.2) with thermodynamic or inelastic neutron scattering experiments. The
magnetic moment scaling prediction is particularly simple to address. Figure 9.3 shows
the calculated magnetic moment µzmol (T, H) for magnetic field strengths around Hc1 and
temperatures T > |gµ0 µB (H − Hc1 )|/kB , for ∆ = 0.33 meV, c = 2.39 meV and g = 2.18.
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(a)

z
μmol
(T,H) / (0.5 NAgμB (2ΔkBT/c2)0.5)

z
μmol
(T,H) (J T-1 mol-1)

0.25

Prediction

0.20
0.15
μ0Hc – 0.75 T
μ0Hc – 0.50 T
μ0Hc – 0.25 T
μ0Hc – 0.00 T
μ0Hc + 0.25 T
μ0Hc + 0.50 T
μ0Hc + 0.75 T

0.10
0.05
0.00
0

1

2

3

0.30

(b)

0.25
0.20
0.15
0.10
0.05
0.00

4

-1.0

T (K)

-0.5

0.0

0.5

1.0

gμ0μB(H-Hc1)/kBT

Figure 9.3: (a) Predicted T - and H-dependence of the magnetic moment of DIMPY in the
vicinity of Hc1 . (b) Predicted data collapse if data is shown in scaling variables.

The scaling relation in√equation (9.2) predicts that the data collapses onto a single curve
if µzmol (T, H)/(NA gµB 2kB T ∆/2c) is shown as a function of gµ0 µB (H − Hc1 )/kB T . The
scaling function M[x] itself is given by [62]
1
M[x] =
π

Z∞

1
ey2 −x

+1

dy.

(9.3)

0

Note that there is no additional scale prefactor. Therefore, the physical properties in the
z = 2 quantum critical regime are said to follow a zero-scale-factor universality [62].
Since the magnetization is predicted to be described by no additional parameters other
than the gap ∆ and the velocity c, the magnetic moment of all gapped quantum magnets
with sufficiently isotropic interactions and sufficiently small interactions between 1D objects is predicted to collapse onto the same scaling curve, if plotted in reduced variables as
shown in fig. 9.3b. These predictions could hence be tested by performing measurements
in the vicinity of both Hc1 or Hc2 of widely different gapped quantum magnets such as for
example DIMPY [147, 148], IPA-CuCl3 [79, 98], Cu(Qnx)Br2 [87, 88], Cu(Qnx)Cl2 [88]
or Cu(NO3 )2 · 2.5 H2 O [159].
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For such experiments, the following requirement have to be fulfilled: kB T  J 0 , kB T  J
and kB T  gµ0 µB |H − Hci | with J describing the mean exchange constant.
Finally, one extend these studies to nickel-based S = 1 Haldane spin chain compounds,
such as e. g. NENP [284, 285], NTENP [246, 286], NDMAP [287, 279] or DTN [275, 276].
In these materials, single ion anisotropy renders the physics more difficult. The abovementioned scaling properties are expected only if the magnetic field is applied along the
anisotropy axis in order to retain transverse U(1) symmetry. Further details about the
subtleties of studying z = 2 critical behaviour in such materials can be found in ref. [62].

9.3

Outlook: Non-magnetic impurities in a strongleg spin ladder

Introducing randomness into condensed matter systems has a long-standing tradition
and has led to the observation of important and fascinating effects ranging dopants in
semiconductors [1, 133], the Kondo effect [288] and Anderson localization [289], spin glass
physics [290], doping effects in conventional and unconventional superconductors [291],
to the complex temperature-doping phase diagrams of cuprates, ruthenates, manganites
and other materials [292].
Due to the restricted geometry of low-dimensional space, the effects of impurities on such
systems is particularly strong. Generally, one distinguishes two types of disorder: Bond
and site disorder [58]. In the former case, ligand ions responsible for the superexchange
mechanism (O2− , Cl− , Br− ) are replaced by other ones, thus locally changing the exchange
interaction J. In the latter case, magnetic ions are randomly replaced by either nonmagnetic ones (Zn2+ , Ca2+ ) or other magnetic ions (Ni2+ , Mn2+ , Co2+ ). While bond
disorder is a rather subtle process and has led to exciting physics such as the exotic
random singlet state [293] or Bose glass phases [294], site disorder is more violent. The
main effects and the emerging low-energy physics depends on whether the clean system
is gapless or gapped.
In gapless Heisenberg spin chains, for example, the introduction non-magnetic or integerspin impurities breaks the chain up into finite-size segments and destroys the gapless TLSL
state. The low-energy physics was found to be well-described by a statistical distribution
of finite-size chain segments [295], as experimentally observed in the spin chain material
SrCu0.99 Ni0.01 O2 [296].
Gapped S = 1 Haldane spin chains are broken up into finite-size segments as well. However, the main effect of non-magnetic impurities is to release S = 1/2 degrees of freedom
at the end of the chain segments [297]. The latter are spatially extended spin objects
pinned to impurity position. Emergent end spins and their spatial shape were studied
in several materials such as Ni1−z Xz (C2 H8 N2 )2 (NO2 )ClO4 with X = Cd, Hg, Zn [298],
PbNi1−z Mgz 2 V2 O8 [299, 300] or Y2 BaNi1−z Mgz O5 [301, 302] and with various techniques
such as thermodynamic measurements [299, 300], ESR [298], NMR [301] or inelastic neutron scattering [299, 302].
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In gapped spin ladders, the introduction of non-magnetic impurities releases local S =
1/2 degrees of freedom as well [303, 304]. However, in contrast to Haldane chains, the
connectivity of the one-dimensional system is broken only if impurities occupy the same
rung or adjacent rungs. The effect of a single impurity is particularly simple to imagine
for the case of a strong-rung spin ladder (fig. 9.4a). There, replacing a magnetic site by a
non-magnetic impurity breaks a rung-dimer and releases a free unpaired S = 1/2 spin. If
a single impurity is introduced to a strong-leg spin ladder, the short ranged correlations
of the underlying ladder system extend the S = 1/2 degree of freedom over a region
comparable to the correlation length ξ = c/∆ (fig. 9.4b). Extended spin islands develop,
pinned to the impurity position [304].
(b) Jleg >> Jrung: Spin island (S=1/2)

(a) Jleg << Jrung: Released spin (S=1/2)

S = 1/2

S=0

S=0

Zn2+

S=0

S=0

2ξ

Figure 9.4: Emerging S = 1/2 degree of freedom in a spin ladder system with a non-magnetic
impurity. (a) Strong-rung case: Impurity breaks a dimer singlet on the rung and releases a
free spin. (b) Strong-leg case: Short-ranged correlations extend the emerging S = 1/2 degree of
freedom over a region comparable to the correlation length ξ.

As long as the concentration z of impurities remains small enough to ensure that the
correlation length is much smaller than the mean impurity spacing l = z −1 (z − 1)/(z − 2)
[304], each impurity will be accompanied by a spin island. Due to the occasional ’overlap’
of spin islands, they weakly interact. It can be shown in virtue of linear response theory
that the low-energy physics is described by a random Heisenberg Hamiltonian [304],
Himp =

X

eff
JI−J
SI SJ .

(9.4)

I,J

Here, I and J denote the random positions of the impurities. Consequently, the low-energy
physics is described by a Hamiltonian consisting of effective spins SI at the impurity sites
eff
I with random mutual interactions JI−J
. The low-temperature physics was suggested to
be universally captured by the random ferromagnetic-antiferromagnetic chain model first
introduced by M. Sigrist and A. Furusaki in ref. [305] and studied in refs. [306, 307, 308].
Finally, we mention that additional interesting effects could arise if inter-ladder interactions are present or if a magnetic field is applied. In the former case, inter-ladder
interactions enable the system to develop long-range magnetic order of the released and
weakly interacting spin islands, even for H < Hc1 . This phenomenon is referred to as
order by disorder and has been observed in various systems, such a the spin-Peierls material CuGeO3 [239], the spin ladder material Sr(Cu1−z Znz )2 O3 [309, 77] or the Haldane
spin chain Pb(Ni1−z Mgz )2 V2 O8 [310].
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In applied magnetic fields, non-magnetic impurities could strongly influence both static
and dynamic properties in the TLSL state as well as the magnetically ordered state.
In conclusion, the non-magnetic impurities in Heisenberg spin ladder systems are expected to induce strong effects and render the low-energy physics highly different from
the pure spin ladder system. From the experimental point of view, only few experimental
studies have been performed on site-disordered spin ladders. We mention the cuprate material Sr(Cu1−z Znz )2 O3 [76, 309, 311, 77] or the studies on Bi(Cu1−z Znz )2 PO6 [78, 312].
However, both materials show large energy scales and significant further inter-ladder or
frustrated interactions [78].
Thus, the study of non-magnetic impurities on a clean and low-energy Heisenberg spin
ladder material is still missing. For this purpose, DIMPY would feature excellent energy
scales and coupling properties. In the following subsection, two possible future experiments are motivated and discussed in some detail.
Measurements of the magnetic moment
Due to the non-magnetic ground state of the Heisenberg spin ladder system in zero field,
the contributions of the emergent spin islands are particularly simple to measure. Their
response can be determined by measuring the field- and temperature- dependence of the
magnetic moment µz (T, H). If the concentration is low, i. e. if the mean spacing between
islands l is much larger than their typical size, a paramagnetic response would be expected
in a wide temperature range [14],


gµB H
gµB
z
tanh
µmol (T, H) = zNA
.
(9.5)
2
2kB T
At higher doping level or lower temperatures, the response is expected to deviate from a
Brillouin function. A simple model based on dimers is presented in ref. [304], along with
numerical calculations.
Recently, we were able to grow protonated and deuterated single crystals of
(C7 H10 N)2 Cu1−z Znz Br4 with z ≤ 0.06. X-ray diffraction proved a systematic change of
the lattice constants as a function of doping. In order to search for additional spin island
contributions, the field-dependence of the magnetic moment was measured for samples
with different nominal Zn concentration (T = 600 mK, MPMS SQUID device, section
8.2). Figure 9.5a-c shows preliminary experimental data for z = 0, 0.01 and 0.04 respectively (coloured symbols).
In the pure case, the magnetic moment remains nearly zero below the critical field of
µ0 Hc1 ≈ 2.6 T, before it starts to increase at H > Hc1 due to the finite susceptibility of
the TLSL state. The measured curve for z = 0 agrees with a numerical Quantum Monte
Carlo calculation2 for T = 600 mK and for the exchange constants of DIMPY (section
4.3). At finite nominal Zn2+ concentration of z = 0.01 or 0.04 (blue circles), there is a
clear contribution at low magnetic fields due to the additional S = 1/2 degrees of freedom.
2

Numerical calculations were performed by K. Yu. Povarov, with the ALPS program package [313].
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Figure 9.5: Magnetic moment as a function of applied magnetic field as measured in
(C7 H10 N)2 Cu1−z Znz Br4 with z = 0 (white), z = 0.02 (light blue) and z = 0.04 (dark blue)
and at T = 0.6 K. QMC calculation for z = 0 (black line) and the predictions for 0% to 4% free
spins (black broken lines) are shown.

The broken lines indicate the expected contribution from free spins with S = 1/2. The
measured data for z = 0.01 is slightly above the curve for 1% free spins while the z = 0.04
is below the prediction for 4% free spins.
Nevertheless, it can not unambiguously determined whether the deviation from the 4%
free spin curve is of physical origin and originates in the interaction between spin islands
or whether the nominal and the real doping level are not identical. Therefore, this preliminary data has to be taken with care. In order to discard the possibility of crystal
growth related doping level deviations, careful magnetization measurements should be
performed in combination with a method determining the exact chemical composition
(e. g. atomic absorption spectroscopy or X-ray fluorescence spectrometry [314]), on the
very same samples used for the magnetic moment measurements.
Finally, we mention that A. Lavarélo et al. discuss further interesting predictions and
numerical calculations [304] concerning the magnetic moment and susceptibility of site
disordered spin ladders. In particular, they discuss the deviations from a T −1 behaviour
of the zero-field susceptibility due to the interaction between spin islands.
Measuring the shape of spin islands
There are various experimental methods allowing to measure the spatial shape of the
emergent spin islands. One possibility is to use local methods such as nuclear magnetic resonance experiments. End spins in disordered Haldane spin chains and spin islands in spin
ladders were measured with NMR spectroscopy in various materials such as Y2 BaNiO5
doped with Zn2+ (S = 0) and Cu2+ (S = 1/2) impurities [315, 301] or the spin ladder
material Sr(Cu1−z Znz )2 O3 [311].
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The spatial shape of spin islands is measurable with neutron scattering techniques as
well. The latter allow to directly access the Fourier-transform of their real-space shape.
At zero-field, however, the magnetic neutron signal consists of an elastic contribution and
it would overlap with the nuclear incoherent scattering [131]. In applied magnetic fields,
the neutron can induce an excitation between the Zeeman-split MS = −1/2 and MS = 1/2
component of the spin island object, at a finite energy transfer of ~ω = gµ0 µB H [302].
Since the spin islands are local and to a first approximation non-interacting objects, the
excitation would be dispersionless.
The situation is similar to crystal field excitations of magnetic ions [131, 29]. However, in
the latter the wavefunction of the unpaired electrons are extended over a region ξ  a.
Therefore, the intensity of the inelastic dispersionless crystal field excitation is modulated
in Q space by a magnetic form factor decaying with a typical length of Γrec  2π/a. Spin
islands, on the other hand, are objects extended over several unit cells (ξ  a). Their
form factor thus decays rather fast in reciprocal space with Γ  2π/a. In experiments, a
sharp peak around qk = π is expected. Thus, inelastic neutron scattering allows to access
the (absolute-square) of the Fourier-transform of the real-space shape of spin islands. This
reasoning was recently used in order to measure the shape of end spins in the Haldane
spin chain Y2 BaNi1−x Mgx O5 [302].
For spin islands in disordered spin ladders, the form factor F (qk , q⊥ ) corresponds to the
Fourier transform of the real-space shape of the spin island given by Sl,j = S (−1)l+j e−|l|/ξ
with S0,0 = 0 [304]. q⊥ denotes the momentum transfer along the rung direction. Consequently, F (qk , q⊥ ) reads as
F (qk , q⊥ ) =

X
S (−1)l+j e−|l|/ξ ei(qk l+q⊥ j) ≈ 4 sin(q⊥ /2) eiq⊥ /2

(l,j)
(l,j)6=(0,0)

Γ
− 1. (9.6)
(qk − π)2 + Γ2

In the last step, the discrete sum was approximated by the continuous Fourier transformation which is a valid approximation for large correlations lengths ξ  1 and around the
center position qk = π. The spin island form factor is hence expected to be of Lorentzian
form3 with a width ΓHWHM = 1/ξ. Figure 9.6 illustrates the spin island form factor
|F (qk , q⊥ = π)|2 for ξ = 7 as expected for DIMPY. The result from the discrete summation and from equation (9.6) are shown as white circles and red full line respectively.
By measuring the qk -dependence of the MS = −1/2 → MS = 1/2 transition, at q⊥ = π,
at an applied field H (gµ0 µB H  ∆) and an excitation energy of ~ω = gµ0 µB H, the absolute square of the spin island structure factor |F (qk , π)|2 can be determined. By fitting
the experimentally observed signal with the function
2

Γ
2
−1 ,
(9.7)
|F (qk , π)| ∝ f (qk ) = f0 4
(qk − π)2 + Γ2
convoluted with experimental resolution, the correlation length can be determined by
ξ = 1/Γ.
3

The term ’-1’ originates in the omitted contribution at (l, j) = (0, 0).
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Figure 9.6: (a) Real-space shape of the spin island given by Sl,j = S (−1)l+j e−|l|/ξ with
S0,0 = 0. (b) Spin-island form factor F (qk , q⊥ ) as a function of momentum transfer along the
leg and rung for ξ = 7 (Circles: Discrete summation, red line: equation (9.6))

For the spin ladder material DIMPY, the expected intrinsic linewidths of the spin island
form factor F (qk , π) and the experimentally accessible quantity |F (qk , π)|2 are HWHMLor. =
0.022 rlu and HWHMSq.Lor. = 0.014 rlu respectively
Some care has to be taken since 1.) with increasing concentration of non-magnetic impurities, the gap fills with in-gap states [303] due to close-by impurities interacting with
large effective exchange interactions [304] and since 2.), at applied magnetic fields, the
magnon excitation Zeeman-splits into its MS components. The lower branch may overlap
or even interfere with the spin island excitation at ~ω = gµ0 µB H. Therefore, the applied
field has to be chosen such that the spin island excitation energy is large enough to move
outside the incoherent elastic line but still low enough to ensure that the spin island and
magnon excitation do not overlap, i. e. gµ0 µB H < ∆ − gµ0 µB H. For DIMPY, a magnetic
field of µ0 H = 1 T to 1.2 T (gµ0 µB H ' 0.14 meV) would probably be optimal.
In order to extend studies proposed above, the results obtained in the strong-leg spin
ladder DIMPY could be compared to opposite strong-rung spin ladder materials with appropriate energy scales. Of particular interest would be the material (C5 H12 N)2 CuBr4
(BPCB, µ0 Hc1 ' 7.0 T) [245, 96] or the recently synthesized materials Cu(DEP)Br2
[85, 86] (µ0 Hc1 ' 7 T) or Cu(DMP)Cl2 [86] (µ0 Hc1 ' 14 T). In contrast to DIMPY, they
exhibit a much larger spin gap of about 1 meV, simplifying the observation of impurityinduced in-gap states, deviations from Brillouin-like magnetic behaviour and the spin
island excitation at ~ω = gµ0 µB H for H < Hc1 .
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For these materials, the physics is expected to be well-described in terms of the perturbative bond-order mean-field theory [316, 304]. However, as a drawback, the correlation
length of these materials is very short, with ξ ' 1 and ξ ' 1.5 for BPCB and Cu(DEP)Br2
or Cu(DMP)Cl2 respectively. Consequently, the interaction between spin islands becomes
significant only at rather large doping concentrations.
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Appendices
10.1

Separation of instrumental and phononic background

In this Appendix, the background subtraction procedure based on temperature-dependent
and temperature-independent background contributions is explained. This procedure was
applied in order to subtract the non-magnetic background for several inelastic neutron
scattering experiments presented in this thesis. It is a standard approach and was applied
in a similar way for example in refs. [157, 167].
Two sources of background are assumed: 1.) Sample-temperature independent contributions both from the cryostat, magnet or other equipment as well as coherent and incoherent scattering from the sample [131]. 2.) inelastic phonon scattering from the sample.
The latter is temperature dependent and proportional to the Bose factor n(ω) + 1 =
(1 − e−~ω/kB T )−1 .
For the background procedure described here, data has to be recorded at the temperature
of interest T0 as well as at two high temperatures T1 and T2 , where the magnetic signal
is not visible anymore. The total signal I(Q, ω, T ) at T1 and T2 can be written as
I(Q, ω, T ) =A(Q, ω) + B(Q, ω)(n(ω, T ) + 1)

(10.1)

with A and B describing the T -independent and T -dependent background, respectively.
From the measurements at two distinct temperatures T1,2 , the background contributions
are given by
I(Q, ω, T1 ) − I(Q, ω, T2 )
n(ω, T1 ) − n(ω, T2 )
A(Q, ω) = I(Q, ω, T1 ) − B(Q, ω)(n(ω, T1 ) + 1).
B(Q, ω) =

(10.2)
(10.3)

Thus, the data I0 (Q, ω) measured at T0 can be pointwise background subtracted,
I sub (Q, ω) = I(Q, ω, T0 ) − A(Q, ω) − B(Q, ω)(n(ω, T0 ) + 1).
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10.2

Thermodynamic properties of the classical gas
model

We consider the model1 of three kinds of non-interacting classical particles (MS = 0, ±1)
with energy-momentum dispersion
√
 = ∆2 + c2 k 2 − h MS = ∆ + a k 2 − h MS + O(p4 )
(10.5)
with the speed of ’light’ c, the mass m = ∆/c2 , a = 1/2m = c2 /2∆ as well as h = gµ0 µB H.
In order to avoid confusion, we set ~ = 1 (k = p) and define k in units of the inverse lattice
constant, c in energy units and thus m in inverse energy units2 . This definition simplifies
the comparison to the magnon dispersion parameters as obtained by neutron scattering
methods. Since these particles are not interacting, we can treat them separately, i. e. their
partition function will multiply and thermodynamic functions will add up. We assume,
that these particles are not subject to a conservation law and the particles are hence
described by a zero chemical potential, in analogy to the statistical treatment of the
photon or phonon gas [248, 249]. We treat the system in the grand-canonical ensemble
and set the chemical potential µ to zero in final expressions.
The grand canonical partition function ZMS for particles of type MS is given by [249]
ZM S =

∞
X

z N ZN,MS

with z = e−µ/kB T .

(10.6)

N =0

The classical Hamiltonian function reads as [249] (m = ∆/c2 )

N  2
X
ki
2
+ mc − MS h ,
HMS =
2m
i=1

(10.7)

and the canonical partition function ZN,MS for a fixed number N of particles is
Z
N Z
1 Y dki
2
2
(N )
ZN,MS =
dqi e−ki /2mkB T e−(mc −MS h)/kB T
N ! i=1
2π
=

LN 1
2
(2πmkB T )N/2 e−N (mc −Ms h)/kB T .
N
N ! (2π)

(10.8)

The grand-canonical partition function ZMS is thus given by

N


∞
X
Lz
zN L
1/2 −(mc2 −MS h)/kB T
1/2 −(mc2 −MS h)/kB T
ZM S =
(2πmkB T ) e
= exp
(2πmkB T ) e
.
N
!
2π
2π
N =0
(10.9)
From the grand-canonical partition function and the grand potential ΩMS = −kB T ln(ZMS ),
thermodynamic properties can be calculated.
1

Derivations in this paragraph are similar to the ones given in ref. [57]. However, in contrast to
ref. [57], expressions for the specific heat at finite fields are derived as well.
2
The conversion to quantities in conventional units is c̃ = 2π·c/(~|a? |), where a? denotes the reciprocal
lattice unit vector and m̃ = ∆/c̃2 .
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Density of particles
As a first step, we calculate the density %MS = hN iMS /L of particles with MS [249],
1 ∂ΩMS
z ∂
1
2
ln ZMS = z (2πmkB T )1/2 e−(mc −MS h)/kB T
=
L ∂µ T,V L ∂z
2π
r
r
mkB T −(∆−MS h)/kB T
∆kB T −(∆−MS h)/kB T
=
e
=
e
.
(10.10)
2π
c2 2π

%MS = −

Magnetic moment
The molar longitudinal magnetic moment per copper site µzmol corresponds to the density
difference of MS = 1 and MS = −1 particles, i. e.
gµB
(%1 − %−1 )
2 r


kB T ∆ −∆/kB T
gµ0 µB H
= NA gµB
.
e
sinh
2πc2
kB T

µzmol (T, H) = NA

(10.11)

The factor ’2’ is introduced in order to take into account that there are two copper ions
per rung. The zero-field susceptibility reads as
r
∆
dµzmol
2
= NA µ0 (gµB )
e−∆/kB T ,
(10.12)
χ(T, H → 0) = lim
H→0 dH
2πc2 kB T
in agreement with equation (37) in ref. [57].
Internal energy and specific heat
The calculation of the field-dependent specific heat is more cumbersome. We first calculate
the internal energy (with Z = Z1 · Z0 · Z−1 ) [249]
NA kB T 2 ∂
NA ∂
ln Z =
ln Z
2L ∂β
2L ∂T
r





NA ∆kB T −∆/kB T
h
h
=
e
(2∆ + kB T ) + 2(2∆ + kB T ) cosh
− 4h sinh
,
4
2πc2
kB T
kB T
(10.13)

Umol = −

and the specific heat becomes
Cmol


3/2


2


2
∆
∆ −∆/kB T
kB T
3 kB T
kB T
3 kB T
R
e
1+
+
+2 1+
+
+
= √
c
∆
4 ∆
∆
4 ∆
2 2π kB T





h2
h
2h(2∆ + kB T )
h
cosh
−
sinh
(10.14)
∆2
kB T
∆2
kB T

We briefly discuss equation (10.14) with respect to recently derived expressions for the
zero-field specific heat in refs. [110] and [57].
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By keeping the temperature-independent terms in brackets of equation (10.14) only, one
recovers exactly the expression used by Hong et al. in ref. [110],

3/2
∆
∆ −∆/kB T
3R
e
.
(10.15)
C(T ) = √
c
2 2π kB T
One can also recover equation (39) from M. Troyer et al. in ref. [57]. However, apparently,
there is misprint in equation (39) and it should be (T /∆)−3/2 , rather than (T /∆)3/2 . In
that case, equation (10.14) from this work and for h = 0 exactly corresponds to the
expression in ref. [57]. In figure 10.1a, the zero-field specific heat according to equation (10.14) from this work (red full line), the equation (10.14) from this work with
temperature-independent terms in brackets kept only (black full line), equation (1) from
Hong et al. [110] (yellow broken line) and equation (39) from Troyer et al. [57] (with
(T /∆)3/2 → (T /∆)−3/2 , black broken line) are compared.
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Figure 10.1: (a) Comparison of low-temperature specific heat expressions. (b) Temperatureand field-dependence of specific heat C/T , according to equation (10.14). All curves were calculated for ∆ = 0.33 meV, c = 2.39 meV and g = 2.18.

Clearly, at T  ∆/kB , the zero-field asymptotics can be approximated by the truncated
expression, equation (10.15). Nevertheless, at experimentally accessible temperatures of
0.1 K < T < 3.5 K . ∆/kB , all terms significantly contribute3 .
In conclusion, for a quantitative comparison with experimental data for T ≥ 0.75 K,
a description in terms of the truncated equation (10.14) is not sufficient anymore and
equation (10.14) needs to be applied (assuming that the classical gas model is still an
appropriate description at those temperatures).
Finally, in figure 10.1b, we show the temperature-dependence of specific heat at applied
fields. Expressions for the field-dependence of specific heat were not derived or shown in
refs. [57] and [110]. Since the gap progressively shrinks and progressively more MS = 1
magnons are excited, this expression is expected to be applicable only for T  (∆ −
gµB H)/kB .
3

Of course, the applicability of the classical gas model becomes questionable for T ' ∆/kB .
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10.3

Nuclear spin contribution to specific heat

At finite magnetic fields, the low-temperature specific heat acquires an additional contribution due to the splitting of the nuclear quantum spin states [46], described by nuclear
spin quantum numbers Ii . Although the nuclear magneton µN is 2 - 3 orders of magnitude smaller than the Bohr magneton µB , the Zeeman-splitting of these non-interacting
nuclear magnetic moments leads to a significant contribution to specific heat. At ’high’
temperatures gN µ0 µN H  2kB T where gN denotes the isotope-specific nuclear g-factor,
the molar nuclear spin contribution reads as


 
X Ni (γi µ0 H~)2  (2Ii + 1)2
x
1
−2
−2 x
−
sinh (2Ii + 1)
+ sinh
Cns (T, H) =
kB T 2
4
2
4
2
i
(10.16)
≈

X Ni Ii (Ii + 1)γ 2 ~2 (µ0 H)2
i

i

3kB

T2

= 1.893 · 10−4

(µ0 H)2 J K
T 2 T2 mol

(2kB T  γH~).

Here, Ii is the nuclear spin quantum number of nuclei of type i while γi denotes its
gyromagnetic ratio (in units of rad s−1 T−1 ) and Ni is the number of nuclei of type i
contained in 1 mole of C14 H20 N2 CuBr4 . All isotopes with a non-zero nuclear spin quantum
number have to be included by taking into account their natural abundance. Since the
composition of the material DIMPY is known, the molar nuclear spin contribution can
be exactly calculation without any fitting.
Table 10.1 summarizes the contributions from all isotopes with significant abundance.
Clearly, the dominant contribution is due to the hydrogen 1 H, both due to its large
gyromagnetic ratio and since there are 20 times more hydrogen nuclei than copper nuclei
per formula unit. In fully deuterated samples, the total nuclear spin contribution would
be more than 10 times smaller.
1

H
C
14
N
63
Cu
65
Cu
79
Br
81
Br
2
H
13

NA
1.000
0.011
0.996
0.692
0.308
0.507
0.493
1.000a

γi /rad s1 T−1
2.68 · 108
6.73 · 107
1.93 · 107
7.11 · 107
7.60 · 107
6.73 · 107
7.25 · 107
4.11 · 107

I
1/2
1/2
1
3/2
3/2
3/2
3/2
1

Ni
1.204 · 1025
9.274 · 1022
1.198 · 1024
4.165 · 1023
1.857 · 1023
1.221 · 1024
1.188 · 1024
1.204 · 1025

Ni I(I + 1)/3 γi2
1.740 · 10−4
0.001 · 10−4
0.002 · 10−4
0.021 · 10−4
0.011 · 10−4
0.056 · 10−4
0.063 · 10−4
0.109 · 10−4

Table 10.1: Natural abundance NA, nuclear spin I and number of nuclei Ni in a 2.5 mg
DIMPY sample. Furthermore, the characteristic number Ni I(I + 1)/3 γi2 is given, in units of
1033 · rad2 s−2 T−2 . a For the comparison with a fully deuterated sample, Ni I(I + 1)/3 γi2 is also
given for 2 H.
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J. Fielden, P. Kögerler, P. C. Canfield and M. T. F. Telling. Phys. Rev. B 85, 014402
(2012).
[203] A. J. A. James, F. H. L. Essler and R. M. Konik. Phys. Rev. B 78, 094411 (2008).
[204] W. D. Goetze, U. Karahasanovic and F. H. L. Essler. Phys. Rev. B 82, 104417
(2010).
[205] D. Schmidiger, P. Bouillot, T. Guidi, R. Bewley, C. Kollath, T. Giamarchi and
A. Zheludev. Phys. Rev. Lett. 111, 107202 (2013).
[206] P. Jordan and E. Wigner. Z. Phys. 47, 631 (1928).
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