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Abstract

Let A € Z™*™ with rank(A) = m, b€ Z™ and c € Z". Set A, := max{| det(B)]:
B is an m x m submatrix of A}. We consider integer linear programming prob-
lems in standard form max{cTz: Az = b, x € Z%;} (IP) and its linear relaxation
max{cTz: Az = b, x € RZ,} (LP). In this thesis, we study the concept of prox-
imity, i.e., we describe the ¢;-distance of an (LP)-optimal vertex solution to its
closest (IP)-optimal solution. Firstly, we establish the first proximity bound which
is polynomial in m and A,,. Secondly, we determine exactly how many different
columns A can have in terms of m and A,, if A,, < 2 or m < 2. Moreover, we
establish the first upper bound on the number of different columns of A which
is polynomial in m and A,,. This implies the first proximity bound for integer
programming problems in standard form with upper bounds which is polynomial
in m and A,,. Thirdly, for ¢ = 0 and a given vertex solution z* to (LP), we intro-
duce a new parameter f(z*) € Z>; u{o0o} in terms of which we derive a proximity
bound of (f(z*) + 1)A,,, which is essentially tight for f(z*) < m. Our analysis
also yields an efficient feasibility test for (IP) if f(z*) is constant. Fourthly, in the
case m = 2, we provide an essentially tight proximity bound of 3A,, for all but
finitely many b if the vertex solution to (LP) corresponds to a prime determinant.
Finally, we provide an algorithm that solves (IP) efficiently if A possesses at most
three different m x m subdeterminants in absolute value.






Zusammenfassung

Sei A € Z"™*™ mit rank(A) = m, b € Z" und ¢ € Z". Definiere A, :=
max{|det(B)|: B ist eine m x m Untermatrix von A}. Wir betrachten lineare
ganzzahlige Optimierungsprobleme in Standardform max{cTz: Az = b, x € ZZ}
(IP) sowie deren lineare Relaxierung max{cTz: Az = b, x € R;‘O} (LP). In dieser
Arbeit studieren wir das Konzept der Proximitdt, das heif3t, wir untersuchen den
{1-Abstand einer (LP)-optimalen Eckl6sung zur nachsten (IP)-optimalen Losung.
Zunéchst leiten wir die erste in m and A,,, polynomielle Proximitédtsschranke her.
Fir A,, < 2 oder m < 2 bestimmen wir in Abhangigkeit von m und A,, ex-
akt, wie viele verschiedene Spalten A haben kann. Dariiber hinaus leiten wir
die erste obere Schranke fiir die Anzahl verschiedener Spalten von A her welche
polynomiell in m und A,, ist. Dies impliziert die erste in m und A,,, polynomielle
Proximitétsschranke fiir ganzzahlige Optimierungsprobleme in Standardform mit
oberen Schranken. Im darauffolgenden Kapitel fithren wir fiir ¢ = 0 und einer
gegebenen Ecklosung =* von (LP) den neuen Parameter f(z*) € Z>, U {0} ein, in
dessen Abhdngigkeit wir eine Proximitatsschranke von (f(z*) + 1)A,, herleiten.
Dies ist im Wesentlichen bestmoglich fiir f(z*) < m. Unsere Analyse impliziert
fiir konstantes f(x*) auch einen effizienten Test dafiir, ob eine zuldssige Losung
fiir (IP) existiert. Auferdem zeigen wir im Falle m = 2 eine im Wesentlichen
bestmogliche Proximitédtsschranke von 3A,, fiir alle bis auf endliche viele b unter
der Voraussetzung, dass die zu (LP) gehorige Ecklosung zu einer primen Determi-
nante korrespondiert. Zum Schluss geben wir einen effizienten Algorithmus an,
welcher (IP) 16st unter der Voraussetzung, dass A hochstens drei verschiedene
m x m Unterdeterminanten im Betrag besitzt.
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Chapter 1

Introduction

The world we live in today is filled with numerous optimization problems. How
does the manager of the municipal transportation network schedule buses effi-
ciently such that waiting times are minimized? How does a hardware manufac-
turer for microchips find a valid chip architecture that maximizes the number of
transistors on the chip? How does a factory with a given set of resources de-
cide which products in which quantities should be produced in order to maximize
profits?

Such problems and many others can be modeled in terms of integer program-
ming problems (IPs)
max{c'z: Az < b, € Z"}, (IP)

where A € Z"*™ b e Z™ and ¢ € Z". While the modeling power of IPs is tremen-
dous, the class of integer programming problems is A/P-hard, as already the spe-
cial case of 0-1 integer linear programming is A/P-complete, see [44]. This makes
it rather unlikely that an efficient algorithm for general integer programming prob-
lems exists.

However, the corresponding linear relaxation
max{c'z: Az <b, z e R"} (LP)

can be solved efficiently in general, see [45, 46] and [63, Chapter 13+14]. This
naturally gives rise to the idea of local search heuristics:

1. Find an optimal solution z* € R™ to (LP) efficiently.
2. Search in a “small” neighborhood of z* for an optimal solution to (IP).

But how “far away” from z* do we need to search in order to find an (IP)-optimal
solution? Assume for this chapter that (IP) is feasible and bounded. Set A :=
max{|det(B)|: B is a submatrix of A}. A classical result in this direction is the
following by Cook, Gerards, Schrijver and Tardos:

Theorem 1.1 ([21]). For every (LP)-optimal solution x* € R", there exists an (IP)-
optimal solution z* € 7™ such that

[2* — 2%l < nA.
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Let us now consider IPs in standard form with upper bounds, i.e.,

max{c'z: Az =b, 0<x <u, veZ"}, (UIP)
max{c'z: Ar =b, 0 <x <u, veR"}, (ULP)

where additionally v € ZZ,. Assume for this chapter that (UIP) is feasible and
bounded. In this setting, Eisenbrand and Weismantel established a proximity
bound that solely depends on the number of rows m and the largest entry in
absolute value | A|., of the constraint matrix A.

Theorem 1.2 ([29]). For every (ULP)-optimal vertex solution x* € R", there exists
an (UIP)-optimal solution z* € Z" such that

2% —2*||; < m(2m|Ale + 1)™.

In [29] they also present optimization algorithms which leverage this proximity
bound in order to achieve superior running times. Their theorem yields a local
search algorithm to solve (UIP) in running time

n - O(m) ™ O (| Alle)™ ™+ - logh (ml| Al.o).

Furthermore, with not too much additional analysis, this implies a running time
of O(n||A|%) and O(n?||A|%) for the unbounded and bounded knapsack problem,
respectively. This is an improvement by a factor of n upon the previously best
bounds by Tamir [70].

It is thus worthwhile to study proximity. But can we do better than these results?
In this thesis we will study many settings in which we can obtain stronger proxim-
ity bounds.

In Chapter 2, we combine the concept of sparsity with a refinement of the analysis
by Cook et al. [21]. For problems in standard form without upper bounds, this
leads to a proximity bound of

|z* —2*ly < (m+1)-S-Apn,

where S is the smallest possible size of the support of an integer optimal solution
and A,, := max{|det(B)|: B is an m x m submatrix of A}. Further analysis results
in a proximity bound of

2% — %[ < 3m?log,(vV2m - AV™A,,.

Note that for problems in standard form without upper bounds this is the first
proximity bound which is polynomial in m and A,,.

In Chapter 3, we study the maximal number of different columns that can appear
in an integral matrix A € Z"*™ with full row rank and largest m x m subdetermi-
nant in absolute value A,,. More precisely, we study for m, k € Z-, the parameter

¢(k,m) := max {n: A € Z™*" has differing columns, rank A = m, and A,,(A) < k},



where A has differing columns if and only if A does not contain the vector con-
sisting only of zeros and if A; = +A;, i,5 € {1,...,n} implies i = j. We show
that

(k,m) = %(m2 +m) +mk—1)

if m < 2 or k < 2. Moreover, we establish that

c(k,m) < {

1o+ (m? + m)k?, if

which yields the first polynomial upper bound on ¢(k,m) in terms of the largest
m x m subdeterminant in absolute value and the number of rows. For IPs in
standard form with arbitrary upper bounds u, these findings imply a proximity
bound of

|2* —2*1 < (m+ D) An - (2c(Ay,m) + 1) < m(m + 1)2A2 + (m + 1)A,,.

This is the first proximity bound for problems of this type which is polynomial in
m and A,,.

In Chapter 4, we provide proximity bounds in two different settings. First of
all, for ¢ = 0 and a given vertex solution x* with supp(z*) = {1,...,m} to (LP),
we introduce a new parameter f(z*) € Z-; u {oo}, which describes the num-
ber of columns of A that are needed such that its sum lies in the interior of
cone(—A.;,...,—A ). In this context, we derive a proximity bound of (f(z*) +
1)A,,, which is best possible for f(z*) < m in the sense, that there exist exam-
ples which have proximity of O(f(z*)A,,). Furthermore, we obtain an efficient
feasibility test for (IP) if f(z*) is constant.

Secondly, we provide structural results for problems in standard form in the con-
text of proximity in the case m = 2. These results imply a proximity bound of

||Z* — .flf*Hl < 3A2

for all but finitely many b € Z? if an LP-basis corresponding to z* has a prime de-
terminant in absolute value. This can be seen as a refinement of a result by Oertel,
Paat and Weismantel [58] for such constraint matrices. Their result implies in this
particular case a proximity bound of 3A, with a probability of 1 for a randomly
chosen b. Furthermore, for arbitrary b, our analysis reveals a proximity bound of
4/, in the special case of cardinality constrained knapsack problems.

In Chapter 5, we provide an algorithm that efficiently optimizes over an IP in
standard form if the constraint matrix possesses at most three different m x m
subdeterminants in absolute value.






Chapter 2

Improving Proximity Bounds Using
Sparsity

The following chapter appeared in [51].

2.1 Introduction

Let A € Z™*™ with rank(A) = m, c € Z", and b € Z™. Denote the largest absolute
value of a minor of A of order k € {1,...,m} by

Ay = Ag(A) ;= max{|det(B)| : Bis a k x k submatrix of A}.

Note that A; = ||All, is the largest absolute entry of A. For simplicity, we set
A := A,,. We consider the standard form integer program

max{c'z: Az = b, z € ZL,} (IP)
and its linear relaxation
max{cTz : Az = b, v € R }. (LP)

We assume that (IP) is both feasible and bounded.

Given an optimal vertex solution z* to (LP), we investigate the question of (LP)
to (IP) proximity: can we bound the distance from z* to some optimal solution z*
of (IP)? We refer to any bound 7 on |z* — z*|, as a proximity bound. Proximity
bounds have a variety of implications in the theory of integer programming. For
example, a proximity bound of 7 translates into a bound of 7- ¢/, on the so-called
integrality gap [21, 36, 41]. Furthermore, strong proximity bounds reduce the
time needed for a local search algorithm to find an optimal (IP) solution starting
from an optimal (LP) solution, see, e.g. [29].

One of the first seminal results on proximity is by Cook et al. [21], who established
that there exists an optimal solution z* to (IP) satisfying
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2% — 2%||w < n-max{Ag: ke {l,...,m}}. 2.1)

Cook et al. actually consider problems in inequality form, i.e., with constraints
Az < b rather than Az = b and = > 0, but their results easily translate to the
standard form setting. A closer analysis reveals that A suffices for the standard
form problem rather than max{A, : k € {1,...,m}} stated in (2.1). Furthermore,
if we naively extend (2.1) to a bound on proximity in terms of the ¢;-norm, then
we obtain |z* — z*|; < n*A. Another closer analysis gives us the bound

|z* — 2|1 < (m+ 1)nA. (2.2)

See the proof of Lemma 2.3 for the two ‘closer analyses’ referred to above. Cook et
al.’s bound has been generalized to various problems including those with separa-
ble convex objective functions [36, 41, 75] or with mixed integer constraints [62],
and extended to alternative data parameters such as k-regularity [50, 76] and the
magnitude of Graver basis elements [25].

The proximity bound in (2.2) depends on the dimension n. In 2018 Eisenbrand
and Weismantel [29] proved that proximity is independent of the dimension by
establishing the bound

|z* —2*||y < m2m - |A|o + 1™ (2.3)

Eisenbrand and Weismantel use the so-called Steinitz Lemma with the /,,-norm [67]
in their proof of (2.3). Their proof can be modified using the norm |z|, =
|B~'z|, where B is an m x m submatrix of A with |det(B)| = ¢, to obtain
the bound

|z* —2*||y < m(2m + 1)™ - A. 2.4)

The proximity bounds (2.3) and (2.4) also hold for standard form problems with
additional upper bound constraints on the variables. Oertel et al. established that
the upper bound |z* — 2*||; < (m + 1) - (A — 1) holds for most problems, where
‘most’ is defined parametrically with b treated as input [58].

As for lower bounds on proximity, it is not difficult to come up with examples
demonstrating ||z* — 2*|; = m - (A — 1) and ||z* — z*||; > |A|Z. Aliev et al. [2]
give a tight lower bound A — 1 on proximity in terms of the ¢,-norm when m = 1.
However, it remains an open question if (2.2), (2.3), or (2.4) is tight in general.

2.1.1 Statement of Results and Overview of Proof Techniques

The focus of this paper is to create stronger proximity bounds. Recall that A :=
A,,. Our first main result is an improvement over (2.4) for fixed A. We always
consider the logarithm log(-) to have base two.

Theorem 2.1. For every optimal (LP) vertex solution x*, there exists an optimal (IP)
solution z* such that

2% — ¥ < 3m2log(v2m - AY™) . A.
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Theorem 2.1 demonstrates that proximity in the ¢;-norm between (IP) solutions
and (LP) vertex solutions is bounded by a polynomial in m and A. We focus on
vertex solutions because proximity may depend on n for general non-vertex (LP)
solutions. For example, suppose that ¢ = 0 and take any feasible solution to (LP),
which is optimal in this case, such that each of the n components is in /2 + Z.

Our second main proximity result is in terms of || A, after A is transformed by a
suitable unimodular matrix. Recall that a unimodular matrix U € Z™*™ satisfies
| det(U)| = 1, so the m x m minors of U A have the same magnitudes as those of A.
Moreover, the optimal solutions of (IP) are the same as the optimal solutions to

max{c'z : UAz = Ub, z € ZZ,}. (U -1P)

Given an m x m submatrix B of A, we can find a unimodular matrix U in poly-
nomial time such that U B is upper triangular. The Hermite normal form provides
one method for computing such U, see [63]. If B satisfies |det(B)| = A, then
A < |UB|7, and we can apply Theorem 2.1 to obtain the bound

I2* — 2*|1 < 3m2log(v2m - |UB|w) - [UB|™. (2.5)

The previous bound is predicated on the knowledge of an m x m submatrix of max-
imum absolute determinant, which is NP-hard to find [47]. However, Di Summa et
al. [22] established that this submatrix can be approximated in polynomial time.
In particular, they demonstrated that there exists an m x m submatrix B of A
satisfying

A < |det(B)| - (2log(m + 1))™? (2.6)
that can be found in time polynomial in m and n.! We can use this approximate

largest absolute determinant to derive our second main result. We denote the
linear relaxation of (U - IP) by (U - LP).

Theorem 2.2. Let B be an m x m submatrix B of A satisfying (2.6) and U € Z™*™
a unimodular matrix such that U B is upper triangular. Then for every optimal (U -
LP) vertex solution xz*, there exists an optimal (U - IP) solution z* satisfying

|2 — 2%y < 3m?log(2v/mlog(m + 1) - |UB|w) - (2log(m + 1))™2 - |[UB||™.

It is worth reemphasizing that the proximity bound in Theorem 2.2 can be de-
termined in polynomial time, which is in contrast to the bound in (2.5), and the
dependence on m is significantly less than the bound in (2.3).

The proofs of Theorems 2.1 and 2.2 are based on combining proof techniques
of Cook et al. [21] with results on the sparsity of optimal solutions to (IP). The
support of a vector = € R" is defined as

supp(z) ;= {ie {1,...,n}:x; # 0}.

!The approximation result of Di Summa et al. involves an ¢ factor of precision and the running
time is polynomial in m, n, 1/e. For the sake of presentation, we have fixed this ¢ to 1/m and obtain
a polynomial time algorithm in m, n.
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A classic theorem of Carathéodory states that |supp(z*)| < m for every vertex
solution of (LP). It turns out that the minimum support of an optimal solution
to (IP) is not much larger; denote this value by

S := min {|supp(z*)| : z* is an optimal solution for (IP)} .

Aliev et al. [3, 4] established that
S < m+log ( det(AAT)) < 2mlog(2v/m - || Allw)- (2.7)

For other results regarding sparsity, see [27, 57] for general A and [12, 13, 20,
64] for matrices that form a Hilbert basis. See also the manuscript of Aliev et
al. [1], who give improved sparsity bounds for feasible solutions to special classes
of integer programs and provide efficient algorithms for finding such solutions.
Using sparsity we derive the following proximity bound, which forms the basis for
Theorems 2.1 and 2.2.

Lemma 2.3. For every optimal (LP) vertex solution x*, there exists an optimal (IP)
solution z* such that
[z* =2y <(m+1)-5-A.

Lemma 2.3 improves (2.2) by replacing the dependence on n to S. Lemma 2.3
is stated for a generic sparsity bound, so one could use it together with (2.7) to
achieve a proximity bound in terms of A and ||A|. In order to provide a bound
for proximity that is uniform in the data parameter, we prove a new sparsity result
in terms of A. A bound in terms of A is also of interest because it is invariant
under unimodular transformations of A.

Theorem 2.4. There exists an optimal (IP) solution z* such that

| supp(2*)| < 2mlog(v2m - Al/m).

Our proximity bounds can be generalized to mixed integer programs. Given an
index set Z < {1,...,n}, the mixed integer program with integrality constraints
indexed by 7 is

max{c'z:Az=0b, 220, z,€ ZVie I} (MIP)

Similarly to [3, Corollary 4], we establish the extension of Theorem 2.4 to (MIP).

Corollary 2.5. There exists an optimal (MIP) solution z* satisfying

|supp(z*)| < m + 2mlog(vV2m - AY™) = 2mlog(2y/m - AY™).

We obtain the following proximity result by applying Corollary 2.5.

Corollary 2.6. For every optimal (LP) vertex solution x*, there exists an optimal
(MIP) solution z* such that

2% — ¥ < 3m2log(2¢v/m - AY™) . A.
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Our results also extend to integer programs in general form. Let A € Z™*" and
B € Z™*4 be matrices satisfying rank([A, B]) = m. Note that it is not necessary
to assume that rank(A) = m in our general form results. Let C' € Z!*4, ¢ € 7"+,
by € Z™, and b, € Z'. The general form integer program is

by
[O,C]Z < bg’

=
o
”
——
o
2
N
=
5
N
I

ze 7t ziZOVie{l,...,n}}. (GIP)

We define the general form linear program (GLP) similarly. Previously cited bounds
on proximity hold for (GIP). However, our analysis reveals that proximity for (GIP)
depends on the potentially smaller data parameter

: . A B
E is any submatrix of ( 0 C)

defined using the first m rows

d :=max < |det(E)| :

Ift = 0and d = 0, then (GIP) is a standard form problem and § = A,,(A). If
m = 0 and n = 0, then (GIP) is an inequality form problem and § = max{A.(C) :
ke{l,... d}}.

Corollary 2.7. For every optimal (GLP) vertex solution x*, there exists an optimal
(GIP) solution z* such that

|2* —2*|y <min{m +t+1,n+d} - (min{n —m,2m - log(v2m - 51/m)} + d) - 0.

The proximity bound in Corollary 2.7 matches the best known bounds in both the
standard form setting and the inequality form setting.

Going beyond integer linear optimization problems, it would be ideal for proximity
bounds in terms of sparsity to extend to integer programs with separable convex
objective functions (see [36, 41] for similarities between the linear and separable
convex setting). However, for separable convex maximization problems, strong
proximity bounds do not exist for exact solutions, in general, even though sparsity
results apply. In contrast, for separable convex minimization problems, strong
sparsity bounds do not exist for exact solutions, in general, even though the classic
proximity techniques apply.

The paper is structured as follows. In Section 2.2, we present our proofs of the
proximity bound derived from a generic sparsity bound (Lemma 2.3) and the spar-
sity bounds (Theorem 2.4 and Corollary 2.5). Then in Section 2.3, we provide the
proofs of the proximity results for the standard form integer programs (Theo-
rem 2.1 and Theorem 2.2). The proof of the mixed integer case (Corollary 2.6) is
omitted because it is the same as the proof of the pure integer case except that a
different sparsity bound is applied. Additionally, we provide a proof of the prox-
imity result in the general form setting (Corollary 2.7).
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2.2 Proofs regarding sparsity

Given A € R™" and I < {1,...,n}, we let A; € R™*/!l denote the columns of A
indexed by /. If I = {i} for some i € {1,...,n}, then A; := A;. Similarly, given
u e R”, we let u; € Rl denote the components of u indexed by 1.

Proof of Lemma 2.3. We prove the result by projecting the optimization problems
onto the union of the supports of z* and an optimal (IP) solution with minimal
support. Let z € ZZ, be an optimal (IP) solution with minimum support. By the
definition of S we have |supp(z)| = S. As z* is an optimal vertex solution of (LP)
we also have | supp(z*)| < m. Define

H := supp(z*) U supp(z),
and note that
|H| = [supp(z*) U supp(2)| < [supp(a*)| + | supp(2)| < [supp(a*)| + 5. (2.8)

If n = m, then A is invertible and there exists a unique solution A0 to the system
Ax = b. In this case z* = z = A~'b. Therefore, |z* — z|; = 0. For the rest of the
proof, we assume that n > m and H = {1,...,|H|}.

Consider the optimization problems

max {c}{z Az =0, 2z € Z‘;Q} (IP2)

and
max {c}{:z: cAgxr =b, T € ]R‘;Q ) (LP2)

Observe that 3, is an optimal vertex solution for (LP2), and zy is an optimal
solution for (IP2).

Rewrite (LP2) in inequality form:
max{c}{x cAgr =b,—Igx <0, z € ]R‘m},

where [y is the |H| x |H| identity matrix. Partition the rows of —I into D; and D,
such that D,zy < Dyx3; and Doz = Doxy;. Define the pointed polyhedral cone

K:={ueR": Agu =0, Diu<0, Dou>0}. (2.9)

Observe that zy — 23, € K. By (2.8) we see that the rank of Ay is at least
| supp(z*)| because the columns of A corresponding to the support z* are linearly
independent. Thus, the dimension of K, which we denote by dim(K), is at most
| supp(z*)| + S — rank(Ag) < S.

Let U := {u',...,u'} < RI¥I\{0} be a set of vectors that generate the extreme rays
of K, i.e.,

t
Kz{ZAiui:/\iZOVz’e{l,...,t}}
=1

and u' satisfies |H| — 1 linearly independent constraints in (2.9) at equality for
eachie {1,...,t}.
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Claim 1. For each @ € U we have
| supp(a)| < m + 1. (2.10)

Also, each u € U can be scaled to have integer components and satisfy ||t/ < A.

Proof. Set T' := supp(u) and without loss of generality assume 7' = {1,...,|T|}.
Recall that u satisfies a set of |H| — 1 linearly independent constraints in (2.9)
at equality. One such set is composed of |H| — |T| constraints from the system
Diu <0, Dyt = 0 and |T'| — 1 constraints from 0 = Ayu = Artr. By this choice
of constraints it follows that

[supp(0)| = |T] < m + 1

and |T| — 1 < rank(Ar) < min{|T|,m}. Recalling n > m and rank(4) = m,
the latter inequalities imply that there exists an index set T satisfying T' < T <
{1,...,n}, Ay € Z™<("*D) and rank(Az) = m.

Let u € R™*! denote the vector obtained by appending m + 1 — |T'| zeros to .
There exists an index set I < T with |/| = m and A; invertible. Let i denote the
singleton in 7'\ /. Because Au = 0, we have

Ajup = —A;u;.
If ; = 0, then w = 0 and so & = 0. However, this contradicts that « € U. Hence,
u; # 0. Scale u such that |u;| = |det(A;)|. Applying Cramer’s rule demonstrates
that

;| = [det(Aroppgy)| Vel
Hence, u, and consequently #, can be scaled to have integer components with
lifo < A.

O

For the rest of the proof we assume that each @ € U is scaled such that the conclu-
sions of Claim 1 hold.

Recall z; — x}; € K. By Carathéodory’s theorem, there exists an index set I <
{1,...,t} with |I| < dim(K) < S and \; € R for each i € I such that

Zg — Xy = Z)\Zu’
el
Set w := Y, ;| \;|u’. Using standard techniques in proximity proofs (see, e.g., [21,
Theorem 1]), it can be verified that 2 := zZy — w is a feasible solution to (IP2),
T := x}; + w is a feasible solution to (LP2), and

CZm + Cyxy = ¢z + ey, (2.11)

Because x}; is optimal for (LP2), we have ¢,z < c¢};2%,. Combining this with (2.11)
proves that cl,Z > c],Zy. Because zy is optimal for (IP2), we have cL,Z = c},zy
and Z is also an optimal solution to (IP2).
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Define 2* € ZZ, component-wise to be

. {z ifie{l,.. . |H|}

0 otherwise.

By construction z* is an optimal solution to (IP) because Az* = AyzZ = AgzZy = b
and ¢Tz* = c¢;Z = ¢};Zg = ¢"z. By (2.8) and (2.10), we arrive at the final result:

|2* —&* [ = 12 = 2 < D = D@L
iel

<(m+1)-S|u]o<(m+1)-S-A.

]

Proof of Theorem 2.4. Let z* be an optimal solution of (IP) with minimum support.
The definition of S states that S := |supp(z*)|. Define A € Z™** as the submatrix
of A corresponding to the support of z*. If S < 2m, then the result holds. Thus,
assume that S > 2m, which implies log(°/m) < (5/m) — 1. Theorem 1 in Aliev et

al. [3] states that
S < m +log (wdet(fl/r)) :

The Cauchy-Binet formula for det(AA") states that

det(AAT) = Y1 det(B)*.
Bisan mxm
submatrix of A

See, e.g., [43]. Combining the previous inequalities yields

S <m +log < det(fhle)> <m + log ( (:;) A2>

S m
< m/2 = m = _
m +log (S™2A) =m + 5 log <m) + 3 log(m) + log(A)

+ 2 log(m) + log(A).

<m+ﬂ(§—1)—|—Elog(m)+log(A)—S+ 5

m
2 \'m 2 22

Therefore,

[ supp(2*)| = § < m + mlog(m) + 2log(A) < 2mlog(v2m - AV™).

]

Proof of Corollary 2.5. Let z* be an optimal (MIP) solution with minimal support.
By applying Theorem 2.4 to the standard form integer program with constraint
matrix A7 and right hand side b — A2%e Z™, where J := {1,...,n}\Z, we see
that

| supp(27)| < 2m log(\/% : Al/m).
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Similarly, by considering the standard form linear program with constraint matrix
Az and right hand side b — Azz7, we see that |supp(z%)| < m. Hence,

| supp(=*)| < |supp(z%)| + |supp(z3)| < m + 2mlog(v2m - AY™).

2.3 Results on proximity

Proof of Theorem 2.1. For now assume that m > 2. Combining Lemma 2.3 with
Theorem 2.4 demonstrates that there exists an optimal (IP) solution z* satisfying
<(m+1)-S-A

< (m+1) - 2mlog(v2m - AYV™) . A

< 3m2log(v2m - AY™) . A,

|2 = 2%

This completes the proof when m > 2.

It is left to consider the case m = 1. Here we have A = |A|,. If A = 1, then
x* is integral and there is nothing to prove. Thus, assume A > 2. The proximity
bound (2.3) states that there exists an optimal solution z* to (IP) satisfying

l2* — 2y <2 Al + 1 = 2A +1 < 3A < 3m2log(v2m - AV™) . A,

This completes the proof.

We use the following result to prove Theorem 2.2.

Lemma 2.8 (Theorem 1 in [22]). For every ¢ > 0, there exists an m x m submatrix
B of A satisfying
A < |det(B)]- (e-In((1+¢e)-m))™?.

The matrix B can be found in time that is polynomial in m,n, and 1/¢.
Setting ¢ = 1/m in Lemma 2.8 yields the approximation factor
A < |det(B)] - (e - In (m + 1))™?
e m/2
= |det(B)| - | —— -1 1
den()] - (5 loxtm+ 1)

< | det(B)| - (2-log(m + 1))™?,

which is precisely (2.6).

Proof of Theorem 2.2. Let B be an m x m submatrix of A satisfying (2.6). There
exists a unimodular matrix U € Z™*™ such that UB is an upper triangular matrix
with non-negative diagonal entries d;.
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Unimodular matrices preserve the absolute value of m xm determinants, so | det(B)| =
| det(U B)|. By (2.6) we see that

< |det(B)] - (2 -log(m + 1))™? = |det(UB)| - (2 - log(m + 1))™/?
(Hd) (2 -log(m + 1))™2 < |UB|™ - (2 - log(m + 1))™2.

By applying Theorem 2.1 we obtain the bound
|z* — x*|; <3m?log(v2m - AV™) . A
<3m?log(2+4/mlog(m + 1)|UB|w) - (2log(m + 1))™? - |[UB|™.

This completes the proof.
0

Next, we present a proof of Corollary 2.7. We advise the reader that the proof is
similar to the proof of Lemma 2.3.

Proof of Corollary 2.7. Let z* be an optimal solution to (GIP) with minimal support
on the first n components. Consider the n-dimensional integer program obtained
by fixing the last d variables of (GIP) to the last d components of z*. Similarly,
consider the n-dimensional linear program obtained by fixing the last d variables
of (GLP) to the last d components of z*. These lower dimensional problems are
in standard form. Therefore, by applying Theorem 2.4 to these lower dimensional
problems and recalling A,,,(A) < 0 we see that

= |supp(z*) N {1,...,n}| < 2m - log(v2m - 6*/™)
and

| supp(z*) U supp(z*)| < min{n, S + m} + d.

We project the original optimization problems onto the variables corresponding to
| supp(z*) U supp(z*)| to bound proximity. We complete the proof of the corollary
by showing

|2* — 2%, < min{m +t+1,n+d} - min{n +d —m,S +d} - 4.
As in the proof of Lemma 2.3, we create a pointed cone from the constraints defin-

ing (GIP). In order to assure a pointed cone, we introduce redundant constraints.
Let b3 € Z? be the vector where every component is [||2*| ]| + ||2*|, and define

0 C by
D:= -1, 0|eztrtdx(td) and f=|0 |z
0 1, b3

By construction, z* is an optimal solution to the integer program
[A, Blz = by, Dz < f, z € Z"4,
zz=0Vie{l,...,d+n}\(supp(z*) Usupp(z*)) }’

max {cTz :
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and x* is an optimal vertex solution to the corresponding linear relaxation.

Subdivide the rows of D such that D;z* < D;z* and Dyz* > D,x*. Define the
polyhedral cone

K:=<ueR"?. D

w=0Vie{l,...,d+ n}\(supp(z*) U supp(z*))

[A, BJu = 0, (Dl)uso,
— L2

Observe that z* — z* € K. Moreover, the introduction of b3 and I; ensures that
rank(D) = n + d and that K is pointed. We bound dim(K) in two ways by count-
ing the number of linearly independent equations in the definition of K. First,
there are m linearly independent constraints of the form [A, Blu = 0 because
rank([A, B]) = m. Second, there are n + d — |supp(z*) U supp(z*)| many linearly
independent constraints of the form u; = 0. Additional linearly independent equa-

tions that are independent from this second set are |supp(z*) n {1,...,n}| many
rows from [A, B]u = 0 corresponding to the independent columns of supp(z*) N
{1,...,n} . Hence, dim(K) can be upper bounded as follows:

dim(K) <min{n + d — m, |[supp(z*) U supp(z*)] " {n + 1,...,n +d}| + S}
<min{n +d —m,d + S}.

Let U be a finite set generating the extreme rays of K. The proof of Claim 1 can
be used to demonstrate that for each @ € U we have

| supp(@)| < min{m + ¢+ 1,n + d},

and each @ € U can be scaled such that @ € Z"*¢ and |, < . The main difference
that arises when repeating this proof is that the matrices D; and D, contain rows
of [0, C] rather than simply rows from the identity matrix as was the case in the
proof of Lemma 2.3. It is this difference that necessitates the choice of the data
parameter ¢ and dictates its definition.

By Carathéodory’s theorem there exist £ < dim&K ) vectors u!,... u* € U and
coefficients A, ..., Ay € Ry such that z* —z* = 3% \u/. Because 2* — 3% | \i]u
is also an optimal solution to (GIP), we can assume without loss of generality that
AL, ..., Ar < 1 (the reasoning is similar to that in the proof of Lemma 2.3). This
implies that

k
J2* = 2%y < Y Al |y < min{m 4+t + 1,0+ d} - dim(K) - §
=1

< min{m +t+ 1,n+d} -min{n +d —m,S +d} - 0.

This completes the proof. ]






Chapter 3

Polynomial Upper Bounds on the
Number of Differing Columns of
A-Modular Integer Programs

The following chapter appeared in [52]. Thanks to Jim Geelen for bringing aware-
ness to the results in [30], Stefan Kuhlmann for his comments on our lower bound
construction, and Rico Zenklusen for his comments regarding [15].

3.1 Introduction.

The feasible region of an integer linear program with box constraints can be writ-
ten as
IP:={xeZ": Ax =b, £ <x < u},

for a constraint matrix A € Z"™*" with rankA = m and vectors b € Z™ and
Lu € (Z v {two})” with £ < u. Integer programs have been used for many
decades to model problems in operations research, computer science, and mathe-
matics; see [16, 56, 63] and the references therein. One parameter that impacts
the structure of IP is the largest absolute m x m minor of A, which we denote by

A(A) := max {|det B|: B is an m x m submatrix of A} .

We say that A is A-modular if A(A) < A.

To illustrate the impact that A(A) has on IP, consider the distance between IP and
its linear relaxation

LP:={xeR": Ax=b, £ <x < u}.

This distance, which is referred to as proximity in the literature, is defined as the
maximum distance from any vertex of LP to the closest feasible IP solution:

7= max min ||x* —z*|;.
x* is avertex z*€lP
of LP



CHAPTER 3. POLYNOMIAL UPPER BOUNDS ON THE NUMBER OF DIFFERING
18 COLUMNS OF A-MODULAR INTEGER PROGRAMS

We assume [P # ¢ whenever discussing 7. Proximity is often used in the analysis
of integer programming algorithms. For instance, proximity can also be used to
bound the state space of a dynamic program [29]. Proximity also translates into
an upper bound on the integrality gap: for an objective vector ¢ € R" and vectors
x* € LP and z* € IP that maximize x — c"x over LP and IP, respectively, the
integrality gap |cTx* — cTz*| is at most 7 - |c|,. In a seminal paper by Cook et
al. [21], they showed that 7 < n?A(A).! Eisenbrand and Weismantel [29] proved
7 < m(2m||A| + 1)™, where |A| is the largest absolute entry of A; this was the
first upper bound on 7 that was independent of n. Their proof approach extends?
to show

T <m(2m+ 1)"A(A).

In the special case when £ = 0 and u = oo, Lee et al. [51] demonstrated that
7 < 3m?logy(v2mA(A)Y™)A(A); their proof crucially relied on sparsity results
that are not applicable when £ and u take general values [4]. No upper bounds
on 7 have been provided that are polynomial in A(A) and m for general values of
£ and u.

Testing if IP # ¢4 is NP-hard in general [19], although it can be tested in poly-
nomial time if n is fixed [53]. The parameter A(A) is also known to influence
how efficiently we can test if IP # (7, at least when A(A) is small. For example,
every vertex of LP is integer valued when A(A) = 1. Therefore, testing if IP # ¢
simplifies to testing if LP # ¢§. Matrices with A(A) = 1 are called unimodular,
and after elementary row operations they are equivalent to totally unimodular
(TU) matrices. The study of TU matrices dates back to Hoffman and Kruskal [42]
with one prominent example being the vertex-edge incidence matrix of a bipartite
graph. It remains an open question if IP # ¢ can be tested efficiently when A(A)
is fixed.

If A(A) = 2, then A is called bimodular. One prominent example of a bimodular
matrix is the vertex-edge incidence matrix of a graph whose so-called odd cycle
packing number is one; see [17, 18] for combinatorial optimization algorithms
over such graphs. When the constraint matrix is bimodular, the vertices of LP may
not be integer valued. However, such matrices do impose the nice property that if
IP # 7, then every vertex of LP lies on an edge containing a vector in IP [72];
Veselov and Chirkov used this property in a polynomial time algorithm to test if
IP # ¢ when A contains no m x m minors equal to zero. Artmann et al. [8] used
a more combinatorial approach to design an optimization algorithm that runs in
strongly polynomial time for general bimodular matrices. The algorithm in [8]
heavily relies on Seymour’s combinatorial characterization of TU matrices [65].
Cevallos et al. [15, Theorem 5.4] argue that compact linear extended formula-
tions (LEFs) do not always exist for bimodular integer programs; in their paper,
they write “A natural approach to solve bimodular integer programs would have
been to try to find a compact LEF of the feasible solutions to (conic) bimodular in-

1Cook et al.’s original result considers inequality-form polyhedra, the ¢, rather than /;-
distance, and totally A-modular matrices, which have all absolute minors bounded by A. A
closer analysis revealed that A(A) suffices; see [51, Lemma 3].

2See the footnote on Page 3 of [58] for a discussion on this extension.
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teger programs, thus avoiding the partially involved combinatorial techniques used
in [8], which is so far the only method to efficiently solve bimodular integer pro-
grams. Theorem 5.4 shows that this approach cannot succeed.” Glanzer et al. used
combinatorial properties of the constraint matrix to optimize over IP efficiently in
the setting when A has at most three distinct absolute determinants [32]. These
examples illustrate the importance of combinatorial properties of the constraint
matrix; this leads to a third, more combinatorial, property of IP that is influenced
by A(A): the number of differing columns that A can have.

We say that two vectors a,a € R? differ if a # +a.3 We say that a multiset X < R?
has differing columns if every pair of vectors in X differs and 0 ¢ X. We also treat
the matrix A as a multiset of its columns, and we denote the number of differing
columns by |A|. For m,A € Z-,, we denote the maximum number of differing
columns in a A-modular matrix by

¢(A,m) :=max {|A]: A< Z™, rankA = m, and A(A) < A}.

The rankA = m condition is necessary. Otherwise, one can add a row of all zeros
to any integer-valued matrix with m — 1 rows; the resulting matrix A will have
A(A) = 0.

One of the first bounds on ¢(A,m) is due to Heller [40], who proved ¢(1,m) =
15+ (m? + m). Early generalizations of Heller’s result focused on ¢(A, m) for fixed
values of A. Lee showed ¢(A,m) < f.(A) - m** [50, Proposition 10.1] for some
function f;, and Anstee showed ¢(A,m) € O(m?*(+°824)) for totally A-modular
matrices [6, Theorem 3.2]. In the case when A only contains primitive columns,
Kung showed |A| < fx(A) - m? for a super-polynomial function fx [49, Theorem
1.1], and |A|] < m? when no nonzero minor is divisible by three [48, Theorem
1.1]. Oxley and Walsh recently showed |A| < '/ (m* + m) + m — 1 when A
is bimodular, but only when A contains primitive columns, and only when m is
sufficiently large [60, Theorem 1.1]. The best known upper bound on ¢(A, m) for
fixed A is given by Geelen et al. [30, Theorem 2.2.4]. They demonstrated that
¢(A,m) <1k-m? + fg(A)m, where f¢(A) is a number that can be lower bounded
by the “power tower” with base A iterated three times.

For fixed values of m, the best known upper bound on ¢(A, m) was due to Heller [40]
and Glanzer et al. [34]:

Lo (m? +m), if A =1;
c(A,m) < < m2A, if A=23; 3.1)
1/2 . m2A2+10g2 log2(A)7 lf A > 4.
The inequality ¢(3,m) < 3m? is present in the analysis in [34, Subsection 3.3] but

not stated. In summary, neither Geelen et al. nor Glanzer et al. provided an upper
bound on ¢(A, m) that is polynomial in A.

An interesting variation of ¢(A,m) is considered by Oxley and Walsh [60] and
Kung [48, 49], who considered the maximum number of differing primitive columns

3Glanzer et al. [34] used the term distinctive rather than differing.
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in a A-modular matrix, which we denote by ¢®(A,m); a primitive vector v =
(v1,...,v;) is an integer valued vector with ged{vy, ..., v;} = 1. It is easy to see that
¢®(1,m) = ¢(1,m), and only when A > 2 is there a distinction between ¢*(A, m)
and ¢(A, m). By identifying excluded minors in matroids representable by bimod-
ular matrices, Oxley and Walsh gave a bound of ¢*(2,m) = ¢(1,m)+m—1 for suffi-
ciently large values of m. Our analysis shows ¢?(2,m) = ¢(1,m) + m for m € {3,5}
and ¢?(2,m) = ¢(1,m) +m — 1 otherwise; for a lower bound, see our tight example
analysis in Section 3.4, and for a matching upper bound, see (3.20) (3.21), (3.22)
in Section 3.4. Of course, the big open question in this line of work is the deter-
mination of ¢(A, m) and ¢?(A, m) for general values of A.

3.1.1 Statement of results.

Our first main result is the exact value of ¢(2,m). This is the first tight column
number bound since Heller’s result.

Theorem 3.1 (An exact bound when A = 2). For every m € Z-1, we have

1
¢(2,m) = E(m2 +m) + m.

Our proof of Theorem 3.1 reveals new combinatorial properties about bimodular
matrices. We show that submatrices contain at most one disjoint circuit, which
is an inclusion-wise minimal set of linearly dependent columns; this generalizes
a result of Heller that certain submatrices of TU matrices have no circuits. See
Lemma 3.12 for a precise statement and Section 3.3 for more discussion. As pre-
viously quoted, combinatorial properties of the constraint matrix are critical in
algorithms designed for A-modular IPs. For this reason, we believe our combina-
torial analysis may be of independent interest.

Our proof of Theorem 3.1 requires a lower bound on ¢(2, m). We give a bound for
general A.

Proposition 3.2 (A lower bound on ¢(A, m)). For every A,m € Z-,, we have

%(m2 +m) +m(A —1) < c(A,m).

Geelen et al.’s result implies that ¢(A, m) = ¢(1,m) + h(A)m for some function b.
Heller’s result and Theorem 3.1 support our conjecture that hH(A) = A — 1; we
prove this when m < 2.

Proposition 3.3 (An exact bound when m < 2). Suppose m < 2. For every A € Z-1,
we have

(A m) = S(m? 4 m) + m(A 1),

Our second main result is the first upper bound on ¢(A,m) that is polynomial in
A and m.



3.1. Introduction. 21

Theorem 3.4 (An upper bound on ¢(A,m)). For every A, m € Z~,, we have
{1/2-(m2+m) +m(A-1), fA<2;

¢(A,m) <
Lo (m? + m)AZ, if A>=3.
Our third main results connects ¢(A,m) with the proximity value 7. We apply
Theorem 3.4 to establish the first upper bound on 7 that is polynomial in m and
A(A). Unlike in [51], our new bound applies when the variable bounds £ and u
are arbitrary.

Theorem 3.5 (LP to IP proximity). Set A := A(A), where A € Z™*™ is the con-
straint matrix in IP. The proximity value 7 satisfies

™ < (m+1)AQ2c(A,m) + 1) <m(m +1)*A% + (m + 1)A.

Column number bounds can also be applied to bound so-called Graver basis ele-
ments in test sets for integer programs; see, e.g., [54, §3.7]. By directly substitut-
ing Theorem 3.4 into the results in [54, §3.7], one derives a bound of O(m?A3?) on
the ¢;-norm of Graver basis vectors; the previously known bound of O(m™A) can
be found in Diaconis et al. [23, Theorem 1] or by modifying a proof of Eisenbrand
et al. [26, Lemma 2].

The paper proceeds as follows. We begin with a proof of Proposition 3.2 be-
cause it is used to establish the equations in Theorem 3.1 and Proposition 3.3; see
Section 3.2. Our new combinatorial results for bimodular matrices are given in
Section 3.3. Sections 3.4, 3.5, 3.6, and 3.7 contain the proofs of Theorem 3.1,
Proposition 3.3, Theorem 3.4, and Theorem 3.5, respectively.

Notation and preliminaries. We use bold font to denote vectors in dimension
two or higher. 0, 1, and I, denote the all-zero matrix, the all-one matrix, and the
k x k identity matrix, respectively. We denote the ith standard unit vector in R
by e!. For the ith standard unit vector in R™, we drop the subscript and write €’.
We use aT to denote a row vector. We write [b!]---|b’] to denote a matrix with
columns b',...,b'"!, and b’. We often partition the rows of a matrix, and it is
convenient to refer to these inline; for matrices B € Z"*' and C € Z**!, we adopt

the notation

B
o (r+s)xt
(B,C) : [ p ] ¥/ .

A basis is an invertible (square) matrix. We let conv B and span B denote the
convex hull of and the linear space spanned by the columns of B < R? respec-
tively. For v = (vq,...,v) € R, we denote the support of v by suppv := {i =
1,...,t: v; # 0}. A A-modular matrix B with differing columns is maximal if
there does not exist a A-modular matrix B’ 2 B with differing columns.

We use elementary operations to refer to elementary row operations that pre-
serve integrality. Elementary operations do not affect differing columns or A-
modularity of a matrix. We write B ~ B’ if B and B’ are equivalent up to elemen-
tary operations. We also freely swap columns and multiply them by —1 because
these operations do not affect differing columns or A-modularity.
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We often analyze the determinant structure of matrices with linearly dependent
rows. To do this, we note that every matrix B € Z™*" can be transformed via
elementary operations into a matrix (B, 0), where B € Z™"<B*" has full row rank.
We always use B to denote a full row rank projection of B obtained via elementary
operations. Elementary operations preserve linear relationships, so the following
holds:

o T

Let [B|b] ~ [f

] and v € RI®l. We have Bv = b if and only if Bv = b.

(3.2)
Consequently;,

if A is A-modular with rankA = m and B < A, then B is A-modular. (3.3)

3.2 A proof of Proposition 3.2.

We use a generalization of the lower bound construction given by Heller. Let
m, A € Z-1, and let A € Z™*" consist of the following columns:

(1) e foreveryi=1,...,m.

(ii) ke' forevery k =2,...,A.

(iii) ke' —e'foreveryk=1,...,Aandi=2,...,m.
(iv) e — el forevery2 <i < j <m.

The following example illustrates A for m = 4 and A = 3:

1ojojoy23y 1} 1y 1} 2 2 2 3| 3| 31 0 0 O
ojriojofo{0y -1y oy O0{-1y 0} O|=1} O] O 1} 1| O
0(ojxrjoyjojoy 0{-1y 0} O0|-=1} 0| O(-=1| Of-1| O] 1
0{0(0|{1J0{0 O Oy-=1} 0| O}—=1| O} O|—-1f O|—-1]—-1

From the definition, we see that A has differing columns, rankA = m, and

m—1

|A|=m+(A—1)+(m—1)A+( 5

)z%(m2+m)+m(A—1)-

If m = 1, then it is easy to verify that A is A-modular. Assume that m > 2 and the
proposition is true for m — 1. Consider a matrix B < A. We prove A(A) < A by
proving | det B| < A.

Let A be the matrix formed by the last m — 1 rows of A. The matrix C < A
corresponding to (iv) form the incidence matrix of a directed graph on m — 1
vertices, and A\C' is a multiset of standard unit vectors or negatives thereof. It is
well known that A(C)) = 1 and A(A) = 1; see [63, (4) on Page 268]. Therefore, if
B contains a column of the form (ii), then by expanding det B along this column

~

and using A(A) = 1, we conclude | det B| < A.
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For any column of A, if we project out one of the last m — 1 components, then
the resulting column is either O or it is of the form of one of (i)-(iv), albeit in
dimension m — 1, and possibly negated. Thus, if any of the last m — 1 rows of B
contains exactly one non-zero entry, which necessarily equals +1, then we expand
det B along this row and induct on m to conclude | det B| < A. In particular, if B
contains a column of the form (i), then |det B| < A.

Assume that B only contains columns of the form (iii) and (iv), and each of the
last m — 1 rows of B contain at least two non-zero entries. The invertible matrix
B must contain at least one column of the form (iii) otherwise the first row would
be all-zero. Consider a column of the form (iii) and suppose B also contains a
column of the form (iv) with overlapping support, say B contains a = ke! — &
and a’ = e’ — e¢/. The matrix [Bla + a'[\{a’} = [Bl|ke' — ¢/]\{a’} has the same
absolute determinant as B and contains one more column satisfying (iii) than B
does. After performing this replacement at most m — 2 more times, we can assume
that B does not contain columns of the form (i) or (ii), each of the last m — 1 rows
of B contains at least two non-zero entries, and B does not contain a column of
the form (iii) and a column of the form (iv) with overlapping supports. Given that
B contains a column a = ke! — e’ of the form (iii) and the ith row of B contains
at least two non-zero entries, there exists another a’ € B whose support contains
the index i. After the previous replacement steps, we know that a’ must also be of
the form (iii), that is, a’ = k’e’ — €' for some &’ # k. Note thata — a’ = (k — k')e’
and [Bla — a’]\{a’} contains the column (k — k’)e', which is of the form (i) or (ii).
Hence, | det B| = |det([Bla — a’|\{a'})| < A. O

3.3 Structural properties of bimodular matrices.

In order to motivate the results in this section, we turn to a result of Heller. Con-
sider a TU matrix with differing columns of the form

_ | e
- o

where 8 € Z" ! and A € Z(mVx("=1  Although A has differing columns, the ma-
trix A may not. After possibly multiplying columns of A by —1, suppose two non-
differing columns of A are actually equal. Heller showed that the set of columns
in A with multiplicity at least two is linearly independent; see [40, (ii) on page
1358]. This linear independence is crucial in his determination of ¢(1,m). The
results in this section can be viewed as a generalization of Heller’s result to bi-
modular matrices. It is not hard to find examples where this linear independence
fails to hold for bimodular matrices. Rather than linear independence, we show
that the set of columns in A with multiplicity at least two can have at most one
circuit after appropriate elementary operations; see Lemma 3.12.

This section is outlined as follows. First, we formally define the set M of columns
with multiplicity at least two; see Equation (3.6). Next, we provide general results
of bimodular matrices in Subsection 3.3.1. We argue that a bimodular matrix
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can have at most one non-primitive column (Lemma 3.6 (i)), and we analyze
circuits in the absence of non-primitive columns in Subsection 3.3.2. Finally, we
provide more precise structural statements about A when it contains two or three
linearly independent columns whose sum is divisible by two; see Subsections 3.3.3
and 3.3.4.

Let A € 7Z™ be a maximal bimodular matrix with rankA = m and differing
columns. For any primitive column a° € A, we can transform a° to e! via ele-
mentary operations to relabel A as (3.4). The columns in (3.4) depend on the

primitive column a° mapped to e!, and we make specific choices of a° in later
subsections. By multiplying columns of A by —1, we assume that
if two columns b, c € A do not differ, then b = c. (3.5)

Assumption (3.5) implies that A contains a unique maximal set of differing columns,
which we denote by A/e'. We note that if A is a representation of a matroid M,
then A/e! is a representation of the matroid obtained from M by first contracting
the element e!, then removing “loops”, and finally removing “paralle]” columns
that are negations of each other. Note that the matrix A/e' may contain a column
and a dilation ab for |a| > 2 because we consider differing columns; this distin-
guishes our use of “/” from the regular “simplification” of A/e! in matroid theory.
Nevertheless, our use of the notation “/” is meant to evoke the common notation
for matroid contraction.

A matrix B = [e!|al|---]a™"!] = [(1,0)|(B1,bY)| - |(Bm_1,b™ )] € A is a basis if
and only if B/e! = [b!|---[b™~!] € A/e! is a basis because | det B| = | det B/e?|.
Therefore, A/e! is bimodular. For each b € Z™~!, we define the original set of
columns in A corresponding to b to be

O(b):z{li]eA}.

A column a € A is said to be an original of b € A/e! if a = (3, b) for some 3 € Z.
Denote the set of columns of A/e! with multiple originals by

M:={be A/elz |O(b)| = 2}. (3.6)

As a reminder, throughout this section we assume bimodularity and maximality of
A, as well as (3.4) and (3.5).

3.3.1 General properties of A and M.

Lemma 3.6. The matrix A satisfies the following properties:

(i) A contains at most one non-primitive column, which needs to be of the form
2a for some a € Z™. Moreover, if A only contains primitive columns, then
[0(0)] = 1.
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(ii) If a € Z™ ~ conv|0|A| — A], then [a|A] is bimodular. In particular, if b € A/e!
and k := |O(b)|, then O(b) = {(5,b),...,(B+k—1,b)} € A.

(iii) For each b € A/e', it follows that |O(b)| < 3.

Proof. (i) Let aa € A be non-primitive with « > 2 and a € Z. Let |[aa|B] < A be
a basis. We have 2 > |det[ca|B]| = «|det|a|B]| = « because A is bimodular
and [a|B] is integer valued.

If 2a,2c € A are distinct non-primitive columns, then they must be linearly
independent because A has differing columns. Let [2a|2c|B| < A be a basis.
We have 2 > | det[2a|2¢|B]| = 4, which is a contradiction.

(ii) We can write a = Y, c'v;, where ¢!, ..., c' € [0]A] — A], v1,...,v, = 0, and
' v = 1. Fix [a']---]a™"!] € A. By multi-linearity of the determinant
and the fact that [0|A| — A] is bimodular, it follows that

t
‘det[ a‘al‘---‘am_l ]‘ = Zvidet[ ci‘al‘---‘am_l ]

i=1

< 2=72

t
2,0
i=1

Hence, [a|A] is bimodular.

Let b € A/e! with & = |O(b)|. We have O(b) = {(51,b),...,(Br,b)} € A
with 8, < 8, < -+ < B by Assumption (3.5). By the maximality of A and
the previous paragraph, we have (5,b) € A for every 5, < < (. Hence,

{B1,B2,.. ., Bk} ={B1, B +2,..., 01 + k= 1}.

(iii) Assume k := |O(b)| = 4 for some b € A/e'. By (ii), we know that (3, b), (5 +
3,b) € A for some 5 € Z. Let [ B|(5,b)|(5 + 3,b)] < A be a basis. We have
g | B+3 || g |3
oo 5] 2] 538 |=he| 8] 2] 3 ]|

which is a contradiction.

]

Recall the ‘bar’ notation defined in (3.2): We write C ~ (U, 0) € Z™*? where
6 c ZrankCXd‘

Lemma 3.7. Assume that A only contains primitive columns. Let C' = M be a circuit.
Then

() 3<|C| <4

(ii) There exists a vector v € ZI°l such that |det (y7,C)| = 2, where (v7,C) «
Zicixlcl

(iii) If C is unimodular, then ~ in (ii) satisfies '/ - Zae( 1) aE zm.

(iv) If C is not unimodular, then |C| = 3. Consequently, ~ in (ii) satisfies 1/2-(a+a’)
for two columns a,a’ € (y7,C).
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Proof. Sett := |C| and C := [b!|---|b’]. We have ¢t > 3 otherwise A contains a
non-primitive column. By Cramer’s rule, b = ij biv; for some (vy,...,v; 1) =:
v e {2, +1, £14}71 If v; € {£2} for some i, then swap the roles of i and ¢ so that
v e {£1,+1}1. By (3.3), we can assume that C' = C to simplify the remaining
proof.

For each i = 1,...,t, the inclusion b’ € M implies (3,b") € A for at least two
choices of 3 € Z. By Lemma 3.6 (ii)-(iii), we have (3,b’) € A for every 3 €
{Biy..., B + ki}, where k; € {1,2}. At least one value ¢; € {3, ..., 5; + k;} is even.

Define the sets
Q= {w=(w,...,w 1) w e{f,Bi+1} Yi=1,...,t—1}, and
Y = {wv:weQ}

Each component of v is non-zero, so |X| = ¢t > 3. For each w € Q and w; €

{8, B + 1},

—wT
det[ %1 %ﬁj C{)}i H = detl C{)}% C{)}ij e Ow M ]
= |det | b[--|b"! || |y — wTv| < 2.
Suppose |det[b!|---|[b!7!]| = 1, i.e., C is unimodular. By Cramer’s rule, v €

{+1}'~! and ¥ < Z. Hence, w; — w'v € {£2,+1,0} for each w, € {5, 5; + 1}
and w'v € ¥. This implies that 4 > |X| > t > 3 and that there exists at least one
choice w™v and &, such that |&; — @Tv| = 2. From the previous equation, we see
that Property (ii) holds with ~ := (w, @,;). We also have that

S o A B B P B

ae(ﬂyT,C =1 i=1
has all even components because v € {+1}~1; this implies that (iii) holds.

Suppose | det[b!|---|b*"!]| = 2, i.e., C is not unimodular. We have w;, — wv €
{£1,+14,0} for each w, € {f;, 5 + 1} and wTv € X. If t > 4, then oyax — Omin = 3/2,
where o0,,;, and o,,,x are the minimum and maximum values in X, respectively.
Therefore, (8; + 1) — omin > 1 o1 B; — omax < —1, which is a contradiction. Thus,
|| = ¢t = 3, and v € {£1L}"1. Furthermore, there is at least one choice w™v
and @, such that |0, — @™v| = 1. Property (ii) holds with v := (w, ;). We have
b? = b'v; + b?vy € Z™!, which implies /2 - (b + b?) € Z™~! because v € {£1/2}%.
Similarly, 1/2- (&1 + @2) € Z because v € {1/}, |3 —w'v| = 1, and w3 € Z. Hence,
1h - (@1, b') + (&9, b?)) € Z™, which implies that (iv) holds. O

3.3.2 Circuits in M when A contains only primitive columns.

In this subsection, we assume that A only contains primitive columns and M con-
tains a circuit; these assumptions allow us to apply Lemma 3.7. Choose B* < A
satisfying
1
B* is linearly independent and 3 Z aeZ™, 3.7)

aeB*
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and minimizing |B*|. The set B* exists and |B*| < 4 by Lemma 3.7 (iii)-(iv). Fur-
thermore, 2 < |B*| because we assumed that A only contains primitive columns.
After applying elementary operations, we assume that

B* = e'|---|elP*I7l|e! + ... 4 el BTt 4+ 2elB7] ] (3.8)

Lemma 3.8. After possibly multiplying columns of A by —1, we can assume that

i=1

|B*|-1
A nspan B* € B* u {eB* + Z ae' a, ... ;o px|—1 € {0, 1}} . (3.9

Furthermore, |O(b)| = 1 for each b € B*/e' and
M ={be A/e': |O(b)| = 2}. (3.10)

Proof. Set s := |B*| = 2. Let a € A n span B*\B*. By Cramer’s rule and the
assumption that A is bimodular, we can write a = B*v, where v = (vy,...,v;) €
{£1, £1/,0}°. For proving (3.9), it suffices to show v, = 12 because a = B*v € Z™
implies v; € {+1f} foralli=1,...,s — 1.

Set [ := supp(vy,...,vs 1). Suppose v; = 0; then v € {0, £1}° and |/| < 1 other-

,,,,,

-----

which contradicts the minimality of B*. However, |I| = 0 implies a = 0, which
contradicts that A has differing columns. Thus, v; = +!/2 and by possibly replacing
a by —a, we assume that v, = /2. This proves (3.9).

It follows directly from (3.9) that |O(b)| = 1 for each b € B*/e!. Assume to the
contrary that |O(b)| > 3 for some b € A/e!. It follows from Lemma 3.6 (ii)-
(iii) that O(b) = {a,a + e',a + 2e'} for some a € A. Inclusion (3.9) implies
that if ¢ € A n span B*, then ¢ + 2e! ¢ A. Therefore a ¢ span B*, and C =
[€?]---|e* e +---+e*"! + 2e’|aja + 2e'] = A has linearly independent columns.
Recall (3.2): we have C ~ (C, 0), where

C=|e | |ei|ely + - +e]+2e  |aja+2el, | e ZBHDx(s+1)

is invertible and |det C| > 4, which contradicts (3.3). O

Define the matrices

|B*|—2
C* = {elf_l_l + Z azel, i an,..., o2 € {0, 1}} (3.11)
i=1
and
D* := B*/e! = [ el | ‘e?nfl ‘ ‘. -‘ef_*ﬁ‘ein,l +orel P et ]
(3.12)

By (3.9), we can assume that C* contains all columns in (A ~ span B*)/e! that
have multiple originals, i.e., M n span D* < C*.
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Lemma 3.9. If [b|b +d] < M for some b € M\C* and d € span D*, then d €
[D*| — D*].

Proof. Set s := |B*| — 1 > 1. By Cramer’s rule and the bimodularity of A/e!, we
haved = D*v, where v = (vy,...,v,) € {£1, 215, 0}*. Set D* = [d'|---|d*]. Recall
(3.2):

D
[D*bb+d] ~ | 0
0

where D* = [dY]---|d*] = [el|---|es el + --- + e ' + 2] and d = D*v. For
every choices of (y;,b) and (y2,b + d) in A, we have

0 0 |1 |m V2
det | d'|---|d*t{d*|0|d =272 — 1 — vg| < 2.
0 0 [01]1

If v, ¢ Z, then 2(75 — 71 — vs) is odd and contained in {+2,4+1,0}. There are
two choices for both 7, and 7, because [b/b + d| < M. However, this means
that there are at least three distinct odd values of 2(y2 — 71 — vs) in {£2, £1,0},
which is a contradiction. Hence, vs € Z. This implies that v € {£1,0}® because
D*v=dezZm™ %

-----

implies there exist originals of b,b + d, and d’ for each i € {1, ..., s}\I that satisfy
(3.7). However, there are only s + 2 — |/| < s + 1 = |B*| columns here, which
contradicts the minimality of B*. Hence, |/| = 1 and d € [D*| — D*]. N

Lemma 3.10. If C' = [b!|---|b'] € M is a circuit, then [D*|b?*|-- - |b/*-1] contains
a circuit for every choice of indices ji,...,j;—1 € {1,...,t}.

Proof. Sets:=|B*|—1 > 1, and set D* = [d!]---|d*]. Assume to the contrary that
[D*|b!|---|b'"] has linearly independent columns. Using linear independence
and (3.2), we have
D|o
[D*IC]~ | o|C [,
00
where D* = [dY]---|d*] = [e!|---|ei el + - +e~! + 2e%] and O € Z{~V*!, By

Lemma 3.7 (ii), there exists some v = (v1,...,7:) € Z' such that (77,C) < A and
| det(~T, C)| = 2. Therefore,

0 0 | 1(~T
det | dl|---|ds~1|d*| O = |det D*| - |det(yT,C)| = 4,
0 0 |0|C

which contradicts (3.3). O]
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Lemma 3.11. If C < M is a circuit and |C\C*| > 2, then C\C* = |b|b + d] for
some b € M\C* and d € D*. Given that |C| € {3,4} from Lemma 3.7 (i), it follows
that C' n C* # (.

Proof. Set s := |B*| —1 > 1 and ¢t := |C|. By Lemma 3.10, we know that
rank| D*|C] < rankD* + rankC' — 1 = s+t — 2. Also, by |[C\C*| > 2 and
M ~ span D* < C*, we know that rank[D*|C| > rankD* + 1 = s+ 1. By
Lemma 3.7 (i), we have ¢ € {3,4}. In both cases, we argue that |C\C*| = 2
and rank|D*|C'] = s + 1. It will then follow from Lemma 3.9 and after possibly
multiplying the column by —1, that C\C* = |b|b + d] for b e M\C* and d € D*.

Assume that ¢t = 3; then rank|[D*|C| = s + 1. If |C\C*| = 3, then [D*|C] ~
[D*|est! |est, + dlleft!, + d?] for distinct d*,d? € span D*. By Lemma 3.9, we

have d',d? € [D*| — D*]. The matrix [e’!, + d'|eS™!, + d?] is contained in M

but d* — d! ¢ [D*| — D*] for any two distinct columns in D*; this contradicts
Lemma 3.9. Therefore, |C\C*| = 2 when ¢ = 3.

Assume that ¢t = 4. If rank[D*|C] = s + 1, then |C\C*| = 2 as in the case ¢t = 3.
Assume to the contrary that rank|D*|C| = s + 2. By (3.2), we can assume that

D*| 0| D*u?| D*u*
[D*IC]~| 0 |I|] v | v* |,
o0l O 0

where D* = [el|---|el el + - + et + 2], v’ = (u},...,u?) and u* are
contained in {0, +1/, +1}%, and v® = (v},v3) and v* = (v},v3) are contained in
{0, £1}. Lemma 3.7 (iv) implies C is unimodular because ¢ = 4, and Lemma 3.7 (iii)

implies 1/ - (1 + v 4+ v*) € Z*. We derive a contradiction in two cases.

First, assume that v® € {£1}* or v* € {£1}?. Say v® € {£1}?; then v* = 0 and
|C\C*| = 3. For 6 € Z and v = (v, 72) € Z?, the matrix

0 0 [ 1|y7| ¢
E(y,8):= | d|.-.|d"1|ds| 0 |[D*u® | e Z(r3x(+3)
0 0 0 ]IQ V3
has an absolute determinant of 2|6 — 4Tv? — u3| = [2(6 — 4Tv?) — 2u?| € {0,1,2}.

Given that C < M, there are two choices for each of v;,7, and ¢ such that
(E(~,6),0) < A. Thus, there are at least four distinct values of 2(6 — yTv?) — 2u3
in {£2, +1,0} that have the same parity, namely, the same parity as 2u?. However,
this is a contradiction.

Second, assume that v3 € {+el} and v*! € {+e2} or that v? € {+e3} and v € {tel};
then |C\C*| = 4. By Lemma 3.9, we have D*u?®, D*u* € [D*| — D*]. By possibly
multiplying the column by —1, we assume D*u® € D*. Set F' := D*\{D*u?®} and
F := D*\{D*u?®}. By Lemma 3.7 (ii), there exists a vector v = (v1,...,74) € Z*
such that (y7,C) = A and 2 = |det(y7,C)|. Let § € Z*~* be such that (7, F) < A.
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We have
0T [ |72 73 | M =l a3
det | F|o|o|Drw?|Drut || =|det | £]0 D;l - |det (47, )
1] .2 3 4 0l v
0|esje;| v \4
— 2|det D¥| = 4,
which is a contradiction.
Therefore, |C\C*| = 2 and rank|D*|C'] = s + 1 when t = 4. O

We arrive at our main result in this section. We repeat assumptions for the reader.

Lemma 3.12. Assume that A only contains primitive columns and let C* = M be a
circuit. Choose B* < A that satisfies (3.7) and minimizes |B*|, and assume that B*
has the form (3.8). Recall C* from (3.11) and D* from (3.12).

D

(i)

(iii)

If |B*| = 2, then C* = [C*|b|b + 2e! ] for some b € A/el. Furthermore, C!
is the unique circuit in M, so |[M| < m.

If |B*| = 3, then C' = [C*|b|b + d] for some b € A/e' and d € D*. Further-
more, C'! is the unique circuit in M, so |M| < m.

If |B*| = 4, then either C' = C*, or |C' n C*| = 2 and |C'| = 4. Moreover, if
M contains multiple circuits, say C* # C*, then M contains precisely three cir-

cuits: C, C*, and the symmetric difference C* AC*. Regardless of the number
of circuits, |M| < m + 1.

Proof. We have |C!| € {3,4} by Lemma 3.7 (i).

®

(ii)

Note that C* = [e}, ], so |C'\C*| = 2. It follows from Lemma 3.11 that

|C\C*| = 2 and C\C* = [b|b + 2e},_,] for some b € M\C*. Therefore,
C' = [C*blb + 2e! ]

m—1

If M contains another circuit C?, then C? = [C*|b'|b’ + 2e! ;] with b # b'.
The column e! , is linearly dependent on [b|b + 2e! ] and on [b'|b’ +

m—1 m—1
2e! ]. Hence, [blb + 2e! |b'|b’ + 2e!l, ;] € M\C* contains a circuit
C3. However, |C3\C*| = |C3 = 3 because C® < M\C*; this contradicts

Lemma 3.11.

Note that C* = [e?_,le} | + €2 _,], so [C'\C*| = 1. If |C'\C*| = 1, then
C! < spanC* = span D*, which contradicts M n span D* < C*. Thus,
|CN\C*| = 2. It follows from Lemma 3.11 that |[C'\C*| = 2 and C\C* =
[b|b + d] for some b € M\C* and d € D*. Hence, C* = [C*|b|b +d] because
rank[e? |b|b + d] = rank[e! , +e? ,|b/b+d]=3.

If M contains another circuit C?, then C? = [C*|b'|b’ + d'] for some b’ €
M\C* and d’ € D*. We know that [b|b + d|b’|b’ + d] € M\C* does not con-
tain a circuit because such a circuit would not satisfy Lemma 3.11. There-
fore, rank[b|b+d|b’|b’+d’] = 4. However, e}, _, +€?2,_; is linearly dependent
on [e%,_;|blb +d] and on [e? ,|b’|b’ + d’], which implies that [e?, ,|b|b +
d|b’|b’ + d'] is a circuit with five columns; this contradicts Lemma 3.7 (i).
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(iii) If |C'| = 3 and C" is unimodular, then |B*| < 3 by Lemma 3.7 (iii), which
contradicts the minimality of |B*| in Case (iii). If |C'| = 3 and C" is not
unimodular, then |B*| < 2 by Lemma 3.7 (iv), which again contradicts the
minimality of |B*| in this case. Hence, |C?| = 4.

Suppose C' # C*; then |C\C*| > 1 because both matrices are circuits.
Recall M n span D* < C*; see the sentence after (3.12). If |C\C*| = 1,
then C' € M n spanC* = M n span D* < C* because C'! is a circuit; this
contradicts |C"\C*| = 1. It then follows from Lemma 3.11 that |C"\C*| = 2.
Hence, C!' = [c!|c?|b![b! +d!] for some c!,c? € C*, bl € M\C*, and d! € D*.

We have
o[t|o]|1]0]d}
0[0|1/1/0|d}
[C*b'b' +d'] ~ | 1{1|1]1|0|d} |, (3.13)
0[0]0]0[1]1
0/0[0/0|0|0

where d := (dj, d3, d3) € D* = [(1,0,0)|(0,1,0)[(1,1,2)].

Given that C' is a circuit, d! linearly depends on ¢! and c¢*. From this
and (3.13), we can determine [c'|c?] (the index sets refer to the matrix on
the right hand side of (3.13)):

Ifd = (1,0,0), then [c!|c?] is indexed by {1, 2} or {3, 4}.
Ifd = (0,1,0), then [c'|c?] is indexed by {1, 3} or {2, 4}. (3.14)
Ifd = (1,1,2), then [c!|c?] is indexed by {1,4} or {2, 3}.

Claim 3.13. If C? < M is a circuit and C? # C*, then C'\C* = C*\C*.

Proof of Claim. Assume to the contrary that there exists a circuit C? < M
with C? % C* and C'\C* # C?\C*. As was the case with C"', we can write
C? = [c3|ctb?|b? + d?] for some c3,c* € C* b?2 € M\C* and d? € D*. We
know that [b!|b! +d']| # [b?|b?+d?] because C'\C* # C*\C*. Also, [b'|b' +
d!|b?|b? + d?|] < M\C* does not contain a circuit because such a circuit
would not satisfy Lemma 3.11. Thus, rank[b*|b! + d!|b?|b? + d?] = 4 and
d! # d°. It follows from (3.14) that {c', c?}\{c?, c*} # ¢J; say ¢! ¢ {c3, c'}.
Similarly, we can assume that ¢ ¢ {c!, c?}. Consequently, any three columns
of [d'|d?|c!|c?] are linearly independent. However, this implies [b'|b! +
d!|b?|b? + d?|c!|c?] is a circuit of cardinality six, which contradicts Lemma
3.7 (i). o

Recall |[M nC*| = 2. By Claim 3.13, every circuit in M is contained in (3.13).
By Lemma 3.11, any circuit in M besides C* uses columns 5 and 6 alongside
two of the first four columns. This shows that either M only contains one
circuit, namely C', or M contains the three circuits C!, C*, and C*AC™*.

Suppose |M n C*| < 3. Hence, C* is not contained in M. For any two
columns in M ~C* and any choice of (dj, d}, d3), there exists at most one pair
of columns in M ~ C* that form a circuit with columns 5 and 6; see (3.14).
Hence, M contains at most one circuit, so |M| < m.
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Suppose |[M n C*| = 4; then M n C* = C*. Let c € M n C*. The matrix
M\{c} satisfies |M n C*\{c}| = 3. Therefore, | M\{c}| < m from the previous
paragraph. Hence, |[M| < m + 1.

]

3.3.3 Additional structural properties when |B*| = 2.

Lemma 3.14. Assume that A only contains primitive columns. Choose B* < A
that satisfies (3.7) and minimizes |B*|, and assume that B* has the form (3.8). If
|B*| =2, m = 3 and |M| = m, then

|A| < % (m* 4+ m) + 3. (3.15)

Proof. The assumption |M| = m implies that M contains a circuit, so we can apply
Lemma 3.12. Suppose m = 3. The following claim shows that (3.15) holds.

Claim 3.15.

A~ [e'le' +2e*e’le! + €’|e’e’ + €’|e! + 2e” + €°|2e’ + 2€” + €’le’ + €® + €|

Proof of Claim. By Lemma 3.12 (i) and (3.11), the circuit has the form [e}|b[b +
2el] for some b € A/e!. After elementary operations, we have that A is a superset

of
B Bol|Bo+1|B1|B+1] [ B2 +1
el e |b| b |b+2e}|b+2e]
L1 Bo|Bo+1|B1|B1+1|B2|f2+1
~ 01211 1 0 0 2 2
0/010 0 1 1 1 1

We assume, without loss of generality, that the equivalence in the latter displayed
equation is an equation. We must have 5, = 0 because it is the midpoint of the
columns of B*; see Lemma 3.6 (ii). By subtracting the third row from the first
row (5 many times, we assume ; = 0; we then see that 2|8, — 2| < 2 using
bimodularity with columns 2, 6, and 7 and that 2|3;| < 2 using bimodularity with
columns 2, 5, and 8. Hence, ; = 1. By Lemma 3.6 (ii) and the maximality of A,
it follows that 12 - ((f2 +1,2,1) + (51,0,1)) = (1,1,1) € A. Thus, A has at least
¢(2,3) = 9 columns.

The following equation follows from the definition of A/e!:

Al = [00)] +|A/e' [+ > (|ODb)|—1).

beA/el
By using (3.10) and Lemma 3.6 (i), we see that

Al = 0(0) + |4/e' [+ >, (I0(b)] = 1) = 1+ |Afe!| + |M].

beA/el
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The matrix A/e' < Z? is bimodular and contains 2e} and ej}. It is quickly verified
that (after multiplying columns by —1), we have |A/e'| < 5; see also the proof of
Proposition 3.3 for an argument of this. Hence,

Al =1+ |A/e'|+|M|<1+5+3=09.

Thus, |A| = 9 and A can be transformed via elementary operations to the form in
Claim 3.15. o

Suppose m > 4. It follows from Lemma 3.12 (i) that M = [e! ,|b'|---|b™ '] and
M contains exactly one circuit [e} _,|[b!|b?] = [el _,|b'|b* + 2e! ,]. Hence,

B[ b [b2[ - [bmt ]

is a basis and |det E| = |det[b![b?|---|b™ ]| = |det[b!|2el ,|---|b™ ]| = 2.
Observe that

E~| e?n—l‘e?n—l +2erln—1‘e?n—1""‘e%j 1.
so if Ew € A/e' for some w = (wy,...,w, 1) € R™! then ws,...,w, | €

{~1,0,1}.
Fori=1,...,m — 1, let 3; € Z be such that (3;,b"), (5; + 1,b") € A. Define

Di={y=0, 1) vel{B,Bi+1}Vi=1,...,m—1}.

For each (8,b) e Aand v = (71,...,Vm-1) € I', Cramer’s rule and bimodularity of
A/el imply E7'b =: v = (v1,...,v,_1) € {1, £14,0}"!. Furthermore,

det[’YT Bﬂz‘detlvT

E b E 0

— AT
Al SRS

so |f—yTv| < 1. Asws, ..., 0,1 € {—1,0,1}, the maximum o,,,, and minimum o;,
of {B—~Tv: ~ € T'} satisfy 2 > 0ax—Omin = 12+ supp(vy, v2) |+ | supp(vs, . . ., V1)
Thus, we have |supp(vs, ..., v, 1)| < 2 because |5 — y7v| < 1 holds for all v € T".
This leads to a natural partition of A. For j = 0, 1,2, define

Al :={(B,b)e A: E7'b = (v1,...,0m_1) With [supp(vs, ..., vm-1)] = j}.
We have M < [AY|A'] because M = [e! ,|b'|---|b™"!] and [e! ,|b'|b?] is a
circuit.

Claim 3.16.

A ~ [elle! + 2e’|e*le! + e?|e’|e! + e’le! + 2% + e’|2e! + 2e” + e’le’ + e + €?]

Proof of Claim. By definition, A° = A ~ span{e', (61,b'), (B2, b! + 2e! )} and
rankA? = 3. Recall (3.2): A° ~ (A9,0), where A° is a full row rank bimodular
matrix. One such sequence of elementary operations maps e' to e, e* to e2, and
b! to e3. By Claim 3.15, we know that |A°| = 9 and A° can be transformed via
elementary operations to the form described in Claim 3.16. o



CHAPTER 3. POLYNOMIAL UPPER BOUNDS ON THE NUMBER OF DIFFERING
34 COLUMNS OF A-MODULAR INTEGER PROGRAMS

Claim 3.17. For each i = 3,...,m — 1, there are at most four columns (3,b) € A
such that E™'b = (v, ..., v, 1) satisfies supp(vs, ..., v, 1) = {i}. Consequently,
|AY < 4(m — 3).

Proof of Claim. Following Claim 3.16, we assume
A = [e'|e' +2e%|e?|e! +e?|e’|e! +-e|e! +2e? +-e?|2e! +2e* +e’|2e! +e? +e’]. (3.16)
Set
F':={(8,b) e A: E"'b = (v1,...,v,_1) satisfies supp(vs,...,v;m_1) = {i}}.
We claim that
a—a’ e [A"] — A”] for every pair of distinct columns a, a’ € F". (3.17)

Assume to the contrary that (3.17) is violated by some a,a’ € F'. Recall (3.2):
[A%la — a'] ~ (F,0), where F has full row rank and differing columns. We have
rankF’ = 3 because a,a’ € F’. Claim 3.15 established that a rank-3 bimodular
matrix A containing A° has at most nine differing columns. It follows that F
is not bimodular. In particular, there exists a basis [a —a|c|d| = F such that
|det [a — @’|c|d]| > 3. By (3.3), any basis in A containing [ala’|c|d] has an ab-
solute determinant of at least three, which contradicts that A is bimodular. This
shows that (3.17) is true.

Note that F* contains (3;,b’) and (8; + 1,b?). Let a,a’ € F\{(3;,b"), (8; + 1,b")}.
The following are columns of [A°] — A°] according to (3.17): a — (3;,b?), a —
(Bi +1,b") =a—(8;,b") —e!, a’ — (B;,b"), and a’ — (5; + 1,b") = a’ — (5;,b") — €.
From (3.16) and the assumption that A only contains primitive columns, it follows
that

a—[ 16;2 ] , a'—l [B)ZZ ] € {e1 +e’ el +e’ —(e' +2e” +e%), 2! +2e* + e, ¢, —e3} .
Furthermore, a—a’ = (a — (3;, b)) —(a’ — (3;,b?)) is a column of [A°|— A°]. Define
Sti={e' +e? e +e° —(e' +2e*+¢€%)} and 5? := {2e' + 2e* + €, —e* —e’}. It
is quickly checked that if both (a — (53;,b’)) and (a’ — (f5;,b’)) are in S* or both
are in S?, then a — a’ ¢ [A°| — A°]. Hence, there are at most two columns
FN\{(8;,b"), (8; + 1,b")}. Equivalently, | F*| < 4. o

Claim 3.18. |A%| < (™)?).

Proof of Claim. Let (3,b) € A% Set E='b =: v = (vy,...,v,, 1), Where
supp(vs, ..., Um_1) = {i,7j} for some i,j € {3,...,m — 1}. To prove the claim, it
suffices to show that there is no other column (3’, b’) € A? such that b’ =: v/ =
(vy,... v, _,) satisfies supp v’ = {7, j}. Indeed, this will show that a column of A2

is uniquely determined by two indices in {3,...,m — 1}.

For simplicity, assume i = 3 and j = 4. Recall 2 > 0. — Omin = 12+ | supp(vy, va)| +
| supp(vs, ..., Um_1)| = |supp(vs,vs)| = 2. Therefore, it must hold that suppv =
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{3,4}; in particular, v; = vy = 0. Assume to the contrary that A contains another
column (4, b’) such that E~'b’ =: v/ = (v},...,v/, ) satisfies suppv’ = {3,4}.
As was the case with v, we have suppv’ = {3,4}. Recall that M < [A°A'].
This implies b ¢ M and |O(b)| = 1. Therefore, b and b’ are distinct because
|O(®’)| = 1 and (8,b) # (4',b’). In fact, the two columns differ according to
assumption (3.5). Given that vs, vy, v}, v} € {—1, 1}, the columns (vs, v4) and (v}, v))
must have different sign patterns, say v3 = v; = 1 and vy, = —v) = 1. By multi-
linearity of the determinant,

det [ B! [b2[b b/ bS] - |bm-1 ]| = ‘det[v?’
V4

U:,% det bl bm—l
|t

= 2|det E| = 4.
This contradicts that A/e! is bimodular. o
Finally, we prove (3.15) by combining Claims 3.16, 3.17, and 3.18:

m—3

|A|=|A0|+|A1|+|A2I<9+4(m—3)+( 5

>=%(m2+m)+3.

3.3.4 Additional structural properties when |B*| = 3.

Throughout Section 3.3, we have assumed that A has the form (3.4). In order to
transform A into this form, we identify a primitive column to transform into e!.
Our choice of a primitive column thus far has been somewhat arbitrary when in
reality there are multiple choices. For example, if [e!|e?|e! +e?+2e®] < A, then any
of these columns can be chosen. Moreover, these columns are interchangeable: if
we label the columns as a',a?, and a®, then for any permutation o € S® there
are elementary operations such that [a’®|a”@|a°®)] = [e!|e?|e! + e? + 2e®]. The
discussion surrounding Equation (3.18) in the proof of Lemma 3.19 illustrates this
symmetry in more detail. In Lemma 3.19, we consider swapping the roles of e!
and another primitive column in [e'|e*|e! + e? + 2e?]. In order to formalize our
argument, we define A/a for a primitive column a € A to be the matrix A/e! after
identifying a with e'. We use M, to denote the set of columns of A/a with at least
two originals in A, and we use O(C) to denote the set of original columns in A
corresponding to a subset C' € A/a.

Lemma 3.19. Assume that A only contains primitive columns and M contains a
circuit. Choose B* < A that satisfies (3.7) and minimizes |B*|, and assume that B*
has the form (3.8). If | B*| = 3, then there exists at least one column a € [e'|e?|e! +
e? + 2e3| such that M, does not contain a circuit. It follows that |M,| < m — 1.

Proof. Let a € [e!|e*|e! + e* + 2e®]. As stated in the previous paragraph, we can
assume a = e! by applying elementary operations to A. Lemma 3.12 (ii) implies
|M,| < m for each a € [e!|e?|e! + e* + 2¢3].
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Claim 3.20. Suppose there exists a column a € [e'|e?|e! + e* + 2€?] such that M,
contains a circuit C; then there exists a column a’ € [e'|e’|e! + e® + 2e*|\{a} such
that My contains a circuit C'. Furthermore, O(C) = O(C").

Proof of Claim. Without loss of generality, a = e!. It follows from Lemma 3.12 (ii)
that C' = [e} ,+e% ,|e?, ,le} ,|d+e? ,]forsomed = (d;,ds,0) € [e} ,lel |+
2e2,_,]. Given that C = M, we have (o, e?, ;+e?, ,)and (a+1,e% ; +e3 ,)are
in A for some « € Z. By (3.9), we can assume « = 0, so e + e, e! + e? + &3 € A.
Similarly, we can assume e?, e' +e® € A. Suppose (3,d+e?,_,), (+1,d+e_,) € A.

Hence,

1lo|1]o|t]o|1]|o|1|B|B+1
o[1[1|1]1|o]o]0|0|di| dy

A=[B o) | A= olo|2|1|t|1|1]|0]0|d| d» |4 |.  (3.18)
ojolojojolojof1|1]1]| 1
o/o/o|o|o|o|ojojojo| o

Columns 4-11 in (3.18) correspond to O(C).
Suppose d = el _,, or equivalently suppose (dy,d») = (1,0). It follows that 3 = 0,

m—1>

and Columns 4-11 correspond to O(C"), where C' € M, is a circuit. This proves
the claim.

Suppose d = e} | + 2e?,_; or equivalently suppose (d;,ds) = (1,2). From (3.3),
the top left 4 x 11 submatrix of (3.18) is bimodular. From this, we see that 5 = 1:
if 5 < 0, then the first four rows of columns 2,7,9, and 10 form a basis with
absolute determinant greater than two, and if 5 > 2, then the first four rows
of columns 2,6,8, and 11 form a basis with absolute determinant greater than
two. Conduct the following three elementary row operations to A followed by
multiplying columns by —1: (1) subtract the second row from the first row and
subtract twice the second row from the third row; (2) multiply the third row by
—1; (3) add the third row to the first row; (4) negate columns 6 and 7:

1{1{0]0|1]1/0/0/1|0|1
O/1/1{1{1{0|0|0|0]1]1

A~ 0|2/0{1|1{1|1[{0|0|0O]|0 |A" [|. (3.19)
0/0/0{0(0]0|0|1|1]1]1
0/0/0|0|0|0/0/0|0(0|O0O

Columns 4-11 in (3.18) correspond to O(C'), where C' = A/e' is a circuit. Similarly,
Columns 4-11 in (3.19) correspond to O(C’), where C' = A/e? is a circuit. Fur-
thermore, Columns 4-11 in (3.18) are equivalent up to row and column operations
to Columns 4-11 in (3.19). Now, e? on the right hand side of (3.19) is equivalent
to e' + e? + 2e? in (3.18). Therefore, in the original representation of A in (3.18),
we conclude that there is a circuit " € M1 ¢22¢3 such that O(C”") = O(C). o

Assume to the contrary that Mg, Mg, and M1, 2,903 €ach contain a circuit. Call
these circuits C'!, C?, and C3, respectively. By Claim 3.20, for each i € {1,2,3},
there exists some j; € {1,2,3}\{i} such that O(C*) = O(C). Since there is an odd
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number of circuits here, we conclude that O(C') = O(C?) = O(C?). This means
that columns 4-11 in (3.18) equal O(C*), O(C?), and O(C®). Suppose (d,ds) =
(1,0). Denote column 4 by c. There is no column ¢’ among 5-11 such that ¢ —
¢ € {+(e' + e* + 2e*)}. Therefore, c is not an original column of C?, which is a
contradiction. Similarly, if (d;,ds) = (1,2), then we see that column 10 is not an
original column of O(C?). This proves Lemma 3.19. O

This ends our discussion on new combinatorial properties of bimodular constraint
matrices. We reiterate to the reader that we believe Lemmas 3.12 and 3.19 may
be of independent interest in future research. Next, we apply these properties to
prove Theorem 3.1.

3.4 A proof of Theorem 3.1.

Proposition 3.2 proves ¢(2,m) = 12 - (m? + m) + m. We prove ¢(2,m) = 1/ -
(m? + m) + m using induction on m. It is quickly verified that when m = 1 the
unique maximal bimodular matrix is [1|2] (up to multiplying columns by —1). This
proves ¢(2,1) = 2. Assume that m > 2 and

1
c(2,k)=§(k2+k)+k Vk=1,...,m—1

Let A € Z™*" be a maximal bimodular matrix with rankA = m and differing
columns. After elementary operations, we can assume that e' € A. For the induc-
tive step, we use the following relationship between |A| and |A/e!|:

Al = [00)] +|A/e' [+ > (|OD)|—1).

beA/el

Recall M = {b e A/e': |O(b)| = 2}. We consider two cases: when A only contains
primitive columns and when A contains a non-primitive column.

Case 1. Assume that A only contains primitive columns. We have |O(0)| = 1 by
Lemma 3.6 (i), and [M| = X, 41 (|O(b)| — 1) by (3.10).

Subcase 1.1. Assume that M contains a circuit. Choose B* < A that satisfies (3.7)
and minimizes | B*|, and assume that B* has the form (3.8). We have 2 < |B*| <4
according to Lemma 3.7.

Suppose |B*| = 2. If m = 2, then A < span B* by Lemma 3.8. It follows from (3.9)
that A € A n span B* < [B*|e*|e! + €?]. Hence, |A| <4 =1L-(m* +m) +m — 1.
Suppose m > 3. Lemma 3.12 (i) implies |M| < m. If |[M| = m, then |A] <
1. (m? +m) + 3 by Lemma 3.14. If |[M| < m — 1, then

Al =1+ [4/e'|+ M| <1+c2m—1)+(m—-1)< Yo (m*+m)+m—1.

Therefore,
oo (m*+m)+m—1, ifm=>=4o0rm=2;
Al <

Al < (3.20)
{1/2-(m2+m)+m, if m=3.
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Suppose |B*| = 3. We have [e;,_,|e} _, + 2e% _,] € A/e' and every column of

A/e! is primitive because 2 < |B*| = 3. Therefore, A/e' satisfies Inequality (3.20).

By Lemma 3.19, there exists a column a € [e!|e?|e! + e? + 2e?] such that |[M,| =

2beasal|O(b)] — 1) < m — 1. Therefore,

|A|<{1/2-(m2+m)+m—2, %fm>50rm=3; (3.21)
o-(m*+m)+m-—1, ifm=4.

Suppose |B*| = 4. If m = 4, then |A| < 12 = 12 (m? + m) + m — 2 by (3.9).
Suppose m > 5; then |M| < m + 1 by Lemma 3.12 (iii). The matrix B*/e! satisfies
|B*/e!| = 3. Furthermore, B*/e' has minimal cardinality among all subsets of
Al/e! satisfying (3.7) otherwise we would contradict the minimality of B*. Hence,
Al/e! satisfies Inequality (3.21) for m — 1. Therefore,

o (m?>+m)+m—1, ifm=6;
|A] < < 1o- (m? +m) +m, if m = 5; (3.22)
o (m*+m)+m—2, ifm=4.

Subcase 1.2. Assume that M does not contain a circuit. This implies |[M| < m —1
and [A| <1+c¢2,m—1)+(m—-1)<12-(m*+m)+m—1.

Case 2. Assume that A contains a non-primitive column a. The column 1/ - a is
contained in A because A is maximal, and the column is primitive by Lemma 3.6.
By transforming '/ - a to e! using elementary operations, a transforms to 2e', and

we can write .
A=[2e1A’]=[(2)€1],

where A’ € Z"*("~1) and e' € A’. From this identity we see that A > A/e' is
unimodular, so |[A/e!| < ¢(1,m — 1) = Lo (m? —m).

We refer to known results in matroid theory to complete the case; see [59] for
a thorough introduction on matroids. From Lemma 3.6 (i) and (ii), it follows
that a — a’ ¢ p - Z™ for any distinct columns a,a’ € A’ and any prime number
p = 3. This, along with the assumption that A’ is bimodular, demonstrates that the
matrix A’ is a representation of a matroid M over the field GF(p) for any prime
number p > 3. Similarly, the matrix A/e' is a representation of the simplification
M /e! of the minor of M obtained by contracting e'!; here we use the fact that
A/e! is defined to have differing columns. According to Kung [48, Lemma 2.2.1],
M does not contain the Reid geometry. By [48, Theorem 3.1], it follows that
|A'| — |A/e!| = IM| — |M/e'| < 2m — 1. Therefore,

Al =1+ |A <1+ (©2m—1)+ |Afe!| <2m+%(m2—m) = %(m2+m)+m.
We remark that this matroid argument does not apply to Case 1, where A/e! may
not be unimodular so |A/e'| < ¢(1,m — 1) cannot be used in the last inequality.

O
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Tight examples. Proposition 3.2 provides an example of a bimodular matrix A
with a non-primitive column that satisfies |A| = ¢(2,m); therefore, the upper
bound in Case 2 is tight. In the following paragraphs, we discuss the tightness
of the bounds (3.20), (3.21), and (3.22), which consider when A only contains
primitive columns. We highlight two special cases: when m = 3 and |B*| = 2
and when m = 5 and |B*| = 4. These cases are special because according to
(3.20), (3.21), (3.22) and Subcase 1.2, they are the only cases when |A| may
equal ¢(2,m).

When |B*| = 2, the bound (3.20) is attainable. If m > 4 or m = 2, then a
tight example comes from deleting the non-primitive column from the example
for ¢(2,m) in Section 3.2. This example is the vertex-edge incidence matrix of
the directed complete graph on m vertices together with the identity matrix and
m — 1 extra columns e! + e’ for i = 2,...,m. In this example, B* corresponds to
[e! — e?|e! + e?]. For the special case when m = 3, a tight example with ¢(2,3) = 9
columns is the matrix in Claim 3.15:

1{1]0]1{0f1|1/2]1 1{1{0(1{—=1| 0(0|1]0
0(2|1|1(0|0{2(2|1 | ~ | —1|1{1{0| O|—=1|1|0|0
0/0]0{0f1|1|1|1|1 0(0|0[0] 1] 1j1j1]1
This example is the vertex-edge incidence matrix of the directed complete graph
on three vertices appended to an identity matrix and three extra columns e' +

e? el +e3 e+ e’

When |B*| = 3, the upper bound (3.21) for m > 5 or m = 3 can be achieved by
the example of the vertex-edge incidence matrix of the directed complete graph
with the identity matrix and m — 2 extra columns e! + e? — e’ for i = 3,...,m.
For m = 4, the upper bound (3.21) can be achieved by the previous example
with one extra column e! + e? — e® — e*. In these examples, one choice of B* is
[e3e! — e?|e! + e* — €?].

When |B*| = 4, the upper bound (3.22) is tight for m = 4,5. By setting A to
the right hand side (3.9), we obtain a tight example when m = 4; here, B* =
[e!|e?|e®|e! +e? + e + 2e']. For the special case when m = 5, a tight example with
20 = ¢(2,5) many columns consists of the twelve columns in the previous example
for m = 4 and eight extra columns:

1{0{0{1|0/1{0{1|{0(1{0]1]{0f1|O|1| O] Of1|1
0/1/0(1{0{0(1{1]0{0(1|1]0[|0|1|1] O O|1]1
0/0/1({1]{0{0/0({0|1{1(1|1]0]|0]0|O]=1| 0|01
0/0/0(2|1{1/1{1}1{1/1/1]0[0|0|O]=1|-1|1]1
0{0{0|0]|0|0]|0]|0O]|O|O(0]O|T|1|1|1| 1] T1|1|1

This example is equivalent to the vertex-edge incidence matrix of the directed
complete graph minus the column e! — e?, along with the identity matrix and six
extra columns: e' +e?—e’fori =3,4,5and e' +e?—e®>—e* —e®+ €' fori = 3,4, 5.
Here, B* corresponds to [e®|e! — e*|e? — etle! + 2 — &?].

The bound (3.22) for m > 6 already shows that the maximal example in this
case has at most ¢(2,m) — 1 differing columns. However, we believe that this



CHAPTER 3. POLYNOMIAL UPPER BOUNDS ON THE NUMBER OF DIFFERING
40 COLUMNS OF A-MODULAR INTEGER PROGRAMS

bound can be improved. Our current maximal example found for m = 6 has
Vo (m?+m)+m—2=¢2,m) —2 = 25 columns. The example is the vertex-
edge incidence matrix of the directed complete graph with identity matrix except
e! e?, along with —e! + e’ + €’ for i # j € {3,4,5,6}. Here, one choice of B* is
[e3 —elle’ —e®| —el +e3 + el —e! + e’ + e]. Our current maximal example found
for m > 7 has 12 (m? + m) + m — 3 = ¢(2,m) — 3 columns. The example is the
vertex-edge incidence matrix of the directed complete graph without the column
e! —e?, along with the identity matrix and the columns e! +e?—e’ fori = 3,..., m.
Here, B* corresponds to [e®|e! — e*|e? — elle! + e? — &3].

3.5 A proof of Proposition 3.3.

If m =1, then [1]---|A] is the unique maximal A-modular matrix with differing
columns (up to multiplication by —1). Thus, the result holds for m = 1.

Suppose m = 2. Let A € Z*>*" be a A-modular matrix with differing columns that
satisfies rankA = 2 and |A| = ¢(A,2). Let [b'|b?] = A satisfy |det[b!|b?]| = A.
Each column a € A can be written as a = v;b! +v,b? for vy, v, € [—1, 1]. Otherwise,
say if |v;| > 1, then we derive the contradiction | det[a|b?]| = |v;]-| det[b!|b?]| > A.
After possibly multiplying columns of A by —1, we assume that v, € [0, 1] for each
column v;b! + v,b? € A.

SetIT := {v;b'+wvyb? € Z%: vy, vy € [0, 1)}. It is well known that |TT] = | det[b![b?]| =
A; see [10, §VII]. Partition IT as IT = {0} u IT* U I12 U IT™™, where

I := {vyblell:v, e(0,1)},
1> := {mb?ell:vne (0,1)},
It = {u;b! + vyb? e II: (vy,v9) € (0,1)%}

After multiplying columns by —1, we assume that if v;b' € A for some v; € [-1,1],
then v; > 0. Hence, we assume A n (IT' + {0, —b'}) < TI'.* We partition A\IT as
follows:

AL = (A~ (IT™ —Db"))
U (An (I + {b*, —b' + b*})) U (A~ {b* b' + b* —b' + b*})(3.23)
U (An (I + {£b'})) U {b'}. (3.24)

Suppose v;b! +b? € A for some v, € [—1, 1]; it follows that if w;b'+b? € A for some
wy € [—1,1], then |v; — wy| < 1. Indeed, otherwise we obtain the contradiction
| det[v1b! + b?|w;b! + b?]| = |v; — wy]| - | det[b!|b?]| > A. This implies that the set
in (3.23) has cardinality at most |[IT'| + 2; furthermore, the cardinality is equal to
ITT'| + 2 if and only if A contains two columns v;b' + b? and (v; + 1)b! + b? for

4For sets X,Y € R, the Minkowski sumis X +Y := {x+y:xe X, ye Y}. Fory € R?, we
write X +y instead of X + {y}.
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some v; € [—1,1]. Similarly, it can be shown that the set in (3.24) has cardinality
at most |IT?| + 2.

We claim that either the set in (3.23) has cardinality at most |IT!| + 1 or the set
in (3.24) has cardinality at most |II?| + 1. Assume that the set in (3.23) has
cardinality |IT'| + 2. Thus, A contains two columns of the form v;b! + b? and
(v; + 1)b* + b%. Replace b? with v;b! + b?; the result is another basis in A of
absolute determinant A. After this replacement, we can assume that A contains
the columns b? and b! + b?. The matrix A cannot contain a column of the form
—b!+uvyb? for vy > 0 otherwise | det|b’+b?|—b'+v,b?]|| = |1+uvg|-| det[b!|b?]| > A.
Hence, the set in (3.24) is contained in (A n (IT2 + b')) U {b'}, which contains at
most |I1?| + 1 many elements. In other words, the union of the sets in (3.23)
and (3.24) has cardinality at most |[IT!| + [II2?| + 3.

The column 0 is in I1\4, and |II| = A. Therefore, |A n 1| = |A ~ (IT™ U It U
I1%)| < || — 1. The set A n (I — b') is contained in a translation of II'™, so
|A (I — b') | < |II™*]. By combining our upper bounds and applying the claim
in the previous paragraph, we obtain

|Al = |JAn |+ |A\IT| < (|TT] = 1) + (JTT™] + |TT'| + [T1%| +3) = 2(JTT| = 1) +3 = 2A + 1.

The equation ¢(A, 2) = 2A + 1 then follows from Proposition 3.2.

3.6 A proof of Theorem 3.4.

Let A € Z™*" be a A-modular matrix with rankA = m and differing columns that
satisfies ¢(A, m) = |A|. Let B € A satisfy |det B| = A. If A < 2, then Theorem 3.4
follows from Theorem 3.1 and Heller’s result. Therefore, assume A > 3. We can
assume that B is in Hermite Normal Form (See [63, §4.1]):°

A O P
B[]~ ]

Ok
where d;,...,0, =2, [[}, 6 = A, and for each b’ = (b}, ..., b} ), we have 0 < b <
bforallj=1,...,i—1land b, =0forall j=i+1,...,m.
Each column a = (ay,...,a,) € A\B satisfies |a,,| < J), because |a,,| - []}7} 6; =
| det[b!|-- - [b™|a]| < A. After possibly multiplying columns by —1, we can as-
sume that a,, € {0, ..., J;} for all columns a. For r € Z, define

Alr]:=={(a1,...,am) € At ap, = 1}

For each prime number p, define

Alp] = U Ali].

i=1, p|i

5We use the convention that blank entries in a matrix are zero.
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By applying a union bound, we see that

(A, m) = |A] < |A[1]] + i M@W (3.25)

p=2,
p prime

We use (3.25) to upper bound |4| in terms of ¢(1,m),..., and ¢(A — 1,m). Our
analysis distinguishes between the cases k = 1 and k > 2.

Case 1. Assume that k£ = 1. Recall A > 3. For this range of A, Glanzer et al. [34,
Subsection 3.2] showed that

wwe $ () n(2])

p prime

Case 2. Assume that k£ > 2. For a prime p € {2,...,;} and an integer i divisible
by p, we can divide the mth row of A[i] by p. We have

v < [ < o (|5 ]m) e

because the columns in the middle expression form a |2/»|-modular matrix with
rank-m.

Consider A[1]. For each a = (ay, ..., a,) € A[1], we have

Spl---| . .
|det[b! |-+ b™ 2 |a | b™]| = |det :
Op—2| * x
am-1|bm_4
I 1| o |
k—2
- ‘amfl(sk - b%q‘ H 0;

i=1

<A

Thus, |a;,_10x — b7 ;| < 0x_10x. The Hermite Normal Form assumption implies

m

0 <b™ | < b, so we have |a,,_1| < dy_1. For each r € Z, define the column set
All,r] = {(al, o am) € AL am 1| = 7’}.

With these sets, we can upper bound |A[1]|:

[logy (6k—1—1)] '
AL < JA[L Gl + )] ) Al s2]).
1=0 s€Z, s odd
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The matrix [b!|--- [b™ | A[1, d;_1]] is A-modular of full row rank, and the (m—1)st
row is divisible by §;_; dividing the (m — 1)st row by d;_; shows |A[1, ;]| <
¢(D/55_r, m).

Foreachi =0,...,|logy(0k—1 — 1)], define

Alil = | Al s27].

s€Z, s odd

If A[i] = A[1, s27] for a single odd integer s, then perform the following elementary
operation to the full row rank matrix [b'|---[b™ | A[i]]: subtract s2’ times the
mth row from the (m — 1)st row. The (m — 1)st row of the resulting matrix is
divisible by 6;_1, so |A[i]| < ¢(2/5_1, m).

Suppose A[i] # A[l,s2°] for a single odd integer s. For each column
a=(ay,...,a, 2,52 1) € A[i], if we add 2° times the mth row to the (m — 1)st
row, then the resulting column is (ai,...,a, 2, (s + 1)2°,1); in particular, the
(m — 1)st entry is divisible by 2*! because s is odd. Perform this elementary
operation to the full rank matrix [b'|-- - [b™ 2| A[i]]: add 2’ times the mth row to
the (m — 1)st row. The (m — 1)st row of the resulting matrix is divisible by 2*1.
Hence, |A[i]| < c(|2f+1],m).

Substituting (3.27) and our bounds for | A[1, 6,_,]| and |A[¢]| into (3.25), we obtain
the following upper bound for ¢(A, m):

3 ([l re(itom)« TR el () (] )
—,m —,m max —,m], — ., m
P} p Ok—1 P Ok—1 26+
p prime

If 0y_1 = 2, then |log,(dx—1 — 1)] = 0 and

(A, m) < 62 c({%|,m)+2c (%,m). (3.28)

p=2,
p prime

If 5]{,1 = 3, then [10g2(5k,1 — 1)J =1and

e § (3])enim) oe(B])

p:?v
p prime

If 6,1 = 4, then

Sk [logy (0 —1—1)]-1
A A A
C(A,m)< Z C({;J,m)+2€(m,m)+ KZ C({%J,m)
-0

p=2,
p prime

(3.30)
This completes Case 2.

We now use the two cases to bound ¢(A, m). Define g(A,m) := 14 (m? + m)AZ
We use induction on A to show ¢(A,m) < g(A, m). Glanzer et al. demonstrated
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that ¢(A,m) < g(A,m) for A < 3; see (3.1). Thus, we assume that A > 4 and
¢(6,m) < g(d,m) for each § < A. To prove ¢(A, m) < g(A, m), it suffices to upper
bound the right hand sides of (3.26), (3.29), and (3.30) by g(A,m). Given that
A > 4, we do not need to bound (3.28) because it is less than (3.26).

Using the definition of g(d, m) and the prime zeta function p(s) := > .. Yp*, We
arrive at the bound

i GQ%JWQ< f]%MAmwsmmaAmu (3.31)

p=2, p=2, p
p prime p prime

We know p(2) < 12 [66, A085548]. We extend (3.26) using the induction hypoth-
esis, (3.31), and the definition of g(|A/2], m):

1

¢(A,m) < <p(2) + 5) g(A,m) < g(A,m).

Similarly, we extend (3.29):

cam) < (#2)+ 3+ 1) aldom) < a(Am)

We extend (3.30) using ./_} 1/s+1 = 13- (1 — 1/a) < 1/, the induction hypothesis
and (3.31):

qung(mm+é%+é)mAmo<(mm+é+%>mAmw<mAmu
[]

As a final remark, the term A? in Theorem 3.4 comes from our ability to bound
g(A, m) via induction. If we apply our proof analysis to some other upper bound
(A, m) = m?AY, where 1 < ¢ < 2, then it suffices for ¢ to belong to the following

set:
2 1 2 1 2
{CIER>01 max{ﬁ—i_ﬁ’ﬂ—i_ﬁ’@} < 1_p(Q)}‘

From numerical computation, ¢ = 1.95 is in this set. Thus, ¢(A, m) < m?Al%°. We
chose to present m?A? for simplicity.

An open question is whether ¢(A, m) < h(m)A for a polynomial h. Since posting
the first version of this manuscript, we became aware of geometric arguments by
Gennadiy Averkov and Matthias Schymura that ¢(A, m) < f(m)A, where f is super-
polynomial [9]. In fact, we can give a quick argument showing that ¢(A,m) <
3mA. If B < A satisfies |det B| = A, then every a € A satisfies |B~'a|, < 1.
Hence, A < I + B{—1,0,1}", where Il := {Bv € Z™: v € [0,1)"}. From this, we
see that |A| < 3™ - |II| = 3™A.
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3.7 A proof of Theorem 3.5.

Recall that when it comes to bounding = the matrix A does not necessarily have
differing columns as is the case with the other results in this manuscript.

Let x* be a vertex of LP satisfying 7 = mingep ||x* — z|;. By standard LP results,
there exists a vector ¢ € R" such that x* is the unique maximizer of x — ¢Tx over
LP; see [16, Chapter 3]. By possibly perturbing c, we can assume that there is a
unique maximizer z* of z — c7z over IP. Note that z* is a vertex of conv IP. Let
k < 2¢(A,m) + 1 denote the number of distinct columns of A. By applying [61,
Theorem 2] with T = &5 and B = A, there exists a matrix W e Z**" such that

conv IP = conv{x € LP: Wx e Z"}.

The previous equation implies z* is also the unique maximizer of z — ¢’z over
the mixed integer linear set {x € LP: Wx e Z*}, which has k many integer
constraints.

Consider the difference vector x* — z*. From the equation 7 = mingp |x* — z|1,
it follows that 7 < |x* — z*||;. The difference vector was first analyzed by Cook
et al. [21] and later in [36, 41, 51, 62, 75]. The proof of mixed integer proximity
in [62, Theorem 2] established that

n
x* —z" = Z A,
i=1

where u',...,u" € Z" and \,...,\, > 0 satisfy >." ;| \; < k. The result [51,
Claim 8] demonstrated that |u’|; < (m + 1)A for each s = 1,...,n. Therefore,
7 < |x* —z*||; < (m + 1)Ak. The result now follows from Theorem 3.4. O






Chapter 4

Further Proximity Bounds

4.1 A Proximity Bound with Respect to the Vertex
Parameter f(z")

The results in this section are joint work with Robert Weismantel.

4.1.1 Introduction

Set [l] :={1,...,(}. Let Ae Z™*", rank(A) = m,be Z™ and
P:={zxeR": Az =b, z = 0}.

Let z* € P be a vertex and assume supp(z*) < {1,...,m}. Set
§:=|det(Ay,...,Ay,)|and A, := max{|det(B)|: B is an m x m submatrix of A}.

If A,, = 1, then every vertex of P is integral. If A,, = 2 and P is full dimensional,
then P n Z" # (, see [72]. Deciding feasibility for P n Z", i.e., one either finds
2z € P nZ" or outputs that P n Z" = ¢, is N'P-complete [44]. However, the work
of Lenstra [53] implies that for constant n one can efficiently decide feasibility for
PNz

In the following, we want to analyze the distance from z* to the “closest” point
in P n Z™. Note that this can be seen as a special case of the previously studied
proximity question for ¢ = 0.

Statement of Results
Among all bases A. ; with supp(z*) € I =: {iy,...,i,} and 2 € Z2, satisfying
Az e int(cone(—A;,,...,—A;.)),

i.e., AZ lies in the interior of cone(—A4;,,...,—A4;, ), the smallest possible value of
|Z]1 is called the vertex number f(x*) of the vertex z*. Without loss of generality,
assume [ = {1,...,m} and 6 > 0. If such Z does not exist, then we set f(z*) = c0.
One natural reason to consider the parameter f(x*) is the fact that if f(z*) is finite,
then there exists an integral point in P with small support.
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Lemma 4.1 (Support Bound). If f(z*) < w0 and P nZ" # (J, then there exists
z* € P nZ" such that

| supp(z*)| < m + min{m, f(x*)} + log,(0).

Consider the polyhedron

Pli=f{e e R"™: A L A e < A b, @2 0}

= {zeR"™: Az <b, x>0}

and note that finding an integral point in P can be efficiently reduced to finding
an integral point in P’. The strong bound on the support in Lemma 4.1 facilitates
the proof of the following proximity bound.

Theorem 4.2 (Proximity Upper Bound). If P n Z™ # (, then there exists z* €
P' nZ" ™ such that
|25l < (F(=%) + DA,

This proximity bound is tight for f(z*) € {1,...,m} in the sense that there exist
problems in standard form having proximity of O(f(z*)A,,).

Lemma 4.3 (Proximity Lower Bound). For every m € Z-1, k € {1,...,m} and
| € Z=o, there exists A € Z™*"™,b € Z" and a vertex x* € P, supp(z*) < {1,...,m}
such that k = f(z*), | = A,, and there exists z* € P’ n Z"~™ such that

|25 = (f(=*) + DA = 1) = 1.

Another motivation to study the parameter f(z*) is that for constant f(x*) it gives
rise to a polynomial time feasibility test for P n Z". Denote by L(A) the running
time to find some Z e 72 satisfying AZ € int(cone(—A;,...,—A,,)) and denote
by HNF(A) the running time needed to find the Hermite Normal Form of A and
denote by LP(A) an upper bound on the running time to decide feasibility for the
linear problem

Amr+Ay=0 2eRY), ye ]Rg'o (4.1

for any I < [n]\[m], |/| < m. Note that the Hermite Normal Form can be efficiently
calculated [69] and that (4.1) can be efficiently solved [45, 46]. Denote by 6 € R
the smallest exponent such that any two integral m x m matrices can be multiplied
in time O(m?). It is known that § < 2.373, see [5].

Theorem 4.4 (Feasibility Test). Let f(z*) < co. Then:

1. There exists an algorithm that decides feasibility for P n Z" in time

O(L(A) + HNF(A) + m’).

2. It holds
L(A) e O(n + f(z*)- m9+f(x*)).
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3. It holds
L(A) e o(nm : LP(A)).

In particular, the feasibility test is efficient if either f(x*) or m is constant.

Note that L(A) can often be bounded by a polynomial even if f(z*) and m are
not constant, which can be seen in some of the following examples in which we
discuss the parameter f(z*).

Examples

* cone(A) = R™: In this case, we have f(z*) < oo for any b € Z™ and any
vertex z* € P.

* f(z*) = 1: The existence of a column vector A; of A satisfying A; = A. ;)\, A €
R?”, implies f(z*) = 1.

* Vector in lattice?: Whether b € Z™ lies in the lattice spanned by A € Z™*"
or not can be formulated as the feasibility problem Az — Ay = b, z,y € ZZ,,.
In this case, we have f([z* 0]) <mand L([A —A]) € O(n) which implies
that the feasibility test in Theorem 4.4 is efficient.

* Corner Polyhedra: The corner polyhedron of P with respect to the vertex
x*, supp(z*) = [m] is obtained by relaxing the non-negativity constraints on
the first m variables. The corresponding feasibility problem can be equiva-
lently written as Az — A. )y = b, x € Z2,,y € Z7,. It holds f([z* 0]) <m
and L([A —A.[]) € O(n) which implies that the feasibility test in Theorem
4.4 is efficient.

This section is structured as follows: In subsection 4.1.2, we establish basic prop-
erties of the parameter f(z*) (Lemma 4.1 and Lemma 4.3). In subsection 4.1.3,
we prove Theorem 4.2. In subsection 4.1.4, we prove Theorem 4.4.

4.1.2 Properties of f(z*)

Denote by e; the i-th unit vector. Define the parallelepipeds

U

I
—

Il := {xeRm:x /\iA,»,O</\,-<1},

)

U

I
—

Hoiz {.’L‘eleﬂf )\zA“ _1<)‘Z<1}7

7
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and consider the residue classes Z™/Il. For x,r € Z™ we write z = rif x —r €
L(Ay,...,An), i.e.,, x — r lies in the lattice spanned by A, ..., A,,. Define a norm
| - I, on R™ using the gauge function

|||, = inf{)\ > 0: ; € Ho}.

Let x« = Z:ll )‘zAza )\z € RR. Then, HCL’HHO = max;—q,..., m{|)\z|}
Set |z, := min;=1 . {|N\;|: i # 0} for z # 0.

-----

Proof of Lemma 4.1. It is known that |Z™/II| = §, see [10, p.289 Corollary (2.6)].
The fundamental theorem of finite abelian groups tells us that the group Z™/II
(with respect to +) is isomorphic to Z/myZ x - - - x Z/m,Z satisfying my -...-m; = 9.

Claim 4.5. A minimal generating set of Z™ /Il has at most log,(J) many elements.

Proof of Claim. Let S = {s1,...,s/s} be a minimal generating set of Z/mZ x

- x Z/mZ and for the sake of contradiction assume that |S| > log,(d). This
implies 2/l > § which yields that there exist distinct x,y e {0,1}/%! (wlog z; = 1
and y; = 0) such that Y5 25, = Y15 s, Thus, s; = 3% (y; — 2)s; which
contradicts the minimality of S and thus proves the claim. o

Claim 4.5 and P n Z" # & imply that there exist / < {m + 1,...,n}, |I| < log,(J)
and z € Zgg, |2]1 <0 —1suchthatb=y A ;2.

The definition of f(x*) and Carathéodory’s theorem together with our assumptions
imply that there exist J < {m+1,...,n},|J| < min{m, f(z*)} and Z € Z';(L such that
A. jZ € int(cone(—A, ..., —Ay)). Thus, there exists k € Z-, such that b — A. ;Z —
A. j(kzZ) € cone(Ay,...A,,). This implies b — A. ;2 — A. ;(0kZ) € cone(Ay, ... An)
and b — A ;2 — A. ;(0kZ) =n 0. Furthermore, there exists z* € P n Z" satisfying
supp(z*) € {1,...,m} u I u J. This yields

| supp(z*)| < m + min{m, f(x*)} + log,(9).

Proof of Lemma 4.3. Define A e Zm*(m+k+1) by
[el] ... lem 1|lenler+-4en 1+(I—1D)en|—e|...|—er 2| —er 1—-—e, 1|—le,]

and b :=e; + .-+ + e, € Z™ and consider the corresponding polyhedron P. Note
that for this choice of A it holds that l = A,, and the vertex z* :==e; +---+e,,_1 +

Aimem € P satisfies k = f(z*). Moreover, the integral point

Z* =e|+-- -—|—em_1+(Am—1)(em+1+- . -+em+f(x*))+(Am—2)em+f($*)+1 € PﬁZn

satisfies
lzfppmy 1 = (f(2®) + DA, — 1) — 1,
which finishes the proof. O
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4.1.3 Proof of Theorem 4.2

In order to prove Theorem 4.2, it suffices to show that there exists z* € P n Z"
such that

lzfpmy 1t < (F(2*) + DA
This statement is obvious for f(z*) = co. Thus, assume f(z*) < oo. Choose
I and J as in the proof of Lemma 4.1. Due to Lemma 4.1, wlog {1,...,n} =
{1,...,m}uluJ. There exists z € 7| o such that A. ;Z € int(cone(—Ay,..., —An))
and |z, = f(z*). Choose % € YA l) such that A,z + (A Z2)y = b— A 2, z €
72,y € Lz is feasible and k := ||Z|/; is minimal. Note that £ < 0 — 1. Consider the
subgroup (A. ;z) of Z™/11.

Claim 4.6. It holds |(A. ;2)| < 25

Proof of Claim. For the sake of contradiction, assume that [(A. ;Z)| > %5 +1 First of

all, note that A. ;z ¢ (A. ;z) forall z € Zl 0 < 2 < 2, 2 # 0 as otherwise we obtain
a contradiction to the minimality of k. Secondly, the sets A. ;2 + (A ;z), () e
ZM 0 =20 < ... <20 =2 |20|, =i are pairwise disjoint. This implies that
the cardmahty of the union of these sets is larger than (k + 1) - 35 +1 = 0, which is a
contradiction to |Z™/II| = ¢ and thus proves the claim. o

Claim 4.7. It holds | A;|n, < 22 for alli € [n].

Proof of Claim. The case i < m is trivial. Thus, assume i > m. Write A; =
MA; + -+ A A Choose j e {1,...,m} such that |);| is maximal. Consider

|det(A1, c. 7Am)| = |det(A1, .. ,Aj,l,)\jAj,AjJrl,. .. 7Am)| = |)\]|(5 < A

ThlS YICIdS HAZHHO = |)\]| < %ﬂ O

By subadditivity of the norm, this implies ||A. ;2|n, < k2.

Claim 4.8. It holds ||A. jz|. > &L

Proof of Claim. For the sake of contradiction, assume that |A. ;Z|, < £51. Then,

4] k +1
A 2| A jzZ < — — =1
Al A7 <= =1,
which is a contradiction to [(A. ;Z)| - A. ;Z =p, 0. Thus, |A. ,z||, = . o
Set r := |25 A,,]. There exists s € Z satisfying 0 < s < |[(A. j2)| < %5 such that

b—A 12— A j(r+s)z=pn0.
Claim 4.9. It holds that
A.,[m]x =b—A 2z — A.,J(T +8)Z, =0

is feasible.
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Proof of Claim. First of all, note that

k+1 AN k k+1 AV
> >k

|A. (rZ)|r = r- —1=||A 2|, — 1

5 T 0 k+1 9 K3
Due to A.;Z € int(cone(—A;,...,—A,)) and b — A ;2 — A ;(r + s)Z = 0, we
obtain A. ;2 + A. ;(r + s)Z € b+ cone(—A,, ..., —A,,). This shows the feasibility of
A =b—A 12— A ;(rz), v = 0. o

Define 2* € ZZ, in the following way.

(2, forie NJ,

(r + s)z,; fori e J\I,

=R %G+ (r+s)ziforieln

(Ai[in] (b—A 2= A (r+ 8)3))i forie {1,...,m},

\O otherwise.

Note that z}, , is integral because b — A.;2 — A. ;(r + s)z =n 0. By construction, it
holds that z* € P n Z". We have

[+ 8)Z[s = (r + 8)f(27) <

/
TN
—_—
o~
vl
—_

[P

3
| —

+
o
£
—_
SN——"

=

R—x-

Due to |Z|; = k < A,, — 1, we have

|zfpmyllt < (f (%) + DA,

4.1.4 Proof of Theorem 4.4

1. First of all, we want to decide whether there exists x € Z" such that Az = b,
which is a necessary condition for P n Z" = ¢J. Note that we can find a
unimodular matrix U € Z"*" such that [H.[,; 0] = H := AU € Z™" is in
Hermite Normal Form in time HNF(A). Thus, we have

Ar =b, x e Z"
< (AU)(U™'2) =b, 1€ Z"
< Hy=0,yeZ"
= H-,[m]y[m] = b, Yim] € 7.
Feasibility of the last equation can be efficiently tested by forward substitu-

tion. If the equation is not feasible, then we can output P n Z" = (. Thus,
we can assume that the latter equation is feasible, which gives rise to an
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Z € Z™ such that Az = b. Define v € ZZ, by setting v;,i € [n] as the smallest
non-negative integer such that z; + dv; > 0 and define 7 := 7 + dv € ZZ,,.
Cramer’s Rule and 0 = |det(Ay, ..., A,,)| imply that there exists A € Z™ such

that \ \
Av="22A o0 2mA
v S 1+ + K
In particular, we obtain A(év) = A.;,)A. We can find Z € ZZ satisfying
AZ € int(cone(—A, ..., —Ay)) in time L(A). By Cramer’s Rule, there exists

A€ 77 such that AZ = A,y \. Set k:=01if A € Z7 and

k= 1;161[&7%({ [%] CA > 0} € L=

otherwise. This yields

A(Z + kdéz) = AT + A(dv) + k0 AZ
= b+ A g\ + kOA A = b+ A (X + kOX)

with \ + kd) € Z7%,. Define z € Zz by 2, = —\; — ko), for i e [m] and
Z; = 0 otherwise. Then, 2* := Z + kéZ + 2 € Z2, satisfies Az* = b and thus
z* € P nZ". For the running time, note that a linear equation system given
by an m x m constraint matrix can be solved in time O(m?).

2. For a given z € ZZ, the inclusion Az € int(cone(—Ay,...,—A,,)) is equiva-
lent to the feasibility of —A. ;A = Az, A € RZ. The latter can be checked
in time O(mY). We construct an algorithm that successively tests for all
z € 7%, satisfying |z|; = 1,..., f(z*) whether feasibility is given. Due
to the definition of f(z*), our algorithm will find Z € ZZ, satisfying AZ €
int(cone(—A,,...,—A,,)). Note that there exist m + m? + --- + m/*) <
f(@*)mf @) many vectors z € Z2, satisfying 1 < ||z, < f(z*). Since we need
to perform a feasibility test for any such z, we obtain the stated running time.

3. Note that the number of inclusion-wise maximal sets I < [n]\[m], |I| < m is
bounded by (") < n™. Note that there exists such I satisfying cone(A. ) N
int(cone(—Ay,...,—A,)) # & because f(z*) < oo and Carathéodory’s the-
orem. We construct an algorithm that successively tests for all such I until
it finds one satisfying this condition. This can be modeled in terms of the
feasibility problem (4.1), which by definition can be solved in time LP(A).
Scaling the resulting y-vector (which can be assumed to be rational) to an

integral vector and appending zeros yields a desired Z-vector.

]

4.2 Proximity Bounds in the Case m = 2

The results in this section are joint work with Joseph Paat and Robert Weismantel.
Let A€ Z**", be Z? and c€ Z". Fori € {1,...,n} we denote the i-th column of A
by A;. Furthermore, let A, be the maximal 2 x 2 subdeterminant in absolute value
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of A,i.e., Ay := max{|det(B)|: B isa2x2 submatrix of A}. Set¢ := |det(A;, As)|.
We are interested in feasible optimization problems of the form

max{c'z: Ar = b, v € RL}, (LP)

max{cTe: Az = b, x € ZZ}. (IP)

Without loss of generality, we assume throughout this section that there exists an
(LP)-optimal solution z* satisfying supp(z*) < {1,2}. Our goal is to show that
for each (LP)-optimal solution z* there exists an (IP)-optimal solution z* which
is close. More precisely, we want to bound |z* — z*||; solely in terms of A, in
contrast to the proximity bound by Cook et al. [21] which is in terms of the
number of variables and A := max{|det(B)|: B is a submatrix of A}.

To the best of our knowledge, the strongest proximity bound in this setting which
is linear in A, is an immediate consequence of the analysis by Eisenbrand and
Weismantel [29]:

[x* — 2*||; <m-4™Ay = 32A,.

A proximity bound of 3A, would be best possible in the sense that for each A, €
Z> there exists a problem instance with an (LP)-optimal solution x* such that for
each (IP)-optimal solution z* it holds that |z* — z*|; > 3A, — 5.

4.2.1 Structural Results

Define the parallelepipeds
= {xeRQ: 2= MA; 4 Ay, 0< A, Ny < 1},
Ty = {x ER%: 2 = MA; + AoAs, —1 <A, dp < 1},

and consider the residue classes Z?/II. For x,r € Z* we write x = r if z =
r + miA; + myA, for my,my € Z. Define a norm || - |, on R? using the gauge
function .

|||, = inf{)\ > 0: 3 € HO}.
The following lemma is a natural extension of cycle-type arguments.

Lemma 4.10. Let z* be an (LP)-optimal vertex solution satisfying supp(z*) < {1, 2}
and y be an (IP)-optimal solution. If there exists y € 7™ with 0 < 7y < y and
Aly —7) = (l27] = 1) A1 + (23] — 92) Az for some g1, > € Z with |z7| — g; = 0 for
i € {1,2}, then it holds for § := (91,92,0,...,0)T € Z" that y + |z*| — § € Z" is an
optimal solution of (IP).

Proof. Note that § + |z*| — ¢y € Z™ is a feasible solution to (IP). For the sake of
contradiction let us assume c'(y + |z*| — 7) < cTy.

Assume that |z¥| — g; > 0 for both i € {1,2}. Without loss of generality, assume

ﬁ [ITJ*gl _— Ty
x* < [I*J*Q2' Set’y Dl [xfjfjlh > 0.

2 2
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o~ T
Due to our assumptions, 7 := (O,x;‘ — ¥ z?’: —2,0,... ,0) +7(y —y) € R%,. Fur-
thermore, it holds that
2 ~
A = Z ¥~ . *leJ_QQ % # .
=) (|laf] = 0)Ai + (2 —ai = | Ay = 27 A1 + 25A, =D
i=1 lzlj — U

and

x| — vy
> 7201([@"] —7i) + ¢z <l‘; - xTH—m) = cx] + oy = cTz”
- 1

which is a contradiction and hence shows the statement in this case.

Assume now that there exists an ¢ € {1, 2} such that |z}| — 7; = 0. If both terms
are zero, then A(y — ) = 0 which implies ¢"(y — ) = 0 and thus ¢y = 'y =
(7 + |z*| — 7). Due to symmetry, we only consider |z}| — 9> = 0 < || — 7.

Then we have for & := (0,23,0,...,0)T+~v(y — 7) = (0,25 — z7 {?:J:gf,O, L 0T+
1

Yy — ) € RY, that

2 ol
Ad =y ) (2] = ) Ai + (m§ N T 22>A2 =i A +2iAy =D
— Y1

g ]

-
and because x¥ li”_yf = 0 < 23 that
1

T =~y —7) + e (:E;‘ —

%
—_—
8
=%
[E—
|

- * ~ * ® lQJ;J — QQ * * Tk
> 'ch,([xzj — ) + cg<:162 — xl[*—ﬂ) = 2] + oy =cTx
i=1 1

x J — U1
which is a contradiction and finishes the proof. O
For an optimal solution z* to (IP) we have Az* =: u; + --- + uy, where the
u; are copies of the columns of A, ie., u; = A, fora j € {1,...,n}. We write

Uu; = agi)Al + agi)Ag forallie {1,..., M} and introduce the index sets

L = {ie{l,...,M}:agi)<0, ozgi) > 0 and w; #q 0},
I ={ie{l,....M}: a{” >0, o} = 0 and u; #p 0},
I={ic{l,...,M}: of < 0and u; £y 0},
< ={ie{l,....M}: o}? <0, of” < 0and u; =q 0},
I ={ie{l,...,M}: o{? >0, of’ <0and u; =q 0},
IM={ie{l,...,M}: &Y > 0and u; =q 0}.
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Keep in mind that [,>OI OI}OI< OINOIT = {1,..., M}. Moreover, we define
I == I,>OI U1 and

Ia,:={ie{l,...,M}: u; = A},
Ia, :={ie{l,..., M}: u; = As},

which implies 14, U1,  I'. In this setting, we also define

ap = Z al?,

1€l I O
i
Qo = Z Oég)
1S IV PEV)

Lemma 4.11. It holds |u;||ln, < &2 forie {1,..., M}

Proof. Assume for the sake of contradiction that |a§i)| > 22 forie{l,...,M} and
je{l,2}. Leto : {1,2} — {1,2} with o(1) = 2 and ¢(2) = 1 and set 3, := 0 and

600) := 1. Then
Aa > det(us, Ay = |det((Ar 4s) (@5 A ))] = ofaet (1) &
2 = | et(ui7 ‘7(]))| - et(( 1 2) O[gl) ﬂQ ) B et agl) ﬂQ

which implies 52 > |a(i)5o )| = |ai| > A(f which is a contradiction. Hence,
sl < 82, ie. o], |a2)| < forallie{1,..., M}. O

The following lemma gives us some information about the previously introduced
index sets.

Lemma 4.12. Let z* be an (LP)-optimal vertex solution satisfying supp(z*) < {1, 2}
and zi = A,. Assume that z* is an (IP)-optimal solution satisfying |I,| < 0 — 1.
Then:

1. |Oé1| < AQ
2. 1" = 1,0l

Proof. Without loss of generality, we can assume that Lemma 4.10 can not be
applied anymore to z*. Lemma 4.11 states that |||, < 52 foralli e {1,..., M}.

This implies that
Ay
i < i <(0-1
S, < Sieln < -0
i€l €l

If > s, al?) < a3, we can use Lemma 4.10 in order to show that Y’
corresponding to our (IP)-optimal solution z* because of

i€l UL, Ola, Wi 1S

A
ZO[(Z)\ —172<A2

i€l
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and Y., u; =n b. This implies IT = 14,0I4, and |oy| < Ay

Otherwise, 1A, > Diel, ag” > 5. Our goal is to show that |a;| < A, in this
case. Due to symmetry, it suffices to establish that o; > —A,. For this purpose, we

analyze the terms » . _~ ag) and ., ~ ag) separately. By definition of A, and the
b b

inequality
NORNO)
‘det((Al AQ) %Z) %s) )‘ < AQ,
Qg
() () @) () _ A (i) o ofal’-22 Z TN
we have oy”ay” — ay’a” < 52 and o)’ > Tforz e [Vl and s €
oI

Der™ al: Let I¥ < I¥. We have

(@) () _ Ay

ZO‘?)JFZO‘?)ZZ%JFZZ (OéQOél_T)
ZZeI\O‘ %

selb\ z‘e]l‘/ seI\ zeI'/ seIr\ Qs
s A2
=Yl (3 Y alal - 3 Y 22
SEII';\ ZIEIb\ a2 zeI‘/ seI\ ze[l‘/ seI\
< Z Oé(s)(l— |Ii/| )_ |[1/| |[b\|A2
- 1 (1) (1)
sel™ Zlelb\ Qg Zng\ Qg 0
_|[b\|A2(1_ 1| )_ RIS
I 1
0 Zlelb\ af) ZZer\ af) 0
A,
)
because |I¢| < Zle]\ o,

el ags): Set I := I<\I¥ and choose i, € I£ . Define fg/ .= I \{io}. We have
b

Ay a(s)@(])
Zoz —1—2(1 22045 ZZ (6 (;)2)
SEI/' _]EIQ SEIb/' ]612 se[/ ZSEI 0[2
S Az
=Za5)+—(2 D aivay) 2 L =)
Selb/‘ ZZEI/ ]EI /SEI/ jEIQ SEI/'
=~/
_ o2 02 BT ]
-y a’+ X a Z> 0 2
(0% Z Y e d
SEI/ sEI/ ZlEI/ 2 lely 2
s o I 1]
Zzag)—Zap——g AQZ_—S Ay

selb/ SGIb/
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NO)
~ P %2 . .
because |IQ | < Xhery ol and % > —1. This yields
/%2
lely

I +1
Z oz(s)—i— Z a +a§“’)/ —| b (|S+ As.

SGI/ jEIQ

All in all, we obtain

ap = Z (Z) Z + Z Oéll

el oIrd el oIs eI} O
A I +1 I
/—%AQ—% 2—%A2>—A2

because |/,| < § — 1. Due to symmetry, one also obtains a; < A,.

Now we can use Lemma 4.10 to show that ..., ;. o rvor, o7, i corresponds to
1 2

z* because 4
Z ol < Ay <t

i€l U1 O
In particular, we obtain IT = 14, Uly,.

]

Lemma 4.13. Let z* be an (LP)-optimal vertex solution satisfying supp(z*) < {1, 2}
and x§ = A,. Assume that z* is an (IP)-optimal solution satisfying |I,| < 0 — 1.
IfZZ.eI ozg) > x3, then
H[A1| _'xl‘ AQ}
2. H[A2| 332‘ TZ
3. [I90| < 51N,

If ¥, a8 < a3, then
1. |14 | — 23] < Ay,
2. ||[Lay| — 23] < Ay,
3. ICUI =,

Proof. Lemma 4.12 implies |a;| < Ay and IT = 14,01 4,. Without loss of generality,
we assume that Lemma 4.10 can not be applied anymore. We know that ||/, | —
zi| < [leu]] < Az because |on| < As.

1. Assume ;.. o’ > z3. For the sake of contradiction assume |I<" 1| >

LA,. We can find S < <" U1 ™ with |S| LA, such that Y, g0y < o}

because } ;.. ol < (5 - 1)42 and o) ¢ 7 for all i € I¥°UI'. By Lemma
4.10 this would lead to a new (IP)- optimal solution induced by >, ; - g1 W
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contradicting our assumption, i.e. |[<'OI| < &2A,. Due to 147, o] <
22 we have x5 — Y. ) o ol < 22 otherwise we could apply Lemma

4.10 again. This yields ||14,| — 23| < 52 because I" = I, Uly,.
2. Assume .. ol < z%. The proof of Lemma 4.12 implies that >

i€lyOla, Ola, Wi

-----

=1 for i € 14, we know that |as| < Ay and ||14,| — 23| < [|as|| < As.

]

of

The same type of results hold for 5 > A,. But due to symmetry it suffices to
consider z} > A,.

4.2.2 Proximity Results

The following corollary can be interpreted as a refinement of a result by Oertel,
Paat and Weismantel [58] in the special case m = 2 and § prime. In this setting,
the result by Oertel et al. implies a proximity bound of 3A, with a probability of 1
for a randomly chosen b. The following result extends this proximity bound to all
but finitely many b.

Corollary 4.14. Let & be prime and let b € Z? such that |[b|n, = As. Then for
every (LP)-optimal vertex solution x* satisfying supp(z*) < {1,2}, there exists an
(IP)-optimal solution z* such that

HZ* — ZL'*Hl < 3A2

Proof. Let z* be an (IP)-optimal solution such that Lemma 4.10 can not be applied
anymore. Then it holds that

UL+ -+ Uy ;:Az*:b:Ax*:fo1+:E§A27

where the u; are copies of the columns of A, i.e., for all i € {1,..., M} there exists
j € {1,...,n} such that u; = A;. Without loss of generality, we assume z} > A,
because ||z Ay + 25 Az, = [0, = As.

Claim 4.15. It holds |I,| <0 — 1.

Proof of Claim. Choose U < I, such that ), u; =g b. We can assume that
|U| < 6 —1 because otherwise there exist disjunct Uy, U, < U such that ZieUl U; =1

— v, Wi because |Z?/IT| = §—1. This implies that we can replace U by U\{U; UUs}.
By applying this argument successively, we obtain |U| < d—1. ForallU < [, |U| <

0 — 1 satisfying >, u; =n b and ), 5 u; #n 0 for all U < U, we choose U such

that > ._; ol is minimal.

(@) * .
If Y.co @’ < x5, we can use Lemma 4.10 to show that ZieUQIAloIA2 u; is corre-

sponding to our (IP)-optimal solution z* which yields U = [, and |I| < § — 1.

Thus, we can assume 1A, > Y, ozél) > 3. Due to the minimality assumption
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on U and because Z?/11 is a cyclic group, we obtain I} < U. Following the proof
of Lemma 4.12 and applying Lemma 4.10 yields that > ;1. o ron,, o1, Ui COTTE-

sponds to z*. Once again, this implies U = I, and |[,| < § — 1. o

Thus, we can apply Lemma 4.12 and obtain |a;| < Ay and IT = I4,U1,4,. We have

|2* = @™l = [Tl + |17 O] + [[La, ] = 2| + [, ] — 23]

If > er, ag) < z3, then by Lemma 4.13

[2* = 2™y = [L] + 1707 + |[La, | = 2| + [[1a,] = 23]
<5—1+A2+A2<3A2

If 21N, = Y., b > %, then Lemma 4.13 yields

i€l
|2* = 2%y = |I] + [ O] + |[La,| = 27| + || La,] — 23]
0—1 Ay

<6—1+TA2+A2+7=5+2A2—1<3A2.
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In some settings, Corollary 4.14 can be used to obtain strong proximity bounds
for all b € Z%. To exemplify this, we consider feasible cardinality constrained
knapsack problems (CCK):

max c'x

n
x € 75,

where ¢, w € Z". Intuitively, the additional constraint limits the number of items
glat can be put into the knapsack. We assume that (CCK) is feasible and define
A as the largest absolute subdeterminant of the contraint matrix of (CCK). The
corresponding problem in standard form (CCK)

max ¢'x

Az =b
x e 7L

is obtained by adding slack variables. Note that Ay. = (1,...,1,0,1) and A is the
largest 2 x 2 subdeterminant of A in absolute value.

Corollary 4.16. For each optimal vertex solution x* to the linear relaxation of (CCK)
with an LP-basis having a prime determinant in absolute value, there exists a (CCK)-
optimal solution z* such that

|z* — 2*||; < 4A.

Proof. Let x* be such an optimal vertex solution to the linear relaxation of (CCK).
Consider the following three cases.

by = 2A : Then there exists i € [n + 2] such that 2} > A. By Corollary 4.14, there
exists a (CCK)-optimal solution z* such that |z* — 2*|; < 3A.

0 < by < 2A : Let z* be any (CCK)-optimal solution. Then

lz* — 2%y < |o*|1 + 2% < 2A + 2A = 4A.

by < 0 : In this case (CCK) is infeasible.






Chapter 5

On the Optimization over
{a,b, c}-Modular Matrices

The following chapter is a subset of [32] and its extended version [33]. Note
that there is some overlap in the introduction and preliminaries with the thesis
of Christoph Glanzer [31]. While in his thesis the recognition problem is being
covered (Theorem 5.1 and Theorem 5.2), in this chapter the optimization problem
will be tackled (Theorem 5.3).

5.1 Introduction

A matrix is called totally unimodular (TU) if all of its subdeterminants are equal
to 0, 1 or —1. Within the past 60 years the community has established a deep and
beautiful theory about TU matrices. A landmark result in the understanding of such
matrices is Seymour’s decomposition theorem [65]. It shows that TU matrices arise
from network matrices and two special matrices using row, column, transposition,
pivoting, and so-called k-sum operations. As a consequence of this theorem it is
possible to recognize in polynomial time whether a given matrix is TU [63, 71]. An
implementation of the algorithm in [71] by Walter and Truemper [74] returns a
certificate if A is not TU: For an input matrix with entries in {0, +1}, the algorithm
finds a submatrix A which is minimal in the sense that |det(A)| = 2 and every
proper submatrix of A is TU. We refer to Schrijver [63] for a textbook exposition of
Seymour’s decomposition theorem, a recognition algorithm arising therefrom and
further material on TU matrices.

There is a well-established relationship between totally unimodular and unimod-
ular matrices, i.e., matrices whose n x n subdeterminants are equal to 0, 1 or —1.
In analogy to this we define for A € Z™*"™ and m > n,

D(A) = {|det(A;.)| : I < [m], |I| = n},

the set of all n x n subdeterminants of A in absolute value, where A;. is the
submatrix formed by selecting all rows with indices in I. It follows straightfor-
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wardly from the recognition algorithm for TU matrices that one can efficiently
decide whether D(A) < {1,0}. A technique in [8, Section 3] allows us to rec-
ognize in polynomial time whether D(A) < {2,0}. If all n x n subdeterminants
of A are nonzero, the results in [7] can be applied to calculate D(A) given that
max{k: k € D(A)} is constant. Nonetheless, with the exception of these results we
are not aware of other instances for which it is known how to determine D(A) in
polynomial time.

The main motivation for the study of matrices with bounded subdeterminants
comes from integer optimization problems (IPs). It is a well-known fact that IPs
of the form max{c'xz: Az < b, x € Z"} for A € Z™*" of full column rank, b € Z™
and ¢ € Z" can be solved efficiently if D(A) < {1,0}, i.e., if A is unimodular.
This naturally leads to the question whether these problems remain efficiently
solvable when the assumptions on D(A) are further relaxed. Quite recently in [8]
it was shown that when D(A) < {2,1,0} and rank(A) = n, integer optimization
problems can be solved in strongly polynomial time. Recent results have also led
to understand IPs when A is nondegenerate, i.e., if 0 ¢ D(A). The foundation
to study the nondegenerate case was laid by Veselov and Chirkov [72]. They
describe a polynomial time algorithm to solve IPs if D(A) < {2,1}. In [7] the
authors showed that IPs over nondegenerate constraint matrices are solvable in
polynomial time if the largest n x n subdeterminant of the constraint matrix is
bounded by a constant.

The role of bounded subdeterminants in complexity questions and in the structure
of IPs and LPs has also been studied in [28, 35, 38, 61], as well as in the context of
combinatorial problems in [17, 18, 55]. The sizes of subdeterminants also play an
important role when it comes to the investigation of the diameter of polyhedra,
see [24] and [11].

5.1.1 Statement of Results

A matrix A € Z™*", m = n, is called {a, b, c}-modular if D(A) = {a,b, ¢}, where
a > b > c > 0. The paper presents three main results. First, we prove the
following structural result for a subclass of {a, b, 0}-modular matrices.

Theorem 5.1 (Decomposition Property). Let a = b > 0, gcd({a, b}) = 1 and assume
that {a,b} # {2,1}. Using row permutations, multiplications of rows by —1 and ele-
mentary column operations, any {a, b, 0}-modular matrix A € Z™*" can be brought
into a block structure of the form

L 0 %
R )

in time polynomial in n, m and log||A||., where L € Z™>*™ and R € Z™**" are
TU, n1 + ne = n— 1, my + my = m. In the representation above the rightmost

For reasons of readability, we will stick to the notation that a > b > c although the order of
these elements is irrelevant.
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column has entries in {0, a} and {0, b}, respectively. The matrix [é ]%] contains the

(n — 1)-dimensional unit matrix as a submatrix.

The first n — 1 columns of (5.1) are TU since they form a 1-sum of two TU matrices
(see [63, Chapter 19.4]). This structural property lies at the core of the following
recognition algorithm. We say that a matrix A possesses a duplicative relation if
it has nonzero n x n subdeterminants k; and k, satisfying 2 - |k;| = |ks|.

Theorem 5.2 (Recognition Algorithm). There exists an algorithm that solves the
following recognition problem in time polynomial in n, m and log ||A||w: Either,
calculate D(A), or give a certificate that |D(A)| = 4, or return a duplicative relation.

For instance, Theorem 5.2 cannot be applied to check whether a matrix is {4, 2, 0}-
modular, but it can be applied to check whether a matrix is {3, 1,0}-, or {6,4,0}-
modular. More specifically, Theorem 5.2 recognizes {a, b, c}-modular matrices un-
less (a,b,c) = (2 k,k,0), k € Z=,. In particular, this paper does not give a con-
tribution as to whether so-called bimodular matrices (the case £ = 1) can be
recognized efficiently.

The decomposition property established in Theorem 5.1 is a major ingredient
for the following optimization algorithm to solve standard form IPs over {a, b, c}-
modular constraint matrices for any constant a = b > ¢ = 0.

Theorem 5.3 (Optimization Algorithm). Consider a standard form integer program
of the form

max{c'z: Bx = b, z € 7"}, (5.1)

for b e Z™, c € Z" and B € Z™™ of full row rank, where D(BT") is constant, i.e.,
max{k: k € D(BT)} is constant.? Then, in time polynomial in n, m and the encoding
size of the input data, one can solve (5.1) or output that |D(B")| > 4.

Notably, in Theorem 5.3, the assumption that D(BT) is constant can be dropped if
B is degenerate, i.e., if 0 € D(BT).

5.1.2 An Example for {a, b, c}-Modular Matrices

* Generalized network flow. Let G = (V, E)) be a directed graph whose vertices
can be partitioned as V' = Su{v}uT such that no arc runs between S and 7',
and no arc runs from v to S. Consider a generalized network flow problem
in G, where s € S and ¢ € T, with capacities u: £ — Z., and gains

# if e runs from S to v,
v(e) == .
1 otherwise,

2Note that we use D(BT") instead of D(B) since B has full row rank and we refer to its m x m
subdeterminants.
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where a, b € Z-,. Then, the natural formulation of finding a maximal s-¢ flow
in G with respect to u and + is an integer optimization problem whose con-
straint matrix A satisfies D(A") < {a,b,0} after multiplying the constraint
corresponding to v by b.

5.2 Notation and Preliminaries

For k € Zx1, [k] := {1,...,k}. I, is the n-dimensional unit matrix, where we
leave out the subscript if the dimension is clear from the context. For a matrix
A e 7", we denote by A, . the i-th row of A. For a subset [ of [m], A;. is the
submatrix formed by selecting all rows with indices in /, in increasing order. An
analogous notation is used for the columns of A. For k € Z, we write I}, := {i €
[m]: A;,, = k}, the indices of the rows whose n-th entry is equal to k. Set ||A||, :=
MaX;e[m],je[n] | Aij|- For simplicity, we assume throughout the document that the
input matrix A to any recognition algorithm satisfies m > n and rank(A) = n as
rank(A) < n implies that D(A) = {0}. Left-out entries in figures and illustrations
are equal to zero.

D(A) is preserved under elementary column operations, permutations of rows
and multiplications of rows by —1. By a series of elementary column operations
on A, any nonsingular n x n submatrix B of A can be transformed to its Hermite
normal form (HNF), in which B becomes a lower-triangular, nonnegative submatrix
with the property that each of its rows has a unique maximum entry on its main
diagonal [63]. This can be done in time polynomial in n, m and log ||A|| [69].

At various occasions we will make use of a simple adaptation of the HNF described
in [7, Section 3]: Choose a nonsingular n x n submatrix B of A. When applying
this transformation, either, the matrix B will be clear from the context, otherwise,
choose B to be any nonsingular n x n submatrix of A. Permute the rows of A such
that Ap,). = B. Apply elementary column operations to A such that B is in HNF.
After additional row and column permutations and multiplications of rows by —1,

1
1
& & (51
A — . . . . . ,
T PR T
Apirg o oo oo o Apiinet Apgpin
| Apy o e e e Apr Apn |

where A.,, > 0, | det(B)| = ([]._, 0:) - An.n, all entries marked by « are numbers be-
tween 0 and the corresponding entry on the main diagonal minus one, and §; > 2
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for all 7 € [l]. In particular, the rows of Ap,;. whose entries on the main diagonal
are strictly larger than one are at positions n — [, ..., n.

We note that it is not difficult to efficiently recognize nondegenerate matrices given
a constant upper bound on |D(A)|. This will allow us to exclude the nondegener-
ate case in all subsequent algorithms. We wish to emphasize that the results in [7]
can be applied to solve this task given that max{k: k € D(A)} is constant.

Lemma 5.4. Given a constant d € Z, there exists an algorithm that solves the follow-
ing recognition problem in time polynomial in n, m and log || A||w: Either, calculate
D(A), or give a certificate that |D(A)| = d + 1, or that 0 € D(A).

5.3 Proof of Theorem 5.3

One ingredient to the proof of Theorem 5.3 is the following result by Gribanoy,
Malyshev and Pardalos [37] which reduces the standard form IP (5.1) to an IP in
inequality form in dimension n—m such that the subdeterminants of the constraint
matrices are in relation.

Lemma 5.5 ([37, Corollary 1.1, Remark 5, Theorem 3]3). In time polynomial in
n, m and log || B||«, (5.1) can be reduced to the inequality form IP

max{h'y: Cy < g, ye Z" ™}, (5.2)

where h e """, g € Z" and C € Z"~™, with D(C) = _ypgmy; - D(BT).

To prove this reduction, the authors apply a theorem by Shevchenko and Veselov [73]
which was originally published in Russian. For completeness of presentation, we
will provide an alternative but similar proof of Lemma 5.5 which uses the follow-
ing well-known determinant identity instead of the aforementioned result.

Lemma 5.6 (Jacobi’s complementary minor formula, see [14, Lemma A.1le]). Let
A e Z"™ be invertible and I, J < [n], |I| = |J| = k for k € [n]. Then,

det(ALJ) = det(A) . (_1)Z¢e1 +2esJ . det (A}lf) 7

where I := [n)\I and J := [n]\J.

Alternative proof of Lemma 5.5. We closely follow the proof of [37]. First, we re-
formulate (5.1) in such a way that the gcd of the full rank subdeterminants of
the constraint matrix becomes 1. To this end, calculate the Smith normal form
of B, i.e, find P € Z™*™ and @) € Z"*" unimodular and nonsingular such that
B = P[S | 0]Q, where S € Z™™ is a diagonal matrix satisfying []", S;; =
ged(D(BT)). This can be done in time polynomial in m, n and log || B||.., see [68].

3Note that in [37], the one-to-one correspondence between D(C) and D(BT) is not explicitly
stated in Corollary 1.1 but follows from Theorem 3.
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Thus, Br = b < |Z,, | 0]Qxz = S™'P~'b. For simplicity, set &' := S~P~'p. If
b ¢ 7™, then (5.1) is infeasible. Thus, assume that ¥’ € Z™. Summarizing, solv-
ing (5.1) is equivalent to solving

max{c'z: [Z, | 0]Qz =V, v e Z%,}, (5.3)

where due to multiplying by S, D((|Z,. | 0]Q)T) = - D(BT).

1
ged(D(BT))
Secondly, we reduce (5.3) to an IP in inequality form. Since @ is unimodular,
substituting z := Qx yields

{reZ": |1, ]0]Qx =1V}
:Q—I{ZeZn_ :b/}
= {Q oV + Qpppmy: YEZ
Plugging this identity into (5.3) yields
max{e! (Q b’ + Q. puppm¥): @t + Q¥ = 0 y €27}
— cTQ:&n]b' +max{h'y: Oy < g, ye Z" ™},

where AT := cTQ_l m]p 9 7= an]b’ and C := —Q._[l

o[ J[n\[m]*
Recall that D(([Z,, | 0]Q)T) = m -D(BT). As [Z,, | 0]Q = Q.. it remains to
show that D((Qpn),.)") = D(Q: (m])- Lemma 5.6 applied to A := Q for I := [m]

and J < [n], |J| = m, yields
| det(Qpmy,a)| = |det(Q;§,[n]\[m])|’

i.e., the claim follows. O

As a second ingredient to the proof of Theorem 5.3, we will make use of some
results for bimodular integer programs (BIPs). BIPs are IPs of the form

max{ch: Ax < b, x € 7"},

where c € Z™, b€ Z™ and A € Z™*" is bimodular, i.e., rank(A) = n and D(A) <
{2,1,0}. As mentioned earlier, [8] proved that BIPs can be solved in strongly
polynomial time. Their algorithm uses the following structural result for BIPs
by [72] which will also be useful to us.

Theorem 5.7 ([72, Theorem 2], as formulated in [8, Theorem 2.1]). Assume that
the linear relaxation max{c'x: Az < b, x € R"} of a BIPis feasible, bounded and has
a unique optimal vertex solution v. Denote by I < |m| the indices of the constraints
which are tight at v, i.e., A;.v = b;. Then, an optimal solution x* of max{c'z: Arr <
by, x € Z"} is also optimal for the BIP.

Proof of Theorem 5.3. Using Lemma 5.5, we reduce the standard form IP (5.1)
to (5.2). Note that ged(D(C)) = 1. Let us denote (5.2) with objective vector h €
Z™™ by IP<(h) and its natural linear relaxation by LP.(h). We apply Theorem 5.2
to C' and perform a case-by-case analysis depending on the output.
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1. The algorithm calculates and returns D(C). If 0 ¢ D(C), C' is nondegenerate
and IP.(h) can be solved using the algorithm in [7]. Thus, assume that
0 € D(C). C has no duplicative relations. As ged(D(C)) = 1, this implies
that C' is {a, b, 0}-modular for a = b > 0, where gcd({a,b}) = 1 and (a,b) #
(2,1). Thus, C satisfies the assumptions of Theorem 5.1. As a consequence
of Theorem 5.1, there exist elementary column operations which transform
C such that its first n — m — 1 columns are TU, i.e., there is U € Z—m)x(n—m)
unimodular such that CU = [T | d], where T"is TU and d € Z". Substituting
z := U~y yields the equivalent problem

max{h'"Uz: [T |d|z < g, z€ Z" ™}, 5.4

where we have used that y = Uz € Z"™ < z € Z™ ™ as U preserves
integrality. Let z* be an optimal solution to the mixed-integer linear program

max{h'Uz: [T |d]z < g, ze R"™™, 2,_,, € 7}, (5.5)

which can be found in polynomial time [63, Chapter 18.4]. If no such so-
lution exists, (5.4) is infeasible. Fixing z,_,, := 2} .. in (5.5) induces an LP
in dimension n — m — 1. Let z be a vertex solution to this LP, which can be
found efficiently (see, for example, [39]).* Since T is TU, z € Z" ™. The
solution [z | 2| has the same objective value as z* and is optimal for (5.4)
since it is integral and (5.5) is a relaxation of (5.4).

2. The algorithm returns that |D(C)| = 4. Then, |D(BT)| = |D(C)| = 4.

3. The algorithm returns a duplicative relation, i.e., {2 - k, k} < D(C), k > 0.
This case is more involved because we do not have any information as to
which other elements might be contained in D(C).

Assume wl.o.g. that LP(h) is feasible and that LP.(h) is bounded. We
postpone the unbounded case to the end of the proof. Calculate an optimal
vertex solution v to LP<(h). If v € Z"™™, then v is also optimal for IP.(h).
Thus, assume that v ¢ Z" ™ and let I < [n] be the indices of tight constraints
at v, i.e., Cr.v = g;. In what follows, we prove that we may assume w.l.o.g.
that (a) 0 e D(C), (b) k =1, and (c) C} is bimodular.

a) From Lemma 5.4 applied to C for d = 3 we obtain three possible re-
sults: [D(C)| =4, 0¢ D(C) or 0 € D(C). In the first case we are done
and in the second case, C' is nondegenerate and IP.(h) can be solved
using the algorithm in [7]. Therefore, w.l.o.g., 0 € D(C).

b) If {2-k,k,0} < D(C) for k > 1, it follows from ged(D(C)) = 1 that
|D(C')| = 4. Therefore, w.l.o.g., k = 1.

4As T has full column rank, the feasible region is pointed, i.e., such a vertex exists.
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c) Since v ¢ Z" ™, it holds that 1 ¢ D(C}) as otherwise, v € Z"~™ due to
Cramer’s rule. Apply Theorem 5.2 once more, but this time to C;. If
the algorithm returns that |D(C})| = 4, then |D(C)| = 4. If the algo-
rithm returns a duplicative relation, i.e., {2 -s,s} < D(C;), then s # 1
as 1 ¢ D(Cy). Since by (a) and (b), {2,1,0} < D(C), it follows that
{2-5,2,1,0} € D(C). Thus, |D(C)| = 4. If the algorithm calculates and
returns D(C7), then it has either found that D(C;) < {2,0} or it finds
an element ¢t € D(Cy)\{2,0}. Then, ¢t # 1 as 1 ¢ D(C;), implying that
{t,2,1,0} € D(C) and |D(C)| = 4. Thus, w.l.o.g., C; is bimodular.

Let IP®"*(h) := max{h'y: Cry < g1, y € Z"~™}. As C} is bimodular, this is a
BIP. By possibly perturbing the vector  (e.g. by adding - ->,.; C;.. for a suf-
ficiently large M > 0), we can assume that v is the unique optimal solution
to LP<(h), which will allow us to apply Theorem 5.7. Solve IP®"*(h) using
the algorithm by [8]. If IPY"°(h) is infeasible, so is IP<(h). Let y € Z" ™ be
an optimal solution for IP®"°(h). We claim that either, y is also optimal for
IP.(h) or that |D(C)| = 4: If y is feasible for IP.(h), it is also optimal since
IPY"*(h) is a relaxation of IP.(h). If C'is bimodular, Theorem 5.7 states that
y is feasible for IP.(h), i.e., it is optimal for IP. (k). Thus, if y is not feasible
for IP<(h), D(C) contains an element which is neither 0 nor 1 nor 2. As
{2,1,0} < D(C) by (a) and (b), this implies that |D(C')| > 4.

It remains to explain why we may assume that LP.(h) is bounded. If not,
IP.(h) is either infeasible or unbounded. More precisely, IP.(h) is un-
bounded if and only if {y € Z"™: Cy < g} is feasible. We reduce the
feasibility test of this set to a bounded IP of the same form as above: Set
s := (.. By construction, LP.(s) is bounded. Solve IP.(s) using our algo-
rithm above. Either, we determine a feasible point of {y € Z"™: Cy < ¢}
in which case IP.(h) is unbounded, we find that this set is infeasible, or we
find that |D(C)| > 4.

]
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