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Abstract

Let A P Zm�n with rankpAq � m, b P Zm and c P Zn. Set ∆m :� maxt|detpBq| :
B is an m �m submatrix of Au. We consider integer linear programming prob-
lems in standard form maxtc⊺x : Ax � b, x P Zn

¥0u (IP) and its linear relaxation
maxtc⊺x : Ax � b, x P Rn

¥0u (LP). In this thesis, we study the concept of prox-
imity, i.e., we describe the ℓ1-distance of an (LP)-optimal vertex solution to its
closest (IP)-optimal solution. Firstly, we establish the first proximity bound which
is polynomial in m and ∆m. Secondly, we determine exactly how many different
columns A can have in terms of m and ∆m if ∆m ¤ 2 or m ¤ 2. Moreover, we
establish the first upper bound on the number of different columns of A which
is polynomial in m and ∆m. This implies the first proximity bound for integer
programming problems in standard form with upper bounds which is polynomial
in m and ∆m. Thirdly, for c � 0 and a given vertex solution x� to (LP), we intro-
duce a new parameter fpx�q P Z¥1Yt8u in terms of which we derive a proximity
bound of pfpx�q � 1q∆m, which is essentially tight for fpx�q ¤ m. Our analysis
also yields an efficient feasibility test for (IP) if fpx�q is constant. Fourthly, in the
case m � 2, we provide an essentially tight proximity bound of 3∆m for all but
finitely many b if the vertex solution to (LP) corresponds to a prime determinant.
Finally, we provide an algorithm that solves (IP) efficiently if A possesses at most
three different m�m subdeterminants in absolute value.





Zusammenfassung

Sei A P Zm�n mit rankpAq � m, b P Zm und c P Zn. Definiere ∆m :�
maxt|detpBq| : B ist eine m � m Untermatrix von Au. Wir betrachten lineare
ganzzahlige Optimierungsprobleme in Standardform maxtc⊺x : Ax � b, x P Zn

¥0u
(IP) sowie deren lineare Relaxierung maxtc⊺x : Ax � b, x P Rn

¥0u (LP). In dieser
Arbeit studieren wir das Konzept der Proximität, das heißt, wir untersuchen den
ℓ1-Abstand einer (LP)-optimalen Ecklösung zur nächsten (IP)-optimalen Lösung.
Zunächst leiten wir die erste in m and ∆m polynomielle Proximitätsschranke her.
Für ∆m ¤ 2 oder m ¤ 2 bestimmen wir in Abhängigkeit von m und ∆m ex-
akt, wie viele verschiedene Spalten A haben kann. Darüber hinaus leiten wir
die erste obere Schranke für die Anzahl verschiedener Spalten von A her welche
polynomiell in m und ∆m ist. Dies impliziert die erste in m und ∆m polynomielle
Proximitätsschranke für ganzzahlige Optimierungsprobleme in Standardform mit
oberen Schranken. Im darauffolgenden Kapitel führen wir für c � 0 und einer
gegebenen Ecklösung x� von (LP) den neuen Parameter fpx�q P Z¥1Yt8u ein, in
dessen Abhängigkeit wir eine Proximitätsschranke von pfpx�q � 1q∆m herleiten.
Dies ist im Wesentlichen bestmöglich für fpx�q ¤ m. Unsere Analyse impliziert
für konstantes fpx�q auch einen effizienten Test dafür, ob eine zulässige Lösung
für (IP) existiert. Außerdem zeigen wir im Falle m � 2 eine im Wesentlichen
bestmögliche Proximitätsschranke von 3∆m für alle bis auf endliche viele b unter
der Voraussetzung, dass die zu (LP) gehörige Ecklösung zu einer primen Determi-
nante korrespondiert. Zum Schluss geben wir einen effizienten Algorithmus an,
welcher (IP) löst unter der Voraussetzung, dass A höchstens drei verschiedene
m�m Unterdeterminanten im Betrag besitzt.
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Chapter 1

Introduction

The world we live in today is filled with numerous optimization problems. How
does the manager of the municipal transportation network schedule buses effi-
ciently such that waiting times are minimized? How does a hardware manufac-
turer for microchips find a valid chip architecture that maximizes the number of
transistors on the chip? How does a factory with a given set of resources de-
cide which products in which quantities should be produced in order to maximize
profits?

Such problems and many others can be modeled in terms of integer program-
ming problems (IPs)

maxtc⊺x : Ax ¤ b, x P Znu, (IP)

where A P Zm�n, b P Zm and c P Zn. While the modeling power of IPs is tremen-
dous, the class of integer programming problems is NP-hard, as already the spe-
cial case of 0-1 integer linear programming is NP-complete, see [44]. This makes
it rather unlikely that an efficient algorithm for general integer programming prob-
lems exists.

However, the corresponding linear relaxation

maxtc⊺x : Ax ¤ b, x P Rnu (LP)

can be solved efficiently in general, see [45, 46] and [63, Chapter 13+14]. This
naturally gives rise to the idea of local search heuristics:

1. Find an optimal solution x� P Rn to (LP) efficiently.

2. Search in a “small” neighborhood of x� for an optimal solution to (IP).

But how “far away” from x� do we need to search in order to find an (IP)-optimal
solution? Assume for this chapter that (IP) is feasible and bounded. Set ∆ :�
maxt| detpBq| : B is a submatrix of Au. A classical result in this direction is the
following by Cook, Gerards, Schrijver and Tardos:

Theorem 1.1 ([21]). For every (LP)-optimal solution x� P Rn, there exists an (IP)-
optimal solution z� P Zn such that

}z� � x�}8   n∆.
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Let us now consider IPs in standard form with upper bounds, i.e.,

maxtc⊺x : Ax � b, 0 ¤ x ¤ u, x P Znu, (UIP)

maxtc⊺x : Ax � b, 0 ¤ x ¤ u, x P Rnu, (ULP)

where additionally u P Zn
¥0. Assume for this chapter that (UIP) is feasible and

bounded. In this setting, Eisenbrand and Weismantel established a proximity
bound that solely depends on the number of rows m and the largest entry in
absolute value }A}8 of the constraint matrix A.

Theorem 1.2 ([29]). For every (ULP)-optimal vertex solution x� P Rn, there exists
an (UIP)-optimal solution z� P Zn such that

}z� � x�}1   mp2m}A}8 � 1qm.

In [29] they also present optimization algorithms which leverage this proximity
bound in order to achieve superior running times. Their theorem yields a local
search algorithm to solve (UIP) in running time

n �Opmqpm�1q2 �Op}A}8qm�pm�1q � log22pm}A}8q.
Furthermore, with not too much additional analysis, this implies a running time
of Opn}A}28q and Opn2}A}28q for the unbounded and bounded knapsack problem,
respectively. This is an improvement by a factor of n upon the previously best
bounds by Tamir [70].

It is thus worthwhile to study proximity. But can we do better than these results?
In this thesis we will study many settings in which we can obtain stronger proxim-
ity bounds.

In Chapter 2, we combine the concept of sparsity with a refinement of the analysis
by Cook et al. [21]. For problems in standard form without upper bounds, this
leads to a proximity bound of

}z� � x�}1   pm� 1q � S �∆m,

where S is the smallest possible size of the support of an integer optimal solution
and ∆m :� maxt| detpBq| : B is an m�m submatrix of Au. Further analysis results
in a proximity bound of

}z� � x�}1   3m2 log2p
?
2m �∆1{m

m q∆m.

Note that for problems in standard form without upper bounds this is the first
proximity bound which is polynomial in m and ∆m.

In Chapter 3, we study the maximal number of different columns that can appear
in an integral matrix A P Zm�n with full row rank and largest m �m subdetermi-
nant in absolute value ∆m. More precisely, we study for m, k P Z¥1 the parameter

cpk,mq :� max
 
n : A P Zm�n has differing columns, rank A � m, and ∆mpAq ¤ k

(
,



3

where A has differing columns if and only if A does not contain the vector con-
sisting only of zeros and if Ai � �Aj, i, j P t1, . . . , nu implies i � j. We show
that

cpk,mq � 1

2
pm2 �mq �mpk � 1q

if m ¤ 2 or k ¤ 2. Moreover, we establish that

cpk,mq ¤
#

1{2 � pm2 �mq �mpk � 1q, if k ¤ 2,

1{2 � pm2 �mqk2, if k ¥ 3,

which yields the first polynomial upper bound on cpk,mq in terms of the largest
m � m subdeterminant in absolute value and the number of rows. For IPs in
standard form with arbitrary upper bounds u, these findings imply a proximity
bound of

}z� � x�}1 ¤ pm� 1q∆m � p2cp∆m,mq � 1q ¤ mpm� 1q2∆3
m � pm� 1q∆m.

This is the first proximity bound for problems of this type which is polynomial in
m and ∆m.

In Chapter 4, we provide proximity bounds in two different settings. First of
all, for c � 0 and a given vertex solution x� with supppx�q � t1, . . . ,mu to (LP),
we introduce a new parameter fpx�q P Z¥1 Y t8u, which describes the num-
ber of columns of A that are needed such that its sum lies in the interior of
conep�A�,1, . . . ,�A�,mq. In this context, we derive a proximity bound of pfpx�q �
1q∆m, which is best possible for fpx�q ¤ m in the sense, that there exist exam-
ples which have proximity of Opfpx�q∆mq. Furthermore, we obtain an efficient
feasibility test for (IP) if fpx�q is constant.

Secondly, we provide structural results for problems in standard form in the con-
text of proximity in the case m � 2. These results imply a proximity bound of

}z� � x�}1 ¤ 3∆2

for all but finitely many b P Z2 if an LP-basis corresponding to x� has a prime de-
terminant in absolute value. This can be seen as a refinement of a result by Oertel,
Paat and Weismantel [58] for such constraint matrices. Their result implies in this
particular case a proximity bound of 3∆2 with a probability of 1 for a randomly
chosen b. Furthermore, for arbitrary b, our analysis reveals a proximity bound of
4∆2 in the special case of cardinality constrained knapsack problems.

In Chapter 5, we provide an algorithm that efficiently optimizes over an IP in
standard form if the constraint matrix possesses at most three different m � m
subdeterminants in absolute value.





Chapter 2

Improving Proximity Bounds Using
Sparsity

The following chapter appeared in [51].

2.1 Introduction

Let A P Zm�n with rankpAq � m, c P Zn, and b P Zm. Denote the largest absolute
value of a minor of A of order k P t1, . . . ,mu by

∆k :� ∆kpAq :� maxt| detpBq| : B is a k � k submatrix of Au.

Note that ∆1 � }A}8 is the largest absolute entry of A. For simplicity, we set
∆ :� ∆m. We consider the standard form integer program

maxtc⊺z : Az � b, z P Zn
¥0u (IP)

and its linear relaxation

maxtc⊺x : Ax � b, x P Rn
¥0u. (LP)

We assume that (IP) is both feasible and bounded.

Given an optimal vertex solution x� to (LP), we investigate the question of (LP)
to (IP) proximity: can we bound the distance from x� to some optimal solution z�

of (IP)? We refer to any bound τ on }x� � z�}1 as a proximity bound. Proximity
bounds have a variety of implications in the theory of integer programming. For
example, a proximity bound of τ translates into a bound of τ � }c}8 on the so-called
integrality gap [21, 36, 41]. Furthermore, strong proximity bounds reduce the
time needed for a local search algorithm to find an optimal (IP) solution starting
from an optimal (LP) solution, see, e.g. [29].

One of the first seminal results on proximity is by Cook et al. [21], who established
that there exists an optimal solution z� to (IP) satisfying
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}z� � x�}8 ¤ n �maxt∆k : k P t1, . . . ,muu. (2.1)

Cook et al. actually consider problems in inequality form, i.e., with constraints
Ax ¤ b rather than Ax � b and x ¥ 0, but their results easily translate to the
standard form setting. A closer analysis reveals that ∆ suffices for the standard
form problem rather than maxt∆k : k P t1, . . . ,muu stated in (2.1). Furthermore,
if we naively extend (2.1) to a bound on proximity in terms of the ℓ1-norm, then
we obtain }z� � x�}1 ¤ n2∆. Another closer analysis gives us the bound

}z� � x�}1 ¤ pm� 1qn∆. (2.2)

See the proof of Lemma 2.3 for the two ‘closer analyses’ referred to above. Cook et
al.’s bound has been generalized to various problems including those with separa-
ble convex objective functions [36, 41, 75] or with mixed integer constraints [62],
and extended to alternative data parameters such as k-regularity [50, 76] and the
magnitude of Graver basis elements [25].

The proximity bound in (2.2) depends on the dimension n. In 2018 Eisenbrand
and Weismantel [29] proved that proximity is independent of the dimension by
establishing the bound

}z� � x�}1 ¤ mp2m � }A}8 � 1qm. (2.3)

Eisenbrand and Weismantel use the so-called Steinitz Lemma with the ℓ8-norm [67]
in their proof of (2.3). Their proof can be modified using the norm }x}� �
}B�1x}8, where B is an m � m submatrix of A with | detpBq| � δ, to obtain
the bound

}z� � x�}1 ¤ mp2m� 1qm �∆. (2.4)

The proximity bounds (2.3) and (2.4) also hold for standard form problems with
additional upper bound constraints on the variables. Oertel et al. established that
the upper bound }z� � x�}1 ¤ pm � 1q � p∆ � 1q holds for most problems, where
‘most’ is defined parametrically with b treated as input [58].

As for lower bounds on proximity, it is not difficult to come up with examples
demonstrating }z� � x�}1 ¥ m � p∆ � 1q and }z� � x�}1 ¥ }A}m8. Aliev et al. [2]
give a tight lower bound ∆� 1 on proximity in terms of the ℓ8-norm when m � 1.
However, it remains an open question if (2.2), (2.3), or (2.4) is tight in general.

2.1.1 Statement of Results and Overview of Proof Techniques

The focus of this paper is to create stronger proximity bounds. Recall that ∆ :�
∆m. Our first main result is an improvement over (2.4) for fixed ∆. We always
consider the logarithm logp�q to have base two.

Theorem 2.1. For every optimal (LP) vertex solution x�, there exists an optimal (IP)
solution z� such that

}z� � x�}1   3m2 logp
?
2m �∆1{mq �∆.
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Theorem 2.1 demonstrates that proximity in the ℓ1-norm between (IP) solutions
and (LP) vertex solutions is bounded by a polynomial in m and ∆. We focus on
vertex solutions because proximity may depend on n for general non-vertex (LP)
solutions. For example, suppose that c � 0 and take any feasible solution to (LP),
which is optimal in this case, such that each of the n components is in 1{2� Z.

Our second main proximity result is in terms of }A}8 after A is transformed by a
suitable unimodular matrix. Recall that a unimodular matrix U P Zm�m satisfies
| detpUq| � 1, so the m�m minors of UA have the same magnitudes as those of A.
Moreover, the optimal solutions of (IP) are the same as the optimal solutions to

maxtc⊺z : UAz � Ub, z P Zn
¥0u. (U - IP)

Given an m � m submatrix B of A, we can find a unimodular matrix U in poly-
nomial time such that UB is upper triangular. The Hermite normal form provides
one method for computing such U , see [63]. If B satisfies | detpBq| � ∆, then
∆ ¤ }UB}m8, and we can apply Theorem 2.1 to obtain the bound

}z� � x�}1   3m2 logp
?
2m � }UB}8q � }UB}m8. (2.5)

The previous bound is predicated on the knowledge of an m�m submatrix of max-
imum absolute determinant, which is NP-hard to find [47]. However, Di Summa et
al. [22] established that this submatrix can be approximated in polynomial time.
In particular, they demonstrated that there exists an m � m submatrix B of A
satisfying

∆ ¤ | detpBq| � p2 logpm� 1qqm{2 (2.6)

that can be found in time polynomial in m and n.1 We can use this approximate
largest absolute determinant to derive our second main result. We denote the
linear relaxation of (U - IP) by (U - LP).

Theorem 2.2. Let B be an m�m submatrix B of A satisfying (2.6) and U P Zm�m

a unimodular matrix such that UB is upper triangular. Then for every optimal (U -
LP) vertex solution x�, there exists an optimal (U - IP) solution z� satisfying

}z� � x�}1   3m2 logp2
a
m logpm� 1q � }UB}8q � p2 logpm� 1qqm{2 � }UB}m8.

It is worth reemphasizing that the proximity bound in Theorem 2.2 can be de-
termined in polynomial time, which is in contrast to the bound in (2.5), and the
dependence on m is significantly less than the bound in (2.3).

The proofs of Theorems 2.1 and 2.2 are based on combining proof techniques
of Cook et al. [21] with results on the sparsity of optimal solutions to (IP). The
support of a vector x P Rn is defined as

supppxq :� ti P t1, . . . , nu : xi � 0u.
1The approximation result of Di Summa et al. involves an ε factor of precision and the running

time is polynomial in m,n, 1{ε. For the sake of presentation, we have fixed this ε to 1{m and obtain
a polynomial time algorithm in m,n.
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A classic theorem of Carathéodory states that | supppx�q| ¤ m for every vertex
solution of (LP). It turns out that the minimum support of an optimal solution
to (IP) is not much larger; denote this value by

S :� min t| supppz�q| : z� is an optimal solution for (IP)u .
Aliev et al. [3, 4] established that

S ¤ m� log

�b
detpAA⊺q



¤ 2m logp2?m � }A}8q. (2.7)

For other results regarding sparsity, see [27, 57] for general A and [12, 13, 20,
64] for matrices that form a Hilbert basis. See also the manuscript of Aliev et
al. [1], who give improved sparsity bounds for feasible solutions to special classes
of integer programs and provide efficient algorithms for finding such solutions.
Using sparsity we derive the following proximity bound, which forms the basis for
Theorems 2.1 and 2.2.

Lemma 2.3. For every optimal (LP) vertex solution x�, there exists an optimal (IP)
solution z� such that

}z� � x�}1   pm� 1q � S �∆.

Lemma 2.3 improves (2.2) by replacing the dependence on n to S. Lemma 2.3
is stated for a generic sparsity bound, so one could use it together with (2.7) to
achieve a proximity bound in terms of ∆ and }A}8. In order to provide a bound
for proximity that is uniform in the data parameter, we prove a new sparsity result
in terms of ∆. A bound in terms of ∆ is also of interest because it is invariant
under unimodular transformations of A.

Theorem 2.4. There exists an optimal (IP) solution z� such that

| supppz�q|   2m log
�?

2m �∆1{m
�
.

Our proximity bounds can be generalized to mixed integer programs. Given an
index set I � t1, . . . , nu, the mixed integer program with integrality constraints
indexed by I is

maxtc⊺z : Az � b, z ¥ 0, zi P Z @ i P Iu. (MIP)

Similarly to [3, Corollary 4], we establish the extension of Theorem 2.4 to (MIP).

Corollary 2.5. There exists an optimal (MIP) solution z� satisfying

| supppz�q|   m� 2m log
�?

2m �∆1{m
� � 2m log

�
2
?
m �∆1{m

�
.

We obtain the following proximity result by applying Corollary 2.5.

Corollary 2.6. For every optimal (LP) vertex solution x�, there exists an optimal
(MIP) solution z� such that

}z� � x�}1   3m2 logp2?m �∆1{mq �∆.
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Our results also extend to integer programs in general form. Let A P Zm�n and
B P Zm�d be matrices satisfying rankprA,Bsq � m. Note that it is not necessary
to assume that rankpAq � m in our general form results. Let C P Zt�d, c P Zn�d,
b1 P Zm, and b2 P Zt. The general form integer program is

max

#
c⊺z :

rA, Bs z � b1

r0, C s z ¤ b2
, z P Zn�d, zi ¥ 0 @ i P t1, . . . , nu

+
. (GIP)

We define the general form linear program (GLP) similarly. Previously cited bounds
on proximity hold for (GIP). However, our analysis reveals that proximity for (GIP)
depends on the potentially smaller data parameter

δ :� max

$&
%| detpEq| : E is any submatrix of

�
A B
0 C



defined using the first m rows

,.
- .

If t � 0 and d � 0, then (GIP) is a standard form problem and δ � ∆mpAq. If
m � 0 and n � 0, then (GIP) is an inequality form problem and δ � maxt∆kpCq :
k P t1, . . . , duu.

Corollary 2.7. For every optimal (GLP) vertex solution x�, there exists an optimal
(GIP) solution z� such that

}z� � x�}1   mintm� t� 1, n� du �
�
min

 
n�m, 2m � logp

?
2m � δ1{mq(� d

	
� δ.

The proximity bound in Corollary 2.7 matches the best known bounds in both the
standard form setting and the inequality form setting.

Going beyond integer linear optimization problems, it would be ideal for proximity
bounds in terms of sparsity to extend to integer programs with separable convex
objective functions (see [36, 41] for similarities between the linear and separable
convex setting). However, for separable convex maximization problems, strong
proximity bounds do not exist for exact solutions, in general, even though sparsity
results apply. In contrast, for separable convex minimization problems, strong
sparsity bounds do not exist for exact solutions, in general, even though the classic
proximity techniques apply.

The paper is structured as follows. In Section 2.2, we present our proofs of the
proximity bound derived from a generic sparsity bound (Lemma 2.3) and the spar-
sity bounds (Theorem 2.4 and Corollary 2.5). Then in Section 2.3, we provide the
proofs of the proximity results for the standard form integer programs (Theo-
rem 2.1 and Theorem 2.2). The proof of the mixed integer case (Corollary 2.6) is
omitted because it is the same as the proof of the pure integer case except that a
different sparsity bound is applied. Additionally, we provide a proof of the prox-
imity result in the general form setting (Corollary 2.7).
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2.2 Proofs regarding sparsity

Given A P Rm�n and I � t1, . . . , nu, we let AI P Rm�|I| denote the columns of A
indexed by I. If I � tiu for some i P t1, . . . , nu, then Ai :� AI . Similarly, given
u P Rn, we let uI P R|I| denote the components of u indexed by I.

Proof of Lemma 2.3. We prove the result by projecting the optimization problems
onto the union of the supports of x� and an optimal (IP) solution with minimal
support. Let z̄ P Zn

¥0 be an optimal (IP) solution with minimum support. By the
definition of S we have | supppz̄q| � S. As x� is an optimal vertex solution of (LP)
we also have | supppx�q| ¤ m. Define

H :� supppx�q Y supppz̄q,
and note that

|H| � | supppx�q Y supppz̄q| ¤ | supppx�q| � | supppz̄q| ¤ | supppx�q| � S. (2.8)

If n � m, then A is invertible and there exists a unique solution A�1b to the system
Ax � b. In this case x� � z̄ � A�1b. Therefore, }x� � z̄}1 � 0. For the rest of the
proof, we assume that n ¡ m and H � t1, . . . , |H|u.
Consider the optimization problems

max
 
c⊺Hz : AHz � b, z P Z|H|

¥0

(
(IP2)

and
max

 
c⊺Hx : AHx � b, x P R|H|

¥0

(
. (LP2)

Observe that x�H is an optimal vertex solution for (LP2), and z̄H is an optimal
solution for (IP2).

Rewrite (LP2) in inequality form:

max
 
c⊺Hx : AHx � b,�IHx ¤ 0, x P R|H|

(
,

where IH is the |H|�|H| identity matrix. Partition the rows of �IH into D1 and D2

such that D1z̄H   D1x
�
H and D2z̄H ¥ D2x

�
H . Define the pointed polyhedral cone

K :�  
u P R|H| : AHu � 0, D1u ¤ 0, D2u ¥ 0

(
. (2.9)

Observe that z̄H � x�H P K. By (2.8) we see that the rank of AH is at least
| supppx�q| because the columns of A corresponding to the support x� are linearly
independent. Thus, the dimension of K, which we denote by dimpKq, is at most
| supppx�q| � S � rankpAHq ¤ S.

Let U :� tu1, . . . , utu � R|H|zt0u be a set of vectors that generate the extreme rays
of K, i.e.,

K �
" ţ

i�1

λiu
i : λi ¥ 0 @ i P t1, . . . , tu

*

and ui satisfies |H| � 1 linearly independent constraints in (2.9) at equality for
each i P t1, . . . , tu.
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Claim 1. For each ũ P U we have

| supppũq| ¤ m� 1. (2.10)

Also, each ũ P U can be scaled to have integer components and satisfy }ũ}8 ¤ ∆.

Proof. Set T :� supppũq and without loss of generality assume T � t1, . . . , |T |u.
Recall that ũ satisfies a set of |H| � 1 linearly independent constraints in (2.9)
at equality. One such set is composed of |H| � |T | constraints from the system
D1ũ ¤ 0, D2ũ ¥ 0 and |T | � 1 constraints from 0 � AH ũ � AT ũT . By this choice
of constraints it follows that

| supppũq| � |T | ¤ m� 1

and |T | � 1 ¤ rankpAT q ¤ mint|T |,mu. Recalling n ¡ m and rankpAq � m,
the latter inequalities imply that there exists an index set T satisfying T � T �
t1, . . . , nu, AT P Zm�pm�1q and rankpAT q � m.

Let ū P Rm�1 denote the vector obtained by appending m � 1 � |T | zeros to ũT .
There exists an index set I � T with |I| � m and AI invertible. Let i denote the
singleton in T zI. Because AT ū � 0, we have

AI ūI � �Aiūi.

If ūi � 0, then ū � 0 and so ũ � 0. However, this contradicts that ũ P U . Hence,
ūi � 0. Scale ū such that |ūi| � | detpAIq|. Applying Cramer’s rule demonstrates
that

|ūj| � | detpAIYtiuztjuq| @ j P I.

Hence, ū, and consequently ũ, can be scaled to have integer components with
}ũ}8 ¤ ∆.

For the rest of the proof we assume that each ũ P U is scaled such that the conclu-
sions of Claim 1 hold.

Recall z̄H � x�H P K. By Carathéodory’s theorem, there exists an index set I �
t1, . . . , tu with |I| ¤ dimpKq ¤ S and λi P R¥0 for each i P I such that

z̄H � x�H �
¸
iPI

λiu
i.

Set w :� °
iPItλiuu

i. Using standard techniques in proximity proofs (see, e.g., [21,
Theorem 1]), it can be verified that z̃ :� z̄H � w is a feasible solution to (IP2),
x̃ :� x�H � w is a feasible solution to (LP2), and

c⊺H z̄H � c⊺Hx
�
H � c⊺H z̃ � c⊺H x̃. (2.11)

Because x�H is optimal for (LP2), we have c⊺H x̃ ¤ c⊺Hx
�
H . Combining this with (2.11)

proves that c⊺H z̃ ¥ c⊺H z̄H . Because z̄H is optimal for (IP2), we have c⊺H z̃ � c⊺H z̄H
and z̃ is also an optimal solution to (IP2).
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Define z� P Zn
¥0 component-wise to be

z�i :�
#
z̃i if i P t1, . . . , |H|u
0 otherwise.

By construction z� is an optimal solution to (IP) because Az� � AH z̃ � AH z̄H � b
and c⊺z� � c⊺H z̃ � c⊺H z̄H � c⊺z̄. By (2.8) and (2.10), we arrive at the final result:

}z� � x�}1 � }z̃ � x�H}1 ¤
¸
iPI

pλi � tλiuq}ui}1

  pm� 1q � S � }ui}8 ¤ pm� 1q � S �∆.

Proof of Theorem 2.4. Let z� be an optimal solution of (IP) with minimum support.
The definition of S states that S :� | supppz�q|. Define Ã P Zm�S as the submatrix
of A corresponding to the support of z�. If S ¤ 2m, then the result holds. Thus,
assume that S ¡ 2m, which implies logpS{mq   pS{mq � 1. Theorem 1 in Aliev et
al. [3] states that

S   m� log

�b
detpÃÃ⊺q



.

The Cauchy-Binet formula for detpÃÃ⊺q states that

detpÃÃ⊺q �
¸

B is an m�m
submatrix of Ã

detpBq2.

See, e.g., [43]. Combining the previous inequalities yields

S   m� log

�b
detpÃÃ⊺q



¤ m� log

�d�
S

m



∆2

�

¤ m� log
�
Sm{2∆

� � m� m

2
log

�
S

m



� m

2
logpmq � logp∆q

  m� m

2

�
S

m
� 1



� m

2
logpmq � logp∆q � S

2
� m

2
� m

2
logpmq � logp∆q.

Therefore,

| supppz�q| � S   m�m logpmq � 2 logp∆q ¤ 2m log
�?

2m �∆1{m
�
.

Proof of Corollary 2.5. Let z� be an optimal (MIP) solution with minimal support.
By applying Theorem 2.4 to the standard form integer program with constraint
matrix AI and right hand side b � AJ z

�
J P Zm, where J :� t1, . . . , nuzI, we see

that
| supppz�Iq|   2m log

�?
2m �∆1{m

�
.
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Similarly, by considering the standard form linear program with constraint matrix
AJ and right hand side b� AIz

�
I , we see that | supppz�J q| ¤ m. Hence,

| supppz�q| ¤ | supppz�J q| � | supppz�Iq| ¤ m� 2m log
�?

2m �∆1{m
�
.

2.3 Results on proximity

Proof of Theorem 2.1. For now assume that m ¥ 2. Combining Lemma 2.3 with
Theorem 2.4 demonstrates that there exists an optimal (IP) solution z� satisfying

}z� � x�}1   pm� 1q � S �∆
¤ pm� 1q � 2m logp

?
2m �∆1{mq �∆

¤ 3m2 logp
?
2m �∆1{mq �∆.

This completes the proof when m ¥ 2.

It is left to consider the case m � 1. Here we have ∆ � }A}8. If ∆ � 1, then
x� is integral and there is nothing to prove. Thus, assume ∆ ¥ 2. The proximity
bound (2.3) states that there exists an optimal solution z� to (IP) satisfying

}z� � x�}1 ¤ 2 � }A}8 � 1 � 2∆� 1   3∆ ¤ 3m2 logp
?
2m �∆1{mq �∆.

This completes the proof.

We use the following result to prove Theorem 2.2.

Lemma 2.8 (Theorem 1 in [22]). For every ε ¡ 0, there exists an m�m submatrix
B of A satisfying

∆ ¤ | detpBq| � pe � ln pp1� εq �mqqm{2 .
The matrix B can be found in time that is polynomial in m,n, and 1{ε.

Setting ε � 1{m in Lemma 2.8 yields the approximation factor

∆ ¤ | detpBq| � pe � ln pm� 1qqm{2

� | detpBq| �
�

e

logpeq � logpm� 1q

m{2

¤ | detpBq| � p2 � logpm� 1qqm{2,
which is precisely (2.6).

Proof of Theorem 2.2. Let B be an m � m submatrix of A satisfying (2.6). There
exists a unimodular matrix U P Zm�m such that UB is an upper triangular matrix
with non-negative diagonal entries di.
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Unimodular matrices preserve the absolute value of m�m determinants, so | detpBq| �
| detpUBq|. By (2.6) we see that

∆ ¤ | detpBq| � p2 � logpm� 1qqm{2 � | detpUBq| � p2 � logpm� 1qqm{2

�
� m¹

i�1

di



� p2 � logpm� 1qqm{2 ¤ }UB}m8 � p2 � logpm� 1qqm{2.

By applying Theorem 2.1 we obtain the bound

}z� � x�}1  3m2 logp
?
2m �∆1{mq �∆

 3m2 logp2
a
m logpm� 1q}UB}8q � p2 logpm� 1qqm{2 � }UB}m8.

This completes the proof.

Next, we present a proof of Corollary 2.7. We advise the reader that the proof is
similar to the proof of Lemma 2.3.

Proof of Corollary 2.7. Let z� be an optimal solution to (GIP) with minimal support
on the first n components. Consider the n-dimensional integer program obtained
by fixing the last d variables of (GIP) to the last d components of z�. Similarly,
consider the n-dimensional linear program obtained by fixing the last d variables
of (GLP) to the last d components of x�. These lower dimensional problems are
in standard form. Therefore, by applying Theorem 2.4 to these lower dimensional
problems and recalling ∆mpAq ¤ δ we see that

S̄ :� | supppz�q X t1, . . . , nu| ¤ 2m � logp
?
2m � δ1{mq

and
| supppx�q Y supppz�q| ¤ mintn, S̄ �mu � d.

We project the original optimization problems onto the variables corresponding to
| supppx�q Y supppz�q| to bound proximity. We complete the proof of the corollary
by showing

}z� � x�}1   mintm� t� 1, n� du �mintn� d�m, S̄ � du � δ.

As in the proof of Lemma 2.3, we create a pointed cone from the constraints defin-
ing (GIP). In order to assure a pointed cone, we introduce redundant constraints.
Let b3 P Zd be the vector where every component is r}x�}8s� }z�}8, and define

D :�
�
� 0 C
�In 0
0 Id

�

P Zpt�n�dq�pn�dq and f �

�
�b2

0
b3

�

P Zt�n�d.

By construction, z� is an optimal solution to the integer program

max

"
c⊺z :

rA,Bsz � b1, Dz ¤ f, z P Zn�d,

zi � 0 @ i P t1, . . . , d� nuzpsupppx�q Y supppz�qq
*
,
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and x� is an optimal vertex solution to the corresponding linear relaxation.

Subdivide the rows of D such that D1z
�   D1x

� and D2z
� ¥ D2x

�. Define the
polyhedral cone

K :�
$&
%u P Rn�d :

rA,Bsu � 0,

�
D1

�D2



u ¤ 0,

ui � 0 @ i P t1, . . . , d� nuzpsupppx�q Y supppz�qq

,.
- .

Observe that z� � x� P K. Moreover, the introduction of b3 and Id ensures that
rankpDq � n � d and that K is pointed. We bound dimpKq in two ways by count-
ing the number of linearly independent equations in the definition of K. First,
there are m linearly independent constraints of the form rA,Bsu � 0 because
rankprA, Bsq � m. Second, there are n� d� | supppx�q Y supppz�q| many linearly
independent constraints of the form ui � 0. Additional linearly independent equa-
tions that are independent from this second set are | supppx�q X t1, . . . , nu| many
rows from rA,Bsu � 0 corresponding to the independent columns of supppx�q X
t1, . . . , nu . Hence, dimpKq can be upper bounded as follows:

dimpKq ¤mintn� d�m, |rsupppx�q Y supppz�qs X tn� 1, . . . , n� du| � S̄u
¤mintn� d�m, d� S̄u.

Let U be a finite set generating the extreme rays of K. The proof of Claim 1 can
be used to demonstrate that for each ũ P U we have

| supppũq| ¤ mintm� t� 1, n� du,

and each ũ P U can be scaled such that ũ P Zn�d and }ũ}8 ¤ δ. The main difference
that arises when repeating this proof is that the matrices D1 and D2 contain rows
of r0, Cs rather than simply rows from the identity matrix as was the case in the
proof of Lemma 2.3. It is this difference that necessitates the choice of the data
parameter δ and dictates its definition.

By Carathéodory’s theorem there exist k ¤ dimpKq vectors u1, . . . , uk P U and
coefficients λ1, . . . , λk P R¥0 such that z��x� � °k

i�1 λiu
i. Because z��°k

i�1tλiuu
i

is also an optimal solution to (GIP), we can assume without loss of generality that
λ1, . . . , λk   1 (the reasoning is similar to that in the proof of Lemma 2.3). This
implies that

}z� � x�}1 ¤
ķ

i�1

λi}ui}1   mintm� t� 1, n� du � dimpKq � δ

¤ mintm� t� 1, n� du �mintn� d�m, S̄ � du � δ.

This completes the proof.





Chapter 3

Polynomial Upper Bounds on the
Number of Differing Columns of
∆-Modular Integer Programs

The following chapter appeared in [52]. Thanks to Jim Geelen for bringing aware-
ness to the results in [30], Stefan Kuhlmann for his comments on our lower bound
construction, and Rico Zenklusen for his comments regarding [15].

3.1 Introduction.

The feasible region of an integer linear program with box constraints can be writ-
ten as

IP :� tx P Zn : Ax � b, ℓ ¤ x ¤ uu,
for a constraint matrix A P Zm�n with rankA � m and vectors b P Zm and
ℓ,u P pZ Y t�8uqn with ℓ   u. Integer programs have been used for many
decades to model problems in operations research, computer science, and mathe-
matics; see [16, 56, 63] and the references therein. One parameter that impacts
the structure of IP is the largest absolute m�m minor of A, which we denote by

∆pAq :� max t| detB| : B is an m�m submatrix of Au .
We say that A is ∆-modular if ∆pAq ¤ ∆.

To illustrate the impact that ∆pAq has on IP, consider the distance between IP and
its linear relaxation

LP :� tx P Rn : Ax � b, ℓ ¤ x ¤ uu.
This distance, which is referred to as proximity in the literature, is defined as the
maximum distance from any vertex of LP to the closest feasible IP solution:

π :� max
x� is a vertex

of LP

min
z�PIP

}x� � z�}1.
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COLUMNS OF ∆-MODULAR INTEGER PROGRAMS

We assume IP � H whenever discussing π. Proximity is often used in the analysis
of integer programming algorithms. For instance, proximity can also be used to
bound the state space of a dynamic program [29]. Proximity also translates into
an upper bound on the integrality gap: for an objective vector c P Rn and vectors
x� P LP and z� P IP that maximize x Ñ c⊺x over LP and IP, respectively, the
integrality gap |c⊺x� � c⊺z�| is at most π � }c}8. In a seminal paper by Cook et
al. [21], they showed that π ¤ n2∆pAq.1 Eisenbrand and Weismantel [29] proved
π ¤ mp2m}A}8 � 1qm, where }A}8 is the largest absolute entry of A; this was the
first upper bound on π that was independent of n. Their proof approach extends2

to show
π ¤ mp2m� 1qm∆pAq.

In the special case when ℓ � 0 and u � 8, Lee et al. [51] demonstrated that
π ¤ 3m2 log2p

?
2m∆pAq1{mq∆pAq; their proof crucially relied on sparsity results

that are not applicable when ℓ and u take general values [4]. No upper bounds
on π have been provided that are polynomial in ∆pAq and m for general values of
ℓ and u.

Testing if IP � H is NP-hard in general [19], although it can be tested in poly-
nomial time if n is fixed [53]. The parameter ∆pAq is also known to influence
how efficiently we can test if IP � H, at least when ∆pAq is small. For example,
every vertex of LP is integer valued when ∆pAq � 1. Therefore, testing if IP � H
simplifies to testing if LP � H. Matrices with ∆pAq � 1 are called unimodular,
and after elementary row operations they are equivalent to totally unimodular
(TU) matrices. The study of TU matrices dates back to Hoffman and Kruskal [42]
with one prominent example being the vertex-edge incidence matrix of a bipartite
graph. It remains an open question if IP � H can be tested efficiently when ∆pAq
is fixed.

If ∆pAq � 2, then A is called bimodular. One prominent example of a bimodular
matrix is the vertex-edge incidence matrix of a graph whose so-called odd cycle
packing number is one; see [17, 18] for combinatorial optimization algorithms
over such graphs. When the constraint matrix is bimodular, the vertices of LP may
not be integer valued. However, such matrices do impose the nice property that if
IP � H, then every vertex of LP lies on an edge containing a vector in IP [72];
Veselov and Chirkov used this property in a polynomial time algorithm to test if
IP � H when A contains no m�m minors equal to zero. Artmann et al. [8] used
a more combinatorial approach to design an optimization algorithm that runs in
strongly polynomial time for general bimodular matrices. The algorithm in [8]
heavily relies on Seymour’s combinatorial characterization of TU matrices [65].
Cevallos et al. [15, Theorem 5.4] argue that compact linear extended formula-
tions (LEFs) do not always exist for bimodular integer programs; in their paper,
they write “A natural approach to solve bimodular integer programs would have
been to try to find a compact LEF of the feasible solutions to (conic) bimodular in-

1Cook et al.’s original result considers inequality-form polyhedra, the ℓ8 rather than ℓ1-
distance, and totally ∆-modular matrices, which have all absolute minors bounded by ∆. A
closer analysis revealed that ∆pAq suffices; see [51, Lemma 3].

2See the footnote on Page 3 of [58] for a discussion on this extension.
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teger programs, thus avoiding the partially involved combinatorial techniques used
in [8], which is so far the only method to efficiently solve bimodular integer pro-
grams. Theorem 5.4 shows that this approach cannot succeed.” Glanzer et al. used
combinatorial properties of the constraint matrix to optimize over IP efficiently in
the setting when A has at most three distinct absolute determinants [32]. These
examples illustrate the importance of combinatorial properties of the constraint
matrix; this leads to a third, more combinatorial, property of IP that is influenced
by ∆pAq: the number of differing columns that A can have.

We say that two vectors a, a P Rd differ if a � �a.3 We say that a multiset X � Rd

has differing columns if every pair of vectors in X differs and 0 R X. We also treat
the matrix A as a multiset of its columns, and we denote the number of differing
columns by |A|. For m,∆ P Z¥1, we denote the maximum number of differing
columns in a ∆-modular matrix by

cp∆,mq :� max t|A| : A � Zm, rankA � m, and ∆pAq ¤ ∆u .
The rankA � m condition is necessary. Otherwise, one can add a row of all zeros
to any integer-valued matrix with m � 1 rows; the resulting matrix A will have
∆pAq � 0.

One of the first bounds on cp∆,mq is due to Heller [40], who proved cp1,mq �
1{2 � pm2 �mq. Early generalizations of Heller’s result focused on cp∆,mq for fixed
values of ∆. Lee showed cp∆,mq ¤ fLp∆q � m2∆ [50, Proposition 10.1] for some
function fL, and Anstee showed cp∆,mq P Opm2∆p1�log2 ∆qq for totally ∆-modular
matrices [6, Theorem 3.2]. In the case when A only contains primitive columns,
Kung showed |A| ¤ fKp∆q �m2 for a super-polynomial function fK [49, Theorem
1.1], and |A| ¤ m2 when no nonzero minor is divisible by three [48, Theorem
1.1]. Oxley and Walsh recently showed |A| ¤ 1{2 � pm2 � mq � m � 1 when A
is bimodular, but only when A contains primitive columns, and only when m is
sufficiently large [60, Theorem 1.1]. The best known upper bound on cp∆,mq for
fixed ∆ is given by Geelen et al. [30, Theorem 2.2.4]. They demonstrated that
cp∆,mq ¤ 1{2 �m2 � fGp∆qm, where fGp∆q is a number that can be lower bounded
by the “power tower” with base ∆ iterated three times.

For fixed values of m, the best known upper bound on cp∆,mqwas due to Heller [40]
and Glanzer et al. [34]:

cp∆,mq ¤

$''&
''%

1{2 � pm2 �mq, if ∆ � 1;

m2∆, if ∆ � 2, 3;

1{2 �m2∆2�log2 log2p∆q, if ∆ ¥ 4.

(3.1)

The inequality cp3,mq ¤ 3m2 is present in the analysis in [34, Subsection 3.3] but
not stated. In summary, neither Geelen et al. nor Glanzer et al. provided an upper
bound on cp∆,mq that is polynomial in ∆.

An interesting variation of cp∆,mq is considered by Oxley and Walsh [60] and
Kung [48, 49], who considered the maximum number of differing primitive columns

3Glanzer et al. [34] used the term distinctive rather than differing.
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in a ∆-modular matrix, which we denote by cpp∆,mq; a primitive vector v �
pv1, . . . , vtq is an integer valued vector with gcdtv1, . . . , vtu � 1. It is easy to see that
cpp1,mq � cp1,mq, and only when ∆ ¥ 2 is there a distinction between cpp∆,mq
and cp∆,mq. By identifying excluded minors in matroids representable by bimod-
ular matrices, Oxley and Walsh gave a bound of cpp2,mq � cp1,mq�m�1 for suffi-
ciently large values of m. Our analysis shows cpp2,mq � cp1,mq �m for m P t3, 5u
and cpp2,mq � cp1,mq�m�1 otherwise; for a lower bound, see our tight example
analysis in Section 3.4, and for a matching upper bound, see (3.20) (3.21), (3.22)
in Section 3.4. Of course, the big open question in this line of work is the deter-
mination of cp∆,mq and cpp∆,mq for general values of ∆.

3.1.1 Statement of results.

Our first main result is the exact value of cp2,mq. This is the first tight column
number bound since Heller’s result.

Theorem 3.1 (An exact bound when ∆ � 2). For every m P Z¥1, we have

cp2,mq � 1

2
pm2 �mq �m.

Our proof of Theorem 3.1 reveals new combinatorial properties about bimodular
matrices. We show that submatrices contain at most one disjoint circuit, which
is an inclusion-wise minimal set of linearly dependent columns; this generalizes
a result of Heller that certain submatrices of TU matrices have no circuits. See
Lemma 3.12 for a precise statement and Section 3.3 for more discussion. As pre-
viously quoted, combinatorial properties of the constraint matrix are critical in
algorithms designed for ∆-modular IPs. For this reason, we believe our combina-
torial analysis may be of independent interest.

Our proof of Theorem 3.1 requires a lower bound on cp2,mq. We give a bound for
general ∆.

Proposition 3.2 (A lower bound on cp∆,mq). For every ∆,m P Z¥1, we have

1

2
pm2 �mq �mp∆� 1q ¤ cp∆,mq.

Geelen et al.’s result implies that cp∆,mq � cp1,mq � hp∆qm for some function h.
Heller’s result and Theorem 3.1 support our conjecture that hp∆q � ∆ � 1; we
prove this when m ¤ 2.

Proposition 3.3 (An exact bound when m ¤ 2). Suppose m ¤ 2. For every ∆ P Z¥1,
we have

cp∆,mq � 1

2
pm2 �mq �mp∆� 1q.

Our second main result is the first upper bound on cp∆,mq that is polynomial in
∆ and m.
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Theorem 3.4 (An upper bound on cp∆,mq). For every ∆,m P Z¥1, we have

cp∆,mq ¤
#

1{2 � pm2 �mq �mp∆� 1q, if ∆ ¤ 2;

1{2 � pm2 �mq∆2, if ∆ ¥ 3.

Our third main results connects cp∆,mq with the proximity value π. We apply
Theorem 3.4 to establish the first upper bound on π that is polynomial in m and
∆pAq. Unlike in [51], our new bound applies when the variable bounds ℓ and u
are arbitrary.

Theorem 3.5 (LP to IP proximity). Set ∆ :� ∆pAq, where A P Zm�n is the con-
straint matrix in IP. The proximity value π satisfies

π ¤ pm� 1q∆p2cp∆,mq � 1q ¤ mpm� 1q2∆3 � pm� 1q∆.

Column number bounds can also be applied to bound so-called Graver basis ele-
ments in test sets for integer programs; see, e.g., [54, §3.7]. By directly substitut-
ing Theorem 3.4 into the results in [54, §3.7], one derives a bound of Opm3∆3q on
the ℓ1-norm of Graver basis vectors; the previously known bound of Opmm∆q can
be found in Diaconis et al. [23, Theorem 1] or by modifying a proof of Eisenbrand
et al. [26, Lemma 2].

The paper proceeds as follows. We begin with a proof of Proposition 3.2 be-
cause it is used to establish the equations in Theorem 3.1 and Proposition 3.3; see
Section 3.2. Our new combinatorial results for bimodular matrices are given in
Section 3.3. Sections 3.4, 3.5, 3.6, and 3.7 contain the proofs of Theorem 3.1,
Proposition 3.3, Theorem 3.4, and Theorem 3.5, respectively.

Notation and preliminaries. We use bold font to denote vectors in dimension
two or higher. 0, 1, and Ik denote the all-zero matrix, the all-one matrix, and the
k � k identity matrix, respectively. We denote the ith standard unit vector in Rt

by eit. For the ith standard unit vector in Rm, we drop the subscript and write ei.
We use a⊺ to denote a row vector. We write rb1| � � � |bts to denote a matrix with
columns b1, . . . ,bt�1, and bt. We often partition the rows of a matrix, and it is
convenient to refer to these inline; for matrices B P Zr�t and C P Zs�t, we adopt
the notation

pB,Cq :�
�
B
C

�
P Zpr�sq�t.

A basis is an invertible (square) matrix. We let convB and spanB denote the
convex hull of and the linear space spanned by the columns of B � Rd, respec-
tively. For v � pv1, . . . , vtq P Rt, we denote the support of v by suppv :� ti �
1, . . . , t : vi � 0u. A ∆-modular matrix B with differing columns is maximal if
there does not exist a ∆-modular matrix B1 � B with differing columns.

We use elementary operations to refer to elementary row operations that pre-
serve integrality. Elementary operations do not affect differing columns or ∆-
modularity of a matrix. We write B � B1 if B and B1 are equivalent up to elemen-
tary operations. We also freely swap columns and multiply them by �1 because
these operations do not affect differing columns or ∆-modularity.
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We often analyze the determinant structure of matrices with linearly dependent
rows. To do this, we note that every matrix B P Zm�n can be transformed via
elementary operations into a matrix pB,0q, where B P ZrankB�n has full row rank.
We always use B to denote a full row rank projection of B obtained via elementary
operations. Elementary operations preserve linear relationships, so the following
holds:

Let rB|bs �
�
B b
0 0

�
and v P R|B|. We have Bv � b if and only if Bv � b.

(3.2)
Consequently,

if A is ∆-modular with rankA � m and B � A, then B is ∆-modular. (3.3)

3.2 A proof of Proposition 3.2.

We use a generalization of the lower bound construction given by Heller. Let
m,∆ P Z¥1, and let A P Zm�n consist of the following columns:

(i) ei for every i � 1, . . . ,m.

(ii) ke1 for every k � 2, . . . ,∆.

(iii) ke1 � ei for every k � 1, . . . ,∆ and i � 2, . . . ,m.

(iv) ei � ej for every 2 ¤ i   j ¤ m.

The following example illustrates A for m � 4 and ∆ � 3:�
���

1 0 0 0 2 3 1 1 1 2 2 2 3 3 3 0 0 0
0 1 0 0 0 0 �1 0 0 �1 0 0 �1 0 0 1 1 0
0 0 1 0 0 0 0 �1 0 0 �1 0 0 �1 0 �1 0 1
0 0 0 1 0 0 0 0 �1 0 0 �1 0 0 �1 0 �1 �1

�
��� .

From the definition, we see that A has differing columns, rankA � m, and

|A| � m� p∆� 1q � pm� 1q∆�
�
m� 1

2



� 1

2

�
m2 �m

��mp∆� 1q.

If m � 1, then it is easy to verify that A is ∆-modular. Assume that m ¥ 2 and the
proposition is true for m � 1. Consider a matrix B � A. We prove ∆pAq ¤ ∆ by
proving | detB| ¤ ∆.

Let Â be the matrix formed by the last m � 1 rows of A. The matrix C � Â
corresponding to (iv) form the incidence matrix of a directed graph on m � 1
vertices, and ÂzC is a multiset of standard unit vectors or negatives thereof. It is
well known that ∆pCq � 1 and ∆pÂq � 1; see [63, (4) on Page 268]. Therefore, if
B contains a column of the form (ii), then by expanding detB along this column
and using ∆pÂq � 1, we conclude | detB| ¤ ∆.
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For any column of A, if we project out one of the last m � 1 components, then
the resulting column is either 0 or it is of the form of one of (i)–(iv), albeit in
dimension m � 1, and possibly negated. Thus, if any of the last m � 1 rows of B
contains exactly one non-zero entry, which necessarily equals �1, then we expand
detB along this row and induct on m to conclude | detB| ¤ ∆. In particular, if B
contains a column of the form (i), then | detB| ¤ ∆.

Assume that B only contains columns of the form (iii) and (iv), and each of the
last m � 1 rows of B contain at least two non-zero entries. The invertible matrix
B must contain at least one column of the form (iii) otherwise the first row would
be all-zero. Consider a column of the form (iii) and suppose B also contains a
column of the form (iv) with overlapping support, say B contains a � ke1 � ei

and a1 � ei � ej. The matrix rB|a � a1szta1u � rB|ke1 � ejszta1u has the same
absolute determinant as B and contains one more column satisfying (iii) than B
does. After performing this replacement at most m�2 more times, we can assume
that B does not contain columns of the form (i) or (ii), each of the last m� 1 rows
of B contains at least two non-zero entries, and B does not contain a column of
the form (iii) and a column of the form (iv) with overlapping supports. Given that
B contains a column a � ke1 � ei of the form (iii) and the ith row of B contains
at least two non-zero entries, there exists another a1 P B whose support contains
the index i. After the previous replacement steps, we know that a1 must also be of
the form (iii), that is, a1 � k1e1 � ei for some k1 � k. Note that a� a1 � pk � k1qe1
and rB|a� a1szta1u contains the column pk � k1qe1, which is of the form (i) or (ii).
Hence, | detB| � | detprB|a� a1szta1uq| ¤ ∆.

3.3 Structural properties of bimodular matrices.

In order to motivate the results in this section, we turn to a result of Heller. Con-
sider a TU matrix with differing columns of the form

A �
�
1 β⊺

0 Â

�
, (3.4)

where β P Zn�1 and Â P Zpm�1q�pn�1q. Although A has differing columns, the ma-
trix Â may not. After possibly multiplying columns of A by �1, suppose two non-
differing columns of Â are actually equal. Heller showed that the set of columns
in Â with multiplicity at least two is linearly independent; see [40, (ii) on page
1358]. This linear independence is crucial in his determination of cp1,mq. The
results in this section can be viewed as a generalization of Heller’s result to bi-
modular matrices. It is not hard to find examples where this linear independence
fails to hold for bimodular matrices. Rather than linear independence, we show
that the set of columns in Â with multiplicity at least two can have at most one
circuit after appropriate elementary operations; see Lemma 3.12.

This section is outlined as follows. First, we formally define the set M of columns
with multiplicity at least two; see Equation (3.6). Next, we provide general results
of bimodular matrices in Subsection 3.3.1. We argue that a bimodular matrix
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can have at most one non-primitive column (Lemma 3.6 (i)), and we analyze
circuits in the absence of non-primitive columns in Subsection 3.3.2. Finally, we
provide more precise structural statements about A when it contains two or three
linearly independent columns whose sum is divisible by two; see Subsections 3.3.3
and 3.3.4.

Let A � Zm be a maximal bimodular matrix with rankA � m and differing
columns. For any primitive column a0 P A, we can transform a0 to e1 via ele-
mentary operations to relabel A as (3.4). The columns in (3.4) depend on the
primitive column a0 mapped to e1, and we make specific choices of a0 in later
subsections. By multiplying columns of A by �1, we assume that

if two columns b, c P Â do not differ, then b � c. (3.5)

Assumption (3.5) implies that Â contains a unique maximal set of differing columns,
which we denote by A{e1. We note that if A is a representation of a matroid M,
then A{e1 is a representation of the matroid obtained from M by first contracting
the element e1, then removing “loops”, and finally removing “parallel” columns
that are negations of each other. Note that the matrix A{e1 may contain a column
and a dilation αb for |α| ¥ 2 because we consider differing columns; this distin-
guishes our use of “/ ” from the regular “simplification” of A{e1 in matroid theory.
Nevertheless, our use of the notation “/ ” is meant to evoke the common notation
for matroid contraction.

A matrix B � re1|a1| � � � |am�1s � rp1,0q|pβ1,b
1q| � � � |pβm�1,b

m�1qs � A is a basis if
and only if B{e1 � rb1| � � � |bm�1s � A{e1 is a basis because | detB| � | detB{e1|.
Therefore, A{e1 is bimodular. For each b P Zm�1, we define the original set of
columns in A corresponding to b to be

Opbq :�
"�

β
b

�
P A

*
.

A column a P A is said to be an original of b P A{e1 if a � pβ,bq for some β P Z.
Denote the set of columns of A{e1 with multiple originals by

M :� tb P A{e1 : |Opbq| ¥ 2u. (3.6)

As a reminder, throughout this section we assume bimodularity and maximality of
A, as well as (3.4) and (3.5).

3.3.1 General properties of A and M .

Lemma 3.6. The matrix A satisfies the following properties:

(i) A contains at most one non-primitive column, which needs to be of the form
2a for some a P Zm. Moreover, if A only contains primitive columns, then
|Op0q| � 1.
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(ii) If a P Zm X convr0|A| � As, then ra|As is bimodular. In particular, if b P A{e1
and k :� |Opbq|, then Opbq � tpβ,bq, . . . , pβ � k � 1,bqu � A.

(iii) For each b P A{e1, it follows that |Opbq| ¤ 3.

Proof. (i) Let αa P A be non-primitive with α ¥ 2 and a P Z. Let rαa|Bs � A be
a basis. We have 2 ¥ | detrαa|Bs| � α| detra|Bs| ¥ α because A is bimodular
and ra|Bs is integer valued.

If 2a, 2c P A are distinct non-primitive columns, then they must be linearly
independent because A has differing columns. Let r2a|2c|Bs � A be a basis.
We have 2 ¥ | detr2a|2c|Bs| ¥ 4, which is a contradiction.

(ii) We can write a � °t
i�1 c

ivi, where c1, . . . , ct P r0|A| � As, v1, . . . , vt ¥ 0, and°t
i�1 vi � 1. Fix ra1| � � � |am�1s � A. By multi-linearity of the determinant

and the fact that r0|A| � As is bimodular, it follows that

��det � a a1 � � � am�1
��� �

�����
ţ

i�1

vi det
�
ci a1 � � � am�1

������ ¤
�����

ţ

i�1

vi

����� 2 � 2.

Hence, ra|As is bimodular.

Let b P A{e1 with k � |Opbq|. We have Opbq � tpβ1,bq, . . . , pβk,bqu � A
with β1   β2   � � �   βk by Assumption (3.5). By the maximality of A and
the previous paragraph, we have pβ̂,bq P A for every β1 ¤ β̂ ¤ βk. Hence,
tβ1, β2, . . . , βku � tβ1, β1 � 2, . . . , β1 � k � 1u.

(iii) Assume k :� |Opbq| ¥ 4 for some b P A{e1. By (ii), we know that pβ,bq, pβ�
3,bq P A for some β P Z. Let rB|pβ,bq|pβ � 3,bqs � A be a basis. We have

2 ¥
����det

�
B

β
b

β � 3
b

����� �
����det

�
B

β
b

3
0

����� ¥ 3,

which is a contradiction.

Recall the ‘bar’ notation defined in (3.2): We write C � pC,0q P Zm�d, where
C P ZrankC�d.

Lemma 3.7. Assume that A only contains primitive columns. Let C �M be a circuit.
Then

(i) 3 ¤ |C| ¤ 4.

(ii) There exists a vector γ P Z|C| such that
��det �γ⊺, C

��� � 2, where
�
γ⊺, C

� P
Z|C|�|C|.

(iii) If C is unimodular, then γ in (ii) satisfies 1{2 �°aPpγ⊺,Cq a P Zm.

(iv) If C is not unimodular, then |C| � 3. Consequently, γ in (ii) satisfies 1{2�pa�a1q
for two columns a, a1 P pγ⊺, Cq.
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Proof. Set t :� |C| and C :� rb1| � � � |bts. We have t ¥ 3 otherwise A contains a
non-primitive column. By Cramer’s rule, bt � °t�1

i�1 b
ivi for some pv1, . . . , vt�1q �:

v P t�2,�1,�1{2ut�1. If vi P t�2u for some i, then swap the roles of i and t so that
v P t�1,�1{2ut�1. By (3.3), we can assume that C � C to simplify the remaining
proof.

For each i � 1, . . . , t, the inclusion bi P M implies pβ,biq P A for at least two
choices of β P Z. By Lemma 3.6 (ii)-(iii), we have pβ,biq P A for every β P
tβi, . . . , βi � kiu, where ki P t1, 2u. At least one value ei P tβi, . . . , βi � kiu is even.

Define the sets

Ω :� tω � pω1, . . . , ωt�1q : ωi P tβi, βi � 1u @ i � 1, . . . , t� 1u , and
Σ :� tω⊺v : ω P Ωu.

Each component of v is non-zero, so |Σ| ¥ t ¥ 3. For each ω P Ω and ωt P
tβt, βt � 1u,����det

�
ω1 � � � ωt�1 ωt

b1 bt�1 bt

����� �
����det

�
ω1 � � � ωt�1 ωt � ω⊺v
b1 bt�1 0

�����
� ��det � b1 � � � bt�1

��� � |ωt � ω⊺v| ¤ 2.

Suppose | detrb1| � � � |bt�1s| � 1, i.e., C is unimodular. By Cramer’s rule, v P
t�1ut�1 and Σ � Z. Hence, ωt � ω⊺v P t�2,�1, 0u for each ωt P tβt, βt � 1u
and ω⊺v P Σ. This implies that 4 ¥ |Σ| ¥ t ¥ 3 and that there exists at least one
choice ω̂⊺v and ω̂t such that |ω̂t � ω̂⊺v| � 2. From the previous equation, we see
that Property (ii) holds with γ :� pω̂, ω̂tq. We also have that

¸
aPpγ⊺,Cq

a �
�
ω̂t

bt

�
�

t�1̧

i�1

vi

�
ω̂i

bi

�
�

t�1̧

i�1

p1�viq
�
ω̂i

bi

�
�
�
ω̂t � ω̂⊺v

0

�
�

t�1̧

i�1

p1�viq
�
ω̂i

bi

�

has all even components because v P t�1ut�1; this implies that (iii) holds.

Suppose | detrb1| � � � |bt�1s| � 2, i.e., C is not unimodular. We have ωt � ω⊺v P
t�1,�1{2, 0u for each ωt P tβt, βt � 1u and ω⊺v P Σ. If t ¥ 4, then σmax � σmin ¥ 3{2,
where σmin and σmax are the minimum and maximum values in Σ, respectively.
Therefore, pβt � 1q � σmin ¡ 1 or βt � σmax   �1, which is a contradiction. Thus,
|Σ| � t � 3, and v P t�1{2ut�1. Furthermore, there is at least one choice ω̂⊺v
and ω̂t such that |ω̂t � ω̂⊺v| � 1. Property (ii) holds with γ :� pω̂, ω̂tq. We have
b3 � b1v1 � b2v2 P Zm�1, which implies 1{2 � pb1 � b2q P Zm�1 because v P t�1{2u2.
Similarly, 1{2 � pω̂1� ω̂2q P Z because v P t�1{2u2, |ω̂3� ω̂⊺v| � 1, and ω̂3 P Z. Hence,
1{2 � ppω̂1,b

1q � pω̂2,b
2qq P Zm, which implies that (iv) holds.

3.3.2 Circuits in M when A contains only primitive columns.

In this subsection, we assume that A only contains primitive columns and M con-
tains a circuit; these assumptions allow us to apply Lemma 3.7. Choose B� � A
satisfying

B� is linearly independent and
1

2
�
¸

aPB�

a P Zm, (3.7)
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and minimizing |B�|. The set B� exists and |B�| ¤ 4 by Lemma 3.7 (iii)-(iv). Fur-
thermore, 2 ¤ |B�| because we assumed that A only contains primitive columns.
After applying elementary operations, we assume that

B� � �
e1 � � � e|B�|�1 e1 � � � � � e|B

�|�1 � 2e|B
�|

�
. (3.8)

Lemma 3.8. After possibly multiplying columns of A by �1, we can assume that

AX spanB� � B� Y
#
e|B

�| �
|B�|�1¸
i�1

αie
i : α1, . . . , α|B�|�1 P t0, 1u

+
. (3.9)

Furthermore, |Opbq| � 1 for each b P B�{e1 and

M � tb P A{e1 : |Opbq| � 2u. (3.10)

Proof. Set s :� |B�| ¥ 2. Let a P A X spanB�zB�. By Cramer’s rule and the
assumption that A is bimodular, we can write a � B�v, where v � pv1, . . . , vsq P
t�1,�1{2, 0us. For proving (3.9), it suffices to show vs � 1{2 because a � B�v P Zm

implies vi P t�1{2u for all i � 1, . . . , s� 1.

Set I :� supppv1, . . . , vs�1q. Suppose vs � 0; then v P t0,�1us and |I| ¤ 1 other-
wise 1{2�pa�pe1�� � ��es�1�2esq�°iPt1,...,s�1uzI e

iq P Zm, which contradicts the min-
imality of B�. However, |I| ¤ 1 implies a P B�, which is a contradiction. Suppose
vs P t�1u; then v P t0,�1us and |I| � 0 otherwise 1{2 � pa �°

iPt1,...,s�1uzI e
iq P Zm,

which contradicts the minimality of B�. However, |I| � 0 implies a � 0, which
contradicts that A has differing columns. Thus, vs � �1{2 and by possibly replacing
a by �a, we assume that vs � 1{2. This proves (3.9).

It follows directly from (3.9) that |Opbq| � 1 for each b P B�{e1. Assume to the
contrary that |Opbq| ¥ 3 for some b P A{e1. It follows from Lemma 3.6 (ii)-
(iii) that Opbq � ta, a � e1, a � 2e1u for some a P A. Inclusion (3.9) implies
that if c P A X spanB�, then c � 2e1 R A. Therefore a R spanB�, and C �
re2| � � � |es�1|e1� � � � � es�1� 2es|a|a� 2e1s � A has linearly independent columns.
Recall (3.2): we have C � pC,0q, where

C � �
e2s�1 � � � es�1

s�1 e1s�1 � � � � � es�1
s�1 � 2ess�1 a a� 2e1s�1

� P Zps�1q�ps�1q

is invertible and
��detC�� ¥ 4, which contradicts (3.3).

Define the matrices

C� :�
#
e
|B�|�1
m�1 �

|B�|�2¸
i�1

αie
i
m�1 : α1, . . . , α|B�|�2 P t0, 1u

+
(3.11)

and

D� :� B�{e1 �
�
e1m�1 e2m�1 � � � e|B�|�2

m�1 e1m�1 � � � � � e
|B�|�2
m�1 � 2e

|B�|�1
m�1

�
.

(3.12)
By (3.9), we can assume that C� contains all columns in pA X spanB�q{e1 that
have multiple originals, i.e., M X spanD� � C�.
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Lemma 3.9. If rb|b � ds � M for some b P MzC� and d P spanD�, then d P
rD�| �D�s.

Proof. Set s :� |B�| � 1 ¥ 1. By Cramer’s rule and the bimodularity of A{e1, we
have d � D�v, where v � pv1, . . . , vsq P t�1,�1{2, 0us. Set D� � rd1| � � � |dss. Recall
(3.2):

rD�|b|b� ds �
�
� D� 0 d

0 1 1
0 0 0

�
�

where D� � rd1| � � � |dss � re1s| � � � |es�1
s |e1s � � � � � es�1

s � 2esss and d � D�v. For
every choices of pγ1,bq and pγ2,b� dq in A, we have������det

�
� 0 0 1 γ1 γ2

d1 � � � ds�1 ds 0 d
0 0 0 1 1

�
�
������ � 2|γ2 � γ1 � vs| ¤ 2.

If vs R Z, then 2pγ2 � γ1 � vsq is odd and contained in t�2,�1, 0u. There are
two choices for both γ1 and γ2 because rb|b � ds � M . However, this means
that there are at least three distinct odd values of 2pγ2 � γ1 � vsq in t�2,�1, 0u,
which is a contradiction. Hence, vs P Z. This implies that v P t�1, 0us because
D�v � d P Zm�1.

Set I :� supppv1, . . . , vsq. If |I| ¥ 2, then 1{2 � pd � °
iPt1,...,suzI d

iq P Zm�1. This
implies there exist originals of b,b�d, and di for each i P t1, . . . , suzI that satisfy
(3.7). However, there are only s � 2 � |I|   s � 1 � |B�| columns here, which
contradicts the minimality of B�. Hence, |I| � 1 and d P rD�| �D�s.

Lemma 3.10. If C � rb1| � � � |bts � M is a circuit, then rD�|bj1 | � � � |bjt�1s contains
a circuit for every choice of indices j1, . . . , jt�1 P t1, . . . , tu.

Proof. Set s :� |B�|�1 ¥ 1, and set D� � rd1| � � � |dss. Assume to the contrary that
rD�|b1| � � � |bt�1s has linearly independent columns. Using linear independence
and (3.2), we have

rD�|Cs �
�
� D 0

0 C
0 0

�
� ,

where D� � rd1| � � � |dss � re1s| � � � |es�1
s |e1s � � � � � es�1

s � 2esss and C P Zpt�1q�t. By
Lemma 3.7 (ii), there exists some γ � pγ1, . . . , γtq P Zt such that pγ⊺, Cq � A and
| detpγ⊺, Cq| � 2. Therefore,

������det
�
� 0 0 1 γ⊺

d1 � � � ds�1 ds 0
0 0 0 C

�
�
������ �

��detD�
�� � ��detpγ⊺, Cq�� � 4,

which contradicts (3.3).
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Lemma 3.11. If C � M is a circuit and |CzC�| ¥ 2, then CzC� � rb|b � ds for
some b P MzC� and d P D�. Given that |C| P t3, 4u from Lemma 3.7 (i), it follows
that C X C� � H.

Proof. Set s :� |B�| � 1 ¥ 1 and t :� |C|. By Lemma 3.10, we know that
rankrD�|Cs ¤ rankD� � rankC � 1 � s � t � 2. Also, by |CzC�| ¥ 2 and
M X spanD� � C�, we know that rankrD�|Cs ¥ rankD� � 1 � s � 1. By
Lemma 3.7 (i), we have t P t3, 4u. In both cases, we argue that |CzC�| � 2
and rankrD�|Cs � s � 1. It will then follow from Lemma 3.9 and after possibly
multiplying the column by �1, that CzC� � rb|b� ds for b PMzC� and d P D�.

Assume that t � 3; then rankrD�|Cs � s � 1. If |CzC�| � 3, then rD�|Cs �
rD�|es�1

m�1|es�1
m�1 � d1|es�1

m�1 � d2s for distinct d1,d2 P spanD�. By Lemma 3.9, we
have d1,d2 P rD�| � D�s. The matrix res�1

m�1 � d1|es�1
m�1 � d2s is contained in M

but d2 � d1 R rD�| � D�s for any two distinct columns in D�; this contradicts
Lemma 3.9. Therefore, |CzC�| � 2 when t � 3.

Assume that t � 4. If rankrD�|Cs � s � 1, then |CzC�| � 2 as in the case t � 3.
Assume to the contrary that rankrD�|Cs � s� 2. By (3.2), we can assume that

rD�|Cs �
�
� D� 0 D�u3 D�u4

0 I2 v3 v4

0 0 0 0

�
� ,

where D� � re1s| � � � |es�1
s |e1s � � � � � es�1

s � 2esss, u3 � pu3
1, . . . , u

3
sq and u4 are

contained in t0,�1{2,�1us, and v3 � pv31, v32q and v4 � pv41, v42q are contained in
t0,�1u2. Lemma 3.7 (iv) implies C is unimodular because t � 4, and Lemma 3.7 (iii)
implies 1{2 � p1� v3 � v4q P Z2. We derive a contradiction in two cases.

First, assume that v3 P t�1u2 or v4 P t�1u2. Say v3 P t�1u2; then v4 � 0 and
|CzC�| � 3. For δ P Z and γ � pγ1, γ2q P Z2, the matrix

Epγ, δq :�
�
� 0 0 1 γ⊺ δ

d1 � � � ds�1 ds 0 D�u3

0 0 0 I2 v3

�
� P Zps�3q�ps�3q

has an absolute determinant of 2|δ � γ⊺v3 � u3
s| � |2pδ � γ⊺v3q � 2u3

s| P t0, 1, 2u.
Given that C � M , there are two choices for each of γ1, γ2, and δ such that
pEpγ, δq,0q � A. Thus, there are at least four distinct values of 2pδ � γ⊺v3q � 2u3

s

in t�2,�1, 0u that have the same parity, namely, the same parity as 2u3
s. However,

this is a contradiction.

Second, assume that v3 P t�e12u and v4 P t�e22u or that v3 P t�e22u and v4 P t�e12u;
then |CzC�| � 4. By Lemma 3.9, we have D�u3, D�u4 P rD�| � D�s. By possibly
multiplying the column by �1, we assume D�u3 P D�. Set F :� D�ztD�u3u and
F :� D�ztD�u3u. By Lemma 3.7 (ii), there exists a vector γ � pγ1, . . . , γ4q P Z4

such that pγ⊺, Cq � A and 2 � ��detpγ⊺, Cq��. Let δ P Zs�1 be such that pδ⊺, F q � A.
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We have������det
�
� δ⊺ γ1 γ2 γ3 γ4

F 0 0 D�u3 D�u4

0 e12 e22 v3 v4

�
�
������ �

����det
�
F 0 D�u3

0 I2 v3

����� � ��detpγ⊺, Cq��
� 2

��detD�
�� � 4,

which is a contradiction.

Therefore, |CzC�| � 2 and rankrD�|Cs � s� 1 when t � 4.

We arrive at our main result in this section. We repeat assumptions for the reader.

Lemma 3.12. Assume that A only contains primitive columns and let C1 � M be a
circuit. Choose B� � A that satisfies (3.7) and minimizes |B�|, and assume that B�

has the form (3.8). Recall C� from (3.11) and D� from (3.12).

(i) If |B�| � 2, then C1 � rC�|b|b � 2e1m�1s for some b P A{e1. Furthermore, C1

is the unique circuit in M , so |M | ¤ m.

(ii) If |B�| � 3, then C1 � rC�|b|b � ds for some b P A{e1 and d P D�. Further-
more, C1 is the unique circuit in M , so |M | ¤ m.

(iii) If |B�| � 4, then either C1 � C�, or |C1 X C�| � 2 and |C1| � 4. Moreover, if
M contains multiple circuits, say C1 � C�, then M contains precisely three cir-
cuits: C1, C�, and the symmetric difference C1△C�. Regardless of the number
of circuits, |M | ¤ m� 1.

Proof. We have |C1| P t3, 4u by Lemma 3.7 (i).

(i) Note that C� � re1m�1s, so |C1zC�| ¥ 2. It follows from Lemma 3.11 that
|C1zC�| � 2 and CzC� � rb|b � 2e1m�1s for some b P MzC�. Therefore,
C1 � rC�|b|b� 2e1m�1s.
If M contains another circuit C2, then C2 � rC�|b1|b1 � 2e1m�1s with b � b1.
The column e1m�1 is linearly dependent on rb|b � 2e1m�1s and on rb1|b1 �
2e1m�1s. Hence, rb|b � 2e1m�1|b1|b1 � 2e1m�1s � MzC� contains a circuit
C3. However, |C3zC�| � |C3| ¥ 3 because C3 � MzC�; this contradicts
Lemma 3.11.

(ii) Note that C� � re2m�1|e1m�1 � e2m�1s, so |C1zC�| ¥ 1. If |C1zC�| � 1, then
C1 � spanC� � spanD�, which contradicts M X spanD� � C�. Thus,
|C1zC�| ¥ 2. It follows from Lemma 3.11 that |C1zC�| � 2 and C1zC� �
rb|b�ds for some b PMzC� and d P D�. Hence, C1 � rC�|b|b�ds because
rankre2m�1|b|b� ds � rankre1m�1 � e2m�1|b|b� ds � 3.

If M contains another circuit C2, then C2 � rC�|b1|b1 � d1s for some b1 P
MzC� and d1 P D�. We know that rb|b�d|b1|b1�d1s �MzC� does not con-
tain a circuit because such a circuit would not satisfy Lemma 3.11. There-
fore, rankrb|b�d|b1|b1�d1s � 4. However, e1m�1�e2m�1 is linearly dependent
on re2m�1|b|b � ds and on re2m�1|b1|b1 � d1s, which implies that re2m�1|b|b �
d|b1|b1 � d1s is a circuit with five columns; this contradicts Lemma 3.7 (i).
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(iii) If |C1| � 3 and C1 is unimodular, then |B�| ¤ 3 by Lemma 3.7 (iii), which
contradicts the minimality of |B�| in Case (iii). If |C1| � 3 and C1 is not
unimodular, then |B�| ¤ 2 by Lemma 3.7 (iv), which again contradicts the
minimality of |B�| in this case. Hence, |C1| � 4.

Suppose C1 � C�; then |C1zC�| ¥ 1 because both matrices are circuits.
Recall M X spanD� � C�; see the sentence after (3.12). If |C1zC�| � 1,
then C1 � M X spanC� � M X spanD� � C� because C1 is a circuit; this
contradicts |C1zC�| � 1. It then follows from Lemma 3.11 that |C1zC�| � 2.
Hence, C1 � rc1|c2|b1|b1�d1s for some c1, c2 P C�, b1 PMzC�, and d1 P D�.
We have

rC�|b1|b1 � d1s �

�
�����

0 1 0 1 0 d11
0 0 1 1 0 d12
1 1 1 1 0 d13
0 0 0 0 1 1
0 0 0 0 0 0

�
����� , (3.13)

where d :� pd11, d12, d13q P D� � rp1, 0, 0q|p0, 1, 0q|p1, 1, 2qs.
Given that C1 is a circuit, d1 linearly depends on c1 and c2. From this
and (3.13), we can determine rc1|c2s (the index sets refer to the matrix on
the right hand side of (3.13)):

If d � p1, 0, 0q, then rc1|c2s is indexed by t1, 2u or t3, 4u.
If d � p0, 1, 0q, then rc1|c2s is indexed by t1, 3u or t2, 4u.
If d � p1, 1, 2q, then rc1|c2s is indexed by t1, 4u or t2, 3u.

(3.14)

Claim 3.13. If C2 �M is a circuit and C2 � C�, then C1zC� � C2zC�.

Proof of Claim. Assume to the contrary that there exists a circuit C2 � M
with C2 � C� and C1zC� � C2zC�. As was the case with C1, we can write
C2 � rc3|c4|b2|b2 � d2s for some c3, c4 P C�,b2 P MzC� and d2 P D�. We
know that rb1|b1�d1s � rb2|b2�d2s because C1zC� � C2zC�. Also, rb1|b1�
d1|b2|b2 � d2s � MzC� does not contain a circuit because such a circuit
would not satisfy Lemma 3.11. Thus, rankrb1|b1 � d1|b2|b2 � d2s � 4 and
d1 � d2. It follows from (3.14) that tc1, c2uztc3, c4u � H; say c1 R tc3, c4u.
Similarly, we can assume that c3 R tc1, c2u. Consequently, any three columns
of rd1|d2|c1|c3s are linearly independent. However, this implies rb1|b1 �
d1|b2|b2 � d2|c1|c3s is a circuit of cardinality six, which contradicts Lemma
3.7 (i). �
Recall |MXC�| ¥ 2. By Claim 3.13, every circuit in M is contained in (3.13).
By Lemma 3.11, any circuit in M besides C� uses columns 5 and 6 alongside
two of the first four columns. This shows that either M only contains one
circuit, namely C1, or M contains the three circuits C1, C�, and C1△C�.

Suppose |M X C�| ¤ 3. Hence, C� is not contained in M . For any two
columns in MXC� and any choice of pd11, d12, d13q, there exists at most one pair
of columns in M X C� that form a circuit with columns 5 and 6; see (3.14).
Hence, M contains at most one circuit, so |M | ¤ m.
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Suppose |M X C�| � 4; then M X C� � C�. Let c P M X C�. The matrix
Mztcu satisfies |M XC�ztcu| � 3. Therefore, |Mztcu| ¤ m from the previous
paragraph. Hence, |M | ¤ m� 1.

3.3.3 Additional structural properties when |B�| � 2.

Lemma 3.14. Assume that A only contains primitive columns. Choose B� � A
that satisfies (3.7) and minimizes |B�|, and assume that B� has the form (3.8). If
|B�| � 2, m ¥ 3 and |M | � m, then

|A| ¤ 1

2

�
m2 �m

�� 3. (3.15)

Proof. The assumption |M | � m implies that M contains a circuit, so we can apply
Lemma 3.12. Suppose m � 3. The following claim shows that (3.15) holds.

Claim 3.15.

A � �
e1|e1 � 2e2|e2|e1 � e2|e3|e1 � e3|e1 � 2e2 � e3|2e1 � 2e2 � e3|e1 � e2 � e3

�
Proof of Claim. By Lemma 3.12 (i) and (3.11), the circuit has the form re12|b|b �
2e12s for some b P A{e1. After elementary operations, we have that A is a superset
of �

B� β0 β0 � 1 β1 β1 � 1 β2 β2 � 1
e12 e12 b b b� 2e12 b� 2e12

�

�
�
� 1 1 β0 β0 � 1 β1 β1 � 1 β2 β2 � 1

0 2 1 1 0 0 2 2
0 0 0 0 1 1 1 1

�
� .

We assume, without loss of generality, that the equivalence in the latter displayed
equation is an equation. We must have β0 � 0 because it is the midpoint of the
columns of B�; see Lemma 3.6 (ii). By subtracting the third row from the first
row β1 many times, we assume β1 � 0; we then see that 2|β2 � 2| ¤ 2 using
bimodularity with columns 2, 6, and 7 and that 2|β2| ¤ 2 using bimodularity with
columns 2, 5, and 8. Hence, β2 � 1. By Lemma 3.6 (ii) and the maximality of A,
it follows that 1{2 � ppβ2 � 1, 2, 1q � pβ1, 0, 1qq � p1, 1, 1q P A. Thus, A has at least
cp2, 3q � 9 columns.

The following equation follows from the definition of A{e1:

|A| � |Op0q| � |A{e1| �
¸

bPA{e1

�|Opbq| � 1
�
.

By using (3.10) and Lemma 3.6 (i), we see that

|A| � |Op0q| � |A{e1| �
¸

bPA{e1

�|Opbq| � 1
� � 1� |A{e1| � |M |.
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The matrix A{e1 � Z2 is bimodular and contains 2e12 and e12. It is quickly verified
that (after multiplying columns by �1), we have |A{e1| ¤ 5; see also the proof of
Proposition 3.3 for an argument of this. Hence,

|A| � 1� |A{e1| � |M | ¤ 1� 5� 3 � 9.

Thus, |A| � 9 and A can be transformed via elementary operations to the form in
Claim 3.15. �
Suppose m ¥ 4. It follows from Lemma 3.12 (i) that M � re1m�1|b1| � � � |bm�1s and
M contains exactly one circuit re1m�1|b1|b2s � re1m�1|b1|b1 � 2e1m�1s. Hence,

E :� �
b1 b2 � � � bm�1

�
is a basis and | detE| � | detrb1|b2| � � � |bm�1s| � | detrb1|2e1m�1| � � � |bm�1s| � 2.
Observe that

E � �
e2m�1 e2m�1 � 2e1m�1 e3m�1 � � � em�1

m�1

�
,

so if Ew P A{e1 for some w � pw1, . . . , wm�1q P Rm�1, then w3, . . . , wm�1 P
t�1, 0, 1u.
For i � 1, . . . ,m� 1, let βi P Z be such that pβi,b

iq, pβi � 1,biq P A. Define

Γ :� tγ � pγ1, . . . , γm�1q : γi P tβi, βi � 1u @ i � 1, . . . ,m� 1u.

For each pβ,bq P A and γ � pγ1, . . . , γm�1q P Γ, Cramer’s rule and bimodularity of
A{e1 imply E�1b �: v � pv1, . . . , vm�1q P t�1,�1{2, 0um�1. Furthermore,����det

�
γ⊺ β
E b

����� �
����det

�
γ⊺ β � γ⊺v
E 0

����� � 2|β � γ⊺v| ¤ 2,

so |β�γ⊺v| ¤ 1. As v3, . . . , vm�1 P t�1, 0, 1u, the maximum σmax and minimum σmin

of tβ�γ⊺v : γ P Γu satisfy 2 ¥ σmax�σmin ¥ 1{2�| supppv1, v2q|�| supppv3, . . . , vm�1q|.
Thus, we have | supppv3, . . . , vm�1q| ¤ 2 because |β � γ⊺v| ¤ 1 holds for all γ P Γ.
This leads to a natural partition of A. For j � 0, 1, 2, define

Aj :�  pβ,bq P A : E�1b � pv1, . . . , vm�1q with | supppv3, . . . , vm�1q| � j
(
.

We have M � rA0|A1s because M � re1m�1|b1| � � � |bm�1s and re1m�1|b1|b2s is a
circuit.

Claim 3.16.

A0 � re1|e1 � 2e2|e2|e1 � e2|e3|e1 � e3|e1 � 2e2 � e3|2e1 � 2e2 � e3|e1 � e2 � e3s

Proof of Claim. By definition, A0 � A X spante1, pβ1,b
1q, pβ2,b

1 � 2e1m�1qu and
rankA0 � 3. Recall (3.2): A0 � pA0,0q, where A0 is a full row rank bimodular
matrix. One such sequence of elementary operations maps e1 to e13, e

2 to e23, and
b1 to e33. By Claim 3.15, we know that |A0| � 9 and A0 can be transformed via
elementary operations to the form described in Claim 3.16. �
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Claim 3.17. For each i � 3, . . . ,m � 1, there are at most four columns pβ,bq P A
such that E�1b � pv1, . . . , vm�1q satisfies supppv3, . . . , vm�1q � tiu. Consequently,
|A1| ¤ 4pm� 3q.

Proof of Claim. Following Claim 3.16, we assume

A0 � re1|e1�2e2|e2|e1�e2|e3|e1�e3|e1�2e2�e3|2e1�2e2�e3|2e1�e2�e3s. (3.16)

Set

F i :�  pβ,bq P A : E�1b � pv1, . . . , vm�1q satisfies supppv3, . . . , vm�1q � tiu( .
We claim that

a� a1 P rA0| � A0s for every pair of distinct columns a, a1 P F i. (3.17)

Assume to the contrary that (3.17) is violated by some a, a1 P F i. Recall (3.2):
rA0|a � a1s � pF ,0q, where F has full row rank and differing columns. We have
rankF � 3 because a, a1 P F i. Claim 3.15 established that a rank-3 bimodular
matrix A containing A0 has at most nine differing columns. It follows that F
is not bimodular. In particular, there exists a basis

�
a� a1|c|d� � F such that

| det �a� a1|c|d� | ¥ 3. By (3.3), any basis in A containing ra|a1|c|ds has an ab-
solute determinant of at least three, which contradicts that A is bimodular. This
shows that (3.17) is true.

Note that F i contains pβi,b
iq and pβi � 1,biq. Let a, a1 P F iztpβi,b

iq, pβi � 1,biqu.
The following are columns of rA0| � A0s according to (3.17): a � pβi,b

iq, a �
pβi � 1,biq � a� pβi,b

iq � e1, a1 � pβi,b
iq, and a1 � pβi � 1,biq � a1 � pβi,b

iq � e1.
From (3.16) and the assumption that A only contains primitive columns, it follows
that

a�
�
βi

bi

�
, a1�

�
βi

bi

�
P  e1 � e2, e1 � e3,�pe1 � 2e2 � e3q, 2e1 � 2e2 � e3,�e2,�e3( .

Furthermore, a�a1 � pa� pβi,b
iqq�pa1 � pβi,b

iqq is a column of rA0|�A0s. Define
S1 :� te1 � e2, e1 � e3,�pe1 � 2e2 � e3qu and S2 :� t2e1 � 2e2 � e3,�e2,�e3u. It
is quickly checked that if both pa� pβi,b

iqq and pa1 � pβi,b
iqq are in S1 or both

are in S2, then a � a1 R rA0| � A0s. Hence, there are at most two columns
F iztpβi,b

iq, pβi � 1,biqu. Equivalently, |F i| ¤ 4. �
Claim 3.18. |A2| ¤ �

m�3
2

�
.

Proof of Claim. Let pβ,bq P A2. Set E�1b �: v � pv1, . . . , vm�1q, where
supppv3, . . . , vm�1q � ti, ju for some i, j P t3, . . . ,m � 1u. To prove the claim, it
suffices to show that there is no other column pβ1,b1q P A2 such that E�1b1 �: v1 �
pv11, . . . , v1m�1q satisfies suppv1 � ti, ju. Indeed, this will show that a column of A2

is uniquely determined by two indices in t3, . . . ,m� 1u.
For simplicity, assume i � 3 and j � 4. Recall 2 ¥ σmax�σmin ¥ 1{2 � | supppv1, v2q|�
| supppv3, . . . , vm�1q| ¥ | supppv3, v4q| � 2. Therefore, it must hold that suppv �
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t3, 4u; in particular, v1 � v2 � 0. Assume to the contrary that A contains another
column pβ1,b1q such that E�1b1 �: v1 � pv11, . . . , v1m�1q satisfies suppv1 � t3, 4u.
As was the case with v, we have suppv1 � t3, 4u. Recall that M � rA0|A1s.
This implies b R M and |Opbq| � 1. Therefore, b and b1 are distinct because
|Opb1q| � 1 and pβ,bq � pβ1,b1q. In fact, the two columns differ according to
assumption (3.5). Given that v3, v4, v13, v

1
4 P t�1, 1u, the columns pv3, v4q and pv13, v14q

must have different sign patterns, say v3 � v13 � 1 and v4 � �v14 � 1. By multi-
linearity of the determinant,

��det � b1 b2 b b1 b5 � � � bm�1
��� � ����det

�
v3 v13
v4 v14

����� � ��det � b1 � � � bm�1
���

� 2| detE| � 4.

This contradicts that A{e1 is bimodular. �
Finally, we prove (3.15) by combining Claims 3.16, 3.17, and 3.18:

|A| � |A0| � |A1| � |A2| ¤ 9� 4pm� 3q �
�
m� 3

2



� 1

2
pm2 �mq � 3.

3.3.4 Additional structural properties when |B�| � 3.

Throughout Section 3.3, we have assumed that A has the form (3.4). In order to
transform A into this form, we identify a primitive column to transform into e1.
Our choice of a primitive column thus far has been somewhat arbitrary when in
reality there are multiple choices. For example, if re1|e2|e1�e2�2e3s � A, then any
of these columns can be chosen. Moreover, these columns are interchangeable: if
we label the columns as a1, a2, and a3, then for any permutation σ P S3 there
are elementary operations such that raσp1q|aσp2q|aσp3qs � re1|e2|e1 � e2 � 2e3s. The
discussion surrounding Equation (3.18) in the proof of Lemma 3.19 illustrates this
symmetry in more detail. In Lemma 3.19, we consider swapping the roles of e1

and another primitive column in re1|e2|e1 � e2 � 2e3s. In order to formalize our
argument, we define A{a for a primitive column a P A to be the matrix A{e1 after
identifying a with e1. We use Ma to denote the set of columns of A{a with at least
two originals in A, and we use OpCq to denote the set of original columns in A
corresponding to a subset C � A{a.

Lemma 3.19. Assume that A only contains primitive columns and M contains a
circuit. Choose B� � A that satisfies (3.7) and minimizes |B�|, and assume that B�

has the form (3.8). If |B�| � 3, then there exists at least one column a P re1|e2|e1 �
e2 � 2e3s such that Ma does not contain a circuit. It follows that |Ma| ¤ m� 1.

Proof. Let a P re1|e2|e1 � e2 � 2e3s. As stated in the previous paragraph, we can
assume a � e1 by applying elementary operations to A. Lemma 3.12 (ii) implies
|Ma| ¤ m for each a P re1|e2|e1 � e2 � 2e3s.
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Claim 3.20. Suppose there exists a column a P re1|e2|e1 � e2 � 2e3s such that Ma

contains a circuit C; then there exists a column a1 P re1|e2|e1 � e2 � 2e3sztau such
that Ma1 contains a circuit C 1. Furthermore, OpCq � OpC 1q.

Proof of Claim. Without loss of generality, a � e1. It follows from Lemma 3.12 (ii)
that C � re1m�1�e2m�1|e2m�1|e3m�1|d�e3m�1s for some d � pd1, d2,0q P re1m�1|e1m�1�
2e2m�1s. Given that C �M , we have pα, e2m�1� e3m�1q and pα� 1, e2m�1� e3m�1q are
in A for some α P Z. By (3.9), we can assume α � 0, so e2 � e3, e1 � e2 � e3 P A.
Similarly, we can assume e3, e1�e3 P A. Suppose pβ,d�e3m�1q, pβ�1,d�e3m�1q P A.
Hence,

A � rB�| OpCq | A1s �

�
�����

1 0 1 0 1 0 1 0 1 β β � 1
0 1 1 1 1 0 0 0 0 d1 d1
0 0 2 1 1 1 1 0 0 d2 d2
0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0

A1

�
����� . (3.18)

Columns 4-11 in (3.18) correspond to OpCq.
Suppose d � e1m�1, or equivalently suppose pd1, d2q � p1, 0q. It follows that β � 0,
and Columns 4-11 correspond to OpC 1q, where C 1 � Me2 is a circuit. This proves
the claim.

Suppose d � e1m�1 � 2e2m�1 or equivalently suppose pd1, d2q � p1, 2q. From (3.3),
the top left 4� 11 submatrix of (3.18) is bimodular. From this, we see that β � 1:
if β ¤ 0, then the first four rows of columns 2,7,9, and 10 form a basis with
absolute determinant greater than two, and if β ¥ 2, then the first four rows
of columns 2,6,8, and 11 form a basis with absolute determinant greater than
two. Conduct the following three elementary row operations to A followed by
multiplying columns by �1: (1) subtract the second row from the first row and
subtract twice the second row from the third row; (2) multiply the third row by
�1; (3) add the third row to the first row; (4) negate columns 6 and 7:

A �

�
�����

1 1 0 0 1 1 0 0 1 0 1
0 1 1 1 1 0 0 0 0 1 1
0 2 0 1 1 1 1 0 0 0 0
0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 0 0

A2

�
����� . (3.19)

Columns 4-11 in (3.18) correspond to OpCq, where C � A{e1 is a circuit. Similarly,
Columns 4-11 in (3.19) correspond to OpC 1q, where C 1 � A{e2 is a circuit. Fur-
thermore, Columns 4-11 in (3.18) are equivalent up to row and column operations
to Columns 4-11 in (3.19). Now, e2 on the right hand side of (3.19) is equivalent
to e1 � e2 � 2e3 in (3.18). Therefore, in the original representation of A in (3.18),
we conclude that there is a circuit C 1 �Me1�e2�2e3 such that OpC 1q � OpCq. �
Assume to the contrary that Me1 , Me2, and Me1�e2�2e3 each contain a circuit. Call
these circuits C1, C2, and C3, respectively. By Claim 3.20, for each i P t1, 2, 3u,
there exists some ji P t1, 2, 3uztiu such that OpCiq � OpCjiq. Since there is an odd
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number of circuits here, we conclude that OpC1q � OpC2q � OpC3q. This means
that columns 4-11 in (3.18) equal OpC1q, OpC2q, and OpC3q. Suppose pd1, d2q �
p1, 0q. Denote column 4 by c. There is no column c1 among 5-11 such that c �
c1 P t�pe1 � e2 � 2e3qu. Therefore, c is not an original column of C3, which is a
contradiction. Similarly, if pd1, d2q � p1, 2q, then we see that column 10 is not an
original column of OpC2q. This proves Lemma 3.19.

This ends our discussion on new combinatorial properties of bimodular constraint
matrices. We reiterate to the reader that we believe Lemmas 3.12 and 3.19 may
be of independent interest in future research. Next, we apply these properties to
prove Theorem 3.1.

3.4 A proof of Theorem 3.1.

Proposition 3.2 proves cp2,mq ¥ 1{2 � pm2 � mq � m. We prove cp2,mq � 1{2 �
pm2 �mq � m using induction on m. It is quickly verified that when m � 1 the
unique maximal bimodular matrix is r1|2s (up to multiplying columns by �1). This
proves cp2, 1q � 2. Assume that m ¥ 2 and

cp2, kq � 1

2

�
k2 � k

�� k @ k � 1, . . . ,m� 1.

Let A P Zm�n be a maximal bimodular matrix with rankA � m and differing
columns. After elementary operations, we can assume that e1 P A. For the induc-
tive step, we use the following relationship between |A| and |A{e1|:

|A| � |Op0q| � |A{e1| �
¸

bPA{e1

�|Opbq| � 1
�
.

Recall M � tb P A{e1 : |Opbq| ¥ 2u. We consider two cases: when A only contains
primitive columns and when A contains a non-primitive column.

Case 1. Assume that A only contains primitive columns. We have |Op0q| � 1 by
Lemma 3.6 (i), and |M | � °

bPA{e1p|Opbq| � 1q by (3.10).

Subcase 1.1. Assume that M contains a circuit. Choose B� � A that satisfies (3.7)
and minimizes |B�|, and assume that B� has the form (3.8). We have 2 ¤ |B�| ¤ 4
according to Lemma 3.7.

Suppose |B�| � 2. If m � 2, then A � spanB� by Lemma 3.8. It follows from (3.9)
that A � A X spanB� � rB�|e2|e1 � e2s. Hence, |A| ¤ 4 � 1{2 � pm2 �mq �m � 1.
Suppose m ¥ 3. Lemma 3.12 (i) implies |M | ¤ m. If |M | � m, then |A| ¤
1{2 � pm2 �mq � 3 by Lemma 3.14. If |M | ¤ m� 1, then

|A| � 1� |A{e1| � |M | ¤ 1� cp2,m� 1q � pm� 1q ¤ 1{2 � �m2 �m
��m� 1.

Therefore,

|A| ¤
#

1{2 � pm2 �mq �m� 1, if m ¥ 4 or m � 2;

1{2 � pm2 �mq �m, if m � 3.
(3.20)
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Suppose |B�| � 3. We have re1m�1|e1m�1 � 2e2m�1s � A{e1 and every column of
A{e1 is primitive because 2   |B�| � 3. Therefore, A{e1 satisfies Inequality (3.20).
By Lemma 3.19, there exists a column a P re1|e2|e1 � e2 � 2e3s such that |Ma| �°

bPA{ap|Opbq| � 1q ¤ m� 1. Therefore,

|A| ¤
#

1{2 � pm2 �mq �m� 2, if m ¥ 5 or m � 3;
1{2 � pm2 �mq �m� 1, if m � 4.

(3.21)

Suppose |B�| � 4. If m � 4, then |A| ¤ 12 � 1{2 � pm2 � mq � m � 2 by (3.9).
Suppose m ¥ 5; then |M | ¤ m� 1 by Lemma 3.12 (iii). The matrix B�{e1 satisfies
|B�{e1| � 3. Furthermore, B�{e1 has minimal cardinality among all subsets of
A{e1 satisfying (3.7) otherwise we would contradict the minimality of B�. Hence,
A{e1 satisfies Inequality (3.21) for m� 1. Therefore,

|A| ¤

$'&
'%

1{2 � pm2 �mq �m� 1, if m ¥ 6;
1{2 � pm2 �mq �m, if m � 5;
1{2 � pm2 �mq �m� 2, if m � 4.

(3.22)

Subcase 1.2. Assume that M does not contain a circuit. This implies |M | ¤ m� 1
and |A| ¤ 1� cp2,m� 1q � pm� 1q ¤ 1{2 � pm2 �mq �m� 1.

Case 2. Assume that A contains a non-primitive column a. The column 1{2 � a is
contained in A because A is maximal, and the column is primitive by Lemma 3.6.
By transforming 1{2 � a to e1 using elementary operations, a transforms to 2e1, and
we can write

A � �
2e1 A1

� � �
2 β⊺

0 Â

�
,

where A1 P Zm�pn�1q and e1 P A1. From this identity we see that Â � A{e1 is
unimodular, so |A{e1| ¤ cp1,m� 1q � 1{2 � pm2 �mq.
We refer to known results in matroid theory to complete the case; see [59] for
a thorough introduction on matroids. From Lemma 3.6 (i) and (ii), it follows
that a � a1 R p � Zm for any distinct columns a, a1 P A1 and any prime number
p ¥ 3. This, along with the assumption that A1 is bimodular, demonstrates that the
matrix A1 is a representation of a matroid M over the field GFppq for any prime
number p ¥ 3. Similarly, the matrix A{e1 is a representation of the simplification
M{e1 of the minor of M obtained by contracting e1; here we use the fact that
A{e1 is defined to have differing columns. According to Kung [48, Lemma 2.2.1],
M does not contain the Reid geometry. By [48, Theorem 3.1], it follows that
|A1| � |A{e1| � |M| � |M{e1| ¤ 2m� 1 . Therefore,

|A| � 1� |A1| ¤ 1� p2m� 1q � |A{e1| ¤ 2m� 1

2
pm2 �mq � 1

2
pm2 �mq �m.

We remark that this matroid argument does not apply to Case 1, where A{e1 may
not be unimodular so |A{e1| ¤ cp1,m � 1q cannot be used in the last inequality.
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Tight examples. Proposition 3.2 provides an example of a bimodular matrix A
with a non-primitive column that satisfies |A| � cp2,mq; therefore, the upper
bound in Case 2 is tight. In the following paragraphs, we discuss the tightness
of the bounds (3.20), (3.21), and (3.22), which consider when A only contains
primitive columns. We highlight two special cases: when m � 3 and |B�| � 2
and when m � 5 and |B�| � 4. These cases are special because according to
(3.20), (3.21), (3.22) and Subcase 1.2, they are the only cases when |A| may
equal cp2,mq.
When |B�| � 2, the bound (3.20) is attainable. If m ¥ 4 or m � 2, then a
tight example comes from deleting the non-primitive column from the example
for cp2,mq in Section 3.2. This example is the vertex-edge incidence matrix of
the directed complete graph on m vertices together with the identity matrix and
m � 1 extra columns e1 � ei for i � 2, . . . ,m. In this example, B� corresponds to
re1� e2|e1� e2s. For the special case when m � 3, a tight example with cp2, 3q � 9
columns is the matrix in Claim 3.15:�

� 1 1 0 1 0 1 1 2 1
0 2 1 1 0 0 2 2 1
0 0 0 0 1 1 1 1 1

�
� �

�
� 1 1 0 1 �1 0 0 1 0
�1 1 1 0 0 �1 1 0 0
0 0 0 0 1 1 1 1 1

�
� .

This example is the vertex-edge incidence matrix of the directed complete graph
on three vertices appended to an identity matrix and three extra columns e1 �
e2, e1 � e3, e2 � e3.

When |B�| � 3, the upper bound (3.21) for m ¥ 5 or m � 3 can be achieved by
the example of the vertex-edge incidence matrix of the directed complete graph
with the identity matrix and m � 2 extra columns e1 � e2 � ei for i � 3, . . . ,m.
For m � 4, the upper bound (3.21) can be achieved by the previous example
with one extra column e1 � e2 � e3 � e4. In these examples, one choice of B� is
re3|e1 � e2|e1 � e2 � e3s.
When |B�| � 4, the upper bound (3.22) is tight for m � 4, 5. By setting A to
the right hand side (3.9), we obtain a tight example when m � 4; here, B� �
re1|e2|e3|e1�e2�e3� 2e4s. For the special case when m � 5, a tight example with
20 � cp2, 5q many columns consists of the twelve columns in the previous example
for m � 4 and eight extra columns:�

�����
1 0 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 0 1 1
0 1 0 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
0 0 1 1 0 0 0 0 1 1 1 1 0 0 0 0 �1 0 0 1
0 0 0 2 1 1 1 1 1 1 1 1 0 0 0 0 �1 �1 1 1
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1

�
����� .

This example is equivalent to the vertex-edge incidence matrix of the directed
complete graph minus the column e1 � e2, along with the identity matrix and six
extra columns: e1�e2�ei for i � 3, 4, 5 and e1�e2�e3�e4�e5�ei for i � 3, 4, 5.
Here, B� corresponds to re3|e1 � e4|e2 � e4|e1 � e2 � e3s.
The bound (3.22) for m ¥ 6 already shows that the maximal example in this
case has at most cp2,mq � 1 differing columns. However, we believe that this
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bound can be improved. Our current maximal example found for m � 6 has
1{2 � pm2 � mq � m � 2 � cp2,mq � 2 � 25 columns. The example is the vertex-
edge incidence matrix of the directed complete graph with identity matrix except
e1, e2, along with �e1 � ei � ej for i � j P t3, 4, 5, 6u. Here, one choice of B� is
re3�e4|e5�e6|�e1�e3�e4|�e1�e5�e6s. Our current maximal example found
for m ¥ 7 has 1{2 � pm2 �mq �m � 3 � cp2,mq � 3 columns. The example is the
vertex-edge incidence matrix of the directed complete graph without the column
e1�e2, along with the identity matrix and the columns e1�e2�ei for i � 3, . . . ,m.
Here, B� corresponds to re3|e1 � e4|e2 � e4|e1 � e2 � e3s.

3.5 A proof of Proposition 3.3.

If m � 1, then r1| � � � |∆s is the unique maximal ∆-modular matrix with differing
columns (up to multiplication by �1). Thus, the result holds for m � 1.

Suppose m � 2. Let A P Z2�n be a ∆-modular matrix with differing columns that
satisfies rankA � 2 and |A| � cp∆, 2q. Let rb1|b2s � A satisfy | detrb1|b2s| � ∆.
Each column a P A can be written as a � v1b

1�v2b
2 for v1, v2 P r�1, 1s. Otherwise,

say if |v1| ¡ 1, then we derive the contradiction | detra|b2s| � |v1|�| detrb1|b2s| ¡ ∆.
After possibly multiplying columns of A by �1, we assume that v2 P r0, 1s for each
column v1b

1 � v2b
2 P A.

Set Π :� tv1b1�v2b2 P Z2 : v1, v2 P r0, 1qu. It is well known that |Π| � | detrb1|b2s| �
∆; see [10, §VII]. Partition Π as Π � t0u Y Π1 Y Π2 Y Πint, where

Π1 :� tv1b1 P Π: v1 P p0, 1qu ,
Π2 :� tv2b2 P Π: v2 P p0, 1qu ,
Πint :� tv1b1 � v2b

2 P Π: pv1, v2q P p0, 1q2u .

After multiplying columns by �1, we assume that if v1b1 P A for some v1 P r�1, 1s,
then v1 ¥ 0. Hence, we assume A X pΠ1 � t0,�b1uq � Π1.4 We partition AzΠ as
follows:

AzΠ � �
AX �

Πint � b1
��

Y �
AX �

Π1 � tb2,�b1 � b2u��Y �
AX tb2,b1 � b2,�b1 � b2u�(3.23)

Y �
AX �

Π2 � t�b1u��Y tb1u. (3.24)

Suppose v1b
1�b2 P A for some v1 P r�1, 1s; it follows that if w1b

1�b2 P A for some
w1 P r�1, 1s, then |v1 � w1| ¤ 1. Indeed, otherwise we obtain the contradiction
| detrv1b1 � b2|w1b

1 � b2s| � |v1 � w1| � | detrb1|b2s| ¡ ∆. This implies that the set
in (3.23) has cardinality at most |Π1| � 2; furthermore, the cardinality is equal to
|Π1| � 2 if and only if A contains two columns v1b

1 � b2 and pv1 � 1qb1 � b2 for

4For sets X,Y � Rd, the Minkowski sum is X � Y :� tx � y : x P X, y P Y u. For y P Rd, we
write X � y instead of X � tyu.
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some v1 P r�1, 1s. Similarly, it can be shown that the set in (3.24) has cardinality
at most |Π2| � 2.

We claim that either the set in (3.23) has cardinality at most |Π1| � 1 or the set
in (3.24) has cardinality at most |Π2| � 1. Assume that the set in (3.23) has
cardinality |Π1| � 2. Thus, A contains two columns of the form v1b

1 � b2 and
pv1 � 1qb1 � b2. Replace b2 with v1b

1 � b2; the result is another basis in A of
absolute determinant ∆. After this replacement, we can assume that A contains
the columns b2 and b1 � b2. The matrix A cannot contain a column of the form
�b1�v2b2 for v2 ¡ 0 otherwise | detrb1�b2|�b1�v2b2s| � |1�v2|�| detrb1|b2s| ¡ ∆.
Hence, the set in (3.24) is contained in pAX pΠ2 � b1qq Y tb1u, which contains at
most |Π2| � 1 many elements. In other words, the union of the sets in (3.23)
and (3.24) has cardinality at most |Π1| � |Π2| � 3.

The column 0 is in ΠzA, and |Π| � ∆. Therefore, |A X Π| � |A X pΠint Y Π1 Y
Π2q| ¤ |Π| � 1. The set A X �

Πint � b1
�

is contained in a translation of Πint, so
|AX �

Πint � b1
� | ¤ |Πint|. By combining our upper bounds and applying the claim

in the previous paragraph, we obtain

|A| � |AXΠ|�|AzΠ| ¤ p|Π|�1q�p|Πint|�|Π1|�|Π2|�3q � 2p|Π|�1q�3 � 2∆�1.

The equation cp∆, 2q � 2∆� 1 then follows from Proposition 3.2.

3.6 A proof of Theorem 3.4.

Let A P Zm�n be a ∆-modular matrix with rankA � m and differing columns that
satisfies cp∆,mq � |A|. Let B � A satisfy | detB| � ∆. If ∆ ¤ 2, then Theorem 3.4
follows from Theorem 3.1 and Heller’s result. Therefore, assume ∆ ¥ 3. We can
assume that B is in Hermite Normal Form (See [63, §4.1]):5

B � �
b1 � � � bm

� �
�
����

Im�k � � � � �
δ1

. . . ...

. . . �
δk

�
���� ,

where δ1, . . . , δk ¥ 2,
±k

i�1 δi � ∆, and for each bi � pbi1, . . . , bimq, we have 0 ¤ bij  
bii for all j � 1, . . . , i� 1 and bij � 0 for all j � i� 1, . . . ,m.

Each column a � pa1, . . . , amq P AzB satisfies |am| ¤ δk because |am| �
±k�1

i�1 δi �
| detrb1| � � � |bm�1|as| ¤ ∆. After possibly multiplying columns by �1, we can as-
sume that am P t0, . . . , δku for all columns a. For r P Z, define

Arrs :�  pa1, . . . , amq P A : am � r
(
.

For each prime number p, define

Ârps :�
δk¤

i�1, p|i

Aris.
5We use the convention that blank entries in a matrix are zero.
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By applying a union bound, we see that

cp∆,mq � |A| ¤ |Ar1s| �
δķ

p�2,
p prime

���Ârps��� . (3.25)

We use (3.25) to upper bound |A| in terms of cp1,mq, . . . , and cp∆ � 1,mq. Our
analysis distinguishes between the cases k � 1 and k ¥ 2.

Case 1. Assume that k � 1. Recall ∆ ¥ 3. For this range of ∆, Glanzer et al. [34,
Subsection 3.2] showed that

cp∆,mq ¤
∆̧

p�2,
p prime

c

�Z
∆

p

^
,m



� 2c

�Z
∆

2

^
,m



. (3.26)

Case 2. Assume that k ¥ 2. For a prime p P t2, . . . , δku and an integer i divisible
by p, we can divide the mth row of Aris by p. We have

���Ârps��� ¤ ��� b1 � � � bm�1 Ârps ��� ¤ c

�Z
∆

p

^
,m



(3.27)

because the columns in the middle expression form a t∆{pu-modular matrix with
rank-m.

Consider Ar1s. For each a � pa1, . . . , amq P Ar1s, we have

�� detrb1 | � � � | bm�2 | a | bms�� �

�������������
det

�
��������

Im�k � � � � � � �
δ1 � � � � � �

. . . ...
...

...
δk�2 � �

am�1 bmm�1

1 δk

�
��������

�������������
� ��am�1δk � bmm�1

�� k�2¹
i�1

δi

¤ ∆.

Thus, |am�1δk � bmm�1| ¤ δk�1δk. The Hermite Normal Form assumption implies
0 ¤ bmm�1   δk, so we have |am�1| ¤ δk�1. For each r P Z, define the column set

Ar1, rs :�  pa1, . . . , amq P Ar1s : |am�1| � r
(
.

With these sets, we can upper bound |Ar1s|:

|Ar1s| ¤ |Ar1, δk�1s| �
tlog2pδk�1�1qu¸

i�0

���� ¤
sPZ, s odd

Ar1, s2is
����.
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The matrix rb1| � � � |bm�1|Ar1, δk�1ss is ∆-modular of full row rank, and the pm�1qst
row is divisible by δk�1; dividing the pm � 1qst row by δk�1 shows |Ar1, δk�1s| ¤
cp∆{δk�1,mq.
For each i � 0, . . . , tlog2pδk�1 � 1qu, define

Aris :�
¤

sPZ, s odd

Ar1, s2is.

If Aris � Ar1, s2is for a single odd integer s, then perform the following elementary
operation to the full row rank matrix

�
b1| � � � |bm�1|Aris�: subtract s2i times the

mth row from the pm � 1qst row. The pm � 1qst row of the resulting matrix is
divisible by δk�1, so |Aris| ¤ cp∆{δk�1,mq.
Suppose Aris � Ar1, s2is for a single odd integer s. For each column
a � pa1, . . . , am�2, s2

i, 1q P Aris, if we add 2i times the mth row to the pm � 1qst
row, then the resulting column is pa1, . . . , am�2, ps � 1q2i, 1q; in particular, the
pm � 1qst entry is divisible by 2i�1 because s is odd. Perform this elementary
operation to the full rank matrix

�
b1| � � � |bm�2|Aris�: add 2i times the mth row to

the pm � 1qst row. The pm � 1qst row of the resulting matrix is divisible by 2i�1.
Hence, |Aris| ¤ cpt∆{2i�1u,mq.
Substituting (3.27) and our bounds for |Ar1, δk�1s| and

��Aris�� into (3.25), we obtain
the following upper bound for cp∆,mq:

δķ

p�2,
p prime

c

�Z
∆

p

^
,m



� c

�
∆

δk�1

,m



�

tlog2pδk�1�1qu¸
ℓ�0

max

"
c

�
∆

δk�1

,m



, c

�Z
∆

2ℓ�1

^
,m


*

If δk�1 � 2, then tlog2pδk�1 � 1qu � 0 and

cp∆,mq ¤
δķ

p�2,
p prime

c

�Z
∆

p

^
,m



� 2c

�
∆

2
,m



. (3.28)

If δk�1 � 3, then tlog2pδk�1 � 1qu � 1 and

cp∆,mq ¤
δķ

p�2,
p prime

c

�Z
∆

p

^
,m



� 2c

�
∆

3
,m



� c

�Z
∆

2

^
,m



. (3.29)

If δk�1 ¥ 4, then

cp∆,mq ¤
δķ

p�2,
p prime

c

�Z
∆

p

^
,m



� 2c

�
∆

δk�1

,m



�

tlog2pδk�1�1qu�1¸
ℓ�0

c

�Z
∆

2ℓ�1

^
,m



.

(3.30)
This completes Case 2.

We now use the two cases to bound cp∆,mq. Define gp∆,mq :� 1{2 � pm2 �mq∆2.
We use induction on ∆ to show cp∆,mq ¤ gp∆,mq. Glanzer et al. demonstrated
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that cp∆,mq ¤ gp∆,mq for ∆ ¤ 3; see (3.1). Thus, we assume that ∆ ¥ 4 and
cpδ,mq ¤ gpδ,mq for each δ   ∆. To prove cp∆,mq ¤ gp∆,mq, it suffices to upper
bound the right hand sides of (3.26), (3.29), and (3.30) by gp∆,mq. Given that
∆ ¥ 4, we do not need to bound (3.28) because it is less than (3.26).

Using the definition of gpδ,mq and the prime zeta function ppsq :� °
p prime

1{ps, we
arrive at the bound

∆̧

p�2,
p prime

g

�Z
∆

p

^
,m



¤

∆̧

p�2,
p prime

1

p2
gp∆,mq ¤ pp2qgp∆,mq. (3.31)

We know pp2q   1{2 [66, A085548]. We extend (3.26) using the induction hypoth-
esis, (3.31), and the definition of gpt∆{2u,mq:

cp∆,mq ¤
�
pp2q � 1

2



gp∆,mq   gp∆,mq.

Similarly, we extend (3.29):

cp∆,mq ¤
�
pp2q � 2

9
� 1

4



gp∆,mq   gp∆,mq.

We extend (3.30) using
°t�1

i�0
1{4i�1 � 1{3 � p1� 1{4tq   1{3, the induction hypothesis

and (3.31):

cp∆,mq ¤
�
pp2q � 2

δ2k�1

� 1

3



gp∆,mq ¤

�
pp2q � 1

8
� 1

3



gp∆,mq   gp∆,mq.

As a final remark, the term ∆2 in Theorem 3.4 comes from our ability to bound
gp∆,mq via induction. If we apply our proof analysis to some other upper bound
gp∆,mq � m2∆q, where 1 ¤ q ¤ 2, then it suffices for q to belong to the following
set: "

q P R¥0 : max

"
2

3q
� 1

2q
,
2

4q
� 1

2q � 1
,
2

2q

*
¤ 1� ppqq

*
.

From numerical computation, q � 1.95 is in this set. Thus, cp∆,mq ¤ m2∆1.95. We
chose to present m2∆2 for simplicity.

An open question is whether cp∆,mq ¤ hpmq∆ for a polynomial h. Since posting
the first version of this manuscript, we became aware of geometric arguments by
Gennadiy Averkov and Matthias Schymura that cp∆,mq ¤ fpmq∆, where f is super-
polynomial [9]. In fact, we can give a quick argument showing that cp∆,mq ¤
3m∆. If B � A satisfies | detB| � ∆, then every a P A satisfies }B�1a}8 ¤ 1.
Hence, A � Π � Bt�1, 0, 1um, where Π :� tBv P Zm : v P r0, 1qmu. From this, we
see that |A| ¤ 3m � |Π| � 3m∆.
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3.7 A proof of Theorem 3.5.

Recall that when it comes to bounding π the matrix A does not necessarily have
differing columns as is the case with the other results in this manuscript.

Let x� be a vertex of LP satisfying π � minzPIP }x� � z}1. By standard LP results,
there exists a vector c P Rn such that x� is the unique maximizer of x Ñ c⊺x over
LP; see [16, Chapter 3]. By possibly perturbing c, we can assume that there is a
unique maximizer z� of z Ñ c⊺z over IP. Note that z� is a vertex of conv IP. Let
k ¤ 2cp∆,mq � 1 denote the number of distinct columns of A. By applying [61,
Theorem 2] with T � H and B � A, there exists a matrix W P Zk�n such that

conv IP � convtx P LP: Wx P Zku.

The previous equation implies z� is also the unique maximizer of z Ñ c⊺z over
the mixed integer linear set tx P LP: Wx P Zku, which has k many integer
constraints.

Consider the difference vector x� � z�. From the equation π � minzPIP }x� � z}1,
it follows that π ¤ }x� � z�}1. The difference vector was first analyzed by Cook
et al. [21] and later in [36, 41, 51, 62, 75]. The proof of mixed integer proximity
in [62, Theorem 2] established that

x� � z� �
ņ

i�1

λiu
i,

where u1, . . . ,un P Zn and λ1, . . . , λn ¥ 0 satisfy
°n

i�1 λi ¤ k. The result [51,
Claim 8] demonstrated that }ui}1 ¤ pm � 1q∆ for each i � 1, . . . , n. Therefore,
π ¤ }x� � z�}1 ¤ pm� 1q∆k. The result now follows from Theorem 3.4.





Chapter 4

Further Proximity Bounds

4.1 A Proximity Bound with Respect to the Vertex
Parameter fpx�q

The results in this section are joint work with Robert Weismantel.

4.1.1 Introduction

Set rls :� t1, . . . , lu. Let A P Zm�n, rankpAq � m, b P Zm and

P :� tx P Rn : Ax � b, x ¥ 0u.
Let x� P P be a vertex and assume supppx�q � t1, . . . ,mu. Set
δ :� | detpA1, . . . , Amq| and ∆m :� maxt| detpBq| : B is an m�m submatrix of Au.
If ∆m � 1, then every vertex of P is integral. If ∆m � 2 and P is full dimensional,
then P X Zn � H, see [72]. Deciding feasibility for P X Zn, i.e., one either finds
z P P XZn or outputs that P XZn � H, is NP-complete [44]. However, the work
of Lenstra [53] implies that for constant n one can efficiently decide feasibility for
P X Zn.

In the following, we want to analyze the distance from x� to the “closest” point
in P X Zn. Note that this can be seen as a special case of the previously studied
proximity question for c � 0.

Statement of Results

Among all bases A�,I with supppx�q � I �: ti1, . . . , imu and z̃ P Zn
¥0 satisfying

Az̃ P intpconep�Ai1 , . . . ,�Aimqq,
i.e., Az̃ lies in the interior of conep�Ai1 , . . . ,�Aimq, the smallest possible value of
}z̃}1 is called the vertex number fpx�q of the vertex x�. Without loss of generality,
assume I � t1, . . . ,mu and δ ¡ 0. If such z̃ does not exist, then we set fpx�q � 8.
One natural reason to consider the parameter fpx�q is the fact that if fpx�q is finite,
then there exists an integral point in P with small support.
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Lemma 4.1 (Support Bound). If fpx�q   8 and P X Zn � H, then there exists
z� P P X Zn such that

| supppz�q| ¤ m�mintm, fpx�qu � log2pδq.

Consider the polyhedron

P 1 :� tx P Rn�m : A�1
�,rmsA�,rnszrmsx ¤ A�1

�,rmsb, x ¥ 0u
�: tx P Rn�m : Ax ¤ b, x ¥ 0u

and note that finding an integral point in P can be efficiently reduced to finding
an integral point in P 1. The strong bound on the support in Lemma 4.1 facilitates
the proof of the following proximity bound.

Theorem 4.2 (Proximity Upper Bound). If P X Zn � H, then there exists z� P
P 1 X Zn�m such that

}z�}1   pfpx�q � 1q∆m.

This proximity bound is tight for fpx�q P t1, . . . ,mu in the sense that there exist
problems in standard form having proximity of Opfpx�q∆mq.
Lemma 4.3 (Proximity Lower Bound). For every m P Z¥1, k P t1, . . . ,mu and
l P Z¥2, there exists A P Zm�n, b P Zm and a vertex x� P P, supppx�q � t1, . . . ,mu
such that k � fpx�q, l � ∆m and there exists z� P P 1 X Zn�m such that

}z�}1 � pfpx�q � 1qp∆m � 1q � 1.

Another motivation to study the parameter fpx�q is that for constant fpx�q it gives
rise to a polynomial time feasibility test for P X Zn. Denote by LpAq the running
time to find some z̃ P Zn

¥0 satisfying Az̃ P intpconep�A1, . . . ,�Amqq and denote
by HNFpAq the running time needed to find the Hermite Normal Form of A and
denote by LPpAq an upper bound on the running time to decide feasibility for the
linear problem

A�,rmsx� A�,Iy � 0, x P Rm
¡0, y P R|I|

¥0 (4.1)

for any I � rnszrms, |I| ¤ m. Note that the Hermite Normal Form can be efficiently
calculated [69] and that (4.1) can be efficiently solved [45, 46]. Denote by θ P R
the smallest exponent such that any two integral m�m matrices can be multiplied
in time Opmθq. It is known that θ   2.373, see [5].

Theorem 4.4 (Feasibility Test). Let fpx�q   8. Then:

1. There exists an algorithm that decides feasibility for P X Zn in time

O
�
LpAq � HNFpAq �mθ

�
.

2. It holds
LpAq P O

�
n� fpx�q �mθ�fpx�q

	
.
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3. It holds
LpAq P O

�
nm � LPpAq

	
.

In particular, the feasibility test is efficient if either fpx�q or m is constant.

Note that LpAq can often be bounded by a polynomial even if fpx�q and m are
not constant, which can be seen in some of the following examples in which we
discuss the parameter fpx�q.

Examples

• conepAq � Rm: In this case, we have fpx�q   8 for any b P Zm and any
vertex x� P P .

• fpx�q � 1: The existence of a column vector Ai of A satisfying Ai � A�,rmsλ, λ P
Rm
 0 implies fpx�q � 1.

• Vector in lattice?: Whether b P Zm lies in the lattice spanned by A P Zm�n

or not can be formulated as the feasibility problem Ax� Ay � b, x, y P Zn
¥0.

In this case, we have fp�x� 0
�q ¤ m and Lp�A �A�q P Opnq which implies

that the feasibility test in Theorem 4.4 is efficient.

• Corner Polyhedra: The corner polyhedron of P with respect to the vertex
x�, supppx�q � rms is obtained by relaxing the non-negativity constraints on
the first m variables. The corresponding feasibility problem can be equiva-
lently written as Ax� A�,rmsy � b, x P Zn

¥0, y P Zm
¥0. It holds fp�x� 0

�q ¤ m
and Lp�A �A�,rms

�q P Opnqwhich implies that the feasibility test in Theorem
4.4 is efficient.

This section is structured as follows: In subsection 4.1.2, we establish basic prop-
erties of the parameter fpx�q (Lemma 4.1 and Lemma 4.3). In subsection 4.1.3,
we prove Theorem 4.2. In subsection 4.1.4, we prove Theorem 4.4.

4.1.2 Properties of fpx�q

Denote by ei the i-th unit vector. Define the parallelepipeds

Π :�
!
x P Rm : x �

m̧

i�1

λiAi, 0 ¤ λi   1
)
,

Π0 :�
!
x P Rm : x �

m̧

i�1

λiAi, �1   λi   1
)
,
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and consider the residue classes Zm{Π. For x, r P Zm we write x �Π r if x � r P
LpA1, . . . , Amq, i.e., x � r lies in the lattice spanned by A1, . . . , Am. Define a norm
} � }Π0 on Rm using the gauge function

}x}Π0 :� inf
!
λ ¡ 0:

x

λ
P Π0

)
.

Let x � °m
i�1 λiAi, λi P R. Then, }x}Π0 � maxi�1,...,mt|λi|u.

Set }x}π :� mini�1,...,mt|λi| : λi � 0u for x � 0.

Proof of Lemma 4.1. It is known that |Zm{Π| � δ, see [10, p.289 Corollary (2.6)].
The fundamental theorem of finite abelian groups tells us that the group Zm{Π
(with respect to �) is isomorphic to Z{m1Z�� � ��Z{mlZ satisfying m1 � . . . �ml � δ.

Claim 4.5. A minimal generating set of Zm{Π has at most log2pδq many elements.

Proof of Claim. Let S � ts1, . . . , s|S|u be a minimal generating set of Z{m1Z �
� � � � Z{mlZ and for the sake of contradiction assume that |S| ¡ log2pδq. This
implies 2|S| ¡ δ which yields that there exist distinct x, y P t0, 1u|S| (wlog x1 � 1

and y1 � 0) such that
°|S|

i�1 xisi �
°|S|

i�1 yisi. Thus, s1 �
°|S|

i�2pyi � xiqsi which
contradicts the minimality of S and thus proves the claim. �
Claim 4.5 and P X Zn � H imply that there exist I � tm� 1, . . . , nu, |I| ¤ log2pδq
and ẑ P Z|I|¥0, }ẑ}1 ¤ δ � 1 such that b �Π A�,I ẑ.

The definition of fpx�q and Carathéodory’s theorem together with our assumptions
imply that there exist J � tm�1, . . . , nu, |J | ¤ mintm, fpx�qu and z P Z|J |¥0 such that
A�,Jz P intpconep�A1, . . . ,�Amqq. Thus, there exists k P Z¥0 such that b � A�,I ẑ �
A�,Jpkzq P conepA1, . . . Amq. This implies b � A�,I ẑ � A�,Jpδkzq P conepA1, . . . Amq
and b � A�,I ẑ � A�,Jpδkzq �Π 0. Furthermore, there exists z� P P X Zn satisfying
supppz�q � t1, . . . ,mu Y I Y J . This yields

| supppz�q| ¤ m�mintm, fpx�qu � log2pδq.

Proof of Lemma 4.3. Define A P Zm�pm�k�1q by

re1| . . . |em�1|lem|e1�� � ��em�1�pl�1qem|�e1| . . . |�ek�2|�ek�1�� � ��em�1|�lems

and b :� e1 � � � � � em P Zm and consider the corresponding polyhedron P . Note
that for this choice of A it holds that l � ∆m and the vertex x� :� e1�� � ��em�1�
1

∆m
em P P satisfies k � fpx�q. Moreover, the integral point

z� :� e1�� � ��em�1�p∆m�1qpem�1�� � ��em�fpx�qq�p∆m�2qem�fpx�q�1 P PXZn

satisfies
}z�rnszrms}1 � pfpx�q � 1qp∆m � 1q � 1,

which finishes the proof.
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4.1.3 Proof of Theorem 4.2

In order to prove Theorem 4.2, it suffices to show that there exists z� P P X Zn

such that
}z�rnszrms}1   pfpx�q � 1q∆m.

This statement is obvious for fpx�q � 8. Thus, assume fpx�q   8. Choose
I and J as in the proof of Lemma 4.1. Due to Lemma 4.1, wlog t1, . . . , nu �
t1, . . . ,muY I Y J . There exists z P Z|J |¥0 such that A�,Jz P intpconep�A1, . . . ,�Amqq
and }z}1 � fpx�q. Choose ẑ P Z|I|¥0 such that A�,rmsx � pA�,Jzqy � b � A�,I ẑ, x P
Zm
¥0, y P Z¥0 is feasible and k :� }ẑ}1 is minimal. Note that k ¤ δ� 1. Consider the

subgroup xA�,Jzy of Zm{Π.

Claim 4.6. It holds |xA�,Jzy| ¤ δ
k�1

.

Proof of Claim. For the sake of contradiction, assume that |xA�,Jzy| ¡ δ
k�1

. First of
all, note that A�,Iz R xA�,Jzy for all z P Z|I|, 0 ¤ z ¤ ẑ, z � 0 as otherwise we obtain
a contradiction to the minimality of k. Secondly, the sets A�,Iz

piq � xA�,Jzy, zpiq P
Z|I|, 0 � zp0q ¤ . . . ¤ zpkq � ẑ, }zpiq}1 � i are pairwise disjoint. This implies that
the cardinality of the union of these sets is larger than pk � 1q � δ

k�1
� δ, which is a

contradiction to |Zm{Π| � δ and thus proves the claim. �
Claim 4.7. It holds }Ai}Π0 ¤ ∆m

δ
for all i P rns.

Proof of Claim. The case i ¤ m is trivial. Thus, assume i ¡ m. Write Ai �
λ1Ai � � � � � λmAm. Choose j P t1, . . . ,mu such that |λj| is maximal. Consider

| detpA1, . . . , Amq| � | detpA1, . . . , Aj�1, λjAj, Aj�1, . . . , Amq| � |λj|δ ¤ ∆m.

This yields }Ai}Π0 � |λj| ¤ ∆m

δ
. �

By subadditivity of the norm, this implies }A�,I ẑ}Π0 ¤ k∆m

δ
.

Claim 4.8. It holds }A�,Jz}π ¥ k�1
δ

.

Proof of Claim. For the sake of contradiction, assume that }A�,Jz}π   k�1
δ

. Then,

���|xA�,Jzy| � A�,Jz
���
π
  δ

k � 1
� k � 1

δ
� 1,

which is a contradiction to |xA�,Jzy| � A�,Jz �Π0 0. Thus, }A�,Jz}π ¥ k�1
δ

. �
Set r :� t k

k�1
∆mu. There exists s P Z satisfying 0 ¤ s ¤ |xA�,Jzy| ¤ δ

k�1
such that

b� A�,I ẑ � A�,Jpr � sqz �Π 0.

Claim 4.9. It holds that

A�,rmsx � b� A�,I ẑ � A�,Jpr � sqz, x ¥ 0

is feasible.
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Proof of Claim. First of all, note that

}A�,Jprzq}π ¥ r � k � 1

δ
¥ k

∆m

δ
� k

k � 1

k � 1

δ
¡ k

∆m

δ
� 1 ¥ }A�,I ẑ}Π0 � 1.

Due to A�,Jz P intpconep�A1, . . . ,�Amqq and b � A�,I ẑ � A�,Jpr � sqz �Π 0, we
obtain A�,I ẑ �A�,Jpr � sqz P b� conep�A1, . . . ,�Amq. This shows the feasibility of
A�,rmsx � b� A�,I ẑ � A�,Jprzq, x ¥ 0. �
Define z� P Zn

¥0 in the following way.

z�i :�

$'''''''&
'''''''%

ẑi for i P IzJ,
pr � sqzi for i P JzI,
ẑi � pr � sqzi for i P I X J,�
A�1
�,rms

�
b� A�,I ẑ � A�,Jpr � sqz�	

i
for i P t1, . . . ,mu,

0 otherwise.

Note that z�rms is integral because b� A�,I ẑ � A�,Jpr � sqz �Π 0. By construction, it
holds that z� P P X Zn. We have

}pr � sqz}1 � pr � sqfpx�q ¤
�Y k

k � 1
∆m

]
� δ

k � 1

	
fpx�q

¤ pk � 1q ∆m

k � 1
fpx�q ¤ fpx�q∆m.

Due to }ẑ}1 � k ¤ ∆m � 1, we have

}z�rnszrms}1   pfpx�q � 1q∆m.

4.1.4 Proof of Theorem 4.4

1. First of all, we want to decide whether there exists x P Zn such that Ax � b,
which is a necessary condition for P X Zn � H. Note that we can find a
unimodular matrix U P Zn�n such that

�
H�,rms 0

� � H :� AU P Zm�n is in
Hermite Normal Form in time HNFpAq. Thus, we have

Ax � b, x P Zn

ô pAUqpU�1xq � b, x P Zn

ô Hy � b, y P Zn

ô H�,rmsyrms � b, yrms P Zm.

Feasibility of the last equation can be efficiently tested by forward substitu-
tion. If the equation is not feasible, then we can output P X Zn � H. Thus,
we can assume that the latter equation is feasible, which gives rise to an
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x P Zn such that Ax � b. Define v P Zn
¥0 by setting vi, i P rns as the smallest

non-negative integer such that xi � δvi ¥ 0 and define z :� x � δv P Zn
¥0.

Cramer’s Rule and δ � | detpA1, . . . , Amq| imply that there exists λ P Zm such
that

Av � λ1

δ
A1 � � � � � λm

δ
Am.

In particular, we obtain Apδvq � A�,rmsλ. We can find z̃ P Zn
¥0 satisfying

Az̃ P intpconep�A1, . . . ,�Amqq in time LpAq. By Cramer’s Rule, there exists
λ̃ P 1

δ
Zm
 0 such that Az̃ � A�,rmsλ̃. Set k :� 0 if λ P Zm

¤0 and

k :� max
iPrns

!Q λi

|λ̃i|
U
: λi ¡ 0

)
P Z¥1

otherwise. This yields

Apz � kδz̃q � Ax� Apδvq � kδAz̃

� b� A�,rmsλ� kδA�,rmsλ̃ � b� A�,rmspλ� kδλ̃q

with λ � kδλ̃ P Zm
¤0. Define ẑ P Z¥0 by ẑi � �λi � kδλ̃i for i P rms and

ẑi � 0 otherwise. Then, z� :� z � kδz̃ � ẑ P Zn
¥0 satisfies Az� � b and thus

z� P P X Zn. For the running time, note that a linear equation system given
by an m�m constraint matrix can be solved in time Opmθq.

2. For a given z P Zn
¥0, the inclusion Az P intpconep�A1, . . . ,�Amqq is equiva-

lent to the feasibility of �A�,rmsλ � Az, λ P Rm
¡0. The latter can be checked

in time Opmθq. We construct an algorithm that successively tests for all
z P Zn

¥0 satisfying }z}1 � 1, . . . , fpx�q whether feasibility is given. Due
to the definition of fpx�q, our algorithm will find z̃ P Zn

¥0 satisfying Az̃ P
intpconep�A1, . . . ,�Amqq. Note that there exist m � m2 � � � � � mfpx�q ¤
fpx�qmfpx�q many vectors z P Zn

¥0 satisfying 1 ¤ }z}1 ¤ fpx�q. Since we need
to perform a feasibility test for any such z, we obtain the stated running time.

3. Note that the number of inclusion-wise maximal sets I � rnszrms, |I| ¤ m is
bounded by

�
n
m

� ¤ nm. Note that there exists such I satisfying conepA�,Iq X
intpconep�A1, . . . ,�Amqq � H because fpx�q   8 and Carathéodory’s the-
orem. We construct an algorithm that successively tests for all such I until
it finds one satisfying this condition. This can be modeled in terms of the
feasibility problem (4.1), which by definition can be solved in time LPpAq.
Scaling the resulting y-vector (which can be assumed to be rational) to an
integral vector and appending zeros yields a desired z̃-vector.

4.2 Proximity Bounds in the Case m � 2

The results in this section are joint work with Joseph Paat and Robert Weismantel.
Let A P Z2�n, b P Z2 and c P Zn. For i P t1, . . . , nu we denote the i-th column of A
by Ai. Furthermore, let ∆2 be the maximal 2� 2 subdeterminant in absolute value
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of A, i.e., ∆2 :� maxt| detpBq| : B is a 2�2 submatrix of Au. Set δ :� | detpA1, A2q|.
We are interested in feasible optimization problems of the form

maxtc⊺x : Ax � b, x P Rn
¥0u, (LP)

maxtc⊺x : Ax � b, x P Zn
¥0u. (IP)

Without loss of generality, we assume throughout this section that there exists an
(LP)-optimal solution x� satisfying supppx�q � t1, 2u. Our goal is to show that
for each (LP)-optimal solution x� there exists an (IP)-optimal solution z� which
is close. More precisely, we want to bound }z� � x�}1 solely in terms of ∆2 in
contrast to the proximity bound by Cook et al. [21] which is in terms of the
number of variables and ∆ :� maxt| detpBq| : B is a submatrix of Au.
To the best of our knowledge, the strongest proximity bound in this setting which
is linear in ∆2 is an immediate consequence of the analysis by Eisenbrand and
Weismantel [29]:

}x� � z�}1   m � 4m∆2 � 32∆2.

A proximity bound of 3∆2 would be best possible in the sense that for each ∆2 P
Z¥1 there exists a problem instance with an (LP)-optimal solution x� such that for
each (IP)-optimal solution z� it holds that }x� � z�}1 ¡ 3∆2 � 5.

4.2.1 Structural Results

Define the parallelepipeds

Π :�
!
x P R2 : x � λ1A1 � λ2A2, 0 ¤ λ1, λ2   1

)
,

Π0 :�
!
x P R2 : x � λ1A1 � λ2A2, �1   λ1, λ2   1

)
,

and consider the residue classes Z2{Π. For x, r P Z2 we write x �Π r if x �
r � m1A1 � m2A2 for m1,m2 P Z. Define a norm } � }Π0 on R2 using the gauge
function

}x}Π0 :� inf
!
λ ¡ 0:

x

λ
P Π0

)
.

The following lemma is a natural extension of cycle-type arguments.

Lemma 4.10. Let x� be an (LP)-optimal vertex solution satisfying supppx�q � t1, 2u
and y be an (IP)-optimal solution. If there exists y P Zn with 0 ¤ y ¤ y and
Apy � yq � ptx�1u � ỹ1qA1 � ptx�2u � ỹ2qA2 for some ỹ1, ỹ2 P Z with tx�i u � ỹi ¥ 0 for
i P t1, 2u, then it holds for ỹ :� pỹ1, ỹ2, 0, . . . , 0q⊺ P Zn that y � tx�u � ỹ P Zn is an
optimal solution of (IP).

Proof. Note that y � tx�u � ỹ P Zn is a feasible solution to (IP). For the sake of
contradiction let us assume c⊺py � tx�u� ỹq   c⊺y.

Assume that tx�i u � ỹi ¡ 0 for both i P t1, 2u. Without loss of generality, assume
x�1
x�2
¤ tx�1 u�ỹ1

tx�2 u�ỹ2
. Set γ :� x�1

tx�1 u�ỹ1
¡ 0.
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Due to our assumptions, x̂ :�
�
0, x�2 � x�1

tx�2 u�ỹ2
tx�1 u�ỹ1

, 0, . . . , 0
	⊺
� γpy � yq P Rn

¥0. Fur-
thermore, it holds that

Ax̂ � γ
2̧

i�1

ptx�i u� ỹiqAi �
�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	
A2 � x�1A1 � x�2A2 � b

and

c⊺x̂ � γc⊺py � yq � c2

�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	

¡ γ
2̧

i�1

ciptx�i u� ỹiq � c2

�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	
� c1x

�
1 � c2x

�
2 � c⊺x�

which is a contradiction and hence shows the statement in this case.

Assume now that there exists an i P t1, 2u such that tx�i u � ỹi � 0. If both terms
are zero, then Apy � yq � 0 which implies c⊺py � yq � 0 and thus c⊺y � c⊺y �
c⊺
�
y � tx�u� ỹ

�
. Due to symmetry, we only consider tx�2u� ỹ2 � 0   tx�1u� ỹ1.

Then we have for x̂ :� p0, x�2 , 0, . . . , 0q⊺ � γpy � yq � p0, x�2 � x�1
tx�2 u�ỹ2
tx�1 u�ỹ1

, 0, . . . , 0q⊺ �
γpy � yq P Rn

¥0 that

Ax̂ � γ
2̧

i�1

ptx�i u� ỹiqAi �
�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	
A2 � x�1A1 � x�2A2 � b

and because x�1
tx�2 u�ỹ2
tx�1 u�ỹ1

� 0 ¤ x�2 that

c⊺x̂ � γc⊺py � yq � c2

�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	

¡ γ
2̧

i�1

ciptx�i u� ỹiq � c2

�
x�2 � x�1

tx�2u� ỹ2
tx�1u� ỹ1

	
� c1x

�
1 � c2x

�
2 � c⊺x�

which is a contradiction and finishes the proof.

For an optimal solution z� to (IP) we have Az� �: u1 � � � � � uM , where the
ui are copies of the columns of A, i.e., ui � Aj for a j P t1, . . . , nu. We write
ui � α

piq
1 A1 � α

piq
2 A2 for all i P t1, . . . ,Mu and introduce the index sets

IÔb :� ti P t1, . . . ,Mu : αpiq1 ¤ 0, α
piq
2 ¥ 0 and ui �Π 0u,

IÕb :� ti P t1, . . . ,Mu : αpiq1 ¡ 0, α
piq
2 ¥ 0 and ui �Π 0u,

IÓb :� ti P t1, . . . ,Mu : αpiq2   0 and ui �Π 0u,
IÖ :� ti P t1, . . . ,Mu : αpiq1 ¤ 0, α

piq
2   0 and ui �Π 0u,

I× :� ti P t1, . . . ,Mu : αpiq1 ¡ 0, α
piq
2   0 and ui �Π 0u,

IÒ :� ti P t1, . . . ,Mu : αpiq2 ¥ 0 and ui �Π 0u.
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Keep in mind that IÔb 9YIÕb 9YIÓb 9YIÖ 9YI× 9YIÒ � t1, . . . ,Mu. Moreover, we define
Ib :� IÔb 9YIÕb 9YIÓb and

IA1 :� ti P t1, . . . ,Mu : ui � A1u,
IA2 :� ti P t1, . . . ,Mu : ui � A2u,

which implies IA1 9YIA2 � IÒ. In this setting, we also define

α1 :�
¸

iPIb 9YIÖ 9YI×

α
piq
1 ,

α2 :�
¸

iPIb 9YIÖ 9YI×

α
piq
2 .

Lemma 4.11. It holds }ui}Π0 ¤ ∆2

δ
for i P t1, . . . ,Mu.

Proof. Assume for the sake of contradiction that |αpiqj | ¡ ∆2

δ
for i P t1, . . . ,Mu and

j P t1, 2u. Let σ : t1, 2u Ñ t1, 2u with σp1q � 2 and σp2q � 1 and set βj :� 0 and
βσpjq :� 1. Then

∆2 ¥ | detpui, Aσpjqq| �
����det�pA1, A2q

�
α
piq
1 β1

α
piq
2 β2

�	���� � δ

����det
�
α
piq
1 β1

α
piq
2 β2

�����
which implies ∆2

δ
¥ |αpiqj βσpjq| � |αpiqj | ¡ ∆2

δ
which is a contradiction. Hence,

}ui}Π0 ¤ ∆2

δ
, i.e. |αpiq1 |, |αpiq2 | ¤ ∆2

δ
for all i P t1, . . . ,Mu.

The following lemma gives us some information about the previously introduced
index sets.

Lemma 4.12. Let x� be an (LP)-optimal vertex solution satisfying supppx�q � t1, 2u
and x�1 ¥ ∆2. Assume that z� is an (IP)-optimal solution satisfying |Ib| ¤ δ � 1.
Then:

1. |α1| ¤ ∆2

2. IÒ � IA1 9YIA2

Proof. Without loss of generality, we can assume that Lemma 4.10 can not be
applied anymore to z�. Lemma 4.11 states that }ui}Π0 ¤ ∆2

δ
for all i P t1, . . . ,Mu.

This implies that ���¸
iPIb

ui

���
Π0

¤
¸
iPIb

}ui}Π0 ¤ pδ � 1q∆2

δ
.

If
°

iPIb
α
piq
2 ¤ x�2 , we can use Lemma 4.10 in order to show that

°
iPIb 9YIA1

9YIA2
ui is

corresponding to our (IP)-optimal solution z� because of

¸
iPIb

α
piq
1 ¤ pδ � 1q∆2

δ
  ∆2 ¤ x�1
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and
°

iPIb
ui �Π b. This implies IÒ � IA1 9YIA2 and |α1| ¤ ∆2.

Otherwise, δ�1
δ
∆2 ¥

°
iPIb

α
piq
2 ¡ x�2 . Our goal is to show that |α1| ¤ ∆2 in this

case. Due to symmetry, it suffices to establish that α1 ¥ �∆2. For this purpose, we
analyze the terms

°
iPIÔb

α
piq
2 and

°
iPIÕb

α
piq
2 separately. By definition of ∆2 and the

inequality ���det��A1 A2

��α
piq
1 α

psq
1

α
piq
2 α

psq
2

�	��� ¤ ∆2,

we have α
psq
1 α

piq
2 � α

piq
1 α

psq
2 ¤ ∆2

δ
and α

piq
1 ¥ α

psq
1 α

piq
2 �

∆2
δ

α
psq
2

for i P IÖ 9YI× and s P
IÔb 9YIÕb .°

sPIÔb
α
psq
2 : Let IÖ1 � IÖ. We have

¸
sPIÔb

α
psq
1 �

¸
iPIÖ1

α
piq
1 ¥

¸
sPIÔb

α
psq
1 �

¸
iPIÖ1

¸
sPIÔb

α
psq
2°

lPIÔb
α
plq
2

�αpiq2 α
psq
1 � ∆2

δ

α
psq
2

	

�
¸
sPIÔb

α
psq
1 � 1°

lPIÔb
α
plq
2

�¸
iPIÖ1

¸
sPIÔb

α
piq
2 α

psq
1 �

¸
iPIÖ1

¸
sPIÔb

∆2

δ

	

¥
¸
sPIÔb

α
psq
1

�
1� |IÖ1 |°

lPIÔb
α
plq
2

	
� |IÖ1 |°

lPIÔb
α
plq
2

|IÔb |∆2

δ

¥ �|I
Ô
b |∆2

δ

�
1� |IÖ1 |°

lPIÔb
α
plq
2

	
� |IÖ1 |°

lPIÔb
α
plq
2

|IÔb |∆2

δ

� �|I
Ô
b |∆2

δ

because |IÖ1 | ¤
°

lPIÔb
α
plq
2 .

°
sPIÕb

α
psq
2 : Set IÖ2 :� IÖzIÖ1 and choose i0 P IÖ2 . Define Ĩ2

Ö
:� IÖ2 zti0u. We have

¸
sPIÕb

α
psq
1 �

¸
jPĨ2

Ö

α
pjq
1 ¥

¸
sPIÕb

α
psq
1 �

¸
jPĨ2

Ö

¸
sPIÕb

α
psq
2°

sPIÕb
α
plq
2

� ∆2

δ
� α

psq
1 α

pjq
2

α
psq
2

	

�
¸
sPIÕb

α
psq
1 � 1°

lPIÕb
α
plq
2

� ¸
jPĨ2

Ö

¸
sPIÕb

α
psq
1 α

pjq
2 �

¸
jPĨ2

Ö

¸
sPIÕb

∆2

δ

	

�
¸
sPIÕb

α
psq
1 �

¸
sPIÕb

α
psq
1

°
jPĨ2

Ö α
pjq
2°

lPIÕb
α
plq
2

� |Ĩ2Ö|°
lPIÕb

α
plq
2

|IÕb |
δ

∆2

¥
¸
sPIÕb

α
psq
1 �

¸
sPIÕb

α
psq
1 � |IÕb |

δ
∆2 � �|I

Õ
b |
δ

∆2
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because |Ĩ2Ö| ¤
°

lPIÕb
α
plq
2 and

°

jPĨ2
Ö α

pjq
2

°

lPI
Õ
b

α
plq
2

¥ �1. This yields

¸
sPIÕb

α
psq
1 �

¸
jPĨ2

Ö

α
pjq
1 � α

pi0q
1 ¥ �|I

Õ
b | � 1

δ
∆2.

All in all, we obtain

α1 :�
¸

iPIÔb 9YIÖ1

α
piq
1 �

¸
iPIÕb 9YIÖ2

α
piq
1 �

¸
iPIÓb 9YI×

α
piq
1

¥ �|I
Ô
b |
δ

∆2 � |IÕb | � 1

δ
∆2 � |IÓb |

δ
∆2 ¥ �∆2

because |Ib| ¤ δ � 1. Due to symmetry, one also obtains α1 ¤ ∆2.

Now we can use Lemma 4.10 to show that
°

iPIb 9YIÖ 9YI× 9YIA1
9YIA2

ui corresponds to
z� because ¸

iPIb 9YIÖ 9YI×

α
piq
1 ¤ ∆2 ¤ x�1 .

In particular, we obtain IÒ � IA1 9YIA2.

Lemma 4.13. Let x� be an (LP)-optimal vertex solution satisfying supppx�q � t1, 2u
and x�1 ¥ ∆2. Assume that z� is an (IP)-optimal solution satisfying |Ib| ¤ δ � 1.

If
°

iPIb
α
piq
2 ¡ x�2 , then

1.
��|IA1 | � x�1

�� ¤ ∆2,

2.
��|IA2 | � x�2

�� ¤ ∆2

δ
,

3. |IÖ 9YI×| ¤ δ�1
δ
∆2.

If
°

iPIb
α
piq
2 ¤ x�2 , then

1.
��|IA1 | � x�1

�� ¤ ∆2,

2.
��|IA2 | � x�2

�� ¤ ∆2,

3. IÖ 9YI× � H.

Proof. Lemma 4.12 implies |α1| ¤ ∆2 and IÒ � IA1 9YIA2. Without loss of generality,
we assume that Lemma 4.10 can not be applied anymore. We know that

��|IA1 | �
x�1
�� ¤ P|α1|

T ¤ ∆2 because |α1| ¤ ∆2.

1. Assume
°

iPIb
α
piq
2 ¡ x�2 . For the sake of contradiction assume |IÖ 9YI×| ¡

δ�1
δ
∆2. We can find S � IÖ 9YI× with |S| ¤ δ�1

δ
∆2 such that

°
iPIb 9YS α

piq
2 ¤ x�2

because
°

iPIb
α
piq
2 ¤ pδ � 1q∆2

δ
and α

piq
2 P Z for all i P IÖ 9YI×. By Lemma

4.10 this would lead to a new (IP)-optimal solution induced by
°

iPIb 9YS 9YIÒ ui
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contradicting our assumption, i.e. |IÖ 9YI×| ¤ δ�1
δ
∆2. Due to |αpiq1 |, |αpiq2 | ¤

∆2

δ
we have x�2 �

°
iPIb 9YIÖ 9YI× α

piq
2   ∆2

δ
, otherwise we could apply Lemma

4.10 again. This yields
��|IA2 | � x�2

�� ¤ ∆2

δ
because IÒ � IA1 9YIA2.

2. Assume
°

iPIb
α
piq
2 ¤ x�2 . The proof of Lemma 4.12 implies that

°
iPIb 9YIA1

9YIA2
ui

equals z�. This implies IÖ 9YI× � H. Because }°iPt1,...,MuzIÒ ui}Π0 ¤ ∆2 and

α
piq
2 � 1 for i P IA2 we know that |α2| ¤ ∆2 and

��|IA2 | � x�2
�� ¤ P|α2|

T ¤ ∆2.

The same type of results hold for x�2 ¥ ∆2. But due to symmetry it suffices to
consider x�1 ¥ ∆2.

4.2.2 Proximity Results

The following corollary can be interpreted as a refinement of a result by Oertel,
Paat and Weismantel [58] in the special case m � 2 and δ prime. In this setting,
the result by Oertel et al. implies a proximity bound of 3∆2 with a probability of 1
for a randomly chosen b. The following result extends this proximity bound to all
but finitely many b.

Corollary 4.14. Let δ be prime and let b P Z2 such that }b}Π0 ¥ ∆2. Then for
every (LP)-optimal vertex solution x� satisfying supppx�q � t1, 2u, there exists an
(IP)-optimal solution z� such that

}z� � x�}1   3∆2.

Proof. Let z� be an (IP)-optimal solution such that Lemma 4.10 can not be applied
anymore. Then it holds that

u1 � � � � � uM :� Az� � b � Ax� � x�1A1 � x�2A2,

where the ui are copies of the columns of A, i.e., for all i P t1, . . . ,Mu there exists
j P t1, . . . , nu such that ui � Aj. Without loss of generality, we assume x�1 ¥ ∆2

because }x�1A1 � x�2A2}Π0 � }b}Π0 ¥ ∆2.

Claim 4.15. It holds |Ib| ¤ δ � 1.

Proof of Claim. Choose U � Ib such that
°

iPU ui �Π b. We can assume that
|U | ¤ δ�1 because otherwise there exist disjunct U1, U2 � U such that

°
iPU1

ui �Π

�°
iPU2

ui because |Z2{Π| � δ�1. This implies that we can replace U by UztU1 9YU2u.
By applying this argument successively, we obtain |U | ¤ δ�1. For all U � Ib, |U | ¤
δ � 1 satisfying

°
iPU ui �Π b and

°
iPŨ ui �Π 0 for all Ũ � U , we choose U such

that
°

iPU α
piq
2 is minimal.

If
°

iPU α
piq
2 ¤ x�2 , we can use Lemma 4.10 to show that

°
iPU 9YIA1

9YIA2
ui is corre-

sponding to our (IP)-optimal solution z� which yields U � Ib and |Ib| ¤ δ � 1.
Thus, we can assume δ�1

δ
∆2 ¥

°
iPU α

piq
2 ¡ x�2 . Due to the minimality assumption
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on U and because Z2{Π is a cyclic group, we obtain IÓb � U . Following the proof
of Lemma 4.12 and applying Lemma 4.10 yields that

°
iPU 9YIÖ 9YI× 9YIA1

9YIA2
ui corre-

sponds to z�. Once again, this implies U � Ib and |Ib| ¤ δ � 1. �

Thus, we can apply Lemma 4.12 and obtain |α1| ¤ ∆2 and IÒ � IA1 9YIA2. We have

}z� � x�}1 � |Ib| � |IÖ 9YI×| � ��|IA1 | � x�1
��� ��|IA2 | � x�2

��.
If
°

iPIb
α
piq
2 ¤ x�2 , then by Lemma 4.13

}z� � x�}1 � |Ib| � |IÖ 9YI×| � ��|IA1 | � x�1
��� ��|IA2 | � x�2

��
¤ δ � 1�∆2 �∆2   3∆2.

If δ�1
δ
∆2 ¥

°
iPIb

α
piq
2 ¡ x�2 , then Lemma 4.13 yields

}z� � x�}1 � |Ib| � |IÖ 9YI×| � ��|IA1 | � x�1
��� ��|IA2 | � x�2

��
¤ δ � 1� δ � 1

δ
∆2 �∆2 � ∆2

δ
� δ � 2∆2 � 1   3∆2.
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In some settings, Corollary 4.14 can be used to obtain strong proximity bounds
for all b P Z2. To exemplify this, we consider feasible cardinality constrained
knapsack problems (CCK):

max c⊺x
ņ

i�1

wixi ¤ b1

ņ

i�1

xi ¤ b2

x P Zn
¥0

where c, w P Zn. Intuitively, the additional constraint limits the number of items
that can be put into the knapsack. We assume that (CCK) is feasible and define
∆ as the largest absolute subdeterminant of the contraint matrix of (CCK). The
corresponding problem in standard form (CCK)

max c⊺x

Ax � b

x P Zn�2
¥0

is obtained by adding slack variables. Note that A2,� � p1, . . . , 1, 0, 1q and ∆ is the
largest 2� 2 subdeterminant of A in absolute value.

Corollary 4.16. For each optimal vertex solution x� to the linear relaxation of (CCK)
with an LP-basis having a prime determinant in absolute value, there exists a (CCK)-
optimal solution z� such that

}x� � z�}1   4∆.

Proof. Let x� be such an optimal vertex solution to the linear relaxation of (CCK).
Consider the following three cases.

b2 ¥ 2∆ : Then there exists i P rn� 2s such that x�i ¥ ∆. By Corollary 4.14, there
exists a (CCK)-optimal solution z� such that }x� � z�}1   3∆.

0 ¤ b2   2∆ : Let z� be any (CCK)-optimal solution. Then

}x� � z�}1 ¤ }x�}1 � }z�}1   2∆� 2∆ � 4∆.

b2   0 : In this case (CCK) is infeasible.





Chapter 5

On the Optimization over
ta, b, cu-Modular Matrices

The following chapter is a subset of [32] and its extended version [33]. Note
that there is some overlap in the introduction and preliminaries with the thesis
of Christoph Glanzer [31]. While in his thesis the recognition problem is being
covered (Theorem 5.1 and Theorem 5.2), in this chapter the optimization problem
will be tackled (Theorem 5.3).

5.1 Introduction

A matrix is called totally unimodular (TU) if all of its subdeterminants are equal
to 0, 1 or �1. Within the past 60 years the community has established a deep and
beautiful theory about TU matrices. A landmark result in the understanding of such
matrices is Seymour’s decomposition theorem [65]. It shows that TU matrices arise
from network matrices and two special matrices using row, column, transposition,
pivoting, and so-called k-sum operations. As a consequence of this theorem it is
possible to recognize in polynomial time whether a given matrix is TU [63, 71]. An
implementation of the algorithm in [71] by Walter and Truemper [74] returns a
certificate if A is not TU: For an input matrix with entries in t0,�1u, the algorithm
finds a submatrix Ã which is minimal in the sense that | detpÃq| � 2 and every
proper submatrix of Ã is TU. We refer to Schrijver [63] for a textbook exposition of
Seymour’s decomposition theorem, a recognition algorithm arising therefrom and
further material on TU matrices.

There is a well-established relationship between totally unimodular and unimod-
ular matrices, i.e., matrices whose n� n subdeterminants are equal to 0, 1 or �1.
In analogy to this we define for A P Zm�n and m ¥ n,

DpAq :� t| detpAI,�q| : I � rms, |I| � nu,
the set of all n � n subdeterminants of A in absolute value, where AI,� is the
submatrix formed by selecting all rows with indices in I. It follows straightfor-
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wardly from the recognition algorithm for TU matrices that one can efficiently
decide whether DpAq � t1, 0u. A technique in [8, Section 3] allows us to rec-
ognize in polynomial time whether DpAq � t2, 0u. If all n � n subdeterminants
of A are nonzero, the results in [7] can be applied to calculate DpAq given that
maxtk : k P DpAqu is constant. Nonetheless, with the exception of these results we
are not aware of other instances for which it is known how to determine DpAq in
polynomial time.

The main motivation for the study of matrices with bounded subdeterminants
comes from integer optimization problems (IPs). It is a well-known fact that IPs
of the form maxtcTx : Ax ¤ b, x P Znu for A P Zm�n of full column rank, b P Zm

and c P Zn can be solved efficiently if DpAq � t1, 0u, i.e., if A is unimodular.
This naturally leads to the question whether these problems remain efficiently
solvable when the assumptions on DpAq are further relaxed. Quite recently in [8]
it was shown that when DpAq � t2, 1, 0u and rankpAq � n, integer optimization
problems can be solved in strongly polynomial time. Recent results have also led
to understand IPs when A is nondegenerate, i.e., if 0 R DpAq. The foundation
to study the nondegenerate case was laid by Veselov and Chirkov [72]. They
describe a polynomial time algorithm to solve IPs if DpAq � t2, 1u. In [7] the
authors showed that IPs over nondegenerate constraint matrices are solvable in
polynomial time if the largest n � n subdeterminant of the constraint matrix is
bounded by a constant.

The role of bounded subdeterminants in complexity questions and in the structure
of IPs and LPs has also been studied in [28, 35, 38, 61], as well as in the context of
combinatorial problems in [17, 18, 55]. The sizes of subdeterminants also play an
important role when it comes to the investigation of the diameter of polyhedra,
see [24] and [11].

5.1.1 Statement of Results

A matrix A P Zm�n, m ¥ n, is called ta, b, cu-modular if DpAq � ta, b, cu, where
a ¥ b ¥ c ¥ 0.1 The paper presents three main results. First, we prove the
following structural result for a subclass of ta, b, 0u-modular matrices.

Theorem 5.1 (Decomposition Property). Let a ¥ b ¡ 0, gcdpta, buq � 1 and assume
that ta, bu � t2, 1u. Using row permutations, multiplications of rows by �1 and ele-
mentary column operations, any ta, b, 0u-modular matrix A P Zm�n can be brought
into a block structure of the form �

L 0 0{a
0 R 0{b

�
, (5.0)

in time polynomial in n, m and log ||A||8, where L P Zm1�n1 and R P Zm2�n2 are
TU, n1 � n2 � n � 1, m1 � m2 � m. In the representation above the rightmost

1For reasons of readability, we will stick to the notation that a ¥ b ¥ c although the order of
these elements is irrelevant.
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column has entries in t0, au and t0, bu, respectively. The matrix
�
L 0
0 R

�
contains the

pn� 1q-dimensional unit matrix as a submatrix.

The first n� 1 columns of (5.1) are TU since they form a 1-sum of two TU matrices
(see [63, Chapter 19.4]). This structural property lies at the core of the following
recognition algorithm. We say that a matrix A possesses a duplicative relation if
it has nonzero n� n subdeterminants k1 and k2 satisfying 2 � |k1| � |k2|.
Theorem 5.2 (Recognition Algorithm). There exists an algorithm that solves the
following recognition problem in time polynomial in n, m and log ||A||8: Either,
calculate DpAq, or give a certificate that |DpAq| ¥ 4, or return a duplicative relation.

For instance, Theorem 5.2 cannot be applied to check whether a matrix is t4, 2, 0u-
modular, but it can be applied to check whether a matrix is t3, 1, 0u-, or t6, 4, 0u-
modular. More specifically, Theorem 5.2 recognizes ta, b, cu-modular matrices un-
less pa, b, cq � p2 � k, k, 0q, k P Z¥1. In particular, this paper does not give a con-
tribution as to whether so-called bimodular matrices (the case k � 1) can be
recognized efficiently.

The decomposition property established in Theorem 5.1 is a major ingredient
for the following optimization algorithm to solve standard form IPs over ta, b, cu-
modular constraint matrices for any constant a ¥ b ¥ c ¥ 0.

Theorem 5.3 (Optimization Algorithm). Consider a standard form integer program
of the form

maxtcTx : Bx � b, x P Zn
¥0u, (5.1)

for b P Zm, c P Zn and B P Zm�n of full row rank, where DpBTq is constant, i.e.,
maxtk : k P DpBTqu is constant.2 Then, in time polynomial in n, m and the encoding
size of the input data, one can solve (5.1) or output that |DpBTq| ¥ 4.

Notably, in Theorem 5.3, the assumption that DpBTq is constant can be dropped if
B is degenerate, i.e., if 0 P DpBTq.

5.1.2 An Example for ta, b, cu-Modular Matrices

• Generalized network flow. Let G � pV,Eq be a directed graph whose vertices
can be partitioned as V � SYtvuYT such that no arc runs between S and T ,
and no arc runs from v to S. Consider a generalized network flow problem
in G, where s P S and t P T , with capacities u : E Ñ Z¡0 and gains

γpeq :�
#

a
b

if e runs from S to v,

1 otherwise,
2Note that we use DpBTq instead of DpBq since B has full row rank and we refer to its m�m

subdeterminants.
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where a, b P Z¡0. Then, the natural formulation of finding a maximal s-t flow
in G with respect to u and γ is an integer optimization problem whose con-
straint matrix A satisfies DpATq � ta, b, 0u after multiplying the constraint
corresponding to v by b.

5.2 Notation and Preliminaries

For k P Z¥1, rks :� t1, . . . , ku. In is the n-dimensional unit matrix, where we
leave out the subscript if the dimension is clear from the context. For a matrix
A P Zm�n, we denote by Ai,� the i-th row of A. For a subset I of rms, AI,� is the
submatrix formed by selecting all rows with indices in I, in increasing order. An
analogous notation is used for the columns of A. For k P Z, we write Ik :� ti P
rms : Ai,n � ku, the indices of the rows whose n-th entry is equal to k. Set ||A||8 :�
maxiPrms,jPrns |Aij|. For simplicity, we assume throughout the document that the
input matrix A to any recognition algorithm satisfies m ¥ n and rankpAq � n as
rankpAq   n implies that DpAq � t0u. Left-out entries in figures and illustrations
are equal to zero.

DpAq is preserved under elementary column operations, permutations of rows
and multiplications of rows by �1. By a series of elementary column operations
on A, any nonsingular n � n submatrix B of A can be transformed to its Hermite
normal form (HNF), in which B becomes a lower-triangular, nonnegative submatrix
with the property that each of its rows has a unique maximum entry on its main
diagonal [63]. This can be done in time polynomial in n, m and log ||A||8 [69].

At various occasions we will make use of a simple adaptation of the HNF described
in [7, Section 3]: Choose a nonsingular n � n submatrix B of A. When applying
this transformation, either, the matrix B will be clear from the context, otherwise,
choose B to be any nonsingular n�n submatrix of A. Permute the rows of A such
that Arns,� � B. Apply elementary column operations to A such that B is in HNF.
After additional row and column permutations and multiplications of rows by �1,

A �

�
�����������������

1
. . .

1
� � � � � δ1
...

...
... . . . . . .

� � � � � � � � � � � δl
An,1 � � � � � � � � � � � � An,n�1 An,n

An�1,1 � � � � � � � � � � � � An�1,n�1 An�1,n
...

...
...

...
...

...
...

Am,1 � � � � � � � � � � � � Am,n�1 Am,n

�
�����������������

,

where A�,n ¥ 0, | detpBq| � p±l
i�1 δiq �An,n, all entries marked by � are numbers be-

tween 0 and the corresponding entry on the main diagonal minus one, and δi ¥ 2
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for all i P rls. In particular, the rows of Arns,� whose entries on the main diagonal
are strictly larger than one are at positions n� l, . . . , n.

We note that it is not difficult to efficiently recognize nondegenerate matrices given
a constant upper bound on |DpAq|. This will allow us to exclude the nondegener-
ate case in all subsequent algorithms. We wish to emphasize that the results in [7]
can be applied to solve this task given that maxtk : k P DpAqu is constant.

Lemma 5.4. Given a constant d P Z, there exists an algorithm that solves the follow-
ing recognition problem in time polynomial in n, m and log ||A||8: Either, calculate
DpAq, or give a certificate that |DpAq| ¥ d� 1, or that 0 P DpAq.

5.3 Proof of Theorem 5.3

One ingredient to the proof of Theorem 5.3 is the following result by Gribanov,
Malyshev and Pardalos [37] which reduces the standard form IP (5.1) to an IP in
inequality form in dimension n�m such that the subdeterminants of the constraint
matrices are in relation.

Lemma 5.5 ([37, Corollary 1.1, Remark 5, Theorem 3]3). In time polynomial in
n, m and log ||B||8, (5.1) can be reduced to the inequality form IP

maxthTy : Cy ¤ g, y P Zn�mu, (5.2)

where h P Zn�m, g P Zn and C P Zn�pn�mq, with DpCq � 1
gcdpDpBTqq

�DpBTq.

To prove this reduction, the authors apply a theorem by Shevchenko and Veselov [73]
which was originally published in Russian. For completeness of presentation, we
will provide an alternative but similar proof of Lemma 5.5 which uses the follow-
ing well-known determinant identity instead of the aforementioned result.

Lemma 5.6 (Jacobi’s complementary minor formula, see [14, Lemma A.1e]). Let
A P Zn�n be invertible and I, J � rns, |I| � |J | � k for k P rns. Then,

detpAI,Jq � detpAq � p�1q
°

iPI i�
°

jPJ j � det
�
A�1

J,I

	
,

where I :� rnszI and J :� rnszJ .

Alternative proof of Lemma 5.5. We closely follow the proof of [37]. First, we re-
formulate (5.1) in such a way that the gcd of the full rank subdeterminants of
the constraint matrix becomes 1. To this end, calculate the Smith normal form
of B, i.e., find P P Zm�m and Q P Zn�n unimodular and nonsingular such that
B � P rS | 0sQ, where S P Zm�m is a diagonal matrix satisfying

±m
i�1 Si,i �

gcdpDpBTqq. This can be done in time polynomial in m, n and log ||B||8, see [68].
3Note that in [37], the one-to-one correspondence between DpCq and DpBTq is not explicitly

stated in Corollary 1.1 but follows from Theorem 3.
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Thus, Bx � b ô rIm | 0sQx � S�1P�1b. For simplicity, set b1 :� S�1P�1b. If
b1 R Zm, then (5.1) is infeasible. Thus, assume that b1 P Zm. Summarizing, solv-
ing (5.1) is equivalent to solving

maxtcTx : rIm | 0sQx � b1, x P Zn
¥0u, (5.3)

where due to multiplying by S�1, DpprIm | 0sQqTq � 1
gcdpDpBTqq

�DpBTq.

Secondly, we reduce (5.3) to an IP in inequality form. Since Q is unimodular,
substituting z :� Qx yields

tx P Zn : rIm | 0sQx � b1u
� Q�1tz P Zn : zrms � b1u
� tQ�1

�,rmsb
1 �Q�1

�,rnszrmsy : y P Zn�mu.
Plugging this identity into (5.3) yields

maxtcTpQ�1
�,rmsb

1 �Q�1
�,rnszrmsyq : Q�1

�,rmsb
1 �Q�1

�,rnszrmsy ¥ 0, y P Zn�mu
� cTQ�1

�,rmsb
1 �maxthTy : Cy ¤ g, y P Zn�mu,

where hT :� cTQ�1
�,rnszrms, g :� Q�1

�,rmsb
1 and C :� �Q�1

�,rnszrms.

Recall that DpprIm | 0sQqTq � 1
gcdpDpBTqq

�DpBTq. As rIm | 0sQ � Qrms,�, it remains to
show that DppQrms,�qTq � DpQ�1

�,rnszrmsq. Lemma 5.6 applied to A :� Q for I :� rms
and J � rns, |J | � m, yields

| detpQrms,Jq| � | detpQ�1
Jc,rnszrmsq|,

i.e., the claim follows.

As a second ingredient to the proof of Theorem 5.3, we will make use of some
results for bimodular integer programs (BIPs). BIPs are IPs of the form

maxtcTx : Ax ¤ b, x P Znu,
where c P Zn, b P Zm and A P Zm�n is bimodular, i.e., rankpAq � n and DpAq �
t2, 1, 0u. As mentioned earlier, [8] proved that BIPs can be solved in strongly
polynomial time. Their algorithm uses the following structural result for BIPs
by [72] which will also be useful to us.

Theorem 5.7 ([72, Theorem 2], as formulated in [8, Theorem 2.1]). Assume that
the linear relaxation maxtcTx : Ax ¤ b, x P Rnu of a BIP is feasible, bounded and has
a unique optimal vertex solution v. Denote by I � rms the indices of the constraints
which are tight at v, i.e., AI,�v � bI . Then, an optimal solution x� of maxtcTx : AIx ¤
bI , x P Znu is also optimal for the BIP.

Proof of Theorem 5.3. Using Lemma 5.5, we reduce the standard form IP (5.1)
to (5.2). Note that gcdpDpCqq � 1. Let us denote (5.2) with objective vector h P
Zn�m by IP¤phq and its natural linear relaxation by LP¤phq. We apply Theorem 5.2
to C and perform a case-by-case analysis depending on the output.
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1. The algorithm calculates and returns DpCq. If 0 R DpCq, C is nondegenerate
and IP¤phq can be solved using the algorithm in [7]. Thus, assume that
0 P DpCq. C has no duplicative relations. As gcdpDpCqq � 1, this implies
that C is ta, b, 0u-modular for a ¥ b ¡ 0, where gcdpta, buq � 1 and pa, bq �
p2, 1q. Thus, C satisfies the assumptions of Theorem 5.1. As a consequence
of Theorem 5.1, there exist elementary column operations which transform
C such that its first n�m� 1 columns are TU, i.e., there is U P Zpn�mq�pn�mq

unimodular such that CU � rT | ds, where T is TU and d P Zn. Substituting
z :� U�1y yields the equivalent problem

maxthTUz : rT | dsz ¤ g, z P Zn�mu, (5.4)

where we have used that y � Uz P Zn�m ô z P Zn�m as U preserves
integrality. Let z� be an optimal solution to the mixed-integer linear program

maxthTUz : rT | dsz ¤ g, z P Rn�m, zn�m P Zu, (5.5)

which can be found in polynomial time [63, Chapter 18.4]. If no such so-
lution exists, (5.4) is infeasible. Fixing zn�m :� z�n�m in (5.5) induces an LP
in dimension n �m � 1. Let z̄ be a vertex solution to this LP, which can be
found efficiently (see, for example, [39]).4 Since T is TU, z̄ P Zn�m�1. The
solution rz̄ | z�ns has the same objective value as z� and is optimal for (5.4)
since it is integral and (5.5) is a relaxation of (5.4).

2. The algorithm returns that |DpCq| ¥ 4. Then, |DpBTq| � |DpCq| ¥ 4.

3. The algorithm returns a duplicative relation, i.e., t2 � k, ku � DpCq, k ¡ 0.
This case is more involved because we do not have any information as to
which other elements might be contained in DpCq.
Assume w.l.o.g. that LP¤phq is feasible and that LP¤phq is bounded. We
postpone the unbounded case to the end of the proof. Calculate an optimal
vertex solution v to LP¤phq. If v P Zn�m, then v is also optimal for IP¤phq.
Thus, assume that v R Zn�m and let I � rns be the indices of tight constraints
at v, i.e., CI,�v � gI . In what follows, we prove that we may assume w.l.o.g.
that (a) 0 P DpCq, (b) k � 1, and (c) CI is bimodular.

a) From Lemma 5.4 applied to C for d � 3 we obtain three possible re-
sults: |DpCq| ¥ 4, 0 R DpCq or 0 P DpCq. In the first case we are done
and in the second case, C is nondegenerate and IP¤phq can be solved
using the algorithm in [7]. Therefore, w.l.o.g., 0 P DpCq.

b) If t2 � k, k, 0u � DpCq for k ¡ 1, it follows from gcdpDpCqq � 1 that
|DpCq| ¥ 4. Therefore, w.l.o.g., k � 1.

4As T has full column rank, the feasible region is pointed, i.e., such a vertex exists.
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c) Since v R Zn�m, it holds that 1 R DpCIq as otherwise, v P Zn�m due to
Cramer’s rule. Apply Theorem 5.2 once more, but this time to CI . If
the algorithm returns that |DpCIq| ¥ 4, then |DpCq| ¥ 4. If the algo-
rithm returns a duplicative relation, i.e., t2 � s, su � DpCIq, then s � 1
as 1 R DpCIq. Since by (a) and (b), t2, 1, 0u � DpCq, it follows that
t2 � s, 2, 1, 0u � DpCq. Thus, |DpCq| ¥ 4. If the algorithm calculates and
returns DpCIq, then it has either found that DpCIq � t2, 0u or it finds
an element t P DpCIqzt2, 0u. Then, t � 1 as 1 R DpCIq, implying that
tt, 2, 1, 0u � DpCq and |DpCq| ¥ 4. Thus, w.l.o.g., CI is bimodular.

Let IPcone¤ phq :� maxthTy : CIy ¤ gI , y P Zn�mu. As CI is bimodular, this is a
BIP. By possibly perturbing the vector h (e.g. by adding 1

M
�°iPI Ci,� for a suf-

ficiently large M ¡ 0), we can assume that v is the unique optimal solution
to LP¤phq, which will allow us to apply Theorem 5.7. Solve IPcone¤ phq using
the algorithm by [8]. If IPcone¤ phq is infeasible, so is IP¤phq. Let y P Zn�m be
an optimal solution for IPcone¤ phq. We claim that either, y is also optimal for
IP¤phq or that |DpCq| ¥ 4: If y is feasible for IP¤phq, it is also optimal since
IPcone¤ phq is a relaxation of IP¤phq. If C is bimodular, Theorem 5.7 states that
y is feasible for IP¤phq, i.e., it is optimal for IP¤phq. Thus, if y is not feasible
for IP¤phq, DpCq contains an element which is neither 0 nor 1 nor 2. As
t2, 1, 0u � DpCq by (a) and (b), this implies that |DpCq| ¥ 4.

It remains to explain why we may assume that LP¤phq is bounded. If not,
IP¤phq is either infeasible or unbounded. More precisely, IP¤phq is un-
bounded if and only if ty P Zn�m : Cy ¤ gu is feasible. We reduce the
feasibility test of this set to a bounded IP of the same form as above: Set
s :� C1,�. By construction, LP¤psq is bounded. Solve IP¤psq using our algo-
rithm above. Either, we determine a feasible point of ty P Zn�m : Cy ¤ gu
in which case IP¤phq is unbounded, we find that this set is infeasible, or we
find that |DpCq| ¥ 4.
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